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Abstract

A nuclear power statiomontainssome of the most extreme environments and operating
conditions seen by metallic components. In order to ensure the continued safetapecd
these plant components rigorous structural integrity assessments are perforRed.of

this structural assessment involves demonstrating that the component in question will not

fail by ratcheting.

In the UK the R5 procedufermsthe cornerstone of these integrity assessmenise R5
rules for shakedown, whilst easily implementednagve an overly pessimistic estimate of
the shakedown status. This meankat a computationally expensivaonlinear finite
element analysis must be conductetihe Linear Matching Metho(LMM) is one of the
recently developed Direct Methods for shakedowmalysis. This upper bound method has
the ability to give more accurate shakedown limits than the simplified R5 route and with

less computational expense than nonlinear finite element analysis.

This thesis details the steps taken to take tt/dM from beinga research based method

into a tool which can be used for regular integrity analyses within EDF. Firstly a conservative
lower bound to the shakedown limit iderived andadded to the LMM. The theoretical
development and numerical implementation of this calculation is detail@onvergence
improvements are also investigated to improve the numerical difficulties often suffered by
lower bound shakedown calculationshe LMMis implemented in Abaqus through user
subroutines. To make the LMM suitable for regular use a user interface has been created
via a plugn for Abaqus.This plugn automatically configures the model for the analysis,
meaning that the user now has accessUtMM analyses withouhhaving to carry out the

code changes which were required with the research version of the method.

The resulting analysis toblas been delivered to EDF so their engineers can now access

accurate shakedown analystsough a conveniet userinterface.

University of Strathclyd8upervisorDr Haofeng Chen, Senior Lecturer

EDF Energy Supervisbtr David Tipping, Structural Integrity Software Engineer
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1 Technical, Economic and Political Background

1.1 Introduction

A nuclear power station is krge andcomplex feat of engineeringt contains a large
number ofsafety criticalsystems and components operating simultaneously for extended
periods of time in a harsh environment. The safe operation of these components and
systems must be ensured so that the plant can continue to safely generate etgctiui

part of the processto do this involvesensuring thestructural integrity of the plant
Furthermore,much of the existing UK nuclear power generation is now reaching the end of
its design life and the current uncertainties in ttimescales for replacement generation
capacity means that there is an incentive to keep these plants operatBiguctural
integrity analyses play an important role in these life extension safety casdshere is a

need for accurate yet conservative analysis techniques.

A great number of componenits nuclear power stations are subjected to cyclic loading,
often at elevated temperaturesThis combination introduces a number of possible failure
mechanisms for metallic components including creep rupture and fatigiee R5
procedure[1], which is used to perforrmome ofthe structural integrity caulations, must

account for all these relevant failure mechanisms.

Ratcheting, where plastic strain accumulates with each cycle of loading until failure occurs,
is one such failure mechanisf2]. The past two decades has seen a substantial increase i
research into methods which calculate safe loading limits so that ratcheting does not occur,
i.e. a shakedown analysis. These shakedown nuslare able to accurately determine the
safe loading conditions, and so would be a valuable addition to the R5 procedure. The
development of one such method, namely thenear Matching Method, and st

implementation as a tool for use by EDF engineersdgdhus of this research.
This introductory chapteoutlines the background to this research: by

1 Summarisindghe state of the current nuclear fleet and the position of nuclear new
build.
1 Describinghe manner in which structurahtegrity assessments coribute to the

continued operation of the current nuclear fleet.



9 Outlininghow current research in the field of shakedown analysis can be used to
improve these structural integrity assessments.
1 Clarifyingthe specific objectives of this project to allow widadoption of this

current research in EDF for their structural calculations.

1.2 The UK Nuclear Industry

Electricity through nuclear power has been commercially generated in the UK since 1956
when Calder Hall power station was first connected to the Bif4]. At this time all
electricity generation was operatetly the public owned utilitythe Central Electricity
Generation Board (CEGB). Durthg 1950's and 60's a further ®uclear power stations

were built,all of which were of the Magnaeactordesign[3].

A moreefficient reactor design, théddvanced Ga€ooled ReactorAGR was ntroducedin

the UKwhich is able to generate 2 to 3 times more electricity than the Magnox d¢$jgn
Construction of thigype of power station began in the late 1960's, with the final AGR
connected to the grid in 1988. A sindgReessure Water ReactdPWR was also builtat
Szewell, which was connected to the grid in 199% After these AGR and PWR reactors no
more nuclear plants have been buikll but one of he Magnoxplants have reached the
end of their operational lifeand the remaining Magnox station &Vylfais due to begin
decommissioning in 201]. This will leavéhe 7 AGR and 1 PW&I owned and operated
by EDF Energy, as the remaining nuclear fleet in theTdkle 1.1 gives details of the

current operational nuclear stations in the UK

At the turn of the century the government was initially indecisive on the topic of whether
to invest in new nuclear power station$he energy white paper published in 20073
outlined that the existing nuclear flegould be kept until the end of its life, at which point

it would be decommissioned without being replaced. The reliance would instead be on
renewable sources and combined heat and power (CHP). The reasons cited for this were
that nuclear power was econonally unattractive and that uncertainty existed about long

term plans for nuclear waste.

This position changed in 2007, when the government published an energy white paper
Meeting the Energy Challeng@]. This gave the preliminary view that nuclear power could
have a role to play in the future energy mix of the UK and announced & mabisultation

on the matter. In January 2008 the findings of the consultation were released and based on



this the government decided that nuclear should play a part in the UK energi@mikhe
reasons for this change in opinion included energy security, the desire to have a diverse
energy mix and that nuclear power is the only low carbon baseload generation proven on a
commercial scale. The government took action to facilitate private investment in nuclear
plants including, for example, the creation of the Office for Nuclear Regnl§tD] and

identifying several sites which could accommodate new reactors.

Tablel.1 - Operational UK Nuclear Power Stations

Net Estimated
_ . Start of o
Station Type Operator Capacity _ Decommissioning
Generation

(MW) Date
Wylfa Magnox| Magnox Ltd 473 1971 2014
Hunterston B | AGR EDF 890 (1190)* 1976 2023
HinkleyPoint B| AGR EDF 880 (1220)* 1976 2023
Hartlepool AGR EDF 1180 1983 2019
Heysham 1 AGR EDF 1155 1983 2019
Dungeness B| AGR EDF 1040 1983 2018
Heysham 2 AGR EDF 1220 1988 2023
Torness AGR EDF 1185 1988 2023
Sizewell B PWR EDF 1198 1995 2035

*Hinkley Point B and Hunterston B have been restrictedatound 70% load because of boiler

temperature restrictions.

The Office for Nuclear Regulation (ONR) was formed from several existing nuclear related
government departments and subsequently created Generic Design Assessmg@DA)
processfor any new reactor designgll]. This processwhich can take up to 4 years,

ensures that the general design of a plant is safe and is a mandatory firdostapy new



nuclear statim in the UK. Once complete, a reactor destgn be built at multiple locations

andonly needs to obtain site specific consents and approvals.

Currentlytwo consortia plan to build new nuclear statiosDFplan to build two European
Pressurised Reac®(EPR) at Hinkley Pointith a combined genetting capacity of 3260
MW and a further two at Sizewgll2]. The EPR reactor has passed &2A(and to date is

the only reactor design to do sf)3]. Htachi alsoplansto build new nuclear plants, in the
form of Advanced Boiling Water Reactdosit only begarthe Generic Dagn Assessment

for this desigrin April 2013[14][15].

Even whera reactor design has passtte GDA process, it is not clear how long it will take
to construct and commission a new power statiohhe EPR reactas currently under
construction in severatountries all of which, barring the Chinese, have reported delays to
the schedule[16][17]. The Advanced Boiling Water Reactors currently in operation
worldwide took between 4 and 5 years to build and commisgit8j[19], but must still
complete the GDA proces3here is an incentive, then, to keep the existing fleet in
operation for as long as is safe to da Based on the existing decommissiondwges, it is
entirely possible that several of the existing fleet will reach the end of their life beflaye
new plants are in operation, leading to a aéfin electricity generation. Therefore EDF are

actively pursuing life extension of their plants.

1.3 Safe Electricity Generation from Nuclear Power
The principles of electricity generation from nuclear power are relatively simple, and a

simplified schematic of a nuclear power station is showhigurel.l.

The basic principle is that the heat generated by the fission chain reaction is used to create
high pressure steam which is in turn used to drive turbines and a generator. In this way a
nuclear station is very sihar to conventional power stations, the fundamental difference

being the manner in which the heat is created.

The reactor core contains théssilefuel (typically enriched uranium) in long channels. The
UK Advanced Gamoled Reactor (AGR) design uses a graphite core and alongside the fuel,
has parallel channels for control roff§. These control rods are made from materials such
as boron which are highly neutron absorlteifthe degree to which the control rods are
removed from the core determines the number of free neutrons available to continue the

chain reaction.
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Figurel.1 - Schematic of a Nuclear Power Station

The fis®n chain reaction generates substantial levels of heat, which is used to increase the
temperature of the coolant. In the British AGR design carbon dioxide is used as the core
coolant, and as it passes over the fuel in the core channels it reaches temgsraif over

600 degrees Celsius. The carbon dioxide then passes into a heat exchanger, also known as a
steam generator because the thermal energy of the 8Qised to convert water into high
pressure steam. Once it has passed through the steam geneth®ooler CQis then

pumped back into the core. This coolant loop is known as the primary circuit.

The secondary circuit uses the high pressure steam from the steam generator to drive the
turbine and generator to generate electricity. In this respect thuclear power station is

similar to conventional power generation.

This description of a nuclear power station is heavily simplified. In reality a nuclear power
station is hugely complex with many intdependent systems simalheously in operation.
Figue 1.2 shows a schematic of the new Europdaressurised Reactor (ER®)ich is due

to be built by EDF at their Hinkl®pintand Sizeweblites[12]. In thisdiagram the scale and
complexity of a nuclear station becomes apparent, and this diagram does not include a
great number of the auxiliary and safety systems which are vital to the plant operation.
Overall a nuclear power station contains numerous valvegssure vessels, heat

exchangers and kilometres of piping with countless intersections, bemelsls, flanged



joints and supports. The structural integrity of all of these components and systems must

be ensured if the plant is to be operated safely.

Figue 1.2 - 3D Model of the EPR Reactor

Ensuring the structural integrity of the vast number of components is a difficult engineering
challenge, not least because of the environments they operate in. Such iomsdiesult in

high pressures, bending moments, high temperatures and potentially large temperature
gradients. As mentioned, the G@oolant operates in excess of 600 degrees, which is well
into the creep range for the stainless steels typically used fes¢ componentg20].
During operation there will be variation in these operating conditions alongside some
larger, less frequent, events such as shutdowns and -sfast The cyclic nature of the
loading introduces fatigue as a potential failuneechanism espedlly when a nuclear
power station has a nominal design life of 40 yg&is EDF must prove that each nuclear
station is safe to operate in order to retain the nuclear license for the site. The generation
and maintenance of structural integrity safety cases for all components contgliot¢he
safety case for the site as a whole. The component safety cases are generated by rigorous

inspections combined with structural integrity calculations by EDF engineers.

1.3.1 Shakedown and the R5 Procedure

R5[1] is a structural integrity assessment procedure developed for use in the UK nuclear
indudry, and is now used more widely by other industries concerned with high
temperature structural integrity First developed in 1990, R5 is now in its third issue and

provides the backbone of structural integrity assessments inUSB#& to create the safety



cases for plant componentsThe procedure has been developed to assess metallic
structures containing defects (such as craeksich operate at high temperatures, meaning

the effects of creep are introduced to its behaviour.

The R5 procedure uses a simplfied approachbased on linear elastic analysis with
accompanyingechniquesto incorporate the nonlinearity of plasticity and cre¢p][21].

This makes the predure less restrictive than thaeule based approaclof many design
codesand assessmermrocedures but less computationally expensive than full nonlinear
analysis using Finite Element Analysis (FEA). If the simplified techniques in R5 are not
sufficient to substantiate the component then advice is also given for full nonlinear analysis.
R5 & used to assess a component based on a number of potential mechanisms including

gross plastic collapse, creep rupture and crack growth.

A key part of the R5 proceduriss to demonstrate that a component is not ratcheting
Ratcheting (or incremental plastimllapse) is where plastic strains accumulate with each
cycle of loading. Continued cycling causes these plastic strains to grow unbounded until the
structure fails through gross plastic deformation. Showing a component does not ratchet is
achieved by demnstrating that it is either within strict shakedown or global shakedown.
Strict $1akedown is the structural phenomenon where a component is initially loaded
beyond the elastic limit (thus causing permanent plastic strains in the structure) but
responds iman entirely elastic manner after the first few loading cyctekbal shakedown

is where there are plastic strains in each load cycle, but these are entirely reversed so that
no accumulation of plastic strain occurs from one cycle to the nBrmorstration of
shakedown is one of the firstlculations in the R5 procedure and is used in subsequent
steps (for example the shakedown reference stress used in the creep assessment dtages). |
shakedowncannot be demonstrated using the simplified approaches tR&ncannot be

used any furtheffor the assessment. Insteaal more computationally expensivand time

consuming route usingonlinear FEA must be used

1.4  Drivers f or Project Creation

From a financial point of view, if EDF are able to keep their existing mymdeger stations
running for longer than their original design life, then more income will be generated from
a plant which would otherwise be shutdown and decommissiorgide from financial
concerns, there is a growing political pressure resulting frbenpgossibility of existing plant

closures before replacement generation has been constructed and commissioned. The long



lead times of a nuclear power station mean that the new generation capacity may not be

readybefore the existing AGRreach their pubihed decommissioning dates.

Life extensions ob yearshave already been achieved for Heysham 1 and Hartlepool
stations[22] and 7 years for HinkjePoint B and Hunterston R3] (these areincluded in

the respectivedecommissioning yearin Table1.1). In addition to these extensions, EDF
have announced that they expect to extend the life of all AGR plants by a further 5 to 7
years, and extend the life of the Sizewell PWdieh by 20 year§24]. To substantiate an
extension tothe operational life of a plant, a rigorous safety case must be assembled which
demonstrates the ability of the plant to continue safely operating beyond the original
design life. Structural integrity assessments using the R5 procedure are heavily idiolve

this safety case.

Aside from the issue of life extension, a significant level of work is conducted to
demonstrate that the plants are safe to continue operating between planned shutdowns
and outages. Structural assessments are performed on componenitsh are inspected
during these shutdowns, contributing either to the safety cases to justify continued
operation or to highlight components to be replacé&ce againhe procedures in Rare

usedto conduct these assessments.

The importance of R5 withiEDF means that there is a lot of investment to improve its
procedures and keep it up to date with the most recent advances in structural integrity
research.The R5 research program investigates many topics, incluglivgnces in the
analysis of crac25], effects of weld$26] and probabilistic metlods of structural analysis
[27]. Part of this research program concerns the development of methods to better predict
the shaledown status of componentsAt times the shakedown methods in thR5
procedurecan prove overly pessimistic in the prediction of the shakedown limit, meaning
that the component is not shown to be within shakedown according to the R5 criteria.
When this hapens it is necessary to use nonlinear kfAch, in shakedown assessments,

can produce ambiguous results aimyolve large computing times.

An improvement to this situation can be found in the fomh the so called "Direct
Methods" for shakedown assessmerifthese methods are able to give more accurate
predictions of shakedown than are currently given in the simplified routes of R5 and can do

so with clearer resultsand less computational expense than full nonlinear FEAerefore



including one of these Dict Methods as an option in R5 would be beneficial in cases

where shakedown is difficult to determine conventionally.

1.5 The Linear Matching Method

The Linear Matching MethodMM)is a Direct Method for shakedown assessment had
been a part of the R5 research program for a number of yg8§29]. The LMM is an
upper bound procedurenitially developedfrom the Hastic Compensation Metho{B0],
and has the ability to give accurate upper bounds to the shakedown lifiiesLMM has
seen significant theoretical and numerical development over the years malangpng the

most successful of thBirect Methodsavailable today.

The premise of the LMM is that a nonlinear material response, such as metal plasticity, can
be mimicled by a series of linear analgswhere the modulus is changed throughout the

structure. This is dematrated pictorially inFigurel.3.

L
Bi B Bi+l B

Figurel.3 - LMM Modulus Adjustment and Stress Redistribution

The process begingith a linear elastic analysis for the applied loads. The modulus at each
point in the structure is then modified so that the stress matches the yield strégaré

1.3a). The next elastic analysis uses these modified modulus values and the stress begins to
redistribute in the structure Kigure 1.3b). The modulus is then modifiedyain and the

process repeats, allowing the stresses to redistribute similarly to an efaastic material.



The LMM is implemented in Abaqus commercial finite element softy@tgthrough use

of user subroutines. Through this implementation it has been successfully applied to many
practical engineering structures, including some examples of EDF plant components
[32][33]. This has proven the capabilities of the method as a practical engineering analysis

tool, with the potential for regular use within EDF for their routine structural assessments.

1.6 Project Aims and Objective s
The LMM has the potential to be a useful tool for EDF engineers if proof of shakedown is
problematic by other meanddowever, here are some barriers to wider adopti@f the

method.

The first of these is that the LMM is fundamentally an upper boundqutore. This means

that the shakedown limits generated will be greater than or equal to the exact limit. Whilst
the convergence of the LMM has been shown to be robust and stable, an upper bound
solution is nonetheless a nesonservative solution by natur@he nuclear industry favours
conservative lower bounds to shakedown and so if the LMM is to be user regularly within

EDF then lower bound solutions must also be available.

The second issue, which is faced by all the Direct Methods, is that they all requike

level of programming ability in order to use them. The LMM is implemented in Abaqus
through usersubroutines ad historicallyrequiresseveral changes to the code tarr an
analysis. This presents opportunities for errors when users who are inerpedewith
coding or the LMM itself use the subroutines. TippinfB4] alleviated this problem to an
extent by rationalisingarlier versions ofhe LMM subroutines so that the code changes
required per analysis were minimised. The LMM job was instead set up through the use of a
text file containing information about the load cycle and convergence criteria. This, whilst
an improvement on the origal LMM implementationcan befurther improved upon if a

user interface is created to automatically set up the analysis, making it easier and quicker

for the user to rura LMManalysis.
With these points in mind, this project has three major objectives:

1. Add conservative lower bounds to the LMM calculations. These lower bounds
should run concurrently with the upper bound so that the user is given both lower

and upper bounds to the shakedown limit.
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2. Provide validations of the shakedown limits predicted by theMM. This is
somewhat linked to objective 1 in that any new development to a numerical
procedure must be validated to ensure the results are as expected. This validation
requirement also exterslto the upper bound, so that EDF can have confidence in
the shakedown limits predicted by the LMM as a whole.

3. Provide a user interface to the LMIb eliminate the manual code changes

required to performa LMManalysis

Chapter 2 of this thesis gives an overview of shakedown in structures. This includes the
structurd response itself and how this is used at present in pressure vessel design and
assessment. The current research in shakedown is also discuSsedter 3 examines the
LMM strict shakedown procedure theoretically and gives some theoretical and numerical

validation examples.

Chapter 4 discusses the LMM global shakedown method. A lower bound to this limit is
derived and implemented, and investigations into convergence are performed. The aim of
chapter 5 is to provideralidationof the global shakedown methaithrough analytical and

numericalcomparisons

Chapter 6 details the creation of a user interface to the LMM through an Abaqusnplug
Details are given about the structure of the plug and the restructuring of the
subroutines to allow automated use. &fter 7 demonstrates the use of thisMM tool to

analyse a plant example from EDF.

A summary of the findings and outputs from this project, and a discussion of areas for

future work, are given in chapter 8.
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2 Shakedown in Structural Engineering

2.1 Introduction

Shakedown is a structural phenomenon seerelmsticplastic materialsvhich are loaded
cyclicallylt occurs if loads cause the elastic limit of the material to be exeggednd is very

often exploited as a means of allowing a structurecrry more load than would be
allowed if the component were restricted to stresses below yield. This is particularly true
for pressure vessels, where the basic concepts of shakedown are commonplace in the

codes used in their design and assessment.

The sulgct of shakedown in metallic structures is not a new one. Some of the theoretical
solutions and theorems have existed for half a century or more. Shakedown solutions,
however, are difficult to achieve analytically and so development of the field was sitw u

the more widespread adoption of numerical analysis tools such as Finite Element Analysis
(FEA).

FEA itself does not hold the complete solution when slakvn calculations are involved
because it can be difficult to determine when steady state cydfibabiour has been
achieved.This has led to the development of many "Direct Methods", which are usually
based within FEA and are so called because of their ability to remove ambiguity from the
numerical calculations. Other advantages of these Direct Methoatludes improved
solution times over the conventional FEA approach. Included among these methods is the
Linear Matching Method, and collectly these methods represent the main focus in

shakedown research today.

This chapter will explore the subject siiakedowrfrom concepts and theorems through to
their implementation in theDirect Methods. Some of the current challenges in shakedown
research will be highlighted in the context of the goals of this projetich allowghese

ideas to be expanded upan subsequent chapters.

2.2  The Shakedown Phenomenon

The focus of the majority foshakedown research has been ometallic materials, i.e.
materials which show an elastfdastic response, have large levels of ductility (relative to
brittle materials such as camics)andfor whichthe vonMises yield conditioms applicable.

Howeverresearch into other materialand geotechnical problen85] also exists. Metallic

12



materials are the primary concern of the nuclear industry and so form the focus of this

work.

In structural mechanics the limit load of a structure is a commonly used calculation to
characterise fitness for service. The limit load gives the maximum allowable monotonically
applied load that the structure can bear before a plastic hinge forms, athmpdint no
further increase in load can be sustained by the structure. When a component is loaded
cyclically howeverfailure canbe seenat load levelswvhich are lower than the limit load.
Depending on the magnitude and nature of the cyclic loading, ragwifferent structural

responses may be seen.

RATCHEBIRAIN
PLASTICSTRAINRANGE

STRESS

a) STRAIN

Figure2.1 - Structural ResponsestCyclic Loading

If the applied loads are small enough then the whole componentraitiain within the
elastic limit duringhe entire load cycle, as shown kigure2.1a. Increasing the magnitude
of the loading beyond the elastic limit will cause plastic strains to form in parts of the

structure and one of three steady state responses will be observed.

9 Strict shakedown also known as elastic shakedowithe plastic strains are
accumulated in the first few cycles along with the formation of a residual stress
field due to the yieldingAfter these first cycles the residual stress causes the
structure to respond to subsequent loading cycles in an entirely elastic manner, as

shown inFigure2.1b, thereforepreventing any further plastic strains forming.
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1 Global Shakedown, also known as plastic shakedown or alternating plasticity. This is
where the plasticstrainingdoes not stop after the first few cycledut insteadis
seen ineveryload cycle. In the steadstate response there is equal plastic straining
in the forward and reverse directions, akownin Figure2.1c. This means that the
strains form a closed loop ovelnd cycle and no net increase in plastic strain is seen
from one cycle to the next.

1 Ratcheting. When ratcheting occurs there is a net accumulation of plastic strain
with each load cycle which would eventually lead to failure of the structure by gross

plastic collapseThis is shown ifigure2.1d.

It is worth noting that within a structure it is rare that only one of the steathtes
responses will be observedngead several responses may be seen depending on the
applied loads and the severity and location of stress concentrations. It is common that the
bulk of a structure will remain elastic at all times whilst stress concentrations will cause
plasticity and oneof the other three responses will develophe shakedown status of the
component is dictated by the most severe response seen in the entire structure. For
example, if the entire component is entirely elastic but one small region around a stress

raiser is atcheting, then the whole component is said to be ratcheting.

In structural assessments it is important to be able to assess which behaviour a component
is exhibiting. An entirely elastic response and strict shakedowraioevable states for a
componentto be in Indeed, strict shakedown is the most favourable state because the
response of the component is entirely elastic despite the load levels being large enough to
initially exceed the elastic limiin some locationsGlobal shakedown is usually allave
provided that a low cycle fatigue assessment is performed because of the presence of the
reverse plasticity. In almost all cases ratcheting is not allowed. One of the first stages in any

structural assessment is, therefore, to determine the shakedowtustaf the component.

One of the most famous classifications of these responses came from Bree, who conducted
a simplified analysis of uclear fuel casinf36]. The casing, which is cylindrical, idbject

to a linear through wall temperature difference which is cyclic with time and a steady state
axial tensionBy assuming that the casing wall thickness is smedditive to theradiusand

that the hoop stress is dominant compared to the axial stress, Bree was able to reduce the
problem to a idimensional analysis. Doing this allowed Breeamalyticallycalculatethe

levelsof thermal and pressure loading which wouldsué in the different responsesf

14



Figure2.1. Thisresulted in the now famous Bree interaction diagramhich is a common
method of graphically displaying the responses to different loading levels. An example

interaction diagranis shown irFigure2.2.
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Figure2.2 - Bree Interaction Diagram

In Figure2.2 the horizontal axis represents tteteady statepressure stress and the \taral
axis represents theyclicthermal stress, both of which have been normalised against the
yield stress. This interaction diagram clearly shows the relative levels of cyclic thermal and

steady state pressure loading whiwill result in each behaviour

This study, despite being heavily simplifiedill includesmany important features of
shakedown and highlights characteristics which are applicable to a largember of

shakedown assessments:

1 The boundary between strict and global shakedown is exautige the yield
stress For a perfectly plastic material (and low levels of constant loading) the
stress can cycle between compressive and tensile yield and still remain elastic.

1 When the level of cyclic loading becomes zero the strict shakedown limitides
with the limit load. The limit load can be considered to be a special case of strict
shakedown due to there being only one point in the load cycle.

1 As the level of cyclic loading increases the global shakedown limit becomes

asymptotic to the vertical axis. This applies to situations where the cyclic load is
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self equilibrating and cannatself cause the limit state to be reached (classified as
a secordary stress in the ASME codi@7] and R. An example of this ia through
wall temperature differencewhich is the case for the Bree analy$iscases where
the cyclic load is mechanicablfich has the ability to cause limit in its own right)
the global shakedown boundarng not asymptotic but instead intercepts the
vertical axis at the limit load. Examples of this are seenenriteractiondiagrams

of a pipe intersection ichapter>.

This analysidby Bree has been adopted by many design and assessment codes as the
cornerstone of their shakedown analysis. For example, the Design by Analysis section of

ASME VIIB7] uses these exact stress limits to prevent thermal stress ratcheting.

2.3 The Shakedown Theorems

The analytical examples, such asge of Bree, provide useful insights into the shakedown
phenomenon and result in rules of thumb which can be applied more broadly to
engineering calculations. These analytical exampleswever, only exist for basic
geometries and load conditions whiclmlis their applicability somewhat. Despite this, the
importance of calculating the shakedown status has led to the phenomenon being studied
by many researchers with the aim of creating robust shakedown&twakedown criteria
which are more generally appéible to anyappliedloading or geometryThe most widely
used of these theorems are those of Melg88] and Koiter[39] which give conditions for
strict shakedowr{40]. Such is the extent of these theorems within the field that all Direct

Methods discussed in Secti@b are based on one of these two theorems.
Melan's theorem states that:

For a given cyclic load set the structure will shakedown if a constant self
equilibrating residual stress field can be found such that the yield condition is

not violated for any combination of cyclic elastic and residuassé®

Therefore if a residual fieJavhichis in equilibrium when all external loads are removed,
can be calculatedvhich means that the yield condition is satisfied when the applied elastic
stresses are addedhen the structure wilbe in strictshakedow. Melan's theorem is often
referred to as the Lower Bound shakedown theorem, because the predicted shakedown

limits are always equal to or less than the exgtdct shakedown limit.
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Koiter's theorem states that:

For a prescribed loadet P(t) with a cyic period t if any kinematically
admissible strain rate can beund during a time interval (0) such that the
strain field is compatible with a displacement field u (which satisfies the applied

displacement boundary conditionand

t t
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Therefore Koiter's theorem requires the definition of a kinematically determinate mode of
deformation for the component (i.e. compatible sets of displacement and strain
increments) and performs an energy balance of internal and external work done. Koiter's
theorem is often referred to as the upper bound theorem because it predicts shakedown

limits which are eqal to or greater than the exastrict shakedown limit.

The broader applicability of these theorems in terms of geometry and loading mean that
they have formed the foundation of modern shakedown analysis methods, as discussed in
section2.6. Melan's theorem in particular, being conservative by nature, is a popular choice

for the Direct Methodsindis also useds the basis of the shakedown critetsedin R5.

2.4 The R5 High Temperature Assessment Procedure

The R5 procedure[l] is a UK nuclear industry standarffequently used forhigh
temperature structural integrity assessments of Advanced -Gasled Reactor (AGR)
components[2][21]. TogetherR5 and R6 (for the assessment of low temperature fracture)
[41] provide the cornerstone of integrity assessment for the UK AGR fleet. Being a high
temperature procedure, the R5 procedure considers the effects of creep, fatigue and the
creepfatigue interaction to determine the remaining operational life of the compunie

question.
R5 is divided into five volumes:

Volume 1: Overview

Volume 2/3: Creeffatigue crack initiation procedure for defect free structures
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Volume 4/5: Procedure for assessing defects under creep and-tagigpe loading
Volume 6: Assessmeptocedure for dissimilar metal welds

Volume 7: Behaviour of similar welds: guidance for steady creep of ferritic
pipework.

Broadly speaking the R5 procedwentainstwo stages. This first stage is an assessment of
the time for a defect to occunian initially defect free componentetailed in volume 2/3

The second stage is the assessment of the time for a given defect to grow to a critical size
detailed in volume 4/5Volumes 6 and 7 are essentially specialised applications of volumes
2/3 and 4/5 respectively Overall, the procedure checks the component for, and may limit

the operating life based on, the following:

i.  Excessive plastic deformation from a single application of a set of loads
ii. Creep rupture
iii.  Ratcheting from cyclic loading
iv.  Creep deformation enhanced by cyclic loading
v.  Crack initiation in defect free material due to creep or créafigue mechanisms

vi.  Crack growth due to creep and creep fatigue mechanisms.

R5 uses a simplified approach based on elastic stress analysis and criteria edseitlat
this such as reference stress methods. The procedures are laid out as a senedysfs
optionswhich are applicable to one or more of the above failure mechanisms. Where the
initial, simpleoptionsare not sufficient then more advanced optioase usedwvhich lead to

less restrictive resultsShould these options also prove to be insufficient then advice is
given regarding full cyclic inelastic computatiofihis strategy strikes a compromise

between the pessimism of elastic analysis and the cewifyl ofcyclicinelastic analysis.

Volume 2/3 is concerned with the firgf the two assessmerdtages, the assessment of
crack initiation in defect free components. The procedures it contains provide an estimate
of the number of cycles to form a crack of a predefined size (i.e. does not provide an
estimate of the number of cycles to failurdjlastic anagises areperformed as a starting
point for the volume 2/3 assessment. These stresses are categarnsedrimary and
secondaryin a similar manner to the ASME cod@1]. Limits are placed on these stress
categories to ensure that excessive plastic deformation will potur before the

component reaches steady stabehaviour(mechanism i). Creep rupture (mechanigjns
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assessed using reference stress techniques where the creep reference stress is dependent

on the creep ductility of the material.

Volume 2/3 includes several methods to guard against incremental plastic collapse
(mechanism iii). If strict shakedowsannot be demonstrated then global shakedown is
allowed provided that an elastic core remains to constrain the cyclic plastitéghanism

iv is the phenomenon whereby cyclic loading may repeatedly generate high stress levels in
a component containing areep dwell in the cycle. This significantly increases the creep
strains per cycle and therefore can reduce the service Tifie shakedown stress solutions

are used to calculate a creep usage factor, ensuring that creep rupture does not occur due

to this phenomenon.

Crack initiation (mechanism v) is said to have occurred when a defect of sizkagger has
formed. This is assessed by independently calculating the damage caused by creep and
fatigue. The interaction of creep and fatigue is accounted ioough use ofininteraction

diagram

The initiation of a crack of sizg @oes notin itself represent the failure of the component
but rather indicates the starting point of a defect growth assessment using volumg 4/5
required (mechanism vi).e. if no defect will form in the service life of the component then
the assessment is complete and no further action is required. If however, volume 2/3
predicts that a defect will initiate within the secd time of the component then @lume

4/5 assssment is required to determine theawk growth in the service life. In addition to
being a sequential assessment to volume 2/3, volume 4/5 is also a-atand procedure

for assessment of existirgefectsfound through inspection and NDT.

2.4.1 Shakedown Crit eria in R5

The first two stages in the volume 2/3 procedure involve defining the service cycles that the
component will experience and performiriige elastic analyses for these. Once complete,
step 3 then demonstratethat the component will not suffer pkic collapse by placing
limits on the different stress categorig¢se. primary and secondary)n addition to those
relevant to plastic collapse, there is also a limit set on the stress range seen by the

component, namely:

A(PL + PR +Q) 2.Qoj, (for ferritic steels) 1)
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A(PL + R +Q) R.70j, (for austenitic steels) 22

Whereq(P+R:+Q) is the total stress range seen at a given point in the structureo@nis

equal to the yield stress for most ferritic and austenitic steels (but may be modified
depending on thecreep properties of the steglThese limits ar@resent to ensure that it is
possible for the steady cyclic state to be within global shakedown. These stress limit criteria
may be bypassed by performing an inelastic analysis to find the limit load, but it is relevant

nonetheless that checks are presattthe early stages of the procedure.

Steps 4 and 5 present simple checks to determine the significance of the creep loading and
to ensure that creep rupture endurance is satisfactory. Once complete, the shakedown

status of the component is explicitly chexd in steps 6 and 7.

Step 6 is a simple check for shakedown and also checks for insignificant cyclic loading. The
shakedown check begins by assuming thatrémdual stress field is null and compares the

linearised cyclic elastic stresses to a modifieddystress K v.

&, (x.1) € Koo, 23)

Thescalarfactor, Ik, is introduced as a measure of the ability of the material to form steady
cyclic behaviour.e. the extent of cyclic softening or hardening exhibit€dndition (2.3) is
allowed to be violated (i.e. the elastic stresses can exceed the modified yield)stress
provided that this occurs in less than 20% of the section thickness. This ensures that an
elastic core is present in the remaining 80% to constrain the cyclic plastic stfains.
condition is satisfied then the more advanced shakedown check is ewired and

therefore step 7 can be omitted.

Additionally in step 6, if equatio(.3) is satisfied for the entire structure (rather than just
80%of the section, then check for insignificant cyclic loadirgye performed These checks
include limits on the stress range (when the yield stress in the creep dwell is considered),
the fatigue damage and the steady state stress dudregp dwell. If these criteriaan ke

satisfied then steps 8 to 14 inclusive can also be omitted.

Inability to satisfy the shakedown conditions in step 6 then requitep 7 to be carried
out. This moredetailed shakedown assessment introduces the use of residual stress fields

to allow Melan's theorem to be satisfiedSeveral options exist to generate these residual
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stressesand any number of attempts to find a constant residual stress may be (aade
so an iterative process is likglyHoweverif a residual stresg,, which is seHequilibrating
and constant with timecan be found so thathe modified yield stress is satisfied over the

entire component at all time points

&Hx,t)+p(x) Ko, (24)

then strict shakedown has occurred. If this is the case then the checks for insignificant cyclic
loading from step 6 can be carried out. In addition, this condition may be relaxed and the
stresses over 20% of any given cross section may exceed yieldgiremaining 80% must
satisfy equation2.4)). This exception may only be granted if the criteria of equati@b)

or (2.2) (whichever is applicable) is satisfied i.e. if a nonlinear analysis is needed to find the

limit load then strict shakedown must be satisfied over the entire structure.

All the criteria outined above are based on Melan's lower bound theorem from se@&i8n

which is used because it providas inherent conservatism in the shakedown calculations
when strict shakedown is achievedhe 80% rule, not present in Melan's theorem, is
present so that limited regions of reverse plasticitgan form and so allowing the
component to operate in global shakedown. This 80% rule has been decided upon based on
engineeging judgement ofsimple cases such as the Bree cylinder and beams in bending

rather than rigorous theoretical justification

The conservative nature of the shakedown rules in R5 mean that it is sometimes not
possible to demonstrate shakedown using th@ute. If global shakedown cannot be
demonstrated using either steps 6 or 7 then all subsequent steps in volume 2/3 to calculate
the effects of creep and fatigue cannot be used, and a more detailed cyclic inelastic analysis

must be used to determine the ctinued operation of the component.

2.5 Finite Element Analysis for Shakedown Limit Calculation

The use of inelastic FE®\becoming a increasinglycommon theme across the design and
assessment codes for pressure vessels and piping, which are incorporating design by
analysis techniqueas a viable alternativ® their design byrule proceduresTwo prevalent
methods used in these design or assessnignanalysis options amgyclic inelastic FEA and

the Abaqus Direct Cyclic Analysis (DCA) mejhap
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Inelastic FEA involves subjecting a model with elgdéistic material propdies to
repeated cycles of loading@ he plastic strains (if any) develop as a consequence of the loads
and after the simulation of a number of load cycles the model will tend towards one=of th
cyclic states depicted ifigure2.1. The use of inelastic FEA presents a large number of
possibilities due to the vast number of material models available, the ability doda

creep dwells in the cycle anthe ability to include any number of applied loads and
boundary conditions in any combinatiomhis freedom also has disadvantages in terms of
solution time and computational expense, especially for models with large numbers of
finite elements and/or comiex load cycles. In these situations the need to model the
transient load cycle to obtain the ndmear material response can become very time
consuming. Further disadvantages come when determining when the structure has actually
reached its steady stateesponseThe transientesponse, depicted iRigure2.3, is present

in any cyclic FEA model involving plasticity. In some cases this transient phase may be very
smal (in the Bree problem for example), but in complex models and load cycles the
tendency is for this phase to last for increasing numbers of cycles, requiring that more
cycles besolved Additionally, he determination of the steadystate response often
requires a level of judgement from the engineer, usually by comparing strains or
displacements at critical locations in consecutive cycles. In many situations the behaviour

may be asymptotic to a shakedown response, but the final outcome iemiely clear.

DCA in Abaqus shares many similarities with cyclic inelastic FEA in that it retains the
freedom associated with the finite element method in terms of load cycle generation and
available material models. The computational expense of DCA is reduced somswtha

fact that it solves directly for the stabilised cyclic state, negating the time spent in the
transient phase of the response. DCA achieves this by assuming the displacement field of
the component during the load cycle takes the form of a Four@ies function. This
displacement function is solved for in an iterative manner where one iteration obtains the
residuals associated with the current displacement function, and these are then used to
update the function for the subsequent iteration. Inugtions where many load cycles are
needed to obtain the steady state response in an inelastic FEA model then DCA provides a
viable alternative. The accuracy of DCA is determined by the number of Fourier terms in the
displacement function, the number of tenpoints used to sample the load cycle to

determine this function and the convergence tolerance used.
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DCA is a useful method determining the shakedown status because it calculates the
plastic strains at the stabilised response, so the analyst can determine if strict or global
shakedown has occurred. To this end, DCA has been used as tlseobasi global
shakedown method43], see sectior2.6.2 In the situation of a ratcheting response DCA
will not converge- the displacement grows each cycle and so the process cannot converge
on a stable Fourier series. Even when a stable resporgesible t has been shown that
increasing levels of plasticity (as the loading moves further into the reverse plasticity region
or closer to the ratchet boundary for example) requigegreater numbeiof iterations to

achieve convergendd3], and convergece in thesaegiors can be slow44].

Overall the use of computer based metlmdsing FEA) offsuseful advantages including

the removal of stress classifications and the ability to include all relevant structural
features.Despite this, the two prevalent methods described here have many disadvantages
individually when used for shakedown analysishétdrawbacks which are shared by both
methods includes their inability to predict the proximity of the current load cycle to the
strict or global shakedown limit. With these methods an iterative process must be used to
find these limits manually. This hasompted the creation of so called Direct Methods for
shakedown analysis, which are able to provide the proximity to these limits in a single

calculation.
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2.6  Direct Methods

Despite the existence of the shakedown bounding theorems for well over 50 yeaiss it w
not until computing power and FE&chniques became establishe¢bat these theorems
could be used in any meaningful shakedown analysis methbe creation of these direct
methods was prompted by the conflicting needs of a shakedown analysis of speed of
solution and clarity of the shakedown status. The methods included in the design codes and
in R5 offer a fast means of assessing shakedown by elastic analgsiever hese
methods are often overly conservative. Cyclic FEA offers less restrictive resultan
involve lengthy computation times and ambiguous resulisrect methods have been
created to offer a shakedown calculation which offers tlexifility of cyclic FEA but with

improved solution times

Existing Direct Methods are generally dividatb those for strict shakedown and those for

global shakedown, and these are discussed in the following sections.

2.6.1 Direct Methods for Limit Load and Strict Shakedown
Mathematical programming techniques for limit and shakedown are among the most
common metlods in this field. Such techniques have been studied for several decades and

pre-date the other Direct Methods for limit and shakedown.

Mathematical programming techniques are based upon finite element discretisations of a
model and are capable of findingoth lower and upper bounds to the strict shakedown
limit [45]. The basic principle is that these limits can be found for the finite element mesh
by an optimisation algorithm which has constraints placed on it by the applied loads,
boundary conditions and the criteria of the bounding theorem udea. example, to fid

the lower bound shakedown limit the optimisation problem must find a constant residual
stress field which maximises the applied load levels whilst also keeping the stresses below
the yield stress. The upper bound sed¢& minimise theplastic dissipatiorenergy whilst
producing kinematically admissible strain fieldie proof of duality of the solutions means

that both the lower and upper bounds can be solved concurrently, with the optimal

solution being he optimal for both bound§6].

Mathematical programming methodsistorically have always been difficult to implement
robustly within a finite element framework. A great deal of specialipearamming is

required to implement the complex theoretical framewaookthe optimisation algorithms.
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Therefore the application of this method was, until relatively recently, restricted to simple
geometries and load cases. The LISA projdatit( and Shakedown Analysis)[47][48] was
launched to combat this bgroducing a more robust implementation of the methodthe
PERMAS finite element cods well as investigattheoretical extensionduring and since

the LISA projecteveral verification and demonstratixampleshave been produced by
mathematical programming methodscluding limit loads of a torispherical hedd9],
shakeawn of a pipe intersectiorj46][50] and shakedown of a mixing devidd8]. The
mixing devican particular represents the largest example analysed using this method, and
demonstrates that realistic problems can be solved using the method. Mathematical
programming methods offer an advantageeovhe other Direct Methods described in this
chapter in that the kinematic hardening maigl model can be includefbl1] whereas the
other Direct Methods have only used perfect plasticity to d@espite this, and the efforts

of the LISA project, the complexiip implementation of the method is significant in
comparison to other methods described here whiths hindered is uptake in industry.
This has resulted in the creation of a number of new methods which are simpler both

theoretically and in their implemeation, making them more amenable to industrial use.

One of the first methods in this category was the GLO&®le GeneralisedLQral Sress
Srain) method of Seshadfb2]. This method is based on two elastic analyses which are
used to determine the limit load of a structur€hismethod is based on thiglea of dividing

the structure into two, the "local" and "remainder", whetbe local portion experiences
the largest inelastic effects. The inelastic effects in liisl region ardhen approximated
through modulus adjustmentand the size of the plastic zone due to stress redistribution is
estimated based on some approximaptastic zone size calculation$his method was
improved upon 53] and gae reasonable approximations to limit loads wheimpared

with inelastic FEfbut has not been extended tbe calculation of shakedown limits.

A method for calculation of limit loadwas proposedby Marriott [54] which made use of
elastic analyses with modified modulus values. Using this as a basis, along with aspects of
the GLOSS-rmode method, MacKenei et al [30] were able to extend these limit load
methods to enable calculation of the strict shakedown limit. The resulting method, named
the Elastic Compensation Method (ECM), was able to provide lower and upper bounds to

the limit load and the strict shakedown limit.
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The ECM used a series of linear elastic analyses where the elastic modulus of each element

is systematically modified accomdj to

o

= E-n 2.5
E.=E - (25)
Where Erefers to the current elastic modulus of the element,; B the subsequent
Y2 Rdzf /dz&iX 0 KS OdzZNNBy (i  SsfafnSrinalirédedenca vahd éf &tresk,y R
often chosen to be the yield stredserative elastic analyse using this system to adjust the
modulus within each element allows the stress in highly loaded elententeduce and

spread to elements with low stres

The ECM has been used to calculate the limit loads and strict shakedown limits of a number
of components including singbeam and bar structurd85], axisymmetric shells including
nozzles[56][57] and 3D pipe intersection$58][59]. In general theupper bound ECM
formulationsare able to give good estimates of thieit loads and shakedown limits whilst

the lower boundstend to give overly conservative results. This is demonstrateHiguire

2.4, which shows the limit surface for a beam under combined bending and tension

predicted by the ECM
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Figure2.4 - ECM Limit Load for a Beam in Bending and Tension

Figure2.4a shows that the refinement of the mesh through the thickness of the beam

produces lower bounds which ppach the exact limit, but with diminishing returns of
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accuracy with increasing element density. The upper bounds, showigime2.4b, agree

well with the exact saition. In[60] the behaviour of the lower bounds is attributed to the
nature of the stress fields generated by the modulus adjustment procedure. The elemental
basis of mdulus adjustment can produce stress fields which are discontinuous through a
section which, whilst approximating the continuous solution, are not able to generate lower

bounds with the same accuracy as the upper bounds.

The creators ofthe ECM also pioneed another strict shakedown methobtlased on
nonlinear siperpositionof stress[61][62]. The method to produce the strict shakedown
limit based on proportional loadinig as followsThe first stage of this method is to perform

a limit load analysifor the loading in question. As the limit load aysib progresses, ever
increasing levels of the loads are applied until the plasticity is such that equilibrium can no
longer be satisfied and the limit load has been reach&te limit load analysis, by
definition, ensures that the yield function is saiggf to maintain equilibriunat all loads up

to the limit load The stressield is stored at a number ofrtie points up to the limit load.

The second stage of the procedure then performs an elastic analysis for the same loads and
the elastic stress at eadf the points in the limit load analysis is found by proportionality.
The shakedown limit is found by subtracting this elastic stress from the corresponding point
in the limit load analysjswhich gives the residual stress field. This residual streskifiel
checked against the yield condition, and if satisfied, theth loaded and unloaded ends of

the cycle satisfy yield arthis load level is within strict shakedown. Each stored time point
up to the limit load is checked in this way, and the maximuad Itevel which still gives a
residual stress which satisfies yield is the lower bound strict shakedownTh&method

is also able to take noeproportional loading into accouni6l]. In this cae the elastic
plasticanalysiscontainssteady state and cyclic loading, and only the elastic stress for the

cyclic loadings subtracted to find the stress at the unloaded state.

Nonlinear Superposition was used andlidated by application to several geometries
including a plate with a central hole, nozzles in spherical si@8kand thick walled
cylinders with radial cross hol¢g4]. The methodyave favourable results when compeat

to cyclic elastiplastic FEA, and is able to predict more accuratkatiawn limits than the
ECM[61]. At present, however, this method is only formulated o load extremes, but
is nonetheless a useful method for determining strict shakedown limits andlisvitely
used today[65][66].
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The Linear Matching Method (LMM) began as an evolution ef Elastic Compensation
Method of MacKenzie et 4B0] to calculate the limit load and strict shakedown limit. The
theoretical foundations foan upper bound method arewgen by Ponter and Cart¢87][68]

who investigated the implementation and convergence properties of such a method.
Further theoretical development, a convergence proof and implementation within the
commercial finie element softwae Abaqus[31] was provided by Ponter et 469] and
Ponter and Engelhardi70]. Consolidation of these developments and extension to the
calculation of 3D structures led to the Linear Matching Metbbitt shakedown procedure
[71].

The premise of the LMMsimilarly to the ECM, is that a nonlinear material response can be
mimicked byan iterative procedure based entirely on linear solutions. During each iteration
the modulus is varied within the volume of the structure so that the stress is matched to
the yield stress. The next elastic solution in the iterative procedure uses this modified value
of modulus, and the stresses redistribute in the same way as they would with an -elastic
plastic material. During each iteration the energies associated with pldissgation and
external work done are calculated and used in the upper bound theorem to calculate a load
multiplier, which is used to scale the applied loads in the subsequent increment. The
combination of modulus adjustment and load scaling producesrias of upper bounds

the strict shakedown limit, which have been proven to monotonically corverghe least
upper bound[69]. Relatively recently dower bound catulation was added by Chdas8],
meaning that the strict shakedown procedure is capable of providing a lower and upper

bounds which are calculated innadlel.

The LMM strict shakedown procedure has been successfully applied to many structures
including a superheater tdplate [28][72], welded pipeg73] and composite cylindes with

radial cross holeg/4].

2.6.2 Direct Methods for Global Shakedown

The strict shakedowstatusis a very usefufjuantity to calculate. It is the most desirable
steady state response to cyclic loading and it forms a central role in EDplod®8lure.
Methods to calculate strict shakedown are therefore very desirable. R5 also allows
components to operate in global shakedown, and so methods which extend beyond strict
shakedown to calculate this limit are equally desirable, and a brief sumofidihg existing

methods is given here.
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As outlined in sectior2.5, Direct Cyclic Analysis (DCA) has recently been implemented in
Abagus as an alternative means of determining the steady state response of a structure to
cyclic loading. DCA determines thelstised cyclic response directly by approximating the
displa@ment of the component using ao&rier series function. An iterative procedure
produces increasingly accurate estimates until the steady state is achieved. In a situation
where a stabilised respse does not exist (i.e. when ratcheting is occurring) then the

solution fails to converge.

Martin [43] hasused DCA as the basis of a global shakedown method. The process uses
repeated DCA calculations and uses the convergencedoonergence of the solution as

an indicator of the steady state response ttmat level of loading. A search fuian is
employed (which if43] is a bisection algorithm) which alters the levels of applied loading
for subsequent analyses based on the convergenceftumvergence of the previous
calculation. In this way the global shakedown limit is located using a "map" of results, a
shown inFigure2.5. The distinction between strict and global shakedown, whilst not given
directly be this method, is determined by simply examining the plastiginstrof the
solutions. This method has been shown to successfully locate the global shakedown limit
for complex components, namely a nozzle in a spherical shell subject to thermal transients

and internal pressure.
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Figure2.5 - Map of Results from DCA Analysis of the Bree Cylinder
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One further method developed by Martin and R[@&], named the Hybrid Method, is able
to find the global shakedown limit in a more direct way. The load cycle is decomposed into
cyclic and steady state loading (in a similar way to seeti@gr8 and a two stage calculation

process is used.

The cyclic loading is considered in the firstget using a DCA analysis to find the stabilised
cyclic response. With the cyclic stress fields known, an intermediate step is carried out
where a unit vector of the steady state loading is added to each extreme of the load cycle.
This unit stress vector then scaled to the yield surface for each time point to find the level

of constant loading which could be applied at that time pdigure2.6a). The minimum
valueof additional constant stress given by this vector scaling is then taken as the effective
yield stess for stage PFigure2.6b). This process i®llowed for all integration points in the
finite element model, giving a modified yield stress over the entire volume. The second
calculation stage then performs a limit load assessment for the steady state loading using

these modified yield stress valsie
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Figure2.6 - Hybrid Method Stage 2 Yield Stress Calculation

This method was able to give a good approximation to the global shakedown limit when
compared to the DCA methodn [75]. This method also had the advage of
computational savings because the global shakedown limit was determined directly rather

than by an iterative process.

Using the Hybrid Metbd as a basis, Jappy effab][77] were able to derive asthimplement
a lower bound global shakedown method. This method also uses a two staggatah
process where the applied loading is split into its cyclic and steady state components. The

second stage of this procedure also performs a limit load aisalygh a modified yield
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stress. Tie primary difference between the method derived by Jappwl and the Hybrid
Method is that this modified yield stress is updated during the solution procedure to take
into account thestressredistribution which occursluring the limit load stageFavourable
results were found when compared with the Hybrid fied and the LMM upper bounds

for examples such as a plate with a central hole and a pressuribad @geometry.

Reinhardt and AdibAsl have recently proposed a lower bound global shakedown method
named the NonrCyclic Method78][79]. This method shares some similarities with the LMM
global shakedowmprocedure in that the loading is decomposed into cyclic and constant
parts, a two stage calculation process is used and an iterative elastic procedihre w
spatially varying modulus is used in their second stage. The foundation of the method is a
tentative extension of Melan's theorem beyond strict shakedown, and begins by conducting
a cyclic elastiplastic finite element analysis fanly the cyclic lods to find the cyclic stress
history. Half the stress range from this analysis is brought forward to a second stage, which
is a limit load analysis to find the remaining capacity of the structure to support the
constant loading.The majority of the applidg@ns of this method in the literature are to

relatively simple geometries such as the Bree cyliraher 3bar problemd80][81].

The Linear Matching Method is somewhat unique among the direct methods in that it has
the ability to calculate both strict anglobal shakedown limst The foundation ofhe global
shakedown procedure is the theoretical extension of Koiter's theorem beyond the strict
shakedown limit, as npvided by Ponter and ChdB82]. This was then implemented as a
numerical techniqudor two extremes in the load cycia Abaqus by Chen and Pon{@&3]

in a similar fashion to the strighakedown metbhd. Further development if84] and[29]

allowed the extension of this method to any numizéoad extremes in the cycle.

The LMM global shakedown method in its current form rems the decomposition of the
applied loads into cyclic and steady state components. This is a requirement of the
theoretical extension to the upper boundrist shakedown theorem irf82]. Similarly to

many of the other Direct Methaslfor global fiakedown, the method then has two stages.
The first assesses the steady state response to the cyclic loading along with the elastic,
plastic and total strain ranges associated with tisnodulus adjustment scheme identical

to that of the strict shakedowngives this stage a speedy assessment of the steady. cycle

The second stage then finds the maximum additional steady state loading which will not
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cause ratbeting. This second stage is essentially a LMM strict shakedown analysis where

the applied stresseare augmented by the varygnresidual stress from stage 1.

The LMM global shakedown method has been applied on several occéasiomsiponents
includingdefective pipelineg85], cracked welded pipef86], a rozzle in a spherical shell

[87] and superhater tubeplates[32][33].

2.6.3 The Linear Matching Method for Use in Industry

The driving force behind the creation of all of the abovetimods is so that industry can

have a robust and accurate method of calculating shakedown loads for design and
assessment purposes. This is evidenced by the fact that a large number of publications are
dedicated to application of these methods to pressuessel or pipe geometriesn fact
several of the methods originate from within industrgther than academia. Example$ o

this are the DCA method of Martin (Rolls Royce), the Hybrid Method (Rolls Royce) and the
Non-Cyclic Method (Atomic Energy of Canadd)e DCA Method and the Hybrid method
have been developed with the Rolls Royce Hierarchal Finite Element Framework (HFEF) in
mind [88][89], so that they can be incorporated into tiheanalysis pocedures used to

assess plant components.

The LMM has been adopted by EDF in the past for use alongside the R5 procedure. Their
interest in the method began in the early stages of development from the Elastic
Compensation Method, andascontinued throudp development of the global shakedown
method. The LMM was proven as a useful tool when the analysia é{GRsuperheater
tubeplate from EDFwas undertaker{32][33] using both the strict and globahakedown
methods.In [32] the LMM procedure was used to produce the strict and global shakedown
limits andthe plastic strain range, which agreed well with full elagii@stic analysidn [33],

this analysis was taken further to calculate creep strain and follow up factors of this
component. Once again the LMM produced results which compared favourably with full
step by step FEARecent wrk by Chen and Pontef84] Gorash and Chef®0][91] has
advanced the creep capability of the LMM which has been used to successfully predict the
creep fatigue life of experiments performed on welded cruciform speciméhs. level of
capability demonstrates theMM's ablity to be used alongside the R5 proceduamd has
resulted in the choice of the LMM for use in this work to fulfil EDF's need $hakedown

analysis method.
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The use of the LMM within EDF on a more routine basis became possible when the Abaqus
subroutires wee rationalised by Tipping4] into a method for use by EDF enginedystil

this point the use of the LMM required moderate changes to the subroutines for each new
analysis, and several different subroutines existed for different element typese this
rationalisation of tle subroutines, EDF and its partners has used the LMM foresom
assessments, for examp[82], but use of the method is still relatively uncommadrhe
method created by Tippgy whilst much more user friendly than the original
implementation, still requiressome alteration of the subroutines for each analy&®F
engineers instead prefeto use the faniliar cyclic FEA and only udee LMM when the
shakedown statuss difficult to obtain. The lack of a lower bound to theMM global

shakedown procedure provides another reason for the limited use in routine assessments.

This has prompted the objectives of this project to add a complementary lower bound to
the LMM globalshakedown procedure and to create a user interface. This will give the
necessaryconservatism for routine use and eliminate the need to manually perform any
code changes, and will allow EDF engineers to use the LMM in the familiar ADA&uUS
interface. Validation is an important step when any new method is developed to build
confidencein the results it produces. It is hoped that sudlidation combined with a user

interface, will encourage EDF engineers to make use of the LMM for their assessments.

2.7 Summary

The subject of shakedown and ratcheting is not new in structural integrity. The theorems
which provide generally applicable shakedown/mlrakedown conditions have existed for
many decadesThe design and assessment codes have made use of shakedomarigr
years to increase the allowable working envelope of a structure whilst still preventing
ratcheting. These design code implementations usually base their shakedown rules on
analytical examples such as the Bree cylinder. R5 has taken this a stage liyrftroviding

a very literal interpretation of Melan's theorem, allowing the user to generate residual

stress field estimates to demonste strict or global shakedown.

These shakedown methods in the design codes can prove to be overly conservative,
however. Increased computing power has allowed the use of cyclic inelastic FEA, but this
alone is not always sufficient to determine the shakedown status of a component
conclwsively. This, combined with the fact that FEA cannot give the proximity to the

shakedown limit, has prompted the creation of the Direct Methods which can calculate the
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proximity to the shakedown limit directly and with improved solution times over standard

FEA

EDF have identified that these Direct Methodse & useful tool for their structural
assessmentsThe Linear Matching Method has been identified as Eheect Method most
amenable for use within EDF and the R5 procedure. This is due to the fatothastrict

and global shakedown limits can be calculated, and a historic compatibility of the LMM with
R5 in terms of material properties amlitput data. The addition of a lower bound global
shakedown calculation, verification of the method and the ci@abf a user interface will

bring the LMM to a standard where it can be used regularly within EDF
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3 The LMM Strict Shakedown Procedure, Analyses and

Verifications
3.1 Introduction
Countless situations arise in power plants and pressure vessel designs eangpenents
are exposed to a set of cyclic thermal and mechanical loads. Where this is the case then it is
desirable for the component to operate in a state of strict shakedaenthe canponent
responds elastically at all points in the load cycdter the development of some initial
plastic strains This represents the best performance in terms of fatigue life wisiiéit

allowing plasticity in the structure.

This chapter presents the Linear Matching Method strict shakedown procedure. A summary
of the theoretical and numerical implementation is given which is followed by several
validationcases. Thesealidationscompare the LMM to analytical and experimental limit
loads and shakedown limits. Finally the LMM procedure is then applied to a pipe bend

georretry as a industrially relevant demonstration case.

3.2 The LMM Strict Shakedown Procedure

3.2.1 The General Cyclic State for Strict Shakedown

Consider a body of volume, V, and surface, S, which is subject to a cyclic history of loading
with a cycle timen  Xp fiThi$Koad history consists of mechanical loa#¥x,t), anda
temperature history, & (k,t), wherea-is apositive scalar load parameter. The mechanical
loads act on part of the surfacey, @nd the temperature history acts within the entire
volume. Theremaining surface, Sis constrained to have zero displacement rate @z

0). This situatioms shown pictorially ifrigure3.1.

o B

/\ /\
S S

Figure3.1- Load and Boundary Condition Schematic

The material in question is assumed to be elagéidectly plastics A § K & A Sl a i N

satisfy the vorMises yield condition
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f(oij) = E(Uij ) -0, G (3.1)

where 5 (o) = §oi} o isthe vonai aSa STTSOU L &ré theadewtlica

2
stresses. The plastic strains are governed by the associated flow rule,
o df (aij )
do.

1)

g K S™Nilsa plastic multiplierThe loadingP(x,t) anda- (k,t) is assumed to vary within the
Oe 0t S GAYSZI (3 Thedoralieisiapplied sosthatX rangé of Ygadihigtories

may be consideredThese loadings givese totheir correspondingelastic stresses which

gives the applied stress history

19

Mg (x.t) = Ao Ex 1) Do’ (k) (33

Where df-ﬂp (X,t) and (ﬁ (X,t) are the stresses corresponding tdP(x,t) and d(x,t)

respectively. For any cyclic problem the continued application of these loads will result in

the followingstress fields within the component
g (xt) =g () 7 (X9 A (%9 (34)

Where ,5”- is a constant (i.e. time independent) residual stress field aui]rc(x,t) is a

varying residual stress which describes the changes which occur during theRegitiual

stressesby their nature,must be self equilibrating. For load cycles which are within the

strict shakedown limit the varying residual stress field is zero, and therefore the cyclic stress

history is fully described by the sum of the applied cyclic stresses artihik independent

residual stress field

7y (x8) =& (x) 7 () 69
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3.2.2 LMM Upper Bound Method
3.2.2.1 The Upper Bound Theorem

The upper bound method is expressed in terms of an incompressible and kinematically

admissible strain rate history—iif, which does not need to be compatibleut is associated

with a compatible strain incremeryﬁétijC such that

At

N-C — C
Fi dt = Aeij (3.6)
(o]

And this strain increment is associated with the corresponding displacement increment
é u_c U(-:
Agi(j: = 1%& 4& 3.7

Considering the cyclic loading histodescribed above in sectioh2.1, the upper bound

theorem is given by

At At
AER (es)dav = (of°) fidv @8
VO Vo

where o7 is the stress at yield associated wiffj, and &, is the elastic stress associated

with the applied loading from equatio¢.3). Combining this with the associated flow rule

for a vonMises yield criterionequation(3.2), the upper bound can be raritten as

At
i off (2 )dtdv

UB _
)\ -V

0
At (3.9)

A (i Joav

vV 0

Where é =, f(2/3)€|| g; Is the effective strain rate.

3.2.2.2 The Iterative Upper Bound Procedure

The LMM upper bound method uses an iterative sequence of linear solutions where the
dKSI NJ Y2 Rdz dzit>very Bointhvithin e WlurfeRso that the stresses-re
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distribute in the same way as an elasftastic material, which in the case of the MMs

perfect plasticity.

The iterative procedure begins with a linear elastic stress solution, which gives an effective

stress and strain rate at each point 6(0i'j‘)and g€ respectively.The initial sheamodulus

G S OK *ILJ2IA y&idzoraaS lj>dzSy i g *isSevakidted sukhSthatthe Y 2 R dzf «

effective stress at the point is equal to the yield stress whilst keegirﬁg a constant value.

Subsequent iterationslefine a newkinematically admissible history of plastic strain rate,

.
gl] .

éijfi = i(/\UBd% -Iﬁjf)i where ékfk =0 (3.10)

Where the superscripts i and f refer to initial and final values respectivelydéeh" refers

to deviatolic components and ﬁijf is the constant residual stresklere the upper bound

A :AJJB which is the upper bond multiplier corresponding to the strain rate of the

previous iteration.Integrating equation(3.10) over the cycle produces a relation between

Asijfi and /7ijfi:
Agi ::(f),jf qu,-‘”) (311
Where
ni_Exl usg 1_%1
oM :ﬂéﬁ—)\UBcﬁi (t)dt and == -yt (3.12)
b g () ioognlt)

The solution of this linear problem givéﬁf , Which is substituted into equatiof3.9) to give

a new upper bound muItipIieA#JB . Convergence proof§9] have shown that)\lfJB ¢ )\iUB

, meaning that the continued iteration of this process produces a monotonically reducing
upper bound multiplier which converges to the minimum upper bound (or in the case of

numerical applicatin the least upper bound associated with the finite element mesh).
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3.2.2.3 Numerical Implementation of the Method

The iterative procedure described above has been implemented in the Abaqus finite

element software through use of user subroutines to carry out thé/Ldalculations.

The Abaqus software is used widely throughout industry as a versatile tool for finite
element analysis of components. The nuclear industry is no exception and Abaqus is used
within EDFor integrity analyses of plant components. As weltastaining a vast array of
material models and analysis options, the Abaqus package also allows the user to program
their own subroutines to create bespoke loading, boundary conditions, contact conditions
and even custom element§he LMM requires the ality to specify and alter the shear
modulus at each integration point and also to control convergence using volume integrals
of stresses and strain rates (equati®9)). Therefore he LMM is implementedh Abaqus

using these subroutines, more specifically the UMAT subroutine, for creation of user
defined material behaviour, and the URDFIL subroutine, foesging and processing of
results during solution. The UEXTERNALDB subroutine, fprquessing of an analysis, is
also extensively used but does not form part of the solution procedure. The function of the

UEXTERNALDRitime is discussed in chaptér

The UMAT subroutine allows the specification of any constitutive model, and so can be
used when the existing library of material models within Abaqus does not ahe
material behaviourThe routine is calletivice or more timedor every integratiorpoint at

which the Usematerialoption is specified (which @efinedby the user vidhe AbaqusCAE
interface). Within the UMAT routine theatobian matrix ,J, must be specified which

relates the stress increment and the strain increment:
[J] = Ao (3.13)
MAe

Using the Jacobian and the incremental stragaculated byAbaqusthe incremental
stresses canécalculated, which are updated at the end of each increment to provide the
total stress solution. The UMAT routine also allows the user to store any results in the

Abagus output database (.odb) file for the user to view as contour plots ingrosessing

The URDFIL is called once at the end of each increment and allows access to the results up

to and including the most recent analysis increment. This routine also includes an option to
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terminate the analysisand so provides a convenient way gferyingresults and ending

the analysis if the convergence criteria are met.

The implementation of the LMM within Abaqus and the user subroutineginise by
examining the time history of the applied load#(x,t) and temperatures- (k,t) over the
cycle. Rather than being a continuous function of time, the numerical implementation of
the LMM insteaddiscreises the cycle into aseries of time points andssumeshat the
applied loading follows a series of straight line paths in loacdtesp#t follows that the
applied elastic stregsthen also follows a sequence of straight lines in stress space. If the
yield surface is strictly convex then the consequence of this is that the only instances where
plastic strains can develop are at thertiges of this stress history. Put simply, it is assumed
that the extremes of the load cycle are the only times during the cycle where plastic strains
develop, with the remainder of the cycle time spend within the yield surface. Therefore it is
only theseextremes of the load cycle which need to be considered when performing a

LMM analysis.

With this in mind,the load cycle divided into s&eses of time points, n=1,2...,Nhe strain

history then becomes the sum of the increments of plastic strain

N
Agf = Ag! (3.14)

n=1

The linear problem of finding a new kinematically admissible strain ré‘xe-,jf can be

found by equatior(3.11), where equationg3.12) are now:

in= _é-’:‘ 1 = 1 -’EI 1 o
ol = g —\ where ==g — and pt" = Y
ij &zllin Cﬁ] I n=1,UJn = Agin (3.15)

ij

With these modifications into @umerical set of equations, the iterative procedure can

then be implemented in Abaqus via the UMAT and URDFIL subroutines. Thigsivas fi
achieved by Engelhard®3] and has since been the primary mode of implementing the

LMM.

To begin the iterative process, the generation of the elastic stress fi«q]%l must be

S,
xternal

generated which correspond to each time point, n, in the discretised load cycle. These
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elastic stresses are used as the initial input to the LMM iterative pro@ss; Oijrg(ternal'

These elastic solutions mustebsolved for the same mesh and constraint boundary

conditions as will be used for the LMM analysis.

For a single iterationk+1, the following process is useid the UMAT subroutine in the

Abaqus analysigFirst, the load multiplier is made equal to thaladated at the end of

increment k,/\EB. This is used to scale the elastic stresses in the current incremkat.

shear modulus at each integration point is updated using the strain increment of the

previous iteration which gives:

g

,LL|?+1 = _—ﬁ where &?kn = 8(&65}() (3.16)
&

k

and

1 _ N1
—=A (317)
Hic+1 n=1 M+1

Next the updated Jacobian can be calculated using the valugg.9f For a adimensional

stress state the Jacobian is as follows:

e v.oo_v 0 0
€ 1-v 1 -v
E-Y 1 % o 0o o
é 1- v 1 -v
e () v
[9].,, = E(L- ) 2 . ° ’ ° (3.18)
i (1+0)(1 -22)é o 0 0 -2 0 '
é 2(1- v)
€ o 0 0 0 1%
e 2(1- ’U)
€ 5 0 0 0 0 i-Z
g 2(1- v)

Where thePoisson'NJ G A 2> AX | LILINRF OKSa nop (G2 alridArate
in

ke 85
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in — — é,N 1 UB =
O-ijk+1_’uk+1iﬂ- n )\k (ﬁ] (319

én=1 Mi+1

Which, along with the Jacobiaallows the constant residual stress to be calculated:

. - in
Pija = [J]k+1A€ij k1 Y1 (3.20)

The strain rate associated with n vertices of the load history is
n— = UB f=
Agij - [C] k+1(plj K+1 +)k ﬂ) (3.21)

Where [C]k+1 is the compliance matrix derived using(,, in a similar way to the Jacobian.

From this, the effective strain incremerd,,, which will be used in the modulus

adjustment calculation (equatior{3.16)) in the subsequent iteration. Furthermore, the

quantities

N N
= _n s n\ UB =

0yA Exs1 and Q AgiA & (3.22)
n=1 n=1

are stored for each integration point in the structuM/hen these calculations have been
completed for every integration point, the URDFIL routine is then called. ViiteitURDFIL
routine the Abaqus results file is accessed where volume liate@f the two quantities in

(3.22) are extracted, allowing the load multiplier to be calculated:

A =_ve - (329
~é N ny UB = Q
R&al A5ij/\k ‘E]ﬂ %\/
vGn=1 -

For the very first iteration of this process, i.e. k=1, the only difference to this process is that

)\1UB =1.0 and z4.,, =1/E where E is the elastic modulus of the material in question.

Apart from these chages toa"® and equation(3.16), the process is unchanged in the first

iteration.
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3.2.3 Lower Bound Method
The lower bound shakedown theorem demonstrates shakedown by finding a self
equilibrating residual stress field which, wheuperimposed with the applied cyclic elastic

stresses, satisfies the yield condition at all points in the load cycle:

f(dz::, (xt)+7 (x)) @ (3.24)

Therefore, to obtain a lower bound to the LMM strishakedown solution, a constant
residual stress fid must be found which satisfies equati¢®.24) above for the applied

elastic stresses from equatidf.4)
i ()«f—n (xt)+7 (x)) @ (3.25)

2 KSNB < A& | &aOdthelLMM, pefecRpladficy i§ useédfandSddre yield
condition is checked bysimply comparing the voMises stress to the yieldtress.
Therefore if equatior(3.25) above can satisfy the temperature dependent vdises yield

condition at all points in the structure
5()«% (xt)+7 (x)) @, (T) (3.26)

where 5(0”) = /2/ 3o is the vonMises effective stresand Tis the temperature at

that location in the structurethen Melan's theorem will be satisfied and the applied

loading /\(E‘. (x,t) is a lower bound to the shakedown limit.

During the upper bound iterative process, a new estimate of the constant residual stress

field at each point in the structre, '5iik+1 , is obtained by equatio (3.20). This
superimposed with the applied elastic stresses scaled by the current upper bound
multiplier, )\EB(E;, gives the total stress fieldt that point in the structureDivding the

yield stress by this stress gives the factor by which this stress must be scaled in order to

satisfy yield.Thereforethe next estimate of the lower bound muItipIiekp'fl, given by

multiplying this factor by the upper bound multiplier
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\LB — )UB Uy(T)
- ‘ E(’\EBI_; + /_)li k+1)

is the level by which this stress field must be scaled to satisfyetinperature dependent

3.27)

yield conditionat that point in the structure and at the load instandauring each iteration

of the upper bound calculatios*® can be calculated for each integration point and load
instance. The lowesta*® value from all values calculated indicates the point where the
stresses must be scaléhickthe most in order to satisfy Melan's theorem, and so #ifsis

therefore the lower bound multiplier for the entire structure.

Continued iteration of the upper homd procedure will generally produce increasingly
accurate estimates of the constant residual stress field, which will in turn produce an
improvement in the lower bound load multiplier. Monotonic increases in the lower bound
are not always observed, howavyalue to inaccuracies in the stress solutions at individual
integration pointswhich can dictate the lower bound of an entire model. The best lower

bound from all previous and current increments is therefore used.

3.3 Validation of the LMM Strict Shakedown Pr ocedure

Any numerical procedure requires extensive validation to build confidence in its ability to
predict the phenomenon in question. In ord&r do this forthe LMM strict shakedown
method three comparisonare given here The first two, namely notchebar limit loads

and the Bree Cylinderalidate the numerical solutions of the LMMgainsttheoretically
derived limits. The third case presents a comparison between the LMM and experimentally
derived limit loads and shakedown limits. This allows the dvenaalysis tool and its
implementation in FEA, including the assumptions and approximations inherent in this, to

be tested in similar circumstances as will be seen when in use in EDF.

3.3.1 Limit Loads of Notched Bars

Calculation of the shakedown limit usuatkes both cyclic and steady state loading into
account. A special case of this is when the cyclic component of the loading reduces to zero,
leaving only the steady state component. In this case the shakedown limit coincides with
the limit load. This prodiesan opportunity tovalidatethe LMM because theoretical limit
loadshavebeen derivedfor a large variety of geometries amdnbe used as a comparison.

In addition, the limit load is a value which can be calculated readily using FEA packages.
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The LMM is required to operate over a large range of continuum element types, namely 3D,
plane strain, axisymmetric and plane stress elements. In order to verifyniblementation

of the code over all these element types, and due to the availability edrétical solutions

for each dimensionality, the limit loads of notched bars under axial tension is considered
here. This geometrywas considered by Tippin@4] after his initial consolidation of the
LMM subroutines, and rasing this geometry allows the subsequent addition of lower
boundsin [28] to be compared The theoretical solutios of Miller [94] are presented
alongside a LMM strict shakedown analysis and a standard limit analysis an Abaqus. The
LMM and Abaqu$imit analyses are performed using identical mesliégure3.2 shows the
geometry, FE mesh and material properties used in the analys@sthe 3D model the
mesh shown is swept circumferentiallyn the LMM analyses a convergence tolerance of

le-5 between consecutive upper boundss used.

| 10mm |

E = 200GPa

' y= 400MPa

AT noo

Axial Tension Pressure = 400M#

Axis of symmetry for
plane stress and plane
strain. Centreaxisfor 3D
andaxisymmetric

25mm

Axis of symmetry for all
models

Figure3.2 - Geometry, Mesh and Material Properties of the Notched Bars

An axial tension is applied through a pressure load on the top surface of theThar.
theoretical solutions presented herfeom [94] have been converted by Tippifig4] to give
the limit load factor on the applietensile pressurgwhich is equal to the yield stressih
these equations b is the bar width/diameter at the notch,is the bar width/dianeter

remote from the notch and r is the notch radius.
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3.3.1.1 3D Notched Round Bar

A circular bar with a circumferential notch under axial tension is analydesl theoretical

limit load multiplier is given by
ab % . &dr
A=% 1% In 8 (329

The limit load multipliers forlamethods are given ifigure3.3, which also comparethe

plastic strain contourrom the LMM(Figure3.3a) and Abaqus limit analys€Bigure3.3b).

Method <
Miller 0.3041
LMM Upper Bound 0.3456
LMM Lower Bound 0.3439
AbaqusdLimit 0.3454

Figure3.3 - 3D Notched Bar Results Comparison
3.3.1.2 Axisymmetric Notched Round Bar
The 3D case considered in secti@B.1.1is analysed as an axisymmetric geometry.
Therefore the theoretical limit load nitiplier is given by equatio(B.28). Figure3.4 shows

the predicted limit load multiplierslong withthe plastic stain contourspredicted by the

LMM (Figure3.4a) and Abaqus limit analysiigure3.4b).
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Method <
Miller 0.3041
LMM Upper Bound 0.3456
LMM Lower Bound 0.3439
Abaqus Limit 0.3454

Figure3.4 - Axisymmetric Notched Bar Results Comparison

3.3.1.3 Plane Strain Double Notched Plate

The theoretical limit load multiplier for a double edge notched flat plate under plane strain

conditions is given by

A=11552% 2r g 1%3 @29
W, b = ¢2r

Figure 3.5 shows the predicted limit load multipliers and compares thiastic strain

contourspredicted bythe LMM Figure3.5a) andAbaqus limit analysigigure3.5b).

Method <
Miller 0.8006
LMM Upper Bound 0.8025
LMM Lower Bound 0.7985
AbaqudLimit 0.8028

Figure3.5 - Plane Strain Notched Bar Results Comparison
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3.3.1.4 Plane Stress Double Notched Plate

The theoretical limit load multiplier for a double edge notched flat plate under plane stress

conditions is given by

_bd  0.226 030
we (b+2r)

Figure 3.6 shows the predicted limit load multipliers and compares thiastic strain

contourspredicted by the LMMFigure3.6a) and Abaqus limit analysisSigure3.6b).

Method <
Miller 0.5565
LMM Upper Bound 0.5583
LMM Lower Bound 0.5555
Abaqus Limit 0.5573

Figure3.6 - Plane Stresdlotched Bar Results Comparison

3.3.1.5 Notched Bar Summary

In all cases the limit load multipliers predicted by both Abaqus limit analysis and the LMM
strict shakedown method agree well with each other and also with the theoretical
predictions of Miller. In addition, the contour plots oplastic strain show a good
resemblance to one anothehese factors combined give confidence in the ability of the

LMM to predict the limit loads of structures foll dimensionalities considered.

3.3.2 The Bree Cylinder

As described ighapter2, the Bree cylinder is a very well established solution infigid of
shakedown and ratchetingnd forms the basis of the shal@dn sections of many design

and assessment codes. The Bree cylinder also provides a rare opportunity to compare a

numerical shakedown method to a theoretical solution
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The Bree Cylinder is an analysis of a cylindrical nuclear fuel cagiege he casing is
assumed to be thin in comparison fits radius. The cylinder is subject to an internal
pressure and a through wall temperature distribution. The additional simplification of
assuming that the hoop stress is dominant compared to the axialssigarnade(in reality

the hoop stress is twice the axial stress fothan pressurised cylinder with closed ends).
These simplifications allow the analysis to be reduced to adimensional problem which

can be solved analytically. The loads and loadhjstiredepicted inFigure3.7.

A steady stateaxial tension is appliedwhich is representative of the hoop stress. A
temperature difference between the ind | y R 2 dzii SNJ 40 dadses a #n®ar (G K S
temperature distribution through the thicknes$his temperature distribution is cyclic with

time, resulting in two ex&mes in the load history. This idealised situation can be replicated

for analysis with the LMM. The simplifications reduce the situatiora plane stress

problem, and so this will be adopted for the LMM analysis.

A comparison of the theoretical strict akedown limit of Bree and thawf the LMM is
shown inFigure3.7. The vertical axisepresents the level of cyclic thermal stress and the
horizontal axis representshe level of steady stataxial stress. Both axes have been

normalised against the yield stress.
lp

tp 12 4

=]
.

——Bree Solutions
y = LMM Upper Bound
¢ LMM Lower Bound

dotcp

~<"U

Figure3.7 - Bree Cylinder Loading, Load History and Results

The derivation of Bree has recenthgen extended by Bradforf85] to consider the axial
tension also as a cyclic load. In this derivation the axial tension and thenadient are

cycled in phase withazh other, as shown iRigure3.8.

49



The LMM strict shakedown is compared to @ealytical solution ppduced by Bradford in
Figure3.8. In this figure both the horizontalxis represents the level of cyclic axial stress
and the vertical axis represents the level of cyclic thermal stress. Bothhaxes been

normdised against the yield stress.

I 1 2 4 A ——Bradford Solutions
= LMM Upper Bound
¢ LMM Lower Bound

ey

Figure3.8 - Modified Bree Cylinder Loading, Load History and Results

ExaminingFigure3.7 and Figure3.8 shows that the LMM lower and upper bounds agree

well with both theoretical strict shald®wn boundaries.

3.3.3 Comparisons with Experimental Data

The comparison of the LMM against theoretical solutions provides a valuable validation,
particularly for verifying the implementation of the bounding theorems within the finite
element method.The next gage in thevalidation process is to compare the LMM with
experimental solutions. Doing this determines if the simplifications and approximations
inherent in the method are reasonable when compared to the kind of situations

encountered in structural integrity calculations oaf&eomponents.

3.3.3.1 Limit Load Comparisons

The limit load tests used for comparison here are those performed by thdiligeResearch
Council[96]. The limit loads of pipe intersections subject to internal pressure aipdiaime
bending were ingstigated and two of these tests are used heFeor continuity thenaming
convention used i{96] is also used here with Intersection A being subject to internal

pressure and Intersection B1 bgisubject to an ifplane moment.
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The intesections were manufactured from ASTMBA steel Afull annealwas performed
before the final finishing cut to remove the residual stresses inherent in the plate and
caused by machiningThe material properties for each intersection were found by
machiningtensile testing specimens from the same billet as were used in its manufacture
These specimens were also fullynaaled before testingFigure3.9 shows the dimensins
andtypical stress strain response of the ste@lhe yield stresses were determined using an
average of six tests where no test deviattdm the mean by more than 2%. The yield

stresses for A and B1 from these tests are 198MPa and 167MPa respectively.

- Dimension| A | Bl
A | 98.7 | 98.7 StressMPa
B [3.15/3.15 5 |
C  [151.8/151.8
D 475 4.75 /r.
E  360.3326.6 . | 1
F 80.8 | 76.5 Tension Compression

All dimensions in mm
100 -

50 -

Strain, %

3 . 0 O'.2 O'.4 O'.6 0.8
a) b)
Figure3.9 - Pipe Intersection a) Geometry and b) Typical Material Str&sgin Curve
The internal pressure loading was applied to A by welding plates to the open ends of the
pipes and then supplying pressurised fluid through one end. The moment loading was
applied to the branch pipe of B1 using two hydraulic rams acting in opposite dimscti

These, in turn, were connected via pin joints to a loading arm attachedetdree end of

the branch pipe,shown schematicallyin Figure3.10a. This arrangemenapplied a pure

g

couple to the branch pipe.

Figure3.10- Application of a Pure Moment
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Using the information given if96], the pipe intersectins were modelled in Abagusr
assessment with the LMM. The damsions of both intersections ameported with great
accuracy, which allowed an exact geometry to be created and meshed in Abaqus CAE using
symmetry where appropriate. Model A was modelled using aqurerter model dugo the

uniform loading. Model B1 used o#malf symmetry due to the symmetry of the applied

moment loading along the axis dfé¢ main pipe (shown iRigure3.11).

Model A Model B1

Figure3.11- FEA Model#\ and B1

A perfectly plastic material model was used for both limit pressure and limit moment
analyses using the yield stressquoted. Looking dtigure3.9b it can be seen that for the
range of strains shown in the tensile and compressive tests that a perfectly plastic material,

despite being a very simple model, is a reasonable approximatitnigonaterial response.

The loading and boundary conditions were chosen to most accurately represent the
conditions of each test. In model A internal pressure loading was applied to all internal
surfaces, and due to the closure of the ends in the tedts, ¢closed end condition was
applied by applying the equivalent axial tension to the free ends of the pipes. Free radial
expansion of the pipes was allowed, as per the tests, and the free ends of the pipes were
constrained to remain iplane during longitubhal expansion. In model B1, the ends of the
main pipe were fully fixed. The bending moment was applied to the intersecting pipe using
the DLOAD subroutine, which allowed a pure couple to be applied in the form of a linear

pressure distribution across tlfeee end, as shown iRigure3.10b.

Table3.1 shows the limit loads predicted by the LMM and the experiments. The limit load

predicted byan Abaqus limit analysis, using the same mesh as the LMM analysis, is also
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included as amdditiond comparison. I§96] three values of the experimental limit load are
calculated using different interpretations of the lodéflection and loaestrain data. For

conservatism the lowest of the the values is quoted ifable3.1.

Table3.1 - Limit Load Comparison

LMM

Abaqus| Upper | Lower

Test Limit Bound | Bound

Experiment

A 719 | 7.191 | 7.122 8.0 (MPa)
Bl | 2970.0 | 2968.05| 2939.29| 3184.0 | (Nm)

It is thought that the limit loads predicted by the LMM and Abaqus limit analysis show a
reasonable agreement with each other and show a conservative result compared to the

experimental limit loads.

3.3.3.2 Shakedown Limit Comparisons

The shakedown tests used for comparison are thpegormed by the C.E.G.BR7] for
oblique nozzles in spherical shells under internal pressure, and two of these tests are used
here. Once again, for continuity, the naming conventissed in[97] is adopted here

namely Nozzles 5 and 6.

The dimensions of themo vessels are shown Figure3.12. The boiler plate (shell material)
and forged bar (nozzle material) were seleciad97] to have closely matched material

properties, which are shown ihable3.2.

Dimension| Nozzle 5 | Nozzle 6 B
A | 203.2 203.2 —t
B 269 | 269 ]
C 365 | 365
D 318 | 3.18
E 8.33 3.18
F 73.0 | 730 A
G 5.08 6.35
H | 45deg 45deg
I 3.18 3.18
] 28.6 28.6
K | 2467.1 2467.1 |

20deg | 20 deg
All dimensions in mm unless otherwise stated

—

Figure3.12 - Geometry of Nozzles 5 and 6
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The tests were performed to find the shakedown pressure of these noadkesy strain
gauges were attached to the nozzles prior to testing and these strain readings were used to

determine the shakedown status of the vessel.

Table3.2 - Material Properties

. Ultimate
Material Y'?:\igat;ess Tensile
Strength (MPa)
Nozzle 265.18 492.67
Shell 273.36 484.%

Beginning at ambient pressure, the vessel was pressurised to the current test pressure and
then back to ambient conditions. The initial pressure cycle began at ambient, peesisiari
400psi and then returned to ambient. If shakedown was observed with this level of
pressure cycling, then the maximum pressure in the cycle was increased by 50psi and the
cycling was repeated. In these tests shakedown was said to occur when ideiiicas

were recorded in three consecutive cycles. If this shakedown criterion was not met within 8

pressure cycles, it was concluded that the vessel would not attain shakedown.

The nozzles weremoddled in Abagus CAE where the dimensions of the welds f(riyt
documented in the published results) were estimated based on likely leg lengths for the
thickness of the shell and nozzlehe symmetry of both nozzles wased by creating half
models with the appropriate symmetry boundary condition. The full siglhérshell was
reduced to a small section through the use of a spherical coordinate system and boundary
conditions at the edge which permitted radial expansion but fixed motion in the theta and

phi dimensions. TheBA models are shown Figure3.13.

A perfectly plastic material model was adopted for the analysis using the yield stresses
given inTable3.2. The ultimate tensile strength quoted shows that the material work
hardens, but theabsence of any further data prevents the use of hardening material
models Welded regions and heat affected zones very often have a higher yieks shan

the surrounding parent material, but in this situation no information regarding this was
provided. Therefore the material properties of the weld were assumed to be the same as
those for the nozzle material which, being the lower of the two y#tdsses, introduces a

small conservatism into the analysis.
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Nozzle 5

Figure3.13 - FEA Models of Nozzles 5 and 6

An internal pressure was applied to all inner surfaces of the model. This pressure was
established \thin a load cycle in the LMM analysis so that it would cycle from zero to a
maximum pressure and then to zero once again. This load cycle is scaled by the LMM to

find the shakedown limit, which in turn results in the shakedown pressure for the nozzle.

Table3.3 shows a comparison of the shakedown limit pressures found by experiment and
through LMM calculation. The experimental lower bound corresponds to the hidgnesit

of cyclic pressure where shakedown was achieved. The experimental upper bound
corresponds to the first cyclic pressure level where shakedown was not achi€hed.
shakedown pressures predicted by the LMM show reasonable agreement with the
experimentswhilst retaining a level of conservatisihis conservatism is thought to arise
from the perfectly plastic material used. The work hardening of the material, demonstrated
by the Ultimate Tensile Strength valuesTiable3.2, would result in a higher shakedown

limit.

Table3.3 - Comparison of Shakedown Pressures

LMM Experiment

Lower | Upper | Lower | Upper

Nozzle Bound| Bound | Bound | Bound

5 453 | 458 | 482 | 517 | (MPa)
6 412 | 416 | 4.48 | 4.82 | (MPa)
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Figure3.14 shows the location of the plastic strains in Nozzleré&dicted by the LMM
which are dcated at the nozzlshell join. This highlighthe reverse plasticity mechanism
which would be obsenawhen the cyclic pressure exceeds the shakedown pressure. This
location was also highlighted in the C.E.G.B. report, which provides fudlidationof the

LMM analysis. A similar correlation was also observed with Nozzle 6.

Figure3.14 - Location of Reverse Plasticity in Nozzle 5

3.4 The LMM Strict Shakedown Method Applied to Pipe Bends

Having introduced and validated the LMM strict shakedown method in this chapter, this
section introduces a more practicgb@lication of the method. Pipe bends are ubiquitous to
any piping system and their analysis through use of the LMM offers the chance to
demonstrate the capabilities and advantages of the method when applied to industrially
relevant situations. Additionallythe strict shakedown behaviour of this geometry has
received little attention in the literature, and so this study also aims to advance the

knowledge of the behaviour of pipe bends subject to cyclic loading.

The cases explored here include 90 degpgge bends subject to steady state internal
pressure and either cyclic bending moments or cyclic thermal gradiémtte case of
internal pressure and bending moments, the limit loads are also providednge of bend
factors are considered and resultse normalised so that the conclusions are as generally

applicable as possible.
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3.4.1 Existing Pipe Bend Solutions

Intrados Opening
Extrados P ) M
7 2\ Closi
osing
- R
r P ’
; t
"-x..__i___\
| he R'r Rt
L - = —

Figure3.15- Pipe Bend Geometry and h Value
Considerable attention has been given to calculatdérimit loads of pipe bends over the
years. A typical pipe bend, shownkigure3.15, is usually described in terms of two ratios,
r/t and R/r, where r is the meapipe radius, R is the bend radius and t is the wall thickness.
The pipe bed factor, h, is given by combining these two rafibs.inside of the bend area is

named the intrados, and the exteal area is named the extrados.

One of the first theoretical solutions for the limit load of pipe bends was that of Calladine

[98], who derived an expression for the limit moment:

M, :1.197r2t0yh% GKSNB K X nop (3D

Goodall[99] derived an expression for the limit internal pressure

P =0 te R (3.32)
L yr;’gé r
& 2R

Both of the above theoretical expressions are based on thin shell theory and the Tresca

yield criterion.Other than these equations, few other theoretical solutions could be found
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for the plastic limit of this geometry. Instead, researchers have used sxterFEA to
generate data for various ratios of R/r and r/t. These data points have then been plotted

and equations derived from cunfiés of the data.

When carrying out these FEA analyf@sthis geometry under bending loadis is common

that the effeds of nonlinear geometry are taken into account. Doing this is an attempt to
capture the geometric strengthening and weakening that is known to occur with this
geometry. When a pipe bend is subject to opening or closing bending, the cross section of
the bend changes as shown lfigure3.16. This change in cross section increases/decreases
the second moment of area which leads to the strengthening/weakening to further
application of the bending moment. A typical, small strain, FEA analysis does not capture
these effects and so FEA which includes the effects oflinear geometry is common in

the literature.
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Figure3.16 - Pipe Bend Change in Cross Section Under Bending

A recent review of the literature regarding the limit loads of pipe bends by[10£]
highlighted some important conclusions. Firstly, the attached straight sections provide a
significant level of reinforcement to the bend by allowing the plastine to spread. This
increases the limit loads above those of equati¢®81) and(3.32). The second conclusion
from this study concerned the limit load solutions available in the literature. The equations
derived from FEA analyses, whilst providing a good fit to the data they are derived from,
were not able to successfully pretitie results from other authors. As a result of this, Lei
derived a new set of equations to describe the limit moment, pressure and combined

moment and pressurévhich are given idppendix A
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Despite the extensive volume of work regarding limit analysis and limit load solutions for
mechanical loading, very little work has been published regardingsthet shakedown
behaviour of this geometryAn experimental ratheting study was performed for a single
pipe bend geometry by Chen et[dl01] so that material model calibration for FEA studies
could be carried outH.F. Abdalla et 465] presented thestrict shakedown behaviour of a
single bendwith R = 480mm, r = 133.5mm and t = 3mnvi(@ R/r = 3.6 and r/t = 44.5)
Further calculations are carried out by C.S Oh ¢8| for the strict shakedown of bends
covering a large range of h fortémnal pressure and #plane closing and opening bending.

Other than these works, no further published shakedown calculations could be found for

this geometry.

The numerical studies of botl65] and [66] use a version of the Nonlinear Superposition
method outlined n section2.6.1 By using this method, both groups were able to produce
resultswhich captured the nonlinearegmetry aspects of thatrict shakedown response by
selecting this option for the elastic and elasgtastic analyses that form thehakedown
calculation.Figure3.17 shows a typicalamparison of the linear and nonkar geometry
shakedown results predicted .S Oh et al. It can be seen that the shakedown boundary
for closingbending (nonlinear geometry) is greater than linear geometry, which is in turn
greater thanopeningbending (nonlinear geometry), although it is not stated[66] the

nature of the bending to generate the linear geometry ksu

2.0
FE Results (r/t=10, A=0.3)
small geometry change
large geometry change
L-=" 7T T T T - e closing bending
1.5¢F S~ . .
~_ - - - -opening bending
D e ST P PRI >
©
8=
3
= 4
S 1.0
>
=
E 5 WO ) \.\ N \
0.5 £ =-0-. "
0. ~-\£<o N
. e 00O, N
open : elastic limit ~ ~\@\ \x\
solid : shakedown limit ‘a&\ K
. ) PP . ~Or
line : plastic limit o Q:‘ \‘
0.0 . ) . ) . 1 . 1 P L
0.0 0.2 0.4 0.6 0.8 1.0 1.2
P/ P0

Figure3.17 - Sample Results frorf66]
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The LMM is currently formulateidr linear geometry only, buFigure3.17 shows that there

is some merit in producing these resuliErstly, the reverse plasticitymit at low levels of
pressure lading limit is relatively unchanged for the linear geometry and nonlinear
geometry for opening or closing bending. Additionally the limit load for internal pressure is
unaffected by linear or nonlinear geometry (whicleansistentwith the findings in100]).
Furthermore, there are modification® the strict shakedown theoremsn the literature
which take nonlinear geometry effectato account, for examplg102]103]. Therefore
resuts produced by the LMM wouldlso form the baseline with which to compare
nonlinear geometry results when these theorems are implemented in the LMM framework

at a future date

Cyclic thermal loading is common in plant components, and pipe bends are afiggt®ed
to cyclic gradients of temperature through the wall thicknd3sspite this common loading
condition, no published work could be found in the literature regarding the shakedown

behaviour in this situation.

3.4.2 LMM Analysis

The objective of this studig to use the LMM strict shakedown procedure to generate the
limit loads and shakedown limits of pipe bendisvo cases are considered. The first is when
the pipe is subjected to an internal pressure aneplane closing, opening and reversed
bending. Themechanisms b reverse plasticity and ratctiag are explored and a
comparison between the shakedown behaviour of opening, closing and reversed bending is
presented. The second case is where the pipe is subjected to an internal pressure and a
cyclic temperture gradient through the wall thickness. The effect of temperature
dependent vyield stress is considered and the shakedown behaviour of pipe bends is

compared to that of a straight pipe.

The results are presented in normalised form to make them as widepficable as
possible. The limit moment equations of Lei differ for opening and closing bending. The
presence of reversed bending (i.e. involving opening and closing bending in the cycle)
means that these equations cannot be used to normalise all theteesds a result of this,

as well as the fact that the geometries with r/t = 5 cannot be considered "thin" as an
approximation, the results presented here are normalised against the limit pressure and

moment for a thick walled straight pipe with the sameanaadius and wall thickness:
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2 ar
P> = "0 InL (3.33)
S BE
M? =goy(ro3 -rf’) (3.34)

wherer, and r are the outer and inner radii of the pipe respectively. Limit load comparisons

against the equations of Lare also provided in sectidh4.4.3

3.4.3 Description of F EA Model, Parametric Study and Loading

A three dimensional solid model was constructeddimagus Due to the symmetry of the
geometry, a one quarter model was used and symmetry boundary ¢onditvere applied
(seeFigure3.18). ABAQUS typ€3D20Rjuadratic elements with reduced integration were
used for the structural analysis and ABAQUS p8D2&lements were used for the heat

transfer analysis.

To mesh the bendit least three elements were used through the thickness, ten around the
radius of the bend and twenty elements around the circumference of the pipe. A
refinement study was conducted to validate the accuracy of the mesh used. Such a mesh
was chosen to givesufficient density around the area of interest and to maintain
reasonable element aspect ratios. The attached straight section was meshed with twenty

elements along its length, which were biased to be smaller in the region of the bend.

Symmetry Planes

Figure3.18 - Pipe Bend FEA Model Showing Symmetry Planes

The internal pressure, P, was applied at the inner surface assuming the closed end

condition, withzan equivalent axial tension applied at the free end of giight section
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to replicate the axial stress. The moment was applied as a linear pressure distribution at the
free end of the straight section, which was applied using ther ssibroutine DLOAD in
ABAQUSHigure3.19a).

When conducting a limit analysis, the pressure and moment loads were applied
monotonically. When shakedown analysis was performed, the pressure was held at a
constant value and the initial bending memt was cycled i) from zero to a maximum of M

for opening bending ii) from zero to a minimum-&f for closing bending or iii) fror®.5M

to +0.5M for reversed bending, shownRigure3.19.

Moment Moment
Y
- Z time Y

‘ t1 t2

b) Opening c¢) Closing d) Reversed

Figure3.19 - Moment Loading and History

When the case of internal pressure and cyclic thermal loading was considered, a steady
state heat transfer analysis was conducted wigh=T.00’Capplied at the inner surface and

0°C at the outer surface, giving a linear temperature gradient through the wall thickness.
Thetemperature distribution calculated by this heat transfer analysis was then applied to
the model, which gives rise tihermal stresses in the bendhe free end of the pipe was
constrained via equations to expand-plane along its length, simulating the thermal
expansion of a long pipe. The temperature gradient was cycled from zero to a maximum

and back to zero over th@me step.

Analysis of 9 geometries is presented with R/r = 2, 3 and 5, each of whiclViwitld, 10

and 20, which give®.1¢ h ¢1. In each case the attached straight sections were a length
such that L/R = 8, which was found to be mohart adequate to always provide the
maximum reinforcement possible to the bend. In each case a Young's Modulus of 200GPa
and aPoisson'gatio of 0.3 was used. The steel is assumed to have a thermal expansion
coefficient of 1x18 °C". The yield stress @assumed to be temperaturdependent, with

data for this taken from PD5500 British Standard for unfired welded pressure vessel design

[104], as shown iTable3.4.
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Table3.4 - Temperature Dependent Yield Stress

Temperature(°C) 0 50 100 150 200 250 | 300 | 350

Yield StresgMPa) | 200 137 126 115 112 100 86 79

3.4.4 Internal Pressure and Moment Loading

Figure3.20 presentsthe strict shakedown limit and limit load interaction curves for R/r = 2
and r/t = 5 under internal pressure and opening bending. It can be seen that the shakedown
boundary follows &classic Bredike shape whereby the reverse plasticity boundary is a
constant value of cyclic bending. The limit load surface calculated by the LMM is shown and
this has been verified at 5 points using ABAQUS elglststic incremental analysis (using

the Rik's method). The difference between the LMM and ABAQUS limit solutions is less
than 1%, providing confidence that the LMM produces accurate results for these linear

geometry analyses.

08 M —e— LMM UB Shakedowr

s —4— LMM LB Shakedow

0.7 & -~ _ _ - ¢ - LMM Limit Load

@ Limit Load by ABAQUS Rik's Analy

0.6

05 T

0.4 Point A

0.3

0.2

0.1 Point B

Figure3.20- R/r=2, r/t=5 Limit load, Shakedown Limit and Location of Failure

The contours of plastic strain resulting from the cyclic loading at points A ase Rlso
shownin Figure3.20, which correspond to the reverse plasticity limit and the ratchet limit
respectively These are the locations where ratcheting would occur if the loading
increased just beyond that point in the shakedown lirfitbelocationcorrespondingo the
reverse plasticity limit is restricted to a very small area at the flank of the pipe, with the
strains accumulating at the inner surface. Tiheation corresponding to the ratchet limit
occurs globally at the intrados of the bend, with the straimsiating at the outer surface

This ratcheting locatiomatchesthat found by Chen et 41.01], giving further confidence in
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the accuracy of the method. The reverse plasgtichechanism occurs mainly due to the
location of the peak stress caused by the bending moment. The ratcheting mechanism

occurs at the location of peak pressure stress, at the intrados of the bend.

Figure3.21a shows a comparison between thi@ear geometryresults obtained by C.S. Oh

et aland the results obtained here for R/r=2, r/t=10 subject to internal pressure and cyclic
opening bending. Thelata is normalised against equatidB.31) and the Goodall limit

pressure using the veNlises criterion (equation(3.32) Ydzf G ALX ASR 06& HKKoUL®
employed by C. S. Oh et al is a lower bound method and both the lower and upper bounds
calculated by the LMM are shown in the Figure. Comparison of thestuiai shakedown

curves reveals that they produce comparable reverse plasticity boundaries but that the

LMM predicts a significantly largeatcheting boundary.

12 1Mf 1 1 plastic
s - A A ~ | strain, %

1 Point D

0.8 -
0.6 1
——LMM Upper Bound

04 —#&—LMM Lower Bound

Data from C.S. Oh et ¢

0.2 { @ Limit Load by ABAQUS Rik's Analy p 1 Point C

X ABAQUS Full Cyclic Elastic Plastic

0 Cycle number

0 0.2 0.4 0.6 0.8 1 12 1.4 0 20 40 60 80 100 120 140

a) b)

Figure3.21 - Comparison of the LMM with the Railts in[66]

In order to verify the accuracef the LMM, the limit load for pressure loading was
calculated using ABAQUS R#érmlysis and two points were chars (labelled Point C and
Point Din Figure3.21a) for full cyclic analysis in ABAQUS. The limit pressure given by the
Rik's analysigorrelates well with the equivalent value calculated by the LMM, with a
difference of less than 1% between the two solutions. The plastic strain histories for the
cyclic loading at points C and D are showrigure3.21b. These strainswere taken from

the position of maximum plastic strain, which was at the inner surface at the intrados of the
bend. The fastic strain history of &Int C shows thatstrict shekedown is achieved after
approximately 100 cycleBoint Dshows classimatcheting behaviour, with the plastic strain

increasing every cycle.

64



3.4.4.1 Effect of the Ratio r/t

Figure3.22 shows the shakedown limit and limit load surfacesfired R/r values of 2, 3

and 5,and varying r/t value$or anopening bending moment. The general trend for each
geometry considered is similar. As r/t decreases (i.e. the pipe becoméithithe limit

load surfaces expand, indicating larger loads to failure. Large increases in the limit moment
are seen with decreasing r/t but comparatively little effect is observed in the normalised
limit pressure. The graphs also reveal that the altéina plasticity boundary occurs at
higher values of normalised moment with decreasing r/t.
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Figure3.22 - Effect of r/t on the Limit and Shakedown Boundaries

One interesting observation is the margin betwede limit load and the shakedown limit
surfaces. In general, there is a significant margin between both lines at low pressures,
which reduces to a minimum at around the point where alternating plasticity changes to
ratcheting. At pressures larger than ththe margin increases once more before converging
to the limit load for pressure loading. As r/t becomes smaller, the margin between the two
lines becomes smaller to the extent that there is almost no margin between the shakedown
and limit loads for a lge normalised pressure range for R/r =3, rt=5and R/r=5and r/t =

5.
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The same study was conducted for R/r = 3 undesiot bending, shown iRigure3.22d.

The trends observed for opening bending are also observed for closing bending.

3.4.4.2 Effect of the Ratio R/r

Figure3.23 presents the same results as kigure3.22 for pipe bends subject to internal

pressure and opening bending but in each graph r/t is fixed and tleetefof chanmg R/r

are observedEach geometry exhibits similar trends. The limit load curve expands with
increasing R/r, and shows an increase in both the limit moment and limit pressure towards

a normalised value of 1. This correlates with the expRcted S K| @A 2 dzZNP theK I G | &
behaviour of the bend will tend towards that of a straight pipe. In terms of the shakedown

limit, increasing R/r increases the normalised moment with which alternating plasticity
occurs. It is also observed that the marginivieeen the limit load and shakedown limit

curves reduces with increasing R/r in all cases.

arts [ TT7-- b) r/t=10
opening bending opening bending
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Figure3.23 - Effect of R/r on the ShakedowBoundaries

The same study was undertaken with the closing bending case, using a fixed value of r/t =
10. Figure3.23d shows that the same effects and trends are observed as Ipeiopening

bending cases.
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3.4.4.3 Comparison of Opening, Closing and Reversed Bending

Figure3.24 shows a comparison between closing, opening and reversed bending for r/t =
10 yR Wk NJ T HXEX o YR p® ¢KS 6SyRAYy3 Y2YSyi
value of moment, M, used in previous figures. In each case the limit load surface for closing
bending is larger than that for opening bending but gitlee same limit loador bending

and pressure loading alone. Limit analysis of reversed bending is not possible due to the
conflicting directions of opening and closing bending.
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Figure3.24 - Comparison of Opening, Closing and Reversed Bending

The strict shakedown limit curves show that the normalised moment at which reverse
plasticity occurs does nothange for any mode of bendin@losing bending has an
increasedratcheting boundary over pening bending. The difference between the opening
and closing bendingatcheting boundaries reduces with increasing R/r. Tria¢écheting
boundary of reversed bending rests between that of opening and closing bending apart
from the case of R/r=5, where refge bending lies outside closing bending at the transition

region between reverse plasticity amatcheting.

Examination of the contour plots reveals that the location of the alternating plasticity

mechanism does not change for opening, closing or revebsgdling, and thus it is the
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range of the bending stress which determines the alternating plasticity boundary rather

than if it is tensile or compressive.

The case of the reversed bendisgict shakedown limit being greater than dieg bending

for R/r=5 (Figure3.24c) can be explained since both tlgclic opening bending-{gure
3.19b) and closing bendin@Figure3.19c) are equivalentto the reverse bendingF{gure
3.19d) superimposed on aonstant mean bending moment. This mean moment causes a
tensile stress at the intrados for opening bending and a compressive stress for closing
bending. In the majority of the analyses performed in this paper, the addition of the
stresses from the interngbressure and mean moment at the intrados is always tensile
along the axis of the pipe, which results in the ratcheting mechanism beginning at the outer
surface of the intrados. In the case of R/r=5 for closing bending at high values of bending
moment, thecompressive stress from the mean moment is large enough to cause the sum
of these stresses in the region to be compressive. This change to the stress causes the
ratcheting mechanism to originate from the inner surface of the intrados. It is this change in

ratcheting mechanism which reduces the shakedown envelope of closing bending below

that of reversed bending for pressure values of O.%/D/Ps <0.66.
¢/ R

08 4 - Closing Bending Opening Bending

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
—R/r=2,r/t=10 Lei —R/r=3,r/t=5 Lei —R/r=2,r/t=5 Lei
¢ R/r=2,r/t=10 LMM ® R/r=3,r/t=5 LMM ® R/r=2,r/t=5 MM

Figure3.25- Comparison of LMM Results with the Equations of [1€0]

Figure3.25 shows a comparison between some of the limit load surfaces calculated by the
LMM and those given by thequations of Lei ilAppendix Afor combined pressure and
moment loading(equation (A1.5)) It can be seen that the LMM resultse generally
conservative for opening bending. However the LMM rsstdr closing bending are nen

conservative compared to this equation. This highlights the need for the LMM to include a
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nonlinear g@ometry option in the procedureso that cases such as this, where linear

geometry is norconservative, can be assessed aateily.

3.4.5 Internal Pressure and Thermal Loading

The appied temperature gradient through the wall,=100C at the inner surface,’G at

the outer surfacerombined with the constraint that the free end expandsplane creates

an elastic stress which is diar through the thickness of the straight sections of pipke
results presented here show the effects of R/r and r/t on the shakedown limit interaction
curves. The internal pressures are normalised ag&qgsation (3.33) with a yield stress of
200MPaand the cyclic thermal loadingdr,is normalised against the applieditial inner

surfacetemperatureT, = 100°C.

3.4.5.1 Temperature Dependent Yield Stress

Figure3.26 gives the shakedown boundaries for R/r=3 and r/t=10, showing the difference
between temperature dependenyield (given inTable3.4) and temperature independent
yield (value of 200MPa used} is clear that where temperature dependency is strong, or
where large temperatures are involved, it is important to consider this in thedyais. A
significant reduction in the entire shakedown boundary is observed and the remainder of
the results presented here therefore take temperature dependent yield stress into

consideration.

35 )
AT ——Temperature Independent Yiel

AT,

o

—Aa—Temperature Dependent Yiel

25 4

1.5

0.5 4

Figure3.26 - Effect of Temperature Dependent Yield on the Strict Shakedown LfoniR/r=3 r/t=10
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3.4.5.2 Effect of RIr

Figure3.27 gives a comparison of the shakedown boundaries withnging R/r and fixed
r/t=10. Also included is the shakedown boundary for a straight pipe under the same
loading. It can be seen that the shape of the shakedown envelopes for the pipe bend is very
similar to that of the straight pipe. As R/r of the beimdreases, the shakedown envelope
tends towards that of the straight pipe. This is because as the radius of the bend becomes
larger with respect to the pipe radius, the effect of the bend decreases, resulting in a lower
stress concentration. WheR/r I'tP (i.e. a straight pipe) the concentration is zefoverall,

for the range of bends considered here, the reductions are relatively small when compared
to a straight pipe. The most severe bend considered here, R/r = 2, has a reverse plasticity
limit which is moe than 90% that ofhe straight pipe and a ratchielg boundary which is at

least 80% of the straight pipe.

3 AT ——Straight Pipe, r/t=10
AT, —+—R/r=5
25 | N R/r=3
R/r=2
2 4
1.5
l 4
0.5 -
P
0 ‘ R
0 0.2 0.4 0.6 0.8 1 1.2

Figure3.27 - Effect of R/r on Thermal Loading Strict Shakedown

3.45.3 Effect of r/t

Figure3.28 shows the shakedown boundaries for fixed R/r = 3 and varying values of r/t = 5,
10 and 20, and also that of a straight pipe with r/t=10. This shows thigt\ery marginal
changes occur to the shakedown envelope over the thickness range considered. This is
primarily because the magnitude of thermal stress created is relatively independent of
thickness, with only thick pipes showing an increase in thermabkst(which causes the

very slightly reduced reverse plasticity boundary for r/t=9-igure3.28). Overall, the pipe
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thickness has little effect on the normalised kbdown limit interaction diagram (clearly

the absolute values will be affected).

AT ——Straight Pipe, r/t=10
AT, ri=5
25 ——r/t=10
— r/t=20

15+

0.5 -

1.2
Figure3.28 - Effect of r/t on Thermal Loading Strict Shakedown

3.4.6 Pipe Bend Conclusions

Pipe bends are known to ovalise duribgnding which leads to geometric strengthening
and weakening to further bending moment application. However there is some merit in
solutions generated by linear geometry calculations, including the reverse plasticity limit
and limit pressure load. Furthemne, calculations using linear geometry are a useful
baseline for when the modified bounding theorems for nonlinear geometry are

implemented.

The LMM strict shakedown procedure has been applied to a parametric study of pipe bends
as a demonstration of thénvestigations possible with this method. The linear geometry
results have been validated against elagtiastic FEA for both the limit loads and the
shakedown limits. The effects of the ratios r/t and R/r have been considered to establish
the effects ofchanging these ratios on the shakedown behaviour. Decreasing r/t causes an
increase in the reverse plasticity limit and also reduces the margin between strict
shakedown and limit load curves. Increasing R/r results in an increased reverse plasticity
limit and also decreases the margin between strict shakedown and limit load curves. In
these linear geometry results no difference in these trends was observed for opening or
closing bendingThe limit loads predicted by the LMM agree well with those from Abaqus

Rik's analysis. These results compared to the empirically derived limit load solutions of Lei
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[100] are conservative for opening bending, but are rromservative for closing bending.
This highlights the need for a nonlinear geometry theorem implementation in the LMM

framework for situations whetinear geometry calculations may be noanservative.

Where thermal loading is involved, the effects of temperature dependent yield stress are
important and should be included in the shakedown analysis. The effects of the thermal
loading considered here deiced the strict shakedown boundary compared to that of a
straight pipe, but the most severeehd considered here (R/r3 2till retained at least 80%

of the strict shakedown strength of the equivalent straight pipe.

3.5 Summary and Discussion

The LMM strickhakedown procedure has been established for a number of years and is a
useful tool for calculation of the strict shakedown limit. The derivation and numerical
implementation presented here from the work Bbnter shows howhe plastic response of

a material can be replicated by a series of linear solutions which satisfy the important

conditions of the plasticity.

Validationsof this method have beepresened for a variety of ituations. Comparison of

the LMM against theoretidasolutions ofnotched bars verifies the implementation of the
method over the required dimensionalities. The solutions produced by the LMM agree well
with the solutions of Miller and with Abaqus limit analysis. The Bree cylinder is used as a
theoretical validation of the strict shakedown boundary, where lower and upper bound
LMM solutions agree well with the limits derived by Bree and Bradfbhesevalidations
against theoretical solutions are taken forward by then comparing LMM solutions with
experimentl data. The limit loads of pipe intersections and shakedown pressures of
nozzles in spherical shellsalculated by the LMM compare favourably with the

experimental results.

Finally the LMM has been applied to investigate the shakedown limits of pipe babgct

to internal pressure and either cyclic bending or cyclic thermal loading. This case study
demonstrates the kind of investigations that are possible with the LMM due to the explicitly
defined shakedown limits. The effect of changing geometry onsiakedown limits is
presented in terms of the ratios r/t and R/r. This case study does, however, highlight that a
nonlinear geometryoption would be beneficial, and the implementation of such a theorem

into the LMM framework could form the basis of futusm®rk with this method.
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4 The LMM Global Shakedown Analysis Procedure

4.1 Introduction

The grict shakedown limit gives the margin to either reverse plasticity or ratemetis a
useful quantity to be able to calculate accurately. Strict shakedown is a dies#talte for a
component to be in, and the majority of components within EDF's nuclear fleet are within
this limit. In high temperature operatiorhowever,the yield stress of matials can reduce
significantly which cafead to situations where the cyclloading is outside of the strict

shakedown limit.

The R5 procedure allows the component to operate in a global shakedown state, where
some regions of the component exhibit a reverse plasticity response. In addition to the
strict shakedown limit, it is threfore useful to be able to calculate the global shakedown

limit, that is the boundary between reverse plasticity and ratcheting responses.

Ponter and Chen have derived such a methsgart of the LMM framewor82][83]. Chen
and Ponterthen extended this method to include multiple load extremes in the cjg9%
This methods an upper bound method and, as previously stated, it is desirable to have a
complementary lower bound calculation to add conservatism for regular use by EDF

engineers

The purpose of this chapter is to descriie creation of a lower bound to the method of
Ponter and Chewith a view to fulfilling objective 1 in sectidn6. Initially the upper bound
method will be explmed, followed by a theoretical derivation of the lower bound
calculation. The implementation into the numerical procedure will then be described, and

finally a description of the convergence improvementt be given.

4.2 LMM Upper Bound Global Shakedown Ana lysis
4.2.1 The General Cyclic State

Similarly to the general cyclic state consideliedsection3.2.1, we consider a body of

2t dz2ySs +5 yR &dNFI 0S5 {3 sKAOK A& adzoasSdi

i X pdd® ¢KS f2FR KAaLUG 2 Wihich & grapit &f thé sugade, & SOK | y i
and a temperature historwhich varies within the entire volume. The remaining surfage, S

is constrained to have zero displacement rate @z 0).
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The load cycle can be expressed as the summation of steady statdiraedarying

components:

F(xd) =XE() #(x) A x) w

Where P(xt) andd(x,t) are the cyclic histories of mechanical load and temperature with
Oe Ot S & AsYa%ongtaintsload independent of time amdis a positive scalar load

parameter The linear elastic stress history associated with this load history is

d:_T]- (X,t) = /\Uij H X,t) 'i‘Ii-A (&,t) where (E]A = Uijlﬁ -bije (4.2)

j
This cyclic problem will asymptotically approach a steady cyclic state where

oy (t) =0y (t L) ana g (t) =4 (t +At) 4.3
This steady state cyclic soluti,o<nij (x,t), can be expressed in terms fufur components:

the constant and cyclicapplied elastic strees /\df'-; (X,t)+0ijvx,t), the constant

residual stres,s,Eij (X) , and the varying residual strespi; (X,t) to give

7 (6) =M (x) wEx) 73 g4 ws

The constant residual stresp; (x) , is time independent andelf equilibrating The varying

residual stresspijr (X,t), represents thechanges to the varying residual stress during the

cycle due to the cyclic plasticityf the component is not ratcheting then this varying

residual stress must be identical in consecutive cycles and also satisfy
pi (%0) = pi (xAt) =7 (X 5)

Whereﬁijr (X) is the constant component qef)ig . The material in question has a convex yield

condition
f (aij) ¢O (4.6)

and the associated flow rule
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& = «Q . @7

daij

Then the maximum work principle also applies:
(U " % )fﬁ, 0 (48

Where aijc denotes the stress at yield (ai‘f) =0 and U;; represents anystate of stress

which satisfies the yield condition ¢£.6).

4.2.2 Upper Bound Theorem for Loading in Excess of Strict Shakedown

The shakedown bounding theorems of Melan and Koiter give a very rigorous set of criteria
for the calculation of the shakedowimiit. These criteria, however, are only applicable to
strict shakedown. Therefore in order to obtain a limit on the global shakedown behaviour
of a component, where the loading lies outside of the strict shakedown limit, further
mathematical derivation wasequired. Ponter and Chei82] providedone such derivation

to create an upper bound theorem, which is summarised here.

Consider a class of strain rate hlstorle§,, which accumulate a strain flel{:hz-:IJ , over the

cycle which is compatible with the displacement fiékilic:

At
nglcdt 4.9)
Consider the upper bound strict shakedown theorem, but written in the folloviongy
At _
A (63- \°& (x1))ddv =0 @.10)
V0
Whereaygis greater thares which is the load multiplier at the strict shakedown limit. From

this the functional,| (5” ,)\) is defined:

At

I(eu ,)\) (cﬁ -)\(ﬁ (X t)) CdtdV (4.11)

VO
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Then it can be said that the load history is an upper bound to the strict shakedown limit if
| (éif ,)\) 2 0, and will equal the shakedown limit il(éijc,)\s) =0.

In their derivation, Ponter and Chexxpand this functional anplace additional criteria on
the stress fields, which allows the theorem to be extended beyond strict shakedown. These

conditions are

1) A cyclic history of residual stresq; (X,t) , is defined corresponding téij-: such that

éi}:T =Cun 4 (412

Where éijCT is also a kinematically admissible strain rate qmﬁ(x,t) also satisfies

condition(4.5) i.e.
£y (%0) =5 (xAY 7 (¥ @19
Where p; (X) is the constant component of; (,t).
2) There exists a constant residual stress such that the total stress history
oy (x0) =g (xt) 7 () A (%9 (414
Satisfies the wid condition, f (au) ¢ 0, during the entire cycla X {Thesk cgnditions

lead to the functionall (éif ,)\) becoming

() = ﬁA{qﬁ PER) 70 gedfecday

The minimisation ofl (éi}:’/\) produces an upper bound to the global shakedown limit. This

result allows the evaluation dbading which produces a stress field of the form of eqgn
(4.4), i.e. loading which is in excess of the strict shakedown [irhis resultreduces tothe

strict shakedown theorem as the varying residual stress fieldines vanishing small and

76



so proves that the upper bound strict shakedown theorem is a special case of a more

general result.

4.2.3 The Two Stage Global Shakedown Limit Calculation
The functional of equatioi.15) requires the generation of two residual stress fields, one
which is constant in time and the other which varies within thad cycle Each of these

residual stresses is associated with paftthe applied loadingThe varying part of the

applied Ioadingd::nA(X,t) , results in a closed cycle of plastic strains developing. Associated
with this plastic strain cycle is the varying residual stress W#I ,,t). The steady state

Ioading,df‘-r‘-F , causes an additional constant residual stress fip*lﬁ(,x) , to form.

If it is possible to decompose the applied loading in this manner theglti®al shakedown
limit can be evalated using a two stag calculation procesg2][83] where the functional
(4.15) is also generated in two stageghis first stage considers the cyclic component of the
applied loading to generate the varying residual stress field and varying plastic sBwgins.

considemg only the cyclic loading.15) becomes

At

1z ) =R {f0 &) a(x0)fsdtav @19

vV 0

The second stage then finds the ratchet limit by adding the steady state portion of the load

and calculating theonstant residual stress field, whicompletes the stress fields {4.15)

to make
'(éi?’A) = Fit{‘ﬁ (MV?F (xt) aHxt) 74 ﬂr(*xit))}écdtdv (4.17)

The advantage of decomposing the solution into two stages like this is that once stage 1 is
complete then the second stage is in fact a conventional shakedown analysis as described
in chapter 3 where the stress history is augmented by the varying residual stress found in

stage 1.

4.2.4 Numerical Implementation
The LMM global shakedown method is implementedbaqus in a similar way to the strict

shakedown procedure, by using the UMAT and URDFIL subroulimékis numerical
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implementation the load history is also divided into a number of discvetéicesn=1,2...,N

with their corresponding time points,,tt,,...ty. The loads, therefore, follow a series of
straight line paths in load space (and the elastic stresses follow straight line paths in stress
space). For a strictly convex yield surface the only instances where plastic strains can

develop are at thevertices of the stress history, with the remainder of the load cycle spent
within the yield surfaceAt each of these time points is an increment of plastic st@iq?,

which when summed over the cycle gives the total plastic strairement

N
Agf =g Agf (4.18)

n=1
4.2.4.1 Stage 1- Procedure for Establishing the Steady State Cycle
With the load cycle dividethto discrete time pointghe functional | (éif,)\) of (4.16) can

be approximated by the sum of the vakef | " at each time point in the cycle
N
-C —_ n
| (5ij ,)\) =al (4.19)
=1
Where, from (4.16)

(A= G0 470 [grav @20
\%

And
n .’:‘ n
pi (%)=a (% & 2aq (¥ @2
n=1
Ael" =G Ag” (X)) Ag" (4.22)

n
Where the total strain incremen;lﬁefijT is compatible and the changing residual stress

rn . g cper .
Ap; (X) satisfies equilibrium.
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The iterative methodology adopted assumes a total number of load cycleshbte each
cycle m = 1,2...M. Each load cycle contains a series of incrementhjdk are associated

with N time points in the load cycle so that eachcrament n=1,2..N. The LMM
methodology for the minimisation ol‘(éijc,/\) in (4.19) uses the solution of a series of

linear problemsThe following proedure is outlined for an arbitrary point in the structure,

x and at a single time point in the cycle, Aissuminghat an initial estimate of the strain

increment Agi?m , for load cycle m at time point i given then the following pocedure

can be used to define the strain increment in the subsequent cycle z&fj;mﬂ . Similarly,

n
an initial value of the varying residual stress for cycle m at time pgimﬁr;n, calculated in
the previous incremenis assumed to be known. The process then begins by calculating an

updated linear coefficientu;ﬂ, by linear matching

Ty

n —_ n
P = Hm = o0 423
o ﬁA +p'jm
Where /i, is the iterative shear modulus and, is the yield stress of the material. The

new value of the strain incremerzflei?m+1 is obtained through the solution to the

following problem

. 1 n .
AEi-jrm+1| - 2,[L1n Ap'jrm 1 Hﬁﬁinm i (4.24)
n _ 1 n
Aoy = gpemDPhien (429
nos_ 1 AN 1 (N i
Ay -m{ff T A4 m} (429
m+:

Where R is the bulk modulus, whicls obtained from material propertie$ y R is the

n-1
original shear modulus in cycle m=Ilhe history of residual stresp-,;m , up to that time

point is found by the cumulative sum of all previous increments of the varying residual

stress during the cycle'm
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n-1 1 2 n-l

r e r r
’Oijm _p'jm ﬂgjm AQJ m - Aﬁ?‘-m .27

A more detailed explanation of the entire procedure used to obtam varying residua

stress is given iAppendix BUsing equatior{4.26) allows(4.24) to be written as
n . é 1 1 _.n n1) i
Ael i= /8 i 4—{ - r+ ] (4.29)
Jm+1 ? N:[] m+1 Tp'l mt r?w-ﬂ. (ﬁA 'Cﬁ m

We definex and K as:

11,1 it 429
H Hy Himaa K K

Which allowg4.25) and (4.28) to be simplified to

Api;:mi = ZﬁAgij —{df‘rﬁ J N } (4.30)

m+1
Aphe . =3KA, (431)

The solutionof these equationgan be solved in the UMAAnd URDFIEubroutines. The

problem is analogous to the standard Abaqus equation of the form
Appu = [J]nerlAquni -Ao ir?1n1~ (432

Where the Jacobian for a 3D solidjigen by

e v
é 1 1-v 1 -v 0 0 0
e~ 1 - 0o o o0
é 1- v 1 -v
e () ()
[ E(1- v) g o 1. 0 0 0 w59
m T (1)1 -2)é g 0 0 A2 0 |
é 2(1- U)
é o 0 0 0 -2
é 2(1- v)
e 5 0 0 0 0 1-%
8 2(1- v)
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And
. m o 1) i
Ao=i{ 8" wi) @9

(4.39)

Equationg4.23) to (4.35) have been implemented in Abaqus using a UMAT subroutine. The
analysis is divided so that each incremhef the Abaqus analysis solvese time point, n, in

the load cycle so that each incremtegenerates the strain increment and the change in
residual stress associated with that time point. The history of residual stress is generated
using the numerical y@cedure outlined inAppendix B Therefore each N increments
completes one cycle of loading. The completion of each load cycle generates increasingly
accurate values of stress increment and changing residual stress, which reduces the value
of the functonal of equatios (4.19) and (4.20). Continuediteration for M load cycles
minimises this functionahence producing a converged cyclic stress and strain state for the

applied cyclic loading.

4.2.4.2 Stage 2- Calculation of the Global Shakedown Limit

When the above procedure converges then the varying residual stress field will be known
along with the associated plastic strain range. As a result the first functional, equation

(4.16) can be minimised. This leadnto the second stage in the procedure, which

calculates the constant residual stress fiqﬁg, associated with the addition of a constant

load (E,F . The purpose of this second stage is to calculate the mawitevel of additional

constant loading which will not cause ratcheting, i.e. to find the global shakedown limit.

This stage of the calculation process can be performed using the exasticigshakedown
method outlined in chapteB where the linear elastic solution is augmented b trarying
residual stress. Therefore the stress field of equat@B) is modified and the input stress

field to the strict shakedown method is how

d'::n (x1) = Aaij'ﬁ X) ‘UijA (&) i (%1 (4.36)
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Wherea-is a scalar multiplier tordy the steady state loading he iterative procedure given

in equations(3.16) to (3.23) is used to determine themaximum level ofthis constant
constant Ioadingdf‘nF ()g) and is associated constamesidual stress fieldvhich will not

cause ratcheting to occuOnly two changesare required to the procedure in sectio8,
namely to equations(3.19) and (3.23). Firstly equation (3.19) is updated to reflect the
applied stress field q#.36):

i _ el 1 .ue[ge n
T =Rl T NEE 0 ) wan

én=1 My
Where the upper bound load multipliek,l(JB , is applied only to the steady state component
of the loading. The magnitudes of the cyclic applied stress and varying residual eﬁfess,

and Pi} respectively, are assumed to be fixed during this calculation proce@geondly

the upper bound multiplier 0{3.23) is ypdated to reflect the fact that this cyclioading is
fixed in magnitude, which gives the followg upper bound multipliej29]

N N
Aoz (Aei?)dv - ] n@gﬁﬁ ' égi? dv

UB _ vn=l
Ak+:|_ - é, N ~
UB = e 1
A\ (EjFaa.Agijn %/

Vv Gn=1 -

(4.39)

With these modifications in place the method of sectiBnis able to monotonically
converge towards the least upper boutmhd multiplier. This gives the maximum level of
steady state loading which can be applied before ratcheting begims.methodoutlined

here has proven to be a robust and reliable global shakedown method which can be readily

applied to industrially relevant componends discussed in secti@6.3

4.3 Lower Bound s to Global Shakedown

Melan's theorem has allowed lower bounds to the strict shakedown limit to be assessed for
a number of years. The criteria of a self equilibrating residual stress and theioiation of

the yield function provid definitive shakedown/noishakedown conditionsvhich can be

used to determine the strict shakedown status of the component in question.
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The LMM striciand globalshakedown procedurewereoriginally derived as upper bound
procedures. Recently the lowebounds were added, via Melan's theoreno, the strict
shakedown procedur@as acomplementary calculatiorf28], which now means that the
strict shakedown procedure callates lower and upper bound load multipliers
simultaneously. This addition of a lower bound has several advantages. Firstly, with
conservatism being a key issue, the nuclear induskegrly favours lower bounds to the
shakedown limit and so theMM strict shakedown procedure therefore became a viable
tool for use within EDF. The second advantage of a simultaneous calculation is the ability to
compare the two solutions and judge convergence. Both lower and upper bounds should
converge towards the exact skedown limit, so the relative difference between the two
load multipliers gives the user an indication of the current level of convergence and also
provides confidence in the solution if this difference is small at the end of the sol@iua.

of the primay objectives of this project is to add an analogous lower bound calculation into
the global shakedown methodlhe benefits of this are similar to those for the strict
shakedown procedure, nametlye ability to use the method in the nuclear industry ane th

inherent self verification provided by simultaneous solution.

The remainder of this chapter details the creation, implementation and improvement of
such a lower bound calculatioit present noformal lower bound theorem exists for
loading in excess ohé shakedown limit, and so this proceken beginsby setting out the
theoretical foundation for the lower bound. This will be followed by describing the creation
of the LMM global shakedown lower bound calculation. Finally the convergence properties

of this lower bound will be investigated and improved upon.

4.4 AlLower Bound to the LMM Global Shakedown Procedure

4.4.1 Conditions for a Lower Bound to Global Shakedown
Melan's theorem, as given in sectiof.3, states that a structure will be within strict
shakedown if a constant residuaress field can be found sucls isuperposition with the

cyclic elastic stresses does not violate the yieladition at any point in the load cycle.

f(cE] (xt)+7 (x)) @ (4.39)

We begin by considering a component which is subject to an arbitrary cyclic loading history,

with its corresponding elastic stress historﬁjA (X,t). Repeated cycles of this stress
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history, if beyond the elastic limit, will cause an ass@d residual stresrpig (X,t) , to form.

If the applied loading is within the strict shakedown limit then the time varying component
of this residual stress will equal zero, and the lower bound strict shakedown theorem will
apply. If theloading is beyond the strict shakedown limit then plastic strains will develop in
every cycle, which in turn will cause the residual stress to include a time varying
component. If there is a net increase in the plastic strain with each cycle then the
compment is ratcheting, howevef the component is not ratchetinthen some additional
characteristics of the plastic strain and residual stress field may be observed. Firstly, the

residual stress fieldill cause all load points in the cycle to satisfy thed/stress:

(& (x1)+pf (x1) © (4.40)

If ratcheting is not occurring then any plastic strains which develop during the cycle must
sum to zero i.e. a reverse plasticity mechanism. In the steady csyate this means that

plastic strains in consecutive cycles must be identical

e (xar) =a2(x4™) (@40

Where m is the cycle number and n is the time point in the cyitie.residual stress must

alsoconform to the following behaviour:
pi(x0) = (xAY) 7 (§ ana pf (xt7) = (x47™) @z

Where ﬁijr(x) is the constant component of this residual stress. Therefore the residual

stress willl)only vary within the cycle timp (2Rvill equal the constant componer)ﬁijr (X)

at the beginning and end of the cycle awill be identical at edt time point in
subsequent cyclesf the stress fields are such that equati@h40) is satisfiedthe residual

stress satisfies the conditions (f.42) and the cyclic plastic strains satigfiy41) then the

component is in global shakedovior the appled Ioadingd:::r‘A (X,t) :

The conditions 0€4.40), (4.41) and (4.42) are very useful as they provide a set of criteria by

which the global shakedown conditiorart be judged for the given cyclic load history,

(E‘A(X,t). Having found the global shakedown stattie matter then remains oscaling
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these loads, or a subset of them, to find the global shakedown limit. In strict shakedown

this problemis simplified by only having to find a constant residual stréﬁ{,x), which
satisfies yield. Therefore the entire load history can be scaled, updﬁﬁilﬁg) as this is

done, to find the strict shakedown limit. @itheory states that if anﬁj (X) can be found

which satisfies the yield condition then strict shakedown has occuiéaen loading is
beyond strict shakedown, howevarp such bounding theorem existEherefore each time
the stresshistory was scaled, the varying residual straed plastic strainassociated with
this would need to be revaluated and measured against conditio@s40), (4.41) and
(4.42), resulting in a lengthy process akin to the trial and error natfréraditional non
linear FEA.

The work of Polizzottfil05][106], which is based on earlier work by Ponter d&atadeniz
[107], provides a neat solution to this issue. First consider that the volume, V, of the
component to be divided into two regionsp i the region where alternating plastic strains
occur and Yis the remainder of the volume where the strains respond entir&dgtecallyin

the steady state. IM105], Polizzotto was able to show that if th&o regions were
considered separately then global shakedown would still be achieved as long as the volume
Ve remainedwithin strict shakedowrwithout affecting the reverse plasticity ofVThat is,
additional loading can be applied to V if thdditionalstress field do not affect the reverse
plasticity of ¥and \remains in strict shakedowiThis is a powerful ideaglsause it allows

the global shakedown limit to be determined directly by means of a modified strict
shakedown assessmenif the strict shakedown limit can be found for the volume ten

the global shakedown limit has been found for V.

Therefore fora structure subject toﬁA(X,t) which results inpi; (X,t), a lower bound to

the global shakedown limit can be fourfdr additional loading by satisfying the strict
shakedown criteria in the volume which is not in reveasticity whilst \b remains in

reverse plasticity itself

4.4.2 Lower Bound in the LMM Global Shakedown Procedure
The conditions described above for a lower bound to the global shakedown limit can be

interpreted within the existing LMM structurd he two stageprocedure adopted for the
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upper bound calculation also lends itself to the inclusion of a lower bound based on the

conditions of sectiod.4.1

Stage 1 of the process considers the cyclic component of the Ioa&fn ,,t), and
calculates the steady state cyclic response including the varying residual stress field and the
plastic strain rangepig (X,t) and Aeijp(x) respectively.At this point the lower bound

conditions are satisfied if Ihe total cyclic stress history satisfies conditi@v0) over the

entire structure for each point in the load cycle and 2) the varying residual stress satisfies
conditions (4.41) and (4.42), thereby ensuring no net increase in strain in subsequent
cycles.The stage 1 calculation is therefore unaltérey the presence of the lowdyound
checks because the minimisation of the ftianal (4.20) already incorporates these

criteria, so no further calculations are required as long as convergence is met.

With a converged cyclic state, stage 2 then determines the maximum additional steady
state Ioading,/\dfr'-‘-F (X,t), which will not cause ratchetinghereais a scalamultiplier used

during the solution.This additional load also causes an additional constant residual stress

field, ,5"- (x) to form. As described in sectiofh.2.4.2 each iterationscales the applied

constant load using-and the constant residual stress field associated with this additional
load is calculated. This gives the total stress figldny point in the structuras the sum of

the applied and residual stress fields:

oy (xt) =dy (1) wEx) F(¥ 4%} (443

The nature of the constant residual stress field and the additional constant load, and the
way in which they are calculated in this stage two calculatisatjsfiesthe volume
separation condibn of Polizzotto.Consider the stress state of the structure after the stage

1 calculations are complete. Some part of the volume is in a reverse plastic state, and the
remainder responds elastically. The stage two calculatioen proceeds to add an
additional constant load and calculate the corresponding constant residual stress. In
regions which are already in a state of reverse plasticity unihér stress can be supported
unless it is purely hydrostatid herefore the costant residual stress field associated with
the additional load must be such that the net additional stress is zero or hydrodtatiais

way, a constant residual stress field forms which does not affect the reverse plasticity
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status of the volume ¥ but still maintains strict shakedowwithin V= This is verified
throughnumerical example in sectioh5.1
Calculation of the lower bound global shakedown limih t& achieved with each iteration

of stage 2 of the upper bound procedure. With each iteration the scalirrEi-Fc(TX,t) and

subsequent calculation oﬂ)’ij (X) produces an updated total stress field. At any given point

in the structure and time point in the cycle this stress field can be compared to yield to find

the lower bound load multipliera-®
f(/\LB(ﬁF (x,t) +D; (X) ﬁuvlix,t)) (0 (4.44)

Whereﬁ/(x,t) =0ijvx,t) -ijr(x,t) can be consolidated into a single entitytheir

magnitudes at each point in the load cycle has been assessed in stage 1 and remains at
these levels for stage. 2®is the only unknown in equatiof#.44) and so i value can be

found for the point in the structure and time point in question. In the finite element
solution this means solving equati¢f.44) at every integration point for each point in the

load cycle. The algebra involved in the expansion and soluti¢gh43) is given iMAppendix

C and results in the solution of a quadratic

-B /B* 4AC 445
2A

A()\LB)Z + B\ 4C @ therefore AP =

Where A, B and C are coefficients containing the eighteen stress components (three stress
fields each with six components) and the yield str@sss gives the loadhultiplier, which if
applied to the additional constant load, would make the effective stress at that point and
load instance equal to or less than the yield strésisthe end of the increment, witl®

known for the whole structure at all load points,ettminimum of these values is taken as

the lower bound for the whole model. This gives the value of additional steady state
loading which can be applied to the whole model which satisfies yield everywhere.
Continued iteration of the LMM procedure producesproving estimates of the constant

residual stress field, which in turn increases the lower bound multiplier.
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4.5 Numerical Example

The lower boundiescribedabove has been implemented into the LMM global shakedown
code as described in sectigh4.2 which completes the ability of the LMM to calculate
lower and upper bounds to the strict and global shakedown limits. Simple numerical
examples are presented here for two purposes. The first is to demonstrate that stage 2 of
the global shakedown procedeirconforms to the requirements set out by Polizzotto, in
that the additional constant residual stress field must faech that the reverse plasticity
region is not affectedThe second purpose is to demonstrate the convergence properties of

the newly derivel method.

4.5.1 Verification of the Position of the Constant Residual Stress Field

It is assumed that stage 2 of the LMM global shakedown procedure conforms to the
requirement that the constant residual stress field foratsthat the reverse plasticity is not
affected The basic mechanics arguments put forward in sectidr2would imply that this
assumption is correct, but nonetheless there is no explicit instructiathnencode for the
regions of reverse plasticity teemain unaffectedn the formulation of the residual stress.
Therefore, this assumption is tested numerically by considering the Bree cylinder as

described in sectiof.3.2

and

o+

Figure4.1 - Bree Stress Fields
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In this case, the level of cyclic thermal loading considered in stage 1 of the LMM analysis
creates an elastic stress range of 3 times the yield stress, which is sufficient to cause
significant regions of reverse plasticity. An additional axial tensiapplied in stage two.
Figure4.1a) and b) show théotal stress fields generated by stage 1 of the LMM calculation

at both extremes of the cyclic loading. Significantas of yielding are observed at both
extremes ofthe cycle.Figure4.1c) then shows the constant residual stress field generated
by stage two of the calculation whehe additional axial tension is applied. It can be clearly
seen that this constant residual stress formgh that the reverse plasticity is not affected.

In the regions which are in rewar plasticity, this constant residual stress is equal in
magnitudeand opposite in sign to the applied tensile stre8g, Therefore, because the
tensile load is applied at all times the constant residual will cancellguteaving the
reverse plasticity regions unaltere@his test herefore verifies the assumption thahe

LMM follows the criteria set out by Polizzotto, and can therefore generate a lower bound to

the global shakedown limit. A full analysis of the Brgknder is given in chaptér2.2

4.5.2 Plate with a Central Hole

To demonstrate the numerical procedures laid out in sectib@and4.4, the example of a
plate with a cetral hole is analysedrigure4.2 shows the geometry, finite element mesh
and load histories applied to the plat&€he ratio between the diameter of the hole D and
the length of the plate L is 0.2. The ratio between thekhess T and L is 0.05. Due to the
symmetry of the geometry and loading, a quarter model is used with the appropriate
boundary conditions. In addition, the free edges of the plate are constrained to expand in
plane to simulate the expansion of a large plaiThe geometry is meshed with 642
elements of type C3D20R, a quadratic brick element with reduced integrétiaiuced

integration is recommended in Abaqus for near incompressible solids)

The plate is subject to a cyclic temperature gradient betweenbitwe of the hole and the

outer edges. The temperature distribution as a function of radius is given in equatém)

o(r1) =0, 430 @J% .

where D is the hole diameter and r is the radial distance from the centre of theddel O K

I LILINBEA Y GS& G2Mdyl @i SILISINK § dzoiB )& theeetige 0fkh® K2 f S

plate. This gives a temperature differ@between the bore of the hole and the edge of the
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LGS 2F p* @ ¢KS GSYLISNI GdNE RAFTFSNBYOS 0685i¢
the two load extremes used in the analysis. In addition to this cyclic thermal loading, a
constant uniaxial tensn, P, is applied along one edge of the plate. The plate material is
perfectly plastic, has a young's modulus of 200GPa, a yield stress of 360MPa and a thermal

expansion coefficient of 5xFFC.

Figure4.2 - Holed Plate Geometry, Mesh and Load History

Theglobal shakedowrnteraction diagranfor the plate is shown ifrigure4.3a where the

F LILX ASR GSYLISNI dzZNB RAFFSNBYOS n* A& y2NXI
RA T F S NBy100& adEhe pniaxial tension P is normalised against the yield stress of

the m- G S N#3BOMPa. The reverse plasticity limit, calculated by the linear matching
method shakedown procedure, is also shown in the figure and thus shows the capability of

the linear matching method to calculate lower and upper bousttict and global

shaledown limits.The interactbn diagram follows the classiad®-like shape, with lower

and upper bound converging very closely.

The convergence of the lower and upper bounds at points A and B is shdwguie4.3b.

In both cases the upper bound converges more quickly than the lower bound. This is due to
the fact that the upper bound integrates energies over the volume (see equétiGB)),
diluting the effect of the stress concentration at the hole. The lower bound requires a

greater number of iterations for the modulus adjustment procedure to redistribute the
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stress and therefar satisfy the conditions set out in sectidmd.1 The convergence plot

also shows that the lower bound at point B (within strict shakedown) converges more
quicklythan point A (which is global shakedown), which requires more increments than are
shown in the figure to attain convergence. This is due to the fact that point B has no varying
residual stress and thus a simpler stress state. Stage 1 of the calculasidhpsrformed

but converges almost instantly and moves onto stage 2. Point A, however, will have a
significant level of varying residual stress and so will require more stage 1 increments to
converge on these stresses. The more complex stress fields tage 1 means that the
lower bound requires longer to find a constant residual stress which satisfies yield at all
points in the model. The plateaus seen in the convergence of the lower bounds are a result
of the subroutine using the "best" value of lowbound calculated up to that increment.
When the stress redistribution is taking place it is possible for the stress distributions to
produce a worse lower bound than in the previous increment (especially within the first
few increments when the rates @hange of modulus and stress are high). As a result, the

subroutines are programmed to use the best value of lower bound calculated up to that

point.
35 4 A0 —&— Global Shakedown Upper Bour 14 Point A Upper Bounc
5 A«‘)O --@--Global Shakedown LowerBour | Point A Lower Bounc
1 —&— RP Limit Upper Bount i
) 0.8 - Point B Upper Bounc
--A--RPLimitLower Boun | e,
254 & e Point B Lower Bounc
ko
2 <——— PointA = 061\~
3 ;
1.5 °
§ 0.4 :
PointB  — I
14 N P e
= { :
0.2 1 L o
0.5 Op :
N\, Oy : IncrementNumber
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a) E)O)

Figure4.3 - Holed Plate Interaction Diagram and Convergence

4.6 Convergence Improvements

The poor convergence of the lower bound relative to the upper bosgeh for Point B in
Figure4.3 can be attributed to the nature of lower bounds in finite element analysis. Being
based on stresgaluesat individual integration pointsvill always leave lower bounds at the
mercy of numegal errors(whicharediluted by an upper bound procedurelhe number of
increments to find a convergedwer bound in sectior.5.2may be satisfactory for small
models, but it is highly desirable to improve upon this for models of plant components with

complex load histories.

91



4.6.1 Sources of Convergence Issues

Lower bounds can show poor convergence properties because of their reliance on stress
values at individual tegration points within the FE mesh. This is true to the point where a
single integration point can be the sole inhibitor of lower bound convergence; in the lower
bound search function explained at the end of sectiod.2, the lowest value 08 is the

value taken as the lower bound for the whole model.

The inherent numerical error present in the stress values of finite element solutions will
always be present. FEA is a displacement based method, with stress being a secondary
calculation based on these displacemenisthe LMM global shakedown assessm#nis is
compounded by the fact that a two stage procedure is used. The convergence of both
stages is based on numerical tolerances. Therefore whilst stage 1 may have converged to
within the specified tolerance, there is still a margin for inaccuraciethenstress fields

which are then carried forward into stage 2. In practice these ermogsusuallysmallfor a
converged solution, for example the stress at a particular point may be above the yield
stress by less than 0.5%. To all intents and purposestialyst would interpret this point

as being at yield, but numerically these small errors can make the convergence of the stage

2 lower bound calculation a challenge.

Aside from the numerical issues, it is possible that some of the lower bound convergence
issues are due to the estimates of theests fields themselveg&igure4.3b shows plateaus
in the lower boundconvergence. This is due to those increments genegatinpoorer
estimate of the residual stress field, and so the best lower baundtiplier from previous
increments is propagated. If these estimates of the stress fields could be improved then

there would be a more monotonic increase in the lower bound wabh increment.

Delving a little deeper into this issue, using the equations outlined in se8t®for the
upper bound strict shakedown and stage 2 of the global shakedown, can reveal some

possible causes in stress field inaccuracy. Revisiting these equations:

o
n —_ Yy =N _ = n
M1 — g—n where € — E(Agijk) (4.47)
k

And
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N
L - a L (4.48)

— n
Hic+1 n=1 M+1

Then:

. . eN 1 .
— — in in —— iy UB
Piigs ~ [‘]]k+1A€iJk s Oy gWhere oy = Hendd A1 (4.49)
én=1 M

It is clear from this sequence of calculations that the updated estimate of the residual stress
. — . . n
field, Piesy” isstronglylinked to the values of the updated modulys ., calculated at the

beginning of the incrementThe current scheme used in equati¢h.47) matches the
modulus of every integration point to the yield stress. In arehgre the elastic stress is
above yield around stress raisers for examptleen this scheme is ideal for quickly reducing

the stress to satisfy the yield condition. In areas adjacent to this where the stress is lower,
this scheme increases the stiffnessd@ncourage stress to redistribute. In low stress areas
which areremote from any stress raisehowever, it was hypothesised that this scheme
could have the effect of ovestiffening the area, which could lead to distorted stress fields

as a resultin adition to this, it was thought that the sudden large increase (in only a single
increment in many cases) in modulus compared to the slower changes in high stress areas
may be creating an imbalance which then requires further increments for the method to

rectify.

With this in mind, several modifications to the matching scheme were testederically

In all cases the spirit of the original scheme was retained in that the yield stress was always
used as the target stress. The modifications tested here attethpo remedy the over
stiffening issue by trialling different limits to the modulus values and also limits to the ra

of change of modulus values.

4.6.2 Proposed Solutions

The numerical limit of thenaximum@ | f dzSn tie EMMcode is 1x1dfor models using
units of Newtons and millimetresThis is applied uniformly in the FE model, so no
integration point may have a stiffness which is greater than this valbes represents a
stiffening of around 500 times for a typical steel with a yoangodulus of 200 GPa (i.e.
2x10 N/mm?), which istypical for steels and iassumed for the numerical experiments

conducted here.
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The first set of matching schemgsoposed¥ 2 Odza SR 2y (GKA& Y| EAYdzy
several limits were trialledn order to ackle theoved G A FFSY Ay 3 Ay €26 & NJ
limit was made a linear function of the stress at the integration point in quessbown

graphically irFigure4.4. A stress equal tor greater thanyield woulduse >y, = 1x10 as

per the original code and a stress value of zero wtialde a maximum value apecified in

Figured.4.
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previous value and current value:

— Meurrent
HRate = (4.50)

fuprevious
Integration points with a stress above yield were not included, leaving them to reduce to
the yield stress as per the original scheme. The two methods used to enforce this limit to

the rate of change are shown graphicallyrigure4.5.

Rates described as "flat" refer to all points below yield being limited to a maximum rate of
change of the specified value, which is specifiedrigure4.5. The parabolic distribution
limits the rate of change based on the stress level, which could target the desired areas
more effectively. For areas with a very low stress, the rate of changgdwze small. For
higher stressed areas the maximum rate would increase to encourage redistribution, and in

highly stressed areas a low rate would apply because little redistribution would be required.
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4.6.3 Numerical T esting
The 10 matching schemes outlined above were implemented into the LMM subroutines for
comparison with each other. Initially these trials were performed using the strict
shakedown codégPoints 13), and schemes which were successful in improving thess
field estimates were then brought forward for trialling in the global shakedown procedure
(Points 4 and 5)

3.5 &
A, X Test Load Points
3 4
2.5 4
2 1 -
Point 4
Point 1 .
151 l Point 2
1 Y
Point 3
0.5 - op
oy
0 T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure4.6 - Test Load Cases for the Holed Plate
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The same holed plate problem as described in sectidn2 was used to perform the
comparisons. Three points on the strict shakedown boundary were selected sehthat
effect of the matching schemes could be seen for both reverse plasticity and ratchet
mechanisms. These three points are showrrigure4.6 and correspond to one@nt on

the reverse plasticity limit (Point 1), one point on the ratchet limit (Point 2) and the limit
load (Point 3). At these three points full elagti@stic FEA was performed for 50 cycles to
obtain the stress fields this number of cycles was fourtd produce stress fields which
changed very little between cycles. These stress fields were then used as the benchmark for

comparison with the LMM.

The different matching schemegere implemented into the subroutines and solved using a
convergence valuefde” (difference between consecutive upper bounds, see sedidh

The stress fields produced were compared to those from step bylsteomparing plots of

the nodal equivalent stress along three lines in the finite element mdeiath 1 runs along

the left edge of the plate, Path 2 follows the circumference of the bore and Path 3 runs

along the bottom of the plateThe location of thasthree lines is shown iRigure4.7.

Path 1 Path 2 Path 3

Figure4.7 - Nodal Paths Used to Compare Stresses

4.6.4 Results and Selection of Final Scheme

Considering the Trial 1, 2 and 3 results, the majority of the stress plots obtained showed no
improvement or very little change in the stress fields calculaigeen compared to the
original matching schemé&he points and node paths which disged the most significant
changes to these @mges are displayed Figure4.8. In general, no single matching scheme
from Trials 1, 2, or 3 showed an improvement over all load points and nodal paths
considered. Schemes which displayed improvement in one path or losd were then

shown to have a negative effeict others. FronfFigure4.8 it can be seetthat Trial 3 shows
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an improvement to the predicted stresses when comparedhose predicted by Step by

Step analysis. This improvement is marginal, however.
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Figure4.8 - Comparison of Trial 1,2 and 3 with the Original Scheme and Step by Step

A similar situation was observed withdld 4, 5, 6 and 7. In many situations these schemes

showed little improvement or little changedm the original scheme. Trial was the

exception to this, beinthe only scheme from these whiglave stress results which were at

least no worse than the original schenikial 4 also gave amprovement in some load

cases, two examplesf which are shown ifrigue 4.9, where the stresses generated more

closely match the Step by Step stressdste in Figue 4.9 the results for Trials 5 and

Original are coincident.
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Figue 4.9 - Comparison of Trials-Z with the Original Scheme and Step by Step Results
The schemes of Trials1® did not show any significant change to the results at any of the

load points or nodal pathsFigure4.10 showstwo stress plots which are typical of the

results for these three schemé®sults forTrials 810 and the Original are coincident)
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Figure4.10- Comparison of Trials-80 with the Original Scheme and Step by Step Results

The only scheme form these trials which could show eawedest improvements was Trial

40 ¢ KA a aOKSY BradateSdelok yield, i.e. for stress which is below yield the
modulus remains unchanged. Of the other schemes, none were able to produce improved
stress fields for all load pointsnd nodal paths. If improvements were seen, these were
offset by morer results in other nodal paths or load pointheTrial 4scheme was brought

forward for testing irstage 2 othe global shakedown code

The global shakedown load multiplier convergence given by the original scheme and Trial 4
for Load Points 4 and 8 given inFigure4.11. From this comparison it can be seen that

Trial 4 produces mixed results. In both cases the convergence of the upper bound is slowed.
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This igto be expected because the changes in the stress fields are more localised, meaning
that the energy changes per increment are smaller. The lower bound produced by the Trial

4 scheme shows an improvement for Load point 5, but has a detrimental effecodor L
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Figure4.11 - Load Multiplier Comparison of Original Scheme and Trial 4

In addition tothe Trial 4scheme, a further elemental averaging scheme was tested in stage
2 of the global shakedown procedure. Tldement averagingscheme, rather than
attempting to improve the lower bound by improving the stress field estimatess the
original matching schemand improveghe lower bound by averaging the lower bound
multipliers over each elementf single integration points are suffering from numerical
issues then this scheme would aid the overall convergence of the solution by averaging this
with the adjacet integrationpoints. A comparison of Trial 4lemental averaging and the

(un-averaged)riginal scheme is shown Figure4.12for Load Points 4 and 5.

The elemenal averaging scheme is shown to produce favourable results for both cases. It
has a smoothing effect to the lower bound convergence of Load Point 4 and a drastic

improvement in the convergence of Load Point 5.

Based on these results the decision was tateimplement the elemental averaging of the
lower bound in the global shakedown analysis procedure. This option is not strictly a lower
bound because individual integration points may violate the yield condition, but if the finite
element mesh is dense engh in the regions of interest then this approximation to the
lower bound is thought to be acceptable given the large savings in solution time which are

observed.
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Figure4.12 - Comparison of Elementaéveraging, Trial 4 and the Original Scheme

4.7 Summary and Discussion

The LMM global shakedown methodeated by Ponter and Chen is able to provide
accurate upper boursito the global shakedown limit. The creation of the lower bound
calculation and the implementation into the LMM framework described in this chapter now
means that the LMM is capable of producing lower and upper bound to both the strict and
global shakedowrimits. A lower bound solution provides the necessary conservatism
required for regular use in the nuclear industmhis lower bound is calculated in parallel
with the upper bound which provides a self verification of the solution. If both lower and
upper bounds converge to a common value then the analyst can have confidendais

final solution.

Lower bound calculationwithin FEAare known to suffer frontonvergence issues due to
numerical issues at individual integration points. Schemes to improeesthess fields
generated by the LMM have been investigated with mixed results. Instead an element
averaging of the lower bound multipliers has been selected to alleviate these convergence
issues. Whilst this option only provides an approximation of teelobound, it is thought

that if the mesh density is high enough in areas of interest then the improved solution

times justifies this choice.
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5 Analyses and Validations of the LMM Global Shakedown

Method
5.1 Introduction
The formulation and implementation of lawer bound to the global shakedown analysis
procedure now means that the LMM is capable of providing lower and upper bound to both
the strict and global shakedown limits. Validation of the strict shakedown procedure has
been provided in Chapter 3, wheseveral comparisons with theoretical, humerical and

experimental results are presented.

This chapter presents a similar set of comparisons so that the Global Shakedown procedure
may be validated in accordance with objective 2 in sectigi Some of the comparisons of
Chapter 3 are revisited, such as the Bree Cylinder, to verify the implementation of the new
lower bound calculation. In addition to these simpler comparisons, the global shakedown
behaviour of a pipe intersection is investigdtasing the LMM and validated with step by

step FEA. This example is a commonly analysed geometry in EDF and so proves that the

LMM is worthy of regular use by EDF engineers.

5.2 Validations
The LMM global shakedown method can be validated using the samepiesm@ms were
used in sectior8.3 to validate the strict shakedown procedure, namely the limit loads of

notched bars and the Bree cylinder.

5.2.1 Limit Loads of Notched Bars

The limit loads of notched barsriginally used by Tippin4], are once again used as a
validation caseThe global shakedown procedure is not intended for limit load calculation.
The two stage calculation process means that some level of cyclic loading must be present
in order for stage one to execute. Therefore, when in use in EDF, limit loads would be
calculated using the strict shakedown procedure. For this validation case, however, the
limit load can be approximated by the global shakedown procedure by setting the level of
cyclic loading to a very small value. This will allow the validation of the newly added lower

bound in a relatively simple setting before more complex situations are considered.

The four notched bar geometries of secti@B.1 were analysed using the LMM global
shakedown procedure to find the limit loaidr axial tension The same finite element

mesh, loads, boundary conditions and material properties were usedyclic axiaload of
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0.01% of the axial tension was applied in stage 1 of the procdukfcre the limit load was

then calculated in stage 2. This level of cyclic loading was thought to be small enough so
that the effect on the stage 2 calculation would begligible.Convergence tolerances of

le4 and 1e5 were used in stage 1 and stage 2 respectividge section6.4 for

convergence options)

The load multipliergalculated by the global shakedown method are givemahle5.1. For
comparison the limit loads predicted by @dus limit analyseand the theoretical solutions

of Miller. The load multipliers predicted by the strict shakedown procedure are also given.

Table5.1 - Comparison of Notched Bar Limit Load Solutions

Plane Plane

Solution 3D Axisymmetric
Strain Stress
Miller 0.3041 0.3041 0.8006 0.5565
Abaqus 0.3454 0.3454 0.8028 0.5573
LMM Strict Shakedown UB 0.3456 0.3456 0.8025 0.5583
LMM Strict Shakedown LB 0.3439 0.3439 0.7985 0.5555
LMM Global Shakedown UB 0.3451 0.3451 0.8024 0.5572
LMM Global Shakedown LB 0.343% 0.3433 0.7976 0.554%

The limit loads predicted by the global shakedown method agree well with the solutions of

Miller and Abaqus limit analysis

5.2.2 The Bree Cylinder

The Breecylinder was used in chapteB as a useful example tealidate the strict
shakedownprocedure. The strict shakedown procedure was able to accurately predict the
theoretical strict shakedown limit of Bree and Bradfoiithe® theoretical solutions also
extend to the global shakedown limit, and so provide a useful example to verify the LMM in

this regard, especially with the addition of a new lower bound.
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In addition to this, Bradford has extended hisbal shakedowsolutions in[95] and those

of Bree[36] to include a temperature dependency in the yield str¢$688]. Two vyield
stresses areisedin this derivation, cold and hot, which are assumed to be uniform in the
volume. Theuniform hot yield stress applies when the linear temperature distribution is
acting on the model, and the cold yield applies when this temperature iloligion is
removed. These temperature dependent global shakedown solutions are used as an

additional conparison for the LMM.

The plane stresanodel used in sectio®.3.2was used once again with the sammesh,
boundary conditions, material properties and logdsteady state axial tensioanda cyclic
temperature difference beveen the inner and outer walls)Where the temperature
dependent yield applies, a hot yield of 60% of the cold vyield is.uEed LMM global
shakedown boundary is compal to the theoreticakolution of Breeand the temperature
dependent extension of Bradforid Figure5.1. The limit load was approximated using the
using the same technique used for thetcloed bar solutions. A cyclic thermal load of which
gave a thermal stress range of 0.01% of the yield stress was used in stage 1, before stage 2
then found the limit load for the axial tensio@nce again the vertical axis represents the
level of cyclic thrmal stress and the horizontal axis represents the level of steady state
axial stress. Both axes have been normalised againstctid yield stress. A good

agreement is seen between both solutions.

P 1 2 4 A T \ Temperature Independent Bre:
\\ === Temperature Dependent Bre:
y » o LMM Upper Bound
“ ¢ LMM Lower Bound
3 ‘. = LMM Upper Bound Temp Dependel
¢ \‘ ¢ LMM Lower Bound Temp Depende|

o

Figure5.1 - Bree Cylinder Global Shakedown Results Comparison
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The global shakedown limit for thmodified loading conditions considered by Bradfard

[95], and the extension to temperature dependent yielths been calculated using the

LMM and compared to the theoretical solutisrnFigure5.2. This situation has no steady

state loading, and so the load decomposition typically required forthd8M two stage

process cannot be achievebhstead an approximation of the boundary is fall The level

cyclic loading in stage 1 is chosen to be just inside the theoretical limit, shadvn ¢ a G S+ R@&
O& Of A On HAigarésy. (TRissmeans that a minimalestdy state axial tension is added in

stage 2 giving a reasonable approximation to the loading considered in the theoretical case.

=== Temperature Dependent Bradfor Temperature Independent Bradfor
= LMM Upper Bound Temp Dependel O LMM Upper Bound

¢ LMM Lower Bound Temp Dependel ¢ LMM Lower Bound
4 Steady Cycle Points Temp Depende¢ Steady Cycle Point
P 1 2 A"+
N \
y
3
t

Figure5.2 - Modified Bree Global Shakedown Results Comparison

The verticabxis represents the cyclic thermal stress, and the horizontal axis represents the
cyclic axial stress, and both are normalissghinst thecold yield stress. Aslightly less
favourable agreement is seen with these results, with the LMM tending to underatst

the global shakedown limit of Bradfor@his example highlights the current limitation of
the global shakedown to calculate the global shakedown limit based on steady state
loading.This isheing addressed by Lytwyh09]where a global shakedown linprocedure

is being developed for a generalised load cycle, similar to that of the strict shakedown
procedure. Until this is complete, examples such as this must be approached with caution,

andthe strict shakedown procedure should be used where possible.

5.3 Global Shakedown of a Pipe Intersection
The examples above serve as a useful verification that the bounding theorems have been

correctly implemented and that the method can reproduce the themadt results. These
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examples however, consider relatively simple loading and/or geometries. This makes them
very useful for initial comparisons, but they do not represent the more complex geometries
and load histories which are analysed within EDdensue that the LMM will be a useful

tool to EDF engineers a more representative component must be analysed and verified.

To this end the LMM global shakedown has been used to analyfetittous pipe
intersection with a dissimilar material join. This geomes commonly analysed with EDF,
so fulfilling the requirement of realism. Furthermore there is little published work regarding
the shakedown behaviour of pipe intersections, giving this study additional merit in

furthering the understanding in this area.

Two scenarios are considered here. The first sees the intersection subject to steady state
internal pressure and cyclic thermal loading. The thermal expansions of the materials in the
dissimilar join serve to enhance the effects of the thermal loadindgpi;md¢ase. The second
scenario also has a steady state internal pressure and the cyclic loadiithésform of a

bending moment applied to the branch pipe.

The thermally loaded case is extensivedfidatedusing elastiglastic FEA taomparethe
global shakedown limit, plastic strain ranges and predicted failure mechanisms. The
bending moment case is used to explore the behaviour of the intersection by altering

material properties and observing the effect on the global shakedown limits.

5.3.1 Review of Existing Pipe Intersection Solutions

The widespread use of pipe intersections has lead to numerous studies of their behaviour
over the yearsfrom early elastic analysefl10] through to more recent analyses
considering creep effects including the effects of welded redjibhs]. In particular, studies

to calculate limit and plastic collapse loads are common for both internal pressure and
bending modesFor example Hamilton et @8] used the elastic compensation method to
determine nondimensionaked limit pressures for a number of intersection geometries.
Another example includes theemitheoretical limit solutions proposed by Kim et HI12]

for internal pressure and bending moment loadifidhese equations use several geometric
parameters to predict whether failure will occur in the nozzle, the main pipe or the

intersection of the two for a monotonically alied bending moment or pressure.

Despite their common use in piping systems, very few studies have been published

regarding this geometry subject to cyclic loading. A study by NadarajaH%9]alsed the
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Elastic Compensation Method to conduct a parametric study of this geometry subject to
internal pressure and cyclic bending moments. Systematichélyiry the mean radii and
shell thicknesses of the pipe and nozzle allowed a variety of thin waltedsections
(radius to thickness ratio between 50 and 200) to be analysed. Both the limit load surface
and strict shakedown limit was calculated for eagplometry using an elastjerfectly
plastic material model. The parametric studies found a strong interaction between the
loads, with small nozzles (having a radius of less than one fifth of that of the main pipe)
having a near linear interaction curvearfjer nozzles (i.e. with a radius of two fifths of the
main pipe) still displayed a strong interaction between the loads, but had a circular

interaction curve which is more akin to the conventional Bree like shakedown boundary.

In addition to this studythe strict shakedown response of a single thick walled pipe
intersection was analysed in the EPHBR&Sign by Analysis manudll3]. This geometry
consisted of two materials and also contained the weld detail at the join between the
nozzle and main pipe. Several analysis methods were used including the Elastic
Compensation Method, direct analysis ugirlastieplastic FEA and stress categorisation
methods. The Elastic Compensati@sults presented for this case show little interaction
between the bending moment and internal pressure. This is attributed to the thick shells,
which serve to isolate theadings from each other. Again, internal pressure and cyelic in
plane moments were considered. Apart from these studies, no further shakedown

examples (whether strict or global) of this geometry could be found.

The intersection analysed here is more alarttie example inhe EPEROesign by Analysis
manualin that it is thick walled, manufactured from several materials and includes the
geometry of the weld in the model. This should provide a similar complexity to many

models analysed in EDF and prove the applicability of the LMM in an industrial setting.

5.3.2 The Pipe Intersection Model and Material Properties

The pipe intersection analysed in thispeais shown inFigure5.3. The small intersecting

pipe is welded to the maipipe, with the weld itself modelled as a chamfer between the

two shells (as per the EPERC example). The main pipe is made from 316 stainless steel, a
common material in nuclear plant components. The intersecting pipe was chosen to be
from low alloy steeBA508 and the weld material is Inconel 82/182. Recently the UK nuclear
industry has been analysing the residual stresses present in this dissimilar weld with a view

to investigating stress corrosion crackiig4¢116]
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Figure5.3 - Pipe Intersection Geometry

When conducting thermal analyses it is important to consider the effects of temperature
dependent material properties. The temperature dependent yield stresses used for all
three materials is shown ihable5.2. During the analysis linear interpolation/extrapolation

is used to calculate the yield stress at intermediate and outlying temperatures. The data for
316 and SA508 were takdrom the British Standardil17] and a paper by Hurrell et al
[118] respectively. Material data for the Inconel weld in theveeslded condition is liméd,

with the micromeclanical tests of Kim et §119] being the only elevated temperature tests
which could be found. Linear extrapolation is performed to provide an approximation to
the temperatue dependency, which will give a more accurate solution than if temperature
independent properties were assumed throughout the weld. An elastic perfectly plastic

material which satisfies the veMlises yield criterion is assumed throughout this work.

Table5.2 - Temperature Dependent Yield Stress Values

Temperature ((C) 20 50 100 | 150 | 200 | 250 300 350 | 400 | 450

316 220 204 177 162 147 | 137 127 120 | 115 112
SA508 472 460 448 430 395
Inconel 82/182 | 378.6 315.8

*Yield stress taken at 320
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The Linear Matching Method requires an elastic calculation to be performed for each point
in the load cycle. This provides a starting point for the Linear Matching solution procedure.
Temperature dependent yield stress is considered once the linear mgtgiriocess has
begun, but because the elastic solutions have been performed before this process a single
value of thermal expansion must be assumed. This is fine for a single ratchet analysis at a
fixed level of cyclic thermal load, but to create the Braagdam a new set of elastic
solutions would need to be created for each level of thermal loading considered. To avoid

this, the worst case thermal expansion scenario was chosen.

When the temperature dependency of the thermal expansion coefficients ofrtaterials

in [116] is examined, it can be seen that the difference between the three values remains
almost constant. The magnitude increasedth increasing temperature but does so
uniformly for all three materials. Therefore, with a maximum temperature considered
never larger than 6T, the expansion values at this temperature were used for all thermal
analyses conducted. Therefore values of 1.8k 316, 1.5x108 for Inconel 82/182 and

1.4x10° for SA508 are used. This assumption gives conservative results in all cases.

Two separate load cases are considered for this pipe intersection. The first is a steady state
internal pressure and a cyclic thermal load. Theosel load case is the combined action of

a steady state internal pressure and a cyclic in plane bending moment.

5.3.3 Internal Pressure and Thermal Loading

The thermal cycle chosen for this analysis has three load instances. The first point is where
the intersedion is at ambient temperaturé, o, throughout the entire structure. The second
point is where the inner surface is at an elevated temperattigewhilst the outer surface
remains at ambient, ,. This results in a linear temperature gradient through tralwf the

pipe with a temperature differenc&’ . The differential expansion of the inner and outer
surfaces results in a linear distribution of elastic stress through the wall thickness. Finally,
the case where the entire structure is held at a unifornreveted temperature,’ ¢ is
considered. The different thermal expansion coefficients of the materials create thermal
stresses at the material boundaries. In addition to this cyclic thermal loading, an internal
pressure is applied. The closed end condit®assumed, which is applied in the model as
an axial tension to both pipes. In addition, both free ends of the intersection are

constrained to expand in plane, which simulates the expansion of a long pipe.
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Figure5.4 - Pipe Intersection Quarter Model and Mesh

Due to the symmetry present in the geometry and the applied loads, a quarter model with
appropriate symmetry boundary conditiongas used to model the pipe intersection. The
mesh is refined in the regmof the weld as all of the structural and material discontinuities
are in this region. This gives the model a total of 4038 elements as shokigure5.4.
Elementtype DC3D20 elements used for the two heat transfer analyses. These temperature
distributions were then applied as predefined fields in linear elastic structural analyses

(using C3D20R elements), giving the stresses shofrigtines.5.

Figureb.5 - Elastic Stresses due to a) Internal Pressure, b) Linear Temperature Difference and ¢) Uniform
Elevated Temperature
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These elastic stresses are used as the starting point for the LMM global shakedown analysis.
In stage 1 the cyclic stresses are considered so that the reverse plasticity mechanism and
plastic strain range can be calculated. Once this has been found, tkemoma level of
constant internal pressure which will not cause the component to ratchet is calculated. This
calculation procedure was repeated for different levels of cyclic loading so thagltal
shakedownboundary could be created. The LM8frict shekedown procedure was also
employed to calculate the reverse plasticity limit. This limit, which divides the regions of
strict and global shakedown, completes thteraction diagram for the component and
demonstrates the ability of the LMM to produce lowand upper bound limits for both

shakedown and ratcheting.

5.3.3.1 Results

The interaction diagram for the constant internal pressure and thernttaé cycle is shown

in Figure5.6. The applied constant internal pressure, P, is normalised against the initial
applied internal pressure, P of 10MPa. The applied temperature differende,, is
normalised against the initial applied temperature differende,,, of 100C. Both
temperature dependent and temperature independent results (using the yield stress at
20°C inTable5.2) are plotted,which demonstratesthe reduction in the shakedown linsit

caused by considering temperature dependent yield stress.
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Figure5.6 - Strict and Global Interaction Diagram
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The point corresponding to zero cyclic load (point A&igure5.6) represents the limit load

for internal pressure. The failure mechanism for this loading predicted by the LMM
calculation is at the crotch corner, which is typical of this geometry subjegrdssure
loading. This mechanism dominates the failure at low levels of ¢ielimalloading. When

the cyclic thermal load increases in magnitu@eit B), the material mismatch begins to
play a more significant role in the failure. The differencehmthermal expansions causes a
reverse plasticity mechanism at the material joins. When the internal pressure is applied,
this then interacts with the concentration at the crotch corner to produce a failure

mechanism which has a contribution from both lsad

PointA Point B Point C

Figure5.7 - Ratchet Mechanism at Point A, C and E

At large évels of cyclic loading (point),Cthe material mismatch dominates the failure
mechanism. The concentration due to the mismatch at these $egélthermal loading is
such that even the severe stress raiser at the crotch corner is no longer a factor in the

ratchet mechanism.

5.3.3.2 Validation

Validationof these results has been achieved using elgsastic analysis in Abagusigure

5.8 shows the results calculated by the LMM using temperature dependent results and the
load points selected for full step by stepaysis in Abaqus. Load points D, Bn&G are

used to verify the ratchet cunday itself, and the points H to Mre used to compare with

the plastic strain ranges predicted by the LMM.
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Figure5.8 - Points Used for Comparison with Step by Step FEA

Point Dlies within the dastic shakedown region, pointlies within the reverse gisticity
region and the points E andd&®e beyond the ratchet limit. The step by step analyses were
performed and the equivalent plastic strain at the most critical locetiovere checked to
determine the cyclic response of the structure, and these correlate well with the ratchet
bound predicted by the LMMFigure5.9a shows the plastistrain history for points D, E, F
and Gtaken at the points ofmaximum plastic strain. Point Bhows a stricshakedown
response, the plastic strain ceasing tarigase after ten cycles. Pointexhibits a clear
ratcheting response. The plastic strain E@ses with every cycle at a constant rate,

indicaing a ratchet mechanism. Pointa®&o shows a very strong ratchet mechanism.
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Figure5.9 - Plastic Strain Response of Points D, E, F and G

The pastic strainhistory for point Fshould form a reverse plasticity mechanidmoy it can

be seen inFigure5.9a that the plastic strain is still marginally increasing with each cycle.
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Further Investigation of this load case reveals that, although the plastic strain is increasing
within the cycles plded, the rate of accumulation of plastic strain with &acycle is
decreasing.Figure5.9b plots the rate of chage of plastic strain for point Wwhen the
analysis iperformed for over 1000 cycles. It can be seen that the accumulation of plastic
strain in each cycle falls to less than 3%% per cycle and is still falling. If allowed to
continue it is expected that this would fall to zero and a reverse plasticithamsm would

form. This result highlights the usefulness of the LMM in the analysis of cyclic problems in
general. If step by step analysis wersed alone, the result at pointriay be interpreted as

a ratcheting response. The LMM removes any ambiguithése results, proving that the

component is not ratcheting.

A qualitative verification of the LMM comes from its prediction of where the maximum
plastic strains will occur-igure5.10 compares the equivalent plastic strain from poift<s

and the corresponding point on the ratchet boundarykat'k‘ , =2.5. When comparing
these contour plots an allowance must be made for the varying levels of internal pressure
applied. Taking this into account the LMM predicts a plastic zone very similar to that from

both step by step analyses, around the toe of the weld.

Figure5.10- Predicted Failure Mechanism at a) Point F, b) the LMMatk‘ ;=2.5 and c) Point G

The finalvalidation presented here concerns the ability of the LMM to calculate plastic
strain rangesTo do thisstep by step angbis was carried out at points HRXbin Figure5.8.

The location of the maximum plastic strain range in these analyses was found to be
coincident with that predicted by the LMM at the same level of icyldading.Table5.3

shows a comparison of the maximum plastic strain range calculated by both methods, and a

very good agreement is observed.

113



Table5.3 - Comparison of Predicted Plastic Strain Ranges for Points H to M

Normalised Cyclic Plastic Strain Range
Loading Levdfrom % Difference
Figure5.8) Step by Step LMM
1.5 (H) 1.26E03 1.27E03 0.24
2 2.71E03 2.71E03 0.08
25(J) 6.24E03 6.19E03 -0.74
3 (K) 9.54E03 9.52E03 -0.17
3.5() 1.31E02 1.31E02 -0.09
4 (M) 1.69E02 1.68E02 -0.62

5.3.4 Internal Pressure and Moment Loading

The same geometry of pipe intersection was also analysed subject to a constant internal
pressure and a cyclic-plane bending moment. A half symmetry model was used, and once
again the mesh was hightgfined in the region of he weld. The length of the main pipe
was reduced in an attempt to reduce the number of elements, giving the final model 4200
elements as shown iRigure5.11a. AbaqusC3D20R elements were used the analysis as

per section5.3.3 The cyclic bending moment is applied as a pure moment to the end of the
branch pipe; the DLOAD gwlitine was used to create a linear distribution of pressure
across the branch which mimics the stress distribution of a pure bending moment. The
pressurestress is near identical teigure5.5a and moment elastic solution ishown in

Figure5.11b.
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Figure5.11- a) Half Model Mesh and b) Elastic Stress from Bending Moment
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5.3.4.1 Results

The ratchet interaction diagram was calculated for the dissimilar material pipe intersection
subjected to this cyclic moment and constant internal pressure. This is showigune
5.12, along with the reverse plasticity limit calculated by the LMM strict shakedown
procedure. The applied constant internal pressure, P, is normalised aghmsnitial
applied internal pressure, Pof 10MPa. The applied cyclic moment, M, is normalised
against the initial applied moment, Mof 741.95Nm The form of the interaction diagram
differs from that ofFigure5.8 in that there is a limit to the level of cyclic loading. This is
typical of cyclic mechanical loads, which if large enough are able to Geisstate in the

component.

1.5

—a— Upper Bound
0.5 4 =0O= Lower Bound
--am-- Reversed Plasticit

O T T
0 0.5 1

Figure5.12 - Global Shakedown Interaction Diagram for Pressure Moment Loading

From this diagram it is instantly noticeable that there is little interaction between the
pressure and moment loads. The ratchet boundary is relativelyicatrat low levels of
cyclic moment, and is relatively horizontal at low levels of constant pressure. This is easily
explained by examining the elastic solutions. The internal pressure primarily affects the
main pipe and the region around the crotch corn@here is a large stress concentration
here, and all other stresses remain relatively low. Likewise the moment loading primarily

affects the small pipe, causing comparatively small stresses in the main pipe. With both
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loads acting relatively remotely froeach other, an interaction is only possible when both

loads reach high levels. This occurs at the "corner" of the interaction diagram, where both

load levels are high.

b) c)

Figure5.13 - Failure Mechanism at a@point N, b) Point O and c) Point P

This behaviour is reflected in the failure mechanisms sedfignre5.13. At low levels of
cyclic moment, such as at point, he failure mechanism resembles that of the limit load

for pressure loading alone, where the crotch corner provides the source of the failure
(Figureb.13a). Similarly, tapoint Pthe large level of cyclic moment causes a failure pattern

in the small pipe which is similar to that of the limit load of a beam in bendgule
5.13c). This result matches the failure mechanism seen in the EPERC example, where the
failure is seen to occur in thberanch pipe when subject to kplane moment loading.
Further verification comes from theork of Kim et al[112], which also predistthe limit

load failure to occur in théranchpipe at this level of moment loadingAt point Othere is

an interaction between the loads, as both become large enough to add significant levels of
stress to the critical areas of the other load. The resulting failure mechanism is shown in
Figure5.13b, which combines the stress concentration at the weld from moment loading

with the concentration at the crotch corner from pressure loading.

5.3.4.2 Material Property Study

In a finite element study, hypothetical situationarcbe explored to determine the effect

various parameters have on the resulting behaviour. In the pipe intersection analysed here,
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the room temperature yield stress of the SA508 small pipe is more than double that of the
316 of the main pipe, and the welthaterial yield is also significantly larger. It was
postulated that if the yield stresses of the small pipe and weld were reduced then there
may be more of an interaction between the two loadsgure5.14 shows the original
results from Figure 5.12 with two further ratchet boundaries and their accompanying
reverse plasticity limitOne is for the case where the entire pipe intersection is made from
316 steel (including the weld), named Case 1. The second is where the main pipe has
properties of 316 and the small pipe and weld are given a yield stress which is 75% of that

of 316, naned Case 2.
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Figureb.14 - Global Shakedown Interaction Diagram for Original Pipe, Case 1 and Case 2

Several observations can be made from this set of results. First of all, the limit load for
internal pressure isot significantly affectedThis is to be expected as the failure occurs at
the crotch corner in the main pipe where the yield stress is unghdrfrom the original
case. The gradient of thglobal shakedowrbound at low levels of moment loading is
unchanged, meaning that there is no change to the interaction of the loads at these levels
of cyclic bending. To gain more of an insight into therat&on at higher levels of cyclic
bending moment, the same results were plotted with the cyclic bending moment

normalised against the limit moment for the small pipe,. Mhis is shown ifigure5.15.
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When the results are normalised in this way it is clear that the reduced yield stresses of
Case 1 and Case 2 cause the interaction to begin at lower levels of normalised cyclic
moment. This is confirmed by the contourofd in the transition region, which show the

same shift in mechanism as figure5.13 but at lower values of normalised cyclic bending

moment.
?/IM —@— Original Upper Bounc == Original Lower Bounc ---@-- Original Reversed Plastic
L —4¢— Case 1 Upper Bouni == Case 1 Lower Boun ---¢-- Case 1 Reversed Plastici
12+

Case 2 Upper Boun Case 2 Lower Bouni Case 2 Reversed Plastici

0.2

Fm emame®
0| T

Figure5.15 - Normalised Interaction Diagram of Original Pipe, Case 1 and Case 2

5.3.5 Pipe Intersection Summary

A pipe intersection with a dissimilar material join was selected for global shakedown
analysis using the LMM. This wasosén to represent a more industrially relevant
geometry, and so prove that the LMM was suitable for use in EDF. The results for cyclic
thermal loading and steady state internal pressure have been compared to giesite

FEA withgood agreementseen forthe global shakedown limit, plastic strain ranges and

predicted locations of failure.

The cyclic moment and steady state internal pressure loading results demonstrate the
hypothetical situations and sensitivity studies possible using the liMnvestigations
into the behaviour of components under different circumstances, which is achieved in this

case by altering the mechanical properties of the three materials. In an R5 assessment it is
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recommended that a sensitivity study is performed to ensudhe results are not
significantly altered by minor variations in the input parameters. The changes to the
properties conducted in sectio.3.4.2is an extreme exaple of this, but represents the

possibilities that exist when the LMM is utilised in this way.

5.4 Summary and Discussion

Some Validations of the LMM global shakedown procedure have been presented in this
chapter, and in general the LMM is able to proddaeourable results. The limit loads of
notched bars show an almost identical agreement with those of the strict shakedown
procedure and Abaqus limit analysis, which in turn correlate well with the theoretical
solutions. The Bree Cylinder case was revisitguere the effects of temperature
dependent material properties were also included. The LMM was able to predict the global
shakedown limits for the original Bree loading very well. Where the loading of Bradford is
concerned, when both loads are cyclic, ggmproximation of the global shakedown limit is
obtained. Slightly less favourable results are seen, which highlights the limitations of the

LMM where no steady state loading is applied.

The global shakedown behaviour of a pipe intersection with a dissim#ééerial join isalso
investigated.This shows the applicability of the LMM to geometries and loading wdrneh
more commonly seen in EDFae interaction diagramand plastic strain ranggsroduced
for cyclic thermal loadingy the LMMhave been verifid against step by step FBAd very

favourable results are observed.

The sum of these comparisons contributes towards fulfilling criteria 2 from sett@rso

that confidence can be built in the solutions provided by the LMM.
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6 The Creation of a LMM Structural Analysis Tool

6.1 Introduction

One of the primary objectives of this project isdeliver the LMM in a form where it can be
readily used by EDF engineers as an analysisTbid will allow EDF engineers to access the
LMM solution methods without having to make any of the changes to the subroutines

required to run a LMM analysés wa previously required

This chapter describethis analysis tool which includes the-s&ucturing of the user
subroutines and the creation of a graphical user interfadeis will allow EDF engineers to
perform LMM strict and global shakedown analyséomponents with several options
availablewithin the analysigsuch as temperature dependent material properties). This in
itself is intended for regular use in EDF aseHf contained analysis tool, but is also the
starting point for a continuation projeécwhich will add further functionality based on
recent developments of the LMM framework. Because of this, and for the sake of short
term support of the code, this chapter and accompanying appendices aim to provide a

comprehensive description of treructure of theLMM tool, subroutines and scripts.

6.2 Preliminary Considerations

6.2.1 Previous LMM Versions

The original incarnation of the LMM code was created in the University of Lei¢&2@r
and is still used for research purposes tod8gveral subrdines exist anda LMManalysis
consistsof two dages. In the first stagan elastic analysis for each applied load and
temperature distributionis performedusing theelastic analysifMATsubroutine. For each

of these analyses the elastic stress tenfareach integration poinis written to a text file,
and the integration point temperature is written to a separate text file. Theosad stage of
this analysis usea second UMAT subroutine and these text files to perform the strict or
global shakedown calculation. In tliscondstage some changese required to the UMAT
code in order to set up the analysisor example, the number of integration points per
elementand the total number of elements in the model needed to be changed so that the
arrays could be sized appropriately. The code defining the load algdeequiresipdating,
whichreads the stress and temperature text files to generate the applied streasesach

point in the load cycle.
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For an analysis using this set of subroutines both the elastic analyses and the shakedown
calculation are submitted using the Abaqus batch command i.e. the Abaqus input file for
the model is required. This input file isrerated using Abaqus CAE for a complete model.
The majority of the contenof the input file is common between the elastic and shakedown
calculations (such as geometry and boundary conditions). Howéwere are some
differences which must be performed maally (such as requesting the energy outputs

associated with a UMAT subroutine).

As previously mentioned, a 4gructuring of these subroutimewas performed by Tipping
[34] so that the LMM could be used with minimal code chandé® process of performing

an analysigs similar tothe original method inf120] in that the analysis retainthe two
stages of elastic and shakedown calculations, and textdikestill used to pass the stress

and temperatures between the stages. The major difference with this procedure is that the
load cycleis defined via a formatted text filavhich was read by the subroutine3his
significantly reduces the code changes required for an analysis. Howkgethanges to

the Abaqus input file still needed to be performed manually.

The creation of a formatted text file to configure the LMM analysis was a major step in the
usability of the LMM, and in fact draws a parallel with the way in which any convehtiona
Abaqus analysis operates. &am Abaqus analysishe user creates the model in CAE and
submits it for analysis. CAE thereates the formatted text filgthe input file) which is
passed to the Abaqus solver for solutidine text file for the LMM analysis equivalent to

the input file, the only difference being that it is created manudllye creation of a text file

is also adopted here as it is a simple and robust method for passing informationtifrem
LMM user interfacanto the subroutines. The mayj difference in this work is that the text

file is generated by the user interface rather than manually.

6.2.2 Customising Abaqus

Abaqus contains a large number of options for the user to custoaisedel or analysifor

their particular sit@tion. To obtain sergeneratedsolution options the usesubroutines

can be used, which is how the LMM has been implemented. In addition to this Abaqus CAE
containsthe option to use scripts to perform operations the model or results databases.
These scripts are writtemm the Pythonopen source scripting languad#?1], and Abaqus

has extended this language to allow operations to be performed within CAE ilwsise

scripts can be used to perform all operations which are available through the CAE interface
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(i.e. appying loads, meshing, plotting results etc) and can also query the model/odb for
values.A typical example where scripts serve a useful function is in a sensitivity analysis,
where a1 automatic process cavary a particular value in a model,-sebmit for solution

quety the resultsand decide whether a further iteration is required

The use of python scripting within Abaqus is a very powerful tool, because options also
exist to use this language taustomise the CAE user interface itself. This caachéeved by
creatingeither an entirely custom CAE interface or a glugp the standard CAEhe ability

to create a custom GUI is a powerful tool as the modules and toolsets which are not desired
can be removed and custom functions can be added. Absgipwser is an example of this,
where all the analysis toolsets and modules have been removed, leaving only the
visualisation module for viewing output databases. Rhgyform another useful avenue of
adding functionality to the Abaqus CAE interface. ftggcan be created for a variety of
purposes; commonly they are used to streamline tasks which are complex to perform or are
performed regularly. An example of this is the automatic generation of geomgesieh as

0 KS &/ NBpludis which iscan&ibed within every standard installation of Abaqus
CAEshown inFigure6.1. This simple plugn allows the user to enter the dimensions of the
plate and, upon clickin@K, the scripts use these values to automreilty create the desired

plate.

3¢ Abaqus/CAE 6.9-1 [VieWports

[Z] File Model Viewport View Part Shape Feature Tools Plug-ins Help K?

. 5 =1 |- . . -yt + : -
DEEmib e CKENE AR~ s @O H 0@ @
Results.| Module: | Part [*] Mode: Model1 [v] Part: [=]
gE] A m % QI ‘
=4 Models (1) % 1., : _
& Model-1 il
5 Parts “ . Note: This example illustrates how you can use the
[Pz Materials Abaqus GUI Toolkit to create GUI plug-ins.
& Sections o Parameters Diagram
& Profiles : Name: [
@ %8 Assembly : g :
ol Steps (1) y Width (w):

B= Field Output f
%}{ History Outpu 7
b Time Points i
B;; ALE Adaptive o
T, Interactions + Lo,
E Interaction Pr

3:{ Contact Cont| — = —_—
ﬂ' Contact Initia

'Q] Constraints
B -~ P

Height (h):

Radius (): |

Figure6.1 - The "Create Plate" Plu@ Dialog Box
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Forthe LMMapplication a plugn has been selected over a custom CAE interface. Aiplug

can be accessed through the conventional CAE interface during normal use, whereas a
custom CAE would need be opened separatehAn EDF engineer with an existing Abaqus
modelwill be able to access the LMM through CAE, and the plug igwidé them through

the process of entering the information needed to run a LMM analysis.

The creation of a plun to gather the required data and format the modgill require a

set of suboutines which are compatible with this model configuration and the text file used

to pass in the data for the analysis. Thestructuring of the subroutines to accommodate

this presents the opportunity to revrite them for multiple CPU solution, especjatiince

even basic desktop computers now have dual or quad core as standard. Some features of
the UMAT code written by Chdii20]and Tippind34] are not amendable to solutiomvith

multiple CPUs, such as:

1 Reading text files (for stress and temperatufem within a UMAT subroutine
during the solution Thisprocessbecomes significantly slower when multiple cores
are trying to access a single file. This slows the overall solufigieating the
purposeof multiple CPU solution.

1 Using model sized arrays within UMAT to store the information for the entire
model. Such arrays can be stored in common memory so that all CPUs have access
to them, but the access would be slowed because amlg CPU can access the
array at a timelnstead a method whichises the Abaqus results files to st@ed
accesshe datamust be used instead.

1 The use of SAVE statements, which means that the data in arrays is not saved
between increments. Once againgthesults files must be used to store and access

information required between increments.

With all of these considerations, a plighas beercreatedand the LMM subroutines have
been rewritten. The plugn posts dialog boxes to gather the required imf@tion and data
from the user. When the process is complete, the glugonfigures the model for the
LMM analysis using scripts. The ploglso writes the text file containing relevant data for
the subroutines. The subroutines themselves have beewrigen to allow multiple CPU

solution in the UMAT routine.
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The structure and function of the plig is dictated by many of the features of the
subroutines and their retructuring for multiple CPU solution. Therefore the subroutines

will be described firstfollowed by a description of the pltg created to use them.

6.3 Re-structuring of the Subroutines

Figure6.2 shows thegeneralstructure of a LMM solutiomwith the new set of subroutines.

Start the Analysis

UEXTERNALDB

Y

Read the LMM text file

UMAT

Perform elastic analysis
for first applied load K

Does K=number
of applied loads?,

Perform Null step
to return variables
to zero

!

Carry out an
LMM increment

A

URDFIL

Calculate convergence
and load multipliers
for next increment

as the convergence
criteria been met?

End the Analysis

Figure6.2 - Overall Structure o LMM Solution
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The starting point of this process assumes that the {otulgas created a formatted text file
containing information about the analyssich as the convgence tolerance, analysis type,

load cycleand temperature dependent material datd@he reading of this text file uses the
Abagqus UEXTERNALDB subroutine. This subroutine is called at the beginning of every
analysis by Abaqus before thelstion begins and also at the end of the analysis. It is
intended for communication wh external files and software and uses only a single CPU,
regardless of how many are requested for the actual solution stage. This makes this

subroutine ideal for readig the LMM tet file produced by the plug.

When UEXTERNALDB has completed reading the text file at the beginning of the analysis,
then the solution begins. This means that the UMAT subroutine is called for each
integration point which has been defineds & Usematerial from within Abaqus CAE.
Defining areas of the model as a Useaterial within Abaqus CAE tells the solver to look to

the UMAT subroutine for the material behaviour of those aréldss solution stage of the
analysis uses the number of GPtequested by the user, and so this UMAT subroutine must

be coded to accommodate this.

As part of the restructuring, all the elastic calculations for the applied loads and the LMM
calculation itself have been incorporated into a single Abaqus analysih &astic
calculation is carried out as a single analysis step within this Abaqus analysis, with the LMM
calculation being performed in the final analysis step. This consolidation into a single
Abaqus analysis means that the passing of stresses and teinpes in text files is no
longer required. Instead the results file itself can be used for storage and access of this
information. When defining a Usenaterial in Abaqus CAE, the user is able to specify the
number of SolutionDependentState Variables (BV)for that material. This is the number

of memory spaces available to the UMAT in the output database file, and so is commonly
used to provide contour plots afser defined variable fieldsalculated during the UMAT
solution. However, the direct accedsat UMAT has to the SDVs means that they can also
be used as a way of storing values and dat&de used during the analysis. This has been
used to pass elastic stresses and temperatures between the elastic analyses and the LMM
analysis, removing the neddr text files and therefore removing this restriction to multiple

CPU solution.

Returning toFigure6.2, the UMAT subroutine is divided into elastic and LMM sectiéms

elastic analysis is performed for each applied load and the stresses and temperatures are
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stored in the SDV slots. When all appliedds have been considered, amermediate
"null" step is included. This allows key variables in the subroutine tondb zero before
commencing the LMM solution. The LMM solution itself uses the stresses and
temperatures from the SDVs along with the load cycle and material property data read in

the UEXTERNALDB subroutine to perform the calculations.

Within the LMM sdution stage, thedata previously stored imodelsized arrayss now

stored using the SDVs. Abaqus itself manages the multiple CPUs accessing the results files
as it would during any raalysis which uses multiple CPUghese existing methods for
managing maltiple CPU solution means that the UMAT subroutine can use Abaqus itself to
manage the multiple CPUs accessing the data simultaneously. The alternative, placing these
modetsized arrays into common memory, would mean the CPUs would have to queue for

acces to the array and could produce unpredictable results.

The URDFIL subroutine is called by Abaqus at the end of every increment, and so is used
here to perform a number of tasks. Firstly, the URDFIL can be used to access the results file
and so is able tmbtain the volume integrals required to calculate the upper bound
multipliers of equationg3.23) and (4.38). Being called at the end of the increment means

that the URDFIL is used to provide a sumymaf the increment to the user to give an
indication of how the solution is progressing. Finaly, URDFIL routine can also be used to
terminate an analysis. Convergence calculations are performed in URDFIL and if the
convergenceriteria aresatisfied hen the analysis is endelf.convergence is not met, then

the solution continues for a further increment where the UMAT is called and the LMM

calculations are performed once again.

With these subroutines there are three LMM analyses possible: strict doake steady

state cycle only and steady state cycle + ratchet [{ivét the global shakedown limitThe
subroutines have been programmed be flexible andallow as many options as possible
within these three analyses. These options are summaris@aite6.1. A full description

of all the subrotines is provided irAppendix DThis set of subroutines requires that the
Abaqus model is configured in a certain way (e.g. one analysis step per applied load) and so
provides a set of requirements whichas dictated he design of the plugn and is

operation
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Table6.1 - Functions Available in Each LMM Analysis

Steady Stateg
Strict Steady Statg Cycle +
Analysis Option
Shakedown| Cycle Only Ratchet
Limit
All structural continuum element types (30
axisymmetric, plane strain and plasgess) v v Y
Temperature dependent Young's modul
and yield stress Y v Y
Perfect Plasticity Material Model v v v
RambergOsgood Material Model (whic
may also be temperature dependent) v Y
Any number of pointgossiblein the load
cycle Y v Y
Ability to select which loads to scale duri
solution Y Y
Two covergence options (see sectién) v v

6.4 Graphical User Interface via an Abaqus Plug -in

Upon selecting the LMM pldig from the "plugins” menu in Abaqus CAE, the user is then

guided through the process seenkigure6.3, which is implemented within the framework

of FigureE-1 in Appendix EThe Main dialog box is posteghich prompts the user to select

which model from within the current CAE session they would like to analyse and which type

of LMM analysis strict shakedown, steady state cycle or steady state cycle + ratchet limit.

Selecting a steady state cycle analysis means that only stage 1 of the global shakedown

procedure is performed to give the steady cyclic state of the component akgitngthe

associated strain ranges. The second stage, to find the global shakedown limit is not

performed.
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Start Plugin from Abaqus CAE

Post Main Dialog

User Selects Model
and Analysis Type

Post Error Dialog

Information Passes
Error Checking?

Post Material Dialog

A

for Material k

User Enters
Data for Material

Post Error Dialog

Information Passes
Error Checking?

No

Does k=number of
materials?

Post Load Cycle
Dialog

User Enters Load Cycle

Post Error Dialog

Information Passes
Error Checking?

Post Analysis
Paramaters Dialog

User Analysis Data

Post Error Dialog

Information Passes
Error Checking?

Configure Model and
Create LMM Analysis

Figure6.3 - High Level Overview of LMM Pliig from the Users Perspective

k=k+1
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With the information fom this dialog, background scripts perform a series of checks on the
selected model to ensure it is possible to perfarhMManalysis successfully. This includes
very basic checks, such as ensuring the component is meshed. It also includes checks more
specific to the LMM, such as ensuring that at least one mechanical load is applied when a
ratchet limit analysis is selected. Any error found is displayed to the user so that it may be

remedied. The Main dialog box and exampleeboxes are shown iRigure6.4.

(& Abaqus/CAE ‘

|

The Linear Matching Method

The Linear Matching Method (LMM) is an analysis technique which determines the
steady state response of structures subject te cyclic leading to find the strict
shakedown and ratchet limits,

This plug-in takes material and load cycle data and then automatically configures
the Abaqus CAE model for an analysis with the LMM user subroutines.

LMM modifications from a previous

To begin the LMM process, please select a model and analysis type below: ! analysis have been detected in this model.

Select Model Select Analysis Type
; g 2 Existing jobs may become obsolete by
Please select a model to analyse with @ Strict Shakedown continuing this process.

the Linear Matching Method: © Steady State Cycle )

Select Model: [ZI (©) Steady State Cycle + Ratchet Limit

[+ Abaqus/CAE ,,
|

At lease one mechanical load must be
applied to perform a ratchet limit

The LMM subroutines and plug-in have been created by Haofeng Chen and James Ure. Any enquiries
should be directed to haofeng.chen@strath.ac.uk. Use of this method is at your own risk. Both the

elopers and the Uni ity of Strathclyde take no ibility for any loss incurred directly or
indirectly through use of the LMM.

(© Copyright 2013 LMM. Al Rights Reserved (www.thelmm.c0.uk)

Continue... Cancel

assessment.

Figure6.4 - Main Dialog Box and Possible Error Messages

Upon passing these checlesseries osubsequent dialogare posted This begins with the
material data. A Material dialog box is posted for each material which is used in the current
model Within each of these dialogs the user is prompted to enter Yloeing's modulus,

yield stressPoissors ratio and the thermal expansion coefficient. The Young's modulus
and vyield stress may be temperature dependent, which is enabled by selecting this in the
check box. In many situations the model will have already been used in a previous analysis,
meaningmaterial property data has already been defined in CAE. If this is the case the
"Extract” functioncan be used, whichjueries the current material for the four properties
required for the LMM analysis and populates tb&log boxaccordingly The Material

dialog box is shown iRigure6.5, alongside some of the possible error messages.

When either a steady state cycle or steady state cycle + ratchet analysis is chosen the user

has the option of using a Rambe@sgood model in stage 1 of this calculation. In this case
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Material Properties Invalid values detected. Coefficients must
not be less than zero, and poisson's ratio

Input Properties for Material: Steel must have a value between 0.0 and 0.5

Young's Modulus Yield Stress

[T] Temperature Dependent [¥] Temperature Dependent

Youngs Meodulus: 2080000 | | Yield Stress Temp
1 300 20
285 50

3 41 {Od |

Thermal Expansion: (5&-005

Poissons Ratio: ;703 ¥ ' Abaqus/CAE

Note: Right click to add/remove rows to

Temperature dependent material data must be entered
the tables

in order of increasing temperature (and therfore
decreasing modulus/yield values).

Figure6.5 - Material Properties Dialog Box and Possible Error Messages

the Material dialog is shown ifrigure 6.6a. The Ramber@®sgood parameters may be
temperature dependent or indepatent in the same way as the modulus and vyield. A
function is also included to link the-® parameters to the vyielatress This function
calculates the 0.2% proof stress from th€ORparameters entered and populates the yield
stress fields accordingly. Aitidnal advice is available for the@® model by selecting the

"Tip" button, which displays the box shownHRigure6.6b.

' ° Linear Matching Method
Material Properties

Input Properties for Material: Steel

Young's Modulus Yield Stress
[”] Temperature Dependent [7] Temperature Dependent

Youngs Modulus: | 208000.0 ‘ Yield Stress: 3293.39966:

Ramberg-Osgood Material

Thermal Expansion: | 5e-005

Poissons Ratio: 03 Use R-O model
[7] Temperature Dependent

Calculate 0.2% proof stress: |Calculate The default material mode of the LMM is perfectly plastic.
If the "Use R-O model" is ticked, then a Ramberg-Osgood
model is used for the selected material.

A [1893
[ The coefficients A and Beta are those for the stress and
Beta: 0.3

strain ranges (see section Al.4.2 of RS). The values of A
and beta can also be temperature dependent.

The R-O model is used in the steady cycle stage of the
analysis. It is not used in a ratchet limit assessment. In

regions where the steady cycle analysis shows yielding (i.e.
stresses above the stress specified in the "Yield Stress”
box) this "hardened" stress is brought forward into the
ratchet limit calculation and used as the yield stress with
the perfect plasticity model,

Figure6.6 - a) Material Properties Dialog with Ramberg Osgood Optaimd b) "Tip" Box
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A Material dialog box is shown for each active material in the model (i.e. each material
which has been assigned into a section assignment in the parts). Whes toinplete, the

plugin moves on from materials to the load cycle.

The Loadcycldialog boxes shown iRigure6.7 are broadly the same faall analysis types,
but contain some small differences. If a strict shakedown analysis is seldéiguare6.7a
will be shown For asteady state cycléhe load scaling box ifrigure6.7b will be shown

instead andfor a steady state cycle + ratchite load scaling options dfigure6.7c apply.

Load Cycle
Load Points:
1

Bending Moment 0

Internal Pressure 0

Tension 0 0.5

Temp Field Temperature Diffe None

Temp Multipler im—
a) P P!

Load Scaling During Selution Note: Right click to add/remove -Tip.,.
columns to the table -

Select which loads may be scaled
to find the strict shakedown limit:

Bending Moment
Internal Pressure
Tension

Temperature Difference

Load Scaling During Solution Note: Right click to add/remove
o - columns to the table
b No load scaling is performed during
) a steady cycle calculation.
Load Scaling During Solution Note: Right click to add/remove

Select which mechanical loads may be added to relurmnsio i lebie

the steady cycle to find the ratchet limit:

C) Bending Moment [l
Internal Pressure [
Tension ]

Figure6.7 - Loadcycle Dialog and Load Scaling Options
In all cases theoadcycldgable at the top of the box is present. This tablews the user to
define the load cycle by adding any number of time points and scaling the loads to the
appropriate level for that time point in the cycle. At each time point a temperature field can

also be applied by selecting desired predefined fietanf the dropdown list. Selecting the
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"Tip" button displays a box with additional information on populating this table and a

simple worked examplas shown irFigure6.8.

Figure6.8 - "Tip" Box for Loadcycle

The subtle difference between the three analysis options comes when selecting the loads
which may be scaled. In a strict shakedown analysis, any of the applied &oads
temperaturemay be selected for scaling. These loads and temperature fields will be scaled
by the load multiplier,a; to find the strict shakedown limit. The loads which are not

checked as scalable are left at the magnitudes given in the load chide ta

A steady state cycle analysis has no option for scaling loads. This is because no load
multiplier exists in stage 1 of the global shakedown procedure. The load levels given in the
table are fixed at those values and the stage 1 procedure determinesstisady state

response due to this load cycle.

Stage 2 of the global shakedown procedure requires that an additional steady state load is
applied to find the global shakedown limit. Therefore the user may select which of these
loads are to be added as atldnal loads in stage 2. The "Tip" box also contains advice on

the load scaling for eacimnalysis type.

The Analysis Parameters dial@fpown inFigure6.9 is thefinal dialog boxand gathers the

data required to create the analysis (such as the job name and working directory) and the
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