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Abstract

Laser wakefield electron beams have excellent potential as drivers of ultrashort

radiation pulses for applications across the medical and life sciences. This thesis

presents measurements of electron beams and subsequent radiation arising from

the interaction of intense lasers with underdense plasma. Electron beam pro-

duction has been observed in experiments carried out at RAL, using the 40 fs,

20 TW Astra laser and at the university in Jena using the 80 fs, 20 TW JETI

system. Quasi-monoenergetic electron multi MeV electron bunches with relative

energy spreads of between 3-10% (FWHM) were generated by the interaction

of tightly focussed laser pulses in a high pressure gas jet of helium. This the-

sis also presents measurements of the electron bunch duration by measuring the

CTR generated when the bunch crosses the plasma-vacuum or metal vacuum

boundary. This radiation is essentially a fingerprint of the temporal electric field

profile of the electron bunch and is measured electrooptically using a ZnTe crys-

tal. A novel cross-correlation measurement technique in BBO was employed to

determine the upper limit of the bunch duration to be approximately 200 fs.The

first demonstration of undulator radiation generated from laser wakefield accel-

erated electron beams was shown by coupling electron beams of 55-70 MeV to

a 50 period undulator. This produced synchrotron light pulses in the 700 900

nm wavelength range. Simultaneous measurements of the electron energy with

the optical undulator spectrum have confirmed a relative energy spread of 1%

rms. This measurement marks an extremely important result in the develop-

ment of laser driven FELs. A final proof of principle experiment to investigate

the feasibility of generating ultrashort, tailored optical light pulses was carried

out as a novel ultrashort tunable light source and has important implications in

areas that require ultrahigh temporal resolution such as ultrafast chemical and

biological processes.
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The role of the author

The complex nature of experiments carried out using high power laser systems

necessitates the involvement of a large team of people. This section outlines the

role of the author in the work presented in this thesis.

The data presented in chapter 3 was the result of three experimental cam-

paigns, two of which were carried out using the Astra 20 TW laser at RAL and

one with the JETI 20 TW laser at Jena. During the first experiment (section

3.1) using the Astra laser in 2004 the author was responsible for alignment of the

laser, data acquisition and the development of the electron spectra from the im-

age plates using the Fuji image plate reader. This data was ultimately used in the

‘dream beam’ Nature publication in 2004. With regard to the second experiment

(section 3.2) performed at Jena the author was responsible for setting up and

aligning the electron spectrometer and the cross-correlator for the electro-optic

detection of the electron bunch duration. The goal of this experiment was to

electro-optically measure the duration of the electron bunches produced from the

laser wakefield. Although this work was successfully completed, the results pre-

sented in chapter 5 rendered this work obsolete and are therefore not presented in

this thesis, however, measurements of the generated electron beams are presented

in section 3.2. In the third electron generation experiment (section 3.3) the au-

thor was involved in the alignment of the laser and the capillary, calibration of

the energy meters, synchronisation of the discharge to the laser pulse, data acqui-

sition, and post experiment analysis. Furthermore, for 3 days of the experimental

run the author was assigned the role of laser operator, which involved being in

charge of the experiment and laser operation.

The data presented in chapter 5 was carried out using the Astra laser in

2005. This was a follow-up campaign to the experiment described in section.3.2

which sought to measure the electron bunch duration from the laser wakefield.

The author played an important role in the success of this experiment. Prior

to the main experimental run, measurements had to be taken to characterise the

electro-optic crystals using the THz test bed described in section 5.0.2 and shown
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in figure 5.2. Furthermore the author played a central role in the alignment, data

acquisition and post experiment analysis which involved the characterisation of

the spectral transmission of the THz filter used in the experiment.

The experiment presented in chapter 6 aimed to backscatter THz radiation

off a relativistic ionisation front. The author was responsible for the planning,

design and general running of the experiment and was actively involved in the

analysis and interpretation of the data.

The final chapter presents the first ever demonstration of undulator radia-

tion produced from laser wakefield accelerated electron bunches. The author was

actively involved in all areas of the experimental tasks, including alignment of

the laser beam, the electron beam, the undulator radiation detection system, the

undulator, and the electron spectrometer. Furthermore, the author was involved

in the post-experiment analysis and interpretation of the data, which included

performing simulations and modeling the undulator radiation using Mathemat-

ica and Matlab scripts. These scripts were cross checked and verified using the

SPECTRA code [5]. Moreover, the author also carried out calculations on the

expected levels of transition radiation from the electron beam and plasma. These

simulations were important to verify that the transition radiation would not im-

pinge on desired measurements of the visible undulator radiation. Finally, the

author was involved in the drafting of the Nature physics publication in 2008 [6]

which resulted from this work. Following on from this, the author investigated the

data in more detail and published a paper in Physics of Plasmas on the feasibility

of using the undulator radiation as an electron beam diagnostic [7].
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Chapter 1

Introduction

1.1 Relativistic laser-plasma interactions

Ultrahigh intensity lasers have become important tools in modern physics. The

invention of chirped pulse amplification (CPA) [15, 16] resulted in a rapid evolu-

tion of high power laser science in recent years and has opened an exciting new

window of investigation into novel light-matter interactions. The CPA technique,

which involves amplification of a stretched laser pulse before re-compression, has

made it possible to generate ultrashort laser pulses down to several femtosec-

onds with peak powers reaching 1 TW–1 PW levels. Laser pulses from advanced

systems [17, 18] can be focused down to just a few micrometres using adaptive

optics to create electromagnetic intensities up to 1021 Wcm−2. At such intensities

the electric fields exceed 1011 Vcm−1, which is many times the binding energy of

electrons in an atom. As a consequence gaseous or solid targets placed at focus

will undergo rapid ionisation to form plasma.

A laser pulse can propagate in plasma if the electron density, ne, is below the

critical density, ncr = mω2
0/4πe

2, where me is the electron rest mass, e is the

charge on an electron and ω0 denotes the central (carrier) frequency of the laser

pulse. Plasmas with ne > ncr are known as overdense and plasmas with ne < ncr

are underdense. For a given laser wavelength λ0 = 2πc/ω0, the critical density

is found to be π/reλ
2
0, where re = e2/mec

2 is the classical electron radius. For

a typical solid-state laser with a wavelength of 800 nm, as is often used in laser

wakefield acceleration, the critical density is 1.75×1021 cm−3. This is 2 to 3 orders

of magnitude higher than the plasma densities considered in this thesis (1018–1019

cm−3). Solid targets typically form overdense plasmas, meaning that the laser

field cannot penetrate the plasma and is therefore reflected. On the other hand

gas jet targets typically form underdense plasmas that allow the laser field to be
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transmitted through the plasma. The plasma formed in this manner will comprise

the usual fluid-like mixture of electrons and ions, however in this case the motion

of the plasma electrons is strongly dominated by the laser field. The propagation

velocity of the laser pulse in plasma is the group velocity vg = c(1 − ne/ncr)1/2,

which is close to c, the speed of light in vacuum. The plasma refractive index is

given by

ηp = ck0/ω0 =
√

1− ne/γncr. (1.1)

Various physical regimes are encountered in laser-matter interactions depend-

ing on the intensity of the laser light. The electron quiver motion in the laser

electric field provides a good differentiation between these different regimes. The

quiver velocity is defined as vos = |eE0/meω| where E0 is the laser electric field

strength. At modest light intensities up to 108 Wcm−2, atomic electrons will

oscillate at the frequency of the laser, ω = 2πc/λ = ck, where ω, λ and k are the

angular frequency, wavelength, and wavenumber, respectively. When the laser

field is increased to ∼ 1015 Wcm−2 electrons are stripped from the atoms and os-

cillate at the laser frequency in a plane along the laser polarisation direction. At

ultra-high light intensities of ≥ 1018 Wcm−2 plasma electrons are strongly driven

by the laser field to form a ‘relativistic plasma’, where electrons oscillate at ve-

locities approaching the speed of light, c. The resulting relativistic mass change

of electrons causes the plasma frequency to vary as a function of the relativistic

term, γ. A modified expression for the plasma frequency including relativistic

effects is given by [8]

ωp =

(
nee

2

γmeε0

)1/2

, (1.2)

where γ =
√

1 + a2
0/2 is the time averaged relativistic factor, ε0 is the permittivity

of free space and a0 is the normalised vector potential, defined as a0 = eE0/meωc.

In practical units, a0 = 0.85× 10−9
√
Iλ, where I is the laser intensity in Wcm−2

and λ is the laser central wavelength in microns. When a0 ' 1, the intensity

of 1 µm laser light is ∼ 1018 Wcm−2, and plasma electrons acquire relativistic

velocities such that the electron mass, γme changes significantly. Furthermore,

at relativistic intensities the magnetic component of the electromagnetic field

becomes significant and influences the dynamics of the electron motion through

the v ×B term in the Lorentz force equation

F = e(E + v ×B), (1.3)
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where v is the velocity of the electron, and B is the magnetic field strength of

the laser pulse. At high driving fields the motion of an electron is described by

an average drift in the direction of the laser propagation, k, and in the frame

that moves with the drift velocity - a figure of eight lying along the plane defined

by the laser polarisation vector and k. The forward drift motion arises from

v × B ∝ E2k. As the field strength increases (a0 > 1), the longitudinal drift

motion, which depends on a2
0, dominates over the transverse motion. As will be

discussed in the next section, the relativistic forward motion of the electrons is

important for using plasma as an acceleration medium for the next generation of

particle accelerators.

The quiver motion can be clearly separated from the much slower response of

the plasma, which is driven by the ponderomotive force of the laser pulse. This

is due to the finite amplitude of the quiver oscillation, which is proportional to

the laser field amplitude, and the gradients of the laser pulse envelope. On a slow

timescale these effects combine into a net force that expels the plasma electrons

from the laser pulse region. The ponderomotive force is given by [19]

Fp = −mec
2∆γ ≈ −∇

√
m2
ec

4 + e2 〈A2〉, (1.4)

where the Lorentz factor of the electron can also be expressed as γ = (1 +

p2/m2
ec

2)1/2 and the brackets denote the average over the fast laser oscillation

timescale. The ponderomotive force excites plasma waves by pushing plasma

electrons aside from the path of the laser pulse, which results in charge separa-

tion. Due to this charge separation, strong Coulomb restoring forces are excited in

the wake of the laser pulse producing the trailing density wake. The laser pulse

and the induced wakefields are stationary in the co-moving frame that propa-

gates with velocity vg, as sketched in figure 1.3, where the pulse propagates in

the z-direction. For effective wakefield excitation, the pulse must be short: the

maximum amplitude of the accelerating wakefield is found when the pulse length

is about half a plasma wavelength, depending on the particular shape of the laser

pulse envelope. For this reason, wakefield acceleration using a ‘matched’ short

laser pulse is also known as resonant laser wakefield acceleration.

1.2 Laser wakefield accelerators

There is currently a large body of work pushing forward the development of laser-

plasma based electron accelerators [20]. This concept was originally suggested by

Tajima and Dawson [21] in 1979, who realised that plasma could form the basis
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Figure 1.1: Accelerators: (a) Large Hadron Collider at CERN and (b) Stanford
Linear Accelerator.

of a new generation of compact accelerators thanks to their ability to support

much larger electric fields than conventional accelerators. They theoretically

demonstrated that electrons can be trapped and accelerated in large amplitude

relativistic plasma waves produced by a laser pulse traveling close to the speed

of light in plasma. Conventional synchrotrons and linear accelerators are limited

to operate with field gradients less than 100 MVm−1 due to electrical breakdown

in the radio-frequency (rf) cavities. Plasma on the other hand has the advantage

that it is already ionised, thus can theoretically sustain electric fields exceeding

100 GVm−1.

Progress in particle acceleration is driven by the quest for ever-greater collision

energies of particles to probe the structure of matter. There are a number of large-

scale facilities including the Stanford Linear Accelerator (SLAC) figure 1.1(b)

which was instrumentally responsible for the discovery of the Tau Lepton in 1975

[22] and the Tevatron at Fermilab, which saw the discovery of the top quark

in 1995 [23]. At the forefront of accelerator technology is the Large Hadron

Collider [24] (LHC) at CERN, shown in figure 1.1(a), which was commissioned

in September 2008. The collider is contained in a 27 km circumference tunnel

150 m underneath the ground and will ultimately achieve proton–proton centre

of mass collision energies of 14 TeV. In March 2010 the accelerator set a world

record becoming the worlds highest energy particle accelerator, having accelerated

its twin beams of protons to an energy of 3.5 TeV. Currently, preparations are

underway for the machine to run at maximum power which will achieve 7 TeV

per proton beam.

The Large Hadron Collider marks the pinnacle of current conventional accel-

erator technology. However, like all conventional particle accelerators the acceler-

ation gradient in the rf cavities is limited by material breakdown, the maximum
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field gradient of the LHC is 28 MV/m. If this limit is exceeded then plasma is

produced by field emission from the cavity walls. Paradoxically, the laser-plasma

accelerator uses plasma as an accelerating medium. By definition, plasma is al-

ready ionised and unaffected by material breakdown at high field strengths, as

long as a fully ionised gas is used. Plasma can support fields 3–4 orders of magni-

tude higher than rf accelerators thus circumvent the need for kilometre long and

large expensive facilities.

Early work on laser-plasma accelerators investigated the plasma beat-wave

accelerator (PBWA) [21, 25]. The PBWA was a method of generating high-phase-

velocity plasma waves in the absence of femtosecond laser technology. At the

time of early investigations, laser pulse lengths were several hundred picoseconds

long. Tajima and Dawson suggested using two laser pulses with slightly different

wavelengths, such that their beat frequency, δω = ω1 − ω2, is matched to the

plasma frequency, ωp. This results in a train of shorter pulses which is able to

drive up a plasma wave over many plasma periods and causes the plasma wave to

resonantly grow. However, non-linear relativistic effects cause the wavelength of

the plasma to increase and shift away from the resonance frequency, ultimately

limiting the amplitude of the plasma beat wave. This is known as relativistic

detuning.

Plasma waves can also be driven by the Coulomb field of a charged particle

beam [26]. In this case it is the Coulomb force of the electron bunch instead of the

ponderomotive force of the laser which drives plasma electrons aside and leads to

charge separation. It has recently been demonstrated by a team at SLAC that

the energy of the trailing section of an electron bunch can be doubled using an

electron beam as a driver of relativistic plasma waves [27]. In this experiment

a 42 GeV ultra-relativistic electron beam is focussed through an 85 cm column

of lithium vapour. The strong radial Coulomb electric field of the propagating

electron bunch ionises the region of gas at the front of the electron bunch and

plasma electrons are ‘blown out’ from the path of the electron bunch, to produce

a plasma density wake, leaving a column of positively charged ions. The ions

attract the electrons, which results in a space charge oscillation in the wake of

the electron beam. Most of the drive beam electrons lose energy to the plasma

wave but a small fraction at the rear of the pulse is accelerated by the wake with

a field gradient of 52 GV/m, effectively doubling their energy to 85 GeV. This

shows great promise for the application of plasma accelerators by achieving, in

one metre, energy gains equivalent to a 3 km section of SLAC. Clearly, this is an

extremely attractive means to reduce the size and infrastructure of current large
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Figure 1.2: The laser wakefield mechanism.(a) A laser pulse interacts with a
plasma, an ionised gas, composed of electrons and ions. (b) At relativistic light
intensities, the electromagnetic force acting on the electrons pushes the electrons
in the forward direction of the propagating laser pulse. The charge separation
between the electrons and the ions in a plasma produces a large longitudinal
static electric field which can reach 1 GV/cm (figure adapted from [8].)

scale accelerator facilities.

Laser wakefield acceleration (LWFA) is currently at the forefront of optical

accelerator research. Underpinned by the recent advances in high intensity fem-

tosecond laser technology, LWFA utilises the high phase-velocity plasma waves

generated when a single pulse laser pulse interacts with plasma. When a ultra-

short laser pulse with an intensity of ≥ 1018 Wcm−2, wavelength of '1 µm and

a pulse duration of τL ' 2π/ωp, propagates through underdense plasma the elec-

trons are pushed away from other electrons by the ponderomotive force. This

creates an electron density depression at regions of higher intensity, resulting in

regions of charge separation with very strong accelerating and focusing forces.

The concept of this acceleration structure is depicted in figure 1.3.

The ions in the plasma contribute to the charge separation (although non-

neutral plasmas are possible) and have a much larger inertia than the electrons,

thus remain relatively unperturbed by the laser field. This results in an elec-

trostatic restoring force which causes the plasma electrons to oscillate back and

forth from their equilibrium positions creating alternating regions of positive and

negative charge. This produces an electrostatic longitudinal wave or ‘wakefield’

(figure 1.2) that propagates with a phase velocity nearly equal to the group veloc-

ity of the laser pulse, which is close to the speed of light for low density plasma.

The phase and group velocities of electromagnetic radiation propagating in un-

derdense plasma are given by, vφ = c/ηp and vφvg = c2, where ηp =
√

1− (ω2
p

/
ω2

0)

is the refractive index of the plasma and ω0 is the frequency of the radiation field.

The relativistic plasma wavelength or plasma period is defined as, λp = 2πc/ωp

and τp = 2π/ωp, respectively. Plasma waves with relativistic phase velocities

are capable of accelerating injected electrons, either from background electrons
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from the target plasma or electrons injected into the interaction region from an

external electron source.

Optimum energy transfer between the laser pulse and plasma occurs when the

laser pulse duration is matched to the plasma period, τp = 2π/ωp [28]. The match-

ing of the laser pulse length or ponderomotive transit time to the plasma period

induces a double ponderomotive kick to the plasma electrons which enhances the

plasma wave amplitude. This acceleration regime is associated with short laser

pulses, τp ≤ 100 fs and is known as the resonant laser wakefield accelerator.

Three ground breaking papers in 2004 saw the first ever observation of quasi-

monoenegetic electron bunches produced from a LWFA [1, 2, 3]. Since then on-

going research in this field has been dedicated to increasing the energy [4, 29] and

beam quality of the electron bunches from laser wakefield accelerators. In 2006

a group at LOA demonstrated a technique to improve the control of the injec-

tion of background plasma electrons into a wakefield [30]. Furthermore, Matlis et

al has reported direct observations of wakefields using interferometric techniques

[31]. This experiment involves capturing single-shot ‘snapshots’ of laser-wakefield

accelerator structures for the first time, revealing detailed information about the

evolution of multiple wake periods, and detecting structure variations such as

wavefront curvature as laser-plasma parameters change.

Figure 1.3: The ponderomotive force of an intense laser pulse propagating in
plasma excites a plasma wave by pushing electrons from its path causing regions
of space charge to form. These space charge ‘structures’ have strong accelerating
and focussing forces.

The highest electron energy and best beam quality of LWFA electron bunches

is currently limited by the highest intensity and shortest pulses available from

advanced laser systems. Currently the highest achieved electron bunch energy

is approximately 1 GeV with a 2.5 % r.m.s. energy spread [4]. It is expected

that the advent of short pulse petawatt systems [18, 32] will increase the peak
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electron energy, reduce the energy spread and improve the emittance. Moreover,

recently it has been demonstrated by a group at the Max-Planck-Institut für

Quantenoptik at Garching that electron beams in the tens-of-MeV range can be

produced with laser pulse energies of 40 mJ and pulse durations of ∼ 8 fs [33].

These pulses constitute a few optical cycles at 800 nm which is a previously un-

explored parameter range in laser-driven electron acceleration. This experiment

confirms previous theoretical models [34] by showing that these laser pulses can

produce ‘ultracold’ electron beams i.e. with little or no low-energy electrons with

a thermal spectrum. Furthermore they show excellent potential to scale up the

laser pulse energy at such durations for future LWFA projects.

When short pulses are not available, an alternative regime known as the self

modulated laser wakefield accelerator (SMLWA) may be employed [35, 36]. In this

regime the laser pulse duration is long compared to the plasma period. For laser

powers, P , approaching or exceeding the relativistic self-focusing threshold, Pc ≥
17(ω0/ωp)

2 GW, it is not necessary to match the pulse duration to the plasma

period. At laser powers for which P > Pc and τL > 2π/ωp, the laser envelope can

undergo an instability and become ‘self-modulated’ at the plasma frequency. The

instability is promoted by a high plasma density and high a0 [37, 38] and relies

on the Raman scattering instability to break up a longer pulse into an intensity

modulated pulse [39]. This pulse ‘splitting’ is due to the refractive index of the

plasma dependence on the electron density, as given by equation 6.2. The laser

pulse amplitude increases in regions with low electron density and decreases in

regions with high electron density. In this way, the laser pulse can eventually

break up into ‘micropulses’ of length ' λp/2.

These modulated pulses can drive up a plasma wave very efficiently, as they are

resonant with the plasma wave. The stimulated forward Raman scattering (FRS)

instability has been experimentally observed by many groups investigating the

propagation of intense laser pulses through a gas jet [37, 38, 40, 41, 42]. The FRS

instability occurs when a strong electromagnetic pump wave (ω0,k0) interacts

with an underdense plasma and drives longitudinal plasma waves, resulting in

density perturbations. These small density fluctuations, δne, produce a transverse

current, which generates a small scattered light wave. This scattered light wave

in turn beats with the incident field to reinforce the density fluctuation via the

ponderomotive force. Hence, the plasma wave and scattered light wave grow

at the expense of the incident light giving rise to excitation of electromagnetic

sidebands (ω0 ± ωp,k0 ± kp) located at the sum and difference of the pump and

plasma frequencies. These are termed as the stokes and anti-stokes shifts (Raman
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satellites). The frequency down-shifted wave is known as the Stokes wave, and

the upshifted wave is called the anti-Stokes wave. When the interaction is such

that these sidebands enhance or drive plasma waves, act back on and enhance

the sideband growth the interaction becomes unstable. If strongly driven, these

processes can lead to the generation of fast electrons by wave breaking and the

self-modulation of the propagating laser pulse, which can drive the self modulated

laser wakefield regime [43]. Such an instability is driven by the feedback loop

sketched in figure 1.4.

Figure 1.4: The feedback loop of a modulational instability such as Raman scat-
tering.

SMLWA experiments have demonstrated potential as plasma-based acceler-

ators [44, 45]. In 2006 an experiment demonstrated that SMLWA can be an

efficient driver of quasi-monoenergetic electron bunches using 80 fs laser pulses to

produce quasi-monoenergetic electron beams up to 80 MeV with a FWHM energy

spread of 8.5 % [11]. This data is presented in chapter 3 and is an important

result demonstrating that quasi-monoenergetic electron beams can be produced

with strongly relaxed requirements on the laser pulse duration and plasma den-

sity. Furthermore, simulations have shown that the laser pulse is longitudinally

modulated by the plasma wave, which causes the laser pulse to break up into

smaller pulses that interact resonantly with the plasma wave [11]. These sub 10

fs laser high intensity pulse fragments contain about 5 % of the initial pulse energy

and are sufficiently intense to generate quasi-monoenergetic electron bunches [11].

Although only a fraction of the initial energy is contained in the pulse fragment,

the pulse is short and intense enough to form a bubble-like accelerating struc-

ture. The fragmentation of the laser pulse leads to the highly nonlinear broken

wave regime [46]. The strong ponderomotive force of the laser creates a bubble-

like electron void [47], which is capable of supporting a high longitudinal electric

field. The laser pulse travels at the front of this structure and expels electrons,

which stream around the arising cavity and can be trapped inside at a fixed phase
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of the longitudinal field, leading to the acceleration of electron bunches with a

narrow energy spread [48]. This phenomenon has been explored theoretically

[49, 50] and other experiments have been carried out where the ponderomotive

expulsion force of the laser pulse is strong enough to completely expel background

plasma electrons from its path [51]. This strongly driven LWFA mechanism is

sometimes referred to as the ‘bubble’ regime due to the creation of free space

acceleration bubbles devoid of electrons and can be accessed when the laser a0

parameter is very high, (≥ 3). Furthermore, the acceleration cavity or ‘bubble’

has the advantage that it is enables guiding of the laser pulse over many Rayleigh

lengths in homogeneous plasma without significant diffraction, thus no preformed

plasma channel is needed.

The LWFA mechanism can also drive plasma waves with amplitudes large

enough to modulate the laser pulse. The non-linear plasma density wave acts

back on the laser pulse causing it to focus in space and time. The transverse radial

focusing of the laser pulse or self-focusing of laser energy, occurs when a transverse

variation in the refractive index of the underdense plasma exists. This variation in

refractive index can be caused either by relativistic effects (a0 ≥ 1) due the radial

laser intensity profile or by a transverse density depression, caused by a relativistic

plasma wave or ponderomotive channeling by the laser pulse. The plasma can

also compress the laser pulse longitudinally i.e. in time. Temporal laser pulse

compression occurs when a refractive index gradient co-moves with the laser pulse,

resulting in group velocity modulations across the laser pulse envelope. These

refractive index gradients can be caused either by laser intensity gradients or by

the presence of a relativistic plasma wave. Subsequently, frequency modulations

of the laser envelope are associated with these longitudinal variations in refractive

index as an account of corresponding phase velocity changes across the pulse.

When a laser pulse envelope self modulates its spectral content in this way, this

is known as photon acceleration, where the photons are frequency up-shifted or

down-shifted depending on the sign or the refractive index gradient (dη/dr).

The pulse modulations and instabilities already discussed are important for

the generation of electron beams. In particular the FRS instability can generate

very high amplitude plasma waves with large field gradients. That said, although

plasmas can support very large electrostatic field potentials, they do have a limit

before they will ‘break’. As will be seen in later sections the theoretical maximum

limit of the plasma wave accelerating potential depends on the plasma temper-

ature. If this limit is breached then the plasma wave will lose its coherence and

break, much like the way a water wave breaks in the sea as it propagates towards
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the shore. In the l-D case the Langmuir wave break occurs when the quiver

velocity of electrons, u, becomes equal to the phase velocity of the wave. For

non-relativistic plasma wave phase velocities, the ‘cold wave-breaking limit’ was

derived by Dawson and Oberman [52] using Gauss’s law [53]

E =
mecωp
e

(1.5)

Wavebreaking occurs when the velocity of the plasma electrons exceeds the phase

velocity of the plasma wave [54, 55, 56].

Figure 1.5: An illustration of phase slippage during laser wakefield acceleration:
the laser pulse that propagates with velocity, vg, excites a plasma wave on which
an electron bunch with velocity, vb, is accelerated. When vb experiences a decel-
erating phase of the wakefield potential the electron bunch will lose energy.

After wavebreaking, energy is transfered from the plasma wave to background

electrons in the plasma, causing them to be accelerated to relativistic energies.

These electrons can then be ‘caught’ by the plasma wave and experience a further

acceleration phase. This process is known as self-injection or self-trapping because

the electrons originate from the background plasma.

In laser wakefield acceleration, the energy gain of the electrons is limited by

phase slippage between the electrons and the plasma wave [57, 58], which results

from the difference between vg and the actual velocity vz of an electron. Due

to phase slippage, the electron eventually reaches a decelerating region in the

wave. This process is called dephasing and it limits the acceleration distance

for electron energy gain. The dephasing length is defined as the length over

which the injected electron bunch experiences acceleration. In the 1D picture an

analytical expression for the dephasing length can be calculated as Ld ' λpω
2
0/ω

2
p,

where λp is the plasma wavelength and ω0 is the angular frequency of the laser

field. During most of the acceleration the electron velocity vz is larger than vg

and can be approximated by c. With this approximation, the dephasing length

is estimated to be Ld = (λp/2)/(c/vg − 1). Therefore, the strongly underdense
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regime (np � ncr) is preferred for laser wakefield acceleration, because a long

dephasing length results from the group velocity vg = c(1−np/ncr)1/2 of the laser

pulse being close to the speed of light.

The acceleration lengths of wakefield accelerators can be increased by choosing

a particular laser focusing geometry [59]. It has been reported that short focal

length geometries (f ≤ 300 mm) can cause beam break-up and prevent stable

propagation of the laser pulse [59], however it has also been shown that with the

correct conditions (plasma density, spatial alignment) short focal length set-ups

can also produce high quality electron beams [11]. The advantage of using a long

focal length geometry (f ≥ 1000 mm) for wakefield generation is that the laser

can be self guided over a distance comparable with the dephasing length. The

longer focal region in plasma increases the length over which the laser can remain

intense enough to drive a wakefield i.e. the interaction length. This means that

electrons can interact with the plasma wave for a longer time and hence gain

more energy.

Another way to increase the interaction length is to use a pre-formed hydrogen

plasma waveguide capillary. This method has been proposed [60, 61] and several

experiments have been carried out using a discharge capillary filled with fully

ionised hydrogen gas [62, 63, 64]. These capillaries are precision machined from

alumina or sapphire using a high repetition rate laser with a Gaussian intensity

profile [65, 66, 67]. They can be up to a few centimetres long and tens to hundreds

of microns in diameter. In this configuration a preformed plasma channel is

created in the capillary using either a high voltage (HV) discharge or an external

heater laser beam [3, 68]. The resulting plasma has a characteristic parabolic

radial density profile with a minimum on axis caused by cooling of electrons at

the capillary walls. As the refractive index is inversely proportional to the electron

density the parabolic density profile can counteract the natural diffraction of the

laser beam thus creating a waveguide for the laser pulse capable of guiding it

over many Rayleigh lengths up to cm scales with low loss [63, 64]. Recently GeV

electrons have been produced in this manner with 5 % energy spread using similar

capillary waveguides [4].

Having discussed the different regimes and mechanisms for laser accelerated

electron beams it is appropriate to compare the current beam quality from wake-

field accelerators with that of conventional accelerators. Electron beam quality

can generally be defined by three parameters; high peak current, small energy

spread and low emittance. These quality parameters are combined into a single

figure-of-merit parameter known as the electron beam brightness. The transverse
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normalised brightness can be described as BN
trans ∝ I/εNx ε

N
y and longitudinal

normalised brightness BN
longit ∝ I/σγ, where I and σγ are the electron beam cur-

rent and electron energy spread respectively [69]. The electron beam emittance is

roughly the product of the r.m.s. spot size and the r.m.s divergence of the electron

beam. For a symmetric (and non-skewed), focused electron beam the emittance

along the three cartesian spatial coordinates is given by εNx,y,z = γβσx,y,zσx′ ,y′ ,z′

where β = v/c, the normalised velocity of the particle, σx,y,z is the root mean

squared (r.m.s) source size, and σx′ ,y′ ,z′ is the r.m.s divergence of the particle

beam [69]. A typical accelerator such as SLAC can produce an electron beam

with energies of around 50 GeV, normalised emittances of 1 πmm mrad, and en-

ergy spreads of less than 0.1 % [70]. This compares to the best current measured

laser-plasma electron beam parameters of: 1 GeV for the peak electron energy

and , 1 πmm mrad, and energy spreads of ∼1 % respectively. Laser-wakefield ac-

celerators are a fresh area of research and are fast approaching the same order of

magnitude energy as conventional accelerators, which has the scope to potentially

revolutionise the accelerator industry and the way science is done.

In order to make measurements of the quality of electron beams produced by

laser wakefield accelerators, typical diagnostics include electron energy spectrom-

eter to characterise the electron energy spectrum and bandwidth. This usually

consists of a dipole magnetic field structure, which through the action of the

Lorentz force disperses the electrons according to their energy. It is also impor-

tant to measure the transverse electron beam profile to estimate the emittance,

this typically involves inserting a scintillating screen into the path of the electron

beam. Moreover, a more challenging measurement is to ascertain the electron

bunch duration. This has recently been done by electro-optic detection using

either the Coulomb electric field [71, 72] of the electrons or by the radiation fields

associated with the electrons traversing a dielectric discontinuity i.e., the coher-

ent transition radiation (CTR) [73, 74]. However, due to the frequency response

(detection bandwidth) of the electro-optic crystals used in these experiments, the

intrinsic temporal resolution is currently limited to ∼ 100 fs [73]. Comparing this

with the predicted bunch length, which is estimated to be as short as ∼ 1–3 fs,

defined by a plasma wavelength [75, 44], this detection method is some way off

in resolution. This is the subject matter of Chapter 4 of this thesis, where it will

be discussed more thoroughly.
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1.3 Applications of short pulse laser-matter in-

teractions

The interaction of ultra-high intensity laser pulses with plasma has a wide variety

of applications, including particle acceleration [1, 76, 77], radiation production

[6, 78, 79] and inertial confinement fusion [80, 81]. While it is true that a large

proportion of current research is curiosity driven, an equally important motivat-

ing factor is that laser-plasmas have tremendous potential as primary sources of

photons, electrons and ions for many other purposes. These sources are desirable

not only for their relative compactness but also for their recent developments in

beam quality.

Fast ion beams generated by high intensity laser irradiation of solid targets

have recently demonstrated excellent beam qualities, including high brightness,

high directionality and short burst duration. Although less developed than fast

electron or x-ray sources these ion sources already exhibit exciting possibilities.

For example, laser-accelerated protons in nuclear medicine are of particular inter-

est to oncologists as low cost, compact sources for the production of radioactive

isotopes [82, 83, 84] for positron emission tomography (PET), treating cancerous

tumors [85, 86], hadron-therapy applications [87, 88, 89, 90, 91] and proton radio-

graphy [92]. Most ion sources involve the interaction of high intensity laser pulses

with solid foil targets [76, 93, 94, 95], however Coulomb explosion interactions

with gaseous cluster jet targets have also been employed [96].

Furthermore, short pulse laser systems have also been considered for the pro-

duction of neutron beams [97, 98, 99], for fast neutron therapy, neutron radio-

graphy [100] and the transmutation of nuclear waste. Intense picosecond laser

pulses can be focussed onto solid targets can produce fast protons and ions, which

in turn drive neutron production [101, 102]. In addition, deuterated targets in

solid form [103, 104] and also in a gaseous cluster phase [105] have been used for

neutron production.

One of the most exciting developments in the field of inertial confinement fu-

sion (ICF) to emerge as a result of short pulse laser technology is the fast ignition

concept [106]. Standard ICF ignition is achieved by compressing a deuterium-

tritium pellet to high density in such a way that a hot spot is generated in the

centre of the target. This hot spot ignites and then propagates outwards burn-

ing the higher density fuel. However this technique holds stringent constraints

on both the drive pulse and target. Over 1 MJ of laser energy is needed before

significant gain is reached and the implosion symmetry has to be controlled to
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better than 1 % to prevent impurities mixing with the fuel. The fast ignition

scheme theoretically offers a relaxation on the driver, compression, and unifor-

mity requirements by up to an order of magnitude by using a high intensity, short

laser pulse to deliver the energy to the compressed fuel via fast electrons [106].

Proof of principle experiments have already demonstrated fast electron heating of

a compressed deuterium-tritium target using the cone-pellet arrangement [107],

in this scheme the cone provides a clean path to channel a short 0.5 PW ignitor

pulse to the centre of the fuel capsule [107]. However, these initial studies show

that there remain many basic physics issues to be resolved before fast ignition

becomes a viable option in inertial confinement fusion.

The advance in high intensity short pulse laser technology has heralded many

new exciting ways to generate radiation pulses across the whole electromagnetic

spectrum. These laser-plasma radiation sources include, the production of THz

pulses [78, 108, 109, 110], extreme ultraviolet (EUV) [111], XUV [112] coherent

X-rays [113, 114], and Gamma rays [115]. High harmonic generation (HHG) is

currently an exciting area of research [116, 117, 118, 119] investigating the gener-

ation of extremely bright coherent X-ray pulses with femtosecond to attosecond

durations (10−18 s) [120, 121].

This unprecedented temporal resolution allows mapping of electron motion

on the atomic scale, making attosecond pulses extremely attractive to chemists

wishing to access the ultrafast dynamics of electrons inside atoms and molecules,

for example the making and breaking of chemical bonds. Furthermore attosecond

pulses can act as an ‘ultrafast-shutter camera’ to produce images of the position of

nuclei and electrons simultaneously in space and time with sub-atomic resolution.

This will give scientists the opportunity to make 3D movies in real time which

map electronic motion and molecular rotations.

Short pulse lasers have also dramatically increased the availability of radiation

sources at THz frequencies, which up until recently was a relatively unexplored

region of the electromagnetic spectrum. These sub-picosecond THz pulses have

been produced using photoconductive antennas [122, 123] or through high inten-

sity laser pulse interactions with gases [108].

The principal use of laser-plasma generated electrons is currently envisioned

to entail the production of radiation. That is compact, laboratory scale sources

of high brightness ultra-short pulse radiation suitable for, high resolution, time

resolved experiments across the scientific community ranging from probing the

dynamics of matter at short X-ray wavelengths [124] to applications spanning

the health sciences [125]. This can be realised through the production of syn-
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chrotron radiation by passing the electron bunch through a periodic magnetic

structure, called an undulator, or wiggler. Very recently this has been achieved

for the first time using laser accelerated electrons [6]. The results of which will

be presented in chapter 5 of this thesis in more detail. Although this is already a

compact means of producing synchrotron light there exists scope to further com-

press these sources by using a plasma undulator [126]. The principle consists of

the formation of an electrostatic ion channel, formed in a capillary/gas cell by the

ponderomotive or space charge expulsion of electrons. This then forms a ‘mini

undulator’ structure which serves to support betatron oscillations of electrons

resulting in X-ray betatron radiation. In this regime everything happens on the

scale of plasma wavelength i.e. the acceleration, electron undulation and radia-

tion emission, which is of the order of micrometres in size, making this potentially

an ultra compact radiation source.

Another way to generate tunable radiation is by controlled photon acceler-

ation. Recent backscattering experiments have demonstrated that by colliding

a 800 nm probe laser pulse in counter-propagation into a plasma wakefield can

double Doppler frequency upshift the laser pulse to 7 nm [127]. Backscattering

electromagnetic radiation from a relativistic ionisation front is an exciting propo-

sition to create sub-cycle, attosecond pulses in the visible to x-ray region of the

electromagnetic spectrum. In the past conventional experiments have involved

using a gas filled microwave waveguide to frequency up-shift microwave radia-

tion [128, 129, 130]. However with the availability of current high-density gas

jet targets (∼1019cm−3) it is now possible to extend this phenomenon into the

THz region of the EM spectrum. It is feasible that a 1 THz pulse produced by a

semiconductor dipole antenna can be focused down and reflected off a relativistic

mirror i.e., an ionisation front to be double Doppler up-shifted by a factor of

4γ2 to 500 THz (mid-visible). The subsequent Lorentzian frequency up-shift also

accompanies a temporal compression of the same factor, transforming a 500 fs

THz pulse into one of sub-femtosecond duration. An experiment to do this is

presented in chapter 6 of this thesis. This technique is a very attractive way to

realise a versatile tunable source of radiation as the pulses can be ‘tailored’ as

required by controlling the input pulse parameters such as pulse energy, pulse

shape, duration, bandwidth and frequency.

The use of a plasma wakefield as a relativistic mirror is a more preferential

method to backscatter the radiation. This is because the wakefield has kinetic

energy which can be directly transfered into the backscattered pulse. The photon

number can thus be enhanced through the interaction of the probe pulse with the
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relativistic overdense front [131]. An ionisation front on the other hand, has no

kinetic energy, thus cannot submit energy during the interaction. This results in a

reduction in photon number and hence the energy of the backscattered radiation.

In summary, monoenergetic laser produced electrons [1, 2, 3] are excellent

candidates to reduce the size and cost of conventional accelerator technology

which is fast reaching a technological plateau. They could also serve as compact

drivers of free-electron lasers to generate inherently, ultrashort, coherent light

pulses suitable to serve the demand for high temporal and spatial resolution

pump-probe experiments in physics, chemistry and biology. Current wakefield

accelerator technology can produce electron beams with energies up to 1 GeV

[4, 29] and energy spreads of 1 % [7]. It is therefore reasonable to assume that with

the ultrahigh currents of these beams in conjunction with their small emittance

and energy spread that in the coming years they will revolutionise the particle

accelerator and free electron laser industry.

1.4 Future outlook

The construction of larger conventional accelerators is becoming prohibitively

expensive. Even for applications requiring lower energy electrons the space and

cost is a problem for example the Diamond Light Source, which uses undulators

to generate X-rays from electrons accelerated to approximately 3 GeV in a syn-

chrotron, occupies the space of approximately 5 football pitches and cost ' 600

million to construct. Laser wakefield accelerators offer a compact and cheaper

alternative. At a fundamental level, in order to continue with the development of

laser wakefield accelerators it is necessary to continually advance high power laser

technology. The performance of laser wakefield accelerators rely on the availabil-

ity of the best possible laser pulse parameters, which includes, pulse energy, pulse

duration, stability, focusability, and contrast ratio. Currently, advanced medium

size laser systems [17, 132] have multi-terawatt peak power capabilities and can

generate focused femtosecond pulses with intensities in excess of 1019 Wcm−2 with

10 Hz repetition rates. Larger scale systems such as the Petawatt Vulcan Laser

at RAL [133] can achieve 1021 Wcm−2. Petawatt systems with higher repetition

rates and shorter pulse durations [18, 32, 134] are now becoming available to

explore novel, nonlinear and relativistic physical processes previously uncharted.

The Vulcan laser at RAL is currently being upgraded to a 10 PW system using

optical parametric chirped pulse amplification (OPCPA) [135, 136]. This laser

will deliver 300 J in 30 fs to provide focussed intensities of 1023 Wcm−2 to its user
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community [133]. The development of such laser systems, in the 10 PW range,

will push laser wakefield accelerators to a new regime and already the applications

of such laser powers has been considered theoretically [137]. The scalings predict

the possibility to accelerate self-injected electron bunches to energies in excess of

10 GeV over a distance of 10 cm. Furthermore, staged acceleration is also under

consideration as a possibility for future generations of LWFA accelerators. This

technique would involve staging multiple 10 cm long capillaries waveguides in

series for ultra-high energy gains. These ultrahigh energy electron beams could

then be used as drivers of x-ray and gamma ray free-electron lasers for probing

matter across all the life sciences.

In addition to utilising these cutting edge laser systems as drivers of LWFA’s

and radiation sources, these intense laser pulses could have a future role in our

quest for clean energy production through the realisation of self-sustained and effi-

cient nuclear fusion. The primary contenders in this field are the Laser Megajoule

(LMJ) [138, 139] in France and the awaited National Ignition Facility [140, 141]

(NIF) at Lawrence Livermore National Laboratories (LLNL). These are both

military funded projects which will investigate indirect drive inertial confine-

ment fusion. NIF will be the worlds largest laser consisting of 192 ultra-violet

laser beams, which deliver 1.8 MJ of laser light energy in 10 ps onto a high Z

hohlraum for conversion into x-rays. These x-rays will then superheat and com-

press a Deuterium-Tritium (D-T) target to achieve fusion and potentially produce

a safe, virtually unlimited energy source powered by light. Furthermore there ex-

ist the HiPER project, which is a proposed European High Power laser Energy

Research facility dedicated to demonstrating the feasibility of laser driven fusion

as a future energy source. The facility will be a large scale laser system designed to

demonstrate significant energy production from inertial fusion, whilst supporting

a broad base of high power laser interaction science [142]. This is made feasible

by the advent of a revolutionary approach to laser-driven fusion known as ‘Fast

Ignition’ [106]. HiPER will use a unique laser configuration, currently estimated

to employ 250 kJ in multiple, 3ω (wavelength λ = 0.35 µm), nanosecond beams

for compression and 70 kJ in 10–20 ps, 2ω beams for ignition. These are the

estimated parameters of the system required to assemble the fusion fuel to an

appropriate density and to ignite the fuel and induce a propagating burn wave

to yield high gain [143, 144].

Although these large scale laser facilities (LMJ,NIF,HiPER) will deliver vast

amounts of coherent laser power, they are very large and expensive infrastruc-

tures. The maximum damage threshold of the gain medium and the optics used



1.4 Future outlook 20

to steer these beams necessitates that large expensive optics, gratings, and crys-

tals are used in the laser chain. A technique to amplify short pulses in plasma

is currently being investigated at Strathclyde [145, 146] and other institutions

[147, 148, 149, 150]. In this scheme, a short seed pulse is amplified by a stretched

and chirped pump pulse through Raman backscattering in a plasma channel.

Unlike conventional CPA, each spectral component of the seed is amplified at

different longitudinal positions determined by the resonance of the seed, pump

and plasma wave, which excites a density echelon that acts as a ‘chirped’ mir-

ror and simultaneously backscatters and compresses the pump. Experimental

evidence [146] shows that Raman amplification has the potential to be used as

an ultra-broad bandwidth linear amplifier. Many amplifiers with expensive and

fragile metre-size gratings might then be replaced by a single amplifier composed

of a 1 cm size plasma layer [151] to reduce the size and cost of future petawatt

and exawatt laser systems [152].



Chapter 2

Laser-plasma Interactions

2.1 Electron motion in an electromagnetic field

The interaction of intense laser pulses with plasma at the most fundamental level

is governed by the response of plasma electrons to the electric and magnetic

fields of the laser. Although the presence of plasma leads to collective effects

(e.g. plasma waves) as a starting point using the framework of Gibbon [153] we

consider the motion of a single electron in the presence of electromagnetic fields

E and B described by the Lorentz equation:

dp

dt
= −e(E + v ×B), (2.1)

from which follows the energy equation:

d

dt
(γmc2) = −e(v·E), (2.2)

where p = γmv , and γ =
√

1 + p2/m2c2 is the relativistic factor. Considering

an elliptically polarised plane wave travelling in the positive z-direction which

can be represented by the vector potential

A(ω,k) =
(
a0δ cosφ, a0

√
1− δ2 sinφ, 0

)
, (2.3)

where φ = ωt − kz is the phase of the wave, a0 is the normalised amplitude

(vosc/c), with vosc ≡ eE0/mω and δ is the Jones polarisation parameter such that

δ = {±1, 0} for a linearly polarised wave and δ = ±1/
√

2 for a circular wave.

For simplicity it is now convenient to introduce the normalisations t → ωt, z →
kz,v → v/c,p → p/mc, and A = eA/mc2. We can now proceed to use the

well-known relations, E = −∂A/∂t, and B = ∇×A = (−∂Ay/∂z, ∂Ax/∂z, 0) to
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write the perpendicular component of equation 2.1

dp⊥
dt

=
∂A

∂t
+ vz

∂A

∂z
, (2.4)

which upon integration yields

p⊥ −A = p⊥0, (2.5)

where p⊥0 is a constant of motion representing the initial perpendicular momen-

tum of the electron. The longitudinal component of equation 2.1 and equation

2.2 gives
dpz
dt
− dγ

dt
= −vx

(
∂Ax
∂t

+
∂Ax
∂z

)
− vy

(
∂Ay
∂t

+
∂Ay
∂z

)
. (2.6)

As the electromagnetic wave is a function of t − z only (in vacuum or dilute

plasma), the terms on the RHS vanish identically, so it is possible to integrate

the RHS to get

γ − pz = α, (2.7)

where α is a constant of motion yet to be determined. Using the identity γ2−p2
z−

p2
⊥ = 1 and choosing p⊥0 = 0, we can eliminate γ to get a relationship between

the parallel and perpendicular momenta,

pz =
1− α2 + p2

⊥
2α

. (2.8)

Since equation 2.5 shows that p⊥ is equal to the laser vector potential, equation

2.8 represents the general solution for the motion of free electrons in an electro-

magnetic wave. To proceed we now specify α and integrate equation 2.5 and

equation 2.8 by changing the variable:

dφ

dt
=
∂φ

∂t
+
pz
γ

∂φ

∂z
=
α

γ
, (2.9)

which gives

p = γ
dr

dt
= γ

dφ

dt

dr

dφ
= α

dr

dφ
. (2.10)

In the laboratory frame, the electron is initially at rest prior to the arrival of

the electromagnetic waves, so that t = 0, pz = px = 0, and γ = 1 . From the

conservation relation equation 2.8 it follows that α = 1 in this case, leading to
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Figure 2.1: The electron orbits in the laboratory frame when immersed in a
large amplitude, linearly polarised electromagnetic plane wave. The electric-field
strengths corresponding to 800 nm laser wavelengths with intensities: I = 1×1017

Wcm−2 ≈ a0 = 0.3 (red line), I = 1×1018 Wcm−2 ≈ a0 = 1.0 (green line), I =
1×1019 Wcm−2 ≈ a0 = 3.0 (blue line).

the momentum components in the lab frame:

px = a0δ cosφ,

py = a0

√
(1− δ2) sinφ,

pz = 1
4
a2

0 [1 + (2δ2 − 1) cos 2φ] ,

(2.11)

with the help of equation 2.10 we can integrate equations 2.11(a)-2.11(c) to obtain

the laboratory frame orbits valid for an arbitrary polarisation δ:

x = a0δ sinφ,

y = −a0

√
(1− δ2) cosφ,

z = 1
4
a2

0

[
φ+ 2δ2−1

2
sin 2φ

]
.

(2.12)

This solution is shown graphically in figure 2.1. It is immediately apparent

that regardless of polarisation the longitudinal motion has a secular component

that will grow in time or with propagation distance. In the presence of the

electromagnetic wave, the electron immediately starts to drift with an average

momentum pD ≡ pz = a2
0/4, corresponding to a velocity

vD
c

= vz =
pz
γ

=
a2

0

4 + a2
0

, (2.13)
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Figure 2.2: The electron orbits in the average rest frame when immersed in a
large amplitude, linearly polarised electromagnetic plane wave. The electric-field
strengths corresponding to 800 nm laser wavelengths with intensities: I = 1×1017

Wcm−2 ≈ a0 = 0.3 (red line), I = 1×1018 Wcm−2 ≈ a0 = 1.0 (green line), I =
1×1019 Wcm−2 ≈ a0 = 3.0 (blue line).

where the overscore represents averaging over rapidly varying electromagnetic

phase, φ (and γ = α + pz has been used).

The fact that the electron drifts in the lab frame leads to another possible

choice of constant α. Considering that the drift velocity vanishes for arbitrary

pump strength, and setting p̄z = 0 in equation 2.8 yields

1 + A2 − α2 = 0. (2.14)

Averaging over a laser cycle to remove rapidly varying terms, and noting that

cos2(φ) = 1/2 gives

α =

√(
1 +

a2
0

2

)
≡ γ0. (2.15)

Plugging this back into equation 2.8 gives the momenta:

px = a0δ cosφ,

py = a0 sinφ
√

(1− δ2),

pz = 1
4γ0
a2

0 (2δ2 − 1) cos 2φ.

(2.16)
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Noting that in this case, p = γ0
dr
dφ

, we can integrate again to get the orbits;

x = 2δq sinφ,

y = −2q
√

(1− δ2) cosφ,

z =
(
δ2 − 1

2

)
q2 sin 2φ.

(2.17)

where q = a0/2γ0. Eliminating φ for linear polarisation δ = 1 we obtain the well

known figure-of-eight shown in figure 2.2.

2.2 The ponderomotive force

In the previous section the solutions derived are generally valid for plane waves.

These analytical solutions, although useful, do not completely describe the details

of electron motion caused by a real laser pulse. Tight focussing of an ultra-short

laser pulse creates strong radial intensity gradients over a few wavelengths and

few-cycle pulses are highly dispersive thus require a completely non-adiabatic

approach. The ponderomotive force can be defined physically as the gradient

of the time-averaged oscillation potential. Considering the non-relativistic case

when a single electron oscillates near the centre of a focused laser beam in the

limit v/c << 1 the equation of motion (equation 2.1) for the electron becomes

[153]
∂vx
∂t

= − e

me

Ex(r). (2.18)

Taylor expansion of the electric field then gives

Ex(r) ∼= E0(x) cosφ+ x
∂E0(x)

∂x
cosφ+ ..., (2.19)

where φ = ωt− kz. To the lowest order we can say that:

v(1)
x = −vosc sinφ; x(1) =

vosc
ω

cosφ, (2.20)

where vosc ≡ eE0/mω. Substituting back into equation 2.18 gives

∂v
(2)
x

∂t
= − e2

m2
eω

2
E0
∂E0(x)

∂x
cos2 φ. (2.21)
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Multiplying by me and taking the cycle average yields the ponderomotive force

on an electron [153],

Fp ≡ me
∂v

(2)
x

∂t
= − e2

4meω2

∂E2
0

∂x
= − e2

4meω2
∇E2. (2.22)

Physically this implies a greater force for regions with larger E-field gradients as

illustrated in figure 2.3(b). A single electron will thus drift away from the centre

of a focused laser beam acquiring a velocity v ∼ vosc.

Figure 2.3: (a) The charge separation caused by the ponderomotive force of a high
intensity laser pulse and subsequent accelerating forces. (b) The ponderomotive
force is greatest at high electric field gradients and will drive charged particles to
regions of lower field amplitude.
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To consider a relativistic version of equation 2.22 we must rewrite the original

Lorentz equation (2.1) in terms of the vector potential A to obtain

∂p

∂t
+ (v·∇)p =

e

c

∂A

∂t
− e

c
v × (∇×A), (2.23)

then separating the timescales of the electron motion into fast and slow compo-

nents as,

p = ps + pf (2.24)

and using the following identity:

v × (∇× p) =
1

mγ
p× (∇× p) =

1

2mγ
∇ |p|2 − 1

mγ
(p · ∇)p. (2.25)

To lowest order, the fast (transverse) component of the electron momentum fol-

lows the vector potential: pf = eA/c. Averaging over a laser cycle, we obtain

the expression for the relativistic ponderomotive force

Fp =
dps
dt

= −mc2∇γ, (2.26)

where γ =
√

(1 + p2
s/m

2c2 + a2
0/2).

2.3 Relativistic plasma optics

As is well known in the field of non-linear optics, high intensity laser pulses

can alter the dielectric properties (i.e. the refractive index) of the medium they

traverse. The interaction of intense laser pulses in underdense plasma can be

understood by similar concepts where the pulse dynamics are governed by the

refractive index of the plasma expressed as [41]:

ηp(r) =

(
1−

ω2
p

γ(r)ω2
0

) 1
2

, (2.27)

where γ(r) = (1 + a2
0(r)/2)1/2. This expression shows that the local plasma

refractive index depends on the plasma electron density, laser intensity and laser

frequency, through the appearance of ωp, γ(r), and ω0 respectively. For a laser

pulse with a Gaussian radial profile a(r), the on-axis electrons experience higher

relativistic driving fields than those at the wings by an amount that depends

on the time averaged relativistic factor γ(r). Consequently, electrons quivering

in the center of the pulse will have more inertia than those oscillating in the
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Figure 2.4: The relativistic self-focussing phenomenon in an underdense plasma is
caused by the radial intensity dependence of the laser pulse. Relativistic effects
cause a corresponding radial dependence of the electron inertia resulting in a
radial refractive index gradient which focuses the laser pulse.

lower electric fields at the edge of the pulse. This radial variation of electron

inertia across the intensity envelope translates to a corresponding modulation of

the local plasma frequency, resulting in an on-axis maximum of the refractive

index, ηp(r). This condition (dηp/dr < 0), constitutes a ‘positive’ focussing effect

which becomes stronger as the laser beam decreases in diameter and becomes

more intense (figure 2.4).

Relativistic mass shifts are not the only effect responsible for refractive in-

dex modulations. The laser field can also produce plasma density perturbations

through the action of the ponderomotive force. Furthermore, gradients in the

refractive index can also cause local modulations of the laser frequency. These

additional parameters can be accounted for by expansion of the refractive index

as done by Mori [39]:

η(r) = 1− 1

2

ω2
p

ω2

(
1 +

δn

n0

− a(r)2

4
− 2δω

ω0

)
, (2.28)

thus using the relation vφ(r) = c/η(r) we can attain an expression for the phase

velocity:

vφ(r) = c

(
1 +

1

2

ω2
p

ω2
0

(
1 +

δn

n0

− a(r)2

4
− 2δω

ω0

))
, (2.29)

then using the relation vφvg = c2, obtain a similar expression for the group

velocity:

vg(r) = c

(
1− 1

2

ω2
p

ω2
0

(
1 +

δn

n0

− a(r)2

4
− 2δω

ω0

))
. (2.30)

An estimate of the threshold power needed to make a laser beam self-focus due to

relativistic effects can be obtained using geometrical arguments [153]. We consider
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Figure 2.5: (a) The radial relativistic intensity a0 dependence of a Gaussian laser
pulse in an underdense plasma. (b) The greater on-axis electron inertia results in
a corresponding on-axis phase velocity minimum with respect to the wings. (c)
This results in a ‘positive’ focussing effect of the laser pulse.

a laser pulse with a radial profile a(r) = a0 exp(−r2/2σ2
0), which has been focused

to a spot size, σ0, just inside a region of uniform, underdense plasma. Neglecting

non-linear effects the beam will diffract with a divergence angle of [154]:

θd =
dr

dz
=
σ0

zR
=

1

kσ0

, (2.31)

where zR = 2πσ2
0/λ is the Rayleigh length. The phase velocity of the wave-

fronts passing through the relativistic plasma described by equation 2.28 can be

approximated giving:

vφ(r)

c
=

1

ηp
≈ 1 +

ω2
p

2ω2

(
1− a2(r)

4

)
. (2.32)

Looking across the beam profile (figure 2.5) it is apparent that the phase fronts

will travel more slowly at the centre (on-axis) than at the wings, given a velocity

difference:
∆vφ(r)

c
=

ω2
p

8ω2
a2

0e
−r2/σ2

0 . (2.33)

This phase front curvature causes the rays to bend by an amount determined by

their relative path difference. The maximum path difference is:

∆L = |∆vφ|max t =

∣∣∣∣∆vφc
∣∣∣∣
max

z = αr. (2.34)

Thus the maximum focussing angle of the beam is:

α2 =
ω2
pa

2
0

8ω2
. (2.35)

Beam spreading due to diffraction will therefore be canceled by self-focussing
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effects if θd = α yielding:

a2
0

(ωpσ0

c

)
≥ 8. (2.36)

The result is a power threshold for relativistic self-focussing in a uniform under-

dense plasma given by the critical power:

Pc = 17.3

(
ω0

ωp

)2

GW, (2.37)

which can be reduced using higher electron densities, but this has the accompa-

nying counteracting effect of increasing the refractive defocusing phenomenon.

2.4 Pulse compression

An electromagnetic light wave or laser pulse can undergo frequency shifts and

pulse compression during propagation in underdense plasma due to co-moving

longitudinal gradients in the refractive index. This can be a consequence of

laser intensity gradients causing ponderomotive density fluctuations or due to

the presence of a relativistic plasma wave. These spatial and temporal variations

in refractive index η(x, t) cause spectral changes as well as pulse compression to

a light pulse propagating in plasma. Pulse compression occurs when a laser pulse

co-moving with a relativistic density ramp or relativistic plasma wave induces

longitudinal variations of the refractive index, causing different parts of the pulse

to travel with different velocities. If the front of a laser pulse travels slower than

the back then the pulse will be compressed. Considering two points, z1 and

z2 inside the laser pulse initially separated by a distance L then the change in

separation after some time, ∆t is given by:

∆L = (vg2 − vg1) ∆t. (2.38)

We can write the change in group velocities in terms of the gradient of the group

velocity and the initial separation L through ∆vg ≈ L(∂vg/∂z). It is now also

convenient to introduce a coordinate transform into a frame ‘co-moving’ with the

group velocity of the laser pulse vg ' c. Thus we choose variables (ξ, τ) such that

ξ = z − ct and τ = t. We may now write the rate of compression as

1

L

∂L

∂t
= −c∂η

∂ζ
. (2.39)

The longitudinal variations in the refractive index can be due to any of the
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three terms in the expansion (equation 2.28) of the refractive index (plasma den-

sity perturbations, laser intensity, or local frequency variations) and can lead to

modulations of the laser pulse envelope - either through pulse stretching or pulse

compression depending on the sign of the refractive index gradient.

2.5 Photon acceleration

As discussed previously, longitudinal variations in the refractive index result in

pulse compression due to variations in the group velocity across the laser pulse.

The longitudinal variation in the refractive index also modulates the phase ve-

locity across the laser pulse, hence wavelength changes occur inside the laser

pulse envelope as the wavefronts bunch together (photon acceleration) or spread

away from each other (photon deceleration). The changes in frequency that re-

sult correspond to changes in photon energy as the laser pulse submits energy to

drive the wakefield. This process is generally described as ‘photon acceleration’

for the case when photons gain energy and ‘photon deceleration’ when photons

lose energy. This idea was first introduced by Wilks [155] and since then has

been demonstrated experimentally among several groups worldwide using laser

wakefields [156] and relativistic ionisation fronts [157]. To analyse this effect we

consider two wavefronts separated by a phase difference of 2π, i.e. separated by

one wavelength. If the phase velocity is different at two points, then in a time ∆t

these two wavefronts will have traveled different distances. Since we have defined

these points to be wavefronts with a 2π phase difference, this corresponds to a

change in the wavelength. If the change in the phase velocity is small over a wave-

length then we can write the difference in the phase velocities as ∆vφ =
∂vφ
∂z
λ0

and the rate of change of wavelength is given by [9]

∂λ

∂t
=
∂vφ
∂z

λ0. (2.40)

If we express this in terms of frequency rather than wavelength and the refractive

index gradient rather than
∂vφ
∂z

and change to the speed of light variables, we have

an equation for the rate of photon acceleration:

1

ω

∂ω

∂τ
=

c

η2

∂η

∂ξ
. (2.41)

Equation 2.41 states that when there are refractive index gradients co-moving

with the laser pulse then frequency shifts can occur. It should be noted that

the pulse compression described in equation 2.39 and the photon acceleration de-
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scribed by equation 2.41 cannot occur on their own. Both are due to longitudinal

gradients in the refractive index and so any refractive index gradient will result

in the occurrence of both processes.

These spectral shifts of the driving laser pulse are a useful diagnostic [156].

If the driving laser pulse length is shorter than half a plasma wavelength then

the laser radiation propagates entirely inside the initial red-shifting phase of the

wakefield. This results in some of the pump laser spectrum being transferred to

longer wavelengths. If there is no laser energy transferred to longer wavelengths

in the measured spectrum, it is unlikely that a wakefield of significant amplitude

was being driven by the laser pulse. When the pulse extends into the accelerating

phase of the wakefield the back of the pulse is blueshifted. The energy gained

at the back of the pulse originates from the front of the pulse, which drives the

wakefield, and is red-shifted. As a result the laser spectrum broadens.

It is also possible for the pulse to be exclusively blue-shifted by photon acceler-

ation if it is also ionising the plasma through which it propagates. The ionisation

front, which co-propagates with the laser pulse, has an accelerating refractive

index gradient. Despite the overall frequency increase of the light energy is con-

served because some photons are absorbed in the ionisation process. An overall

shift of the spectrum towards blue can be interpreted as evidence that the laser

is creating electrons through ionisation as it propagates. This is often referred to

as an ‘ionisation blueshift’.

2.6 Modulational instabilities

There are various types of ‘modulational instabilities’, classified according to the

relation between the phase velocity, vφ of the plasma wave and the electron and

ion thermal velocities ve−th , vi+th respectively. When an incident pump scatters off a

Langmuir wave the instability is known as Stimulated Raman Scattering (SRS).

If the plasma wave satisfies vφ ≈ ve−th then the electrons experience strong Landau

damping. In this case the plasma wave is no longer an eigenmode but a driven

oscillation, of which any subsequent scattering is known as stimulated Compton

scattering. Finally when, the pump scatters off an ion-acoustic wave (vi+th �
vφ � ve−th ), it is known as Brillouin scattering. In laser wakefield acceleration, the

plasma is usually cold and the timescales involved are so short that ion motion

can be neglected. Therefore, stimulated Raman Scattering is the most important

parametric instability in laser wakefield research [43].
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Figure 2.6: The phase matching conditions for forward Raman scattering, k± =
k0 ± kp.

2.7 Forward Raman Scattering (FRS)

As introduced in the previous section an important class of instability for laser

wakefield excitation is Forward Raman scattering (FRS). When a strong elec-

tromagnetic pump wave (ω0,k0) interacts with an underdense plasma it drives

various longitudinal plasma waves, giving rise to density perturbations. Oscillat-

ing electrons in the presence of laser light with an electric field E(r) leads to a

small density fluctuation, δn, thus producing a transverse current, which gener-

ates a small scattered light wave. This scattered light wave in turn beats with

the incident field to reinforce the density fluctuation via the ponderomotive force.

Hence, the plasma wave and scattered light wave grow at the expense of the inci-

dent light giving rise to excitation of electromagnetic sidebands (ω0±ωp,k0±kp)

located at the sum and difference of the pump and plasma frequencies. We may

write the frequency and wavenumber matching conditions such that the energy

and momentum fields are conserved:

ω± = ω0 ± ωp,
k± = k0 ± kp.

(2.42)

These are termed as the Stokes and anti-Stokes shift (Raman satellites). The

frequency down-shifted wave is known as the Stokes wave, and the upshifted

wave is called the anti-Stokes wave. When the interaction is such that these

generated sidebands enhance or drive the plasma waves, which in turn acts back

on and enhance the sideband growth the interaction becomes unstable.

The growth rate of the instability can be quantified by Γ0 given by [153]

Γ0 =
ω2
pa0√

8ω0 (1 + a2
0/2)

. (2.43)
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In the non-relativistic limit, a0 � 1, this reduces to the standard result [158, 159]:

Γ0 =
ω2
pa0√
8ω0

, (2.44)

and in the other extreme, where relativistic effects are considered a0 � 1, the

growth rate becomes [153]:

Γ0 '
ω2
p√

2ω0a0

, (2.45)

and therefore falls off with increasing laser intensity. The maximum growth rate

is found from equation 2.43 to be Γmax = ω2
p/4ω0 at a0 =

√
2.

There exist certain requirements in order to support the stimulated Raman in-

stability the first of which being that all the EM waves must be able to propagate

in the plasma thus ne ≤ 1/4ncr. The driving laser pulse must also be longer than

one plasma period, corresponding to the regime in which ponderomotive excita-

tion of a laser wake by the laser pulse envelope ceases to play a role. Even though

the laser pulse may still excite a wake in this regime its role is far overwhelmed by

the Raman forward scattered Langmuir wave. If strongly driven, these processes

can lead to the generation of fast electrons by wave breaking and the eventual

self-modulation of the propagating laser pulse, which can in turn drive the self

modulated laser wakefield regime [43].

2.8 Backward Raman Scattering (RBS)

For the Raman backward scattering (RBS), the instability has been shown by

Gibbon [153] that the maximum growth for RBS occurs for

k = k0 +
ω0

c

(
1− 2ωp

ω0

)1/2

≈ 2k0, (2.46)

for ωp/ω0 � 1. In this limit we have

ΓRBS
ωp

=

√
3

2

(
ω0

2ωp

)1/3
a

2/3
0

(1 + a2
0/2)1/2

, (2.47)

which is maximum for a0 = 2, after which it falls off as a
−1/3
0 for a0 � 1. In the

non-relativistic limit, we also recover the standard result for the strongly coupled

regime [160].
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2.9 3D self-modulation

Real laser-plasma acceleration experiments are not well described by 1D models

since to reach the intensities necessary to drive plasma waves the laser must be

focused to a spot whose size is of the order of the plasma wavelength. In section

2.3 transverse focusing occurs in a plasma density perturbation. The density

profile of a 2D or 3D plasma wave means that some regions of the plasma wave

actually focus the laser pulse due to the refractive index being greater on axis,

whereas some regions enhance the diffraction of the laser pulse. These regions are

half a plasma wave apart which leads to a modulation of the laser pulse envelope

at the plasma frequency in a similar way to the 1D self-modulation instability.

2.10 Laser wakefield excitation

In 1979 Tajima and Dawson [21] proposed a method of coupling the transverse

electromagnetic energy of a high power laser into longitudinal plasma waves with

relativistic phase velocities. At a fundamental level the mechanism relies on the

concept that when an ultrashort laser pulse propagates in underdense plasma,

there is not enough time for the larger inertia ions to move significantly compared

to electrons. At relativistic intensities the light pressure which is alternatively

known as the ponderomotive force predominantly pushes the electrons forward in

the same direction as the laser propagation, however there is also a radial push in

the transverse direction to the pulse propagation, resulting in the electrons moving

away from regions of high intensity. This sets up a space charge displacement

causing the plasma ions to pull back the electrons to their original equilibrium

position. However, the electrons overshoot their equilibrium position resulting

in an electron plasma oscillation (Langmuir wave) at the characteristic plasma

frequency, ωp. This electrostatic plasma wave, driven by the ponderomotive force

of the laser, adopts a relativistic phase velocity equal to the group velocity, vg ≈
c(1− ω2

p

ω2
0
) of the driving laser pulse in the plasma. The plasma wavelength λp =

2πvg/ωp also depends on the group velocity of the driving laser pulse, which can

be very close to the speed of light for low density plasmas.

This makes relativistic plasma waves excellent candidates for the acceleration

of charged particles, due to their relativistic phase velocities and ability to support

very large longitudinal electric fields. Charged particles traveling close to the

speed of light may interact with the plasma waves for a significant length of time

leading to efficient energy coupling and acceleration.

In order to quantify the strength and effects of a laser induced wakefield we start
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Figure 2.7: The solution of the small amplitude wakefield equation in the linear
regime. The laser intensity envelope, a0 (green line), the plasma density pertur-
bation, ne (blue line) and the longitudinal electric field profile of the wakefield,
Ez (red line).

with an expression to describe plasma waves driven in the weak field limit [153]

∂2n

∂t2
+ ω2

pn =
n0

2

∂2

∂z2

v2
x

c2
, (2.48)

where n is the perturbed density and n0 is the equilibrium density. It is now

appropriate to assume the quasistatic approximation and to transform into a

frame co-moving with the group velocity of the laser pulse vg ' c. Thus we select

(ξ, τ) as new variables, such that ξ = z− ct and τ = t. The partial derivatives in

equation 2.48 thus become

∂

∂x
=

∂

∂ξ
;

∂

∂t
=

∂

∂τ
− c ∂

∂ξ
= −c ∂

∂ξ
, (2.49)

following from this:
∂2

∂x2
=

∂2

∂ξ2
;

∂2

∂t2
' c2 ∂

2

∂ξ2
. (2.50)

In this approximation we may assume that the time τ is considered to be slowly

varying during the transit time of the laser pulse, thus we can effectively set

∂/∂τ = 0 in the co-propagating frame of reference. In this new coordinate system,

letting a = vx/c we attain the Eulerian transformation of equation 2.48:(
∂2

∂ξ2
+ k2

p

)
n =

n0

2

∂2

∂ξ2
a2, (2.51)
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and making use of Poisson’s equation:

∂2φ

∂ξ2
= −∂E

∂ξ
= 4πen, (2.52)

we can write down an equation for the wakefield potential (normalised to mc/e):(
∂2

∂ξ2
+ k2

p

)
φ = −k2

pΦL, (2.53)

where ΦL = −1
2
〈a2〉 is the normalised ponderomotive potential of the laser pulse,

which we take to be averaged over the laser period 2π/ω0, so that in terms of the

slowly varying pulse envelope, ΦL(ξ) = −1
4
a(ξ)2.

Equation 2.53 is a driven Helmholtz equation which can be solved using

Green’s function [161] to attain a solution for φ(ξ):

φ(ξ) = −kp
4

∫ ∞
ξ

dξ
′ |a(ξ)|2 sin

[
kp

(
ξ − ξ′

)]
. (2.54)

We can then retrieve the density, n, from equation 2.52 and using the relation:

Ez = −∂φ
∂ξ
, (2.55)

retrieve the longitudinal wakefield left behind by the laser pulse. Numerical

examples of these quantities are shown in figure 2.7.

In order to consider a relativistic treatment of laser wakefield generation we

can again apply the quasistatic approximation in a Eulerian frame moving with

the pulse. However, this time an arbitrary group velocity vg, is chosen so that

τ = t and ξ = z − vgt. We may write down the momentum equation in this

coordinate frame:
∂

∂ξ
[φ− γ (1− βgu)] , (2.56)

where βg = vg/c and u = vz/c similarly we may write down the continuity

equation for the charge density in this frame:

1

c

∂n

∂τ
=

∂

∂ξ
[n (βg − u)] . (2.57)

Now by noting that the evolution timescale τ of the pulse envelope is typically

the Rayleigh diffraction time, which is much longer than a laser period we may

neglect ∂/∂τ relative to ∂/∂ξ. After some algebra and manipulation we can

express the fluid quantities entirely in terms of the pump amplitude a and from
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Figure 2.8: The solution of the non-linear wakefield equation. The laser intensity
envelope, a0 (green line), the plasma density perturbation, ne (blue line) and the
longitudinal electric field profile of the wakefield, Ez (red line).

Poisson’s equation in the co-moving coordinates we attain:

∂2φ

∂ξ2
= k2

p (n− 1) = k2
pγ

2
g

(
βg
ψ
− 1

)

= k2
pγ

2
g

 βg (1 + φ)[
(1 + φ)2 − γ−2

g (1 + a2)
]1/2
− 1

 . (2.58)

We may then integrate numerically equation 2.58 for a given pulse amplitude a(ξ)

at a given time τ . Again once we have the wakefield potential φ(ξ) we can attain

the longitudinal electric field from equation 2.55 and the density from equation

2.52.

In the laser wakefield regime there exists an optimum pulse duration which can

resonantly drive the most intense wake. The maximum plasma wave amplitude

will occur when the pulse duration and/or plasma density are tuned to satisfy

the condition, τp = 2π/ωp. This resonant requirement can be understood by a

relatively simplistic conception (figure 2.9). As the front end of the pulse enters

a region of unperturbed plasma, the ponderomotive force pushes electrons in the

forward direction and initiates plasma oscillations. Half way through, however

the ponderomotive force reverses its sign, and the electrons receive another kick

in the opposite direction.

The resonant condition is satisfied if the reversal of the ponderomotive force
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Figure 2.9: The optimum driving conditions for electron acceleration through
laser wakefield excitation constitutes a double ponderomotive ‘kick’ on the elec-
trons by the driving laser pulse.The ponderomotive force initially pushes the elec-
trons in the forward direction away from their equilibrium position. The laser
pulse then passes the electrons at their maximum extension distance from the
ions, reverses its polarity and gives the electrons another ‘kick’ back towards the
ions resulting in resonant wakefield growth.

polarity, at the back of the pulse takes place when the electrons at the point when

they are starting their motion back towards their equilibrium position. This sec-

ondary ‘kick’ enhances the electron oscillation, setting up a larger wakefield and

increased accelerating gradients. It is important to note that this consideration

gives the optimum pulse duration for a given amplitude, however if the pulse

energy is fixed, a shorter, thus more intense pulse will drive a stronger wakefield,

meaning that the LWFA regime is currently limited by the maximum laser inten-

sity and the minimum laser pulse length achievable by current laser technology.

The pending availability of short pulse, petawatt systems will allow the LWFA

mechanism to be driven to unprecedented amplitudes.

2.11 Plasma beat waves (PBWA)

In 1979 laser technology was insufficient to drive the LWFA mechanism due to

pulse durations exceeding several hundred picoseconds. In the absence of fem-

tosecond technology, as an alternative to access a regime where high phase velocity

plasma waves could be generated, Tajima and Dawson proposed the beat wave

wakefield accelerator (PBWA) [21]. In the beat wave scheme two laser pulses

with different frequencies ω0 and ω1 are optically mixed in plasma to generate a

beat-wave such that ω0 − ω1 = ωp (figure 2.10). This beat-wave can be matched
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to the plasma frequency to resonantly drive a large amplitude plasma wave. This

effectively results in a train of shorter pulses which are able to drive up a beat

wave over several plasma periods. This is in contrast to the LWFA scheme, where

a plasma wave is forcibly driven by a single laser pulse, the beatwave method re-

lies on a more gentle build creating a plasma wave whose amplitude grows with

time.

The beat-wave mechanism can evolve from a linear growth regime to drive

non-linear plasma waves on the order of picoseconds, however there are a number

of processes which not only limit the maximum plasma wave amplitude, but which

act to destroy the coherence of the wake. The most important of these are linear

detuning and relativistic detuning. Linear detuning is caused by a mismatch

between the beat frequency ∆ω = ω0 − ω1 and plasma frequency, such that

∆ω−ωp 6= 0. Relativistic detuning occurs when the amplitude of the plasma wave

becomes large enough to increase the effective mass of the electrons, resulting

in a change of the local plasma frequency such that ω0 − ω1 6= ωp
/√

γ (γ =

Lorentz factor of oscillating electrons). This relativistic shift results in the plasma

frequency drifting away from resonance, hence limiting the ultimate plasma wave

amplitude. For perfect frequency matching, the maximum saturation amplitude

of the plasma wave is given by

Emax =

(
16a1a2

3

) 1
3

(2.59)

where a1 and a2 are the vector potentials of the driving beams. This is the

standard result, for plasma wave saturation by relativistic detuning, originally

derived by Rosenbluth and Liu [162].

2.12 Self modulated laser wakefields (SML-

WFA)

The SM-LWFA starts in a similar way to the LWFA. The front edge of the laser

pulse provides the ponderomotive force required to excite a plasma wave. An ini-

tially long laser pulse ωpτ � π or cτ � λp encloses several plasma wavelengths.

If the laser pulse is of high enough intensity, the forward Raman instability de-

scribed in section 2.7 can modulate the laser pulse into a train of smaller pulses.

This is due to areas of high and low density present in the form of a plasma

wave causing longitudinal bunching of the photons within the laser pulse en-
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Figure 2.10: The beatwave mechanism is driven by the beating of two electromag-
netic waves detuned by the plasma frequency ωp, resulting in a train of shorter
pulses which forms a density echalon in the plasma.

velope. Successive sections of the laser pulse are also transversely focused and

diffracted respectively which results in the envelope of the pulse separating into

pulses which automatically match the resonance condition for plasma wave gen-

eration (ωpτ = π or cτ = 1
2
λp), thus effectively each pulse fragment interacts

resonantly with the plasma wave in a similar way to the LWFA mechanism. This

is a convenient effect for electron acceleration experiments where only long pulses

are available. The laser pulse can self evolve due to the surrounding plasma condi-

tions and enter into a more efficient resonant regime. The effect of the modulation

instabilities on a 2D Gaussian pulse is shown schematically in figure 2.11.

2.13 Wavebreaking

Relativistic electrons can be generated through wavebreaking of large amplitude

relativistic plasma waves which are created in the wake of the laser pulse as it

propagates through an underdense plasma. There exists a physical limitation

on how large an electric field a longitudinal plasma oscillation (wakefield) may

support. This is obviously a crucial issue for particle acceleration as one requires

that the electric field be as high as possible for optimum acceleration over a finite

length of plasma. Physically, wavebreaking occurs when the velocity of particles

in the wave approaches the phase velocity of the wave [54] in which they become

trapped and accelerated. This process is extremely important to LWFA because

it means that electrons from the background plasma can become trapped and

accelerated, eliminating the need for an external source of electrons (there are a
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Figure 2.11: An illustration of the SMLWFA mechanism. (a) The laser pulse
envelope splits into many small pulses due to longitudinal bunching of the pho-
tons and transverse focusing caused by the plasma conditions. (b) A subsequent
density echelon is created which can further enhance the modulation. (figure
adapted from [9].)

range of technical problems associated with external injection schemes). However

this also limits the maximum achievable accelerating gradient within the plasma

wave. That is because the electric field of the trapped electrons suppresses the

electric field of the wakefield, which is known as ‘beam-loading’ [163].

In a 1D plasma wave it is possible to show that wavebreaking occurs when

the amplitude of the displacement of electrons in the wave approaches the plasma

wavelength - i.e. when the particle trajectories cross [164]. Wavebreaking in 3

dimensions also occurs when particle trajectories cross, however due to transverse

effects can take place at lower amplitudes. Wavebreaking is an important process

because it is a way in which electrons can be injected into plasma waves to be

accelerated. Using the following expression:

∇ · E = −eδn/ε0 (2.60)

and

|ikpE0| = −en0/ε0 (2.61)

and taking vp ≈ c a plasma wave driven by a laser pulse of wavelength 800 nm

in a plasma density of ne = 1.75 × 1019cm−3 can support electric fields of 400

GV/m.

If we assume the plasma is cold, and the quiver velocity of the electrons in

the plasma wave equals the phase velocity of the plasma wave, kp = ωp/c then
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the maximum field which can be supported in the non-relativistic limit is

Emax =
mωpvp
e

, (2.62)

which is the ‘cold wave-breaking limit’ derived by Dawson and Oberman [52].

This picture treats wavebreaking as crossing of neighboring charge sheets, ac-

companied by nonlinear steepening of the plasma wave fronts until a density

singularity is reached (figure 2.8).

The above wavebreaking expression needs modification when the phase veloc-

ity of the electrons are close to the phase velocity of a relativistic plasma wave.

In this case the electrons must also be relativistic. When relativistic effects are

taken in to account (γp > 1), the 1D cold relativistic wavebreaking limit increases

to [153]

Emax =
mcωp
e

√
2 (γp − 1)1/2 . (2.63)

In the case of a warm plasma thermal effects act to reduce the maximum

attainable wave amplitude. There are two reasons for this: first, plasma pressure

resists tendency for the density to explode; second, thermal electrons moving

in the direction of the wave may be trapped at a lower wave amplitude than

cold particles would be. These corrections were first introduced by Coffey [54]

using the so called ‘waterbag’ model for the electron distribution function. It was

demonstrated that the wavebreaking limit for a non-relativistic plasma wave in

a warm plasma is

eEmax

mωpvp
=

(
1− µ

3
− 8

3
µ1/4 + 2µ1/2

)1/2

, (2.64)

where µ = 3kTe/mv
2
p, k is the Boltzmann constant, and Te is the plasma electron

temperature.

This was extended to a relativistic case by Katsouleas and Mori [55], who

generalised Coffey’s waterbag model [54] to include relativistic fluid momenta.

They found the relativistic wavebreaking amplitude in a warm plasma in the

limit β ' 1±
√

2ωpβp(γm − γ)1/2 (γm is the maximum oscillation Lorentz factor

of the wave) to be:
eEmax

mcωp
= µ−1/4

(
ln 2γ1/2

p µ1/4
)1/2

. (2.65)

This result, together with the non-relativistic limit, is illustrated in figure

2.12.

A plasma wave driven by a laser pulse of wavelength 800 nm in a plasma

density of ne = 1.75 × 1019cm−3 can support electric fields of 1700 GV/m, more
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Figure 2.12: The wavebreaking amplitudes of longitudinal plasma oscillations
for phase velocities corresponding to: non-relativistic plasma waves (black line),
relativistic plasma waves with: γp = 10 (green line), γp = 100, (blue line) and γp
= 1000 (red line).

than four times greater than the amplitude calculated with the non-relativistic

expression of equation 2.62.

In a 2D or 3D situation transverse effects can lead to wave breaking for lower

amplitude waves. This was shown by Bulanov [165] who considered a transverse

variation in the plasma wavelength due to a transverse variation in the plasma

density, such as would be found in plasma guiding channel. This effect is also

evident for plasma waves driven by relativistic laser pulses (a0 > 1). This trans-

verse variation in the laser intensity leads to a variation in the plasma frequency

because of the variation in the effective mass of the electrons. The effect of this

is to produce plasma waves with curved wavefronts.

2.14 Electron self-trapping

It is possible that electrons may gain energy through external injection into an

accelerating phase of a laser wake. This is conventionally done by using an RF

electron source in conjunction with a laser wakefield. However the success of this

method relies on overcoming challenging synchronisation criteria between the

electron bunch and laser-wakefield. It is for this reason most LWFA experiments

rely on the self-trapping mechanism whereby background plasma electrons can

be trapped in the relativistic plasma waves. Although this method circumvents

the need for synchronisation from an external source selection of the phase region

in which electrons may be self injected also has challenging hurdles. There are
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several mechanisms which can be responsible for self injection, depending on

the experimental conditions. Trapping can be achieved by temperature induced

self injection [166], density gradients [167, 168], 2D wake curvature [165] and

wavebreaking [54, 55, 164, 169].

2.15 Beam loading

In the previous section the concept of self injection was introduced. This section

will describe how an ultrashort electron bunch is produced as more and more

charge is injected into the wakefield. For the following explanation it is appropri-

ate to mention that each phase region confined by one non-linear plasma period

is termed a plasma bucket. As more and more electrons become trapped into the

plasma buckets the electron bunch also drives its own wakefield.

The wakefields driven by these electron bunches can destructively interfere

with the wakefield driven by the laser pulse, resulting in a damping of the wake

strength. This phenomenon is known as beam loading [163]. While the total

(laser and bunch driven) wake within the first bucket experiences little reduction

in strength, the wake in the second bucket is affected by the bunch-driven wake

of the electrons in the first bucket. The total wake in third bucket is reduced even

more in strength, since it is affected by the bunch driven wakes of the electrons

from the first and second bucket. The process continues and as a result the

wakefield amplitude is only sufficient for self injection in the first few plasma

buckets.

Beam loading can be responsible for the production of ultrashort electron

bunches. The reason being that only the first few buckets are injected with the

majority of electrons. Since typical plasma wavelengths are of the order of λp ' 5

- 10 µm (∼ 15-30 fs), the total bunch duration can be estimated to be a fraction

of this duration. Hence, in the ideal case that self injection takes place in the

first bucket then electron bunches with durations of a few femtoseconds should

be possible.

2.16 Dephasing

One of the main objectives of plasma wave generation via laser wakefields is,

to achieve efficient acceleration of electrons over small distances. To accomplish

electron acceleration it is usually necessary to inject electrons into a plasma wave

with velocities close to the phase velocity of the wave. In this depiction the
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Figure 2.13: A schematic drawing of the beam loading effect, the electron bunch
takes energy from the plasma wave.

electrons will be traveling slowly in the reference frame of the wave and will ‘feel’

an accelerating electric field for an increased time and propagation length. The

electron therefore has to have enough energy to be trapped by the potential of the

wave, analogous to a surfer catching a wave on the ocean. This means that the

electron should possess a velocity close enough to the phase velocity of the wave

in order that for the duration it remains in an accelerating phase of the wave it

may acquire enough energy to catch up with the wave and be accelerated further.

If the electron is not fast enough to be trapped then it will accelerate for a short

time but then fall back with respect to the wave into the decelerating phase of the

field and be decelerated. Conversely, if an electron being accelerated is traveling

faster than the plasma wave, eventually it will outrun the wave and begin to be

decelerated by the second half (decelerating phase) of the plasma wave. This is

known as dephasing and happens after a length Ld, called the dephasing length.

Since relativistic plasma waves effectively travel at the group velocity of the

laser pulse that generates them, there is a mismatch between the speed of the

wave and the speed of the electrons.

To estimate the distance over which this occurs we first derive the group veloc-

ity of the laser pulse by differentiating the dispersion relation for electromagnetic

waves in a plasma:

ω2 = c2k2 + ω2
p. (2.66)

The group velocity is thus:

vg =
∂ω

∂k
= c

√
1−

ω2
p

ω2
. (2.67)

It is convenient to express this velocity in terms of the relativistic factor γg =

(1 − (vg/c)
2)−1/2 = (ω/ωp). The dephasing length Ld is defined as the distance
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a particle travelling at c propagates in traversing the accelerating region of the

wake, which has a length of λp/2. The slippage between the wave and the particle

travelling at c is z = (c− vg)tz, where tz = Lz/c is the time taken and Lz is the

distance over which the particle dephases in the wake by a distance z. Setting

z = λp/2, yields an expression for the linear dephasing length

Ld =
λ3
p

λ2
. (2.68)

It can be shown that in the high intensity (a0 � 1) regime (bubble regime), the

dephasing length becomes [170]:

Ld ≈ a0

λ3
p

λ2
, (2.69)

where a constant of order unity has been neglected [170]. The difference between

this and the linear expression is due to a change in the effective plasma wave-

length, and the fact that the phase velocity of the plasma wave is not equal to

the group velocity of the laser pulse.

2.17 Pump depletion

As a plasma wave is excited, energy from the pulse is transferred to the wave,

causing the wake amplitude and hence accelerating gradient to decrease with dis-

tance. In order to estimate the length over which this effect becomes important,

we define the pump depletion length Lpd as the distance the pulse travels to lose

one-half of its initial energy. This is calculated by equating the energy deposited

into the wakefield to the laser pulse energy [171, 172].

The plasma wave generated by the laser pulse has an energy density associated

with it. If the electric field of the plasma wave is Ez, then the energy density is

Up = 1/2ε0E
2
z . If we assume the volume of the plasma wave is simply the area of

the laser focal spot multiplied by the length of the plasma column Vp = πw2
0L,

then the total energy is Wp = UpVp. The energy density of the electromagnetic

laser field is UL = ε0E
2
L. If we assume that the volume occupied by the laser is

VL = πw2
0cτ and that the total energy in the laser pulse is WL = ULVL, then

the length over which the laser loses energy can be estimated by equating the

energy of the pulse to the energy of the plasma wave. Assuming the plasma

wave electric field is given by equation [9] Ez = a2
0mecωp/e. This occurs if the

laser pulse length is such that cτ = λp/2. The laser pulse electric field can be
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expressed in terms of the vector potential through EL = a0mecω0/e. Combining

these equations provides us with the pump depletion length in the linear regime

for a0 � 1

Lpd =
nc
n

λp
a2

0

. (2.70)

Although at first glance it might appear benefcial that the pulse depletion

length is longer than the dephasing length, it in fact shows that the laser energy

is not being used effciently. It also means that the length of the plasma must

be chosen carefully to terminate the interaction after a dephasing length so that

electrons are not decelerated once they have reached their maximum energy.

We can see from the equation above the counter-intuitive relationship that

increasing the laser energy for a given spot size and pulse duration decreases the

depletion length and does not increase it as one may think. Moreover, equations

2.68, 2.69 and 2.70 illustrate that the dephasing and pump depletion lengths can

be increased by operating at lower densities. Furthermore, it is clear that both

the pump depletion length and the dephasing length increase for higher a0 and

that for a0 ≥ 1 the pump depletion and dephasing lengths are approximately the

same, Ld ≈ Lpd, implying efficient use of the pump laser energy. This means that

the constraint that the length of plasma should be chosen to match Ld is relaxed.

2.18 Energy scaling

Having discussed the limitations to the energy gain of a wakefield accelerator, it

is possible to predict the maximum energy gain (corresponding to one dephasing

length) of a laser wakefield accelerator. This is given by

∆E = −e
∫ Ld

0

Ez(z)dz, (2.71)

where Ez is the field experienced by the electrons after propagating a distance z

from the point at which they were trapped or injected.

For a2
0 � 1 the plasma wave is sinusoidal, so the value of |Ez(z)|lin averaged

over one dephasing length is 2Ez/π, where Ez is given by equation 2.55. The

resulting expression for ∆Elin is

∆Elin = −e |Ez(z)|lin Ld = mec
2nc
ne
a2

0. (2.72)
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2.19 Plasma Waveguides

A focused laser pulse will diffract such that its peak intensity decreases to half

of its focal value over a length known as the Rayleigh range, zR = 2πσ2
0/λ. This

means that a focused beam in plasma will naturally diverge and only remain

intense to drive a wakefield over short distances, effectively limiting the distance

that particles can be efficiently accelerated to at most a few Rayleigh ranges.

However, it is possible to overcome this problem by using a plasma channel with

a parabolic refractive index gradient to counteract the natural diffraction of the

laser pulse. Using this method it is possible for a laser pulse to be guided through

a capillary over several centimeters and remain intense enough to drive a wakefield

over the same distance.

The basic mechanism for channel formation involves pre-forming a discharge

plasma inside a hydrogen gas filled capillary. A temperature profile that is peaked

on-axis is formed, and since the pressure gradients are equalised on a timescale

much shorter than the period of the discharge, the plasma density increases with

distance from the capillary axis. This results in a parabolic density profile with a

minimum on the central axis hence the refractive index profile causes the wave-

fronts to bend inward due to the slower phase velocity on-axis. When this exactly

counteracts the natural diffraction the pulse can be guided through the capillary

with efficiencies of up to 85 % [173].

The propagation of ultra-short high intensity laser pulses through long-scale

length underdense plasmas involves an intricate competition between three pro-

cesses: relativistic self-focussing, diffraction, and ionisation induced refraction.

The number of electrons that are produced via ionisation at a particular point

of the beam path strongly depends on the prevailing local intensity. As a con-

sequence, any intensity variation across the beam profile would give rise to a

spatially varying index of refraction with an excess of electrons around the beam

axis. This leads to defocusing because of the negative lensing effect associated

with it. In addition the natural diffractional effects of the beam lead to a defo-

cusing effect independent of density. A fine-tuning between focussing due to the

waveguide and defocusing due to ionisation and diffraction can allow laser pulse

guiding where the plasma channel effectively acts as a waveguide for the laser

pulse. In a preformed plasma no ionisation occurs and the guiding is achieved by

a balance between the natural diffraction of the laser and the ‘tailored’ lensing

associated with tuning of the electron density profile.

This situation is illustrated in figure 2.14 as the dashed lines. As an example,

for a laser pulse generated by a titanium:sapphire laser system, with a central
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Figure 2.14: A schematic drawing showing the propagation of a laser pulse with
(solid line) and without (dashed line) guiding. Pulse guiding allows the Rayleigh
length to be significantly increased by counteracting diffraction creating ideal
conditions for plasma accelerators.

wavelength of 800 nm, focused down to a spot size of 30 µm, the Rayleigh length

is about 3.5 mm. It is obvious that for freely propagating drive laser beams,

diffraction limits the acceleration length and thus the maximum energy of the

electrons that can be obtained with laser wakefield acceleration. Therefore, it is

essential that the laser pulse is optically guided as is shown in figure 2.14. There

are several methods available to overcome the diffraction, for example: relativistic

self-guiding [40, 174] and index guiding in a preformed plasma channel [63, 173].

When using the relativistic self-guiding method, the laser’s phase velocity will

decrease in regions of higher laser intensity (section 2.3). Therefore a laser pulse

with a Gaussian spatial intensity profile, will lead to focussing of the pulse which

counteracts the diffractive defocusing. The relativistic self-guiding can only be

achieved when the laser power is sufficiently high; the power threshold is given

by [153]

Pcrit[GW] ≈ 17

(
ω0

ωp

)2

· (2.73)

A very attractive method to guide high intensity laser pulses is to propagate

through a preformed plasma channel (guiding in empty waveguides is also possible

and is described in reference [175]). Various techniques have been employed for

example the igniter-heater technique [68] based on two laser pulses delivered

consecutively. In this technique a short (≤ 100 fs), intense (> 5 × 1014 Wcm−2)

‘ignitor’ pulse produces initial ionisation to form plasma which is then heated

and further ionised by a long (∼ 100 ps) ‘heater’ pulse of relatively low intensity.

Guiding of very intense laser pulses has been experimentally demonstrated using

this technique [3].



2.19 Plasma Waveguides 51

In this type of guiding, the density of the plasma is tailored such that it yields

a maximum refractive index on the axis, and a decreasing index with increasing

distance from the axis. As a result, the laser phase velocity attains a minimum on

the propagation axis and grows with the distance from the axis. This leads to a

focussing of the laser pulse. When this focussing compensates for the diffraction,

the laser pulse will be guided. A plasma channel preformed to the described

shape can be produced by a number of techniques.

Here, a plasma channel is produced in a slow capillary discharge where, near

thermodynamic equilibrium, heating by the discharge current and cooling of the

plasma at the walls of the capillary generates the desired plasma density profile

[19]. A channel created in this way has several advantages in comparison with

the techniques previously described. First, as with all pre-formed channels, the

guiding does not have a threshold intensity (as with relativistic self-guiding). This

allows the generation of wakefields in the linear and weakly non-linear regime

where the spatio-temporal structure of the wakefield is regular and ideal for a

controlled accelerator. Furthermore, lower values of the plasma density can be

used, in a range of 1017 to 1018 cm−3. These lower densities imply a longer

dephasing length, electrons can be accelerated over longer distances and, thus,

gain more energies. Thirdly, gases with a low-Z number can be used, in particular

hydrogen, which can be fully ionized. This significantly reduces absorption and

defocusing losses compared to the use of high-Z gases. Finally, the relatively slow

dynamics, due to operation near equilibrium, provides a relatively long temporal

window of about 100 ns duration for low-loss waveguiding. This relaxes the

timing constraints between the initiation of the discharge and the injection of the

drive laser pulse and the electron bunch into the plasma channel. Which, in turn,

allows for greater tolerance of jitter. Experimental details regarding this plasma

channel will be presented in section 3.3. In a capillary discharge waveguide, it is

possible to realise a plasma channel with an approximately parabolic increase of

the electron density profile as described by [19]

ne(r) = n0 + ∆

(
r

rc

)2

, (2.74)

where ne(r) is the plasma electron density, n0 is the on-axis density, r is the

distance to the axis, and rc is the channel radius. For a laser beam with a

Gaussian-shaped radial intensity profile, the best guiding (with the beam main-

taining a constant cross section during propagation) occurs if the laser spot size,

w0, is matched to the channel radius, i.e., modematched when w0 = rc. If the

laser spot size does not match the channel radius, then the laser beam cross sec-
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tion will oscillate in size during the propagation with a characteristic wavelength

of zR (Rayleigh length) [19]. These undesired oscillations are due to the forma-

tion of beat-wave by different modes propagating in the channel. This is more

commonly known as laser pulse ‘scaloping’ [19].

Considering the case of a lowest-order Gaussian beam propagating along the

z-axis:

U(z, r, t) =
iU0

zR

w0

w(z)
e−[r/w(z)]2ei(kz−ωt)eikr

2/2R(z)e−iψ(z), (2.75)

where r is the radial distance from the z-axis, R(z) is the radius of curvature of

the wavefronts, and ψ(z) is a propagation-dependent phase shift. The intensity

of the beam is proportional to |U |2, hence the intensity varies with distance from

the propagation axis as exp{−2[r/w(z)]2}. The quantity w(z) is known as the

spot-size and is equal to the radius at which the intensity of the beam falls to 1/e2

of its value on axis. It may be shown that the spot size varies with propagation

distance according to:

w(z) = w0

√
1 +

(
z

zR

)2

, (2.76)

w0 =

√
λzR
π
. (2.77)

In this case the focus of the beam - that is, where the spot size is smallest -

occurs at z = 0. The focus refers to the beam waist, and the spot size at this

point, w0, is the waist size. As a beam propagates away from the waist its spot

size increases, and consequently the intensity of the beam on axis decreases. A

useful measure of this behaviour is defined by the Rayleigh range zR = πw2
0/λ,

which corresponds to the distance from the beam waist at which the spot size

increases by a factor of
√

2, hence the intensity is decreased by a factor of 2,

compared to the value at focus. For LWFA intensities of ∼ 1018 Wcm−2 are

required which typically requires focussing of the laser to a waist size of order

w0 = 10 µm. In this case, radiation of wavelength, λ = 1 µm has a Rayleigh

range of only 0.3 mm, meaning that natural diffraction restricts the length of any

interaction with the laser to a few millimetres at most.

In the discussion above we assumed that the refractive index of the medium

through which the beam propagated was uniform. This is rarely the case in

practice, in fact the refraction of the beam is frequently more important in deter-

mining the interaction length. Considering the propagation of an initially-plane

wave through a medium for which the refractive index increases with r. In this
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case the phase velocity of the wavefronts will be slower at points away from the

axis, consequently the wavefronts will develop a curvature which is concave with

respect to the source, thus wave will diverge. The position R of a ray propagating

through a medium of refractive index η is described by [176],

d

ds

(
η
dR

ds

)
= ∇η, (2.78)

where s is the distance along the ray from some reference point.

Let us consider the idealised case of propagation through a region of cylindrical

symmetry in which the refractive index increases linearly with distance from the

propagation axis η(r) = η0 + η′r such that, ∇η = η′r̂. We may then write the

position of the ray as R = zk̂ + rr̂ and since the gradient of the refractive index

has only one non-zero component the equation describing the position of the ray

becomes

η0
d2r

dz2
= η′, (2.79)

where we have used the fact that for a paraxial ray s ≈ z and η ≈ η0. The

solution to this equation is simply r(z) = r(0)+(η′/2η0)z2, and hence if η′ and η0

are positive the ray will diverge - a process known as refractive defocusing. For

example, a ray initially a distance r0 from the axis will double its distance from

the axis after propagating a distance zref =
√

2r0η0/η′. Hence we may estimate

the distance over which the Gaussian beam will be defocused significantly by

letting r0 = w0. Refractive defocusing frequently occurs when an intense laser

pulse propagates through a gas or partially ionised plasma, and in such cases is

referred to as ionisation induced defocusing. In order to estimate the strength

of this defocusing we first note that in the non-relativistic regime the refractive

index of the plasma may be written as

η =

√
1− nee2

meε0ω2
≈ 1− 1

2

nee
2

meε0ω2
. (2.80)

The approximation on the right-hand-side of equation 2.80 holds in a dilute

plasma such that the plasma frequency ωp is small compared to the radiation

frequency ω. Hence for a dilute plasma the radial gradient in the refractive index

depends on the radial electron density gradient as:

∂η

∂r
≡ η′ ≈ −1

2

e2

meε0ω2

dne
dr

= −re
λ2

2π

dne
dr

, (2.81)

where re = e2/4πε0mec
2 is the classical electron radius. Imagine an intense laser

beam of spot size w0 propagating through a partially ionised plasma, and let
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us suppose that the beam is sufficiently intense to double the electron density

on axis (corresponding, for example, to ionisation of He+ to He2+). Since the

intensity profile of the beam decreases rapidly with radius, the beam will be too

weak to further ionise the plasma at a radii greater than of order w0. Hence we

may estimate dne/dr ≈ −ne/w0. For a plasma with ne = 1019 cm−3 we find that

for a beam with w0 = 10 µm and λ = 1 µm, zref ≈ 0.2 mm, i.e. about equal to

the Rayleigh range for diffraction.

We consider now in more detail the operation of gradient refractive index

waveguides. In this approach a channel is formed in which the refractive index

decreases with radial distance r from the axis. A refractive index profile of this

form will cause the phase velocity to increase with r and hence the wavefronts of

an initially-plane wave will become convex when viewed from the source. In this

way the channel can counteract diffraction and refractive defocusing.

We may use the ray picture to investigate such a channel in a straightforward

way. Let us suppose that the refractive index of the channel has the form

η(r) = η0 −
1

2
η′′r2. (2.82)

In the paraxial approximation equation 2.78 becomes,

d2r

dz2
= −η

′′

η0

r, (2.83)

which has solutions of the form r(z) = r(0) cos(2πz/Lrayosc ) for rays which travel

exactly parallel to the z-axis at z = 0, and where,

Lrayosc = 2π

√
η0

η′′
. (2.84)

We see that the distance of the ray away from the axis oscillates as it prop-

agates through the channel with a period, Lrayosc . The period of this oscillation

decreases as η′′ increases. Conversely, if η′′, the solutions to equation 2.83 yield

rays which diverge away from the axis exponentially and the rays are refractively

defocused.

2.19.1 Techniques for plasma waveguides

Until now we have considered the operation of gradient refractive index waveg-

uides in a general way. Gradient refractive index guiding of high-intensity laser

pulses must employ a core formed from plasma. In this technique the transverse

gradient of the refractive index is achieved by a corresponding transverse gradient
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in the plasma density.

In an ideal parabolic plasma channel the electron density can be described by,

ne(r) = ne(0) + ∆ne

(
r

rch

)2

, (2.85)

where ∆ne is the increase in the electron density at r = rch.

From equation 2.80 the refractive index of the plasma channel may be written

as

η(r) = 1− 1

2

ne(0)e2

meε0ω2
− 1

2

e2

meε0ω2
∆ne

(
r

rch

)2

, (2.86)

from which we may identify the relations:

η0 = 1− ne(0)e2

2meε0ω2 ≈ 1,

η′′ = e2

meε0ω2
∆ne
r2
ch
.

(2.87)

If such a beam is focused at the entrance of the channel. The matched spot size

of a given channel is independent of the wavelength of the radiation as described

by:

wM = w =

(
2

k

)1/2(
η0

η′′

)1/4

, (2.88)

wM =

(
r2
ch

πre∇ne

)1/4

. (2.89)

2.20 Ponderomotive channeling

As we have already discussed the ponderomotive pressure from a laser pulse prop-

agating in underdense plasma can expel electrons from regions of high intensity.

Assuming that the laser pulse length is long compared to that of the plasma

period ωpτ � 1, we can consider the electron fluid response to be adiabatic. As

a starting point to quantify ponderomotive expulsion of electrons we can write

down a plasma fluid equation in vector form to include both longitudinal and

transverse plasma velocity components [153]:

d

dt
(γv) = c∇φ− c

2γ
∇a2, (2.90)

assuming that v varies much more slowly than the laser field. In the adiabatic

limit, letting v→ 0, and taking the divergence of equation 2.90 we retrieve:
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Figure 2.15: The radial ponderomotive expulsion of electrons at laser pump
strengths corresponding to a0 = 0.2 (black) a0 = 0.5 (red) a0 = 1.0 (green)
a0 = 2.0 (blue).

∇2φ =
1

2γ
∇2a2 = ∇2γ, (2.91)

where relativistic factor is a function of the pulse amplitude: γ = (1 + a2)
1/2

. In

this analysis we are concerned with the transverse response of the plasma. If the

pulse is cigar shaped, we can take ∇ = ∇⊥ and apply Poisson’s equation [153]:

∇2
⊥φ = k2

p(n− 1), (2.92)

to obtain an expression for the density perturbation:

n = 1 +
∇2
⊥γ

k2
p

. (2.93)

Equation 2.93 predicts that a tightly focused laser pulse with sufficient intensity

can completely remove all electrons from the laser axis [153]. This effect is known

as cavitation and is a very important mechanism for the development of plasma

undulators through the production of bare ion channels. Considering a Gaussian

pulse with a profile a(r) = exp(−r2/2σ2). After time averaging over the laser

period, the density depression can be expressed as [153]:

∇2
⊥γ =

1

4γ
∇2
⊥a

2 =
1

4γ

4a2
0

σ2

(
r2

σ2
− 1

)
exp

(
−r2

/
σ2
)
. (2.94)

The deepest depression is on laser axis at r = 0, so we obtain a ‘cavitation’

condition, n = 0, for
a2

0

k2
pσ

2
0

> 1, (2.95)
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or in more practical units:

I18λ
2
µ >

1

20
n18σ

2
µ, (2.96)

where σµ and λµ are the spot size and laser wavelength in µm, I18 and n18 are

the laser intensity and plasma density in units of 1018 Wcm−2 and 1018 cm−3

respectively.

2.21 Wakefield guiding of short laser pulses

In section 2.3 we saw that relativistic effects can cause modifications in the plasma

refractive index. When a plasma wakefield is created the refractive index can be

modified not only by the relativistic electron quiver motion, but also by the lon-

gitudinal bunching of the plasma density caused by a wakefield. We can include

this effect by recalling equation 2.28:

η(r) ' 1−
ω2
p

2ω2

(
1− a2

0

4
+

n

n0

)
, (2.97)

where n is the perturbed plasma wakefield density,

ne
γ

=
n0

1 + φ
, (2.98)

where φ is the wake potential. Thus, the refractive index may be expressed:

η(r) = 1−
ω2
p

2ω2

ne
γn0

= 1−
ω2
p

2ω2

1

1 + φ
. (2.99)

The solution for φ can be found from equation 2.53 in both long and short pulse

limits. For long pulses, we have φ ' a2/2 and recover equation 2.28. For short

pulses we have φ ' k2
pa

2
0ξ

2/8, thus the refractive index is:

η(r) = 1−
ω2
p

2ω2

(
1−

k2
pa

2
0ξ

2

8

)
. (2.100)

Physically this implies that the critical power requirement for self focussing de-

pends on the position along the length of the pulse, thus pulses shorter than a

plasma wavelength cannot be relativistically self guided. This important result

was first pointed out by Sprangle et al [174].
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2.22 Non-linear Thomson scattering - Wiggler

radiation

Thomson scattering is scattering of light from free electrons. In the linear regime,

electrons oscillate linearly via the Lorentz force at low light intensities i.e. when

a0 � 1. An electron that is initially at rest may acquire relativistic velocities in

the fields of high intensity light and through this relativistic motion the electron

may emit radiation at high harmonics of the light frequency [8]. If the electron

acquires a relativistic energy before it encounters the high-intensity laser, there

is an additional Doppler-shift of the scattered light. The electron oscillates with

double excitation frequency and along laser propagation direction. Furthermore,

the relativistic drift motion and a dependency on the initial phase [14] lead to

spectral broadening of the scattered light. A certain harmonic number emits a

wide frequency interval which overlaps with other harmonics. Thomson-scattered

light is emitted from the plasma at regions of relativistic intensity [177]. This

is predominantly the region of self-focussing where the laser pulse intensity is

very high, e.g. in a plasma channel (or relativistic channel). Thomson-scattering

occurs at discrete harmonics of the laser frequency, thus imaging the second har-

monic laser light emitted from a plasma channel is a very useful diagnostic to

optimise wakefield acceleration [11]. Non-linear Thomson scattering is generated

by exactly the same mechanism as wiggler radiation. However, Thomson scat-

tered light is generally associated with plasma interactions and wiggler radiation

is usually generated by electrons traversing a magnetic insertion device (chapter

7). Currently the ‘mini’ undulator or ‘plasma’ undulator is being investigated

where the plasma is used to generate the betatron oscillations [126, 178].



Chapter 3

Laser wakefield acceleration:

Experimental results

3.1 Experiment 1: Monoenergetic electrons

from LWFA

The main purpose of this experiment was to observe monoenegetic electron beams

produced from laser wakefield acceleration. The experiment aim was to focus an

intense short laser pulse onto a helium gas jet and produce a plasma channel

or wake as a medium for background plasma electrons to be trapped into the

wakefield and accelerated to tens of MeV. Ultimately, it was to observe and

characterise electron beams which exhibit monoenergetic features i.e. controlled

acceleration.

The experiment described in this section used the Astra laser at the Ruther-

ford Appleton Laboratory. A layout of the laser system is illustrated in figure

3.1 showing the laser pulse parameters from the oscillator through to the target

chamber. The laser system is based on chirped pulse amplification in titanium

sapphire to produces laser pulses with a bandwidth of 20 nm (intensity FWHM),

which have a central wavelength of 800 nm. The vacuum compressor gratings are

typically tuned for optimum pulse compression to produce Fourier-limited pulses

with a FWHM pulse length of τ = 40 fs (cτ = 12 µm). These pulses were then

directed into the main target chamber where they are focussed and interact with

a helium gas jet. The plasma density was a linear function of the gas backing

pressure.

Figure 3.2 illustrates the experimental set-up. Inside the target chamber the

600 mJ laser pulses were focused by an f/16.7, 90◦ off-axis parabola. The focused
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Figure 3.1: The laser chain of the 12 TW Astra laser system at the Rutherford
Appleton Laboratory (RAL) showing the laser parameters at each stage of the
CPA amplification process.

spot size was 25 µm (intensity FWHM), resulting in a peak intensity of 2.5×1018

Wcm−2 corresponding to a laser strength of a0 = 1.1. The Rayleigh length was

approximately 600 µm. The ultrashort (40 fs) driver pulses were focused onto

the edge of 2 mm supersonic helium gas-jet. The plasma density was varied

from ne = 3 ×1018 cm−3 to ne = 5 ×1019 cm−3 by varying the gas-jet backing

pressure from 40–80 bar. In this density range, the wavelength of relativistic

plasma waves produced is between 0.33 and 2 times the laser pulse length (cτ

= 12 µm). The plasma electron density, ne, which scales as a function of gas

jet backing pressure was determined by collecting and analysing a portion of the

laser light transmitted after interaction with plasma. The transmitted spectrum

was observed over the spectral range from 400 to 1000 nm and by observation of

the Raman forward scattered Stokes and anti-Stokes shift or ‘Raman satellites’

of the laser pulse, ∆ω = ωp, it was possible to retrieve the plasma density depen-

dence on gas backing pressure. The electron energy spectrum was measured using

an electromagnetic spectrometer which deflected the electrons onto photosensi-

tive imageplates (Fuji BASMS2325) which were read using an imageplate reader

(Fuji BAS1800II). Other important diagnostic systems consisted of a transverse

imaging system to measure the spatial dimensions of the plasma channel, which

was typically around 200 µm long. Radiochromic film was inserted into the elec-

tron beam as a means to observe the transverse electron beam profile, which was

measured to be less than 10 mrad.

The onset of electron acceleration was observed at densities above ne = 7

×1018 cm−3. Below this value, corresponding to λp = cτ , no electrons were
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Figure 3.2: The experimental set-up for the electron acceleration experiment
using the Astra laser at the Rutherford Appleton laboratory.

observed. The density was steadily varied between ne = 1.6 ×1019 cm−3 and

ne = 3 ×1019 cm−3 and electrons up to 100 MeV were observed in the lower

density range. Approximately 10 % of the electron energy spectra had several

‘spikey’ components, each with an energy bandwidth of less than 20 %. As the

density was increased further from ne = 3 ×1019 cm−3 to ne = 5 ×1019 cm−3

the maximum energy of the electrons shifted to lower energies and the energy

spectra adopted a broad Maxwellian shape. It was found that monoenergetic

features were optimum in the density range, ne = 1.5 ×1019 cm−3 to ne = 2

×1019 cm−3. In particular, at a density of ne = 2.0 ×1019 cm−3 a single narrow

peak with a FWHM energy spread of less than 3 % was observed (figure 3.3).

For this particular laser shot around 1.4 × 108 electrons (∼ 10 pC of charge)

were accelerated to 72 MeV with an energy bandwidth of 3 % . Under the same

experimental conditions the electron spectra consistently showed a narrow energy

spread. For quasi-monoenergetic electron spectra with the lowest energy spread

(<10 %) the electron beam energy varied between 50–80 MeV.
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Figure 3.3: The monoenergetic relativistic electron spectrum obtained using the
Astra laser focused onto a helium gas plume with an electron density, ne = 2×1019

cm−3. The laser parameters were EL = 500 mJ, τL = 40 fs, IL = 2 × 1018 Wcm−2.
The electron spectrum was peaked on 72 MeV and had an energy spread, ∆E/E
= 3% FWHM [1].

Figure 3.4: Electron energy spectrum at various plasma densities. (a) ne = 1.5
× 1019 cm−3, laser energy ' 470 mJ. (b) ne = 1.7 × 1019 cm−3, laser energy '
480 mJ. (c) ne = 1.8 × 1019 cm−3, laser energy ' 495 mJ. (d) ne = 1.8 × 1019

cm−3, laser energy ' 430 mJ.
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3.1.1 Experiment 1: Discussion

As there are no externally injected electrons in this experiment the only possible

source for the energetic electrons observed is from within the plasma itself. Evi-

dently there is a process which leads to the injection of electrons into a particular

phase of the plasma wave, leading to very similar accelerating fields and hence

yields a narrow energy spread bunch. It is very likely that the source of this

injection is wavebreaking. If the wave breaks in only a small localised region then

the remaining plasma wave can retain a coherent structure. The electrons which

break from the wave are effectively injected into the remaining plasma wave and

can be accelerated. If wavebreaking can inject electrons into a particular phase of

the wave then there must be an effect that prevents this from happening continu-

ally - that is the wave must break for a short period of time only, or else there will

be a continual stream of electrons, resulting in a longer electron bunch that will

acquire a larger energy spread as it is accelerated in the plasma wave. There must

also be a process occurring which, at higher density, results in the energy spread

of the electron beam becoming random i.e. leading to the maxwellian type spec-

tra observed. This randomisation is likely due to the trapped electrons becoming

dephased in the plasma wave. At higher density the plasma wavelength has a

slower phase velocity and a shorter wavelength - this means relativistic electrons

outrun the wave much faster than they do at lower density.

The presence of ‘spikey’ spectra were readily observed in this experiment as

seen in figure 3.4. The spikes of quasimonoenegetic electrons sometimes appeared

in one, two or even three energy space intervals. In the case where two or three

were observed the number of electrons and the energy was reduced in each con-

secutive spike. It is possible that electrons were trapped by successive plasma

wave buckets and accelerated to consecutively lower energies. In the instance

of the spectrum shown in figure 3.3 it is probable that only the first plasma

wave-bucket was driven to wavebreaking resulting in a single quasimonoenergetic

electron spectrum. It is also a possibility that injection occurred into the same

wavebucket but at different times, which would also result in this multi-peaked

spectra. The reproducibility of the peak electron bunch energy in this experi-

ment was around 40 %. This relatively large variation in electron energy could

be attributed to, shot to shot variations in laser pulse energy, pulse duration and

focal spot size which were ±5 %, ±12 % and ±11 % respectively.

The plasma wavelength for the electron shot shown in figure 3.3 is calculated to

be 8.4 µm. Using equation 2.69 the dephasing length can be calculated to be Ld ≈
1 mm. We can now take this acceleration distance and calculate the maximum
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energy achieved at dephasing using equation 1.5. The maximum acceleration field

at a plasma density of 2 × 1019 cm−3 can be calculated to be Emax = 380 GeV/m,

yielding an energy of 380 MeV at dephasing. This is a factor of 5.5 larger than was

observed experimentally. Taking this acceleration field at this plasma density an

acceleration distance of 190 µm is necessary to achieve a 72 MeV electron beam.

Furthermore, comparing the laser pulse length of 40 fs to the plasma oscillation

period of 28 fs for the optimised plasma density of 2 × 1019 cm−3 (density which

yielded the best monoenergetic features), this confirmed that the experiment was

performed in the LWFA regime and not the SMLWFA. The electron density at

which the plasma oscillation period and the laser pulse length were equal (40

fs) was calculated to be 1 × 1019 cm−3. Furthermore, experimentally, this was

the threshold density which below this value no monoenergetic electrons were

observed. Narrow energy spread electron beams were observed inside the density

window between 1 × 1019 cm−3 and 2 × 1019 cm−3. The peak energy varied

between 40 and 70 MeV, the relative width varied between 3 and 60 % and

the number of electrons varied by more than an order of magnitude. For cases

when the experimentally controlled variables were nominally the same, some shots

showed narrow energy spread features while other shots showed no relativistic

electrons at all. The shot to shot variations in electron signal is one of the

main drawbacks to the practical use of LWFA electron beams, however recently

progress has been made in stabilising electron beam production [30]. The main

cause for these fluctuations can be attributed to shot to shot variations in plasma

density possibly due to the Parker series 9 solenoid pulsed valve. The laser pulse

duration of Astra is known to have typical shot to shot variations of the order

of 12 % which could also cause significant fluctuations in the repeatability of

monoenergetic electron production. Furthermore, the contrast ratio of the laser

pulse to the ASE pre-pulse could also have been varying on a shot to shot basis,

affecting the electron beam stability.

It is also possible that some laser shots were producing electron beams but

they did not enter into the electron spectrometer and were ‘dumped’ into the

aluminium side walls. Possible explanations for this electron beam pointing vari-

ability could be due to the hosing instability being stronger for some laser shots

over others. Moreover, the laser beam pointing stability could have been affected

by the presence of vibrations transmitted into the opto-mechanics from the large

vacuum pumps used for both the compressor gratings and the main interaction

chamber.
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3.2 Experiment 2: Monoenergetic electrons

from SMLWFA

The main purpose of this experiment was to observe monoenegetic electron beams

produced from laser wakefield acceleration in the self modulated regime. The

experimental objective was to focus an intense short laser pulse onto a helium

gas jet and accelerate electrons. Ultimately, it was to observe and characterise

electron beams which exhibit monoenergetic features.

The experiment presented in this section was carried out using the 10 TW,

Jena Ti:sapphire laser (JETI) [10]. A layout of the laser system is depicted in

figure 3.5 showing the laser pulse parameters at each stage of the chirped pulse

amplification process.

The JETI laser delivered laser pulses with a central wavelength of 800 nm, a

pulse duration of 80 fs and an energy of 600 mJ, on target. The experimental

set-up is shown in reference [179]. The pulses were focused by an f/2.2 off-

axis parabolic mirror, down to a FWHM spot diameter of 4.5 µm producing

an intensity of 5 × 1019 Wcm−2, corresponding to a0 = 0.85 × 10−9
√
Iλ = 5.

The focal spot was positioned on the rising edge of a subsonic He gas jet with a

Gaussian electron density profile with a peak value of 4 × 1019cm−3 corresponding

to a plasma wavelength equal to λp = 2πc/ωp = 5 µm. This was around 5

times shorter than the laser pulse length of cτ = 24 µm. When the laser pulse

encounters the gas plume it fully ionises the gas and relativistically self-focuses,

resulting in a 200 - 300 µm long plasma channel corresponding to approximately

10 Rayleigh lengths. The relativistic channel shown in figure 3.8 is illuminated

from the self-emission of non-linear Thomson scattered laser light perpendicular

to the laser polarisation. This radiation is emitted near to the second harmonic

of the laser light and was used as a transverse diagnostic to measure the spatial

characteristics of the relativistic channel. A 5–10 % fraction of the laser light

transmitted through the gas jet plasma was coupled outside the vacuum chamber

using a glass pick-off optic, and attenuated before being focused onto the input

of an optical spectrometer with a detection range of 400-1050 nm. The collected

optical spectra gave a good indication of the plasma density through the detection

of Raman ‘satellites’ and also gave an insight into other mechanisms occurring

during the laser wakefield interaction.

The electron spectra were measured using an electron spectrometer equipped

with two permanent magnets with a peak on-axis magnetic field, Bmax = 0.45 T.

The entrance aperture of the spectrometer was placed on the laser axis and 21
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Figure 3.5: A schematic layout of the 10 TW JETI laser system at the institute
for optics and quantum electronics, Friedrich-Schiller-Universität, Jena [10]. The
diagram shows the laser parameters at each stage of amplification throughout the
CPA laser system.

Figure 3.6: The electron spectra produced from the electron acceleration experi-
ments in the SMLWA regime at Jena [11]. A laser shot producing: (a) A broad
Maxwellian electron energy distribution (green line, raw image – top left inset).
(b) A double peaked quasi-monoenergetic electron distribution with peaks at 23
MeV and 36 MeV (blue line, raw image – bottom left inset). (c) A single peaked
quasi-monoenergetic electron distribution peaked on 47 MeV with a FWHM en-
ergy spread of 4 MeV, ∆E/E = 8.5 %, (red line, raw image – top right inset).



3.2 Experiment 2: Monoenergetic electrons from SMLWFA 67

Figure 3.7: The transverse electron beam profile after optimisation. The width
of 1 mm at 120 mm distance between focus and screen corresponds to an opening
angle of < 10 mrad. The well collimated beam sits on top of a pedestal of electrons
with a broad divergence of approximately 0.7 rad (inset) [11].

Figure 3.8: An image of the 200 µm relativistic plasma channel observed on the
electron acceleration experiment using the JETI laser. The image was taken with
a blue filter to capture the self emission of the 2ω Thomson scattered light.
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cm upstream from the laser focus. The electrons were detected using the same

image-plate technique, as described in section 3.1.

The mono-energetic electron output of the wakefield accelerator was found to

strongly depend on the spatial position of the laser focus relative to the peak of the

gas jet density profile. Without optimisation of this overlap the electron spectra

exhibited a broad exponential profile (figure 3.6(a)). Mono-energetic electron

generation was optimised by using the transverse Thomson scattering diagnostic,

to achieve the brightest and longest plasma channel, and also by maximising the

γ dose signal on an radiation detector (Ram-ion ionisation chamber), positioned

downstream of the central laser axis and just outside the vacuum chamber. The

detector was placed around 5–10◦ to the electron beam axis. This angle was

small enough to the axis that a substantial dose of radiation could be detected

for optimisation of the plasma channel. The translation of the gas-jet relative to

the laser focus was optimised on each axis whilst looking at the reading on the

radiation monitor. In order to keep a safe distance from the radiation a CCD

camera was directed at the LCD display of the radiation detector and the output

was relayed to the experimental control room behind sufficient lead shielding.

Once this ‘sweet-spot’ had been found, electron spectra with one or two quasi-

monoenergetic peaks were observed, as shown in figure 3.6(b)–(c). Under the

same experimental conditions the peak of the electron energy spectra shifted

strongly from shot to shot. In figure 3.6(b) two distinct peaks at 23 MeV and

36 MeV are clearly shown and in figure 3.6(c) just one single peak at 47 MeV is

shown with a FWHM energy spread of 4 MeV (∆E/E = 8.5 %).

After data had been collected on electron spectra the electron spectrometer

was removed and measurements of the transverse electron beam profile were taken

using Konica KR scintillating screen positioned 12 cm after the gas jet and imaged

with a CCD camera. In cases where the position of the laser focus was not

optimised onto the gas jet it was found that the transverse profile of the electron

bunch had a very broad angular distribution. The optimum laser focal spot

positions over the gas plume was again found by obtaining the maximum γ dose,

at this point, the electron beam profile changed to a very narrow spot figure 3.7

with a divergence angle of < 10 mrad. Assuming the source size of the electron

emission region to be around 1 µm this translates to a normalised transverse

emittance of approximately 1 πmm mrad.
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3.2.1 Experiment 2: Discussion

It is important to highlight two main differences between this experiment and the

experiment discussed in the previous section, which are the laser pulse length and

the laser focusing geometry. In this experiment, the pulse length is twice as long

(80 fs) as that described in the previous section (40 fs). The focusing conditions

also differed considerably. This experiment used an f/2.2 parabola to focus the

laser beam onto the gas jet, whereas in the previously described experiment an

f/16.7 was implemented for this purpose.

The results of this experiment show that quasi-monoenergetic electrons can

be produced with strongly relaxed requirements on the laser pulse duration. For

optimal electron acceleration it is usually necessary for the longitudinal and trans-

verse dimensions of the laser pulse at focus to roughly match one half of the

plasma wavelength in order to drive the strongest wakefields (τp ≈ λp). In this

experiment selection of a dense gas jet (high plasma density ne) and strong focus-

ing (high a0) promoted the Raman forward scattering instability. This results in

the laser pulse experiencing self-modulation and longitudinal compression during

propagation through the gas jet. In this regime the laser pulse fragments into

small micro-pulses each containing ∼ 5 % of the total pulse energy, each with

a duration of 5–10 fs. This process allows access to a regime where the laser

ponderomotive force is strong enough to create a region void of any electrons just

behind the laser pulse. As the laser pulse traverses further it expels electrons

which stream round into the cavity and can be injected into a fixed phase of the

longitudinal field, leading to the acceleration of electron bunches with a narrow

energy spread.

This is a very encouraging result as it suggests that ultrashort laser pulses

such as those used in section 3.1 (<50 fs) are not necessary for efficient driving

of laser wakefields. The plasma tailors the laser pulse shape through driven

instabilities such as forward Raman scattering to reach the required parameters

for monoenergetic electron acceleration.

What is also interesting to observe is again the presence of two defined energy

‘spikes’ of electrons. Figure 3.6(b) shows clearly two distinct peaks, one at 23

MeV and the next at 36 MeV. A speculative explaination for this is that two

consecutive wavebuckets were driven to non-linear wavebreaking. The electron

spectrum in figure 3.6(c) shows only a single quasimonoenergetic peak at 47

MeV with a FWHM of 4 MeV and it is possible in this case that only the first

wavebucket was driven to wavebreaking.

In particular, at a density of 4× 1019 cm−3 a single narrow peak with a FWHM
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Experimental Parameter Expt. 1 (Astra) Expt. 2 (JETI)
Laser pulse energy, EL 600 mJ 600 mJ
Laser pulse duration, τp 40 fs 80 fs
Laser spot size (FWHM), w0 25 µm 4.5 µm
Laser Intensity, IL 2.5× 1018 Wcm−2 5 × 1019 Wcm−2

Rayleigh length, zR 600 µm 20 µm
Plasma channel length Lp 200 µm 200 µm
a0 parameter 1.1 5
Focussing optic f-number f/16.7 f/2.2
Electron bunch peak energy 72 MeV 47 MeV
Electron beam energy spread, ∆γ/γ ∼ 3 % ∼ 8 %
Electron beam divergence, σγ < 10 mrad < 10 mrad
Plasma density, ne 2.0 ×1019 cm−3 4 × 1019cm−3

Plasma wavelength, λp 8.4 µm 10 µm
Dephasing length, Ld 1 mm 8 mm
Accelerating field, EMax 382 GeV/m 317 GeV/m
Critical power, Pcr 1.9 TW 2.7 TW

Table 3.1: A comparison of the experimental parameters between the electron
acceleration experiments carried out using the Astra and JETI laser systems.

energy spread of less than 3 % was observed (figure 3.3). For this particular laser

shot around 1.4 × 108 electrons (∼ 10 pC of charge) were accelerated to 47 MeV

with an energy bandwidth of 3 %

Table 3.1 highlights the differences in the experimental parameters between

experiment 1 (ASTRA) and experiment 2 (JETI). Although the laser pulse energy

is comparable in both experiments, the laser vector potential (a0) is a factor

of five greater for the JETI experiments than in the Astra experiment. The

plasma density was also a factor of two larger in the JETI experiment than on

the Astra experiment, which resulted in a dephasing length of 8 mm for the JETI

experiment and 1 mm for the Astra experiment. The higher a0 in the JETI

experiment also serves to increase the effect of relativistic self focussing, which

allows a plasma channel approximately 20 times the Rayleigh length to be created

for efficient energy gain.
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Figure 3.9: The laser pulse guiding experimental set-up using the ASTRA laser
at the Rutherford Appleton Laboratory (RAL). The laser pulse was focussed onto
the entrance of the capillary and synchronised with a high voltage discharge. The
preformed plasma allowed the laser pulse to drive a wakefield over many Rayleigh
lengths.

3.3 Experiment 3: Monoenergetic electrons

from capillary guided LWFA

In terms of energy gain, the laser wakefield accelerator performance depends on

the length over which the laser pulse is sufficiently intense to drive a wake. The

effective acceleration length of the SMLWA discussed in section 3.2, is limited

to at most a few Rayleigh lengths, zR = 100 - 300 µm due to diffraction and

defocussing of the laser. In cases where more laser energy is available the spot

size can be enlarged to increase the Rayleigh length hence the corresponding

acceleration length. However, an alternative means of increasing the acceleration

length is by using a preformed plasma discharge channel in a capillary waveguide

(figure 3.11). The technique and physics of optically guiding a laser pulse using

a preformed plasma channel has been discussed in section 2.19. This section

presents experimental results on wakefields driven in waveguides using the Astra

laser.

This experiment used the Astra laser system at the Rutherford Appleton

Laboratory (RAL) (figure 3.1). The Astra laser delivered laser pulses centered

on 800 nm with pulse durations of 45 fs and an energy of 600 mJ on target. The

laser pulses were focused by an f/27 off-axis parabolic mirror to a spot size of 34
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µm (FWHM intensity) at the capillary entrance.

Figure 3.9 shows the experimental layout. The experiments employed 15 mm

long sapphire capillaries of inner diameter D = 200 µm or 300 µm. Hydrogen gas

was flowed into the capillaries via channels of diameter 650 µm and length 10 mm

located 4 mm from each end. A discharge was driven through the capillary (figure

3.11) by connecting across the capillary a 1.7 nF capacitor charged to a voltage

between 15 and 30 kV. The discharge current was measured by a Rogowski coil.

The delay t between the onset of the discharge current and the arrival of the

laser pulse at the entrance of the waveguide was controlled by a digital delay

generator (Stanford Research Systems). The timing jitter in t was measured to

be less than 1 ns. A portion of the laser radiation transmitted by the capillary

was reflected by an optically flat wedge placed 0.6 m behind the capillary exit.

After a second reflection from the surface of a wedge (not shown), the beam

was collimated and refocused by two f-15 achromatic lenses to the entrance slit

of a grating spectrometer with a 12-bit CCD, and a microscope objective. The

spectral response of the imaging system and spectrometer was measured using

a calibrated broadband source. The energies of the pulses entering and leaving

the waveguide were measured by spectrally flat photodiodes behind a dielectric

mirror prior to the paraboloid (IED) and after the interaction in the capillary

(OED) respectively. Electrons accelerated within the waveguide pass through a

4 mm diameter hole in the first wedge, where they are dispersed by a magnetic

spectrometer, and recorded by imaging a phosphor (Lanex) screen with a 12-bit

CCD camera. Calibrated image plates were used to measure the charge of the

electron bunch [180, 181, 179] and aluminium foils inserted in the optical path

prevented laser radiation from entering the spectrometer.

The laser was operated in two distinct modes: a short pulse mode in which

the laser was fully compressed to a bandwidth limited pulse duration of 45 fs

(FWHM), corresponding to a peak intensity, Isp = 8×1017 Wcm−2 and normalised

vector potential, a0sp = 0.6; a long pulse mode in which a glass block prior

to the compressor was removed, yielded pulses of 150 fs (FWHM) and a peak

intensity, Isp = 2.4 × 1017 Wcm−2, corresponding to a0sp = 0.33. Experiments

were performed using the short pulse for initial hydrogen pressures in the range 80

to 600 mbar. Quasi-monoenergetic electron beams were observed with energies up

to approximately 200 MeV and bunch charge of order 100 pC measured with an

ICT for capillaries with D = 200 µm, but no electron beams were observed for D

= 300 µm. It is important to note that although the ICT was implemented in the

experiment the charge values cannot be attributed to single energy components
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Figure 3.10: The laser pulse energy transmission through the capillary as a func-
tion of the delay between the discharge pulse and the laser pulse in short pulse
mode (blue curve) and long pulse mode (red curve). The dashed black line shows
the time profile of the discharge current.

in the spectrum.

Figure 3.10 shows the averaged fractional laser energy transmission for long

(red curve) and short laser pulses (blue curve) as a function of delay, t. It is seen

that for the long pulses the transmission was approximately 0.95 for 70 ns to 140

ns.

The behavior of the short pulses was distinctly different. As shown by the

blue curve in figure 3.10 the peak energy transmission was only 0.6, consistent

with deposition of energy into a plasma wave, and the range of delays for which

the transmission was high was shorter. This behavior suggests that at the higher

intensity of the short pulse, guiding was more sensitive to the state of the plasma

channel, consistent with a stronger laser-plasma interaction. A stronger inter-

action may also explain the distortion of the short pulse fluence profile shown

in figure 3.13, although at these larger bandwidths, chromatic aberration effects

may contribute.

Some examples of electron spectra produced from the capillary interaction are

shown in figure 3.15(a) to 3.15(d). Figure 3.14 shows the raw electron spectrum

as seen on the Lanex screen with the energy axis superimposed. The electron

bunch energy was centred at 130 MeV and had an FWHM energy spread of 19

%. A line-out of this spectrum is shown graphically as the red curve in figure

3.15(a). The energy spreads of the electron beams varied from 20–75 %. The

onset of electron beam generation was observed to be critically dependent on the
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Figure 3.11: The discharge across the capillary.

Figure 3.12: The electron bunch energy, E, plotted as a function of the delay,
t, between the discharge across the capillary and the arrival time of the driving
laser pulse.

Figure 3.13: The transmitted beam profiles of the capillary guided laser spots in
(a) long pulse mode and (b) short pulse mode.
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Figure 3.14: A false colour image of the raw electron energy spectrum on the
Lanex screen. The energy axis scale is marked on the picture

delay, t, between the discharge current across the hydrogen discharge plasma and

the arrival of the driving laser pulse. This is clearly shown in figure 3.12 which

demonstrates that in the delay range 130 ns < t < 135 ns no electron beams were

observed. Conversely, in the delay range 137 ns < t < 141 ns 7 out of 9 shots

produced quasi-monoenergetic electron beams.

Data collected on the long pulse guiding through the capillary signified that

the plasma channel was formed for a duration of at least 70 ns; the broadening

of the spectra of the transmitted short pulse after interaction with the plasma

indicated that there was strong wakefield formation over a 50 ns delay window;

however electron beams were only observed for a range of delays corresponding

to a 5 ns window. This is illustrated by the dashed red lines in figure 3.10. It

was also important to note that electron beams were not observed for negative

delays i.e. when the laser pulse interacts with a neutral gas.

3.3.1 Experiment 3: Discussion

Electrons were only generated in D = 200 µm capillaries, which indicates that

in these experiments the properties of the plasma channel were critical to the

LWFA process. Comparing the dependence on delay of guiding and electron

acceleration allows further insight as to how the presence of a plasma channel

affected the LWFA process. The short pulse transmission was relatively low (∼
0.3). This can possibly be attributed to pulse depletion, furthermore the short

pulse exit modes were distorted, relative to the long pulse exit mode (figure 3.13).

The high peak transmission and compact exit modes for t = 50 – 80 ns show

that beams of intensity ∼ 1018 Wcm−2 can be guided over at least 14 zR using

the hydrogen-filled discharge capillary waveguide. Furthermore, the fact that the

laser energy transmission, T = 0.3 for negative delays but T = 1 after the onset

of the current demonstrates that the laser spot was guided by the plasma channel

(formed by the current) and not by the walls of the capillary (present for all de-

lays). Moreover, it was observed that the transmission increased sharply between
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Figure 3.15: The electron spectrum ejected from the capillary (a) centred at 130
MeV with a FWHM energy spread of 19 %. (b) centred at 100 MeV with a
FWHM energy spread of 30 %. (c) centred at 105 MeV with a FWHM energy
spread of 20 %. (d) centred at 200 MeV with a FWHM energy spread of 35 %.
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t = 40 ns and t = 50 ns (when p = 160mbar) corresponding, presumably, to the

formation of a plasma channel suitable for guiding. For higher pressures that rise

occurred at later delays, which is most likely due to the fact that more hydrogen

atoms required ionisation during the channel formation process, requiring more

energy from the discharge current.

At negative t, for which no plasma channel was present, the maximum energy

that could be achieved was ∼ 110 MeV at an electron density of 2 × 1019 cm−3.

In work by another group, the maximum energy of electrons accelerated in a gas

jet (of length 2mm) using the same laser was ∼ 80 MeV at an electron density of

2 × 1019 cm−3 [1], suggesting that despite several technical differences in setup

the shots recorded at negative delays are equivalent to those incident on a gas

jet.

The highest energy of electrons accelerated in the plasma channel was ap-

proximately double the energy of electrons accelerated at negative delays or in

gas jets. For L = 15 mm the maximum energy of 200 MeV is reached for p =

400 mbar (ne = 8.7 × 1018 cm−3). The energy drops away either side of that

pressure.

There were considerable shot-to-shot fluctuations in the measured electron

energy. The likely source of that instability was the non-linear evolution of the

laser pulse as it became sufficiently intense to induce electron trapping. The

length over which that evolution occurs would have varied from shot-to-shot, so

that the subsequent length over which electrons were accelerated (before either

depletion of the laser pulse or the end of the capillary) also varied. The highest

energy electron beams within the scatter would be those that were accelerated

for exactly one dephasing length.



Chapter 4

Electro-optic detection of

relativistic electron bunches

4.1 Introduction

Since the first demonstration of monoenergetic electron beams from laser wake-

fields in 2004 [1, 2, 3], many groups have reported their progress on laser wakefield

acceleration [4, 30, 9]. In order to probe the underlying physics and applicabil-

ity of laser wakefields a wide variety of diagnostics have been implemented. It

has been imperative to characterise the properties of the plasma density profile

[60, 182], the plasma wake profile [31], the electron bunch properties (energy

spread [183, 184], charge distribution [185], emittance [186, 187], pointing stabil-

ity [188] and the laser pulse properties before and after the plasma interaction

[156, 189]). To date, it has been shown by the community that electron bunches

can be generated with several pC of charge [185], energies up to 1 GeV [4, 29, 190],

and as will be demonstrated in chapter 5 of this thesis energy spreads of 1 %

[7, 184].

However, experimentally, little has been done to characterise the temporal

characteristics of the electron bunch which in theory should be typically of the

order (or a fraction) of a plasma wavelength (5–30 µm, [density range of 1.2 ×
1018 cm−3 – 4.5 × 1019 cm−3]) [44, 75] hence the production of 2 fs electron

pulses from a LWFA should be feasible [191]. Confirmation of the ‘true’ electron

bunch length remains a crucial challenge in the laser wakefield research field to

demonstrate the production of high quality electron beams for drivers of free

electron lasers and various high resolution pump-probe experiments. This thesis

presents experimental measurements of the temporal profile of laser wakefield

accelerated electron bunches using electrooptic techniques.
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Methods employed at conventional accelerator facilities to measure electron

bunch lengths involve probing either the self-fields of the electron bunch i.e. the

Coulomb field, or alternatively the radiative field which is usually based on the

emission of coherent radiation by the electron beam.

Traditionally, measuring the Coulomb field has been done using scanning de-

lay techniques, which involve placing a non-linear crystal such as ZnTe in close

proximity to the electron beam. The electric field of the passing electron bunch

induces birefringence in the electro-optic sampling crystal (EOS) which is then

probed by a synchronised laser pulse considerably shorter than the electron bunch.

The delay between the laser pulse and the electron bunch is varied, to build up a

map of the Coulomb electric field of the bunches averaged over many laser shots

as a function of position. More recently a single shot version of this technique

has been developed [71, 192, 193] which makes use of chirped laser pulses that

are longer than the electron bunch [193]. In this technique each wavelength com-

ponent of the chirped pulse corresponds to a unique position in space, hence the

electric field of a passing electron pulse can be encoded onto the chirped pulse

as the Coulomb field and laser pulse co-propagate in the non-linear crystal. By

measuring the ellipticity or polarisation rotation of as a function of wavelength

in a spectrometer the transverse electric field of the electron bunch can be mea-

sured/resolved in a single-shot.

Another method widely used by conventional accelerator laboratories relies on

coherent transition radiation produced when an electron bunch passes an inter-

face between two dielectrics (dielectric discontinuity). Usually a thin aluminium

foil is placed in the electron beam path at an angle of 45◦ with respect to the

electron beam axis. The CTR (OTR) leaves the foil perpendicular to the beam

direction and can be coupled out from a vacuum chamber for direct measurement

with a broadband spectrometer [194, 195, 196]. The coherent transition radia-

tion emitted by a particle bunch carries information about the bunch length. For

example, for bunches with a Gaussian longitudinal distribution and a fixed num-

ber of particles, the total energy emitted as CTR is inversely proportional to the

r.m.s. bunch length. Additionally, the CTR can be sent to an interferometer to

obtain the autocorrelation trace of the particle bunch electric field, and there-

fore yield a measurement of the bunch length and shape through Fourier anaylsis

using the bunch form factor [197, 198, 199, 200]. Direct spectral measurements

of coherent synchrotron radiation have also been performed [201]. Furthermore,

electron-beam microbunching at the exit of a self-amplified spontaneous-emission

free-electron laser (SASE FEL), has also been measured by observation of coher-
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ent transition radiation (CTR) [202, 203].

It is possible to extend these methods for LWFA experiments. It was ex-

perimentally demonstrated by Leemans et al [108, 109] and van Tilborg et al

[73, 74], that the plasma-vacuum boundary acts as a sufficient dielectric dis-

continuity provided the transition radiation emission region is smaller than the

formation length, Lform [204]:

Lform =
λ

2− 2β cos θ
, (4.1)

where λ is the radiation wavelength, β = v/c and θ is the peak emission angle.

The formation length is defined as the length it takes for an electron at velocity β

to ‘slip’ back by half a wavelength (λ/2) with respect to the radiation wavelength.

Physically, it is the distance over which the Coulomb field and the radiation field

become disentangled. Although the expression for Lform is derived for a vacuum

environment, it also holds for an underdense region of plasma. The dielectric

function in a plasma can be approximated by [204]

ε(ω) = 1−
ω2
p

ω2
, (4.2)

where ω is the angular frequency of the radiation. From equation 4.2 it can be

seen that for frequencies ω ≤ ωp, the plasma-vacuum interface acts as a strong

dielectric discontinuity resulting in LWFA generated CTR. The mechanism and

driving force behind the production of transition radiation relies on the Coulomb

electric fields of relativistic charged particles. LWFA electron bunches are ex-

cellent candidates to drive this process [108]. The next section describes the

characteristics of the Coulomb electric fields of electron bunches.

4.2 The Coulomb fields of relativistic electron

bunches

In order to understand the physical mechanisms responsible for the generation

of transition radiation, it is necessary to first understand the Coulomb fields

associated with an electron bunch. A useful starting point is to consider the

electric fields of a single electron which can be derived from the Liénard-Wiechert

potentials. The potentials at observation point x, at a distance R, from a moving
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point charge are given by [205]

φ(x, t) = Q

[
1

(1− β · n)R

]
ret

, (4.3)

A(x, t) = Q

[
β

(1− β · n)R

]
ret

, (4.4)

where Q = q/4πε0 (q is the charge of the particle) and the subscript ret denotes

the condition that the expression inside the square brackets has to be evaluated

at a retarded time, t′ = t−R(t′)/c. With respect to figure 4.1(b) it can be shown

that the retarded time is defined as the latest time at which a light signal emitted

from position zret would be received at position zpres before time t. This is a direct

consequence of the finite value of the speed of light, c, being the maximum speed

at which information may travel. The unit vector n points from the retarded

position towards the point of observation, P (x, z).

Using equation 4.3 and 4.4 along with the relation E = −∇φ − ∂A/∂t the

electric field due to a relativistic point charge can be expressed as [69]

E(x, t) = Q

[
n− β

γ2(1− β · n)3R2

]
ret

+Q

n×
(

(n− β)× β̇
)

(1− β · n)3R


ret

. (4.5)

In this equation the electric field is split into a velocity field which is independent

of acceleration, and an acceleration field, which depends linearly on β̇ (β̇ =

dβ/dt). The electro-optic sampling method can be utilised to measure both fields

and is commonly used as a temporal diagnostic of electron beams. By placing a

non-linear crystal such as ZnTe very near to the electron beam axis the velocity

field i.e. the Coulomb field can be probed. The potentials at the observation

point P follow from equation 4.3 and equation 4.4 and are given by [69]:

φ(x, y, z, t) = Q
γ√

(γ(z − βct))2 + x2 + y2

, (4.6)

Az(x, y, z, t) = βcφ(x, y, z, t), (4.7)

The electric fields at position P can be calculated either from equations 4.3 and

4.4 or from equation 4.5 yielding

Ex(x, y, z, t) = γQ
x

(γ2(z2 − βct)2 + x2 + y2)3/2
, (4.8)
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Figure 4.1: (a) The ‘kink’ in the electric field lines produced when a point charge
undergoes an acceleration. The fastest that this information can propagate out-
wards is the speed of light. (b) The geometry used to calculate the potentials of
a relativistic point charge moving at a constant velocity in the z direction.

Ey(x, y, z, t) = γQ
y

(γ2(z2 − βct)2 + x2 + y2)3/2
, (4.9)

Ez(x, y, z, t) = γQ
z − βct

(γ2(z2 − βct)2 + x2 + y2)3/2
, (4.10)

For γ = 1 the observer sees the static Coulomb field as seen in figure 4.2(a). As γ

increases the electric field lines are compressed perpendicular to the direction of

propagation (z-direction) as depicted in figure 4.2(b-c). This is a result of Lorentz

contraction in the z-direction and can be derived using a Lorentz transformation

of the static Coulomb field in the rest frame of the particle, to the observer

frame of reference. The maximum electric field along the x-axis, Ex, increases

Figure 4.2: (a) The electric field lines for a stationary point charge. (b) The
electric field lines for a point charge traveling at relativistic velocity. (c) The
electric field lines for a point charge moving at a highly relativistic velocity are
compressed perpendicular to the direction of propagation.

proportionally to γ while the FWHM time duration of the transverse field is
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Figure 4.3: The relationship between the duration of the Coulomb electric field
and electron energy for a radius of 1 mm (blue curve). The variation of the
duration of the Coulomb field with radius for a 100 MeV electron bunch (red
curve).

inversely proportional to γ [69],

Ex =
Qγx

r3
, (4.11)

∆tFWHM =
2r
√

22/3 − 1

γβc
, (4.12)

with r =
√
x2 + y2. Hence, the maximum Ex field, due to a moving charge, is

γ times the static Coulomb field. Electro-optic measurements of the relativistic

Coulomb fields of electron bunches utilise the Ex field because it is unipolar and

scales linearly with γ. Conversely the Ez field is independent on γ and has bipolar

properties (Ez changes sign when the charge passes the observer). Inspection

of equation 4.12 reveals that the time resolution is linearly dependent on r and

inversely proportional to γ, thus for the optimum temporal resolution the electron

beam energy should be very large and the crystal should be positioned as close

to the beam axis as experimentally practical i.e. without inducing damage to

the crystal. In practice both these parameters cannot be infinitely large or small

respectively, thus ultimately, the maximum resolution is defined by the opening

angle of the electric field lines.

An alternative technique is to measure the CTR emitted when an electron

bunch traverses a dielectric discontinuity. The longitudinal distribution of this

radiation field is a ‘signature’ or ‘blueprint’ of the electron bunch length. Further-

more, probing the CTR does not have the γ dependence temporal resolution issues

associated with probing the Coulomb field. However, other temporal resolution
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Figure 4.4: (a) The electron propagates in vacuum, where ε1 = 1. (b) At the
interface between two media a discontinuity is formed. (c) While propagating in
the second medium, where ε2 > 1. The discontinuity of the (Coulomb) self-fields
at the sharp boundary leads to the generation of a surface current of background
electrons, which in turn emits transition radiation.

limits associated with detection exist which will be described in the forthcoming

section 5.

4.3 Transition Radiation

Transition radiation is produced by relativistic charged particles when they cross

the interface of two media of different dielectric constants i.e. a dielectric dis-

continuity. Mathematically, the emitted radiation is the homogeneous difference

between the two inhomogeneous solutions of Maxwell’s equations of the electric

and magnetic fields of the moving particle in each medium separately. Physi-

cally speaking, the electric field of the particle is different in each medium due

to dielectric screening, thus the particle will ‘shake off’ the difference in electric

field as energy in the form of a propagating wave when it crosses the discontinu-

ity boundary. A simplistic schematic of the mechanism of transition radiation is

shown in figure 4.4. We consider a single electron moving (a) through a medium

with a dielectric constant of ε1 = 1, then (b) passing a sharp boundary, and (c)

into a second medium with a different dielectric constant ε2 > 1. As discussed

in section 4.2 the Coulomb field of electrons with relativistic velocities exhibit a

more transverse nature due to Lorentz contraction in the direction of motion. As

the electron propagates into the second medium (ε2 > 1), the self-fields of the

bunch experience partial screening by the background electrons. The effective-

ness of this screening is proportional to the dielectric constant, whereby complete

field cancellation occurs when ε2 =∞. As the electron passes through the sharp



4.3 Transition Radiation 85

boundary as seen in figure 4.4(b), an apparent discontinuity in the electric field

arises. However, this would be a violation of Maxwell’s equations but in reality,

electrons at the surface are moved transversely in order to cancel out the discon-

tinuity. It is this bunch driven surface current (dJ/dt) at the boundary between

two differing dielectric interfaces that is the driving force behind the emission of

electromagnetic radiation.

The spectral characteristics of transition radiation generally exhibit a very

broad bandwidth due to the inherently short duration of the electron drive pulse.

Collective effects have strong implications on the radiated spectral intensity. For

example, considering a bunch of electrons with a longitudinal length, σz. The

total electro-magnetic field depends on the contribution from each individual

electron. Hence, radiation at relatively short wavelengths λ ≤ σz will sum up

incoherently and the radiation intensity scales as ITR ∝ N . Conversely, radiation

at longer wavelengths λ > σz will experience coherent build up as the summation

of the radiation fields interfere constructively with each other. This leads to a

quadratic relation between the radiated intensity and the number of electrons

I ∝ N2. Since typical electron bunches have between N ∼= 107 - 109 electrons,

the spectral intensity at wavelengths λ > σz can be very large. Analysis of the

radiation spectrum is therefore a way to retrieve information about the bunch

profile. Identifying the spectral region that defines the onset of coherence is a

good indication that the bunch length is near to that wavelength. i.e. if coherent

radiation is observed at 3.3 µm then this suggests the bunch length is around 10

fs in duration.

Transition radiation was treated analytically by Ginzburg and Frank [206]

for a planar boundary of infinite extent. However, in some cases the Ginzburg-

Frank equation is not applicable because it assumes that the radiation screens

are of infinite size and that the radiation is observed in the far-field. Casalbuoni

[207] introduced a generalised version of the Ginzburg-Frank formula that allowed

computation of the transition radiation emitted from a screen of arbitrary shape

and size at any distance from the source. The only condition being that the

dimensions of the screen and the distance to the observation point must be large

compared to the wavelength of the radiation. As this is often the case, this is a

powerful method, capable of treating realistic experimental set-ups.
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4.4 Transition radiation by a single electron

When an electron propagates past the boundary from vacuum to an infinite metal

plane, only backward radiation is emitted as no radiation can propagate inside

the metal. This is however not the case for a metallic screen with a finite thickness

which will be dealt with in the next section. The angular and spectral energy

density of backward transition radiation in the far-field from a single electron is

given by the Ginzburg-Frank formula [206]:

d2U

dωdΩ
=

e2

4π3ε0c

β2 sin2 θ

(1− β2 cos2 θ)2 , (4.13)

where β = v/c. The angular distribution of the radiation emitted from a 40 MeV

electron is shown in figure 4.5. Clearly, the radiation is emitted in two lobes

each peaked at an angle of 1/γ. Also important to note is the characteristic zero

intensity on-axis which gives transition radiation radial polarisation characteris-

tics. This ‘doughnut’ shaped radiation pattern arises from the radial nature of

the Coulomb field that drives the process. Figure 4.5 shows the spatial radiation

pattern for a single electron according to equation 4.13.

Figure 4.5: (a) The angular distribution of the radiation emitted from a 40 MeV
electron according to the Ginzburg-Frank formula. (b) A simulation (3D radial
map) of the transition radiation intensity distribution at an observation plane 1
m from the radiative source according to the Ginzburg-Frank formula.

The angular distribution has a maximum intensity at an angle given by [207]:

θmax = arcsin

(√
1− β2

β

)
= arcsin

(
1

βγ

)
' 1

γ
. (4.14)

So far we have discussed only the case where an electron traverses a boundary

into an infinite plane. In this case the transition radiation spectral energy density

is independent of frequency, provided one stays below the plasma frequency of the



4.4 Transition radiation by a single electron 87

metal. The next section introduces the effect of transition radiation generated

from finite boundaries and the radiation propagation therein.

4.4.1 Transition Radiation from finite planes

Most practical situations involving transition radiation involve the use of finite

size radiators. e.g. metallic foil disks, finite plasma vacuum interfaces, etc. It is

therefore appropriate to investigate this framework. Following the framework of

Casalbuoni [207] We consider a finite metallic disk of radius, a as our transition

radiation (TR) source and use a cylindrical coordinate system (ρ, φ, z = 0) on

the disk. The observation screen is at a distance D >> a from the TR source.

Designating Er as the Fourier component of the radial electric field of the incident

electron. Taking the Fourier transform of the radial electric field of the electron

is thus

Er(ρ, ω) =
−eω

(2π)3/2ε0β2γc2
K1

(
ωρ

βγc

)
, (4.15)

where K1 is a modified Bessel function. Because of the cylindrical symmetry, the

field on the observation screen will be radial as well. Without loss of generality we

can therefore choose our target point to be located on the x-axis of the observation

screen, P = (x, y = 0, z = 0).

The electric field at P will then have only an x component. A small area element

at an arbitrary point Q = (ρ, φ, 0) of the TR source screen at z = 0 yields the

following contribution to the horizontal field component at P:

dEx(P, ω) =
−ik
2π

Er(ρ, ω)cosφ
exp(ikR′)

R′
ρdρdφ, (4.16)

where k = ω/c and R′ =
√
D2 + (x− ρcosφ)2 + (ρsinφ)2 is the distance between

Q and P. The 1/ρ divergence of Er(ρ, ω) for ρ −→ 0 is canceled by multiplication

with the area element ρdρdφ. The electric field , Ex, at P is given by integratiing

the radial electric field over the area of the TR source:

Ex(P, ω) =
−ik
2π

∫ a

0

∫ 2π

0

Er(ρ, ω)cosφ
exp(ikR′)

R′
ρdρdφ. (4.17)

Since we restrict ourselves here to the far-field case, the square root is only ex-

panded up to first order in ρ,

R′ =
√
D2 + (x− ρcosφ)2 + (ρsinφ)2 ≈ R =

xρcosφ

R
, (4.18)

with R =
√
D2 + x2. The distance R′ = QP in the denominator of the integrand
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of equation 4.17 can be replaced by the distance R between the centre of the TR

screen and the observation point P:

exp(ikR′)

R′
≈ exp(ikR)

R
exp(−ikρsinθcosφ), (4.19)

we can define the angle θ by sinθ = x/R and rewrite equation 4.17 as:

Ex(P, ω) =
−ik
2π

exp(ikR)

R

∫ a

0

∫ 2π

0

Er(ρ, ω)cosφ exp(−ikρsinθcosφ)ρdρdφ.

(4.20)

Inserting Er from equation 4.15 the field at point P = (x, 0, D) yields:

Ex(P, ω) =
iek2

(2π)5/2ε0γcβ2

exp(ikR)

R

∫ a

0

[∫ 2π

0

K1

(
kρ

βγ

)
cosφ exp(−ikρsinθcosφ)dφ

]
ρdρ

(4.21)

Integration over the azimuthal angle yields the Bessel function J1 :∫ 2π

0

exp(−ikρsinθcosφ)cosφdφ = −i2πJ1(kρsinθ). (4.22)

Integration over the radius gives:∫ a

0

J1(kρsinθ)K1

(
kρ

βγ

)
ρdρ =

β3γ3sinθ

k2(1 + β2γ2sin2θ)
[1− T (θ, k)]

=
β3γ3sinθ

k2(1− β2cos2θ)
[1− T (θ, k)] . (4.23)

Thus the Fourier transformed electric field on the observation screen becomes:

Ex(θ, ω) =
e

(2π)3/2ε0c

exp(ikR)

R

βsinθ

1− β2cos2θ
[1− T (θ, k)] , (4.24)

with

T (θ, k) =
ka

βγ
J0(kasinθ)K1

(
ka

βγ

)
+

ka

β2γ2sinθ
J1(kasinθ)K0

(
ka

βγ

)
. (4.25)

4.4.2 Radiated energy of transition radiation

So far we have dealt with the TR electric fields for single electrons for a single

frequency component on the source and image planes. We now turn our attention

to computation of the spectral density distribution of the transition radiation.

Our starting point considers the simple case of an electromagnetic wave traveling

in z direction, without a dependence on x and y. This pulse can be expressed as
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a superposition of plane waves:

Ex(z, t) =
1√
2π

∫ ∞
−∞

E(ω) exp [iωφ]dω =
2√
2π

∫ ∞
0

E(ω) exp [iωφ]dω, (4.26)

where φ = z/c− t. The Fourier components of the magnetic field are given by:

B(ω) =
E(ω)

c
. (4.27)

The Poynting vector gives the energy flow:

S =
1

2µ0

E×B∗ , Sz =
1

2µ0

Ex ×B∗y (4.28)

and the total energy per unit area, flowing through the detector plane at z = 0,

is

U =

∫ ∞
−∞

Sz(0, t)dt =
1

2µ0

∫ ∞
−∞

[
Ex(0, t)B

∗
y(0, t)

]
dt. (4.29)

In terms of the Fourier components the energy flow can be expressed as:

U =
1

πµ0

∫ ∞
0

dω

∫ ∞
0

dω′E(ω)B∗(ω′)

∫ ∞
−∞

dt[exp(−i(ω − ω′)t)]. (4.30)

The time integration yields 2πδ(ω − ω′), hence

U =
2

µ0c

∫ ∞
0

|E(ω)|2 dω and writing U =

∫ ∞
0

dU

dω
dω, (4.31)

we get for the spectral energy density:

dU

dω
=

2

µ0c
|E(ω)|2 . (4.32)

Transition radiation not only depends on frequency but also exhibits an angular

dependence. Thus putting equation 4.24 into equation 4.32 and remembering

that the area element dS at the point P on the observation screen is dS = R2dΩ,

we obtain for the spectral energy as a function of the angle, θ [207]:

d2U

dωdΩ
=

e2

4π3ε0c

β2 sin2 θ

(1− β2 cos2 θ)2
[1− T (θ, ω)]2 , (4.33)

with

T (θ, ω) = ΩJ0

(
ωa sin θ

c

)
K1 (Ω) +

ωa

cβ2γ2 sin θ
J1

(
ωa sin θ

c

)
K0 (Ω) , (4.34)
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where Ω = ωa/cβγ. Equation 4.33 is the generalised Ginzburg-Frank formula

for a transition radiation source of finite radius a. The correction term T (θ, k)

(equation 4.25) has been written here as a function of θ and ω = kc. Inspection

of equation 4.33 reveals the frequency dependence of the radiated energy. The

term T (θ, ω) depends on the product ωa ∝ a/λ . This means that the angular

distribution remains invariant if the disk radius a and the wavelength λ of the

TR are scaled by the same factor. Note however, that the generalized Ginzburg-

Frank formula is only valid in the far-field regime because in the derivation of R
′

we have only expanded to first order.

So far the derived expressions only consider transition radiation characteristics

in the far-field limit, i.e. when radiation propagates to an observation plane at a

distance D which is large compared to the wavelength of the radiation and also

large compared to the radius a of the disk. The Ginzburg-Frank formula is valid

only when the TR screen is large enough and at a sufficiently large distance from

the source. The next section will consider transition radiation characteristics in

the near field limit.

4.4.3 Transition radiation in the near-field limit

To consider the near-field case we now expand the distance R′ between an arbi-

trary source point Q and the observation point P to second order in the small

quantity ρ/R� 1 where R =
√
D2 + x2 is the distance between the center of the

TR source and the observation point P. (Note that x/R = sinθ is usually also

much smaller than 1)

R′ =
√
D2 + (x− ρ cosφ)2 + (ρ sinφ)2

≈ R− xρ cosφ

R
+
ρ2

2R
. (4.35)

The second term is responsible for far-field diffraction. If, in addition, the third

term is taken into account, one can also describe the near-field diffraction pattern.

The electric field at P is in second order in ρ:

Ex(P, ω) ∝
∫ a

0

[∫ 2π

0

K1

(
kρ

βγ

)
cosφ exp(−ikρ sin θ cosφ) exp

(
ikρ2

2R

)
dφ

]
ρdρ.

(4.36)

The integration over the azimuthal angle can be carried out yielding J1(kρsinθ).
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Thus the angular dependence of the intensity to second order is [207]

dU (2)

dωdΩ
∝
∣∣∣∣∫ a

0

J1(kρ sin θ)K1

(
kρ

βγ

)
exp

(
ikρ2

2R

)
ρdρ

∣∣∣∣2 . (4.37)

The integral in equation 4.37 can only be solved numerically [207].

4.4.4 Transition radiation far-field condition

It has already been established that the Ginzburg-Frank formula is applicable

when the disk radius a is very large and the observation screen is sufficiently far

away, i.e in the far-field. Casalbuoni et al demonstrate that the effective source

screen radius can be defined as [207]:

reff = γλ. (4.38)

The first condition for obtaining the Ginzburg-Frank angular distribution is that

the TR source screen radius has to exceed the effective source radius:

rscreen ≡ a ≥ reff = γλ. (4.39)

When this condition is fulfilled the term T (θ, ω) in the generalised Ginzburg-

Frank formula is much smaller than unity. If however, the screen radius, a is well

below the effective source radius the correction term, T (θ, ω) becomes significant.

The condition for far-field diffraction can be written as:

D > γreff = γ2λ. (4.40)

This condition can be understood by considering the Frensnel zone construction

in light optics. The radius of the nth Fresnel zone is given by rn =
√
nγD. The

far-field is safely reached when only the first Fresnel zone contibutes, i.e. when

r2
1 > r2

eff ⇒ D > γ2λ. (4.41)

4.4.5 Total radiated energy of transition radiation

The total spectral density radiated by an electron crossing a boundary from

vacuum to an infinite metallic plane is obtained by integrating equation 4.13 over
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Figure 4.6: (a) The correction term T (θ, ω) plotted for γ = 100 and a/reff = 1
and (b) γ = 300 and a/reff = 1/3.

the backwards hemisphere [207]

dU

dω
= 2π

∫ π/2

0

d2U

dωdΩ
sin θdθ =

e2β2

2π2ε0c

∫ 1

0

1− u2

(1− β2u2)2du, (4.42)

with u = cosθ. The integration can be done analytically and yields for the energy

per ω interval, radiated by one electron:

dU

dω
=

e2

8π2ε0c

(
1 + β2

β
ln

(
1 + β

1− β

)
− 2

)
≈ e2

2π2ε0c
(ln γ + ln 2− 0.5) . (4.43)

4.5 Coherent transition radiation from electron

bunches

In the previous sections we have dealt with the radiation emitted by single elec-

trons. When the radiation wavelength is much shorter than the electron bunch

dimensions all electrons radiate incoherently and the TR intensity scales linearly

with the number of electrons per bunch:

ITR = NI1. (4.44)

This is usually the case in the optical regime, so optical transition radiation

(OTR) is predominantly incoherent. In the terahertz regime, however, the radi-

ation wavelength becomes comparable to the transverse and longitudinal bunch

size. In this situation the particles radiate coherently via constructive interference

(figure 4.7(a)). Hence the coherent transition radiation (CTR) intensity grows
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quadratically with the number N of electrons in the bunch:

ICTR = N2I1, (4.45)

therefore we can write

d2Ubunch
dωdΩ

=
d2UGF
dωdΩ

N2 |F (ω)|2
[

2c

ωrb sin θ
J1

(
ωrb sin θ

c

)
− 2cβγ

ωrb
I1

(
ωrb
cβγ

)
T (θ, ω)

]2

.

(4.46)

Figure 4.7: (a) The integrated spectral radiation distribution for a 10 fs electron
bunch (red line) and a 50 fs electron bunch (blue line). The dashed lines show
the onset of coherent radiation emission (I ∝ Q2) when the bunch length is equal
to the radiation wavelength.(b) The integrated spectral radiation distribution for
a 10 fs electron bunch (red line) and a 50 fs electron bunch (blue line) plotted
out to longer wavelengths to show when the signals meet.

4.5.1 Propagation of CTR by Fourier transform

A powerful method to compute the diffraction profiles of radiation propagating

through an optical system involves the use of Fourier transforms. The analyt-

ical and semi-analytical expressions derived in the previous sections are based

on cylindrical symmetry which may not be appropriate in many practical cases.

The Fourier method is capable of dealing with geometrically asymmetric situ-

ations and has the additional advantage that radiation can be modelled when

propagating through a whole optical system consisting of apertures, drift spaces

and focusing elements (parabolic mirrors).

To explain the basic principle of electromagnetic wave propagation by Fourier

transformation we generalise equation 4.17 for a transition radiation source using

Cartesian coordinates and choose general points Q = (ξ, η, 0) on the source screen

and P = (x, y,D) on the observation screen. The two field components at P are
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[207]:

Ex(P, ω) = − ik
2π

∫ ∫
︸ ︷︷ ︸

TR source

Ex(Q,ω)
exp(ikR′)

R′
dξdη, (4.47)

Ey(P, ω) = − ik
2π

∫ ∫
︸ ︷︷ ︸

TR source

Ey(Q,ω)
exp(ikR′)

R′
dξdη. (4.48)

The distance R′ = Q̄P is expanded up to the second order:

R′ =
√
D2 + (x− ξ)2 + (y − η)2

≈ D +
x2 + y2

2D
− xξ + yη

D
+
ξ2 + η2

2D
. (4.49)

We assume that (ξ2 + η2)� D2 and (x2 + y2)� D2. The horizontal component

of the Fourier-transformed electric field at an arbitrary point P = (x, y,D) on

the observation screen is then given in terms of the horizontal field component

on the source screen by the integral [207]:

Ex(P, ω) =
−ik
2π

exp(ikD)

D
exp

(
ik(x2 + y2)

2D

)
∫ ∫
︸ ︷︷ ︸

TR source

·Ex(Q,ω) exp

(
ik(ξ2 + η2)

2D

)
exp[−i(kxξ + kyη)]dξdη. (4.50)

A corresponding expression holds for the vertical component.

Introducing the ‘transverse’ wavenumbers

kx = k
x

D
, ky = k

y

D
, (4.51)

with k = 2π/λ = ω/c. The integral in equation 4.50 can be written as a two

dimensional Fourier transform [207]

Fx(kx,ky) =
1

2π

∫ ∫
︸ ︷︷ ︸

TR source

Gx(ξ, η) exp[−i(kxξ + kyη)]dξdη, (4.52)

with the integrand:

Gx(ξ, η) = Ex(ξ, η, ω) exp

(
ik(ξ2 + η2)

2D

)
. (4.53)
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For the y-component we get correspondingly:

Fy(kx,ky) =
1

2π

∫ ∫
︸ ︷︷ ︸

TR source

Gy(ξ, η) exp[−i(kxξ + kyη)]dξdη, (4.54)

Gy(ξ, η) = Ey(ξ, η, ω) exp

(
ik(ξ2 + η2)

2D

)
. (4.55)

The coordinates of point P are related to the transverse wave numbers by:

x = D
kx
k
, y = D

ky
k
, (4.56)

ϕparabolic = −kξ
2

2f
. (4.57)

4.6 Electromagnetic wave propagation in crys-

tals

Having discussed the theoretical framework of transition radiation we now turn

our attention to describing the electrooptic effect, which is how the transition

radiation is detected and the corresponding electron bunch lengths are resolved.

A useful starting point is to describe the propagation of electromagnetic waves

in both isotropic and non-isotropic media.

The propagation of a light wave in vacuum is a perfect example of wave

propagation in an isotropic medium, so that µ0 and ε0 remain scalar constants.

The phase velocity of a light wave in vacuum is given by

c =
1

√
µ0ε0

, (4.58)

where µ0 and ε0 are the permeability and permittivity of free space respectively.

However in a dielectric material the phase velocity is given by. vφ = c/n, where

n =
√
ε/ε0 is the index of refraction of the medium.

In an isotropic medium the induced polarisation is parallel to the electric

field and related to it by a scalar factor independent of the direction along which

the field is applied. The relationship between the dielectric polarisation density,

P, and the electric field of a propagating wave E in an isotropic homogeneous

medium can be expressed as [12]

P = ε0χeE. (4.59)
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This situation changes when light propagates in anisotropic dielectric crystals.

Since the crystal is made up of periodic arrays of ions atoms (or ions) with differing

binding forces the induced polarisation becomes dependent on the magnitude and

direction of the applied field.

Therefore the polarisation density component vectors in an anisotropic crystal

are given by [12]

Px = ε0 (χ11Ex + χ12Ey + χ13Ez) ,

Py = ε0 (χ21Ex + χ22Ey + χ23Ez) ,

Pz = ε0 (χ31Ex + χ32Ey + χ33Ez) ,

(4.60)

where the χij coefficients are the electric susceptibility tensors which characterise

how easily the dielectric polarises in response to the applied electric field along

a given direction. Clearly, this depends on the choice of the x, y and z crystal

axes relative to the crystal structure. It is therefore mathematically convenient

to define x, y and z in such a way that the off diagonal elements vanish to leave:

Px = ε0χ11Ex,

Py = ε0χ22Ey,

Pz = ε0χ33Ez,

(4.61)

These directions are commonly known as the crystal’s principal dielectric axes.

4.7 Birefringence

The phenomenon of birefringence is a direct consequence of the dielectric

anisotropy of a crystal. To address the physics of birefringence in depth it is

useful to consider the binding forces present in crystal lattices as springs with

varying stiffness or spring constants. If the atoms in the crystal are not arranged

in a completely symmetric fashion then the binding forces on the electrons will be

anisotropic i.e. different along certain directions. It is the interplay between the

binding forces between electrons and the electric field of the light wave that gov-

ern the propagation dynamics of a light wave in the crystal. Light propagates in a

medium by exciting the electrons, which are driven by the E-field. These electron

excitations then re-radiate secondary wavelets, which recombine and produce a

refracted wave, which continues through the medium. The phase velocity of an
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optical light wave and therefore the index of refraction are determined by the

variation between the frequency of the light wave and the resonance frequency of

the atoms. Physically this means that if the lattice forces present in a material

are identical in two directions for example, x and y, then the optical properties

along these axes are identical also. The unique axis, in this case, the z direction,

is known as the optic axis.

Light propagating along the optic axis will have no component of electric

field parallel to the optic axis regardless of polarisation and so will act as one

would expect, obeying Snells Law. However, if the light propagates in any other

direction, it will be split into two rays namely the ordinary (o-wave) and the

extraordinary (e-wave). This is due to the fact that the e-wave propagates with

a different phase velocity as it has a component of electric field parallel to the

optic axis.

While birefringent crystals all exhibit this phenomenon, the degree to which

the effect is observed varies somewhat. Birefringence is therefore quantified by

the difference between the refractive index of the e-wave and that of the o-wave,

∆n = ne − no, where ne and no are the refractive indices of the e-wave and the

o-wave respectively.

One use of birefringent materials is as retardation plates or waveplates. If a

linearly polarised beam propagates through a birefringent crystal that is suitably

orientated, the e-wave and o-wave will be retarded by differing amounts. As a re-

sult, when the beams recombine on exiting the crystal, they will have experienced

a phase retardation [12]

∆Γ = (ns − nf )
ωl

c
, (4.62)

where ns and nf are the refractive indices of the slow and fast eigenwaves (which

are orthogonally polarised), respectively, ω is the angular frequency of the light

beam and l, the thickness of the crystal. From this equation it is clear that by

varying its thickness, a birefringent crystal or waveplate can rotate the polarisa-

tion of light as required.

Furthermore another use of birefringent crystals only applies to a particular

class of birefringent crystals whose birefringent properties are dependent on the

electric field that the crystal is immersed in. Such crystals exhibit a linear electro-

optic effect, the strength of which is denoted by the Pockels coefficient, Kp. This

is related to the induced birefringence by

∆n = n3
0KpE, (4.63)
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where ∆n is the induced birefringence, n0 is the refractive indice with no applied

external electric field and E is the applied electric field strength. As a conse-

quence of this relationship the refractive indice changes linearly with the applied

electric field. This relationship is the basis for a Pockels cell, which is simply an

appropriate birefringent electroooptic crystal immersed in a controllable electric

field. Thus a Pockels cell in conjunction with a polariser can be applied to pro-

duce a form of high-speed optical shutter suitable for switching out ultrashort

laser pulses in modern laser systems [10, 12].

4.8 Electro-optic effect in anisotropic crystals

In a homogeneous medium the electric displacement vector is given by [12]

D = εε0E, (4.64)

where the relative dielectric permittivity is a scalar quantity. In an electrooptic

crystal the direction of the electric field with respect to the crystallographic axes

can influence the polarisation state. In this case the permittivity is a symmetric

tensor given by [12]

ε =

 ε11 0 0

0 ε22 0

0 0 ε33

 =

 εx 0 0

0 εy 0

0 0 εz

 (4.65)

It is always possible to carry out a principal axis transformation to an orthogonal

coordinate system in which E and D are related by a diagonal matrix

D = ε0

 εx 0 0

0 εy 0

0 0 εz


 E1

E2

E3

 . (4.66)

The components of ε are then the principal axis and the principal refractive

indices are given by:

nx =

√
εx
ε0

, ny =

√
εy
ε0

, nz =

√
εz
ε0

. (4.67)

In general for a given direction in a crystal there exist two possible linearly po-

larised modes, these are commonly known as the rays of propagation. Each mode

has a unique direction of polarisation and a corresponding index of refraction. By
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using the index ellipsoid, the mutually orthogonal polarisation directions and the

indices of the two rays can be deduced

x2

n2
x

+
y2

n2
y

+
z2

n2
z

= 1. (4.68)

The refractive indices nx, ny and nz are the refractive indices along each of the

principal axes. For any other direction in the crystal the refractive index can be

determined from the ellipsoid surface distance from the origin. Usually D = εE

and we can define an impermeability tensor given by

η =
ε0

ε
=

 1/n2
1 0 0

0 1/n2
2 0

0 0 1/n2
3,

 (4.69)

where the directions x, y, and z correspond to the principal dielectric axes defined

as the directions in the crystal along which the electric displacement vector, D

and electric field vector, E are parallel. It is the existence of these two unique

rays known as the ordinary and extraordinary with different indices of refraction,

which causes birefringence.

Since the propagation characteristics in crystals are fully described by means

of the index ellipsoid, the effect of an electric field on the propagation is expressed

most conveniently by giving the changes in the constants of the index ellipsoid.

Figure 4.8: (a) The coordinate system of a ZnTe crystal cut in the 〈110〉 plane.
(b) A ‘slice’ of ZnTe cut in the 〈110〉 plane. (c) The index ellipsoid projected
onto the 〈110〉 plane of a ZnTe crystal.

4.9 Electro-optic properties of ZnTe

For the electrooptic experiments presented in this thesis ZnTe was used. It is

therefore appropriate to describe the electrooptic properties of this crystal. A

good starting point is to express the index ellipsoid, used for calculating the
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optical properties of an anisotropic medium. The crystal coordinate system is

defined as (x, y, z). The index ellipsoid is expressed as [204]∑
ij

ηijxixj = 1 i, j, k = 1, 2, 3 (4.70)

with (x1, x2, x3) = (x, y, z) and ηij = ε0ε
−1
ij . Equation 4.70 can also be interpreted

as

ηxxx
2 +ηxyxy+ηxzxz+ηyxyx+ηyyy

2 +ηyzyz+ηzxzx+ηzyzy+ηzzz
2 = 1. (4.71)

Equations 4.70 and 4.71 describe a 3D index ellipsoid, characterised by three

principal orthogonal axes, each oriented at a specific orientation in the crystal

system (x, y, z). The refractive indices along the principal axes of the ellipsoid are

defined as n1, n2, and n3. Due to the Pockels effect, also referred to as electro-

optic (EO) effect, each element ηij will be a function of the bias electric field

E = (Ex, Ey, Ez), or

ηij = ηij,0 +
∑
k

rijkEk, i, j, k = 1, 2, 3 (4.72)

with rijk the linear electro-optic or Pockels coefficient. Note that rijk has 27

elements. However, since η is symmetric (ηij = ηji, the 9 element combinations

(i, j) can be combined to 6, each labeled by a single index I, with I = 1 for

(i, j) = (1, 1), I = 2 for (i, j) = (2, 2), I = 3 for (i, j) = (3, 3), I = 4 for (i, j) =

(3, 2) and (i, j) = (2, 3), I = 5 for (i, j) = (3, 1) and (i, j) = (1, 3), and I = 6

for (i, j) = (2, 1) and (i, j) = (1, 2). This allows for replacement of ηij byηI ,

and rijk by rIk, which now has 18 elements. In crystals with cubic 43m crystal

configuration, such as zinc telluride (ZnTe) and gallium phosphide (GaP), the

number of non-zero elements in rIk can be further reduced and equation 4.72 can

be written as [204]

η1

η2

η3

η4

η5

η6


+



η1,0

η2,0

η3,0

η4,0

η5,0

η6,0


+



0 0 0

0 0 0

0 0 0

r41 0 0

0 r41 0

0 0 r41



 Ex

Ey

Ez

 . (4.73)

The cubic 43m crystals are isotropic, and with no THz field applied n1 = n2 =
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n3 = n. In this case, η1,0 = η2,0 = η3,0 = 1/n2 and η4,0 = η5,0 = η6,0 = 0, such that

equation 4.71 reads (x2 + y2 + z2)/n2 = 1. The situation changes if a bias electric

field is applied. Since the crystals used for the experiments in this thesis were cut

along the 〈110〉 plane, that same geometry will be considered here. The axes of

the 〈110〉-cut crystal are labeled (x′, y′, z′). The two coordinate systems (x, y, z)

and (x′, y′, z′) are depicted in figure 4.8(a). It is assumed that the THz pulse is

normally incident on the 〈110〉 crystal plane. The electric field ETHz is linearly

polarized, at angle φ with respect to the z′ axis, as shown in figure 4.8(a) and

figure 4.8(c). The THz electric field vector can be expressed in the crystal system

(x, y, z) as E = ETHz = ETHz(sinφ/
√

2,−sinφ/
√

2, cosφ). The index ellipsoid in

the (x, y, z) system, defined by equation 4.70 with each element given by 4.73,

can then be expressed as [204]

x2 + y2 + z2

n2
+

2r41ETHz sinφ√
2

yz − 2r41ETHz sinφ√
2

zx+ 2r41ETHzxy cosφ = 1.

(4.74)

For the EOS experiments presented in this thesis, the laser beam used for

probing of the index ellipsoid is collinear with the THz pulse. For this reason,

the index ellipse at the x′ − y′ plane needs to be characterised. Equation 4.74

can be rewritten for the (x′, y′, z′) system, and by setting x′ = 0 the ellipsoid

projection on the y′ − z′ plane is found. The two principal axes of the ellipse set

up a third coordinate system y′′− z′′, and one can calculate the angle ϕ between

z′′ and z′ to be

tan 2ϕ = −2 tanφ. (4.75)

The geometry of the system is depicted in figure 4.8(c), with the index ellipse

rotated by ϕ with respect to the z′ axis. The difference in index of refraction

between the two principal axes ∆n = (nz′′ − ny′′) (figure 4.8(c)), can be found to

be [204]

∆n = (nz′′ − ny′′) =
n3r41ETHz

√
1 + 3 sin2 φ

2
, (4.76)

with n the index of refraction at probe laser wavelength λ0 (800 nm for experi-

ments in this thesis). As equation 4.76 demonstrates, ∆n scales linearly with the

THz field and is maximum for φ = 90◦, in which case ϕ = ± 45◦.

The index of refraction for visible and infrared light can be approximated

using the useful parameterisation [208]

n (λ) =

√
4.27 +

3.01λ2

λ2 − 0.142
, (4.77)
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Figure 4.9: (a) The refractive index for light from wavelengths 400 nm–2 µm
propagating in ZnTe. The dashed line represents the probe wavelength used for
the experiments in this thesis nZnTe800nm = 2.85.(b) The real and imaginary parts of
the refractive index of ZnTe for light in the 0.1–10 THz frequency range.

where λ is the photon wavelength in µm. The index of refraction for frequen-

cies far below the optical range the complex dielectric function ε(f) of a non-

conducting crystal can be written in the form [208]

ε(f) = εel +
∑
i

sif
2
i

f 2
i − f 2 − iΓif

, (4.78)

where the first term is the contribution from the bound electrons and the sec-

ond term the contribution from lattice oscillations which are treated as damped

harmonic oscillators. The coefficient εel is constant in the THz frequency range.

The sum extends over all lattice oscillations which couple to the electromagnetic

field. The quantities fi, Γi and si are the eigenfrequency, damping constant and

oscillator strength of the lattice oscillation i respectively. For the electro-optic

crystals such as ZnTe and GaP, a good description of ε(f) in the THz regime

is obtained by restricting the sum to the lowest transverse-optical (TO) lattice

oscillation [208]

ε(f) = εel +
s0f

2
0

f 2
0 − f 2 − iΓ0f

. (4.79)

The complex index of refraction is given by taking the square root

n(f) + iκ (f) =
√
ε (f). (4.80)
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4.10 Phase-matching and propagation of THz

and laser pulses

The refractive index of ZnTe decreases with increasing wavelength in the optical

regime. In the THz region below the TO resonance n increases with the frequency.

The short THz and Ti:Sa laser pulses propagate with the group velocity [208]

vg =
c

n

(
1 +

λ

n

dn

dλ

)
=

c(
n+ f dn

df

) , (4.81)

which is in both cases lower than the phase velocity of the contributing harmonic

waves. The phase and group velocities of THz frequencies (0.1-5.3 THz) prop-

agating in ZnTe are shown in figure 4.10(a). For comparison also the optical

group velocity at λ = 0.8 µm is plotted. While at low frequency the THz pulse

propagates with a somewhat higher speed than the laser pulse, there is a growing

mismatch in the velocities when one approaches the TO resonance of 5.3 THz in

ZnTe and 11 THz in GaP.

For ideal electro-optic sampling conditions the THz pulse and the laser pulse

should propagate at the same speed. The difference in speed leads to a reduced

time resolution. The electro-optic efficiency is characterised by a response func-

tion which depends on the THz frequency, f and the crystal thickness, d [208]

G(f, d) =
2

1 + n(f) + iκ(f)

1

d

d∫
0

exp

[
2πifz

(
1

vφ(f)
− 1

vg(f)

)]
dz, (4.82)

where vφ(f) is the phase velocity at the THz frequency, f and vg is the optical

group velocity at the laser wavelength. The factor

Atrans (f) =
2

1 + n (f) + iκ (f)
, (4.83)

is the frequency dependent transmission coefficient for the transition of the THz

electric field from vacuum into the electrooptic crystal [208]. The electrooptic

response function of ZnTe is shown in figure 4.10(b) for crystals of thickness 100

µm, 300 µm, and 1 mm. It is obvious that high THz frequencies can only be

reached in sufficiently thin crystals. The TO resonance sets an upper limit of

about 4.5 THz to the accessible frequency range.
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Figure 4.10: (a) The phase velocity, vφ (blue curve) and group velocity, vφ (red
curve), of THz radiation in ZnTe. The black dashed line indicates the group
velocity of 800 nm light in ZnTe. (b) The response functions for ZnTe crystals of
varying thickness. The blue, green and red curves represent a 100 µm, 300 µm,
and 1 mm thick crystal respectively.

4.11 Simulations of propagation of THz and op-

tical light pulses in ZnTe

A more physical approach based on the framework of Casalbuoni et al [208] in

which both the THz pulse and the optical laser pulses are propagated as wave

packets through the EO crystal is now presented. The electric field at the posi-

tion of the crystal has the time dependence we call FE(f) the Fourier transform

of the electric field pulse, which in this special case can be computed analytically

or, for more complicated distributions, by an FFT (Fast Fourier Transform) al-

gorithm. At the interface between the vacuum and the EO crystal, some fraction

of the incident THz wave is reflected, the remaining part is transmitted into the

dielectric crystal. The amplitude transmission coefficient depends on frequency

and is given by the expression

Atrans(f) =
2

n(f) + iκ(f) + 1
. (4.84)

The Fourier component of the transmitted electric field pulse is

Ftrans(f) = FE(f)
2

n(f) + iκ(f) + 1
. (4.85)

To propagate the THz pulse inside the EO material we subdivide the crystal into

ten thin slices of thickness δ = d/10. The Fourier component at slice j is given



4.12 Multiple reflections in ZnTe crystal 105

by [208]

Fslice j(f) = Ftrans(f) exp

(
i
2πf

c
n(f)dj −

2πf

c
κ(f)dj

)
, (4.86)

where dj = (j+0.5)δ is the depth of slice j. The phase propagation is determined

by the refractive index n(f), the attenuation by the extinction coefficient κ(f).

The time profile of the pulse at slice j is then simply obtained by applying the

inverse FFT to equation 4.86

ETHz
j (t) = IFFT

[
Ftrans(f) exp

(
i
2πf

c
n(f)dj −

2πf

c
κ(f)dj

)]
. (4.87)

This framework is used in section 5.3 to model the time profile of the THz pulse

as it evolves through a 300 µm thick ZnTe crystal. One can easily see that the

pulse width increases with increasing depth in the crystal, and that oscillations

gradually develop. These high frequency oscillations lag behind the main pulse

since the THz refractive index grows approaching the TO resonance at 5.3 THz

(see figure 4.9(b)). It must also be mentioned that the Ti:Sa probe laser pulse

will change its shape as it traverses the EO crystal due to the non-linear optical

refractive index variation across the pulse bandwidth (figure 4.9(a)) i.e. dispersion

or chirp.

The detrimental effects of group velocity mismatch and pulse distortion are of

course reduced by choosing a thinner crystal, but at the price of a lower detector

signal. A quantitative analysis will be presented in the next section.

Figure 4.11: (a) The transfer function for a 200 µm and a 50 µm ZnTe crystal.
(b) The calculated EO signal with no pedestal for a 50 µm thick crystal. (c) The
calculated EO signal on top of a 5 ps pedestal.

4.12 Multiple reflections in ZnTe crystal

The THz pulse can undergo a reflection at the exit surface of the crystal, move

back, and after a second reflection at the front surface, move again through the
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crystal in forward direction. This is sometimes referred to as the Fabry-Perot

effect. The double-reflected pulse will be scanned by the laser if the laser pulse is

delayed by the travel time 2d/vTHz. The Fourier transform of the double-reflected

THz pulse, just behind the front surface of the EO crystal, is given by

Fdouble(f) = Ftrans(f)A2
ref exp

(
i
2πf

c
n(f)(2d)− 2πf

c
κ(f)(2d)

)
, (4.88)

where Aref = [1 − n(f) − iκ(f)]/[1 + n(f) + iκ(f)] is the amplitude reflection

coefficient. This second signal is much weaker, about 20% of the first peak, mainly

due to the reflection coefficient which enters quadratically. The next reflection

will produce a pulse at twice the delay but with a signal amplitude of only a few

per cent of the main peak. This and even higher-order reflections will be easily

lost in the noise. Also the laser pulse will undergo multiple reflections in the EO

crystal. If the double-reflected laser pulse coincides with the double-reflected THz

pulse one gets a contribution to the balanced detector signal at the position of the

first main peak. This contribution is small since not only the THz pulse but also

the laser pulse is attenuated by the double reflection. The effect can be avoided

altogether if one uses a wedge-shaped EO crystal. The EO crystal then acts like

a prism and deflects the direct laser beam by an angle of (n − 1)α where α is

the wedge angle and n the refractive index for laser light. The double-reflected

laser beam will leave the EO crystal at a deflection angle of (3n − 1)α and can

therefore be easily separated from the direct laser beam.

Γ∗ (ω) = ΓTHz (ω)Tin (ω)Tcrystal (ω) , (4.89)

with Tin(ω) = 2/(1+nTHz) the crystal surface transmission. The crystal function

Tcrystal(ω) incorporates the THz propagation exp[−(iωznTHz)/c] (including ab-

sorption and dispersion) with respect to the laser pulse exp[(iωzngr)/c], resulting

in

Tcrystal (ω) =

∫ L

0

exp
(
−iω

c
znTHz

)
exp

(
i
ω

c
zngr

)
dz

=
exp

[
iωL
c

(ngr − nTHz)
]
− 1

iω
c

(ngr − nTHz)
. (4.90)

4.13 Jones Matrix Formalism

A powerful matrix method called Jones calculus exists [209], which can be used

to calculate the field properties of light propagating through an arbitrary array
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Figure 4.12: The birefringent crystal is rotated at an angle, Ψ around the z axis.
The fast and slow principal dielectric axes are denoted by f and s respectively.
The x and y axes are fixed in the laboratory frame (figure adapted from [12]).

of polarisers, retardation plates and electrooptic crystals. When each element

is considered individually the polarisation state of the transmitted light can be

attained by simple means. However, when the optical system consists of many

such elements orientated at a different azimuthal angle, the computation of the

transmitted beam becomes convoluted. The Jones matrix for a linearly polarised

light field can be written as [12]

E(t) =

[
Ex(t)

Ey(t)

]
=

[
E0xe

iφx

E0ye
iφy

]
. (4.91)

With regard to figure 4.12 it is shown that the x, y and z axes are fixed laboratory

axes, and that a light beam normally incident on a crystal along the z-axis with

a polarisation state can be expressed by the Jones column vector

V =

(
Vx

Vy

)
. (4.92)

Here Vx and Vy are complex numbers representing the complex field amplitudes

along x and y and respectively. In order to determine how the light propagates

in the crystal, it is necessary to resolve the linear combination of fast and slow

eigenwaves in the crystal. This can be realised by the coordinate transformation

[12] (
Vs

Vf

)
=

(
cosψ sinψ

− sinψ cosψ

)(
Vx

Vy

)
≡ R(ψ)

(
Vx

Vy

)
. (4.93)

Vs and Vf are the slow and fast components of the polarisation vector V re-

spectively. The angle between the slow axis and the horizontal is Ψ. These two
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components are eigenwaves of the retardation plate and will propagate with their

own phase velocities, and on account of this difference in phase velocity, the two

components undergo a different phase delay in passage through the crystal. This

retardation changes the polarisation state of the emerging beam. The polarisation

state of the emerging beam in the coordinate frame of the crystal can therefore

be expressed as a function of the refractive indices of the fast, nf , and slow, ns,

eigenwaves (
V
′
s

V
′

f

)
=

(
exp

(−insωl
c

)
0

0 exp
(
−infωl

c

) )( Vs

Vf

)
, (4.94)

here l is the thickness of the plate and ω is the angular frequency of the light

beam. Important to note is that the phase retardation Γ is a measure of the

relative change in phase, between the modes along the fast and slow axes and not

the absolute change. Typically, the birefringence of a crystal retardation plate

is small meaning that the absolute phase change caused by the crystal could be

hundreds of times greater than the relative phase retardation. The mean absolute

phase change can be shown as [12]

φ =
1

2
(ns + nf )

ωl

c
. (4.95)

We can now express equation 4.94 in terms of φ and Γ(
V
′
s

V
′

f

)
= e−iφ

(
e
−iΓ

2 0

0 e
iΓ
2

)(
Vs

Vf

)
. (4.96)

Now by transforming back into the fixed laboratory frame from the crystal coor-

dinate system, we attain the Jones vector of the polarisation state of the emerging

beam in the x,y coordinate frame(
V
′
x

V
′
y

)
=

(
cosψ − sinψ

sinψ cosψ

)(
V
′
s

V
′

f

)
. (4.97)

We can now merge equations 4.93, 4.96 and 4.97 together and write the transfor-

mation due to the retardation plate as(
V
′
x

V
′
y

)
= R(−ψ)W0R(ψ)

(
Vx

Vy

)
, (4.98)

where R(ψ) is the rotation matrix shown in equation 4.93 and W0 is the Jones
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matrix of equation 4.96 for the retardation plate which can be expressed as

W0 = e−iφ

(
e
−iΓ

2 0

0 e
iΓ
2

)
. (4.99)

It can now be shown that a retardation plate, characterised by its phase retarda-

tion, Γ and its azimuth angle, ψ is represented by the product of three matrices

[12]

W (ψ,Γ) ≡ W = R(−ψ)W0R(ψ) (4.100)

W =

(
e−

iΓ
2 cos2 (ψ) + e−

iΓ
2 sin2 (ψ) −i sin

(
Γ
2

)
sin (2ψ)

−i sin
(

Γ
2

)
sin (2ψ) e−

iΓ
2 sin2 (ψ) + e−

iΓ
2 cos2 (ψ)

)
. (4.101)

The Jones matrix of a waveplate is a unitary matrix, thus a polarised beam

propagating through a waveplate is described mathematically as a unitary trans-

formation. Thus, if the polarisation states of two beams are mutually orthogonal,

they will emerge from an arbitrary waveplate mutually orthogonal due to the in-

variant properties under unitary transformations.

Considering an ideal, thin plate polariser positioned with its transmission axis

parallel to the laboratory x axis, we can express the Jones matrix as

P0 = e−iθ

(
1 0

0 0

)
, (4.102)

where θ denotes the absolute phase accumulated due to the finite optical thickness

of the waveplate. As before we can state the Jones matrix of a polariser rotated

by an angle ψ from the x axis about z as

P = R(−ψ)P0R(ψ). (4.103)

It can therefore be stated neglecting the absolute phase, θ that polarisers orien-

tated so as to transmit light with the electric field vectors parallel to the x and y

axis respectively can be expressed as

Px =

(
1 0

0 0

)
, Py =

(
0 0

0 1

)
. (4.104)

It is now possible to find the effect of an arbitrary train of retardation plates on

the state of polarised light, we simply multiply the Jones vector of the incident
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beam by the ordered product of the matrices of the various elements given by

equation 4.100.

If we now consider a light field represented by equation 4.92, the intensity is

proportional to

I = |Vx|2 + |Vy|2 (4.105)

and if the output beam is given by

V =

(
V ′x

V ′y

)
, (4.106)

then the transmissivity of the optical system can be calculated using

Tos =
|V ′x|

2 +
∣∣V ′y ∣∣2

|Vx|2 + |Vy|2
. (4.107)

Using the Jones Matrix framework the electro-optic effect can be modelled ac-

curately. As equation 4.76 implies that the larger the E-field of, for example a

passing electron bunch or radiation field, the more birefringence is induced in an

electrooptic crystal. Thus replacing the Γ/2 term in equation 4.101 with arbitrary

phase retardation, φ we can realise what is close to the electro-optic situation.

The retardation is essentially proportional to the electric field of a passing elec-

tron pulse or radiation field at any given instant in time that is, φ(t) ∝ ETHz(t).

It is now clear that the electric field of a propagating electron bunch or radiation

field will impart different phase retardations on a suitable probe beam, thus ro-

tating the polarisations by different amounts depending on the field amplitude.

This can then be observed as an intensity modulation using ellipsometry.



Chapter 5

Experimental results

5.0.1 Introduction

Rapid advances of terahertz sources and applications have been observed in re-

cent years [210]. The availability of ultrafast femtosecond laser systems has lead

to the realisation of table-top laser based THz sources. In order to characterise

these THz pulses in the frequency and time domains electro-optic sampling (EOS)

has become a widely used technique. The first demonstration of EOS was per-

formed in 1995 by Wu and Zhang [211]. The EOS method relies on the Pockels

effect inside an electro-optic crystal whereby a THz pulse is generated via some

mechanism for example via a synchrotron source [212, 213], plasma wave gener-

ation [214, 215, 216], modulated electron beams [217], Linear mode conversion

[218, 219]. The THz generations methods presented in this thesis rely on using a

photoconductive antenna [220] and by the transition radiation produced from an

electron bunch traversing a dielectric discontinuity [108]. The generated THz ra-

diation is then propagated through an electro-optic sampling crystal along with

a probe pulse or gate pulse which can be either short or long [221] relative to

the THz pulse depending on the desired measurement method. Moreover, such

techniques have been employed to retrieve 2D spatial mapping of the THz beams

[222, 223].

Traditional methods of characterising electron bunch durations have involved

using streak camera systems to detect light pulses generated by the electrons at a

scintillating target screen. This method has been shown to have a resolution limit

of 1.6 ps FWHM [224]. In other methods the electron beam is passed through

a thin foil, and then the electron bunch profile is reconstructed by measuring

the spectrum of the coherent part of the emitted transition radiation (usually

in the THz-frequency range), and Fourier transforming this to the time domain
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[197]. This method relies on the Kramers-Kronig relations for the reconstruction

process and requires an extrapolation of the measured spectrum to zero frequency.

Furthermore, although an asymmetric pulse shape can be obtained, the method

cannot distinguish between the leading edge and the trailing edge of the pulse.

More recently scanning delay line techniques have been employed where a

short probe pulse (' 10–100 fs) can be used to sample and reconstruct the THz

field over many laser shots [225]. This has been demonstrated by Yan et al [225]

who successfully reconstructed the Coulomb electric field of an electron beam

from the FELIX institution. This was achieved by scanning a short probe laser

pulse (τp � τTHz) across the temporal envelope of the THz pulse inside a non-

linear birefringent crystal. Implementation of this method requires an advanced

knowledge of the electron bunch distribution and is subject to large shot-to-

shot fluctuations in the electron beam quality. On the other hand single-shot

methods, utilise a chirped pulse of considerably longer duration than the THz

pulse (τp � τTHz). During this technique, the chirped laser pulse and the THz

pulse are temporally synchronised so that the chirped laser pulse completely

envelops the THz pulse. Each wavelength component of the chirped pulse then

plays the role of a short probe pulse hence the measurement can be done using a

single laser shot [110, 192].

This chapter presents results on the production and detection of THz pulses

produced from laser wakefield accelerated electron bunches. The CTR emitted

by an electron bunch passing through the plasma-vacuum boundary is electro-

optically sampled in a single laser shot to resolve the temporal structure of elec-

tron bunches [110]. The electro-optic measurements presented in this chapter

rely on the transition radiation, which is essentially a ‘blueprint’ of the temporal

profile of the electron bunch. The Pockels effect in a ZnTe crystal modifies the

polarisation state of the sampling chirped probe pulse due to the E-field of the

CTR. The modulated optical pulse can then be analysed using a visible spec-

trometer or frequency converted and measured using a cross-correlator to yield

information on the bunch length characteristics. This single-shot electro-optic

cross correlation technique was first developed at Strathclyde [192] and has since

then been employed by other institutions [73, 226, 227].

5.0.2 Charactersiation of the ZnTe crystal

This ZnTe crystal used in the experiment had a specific 〈110〉 normal surface, but

has no marking defining the rotational orientation within the (110). It is there-

fore necessary to determine the correct rotational orientation. A GaAs emitter
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Figure 5.1: Definition of optical polarisation angle and ZnTe crystal orientation
angle.

was used to generate THz radiation polarised in the horizontal plane, and the

THz signal measured as a function of both crystal orientation and optical probe

polarisation.

Using a waveplate and a cube polariser, the THz signal is measured using the

balanced detection set-up method. In this method the quarter waveplate and the

cube polariser separate orthogonal polarisations, and the THz signal is taken as

the difference in intensity between these two polarisations. The ZnTe crystal was

mounted in a rotational mount as shown below in figure 5.1.

In order to achieve the best electro-optic signal for the electron bunch duration

measurements, the optic axis of a ZnTe crystal had to be experimentally identified

prior to experimentation. Physically, this is the angle at which the ZnTe crystal

should be rotated, relative to the polarisation vector of the THz electric field

in order to gain the maximum phase retardation (birefringence) hence largest

electro-optic signal. This characterisation was carried out using the medium

power TOPS 1 kHz laser system at Strathclyde. The experimental set-up for this

is depicted in figure 5.2 and figure 5.4.

In this setup a biased GaAs wafer was used as a THz radiation source. To

generate THz pulses, short laser pulses of visible light (∼ 800 nm, ∼ 45 fs) are

incident on a segment of biased semiconductor wafer. These wafers can be as large

as 60 mm with laser spots of equal size allowing for large surface area emission

and hence higher THz powers. The applied bias voltage can vary from between

1-10 kV/cm. When the laser light is absorbed it creates electron-hole pairs in the

GaAs that are subsequently accelerated in the large bias field. The promotion of

electrons in to the valence band via laser excitation changes the semiconductor

into a conductor on the timescale of the laser pulse and in conjunction with the

bias field causes a current surge through the semiconductor. The semiconductor

material GaAs is particularly good at absorbing 800 nm light due to its direct
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Figure 5.2: The experimental set-up used to characterise ZnTe crystals and per-
form THz spectroscopy measurements using the TOPS 1 kHz laser at Strathclyde.

band-gap energy of 1.42 eV (870 nm). Any accelerating charge will radiate in

accordance with Maxwell’s equations. Thus at a distance much greater than

the THz wavelength (i.e. in the far-field) we can relate the electric field to the

transient photo-current, J(t), by

E(t) ∝ ∂J(t)

∂t
. (5.1)

The antenna consists of a 60 mm diameter by 500 µm thick segment of 〈110〉
low-temperature grown GaAs wafer (figure 5.5) with two wire electrodes bonded

with silver loaded epoxy resin to the its surface. A 15 kV D.C. bias voltage was

applied across the electrodes of the antenna and the rear surface was illuminated

with a 40 mm diameter laser beam (λ = 800 nm, E = 500 µJ/pulse, τL = 45 fs).

The photo-carriers, upon creation, are accelerated in the surface field generated

by the 15 kV bias. The current through the antenna rises sharply after injection of

the photo-carriers into the valence band by the 800 nm laser light and then decays

with a constant related to the carrier lifetime (∼ 1 ps) of LT-GaAs. The transient

photo-current radiates into free space according to equation 5.1 which means the

time varying current results in the emission of electromagnetic radiation, with

the electric field being proportional to the time derivative of the current density.

This implies that the main peak of the THz pulse should closely match that of

the pump pulse length (∼ 50 fs), however in practice the minimum pulse duration
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Figure 5.3: The electro-optic coefficient function for a ZnTe electrooptic crystal.

of a THz pulse produced from a photo-conductive antenna is around 500-600 fs.

This is because of dynamical processes such as scattering and dispersion of the

THz pulse in the GaAs which significantly broadens the THz pulse.

The electric field of the THz pulse induces birefringence - a change in the

refractive index along one axis of the EOS crystal, ne, because of the Pockels

effect. The value of ne will be modulated by an amount that depends on both

the strength and direction of the THz electric field. The angle between the

THz pulse polarisation and the total phase change is linearly dependent on the

length of the crystal, l, refractive index of the probe beam, n0, the electrooptic

co-efficient, r41 (figure 5.3) at the probe wavelength, λ.

These parameters remain static under experimental conditions and it is only

the THz electric field, ETHz that varies. This implies that the EOS method should

have a flat response, however in practice phonon-bands cause deviations in the

response functions. Phonon bands are low frequency absorption bands that can

be very large and often occur in the THz frequency range in EO crystals. For

example, the first major phonon band of ZnTe is at 5.3 THz with two weaker

bands at 1.6 THz and 3.7 THz. This means that ZnTe has a very good response up

to around 3 THz (larger bandwidth for thinner crystals) after which the 5.3 THz

absorption band becomes significant. Phonon bands also cause strong variations

in the THz refractive index around phonon resonance which is responsible for

THz pulse dispersion resulting in poor phase-matching with the probe beam.

During this experiment the probe pulse was initially set to be polarised at

45 degrees relative to ne in order to experience the maximum EO effect, hence

the largest signal. The response of the electro-optic crystal can be assumed to

be instantaneous relative to the pulse durations of the THz pulse and even the

probe pulse. The magnitude of the birefringence effect is linearly proportional to

the electro-optic co-efficient, r41. A quarter wave plate followed by a polarising
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Figure 5.4: The THz characterisation experimental set-up using the TOPS 1 kHz
laser at Strathclyde: 1. The off axis parabolic mirror (OAP) to focus the THz
and probe beam onto the electrooptic sampling crystal (ZnTe). 2. The ZnTe
detection crystal on a rotational mount. 3. Lens to collimate probe beam. 4. A
Quarter Wave-Plate (QWP). A Polarising Beam-Spliter (PBS). 6. Two balanced
detection diodes (A + B). The optical polarisation was altered using a polariser,
positioned as shown. Reflection from the silver mirrors causes a polarisation
change through inversion in the vertical plane. Allowing for this, the polarisation
at the ZnTe crystal (θ4) is related to the polarisation after the polariser by: θ4 =
-θ1 = 180-θ1

Figure 5.5: The GaAs wafer used to generate ∼ 0.5 ps THz pulses. The silver
epoxy electrodes are seen at the top and bottom of the wafer which are connected
to two gold plated electrodes to apply a p.d ∼= 12 kV.
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beam splitter and a pair of balanced diodes resolves the change in the polarisation

state of the probe pulse. The quarter wave plate has its axis at 45 degrees to

the initial probe polarisation to create circularly polarised light when the probe

polarisation is unchanged (i.e. no THz electric field). When this light then prop-

agates through a polarising beam splitter the beam splits 50/50 into orthogonal

s and p components which are directed onto two diodes A and B (figure 5.4).

The intensity values of each incident beam are therefore equal. The diodes are

wired to produce a zero output voltage when the intensity signal is the same and

a positive or negative signal when the light intensity on one or the other is larger.

This technique is known as balanced detection, as under normal circumstances

the photodiodes are seen to be balanced with equal intensity amplitudes incident

on A and B. However, in the presence of an external electric field (e.g. ETHz) on

the EOS crystal the rotation of the polarisation state of the probe is detected as

an relative intensity modulation between the two photodiodes.

From the modulation of the balanced signal, i.e. the difference between the signal

of the diodes, A-B, we attain the relationship between the phase shift (retardation

parameter) induced in the ZnTe detection crystal

|A|2 − |B|2 ∝ sin(Γ), (5.2)

where A and B are the light amplitudes in detectors A and B respectively. To

determine the peak electric field of the THz we can simply use the relation,

ETHz =
λ sin(Γ)

2πn3
0r41d

. (5.3)

The results of the ZnTe crystal characterisation are shown graphically as polar

plots in figure 5.6(a). The electro-optic signal was measured as a function of

the ZnTe crystal angle through one complete revolution (360◦) for various po-

larisations of the probe beam. These results show that assuming a horizontally

polarised probe beam the optimum electro-optic signal will be observed at a crys-

tal angle of 220◦. Thus, the optical axis that would yield the largest electrooptic

signal was defined and could be aligned to an arbitrary polarised electric field to

be sampled.
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Figure 5.6: The characterisation of the optics axis of the 200 µm ZnTe crystal:
Polar plots showing the electro-optic signal as a function of the ZnTe crystal
rotation for various probe beam polarisations - (a) No polariser (horizontally
polarised probe beam). Polariser set to (b) 50◦ (c) 70◦ (d) 90◦ (e) 110◦ (f) 130◦
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5.1 Electron bunch measurements with the As-

tra laser

Laser-plasma based electron accelerators are predicted to be a source of ultrashort

electron bunches with pulse duration of only a few femtoseconds [75, 44] and

peak currents of up to 20 kA, however, their true pulse duration has never been

measured in a single-shot experiment. This chapter presents measurements of

such ultrashort laser-generated bunches by means of electro-optic sampling of

the THz transition radiation carried out using the ASTRA laser. The primary

goals of the experiment were to characterise the energy spectra of electron bunches

produced from wakefields, to measure the bunch charge of the electron bunches

and ultimately to measure the temporal profile of the electron bunches. These

temporal measurements can be done in the frequency domain or directly in the

time domain.

In the ‘chirped-pulse spectrometer method’ (figure 5.8(a)) a short probe pulse is

stretched using a grating pair to a pulse which has a linear chirp and duration

longer than that of the electron bunch. When the electric field of an electron

bunch and the chirped optical pulse co-propagate in the electro-optic crystal,

the various wavelength components of the chirped pulse passing through the

crystal obtain different phase retardations, corresponding to different portions of

the local THz electric field. By placing the crystal between crossed polarisers,

the phase retardation in the wavelength spectrum is converted into an intensity

modulation. Thus, the time profile of the local electric field of the electron bunch

is linearly encoded onto the wavelength spectrum of the optical probe beam. This

wavelength spectrum is then dispersed in a spectrometer and recorded in a single

shot with a linear diode array or a CCD camera. This is shown in figure 5.8(a).

The spectral encoding technique is however, subject to a fundamental time

resolution limit due to the intrinsic coupling between amplitude modulations and

the optical carrier spectrum [192]. Additional spectral modulations are thus gen-

erated, and are indistinguishable from the desired spectral modulation. This

chapter presents a novel method developed at Strathclyde to temporally char-

acterise THz pulses in a single laser shot [192]. The technique is based on non-

collinear cross correlation of an amplitude modulated chirped pulse with a short

probe laser pulse and is illustrated in figure 5.8(b).

This method overcomes the ‘side-band’ time resolution limit of spectral encod-

ing method by measuring the intensity modulated chirped pulse directly in the

time domain with the additional advantage that knowledge of the optical chirp is
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Figure 5.7: The BBO crystal geometry relative to the 1 ω laser probe beams for
phasematching.

not required. This technique has been termed the single-shot ‘chirped-pulse cross

correlation’ method. The chirped pulse carrying the modulation due to the field

of the electron bunch is cross correlated with a part of the original optical pulse

which has been split off before the optical stretching. Single-shot cross-correlation

is based on the temporal to spatial conversion that occurs through the spatial

overlap of non-collinear beams in a second-harmonic crystal [228]. Figure 5.7

shows the BBO crystal and beam geometry for correct phase-matching.

The temporal window achievable using this cross-correlation technique is given

by [192]

τ = 2D sin(Φ)/c (5.4)

where D is the thickness of the BBO crystal and Φ is the half angle between the

two IR beams being overlapped in the BBO crystal.

Autocorrelation of ultra-fast optical pulses is based on the time-to-space con-

version that occurs through the spatial overlap of non-collinear beams in a SHG

crystal. Using cross correlation of the chirped-pulse envelope with the transform-

limited optical pulse rather than autocorrelation both provides a direct measure

of the envelope and reduces the intensity required in the chirped pulse for second-

harmonic generation (SHG). To increase the intensity available for SHG, a cylin-

drical lens gave a line focus of the chirped beam on a β-barium borate (BBO)

crystal. In many THz applications there is a requirement for both high temporal

resolution and a several-picosecond measurement window, which in principle one

can obtain simply by using larger beam size. For our measurements the beam

size and hence the temporal window, will be limited only by the dimensions of

the BBO crystal.
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Figure 5.8: (a) The chirped pulse spectral encoding technique (frequency do-
main). (b) The chirped pulse cross-correlation technique (time domain).

5.1.1 Electron energy measurements

The laser system used for the production of the electron bunches was the ASTRA

system at the Rutherford Appleton laboratory. The main specifications of this

laser have already been illustrated in figure 3.1. The experimental set-up is

depicted in figure 5.25. The 600 mJ pump beam of the ASTRA 45 fs laser

pulse was used to accelerate electrons in a gas jet analogous to the experiments

presented in chapter 2 [1]. The main drive laser was aligned over the gas jet by

setting an expanded visible green diode laser collinear to the main infrared drive

beam. This is illustrated in figure 5.9.

The electron-bunch energy spectrum was resolved using an in-house built electron

spectrometer of which the dimensions and design are shown in figure 5.10-5.11.

An electromagnet with variable current allowed control of the deflection of the

electrons. This was used in conjunction with Fuji image plates (IP) to attain the

electron energy spectrum. The image plates used were the commercially available

Fuji BAS MS2325 type. These reusable radiation detectors produce an image of

the area where the electrons pass through the plate via photo-stimulated lumi-

nescence. The image plates contain a 100 µm layer of the luminescent material,

BaFBr:Eu2+. When the accelerated electrons pass through this layer they submit

energy to the europium ions, which are then excited into a metastable state. This

effectively stores a dormant image of the electron beam in the plate. In order

to extract the information the image plates are inserted into an Fuji BAS1800II

image plate reader. This scans a helium neon laser across the plate which further
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Figure 5.9: The focal spot of the green diode alignment laser positioned over the
gas jet. The expanded alignment laser was set to be collinear to the main infrared
drive beam and was used to align the main drive beam.

excites the europium ions into a non-metastable state. As the ions relax from

this state they emit photons which are collected in a light guide and measured by

a photomultiplier. This converts the optical signal into an electronic one which

is then read out by the image plate reader software and integrated to obtain the

electron energy spectra.

The on-axis electron energy spectrometer design used is conventional. The

accelerated electrons pass through a magnetic field region which deflects them

away from their axis of propagation (figure 5.12). This is because of the Lorentz

force acting on the electrons due to the external magnetic field, i.e.,

dp

dt
=

q

γme

p×B. (5.5)

In the following, we assume the electron is traveling in the z direction and the

magnetic field is in the x direction. For a uniform magnetic field within a circular

region of radius rb with zero field outside this region given by

Bx(r) = Bmaxx̂ r ≤ rb,

= 0 r > rb, (5.6)
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electromagnet

motorised slide
to move image plate across

viewing port to check
image plate alignment

Figure 5.10: The electron spectrometer constructed at the Rutherford Appleton
laboratory. The image plate rack holds 4 plates allowing for 4 laser shots to be
taken before development of the plates. After each shot a new plate is translated
into the electron beam axis using the motorised slide. Correct alignment can
be confirmed by looking through the viewing port. (Image courtesy of B.Fell,
Rutherford Appleton Laboratory.)
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Figure 5.11: The electron spectrometer constructed at the Rutherford Appleton
laboratory. (Image courtesy of B.Fell, Rutherford Appleton Laboratory.)
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Figure 5.12: The electron trajectory in an ideal magnetic field.

there is an analytical solution for the angular deflection of electrons passing

through this field. Figure 5.12 indicates the electron trajectory and the mag-

netic field orientation used in this calculation. The path of a relativistic electron

within the magnetic field is the Larmor orbit in the ẑ − ŷ plane having a radius

given by [229]

rL =
|p|

eBmax

, (5.7)

where |p| is the electron momentum. By considering similar triangles (OBA and

OBC), we can see that that the angle of deflection, θ, is related to the angle, α

by

2α + θ = π. (5.8)

Since the angle α is related to the magnetic field radius and the Larmor radius

through

tanα =
rL
rb
, (5.9)

it follows that the angular deflection of an electron with momentum |p| is

tan (θ/2) = rb/rL

= eBmaxrb/|p|. (5.10)

The dispersion of the magnet changes linearly with the product of the field

radius and field strength rbBmax. Thus an electron spectrometer capable of mea-

suring high energy electrons can be constructed either by having a small region of

high magnetic field or a larger region of smaller magnetic field. This is particularly

useful as it is not possible to increase Bmax indefinitely due to saturation effects

in the material of the magnet pole pieces. To measure high energy electrons it is

therefore necessary to use magnets with large diameter pole pieces.
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Figure 5.13(a) - 5.13(d) shows plots of the best electron spectra attained

during experiments.

Figure 5.13: The quasi-monoenergetic electron spectra taken from the Astra
wakefield accelerator. The FWHM energy spreads were (a) 36 % (b) 46 % (c) 34
% (d) 35 %. The plasma density was set to ne = 1.0 × 1019 cm−3.

5.1.2 Electron charge measurements

In addition to the energy spectrum of the electron beam, measurements on the

electron bunch charge were also carried out using an integrating charge trans-

former (ICT). The ICT has a large aperture diameter of 70 mm and detected

electrons in a large energy and angular range. The ICT is capable of integrating

a very fast pulse with a rise time of the order of picoseconds with no significant

signal loss. This kind of performance is needed to measure the very short duration

electron bunches that are produced from a laser wakefield accelerator. The ICT

is a capacitively shorted transformer with magnetic cores made from thin ribbons

of Cobalt/Molybdenum amorphous alloy interleaved with Nickel/Iron crystalline

alloy. The ICT integrates the signal with a time constant of 10 nanoseconds. As

a result, the rise and fall response times are slowed down and the eddy current

losses become negligible thus making the instrument a linear integrator for the

very high frequency spectrum typical of an ultrashort electron bunch. The ICT
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output pulse charge is in exact proportion to the beam pulse charge. The sen-

sitivity of the ICT is also called the transfer impedance. The ICT used in this

experiment had a transfer impedance of 1.25 V.s/C. It is expressed in terms of the

integral of the output pulse voltage as a function of the input pulse charge. Using

this relationship the bunch charge was readily accessible for each laser shot. Fig-

ure 5.14(a) shows a typical raw signal from the ICT before the bunch charge was

deduced by integrating the signal and calibrating using the transfer impedance.

The mathematical integration function used for the analysis is shown in equation

5.11,

I(t) =

∫ t2

t1

V (t)dt. (5.11)

Figure 5.14(b) shows the the bunch charge of 58 laser shots, yielding an aver-

age over the total run of 30 pC/shot.
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Figure 5.14: (a) The integrated current transformer signal.(b) The total bunch
charge of a series of laser shots. The average bunch charge over this data set was
∼ 30 pC.

5.1.3 Interferometric plasma density measurements

An additional diagnostic to measure the plasma density was employed for the

bunch duration experiments on Astra at RAL. As has been discussed in section

2.13 and section 2.16, the plasma density is a critical parameter for optimsing

the interaction of the wakefield with the plasma electrons. For specific laser

pulse parameters there exists an optimium ‘sweet spot’ in the density profile

for maximum coupling between the laser pulse and wakefield. It is therefore

very useful to employ a plasma density profiler using laser interferometry. This

information can be used effectively to ‘tune’ the interaction.

In order to measure the plasma density profile and evolution of the laser pulse

through the gas jet plasma a 50 µJ transverse probe beam was split off from
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the main Astra pump beam. This probe beam was on a remote variable delay

stage automated by a Labview program to allow for accurate synchronisation

between the probe beam and the pump beam. The probe beam was split into

two arms using a 50/50 beamsplitter, which constituted a Mach-Zender inter-

ferometer. One beam passed through the gas jet in a direction orthogonal to

the pump propagation direction whilst the other traversed in free-space onto a

delay stage for synchronisation. They were both recombined using another 50/50

beam splitter where they formed interference fringes that were imaged onto a

12-bit CCD camera (Q-cam). By careful adjustment of the mirrors and delay

stage of the free-space arm of the Mach-Zender one could attain shadographs and

interferograms to obtain information on the plasma channel (position, size, den-

sity, timing relative to gas pulse) suitable for the plasma density measurements.

The main probe delay stage was translated and optimised until the best quality

fringes appeared on the interferogram viewed using the CCD camera.
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Figure 5.15: (a) The raw interferogram taken using interferometry of the plasma
channel. (b) The retrieved plasma density profile using Abel inversion [13].

An example interferogram of the plasma density profile is shown in 5.15(b).

The resulting phase map analysis of the plasma density was done using the IDEA

code. This code is explained in reference [13] which essentially uses the inverse

Abel transformation.

5.2 Simulations of the electrooptic signal

A Matlab routine was written to simulate the angular and temporal character-

istics of the THz transition radiation pulse. The simulation assumed a 15 pC

electron bunch with a peak energy of 40 MeV and a 25 % energy spread. The

bunch radius and length was assumed to be 5 µm and 12 µm (∼ 40 fs) respec-

tively. A self focused laser intensity of 5 × 1020 Wcm−2 was assumed to focus
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No of particles 100
Radius of electron beam 5 µm
Electron energy spread (MeV) 10 MeV
No of points on energy mesh 1001
No of electrons in peak 5 × 107

No of electrons in exp. tail 2 × 108

Focal length of 1st parabola 125 mm
Focal length of 2nd parabola 250 mm
Electron pulse duration 40 fs
Plasma electron density 2× 1019 cm−3

Self focused laser intensity, IL 5× 1020 Wcm−2

a0 parameter 15.3
Laser electric field amplitude 0.6 TV/cm
Observation angle 0.6 rad

Table 5.1: The parameters used in the simulation of the electrooptic detection of
a coherent transition radiation pulse.

through a plasma electron density of 2 × 1019 cm−3. It was necessary to in-

clude the transmission of the Teflon filter used in the experiment used to stop the

parabolas imaging the transmitted laser and plasma light onto the ZnTe crystal.

Figure 5.24 represents the simulated transition radiation pulse radial temporal

profile.

5.2.1 Characterisation of Teflon filter

Figure 5.16: (a) The scanning delay line measurements of the THz electric field
as a function of time, ETHz(t). The blue curve shows the reference measurement
taken with the THz propagating through only dry air (N2). The red curve shows
the measurement taken with the THz passing through the Teflon filter. (b) The
refractive index of the Teflon filter calculated using the information in figure
5.16(a) and equations 5.12 and 5.13.
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The teflon filter was characterised after the experimental campaign using Tera-

hertz Time Domain Spectrometry (THz-TDS). The THz-TDS test bed at Strath-

clyde is shown in figure 5.2. All measurements were carried out in a N2 filled box

to minimise the effects of the H2O THz absorption bands of air. The method

involved; firstly, recording a reference pulse that only propagated through the ni-

trogen before encountering the ZnTe crystal using the scanning delay line. This

was followed by taking a second measurement with the teflon sample inserted into

the path of the THz radiation. In THz-TDS, subpicosecond pulses of THz radi-

ation are measured after propagation through a sample and an identical length

of free space (less the width of the sample). Analysis of the Fourier transforms

of these signal pulse shapes yields the absorption and dispersion of the sample.

Using the relations [230, 231]:

Ẽs(ω)

Ẽr(ω)
= ρ(ω)e−iφ(ω) (5.12)

where Ẽs(ω) and Ẽr(ω) are the Fourier transformed frequency spectra of the sam-

ple and reference respectively. The complex frequency spectra of the reference,

Ẽr(ω), and of the sample, Ẽs(ω), are calculated using numerical Fourier trans-

forms from the time domain waveforms sampled in the experiment. The analytic

expressions for ns and κs can be written in terms of the magnitude ρ(ω) and

the phase φ(ω) of the ratio of Ẽs(ω) to Ẽr(ω) [231]. The refractive index of the

sample is thus:

ns(ω) = φ(ω)
c

ωd
+ 1 (5.13)

where, d is thickness of the sample, and c is the speed of light in vacuum. The

imaginary part of the refractive index, κs, is related to the power absorption

coefficient, α(cm−1), as:

κs(ω) = ln

(
4ns(ω)

ρ(ω)[ns(ω) + 1]2

)
c

ωd
(5.14)

where

αs(ω) =
2

d
ln

(
4ns(ω)

ρ(ω)[ns(ω) + 1]2

)
(5.15)

The Teflon transmission data was then incorporated into the main simulation.

The effect on the transmitted THz frequency can be seen clearly by comparison

of figures 5.18(a) and 5.19(a). The Teflon filters out the high end frequency

components (5-10 THz) of the THz transition radiation pulse, however the vast

majority of the radiation is in the 1-4 THz region.
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Figure 5.17: A simulation of the the electric field temporal profile (ETHz(t)) of
the THz transition radiation pulse as a function of collection angle, θ.
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Figure 5.18: The angular frequency distribution of the THz transition radiation
pulse.

frequency (THz)

θ 
(r

ad
)

0 5 10 15 20

0

0.1

0.2

0.3

Figure 5.19: The angular frequency distribution of the THz pulse in the presence
of a Teflon filter. The fringes appear in the spectrum due to real data being used
for the frequency response of the Teflon filter. These oscillations are thus an noise
artifact from the analysis.

Figure 5.20: A simulated 3D radial map of the temporal pulse shape of the THz
pulse.
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Figure 5.21: A simulation of the spectrally modulated electrooptic signal v.s.
variation of the quarter waveplate.

5.3 Simulations of the electrooptic signal

The next part of the simulation involved looking at simulating the detection

of the THz pulse. The response function of the ZnTe was taken according to

Casalbuoni [207] and the temporal evolution of the THz pulse inside the crystal

used the framework described in section 4.11. The Fresnel reflections at the

crystal interfaces and dispersion were also taken into account. Figure 5.23 show

the results of the simulations where each line on the plot represents a time profile

snapshot as the pulse propagates through the ZnTe crystal. It can be seen that

as the pulse travels through the crystal the pulse shape changes and it adopts

oscillatory components.

A simulation of the electrooptic signal for the spectral encoding situation was

also performed. Figure 5.22 shows the simulated electrooptic signal encoded onto

a chirped pulse pedestal of 5 ps duration for various QWP angles.

Figure 5.24 shows a 3D map cross section which simulates the transition ra-

diation electric field v.s. time as a function of radius.

5.4 Single-shot electrooptic measurements

An aluminium tape of 50 µm thickness was installed 5 mm behind the gas jet as

a source for transition radiation. A photograph of this arrangement is shown in

figure 5.26. The purpose of the tape drive was to allow a new fresh region of tape

to be translated into the path of the electron beam after each laser shot. This was

because the laser pulse ablates the foil after one single laser shot and destroys the

surfaces of the radiator. The coherent transition radiation was collimated and re-
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Figure 5.22: Simulations of the THz electrooptic signal at different quarter wave
plate angles encoded onto the pedestal time profile of a 5 ps chirped pulse.(a)
QWP angle 90◦, (b) QWP angle 91◦, (c) QWP angle 92◦, (d) QWP angle 93◦,
(e) QWP angle 94◦, (f) QWP angle 95◦, (g) QWP angle 96◦
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Figure 5.23: The temporal evolution of a THz–TR pulse propagating through a
200 µm thick ZnTe crystal. Each pulse corresponds to a snapshot of consecutive
40 µm steps through the ZnTe crystal.

Figure 5.24: A 3D map of the simulated transition radiation pulse showing the
radial temporal profile.
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Figure 5.25: The bunch duration experimental set-up using the Astra laser at the
Rutherford Appleton Laboratory using coherent transition radiation to charac-
terise the temporal profile of laser wakefield accelerated electron bunches. Laser-
accelerated electrons generate coherent transition radiation at an aluminum tape
target. The CTR is imaged by two off-axis parabolas onto a ZnTe crystal, where
it rotates the polarization of a chirped probe (CP) beam. The time-domain mod-
ulation of the CP is analyzed in a BBO cross-correlator.
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focused into a 200 µm thick ZnTe crystal by a pair of off-axis parabolas, the first of

which had a central hole for the electrons to pass through in addition to the drive

laser beam which was analysed in an optical spectrometer. Between the OAPs a

Teflon filter blocked any scattered radiation from the laser. Part of the ASTRA

pulse was split off and (negatively) chirped to 5 ps duration in a Treacy-type grat-

ing compressor (grating pair). This chirped probe (CP) pulse was sent through

the ZnTe crystal and its polarisation was changed by the transient birefringence

induced by the THz field via the electro-optic Pockels effect, hereby encoding

the temporal structure of the THz pulse into the CP polarization. This modi-

fied pulse was sent through a crossed polarizer setup to transfer the polarization

pattern into an intensity modulation. By virtue of the CPs chirp, the tempo-

ral intensity modulation can also be detected in the spectral domain, which was

used to time the CP relative to the electron pulse. Another part of the ASTRA

pulse was used as a reference probe (RP) for a high-resolution cross-correlation

measurement, directly in the time domain, representing the main diagnostic.

Figure 5.26: The gas jet with the up-stream aluminium foil on a tape drive used
as the Transition Radiation screen.

5.5 Measurements from the cross-correlator

The cross-correlator was used as the primary diagnostic to measure the temporal

profile of the electron bunches. The top right region of figure 5.25 shows the

cross-correlator electrooptic system and how it was integrated into the main ex-

perimental set-up. The main probe beam (1 mJ, 40 fs) was split off from the

main drive beam through the back of the last turning mirror. This probe beam

was then split into two arms, a chirped arm and a transform limited short arm.

Both these laser probe beams were intrinsically synchronised to the main laser

system. The temporal delay between both probe lasers and the THz beam could
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Figure 5.27: The electrooptic signal from the cross correlator with (blue curve)
and without (red curve) the tape drive foil.

be carefully controlled by a delay stage. A second delay stage allowed modifica-

tion of the delay of the short pulse arm with respect to the chirped pulse arm.

The chirped laser beam was focused through a 200 µm thick ZnTe crystal where

it was then recollimated and passed through a polariser before being sent to the

BBO crystal where it overlapped with the short pulse laser beam. Both probe

beams were focussed onto the BBO crystal using cylindrical lenses(y-lens) with

a focal length, f = 100 mm. The beam diameter of each probe beam was d ' 6

mm (intensity FWHM), resulting in a single shot temporal window around 1500–

2500 fs. The frequency doubled line focus produced by the up-conversion of each

probe beam was imaged onto a CCD camera. In order to measure the spatial

to temporal calibration factor, two data sets at different delays between the THz

and probe beams were recorded. This yielded a value of ∼ 19.5 fs/pixel on the

CCD camera.

Figures 5.28(a)–5.28(e) show the cross-correlator lineouts with the simulated

fits superimposed onto the data. The data shows a good fit to the simulation

over a quarter waveplate rotation range of 8◦ (90–98◦).

The largest EO signal was produced when the QWP was rotated to an angle

of 98◦, furthermore by measuring the temporal width of the signal, a value of 200

fs FWHM was attained as the minimum measured duration of an electron bunch

during the experiment.

5.6 Discussion and outlook

This thesis presented both the theoretical and experimental treatment of THz

radiation produced by electron bunches from a laser wakefield accelerator. Al-
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Figure 5.28: The electrooptic signal obtained at different quarter waveplate an-
gles.

Figure 5.29: The electrooptic signal from the cross-correlator with variation of
the quarter waveplate.
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though electron bunch parameters such as charge, bunch energy, and bunch di-

vegence, have been characterised extensively, little has been known about the

bunch duration.

An electrooptic sampling technique (EOS) has been implemented to measure

the temporal profile of the THz pulses produced from a LWFA. The change in the

ZnTe crystal birefringence, induced by the THz pulse, was probed by a chirped

laser pulse. In order to compare the EOS data to the simulated model, crystal

effects such as absorption, dispersion, and velocity mismatch were considered. A

scanning delay technique, where the delay between the short pulse laser and THz

pulse was scanned has been implemented at Strathclyde in order to characterise

the ZnTe crystal prior to the main experimentation at the Rutherford Appleton

Laboratory. Moreover, the main diagnostic consisted of a single shot technique,

based on the EOS with a chirped laser pulse in a cross-correlator system. A 200

µm ZnTe crystal with a frequency response of 0–4 THz was implemented and

the EOS data demonstrated the production of femtosecond THz pulses around

200 fs (FWHM). Coherent transition radiation pulses were detected using the

cross correlator for the case when the plasma–vacuum interface was acting as the

radiator and for the case when a metallic foil was inserted into the electron beam

path as the radiator. This was shown to ‘filter’ the temporal electrooptic signal

and give a more defined signal on the cross-correlator. This could be due to

the fact that the metallic foil has a sharper dielectric interface than the plasma

vacuum interface meaning that when using the foil as opposed to the plasma

the ratio between the formation length and the longitudinal size of the dielectric

boundary gets larger i.e. Lform/Lz increases.

The main result of this experiment has set an upper limit of the measured

bunch duration from a laser wakefield accelerator to be ∼ 200 fs. This work

has been also been complemented by other groups using similar measurement

techniques [204, 73, 74]. Although much progress has been made in measuring the

duration of ultrashort electron bunches the resolution of the technique described

in this thesis remains two orders of magnitude off what is required to resolve

the 2–5 fs electron bunch lengths that are predicted to be produced from plasma

accelerators. However, recently further analysis from the data collected on this

experiment using THz time-domain interferometry has reduced the measurement

of the bunch duration to ∼ 35 fs [110]. The electrooptic technique has intrinsic

limitations on the best achievable resolution due to the response bandwidth of

the EO crystals used for detecting the electron bunches. As seen in figure 4.10(b)

the response bandwidth scales inversely with crystal thickness, thus by choosing
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thinner crystals a better time resolution can be achieved. However, by using

thinner crystals the EO signal is reduced due to the reduced path length for

polarisation rotation inside the crystal. Therefore a balance between these two

effects must be carefully selected.

Alternative techniques to measure the bunch duration could involve spectrally

resolving the CTR using THz detectors. In this method the transition radiation

generated by the electrons from a laser wakefield accelerator could be directed

onto a single element THz detector. The use of THz bandpass filters for a range

of wavelengths in front of the detector element would then allow an intensity

spectrum to be built up over many laser shots. Observation of a coherent ‘step-

up’ in intensity (I ∝ Q2) at a certain wavelength component would then yield

an average measurement of the bunch duration. A single shot version of this

method may also be possible by using a THz detector element array, which could

form the basis of a THz spectrometer and the coherence onset to be observed for

a single laser shot. Both of the afore mentioned techniques are currently being

investigated at Strathclyde.

Since the LWFA-produced electron bunch contains over 1010 electrons at fem-

tosecond duration, the emitted THz radiation can be 1–2 orders of magnitude

more intense from conventional laser based THz sources (e.g. optical rectification

or the photoconductive antenna). Although the THz pulse energy was not mea-

sured in this experiment it has been reported that LWFA-produced THz pulses

> 10 µJ are possible with peak fields of several MVcm−1 [204]. CTR from a

LWFA is thus and excellent way to provide a unique source for high-field THz

applications.



Chapter 6

Relativistic ionisation fronts

6.1 Introduction

Most tunable high power radiation sources in existence today are either free–

electron sources – such as free electron lasers (FEL’s), gyrotrons, or synchrotrons,

that use high power electron beams, or maser and laser sources that are based

on photon emission due to transitions between quantum states. In 1967, Semen-

ova [232] and in 1978, Lampe [128] both showed that electromagnetic radiation

impinging on a relativistic ionisation front can undergo frequency up-shifts. The

principle involved electromagnetic radiation being reflected from an overdense

ionisation front as a possible method to generate millimetre and sub-millimetre

radiation [128]. Ionisation fronts can be generated by optical field induced ioni-

sation of a background neutral gas with an intense laser pulse.

Radiation sources based on the concept of photon acceleration have received

considerable attention in plasma physics, owing to their potential as a new type

of tunable, ultrashort radiation source. The concept was investigated in 1989

by Wilks who theoretically demonstrated that pulses of laser light can be fre-

quency up-shifted when co-propagated with a plasma density gradient (space

and time varying plasmas) [155, 233]. Following this, experimental interest in

the microwave-transient plasma interaction was renewed by the development of

laser technology in the 90’s that enabled the generation of relativistically prop-

agating ionisation fronts by intense laser pulses via photo-ionisation [234]. In

1991, Mori predicted [235] that large frequency up-shifts and pulse compressions

are possible even for underdense relativistic ionisation fronts when the incident

radiation is transmitted into the plasma. The concept was also theoretically ex-

amined by Esarey in 1991 [236], and experimentally investigated shortly after in

1992 by Savage et al [237, 238] who demonstrated the first frequency up-shifts of
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microwave radiation impinging on an ionisation front created by an intense short

laser pulse. The experiment involved frequency up-shifting 35 GHz microwave ra-

diation to more than 116 GHz when a relativistically propagating, laser produced

ionisation front interacted with microwave radiation confined in a resonant cavity.

Following from this work, many other groups have investigated this phenomenon

[129, 130, 239, 240, 241, 242]. The phenomenon was experimentally demonstrated

in the optical range by Dias et al [157]. In this experiment a probe laser pulse

with a central wavelength of 620 nm was co-propagated with an ionisation front

and upshifts of 25 nm were demonstrated. Furthermore, photon acceleration

has been observed by many groups undertaking plasma wakefield research [156]

and is commonly used to infer information about the plasma properties (density,

acceleration regime, etc)

An ionisation front will propagate at a velocity close to the group velocity of

the laser pulse in plasma given by

vg = c(1− ne/ncr)1/2. (6.1)

It is clear from equation 6.1 that the velocity of the ionisation front will be

dependent on the plasma electron density. As will be discussed the velocity of the

ionisation front determines the magnitude of the frequency shifts during the in-

teraction between the front and probe. Higher frequency up-shifts are associated

with faster ionisation fronts (higher γ factor). Short laser pulses reflected from

these overdense relativistic moving plasma mirrors are compressed by a factor

determined by the front velocity. Therefore by experimentally tuning the plasma

density it is possible to ‘tailor’ the spectral and temporal properties of the desired

pulse.

6.2 Ionisation fronts

A laser pulse can propagate in a plasma if the plasma density np is below the

critical density ncr = mω2
0/4πe

2, where ω0 denotes the central (carrier) frequency

of the laser pulse. Plasmas with np > ncr are called overdense, plasmas with np <

ncr are called underdense. For a given laser wavelength λ0 = 2πc/ω0, the critical

density is found to be π/reλ
2
0, where re = e2/mc2 is the classical electron radius.

For a typical solid-state laser with a wavelength of 800 nm often used in laser

wakefield acceleration, the critical density is 1.75× 1021 cm−3. The propagation

velocity of the laser pulse, which is the group velocity vg = c(1 − np/ncr)1/2, is
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close to c, the speed of light in vacuum. The plasma refractive index is given by,

ηp = ck0/ω0 =
√

1− ne/γncr. (6.2)

An intense short laser pulse propagating through a gas can generate a relativistic

front by optical field induced ionisation of the background gas [234]. The ionisa-

tion front propagates with approximately the group velocity of the ionising laser

pulse in the gas-plasma interface and with a rise time roughly equal to half of

the laser pulse duration [157]. The maximum electron density of the front is a

function of the background gas pressure and the laser pulse intensity. Higher gas

backing pressures will result in high electron densities (plasma densities). This

is due to more atoms, hence more electrons being more tightly confined in space.

Furthermore, the type of gas used in experiments as well as the laser intensity

also strongly affects the plasma density. Different gases have varying numbers

of electronic states, thus ionisation potentials. In order to fully ionise a gas and

hence achieve the highest electron density the laser electric field or intensity must

be strong enough to overcome the Coulomb potential between the nucleus and

the inner electron.

A baseline often used to define ‘high’ laser intensity is the hydrogen atom.

From the Bohr model, one can derive many of the quantities needed to get

started in laser atom interactions. Firstly, we find that at the Bohr radius, aB =

h̄2/mee
2 = 5.3×10−9 cm, the electric field strength is, Ea = e/4πε0a

2
B ' 5.1×109

Vm−1. This leads to the atomic intensity, Ia = ε0cE
2
a/2 ≈ 3.5×1016 Wcm−2 which

is defined as the intensity at which the laser field matches the binding strength

of the electron to the atom. A laser intensity of IL > Ia will guarantee ionisa-

tion for any target material, however this can occur well below this threshold via

multi-photon effects. For the laser intensities considered in this chapter over the

barrier ionisation (OTBI) model describes the ionisation process. The threshold

field strength at which OTBI occurs is Ec =
E2
ion

4Ze3
. Equating this critical field

to the peak electric field of the laser yields and effective appearance intensity

Iapp = cE4
ion/128πZ2e6, or in more convenient form Iapp = 4× 109(Eion/eV)4 Z−2

Wcm−2 for ions created with charge Z.

After collision with the ionisation front, the photons can either be reflected

by the front and propagate in vacuum or be transmitted across the front and

propagate into the plasma region. In the case where the photons are completely

reflected the impinging probe photon frequency is less than the plasma frequency

of the ionisation front i.e. ω0 ≤ ωη
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Figure 6.1: The interaction of a probe laser pulse with a relativistic ionisation
front in (a) Co-propagating and (b) Counter-propagating geometry.

ωup
ω0

=
1− βf cos θ0

1− β2
f

+
βf |βf − cos θ0|

1− β2
f

, (6.3)

for initial conditions, in vacuum, obeying the cutoff relation [157],

ω0 ≤ ωη =
ωp
√

1− β2
f√

[1− βf cos θ0]2 −
(
1− β2

f

)
sin2 θ0

. (6.4)

This regime describes the standard double relativistic Doppler up-shift in counter-

propagation, but also describes the scenario when the photons are overtaken by

the front and reflected into the vacuum region.

Conversely, when ω0 > ωη the photons will propagate into the plasma region

i.e. behind the front. The maximum frequency upshift in this case is [243]

ωf
ω0

=
1− βf cos θ0

1− β2
f

− |βf |
1− β2

f

√
(βf − cos θ0)2 −

ω2
p

ω2
0

(
1− β2

f

)
. (6.5)

If we now take θ0 = π, which is the case for counter-propagation we attain

the expressions for the frequency shift associated with double Doppler shift in

counter-propagating geometry.

The key feature predicted by theory is the significant difference between the

frequency up-shift ∆ω for counter and co-propagation [244], i.e.:

∆ω =
ω2
p

2ω0

βf
1± βf

, (6.6)

for a one dimensional (1D) configuration in an underdense ionisation front,

where the plus/minus sign indicates counter/co-propagating respectively, and

ωp =
√
nee2/ε0me is the maximum electron plasma frequency of the front, ω0
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is the initial frequency of the probe pulse, and βf is the velocity of the front,

normalised to the speed of light.

Figure 6.2: The temporal compression factor experienced by a laser pulse reflected
from a relativistic ionisation front with velocity, γ (blue curve). The up-shift in
wavelength of a radiation pulse plotted as a function of the front velocity (red
curve).

The double Doppler up-shifted frequency of the reflected wave is given by

fr =
ωr
ω0

=
1 + 2β cos θ0 + β2

1− β2
. (6.7)

Clearly the up-shifted frequency reaches a maximum at normal incidence and

then gradually decreases with the incident angle. Furthermore the angle of the

reflected wave deflects from the incident angle as the front velocity, β increases

and asymptotically approaches the normal direction when β → 1.

Equation 6.7 can also be expressed in terms of the incident and reflected wave

parameters

ω∗r/ω
∗
i =

(1 + β cos θ∗i )

(1− β cos θ∗r)
. (6.8)

The frequency shift occurring when a wavepacket crosses over an ionisation front

without reflection is given by the expression [245]

∆ω =
ω2
p

2ω0

β

1± β
, (6.9)

where the initial frequency of the photon is much higher than the maximum

plasma frequency behind the ionisation front, i.e. ω0 � ωp. The plus/minus sign

in equation 6.9 refers to counter-propagation and co-propagation, respectively.

The physics surrounding photon acceleration can be explained as follows. As

the local density at the front of the laser pulse will be smaller than at the back
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of the pulse. Since the phase velocity is proportional to the plasma density, the

phase velocity at the front of the pulse is slower than at its back i.e. the phase

peaks at the back move faster than those at the front of the laser pulse, resulting

in phase ‘bunching’. This means that the wavelength of the laser will decrease

and the frequency will increase. For small frequency shifts, and considering that

the laser pulse remains in phase with the plasma wave vgLaser = vp, the frequency

shift is given by [236]

∆ω =
ω2
p

2ω0

δne
ne

∆zkp cos(kpζ), (6.10)

where ω0 denotes the laser central frequency, ∆ω0 the maximum frequency shift

in the laser spectrum due to the interaction of plasma, δne/ne the relative pertur-

bation of the plasma density, kp = c/ωp the linear plasma wavenumber, ∆z the

distance along which the laser pulse interacts with the plasma, and ζ = z − vpt
the distance in the laser reference frame.

For the experiments presented in this thesis the incident electromagnetic wave

was collided into the ionisation front at normal incidence (θ0 = 0). We can now

write simplified expressions for the up-shifted radiation in terms of frequency

ωr = ωiγ
2
f (1 + βf )

2 (6.11)

and wavelength

λr =
λi

γ2
f (1 + βf )

2 . (6.12)

A corresponding expression holds for the pulse duration of the up-shifted pulse

and is given by

τr =
τi

γ2
f (1 + βf )

2 . (6.13)

Furthermore relativistic Lorentz contraction effects also cause the reflected waves

angular spread to be reduced as

θr =
θi

γ2
f (1 + βf )

2 (6.14)

This effect is illustrated in figure 6.3.

Equations 6.11 to 6.14 reveal the 1/4γ2 dependence on the up-shifted: wave-

length, pulse duration, and wavefront compression. An expression for the change

in frequency can be expressed as
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Figure 6.3: A ray tracing simulation of the up-shifted radiation. The red lines
show the Lorentz radial compression of the light rays. The colour map shows
the up-shift in wavelength of the backscattered radiation. (This simulation is
courtesy of Golp IST group)

∆ω = ω0
1 + β

1− β
− ω0 (6.15)

6.3 Experimental results

6.3.1 Introduction

The main goal of the experiment was to collide a broadband THz pulse with an

overdense relativistic ionisation front in counter-propagting geometry to double

Doppler frequency up-shift the THz pulse into the visible region of the electro-

magnetic spectrum. Theoretical calculations imply that a THz pulse assuming

that the ionisation front has a Lorentz factor of 12.9 (γ = 12.9). A 500 fs THz

pulse would therefore experience a 1/4γ2 pulse compression, which equates to ap-

proximately 0.75 fs or 750 attoseconds, this is therefore an extremely attractive

way to generate ultrashort pulses of light. Furthermore, the wavelength of the

up-shifted THz radiation is decreased by the same factor. Therefore a THz pulse

centred on 1 THz having a central wavelength of 300 µm would be up-shifted

to 450 nm light. The bandwidth is conserved during the up-shift meaning that

a 1 THz pulse with a bandwidth of 100 % will be Lorentz up-shifted to a light

pulse centered on 450 nm with a 450 nm bandwidth i.e. a broadband white light

pulse in the optical region of the electromagnetic spectrum. Moreover, varying

the plasma density of the ionisation front changes its velocity (i.e. γ), which

serves to increase or decrease the frequency and pulse duration of the up-shifted
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Figure 6.4: The rise time of the ionisations fronts plotted for (a) f-7.5 and (b)f-50
focussing. The Longer focal length serves to generate flatter, sharper fronts. The
rise time for the long focal length (f-50) is ∼ 10 fs and for the short focal length
(f-7.5)∼ 37 fs. This simulation is courtesy of Golp IST group.

Parameter Incident pulse Reflected pulse Compression factor
Wavelength λi = 300 µm λr = 450 nm 1/4γ2 = 666
Frequency fi = 1 THz fr = 0.6 PHz 1/4γ2 = 666.
Divergence θi = 0.5 rad θr = 750 µrad 1/4γ2 = 666.
Pulse width τi = 500 fs τr = 750 as 1/4γ2 = 666.

Table 6.1: The pulse parameters of a 1 THz, 500 fs probe pulse focused onto
a relativistic ionisation front with a front velocity of γ=12.9 before and after
reflection.

pulse accordingly. Clearly, this an extremely attractive way to generate tunable

radiation by changing the plasma density parameter. It is feasible that pulses of

radiation can be ‘tailored’ by selecting the initial pulse parameters and variation

of the plasma density. Table 6.1 shows the parameters before and after reflection

of an electromagnetic terahertz pulse with a central frequency of 1 THz and a

duration of 500 fs focused by an f-2 parabolic mirror on to a relativistic ionisation

front with a velocity of γ=12.9.

6.3.2 The GaAs photoconductive antenna

The THz pulses were generated using a GaAs photoconductive antenna (figure

5.5) of which the physics has been discussed in section 5.0.2. Prior to the main

experiment, the THz pulses from the emitter were characterised.

This involved measuring the electric field of the THz pulses using the kHz test
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bed based on the scanning delay technique shown in figure 5.2. The pulse duration

and frequency spectrum of the THz pulses were measured using a scanning delay

line and are shown in figure 5.2. The THz pulse duration was measured to be

500 fs (FWHM). By taking the Fourier transform of the temporal electric field

profile E(t) the frequency spectrum E(ω) was attained and is shown in figure 6.5.

The frequency spectrum was found to be peaked on 0.5 THz and had a fwhm

bandwidth of 100 %. Measurements were also taken to retrieve the refractive

index and absorption coefficient of the GaAs wafer for THz frequencies using

the framework described in section 5.2.1. Prior to this an electro-optic reference

signal was taken by propagating the THz pulses through dry air in a Nitrogen

purged box. A second scan was then taken with the experimental GaAs wafer

(with no bias field applied) into the the THz beam path. Taking the fourier

spectra of these electro-optic time signals gave the frequency response of dry air

and GaAs. By comparison of these frequency spectra using equation 5.12 the

refractive index of the GaAs wafer and absorption coefficient for 0.1–2 THz was

obtained. A measured value of the refractive index at 1 THz was found to be

n ' 3.46. This measurement was particularly important because it was needed

for temporally overlapping the THz pulse with the ionisation front.

Figure 6.5: (a) The THz pulse detected by a 500 µm ZnTe crystal using a scan-
ning delay line in conjunction with balanced detection. (b) The corresponding
frequency spectrum retrieved by taking the FFT of the temporal THz signal.

6.3.3 Measurement of THz pulse energy

In order the estimate the detectability of the up-shifted radiation it is necessary to

calculate the THz pulse energy before interaction with the relativistic ionisation

front. The ionisation front generated in this experiment has a gamma factor

of approximately 12.9, meaning that the pulse will experience a 1/4γ2 factor

reduction in pulse energy. This effect has experimental detectability implications
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Figure 6.6: The electro-optic signal of the THz pulses from the GaAs photocon-
ductive switch at (a) 1 kV (b) 2 kV (c) 3 kV (d) 4 kV (e)5 kV (f) 6 kV (g) 7 kV
(h) 8 kV (i) 9 kV (j) 10 kV. In each figure the blue curve shows the laser spec-
trum with no THz present (ILaser(λ)), the green curve shows the modulated laser
spectrum with THz present (IMod(λ)) and the red curve shows the background
subtracted EO signal.
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Figure 6.7: (a) The measured THz electric field, ETHz(t), plotted for bias voltages
of 1-10 kV. (b) The peak THz electric field measured as a function of the bias
voltage. (c) The measured THz pulse width v.s. bias voltage.

because although the pulse energy is reduced the relative bandwidth remains

unchanged i.e. the spectral density will be reduced by 1/4γ2 making it very

challenging to detect the up-shifted radiation.
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This leads to a factor of 670 reduction in pulse energy. Also important to

consider is the 1/4γ2 reduction in reflected/up-shifted pulse energy, which when

combined with the conservation of the relative bandwidth means that the up-

shifted radiation pulse will have a reduced energy . Detectability of the up-shifted

pulse.

The laser probe beam is p-polarised. After taking out the quarter waveplate

(QWP) and the ZnTe crystal, the half waveplate (HWP) was rotated to minimize

the signal on the spectrometer. In that geometry, the probe beam after the HWP

becomes s-polarized and is rejected by the polarising beamsplitter cube (CVI).

With this minimum transmission or extinction we optimised the position of the

spectrometer using an x-y-z translation stage, to make sure the alignment of the

spectrometer with respect to the laser did not change.

With the half waveplate set, the quarter waveplate (QWP) was installed into

the probe beam and the signal again was minimised on the spectrometer. This

means that the probe beam is still linearly polarised at that specific setting of

the QWP. We then put in the ZnTe crystal. The signal on the spectrometer did

not change, which indicates that there is no measurable birefringence from the

crystal at that angle (we determined this to be the optimised angle for the ZnTe

in previous experiments refer to chapter 5).

The absolute electric field strength of the THz pulse is easiest to determine with

the quarter waveplate at 45◦ i.e circular polarisation. To accurately determine

this angle the transmission for different angles of the QWP (without the presence

of THz) was measured and is shown in figure 6.8(a). It can be seen that the

maximum transmission occurs at 45◦, which in fact corresponds to a setting of

45◦ on the rotation mount. The transmitted intensity, IT , is now given by

ITHz=0
T =

1

2
I0T (6.16)

With I0 the intensity of the incoming probe beam and T the transmission coef-

ficient of the crystal and the other optical components due to Fresnel reflections

on the surfaces. The transmitted intensity is given by [204]

ITHzT =
1

2

(
1− cos ΓTHz cos2 2δ + sin ΓTHz sin 2δ

)
I0T (6.17)

with δ the rotation of the quarter-wave plate and

ΓTHz =
2π

λ0

n3r41ETHzd (6.18)
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where λ0 is the laser central wavelength (800 nm), d is the thickness of the ZnTe

crystal (500 µm), nZnTe is the refractive index of the ZnTe crystal at 800 nm

(2.85), r41 is the electro-optic coefficient for this crystal in this configuration (4.0

× 10−12 m/V) and ETHz is the THz electric field strength in the crystal. With

the QWP at 45◦ (circularly polarized probe beam) we measure the effect of the

THz on the transmitted signal. Equation 6.17 reduces to

ITHzT =
1

2
(1 + sin ΓTHz) I0T (6.19)

The signal with and without the THz present is shown in figure 6.8(a). By

combining equations 6.16 and 6.19 we find ΓTHz

Figure 6.8: (a) The measured probe spectrum through the ZnTe crystal with no
THz field applied (red curve) and with THz field applied (blue curve). (b) The
measured THz electric field inside the ZnTe crystal.

ΓTHz is plotted in figure 6.8(b). To calculate the THz field outside the crystal,

we have to correct for reflection at the surface ( tTHz = 2/(1 + nTHz) ∼= 0.5. The

electric field strength of the THz pulse is then given by

ETHz =
ΓTHzλ0

2πdn3r41

2 =
ΓTHzλ0

πdn3r41

(6.20)

The THz pulse energy is then found by integrating over the area and the duration

of the pulse

UTHz = ε0cdAdt (6.21)

Integrating equation 6.20 and then numerically integrating the square of the pulse

shown in figure 6.8(b) gives

UTHz = 2πε0c
(fwhm)2

8 ln 2

∫
t

E2
THz(0)dt (6.22)

Plugging the numbers into these equation yield a value for the THz pulse energy
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of 2.6 nJ/pulse.

6.3.4 Measurement of THz focal spot

In order to determine the mode matching properties between the ionisation front

and the focussed THz pulse it was necessary to measure the THz spot size. The

THz spot size was measured using the set-up illustrated in figure ?? (to be made

up with short description of layout), with a probe beam in counter propagation.

The quarter waveplate was rotated to 2-3◦ for optimum signal-to-background

ratio (near linear polarization). The crystal was imaged on the camera. The

imaging was calibrated, using a 200 µm wire, which gave a conversion factor of

5.0 µm/pixel. The spot of the THz is measured by subtracting the images with

and without a THz signal.

Figure 6.9: The electrooptic image of the focal region of the THz pulse.

Figure 6.10: (a) An integrated intensity lineout along the x-plane of the focal
region of the THz pulse encoded onto the ZnTe detector crystal. (b) An integrated
intensity lineout along the y-plane of the focal region of the THz pulse encoded
onto the ZnTe detector crystal.

So that the measured transmitted intensity (figure 6.9) is in fact proportional

to the intensity of the THz pulse. The size of the THz focus is found by fitting
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a Gaussian to the horizontal and a vertical line-out through the center of the

spot, shown in figure 6.10. The 1/e2 focussed spot width of the THz beam was

measured to be 900 µm.

6.3.5 Temporal characterisation of THz pulses

In order to characterise the time profile of the THz pulses an electrooptic de-

tection line was set up outside the vacuum chamber. Figure 6.11 shows the

experimental set-up. A 1 mJ, 800 nm portion of the main pump laser beam was

split off in order to illuminate the 12 kV biased GaAs wafer to generate the THz

pulses. The THz radiation entered and exited the vacuum chamber through two

Tsurupica windows (Microtech Instruments). Tsurupica is highly transparent in

THz and visible spectral ranges and has the unique property that its refractive

index is the same for THz and visible light (nTsurupica = 1.52). On entering the

vacuum chamber the THz radiation was focused over the gas jet by an f-2 off

axis parabolic mirror (f = 100 mm) with a 2 mm diameter hole in the centre (to

allow backscattered radiation to be detected) it was then recollected, collimated

and coupled out of the vacuum chamber by an identical parabola. This parabola

had a 4 mm hole drilled through the centre to allow the focussing pump beam

to pass through and focus over the gas jet. An Indium Titanium Oxide (ITO)

mirror was used to direct the THz radiation to the ZnTe crystal where it could

be probed using analysis of the chirped probe pulse in the spectrometer or by

flipping a mirror the THz electric field could be probed using the cross-correlator

set-up. Figures 6.12(a) to 6.12(d) show the background subtracted images of the

2ω = 400 nm light BBO crystal imaged using a 12-bit Quicam CCD camera.

The integrated lineouts are shown in figures 6.12(b) and 6.12(d) which show

three distinct peaks on the X-correlator with a fwhm pulse width of ∼ 500 fs.

6.3.6 Ionisation fronts

The ionisation fronts were characterised before colliding them with the THz

pulses. Knowledge of the transverse dimensions and density of the ionisation

fronts was necessary prior to collision experiments. The critical density for reflec-

tion of a 1 THz pulse is nc = 1× 1019 cm−2 therefore this criterion on the density

had to be satisfied or exceeded to have a backscattered pulse. Furthermore, the

THz focal spot was between 600 µm and 1 mm therefore it was important that

the ionisation front had similar dimensions for maximum reflection efficiency i.e.

mode matching the relativistic mirror with the THz pulse.
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Figure 6.11: The optical layout and detection test bed used to characterise the
THz pulses. The kHz laser reconstructed the THz pulses by phase matching a
probe beam inside the ZnTe crystal.

Figure 6.12: (a) A 2D false color image of the background subtracted signal
from the BBO x-correlator. (b) An integrated line-out (figure 6.12(b) of the
electrooptic signal from the BBO x-correlator. (c) A 2D false color image of
the background subtracted signal from the BBO x-correlator. (d) An integrated
line-out (figure 6.12(d) of the electrooptic signal from the BBO x-correlator.
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Figure 6.13: Mach-Zender interferogram images showing the ionisation front evo-
lution through the gas jet. Delay between probe and pump = (a) (b) (c) (d).
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Figure 6.14: The on-axis density of the ionisation front. The peak plasma electron
density was ne = 1.2 × 1019. The laser energy, spot size, pulse duration, and
intensity was 70 mJ, 40 µm, τ = 50 fs and I = 1.1× 1017 Wcm−2.
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Figure 6.15: The 2D density map of the ionisation front. The peak plasma
electron density was ne = 1 × 1019. The transverse size of the ionisation front
was approximately 200 µm.

Figure 6.16: A 3D density map of the relativistic ionisation front. The peak
plasma density is ne = 1 × 1019cm−3.
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6.3.7 THz pulse collisions with ionisation fronts

After characterising the ionisation fronts and the THz pulses, experiments involv-

ing colliding the relativistic mirror with THz pulses were performed. In order to

spatially overlap the front with the THz beam, the GaAs wafer was translated

out of the path of the IR THz generation beam. This allowed the 1 mJ IR pulse

to continue onto the THz focusing parabola and be focused over the gas jet.

Shadography was used by blocking the arm of the Mach-Zender interferometer

which did not pass over the gas jet. The gas jet was imaged using a f = 1000

mm lens onto a 16-bit CCD camera which allowed the shadows created by both

plasmas to be viewed in real time using a trigger signal from the Stanford delay

generator synchronised to the 10 Hz laser pulse train. Figure 6.17(a) shows the

ionisation front colliding with THz generation IR beam.

Figure 6.17: (a) Shadography images showing the technique used to overlap the
THz pulse with the ionisation front in both space and time.

On the right hand side of these images one can see the ‘virtual’ THz pulse.

This was fixed in space and time and the ionisation front was aligned to this

spatially and temporally. This effectively acted as a virtual THz beam in space,

and also in time albeit with a temporal offset defined by the optical thickness

of the GaAs wafer at THz wavelengths. The two plasmas were overlapped in

time by changing the delay stage of the drive beam (figure 6.19). After the two

plasmas were overlapped the GaAs wafer was translated into the path of the THz
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generation beam. The delay of the pump beam was then changed to compensate

for the increased phase delay imparted by the 500 µm thick GaAs wafer, i.e.

optical thickness = dnTHz = 500 µm× 3.5 = 1.75 mm. This had to be divided

by a factor of 2 as the delay stage is retro-reflected.

Figure 6.18: Inside the vacuum chamber used for the experiment to collide THz
pulses with relativistic ionisation fronts.

The picture in figure 6.18 shows the set-up inside the vacuum chamber. The

entrance port on the right hand side is where the IR beam is directed into the

vacuum chamber onto the surface of the GaAs wafer. This generates a 2-3 nJ

THz pulse which propagates to the parabola and is then focussed over the 4 mm

supersonic gas jet. The pump beam passes through a lens and enters the chamber

through a vacuum extension tube (figure 6.19). The focused beam passes through

a hole in the back of the parabola shown on the right hand side of the chamber

and the focal region is located at the centre of the gas jet. Both parabolas were

on an x, y, z stage which helped with the alignment. In order to overlap the

THz beam with the ionisation front the GaAs wafer was translated out of the

path of the IR generation beam. It was then possible to follow the path of

both counter-propagating beams using a piece of IR card. This allowed accurate

overlap between the two beams. The left hand parabola’s main purpose was to

collect and re-collimate the transmitted THz radiation through the ionisation

front. This diagnostic gave information about the THz power being lost after

interaction with the ionisation front. The transmitted THz radiation is coupled

out of the vacuum chamber and re-directed onto the ZnTe crystal in the electro-

optic detection set-up external to the interaction chamber (figure 6.11)

By varying the pump delay and simultaneously measuring the THz electroop-

tic signal the transmission of the THz pulse through the ionisation front is mea-
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Figure 6.19: The experimental set-up used to collide a relativistic ionisation front
with a THz pulse.
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Figure 6.20: The on-axis plasma density profile of the ionisation front along the
central laser axis.
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Figure 6.21: The on-axis plasma density profile of the ionisation front along the
central laser axis.

sured as a function of the delay of the ionisation front relative to the THz pulse.

The result of this measurement is shown in figure 6.22.

Figure 6.22: The THz electrooptic signal as a function of the delay between the
ionisation front and the THz pulse.

6.4 Discussion

It has been established experimentally that the the THz pulse energy is approx-

imately a few nanojoules. This result has implications in the detectability of

the backscattered up-shifted radiation. The ionisation front possesses no kinetic

energy therefore there exists no energy transfer between the ionisation front and
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the probe pulse This means that the up-shifted pulse energy will be of the order

of UTHz/4γ2 = 3 pJ

The ultimate goal of the experiment was to collide an overdense relativistic

ionisation front into a THz pulse in counter-geometry and observe the Lorentz up-

shifted radiation. This was a very challenging experiment for a number of reasons.

Firstly it has a very complicated optical layout in that there are 6 different laser

beams which require spatial and temporal synchronisation. In order to view the

ionisation fronts the time delay between the drive pulse (ionisation front) and the

Mach-Zender probe must be overlapped. The evolution of the front can then be

scanned by varying the time delay stage on the drive beam. The two probe arms of

the Mach-Zender also need to be synchronised to produce the interferences fringes

that map out the phase delay when an ionisation front is present. Furthermore

when the experiment was running in collision mode the THz detection external

to the interaction chamber also had to be accurately aligned and temporally

synchronised with the probe beams.

On a more fundamental level, it has been established experimentally that the

THz pulse energy is approximately a few nanojoules. This result has implications

in the detectability of the backscattered up-shifted radiation. The ionisation front

possesses no kinetic energy therefore there exists no energy transfer between the

ionisation front and the probe pulse This means that the up-shifted pulse energy

will be of the order of UTHz/4γ2 = 3 pJ. Furthermore, the conservation of band-

width during the interaction means that a 1 THz pulse with 100 % bandwidth

after up-shift will become a broadband optical pulse centred on 400 nm but with

a 400 nm bandwidth. i.e. a pulse of white light radiation.The spectral density is

therefore ‘smeared’ out over a large bandwidth and will be harder to detect using

a dispersive spectrometer. For future experiments it will be essential to scale up

the THz power in order to detect a reasonable signal. It may also be beneficial

to use a single element detector with very high sensitivity down to the single

photon level. Possible schemes to generate higher THz powers include optical

rectification [247] and the generation of CTR from laser wakefield accelerators

[109].



Chapter 7

Undulator radiation from laser

accelerated electrons

Synchrotron radiation was first observed in 1947 by Elder and Langmuir [248] and

was later confirmed through energy loss in storage rings. Since then it has been

realised that synchrotron radiation is an invaluable tool for scientific exploration

and is now used by scientists all around the world. Many accelerator laboratories

have research projects making use of the radiation on a secondary basis to the

main high energy research. However there exist many dedicated synchrotron light

sources around the world today [125]. Conventional synchrotron light sources are

often termed ‘third generation’ light sources and have been utilised as brilliant

sources of incoherent radiation covering an extremely broad spectral range from

terahertz frequencies to hard X-rays. Modern facilities deliver very high bright-

ness radiation pulses at EUV and X-ray wavelengths and users span a wealth of

research fields in physics, chemistry, engineering and the life and medical sciences.

They have become essential tools for developing new drugs and materials and are

powerful sources for imaging matter on all length scales, offering unique insights

into biological function.

Free-electron lasers represent an increasingly important class of coherent op-

tical light sources. They are known as ‘fourth’ generation light sources and can

produce photon beams with a brightness that can be up to one billion times

higher than a third generation synchrotron facility. They use the simple and

elegant gain medium of an electron beam in a vacuum traversing a periodic mag-

netic field and have demonstrated ultrashort pulses of coherent radiation from

THz to X-ray frequencies. FELs are usually based on the combination of a linear

accelerator followed by a high-precision insertion device such as an undulator or

wiggler. Under certain circumstances, the accelerated electrons in the insertion
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device bunch together more tightly than usual, to form microbunches. Over the

length of the insertion device, the electrons in the microbunches begin to oscillate

in phase and the radiation fields sum up coherently, to generate light with prop-

erties characteristic of conventional lasers. Because the microbunches are so tiny,

the light generated comes in ultrashort pulses that can be used for strobe-like

investigations of extremely rapid processes. Currently there is a wide scientific

interest to produce coherent light in the water window. This means that radiation

of wavelengths from 2.3–4.4 nm must be generated which puts extreme demands

on the electron beam quality and peak current required to develop microbunching

on the Ångström level. Unlike synchrotrons, which require high repetition rate,

high average current electron beams between 1 to 10 GeV, FELs require lower

energies and a more modest charge with very high peak currents with durations

of less that 100 fs. Recent technological advances have heralded large increases

in the average and peak brilliance delivered by X-ray free-electron laser facilities

[125] [249], for example, at the LCLS in North America [250], XFEL in Europe

[251] and SCSS in Asia [252]. These FEL light sources utilise radio frequency

(rf) accelerating structures to produce bunches of relativistic electrons that are

then injected into magnetic structures for radiation production. As has been

discussed in chapter 2 conventional rf accelerators have limits on the maximum

sustainable electric field in the cavity to of the order of 100 MV m−1 hence very

large and expensive infrastructure is required to support FELs for EUV and X-

ray wavelength ranges. Furthermore these large electron accelerators are also

limited to produce pulse lengths nominally in the ps range, in the absence of

electron bunch slicing techniques, [253] which can reduce durations to ∼ 100 fs.

Laser wakefield accelerators offer an exciting alternative to rf accelerators. By

using a plasma as the accelerating medium electric fields 3 orders of magnitude

greater can be realised hence reducing acceleration lengths by a similar factor.

This has huge implications on reducing the size and costs of future facilities by

downsizing the infrastructure on all levels. e.g. equipment, staff, shielding etc.

That aside the rf technology is fast reaching a technological plateau and facilities

like the LHC at CERN are already at the top-end of how large they can feasibly

be constructed spatially and financially. Moreover, LWFA can in theory produce

electron bunches with pulse lengths less than a plasma wavelength which could

potentially be as short as 1 fs or less. This means the peak currents of these beams

can be as much as 30 kA, a property highly desirable for future generations of

FELs.

This chapter presents the first ever experimental demonstration of an all op-
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tically driven synchrotron light source [6, 254]. Furthermore, a novel method

of determining narrow energy spread electron beams from a laser plasma wake-

field accelerator using undulator radiation has been realised [7]. This ground-

breaking work paves the way for future development of this novel technology

[184, 255, 256].

Figure 7.1: (a) The geometry of light emitted from a synchrotron light source.
The light is emitted tangential to the electron trajectory as a cone of radiation
with a half angle of 1/γ. (b) The radiation spectrum of synchrotron light is very
broadband.

7.1 Synchrotron radiation & devices

A charged particle which undergoes acceleration will radiate electromagnetic ra-

diation [205]. If a charged particle moving with relativistic velocity is forced into

a curved trajectory using a magnetic field it will acquire an angular acceleration

resulting in radiation emitted as a narrow cone tangential to the path of the parti-

cle (figure 7.1). Generally, the most common way in which synchrotron radiation

is produced is by directing relativistic electrons, previously accelerated using a

linear accelerator (LINAC), into magnetic fields which bends the electrons into a

curved trajectory. The resulting centripetal acceleration causes the electrons to

emit synchrotron radiation.

There are three types of magnetic structures commonly used to produce syn-

chrotron radiation: bending magnets, undulators and wigglers. Bending mag-

nets cause a single curved trajectory resulting in a fan of radiation around the

bend [257] (figure 7.1), which has been described as a ‘sweeping searchlight x-ray

beam’. Synchrotron radiation produced by bending magnets has a very broad

angular distribution in the electron frame of reference. However, if one Lorentz

transforms into the laboratory observation frame of reference, the angular distri-
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Figure 7.2: (a) The radiation emitted from a wiggler. The stronger magnetic
magnetic field K ≥ 1 gives rise to broadband light emitted into a large solid angle.
(b) The radiation emitted from an undulator. The weaker magnetic magnetic field
K < 1 gives rise to narrow-band light emitted into a small solid angle.

bution is compressed considerably resulting in a narrow radiation cone directed

tangentially to the electron beam path. This radiation cone has a half angle

approximately equal to

θ ' 1

2γ
. (7.1)

Undulators can be used to further compress the radiation both spectrally

and spatially. They make use of periodic magneto-static structures with strong

B-fields. These periodic fields cause the electrons to experience harmonic oscilla-

tions when moving in the axial direction, resulting in sinusoidal oscillations called

undulations (figure 7.2(b)). These characteristic small undulations cause the re-

sultant radiation cone to be narrow. An electron beam confined tightly in space

directed into an undulator leads to radiation with a small angular divergence

and relatively narrow spectral width, properties we generally associate with the

coherence properties of lasers.

A stronger magnetic field variant of an undulator is called a ’wiggler’. Wig-

glers utilise greater B-fields to produce larger oscillation amplitudes resulting in a

substantially larger radiation cone, emission bandwidth and associated radiated

power (figure 7.2(a)). The non-dimensional parameter which defines the magnetic

strength of a periodic magnetic structure is given by

K ≡ eB0λu
2πmc

, (7.2)

where B0 is the magnetic field and λu is the undulator period length. For K < 1

the device is known as an undulator and if K > 1 it is termed a wiggler.
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Figure 7.3: (a) The radiation from an oscillating charge moving at a non-
relativistic velocity. (b) The radiation from a oscillating charge moving at a
relativistic velocity. Short wavelengths are observed when the particle speed be-
comes comparable to the radiation speed, this serves to bunch the phase fronts
together. This effect is known as the relativistic Doppler effect and is strongest
on-axis, consequently the shortest wavelengths are observed here.

7.2 Undulator radiation

An electron traversing a periodic magnetic structure of moderate field strength

will undergo a small amplitude oscillation and therefore radiate. If the electron

oscillations are small compared to the radiation cone width, θ < 1/2γ, the device

is called an undulator. The resultant radiation is greatly reduced in wavelength,

λ, from the undulator period, λu via Lorentz contraction and relativistic Doppler

shifting by a factor 2γ2 . As ,γ, can be several thousands in conventional acceler-

ators, a typical undulator period of the order of 1 cm, can readily produce x-ray

wavelengths.

Considering the frame of reference moving along with the electron beam, the

electrons ‘see’ a periodic magnetic structure moving towards it with a Lorentz

contracted period, λ′, given by

λ′ =
λu
γ
. (7.3)

In the electron frame one may treat this problem as a classical radiating dipole;

a point charge oscillating with an amplitude much smaller than the radiated

wavelength. The frequency of this emitted radiation, in the reference frame of

the electron is

f ′ =
c

λ′
=
cγ

λu
. (7.4)

To an observer in the laboratory reference frame, Doppler shifting further reduces
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the radiation wavelength. The Doppler shift depends on the relative velocity and

therefore the observation angle θ. From inspection of figure 7.3 it is clear that the

shortest wavelength will be observed on axis where the phase fronts are closely

bunched. The relativistic form of the Doppler frequency formula is

f =
f ′

γ (1− β cos θ)
=

c

λu (1− β cos θ)
, (7.5)

where β ≡ v/c and θ is the observation angle measured from the direction of

motion. The expression for the observed frequency on axis where θ = 0, cos θ = 1.

Hence equation 7.5 reduces to

f =
c

λu (1− β)
(7.6)

for β ' 1 we have 1 − β ' 1/2γ2. Therefore, the observed radiation frequency

on axis is

f =
2γ2c

λu
(7.7)

and the observed wavelength on axis is

λ =
c

f
=

λu
2γ2

. (7.8)

Considering Doppler shifts at small angles off axis θ 6= 0, we can return to equa-

tion 7.5 and use the small angle approximation. The Taylor expansion for small

angles [258] is, cos θ = 1− θ2/2...; therefore,

f =
c

λu
[
1− β

(
1− θ2

2
+ ...

)] =
c

λu

(
1− β + βθ2

2
+ ...

)
=

c

λu (1− β)
[
1 + βθ2

2(1−β)

] (7.9)

since β ' 1 and as β = v/c approaches unity we have 1− β ' 1 2γ2, thus

f =
2γ2c

λu (1 + γ2θ2)
. (7.10)

In terms of wavelength, λ = c/f , one has to first order

λ =
λu
2γ2

(
1 + γ2θ2

)
. (7.11)



7.2 Undulator radiation 169

Figure 7.4: A schematic illustrating the narrow cone of undulator radiation gen-
erated by electrons whilst traversing a periodic magnet structure. The more
energetic the electrons become the tighter the emission angle, θ, of the radiation
cone and the shorter the emission wavelength, λ (figure adapted from [14]).

7.2.1 The undulator equation

In order to obtain a fully accurate expression for the spectral characteristics of

undulator radiation, the magnetic field of the undulator has to be taken into

account. The Lorentz equation is the starting point for this derivation and can

be written in any frame of reference as

dp

dt
= q (E + v ×B) (7.12)

where p = γmv is the momentum, q is the charge, v is the velocity, and E and

B are the electric and magnetic fields. To derive the undulator equation we may

assume that the dominant field is the applied static B-field associated with the

magnetic undulator and that there are no applied electric fields. Furthermore,

we consider the radiated electromagnetic fields due to the undulator radiation

generated by the oscillating electrons to be weak in the sense that the radiated

fields have negligible effect on the electron motion. To this level of approximation,

we may take E ' 0 in equation 7.12. In the case of free electron laser (FEL)

action this would not be the case and the radiated fields lead to a modulation

of the electron beam. This will discussed later in this chapter. With these

approximations in place the momentum equation now becomes

dp

dt
= −e (v ×B) (7.13)

For the undulator case with relatively weak radiated fields, we take the approxi-
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Figure 7.5: The geometry of electron motion in a periodic magnetic field.

mations E ' 0 and By = B0 cos (2πz/λu) plus a negligible radiation field. Addi-

tionally, taking to the first order v ' vz, the vector components in the x-direction

give

mγ
dvx
dt

= evzBy. (7.14)

substituting for By (geometry shown in figure 7.5 gives

mγ
dvx
dt

= e
dz

dt
B0 cos

(
2πz

λu

)
. (7.15)

Now we can solve for the transverse oscillation vx. This gives rise to the primary

source of undulator radiation. To first order, we will find vx as a function of axial

position z. Continuing the algebra

mγdvx = edzB0 cos

(
2πz

λu

)
(7.16)

Integrating both sides gives

mγvx =
eB0λu

2π
sin

(
2πz

λu

)
(7.17)

This is an exact solution of the simplified equation of motion, but note that z is

not a linear function of time. That is, vz is not constant, but oscillates (figure

7.5). As will be discussed in the next section, this leads to radiated harmonics of

the fundamental frequency.

Rewriting equation 7.2 for completeness which is the non-dimensional mag-

netic strength parameter for a periodic magnet [14] as

K ≡ eB0λu
2πmc

. (7.18)

or in convenient units
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K = 0.9337B0(T)λu(cm). (7.19)

We may now express the electron’s transverse velocity as

vx =
Kc

γ
sin

(
2πz

λu

)
. (7.20)

The angle the electron motion makes with the z-axis is a sine function bounded

by ±K/γ,i.e.,

tan θe =
vx
vz
' K

γ
sin

(
2πz

λu

)
, (7.21)

so that K is also defined as the magnetic deflection parameter. Approximating

vz = c the maximum electron excursion angle can be expressed as

|θe,max| '
K

γ
. (7.22)

This is the origin of the difference between undulator radiation and wiggler radia-

tion. Recall that the characteristic half angle for emission of radiation is θ ' 1/2γ.

Thus, for magnet strength characterised by K ≤ 1, the electron angular excur-

sions lie within the radiation cone. This results in constructive interference effects

that give undulator radiation its narrow bandwidth and narrow radiation cone

characteristics.

In the strong field case, K � 1, wiggler radiation is generated. During this

process interference effects do not occur due to various segments of an oscillation

being widely separated in angle and therefore do not overlap in space after some

propagation distance. Equation 7.20 is not a simple time harmonic, because

z = z(t) is only approximately equal to ct. The transverse oscillation influences

the longitudinal velocity. To see this explicitly, we recall that γ is constant in a

magnetic field; thus for motion in the x, z-plane (vy = 0),

γ ≡ 1√
1− v2

c2

=
1√

1− v2
x+v2

z

c2

. (7.23)

Thus,

v2
z

c2
= 1− 1

γ2
− v2

x

c2
. (7.24)

Knowing vx from equation 7.20, we can solve for vz ;
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v2
z

c2
= 1− 1

γ2
− K2

γ2
sin2

(
2πz

λu

)
. (7.25)

To first order in the small parameter K/γ,

vz
c

= 1− 1

2γ2
− K2

2γ2
sin2

(
2πz

λu

)
, (7.26)

where sin2 kuz = 1
2
(1− cos 2kuz), and thus,

vz
c

= 1− 1 +K2/2

2γ2
+
K2

4γ2
cos 2kuz. (7.27)

Hence, the axial velocity (z-direction) has a reduced average component and a

component oscillating at twice the magnetic spatial frequency. By averaging over

a single period, we can determine the average axial velocity, which plays a major

role in the relativistic transformations. Defining the average quantity

v̄z ≡
L

T
=

L∫ L
0
dz/vz

, (7.28)

where vz is given in equation 7.27 and where T is the time required for the electron

to travel a distance L = Nλu. Then

v̄z = c

[
1− 1 +K2/2

2γ2

][
L∫ L

0
dz

1+α cos 2kuz

]
, (7.29)

where

α =
K2

4γ2

[
1− 1+K2/2

2γ2

] . (7.30)

Expanding the denominator of the integral to second order in the small parameter

α, one obtains

v̄z = c

[
1− 1 +K2/2

2γ2

](
1− α2

2

)
, (7.31)

where the α2 term is of the order 1/γ4 and thus can be ignored, so that the

average axial velocity at finite K is given by

v̄z
c

= 1− 1 +K2/2

2γ2
. (7.32)

From this, we can define an effective axial value of the relativistic factor,
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γ∗ ≡ γ√
1 +K2/2

, (7.33)

where the asterisk refers to the reduction of the relativistic contraction factor by

an amount
√

1 +K2/2. Hence equation 7.32 can be written as

v̄z
c

= 1− 1

2γ∗2
. (7.34)

As a consequence, the observed wavelength in the laboratory frame of reference

is modified from that given in equation 7.11, now taking the form

λ =
λu

2γ∗2
(
1 + γ∗2θ2

)
, (7.35)

that is, the Lorentz contraction and relativistic Doppler shift now involve γ∗

rather that γ. Expanding γ∗ according to equation 7.33, one now has the undu-

lator equation

λ =
λu
2γ2

(
1 +

K2

2
+ γ2θ2

)
. (7.36)

This equation describes the possibility of short wavelength generation through

the gamma tuning term, λu/2γ
2. Clearly, high energy electron beams can thus

generate x-ray wavelengths desirable for many experimental requirements. Addi-

tional tuning can be reached through the magnetic tuning term, K2/2. Looking

back at equation 7.2 it can be seen that K can be varied by tuning the magnetic

field, B. The B-field can be altered by changing the magnetic gap. Other wave-

lengths may be selected through angular offsets from the undulator central axis

γ2θ2. This wavelength selection is usually done by defining an angular acceptance

by aperturing the central radiation cone.

7.2.2 Spectral characteristics of undulator radiation

To quantify the spectral bandwidth of undulator radiation we recall equation

7.11 which to the first order described the undulator radiation wavelength in the

laboratory frame and the radiation is primarily contained in a narrow cone of

half angle θ = 1/2γ. The corresponding spectral width within the central cone

can be estimated by taking the difference of equation 7.11 for the defining two

angles [14]. Taking the wavelength as λ on axis (θ = 0), and λ + ∆λ off-axis at

angle θ, then taking those ratios, one obtains
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∆λ

λ
' γ2θ2. (7.37)

This equation shows how the radiation wavelength increases as the radiation

is observed off-axis. The ‘natural’ bandwidth of undulator radiation is set by the

number of oscillation periods, N

∆λ

λ
=

1

N
. (7.38)

When combining this with equation 7.37 it is clear that a narrower bandwidth

radiation cone exists with a half angle

θcen '
1

γ
√
N
. (7.39)

Physically this treatment must be modified to account for the electron motion

in an undulator of finite K. We may now follow the same arguments using the

corrected undulator equation 7.36. One obtains a corrected formula for the central

radiation cone

θcen =
1

γ∗
√
N

=

√
1 +K2/2

γ
√
N

. (7.40)

7.2.3 Undulator radiated power

The average power radiated by a single electron into the central radiation cone

is given by

Pcen,e− '
πe2cγ2

ε0λ2
uNu

K2

(1 +K2/2)2
(7.41)

with an associated bandwidth of ∆λ/λ = 1/Nu and a radiation cone half angle

of 1/γ∗
√
Nu. [14]. An important extension to this result is to the practical case

of multi-electron bunches traversing the undulator. For Ne electrons radiating

independently within the undulator, Ne = IL/ec = INuλu/ec, where L = Nλu

is the length of the undulator, and I is the electron beam current. The power

radiated into the central cone is then

Pcen '
πeγ2I

ε0λu

K2

(1 +K2/2)2
K ≤ 1 (7.42)

Equations 7.41 and 7.42 are strictly valid for K � 1. This restriction is due

to our neglect of K2 terms in the axial velocity vz. The Pcen formula, however,

indicates a peak power at K =
√

2, suggesting that we explore extension of this
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very useful analytic result to somewhat higher K values. Kim [226] has studied

undulator radiation for arbitrary K and finds an additional multiplicative factor,

f(K), which accounts for energy transfer to higher harmonics:

Pcen,e− =
πe2cγ2

ε0λ2
uNu

K2f(K)

(1 +K2/2)2
, (7.43)

where f(K) = [J0(x)− J1(x)]2 and x = K2/4(1 + K2/2). For small values of K

the multiplicative factor f(K) can be approximated by

f(K) = 1− x− x2

4
+

3x3

8
+ . . . . (7.44)

Power and energy emitted into arbitrary frequency intervals and solid angles

may be calculated as well, but depend on the actual conditions. The total radiated

power into the fundamental (n = 1), radiated into all angles and wavelengths, for

small K is [14]

Ptot(n=1) =
πeγ2INu

3ε0λu

K2

(1 +K2/2)2
. (7.45)

The emitted radiation is usually expressed as spectral brilliance. This quantity

measures the number of photons emitted per time interval (either per second -

average brilliance, or per pulse length - peak brilliance), per unit area, unit solid

angle and spectral bandwidth. The unit is photons/(s mm2 mrad2 0.1% BW).

7.2.4 Undulator harmonics

In addition to modification of the observed wavelength of the fundamental, the

transverse oscillations of electrons traversing an undulator introduce higher har-

monics of the electron motion. Subsequently, higher harmonics of the fundamen-

tal radiation component are produced at frequencies hω1, and wavelengths λ1/h

where h is the harmonic number.

In order to understand how the harmonic undulator radiation scales with K

considering equation 7.27 - repeated below

vz
c

= 1− 1 +K2/2

2γ2︸ ︷︷ ︸
Reduced axial velocity

+
K2

4γ2
cos

(
2 · 2πz

λu

)
︸ ︷︷ ︸
2ω component of motion

(7.46)

which in the frame of reference moving with the electrons, gives

z′(t′) ' K2

8k′u
sin 2ω′ut

′, (7.47)
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where k′u = γ∗ku and ω′u = γ∗ωu. The transverse motion in this frame is

x′(t′) ' − K

kuγ
cosωuγ

∗
(
t′ +

z′

c

)
. (7.48)

To a higher degree of accuracy, we now keep the z′/c term

x′(t′) = −K
k′u

cos

(
ω′ut
′ +

K2

8
sin 2ω′ut

′
)
, (7.49)

for small K

x′(t′) = − 1

k′u

(
K cosω′ut

′ +
K3

16
cos 3ω′ut

′
)
. (7.50)

Taking second derivatives to find acceleration, and squaring |a′(t′)|2

dP ′

dΩ′
∝ n4K2n. (7.51)

Thus harmonics grow very rapidly for K > 1.

The two terms in equation 7.27 describe both the decreased axial velocity and

an axial velocity modulation at twice the fundamental frequency, respectively.

This is known as the second harmonic of the motion and is illustrated in figure

7.6. If the fundamental motion leads to radiation at frequency ω′1 in the electron

frame, then the axial harmonic motion causes emission of radiation at ω′2 = 2ω′1;

hence, it is called the second harmonic radiation. The magnitude of the second

harmonic scales as K2. The second harmonic oscillations of the electrons are

orthogonal to the fundamental oscillations. The fundamental radiation results

from oscillations in the x-direction, while the second harmonic (and other even

harmonics) result from oscillations in the z-direction. As a result the polarisa-

tion is different. Additionally when transformed into the laboratory frame, the

angular distributions will be different. This is depicted in figure 7.7, which shows

how the radiation patterns of the fundamental and second harmonics differ when

transformed into the laboratory frame of reference.

For values of K ≥ 1, additional harmonics will appear due to the continued

mixing of harmonic motions. As K increases further K � 1, this mixing At

very high K � 1, the radiated energy appears in very high harmonics, and at

rather large horizontal angles ±K/γ (7.22). The large emission angles require

large collection angles in order to spectrally merge nearby harmonics. The result

is a continuum at very high photon energies, similar to that of bending magnet

radiation, but increased by a factor 2N . In all cases the observed wavelengths

are governed by an extension of the undulator equation [14]
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Figure 7.6: The first and second harmonic motions of electrons traversing a mag-
netic undulator (figure adapted from [14].

Figure 7.7: (a) The radiation patterns in the frame of reference moving with the
average electron velocity and (b) the laboratory frame of reference.

λn =
λu

2γ2h

(
1 +

K2

2
+ γ2θ2

)
(7.52)

The spectral characteristics of harmonic undulator radiation also differ depending

on the observation frame of reference and is shown in figure 7.8. The narrow

spectral width in the electron frame is set by the harmonic oscillation for a fixed

number of periods, N , however in the laboratory frame of reference although

shorter wavelengths are generated the spectrum is significantly broadened due to

off-axis Doppler effects (figure 7.3)(
∆λ

λ

)
n

=
1

nN
. (7.53)
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Figure 7.8: The harmonic radiation as seen in the frame of reference moving with
the electron is narrow with a relative spectral bandwidth of 1/N (coloured dashed
lines). In the laboratory frame of reference, the wavelengths are shorter, but the
spectrum is broader due to off-axis Doppler effects.

7.2.5 Spectral characteristics of undulator radiation

For an undulator of N periods each electron oscillates through N cycles of its

motion and thus radiates a wavetrain consisting of N well-defined cycles of the

electric field (e.g. the motion in figure 7.5 exhibits 4.5 cycles). The Fourier

transform of this waveform, gives the spectral content of the fields and has the

form of a (sin x)/x or sinc function, where x = Nπu, u = ∆ω/ω0, and ∆ω = ω−ω0

is the frequency shift away from the central maximum at ω0 as observed at a given

angle, θ and undulator K value. An example of such a transformed waveform is

shown in figure 7.9(d).

The intensity distribution observed in the laboratory frame is proportional

to the square of the electric field. The normalised intensity distribution can be

expressed as

I(ω) ∝

∣∣∣∣∣
∫ Nλ/c

0

exp(−i∆ωt)dt

∣∣∣∣∣
2

(7.54)

leading to the following

I(ω)

I0

=
sin2(πN∆ω/ω0)

(πN∆ω/ω0)2
. (7.55)

The shape of the spectrum is shown in figure 7.9(d). The FWHM spectral

linewidth of the radiation is 1/N centred on ω0. This characteristic spectral

output is called the ‘natural’ spread of radiation from an undulator and gives

the narrowest possible spectral width. Such a spectrum would only be generated

from an electron bunch with effectively zero energy spread and emittance, which
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in practical situations is not always the case. Even the most advanced parti-

cle accelerators produce electron beams with a finite size, divergence and energy

spread. The total spectral width of the radiation is the sum of the contributions

from broadening due to the energy, angular and natural spread components:(
δλ

λ

)2

=

(
2σγ
γ

)2

+
(
θ2γ2

)2
+

1

N2
u

. (7.56)

It can be seen that an electron beam with an energy spread of ∆γ/γ corre-

sponds to a photon energy spread of 2σγ/γ

∆E

E
=

2∆γ

γ
(7.57)

Typically, the energy spreads in modern accelerator facilities are of the order

of ∆γ/γ = 10−3, meaning that for undulators with over 100 periods this term

has a small contribution to the spectral output.

A more significant effect is that due to the random angular motion of the electrons

within the bunch.

∆E

E
= γ∗2α2. (7.58)

7.3 Free Electron Lasers

7.3.1 Introduction

Free-electron lasers represent an exciting class of coherent optical light sources.

They use the simple and elegant gain medium of an electron beam in a vacuum

traversing a periodic magnetic field and have demonstrated broad wavelength

tunability and excellent optical beam quality [259]. This versatile tunability

makes them extremely attractive for a variety of applications in the life sciences

and medicine. Historically, the foundations of free–electron lasers go back to the

early investigations of stimulated Thomson and Compton scattering carried out

by Kapitza and Dirac in 1933 [260]. The physical framework of free-electron lasers

evolved from the early work of H. Motz, who in 1951 proposed the theoretical

grounding of the wiggler configuration now used in FEL’s [261]. Subsequently,

he went on to demonstrate the generation of incoherent radiation from such de-

vices in both the millimeter and optical regimes [262]. Following this work, R.

M. Phillips developed a device he termed the ‘ubitron’ [263] which used the same

configuration of electron beam and magnetic field as proposed by Motz, but at
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Figure 7.9: (a) The emittance spread. (b) The energy spread variation. (c)
The angular spread variation. (d) The natural spread variation. The plots were
calculated for a 100 MeV electron beam and an undulator with N = 100 periods,
K = 1.
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Figure 7.10: The early free electron laser which employed cavity mirrors to achieve
gain in multi-pass geometry.

a high enough electron density that space-charge waves are excited in the elec-

tron beam [264]. High powers (> 1MW) and high efficiency were obtained at

wavelengths from 10 cm to 5 mm. However, other devices developed at the same

time, offered higher gain and the ubitron was not pursued. Then in 1970, John

Madey of Stanford University, influenced by his research into synchrotron radia-

tion, proposed what he called the Free electron laser [265]. In 1976 Madey and

his co-workers went on to demonstrate gain with a free electron laser by using

a 24 MeV electron beam and a 5 m wiggler to amplify the beam from a CO2

laser [266]. A year later, mirrors were added to the system and the accelerator

was operated at 43 MeV to demonstrate laser oscillation at a wavelength of 3.5

µm [267]. The obvious potential for very high lasing powers and broad wave-

length tunability sparked great interest and experimental and theoretical work

in FEL’s expanded rapidly. In 1983 three FEL’s were successfully operated, one

at LURE, Orsay, France where an electron beam from a storage ring was used

to achieve lasing in the visible [268]. The second was at Stanford, where a team

used an electron beam from a superconducting accelerator to generate near IR

radiation [269]. The third was at Los Alamos, where a newly constructed electron

accelerator was used to observe lasing in the mid-infrared [270].

Since these initial systems FEL technology has progressed considerably. Cur-

rent FELs are driven by state of the art electron accelerators which are typically

powered by high voltage klystrons. The availability of low emittance, high cur-

rent, muti GeV electron beams allows FELs to generate very high peak power,

short wavelength radiation in the XUV and X-ray wavelengths.

The lack of suitable mirrors in the extreme ultraviolet and x-ray regimes pre-
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vent the operation of an FEL oscillator; consequently, there must be suitable am-

plification over a single pass of the electron beam through the undulator to make

the FEL worthwhile, thus X-ray free-electron lasers (XFEL) utilise very long

undulators lengths (tens of meters) and rely on the principle of Self-Amplified

Spontaneous Emission (SASE). The SASE mechanism begins with all the elec-

trons injected into the undulator being distributed evenly, hence they only emit

incoherent spontaneous radiation. As the electrons further propagate down the

undulator they can interact with this radiation and drift into microbunches sepa-

rated by a distance equal to one radiation wavelength. Through this interaction,

all electrons begin emitting coherent radiation in phase whereby the wave crests

and wave troughs are superimposed on one another and sum up coherently. This

results in an exponential increase of emitted radiation power, leading to high

beam intensities and laser-like properties. Though SASE FELs can provide light

with nearly full transverse coherence, the fact that they start from noise results

in a photon beam that lacks longitudinal coherence. [271]. To avoid this, one can

‘seed’ an FEL with a laser pulse tuned to the resonance of the FEL [272] (figure

7.10). Such a temporally coherent seed can be produced by more conventional

means, such as by high-harmonic generation (HHG) using an optical laser pulse

[273]. This results in coherent amplification of the input signal; in effect, the

output laser quality is characterized by the original seed pulse parameters. While

HHG seeds are available at wavelengths down to the extreme ultraviolet, seeding

is currently not feasible at x-ray wavelengths due to the lack of conventional x-ray

lasers.

As has been discussed the synchrotron undulator radiation from an electron

beam is substantially enhanced when the electron beam is pre-bunched either

periodically, at a frequency, ω, within the spectral range of the synchrotron un-

dulator radiation, or in single bunches of duration shorter than the optical period

of the radiation frequency (T = 2π/ω) [274]. In the first case the emitted radia-

tion is entirely monochromatic and coherent, and in the second case its spectral

range is equal to the undulator radiation bandwidth ω/Nu, where Nu is the num-

ber of undulator periods. In both cases, the emission power is proportional to the

number of electrons per bunch squared, N2
e , instead of just being proportional

to the number of electrons or the beam current, as is the case for conventional

synchrotron undulator radiation. This kind of enhanced radiation emission is a

phenomenon of superradiance [275] as it stems from coherent constructive inter-

ference involving the summation of the electric field amplitudes of the radiation

wavepackets emitted by all the electrons. Thus, the E field amplitude of the total
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radiation field is proportional to the number of electrons in the bunch Nb (or the

beam bunching current Ib). Consequently the total emitted radiation energy or

power is proportional to N2
b (or I2

b ).

A landmark experiment carried out in 2002 [257] demonstrated that this

scheme can provide very high intensity radiation at THz frequencies using a

magnetic dipole to generate coherent synchrotron radiation (CSR).

In 1997 Jaroszynski et al directly observed superradiance (SR) from an FEL

oscillator [276]. In this work it was shown that the intensity and pulse duration

of ultrashort superradiant pulses depends on the square and the inverse square

root of the electron current, respectively.

Having discussed the current status of FEL systems it is now appropriate to

discuss how laser wakefield accelerators can enhance this technology. As has been

discussed a potential and very attractive alternative to rf electron acceleration is

based on the laser wakefield accelerator. A laser wakefield accelerator married

with a periodic magnetic undulator to produce synchrotron radiation has excel-

lent potential as a compact, brilliant source of short wavelength radiation. To

achieve very high energies conventional synchrotrons require long and expensive

multi-staged accelerators. Their high cost is due to the numerous high power

microwave sources required, the electron beam containment equipment (vacuum

pumps, superconducting magnets etc), the highly engineered accelerator system

and the huge shielding infrastructures needed to safely house them. Usually,

the electron beam must be maintained in a vacuum which requires the use of

numerous pumps along the beam path. This equipment is bulky and expensive.

A potentially revolutionary way of driving an FEL is to use an electron beam

from a plasma wakefield accelerator. Advantages of using LWFA’s include re-

duced cost and size of infrastructure but also because in principle they can pro-

duce intrinsically short electron bunch durations of < 5 fs. This means that

LWFA’s can generate electron beams with very high peak currents which is nec-

essary for efficient gain in the next generation of FEL amplifiers. For a long

undulator the intensity gain of an injected or spontaneous field grows exponen-

tially along the undulator, until it reaches a saturation value. The gain is given

by I = (I0/9) exp(2z/Lg), where z is the propagation distance and Lg is the

gain length given by, Lg = λu/2
√

3πρ. The gain length is a function of the

electron beam energy γ, peak current, Ip and normalised emittance εn and is

quantified by the FEL parameter, ρ. For a matched electron beam, ρ is given

by ρ = 1.1γ−1Buλ
4/3
u I

1/3
p ε

−1/3
n . The FEL output intensity will saturate after a

distance of approximately 10 times the gain length, 10Lg and the intensity at
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saturation is about ρ times the beam energy.

7.3.2 Spontaneous emission

So far the radiation that has been discussed is simply the radiation emitted by

the electrons travelling along the undulator in the absence of any other fields.

This weak, incoherent radiation shares the same fundamental mechanism to the

spontaneous emission in a conventional laser and it represents the ‘noise’ from

which laser oscillation grows. This undulator or wiggler radiation is incoherent

because the electrons passing through the magnetic structure are randomly po-

sitioned inside the electron beam, thus the waves they emit have random phases

with respect to one another 7.11(a). The field amplitude corresponding to the

sum of these randomly phased waves, is proportional to the square root of the

number of electrons in the beam. The optical intensity, or power, which is pro-

portional to the square of the field amplitude, is therefore proportional to the

number of electrons in the beam, that is, the electron beam current.

7.3.3 FEL coherence

We can understand how a free electron laser develops coherence by examining

the behavior of a single electron in an undulator when a coherent optical beam is

present. Considering an optical beam propagating parallel to the electron, then

the electric field or ponderomotive force is transverse to the electron’s motion.

In the electron frame of reference one sees the electron oscillating transversely

to the undulator axis. The electron motions are thus parallel or anti-parallel to

the electric field of the optical beam. Near resonance, the optical frequency is

matched to the electron frequency in the electron frame of reference. Thus, if the

electron and the electric field are in phase, the electric field will always point in

the same direction as the electron motion. This causes the electron to lose energy.

Conversely, considering an electron which is half a wavelength out of phase (either

in front or behind) with the electric field then this will gain energy. After a short

time, the more energetic electrons will catch up to the less energetic ones, and

the electron beam which initially consisted of randomly distributed electrons soon

consists of bunches of electrons spaced at the optical wavelength. The brilliance

of radiation from an undulator can be greatly enhanced if the electron beam is

bunched on the wavelength scale. This can be achieved by either pre-bunching

the beam on the wavelength scale or as already discussed producing a density

modulation or bunching with a periodicity close to the resonance wavelength of
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Figure 7.11: A schematic illustrating the emission regimes.(a) Incoherent emis-
sion is observed when the electrons are randomly positioned within the bunch,
hence the emitted waves also have random phases.(b) Coherent emission can be
achieved when the electron bunch structure is less than the Lorentz shifted radia-
tion wavelength (all electrons emit in phase with one another).(c) Bunching of the
electrons caused from interactions with a laser beam leads to powerful coherent
lasing.

the undulator (equation 7.36). The free electron laser relies on the electron beam

bunching caused by the interaction of the ponderomotive force of an externally

injected optical field or spontaneously emitted radiation with the undulator field.

Furthermore the bunching leads to field enhancement which further bunches the

electron beam resulting in an instability and high amplification gain. The waves

radiated by the initially random electrons then add in phase with one another, and

the amplitude of the sum is proportional to the number of electrons. The intensity

of the radiation, which is proportional to the square of the field amplitude, is

then proportional to the square of the number of electrons. The sum of the fields

E(k, r) radiated by an ensemble of electrons in an undulator or wiggler gives an

intensity,

〈
|E(k)|2

〉
= Ne

∫
f(k, r)E(k, r)2dr +Ne (Ne − 1)

(∫
f(k, r)E(k, r)dr

)2

,

(7.59)

where f(k, r) is the bunch form factor giving the probability of an electron being

located at r and Ne is the number of electrons in the bunch.

7.3.4 Electron beam emittance

Electron beam emittance is a very important parameter when considering electron

beams as drivers of FELs. The emittance parameter is a measure of the transverse

spatial quality of a given electron beam. Advanced accelerators aim to keep
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Figure 7.12: The parameters of an electron beam with an elliptical envelope in
the phase plane.

the emittance minimised in order to avoid spectral broadening of the produced

undulator radiation. The un-normalised r.m.s. emittance, εr.m.s. of an electron

beam of radius, re is analogous to the wavelength of the laser beam (i.e. has units

of length), is given by

εr.m.s. = πσβ⊥re = kβr
2
e , (7.60)

where σβ⊥ is the variance of the normalised transverse velocities and kβ = 2π/λβ

is the betatron wavenumber. To describe the transverse motions of the electrons

as they travel down the undulator axis it is useful to introduce the transverse

phase plane of the electrons. The transverse phase plane is a similar concept to

the longitudinal phase plane used to describe the motions of the electrons in the

energy and phase. The canonical variables of the transverse motions are x, px,

and y, py. However, it is conventional to use the coordinates x, x′, and y, y′

where in the paraxial approximation,

x′ =
dx

dz
=
dx/dt

dz/dt
=
∂H/∂px
∂H/∂pz

=
px
pz
≈ px
βγmc

. (7.61)

A similar equation holds for y′. The electron orbits as they propagate along the

undulator axis (z-direction)

εx =
√(
〈x2〉 〈x′2〉 − 〈xx′〉2

)
, (7.62)

where the brackets indicate an average over the electron in the beam, with a

similar equation holding for εy. The r.m.s. emittance is defined as the transverse

momentum/phase space area of the electron beam [229].

where px and x are the transverse momenta and coordinates of an electron re-
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Figure 7.13: A schematic overview of the Jena 10 TW Titanium:Sapphire laser
system (JETI) based on CPA technique.

spectively,

εr.m.s. =

√√√√(〈x2〉

〈(
px
mec

)2
〉
−
〈
xpx
mec

〉2
)
. (7.63)

The normalised emittance, εn = βzγεr.m.s. governs the broadening through

the γθ term in equation 7.36. Under optimum conditions the electron beam will

be ‘matched’ to the undulator, meaning that the betatron wavelength, λβ ≈ Lu,

where Lu is the undulator length. When the Fresnel number F = re/λβLu ≈ 1

and the electron beam divergence, given by θ ≈ εr.m.s./re, matches the diffraction

angle of radiation emitted by the undulator (θ ≈ λ/re) i.e. when θ2 ≈ 2kβεr.m.s..

The brilliance is maximised when the divergence of the electron beam is

θmatched ≈ 2

√
λuεn
Ku

. (7.64)

7.4 Experimental results

7.4.1 Experimental details

The JETI laser system

An overview of the JETI layout is given in figure 7.13 Like all high intensity laser

systems, JETI is based on the chirped pulse amplification principle (CPA) [15].
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Figure 7.14: An illustration showing the undulator dimensions and magnetic
construction.

The laser front end consists of a commercial Ti:S oscillator (‘Tsunami’, Spectra

Physics), which is pumped by a 5W cw-Neodymium:YVO4 laser (‘Verdi’, Coher-

ent) and delivers pulses of 10 nJ energy with 45 fs pulse duration (FWHM of laser

intensity) at a central wavelength of λ = 795 nm. Before entering the first of three

amplifiers, the initial repetition rate of 80 MHz is reduced to a 10 Hz pulse train

by a Pockels cell-based pulse picker. The pulses are then stretched by a double-

pass grating stretcher, which introduces a positive chirp (d2φ/dt2 = dω/dt > 0),

where φ is the spectral phase of the pulse and ω is the laser angular frequency)

to increase the pulse duration to 150 ps. These pulses then enter a regenerative

amplifier, which increases the pulse energy to a saturation value of 2.5 mJ after 12

round trips. The regenerative amplifier is followed by an ultra-fast Pockels cell to

suppress pre-pulses and reduce contributions of amplified spontaneous emission

(ASE). The remaining two amplification stages are both multi-pass amplifiers (a

‘4-pass butterfly’ and ‘2-pass butterfly’) pumped by frequency-double Nd:YAG

lasers (‘Powerlite’ and ‘Macholite’ series, Continuum), which increase the pulse

energy to 320 mJ and a final maximum energy of 1.35 J, respectively. Between

the two multi-passes, a spatial mode filter (pinhole) is located at an interme-

diate focus to smooth the beam profile. A telescope then collimates the laser

to a 1/e2-beam diameter of approximately 7 cm, before it enters the 4-grating

vacuum compressor. The initial pulse duration cannot be recovered completely

due to gain narrowing and nonlinear dispersion imposed during the amplification

process, and the final pulse duration amounts to τlaser = 80 fs. The transmission

efficiency of the compressor is limited to about 65% resulting in a total pulse

power of 10 TW available for experiments at JETI.
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Figure 7.15: The two halves of the undulator before construction.

7.4.2 The undulator

The undulator was constructed from permanent magnets in a hybrid structure

with a period of λu = 2 cm and a length of 1 m (Nu = 50 periods). The gap

between the magnets was set to 10 mm and the maximum magnetic field strength

on axis was B0 = 330 mT. This yielded an undulator parameter K=0.6. The

first and last 3 periods of the undulator were equipped with ferromagnetic screws

allowing adjustment of the magnetic field for on-axis injection and ejection of the

electrons. Figure 7.16(a) displays the measured B-field on axis and the electron

trajectories calculated using the following equations:

ÿ(z) = − q

γm
cBx(z) (7.65)

ẏ(z) = − q

γm

∫
Bx(z)dz (7.66)

Integrating again yields an expression for the electron trajectory in the vertical

direction (y plane)

y(z) = − q

γm

1

c

∫ ∫
Bx(z)d2z (7.67)

The result is shown graphically in figure 7.16(c), which shows the electron

trajectories with an without the adjustment of the ferromagnetic screws to tailor

the undulator magnetic field for on-axis injection and ejection of the electron

beams.

On-axis ejection of the electrons was essential to the experiment in order to

direct the electron beam into the permanent magnet spectrometer after interac-

tion with the undulator magnetic field. This allowed resolution of the electron

energy and corresponding undulator radiation to be collected and correlated for
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each laser shot.

Figure 7.16: (a) The measured on-axis magnetic field of the undulator as a func-
tion of z. (b) The calculated electron trajectories in the x − −z plane. (c) The
magnetic field along x direction on axis as function of z. (d) The trajectory of
an electron with γ = 100, injected on axis. The electron exits parallel to the axis
with a negligible offset of 30 µm.

7.4.3 The electron spectrometer

An in-house constructed electron spectrometer was used to measure the electron

energy spectra. The design was based on permanent magnets inside an iron yoke

as seen in figure 7.20. The input aperture was circular and had a diameter of 2

cm. The magnetic field inside the spectrometer extended 20 cm in length along

the z-axis, 10 cm in width along the x-axis, and 2 cm in the y-axis. The peak field

strength was measured to be 720 mT. The magnetic field deflected the electrons

on to a Konica KR scintillating screen which radiates green photons when excited

by an electron beam. The screen was monitored using a CCD camera for online

electron detection, covering an electron energy detection window from 14 MeV

to 85 MeV. The electron charge calibration of the scintillating screen was carried

out by comparing the response to previously calibrated Fuji BAS-MS2025 image

plates [180, 181]. This was done by inserting the image plates 15 mm in front

of the scintillating screen and comparing the two signals from the plate and the
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Figure 7.17: A schematic illustration showing how the undulator focuses the
electron beam in the x plane (left). The measured transverse electron beam
profile measured after the undulator using Lanex scintillating screen (right).

screen for the same electron shots. The data for the response of the image plates

and the scintillating screen were taken from [181], respectively. The spectrometer

dispersion was theoretically determined by particle tracking using the GPT code

[277] based on measurements of the magnetic field which included fringe field

edge effects.

As can be seen from figure 7.20, the electron energy dispersion is approxi-

mately linear for energies above 30 MeV. The sensitivity was determined to be

better than 0.5 pC/MeV, which depends on imaging, camera type, stray light

protection and imaging plate processing. The energy axis calibration across the

length of the scintillation strip was done by calculations of the energy dispersion

of the electrons. The large input aperture allowed the detection of highly diver-

gent and spatially fluctuating electron beams, however although this increased

the electron throughput and detection statistics it came with a caveat. The large

acceptance range of the input beam coordinates in the x-y plane yielded a large

uncertainty in the input position of the electron beam relative to the spectrom-

eter axis. An electron beam entering the spectrometer with a certain horizontal

x-offset from the axis, will have a corresponding offset on the scintillating screen

or energy axis after dispersion, yielding a false offset in the energy measurement.

In order to eliminate this energy dependency on input position the beam must

enter the spectrometer collinear to the axis. Additionally, if the beam enters

with a certain vertical y-offset or divergence, the off axis electrons experience a
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Figure 7.18: The calculated electron trajectories through the undulator in (a)
The z− x plane for a 30 MeV electron bunch. (b) The z− x plane for a 50 MeV
electron bunch. (c) The z − y plane for a 30 MeV electron bunch. (d) The z − y
plane for a 50 MeV electron bunch. (e) The z − y plane for a 1.5 MeV electron
bunch. (f) The z − y plane for a 1.5 MeV electron bunch.



7.4 Experimental results 193

Figure 7.19: The measured magnetic field of the electron spectrometer in the (a)
x-plane (b) y-plane and (c) z-plane. (d) An interpolated 3D magnetic field map
of the electron spectrometer in the x-z plane.

Figure 7.20: The simulated electron trajectories for the in-house constructed
electron spectrometer.Scheme of the detection of electron trajectories inside the
electron spectrometer. The magnetic field was measured in 3D and a particle
tracking simulation with GPT was carried out. Electron beams with different
energies but uniform input emittance were tracked through. The focusing effect
for low energy beams can be seen from the width at the screen of beams with
different energies. The inset shows the electron energy calibration graph. The
dispersion is for energies above 30 MeV approximately linear.
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stronger magnetic field due to the increased field strength increases vertically on

approach toward the magnets. This explains the occurrence of ‘C-shaped’ elec-

tron beams which need to be deconvolved with a 2D energy calibration which

includes the y-dependency. Furthermore, electron beams with high divergence

increase the uncertainty in the measured electron energy spread. An electron

beam with a high divergence in dispersive horizontal plane (x-axis) will appear

as a broadening of the energy spectrum after dispersion inside the electron spec-

trometer. The input beam size of the electron beam in the dispersive plane is

therefore directly coupled to the resolution of the energy spread measurement,

hence without previous knowledge of the electron beam divergence this cannot

be discriminated from the true energy spread of the bunch.

Ideally, in order to avoid this effect the electron spectrometer should to first

order focus the electron beams onto the scintillating screen across the full detec-

tion window of electron energies. In this set-up the scintillating screen would be

placed at the focal plane of the spectrometer which would eliminate the energy

spread relationship with divergence. Without focusing only electron beams with

zero emittance would not contribute to this error in the energy spread value. A

reasonable practice is to determine the divergence from the beam size in the non-

dispersing direction of the screen (vertical y-axis), and assume that the divergence

in x is the same. This technique requires transverse beam profile measurements

with a scintillating screen in advance in order to substantiate this assumption.

A collimator aperture which defines a small acceptance angle along the spec-

trometer axis could be implemented to reduce the input position and divergence

related uncertainties, however the spatial beam fluctuations made this impracti-

cal. Furthermore, simultaneous measurements of the electron beam input position

in the x-y plane and beam divergence was not possible as insertion of a scintil-

lating screen in front of the input aperture would have a detrimental effect on

electron beam quality.

7.4.4 Experimental set-up

The synchrotron radiation from the undulator was collected by an AR-coated

planoconvex lens of 47 mm diameter and 105 mm focal length, and focused into

the entrance slit plane of the optical spectrometer. This was a symmetrical 200

mm Czerny-Turner spectrometer, equipped with a thermoelectrically cooled CCD

camera (Andor DO-420 BN). The camera was shielded with lead against X-rays

from electrons stopping in the vacuum vessel walls. The 26:6×6:7mm2 CCD

chip (1024×256 pixels) was operated in hardware binning mode, merging arrays



7.4 Experimental results 195

Figure 7.21: A schematic illustration of the experimental set-up to produce un-
dulator radiation from laser wakefield accelerated electron bunches.

Figure 7.22: A 3D cartoon of the experimental set-up
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of 8×12 pixels together to form superpixels. This was useful since there was

no need for high spectral resolution, and thermal noise as well as quantization

errors are reduced in this mode. The spectral range was set to 560 nm - 990

nm. The wavelength calibration was accomplished with a Hg-vapour lamp. The

spectrometer efficiency was carefully calibrated with a HeNe laser, a fast shutter

and parallel exposure time measurements. Due to the intrinsically parallel photon

detection within each CCD pixel, saturation of the signal from the ultra-short

pulses does not occur. To correct for the quantum effeciency of the detector,

the manufacturer’s data was used. Ray tracing simulations of the optical system,

carried out with Zemax, showed that the collection angle for undulator radiation is

just about 2 mrad which is significantly smaller than from geometrical estimation.

The light source to be imaged by the lens into the slit plane is extended one metre

in depth and therefore difficult to image onto the slit plane. With this simple

lens, a signifcant loss of photon flux cannot be avoided. In the experiment, the

longitudinal center of the undulator was imaged onto the slit plane.

7.4.5 Electron beam measurements

In order to successfully observe synchrotron radiation from laser wakefield ac-

celerated electron beams it was imperative to generate the best possible electron

beams in the experiment. As has been discussed in section 7.2.5 the electron beam

quality is fundamental to the spectral characterstics of the observed undulator

radiation. Electron beams with low energy spread and low angular divergence

were a necessity to produce detectable undulator radiation at optical wavelengths.

A rigorous characterisation of the beams produced from the gas jet plasma was

therefore necessary prior sending the electrons through the undulator. In or-

der to generate the highest possible intensity using the laser energy available for

experiments, the laser focal spot had to be minimised before the start of each

experimental day. This was done using the set-up depicted in figure 7.23

The focal spot diagnostic consisted of an optical breadboard mounted to a

translation stage. The breadboard included a microscope objective with a mirror

behind the output to direct the laser onto a CCD camera for observation. The

gas jet was translated in the horizontal x-plane and the focal spot diagnostic was

translated upwards in the vertical y-plane until the focal spot of the laser entered

the objective lens. The laser focus was then imaged onto a CCD camera and

optimised by iterative translation of the final turning mirror before the parabola

and the also the x-y-z translation of the parabola. In most cases after switch

on of the laser the focal spot was astigmatic and had to be carefully optimised.
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Figure 7.23: The focal spot measurement diagnostic used to optimise the laser
focus prior to electron acceleration experiments.

Figure 7.24: The transverse image of the focal spot captured using the focal spot
measurement diagnostic. The 1/e2 spot diameter was approximately 5 µm.

Figure 7.24 shows a typical profile of an optimised laser focal spot before the

start of electron acceleration experiments. The f-2 paraboloid mirror yielded a

spot diameter (2w0) of 5 µm

Before any attempt was made to resolve the energy spectrum of electron

beams a retractable scintillating screen (figure 7.25) was inserted into the beam

path 50 cm upstream of the gas-jet. This preliminary step was essential in order

to attain the correct electron beam pointing along the central axis of the elec-

tron spectrometer and the undulator which was previously defined using a HeNe

alignment laser (figure 7.21). Moreover, the scintillating screen was an extremely

useful diagnostic to optimise the electron beam divergence and reproducibility of

electron beam generation.

During the first laser shots to produce electrons, it was apparent through

observation of the Lanex screen (figure 7.26(a)) that the electron beam pointing

was significantly off-centre to the central axis. The electrons are ejected with an

angular offset to the central axis, even when the drive laser pulse is collinear to the
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Figure 7.25: The retractable Lanex screen insert used to align and optimise the
electron beam prior to injection into the electron spectrometer and undulator.

desired axis. In order to correct for this effect an iterative alignment procedure

had to be implemented and is shown in figure 7.27

During this procedure the parabola had to be translated in small increments

in the x direction to slowly move it off the central axis, each time the laser was

re-centred onto the parabola and the parabola was then re-optimised using the

focus spot monitor diagnostic. After each iteration the electron beam pointing

was observed on the retractable Lanex screen diagnostic. The increments slowly

improved the beam pointing until an optimum angle between the drive laser and

the central axis of 7◦ was found. Figure 7.26(d) shows the electron beam travelling

along the central axis after the electron beam steering procedure.

7.4.6 Transverse diagnostics of plasma channels

Transverse imaging of plasma channels is an invaluable diagnostic when seeking

to optimise electron beam properties. Plasma diagnostics monitor the interaction

region and can give important insights into the properties and strength of the laser

wakefield. The imaging of the channels is also an excellent spatial indicator when

optimising the gas jet position relative to the drive laser pulse. Figure 7.29(b)

shows a typical plasma channel under optimum conditions. The plasma emits

light depending on the interaction. The gas jet density and spatial overlap relative

to the drive pulse were carefully adjusted during on-line observation of plasma

channel emission intensity. In addition to this a 2ω transverse ultra-short probe

beam can also be employed which makes various time resolved detection schemes

possible. It also serves as a ‘backlight’ or ‘sidelight’ to create a shadowogram

image of the gas jet for spatial optimisation (figure 7.29(a)).

A fully ionized plasma at a pressure of about one atmosphere is a very bright
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Figure 7.26: The Lanex screen images at various points during the procedure
of electron beam steering. The bottom left image shows the optimised electron
beam pointing along the central axis.
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Figure 7.27: The procedure used to steer the electron beam down the electron
spectrometer and undulator central axis. (a) The drive laser was aligned to be
co-linear to the central axis with the assumtion the electrons would follow the
direction of the laser. (b) This was found not to be the case; An angular off-set of
the electron beam relative to central axis caused by a ‘ponderomotive side kick’
was observed on the Lanex screen. (c) This effect was compensated for by re-
adjusting and carefully realigning the parabola and final turning mirror to steer
the electron beam down the central axis. A 7 ◦ angular off-set of the parabola
relative to the central axis yielded the optimum electron beam pointing.

Figure 7.28: An illustration of the configurations for transverse plasma obser-
vation. (a) Imaging of the interaction region onto a CCD camera yields time-
integrated images of the 2ω Thomson-scattered light and accompanying plasma
emission. (b) Combining this imaging with an 2ω ultra-short probe beam gives
time-resolved images. The probe resolves plasma refractive index gradients and
reveals intricate structure of the channels. The ionisation front can also be easily
observed as it propagates through the neutral gas.
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light source. Due to collisions and recombination, a wide continuum is emitted.

Further emissions typical for electron acceleration were introduced in section 2.22,

which are nonlinear Thomson-scattering. Figure 7.28(a) shows a sketch of the

setup in order to image the self-emitted light onto a camera. This is a basic

setup which may be modifed and extended. Not shown are the camera and addi-

tional filters. Neutral filters can adjust the intensity to the camera’s sensitivity,

interference filters can identify and distinguish different emission processes

Figure 7.29: The shadowgraph of the gas jet (left). The Thomson scattered
plasma channel (right).

The plasma recombines after the interaction and emits broadband radiation.

Nonlinear Thomson-scattering, however, occurs at harmonics of the laser. In the

experiments, small frequency intervals were observed with the help of interference

filters for the laser frequency (λ ≈ 800 nm) or second harmonic (λ ≈ 400 nm). In

the present work, only position and length of the emission were of interest where

precise intensity profile measurements were made. The edge of the emission

indicates the position of laser focus with respect to the gas jet position; length,

profile and brightness of the emission enable to estimate the interaction process

like channel formation, self-focusing or filamentation.

7.4.7 Undulator radiation from LWFA

The experiment to produce undulator synchrotron radiation using laser acceler-

ated electrons has been carried out using the JETI laser at Jena [10]. This laser

delivers 85 fs duration laser pulses centered at a wavelength of 795 nm, and with

an energy of up to 430 mJ on target. The experimental set-up is displayed in

figure 7.21 and described in detail in [254]. The laser pulses are focused by an

f/6, 30◦ off-axis parabolic mirror to a spot diameter of 11 µm (FWHM), yielding

a peak intensity of 5 ×1018 Wcm−2 and a normalised vector potential a0 = 1.5. A
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Figure 7.30: (a) The electron spectra shown for electron beams with energies
of 58 MeV (green line), 64 MeV (red line) and 70 MeV (blue line). (b) The
corresponding undulator spectra for the electron shots shown in figure 7.30(a).
The 58 MeV electron shot corresponds to the λ=920 nm undulator spectrum
(green line). The 64 MeV electron shot corresponds to the λ=675 nm undulator
spectrum (blue line) and the 70 MeV electron shot corresponds to the λ=920 nm
undulator spectrum (green line).

pulsed supersonic helium gas jet, placed at the laser beam focus, produces a 2 mm

diameter gas plume with a peak density of 2 × 1019 cm−3. Nonlinear Thomson

scattering from the plasma, at the second harmonic of the laser, is observed in

the direction perpendicular to the laser polarisation and is used to measure the

length and position of the channel, as shown in figure 7.29. The electron beam

divergence and pointing are observed on a removable Lanex scintillating screen

[181, 180] (figure 7.26) and optimised by moving the gas jet position, direction of

the laser beam and tuning the gas density. This optimisation procedure is also an

essential step to steer the electron beam down the undulator axis. An example of

an optimised transverse electron beam profile with a r.m.s. beam divergence of

2 mrad is shown in figure 7.26. This divergence is consistent with a normalised

emittance of εn = 1 π mm mrad.

Following optimisation of the electron beam properties, the scintillating screen

is removed and the electrons are allowed to traverse the undulator, which is

placed 40 cm downstream of the gas jet. A 50 period fixed-gap permanent mag-

net undulator, with wavelength λu = 2 cm and pole gap of 10 mm, produces an

on-axis peak magnetic field of Bu = 0.33 T resulting in a deflection parameter

au = eBuλu/2πm0c = 0.6. The undulator is placed in a vacuum chamber and

has the fields of the initial and ultimate three periods carefully trimmed to en-

sure on-axis injection and exit of electrons. This shortens the undulator slightly,

which marginally increases the homogeneous (1/Nu) component of the undulator

spectrum. A 1 cm thick, 1 cm diameter lead aperture protects the undulator
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magnets from off-axis electron beams.

After traversing the undulator electrons are deflected by the magnetic field

of an electron spectrometer (constructed from 200 mm × 100 mm permanent

magnets, separated by a 20 mm gap, giving a central magnetic field strength

0.72 T) placed 185 cm downstream of the gas jet. A scintillating screen (Lanex,

Konica KR) and a Charge Coupled Device (CCD) camera detect the deflected

electrons over an energy range of 14 – 85 MeV. The scintillation screen intensity

has been calibrated using an imaging plate (Fuji BAS - MS2025) to give an

absolute measure of the charge per unit energy [180]. This takes into account

both the response of the image plate and the scintillating screen.

Undulator radiation is collected within a collection angle of 3 mrad and fo-

cused onto the entrance slit plane of a symmetric 200 mm Czerny–Turner spec-

trometer with a 105 mm focal length fused silica lens. A thermo-electrically

cooled CCD camera (Andor DO-420 BN) is used to measure the spectrum of

the undulator radiation. The CCD chip (1,024 × 256 pixels) is operated in a

hardware binning mode, by merging 8 × 12 pixels arrays into superpixels. The

spectral range is set to 540 – 990 nm and the spectrometer and detector efficiency

carefully calibrated using a standard visible-light source. The optical spectrom-

eter is shielded against direct exposure from the laser and plasma light by a 15

µm thick aluminium foil placed in front of the undulator.

Linearly polarised undulator radiation is produced by the periodic transverse

acceleration imparted to the electrons by the Lorentz force of the magnetic field

of the undulator. The main spectral characteristics of the undulator radiation

can be modeled using the well known undulator equation:

λ =
λu

2hγ2
z

=
λu

2hγ2

(
1 +

a2
u

2
+ γ2ϑ2

)
. (7.68)

From this it can be seen that the peak wavelength emission depends on the

undulator period, λu, and the electron energy, Ee = γmec
2, where γ is the Lorentz

factor, h is the harmonic order and ϑ is the angle w.r.t. the electron beam

axis. The small reduction in the longitudinal velocity due to periodic deflection

results in a slight increase in the wavelength of the emitted radiation by a factor

(1 + a2
u/2). The wavelength also exhibits an angular dependence through the

γ2ϑ2 term. The central radiation cone angular half width can be approximated

as ϑcen = 1/γ
√
Nu, which is approximately 1 – 1.3 mrad for the electron energies

of the wakefield accelerator.

Given the known trajectory of an electron in the undulator, the radiation fields
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can be calculated by directly evaluating the retarded field of the Liénard-Wiechert

potential [205].

To help characterise the beam we consider the total brightness of the beam of

radiation impinging on a surface as the power per unit area of the source from a

unit solid angle. The brilliance, which is defined by Sω = 2ε0c |E|2 × area, is the

power radiated (per unit frequency, beam area and solid angle) by a collimated

electron beam of current density jb. This is given by [259]

Sω(ω, ϑ) ≈ k2L2
uejb

32cε0π2γ2
|Au(ϑ)|2

[
sin(ν)

ν

]2

(7.69)

where ϑ is the angle between observation and motion directions and the nor-

malised detuning parameter, ν, is given by

ν = πNu

(
λu

2λγ2

(
1 +

a2
u

2
− γ2ϑ2

)
− 1

)
, (7.70)

and the coefficient Au is given by [259]. Radiation over a spectral width δλFWHM

is emitted within an angle of approximately δϑFWHM. For angles less than

N
1/2
u δϑFWHM/2, Au(ϑ) ≈ Au(0) where

Au(0) ≈ au

[
J0

(
a2
u

4 + 2a2
u

)
− J1

(
a2
u

4 + 2a2
u

)]
. (7.71)

for the fundamental frequency. The spectrum consists of equally spaced odd har-

monics on axis and both even and odd harmonics off axis, for a planar undulator.

The spectrum of each harmonic is a sinc function, (sin ν2/ν2), giving a FWHM

spectral width of
δλFWHM

λ
≈ 0.9

Nuh
. (7.72)

For a particular harmonic, the solid angle of radiation emitted into the first lobe

is

δϑFWHM ≈
0.9

(Nuh)1/2
· 1 + a2

u/2

γ
, (7.73)

with all harmonics emitted into the solid angle ϑFWHM ≈ 1/γz = (1 + a2
u/2)1/2/γ

for an on-axis electron beam.

7.4.8 Undulator radiation as an electron beam diagnostic

The work in this chapter is based on the publication

• J. G. Gallacher, M. P. Anania, E. Brunetti, F. Budde, A. Debus, B. Ersfeld,
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K. Haupt, M. R. Islam, O. Jäckel, S. Pfotenhauer, A. J. W. Reitsma, E. Rohwer,

H.-P. Schlenvoigt , H. Schwoerer, R. P. Shanks, S. M. Wiggins, D. A. Jaroszynski,

“A method of determining narrow energy spread electron beams from a laser

plasma wakefield accelerator using undulator radiation”, Physics of Plasmas,

16, 093102, (2009).

To investigate the correspondence between the electron energy spectra and the

undulator radiation spectra, several electron and optical spectra have been mea-

sured simultaneously. Figure 7.30 shows three representative pairs of measure-

ments indicating the peak energy E, the full-width at half-maximum (FWHM)

spectral width, δE/E, the peak wavelength, λ, and the FWHM spectral band-

width, δλ/λ. Consistent with equation 7.52, the wavelength decreases with in-

creasing electron energy [6]. This characteristic scaling is clearly observed for

both the fundamental (h = 1) and second harmonic (h = 2) emission [254]. Due

to the limited spectral range of the optical spectrometer system, the fundamental

and second harmonic signals could not be observed simultaneously. The mea-

sured radiation spectrum agrees well with predictions using equation 7.52 and

numerical simulations [5] shown in figure 7.30(b) for wavelengths between 740

nm and 920 nm.

Undulator radiation provides a ‘signature’ or ‘fingerprint’ of the transverse

and longitudinal electron beam characteristics. Thus, analysis of the undulator

radiation spectra provides an attractive alternative method of characterising the

electron beam properties with high resolution, compared with using a conven-

tional magnetic spectrometer, particularly at high electron energies. To demon-

strate this technique, an analysis of the experimental spectra shown in figure

7.30(a), corresponding to E = 64 MeV, ∆E = 3.4 MeV, λ = 740 nm, ∆λ = 55

nm, will be presented. These are re-plotted in figure 7.31 for clarity. The cor-

responding measured FWHM widths of the electron spectra vary between 5.3%

and 15% (σγ/γ in the range 2.2% – 6.2%).

The finite divergence and energy spread of the electron beam reduces the

brilliance of the beam and smears out the spectrum as

Sω(ω, ϑ) =

∫
S0(ω, γ, ϑ− ϑe)F (γ, ϑe)dγdϑe, (7.74)

where ϑe is the direction of electrons and S0, is the distribution for a perfect

beam with δγ = 0 and δϑ = 0 [14]. F (γ, ϑe) is the energy and angular probability

distribution of the beam. The total spectral width of the radiation is the sum
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of contributions from broadening due to the energy, angular and natural spread

components: (
δλ

λ

)2

=

(
2σγ
γ

)2

+
(
ϑ2γ2

)2
+

1

N2
u

. (7.75)

To minimise the spectral width and thus maximise the brilliance, the second

term, (ϑ2γ2)
2
, can be reduced by matching the electron beam to the undulator,

which minimises the beam divergence ϑ. To minimise the divergence the betatron

wavelength, λβ, which is analogous to the Rayleigh range of a laser beam, should

be made approximately equal to the undulator length [229]. The r.m.s. emittance

is defined as the transverse momentum/position phase-space area of the beam

[229]:

εr.m.s. =

(〈
x2
〉〈( px

mec

)2
〉
−
〈
xpx
mec

〉2
) 1

2

, (7.76)

where px and x are the transverse momenta and coordinates of an electron, respec-

tively. The edge or envelope emittance is four times as large. The un-normalised

r.m.s. emittance, εr.m.s., of an electron beam of radius re is analogous to the

wavelength of a laser beam (i.e. has units of length) and is given by

εr.m.s. = πσβ⊥re = kβr
2
e , (7.77)

where σβ⊥ is the variance of the (normalised) transverse velocities and kβ =

2π/λβ = auku/2γ is the betatron wavenumber. The normalised emittance,

εn = βzγεr.m.s. governs the broadening through γϑ. The minimum beam di-

vergence that is consistent with the smallest average beam radius gives λβ ≈ Lu,

which occurs when the Fresnel number F = r2
e/λLu ≈ 1 and the electron beam

divergence (given by ϑ ≈ εr.m.s./re) matches the diffraction angle of radiation

emitted by the undulator (ϑ ≈ λ/re) i.e. when

ϑ2 = 2kβεr.m.s., (7.78)

and the brilliance is maximised, which is approximately 0.4 mrad for our param-

eters and a matched beam. However, in this case the electron beam was not

focused into the undulator. Thus the dominant broadening contribution comes

from the divergence of the beam, ϑ2γ2 ≈ 6% corresponding to the beam diver-

gence of approximately 2 mrad. The natural width is 1/Nu = 2.3%, taking into

account the alteration of the first and last three periods for electron injection

and exit. For the spectrum of figure 7.31(b), (δλ/λ)FWHM measured = 7.4%, which

gives an initial upper limit of 7.0% on the combined contributions from energy
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and angular spreads. The electron energy spectral width σγ/γ is limited to below

1.8%, which is smaller than the value of 2.4% obtained directly from the measured

electron energy spectrum (red line in figure 7.31(a)).

To evaluate the actual electron beam energy spread, the measured spectra

can be deconvoluted from the measured spectrum using the respective instru-

ment response functions. This has been carried out for both the electron energy

spectrum (figure 7.31(a)) and the undulator radiation spectrum (figure 7.31(b)).

In each case, the deconvoluted spectrum ST is given by:

ST = F−1

(
F(CT )

F(RT )

)
, (7.79)

where F denotes the Fourier transform, CT is the convoluted measured spectrum

andRT is the instrument response function. The instrument response function for

the electron spectrometer has been simulated using the General Particle Tracer

(GPT) code [278] and is illustrated in figure 7.31(a) by the blue line. The equiv-

alent σγ/γ for the spectrometer is 1.6 %. This simulation takes into account all

the relevant electron beam parameters and space charge effects.

For the corresponding radiation spectrum, the instrument response function

of the undulator has been estimated using the three contributions to the measured

spectral width of Equation 7.75 such that:

RT = F−1(F(rN) ∗ F(rθ) ∗ F(rγ)), (7.80)

where rN , rθ and rγ are the response functions due to natural broadening, angular

spread and energy spread, respectively which means that this response function

refers back to the beam energy spread. However, as discussed above, the domi-

nating term is due to the angular spread and so the overall undulator response

function is presented in figure 7.31(b) by the green line (the corresponding σγ/γ

is 1.2%). The deconvoluted spectrum (blue line in figure 7.31(b)) therefore pro-

vides a final spectral width of σγ/γ = 1.2%. As a final check on the validity of

this technique, this deconvoluted undulator spectrum has been convoluted with

the electron spectrometer response function which gives a spectral width of 2.3%

which is very close to the measured width of 2.2%. This confirms that the ac-

tual electron energy spread is close to 1%. The analysis has also been carried

out for other experimental data shots with good agreement obtained between the

measured and reconstructed spectra.

This method demonstrates the use of an undulator as a high resolution com-

pact electron spectrometer of arbitrary resolution where the resolution depends
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Figure 7.31: (a) The electron spectra data points (red line). The simulated
instrument response function of the electron spectrometer, σγ/γ = 1.6% (blue
line). (b) The undulator radiation spectra data points (black line). A best-fit
curve to the data points, σγ/γ = 1.7% (red line). The simulated instrument
response function of the magnetic undulator, σγ/γ = 1.2% (green line). The
deconvoluted undulator spectrum, σγ/γ = 1.1% (blue line). Note: The upper
and lower axes in these plots give the respective wavelength and energy (Equation
7.52).

on the number of undulator periods. At high electron energies an undulator is a

very compact non-intercepting on-line alternative to very large magnetic dipole

electron spectrometers.

The energy spread is reduced when the electrons are close to the dephasing

length Ld ≈ λpγ
2
φ/π, i.e. when the electron beam reaches its maximum energy

γ ≈ 2(λp/λ0)2, where γφ = λp/λ0 is the Lorentz factor associated with the group

velocity of the laser. Insight into the generation of narrow energy spread beams is

gained from laser wakefield simulations. These have been carried out using a self-

consistent reduced model that includes modifications of the laser pulse due to the

local spatio-temporal refractive index modifications due to the plasma density

variations of the wake [279]. To simulate self-injection, the electron bunch is

injected at an optimal position into the wake behind the laser pulse. The bunch

has a random initial phase-space distribution, consistent the energy spread and

emittance. The model is implemented in a two dimensional slab geometry where

both the laser pulse and the electron bunch are treated as collections of macro-

particles of finite size. The evolution of the laser pulse a(r, t) is calculated on a

spatial grid, on which the macro-particles are treated classically by solving the

classical equations of motion for the coupled dynamics of laser pulse, wakefield,

and electron bunch. This correctly models “beam loading” which modifies the

wake field created by the laser pulse. As an initial condition we have considered

a bunch occupying a volume of about 1 µm3, and a laser potential of a0 = 2 with
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a spot size of 10 µm, plasma density n0 = 1.2×1019 cm−3, and an electron bunch

charge 10 pC and 18 pC, as shown in figure 7.32.

Figure 7.32: (a) Shows the spatial distribution of Lorentz factor of electrons at
dephasing length (black for no beam loading, red and green for beam loading with
18 pC and 10 pC of charge respectively), and (b) spectrum. Here (c) shows the
energy compression as a function of propagation distance; triangle for no beam
loading, square for beam loading when electron bunch charge is 18 pC (circle and
triangle for beam loading when the bunch charge is 10 pC and 18 pC respectively).

We observe lower energy spread for the beam loaded case (< 2%) because

the electron bunch is accelerated by a uniform electrostatic field due to flattening

of the potential. Without beam loading, the leading part of the electron bunch

experiences a weaker acceleration field than the trailing part, which leads to a

larger energy spread as observed in the simulations.

7.4.9 Undulator radiation v.s. Transition radiation

The following section compares the simulated undulator radiation photon yields

with that of transition radiation produced when laser produced electron bunches

traverse a metallic foil before proceeding into the undulator. To calculate the

expected undulator radiation we utilise equation 7.69 to retrieve spectral density

and angular distributions of the undulator radiation in the far-field.

The Undulator fundamental radiation has a characteristic cone peaked on axis

with a half angle given by equation 7.40. This is in contrast to the Transition

Radiation, which has null intensity on-axis and the radiation is emitted in two

lobes each peaked at an angle of 1/γ.

The undulator radiation is more spatially and spectrally localised than the

transition radaition. This is shown in figure 7.33–7.36 respectively, which shows

the simulated undulator radiation and transition radiation for a 10 fs, 10 pC, 80

MeV Gaussian electron bunch.
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Figure 7.33: The angular distribution of the CTR (blue line) and undulator
radiation (red line) for a 10 fs Gaussian bunch in the farfield.

Figure 7.34: The wavelength dependence of the CTR (blue line) and undulator
radiation (red line) for a 10 fs Gaussian bunch in the farfield for a collection angle
of 0.5 mrad.

Collection angle θcen=1.9 mrad θ = 1/γ θ=10 mrad
no of photons, UR 8.2 × 105 1.24 × 106 1.2 × 106

no of photons, TR 194 1.0 × 104 2.9 × 104

Table 7.1: The total photon numbers integrated over various collection angles
(1.9 mrad, 1/γ mrad and 10 mrad respectively) over the wavelength window of
the undulator fundamental (0.95–1.2µm) for a 10 fs Gaussian bunch.
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Figure 7.35: The wavelength dependence of the CTR (blue line) and undulator
radiation (red line) for a 10 fs Gaussian bunch in the farfield for a collection angle
of 1.9 mrad.

Figure 7.36: The wavelength dependence of the CTR (blue line) and undulator
radiation (red line) for a 10 fs Gaussian bunch in the farfield for a collection angle
of 1/γ mrad.
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By inspection of Table 7.1 is it evident that the undulator radiation should be one

to two orders of magnitude greater than the transition radiation for the collection

angle of the experiment presented in this thesis.

7.4.10 Second harmonic undulator radiation

Several of laser shots recorded, showed similar behavior of matching peak energies

and wavelengths according to equation 7.52. All shots which exhibit a spectral

charge density greater than 1 pC / MeV in the range of 55 MeV to 75 MeV,

produced a signal on the optical spectrometer. Each shot with a signal on the

optical spectrometer shows a corresponding intense peak in that energy range,

except a few shots which show a even higher charged peaks in the range of 40

MeV–50 MeV. Those shots produced second harmonic undulator radiation, which

for those energies is in the detection range of the optical spectrometer. For these

shots, the electron spectral intensity had to be above 7 pC / MeV in order to

produce a detectable optical signal which is a rare event. The recorded second

harmonic spectra are indeed very faint with a typical signal-to-noise ratio SNR ≤
2 and are therefore not presented. This behavior is consistent with simulations of

undulator radiation with SPECTRA [5], based on the actual undulator parame-

ters, which exhibit an intensity ratio of 10:1 for fundamental to second harmonic

undulator radiation. Hence, in order to produce a detectable second harmonic

signal, the spectral charge density has to be 10 times larger than for fundamental

radiation.

7.5 Discussion and outlook

The development of tabletop wakefield accelerators has progressed rapidly over

the past five years since the first observation of monoenergetic electrons from

gas jets in 2004 [1, 3, 2, 48] and the generation of GeV beams in 2006 from 3

cm long plasma waveguides [4]. In addition to an increase of beam energy, the

charge, stability, and reproducibility of LWFA electron beams have also been dra-

matically improved through controlled injection via a counter-propagating laser

pulse [30] and better control of laser stability [184]. This improvement in beam

quality paves the way for forthcoming optically driven tabletop synchrotron light

sources based on narrow energy spread GeV electron beams. As an example,

consider a 1 GeV laser-produced electron beam [4] as a driver of the ALPHA-

X undulator [255] (λu = 1.5 cm, Nu = 200, au = 0.7). This would lead to

a 2.5 nm wavelength, ultrashort, incoherent radiation pulses with a peak bril-
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Figure 7.37: Correlation between measured electron spectra peak energies and
undulator-radiation spectra peak wavelengths. The solid lines display the theo-
retical relation between electron energy and undulator-radiation wavelength ac-
cording to equation 7.36 for (blue, n = 1) the fundamental and (green, n = 2)
second harmonic. The gray bars arise from the detection range for optical ra-
diation (560–990 nm) and guide to ranges for electron energies where electrons
should produce an optical signal. Note: The error bars do not show an error in
the sense of an uncertainty but the width of the electron and optical spectrometer
signal, respectively.

liance of B ∼ 1023photons/s mrad2 mm2 0.1% bandwidth. Direct generation of

coherent undulator radiation is more challenging as it requires electron bunches

shorter than the emitted wavelength. Coherent emission from a pre-bunched

beam will lead to infrared and far-infrared radiation [280]. However, to reach

the UV or x-ray spectral region one must rely on the SASE mechanism. This

involves microbunching of the electron beam with a wavelength periodicity due to

the combined action of the amplified beam with the undulator field. The future

generation of SASE free-electron lasers driven by laser wakefield accelerators will

require excellent electron beam quality. It has been shown by Jaroszynski et al

[280, 276] that the limit of acceptable energy spread for light field growth in an

undulator should be less than 2 times the Pierce parameter, σγ/γr ≤ 2ρ. If we

consider sending an electron beam with a peak current of Ipk = 1 kA down an un-

dulator with a magnetic field of Bu = 1 T, and a period of λu = 1 cm. The Pierce

parameter for a helical undulator can be calculated to be ρ = 1.136Buλ
4/3
u I

1/3
pk /γr.

The growth in intensity of an injected or spontaneous field in a FEL amplifier is

given by I = I0exp(gz), where z is the propagation distance, g = 4πρ31/2/λu [281,

282], which is a function of the beam energy γ, peak current, Ipk and normalised

emittance, εn. For a matched electron beam, the FEL gain parameter is given

by ρ = 1.1γ−1Buλ
4/3
u I

1/3
pk ε

−1/3
n . The matched electron beam radius from laser-
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plasma accelerators (εn < 1 mm mrad) is the order of a plasma wake wavelength,

giving ρ ≈ 0.01–0.001, for the electron beam parameters expected from a laser-

plasma accelerator, and a gain length Lg = λu/2π
√

3ρ of between 10 and 100

undulator periods, which is sufficient to obtain saturation in a 200 period for

the largest ρ value and about 100 periods for ρ = 10−3. With a λu = 1.5 cm

undulator saturation should be reached with a 100 m long undulator. However,

the main advantage of using a laser-driven plasma wakefield accelerator to drive

a FEL is that the peak current could be between 10–30 kA. With injection of an

external field from high harmonic generation in a gas the saturation length could

be decreased further.

To obtain growth we need δγ/γ < ρ and εn < 4λβγρ/λu or εn < γλ

(matched). A 4 nm source assuming a 1 GeV beam with 100 pC of charge

and a duration of 10 fs we obtain a peak current of Ipk = 10 kA and a ρ ≈
0.005, which gives a gain length of 10λu and a constraint on the energy spread of

δγ/γ ≈ 0.1–0.5 %, which may be achievable using a wakefield accelerator. FEL

sources at x-ray wavelengths are less compact because the dependence of the gain

on electron energy, ρ ∝ γ−1 leads to a lower gain and therefore the requirement

of a longer undulator to achieve saturation.

To significantly shorten the undulator length SACSE could be used to enhance

the start-up power. this has the additional benefit that the non-linear regime is

entered promptly and the superradiant pulses should evolve self-similarly leading

to very high efficiencies and extremely short, smooth and stable pulses. Pulses as

short as a few attoseconds should be feasible in future x-ray FEL sources because

the gain bandwidth is automatically increased in this regime. An FEL operating

in the water window would require a beam of short duration electron bunches

with an energy of about 1 GeV. For these conservative estimates the challenge is

to obtain an emittance εn < 1 mm mrad [186] and an energy spread δγ/γ < 0.01

[281, 282].

In order for a superradiant light field to grow the energy spread must obey

[19]
σγ
γ
≤ 2ρ (7.81)

similarly, the beam angular spread, which is a function of emittance, produces a

longitudinal energy spread and thus also limits the gain analogous to increasing

the spectral width of spontaneous undulator radiation (equation 7.56)

σγ(εr)

γr
=
kβkrεr

2ku
=

λuεr
2λβλr

, (7.82)
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which for a matched undulator λβ ≈ Lg ≈ λu/4πρ reduces to

σγ(εr)

γr
=

2πρεr
λr

. (7.83)

This sets a limit to the emittance

σγ(εr)

γr
< 2ρ→ πεr < λr → πεn < γrλr. (7.84)

The magnetic field of an undulator or wiggler is not the only way to exert a

transverse force on a relativistic charged beam. Electrostatic forces or propagat-

ing electromagnetic fields are alternatives. Compton or Thomson backscattering

from a laser beam, where the laser field acts as an undulator has long been con-

sidered as a means of converting laser photons to very high photon energies using

relatively low energy electron beams [283]. Compton scattering occurs when the

scattered photon energy is greater than the rest energy of the electron, h̄ω > mc2.

A high frequency laser beam is Doppler shifted by a factor of 4γ2 and appears

to the electron as an effective undulator, thus all the theory discussed above on

undulator and synchrotron radiation applies, with the undulator period Lu re-

placed by λ/2. When a0 > 1 the characteristic wiggler type of radiation is often

called non-linear Thomson or Compton scattering. An undulator parameter of

au ≈ a0 ≈ 1 requires an intensity of around 1018 Wcm−2 for 1 µm radiation.

It is thus challenging to obtain a large diameter laser beam at this intensity

so that the field seen in the electron frame appears as a plane wave, and suf-

ficiently long and flat-topped, so that the Compton backscattered spectrum is

narrow. Furthermore, the interaction length is limited by the Rayleigh length

and/or the betatron wavelength and results in a radial variation of a0. Compton

backscattering is a very effective way to produce gamma rays. For example if one

backscatters a 800 nm radiation pulse into a 1 GeV electron beam photon ener-

gies of 23 MeV can be produced. There have been several studies exploring the

potential of using a laser-plasma accelerator to produce Compton backscattered

photons at x-ray wavelengths [284, 285]. These studies indicate the potential of

producing femtosecond duration x-ray pulses.

In conclusion, we have demonstrated the first all optically driven undulator

radiation source. Ultrashort electron bunches in the range 55-70 MeV generated

from a plasma wakefield accelerator have been used in conjunction with a static

undulator to generate synchrotron radiation in the visible wavelength regime.

Furthermore, analysis of the undulator radiation spectra has demonstrated that

the electron energy spread is narrower than can be measured using this magnetic
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electron spectrometer. This is an important step towards the use of laser wakefield

accelerators as drivers of synchrotron and FEL sources which may utilise the ultra-

high electron peak current to significantly reduces the gain length and increases

the tolerance with respect to the energy spread and the emittance. Extension of

this experiment into the UV and x-ray wavelength regime and eventual coherent

emission (SASE) of light will be an invaluable tool. The use of plasma undulators

are also being investigated to shorten the undulator period [286, 287]. This not

only allows the use of less energetic electrons to reach a certain wavelength but

shows great promise as future compact X-ray sources.
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