






























































































































































































































































































































































































































































































































































































































































































































































































































































413. 

ENu 
-SUSROUTINE SOLVE(N,IA.B,CE,NA) 
IMPLICIT REAL*a (A-H,O-Z) 
REAL*8 BCIA).CE(N),NA(N) 
NZ=N+2. 
Nl =N+l 

'NM1=N-l 
NM2=N-Z 
00 100 I=l,NMl 
NP1=NACI) 
NPZ=N-I 
NP3=N2-1 
P=BCNP1) 
00 100 J=l,NPZ 
NP4=NA(I+J) 
R=SCNPl+J)/P 
NPS=NP3-J 

'NP6=NPZ+I-NP5 
00 100 K=1.NP5 
1<1=K-1 
SCNP4+K1)=BCNP4+K1)-R*SCNPl+K+NP6) 

NP1=NA(N)+1 
aCNP1)=B(NP1)IBCNP1-l) 

&)0 2.00 M=l,NMl 
I=N-M 
IP1=I+l 
NP1=NACI D1) 
NP2=NA(I) 
T=SCNP1-l) 
00 300 J=IPl.N 
Ml=J-IP1+l 
MZ=NA(J) 
M3=M-M1+1 

NS=O 
00 400 I=l,N 
NS=NS+NZ-I 
DECI}=a(NS) 
RETURN 
END 
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APPENDIX (2), 

Solution of Linear Simultaneous Equations 

Gauss Algorithm 



415. 

APPENDIX 2: Solution of Linear Simultaneous Equations - Gauss 

Algorithm 

Consider the system of equations: 

all Xl + a12 X2 + a13 Xs + · · · · alnXn = bl 

aUXl + a22 X2 + a2S X3 + a2nXn = b2 

anXl + an X2 + aS3 ~s + · · · · a3n XTl = b3 

" " " " 
" " " " 
an~ + ~X2 + ~SXs + · · · · . . ~n'h = In . . (2. lA) 

These can be written in matrix form as: 

all a12 alS " " " a ln Xl b l 

a 2l a22 a2S " " " a2n X2 b 2 

an an ass " " " asn Xs b 3 

= 
" " " 

" " " 
anl Bn2 ans " II. " ann Xn bn 

or [A] LxJ = LbJ • • • • • • (2. 2A) 

where [A] is the coefficient matrix, LxJ is the unknown solution 

vector and L b J is the known right hand side vector. To eliminate 

the unknown xi' it is necessary first to modify the coefficient matrix 

and right hand vector, by forward substitution, as follows: 
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aji aik 
ajk = ajk - j , k = i + 1, ......, n . . . . . . (2. 3A ) 

a" 11 

a" bi 
b. b. 

)1 
= -

) ) 
j = i + 1, ••••••• n • . • . . • (2. 4A ) 

a" 11 

for i = 1,2,3, ••.•• , n-1 

where a .. is the element in the ith row and jth column of the coef-
1) 

ficient matrix and b i is the ith element of the right hand side vector. 

. h th t" I d ~ th k When 1=n, ten equa Ion IS so ve .Lor e x un nown: n 

X = bn n 
• . . . . • (2. SA) 

The remaining unknowns, xi' are found by back sUbstitution using: 

1 x. =-[b.-
1 aU 1 

n 
I a .. x.] 

1) ) 
j=i+l 

i=n-1,n-2, ••••. , 1 • . (2. 6A) 

If the coefficient matrix is symmetric, i.e.: a .. = a .. , then only the 
1) Jl 

elements of the upper triangle need to be operated on during the 

forward sUbstitution using, instead of equation (2. 3A): 

k =j,j+1, ••.•• , n 

j = i+1,i+2, .•••• , n • • (2. 7A) 

This requires slightly more than half of the original operations. 



417. 

APPENDIX (3) 

Strains for Computer Solution 
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. APPENDIX 3: Strains for Computer Solution 

The strains as given by equations (3.52) for the flanged bend 

problem, using the non-dimensionalisation given in equations (3.72) 

and (3.73) are as follows: 

~0 = [II [ZSl*[A1mn *ZC3 + A2mn *ZC4] + Bmn *ZS3*ZC1]] ~ 
mn 

- - -
£e = [II [ZSl*[S2i*(A1mn *ZC3 + A2mn *ZC4) + Cmn *ZC2] 

mn 

+ B *CZ*ZS2*ZC1] mn 

+ I [CZ*[A.*ZR4 - B.*ZR1 *!!] * all ~ 
• 1 ) r 
1 

y 80= [I I [Bmn *ZS2*ZC2 + Cmn *ZSS*ZC1] 
mn 

- ~ [A.*ZR3 + B.*ZR2*!! ] *a] ! t) ) r Z 

K..L = [I I [ZS5*(A1mn *ZC3 + A-2 *ZC4) + B *ZS3*ZC1]] 
IIJ mn mn mn 

Ke = [~ ~ [ZSl*[C *SZ*ZC2 - A1 *ZC7 - A2 *ZC8] L. L. mn mn mn 
mn 

+ ZT1*[B *ZS2*ZC1- ZS4*(A1 *ZC3 + A2 *ZC4)]] mn mn mn . 

+~ [A.*ZT3*ZR4 - B.*ZT1*ZR1*!!]*a] [Rrg]2 
. ) ) r 
] 

K ",= [~ I [ZS7*[A1 *ZC5 + A2 *zcs - C *SZ*ZC1] 
GIIJ ~ n mn mn mn 

+ B *ZS2*ZC2] - 1 (A.*ZR3 + B.*ZR2*!!]*a] (:,,) mn .) ) r nr. 
] 
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where: 

ZC1 = sin(m'l1'e) 
a 

ZC2 (m'l1') (m'l1'e) = -cos -a a 

ZC3 = -2.0*(ZC1)2 

ZC4 = -2. O*sin( (m+1) '11'8) *ZC 1 
a 

ZC5 = _( 2m'l1')sin(~) 
a a 

ZC6 = -( 2'11') *[ (m+1)cos( (m+1)~) *ZC 1 
a a 

+ m si~( (m+1)'I1'e )cos(m'l1'e)] 
a a 

ZC7 = _(2m'l1')2cos(2m'l1'e) 
a a 

ZC8 = -2(.!./[- (m2 + (m+1)2)sin«m+1)~)*ZC1 
a a 

+2m(m+1)cos( (m+1) ~)cos(m'l1'e)] 
a a 

ZR1 = sin(j'l1'e) 
a 

ZR2 = (i!..)cos(j'l1'6 ) 
a a 

ZR3 = _( i!.)sin( j '11'8 ) 
. 2a 2a 

ZR4 = _(j'l1')2COS(j'l1'8) 
2a 2a 

SZ = sin0 

CZ = COS0 

ZT1 = ~'COS0 
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ZT2 = n'cosch 

ZT3 = cosch(sinch +~) 

ZSl = '1' oncos(nch) + '1' ensin(nch) 

ZS2 = 'I' onsin(nch) + 'I' encos(nch) 

ZS3 = '1' onncos(nch) - 'l'enn sin(nch) 

ZS4 = - 'I' onn sin(nch) + 'I' enn cos(nch) 

ZS5 = '1' n 2cos(nch) + 'l' enn2sin(nch) on . 

ZS6 = '1' [-coschcos(nch) - n R' sin (nch)] on -r 

+ 'l' en [-coschsin(nch) + n!!o' cos(nch)] 
r 

ZS7 = '1' on [~, cos0cos(nch) + n sin(nch)] 

+ '1' en [n,1 cos0sin(nch) - n cos(n0)] 



421. 

APPENDIX (4) 

Previous Solutions 



422. 

APPENDIX 4: Previous Solutions 

. This appendix presents a few of the earlier solutions carried out 

during the study. In the presentation of the solutions the displace­

ments are given in the form of the --rigid section displacements and 

the distortion displacements. Each solution assumes the boundary 

conditions of a "thick flange" at 9=0 and 9=0., and is applicable to a 

bend angle ex in the range 0 i a. ~ 2 7T. 

In integration the limits employed were as follows: 

in the circumferential direction 0<9<0. = = 

in the meridional direction 0<0<27T 
== == 

Typical convergence curves for each solution are given in Figures 

( 4. lA) - (4. 4A). A comparison of the stress distributions is given 

in Figure (4.5A). 

All the solutions use double precision throughout unless otherwise 

stated, and were computed on a let 2980 computer. 
i, ~N~y"r~",,:, ~~~:,'~ ~ ~~::c :':'-:: '1-,.: ~ ... ,{'"-·,,,~·~-t;--'~" :.': 1=, " 

AII' the ~~lutions p:re~ented employ" the, strain 'equations given by (3.52) unless 
~> __ :~",,';~~r"": ,." t .. :~..".,,;., l' .-- .. - ' ,,, ~ '," ~ , :';' '> 

otherwise stated. 
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Solution Al 

Rigid section displacements 

JT 
2A.cos0sin 2 (j n6) wR = L 1 40. 

j=l 

JT 
-2A.sin0sin2 (ins) - B.sin(jn6) v R = L 1 4a. 1 a. 

j=l 

JT. . 
- j n6 u R = l. -X.!:. (l!..)cos0sin( l;e ) - e.sin( ) 

lR 20. a. 1 2 a. 
j=l 

where A. = (~)A. B. = (~)B. C. = (~)e. 
1 ry 0 1 1 ryo 1 1 ry 0 1 

Distortion displacements 

MT NT 
= l. l. - 2AmnSin(n0)sin 2 (m:e) 

m=l n=l 

MT NT 
= L l. BmnCOS(n0)Sin(m:s) 

m=l n=l 

MT NT 
= l. l. CmnSin(n0)Sin(m:e) 

m=l n=l 

where Bmn = (~)B ryo mn 

• • (4. lA) 

. . (4.2A) 
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Solution A2 

. Rigid section displacements 

JT . 
= I 2A.cosfhsin 2 ()'Ire) 

j=l 1 40. 

JT . . 
= I -2A.sinthsin 2 (J1TS) - B.sin(~) 

j=l] 40. 1 0. 

JT. . 
= I -A]. Ii ( L!!..) coschsin (J

2
1T e ) 

j=l 2a. 0. 

where Aj = (~)A. 
ryo ] 

Distortion· displacements 

MT NT 

- j1Te C.sin( ) 
] 20. 

C
J
• = (~)C. 

ryo 1 • • 

= I I -2['1' oncos(nch) + '1' sin(nch)] [A1 sin2 (mrrs) 
m=l n=l en mn 0. 

+ A2 sine (m+1)1Te)sin(m1T~] 
mn 0. 0. 

MT NT 
= I I ['1'onsin(nch) + '1'encos(nfh) ]Bmnsin(m:~ 

m=l n=l "" 

MT·NT 
= I I ['1' oncos(nch) + '1' ensin(nfh} ]CmnSin(m:s ) 

m=l n=l "" 

where A1 = (~)A1 , A2mn = (ryo.o}A2mn mn ryo mn 

(4. 3A) 

• • . (4. 4A) 
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Solution A3 

Rigid section displacements 

= J{ -A.a (j+1) coslli 
j=l ] 

JT _ ('+1) . 
= 1 A.a 1 sinlli - B.sin(~) 

j=l ] 1 CL 

JT . . 
= 1 A·It (j+1)S ]coslli - C.s l 

j=l ] ] 

where A. = (~)A. 
1 ryo 1 

Distortion displacements 

MT NT 

c]. = (~)C. 
ryo 1 

wn = 1 I -2['l'oncos(nlli) + '¥ sin(n0)] [A1 sin2(mrrs) 
m=l n=l en mn CL 

Bmn 

(4. SA) 

(4. 6A) 
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. Solution A4 

Rigid section displacements 

JT ('+1) 
wR = t -A.a 1 COS0 

j=l 1 

JT ('+1) 
B.sin(jn°s) vR = t A.s 1 sin0-

j=l 1 1 a 

JT . 
u R = l. A.!:.(j+1)slcOS0 

j=l lR 

where A. = (~)A. 
1 rY 0 J 

B. = (...!:......)B. 
J rYo J . . (1I.7A) 

Distortion displacements 

MT NT 
= l. l. ['1' cos(n0) + '1' sin(n0) ][A1 [sin(2(m+1)-rrs) 

m=ln=l on en mn a 

(2m+1)sin(!!.)] ] 
a 

MT NT 
vn = 1 t l. [- -nl'i'onSin(n0) +.!'i' cos(n0) ][A1 [sine 2(m+1)~) 

m=ln=l n en mn a 

- (m+l)sin(21Ts)] + A2 [sine (2m+1)-rrs) (2m+1)sin(1Ts)]] 
a mn . a a 

MT NT . _. (m1Ts) = l. l. £11' onCOs(n0) + '1' ensm(n0) ]Bmnsm a­
m=ln=l 

where B = (~)B 
mn ryo mn 

. . (II. 8A) 

In this section the following displacement and strains were taken as 
zero: 

Uc(S) = 0 

F'.0 = Ks = Ks 0 = 0 
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Solution Bl 

.. Rigid section displacements 

JT R . 9 
= I 2A.- o.cos0sin2 (L!!...) 

j=l Jr 40. 

JT R . 6 
= I -2A.- o.sin0sin2(l.!....) 

j=l Jr 40. 
- R • 6 
B.- asin(~) 
Jr a. 

JT. . 
= L -A.( J

2
n ) a. cos0sin(J n6) 

j=l J a. 20. 
c. ~ a. sin(jn9) 

J r 20. 

where A. = (_l_)A. 
J Ryo J 

B. = (_l_)B. 
J RYo J 

C. = (-RY
l )c. 

J 0 J 
. . (4. 9A) 

Distortion displacements 

MTNT+l 
wn · = L L -2[ '1' onCOs(n0) + '1' ensin(n0) HAl sin2 (~n~ 

m=ln=2 mn a. 

+' A2 sine (m+l)1Te)sin(mn6)] 
mn a a 

MT NT+l 
= I I ['i'onSin(n0) + '1' enCOs(n0)]B sin(mne) 

m=ln=2 mn a. 

MTNT+l 
= I I ['1' onCOs(n0) + '1' sin(n0)]C sin(mn6 ) 

m=ln=2 en mn a. 

where a. 
= (r-)Al ,A2mn = Yo mn (~)A2 

ryo mn 

. . (4. IDA) 
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Solution B lA 

Rigid section displacements 

JT 
= ~ 

j=l 

- R j11'e 2A. - <l cos0sin2 ( ) 
] r 4<l 

JT _ R . e R . 
= ~ -2A.-<lsin0sin2(l!.-) - B. _<lsin(pre) 

j=l ] r 4<l] r <l 

JT. . 
= ~ -A.(] 11' ) <l cos0sin(J 11'e) 

j=l ] 2<l 2<l 

where (4. 11A) 

Distortion displacements 

MT NT+l 
wn = ~ ~ -2['¥ onCOs(n0) +'¥ ensin(n0)] [Al sin2 (m 11'e) 

m=l n=2 mn <l 

+ A2 sine (m+l) 11'e)sin(~)] 
mn <l <l 

MT NT+l 1 1 - e 
= ~ ~ -2[-n 'i' onsin(n0) + -n '¥enSin(n0)][Al sin2(m1T) 

m=l n=2 mn <l 

+ A2 sine (m+l.)11'e)sin(m11'e)] 
mn <l <l 

MT NT+l 
un = ~ ~ [If onCOs(n0) + '¥ sin(n0)]8 sin(~) 

m=l n=2 en mn <l 

where Al = (~)Al . 
mn rro mn 

A2 = (~)A2 
mn ryo mn 

This solution uses single precision throughout. The following displace­
ment and strain were taken as zero: 
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Solution B2 

Rigid section displacements / 

JT _ R ·~e 
= L 2A. - a coschsin 2 (]-) 

j=l ]r 4a 

JT _ R . e 
= L -2A. - asinchsin 2 (!!....) 

j=l]r 4a 
- R jne B. - a sine ) Jr a 

JT .. . 
= I -X.(l.!.) a coschsin(] ~e) 

j=l J 2 a 2a 
- R j~6 C.- a sine ) 

) r 2a 

where - 1 - 1 A. = (~)A. , B. = (~)B. 
J n.Yo] ] n.Yo ] 

- 1 C. = (If.V':"") C . 
) Yo] 

. . (4. 13A) 

Distortion displacements 

MT NT+1 
= L L [1f oncos(nch) + 1f sin(nch) ][A1 [sin(2(m+1)!!) 

m=l n=2 en mn a 

- (m+l)sin(2 ~e)] + A2 [sin«2m+1)~) - (2m+1)sin(.!!!.) 11 
a mn CL a 

MT NT+l 
= I I [1fonsin(nch) + 1f encos(nch) ]Bmnsin(m;e ) 

m=l n=2 

MT NT+1 
= I L [1foncos(nch) + 1f sin(nch)]C sin(~) 

=2 en mn a m=i n-

Aimn 
CL 

A2mn (~ )A2mn where = (-)Ai = ryo mn 
0 

Bmn 
CL Cmn (~o)Cmn = (ryo )Bmn = . . (4. 1i1A) 

• 
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Solution B3 

Rigid section displacements 

JT 
= I 

j=l 

- j'll"S 2A.cos0sin2 (-) 
) 4a 

JT . S . 
= I -2A.sin0sin2(~) - B.sin(~) 
j=l) 4a ) a 

JT . . 
= L -A. R (l!...)cos0sin(J'll"6) 

j=l ) 2a 2a 
- j'll"6 C.sin( ) 

J 2a 

where A. = (~)A. 
) ryo) 

a B. = (-)B. 
) ryo) . . (4.7SA) 

Distortion displacements 

MT NT+l 
wn = I I -2['1' onCOs (n0) +'1' sin(n0) HAl sin2 (!!!.!!!.) 

m=l n=l en mn a 

+A2 sine (m+l)!!)sin(!!!.2!!.)] 
mn a a 

MT NT+l 
vn = I I ['1'onSin(n0) + '1' cos(n0)]B sin(m'll"s) 

m=l n=l en mn a 

MT NT+l 
Un = I I ['1' onCOs (n0) + '1' sin(n0)]6 sin(m 'll"s) 

m=l n=l en mn a 

where (~)A2 
ryo mn 

(4. 76A) 
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Solution B4 

Rigid section displacements 

JT . 
= t 2A.cos0sin2(J1T6) 

j=l J 4CL 

JT . 8 . 
= t -2AJ.sin0Sin2(~) - B.sin(J1T8) 

j=l 4CL J CL 

where A. = (~)A. 
J ryo J B. = (r CLy )B):', C)' = (~)C. 

) 0 ryo J . . (II. 77A} 

Distortion displacements 

MT NT+1 
wn = t t ['l' onCOs(n0) + 1f1 sin(n0) )[A1 [sine 2(m+l)~) 

m=l n=l en mn CL 

- (m+l)sin(2'ITe)] + A2 [sin«2m+1)1T6) - (2m+l)sin(1Te)]] 
a mn a a 

MT NT+1 
= t t ['l' onSin (n0) + 1f1 enCOs(n0) ]Bmnsin(m:e ) 

m=l n=l "" 

MT NT+l 
= t t [1f1 onCOs (n0) + 'l'ensin(n0)]C sin(~) 

m=l n=l mn a 

where A-1
mn 

= (~)A1 , A2mn = (~)A2 ryo mn ryo mn 

Bmn = (~)B Cmn 
a 

(II. 78A) = (ryo)Cmn . . ryo mn 
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Solution B5 

: Rigid section displacements 

V· 
R 

JT . e 
= I -A1·cos0sin( L!...) 

j=l 2a 

JT . e 
= I Al·sin0sin(~) 

j=l 2a 
- j 'lTe B.sin(-) 

1 a 

Jl - r .I.. j 'lTe - j 'lTe 
= l. C1·ncoswsm( 2'" ) - D.sin(-) 

j=l ~ 1 2a 

where A. = (--2-)A. , B. = (~)B. 
1 rYe 1 1 rYe 1 

c. = (~)C. 
1 rye 1 

D. = (~)D. 
1 rYe 1 

. . 

Distortion displacements 

+ A2 sine (m+l)'lTe)sin(m'ITe )] 
mn a a 

MT NT+l 
= I I ['1' onSin(n0) +'1' cos(n0)]B sin(~) 

1 =2 en mn a m= n-

MT NT+l 
= I I ['¥onCOs(n0) +'¥enSin(n0)]C sin(m'ITe) 

m=l n=2 mn a 

where A-Imn = (ra )Al 
Ye mn 

A2mn = ( a )A2 ryo mn 

Bmn 

(4. 19A) 

(4. 20A) 
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Solution B6 

,Rigid section displacements 

JT . e 
= ~ -A.cos0sin(~) 

j=l] 2 a 

JT . e . 
= ~ A].sin0sin(~) - B.sin(pre) 

j=l 2a] a 

JT - r . j iTe . e 
= ~ C]' Ii cos0sm( 2"') - i).sin(l2:....) 

j=l ~] 2a 

where A. = (~)A. 
] rye] 

a B. = (-)B. 
] rye] 

c. = (-<L)C. D. = (-iL)n. 
1 rye] ] rye] (4. 21A) 

Distortion displacement 

MT NT+l 
wn = I I ['¥ cos(n0) + '¥ sin(n0) HAl [sine 2(m+l)iTe) 

m=l n=2 on en mn a 

- (m+l)sin(2iTe)] + A2 [sin«2m+l)~) (2m+l)sin(!!.)]] 
a mn a a 

MT NT+l 
= ~ ~ ['l'onSin(n0) +'l' cos(n0)]B sin(~) 

m=l n=-2 en mn a 

MT NT+I 
= ~ ~ [ 'l' oncos (n0) + '¥ sin (n0) ] C sin (~) 

1 =2 en mn a 

where 

m= n-

a 
Almn = (-)AI rYe mn 

(4. 22A) 
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, Solutfon B 7 

Rigid section displacements 

JT R . e 
= I -A. -a coscbsin(~) 

j=l ) r 2a 

JT _ R . e R . 
= I A). - a sincbsin ( 1..!E..) - B. - a sin ( l!!.) 

j=l r 20) r "a 

JT . e R' 
= I sin(I.!-) [C).a coscb - :5. - a] 

j=l 2a ) r . 

where A. (R~o)Aj B. 1 = = (Ryo )B j ) 1 

C. 1 D. 1 = (Ryo )Cj , = (Ryo )D j (4. 23A) ] ) 

Distortion displacements 

MT NT+l 
= I I -2['1' onCOs(n0) + '1' sin(ncb) HAl sin 2 (!!!..!!) 

m=l n=2 en mn 0 

+ A2 sin( (m+l)1Te )sin(~)] 
ron a a 

MT NT+l 
= I I ['1' onsin(n0) + '1'encos(ncb)]B sin(m1Te) 

m=l n=2 mn 0 

MT NT+l 
= L I ['1' oncos(ncb) + '1'ensin(ncb)]C sin(m1Te) 

m=ln=2 mn 0 

where 
o 

Almn = (-)Al ryo mn 

Bmn = (~)B ryo mn 

= ( a )A2 
ryo mn 

C
mn 

- ( 0 )C 
ryo mn . . (4. 211A) 



435. 

Solution BS 

Rigid section displacements 

JT _ R . 'Ire 
= ~ -A]. - acoschsin()-) 

j=l r 2a 

JT - R . e 
= ~ A'rasinchsin(~) 

j=l ) 2a 
- R j'lre B. -a sine ) 
)r a 

JT . 'Ire - - R 
= ~ sin(-] -)[C.a cosch - D. -a] 

j=l 2a] ] r 

where A. 
) 

_ 1 
- (~)A. 

Yo ) 
, B

j 
1 = (Ryo )B j 

C. 1 
D. 1 = (Ryo )C j = (~)D. (II. 2SA) ) ) Yo ) 

. . 

Distortion displacements 

MT NT+l 
= ~ ~ ['¥ onCos(nch) + '¥ sin(nch)][Al [sin(2(m+l)!!) 

=2 en mn . a m=l n-

- (m+l)Sin(2:~] + A2mn [Sin«2m+lh:) - (2m+l)sin('Ir:)]] 

MT NT+l 
= ~ ~ ['¥ onSin(nch) + '¥enCos(nch)]B sin(~) 

m=ln=2 mn a 

MT NT+l 
= ~ ~ ['¥onCos(nch) +'¥enSin(nch)]C sin(m'lre) 

m=l n=2 mn a 

where 

. . (II. 26A) 
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APPENDIX (5) 

Solution of a 1800 Bend Using 

Circumferential Symmetry Solution-C 1 
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APPENDIX 5: Solution of a 1800 Bend Using Circumferential 

Symmetry - Solution C 1 

The circumferential symmetry displayed by this bend arises from the 

equilibrium conditions peculiar to the geometry (Figure 5.1A). Using 

the rigid-section displacement form as in equation (3.10): 

= 

= 

Taking a plane of symmetry through the bend centre at e = 0, the 

displacement series for w R' v Rand uR are as follows: 

1. For y c (e) the boundary conditions are: 

2. 

at 6 = 0 , y cCe) = 0 

together with symmetry about the plane through e = O. 

These conditions are satisfied using an even fourier series of 

the form: 

1 0 

Yc(e) = - L Bosin2(J1T6) 
R j=l J CL 

For H (e) the boundary conditions are: c 

together with anti-symmetry about e = O. 

. . (5. 1A) 

These conditions are satisfied using an odd fourier series of 

the form: 

= L Aosin(j 1Te) 
j=l 1 CL 

. . (5. 2A) 
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',3. For T c (e) the boundary conditions are: 

at 6 = + i ' T c ( e) = 0 

together with symmetry about 6 = o. 

These conditions are satisfied using an even fourier series of 

the form: 

T (6) = 2 L CoCOS 2 (j1T6) - 2 L Cosin 2(j1Te) 
c 0-1 3 J a. 0=2 4 J a. J- , J- , 

(5. 3A) 

4. For U c ( 6) the boundary conditions are: 

at a = 0 , U c (6) = 0 

together with anti-symmetry about e = O. 

These conditions are satisfied using the following odd fourier 

series: 

(5. lIA) 

The meridional variation of the distortion displacements will use 

the form given by equations (3.20), (3.41) and (3.46). The varia­

tion of these displacements in the circumferential direction is as 

follows: 

, " 
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1. For w(a) the boundary conditions are: 

at e = 0 , w( a) = 0 

at a = +.!. w ( a) = aw ( a) = 0 
2 ' a e 

together with anti-symmetry about a = O. 

These conditions are satisfied using the following odd fourier 

series: 

w(a) = I Al [sin(4m'lra) + 2msin(2'1ra)] + A2 [sin(2(2m+I)'lre) 
m=1 m a a m a 

(2m+l)sin(2'1re)] (5. SA) 
a 

2. For v(a) the boundary conditions are: 

at a = 0 and a = +! , v( a) = 0 
2 

together with anti-symmetry about e = 0 

These conditions are satisfied using the following odd series: 

v(a) = t B
m

Sin(2m'lre) 
m=1 a 

. . (5. 6A) 

3. For u(a) the boundary conditions are identical to v(a), hence: 

u(a) = t C sin(2m'lre) 
m=l m a 

. . (5. 7A) 

A summary of the displacements is as follows: 
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Rigid section displacements 

JT R . e 
= I -A.- CL cos0sin(~) 

j=1 ]r CL 

JT . e R . e 
= t B.CL cos0sin2 (L!.....) - fi.~in(~) 

j=1 ] CL J r CL 

where A. 1 B. 1 =-A. =-B. 
] RYe] ) RYe ) 

C. 
] 

= ....:..-...c. 
RYe] 

, Dj =-D. 
RYe) 

. • (5. 8A) 

Distortion displacements 

(2m+l)sin(!!!)] ] 
CL 

MT NT+1 
uD = I t ['1' onCOs(n0) + '¥enSin(n0)]CmnSin(2~1Te) 

m=1n=2 

where 

(5. 9A) 

A comparison of this solution and the final form of solution given in 

the main text is shown in Figure (5. 2A) and (5. 3A) • 
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,In integration the limits used were: 

in the circumferential direction o < e < +!. ........ 2 

in the meridional direction o < 0 < 21T 
=0 .... 

This solution used double precision throughout and was computed on 

a VAX 750 computer. 
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APPENDIX (6) 

Results from Mensuration Exercise 

on a 1800 Pipe Bend Assembly 
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451. 

APPENDIX 6: Results from Mensuration Exercise on a 1800 Pipe 

Bend Assembly 

, -The actual plots on cross-section were computed from the average of 

the outside diameters measured at (/) = 0 0 /180 0 and (/) = 90 0 /270 0 

using the dial gauge readings given in Table No. 6.1A. 

" .: ':The tangent dimensions were measured as: 

. 
Ll = 24.0 in 

, , 

Lz = 24.0 in 

L3 = 18.0 in 



SECTION NUMBER 452. 

2· 4 5 6 7 8 9 1 9 1 1 12 13 1 4 1 5 1 6 17 1 8 28 

8 243 243 243 243 243 243 243 243 243 243 243 243 243 243 243 243 243 
18 243 245 246 247 233 239 243 245 235 252 238 231 241 251 238 243 248 

·28 . 236 247 268 247 233 236 245 247 225 257 237 227 237 251 225 247 238 
38 ·234 248 269 248 238 229 246 243 238 252 234 214 231 244 238 246 232 
48 233 248 277 237 224 228 244 237 248 259 225 2132 229 233 249 247 229 
S8 231 248 296 233 228 219 248 236 263 247 216 188 212 224 256 247 223 
68 231 246 386 232 217 285 236 239 284 245 298 181 2135 228 2613 248 223 
78 238 243 3139 232 213 197 235 244 391 232 183 175 196 217 268 253 224 
88 238 239 317 2313 294 194 228 249 314 222 167 167 186 219 278 256 226 
98 229 235 323 225 198 196 226 252 315 229 163 161 174 2139 286 261 239 
188 . '228 238322 217 197 187239254319259 172 158 168 192 277271237 
tl0 228 225 317 298 298 188 234 259 328 261 184 156 168 189 267 279 245 
128": 226 229 391 298 198 177 238 246 299 261 198 159 165 167 251 289 251 
130 229 225 281 195 197 178 249 243 283 258 189 159 164 157 231 296 257 
148 214219264 195 199 183246247258255 189 163 163 152216392259 
150 . 288 283 248 198 283 199 253 253 243 253 188 179 164 159 293 386 258 
160 . 283 195 227 291 294 198 258 256 249 241 185 174 165 149 191 387 255 
170 198 188 215 198 293 291 269 252 238 229 188 173 164 143 189 385 259 
IS0 . ·193 184217 195294289279254243 226 174 172 168 142 176298 245 
198 : 198 181 226 195 189 199 256 252 255 238 157 145 146 144 183 292 249 
208 .. 193 183 243 284 192 196 251 255 269 236 155 141 145 144 291 286 236 
218 197 187 273 296 194 197 243 254 285 239 152 141 149 148 219 289 231 

. 228 282 195 299 219 195 197 237 253 395 236 156 142 146 158 221 275 227 
238 ·287 293 329 217 195 198 232 249 312 232 157 144 146 158 245 272 225 

: 248 215 215 321 215 195 299 226 259 316 239 152 149 149 161 259 271 226 
250 229 239 335 213 298 194 229 254 322 229 152 158 158 168 269 279 227 

·260 225 237 341218 198 196239254317232 158 153 165 189 272 266 228 
278 227 238 322 225 198 197 226 254 312 229 165 161 175 199 283 269 232 
2S8 228 239 324 239 29 I 291 225 253 396 232 176 162 182 292 289 252 235 
298 228 249318231292296223259316234 183 176 192214292245238 
388 228 239 314 237 293 211 225 259 316 249 183 189 199 223 296 238 239 
318 229 239 387 245 298 217 232 256 312 247 199 289 211 236 294 235 241 
320 229 238 296 259 214 221 239 256 396 248 199 296 215 249 292 235 244 
338 232 239 284 245 229 222 227 259 297 259 292 214 221 258 283 237 246 
348 237 249 267 242 225 222 227 249 276 246 213 225 227 253 267 249 249 
3S8 238 241 246 242 228 223 225 235 257 242 221 231 227 249 256 243 248 

TABLE N.o_._~.lA 

DIAL GAUGE READINGS ON CROSS-SECTIONS (in x 10-3 ) 

SPECIMEN No.2 - 1800 
- Sch 40 
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MERIDIONAL ANGLE (deg) 

0 45 90 135 180 225 270 315 

2 2868 2888 2864 2813 2764 2750 2789 2810 

.. - 4 2864 2967 2874 2821 2754 2826 2791 2803 

-s 2935 2872 2986 2868 2795 2879 2834 2845 

6 3124 3866 3172 3154 3135 3166 2838 3106 

7 3127 2975 2878 2964 3105 3153 2800 3104 

8 3090 2857 2837 2867 3091 3121 2812 3103 

9 3137 2982 2808 2965 3076 3176 2923 3149 

19 3156 3047 3853 3057 3145 3177 2957 3138 

1 I 3258 3377 3383 3420 3296 2598 2829 3126 

121 2945 2844 2884 2853 2947 2934 2718 2955 

13 2877 2758 2623 2714 2898 2911 2777 2946 

14 2782 2620 2682 2620 2853 2912 2735 2868 

15 2910 2775 2619 2769 2916 2933 2840 2962 

16 2945 2848 2877 2852 2943 2931 2755 2973 

17 3186 3187 3851 3224 3B50 2965 2655 2908 

18 2744 2795 2853 2878 2870 2858 2884 2735 

29 2758 2783 2833 2886 2892 2857 2888 2723 

TABLE No. 6.2A 

WALL THICKNESS MEASUREMENTS (in x 10-4 ) 

SPECI~1EN No.2 - 1800 
- Sch 40 
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9/188 98/278 

2 6.611 6.632 

4 6.682 6.642 

5 6.465 6.651 

• 6 6.674 6.683 

7 6.711 6.66 

8 6.721 6.663 

9 6.718 6.653 

18 6.681 6.692 

11 6.518 6.655 

12 6.669 6.664 

13 6.721 6.635 

14 6.732 6.643 

15 6.718 6.656 

16 6.671 6.679 

17 6.52 6.667 

18 6.632 6.617 

28 6.639 6.613 

TABLE N:q~_6.3A 

PRINCIPAL OUTSIDE DIAMETERS (in) 

SPECIMEN No.2 - 1800 _ Sch 40 



180 

455. 

90 

D=6.625in (Nominal) 

l=0.28tn (Nominal) 

270 

OVALITY 

SPECIMEN No.2-180deg-Sch40 

SECTION No.2 

AVERAGE OU1SIDE DIAME1ER (In) = 6.6190 
Hax=6.6315 Min=6.6045 

AVERAGE WALL lHICKNESS (in) = 0.28t7 
Hax=0.2BB Mln=0.275 

o 
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90 

D=6.625in <Nominal) 

~=0.28in <Nominal) 

270 

OVALITY 

SPECIMEN No.2-180deg-Sch40 

SECTION No.4 

AVERAGE OU1SIDE DIAME1ER < in) = 6.'6223 
Hax=6.648 Mln=6.598 

AVERAGE UALL lHICKNESS <in) = 0.2838 
Hax=0.2967 Mln=0.2754 

o 



180 

451. 

90 

D=6.625in (Nominal) 

l=0.28in (Nominal) 

278 

OVALITY 

SPECIMEN No.2-180deg-Sch40 

SECTION No.5 

AVERAGE OU1SIDE DIAME1ER (in) = 6.5758' 
Hax=6.6635 Min=6.46SS 

AVERAGE YALL lHICKNESS (in) = 8.2867 
Hax=0.293S Min=0.2795 
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90 

• 

D=6.625in <Nominal) 

~=0.28In (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No.6 

AVERAGE OU1SIDE DIAME1ER (in) = 6.6793 
Hax=6.6905 Mln=6.6715 

AVERAGE ~ALL lHICKNESS (in) = 0.3095 
Hax=0.3172 Min=0.2838 
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90 

0=6.625In <Nominal) 

l=0.28In (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No.7 

AVERAGE OU1SIDE DIAME1ER (in) = 6.6794 
Hax=6.7tt Mln=6.66 

AVERAGE UALL 1HICKNESS (in) = 0.3013 
Hax=0.3153 Mln=0.28 
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46Q. 

90 

D=6.62Sin (Nominal) 

l=0.28in (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No.8 

AVERAGE OU1SlDE DIAME1ER (in) = 6.6789 
Hax=6.72tS Min=6.6SSS 

AVERAGE YALL 1HICKNESS (in) = 0.2972 
Hax=0.3t2t Hln=0.2812 

o 
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461. 

90 

0=6.625In (Nominal) 

~=0.2Bln <Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No.9 

AVERAGE OUTS1DE D1AME1ER (in) = 6.6785 
Hax=6.716 Mln=6.655 

AVERAGE WALL lH1CKNESS (In) = 0.3027 
Hax=0.3t76 Mln=0.2BBB 

o 
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462. 

90 

D=6.625in (Nominal) 

l=0.28in (Nominal) 

270 

OVALITY 

SPECIMEN No.2-180deg-Sch40 

SECTION No. 10 

AVERAGE QUiSIDE DIAMEiER (in) = 6.6825 
Hax=6.692 Min=6.67 

AVERAGE UALL lHICKNESS (in) = 0.3091 
Hax=0.3177 Mln=0.2957 

o 



180 

463. 

90 

D=6.625in (Nominal) 

~=e.28in (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. t t 

AVERAGE OU1SIDE DIAME1ER (in) = 6.5956 
Max=6.666 Mln=6.516 

AVERAGE YALL lHICKNESS (in) = 0.3161 
Mox=0.342 Min=0.2S98 
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464. 

90 

D=6.625in (Nominal) 

~=0.28in (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. 12 

AVERAGE OU1SlDE DIAME1ER (In) = 6.6901 
Hax=6.7t25 Min=6.6565 

AVERAGE ~ALL 1HICKNESS (in) = 0.2885 
Hax=0.2955 Mln=0.27tB 

o 



180 

465. 

90 

D=6.625in (Nominal) 

!=0.28in (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. 13 

AVERAGE OU1SIDE DIAME1ER (In) = 6.6793 
Hax=6.7225 Mln=6.6305 

AVERAGE WALL lHICKNESS (in) = 0.2812 
Hax=0.2946 Min=0.2623 

o 



1S0 

466. 

90 

D=6.625in (Nominal) 

1=0.28in <Nominal) 

270 

OVALITY 

SPECIMEN No.2-180deg-Sch40 

SECTION No. 14 

AVERAGE OU1SIDE DIAME1ER <in) = 6.6747 
Hax=6.734 Min=6.639 

AVERAGE WALL lHICKNESS <in) = 0.2749 
Hax=0.29t2 Min=0.2602 

• 

o 



180 

467. 

90 

D=6.625in (Nominal) 

l=0.28in (Nominal) 

278 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. t 5 

AVERAGE OU1SIDE DIAME1ER <in) = 6.6785 
Max=6.718 Min=6.656 

AVERAGE ~ALL 1HICKNESS (in) = 0.2841 
Max=8.2962 Min=0.2619 

8 



180 

468. 

90 

0=6.625in (Nominal) . 

~=0.2Bin (Nominal) 

270 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. 16 

AVERAGE OU1SIDE DIAME1ER <in) = 6.6757 
Hax=6.691 Mln=6.664 

AVERAGE WALL lHlCKNESS <in) = 0.2891 
Hax=0.2973 Min=0.2755 

e 



180 

469. 

90 

D=6.625In (Nominal) 

~=0.28In <Nominal) 

27B 

OVALITY 

SPECIMEN No.2-t80deg-Sch40 

SECTION No. I 7 
I 

AVERAGE OU1SIDE DIAME1ER <In) = 6.5960 
Hax=6.6685 Min=6.5185 

AVERAGE ~ALL THICKNESS (In) = B.3028 
Hax=B.3224 Min=B.2655 

a 
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90 

0=6.625in (Nominal) 

t=0.28In (Nominal) 

270 

OVALITY 

SPECIMEN No.2-180deg~Sch40 

SECTION No. 18 

AVERAGE OU1SIDE DIAME1ER <in) = 6.6236 
Hax=6.6415 Mln=6.6125 

AVERAGE WALL lHICKNESS <in) = 0.2817 
Hax=0.2878 Mln=0.2735 
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90 

D=6.625in (Nominal) 

~=0.2Bin (Nominal) 

270 

, OVALITY 

SPECIMEN No.2-t80deg-Sch40 
, 

SECTION No.20 

AVERAGE QU1S1DE DIAME1ER (in) = 6.6275 
Hax=6.655 Min=6.599 

AVERAGE WALL 1HICKNESS (in) = 8.2817 
Hax=0.2892 Min=0.2723 
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APPENDIX (7) 

Evaluation of Flexibility Factors for 

Pipe Bends with Connected Tangents 
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APPENDIX 7: Evaluation of Flexibility Factors for Pipe Bends 

with Connected Tangents 

This appendix presents the rotation terms involved in the determina­

tion of the flexibility factor for pipe bends with connected tangents. 

The flexibility factor for both in and out-of-plane loading is defined 

generally as: 

K = Y -YT' 
Yo 

where Y = the overall rotation of the bend assembly 
determined from experiment; 

YT = the relevant rotation of both tangents; 

Yo = the nominal rotation (7. 7) 

The terms evaluated here are the nominal rotation Yo and the tangent 

rotation Y T' The tangent rotation is further defined as: 

Y T = YTF + YTL 

where YTF = relevant rotation of the fixed tangent; 

YTL = relevant rotation of the loaded tangent. 

The nominal rotation is defined as: 

= MRa 
Yo EI • • 

(7.2) 

(7.3) 

The moment arm used in defining M for both loading cases Is shown 

in Figure (7 .1A). 
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The terms of Y ot. YTF and YTL for the loading cases of. in-plane 

and out-of-plane are given in Tables 7 .1A - 7. 4A. These terms are 

evaluated for the bend angles of 1800 • 90 0 and 45 0 • 

The notation of dimensions and loading is that shown in Figure (7. 1A) • 

TABLE 7.1A: 

Bend 
angle 

1800 

90 0 

In-plane loading - nominal rotations. 

WR!!' [L + L + R] 
EI A T 

WR1T [LA + LT + Rsin(!...)] 
2EI 4 

~ [L + LTCOS(!.4) + R[cos(!.) - cos(!.)]] 
4EI A 8 4 

where LA = length of moment arm 

LT = length qf tangent 
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TABLE 7. 2A: In-plane loading - tangent rotations. 

Bend 
YTF angle 

1800 
WLT +!L ] -[LA 
EI 2 T 

90 0 
WLT 
BI[LA + LT + R] 

450 
WLT ~ ~ -[LA + LTcos(-) + R[ 1-cos(-)]] 
EI 4 4 

where LA = length of moment arm 

LT = length of tangent 

YTL 

WLT 
+!L ] -[L 

EI A 2 T 

WLT 
+!L ] -[L 

EI A 2 T 

WLT 1 1T 
ru[LA + '2LTcos(i)] 

TABLE 7. 3A: Out-of-plane loading - nominal rotations. 

Bend 
angle 

1800 

90 0 

where 

WRn [L + L
T

] 
EI A 

WRn [L + L
T

] 
2EI A 

WR~ [L + LTCOS(!.4)] 
4EI A 

LA = length of moment arm 

LT = length of tangent 
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TABLE 7. 4A: Out-of-plane loading - tangent rotations. 

Bend 
YTF angle 

WLT 1 
1800 -[LA + -LTl 

EI 2 

90 0 
WLT 

+ LT + R] -[LA 
GJ 

45 0 
WLT ~ ~ 
GJ'"""[LA + LTCOS(4") + R[l-cos(i)]] 

where LA = length of moment arm 

LT = length of tangent 

YTL 

WLT 
+!L 1 -[LA 

EI 2 T 

WLT 1 -[L + iLT] EI A 

WLT i 1 ~ 
-[LA +-LTcos(-)l 
EI 2 4 
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APPENDIX (8) 

Room Temperature Elastic Behaviour of the 

CERL-Planer Capacitance Strain Gauge 
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1. Summary 

The CERL-PLANER capacitance strain gauge is u'sed extensively on 

a variety of applications normally at elevated temperatures in the 

range of 500 to 600 oC. Most of the published literature relates to 

the behaviour and long term stability at these temperatures. 

This report deals primarily with the behaviour and performance of 

the type C5 capacitance gauge under room temperature elastic condi­

tions with particular regard to their application to pipe bends of 

6 inches nominal bore. 

In mounting the gauge on the surface of the pipe methods using 

wedges and bending the feet are examined. It is shown that the 

latter method of bending the feet is to be preferred. When mounted 

on wedges the gauge can prove to be inaccurate on all but machined 

sections of known dimensions, being dependent on the relatively geo­

metry of the wedges. 

Gauge calibration compatible with the in-situ condition is shown to 

be essential for accurate results. In the measurement of bending 

strain, for example, the actual strain can be underestimated by 

between 20 to 30% when the standard calibration is used. 
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3. Introduction 

This report presents the results of the first stage of a two part 

programme being carried out at the university on the CERL-PLANER 

capacitance strain' gauge (type C 5). The work forms a subsidiary 

part of a main research programme on the inelastic behaviour of pipe­

work components [1] *1 where capacitance gauges will be used extens­

ively in the measurement of strain at elevated temperature (570 0 C) on 

a variety of stainless steel type 316 pipe bend specimens. 

For the first ,part of this work, which forms the basis of this 

report, attention is focused primarily on the measurement of bending 

strains und'er room temperature elastic conditions. This is a consequence 

of the various forms of loading on the bend specimens where bending 

strains predominate. The second part of the work concerning the exper­

ience at elevated temperature will be treated independently and presented 

in a separate document. 

The need for this work arose from the results of a series of room 

temperature tests carried out on a 90 0 Sch .10 bend specimen where 

with the capacitance gauges mounted on wedges, differences of up 

to -80%*2 were recorded between the capacitance gauge and similarly 

located electrical resistance gauges. This particular bend specimen 

(No.7 - 90 0 - Sch.10) was the first to be tested with wedges. Prior 

to this on the pilot scheme [2] the capacitance gauges were mounted 

with the feet bent to accommodate the curvature of the section ( 6 inches 

N . B .) giving comparisons of around - 20%. 

*1 Reference number see section 7. 

*2 For comparison with electrical resistance gauges the sign convention 
adopted is as follows: 

% diff = [1 - strain (resistance> 1 x 100 
strain (capacitance)J 
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In an attempt to improve upon this figure it was decided to adopt 

the method of wedge mounting following essentially along the same lines 

as HEATHER, BROWNE and DER [3]. It should be mentioned, however, 

that bending the feet of the gauge presents a delicate and precarious 

operation and further is totally against the manufacturers recommenda­

tions. The method of wedge mounting naturally introduced further 

problems such as the actual manufacture of the wedges and the develop­

ment of new techniques in mounting the gauge. Following satisfactory 

tests on a proving ring, the method was applied to the pipe bend speci­

men. Here, however, the poor comparison cast some doubt on the 

method and accordingly a series of tests were initiated to examine the 

problem. Primarily, these consisted of further tests on the proving 

ring followed by a series of tests using a four point loading beam. 

A theoretical analysis of the gauge displacement behaviour was also 

carried out. 

The high cost of the capacitance gauge together with damage due 

to repeated use has naturally . limited the scope of the work. However, 

the results from the test programme, due in part to the choice of tests, 

appear to have been sufficient to SUbstantiate the findings. Other 

aspects concerning the behaviour and use of the gauge which arose 

during the course of the tests are also discussed. 
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4. Development of Wedge Mounting 

4.1 General 

The capacitance strain gauge has been designed specifically for 

application to flat surfaces or those with large radii of curvature. The 

application here to pipe bends of 6 inches NB necessitates either bending 

the feet of the gauge to accommodate the increase in curvature or 

alternatively reducing the curvature artificially by means of wedges 

mounted on the surface (Fig. 1). 

Mounting of the gauge using wedges is a fairly straight forward 

operation although as we shall see it does require the development 

of additional techniques. The principle employed requires two wedge­

shaped blocks of the parent material contoured to meet the surface 

curvature. These are attached (spot welded) to the surface at virtually 

the same height as the surface along thin edges normal to the gauge 

axis (Fig. 2). The gauge is then mounted in the usual way on the flat 

surfaces provided by the wedges. This permits surface movements 

to be transferred directly to the gauge via the wedges. Change in the 

gauge length is then accounted for by a simple factor K defined as: 

K = capacitance gauge length (unstrained) 
distance between wedge attachments. 

The use of wedges has been reported by HEATHER, BROWNE 

and DER [3] with apparent success using the type C4 gauge. Employ­

ing much larger wedges on pressurised machined tube sections of 34 mm 

(1. 34 inches) outside diameter comparisons of capacitance and resistance 

gauge strains are given as 305. J.,le: and 281. J.,le: respec~ively (ie + 8%). 

This incidentally appears to be the only reported in situ calibration with 
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resistance gauges. Further comparison was made with a capacitance 

gauge mounted directly on a tube section of 140.4 mm (5.53 inches) 

outside diameter. The comparison here. however. was made with the 

wedge mounted counterpart. Experience here shows that direct mount­

ing made on a 6 inch NB bend (outside diameter = 6.625 inches 8 168 

mm) causes the capacitance plates to come in contact as a result of 

rotation of the feet and require a substantial preset tensile strain 

to separate the capacitance plates. As we shall see. application of 

the gauge in this manner can introduce sUbstantial errors, particularly 

so when the standard displacement calibration is used. 

4.2 Manufacture of Wedges 

In applying this method to the pipe bend specimen the first problem 

encountered was the actual manufacture of th~ wedges. Based on the 

nominal outside diameter of 6.625 inches (168 mm) the wedge geometry 

necessary to provide a flat surface for gauge mounting requires a 

virtually flat wedge with the curvature on the inside hardly visible 

(Fig. 3). Naturally the overall dimensions of the wedge require an 

object which is not too small in terms of ease of handling but at the 

same time not too large, bearing in mind the space restrictions on the 

bend layout. With the help of Fig. 4 an overall size of 7 x 4 x 0.97 mm 

thick (0.27 x 0.16 x 0.04 inches) with a wedge angle of at most 8° was 

chosen as the optimum (Fig. 5). These dimensions correspond to a 

16 mm (0.63 inches) gap between the wedges. 

The method of manufacture adopted (Fig. 6) used a strip cut 

from a specimen length of Sch 40 SS pipe clamped via a backing strip 

to an angle piece, the latter allowing rotation of the whole assembly to 
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achieve the correct wedge angle. This machined strip was then cut 

up into the required widths using an AGIE CUT spark eroder giving 

around a dozen wedges per strip. Later versions dispensed with the 

fine edge on the wedge by increasing the thickness here to around 

0.002 inches (0.05 mm). Wedges with the inside surface machined flat 

were also manufactured and although they appeared virtually indisting­

uishable from the others they did not appear to fit as neatly on the 

proving ring. 

4.3 Initial Tests on Proving Ring 

4.3.1 General 

In order to grasp the necessary techniques and further establish 

the performance of the method it was decided prudent to conduct a 

series of tests on a proving ring before embarking on application to 

the bend. Here the technique of spot welding the leading edge of the 

wedges was established with the wedges sufficiently far apart to ensure 

complete support for the feet of the gauge. Measurement of the gap 

was accomplished using small calipers measuring from the centre line 

of the spot welds. 

The proving ring employed (Fig. 7) was cut from a specimen length 

of Sch 40 SS pipe machined to ensure circularity of section. In tension 

loading the ring was hung from one of the main test frames and dead 

weights applied to a cradle attached to the ring, in compression the 

dead weights were simply sat on the ring support. For comparison 

with capacitance strain the ring was equipped with two 20 mm (0.79 

inches) resistance gauges (SHOWA F - 20). These were read through 
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. a "BUDD" strain recorder. The capacitance gauge was read through 

the 1050 ASL unit via an APPLE computer. 

Values of strain in these tests and all subsequent tests was computed 

from the slope of a best fit straight line evaluated via in-house computing. 

In all a total of eight tests. No lR to No 8R were conducted on three 

capacitance gauges on the proving ring. The manufacturer's calibration 

(which is based on a flat bed linear displacement) for these gauges is 

shown in Fig. 8. This calibration was applied using a best fit 5 - degree 

polynomial for both these tests and all subsequent tests using 21 data 

points. 

4. 3. 2 Results 

The results of each test are shown in Fig. 9 to Fig. 11. A summary 

of these results is given in Table No. 1. In Fig. 9 and 10, "corrected" 

strain includes the factor K for gauge length. In test No. 1R and 2R 

small toolmakers clamps bearing on l" diameter ball bearings were used 

to clamp the gauge, on all other tests the gauge was spot welded. In 

test No. 4R and onwards compression of the ring necessitated removal 

of the assembly from the main loading frame resulting in a possibly poor 

earth connection. This was rectified in Test No. 6R using an additional 

earth from the gauge leads to the ring (Fig. 12) • 

. Use of the partition between the leads along the gauge axis (Fig. 

13) and a top cover did little but change the zero capacitance without 

any significant change to the absolute value of strain. 



TABLE No.1: Initial tests on proving ring. 

Test Gauge Strain Capacitance 
No. No. direction unstrained (pf) 

lR C5-3750 neg 0.7560 

2R C5-3750 neg 0.7427 

3R C5-3751 neg 1.0079 

4R C5-3751 pos 1.0071 

5R C5-3752 pos 1.1966 

6R C5-3752 pos 1.1996 

7R C5-3752 pos 1.1946 

8R C5-3752 pos 1.1880. 

* % Diff = 
[

1 - Strain ERSG ] x 100 
K x strain C.G 

Comparison 
with ERSG* Condition 

- 4% No partition. No cover 
Gauge clamped to wedges. 

- 4% Same as test No. lR. 

-10.5% No partition. No cover 
Gauge welded to wedges. 

-15% Same as test No. 3R. 
os::. 

-13% No partition. No cover 00 
00 

Gauge welded to wedges 
. 

- 7% Additional Earth. 

- 8% Partition along gauge axis. 

- 7% Partition and cover. 
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4.4 Application to Bend Specimen 

4.4.1 General 

As a result of the reasonably satisfactory performance on the 
, . 

proving ring it was decided to proceed with the method for mounting 
. 
on the bend specimen. This particular specimen (No.7 - 90 0 - Sch 10) 
, 
was designated for an elevated temperature (570 0 C) forward creep test 

. in an in-plane bending closing mode. Details of the temperature part 

of this test will be omitted here, the attention being focused on the 

preliminary room temperature work. This part of the test can be sub­

divided into two parts. Firstly, there was a detailed elastic strain 

distribution test to determine the points of maximum strain (meridional 

direction) around the bend mid-section followed by an elastic calibration 

of the capacitance gauges using resistance gauges of comparable length. 

The bend was equipped for the elevated temperature test with 

three active capacitance gauges and one dummy gauge to measure the 
i . 

drift characteristics at temperature. Our interest here shall be concerned 

with the two meridional gauges No. 1 and No.3. The general set up of 

the gauges is shown in Fig. 14 showing clearly the limitations in space 

arising from the copper heating sheath [4]. Here we can also see the 

small ceramic posts. used to isolate the gauges from gauge lead movement. 

This latter problem would appear to be peculiar to pipe bends where 

with the mineral insulated gauge leads attached to the bend surface 

the inherent flexibility of the bend can cause the gauge leads to move 

relativ~ to the gauge with the movement being transmitted to the gauge 

via the nichrome coils. It has been difficult to completely assess the 

extent of this on active 'gauges as it was first observed on dummy gauges 

which of course should not respond to loading outwith temperature 
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effects. Clearly visible in Fig. 14 are partitions, employed along the 

gauge axis and between adjacent gauges. This was recommended to 

the writer as good practice at an earlier stage when an attempt was 

being made to improve on the 20% difference between bent feet capacit­

ance gauges and the resistance gauges. However, from tests on the 

proving ring the partitions appear to have litt1~ effect. 

4.4.2 Results 

4.4.2. 1 Strain Distribution 

The strain distribution test using a series of resistance gauges 

(Fig. 15) gave symmetrical values and position of maximum meridional 

strain as shown in Fig. 16. In passing, it is noted that they compared 

well with THOMSON's theory [5] which accounts for the restraining 

. effect of tangent pipes. 

I 
4.4.2.2 Capacitance Gauge Calibration 

Calibration of the capacitance gauges l?cated at the points of maxi­

mum meridional strain was attempted using 20 mm resistance gauges 

(SHOWA F - 20). In the first test the capacitance gauges give raw 

comparisons of -60% and -80% for gauges No 1 and No 3 respectively 

(Fig. 17). Introducing the correction (see footnote to Table 1, page 488) 

for gauge length of (about) 1. 2 reduced these values to -32% and -50%. 

These comparisons were in complete contrast to those obtained earlier 

on the proving ring where results of around -10% were achieved. 

The stress-strain system on the proving ring although not exactly 

identical with that of the bend was considered sufficiently similar for 

comparison purposes, bending strains predominating in both cases. 
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'Also the techniques employed in mounting the wedges and the gauges 

were identical on both systems. To ensure that this was so the bend 

was removed from the test rig to the bench to facilitate the wedge and 

gauge attachment. Thereafter, routine checks on instrumentation, 

ASL-APPLE interface and software were carried out. All such checks 

showed the equipment was operating satisfactorily. That all these 

aspects were satisfied left no clear explanation as to the poor comparison 

with the results of the proving ring. 'Being faced with this apparently 

unexplained behaviour was frustrating and in an attempt to improve 

the comparisons it was decided to "experiment" with the gauge layout 

on the bend. The alternative option of complete dismantling the set 

up and reassembling with new wedges and gauges was not considered. 

In fact these experiments led to an extensive number of tests extending 

to a period of over 6 months during which numerous modifications were 

made to the layout. Some of the main changes made were as follows: 

removal of top covers and partitions between gauges and along 

the gauge axis; 

replacement of gauges and gauge leads; 

spot welding gauge directly to the bend through the wedges; 

varying the gap between the wedges; 

removal of the ceramic posts. 

These main changes and other numerous secondary modifications 

appeared to have little effect on the absolute value of strain. Accordingly 

when it was realised that no further improvement could be achieved the ' 
, 

bend was heated up for the elevated temperature (570°C) stage of the 

test. It was then found that when the temperature exceeded around 4000C 
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the gauges refused to balance on the A.S.L. equipment. This was 

eventually discovered to be due to a breakdown in resistance of the 

ceramic terminal posts at temperature and was the reason for their 

removal on the final test. The symptoms. were not present at room 

temperature which made diagnosis difficult and it took three heating 

up periods before this fault was discovered. No particular pattern 

emerged from all the tests conducted and it is felt that the cycling in 

temperature did little more than introduce a further complication. The 

final test adopted for calibration showed some improvement however t 

the comparison being reduced to between -30% and -50%. In this test 

(Fig. 18) all partitions had been removed together with the ceramic 

posts. Gauge No 3 had been replaced twice and was now mounted with 

the feet. bent, also gauge No 1 was spot welded through the wedge 

to the bend. Thus gauge length corrections were not required in these 

cases. 
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5. Further Tests on Gauges 

5.1 General 

As a result of the extremely poor comparison obtained on the bend 

. specimen using wedgeSt a more detailed series of tests were begun. 

These comprised the following: 

(a) Further tests on the proving ring 

(b) Tests on a four point loading beam 

(c) Tensile tests. 

This work was further supplemented by some analytical work into the 

deformation of the gauge. 

5.2 Further Tests on Proving Ring 

5 • 2 • 1 General 

To confirm the initial tests on the proving ring, a further three 

tests (No. 9R to llR) were carried out using two capacitance gauges. 

Test No. 9R and lOR were essentially a repeat of the earlier tests 

on the same wedges as before. In test No. UR the wedges were removed, 

gauge feet bent and the gauge mounted directly on the ring. Here, 

as opposed to bending the feet by hand, a small jig was used to prevent 

gross deformation of the arches. 

5. 2. 2 Results 

The results of a typical test (No. llR) are given in Fig. 19. A 

comparison of the results is given below in Table No. 2 which shows 

favourable agreement with the initial tests. 



TABLE 2: Further tests on proving ring. 

Test Gauge Strain Capacitance Comparison 
No. No. direction unstrained (pf) with ERSG Condition 

9R C5-3752 neg 1.1941 -10%* No partition along gauge 
axis, no cover, additional 
earth. Gauge spot welded. 

lOR C5-3752 neg 1.1958 -11%* Repeat of Test No. 9R. 

llR C5-3731 pos 1.2415 - 6% No partition, no cover, w:>o 
additional earth, feet of co 

w:>o 
gauge bent and clamped . 
to ring. 

*Corrected for Gauge Length 
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5.3 Tests on Four Point Loading Beam 

5.3.1 General 

Here a series of fifteen tests (No. 1B to 15B) were conducted on 

a total of seven capacitance gauges. The experimental set up employed 

the normal four point loading beam (Fig. 20) giving pure bending along 

the centre section .. .' Comparison with capacitance strain was made 

using a 20 mm resistance gauge (SHOWA F - 20) mounted on the beam 

adjacent to the capacitance gauge. The capacitance gauge was clamped 

to the beam using small clamps bearing on 1/16" diameter ball bearings 

(Fig. 21). 

5.3.2 Results 

The results of a typical test (No. 1B) are shown in Fig. 22. 

A summary of the results is given in Table 3. 

In most cases the comparison varied betweeen -20 to -30%. However t 

the elevation of one foot had a marked effect indicating a sensitive res­

ponse to relative wedge geometry. Throughout all these tests top covers 

and partitions were not used. Consequently t care was required when 

moving in the vicinity of the rig to minimise the change in dielectric. 

Initially, tests were conducted on the beam by displacing the 

beam at both ends and at one end to check the beam characteristics. 

As expected this did not alter the test results and one end displacement 

was used thereafter. 



TABLE 3: Results of four point loading beam. 

Test Gauge Strain Capacitance Comparison 
No. No. direction unstrained (pf) with ERSG Condition 

1B C5-3746 pos 0.7795 -22% Displacement at both ends. 

2B C5-3746 pos 0.7785 -23% Displacement at R/H end. 

3B C5-3746 pos 0.7785 -22% Repeat ofo Test No. 2B. 

4B C5-3746 neg 0.7900 -25% Displacement at both ends. 

5B C5-3746 neg 0.7899 -24% Displacement at R/H end. 

6B C5-3746 pos 0.6873 -10.5% Displacement at R/H end 0.01 in (0.25 mm) shim 
under R/H fooL 

"" 7B C5-3746 0.7243 -11% Displacement at R/H end 0.01 in (0.25 mm) shim to 
neg m 

under R/H fooL 
. 

8B C5-3747 pos 0.8496 -12% Displacement at R/H end. 

9B C5-3747 pos 0.6924 + 3% Displacement at R/H end 0.015 in (0.4 mm) shim 
under R/H foot. 

lOB C5-3747 pos 0.9876 - 1% Displacement at R/H end 0.015 in (0.4 mm) shim 
under L/H foot. 

llB C5-3730 pos 0.8867 -11% Displacement at R/H end. 

12B C5-3737 pos 0.6819 -17.5% Displacement at R/H end. 

13B C5-3749 pos 0.8498 -24% Displacement at R/H end. 

14B C5-3735 pos 0.7121 -28% Displacement at R/H. . 
15B C5-3731 pos 0.7396 -29% Displacement at R/H. 
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5.4 Tensile Tests 

5.4. 1 General 

Two forms of tensile test were carried out. In the first group 

the capacitance gauge was mounted on the beam section employed 

previously in the four point loading beam set up. In the second, a 

manufacturers calibration rig borrow~d from BNL"C,.wasused (Type 

TRIOO/9082/l/75). A total of six tests (No. IT to 6T) were carried 

out using five capacitance gauges. Prior to mounting on the calibration 

rig three of the gauges were dimensioned using a shadow graph. 

5.4.2 Results 

The results of the tensile tests (No. IT to 3T) are shown in Fig. 

23 to 25. A comparison of these results is shown below in Table 4. 

The initial non-linearity followed by both the capacitance and resistance 

gauge was due mainly to initial curvature of the beam and means that 

the tests are not entirely satisfactory. Also the small number of tests 

conducted does not justify any firm conclusion to be drawn. 

Use of the calibration rig required some skill in operation and 

this is perhaps reflected in the results (Fig. 26 to 28). It is interest­

ing to note here that of the gauges examined the nominal value of O. 7pF 

did not always correspond to zero strain. It will also be apparent that 

the experimental points do not coincide with the manufacturers. This 

results from the use of the actual unstrained gauge length as opposed 

to the nominal. However, it would appear to have little significance 

on the calibration. 

In measurement, the gauge lengths differed little from the nominul 

value (Fig. 29). However, arch spans and heights were lower than 

* Berkeley Nuclear Laboratories - C .E.G.B. 



TABLE 4: Tensile tests. 

Test Gauge Strain Capacitance Comparison 
No. No. direction unstrained (pf) with ERSG Condition 

T1 C5-3746 pos 0.7691 -13% No partition, no cover. 
Additional Earth, Gauge 
clamped. 

T2 C5-3746 pos 0.7691 - 5% Repeat of Test No. T 1. 
~ 

T3 C5-3730 pos 0.8933 +10% Same conditions as Test co 
00 

No. Tl · 
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nominal values together with variations in capacitance gap. Measure­

ment of the capacitance gap was an average value, as in all the three 

gauges examined the plates were not quite parallel. 

5.5 Analytical Work 

5.5.1 General 

The analytical work presented here was intended initially to serve 

as an explanation to the behaviour observed during the experiments. 

As we shall see it was possible to confirm only particular trends to 

a limited degree. 

The work began with a purely geometrical analysis of the gauge 

similar to that employed by NOLTINGK [6]. This was followed by a 

flexibility analysis [7] considering bending effects only. Both these 

approaches, although able to model the symmetric linear displacements 

reasonably well,. were difficult to use in the case of unsymmetrical 

deformation. For this type of displacement pattern a method proposed 

by CHENG and HOFF [8] using the differential equations derived from 

shell theory was adopted. This solution in matrix form is given in 

the ·appendix. 

5.5.2 Results 

The CHENG and HOFF type of analysis gave reasonable comparison 

with a typical gauge calibration (Fig. 30). Here the theoretical curve 

was based on the nominal dimensions of the gauge as given by the 

manufacturer. Us~ng this analysis a variety of permutations in pre­

scribed displacement were examined. Firstly, presetting of the gauge 

in horizontal displacement, as expected appeared to make little difference 
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;, to the calibration (Fig. 31). Preset of the gauge in vertical displace­

ment altered the capacitance range but has no effect on the resulting 

strain J although the actual experiments did show a difference. How­

ever J when an arbitary incremental rotation of the feet together with 

a horizontal displacement J Simulating a bending strain, was applied, 

there was a rotation of the calibration curve (Fig. 32). In effect this 

means the original calibration is incorrect for this case. 

The effect was further magnified by introducing an initial rota-

tion to one foot of the gauge. 

The analysis of course J is based on small displacements. At 

around "+ 2000 Il € in horizontal displacement movement of the bottom 

arch exceeds the thickness of the arch (0.1 mm '=' 0.004 in). The 

analysis further assumes an initially symmetrical gauge formed of arcs 

of a circle with the capacitance plates parallel and horizontal. Only 

a slight deviation ,from these requirements in the actual gauge would 

make it difficult to predict the behaviour. This was evident on the 

three capacitance gauges measured. where in each case the plates were 

not parallel. 

5 . 5. 3 Miscellaneous 

In this section a theoretical comparison is made on the results 

from the proving ring and the four point loading beam. The comparison 

is intended simply as a check on the resistance gauges and is by no 

means exhaustive. 
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Four Point Loading Beam 

Using MACAULAY'S method [7] gives a longitudinal strain along the 

central section of the bend as: 

+6ty ! f = e:'b 2[a2 
- ~J 

a 

L 
where t = beam thickness (in) 

y = end displacement (in) 

k = (a3 - (a+b)3 + b 3) 

b a I 

Using the dimensions given in Fig. 20 and a symmetrical end displace­

ment of 10 mm "';" 0.394 in results in a longitudinal strain of +646 IJ t • 

Comparing this with the result of Test No. 1B where the slope B = 

+61. 876, gives a longitudinal strain of +618. 76 ~H:, i.e. a, difference of 
! 

4%. 
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Proving Ring 

. From TIMOSHENKO [9] the meridional strain €rh can be approximated 

:; Mot ] 
21 

where Mo = bending moment Obf. in) 

= PR [1 -!.] 
2 _ II 

P = applied load Obf) 

R = nominal radius (in) 

t = wall thickness (in) 

I = second moment of area (in'+) 

A = cross-sectional area (in 2 ) 

E = Young Modulus (lbf/in2 ) = 28.2 x 10 6 

p 

U sing the dimensions given in Fig. 7 and a load P = 500N -='" 112.4 Ibf 

results in a meridional strain of -159 IJ€. Comparing this with Test 

No. IR (Fig. ~) where the slope = -0.302 gives a strain of -163 IJe:, 

i. e. a difference of 3%. 
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6. Conclusions 

The main conclusion to be drawn from this work is that the ad­

ditional work involved in the use of wedges does not merit their use. 

On all but machined sections the method of wedges would appear to 

be unsatisfactory (at best comparisons of around -10%). However, 

on commercial pipe bends the tolerances on dimension affect the gauge 

mounting. No attempt was made to determine the actual geometry of 

the gauge layout on the bend, although mensuration of the bend s·peci­

mens [10] indicated "good" circularity of section. Poor comparison 

on the pipe bend would appear to be the result of a relative difference 

in wedge geometry in either elevation, rotation, or both resulting from 

the fact that the wedges rest on an imperfect surface over the area 

of contact. Although this has not been firmly established, the experi­

mental and analytical work does show varying degrees of sensitivity 

to small variations. Bending of the feet of the gauge, however, presents 

a much simpler and more straightforward operation giving improved 

and, perhaps more importantly, reasonably predictable results. There 

will of course be practical limits to this method but they have not been 

explored. 

Above all, however, it is considered essential that in the use 

of the capacitance gauge comparison be made with resistance gauges 

in situ. This practice has always been used although it has not been 

common place to date in other establishments. This was confirmed 

during a recent tour of laboratories using the gauge. Unfortunately, 

the in situ type calibration can usually only cover a limited strain range. 

Thus the manufacturers calibration or some similar full range calibration 

has to be used in conjunction with the in situ work. On the general 
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matter of gauge calibration there would appear to be widespread use 

in'this country and abroad of calibrations which are not strictly com­

patible with the in situ state. The manufacturers linear displacement 

rig, for example, is suitable for horizontal linear displacement only 

and was not designed to cope with other forms of displacement. It is 

worth pointing out, however, that the manufacturer's handbook on 

gauge installation does suggest other forms of calibration. The advan­

tages of a ready-made and compact rig are perhaps its main source 

of attraction. The sensitivity to bending strains using such a calibra-

tion is discussed by NOTLINGK [6]. To account for bending he sug­

gested that the gauge be considered as 0.05 mm (0.002 in) above the 

surface. Essentially this is an attempt to increase the strain and is 

the result of two tests carried out on different beam sections. It has 

been shown, however, that the capacitance gauge when mounted sym­

metrically will always underestimate the bending strain. This has been 

confirmed by the work carried out here giving values of between i20 

to -30%. Introducing the unsymmetrical displacement as on the four 

point loading beam can further alter this comparison by more than 50%. 

That this sensitivity was not evident from the analytical work is some 

indication of the initial unsymmetrical form of the gauge. 

It should perhaps have been obvious that the use of wedges would 

introduce inponderables in the strain magnitude. If the spot weld 

location for the gauge is on top of the wedge it means that the effective 

strain seen by the gauge is amplified in some way by the distance above 

the surface. This will have least effect for membrane type strain (such 
,# 

as the tests by HEATHER. BROWNE and DER where wedges were first 

used on machined surfaces). It will be most severe for bending type 
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strain. Unfortunately, the bending situation is not easily assessed 

because the movement transmitted to the gauge feet is transferred 

via the edge weld attachment on the wedge and could depend on the 

rotational stiffness of that weld as well as the surface topography under 

the wedge, etc. Welding the wedge completely down as has been 

practised seems undesirable too, since the gauge length has become 

indeterminate. Even if these effects could be quantified it would be 

necessary to be able to separate membrane and bending effects before 

a satisfactory assessment could be made. 

-
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8. Appendix 
, , 

. Matrix formulation of CHENG and HOFF analysis. 
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1. Summary 

This report presents the results of a series of elevated temperature 

, ,distribution tests carried out on Specimen No.4 - 900 
- Sch 40. 

Previous work at elevated temperature [1] * has shown that around 

, the bend,there can exist a differential of approximately 30 0 e between 

the extrados and the intrados of the bend. In an attempt at reducing 

this differential, development work has led to supplementing the low 

conductivity of the stainless steel by the use of a 1/8 in thick layer 

of copper. Here the bend is totally enclosed in a fabricated copper 

sheath resulting in a stable differential of ±3oe at 5700 e around the 

bend mid-section. 

With the prospect of increasing the test temperature to GOOoe, tests 

carried out in excess of Qoooe indicate the system should be satis-

factory. 

*Reference number, see Section G. 
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3. 1 Introduction 

The need for this work arose following the completion of an 

elevated temperature forward creep test on Specimen No. 3 - 900 -

Sch 40 [2]. As a check essentially on the performance of the heating 

system, the number of thermocouples employed on this test was increased 

to 12. This highlighted quite clearly that a differential of around 300 C 

existed between the extrados and the intrados of the bend. the latter 

-. being the source. The problem is inherent in the shape of the bend 

and to a lesser degree the method of heating which in turn reUes on 

the conductivity of the stainless steel. Earlier elevated temperature 

tests on Specimen No. 1 - 1800 
- Sch 40 [3] and No. 2 - 1800 - Sch 40 

[ 4] employed only 4 thermocouples positioned on the neutral axis so 

that although the large differential still existed it was not recorded. 

A commercially available heating system was identified [5] requir­

ing little modification to the test rigs. However. the cost was prohib­

itive at around £5000 per bend. Further. the installation of a completely 

new system, heating the bend internally as opposed to externally would 

be expected to have some teething problems t although such a system 

would not be expected to hamper conditions in regard to capacitance 

strain gauges. However, it was decided more expedient to examine 

firstly methods of improving the existing system (Fig. 1). 

The main objective was to remove the discrete form of heating 

produced by the heating tapes, and secondly. improve the conductivlty 

of the stainless steel to give a more uniform temperature distribution 

across the section. Attaching a more conductive layer of metal to the 

bend surface satisfies both needs. For this purpose copper was chosen. 

baving a thermal conductivity of approximately 20 times [6] that of 

----
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stainless steel and being relatively easy to form •. In order to minimise 

any stiffening effect induced by this copper sheath and at the same 

time enhance the conductivity, a thickness of 1/8 in was chosen. This 

reduced the conductivity comparison to approximately 9 and as we shall 

see in Section 4 was a fortuitous choice. 
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3.2 General Description 

The development work comprised essentially two tests. i.e. one 

. without and one with the copper sheath, using the 45 0 /90 0 test rig 

as shown in Fig. 1. Both tests were conducted at 5700 C extending 

to 500 hr and 1000 hr respectively. To determine the validity and 

r·ange of the system the temperature was increased to 600 0 C and greater 

. during the latter test. 

The first test carried out on Specimen No. 4 was essentially a 

. : repeat of the elevated temperatur~ test on Specimen No.3 with the 

internal packing of insulation removed. The position of the 24 thermo­

couples employed on this test is shown in Fig. 2. 

The second test incorporated a 1/8 in thick copper layer enclosing 

the bend. This copper- layer or sheath was fabricated by hand in six 

parts, being split in the circumferential (longitudinal) direction for 

ease of fitting and removal (Fig. 3). Stainless steel bands around 

the copper ensured a tight fit to the bend. The number of thermo­

couples used on this test was increased to 27. Prior to commencing 

the test a check was made to determine the stiffening effect. if any. 

induced by the copper sheath. With the copper at room temperature 

this was considered a "worse case" for comparison. The effect was 

examined using an in-plane bending closing mode test. 

On both tests a loading arm was attached to the free end of tho 
, 

specimen to simulate actual test conditions. 

The thermocouples used throughout were chromel-alumen-D10K 

21 S.W.G. (0.8 mm dial with an insulation of vitreous silica fibro brnld. 

In the first test the thermocouples were mounted using boads and hold 

on to the bend surface using stainless steel tabs. In the second tost. 
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for convenience, the ends were flattened and spot welded to the bend 

',surface. Although this practi,ce would appear to be frowned upon (for 

obscure reasons), tests carried out on this type and those formed with 

, a bead showed no significant difference. 

·3.3 Heating System 

Heating of the bend on both tests was accomplished using three 

'.1. T.Q. - 250 Isopad heating tapes wound around the bend·. For the 

purpose of distribution t this allowed the, specimen to be subdivided 

, into three zones with each zone powered and controlled independently. 

Temperature control was by a thermocouple actuated zero crossing 

switch box (Isopad C. S. W ./1000) using a thermocouple from the central 

section of the bend. Insulation of the bend was provided by two layers 

of 8 lb f I cuft blanket on the exterior ~ , 

*In the case where copper was used the tapes were wound around the 
outside surface of the copper. ' ., 
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·4. Results 

The results of the first test are shown in Fig. 4. The average 

" . temperatures taken between 191 hr and 287 hr are given in Table 1. 

These values give an average temperature around the bend section 

: of 577. SoC with a maximum differential of 32 ~ 4°C. 

The dramatic drop in temperature as recorded by thermocouples 

No. 23 and No. 24 was due to failure of ~he bottom heating tape. 

Following this discovery the test was discontinued. 

The results of the second test using the copper are shown In 

Fig. 5. As a result of the high temperature and consequently high 

heat loss being experienced at the free flange the test was shut down 

at around 300 hr. Gaskets formed of hard packed insulati9n (lin thk) 

were inserted at both the free and fixed ends. Further modifications 

included at this time were the addition of thermocouple No. 27 at the 

base plate and replacement of a faulty thermocouple No. 10 with No.10A. 

, As a result of the flange inSUlation the loading beam temperature was 

reduced by approximately 65%. The average temperatures measured 

between 492 hr and 709 hr are given in Table 2. These average values 

result in an average temperature around the bend of 569.4°C with 0. 

maximum differential of 5. 8°C. 

A comparison of the two tests is given in Fig. 6. Ulustrating clearly 

the vast improvement using the copper sheath. This trend is reflected 

on thermocouples positioned on the neutral axis and along the tangent 

pipes. 

Stiffening of the bend ~ue to the copper sheath was examined 

under an in-plane bending closing mode test. Rotation of tho loading 

beam was measured using dial gauges (Fig. 7) •. The decrease in rota­

tion was negligible (0.005°). 

" " 
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Results from the latter part of the second test are given in 

,Table 2. Here the maximum differential around the bend section in­

~,reased slightly to 7. 4°C from an overl).ll average of 625. 2°C. The 

." system, however, was working at full capacity ~o maintain this tem­

p~rature. A reduction to 600°C would give some. margin for adjustment 

. and possible reduction in differential. , 
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S. . Discussion 

This development work has led to a fairly simple and effective 
~ ': 

heating system retaining the original set up. 

The maximum differential of 5. 8°C compares well with other more 

sophisticated methods. For example. work.,by GRIFFITH and 

,RODABAUGH [7] and IMAZU [8] quote temperature differentials of 

" 'SoC and 15°C respectively, although full details are not available • 

. Further, the additional cost of about £400 per bend for purchase and 

, . ,.fabrication compares ex~ellently with £5000 for the commercial system. 

However, on removal of the copper sheaths significant scaling 

on both,the inside and outside surface was observed. This may limit 

their useful life but is unlikely to be important compared with the dura­

, tion of the test programme. A specimen is presently being prepared 

for an elevated temperature forward creep test using this system. 

At present, the fabrication of further 'copper sheaths is under 

way. 
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! 

. TABLE 1: Average temperatures 191 hr·- 287 hr. 

Thermocouple " Temperature 
No. ":' "~ " (OC) . 

1 508.6 

2 559.2 
3 561.8 
4 577.6 
5 573.2 

6 581.0 

7 570.8' 

8 ,~ 564.4 

9 576.8 

10 587.0 

11 594.2 
12 573.8 

13 55l.4 

14 , .. 567.6 

15 582.6 

16 578.4 
17 571.0 
18 553.0 

19 56l. 2 

20 580.4 
21 579.8 
22 574.0 

23 526.0 

24 535.8 
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TABLE 2: Average temperatures 492 hr,- 709 hr, 805 hr - 974 hr. 

< ~ I. 
~ , j' 

Thermocouple \ Temperature' (OC) 
No. 492 hr - 709 hr 805 hr - 974 hr 

1 525.5 574.0 

2 566.37 619.4 

3 558.12! 612.0 
' ~ : 

4 565:62 618.2 

5 ,569.0'. " 621.8 

6 567.12 621.6 

7 ' 568.0 622.4 

8 571.12 626.8 

9 569.62 624.8 

lOA 568.12, '. 622.8 

*10 560.0 616.0 
" "c ,,' 

11 573.0 
~ 

630.2 

12 567.75 624.4 

13 569.87 627.0 

14 570.0 ' ',',. 626.8 

15 569.25 625.4 

16 ,572.87 " , ; J, 630.6 

17 565.5 620.4 

18 570.25 626.0 

19 570.12 626.0 

20 568.0 623.2 

21 558.25 1
, 609.4 

22 561. 62 612.2 

23 557.62 609.0 

24 558.12 609.4 

25 505.12 549.8 

26 219.87 239.8 

27 134.25';' 144.4 

*Faulty thermocouple replaced by No. lOA 
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