


ABSTRACT

The thesis is divided into‘three sections:
The first section is aimed at providing a rational basis for
the behaviour of complex structures deforming in time due
to creep under the action of arbitrary loading. Two
constitutive models were chosen to be studied - the "internal
variable theory" and the well known "time hardening theory".
The main content of the approach is the derivation of an
equation of evolution for the growth of inelasticity; this
equation may be rigorously defined. Resulting from this
description are coupled evolution equations for the stress,
strain and displacement field. It is the author's conten-
tion that these equations are fundamental to understanding
the process of creep in a structure and bring but the
essential nature of the temporal respomnse. . Such an
approach allows the basic properties of solution to a

creep problem under variable loading to be studied.

The second section applies the ideas from the first
section to the study of flexible piping components - in
particular the curvéd pipe; however to begin with, in
order to fix ideas the straight pipe is discussed. A novel
nonlinear shell model of a curved pipe is derived (to cope
with internal pressure). The elastic behaviour of the
in-plane bending of this model is studied numerically. Two
distinct cases of the creep of a curved pipe, with no
internal pressure, are investigated in detail; these
analyses are réalized from the equation of evolution of
stress and allow comparisbn with simple approximate methods

- which turn out to be quite successful.

The third section examines the more complex problem of

a high temperature piping system. On a basis of results of



the second section a simple approximate method is suggested
in the spirit of well known "flexibility" methods for
elasticity. A simple example is worked out to demonstrate
the method. The thesis concludes with a view into a
possible future for inelastic pipework analysis and creep

mechanics in general.



PREFACE

"There was something ominous about the verb
‘to creep' which seemed to signify something

stealthy, and, indeed ominous it was"

Rear~Admiral Grousaz

The subject of time dependent inelastic material
behaviour has furtively crept up to the strongholds of
mathematics - quietly enough to have remained virtually
unnoticed, Advocates of neo-classical mechanics would
contest this - for has not the edifice constructed by
the rational school of Clifford Truesdell and Walter Noll
and their myriad students reached almost momolithic
proportions? In fact the truth is difficult to detect.
This is not the place to justify the often obtuse thinking
of the rational approach - indeed it has been eloquently
defended by Truesdell himself(l,2). It is, without
question, necessary - more as a familiar rest than as a
point of departure for the fabrication of workable tools.
The applications oriented approach of the engineer, with
its associated analytical and numerical content, must by
its very urgency preclude a ceasation of activity to
systematically review achievements and aims -~ the motives
of a rational formulation. Such a review is essential
in the opinion of the author, since the inventive urgency
of the engineer has taken the study of creep into realms

in which it should not belong.

However it is the engineering approach which shall
ultimately challenge the rational school and force it to
examine itself. 1In the field of time dependent material

behaviour this defial is about to commence, being directed



at the already much criticized "Axioms of Constitutive
Theory" (3,4), and, in particular, the so-called "Principle
of Determinism" which asserts that at any instant in time,
the stress in a body at that instant shall be determined by
the history of deformation of the body up to that time.
Although intended to eliminate future events, the Principle
of Determinism is used to imply a constitutive model with
stress expressed in terms of the strain history. Simple
observation of the methods and possibilities of large

scale material testing and documentation for creep high-
lights the excessive practical limitations of the principle
- essentially restricting any'experimental program to short
term tensile tests at variable load producing data on
strain change in terms of stress. Unless a sound physical
theory of material behaviour on the atomistic level is
forthcoming, and this does not appear to be remotely
accessible, any mathematical constitutive model shall be
largely speculative, and the problems involved in
developing a general multiaxial constitutive equation

would thus seem ingurmountable. Nevertheless an alternative
view of creep constitutive theory has recently been
expressed by Fred Leckie (5). The underlying philosophy
is the treatment of the material as a "black box'" with an
input of streés and an output of strain rate - thus the
effect of the black box may be assessed by performing
suitable tests, even though the actual mechanism of the

box is unknown. A suitable mathematical model of the
black box is a form of the so-called internal, or "hidden"
state variable theory, which shall be described in the

text of this thesis (Chapter 2, Section 2); indeed Leckie
has demonstrated how the pertinent parameters of the

constitutive equation which results may be determined by



operating the black box. It is the prime aim of this
thesis to attempt an initial step in the formulation of a
rational mechanics for creep based on this theme of

black boxes, rather than the Axioms of Constitutive Theory.
The approach shall be systematic in its generalization

and clarification of known results, as well as providing

some new ones.

The chronological development of the subject matter
of this thesis was not exactly as presented here. Through-
out the course of study an attempt was made to establish
existence and uniqueness of solution for classical material
creep models, while the main effort was directed at the
analysis of flexible piping components - in particular the
curved pipe ~ in creep using standard techniques based on
the "initial strain" algorithms. Attempts to construct
more accurate temporal integrations convinced the author
that some sort of mathematical formulation of the process
of stress redistribution should be possible - elementary
manipulations of simple problems (viz. Chépter 4, Section 1)
showed this to be so. ~Moreover the publications of
W C Carpenter, Z P Bazant and I C Cormeau for finite
element analysis confirmed this for more complex problems;

"equation of stress redistribution!

the step to the general
(Chapter 4, Section 6) followed. A major influence on
the presentation of the approach came from a publication
of I Babuska and I Hlavacek on existence and uniqueness in
nonlinear viscoelasticity. Close examination of the
details of their proof revealed points of similarity in
approach and the author felt sure that the equation of
stress redistribution could be linked to this - some

experimentation (Chapter 4, Section 4) established the

"equation of inelastic growth' which could be identified



as the principle of Babuska and Hlavacek's proof. A

study of these fundamental equations forms the main body
of the thesis.

The thesis is incomplete in two respects - firstly
existence and uniqueness of solution has mnot been decisively
answered (Chapter 5, Section 1) although the author has
gone as far as is possible using current mathematical
knowledge. Secondly, it was intended to investigate the
creep of a pressurized curved pipe (Chapters 10 and 11)
but the results of a numerical study of a nonlinear shell
model in elasticity proved so surprising and dissimilar from
classical results that it was felt that further theoretical
and experimental investigation would be required before

the creep problem could be tackled.

Some of the work in which the author has been involved
during the course of study does not fit intec the prime aims
of this thesis, but most has been included in some form in
the Appendices. Furthermore the discussion of Part C has
been largely based on parts of a report prepared by the
author (6) for the USAEC, Fast Reactor Safety Division.

All of the work presented was carried out in the
Department of Mechanics of Materials of the University of
Strathclyde with support from the Science Research Council
under the Engineering Mathematics studentship scheme,
although the author wishes to acknowledge the hospitality
afforded by A I Smith, Head of Division Z3 and members of
his staff at the National Engineering Laboratory, East
Kilbride, during the summer of 1974. The use of the
computing facilities at the University of Strathclyde and
Edinburgh Regional Computing Centre are also gratefully

acknowledged. Finally the author wishes to record his










































therefore depend explicitly on time t.

A general set of constitutive equations takes the
form N _
H1t, o), 600, e, Ey, ), &) = 0 (2.1)

= ~c0
fori=1,2,0ec0e....N + 1, where thei%i are a set of
operators dependent on the whole past history of defor-
mation. The set of relations (2.1) includes most, if

not all, of the classical phenomenological constitutive

theories of creep.

The equation of state

For the theory of the equation of state the only
hidden variable is the inelastic viscous creep strain §,,
since the actual strain & can be related to the creep
strain (for example by decoupling) a single constitutive
equation

HCo(t), 6lH, e (t), &,(t)) =0 (2.2
is required for some function H. Two particular examples

of this are the "strain hardening law" [ 1-8]

E(t)=1(0, &) (2.3)
and "Odquists primary creep law' [ 5]
&(t)=1(6,6) (2:4)

the functions f usually being determined by experiment [ 8 /.

This type of constitutive law is rate sensitive and
path dependent, but has no memory and is non-ageing. In
order to include these effects (2.2) would need to be
modified, for example [ 10,11 ] as

H(t,0(t),06(t), &,(1), &,(t), p(t) ] =0 - (25)
where %({} is some measure of the past history [ 6,12-15 I.
This more general notion of an equation of state for creep
was suggested as a possible theory by Yu N Rabotnov

[6,12-15] and developed to a high degree of sophistication



2.2

by E T Onat [16-20] with the system
Hi(olt), (1), €(t), & (t)aft) &ft)) = O - [26)
for i = 1,25000eeens N+1 for some functions/#i and known

as the theory of hidden, or "internal" state variables.

The internal state variabhle theory

Using the Principle of Determinism (i.e. the stress
in a body is uniquely determined by its past history of

deformation) Onat [ 16] reduced (2.6) to the form

0 = fla;) [2:7)
«; = g; (£,
which includes the special representation
g, = H(0,%) (2-8)
0c; =g{o,«;)

if one of the internal variables is identified as the

inelastic viscous strain.

This theory has achieved a certain amount of
popularity amongst those searching for a realistic model
of metallic creep [21,22/ and has a firm foundation on
metallurgical observations often being strongly linked
to dislocation mecﬁanics and crystal physics. A favourable
aspect of the theory is that it is not exclusive to
isothermal metallic creep; it may be suitably generalized
to include thermodynamic effects [23./together with finite
strain [ 24,25 ] and history dependence [ 26 /] . Furthermore
it can represent geometrical properties such as material
stability [ 27/ and viscoplasticity [28-31,32]. Indeed
the internal state variable theory has been rationalized
into a complete, abstract thermodynamic theory/ 33/ based
on fundamental concepts from W Noll's mechanics of simple
materials [ 34 ] . The majority of these thermodynamic
approaches are fairly obscure, but a more accessible treat-

ment has been given by J F Besselling [35-37] .
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The internal state variable theory (2.7) and (2.8)
is rate sensitive and path dependent and can be made ageing
if time is explicitly included. As to it being capable of
having a past memory 1s a matter open to question being
dependent on the nature of the internal variables. In the
opinion of E Krempl [ 10] the majority of suggested internal
variables are not memory parameters, although it seems to
the writer that those based on dislocations or the notion
of visco-plastic behaviour must implicitly have some form

of memory 1if properly chosen.

Nonlinear viscoelastic creep

The phenomenon of nonlinear viscoelasticity [ 38-40 ]
may be postulated as a model of metallic creep by ignoring
the internal variables and the past history (t € 0) so that
(2.1) bec%mes

H(t, a0, €2), (D)) =0 : (2-9)
%‘:0

Particular examples are provided by Aratrunyan's equation

[38]
t .
g(t)= g(t.0lt)) + ff (t.%, 6f))dz (2410

or Rabotnov's equation/ 6]

t
glt elt)) = F(t, olt)) + ] K(f,%)o(c)d (211)

or the standard viscoelastic constitutive model based on
the hypothesis of fading memory (i.e. prior deformations
which took place a long time ago are ignored) and the

Frechet derivative of the material [ 39-42/ i.e.

£(t) =f‘rr..rtﬂ<(t~t,- c b)) BO(TY - DT dy - de (272)
K=1 Jo Jo o b’C', DT
or alternatively [ 43,44 ]
4 _
E(t): f F(6() t-2)dole)d (2.13)
A ar

which have equivalent differential operator forms [ 40/.
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the external influences i.e. f= r-t, with {, the time
at which the influences were first applied. The constitutive
equation (2.15) is rate sensitive, path dependent but has
no memory and is nonageing (it can be made ageing by
replacing elapsed time by real time). The model is often
criticised on physical grounds, but nevertheless gives
excellent agreement for constant stress uniaxial tests and
has proven fairly accurate in complex stress situations
under constant applied external conditions [ 7,47,48 ] through
a simple choice of the functional form (2.15) together with
selected uniaxial test results [ 47,48 ] . It is usually
supposed that the model breaks down under variable loading
[7 ] being demonstrated by taking a constitutive equation
derived from constant loading tests. The comparison

would be more valid if (2.15) was derived on a basis of
tests subjected to a loading programme matching in kind

the temporal behaviour of the external influences on the
body. Apart from the encouraging results of/ 47] and the
work of J J Williams and F A Leckie [ 50,51] the writer has
been unable to find indications in the literature which
resolve this. Anyhow the theory has sufficient scope for
generalization by introducing, for example, a ''parameter

of flow" ¥(t'] which depends on a more arbitrary time scale
t’ (be it elapsed, real or some other) and which could be a
repository for past memory, for example "endochronic time"
[45] .  Then

.= FI¥(F), 6) (2:16)

Such possibilities would require much development.

However a considerable point in favour of the time
hardening theory at present is that a fair multiaxial theory
exists (see [ 1-9 ] or the excellent review [ 49] of work on

the subject at the National Engineering Laboratories). It



is simple, and can be used with a certain amount of

confidentce.
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CHAPTER 3

A REVIEW OF THE MATHEMATICAL FORMULATION
OF THE CREEP OF SOLID BODIES

The fundamental field equations of continuum mechanics
comprise the equations of equilibrium for the stresses and
the strain-displacement relations which imply the potential
compatibility of the strain field. But the deformation of
a solid body shall depend on the material of which it is
composed and therefore the field relations are insufficient
to completely resolve the problem. Constitutive equations
and necessary and sufficient initial and boundary conditions
should be fixed in order to obtain a solution for the
process of stress, strain and displacement. It is at this
point that difficulties occur if complex structural problems
are to be treated. How can these fundaméntal relations be
manipulated to yield the required stresses and strains,
what types of numerical methods are applicable, and, given
-a numerical solution, how accurate is it? . The answers Lo
these questions can only begin to be answered if the
properties of the equations of the mathematical formulation

of creep are documented and fully understood.

It is the main purpose of this essay to bring together
numerous results, theories and views into a unified whole
so that the above questions may be resolved to some extent.
In this sense the theory is '"rationalized". A first step
is to review previous work and allocate it its proper place

in the historical development.

Many investigators throughout the past half century
have tackled structural problems in the creep regime, more
or less beginning with the studies of R W Bailey [ 52/ and
Folke Odquist (see[ 5]), and are thoroughly'traced in the
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standard texts on the subject [1-9] . Nevertheless the
first attempts at an overall continuum theory of creep

appears to have been made by Soviet authors [ 53,54/,

notably L M Kachanov [ 2].

The majority of studies concerning the properties of
a continuum theory of creep focusses on the so-called
steady state phase of creep using the time hardening
formulation (section 2.5) with no dependence on elapsed
time. 1In this steady state stresses have redistributed to
a constant value along with the rate of change of
deformation, elastic effects are neglected and small,
isothermal deformations are assumed. Early investigators
looked for analogies with well known elastic procedures.
Many useful studies were provoked by the work of N J Hoff
[55,56,57] who pointed out the analogy bétween the stress
field in steady creep and a suitably defined equivalent
nonlinear elastic material (a similar observation was also
made by L M Kachanov). The implication was that classical
elastic solution methods could be utilised for example,
all the energy theorems could be adapted. Following from
this C R Calladine and D C Drucker established the 'theorem
of nesting surfaces of constant energy rate' for the Norton
n-power law of creep,

g,=Bc"

where B and n are material constants, which indicated that
that surfaces of constant energy dissipation rate nested
monotonically (with n) between the analogous linear elastic
surface (n=1) and perfect plastic surface (n=o ), [ 58,59/.
This result was later generalized by W R Hodgkins [ 60] with
the observation that the "actual' value of the exponent n
was not the same as the experimentally approximated

"idealized" value. Hodgkins was able to show that the
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nesting property was retained for the actual and idealized
values. The derivation of these results depend on "energy
Atheorems" for steady creep/( 2,5,54 ] similar to the well
known principles of "minimum total potential energy' and
"complementary energy". These rely on the function of
stress in the time hardening creep equation being
"potential' i.e. there "exists a functional W such that

£ =W

o0

R Hill [ 61/, showed that the minimum characteristic of
the theorems followed from the requirement that W be

"convex'" i.e. the inequality

W(a) - WId,) > 3W(a)(6-c)
50,
holds for any two stress fields ¢, and 0, , and was thus

also able to establish uniqueness of solution (this being
independently proven by J L Sackman [ 62/ and Yu N

Rabotnov [6]). The question of existence of a solution
was not answered until the work of G Dinca [ 63,64/] based

on some investigations of A Langenbah [ 65 ] Dinca
established that a 'generalized" solution of the first
boundary value problem (i.e. velocities specified on the
whole boundary of the body) existed in the sense that a
minimum of the associated total potential energy functional
existed. These variational theorems also allow the energy
dissipation rate of a body to be bounded above and below,
by suitable manipulations, dependent on the convexity of
the creep potential, J B Martin [ 66,67 ] was able to

bound above displacement at a point (based on similar
manipulations in elasticity/'68]), on the other hand

A C Palmer [ 69/ provided a lower bound. These bounds
compared favourably with exact results and the use of

the energy theorms [ 70 ], however it has been demonstrated



17

by B Noble [ 71,72 ] that the technique is limited in the
sense that it relies strongly on the homogeneity of the
power law of creep. The "duality" of the energy theorems
was properly identified in a functional analytic sense

by H Gajewski [ 73] . 1In fact dual theorems do not
require the existence of a potential in the creep law -
there only needs to be a convex ''super-potential’ whose
"sub-differential" is évj'74] (these terms shall be
explained at a later stage since they entail a certain

amount of preparation).

It is by mow well known that the linear theory of
elasticity typifies a linear elliptic boundary value
problem; in a similar manner nonlinear steady creep can
be reduced to a nonlinear elliptic boundary value problem.
Thus any technique which applies to the theory of
(nonlinear) elliptic boundary vélue problems may be used
in the resolution of steady creep problems. The success of
Hoff's elastic analogy and the variational methods is
partly due to this observation. For more general time
dependent creep, with elastic effects included, this
approach is not possible, moreover variable loading has to
be included also and the steady creep formulation leads to

several paradoxes.

In order to éccount for elastic effects under constant
loading D L Marriott and F A Leckie [ 75 ] advanced an
approximation known as '"'super position" by simply adding
the initial elastic solution to the steady state creep
solution found using either time—hardening[ 76 ] or strain
hardening [ 77 ] models. A similar suggestion was
implicitly employed in an early work by V I Rozenblium [ 78/.
The significance of superposition from a design point of

view was discussed at length by C R Calladine [79/, who
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was also able to approximate the crder of the time scale

for the steady state to be achieved, and it was demonstrated
by D L Marriott [76,77] that the technique underestimated
the actual response, but it was found possible to bound the
ultimate error which, in fact, could be exactly computed

for a linear creep law [ 80]. More recently J Spence and

J Hult [8l] employed a related approximation to super~
position in their study of the relaxation of structures

subject to constant applied deformations.

The variational energy methods which form an
important description of the linear elastic and steady
creep behaviour unfortunately cannot be extended in a
natural way to the more general situation. Some '"reduced"
variational theorems have been given in the literature
either for the rate problem presuming the total quantities
[82,83] or for the actual problem given the solution of
the rate problem [2,84,85] ; these shall be discussed
later. Bounding energy dissipation and displacement also
cannot be achieved in a direct manner; in linear elasticity
and steady creep the energy can be bounded in terms of
the energy of an identical body, subjected to the same
external influences but not necessarily having compatible
strains; however if elastic effects are included in the
creep formuation the energy can only be bounded in terms
of a similar body composed of a different material [ 86] .
Similarly the displacement bounding theorems can only be

extended by using comparisons with a different material

[87][88].

If variable external influences are applied then the
mathematical description of the physical creep process
becomes even more involved. Special simplifications

which allow the elastic analogy to be retained have been
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proposed by W Prager [89] and J Hult [ 90/ for proportional
loading. Essentially these simplifications are affected
by ignoring the elastic response thus making the
approximation rather artificial, although it was important
to the development of the superposition method. One of
the first important results regarding variable loading,
but using a time hardening creep model, was the "theorem
of convergent internal stresses'" of C O Frederick and

P J Armstrong [ 91/. This theorem stated that if two
identical bodies are subjected to the same loading
programme but differed in their initial state then their
stress patterns would eventually become the same. The
main implication of this result is that if a body is
subjected to cycles of load then it would ultimately

reach a cyclic stress state [ 92-95]. Recently AR S
Ponter and F A Leckie [96] have confirmed a similar

result for an internal state variable constitutive model
based on the so-called Bailey Orowan theory [97]. In
variable loading both the previously mentioned reduced
variational theorems [82-85] and bounding principles

[ 93-95] can be cast in a suitable form.

The needs of high temperature engineering forced the
genesis of practical methods for the numerical resolution
of complex structural problems. The most popular of such
is the "method of elastic solutions' or the 'method of
initial strains" formed from concepts out of thermo-
elasticity applied to elasto-plasticity by A A Ilyushin/ 98]
and time dependent creep by H Poritsky and F A Fend [ 99],

A Mendelsohn, M H Hirshberg and S S Manson [ 100/ and P S
Kuratov and V I Rozenblium [101/. These "algorithms'" are
typically based on a "linearity assumption' which presumes

that the stress/time curve can be approximated by a series
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of straight lines; thus if 0ft) and O(t) are known the

at the next instant Oft+ At ) = O(t) + APS(t) and then
problem can be resolved in a step-by~step fashion. The
algorithms have been improved by a number of investigators
removing the linearity assumption; major refinements have
been demonstrated by W C Carpenter [ 102] and Z P Bazant
[103].  Perhaps the most important aspect of this "initial
strain" method is that it can be employed in the establish-
ment of existence and uniqueness of solution. This has
been done for a class of nonlinear viscoelastic constitutive
models by I Babuska and I Hlavacek [104] in the sense of
Aratrunyan [ 38 ] (equation (2.10)).' Further existence
theorems for a linear creep theory which usés a constitutive
equation relating stress in terms of strain have been
obtained by I Hlavacek and M Predeleanu [ 105-108] and
independently for a similar nonlinear model by

H Babadshanjan and H Gajewski [109]. More recently a
series of existence theorems for an internal state variable
theory have been produced by J Necas and his co-workers
[110-113]. But the crucial observation is that none of
these theorems apply to the particular forms of
constitutive equations employed for metallic creep, since
all depend on a special form of continuity (Lipschitz

continuity) and boundedness of the viscous rates.

It is fairly obvious that progress in the mathematical
theory of the creep of solid bodies has taken two major
paths - the variational and bounding principles on the one
hand, and the initial strain approach on the other. It
seems to the writer that some uniform viewpoint is called
for from which these ideas can be deduced and which can be
identified as some standard mathematical structure. A base

is required for a éyétemétié treatment. One possible, and
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exciting step has been taken by Q S Nguyen [ 114,115/ on
identifying viscoplasticity as a '"variational evolution
inequality" [116 ] for an internal state variable

constitutive model.

In this essay a different course is taken which
includes this approach as a change in viewpoint and which,

it is felt, brings out the essential nature of creep.



b.
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CHAPTER 4
A RATIONAL APPROACH TO CREEP MECHANICS

In the previous Chapter it was remarked that the
behaviour of a solution to a creep problem was only really
understood on a basis of numerical results and simple
examples. It is natural to ask how for these observed
properties carry over to the more general case. This, it
is felt, can only be successfully answered from a sound,
unifying base. It is the aim of this Chapter to present

what the writer considered to be such an approach.

Motivation

Consider rationally the process of time-dependent
creep. A body in equilibrium with itself and its environ-
ment is suddenly subjected to a series of external
influences such that an initial stress and strain pattern
is generated. As time goes on the body creeps and this
stress and strain pattern evolves from the initial state.
Thus, qualitatively what has to be resolved is a problem
of evolution, or an.initial value problem. Is it mnot
therefore reasonable to expect that this process should -
be represented by an equation of evolution? Indeed by
discretizing in space (via finite elements) W C Carpenter
(102 ] and Z P Bazant [ 103] confirmed the question. Moreover
it is fairly easy to establish an equation of evolution for
simple problems. Consider the simplest problem of a beam
in bending, examined by W J Goodey[ 117/ . Suppose that
the cross section, of area A, has symmetry about one
principal axis of bending and that the longitudinal stress
0 depends solely on height above the centroidal plane, x,
and time, t. Let & =é€(x,t) be the longitudinal strain,

and K = k(t) the curvature change, and assume that the
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material is of time hardening type. The fundamental field
equations to be satisfied are
(a) Equilibrium with external bending moment M,
Jé(x,f)di =M
(b) Strain-displgcement
E(x,t)= K(E).x

(c)Constitutive equation
E(x,t) = &%, v & (x,6)

n
6,0 = 1 glx,t) dExb=Bt)0(x,1)
E dt
E,0,0)= 0 _
where £ is Young's modulus and B, n material creep

parameters.

For simplicity assume that the applied bending moment

M is constant in time. Firstly differentiate all
equations with respect to time

[5(x,f}x dA =0 Efxt)=k(t). x

A

Elxt) = opt) + £,(x.t)
thus . E
olxt)=E(elxt) - e,lxt))
and on substituting into equilibrium and using strain

displacement there results

5(x,z‘}:E{>_</ g (xt)xdA - év(x,f)} (4.1)
. I Ja
wmere_IﬁAX dA. Hence,
dd(xt) :EB/U[{ / sixt)Raa - ox t) } (4:2)
dt Iy

which is an equation of evolution for the stress field
taken with the initial condition |

6(x,0) = 6,Ix (4-3)
where <@ﬂ¥/ is the initial elastic stress

g,/x) = Mx
Thus for this simple problem the existence of an equation

of evolution (4.2)(4.3) to describe the creep resonse has
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been established. Such an equation similarly prevails
for other creep laws (for example, consult the work of
B Einarrson [ 118,119/ on thick spheres and cylinders

using the strain hardening theory (2.3)).

The question is: Does the procedure described above
always operate? At first sight it seems impossible,
replying on the ability to express 0fx,t) in terms of

évﬂ&f} . However consider the procedure in a more

abstract fashion. What in fact has been shown is that
Glxt)=r(élxt)) (4.4)

for some function or "operator'" I (which maps a function

of x into another function of x) which is obviously linear.

Then using the creep constitutive law

do = B(t)r(6") (4:5)
dt

which is equation (4.2).

Thus for any problem, even though an explicit
expression for r is unavailable, this operator can still
be formally defined. And how is it defined? By
examining the course by which (4.4) was deduced it is
obvious that r may be defined in the following manner:
Let £%be an initial strain, then rf€¥) is the stress
resulting from a solution of an equivalent elastic
problem on an identical beam constrained to have no

applied moment but with an initial strain field €*.

In consequence a similar procedure can be applied in
principle to the creep of any body, and although constant
loads were prescribed it is possible to extend to

variable loading.

It is the above simple observation which provides

the motivation for the following discussion.
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equivalent elastic problem. Then the difference
[U-U,, €~ €0.0- 0, ] 1is a solution of the residual

elastic problem for £* if and only if g* satisfies the

equations of inelastic growth.

Proof : The proof follows immediately from the

demonstrations of Theorems 4.1 and 4.2

The stress redistribution equation

In the short examination of the simple beam in
bending an equation of evolution for stresses was derived
(section 4.2, equation (4.5)). In describing the
properties of solution of creep problems, it is useful to
generalize this to the continuum problem - this results in

what shall be called the "redistribution equations'.

dalt)= RIF(G(t).x(t]))) + G,ft) |
galt)= RIE(GIt)&(t)]) + G 18]
oft)= Glolt),alt])) |
6(0) = 9.(0) «(0)= «, (4:17)
being established with Theorems 4.1 and 4.2 by

Theorem 4.3

(a) Let [g,Q,Q./tm:a;solution of the creep problem such
that [ Y,. €0 .0, ] is a solution of the equivalent elastic
problem, then J satisfies the redistribution equations.

(b) Let [ga,éo,go] be a solution of the equivalent elastic
problem and [Ug, &c. O« | satisfy the residual elastic
problem for §f where &* satisfies the equations of
inelastic growth. Then J,+ J, satisfies the

redistribution equations.

Proof:

(a) By definition ¢-J,= R( €,/ and from Theorem 4.1
€, is a solution of the appropriate equations of

evolution

§,=Flo+RIs), €)  &=GG+R(e) &)

~ ~
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Consequently ¢ =fF(g,ct) and
5=RIFlg.2))+5, &=Glg.
also 0(0)=dg(0) . x(0)= X, and the result is proven.
(b) By definition g,=R(g¥*) and
"= Flo+R(eY.%)  X=Cla+R(Y. &)

hence

0,= RIF(g,+0,. %
Consequently

6.+ 0, =RIFIG,+0,.x))+ 8,  ®=G/0,+3 %)

~ -~ ~

-
S~—

but from Theorem 4.2 (,+ (g satisfies the creep

problem so
Gf0)+0,(0)=6,(0)

and the result is proven. QED

This theorem shows that the stress satisfies the
redistribution equation whether the exact solution or the
constructed solution of the creep problem is available.
Unless this stress is unique it is mnot possible to construct
a solution of the creep problem by resolving the
redistribution equations unless additional conditions on

the constitutive equations are specified.
This is discussed at a later stage.

4.7 The evolution of deformation

The preceding analysis has successfully established the
existence of initial value problems for inelastic strain
and stress. Similar formulations can be inferred for the

deformation process, coupled with either of these primitive

equations.

From Theorem 4.2 U(t)=U(t)*+U,(t), &(t)= &alt) + Eoft)

and on defining
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there results on rearranging and employing Theorems 4.1 and4.? .

g}q(t} = RIF(alt), &(t))+ uft)

e(t)=RAF(a(t) alt)+ E.ft)

(4:18)
g
dt
ul0)=u,l0) £(0)=&,(0) (4-19)

which should be integrated along with (4.16) and (4.17)
to obtain a solution. Theorems with similar implications

to Theorem 4.3 may be deduced.

Implication

There are two main implications of this rational
approach to creep mechanics. Firstly the inelasticity has
been isolated and shown to obey an equation of evolution;
the creep process may be constructed from this growth law.
Secondly, if it can be established that a unique solution
exists, the creep process may be alternatively described by
the redistribution eQuations and the equations of evolution

of deformation without resorting to the growth law.

This approach is, in a sense, an exact statement of
the well-known "initial strain'" algorithm (Chapter 3,
references [ 98-104,122 ]\ Discrete forms of the
redistribution equations have been identified by W C
Carpenter [102 ] and Z P Bazant [ 103/ and of the evolution
of deformation by .0 C Zienkiewicz and I C Cormeau [ 123]
by approximating the space variable using the finite
element method. The inelastic growth law can in fact be
recognized as the basis of the existence proof for non-
linear viscoelasticity using a hereditary integral
constitutive equation proposed by I Babuska and

I Hlavacek [104].

It is the writer's contention that the equations of

inelastic growth are fundamental to the creep process and
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CHAPTER 5

SOME FUNDAMENTAL CONSEQUENCES OF THE EQUATIONS
OF EVOLUTION OF CREEP

The rational approach to creep mechanics would be
fatuous if it did not possess underlying consequences in
the mathematical theory of creep. In particular the aim
now is to demonstrate that the equations of evolution of
creep can be used to establish well known properties of
solution as well as some new ones. This is not to say
that such properties cannot be deduced from classical
formulations - the thesis here is that the comprehension

and significance of these properties can be simplified.

In the opinion of the writer, the three most important
and fundamental properties are existence and uniqueness of
solution, asymptotic behaviour at large times and global

principles. These shall be treated here.

- Existence and uniqueness of solution

Existence theorems, even though they do not exhibit
a solution or exhibit it in a useful form, serve several
purposes. They indicate what must be known about a given
physical situation to insure a solution and preferably a
unique one and moreover that a search for a solution would
not be attempting the impossible. Further, some of the
methodologies of solution presuppose the existence of a
particular solution. The problem of existence and
uniqueness of solution for time dependent inelastic material
behaviour was largely neglected due to the fact that the
differential equations arose in physical problems, and it
was intuitively clear that these equations had solutionms.
First steps were taken for linear viscoelastic constitutive

models expressing stress in terms of strain [ 105-107),
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[124-126 ] and later for a nonlinear variation [109,127],
although uniqueness is fairly easy to establish in isolation.
[108,128-131]. A major advance was made by I Babuska

and I Hlavacek [104] who were able to prove existence of
solution for a class of nonlinear viscoelastic creep
materials typical of concrete and polymers using the

initial strain method. Laterally J Necas/ 110-113) used

a variational formulation of the initial strain process to
study the problem for the internal variable model.
Unfortunately these results cannot be easily extended to

the type of constitutive equations which occur in metallic
creep. It is the purpose here to discuss the possibility
of existence and uniqueness of solution for the internal
variable model from an investigation of the equations of
evolution of creep - in particular the equation of inelastic
growth. Of necessity this requires an excursion into the
realms of functional analysis and the theory of ordinary

differential equations on an abstract space.

5.1.1. Technical Preliminaries

Let the region ) of three dimensional Euclidean space
]Eabe a Lipschitz region i.e.lV is bounded and its
boundary § has the following properties:

(a) to each point XeJ an open hypersphere S(X) about X
exists such that the intersectionJSﬂX)ﬂig may be
described by means of a Lipschitz function, and,

(b) SﬂX}ﬂ\f divides Sﬂx) into exterior and interior parts
with respect tol/.

Let the following spaces be defined [133]:
[,{17) is the real Hilbert space of functions square
integrable in the Lebesque sense in V with inner

product

<Py = st/gg/ Yrix)dx b el
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[Q{LU]R is the real Hilbert space of vector functions with
each of the k components square integrable in V with.
inner product ,

<Py [ $fax .y el LIVI*

M@Yl}} is the real Sobolev space of functions from‘QfU/
having all first partial derivatives in the generalized
sense (of distributions) also belonging to /,(y) with
inner product

<Py o= by v v*<bsl> 2 >, bf e WyIV)

[VVMM7}] is the real Sobolev space of k dlmen31onal vector
functions with each component in VV;YZJ} and inner
product |

<Py o = ;<4>,,Lp> N A

[VVﬂYan'is the closure in /VV“YUV]R of the set of all k
dimensional vector functions with components having
continuous partial derivatives of all orders and
compact support inl/, in the sense of the norm of
[VVQYL/)]k , which is a Hilbert space with inner
product \ -

17 911k
<c{> x[f> o= 2 %}< %55(, , 65%[2 %,\fe/WQ (V)]

/Mﬂﬂkuvkdenotes the space of linear continuous functionals

f defined on [VV
11 =supl @)l 1l oy = 7

K

m(L’/]k' with the norm

LJL/) denotes the Hilbert space of tensor functions Q(X)
with components ¢W(§)€ Q{V} i,j = 1,2,3 and inner
product

<Y
~ ~ 2

1,

i1
e

f¢;j)‘/',"> ¢.¥ < L(V)

Y, denotes the space of linear continuous mappings 3
of [,(V) into L,(V) with norm
131, = sup It el =
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[2(j;} denotes the Banach space of functions<# defined
almost everywhere on Jo €J (i.e. almost everywhere on

two dimensional regions) for which the norm

Il = [ FOAX be s

is finite.
[Qfﬂj]k denotes the Banach space of vector functions with

components in [,{J,) and norm
2

U =3 g b el 1,8k

~ Lt Lo
Let [=[0,T] , 0<T<oo be an interval of the real line

Rand let X be a Banach (or Hilbert) space with norm -l

then:
C(I;X) 4is the Banach space of all continuous X’—valued

functions ¢/t) defined on I with the maximum norm
NPl = max N (Bl
_ <¢ < tel (ﬁ X
C?I;‘X} is the Banach space of all continuously different-

iable X ~valued functions on I with the norm
Pl = NPl +Hg?¢llc |
thus C/JU/Z(V/),Cf(I;Q(L7}} etc.....are defined.

5.1.2. Existence and uniqueness of the auxiliary elastic
problems

Theorems on existence and uniqueness of boundary value
problems in elasticity have been demonstrated by a number of
authors [ 134-138]. Here the most advanced enunciation of
these theorems given by I Hlavacek and J Necas shall be

used [ 134, 135,139].

The following assumptions shall be made concerning the
elastic constitutive operator ( :
(a) g;e)% is an invertible linear operator with inverse
CreY,
(b) the coefficients" q;LﬂX) of the operator {;4 are

real, bounded, measurable functions in the Lebesque
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divge(t)=0
are boundary conditions, and similarly
Qk{f}'Q:Q

on 57 in the weak sense (c.f (5.1)).

Theorem 5.2: Under the assumptions made on the operator

C if E¥*(t) € L,{V) then the residual elastic problem

has precisely one weak solution gﬁ(ﬁ)€[VV?(V)]3 such
that
R~
ool s Kl

where K" is independent of t andX .

The proof of this theorem again follows from [ 134/ on
noting that the residual elastic problem may be rewritten
as an ordinary elastic problem with no initial strain but
with a body force and surface traction i.e. let

g;‘: g, + g* where g*=C7( €¥) “then

divgi+b*=0 inV
Ee = VU =C107) in v+
Y =0 on 4,
den = T on J,
B=-divg™ T:oh

similarly,

Corollary 5.2: Under the assumptions made on the operator
C if EXe(Cl[I;L,(V)] then the residual elastic problem
has precisely one weak solution Ug € Cr[I;[W;“/]}}]B] such
that

lugll. kFlled
where Kfis independent of I and X .
These two basic theorems on existence and uniqueness
of the auxiliary elastic problems hold for the mixed and

first boundary value probiems but not for the second

boundary value problem. Some adjustment is required (viz.
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[ 135 ] Theorem IT .2,3).

Lemma 5.2: For the second boundary value problem the
existence and uniqueness of solution of the auxiliary
elastic problems can be established provided the total
equilibrium conditions

Jpax +[ax=0
Jv(l}A,/;/dXv* jj(“é/\c)da(‘—'Q
are satisfied where r is the position vector ofzg , and the

conditions
6 1
Dbyl =0
=l

can be imposed for some system ;ﬁ,i =1,2,3,.000.. 6 of
linearly independent, linear continuous functionals on
[wimwI® .

The functionals p; may be chosen in many different ways,

for example

p,-/y):[ vidY =123, [(ravdx i=4,5.6
y¥ %

P;(y}—-fv

plv)=[ vaX =123 s [ (rAv)dx i=4.5,6
2 P

vidX =123 , [ (rotyldx 14,56
X -Vx .

=3 -

where by 1%*is meant NN where X is a set of measure zero.

5.1.3. Properties of the residual operator

A study of the equation of inelastic growth necessitates
some familiarity with the nature of the residual operator,
for example,

Lemma 5.3: The residual operator R is a linear continuous
operator.

Proof: Linearity is obvious by definition. To establish
continuity it is necessary and sufficient to demonstrate
boundedness [ 140 ]. From Theorem 5.2 (dropping dependence

on t for convenience)
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5.1.4 A necessary and sufficient condition for existence
and uniqueness of the creep problem

Theorem 5.3: Suppose that the hypothesis of Theorem 5.1

are satisfied then a necessary and sufficient condition
for there to exist a unique solution of the creep problem

is that the equation of inelastic growth should have a

unique solution.

Proof: If there exists a solution of the creep problem
there also exists an associated inelastic strain. However,
by Theorem 4.1 this inelastic strain satisfies the growth
equation; hence the growth equation has a solutiom.
Further if the growth equation had two solutions, two
solutions of the creep problem could be constructed via
Theorem 4.2 which would contradict uniqueness; the growth

equation must therefore have a unique solution.

Alternatively suppose that there exists a solution
§*EECfYIle/V)] of the inelastic growth equation so that
there is a solution of the residual elastic problem for gx
denoted by [ Uy, €:.,0.]€C/[ T ;/W;“/V/]sx Liv)x Lo(V)]. There
also exists a solution/U,. €.,0,]€C I ;[W3 (V)] Ly)xL (V)]

of the equivalent elastic problem.

Therefore by Theorem 4.2 there is a solution
[Uo+Upg, Ec+ Eg » To+ Og | which satisfies the creep
problem. To establish uniquess suppose there are two
processes [ y’, ¢', g']and [u?, §*, ¢*] which are solutions

of the creep problem.

Define g? , j=1,2 by .
€5 =Flg' &) «'=G(g%)
gX0)=0 x(0)= Ko

EJ‘ Eo, OJ"‘ 00]

~ ~ ~ =

then the difference [U,.&%, 0n /5[4~ W,

j=1,2 is a solution of a residual elastic problem for



47

éj by Lemma 4.1. But also by Lemma 4.1 gﬁ j=1,2
should satisfy the equation of inelastic growth and it is

assumed that this has a unique solution, therefore
*

€ = &)
but from Theorem 5.2

; 2 R ®__ o -
Nug- ug \\M‘,F& Kellgr-gxll, =0

hence

7 1 211
Nu'-ull =W -u =
-y owy® e ~“\\w;’l’
and so ('=y* . Similarly £'=¢€ and g'= ¢? and

~

uniqueness 1is proven. ) QED

The implication of this result is that existence and
uniqueness of the creep problem can be reduced to a study
of existence and uniqueness of solution of the equation of
inelastic growth. A discussion of the possibility of
this follows.

5.1.5. On the existence and uniqueness of solution of
of the equations of inelastic growth

Consider the equations of inelastic growth (4.14) in
the compact form
g =1t gha)
& = gft, €%,%) |
£%0)=0 x(0) = o (53)

(5-2)

which can be identified as an initial value problem in a
Hilbert space. Define the couple £5=(§f.5} as a process
with values in the Hilbert space]{'given by the product
space
H = L )x[ L]

with the inner product

CELE %y = <€F, €120 ¥ <%odadyan
and norm ‘

el =<£E>,
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Then (5.2) can be expressed in the contracted form

dt = 3t E) [53)
dt -

where 3:IxH— H 1is defined by
3(HE)=(f(t. e’ %), glt %))
and E(0)=E,=(0 Q) -

As a consequence the ordinary differential equation
(5.3) shall be studied. The theory of such equations is
embryonic. The classical text on the subject is by the
French conglomerate N Bourbaki [141], ‘more recent works
merely affirm the results [142-144].  The Bourbaki

theorems require continuity of 3 and boundedness together

with the Lipschitz condition
30t E) -3t SKUE - By

for some constant K. This condition has been relaxed by

F Browder [ 145-147] to monotonicity
<34 E) -3 (4,E) E-E><KIE-El
and to a weaker statement, known as accretivity by

T Kato [ 148,149 ] and H Brezis [150,151/.  All of these

publications (and an ever growing number mot mentioned
here) aim at relaxing the genus of abstract space and
continuity. Notable however, are the studies of
H Murakami [152 ] and R H Martin Jr [153,154 ] whose
objective is the relaxation of monotonicity and whose

course is followed here to an extent.

Definition 5.1: Any function E(t) is said to be a solution

of (5.3) if the following conditions are satisfied,

(a) EeClI;H];

() Ef0)=E,

(¢) E(t) is strongly differentiable in t for[O,CJ} and
satisfies (5.3) for (0.a] .
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Definition 5.2: The functional VeC[IxxxH; RY] is a

Lyapunov_function if |
(a) VI(t,E.E)>0 ifE #E,,=0 E=E, V¥t ;
(b) vit, E»(mingm}"‘*‘ 0 as n>wm implies EM- EN—0 Wt

and uniformly jn t;

(c) V(t, E,E;) has continuous (bounded) Gateaux derivatives
and for any positive number N
%%/ , DV-H , DV-H
are continuous in &, and £, uniformly for
(t, EE,) € Ix}Hx¥and [HIy« N . Initially a local
existence theorem shall be established. The proof of
this theorem, which is a generélization of Murakami's

result [152], can be found in Appendix 1.

'Theorem 5.4: Consider the closed ball Sp= {EEJ{/ || E- EN¢b}
and let the function J satisfy the following conditions in
Sk

(a) 3€C[IXS/)}3‘£]J

(b) 3 maps bounded sets into bounded sets;

(c) for some Lyapunov function V the inequality
%_}/ + D V.B(LE )+ D,VAELE,) £ wft,V)
holds for (t,E, ,E,)e I xS, x Sb where (4, r) is a
wo- continuous function from/(),c0) into [R such that @(00)=0

and the unique solution of

dr=w(t,r)
dt
r(0)=0

is trivial.

Then equation (5.3) has a solution on [0,a] a being
the number such that dM< b where M is such that
301, ENl <M (tE)€IxS
If the condition (c) of the therem can be established for

suitable V and @ the existence of solution is ensured
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locally for t thiqueness is ensured by

Theorem 5.5: Under the assumptions of Theorem 5.4 equation

(5.3) has a unique solution.

In fact the conditions on 3 can be considerably
weakened to demi-continuity [152, 155,156 ]; uniqueness
holds only if condition (c¢) of Theorem 5.4 is verified.
Global existence, for all time, replaces the local result
if the conditions of the theorems can be extended to the

whole of 3.

Consequently Theorem 5.3 ensures existence and
uniqueness of a continuous, strongly differentiable solution
of the creep problem if the assumptions of Theorem 5.4 are
met. Thus the applicability of internal variable
constitutive equations needs to be studied. The simplest
possible Lyapunov function is

VItLEE, ) = VIE, E)=NE - E,lix

For this the Gateaux derivatives are

DV-H=lim 1y(g+sH, E)- VIEE)] = 2< E-E,H %
D,V.H = lim 11 y(E,, Ey+sH)-VIE, E)]=-2< E- E, ,H >,
S=>0S :

which are linear in H (and thus continuous.Frechet
derivatives). Condition (c) of Theorem 5.4 becomes
LIIE)- 3t E) E~E, >y & Wt IIE-EN) (5:4)
which reduces to Browders monotonicity condition on taking
Wit r)=Kr
In order to apply the inequality (5.4) to constitutive
functions the following is useful: |

Lemma 5.5: If in a neighbourhood of g, and &, the

constitutive functions F and G of equations (4.6) satisfy

the conditions ,
” E(O (Xl}_E/ghQ:l} ”1.2.2.é M/l(”g'-—glnfl + “(,X_,“g-;_”[h]w}

161G, GG, @) Uy sl 116,- G+ 1= Gl

2
)"
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such that the positive valued scalar functions W,(s),W,(s)
are monotonic increasing with s> (0 and the function

N rLW(Rr)+ WilRr) ]

satisfies the conditions imposed on aﬁtr} for any constant

K, and if F and G are bounded, in the sense of mapping
bounded sets into bounded sets, then the requirements of

Theorem 5.4 are satisfied in the form of (5.4).

The proof of this Lemma is straightforward yet
laborious, following simply from standard inequalities
for norms and inner products [ 157 /J, and for this reason

shall not be presented here.

The functions V% and MQ can be chosen in a number of
ways, for example for ordinary Lipschitz continuity
W(s)=Ks W(s)=Ks

and, indeed, if F and G are derivable from potentials this

is identically true [ 157].

These results generalize those of J Necas/ 110 113]
as the hypotheses on the constitutive functions admit a
broader spectrum in the nonlinear range. Unfortunately a
large class of time dependent inelastic material models
for metallic creep are not included since often the
initial inelastic strain rate is unbounded and thus the
conditions of Theorem 5.4 cannot be ensured. If this
singularity is due to imposing t = 0 (as in the time |
hardening model (sectibn 2;5)5 then the existence theorem
can be re-established (viz. Appendix 1 and the next chapter);
however, if it is due to the initial condition £€*= O
complications result. In real analysis this difficulty
can usually be overcome by rearranging the equations to

remove the singularity (see for example the manipulations

for the strain-hardening model by J Hult [ 4,80 ] and



5.

2

52

B Einarrson [ 118,119 ]. Although this is theoretically
possible for particular cases of the internal variable
theory, it is intractable in the general situation. To
the writer's knowledge there is no general (or particular)
theory to account for singularities in the equations due
to the initial values of the unknown. 1In this sense the

question of existence and uniqueness must remain open.

Asymptotic behaviour

The existence theorem establishes only local hehaviour
over a small time imterval. It is often extremely
difficult to prove overall global existence for all time.
An alternative approach to this question is to investigate
the asymptotic behaviour of the body at large times and

heed what additional conditions need apply.

‘Information on the behaviour of creeping bodies at
large times is scant and the proofs of such decidedly
lacking in rigour. Under constant loading F A Leckie
and J B Martin and A R S Ponter [87,88 ] have demonstrated
that the stress field is asymptotic with the steady state
phase of constant stress and although they realised the
nature of the limiting state they failed to consider how
this state was reached. For variable, and in particular
for cyclic, loading the only specific result is the
"Theorem of Convergent internal stresses'" of C O Frederick
and P J Armstrong [ 91, 92-95] which established that for
large times the initial behaviour of a body has no effect
on the ultimate stress pattern. To begin with this

theorem shall be reconsidered.

5.2.1 A constitutive model and the energy norms

The majority of information on asymptotic behaviour
applies to the time hardening model of creep. Here the

internal variable theory shall be used once more but in
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a special, more beneficial, form. Throughout dependence

on t shall be dropped.

The constitutive equations (4.6) are rewritten as

€, =Flg,x)
...é :Q{gl %)

e

[ 55)

where

8 =L(x)
k being a linear, s;mmetric and positive definité operator
in 4:{V} (notice that although the same G has been used
notationally it is, in fact, - L(Q) but no confusion should
arise if (5.5) is taken on its own merits). It is further
assumed, although this is not strictly necessary, that L
is also invertible. In the terminology of Q S Nguyen

[ 158 ] the material is "standard, generalized".

' The norms and inmer products in [,(Y) and [Q{U}]N are
denoted now in the more convenient form
<Ly, m < >
o= 0
Thus L has the properties
{012, %5 = { &Ll ]
{,L.(QC}Q-CS 20 =0 Jff ®=0 (5-6)
TLOpmee, + 205, 068 = i (). @} + A{L M%), &Y
It shall be assumed that the operators F and G in (5.5)

~,

have the following monotonicity condition
<.\F(g‘-0~(-)*E(,Q'2:Q§z}:g,“Q;>'*“{g(Q’;,%:)-'Q(Qg.Qz},QC.'QEZ} {57)
>0, =0iff (0.%)=(0,%)

In order to hélp the development two further inmer products

and norms are introduced:

Definition 5.3: Let the bilinear functional <§YQ),Q1> R

where C is the elastic operator, be used to define an inner
product

[Q,» Qzle: <Q{g}) g’- >

noting the properties of Lemma 5.1, then the elastic energy
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norm 1is

Nl =/1g.g]

~ e
Definition 5.4: Introduce the product space [Q/DVX[b/lU]N=3{E
with components 2 =(g,%) where ¢e LfV), €[, (V)"

and inner product
[ZI’ZZJE = <§(g|}| g1> +{[:{Q§,}-(Z23

noting Lemma 5.1 and relations (5.6), then the internal

IZI=[Z,% ],

Clearly these norms are related to the physical energies
Brgr=Lirgly
() =%.”Z:ﬂ; = internal (elastic) energy

energy mnorm is

I

‘elastic energy

and hence their designations.

The following results are pertinent:
Lemma 5.6: The elastic energy norm and the intermal

energy norms are related by the inequality

gl < Iz I

Lemm& 5.7: The stress field &(SL/i]} is said to be
"self-equilibrating'" for the mixed problem if

div g = inV
8'Q: on j.,-

0
0 0
Then if g*el (V)

[If_?{g*}ié ]e: - <§*’§>

Proof: Let (Ug.€;,0,;/)be the solution of the residual
elastic problem corresponding to £ then
[R(£9,8],= <CIRIEN, 0> = <go-gn, T >
= (£.0% - <g0>

But using Green's identity

<E.0 > =j§z- ugdx = ~jd/v§.gkd)5 t[enudx =0
v v S

gL

by definition. Hence result. : QED



5.2.2. The Theorem of Convergent Internal Stresses

Whereas existence and uniqueness were studied using
the equation of inelastic growth, asymptotic behaviour is
more conveniently handled using the redistribution equations

(4.16) which, for equation (5.5) become
doft)=RIF(a(t),o(t)]) + G,(t)
dt

-g_@ﬁk@(cjﬁ)&cfﬁ) (5-8)
t

0(0)=d,0) x(0)= &,
The theorem compares two boundary data processes acting on

the same body.

For problem 1 let boundary data ({J,,Z%,) and body
force é:’ be applied to the body, the resulting process
includes a stress field J, and internal variables (,
satisfying the redistribution equations

G, =RIF(G.% )] +Gu, G(0)=6,0)

_/él =0/(0,.%,) p A f0)= X (53]

For problem 2 let data (Q,_,Z‘a,bz/ apply, then the

resultant stress g, and hidden variables &, satisfy

éz = B(E/angz)} * ..502_ » 6,10)=0,,(0)
- 8,76(0,.%,) %,(0)= X oz

(510)

then,

Theorem 5.6: Suppose that after a finite time (U,,%,, b))

becomes identical to /Qz,?:rz,bz/ then (G, &,/ 1is asymptot-

ically equivalent to [ (¢,.%,) in the internal energy norm.

Proof: From (5.9) and (5.10) with X;=(0;,&;) i=12
[%(Z‘l“Zg}: Z,"'Zz ]E:[B(E(Ql '%n}“fj{gz'g)])zgng]e

~{6(0,%.)- GG %), &%y 5, e G-
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After a finite time 0,=¢, and ¢, -0, is self

~

equilibrating, hence, using Lemma 5.7
18012 -Ealle =~ <FI0.%)-Fl0,%)9-0.> - {610.2,)-610,0.). 2.2} )

and using monotonicity (5.7)

 2gnz-E; <0
Thus [/ Z.~Z2/l; is monotonically decreasing, but it is
also bounded below by zero hence must tend to a constant
as t— o and in the limit d/dt/[Z, - Z, //E2 =0 ; but
from (i) this is true if and only if Z, =%, by (5.7) and

so /|Z,-Z, /e —> 0 as t—»m and the result is proven.QFED

Frederick and Armstrong proved this result only for
different initial states and a time hardening, ideally
plastic constitutive model. In fact the theorem may be

further extended, in a manner similar to/[ 9.

Theorem 5.7: Suppose that after a finite time ({,%,,b,)

becomes identical to (Qz,iq_)bz) except for a constant
displacement vector field (i.e. g (t)= u,lt) + Us »
where U, is a constant) then (g, ,«,) and (g,, &,/ are

asymptotically equivalent in the internal energy norm.

Proof: After a finite time (¢, -d, 1is self equilibrating

and moreover (, = J,, . Proof proceeds as before.QED

None of the investigators concerned with the maturation
of the Theorem of Convergent Internal Stresses recognised

the role of the mnorm. The definition of an appropriate norm

in a limiting process is of fundamental importance. It

allows the behaviour to be kept strictly under control, and
moreover, classical concepts from real analysis can be
employed. Unfortunately, the extension to an internal
variable model proposed by A R S Ponter and F A Leckie[ 96)

does not use a properly defined norm.
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The Theorem is interesting but unhappily does not say
anything about the nature of an asymptotic state. It is
often quoted as a proof of progression to the steady state
under constant loads [9,96 ] but this is more fancied than

rigorous.

5.2.3. The Pure Creep Problem

It is well known that a simple hyperstatic component
subjected to a constant load shall eventually reach a
steady phase wherein stresses are constant; this steady
state can be characterized by the neglect of elastic
effects. It also seems that complex structures under
constant loading similarly attains a steady phase of
constant stress which may be secured on solving a nonlinear
boundary value problem. Expanding this definition the
"pure creep problem" is postulated here; just as the
equivalent (pure) elastic problem ignores inelasticity,

the pure creep problem ignores elasticity.

Definition 5.5: The process [Qc, gc,ggllsatisfies the pure

creep problem associated with the (mixed) quasi-static
creep problem correéponding to the boundary data[éz,f./
and body process é if its values satisfy:
divo.(t)+ bit)=Q in V
E.(t) = N.u.t)
EMt)=Flalt), olt))  inv+d
= 8.Mt)=GlA(t). qlt)]
Ul = Tlt) on 4,
athn =&lt) on I,

assuming U to be differentiable.

In fact here & (¢t) appears only as a parameter, whence

once ¢ (t) is determined the correspondence

0.lt) =Pt &.1t)) (511)



59

is constructed for some nonlinear operator/D;Ix[éﬁU]&§LJu}

Then the ordinary differential equation
LRI =GPltc(t). %elt)) (5-12)

needs to be resolved, subject to some initial condition.

It would be of interest to investigate the properties
of the pure creep problem alone - for example, existence
and uniqueness of solution - but since the equations
constitute a nonlinear elliptic boundary value problem
standard techniques (/159-163],[63-65],[144,147,156]) can
be employed by imposing sufficient conditions on F. In
consequence the ordinary differential equation (5.12)

- alone need be studied. This topic shall not be pursued

here.

The pure creep problem is of significance in the study
of asymptotic behaviour; it is an extension of the well
known steady state for constant loads, and stationary state

for proportional loading [ 89,90]/.

5.2.4 Some results on asymptotic behaviour

The principal result is that, for a class of mixed
boundary value problems, the actual stress field shall tend

to be the same as the pure creep stress field.

Theorem 5.8: For the mixed boundary value problem of

quasi-static creep if the applied displacement Q becomes
constant after a finite time then the actual stress and
internal variable fields shall be asymptotically equivalent
to the pure cfeep fields in the internal energy norm if the
boundary data is such that

Ilg - Olly— 0 t—>ow

in such a way that

tE . .
L 114 Gl|dt
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remains bounded.

Proof: From the redistribution equation (5.8)
1d [|z-5.1) = (RIF19.0)), G- 6.Je { G10.)- G/0, &), a~%e}
2dt 3G, 0- 0,
But ¢-¢. 1is self equilibrating, hence, from Lemma 5.7
1q 17 -2 o= ~<FI0.&)- Flg Q) - 0. > +{ Glo)-Glg. ), X~}
2dt - <bogoy +Ig-d.0-0l i)
From the conditions of the theorem, after a finite time,
using Green's identity

<€.,0-0>=0
since g-0. is self equilibrating. Hence using

monotonicity (5.7)

1g iz -2l <16-0.0-0p <10 Gliliz-=l (ii)
with Lemma 5.6 and the Schwartz inequality [157]/. From
the theory of differential inequalities/ 155 : Theorem
1.4.1. pl5]. . ‘

I2-2lly <Hz@-z@ 1, + [ 156/t
and thus [/5 ~Z. /|, is bounded i.e. there exists a
constant M such that
NZ-Zlle ¢M

whence from (ii)

19 [z -2clly €% GIIM =0 as t—o
and /?Z -2 //Z —> a constant. But from (i) and (5.7)

ld _ Z_ .- . , .— - . =
257”2 Zlle-[(G-0.0 Qc/e 0 iff Z=%.
Therefore ) -
|5-5 =0 t— o
and the result is proven. QED

Four important corollaries are:
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Corollary 5.3: If the applied boundary data and body

forces become constant after a finite time then the stress
field is asymptotically equivalent to the steady state

stress field in the internal energy norm.

Corollary 5.4: For the second boundary value problem under

the conditions of the theorem the stress and internal
variable fields are asymptotically equivalent to the pure
creep stress and internal variable fields in the internal

energy norm.

Corollary 5.5: For the first boundary value problem if the

conditions of the Theorem are met then the result of the

Theorem remains true.

-

Corollary 5.6: TFor all time the inequality

WE(=2Zlt) 1], < 112(0)~Zl0)], + - gt

is satisfied.

Theorem 5.8 unfortunately does not include the general
case of the mixed boundary value problem with continuously
variable displacements for all time. Nonetheless for the
first boundary value problem with body force absent -

known as the''relaxation problem'.
p

Theorem 5.9: For the relaxation problem if ﬂén/é;—+ 0 so
that [ /IO, lidt is bounded then the stress and internal
variable fields are asymptotically stable (i.e. tend to

zero) in the internal energy norm.

Proof: Identical to that of Theorem 5.8 replacing the pure
creep fields by =zero. QED

The assumptions concerning the asymptotic behaviour of
the equivalent elastic and pure creep problems can be

fulfilled in a number of ways. A special situation is where

Gl 1 Ellgy 1Bl

;7P
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all tend to zero such that their temporal integrals remain
bounded. Obviously these quantities should tend to zero

like 1/t7 , n>1 .

Finally for some structures and materials
2 2
G I > pollol
for a constant M, > O . Thus by Lemma 5.6
Nzl Peligll’
and consequently as ”Z-Z;hf-»(Q,ﬂgngﬁ{w,o.

Global properties

Variational formulations of physical laws describe
global properties of the whole system rather than its
component parts, encompassing in concise statements entire
collections of equations and boundary conditions. They
often lead to information on bounds to solution and usually

provide a natural means of approximation.

5.3.1. Classical variational formulations

The bulk of variational principles for time dependent
inelasticity is concerned with linear viscéelasticity
[164-175] being of convolutional type which strongly
requires linearity of the constitutive equation. 1In fact
as long as the material model is linear in character there
will always be a variational formulation [176-180] and
[181,182]. Attempts have been made to derive similar
statements for nonlinear viscoelasticity together with
thermodynamic effects and an internal variable theory
/183-185]; these results, however, contain a fundamental
error [186] which restricts'their applicability especially
to linear behaviour [ 187 ] and classes of material with

small nonlinearities [ 188].

It has already been mentioned that one of the

dominant features of metallic creep is a strong nonlinear
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response (Chapter 2); thus principles of convolutional
type, common in linear viscoelasticity, cannot be reaffirmed
for creep. Nonetheless two 'reduced" variational approaches
have been suggested. The first is the Wang and Prager
theorem [ 82/, which has been extended to anistropy [189]/,
thermo -visco-plasticity [ 190/, and finite deformations
[83,191] - The second is based on work of L M Kachanov
[2,54,84,85_]which can also be extended to finite defor-
mations [ 182]; the theorems strictly only apply to a time
hardening creep theory but may be altered to cope with other
models, for example, strain-hardening [193/, by combining
with the Wang and Prager approach. A useful discussicn of
these reduced variational theorems can be found in the book

by Yu N Rabotnov [ 6. They shall now be identified within

the rational framework.

But firstly, what is a variational principle?

Consider the operator equation

Aly)=F ‘ (5-13)

where U is a set of unknowns such that the set of all

possible (J forms an inner product space]{ i.e. there exists
a real valued, bilinear function <-,-?> with the properties:
<U,V>=<VU>
KUU> » 0, =0 jff U=0
SUpV+IW> = uUV> + AKUW S

where U,V WeH . The operator A, which can be differential,

integral, algebraic and so on, transforms members of H into

another member of {; it is therefore supposed that Fel}{ .

A variational formulation of (5.13) is possible if there

exists a functional W(U) (mapping H onto the real .line) such
that the gradient of WfU), given by the Gateaux derivative

DWI(U).H = S/imO W(U+sH)-WIU) =¢gradw.H> YHeX
— S
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noting (5.16). Again the appropriate functional is giveh

by (5.14) with the addition of boundary terms.

In order to discern how this fits into the rational
approach it is noted that an operator §(t,q*,§*} can be

defined by a solution of the residual pure creep problem
[gs:és’g&]:

div gft) + blt) = @ inl/
E(1) = V- Uslt) =Flgft), o&t)+ E41)  in V+3

Qft) = Glt) on §,

aftln=z(t) on §_

then

aslt) = §H o« §*/
and proceeding in a manner similar to the derivation of
the equation of inelastic growth the creep problem can be

reduced to the study of
CleY = St a*, &%)

éx» = Q(Q"{é*}%x} . (578)
or '
¢ =St «,Clg))

& = Glo, o) (519

which can be demonstrated (by considerable manipulation) to
be formally the redistribution equation. It is evident that

Kachanov's principle is a variational principle for the

residual pure creep problem. The writer can see no

advantage in Kachanov's principle and associated residual
pure creep prbblem,since it implies the resolution of a
sequence of nonlinear problems for the operator S. However
Rabotnov [ 6 | has shown that if numerical methods are applied
the resulting discrete equations from Kachanov's principle
are the same as those derived from the Wang and Prager

Principle. Conceptually the residual operator Ris superior.
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5.3.2. Bounding Theorems

It has often been found that the potential functional
W has physical significance in continuum mechanics being
associated with the energy of the structure. Thus if W is
also convex i.e.‘VLAiA cH

WU, -WIlU, ) - < grad WIU,) U,- Us > 30
it is minimized by the solution of (5.13) and may in
consequence be bounded, i.e.
WiU) < WiU*)

where U minimizes W (and thus solives (5.13)) and U™ is any
member of .  In elasticity this is possible by

specialization of W to two dual or complementary principles
W (d) < Wi(g /
Wylu) < Wylu) 518/

where (y,0/) is the solution to the creep problem, u* is
ényAadmissable displacement vector field and ¢g* is any
statically admissable stress field
divg*h=0 jn v
gotn=% onl

Equality holds in (5.18) if, and only if gﬂ:g and 0= ¢ .

~

The concept of dual variational principles has been
proposed by a number of investigators [221-223] as a
systematic approach to the global formulation of equations
of mathematical physics. For linear elasticity the
principles imbodied in (5.18) are "total potential energy“
W, and "complementary energy" W, ; these can be used to
bound the elastic internal energy [ 224-227 ] (also the

review in [ 228/). .

The bounding theorems for elasticity can be easily
extended to pure creep provided W (orw) is convex [ 5,70];

an interesting application of the dual principles has been
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given by N Anderson and A M Arthurs [ 229,230 ).

The significance, therefore, of these bounding
theorems is that they may be translated into the rational
approach and applied to the equivalent and residual elastic

problems, and the residual pure creep problem.

Since no variational statement has yet been found for
the quasi-static creep problem it is difficult to directly
describe similar bounding theorems. J J Williams and
J B Martin [231] have supposed existence of an extremum
principle in the limiting state (since it is demonstrated
here (section 5.2) that this is often the pure creep
problem this is not surprising). Using an entirely novel
approach A R S Ponter [ 86,95,232-236] has shown that the
functionals usually associated with total potential and
complementary energies (viz. W, -and W, ) may be bounded.
This is achieved by employing a different functional form

so that
(5-19)
Wolu) S W,lu¥)
whereV% and W, are defined relative to an associated
elastic material. Ponter [ 95/ has further demonstrated

a procedure for bounding deformation and inelastic work,

based on (5.19).

The most unfortunate aspect of (5.19) is that even
if ¢g*= g and Y= U equality may not hold. Moreover
the bounds in themselves are of no consequence since they
do not necessarily produce approximations to the creep
process; the point shall be discussed in more detail at

a later stage in Chapters 6 and 7.

For the time being it shall be shown here that the

redistribution equations provide a more useful alternative
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to the Ponter bounds..

Theorem 5.10 Let 0% be an arbitrary statically admissable

stress field process for the mixed quasi-static creep
problem, and o*an arbitrary internal field process, such
that

d*(0)= 6.(0) x¥0) = &,
then if there exists a functional & such that for any
stress and internal fields
<Flg(t)alth, ot)-0lt) >+ {Gla(t),alt]), o¥lt)- alt)} < asla¥(t), o(t), ¢ )
the difference [[Z-%¥ UE where X=(0, %) is the solution

of the creep problem, may be bounded above by LL(Z(t)t)

being the solution of the differential equation

1 gfr = WG H), o*(t), t) + Tl o), o)t W (5.-20)
2

where r{0)=0, Zl_f://g,-Q*//ef-J{di*,ég*} .
Proof: From the redistribution equations (5.8)
27-6%//2-—2‘*//5 -<Flo.%)g-0%> - {Glg.a). @-a™}
. {Q oc—oc*g +16-0%0-07,
Suwlgliait)+(g-070- 0", - 1LI&" q-a*}
Sulgiart)r w(o*os",z‘)//z =%
Thus by the theory of differential inequalities [155] the

solution of

1dy < w+uw[v . v(0)=0
2°dt
where v=//X- Z// is less than or equal to the solution
of
1dr=1w+w[r r{o)=0
2 dt
thus v < r and the result is proven. QED

The theorem indicates that for any statically

admissable g}“and admissable .

-~

=-S¥I < ulz*t) (5.21)

where U is defined for a given Z” through the solution of
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an ordinary differential equation (5.20). The possibility
therefore exists of minimizing the functional U(>*t)
so that if Z; is the minimal solution and U,;, the
minimum value then

N30t =5 )] < U (5.22)
Thus if Wgn is small it is to be expected that 3 (t) is
close to Zmin(t) ., This procedure therefore not only
provides an efficient means of obtaining better trial
fields by minimizing a suitable functional but also supplies

a measure of its correctness.

5.3.3. Super-Variational Formulations

With the growing recognition that only a very
restricted number of problems possess a variational
formulation in the classical sense, a number of mathemat-
icians, motably J L Lions [ 162,163/ and F E Browder [ 147]
have re-examined the technique known as the calculus of
variations. The existence of a potential form of a given
problem is attractive but not the essence of the matter.
The bounding theorem for convex W

WIU) s WIU*) (5-23)
can often only be realised if Ujj*effa.convex set, i.e.

VU.U, €K . 2€[01]  AU+1-2)U, €K

for example the set of all statically admissable stresses

is a convex set. Now (5.23) is equivalent to the
condition

< gradW(Uu)UU> »0 vU*eK
or

<AWU-FUU> >0 VU¥e K
which is calleda variational inequality [116,150,162,163,
144,147 ).

If the indicatrix of a convex set K
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[RIg)+Ce"), 00 ]a=0
and by definition

R(g) +C(e*) € 2V, [0)
indeed if ¢ is identified with the stress from the creep
problem and g* with ¢, then from the redistribution
equation (4.16)

R(E&)+C(E)=0-0,+C(Flga))

and hence there results the multivalued equation of

evolution for creep

G -0, +CTIFlg.x)) € DYswlg)

| (528
& =6(d.a)

which is equivalent to the variational inequality of
evolution [150,151,239,116,163]

[C(F(8.0))+,~ 3,85 0.1, + (g -Y(d) >0 Vg¥eSft) (5-29)
Thus the approach of Q S Nguyen [115,158 ] in visco-

plasticity is regained for creep.

This viewpoint shall not be considered any further
here as the inelastic growth equations and the redistribution
equatidns are regarded as more general. However, an
interesting application to steady creep has been presented
by B Nayrolles [ 74 ] (and see [ 240] for a good explanation
of the underlying theory in Nayrolles approach).

With this is concluded the discussion of the propert-
ies of the equations of creep. Obviously much more could
be said, but it is hoped that a basis for further, better

investigations has been established.
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CHAPTER 6
SPECLALIZATION TO THE TIME HARDENING THEORY

It has already been remarked that the time hardening
theory of creep is the most common in engineering calcul-
ations, and the one most widely studied. It is the
purpose of this brief chapter to summarize the results of

the previous chapters for this simple theory.

The inelastic, viscous constitutive equation is

assumed to be of the form

Et)=Flgltht) (6-1)
so that the equation of inelastic growth is

d e ft)=F(a.lt)+RlcMt)t])=Fle,t)t)
dt

and the redistribution equation is
g..._tg(f) = RIF(g(t)t))+ Gult)
Q(0)=Qo/0) (6-3)

with similar simplifications for the evolution of

deformation.

Existence and uniqueness of solution

The notation of Section 5.1 is adopted. The basic
result, Theorem 5.3, asserts that the mixed quasi-static
creep problem has a solution if and only if the equation
of inelastic growth (6.2) has a solution. The following
result concerning existence and uniqueness may be found

in Appendix 1:

Theorem 6.1: Suppose there exists a set @C{{f,g*//o<t£~a,§*e/_z}
such that &(t)= § €% /(t.£") € D} is closed in L,/ for each
tel0,a] and such that the following conditions hold for f

(a) f €ClD; L, ;

(b) //f(g",l‘)//L2 < M(t] ond, where M is summable;
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(c) for some Lyapunov function V the inequality
}6_}_/+D,V.f{gt‘,z‘)ﬁchV.f(g’{,t} < wftV)
such that the unique solution of 7 =w(t,r),r(0)=0
is trivial. Then if for some § € C/[d; L, (V)]
sup V(t,&(t). &) -0 t—-p

E£%eaXE)
such that (6.2) has a solution starting from (t,,8(t)),
v%,G(OgJ]:reaching @ ind, then there exists a unique
solution of (6.2) with
€0V = F(0)= 0
and furthermore @ is such that

¢
max J M(slds <supll €*],
te(00l | £%e D :

A similar discussion to that accompanying Thebrem 5.4
could be given here. However an important case is the
Nagumo like Lypschitz condition

IE(G t)-Flgtih, € glthld-6,ll,  va.0.€LlV) (64)
in some neighbourhood of g, where the scalar function g(t)

is such that

t .
glt) — oo 0/f/=[grs/ds >0 t—0

0

Then on choosing
Oflt)= { e*[lle*ll, < (-(t)]
$/t)= 0
and ,
VIt et gi)=11gs - g3l
w=0
it is obvious that conditions (a), (b) and (c) of Theorem
6.1 hold and that (6.2) has a solution starting from (t,,0/) ,
Vt,€(0,a) . Further

sup VIt &.e%)=sup JIe*], M — 0 =0
£ et nexil < Qe

and the theorem is established for the Nagumo condition

(6.4). This is true for most real time hardening laws
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CHAPTER 7
THE NUMERICAL REALIZATION OF CREEP PROBLEMS

The rational scheme is of use not only in an
investigation of properties of solution of creep problems
but also in the clarification of their numerical realiz-
ation. It is the intention of this Chapter to contribute
a unifying treatment of the numerical solution of time
dependent inelastic continuum problems by studying the

redistribution equations.

The redistribution equations (4.16) and (4.17) are a
continuous system of first order ordinary differential
equations in time and in principle can be integrated
forward numerically in a sequential manner by any competent
method starting from the initial state. But continuity in
the space variable makes this impracticable unless some
technique is employed to reduce the problem to the
numerically plausible finite system of ordinary differential
equations. There are two possibilities:

a "direct" method, or a '"discrete'" method.

Direct methods

A direct method presumes the approximation

GalX )= gIXH)+ 22Cilt) gIX)

UlXH)= S & () a¥x)
such that g“ngt) is ééstatically admissable stress field
and Q”ﬁgj} are self-equilibrating for the mixed problem,
with QGV%V given. The approximation is said to converge
in the sense that

o (X t) — alx.t) n— oo

xmlX,t) — alXt) m— ©
The coefficients c;ft) and ¢,(t) can be determined by 'the
method of weighted residuals" [241]:






7.2

7.3

Discrete methods

The direct method retains continuity in the space
variable; on the other hand the discrete method assumes
only a finite number of points X,,JX,, cereee. X within
the body, replacing the differential equations in space
by their discrete equivalents using for example finite
differences (or direct integration, or finite elements)

[ 247 ], giving approximations g,(X,t) and Q,(X,t) at each
Xis i=1,2,......n, together with discrete residual
operators Bg'such that 5f?f§*}= OufX;] . The method is
supposed to converge in the sense
OalXi 1) — G (Xit)
XnlX; t) —> (X t)

I=12...n,n— o

Let
O lt]=Go(Xt)  R(t)= €olXit)
then the redistribution equations become
ORlt)=RalFla ), antl)]) + o

&olt)=Gla M), a (1)) (7.3)

)

olo)=abo)  «@l0)=9,

for i = 1,2,c0ee..en.

The problem has thus once more been separated into a
finite system of ordinary differential equations so that
practical numerical computations are possible. This method
shall be employed later in the solution of some real creep

problems.

Review of the numerical realization of creep problems

The attainment of a numerical solution to a creep
problem therefore consists of two steps: (a) reduction of
the continuous redistribution equations to a finite system,

then (b) forward integration of these equations in time.
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The latter step can be achieved by any standard
method such as Runge-Kutta or predictor-corrector, whatever
is the most satisfactory for the demands of the problem at
hand (this shall be discussed more fully at a later stage
in an Appendix). The most common method (and as it happens,
the least efficient) is the "method of elastic solutions"
[98-101, 7,248-253] which corresponds to Eulers method
[{7,99,250]
o(t+At) = g(t)+ataft)
aft+Al) = 2 (t)+ At &ft)
and Picard iteration [100,101,248,249]/
oft+4t)= oft) + sglt)
o (t+At) = aft)+ Aft)
where A and A% are solutions of the algebraic equation
AG= AR(F(g+a0, 0+ a2))+ Go [+ At)- G (t)
Ag = AlG(D+AG, o+ 0% )

found by iteration.

Several authors have considered the convergence of
this technique (in plasticity [254~256] and viscoelasticity
[257-261,109,130] Eut at the level of their investigations
(no discretization) the study reduces to the question of
convergence of numerical methods for the sequential

integration of initial value problems on an abstract space.

With the rapid development of the "Finite Element
Method"(a powerful combination of direct and discrete
approximation (sic)) the method of elastic solutions. has
extensively been employed in the solution of spatially
complex structural problems for time-dependent creep [ 262-
270 /. The initial publications of J F Besseling [ 271/,

G A Greenaum and M F Rubenstein [272/, and W Sutherland

[273], provided the impetus for a deluge of finite element
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creep solutions [ 274-281]. The majority of these analyses
used a time hardening model of creep, but it was found that
the method could be extended to include a viscoplastic response
[123,282-284]. Further I C Cormeau, B M Irons and others

[ 285,286 ] attempted to resolve the somewhat mebulous
question of "stability'"; this implies a search for an
optimum time step just large enough for the solution to be
well behaved. The writer's opinion is that the conclusions
of these investigators should not be taken too seriously as
they only take into consideration instabilities due to
approximations to the temporal behaviour. But since Euler's
method and Picard iteration afe strictly mathematically
always stable in this sense, it is concluded that reported
instabilities are due to the exponential growth in parasitic
errors due to the spatial approximation. A successful
treatment of the problem of stability would therefore need
to take into account the mode and reliability of the spatial
approximations, as well as the wide variations in the rates

of change of stress.

In the context of finite elements the method of elastic
solutions was refined by W C Carpenter [ 102 / and Z P Bazant
[ 103 ] who were able to deduce a discrete form of the
redistribution equations (7.3). Similar results were
obtained by I C Cormeau [ 286/ and Q S Nguyen and his
co-workers [260-297] The conclusion was that more efficient
time integration schemes could be employed; their
effectiveness has been demonstrated for a number of

practical problems [ 287-289 /.
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7.4 Approximate methods for time dependent creep

By an "approximate method" is meant here a method which
avoids the direct temporal integration of the redistribution
equations. Two such methods have been derived from the
bounding theorems (Section 5.3) and superposition of the
pure creep solution onto the equivalent elastic solution,

called here "superposition of states'".

A R S Ponter [94,95 ] has demonstrated how the energy
dissipated within a structure due to the formation of
inelastic strains within some time interval may be bounded
above and below by the stress field (6.9) g,=d, + ¢ and
the pure creep stress field J_respectively, for the time
hardening model (also including initial plasticity and
thermal strains). These results, and associated theorems,
were formulated in a series of publications [ 94,95,233,292-

294 ] (see also the reviews [295—301]) and have been applied
to some simple problems [ 302-304 / with some success. The
bounds on the energy were found to be quitg close in most
cases but, unhappily, no indications of the nature of the
stress field could be deduced. It is suggested here that
the approach advocated in Sections 5.3 and 6.3 could be
employed as a systematic procedure for optimizing an
approximate stress field in conjunction with the bounding

theorems.

Superposition of states arises out of the initial
work of D L Marriott [ 75-77 ]/ who noticed that a good
approximation to a constant load (second boundary value
problem) situation can be constructed by superinposing
the steady state (pure creep) deformation fieldon to the
initial elastic deformation. Similar approximations were
suggested by other investigators [ 78,79/ and a thorough

study has been undertaken [80,305/ for a linear, time
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hardening creep law. Later J Spence and J Hult [ 81)]
showed that a similar approximation was possible in the

relaxation situation which again was fairly accurate.

The method of superposition of states is strictly
an approximation for the deformation process in the

second boundary value problem in that

ult)® yoft)+ u (t)
E(t)2 g,t)+ £1)

but can be applied to the first and mixed boundary value

(76)

problems by transforming into a second boundary value
problem i.e. on ju.assumetractions T (t) are applied and
determine their proper values from the condition on
displacements. The approximation is best described by an

example and this shall be given in a later chapter.

Discussion

Each of the approximate methods suffer from a
conceptual and computational disadvantage. This does not
seem to have been appreciated previously. The bounding
methods require the storage of the whole history of the
equivalent elastic and pure creep problems; superposition
of states requires the solution of a sequence on nonlinear
boundary value problems. Both methods therefore become
hopelessly involved if more realistic material laws and

rapid loading are to be included. Then why are they used

rat all? For whole classes of problems with engineering

importance simplifications can be made -for example if
partially closed form solutions are available for the
equivalent elastic and pure creep problems, this being
true of complex piping networks (sic). When these
simplifications are plausible it turns out that the
approximations are simple, useful and eminently worthy

of consideration. A fuller discussion of the aims and
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PART B

THE CREEP BEHAVIOUR OF FLEXIBLE PIPING COMPONENTS

The rational approach to creep mechanics would be
jnconsequential if it could not be employed in the
solution of practical creep problems. An area of
particular interest to the writer is the study of piping
components and pipework design in the creep regime. It
is to this field that that the ideas shall be applied.
This part studies the simplest most common components -

the straight and curved pipes.
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CHAPTER 9

THE CURVED PIPE

The curved pipe, or as it is more commonly known the
"pipe bend", "piping elbow" or "welding elbow", being the
foremost contributor to flexibility in a pipeline system

shall be studied for the remainder.

The ultimate aim is to investigate the inelastic
behaviour of this component in creep as a further, more
involved example of the rational procedure. In order to
do this a mathematical model of the geometry and deformation
characteristics of the curved pipe needs to be critically
assessed. This shall be achieved by first analysing the

elastic behaviour.

Historically, Th Von Karman produced the earliest
simple mathematical model of the peculiar deformation of
the curved pipe, and many investigators have attempted to
improve this analysis ever since. A full survey would of
necessity repeat the extensive reviews of J Spence [ 311/
and G Findlay [312 J'and shall therefore not be duplicated
here in any depth. Instead the treatment of the bending

of a curved pipe as a problem in the theory of thin shells

shall be examined.

By a suitable modification of the equations of a shell .
of revolution E Reissner [ 313/ developed a general model of
a thin, elastic, arbitrary cross section smooth curved pipe
which containea all the characteristics of the Von Karman
theory, although particular equations for a cross section
composed of circular arcs had been established and
analysed by M Tueda [314]. The circular cross section was

analysed in detail by R A Clark /[315/ and extended to an
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elliptic cross section [ 316 ] in a later publication.
In order to account for the effects of internal pressure
S G Crandall and N C Dahl [317 ] and E Reissner [318,319)

suggested a nonlinear variation.

These analyses were produced in the era preceding the
digital computer so that the governing equations were
simplified and resolved using series solution and an
asymptotic technique [ 320]. Later R Cheng and H J Thailer
[ 321,322 ] re-examined the equations using an energy method
thus combining the classical Von Karman approach with the
shell theory analysis. With the advent of high speed
computers more exact analyses were performed by J A
Blomfield [323], A Robert and C Du Fort [324] and J J
Thompson [ 325].

All of these mathematical models considered the ''pure
bending" situation of a curved pipe loaded by an in-plane
moment, thus assuming that stresses and strains remained
rotationally symmetric, eliminating the circumferential
angle [326], and in this sense are restricted. In Order
to account for non-uniform and asymmetrical loading such as
lateral bending and twisting an approximate model has been
developed [327-329] on the lines of the Reissner linear
theory. These however relied strongly on this linearity

of deformation and constitutive equation.

A more general linear elastic shell model which
removes the assumptions inherent in the Karman and Reissner
theories was first proposed by A Kalnins [ 330,331/,
resolving the complicated equations using a technique of
direct integration known as the "multisegment method".

A similar investigation was undertaken by A T Vasilenko

et al [332]. Tne rapid development of the Finite Element
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11S¢ =0 11Se =0
1.9 1.1 1 __sing
AT Ris  Reg Re ™ T

It is to be noted that the signs of these are opposite to
those usually found in differential geometry [337,338 ) since
here the'natural' convention that a radius of curvature is
positive (negative) if the unit normal to the surface is
directed away from (toward) the centre of curvature, and
that C is described by increasing ¢ in an anti clockwise
sense. These geometrical considerations relate to the

undeformed mid surface of the shell; the deformed mid

surface still remains to be specified.

Deformation of a curved pipe

Let the deformed mid surface be represented by the
vector function e(¢,8) and let T, T, and N be an, as yet
undefined, mutually perpendicular triad of unit vectors

which can be used to describe the deformed shell.

The following fundamental assumptions concerning the
deformation of a curved pipe under a uniformly applied in-
plane bending moment are made:

Assumption 1: The deformed mid surface can be achieved

from the undeformed mid surface by a rotation @ about fg
followed by a rotation of the normal to a meridional plane

through an angle w about k.

The former rotation is within the meridional plane
while the latter is purely in the plane of the bend;
furthermore the deformation described is admissable since

these rotations are commutative.

Assumption 2: The deformation of each meridional section

of the bend is identical.

Thus @ is presumed to be independent of G.
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CHAPTER 10
A THIN SHELL MODEL OF THE CURVED PIPE

Nonlinear thin shell theory has reached a fair degree
of sophistication, yet in practice it is still very much in

its infancy.

The 'best' linear shell theory was developed simultan-
eously by J L Sanders [ 339)] and W T Koiter [340)] (also
[ 341,342]), although it is only better [ 343,344 in the
sense that its constitutive relations are symmetric. However
the most practical theory is that of E Reissner [ 326].
Both Sanders [ 345] and Koiter [346] provided general
nonlinear extensions of their linear theories being'
refined respectively by B Budiansky [347 ] and D A Danielson
[ 348 ]. A full review of these theories, and others like
them with further developments, has been given by P M
Naghdi [ 349 ] and W T Koiter and J G Simmonds [350/. These
shell theories are quite general, requiring only an
arbitrary description of the deformed reference surface,
but are not particularly practical except in special simple
cases. A more functional model was advanced by E Reissner
[351-355] in a series of publications, applicable to shells
of revolution (see also [356]). The principle of this
theory was that the deformed mid surface could be achieved
by a single rotation. The idea was perfected for arbitrary
shells by J G Simmonds and D A Danielson [ 357,358], but
still was only valid for a single rotation. The next, and
obvious, step was taken by E Reissner [ 359 ] who postulated
a form of the theory for an arbitrary description of the
deformed shell. It is this final, simple theory of
Reissner which shall be used here. First this theory

shall be summarised.
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fij - e 72( 7
cas  cieT S0
“r T Ry (102)
Di - 14
{oG» Rigp
Lis=eyl-1n
S, o (10-3)
%‘1;; Ep\p

respectively where the <Siand. S, are in-plane radii of
curvature and the F#,;;, ;; are the usual out-of-plane radii
of curvature, with e;; the permutation temsor, i,j = 1,2.

It can in fact be shown [337,338)] that

7/5. = = O,z {002 7/52:-‘ Q2,1 /0(,0[2
_Z. = - _8_." l = ..Z = - E‘_Z_ _7. = — fn
Rll 0(".\. Rsl Rm o, Rzz ‘&?

The transverse (bending and twisting) strain couples xij

and the in-plane strain couples A; are defined by
Ki=1/r - R,
)\’- = 7/51 - 7/5‘ {704/

(it is to be noted that this is actually opposite in sign

to that of [359] but both reduce to the same .since the

definitions of radii of curvature are also opposite in

sign to [359)).

The Compatibility Relations are the six independent

scalar equations resulting from the identities

'guz = g)ZI
Liv2 = Tipn (10.5)
/,ynz. = /..\./n?.

which may be reduced to simpler forms, using (10.1)-(10.4),
(Table 10.1)

Let N, and M, , i=1,2, be forces and moments per unit

undeformed length and p and g be applied forces and moments

Per unit undeformed area. Balance of forces and moments
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Equations (10.8) and (10.9) represent the fundamental
strain-displacement relations for a curved pipe deforming
according to Assumptions 9.1 and 9.2. It shall be
established that these include the classical curved'pipe
relations as a special case. Some simplifying assumptions

are made.

Assumption 10.1: The displacements ug, Ue and W and

rotation @ are small.

The immediate implication is that second order terms

w*, wu etc.....can be neglected, whence (10.9) becomes

eiJ-:Fcos(B—7 - wcos¢ +u;,r
+COSB(Us+ W ) o
%R,
-sin@(w'. Uy)
Bry 7
wcos? Us + Us + W
= 10-1
+ COoSB(Uy- Up) r Se Re (10-10)
r. Se
- sin@(‘;_*"— us)
- 0 -
¥ = [Sin@ +SinB(us +W ) +cosB(w'- u )
! ﬁ g £+ﬁ} + @ X F?J)
- wsin{+sing(uj- UsJ+cosg(w'-u
- in(Ui- Us)+cosp(w’- o) _

6 Re

for i,j =¢,0

Assumption 10.2: This deformation is such that the strains

remain rotationally symmetric.
That is (10.10) should be independent of & thus in the
simplest form a necessary condition is : _

U= ule) Up=ud(e )+ usls)8 w=wlg) (1011)

s~ Y o~ Yo 6
although €¢¢ and €y still depend on @ through @, therefore:
Assumption 10.3: The deformation is such that the bending

is pure and shear strains vanish.
Thus 61@ = 695 = O
Now

€9§={w-%{9}cos§b:0 = Ug=lw (10-12)
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where €g = € etc.

The conventional form (10.7) is obtained on setting
¥¢ = 0 so that g may be expressed in terms of U’ and v’
and also
v/ =(1+€)sin@ - sin ¢ (10-17)
These coincide with the forms stated in [ 317/ except for k in
the terms in‘Ke and Y which were omitted therein. The

compatibility relation of interest is then Table 10.1(ii):
(r€s)'-r'eg-otr(1+€5) Ae=0 (10-18)

10.2.2.Static Relations

The equations of equilibrium for a curved pipe are,
Table 10.2(i)(iii)(iv)
(rN;)'— r'Ne + OU'(K§+7/R§)O ~ & Ag N + arp,=0
(rQ) - orl Ny(#g+1/Ry) + No(#s +1/Re) ] + r Pu=0 (10-19)
(rMg)-r'My- ar(1+€)Q - aragMe + arq, = 0

on writing Q;’—“ @ etc. and defining (10.7), P;, =R=0

If a horizontal and a vertical stress resultant H
and V respectively are defined by (Fig10-2)
Ng = Hcos @ +Vsin §
Q =-Hsind +Vcosd
and it is assumed that the sole body force is an internal,

radial pressure P 1i.e.

py=0 Py==p Gg=0
then equations'(10.19) are
(rH)- o (1+k)Ng +arsindp =0
(rv)-arcosd p=0 (10-20)
(M) - Mg - oI (14€5)Q - %I 2gMo= 0
which may be identified as horizontal, vertical and moment
equilibrium respectively. ' Again these are similar to those

of [ 317 ] with the exception of the term AkNyin horizontal
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equilibrium.

10.2.3. Material Relations

The basic constitutive model which shall be considered

is that of an elastic body with initial strains.

Let Egand £g be principle strains, related to the
mid surface strain resultants and couples by
£ = Eg + 57 €o= €+ Heo
assuming plane sections to remain plane about the mid

surface during deformation.

Let 0; and CUgbe principle stresses related to the

strains via Hooke's law for an isotropic, homogeneous

material with small strains
& SE-Z-/@“V%/ + &

] (10-21)
€o=1 (0 -1 0y) + &

where £ is Young's modulus, ¢ Poisson's ratio and(g;, €g)

an arbitrary initial strain field.

Then on inverting (10.21) and using the definition of

stress and moment resultant |
w2

v ey meffon iegs
—hj1 -hj2

and assuming that the shell has constant thickness there
results

Ng=Ni ~ N Ne= Ne - Ne

Me=F - M Mo= M = Mg

€= E¢ + € €o= €o*€s

Hy= Ry r1G Ke= Ko + Ko
where

N;=Cl € +v€s) No=C[ €Ee +vEy)
/\7§:D/ K3+ VKeo) Mg =Dl Ko +v %)
€3 =BI Ny -Ns) €6 =81 No-vNy)
#y = My~v Mo Ko= Mo My
CdEhﬁbwﬁ D:Eh?ﬂ%vﬂ B=1/h
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and

7 hi2 7 hi2
e*:._j €£2d3 e*z_j 5 d
d h J-nia : © h Joniz 043
7 hh2 7 hiz
K*:_z EN d K’(:_.. 8*
3 h J-hh$3 5 ° hzj—hlzegdg

Np=Cled+ves)  Ni=Cles+ve})
M;:Ch(ft;wxg) M, =Chlt}+vx}
It is useful to note that compatibility (10.18) and moment
equilibrium (10.19)3 becomes
(fMg)~,rlM9~ 05/"/7*f§/0—011‘3\s/\49 = f, (10-22)
(r€e) -r'€;-0r(1+€)de = 17
where :
f,*:(I‘M;}'~ r'Ma - AeMaOir - oF Oe;
f'=-[(re§)- r'e} - «rrs€}]

10.2.4. The Bending Equations

Two basic equations are now derived which serve to
describe the bending of the curved pipe; they are
equivalent to E Reissner's 'bending equations"for shells
of revolution [351] with additional terms in K. The
first is obtained by substitution into (10.22), for barred
quantities using (10;16)

g"+(rix)p - VX [cosd i+ k)~ cosp]p’ + (%‘)ZCOS@[SI'nd?(I+K)—S[n¢‘](l+l<)

(ria) r
el (HP)sing +(Vr)cosd 1/ or

~«B/ DY IR HPcos§ +(Vrlsin @ —T’/7<(§ )( (rHY +arsin® p-(Hrisin +(Vricasdl
+
= af’/pr (10-23)
The second is obtained by substitution into (10.22), for

barred quantities using (10.20),
B (rH)" (I8 (rHY - pi+Yesin@crvy
(ria) . T . ,
~ (FH)[ (% f'cos Bl +K) = ¢y Sin 69 1(1+K)
—(rV)[ (afrfcosdsin@ll+K) rvofrcosd-dI(1+k)
afr(rsin®)p + v (a/rYcosd(Fsin®)plI+K)]
: - = (1+K) £* ,
_(I+K)Q/r(c05@(l+K) COS¢> (r?o() f, (10-24)
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10.2.5. Additional Equations
o The bending equations contain three unknowns (Hr), (Vr)
and 8; an additional equation is therefore required. This
is supplied by vertical equilibrium (10.20)2
(rv)-orcosdp=0 (10.25)

The system (10.23), (10.24) and (10.25) is therefore
complete provided sufficient boundary conditions are
supplied. In some cases - in particular under the action
of internal pressure - such conditions are unavailable in
the required form and yet another equation is needed. This
is (10.17) which can be rewritten as
(I+k)%' = (1 +kMsin®-sing) + (1 +K) Bjrsin@[ (Hr)cos & +(Vr)sind 1

- Bvlo [ (HrY +arsin@plsin® +(1+K)f) [10-26)
where

f;: e-;Sl.n @

10.2.6. External Moment Equilibrium

For the curved pipe there are two possible problems;
the first is the case where an external in=<plane bending
moment is applied resulting in an end rotation, the second
is the case where an end rotation is specified and there
is consequently a resultant in-plane moment. In the case
of small strains and small deflections these problems are
identical, however, in the nonlinear case here they are |
not. Nevertheless in either case if M is the applied -
or resultant - in-plane moment then external equilibrium
must be satisfied:

M :f [ r-a) Ne-'Me]dz (10-27)
C

where @ is the distance of the z-axis from the centre of

inertia of the cross sectional curve C.
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10.2.7. Evaluation of the Stress Field

Given the quantities (Hr), (Vr) and 8 it is necessary
to evaluate the stress field 0; and 0p . It is readily
verified that

Og=Ny +8E (x;+vx6)+ 0
h -2 J

Go= No+ 5 £ (Ko +vty) + 05 10:28)
where h y v
-y-- % »®
6g~%vf - £ (efvved)

0= Ne - £ (g rve})
§—
All the quantities in (10.28) may be directly expressed in
terms of (Hr),(Vr),g .

10.2.8. A linear Thepry for no internal pressure

If small rotations as well as small strains are
assumed then the bending equations reduce to the equations
of the linear theory on mneglecting all nonlinear terms
[323, 326_}and 1nternal pressure

! ) = "oy (1Y )' ¥
¢+ (e [ (£ IRIR g )= (P K g

B{(Hr),:q-(rla)(Hr)-[(r +1/(rlo()](Hr)j O‘{F’F

= alf'x + & f, : (10-29)
r r

where
ff: (rM;)l*l“'Mg
=-[(red)-r'e}]

10.3 Discussion

In this chapter a new, consistent thin shell model of
the deformation of a smooth, curved pipe has been derived
based on two fundamental assumptions together with various
simplifications to reduce the equations to a tractable form.
This formulation contains the equations presented by
S H Crandall and N C Dahl [317/ and J A Blomfield [ 323]as
special cases, and in particular the classical linear form
[326].
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o
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U=(XY 6% XKD F(fg] g )

f:_‘.O g:(:O I.:7‘20.“ M
and [9#]1s given in Table 11.3. Hence immediately
U=IA)"F . (11.20)

and the problem is solved.

11.4.1. Results and comparison

Due to the nondimensionalization it is fairly obvious
that K is the elastic flexibility factor and S;. Sg are the

stress concentration factors, for example

K=Te=Ke=kEI b - k+Ma

& Mba EI

A FORTRAN IV computer program was written for the Univérsity
of Strathclyde ICL 1904S system to perform the operation
(11.20). Results for ¢ = 0.33 and ¢ = 0.1,0.3 are shown
in Table 11.4 with M= 17 compared with the results of
linear shooting. Allowing for the fact that linear
shooting supplies a very accurate discrete model, and
that the full equations (11.7) are used, it is obvious that
the discrete model based on finite differences is
acceptable. The value of M = 17 was felt to be an optimum
(in particular the linear shooting method employed an

equivalent M = 174).

11.4.2, Calculation of stresses

Let the interval describing the thickness g :([-'z2,'2]
be replaced by a mesh §;,j = 1,2,.....MFl so that the
matrices /E%./and/ Se ] represent the principle nondimen-
sional stress fields, whose (i,j)th elements are the
values of these quantities of the mesh points (g;,gf).
Using (11.3) and (11.4) it is then possible to relate
/S? ]and[sej to the solution vector J from (11.20)
thus









Negr = Ew

Sl

. Asing

| +Asing

E

Neo = e.{—

v Acos
| +Asing
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TABLE 11.2

THE ELLIPTIC INTEGRAL J(7)

N )
0.6 2.975 457 9
0.8 3.060 954 6
1.0 3.141 592 7 (m)
3.218 282 0
1.4 | 3.291 657 5
TABLE 11.3

THE MATRIX [¢t /, ETC

[# = b ¢ @ - - - R
-¢, b, a, "9
a, b, C. @, -f2
a, -c, b a, "G,
----- |
a,. busr Crer Gua l
A, "G Do G |

Qs b, Cu -fu

Gy -Gy By -G

_ - ==&, Sy Su Tun

s S S ST - "
1 = (111 7)T

g :{g. ‘32 I gN '.:‘)N-l“l/-r
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CHAPTER 12

INELASTIC SHELL ANALYSIS

The inelastic analysis of shell structures poses some
of the most formidable problems in structural analysis. As
long as relatively straightforward examples are studied |
(for example Chapter 8) the difficulties are surmountable.
A large number of such simple cases are documented in the
standard texts [1-6] and the early works of C R Calladine
[390) and S A Patel et al [391,392] on steady creep.

A fairly comprehensive review of the steady creep of
shells has been given by W Olsak and A Sawczuk [393-395)
and shall therefore not be repeated in any depth here.
Recently a general numerical treatment of shells of
revolution has been presented by S Murakami [396/ based on
quasi-linearization and the finite difference method.

In fact since the steady analysis of any shell problem is
merely a rather complex nonlinear elliptic boundary value
problem any suitable method for the resolution of such
problems can be employed [397,398..  In elastic shell
analysis the problem can be considerably simplified as it
is often possible to form a constitutive equation for the
stress and moment resultants and midsurface strains (e.g.
Section 10.2.3.). No such relationship exists for steady
creep. Nonetheless several investigators have proposed
approximate: relationships [399-401/; most of these are
approximations for the creep energy dissipation rate of a
shell and shoﬁld thus only strictly be used in the context
of an energy methods. There are standard methods for the
resolution of nonlinear variational problems [ 397,398,
403-405 ] some of which (notably Kachanov's [ 403-405])
arose out of attempts to solve steady creep problems. A

general energy formulation of arbitrary shells in steady


















v=Ed, [gft)dt



X:'O Y::O g:'n’)z'gfn-n
where

T= (- (1G-KG)  Fa[ 2 (Hy v He)

5;,':8;_&2 3:2: ;
gt: 61'*/50 ]f;l: Kfi’go
+ 2K(_’__ ~1)

(1311)
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The discrete model of this problem is obtained in

exactly the same way as Section 11.4 on replacing the
snterval [M[2,372]by the mesh

g = w2 +] A I1=01,2, -+« n,ms

Af: ™/ M+I)
whence equation (11.9) is obtained

[A JU=F (13-14)

where now

fielAidi * Jaig=Bam] gt
I = I:ZI' e M

=4 i - 3;‘1;“ -5?::-:] (2
¥ _ 3
Frrer® 2A§m Ai/u T S fg_gdg
Thus given SU and G} ,Fis determined and
U=ls JF (13.15)
the stresses being obtained from (13.13) and the problem

is solved.

13.4 The initial elastic problem

The general curved pipe problem with initial strains
can be used to deduce the solutions of the initial and

residual elastic problems.

When the moment M is first applied there is an end
rotation resulting from a purely elastic response. The
appropriate equations are derived from (13.10)-(13.13)
on identifying 3} =0, §j=0. Thus the initial
profile, represented by the matrices/Sj;o/ and/[Seo/ ,
and K, (orKe), may be obtained on solving (13.14) with

m* = 1 and

F=(000 -0 3n2k)

which is then identical to section 11.4 and the results are

the same.
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the form of the finite sum

Rul E5.E3)= S(pIES I, + (pl /T ESI 5,

14.5 Forward integration of the redistribution equations

14,6

It is now possible to construct the discrete forms of

the redlstrlbutlon equations thus

/S;] Z/F?;,//Fs{ S Sl Rrs/+/ /?,«'9// FolSy, Solll st]

1410

g_t/Se]—;/Re,]/EJS;, S Rs;]+/Rse///%/ S, Sl Rw/ (14:10)
[S;(0)]=0S) 5,00 )]=(Sed ~ (14-11)
97 = Zp})IE(S. )5 +/Pe}/F/S;,Se}/P (1412)
m(0)=1 (14-13)

This finite system of ordinary differential equations may
now be integrated forward in time in a step by step manner.
Owing to the 'large' times for which this integration
should be continued a Runge-Kutta second order method was
found sufficient (Appendix 5>. Initially a small time
step (of the order of 0.001) should be used,continued
until the rate of change of moment sléws down, whence it

is chosen automatically by a method suggested by R K Penny
[7,409] i.e. for each time step '

DT = Sm/t/—-gﬂ
dt

where & is a scalar in the range [0.01, 0.1]. The process

was terminated after an a priori chosen time.

Numerical results

A FORTRAN IV computer program was written for the
University of Strathclyde ICL 19045 system to perform the
numerical integration of the redistribution equations using
the previous discrete model (M = 17, N = 10). The scalar
parameter & was taken as 0.05; a typical run took 3 minutes
mill time. A nominal value of ¥ = 0.33 was chosen through-

out,
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Figures 1l4.1, 14.2 and 14.3 show m(z) plotted against
time for values of n = 3,0,5.0 and 7.0 respectively for

various A and ¢ = 0.1,

Figure 14.4 shows the effect on bending moment of
variations in the radius ratio ¢ in typical cases. It is

clear that © does not have a marked effect.

Figures 14.5 and 14.6 show typical stress profiles
at various stages of time. It is to be noted that
represents the ratio of stress in the bend at various times
to the maximum fibre stress in a similar straight pipe
under the action of M, assuming only elastic behaviour.

They thus represent measures of SCF.

Figure 14.7 shows a typical variation in maximum SCF

in time. The initial points are the corresponding SCFm's.

Obviously many more detailed results than these were
generated from the program, but lack of space necessitates

their omission.

The straight pipe

The creep relaxation of a straight pipe constrained

to a fixed curvature can be secured from Section 8.2 as
27 ]
: R G
m(t)= /S/n'§{7+{n—7}{sm§} S ds
[+]
in closed form.

Results of such a calculation are shown in Figures
14.1, 14,2 and 14.3. Calculations for large A indicate
that as A—> 0othe results for a curved pipe tend to those

of a straight pipe as expected.

Presentation of results : reference stresses

The so-called Reference Stress Method can be used to

present the results of this analysis in a particularly
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CHAPTER 15

APPROXIMATE METHODS FOR THE CREEP/RELAXATION
OF A CURVED PIPE

The analyses which have been performed for the creep
and relaxation of a curved pipe, although fairly interesting
in themselves, are not in a form which is likely to be of
use in complex piping system design. They nevertheless
allow the verification of simple approximate methods which
do have a certain potential in design. Two important
possibilities which have been suggested for time dependent
creep shall be examined here; . super-position of states,

and a simplified direct method due to L M Kachanov.

Creep of a curved pipe

Consider the problem outlined in Chapter 13.

15.1.1. Superposition of states

This technique approximates the total response of a
structure by adding a pure elastic response to a pure creep
response (Section 7.4). For constant applied loads (the
second boundary value problem) this is identified as the
superposition method of D L Marriott and F A Leckie [75].
Then |

¥(t) = Ve +%(6)
where U¥e is the initial elastic end rotation and ¥(t) is the
"pure creep" end rotation. On changing to nondimensional
quantities this implies that
KydT)= Ko+ K )
But a pure creep analysis in nondimensional time T under
constant applied loads gives a pure creep end rotation rate

constant in time i.e.

e . (15-1)
KC/e/'C}__ Ke+ ?‘KC

which is a straight line with initial point Kp and gradient
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where

dan = /(C/_Ke x (1/0,)"
The initial value problem (15.4) with m(0)=1 has
solution

m(T)={1+(n-1)dy' 2} (15-5)
Results of plotting (15.5) are shown in Figures 14.1, 14.2
and 14.3, for comparison; values of Kpcan be taken from
Section 13.4 with values of /%Cchosen in a similar manner
to Section 15.1.1, in fact.with this choice there is less
than 2% error from the computed results and are therefore
not shown. It is also interesting to use upper and lower
bound values of /%Cfrom [423]. Fﬁrther it is instructive
. notice that (15.5) is already in the form of a uniaxial
relaxation test started at 50, (Section 14.7);values of
s for the upper and lower bound Rb and asymptotic values

are shown in Table 15.1 with the least squares fit ag.

15.2.2. Kachanov's Method

The approximation of L M Kachanov assumed in Section
15.1.2 may also be assumed in this situation observing that
the asymptotic pure creep stress field is zero. Then if,
simply

1-ct)=1-c4) =plT)
the unknown scalar function pf¢)can be obtained from
Galerkin's method, or by using one of the reduced variat-
ional principles [81/ so that _
miz) =plt)={1+(n-1)ce T} (15-6)

where
infth | 2 2 nH
S fn 1S~ S Sem* S "t g
M, 2
/ 2 f 550—21/ St S0t S0/ ds dg

nfy /-

n-i
Xy =

Results of calculating (15.6) are shown in Figures 14.1,

14.2 and 14.3 for comparison. - Undoubtedly the
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cos(™ !
where
T =[cos(T x) N =[cos(N, x) B = {cos(B.x)
cos(T,y) COs(N, y) cos(B.y)
cos(T,z) cos(N, z) cos(8,z)

with respect to the Cartesian frame, the components being

the direction cosines of the respective vectors.. The matrix

[ J=  [RI's
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CHAPTER 19
AN EXAMPLE

By far the best means of illustrating the simplified
method based on superposition of states described in the
previous chapter is by way of an example. In this,
penultimate chapter the simple loop considered by J Spence

[450 ] shall be reanalysed (and corrected).

Consider the loop shown in Figure 19.1 which lies
completely in a two dimensional plane consisting of three
900 bends and three straights. It is assumed that all the
pipes are of circular cross section with the same uniform
thickness 2h and radius r, composed of the same material.
Let R be the radius of the bends and / a typical length of
the straights (as shown in Figure 19.1) completely
describing the geometry of the loop. The paint O is fixed
but free to rotate and it is assumed that there is only one
degree of freedom at A (if a Cartesian frame (X,y,Zz) is
placed at O with unit vectors (/,/,K) then A moves solely

in the direction of.j ).

Let f, be the initial force in the 1 direction required
to elastically obtain the displacement §, at A. This
displacement is fixed and the loop deforms inelastically due
to creep. The problem is to determine the mode of relax-

ation of F(t), the resultant force at A.

It is assumed that only in-plane bending is of signif-

icance, whence the strain energy densities are

_1 4 Ma
s reer
1 K Ms g1)
Ujjn+7 I J

where



245

I=27mrh I, = /‘th/‘z'nD,}n D‘::,Lrjzgl.njﬁ'/nd;
o

and Ke is the elastic flexibility factor for the bends and
K. the creep flexibility factor [423].

The equation (18.7) for relaxation of load reduces to

the single identity
d(d_|" $J'E dst+ d_(1 $TE Jds = ,
Z{ gﬁjou// RITS T F,)ds) C@fowh‘,[/?,]/ T.JEJds=0 (19-1)

where

— -A T

L=l 1R h=(R0o0000]) .
The matrices [ R/and [ T; ] need to be specified for the
loop.

Let the sections of the loop be denoted by @ - ®
as shown in Figure 19.1. Then in terms of the Cartesian
frame (/,/,k) the rotated coordinate axii (T-N,8). is for

each section

6D %) ~ )
T| (0 1 0) (sin@ cos@ Q) (1 0 0)
N| (-1 0 0) -cos@ sing 0) fo 1 0]
B| (o0 0 1) ([ 0 O 1) (o 0 1)
® Q) ®
Tl (cosp -siné 0) (0 -1 0] [siny -cosy 0)
Ni(sind cosé 0) (1 0 0) { cosy siny 0)
Bi({ o o 1) (o 0 1) [0 0 1)

and the matrix [R,/ is thus given by:



[ts]=|-25 0O
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CHAPTER 20
THE FUTURE ?

"No sooner had I completed the course of study at the end of
which one would normally be admitted to the degree of Doctor,
than I changed my views completely because I foﬁnd myself
beset by so many doubts and errors that I felt that nothing
had accrued to me from my efforts at learning but the

discovery that I was more ignorant even than I had supposed
......" {]-)

Although the writer would perhaps not go so far as
Descartes in admitting to a reversai of opinion in the
later stages of this work, many adjustments were made in an
attempt to follow whatever aspect of creep research was
considered to be the most fruitful of the future. Perhaps
the ultimate destination of inelastic analysis is not hard
to discern - the complete computer simulation of the
deformation and deterioration of a complex structure
designed on a basis of simple, reliable rules - for it is
the péth by which this future shall be achieved that is
unclear. Maybe relativity shall apply and the nature of
the events which shall eventually alter the present course
cannot be determined - we shall merely realise that the
change has occurred. To the writer there is a feeling that
the direction of creep research may be unwise. It appears
that there is an emphasis on the nonlinearity of the
behaviour at the expense of the time dependence which is

admitted only to a secondary rdle and treated often in the

basest possible manner. One only needs to refer to most

reviews or modern monograph concerned with metallic creep
to discover it under the designation "nonlinear material

behaviour". This has led to attempts to extend familiar
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elastic design procedures and techniques of analysis into

the creep regime.

In this thesis creep is considered to be a field
worthy of innovation, with temporal behaviour of prime
importance. There has been a tendency in the past decade
to believe that this aspect of creep is routine througﬂ
application of any of the initial strain algorithms, being
shunned to an extent due to excessive computational costs
and the feeling that expensive sledge hammers were being
employed in the destruction of rather ill-defined nuts.
While the phase is certainly only transient, this view is
possessed of an amount of truth in the solution of basic
problems of engineering importance. Therefore there have
been suggested several simplified approximate methods of
analysis, the most popular of which being described in
Chapter 7, Section 4. Although confirming research to be
the art of the soluble {2/, these methods have met with a
certain amount of success as it has often been demonstrated
(for example Chapter 15 of this thesis) that they are
effective. The question is whether or not the future of
creep research lies in the further development of these
techniques? When they succeed, and there is no reason to
suppoée that this will always be the case, such methods
cannot be discredited - however taken to their logical
conclusion they produce serious disadvantages which far
outweigh those of attempting actual temporal integration.
It is possible that these methods shall not weaken in the
light of future scrutinmy, but it is the writer's belief

that they are sterile. As an alternative one can only

reasonably suggest a point of departure; rather than

viewing creep analysis as an application of the theory of

nonlinear partial differential equations, it would be
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instructive to think of it formulated as an initial value
problem. Computationally, above all else, this is to be
preferred (3), moreover a different species of analytical
technique could be exercised. In keeping with the spirit
of this suggestion a rational approach to creep mechanics
has been adopted through the derivation of the equations
of inelastic growth and stress redistribution, Chapter &.
Retaining these forms would necessitate approximations for
the "residual operator", rather than for the actual creep
process. It is important to realise that such a study
would only be concerned with (linear) elastic material
problems! The view proposed here is that future of

creep research should not lie in a progression from its
current state, instead it should lie in a search for a new

basis.

Despite such bemusing speculation, piping systems have
to be designed in the present. As far as the curved pipe
is concerned its short term future seems very much evident.
There is a need for a nonlinear geometric finite element
curved shell model to be developed to cope with arbitrary
loading and internal pressure. This - together with
experimental evidence in elasticity - should indicate those
deformation assumptions which are acceptable so that a
simpler model can be deduced for use in piping analysis.

Only with this as a basis should the inelastic behaviour

of a curved pipe be examined. On its own the curved pipe

is not of much consequence, being more important for its
ability to deform within a complex piping system. As yet
there is no completely satisfactory method for designing
and verifying such a system for creep although in this

thesis (Chapter 18) a rational procedure is guggested based

on current information. Nevertheless, is 1t not possible
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that the 'residual operator" for a piping system could be

formed in a simple manner? The matter is under

consideration by the writer at present.

The thesis began with a discussion of creep constitu-
tive theory and it is fitting that it should also end on
this point. All of the above remarks are extremely
tenuous if suitable material models for creep are not
available. The engineer looks to the metallurgist for
guidance in interpreting his observations (4); while a lead
may possibly soon be taken (5) one should ask if this is
entirely necessary. In mathematics the point of view has
evolved (6/) that one need not knoﬁ what things are so long
as one knows what statements about them one is allowed to
make. Applying this premise to constitutive theory the

principle of the 'black box" is regained.....is this the

hope for the future?

Whatever happens, it is only wished that common sense

will prevail.

Notes:

(1) Correspondance : Rene Descartes Ed. C Adam, G Milhaud,
Presses Universitaire de France (1936-1956)

(2) P B Medawar: The art of the soluble, Methuen (1967)
(3) R Bellman: Some vistas of modern mathematics, Univ.
Kentucky Press (1968)

(4) Joint Metals Society/Inst.Physics/Inst.M?ch.Eng..
Meeting on the Prediction of Component Life at high

temperatures, London (1975)

(5) M F Ashby: A first report on deformation - mechanism
maps Acta Metallurgica 20 (1972) pp887-897

(6) M Kac, S Ulam: Mathematics and Logic, Praeger (1968)
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Theorem: Define a set d cf (tu)|t.<t < t, + @, ueX] such
that Oft)= { u/ (f,u}éoD}is closed in X for each { in
(t,.t.+a ] . Assume that the mapping f satisfies
(a) flt,u) €cClx] ;
(b) [If(t,u)]l € M(t] ond where M(t) is summable ;
and let V be a functional defined on O satisfying the

conditions of the previous theorem.

Let & € C[D,X] be such that

sup VIt 8(t), u) —s 0 t—st,
uedw) - |

then if for every f,, (< <f,+a , (i) has a solution
starting from ( f,, €(t,) ) reaching f,+a@ in I there is a
unique solution of (i) with uf%)=%(t.)= u. .

Proof: Let $(t;t)) be a solution starting from ( t, &(t,) )
then if f< 1 <,

dV(t ¢(t:t),d(tits) Cwlt,V) thststora

f
so that
VOE (L), d(EtD) € VIt bt t), dtait)=Vite, St L), $(t,))

which —s0as t,— to . Hence

Cb(t:t.)"“” P(t:t>) t,. .t~ to

and

lim @(t;t) =t
t,—~to

exists.
Then ( +,¢(t)) €& and ¢(t) is a solution of (i) since for
arbitrary £ >t .
d>(t;t)—¢(£;t.)=J (s, bls;tNds  to<ti<t
' :

(1)~ $(E) = ﬁf(s.dz(s))ds
t

and let E->fo . QED

Uniqueness is obvious.
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ON THE EXACT ANALYSIS OF THE STEADY CREEP OF A THIN TUBE
UNDER COMBINED LOADING

JJBOYLE and J. SPENCE (GLASGOW)

. An exact anal_ysis is.pre§ented for the creep deformation of a long, thin, constant thickness
circular cross-section cylindrical shell under various loadings. Results are presented in the form
of a design chax:t which can be used for several load combinations, and as flexibility factors.
Previous approximate analyses are discussed.

NOTATION

applied bending moment loading,

applied internal pressure loading,

=(Pr/2h) (o/00)

=Pr3/M,

applied torsion loading,

=T/nM,

=(T/4hnr?) (¢0/00),

=(c52+ W2)1/2’

y end rotation rate of tube under combined loading,
2 end rotation rate of tube under bending alone;

hi%q&h‘ug

suffices
@ circumferential direction,
! longitudinal direction,
@, shear direction,
All other relevant symbols are either defined in the text and fig. 1 or in reference [2].

1. INTRODUCTION

The exact analysis of the steady creep behaviour of a thin walled tube was
considered by Epstam and HULT [1] using an isothermal steady creep law of the form

(1.1) gi=(ai)

The object of their work was to obtain equivalent stress levels under combined
Pressure and bending loading for comparison with the linear elastic case, thet results
being presented as a useful design chart. However, their solution was restricted to

the case 1=2. It is the purpose of this investigation to derive a corrected design chart

based on a more general analysis. Further it is shown how various loadings, with
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pending taken as the primary loading, can be incorporated into the same chart,
Finally, results are presented in terms of flexibility factors with reference to the case

of bending alone.

2. STRESS RATIO ANALYSIS

Consider a thin tube of circular cross-section under internal pressure P and
subjected to a bending moment M and a torque 7, as defined in Fig. 1. The radial
stress component is negligibly small if 2h/r<1. The circumferential stress o, and
the shear stress g, are isostatic and may be determined directly from equilibrium

alone

Pr
(2.1) 6¢ - 2}; 3
(2.2) 041 =T/(47hr?),

both stresses being taken as constant through the thickness.

- L -
L |
: | < !
,,,, T ——],
T P I
S )
—’*l- —— —::;;-————‘-_;‘ \\\\\
\ ‘/// ~J
M \ N M
) — ==___
~

Undefgrmed / i

Deformea /", m/

Fig. 1

It is found convenient to write the longitudinal stress
Pr

(2.3) al=—4;+p(4>),

in a manner similar to [1].
This stress field must satisfy equilibrium with the applied moment

2r

M=2hr2f U[Sin ¢d¢,
(]

which yields
2z
2.4) [ R(@)sin®do=1,

(0]

o AL2
on substitution of o, from (2.3), where R (®)=5; p (®) and B;=2hr*/M.
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If a pure bending moments alone were acting, the longitudinal strain rate would be
@2.5) & =rysin(P)/L,

where 7 is the end rotation rate, related to the curvature rate #

(2.6) K= —L— .

If on the other hand, if pressure and torque alone were acting, the longitudinal
strain rate would be zero everywhere. Thus, under combined loading, the longitudinal
strain rate would be as given by (2.5). ‘

Further, the constitutive relation (1.1) yields an expression for §, in terms of the
stresses (2.1), (2.2) and (2.3) [see Appendix II, Eq. (b)], and comparison with (2.5)
produces the equation

3 n-1 rk (6o B))"
2.7 — p*+R?) R?=|——FT—"—|sin? P,

4 o
where B=(J32+ W2)1/2,

EpstaM and HuLT [1] have proposed the use of the non-dimensional design
parameter
g™
0=—0>

known as the “stress ratio”’, where 6™ is the maximum effective stress occurring
in the tube, creeping according to the constitutive relation (1.1). Assuming that this
occurs when @=x/2 it follows that '

3R @I
28) O =3 1/(=B)?

and hence that © depends on f§ and n alone.

The suggested design chart plots lines of constant @ on a diagram with 1 /n. along
a horizontal axis, and the quantities f, 1/8 along a vertical axis. Consideration of
the moment equilibrium equation (2.4) with the equation (2.7) for_ R (®) and the
relation (2.8) reduces the construction of the chart to the following problem:

Let © be given, then for each n solve the algebraic equation

F(ﬁ)=fnR(q§)sin¢d¢4——B=0,

for B=1/B, where R (&) satisfies:

(_i___;_ R? (¢))"" 1R2 (@)= (—i——}‘ R? (n/2)) R*(n/2)sin* P,
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with
R (n/2)=0* 34+ B*/n?) - 3/4,

and R (®)=B R (P).
The solution of this problem is outlined in Appendix I. The results of such a cal-
culation are given as a design chart in Fig. 2.

3. COMPARISON WITH A PREVIOUS RESULT

For the case of combined pressure and bending, with no applied torque, W=0
and f=d. The design chart (Fig. 2) differs significantly from that given in [1] for
the same problem. This difference is due to two factors: firstly, the previous analysis
[1] was only legitimate for the special case n=2, secondly, the authors confined their
attention to the calculation of values of @ for given < and n (instead of § being
found for given © and n) and hence their design chart involved considerable inter-

polation.

4. USE OF THE DESIGN CHART FOR VARIOUS LOADINGS

It is important to note that the same design chart can be used for the three loading

cases
(a) combined pressure and bending,
(b) combined torsion and bending, .

(c) combined pressure, torsion and bending,
if 8 is simply replaced by S=Pr3/M, or W=T/zM or (S3*+ W?)'/?, respectively.

5. FLEXIBILITY FACTOR ANALYSIS

A further useful design parameter, used extensively ia [2 and 3], is the “flexibility

factor”
end rotation rate of pipe in combined loading_ ¥

end rotation rate of pipe in bending alone Yo

It is easily shown that, with reference to (2.6) and (2.7),
K—_—Dg ‘rl\:"(GoBl)n/éo N

7!/2

where Dy=4 [ (sin @)+ dd .
0

e value of K for a given fand n; since the moment

It is of interest to determine th i
owing:

equilibrium equation (2.4) has to te satisfied the problem reduces to the foll
Given 8 and n, find K such that the algebraic equation

23
G(K)= ‘[' R(®P)sin®dP—1=0,

0
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7. DEFORMATION RESULTS

It is worth commenting further here on the results of a “type 1” energy analysis
as used in [2 and 3]. When the stress field is of the form (2.1), (2.2) and (2.3), the
strain-stress relations [Appendix II, Egs. (a) and (c)] can be written as

21/n

3 ! 2]m=1)2 3 :
Ep= T(S2+4Wf)+( o p((D)) | 75—71’
'(71) . i 3 é(l)/n 2ltn—1)/2 3
41 = 7(52+4Wf)+( . p(¢))J TW"
L 0

where
Pr é(l)/ n T é(l)/n

) gy W1=4h7:r2 o

However, the assumed strain rate field of a “type 1” energy analysis [3] is

3 (n—l)/23 él 3
2 T e

which clearly neglects the effect of the torque T and p (@) on the circumferential
strain rate, and the effect of the pressure P and p(®) on the shear strain rate. This
would account for the discrepancies at low values of f between a *“type 1 analysis
and the “exact” analysis. Nevertheless, for large f values it would seem that
assumptions (7.2) as opposed to (7.1) are reasonable approximations.

8. AN ALTERNATIVE APPROACH

The deformation results would suggest the following alternative approach to
the problem based on assumed strain rates. Suppose that the strain rate field is of

the form
g .
8.1) &=@rpsin @)L, E=y1(®)—, Eu=v2(P),

where ¢, is clearly “exact” and y, (®), y, () are functions which depend on the

loading parameters. ' .
The applied pressure and torque loadings are known to be isostatic and can be

obtained directly from equilibrium as before
Pr _ T
€2 6= 20 70 Anhr®”
However, it is possible to express the stresses in terms of the assumed strain
rate field (8.1) (Appendix II egs (d), (f)); if a comparison is made with (8.2) there
results

y
Y e =y (@),
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It is shown that the same charts can be used for alternate parameters =Pr3/M,

w=T/nM or (S*+ W.z)m, independently of the method of analysis, which in
itself represents a considerable simplification for design purposes as recommended

in [3]-

APPENDIX I

It is found necessary to solve an algebraic equation of the form

@) F®)= [ fi(x, Ddt+f, (x)=0,

such that the integrand satisfies the algebraic equation
(b) g(f1 (x, t))=0-

It is possible in some cases to solve (b) analytically. However, in general, this
does not seem possible and hence a numerical technique is employed. With an initial
approximation x=x, a first approximation x=x; is formed

F(xo)
F'(xo)’

X1=Xo ™

following a Newton/Raphson procedure.
b

Now F (x,) requires the evaluation of the integral f f1 (%o, t)dt; any numerical

a

integration technique (in this case Simpson was used) uses values of the integrand
at a number of intermediate points ¢, in the closed interval [a, b]; such values can

be achieved by solving the algebraic equation
g(f1 (%05 tj)) =0

for £; (xo, ¢;) (using, say, a Newton/Raphson technique). Similarly from (a), F” (xo)

b
requires the evaluation of the integral f g™ £ (x, t)|,, dt, where for intermediate
a

points ¢; in [a, b]

d;

0 0 .
_a;fl G, = _az'g(fl (% tj))lxo - df,

Xo, tj

. . S.
In the same manner a second approximation x=x, €an be found. The proces

continues until it has sufficiently converged.
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APPENDIX II

The material obeys a Norton type isothermal power law given by (1.1), where
62=o,2—a,a¢+ai+3o-il_

If it is assumed that it is also incompressible then the effective strain rate is given by
B2 — (22, s s . .
= @ Hhd, il i),
Then for a von Mises flow rule the strain-stress relations are
é¢ g \n-1/ o
@ (2 -2/
& 0o a¢ 2 0o,

X E T I8

éd)l 3 ( 6 )n—l 0'4”

© =al) =
80 2 Oo Oo ?
and the stress-strain.relations are
| gs 4 [§\Un-1 §
d o
( ) Go 3 éo 8¢+ 2 €p
. o, 4 8— )1/"—1( éd’)/
. R .y e}/,
() 0_0 3 (8-0 l+ 2 80’
s \1/n-1
() ﬂl:i(i) Lot
Op 3 €o 2
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STRESZCZENIE

O SCISLEJ ANALIZIE PROBLEMU USTALONEGO PELZANIA RURY CIENKOSCIENNEJ
W ZEOZONYM STANIE OBCIAZENIA

Przeprowadzono $cisla analize procesu pelzania dlugiej, cienkoéciennej rury w ksztalcie walca
kok’wego poddanej réznym obcigzeniom. Wyniki przedstawiono w postaci specjalnego wykresu,
Z ktérego mozna korzystaé¢ przy roznych kombinacjach obciazen, jak rowniez w postaci tabeli
Wspotczynnikow podatnosci. Przedyskutowano poprzednie rozwiazania przyblizone tego samego

problemuy,
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PezomMme

O TOYHOM AI{AJII/BE ITPOBJIEMBI YCTAHOBUBIIENCA INOJIBYYECTU
TOHKOCTEHHOM TPYBbI B CJIOXKHOM HAI'PYXXEHHOM COCTOSAHNH

TlpoBeleH TOYHBIH aHAIM3 MpoLecca NOJ3YYeCTH AMHHOM, TOHKOCTEHHOM! TpyORI, B dopMe
KpYTOBOrO LIAJIMHAPA, TMOABEPTHYTOM pa3HBIM Harpy3kaM. Pe3yiabTaThl NPEACTABJICHBI TAK B BHAC
cremMaTbHON OHarpaMMel, KOTOPOH MOXHO IONB30BaThCA IPH Pa3HBIX KOMOMHAUMsX Harpy3ok,
xak H B Buae Tabmuner kosdduumentos nomarnueocth. OGCYXneHsl npenyuEe npoOIMKEHHBIC
pemeHUs 3TOH Xe camoii mpoOneMsl.

DEPARTMENT OF MECHANICS OF MATERIALS
UNIVERSITY OF STRATHCLYDE, GLASGOW

Received September 13, 1973.



273
APPENDIX 3

QUASILINEARIZATION AND LINEAR SHOOTING

The modified Newton-Raphson method for the operator
equation
Plu)=0
is the iteration [A3.1]:
(n+n ) \ =i
u = u = a P ™ TP n=01,2---

)
where d  is a sequence of scalars, (' is specified and

P’ is the Gateaux derivative of P
P'lu).h = //m {P{u+sh} Plu)}

The modified method of quasilinearization is obtained on
rewriting this iteration as a sequence of linearized
operator equations,

BIumu™ = Plu™iu™ a P
which reduces to ordinary quasilinearization on taking

)]
each a"=1.

Boundary value problems

Consider the nonlinear two-point boundary value

problem ‘
g—-z fix.y) asx< b
[Alyla)=2 ,  [Blylb)=¢
/b (x.yldx =¥
where
Y= [y, JZRRR 7/ f=(fi £ " )
a=(d K" Ar) g=(g - Bs)
dim[A] =RxN dim[B] =SxN R+S+1=N

is made

If the identification u =y , Ply)=g¥-1lx.y)

then
! h-[Df)h
Plylh= gz~ "5y~ :
) é%? [)y] ithm is as follows

and the ordinary quasilinearizétion algorit
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Let zﬂo’be given, then the sequence of solutions‘y(m
n=1,2,000000. is obtained on solving the sequené; of
linear two-point boundary value problem
a y("*‘) Df (nm (m
ot T Dyey iy D)/"’
[A /~ {mn( } a /B] (n+|){b} @

LBl = ¥+ (825" gty

[2f ¥, . . of]
= B SYx ng(ég_ég.,.ég)T

where

I~

DZ B)/ ! byz 5)41

2|2
!

Mo M. . - dh
Lb)/: Y, \OYN_J

The process is terminated when some convergence criterion

is met. Each of the linear boundary value problems may be

solved by a linear shooting technique?

The method of particular solutions : Multiple shooting

Consider the linear boundary value problem
M:/L/X}]gd/X} asx<h
[Alyla)=a  [Blylb)=¢
/Eydx ¥

The interval S:/a,b] is split into M subintervals S;:(aj, b;]
where a,=a, bu=b . Over each subinterval Sj, y=y;

where

a——i’. [L{x)]y; = 1Ix] g ¢x< b

and
yi=IW g+ Y
where [W; ] and y; are solutions of the initial value
problems
%/W,-h/uxjflw,-l | dx Vi=[L(x)ly; +1(x)

[W{ai)l=(1] vila)=0
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The coefficients ¢; are found from the boundary and end

conditions and the continuity condition

x/bl) :!iﬁ/aiuj /.-'—'7, 2, - ',M

whence
[AJIWla)ic,+ v,(a)= a
[ 8] [Walbll g+ viu(b) = B
a b v T b, .
Z[( [ EWidax)c.+ [ Evia= ¥
[VV,{D,)]Q‘ Y {bl) :[M+I{aifl}]gifl+ .‘!i+l/aifl} /= 7,2, oM

which represents a system of linear simultaneous equations

which can be solved for the c; -

A3.3 Solution of successive initial value problems

Each successive linear two-point boundary value
problem requires the solution of a system of initial value
problems. These can, in principle, be integrated forward
in a step by step manner by any suitable method. Since

n)

such methods produce values of y only at a finite number

of mesh points in [a, b] and since the solution for y*"

requires these the method must therefore only use functional
evaluations at the mesh points. The predictor-corrector
methods [A3.2] are eminently suitable for this, however
they must use a suitable technique to start. It is usual

to use a Runge-Kutta method but these require functional
evaluations at points other than the mesh points. An
alternative is to start the predictor-corrector with an
implicit 'open' formula which proceeds a number of steps

at each stage; for linear pfoblems this method is fairly

straightforward and that described by H Wilf [A3.3] has

proven acceptable.

References:

[A3.1) L B RALL: Computational solution of nonlinear
operator equations, Wiley (1969)
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APPENDIX 4

OUT OF PLANE BENDING OF A CURVED PIPE IN PURE CREEP

The flexibility analysis of a high temperature piping
network by matrix methods using the "superposition of states"
approximation for the creep response requires an expression
for the creep complementary energy rate of a bend in terms
of resultant loading. If in-plane bending alone is of
significance this is fairly easy since the energy may be
obtained by simply multiplying the energy of an equivalent
straight (under the same loads) by the von-Karman/Spence
steady creep flexibility factor. However, for out-of-plane
loading and torque this cannot be done directly since an
appropriate flexibility factor, which in elasticity is
usually taken to be the same as the in-plane factor, is not
available and the standard approach to the problem -
separation of loads - is unacceptable due to the nonlinearity

of the material. A different viewpoint is required.

In order to fix ideas consider a(:)angle bend loaded at
one end ( 6=0) with an out of plane moment M and consider
a small section of angle' AO at angle O;

Os ©¢ ® as shown in Figure A4.1.

Acting on this section is a torque Tao=Msin 6 and

an out of plane moment Mpg=Mcos€; it is assumed that over

this small section stresses and strains are independent of

0.
Firstly analyse the small section:
An energy method (of Type 1) is used similar to the classical

elastic analyses [ A4.1-A4.4] but with torque included in a

manner suggested by D Q Macdonald [A4.5] . This requires

that the total potential energy rate for the section
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Vo =LUdU ~ Mpe ¥~ Tas &

(i)
. .
whence ¥ is a rotation and w a twist, is minimized. The

rate of dissipation of strain energy per unit volume is

given approximately by [A5.5] for a Norton power law of

creep as:
n+i
7n 2

U=(.l':_.)znh n éz+’éz n-—g_. 1 .21%30
h.n L€gp + (L VFTH 8
3 B n+l[ ® 4 op (2n+l) 4 Kd’]

where the midsurface strains and curvature rates €e,€e¢ etc..
can be related to the tangential VvV and radial w displace-~

ment of the pipé wall by
€g = -;'2-(2% cos¢ + wsind + Qcosd))

s g 90

d¢
éd’ez 5(3)%—‘(2:%%%)
Ao =0 2.
o = b [ GE W)
Koo O

with the trigonometric series representation
[« o}
v o= Z Cp cos2p@
p=1

and
W = éd)e( RAO/f)

Then (i) can be reduced to

n+ T ng n+ n o nel .
V = (é_)?ﬁ_ﬂ__ 1 (zDzﬁd(jJ - Ncos© - 37( 29_) ( sin@) ()
My, 3/ n# Dolo Rz
with

D, = { Ncosd +§ép(2p sin 2ppsing + cos2p$p coscﬁ)}z
2n 2
o S A (< & o3y

+((Z?:_) SI;':T@ Do) t+ Z(Z_dg*‘) {%‘@p(QP 8p)sm2p¢}

where 2= hR/r?is the pipe bend parameter,

Do=ﬂsin¢)'+”"dd> s '@‘Pz Cp+ rY. [0S _and ¥, is the end
rotation rate of a similar straight of length A® loaded

by M so that
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A= %1%
and is a measure of geometrical flexibility.

The functional (ii) is minimized with respect to the
independant variables N and ép- Given the values which

achieve this minimum the total strain rates are
o M hd . - p—
£ = Eo+ &l [RAO = Acosd +3 Br(2p sin2pd sing + cos2pd cosd)
p

£% = &4+ Br[RAS = S A T By (2b- 8P sin2pd
B

. x . . N, n
£54= Eop Sor|RNG= 3 ( §_:2n_9 Do)
n

where ¢= 3/h.

The complementary energy of the segment is then

A0 2w hlz_
W, =_@_J f J G™ Rr dOdbdy

which on rearrangement may be expressed as

We = k(O W, . (iif)

where
2 2 _nH

21 ex2 s % 2% s %2 _,_'bt '-n—-
k(@):_l_s J [%(e¢+e¢ee+ae+4€¢@)] d A

o Jo J-Yo :
and Wigis the complementary energy of an equivalent

straight pipe loaded in bending by M, i.e.

n
we - B M"rRae, T,= rihr’Dy)
4% h+l Ip

secondly consider the whole bend, from (iii)

wAs = %) w; JAve) (iv)

where LUgis the complementary energy of an equivalent
length of straight pipe, to the whole bend, loaded by M is
wS =B M"RO
h+ In ,
Thus summing (iv) for the whole bend
We = K(®) We v)
where '

KO = & J®k(9) do

[e]
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A FORTRAN TV computer program was written for the
University of Strathclyde ICL 1904S using a Hooke-Jeeves
[A5.5] minimization routine. Results for n = 1.5, and
various A are shown in Figure A4.2 of the factor K(O)

and for K(®) in Figure A4.3.

This analysis provides a departure from the standard
viewpoint on flexibility factors. It is seen that the
natural requirement is an ‘"energy factor", that is the
aim is to express the energy of a curved pipe in an
analytic form. In elasticity and in in-plane bending
alone the energy factor is identical to the flexibility
factor; in more complex cases this is not mnecessarily

true. The implication is that research should proceed

in the direction of energy factors......
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APPENDIX 5

NUMERICAL METHODS FOR INITIAL VALUE PROBLEMS WITH
PARTICULAR REFERENCE TO CREEP : A CRITICAL REVIEW

For simplicity consider a body creeping according to
thg time-hardening theory; the ordinary differential
equation in a Hilbert space which describes the redistrib-
ution of stresses in the body can then be reduced to a

finite system of ordinary differential equations
dS=f(ts) (i
dt- 7 /
5(0)=S. fii)
on approximating the spatial problem in a discrete or
direct manner. Suitable methods are therefore required

for the temporal integration of (i) from (ii).

The choice of a suitable method depends on two
parameters
(a) The total computation time, and
(b) The amount of storage required
if it is to be programmed for a digital computer. It is
assumed that [ can be stored or recomputed, each time it
is used there is a "functional evaluation". Obviously
(a) is determined by the number of such functional eval-
uations. Assuming that a computer program for the integ-
ration of (i) occupies P storage locationms, while S occupies
N storage locations it is clear that (b) is a number of the
form (n + 1) x. N + P, where the integer n varies from
method to method. Furthermore three subsidiary conditions
should be met:
(¢) The method should be fairly accurate;

(d) It should minimize the effect of parasitic errors to

ensure stability;
(e) It would be desirable to be able to vary the step



285

size, this being the time difference between

successively calculated values of §.

The ideal method would be one which minimizes both
conditions (a) and (b) while retaining the properties (c),
(d) and (e). It is the purpose here to study the

applicability of currently available methods.

Some of the most popular methods are described in
Table A5.1, being selected as having particular application
to the creep precblem. These can be divided into two types
- Runge-Kutta methods (1)(2)(3)(4)(7) and predictor-
corrector methods (5), (6) and (8).

The two most widely used algorithms (1) and (2), used
in conjunction with the method of initial strains, have a
misleading attractiveness. In particular Euler's method
(1) requires a much smaller time step to obtain the same
accuracy as either (3) or (4) and in this sense the number
of functional evaluations required is consequently much
larger. The two fourth order Runge-Kutta.methods (3) and
(4) are thus more efficient, and since the Gill variation
[A5.1, A5.2 ] requires less storage and minimizes the effect

of parasitic error it is highly useful.

It is possible to cut down the computation time while
retaining the same accuracy as the fourth order Runge-Kutta
method by using the modified Adam's method [A5.3.  This is

done at the expense of extra storage and is typical of all

predictor-corrector methods. Since storage is often the

main problem in creep calculations the predictor-corrector

methods are thus wasteful, and furthermore their advantage

of small computational times can be eroded if variable step

sizes sould be used. Thus, in comparison with the Runge-

Kutta-Gill method for creep problems, the predictor-corrector



286

methods are unsatisfactory. Nevertheless the writer has

often found Heun's method (5) to be acceptable for some

types of creep problems.

Unfortunately the differential system (i) is often
"stiff"; that is some stresses in a structure vary quite
slowly, while others vary quite fast. This means that,
since the size of time step is, determined by the fastest
stress-variation, a very small step must be used in all the
above described methods. This is wasteful in computer
processing time. Two techniques havebeen suggested for
overcoming this, due to Treanor [A5.4] and Gear [AS5.3),
being based on Runge-Kutta and predictor-corrector methods
respectively. It is clear from Table A5.1 that a large
amount of storage is required in both; further Treanor's
algorithm is difficult to extend to systems while Gear's

algorithm is inefficient for a varying step size.

What is needed, it is felt, is a Runge-Kutta type
method for stiff systems with economical storage and
accuracy equivalent to the Gill variation. This would
come close to the ideal, but as far as the writer can

discern no such suitable method is available.

In general the whole problem of the "best' numerical
integration technique is a matter totally open to question.
and only wide experience of application to creep problems
could come close to answering it with any satisfaction.
The least the. writer can hope to do is suggest two methods

which have been found applicable to particular types of
For the relaxation problem, wherein the
s method has

creep problems.

stress field asymptotically vanishes, Heun'

proven useful, whereas for the forward creep problem,

wherein constant loads are applied to a structure, the

Runge-Kutta-Gill method is satisfactory.

Both of these methods are given in Table A5.2 for an

autonomous system
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d S= F(s
ar- £lsl

resulting after nondimensionalization in time, using the

notation § = ~S{z‘~1}, AT = ,,-7, -
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METHOD ORDER STORAGE FUNCTIONAL ULTIMATE ABILITY TO VARY
EVALUATIONS STABILITY TIME STEP
Euler 1 2N + P~ 1 Poor Yes
Iterated Picard I 3N + P I Bad Yes
Classical Runge-Kutta 4 5N + P 4 Fair Yes
Runge~Kutta-Gill 4 3N + P 4 Good Yes
Heun's 2 4N+ P 2 Fair Yes
Adam's 4 TN+ P 2 Good Difficult
. Treanor 4 ON + P 4 Good Yes
Gear 4 7N + P 4 Good Difficult
Order = r where error is proportional to (Af)r+[, At being
time step
I = no of iteratioms.

1°GV dT9V1L

88¢
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e.g. H M Nautical Office "Interpolation and Allied Tables"
HMSO, 1956). The significance of this technique can be
appreciated on observing that the classical RSM's (e.g.
Reference (5) in paper) are merely crude; though often

effective, means of approximating the derivative.

In summary O can be found from (6) such that (3)
is satisfied identically, and therefore a good approximation

to (¢ is (4) where Kkpis an estimate of the active material

parameter K.

When the above method is applied to the problems
given by the author, identical results are obtained; in
fact it can be shown that this is always true. Nevertheless

several points are made clear:

Firstly there is only one equation (3) in one unknown, not
two as indicated by the author - the 'scaling factor'

S =A( kp, Orep) emerges naturally from the derivation;
furthermore (e is found explicitly from (6), even if ufk)
only is found numerically. Secondly it is clear exactly
why (and, if one chooses, under what conditions) a 'small
error' is ensured - this method allows a Reference stress
to be chosen such that some deformation characteristic may
be expressed in terms of calculated quantities and a

uniaxial test at this stress, with a fair degree of accuracy.

Two important conclusions can be drawn from this
derivation:

(a) The RSM may now be incorporated meaningfully into the
body of numerical analysis. The implication being
that better error estimates can be made and that by a
simple extension higher order estimates of U in terms

of a number of uniaxial tests, not just.one can be

found.
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(b) There is an obvious generalisatiorf to materials
described by more than two parameters, for example
éc=eg{d, Kolky, * = kg
The quantity A(k) = Ulel), where U is a function of
a number of uniaxial tests, e.g. a linear combination,
is expanded in a Taylor series about estimations
Kpiseosoanane Ken

ALK) =Dk + 32k ~ ko) b

!

+ o[ k; "kp/‘/z]
K
and, as before, ignoring second order terms A can be

approximated by A( kp;) if the function U is such that

each term of_the first order term vanishes:

bAl =0 i=12, - N (7]
Oki |k

The form of the function U and the number of uniaxial
tests required must be such that each of (7) has a

solution.

This constitutes an improvement over the suggestion
of the author, as it is not clear what significance
(47) in the paper has - it certainly does not ensure
a small error in using estimated material parametefs,
nor does it admit the smallest possible error since
this depends on the estimations Kp;. In fact it is

possible that Il is inadmissable as a measurement of
error.

This is not the place to develop the ideas contained
in (a) and (b) more fully, suffice to say that precise
mathematical statements, under certain conditioms, can be
made (for example in b) with suitable conditions on
continuity and differentiability of ¢ with respect to k it
can be shown that no more than separate uniaxial tests are

required); these results seem to indicate that a single



reference stress may be insufficient for all possible

cases. However, in agreement with the author, the writer

feels that no benefit shall be gained.

Finally it is hoped that this communication contributes
to the understanding of the RSM and clarifies the work of
the author.
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APPENDIX 7
CASTIGLIANO'S THEOREM FOR SMALL INELASTIC DEFORMATIONS

Consider a body occupying a volume V bounded by a
surface J deforming inelastically such that the stress field
O is in equilibrium with body forcesg)per unit volume iny/,

divg + b =0
on 3,C{,

T

-~

with surface tractions

1eYs 1

1

o.n
where N is the unit normal vector todr, and with a constant
point load @ applied to a small surface %<J in the
direction N , '

Jgoas=on (i)
Let the corresponding strain rate field § be compatible
with a displacement rate vector U such that thé displace-
ment is fixed in time over J,CJ

u=20 (ii)
It is supposed that this problem has a solution, and that
this is described by ¢, € and §. Further it is assumed
that §,01.U%, =1, 3,00 = 5,0 0= Sond; = ¢
Consider an arbitrary self equilibrating stress field h
divh =0 (iii)
h-n=0 fiv)
and form the functional
J &-hav=| g.(b-n)ds
using Green's ;dentity together with (i)

= J G-(h.n)ds
4;Udo
using (ii)
:( u.(h.n)df
i
using (iv).

1f h.n does not change sign over Jo the Mean Value Theorem
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for integrals can be used
J g-/b-/\v}dj:{?.!b.g df
. Jo

where ¢ is the displacement rate vector associated with

~

(=]

some point of J, .

It is supposed that the class of point loads considered
is such that 3o is small enough for there to be no sign
change in the resultant traction vector t=0n over it.
Then b:d%Q satisfies the conditions imposed (assuming
that E,i do not depend on @) and there results using

(1)

where ¢ is interpreted as the displacement rate associated

with@The following theorem can be inferred.

Castigliano's Theorem: Let a body occupying a volume [/,

bounded by a surface J , be mounted such that rigid body
displacements of the entire system are impossible, and a
certain external point load {,constant in time, shall act
on the system in addition to distributed loads and
displacements, then the displacement rate g of the point
of application of the force in the direction of the force

is given by (v).

Although the theorem has been simply established for

a class of point loads it can be extended to include more

general force systems and couples [A7.1].

If it is possible to describe the material behaviour

in a potential form

£= oW

-~
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(¢) The next stage is the development, of a “straight pipe
dement”’ and a “circularly enrved pipe element.” That element
psociated with a straight pipe is a xtandard beam element where-
in the strains are related to the displacements by geometric ap-
proximations glone. It is, however, the curved pipe element
ghich is puzzling. The coeflicients of the vectors Jg} and {4)
given by (63) and (66) obviously depend on the elastic constants
py virtue of the elastic flexibility factor &y and are . . . those
aociated with the elastic dixplacement behavioral patterns of
4 earved beam formulation . Once again we are forced
to comment that {9} ﬂ“d{h} defined by (10)-(13) should, on
the authors’ own admission, depend on geometry alone; therefore
why was Castigliano’s theorem for elasticity used? What is the
« . . elastic displacement behavioral pattern . . .7
furthermore what has a “.
to do with a curved pipe?

A more obvious point is that while the well-known beam
element is developed in detail, the more interesting and novel
derivation of a curved pipe element is missing.

(d) Subsequently the authors wse the {g} and {h} vectors
given by (65) and (66) together with (38) and (48), which were
derived for a straight pipe, in order to express the creep strains
in terms of the forces on the curved pipe clement! surely a step
has been omitted?

(e) A digital computer program is generated and tested
using an example which apparently requires a “creep,/relaxation
flexibility factor” kesp. But this factor is not mentioned any-
where in the preceding analysis. Is another step missing?

(f) Logically one should start the time integration from the
initial elastic state. lowever, the anthors start from . . . an
initial time solution obtained by using the creep/relaxation
moment of inertia and polar moment of inertia in place of the
elastic moment of inertia ‘and polar moment of inertia of the
pipe elements . " What justification is there for this? And
could the authors please clarify what exactly is intended as this
step appears to have no logieal foundation? Further, * . in
this way the transition . . . from elastic behavior to time de-
pendent second stage creep/relaxation behavior is not accounted
for . . ." needs explanation; in particular are the authors trying
to apply concepts from constant stress uniaxial material creep
behavior to a body wherein structural stress redistribution oceurs
due to the inclusion of elastic deformations? What is “second
stage creep”’ in this case?

(g) Finally, the authors remark that . . . the digital com-
puter program produces the elastic solution when the creep/
relaxation exponent is unity . . .."" This statement requires
qualification; its main content is the “elastic analogue’ of N. J.
Hoff {7]f which states that the stress patterns in a body creeping
steadily (i.e., stresses constant in time) with Norton creep ex-
ponent n = 1, and elastic effects negligible, and an identical
baudy exhibiting pure, incompressible elastic behavior are iden-
tienl. However, elastic effects are included (equations (1H), (16))
and the body is not creeping steadily. Lurther, if the pipeline
bad a pure elastic response incompressibility (Poisson’s ratio
= 1/,) would only be a special case. Consequently, putting
1 cannot possibly produce the elastic behavior. So what
exactly do the authors intend?

In summary, the two main criticisms levelled at this paper are:
(1} the effects of combined loading are decoupled, (2) there
are inconsistencies arising apparently out of some misconcep-
tions,

No attempt seems to have been made to justify the gross sim-
plification involved in the authors' treatment of combined load-
ing. With a nonlinear constitutive relation (elastic or inelastic)
more than one load cannot be treated by adding the effects of
the loads taken individually except in rather special, simple

and
. curved beam formulation . . "'

" o=

———
*Numbers in brackets designate References at end of discussion.
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eases. To do so is not even an approximation, it is just not cor-
rect; the matter has already been pointed out to the authors
{1l. To add indiwvidual stresses (elastic or creep) and use the
relevant constitutive relationship would at least form an ap-
proximation. The authors may care to look up the early work
of R. W. Bailev or the various contributions of A. 2. Johnson.
In {2] Finnie and Heller gave approximate results for the increase
in bending curvature of a pipe due to internal pressure, while
various approximate solutions for the same problem are given
in [3]. Torsion is included in [4] and the inherent analytical ap-
proximations are removed in [5] (see also [6]). All of these re-
sults indicate a potentially large inerease in deformation for
reasonable load ratios; cases where this would not be true would

be where one of the loads dominates. While these references are

for forward creep the situation in relaxation is essentially similar,

especially with the other approximations made by the authors.

The inconsistencies in the treatment of the creep behavior can
only be explained in terms of a single asswnption which does not

seem to have been appreciated, namely, that the elastic and creep
components of the total strains are both compatible with a
respective displacement field. This is incorrect. However, it has
been demonstrated over the past few years for both forward
creep and relaxation, that it is valid to approximate the total
deformation of a creeping body by adding a pure elastic part,
found by ignoring creep effects, to a pure creep part, found by
ignoring elastic effects (see [8, 9, 10 or 11}). The umplication of
this being that, in a certain sense, the creep compounent and
elastic component of the total strain are compatible with respec-
tive displacement, or deformation, fields. Hence the assumption
has little basis in physical behavior and is wholly a convenient
mathematical approximation. It is therefore only in this con-
text that the assumption may be acceptable.

In the light of the foregoing comments it is indeed surprising
that the examples used should give “excellent agreement’” with
already available work. This agreement needs to be rativnalized
and put in perspective.

Firstly, eonsider the cantilever beam examples (i.e., straights
only). The simple single load condition obseures our first criti-
cism, and the determinacy of the structure makes the implicit
assumption fairly accurate. We must, however, question the
inclusion of Figs. 5 and 6, since these merely serve to test the
computer program: surely such elementary considerations are
superficial?

Secondly, consider the 90-deg bend. Again the computer pro-
gram was tested by comparison with a program written by
Rodabaugh, with excelient agreement. Allowing for the inclu-
sion of the creep flexibility factor ke,z and the initial state from
which the time integration proceeds, it appears from examination
of both theories that they are equally based on the same assump-
tions and reduce to the same formulation (this is partly due to
bends only being considered and partly due to the derivation
of the curved pipe element from elastic theory). Nevertheless,
the results of Fig. 7, and also of the main example, must be re-
considered: how may the authors justify a 90-deg bend with
flexibility factors kz = ke = 1?  Also for what geometric
parameters and creep index can one have kz = 1.0 with Aeir =
10.0? In any case, is the comparison of Fig. 7 meaningful?

In conclusion, although our comments may be rather severe,
we would like to say that we have every sympathy with the aims
of the paper as we know from experience that the task is formid-
able. Unfortunately, we believe the problem cannot be simplified
in the manner the authors seem to have described.
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Authors’ Closure

The authors would like to thank Professors Boyle and Spence
for their indepth review and comments of this paper. Techniques
stich as outlined in this paper require eritical review by a num-
ber of investigators before any measure of acceptance or rejec-
tion by the general users of such techniques can be obtained.

To repeat and amplify part of tie introduction of the paper,
the objective of the total effort is to develop a design tool of
adequate engineering accuracy which does not require a large
computer, excessive running time, or highly complicated input
data. Toward this end, certain “simplifying” assumptions had
to be made to allow a solution within the above framework. At
this time, and therefore not reported in this paper, an attempt
is being made to answer the accuracy question both by experi-
mental and analytical means. It should be pointed out that the
primary purpose of this technique is to obfain an estimate of
the structural response of moderately complex piping systems
subjected to inelastic behavior and not the detailed local response
of components.

The paper, as noted in the introduction, describes the second
step in the total effort. In the final version of this technique
initial plasticity behavior is incorporated and the second stage
‘creep /relaxation solution begins from either an initial elastic or
elasto-plastie solution.

As in any mathematical formulation certain assumptions have
to be made to transform a real problem into one that is amenable
to modeling. The most notable of these assumptions are

1 The plasticity behavior can be described by the well-
known Ramberg-Osgood [3] formulation.

2 The creep/relaxation behavior can be described by equa-
tion (17), thus accounting for classical second-stage creep be-
havior.

3 The inelastic strains due to axial, bending, and torsional
loading can be decoupled and strains due to internal pressure
can be neglected.

4 The total strain due to a particular loading component is
the sum of the elastic, plastic, creep/relaxation, and thermal
strains.

5  Small deflection linear strain theory applies.

6 The uncoupled displacement pattern for each element can
be approximated by (he corresponding elastic displacement pat-
tern.

7 The structural response of a curved pipe van be charac-
terized by a curved beam formulation with appropriate flexi-
bility factors to account for ovalization of the circular cross
section during bending in the elastic, plastic, and creep/relaxa-
tion behavior regions.

Once these assumptions have been made, then utilizing the
initial strain approach associated with the finite-element matrix-
displacement method of analysis, the derivation of the solution

74 /| FEBRUARY 1975

is straight forward. The primary purpose of this paper was to
present the derivation and give examples to show that the derivi-
tion gave solutions to the assumed mathematical problem.

Now let us address the specific comments raised by the dis-
CUSSOTS.

Comments (A) and (8). The principle of virtua! displacements
is applied to each element and, therefore, by allowing only ex-
ternal forces to he applied at the nodal points connecting ele-
ments, the element experiences only internal forces applied at
its boundary. These internal forces are assumed to be com-
pletely recoverable by some unloading mechanism and are
therefore assumed to be derived through equilibrium considera-
tions from some elastic stress distribution. Thence the term
“elastic force system’’ was utilized.

The strains are related Lo the displacements through geometric
consideration utilizing assumed shape functions for the displace-
ment response of the element. The assumed shape functions
used herein were assumed to be the same for all behavior re-
sponses of the element, with a modification in the curved pipe
element discussed below. These shape functions were assumed
to be the same as those determined from the elastic solution.
As an example the bending solution for the straight element was
assumed to be a cubic function of the axial length coordinate
(), e.g., the first four terms of equations (49) and (51). By
following through the logic we find that the unknown coef-
ficients a; are functions of the end displacements. Therefore, the
strain at any point within the element is a function of its posi-
tion and end displacements and not a function of any material
coeflicients or cross-sectional response parameters. In the curved
pipe element these shape functions are given in equations (63)
and (66). Although it appears that these shape functions are
functions of material coefficients and cross-sectional response
parameters, in reality this is not true. If, for example, the equa-
tion for g; or h; are expanded using the definitions for the stiff-
ness matrix terms, than these equations, although far more com-
plex, would degenerate to functions of geometric parameters
only. The modification utilized in the curved pipe element is
that in the use of these equations for the inelastic behavior the
elastic flexibility factor is replaced by an inelastic flexibility
factor. This inelastic flexibility factor is discussed in detail by
the authors [3] in an earlier paper.

The foregoing assumption (3) appears to carry the brunt of
comments directed at the basic assumptions associated with the
mathematical formulation utilized herein. However, it is this
assumption that allows for the computational efficiency of this
technique to handle moderately complex piping system. The
authors realize that at this time the validity of this assumption
to allow for solutions that are within reasonable engineering
accuracy for real piping system is not known. Indeed the
authors pointed this out in this and other papers and discussions
associated with this work. This assumption is one of the main
reasons the authors have described this technique as a simgplified
approach. The authors have undertaken both experimental atnd
analytical means to answer this accuracy question. In ongoing
work the authors hope to eliminate this assumption, if necessary,
and still maintain a computationally efficient program.

Comments (C) and (E). It is true that “the more interesting
and novel derivation of a.curved pipe element is missing.”” This
aspect was discussed in detail in reference (3] of the paper. The
purpose of the paper was nol to cover the curved pipe element
(which is a broad subject in itself, the literature includes several
papers by Prof. Spence), but rather to cover thg s.econd stage
creep/relaxation analysis of three-dimensional piping systems
which, while the method is simplified, still represents a complex

analysis procedure.

Comment (D). As reiterated in the introduction to 'th’is
closure, we do not believe that any step has been omitted within
the framework of the listed assumptions.
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comment (F). These questions address the significant problem
of initial plasticity of the piping system; an aspect not covered
by the present paper. As mentioned in the introduction to this
closure, subsequent work has lead to inclusion of initial plas-
ticity effects although an analogous simplified approach is used.

Comment (G). The paper apparently did not couvey the full
implication of using a creep/relaxation exponent equal to unity
and failed to mention the (perhaps obvious) auxillary require-
ment that the value of k/ge" must be equal to 1/E. The point
is that the analysis method gives »o creep or relaxation with the
creep/relaxation exponent equal to unity.

Summary

1 The discussers and authors are in complete agreement that
the decoupling of combined loads involves an approximation
whose effect cannot, at present, be estimated. The point is made
in the paper itself.

2 While there are certainly a number of simplifying assump-
tions used in the analysis, the authors are not aware of any in-
consistency in the analysis. It should be recalled that the paper
does not address the problem of initial plasticity.

Discussion Following Summary. The discussion following the
“Sumimary’’ appears to be dividable into four parts:

(a) approximations of combined loading

(b) compatibility of creep/elastic strain components
(c) discussion of examples

(d) conclusion.

We will attempt to answer the discussion under these subhead-
ings.

(a) Approximations of Combined Loadings. The discussers cite
several references which attempt to solve the problem of com-
bined loadings and indeed, these and other similar published
papers give guidance in this area. However, much of the litera-
ture addresses relatively simple geometries such as a straight
pipe. As mentioned in the paper, the elbow poses formidable
problems; even in the elastic regime there can be a complex,
nonlinear interaction between moment loading and internal
pressure loading.

(b) Compatibility of Creep/Eilastic Strain Components. The
discussers point here is not clear to the authors. In the relaxa-
tion analysis the primary purpose of the analysis method is to
determine the rate at which elastic strains are converted into
plastic strains; thus determining the load as a function of time
as elastic and plastic strains remain compatible.

(c) Discussion of Examples. The discussers point out that the
cantilever examples are quite simple and indeed this is true.
However, the analysis method of a three-dimensional piping sys-
tem, with a method that allows for multiple anchors, branches
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and local restraints, is not simple even in the elastic regime. In
the creep/relaxation regime, a further complication exists in the
solution techniques for plastic behavior. Accordingly, while the
authors would have preferred comparisons with more 1ealistic
piping systems, if such could be found in the literature, the check
of the computer program on the simplest of models is at least
a step in the “de-bugging’”’ process.

The discussors also point out that the basic theory underlying
the computer program described in the paper (now cailed
PIRAX2) and the computer, program ELLAX is basically the
same. This is true, however, PIRAXZ is a relatively complex
program and uses different solution techniques than ELLAX.
Again, for lack of published data on plastic response of piping
systems, the agreement between PIRAX2 and ELLAX was
found to be reassuring to the authors, at least as another step
in debugging PIRAX2,

The discussors question the kg and kc/z factors used in Fig. 7;
particularly kg = kc/r = 1.0. While Fig. 7 was not intended to
represent and real piping system, the choice fo by = kejp = 1.0
could represent a real curved pipe. It could, for example,
represent a curved pipe with sufficiently large bend radius so
that the curved pipe acts like straight pipe in both the elastic
and plastic regime.

(d) Conctusions. We agree that the paper is not a complete
solution and, indeed, the paper is identified in the introduction
as a second step in an ongoing program. Whether the simplifica-
tions used will turn out to be useful or not is, in the authors’ view,
a judgment which cannot be made at this time. In this regard
it seems appropriate to briefly discuss the broad aspects of the
analytical prediction of the behavior of high-temperature piping
systems. )

First, as probably apparent to those readers who have been
involved in startups and shutdowns (sometimes crash shuat-
downs) of high-temperature plants and piping systems, the ac-
curate prediction of the loading-temperature-time history itself
is a formidable problem. Second, the plastic response of materials
wsed in piping systems is itself quite variable; even the yield
strength of material purchased to a given specification may vary
by a factor of 2 from 95 percent probability minimum to maxi-
mum. Accordingly, even if we had a precise analytical method
that method might, in real life, be useful only to the extent of
indicating crude (but useful) engineering bounds.  Precise
analytical methods, in the form of elastic-plastic finite element
programs, are becoming available. Unfortunately, the cost of
running such programs prohibits their general application to
piping systems. It seems, therefore, that u need exists for a
simplified inelastic piping system analysis procedure. Ob-
viously, and this is perhaps the main theme of the discussion and
closure, the limits of usefulness of such a procedure must be
checked out by comparison with test data, precise analytical
methods and experience with existing high-temperature piping
systems.
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APPENDIX 9

REFERENCE ABBREVIATIONS

The following abbreviations are used in the listing

of references:

AAM
ATAA

AMS
Ann.Mat
Apl. Mat
Arch.Mech
ARMA
ASCE

-, JEM
ASR

BIMA

CMJ

CRAS

CS
Exp.Mech
IA

IJES
IJIMS
IJNME

IJNLM
IJSS
JAP
JAMP
JAS
JDE

Advances in Applied Mathematics

American Institute for Aeronautics and
Astronautics

American Mathematical Society

Annals of Mathematics

Aplikace Matematik (Czech)

Archives of Mechanics

Archives for Rational Mechanics and Analysis
American Society of Civil Engineers

-, Journal of Engineering Mechanics

Applied Scientific Research

Bulletin of the Institute of Mathematics and
its Applications

Czechoslovakian Mathematics Journal

Comptes Rendues Academie des Sciences (Paris)
Computers and Structures

Experimental Mechanics

Ingenieur Archiv (German)

International Journal of Engineering Science
Intérnational Journal of Mechanical Sciences
International Journal of Numerical methods in
Engineering

International Journal of Nonlinear Mechanics
International Journal of Solids and Structures
Journal of Applied Physics

Journal of Applied Mathematics and Physics
Journal of Aeronautical Sciences

Journal of Differential Equations



JEM
JIMA

JMAA
JMES
JMP
JMPS
JMPSc
JOTA
JRAS
JSA
JSM
JSME
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Journal of Engineering Mathematics

Journal of the Institute of Mathematics and its
Applications
Journal of ‘

Journal of Mechanical Engineering Science

Journal of Mathematics and Physics

Journal of Mechanics and Physics of Solids

Journal of Mathematics and Physical Sciences

Journal of Optimization theory and applications

Journal of Royal Aeronautical Society

Journal of Strain analysis
Journal of Structural Mechanics

Japan Society of Mechanical Engineers

Math.Syst.Th.Mathematical Systems Theory

NED

NM

ORNL
Phy.Rev.
PMM

QAM
Rheol.Act
RMS

SAM

SA Mech
STAM

-, JAM |
SMD

SPD
Trans.ASME

-, JAM
-, JBE

H

Nuclear Engineering and design

Numerische Mathematik (German)

Oak.Ridge National Laboratory

Physics Review

Prikladnya Mathematika Mechanika (Russian)
Quarterly of Applied Mathematics
Rheologica Acta

Russian Mathematical Surveys

Studies in Applied Mathematics

Soviet Applied Mechanics -

Society for Industrial and applied mathematics
-, Journal of Applied Mechanics

Soviet Mathematics Doklady

Soviet Physics Doklady

Transactions of the Americal Society of
Mechanical Engineers

Journal of Applied Mechanics

Journal of Basic Engineering

Mathematical Analysis and applications






