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Abstract

Robotic manipulators are today used in many industrial and field applications,
especially in the kinematically redundant ones, which offer the possibility to approach a
specific end-effector pose in infinitive different ways. This freedom allows to optimise
secondary task alongside the main goal to drive the end-effector through a specific
trajectory, and such optimisation problem has motivated the work of many researchers in
the last decades. Historically, the energy of the manipulator has been considered a
particularly important optimisation cost function: it is relevant in industrial settings, where
manipulators operations are a standing cost, and even more in field environments, such as
space, where the available power is limited.

This thesis presents a study about inverse kinematics algorithms for redundant
manipulators, aimed at optimising the energy required to perform manipulation tasks. First,
a literature review surveying inverse kinematics and optimisation for both fixed-base and
free-floating manipulators is presented. This presents the state of the art in the field and
illustrates the motivation for this thesis. It also outlines the main challenges encountered in
the development of optimisation algorithms for redundant manipulators.

After this, two algorithms are presented and discussed within the thesis, a global and
a local one. Both are based on nonlinear optimisation techniques. The global problem is
talked first, and a method is proposed that can optimise different cost functions related to
either kinetic energy or torques, with linear and nonlinear constraints, such as torque, power,
and periodic motion. Furthermore, the algorithm is able to individuate multiple optima when
they are present, thus increasing the chances to find the best (global) optimum.

A local algorithm based on prediction of kinetic energy integral has also been
developed. In order to illustrate related challenges, a workspace analysis is first presented
that illustrates difficulties in providing reliable prediction of kinetic energy values along a
specific end effector trajectory. Kinematic indexes are discussed through a qualitative and
quantitative analysis aimed at assessing their correlation with kinetic energy, and results of
a canonical correlation analysis is presented. Furthermore, it is illustrated that the a
spaceborne robotic manipulator can be controlled concurrently with the Attitude and Orbit
Control Systems of spacecraft, adding extra degrees of freedom.

Following this, a local algorithm based on a predictive estimation of kinetic energy
integral along a specified trajectory is presented and discussed. This algorithm is based on a
simplified optimisation problem that allows to assess the direction of motion that will cause
the smallest increase in the kinetic energy integral. This produces solutions that are closer to
the global optimum respect to traditional algorithms.

Simulations with a 3-DoF planar robot are used to validate the results. The global
method is validated against a global algorithm existing in literature and shown to be able to
solve a wider class of problems. The local algorithm is statistically compared against existing
inverse kinematics methods, showing an reduction in kinetic energy up to 30%. The thesis is
completed by a discussion about limits and further improvements of the work hereby
presented.
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Chapter 1.Introduction

1.1 Motivation

Mechatronic systems and space exploration are two of the great technological
breakthroughs of the XX century, and they are closely related to each other. Robotics, in fact,
have been part of the effort for space exploration and exploitation since, in a wide sense,
every unmanned space mission is a “robot”, comprising the very first satellite Sputnik 1,
launched on the 4™ of October 1957. However, more specifically, a robot can be intended as
a system of rigid bodies connected by joints [1]. According to this definition, the most obvious
tasks that a roboticist will face are those related to controlling pose and velocity of a robot.
Both need to be defined in an unambiguous way, characterised from the mathematical point
of view, and set according to the operational needs of the robot user. These problems are
usually expressed in terms of translating the position and velocity of each one of the joints
of a robotic manipulator into the position and velocity of the so called end-effector, which is
the part of the robot executing its main task (usually, a tool or a gripper fixed at the free end
of the manipulator, although this may vary, and one example will be presented in this

document, where the attitude of a spacecraft will be considered part of the end-effector).

The science that tackles these problems is kinematics, and in fact one of the most
classical problem in robotics is the computation of direct or inverse kinematics of robotic
manipulators. The first one is the computation of the end-effector position given specific
joint positions, while the latter one is the opposite problem: estimating which joint positions
are required to obtain a specific end-effector position. Both problems present specific issues,

and especially the inverse kinematics one has been widely studied for serial manipulators,
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which constitute the vast majority of robotic manipulators in industrial applications. The
problem of computing the inverse kinematics of a robot lies in the nonlinearity of the
problem, which forces to resort to solution methods based on the inversion of a Jacobian
matrix of the manipulator. Such technique, called differential inverse kinematics, is prone to
numerical problems and instabilities, and this makes the inverse kinematics problem

particularly tricky.

The complexity is further increased for specific kinds of robotic manipulators, as
some structures generate more complex problems than others. Two classes of manipulators
for which extra complications arise are redundant and free-floating ones. Both the former
and the latter ones feature special characteristics respect to their degrees of freedom:
redundant manipulators feature more joints (degrees of freedom) than what is strictly
necessary to execute its end effector task. Such manipulators are peculiar due to the fact that
infinite solutions exist for the inverse kinematics problem, which allows for greater flexibility
as it allows to approach each task in a variety of ways. However, in order to exploit the added
possibilities, it is necessary to resort to extra constraints, or to optimisation techniques, in
order to individuate a specific solution. This further complicates the already difficult inverse

kinematics problem.

Free-floating manipulators, instead, are manipulators that are not mounted on a
fixed base, such as Remotely Operated Vehicles (ROVs) for underwater operations, or the
Space Shuttle arm. The specific complication for this kind of manipulator is that, as soon as
the manipulator moves, the base may also move, depending on the reactions transmitted
from the robotic arm to the base. The motion is governed by the momentum conservation
law, which constitutes a nonholonomic (non-integrable) constraint to the motion. This

constraint is particularly difficult to tackle, since it implies that a specific position of the joint
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doesn’t unambiguously correspond to a specific position of the end-effector, due to the fact
that the base position depends not only on the current moment, but on the history of the
manipulator motion as well. It should be noticed that a manipulator can be both redundant
and free-floating at the same time. Mathematical techniques exist to adapt inverse
kinematics techniques initially developed for fixed-base manipulators to free-floating
manipulators, so that algorithms developed for ground use can be adopted for free-floating

systems as well.

From the nature of redundant manipulators, an optimisation problem naturally
arises: their added freedom of motion allows in fact to solve the inverse kinematics problem
as an optimisation problem, attempting to minimize a cost function such as kinetic energy,
torque, or distance from obstacles. Redundant manipulators and novel optimisation
techniques to solve their inverse kinematics problem are indeed the main topic of this thesis.
Particularly, the main concern of this thesis is the optimisation problem that arises from the
objective to minimise the kinetic energy and the torque integral of a redundant robotic
manipulator. These functions are commonly associated with the energetic cost of
manipulation tasks in literature, and many works have been published regarding their
minimisation. This thesis particularly presents developments that extend the state-of-the-
art of global and local inverse kinematics solution methods for redundant manipulators,

with a particular focus on energy optimal and near-optimal solutions.

The topic is relevant for a variety of applications. Particularly, a case can be made for
robotic systems used on field applications such as space and remote environments on Earth.
For such systems, a big challenge is clearly posed by autonomy and battery life, making it
obvious that a case exists for energy efficient inverse kinematics. This can have positive

effects on the ability of an autonomous robotic system to perform prolonged operations.
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Furthermore, powerful on-board computers are nowadays available for field robotics,

making it possible to deploy algorithms featuring higher complexity than before.

Industrial manipulators, although they feature less limited power resources, can also
benefit from improved energetic performance, although in a different way. They usually
perform a restricted set of motions throughout their whole operational life. As these motions
can be optimised offline rather than in real-time, it is particularly relevant for them to be able
to access algorithms that can find the best possible solution, taking into account all the real

constraints they face during operations.

1.1.1 Space robotics and redundancy

As mentioned earlier, space and robotics are very closed related topics, as most of
the human artifacts that are sent to space are in fact automated. However, when it comes to
the specific topic of interest for this thesis, free-floating manipulators, their history is much
shorter. This kind of mission has become particularly interesting in recent years due to the
growing interest in both space debris removal and in-orbit servicing, however very few space
robotic arms have flown so far, and none of them has been explicitly designed for debris
removal. The first robotic manipulator to see service in space was Shuttle Remote
Manipulator System (SRMS), deployed from the Space Shuttle Columbia in 1981. SRMS, also
knowns as Canadarm, is a 15.2 m long robotic manipulator with 6 Degrees of Freedom. Since
when it has first been developed by Canadian Space Agency, and it has deployed in space
several times, performing on-orbit service missions. A further version of the whole design is
the so called Canadarm2, which official name is Space Station Remote Manipulator System
(SSRMS): it is 16 metres long, and its number of DOF has been increased to 7. This has been
possible with the addition of the Special Purpose Dexterous Manipulator (SPDM), it is able to

perform activities previously carried out by astronauts through Extra Vehicular Activities
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(EVA) [2]. Canadarm2 and its SPDM add-on are currently deployed on a movable platform,
Mobile Remote Servicer Base System, which constitutes with them the so-called ISS Mobile
Servicing System. However, it is not the only robotic system used on the ISS: Japanese Space
Agency (JAXA) developed the Japanese Experiment Module Remote Manipulator System
(JEMRMS), meant to support experiments performed in the Exposed Facility (EF) of the
Japanese Experiment Module (JEM). It includes a 10 m long main arm with 6 Degrees of
Freedom, and a 6 DOF 2 m long Small Fine Arm (SFA) [3]. Another robotic arm, European
Robotic Arm (ERA), 11 m long with 7 DOF, has been deployed by European Space Agency

(ESA), on a re-allocable base attached to the Russian segment of the ISS [4].

It shall be noticed that most of these manipulators are either redundant or were
made redundant at a later stage with additions providing extra degrees of freedom. Indeed,
redundant manipulators allow for greater flexibility than nonredundant ones, in that they
allow to perform tasks while respecting additional constraints, which can vary from energy
minimisation to obstacle avoidance, and in space environment are most likely to be
constraints on the motion of the base which, like already said, depends on the motion of the

arm through the equation of conservation of momentum.

1.1.2 Current limitations and challenges

Given this additional flexibility, redundant manipulators are a very
interesting field of research, yet the additional mathematical difficulties pose a number of
challenges, due to the fact that inverse kinematics is a particularly difficult problem to
optimise since, as already mentioned, it is nonlinear and prone to numerical problems.
Generally, this problem is solved in different ways depending on the application the

manipulator is designed for.
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Such solution methods can be considered a subfield of robotic motion planning,
which refers more generally to the topic of controlling the motion of a robot. For
manipulators, this does not only include the inverse kinematics problem, but also choosing
an end-effector trajectory that is considered suitable to execute the prescribed task. In this
thesis, the focus is on those problems where a specific end-effector trajectory must be
tracked, and it is necessary to compute a joints motion to perform it. Several practical
situations of this kind exist in robotics, for example those where the end-effector is required
to perform a specific manufacturing task, or inspection tasks where a camera or a similar

instrument is mounted on the end-effector.

The inverse kinematics problem of redundant manipulators can be solved either
locally or globally. The difference between the two classes of methods is the scope of the
solution: the local methods are based on dividing the desired trajectory in steps and provide
an optimal solution for each step sequentially. That is, each step is optimised locally and
independently from the others, using the result of the previous step as initial conditions. This
means that the algorithm will act in a greedy way, looking for early gains while neglecting
what further steps may bring. On the other hand, global methods have the advantage of
considering the whole trajectory to be performed at once. That is, the algorithm will avoid
an improvement of the solution at a given step if this produces a bigger loss at some other
step. This kind of algorithm is usually based on an integral cost (integral along the trajectory
under consideration) and it can provide higher quality (lower cost) solutions, at the price of
algorithm complexity. Usually, roboticists prefer to use local methods when they have the
necessity for a fast or even online solution, while they exploit global methods when they have

less time constraints and can afford a solution with increased computational cost.
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For local optimisation, and possibly for inverse kinematics problem in general, the
most used method is Moore-Penrose pseudoinverse, which is based on a simple local least
squares minimisation of joint velocities [5]. What makes it effective is that it is
computationally simple, and it allows for countless variations based on a framework called
task prioritisation [6]. This consists in modifying the solution obtained with Moore-Penrose
pseudoinverse by adding an extra term to joint velocities, that doesn’t modify end-effector
trajectory (i.e. the result is still a solution of the inverse kinematics problem). This extra term
can be the result of a further optimisation, and allows to include secondary objectives such

as obstacle avoidance.

This flexibility allows for a huge number of specific adaptations of the Moore-Penrose
pseudoinverse to different requirements and frameworks. The specific choice of the
implementation to be used for a certain inverse kinematics problem can be found by asking
what the most effective way is to solve inverse kinematics given the specific operational
needs of the manipulation task under examination. For many manipulators tasks, the most
obvious answer to this question is the avoidance of singularities. These are specific
configurations where a specific end-effector velocity can only be achieved through infinite
joint velocity, and they are the main issue related with Moore Penrose pseudoinverse, or any
other pseudoinverse-based inverse kinematics algorithm. This problem is made even more
complex in the case of orbiting manipulators, since they not only feature kinematic
singularities, but dynamic singularities as well, which depend on their inertia tensor [7]. Their
avoidance can be implemented with similar methods as classical manipulators, although with
increased mathematical complexity, as it will be explained later in this thesis. The main
reason for this issue is that any algorithm based on the Moore-Penrose pseudoinverse simply

incorporates local information. It is particularly hard to develop an effective method of
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solution that allow for better-than-local solutions because increases in computational cost
mean that the algorithm will be harder to use online. The possibility to incorporate more
than local information in an online method is something that researchers have been looking
at in the last decades, and it is indeed one of the challenges that will be investigated in this

thesis.

The global problem is different than the one that is solved by pseudoinverse-based
methods, in that in this case the motion is not locally optimised for each time step, but the
inverse kinematics global problem is solved instead: that is, the whole trajectory is
considered at once, and an integral cost is optimised, as opposed to the value of a specific
function at a specific point. This kind of problem is of course much more mathematically
complex, and features completely different solution methods, most of which are
concentrated on point-to-point motion rather than precise tracking of a trajectory. The
solutions methods that have been developed to the inverse kinematics problem are generally
based on optimal control frameworks, such as Pontryagin maximum principle [8], or calculus
of variations, and try to solve the problem by setting up a Two-Point Boundary Value Problem

(TPBVP).

Global methods feature a number of limitations that is quite consistent. An
important limit lies in the necessity to solve a TPBVP, which is a mathematically complex task
requiring a good initial guess, and presenting complications related to the imposition of
boundary conditions. Furthermore, as outlined by some researchers [9], it may well happen
that methods based on the calculus of the variations get caught in a local optimum,
depending on the nature of kinematic constraints and of the initial conditions. One more limit
is that real manipulators feature limits on joints excursions, velocity, as well as power and

torques, which are usually hard to introduce in existing optimisation methods, which are in
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the best cases able to incorporate linear constraints, but fail in considering nonlinear
constraints, such as torque limits. Ideally, such nonlinear constraints should be extendable
to obstacles and environmental constraints to the motion of the robotic arm, and be able to
output periodic trajectory, where the robotic arm reaches the initial joint configuration again
at the end of the motion. This kind of trajectory is particularly relevant for repetitive
industrial applications. Challenges that invite for further investigation in the field of global
inverse kinematics optimisation are the complexity of use of existing solutions, and their

limitations regarding the ability to impose constraints which apply to real manipulators.

1.2 Research aim and hypothesis

1.2.1 Research Aim

This thesis investigates the problem of optimal inverse kinematics solutions for
redundant manipulators. More specifically, it aims at investigating if the problem of
developing novel mathematical optimisation techniques to the inverse kinematics problem
to obtain solutions that feature a minimisation of the integral energy cost of a predefined
trajectory, while avoiding specific limitations of existing algorithms. It should be noticed that
the particular target of this work is to obtain an overall performance increase over
trajectories performed by a manipulator, as opposed to a local result. The problem will be
discussed in a way that can be applied to both fixed-base and free-floating manipulators,

making a case for the use of the results in space.

The inverse kinematics problem of redundant manipulators is easily posed as an
optimisation problem, however the methods used so far to individuate a solution feature

several limitations. Such limitations are particularly striking considering that the field of
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robotics has generally made use of a huge variety of optimisation techniques to tackle its

problems, such as inverse kinematics itself, or the point-to-point motion problem.

Conventional solutions to the IK optimisation problem rely on least squares
optimisation for the local problem, and to calculus of variations or Pontryagin maximum
principle for the global problem. The local schemes, exploiting the Jacobian matrix of the
manipulator to calculate joint accelerations or velocities [10], feature, as already mentioned,
kinematic singularities, where the manipulator Jacobian (i.e. the matrix characterising the
problem) cannot be inverted. Singularities are an important reason why manipulators
trajectories may become energetically expensive, since moving in their proximity increases
joints velocities. In order to be mitigated, they require special implementation and numerical
expedients, one of them being numerical damping, which however reduces tracking
precision [11]. In a milestone paper for robotics, Yoshikawa [12] proposed to use
manipulability as an index to implement singularity avoidance, but its use as a singularity
avoidance tool has been doubted in literature (Staffetti et al. [13]). Much like Yoshikawa, this
thesis aims at reducing the local optimality of the solution to produce an overall
improvement along the complete trajectory being performed. In particular, this thesis aims
to produce a substantially improved energetic cost for manipulation rather than
concentrating on improving manipulability or other simplified measures. This is expected to
bring as a side effect that singularities are way less frequent, since they naturally mitigated

by the fact that the lowest-energy joint trajectory is generally far from them.

For what concerns global algorithms, current implementations are limited in their
ability to include constraints or varied complexity, and are limited in their flexibility and ease
of use by the fact that they require to solve a Two-Point Boundary Value Problem (TPBVP), a

problem featuring consistent mathematical complications and requiring educated guesses
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from the user to be solved properly. Coherently with the aim of this thesis, a global solution
method is sought, that allows to include the maximum possible variety of constraints (linear
and nonlinear) and cost functions, while being easier to use than existing algorithms.
Furthermore, it should be able to provide solutions of multi-objective optimisation problems

and individuate multiple optima when these are present.

The contribution to knowledge of this thesis is novel inverse kinematics optimisation
methods that reduce operational costs of redundant manipulators by minimising their kinetic
energy or joint torques norm integral along the complete end-effector trajectory. Although
the impact of such an optimisation vary on the application, it is safe to say that many
applications of redundant manipulators can benefit from reduced energetic needs, especially
those fielded in environments such as space, where the amount of available power is limited
and depending on factors not always under control. However, a reduction in power
requirements can have an important impact even on more mundane industrial manipulators,

since running costs are consequently reduced.

1.2.2 Research hypothesis and scope

In this thesis, a number of developments are presented to advance the state-of-the
art of energy-optimal inverse kinematics algorithms for redundant manipulators. These
developments include a global algorithm, a study of the workspace of fixed-base and free-
floating manipulators in relationship to energy-saving patterns, and a local algorithm. Each

algorithm has been developed in order to set the following research hypothesis:

“Mathematical optimisation tools can be developed for the inverse kinematics

problem of redundant manipulators to obtain optimal or near-optimal solutions that feature
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better results and less limitations than solutions provided by optimisation algorithms

currently in use.”

The scope of the research is thus the development of mathematical tools to solve
the inverse kinematics problem of redundant manipulators. Such mathematical tools should
be able to compute solutions which cannot be computed with currently existing algorithms,
and provide practical advantages such as being closer to optimality, or being able to take into

account practical constraints and limitations in a better way than existing mathematical tools.

1.2.3 Research questions

To develop the algorithms presented in this work, a number of research questions
have been asked, following the early findings from a first literature review. These questions
are concerned with current limitations of the solutions of the inverse kinematics problem for
redundant manipulators, and they have been proven difficult to answer when compared to
existing solution of the problem found in literature. By addressing them, the aim of the thesis
would be satisfied and the state-of-the-art in inverse kinematics solutions would be

extended.

1. What considerations are necessary to solve the inverse kinematics problem for
redundant manipulators end-effector trajectory tracking through mathematical
optimisation of energy-related integral cost functions?

2. How can the limitations of conventional solutions of the problem mentioned in
question 1 be tackled by applying optimisation techniques that have not been used
this way before? And how can such techniques be applied to free-floating

manipulators?
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1.2.4

Are there different limitations that come into play by applying different methods to

the problem? How can they be tackled?

Research objectives

In order to achieve the desired research aim, it is necessary to divide it into separate

objectives which constitute the milestones to reach in order to answer to the research

questions.

Conduct a detailed literature review on the state-of-the-art of the inverse kinematics
problem, and on the use of optimisation algorithms for robotic motion planning,
both considering fixed-base and free-floating manipulators. Limits to existing works
should be identified and used as a starting point for further research.

Identify representative cases for the development of energy-optimal inverse
kinematics trajectories.

Identify the specific challenges of energy optimisation in relationship with the
manipulator pose and tasks within its workspace.

Develop optimisation techniques that advance the state-of-the-art in redundant
manipulators inverse kinematics by providing solutions that are closer to the global
optimum compared to existing algorithms, and that allow to provide solutions not
achievable with existing algorithms.

Validate the techniques as per objective 4 by testing the introduced research

hypothesis and verifying it on inverse kinematics problems.

1.3 Research methodology

The methodology adopted in this thesis follows the subdivision of the inverse

kinematics problem into a local and a global version. The two problems introduce several
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unique considerations that are peculiar to their specific mathematical formulation, although
they also have some trait in common. They differ for number of parameters under
consideration, initial and boundary conditions, and for the kind of cost function they use, as
the global problem features an integral cost. This is reflected in the subdivision of the thesis,
which tackles them separately. In order to analyse the challenges of predicting the global
effects of a local optimisation, a workspace study has also been considered necessary, and
performed observing how specific inverse kinematics algorithms change its shape and
characteristics. The results of such study are presented before other results related to the
local problem, since they allow for a better understanding of the challenges met during the

development of this thesis.

1.3.1 General methodological considerations

Since this thesis is focussed on mathematical tools for the inverse kinematics
problem, the main methodological assumption is that simulations can be used to validate the
results, as opposed to physical experiments with manipulators. This assumption is considered
reasonable because the main goal of the thesis is to produce mathematical solutions with
peculiar characteristics (i.e. optimality, constraints, simplicity of use), as opposed to specific
implementations of such solutions. Tools to develop such solutions purely in simulation are
readily available, as formulations to compute kinetic energy, torque and other figures used
to quantify manipulators energy consumption are can be easily found in literature and
robotic textbooks [14]. On the other hand, performing physical experiments does not capture
any specific aspect of a newly developed solution method, since the challenges of physical
experiments are comparable for all inverse kinematics methods: inverse kinematics

algorithms usually output the expected manipulator joints trajectory in terms of positions,
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velocities or accelerations. Such trajectories are routinely implemented on real manipulators
in research and in the industry, and the implementation process itself features similar
challenges irrespectively from the algorithm exploited to compute the trajectory in the first
place. This is supported by the amount of algorithms in literature validated solely by
simulation (see for example [15]-[17]) or featuring similar results for simulations and
experiments [18]. It is particularly to be noted that literature provides an optimal kinetic
energy solution [15], which features local properties validated by simulation and global

properties solely validated by mathematical proof.

From this, it follows that it must be assumed that the inertial properties of the robotic
manipulators under examination are well known. This assumption has already been made in
inverse kinematics literature (see for example [19]) and allows to focus solely on the quality
of the IK solution. It is noted that lack of knowledge of inertial properties of robotic
manipulators is also a common problem for any motion planning algorithm involving kinetic
energy or torques, and an important body of literature has been dedicated to manipulators
system identification, with first published work being, to the author knowledge, by Atkeson
et al. [20]. The accuracy and optimality by which trajectories obtained through inverse
kinematics algorithm can be implemented on real manipulators depend thus on the
knowledge of the manipulator dynamics, which in turn depend on the specific manipulator
and system identification method. It is therefore considered to be beyond the scope of this

work, as it introduces elements which do not depend on the IK solution.

Having decided to validate the new algorithms by simulation, a further choice must
be done about the manipulator to use in the simulation. Given the focus on mathematical
tools, the validation has been performed on a simple 3-DoF planar manipulator, described in

detail in Chapter 3. This manipulator topology has been kept the same throughout the whole
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thesis. This uniformity allows to readily compare the solutions presented in the thesis to one
another and can give a visual intuition of the difference between traditional algorithms and
the newly developed ones. It in turn means that the implications of the use of the algorithms
hereby presented on more complex manipulators are only touched briefly in Chapter 7,
dedicated to the Conclusions, and no numerical examples are provided. As the scope of the
work is to provide inverse kinematics solutions with enhanced mathematical properties than
currently known ones, this is considered an acceptable assumption. A final methodological
note regarding the choice of the manipulator is that most of the simulations are performed
on fixed-base manipulators since, as illustrated in the chapter dedicated to the mathematical
background of the thesis, it is possible to extend algorithms from a fixed-base to a floating-

base manipulator by means of specific mathematical tools [19].

As already specified as part of the research aim, this thesis will generally look at the
performance along a complete trajectory rather than local results, which means that, while
the local problem is optimised according to a local cost function, the quality of the solution
will be evaluated observing the overall performance on a complete trajectory. This is
considered methodologically important because it is assumed that further emphasis on
strictly local algorithms, given the wealthy body of such algorithms available in literature, is

not necessary. Many examples of such existing methods will be presented in next chapter.

1.3.2 Literature review

The literature review aims at providing a critical analysis of the state-of-the-art in
robotic arms end-effector motion planning. The field is very vast and a complete literature
review is beyond the scope of this thesis, it has been thus narrowed down to inverse
kinematics for fixed-base and redundant manipulators, and to optimal control and

optimisation algorithms applied to robotic arms. The works chosen have been mentioned
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based on either historical relevance for the field, direct possibility of application to energy

minimization, of relevance for the field of optimization applied to inverse kinematics.

The goal of this chapter is to provide the reader with an understanding of current
limitations in existing state-of-the-art in the field, and to identify the key gaps in literature,

which are tackled by the research presented in this document.

1.3.3 Global algorithm for inverse kinematics

The first problem studied in this thesis is the global inverse kinematics problem,
where a redundant robotic manipulator is supposed to perform a predefine end-effector task
(tracking of a trajectory) while keeping an integral cost alongside the trajectory as low as
possible. The problem is first introduced and considerations that must be taken into account
in the development of a global algorithm are analysed, answering to research question 1.
Looking for an answer to question 2, it is then observed that several optimisation methods
are able to overcome specific limitations of the traditional approach: they are easier to use
since they do not require to solve a TPBVP, they allow to take into account a variety of cost
functions and constraints, and they can find multiple optima, allowing for a more complete
search of solution space. Based on the problem under examination, it has been chosen to
explore the direction of multi-start methods, exploiting sequential quadratic programming
as underlying local method, to solve constrained kinetic energy and torque integral
minimisation problems. The choice of multi-start is motivated by the nature of the
optimization problem under examination: the required solution is continuous, differentiable,
and features a very high number of parameters and nonlinear constraints. Other methods,
such as Genetic Algorithms (GAs) are certainly more frequently adopted in robotics literature

[21]-[23], however they are usually based on parametrizing continuous solutions in terms of
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coefficients of continuous, or piece-wise continuous, polynomials, which in this case does not
reduce the dimensionality of the problem, given the high number of constraints.
Furthermore, the number of non-linear constraints consistently restricts the set of
acceptable solutions and suggests the use of algorithms which feature an embedded capacity
to incorporate such constraints at every optimization step. A simple approach based on
gradient-based methods appears thus more promising. The quantity and nonlinear nature of
constraints supports the case for sequential quadratic programming, which simplifies both
the cost function and complex nonlinear constraints into a single quadratic problem (the
algorithm is described in detail in Chapter 4). The resulting algorithm constitutes the research
contribution of this thesis for what concerns global algorithms. In order to explore its
potentialities, question 3 is first addressed, by finding that a potential problem related with
the so called curse of dimensionality may appear. This is a known problem of many
algorithms, and it refers to the fact that they may require an amount of time and memory to
converge that grows very quickly with the number of variables, up to the point of becoming
exponential to the number of variables. This may cause their use to be very lengthy and
impractical, to the point that they would require too many resources to converge and would

become intractable.

Particular care has been taken to solve this issue, further refining the new algorithm
into an iterative version, which only takes a subset of the parameters of the complete inverse
kinematics problem at a given step. The closer the iteration gets to the global solution, the
higher the number of parameters considered, up to the point when the full problem is solved.
In order to show its capabilities, this final version of the algorithm is evaluated by simulation.
Particularly, the validation of the algorithm is performed against a solution method based on

calculus of variations, taken from literature [15]. This comparison shows that the new global
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algorithm presented in this thesis matches the performance of variational methods when it
is used to solve problems for which traditional variational methods are able to find a solution.
Finally, a complete investigation of the new algorithm is performed, exploring its capabilities
to solve a set composed by various global optimisation problems, with kinetic energy and
with torque integral as cost functions, and with a variety of constraints on joint displacement,
velocity, torque and power and on cyclicity of the motion. The set of problems has been
chosen considering the physical limitations and operational requirements of real robotic
manipulators, and with the aim to demonstrate that a wide variety of global inverse
kinematics problems can be tackled by the new algorithm with minimal tuning, and among
them a few which have never been addressed before in literature (particularly torque and

power constrained ones).

1.3.4 Workspace analysis

The biggest challenge when designing a local inverse kinematics algorithms is related
to the non-linearity of the problem under consideration, and on the difficulties in
understanding how reaching the local optimum at a certain point in the trajectory will
influence the reminder of the motion [24]. In order to show the reader how this affects the
resolution of the local inverse kinematics problem, workspaces of redundant manipulators
are analysed from the energetic point of view. The analysis aims to investigate how kinematic
indexes that literature links with well-behaved trajectories (i.e. non-singularity of the
Jacobian) matrix are related with energetic performance. To this purpose, the end-effector
of the manipulator under analysis is moved all along a planar workspace with constant
velocity, and the resulting kinematic indexes values are analysed. The selection of kinematic

indexes to be included in the analysis has been based either on their use in the field of inverse
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kinematics or on their close relationship with variables that influence the energy and power

figures of robotic manipulators. Further details are contained in the relevant chapter

Since the relationship between kinetic energy (or power) and manipulator motion
does not have a clear analytical form, the possibility to include a further research
contribution in the thesis has been identified in performing an analysis on a statistical basis
to extract data features regarding correlations between kinematics indexes of redundant
manipulators and kinetic energy and other energy-related variables. This is considered
relevant both for the goal of motion planning, and for kinematic design considerations: in
fact, minimization or maximization of kinematic indexes has been proposed and used as a
design method in literature [25]. For the analysis hereby performed, the instrument of
canonical correlation is used to assess which kinematic indexes influence the ability of a
manipulator with a reduced energetic cost. This is a statistical technique that allows to
qguantify the correlation with linear combinations of variables rather than single variables,
allowing to visualise which properties of a manipulator, and manipulator Jacobian, are more
relevant for energetic performance. In order to allow for an understanding of the difficulties
of predicting integral (global) energy costs when local algorithms are involved, the linear
combination of kinematic indexes that features the highest correlation with kinetic energy is
highlighted. Based on the analysis results, it is considered this function is a good
approximator of the energetic behaviour of the manipulator, at least when considering only
local variables to compute the approximation. Its optimization will thus will be used as a
comparison with actual kinetic energy optimization in the reminder of the thesis, showing
how much results can differ between a local approximator and the exact formulation

involving joint velocities..
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Afterwards, the analysis is extended to space manipulators and their workspace,
particularly to observing how energy-saving inverse kinematics change the size and nature of

the workspace compared to the traditional way space manipulators are controlled.

A peculiarity of space manipulators, in fact, is the implementation of constraints on
the base. This is particularly important in the space environment, as the base must be kept
in a specific orientation in order to maintain communication systems, solar panels and
payload pointed to the right direction. The effort to do so can be partially demanded to the
Attitude Control System (ACS), but this is usually considered impractical because of the
mathematical complexity introduced by interactions between its actuators and the robotic
arm joints. In this thesis, the workspace of the manipulator under analysis is extended by
activating the ACS concurrently with the robotic arm, and effects on the nature of the

workspace (i.e. size and manipulability of the overall ACS-manipulator system) are discussed.

Some limitations in both fixed-space and free-base analyses occur due to the fact
that the manipulators used are relatively simple: it is well possible that more complex robots
would feature a different workspace structure. Simple manipulators have however already
been used in literature to assess general properties of manipulators’ workspaces, even for
free-floating ones[26], and the analysis should be considered under this light. Particularly,
the properties that the thesis focuses on are the relationship between workspace and kinetic
energy, and the amount of extension of the workspace of a free-floating manipulator that is
made possible through the use of the ACS. It is noted in particular that space manipulators
feature complex, dynamic coupling between their axes and that this is not captured with a
planar manipulator. Practical concurrent control of a free-floating 6-DoF robotic arm and a
3-axis base attitude control has however been achieved in literature with a formulation

based on the conservation of momentum [27], similarly to the workspace extension method
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presented in this thesis, which supports the case of the generalizability of the results hereby

presented.

1.3.5 Local algorithm for inverse kinematics

The methodological approach to the local algorithms in this thesis has been chosen
in the light of workspace analysis results. Taking the point that no discernible patterns have
been individuated on a strictly local basis, it has been elected to include a prediction of the
best direction of motion when the local optimisation is performed, which means that the
optimization does not only rely on local information, but on insights about future direction
of motion as well. This introduces a number of challenges in that the prediction has to be
performed in a time that has to be as short as possible, yet it has to be accurate enough to
effectively reduce the kinetic energy cost of the trajectory. A further challenge is the one
introduced by the need to minimise a global (integral) cost by using a local algorithm. This
generally means that results cannot be unambiguously mathematically proven to be optimal
or better than any other local algorithm, since (with some notable exceptions presented in
the literature review) local algorithms usually bear no relationship with global costs. Both
these points dictate the shape of the proposed solution and the methodology adopted to

validate it.

In light of these considerations, a local algorithm is presented in this work that
features the ability to introduce a prediction of the future energetic cost in the local

optimisation. It is based on two additional hypotheses:

1. At least a part of the future end-effector trajectory is known in advance and can be

used for a prediction.
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2. The solution does not necessarily have to be the globally optimal one, but it must
clearly outperform traditional local inverse kinematics algorithms on a consistent

number of cases.

The first additional hypothesis is acceptable for applications where the end-effector
trajectory is not being computed in real-time itself. For application where it is also computed
in real time, the method would include a sub-second delay (0.1s for most of the examples in
this thesis, as explained in Chapter 6), which can also be acceptable depending on the
application. It is, in any case, a feature that is shared with Model Predictive Control (MPC)
and other control algorithm exploiting predictions of future costs. The second additional
hypothesis is instead directly derived from the nature of local algorithms: a local algorithms
lacks the information to provide a provably optimal global solution (some formulations can
be used for both local and global problems [15], but the method of solution changes
radically). Thus, it is reasonable to look for a local solution which globally performs better

than other local solutions over a set of analysed cases.

Under the hypotheses presented for the whole thesis, and the additional two introduced
here, it is possible to reduce the integral kinetic energy cost of a robotic manipulator inverse
kinematics problem. The solution that allows to do so is based on an approximate prediction
of the value of the integral of kinetic energy in future steps of a discretized trajectory. This
prediction is based on a very small subset of future points and it does not need to be updated
at every time step. Its purpose, rather than providing a precise result for future kinetic energy

expense, is individuating the direction for which the energetic cost will be lower.

The strategy pursued to reduce its computational cost is to update the prediction with a
very large time step. This allows to compute it only a few times over the whole trajectory,

reducing computational burden. In order to validate the method, three inverse kinematics
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method available in literature have been included as terms of comparison, featuring the
minimization of joints velocities norm, kinetic energy, and reactions transmitted to the base
of the manipulator. The first cost function is widely used in inverse kinematics of redundant
manipulators, and has been chosen as the benchmark of the comparison due to its huge
diffusion, while the second one is directly relevant to the topic of energy minimization, and
the third one is the main cost function used for free-floating manipulators [28]. All the
methods chosen are based on the Jacobian matrix, which is a widespread and well-
understood inverse kinematics tool, used in practical robotics and in research. Jacobian-
based algorithms have been used for minimization of countless different cost functions, with
velocities norms and kinetic energy being mentioned already in the first work on the topic
[5]. Many other methods are available today in literature, their goal is however usually to
add additional features to the optimization (e.g. joint limits) rather than improving the
solution itself, as detailed in the literature review in Chapter 3, while Jacobian-based
methods already provide the locally optimal solution for many cost functions. The use of the
Jacobian is so frequent also due to the fact that it allows to add secondary objectives to the
optimization task. In the light of this, the local algorithm presented in this thesis has been
designed as a secondary task for Jacobian-based algorithms, allowing it to be incorporated in

existing frameworks.

A further term of comparison has been added, developing a version of the new predictive
algorithm based on the function computed in workspace analysis with the highest correlation
with kinetic energy, as a mean to show the difficulties in mapping characteristics of the

manipulator to kinetic energy cost.

Thus, a total of five local algorithms has been simulated and compared. The number of

trajectories simulated is 60 for every algorithm, of which 45 rectilinear and 15 circular,
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resulting in 300 simulations. This has allowed for a comparison of average results of the
algorithms under examination, showing the ability of the new predictive method to

outperform all the others, and its validity as a novel knowledge contribution.

1.4 Thesis organisation

The thesis is structured in seven chapters, considering this introduction.

Chapter 2 is the literature review chapter, where the literature about inverse
kinematics and motion planning of redundant manipulators is discussed. The chapter
discusses ground and orbiting manipulators, and analyses existing literature for local and the
global inverse kinematics problem, while also providing some background regarding the
general application of optimisation in robotics planning, and some illustration of workspace
analysis methods available in literature. The findings of the literature are then discussed and

commented individuating the gap that this thesis aims to fill.

Chapter 3 illustrates mathematical background of the thesis, and the specific
implementation used in the thesis as well. It is aimed at providing a general overview of the
mathematical knowledge required throughout the course of this document, and the way it
has been used in the validation of the thesis. It introduces manipulators’ kinematics and
dynamics model, provides a complete description of the Moore-Penrose pseudoinverse, its
numerical issues, task prioritisation, and the general flexibility provided by pseudoinverse-
based algorithms. After this, the generalised Jacobian is presented. This is a mathematical
tool that allows to compute free-floating manipulators kinematics with the same methods
that are normally used to solve the inverse kinematics problem when the base of the
manipulator is fixed to the ground. The chapter also explains the important difference

between local and global optimisation, what their specific peculiarities are, and what most

41



used global optimisation meta heuristics are. Furthermore, the chapter presents the robotic
manipulator used in the simulations and explains in detail which simulations are performed
to present and validate the algorithms. The chapter is closed by a description of the

simulating software used to perform all the analyses presented in this thesis.

Chapter 4 is devoted to the presentation of the Interpolation-Based Global Kinematic
Planner, the global optimisation method developed as part of this thesis. Such algorithm is
able to optimise different cost functions with different sets of linear and nonlinear
constraints, comprising periodicity of the trajectory, which is often required for industrial
applications. It is based on an implementation of the multi-start algorithm and allows to
optimise different integral cost functions (kinetic energy, joint torques squared norm) along
an end-effector trajectory. It only requires a first guess of the manipulator initial
configuration, from which it is able to generate a population of candidate trajectories and
select those that yield a higher probability to be close to an optimum. These trajectories are
then optimised with a method that does not involve a Two-Point Boundary Value Problem in
order to find a solution. Furthermore, several optima are found at each run of the algorithm,
overcoming a known limitation of variational methods, and allowing for more chances to find
the effective global optimum. The chapter starts with a general overview of the algorithm,
where a first version of the algorithm is presented. Since this version converges slowly for
more complex problems, an improved, iterative version based on interpolation is presented
and validated against an existing algorithm available in literature [15]. Several optimisation
problems with constraints on joints displacement, velocity, torque or power are then solved

and their solutions are commented.

Chapter 5 features an analysis of the test manipulators workspace. The purpose of

this analysis are several: on one hand, workspaces are characterised in terms of size and
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patterns in preferential direction of motion depending on the algorithm and on the type of
manipulator (fixed-base vs free floating, and free floating with attitude control system). On
the other hand, a statistical analysis is performed to find correlations between the kinematic
indexes of robotic manipulators (manipulability, Jacobian condition number etc...) and their
kinetic energy along the motion on a certain trajectory, with the aim to characterise the
relationship between manipulator configuration and expectation of kinetic energy cost. For
this purpose, canonical correlation is used, which represents the correlation of linear
combinations of variables. From this statistical analysis, it is observed that no kinematic index
features high enough correlation with kinetic energy to be used as an alternative cost
function in optimisation, and that a linear combination of them is selected as a possible
approximator of kinetic energy. For free-floating manipulators, it is observed that reducing
the base motion generally also reduces the workspace, and that attitude control system can
be actively used to retain the manipulability of the manipulator (and thus extend the

workspace).

Chapter 6 is dedicated to the presentation of the local algorithm developed for this
thesis, based on predictive minimisation of a cost functions. The algorithm is meant to
integrate with traditional Jacobian based pseudoinverse methods rather than substitute
them, due to the simplicity, versatility and diffusion of pseudoinverse schemes. It is based on
computing the value of a rough prediction of the kinetic energy integral along the trajectory,
and exploit task minimisation to drive the manipulator in the direction where such prediction
has a minimum. The prediction does not need to be updated at every time step, and does
not need an extensive set of parameters, thus allowing to be used quite flexibly and reducing
computational cost for real time execution. The predictive algorithm has been tested in two

versions, PMKE (Predictive Minimisation of Kinetic Energy), based on the minimisation of a
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prediction of the kinetic energy, and PMCI (Predictive Minimisation of Correlated Indexes),
which is based on the minimisation of a linear combination of kinematic indexes correlated
with kinetic energy, as obtained from the workspace analysis. The first one has shown to
provide much better results, being superior to traditional algorithms on a large set of
trajectories, thus justifying its computational overhead, while the latter one illustrates the

difficulty in predicting kinetic energy without precise knowledge of the motion.

Finally, Chapter 7 features conclusions, limitations and further development of this
thesis, with some points being made about computational time reduction for both the
algorithms, and about their application to more complex manipulators. Furthermore, the
possible introduction of environmental constraints and obstacle avoidance in the global

algorithm is discussed.
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Chapter 2.Kinematic motion planning and optimisation in

robotics

2.1 Introduction

In this chapter, a survey of literature is conducted, about the state-of-the-art of
redundant manipulators motion planning. This literature review mostly focuses on inverse
kinematics and does not pretend to be exhaustive on the topic. Its main goal is to present
previous research that the author considers relevant to have a complete perspective of the
field, and to provide readers with the necessary knowledge to understand the contributions
presented in this thesis in relation with their field of application. The chapter will be
organised as follows: first, a general survey about methods to solve inverse kinematics and
kinematic planning optimization method for redundant robotic arms is presented. This part
is fairly general and can be applied to a number of different manipulators configurations,
although some of the mentioned works are related to peculiar cases (e.g. hydraulic
actuators). After this part, a more specific section is devoted to research that has been
especially dedicated to motion planning of free-floating robotic systems. A further section
reviews the workspace analysis papers that have been inspirational for the approach taken
in this thesis. Finally, a discussion about literature review findings to completely individuate

the gap filled by this thesis will be presented.
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2.2 Kinematic planning algorithms for redundant manipulators

2.2.1 Pseudoinverse based local methods

Redundant robotic systems motion planning has different factors of complexity.
Most notably, the main issues come from the use of redundancy: while it allows far more
movements and tasks to be accomplished. It also increases control complexity. So far, the
most used methods for motion planning optimisation of redundant robotic arms, as already
mentioned in the introduction, have been pseudoinverse-based algorithm. They have been
used in plenty of variations and have several interesting properties: it has fast execution
times, can be used to prioritise specific tasks over others and it can be used to optimise a
variety of different cost functions while driving the robot end-effector through a predefined
path. This comes however at a price: it only provides local optima, which can be quite far
from the global one. Local methods are also vulnerable to singularities, which cause large
errors and mechanical stress on the manipulator. This makes IK frameworks not ideal; yet,
offline optimisation methods are too cumbersome for real-time applications, due to their

heavy computational requirements.

To the best of author knowledge, the first systematic review of about pseudoinverse-
based inverse kinematics is in Klein and Ching-Hsiang [29], which is indeed a milestone in the
research on the use of pseudoinverse for robotic control. The paper outlines how the
pseudoinverse generally keeps the instantaneous power required low, since it minimises
joint velocities, which is a rough approximation of kinetic energy minimisation. It also states
that the pseudoinverse, minimising velocities, keeps the manipulator away from
singularities, which was however proven incorrect by Bailleul et al. [30]. Many of the

subsequent works evolved their algorithms from the concept of weighted pseudoinverse, as
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previously presented by Whitney [5]. This concept is based on optimising each joint with a
different weight, rather than trying to reduce the velocities norm, in order to prioritise
specific aspects of the motion. A possible variation of this exploits the inertia matrix of the
manipulator as a weight matrix, resulting in a local minimisation of the kinetic energy at every
time step. This kind of solution will be used as comparison for the local algorithms

implemented in this thesis.

After that, IK have been proposed as a redundancy resolution method for several
applications, most notably energy or torque minimisation, but obstacle avoidance, joint-limit
avoidance, or simply singularities avoidance, have been explored as well. Nakamura et al.
work about obstacle avoidance [6] is extremely important for robotic manipulators control,
as it introduces the concept of task prioritisation to solve redundancy problems: this is a
method to superimpose different motion tasks, so that a first one follows the end effector
predefined path, while the others optimise secondary criteria. Its first application was, as
mentioned, obstacle avoidance, but it has been used in most of IK optimisation schemes
afterwards. In [31], Chevallereau and Khalil propose more applications of the task
prioritisation framework, which they call null-space method, particularly they maximise the
distance from singularities through manipulability, and the distance from joints limits.
Several other applications have been developed along the years, with manipulability being a
favourite cost function for being maximised as secondary task [12]. Manipulability, which has
already been mentioned in the introduction, is a quantity depending on the determinant of
the Jacobian matrix of a robotic manipulator, and it approaches 0 close to singularities. This
makes its maximisation quite an effective method to avoid singularities. More complex
applications have been developed along the years, with the concept going as far as being

used to maintain the position of the centre of gravity of a legged robot, as proposed by Mistry
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et al. [32]. Such scheme uses the task prioritization framework to switch between different
configurations of the robot, depending on which leg is on the ground. An alternative
approach to take into account extra constraints in the motion of a redundant manipulator is
to include them as extra rows in the Jacobian (augmented Jacobian), which was defined as
state space augmentation method by Sciavicco and Siciliano [33]. This algorithm, however,
features extra singularities, which do not normally appear in the original manipulator

Jacobian.

Several researchers have followed the direction of pointwise minimising the joint
torques as a mean to minimise the actuator consumption, associating such an algorithm to
positive results regarding the minimisation of the kinetic energy integral along the whole
trajectory. Some analysis on this approach is presented by Hollerbach and Suh [24], who
however found out that a dynamics-based inverse kinematics resolution method can lead to
instabilities on longer trajectories. Particularly remarkable for the scope of this thesis is one
quote from the paper, “It seems that local tampering with the energetics of movements as
led to global disaster”, which summarizes the complexity of achieving a satisfying global
result based on local methods. Two works exploit the calculus of variation to provide local
solutions with global properties: Kazerounian and Wang [34] presented a local solution that
is able to minimise the integral of the norm of joint velocities, while a strictly energy-focused
approach was followed by Nedungadi et al. [5], who used calculus of variation to find a
formulation of torque minimisation that can lead to the global minimum of kinetic energy.
Both works can be either local or global depending on the way they are used, however the
latter case requires the solution of a two point boundary value problem, while the solution

also presents stability issues that make the search particularly hard in both the local and the
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global case. The algorithm developed by Nedungadi is however provably optimal, which has

led to it being selected as a mean to validate the global algorithms presented in this thesis.

The first research providing actuator models for local energy consumption
minimisation was presented by Vukobratovic et al. [35], who introduced dynamic models of
hydraulic and electrical actuators and showed indeed that a major advantage of energy
minimisation compared to joint velocities minimisation is that it tends to move joints with
low inertia more than those with high one, thus reducing consumption. This is a key point
about energy minimisation algorithms and will often be observed in the results hereby
presented as well. One further merit of the authors is that their algorithm is able to
implement limits on both joint positions and rates. As pointed out by Nenchev [10] in his
review, these early studies made it every apparent that a trade-off between local
optimisation and global stability is generally unavoidable: pointwise minimisation must
always be relaxed not to get stuck in singularities. For this reason, some authors, such as
Wampler and Nakamura [11], [36] proposed damped least square formulations. These are
solutions that balance between velocities and end-effector tracking error by adding an extra
term to the least squares’ formulation, so that the velocities norm is balanced against the
tracking error. This concept was further refined by Schinstock et al. [37], who introduced a
damped least squares scheme based on only damping in the neighbourhood of singularities,
which allows to keep a low tracking error anywhere else in the workspace. A further
refinement to the method has been developed by Maciejewski and Klein [38], which
presented numerical filtering. This is a method based on individuating the direction with the
lowest singular value and selectively damping only that one (i.e. only the actual direction
where the singularity lies). This solution is today widespread as it is quite effective and simple

to implement and, although it can lead to the manipulator losing the track, nevertheless can
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find uses where perfect tracking is not essential, or as a safety measure to avoid the

manipulator to get damaged during the motion.

Despite approaches based on pseudoinverse matrix have been investigated for a long
time, improvements on existing results are still being published in recent years. An idea
based on switching between different tasks has been presented by Kelemen et al. [39], who
change the priority of the tasks in order to choose the order that requires less computational
time. This is particularly useful for hyper-redundant manipulators with an extremely high
number of DOF. Another recent pseudoinverse-based approach has been presented by
Woolfrey et al. [40], who present a framework able to keep the correct tracking when the

manipulator is subject to large external forces.

2.2.2 Otherlocal methods

Since stable local solutions are so elusive, especially when it comes to the torque
minimisation problem, in the last 20 years a few authors attempted to solve the local
problem with different methods other than pseudoinverse. These sounded more promising
than traditional, and unstable, algorithms, and some results are particularly worth
mentioning, especially regarding torque local optimisation. Most of these efforts are focused
on solutions based on quadratic programming, an optimisation technique aimed at
minimising a quadratic cost function subject to equality and inequality constraints.
Particularly, the generalisation of a Quadratic Programming based inverse kinematics
algorithm to inequality constraint is a breakthrough result obtained by Kanoun et al. [41].
The method allows to include constraints such as joints mechanical limits and actuators
maximum velocities, but its main challenge lies in the ability to provide a result in real-time.

Many algorithms have been proposed, featuring different principles from classic optimisation
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techniques to neural networks. Some practical solutions have been presented in the 90s, for
example by Cheng et al. [42], who proposes workspace decomposition, a technique to divide
the problem into smaller subproblems. This technique allows them to optimise distance from
singularities with several kinds of constraints on joints angles, velocities and accelerations.
The problem of torques minimisation has been tackled by a few researchers, especially using
neural networks as a method to solve quadratic programming problems. An example is
provided by Tang et al. [43], who propose two different kinds of neural networks, Lagrangian
Networks and Primal Dual Networks. Both methods are successfully used for local
minimisation of torques, while the second one also manages to enforce a maximum torque
limit in the solution. A similar approach has been sought by Zhang et al. [44], who proposed
a simple neural network to locally optimise torques while considering joint limits. A more
recent work has been presented by Zhang et al. [45], proposing a unified approach for
velocity and acceleration level quadratic programming solution methods, and introducing a
new neural networks based solver featuring piecewise linear dynamics, which they show to
be able to tackle the problem of local optimisation both on velocity and acceleration level.
Recently, Faroni et al. [17] proposed a predictive-control based method to ensure respect of
kinematic constraints, and aiming at avoiding situations where a manipulator moves in such

a way that kinematic constraints cannot be respected in future steps.

Some other prediction techniques for inverse kinematics, unrelated with quadratic
programming, are available in literature, and they usually involve nonlinear model predictive
control (NMPC). It is worth mentioning Rybus et al. [46], who presented an NMPC for non-
redundant free floating robots, aimed at minimising control action. The implementation they
present doesn’t seem to be feasible in real-time. In fact, to the author knowledge, NMPC has

not been applied to the general inverse kinematics problems in real-time yet. Another work,
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by Schuetz et al. [47], features an MPC solution based on Pontryagin Minimum Principle to
reduce velocities and accelerations norm. However, it does feature a large time-step (10ms),
and differentiability problems on velocities and accelerations. Furthermore, it features a
small horizon which can only be improved at the price of renouncing to real-time capabilities.
In fact, an issue for the application of predictive control is that robotic manipulators inverse
kinematics requires a very high time resolution (in the order of milliseconds, or at least
hundredths of second), while at the same time a good performance respect to optimality can
only be reached when a large part of the trajectory is considered at once (tenths of second).

Thus, an NMPC-based control would need to overcome these complications.

2.2.3 Optimal Control based global methods

Alongside local (and online) inverse kinematics method, offline methods based on
optimal control have been pursued. These techniques are slower, but allow to find minima
of a global cost function, or at least a function that takes into account a wider time horizon
than local algorithms, although this happens at the price of much longer execution times.
They usually minimise a function constituting the sum of error and “control cost” (usually
joints kinetic energy or actuators torque) on a predetermined set of points, but might be
used for other metrics such as execution times or such. The set may correspond to the whole
trajectory or to a finite number of points after last completed integration step. Some authors
have already been mentioned to use a variational approach provide local results that can be
exploited for global solutions by solving a two-point boundary value problem. This is certainly
one of the most used techniques, as is the Pontryagin maximum principle. Calculus of
variations is based on variations, which are small changes in functions and functionals. A
solution for this kind of problem can be derived considering the Euler-Lagrange equation of

the calculus of variations. While the method allows to find analytical expressions for
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complicate solutions of optimisation problems involving integral costs, it is also prone to a
number of limitation related to the need to solve a TPBVP in order to exploit such solutions.
Furthermore, they make use of the Jacobian in their formulation, which leads to numerical
instabilities during the solution process. Pontryagin maximum principle, on the other hand,
is a method that establishes certain conditions under which a continuous optimal control
problem can become a more manageable TPBVP on a limited set of points, through the use
of a function called Hamiltonian [48], which makes the problem easier to solve than its

original form, although still a difficult one due to its TPBVP nature.

The first authors to use an optimal control approach, to our knowledge, are
Nakamura and Hanafusa [8], who exploit Pontryagin maximum principle to derive a minimum
joints velocities norm solution, and provide the mathematical formulation for one based on
integral of torques. Another early paper worth mentioning is by Suh and Hollerbach [16]
which provide a global solution that minimises the joint torque integral along a trajectory
through the use of calculus of variations. The proposed algorithm, however, has a complex
mathematical formulation involving the second derivative of torques, and requires to solve
a Two-Point Boundary Value Problem involving acceleration and jerk of the manipulator
joints. Even then, as the author mentions, even with improvements it can at most consider
joint limits, while no constraints can be introduced on velocities, accelerations, or other
variables. Furthermore, methods based on calculus of variations have been showed to not
necessarily lead to the best optimum, as observed by Martin et al. [9], who showed that the
solutions of a specific global problem are not only several, but also do generally not lie in the
same homotopy class. This is, they can’t be continuously deformed into each other, meaning

an algorithm based on derivatives cannot reliably find them.
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Despite their limitations, Pontryagin maximum principle and calculus of variations
have been used to minimise different cost functions in literature. For example, some
attempts have been done to minimise task execution time (i.e. time to move the manipulator
end effector along a specific geometric path). First one, to author’s knowledge is authored
by Galicki [49], who showed that the optimal solution saturates some of the actuators while
following the trajectory by adjusting the others. Similar results are also observed by Wa and
Watanabe [50], and will indeed by observed in this thesis as well. Other attempts were made
to optimise distance from joint limits, by Zhen-Lei Zhou et al. [51], which is based on adding
terms to the cost function. This work also attempts to implement a periodic constraint on
the motion, which bears some importance in industrial environments, since robotic arms are
meant to perform cyclic tasks. Indeed, the global algorithm presented in this thesis also
features the ability to produce periodic optimal trajectories. A work based on Pontryagin
Maximum Principle to minimise energy consumption is presented in [52] by Halevi et al. for
electromechanical linear actuators. This work features a mathematical model of the
actuators to be included in the cost function evaluation, but the adaptability of the approach

for revolute joints is doubtful.

Several other works address the issue of offline energy minimising motion planning.
Schiller and Dubowsky [53] proposed a two phases algorithm, based on discretising the
workspace as a grid first, and performing a local optimisation once the best path has been
found on the grid. A variational, Jacobian-free approach was instead sought by Hirakawa et
al. [18], who proposed an algorithm to find the minimum electrical energy consumption
along a trajectory. This work is especially interesting for its cost functions, which introduces
modelling of electrical motors, and because it approximates the solution through spline

interpolation, a concept that will be exploited in this thesis as well to formulate an iterative
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solution of the global problem. In [54] Saramago et al. investigate offline path planning for
non-redundant manipulators using a multi-objective cost function involving both trajectory
time, mechanical energy, and the presence of obstacles. Also worth mentioning is that
Ferrentino et al. [23] designed a Genetic Algorithm (GA) to perform time-optimal control of
non-redundant robotic manipulators along specified paths, subject to torque constraints.
Their method is suited for avoiding torque jitter close to singular points, which traditional

solvers struggle to tackle.

Recent works aiming at time optimality were presented by Reiter et al. [55], who
proposed a solution for the time-optimal path tracking problem of kinematically redundant
manipulators that takes into account the technological limits of the robot, which is
formulated as a nonlinear programming (NLP) problem solved with a multiple shooting
method. In [56], the same authors presented a contribution to the solution of the time-
optimal trajectory planning problem for kinematically redundant manipulators. In the
proposed approach, the problem is divided into the trajectory optimization and an underlying
inverse kinematics problem. The former is solved using a numerical computation scheme,
augmented to fully exploit redundancy in an optimal way such that the latter problem yields

optimal results.

2.2.4 Dynamic programming based global methods

Some of the most recent approaches to inverse kinematics are based on dynamic
programming, which allows to solve the global inverse kinematics problem, although with
some limitation. This is a method based on portioning a big problem into subproblems that
are easier to solve, and whose result is related to the result of the bigger problem through a

relationship known as the Bellman Equation [57]. Particularly, it requires a discretisation of
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both time and input parameters, which leads to a very high dimensionality. Despite this
drawback, it has been proposed because it allows to incorporate different constraints and
most importantly it avoids to solve TPBVP, which are very similar problems than the ones this
thesis aims to solve. Among most notable works, Ferrentino et al. [58] discusses the flexibility
of dynamic programming for multi-objective optimisation and for finding solutions in
different homotopy classes and with different type of constraints. The numerical example he
uses aims at the optimisation of the integral of joint velocities, thus no solution is provided
for kinetic energy and torque. Dynamic programming approaches were previously sought by
Guigue et al. [59], who proposed an algorithm to solve multi-objective optimisation problems
for a 7-Degrees-of-Freedom (DOF) manipulator. Their work is particularly relevant because it
is one of the few attempts, in the author’s knowledge, to solve a bi-objective optimisation

problem with a different method than weighted squares in robotics.

Another approach to multi-objective optimisation in robotics has been proposed by
Pashkevich et al., who proposed multi-objective optimization algorithms [60], [61] via graph
representation of the search space and dynamic programming procedures, which allow
generating smooth manipulator trajectories within acceptable time, considering
simultaneously kinematic, collision, and singularities constraints. Also, Gao et al. [62]
proposed a methodology based on dynamic programming to optimize the robot and
positioner motions in redundant robotic system for the fiber placement process, which
allows user to find time-optimal smooth profiles for the joint variables while taking into
account maximum joint velocities/accelerations and collision constraints. Nevertheless, none
of these works considers quadratic cost functions, which are necessary for the minimization

of kinetic energy, joint torques, or reaction forces/torques.
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Dynamic programming was also sought by Field et al. [63], who present a solution
of the energy minimisation problem based on it. Their intuition does not serve the purpose
to find the global optimum, since each one of the iterations only explores a subspace of the
search space; however, it manages to avoid mediocre local minima, and keeps execution time
at reasonable length by avoiding the curse of dimensionality usually involved with such kind
of algorithms. Finally, Nurmi et al. [64] recently presented a dynamic programming solution
for hydraulically powered redundant manipulators. Their approach works sensibly better for
hydraulic actuators than general energy minimising algorithms, proving that actuators
models might be beneficial for specific problems. However, the burden of the computational

complexity means this method cannot be used online.

2.2.5 Point-to-point motion

The works mentioned so far are focused on the manipulator having to follow a specific
geometric path in the Cartesian space. However, a consistent body of literature also exists
for point-to-point problems, which are by nature a global problem. This is particularly
interesting for this thesis despite it does not focus on the inverse kinematics problem,
because it is one of the problems for which the robotics community made consistent and
heterogeneous use of nonlinear optimisation algorithms. Most of the attention in this
direction has been focused on obstacle avoidance through evolutionary algorithms,
especially genetic ones (GA). This has been due to several advantages they have over other
methods: they allow to find a global solution, do not imply the use of derivatives or gradients,
and are suitable for a wide range of constraints. First author to extensively describe the
possibility to use this methods in robotics, to the best of our knowledge, was Davidor [65].
Since then, many different works have been published on the topic. Shintaku [22] proposed

a GA based solution to find the minimal energy solution for an underwater manipulator,
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based on solving the optimal control problem as a two-boundary value problem. McAvoy et
al. [66] proposed to combine B-spline and GAs to obtain an optimal trajectory for a redundant
manipulator tasked to perform a pick-and-place operation. Tian and Collins [67] present a
floating point GA-based solution able to overcome obstacles and minimise joint
displacements in the process. Collisions free trajectories were also proposed by Ata and Myo
[68], who used a Generalised Pattern Search based on merging Genetic Algorithms with
direct search. Saravanan and Ramabalan [69] proposed a complex cost function integrating
transfer times, singularity avoidance, accelerations and other parameters, and obtained very

promising results through Differential Evolution.

Another kind of evolutionary algorithm is the Particle Swarm Optimisation (PSO),
which has also been exploited to solve robotics problems. Worth mentioning are Stevo et al.
[70], who used it to calculate a point-to-point trajectory optimised respect to several
different objectives (minimum time, energy consumption, joint displacement), and Hansen
et al. [71], who used it to minimise electrical energy consumption with a realistic model of
actuators and losses. More recently, PSO was used to plan a point-to-point motion of a 7’ DOF

arm by Jin et al. [72], who used it to plan a motion that could avoid singularities and obstacles.

2.2.6 Offline mapping based methods

Finally, some authors sought a hybrid approach based on using offline calculated
global solutions to find an optimum in real time. To the author’s knowledge, first attempt in
this direction is presented by D’Souza et al. [73], who tackle the problem of learning a non-
convex non-linear problem such as inverse kinematics. For such problems, averaging among
learned solutions does not usually provide another valid solution; this problem was solved

by the authors by constraining the learning set through a learning algorithm called Locally
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Weighted Projection Regression, which allows learning of inverse kinematics only on
localised region where convexity holds. The problem was further studied by Berenson et al.
[74], who proposed a practical implementation of the learning process based on a planner
and a retriever of past trajectories working in parallel. The planner would be used for new
trajectories, while a retriever would be used to extract similar ones stored in memory and
adapt them. The advantage of the method is that it does not need to calculate trajectories in
advance, while at the same time it can improve its results through machine learning when
the trajectories library is big enough. More recently, Hauser [75] proposed to create an
offline problem optimum map, to use as a tool to dramatically reduce the search space during
online calculations. His paper establishes theoretical foundations to assess the characteristics
of the training data required to achieve a certain approximation quality. Finally, Raja et al.
[76] presented a learning framework for the inverse kinematics of a mobile manipulator on
uneven terrain. Their method deals with joint constraints, and with the necessity to keep the

wheels on the ground, and maximize the robotic arm manipulability.

2.3 Kinematic planning for free-floating manipulators

2.3.1 Uses of free-floating manipulators and notable technology demonstration
missions

Manipulators are generally meant to substitute humans in highly repetitive and time-
consuming tasks. In orbit, this becomes even more important, since astronauts time is
precious and limited, and furthermore humans require complex infrastructure and minimal
exposure to risks. A list of tasks that are accomplished, or could be accomplished, by
manipulators, include: EVA support, spacecraft deployment, assembly and maintenance,

inspection, refuelling. More in detail, they can be described as follows:

59



EVA support: astronauts need robotic support during their extra vehicular
activities, in order to hold themselves or their tools in place, to grasp floating
objects, and other tasks. The most important example of this use of space
robotics is the fixing of the Hubble Space Telescope, which was first held in
1994, and again in 1997, 1999, 2002, 2009. During this operations, robotic

manipulators were mostly used by astronauts to anchor themselves.

Spacecraft deployment: for decades now, robotic manipulators have been
used in space to deploy spacecraft or retrieve them. This also includes

berthing (and de-berthing) from a space station.

Assembly and maintenance: this use is typical of the ISS and consists in
moving equipment and instruments around the station. As already
mentioned, most of the manipulators on-board the ISS can be relocated,

allowing to support human activities across the whole station.

Inspection: instruments mounted on robotic arms can be used to inspect
parts of the spacecraft that are normally unreachable. The most notable
example is the Inspection Boom Assembly (IBA) used on the Space Shuttle as
an extension to the SRMS. Being nearly 15 metres long, it permits visual
inspection of the thermal shielding of the Space Shuttle, increasing the safety

of the re-entry manoeuvre [77].

Refuelling: extending satellites lifespan has always been a priority in space
industry, and one of the bottlenecks is the quantity of fuel available on board
for attitude and orbit control. NASA is one of the frontrunners to

demonstrate such technologies in space, having operated a technology
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demonstration mission with Canadarm2 and Dextre, during which a satellite
was refuelled after manipulating protective coatings, valves and pipe caps

[78].

In addition to fully functioning robotic systems mentioned in the introduction,
several other technology demonstration missions have been developed, or are under
development, in order to make space manipulators able to accomplish as many tasks as
possible. The first one was the Experimental Test Satellite VII (ETS-VII) developed by JAXA,
which featured a 6-DOF robotic arm, and was launched in 1997 to verify some technologies
and aspects of autonomous rendezvous and docking, and robotic servicing [79]. This included
capture and berthing of a target satellite, which was however tied to avoid an accidental loss
[80]. Another interesting demonstration mission was Orbital Express mission, launched in
2007, and developed by Boeing and Defense Advanced Research Projects Agency (DARPA). It
featured technologies related to providing several on-orbit services, such as autonomous
rendezvous and docking, in-orbit refuelling, and replacement of special components (an
autonomous robotic arm transferred backup battery and computer to a target spacecraft,
especially designed to be accessible for servicing [81]). DARPA projects also include
Spacecraft for the Universal Modification of Orbits (SUMO), which later evolved in Front-end
Robotics Enabling Near-term Demonstration (FREND). The former was initiated in 2002 to
combine a detailed stereo photogrammetric image with robotic manipulators in order to
grasp an existing spacecraft for servicing [82]. The latter was meant for a way broader
objective: enabling autonomous rendezvous and docking with a spacecraft not explicitly
designed to allow on-orbit servicing [83]. It featured a 7-DOF robotic arm and associated
control system, and it accomplished a full-scale laboratory demonstration of autonomous

grappling of a variety of possible interfaces [84], [85]. Afterwards, the program has further
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evolved to PHOENIX, which was aimed at recycling some components of old satellites in
geosynchronous orbit [86], and today it is known as Robotic Servicing of Geosynchronous
Satellites (RSGS), focused on providing a modular robotic manipulator toolkit to be added to
a commercial spacecraft, to make it able to provide services to satellites in GEO orbit, mainly
payload substitution or update. In 2005, NASA launched Demonstration for Autonomous
Rendezvous Technology (DART) [87], with the objective to validate innovative components
and algorithms for autonomous rendezvous and proximity operations. A mission planned,
but so far never turn into practice, was Technology Satellites Demonstration and Verification
of Space Systems (TECSAS), jointly developed by DLR, CSA and Russian Space Agency [88]. It
consisted in a servicing satellite equipped with a robotic arm, and a target microsatellite, and
it was meant to perform several phases of the on-orbit servicing, from rendezvous, to flying
inspection, capture, stabilisation, manipulation of the target satellite, and control, either
active with telepresence or passive during autonomous operations. Although the project was
discontinued due to the participating agencies having different priorities, DLR still chose to
continue with the development, renaming it Deutsche Orbital Servicing (DEOS). The
objectives were reset to evaluate procedures and operations for capture and deorbiting of a

non-cooperative spacecraft [89].

2.3.2 Inverse kinematics of free-floating manipulators

When a satellite equipped with a robotic manipulator has approached a non-
cooperating spacecraft, the motion of the manipulator itself must be planned in order to
ensure the target can be properly grabbed. This is mostly an inverse kinematics problem. Its
analysis can start from the point that both linear and angular momentum are preserved in
absence of external forces; however, the system is non-holonomic, as shown by Masutani et

al. [90] in a milestone paper for space robotics. They consequently showed the conventional
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control method for industrial robots, based on local feedback at each joint, is not suitable for
grasping a floating object. This problem has already been mentioned in the introduction, and
its implication is that the motion of the base spacecraft and of the robotic arm are couple by
a constraint on angular momentum, which is constant for the whole system. The main issue
regarding this constraint is that non-holonomicity implies non-integrability, which is in fact

what does not allow a simple joint position control.

Consequently, a first path planning attempt was made by Vafa and Dubowsky [91],
[92], who presented a cyclic motion trajectory of a manipulator’s joint, defined “Self-
Correcting motions”, to change the base orientation. Their idea was that a nominal trajectory
was first selected and then, if any sensible deviation of the base orientation occurred, it
would be corrected by adding small cyclic motions to the joints. The same authors later
developed a tool called Disturbance Map (DM) in [93], which was meant to help selecting
paths by identifying the direction of joint movements that would cause the maximum or
minimum disturbance. This method was however pointwise, meaning that disturbances
would only be calculated at specific points. Their work was further improved into an
Enhanced DM (EDM), which was developed by Dubowsky and Torres [94], who also managed
to use it to effectively plan the manipulator motion while reducing the reactions on the base

spacecraft.

A fundamental result for the solution of the inverse kinematics problem for free-
floating manipulators has been presented by Umetani and Yoshida [19], who introduced the
use of a generalised Jacobian to control the manipulator. This Jacobian incorporates the
dynamics of the base of the manipulator, allowing to include in the computation the end-
effector motion caused by the non-holonomic constraint on the total momentum of the

system. This result is of fundamental importance for the control of free-floating manipulators
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and can be used attitude control of satellites in general. It allows to use algorithms developed
with traditional Jacobians for control of space manipulators, and indeed it will be used in this
thesis to illustrate the possibility to use algorithms both for ground-based and free-floating
manipulators. It is interesting to notice that, as the base inertia increases, its behaviour
becomes more similar to the Jacobian of a ground-based manipulator with the same
configuration, perfectly corresponding to it for an inertia tensor going to an infinitive value.
This result is of fundamental importance for the field and its mathematical formulation is

presented in detail in next chapter.

Although the generalised Jacobian allows effective kinematic control of free-floating
manipulators, the fact that it incorporates dynamic characteristics of the system leads to the
existence of a different kind of singularities, named dynamic singularities, which were
investigated by Papadopoulous [7]. These are typical of free-floating manipulators and
depend on the dynamic characteristics of the spacecraft. In order to avoid them, he
developed a path planning technique in the Cartesian space [147], based on calculating the
Path Dependent Workspace (PDW), which is the part of the workspace that can induce
singularities, and subtracting it to the reachable workspace, in order to obtain a Path
Independent Workspace (PIW), which is guaranteed not to cause dynamic singularities. Some
years later, Siciliano and Sciavicco [95] proposed a task-space augmentation method to
include the base motion as a constraint in the generalised Jacobian, adding a row for each
constrained base motion. This formulation cold be shown to be equivalent to the fixed-
attitude-restricted Jacobian Matrix proposed by Nenchev et al. [96]. Some researchers, such
as Cocuzza et al. sought to minimize the reaction torque transferred to the base spacecraft
in redundant manipulators [97]. This was done through different methods (Jacobian

pseudoinverse and constrained least squares), and tested with a 2D manipulator, both in
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laboratory conditions and during a parabolic flight. Other researchers, such as Sabatini et al.
[98], developed a coordinated control for the arm and the platform, aimed at reaching the
Reaction Null Workspace by moving the platform first, and grab a manipulation target
without further reactions on the base spacecraft afterwards. A different approach, certainly
worth mentioning, was sought by Yoshida [27], who proposed a control able to activate the
attitude control system based on a feedforward term computed from the conservation of
momentum. A similar but more sophisticated, torque-based approach, was instead

suggested by De Stefano et al. [99].

2.3.3 Path planning for free-floating manipulators

Alongside techniques to compute the inverse kinematics of a robotic manipulator,
methods have been proposed to plan the motion of the manipulator in relationship of a
target end effector position and velocity at a given time, without constraining the full
trajectory, except for the need to keep the base spacecraft motion as limited as possible.
Noticeably, Pandev and Agrawal [100] proposed a method called Mode Summation, to plan
a Cartesian path of a free-floating system with prismatic joints. It is of particular interest since
it avoids inversion of the Jacobian matrix and also provides a singularity-free path for the end
effector, although it is to be considered that no requirement was formulated for the

spacecraft final attitude.

A further advancement was produced by Nenchev et al. [101], [102], who introduced
the Reaction Null Space (RNS), representing the manipulator motion that causes no
disturbance to spacecraft attitude. A reactionless trajectory generation strategy based on
this was proposed by Piersigilli et al. [103] in order to find a path which would not affect base

attitude. An approach based on Reaction Null Space was also proposed by Pisculli et al. [104].
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In order to deal with the dynamic singularity problem of the Cartesian space path planning,
Xu et al. [105] chose to use the direct kinematic equation instead. Their method exploits a
parametrization of the joint trajectories by polynomial or sinusoidal functions, and a
numerical (Newtonian) method to find the parameters through several iterations. This didn’t
address the possibility to go through different paths to reach the desired pose (due to the
nonholonomic nature of the problem), and the long calculation times required for numerical
methods, which didn’t allow for real-time use of their findings. The problem of planning the
path of a free-floating robot with angular momentum was first addressed by Yamada et al.
[106], [107]. By proposing a variational optimisation approach in the joint space, they
managed to obtain the required change in satellite attitude only by joint control. Suzuki and
Nakamura [108] showed that a free-floating space robot with 6-DOF cannot follow an
arbitrarily desired trajectory in the 9-D coordinate space (three for the base spacecraft and
six for the manipulator) without making use of some additional control other than the joints’
one. Then, they proposed to solve the problem of following a 9-D path in such a way by
introducing a perturbation around the path itself, resulting in a Spiral Motion. Yoshida et al.
[109] proposed the concept of Zero Reaction Maneuver (ZRM), which is obtained by equating
to 0 the base velocity in the angular momentum equation. Its existence is however limited to
6-DOF manipulators. Another original strategy was formulated by Nakamura and Mukherjee
[110], featuring a path planning scheme that deals with the total nonlinearity of the whole
satellite/manipulator system. The idea behind it is to control both the base and the
manipulator by only actuating the manipulator joints, and it was called Bi-Directional
Approach, which was however affected by singularities, and only provided non-smooth
trajectories. The latter problem was addressed by Papadopulos et al. [111], who proposed a

path planning technique based on smooth, continuous polynomials, which can control both
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the endpoint location and the base attitude. Further work showed that it could be improved
drastically by using high order polynomials. The same concept was later extended by
Tortopidis and Papadopoulos [112] to n-DOF manipulators. Some researchers, starting with
Franch et al. [113], have tried to solve the path planning problem for space manipulators by
employing flatness theory. This is an extension of the concept of controllability from linear
to nonlinear dynamical systems, and it can be used to design differentially flat systems, which
are in turn easily linearizable and controllable. On the same path, Agrawal et al. [114]
extended the method to a three-link space robot, obtaining also significant control
improvements, as they managed to avoid the use of Nonlinear Programming (NLP) to solve
the rate equations. Xu et al. [115] pursued a much different approach, trying to only employ
direct kinematics for the path planning of a 6-dof manipulator, and solve them through a
genetic algorithms based optimisation. This kind of solution provides a smooth solution, and
constraints to both the motion path and the reactions on the base. Furthermore, since it does
not exploit inverse kinematics, it does not incur in singularities. Same authors also proposed
a similar algorithm, employing particle swarm optimisation, in [116]. However, while the first
presents very long convergence time, the second may fail to converge depending on the

constraints.

2.4 Workspace analysis

Many works have been published about workspace analysis of robotic manipulators,
and some of those related with free-floating manipulators have already been mentioned, as
they play an important role in understanding the inverse kinematics or the path planning of
such systems. The oldest work that presents results on fixed-base manipulators’ workspace,
to the best author’s knowledge, is by Kumar and Waldron [117]. Most of the techniques

developed afterwards are devoted to individuating the boundaries of the workspace rather

67



than proper characterisation. A survey of some of these methods has been presented by
Haug et al. [118] in last century. A lot of effort has been devoted to Monte Carlo methods,
with authors such as Cao et al. [119] and Guan et al. [120], while some authors used different
search algorithms, such as branch-and-prune (e.g. Bohigas et al. [121], [122]). However,
papers aiming to characterise the workspace in different ways other than individuating the
boundaries are generally lacking, although some example can be found (e.g. Zacharias at al.
[123]). This work presents an analysis of the manipulability of a humanoid robot and its
approach is to create a manipulability map by dividing the workspace in so called reachability
spheres, which quantify how many end-effector positions within the sphere are reachable.
This work is however focused on producing a mapping, but does not elaborate on it

relationship with energy.

In order to develop a method to study workspaces from the energetic point of view,
there are two very interesting works that the author deems worth mentioning. Both of them
refer to nonredundant space manipulators, but their approach can be useful for redundant
and fixed-based ones as well. The first one, by Vafa and Dubowski [93], has already been
mentioned in previous sections as an approach to free-flying manipulators motion planning.
It proposes an algorithm for kinematic planning that is alternative to the generalised Jacobian
used in this thesis. It is not as practical for kinematic planning, but it allows for an easier
assessment of the workspaces size. The authors’ key finding in this regard is that a free-
floating manipulator workspace is influenced by the use of an attitude control system: it is in
any case smaller than a fixed-base manipulator, but the loss of size can be limited by an active
attitude control system, while it is maximum when the attitude is only determined by the
forces ad torques transmitted to the base by the manipulator. The second paper is by

Umetani and Yoshida [26], and it presents some observations about the difference in
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manipulability between fixed base and free-flying manipulators. The authors further expand
the concepts in the previous work, and provide the interesting concept of straight-path
workspace: that is, the workspace reachable by moving the end-effector on a straight path
in every direction. Furthermore, they observe that, while for fixed-base manipulators the
manipulability only depends on the distance from the base joint, free-flying manipulators are
also influenced by the orientation of the base and the direction respect to it. Errore. L'origine

riferimento non e stata trovata., from the paper, illustrates the difference.

[ normalized manipulability value = index number / 40 ]

(a) space manipulator (b) ground-fixed manipulator

Figure 2-1 Manipulability distribution for space and ground-fixed manipulator [26]

2.5 Discussion and key findings

The field of robotics presents a huge amount of open research questions and possible
approaches, and this holds true even restricting the research scope solely to inverse
kinematics. The nature of its mathematical and technical problems is characterised by non-
linearity and modelling hardships, and it has been tackled with a very diverse range of

methods, with different objectives and scopes.
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Naturally, computational techniques designed for industrial robotic manipulators
evolved into maturity earlier than those invented for spaceborne systems, which feature
increased complexity and a more restricted and less urgent field of application. Furthermore,
they have a much higher number of applications, each one with its own specific
requirements, while space robotics has a more specific scope, mostly limited to perform the

manipulation with as less motion as possible of the base spacecraft.

For this reason, ground based systems feature a wide spectrum of challenges and
constraints. The difference between online (local) algorithms and offline (global) ones has
already been mentioned. This reflects into different applications, which allow for one or the
other approach: for example, industrial manipulators can rely on offline planning and
extended computational resources to solve their inverse kinematics problem, whereas
robotic systems operating in on-field applications (e.g. ROVs) need to plan their motion
online, or within a limited time frame at best, and their computational resources are much
more limited. For ground systems, research has been produced for much longer than for
orbiting systems, and the set of questions that have been asked is much wider and more
established. Thus, while spaceborne manipulators have mostly seen inverse kinematics
focused on base orientation control [95], [97], the number of optimisation criteria applied to
ground manipulators is much wider, spacing from obstacle avoidance [53], [54] to minimum

time [53], with a great deal of research on kinetic energy [15] or torque [44] minimisation.

These last two are particularly important problems in the context of redundant
robotic manipulators because energy represents a key variable in manipulators operations.
The reasons to minimise kinetic energy or torque are however different in nature depending
on the application: for industrial facilities, the focus lies on reducing operational costs by

reducing power consumption, while applications on the field, such as space, the case for
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power use reduction mostly lies in the necessity to not consume precious resources such as
battery life. The direction for further improvement, for both global and local algorithm, lies
in the limitations of the optimisation methods, which have partially been already mentioned,

and can be observed by investigating the literature hereby reviewed in detail.

2.5.1 Globalinverse kinematics key findings

The global methods feature limitations related to the nature of the solution methods,
based on optimal control, such as Pontryagin maximum principle, or calculus of variations. In
the works cited in the literature review, it has been observed that much work has been done
on the use of Pontryagin maximum principle for the minimisation of various cost functions
(time [53], velocities norm [124]), or applying it to specific kind of manipulators (e.g. with
linear actuators [52]), while calculus of variations has been used to find explicit formulations
to minimise kinetic energy and torques norm along a desired trajectory. These results all
come however at the expensive cost of needing to solve a Two-Point Boundary Value
Problem (TPBVP). Solving such problems can be extremely difficult and involves the
computation of a first estimate of the joint space trajectory to follow, to the point that some
authors [8] propose specific techniques to facilitate the problem in the case of robotics. It is
also complicated by the fact that they exploit manipulators Jacobian matrices during their
search for the optimum. Jacobians are prone to singularities just the same as they are for
local methods, and thus they can cause instability and numerical issues in the solution
process. Furthermore, imposing realistic boundary conditions can be difficult (for example,
in Nedungadi [15] imposing zero velocity at initial and final time means no control over initial
joints configuration, and thus end-effector position). What’s more, variational methods
cannot include constraints, ad Pontryagin maximum principle is only able to incorporate joint

limits. Some works have been presented based on modifications of the methods to include
71



specific kinds of constraints, such as acceleration or periodicity of the motion, but no method
is currently used that can include them all. Martin et al. [9] also outlined a strong limitation
in the fact that global approaches based on calculus of variations can get caught in a local
optimum, depending on the nature of kinematic constraints. Thus, limitations in current

global methods mostly lie in four categories:

Necessity to solve a TPBVP, with all the complications it bears.

e Numerical problems caused by dependency on evaluations of the Jacobian matrix of

the manipulator.

e Difficulties in implementing heterogeneous constraints, such as nonlinear

constraints (actuators power, actuators torque) and cyclicity of the motion.

e The possibility to find the actual global optimum largely depends on the initial guess.

One more point could be made looking at the fact that all the algorithms present in literature
present a formulation specifically developed for solving the problem under examination, and
no general-purpose optimisation algorithm for the global inverse kinematics problem exists.
Ideally, it would be beneficial to be able to optimise different cost functions without
necessarily modifying the underlying algorithm, even more so if such underlying algorithm
were able to efficiently tackle multi-objective optimisation problems. All these issues are
properly addressed by the new global inverse kinematics algorithm developed for this thesis,
the Interpolation-Based Global Kinematic Planner. This is a multipurpose inverse kinematics
solution method that can address different cost functions and constraints, and can
automatically produce a high number of initial guesses and evaluate the most promising

ones.
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2.5.2 Local inverse kinematics key findings

Online methods, contrary to global methods, are limited by the fact that their
optimisation task is limited to a local scope. This leads to a number of limitations: optimality
on the complete trajectory is not guaranteed, and furthermore the cost function local
improvement can lead to instabilities on the long run. This has been observed very clearly in
literature for Jacobian-based energy optimisation methods, which are all based on torque or
acceleration optimisation [10]. These schemes are usually based on linearization of the
Jacobian matrix around the current manipulator configuration, which is then exploited to
compute either accelerations or velocities. This however does not take into account the
problem conditioning: as explained in depth in next chapter, Jacobian matrix is not invertible
for certain manipulator’s configurations, called singularities. Local methods are normally not
able to avoid such singularities, as they do only take into account the locally linearized
relationship between joints and end-effector velocities. Mathematical tools have been
developed to limit this problem (numerical damping has been already mentioned), but they
come at the price of reducing tracking precision. In a milestone paper for robotics, Yoshikawa
[12] proposed to use manipulability as an index to implement singularity avoidance. This is
anindex that depends on the Jacobian determinant, and which assumes a value of zero when
the manipulator is in a singular configuration. It is still however locally optimised, which
means it does only allow to locally avoid singularities but does not provide any guarantee to
compute a trajectory with a reduced energy cost (they are only loosely correlated, as will be
shown later in this document). Furthermore, even its main use as a singularity avoidance tool

has been doubted in literature (Staffetti et al. [13]).
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The other broad category of local methods is Quadratic Programming based
methods, which do not necessarily involve a convergence time that is short enough to be
online, and thus require ad-hoc methods to be solved fast enough. Quadratic programming
constitute an improvement on classic Jacobian-based methods in that they allow to include
kinematic constraints in the task more naturally, due to the nature of QP. They however come
at the cost of requiring neural networks implementations, or complex solvers, although some
results have been obtained in this regard, especially in the direction of respecting kinematic
limits, although this still happens locally, which means that respecting the limits at a certain
step of the trajectory does not imply the manipulator will be able to respect them in future.
This problem has been partially tackled by Faroni et al. [17] with a predictive control,
however the main issue with the quadratic programming approach remains the
computational time, and the ability to predict how their local optimisation will influence

future motion of the redundant manipulator.

It is evident that local inverse kinematics methods also feature limits in their ability
to optimise the motion of redundant manipulators, however such limits are of a completely
different nature than global methods: in this case, the question that arises is whether it is
possible to develop inverse kinematics computation methods that lie in between global
algorithms, able to optimise a complete trajectory at once, and local ones, which only
consider one point at once. Some solutions that feature both local and global characteristics
have been presented [15], but they are solved in completely different ways depending if they
are used globally or locally (TPBVP or local least-squares), and in the latter case they do not
feature any global characteristics. A method sometimes used in control systems to
incorporate a longer time horizon than just the local one is predictive control, which however

is relatively slow for solving IK, not having allowed so far an online implementation (for

74



example [47]). Indeed, it would also be helpful to have solutions that are either less
dependent on the Jacobian matrix condition number, or help keeping such condition number
as low as possible. It is worth noticing that Jacobian-free approaches mentioned so far in this
work either belong to the category of offline methods or are based on learning the inverse

kinematics offline and approximate them online rather than calculate them.

The reasons why Jacobian matrix is so widespread in online methods despite its
shortcomings are however many: it is a relatively simple and elegant solution to a complex
problem, it is straightforward to implement, and guarantees a good degree of precision when
far from singularities. As of today, it is widely known and comprehensively understood in the
robotics community, and it is featured in an overwhelming amount of theoretical research
and practical implementations. Furthermore, as already mentioned, a Jacobian-based
method exists that allows any algorithm suitable for fixed base manipulators to be used for
free-floating manipulators [19], and generalisations exist to include extra constraint and
further optimisation tasks [6], [32], [125]. For such reasons, it sounds sensible that the use of
improved optimisation methods compared to those available in literature should aim to
improve the quality of traditional inverse kinematics by adding their ability to compute the
solution beyond the local problem in an online fashion, rather than aiming to substitute such
an established tool. Frameworks exist (most notably task prioritisation [6]) that allow to
superimpose different kinematic solutions and, as already mentioned, they have been widely
used to improve specific aspects of inverse kinematics solutions, such as manipulability [12]
or distance from joint limits [51]. The process of developing an energy-saving online planning
method for redundant manipulators in this thesis should thus be oriented in the direction of
integration with existing algorithms. This set of considerations led to the development of the

online algorithm presented in this thesis, which aims to complement inverse kinematics
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frameworks with the ability to estimate the direction of joint motion for which minimum
kinetic energy will be achieved and incorporate it in the solution. This is achieved through a
prediction based on a limited number of points along the trajectory. Such prediction doesn’t
need to be updated at every time step of the algorithm, which allows to save computational
power and run the algorithm at sufficient speed to be of interest for problems which require

an online solution.

2.5.3 Free-floating manipulators key findings

Free-floating manipulators are not as technologically mature as ground based
systems, thus most of the research in the field of free floating manipulators aims to solve
some of the fundamental issues related to the nature of such systems — which is
understandable, since very few actual missions have flown, especially compared to the
massive number of industrial robots, and to the massive amount of theoretical research in
debris removal respect to the practical results (no single debris has ever been removed
according to the author’s knowledge). Thus, main points addressed so far are related to the
control of systems with nonholonomic constraints [19], [126], to the dimensions and nature

of the workspace [92], and to the ability to keep the base spacecraft attitude stable [95], [97].

The inverse kinematics problem for nonholonomic systems has been solved with
many techniques, with the generalised Jacobian [19] being in the author’s opinion the most
versatile solution, not least because Jacobians are a familiar tool for the whole robotics
community. The importance of this tool lies in the fact that algorithms normally adopted for
ground systems can be easily ported to free-floating manipulators, although it should be
noticed that extra singularities, called dynamic singularities, do exist [7], worsening the

biggest downside of the Jacobian-based algorithms. This is very relevant because it allows to

76



exploit any Jacobian-based algorithm for a free-floating system as well. However, care must
be taken because it is usually advisable to keep the base spacecraft orientation constant,
which results in an extra constraint. Thus, a degree of redundancy is lost in the transition
from a fixed-base to a floating-base manipulator. Considering these peculiarities, it is
observed that the problem of energy minimisation in a space environment has not been
explored in depth, despite energy and power being scarce resources in orbit. An energy
saving algorithm, in fact, can reduce the need for solar power and allow a robotic space
manipulator to operate with a higher power margin. Such algorithm can be developed on
fixed-base manipulators and, based on [19], be readily applied to space manipulation. A
possible obstacle for this is the reduction in redundancy, caused by the necessity to keep the
base stable, however room for research in this direction exists as well, since only few
researchers explored the possibility to correct the manipulator disturbance to the base by
using the ACS (most notably Yoshida [27]). The ACS may be used to obtain extra degrees of
freedom and have more freedom in the choice of an inverse kinematics algorithm, provided
that a suitable control method is developed. Based on literature findings, especially the work
by Vafa et al. [91], it can be reasonably expected that the workspace size would be increased
by the inclusion of the ACS in the inverse kinematics computation. This is discussed in deeper

detail in next section, dedicated to the workspace analysis key findings.

2.54 Workspace analysis key findings

The goal of workspace analysis in this thesis is to investigate the relationship
between a manipulator pose and position, and its energetic figures. In order to develop a
method to study workspaces from the energetic point of view, two specific works have been
identified as particularly worth attention, both on them focussed on nonredundant space

manipulators [26], [93].
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Both papers analyse manipulators workspace from different points of view, and
provide directions to understand the workspaces of redundant manipulators, both free-flying
and fixed-base. The straight-path workspace concept exploited by Umetani and Yoshida [26]
is particularly interesting for the purpose of this document, in that moving the end-effector
through straight paths till the limit of the workspace is reached allows to analyse it in terms
of how reachable it is from a specific initial end-effector position, as opposed to analysing
the reachability only in terms of existence of valid joints configurations for a certain end-
effector position. Furthermore, the energetic cost of such straight paths can be quantified,
allowing to observe not only how reachable a certain end-effector position is from the

starting configuration, but also how expensive it is to reach it.

One more important point made by the authors of the paper [26] is that workspaces
can be analysed depending on performance indexes such as manipulability. This is a sensible
approach for this thesis as well: the amount of energy or power required for a manipulator
to follow a specified trajectory depends on velocities or accelerations, and it is especially hard
to assess in advance. On the other hand, several performance indexes have been proposed
for design and performance assessment of robotic manipulators (e.g. [25]). Most of them
only depend on the joint configuration (through the Jacobian or the Inertia matrix), which
means they do not depend on velocities. Studying the relationships between such indexes
and energy or power related performance indicators, it is possible to observe what kind of
connection exists between configurations and energy requirements of a trajectory, allowing
to assess the difficulties in adopting configuration-based planning for a trajectory-dependent

cost function.

The work by Vafa bears instead a specific interest for free-floating manipulators, as

it points at a specific direction to explore to improve free-flying manipulators workspaces:
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using a control method that incorporates both the attitude and the manipulator control, the
workspace of the manipulator can be extended. This suggests a possible use for energy saving
algorithms for free-floating systems, since it may be argued that keeping the base fixed has
a cost in terms of workspace size. Indeed, an increased size of the workspace can have
positive effects on the amount of fuel required to approach a target, reducing the positioning
requirement of the robotic manipulator. Control methods able to control both attitude and
manipulator’s joints at the same time are known in literature (e.g. Yoshida [27]), however
they’ve never been used to perform an assessment of the workspace characteristics. This
leads to the workspace analysis to be divided in two parts: an assessment of the workspace
characteristics of fixed-base redundant manipulators, based on the correspondence between
kinematic indexes and energetic costs, and an assessment of workspace characteristics of
free-floating manipulators based on the algorithms used to control them, and on the
inclusion of the ACS. The original work by Vafa can provide validation to the latter one, since
it observes changes in workspace size, and the analysis presented in this thesis should of

course observe them as well.

Starting from these considerations on literature, a workspace analysis is performed
in this thesis using a 3-DoF manipulator. For the fixed-base case, a large amount of data has
been generated by moving a manipulator end effector through rectilinear trajectories over
the whole workspace, starting from different initial manipulator configurations. This wealth
of data has been analysed through statistical techniques in order to find correlations with
kinematic indexes of robotic manipulators, while qualitative analysis has also been
performed observing the graphical results of the analysis. The problem of extending the
results to free-floating manipulators through the use of the attitude control system,

represented by a reaction wheel, has also been discussed and validated by simulation of free-

79



floating manipulators workspace. This allows to consider energy minimisation algorithms as
a viable alternative to reaction minimisation algorithms, and is thus discussed in detail, with
some considerations about the different extension of workspaces with and without attitude

control.

2.6 Conclusions

Based on the key findings observed in the different subtopics tackled in the literature
review, a knowledge gap in current research can be identified in energy saving inverse
kinematics strategies for redundant manipulators. The gap exists in both local and global
motion planners, and it is relevant for fixed-base and free-floating manipulators alike. It is
observed in the lack of algorithms implementing mathematical optimisation methods able to
overcome the typical issues related with the limited scope of the local solution, and with the
limitations of optimal control methods for the global problem. This thesis presents three
research contributions aimed at improving the state-of-the-art in the field of energy saving

inverse kinematics for redundant manipulators:

e Aglobal algorithm that is not limited by the choice of initial condition, does
not require the solution of a TPBVP, is not limited by Jacobian-related
numerical issues, and can incorporate a variety of different constraints
corresponding to actual operational constraints of robotic manipulators.

e A workspace study that is aimed at relating kinetic energy to kinematic
indexes of a robotic manipulator, and at analysing the effects of ACS on the
workspace size and manipulability distribution of a free-floating
manipulator.

e Alocal algorithm that incorporates a prediction on future energy cost, and

allows for a local solution that features more stability (less singularity issues)
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and produced trajectories with a reduced kinetic energy cost compared to

traditional algorithms.

The research questions presented in the introduction of this work has thus shown to
be relevant and in need for an answer. Relevant material about how it is tackled will be
further presented in next chapter, featuring the mathematical and implementational

background of the thesis.
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Chapter 3. Theoretical background and implementation

3.1 Introduction

This chapter is dedicated to present the mathematical background of the thesis, and
how it has been implemented in order to develop the results presented in the reminder of
this document. It is mostly a summary of all the relevant mathematics available in the
literature on the field of inverse kinematics and mathematical optimisation, but it has been
included as a separate chapter from literature review, because of the complexity of the
relevant concepts, which deserves a separate in-depth description, and because of their
fundamental role in the challenges and the solutions adopted in the reminder of the thesis.
First, an overview of direct and inverse kinematics of manipulators is briefly presented.
Afterwards, a discussion about singularities and workspaces is introduced, mostly re-
elaborated from content by Siciliano and Sciavicco [14], unless otherwise stated. This part is
then followed by an explanation of the subtleties of kinematics of free-flying manipulators.
The mathematical background is concluded by a general discussion about optimisation and
its most important techniques, with references to its uses in robotics. A final section of the
chapter introduces the manipulator model and the mathematical expressions of the end-
effector trajectories used for this thesis, alongside the structure of the simulators that have

produced all the numerical results presented in the reminder of the document.
3.2 Mathematical background

3.2.1 Kinematics and dynamics of manipulators
According to Siciliano and Sciavicco [14] “a manipulator can be schematically
represented from a mechanical viewpoint as a kinematic chain of rigid bodies (links)

connected by means of revolute or prismatic joints.” The manipulator has two ends: one is
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constrained to a base, while the other is the so called end-effector. The latter one is the object
of interest of study for the manipulator motion planning. More specifically, its motion along
a specific trajectory is the main concern of motion planning. The difficulties arise from the
fact that each link contributes, adding its elementary motion to the previous one.
Furthermore, while obtaining the end effector position from the joint positions (Direct
Kinematics) is a straightforward task for open chain manipulators, the opposite problem,
called Inverse Kinematics, is not as easy. In fact, it is nonlinear and rarely features a closed-
form solution, and it may have multiple or infinitive solutions, or even no solution, in reason
of some peculiar manipulator structure. For the purpose of this thesis, only those
manipulators with more degrees of mobility than degrees of freedom are taken into
examination. These are called redundant manipulators, and they play an important role in
robotics since, while their inverse kinematics problem almost always presents an infinite
number of solutions, they also allow to take further constraints or minimization of cost

functions into account, which is indeed the aim of this work.

Direct kinematics of robotic manipulators is a mathematical operation that
transforms joint space coordinates into Cartesian coordinates. That is, its input is the joint
vector of size n X 1, with n number of joints, and it results in the correspondingm X 1 end
effector position vector in Cartesian space, with m being the number of end effector degrees
of freedom. Direct Kinematics is usually calculated by performing a sequence of coordinates

transformations from joint 0 (base joint) to N, in a sequential fashion:
oT =97iTar . NAT (3-1)

In this formula, each one of the T represents a transformation matrix from one link

to the following one. Its general formulation is:
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cb; —s6; 0 A1 (3-2)
i-1p sinf;cosa;_,; cosbica;_y Ssina;_, —sina;_;d;
t sinf;sina;_; cosO;ca;_; cosaj_; CcoSa;_1d;
0 0 0 1

In this formulation, the parameters represent geometrical features of the link, as per
Denavit Hartenberg convention [127]. According to Craig definitions [128], and referring to

figure 1, the meaning of the parameters is:

Axisi—1 Axis i

Figure 3-1 Denavit Hartenberg axis naming convention [128]

a; = distance from joint Z;to Z;,, axis along X;
a; = angle between Z;and Z;,, measured about X;
d; = distance from joint X;_;to X; axis along Z;
0; = angle between X;_; and X; measured about Z;

As already mentioned, the opposite problem, called Inverse Kinematics, is much
more complex: generally, it is possible to obtain the joint vector from the Cartesian vector

only for very simple manipulators. To overcome this issue, differential kinematics are used.
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This is because joint velocities and Cartesian velocities can be related witch each other
through a linear mapping, although dependent on the configuration, called Jacobian Matrix,
or Jacobian for short. The Jacobian of a manipulator is surely the most important
mathematical instrument used to deal with the inverse kinematics problems. Its sizeisr X n,
where r is the number of degrees of freedom of the end effector, while n is the number of
degrees of mobility of the manipulator (i.e. the number of joints). The Jacobian only depends

on joint positions and, once it is known, end effector velocities can be calculated with:

v=](@q (3-3)

In this formula, v is the end effector velocities vector, q is the joint positions vector
and g the joint velocities vector, while J(q) is the Jacobian of the manipulator. This equation
constitutes the aforementioned differential kinematics of a robotic manipulator. The inverse

problem is expressed as:

qa=0@) v (3-4)

As already pointed out, this is a way more complex problem to solve, since the
Jacobian might be non-invertible or ill conditioned. There are configurations at which
mobility is reduced and it is not possible to impose an arbitrary motion to the end effector.
These configurations are called singularities, and their characteristics are widely studied in
robotics. When the manipulator hits a singularity, infinite solutions of the inverse kinematics
problem may exist. In the neighbourhood of the singularity, small velocities in the Cartesian

space determine high velocities in the joint space.

Singularities can be divided in two categories: boundary singularities, and internal
singularities. The former ones are not a true issue, since they lie on the limit of the reachable

manipulator workspace. The internal ones, though, can occur inside the workspace because
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of the alignment of two or more joints, because of peculiar end-effector configurations, or
because of special relationships between dynamic characteristics of the base and the
manipulator in the case of free-base manipulators. They represent a serious problem to take

into account for motion planning.

A further point to take into account is that, in the case of redundant manipulators,
the Jacobian is not squared (the number of rows is lower than the number of columns). This
means that a suitable substitute for the Jacobian must be used in place of it. The most used
method, presented for the first time by presented in [5], is to formulate the problem as a
constrained linear optimisation problem, featuring the satisfaction of the equation (3-3) and

the minimisation of a quadratic cost functional of the joint velocities:

9@ = 3a"wa )

Where W is an n X n symmetric positive definite weighting matrix. This can be solved, for
example, by the method of Lagrangian multipliers, which uses the modified cost functional:
(3-6)

. 1 .T . T .
9(q,2) = >4 Wqg+12 (w-Jq)

Where Aisan (r X 1) unknown vector that permits to incorporate the constraint (3-3) in the
functional to minimise. The minimum of the functional lies where its derivatives equal zero:
ag\" ag\" (3-7)

CRNCR

aq oA

Which gives the optimal solution:
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g=wyrgw-yn-tv (3-8)

A special case occurs when the weighting matrix is the identity matrix, yielding:

q=J"v (3-9)

Where:

J =771t (3-10)

Is the right pseudoinverse or Moore-Penrose pseudoinverse of the Jacobian. Its solution
locally minimises the norm of joint velocities, and it is the most widespread control strategy
for redundant manipulators. Another possible choice for the weight matrix W is the inertia
matrix of the manipulator B(q), which is used to locally minimise the kinetic energy of the
manipulator. It should be noticed that, if §* is a solution of (3-3), " + Pq, is also a solution,
as long as P is the null space projector for matrix J. This has important consequences, since it
allows the optimisation of another objective, often referred as secondary task, as first
presented in [6]. The expression of P can be easily obtained using the Lagrangian multipliers

again, and it yields:

P=1-J% (3-11)

Which can be used to generate a solution such as:

q=J"v+U-J"Dio (3-12)

The second term of this expression, called homogeneous solution, attempts to satisfy
an additional constraint specified through . In other terms, the operator P produces an

internal motion that does not alter the end effector position, but locally optimises another
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constraint compatibly with it. There are several measures that have been used for ¢, and
the solutions developed in this thesis in indeed also rely on the possibility to include special
tasks within an inverse kinematics framework. The most interesting extra constraint for the

purpose of this document is indeed the manipulability, expressed as:

w(g) = [det() (@)"(@) (3-13)

This figure is one of the indexes used to assess a manipulator’s mobility and its
physical meaning is related to the manipulator capability to turn joint velocities into end
effector velocities. In order to understand what it means, the reader shall observe the

expression:

v (J(@" (@) v =1 (3-14)

This equation represents the points on the surface of an ellipsoid in the end effector
velocity space. For the given posture, end-effector can reach high velocities when moving
along the direction of the major axis, and lower velocities when moving along the directions
of the minor axes. The shape and orientation of the ellipsoid depend on the quadratic form
J(@)JT (q), which in turn only depends on the manipulator configuration. The volume of the
ellipsoid is proportional to the quantity w(q), which can be used to provide a measure of the
overall freedom of movement of the manipulator, since w(q) = 0 when a singularity is
reached. This, however does not necessarily mean that, when w(q) assumes a high value, a
redundant manipulator is far from singularities, as the ellipsoid might be very extended in

some directions and very narrow in others.

In order to address the issue of minimising energy and power consumption of robotic

manipulators, it is necessary to also know the expression of torques. Its derivation can be
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again found in many robotics manuals ([1], [14], [128]), here only the formulation will be

presented:

t=M(q)q+n(q,q + g(q (3-15)

Where M(q) is the joint-dependent inertia matrix, n(q, q) is the term that comprises
Coriolis and centrifugal forces, and g(q) is the gravity term. It is worth noticing that an index
similar to kinematic manipulability can be obtained through the manipulator dynamics,

through the equation:
tft=1 (3-16)

This expression represents the dynamic manipulability ellipsoid and its complete
derivation can be found, again, in [14]. For redundant manipulators, the expression would

be:
(v+JBg) J*"B"BJ* (v + JB 1g) = 1 (3-17)

Where g is the gravity acceleration and all the other symbols have already been
introduced. This equation individuates an ellipsoid for which, in each direction, the distance
between the surface of the ellipsoid and the end effector is proportional to the accelerations
that can be imposed to the end effector in that direction while respecting equation (3-16).

Considering the core of the quadratic form, the dynamic manipulability will be defined as:

wq(q) = \/det(J*TBTBJ*) (3-18)

Which, oppositely to the kinematic manipulability, is higher when the robot is closer

to singularities. Both kinematic and dynamic manipulability allow to quantify the freedom of
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movement of robotic manipulators, and their evolution along trajectories will be used

throughout this thesis for analysis purposes.

One further thing to be noticed about expressions (3-11) and (3-12) is that they can
be used to add further tasks, by using the null operators to project them on the previous one.
This is particularly important for manipulators with a high number of degrees of freedom,

and allows for generalisation of results obtained with only one secondary task.

Even for simple robots, equation (3-3) rarely has an analytical solution. For this
reason, all the work hereby presented has exploited discrete numerical integration, based on

the simplest possible technique, the so called Euler integral:

Gk = qr-1 + x4t (3-19)

Where k is a time step index. This technique works no matter how solvable the
system is, but it still needs the Jacobian to be square and full rank which, apart from the
already mentioned specific issues of redundant manipulators, also requires special handling

in proximity of singularities [1].

Along with Euler integration, another important numerical technique is the Finite
difference method. Finite difference generally consists in approximating the derivative of a
function through the difference between two of its values at different points. It can generally

be defined like:

L | (3-20)

dx = At

In a way that is specular to (3-19). Both formulations will be used along this

document depending on the context.
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3.2.2 Kinematics of Free - Flying Manipulators

When dealing with space manipulators, kinematics are different than fixed base
manipulators due to the fact that the base is not fixed on the ground and, for this reason, the
momentum generated by the arm will influence the basis orientation. This translates into an
extra constraint on the manipulator kinematics, that the momentum remains constant along
the motion. Since this constraint acts on velocities, and is in fact non-integrable, it is called a
non-holonomic constraint. Such a constraint, for the translational momentum of system

composed by n rigid bodies, can be expressed as:

n
Z m;1; = const.
i=0

Where m; is the mass of the i element, and r; is the position of the centre of mass

(3-21)

of the i element. For rotational momentum, the expression is:

L (3-22)
z(liwi + m;r; X ;) = const.
i=0

Where I; is the inertia matrix of the i element with respect to the centre of mass,
and w; is the angular velocities vector of the i element. The main issue when trying to solve
the inverse kinematics of a problem involving (3-21) and (3-22), is that not even forward
kinematics feature a closed-form solution, since the end-effector position depends on the
inertia matrix, which in turn changes according to the joints configuration. This means that it
is necessary to know the history of the postural change in order to derive a solution.
Historically, two approaches have been sought: one by Vafa and Dubowsky [93] features the
use of imaginary mechanical links to simulate the basis kinematic behaviour, while the other
one, provided by Umetani and Yoshida [19], uses the inertia properties of the manipulator to

compute a Generalised Jacobian, which allows to solve the problem in the same form as
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equation (3-4) for fixed-base manipulators. The results obtained by the first one are
interesting especially concerning the analysis of the workspace of a free-flying manipulator.
The latter one, however, provides an elegant solution that does not require any change from
the classic Inverse Kinematics solution methods, apart from using a different Jacobian,
making it extremely valuable. For this reason, algorithms that are presented in this thesis are
mostly simulated with fixed-base manipulators, since their floating-base implementation has

been demonstrated to be straightforward in [19].

In order to solve the inverse kinematics problem for free-flying manipulators,

Umetani and Yoshida observe that equation (3-4), in this specific case, can be rewritten as:

V=Jsqs +Jmdm (3-23)

Where J is the Jacobian of the spacecraft attitude angular velocities, J,, is the
Jacobian of the manipulator, g is the base spacecraft attitude rates of change, and q,, are
the manipulator joints velocities. Considering m to be the End Effector degrees of freedom,
and n the degrees of redundancy, J¢ is m x 3, while J,,, is m x n. This leaves the inverse
problem with m equations and n x 3 unknown variables. In order to fill the gap, momentum

conservation equations are used. They are rewritten with the expression:

Isqs + 1,4, = cost. (3-24)

Where I and I,,, are respectively the spacecraft part and the manipulator part of
the inertia matrix of the system, and their sizes are 3 x 3 and 3 x n. This, considering the

momentum equal to zero, leads to the relationship:

qs = _15_11QO (3-25)

Which can be substituted into (22) to obtain:
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v=(Um _]sls_llm)Qm (3-26)

The term J,, — J<I51,,, summarised as J*in literature, is the Generalised Jacobian
Matrix of the manipulator and can be used in the inverse kinematics general case, where the
manipulator base is not fixed. Its expression is generally much more complex than the fixed
base case, and can lead to significant complications in computation, nevertheless it is an

efficient way to solve the free-flying manipulator problem.

This result is particularly important because it shows that any Jacobian-based
algorithm that is proven successful for inverse kinematics of fixed base manipulators can be
used for free-flying manipulators. Furthermore, it is worth noticing that the generalised
Jacobian can be used to compute the base position and orientation once the manipulator
velocities are known even in cases for which the manipulator velocities have not been
calculated through a traditional, Jacobian-based method. This will have important

consequences on the methodology of this thesis, as next chapter will show.

3.2.3 Local versus global optimisation in motion planning

In previous chapter, the concepts of local and global optimisation have been
mentioned several times, in reference to scientific findings about motion planning of robotic
systems. However, the meaning of these concepts has not been systematically presented yet.
When it comes to mathematical optimisation, the first thing to do is to properly define a
standard, continuous optimisation problem [129]:

minixmise f(x) (3-27)

subjectto g;(x) <0, i=1,...,m
hi(x)=0, j=1,..,p
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Where:

f(x): R™ = R is the objective function to be minimised over the n-variable vector x,
gi(x) < 0 are the inequality constraints,

h;j(x) = 0 are the equality constraints,

m =0andp =0.

When m and p equal zero, the problem is said to be unconstrained. The standard
form defines a minimisation problem, however the definition for maximisation problems can

easily be obtained by negating the cost function.

Alongside with the standard form, another definition is important to understand how
optimisation is used in robotics, and why it is so difficult to apply it to certain problems. This

is the definition of convex function. A function f(x) : R = Ris convex if:
Vx,x, € RVt €[01]: f(tx; + (1 —t)xy) < f(txy) + (A —t)f(xp) (3-28)

This definition is important for optimisation because it implies that, if a local
minimum of the function is found, it is also a global minimum, which means the function
assumes the lowest possible value in that point. Convex optimisation problems can be solved
with a number of techniques illustrated, for example, in [129]. One possible, very simple
method for optimisation of such problems is the least squares method. The aforementioned
Moore-Penrose pseudoinverse is a possible application of least squares, and in fact it is used

to find the minimum of joint velocities norm.

Non-convex optimisation problems are, on the other hand, way more complicated in
that they feature a number of local minima, only a subset of them (at least one) being global

minima. This means that, for such problems, finding a minimum does not guarantee the
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function cannot assume lower values elsewhere. This complicates the optimum search in
that several classical methods, efficient for convex functions, will only find a minimum
without any further guarantee about its nature. In order to overcome this limitation, global
optimum methods often use heuristics to increase the chance to find a local optimum that is

also the global minimum [130].

Heuristic methods are techniques that are developed to solve a problem by trading
completeness, accuracy, and ultimately mathematical rigorousness for increased speed and
chance of convergence to the desired result. They’re often used when traditional methods
are too slow or impractical, or simply when they do not bear enough chances of convergence.
In order to analyse methods implying heuristics, a further distinction must be done, between

actual heuristics and metaheuristics [131].

Heuristics are non-rigorous methods based on the nature of the problem. An expert
with extensive knowledge of the field can make an educated guess or implement an empirical
search method that will allow an optimisation algorithm to reduce its search space only to
the part of the solution space where a global optimum is likely to be found. On the other
hand, metaheuristics are general, practical methods who still lack mathematical guarantees
of non-heuristic methods, but have been proved successful on a wide family of possible
problems. They can be used as a sort of black-box when classical methods do not provide a
good solution, still the available knowledge about the problem is not sufficient to provide a

tailored heuristic method.

Many metaheuristic methods have been developed by imitation of natural
phenomena, such as Genetic Algorithms, probably the most successful family of
metaheuristic methods for non-convex optimisation, which found many uses in robotics, as

mentioned in previous chapter. Another nature inspired method that found some inspiration
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in robotic is the simulated annealing method, while less attention from the robotics
community was received by the multi-start algorithm, which will be used to provide a
solution for the global problem presented in this thesis, indeed by the use of a problem-

specific heuristic.

While all these methods share the purpose of avoiding the pitfalls of only searching
for solutions in the attraction basin of a certain local optimum, they exploit different tactics
to reach such a goal. Genetic Algorithms are inspired by genetics, and exploit a set of
candidate solutions called chromosomes, from which they derivate new solutions through a
procedure that involves an evaluation of fitness, crossover of most fit solutions, and eventual
mutation [132]. The first step consists in giving each chromosome a score through a fitness
function, which usually is the cost function of the optimisation problem. Following this, some
of the chromosomes are selected for crossover, which implies mixing the two solutions
through a specific operator to obtain offspring: that is, new solutions that contain traits of
their parent solutions, and are hopefully closer to the global optimum. Once this process is
completed, some solutions undergo occasional mutation, which is a stochastic change in its
parameters, in order to avoid pitfalls of local minima and introduce further variety, in case

some parts of the solution space were not covered by the initial population.

Simulated annealing is also inspired by nature, but in a completely different way: it
mimics thermodynamic phenomena related to the freezing and crystallization of liquids, or
with the cooling and annealing of metals [133]. This method has been developed by
observing that solidification of crystalline materials naturally reaches a low energy state
when materials are cooled slowly enough. In fact, cooling them quickly doesn’t give the
atoms enough time and energy to reposition themselves and reach an ordered state. By

analogy, simulated annealing is used for problems that feature a cost function with a high
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number of minima. For such problems, a slow convergence is required to find the best
optimum by allowing the solution parameters to line up in a similar fashion to atoms
exploiting their thermal mobility to solidify into a crystal. The subtleties of how it is done in
practice are beyond the scope of this thesis, but it essentially based on the Boltzmann

probability distribution:

E -
Prob(E) ~ e kT (3-29)

This equation states that a system at temperature T has its energy probabilistically
distributed among states E, while k is the Boltzmann constant. This means that, even at low
temperature, there’s a non-zero possibility of the energy being in a higher state and,
conversely, that by reducing temperature, the energy could go uphill rather than downhill.
By setting a proper temperature evolution and an annealing schedule this can be exploited
to escape local minima of the energy function (which is in fact the cost function to optimise)

and find the global optimum.

Finally, Multi-start algorithms are based on the generation of several sets of initial
conditions and the use of traditional deterministic algorithms, such as the gradient method,
to generate a possible solution from each one of them (e.g. see [134]). This allows them to
search for several local minima at once in a part of the search space, which can be the whole
of it, or a portion chosen by a heuristic method. The have been somewhat less exploited in
robotics, due to the difficulties in the individuation of suitable initial conditions: most choices
are simply too far away from the best trajectory to stand any chance of convergence. Still,
once a set of initial conditions is generated close enough to a minimum, the gradient-based

nature of the optimisation implies the algorithm will converge on it in a very straightforward
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way and without further complications. A manipulator specific heuristic method to

complement Multi-start algorithm will be proposed in this thesis.

The presented methods are only a small subset of the non-convex optimisation
methods available in literature (see for example [135]), yet they have been exploited in
countless variations and applications. For the purpose of robotics systems, their main use, as
seen in previous chapter has mostly been path planning in the Cartesian space rather than
motion planning in the joint space. Focussing on actual motion planning, some distinctions
need to be made in order to understand what kind of problems can be defined from the
optimisation point of view. Motion planning problems are usually solved by discretising the
path in several points, called path points [14]. This may lead to different definitions of the
problem: the motion planning might move the end effector to the next path point without
considering the rest of the path, or take into account a wider scope. In the first case the
solution is always local, in the latter one it might still be local or global, depending on the

number of path points and the nature of the algorithm exploited.

The weighted pseudoinverse method described in previous section allows to find the
minimum of weighted velocities through the least square method for a single path point. For
this reason, it is usually implemented as sequential optimisation problem: at every step, the
solution for the next path point is computed using the previous path point as initial condition.
This method only produces a sequence of local minima and it is unreliable to optimise
trajectories as a whole since the solution might deteriorate the joint mobility for the
following ones. Indeed, the stability issues of such algorithms have been highlighted by

several researchers (e.g. [10]).

The problem of optimising a trajectory as a whole requires instead the definition of

a more complex cost function, as discussed for example by Nakamura and Hanafusa [124].
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The two authors evidence that two different quantities must be minimised, one being the
trajectory error, and the other one being a cost to keep low during the trajectory, which may
vary depending on the actual objective of the optimisation. It can be time, but it is usually a
control cost, related to the power and energy required to move the end effector along the
trajectory. Most frequent choices are squared joint velocities (sometimes referred as
pseudo-kinetic energy), squared torques, or kinetic energy. It must be noticed that, due to
the nature of the problem, the cost function is most of the times expressed as an integral
along the trajectory. In the case of Nakamura and Hanafusa, it is formulated as an integral

cost subject to a trajectory constraint, such as:

tfin 3-30
minimise f C(q,q,q4,t)dt ( )
X

to

subject to  xpef(t) = f(q(t))

Where t, and trin are the initial and final times, C(q,q, g,t) is the cost whose
integral is to minimise, and X,y is an end-effector trajectory dependent on joints motion.

Another suitable form is the performance index of a non-linear quadratic regulator [136]:
tfin T r
Clqu,t) = J [(x(q) — Xrer) Q(q,u, )(x(q) — x,¢f) + U"R(q,u, t)u] dt (3-31)
to

Where t, and tf;;, are the initial and final times, X,.f is the reference end-effector trajectory,
x the actual end-effector trajectory, Q is the trajectory error weight matrix, u (e.g. joint
velocities for kinetic energy) is the control vector and R is the control cost weight matrix (e.g.
the inertia matrix for kinetic energy). The formulation (3-30) is the one that will be used

mostly in this thesis. In the discrete case, it becomes:
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trin

mlnlqmlze Z G(qi,qi, q;,1)At (3-32)
l=t0
subject to xX(qi) = Xires fori=ty..trin

Where x;f is the reference end-effector position at time i, x(q;) the actual end-effector
position at time i, q;, q;, §; are the joint positions, velocities and accelerations at time i,

G(qi,qi,q;, 1) is the cost function at time i, and At is the discrete time step.

In literature, solutions of sequential optimisations problems on the path points are
often referred as local solutions, while solutions of problems such as the one expressed by
(3-31) and (3-32) are regarded as global solutions. The terms might give room for some
confusion: it is necessary to point out that a global solution to a motion planning problem is
not necessarily the globally optimal solution. It has already been mentioned that some
researchers, such as Martin et al. [9] noticed indeed that, under certain conditions, optimal
control methods may fail to find the global optimum, as two solutions might be in different
homotopy classes: in the language of topology, this means that the most expensive one
cannot be deformed continuously into the less expensive one. In such cases, optimisation
algorithms that operate in continuous space (e.g. exploiting derivatives) will fail to find the

global optimum.

3.3 Implementation setup

It is frequent, in the domain of engineering, to rely on simulations for a variety of tasks. This
is frequently done since experiments with actual hardware are operationally expensive, and
may be risky as well, due to the possibility of mechanical failures. For this reason, an approach

where simulation is done first and tests on the physical system are only performed when
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strictly required is considered essential for most successful engineering projects (e.g. [137]).
Robotics research is no exception to this, and simulations of robotic manipulators reduce

costs, as they reduce the need for testing on actual systems.

For this reason, this thesis validation of results is based on simulations. This is for
several reasons: first, a high number of tests is required in order to be confident about the
performance of a new algorithm, and performing them with an actual manipulator would be
very expensive. Secondly, several simulation parameters need to be tuned, sometimes with
a trial and error approach, which may be hard when a physical system is involved. Finally, the
environmental situation might be difficult to reproduce, as in the case of free-flying
manipulators, which require experimental setups able to allow the base spacecraft to move

freely, or difficult to measure, such as angular accelerations of robotic manipulators.

The choice of simulation as a validation tool is thus quite straightforward. Some

requirements are outlined regarding the simulation setup:

1. The system simulated must be representative of a real robot.

2. The system simulated must be representative of the kind of problem under examination.

3. The system simulated must be as simple as possible and validity of the solutions must be

easy to assess.

This section of the thesis illustrates the simulation setup used to fulfil such requirements.

3.3.1 Simulators

Two different simulators have been used to perform the simulations required for this
thesis, one for ground manipulators, and one for free-floating manipulators. Both are based

on the finite difference formulations (3-19) and (3-20).
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The two simulators use slightly different manipulators, although they bear many
similarities. They represent an existing prototype robot used by University of Padova, and
both have been validated and used in published research [97], fulfilling requirements 1 and
2 regarding representativity. They are planar and feature 3 degrees-of-freedom, with all
degrees of freedom provided by revolute joints, which is the one of simplest possible
redundant configurations, allowing for ready visualisation of results, thus fulfilling
requirement 3. Geometrical and inertial characteristics of the fixed-base manipulator are as

per Table 3-1.

Table 3-1 Simulated fixed-base manipulator geometrical and inertial characteristics

Link # Mass Length Moment of Inertia Centre of Gravity
(ke] [m] [Kg*m~"2] [m]
1 0.615 0.176 0.001811 0.0950
2 0.615 0.176 0.003173 0.0717
3 0.307 0.1375 0.002103 0.0526

For the floating-base case, characteristics are presented in Table 3-2. It can be
noticed that characteristics of the base and of a reaction wheel have been added. The
position of the centre of Gravity of the base is calculated respect to the base joint rotational
axis, while the reaction wheel mass is considered to be part of the base spacecraft mass for

what concerns the centre of gravity.

Two end-effector coordinates are controlled for both the fixed and the floating base
simulator, x and y while, depending on the algorithm, base orientation ¢ might be controlled
as an end-effector coordinate as well. In the latter case, the extra-degree of freedom would
be used to keep the base fixed, thus turning the manipulator into a non-redundant one.
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Hence the reaction wheel has been added, to provide one further degree of freedom with an
actuator that is already available on board: this permits to retain the possibility to optimise
additional tasks while the base is being kept fixed, and to observe cooperation between an
Attitude Control System and a robotic manipulator being controlled concurrently. This can
be done, again, by including the momentum conservation law into the Jacobian in a similar

fashion to the generalised Jacobian as explained in the reminder of this thesis.

Table 3-2 Simulated free-floating manipulator geometrical and inertial characteristics

Link # Mass Length Moment of Inertia Centre of Gravity
[kel [m] [Kg*m~"2] [m]
Base 2.136 - 0.1455 0, -0.0870
Reaction - - 0.002 -
Wheel
1 0.815 0.176 0.003173 0.0717
2 0.815 0.176 0.003173 0.0717
3 0.507 0.1375 0.002103 0.0526

Summarising, the controlled end-effector coordinates are, respectively for the fixed-

base and floating-base cases:

x=[xy] x=[xy¢] (3-33)

As for the simulators architecture, both are structured as per Figure 3-2Figure 3-2.
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Figure 3-2 Simulator structure
A Parameters script is used to provide the inputs for the simulation. These are divided
in two categories, trajectory parameters, which will be further fed to a trajectory maker
script, and algorithm parameters, which will be directly used without further elaboration.

The trajectory maker script’s role is to output the end-effector position, velocity and

reference at each path point, its inputs are:
e Joints initial configuration.
e Type of trajectory: segment, or circle.

e Direction of movement (only needed for segment).
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e Characteristic dimension (length for segment, diameter for circle).

e Total trajectory time.

e Integration step.

The inputs that are directly fed into the inverse kinematics solver are instead:

e Type of algorithm.

e Integration step.

These will be integrated with the reference outputted by the trajectory maker. The inverse
kinematic solver is tasked to calculate joints position, velocity and acceleration steps for each
path point. Around this piece of software, three different kinds of planners have been built:
a local one, a global one, and a workspace analyser. Their details will be discussed in

dedicated chapters.

3.3.2 End-Effector Trajectories

End-effector trajectories are generally better suited for use when they feature
smoothness and regularity, to avoid mechanical shocks to the transmission. For this reason,
it is preferred that they feature continuous derivatives till the highest possible order. The
end-effector velocity profiles for this thesis have been chosen according to this criterium. For
this reason, it has been decided to make sure they have a smooth accelerations’ profile
(continuous and with continuous derivative), as shown in Figure 3-3 for a trajectory being

tracked on an interval of 1 second. The equation of motion of the end-effector is:
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Where T is the total motion time and 8 = ?n This expression has already been used in

literature [138] due to its differentiability up to the second derivative.
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Figure 3-3 Sample End-effector trajectory

For the workspace analysis, trajectories with constant end-effector velocity has been

used instead.

dx (3-35)
— =K
dt

This has the issue of a strong discontinuity in terms of acceleration at the beginning

of the motion, but it allows to estimate the energy needed to reach a specific point without
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end-effector velocity changes unequally affecting different parts of the trajectory, and thus

allows for a less trajectory-dependent analysis.

3.4 Conclusions

In this chapter, the mathematical background for this thesis has been outlined, both
from the theoretical point of view, and the specific implementation point of view. First, the
inverse kinematics problem has been introduced and main resolution methods have been
discussed, both for fixed-base and free-floating manipulators, have been presented,
highlighting how the latter ones differ with respect to traditional robotic arms. Then, the field
of optimisation for robotic manipulators has been outlined, and main optimisation
algorithms used for robotic manipulators have been briefly explained. After this, a rationale
for the implementation choices of simulators and trajectories is presented, and the specific

simulation setup used for this thesis is introduced to the reader.
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Chapter 4. The Interpolation-Based Global Kinematic

Planner

4.1 Introduction

In this chapter, a new algorithm is presented for the resolution of the global tracking
problem of a redundant manipulator, the Interpolation-Based Global Kinematic Planner
(IBGKP). It is based on nonlinear optimisation techniques rather than classic optimal control
methods. This allows the new algorithm to outperform traditional methods in that,
differently from existing techniques, it can find the optimum of different cost functions with
minimal adaption, and it can not only handle joint motion and velocity limits, but nonlinear
constraints, on torques and power, as well. Furthermore, it is able to solve cyclic trajectories
(those with same joints configuration and velocities at the starting and final point of the
trajectory), and it can compute multiple optima and solve bi-objective optimisation
problems, while featuring much lower dependency on the choice of initial conditions than
traditional methods, and not having Jacobian-related numerical problems. In order to
achieve these results, IBGKP uses a specifically developed pre-optimisation step to pick most
promising initial conditions for the optimisation from a randomly generated initial
population, and it exploits multi-start methods to find several optima at once. It is thus able

to find constrained global optima to the inverse kinematics global problem.

The chapter starts with an overview of the optimisation method hereby used, then it
describes the problem to be solved in detail, and presents a first working version of the
algorithm, which is however slow in converging. Thus, a more sophisticated version is
introduced, which features reduced computational time and increased chances to find the

global optimum. This latter, faster version is proven to effectively find optima of kinetic
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energy through comparison with the unconstrained results obtained with existing methods.
After this, the results obtained with the new method are shown to be effective to solve the
constrained problem for different trajectories and boundary conditions, especially the cyclic
ones, which are relevant for industrial tasks. The chapter is concluded with a brief discussion

about bi-objective optimisation problems.
4.2 Problem under consideration

4.2.1 Overview
An inverse kinematics global algorithm is an algorithm that optimises a cost function
taking into account the whole trajectory. The cost function is usually an integral cost, such as

the one presented in equation (3-31).

There are several factors that may increase the complexity of optimising such a cost
function. A linear version of this problem, called the Linear Quadratic Regulator (LQR) [139],
is very well understood and its solution is widely known. Most of the literature about optimal
control is concerned with solving nonlinear problems that are linearizable or bear some
similarity with the LQR, such as Nonlinear optimal tracking for control affine systems, which

are expressed in the form (e.g. [140], [141]):

x = A(x())x(t) + B(x(t) )u(t)
(4-1)

y = C(x(t))x(t)

Where the cost function assumes the form:

trin T
Fat) = [ [(yO - rer®) @ (O - yrep®) + wROU|de (@42

to
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Solution methods with some proof of convergence have been provided for this kind
of problem, and can be used for nonlinear problems provided that form (4-1) is a good
approximation for them. However, considering x(t) to be the joints trajectories and y(t) to
be the end-effector trajectory, it is not possible to rewrite direct kinematics of a robotic

manipulator as an control affine system.

Global optima for nonlinear problems usually require stochastic techniques to be found.
This is because the structure of the problem doesn’t allow to readily recognise patterns to
rely on for deterministic search, thus making statistic approaches necessary. In the field of
robotic manipulators motion planning, genetic algorithms have been extensively used to
minimise time, torques, energy, and enforce obstacle avoidance for point-to-point problems,
but, while such problems have been extensively discussed, the same level of attention has
not been given to tracking problems, where the end effector desired position and velocity

are defined along the full length of the trajectory.

As already mentioned in the literature review, some of the early work specifically
presented for the tracking problem of redundant manipulators, tackled the global inverse
kinematics problem through Pontryagin Maximum Principle [124]. However, it still has issues
when applied to energy minimisation, most notably two: its computation requires to solve a
two points boundary values problem (TPBVP), which is strongly dependent on the initial
guess, and its mathematical formulation features high complexity and dependency on the

Jacobian, which is a source of numerical problems.

Another widely used approach is the one based on calculus of variations. As
mentioned in the literature review, this kind of approach allows to find an explicit
formulation for the optimisation problem, which can then be solved by solving a two points

boundary value problem. Nedungadi et al. [15] provided an already mentioned solution for
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kinetic energy, which is however prone to instability which makes the computation hard.
Furthermore, it has been observed in literature [9] that trajectory tracking optimisation of
redundant manipulators may feature multiple local minima, which hampers the ability of
methods based on the calculus of variation to find the global one. These methods also have
difficulties with respecting joint and velocity limits. Some global solution for the constrained
problem has been presented in literature, for example by Guo and Zhang [142], but no
general solution exists to the knowledge of the author, that allows to take both joint and

velocity limits into account, not to mention torques or power limits.

A point about this can be made that it is hard to consider such limits with either
Pontryagin Maximum principle or with calculus of variations. A possible solution for joint
limits mentioned in the literature review by Zhou et al. [51], but it is limited in that it relies
on adding terms to the cost function, and consequentially weight factors to prioritise them.
This means that the optimisation becomes multi-objective, yielding sub-optimal results for

each one of the terms.

In addition to these points, some researchers, such as Martin et al. [9] noticed that, under
certain conditions, methods based un Euler-Lagrange equations may fail to find the global
optimum, as solutions might be distributed among different homotopy classes: this means
that the most expensive ones cannot be deformed continuously into the less costly one. In
such cases, optimisation algorithms that are based on Euler-Lagrange equations fail if their
initial conditions are not in the right homotopy class. Furthermore, not many solution
methods exist for the constrained case, and they are usually limited in the cost function or
constraints (usually posed on joints displacements and velocities), while their ability to find
the actual global optimum, rather than a local solution to the global problem, has only rarely

been discussed (an example is available in Nakamura [124]).
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Despite the shortcomings of methods based on optimal control and calculus of
variations, application of nonlinear optimisation techniques is not easy either, as the
dimensionality of this problem can easily become very high, since it involves dividing the
trajectory in path points, which need to be as many as possible in order to allow precise
tracking. On the other hand, each steps adds n parameters to the optimisation, where n is
the number of Degrees of Freedom of the manipulator. Furthermore, only small portions of
the search space are relevant to the problem: most of the possible solutions feature
excessive errors on trajectory tracking, to the point they are not only unworthy of
consideration in order to find the solution, but considering them might considerably slow
down the solution process. Even if it were possible to restrict the search space only to
solutions with no tracking error, the redundant nature of the manipulator means there is still

an infinitive amount of them.

Many optimisation techniques, such as Genetic algorithms, focus heavily on the
ability to search a wide space of possible solutions. This case is rather different, as the global
inverse kinematics problem requires to restrict the search to very specific patches of the
search space, as opposed to the wide search scope of GAs and other methods. This is due to
the fact that the tracking of the trajectory imposes a number of nonlinear constraints equal
to the number of DoF of the end-effector at every time step. Using a method that makes use
of such constraints to reduce the search space is obviously preferable. Furthermore, GAs
methods developed for robotics motion planning usually exploit a parametrization of joint
trajectories as polynomials, with the coefficients of the polynomial being the parameters of
the optimization. The high number of constraints, which does not allow to reduce the
number of parameters this way. Multi-start algorithms, on the other hand, are based on the

generation of several sets of initial conditions and the use of traditional deterministic
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algorithms, such as the gradient method, on each one of them (e.g. see [134]). This approach
allows to use deterministic algorithms that exploit augmented cost functions which include
nonlinear constraints directly, such as Sequential Quadratic Programming (SQP). Multi-start
optimisation algorithms exploit multiple sets of initial conditions to fully explore the search
space of the cost function. They belong to the class of Random Search Methods, which have
been proven to require mild assumptions to converge to the global optimum as the number
of search attempts grows (for a proof, see, for example, [143]). The algorithm works as

follows:

1. Construct initial condition i.

2. Apply alocal search method to improve i. Let x be the solution obtained.

3. |If xis the best solution, save it.

4. Repeat until a stop criterion is fulfilled.

In modern implementations, rather than repeating the steps in a sequential way,
steps from 1 to 3 are performed in parallel on different processors, and the best solution is
chosen among all their outcomes. It should be noticed that several local methods have been
developed specifically to perform constrained optimisation without the need to weigh
fulfilment of constraints against other objectives (i.e. adding further terms to the cost
function), such as Sequential Quadratic Programming or methods based on barrier functions
[144]. Thus, an algorithm based un multi-start methods can be easily used for constrained

optimisation.

Multi-start ability to search for several local minima at once allows, depending on the

chosen initial conditions, to investigate the whole solution space, or just a portion of it. This
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latter case is important because in the case of redundant manipulators because, if it were
possible to setup the search in such a way that only subspaces of the search space with low
tracking error are selected, the search for an optimum would be much easier. In fact, a
possible reason why multi-start methods have been somewhat less exploited in robotics
could be the difficulties in the individuation of suitable initial conditions: most choices are
simply too far away from the best trajectory to stand any chance of convergence. Still, once
a set of initial conditions is generated close enough to a minimum, the gradient-based nature
of the optimisation implies the algorithm will converge on it in a very simple and

straightforward way.

. A huge amount of methods to construct initial conditions has been proposed (for
some references, the reader can look, for example, at [145]), but none has been specifically
developed for robotic manipulators precision tracking. Most of the existing proposals are
aimed to explore as much of the search space as possible, while here the main aim is to only
explore the part of the search space containing the kinematically compliant solutions, which
should be continuous and differentiable functions respecting all end-effector trajectory
constraints. A good strategy is to use existing local inverse kinematics methods, such as
weighted pseudoinverse, while using randomly generated weights. In such a way, arbitrarily
many random solutions can be generated that respect kinematic constraints, while each one

of them is potentially very different from each other.

The main intuition behind the new algorithm developed for this thesis is thus a new
heuristic for multi-start algorithms, suited for generation of optimal kinematic solutions for
the tracking problem of redundant manipulators. The approach hereby presented, called
Global Kinematic Planner (GKP) is based on the pre-generation of sets of random

pseudoinverse weights. Each one of these weight matrices can be used to obtain a different
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solution for the tracking problem under examination, although it is not necessarily an optimal
one. The most promising sets with respect to a cost function are then picked as initial
conditions for a multi-start global optimisation. This approach is an improvement respect to
a general multi-start framework, in that all sets of random starting points, being solutions for
the end-effector trajectory, respect kinematics constraints, although in a non-optimal way,
and most of them are continuous and differentiable (those for which a Jacobian singularity
occurred during their computation are not continuous and differentiable in the specific point
where the singularity occurred). This allows an easier optimisation of extra costs, such as
kinetic energy or torques norm integral, as opposed to optimise trajectory error and
additional objectives at the same time. This has a positive effect on chances of convergence
and convergence times. The method hereby presented improves on optimal control
methods, in that it may look for solutions in different homotopy classes, and generally
explore the whole solution space rather than the neighbourhood of an initial guess. It allows
for cost functions usually hard to optimise, and it is specifically designed for manipulators
kinematics. This method also improves on solutions based on the calculus of variations in
that it is especially suited for constrained problems: in this chapter, not only constraints on
joints positions and velocities, but also on torques and power, are shown to be effective. Not
only they can be imposed, but they may even allow for faster optimisation, reducing the

search space.

The main downside of such algorithm is can quickly fall into the curse of
dimensionality, especially with problems with many degrees of freedom and/or path points.
In order to extend the method to such problems, a further refinement, called Interpolation-
Based Global Kinematics Planner (IBGKP), has been necessary. The IBGKP is based on a

relaxed problem with a restricted number of parameters. The solution of this problem is then
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extended to a bigger set of parameters through interpolation, and further optimised, till the
number of parameters of the complete problem is reached in an iterative fashion. This
optimisation method is proven to be able to reach the same optimum in less time, and to be
able to process a higher number of candidate solutions, providing a practical tool for

optimisation of high dimensionality kinematic planning problems.

4.2.2 Mathematical formulation and constraints

As already mentioned in the chapter dedicated to mathematical background, the
problem that is tackled by the IBGKP is the problem of minimising an integral cost function
alongside a trajectory. This cost can be expressed in several different ways. One of them is
to have a cost functions composed by two parts which weighted by gain matrices, the

tracking error and a quadratic control cost. This is equation (3-32), repeated here:

C(qut) = ftﬁn[

to

(X(CI) - xref)TQ(q' u, t)(X((I) - xref) + uTR(q; u, t)u] dt (3'31)

Where all the symbols have the meaning already illustrated in previous chapter. Another
one is to optimise a cost function subject to a trajectory constraint, such as (3-30):
tfin
minimise f C(q,q,q,t)dt
X
) to (3-30)
subject to  Xrep(t) = f(q(1))

This latter formulation is the one used for the global algorithm presented in this chapter..
The integral function in (3-30) is defined to be the control cost. Several possible choices for
it can be considered, as energy consumption has been measured in different ways in
literature. For the purpose of this thesis, three of them have been particularly focused. One

of them is the kinetic energy integral along the end-effector trajectory:
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F@a0 = [5d"wad
0

where Lis the overall length of the trajectory. This function is kind of a natural choice,
being a basic and established way to represent energy in mechanics, and having been already

used many times in literature accordingly (for example, see [15]).

Another index that has been widely used in literature as a measure of energy
consumption, and is also used here, is the integral of the squared norm of torques, expressed

as:

L (4-4)
Hm¢¢0=jﬂ%m
0

This expression, widespread in literature (for example [44], [146]), is a useful
operational parameter to quantify the dynamic effort made by a manipulator during a certain
trajectory and will be used as well. The expression of torques can be as simplified as (3-15)

or include further terms, such as friction, in which case it would take the form:

t=M(@q+n(qq + kyisq + g(q) (4-5)

Where k,,;¢ are viscous friction coefficients depending on the materials interacting.
The result is a damping term added to the torques. Both these expressions can be used as
control costs of the IBGKP, and the one exploiting torques will be presented both with and
without friction. This results in three cost functions: kinetic energy, joint torques squared

norm integral and joint torques squared norm integral with viscous friction.

While control costs such as kinetic energy or torques norm integral are featured in

the second term of the expression (3-13), the first term refers to the error from a reference
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trajectory. In fact, tracking problems such as the global inverse kinematics problem are
characterised by a reference end-effector trajectory, expressed as a function of time in the

cartesian space:

xref(t) =f(®) (4-6)

However, initial conditions can be posed in different ways. For the purpose of this
work, conditions on joint positions and velocities have been taken into account, since they
are the most reasonable for the task a robotic manipulator is supposed to perform, especially
the latter ones on velocities: realistic working conditions feature the manipulator to start and
conclude its motion with motionless joints. For this reason, a condition such as what follows

are used in this work:
q(te) =0 (4-7)

Indicating that the initial velocities are set to zero. Initial conditions on joint positions

are enforced by the fact that any q¢ should respect the constraint:

x(qO) = xref(tO) (4-8)

In case no further condition is posed, the trajectory will be said to have free initial
configuration in the reminder of this work, although it is not exactly free, as it still must
respect the constraint on initial end-effector position. The “free” term is thus referred to the
fact that joints can assume any configuration within this limit. In case a precise condition on
the joints configuration is posed, the problem will be said to have constrained initial
configuration. Two kinds of constrained initial configuration problems are worth being
mentioned for the purpose of this thesis. One of them is said to have fixed initial

configuration, expressed as:
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q(to) = qo (4-9)

While the other is only defined for closed end-effector trajectories, and it encloses
the cases where it is desired that the arm reaches its starting configuration again at the end
of the trajectory, with the same velocity it had at the beginning of the trajectory. In this case
initial conditions are still free in the sense that they’re not forced into a specific configuration.
However, a cyclicity constraint is posed that can be expressed as:

q(ty) = q(tfin)
(4-10)

q(to) = q(trin)

This is a case that is useful for industrial applications, since repetitive and cyclic
motions are often the case for industrial manipulators. For the purpose of this thesis, only
free initial conditions have been examined: it will become apparent in the rest of the chapter
that the case with fixed initial configuration is easier to solve with the algorithm hereby
presented, than the one with free initial configuration. Hence, simulations with fixed initial

configuration wouldn’t provide any extra insight.

Further consideration must be given to limits and constraints of the joints: real
robotic manipulators feature joint limits, and constraints on joints velocities, torques, and
power. The IBGKP is able to incorporate such constraints through the use of a local Sequential
Quadratic Programming algorithm, which allows it to generate solutions that can be applied

straightaway. From the mathematical point of view, the limits on joints can be expressed as

—Qiim < qi < Quim fori .., n
(4-11)
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Where n is the number of degrees of freedom of the manipulator. With symbols

retaining the same meaning, constraints on velocities can be expressed as:

—Qum < q; < Qum fori .., n

(4-12)

While limits on torques and power feature the following expressions:
—Tiim < T < Tyim fori, .., n (4-13)
~Wiim <TG < Wiy forj, .., n (4-14)

4.3 Description of the new global algorithm

4.3.1 The Global Kinematic Planner

The new algorithm is first explained in a simple version featuring the main
characteristics of the new method. This first version is called Global Kinematic Planner (GKP),
and is able to provide good results, but usually has slow convergence times. A more
sophisticated implementation, which has already been referred as Interpolation-based
Global Kinematic Planner (IBGKP), is explained later in this chapter. This latter one features
faster convergence times and allows for a more complete search over the solution space, and

it is the one that has been used to compute the results provided in this thesis.

As already mentioned, the global algorithm presented in this thesis is based on the
choice of suitable initial conditions for a multi-start optimisation. The underlying intuition is
that a very high number of trajectories are randomly generated through the use of classic

inverse kinematics algorithms. This populates a set of candidate initial conditions, where
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each randomly generated trajectory is a candidate initial condition for the algorithm. The set
is then ranked according to a criterion that reflects the chances of that specific initial
condition to converge to a good optimum. This criterion might be the cost function without
any modification, or a cost function modified to take into account a penalty for the violation
of constraints. A subset constituted by the initial conditions with the best ranking is then used

as initial conditions for the multi-start algorithm.

More specifically, the algorithm that follows exploits weighted pseudoinverse as per
formula (3-12) to generate the initial conditions for the multi-start search. As already
mentioned in the Mathematical Background chapter, this is a widespread technique in
robotics, when a task is meant to be locally optimised by giving different weights to each joint
depending on the optimisation objective. Such objective usually is a local minimisation of the
norm of velocities, but might be any local solution obtained exploiting least squares
minimisation, which is indeed the case here. Reminding formula (3-12), the most usual cases,
are where W = I, which has already been identified as the Moore Penrose pseudoinverse,
and is used to calculate the minimum-norm joint velocities required to obtain a specific end
effector velocity, and the case were W = B(q), where the weight matrix is the inertia
matrix. In this case, the algorithm would provide a local minimization of the kinetic energy.
However, it is possible to exploit any set of weights that form a symmetric positive definite
matrix, and indeed this is the case examined here, where different solutions are computed
by randomly generating compliant weight matrices. The resulting algorithm is divided in

three phases:

e Initialisation: random weight matrices are generated.
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e Population: the population of candidate trajectories is generated by using

inverse kinematics schemes.

e Optimisation: the best candidate solutions are used as initial conditions to

perform a multi-start optimisation.

More in detail, considering the trajectories to be divided in ng., path points, and
the robot to have nj,i,s joints, the steps of the Global Kinematic Planner are hereby
presented. In their description, bold notations such as g, g etc... identify vectors as usual,
while a notation with braces, such as {q}, {q} etc... identify a set of vectors, each one

representing a different time step.
Initialization

1. Manipulator physical and inertial parameters, simulation parameters and end-

effector trajectory are taken as input.

2. Aset of joint configurations compliant with the desired end-effector initial position

is taken as input.

3. Asetof symmetric positive definite weight matrices is generated with all eigenvalues
randomly assigned between 0 and 1 (excluding 0 and 1 themselves). The number of
weight matrices to be generated depends on computational power, but it must
generally be high enough that increasing it doesn’t improve the best candidate
solution anymore (see later in the chapter for further explanation). A feasible

number is:

— 2
Ncandidates = nparameters (4'15)
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Where Ny, qrameters 1S the number of parameters of the problem taken into account,

which corresponds to:

nparameters = npath points * njoints (4'16)
Where Npgin points 1S the number of points that define the desired end-effector
trajectory, and njyin¢s is the number of DOF of the manipulator.

Population

4. set of Nignaidates SOIUtioNs {Qrandom} IS computed for each robot initial
configuration defined at point 2, using the weight matrices generated at point 3 to
weight the pseudoinverse. Each solution is obtained through formula (3-4), repeated

here:

q=Jwv (3-4)

Where v is the desired end-effector velocity.
Optimisation

5. All candidate solutions generated during the population phase are ranked according
to a criterion. In case of unconstrained optimization, the criterion is the value of the
cost function, while, in case of constrained optimization, the criterion is the value of
the cost function plus an extra term to penalize the violation of constraints on joint
mechanical limits. This term has the same expression as that presented in [31] by

Liegeois in a different context:
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tfin n 2

wyL(q) = kj, Z % <M> (4-17)

i=to = dim qim

The value kj;, is a weight to balance the extra term against the cost function, and the
reminder of the expression is a quantity defined as the distance from the joint
mechanical limits, computed for each time step and summed over the whole motion
time. In Equation (14), q;y (qim) is the maximum (minimum) i-th joint limit, g; the
mean value between the two, and n are the robot DOF. This term is included in the
cost function to penalize candidate solutions that exceed joint limits by large
amounts, as opposed to excluding all candidate solutions that violate the limits, and
for this reason kj;, is set to 0.01. In this way, the solver is still able to consider
candidate solutions that exceed the limits by a small amount on a limited number of
path points. Other constraints are not considered for the ranking of solutions, since
in all the simulations carried out joint limits appeared to be by far the most influential
constraint for the ranking. The term in Equation (4-17) is not required to be explicitly
part of the cost function used for the optimization (step 6 below), since all
constraints, including trajectory tracking, are taken into account as part of the SQP

algorithm.

Multi-start algorithm is launched with the best n,,,,,s candidate solutions according
to the selected criterion, all the others are discarded. Joint limits and the other
constraints are enforced through the fmincon function, which takes their
expression/value as an input. The number n,,, depends on the computational
power available and on the complexity of the problem. For the results presented in

this work, 1, has been set to 24.
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7. Best solution is picked from the results of the multi-start.

It must be highlighted that the use of a random weight matrix might feature very
different results in term of joint displacements over the whole length of the trajectory
despite apparently small changes in the weights. This makes it necessary for n.gngidates t0
be sufficiently high, while on the other hand increasing it above a certain value will require
additional computational time but will not sensibly increase the quality of the best candidate
solution anymore. In order to investigate the relationship between n_4n4idates @and the
chances to find the best optimum, the value of the kinetic energy cost function for a three-
DOF planar robot has been computed for sets with 1.4n4iqates from 1 to 10*° for a problem
with 39 parameters, corresponding to an initial point and 12 following path points along a
line, which for three DOF gives (12 + 1)*3 parameters. In Figure 1, the x-axis shows the
number of candidate solutions in the set, and the y-axis shows the difference between the
cost function value (C) for the best member of the n 4ndidates SEt and the best computed
value of the cost function obtained in the simulations (see Results, case 1a) for the system

under consideration, according to Equation (15).

y = lOg (Cbest candidate ~— Cbest optimum) (4'18)

It can be observed that, for a number of N gn4idates higher than the number of
parameters, such difference tends to a linear function in logarithmic scale, which

corresponds to a power law in linear scale. The best fit function is:

—4.0733 , ,,—0.2030 B
*Negndidates (4 19)

y=e

This suggests that, for the problem under consideration, increasing the number of

Neandidates Progressively reduces the distance between the initial guess and the globally
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optimal solution. It is noted that the value of n gngidates OPtained by Equation (12) is 1521,

which falls well within the linear part of the graph.

102}

Distance from best optimum [Js]

10-3 L - -t L L - L |
10° 10 10% 10% 10*

ncand\dales

Figure 4-1 Difference between cost function value of best candidate solution and best computed value of cost
function.

4.3.2 Generation of starting configurations

Step 2 of the Global Kinematic Planner involves the input of a set of initial joint
configurations. However, it is most often the case where no known initial configuration is
likely to be reasonably close to the one of the global optimum solution. In this case, the

following method can compute more initial configurations starting from an existing one

(Qinitial configuration) :

1. Aset of nygen points joint velocity vectors {qperturbation} is randomly generated. In
the examples provided in this paper, a normal distribution has been used, due to its

effectiveness and the simplicity of implementation. Other methods are widely used for
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finding initial conditions for multi-start algorithms, such as Latin hypercube [32]. This
was not necessary here, but it could lead to better results when the chosen
Qinitial configuration iS thought to be far from the optimal one.

2. Aninverse kinematics problem is solved with end-effector velocity set to zero, robot
initial configuration q = qnitial configurations and secondary task {@perturbation)-
This leads to a new initial configuration which does not affect the end-effector

position:

m (4-20)
4 new initial configuration = Qinitial configuration + (I _] ])qperturbationdt
to

Equation (4-20) is obtained by considering the general solution of the inverse kinematics

problem with Moore—Penrose pseudoinverse, as per equation (3-12), repeated here:

q=J"%+U-J"Dqo (3-12)

Where x is the desired end-effector velocity and gy is a secondary task to be executed
without modifying the end-effector velocity. This can be achieved by exploiting the null-space
operator [33] (I — J*tJ). If x is set to zero in Equation (18), the joint velocities will not be
affected by the end-effector velocity and will be equal to (I —J*J)q,. Equation (17) is
obtained by integrating Equation (4-20) from tg to tf;y.

The size of the set of initial configurations is an important parameter to ensure
convergence on the best optimum, as the initial configuration of the manipulator influences
the whole trajectory. In general terms, this set should be representative of the whole set of
configurations that produce the desired end-effector initial position. Inverse kinematics as
per Equation (3-12) is computationally inexpensive, which allows us to generate a high
number of set members relatively inexpensively. The examples presented in this paper have

been produced with a set of 66 initial configurations, which come from a trade-off between
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the overall computation time required and the probability to discard an initial condition that
would give an optimum better than the previous ones found. Some of the 66 initial
configurations may violate the manipulator joint limits. On the one hand, the ranking
function will penalize initial configurations in which joint limits are violated by large amounts
(which will not be processed further) and, on the other hand, the SQP optimization will
always provide optimal solutions that are compliant with all the constraints, even if some of

the initial configurations violate the joint limit constraints by a small amount.

4.3.3 The Interpolation-Based Global Kinematic Planner

While the Global Kinematic Planner can find global optima of the problem expressed
by (3-31), its computational complexity grows with both the number of DOF of the
manipulator and the number of path points. Due to this, its use might be computationally
expensive for problems featuring multi-DOF manipulators or long trajectories with high
precision requirements. In order to overcome this issue, a global optimal solution on a
reduced set of parameters can be calculated and extended on a higher number of parameters
through interpolation. Such new solution can then be optimised again with the new number
of parameters. This two steps approach will reduce computational time, since the second
round of optimisation starts from an initial guess that is already optimal for a similar problem.
The two steps can be then repeated adding more parameters through interpolation, until the
desired time step is reached (eventually, the same as the Global Kinematic Planner). This
method also allows a more thorough search on the solution space: since the optimisation of
a single candidate solution is much less time consuming with a low number of parameters, it
is possible to first run the multi-start algorithm with a high number of candidate solution
Nyuns, and then focus the following optimisation steps on the most promising solutions

obtained. This allows to save computational power and may increase the chances to find a
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global optimum. The method above outlined, called Interpolation-based Global Kinematic

Planner, works as follows:

1. A subset of path points of the end-effector trajectory to track is selected. A sampling
interval Atipterp = N * At with n integer and At discrete time step of the complete
problem is used. Sampling can be thicker in parts of the trajectory where the cost

function to be minimized is expected to be higher.

2. The Global Kinematic Planner is used to provide a solution {qinterp,subset}» as €xplained

above.

. . n*xAt .
3. A new Atjuterp is chosen, according to the formula Atinterpnew = o where m is an

integer submultiple of n.
4. Anew set of path points is selected with At;p¢erpnew as a time step.

5. Cubic splines are used to interpolate the values of q on the path points not included in
the previous subset {qinterp subset), Obtaining a complete {q} vector on the new set of

path points.

6. A further gradient-based optimization based on SQP is run with initial guess

corresponding to the solution obtained at the previous step.

7. Steps 3-6 are repeated, decreasing At;nterp Until the desired step size At is reached.
Subject to available computational power, this can be as small as the one of the complete

original problem.

The solution obtained at step 5 is likely to be close to the optimal solution of the full
global problem since it is an interpolation of a global optimal solution of a simplified version

of the problem. For this reason, step 6 can run a much easier optimization (with faster
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convergence) with respect to step 6 of the Global Kinematic Planner since the initial guess is
already near-optimal. This allows for faster convergence than with the Global Kinematic
Planner. For timing purposes, the IBGKP has been tested on a machine featuring an Intel i7
ninth generation exa-core processor with 32 GB RAM, SSD mass storage, and using Windows
10 and Matlab version 2019b. The problem under examination featured 303 parameters and
the planner solved it with 4 optimisation steps, with At being progressively halved from an
initial 0.08s to a final 0.01s, resulting in computational times around 300s and an exploration
of 60 candidate solutions. For comparison, the global planner presented earlier in the chapter
took times in the range of 600s for the same problem, while exploring only 6 candidate
solutions. Similar computational times have been observed for all simulations in the reminder

of this chapter, ranging from 160 to 400s.

Before analysing the results, it must be noticed that no explicit gradient formulation
for the local search is available a priori, since the control cost function may vary. Due to this,
numerical gradient methods have been used to obtain the results of this thesis. For the
unconstrained case, used for the validation of the algorithm, a Quasi-Newton method has
been used, which exploits the Broyden - Fletcher - Goldfarb - Shanno (BFGS) formula as
proposed by [149] to approximate the Hessian of the function to optimise. For the
constrained cases, the gradient optimisation has been performed through the use of
Sequential Quadratic Programming algorithm [144]. This algorithm is based on the use of
Lagrange multipliers to solve a problem that is equivalent to the nonlinear problem:

mZin f(x) (4-21)

b(x) =0

s.t c(x) = 0
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Given this problem, SQP solves it through a quadratic approximation of the
Lagrangian function:

m (4-22)
L(x A, 0) = f(x) + Z/libi(x) +
i=1

n
956 (%)
L

J

Where m is the number of inequality constraints, n is the number of equality
constraints, and A and o are Lagrangian multipliers respectively for nonlinear and linear
constraints. At each iteration of the algorithm, a search direction d is defined as a solution of

the quadratic programming problem:

1 _
min )+ vix)"Td + 3 d"V2 L(x,A,0)d (4-23)

b(x) + Vb(x)Td >0
c(x) +Ve(x)Td =0

The advantage of SQP compared to other algorithms, for this specific application, is that
nonlinear (such as tracking) constraints in the quadratic expression (4-23) are much easier to
handle than the nonlinear constraints in original expression (3-32). In all cases, the

optimisation has been performed in Matlab trough fmincon or fminunc functions in MATLAB.

4.4 Results and discussion
4.4.1 Simulation setup for validation and analysis

In order to prove the capabilities of the IBGKP properly, it is necessary to perform a
simulation campaign divided in two steps, one aimed at validating the new algorithm against
existing methods, and one aimed at providing IK solutions that are not yet available in
literature. The first step is in this case performed by optimising the kinetic energy integral
alongside a specific end-effector trajectory. This problem has already been solved by

Nedungadi et al. [15], and thus another solution is available for comparison. Results obtained
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by the new algorithm and by Nedungadi’s one have been compared and their similarity used
to validate the IBGKP. Once this has been done, a sequence of other solutions has been
provided with an array of different constraints and cost functions to analyse the performance
of the new algorithm on several possible IK constrained problems. Constraints on torque and
power available by each joint have not been previously tackled in literature, hence no

comparison is available.

Considering all the possible variations of cost function, limits and constraints
reported in previous sections, the complete matrix of the possible conditions to simulate is
illustrated in Table 4-1. They have been chosen to illustrate a wide number of specific
unconstrained and constrained global inverse kinematics problems that the IBGKP can solve.
The table lists in fact free and constrained motion cases, considering the three different cost
functions proposed earlier in the chapter. The columns show different cost functions, which
constitute the problems used as cases for illustrating the capabilities of the algorithm, while
the rows shows the different sets of constraints applied to each one of them. Each cost
function is defined by a number, and each constraints configuration by a letter, giving a total
of 15 simulation conditions, each one identified by a number, for the algorithm used, and a

letter, for the constraints used.

Simulation conditions are characterised by letters, and each one of them has been
tested with a single trajectory. In the cases with letters from a to d, this is a rectilinear
trajectory, while in the case e, it is a circular trajectory. Conditions a-d are solved with free
initial configuration, while cases e are solved with cyclic boundary conditions, meaning that
the initial and final manipulator configuration must be equal. The interest for these specific
trajectories lies in the fact that the rectilinear one features multiple local optima for the

integral of kinetic energy, while the circular one features tracking of the trajectory through

132



cyclic motion, a notoriously important case for robotic manipulators in industrial
environment, which is often mentioned in literature (e.g. [150]). All simulations are
performed with the end-effector velocity profile discussed in previous chapter, according to
the expression (3-34), in order to have continuous end-effector velocity and acceleration

along the whole trajectory.

Table 4-1 IK problems used to illustrate the capabilities of the IBGKP

. Torques squared
Kinetic energy Torques squared . .
. . norm integral with
integral norm integral . ..
viscous friction
No constraints la 2a 3a
Joints and velocities 1b 2b 3b
Joints and torques 1c 2c 3c
Joints and power 1d 2d 3d
Joints, ve!oFlty and le ’e 36
Cyclicity

Both trajectories start with the same end effector position, Xj,iz =
[0.4678; —0.000], and run for a total time T = 1 s. The rectilinear trajectory has a length of
0.40 m and reaches the end effector final position xf;, = [0.0983;0.1526], while the final
position is of course the same as the initial one for the circular one. The unconstrained kinetic
energy integral solution for the rectilinear trajectory is also used for the validation of the
algorithm against the solution method proposed by Nedungadi. Where constraints are

present, their values are according to Table 4-2.

Table 4-2 Constraints used in the global algorithm simulations

Constraint Limit without friction Limit with viscous friction

Displacement [deg] 90 on 1°t joint, 120 for 2"¢ and 90 on 1%t joint, 120 for 2
3 and 3"
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Velocity [rad/s] 3.8 3.8
Torque [Nm] 0.4 1

Power [W] 0.7 2.75

For all solutions presented in this chapter, At = 0.01s, which means each problem
has 303 parameters, considering 3 Degrees of Freedom. All simulations have been performed
by using the Interpolation-based Global Kinematic Planner, with a starting At;;erp = 0.08s,
leading to 39 parameters. The time step has been then progressively halved, doubling the
number of parameters at each iteration. 1521 candidate solutions have been generated, and
the best 48 ones have been chosen to be optimised via multi-start method. It is observed
that the rectilinear trajectory has several local minima, allowing for considerations about the
performance of the algorithm in such situations. All the characteristics of the simulated

trajectories have been summarised in Table 4-3.

Table 4-3 Simulated trajectories characteristics

Number Shape Characteristic Starting
" dimension configuration
1 Rectilinear 0.40m (length) Free
2 Circular 0.05m (radius) Cyclic

4.4.2 Algorithm validation

In order to validate the algorithm, an unconstrained solution for the kinetic energy
integral is computed and compared with a solution obtained with an algorithm available in
literature, which is based on calculus of variations. Results are very similar, with a negligible

advantage for the Interpolation-based Global Kinematic Planner presented here. The
134



advantage is probably due to numerical differences caused by the implementation, on the
other hand the similarity of the solutions shows that the new algorithm is for unconstrained
problems as effective as a theoretically proven algorithm based on calculus of variations. The
algorithm used for the validation has been proposed by Nedungadi et al. [15] and presents

an acceleration-based inverse kinematics solution:

g=J3G—J@)+U—-JEHB 'n(q,q) (4-24)

Where J3 is the pseudoinverse weighted with the inertia matrix, J is the first
derivative of the Jacobian, and n(q, q), as introduced in the mathematical background
chapter, is a term comprising Coriolis and centrifugal terms of the torque. A complete
derivation of this equation can be found in the relevant paper, for the purpose of this thesis
it is worth mentioning that this formula can be used both as a local optimisation inverse
kinematic method when the initial condition problem is solved, and as a global optimisation
one when the two point boundary value problem is solved. This latter case is the one used
for validation here: the global optima for the kinetic energy integral of a specific end-effector
trajectory have been computed with both the Interpolation-based Global Kinematic Planner
and the algorithm proposed by Nedungadi. The problem features free starting configuration,
for both cases a boundary condition on joints velocities at initial time t, has been posed as

per (4-7):
qt) =0 (4-7)

For the Interpolation-based Global Kinematic Planner, no further condition is
necessary: since the end effector velocity approaches to zero at the end of the trajectory, the

algorithm naturally reduces kinetic energy (and thus joints velocities) to zero approaching
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the final time. On the other hand, a boundary condition at the final time t7;;, is necessary for

the Nedungadi algorithm to work:
q(tm) =0 (4-25)
This condition allows to solve the tracking problem as a two-point boundary value problem.

The problem has been solved setting simulation parameters a explained in previous
section, finding three local minima for the kinetic energy integral. The same problem has
then been solved with Nedungadi variational algorithm with At = 0.001s, by solving the
TPBVP with MATLAB routine bvp4c. It should be noticed that, in order to solve this problem
an initial guess for each path point was required close to each optimum, while the same
didn’t apply for the Interpolation-based Global Kinematic Planner, which requires much less
input from the user. Result for kinetic energy and mean difference in joint position between
Nedungadi solution and the Interpolation-based global kinematic planner are shown in Table
4-4 (IBGKP in third column stands for Interpolation-based Global Kinematic Planner), while

the three optimal trajectories are shown in Figure 4-2 starting from the best optimum found.

Table 4-4 Values of the optima for the validation trajectory

Optimum # Nedungadi solution | IBGKP solution Mean difference in joints
position

1 0.0532 0.0528 5.8%¥103

2 0.0567 0.0563 2.2*10°

3 0.0673 0.0671 3.8*%10°3
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Optimum nr. 2
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Figure 4-2 Kinetic energy optima for the validation trajectory

4.4.3 Simulations results

For all simulations, relevant variables are summarised in two figures. First one shows
energy related variables, in this order: kinetic energy, power, torques norm integral and
kinetic energy integral. Second one shows a stroboscopic plot of the motion, alongside with
joints positions and velocities, torque and power for each joint. A blue line is used for first
joint, red one for second, and yellow one for third. Conditions featuring rectilinear
trajectories (conditions a-b-c-d) are discussed first, starting with those using kinetic energy
as control cost. After this, cases featuring torques norm integral with no friction, and finally
cases featuring torques norm integral with viscous friction. The friction coefficient that has

been used is 0.3, a typical coefficient for aluminium-aluminium interface. Cases featuring
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cyclic motion (letter e) will be examined afterwards, since they feature different boundary

conditions which are worth being examined against each other.

4.4.3.1 Rectilinear trajectories

CASE 1 (KINETIC ENERGY)

The values of kinetic energy and joint torques norm integral for each constraints’
choice have been summarised in Table 4-5. It is important to notice that optimisation of a
quadratic form of velocities does not guarantee continuity of the accelerations, which might

be problematic for constraints involving accelerations.

Table 4-5 Results for case 1 rectilinear trajectories

Simulation Kinetic energy integral Torques squared norm
integral
[s]
[((Nm)~2)s]

1a (no limits) 0.0528 0.1827

1b (displacement and velocity) 0.0528 0.1820
1c (displacement and torque) 0.0550 0.1564
1d (displacement and power) 0.0529 0.1843

First simulation, 1a, with no constraints, has been already partially discussed as part
of the validation of the algorithm, however the best solution that has been found is worth
more comments. Comparison with Nedungadi kinetic energy minimising algorithm has
shown slightly lower values of the kinetic energy integral: this difference is quite small, and
it can probably be ascribed to small differences in implementation. Figure 4-3 and Figure 4-4
respectively show energy figures and kinematic and dynamic variables for each joint. It is
possible to observe that the second and third joints feature enhanced motion, while the first

one is less used: this is an effect of kinetic energy minimisation, which focuses on reducing
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the motion of the joints with higher inertial properties, trying to reduce the burden on them.
It is however interesting to observe the torques figure: the first joint is now the one showing
the highest value by far, reaching up to 0.7067 Nm, while for power, first and second joints
are comparable, with maximum values being 0.7721 W and 0.7303 W. In both cases, the third
joint is showing way lower values (maximum values are 0.0632 Nm for torque and 0.2545 W
for power). This shows minimisation of kinetic energy doesn’t necessarily imply lower effort
for actuators. In fact, even when minimising kinetic energy, it makes sense to limit actuators

torques and powers as per the other simulations hereby presented.
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Figure 4-3 Energy figures for trajectory 1a
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Figure 4-4 Joint figures for trajectory 1a

As already mentioned, constraints configuration 1b features limits in joints
displacement and velocity, 1cin joints displacement and torque, and 1d in joint displacement
and power. In all cases, the global optimum is close to the one obtained without constraints,
and results are illustrated in the same order in Figure 4-5 and Figure 4-6 for 1b, Figure 4-7 and
Figure 4-8 for 1c, and Figure 4-9 and Figure 4-10 for 1d. The stroboscopic plots are all similar,
showing that the constrained optima are quite close to the unconstrained one. Constraints
influence continuity and differentiability of the variables in different ways: in case 1b, with
velocity constraints, it can be observed that, when third joint velocity reaches the limit, first
and second joint velocities feature non-differentiable points as well to adapt the motion.
Such non-differentiable points are due to the fact that optimisation of kinetic energy (or any
cost based on a quadratic form of velocity) is only effective to provide continuity of velocity,
and not necessarily differentiability, although it will guarantee it as much as possible. The
case will be different for cases involving torques. It is interesting to observe, in Table 4-5, that

the integral of joint torques norm is reduced as a result of this, possibly since second joint

140



torque is suddenly reduced when third joint mobility is reduced by the limit. Simulation 1c
features a nonlinear constraint on joint torques, which produces the highest kinetic energy
and the lowest joint torques norm integral among all the simulations featuring kinetic energy
as control cost. Abrupt changes in torques values are reflected on joint powers, which are
also influenced by the jumps. The joints velocity profile is however perfectly acceptable, and
fully differentiable along the whole trajectory. Finally, simulation 1d features a power limit.
When the power limit is reached, by joint 1 at time 0.31s, the reduction in mobility caused
by the constraint is offset by increasing velocity and torque on joint 2, as visible in Figure
4-10. As for joint limits, they are only reached by second joint at the end of the trajectory in

both 1b and 1c, and no direct consequence of this is observable in the other variables.
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Figure 4-5 Energy figures for trajectory 1b
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Figure 4-7 Energy figures for trajectory 1c
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Figure 4-9 Energy figures for trajectory 1d
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Figure 4-10 Joint trajectory for trajectory 1d

CASE 2 (JOINT TORQUES NORM WITHOUT VISCOUS FRICTION)

The results of the second cost function case for kinetic energy and torques norm

integral are shown in Table 4-6.

Table 4-6 Results for case 2 rectilinear trajectories

Simulation Kinetic energy integral Torques squared norm
integral
[Js]
[((Nm)~2)s]

2a (no limits) 0.0842 0.0398

2b (displacement and velocity) 0.0786 0.0932
2c (displacement and torque) 0.0854 0.0864
2d (displacement and power) 0.0849 0.0843

Results for simulation 2a are shown in Figure 4-11 and Figure 4-12, while 2b, 2c and
2d are respectively shown in Figures from Figure 4-13 to Figure 4-18. In simulation 2a, the result
for torques is more than 450% less than simulation 1a, featuring kinetic energy as control

cost, and the trajectory is completely different. This solution features low torques during the
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first part of the trajectory, and a maximum torque values in the interval 0.6-0.8s. No joint is
completely motionless at the end of the trajectory: the absence of friction implies that no
torque is necessary to maintain their velocity, and thus the optimal solution saves on braking
torque, to the point of accelerating most towards the end of the trajectory rather than at the
beginning. This effect will be lower for the third case, featuring viscous friction. Joint
velocities are also more balanced compared to 1la, with second and third joint featuring
similar velocities, although it is to be noticed this simulations features the highest maximum
velocity of all rectilinear trajectories, being it 4.99 rad/s for second joint at t=0.37s. The
second joint is now the one with the highest torque, but its maximum is now around 60%
less of the highest joint torque in the kinetic energy case, being up to 0.315 Nm. Power values
are also greatly decreased compared to the kinetic energy case, with the highest value being
0.4335 W at time 0.78s, which is reduced compared to kinetic energy optimisation highest
value by around 50%. Looking at the energy figures of the whole manipulator, it is easy to
observe that both kinetic energy is greatly increased from case 1a. The maximum in kinetic
energy, 0.1398 J, corresponds to time 0.342s, when the values of all joint torques are close
to zero, while the maximum of overall manipulator power (0.7325W at time 0.27s)
corresponds to a local peak in power on all joints. Simulation 2b features a motion that is
more like the one that has been seen in case 1, showing how the joint limits here affect the
optimal solution. The cost function is also extremely increased, by almost 150%, while kinetic
energy integral is the lowest one for case 2, due to the velocity limit. This shows the versatility
of the Interpolation-based Global Kinematic Planner, which can adapt to the constraints’
configuration looking for optima that are far apart. One more aspect of this simulation that
is worth mentioning is the joints velocity profile: while in simulation 1b velocity featured non-

differentiable points where velocity limit is reached, in simulation 2b the limit is approached
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more gently. This behaviour is due to the fact that the optimisation function now comprises
a quadratic function of accelerations (the integral of the square of joint torques norm), which
causes them to be continuous along the trajectory. Simulations 2c and 2d, with joint torque
and power limits, are quite similar since the limit is only reached in small portions of the
trajectory. It is however interesting to observe, in 2c, the change of slope in torques and
power when the torque limit is reached. This is due to the fact that the manipulator only has
one degree of redundancy left after considering EE trajectory constraints. Thus, when
another constraint is active, has no degrees of redundancy left, and it is forced to follow the

trajectory corresponding to the only feasible solution.
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Figure 4-11 Energy figures for trajectory 2a
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Figure 4-13 Energy figures for trajectory 2b
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Figure 4-17 Energy figures for trajectory 2d
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CASE 3 (JOINT TORQUES NORM WITH VISCOUS FRICTION)

0.4 0.6 0.8 1
time [s]

The values for kinetic energy and torques’ norm integral for case 3 are shown in Table

4-7. Joint torques squared norm is obviously much higher, since torque is now required to

maintain velocity.

Table 4-7 Results for case 3 rectilinear trajectories

Simulation Kinetic energy integral Torques squared norm
integral
[Js]
[((Nm)~2)s]
3a (no limits) 0.0569 0.6890
3b (displacement and velocity) 0.0569 0.6890
3c (displacement and torque) 0.0555 0.7019
3d (displacement and power) 0.0557 0.6976

A first observation regarding Table 4-7 is that the torque solutions featuring viscous

friction, which is a function of velocity, feature solutions that are much closer to the kinetic

energy global optimum. First simulation to be presented is 33, illustrated in Figure 4-19 and

150



Figure 4-20. This solution is closer to the kinetic energy-based solution 1a, rather than the
torque-based solution 2a, and joint velocities at final time are also very close to 0. This can
be explained by the fact that friction (and thus velocity) plays a major role in this case, forcing
the algorithm to keep a low velocity profile. This is in sharp contrast with solution 2a, which
features highest joint velocity of all rectilinear trajectories, and it also shows how much
friction influences results. From the value in Table 4-7, it is evident that most of the torque is
spent contrasting friction (it features an increase of more than 10 times compared to

simulation 2a).
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Figure 4-19 Energy figures for trajectory 3a
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Figure 4-20 Joint figures for trajectory 3a

Figures for simulation 3b are omitted since the limits do not come into play and its
result is the same as 3a. Results for simulation 3c and 3d, shown respectively in Figure 4-21
and Figure 4-22, and in Figure 4-23 and Figure 4-24, are more relevant since they show that,
for the case with friction, limiting torques or power also reduces velocity: velocity only goes
up to 2.952 rad/s in simulation 3c, and to 2.817 rad/s in simulation 3d. Simulation 3c features
active torque constraints on joint 2 between times t=0.24s and t=0.49s. It can be clearly
observed how the constraint on torque also limits velocity and power on joint 2 (maximum
power is 2.876W), although it approaches its maximum value gently and without sudden
changes. A similar phenomenon can be observed on simulation 3d as well, with power
limiting velocity and torque as well (torque maximum value in this case is 1.052 Nm on joint
2). In this case, however, changes in torques when the power constraint is activated can be
abrupt, with the torque featuring a non-differentiable point at t=0.26s. Case 3 can be
considered the most realistic one and is the closest step to implementing the tracking

algorithm presented in this chapter on a real manipulator.
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Figure 4-22 Joint figures for trajectory 3c
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Figure 4-23 Energy figures for trajectory 3d
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Figure 4-24 Joint figures for trajectory 3d

4.4.3.2 Cyclic trajectories

Cyclic trajectories present some different challenges than rectilinear ones. The most obvious
one is that obviously displacements, velocities and accelerations must be continuous
between the endpoint and the initial point. In order to obtain this, it is sufficient to simply
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include control cost between the endpoint and the initial point in the cost function. This
enforces continuity and differentiability of velocity when kinetic energy is used as control
cost, and continuity and differentiability of accelerations when joints squared torques norm
is used as control cost. One more point to notice about this kind of trajectory is that, even
for small radii, the motion of the joint appears much enhanced in circular trajectories than in
rectilinear ones, as the simulations will show. Thus, for the simulations hereby presented
velocity has been limited again to 3.8 rad/s. Results for kinetic energy and torques noem

integral are visible in Table 4-8.

Table 4-8 Results for circular trajectories

Simulation Kinetic energy integral Torques norm integral
[Js] [((Nm)~2)s]
1e (kinetic energy) 0.0554 1.898
2e (torques norm) 0.1031 1.246
3e (torques norm with friction) 0.0683 2.459

The value of the torque cost function is clearly much higher than for rectilinear
solutions, surpassing them by one order of magnitude. The explanation for this probably lies
in the big changes in joints velocity that are necessary to perform the trajectory under
examination. The variables of interest for simulation with kinetic energy as control cost are
illustrated in Figure 4-25 and Figure 4-26, while the ones for the simulation with torques
norm without friction as control cost is shown in Figure 4-27 and Figure 4-28, and in Figure
4-29 and Figure 4-30 for the one with friction. Looking at velocity, torque and power values
for each joint, the increase in control cost can be easily justified. For the cases featuring
kinetic energy and torque without friction as control costs, velocity limit is reached much

more often than in the rectilinear case. If more than three constraints were active at some
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timestep, the ability to track the trajectory would be completely lost at that path point (it
must be remember that two constraints are imposed by the end-effector trajectory itself).
However, the solutions computed by the algorithm for simulations 1e and 2e features at
most three active constraints at the same time, retaining necessary freedom of movement,
although in 2e the second joint reaches the velocity limit as the first joint also gets very close.
Simulation 3e, on the other hand, gets close to the velocity limit only with second joint, due
to the fact that high velocity, in this case, translates into a high torque value. Its value of
kinetic energy integral also shows that in this case velocities play a much more important role
in the control cost, putting the case with friction somewhere in between the other two as
per joint motion profile. Looking at torques, their maximum values are respectively 4.144
Nm, 2.919 Nm, and 2.696 Nm, while for powers they are respectively 5.813 W, 7.216 W and
4.061 W. It is particularly interesting to observe the two cases featuring torque norm as
control cost, as torque maximum value is higher in the one without friction rather than the
one with friction. This peculiar result can be justified comparing the torque profile for each
joint between the two simulations: in simulation 2e, the first joint features by far the highest
torque (2.919 Nm against 1.177 Nm for the second joint and 0.1925Nm for the third), as it
reaches similar velocity than the other two, but has by far the highest moment of inertia. In
the case with friction, however, velocity has a cost in terms of torque regardless of the inertial
properties. Considering that the algorithm optimised the squared norm of joint torques along
the trajectory, the term for the first joint would become excessive if it were to have both high
torque and high velocity. Thus, for the case of torque optimisation with friction, the third
joint is the only one which can afford to move at a velocity close to the limit, and generally

the friction term forces the algorithm to balance velocity and acceleration.
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Figure 4-26 Joint figures for trajectory 1e
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Figure 4-28 Joint figures for trajectory 2e
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Figure 4-30 Joint figures for trajectory 3e

4.4.4 Multi-objective optimisation
For some robotic applications, it is required to balance between different cost

functions [59]. This kind of problem is tackled by multi-objective optimization.

Considering a set of solutions X, and a set of cost functions f = (f; .. f;,), a feasible

solution X € X is a Pareto optimal solution of a multi-objective optimization problem
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min(f(x): x € X)if,and only if, nox € X exists such that f(x) < f(X). The set of Pareto
optimal solutions of a multi-objective optimization problem form the Pareto optimal set, or

Pareto front.

When solving a multi-objective optimization problem, it is usually desired to find a
solution that is as close as possible to the Pareto optimal set. In the ideal case, the full Pareto
optimal set can be exactly computed, and it is possible to choose the preferred solution
among its members. Exhaustive computation of the complete Pareto optimal set is, however,
expensive and, in many cases, not possible, thus the problem is usually approached by
computing some of the members of the set and using them as a representation of the full
set. The most used method to do so in robotics is the weighting method [59], which, however,
does not produce evenly distributed solutions, cannot individuate all members of the Pareto
optimal set and, moreover, fails in the case of non-convex Pareto fronts [151]. A possible
alternative to the weighting method is the e-constraint method, which can capture the shape
of the Pareto front in a more complete and representative way than the weighting method,
even when the Pareto front is non-convex [152]. The use of the e-constraint method has
however not been possible so far in global inverse kinematics problems resolution because
it requires the imposition of nonlinear constraints to the optimization problem under
examination. This is possible through the use of the Interpolation-based Global Kinematic
Planner presented in this work, which thus allows the use of the e-constraint method. This
has been demonstrated by analysing the bi-objective optimization problem resulting from
optimizing both the kinetic energy integral and torques squared norm integral without
friction while tracking the rectilinear trajectory used in rectilinear simulation cases.
Particularly, its Pareto optimal set has been searched considering joint and velocity limits as

per Table 4-2.
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For the equally spaced implementation used here, the e-constraint method steps are

as follows:

1. The feasible solutions resulting in the minima of the two objective functions, {q}x, (for
the minimum of kinetic energy integral) and {q};,, (for the minimum of torques squared

norm integral), are computed separately.

2. The intervals inty;, = Gkin({q}tor) _Gkin({q}kin) and intyo, = Gtor({q}kin) -

Geor({q}tor) are computed.

3. Eachintervalis divided in k equally spaced steps AGy;, and 4Gy, 50 that G (G} or) =

Giin ({q}kin) + k AGyn and Gtor({q}kin) = Gior ({q}tor) + k AGeop.

For each h = 1..k a single-objective kinetic energy integral optimization problem
is solved with the formulation:

trin
minimize f Grin(q,q,t) dt
q to

subject to  Gior = Gror({q}tor) + h AGyor

(4-26)

Likewise, a single-objective torques squared norm integral optimization problem is
solved with the formulation:

trin
miniqmize f Gior(q,q,q,t)dt
to

subject to  Gyin = Grin({Q@}kin) + h AGrin

(4-27)

Following these steps, a set of Pareto optimal solutions has been computed, see

Figure 4-31.
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Figure 4-31 Pareto front of bi-objective optimization problem under consideration.
This result shows the suitability of the Interpolation-based Kinematic Planner for

individuating Pareto optimal sets with a more reliable method than the weighting method.

4.5 Conclusions

This chapter has been focused on the introduction and validation of a novel global
inverse kinematics algorithm for redundant manipulators, the Interpolation-based Global
Kinematics Planner. Such algorithm is an improvement over current state-of-the-art in that
it is able to find multiple optima of different cost functions, with a wide set of constraints,
without having to solve TPBVP and without including Jacobian matrices in the control cost.
The cost functions that have been used is composed by a tracking error term and a control
cost. Control costs that have been analysed are kinetic energy, joint torques squared norm,
and joint torques squared norm with viscous friction. Different constraints, both linear and
nonlinear, have been introduced as well, computing inverse kinematics solutions with
constraints on joint displacements, velocities, torques, and powers. The Interpolation-based

Global Kinematic Planner has been validated against an existing solution of the
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unconstrained kinetic energy global problem, and then results for two different trajectories

and different control costs and constraints have been presented and commented.

The novel algorithm has correctly performed providing feasible solutions for the
global kinematics problem of a simple planar manipulator in all simulations. Usual issues with
global algorithms, featuring long computational times and high number of parameters, have
been mitigated through a sequential solution procedure based on interpolation and
introduction of new parameters at each sequence step. The algorithm has also been shown
to be able to provide results concerning the Pareto front of bi-objective optimisation
problems, individuating several points of the Pareto front of the problem of optimising

kinetic energy and torques without friction, through the g-constraint method.
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Chapter 5. Workspace analysis of fixed-base and free-

floating redundant manipulators

5.1 Introduction

It has already been observed in the literature review chapter that workspace analysis
has been mostly performed with specific attention to reachability rather than energy or
power costs to move the end-effector across the workspace itself. This chapter presents a
different method of analysis, as the scope is in this case to map how energetically expensive
it can be to reach specific points of the workspace from a fixed starting position. To this goal,
the workspace analysis performed here starts from a specific end-effector position and
performs straight line motions with constant end-effector velocity across the workspace, till
the point where a singularity or the boundary of the workspace are reached. At each time
step, the value of several energy-related variables, and of the manipulator kinematic indexes,
is logged. A qualitative and a quantitative analysis are conducted on these data, aiming in

both cases at assessing patterns in the energy consumption distribution along the workspace.
The goals of the analysis, in detail, are:

1. To show what patterns exist that relate kinetic energy with manipulator
configuration. To this goal, a qualitative and a quantitative analysis are performed on
fixed-base manipulators. The first one aims at observing visually recognisable patterns in
the manipulator workspace, while the quantitative one aims at correlating kinetic energy
with kinematics indexes dependent on the manipulator configuration. This latter part of
the analysis will exploit canonical correlation to individuate the linear combinations of

kinematic indexes that better correlate with kinetic energy.
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2. To show how IK algorithms influence the size of the workspace and the
position of singularities. This part of the analysis is especially developed for free-floating
manipulators, as it is shown that the use of the ACS in concurrence with the
manipulator’s operation can sensibly increase the workspace size and retain the
manipulator manipulability.

3. To observe if redundant manipulators follow specific patterns in the

distribution of kinematic indexes in their workspaces.

The first part of the chapter is a description of how the analysis is performed: it explains
which algorithms are included in the analysis, which kinematic indexes are computed, and
which energy-related figures are taken into account. Second part is about the simulations
and results obtained with fixed base manipulators, while the third part is about free-floating
manipulators. Conclusions are drawn from these results, about the difficult predictability of
redundant manipulators energetic cost, and about the relationship between free-floating
redundant manipulators inverse kinematics algorithm and workspace size and

characterisation.

5.2 Choice of the algorithms under examination

In order to produce meaningful comparisons, three algorithms have been selected.
These three methods have been considered particularly relevant for the problem for
different reason: the first one is the most important pseudoinverse-based method, while the
second one is a local minimization of kinetic energy, and the third one is a typical local
optimisation method for free-floating manipulators. The first one of the three algorithms is

expressed by (3-9), repeated here:
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q=]"v (3-9)

The solution obtained through this expression locally minimises joint velocities norms along
the motion. This method shall be from now on referred to with the abbreviation LSV (for

Least Squares on Velocities).

A second method shall be chosen that directly minimises kinetic energy of the
manipulator. A simple local method that achieves such a result can be obtained from (3-8),

by using the inertia matrix as a weight matrix.

q=B"YJ"UB YY) v (5-1)

This method is mentioned in literature as a simple way to use the weight matrix [24].
However, its local scope means that kinetic energy may not be minimised overall. Still, it can
sometimes be effective, especially on very short trajectories since, as it is straightforward to
figure out, this kind of solution performs better when the trajectory can be followed with
limited excursion of the first joint, as it is the one with the highest inertial properties. It shall

from now on be referred to as LMKE (Local Minimisation of Kinetic Energy).

Free-flying manipulators, on the other hand, are mostly controlled through reaction
minimisation algorithms: that is, transmission of torque form the manipulator to the base is
minimised (often reduced to 0) along the manipulator motion. Many methods have been
mentioned in the literature review, but one that is efficient and easy to implement is
presented by Cocuzza et al. [97] and exploit the derivative of the general solution (3-12),

again repeated here for convenience:

q=J"v+U-J"Dio (3-12)

Which originates the expression:

166



qg=J"(x-Jq)+ U ~J"Dio (5-2)
Considering the torques to be defined as per (15), and neglecting the gravity term:

T=M(q)q+n(q,9) (5-3)

Where M(q) is the joint-dependent inertia matrix and n(q, q) is the term that comprises
Coriolis and centrifugal forces, it is possible to locally minimise torques transmitted to the
base as a Least Squares problem with Equality constraints (LSE) in the ¢ unknown, originating

the expression:
g=J"(x—Jjq)+ MU -J*DI*[MJ* (% —jq) +n] (5-4)

This provides the third and last solution method to be compared and shall from now on be
referred as LSE (Least Square with Equality constraints). It should be noticed that, differently
from other inverse kinematics schemes hereby mentioned, this one outputs accelerations.
This has a consequence in that joint velocities are generally different than zero at the end of

the trajectory.

Of these three methods, first two are very related to the specific topic, because they
are both attempts to minimise the energy cost of the manipulator motion, while the third
one is used to solve a different problem in the framework of redundant manipulators local
planners. All of them are relevant for the comparison, for different reasons: Moore-Penrose
pseudoinverse is the most used method for local motion planning, local kinetic energy
minimisation is the most direct way to minimise energy consumption, and reaction
minimisation is the method of choice to control free-floating manipulators. The comparison
for the latter one will indeed be based on less data than the first two, as it features a reduced

workspace compared to them, allowing for less trajectories to be simulated.
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5.3 Fixed-base manipulator workspace analysis description

5.3.1 Qualitative analysis description

Before moving into a quantitative analysis, a qualitative analysis is performed on the
workspace. For non-redundant manipulator, each point in the cartesian space can only be
reached with a very limited number of joint configurations, thus allowing to clearly map end-
effector position with kinematic singularities. This is not the case for a redundant
manipulator, since its peculiar characteristic is that infinite configurations exist that are able
to achieve a given end effector position. From this, a natural question arises if patterns in the
reachability and energetic cost of moving the end effector to specific parts of the workspace

arise. The qualitative analysis hereby performed tries to answer this question.

In order to highlight the energetic characteristics of the motion, kinetic energy is of
course the most relevant parameter. However, its integral is slowly varying on trajectories
with constant EE velocity, and does not allow to evidence phenomena that are very limited
in time, such as velocity spikes that take place when the manipulator is close to a singularity.
Thus, for the purpose of this analysis, another index is used as well, that is more apt at visually
analysing energy patterns in presence of singularities. Thus, a performance index that is used

in this workspace analysis is the integral of the power absolute value along the trajectory:

L dE (5-5)
—dl

[

0

This allows to consider power spent both to accelerate and slow down the manipulator
end-effector. Its variability in correspondence of changes in velocity and acceleration of the

manipulator joints can easily evidence energy-expensive patterns. This index will be from
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now on called total energy, and it will be exploited in the reminder of this chapter with the

main purpose to evidence singularities.

The qualitative analysis will be illustrated in the reminder of the chapter by means of
contour plots of kinetic energy, total energy and manipulability of the manipulator (see
below for a reminder about manipulability formulation). The manipulator is conventionally
consider to be fixed to the base in the origin of each graph, with its end effector being at the

other tip.

5.3.2 Quantitative analysis description

Kinetic energy is in any case a function of velocities, and for such reason energetic
performance is hard to capture with a static index. Furthermore, none of the existing indexes
seems specifically fit for the purpose (in fact, only dynamic manipulability, shown in equation
(3-17), features some resemblance with the kinetic energy expression). The approach that is
followed here is thus to observe what linear combination of kinematic indexes is more closely
related to kinetic energy. This approach allows to understand which factors influence the
kinetic energy the most, and get a better understanding of the complexity of the problem
under examination. To this goal, values of kinetic energy and each of the kinematic indexes

are logged at each time step of each trajectory, and their correlations are analysed.

In order to perform such analysis, an interesting mathematical instrument is
provided by statistics, which typically assesses if two events are related with each other
through study of their correlation. Correlation between two variables X and Y can be

expressed as:

E[(X —u)(Y — py)] (5-6)
Ox Oy

corr(X,Y) =
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In this expression, E is the expected value operator, uy and uy are the expected
values of the two variables, and oy and gy are their standard deviations. In the context of
this work, it makes sense to ask if this concept can be extended to a set of variables, and it
indeed can, exploiting a concept called canonical correlation, which was first introduced by
Hotelling [153]. Given two sets of variables X = (X;,X5,..., X;;) and Y = (13,Y,, ..., Y,),
canonical correlation analysis aims to find two real vectors a and b that maximise the

correlation:

p = corr(a™X,bTY) (5-7)

How p, a and b are calculated is beyond the scope of this thesis: it is sufficient to say
that a’ X and bTY are called canonical variables, while a and b are the canonical factors. In
the case of correlating manipulator kinematic indexes with kinetic energy only, vector b

would of course be reduced to only one coefficient.

In the workspace analysis hereby presented, canonical variables factors have been

calculated for the following set of kinematic indexes:

Manipulability

e Dynamic manipulability

e Jacobian Condition number

e Worst-case velocity index

e Spectral radius of the inertia matrix

The latter one is not usually considered a kinematic index of robotic manipulators,
but has been added because of the importance inertia matrix has in the computation of

kinetic energy. Spectral radius of a matrix A is defined as:
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p(A) = maX{llll, |/12|, (LI |/1n|} (5'8)

Where |A4],]15], ..., |4, | are the absolute values of the eigenvalues of the matrix.
Including it in the analysis allows to take into account a rough measure of the amount of
inertia that the manipulator is facing during its motion. The other kinematic indexes are

extensively described in next section.

Not all these variables are expected to have a sensible influence on the amount of
kinetic energy that the manipulator reaches along the motion. For this reason, canonical
correlation analysis shall be performed with subsets of the considered kinematic indexes as
well. This would allow to only identify those indexes that are mostly related with kinetic
energy. Considering K/ to be aj x 1 vector of kinematic indexes correlated with kinetic energy,
and b its corresponding canonical factors, the function of kinematics indexes with the highest

correlation with kinetic energy is defined to be:

Ckin = bT KI (5'9)

A question that might be asked is if such resulting combination of indexes can be
somehow used to improve the search of kinetic energy optima. Its use in such a way is
however not possible in a direct way, as the values of the kinematic indexes will not, in any
case, incorporate complete information about the manipulator joints velocity. This topic will
be discussed in more detail in next chapter, where results from this analysis will be tested as
part of a local algorithm. It may however be possible to use the results presented in this
chapter within a more complex heuristic search method, which will be subject of further

work.
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5.3.3 Kinematic indexes description

Many indexes have been developed to assess the freedom of movement and how
far away current manipulator configuration is from singularities. Manipulability and dynamic
manipulability have already been mentioned in the Mathematical Background chapter, but
others do exist. To the author’s knowledge, first index ever used to assess the Jacobian
performance is the condition number, which is in general a performance index for matrix
transformations in general. A discussion about its use for robotic manipulators was presented
by Sainsbury and Craig [154]. The condition number of a mathematical function is defined as
how much the output value of the function can change for a small change in the input. This
is basically a measure of how errors in input produce errors in output. For the Jacobian of a

robotic manipulator, the relationship between input and output variation is:

lAx|l _ llAql| (5-10)
x| llqll

When the manipulator is in a singular configuration, a big change in the joints
velocities corresponds to a small change in the position of the end effector. Thus, a high
condition number clearly indicates proximity to singularities. The Jacobian condition number

can be calculated as:

k=1~ (5-11)

On the opposite, the condition number of the inverse matrix reveals a singularity

when it equals zero. A formula to compute it is:

k1= Omin (5-12)

O-max

Where i, and 0,4, are respectively the smallest and largest singular value of the Jacobian.

Clearly, when one of the singular values equals 0, the matrix is singular. Being o,,;, the
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smallest singular value, and being singular values positive semidefinite, k= must be 0 as
well. This is related with the already presented concept of manipulability ellipsoid,
introduced in the Mathematical Background chapter in expression (3-13). The reader may
recall that, when manipulability equals zero, the manipulator is singular, and the volume of
the manipulability ellipsoid equals zero as well. This is directly related to singular values [14],

as an alternative formula to express manipulability is:

n (5-13)

Where g; is the i-th singular value of the Jacobian. The singular values are proportional to the
length of the ellipsoid axes, and one of them approaching zero means that any end-effector

velocity with a component in that direction will result in a singularity.

It is interesting to observe that both feature limitations when used for performance
prediction: k1 is efficient in individuating singularities, but it doesn’t say anything about the
singular values apart from the smallest one. The case for manipulability is even worse, as it
may increase by increasing any g;, which may however have no effect on getting further from
an actual singularity. A more apt index to identify what’s the worst performance attainable
for a robotic manipulator in a certain configuration has been developed by Olds [155]. This
index identifies in which direction the surface of the ellipsoid is closer to its centre, and can
be expressed as:

1 (5-14)

max /7],

Uworst =

Where]i_1 is the i-th row of J~1. This quantity is called the Worst Case Velocity Index,

and it defines the end-effector velocity attainable in the less favourable direction with
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current manipulability ellipsoid. More complex indexes have been developed as well [25],

mostly for design purposes rather than for kinematic optimal control.
5.4 Fixed-base simulations and results

5.4.1 Fixed- base simulation setup

In order to compute kinetic energy and the afore-mentioned indexes in the whole
workspace, a straight-path workspace approach has been followed. That is: the usual 3 DoF
manipulator (redundant in the plane) has been initialised with a starting end-effector
position has been chosen, xj,;; = [0.4678; —0.000], and the end-effector has then been
moved along rectilinear trajectories along a number of directions trying to cover as much of
the workspace as possible. Each trajectory has been considered to have reached the
workspace boundary when one of the joint velocities or the end-effector error have been
deemed too high. The threshold has been set to be 2 rad/s for velocities, and 0.03 m for end
effector error. It should be noticed that a high end-effector error means the algorithm
doesn’t work, so the latter condition has never been reached for fixed-base. The simulation
has been repeated for five initial joint configurations, all of them featuring the same end-
effector initial position. Such initial joint configurations have been chosen keeping the end-
effector fixed and choosing five equidistant positions for the first joint, covering its whole
possible range without changing the end-effector position. Two of them are such that the

second and third joint are aligned, all the values are reported in Table 5-1.

Table 5-1 Initial configurations for workspace analysis

Initial configuration # ‘ Joint 1 position ‘ Joint 2 position ‘ Joint 3 position

1 ‘ 0.4009 ‘ -0.6233 ‘ 0
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2 0.2004 0.0374 0.6474
3 0 0.3269 -0.7541
4 -0.2014 0.6015 -0.6484
5 -0.4028 0.6233 0

Considering this 5 starting position and the three algorithms that have been selected

to the part of the study, this gives a total of 15 simulated workspaces..

Simulations are performed with a simulator based on the general architecture

presented earlier in the thesis, in Figure 3-2. Two components have been added to the

algorithm: the first input is now provided by a Workspace Explorer component, while a

Workspace limit observer is used to stop the simulation of each trajectory.

The algorithm now works as follows:

1. Aset of directions is required as input from the user.

2. The Workspace Explorer sets the first direction to explore.

3. The Kinematic solver moves the End Effector along the desired trajectory.

4. Aforesaid kinematic indexes are calculated along the motion.

5. A Workspace Limit Observer checks if joints velocity limit or end effector

position error are violated. If yes, the kinematics solver quits the simulation

and the final length of the trajectory is stored.

6. The Workspace Explorer picks another direction to explore till all pre-set

directions are explored.
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Since every trajectory is independent from the others, this workspace exploring
algorithm can be run using parallel computing to explore several directions at the same time,
which speeds up calculation times and allows for a very high angular resolution of the
workspace. Trajectories used for this kind of analysis are not only rectilinear, but they also
feature constant end-effector speed. This is not fully realistic, as it produces an acceleration
and peak on the first point of the trajectory. However, a different velocity profile would result
in different parts of the workspace having different end-effector velocities, which would
influence the results of workspace limits and kinetic energy, making it hard to compare

results from different zones of the workspace itself.

The directions explored for each initial joint configuration and each algorithm are
512, equally spaced at /256, which is this the angular resolution of the analysis, resulting in
7260 simulated trajectories. The end effector velocity is 0.05 m/s which, considering a time
steps of 0.001s, gives a radial resolution of 5 * 10~5 m. Considering that the kinematic
indexes and kinetic energy are measured at every single time step, this provides an amount

of data in the range of millions for every initial joint configuration.
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Figure 5-1 Simulator layout for workspace analysis

5.4.2 Fixed - base results
5.4.2.1 Qualitative analysis

Before observing results from canonical correlation analysis, it is interesting to have
a look at Figure 5-2 and Figure 5-3, which show contour lines for total energy for initial

configuration 1 respectively for LSV and LMKE.

The distance between every contour line is 0.0004 J. Several peculiarities are worth
noticing in these figures. First of them is that some preferential directions may be evidenced,

and they are roughly perpendicular to the last joint. This does not vary depending with the
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algorithm, which allows to hypothesize that such directions depend on some intrinsic
characteristic of the joint configuration rather than on the computational method chosen.
Observation of similar patterns are confirmed for other configurations examined as well, as

a further example Figure 5-4 and Figure 5-5 show total energy for configuration 2.

Another interesting peculiarity to observe are the wide differences in workspaces
limits and position of singularities depending on initial joint configurations and algorithms,
although not completely surprising, as the problem hereby examined is inherently nonlinear.
LSE algorithm features the smallest workspace size (LSE workspace for configuration 1 is
shown in Figure 5-6 as example), which is something to keep in mind for free-floating robots,
as this is a clearly limiting factor for this solution method. LSV and LMKE, although they
feature much bigger workspaces, are also affected by variability: the only common trait is
that the robotic manipulator often has issues to complete longer trajectories (those passing
through the central region of the workspace), which are more often affected by singularities.
The limits of local algorithm when it comes to long trajectories have already been evidenced

in literature [10].
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Figure 5-4 Total energy for configuration 2 solved with LSV
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Figure 5-5 Total energy for configuration 2 solved with LMKE
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Figure 5-6 Total energy for configuration 1 solved with LSE

Singularities, in particular, appear in figures as points where the contour lines get
very close to each other and brighter in colour, or where the workspace ends way before the
manipulator has reached its full extension. They are not evenly distributed and there’s
apparently no pattern in them. For example, it can be observed that for LSV with starting
joint configuration 3, a large portion of the workspace is not reachable due to the presence
of singularities, as shown in Figure 5-7. One more, all important element to observe is that,
while LMKE algorithm is explicitly based on minimising kinetic energy, although locally, it
does not feature any special improvement over the LSV solutions over full trajectories, as can

be easily observed by comparing the total energy figures for configurations 1 and 2.
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Figure 5-7 Total energy for configuration 3 solved with LSV

The explanation for this lies in the nature of the LMKE algorithm, which is simply
based on weighting the joints depending on their inertia. This means it will use the outermost
joint most, and resort to the ones closer to the base only when this is really needed. However,
the reachability of the robot is of course limited unless the base joint is extensively moved as
well. Due to the local scope of the algorithm, it is not possible to have any clue in advance
when some extensive motion of the base joint will be needed to complete the trajectory. So
it may happen that, at some point, a strong (and energetically expensive) adjustment of the
base joint is needed in order to follow the trajectory. Generally, all algorithms presented so
far are negatively affected by their local scope, which indeed is in most cases a very limiting

condition.
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Figure 5-8 Manipulability for configuration 1 solved with LSV

Figure 5-8 illustrates manipulability contour lines for configuration 1 solved with LSV,
with a distance of 0.001 between them. A structure similar to the one of non-redundant
manipulators, as shown in the literature review chapter, is quite apparent: the centre and
the external region of the workspace feature the lowest values (darker colours), while the
intermediate region is the one with higher freedom of movement (brighter colours). Kinetic
energy contour lines, in Figure 5-9, provide less interesting information, as the manipulator
is moving very slowly, and kinetic energy generally increases in a noticeable way only in the
neighbourhood of singularities. However, comparing the total energy and the manipulability,
there’s a first hint that they’re not strongly related, as contour lines are completely different.
The following paragraphs will show that canonical correlation analysis also confirms this, one
of the most used kinematic indexes doesn’t actually give any significant insight on how

energetically viable it is to reach a certain point in the workspace.
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Figure 5-9 Kinetic energy for configuration 1 solved with LSV

5.4.2.2 Quantitative analysis

Before observing results from canonical correlation analysis, it may be interesting to
have a look at Table 5-2, Table 5-3 and Table 5-4, which show the correlation between kinetic
energy and each kinematic index for different positions and algorithms, respectively LSE, LSV
and LMKE. The first difference can be drawn between LSE and LSV/LMKE: the first one shows
sensibly lower correlation values for all variables. This can be explained by noticing that LSE
is the only algorithm of the three that is acceleration based rather than velocity based. For
LSV and LMKE, joint velocities are weighted by a mathematical formulation mainly involving
the Jacobian matrix, which originates most of the kinematic indexes involved in the analysis.

This provides a joint velocity vector that is more closely related with such matrix. For LSE, the
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computational method is completely different and, as such, the joint velocities are more

responsible of the variation of kinetic energy than the Jacobian.

Table 5-2 Correlations of kinematic indexes with kinetic energy for LSE algorithm

LSE Man. Dyn. Cond. Inertia Matrix Worst case
Man. Number | spectral radius | velocity index
1 54.51% 53.85% 45.10% 53.73v 53.42%
2 53.63% 58.36% 45.81% 50.76% 51.83%
3 53.36% 58.79% 45.42% 50.84% 51.62%
4 52.16% 56.33% 49.79% 52.08% 51.04%
5 55.18% 54.54% 45.91% 54.40% 54.12%
Table 5-3 Correlations of kinematic indexes with kinetic energy for LSV algorithm
LSV Man. Dyn. Cond. Inertia Matrix Worst case
Man. Number | spectral radius | velocity index
1 34.06% 70.37% 71.57% 55.18% 30.05%
2 32.25% 73.00% 63.10% 47.05% 31.81%
3 36.17% 75.77% 50.19% 50.27% 38.64%
4 50.80% 71.15% 62.24% 61.07% 51.05%
5 34.05% 70.36% 71.55% 55.15% 30.04%
Table 5-4 Correlations of kinematic indexes with kinetic energy for LMKE algorithm
LMKE Man. Dyn. Cond. Inertia Matrix Worst case
Man. Number | spectral radius | velocity index
1 21.37% 68.44% 72.24% 41.03% 18.13%
2 20.32% 70.49% 72.49% 37.38% 16.91%
3 24.65% 72.10% 69.32% 39.43% 21.86%
4 25.39% 71.63% 68.43% 40.68% 23.00%
5 21.43% 68.36% 72.23% 41.19% 18.17%
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More in detail, the LSE shows correlations in the range 45%-58% for all variables. The
most correlated one with kinetic energy is indeed the dynamic manipulability, showing a
correlation in the range 53.8%-58.8%, while the lowest one is the condition number, showing
values between 45.1% and 49.8%. All the other kinematic indexes are instead correlated with
values around 50%. This is generally too low to consider them relevant for the design of a

kinematic planning algorithm.

When it comes to Moore-Penrose pseudoinverse solution (LSV), the difference is
remarkable, in that the correlation with dynamic manipulability is in the range 70.3-75.8%,
with the condition number being also noticeably correlated, in the range 50.2%-71.6%. The
lower boundary of the range shows a correlation that is too small to be significant. However,
looking at previously shown Table 5-3, it gives an insight on the condition number behaviour
respect to kinetic energy when the LSV algorithm is used. When the workspace size is
reduced (i.e. when a high number of singularities is present), the correlation between kinetic
energy and condition number decreases. For example, initial joint configuration number 3
solved with LSV algorithm features a reduced workspace due to a high number of singularities
on the top left side, as previously shown in Figure 5-7, and correlation is low. Manipulability,
on the other hand, is not strongly correlated with kinetic energy for LSV solutions, with the
correlation value being in the range 32.2%-50.8%. Manipulability has sometimes been
proposed as a good index to base singularities avoidance algorithms ([12]), and it can indeed
prove its worth for this purpose. It is however not the most significant index for kinetic energy
minimisation. The other two variables examined, inertia matrix spectral radius, and worst-
case velocity index, feature correlations respectively in the range 47.1%-61.1% (with most

values around 50%), and 30-51%.
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The correlations between configuration-dependent indexes for LMKE is slightly
different, with dynamic manipulability being in the range 68.4% — 72.1% and Jacobian
condition number in the range 68.4% -72.5%. The former is slightly less correlated than in
the LSV case, while the latter is more correlated. On the other hand, manipulability feature
correlation in the range 20.3%-25.4%, while the range is 37.9%-41.1% for the inertia matrix
spectral radius, and 16.9%-23% for the worst case velocity index, showing that in the LMKE
case the only really correlated indexes are dynamic manipulability and Jacobian condition

number.

At this point, it is clear canonical correlation analysis requires some extra attention
to be put on the linear combination of dynamic manipulability and Jacobian condition
number. Correlation coefficients for the case with only dynamic manipulability and Jacobian
condition number, and for the one with the whole set of the five static indexes are presented
for the cases LSV and LMKE respectively in Table 5-5 and Table 5-6, for each initial
configuration. In the LSV case, the difference spans from 1.4% to 4.3%, while for LMKE it is in
the range from 5.6% to 5.8%, showing more uniformity, possibly because of the lower
number of singularities. Canonical coefficients are harder to interpret than correlation: their
values can be observed in Table 5-7 and Table 5-8 for the whole set of configurations with LSV
and LMKE. Results for LSV show no uniformity, apart from the fact that dynamic
manipulability coefficient always stand out as the highest one. Apart from this, no other
patterns are recognisable (coefficients for all other kinematic indexes do not even feature
same sign). This changes for LMKE, for which again dynamics manipulability is the highest
scoring variable, which can be expected due to its dependency on inertia matrix and Jacobian,

which resembles kinetic energy formulation. The coefficients for all the other indexes are
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generally more stable than with LSV case, featuring the same sign for all configurations and,

apart from manipulability, also the same order of magnitude.

Table 5-5 Canonical correlation of dynamic manipulability and condition number with kinetic energy

1 2 3 4 5
LSV 73.55% 73.97% 75.93% 73.38% 73.54%
LMKE 73.05% 74.45% 74.50% 73.75% 73.02%
Table 5-6 Canonical correlation of the full set of indexes with kinetic energy
1 2 3 4 5
LSV 75.83% 77.84% 77.36% 77.70% 75.83%
LMKE 78.54% 80.12% 80.08% 79.48% 78.49%
Table 5-7 Canonical coefficients for LSV
LSV 1 2 3 4 5
Man. -9.3401 3.1711 -17.7220 | -45.8844 -9.2247
Dyn. Man. 82.7259 100.5888 | 106.7686 52.3402 82.9785
k 0.0408 0.0676 -0.0026 0.0608 0.0405
p(4) -6.8033 -7.7683 2.8284 5.0497 -6.8595
Lworst -0.0816 -1.2814 0.4824 15.0330 -0.1262
Table 5-8 Canonical coefficients for LMKE
LMKE 1 2 3 4 5
Dyn. man. -20.2199 -2.4697 -9.6742 -17.5337 -20.0768
Man. 46.2659 42.1089 57.8107 58.1065 46.0321
k 0.1474 0.1694 0.1265 0.1223 0.1489
orst -6.1832 -8.4395 -6.8359 -6.6226 -6.2377
p(4) 5.6048 1.2729 2.0837 5.0609 5.6025
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At this point, some hypothesis can be formulated about the best approximator for
kinetic energy with a linear combination of configuration dependent indexes. It seems
sensible not to use results from LSE, as the objective of the algorithm is not related to the
minimisation of kinetic energy and correlation coefficients are pretty low, meaning it is
probably not particularly helpful. LSV gets closer to the objective, by featuring higher
correlations. Still, it features two issues: its coefficients are quite variable depending on the
initial configuration, making a choice hard, and its objective is optimising the norm of joint
velocities rather than kinetic energy. LMKE is not only more related, as the cost function is

kinetic energy, but it also features more uniformity in correlations.

A local approximator for kinetic energy, as described by equation (5-9), can thus be
developed averaging the canonical coefficients with LMKE algorithm for all the starting
configurations. Since most of the coefficients are do not show high correlations with kinetic
energy, only dynamic manipulability and condition number are part of the index, as the other

variables do not seem to be relevantly correlated. The formula used is:

KI = 31.0116 *dyn.m.+ 0.1234 * k (5-15)

This function represents a configuration-dependent index that is highly correlated
with kinetic energy, and it is supposed to convey as much information about kinetic energy
as possible. However, in next chapter, it will be used as an approximation of kinetic energy
within an optimisation algorithm, showing that local functions depending solely on the
manipulator joints configuration hardly have any capability to predict the behaviour of a

dynamic quantity such as kinetic energy.
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5.5 Free-floating manipulators analysis

5.5.1 Scope of the analysis

The fixed-base case computation is useful to observe the peculiarities of the
workspaces generated by each algorithm. Particularly, the LSE method, which is the closest
one to those actually used on free-floating manipulators ([109]), generates smaller
workspaces than the others. This limit has already been observed in literature [92].
Furthermore, it is to be observed that the base attitude must be kept stable to respect its
stability requirements. This enforces and extra-constraint on the angular velocity of the base
spacecraft, and it will be shown that indeed the results are almost the same with all the three

algorithms presented so far, due to the fact that the extra degree of redundancy is lost.

On the other hand, Vafa and Dubowski [92] also observe that, if the base attitude is
actively controlled, the workspace of a free floating manipulator can be increased, although
it won’t reach the size of a fixed-base one (or, more precisely, it will tend to the size of a
fixed-base one as the moments of inertia of the base increase). This is also very interesting
for the purpose of optimisation algorithms, as the use of an attitude actuator could not only
increase the workspace, but provide an extra degree of freedom, which in turn would allow
to optimise a cost function on top of kinematic constraints. The analysis that is performed
here for free-floating manipulators is aimed at assessing how the workspace is changed by
the inclusion of an attitude actuator, a reaction wheel, among the actuator controlled
degrees of freedom. This is relevant for the research questions asked in this thesis as an extra
degree of freedom provided by the ACS allows to solve the IK problem with redundancy
resolution methods that are used for fixed-base manipulators, provided that the Jacobian is
updated according to the new configuration. In order to perform this analysis, two steps are

performed:
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1. An extra constraint is added to the Jacobian, enforcing the base rotation rate to be
equal to 0 with an extra row. It is then shown that there is no difference between
minimization of manipulator momentum transmitted to the base, and enforcing a

constraint on the base while using velocity-based inverse kinematics schemes.

2. A simple ACS constituted by a reaction wheel has been added to the Jacobian,
constituting an extra column. This restores the redundancy to the manipulator,
allowing to make use of any optimisation algorithm same as for fixed-base
manipulators. In this case, a simple local optimisation has been used for
demonstration purposes, but solution methods as the ones developed in this thesis

can be used as well.

The scope of the analysis is thus to evidence how the ACS allows to retain freedom
of motion for a free-floating redundant manipulator beyond the workspace that can normally
be accessed through reaction minimizing solutions. It is thus argued that energy minimizing
solutions exploiting concurrent control of the manipulator and the ACS bear their own
advantages for operating space manipulators over reaction minimising solutions. The main
tool used for this analysis is manipulability contour plots, which will be used as a measure of

overall manipulator freedom of movement.

5.5.2 Simulation setup
The free-floating problem is much more mathematically complex than the fixed-base

one, as the Jacobian and Inertia Matrix feature an increased degree of complexity.

For a planar manipulator such as the one used here, the base spacecraft has only one
angular velocity, which is here identified with the symbol ¢, coherently with ¢ being used

for the spacecraft angular position as mentioned in the chapter dedicated to mathematical
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background. In order to actively control it, a further row is added to the Jacobian. The direct

kinematics problem then results into:

X 11 Jiz J13][d1 (5-16)
yiI={/21 J22 ]23] [42]
ol Us1 Jz2 J33llgs

Where the Jacobian is no more redundant and the last row has been obtained by
rearranging the conservation of angular momentum as per (3-26). The full terms have been
omitted due to their complex formulation. A similar procedure is then performed by adding

a reaction wheel with fixed inertia, resulting in:

) Sz b hal| 2 5-17)
}.’=]21 J22 J2z Ja q~2
P 31 J32 J3z Jza w3

RW

Where wpyy is the reaction wheel rotational rate. In what follows, LSE and LSV based
examples use the Jacobian as per equation (5-16), while the LMKE examples are computed

with Jacobian (5-17).

The rest of the simulation set up is similar to the one already introduced for the fixed-
base case, but with two differences: although the same initial end-effector position has been
used, only one initial configuration is sufficient to demonstrate the workspace differences
with and without ACS, so only configuration number 4 has been used. The other difference
is that the angular resolution has been reduced for this case, due to the increased
computational complexity and the lack of need for a statistically relevant quantity of data.

The chosen angular resolution is i. Manipulability contour lines will be used to show that

the reaction wheel can help to retain the manipulator freedom of movement in areas of the

reachable workspace where it would normally be absent. Workspaces without reaction
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wheel are presented first, with results with the reaction wheel following afterwards. In all

cases, the end-effector is moved in rectilinear trajectories at a speed of 0.025 m/s.

5.5.3 Results

Figure 5-10 and Figure 5-11 respectively show the manipulability characteristics of
the straight-path workspace of a free-floating manipulator without reaction wheel for LSE
and LSV, when All workspaces are represented with manipulability contour lines at a distance
of 8E-7. It is easy to see that the two results are almost the same. Since there is no
redundancy involved, either the minimisation of the reactions, or equating to zero the
rotation of the base spacecraft, exploit the extra degree of freedom, producing the same
result. This is not true when a reaction wheel is used, which provides a further degree of
freedom, leaving room for an optimisation task on top of the base spacecraft rotational

constraint.

04+

0.2

y[m]

0.2

0.4 |

0.6 I I I .
-0.6 -0.4 -0.2 0 0.2 0.4

x[m]

Figure 5-10 Free-floating manipulator workspace with LSE algorithm
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Figure 5-11 Free-floating manipulator workspace with LSV algorithm

The reaction wheel, as already seen, allows to insert a further column in the Jacobian
of the manipulator. The momentum conservation equation constitutes a non-holonomic,
non-integrable constraint for the motion. Such a constraint can usually require the base
spacecraft to rotate in order to be satisfied, since momentum can be generated from the arm
motion, which must be countered by the base. A reaction wheel can be used to counter the
momentum instead of having the base rotate, allowing it to be kept stable. In fact, it can
“store” some of the momentum by its rotation, which can be later discharged. One further
workspace simulation has been performed with LMKE algorithm in order to show what
changes this implies. The results, again with manipulability iso-curves distant 8E-07 from
each other, is shown in Figure 5-12. It is possible to notice that this figure can be roughly
divided in two zones: one where the manipulability iso-curves are very close, and thus
manipulability changes a lot, and one where it is much less variable. The position of the

reaction wheel does not appear in the Jacobian, and thus does not change the relationship
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between the joints velocities and the EE (or base) velocities, nor it introduces extra
singularities. It is in fact trivial to observe that, for planar motion, the wheel inertia does not
depend on its rotational position. From this, the conclusion is that there is an internal region,
closer to the reaction free part of the workspace, where the motion is mostly achieved by
the use of the manipulator actuators. Outside of this region, the manipulator is no more able
to provide reaction-free motion, and the reaction wheel is mostly in charge for the
accomplishment of the motion. In this case, the configuration of the robotic arm will still
change, but not as much as in the reaction-free region, keeping manipulability more stable.

If true, this somewhat confirms the results presented in literature.
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Figure 5-12 Free-floating manipulator workspace with reaction wheel with LMKE algorithm
The stroboscopic plot of a sample trajectory, computed with LMKE, is shown in Figure
5-13, with the joints and reaction wheel velocities being shown in Figure 5-14 and the
manipulability in Figure 5-15. Colours for the joints are blue for the first joint, red for the

second, and yellow for the third, while the reaction wheel is shown in purple. The reaction
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wheel is very expensive from the energetic point of view, and thus the kinetic energy locally
minimising algorithm tries to avoid its use as much as possible if the motion can be
accomplished without it. Once the limits of the reaction free workspaces are reached, around
time 0.6s, the algorithm makes extensive use of the wheel in order to keep the base
spacecraft in position. At this point, the manipulability is totally stable and almost doesn’t
change. This result is aligned with existing literature [93] and shows that attitude control
system can be used to increase the degree of redundancy of a free-floating manipulator and
to implement optimisation methods on the motion planning of such manipulator.
Incidentally, it is also shown that a local kinetic energy minimisation may imply higher
expense later in the trajectory, supporting the case for a prediction-based minimisation

algorithm such as the one developed in next chapter.
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Figure 5-13 Stroboscopic plot of a sample free-floating trajectory

196



351

25

Joint velocities [rad/s]
1

0.5

At

15

| | | | | B - = —1 _ 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time [s]
Figure 5-14 Joint velocities of a sample free-floating trajectory
%1078
3k
25
=
3
=
3
2 y
5 %
g )
15
1k | | | | | ~ | B }
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time [s]

Figure 5-15 Manipulability of a sample free-floating trajectory
5.6 Conclusions
In this chapter, the workspace of a simple redundant manipulators has been analysed
in a systematic way. First, kinematic indexes that are related to the configuration of a robotic

manipulator have been introduced, alongside with their relationship with the manipulators’
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singularities. After this, canonical correlation has been introduced as an instrument to
analyse the links between such indexes and kinetic energy, evidencing which kinematic
indexes influence the kinetic energy of a manipulator most. An analysis has been performed
on the workspaces of fixed-base manipulators, observing the complexity and nonlinearity of
the relationship between manipulator configuration and energy. A linear combinations of
dynamic manipulability and condition number has been evidenced to be the closest
correlated function to kinetic energy. Such combination will be used in next chapter within a
local algorithm to illustrate the fundamental incompleteness of knowledge regarding energy
consumption when only local configuration-related information is considered. Finally, the
extensibility of results to the free-floating case has been investigated, by adding a reaction
wheel as an attitude control actuator to be used in conjunction with the manipulator joints.
Such actuator has been controlled through the same Jacobian as the arm. The effect of the
reaction wheel on the manipulator kinematics has been discussed and presented though

simulation of the manipulator free-floating workspace.
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Chapter 6. A local method based on the prediction of future

kinetic energy integral

6.1 Introduction

In this chapter, a novel online inverse kinematics method for redundant
manipulators is introduced and compared with three existing algorithms. Such a method can
consistently reduce kinetic energy integral during the manipulator motion. The underlying
principle of the algorithm is to estimate the direction of minimum kinetic energy expense by
optimising a local approximation of the future kinetic energy integral. The prediction, which
does not need to be updated at every time step, has been performed in two different ways:
with the exact formula of kinetic energy to illustrate the validity of the approach in reducing
kinetic energy, and with the kinetic-energy correlated function that has been derived in last
chapter, to further show how kinetic energy results are unpredictable when the prediction is
solely based on local variables. The prediction can be computed with a restricted number of
parameters, resulting in a limited computational cost. As a result, the proposed method has
enhanced singularity avoidance capability, alongside with well-behaved trajectories from the
energetic point of view. Although the predictive algorithm does not involve Jacobian
inversion in itself, its solution has been used as an extra task in a pseudoinverse-based inverse
kinematics scheme. This provides precision tracking and allows to use the new method

alongside existing pseudoinverse related theory.

As previously outlined, extra task formulations do exist to overcome singularities, which
are the most catastrophic failures of local algorithms. Jacobian singularities imply that a

certain end-effector velocity is not attainable with finite joint velocities, and of course such
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situation should be avoided in practical manipulators: much before reaching the singularity,

high velocity and vibration may cause physical damage to the manipulator.

While this occurrence has long been mitigated by the use of specific singularity
avoidance algorithms ([6], [11]), this only allows to prevent extremely suboptimal
trajectories, but doesn’t guarantee any optimality or near optimality from the energetic point
of view. In order to obtain an energetically optimal trajectory, future energy cost has been
here explicitly formulated, computed and taken into account. In order to compute its value
as quickly as possible, the algorithm hereby presented relaxes the requirements for full
optimality over the prediction horizon, choosing to limit the number of future path points
taken into account and the frequency of updates of the prediction, which is not recomputed

at every time step.

This chapter is organised as follows: first section presents an overview of the chapter
and the methodology used for investigation, then the mathematical formulation of the new
algorithm and the parameters of the optimisation are introduced. Afterwards, numerical
results to validate the algorithm are presented and discussed. The chapter is completed with
an analysis of the new algorithm’s main parameters and main drivers in their choice and

setting.

6.2 Mathematical formulation of the new predictive algorithm

The new algorithms hereby presented are both based on the possibility, widely
exploited in literature to superimpose a further constraint to a pseudoinverse-based solution

through the following formulation, already mentioned in previous chapters:
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q=J"v+UI-J"Dqo (3-12)

The homogeneous solution g is in this case used to add a further term based on an
integral cost, such as the ones typically used in optimal control problems [139], comprising
the integral of squared end effector error along the trajectory plus the kinetic energy integral
along the trajectory. In the case where the whole length of the trajectory is optimised at

once, a widely used expression which has already mentioned before in this document:

Lfin (3-32)

C(q,u, t) = f [(x(q) - xref)TQ(x(q) - xref) + uTR u] dt

to

Final time tr;, doesn’t however need to be the time when the manipulator motion is
completed. It is possible to define a time horizon h, much shorter than the whole motion
time. In this case, rather than optimising a control cost over the whole trajectory, it would
only be optimised over a time window that extends from present time ¢, to future time t, +
h. Furthermore, the quadratic control cost in the general case can be any motion-related

function. The discrete formulation used for the PMKE algorithm developed by the author is:

Cq.q = Z [(xi(q) — xi,ref)TQi (x:(q:) — Xirer) + G(q,4,t) 14t (6-1)

i=t0

Xiref is the reference end effector positions at time i, x; the actual end effector positions
attime i, K; ¢, is the error weight matrix at time i, , g; the joint velocities at time i, At is the
discrete time step and G(q, g, t) is a control cost function. For finite horizon optimisation, as
in the case presented here, t¢;, is dropped in favour of a closer time ¢ + h, where h is a finite

time horizon.
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Computing such a cost for a real-time tracking algorithm is expensive and time
consuming. For this reason, the algorithm hereby proposed exploits the pseudoinverse
solution to track the trajectory instead. The integral cost is used instead to provide a velocity
vector prediction POINtiNg to the direction where kinetic energy integral is expected to
feature the lowest value for the chosen trajectory. This velocity vector is used as an extra

task added to the motion through the Jacobian null-space as per (3-12).
The steps of the algorithm are as follows:

1. A horizon his selected.

2. A prediction step size AT is selected. It is a multiple of the pseudoinverse

algorithm step size At and it is generally much larger.

3. Anupdateintervalsize I is selected. It is a multiple of the pseudoinverse step

size At, but it is generally smaller than AT.

4. Expression (74) is optimised with sampling times t = ty, + AT, ...ty +
hAT. Any deterministic optimisation algorithm can be used, for example any
gradient descent method. This provides a prediction for a future window that

is defined here as prediction window T, = h = AT.

5. The solution of the optimisation at point 4 outputs a set of h joint
configurations, for the h sampling timest = t, + AT, ..., ty + hAT. The set
of these points is from now on referred as {qprediction}- A specific point in

the set is referred with its sampling time as a subscript, with a notation such

as qar.
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6. A4-thorder spline interpolation from qg to qpar, passing from all the points
in the set {qprediction} is computed. Endpoint conditions of the interpolation
are set so that q and ¢ at qq are set equal to the ones reached by the
manipulator at time ty, and are set to zero at gpar. This ensures the resulting
spline won’t have large slopes in the interval of interest. The resulting spline

is from now on referred as qurediction = f(t)-

7. For each step i in the update interval I, the trajectory is computed with
pseudoinverse method as per expression (3-12), using the error between

previous q;_q and the computed value of qprediction 3s @ secondary task.

. _ Qprediction ~ 9i—1 (6-2)
qsecondary - dt

8. Once I time has passed, steps 4 to 6 are repeated for the new update

interval, using the last time step of previous interval as t,.

9. Steps 4-8 are repeated till the amount of time before the end of the

trajectory is T,.

10. Steps left at this point are computed with the last computed qprediction-

Two version of the algorithm are presented here, differing in the control cost
G(q,q,t). The first one has been called Predictive Minimisation of Kinetic Energy (PMKE),
and it uses kinetic energy as control cost, while the second one, defined as Predictive
minimization of kinematic indexes correlated with kinetic energy (PMCI), is different in that

it uses the approximation of kinetic energy developed in last chapter as control cost. The first
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formulation is the main research contribution of this chapter, while the second one is
provided for comparison, in order to show the difficulties in improving the kinetic energy
integral of a trajectory by only using local information from the manipulator configuration.
Such difficulties persist even when trying to optimize locally defined variables in a predictive

way, as the PMClI algorithm does.
Thus, the formulation of PMKE control cost is, as usual with kinetic energy:

1 . (6-3)
quTW(qi)ql

Where W(q;) is the configuration dependent inertia matrix. The formulation of the control

cost based on correlated indexes is instead as per formula (5-15):

KI = 31.0116 *dyn.m.+ 0.1234 * k (5-15)

This formulation will be used, in lieu of kinetic energy, to assess if a control cost only
dependent on characteristics of the manipulator configuration can be used instead of a cost

containing velocities, such as kinetic energy.
6.3 Validation

6.3.1 Validation strategy

It has already been explained in previous chapters that local algorithms are harder
to evaluate than global algorithms because they are not built to find the best optimum, but
rather to find a reasonably good optimum in a reasonably short time. Furthermore, for
nonlinear problem like inverse kinematics, a local algorithm might be good for a specific set

of trajectories and be inadequate for another. This happens because finding the best solution
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at a given time step might be detrimental for the performance at future time steps, and most

of the times there’s no precise way to tell in advance.

Five different algorithms are compared in this chapter, with the classic LSV used as a
datum, and the other ones reported in terms of variation respect to LSV. The first three are
the same ones that have been used in the workspace analysis, and the last two have been

presented within this chapter.

1. Moore Penrose pseudoinverse (LSV).

2. Local minimization of kinetic energy (LMKE).

3. Local minimization of the reactions (LSE).

4. Predictive minimisation of kinetic energy (PMKE).

5. Predictive minimization of kinematic indexes correlated with kinetic energy

(PMCI).

It has been highlighted that an analysis based on the results on a big sample of
trajectories is necessary, since the behaviour of local algorithms might vary a lot depending
on the trajectory, and thus good (or bad) results on a few simulations do not allow to make

any assumption about the overall quality of a specific solution method.

In order to provide data for a complete analysis, an initial end-effector position has
been chosen very close to the boundary of the workspace, and simulations have been
performed in every direction, and starting from different joint configurations (all of them
with the same end-effector position), in a similar fashion to what has been done to analyse
workspaces. Indeed, starting joint configurations that will be used here are the same, as per
Table 6-1.
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Table 6-1 Initial configurations for local algorithm analysis

Configuration # Joint 1 position Joint 2 position Joint 3 position
1 0.4009 -0.6233 0
2 0.2004 0.0374 0.6474
3 0 0.3269 -0.7541
4 -0.2014 0.6015 -0.6484
5 -0.4028 0.6233 0

Differently from the method used for the workspaces, however, simulations
performed here feature a more realistic end-effector trajectory, as per formula (3-34), as it
was done for the global planner. This allows to have continuous and smooth end-effector
velocity and acceleration along the whole trajectory, comprising initial and final point. For
each of the initial configuration shown in table, the end-effector motion has been simulated
in three different directions. One of them has been set to pass through the origin, featuring
thus an angle of it (opposite direction as the x axis), while the other two are separated from
the x axis by angles of 1/8m and -1/8m, featuring thus directions of 7/8m and 9/8r respect to
initial end effector configuration. Trajectories have been simulated of three different lengths:
0.10m, 0.40m, and 0.70m. This choice is meant to highlight the behaviour of the case study
algorithms different lengths of trajectories. Circular trajectories with radii of 0.15m and

0.25m have also been simulated for each starting configuration.

For all these simulations, kinetic energy has been computed and compared, without
including singular trajectories. All the results have been compared considering the average
performance of the algorithms on specific subsets (e.g. circular trajectories or rectilinear

trajectories of a specific length).
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6.3.2 Parameters description

The full list of parameters to be involved in the algorithm are inverse kinematics time
step size At, predictive optimisation time step size AT, horizon h, update interval /. This
section explains their meaning and the value that has been chosen for the simulations
performed for the purpose of this work. A sensitivity analysis will be presented later in the
chapter. It is to be noticed that some of these parameters are necessarily different between

the two versions of the predictive algorithm.

Inverse kinematics time step size At: this parameter has been set to 0.001s. This is a
standard value for inverse kinematics problems, widely used in research and industrial

environments.

Prediction time step size AT and horizon h: these altogether determine the prediction
window Tj,, which in turn determines the ability of the algorithm to be able to take into
account future issues that could otherwise undermine the quality of the solution. The two
parameters must be balanced considering that, for a fixed T}, having a bigger h and a smaller
AT allows for better resolution of the prediction, making it less likely for the algorithm to
pursue local improvements over global ones. However, it also implies longer computational
times. The horizon h doesn’t really influence the prediction for PMCI, since it is based on
variables that only involve joint displacements. Thus, optimising them means finding the
lowest value at the end of the prediction time T,, without considering intermediary steps.
This means that for PMCI, h can be set to 1, and AT = T,. Things get more complex with
PMKE, which involves joint velocities between the steps, thus requiring to consider a horizon

h > 1, in order to limit the chance of unexpectedly high velocities within the prediction
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window. This makes things slightly more complex, however for the robotic manipulator
hereby presented satisfactory results are reached for an h value of 2. Thus, it has been limited
to this value to avoid computational complexity. This means that, for PMKE, AT = T, /2. This
leaves the question open about how to choose Tj,. Increasing it doesn’t change the
computational complexity, which is only influenced by h, however a prediction too far in the
future might not have the best influence on current path point, since only 1 or 2 path points
are actually included in its computation, meaning that those in between are not considered.
If their number grows too large, the prediction isn’t realistic anymore. Furthermore, it is hard
to establish a proper T,, because a value that is good for certain trajectories doesn’t
necessarily fit others: some of them might benefit of a longer prediction window, while some
others might prefer a short one, which makes it difficult to develop a tuning strategy. For the
simulations presented this thesis, the value of the prediction window has been set to 20% of
the simulation time. This means that, for trajectories with simulation time of 1s, the
algorithm will include an expectation of the value of the future control cost for up to 0.2s for
PMKE and 0.1s for PMCI, corresponding to respectively 200 and 100 inverse kinematics time
steps. This means that AT equals to 0.1s for both PMKE and PMCI. This value rests on the
assumption that no energy wasting phenomenon will take place in the first 0.1s of the
trajectory, which sounds reasonable considering that the end-effector velocity is very low in
the first part of the trajectory, and that only a very small distance is covered during it. For the
rest of the trajectory, the optimisation algorithm works as planned, computing a rough
prediction of the control cost integral, and considering it as a secondary input of inverse
kinematics through null-space projection. Further discussion about the choice of these

parameters can be found later, in the section Parameters Drivers.
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Update interval I: the update interval is the variable that decides how often the
prediction of the control cost is updated. It should be ideally set as big as the time step At,
but this would slow down the algorithm much beyond what’s acceptable for real time
computation. Real time computation on MATLAB and on the test machine used takes 0.0449s
on average each time the prediction is updated for PMKE, and 0.0155 for PMCI. An
acceptable time is thus 0.050s. Improved versions of the algorithm or superior test machines

might allow to reduce these values even further.

Their values have been set as per Table 6-2.

Table 6-2 Parameters used for the local algorithm

Parameter At [s] AT [s] H I[s]
PMKE 0.001 0.1 2 0.05
PMCI 0.001 0.1 1 0.05

6.3.3 Simulation results

Since the number of simulations is very high, their results are compared through
tables featuring average values, rather than by figures for every trajectory. Tables are
presented in ascending order respect to trajectory length. Trajectories are divided in
rectilinear and circular, and a different table is presented for the two sets. Each line of the
table represents a set of trajectories with the same length, and it shows the mean of kinetic
energy integral, alongside with its difference in term of percentage with the LSV case, which
is used as reference. The percentage of singular trajectories for each algorithm is also
highlighted. Trajectories have been considered singular if power exceeded 100W at any point
of the trajectory, or if the inverse kinematics numerical solver failed straightaway.
Occasionally, especially for the LSE algorithm, all trajectories of a certain length are singular.

In this case statistical variables are omitted.
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Table 6-3 Local algorithm results for rectilinear trajectories

Length LSV LSE LMKE PMKE PMCI
0.0797 0.0069 0.0061 0.0058 0.0098
0.10m (-13.97%) (-23.68%) (-26.99%) (+23.18%)
% singular 0% 0% 0% 0% 0%
trajectories
0.40m 0.0950 0.1061 0.088913 0.0688 0.1198
(+11.70%) (-6.42%) (-27.59%) (+16.59%)
% singular 13.33% 40% 0% 0% 6.67%
trajectories
0.70m 0.3680 - 0.3327 0.2933 0.3610
(-9,59%) (-20.31%) (-1.89%)
20% 100% 26.67% 0% 33.33%

The results for rectilinear trajectories, shown in Table 6-3, vary depending on their
length: for the shortest ones, with a length of 0.10m, LSV performance is surpassed by all
algorithms except for PMCI both from the point of view of kinetic energy integral
minimization. LMKE features the best performance among algorithms solely based on
pseudoinverse techniques, with -23.68% for kinetic energy integral, while LSE sits between
LSV and LSE, with an improvement of -13.97%. PMKE stands out as the best algorithm for
kinetic energy integral minimization, with -26.99%, showing a slight superiority even to
LMKE. PMCI shows difficulties in providing an optimal solution, with +23.18% for kinetic
energy. This can be explained by the fact that the algorithm optimises a cost function solely
based on joint configuration, as opposed to joint configuration and velocities. This means
that it will have a tendency to reach the best configuration to minimize its cost function, no
matter how much joints velocity will have to be increased to reach it. The results on the
shortest set of trajectory show that, although a local minimisation of kinetic energy such as

the one pursued by LMKE algorithm is effective in minimizing kinetic energy over the whole
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length of the trajectory, the PMKE algorithm can still produce improvements over it by taking
into account the future energetic cost. The PMCI algorithm, on the other hand, suffers from
not including velocities in its control cost, and shows that direct optimization of

configuration-related values is too simple to provide results on a more than local scale.

In the set of trajectories with a length of 0.40m, LSV algorithm shows one further
flaw in that 13.33% of the sample is singular. Furthermore, the results show that LSE
algorithm has lost most of its energetic effectiveness, exceeding LSV kinetic energy integral
values by 11.70%. This happens despite the fact that 40% of the LSE trajectories are singular,
thus reducing the sample to the 60% most energy-effective trajectories. This is also the last
set of LSE trajectories, since those in the set with a length of 0.70m are all singular. It can be
concluded that reaction minimization, while having its merits for the control of space
manipulators, does not provide good performances from the energetic point of view. LMKE,
at this point, shows a reduced effectivity too, although it still has an edge over LSV, with an
improvement of 6.42%. Although these numbers seem quite small, it should be observed
that LMKE features no singular trajectory while LSV, as already mentioned, has a singularity
percentage of 13.33% in this sample. PMKE is the clear winner for this set, featuring no
singularities, and still surpassing LSV by a margin of 27.59%. Once more, PMCI does not
feature satisfying results, with a variation of the kinetic energy integral average value of
+16.59%. Furthermore, it does feature a 6.67% of singular trajectories, confirming that a cost
function based on information about manipulator configuration only is not suitable for the

problem under examination.

The last rectilinear set, featuring a length of 0.70m, is the most problematic one for
local inverse kinematics based methods: the increased length means that probability to incur

into a kinematic singularity is higher, and in fact 20% of the trajectories solved with LSV and
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26.67% of the trajectories solved with LMKE are singular, while LSE method didn’t output any
feasible solution for this set, producing a 100% failure rate. LMKE is still more successful than
LSV at minimising kinetic energy integral, although it should be kept in mind that it also
resulted in a higher number of singular trajectories: it features a kinetic energy integral
average reduction of 9.59%. Although an improvement in kinetic energy integral is visible,
the larger amount of singular trajectories means that the different is possibly negligible.
PMKE is now a clear winner, with an average reduction of the kinetic energy integral as high
as 20.31%. Furthermore, the algorithm produces no singularities. In longer trajectories, the
prediction shows its full capability, allowing to complete them with strong energy savings
compared to traditional algorithms, and decreased risk of singularity. PMCI doesn’t really
compare in this case, with a decrease of -1.89% in kinetic energy integral cost compared to
LSV. Furthermore, it also features 33.33% of singular trajectories, the highest value among
all algorithms except for LSE. The results from rectilinear trajectories show that correlated
indexes don’t compare with actual predictive minimisation of kinetic energy integral, while

PMKE outperforms existing methods on all sets of trajectories.

Table 6-4 Local algorithm results for circular trajectories

Diameter LSV LSE LMKE PMKE PMCI
0.10m 0.0664 0.0586 0.0437 0.0413 0.0667
! (-11.80%) (-34.08%) (-37,72%) (+0.45%)
% singular 0% 60% 0% 0% 0%
trajectories
0.25m 0.3991 - 0.3092 0.3197 0.4120
! (-22.53%) (-19.90%) (+3.23%)
% singular 20% 100% 40% 0% 20%
trajectories
0,40m - - - O.4f122 -
% singular 100% 100% 100% 80% 100%

trajectories
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As shown in Table 6-4, some differences in behaviour can be evidenced on circular
trajectories. It can be observed that these trajectories more issues with singularities, possibly
due to their increased length compared to rectilinear ones, which increases the chances of a
singularity along the way (longest circular trajectory is 1.2566m, 79.5% more than longest
rectilinear trajectory at 0.70m). In fact, the shortest sample is the only one with complete
sets of trajectories, except for LSE which has a 60% singularity rate. Those featuring smaller
diameters taking advantage from both LMKE and PMKE, as they feature a size sufficiently
small to never necessitate any major motion of the first joint (the one that would cause the
highest kinetic energy increase). In a similar fashion to the rectilinear case, LSV is
outperformed by every other algorithm from the energetic point of view, with PMKE being
again a clear winner in this case (-37.72%). LMKE is however a close second, with -34.08%,
while LSE follows at some distance (-11.80%). It should however be observed that LSE doesn’t
really compete due to high number of singularities it features (60%). PMCI does not compete
either, in that it is not able to anticipate increases in kinetic energy, resulting in almost the

same performance of LSV, apart from a small increase (+0.45%).

Looking at the subset with 0.25m as diameter, LSE is unable to provide any solution,
while LSV and LMKE also feature singularities, respectively on 20% and 40% of trajectories.
PMCI as well features 20% of singular trajectories like LSV, continuing the trend of mimicking
its performance on circular trajectories. The overall results in this case are similar to the
previous set, with LMKE featuring the best results (-22.53%), and PMKE being a close second
with a kinetic energy integral reduction of -19.97% compared to LSV. However, PMKE
performance is not affected by singularities, differently from the other algorithm, which

makes its performance more reliable (in fact, considering the singular trajectory, even LMKE
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would be much worse). PMCl is once again close to LSV in behaviour, featuring increased

kinetic energy integral by +3.23%, following the datum very closely.

The final set of trajectories that have been simulated is composed by circular
trajectories with a diameter of 0.40m. All solutions obtained with algorithms without
prediction terms (LSV, LSE, LMKE) are singular, thus comparison between LSV algorithm and
other solutions is no longer possible. PMKE features 80% of singular trajectories (4 out of 5)
and PMCI features 100% singular trajectories too. This result suggests too that PMKE is more
reliable than traditional inverse kinematics algorithm when it comes to singularity free

solutions for motion planning problems, although it is less reliable than with circles of smaller

diameters.
Table 6-5 Local algorithm relative changes compared to LS, for all trajectories
Type of
. LSV LSE LMKE PMKE PMCI

trajectory
Rectilinear - +9.71% -9.19% -21.89% +2.26%
% singular 11.11% 60% 8.89% 0% 13.33%
trajectories

Circular - -11.80% -26.37% -22.78% +2.84%
% singular 40% 86.6% 46.67% 26.67% 40.00%
trajectories

Table 6-5 shows results based on the complete set of 90 inverse kinematics problems
and 450 simulations: the percentages shown are the average changes in value between each
of the subsets that compose the rows of previous result tables. The two versions of the newly
introduced algorithm provided very different results: while PMKE showed to be able to both
reduce energy and avoid singularities, PMCI was by far less trustworthy and its performance
has been very close to a plain LSV. For rectilinear trajectories, PMKE averaged -21.89%

reduction in kinetic energy integral, much better than second best, LMKE, with -9.19%
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reduction of the kinetic energy integral, with 8.89% of solutions being singular. Results with
circular trajectories are more mixed, with LMKE showing a better performance in kinetic
energy integral reduction compared to PMKE (the two are respectively sitting at -26.37% and
-22.78%), but with more singular solutions (46.67% vs 26.67%, mostly concentrated on bigger
circles). Overall, PMKE features a superior ability to reduce energy on rectilinear trajectories,
while also avoiding singularities. Results with PMCI show instead that kinematic indexes
aren’t a good indicator for kinetic energy consumption at all, or at least that more
sophistication is needed to turn them into a viable tool for online optimisation of kinetic
energy. The numbers for this algorithm are an increase of +2.26% for kinetic energy integral
for rectilinear trajectories, and +2.84% for circular trajectories, resulting in values overall very
similar to the LSV, with a comparable number of singular solutions. These results show the
inefficiency of local approximators in properly estimating a dynamic variable such as kinetic
energy. It has been already been commented for the shortest set of trajectory that, since
PMCI optimizes a quantity that is solely configuration-dependent, it actively searches for a
minimum which might be considerably far from the current manipulator configuration,
resulting in an excessive kinetic energy expense to reach it. More generally, it can be said
that it does not provide a solution that is much distant from LSV, and in doing so it causes an

overheard in kinetic energy integral value.

6.4 Observations on the setting of parameters

Previous section showed that PMKE algorithm is a viable alternative to traditional
inverse kinematics algorithm, due to its ability to reduce kinetic energy integral of a robotic
manipulator and reduce risks related to singularities. This leaves however the question open
about its parameters and what’s the best way to set them. For the results hereby presented,

a combination of the parameters that could give reasonably good results without excessively
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increasing computational times has been chosen, however this is not the only possible

choice.

Generally speaking, tuning the parameters of the algorithm without excessively
reducing the computational speed requires a trade-off: it can either be chosen to have
frequent updates of the predicted kinetic energy value, requiring to perform the optimisation
more often, or improving the quality of the prediction itself. The choice of having more
frequent updates lead to reducing the updated interval /, while the choice of improving the
quality of the prediction is more subtle, as the prediction is driven by three different
parameters, the prediction step time AT and the horizon h. If AT is increased while keeping h
fixed, the prediction will span more in future, but an excessive increase in AT may cause the
prediction to become imprecise, as it won’t be able to capture phenomena that require a
faster time step than AT to be observed. Furthermore, with a bigger AT, effective use of the
spline interpolation could become a problem, as the longer AT, the more it would get far
from proper tracking, resulting in excessive velocities for the secondary task of the
pseudoinverse solution. On the other hand, increasing h also means that the prediction will
span for more time in future, without interpolation risks related to an excessive increase of
the time step. However, the computational time will become larger, as increasing h also

increases the number of parameters involved in the simulation.

In order to explore these possibilities, solutions obtained with PMKE and different
update intervals | are compared with a global solution. This allows to check the difference
with the best possible solution. The result with an update step of 0.025s is presented in Figure
6-1 (energy figures) and Figure 6-2 (kinematic figures), while results for globally optimal
solution (with time step reduced to 0.01s) are presented in Figure 6-3 for energy figures, and

Figure 6-4 for kinematic figures.
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Figure 6-2 Joint figures for PMKE solution
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Figure 6-3 Energy figures for globally optimal solution

0.2
E
>0.1
0 L Il
-0.4 0.6
T - — - —— — T
N -
B2
=
4 -
| | | I | | 1 1 I
0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9
time [ms]
s o - - 7_|_ — T —__ T
20 B T ——
R l—
sk
=
8 | | | | | 1 ! I
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time [ms]

the initial joint configuration, initial velocities must be left free if final conditions are specified
as well (in this case, joints velocity at final time must be equal to zero) , which explains why
the global solution, for this case, has non-zero initial velocities. The two solutions output
particularly similar kinetic energy integral values in this case (although this can’t of course be
a general rule, due to the prediction window limited size), being them 0.1852 J for the global

solution and 0.1974 J from PMKE, with an increase with PMKE of only +6.59%. It can overall

Figure 6-4 Kinematic figures for globally optimal solution

As mentioned by Nedungadi et al. [15], when boundary conditions are imposed on
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be observed that MKPE performs a similar task as a global algorithm, but on a reduced
window: it introduces an extra-velocity at the current time step, that will allow for kinetic
energy integral reduction over the whole trajectory. The same trajectory is computed again
with different update intervals / (an with the filter in place again), and their result is
transcribed in Table 6-6, alongside with percentage difference from the global algorithm: it
can be observed that the changes are very small: from an update interval size of 0.025s to
0.050s, the loss in terms of cost function value is only 0.43%, and when the update interval
goes from 0.025s to 0.075s, the percentage loss reaches 2.64%. This suggests that, for
applications for which it is possible to introduce a higher delay, the best strategy is to refine
the prediction rather than reduce the update interval, which is not the key parameter for the

performance of the algorithm.

Table 6-6 Influence of update interval |

Update Interval [s] ‘ Global ‘ 0.025 ‘ 0.050 ‘ 0.075
Kinetic energy Integral 0.1852 0.1974 0.1982 0.2023
11 (+6.59%) (+7.02%) (+9.23%)
Table 6-7 Influence of horizon h
Horizon size 2 3 4 5
Kinetic energy Integral [Js] 0.2108 0.1994 0.1953 0.1928
gy integ (-5.41%) (-7.35%) (-8,54%)
Trajectory computational 2.579 4.659 7.935 13.029
time [s]

Looking at different values of the horizon, increasing it seems instead a profitable
strategy: Table 6-7 shows kinetic energy integral values for the same trajectory, with different
value of the horizon h, alongside with computational times of the optimisation on a laptop

featuring an Intel i7 9™ Generation processor with 32GB RAM. The prediction time step size
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AT has been kept constant to 0.05s, thus resulting in extended prediction window Tj,. It is
easy to notice that higher values of the horizon allow to compute trajectories with lower
energetic cost, while however also requiring a increase in computational time (for
comparison, the trajectories used for the validation required computational times in the
range 1.7-1.9s on the same machine). One further thing to notice is that the biggest decrease
can be observed between a horizon value of 2 and a horizon value of 3 (-5.41%). Further
increases of the horizon value bear minor improvements: going from 3 to 4 produces a
further decrease of 1.92%, while going from 4 to 5 achieves just a 1.19% reduction of kinetic
energy integral. This suggests that the optimal size of the prediction can strike a balance
between computational time and performance, since at some point any improvement in the
horizon will produce high increases in computational time in exchange for modest
performance gains. The exact balance might possibly depends on the scale of the
manipulator: that is, phenomena that increase the kinetic energy of the manipulator do not
involve the whole trajectory at once, but rather a fraction of it. The maximum size of such
fraction, measured as a length, is the optimal size of the prediction window of the PMKE
algorithm. This length needs to be translated into a time to be input into the algorithm as
parameters T, AT and h. In order to do so, it has been considered that the most challenging
trajectories that have been simulated in the thesis are indeed the longer ones of 0.70m and
above. During the algorithm tuning, it has been seen that the prediction on them will be less
effective if the part of the trajectory used for the prediction is shorter than 0.15m. This is
consistent with the workspace analysis presented in previous chapter, which shows energy
dissipating phenomena (singularities) influence their neighbourhood up to distances of the

order of 1E-1m. Having a fixed h for computational time reasons, this makes the prediction
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time step size dependent on the total time to perform the motion T with a formulation such

as:

-
Where the notation |x| denotes the floor of x. This leaves the question open about
how to individuate such window for more complex manipulators. Hypotheses in this sense
could be Monte Carlo methods, or reinforcement learning. Possible future developments
about this topic and all the others touched in this thesis will be further explained in next and

last chapter, which constitutes the conclusions of this work.

6.5 Conclusions

This chapter presented a comparison between three inverse kinematics available in
literature, and an innovative algorithm based on the computation of an approximate
prediction of kinetic energy along the desired end effector trajectory. This has been
presented in two different versions. One, PMKE, is based on the approximate prediction of
kinetic energy, while the other, PMCI, is based on the approximate prediction of a linear
combination of kinematic indexes correlated with kinetic energy. While PMKE proved more
successful than traditional algorithms in minimising kinetic energy, PMCI has served the
purpose of showing that locally defined variables are not a reliable predictor of kinetic energy
of a robotic manipulator. Further studies are required to extend the PMKE to more complex
manipulators, and to develop reliable techniques to compute the optimal prediction window
size. The concept of the PMCI should instead be substituted by more efficient ways to
incorporate the local information obtained from kinematic indexes into energy-saving

optimization methods, perhaps as a tool to select suitable initial conditions.
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Chapter 7.Conclusions and further developments

7.1 Introduction

The inverse kinematics problem of redundant manipulator is a problem that has
always captured the interest of robotics researchers, which in turn have provided a wealth
of solutions for a vast array of cost functions and constraints. Despite being a well established
and well understood field of research, with many practical robotics controllers featuring well-
working inverse kinematics algorithms, many questions still remain open about how to
provide optimal solutions that reduce operational costs and alleviate power requirements,
while incorporating all the different operational constraints that arise from practical
manipulators. This chapter focuses on how the research questions were addressed, how the
results in this thesis contribute to the field of knowledge of inverse kinematics of robotic
manipulators, what limitations exist in proposed solutions, and how these can be addressed
in the future. The chapter is organised as follows: first part reviews the research questions
and the way they have been answered, second part focuses on the contributions to
knowledge, and the third and final part reviews directions of future development of this

work.

7.2 Keyresearch findings

This thesis has presented an investigation on the inverse kinematics problem, with the
two distinct aim to provide novel solutions to the problem both globally and locally. At this
point, it is possible to go back to the research questions asked in chapter 1, and review how

they have been answered by this document.
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1. What considerations are necessary to solve the inverse kinematics problem for
redundant manipulators end-effector trajectory tracking through mathematical

optimisation of energy-related integral cost functions?

This is the first question that has been answered. Particularly, it has been addressed with
the literature review and Chapter 3, dedicated to the mathematical background of this thesis.
Current state-of-the-art has analysed and a number of key findings have been observed.
When necessary, these key findings have been further highlighted in the relevant chapters

discussing the results (4, 5 or 6).

Particularly, it has been observed that many proposed solutions of the IK problem of
redundant manipulators aim at minimising the energy used by the manipulator in some form,
be it the squared norm of joints velocity, or more sophisticated methods involving kinetic
energy or torques. Furthermore, it has been found that the IK problem is in truth two distinct
problems, although related in nature, the local and the global problem. Starting from this,
literature review has investigated the nature of both problems, evidencing how the most
relevant characteristic of the problem is its nonlinearity and non-existence of solutions in
closed form, which leads to the necessity of using the so-called Jacobian matrix. A further
complication for free-floating manipulators is that angular momentum must be preserved
during the motion, resulting in a non-holonomic constraints that causes the base spacecraft
attitude to vary during the manipulator motion, unless precise strategies are adopted to

avoid it.

The Jacobian matrix has been identified to be an important tool for both local and global
methods, yet it is a source of limitations due to it being prone to singularities, points where
a desired velocity in the cartesian space translates into extremely high or infinitive velocity

in the joints space. From the nature of the Jacobian, numerical problems arise both for local
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and global methods that have been used to tackle the IK problem. Such methods, for the
local problem, involve the use of the Jacobian pseudoinverse as-is, while they incorporate it
in frameworks based on calculus of variation for the global problem. They have been found
to be affected in the first case by locality of the solution, which may or may not translate to
a satisfying global result, and in the second case by several numerical complications related

to the inversion of the Jacobian matrix, and to the necessity to solve a TPBVP.

Based on these findings, it has been observed that main challenges, apart from the
nonlinearity of the problem, lie for local algorithms in the complexity of providing some
prediction to the nonlocal outcome of the optimisation without adding an excessive burden
of complexity to the algorithm involved. This drives the research for local algorithms to the
direction of providing a suboptimal, approximated prediction of a global cost (such as the
kinetic energy integral) as quickly as possible, so that the manipulator can be driven to the
less consuming direction. For the global problem, the main points to take care of can instead
be summarised in two points. The first one is the lack of attention in algorithms available in
literature about the problem of finding the actual global optimum of the global problem, as
opposed to find an optimal solution that isn’t necessarily the best solution for the problem.
The second one is the difficulty in handling complex constraints, especially nonlinear ones,
like actuators’ torque or power limits. These limits occur in real manipulators, since of course
their actuators are limited in output torque and power they can produce, but are rarely or
never addressed in research works. One more important point regarding global methods is
the inherent difficulty in establishing initial guesses as input to the algorithm. For many
methods, such as those based on the TPBVP, the quality of the solution largely depends on

the quality of the initial guess.

224



Apart from this general considerations on the algorithms available in literature, chapter
3 of this thesis has been dedicated to the necessary mathematical tools necessary to tackle
the problems presented in the thesis. The chapter includes a detailed analysis of the
kinematics and dynamics of redundant manipulators, an overview of the methods used to
solve redundant manipulator inverse kinematics, a description of most important nonlinear
optimisation heuristics, and explanation of the manipulator models used and the trajectories

analysed in the reminder of the thesis.

A further dive into general considerations on the inverse kinematics problem for
redundant manipulators has been presented in chapter 5, where an analysis of a redundant
manipulator’s workspace has been presented. The content of the chapter further evidences
the nonlinearity and complexity of the problem, through considerations on the so-called
straight path workspace of a manipulator. This concept allows to see how the reachability
and energetic cost of a manipulator’s trajectory can vary depending on the algorithm used

to solve the IK problem, and on the manipulator initial configuration.

2. How can the limitations of conventional solutions of the problem mentioned in
question 1 be tackled by applying optimisation techniques that have not been used
this way before? And how can such techniques be applied to free-floating

manipulators?

This question has been answered in chapters from 4 to 6, which illustrate the solutions
and techniques that have been developed for this thesis. In chapter 4, a novel solution to the
global inverse kinematic problem has been presented, the Interpolation-based Global
Kinematic Planner (IBGKP). This method of solution, differently from traditional ones, does
not rely on Pontryagin maximum principle or on calculus of variations, and is focused instead

of obtaining a good initial guess to solve the IK problem with a powerful constrained gradient
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descent method such as Sequential Quadratic Programming (SQP). To this goal, a heuristic
based on multi-start method is presented, aimed at limiting its exploration to possible
solutions that are compliant with EE trajectory constraints, as opposed to searching the
whole joints space for solutions, which might result in initial guesses which result in
completely different EE trajectories than what is required, and won’t converge, or converge
in extremely long times. Multi-start methods, to the author’s knowledge, had never been
used to solve the IK problem, and thanks to the vast array of existing gradient descent
methods, they allow to avoid issues of conventional IK algorithms related to TPBVP and
Jacobian-related numerical problems, while they also allow to include linear and nonlinear

constraints in the process.

Chapter 5 provides a workspace analysis which investigates the limitations of existing
algorithms more than proposing solutions based on novel optimisation techniques. However,
within this chapter, considerations are presented about the possibility to use different IK
solvers for free-floating redundant manipulators. The requirement of free floating
manipulators IK algorithms to reduce the manipulator’s reactions transmitted to the
spacecraft is relaxed by including an ACS actuator (a reaction wheel) in the control algorithm,

thus allowing the use of a wider variety of algorithms for free-floating manipulators.

Chapter 6 answers the question for local algorithms. It presents PMKE (Predictive
Minimisation of Kinetic Energy), a novel local IK method based on a prediction of the joints
motion that will cause the kinetic energy integral to grow less during the motion. While the
prediction is based on a gradient descent optimisation, its resulting joints velocity vector is
used as a secondary task within a Jacobian pseudoinverse framework, allowing it to be
integrated with existing algorithm, PMKE, although still local in a wider sense, is no more

limited to just one path point, and it is thus able to avoid some of the pitfalls caused by the
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locality of solutions. Its ability to move in the direction with the lowest kinetic energy integral

allows for better singularity avoidance and for reduction of the integral up to 30% or more.

3. Are there different limitations that come into play by applying different methods to

the problem? How can they be tackled?

Different kinds of limitation come into play depending on the problem under
consideration. The main limit for the IBGKP presented in chapter 4 is certainly the so called
curse of dimensionality, which means that the computational power and memory required
to solve it can be exponential on the number of parameters of the optimisation, which in turn
would cause not to have resources enough to converge. The curse of dimensionality has been
countered by the fact that the IBGKP has been designed to be iterative. The joints trajectories
are first optimised on a reduced subset of the path points, and the other path points are
sequentially added by interpolating them with splines, and performing further steps of

optimisation, till the complete global IK problem under examination is solved.

The local algorithm PMKE, presented in chapter 6, features a different kind of
limitation in that a very precise prediction optimised at every time step would cause the
algorithm to be unable to perform its task in real time. In order to overcome the issue, two
methods have been adopted: the first one the prediction has been solely based on a coarse
set of future path points, rather than all of them, resulting in a low number of parameters to
optimise. The second one is that the prediction is not updated at every time step, but at
rather large intervals of 25 or 50 timesteps, allowing for less optimisations of the prediction
to be performed within the same trajectory. In order to avoid the discontinuities that this
could cause, the prediction results are fitted with the local derivatives of the joints trajectory

through interpolation with 4-th order splines.
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7.3 Contributions to knowledge
This document presents a number of developments on the topic of inverse kinematics of
redundant robotic manipulators. These resulted in a number of contributions to knowledge

that are summarised in this section.

Limitations of local and global inverse kinematics methods A survey of literature has
identified the shortcomings of the state-of-the-art of inverse kinematics methods. It has been
subdivided according to the different categories of methods used to solve the problem,
looking at both local and global methods, and both at fixed-base and free-floating
manipulators. Furthermore, research regarding workspace characterisation of redundant
manipulators has been reviewed. An analysis and discussion of the key findings for each

subtopic has identified existing knowledge gaps and limitations in the field.

Interpolation-based Global Kinematic Planner A global algorithm has been proposed to
solve the inverse kinematics problem of redundant manipulators. This algorithm has been
developed aiming at overcoming the most relevant limitations of the existing global inverse
kinematics methods. Most notably, the algorithm is not based on calculus of variation and
optimises a function which does not include the Jacobian matrix pseudoinverse, avoiding the
numerical problems and the limitations of both. It can find multiple optima of different cost
functions, limiting the influence of the initial guess on its result, and it can incorporate linear
and nonlinear constraints. This latter property allows it to solve bi-objective optimisation
problems by the e-constraint method, which allows to individuate the Pareto front even

when it is non-convex, differently from the weighting method normally used in robotics.
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Workspace analysis A workspace analysis has been performed aiming at observing the
energetic behaviour of different algorithms over the whole size of the workspace of a robotic
manipulator. It has been observed that no existing kinematic index has so far been
successfully used to characterise the expected energetic performance of a robotic
manipulator in a specific configuration. In order to overcome this issue, the analysis has relied
on canonical correlation to individuate which linear combinations of kinematic indexes bear
the closest relationship with kinetic energy, showing that a linear combination of dynamic
manipulability and condition number feature the highest correlation with it. Alongside this
guantitative analysis, some quantitative considerations have been made, regarding
preferential directions of manipulators motion, and differences between the algorithms

used.

Free-floating manipulator control with ACS It has been observed, in relationship to
workspace size, that authors in literature pointed out how the concurrent use of a free-
floating robotic arm with the ACS of the base spacecraft can enhance the size of the
workspace. This has been practically being performed through the use of a generalised
Jacobian incorporating a reaction wheel as part of the actuators controlled concurrently with
the manipulators joints. The resulting algorithm has been shown capable to retain
manipulability, exploiting the fact that the reaction wheel is able to absorb angular moment
in excess. Thus, a practical method to increase the size of the workspace of a free-floating
manipulator and to add it further degrees of redundancy exploiting the ACS has been

presented.

Predictive minimization of Kinetic energy The last contribution to knowledge of this
thesis is a local algorithm based on the predictive minimisation of kinetic energy. This

algorithm exploits an estimation of the direction of minimum kinetic energy expense by
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optimising a local approximation of the future kinetic energy integral. The prediction does
not need to be updated at every time step and can be computed with a restricted number of
parameters, resulting in a limited computational cost. As a result, the proposed method has

reduced energetic cost and enhanced singularity avoidance capability.

7.4 Limitations

This thesis covers a number of developments in the field of inverse kinematics of
redundant robotic manipulators. Although these developments solve some of the issues
presented in the literature review of this thesis, inverse kinematics is a complex field, and
even more so when redundant manipulators are involved, and many limitations are still left

to be overcome.

Chapter 4 introduced a novel global inverse kinematics algorithm, the Interpolation-
based Inverse Kinematic Planner. Such algorithm is able to solve several different
optimization problems, comprising bi-objective optimization problems, with a variety of
linear and nonlinear constraints. It has been demonstrated with a three DOF planar robotic
manipulator, resulting in an optimisation problem featuring 303 parameters. This has been
helpful in providing a first proof of the algorithm capability, and has provided a number of
solutions that are easy to visualize compared to three-dimensional ones. At current stage,
the algorithm has however not been tested on more complex robotic arms, which would be
challenging from the point of view of computational time especially. The algorithm is
iterative, which helped in reducing computational times on the cases under examination, it
must however be investigated on more complex problems. Another possible issue coming

from increased complexity might be that the actual global optimum requires an extremely
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high number of candidate solutions to be individuated, or that the global optimum of the
partial problem solved at the first steps of the interpolation does not correspond to the global
optimum of the complete problem. Both these issues can be partially offset with a higher
number of processor cores, aiming at optimising more candidate solutions at the same time.
But, although computational power is often helpful for optimisation problems, and
particularly for those based on Random Search methods, specific behaviour of the algorithm
on more complex problems must be investigated first, before drawing any conclusion. A
further limitation to be observed for the IBGKP is that the only friction model that has been
used is the viscous friction model. The ability to find a global solution must be tested with

Coulomb friction and other more realistic models as well.

Chapter 5 focuses on a workspace analysis. Such analysis has provided some
understanding of the complexity of the problem of energetic minimization of redundant
manipulators. Particularly, it has been shown that no specific kinematic index features a
direct relationship with the kinetic energy. A closer relationship has been obtained by the
use of canonical correlation, showing that the a linear combination of dynamic manipulability
and condition number feature a correlation with kinetic energy in the range of 80%. This
insight has however no direct application in finding energy-saving inverse kinematics
solutions so far. It can possibly be used within an optimization heuristic to accelerate the
individuation of a solution, but no practical method has been developed so far, especially
because dynamic manipulability is prone to reach infinitive value close to singularity, just as
much as the Jacobian matrix does. A further development of the chapter has been a practical
inverse kinematic method to move a free-floating manipulator concurrently with the ACS of
the base spacecraft, resulting in increased manipulability and extended workspace. Such

motion could however be delicate to reproduce in practice, as any error in the motion of the
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wheel could result in attitude disruption. This should be simulated or investigated further

with a realistic dynamic model.

Chapter 6 presents PMKE, a local inverse kinematics method for the minimization of
kinetic energy integral along a predefined trajectory. The method, based on the optimisation
of a prediction of the kinetic energy integral, has shown good capability in reducing the
kinetic energy integral of a three DOF planar manipulator, it however still presents some
limitations to be addressed. Most noticeably, the simplicity of the robotic arm has again been
useful in proving the effectiveness of the algorithm on a simple simulation setup, it however
also constitutes a limitation in that the new method must be tested on more complex
manipulators. The main issue with a higher number of DOFs would probably be that the
number of parameters involved in the kinetic energy prediction would increase, slowing it
down. Ad-hoc solutions would need to be developed to speed up the computation. Another
issue with PMKE are the tuning of its parameters, which depends on the specific manipulator,

and requires trial-and-error and simulations to be performed appropriately.

7.5 Applicability to practical robotics

The contributions to knowledge provided by this thesis are mostly focused on the
field of theoretical inverse kinematics, coherently with the original scope of providing novel
solutions to the local and global inverse kinematics problems. In order to exploit such
solutions for practical robotics, and especially in the field of free-floating manipulators, it is
necessary to consider what the real operational constraints are for the field of space
robotics. To this end, it must be first observed that, although each mission features its own
peculiarities, a natural subdivision can be made between Low Earth Orbit (LEO) and

Geostationary Orbit (GEO) missions. Former ones are characterised by altitudes below
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1000km and orbital periods in the range of 60-100 minutes, while latter ones feature
satellites that are meant to orbit over a specific point on Earth during their whole operational
life, resulting in altitudes around 36000km and orbital periods of 24 hours. All the space
manipulators used in practice (Space Shuttle and ISS ones) have been deployed in LEO, and
have been used for satellite deployment and sometimes maintenance of expensive assets,
such as ISS [156] and the Hubble Telescope [157], while most of the planned debris removal
concepts in literature are aimed at being operated in LEO (e.g. it is worth observing that first
in-orbit experiment of debris removal, ETS-VII, was performed in LEO [79], with an average
altitude of 550 km). While mission concepts for space manipulators to be deployed in GEO
have also been developed [158], they have been much more heavily focused on asset
inspection, and maintenance, often aiming at the substitution of modular components, a
concept inspired to the Orbital Replacement Units (ORU) used on the ISS. The reason for
such a scope is that geostationary orbit is extremely expensive to reach, which in turn means
that any extension of operational life of existing geostationary satellites save considerable

costs by postponing the moment when they need to be substituted.

Such subdivision results in different operational requirements: systems deployed in
LEO are designed to capture objects moving with high speed, and missions with the goal to
capture non-collaborating space debris are expected in the near future. The nature of such
targets implies uncertainties on their position and dynamic parameters. Indeed, a vast body
of literature has been devoted to techniques to reduce such uncertainties (e.g. [159]-[162]).
In this context, it is hard to imagine the possibility to use a global algorithm, since the end-
effector trajectory shall follow the motion of the target, which might feature knowledge
errors to be reduced in real-time based on sensors measurements, and thus it is most likely

not fully known in advance. In such a scenario, motion planning must be effectuated quickly
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and updated based on new information. This suggests the use of a local planner, which is
more able to react to the changes of the target motion, and is able to compute an IK solution
once the target motion (i.e. desired end-effector trajectory) becomes known. In the case of
the PMKE presented in this thesis, the motion can be updated at intervals corresponding to
the parameter / of the algorithm, inferior to 0.1s in the examples presented, which makes it
suitable for such operational conditions. There are of course constraints on the
computational time that can be afforded for the prediction of the kinetic energy integral:
ideally, it should be recomputed every time an update of the target motion (and thus end-
effector motion) becomes available to the IK solver. Space manipulators however usually
feature slower motion than their ground-based counterparts, and literature presents times
in the range of tens or hundreds of seconds (e.g. [104]) to complete a trajectory. This allows
for tracking with larger time-steps then the 0.001s used in the simulations presented in
Chapter 6, while an on-board implementation would be in C rather than in Matlab, resulting

in faster execution times.

The global algorithm presented in the thesis, IBGKP, is more inclined to direct
practical use, because it can more readily include dynamic considerations and, more
importantly, physical limits that occur with real manipulators. Its use in space is however
limited to missions where the target and its motion are well understood in advance, as the
full end-effector trajectory is a required input for the optimization. Such missions can be
mainly individuated in maintenance missions, such as some of the ones carried out on the
ISS (in the case of ORU replacement, the manipulation targets are usually placed on the ISS
itself, making them very well known) and the ones planned in future missions to extend the

life of geostationary satellites. In such case, the target is known and collaborative, and the
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end-effector task required to carry out the maintenance mission can thus be planned offline

and optimized as required.

7.6 Concluding remarks and future perspectives

This thesis addressed some of the open challenges of the inverse kinematics problem
of redundant manipulators through novel algorithms based on optimisation techniques.
Most specifically, this research presented solutions to obtain energy-efficient solutions for
inverse kinematics, considering both the global and the local inverse kinematics problem.
The two problems presented different issues, which lie mostly in numerical complexity and
difficulties in imposing realistic constraints for the global methods, and in hardships in
obtaining a globally well-behaved trajectory when solving the IK problem locally for local

algorithms.

According to this goals, the outputs of this work are algorithms and numerical
methods that advance the state-of-the-art. Most notably, a global algorithm has been
presented, and its capability demonstrated, to compute globally optimal solutions of
different cost functions with nonlinear constraints. Local results of this work feature instead
a first workspace analysis from the energetic point of view, an energy-optimal solution
method for free-floating manipulators featuring concurrent control of the robotic arm and
the base spacecraft ACS, and a local algorithm able to produce a consistent reduction of
kinetic energy integral along an end-effector trajectory. All new algorithms have been
validated against existing algorithms available in literature to prove their effectiveness, and

the global algorithm has been used to solve problems that have not been solved before in
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robotics literature to the author’s knowledge (torque and power constrained, bi-objective

optimisation).

Future research in this field can proceed in several interesting directions. Some have
been mentioned when talking about the limitations: the most obvious future development
is an extension of the work to manipulators with a higher number of degrees of freedom and
testing on real manipulators. The manipulator used in this work has been chosen because it
allows to focus on the novel algorithms rather than on the implementation but, although
some practical manipulators with a limited amount of degrees of freedom exist, it is clear
that extending the results to more complex problem would greatly increase the usefulness

of the results of this work.

While both the global and the local methods presented would benefit from an
investigation on higher numbers of DOF, and from testing on a real physical manipulator, the
challenges arising for the two would be of a different kind: the global algorithm presents from
this point of view a higher level of maturity, in that it can already respect all the limitations
(joints, velocity, torques) of a real manipulator. It is however to test if cases exist when the
optimal solution on the complete problem does not fall close to the optimal solution on a
subset of parameters, and how the algorithm would behave in such cases. A further limitation
that could arise from manipulators with increased complexity is computational time.
Regarding this, it is important to observe that the algorithm, so far, has only been coded in
Matlab with an off-the-shelf implementation of SQP. An ad-hoc adaptation of the SQP
method, or even just a lower level C/C++ implementation, might reduce the time and cost
required for convergence. Further important improvements for the global algorithm
presented in this thesis lie in the direction of obstacle avoidance: since the method has

proven effective in respecting nonlinear constraints, a natural question arises if it can tackle
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obstacles in the environment. Further questions arise from this, regarding the best
implementation choice to represent obstacles as constraints, and to represent distance
between the manipulator and the obstacles. Surely, such a development would in any case

require several degrees of redundancy to be able to move around said obstacles.

The chapters dedicated to local algorithms analysis and development show many
possible developments, which in most cases come directly from their local nature. Most
noticeably, the workspace analysis presented in this work shows limits of local minimization
of kinetic energy and presents some insights about the relationship between manipulator
configuration and kinetic energy. This is however not directly usable, so far, for improving
robotic inverse kinematics planning, as the attempt to use PMCI in Chapter 6 has shown.
More investigation is required in this sense, to see if the results regarding kinematic indexes
and their canonical correlation can be used to support energy optimisation heuristics for
redundant robotic manipulators. Chapter 5 also presented a solution specific to free-floating
manipulators. Coordinating actuators of different nature such as reaction wheels and robotic
joints actuators can be challenging, and experimental work with free-floating manipulators

trajectory tracking is required to show the feasibility of the result in practice.

Finally, the PMKE algorithm shows very promising results for online kinetic energy
integral minimization. It also would benefit from future developments with a higher number
of DOF and testing on a real manipulator, in this case however a more efficient
implementation would be capital for the success of the experiment, as the algorithm
currently failed in being real-time by a fraction of second. This can be expected in a test
implementation in Matlab, which is of a different nature than implementations on real
manipulators, a test with a speed-oriented implementation is however a necessity for future

developments. One more future goal of the algorithm is to develop a version that effectively
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optimizes torque integral. This is more challenging than kinetic energy, as the torque has
more granular dependency of the time step, rendering the method used for the prediction
much less effective. This leads to the main goal in the future development of the PMKE, which
is to integrate the spline interpolation in the optimisation, in order to obtain a result that is
well behaved not only at the path points where the prediction is computed, but on the spline

interpolation connecting them as well.

The reader can see that, despite having offered solutions for some of the open issues
of the inverse kinematics problem of redundant manipulator, many points still remain open.
This is due to the nonlinear, difficult nature of the inverse kinematics problem which,
although being one of the first problems having been investigated in robotics, remains
particularly challenging to these days, with new developments being published every year.
Despite it seems so obvious for us humans to move in an efficient way and without violating
our physical limits, it seems that the road to have our machines moving as efficiently as us,

or more efficiently than us, still has not led us to a final destination.
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APPENDIX A. Code samples

A.1 Interpolation-Based Global Kinematic Planner

The script below is the one used to generate the candidate solutions for the IBGKP.
Its input are an ingress vector containing EE trajectory and its derivatives, a set of initial
conditions initial_cond_matrix, and the number of path points gsize. The script computes all
the N gndidates and saves them in a startmatrix, orders them from the best one to the worst

one, saves the best one in ptmatrix, and discards startmatrix.

x = ingressi.x d;

xd = ingressi.xd d;

xdd = ingressi.xdd d;
times = ingressi.times;
dt = times (2)-times (1) ;
g0 = initial cond matrix;

samplesize = (3*gsize)"2;

ptmatrix = zeros (bestsolutionsnumber, 3*gsize);
stddev = mean(std(results.qd));

functionvalue = zeros (samplesize,l);

initcondmatrix = [normrnd (0, stddev,samplesize,gsize)
normrnd (0, stddev, samplesize,gsize) normrnd (0, stddev,samplesize,gsize)];

loc _gd = results.qgd;
random weights = zeros(3,3,samplesize);

random _eig = rand(l,3,samplesize);
for rr = l:samplesize
loc_random eig = random eig(l,:,samplesize);
density = rand;
random weights(:, :, rr)
loc_random eigqg));

full (sprandsym (3, density,

end
for k = l:samplesize
g0loc = g0;
localinitcondition = initcondmatrix(k, :);
localstart = startmatrix(k,:);
gstart = gO0loc(randi (size(initial cond matrix,1)),:);

J = jac_parfor(gstart, robot);
E = eye(3)-pinv (J)*J;
v = E*[localinitcondition(l); localinitcondition (gsize+l);

localinitcondition (2*gsize+1)];
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localstart(l) = gstart(l)+ v(1l)*dt;
localstart (gsize+l) = gstart(2)+ v(2)*dt;
localstart (2*gsize+l) = gstart(3) + v(3)*dt;

for kk = 2:min(gsize, 50)
J = jac_parfor([localstart(l); localstart(gsize+l);
localstart (2*gsize+l) ], robot);
E = eye(3)-pinv (J)*J;
v E*[localinitcondition (kk); localinitcondition (gsize+kk);

localinitcondition (2*gsize+kk)];

localstart(l) = localstart(l) + v(1)*0.01*dt;
localstart (gsize+l) = localstart(gsize+l) + v (2)*dt;
localstart (2*gsize+l) = localstart(2*gsize+l) + v (3)*dt;
end
startmatrix(k,:) = localstart;
end
for u = 2:gsize
for k = l:samplesize

localstart = startmatrix(k,:);

local algo = algo;

J = jac_parfor([localstart(u-1); localstart(gsize+u-1);
localstart (2*gsize+u-1)],robot);

J plus = wpinv(random weights(:,:,k),J);

v = J plus*xd(u,:)"';
localstart (u) = localstart(u-1) + v (1) *dt;
localstart (gsize+u) = localstart(gsize+u-1) + v (2)*dt;
localstart (2*gsize+u) = localstart(2*gsize+u-1) + v (3)*dt;
v_prec loc = v;
startmatrix(k,:) = localstart;

end
end

switch cost function
case 'VEL'
fun =
@(g,x,dt,g0,gsize, robot)objectivefunctionMS vel norm with limits(q,x,dt,q0,q
size,robot,joint limit for ranking, vel limit);
case 'KIN'
fun =
@(q,x,dt,q0,gsize, robot)objectivefunctionMS with limits trj constr(q,x,dt,q0
,gsize, robot,joint limit for ranking, vel limit);
case 'DYN'
fun =
@(g,x,dt,q0,gsize, robot)objectivefunctionMS dyn with limits(q,x,dt,q0,gsize,
robot,joint limit for ranking, vel limit, friction C);
end

for i = l:samplesize
functionvalue (i) = fun(startmatrix(i,:),x,dt,qg0,gsize, robot);

end
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tic

[~,min id] = sort(functionvalue, 1, 'ascend');
toc
min id = min id(l:bestsolutionsnumber) ;
disp (functionvalue (min_id(1)));
for k = l:bestsolutionsnumber

ptmatrix(k,:) = startmatrix(min id(k),:);
end

clear startmatrix;

A.2 Workspace analysis

Workspace analysis has been performed through the use of parallel computing. The
following script computes every trajectory by using the function avvia simulazione H and
stores the results in the columns of a series matrices every time (one per each variable of
interest). When the matrices columns are not completely filled by the results (because the
trajectory was interrupted earlier by a singularity), they are filled with NaN (“Not a Number”)

which excludes them from any further analysis.

parfor thetastep=l:searchspacesize

theta = thetastep*pi/256;

length = 2;

feasible = 1;

segmentenergyposition = 1; $indicates which energy value to store next

res = results;

res.qgqd = [0 0 0]; %initialize velocities

localingr = ingr;

localingr.r = length/2;

localingr.T = 4*localingr.r/v_max;

localingr.theta = theta; %write angle

[res, why(thetastep), finallength] = avvia simulazione H(res,localingr,
v_max);

th 1n lims(thetastep,:) = [theta, finallength]; %- v max*dt)];

res.en = [res.en; NaN(energysize-size(res.en,1),1)];

res.manipulability = [res.manipulability; NaN(energysize-
size(res.manipulability,1),1)];

res.en_tot = [res.en tot; NaN(energysize-size(res.en tot,1),1)];

res.dyn manipulability = [res.dyn manipulability; NaN(energysize-
size(res.dyn manipulability,1),1)];

res.power = [res.power; NaN(energysize-size(res.power,1l),1)];

res.power abs = [res.power abs; NaN(energysize-
size(res.power abs,1),1)];

res.B spectral radius = [res.B spectral radius; NaN(energysize-
size(res.B spectral radius,1),1)];

res.Jcondnumb = [res.Jcondnumb; NaN (energysize-
size (res.Jcondnumb,1),1)];
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res.worstcasevelindex = [res.worstcasevelindex; NaN(energysize-
size (res.worstcasevelindex,1),1)];

res.kin pot = [res.kin pot; NaN(energysize-size(res.kin pot,1),1)];
kin energymatrix(:, thetastep) = res.en;

manipulabilitymatrix(:, thetastep) = res.manipulability;
energymatrix(:, thetastep) = res.en tot;

dyn manipulabilitymatrix(:, thetastep) = res.dyn manipulability;
powermatrix(:, thetastep) = res.power;

power absmatrix(:, thetastep) = res.power abs;

B spectral radiusmatrix(:, thetastep) = res.B spectral radius;
Jcondnumbmatrix (:, thetastep) = res.Jcondnumb;
worstcasevelindexmatrix (:, thetastep) = res.worstcasevelindex;
kin potmatrix(:, thetastep) = res.kin pot;

end%parfor

A.3 PMKE

The following script executes the inverse kinematics according to the PMKE
algorithm, with i being the number of path points. This piece of script is set for a predictive
optimisation time step size AT of 100 time steps (0.1s), a horizon h of 2 and interval / of 50

time steps (0.05s).

for i=2:size(xdd(:,1))

step size = 100;

vel = [0 0 0]"';

horizon = 2;

lim = size(xdd(:,1),1)-step size*horizon-1;

if ((mod(i,50) == 0) && i <lim) || (i == 2)
t interp=clock;

g fit =
optimizationtaskl (q prec,x,dt,i,step size,horizon,q fit, robot,qd prec);
ppl = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size

it+2*step size i+2*step size]*dt, [g prec(l) gd prec(l) gdd prec(l) g fit(1l)
g _fit(2) 0 01));

pp2 = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size
i+2*step size i+2*step size]*dt, [q prec(2) gd prec(2) gdd prec(2) g fit(3)
q_fit(4) 0 0]));

pp3 = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size
it+2*step size i+2*step size]*dt, [g prec(3) gd prec(3) gdd prec(3) g fit(5)
g fit(6) 0 01));

kk = 0;
elseif (mod(i,step size) == 0) && 1 == lim
g fit =
optimizationtaskl (q prec,x,dt,i,step size,horizon,q fit,robot,old vel);
ppl = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size

i+2*step size i+2*step size]*dt, [q prec(l) gd prec(l) gdd prec(l) g fit(1l)
g fit(2) 0 01));

pp2 = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size
it+2*step size i+2*step size]*dt, [g prec(2) gd prec(2) gdd prec(2) g fit(3)
g fit(4) 0 01));

254



pp3 = (spapi(4,[i-1 i-1 i-1 i+step size i+2*step size
it+2*step size i+2*step size]*dt, [q prec(3) gd prec(3) gdd prec(3) g fit(5)
g fit(6) 0 01));

kk = 0;
end
if 1 < 1001
vel (l) = (fnval(ppl,i*dt)—q_prec(l))/dt;
vel(2) = (fnval (pp2,i*dt)-g prec(2))/dt;
vel (3) = (fnval(pp3,i*dt)—q_prec(3))/dt;
kk = kk + 1;
end
J = jac(g_prec);
gd att = pinv(J)*xd(i,:)' + ((eye(3)-pinv (J)*J))*(vel);
gdd_att = (gd_att-gd prec)/dt;

%save results

end %for
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