
Modelling effects of ionising radiation

Fuaada Mohd Siam

Department of Mathematics and Statistics

University of Strathclyde

Glasgow, UK

February 2014

This thesis is submitted to the University of Strathclyde for the

degree of Doctor of Philosophy in the Faculty of Science.



This thesis is the result of the author’s original research. It has been composed by

the author and has not been previously submitted for examination which has led

to the award of a degree.

The copyright of this thesis belongs to the author under the terms of the United

Kingdom Copyright Acts as qualified by University of Strathclyde Regulation 3.50.

Due acknowledgement must always be made of the use of any material in, or

derived from, this thesis.

Signed: Date:



Acknowledgements

I must express my gratitude to the Ministry of Higher Education (MOHE), Malaysia

and Universiti Teknologi Malaysia (UTM) for the funding which allowed me to un-

dertake this research.

I would like to express my deep and sincere gratitude to my supervisor, Dr

Michael Grinfeld, for his patience, encouragement and personal guidance through-

out my PhD. I would have been lost without his support. I am also grateful to Dr

David Pritchard for his constructive comments and support throughout this work.

I would also like to thank my examiners, Dr Eliezer Shochat and Dr Steven

Webb, who provided encouraging and constructive feedback. It is no easy task,

reviewing a thesis, and I am grateful for their thoughtful and detailed comments.

My appreciation is also expressed to Dr Gabriel Barrenechea, as a viva convenor,

for his support and guidance. One person who always been ready to help me

was our postgraduate secretary Irene Spencer. She took care of all non-scientific

works including official procedure of PhD promotie. Thank you Irene for all your

support!

I warmly thank Professor Alastair Munro, a radiotherapist from Ninewells Hos-

pital and Medical School, Dundee, for his valuable advice and guidance in radio-

therapy studies. I also thank Dr Kirk D Dolan from Michigan State University for

providing me with several useful matlab codes especially for bootstrapping.

This thesis is dedicated to my beloved husband Nor Saidi Mohamed Nasir

and my children Danish, Atirah, Ahmad, and Akram for their endless support,

love and understanding during the preparation of this thesis. I owe my utmost

i



thanks to my family, in particular, my parents Hj Mohd Siam and Hjh Siti Eshah

and my parent-in-law Hj Mohamed Nasir and Hjh Hapsah for their unfailing love

and constant prayers over my years of study. Lastly, and most importantly, I

wish to thank to all my friends; Farhana, Yaza, Meetu, Wafa, Chanpen, Martin

and everyone in the department for helping me get through the difficult times.

In particular, I warmly thank Maymona Al-Husari and Norhaiza Ahmad for not

hesitating to proofread my thesis and provide me with useful comments.

ii



Abstract

In this thesis, we are concerned with the molecular biology processes of ionising

radiation (IR) damage and its repair. In particular, we develop a mechanistic

model of high dose irradiation damage to DNA in mammalian cells by considering

a population of cells structured by the number of double strand breaks and mis-

repairs. This framework allows us to construct a mechanistic explanation for the

Linear-Quadratic (LQ) formalism. Other contributions of this thesis are a model

of ataxia telangiectasia mutated (ATM) dynamics in DNA damage repair, and a

discussion of bistability, an important ingredient in the construction of a general

theory of non-targeted radiation effects.
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Chapter 1

Introduction

It is important to be able to account for the effects of radiation on living tissues. In

radiation oncology, ionising radiation (IR) is used as a therapeutic weapon against

cancer. During the treatment, one needs simultaneously to maximise damage to

the tumour by directly killing tumour cells, and to minimise the damage and

the exposure of normal tissue to radiation. Radiation not only can be directly

dangerous to sensitive tissue such as the spinal cord, but its non-targeted effects

can lead to secondary cancers.

In radiation treatment, one of the tools that are routinely used in prescribing

the radiation dose is the linear-quadratic (LQ) relation, which relates irradiated

cell survival rates to the radiation dose. However, the LQ formula raises three

questions:

1. Is the LQ formula true? It is not a priori clear how and why the LQ formula

arises.

2. What is the mechanistic basis for the LQ relation?

3. What biological parameters account for the LQ parameters? For example,

how do radiation sensitivity and radiation damage repair efficiency of a cell

enter these parameters?

1
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To find the answers of all those questions we will develop a mechanistic model of

high dose irradiation damage. We will see the analysis and the results in chapter 4.

While the LQ formalism correctly describes cell survival of high radiation doses,

at low radiation doses do other effects [57, p. 17], such as the bystander effects,

come into play, and a different theory is needed.

It is known that DNA damage formation induces the damage repair pathways

and signal transduction pathways that can lead to cell cycle arrest and to apop-

tosis (see chapter 2 for further details). One of the important kinases which are

involved in the DNA damage bystander response pathways as well as in the tar-

geted radiation effects is ATM (ataxia telangiectasia mutated), a DNA damage

sensor. Thus, our goal in chapter 5 is to create a biologically realistic model of the

role of ATM species in the response to the DNA damage following IR.

An important aspect of bystander response is bistable behaviour (see sec-

tion 2.7), a very important property in biology which has been implicated in

pathology [165]. Therefore, there is a need to develop an understanding of bistable

systems. There are several models of bistable systems that have neglected the im-

portance of protein turnover such as [4, 98]. However, [59] discovered that the

bistable system of [98] is sensitive to protein turnover. There is a region where

bistability in an autophosphorylating kinase system can disappear for very small

values of protein turnover. The question is, can the structural instability phe-

nomenon be found in other bistable systems if protein turnover is taken into

account in the system? To answer this question, we will analyse the structural

stability of the bistable system of [4] in chapter 6.

The outline of the thesis is as follows. In chapter 2, we discuss processes in-

volved in the molecular biology of IR damage. We also introduce the LQ formalism

used to analyse direct large dose radiation effects and also the non-targeted ra-

diation effects mechanisms. The goal is to define the terms that we are going to

use in the subsequent chapters. We will also propose a framework for bystander

response based on our own understanding. We suggest a bistability mechanism
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for the concentration of active ATM concentration as a function of the strength of

feedback loops between double strand breaks (DSBs) and ATM. The disbalance

between the positive and negative feedback loops will switch the bistable system

from a state of healthy low activated ATM concentration into a state of chroni-

cally high activated ATM concentration. In chapter 3, we will discuss some of the

methodologies used to model and analyse the effect of IR in cell populations.

The original contribution in the thesis is contained in chapters 4 to 6. In

chapter 4, we will develop a mechanistic model of high dose irradiation damage to

DNA in mammalian cells. We will consider a population of cells structured by the

number of DNA DSBs (double strand breaks) and the misrepairs (see chapter 4)

due to IR. We will separate the work into three parts. Firstly, we will focus on the

effect of a single dose of radiation, while in the second part, we will work on the

model parameter estimation using Nelder-Mead simplex and simulated annealing

algorithms which allow us to relate the clinically useful parameters of the LQ

relation to aspects of cellular activity that can be manipulated experimentally.

In the third part, we will deal with cell killing effects of fractionated doses of

radiation.

In chapter 5, we will construct a mathematical framework to model the dy-

namics of ATM upon the DNA damage induction. Initially, our intention was to

develop a mechanistic model of radiation-induced bystander response, but due to

the complexity of the processes involved in the bystander response system, here

we limit ourselves by assuming that ATM can be activated only by the DNA dam-

age (see chapter 5 for further details). We will model the full bystander response

system in future.

Finally, to explore whether the structural instability phenomena in bistable

system can occur in a cell cycle model proposed by [4], we will extend that work

by incorporating the protein turnover. This will be done in chapter 6.



Chapter 2

Ionising radiation effects

2.1 Introduction

In this chapter, we describe the molecular biology of ionising radiation damage.

We start with a brief explanation of the important components in a cell in sec-

tion 2.2. In sections 2.3 to 2.5, we survey the main factors concerning radiation

induced DNA (deoxyribonucleic acid) lesions, their repair, and the consequence of

their misrepair. Next, in sections 2.6 to 2.8 we describe approaches to modelling

direct and indirect radiation effects, and in particular, the LQ formalism used to

analyse direct large dose radiation effects. Note that in section 2.7 we survey the

radiation induced bystander effect mechanism and propose a new framework for

its operation.

2.2 Biological facts

In this section, we start with a description of several important components of the

mammalian cell.

4
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2.2.1 Cells

All living things are made up of tiny cells: a small compartment and the basic

unit of life. There are roughly a hundred million cells of 200 different types in our

body [107]. Cells form tissues that make up organs such as the heart, liver, and

bladder. Eukaryotic cells such as mammalian cells are composed of three main

regions: cell membrane, nucleus, and cytoplasm [49].

The cell membrane is a thin envelope that surrounds the cell contents and

its job is to control the passage of dissolved substances into and out of the cell.

The cytoplasm is the contents of the cells (except for the nucleus). It is a jelly-

like material which consists of about 80% water and is usually clear in color and

contains macromolecules such as carbohydrates, lipids, proteins, and nucleic acids.

The nucleus is the control centre of the cell. It contains the genetic material DNA.

The mitochondria , another organelle found in eukaryotic cells which have

a role in generating ATP (adenosine triphosphate), which carries high energy to

power most cellular processes [26].

Cells can communicate with their adjacent cells through intercellular channels

called gap junctions: the process is called gap junctions intercellular communica-

tion (GJIC) . Gap junctions facilitate the transfer of small molecules (up to 1 kDa

[122]) between the cytoplasm of adjacent cells.

2.2.2 Proteins

Proteins are very important molecules in human cells. A protein consists of a

sequence of amino acids that make up a chain [26]. There are many different pro-

teins with different functions, such as enzymes , also called catalysts, which can

speed up biochemical reactions. Enzyme-catalysed reactions can be described by

the Michaelis-Menten equation (section 2.2.3) [93]. Protein kinases are enzymes

that modify other proteins by chemically adding phosphate groups to them (phos-

phorylation). Protein phosphorylation is reversed by protein phosphatase , an
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enzyme that removes phosphate groups from phosphorylated amino acid residues

(dephosphorylation). Receptors are protein molecules embedded in either the

plasma membrane or cytoplasm of a cell to which a signal molecule may attach

[26].

There is a number of proteins which have an important role in mediating non-

targeted ionising radiation effects; this is explained in more detail in subsection 2.7.

Mitogen-activated protein kinases (MAPKs) are kinases that phosphorylate the

transcription factors and regulate different cellular activities such as mitosis, apop-

tosis, etc. in response to extracellular stimuli (environmental stresses such as oxi-

dant stress and ionising radiation) [36]. Cyclooxygenase-2 (COX-2) is an enzyme

involved in cytoplasmic radiation-induced mutagenesis. Its role is to synthesise

prostaglandin in response to the extracellular stimuli [73]. Superoxide dismutase

(SOD) is an important enzyme which acts as an antioxidant. It is involved in

cellular defence against reactive oxygen or nitrogen species (ROS/RNS) which can

lead to DNA damage in the cells [65, 69]. Inducible nitric oxide synthase (iNOS) ,

is an important enzyme in generating nitric oxide (NO), an RNS (which is a highly

reactive free radical) from amino acids. iNOS can produce large amounts of NO

in tumour cells [97].

Protein molecules are known to be continuously synthesised and degraded in all

living organisms (the process called turnover) . Proteins are constantly degraded

into their amino acid constituents, a process termed proteolysis . For protein

mass to remain constant, new proteins must be synthesised to replace the degraded

proteins [154]. The turnover of proteins plays an important role in cell cycle and

in signal transduction [108, 160] and can also destroy unnecessary proteins.

2.2.3 The Hill equation

This equation was introduced by the biochemist Archibald Hill in 1910. He used it

to study the properties of hemoglobin [106]. The Hill equation is commonly used

to describe the binding of a substrate (a molecule upon which an enzyme acts)
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to an enzyme to produce a functional effect. In enzyme-substrate interaction, the

Hill equation is generally given by,

V =
VmaxS

n

(KM)n + Sn
, (2.1)

where V is the reaction velocity, Vmax is the maximum reaction velocity, and S is

the substrate concentration. The constant KM is the Michaelis-Menten constant

(the substrate concentration at half-maximal velocity) and n is the Hill coefficient.

The Hill coefficient n describes the degree of cooperativity which can measure how

steeply sigmoidal the response is. By cooperative binding we mean that when

an enzyme has several sites to which a substrate can bind, the binding at one

substrate can change the binding affinities of other substrates [80, 103].

According to [103], if n = 1, then (2.1) is a hyperbolic curve response (no

cooperativity), and this is called the Michaelis-Menten equation. If n > 1, then

(2.1) is a sigmoid curve response (also called ultrasensitive response) and describes

positive cooperativity: when one molecule of substrate binds to an enzyme, the

binding affinities of other substrate molecules increase. In contrast, if n < 1, the

substrate’s binding affinity for the enzyme will decrease (negative cooperativity).

2.2.4 Genes

Figure 2.1: The central dogma of molecular biology. Source: http://ghr.nlm.nih.

gov/handbook/howgeneswork/makingprotein.
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“Gene” is very hard to define. Roughly, a gene is a sequence of bases in DNA

that codes for the synthesis of a specific protein. This protein then will play a

functional role in the body. Since DNA is located in the nucleus of eukaryotic

cells (see figure 2.1) while protein synthesis is carried out in the cytoplasm, RNA

(ribonucleic acid) is required to convey genetic information from DNA to a ribo-

some (the site of protein synthesis). RNA is a single-stranded chain rather than

double-stranded which makes it different from DNA. According to the central

dogma of molecular biology, RNA molecules are synthesised from DNA tem-

plates (a process called transcription) and proteins are synthesised from RNA

templates (a process called translation) [58, 125].

The gene expression process starts when the information in the DNA is tran-

scribed into hnRNA (heterogeneous nuclear RNA), also called pre-MRNA (pre

messenger RNA), by a process of transcription which takes place in the nucleus.

Here hnRNA is considered as the intermediate product of transcription which

then is transformed into mRNAs in the transcription process. mRNAs are RNA

molecules that act as templates for protein synthesis and are created in the nucleus.

The mRNA then is moved to the cytoplasm and attached to ribosomes. Note that

the transcription and RNA processing are followed by translation (which is carried

out on ribosomes) of mRNA to tRNAs (transfer RNAs), which serve as adaptors

between the mRNA template and amino acids that are incorporated into protein.

For further details, see [23, 26, 92].

2.2.5 DNA

Every cell in the human body (except for mature red blood cells, which have no

nucleus) has the same DNA, most of which is found in the nucleus, but some in

mitochondria. A DNA molecule is made up of nucleotides and its structure is a

double helix: that is, two long, thin strands twisted around each other like a

spiral staircase (figure 2.2). The sides of DNA are sugar and phosphate molecules

while the rungs are pairs of chemicals called “nitrogenous bases”, or “bases” for
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Figure 2.2: Organisation of DNA structure in a cell nucleus. Source: http://www.

accessexcellence.org/RC/VL/GG/structure.php.

short. Nucleotides contain three different components: a deoxyribose sugar, a

phosphate, and a base. There are four nucleic acid bases in DNA; adenine(A),

guanine(G), cytosine(C), and thymine(T). A forms a base pair with T while G

forms a base pair with C by hydrogen bonds that hold the two strands together.

The four bases can be categorised in two groups: purine and pyrimidine bases.

A and G are purine bases, which are larger than pyrimidine bases (C and T)

[26, 64, 95].

2.2.6 Chromosomes

A chromosome is an organised structure of DNA that contains many genes. Hu-

man cells have 46 chromosomes in their nucleus, 23 that come from the person’s

mother, and 23 from their father. In a cell nucleus, DNA is packed into a chromo-
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some to allow the very long DNA molecules to fit into the cell nucleus (figure 2.3).

Histone proteins are essential for the packaging of DNA as the proteins are to be

wrapped around by the DNA to form “beads” in a nucleosome (a subunit of chro-

matin consisting of 147 bp of DNA and histone proteins [26, p.168]). H2A is a type

of histone that is involved in nucleosome formation. Chromatin is the combina-

tion of histone, DNA and other proteins that condensed to make up chromosomes.

A chromosome has a centromere. The centromere is a small region which plays

an important role in ensuring that chromosomes are correctly distributed between

daughter cells during cell division. It also serves as the site where the two identical

chromatids (also called sister chromatids) are connected and it is typically located

in the centre of the chromosome. Sister chromatids are formed by a replication

of one chromosome during interphase of the cell cycle while a chromatid is one

of the two identical sister chromatids that are joined by a centromere (figure 2.3).

A chromosome also has telomeres , the important structures at each end of a

chromosome which protects the ends from being damaged. If cells divided without

telomeres, they would lose the end of their chromosome [13].

2.2.7 Cell cycle

The main process of cellular proliferation is the cell division cycle or simply the cell

cycle, which is a sequence of events that a cell goes through to produce progeny.

During the cell cycle, the cell grows, replicates the DNA and then divides to

produce two daughter cells. The cell cycle can be divided in two brief periods.

The first phase is termed the interphase; in this phase the cell grows in size and

synthesises a new copy of DNA including preparation for cell division [26, 111].

There are three stages of interphase:

1. The G1 (Gap 1) phase represents the time between the end of mitosis and

the beginning of the S phase.

2. The Synthesis (S) phase is the time during which the cell duplicates its
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Short region of DNA double helix

Beads created by formation of 
nucleosomes 

Pack of nucleosomes to form a 
chromatin

A mitotic chromosome
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histones in a nucleosome
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Telomere

Short armlong arm

Figure 2.3: Hierarchical folding of chromatin makes up the chromosome. Source:

http://themedicalbiochemistrypage.org/dna.html.

DNA. The cells in the S phase have a content of DNA intermediate between

those of cells in G1 and G2.

3. The G2 (Gap 2) phase represents the time between the end of the S phase

and the next mitosis during which the cell resumes its growth in preparation

for mitosis. The DNA content is double that of cells in G1 [26, p.656].

The second phase in the cell cycle is the M-phase. When G2 is completed the

cell enters a relatively brief period of nuclear and cytoplasmic division, mitosis and

cytokinesis, respectively. After the successful completion of mitosis and cytokinesis
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both resulting daughter cells re-enter G1 of interphase. There is a restriction

point (a point at which the cell determines whether it has sufficient nutrients to

support progression for rest of the cell cycle), in late G1. If appropriate growth

factors are not available in G1, the cell cycle stops at the restriction point. These

arrested cells then enter G0 phase (a phase where the cell is neither dividing nor

preparing to divide): cells in this phase are said to be quiescent and can remain

non-proliferating for long periods of time [26, 111]. Cells such as skin fibroblasts

are arrested in G0. They remain in this phase until they are stimulated to divide

in order to repair skin damage resulting from a wound [26, 41, 111]. A diagram of

the cell cycle is shown in figure 2.4.

The duration of a cell cycle depends on cell types. For example, early frog

embryo cells can divide every 30 minutes whereas human liver cells take 1 year to

divide [11].

M

S

G1G2

mitosis

interphase

Cell 
grows

Each of the 46 
chromosomes is 
duplicated
(DNA replication)

Cell grows
and 
prepare 
for 
mitosis

Cell division

Cycle begins 
with unduplicated
chromosomes

Cell with 
duplicated
chromosomes

Chromosomes 
separation

G0

Restriction
point

Figure 2.4: Illustration of the cell cycle for a cell with chromosomes in the nucleus.

(After http://drhdmcdowell.com/mitosis_and_cell_cycle.html).
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2.2.8 Cell cycle control

Cell cycle is regulated by the cell cycle control system: a corrected process

activity of regulatory proteins to ensure the correct progression through the cell

cycle. For example, the system ensures that the cell division does not start before

DNA replication is complete.

The main components in the cell cycle control system are cyclin-dependent

protein kinases (Cdks) and their regulatory subunits (cyclins). Cyclin-CDK

complexes control the transition from one cell cycle phase to next [53, 111]. In

eukaryotes, different types of cyclins and Cdks are activated and required at dif-

ferent cell cycle phases. Therefore cyclin-Cdk complexes can be categorised into

three classes that initiate different cell cycle events:

1. G1 cyclin-Cdk complexes : important for progression through G1 phase and

transition to S phase.

2. S cyclin-Cdk complexes : responsible for initiating and completing DNA

replication.

3. M cyclin-Cdk complexes : trigger the cell into mitosis.

(For further details, see [111, 117]).

The cell cycle control system consists of a set of cell cycle checkpoints [41,

53, 64, 111]. Growth arrest is a process in the cell cycle control which occurs

when a cell does not proceed through the cell cycle. If cell DNA is damaged, the

cycle of the cell is arrested at one of the checkpoints in the cell cycle: 1) G1/S

checkpoint, 2) S phase checkpoint, and 3) G2/M checkpoint.

The G1/S checkpoint prevents the cell from entering S phase if there is dam-

age to the DNA by inhibiting the initiation of replication. The phosphorylation of

cell cycle checkpoint kinase 2 (Chk2) or cell cycle checkpoint kinase 1 (Chk1) by

ATM initiates the G1/S arrest through p53 (see section 2.5.2 for details). Phos-

phorylated Chk2 in turn is inactivated by phosphorylation cell division cycle 25A
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phosphatase (Cdc25A).

The S phase checkpoint monitors cell cycle progression and reduces the rate

of DNA synthesis following DNA damage. A cell which re-entered the cell cycle

from G1/S checkpoint may also arrest later at the S phase checkpoint due to

incomplete DNA replication or DNA damage.

The G2/M checkpoint prevents the cell for entering mitosis (M phase) if

DNA is damaged. The G2 to M-phase transition in eukaryotes is regulated by

mitosis-promoting factor (MPF), a complex of Cdc2 (cell division control protein

2 homolog) also known as Cdk1 (cell division kinase 1) and Cyclin B. Figure 2.5

shows the schematic diagram of Cdc2 and Wee1 (a kinase that inhibits the tran-

sition from G2 to mitosis by phosphorylating Cdc2 and thus inactivating it) in

eukaryotes. In general, during the mitotic entry process (or the G2 to M phase

transition), the activity of Wee1 is decreased while Cdc2 activity is increased and

it is activated by Cdc25 through dephosphorylation. Cdc2 and Cyclin B combine

to produce a complex, the MPF (mitosis-promoting factor) which triggers the ini-

tiation of mitosis. In contrast, the inhibition process of Cdc2-cyclinB is triggered

by the phosphorylation of Cdc2 by Wee1. This means that Wee1 phosphorylates

Cdc2, which keeps the kinase activity of Cdc2 low and prevents entry into mitosis.

This results in a mitotic delay. It is important to note that the relationship be-

tween Wee1 and Cdc2 described in this subsection will particularly be employed

in chapter 6.
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Figure 2.5: Regulation of Wee1 and Cdc2. Source: http://www.thefullwiki.org/

Wee1.

2.3 Ionising radiation

We are always surrounded by radiation. In general, radiation is a process in which

energetic particles or waves travel through a medium or space. There are two types

of radiation: non-ionising radiation and ionising radiation.

Ionising radiation (IR) is the process in which an individual particle such

as a photon or electron has sufficient energy to ionise an atom or molecule, ie.

to eject one or more electrons from an atom or molecule along its path (track)

of ionising particles. The most commonly known types of ionising radiation are

alpha-particle radiation, beta-particle radiation, neutrons, gamma-rays and x-rays

[64].

In contrast, non-ionising radiation does not contain high-energy particles,

thus there is no ionisation process involved. Microwaves, visible light, radio waves,

TV waves and ultraviolet (UV) light are classed as non-ionising radiation. These

non-ionising forms of radiation are much less harmful to humans or other living

things than ionising radiation [64]. This kind of radiation can damage tissue if we

are exposed to too much. For example, overexposure to the sun’s UV rays can

cause skin cancer. A laser, a device that can emit UV rays, is useful in medicine:

for example it is used for cataract treatment [76, p.367].
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The intensity of IR is measured by the amount of energy deposited per unit

mass [101]. The standard unit of absorbed dose is the Gray (Gy): 1 Gy = 1
J

kg
(joule per kilogram). The measurement of the energy transferred to the material

as an ionising particle travels through it is called linear energy transfer (LET).

Formally, it is defined as the amount of energy transferred per unit length of the

radiation track and is expressed in units of
keV

µm
(kiloelectron volt per micrometer).

Gamma-rays, x-rays and electrons are considered as low-LET radiation, while

neutrons, alpha particles and protons are high-LET radiation. High-LET radiation

has higher biological effects than low-LET radiation [64, p.34].

p

X−ray
eO

H

H

p

alpha particles
e

Indirect action

Direct action

OH

Figure 2.6: Illustrating the direct and indirect actions of radiation. The letters S,

P , A, T , G and C represent sugar, phosphate, adenine, thymidine, guanine and

cytosine, respectively. The backbone of DNA molecules are made of the alternat-

ing units of sugar and phosphate. Direct action: an electron produced by alpha

particles interacts directly with the DNA to produce damage in DNA. Indirect ac-

tion: an electron produced by x-ray or gamma-ray interacts with another molecule

such as water molecule (H2O) to generate radicals such as hydroxyl radical (OH·)
[64].
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Direct and indirect action of radiation

In general, IR consists of charged particles, particles with an electric charge

(protons and electrons), or uncharged particles, particles with zero net elec-

tric charge (atoms and neutrons). All charged-particles radiation such as alpha-

particles and beta-particles have sufficient energy to disrupt directly the atomic

structure and produce chemical and biological charges. This is also called the di-

rect action of radiation (see Figure 2.6). It is the dominant effect of radiation

with high-LET (also referred to as densely ionising radiation).

Alternatively, electromagnetic (uncharged particle) radiation or low-LET (also

referred to as sparsely ionising) radiation has an indirect ionising effect as the

particles do not produce chemical and biological damage themselves. Uncharged

particle radiation will first generate charged particles which then produce the ion-

ising effect [64]. The indirect action of radiation occurs through the formation

of free radicals (an atom or molecule with an unpaired number of electrons)

which are highly reactive. As we know, 80% of human cells is composed of water.

After radiation interacts with a water molecule, the water may be ionised due to

the result of the ejection of an electron from the water molecule (H2O). If the

ionised water molecule interacts with another water molecule, it reacts to produce

the highly reactive hydroxyl radical, one of the ROS. ROS are strong oxidants

that can damage cells’ metabolism. Examples include hydrogen peroxide (H2O2),

superoxide (O−
2 ), and hydroxyl radical (OH·). The interaction of DNA and ROS

creates oxidative damage in DNA which causes structural alterations in DNA such

as base pair mutations, rearrangements, and deletions [64]. There is considerable

evidence suggesting that DNA is the primary target for cell damage from IR.

2.4 Targeted radiation damage

Radiation damage can be classified into two groups; targeted and non-targeted

radiation damage. Radiation damage can occur in the cell IR is directed against.
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This is what we call targeted radiation damage. Non-targeted radiation damage

occur in cells which are not exposed to IR.

2.4.1 Types of DNA damage/lesions

G
 :
C

C
 :
G

T
 :
A A

 :
T

G
 :
C

T
 :
A

C
 :
G

A
 :
T

A
 :
T

T
 :
A

A

D

B

C

Figure 2.7: Illustrations of DNA SSB and DNA DSB following irradiation. Breaks

can be seen in the red circles. A: Normal DNA double helix in two-dimensional

representation, B: DNA SSB (a break in one strand), C: DNA SSBs (breaks on

each strand, but not opposite one another), D: DNA DSB (breaks in both strands;

breaks are opposite one another) [64].

Hall [64] reported that there are various types of damage produced in DNA

following IR. Typically, the major problem caused by IR in the DNA double helix

is DNA breaks: single strand breaks (SSBs) and double strand breaks (DSBs).

These consequently will lead to chromosome damage which then can cause cell

death.

A SSB will be created if the cell is exposed to a moderate dose of radiation.

This means that only one of the two strands of a double helix has a defect (fig-

ure 2.7B). These SSBs are not really harmful to the cells as they are repaired using

the opposite strand. A SSB is not involved in cell killing [64], but it can cause a
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mutation (a misrepaired SSB).

A DSB on the other hand, will be produced if the breaks in the two strands

are opposite one another (figure 2.7D). DSBs are considered the most biologically

damaging lesions produced by IR [81, p.47]. [64, p.21] reported that the interaction

of two DSBs can result in cell death, chromosome aberrations, carcinogenesis, and

mutation.

2.4.2 Chromosome effects

a single chromosome
having two breaks in 
both arms

overlapping 
    rings

 acentric 
fragment

 two different 
chromosomes

    one break in 
each chromosome

incorrect 
  unions

dicentric (two centromeres) and
acentric (no centromere) produced

breaking each chromatid
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Figure 2.8: The formation of lethal chromosome aberrations: (A) dicentric, (B)

ring, and (C) anaphase bridge. [64, p.23]

IR exposure can usually create DSBs in the arms of chromosomes. If several

breaks are produced, incorrect rejoining of the ends can take place leading to

a chromosome aberration. In general, chromosome aberrations can be cate-

gorised as lethal or non lethal.
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A B

Figure 2.9: The formation of nonlethal chromosome aberrations: (A) symmetric

translocation and (B) small deletion. [64, p.27]

There are three types of chromosome aberrations which are lethal to the cell.

These aberrations include the dicentric and the ring chromosome which are pro-

duced by irradiation early in the cell cycle and before the chromosomes have repli-

cated. The other lethal aberration is the anaphase bridge which is formed in the

G2 phase (after chromosomes are duplicated).

Dicentric aberration results from an exchange of material between two sepa-

rate damaged chromosomes. The formation of a dicentric chromosome is depicted

in diagrammatic form in figure 2.8. The ring is produced by DSBs due to radi-

ation in each arm of the same chromosome. An anaphase bridge results from

breaks that occur in each chromatid of the same chromosome. This consequently

leads to the sticky ends rejoining inappropriately.

There are also types of chromosome aberrations which are non-lethal. These

include symmetric translocations and small deletions. As shown in figure 2.9(A),

symmetric translocation is produced by two damaged chromosomes with the

broken end being exchanged between the two chromosomes, while small deletion

in figure 2.9(B) describes the loss of a small piece of a chromosome that contains

genetic information [64, p.27].



Chapter Two 21

2.4.3 Reason for cell lethality following large doses of ra-

diation

Cell death can be measured in various ways. One measure of cell death is called

non-clonogenic cell (or reproductive cell death); the loss of the ability to

divide and make colonies [64]. This definition is particularly relevant in the context

of radiobiology and cancer therapy since any tumour cell which has an ability to

produce progeny results in the failure of tumour control.

In the recent literature, the major mechanisms of mammalian cell death are

thought to be apoptosis and necrosis [75]. There is evidence that senescence of

cells also can be observed after antitumour therapy [128].

Apoptosis (also known as programmed cell death) represents death by sui-

cide. It is an important process to remove unwanted or damaged cells in order to

maintain a tissue homeostasis. Alteration in the apoptosis control is responsible for

many human diseases, including cancer. Since apoptosis does not require cell divi-

sion, it is sometimes called an interphase death by the process of apoptosis [64].

There are two known apoptotic pathways: intrinsic and extrinsic. The extrin-

sic pathway is triggered from outside the cell, whereas the intrinsic pathway,

which is relevant for radiation, is triggered from inside the cell. (The reader is re-

ferred to [52] for further details). Apoptosis is cell-type dependent. E.g. apoptosis

is observed rapidly in tumour cells of lymphoid descent before cell division takes

place, while in contrast, tumour cells of epithelial origin show delayed apoptosis

during or after mitosis [42]. This delayed apoptosis which occurs after mitosis can

be regarded as mitotic death , which will be discussed briefly in the following para-

graphs. During apoptosis, cells shrink and the mitochondria and nucleus contents

are destroyed. The cell then disintegrates into small membrane-bound particles

[64].

The other mammalian cell death mechanism is necrosis. Necrosis is unpro-

grammed cell death due to unexpected cell damage. In contrast to apoptosis,
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necrosis represents death by injury. During necrosis, the cell swells and disruption

of plasma membrane will cause a tissue injury. (The interested reader is referred

to [75] for further details).

Senescence is a natural process of aging by which normal and tumour cells loss

the ability to divide after irradiation exposure. When cells undergo senescence, the

telomeres shorten with every cell division because DNA in those cells cannot be

replicated. As a result, the cell division is blocked. (See [128] for further details).

There is evidence that mitotic cell death can also be induced by ionising

radiation [72, 128]. Mitotic death (also termed mitotic catastrophe) is death

occurring during or after mitosis due to the failure of cells to divide because of

damaged chromosomes [64]. If the IR damage repair is incomplete or imperfect,

this repair process leads to lethal chromosome aberration and a cell is allowed to

proceed with the cell cycle and go through mitosis. Improper cell division will

lead to nonviable cell formation with multiple micronuclei [128]. Some cells that

pass through mitosis with large chromosome aberration may then die by apoptosis,

necrosis or senescence [128]. Hence the boundary between mitotic catastrophe and

other forms of cell death is not well defined.

2.5 Molecular biology of DNA damage repair

DSB formation induces two separate but interrelated responses; the DSB repair

processes pathway and signal transduction processes that can lead to cell cycle

arrest and to apoptosis.

2.5.1 Damage sensing

There is a group of proteins that recognise radiation-induced DNA DSBs. There

is evidence that γ-H2AX foci which can be visualised by using fluorescence mi-

croscopy technique, is a biomarker for DNA DSBs [132]. γ-H2AX is a phos-

phorylated form of histone H2AX which belongs to the H2A histone family (see
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Figure 2.10: The DNA damage response pathways can be divided into three main

components: damage sensors, signal transducer, and effectors (see text).

section 2.2.6). After DSBs formation, histone H2AX is phosphorylated by PIKK

(phosphoinositide-3-kinase-related protein kinase) family proteins which include

ATM (ataxia telangiectasia mutated), ATR (ataxia telangiectasia and Rad3-

related protein) and DNA-PK (DNA-dependent protein kinase) at the sites of

DSBs [50], which are important in cellular response to DNA damage. There is

evidence that ATM plays a role as a key regulator of the checkpoint pathways in

the DNA damage response (DDR) [35]: which mutation in the ATM gene results

in ataxia-telangiectasia and increased risk of cancers such as breast cancer. For

the sake of simplicity, in this present thesis, we only deal with the DNA damage

signal transducer ATM.

ATM involvement in the DDR can be described as follows: When there is no

DNA damage, ATM is sequestered as an inactive dimer as inactive ATMs tend to

form dimeric units [168]. Upon DSBs induction, MRN complex is the first factor

which binds to the DNA DSBs site to form MRN-DSB complex [10]. An MRN

complex is a protein complex which contains three proteins which are important

in DSBs repair: MRE11 (a protein that is important in DSBs repair), RAD50 (a
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protein which can directly bind to DNA), and NBS1 (a protein that is required

for binding of ATM to the DSB site). The process of activation of ATM starts by

the interaction of an inactive ATM dimer with the MRN complex. [10] reported

that the activation of ATM involves three important steps at or around the DNA

DSBs in chromatin. MRN complex enhances the binding of ATM to the site of

DNA damage. The activation of ATM requires the acetylation of ATM by Tip60

acetyltransferase at the damage site. In addition to the acetylation of ATM, the ac-

tivation of ATM involves autophosphorylation of ATM on S1981, S367, and S1893

by promoting inactive ATM dimer dissociation into active ATM monomers. Once

activated, the active ATM monomer can phosphorylate downstream targets that

initiate cell cycle checkpoint, DNA repair, apoptosis [35], and also phosphorylates

ATM substrate such as histone H2AX [10].

In DNA damage response pathways which includes the ATM activation, the

mechanism of active ATM dephosphorylation by phosphatase also plays an impor-

tant role in the response pathways. The dephosphorylation of active ATM which

leads to its inactivation can be induced by phosphatases WIP1 (wild-type p53-

induced phosphatase 1), PP5, and PP2A [10]. However, it is worth mentioning

that in this thesis, we do not specify which phosphatase is doing the dephospho-

rylation process. The active ATM protein is not only dephosphorylated, it is also

presumably proteolitically degraded [158].

DNA DSBs are not the only initiator of the ATM activation. Recently, in [170],

the authors demonstrate that ATM also can be directly activated by hydrogen

peroxide (H2O2), which is one of ROS (section 2.3) indicating that ATM also plays

a role as a sensor of oxidative stress (see section 2.7). It is worthwhile mentioning

that the activation of ATM without the DNA DSBs signal is not part of the ATM

model that we develop in chapter 5.
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2.5.2 Down-stream effects

In response to DSBs, several downstream target substrates are phosphorylated by

ATM. Three of the ATM downstream targets are p53, MDM2 (Murine Double

Minute 2), and NF-κB (nuclear factor κB). P53 is a tumour suppressor protein.

Activated p53 can induce cell cycle arrest (to allow DNA damage repair) and

apoptosis (see figure 2.10) [50]. MDM2 is a protein that functions to bind p53

and block the subsequent steps (such as transcription activation function of p53)

in the activation of p53. In unstressed normal cells, the p53 protein is bound to

MDM2. However, in cells with DSB, p53 and MDM2 are phosphorylated, and this

disrupts the p53-MDM2 interaction. This disruption enhances the activity of p53

as a transcription factor which can regulate cell cycle arrest by the activation

of p21 (a protein that is involved in growth arrest), then followed by the repair

of DNA damage, or apoptosis by the activation of Bax and PUMA genes (pro-

apoptotic genes) [26]. In response to DNA damage, NF-κB is rapidly activated

leading to an activation of target genes such as the genes for iNOS and COX-2

[110, 145].

2.5.3 Damage repair

In mammalian cells, there are two major types of DSB repair pathways: non-

homologous end joining (NHEJ) repair which represents end-to-end joining, and

homologous recombination repair (HRR), also known as template-assisted repair

[64].

2.5.3.1 Homologous recombination repair (HRR)

HRR requires a template which is identical or nearly identical to undamaged DNA

strands for repair to occur. It is a common pathway in eukaryotes and is error-free.

DNA-PK and the RAD50 complexes play important roles in this repair pathway.

For the details of the process, see [26, p.20].
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2.5.3.2 Nonhomologous end joining (NHEJ)

NHEJ is a repair mechanism in which the break ends are directly ligated without

the need for a homologous template, in contrast to HRR. This is the dominant

repair mechanism in many mammalian cells. DNA-PK is crucial to initiate the

NHEJ repair mechanism [50]. Through this mechanism, ends of DNA DSBs are

brought together, processed and then directly joined together. NHEJ is an error-

prone process. The RAD50 complex is needed in this repair pathway. For the

details of the process, see [26, p.22].

It is worth to note that HRR and NHEJ processes cannot be performed simul-

taneously. Which repair option is chosen in a particular cell depends on the phase

in the cell cycle. HRR is found mainly in the late S/G2 phase of the cell cycle

where an undamaged sister chromatid is available to serve as a template, while in

contrast, NHEJ takes place in the G1 phase where no template exists [64, p.62].

2.6 Modelling targeted radiation effects (TREs)

As explained in the previous sections, it is of vital important to understand IR

damage to mammalian cells.

2.6.1 Linear quadratic (LQ) formalism

A frequently used experimental design for quantifying the effects of radiation is to

irradiate a colony of cells in a Petri dish and then to plate them out after some

time T to determine what proportion of the cells are able to proliferate (in other

words, we use reproductive death as a proxy for cell death). If we denote the

number of proliferating cells after irradiation by Ns, with the initial population

being N0, set S =
Ns

N0
to be the surviving fraction of cells.
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Cell survival curves

A cell survival curve is a dose-response curve which represents graphically the

relationship between the fraction of surviving cells in logarithmic scale (lnS) and

the dose D (in Grays) of radiation in linear scale. We typically obtain a cell

survival diagram such as the stars in figure 2.11.
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Figure 2.11: Reconstruction of a survival curve for data taken from Yang et al.

[164] (mouse embryonic cells (C3H10T1/2), T = 24 h, x-rays irradiation. The

experimental data (?)) is fitted to an LQ equation (solid curve) lnS = −0.0597D−
0.0158D2 with α = 0.0597 Gy−1 and β = 0.0158 Gy−2.

The dependence of ln
Ns

N0
on D seems roughly quadratic for low LET radiation

(e.g. x-rays). Most irradiated mammalian cell survival data (including the stars

in figure 2.11) can be well approximated by a curve of the form

lnS = −αD − βD2. (2.2)

Thus, for small D the dependence of lnS on the dose D is approximately linear,

while for the larger doses it is continuously bending downward quadratically. Re-
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lation (2.2) is therefore called the Linear-Quadratic (LQ) relation and it is only

applicable for mammalian cell populations with surviving fractions larger than

10−3 [137].

LQ was first obtained by Kellerer and Rossi in 1972 from the theory of dual ra-

diation action (TDRA) [7] . In this theory, the damage coefficient (LQ parameter)

α (Gy−1), the initial slope of the cell survival curve, describes the lethal lesions

produced by one-track action; whereas the damage coefficient (LQ parameter) β

(Gy−2) describes lethal lesions made by two-track action (quadratic component of

cell killing) [137].

An insightful way to characterise survival curves is by the alpha/beta (
α

β
)

ratio. This is the dose at which the linear contribution to damage in (2.2) equals

the quadratic contribution, i.e. when αD = βD2.

For very high values of the ratio (typical of high-LET radiation), the curve

is more linear than for lower values of the ratio (typical of low-LET radiation)

which exhibits a more nonlinear curve (see figure 2.12) [64]. It is known that the

alpha/beta ratio also depends on the type of cell and typically most tumour cells

have a higher alpha/beta ratio than normal cells.
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Figure 2.12: Typical shape of radiation cell survival curves for most mammalian

cells for low doses of high-LET and low-LET radiation. The
α

β
in the figure is for

the low-LET radiation.

Parameters α and β have been fitted to experimental data for a wide variety
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of tissues and types of ionising radiation and the LQ relation forms the basis of

dosimetry planning of radiotherapy regimes. For a detailed account of how it is

used in practice, see [64, p.391].

It is not a priori clear how and why (2.2) arises, and what the parameters α

and β correspond to on the cellular level. Thus formulating a mechanistic model

leading to the LQ relation is one of our aims in the present thesis, and this work

is presented in chapter 4.

2.6.2 Models leading to the LQ relation

Over the past 50 years, several models of varying degrees of complexity have

been developed to analyse ionising radiation damage to DNA and to mammalian

cells. All are based on the concept of the random nature of energy deposition by

radiation. The main assumptions adopted in these models can be summarised

as follows: 1) the DNA in the cell is the most important cell component for

preserving the cell reproductive capacity; 2) ionising radiation inflicts damage

mainly by breaking molecular bonds in the DNA, causing DSBs; 3) such lesions

can be repaired or be misrepaired.

The models that have been developed can be classified into two different

groups: averaged (non individual-based) cell population models and non-averaged

(individual-based) cell population models.

2.6.2.1 Averaged (non individual-based) cell population model

In averaged cell population models, the entire irradiated cell population is rep-

resented by only one kind of cell (an “average” cell). These models neglect the

difference between cells within the population after being exposed to irradiation,

and thus the cell population is considered homogeneous and treated as if all the

cells have the same level of DNA damage and respond in the same way.

Lea’s [7] target theory of cell killing is one of the earliest radiobiological models,
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and was proposed in 1946. Target theory considered the biological effects of one

or more energy transfers (known as hits) by irradiation to one or more targets. A

“target” in this theory is thought of as a specific location on the cell DNA (which

is critical in maintaining the cell reproductive capacity): if this target is hit, this

will inactivate the cell and thus the cell dies. Various models have been proposed.

One of the models of target theory which provides a more general version of the

target theory model is the single-hit, multitarget model. “Single-hit, multitarget”

means that following irradiation, there is a specific target on the cell’s DNA. To

inactivate the cell, this target requires two events (hits). “Hits” can be regarded

as ionising radiation events that cause the cell inactivation (inability to replicate).

For more details, see [7].

By 1960s, experimental data accumulated which could not be fitted well to

target theory [167]. To overcome the inadequacy of target theory, it had been

replaced by several models whose survival curves can be well approximated by the

LQ formula (equation (2.2)).

A number of mechanistic models that directly “lead” to the LQ formula have

been proposed. The term “mechanistic” means these are models based on physical

and chemical laws, which include parameters with physical, chemical and biolog-

ical meaning. The first model developed after the target model used the TDRA

approach as mentioned in section 2.6.1. The theory assumes that the number of

IR-induced sublesions (DSBs) in eukaryotes is proportional to the dose of radiation

[87]. Two DSBs in a sensitive site (DNA) will then interact and produce a lesion

(which can be thought of as a lethal chromosome aberration). TDRA is based on

concepts of microdosimetry for the energy deposition by IR. Microdosimetry is

an important tool in radiobiology that can be used to measure the microscopic

distribution of the energy in order to determine the biological effectiveness for

different types of IR. According to TDRA, this model indicates that the average

number of lethal lesions within a DNA after a dose D is proportional to the square

of the specific energy concentration z, which is a random variable. Using proba-



Chapter Two 31

bility theory, the expectation value of number of lethal lesions produced can be

estimated by its mean value. This means over a population of cells, the average

number of lethal lesions per cell E(D) after a dose D can be expressed as

E(D) = k〈z2〉. (2.3)

where k depends on the system while 〈z2〉 is the average value of the square of the
specific energy deposited in a single hit. For details, see [86]. According to [87],

〈z2〉 is given by

〈z2〉 = D(ζ +D), (2.4)

where ζ is the dose-mean specific energy from single events. (2.4) says that the

average number of lethal lesions produced is proportional to the number of sub-

lesions (DSBs) times the mean energy concentration around the individual DSBs.

Kellerer and Rossi [87] assume that the number of DSBs is proportional to the

dose D, while the mean energy concentration around the individual DSBs is pro-

portional to (ζ + D). Of the two components in the bracket, ζ represents the

energy concentration produced by the same particle track, and D represents the

energy concentration from other particle tracks.

According to (2.3) and (2.4), E(D) can be expressed as E(D) = k(ζD +D2).

With the assumption that a surviving cell has no DSBs, and assuming that the

number of DSBs follows a Poisson distribution with intensity k(ζD + D2), the

probability of cell survival is (see [87] for details)

S = exp[−k(ζD +D2)]. (2.5)

In 1973, Chadwick and Leenhout [19] developed a molecular theory of cell

survival to replace the TDRA model since the theory proposed by Kellerer and

Rossi assumed only the presence of lesions and sublesions without considering the

damage repair in detail. Chadwick and Leenhout assume that SSBs are produced
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linearly with the dose whereas DSB formation is proportional to the square of the

dose of radiation, i.e. that DSBs are produced if there are two SSBs located close

together. The molecular theory is derived from the assumption that the primary

action of irradiation on cells can cause molecular bond breaks in the DNA strands.

The theory also assumes that damage repair processes may occur after the breaks

are produced. The authors postulate that the solution of the molecular theory can

be well approximated by the LQ relation. For details, see [19].

In 1985, Tobias [151] formulated a kinetic model, the Repair-Misrepair (RMR)

model, which takes into account DSB formation, repair and misrepair through

linear and quadratic processes. It assumes that DSBs can interact pairwise to

form a lethal lesion (quadratic misrepair) or that DSBs can be misrepaired on

their own (linear misrepair). The model employs equations of ordinary chemical

kinetics in order to estimate the evolution of average number of DSBs per cell per

Gy produced by low LET radiation. The solution of the RMR model is shown to

be well approximated by the LQ formalism.

In 1986, Curtis [29] formulated the lethal-potentially lethal (LPL) model which

combines the approaches in TDRA and RMR formulations and was presented as a

unified repair theory. This model considers two different kinds of lesions: irrepara-

ble (lethal) lesions formed linearly with dose (direct formation of lethal damage),

and repairable (potentially lethal) lesions that depend on a binary misrepair pro-

cess (the production of lethal aberration by the interaction between two DSBs),

which give rise to the quadratic component in the LQ formula. As in the RMR

model, LPL model assumes that potentially lethal lesions are DSBs. In this model,

the DSB formation, repair and misrepair processes are modeled by first order non-

linear differential equations. As shown by Curtis, at low doses, the solution of LPL

model can be approximated by the LQ relation. TDRA, RMR and LPL models

are also called binary lesion interaction models. Those models have in common the

assumptions that two lesions may interact to form an aberration and that these

lesions may be produced by either a single track or two tracks of radiation.
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Another mathematical model which purports to explain the appearance of the

LQ shape of survival curves was proposed by Sachs et al. [139] in 2001. This

model consists of two ODEs, one for the average number U(t) of DSBs per cell

and one for N(t), the population density. There are two curious properties of this

model. First, they assume that radiation is deposited continuously, which makes

this model inapplicable in the usual experimental setup. In the standard exper-

imental procedure, the number of cells surviving ionising radiation is determined

after the radiation processes have stopped. Secondly, this model decouples the

evolution of U(t), which has to take into account cell death as well as repair, from

the evolution of N(t). In ODEs (8) and (9) in [139], U(t) would evolve even if

there were no cells present.

In 2001, Stewart [148] developed a Two Lesions Kinetics (TLK) model which

extends and refines the LPL and RMR models. It provides a description of the

DSB rejoining process to obtain a better link between the biochemical processing

of DSBs and cell killing. An important aspect of the TLK model is that DSB

configurations can be divided into simple and complex DSB types. A simple DSB

corresponds to a section of the DNA with length of 10-20 bp that contains a break

in each strand. Complex DSBs are simple DSBs that contain additional damage

such as damaged bases within the same section of DNA in a cell. Those two groups

of DSBs are allowed to interact in pairwise action to produce lethal and nonlethal

damage.

There are also various repair saturation models [14, 30, 137, 146] which consider

saturable enzymatic repair systems to describe the cell killing effect of ionising

radiation, with the assumption that the cell survival is computed after radiation,

repair and misrepair processes have been completed. These models are in contrast

to binary lesion interaction models which assume that there is direct interaction

between DSBs pairs, i.e. a binary misrepair process. By saturable repair one means

the decrease of repair rate per lesion as the dose increases, indicating that the

number of lesions produced will eventually exceed the number of repair complexes
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which are available to remove the damage. So that the repair rate tends to a

constant. It is found that these models can be well approximated by the LQ

relation if the dose or dose rate of the radiation delivered is not very high [137].

In 2004, Guerrero and Li [61] proposed a modified LQ (MLQ) relation in order

to improve the formula at large doses per fraction. There is evidence that some

cell survival data have a poor fit to LQ formula at high doses [61]. In their work,

the authors have shown that the LPL and LQ model were fitted to cell survival

data very well at low doses, but when the doses were higher, their predictions

were quite different. At high doses, there was more cell killing in the LQ curve

than the LPL curve, with the LQ curve continuously bending downward, while the

LPL curve has a constant slope. Guerrero and Li introduced a parameter in order

for the LQ curve to reproduce the LPL curve. Therefore, the MLQ model has

three parameters while the LQ formalism has two parameters. In 2005, Carlone

[18] renamed the MLQ model a linear-quadratic-linear (LQL) model, to provide

a more physical meaning for the model; Carlone also made some changes in the

MLQ model by suggesting a derivation using a compartmental approach to provide

a possible mechanistic justification.

2.6.2.2 Non-averaged (individual-based) cell population models

In contrast to the averaged models discussed above, individual-based cell popula-

tion models consider the effect of statistical fluctuations in DSBs produced in a

cell population.

In 2010, Hanin and Zaider [67] developed a statistically-based model of cell

survival which takes microdosimetric effects into consideration (see page 30 for a

brief explanation of microdosimetry). This model is applicable to both low and

high doses of low and high LET and provides a better explanation of the cellular

dose response at large doses. By using probability theory, the authors compute

survival probability under the assumption that any two sublesions (DSBs) produce

a lethal lesion with probability p. The authors claim that their model is free from
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the assumption that the number of lethal lesions is Poisson distributed, and also

showed that for high doses, the probability distribution of specific energy z in DNA

can be approximated by a Gaussian distribution. Using this model, the survival

probability depends on three adjustable parameters: p is the probability that

two sublesions interact to form a lethal lesion, q denotes the probability that an

unrepaired or misrepaired sublesion becomes lethal, and λ denotes the Poissonian

rate of sublesion formation per unit specific energy.

In addition, there are a number of works modelling radiation cell killing using

Markov processes [2, 63, 136, 138]. A Markov process is a stochastic process with

the Markov property [2], i.e. that only the present state gives any information

about the future behaviour of the process. The master equations of the Markov

process approach are broadly equivalent to the equations of structured population

dynamics (chapter 4). During our work (in December 2010), we realised that the

model proposed by Albright [2] in 1989 is very close in spirit to the model that

we have been developing. To discover the differences between [2] and our model,

Albright’s model will now be considered in detail in the following section.

2.6.3 The Albright model

In 1989, Albright [2] converted the repair-misrepair (RMR) model [151] from a

lumped model into a more accurate one which describes how individual cells evolve

in time. We describe this model in detail, as in chapter 4 we will present an al-

ternative (population) model which has many similarities to the Albright’s model.

The aim of Albright’s model was to calculate the probability that a cell will survive

using a Markov process approach. Albright’s model describes DSBs repair dynam-

ics and the production of initial lesions more systematically than the original RMR

model. Albright suggests that each cell can be either in “survival state” (S-state),

“lethal state” (L-state), or “uncommitted state” (U -state). S-state is a state in

which all the initial lesions which were produced immediately after irradiation

have been successfully repaired. L-state is the state contains one or more lethal
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lesion misrepairs, and U -state is the state where not all lesions have been repaired

and lethal misrepairs have not yet occurred. Immediately after irradiation and

before the repair processes have started, each cell could be either in a U -state or

in a S-state. From U -state, the cell can move to L-state (if there are lethal lesion

misrepairs) or another U -state (if one or more lesions are correctly repaired) while

if it is in an L-state, the cell can no longer move to a U -state but only to another

L-state. Once S-state is reached, no more further transition is needed.

Albright suggests that the fraction of surviving cells can be determined by

the initial distribution of the number of lesions produced immediately once the

radiation process has stopped and the probabilities of repair events in a cell. He

makes the following assumptions:

(1) Just before time t = 0, irradiation of dose D is given. At time t = 0, the

irradiation process is completed and all the initial lesions have been produced.

Thus the radiation dose D is incorporated into the formulation of initial dis-

tribution of the radiation-induced lesions. At this time, repair processes have

not yet started.

(2) The production of radiation-induced lesions is assumed to be an instantaneous

event. There were three stochastic processes involved in the lesion formation:

i) Energy deposition process from an ionising particle. This process completed

in 10−12 s. ii) Free radical chemical reaction that produced the DNA damage.

This damage process will be taken about 10−5 s. iii) DSB repair which requires

1− 10 h. Processes in (i) and (ii) are considered in the initial condition of the

model, while process in (iii) is referred to the assumption in (3).

(3) Repair processes are described as probability of transition from one state to

another and occur at random time.

Some remarks on Albright’s model:
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1. All the biological assumptions of the original RMR model were applied ex-

cept the two statistical assumptions. In the original RMR model, Tobias

[151] assumed that the stochastic effect in the lesions repair process was not

important and also assumed that the final radiation-induced distribution of

lesions from cell to cell was Poisson.

2. The model does not assume that the initial distribution of the lesion is always

Poisson.

3. All lesions due to misrepair are always lethal. This assumption has led the

author always to consider that in S-state, the number of misrepairs is zero,

which means that cells with nonzero misrepairs are ignored in Albright’s

discussion.

4. Albright’s results are well approximated by the LQ relation if the dose of

irradiation given not too large [137].

Albright considers P (n,m, t|D), the probability that a cell has n unrepaired lesions

and m lethal misrepairs at time t if dose D is given before time t = 0. According

to [2], this quantity evolves as follows:

dP (n,m, t|D)

dt
= −αnP (n,m, t|D)+βn+1P (n+1, m, t|D)+(αn+1−βn+1)P (n+1, m−1, t|D)

(2.6)

where the repair transition coefficients αn and βn are functions of n (number of

unrepaired lesions), given that

αn = λn+ κn(n− 1), (2.7)

and

βn = φλn+ ψκn(n− 1), (2.8)
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where αn is always larger than βn, and λ, κ, φ and ψ are constants. αn is the

repair rate for repair processes while βn is the repair rate for viable (correct) repair

processes. αn and βn functions are taken from the RMR model which assumes that

linear terms (λn and φλn) correspond to linear repair. The second term in both

functions corresponds to quadratic repair which is proportional to the number of

distinct pairs of n lesions, n(n−1)
2

.

The first term on the right side in (2.6) corresponds to transition due to all

repair processes, while the second term is for viable repair process from cells that

have n + 1 lesions and m misrepairs. The third term describes the contribution

from cells with n+ 1 lesions and m− 1 misrepairs.

However, Albright was only interested in the state without lethal misrepairs.

If m = 0, thus we have P (n, t|D) = P (n, 0, t|D). (2.6) can be rewritten as:

dP (n, t|D)

dt
= −αnP (n, t|D) + βn+1P (n+ 1, t|D). (2.9)

To solve the ODEs in (2.9), one needs to specify the initial condition of the

system. If k is the number of initial lesions, the initial condition of Albright’s model

is P (k, 0|D), the initial distribution for the number of lesions (the probability that

the nucleus will have k lesions at time t = 0 if dose D is given).

For the initial distribution of lesions, Albright assumed that P (r|D) (the prob-

ability that r energy deposition events will occur if dose D) is given, zi (the prob-

ability that the specific energy deposited in ith event), and P (k|z1, · · · , zr) (the

probability that k lesions will be produced if energy depositions z1, · · · , zr occur)

are Poissonian. He shows that these independent Poisson distributions that are

critically involved in the initial lesions formation, result in a mixture of Poisson

distributions, a compound Poisson distribution (CPD) with the variance of CPD

larger than for the Poisson distribution (see [60] in detail). This result has led Al-

bright to suggest that the initial distribution of lesions was not necessarily Poisson.

He shows that initial lesions distribution is Poisson only for low-LET radiation.

In 1990, Sachs et al. [138] improved the Albright’s model by incorporating
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dose-rate effects. In contrast to Albright’s assumption which considered radiation

as an instantaneous process, Sachs and his colleagues proposed that the radiation

is delivered during a finite time interval. The authors found that by introducing a

dose rate parameter into Albright’s model, the cell survival fraction was increased

for low-dose rate and higher dose rate compared to the original RMR model us-

ing the same parameters. Other models which improve on the Albright’s model

are due to Hahnfeldt et al. [63] and Sachs et al. [136]. [63] considered saturable

repair processes while [136] focused on low-dose rate and used partial differential

equations to study spatial dependence of DSB interactions.

The probabilistic approach used in Markov models can be linked to non-

probabilistic models under the law of large numbers (LLN) equivalence; the prob-

ability of a cell being in a particular state is equivalent to the expected/averaged

number of cells in that state in a large enough population [44]. This is the approach

we will take in chapter 4.

2.7 Nontargeted radiation effects (NTREs)

Apart from direct effects of exposure to ionising radiation that include cell killing

and mutations that may lead to the induction of malignant transformation in target

cells, ionising radiation can also enhance the frequency of secondary effects in non-

irradiated cells, which has been referred to the radiation-induced bystander

effect (RIBE) . RIBE is a complex of effects that include mutations, chromosomal

aberrations, cell death and micronuclei formation. These phenomena indicate that

at low doses, cell signaling is more important than direct DNA damage [113]. Both

ionising radiation (IR) and non-IR may induce bystander damage in non-targeted

cells. In [36], it is shown that exposure to ultraviolet (UV) radiation leads to

increase in apoptosis in the bystander population.

There is ample evidence that RIBE involves direct cell-cell communication

through GJIC (see subsection 2.2.1) or via soluble factors released by irradiated
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cells [9].

A number of candidates of the soluble signaling molecules have been identified.

These include ROS [163], NO [65], IL6 (interleukin-6)[22], IL8 (interleukin-8)[43]

and TGF-β (transforming growth factor-β)[171]. After irradiation, levels of these

molecules are found to be increased in the growth medium of irradiated cells. Re-

cently, Dieriks and his co-workers [38] have demonstrated that three cytokines, IL6,

IL8, and RANTES (Regulated on Activation, Normal T Expressed and Secreted,

which is a family of small cytokines) have been associated with radiation-induced

bystander effect.

In [36], it was found that media conditioned on cells targeted with either IR

or non-IR, and also with undamaged tumour and senescent cells, contained high

level of TGF-β and NO. These signal molecules result in an elevated level of

DSBs in non-targeted cells. NO synthase inhibitors, TGF-β blocking antibodies,

and antioxidants, led to a decrease in TGF-β level. This result indicates that

reactive species and pro-inflammatory cytokines mediate the bystander effect in

non-targeted cells. [36] also showed that genomic instability can be produced in

cells without irradiation either by direct contact or through shared media with

undamaged malignant cells.

The bystander response mechanism

In the present thesis, we suggest a mechanism of bystander response of IR pre-

sented in figure 2.13. Due to time constraints a full mathematical analysis of this

mechanism is left to future work. The mechanism involves five processes that

mediate the response.

1. The establishment of the bystander response starts when MAPK family ki-

nases (such as extracellular signal-regulated kinases (ERK), c-Jun N-terminal

Kinase (JNK), and P38) receive some signal S mediated by soluble signal-

ing molecules produced by irradiated cells [129]. Activation of MAPK (see



Chapter Two 41

���������	
�����
����	
�

Figure 2.13: The mechanistic scheme of the model of radiation-induced bystander

effect. The figure is based on [5, 17, 25, 48, 54, 65, 79, 110, 119, 129, 162, 163, 173].

See text for details.

subsection 2.2.2) upregulates the expression of COX-2 (see subsection 2.2.2)

thus leading to a significant increase of ROS. For evidence that ROS can ac-

tivate MAPK see [129]. [68, 172] show that ERK activation is an important

upstream event which leads to COX-2 expression. This can be demonstrated

by using ERK inhibitor, PD 98059, and COX-2 inhibitor, NS-398. Treatment

of bystander cells with PD 98059 or NS-398 significantly reduced bystander

effects. The closed loop between MAPK, COX-2, and ROS (as shown in

figure 2.13) is a positive feedback loop, a structure called a vicious circle.

2. Raised level of ROS lead to upregulate of SOD, an antioxidant enzyme [48].

Thus, sufficiently high expression of SOD will reduce the level of ROS and
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break the vicious circle [163]. At the same time, high level of ROS initiates

another positive feedback loop by producing DSBs [65].

3. DSBs quickly activate ATM (see section 2.5.1) [17]. The negative feedback

loop between DNA damage and ATM can reduce the intensity of DNA dam-

age due to the damage repair processes. This consequently will decrease the

level of activated ATM. Phosphorylated ATM can also activate its down-

stream effectors such as NF-κB or p53. [54, 79] show that ATM–p53 pathway

is not important in modulating bystander responses. In [79], it is demon-

strated that by using p53-independent cells (human skin fibroblasts (HSF)

immortalised by SV40 T-antigen), the bystander effect is observed in the cells

even though p53 downstream is blocked. As shown in figure 2.13, ATM–NF-

κB pathway seems likely the most critical pathway in regulating bystander

response.

4. As in the other components of the proposed mechanism, NF-κB initiates a

negative feedback mechanism by inducing the production of SOD. At the

same time, NF-κB upregulates COX-2 and activates the iNOS–NO pathway

[173].

5. Upregulation of iNOS by NF-κB then stimulates the production of NO, which

then leads to NF-κB inhibition [173]. However, like ROS, NO also plays an

important role in DSB creation [65], thus contributing to the ATM–NF-κB

part of the mechanism. Yet again, we see the initiator of both a positive and

negative feedback.

Thus, ROS and NO in our view are important mediators of the bystander

response. It is known that treatment of cells with ROS scavengers, such as

dimethyl sulfoxide (DMSO) or NO inhibitors, such as C-PTI0, effectively

reduces DSB formation. This supports an important role of the reactive

species in mediating bystander effects [65].
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Figure 2.14: The bistable curve. A0(m) and A1(m) in the figure represent the

lower level (a healthy low activated ATM concentration) and the upper level (a

chronically high activated ATM concentration) of the activated ATM, respectively.

m measures the strength of feedback loops between DSBs and ATM. The solid line

corresponds to a stable state, while the dotted line represents an unstable state.

To summarise, cells have finely tuned stress response. A cell that cannot re-

solve a stress insult in vivo by its actions attracts components of immune system

(e.g. by overproducing NO). In vitro a disbalance between negative and positive

feedback loops (presumably caused by the signal S which can modify the strength

of these loops) will switch the bistable system described in figure 2.14 into a state

of chronically high ROS and chronically high DSB formation. We also claim that

this state will be characterised by a chronically high activated ATM concentration,

which can be verified experimentally [6].

2.8 Radiotherapy: making use of radiation

Radiotherapy is a treatment that uses a high energy radiation such as gamma-rays,

x-rays or charged particles to kill cancer cells. It has been in use for the last 100

years [150].

In general, the goal of radiotherapy is to maximise the dose to abnormal cells
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and minimise exposure to normal cells. A common form of therapy is external

beam radiation therapy (EBRT), in which energy is transferred from an external

source of radiation, usually electrons or photons generated by a linear accelerator

that points to a particular part of the body. Unlike EBRT, brachytherapy is an

internal radiotherapy in which radioactive seeds or sources are placed inside or

very close to the tumour itself. See [81, p.164] for details of brachytherapy.

Using the LQ formalism in practice

Mathematical and statistical modelling have played a crucial role to give vital

information to determine the optimal radiotherapy schedule for a patient. The

LQ formalism (section 2.6.1) is widely used for analysing cell survival in vitro and

in vivo in both experimental and clinical radiobiology [81].

To predict the outcome of a given treatment schedule, one can use tumour

control probability (TCP). TCP is defined as the probability that no malignant

cells are left in a specified location after irradiation [71]. The LQ relation provides

a formula for the cell survival fraction that can be used for the prediction of TCP.

The standard model of local tumour control is given as:

TCP = exp[−N0 exp(−αD − βD2)], (2.10)

where N0 is the total number of clonogens per tumour before irradiation and the

second exponent comes from LQ relation [71].

TCP determines the optimal treatment strategy at which the dose to the tu-

mour is increased and more malignant cells will die without increasing the cell

killing effect to normal cells. For details about TCP, the interested reader is re-

ferred to [34, 71, 121, 166].

Another important component in the LQ relation that is involved in treatment

protocols is the
α

β
ratio (see (2.2)).

α

β
ratio is a dose in Gray which is used to

describe the effect of radiation dose and fractionation. Elkind and Sutton in 1959
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first reported the response of a population of cells in vitro to fractionated irradia-

tion and this was later confirmed in vivo as well as in vitro [152]. In fractionated

EBRT, a total dose of radiotherapy is broken into smaller amounts and admin-

istered over a period of time, rather than a single larger dose. In [62, 156, 157],

the authors demonstrate that the irradiation in number of fractions n produces a

smaller degree of cell killing than when the same total of dose D is delivered in a

single fraction. One of the fractionation schemes that is commonly used in radio-

therapy protocol is conventional fractionation radiotherapy. The dose fractionation

schedule in conventional fractionation typically 1.8 to 2 Gy per day, usually five

days a week [81, p.367]. Other fractionation schemes which can also improve the

radiation treatment strategy are hyperfractionation, hypofractionation, etc. See

[81, p.136] for details.

The
α

β
ratio describes the tissue’s response to dose fractionation (namely frac-

tionation sensitivity). There is evidence that tissues with low
α

β
ratio (0.5−6 Gy)

(which are usually characterised as late responding tissues) show high sensitivity

to fractionation changes, in contrast for tissues with high
α

β
ratio (7 − 20 Gy)

(which usually characterised as early responding tissues).

The
α

β
ratio is also used for calculating isoeffective radiotherapy schedules. To

compare different fractionation schedules, consisting of different total dose and

dose per fraction, one can convert each schedule into an equivalent schedule in 2

Gy fractions (which is commonly used dose per fraction clinically) [81, p.109]. The

formula to convert a total dose D Gy given with a fraction size of d Gy into the

isoeffective dose in 2 Gy is given by

EQD2 = D

d+
α

β

2 +
α

β

, (2.11)

where EQD2 is equivalent dose in 2 Gy fractions. Example can be found in [81,

p.123]. Fractionation allows normal damaged cells time to recover/repair the

sublethal damage between dose fractions, while tumour cells are less efficient in
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DNA repair between fractions. Fractionation also leads tumour cells which are in a

radio-resistant cell cycle phase during one treatment into a radiosensitive phase

of the cell cycle through reoxygenation, a process by which oxygen is allowed to

reach surviving hypoxic clonogenic cells, so the cells become better oxygenated be-

fore the next fraction given. Reoxygenation between fractions improves the tumour

cells kill. The repopulation of cells also takes place while receiving fractionated

doses of radiation. The cell survival will increase resulting from cell division. Dur-

ing fractionation, redistribution or reassortment occurs in proliferating cell

populations throughout the cell cycle phases. This process allows more cells to

die.

All the five Rs processes: radiosensitivity, repair, repopulation, redistribution,

and reoxygenation are the basis of fractionation of radiotherapy. A balance is

achieved between the dose response of tumour and normal tissues from five Rs

processes; repair and repopulation between dose fractions involved in normal tis-

sue sparing, while the increase in tumour damage results from reoxygenation and

reassortment of tumour cells. Fractionation of dose depends on types of cancer

cell, prolongation of the fraction schedule over too long period can allow for the

tumour to begin repopulating.

It is worth noting that in chapter 4, we develop a model that allows dose

fractionation.

2.9 Conclusions

Mechanisms of mammalian cell killing effects produced by ionising radiation are

complex processes. In order to develop a mathematical modelling of the effect of

ionising radiation, one should first understand the whole story of how radiation

damage occurs in cells and how the damage is repaired. In chapters 4 and 7 we

employ all the biological concepts explained in this chapter and transform them

into mathematical language in order to obtain a model of cell population response
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to irradiation.



Chapter 3

Modelling methodologies

3.1 Introduction

In this chapter we will briefly explain a number of mathematical techniques and

concepts that are used in the present thesis. We will discuss the Poisson distri-

bution, least squares and curve fitting, and simulated annealing. We also discuss

multistability concept which is an important property of the model that we analyse

in chapter 6. A brief explanation of the method used in multivariate polynomials

such as the resultant, the discriminant, the Sturm’s theorem and Cauchy’s Bound

for real roots are also provided.

3.2 The Poisson distribution

In 1837, the Poisson distribution which describes discrete events was introduced

by a French mathematician, Simeon-Denis Poisson. The probability distribution

of a Poisson random variable X representing the number of events occurring in a

given time interval or specific region of space is given by the probability function

as follows:

P (X = x) =
λxe−λ

x!
, x = 0, 1, 2, ... (3.1)

48
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where e ≈ 2.7183 and λ is the average number of events in the given time interval or

region of space. The mean and variance of the Poisson distribution are E(X) = λ

and V ar(X) = λ, respectively [82]. In chapter 4, we assume that DSBs (chapter 2)

are produced immediately on irradiation following a Poisson distribution.

3.3 Curve fitting and parameter estimation

Estimating values for the parameters of mathematical models is a common issue

and an important step in computational and system biology especially for parame-

ters which cannot be directly measured in experiments. For example, a death rate

coefficient of model species can be quantified by parameter estimation techniques

which give a value of parameters (also known as fit parameters) that produce the

best fit of the model simulation to a set of experimental data. There are two

general parameter estimation techniques: maximum likelihood and least squares.

In this thesis, we are only interested in the least squares method since we do not

specify what is the probability distribution of the experimental data that we have.

3.3.1 Least square criterion

The method assumes that the “best fit” line for the experimental data is the curve

that has the minimal value of the least square error (or sum of the squares of the

deviations) φ from the given data. Suppose that we are given a data set (x1, y1),

(x2, y2), . . ., (xn, yn) where x is the independent variable while y is the dependent

variable.

In chapter 4 if fi(xi, θ), i = 1, 2, · · · , n are the data along the fitting curve

which contains six adjustable parameters θ = (δ, α1, α2, p, Vmax, KM), then the

deviation d of each data point is given by d1 = y1 − f1(x1, θ), d2 = y2 − f2(x2, θ),

. . ., dn = yn − fn(xn, θ) [12]. The formula known as the least square criterion,

which determines the “best fit” curve which has the minimal value of φ(θ) is given

by
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minimize
θ

φ(θ) = d21 + d22 + . . .+ d2n

=

n
∑

i=1

d2i

=
n

∑

i=1

[yi − fi(xi, θ)]
2 . (3.2)

Using the least square criterion in (3.2), yi is fitted to f(x2, θ) with the estimated

value of model parameters θ. In chapter 4, xi and yi are dosages and surviving

fractions, respectively from experimental work and

fi(xi, θ) = ln
Ni(T, xi, θ)

N(0)

are surviving fractions in logarithmic scale (after time T , for doses xi, and param-

eters θ).

In general, there are two ways of searching for the minimum of φ(θ) (the

objective function). Firstly, if the objective function is differentiable with respect

to the parameters θ, one can employ a gradient-based approach (the interested

reader is referred to [143] for further details). Alternatively, if the derivative of

the objective function is impossible to find, one can use a direct search method

which does not require any derivative information such as the Nelder-Mead simplex

method (see section 3.3.2), as we do in chapter 4.

There are two general approaches to optimization problems; seeking local op-

tima and seeking global optima (see figure 3.1).

The simulation data obtained from the model that we propose in chapter 4

is fitted to the LQ equation (2.2). To estimate the LQ parameters α and β (see

chapter 4) using the least square criterion, we use a local optimization toolbox in

MATLAB fminsearch.

The algorithm of fminsearch uses a direct search method which does not require

any gradient or Hessian (second order partial derivatives of a function) evaluations.
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It solves nonlinear unconstrained multivariable optimization problems and is based

on the Nelder-Mead sequential simplex algorithm (see section 3.3.2). However, if

the objective function provided is too complicated and has a large number of

parameters to be estimated, then the optimizer may be sensitive to the user-

supplied starting values of the parameters that are to be estimated.

The fminsearch syntax for finding the minimum of an objective function named

“fun” with x0 as an initial guess for the minimum is x = fminsearch(fun,x0) and

it will return x, the estimated value of the fit parameters. The reader is referred

to [105] for the background of fminsearch.

Local minima
Global minimum
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Figure 3.1: Local and global maxima and minima

3.3.2 Nelder-Mead simplex algorithm

For the last 40 years, the Nelder-Mead simplex algorithm has been used to solve

parameter estimation problems [32]. This method is applicable for non-smooth

objective functions where function values are noisy and random.

The “simplex” refers to a shape with j + 1 points where j is the number of fit

parameters θ that are to be estimated. This algorithm works with several rules:

Reflection (R), Expansion (E), Contraction (C), and Shrink (S).
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Figure 3.2: The three basic movements in the Nelder-Mead simplex algorithm.

See text for details.

Suppose we have an objective function f(x, y) to be minimized. Here we have

a 2-simplex, a triangle with vertices: Vk = (xk, yk), k = 1, 2, 3. Next, according to

[104], we need to

1. Evaluate zk = f(xk, yk) for k = 1, 2, 3 and reorder z1 ≤ z2 ≤ z3.

In this example we use B = z1, G = z2 and W = z3 indicating that B is the

best vertex, G is good and W is the worst vertex. See figure 3.2(a).

2. Evaluate the midpoint of the good side (line from B to G). See figure 3.2(b).
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Consider the midpoint M of a good line segment BG given by the averaging

the coordinates: M = B+G
2

or M(x1+x2

2
, y1+y2

2
)

3. Update the triangle using the best of the transformations as shown in fig-

ure 3.2. Below is the logical decision tree for the Nelder-Mead algorithm.

� Compute R =M + (M −W ) and f(R),

� If f(R) < f(G), then perform Case (i) (either reflect or extend).

� Else perform Case (ii) (either contract or shrink).

� Case (i)

– If f(B) < f(R), then replace W with R and reorder B ≤ G ≤ W .

– Else compute E = R + (R−M) and f(E),

� If f(E) < f(B), then replace W with E and reorder B ≤ G ≤
W .

� Else replace W with R and reorder B ≤ G ≤ W .

� Case (ii)

– If f(R) < f(W ), then replaceW with R and reorder B ≤ G ≤ W .

– Else compute the two midpoints: Contract Inside CI = W+M
2

,

Contract Outside CO = M+R
2

, f(CI) and f(CO). The point with

smaller function value is called C,

� If f(C) < f(W ), then replace W with C and reorder B ≤
G ≤ W .

� Else G and W must be shrunk toward B. Then compute S =

W+B
2

and f(S) and replace W with S and replace G with M

and reorder B ≤ G ≤ W .

4. Stopping Criterion: f(B), f(G) and f(W ) did not change (flat to the mini-

mum value).
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However, in order to estimate the six mechanistic parameters θ of the model in

chapter 4 which is using more complicated objective function φ(θ), we implement

both optimizer; the local optimizer (i.e the Nelder-Mead simplex method) and

the global optimizer. There are several techniques in global optimization, but we

restrict ourselves to using the simulated annealing technique to estimate the six

parameters of the model in chapter 4.

3.3.3 Simulated annealing

Simulated annealing as a global optimization algorithm was first introduced in the

early 1980s by Kirkpatrick. According to [83], the simulated annealing algorithm

mimics the annealing process: a process by which a solid in a heat bath melts

when the temperature of the heat bath is increased to a maximum value. At high

temperature, all particles in the liquid-phase move randomly in high energy. The

temperature of the heat bath is then decreased slowly until the particles arrange

themselves in the low energy state of the solid. Simulated annealing is a powerful

technique in minimizing or maximizing an objective function [83] which has been

applied in many different disciplines, for example in model parameter estimation

[1].

The simulated annealing algorithm accepts all points that lower the objective

function and it also accepts all points that make the objective function go up with

probability P . The probability of accepting downhill/uphill moves is given by

P =







1 if ∆φ < 0,

exp(
−∆φ

Θ
) if ∆φ > 0,

(3.3)

where ∆φ is the increase in objective function φ at temperature Θ. In this way,

the algorithm does not get stuck in local minima, which is a major advantage of

simulated annealing over other methods [83].

We use the simulannealbnd routine in MATLAB. This is a built-in package in

the Global Optimization Toolbox. The steps of simulated annealing procedures
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for parameter estimation that are applied in section 4.8 (chapter 4) are explained

below.

1. Initialise: Temperature Θ0 = 100, random starting point θ0 = (θ10, θ20, θ30, θ40, θ50, θ60).

2. Set Θ = Θ0,θ = θ0.

3. Compute SSE function φ(θ0).

4. While the stopping criterion is not reached:

for i = 1 to L (reanneal interval,L = 100)

� Generate neighboring point θi for θi−1.

� Compute SSE function (φ(θi)).

� Parameter evaluation

– If φ(θi) < φ(θ) then θ = θi and φ(θ) = φ(θi).

Else

Generate a random probability of acceptance P ∗ ∈ (0, 1)

- If P ∗ < P then accept θ = θi and φ(θ) = φ(θi).

- Else keep θ unchanged

� Temperature reduction : The temperature is adjusted according to a

given annealing schedule (often also called cooling schedule). There are

several schemes to reduce the temperature such as

- Geometric cooling schedule : Θi = CΘi−1 [74].

- Exponential cooling schedule : Θi = Θ0C
i [116].

- Boltzman cooling schedule : Θi =
Θ0

ln i
[78].

- Fast Cauchy cooling schedule : Θi =
Θ0

i
[141].

where C is the cooling rate and 0 < C < 1.

5. Algorithm stops when TolFun criteria is met (at which the minimum value

of SSE is reached) (please refer to [105] for further details).
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6. Optimal solution is obtained : θopt = (θ1opt, θ2opt, θ3opt, θ4opt, θ5opt, θ6opt) esti-

mates of (δ, α1, α2, p, Vmax, KM).

In step 4, L is a number of accepted points before reannealing. According to [131],

the cooling rate C is typically chosen between 0.8 and 0.99. If C is large, this

leads the temperature of the annealing process to decrease slowly to avoid the

algorithm getting trapped in a local minimum. In step 6, the TolFun criteria is

met if the average change in the objective function value is less than TolFun. We

set TolFun= 10−7, and MaxFunEval= 9000. These values are chosen due to the

limited computer memory.

3.3.4 Bootstrap confidence interval for parameters

After we perform the parameter estimation procedure (see section 4.8), we calcu-

late the interval of the individual values of all of the six parameters in the model.

This can be obtained by using the method of bootstrapping confidence interval

(CI) on the estimated parameters. Bootstrap was introduced by Bradley Efron in

1979 (see the details of the method in [40, 109]). This is a powerful technique for

estimating the CI of the parameters when we do not know the distribution of the

sample data. This method allows randomized resampling of the original data to

construct a new set of data. Bootstrap do not generate new data but resamples all

the original data with replacement. Here we deal with a 95% bootstrap confidence

interval of the model parameters. This means that we are 95% sure that the true

parameter value is within the range. The bootstrap method used in section 4.8.1

is discussed in the following steps:

1. For the data points y1, y2, · · · , yn an estimate of parameter set θ can be

obtained using the algorithm of Nelder-Mead simplex

θ = T (y1, y2, · · · , yn),

where T is the fminsearch in MATLAB (see section 3.3.1 for details).
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2. A new data set called bootstrap data is constructed by sampling n points

with replacement from the yn original data. These bootstrap data consist

of y∗1, y
∗
2, · · · , y∗n points where each y∗i is drawn at random from the original

data. The bootstrap data sets are used to estimate the new set of parameters

θ
∗ = T (y∗1, y

∗
2, · · · , y∗n).

3. Step in 2 is repeated many times to obtain a set of values of the estimated

parameters θ
∗. Since the distribution of the sample data is unknown, the

95% bootstrap CI on the parameters are calculated based on the upper and

lower 100(1− α) percentiles of the estimated parameters θ∗ when α = 0.05.

The 95% CI for the six estimated parameters can be obtained by

(θlower, θupper) = (θ∗(α
2
)th, θ∗(1−α

2
)th).

For example, in section 4.8.1 there are 1000 bootstrap iterations. Then

each of the parameter in θ
∗ = (δ∗, α∗

1, α
∗
2, p

∗, V ∗
max, K

∗
M) is ranked from bot-

tom (θ∗)1st to top (θ∗)1000th. The lower (θlower) and the upper (θupper)

95% confidence intervals for the six estimated parameters in the model are

(δ∗, α∗
1, α

∗
2, p

∗, V ∗
max, K

∗
M)25th and (δ∗, α∗

1, α
∗
2, p

∗, V ∗
max, K

∗
M)975th, respectively.

3.4 Elasticity

Elasticity or sensitivity is a measure of responsiveness of one variable to another.

Elasticity of the dependent variable (y) with respect to independent variable (x)

is the ratio of the percentage change in y to the corresponding percentage change

in x [8]. That is

%∆y

%∆x
=

(

x

y

)

change in y

change in x
. (3.4)

When an elasticity is small (between 0 and 1 in absolute value), we can describe

the x elasticity of y is inelastic. Inelastic y means that the y is not very sensitive
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to x. In contrast, when an elasticity is large (greater than 1 in absolute value),

the x elasticity of y is elastic (y is sensitive to x). Elasticity of y is unitary if x

elasticity of y is equal to 1.

In section 4.9, elasticity is implemented to measure the sensitivity of the linear-

quadratic (LQ) parameters α and β with respect to δ and p as these (radiosensitiv-

ity and replication fidelity rates, respectively) can be manipulated. See chapter 4

for details.

3.5 Multistability

An important property of biological networks is bistability (or more generally,

multistability). This is the property of coexistence of two or more stable steady

states [47]. Multistability is of particular relevance to biological systems that have

to switch between discrete states. Parameter perturbations or small changes in

initial conditions can lead the system to jump between stable states [126].

The first example of bistability in lactose operon of Escherichia Coli was demon-

strated by Novick and Weiner [118] and Cohn and Horibata [24] in the 1950s.

More recent examples of bistability were found in mitogen-activated protein ki-

nase (MAPK) cascades in animal cells [46, 94, 130, 159] and in cell cycle regulatory

circuits [4, 46, 47, 165].

There is evidence that bistable responses are to be expected in biochemical

reaction systems which contain positive feedback loops (e.g. where the phosphory-

lated substrate enhances the activation of the kinase) [46, 47, 149]. Bistability also

occurs in mutually inhibitory double-negative-feedback loop systems [4, 28, 39, 85].

Bistable response curves are sigmoidal and have two important properties (see

figure 3.3 for an example). The first one is hysteresis [127]. A system with hys-

teresis has memory. In a signalling process, once a stimulus (signal) has reached

a sufficient level to switch the system to the “on” state, the system will remain

on even if the stimulus is lowered back below the threshold [47]. Thus, a bistable



Chapter Three 59

system has the potential to remember a stimulus long after the stimulus has been

removed. Second, in a bistable system, there is a discontinuity in the stimulus

response curve and an intermediate response does not exist [20].
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Figure 3.3: Bistable response for the Cdc2-CyclinB/Wee1 system for some range

of feedback strength (after [4], figure 3d).

In chapter 6, we will extend the work of [4]. The authors show that there

are parameter regimes in Cdc2-cyclin B/Wee1 system without kinase turnover

for which the system exhibits bistability (see figure 3.3). We will investigate the

structural stability of the system with respect to bistability if the protein turnover

is taken into account. The equations of [4] are given in section 3.5.1. To modify

[4], we incorporate turnover of one of the kinases. Here we explain their model.

3.5.1 The Angeli et al. model (the case of zero protein

turnover)

The main idea of the work in [4] is illustrated through two examples drawn from

experimental studies: the Cdc2-cyclin B/Wee1 system and the Mos/MAPK kinase

p42 MAPK cascade. In this thesis, we are only interested in the simplest example,

the Cdc2-cyclin B/Wee1 system. This is a four-variable system, and it can be
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reduced to a two-variable system without turnover. The simplified Cdc2-cyclin

B/Wee1 system of [4] is shown in figure 3.4.

−

−

PSfrag replacements

Cdc2 (x1) Wee1 (y1)

Figure 3.4: A Cdc2-cyclin B/Wee1 system: a two-component, mutually inhibitory

feedback loop which one of the feedback systems that may exhibit bistability

The authors assume that there are only active and inactive forms of Cdc2-

cyclinB and Wee1 (rather than multiple forms of both proteins as in reality). The

authors in [4] use variables x1 and x2 to denote the active and inactive Cdc2,

respectively, and y1 and y2 to denote the active and inactive Wee1, respectively.

They also assume that the dephosphorylation of Cdc2 and Wee1 is caused by some

unspecified phosphatase. In [4], the contribution of Cdc25 to the bistability of the

Cdc2 system is neglected. See section 2.2.8 in chapter 2 for details about Cdc2

and Wee1.

Moreover, they assume that the inhibition of each kinase by the other is de-

scribed by a Hill equation [45] (see section 2.2.3). Using a Hill equation with high

Hill exponent assumes that inactivation of Wee1 is ultrasensitive to Cdc2 levels,

and likewise inactivation of Cdc2 is ultrasensitive to Wee1. Kim and Ferrell [89]

suggest that the Hill coefficient γ is 3.5 by fitting experimental data to the Hill

equation.

Using all the above assumptions, the equations proposed in [4] are,

ẋ1 = α1x2 −
β1x1 (νy1)

γ1

K1 + (νy1)
γ1 (3.5)
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ẋ2 = −α1x2 +
β1x1 (νy1)

γ1

K1 + (νy1)
γ1 (3.6)

ẏ1 = α2y2 −
β2y1(x1)

γ2

K2 + (x1)γ2
(3.7)

ẏ2 = −α2y2 +
β2y1(x1)

γ2

K2 + (x1)γ2
(3.8)

where α1 and α2 are the rate of phosphorylation which are constants, K1 and K2

are Michaelis constants, γ1 and γ2 are Hill coefficients and ν measures the strength

of the influence of Wee1 on Cdc2-cyclinB (alternatively, this measure provides a

sense of the strength of the inhibition of Cdc2 by Wee1).

Without protein turnover the total concentrations of Wee1 and Cdc2-cyclinB

are unchanging, thus the sum of (3.5) and (3.6) gives ẋ1 + ẋ2 = 0 and the sum of

(3.7) and (3.8) gives ẏ1 + ẏ2 = 0.

Let S and T be the total concentrations of Cdc2-cyclinB andWee1, respectively.

Then, without kinase turnover for all time S(t) and T (t) are constant, so that

S(t) = S and T (t) = T . If we substitute

x2 = S − x1

and

y2 = T − y1,

into the model equations in (3.5)-(3.8), and non-dimensionalise the variables x1

and y1, we obtain

ẋ1 = α1(1− x1)−
β1x1(νy1)

γ1

K1 + (νy1)γ1
, (3.9)

ẏ1 = α2(1− y1)−
β2y1(x1)

γ2

K2 + (x1)γ2
. (3.10)
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The authors of [4] demonstrate the dynamic behavior of x1 and y1 for some

specific values of parameters (see table 6.1 in chapter 6). This system exhibits

bistability, with two attracting steady states: one corresponding to mitosis (a high

concentration of Cdc2-cyclinB) and one to interphase (a high concentration of

Wee1) for feedback strength 0.83 < ν < 1.8. See [4] for further details.

3.5.2 Method for dealing with multivariate polynomials

From (3.9)-(3.10), we have multivariate polynomials. Next, we will discuss some

methods which are important in these kind of polynomials.

3.5.2.1 Resultant of two-variable polynomials, R

Suppose that

g(x, y) = an(x)y
n + an−1(x)y

n−1 + an−2(x)y
n−2 + ..+ a1(x)y + a0(x) (3.11)

and

h(x, y) = bm(x)y
m + bm−1(x)y

m−1 + bm−2(x)y
m−2 + .. + b1(x)y + b0(x). (3.12)

Then the resultant R(g, h) of g and h with respect to y is the determinant of the

(m + n)× (m+ n) Sylvester matrix of g and h [21]:

R(g, h) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

an(x) an−1(x) an−2(x) · · · a1(x) a0(x) · · · 0
...

...
. . .

...
...

...
. . .

...

0 0 · · · an(x) an−1(x) · · · · · · a0(x)

bm(x) bm−1(x) · · · b1(x) b0(x) 0 · · · · · ·
...

...
. . . · · · ...

...
. . .

...

0 0 · · · · · · bm(x) bm−1(x) · · · b0(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

(3.13)
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From (3.13), we get a polynomial in terms of x. Resultants are applied for

solving simultaneous systems of polynomial equations and allow one to eliminate

a variable from a system of equations. This is why resultants are also known as

eliminants.

In chapter 6, we will be interested in the properties of a polynomial in one

variable as the parameters change. To investigate these properties we will consider

the discriminant of the polynomial (the discriminant of the polynomial is the

resultant between this polynomial and its derivative). See next section for details.

3.5.2.2 Discriminant of a polynomial, ∆

Suppose that Q(x) is a one-variable polynomial given by

Q(x) = crx
r + cr−1x

r−1 + cr−2x
r−2 + ..+ c1x+ c0. (3.14)

The discriminant ∆ of Q(x) is given by [21]

∆ = (−1)
1
2
r(r−1) 1

cr
R(Q,Q′), (3.15)

where R(Q,Q′) is known as the resultant of Q(x) and the derivative of Q with

respect to x, Q′(x) which can be obtained by the determinant of the (2r−1)×(2r−
1) Sylvester matrix in (3.13). (See section 3.5.2.1 for the details of the resultant

R).

3.5.2.3 Sturm’s theorem and Cauchy’s bound for real roots

This is a very useful theorem for working with polynomials. It gives an algebraic

procedure for determining the number of distinct real roots of a polynomial. As

we noticed that polynomial characteristics are always of interest in the analysis of

differential equations in mathematical modelling, the Sturm theorem [70] can be

a great tool for counting the real zeroes of the equations.

To apply the Sturm theorem, we need a Sturm chain. Let the polynomial
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P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0. (3.16)

Definition 1. A Sturm chain or Sturm sequence is a finite sequence of polynomials

P0, P1, · · · , Pn such that

P0(x) = P (x),

P1(x) = P ′(x),

P2(x) = −rem(P0, P1) = P1(x)q2(x)− P0(x),

P3(x) = −rem(P1, P2) = P2(x)q3(x)− P1(x),
...

Pn−1(x) = −rem(Pn−3, Pn−2) = Pn−2(x)qn−1(x)− Pn−3(x),

Pn(x) = −rem(Pn−2, Pn−1) = Pn−1(x)qn(x)− Pn−2(x),

0 = −rem(Pn−1, Pn).

(3.17)

where P (x) is a polynomial in one variable x with real coefficients having no re-

peated roots, while rem(P0, P1) and q2(x) are the remainder and the quotient, re-

spectively when dividing the polynomial P0 by P1. Note that this chain is terminated

when a zero remainder is obtained.

Theorem 3.5.1. Suppose P (x) has the Sturm chain P0(x), P1(x),. . ., Pn(x) as

above. For all t ∈ R, let N(t) be the number of sign changes in the sequence P0(t),

P1(t),. . . ,. Then for any interval J = [a, b], the number of real roots of P (x) in J

is N(a)−N(b).

Sturm’s theorem can be used to calculate the total number of real roots of

polynomials by choosing a and b appropriately. One can use the Cauchy Criterion

to determine a and b [90]. The Cauchy Criterion states that all real roots of a

polynomial (3.16) are in the interval [−M,M ], where:

M = 1 +
max0≤i≤n−1|ai|

|an|
. (3.18)
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3.5.2.4 An example of cubic polynomial

Suppose we are given a system of two differential equations given by:

dx

dt
= f1(x, y, p, q)

dy

dt
= f2(x, y, p, q).

(3.19)

f1 and f2 are polynomials in two variables x and y, and in parameters p and q. To

obtain the equilibrium points of (3.19), we set

f1(x, y, p, q) = 0

f2(x, y, p, q) = 0.
(3.20)

Using resultant (section 3.5.2.1), we can eliminate y from (3.20), thus we obtain

a polynomial P (x, p, q), the zeros of which are the x−coordinates of the equilibria

(x∗, y∗).

In chapter 6, we deal with the roots of an odd-degree polynomial, that is a

17−degree polynomials to analyse the equilibrium points of the Cdc2-cyclinB/Wee1

system with protein turnover parameters a and d. To develop an understanding of

the relationship between the roots of a polynomial and its coefficients, we present

the simplest example of an odd-degree polynomial that has more that one root.

Here we consider a cubic function given by:

P (x, p, q) = −x3 − px + q, (3.21)

in parameters p and q. Thus, by setting P (x) = 0 or −x3−px+ q = 0, we can find

the roots of the polynomial equation as p and q vary. Figure 3.5 and figure 3.6

show where the roots are located on the x-axis.

We now pose the question: What is the condition for (3.21) to have one, two

and three roots?. We can distinguish several possible cases depending on the

discriminant ∆ (section 3.5.2.2) [37]:

1. If ∆ < 0, then the equation has one real root and a pair of complex conjugate

roots.
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Figure 3.5: Three roots of a cubic equation with p = −3 and q = 0 in (3.21).

Figure 3.6: One root cubic equation with p = 0 and q = 3 in (3.21).
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2. If ∆ > 0, then all roots (three roots) are real and unequal.

3. If ∆ = 0, then the equation has three real roots and at least two are equal.

To obtain the resultant of the cubic polynomial in (3.21), the first derivative

of P (x) is given by

P ′(x) = −3x2 − p. (3.22)

Therefore, using MAPLE 12 the discriminant of P is

∆ = −27q2 − 4p3. (3.23)

In order to distinguish several possible cases which are based on the number of

roots or equilibrium points, we need to plot ∆ = 0 (3.23). This defines a curve in

the (p, q) parameter space (see figure 3.7).

From the figure, it is shown that the number of equilibrium point of system in

(3.21) depends on p and q. Consequently, one may ask : For what range of (p, q)

does the equation have three roots, two roots and one root? Hence, we have

PSfrag replacements
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Figure 3.7: The domain of the equation having three real roots (Region 1 ) and

one real root (Region II).
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1. If −4p3 − 27q2 < 0 the equation has one real root and a pair of complex

conjugate roots.

2. If −4p3 − 27q2 > 0 all the roots are real and unequal.

3. If −4p3 − 27q2 = 0 the equation has three real roots and at least two are

equal.

3.6 Conclusion

In this chapter we have briefly described several mathematical concepts that are

used to develop the cell population model in chapter 4, the modelling of ATM

dynamics in chapter 5, and the example of a structurally unstable bistable system

in chapter 6.



Chapter 4

A mechanistic model of high dose

irradiation damage

4.1 Introduction

It is of vital importance to understand ionising radiation damage to mammalian

cells. In this chapter, we suggest a framework to model cell population evolution

following high dose irradiation. Our model, under certain assumptions, easily leads

to the popular LQ relation which is reviewed in chapter 2.

4.2 Issues with Albright’s model

It is worthwhile to note that the model of Albright [2] looks very close to the model

that we develop. For Albright’s notation, see section 2.6.3. We start by clarifying

the differences between our model and [2]:

1. Albright assumed that all misrepairs are lethal and any misrepaired lesion

causes immediate removal of the cell from the population. However, there

is evidence that misrepaired lesions can be nonlethal [64]. Thus, we believe

that the population should be structured according to the number of DSBs

69
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and the number of misrepairs.

2. The quadratic repair process that is proposed in [2] does not have a mecha-

nistic basis.

3. Albright does not discuss the effect of dose fractionation.

4. In Albright’s model, there is no discussion of parameter estimation. This is

certainly an important issue in mathematical modeling as we want to know

what is information that we can get from the model that we developed, since

some of the information that we got from modeling cannot be found through

experimental results. For an example, the cells’ radiosensitivity. This study

also will be part of our main objective. This will be explained in detail in

section 4.8 in this chapter.

Based on Albright’s assumptions and some remarks on his model, we can con-

clude that there are some differences between our model and [2]. The reader will

please bear in mind that initially we developed our model in complete ignorance

of Albright’s work as we mentioned in section 2.6.3. Without using the Markov

process approach, the model that we develop here is definitely independent from

the model proposed by Albright. The aim of our work is to develop a better and

more realistic model that would be able to describe the survival of mammalian

cells after being exposed to ionising radiation.

4.3 Model assumptions

As in most work on cell survival under radiation, we make the following three

assumptions: (1) The integrity of the DNA in the cell is responsible for preserving

the cell’s reproductive capacity; (2) Ionising radiation can break molecular bonds

in the double helix, causing double strand breaks (DSBs); (3) Such lesions can be

repaired or misrepaired; we also assume that not all misrepairs are lethal damage

[124].
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For truly realistic models [66], one should also assume that the cell dies only

as it attempts mitosis. At this stage we do not make this assumption, but when

repopulation is introduced into the model, it will have to be made, with the con-

sequence that cell cycle dynamics will have to be incorporated explicitly. Thus

below we are assuming that the most significant contribution to death rate of cells

is interphase death. However, some evidence shows that apoptosis may not be the

dominant mode of cell death following ionising radiation [15, 64, 77].

4.4 Limitations of the model

There are four limitations that need to be acknowledged regarding the present

model. The first limitation is that the model does not allow repopulation as

already mentioned in section 4.3. The second limitation is that the model does

not incorporate any representation of the cell cycle. The third limitation is that

the model does not allow cells to become quiescent, and the forth limitation is that

the model has very simplified “models” of DSB repair and cell death. For truly

realistic and more complex model, one should incorporate all these effects into the

model. At this stage, we wanted to construct not so much a final model (because

many things are unknown), but a “modeling framework” that can be built upon.

4.5 A structured population modeling approach

According to [31, 153], a population is structured if every individual is assigned

by a particular class or cohort. The categorisation of individuals can be based on

chronological age, life cycle stages, size, etc. In contrast, in unstructured popula-

tions, individuals within the population are assumed to be identical and thus only

population averages are considered.

Structured population models are more realistic model since they are derived

from the individual-based models by taking into account events from birth till
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death. The state of a population is no longer described by a single number, but

by the distribution of the individuals among cohorts.

There are several formalisms used to model structured population (see [153]

for details). One of them is matrix models. In the 1940’s, matrix models for

structured populations were discovered by Leslie [153]: these are used in discrete

time, describing projection of a population from time t to t + 1. Since we are not

focusing on discrete models, we refer the reader to [31, 153] for details.

In this chapter, we suggest using the framework of structured population theory

[31, 153]. This means that we are saying that the population of cells can be

structured into cohorts, and that a cell can travel between these cohorts under the

influence of radiation or as a result of radiation damage repair attempts. Usually

one structures populations according to size, age, or developmental stage. In our

case it makes sense to structure a population according to the radiation damage

incurred after a dose of radiation. Any structuring criterion that could be directly

related to irradiation, damage repair and cell death would be acceptable. On the

other hand, just taking the number of DSBs as the proxy of radiation damage

does not seem to us sufficient, misrepairs also must be taken into consideration as

already discussed in section 2.6.3.

We proceed as follows. We use a two-dimensional vector (k,m) to structure

a population, where k is the number of DSBs a cell has and m is the number

of misrepaired lesions. Making the death rate function in our model dependent

on the number of misrepairs seems to us much more realistic than Albright’s [2]

approach. The only stochastic element in our model is the initial conditions of the

ODE system. All the rest is deterministic: if the initial condition is known, one

may know the state of the system for any subsequent time.

In a subsequent section, we extend the model by studying the effect of dividing

the dose D in two fractions, separated by a time interval T . This is followed by a

discussion of parameter estimation. We use MATLAB to simulate the model, to

quantify the dose fractionation effect, and also to estimate model parameters.
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We consider an initial population of N(0) (N0 = N(0)) cells being subjected

to a dose of radiation D which results in Nk,0(0) cells having k DSBs. Thus the

total cell population N(t) satisfies

N(0) =

kmax
∑

k=0

Nk,0(0), (4.1)

kmax is the maximum number of DSBs produced in the cell population just after

being exposed to irradiation. The average DSB load is

U(0) =

∑kmax

k=0
kNk,0(0)

∑kmax

k=0
Nk,0(0)

. (4.2)

We will discuss kmax and the method for generating Nk,0(0) in the following section.

We want to specify the laws for the evolution of Nk,m(t). If ∆t is an increment

of time,

Nk,m(t+∆t) = Nk,m(t)−∆tβ(k,m)Nk,m(t)−∆t
k

∑

l=1

γ(k,m, l)Nk,m(t)

+∆t
m
∑

j=0

kmax−k−m
∑

i=0

p(k + i+ j,m− j, i, j)γ(k + i + j,m− j, i + j)Nk+i+j,m−j(t).

Let us explain the notation we are using:

� β(k,m) is the death rate of cells with k DSBs and m misrepaired lesions.

� γ(k,m, l), k ≥ l is the rate at which a cell with k DSBs and m misrepaired

lesions repairs simultaneously l of them.

� p(k + i + j,m − j, i, j), 0 < i + j ≤ k, i + j = l is the probability that

a cell with k DSBs and m misrepaired lesions will repair i correctly and j

incorrectly in a unit of time.

There is evidence that DSBs can be repaired more than one at a time [115].

However due to time constraints, at this stage we only consider the case for l =
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1 (DSBs are repaired one-at-a-time). The formulation of model of DSB repair

queueing system as suggested by [115] should be made once a queueing DSB repair

term is added into the model that we develop. Thus consequently we assume that

γ(k,m, l) = 0 if l > 1 and we will put γ(k,m, 1) ≡ γ(k,m). If l = 1, then

i + j = 1. This means the model contains two populations; one has i = 1, j = 0,

and the other has i = 0, j = 1 after DNA repair process. For i = 1, j = 0, we put

p(k + 1, m, 1, 0), whereas for i = 0, j = 1, we put p(k + 1, m − 1, 0, 1). Hence by

passing to the limit ∆t→ 0 we obtain:

dNk,m

dt
= − β(k,m)Nk,m − γ(k,m)Nk,m + p(k + 1, m, 1, 0)γ(k + 1, m)Nk+1,m

+ p(k + 1, m− 1, 0, 1)γ(k + 1, m− 1)Nk+1,m−1. (4.3)

Now we want to argue on biological grounds that some of the dependencies of

the functions β, γ and p on the variables k or m can be safely neglected.

The rate of repair depends only on the availability of the repair machinery

[100] and the number of DSBs [140]. In [100], it is demonstrated that cells lacking

signalling protein show DSB repair defect. Hence it makes sense to put γ(k,m) ≡
γ(k) and

p(k,m, 1, 0) = p(k, 1, 0) = 1− p(k, 0, 1), (4.4)

with all the other probabilities being zero. We will thus denote for simplicity the

probability of a successful repair of a DSB given that the cell has k DSBs by p(k).

Finally, all the indications in the literature are that β(k,m) depends both on k

and on m, the number of unrepaired and of misrepaired lesions, respectively. (See

section 4.5.2). This means that the final form of the equations we are investigating

is

dNk,m

dt
= − β(k,m)Nk,m − γ(k)Nk,m + p(k + 1)γ(k + 1)Nk+1,m

+ (1− p(k + 1))γ(k + 1)Nk+1,m−1, (4.5)
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for k = 0, 1, 2, · · · , kmax and m = 0, 1, 2, · · · , kmax with k +m ≤ kmax. The brief

schematic description of the cell survival model is shown in figure 4.1.

cells in which a single DSB has  been successfully/unsuccessfully 
repaired jump into the appropriate compartments
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Figure 4.1: The figure shows the brief schematic description of the cell survival

model determined by the value of k and m.

We note that it is impossible to structure the population simply by the number

k of DSBs since the death rate depends on the number m of misrepairs.

Below we shall assume for simplicity that in simulations we always put p(k) is

just a constant, say p(k) = η. In [151], the author also makes the same assumption.

p(k) is very important in both tumour and normal tissues. In particular, decreasing

repair fidelity is a possible strategy for increasing tumour radiosensitivity.

Next we need to consider in detail a reasonable form of the repair rate function

γ(k) and death rate function β(k,m).
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4.5.1 Repair rates

The repair rate γ(k) describes the rate of single DSB repair for a cell having k

DSBs. [14, 146, 147] argue for a saturable lesion repair process. Sontag [146]

suggests that the repair process can be described by Michaelis-Menten kinetics.

Thus,

γ(k) =
Vmaxk

KM + k
, k = 0, 1, 2, . . . (4.6)

where Vmax is the maximum repair rate and KM , the Michaelis-Menten constant, is

the number of DSBs at which the repair rate is half of Vmax. The Michaelis-Menten

plot of the repair rate γ is shown in figure 4.2.
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Figure 4.2: Michaelis - Menten plot of the repair rate γ against the number of

DSBs k.

4.5.2 Death rates

We consider two reasons for interphase death. First, a cell can die due to misrepair

of a DSB. Clearly, the probability of such an event is proportional to m [84].

Second, the cell also can die if there are two DSBs located in spatial proximity,

which can interact to produce a lethal chromosome aberration. The probability of

such an event is proportional to k2. In [148], the author notes that cell lethality is
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proportional to the square of the number of unrepaired DSBs in a cell. Hence the

form of death rate we adopt in the present thesis is

β(k,m) = α1m+ α2k
2. (4.7)

where α1 is a misrepair rate constant while α2 is a lethal binary misrepair rate

constant. It is clear that in this modelling framework all the functional dependen-

cies (of cell death, DSB repair rates, fidelity of repair) can be easily modified as

new experimental data becomes available.

4.6 Initial condition

We assume that new DSBs are produced immediately on irradiation. Following

the experimental work of [124, 134, 135], who measure γ-H2AX phosphorylation

foci, a direct biomarker of DSBs, we assume that the probability of a cell acquiring

k DSBs follows a Poisson distribution with mean

λ = δD, (4.8)

where D is the radiation dose (in Grays) and δ is a measure of the radiosensitivity

of cells. [148] suggests δ = 25 per Gray per cell for Chinese hamster cells, while [99]

sets δ = 40 per Gray per cell for human cells. Thus the probability of a particular

cell acquiring k ≥ 0 DSBs is given by

P (no. DSBs = k) =
λke−λ

k!
. (4.9)

Note that in radiation oncology δ is a priori unknown, and has to be estimated

from cell survival data, together with the rest of the kinetic parameters of the

model.

In our MATLAB simulations, given a total number N0 of cells, in each run

we sample the Poisson distribution randomly using the poissrnd() function, to
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create the array {Nk,0(0)}, with kmax being the maximum number of DSBs in the

sample. As an example, we use population of 10000 cells and the results are then

averaged over 20 runs.

4.7 Solving the system of ODEs

The model that we discussed in the last section contains M ODEs where M de-

pends on kmax, that is

M =
(kmax + 1)(kmax + 2)

2
. (4.10)

The system can be written as
dN

dt
= AN, (4.11)

where the M ×M matrix A is defined by the equations in (4.5). The solution of

(4.11) is given by

N(t) = N(0)eAt. (4.12)

We discussed the generation of the (random) initial conditions N(0) in sec-

tion 4.6. Note that, Nk,m(0) = 0 if m > 0 ∀k ∈ {0, kmax}.
To solve the system (4.11), we use MATLAB. The code can be found in ap-

pendix A.2 at the end of the thesis. The algorithm contains five steps in order to

compute the survival fraction of cells. The algorithm proceeds as follows:

(1) Generate random initial conditions, N(0) (see section 4.6). As in section 4.6,

the dose D is incorporated into the system through the initial conditions. At

this step, we fix a dose D (see equation (4.8)), so that the value of mean λ can

be computed to generate the initial conditions.

(2) Solve the system (4.11) up to time t = T for T = 24 hours. This number

is chosen just to make sure that the repair processes are completed. There
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is evidence that the cell’s repair process is almost completed 24 hours after

irradiation [99]. In addition, results in [133] suggest that more than 80 % of

the DSBs are repaired at repair time T = 12 hours.

(3) Compute the fraction of surviving cells S =

∑

k,mNk,m(T )
∑

k,mNk,m(0)
.

(4) Plot lnS versus the dose D. Due to the randomness of the initial conditions,

steps (1)-(3) are repeated for twenty runs in order to get an averaged value of

lnS. At this step, the loop for a single dose D is completed which corresponds

to a single data point. To generate several data points on a survival curve,

steps (1)-(3) as well as the averaged value of lnS need to be repeated for each

dose D.

(5) Fit the generated data to the LQ relation (see (2.2) in chapter 2) using fmin-

search (chapter 3) in MATLAB.

In the present thesis, we generate 31 simulation data points for the value of

parameters: δ = 2 Gy−1 cell−1, α1 = 1.5 h−1, α2 = 0.001 h−1, p = 0.95, Vmax = 1

h−1, and KM = 3 µM . These values and total number of data are chosen only

as an example, with the values of parameters that we choose lying in the range

suggested by [137, 146, 148] (see table 4.1). [137] points out that a convenient

value of δ is ≈ 2− 40 per Gy per cell depending on the type of cells. To estimate

the value of α2, [148] used survival data for CHO cells and suggest that α2 lies

between 0 per hour and 0.001 per hour, while α1 ≈ 0.0277− 20.79 per hour. As

listed in the table, [146] estimate the range of the value of Vmax and KM by using

11 experimental survival data sets obtained with different cells lines and different

types of radiation.
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parameter lower bound upper bound

δ 2 Gy−1 cell−1 40 Gy−1 cell−1 [137]

α1 0.0277 h−1 20.79 h−1[148]

α2 0 h−1 0.005 h−1 [148]

p 0 1

Vmax 0.1 h−1 3 h−1 [146]

KM 0 µM 5 µM [146]

Table 4.1: The parameter space is restricted to the range of values which are taken

from the literature. Units of all the parameters that used in this chapter are as

stated in the table.
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Figure 4.3: The simulation result for single dose D (asterisks) at t = 24 hours

for δ = 2 Gy−1 cell−1, α1 = 1.5 h−1, α2 = 0.001 h−1, p = 0.95, Vmax = 1 h−1,

and KM = 3 µM . The simulation data is then fitted to LQ relation lnS =

−0.0896D − 0.0211D2 (solid line).
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In figure 4.3 we show the survival data (∗) averaged over 20 runs of the model,

and fit them to an LQ relation (2.2) (solid curve). The fit is very good, which indi-

cates that the biological assumptions we have made concerning repair, misrepair,

and cell death processes are adequate to account for the LQ relation.

Figure 4.4 plots several survival curves as parameters are varied. The fig-

ures 4.4(a), (b), (c), and (f) show that the fraction of cells surviving decreases

when δ, α1, α2 and KM are increased, while figure 4.4(d) and (e) show that the

cell survival fraction increases as p and Vmax increase. Figure 4.4(a) illustrates

that the more radiosensitive the cells are, the more cells die, while figure 4.4(d)

shows that more cells will survive if the damage repair fidelity is increased.

A model such as the one proposed in this section can be used in therapy

protocols as we shall explain in section 4.9.
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4.8 Model parameter estimation

In this section, the main goal is to estimate a parameter set θ = (δ, α1, α2, p, Vmax, KM)

in the model (equation 4.5) that minimise the sum of squared errors (SSE), φ(θ) be-

tween n number of survival data and the model data (see section 3.3 in chapter 3).

We estimate the six model parameters using two different types of optimisation

methods; i.e a local and a global optimisation techniques namely: Nelder-Mead

(NM) simplex algorithm (see section 3.3.2) and Simulated Annealing (SA) algo-

rithm (see section 3.3.3), respectively. Performance of both optimisation methods

are evaluated based on the value of the objective function (SSE), computational

time and number of iteration.

In addition, we compute the confidence interval of each estimated parameters

to obtain the estimated interval of the true parameter values. See section 3.3.4

for details about confidence interval (CI). We use a 95% confidence interval for

our analysis which means that we are 95% sure that the true parameter value lies

within the range. Then, we check the reliability of the algorithms by estimating the

six parameters in the model again using the same SA and NM simplex algorithms

when some of the value of parameters are known exactly. In this case, performance

of both optimisation methods are evaluated based on the percentage difference

between the mean of true values and the estimated values of parameters and also

the value of the objective function (SSE) for both algorithms.

4.8.1 Parameter estimation by NM simplex and SA algo-

rithms

In this section, we use two experimental data sets from the tissue which has been

irradiated by IR with different LET. These are the experimental cell survival data

for mouse embryonic cells, C3H10T1/2, and human melanoma cell line, Mel202.

The mouse embryonic cells population were irradiated with different doses of iron

particles (high LET) taken from [164], while the human melanoma cell line was
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irradiated with different doses of x-rays (low LET) taken from [156]. The mouse

embryonic cells were incubated for 5 to 6 weeks, while the human melanoma cell

lines were incubated for 14 days for colony formation. The experimental data

points are plotted in figure 4.5. For notation, αexp and βexp refer to the LQ

parameters for experimental data. See chapter 2 for details about LQ relation.

These parameters are obtained by fitting the experimental data in figure 4.5 to

the LQ relation.
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Figure 4.5: The survival data of human melanoma cell lines Mel202 (triangles)

and mouse embryonic cells C3H10T1/2 (asterisks). Both of the data sets are

fitted to LQ relation lnS = −0.2790D − 0.0357D2 where αexp = 0.279 Gy−1 and

βexp = 0.0357 Gy−2 for Mel202 (solid line for low LET) and lnS = −0.8D−0.01D2

where αexp = 0.8 Gy−1 and βexp = 0.01 Gy−2 for C3H10T1/2 (dashed line for high

LET) using NM simplex algorithm.

To begin the parameter estimation procedure, the NM simplex and the SA

algorithms require an initial point θ0 = (θ10, θ20, θ30, θ40, θ50, θ60). This is chosen

randomly within the parameters range as listed in table 4.1. We use the built-in
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functions in MATLAB fminsearch routine and simulannealbnd routine, which per-

form the Nelder-Mead simplex algorithm and the simulated annealing algorithm,

respectively. The steps of the Nelder-Mead simplex and SA procedures that are

applied here are explained in section 3.3.2 and section 3.3.3, respectively. See

appendix A.4.1 and A.5.1 for the MATLAB codes.

Table 4.2 presents the parameter estimation results for 150 random initial

points θ0 (ie corresponds to 150 rounds of parameter estimation algorithm). The

results in the table show that NM simplex algorithm is more superior than SA

algorithm for both low and high LET survival data. In particular, the value of

the objective function (SSE) is much smaller than provided by SA method. In

addition the value of the correlation between estimated survival data and experi-

mental data r2 are close to 1 which correspond to an excellent fit. Furthermore,

the good fit between estimated survival data and experimental data can also be

seen from the value of the LQ parameters for estimated survival data αmodel and

βmodel which are close to αexp and βexp. See appendix A.4.2 and A.4.3 for the

list of the estimated parameter values of low and high LET IR, respectively. The

values of sample mean x̄ and sample standard deviation s of each parameter which

corresponds to the results in table 4.2 are also provided in table 4.3.

It should be noted that computational time of the optimisation runs till con-

vergence using NM simplex technique are shorter (i.e < 1 minute) than using the

SA algorithm (i.e > 1 hours).

For a single run of both algorithms, figure 4.6 (for low LET) and figure 4.7 (for

high LET) describe the objective function (SSE) for both of the algorithms. The

figures show that the NM method provides a fewer number of iterations than the

SA simplex method to converge to the minimum value of SSE.
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Type of IR Algorithm name

Estimated parameter values SSE r2 LQ parameters

(mean) (mean) (mean) (mean)

δ α1 α2 p Vmax KM αmodel βmodel

Low LET
NM simplex 2.0036 8.4955 0.0056 0.8812 1.4802 4.2021 0.0016 0.9998 0.2771 0.0359

SA 2.0001 11.6092 0.0061 0.9993 2.9897 0.0123 35.9961 0 1.2256 0.0335

High LET
NM simplex 3.7092 6.4476 0.0017 0.7368 2.554 1.0664 0.0784 0.9572 0.7377 0.0246

SA 2.0037 10.3327 0.0050 0.989 2.8604 0.1924 2.5483 0 1.0853 0.0788

Table 4.2: The summary of optimisation results for 150 rounds of NM simplex and SA algorithms using low and high LET

IR cell survival curve. The LQ parameters of the estimated survival data αmodel and βmodel are computed using the model

simulation data which are obtained by the six estimated parameters. The estimated survival data is then fitted to the

LQ relation to get αmodel and βmodel. For low LET, αexp = 0.2790 and βexp = 0.0357, while for high LET, αexp = 0.8 and

βexp = 0.01.
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Algorithm Parameter
Sample mean, x̄ Sample standard deviation, s

Low LET High LET Low LET High LET

NM Simplex
δ 2.0036 3.7092 0.0141 0.7435

α1 8.4955 7.7148 7.4806 7.3445

α2 0.0056 0.0015 0.0028 0.0014

p 0.8812 0.7368 0.0507 0.1322

Vmax 1.4802 2.5540 0.8248 0.7134

KM 4.2021 1.587 1.3790 1.53

SA
δ 2.0001 2.0037 0.0004 0.0171

α1 11.6092 10.3327 6.3235 6.2980

α2 0.0061 0.005 0.0038 0.0036

p 0.9993 0.9890 0.0036 0.0246

Vmax 2.9897 2.8604 0.0482 0.1868

KM 0.0004 0.1260 0.0004 0.1249

Table 4.3: The sample mean x̄ and the sample standard deviation s of the esti-

mated value of each parameter for low and high LET data using the NM simplex

and the SA algorithms. See text for details.
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Figure 4.6: Plot of the objective function with iteration for SA algorithm (black

dotted line) and NM simplex algorithm (red dotted line) for low LET IR.
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Figure 4.7: Plot of the objective function with iteration for SA algorithm (black

dotted line) and NM simplex algorithm (red dotted line) for high LET IR.

It should be noted that for this analysis, we have used a geometric cooling
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schedule in the SA algorithm. Similar analysis using the SA method done on dif-

ferent cooling schedules as explained in section 3.3.3 show no significant difference

in the results.

Next, we compute 95% confidence intervals (CIs) on the six estimated pa-

rameters for both low and high LET data (details about the CI can be found in

section 3.3.4). Here, since the sampling distribution is unknown, we apply the 95%

bootstrap confidence interval. Table 4.4 and table 4.5 present the 95% bootstrap

confidence intervals for the six parameters of the model for high LET and low LET

survival data, respectively. These confidence limits are computed based on the es-

timated parameters obtained using 1000 bootstrap data sets. See appendix A.3

and A.4 for the list of the estimated parameter values of low and high LET IR,

respectively using 1000 bootstrap data set. The bootstrap CI computation is only

on the estimation result obtained by the NM simplex technique since in our case

the NM simplex is a superior optimiser.

Parameter Parameter estimates Standard error 95% bootstrap CI

δ 2.000000000409338 0.3331 (2.000000000000074, 2.000000000984723)

α1 20.1999 6.5971 (0.545, 20.6075)

α2 0.001000000000004 3.483× 10−7 (0.001, 0.001000000000738)

p 0.999999999998499 0.0041 (0.99999999999, 1)

Vmax 2.999999999882046 5.717× 10−5 (2.999999998567619, 2.000000000000845)

KM 5.57× 10−11 7.07× 10−5 (4.7× 10−14, 2.5334× 10−9)

Table 4.4: The bootstrap 95 % confidence intervals for the six parameters of the

model for high LET survival data. See text for details.
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Parameter Parameter estimates Standard error 95% bootstrap CI

δ 2.3663 0.3114 (2, 3.1856)

α1 18.5595 5.7163 (0.0277, 20.2853)

α2 0.001000000000655 0.0002 (0.001, 0.0010025)

p 0.9295 0.1414 (0.4102, 1)

Vmax 2.9999 0.4807 (0.4805, 3)

KM 8.57× 10−11 0.6074 (1.24× 10−12, 1.3141)

Table 4.5: The bootstrap 95 % confidence intervals for the six parameters of the

model for low LET survival data. See text for details.

As a summary, when the parameter values are unknown, the NM simplex

technique provides the lowest value of the objective function (SSE). In addition the

value of the correlation between estimated survival data and experimental data r2

are close to 1 which correspond to an excellent fit. The algorithm also performs the

shortest computational time of the optimisation runs till convergence and obtains

a fewer number of iteration to converge to the minimum value of the objective

function.

Therefore, all the results shown in this section indicate that the NM simplex

algorithm gave a reasonable estimates of all of the parameters. We also 95%

confident that the value of each parameter lies within the estimate range covered

by the confidence interval which are presented in table 4.4 and table 4.5.

In next section, we check the consistency of the proposed parameter estimation

algorithms in this section. This can be done when some of the values of the six

parameters of the model are known exactly.

4.8.2 Reliability of the parameter estimation algorithms

In this section we investigate the reliability of the algorithms of the NM simplex

and the SA by using the performance of the algorithms to estimate the parameter
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values of δ, KM , α2, p, Vmax and α1. This is carried out by generating two sets

of model survival data using ODEs in section 4.5 with known parameter values

obtained in the previous section. These known values are considered the nominated

parameter values. The generated data are shown in figure 4.8 for low LET IR and

figure 4.9 for high LET IR.
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Figure 4.8: The simulation data for low LET IR are plotted (triangles) and fitted

(solid line) to the LQ relation. The estimated value of LQ parameters α = 0.2789

Gy−1 and β = 0.0357 Gy−2 for nominated parameters δ = 2 Gy−1 cell−1, α1 =

11.4775 h−1, α2 = 0.0082 h−1, p = 0.9011, Vmax = 2.3076 h−1, and KM = 5 µM

at T = 24 h.
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Figure 4.9: The simulation data are plotted (triangles) and fitted (solid line) to

the LQ relation. The estimated value of LQ parameters α = 0.7777 Gy−1 and

β = 0.0125 Gy−2 for nominated parameters δ = 3.6703 Gy−1 cell−1, α1 = 18.9733

h−1, α2 = 0.001 h−1, p = 0.7942, Vmax = 2.9387 h−1, and KM = 3.7560 µM at

T = 24 h.

We apply the algorithms to the generated data to obtain a set of estimated

parameter values of δ, KM , α2, p, Vmax and α1 for low and high LET ionising radi-

ation. The performance evaluations of the algorithms are based on the percentage

difference between the nominated parameter values and the estimated parameter

values and also the value of the objective function (SSE).

Using random start values for parameters, we calculate the mean and the stan-

dard deviation of the estimated value of the parameters δ, KM , α2, p, Vmax and

α1 based on 150 optimisation runs for each parameters. The percentage difference

between the nominated and the estimated parameter values and also the value of

the objective function (SSE) for each parameter are summarized in table 4.6 for

low and high LET IR.
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Type of IR Parameter Nominal value
Estimated values (mean) Standard deviation SSE (mean) % difference

of estimated parameters

NM SA NM SA NM SA NM SA

Low LET

δ 2 2.0017 2.0010 0.0401× 10−13 0.0003 1× 10−8 0.0014 0.085% 0.05%

α1 11.4775 20.79 14.9257 0.2495× 10−13 2.8736 1× 10−8 0.0014 44.7932% 23.1024%

α2 0.0082 0.0082 0.0082 0.0001× 10−13 0.0001 1× 10−8 0.0014 0% 0.1382%

p 0.9011 0.9003 0.9015 0.0045× 10−13 0.0055 1× 10−8 0.0014 0.0888% 0.0444%

Vmax 2.3076 2.3001 2.3030 0.0842× 10−13 0.0124 1× 10−8 0.0014 0.325% 0.1989%

KM 5 5 4.9995 0 0.0015 1× 10−8 0.0014 0% 0.0104%

High LET

δ 3.6703 3.6717 3.6735 0.1745× 10−3 0.0210 1× 10−8 0.0005 0.0381% 0.0871%

α1 18.9733 0.3974 20.3656 0.0699× 10−3 0.2674 1× 10−8 0.0005 97.91% 6.8365%

α2 0.001 0.001 0.001 0 0 1× 10−8 0.0005 0% 0%

p 0.7942 0.794 0.7942 0.014× 10−3 0.0078 1× 10−8 0.0005 0.0252% 0%

Vmax 2.9387 3 2.9887 0 0.0013 1× 10−8 0.0005 2.0433% 1.6730%

KM 3.756 3.641 3.6963 0.065× 10−3 0.0229 1× 10−8 0.0005 3.0618% 1.5895%

Table 4.6: Performance evaluation of parameter estimation on the model for low

LET IR and high LET IR with random starting values of parameters. The statistic

results over 150 runs at each parameter.

In general, table 4.6 shows all parameters for both algorithms seemed to be in

a good agreement with very little difference between both algorithms except for

α1. The result found here for α1 is consistent with the result shown in the previous

section where the standard deviation of α1 is larger than other parameters (see

table 4.3). The significant difference between the nominal value and the estimated

value of α1 might suggest the insensitivity of the model to α1. For both algorithms,

the objective function for each parameter also present that the SSE is close to 0

which correspond to an excellent fit.

As a summary, for low and high LET model survival data, the NM simplex and

the SA algorithms gave reasonably reliable estimates of all the parameters due to

its ability to estimate value of parameters.
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4.9 The model and therapy implication

We can relate the LQ bulk parameters α and β to the mechanistic parameters δ,

α1, α2, p, Vmax, and KM using the parameter estimation algorithms proposed in

section 4.8. It is of interest to understand the elasticity of α and β with respect to

δ and p as these (radiosensitivity and replication fidelity rates, respectively) can

be manipulated. See chapter 3 for details about the elasticity.

Using sets of estimated value of parameters obtained in section 4.8, we can

compute the elasticity of α with respect to p for low and high LET data, respec-

tively. We assume that p rises by 1 %, while the rest of five model parameters are

fixed. With the changes of p, we determine the new value of α by using the model

that we propose in (4.5). Using the formula in (3.4) in section 3.4 where the LQ

parameters α be y, while p is x, we can evaluate the elasticity.

We apply the same procedure as explained in the last paragraph to determine

the elasticity of α with respect to δ, β with respect to p, and β with respect to δ

when p and δ are rise by 1 %. The mean of elasticity for low and high LET IR

data are presented in table 4.7, which are associated with the estimated values of

parameters in table 4.2 provided by the NM simplex method.

Type of IR Statistic
αmodel βmodel

δ p δ p

Low LET
sample mean,x̄ 1.3881 −5.3967 1.6331 1.5715

sample standard deviation, s 0.3926 1.0647 0.2916 0.3721

High LET
sample mean,x̄ 0.9167 −3.9965 2.9916 2.925

sample standard deviation, s 0.0494 1.6879 0.6032 0.9546

Table 4.7: The sample mean and the sample standard deviation of the elasticity

of αmodel and βmodel with respect to δ and p for low and high LET data. See text

for details.

For low-LET data, it is clearly seen in table 4.7 that in most of the runs of the
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SA algorithm, both p and δ give larger than 1 in absolute values of elasticities of

α and β. These indicate that the LQ parameters αmodel and βmodel are sensitive to

both mechanistic parameters p and δ. Using the result in table 4.7, the elasticities

of α and β can be interpreted as follows. When p rises by 1 %, the value of αmodel

drops by 5.4 % while βmodel increases by 1.6 %. When δ rises by 1 %, the value of

αmodel and βmodel increase by 1.4 % and 1.6 %, respectively. It is found that αmodel

and βmodel are sensitive to δ, thus we immediately have a treatment recommen-

dation, to try to increase tumour tissue aeration (which correlates positively with

radiosensitivity) prior to irradiation.

For high-LET data, the elasticities are presented in table 4.7. In all runs we

found that only β is sensitive to δ, but α is not. Using the result in table 4.7, the

elasticities of α and β can be interpreted as follows. When p rises by 1 %, the

value of αmodel falls by 4 %, while βmodel increases by 3 %. When δ rises by 1 %,

the value of αmodel and βmodel increase by 0.92 % and 3 %, respectively. It is found

that β is more sensitive to δ than α. Since β is sensitive to δ, we immediately have

a treatment recommendation, to try to increase tumour tissue aeration (which

correlates positively with radiosensitivity) prior to irradiation.

Table 4.8 presents the 95% confidence interval of the elasticities for low and

high LET data.

Type of IR
αmodel βmodel

δ p δ p

Low LET (1.3255, 1.4507) (−5.5665,−5.2269) (1.5866, 1.6796) (1.5122, 1.6309)

High LET (0.9087, 0.9247) (−4.2694,−3.7237) (2.894, 3.0891) (2.7707, 3.0793)

Table 4.8: The 95% confidence interval of the elasticity of αmodel and βmodel with

respect to δ and p for low and high LET data. See text for details.
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4.10 Dose fractionation

In the previous section, we developed a model which described the cell killing

effects of radiation for a single dose D of radiation. It is well known that if a dose

D is given in time-separated fractions, the cumulative effect is lower than that of

the dose administered all at once (see chapter 2). In this section we implement

a version of the model that allows dose fractionation. For simplicity, we study

the effect of dividing the dose D in two fractions, separated by a time interval T .

Being able to predict the effect of dose fractionation is of paramount importance in

radiation oncology treatment planning, as radiation regimens have to be adjusted

depending on the well-being of the patients and their ability to continue with the

course of treatment.

An algorithm for administering a fractionated dose and following the evolution

of a cell population in such a radiation regime is explained diagrammatically in

figure 4.10. The blue broken line shows the single-dose treatment algorithm, the

results of which were discussed in section 4.7.

The red broken line arrow in figure 4.10 describes the case of two-dose frac-

tionation treatment, which means that the total dose of radiation D is divided

into two equal fractions d with interval times T1 = T2 = 24 hours between the

doses. We sample the Poisson distribution with mean λ = δD
2
to obtain the initial

conditions, integrate the resulting equations up to time T1, i.e. allow cells to re-

pair the radiation damage for time T1, then sample the same Poisson distribution

and adjust the number of DSBs for each cell, integrate the equations for another

interval of length T2, and compare the results to subjecting the population to a

single dose D of radiation and allowing it T = T1 + T2 repair time.

We used MATLAB to compute the fraction of surviving cells of the two-dose

fractionation treatment. The MATLAB code for two-dose fractionation algorithm

of low LET data can be found in appendix A.3 and this code can be extended to

any number n of fractions (D = nd). The survival curve for two-dose fractionation
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of low LET and high LET data are shown by circles in figure 4.11 and figure 4.12,

respectively.
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Figure 4.11: The survival data of single-dose treatment (triangles) and two-dose

fractionation treatment (circles) for low LET survival data with total repair time

T = 48 hours are obtained with δ = 2 Gy−1 cell−1, α1 = 11.5 h−1, α2 = 0.0082 h−1,

p = 0.9011, Vmax = 2.3076 h−1 and KM = 5 µM . Both the single-dose treatment

and two-dose fractionation treatment simulation data are fitted to LQ equations

lnS = −0.279D− 0.0357D2 with αs = 0.279 Gy−1 and βs = 0.0357 Gy−2 (dashed

line) and lnS = −0.211D − 0.0257D2 with αf = 0.211 Gy−1 and βf = 0.0257

Gy−2 (solid line) respectively.
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Figure 4.12: The survival data of single-dose treatment (triangles) and two-dose

fractionation treatment (asterisks) for high LET survival data with total repair

time T = 48 hours are obtained with δ = 3.67 Gy−1 cell−1, α1 = 18.97 h−1,

α2 = 0.001 h−1, p = 0.79, Vmax = 2.94 h−1 and KM = 3.76 µM . Both the

single-dose treatment and two-dose fractionation treatment simulation data are

fitted to LQ equations lnS = −0.8D − 0.01D2 with αs = 0.8 Gy−1 and βs = 0.01

Gy−2 (dashed line) and lnS = −0.7549D− 0.0094D2 with αf = 0.7549 Gy−1 and

βf = 0.0094 Gy−2 (solid line) respectively.

To show the effect of fractionation on the cell population of low and high

LET, we compare the cell surviving fraction given by single-dose treatment with

the cell surviving fraction given by two-dose fractionation treatment. Figure 4.11

and figure 4.12 present the comparison between curves of cell surviving fraction

between single dose D (dashed line) and two dose fractionation (solid line) with

total replating time T = 48 hours for low and high LET data cell population,

respectively.

Survival curves of both of the single-dose and the split dose irradiations of low

and high LET are averaged from ξ = 150 repeated runs of the fractionation algo-

rithm using the six parameter values which are listed in the caption of figure 4.11

and 4.12, respectively. As seen in both figures, the fractional survival data as a

function of the radiation dose for low and high LET are plotted and fitted by the

linear quadratic equation, respectively. It is clearly seen that the two-dose frac-
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tionation survival data for both of data sets (low and high LET) fit very well to

the LQ relation (given by the solid curve in the figures).

After single-dose irradiation, from the average of ξ = 150 repeated runs, for

survival data of low and high LET, we obtain the 95% confidence interval of

the mean of alpha-beta ratio are the intervals (7.8114, 7.8286) for low LET, and

(79.55, 80.45) for high LET.

As expected, after split-dose irradiation, the LQ parameter αf remains very

similar to αs which is obtained after single-dose irradiation with only deviation

< 7%. The results indicate that the α−coefficient is not influenced by dose frac-

tionation.

From both of the figures of low and high LET (figure 4.11 and figure 4.12,

respectively), we found that the width of shoulder and the slope of the fractional

survival curve is decreased and increased, respectively. These results are in agree-

ment with the experimental work done by [156], who suggested that these effects

are due to the larger capacity for repair of sublethal DNA damage between frac-

tions.

4.11 Conclusions

In this chapter, we have developed a mechanistic realistic model of the effect of

ionising radiation on DNA in mammalian cells. We considered a population of cells

structured by the number of DSBs and misrepairs incurred after a dose of low LET

radiation. The ODE model describes the evolution of the irradiated population of

cells in time. The work is in three parts.

First, we considered the effect of a single dose D of radiation treatment. We

observe that the fraction of surviving cells can be well approximated by the linear

quadratic relation (see figure 4.3).

Second, in section 4.8 we estimated the six parameter values in the model

proposed in section 4.5. We started with the works in section 4.8.1 where we
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assume that the value of all parameters are totally unknown. We estimated the

LQ parameters αexp = 0.279 Gy−1 and βexp = 0.0357 Gy−2 of the experimental

data of low LET IR and αexp = 0.8 Gy−1 and βexp = 0.01 Gy−2 of the experimental

data of high LET IR which are plotted in figure 4.5. The estimation of the LQ

parameters is done by fitting the experimental data to the LQ relation (see (2.2)).

The fitting which is using fminsearch routine, the built-in functions in MATLAB

which performs Nelder-Mead simplex algorithm (chapter 3), gave us the
α

β
= 7.81

Gy−1 and
α

β
= 80 Gy−1 for low and high LET IR survival data, respectively. It is

known that the higher the alpha-beta ratio, the more linear the cell survival curve.

In contrast, the lower the alpha-beta ratio, the more curved the cell survival curve

will be [81] (see figure 4.5).

We then used the estimated values of the LQ parameters αexp and βexp of both

of the experimental data of low and high LET IR in order to analyse the estimation

of the six parameters (δ, α1, α2, p, Vmax, and KM) of the model that minimise

the objective function (i.e the sum of squared errors (SSE) between n number of

survival data and the model survival data). We implemented Simulated Anneal-

ing (SA) algorithm, and Nelder-Mead (NM) simplex algorithm in the parameter

estimation algorithm for both low LET IR and high LET IR survival data. We

then compared the performance of both algorithms. For a fair comparison all of

the computations are performed using an Intel Pentium 4 CPU 2.80 GHz machine

running Windows 7.

The performance evaluations of both optimizer; the NM simplex and the SA are

based on the value of the objective function (SSE), computational time and number

of iteration. By comparison, we found that the NM simplex algorithm using the

model that we propose is more efficient optimiser than the SA algorithm in terms

of providing the lowest value of the objective function (SSE). In addition the value

of the correlation between estimated survival data and experimental data r2 are

close to 1 which correspond to an excellent fit. The algorithm also performed the

shortest computational time of the optimisation runs till convergence and obtains
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a fewer number of iteration to converge to the minimum value of the objective

function.

To determine reliability of the parameter estimation algorithms introduced in

section 4.8, in section 4.8.2 two sets of model data are generated using chosen (or

nominal) sets of parameters (δ, α1, α2, p, Vmax, and KM) value for low and high

LET cell survival model data. Using the generated model data with some of the

parameter values are known, we compared the performance of the NM simplex

method and the SA algorithm in terms of the percentage difference between the

nominal values and the estimated values and also the value of the objective func-

tion (SSE). We observed that for low and high LET model survival data, the NM

simplex and the SA algorithms are reliable method of estimation of the param-

eters of the model when these algorithms returned the same value of the model

parameters that we have chosen. It is worth to note that the parameter estimation

algorithms which using the model in section 4.5 are applicable and based on the

two data sets that we use, the results indicate that there is no restriction in the

type of LET to which our model applied.

We can relate the LQ bulk parameters α and β to the mechanistic parameters

δ, α1, α2, p, Vmax, and KM using the proposed parameter estimation algorithm

discussed in section 4.8. In section 4.9, we measure the sensitivity (or the elasticity)

of αmodel and βmodel to parameters δ, α1, α2, p, Vmax, and KM for both of the

survival data (low and high LET IR). Based on the cell survival data of low LET

IR that we used, we found that both αmodel and βmodel are sensitive to mechanistic

parameters δ and p, radiosensitivity and repair fidelity, respectively, which can

be experimentally manipulated. In this case, we immediately have a treatment

recommendation: to try to increase tumor tissue aeration (which correlates with

radiosensitivity) and decrease tumour DNA repair fidelity during pre-radiation

treatment.

Using the cell survival data of high LET IR however, only LQ parameter β is

sensitive to δ. In this case, we also have a treatment recommendation, which is to
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try to increase tumour tissue aeration prior to irradiation.

In the last section, we dealt with cell killing effects of fractionated doses of

radiation. Using the algorithm that we proposed, we observed that the main effect

of fractionation is the increment of cell surviving fraction (which is the reflection

of repair of sublethal DNA damage between fractions), with very little influence

on the α−component. It is worth to note that alpha-beta ratio (which is a tissue

property) for low and high LET remain unchanged due to fractionation.

The model proposed in the present study is close in spirit to that of [2], although

there are some small differences in assumptions. More importantly, we extend

Albright’s work both by analysing the effect of dose fractionation effect on cell

killing and by developing a method of parameter estimation: neither of these

important issues was considered in the previous work.

For further developments, it is clear that the ODE model can be replaced by

a continuum (linear) PDE limit, but the two most promising extensions are by

making the model more biologically plausible. One direction would be to allow

less restrictive repair mechanisms, in which DSBs are repaired in parallel and not

sequentially as in the present version, while the other is to allow a structuring also

in respect of the position the cell occupies in the cell cycle, a discrete variable

c with values in the set of cell cycle phase: G1-phase, S-phase, G2-phase, and

M -phase, and allow for both interphase and mitotic death.
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Modelling the ATM DNA

damage sensor mechanism

5.1 Introduction

In chapter 4, we developed a mechanistic model of high dose irradiation dam-

age. While the LQ formalism correctly describes cell survival of high radiation

doses, low radiation doses produce other effects, such as the bystander effect. In

section 2.7, we suggested a mechanism of radiation-induced bystander effects pre-

sented in figure 2.13. As mentioned in that section, there are several kinases

involved in the mechanism (the interested reader is referred to section 2.7).

One of the important kinases which are involved in the DNA damage bystander

response pathways as well as in the targeted radiation effects (see section 2.6) is

ataxia telangiectaxia mutated, ATM, a DNA damage sensor (see section 2.5.1 and

2.5.2 for further details about ATM in the DNA damage response pathways). It

is known that defects ATM gene can cause disregulation DNA damage-induced

checkpoint control (see section 2.2.8) as well as in DNA damage repair. Many

cancer cells which have a high alpha beta ratio contain ATM gene mutation [33,

120] (see section 2.6.1).

In section 2.7, we also suggested a bistability mechanism (figure 2.14) for the

104
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concentration of active ATM concentration as a function of the strength of feedback

loops between double strand breaks (DSBs) and ATM. The disbalance between the

positive and negative feedback loops will switch the bistable system from a state of

healthy low activated ATM concentration into a state of chronically high activated

ATM concentration.

As a good sensor of DNA DSBs, active ATM should be able to change back

into its inactivated state as soon as possible, as protracted high level of ATM

activation may trigger cell death by apoptosis (chapter 2). Levels of active ATM

can be lowered by dephosphorylation, or by degradation of active ATM, or by the

sequestration of inactive ATM in dimers.

In last decades, many research studies have been carried out to explore the

p53 signalling network, but only recently the p53 upstream activator ATM re-

ceived more attention after Bakkenist and Kastan [6] proposed an ATM activation

mechanism. Here, we summarize some recent research works on p53 signalling

pathway modelling that include ATM as part of the model. In 2005, Ma et al.

[102] proposed a 3-module model of the p53 signalling network. The model con-

tains a DNA damage initiation and repair module, an ATM-mediated DSB signal

transduction module, and a p53-Mdm2 oscillator module. In ATM-mediated DSB

signal transduction module, the authors considered three components: activated

ATM monomer, ATM dimer, and inactive ATM monomer. They showed that

p53-Mdm2 negative feedback loop is the basis of the p53 oscillation. The model

however omits some known important components in ATM activation such as

MRN and Wip1, a positive and negative regulator of ATM (see section 2.5.1).

In 2009, Mouri et al. [114] introduced a 2-module model which contains a DSB-

repair mechanism and an ATM-phosphorylation mechanism. [114] also considered

the same component as in [102] in ATM-phosphorylation module, except Mouri

et al. incorporated the negative feedback between p53 and ATM via Wip1 in the

model. The authors showed that the negative feedback affects ATM’s dynamical

behaviour.
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In 2011, Zhang et al. [169] suggested a 4-module model: a DNA repair module,

an ATM sensor module, a p53-centered feedback control module, and a cell fate

decision module. In ATM sensor module, the authors incorporated Wip1 phos-

phatase, Mdm2 protein, and p53-dependent damage-inducible nuclear protein 1

(p53DINP1), a p53 activation promoter in the model. The authors showed that

Wip1 phosphatase, Mdm2 protein, and p53DINP1 are important in regulating

ATM and p53 activity. All these models showed that ATM exhibits a switch-like

behavior in which all of ATM is activated rapidly in response to DNA damage

signal. Simulation results obtained by these three research works are consistent

with the experimental work obtained by [6]. However, none of these models ex-

plored in detail the process of ATM activation. In particular, the monomerization

and the dimerization processes. [102, 169] only assumed that the monomerization

and the dimerization rates of ATM are constant, while [114] does not take into ac-

count ATM monomerization and dimerization dynamics in the activation of ATM

in their model. Therefore it is important to further investigate the importance of

these processes in the activation of ATM during the ionising radiation response.

In this chapter, we construct a better mathematical framework to model the

dynamics of various ATM species upon the DNA DSBs induction including ATM

monomerization and dimerization processes. We assume that the monomerization

rate of ATM is dependent on the concentration of MRN complex (see section 2.5.1

for details about MRN). [10] reported that MRN complex concentration is pro-

portional to the number of DNA DSBs. The model provides a fully satisfactory

formalism to link biologically processing of the monomerization and the dimeriza-

tion to ATM activation.

We only deal with ATM, and this model is a minimal one, which ensures

ATM functionality. Initially, our intention was to develop a mechanistic model of

radiation-induced bystander response, but due to the complexity of the process

involved in the bystander response system, several assumptions have been made

(please see section 5.2 for the list of assumptions).
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To study the dynamics of ATM protein in DNA damage response pathways

in normal cells, we extend the approach of [59] who modeled an open system of

autophosphorylating kinase (e.g. ATM) by taking into account sequestration dy-

namics under several assumptions to simplify the model. By using the ODE frame-

work in [59] and introducing the sequestration dynamics equations, we solve the

system of differential equations using MATLAB. We analyse time-courses curves

of the active ATM concentration K∗ and the bifurcation diagram of equilibrium

K∗ with respect to the dimer monomerization rate B.

5.2 Model assumptions

To construct a simple model of the dynamics of ATM using the ODE framework

in [59], we make the following assumptions:

(1) We lump the activity of ATM, ATR, and DNA-PK into one variable, which

describes the activity of ATM;

(2) The only mechanism of activation of ATM is by DNA DSBs induction;

(3) An activated ATM exhibits only one type of post-translation modification

(PTM), which is a phosphorylation, and the phosphorylation of ATM is a

proxy of ATM activation;

(4) We do not specify the phosphatase that dephosphorylates ATM.

5.3 Justification of assumptions

Here we provide some explanation of the assumptions that we have made in sec-

tion 5.2:

(1) It is known that ATM, ATR, and DNA-PK are very important components

in the DNA damage response pathways (chapter 2). These components share
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the same activity, for example to phosphorylate H2AX (see section 2.5.1). For

the sake of simplicity, we make the assumption (1) in section 5.2.

(2) Recently in [170], it was demonstrated that there are two pathways involved

in the activation of ATM. In one of them, ATM is activated by DNA damage

following IR. This pathway is MRN-dependent. In contrast, the second path-

way does not involve DNA damage and the MRN complex. [170] found that

ATM can also be activated directly by oxidative stress (chapter 2). Since the

model that we are developing in this chapter is a minimal one, we only deal

with the activation of ATM due to the DNA damage. This means the model

that we propose here is more suitable for normal cells under irradiation than

for example for bystander cells.

(3) As discussed in chapter 2, the moment there is DNA damage, ATM is acti-

vated. It is known that parts of the activation process are acetylation and

phosphorylation of inactive ATM [10]. There is also evidence that the au-

tophosphorylation of ATM is a very important process in ATM activation

especially in wild-type human cells [144]. In this model we only deal with the

ATM phosphorylation process and also assume that this process is a sign of

ATM activation.

(4) For truly realistic models, one should model the dynamics of ATM with some

specific phosphatases such as Wip1 (section 2.5.1). In our minimal model, we

do not specify the phosphatase that dephosphorylates ATM.

5.4 Modelling

According to [6], once DNA damage occurs, an inactive ATM dimer is depoly-

merised into two inactive monomers and then there is fast activation of the monomers

by autophosphorylation. Based on [10], we believe that there is also another im-

portant way for inactivate ATM dimer to be activated. The moment there is
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DNA damage, an inactive ATM dimer falls apart giving rise to two active ATM

monomers.

Thus we are saying that to model the dynamics of ATM on the reception of a

DNA damage signal, we need two processes of creating active ATM concentration

K∗, autophosphorylation and monomerization of the ATM dimer.

As suggested by [6, 59], the reaction scheme of autophosphorylation is given

by:

K +K∗
f1−⇀↽−
b1

2K∗, (5.1)

while for the dissociation of inactive ATM dimer, K into active ATM monomers,

K∗ if there is DNA damage, we suggest the following monomerization scheme:

D
B−→ 2K∗. (5.2)

Here, we suggest the reaction scheme of the dimerization process is given by:

K +K
A−→ D, (5.3)

where A and B are the inactive ATM dimerization rate and the ATM monomer-

ization rate, respectively, while f1 and b1 are the rate constants of autophospho-

rylation of the ATM (see [59]). As suggested by [59], the reaction scheme of the

dephosphorylation process is as follows:

P +K∗
f3−⇀↽−
b3

CP
f4−→ P +K, (5.4)

where P is a molecule of phosphatase, f3, b3, and f4 are the rate constants of

dephosphorylation of the ATM.

To model the dynamics of various ATM species, we employ the ODEs frame-

work in [59]. The chemical reactions as well as the ODEs involved in autophos-

phorylating kinase model can be found in detail in [59]. The rates of change of
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concentration of the kinases and complexes are as follows:

dK

dt
= α− dK − f1KK

∗ + b1CK + f4CP − 2AK2, (5.5)

dK∗

dt
= −d∗K∗ − f1KK

∗ + b1CK + 2f2CK − f3K
∗(Ptot − CP ) +

b3CP + 2BD, (5.6)

dCP

dt
= f3K

∗(Ptot − CP )− (b3 + f4)CP , (5.7)

dCK

dt
= f1KK

∗ − (b1 + f2)CK, (5.8)

dD

dt
= AK2 − BD. (5.9)

We assume the total amount of phosphatase is conserved. Thus, P +CP = Ptot

is constant. The other species in the system are: inactive ATM concentration

(K), the activated one (K∗), the dimer (D), K∗ − P complex (CP ) and K −K∗

complex (CK). According to [59], d and d∗ are the rate of degradation of K and

K∗, respectively, while α is the rate of synthesis of K. Note that we incorporate

monomerization and dimerization dynamics into the ODEs in [59].

Since there is no data concerning the dimerization process, we assume that the

dimerization rate A is constant (the same assumption as [102, 114]).

As discussed in chapter 2, the moment there are DNA DSBs, ATM is recruited

by the MRN complex to the damage site. Then inactive ATM dimer is transformed

into two active monomers by autophosphorylation and monomerization. We as-

sume that the number of active MRN complexes is proportional to the number of

DNA DSBs G that is

MRN = a3G, (5.10)

and that the rate of monomerization B is dependent on the concentration of the

MRN complex, B = f(MRN), so that B = f(a3G).

There is experimental evidence that DNA DSBs decrease exponentially in time

[142]. Therefore we assume
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G(t) = a4e
−a5t, (5.11)

where a3 is the constant of proportionality, a5 is the rate of the DNA damage repair

and a4 is the initial damage. In the present work, without any guidance from the

literature, we assume that a5 is a constant. According to Y. Shiloh (personal

communication), there are very small amounts of K∗ in unperturbed cells. Thus

we suggest that rate of inactive ATM dimer monomerization is given by

B = a6 + a3(a4e
−a5t), (5.12)

where the very small non-zero constant a6 is an initial rate of monomerization

without DNA damage.

5.5 Simulation results

If we assume that QSSA (Quasi Steady-State Assumption) holds, that is that CP

and CK are always at a steady state,

CP =
f3K

∗Ptot

f3K∗ + (b3 + f4)
, (5.13)

and

CK =
f1KK

∗

b1 + f2
, (5.14)

then substituting (5.13)-(5.14) into (5.5)-(5.9), those equations can be re-written

as
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dK

dt
= α− dK − βKK∗ +

VmaxK
∗

K∗ +KM
− 2AK2,

dK∗

dt
= −d∗K∗ + βKK∗ − VmaxK

∗

K∗ +KM
+ 2BD,

dD

dt
= AK2 − BD,

(5.15)

where β =
f1f2
b1 + f2

, Vmax = f4Ptot and KM =
b3 + f4
f3

. According to [59], these

parameters can be interpreted as follows: β determines the autophosphorylation

strength; Vmax represents the maximum rate of dephosphorylation by the phos-

phatase; and KM , the Michaelis-Menten constant, is the concentration of K∗ for

which the phosphatase is working half of its maximum rate.

Realistically, since protein turnover acts on a different time-scale from the

damage repair response, it makes sense to take α = d = d∗ = 0. We will consider

two idealised regimes.

5.5.1 The “no damage” regime (a4 = 0)

From (5.12), we have B = a6, and without turnover parameters, the equations in

(5.15) are

dK

dt
= −βKK∗ +

VmaxK
∗

K∗ +KM
− 2AK2,

dK∗

dt
= βKK∗ − VmaxK

∗

K∗ +KM

+ 2BD,

dD

dt
= AK2 − BD.

(5.16)

Since
d

dt
(K +K∗ +2D) = 0, let us call the total concentration of ATM, Ktot, and

so without protein turnover for all time Ktot(t) is constant, in which case
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Keq +K∗
eq + 2Deq = Ktot = K(0) +K∗(0) + 2D(0).

(5.17)

Considering equilibria of (5.16), we argue as follows. If B = a6 = 0, the only

equilibrium is Keq = K∗
eq = 0, and Deq =

1

2
Ktot. For sufficiently small B, which is

a regular perturbation expansion in
√
B around the equilibrium (0, 0,

1

2
Ktot) given

that

K = 0 +
√
BK1 +BK2 + ( Higher Order Terms in B),

K∗ = 0 +
√
BK∗

1 +BK∗
2 + ( Higher Order Terms in B),

D = 1
2
Ktot +

√
BD1 +BD2 + ( Higher Order Terms in B),

(5.18)

for some positive constants K1, K2, K
∗
1 , K

∗
2 , D1, and D2 are expansion param-

eters. By substituting (5.18) into right-hand side of (5.16) and collect terms of

same power of B in every equation, the equilibrium continues uniquely as

K0 = 0 +B
1
2 (1

2
Ktot/A)

1
2 +O(B),

K∗
0 = 0 +BKtotKM/Vmax +O(B3/2),

D0 =
1
2
Ktot +O(B).

(5.19)

In our simulation of the damage response we first set K(0) = 0, K∗(0) = 0,

D(0) = 1/2Ktot and allow (5.16) with a4 = 0 to converge to the above equilib-

rium (K0, K
∗
0 , D0) (see (5.19)). Then at time t = 0 we switch on damage (i.e.

a3, a4 6= 0) and integrate (5.16) with B given by (5.12) with the initial conditions

(the equilibrium in (5.19)). This situation will be discussed in section 5.5.2. For

numerical simulation, we use the parameter values listed in figure 5.1. All the pa-

rameter values and the initial conditions we use in this analysis are not obtained

from experiments, but are chosen to get a feeling for the dynamics of the ATM

system.
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5.5.2 The “with damage” regime (a4 6= 0)

Using MATLAB, the simulations of the reduced system (5.15) are shown in fig-

ure 5.1.
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Figure 5.1: The time-courses of K∗, K, and D with A = 5s−1, α = d = d∗ =

0, f1 = 3s−1, f2 = 10s−1,f3 = 4s−1, f4 = 0.5s−1, b1 = 10s−1, b3 = 0.1s−1,

Ptot = 0.5µM , a3 = 2s−1, a4 = 10µM , a5 = 1s−1, and a6 = 0.000000001µM in

logarithmic scale. We set the initial condition as in (5.19).

Figure 5.1 shows that the moment there are DNA DSBs, inactive ATM dimers

dissociate into active ATM monomers causing a quick build-up of the amount of

active ATM concentration K∗. The ratio of K∗
max to the corresponding K and

D are
K∗

max

K
=

9.983

0.0164
≈ 609 and

K∗
max

D
=

9.983

0.0006
≈ 16638, respectively. These

ratios tell us that at maximum response of active ATM concentration K∗ is 609

and 16638 times as large as K and D, respectively, which indicates that most of

the inactive ATM dimers are transformed into the active ATM. K∗ reaches K∗
max

at t = 0.621s, which shows that when damage is high, the dissociation of dimers

into active ATM monomers is a rapid process.

We also can investigate the contribution to the dynamics of the ATM seques-
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tration parameter A. First of all, we want to explore the contribution of the rate of

dimerization to the active ATM activity over the time which follows for the DNA

damage repair process.

As shown in figure 5.2, we found that by increasing A, the maximum concen-

tration of K∗ (K∗
max) does not change, but the total activity of K∗ (the area under

the graph) and the half-life t 1
2
of K∗ decrease. These mean if more inactive ATM

monomers are sequestered into dimers, then the amount of K∗ goes down.

Next, we investigate the contribution of the rate of monomerization B to the

activity of active ATM. As discussed in section 5.4, there are five parameters

involve in the ATM monomerization process: B, a3, a4, a5 and a6. But the most

important parameters which can describe the ATM monomerization dynamics are

the amount of initial DNA damage produced a4 and the rate of the DNA damage

repair a5. As shown in figure 5.3, K∗
max increases with the increasing a4, until at

some stages the total activity of K∗ and the level of K∗
max do not change as the

amount of a4 increases. This is because K∗ is using up all the amount of K there

is and increasing the initial damage does not affect the total concentration of the

ATM Ktot in the cell. The figure also shows that the half-life t 1
2
of the active ATM

increases with the increasing a4.

Now we want to investigate the contribution of the rate of damage repair a5

(which we assume is a constant) to the dynamics of the active ATM. The results

presented in figure 5.4 show if a5 is increased to a high value (it means that the

damage is corrected very fast), then the half-life and the total activity of the active

ATM go down.

Another important result we found here (see blue line in figure 5.4) is if the

damage are constantly created without damage repair process (the case where

a5 = 0), then the total activity of K∗ never goes down and it keeps at the highest

level of concentration. See section 5.5.3 for further analysis of parameter B when

a5 = 0. As discussed in section 2.7 (chapter 2), our main goal was to model the

bystander effects, and clearly we have not done that in this present thesis. But,
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Figure 5.2: The time-courses of K∗ for different values of dimerization rate A in

logarithmic scale. The rest of the parameters are as in figure 5.1.
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logarithmic scale. The rest of the parameters are as in figure 5.1.
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here the bystander situation is found and this situation is equivalent in this part

with a5 = 0. It is known that, in bystander cells, the activation of a damage repair

response gives result to DNA double strand breaks, thus leading to mutations,

chromosomal aberrations, and cell death [129].

As discussed in section 5.4, autophosphorylation of the ATM dimer is one of the

important processes for creating active ATM. From the model that we develop, it is

shown in figure 5.5 that there is a strong contribution of the autophosphorylation

of ATM monomers in maintenance of high level of activated ATM.

Figure 5.5 shows that there is a significant difference in the production of K∗

between the system with and without the autophosphorylation process. We found

that by autophosphorylating inactive ATM monomers, the total amount of K∗
max

is larger than the system without the autophosphorylation. The results indicate

that if autophosphorylation of ATM monomers is neglected (i. e. we only consider

the monomerisation of ATM dimers without autophosphorylation) then K∗ cannot

efficiently be maintained. Therefore the autophosphorylation of ATM monomers

also works in the activation of ATM mechanism. These results are in line with

the experimental evidence that autophosphorylation of ATM is important in ATM

activation in human cells [144].

The model also can determine how much each parameter that we assume in

the autophosphorylation of ATM contributes to the dynamics of active ATM. As

shown in figure 5.6 and figure 5.7, there are significant increases of the total activity

and the half-life of K∗ when the autophosphorylation parameters f1 and f2 are

increased.

Without using MATLAB, the K∗ equation in (5.15) contains β which describes

the strength of ATM autophosphorylation. If f1 and f2 go up, these values should

increase the value of β, thus increase the amount of K∗. All these results suggest

that, in order to maintain the activity of K∗ at high level as long as there is

damage, f1 and f2 should be large.

Next, we want to investigate the contribution of the dephosphorylation param-
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Figure 5.4: The time-courses of K∗ for different values of damage repair rate a5 in

logarithmic scale. The rest of the parameters are as in figure 5.1.
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Figure 5.6: The time-courses of K∗ for different values of f1 in logarithmic scale.

The rest of the parameters are as in figure 5.1.
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Figure 5.7: The time-courses of K∗ for different values of f2 in logarithmic scale.

The rest of the parameters are as in figure 5.1.
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eters, Ptot, f3, and f4 to the dynamics of K∗. In (5.15), the K∗ equation contains

Vmax and KM . From the equation, if Vmax goes down and KM goes up, these values

should increase the amount of K∗.

Using MATLAB we found that if Ptot, f4, and f3 are decreased, then the to-

tal activity of K∗ and its half-life are increased (see figure 5.8, figure 5.9 and

figure 5.10). This is because Ptot and f4 are dependent on Vmax, while f3 is de-

pendent on KM . If Ptot, f4, and f3 are decreased, then Vmax decreases and KM

increases. Moreover, if these values become smaller and smaller, then the amount

of dephosphorylated K∗ is reduced, thus keeps the amount of K∗ at high level.

In figure 5.10, it is shown that if we fix all the model parameters and f4 in-

creases, there is a reduction in the maximum of K∗ (K∗
max), because the CP will

be broken faster into two molecules of K to form a dimer. In contrast, if f3 is

increased, there is no reduction in the maximum of K∗ because quite a lot of K∗

is sequestered in CP (see figure 5.9).

The results indicate that, in order to ensure the ATM functionality as a good

damage sensor, the level of Ptot, f3, and f4 must be very low, so that by using

these small values, the system can keep K∗ at high level until all the DNA DSBs

are repaired.

5.5.3 The no repair case (a5 = 0) for a4 6= 0

In section 5.5.1, we argued that the DNA damage repair a5 is non-zero and ATM

monomerization rate, B is close enough to zero. We found that there is only one

equilibrium. The argument was by regular perturbation in B. Now we want to

investigate the properties of the system if a5 is zero. Then (5.12) becomes

B = a6 + a3(a4), (5.20)

where the dimer monomerisation rate, B is a constant. Here we want to explore

the physically relevant concentrations of active ATM concentration K∗ for different
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Figure 5.8: The time-courses of K∗ for different values of Ptot in logarithmic scale.

The rest of the parameters are as in figure 5.1.
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Figure 5.9: The time-courses of K∗ for different values of f3 in logarithmic scale.

The rest of the parameters are as in figure 5.1.
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values of inactive ATM dimer monomerization rate, B.

Using (5.17) for Vmax = 0.25s−1, Ktot = 10µM , β = 3
2
µMs−1, and A = 5s−1

(the parameter values are the same as in simulation in figure 5.1), the ODEs in

(5.16) can be re-written as follows:

dK

dt
= −3

2
KK∗ +

0.25K∗

K∗ + 0.15
− 10K2,

dK∗

dt
= 3

2
KK∗ − 0.25K∗

K∗ + 0.15
+B(10−K −K∗),

dD

dt
= 5K2 − BD.

(5.21)

To explore numerically the dynamics of the model in (5.21), we perform a bi-

furcation analysis of active ATM concentration (K∗) with respect to the dimer

monomerisation rate (B) by the aid of MATCONT. This MATLAB package pro-

vides a bifurcation toolbox for the numerical study of dynamical system (see

http://www.matcont.ugent.be/ for further details). We vary the parameter B

and track the equilibrium points of the model. Figure 5.11 presents a bifurca-

tion diagram of the model in (5.21). The horizontal and vertical axes show the

parameter B and active ATM concentration K∗, respectively.

Figure 5.11 shows that if there is no damage, which is when B is sufficiently

small then the active ATM concentration K∗ very small. In contrast, if the system

is overwhelmed by damage (for an example being created via ROS), then the

amount of B is high, which results in the value of K∗ to be constantly at a high

concentration. This result agrees with the result shown in figure 5.4 when a5 = 0

(see blue line in the figure).
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The rest of the parameters are as in figure 5.1.
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Figure 5.11: Bifurcation diagram of active ATM concentration K∗ versus the

dimer monomerisation rate B. The two solid lines denote stable steady states:

the UP state (upper) and the DOWN state (lower). We can see two saddle-

node bifurcations (bold circles) at B = 0.00171996 (at equilibrium point

(K,K∗, D)=(0.025,6.496,1.740)) and B = 0.012365083 (at equilibrium point

(K,K∗, D)=(0.109,0.354,4.769)). When B < 0.00171996, only the DOWN state

is stable; when B > 0.012365083, only the UP state is stable. Thus the system

exhibits monostable behavior. When 0.00171996 ≤ B ≤ 0.012365083, the system

is bistable at the two stable steady states, the UP and DOWN states, which are

separated by an unstable steady state (dashed line).



Chapter Five 125

5.6 Discussion and conclusions

In this chapter we have discussed a minimal model of the operation of the ATM

protein which ensures functionality as a good DNA damage sensor.

The work extends the approach of [59] on the autophosphorylating kinase (e.g.

ATM) by taking into consideration of sequestration dynamics, an important aspect

of ATM dynamics when there is no DNA damage. By using the ODEs in [59] and

the equations of the sequestration process, we simulate the system of ODEs using

MATLAB.

The model that we propose here is a minimal one. We made the simplest as-

sumptions on the sequestration parameters A and B. Without any clear guidance

from experimental data, we assume that the rate of dimerization A is constant,

while the rate of monomerization B is a function of time t which depends on the

number of active MRN complexes after the creation of the DNA DSBs.

From all the results shown, it seems likely that the model that we propose is

a good model of ATM functionality as we will argue below. The assumption that

the damage is being repaired at some fixed rate (which is given by a5) which is

proportional to the DNA damage, and this rate is a constant, is reasonable. As

shown in figure 5.4, we can see that when a5 is very high, that is, the damage is

repaired very fast (which indicates that the amount of DNA damage exists is very

low), the total activity (or the value) of K∗ must also be very low. As what we

expect from a good model of ATM is that the half-life and the total activity of

K∗ should decrease with the increasing a5. A good ATM model should have the

following property: the level of K∗ must be always very high while there is still a

lot of damage (which is B is high) or always at very low level if there is no more

damage (which is B is very low) available after being repaired (see figure 5.11).

Figure 5.12 presents the kind of picture that illustrates the dynamics of K∗

activity that one really wants to see and which is found in the simple mathematical

framework that we are using. Clearly the assumption that DNA damage decays
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exponentially over time, which follows from the damage repair and a5 being a

constant, is reasonable. What this means is that there is feedback between the

remaining damage and ATM activity, so that we do get an optimal response of

the DNA damage. An optimal response is a response that keeps K∗ high till

everything is done (when all the damage is repaired).
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Figure 5.12: The graph of the total activity of K∗ (µM) versus the rate of damage

repair a5 (µMs−1). See text for details.

The mathematical framework suggested in chapter 5, which models the dy-

namics of various ATM species after DNA damage, might be used to indicate how

cancer cell division can be interfered with. It is known that inhibiting ATM sig-

nalling is an important target for cancer therapy. For example, it can be done by

the ATM inhibitor, KU-55933 [96], or such interference can also be demonstrated

by viruses such as adenovirus which can prevent ATM autophosphorylation and

signalling [51].

All the results which are presented as time-course curves of active ATM species

and also the bifurcation diagram of active ATM concentration K∗ with respect to

the parameter B might suggest new ways of looking at data that had not been used

in the formulation of the model and hence in new experiments. For example, there

is no experimental evidence on the mechanism of ATM dimerization and monomer-

ization. Since we made the assumptions that the dimerization rate A and repair

rate a5 are constant, we would like these assumptions checked in vitro. It is known
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that for phosphorylation we must have an abundant supply of ATP [91]. Hence,

it is makes sense to perform in vitro assays of ATM dimerization/monomerization

in different ATP regimes and environments (e.g. with or without single-stranded

DNA (ssDNA)).



Chapter 6

An example of a structurally

unstable bistable system

6.1 Introduction

In section 2.7, we suggested a conceptual scheme for the mechanistic processes

leading to the bystander response of ionising radiation as presented in figure 2.13.

The figure shows that the scheme contains many network motifs that can give rise

to bistability. The bistability curve is shown in figure 2.14. Therefore understand-

ing the mathematics of bistability is important and there is a gap in the literature

because it mainly studies closed systems.

It is often claimed in systems biology (see [3]) that biological networks are

modular and are best understood in terms of functionalities of modules comprising

the network. There are many possible functions a module can have (see [3, 127,

155]). An important type of module is the bistable (or more generally multistable)

switch; see the discussion in section 3.5. Bistable switches have been implicated

in many aspects in pathology [165].

It is frequently stated that feed-forward loops, i.e. loops of mutual activation,

lead to bistability [46, 47, 149]. Such loops are ubiquitous in disease, where they

are often called vicious circles [112, 123]. Our scheme of figure 2.13 abounds

128
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in feed-forward loops, e.g. one involving ROS, MAPK and Cox2, and a longer

one involving ROS, DNA damage, ATM, NF-κ B, Cox2 and ROS. Conventional

wisdom then would claim that our scheme has bistable elements.

However, in [59] it was suggested, using a very simple and plausible biochemi-

cal system, that the connection between feed-forward loops and bistability is not

as simple as would appear from the literature. Much of the work on formulating

criteria of bistability, such as [4, 98], is restricted to closed systems, i.e. systems

that do not allow transport into or out of the system, de novo synthesis, or degra-

dation of components. This is clearly biologically unrealistic. The main result of

[59] is that under arbitrarily small perturbations of dynamics that destroy closure,

the property of bistability can be lost. In other words, topology of a module is not

sufficient to determine its functionality in this case.

This result poses two major theoretical questions. The first one is, which closed

bistable systems are structurally unstable. The second one is the more important

one: what are the criteria for bistability in open biochemical systems. Clearly, this

question has to be answered in a rigorous manner if we want to establish whether

a particular module has the functionality of a bistable switch.

We leave the general discussion of these two question to future work. In this

chapter, we show that methods of commutative algebra, such as resultants, com-

bined with regular perturbation methods, can be used effectively to resolve ques-

tions of bistability in reasonably complex situations which generally lead to prob-

lems involving multivariate polynomials. These tools were unnecessary in [59], as

the analysis could there be done “by hand”.

We illustrate our methods by considering a modification of the model of [4],

described in section 3.5. Surprisingly, as in [59], we find that this model is not

structurally stable with respect to bistability under arbitrarily small in- and out-

fluxes.

Though the work in this chapter does not advance the project of quantitative

modelling of the bystander effect, we hope that the flaw in methodology, which
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considers it sufficient to exhibit a mechanism that only leads to a bistable switch

in a closed system, is of considerable general interest, and that the tools we use

are versatile enough to be employed in other bistability contexts.

6.2 The modification of the model of Angeli et

al. in the case of non-zero kinase turnover

6.2.1 The governing ODEs

The Angeli et al. [4] model (the case of zero kinase turnover) is described in

chapter 3. In this chapter we assume that active and inactive Cdc2 are destroyed

(or degraded) in a protein turnover process, while only inactive Cdc2 is synthesised.

For simplicity we assume that Wee1 is conserved. There is evidence that protein

degradation exhibits first-order kinetics, while protein synthesis, which is zero-

order [55, 56, 154].

When new terms representing protein turnover are incorporated into the equa-

tions proposed by [4] with ν = 1, we obtain the following system of ODEs:

ẋ2 = −α1x2 +
β1x1y

γ1
1

K1 + yγ11
+ a− dx2, (6.1)

ẋ1 = α1x2 −
β1x1y

γ1
1

K1 + yγ11
− d∗x1, (6.2)

ẏ2 = −α2y2 +
β2y1x1

γ2

K2 + xγ21
, (6.3)

ẏ1 = α2y2 −
β2y1x1

γ2

K2 + xγ21
. (6.4)

The notation here is the same as in Chapter 3, with the addition of the turnover

coefficients d and d∗ and the inactive Cdc2 rate a.
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To study the structural stability of the Cdc2-cyclinB/Wee1 system, we use

from now on the parameters shown in table 6.1 which are taken from [4]. Note

that γ1 = 4 and γ2 = 4; these values result in high degree polynomials that arise

in the stability analysis.

Parameter Value

α1 1s−1

α2 1s−1

β1 200µMs−1

β2 10µMs−1

γ1 4

γ2 4

K1 30(µM)−1

K2 1(µM)−1

Table 6.1: The parameter values for the Cdc2-cyclinB/Wee1 system used by [4].

6.2.2 Mathematical analysis

The main result of this chapter is the following theorem:

Theorem 6.2.1. For parameter values used by [4], the system (6.1)–(6.4) is struc-

turally unstable with respect to bistability.

We remind the reader that this means that if when a = d = d∗ = 0 it exhibits

bistability, there are arbitrarily small positive values of a, d, d∗ for which the system

is monostable.

Proof: Note that if a, d, d∗ are non-zero,

d

dt
(x2 + x1) = a− dx2 − d∗x1. (6.5)
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At equilibrium

x2 =
a

d
− d∗

d
x1. (6.6)

Using (6.6), we can substitute the equilibrium value of x2 in terms of x1 into

(6.1) to obtain

−α1(
a

d
− d∗

d
x1) +

β1x1y
4
1

K2 + y41
+ a− d(

a

d
− d∗

d
x1) = 0, (6.7)

or

α1(
a

d
− d∗

d
x1)−

β1x1y
4
1

K2 + y41
− d∗x1 = 0. (6.8)

Since Wee1 is conserved, we use the equation (3.10) in section 3.5.1. Thus, at

equilibrium, the algebraic equations to be solved are

α1(
a

d
− d∗

d
x1)−

β1x1y
4
1

K1 + y41
− d∗x1 = 0

α2(1− y1)−
β2y1x

4
1

K2 + x41
= 0.

(6.9)

Our strategy now is to explore the case in which the turnover parameters (a,

d and d∗) are very small. The set of equilibrium points of (6.1)–(6.4), that is, of

real positive solutions of (6.9) can be found by calculating the resultant of two

equations in (6.9) with respect to y1 using MAPLE. This gives us a 17- degree

polynomial P (x1) the roots are the x1-coordinates of the equilibria (x1, y1).

P (x1) = (−200 d− 439231 d ∗ d− 439231 d ∗)x1
17+

439231 x1
16a + (−159724 d ∗ − 800 d− 159724 d ∗ d)x1

13

+159724 x1
12a + (−21786 d ∗ − 21786 d ∗ d− 1200 d)x1

9

+21786 x1
8a + (−1324 d ∗ d− 1324 d ∗ − 800 d)x1

5

+1324 x1
4a + (−31 d ∗ d− 31 d∗ − 200 d)x1 + 31 a = 0

(6.10)

with three parameters a, d and d∗. Note that we are using the [4] values of

parameters throughout. This we have to determine the number of real positive

roots of P1. We will do this by computing the discriminant ∆ of the polynomial
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and using Sturm’s theorem. The interested reader is referred to chapter 3 for

details of these tools.

From (3.15) in chapter 3, the discriminant of the odd-degree polynomial in

(6.10) is given by

∆ = f(d, a) = (−1)
1
2
(17)(16) 1

−439231d∗ − 200d− 439231d∗d
R(P, P ′), (6.11)

where R(P, P ′) is the resultant of P and
dP

dx1
with respect to x1. Using MAPLE,

we find that the discriminant of P (x1) is a polynomial of degree 32 in d, d∗, and a.

According to [161], the rate of Cdc2 degradation is higher in S-phase than in

G1-phase in which an activation of Cdc2 occurs at or before the G1/S transition in

cell cycle (see section 2.2.7 in chapter 2). This indicates that d > d∗. However, due

to the complexity of the expressions involved, we assume that d = d∗. Therefore,

f(d, a) is now a polynomial of degree 66 in d and 32 in a.

Next, we need to work out for what (d, a), P (x1) has three positive roots (so

the system is bistable), or one (so the system is monostable). The set f(d, a) = 0 is

the union of the curves shown in figure 6.1. As we cross these curves, the number

of roots of P1(x) changes. We will show that in the shaded region, the system

is bistable and outside it, it is monostable. Note that the region of bistability is

bounded.

We are interested in the regime where the protein turnover parameters are

very small (0 < a � 1 and 0 < d � 1). For this, we rescale a and d. Thus, we

introduce a small parameter ε and set a = εA and d = εδ. Therefore, f(d, a) = 0

now becomes

f(εδ, εA) = 0, (6.12)

or expanding in ε,

εf1(δ, A) + ε2f2(δ, A) + ( Higher Order Terms in ε) = 0. (6.13)
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Figure 6.1: The set f(d, a) = 0.

As ε � 1, we only consider the first term in the left side of the equation in

(6.13) and hence we obtain f1(δ, A) = 0. With the aid of MAPLE, f1(δ, A) = 0 is

illustrated in figure 6.3.

As we can see in figure 6.3, Region II in (d, a)-plane is bounded by two straight

lines which pass through the origin. Our next task is to find out the equation of

the lines. Suppose the lines are given by

A = mδ, (6.14)

where m is the line slope. Then, by substituting (6.14) into f1(δ, A) = 0, we obtain

f1(mδ, δ) ≈ −2.634193844× 10147m4δ33 + 2.787004386× 10148m12δ33−
9.343386656× 10131m28δ33 + 5.898600220× 10148m16δ33−
2.098048254× 10123m32δ33 − 6.874031960× 10147m20δ33−
1.045562823× 10147 δ33 − 1.387446145× 10140m24δ33+

2.501077087× 10147m8δ33 = 0.

(6.15)

By solving (6.15) using MAPLE, we find that the values of the slopes m1 and m2

are
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Figure 6.2: We now enlarge the region in figure 6.1 as we want to work with small

turnover parameters.

m1 ≈ 0.7567928014 and m2 ≈ 1.733670494, (6.16)

or, equivalently,

A

δ
≈ 0.7567928014 and

A

δ
≈ 1.733670494. (6.17)

A

δ
=
a

ε
× ε

d
=
a

d
. (6.18)

Therefore, (6.17) implies that

a

d
≈ 0.7567928014 and

a

d
≈ 1.733670494. (6.19)

Next, we aim to show that in Region I P1(x1) has only one positive root, while
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in Region II it has exactly three positive roots. This is proved in the following

lemma using Sturm’s theorem and the Cauchy Criterion (see chapter 3).

Lemma 6.2.2. Let f(d, a) be given by (6.11) with parameters 0 < a � 1 and

0 < d� 1.

1. For any point in the (d, a) plane such that f(d, a) < 0 (in Region I, fig-

ure 6.3), there is a globally asymptotically stable equilibrium point (x∗
1, y

∗
1, x

∗
2)

in (6.10). Thus the system is monostable.

2. For any point in the (d, a) plane such that f(d, a) > 0 (in Region II, fig-

ure 6.3), there are three equilibrium points: (x∗11, y
∗
11, x

∗
21), (x

∗
12, y

∗
12, x

∗
22), and

(x∗13, y
∗
13, x

∗
23) in (6.10). Two equilibrium points are locally asymptotically

stable points, and one point is a saddle, making the system bistable.

Proof of the Lemma:

Region I

Note that, for 0 < a � 1 and 0 < d � 1, Region I lies outside f(d, a) = 0 (see

figure 6.1) and within the line with slopes 0 < m ≤ 0.757 and m ≥ 1.734 (see
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figure 6.3). Suppose there is an arbitrary point (p, q) that lies in Region I, say on

a line a = 1
2
d with slope m = 0.5 for d small enough. Thus with (p, q) = (d, 1

2
d),

and substituting into (6.11), f(d, 1
2
d) < 0, (6.10) becomes

P (x1, d) ≈ 31
2
+ (−439231 d− 439431)x1

17 + 439231
2

x1
16

+(−160524− 159724 d)x1
13 + 79862 x1

12 + (−22986− 21786 d)x1
9 + 10893 x1

8+

(−1324 d− 2124)x1
5 + 662 x1

4 + (−31 d− 231)x1.

(6.20)

We want to show that for sufficiently small d > 0 this equation has only one

positive solution. So first set d = 0, thus (6.20) becomes

P (x1) ≈ 31
2
− 439431 x1

17 + 439231
2

x1
16 − 160524 x1

13 + 79862 x1
12

−22986 x1
9 + 10893 x1

8 − 2124 x1
5 + 662 x1

4 − 231 x1.
(6.21)

Using MAPLE to solve (6.20), we see that it has only one positive solution.

We can verify this using Sturm’s theorem (see chapter 3 for details of this tool).

To find the number of real polynomial roots in (6.21), we first compute the

Sturm function (see chapter 3) using MAPLE. This calculation yields a Sturm

chain (see chapter 3) of polynomials: P0(x1), P1(x1), P2(x1), · · · , P16(x1), P17(x1),

with P17(x1) is of degree 17, Pn(x1) is of degree 17− n, and P0(x1) = −1.

After the Sturm sequence (or chain) is computed, we can investigate how many

real roots the polynomial has. Using MAPLE, we found that in the interval

x1 ∈ [0,∞] there is only one real root. Note that the number of real roots ly-

ing in the interval (a, b) can be calculated from the value of N(b) − N(a), where

N(b) and N(a) is the number of changes of sign in the Sturm chain given by

P0(b), · · · , P16(b), P17(b) and P0(a), · · · , P16(a), P17(a), respectively.

In our study, we are only interested in positive real roots. Here, we apply

the Cauchy Criterion to find where the root of the polynomial P (x1) is located.

Cauchy says the real root of (6.21) is in the interval [−M,M ] where:
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M = 1 +
max0≤i≤16|ai|

|a17|
, (6.22)

or

M ≈ 1 +
2.196155

4.39431
≈ 1.4998. (6.23)

Here, we found that the root only exists in [−1.4998, 1.4998].

Applying Sturm’s theorem, we can reduce the interval for the solution of

P (x1) = 0 in (6.21). Table 6.2 shows the number of real roots R lie in inter-

val (a, b) obtained for points separated by 4x1 = 1.4998:

a b R

−1.4998 0 0

0 1.4998 1

Table 6.2: The interval of x1 and the number of real roots

Table 6.2 tells that P (x1) has a positive real root (for which 0 < x1 < 1.4998).

By reducing the spacing of x1 to 4x1 = 0.001, we found that the root lies in x1 =

[0.067, 0.068]. One can reduce the interval if desired. Here we choose x1 = 0.067.

To obtain y1 at x1 = 0.067, we use the second equation in (6.9). This equation

can be rewritten as

y1 = f(x1) =
1 + x1

4

1 + 11 x14
. (6.24)

Substituting x1 = 0.067 into (6.24) and (6.6), thus y1 = 0.37 and x2 = 0.433.

Therefore, the equlibrium point found in Region I for d = 0 is (x∗1, y
∗
1, x

∗
2) =

(0.067, 0.37, 0.433).

Next we need to examine the stability of the equilibrium points of the system.

Using the stability analysis of three-dimensional system of ODEs, the Jacobian

matrix of the three-variable: x1, x2 and y1 system is given as
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−1− d 200 y14

30+y14
800 x1y13

30+y14
− 800 x1y17

(30+y14)
2

1 −200 y14

30+y14
− d −800 x1y13

30+y14
+ 800 x1y17

(30+y14)
2

0 −40 y1x1
3

1+x1
4 + 40 y1x1

7

(1+x1
4)2

−1− 10 x1
4

1+x1
4















(6.25)

which is evaluated using MAPLE. Substituting the value of d = 0, x1 = 0.067,

y1 = 0.37, and x2 = 0.433 into the Jacobian matrix in (6.25), MAPLE gives three

real eigenvalues (λ10, λ20, and λ30) which are negative numbers. These values

conclude that the equilibrium point (x∗1, y
∗
1, x

∗
2) = (0.067, 0.37, 0.433) is globally

asymptotically stable . Thus the system in (6.9) for d = 0 exhibits monostable

behavior.

Since by inspection, the dependence of (6.20) on d is regular, the implicit

function theorem (see [88] for details) tells us that there is a unique positive solution

(x = x(d)) which is defined by P (x1(d), d) = 0 and x1(0) = x0, where x0 is the

root of P (x1, 0) = 0 in (6.21), i.e., x0 = 0.067. But for sufficiently small d the line

a = 1
2
d is in Region I, hence since the number of positive solutions is the same

everywhere in Region I, in Region I we have monostability.

If x1 = 0.067 (or x0 = 0.067) solves P (x1) = 0 in (6.21), then for sufficiently

small d, the unique solution of P (x1, d) = 0 in (6.20) will be x1 + O(d) = 0.067 +

O(d). There is no need to find 0(d) term. In this case if there are 0(1) terms, 0(d)

terms are much smaller if d is small. It means that every expansion has the form

of a0 + a1d+ a2d
2 and so on so for d small enough, no matter what a1 is, a0 term

dominates as it is not zero and independent of d. So the result is that for small

d > 0 the unique equilibrium of the system is (x∗1 +O(d), y∗1 +O(d), x∗2 +O(d)) =

(0.067 +O(d), 0.37 +O(d), 0.433 +O(d)).

The eigenvalues of the Jacobian in (6.25) for small d > 0 will be λ1 = λ10 +

O(d), λ2 = λ20 + O(d), and λ3 = λ30 + O(d), where λ10, λ20, and λ30 are the

eigenvalues found by plugging d = 0, x1 = 0.067, y1 = 0.37, and x2 = 0.433 into

the Jacobian matrix in (6.25). And since λ10, λ20, and λ30 have negative real parts,
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a small perturbation in d will not do any damage.

Everywhere in Region I except the line d = 0, P (x1, d) has a globally asymp-

totically stable real root no matter how small a and d are individually. This

monostable character is unchanged except if the point (d, a) moves to other re-

gion through the transition curve which are the line with slopes m1 = 0.757,

m2 = 1.734, and curve f(d, a) = 0.

Region II

Note that, for 0 < a � 1 and 0 < d � 1, Region II lies inside f(d, a) = 0 and

within the slope 0.757 < m < 1.734 (see figure 6.3). Suppose there is an arbitrary

point (p, q) that lies within Region II. Let m = 1 be a slope in the region, so

that a = d for d small enough. Therefore, we have (p, q) = (d, d). At this point

f(d, d) > 0 and (6.10) becomes

P (x1, d) ≈ 31 + (−439231 d− 439431)x1
17 + 439231 x1

16 + (−160524− 159724 d)x1
13

+159724 x1
12 + (−22986− 21786 d)x1

9 + 21786 x1
8 + (−1324 d− 2124)x1

5

+1324 x1
4 + (−31 d− 231)x1.

(6.26)

We want to show that for sufficiently small d this equation has three positive

solution. So first set d = 0, thus (6.26) becomes

P (x1) ≈ 31− 439431 x1
17 + 439231 x1

16 − 160524 x1
13 + 159724 x1

12 − 22986 x1
9

+21786 x1
8 − 2124 x1

5 + 1324 x1
4 − 231 x1

(6.27)

Performing on (6.27) an analysis similar to that in Region I, thus the Sturm

chain of (6.26) is given by polynomials P0(x1), P1(x1), P2(x1), · · · , P16(x1), P17(x1),

with P17(x1) is of degree 17, Pn(x1) is of degree 17− n, and P0(x1) = 1.

We apply the Cauchy Criterion to find where the root in polynomial P (x1) is

located. Using Cauchy’s criterion
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M = 1 +
4.39231

4.398702310
= 1.99855. (6.28)

Thus all the positive roots of P (x1) in (6.27) lie in [0, 1.99855]. Using Sturm’s

theorem, we found that each of the root lies in [0.1, 0.2], [0.5, 0.6] and [0.9, 1]. By

reducing the interval of x1 to 0.01, the roots are x11 = 0.14, x12 = 0.51 and x13 =

0.99. Then substituting those three values of x11, x12, and x13 into (6.24) and (6.6),

we obtain (x∗11, y
∗
11, x

∗
21) = (0.99, 0.17, 0.82), (x∗12, y

∗
12, x

∗
22) = (0.51, 0.61, 0.49) and

(x∗13, y
∗
13, x

∗
23) = (0.14, 0.99, 0.86). Next we need to examine the stability of these

equilibrium points of the system. Using the stability analysis of three-dimensional

system of ODEs similar to that in Region I for d = 0, we found that equilibrium

points: (x∗11, y
∗
11, x

∗
21) = (0.99, 0.17, 0.82) and (x∗13, y

∗
13, x

∗
23) = (0.14, 0.99, 0.86) are

locally asymptotically stable points (the three eigenvalues for both of equilibrium

points are negative real numbers), while (x∗12, y
∗
12, x

∗
22) = (0.51, 0.61, 0.49) is a

saddle point (with two negative real eigenvalues and one positive real eigenvalue).

Since by inspection the dependence of (6.26) on d is regular, the implicit func-

tion theorem (see [88] for details) tells you that for sufficiently small d > 0 there

is a unique positive solution (x = x(d)) which is defined by P (x1(d), d) = 0 and

x(0) = x0, where x0 is one of the roots of P (x1, 0) = 0, i.e., x0 = 0.99, 0.51, and

0.14. But for sufficiently small d > 0, the line a = d is in Region II, where the

number of positive solutions is the same everywhere in Region II.

For sufficiently small d > 0, the eigenvalues of the system will be λ1 = λ10 +

O(d), λ2 = λ20 + O(d), and λ3 = λ30 + O(d) for each equilibrium point (see the

clarification of eigenvalues for d > 0 in Region I). The sign of the eigenvalues

cannot change for small enough d. In this case if there are 0(1) terms, 0(d) terms

are much smaller if d is small. It means that every expansion has the form of

a0 + a1d + a2d
2 and so on so for d small enough, no matter what a1 is, a0 term

dominates as it is not zero and independent of d. Therefore everywhere in Region

II, the bistability character of the equilibrium points in Region II are unchanged,

unless if the point (d, a) moves to other region through the transition curve which
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are the lines with slopes m1 = 0.757, m2 = 1.734, and a curve f(d, a) = 0.

These results show that the system is not structurally stable with respect to

bistability (which means that arbitrarily small value of a and d can make bistability

disappear). In other words, there is no bistability if there is kinase turnover and

a
d
/∈ (0.7567928014, 1.733670494) and f(d, a) < 0 no matter how small d and a are

individually.

6.3 Conclusions

In this chapter, we discussed a structurally unstable bistable Cdc2-CyclinB/Wee1

system suggested by [4], in which bistability can vanish when arbitrarily small

rates of protein turnover are taken into consideration.

There are other bistability studies that neglect protein turnover such as [27, 98].

In [59] the same phenomenon of structural instability with respect to bistability is

shown to occur in an autophosphorylating kinase system proposed by [98]. Com-

pared to our work, [59] deals with a much simpler polynomial (quadratic) while the

polynomial in the model that we discuss in this chapter is of degree seventeen. In

addition the bistability wedge in the turnover parameters plane in [59] is an open

one and infact the region does close for large enough parameters. In contrast, the

region of bistability in our case, bounded by (d, a) such that f(d, a) = 0 is closed

and bounded. Due to the complexity of expression, we work under the assumption

that the rate of degradation of both active and inactive form of the Cdc2 kinase

is the same, d = d∗). We also neglect turnover of Wee1.

In our work, since the degree of polynomial P (x1) is more than five, we use

discriminants, Sturm’s theorem, the Cauchy Criterion, and the theorem implicit

function to analyse the structural stability of the Cdc2-CyclinB/Wee1 system.

Since bistability is an important property of signal transduction pathways,

there is a need to work out how to make bistable behavior in biological systems

robust with respect to protein turnover.
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Besides, as suggested by [161], the rate of degradation of Cdc2 in active form

is smaller than in the inactive form, so that
d∗

d
< 1. It would be interesting to

redo the structural stability analysis of the Cdc2-CyclinB/Wee1 system taking this

relation and also Wee1 turnover into consideration.

Furthermore, it has been assumed that kinase synthesis has zero order kinetics

while kinase degradation has first order kinetics. It is a good idea to verify the

validity of these assumptions experimentally.



Chapter 7

Conclusions and further work

To understand ionising radiation damage to mammalian cells, we have analysed

three important processes involved in radiation response.

In chapter 4, we suggested a framework to model evolution of cell populations

following high dose irradiation. The model proposed in the present work is close in

spirit to that of [2]. In addition to differences in assumptions, we extend Albright’s

work both by analysing the effect of dose fractionation effect on cell death and by

developing a method of parameter estimation: neither of these important issues

was considered in that work.

We considered a population of cells structured by the number of DSBs and

misrepairs incurred after a dose of low LET radiation. The ODE model describes

the evolution of the irradiated population of cells in time. The work is in three

parts. First, we considered the effect of a single dose D of radiation treatment.

We observed that the fraction of surviving cells can be well approximated by the

linear quadratic relation (see figure 4.3). Second, in section 4.8, we estimated the

six parameters (δ, α1, α2, p, Vmax, and Km) of the model using real survival data.

We estimated the six model parameters using two different types of optimisation

methods; i.e a local and a global optimisation techniques namely: Nelder-Mead

(NM) simplex algorithm (see section 3.3.2) and Simulated Annealing (SA) algo-

rithm (see section 3.3.3), respectively. Performance of both optimisation methods
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are evaluated based on the value of the objective function (SSE), computational

time and number of interation. We found that the NM simplex algorithm is more

superior than the SA algorithm for both low and high LET survival data. In par-

ticular, the value of the objective function (SSE) is much smaller than provided by

SA method. In addition the value of the correlation between estimated survival

data and experimental data r2 are close to 1 which correspond to an excellent

fit. Furthermore, the good fit between estimated survival data and experimental

data can also be seen from the value of the LQ parameters for estimated survival

data αmodel and βmodel which are close to αexp and βexp. The algorithm also per-

formed the shortest computational time of the optimisation runs till convergence

and obtained a fewer number of iteration to converge to the minimum value of the

objective function.

To determine reliability of the parameter estimation algorithms introduced in

section 4.8, in section 4.8.2 two set of model data are generated using chosen sets of

parameters (δ, α1, α2, p, Vmax, and KM) value for low and high LET cell survival

model data. Using the generated model data with some of the true parameter

values are known, we compared the performance of the NM simplex method and

the SA algorithm in terms of the percentage difference between the true values and

the estimated values and also the value of the objective function. We observed

that for both low and high LET model survival data, the SA algorithm and the

NM simplex algorithms returned the true parameter values. It is worth to note

that the parameter estimation algorithms which using the model in section 4.5

are applicable and reliable methods of parameter estimation of the model and also

there is no restriction for low or high LET IR survival data.

Next, we can relate the LQ bulk parameters α and β to the mechanistic pa-

rameters δ, α1, α2, p, Vmax, and KM using the proposed parameter estimation

algorithm discussed in section 4.8. It is of interest to understand the elasticity of

α and β with respect to δ and p as these (radiosensitivity and replication fidelity

rates, respectively) can be manipulated. We measured the sensitivity of αmodel and
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βmodel to parameters δ, α1, α2, p, Vmax, and Km. We found that for low LET sur-

vival data, both αmodel and βmodel are sensitive to mechanistic parameters δ and

p, radiosensitivity and repair fidelity, respectively, which can be experimentally

manipulated. In this case, we immediately have a treatment recommendation: to

try to increase tumour tissue aeration (which correlates with radiosensitivity) and

decrease tumour DNA repair fidelity during pre-radiation treatment. Whereas, for

high LET survival data only LQ parameter β is sensitive to δ. Here, we also have

a treatment recommendation which is to try to increase tumour tissue aeration

prior to irradiation.

In the last section, we dealt with cell killing effects of fractionated doses of

radiation. Using the algorithm that we proposed, we observed that the main effect

of fractionation is the increment of cell surviving fraction (which is the reflection

of repair of sublethal DNA damage between fractions), with very little influence

on the α−component. It is worth to note that alpha-beta ratio (which is a tissue

property) for low and high LET remain unchanged due to fractionation.

For further developments, it is clear that the ODE model can be replaced by

a continuum (linear) PDE limit, but the two most promising extensions are by

making the model more biologically plausible. One direction would be to allow

less restrictive repair mechanisms, in which DSBs are repaired in parallel and not

sequentially as in the present version, while the other is to allow a structuring also

in respect of the position the cell occupies in the cell cycle, a discrete variable c

with values in the set of cell cycle phase: G1-phase, S-phase, G2-phase, and M -

phase, and allow for both interphase and mitotic death. Due to non-uniqueness

of the estimated parameters, Monte Carlo methods and Bayesian calibration are

required for further parameter estimation analysis and will become a part of the

author’s future work.

Apart from direct effects of exposure to ionising radiation that include cell

killing and mutation in target cells, ionising radiation can also enhance the fre-

quency of secondary effects in non-targeted cells (bystander cells) which has been
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referred to the radiation-induced bystander effect (chapter 2). We made a con-

jecture that bystander response of ionising radiation system can exhibit bistable

behaviour (chapter 2). In section 2.7, we suggested a conceptual scheme for the

mechanistic processes leading to the bystander response of ionising radiation as

presented in figure 2.13. Initially, our intention was to develop a mechanistic model

of radiation-induced bystander response in chapter 5, but due to the complexity of

the processes involved in the bystander response system, here we limit ourselves by

assuming that active ataxia telangiectaxia mutated, ATM (a DNA damage sensor)

can be activated only by the DNA damage (see chapter 5 for further details). We

will model the full bystander response system in future.

Figure 2.13 shows that the scheme contains many network motifs that can give

rise to bistability, an important property of signal transduction pathways. The

bistability curve is shown in figure 2.14 for the concentration of active ATM as a

function of the strength of feedback loops between double strand breaks (DSBs)

and ATM. ATM is one of the important kinases which are involved in the DNA

damage bystander response pathways as well as in the targeted radiation effects

(see section 2.6). The disbalance between the positive and negative feedback loops

will switch the bistable system from a state of healthy low activated ATM concen-

tration into a state of chronically high activated ATM concentration. As a good

sensor of DNA DSBs, active ATM should be able to change back into its inacti-

vated state as soon as possible, as protracted high level of ATM activation may

trigger cell death by apoptosis (chapter 2). Levels of active ATM can be lowered

by dephosphorylation, or by degradation of active ATM, or by the sequestration

of inactive ATM in dimers.

Therefore, in chapter 5, a mathematical framework is constructed to model the

dynamics of various ATM species following ionising radiation. The work extended

the approach of [59] on the autophosphorylating kinase (ATM) by taking into

consideration sequestration dynamics, an important aspect of ATM dynamics. By

using the ODEs in [59] and the equations of the sequestration process, we solved
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the system of ODEs using MATLAB. Due to the complexity of the DNA damage

response system, the model that we proposed here is a minimal one. We made

the simplest assumptions on the sequestration parameters A and B. We assume

that the rate of dimerization A is constant, while the rate of monomerization B is

a function of time which depends on the number of active MRN complexes after

the creation of the DNA DSBs.

From all the results shown, it seems likely that the model that we proposed is

a good model of ATM functionality as we will argue below. The assumption that

the damage is being repaired at some fixed rate (which is given by a5) which is

proportional to the DNA damage, and this rate is a constant, is reasonable. As

shown in figure 5.4, we can see that when a5 is very high, that is, the damage is

repaired very fast (which indicates that the amount of DNA damage exists is very

low), the total activity (or the value) of K∗ must also be very low. As what we

expected from a good model of ATM is that the half-life and the total activity of

K∗ should decrease with the increasing a5. A good ATM model should have the

following property: the level of K∗ must be always very high while there is still a

lot of damage (which is B is high) or always at very low level if there is no more

damage (which is B is very low) available after being repaired (see figure 5.11).

Figure 5.12 presented the kind of picture that illustrates the dynamics of K∗

activity that one really wants to see and which is found in the simple mathematical

framework that we are using. It should be noted that figure 5.12 is actually repre-

senting the bistable curve shown in figure 2.14 where m in the figure represented B

(i.e monomerisation rate) in our model. Clearly the assumption that DNA dam-

age decays exponentially over time, which follows from the damage repair and a5

being a constant, is reasonable. What this means is that there is feedback between

the remaining damage and ATM activity, so that we do get an optimal response

of the DNA damage. An optimal response is a response that keeps K∗ high till

everything is done (when all the damage is repaired).

The mathematical framework suggested in chapter 5 which models the dynam-
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ics of various ATM species after DNA damage might be used to indicate how cancer

cell division can be interfered with. It is known that inhibiting ATM signalling is

an important target for cancer therapy. For example, it can be done by the ATM

inhibitor, KU-55933 [96], or such interference can also be demonstrated by viruses

such as adenovirus which can prevent ATM autophosphorylation and signalling

[51].

All the results which are presented as time-course curves of active ATM species

and also the bifurcation diagram of active ATM concentration K∗ with respect to

the parameter B might suggest new ways of looking at data that had not been used

in the formulation of the model and hence in new experiments. For example, there

is no experimental evidence on the mechanism of ATM dimerization and monomer-

ization. Since we made the assumptions that the dimerization rate A and repair

rate a5 are constant, we would like these assumptions checked in vitro. It is known

that for phosphorylation we must have an abundant supply of ATP [91]. Hence,

it is makes sense to perform in vitro assays of ATM dimerization/monomerization

in different ATP regimes and environments (e.g. with or without single-stranded

DNA (ssDNA)).

In chapter 4 we never considered how ATM activation can be linked to apoptosis

or other cell fate outcomes, i.e the model is on completely different level. In chapter

4 we are only saying that the more DSBs the more chance to die. Whereas the

model in chapter 5 is just a small step towards a full mechanistic model of cell

fate decisions. To develop a mechanistic model of cell death we need a whole giant

module involving p53, caspases, mdm2, cytochrome, etc. For an example, see the

work of Ma et al. [102].

Since bistability is an important property of signal transduction pathways (as

mentioned in section 2.7) and there is a gap in the literature because it mainly

studies closed systems, in chapter 6 we analysed the bistable system of [4], who

neglected protein turnover (i.e a closed system). To be more realistic, we extended

the model of [4] by taking into account protein turnover and focused on structural
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stability of the model with respect to protein turnover. The results showed that

the bistable behaviour of the extended model is not robust with respect to protein

turnover. This result is in agreement with [16, 59].

In [59] the same phenomenon of structural instability with respect to bistabil-

ity is shown to occur in an autophosphorylating kinase system proposed by [98].

Compared to our work, [59] deals with a much simpler polynomial (quadratic)

while the polynomial in the model that we discuss in chapter 6 is of degree seven-

teen. In addition the bistability wedge in the turnover parameters plane in [59] is

an open one. In contrast, the region of bistability in our case, bounded by (d, a)

such that f(d, a) = 0 is compact. In our work, since the degree of polynomial

P (x1) is more than five, we use discriminants, Sturm’s theorem, and the Cauchy

Criterion to analyse the structural stability of the system.

There is a need to work out how to make bistable behaviour in biological

systems robust with respect to protein turnover. Besides, as suggested by [161],

the rate of degradation of Cdc2 in active form is smaller than in the inactive form,

so that
d∗

d
< 1. It would be interesting to redo the structural stability analysis of

the Cdc2-CyclinB/Wee1 system taking this relation and also Wee1 turnover into

consideration. Furthermore, it has been assumed that kinase synthesis has zero

order kinetics while kinase degradation has first order kinetics. It is a good idea

to verify the validity of these assumptions experimentally.

Much remains to be done in this area. Experimentally, the most important

question is whether the bystander effect is significant in vivo. Clearly, a first step in

understanding this is a construction of a mechanistic model of the bystander effect

as observed in vitro. This, we propose, will include bistable modules, which ne-

cessitate the development of structurally stable models of bistability. The present

work is a contribution to that effort. Also, the time-tested LQ formalism can

benefit from incorporating data from molecular biology studies which have accu-

mulated in the decades following the introduction of that formalism. We suggest

that the bridge between LQ and these data is via structured population models,



Chapter Seven 151

a simple example of which was considered in the thesis.



Appendix A

Numerical solution of the model

in chapter 4 using MATLAB

A.1 LQ curve fitting using fminsearch (see fig-

ure 4.3)

function [estimates, model] = fitcurve(xdata, ydata)

% Call fminsearch with a random starting point.

start_point = rand(1, 2);

model = @LQfun;

estimates = fminsearch(model, start_point);

% LQfun accepts curve parameters as inputs, and outputs sseAverage,

% the sum of squares error for log10(exp(-A.*xdata - B.*(xdata.^2))*100)-ydata,

% and the FittedCurveAverage. FMINSEARCH only needs sseAverage as the objective

%function value, but we want to plot the FittedCurveAverage at the end.

function [sseAverage, FittedCurveAverage] = LQfun(params)

A = params(1);

B = params(2);

FittedCurveAverage = log10(exp(-A.*xdata - B.*(xdata.^2))*100);

ErrorVector = FittedCurveAverage - ydata;

sseAverage = sum(ErrorVector .^ 2);

end
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end

A.2 The algorithm of single-dose treatment (see

section 4.7)

The “single-fractionation-new” function is used in the two-dose fractionation code in appendix A.3.

function [SingleFraction,S]=single_fractionation_new

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Declaration of the variables in the algorithm

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

npoints=30;

iteration=20;

S_rate_total=zeros(1,npoints+1);

num=10000;

%%%%%%%%%%%%%%%%

Parameter values

%%%%%%%%%%%%%%%%

delta=2;

alpha1=1.5;%parameter of the cell death rate

alpha2=0.001;%parameter of the cell death rate

p=0.95;

Vmax=1;%(numerator);%parameter of the damage repair rate

Km=3;%(denominator);%parameter of the damage repair rate

T=24;

for j=1:iteration %to get an average solution

%%%%%%%%%%%%%%%%%%%%%%%

Initial conditions

%%%%%%%%%%%%%%%%%%%%%%%

for i=1:npoints+1

%**********************************************************************

%To generate random number of DSBs which follows the Poisson distribution
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%**********************************************************************

X(:,i,j)=poissrnd((delta*(i-1)/4),1,num);

nmax(:,i,j)=max(X(:,i,j));

NMAX=max(nmax);

NNMAX=max(NMAX);N=zeros(NNMAX+1,i,j);

end

end

%*************************************************************

%To compute how many cells in each group of the cell population

%*************************************************************

for j=1:1:iteration

for i=1:1:npoints+1

for k=1:1:num

N(X(k,i,j)+1,i,j)=N(X(k,i,j)+1,i,j)+1;

end

end

end

N;

kmax=nmax;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Matrix A construction (Please refer to chapter 4)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for j=1:1:iteration

j=j;

for i=1:1:npoints+1

i=i;

Kmax=kmax(:,i,j);

for m=1:1:Kmax+1

for k=1:1:Kmax+1

V(k,:)=(k-1)*(1-p)*Vmax/(Km+(k-1));

if (m-1)+(k-1)<=Kmax

K=k-1;M=m-1;

d6(k,m)=(-alpha1*(m-1)-alpha2*((k-1)^2))-((Vmax*(k-1))/(Km+k-1));

G(k,m)=(k-1)*p*Vmax/(Km+k-1);

else
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continue

end

end

end

s=Kmax+1;

V=V(1:Kmax+1,1);

for l=1:1:Kmax

l;

s=s+(Kmax+1-l);

end

s;

t=0;

A=zeros(s);

for r=1:1:Kmax

n=s-(Kmax-(r-1));

if r-1==0

v1=[V;zeros(n-length(V),1)];

A=A+diag(v1,-(Kmax-(r-1)));

continue

else

r-1;

t;

t=t+(Kmax+1-(r-2));

v2=zeros(t,1);

v4=V(1:Kmax+1-(r-1),1);

v3=[v2;v4];

v1=[v3;zeros(n-length(v3),1)];

A=A+diag(v1,-(Kmax-(r-1)));

end

end

size(A);

x=[d6(1:Kmax+1,1)];

for m=1:1:Kmax

x=[x;d6(1:Kmax+1-m,m+1)];

end
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x;

A1=diag(x);

size(A1);

matrix=A+A1;

G;

GG=[G(2:Kmax+1,1)];

for m=1:1:Kmax

GG=[GG;G(1:Kmax+1-m,m+1)];

end

A3=diag(GG,1);

NN=N(:,i,j);NNN=NN(1:Kmax+1,1);

Nnew=[NNN;zeros(s-length(NNN),1)];

%****************************

system=A+A1+A3;% Matrix A

%*****************************************************

solution1=expm(system*T)*Nnew; %Solution of the linear ODEs

%*****************************************************

Sol=cumsum(solution1); %Total population after irradiation

S(:,i)=Sol(s,1);

%******if j >1********

end

S_rate=S/num; %the cell surviving fraction in each iteration

S_rate_total=S_rate_total+S_rate;

S_rate_average=S_rate_total/iteration;

end

S_rate_average; %the cell surviving fraction for 20 iterations

percent=S_rate_average*100;

loga=log10(percent); The rate in logarithmic scale

%*************************

Plotting

%*************************

STEP=1;

lambda_0=0;for i=1:STEP:npoints+1

X_axis(i)=((i-1)/4)+lambda_0;

end
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xdata = X_axis% X-axis in survival curve

ydata = loga % Y-axis in survival curve

plot(xdata,ydata,’*’),xlabel(’Gray’),ylabel(’Surviving Fraction’)

hold on

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%The simulation data is fitted to the LQ-equation using FMINSEARCH

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[estimates, model] = fitcurve(xdata,ydata)

%For fitcurve function please refer to the appendix A.1.

[sseAverage, FittedCurveAverage] = model(estimates);

%FittedCurveAverage is the Y-axis data for LQ-equation

plot(X_axis,FittedCurveAverage,’b’),xlabel(’Gray’),

ylabel(’Surviving Fraction’)

A.3 The algorithm of two-dose fractionation treat-

ment (see section 4.10)

function [TwoFraction,S2]=two_fractionation_new

%****************************************

%*********Single Fraction data************

%*****************************************

single_fractionation_new % To generate data for the total dose D given to a population

%*********Two Fractions data***********

%*****************************************

npoints=60;iteration=20;S_rate_total=zeros(1,npoints+1);S_rate_total2=zeros(1,npoints+1);

num=10000;

Vmax=1;%(repair rate parameter)

Km=3;%(repair rate parameter);

alpha1=1.5;%parameter of cell death(linear misrepair)

alpha2=0.001;%parameter of cell death(binary misrepair)

T=48;T2=24;

STEP=1;

p=0.9;delta=2;
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%****************X_axis data************

lambda_0=0;

for i=1:STEP:npoints+1

X_axis(i)=((i-1)/(4))+lambda_0;

end

%***************************************

The first half dose (d=D/2)

%***************************************

for j=1:iteration

for i=1:npoints+1

X(:,i,j)=poissrnd(delta*(i-1)/8,1,num);

nmax(:,i,j)=max(X(:,i,j));

NMAX=max(nmax);

NNMAX=max(NMAX);N=zeros(NNMAX+1,i,j);

end

end

for j=1:1:iteration

for i=1:1:npoints+1

for k=1:1:num

N(X(k,i,j)+1,i,j)=N(X(k,i,j)+1,i,j)+1;

end

end

end

nmax;

kmax=nmax;

for j=1:1:iteration

j=j;

for i=1:1:npoints+1

i=i;

Kmax=kmax(:,i,j);

for m=1:1:Kmax+1

for k=1:1:Kmax+1

V(k,:)=(k-1)*(1-p)*Vmax/(Km+(k-1));

if (m-1)+(k-1)<=Kmax

K=k-1;M=m-1;
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d6(k,m)=(-alpha1*(m-1)-alpha2*((k-1)^2))-((Vmax*(k-1))/(Km+k-1));

G(k,m)=(k-1)*p*Vmax/(Km+k-1);

else

continue

end

end

end

s=Kmax+1;

V=V(1:Kmax+1,1);

for l=1:1:Kmax

l;

s=s+(Kmax+1-l);

end

s;

t=0;

A=zeros(s);

for r=1:1:Kmax

n=s-(Kmax-(r-1));

if r-1==0

v1=[V;zeros(n-length(V),1)];

A=A+diag(v1,-(Kmax-(r-1)));

continue

else

r-1;

t;

t=t+(Kmax+1-(r-2));

v2=zeros(t,1);

v4=V(1:Kmax+1-(r-1),1);

v3=[v2;v4];

v1=[v3;zeros(n-length(v3),1)];

A=A+diag(v1,-(Kmax-(r-1)));

end

end

size(A);

x=[d6(1:Kmax+1,1)];
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for m=1:1:Kmax

x=[x;d6(1:Kmax+1-m,m+1)];

end

x;

A1=diag(x);

size(A1);

matrix=A+A1;

G;

GG=[G(2:Kmax+1,1)];

for m=1:1:Kmax

GG=[GG;G(1:Kmax+1-m,m+1)];

end

A3=diag(GG,1);

system=A+A1+A3;%Matrix A

[Vec,Val]=eig(system);

VecInv=inv(Vec);

%***************************************

NN=N(:,i,j);NNN=NN(1:Kmax+1,1);

Nnew=[NNN;zeros(s-length(NNN),1)];

%Nnew defines the initial conditions

solution=expm(system*T)*Nnew;

Sol=cumsum(solution);

S(:,i,j)=Sol(s,1);

%***************************************

The second half dose (d=D/2)

%***************************************

NNMAX;

for m=1:NNMAX+1

for k=1:NNMAX+1

if (m-1)+(k-1)<=NNMAX

w(k,m)=k-1;

else

continue
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end

end

end

ww=w(1:Kmax+1,(NNMAX+1-Kmax):NNMAX+1);

www=ww(hankel(1:size(ww))>0);

Nnewlatest=zeros(1,s+12);for k=1:1:s

k=k;

if ceil(solution(k))==0

Nnew=0;

else

solution(k);

Xnew=poissrnd(delta*(i-1)/8,1,ceil(solution(k)));

Xnewnew=www(k)+Xnew;

XnewnewMMax(k)=max(Xnewnew);XnewnewMax=max(XnewnewMMax);

Nnew=zeros(1,s+12);Nnew_decimalform=zeros(1,s+12);

for m=1:ceil(solution(k))

Nnew(1,Xnewnew(1,m)+1)=Nnew(1,Xnewnew(1,m)+1)+1;

end

Nnew;

Nnew_decimalform=Nnew.*(solution(k)./ceil(solution(k)));

Nnewlatest=Nnewlatest+Nnew_decimalform;

end

end

solutionnew=Nnewlatest’;

Kmax2=XnewnewMax;

for m=1:1:Kmax2+1

for k=1:1:Kmax2+1

V2(k,:)=(k-1)*(1-p)*Vmax/(Km+(k-1));

if (m-1)+(k-1)<=Kmax2

K=k-1;M=m-1;

d62(k,m)=(-alpha1*(m-1)-alpha2*((k-1)^2))-((Vmax*(k-1))/(Km+k-1));

G2(k,m)=(k-1)*p*Vmax/(Km+k-1);

else

continue

end



Appendix A 162

end

end

s2=Kmax2+1;

V2=V2(1:Kmax2+1,1);

for l=1:1:Kmax2

l;

s2=s2+(Kmax2+1-l);

end

s2;

t=0;

A2=zeros(s2);

for r=1:1:Kmax2

n2=s2-(Kmax2-(r-1));

if r-1==0

v12=[V2;zeros(n2-length(V2),1)];

A2=A2+diag(v12,-(Kmax2-(r-1)));

continue

else

r-1;

t;

t=t+(Kmax2+1-(r-2));

v22=zeros(t,1);

v42=V2(1:Kmax2+1-(r-1),1);

v32=[v22;v42];

v12=[v32;zeros(n2-length(v32),1)];

A2=A2+diag(v12,-(Kmax2-(r-1)));

end

end

size(A2);

x2=[d62(1:Kmax2+1,1)];

for m=1:1:Kmax2

x2=[x2;d62(1:Kmax2+1-m,m+1)];

end

x2;

A12=diag(x2);
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size(A2);

matrix2=A2+A12;

G2;

GG2=[G2(2:Kmax2+1,1)];

for m=1:1:Kmax2

GG2=[GG2;G2(1:Kmax2+1-m,m+1)];

end

A32=diag(GG2,1);

system2=A2+A12+A32;%Matrix A

[Vec2,Val2]=eig(system2);

VecInv2=inv(Vec2);

if length(solutionnew)< s2

solutionnewnew=[solutionnew;zeros(s2-length(solutionnew),1)];

%solutionnewnew defines the initial conditions

else solutionnewnew=solutionnew(1:s2);

end

solution2=expm(system2*T)*solutionnewnew;

%solutionnewnew contains initial conditions

Sol2=cumsum(solution2);

S2(:,i)=Sol2(s2,1);

end

S2_rate=S2/num;size(S2_rate);

size(S_rate_total2);

S_rate_total2=S_rate_total2+S2_rate;

S_rate_average2=S_rate_total2/iteration;

end

S_rate_average2;

%*************Plotting************

xdata = X_axis% X-axis in survival curve

ydata = log10(S_rate_average2*100);%Y-axis in survival curve

plot(xdata,ydata,’*’),xlabel(’Gray’),ylabel(’Surviving Fraction’)

%plot(X_axis,LogbasetenAverage(1,:),’o’),xlabel(’LAMBDA’),ylabel(’RATE OF SURVIVAL’)

hold on

%**********************************
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%LQ curve fitting of two-dose fractionation

%***********************************

[estimates, model] = fitcurve(xdata,ydata)

[sseAverage, FittedCurveAverage] = model(estimates);

plot(X_axis,FittedCurveAverage,’r’),xlabel(’Gray’),ylabel(’Surviving Fraction’)

A.4 Parameter estimation using Nelder-Mead sim-

plex algorithm (see section 4.8)

A.4.1 Nelder-Mead simplex algorithm using fminsearch

function[estimates,model,fval,output]=parameterfitting_fminsearch(xdata, ydata,i)

%Random starting values

start_point=[7.6732 11.9704 0.0022 0.1564 0.7285 1.8870;

11.7853 1.2689 0.0075 0.8555 2.7523 1.0801;

33.9473 4.9023 0.0020 0.6448 0.8072 3.9520;

11.6627 7.3601 0.0069 0.3763 2.2965 4.7465;

32.9428 17.0776 0.0054 0.1909 0.5660 1.6378;

11.2539 0.3475 0.0080 0.4283 0.8625 3.3563;

37.3120 0.9210 0.0074 0.4820 0.2733 2.1932;

15.2994 3.5363 0.0091 0.1206 1.7286 4.1675;

9.4706 13.5048 0.0090 0.5895 2.0501 3.8443;

11.5412 15.2199 0.0040 0.2262 1.6398 0.8363;

25.4097 13.4764 0.0073 0.3846 1.2772 4.3099;

19.9850 9.3899 0.0028 0.5830 1.9333 4.9494;

15.3631 11.3849 0.0013 0.2518 1.9429 2.5721;

33.5715 6.1800 0.0077 0.2904 2.0371 4.4214;

24.2400 15.4892 0.0055 0.6171 1.9074 2.9401;

22.8895 3.9508 0.0053 0.2653 2.8355 0.7738;

36.8534 14.2867 0.0091 0.8244 0.6268 0.9993;

12.8619 3.8378 0.0065 0.9827 2.1278 2.0348;

30.7736 7.6783 0.0066 0.7302 0.7087 3.7435;

30.6417 13.0170 0.0087 0.3439 0.3582 4.1279;



Appendix A 165

16.4569 16.2270 0.0082 0.5841 1.8219 3.9498;

23.5772 1.7121 0.0062 0.1078 1.3504 1.5926;

4.8825 19.3239 0.0026 0.9063 1.3762 2.6703;

4.0501 16.1333 0.0032 0.8797 1.9858 0.4498;

22.1703 10.1346 0.0090 0.8178 2.3109 0.5585;

31.6084 9.0771 0.0013 0.2607 1.0507 0.6815;

37.4924 9.3040 0.0054 0.5944 1.9860 3.3933;

6.9364 6.3882 0.0025 0.0225 1.2485 2.4759;

23.6153 10.5855 0.0098 0.4253 2.5258 0.9486;

19.8368 10.6325 0.0074 0.3127 2.4988 2.4750;

2.4523 17.0035 0.0055 0.1615 0.7693 0.7380;

14.8107 16.5302 0.0052 0.1788 1.8404 0.2749;

15.6941 11.5831 0.0058 0.7475 0.4454 0.8435;

9.1740 11.0184 0.0097 0.7485 1.8594 3.7585;

2.0455 17.2600 0.0020 0.5433 0.7819 1.8418;

14.0239 17.8575 0.0015 0.3381 1.3370 4.7091;

28.5854 16.4098 0.0037 0.8323 2.5320 0.0859;

25.7597 6.6266 0.0062 0.5526 0.5886 4.1453;

22.6364 9.4166 0.0058 0.9575 0.9116 3.1330;

18.6834 15.6457 0.0091 0.8928 1.4499 2.6937;

12.9222 2.3087 0.0059 0.3565 1.0134 3.2525;

21.0630 2.3062 0.0049 0.5464 2.3955 3.6331;

30.9388 5.6311 0.0059 0.3467 2.9625 0.4724;

30.9715 10.9204 0.0074 0.6228 0.4771 4.3879;

23.8901 20.2222 0.0012 0.7966 0.7106 0.0718;

30.4112 14.7774 0.0082 0.7459 2.1067 1.4715;

26.5303 6.5026 0.0023 0.1255 1.1264 0.8996;

6.6823 6.0790 0.0053 0.8224 2.9211 4.6315;

21.1671 17.6831 0.0033 0.0252 2.9169 0.3409;

15.1959 18.9556 0.0043 0.4144 1.9311 2.9055;

5.5016 13.3005 0.0070 0.7314 2.5803 3.1858;

7.6183 5.3298 0.0025 0.7814 1.2057 3.2563;

9.5304 1.8686 0.0035 0.3673 1.8958 4.3231;

27.5463 17.4318 0.0028 0.7449 2.9557 0.2798;

18.3974 12.1678 0.0028 0.8923 1.6784 4.0843;
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28.3873 19.7126 0.0039 0.2426 2.8008 2.6446;

11.7578 1.2948 0.0089 0.1296 2.1610 3.4718;

2.3708 12.1662 0.0052 0.2251 1.4521 1.0620;

22.2268 5.9472 0.0046 0.3500 1.9171 2.7164;

12.6169 17.2133 0.0026 0.2871 2.6629 3.5126;

37.9567 3.9930 0.0097 0.9275 0.5962 4.7822;

36.4448 9.2156 0.0047 0.0513 1.1861 2.2227;

16.9220 8.1958 0.0086 0.5927 2.9765 0.4270;

2.9445 17.1893 0.0065 0.1629 1.2071 0.2867;

27.5146 14.0811 0.0044 0.8384 1.9766 3.1473;

33.8125 4.3380 0.0089 0.1676 2.7040 3.9809;

38.9170 6.6323 0.0081 0.5022 2.9861 3.4560;

4.1634 2.8059 0.0052 0.9993 1.9595 1.7265;

19.1123 13.9688 0.0083 0.3554 0.3253 4.7341;

24.1339 11.8828 0.0091 0.0471 0.1083 2.6010;

28.0922 3.5525 0.0049 0.2137 1.8543 4.7691;

29.3384 3.0934 0.0040 0.3978 1.7014 0.3680;

26.7015 9.9122 0.0064 0.3337 2.8859 1.0352;

29.6228 18.8820 0.0091 0.2296 2.2383 3.8751;

16.2062 11.4921 0.0073 0.9361 1.9875 4.5709;

24.1001 0.7116 0.0044 0.6832 1.5699 3.9128;

6.4125 1.1460 0.0076 0.9621 0.7797 1.4777;

4.1909 16.7427 0.0096 0.4380 2.8860 0.7592;

39.2311 9.3993 0.0059 0.9403 1.6206 4.2396;

12.8233 7.9723 0.0059 0.0058 0.0908 3.9243;

24.6090 16.4225 0.0038 0.6103 2.0889 1.3542;

38.5621 7.5911 0.0016 0.8011 1.5591 1.1391;

9.0596 11.0805 0.0026 0.2330 0.1771 1.6051;

9.3355 14.8033 0.0018 0.9325 2.6701 4.1478;

14.9825 18.1216 0.0052 0.7633 0.9906 4.1109;

37.4501 6.8521 0.0011 0.8264 0.6891 2.8534;

16.8454 13.5256 0.0092 0.5735 0.3418 2.8591;

12.3822 20.2675 0.0068 0.7926 0.9328 1.4301;

7.7740 1.6050 0.0010 0.3290 0.6853 3.4957;

17.0901 12.2156 0.0013 0.2235 1.9560 3.9813;
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16.2395 8.6209 0.0029 0.3124 0.1985 2.2079;

6.9824 6.4461 0.0051 0.5845 0.8263 2.2311;

18.5315 5.5055 0.0021 0.8299 0.8455 2.3283;

5.4775 15.7814 0.0011 0.2905 2.6402 1.3952;

25.3558 20.6907 0.0075 0.4026 1.3330 3.3769;

2.4172 3.9014 0.0042 0.8621 2.2677 4.5183;

23.7839 16.2461 0.0080 0.6147 1.8099 4.5426;

32.0097 4.0929 0.0049 0.9912 2.3498 3.7360;

10.9439 20.6314 0.0049 0.2037 0.3418 1.3026;

19.0247 16.6845 0.0014 0.8272 2.9357 3.4482;

23.6356 8.8356 0.0014 0.6759 2.5458 0.6592;

4.3333 15.1606 0.0018 0.2489 0.1519 0.6175;

20.8590 10.3747 0.0063 0.4758 1.3986 0.9545;

26.4080 16.8242 0.0032 0.3991 0.9770 0.7287;

10.4081 7.4296 0.0086 0.5994 1.8906 2.9252;

33.8081 1.5484 0.0087 0.8005 0.6909 0.3668;

38.9009 12.2980 0.0097 0.1051 1.7397 4.1116;

34.1622 18.9253 0.0054 0.8214 1.8095 3.6145;

21.2280 4.0507 0.0030 0.8411 1.7996 4.6293;

12.5973 9.0046 0.0030 0.3545 1.3453 2.4632;

30.3715 15.5820 0.0058 0.4301 0.1063 3.2744;

11.0034 0.8413 0.0079 0.5722 1.5414 4.4506;

38.3791 19.6756 0.0041 0.7008 1.2232 2.6926;

25.5699 15.8833 0.0052 0.7425 0.3241 1.4110;

24.8100 11.6301 0.0068 0.7579 1.3796 4.8798;

8.5590 3.8447 0.0093 0.3891 1.3526 0.1821;

5.4332 10.3663 0.0025 0.4293 1.6534 1.6312;

11.7000 10.7794 0.0074 0.9563 2.4162 4.8651;

34.6257 20.6705 0.0062 0.5730 2.1026 1.8252;

36.6205 17.7764 0.0049 0.8497 2.6167 1.5457;

28.5861 20.0094 0.0090 0.2763 0.1566 0.6046;

29.5569 14.1241 0.0045 0.6223 0.6590 4.5788;

10.7357 8.4053 0.0026 0.5884 1.3789 0.6774;

23.8900 19.4400 0.0067 0.9635 2.8756 1.6606;

32.8039 9.9829 0.0066 0.0859 2.3701 4.4874;
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17.3460 4.8402 0.0040 0.5005 1.3556 2.4982;

39.5607 8.2556 0.0082 0.5216 1.0003 3.0764;

5.4200 14.6667 0.0100 0.0902 0.1773 2.9157;

14.1958 11.6247 0.0098 0.9047 2.2227 3.4913;

21.4335 15.7371 0.0021 0.8844 1.5204 0.1467;

4.3030 20.6962 0.0031 0.4390 0.5998 2.6394;

29.5761 20.0100 0.0012 0.7817 1.2816 0.1604;

32.9595 3.3950 0.0068 0.4229 1.7467 4.2536;

36.4201 16.5189 0.0044 0.0942 1.6222 2.8028;

6.8255 6.4892 0.0083 0.5985 2.6098 4.6480;

36.7083 11.0013 0.0058 0.4709 0.7943 3.4833;

26.0297 3.4669 0.0042 0.6959 0.9542 2.9140;

5.7065 12.5262 0.0095 0.6999 0.3576 4.0770;

12.5829 5.4876 0.0089 0.6385 2.8195 4.3951

22.7815 13.6079 0.0060 0.0336 1.9367 4.9446;

38.3853 14.3374 0.0066 0.0688 1.4384 0.0026;

38.6658 15.5610 0.0063 0.3196 1.9180 4.3272;

7.9893 9.3820 0.0029 0.5309 1.6341 3.0628;

38.8825 1.7680 0.0037 0.6544 1.9419 4.9498;

38.3723 4.7818 0.0052 0.4076 1.6317 2.6384;

20.4443 18.9907 0.0031 0.8200 2.1631 2.3976;

32.4107 3.1914 0.0086 0.7184 1.5675 4.0067;

7.3917 17.1736 0.0028 0.9686 2.9811 1.1392;

18.0269 11.2049 0.0030 0.5313 0.6560 2.4905;

36.7979 20.7097 0.0025 0.3251 0.3174 4.5043;

32.1039 1.6508 0.0030 0.1056 0.3291 2.8733;

38.4607 9.2187 0.0049 0.6110 0.1908 4.2259;

26.9181 2.2421 0.0038 0.7788 1.2137 3.6932;

3.3570 19.9989 0.0093 0.4235 1.3451 2.9299;

34.2669 0.1239 0.0049 0.0908 1.0974 1.2337;

37.4917 16.1166 0.0027 0.2665 2.2905 3.3321;

27.7919 16.9968 0.0091 0.1537 1.8837 0.4174;

30.7941 18.0638 0.0098 0.2810 2.3159 3.1298;

30.2390 1.7808 0.0049 0.4401 2.7986 3.3047;

16.9046 8.3281 0.0020 0.5271 2.9182 3.6488;
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26.9082 5.4232 0.0033 0.4574 0.5761 4.4538;

8.5051 16.6390 0.0047 0.8754 0.4166 4.9115;

28.8298 8.9848 0.0064 0.5181 2.0888 3.8451;

3.2096 18.9348 0.0034 0.9436 0.2815 2.9072;

12.5231 3.8033 0.0064 0.6377 1.5762 4.6416;

3.7545 5.5049 0.0074 0.9577 1.5910 2.9005;

5.6910 3.0494 0.0030 0.2407 2.5834 0.0849;

33.2914 2.8528 0.0021 0.6761 1.4546 0.6043;

28.4035 18.0762 0.0037 0.2891 1.1804 4.3136;

14.0498 12.0637 0.0039 0.6718 2.0143 2.4215;

38.1084 11.4441 0.0048 0.6951 2.2238 4.2243;

3.3090 3.0373 0.0056 0.0680 1.5602 1.0470;

18.6723 17.7386 0.0018 0.2548 1.0431 2.7615;

16.4992 12.9430 0.0034 0.2240 0.4500 3.1494;

31.0896 7.3143 0.0082 0.6678 1.7583 0.1600;

32.2176 10.6839 0.0013 0.8444 0.7864 3.0736;

9.1012 8.3702 0.0094 0.3445 0.1334 1.8121;

20.6110 1.6049 0.0076 0.7805 2.2648 0.2477;

18.9323 5.0089 0.0054 0.6753 0.7284 2.4478;

26.5599 2.5881 0.0062 0.0067 1.3272 0.9626;

28.9559 3.8460 0.0031 0.6022 2.0634 0.6154;

30.6781 5.0097 0.0051 0.3868 1.0777 1.0275;

12.4890 8.6911 0.0097 0.9160 2.2090 0.7326;

27.8287 1.0586 0.0059 0.0012 1.1841 0.9454;

26.8937 18.7702 0.0057 0.4624 2.0502 0.2133;

8.1792 19.6437 0.0031 0.4243 2.1121 3.1760;

6.5219 10.2192 0.0054 0.4609 1.3269 1.4093;

20.9378 10.1857 0.0066 0.7702 0.0587 2.6930;

38.4703 7.0395 0.0071 0.3225 0.9926 3.4758;

14.9347 18.7149 0.0046 0.7847 1.2729 2.4956;

24.2402 7.6941 0.0043 0.4714 0.8108 2.6790;

10.5049 2.3365 0.0099 0.0358 0.5912 2.2259;

30.5481 16.2275 0.0013 0.1759 2.4652 0.6197;

11.6936 8.1196 0.0090 0.7218 1.2898 2.4518;

21.2264 5.0458 0.0092 0.4735 2.6633 4.2650;
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28.5649 8.4138 0.0082 0.1527 1.1735 4.3696;

35.8543 2.0303 0.0019 0.3411 2.3073 1.3515;

38.4531 2.7678 0.0034 0.6074 1.1904 1.0423;

22.7942 19.5868 0.0040 0.1917 2.4255 2.8249;

7.2677 19.8793 0.0071 0.7384 2.2652 3.2016;

7.6732 11.9704 0.0022 0.2428 1.1322 2.0851;

11.7853 1.2689 0.0075 0.9174 0.6481 1.0299;

33.9473 4.9023 0.0020 0.2691 2.3712 4.7397;

11.6627 7.3601 0.0069 0.7655 2.8479 0.4104;

32.9428 17.0776 0.0054 0.1887 0.9827 0.5285;

11.2539 0.3475 0.0080 0.2875 2.0138 0.7102;

37.3120 0.9210 0.0074 0.0911 1.3159 0.8323;

15.2994 3.5363 0.0091 0.5762 2.5005 3.1048;

9.4706 13.5048 0.0090 0.6834 2.3066 2.8685;

11.5412 15.2199 0.0040 0.5466 0.5018 0.2604;

25.4097 13.4764 0.0073 0.4257 2.5859 4.6560;

19.9850 9.3899 0.0028 0.6444 2.9696 3.6433;

15.3631 11.3849 0.0013 0.6476 1.5433 3.6892;

33.5715 6.1800 0.0077 0.6790 2.6528 0.3170;

24.2400 15.4892 0.0055 0.6358 1.7641 4.3022;

22.8895 3.9508 0.0053 0.9452 0.4643 4.6720;

36.8534 14.2867 0.0091 0.2089 0.5996 4.9220;

12.8619 3.8378 0.0065 0.7093 1.2209 4.2947;

30.7736 7.6783 0.0066 0.2362 2.2461 3.9278;

30.6417 13.0170 0.0087 0.1194 2.4768 2.5669;

16.4569 16.2270 0.0082 0.6073 2.3699 0.8880;

23.5772 1.7121 0.0062 0.4501 0.9556 1.9929;

4.8825 19.3239 0.0026 0.4587 1.6022 0.6697;

4.0501 16.1333 0.0032 0.6619 0.2699 0.1544;

22.1703 10.1346 0.0090 0.7703 0.3351 4.6957;

31.6084 9.0771 0.0013 0.3502 0.4089 1.5065;

37.4924 9.3040 0.0054 0.6620 2.0360 1.4777;

6.9364 6.3882 0.0025 0.4162 1.4855 1.6647;

23.6153 10.5855 0.0098 0.8419 0.5691 2.3353;

19.8368 10.6325 0.0074 0.8329 1.4850 3.2410;
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2.4523 17.0035 0.0055 0.2564 0.4428 0.1261;

14.8107 16.5302 0.0052 0.6135 0.1649 4.2110];

%**********************************************************************

%************************************************

%using fminsearch built-in package in MATLAB

%************************************************

model = @LQfun; %the model is described in LQfun function

SP=start_point(i,:)

lb=[2 0.0277 0.001 0 0 0];

ub=[40 20.79 0.01 1 3 5];%Parameters range

options=optimset(’TolFun’,0.000001,’Display’,’iter’);%

%************************************

%Syntax for fminsearch function

%************************************

fun=model;x0=SP;

[estimates, fval, output] = fminsearchbnd(fun,x0,LB,UB,options);

%*********************************************************************

The model

%*********************************************************************

function [fval, FittedCurve] = LQfun(params)

gamma= params(1);

alpha1 = params(2);

alpha2 = params(3);

p = params(4);

Vmax = params(5);

Km=params(6);iteration=1;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%Generating for the data simulation

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

npoints=6; %depends on the total number of experimental data available

num=10000;
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for j=1:1:7

for k=1:1:21

%*****************************************************

%initial condition of model

%*****************************************************

%We limit the PE procedure for kmax=20

%The initial conditions in PE procedure are not random

%This is because the algorithm that we use here cannot deal with random situation,

%due to out of memory problem

ic(k,j)=((((gamma*xdata(j,1))^(k-1))*exp(-gamma*xdata(j,1)))/factorial(k-1))*num;

end

end

%******************************************************

for i=1:1:npoints+1

Kmax=20;T=24;

for m=1:1:Kmax+1

for k=1:1:Kmax+1

V(k,:)=(k-1)*(1-p)*Vmax/(Km+(k-1));

if (m-1)+(k-1)<=Kmax

K=k-1;M=m-1;

d6(k,m)=(-alpha1*(m-1)-alpha2*((k-1)^2))-((Vmax*(k-1))/(Km+k-1));

G(k,m)=(k-1)*p*Vmax/(Km+k-1);

else

continue

end

end

end

s=Kmax+1;

V=V(1:Kmax+1,1);

for l=1:1:Kmax

l;

s=s+(Kmax+1-l);

end

s;
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t=0;

A=zeros(s);

for r=1:1:Kmax

n=s-(Kmax-(r-1));

if r-1==0

v1=[V;zeros(n-length(V),1)];

A=A+diag(v1,-(Kmax-(r-1)));

continue

else

r-1;

t;

t=t+(Kmax+1-(r-2));

v2=zeros(t,1);

v4=V(1:Kmax+1-(r-1),1);

v3=[v2;v4];

v1=[v3;zeros(n-length(v3),1)];

A=A+diag(v1,-(Kmax-(r-1)));

end

end

size(A);

x=[d6(1:Kmax+1,1)];

for m=1:1:Kmax

x=[x;d6(1:Kmax+1-m,m+1)];

end

x;

A1=diag(x);

size(A1);

matrix=A+A1;

G;

GG=[G(2:Kmax+1,1)];

for m=1:1:Kmax

GG=[GG;G(1:Kmax+1-m,m+1)];

end

A3=diag(GG,1);

system=A+A1+A3;%SYSTEM OF ODE
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NN=ic(:,i);NNN=NN(1:Kmax+1,1);

Nnew=[NNN;zeros(s-length(NNN),1)];

%*********************

%Simulation results

%*********************

solution=expm(system*T)*Nnew;

Sol=sum(solution);

S(:,i)=Sol/num;

%**********************

end

%*************************

%Objective function value (SSE)

%*************************

FittedCurve=log10(S*100); %The data simulation are generated by

%using the estimated parameters value

ErrorVector =FittedCurve - ydata’;

fval= sum(ErrorVector.*ErrorVector); %This is the cost function

end

end

%******************************************************************

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

We need this command to run the above code in the command window

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%B = [0 2;1.5 1.94;2 1.97;3 1.86;3.5 1.91;4.5 1.75;5 1.73;6 1.59;7.5 1.37

;8.5 1.18;9 1.16;10.5 1.0885]

%experimental data

%xdata=B(:,1);

%ydata= B(:,2);

%for i=1:152

%[estimates, model,fval,output] = parameterfitting_fminsearch(xdata, ydata,i)
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%[fval, FittedCurve ] = model(estimates)

%end

A.4.2 Results of parameter estimation using low LET IR

survival data for ξ = 151

Column 1 Column 2 Column 3 Column 4 Column 5 Column 6

Initial guesses Estimated parameter values αexp = 0.0598 βexp = 0.0158 αelas βelas

Run δ α1 α2 p Vmax KM δ α1 α2 p Vmax KM SSE r2 αmodel βmodel δ p δ p

1 7.6732 11.9704 0.0022 0.1564 0.7285 1.8870 2.0000 16.3061 0.0021 0.8771 0.3432 0.0919 0.0018 0.9997 0.2770 0.0359 1.7000 −6.2000 2.3000 2.9000

2 11.7853 1.2689 0.0075 0.8555 2.7523 1.0800 2.0001 0.9741 0.0029 0.8910 0.6930 3.4512 0.0016 0.9998 0.2769 0.0359 1.5000 −5.7000 1.8000 1.9000

3 33.9473 4.9023 0.0020 0.6448 0.8072 3.9520 2.0006 14.6934 0.0031 0.8940 0.7883 3.9050 0.0016 0.9998 0.2771 0.0359 1.0000 −5.3000 1.4000 1.5000

4 11.6627 7.3601 0.0069 0.3763 2.2965 4.7460 2.0000 12.3068 0.0062 0.9010 1.7243 5.0000 0.0015 0.9998 0.2773 0.0359 1.6000 −6.2000 1.7000 1.7000

5 32.9428 17.0776 0.0054 0.1909 0.5660 1.6370 2.0000 7.0374 0.0057 0.9009 1.5818 4.9999 0.0015 0.9998 0.2774 0.0359 1.7000 −6.2000 1.8000 1.8000

6 11.2539 0.3475 0.0080 0.4283 0.8625 3.3560 2.0000 0.4992 0.0031 0.8934 0.7836 4.1734 0.0016 0.9998 0.2771 0.0359 1.3000 −5.5000 1.7000 1.7000

7 37.3120 0.9210 0.0074 0.4820 0.2733 2.1930 2.0011 1.1461 0.0030 0.8929 0.7498 3.8803 0.0016 0.9998 0.2771 0.0359 1.3000 −5.5000 1.6000 1.6000

8 15.2994 3.5363 0.0091 0.1206 1.7286 4.1670 2.0000 20.6814 0.0022 0.8877 0.5214 4.9991 0.0015 0.9998 0.2771 0.0359 1.4000 −4.8000 1.7000 1.6000

9 9.4706 13.5048 0.0090 0.5895 2.0501 3.8440 2.0000 2.0962 0.0100 0.9011 2.8010 5.0000 0.0015 0.9998 0.2773 0.0359 1.4000 −5.9000 1.6000 1.6000

10 11.5412 15.2199 0.0040 0.2262 1.6398 0.8360 2.0089 20.6587 0.0015 0.8388 0.2258 4.9672 0.0015 0.9998 0.2768 0.0359 2.4000 −3.6000 2.4000 1.8000

11 25.4097 13.4764 0.0073 0.3846 1.2772 4.3090 2.0000 19.7922 0.0036 0.8991 0.9697 4.9836 0.0015 0.9998 0.2773 0.0359 1.8000 −6.2000 1.9000 2.0000

12 19.9850 9.3899 0.0028 0.5830 1.9333 4.9490 2.0000 11.4775 0.0082 0.9011 2.3076 5.0000 0.0015 0.9998 0.2774 0.0359 1.1000 −5.7000 1.4000 1.4000

13 15.3631 11.3849 0.0013 0.2518 1.9429 2.5720 2.0024 9.4693 0.0021 0.8766 0.3580 0.1391 0.0018 0.9997 0.2776 0.0359 1.3000 −5.9000 1.6000 2.1000

14 33.5715 6.1800 0.0077 0.2904 2.0371 4.4210 2.0002 10.0005 0.0039 0.8997 1.0851 4.9993 0.0015 0.9998 0.2775 0.0359 1.0000 −5.4000 1.3000 1.3000

15 24.2400 15.4892 0.0055 0.6171 1.9074 2.9400 2.0000 15.1815 0.0059 0.9010 1.6452 5.0000 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.6000 1.7000

16 22.8895 3.9508 0.0053 0.2653 2.8355 0.7730 2.0001 0.0282 0.0090 0.7251 1.7771 0.1001 0.0022 0.9997 0.2764 0.0360 1.4000 −2.4000 1.7000 0.8000

17 36.8534 14.2867 0.0091 0.8244 0.6268 0.9990 2.0000 0.2830 0.0058 0.8934 1.4822 3.6014 0.0016 0.9998 0.2771 0.0359 1.6000 −6.1000 1.9000 1.9000

18 12.8619 3.8378 0.0065 0.9827 2.1278 2.0340 2.0000 4.8679 0.0072 0.9011 2.0285 5.0000 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

19 30.7736 7.6783 0.0066 0.7302 0.7087 3.7430 2.0000 0.5374 0.0052 0.8980 1.4015 4.4046 0.0015 0.9998 0.2771 0.0359 1.4000 −5.8000 1.6000 1.7000

20 30.6417 13.0170 0.0087 0.3439 0.3582 4.1270 2.0000 9.6209 0.0030 0.8968 0.7933 4.9489 0.0015 0.9998 0.2773 0.0359 1.4000 −5.5000 1.6000 1.6000

21 16.4569 16.2270 0.0082 0.5841 1.8219 3.9490 2.0000 1.3294 0.0042 0.8998 1.1510 4.9652 0.0015 0.9998 0.2773 0.0359 1.7000 −6.1000 1.7000 1.8000

22 23.5772 1.7121 0.0062 0.1078 1.3504 1.5920 2.0004 0.7815 0.0021 0.8801 0.4219 3.4246 0.0017 0.9997 0.2769 0.0359 2.2000 −5.5000 2.4000 2.5000

23 4.8825 19.3239 0.0026 0.9063 1.3762 2.6700 2.0088 12.4378 0.0012 0.5493 0.0550 4.9684 0.0013 0.9998 0.2773 0.0359 2.9000 −2.1000 2.6000 1.2000

24 4.0501 16.1333 0.0032 0.8797 1.9858 0.4490 2.0073 9.3191 0.0050 0.8938 1.2786 3.2463 0.0017 0.9997 0.2745 0.0362 1.1000 −5.8000 1.4000 1.4000

25 22.1703 10.1346 0.0090 0.8178 2.3109 0.5580 2.0007 2.3372 0.0052 0.9009 1.4124 4.7399 0.0015 0.9998 0.2758 0.0361 1.6000 −6.2000 1.7000 1.7000

26 31.6084 9.0771 0.0013 0.2607 1.0507 0.6810 2.0000 19.7167 0.0021 0.8813 0.3909 1.2082 0.0018 0.9997 0.2767 0.0360 0.5000 −4.7000 0.7000 1.0000

27 37.4924 9.3040 0.0054 0.5944 1.9860 3.3933 2.0003 20.7035 0.0099 0.8973 2.6506 4.2325 0.0015 0.9998 0.2772 0.0359 1.5000 −6.1000 1.7000 1.7000

28 6.9364 6.3882 0.0025 0.0225 1.2485 2.4759 2.0000 9.8619 0.0021 0.8781 0.3716 0.3620 0.0018 0.9997 0.2769 0.0359 0.7000 −5.2000 0.9000 1.4000

29 23.6153 10.5855 0.0098 0.4253 2.5258 0.9486 2.0263 0.0853 0.0100 0.8795 2.9449 4.8637 0.0016 0.9998 0.2780 0.0358 1.4000 −5.0000 1.7000 1.4000

30 19.8368 10.6325 0.0074 0.3127 2.4988 2.475; 2.0003 19.9168 0.0022 0.8867 0.5056 4.7196 0.0015 0.9998 0.2772 0.0359 1.9000 −5.3000 2.0000 2.0000

31 2.4523 17.0035 0.0055 0.1615 0.7693 0.738; 2.0056 0.5179 0.0029 0.8938 0.7601 4.7289 0.0015 0.9998 0.2770 0.0359 1.3000 −5.3000 1.6000 1.6000

32 14.8107 16.5302 0.0052 0.1788 1.8404 0.2749 2.0044 0.2462 0.0036 0.8958 0.9816 4.8937 0.0015 0.9998 0.2764 0.0360 0.8000 −4.9000 1.3000 1.3000

33 15.6941 11.5831 0.0058 0.7475 0.4454 0.8435 2.0000 9.8066 0.0026 0.8938 0.6602 4.9972 0.0015 0.9998 0.2772 0.0359 1.5000 −5.4000 1.8000 1.8000

34 9.1740 11.0184 0.0097 0.7485 1.8594 3.7585 2.0000 8.9205 0.0090 0.9011 2.5133 5.0000 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.7000 1.6000

35 2.0455 17.2600 0.0020 0.5433 0.7819 1.8418 2.0000 11.1540 0.0026 0.8891 0.5801 3.1643 0.0015 0.9997 0.2767 0.0360 2.2000 −6.3000 2.1000 2.2000

36 14.0239 17.8575 0.0015 0.3381 1.3370 4.7091 2.0001 19.2444 0.0025 0.8910 0.5944 4.3195 0.0016 0.9998 0.2771 0.0359 2.0000 −5.8000 2.1000 2.1000

37 28.5854 16.4098 0.0037 0.8323 2.5320 0.0859 2.0000 18.4167 0.0079 0.9011 2.2074 5.0000 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.6000 1.6000

38 25.7597 6.6266 0.0062 0.5526 0.5886 4.1453 2.0000 1.3444 0.0050 0.9007 1.3788 4.9998 0.0015 0.9998 0.2773 0.0359 1.8000 −6.2000 1.9000 1.9000

39 22.6364 9.4166 0.0058 0.9575 0.9116 3.133; 2.0000 13.6839 0.0063 0.8941 1.6217 3.6077 0.0015 0.9998 0.2770 0.0359 1.6000 −6.1000 1.8000 1.8000

40 18.6834 15.6457 0.0091 0.8928 1.4499 2.6937 2.0000 0.3235 0.0074 0.8957 1.9546 3.9423 0.0016 0.9998 0.2771 0.0359 1.3000 −5.8000 1.6000 1.6000

41 12.9222 2.3087 0.0059 0.3565 1.0134 3.2525 2.0001 5.7028 0.0038 0.8996 1.0463 5.0000 0.0016 0.9998 0.2773 0.0359 1.3000 −5.7000 1.5000 1.5000

42 21.0630 2.3062 0.0049 0.5464 2.3955 3.6331 2.0004 0.0581 0.0090 0.8602 2.4873 4.9120 0.0015 0.9998 0.2771 0.0359 1.2000 −3.8000 1.5000 1.0000

43 30.9388 5.6311 0.0059 0.3467 2.9625 0.4724 2.0005 10.8985 0.0035 0.8989 0.9446 4.9211 0.0015 0.9998 0.2770 0.0359 1.5000 −5.9000 1.8000 1.8000

44 30.9715 10.9204 0.0074 0.6228 0.4771 4.3879 2.0000 16.4993 0.0069 0.9011 1.9395 5.0000 0.0015 0.9998 0.2772 0.0359 1.2000 −5.7000 1.5000 1.5000
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45 23.8901 20.2222 0.0012 0.7966 0.7106 0.0718 2.0001 20.3784 0.0024 0.8819 0.4769 1.2870 0.0015 0.9997 0.2768 0.0359 1.2000 −5.7000 1.7000 2.0000

46 30.4112 14.7774 0.0082 0.7459 2.1067 1.4715 2.0000 17.3331 0.0032 0.8979 0.8621 4.9838 0.0018 0.9998 0.2774 0.0359 1.2000 −5.4000 1.5000 1.5000

47 26.5303 6.5026 0.0023 0.1255 1.1264 0.8996 2.0000 11.4565 0.0031 0.8868 0.7129 2.2938 0.0015 0.9997 0.2767 0.0360 1.3000 −5.8000 1.4000 1.5000

48 6.6823 6.0790 0.0053 0.8224 2.9211 4.6315 2.0000 0.3475 0.0087 0.9008 2.4396 4.9621 0.0017 0.9998 0.2773 0.0359 1.2000 −5.7000 1.5000 1.5000

49 21.1671 17.6831 0.0033 0.0252 2.9169 0.3409 2.0000 0.6628 0.0097 0.9011 2.7085 5.0000 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.7000 1.7000

50 15.1959 18.9556 0.0043 0.4144 1.9311 2.9055 2.0003 12.9242 0.0028 0.8955 0.7234 4.9999 0.0015 0.9998 0.2772 0.0359 1.8000 −5.8000 1.9000 1.9000

51 5.5016 13.3005 0.0070 0.7314 2.5803 3.1858 2.0000 9.4317 0.0047 0.9006 1.3117 4.9996 0.0015 0.9998 0.2774 0.0359 1.2000 −5.7000 1.5000 1.5000

52 7.6183 5.3298 0.0025 0.7814 1.2057 3.2563 2.0070 18.5738 0.0018 0.8721 0.3614 4.9337 0.0015 0.9998 0.2769 0.0359 2.1000 −4.6000 2.3000 2.0000

53 9.5304 1.8686 0.0035 0.3673 1.8958 4.3231 2.0000 1.4898 0.0034 0.8979 0.9051 4.8774 0.0015 0.9998 0.2772 0.0359 1.8000 −6.0000 1.9000 1.9000

54 27.5463 17.4318 0.0028 0.7449 2.9557 0.2798 2.0048 17.4510 0.0031 0.8880 0.7371 2.6246 0.0015 0.9997 0.2773 0.0359 1.3000 −5.8000 1.6000 1.7000

55 18.3974 12.1678 0.0028 0.8923 1.6784 4.0843 2.0000 10.9807 0.0050 0.9008 1.4052 5.0000 0.0017 0.9998 0.2773 0.0359 1.0000 −5.5000 1.3000 1.3000

56 28.3873 19.7126 0.0039 0.2426 2.8008 2.6446 2.0000 13.7863 0.0085 0.9011 2.3719 5.0000 0.0015 0.9998 0.2772 0.0359 1.6000 −6.1000 1.7000 1.7000

57 11.7578 1.2948 0.0089 0.1296 2.1610 3.4718 2.0000 1.4163 0.0039 0.8986 1.0358 4.6271 0.0015 0.9998 0.2766 0.0360 1.8000 −6.2000 1.8000 1.8000

58 2.3708 12.1662 0.0052 0.2251 1.4521 1.062; 2.0000 5.8831 0.0076 0.9011 2.1420 5.0000 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

59 22.2268 5.9472 0.0046 0.3500 1.9171 2.7164 2.0354 0.1314 0.0052 0.8783 1.3444 2.5489 0.0015 0.9997 0.2771 0.0359 1.4000 −5.6000 1.8000 1.8000

60 12.6169 17.2133 0.0026 0.2871 2.6629 3.5126 2.0001 1.5988 0.0030 0.8962 0.7954 4.8218 0.0018 0.9998 0.2773 0.0359 1.0000 −5.1000 1.3000 1.4000

61 37.9567 3.9930 0.0097 0.9275 0.5962 4.7822 2.0021 0.2773 0.0095 0.9001 2.6549 4.8619 0.0015 0.9998 0.2772 0.0359 1.3000 −5.8000 1.6000 1.6000

62 16.9220 8.1958 0.0086 0.5927 2.9765 0.427; 2.0586 5.5765 0.0022 0.8758 0.5035 0.8175 0.0016 0.9997 0.2814 0.0354 1.4000 −6.2000 1.9000 2.2000

63 2.9445 17.1893 0.0065 0.1629 1.2071 0.2867 2.0191 17.8476 0.0099 0.8991 2.9006 4.9148 0.0020 0.9998 0.2780 0.0358 1.4000 −6.0000 1.6000 1.7000

64 27.5146 14.0811 0.0044 0.8384 1.9766 3.1473 2.0001 2.6458 0.0060 0.8693 1.2232 0.0174 0.0015 0.9997 0.2762 0.0360 1.3000 −6.0000 1.8000 1.9000

65 33.8125 4.3380 0.0089 0.1676 2.7040 3.9809 2.0000 4.9363 0.0077 0.9011 2.1691 5.0000 0.0021 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

66 38.9170 6.6323 0.0081 0.5022 2.9861 3.456; 2.0233 20.7703 0.0100 0.8989 2.9584 4.9024 0.0015 0.9998 0.2779 0.0358 1.4000 −6.0000 1.7000 1.7000

67 4.1634 2.8059 0.0052 0.9993 1.9595 1.7265 2.0000 1.0403 0.0046 0.9004 1.2648 4.9998 0.0015 0.9998 0.2772 0.0359 1.8000 −6.2000 1.8000 1.9000

68 28.0922 3.5525 0.0049 0.2137 1.8543 4.7691 2.0000 8.7942 0.0089 0.9011 2.4887 5.0000 0.0139 0.9998 0.2773 0.0359 1.4000 −6.0000 1.6000 1.6000

69 29.3384 3.0934 0.0040 0.3978 1.7014 0.368; 2.0010 0.3324 0.0041 0.8817 0.9096 1.5560 0.0015 0.9997 0.2763 0.0360 1.7000 −6.2000 2.0000 2.0000

70 26.7015 9.9122 0.0064 0.3337 2.8859 1.0352 2.0000 8.9522 0.0100 0.8797 2.2381 1.3103 0.0018 0.9997 0.2764 0.0360 1.3000 −6.0000 1.6000 1.6000

71 29.6228 18.8820 0.0091 0.2296 2.2383 3.8751 2.0000 17.0606 0.0092 0.9011 2.5701 5.0000 0.0019 0.9998 0.2773 0.0359 1.5000 −6.0000 1.6000 1.7000

72 16.2062 11.4921 0.0073 0.9361 1.9875 4.5709 2.0000 0.1716 0.0099 0.8973 2.7609 4.8371 0.0015 0.9998 0.2777 0.0358 1.1000 −5.5000 1.6000 1.5000

73 24.1001 0.7116 0.0044 0.6832 1.5699 3.9128 2.0000 0.2758 0.0062 0.8994 1.7066 4.8181 0.0015 0.9998 0.2772 0.0359 1.5000 −6.0000 1.7000 1.6000

74 6.4125 1.1460 0.0076 0.9621 0.7797 1.4777 2.0000 0.2228 0.0084 0.8869 2.0377 2.5112 0.0015 0.9997 0.2766 0.0360 1.2000 −5.7000 1.4000 1.4000

75 4.1909 16.7427 0.0096 0.4380 2.8860 0.7592 2.0001 0.0293 0.0098 0.7872 2.6601 4.7744 0.0017 0.9998 0.2770 0.0359 1.5000 −2.5000 1.8000 0.8000

76 39.2311 9.3993 0.0059 0.9403 1.6206 4.2396 2.0000 13.6783 0.0068 0.9002 1.8899 4.8156 0.0015 0.9998 0.2773 0.0359 1.2000 −5.8000 1.5000 1.5000

77 12.8233 7.9723 0.0059 0.0058 0.0908 3.9243 2.0004 7.3868 0.0012 0.6155 0.0660 4.9687 0.0015 0.9998 0.2770 0.0359 1.1000 −0.4000 1.4000 0.1000

78 24.6090 16.4225 0.0038 0.6103 2.0889 1.3542 2.0156 16.2124 0.0099 0.8991 2.8614 4.8177 0.0013 0.9998 0.2776 0.0358 1.3000 −6.0000 1.7000 1.7000

79 38.5621 7.5911 0.0016 0.8011 1.5591 1.1391 2.0002 6.5884 0.0088 0.9011 2.4527 4.9931 0.0015 0.9998 0.2773 0.0359 1.6000 −6.1000 1.7000 1.7000

80 9.3355 14.8033 0.0018 0.9325 2.6701 4.1478 2.0000 12.5717 0.0041 0.9000 1.1228 4.9941 0.0016 0.9998 0.2773 0.0359 1.7000 −6.1000 1.8000 1.8000

81 14.9825 18.1216 0.0052 0.7633 0.9906 4.1109 2.0000 17.6012 0.0049 0.9008 1.3762 4.9998 0.0015 0.9998 0.2773 0.0359 1.0000 −5.5000 1.4000 1.3000

82 37.4501 6.8521 0.0011 0.8264 0.6891 2.8534 2.0077 0.8603 0.0012 0.6104 0.0635 4.3725 0.0015 0.9998 0.2766 0.0360 1.6000 −0.8000 1.6000 0.3000

83 16.8454 13.5256 0.0092 0.5735 0.3418 2.8591 2.0002 0.0496 0.0100 0.8493 2.7632 4.9996 0.0014 0.9998 0.2773 0.0359 1.5000 −3.7000 1.6000 1.1000

84 12.3822 20.2675 0.0068 0.7926 0.9328 1.4301 2.0001 10.5557 0.0100 0.9005 2.7935 4.9355 0.0015 0.9998 0.2776 0.0358 1.4000 −5.9000 1.8000 1.8000

85 7.7740 1.6050 0.0010 0.3290 0.6853 3.4957 2.0000 10.0935 0.0013 0.7129 0.0883 4.3822 0.0015 0.9998 0.2766 0.0360 3.7000 −3.4000 3.0000 1.9000

86 17.0901 12.2156 0.0013 0.2235 1.9560 3.9813 2.0071 10.8103 0.0014 0.8198 0.1858 4.9992 0.0014 0.9998 0.2762 0.0360 1.3000 −2.1000 1.5000 0.8000

87 16.2395 8.6209 0.0029 0.3124 0.1985 2.2079 2.0000 8.9589 0.0034 0.8987 0.9192 5.0000 0.0014 0.9998 0.2773 0.0359 1.5000 −5.7000 1.7000 1.7000

88 6.9824 6.4461 0.0051 0.5845 0.8263 2.2311 2.0000 0.7096 0.0036 0.8986 0.9872 4.9750 0.0015 0.9998 0.2773 0.0359 1.0000 −5.3000 1.3000 1.3000

89 18.5315 5.5055 0.0021 0.8299 0.8455 2.3283 2.0000 19.5197 0.0028 0.8958 0.7333 4.9882 0.0015 0.9998 0.2773 0.0359 1.2000 −5.2000 1.5000 1.5000

90 25.3558 20.6907 0.0075 0.4026 1.3330 3.3769 2.0000 0.8644 0.0044 0.9000 1.2185 4.9790 0.0014 0.9998 0.2774 0.0359 1.3000 −5.8000 1.5000 1.5000

91 2.4172 3.9014 0.0042 0.8621 2.2677 4.5183 2.0000 19.5749 0.0046 0.9006 1.2859 4.9990 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

92 23.7839 16.2461 0.0080 0.6147 1.8099 4.5426 2.0000 19.7642 0.0079 0.9011 2.2228 5.0000 0.0015 0.9998 0.2773 0.0359 1.1000 −5.7000 1.5000 1.4000

93 32.0097 4.0929 0.0049 0.9912 2.3498 3.736; 2.0000 19.5629 0.0067 0.9011 1.8652 5.0000 0.0015 0.9998 0.2773 0.0359 1.6000 −6.1000 1.7000 1.7000

94 10.9439 20.6314 0.0049 0.2037 0.3418 1.3026 2.0000 20.5842 0.0066 0.9011 1.8430 5.0000 0.0015 0.9998 0.2773 0.0359 1.4000 −6.0000 1.6000 1.7000

95 19.0247 16.6845 0.0014 0.8272 2.9357 3.4482 2.0000 20.6300 0.0074 0.9011 2.0862 5.0000 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

96 23.6356 8.8356 0.0014 0.6759 2.5458 0.6592 2.0004 13.4662 0.0043 0.8998 1.1448 4.5732 0.0015 0.9998 0.2758 0.0361 1.7000 −6.2000 1.8000 1.8000

97 20.8590 10.3747 0.0063 0.4758 1.3986 0.9545 2.0000 19.6469 0.0017 0.8682 0.3322 4.8902 0.0013 0.9998 0.2769 0.0359 0.4000 −2.7000 1.0000 0.8000

98 26.4080 16.8242 0.0032 0.3991 0.9770 0.7287 2.0000 0.5027 0.0035 0.8944 0.9089 3.9950 0.0015 0.9998 0.2770 0.0359 0.8000 −5.2000 1.2000 1.3000

99 10.4081 7.4296 0.0086 0.5994 1.8906 2.9252 2.0000 3.7789 0.0052 0.9008 1.4596 5.0000 0.0016 0.9998 0.2773 0.0359 1.1000 −5.6000 1.4000 1.4000

100 33.8081 1.5484 0.0087 0.8005 0.6909 0.3668 2.0002 0.1445 0.0093 0.8955 2.5685 4.8807 0.0015 0.9998 0.2773 0.0359 1.5000 −5.7000 1.7000 1.6000

101 38.9009 12.2980 0.0097 0.1051 1.7397 4.1116 2.0000 17.2952 0.0051 0.9008 1.4269 4.9998 0.0015 0.9998 0.2773 0.0359 1.2000 −5.7000 1.5000 1.5000

102 32.9595 3.3950 0.0068 0.4229 1.7467 4.2536 2.0000 8.7894 0.0065 0.9011 1.8301 5.0000 0.0015 0.9998 0.2772 0.0359 1.1000 −5.7000 1.4000 1.4000

103 36.4201 16.5189 0.0044 0.0942 1.6222 2.8028 2.0001 10.9494 0.0093 0.8995 2.5938 4.7711 0.0015 0.9998 0.2778 0.0358 1.2000 −5.7000 1.5000 1.5000
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104 6.8255 6.4892 0.0083 0.5985 2.6098 4.648; 2.0000 0.7601 0.0099 0.9010 2.7775 4.9614 0.0015 0.9998 0.2772 0.0359 1.2000 −5.7000 1.5000 1.5000

105 36.7083 11.0013 0.0058 0.4709 0.7943 3.4833 2.0000 0.4873 0.0053 0.8969 1.4192 4.1719 0.0015 0.9998 0.2771 0.0359 1.1000 −5.6000 1.5000 1.5000

106 26.0297 3.4669 0.0042 0.6959 0.9542 2.914; 2.0000 1.6465 0.0055 0.9009 1.5243 5.0000 0.0015 0.9998 0.2773 0.0359 1.7000 −6.2000 1.8000 1.8000

107 5.7065 12.5262 0.0095 0.6999 0.3576 4.077; 2.0000 0.3399 0.0052 0.8999 1.4423 4.9255 0.0015 0.9998 0.2773 0.0359 1.2000 −5.7000 1.5000 1.5000

108 12.5829 5.4876 0.0089 0.6385 2.8195 4.3951 2.0166 0.2593 0.0100 0.8990 2.9270 4.9930 0.0015 0.9998 0.2781 0.0358 1.4000 −5.9000 1.6000 1.5000

109 22.7815 13.6079 0.0060 0.0336 1.9367 4.9446 2.0000 1.1742 0.0059 0.9009 1.6448 4.9996 0.0015 0.9998 0.2774 0.0359 1.5000 −6.0000 1.6000 1.6000

110 38.3853 14.3374 0.0066 0.0688 1.4384 0.0026 2.0300 0.4392 0.0099 0.8844 2.5369 2.2111 0.0015 0.9997 0.2775 0.0359 1.5000 −6.2000 1.7000 1.7000

111 38.6658 15.5610 0.0063 0.3196 1.9180 4.3272 2.0000 12.8729 0.0090 0.9011 2.5274 5.0000 0.0018 0.9998 0.2773 0.0359 1.3000 −5.8000 1.5000 1.5000

112 7.9893 9.3820 0.0029 0.5309 1.6341 3.0628 2.1459 0.0278 0.0058 0.7599 2.1859 4.6746 0.0015 0.9997 0.2779 0.0358 1.1000 −2.3000 1.5000 0.5000

113 38.8825 1.7680 0.0037 0.6544 1.9419 4.9498 2.0001 3.9113 0.0047 0.9005 1.3151 4.9714 0.0019 0.9998 0.2773 0.0359 1.1000 −5.5000 1.4000 1.4000

114 38.3723 4.7818 0.0052 0.4076 1.6317 2.6384 2.0000 8.8084 0.0027 0.8919 0.6561 3.7894 0.0015 0.9998 0.2770 0.0359 1.1000 −5.2000 1.5000 1.6000

115 20.4443 18.9907 0.0031 0.8200 2.1631 2.3976 2.0000 20.6240 0.0063 0.9010 1.7503 5.0000 0.0016 0.9998 0.2773 0.0359 1.7000 −6.2000 1.8000 1.8000

116 32.4107 3.1914 0.0086 0.7184 1.5675 4.0067 2.0000 6.4188 0.0053 0.9009 1.4756 4.9995 0.0015 0.9998 0.2773 0.0359 1.4000 −5.9000 1.7000 1.7000

117 7.3917 17.1736 0.0028 0.9686 2.9811 1.1392 2.0160 20.7865 0.0017 0.8713 0.3127 3.4683 0.0015 0.9997 0.2759 0.0360 0.9000 −3.6000 1.4000 1.3000

118 18.0269 11.2049 0.0030 0.5313 0.6560 2.4905 2.0000 4.3582 0.0021 0.8838 0.4668 4.9909 0.0017 0.9998 0.2767 0.0360 2.4000 −5.5000 2.2000 2.1000

119 36.7979 20.7097 0.0025 0.3251 0.3174 4.5043 2.0004 5.6441 0.0016 0.8543 0.2716 4.9992 0.0015 0.9998 0.2765 0.0360 1.7000 −3.4000 1.7000 1.3000

120 38.4607 9.2187 0.0049 0.6110 0.1908 4.2259 2.0001 2.4085 0.0035 0.8988 0.9534 4.9940 0.0013 0.9998 0.2773 0.0359 1.3000 −5.6000 1.5000 1.5000

121 26.9181 2.2421 0.0038 0.7788 1.2137 3.6932 2.0000 12.7630 0.0055 0.9009 1.5482 5.0000 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.3000 1.3000

122 3.3570 19.9989 0.0093 0.4235 1.3451 2.9299 2.0182 0.1080 0.0100 0.8884 2.9167 4.9622 0.0015 0.9998 0.2780 0.0358 1.4000 −5.3000 1.6000 1.5000

123 34.2669 0.1239 0.0049 0.0908 1.0974 1.2337 2.0060 0.1737 0.0038 0.8829 0.9068 2.6576 0.0015 0.9997 0.2767 0.0359 1.1000 −5.4000 1.7000 1.7000

124 37.4917 16.1166 0.0027 0.2665 2.2905 3.3321 2.0016 0.0731 0.0065 0.8678 1.7208 4.2894 0.0017 0.9998 0.2767 0.0359 1.3000 −4.4000 1.8000 1.4000

125 27.7919 16.9968 0.0091 0.1537 1.8837 0.4174 2.0216 20.7096 0.0031 0.8873 0.7654 2.3202 0.0016 0.9997 0.2757 0.0361 0.8000 −5.5000 1.1000 1.2000

126 30.7941 18.0638 0.0098 0.2810 2.3159 3.1298 2.0001 19.1410 0.0081 0.9013 2.2608 4.9980 0.0018 0.9998 0.2771 0.0359 1.4000 −6.0000 1.7000 1.7000

127 30.2390 1.7808 0.0049 0.4401 2.7986 3.3047 2.0001 5.5543 0.0060 0.9010 1.6917 4.9968 0.0015 0.9998 0.2773 0.0359 1.0000 −5.6000 1.3000 1.3000

128 16.9046 8.3281 0.0020 0.5271 2.9182 3.6488 2.0361 0.0356 0.0098 0.8118 2.9758 4.9709 0.0016 0.9998 0.2779 0.0358 1.1000 −2.7000 1.5000 0.7000

129 26.9082 5.4232 0.0033 0.4574 0.5761 4.4538 2.0000 13.7381 0.0020 0.8821 0.4469 4.9957 0.0015 0.9998 0.2770 0.0359 1.3000 −4.3000 1.6000 1.5000

130 8.5051 16.6390 0.0047 0.8754 0.4166 4.9115 2.0000 13.1132 0.0082 0.9011 2.2924 5.0000 0.0015 0.9998 0.2773 0.0359 1.4000 −6.0000 1.6000 1.6000

131 28.8298 8.9848 0.0064 0.5181 2.0888 3.8451 2.0000 14.7803 0.0034 0.8985 0.9083 4.9845 0.0015 0.9998 0.2773 0.0359 1.9000 −6.2000 2.0000 2.0000

132 3.2096 18.9348 0.0034 0.9436 0.2815 2.9072 2.0000 8.9925 0.0079 0.9010 2.2142 4.9981 0.0015 0.9998 0.2774 0.0359 1.4000 −5.9000 1.5000 1.5000

133 12.5231 3.8033 0.0064 0.6377 1.5762 4.6416 2.0000 4.3603 0.0065 0.9011 1.8207 5.0000 0.0015 0.9998 0.2773 0.0359 1.3000 −5.8000 1.6000 1.6000

134 3.7545 5.5049 0.0074 0.9577 1.5910 2.9005 2.0000 20.7399 0.0027 0.8912 0.6474 3.5312 0.0016 0.9998 0.2769 0.0359 1.0000 −5.2000 1.5000 1.6000

135 5.6910 3.0494 0.0030 0.2407 2.5834 0.0849 2.0000 10.4835 0.0022 0.8785 0.3804 0.4641 0.0018 0.9997 0.2769 0.0359 1.8000 −6.3000 2.4000 2.9000

136 33.2914 2.8528 0.0021 0.6761 1.4546 0.6043 2.0000 0.1431 0.0098 0.8955 2.7199 4.8515 0.0015 0.9998 0.2772 0.0359 1.2000 −5.4000 1.5000 1.4000

137 28.4035 18.0762 0.0037 0.2891 1.1804 4.3136 2.0000 14.2069 0.0037 0.8994 1.0064 4.9926 0.0015 0.9998 0.2773 0.0359 1.6000 −6.0000 1.8000 1.8000

138 14.0498 12.0637 0.0039 0.6718 2.0143 2.4215 2.0007 19.1651 0.0022 0.8800 0.4140 0.8317 0.0018 0.9997 0.2769 0.0359 0.7000 −5.2000 1.1000 1.5000

139 38.1084 11.4441 0.0048 0.6951 2.2238 4.2243 2.0000 20.6784 0.0068 0.9010 1.9166 4.9927 0.0015 0.9998 0.2773 0.0359 1.1000 −5.6000 1.3000 1.4000

140 3.3090 3.0373 0.0056 0.0680 1.5602 1.047; 2.0003 0.0411 0.0049 0.7939 1.0651 1.6837 0.0020 0.9997 0.2762 0.0360 1.2000 −2.9000 1.5000 0.8000

141 18.6723 17.7386 0.0018 0.2548 1.0431 2.7615 2.0000 0.3357 0.0095 0.9007 2.6439 4.9381 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.6000 1.6000

142 16.4992 12.9430 0.0034 0.2240 0.4500 3.1494 2.0022 0.3362 0.0048 0.8921 1.2140 3.3332 0.0016 0.9997 0.2769 0.0359 1.4000 −5.9000 1.8000 1.8000

143 31.0896 7.3143 0.0082 0.6678 1.7583 0.16; 2.0000 10.4466 0.0100 0.8708 2.0643 0.1762 0.0021 0.9997 0.2759 0.0361 1.3000 −6.0000 1.5000 1.5000

144 9.1012 8.3702 0.0094 0.3445 0.1334 1.8121 2.0003 0.2638 0.0078 0.8839 1.8205 1.9505 0.0018 0.9997 0.2763 0.0360 1.3000 −5.9000 1.6000 1.6000

145 20.6110 1.6049 0.0076 0.7805 2.2648 0.2477 2.0000 10.6576 0.0100 0.9011 2.7940 5.0000 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.6000 1.6000

146 18.9323 5.0089 0.0054 0.6753 0.7284 2.4478 2.0000 0.9825 0.0048 0.9006 1.3296 4.9997 0.0015 0.9998 0.2773 0.0359 1.5000 −6.0000 1.7000 1.7000

147 26.5599 2.5881 0.0062 0.0067 1.3272 0.9626 2.0000 14.7080 0.0035 0.8991 0.9662 4.9987 0.0015 0.9998 0.2772 0.0359 0.8000 −5.2000 1.2000 1.2000

148 28.9559 3.8460 0.0031 0.6022 2.0634 0.6154 2.0004 0.1181 0.0098 0.8617 2.0155 0.2271 0.0021 0.9997 0.2763 0.0360 1.3000 −5.5000 1.7000 1.6000

149 30.6781 5.0097 0.0051 0.3868 1.0777 1.0275 2.0000 0.5335 0.0054 0.8995 1.4806 4.7302 0.0015 0.9998 0.2772 0.0359 1.5000 −6.0000 1.6000 1.7000

150 12.4890 8.6911 0.0097 0.9160 2.2090 0.7326 2.0005 0.1087 0.0097 0.8766 2.3315 2.4787 0.0017 0.9997 0.2765 0.0360 1.1000 −5.1000 1.5000 1.3000

151 26.8937 18.7702 0.0057 0.4624 2.0502 0.2133 2.0000 19.4703 0.0028 0.8917 0.6682 3.5362 0.0016 0.9998 0.2768 0.0359 1.5000 −5.7000 1.9000 2.0000

Table A.1: The results of optimisations for 151 rounds of Nelder-Mead simplex using low LET IR. Columns 3 and 4 are the

value of LQ parameters αmodel and βmodel for each run with the value of LQ parameters for the experimental data αexp = 0.2790

Gy−1 and βexp = 0.0357 Gy−2. Columns 5 contains the elasticity of LQ parameter α with respect to δ and p, while columns 6

contains the elasticity of LQ parameter β with respect to δ and p.
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A.4.3 Results of parameter estimation using high LET IR

survival data for ξ = 147

Column 1 Column 2 Column 3 Column 4 Column 5 Column 6

Initial guesses Estimated parameter values αexp = 0.0598 βexp = 0.0158 αelas βelas

Run δ α1 α2 p Vmax KM δ α1 α2 p Vmax KM SSE r2 αmodel βmodel δ p δ p

1 7.6732 11.9704 0.0022 0.1564 0.7285 1.887 3.7826 0.1799 0.001 0.7962 2.8144 2.8056 0.0797 0.9564 0.7446 0.0224 0.9612 −4.1585 2.6065 2.9725

2 11.7853 1.2689 0.0075 0.8555 2.7523 1.08 2.3561 13.9755 0.0043 0.6707 2.4681 0.0909 0.0804 0.9561 0.7694 0.0154 0.9737 −2.0741 2.5164 2.491

3 33.9473 4.9023 0.002 0.6448 0.8072 3.952 3.3324 18.7049 0.0011 0.771 1.9408 0.8671 0.0799 0.9563 0.7503 0.0209 0.9564 −3.4839 2.6515 2.5319

4 11.6627 7.3601 0.0069 0.3763 2.2965 4.746 3.6703 18.9734 0.001 0.7942 2.9387 3.756 0.0801 0.9562 0.7459 0.0222 0.9678 −4.0342 2.4898 2.4657

5 32.9428 17.0776 0.0054 0.1909 0.566 1.637 4.1908 14.6395 0.001 0.8207 2.9999 0.0047 0.0789 0.9569 0.7252 0.0285 0.9081 −5.3761 3.0104 3.0837

6 11.2539 0.3475 0.008 0.4283 0.8625 3.356 4.2872 3.1621 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8869 −5.7486 3.123 3.0619

7 37.312 0.921 0.0074 0.482 0.2733 2.193 3.7241 0.0389 0.001 0.6167 1.1536 3.187 0.077 0.9579 0.7455 0.0226 0.9074 −1.7461 3.2919 3.6805

8 15.2994 3.5363 0.0091 0.1206 1.7286 4.167 4.2858 19.2821 0.001 0.8257 2.9999 0.0001 0.0788 0.9569 0.7179 0.0308 0.8787 −5.7346 3.1628 3.1302

9 9.4706 13.5048 0.009 0.5895 2.0501 3.844 2.9799 0.3822 0.0012 0.7431 1.3378 0.1791 0.08 0.9563 0.7533 0.0198 0.9639 −2.9823 2.5379 2.5127

10 11.5412 15.2199 0.004 0.2262 1.6398 0.836 4.3012 3.8156 0.001 0.8264 2.9987 0.0002 0.0788 0.9569 0.7171 0.0312 0.8761 −5.7941 3.1738 3.2045

11 25.4097 13.4764 0.0073 0.3846 1.2772 4.309 4.2233 0.109 0.001 0.8088 2.2982 0.5852 0.079 0.9568 0.7126 0.0322 0.8938 −5.0405 3.0022 3.5312

12 19.985 9.3899 0.0028 0.583 1.9333 4.949 4.5898 0.0653 0.001 0.7921 2.902 0.3216 0.0769 0.9579 0.7055 0.0345 0.8046 −5.7872 3.6622 3.5729

13 15.3631 11.3849 0.0013 0.2518 1.9429 2.572 4.2877 9.753 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8875 −5.7446 3.0904 3.1219

14 33.5715 6.18 0.0077 0.2904 2.0371 4.421 3.1571 0.2636 0.0011 0.7487 0.6882 3.887 0.0794 0.9566 0.7330 0.0256 0.964 −3.0127 2.4965 6.0564

15 24.24 15.4892 0.0055 0.6171 1.9074 2.94 4.0271 13.2973 0.001 0.8106 2.96 0.1171 0.0791 0.9567 0.7411 0.0246 0.914 −4.7966 3.0562 2.979

16 22.8895 3.9508 0.0053 0.2653 2.8355 0.773 4.2877 0.8732 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8845 −5.7473 3.124 3.0383

17 36.8534 14.2867 0.0091 0.8244 0.6268 0.999 2.1079 17.8318 0.0077 0.6309 2.9997 0.0035 0.0806 0.9559 0.7738 0.0139 0.9889 −1.7383 2.2949 2.3745

18 12.8619 3.8378 0.0065 0.9827 2.1278 2.034 4.2877 19.8113 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8887 −5.7476 3.1162 3.0846

19 30.7736 7.6783 0.0066 0.7302 0.7087 3.743 4.0611 14.5448 0.001 0.8156 2.877 1.1643 0.0794 0.9566 0.7280 0.0277 0.9074 −4.9675 2.9791 2.9179

20 30.6417 13.017 0.0087 0.3439 0.3582 4.127 4.1784 0.0731 0.001 0.7771 2.9016 4.1453 0.079 0.9568 0.7256 0.0283 0.9034 −4.1633 3.0552 3.2867

21 16.4569 16.227 0.0082 0.5841 1.8219 3.949 3.1433 0.3975 0.0011 0.7345 0.423 2.684 0.0766 0.9582 0.7404 0.0234 0.9033 −2.7847 3.2913 8.5299

22 23.5772 1.7121 0.0062 0.1078 1.3504 1.592 4.4164 0.0277 0.001 0.6337 2.2907 0.7371 0.0762 0.9583 0.7245 0.0289 0.8258 −2.8704 3.7682 2.3049

23 4.8825 19.3239 0.0026 0.9063 1.3762 2.67 3.9326 7.1178 0.001 0.8062 2.8509 0.0702 0.0792 0.9567 0.7418 0.0238 0.9257 −4.5642 2.948 2.9074

24 4.0501 16.1333 0.0032 0.8797 1.9858 0.449 4.2877 4.7191 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8771 −5.7384 3.1688 3.1514

25 22.1703 10.1346 0.009 0.8178 2.3109 0.558 3.3552 0.852 0.0011 0.7729 1.8697 0.6477 0.0799 0.9563 0.7480 0.0216 0.9761 −3.534 2.4287 2.478

26 31.6084 9.0771 0.0013 0.2607 1.0507 0.681 4.2876 20.7876 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8946 −5.7461 3.0531 3.0631

27 37.4924 9.304 0.0054 0.5944 1.986 3.3933 4.1488 14.4925 0.001 0.8195 2.9037 0.5139 0.0792 0.9567 0.7247 0.0287 0.91 −5.245 2.9376 3.0001

28 6.9364 6.3882 0.0025 0.0225 1.2485 2.4759 2.4867 0.0567 0.0059 0.5802 2.9475 0.0543 0.0799 0.9563 0.7595 0.0179 0.9777 −1.433 2.4379 1.8655

29 23.6153 10.5855 0.0098 0.4253 2.5258 0.9486 2.7502 0.2181 0.003 0.7169 2.999 0.0586 0.0801 0.9562 0.7639 0.0166 0.9697 −2.6012 2.5786 2.6468

30 19.8368 10.6325 0.0074 0.3127 2.4988 2.475 3.2219 2.6807 0.001 0.7624 1.4911 0.0352 0.0798 0.9564 0.7510 0.0206 0.9695 −3.3345 2.5196 2.496

31 2.4523 17.0035 0.0055 0.1615 0.7693 0.738 4.3357 8.3258 0.001 0.8289 2.998 0.0524 0.0789 0.9569 0.7112 0.0324 0.8693 −5.9638 3.1858 3.1607

32 14.8107 16.5302 0.0052 0.1788 1.8404 0.2749 4.2877 18.4335 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8761 −5.7411 3.1974 3.092

33 15.6941 11.5831 0.0058 0.7475 0.4454 0.8435 3.8375 2.5547 0.001 0.8032 2.6257 1.1521 0.0796 0.9565 0.7381 0.0246 0.9489 −4.3997 2.6549 2.7036

34 9.174 11.0184 0.0097 0.7485 1.8594 3.7585 4.6838 0.0638 0.001 0.7955 2.9857 0.3094 0.0768 0.958 0.6969 0.0371 0.7842 −6.3356 3.7225 3.6091

35 2.0455 17.26 0.002 0.5433 0.7819 1.8418 2.6922 15.6674 0.0019 0.7151 1.5979 0.237 0.0802 0.9562 0.7575 0.0187 0.9661 −2.5767 2.557 2.5065

36 14.0239 17.8575 0.0015 0.3381 1.337 4.7091 4.2864 16.2172 0.001 0.8258 2.9999 0.0028 0.0788 0.9569 0.7177 0.0308 0.8891 −5.7437 3.1026 3.0582

37 28.5854 16.4098 0.0037 0.8323 2.532 0.0859 3.1505 5.1076 0.001 0.7571 1.4011 0.0026 0.0799 0.9563 0.7510 0.0206 0.9693 −3.2333 2.4836 2.5313

38 25.7597 6.6266 0.0062 0.5526 0.5886 4.1453 4.2877 16.1416 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8888 −5.7422 3.1076 3.1268

39 22.6364 9.4166 0.0058 0.9575 0.9116 3.133 3.5814 0.0277 0.001 0.5167 1.2942 0.0174 0.0771 0.9579 0.7899 0.0090 0.9181 −1.1887 5.0314 5.4229

40 18.6834 15.6457 0.0091 0.8928 1.4499 2.6937 2.2398 0.0688 0.0065 0.5713 2.0972 0.0488 0.0802 0.9562 0.7615 0.0175 0.9788 −1.3647 2.4056 2.0135

41 12.9222 2.3087 0.0059 0.3565 1.0134 3.2525 2.0018 0.0298 0.0062 0.1996 2.3047 4.4907 0.0809 0.9558 0.7729 0.0140 0.9872 −0.2474 2.256 0.4867

42 21.063 2.3062 0.0049 0.5464 2.3955 3.6331 3.1675 0.1627 0.0022 0.7531 2.9674 0.1064 0.0798 0.9564 0.7507 0.0206 0.9732 −3.1725 2.4659 2.6528

43 30.9388 5.6311 0.0059 0.3467 2.9625 0.4724 2.7325 0.0799 0.0013 0.4679 0.4075 4.4716 0.0749 0.9591 0.7752 0.0133 0.9148 −0.8615 4.1826 4.6483

44 30.9715 10.9204 0.0074 0.6228 0.4771 4.3879 4.0603 0.0452 0.0011 0.71 2.2507 0.0134 0.0775 0.9576 0.7386 0.0238 0.8948 −2.9406 3.3772 3.3459

45 23.8901 20.2222 0.0012 0.7966 0.7106 0.0718 3.9005 0.0823 0.001 0.7684 2.3894 3.4741 0.0792 0.9567 0.7387 0.0246 0.9461 −3.6385 2.7387 3.4913

46 30.4112 14.7774 0.0082 0.7459 2.1067 1.4715 2.3809 12.161 0.0058 0.6772 2.9698 0.011 0.0804 0.9561 0.7609 0.0176 0.9759 −2.1462 2.4363 2.5031

47 26.5303 6.5026 0.0023 0.1255 1.1264 0.8996 4.4086 0.0291 0.001 0.642 2.9998 4.9525 0.0778 0.9574 0.7173 0.0310 0.8655 −2.926 3.3385 2.0039

48 6.6823 6.079 0.0053 0.8224 2.9211 4.6315 4.2876 19.0158 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0309 0.8855 −5.7426 3.1173 3.088

49 21.1671 17.6831 0.0033 0.0252 2.9169 0.3409 3.5205 17.8096 0.001 0.7832 2.1058 0.6643 0.0798 0.9564 0.7485 0.0214 0.9689 −3.7775 2.5165 2.5704

50 15.1959 18.9556 0.0043 0.4144 1.9311 2.9055 4.2877 20.1813 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8881 −5.7546 3.0879 3.108

51 5.5016 13.3005 0.007 0.7314 2.5803 3.1858 4.3611 0.0339 0.001 0.6737 2.9603 4.9427 0.078 0.9573 0.7199 0.0302 0.8671 −3.0825 3.3219 2.2833
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52 7.6183 5.3298 0.0025 0.7814 1.2057 3.2563 4.2877 4.9593 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8843 −5.7462 3.1114 3.1217

53 9.5304 1.8686 0.0035 0.3673 1.8958 4.3231 4.0873 3.088 0.001 0.8175 2.9858 1.7486 0.0796 0.9565 0.7256 0.0284 0.9243 −5.0512 2.8607 2.8826

54 27.5463 17.4318 0.0028 0.7449 2.9557 0.2798 4.2878 12.7762 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0309 0.8852 −5.7501 3.0952 3.0653

55 18.3974 12.1678 0.0028 0.8923 1.6784 4.0843 2.2273 0.0277 0.0046 0.2432 2.586 3.9371 0.0805 0.956 0.7759 0.0131 0.9758 −0.3157 2.5332 0.6006

56 28.3873 19.7126 0.0039 0.2426 2.8008 2.6446 4.2876 12.971 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0309 0.8903 −5.746 3.075 3.0812

57 11.7578 1.2948 0.0089 0.1296 2.161 3.4718 2.9171 8.0092 0.002 0.7333 2.7087 0.0039 0.08 0.9563 0.7675 0.0157 0.9685 −2.8251 2.6028 2.5232

58 2.3708 12.1662 0.0052 0.2251 1.4521 1.062 4.2804 0.1539 0.0011 0.8209 2.9431 0.1984 0.0788 0.9569 0.7165 0.0309 0.8825 −5.5518 3.129 3.3673

59 22.2268 5.9472 0.0046 0.35 1.9171 2.7164 2.7319 0.0959 0.0013 0.5228 0.3854 4.1762 0.0754 0.9588 0.7555 0.0185 0.8998 −1.0601 3.6956 4.208

60 12.6169 17.2133 0.0026 0.2871 2.6629 3.5126 4.2876 3.8048 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8825 −5.7392 3.1382 3.1757

61 37.9567 3.993 0.0097 0.9275 0.5962 4.7822 4.1723 12.2445 0.001 0.8207 2.9769 0.6602 0.0792 0.9567 0.7239 0.0289 0.8996 −5.3068 3.027 3.0223

62 16.922 8.1958 0.0086 0.5927 2.9765 0.427 4.2876 20.5784 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8847 −5.7504 3.119 3.1078

63 2.9445 17.1893 0.0065 0.1629 1.2071 0.2867 2.6852 13.2767 0.0011 0.7107 1.0243 0.0028 0.0801 0.9562 0.7676 0.0157 0.9761 −2.5203 2.4819 2.5264

64 27.5146 14.0811 0.0044 0.8384 1.9766 3.1473 3.5757 2.1378 0.001 0.7885 2.9997 4.9341 0.0803 0.9561 0.7496 0.0211 0.9709 −3.853 2.4644 2.5723

65 33.8125 4.338 0.0089 0.1676 2.704 3.9809 3.4328 1.4931 0.001 0.7776 1.8126 0.028 0.0797 0.9564 0.7473 0.0218 0.9693 −3.6536 2.5035 2.5674

66 38.917 6.6323 0.0081 0.5022 2.9861 3.456 3.214 0.0277 0.0023 0.4894 2.7452 2.3419 0.0793 0.9566 0.7542 0.0203 0.9617 −0.99 2.6139 1.2997

67 4.1634 2.8059 0.0052 0.9993 1.9595 1.7265 3.7873 0.1249 0.001 0.7868 2.1022 0.4583 0.0791 0.9568 0.7429 0.0229 0.9411 −3.9846 2.7975 3.5245

68 28.0922 3.5525 0.0049 0.2137 1.8543 4.7691 4.4498 0.0606 0.001 0.7767 2.774 2.4137 0.078 0.9574 0.7092 0.0334 0.8406 −4.8361 3.3996 3.3278

69 29.3384 3.0934 0.004 0.3978 1.7014 0.368 4.2877 9.1711 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8973 −5.753 3.0414 3.1051

70 26.7015 9.9122 0.0064 0.3337 2.8859 1.0352 4.4111 0.0286 0.001 0.6392 2.5681 2.4884 0.077 0.9579 0.7210 0.0301 0.8413 −2.8957 3.5712 2.204

71 29.6228 18.882 0.0091 0.2296 2.2383 3.8751 4.5202 0.0547 0.001 0.77 2.4524 0.0468 0.0769 0.958 0.7080 0.0338 0.808 −4.9523 3.6482 3.5222

72 16.2062 11.4921 0.0073 0.9361 1.9875 4.5709 3.5807 20.0415 0.0011 0.7858 2.8148 1.0594 0.0797 0.9564 0.7534 0.0201 0.9731 −3.8443 2.5049 2.5529

73 24.1001 0.7116 0.0044 0.6832 1.5699 3.9128 4.2877 7.4677 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8928 −5.745 3.0718 3.0716

74 6.4125 1.146 0.0076 0.9621 0.7797 1.4777 2.9556 0.2112 0.0014 0.7325 0.4138 1.197 0.0776 0.9576 0.7361 0.0239 0.9117 −2.8042 3.1198 8.3938

75 4.1909 16.7427 0.0096 0.438 2.886 0.7592 2.8647 3.498 0.001 0.7282 1.2763 0.0177 0.0801 0.9562 0.7684 0.0156 0.9776 −2.7557 2.5153 2.563

76 39.2311 9.3993 0.0059 0.9403 1.6206 4.2396 4.0874 0.2289 0.001 0.8159 2.8257 0.6051 0.0793 0.9567 0.7261 0.0273 0.9162 −5.047 2.9519 2.9834

77 12.8233 7.9723 0.0059 0.0058 0.0908 3.9243 4.4112 0.1224 0.001 0.8222 2.9746 1.5019 0.0788 0.9569 0.7071 0.0338 0.8597 −5.93 3.2143 3.5289

78 24.609 16.4225 0.0038 0.6103 2.0889 1.3542 4.2877 3.9854 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8852 −5.7448 3.1244 3.0959

79 38.5621 7.5911 0.0016 0.8011 1.5591 1.1391 3.8544 0.1868 0.001 0.8014 2.796 2.5668 0.0797 0.9564 0.7397 0.0241 0.9417 −4.3426 2.7356 2.9579

80 9.3355 14.8033 0.0018 0.9325 2.6701 4.1478 4.2431 11.874 0.001 0.8239 2.8303 0.065 0.0791 0.9568 0.7188 0.0311 0.8924 −5.5556 3.075 3.0471

81 14.9825 18.1216 0.0052 0.7633 0.9906 4.1109 4.2241 6.8305 0.001 0.8227 2.9999 0.2933 0.079 0.9568 0.7226 0.0296 0.901 −5.5006 3.0209 2.9808

82 37.4501 6.8521 0.0011 0.8264 0.6891 2.8534 2.9183 0.1068 0.0024 0.7146 2.008 0.006 0.0797 0.9564 0.7497 0.0207 0.9639 −2.5975 2.5274 2.7841

83 16.8454 13.5256 0.0092 0.5735 0.3418 2.8591 4.7558 0.0363 0.001 0.7246 2.9616 0.0008 0.0754 0.9588 0.6991 0.0366 0.7443 −5.3884 4.0316 2.8017

84 12.3822 20.2675 0.0068 0.7926 0.9328 1.4301 4.2283 0.2628 0.001 0.8226 2.9939 0.0254 0.0789 0.9569 0.7214 0.0293 0.8904 −5.5152 3.1173 3.1201

85 7.774 1.605 0.001 0.329 0.6853 3.4957 4.2576 15.301 0.001 0.8245 2.9622 0.024 0.0789 0.9569 0.7189 0.0304 0.8989 −5.6312 3.0345 3.0142

86 17.0901 12.2156 0.0013 0.2235 1.956 3.9813 4.2877 20.665 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8938 −5.7541 3.0674 3.0809

87 16.2395 8.6209 0.0029 0.3124 0.1985 2.2079 2.7112 0.0277 0.0031 0.3917 1.8855 0.3349 0.079 0.9568 0.7681 0.0155 0.9586 −0.6671 2.838 1.1445

88 6.9824 6.4461 0.0051 0.5845 0.8263 2.2311 3.78 0.3277 0.0011 0.801 2.9801 2.5627 0.0799 0.9563 0.7385 0.0241 0.9448 −4.2789 2.7143 2.6429

89 18.5315 5.5055 0.0021 0.8299 0.8455 2.3283 3.8152 3.9776 0.001 0.8019 2.611 1.2335 0.0797 0.9565 0.7390 0.0243 0.9491 −4.3383 2.6724 2.6842

90 25.3558 20.6907 0.0075 0.4026 1.333 3.3769 2.0787 6.9852 0.0096 0.6313 2.78 0.0106 0.0807 0.9559 0.7626 0.0171 0.9785 −1.7384 2.3923 2.3876

91 2.4172 3.9014 0.0042 0.8621 2.2677 4.5183 4.2877 20.4726 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8962 −5.7601 3.0442 3.1173

92 23.7839 16.2461 0.008 0.6147 1.8099 4.5426 4.2877 13.738 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8823 −5.7413 3.1709 3.1407

93 32.0097 4.0929 0.0049 0.9912 2.3498 3.736 4.2877 18.6303 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8822 −5.7461 3.1391 3.1154

94 10.9439 20.6314 0.0049 0.2037 0.3418 1.3026 3.9204 16.3836 0.001 0.8084 2.994 2.425 0.0797 0.9564 0.7358 0.0253 0.94 −4.5902 2.7396 2.6899

95 19.0247 16.6845 0.0014 0.8272 2.9357 3.4482 4.1749 5.0863 0.001 0.821 2.9893 0.4811 0.0792 0.9567 0.7223 0.0294 0.9062 −5.3431 2.9958 2.9338

96 23.6356 8.8356 0.0014 0.6759 2.5458 0.6592 2.3255 0.1872 0.005 0.6607 2.9705 0.0297 0.0804 0.9561 0.7730 0.0139 0.9818 −1.9934 2.4059 2.5563

97 20.859 10.3747 0.0063 0.4758 1.3986 0.9545 4.2851 15.3402 0.001 0.8264 2.9145 0.1986 0.0791 0.9568 0.7150 0.0318 0.8965 −5.741 2.9992 3.0599

98 26.408 16.8242 0.0032 0.3991 0.977 0.7287 4.3309 0.0558 0.001 0.7591 2.6378 1.715 0.0777 0.9575 0.7206 0.0292 0.8657 −4.1751 3.3575 3.3714

99 10.4081 7.4296 0.0086 0.5994 1.8906 2.9252 3.0508 0.0306 0.0025 0.4966 2.9874 1.9407 0.0794 0.9566 0.7643 0.0169 0.9544 −1.0148 2.8453 1.4938

100 33.8081 1.5484 0.0087 0.8005 0.6909 0.3668 3.2161 3.3963 0.0011 0.761 2.706 4.6091 0.0804 0.956 0.7650 0.0169 0.9774 −3.2314 2.4085 2.4182

101 38.9009 12.298 0.0097 0.1051 1.7397 4.1116 2.2169 8.8385 0.0071 0.6551 2.7203 0.2001 0.0806 0.956 0.7598 0.0178 0.9898 −1.9356 2.2321 2.2523

102 32.9595 3.395 0.0068 0.4229 1.7467 4.2536 4.2842 12.8669 0.001 0.8256 2.9999 0.0008 0.0788 0.9569 0.7183 0.0308 0.8895 −5.7329 3.0986 3.0955

103 36.4201 16.5189 0.0044 0.0942 1.6222 2.8028 3.8686 0.0278 0.001 0.559 2.9097 4.458 0.0786 0.9571 0.7677 0.0163 0.9453 −1.5187 3.1674 2.2075

104 6.8255 6.4892 0.0083 0.5985 2.6098 4.648 4.2177 20.5891 0.001 0.8229 2.9636 0.3948 0.0791 0.9568 0.7207 0.0299 0.8978 −5.4864 3.0309 2.9671

105 36.7083 11.0013 0.0058 0.4709 0.7943 3.4833 3.6646 6.2901 0.001 0.7929 2.5572 1.7222 0.0798 0.9564 0.7455 0.0224 0.952 −4.0209 2.6433 2.662

106 26.0297 3.4669 0.0042 0.6959 0.9542 2.914 4.1565 0.0277 0.001 0.6031 2.2046 0.0236 0.0764 0.9582 0.7544 0.0199 0.8769 −2.1253 3.9164 2.7144

107 5.7065 12.5262 0.0095 0.6999 0.3576 4.077 4.3365 0.029 0.001 0.632 2.9929 4.7141 0.0778 0.9575 0.7265 0.0283 0.8672 −2.6653 3.4307 2.0189

108 12.5829 5.4876 0.0089 0.6385 2.8195 4.3951 2.4902 0.0277 0.006 0.3547 2.7876 0.2907 0.0797 0.9564 0.7591 0.0182 0.9795 −0.568 2.4047 0.8643

109 22.7815 13.6079 0.006 0.0336 1.9367 4.9446 3.7616 6.447 0.001 0.7996 2.9897 3.4847 0.08 0.9563 0.7426 0.0232 0.9528 −4.217 2.6085 2.581

110 38.3853 14.3374 0.0066 0.0688 1.4384 0.0026 4.2737 0.0977 0.001 0.8038 2.7438 1.1535 0.0784 0.9572 0.7226 0.0293 0.8941 −5.0452 3.1326 3.5197
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111 38.6658 15.561 0.0063 0.3196 1.918 4.3272 3.9822 10.9701 0.001 0.8102 2.6456 0.0278 0.0792 0.9567 0.7336 0.0259 0.9297 −4.7315 2.8755 2.8681

112 7.9893 9.382 0.0029 0.5309 1.6341 3.0628 2.4748 0.0505 0.0017 0.2442 0.265 2.2869 0.0724 0.9604 0.7808 0.0112 0.8648 −0.3099 5.9832 2.4698

113 38.8825 1.768 0.0037 0.6544 1.9419 4.9498 4.2877 19.5145 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8793 −5.7415 3.1714 3.1906

114 38.3723 4.7818 0.0052 0.4076 1.6317 2.6384 4.2883 0.0958 0.001 0.8032 2.6968 0.1455 0.078 0.9573 0.7236 0.0289 0.872 −5.0697 3.306 3.7742

115 20.4443 18.9907 0.0031 0.82 2.1631 2.3976 4.157 0.0502 0.001 0.7291 2.4999 3.9498 0.0785 0.9571 0.7283 0.0276 0.9033 −3.2935 3.1002 3.1309

116 32.4107 3.1914 0.0086 0.7184 1.5675 4.0067 3.4714 14.5233 0.001 0.7815 1.6748 0.0055 0.0798 0.9564 0.7405 0.0243 0.9529 −3.7483 2.5998 2.5025

117 7.3917 17.1736 0.0028 0.9686 2.9811 1.1392 3.7487 12.6061 0.001 0.7973 2.3897 0.2696 0.0795 0.9565 0.7416 0.0235 0.9367 −4.1943 2.806 2.8007

118 18.0269 11.2049 0.003 0.5313 0.656 2.4905 4.6333 0.0541 0.001 0.7781 2.4168 1.121 0.0782 0.9573 0.6853 0.0410 0.7778 −5.4841 3.5312 3.289

119 36.7979 20.7097 0.0025 0.3251 0.3174 4.5043 2.9244 12.4863 0.0011 0.7387 1.2971 0.9271 0.0802 0.9562 0.7548 0.0195 0.9662 −2.9001 2.5343 2.4871

120 38.4607 9.2187 0.0049 0.611 0.1908 4.2259 4.4593 0.1593 0.001 0.8302 2.9702 0.1368 0.0785 0.9571 0.7040 0.0348 0.8471 −6.3878 3.2772 3.4805

121 26.9181 2.2421 0.0038 0.7788 1.2137 3.6932 4.2876 17.99 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8898 −5.7527 3.0861 3.1277

122 3.357 19.9989 0.0093 0.4235 1.3451 2.9299 3.5836 16.4461 0.001 0.7891 2.9998 4.9315 0.0803 0.9561 0.7490 0.0212 0.9738 −3.8685 2.4423 2.3669

123 34.2669 0.1239 0.0049 0.0908 1.0974 1.2337 4.3025 0.0583 0.001 0.7614 2.9309 4.5531 0.0787 0.957 0.7179 0.0305 0.8849 −4.0996 3.1384 3.1767

124 37.4917 16.1166 0.0027 0.2665 2.2905 3.3321 3.8572 6.7236 0.001 0.8052 2.9709 2.9104 0.0799 0.9563 0.7379 0.0247 0.9472 −4.4324 2.6588 2.7189

125 27.7919 16.9968 0.0091 0.1537 1.8837 0.4174 2.164 0.0801 0.0032 0.5414 0.4499 1.1154 0.0787 0.957 0.7601 0.0172 0.9576 −1.1672 2.8091 4.048

126 30.7941 18.0638 0.0098 0.281 2.3159 3.1298 2.6191 10.1898 0.0011 0.703 0.974 0.0639 0.0802 0.9562 0.7694 0.0151 0.9699 −2.4217 2.6464 2.6874

127 30.239 1.7808 0.0049 0.4401 2.7986 3.3047 4.3258 0.0735 0.0011 0.7898 2.5246 1.6708 0.0787 0.957 0.7083 0.0337 0.8731 −4.7319 3.1146 3.4463

128 16.9046 8.3281 0.002 0.5271 2.9182 3.6488 3.5673 0.2062 0.0013 0.7853 2.7803 1.1031 0.0798 0.9564 0.7447 0.0224 0.9538 −3.8313 2.6216 2.7617

129 26.9082 5.4232 0.0033 0.4574 0.5761 4.4538 4.2936 6.9756 0.001 0.8264 2.982 0.0648 0.0789 0.9569 0.7160 0.0313 0.8833 −5.7748 3.1145 3.1642

130 8.5051 16.639 0.0047 0.8754 0.4166 4.9115 3.1554 3.1749 0.001 0.7569 1.4256 0.0558 0.0799 0.9563 0.7534 0.0199 0.9701 −3.2275 2.5287 2.5752

131 28.8298 8.9848 0.0064 0.5181 2.0888 3.8451 4.2876 20.4349 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7177 0.0308 0.8857 −5.7419 3.1394 3.1643

132 3.2096 18.9348 0.0034 0.9436 0.2815 2.9072 2.0877 0.9194 0.0094 0.6317 2.9322 0.0231 0.0806 0.9559 0.7649 0.0164 0.9836 −1.7464 2.3714 2.3293

133 12.5231 3.8033 0.0064 0.6377 1.5762 4.6416 4.264 14.0603 0.001 0.8248 2.9772 0.017 0.0789 0.9569 0.7186 0.0304 0.8883 −5.6608 3.074 3.105

134 3.7545 5.5049 0.0074 0.9577 1.591 2.9005 4.2877 10.0992 0.001 0.8258 2.9999 0.0001 0.0788 0.9569 0.7176 0.0309 0.8898 −5.7562 3.0774 3.1092

135 5.691 3.0494 0.003 0.2407 2.5834 0.0849 3.5749 12.6619 0.001 0.7885 2.998 4.969 0.0803 0.9561 0.7495 0.0211 0.9581 −3.8437 2.593 2.6499

136 33.2914 2.8528 0.0021 0.6761 1.4546 0.6043 4.5169 0.1113 0.001 0.8224 2.996 0.0053 0.078 0.9574 0.7056 0.0349 0.8424 −6.3421 3.3582 3.6879

137 28.4035 18.0762 0.0037 0.2891 1.1804 4.3136 3.9145 0.2182 0.001 0.8073 2.9163 3.0466 0.0798 0.9564 0.7340 0.0256 0.9377 −4.5393 2.7543 2.9448

138 14.0498 12.0637 0.0039 0.6718 2.0143 2.4215 2.251 0.3109 0.007 0.6591 2.7673 0.0051 0.0805 0.956 0.7606 0.0179 0.9822 −1.9707 2.3663 2.4017

139 38.1084 11.4441 0.0048 0.6951 2.2238 4.2243 4.2973 7.2006 0.001 0.8263 2.987 0.0072 0.0789 0.9569 0.7172 0.0312 0.8867 −5.7787 3.1073 3.0309

140 3.309 3.0373 0.0056 0.068 1.5602 1.047 2.418 0.0982 0.0013 0.1362 0.2209 4.9973 0.0746 0.9592 0.7980 0.0064 0.9022 −0.1458 7.184 1.32

141 18.6723 17.7386 0.0018 0.2548 1.0431 2.7615 4.0364 0.1311 0.001 0.8039 2.8495 2.8718 0.0794 0.9566 0.7324 0.0263 0.9304 −4.5848 2.8079 3.2407

142 16.4992 12.943 0.0034 0.224 0.45 3.1494 2.6023 0.0451 0.0057 0.551 2.9713 0.0034 0.0798 0.9564 0.7530 0.0200 0.979 −1.2742 2.4365 1.5869

143 31.0896 7.3143 0.0082 0.6678 1.7583 0.16 4.6039 0.0349 0.001 0.7046 2.8744 1.7054 0.0765 0.9582 0.7071 0.0341 0.8014 −4.3001 3.7456 2.5713

144 9.1012 8.3702 0.0094 0.3445 0.1334 1.8121 2.5142 0.0499 0.0058 0.5565 2.9917 0.0161 0.0798 0.9564 0.7606 0.0177 0.9821 −1.3033 2.4253 1.7655

145 20.611 1.6049 0.0076 0.7805 2.2648 0.2477 2.2476 0.1442 0.0068 0.6463 2.6134 0.0001 0.0804 0.9561 0.7618 0.0173 0.9814 −1.8724 2.3413 2.3573

146 18.9323 5.0089 0.0054 0.6753 0.7284 2.4478 2.975 0.0949 0.0033 0.7126 2.9809 0.085 0.0797 0.9564 0.7489 0.0213 0.9626 −2.569 2.6 2.5929

147 26.5599 2.5881 0.0062 0.0067 1.3272 0.9626 3.8688 19.6093 0.0011 0.8041 2.8072 0.0157 0.0794 0.9566 0.7374 0.0245 0.9404 −4.4711 2.7639 2.6801

Table A.2: The results of optimisations for 147 rounds of Nelder-Mead simplex algo-

rithm for high LET IR. Columns 3 and 4 are the value of LQ parameters αmodel and

βmodel for each run with the value of LQ parameters for the experimental data αexp = 0.8

Gy−1 and βexp = 0.01 Gy−2. Columns 5 contains the elasticity of LQ parameter α with

respect to δ and p, while columns 6 contains the elasticity of LQ parameter β with

respect to δ and p.

A.4.4 Estimated parameters using 1000 bootstrap survival

data sets for low LET

Run δ α1 α2 p Vmax KM
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1 2.000000000000097 4.881984859736194 0.001000000000476 0.911131075319700 2.999999999963492 0.000000002683233

2 3.202430663728046 3.767602742838697 0.001000000000004 0.991490326414063 2.999999999942736 0.000000000036500

3 2.000027984020099 0.027700249020744 0.001000010971177 0.488460133543588 2.939962907324357 0.058590360294186

4 2.000000000010589 4.067557628770040 0.001000000000085 0.918312459575821 2.999999999141900 0.000000000171601

5 3.045735284681504 8.881892616347475 0.001000000000003 0.890878147588777 2.999999999985956 0.000000000042231

6 2.366325488428549 18.559522207077183 0.001000000000655 0.929509479571391 2.999999999497507 0.000000000085780

7 2.000000000050447 10.670042318362542 0.001000000000121 0.945674006015738 2.999999999707775 0.000000001648892

8 2.000000000069742 1.413576073190071 0.001000000000009 0.772605378523416 2.999999999681174 0.000000000542980

9 2.000001423454121 0.027714122167783 0.001000217505602 0.844848905703739 2.999164863642831 0.106481592451970

10 2.000000000018015 9.122482703632093 0.001000000000061 0.847309981891276 2.999999999221457 0.000000000000248

11 2.000000000033571 9.165789705352474 0.001000000000001 0.964600000239884 2.999999998605476 0.000000001747478

12 2.000075560174747 0.028296036827426 0.001000828319954 0.163250798486192 0.877631134464042 3.121646570204606

13 2.000000000133902 8.374511480894205 0.001000000000003 0.958195249796683 2.999999999885896 0.000000002561415

14 2.000000000024488 8.670798947614490 0.001000000000412 0.999999999983919 2.999999999999612 0.000000000206785

15 2.000000000000730 9.240894871057773 0.001000000000127 0.886506958259417 2.999999999785863 0.000000000015266

16 2.000000000071506 4.726063579441607 0.001000000000072 0.893107932536318 2.999999999563030 0.000000000036051

17 2.676847818991433 6.512963196848577 0.001000000000037 0.921392503976073 2.999999999991776 0.000000000002018

18 2.000017206508580 0.027712626102726 0.001000524906195 0.823311960688969 2.997911068424928 0.284643316061369

19 2.000000000000192 12.959618442624155 0.001000000000236 0.802865075041855 2.999999999996524 0.000000000087924

20 2.000000000000245 1.268281356398583 0.001000000000063 0.912501222427599 2.999999999787646 0.000000000883361

21 2.000000000001861 5.936348486317896 0.001000000000017 0.881717806212269 2.999999999594976 0.000000000145290

22 2.402441466557435 6.676646923215810 0.002771721507066 0.999999999999999 0.845967129048342 0.000000000001860

23 2.000000000051419 6.117189507581812 0.001000000000004 0.867437910369327 2.999999999971567 0.000000000250310

24 2.000000000002363 15.380759963130751 0.001000000000054 0.853119077275219 2.999999999777764 0.000000000730032

25 2.000000000025223 16.279048310161052 0.001000000000102 0.845906471287120 2.999999999945745 0.000000001335258

26 2.000000000069288 4.839691941053734 0.001000000000283 0.920722483554472 2.999999998625685 0.000000011218808

27 2.000045377673660 0.027701555414115 0.001000210452576 0.211943342144396 2.893724380454259 0.054758985521767

28 2.000000000091116 8.815500083682379 0.001000000000003 0.995715874070972 2.999999999409941 0.000000000286164

29 2.000000000062800 9.247967040241839 0.001000000000160 0.809532548297195 2.999999999702042 0.000000000065327

30 2.000000000030308 5.088350750167704 0.001000000000007 0.907655050910268 2.999999999995069 0.000000000025007

31 2.000000000001268 2.415575168120930 0.001000000000121 0.815659211799896 2.999999999760929 0.000000000699905

32 3.136814364450113 0.027701465641693 0.001000300440771 0.864240676167989 2.999961941126817 0.097897209851885

33 2.000000000016184 8.275665555949674 0.001000000000020 0.972279277503988 2.999999999994718 0.000000000355730

34 2.000000000046983 20.789996459144646 0.001000000000006 0.776061208942220 2.999999998931873 0.000000000192347

35 2.000000000025393 13.003852884279514 0.001000000000017 0.874161194592666 2.999999999856187 0.000000000034174

36 2.000000000017782 7.672258449574736 0.001000000000085 0.841996043524280 2.999999999902172 0.000000000698154

37 2.000000000005896 4.508744683427340 0.001000000000158 0.861490479000873 2.999999999886752 0.000000000012197

38 2.000000000000287 3.811231260082664 0.001000000000090 0.909757275397543 2.999999999994494 0.000000000479951

39 2.790437622719732 13.342394085913849 0.001000000000002 0.922013792448272 2.999999999980450 0.000000001891956

40 2.000000000002987 2.347195672845776 0.001000000000017 0.902889068975140 2.999999999992688 0.000000001264357

41 2.209511172336413 0.027700016380258 0.001000000001435 0.573625758708209 2.999996573685777 0.000027525110765

42 2.000000000828810 2.996716697877960 0.001000000000003 0.926788941001508 2.999999999341437 0.000000000056398

43 2.000000000028452 11.061223734894767 0.002334300074118 0.999999999952724 0.293055318060166 0.000000001880502

44 2.000000000011155 7.926715615254821 0.001000000000160 0.953170878757228 2.999999999289446 0.000000000826323

45 2.000000000049839 5.421539368407112 0.001000000000087 0.963485568726754 2.999999999829007 0.000000003523331

46 2.000000000012427 7.999161276066127 0.001000000000088 0.982029199168499 2.999999999964496 0.000000002169701

47 2.000000000003740 7.551753317515957 0.001000000000423 0.929489118826691 2.999999999971522 0.000000000082135

48 2.000000000018297 7.547963479649064 0.001000000000167 0.837821371462249 2.999999999499369 0.000000000208273

49 2.650030787094623 13.198714924484705 0.001000000000113 0.900765869007292 2.999999999993930 0.000000000261179

50 2.000000000201695 7.522176861831982 0.001000000000354 0.891401040277098 2.999999999834054 0.000000000158207

51 2.000000000074545 18.471671090710284 0.001000000001071 0.883461822101022 2.999999999916476 0.000000001867166

52 2.000000000025870 6.216271364481714 0.001000000000005 0.917440604452798 2.999999999910580 0.000000000136127

53 2.000003669678318 0.027725511374719 0.001000003706174 0.748513074130766 2.990663101459295 0.708299363552511

54 2.000000000109669 6.005292868037250 0.001000000000014 0.992792544235729 2.999999999814500 0.000000000022161

55 2.000000000009035 2.241716505964421 0.001000000000197 0.865511736190807 2.999999999867243 0.000000000024555

56 2.000000000051768 7.065595543262016 0.001000000000071 0.921977264275696 2.999999999993968 0.000000000272067

57 2.000000000050717 8.917671017108807 0.001000000000004 0.870506019946231 2.999999999578169 0.000000001025672

58 2.000000000040891 15.010677489494546 0.001000000000070 0.750697319542495 2.999999999988253 0.000000000692878

59 2.481556985019386 5.877535043590273 0.001000000000006 0.850630906695364 2.999999999748994 0.000000001996237
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60 2.000000000162689 10.250905408078506 0.001000000000006 0.869361945071589 2.999999998987646 0.000000000415769

61 2.000003031743442 0.027700051220890 0.001000680008230 0.180805313814657 2.929195383497405 4.086790216197586

62 2.000000000010433 2.653957012268377 0.001000000000002 0.705853079614156 2.999999999982071 0.000000001065061

63 2.828634118295906 20.669281220245153 0.001000000000000 0.929845809015708 2.999999999996337 0.000000000010226

64 2.000000000068487 8.216874395270704 0.001000000000022 0.946577990914402 2.999999999669401 0.000000000014642

65 2.902090219701100 0.110509684412430 0.001000000000278 0.999999999989769 2.999999999475418 0.000000000344634

66 2.000000000000095 3.836857603935878 0.001000000000123 0.792934684380019 2.999999999710211 0.000000000073020

67 2.000000000076969 4.302486023420753 0.001000000000057 0.953205232447713 2.999999999700020 0.000000000518478

68 2.000000000010946 12.157407529594964 0.001000000000108 0.861201206432145 2.999999999563668 0.000000000834181

69 3.230613964670987 5.536601823528168 0.001000000000085 0.999999999999751 2.999999999286983 0.000000000610642

70 3.199255111794994 12.172937672945300 0.001000000000003 0.999999999698344 2.999999999255453 0.000000000209844

71 2.000000000000084 9.889217425821474 0.001000000000048 0.861834508916600 2.999999999839689 0.000000000060012

72 2.857915925488177 14.542799793740686 0.001000000000061 0.890159494040697 2.999999999092788 0.000000008514218

73 2.000000000001371 1.674479256942205 0.001000000000196 0.853951313224819 2.999999999998998 0.000000005623876

74 2.000000000000044 8.057253899324630 0.001000000000420 0.960275640103757 2.999999999976905 0.000000001332967

75 2.000000000038978 9.833182704002395 0.001000000000073 0.804575633335032 2.999999999998802 0.000000000019705

76 2.000000000065588 6.691794975754054 0.001000000000039 0.959116797574516 2.999999999702912 0.000000001768317

77 2.000008911641490 0.028934586492991 0.001000391590385 0.626687208328209 2.997697538668510 0.000110452434464

78 2.000000000030593 5.913786020031556 0.001000000000150 0.889512007797587 2.999999999422825 0.000000000389117

79 2.443735893029715 0.027725672271759 0.001000066302494 0.847413762183664 2.996963762193316 0.142224669102769

80 2.000000000000821 15.992735421407557 0.001000000000135 0.776882314912562 2.999999999703670 0.000000005324737

81 2.000000000272913 9.443029180296371 0.001000000000045 0.853270535847858 2.999999997668442 0.000000000850386

82 2.675710132969484 7.946469512166357 0.001000000000059 0.945917065699517 2.999999999999799 0.000000003495109

83 2.000000000004318 7.518576009636849 0.001000000000003 0.835345714526223 2.999999999702941 0.000000000934460

84 2.000000000096464 0.027700000021864 0.001000000000048 0.631773975690253 2.999999999808768 0.000000000924825

85 2.000000000030616 1.315407923532462 0.001000000000045 0.758904018601156 2.999999999992659 0.000000000000808

86 2.000000000041919 9.694738462843667 0.001000000000000 0.817754663239647 2.999999999422365 0.000000000728493

87 2.000000000354166 6.636383954392657 0.001000000000000 0.841692315435258 2.999999999981197 0.000000000619344

88 2.000000000005191 3.706871042304380 0.001000000000273 0.951099439578063 2.999999999995815 0.000000000158313

89 2.000007015499376 0.027700047620277 0.001000541308722 0.278778991953512 2.999098437623654 4.773478002683310

90 2.000000000304761 10.794102310294120 0.001000000000001 0.939611233368032 2.999999999954043 0.000000000673682

91 2.772953616468278 3.599517446078853 0.001000000000037 0.983312464135865 2.999999999969559 0.000000000410967

92 2.000000000004428 8.252312177181191 0.001000000000070 0.882776123025863 2.999999999950272 0.000000002327155

93 2.000000000003639 2.332134130475294 0.001000000000004 0.870999203045545 2.999999999885784 0.000000004441280

94 2.000000000013102 3.657712149869544 0.001000000000071 0.934768435107215 2.999999999995745 0.000000000261726

95 2.000000000058703 7.639112440051216 0.001000000000179 0.806357687539041 2.999999999995748 0.000000000073029

96 2.000047344935757 0.027700006787423 0.001000177679025 0.418721210566967 2.442348258299832 3.233186456056687

97 2.000000000000475 10.922654688267341 0.001000000000377 0.809805164294083 2.999999999875143 0.000000000002030

98 2.701024479733777 10.405303553067997 0.001000000000003 0.845084251555013 2.999999999520452 0.000000000316640

99 2.000193452374492 0.027708098251869 0.001001719319648 0.736036850058660 2.989725326747873 0.573448975444485

100 2.000000000070012 7.537762208465373 0.001000000000091 0.992415198789799 2.999999999974072 0.000000001276322

101 2.000000000097894 3.791543608022019 0.001000000000113 0.935377601245417 2.999999998905896 0.000000003751564

102 2.000000000000869 10.198473116844475 0.001000000000032 0.867914785018086 2.999999999430504 0.000000002090985

103 2.000000000004784 3.446337257944690 0.001000000000009 0.798365937917195 2.999999999893057 0.000000007027188

104 2.000000000019457 3.083852556778161 0.001000000000048 0.925958890428144 2.999999999056823 0.000000002179916

105 2.000000000028064 2.657020773288890 0.001000000000109 0.805213984687562 2.999999999759426 0.000000000000352

106 2.000000000160755 7.523736242359541 0.001000000000003 0.821726991621418 2.999999999938887 0.000000000659822

107 2.000000000031021 7.474079789650080 0.001000000000005 0.939608701022194 2.999999998629490 0.000000001262878

108 2.000000000000002 8.245590032577532 0.001000000000016 0.785519561866910 2.999999999884560 0.000000001221978

109 2.000000000028602 8.080467168948543 0.001000000000073 0.867298877105206 2.999999999687772 0.000000000315968

110 2.000000000025646 11.832191106541041 0.001000000000352 0.855119585590478 2.999999999591331 0.000000000751877

111 2.000000000005873 1.620454357584758 0.001000000000175 0.811200441796444 2.999999999847002 0.000000000602712

112 2.000000000003637 7.324581707095185 0.001000000000006 0.984091065830250 2.999999999448368 0.000000002605693

113 2.000006604005675 0.027849059476912 0.001003252242043 0.576342083164206 2.971309375739042 1.314095784813935

114 2.000000000013905 5.497500369370160 0.001000000000078 0.828494235224035 2.999999999959487 0.000000000465838

115 2.000000000214423 3.616978750450438 0.001000000000097 0.864676227262701 2.999999999992743 0.000000000096089

116 2.000000000013770 3.734842058758576 0.001000000000236 0.920825368184874 2.999999999987153 0.000000000012512

117 2.000000000189219 1.250989017841732 0.001000000000035 0.928531250544251 2.999999999962419 0.000000001556245

118 2.000000000009039 13.067262414770822 0.001000000000214 0.960089437231979 2.999999999914659 0.000000000001837



Appendix A 183

119 2.000000748515689 0.027731267778590 0.001000001533799 0.808125930478187 2.997707697640413 0.000691008315450

120 2.527297807661609 18.751769788166012 0.001000000000224 0.809291501666924 2.999999999332890 0.000000000090882

121 2.000000000052649 8.546837236445551 0.001000000000041 0.908080621727608 2.999999999999846 0.000000000394665

122 2.000000000020982 2.703212314010314 0.001000000000090 0.837284164907781 2.999999998019507 0.000000000016224

123 2.000000000086035 9.498914192882230 0.001000000000073 0.734727902491360 2.999999999817537 0.000000000100150

124 2.001315910398557 0.111797857998970 0.001000639961230 0.454692334909627 0.196699706420071 0.382176070721370

125 2.000000000088587 12.874681504093751 0.001000000000084 0.973473600504037 2.999999999975960 0.000000002055668

126 2.620685289713280 0.027725270162201 0.001000004709946 0.756396235552492 2.981276338056205 0.018578838569131

127 2.000000000001025 2.107639607917602 0.001000000000064 0.995333814809553 2.999999999906416 0.000000000000623

128 2.000000000000977 4.744465213828554 0.001000000000022 0.839973458246782 2.999999999134831 0.000000000013169

129 2.000000000052345 12.795540366192458 0.001000000000012 0.861345542982484 2.999999998655837 0.000000000265877

130 2.000232871925470 0.027700921849042 0.001000770987526 0.377575356196680 2.907759975301983 4.310019783694955

131 2.000000000017559 11.522542497332125 0.001000000000031 0.940007995505151 2.999999999918225 0.000000000007224

132 3.151279021021606 15.610461093859097 0.001000000000091 0.999999999999664 2.999999999987371 0.000000000594171

133 2.000000000002799 2.065691823760293 0.001000000000024 0.894676887426583 2.999999999996024 0.000000000560275

134 2.669712777864248 3.499357048771532 0.001000000000000 0.870182219892219 2.999999999994646 0.000000004082950

135 2.000000000010043 5.421208842345743 0.001000000000225 0.867180824163366 2.999999999825052 0.000000000401336

136 2.000000000042851 0.878367739831189 0.001000000000095 0.944900379448893 2.999999998759770 0.000000000027350

137 2.000000000000795 9.060977746290625 0.001000000000033 0.883091502358860 2.999999999974151 0.000000002154205

138 2.000000000079456 7.403902878665853 0.001000000000032 0.797965851907019 2.999999999941196 0.000000000183948

139 2.555221446341659 16.054367025662714 0.001000000000043 0.999999999998388 2.999999999993107 0.000000000111368

140 2.000000000000247 9.165142880362009 0.001000000000002 0.885906635165090 2.999999999991788 0.000000000286014

141 2.000000689037877 0.027700307376936 0.001000081449818 0.774492679420835 2.999995175682916 0.152711782567870

142 2.000029288582613 0.028340117838812 0.001000341195225 0.825484262317135 2.962332201617265 0.342769169436066

143 2.000000000018934 8.253595667817356 0.001000000000294 0.819748601182620 2.999999999977795 0.000000002650234

144 2.000000000020691 9.445099448409298 0.001000000000000 0.988434158617740 2.999999999897500 0.000000001116034

145 2.000000000043456 5.330633951389092 0.001000000000123 0.964267072458909 2.999999999948800 0.000000000051383

146 2.000000000025699 20.786775345924553 0.001000000000005 0.767201189617255 2.999999999743249 0.000000000131987

147 2.000000000000532 7.742892028813832 0.001000000000014 0.806485165610753 2.999999999996514 0.000000000463521

148 2.000000000089319 2.837870890303147 0.001000000000174 0.842854815523938 2.999999999999377 0.000000000836352

149 2.000000006259443 0.027700008224706 0.001000000014848 0.832061519156339 2.999999981978044 0.000000891257208

150 2.000474953452470 0.027748152658213 0.001000043089435 0.526853137346833 2.899541680897172 1.213928755537662

151 2.000000000020390 13.436821177379503 0.001000000000029 0.958831273981178 2.999999999999962 0.000000003114546

152 2.000000000002129 6.647487792751504 0.001000000000161 0.852026009556134 2.999999998561459 0.000000001277604

153 2.000000000011868 1.503517476606589 0.001000000000020 0.919779696748324 2.999999998624374 0.000000001069760

154 2.000000000041130 10.099987198360546 0.001000000000018 0.854313749568490 2.999999999996412 0.000000000650360

155 2.000000000004567 3.759874558997467 0.001000000000096 0.860719017872759 2.999999999772190 0.000000000052593

156 3.179871178471764 12.505554185670279 0.001000000000000 0.998162245636489 2.999999996996394 0.000000004357114

157 3.179871178471764 12.505554185670279 0.001000000000000 0.998162245636489 2.999999996996394 0.000000004357114

158 2.000010597228831 0.027702667250886 0.001000013118611 0.442025533586618 2.873547888198440 0.378640468677650

159 2.000000000025151 4.490557336207933 0.001000000000000 0.837896079035029 2.999999998196452 0.000000000000588

160 2.000000000022463 9.272958994367953 0.001000000000461 0.807222807284124 2.999999999867624 0.000000000147159

161 2.000000000000819 10.149932759556071 0.001000000000115 0.918539204007946 2.999999999933776 0.000000000982813

162 2.000000000135261 7.299599968025407 0.001000000000134 0.831781050755671 2.999999998127496 0.000000000600032

163 3.017962418266800 5.639363022579323 0.001000000000060 0.960963054055620 2.999999999999994 0.000000001144102

164 2.000000000002936 10.201312721762623 0.001000000000010 0.910178783171319 2.999999999967476 0.000000002422796

165 2.000000000024370 4.441005165326167 0.001000000000406 0.909962221722487 2.999999999961990 0.000000001674527

166 2.000000001294591 15.978709182355257 0.001571963987528 0.999999999999771 0.665547272982219 0.000000000008849

167 2.000000012891043 0.027700452318521 0.001000004312745 0.721883575598394 2.999973763960709 0.000069209924795

168 2.000000000006385 13.992347048892098 0.001000000013690 0.988867355042706 0.773046274725932 4.999999446761605

169 2.000000000061007 12.264313695949012 0.001000000000014 0.872840808056514 2.999999999999607 0.000000002115840

170 2.000000000051594 7.296929746056459 0.001000000000250 0.999999999993425 2.999999999961939 0.000000000033705

171 2.000000000073522 10.113550079250567 0.001000000000044 0.798458082933615 2.999999999764122 0.000000000167268

172 2.000000000112858 8.258445018249962 0.001000000000013 0.810080315559345 2.999999999877523 0.000000000000181

173 2.000017835526125 0.028383558225122 0.001000007445480 0.632726448248830 2.981102279053291 0.028791469729170

174 2.000000000087988 8.743401004073258 0.001000000000235 0.999999999999997 2.999999999898856 0.000000000461883

175 2.000000000007915 3.148071938663809 0.001000000000212 0.835194400787473 2.999999999108918 0.000000000052079

176 2.000000543549394 0.027700289661597 0.001000004344974 0.479522835287421 2.968037348698094 0.001444000811965

177 2.000000000007693 7.893522228059494 0.001000000000271 0.980862032322713 2.999999999569432 0.000000000225169
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178 2.000000000003472 8.331685182612818 0.001000000000649 0.999999999991722 2.999999999925214 0.000000000006310

179 2.000000000000006 8.032029929264454 0.001000000000036 0.832320699773492 2.999999997385978 0.000000000014078

180 2.000000000014945 3.630395475715561 0.001000000000066 0.898791180376088 2.999999999932369 0.000000001600079

181 2.000000000045171 8.994977060618819 0.001000000000018 0.999999999968672 2.999999999622915 0.000000000291608

182 2.036084474495404 7.632325526063671 0.001000000000028 0.931883400324283 2.999999999764459 0.000000000011317

183 2.548265420514787 0.037768850670950 0.001002575735660 0.816574771565792 2.925749762425001 0.099341257409249

184 2.071990878037261 17.090837293700510 0.001000000000038 0.839029030135087 0.419879365530573 0.000000090060000

185 2.000000000045530 8.645712260456858 0.001000000000002 0.843179506433033 2.999999999502731 0.000000001472408

186 2.000000000063135 10.914920708336982 0.001608686291184 0.880224689868341 2.093623998999662 0.000000000532861

187 2.000000000001810 8.511686213567241 0.001000000000010 0.818636781072606 2.999999999893325 0.000000001485745

188 2.680460563010242 19.634998951350529 0.001000000000006 0.952319472212218 2.999999999969282 0.000000000725020

189 2.000000000092908 7.791984600165745 0.001000000000120 0.999999999993889 2.999999996352800 0.000000000000630

190 2.000000000059975 7.368771302800265 0.001000000000019 0.858243177679114 2.999999999967333 0.000000002666041

191 2.000000000039364 14.451761147264259 0.001000000000168 0.811653925852335 2.999999998847038 0.000000000572735

192 2.000000000001481 7.127050756508685 0.001000000000023 0.804942773278677 2.999999999103169 0.000000000236461

193 2.763941135511376 9.148332880157559 0.001000000000136 0.890322167517727 2.999999999999606 0.000000000049532

194 2.000000000000230 20.505914198575141 0.001000000000030 0.680184925374032 0.159635914200821 0.000000047374202

195 2.000000000005963 9.595968351056190 0.001000000000177 0.822248429015700 2.999999999999799 0.000000000534310

196 2.000002398937956 0.027703792416947 0.001000061485124 0.836956435500976 2.999648853597778 0.050950796886563

197 2.000000000002538 9.740066951496164 0.001000000000001 0.974476362816870 2.999999999649035 0.000000000039657

198 2.000000000085681 7.652985651624710 0.001000000000036 0.999999999999878 2.999999999446006 0.000000000205315

199 2.000000000016055 4.161340823353601 0.001000000000038 0.896373347160440 2.999999999990050 0.000000000123048

200 2.443735893029715 0.027725672271759 0.001000066302494 0.847413762183664 2.996963762193316 0.142224669102769

201 2.000000000033624 12.338867773625536 0.001000000000226 0.901947361511115 2.999999999953268 0.000000000352599

202 3.152017350729908 0.445962465216080 0.001000000000048 0.999999999997069 2.999999999998197 0.000000000620148

203 2.000000000037710 14.518952899196650 0.001000000000102 0.872029819099651 2.999999999877957 0.000000000560881

204 2.000015543345742 0.067119414448809 0.001001233203390 0.341656077662973 0.196452201986259 0.036760882451506

205 2.898596128752612 7.618684657306866 0.001000000000029 0.999999999994567 2.999999999258236 0.000000000026323

206 2.000000000000120 7.916762897214863 0.001000000000001 0.980503349865132 2.999999999999961 0.000000003280367

207 2.000000000000196 10.913252026092515 0.001000000000002 0.841107933689641 2.999999999352710 0.000000000093102

208 2.000000000029184 2.578483380727449 0.001000000000037 0.838473694072622 2.999999998011524 0.000000001142045

209 2.000106654163110 0.031862566700863 0.001000442668625 0.616597424603421 2.975468234831744 3.479085142397773

210 2.000000000006109 9.440507445840343 0.001000000000071 0.956800981603031 2.999999999835697 0.000000003018422

211 2.000000000000616 7.069406879192483 0.001000000000113 0.813288654485866 2.999999998859400 0.000000000087733

212 2.000000000001603 2.476600587875064 0.001000000000007 0.813439175779269 2.999999998915384 0.000000000248165

213 2.000000000000034 19.023290416408539 0.001000000000003 0.915743316514438 2.999999999998868 0.000000000315852

214 2.000000000070060 2.638947787082222 0.001000000000040 0.795397490485122 2.999999999747464 0.000000001036670

215 2.000000072923230 0.027702780328434 0.001000007513972 0.905077072970541 2.999916500647664 0.003158137681996

216 2.000000000030612 8.195713798496268 0.001000000000801 0.881721589700214 2.999999999999309 0.000000000078186

217 2.000000000015878 14.983647097292202 0.001000000000074 0.942316112555886 2.999999999597723 0.000000000237423

218 2.000000000012193 11.868209165723144 0.001000000000103 0.872765931273993 2.999999999242331 0.000000000724453

219 2.000000000071680 2.514266644425777 0.001000000000003 0.921081073286154 2.999999999737987 0.000000001219033

220 2.000000000056442 1.684936850693366 0.001000000000039 0.776017670529475 2.999999999999760 0.000000000042016

221 2.000000000012007 7.536180694390785 0.001000000000001 0.964786225519135 2.999999999934024 0.000000000229424

222 2.000000000007946 15.557985629451407 0.001000000000024 0.871854623891867 2.999999999865006 0.000000000101373

223 2.002981033951802 0.027700146743683 0.001000186776420 0.434559401825857 2.982165583858567 0.703216379746141

224 2.000000000004717 8.111954002057216 0.001000000000040 0.926626483741865 2.999999999848647 0.000000000154212

225 2.378049840161784 16.611848501451579 0.001000000000000 0.812422619483977 2.999999999992822 0.000000000071108

226 2.000002955142678 0.027782679322798 0.001000000170588 0.657670180839497 2.978646920979966 0.170274169825298

227 3.214585364012005 20.505178553188696 0.001000000000007 0.999999999999291 2.999999999402866 0.000000000294895

228 2.000000000044346 2.180568227920128 0.001000000000000 0.908994171855161 2.999999999777934 0.000000000117014

229 2.000000000015120 18.292850139198080 0.001000000000028 0.763068650117365 2.999999999933620 0.000000000095675

230 2.000000000193599 1.493695941349627 0.001000000000958 0.696614715526299 2.999999999451875 0.000000000117709

231 2.000000000005818 2.477088334708323 0.001000000000004 0.917495746332297 2.999999999899472 0.000000000131893

232 2.000000000043935 4.774374036843981 0.001000000000149 0.943238917440200 2.999999999570941 0.000000000001129

233 2.000000000017365 5.853908845554432 0.001000000000117 0.876330582641799 2.999999999983344 0.000000000016493

234 2.000000000004888 15.926896195518468 0.001000000000054 0.930664051357480 2.999999999586610 0.000000000005657

235 2.000000000086906 8.253394582389882 0.001000000000081 0.930145198723611 2.999999999899287 0.000000000025967

236 2.280821155870536 0.991543055340290 0.001000000000123 0.806923424894904 2.999999999561832 0.000000000011749
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237 2.000000000046346 2.331829582090113 0.001000000000001 0.943767490430247 2.999999999999386 0.000000002117725

238 2.000000000000445 19.240931051019651 0.001000000000002 0.916906041103218 2.999999999909760 0.000000000058630

239 2.000000001197585 0.027700004570288 0.001000000000668 0.720208064211016 2.999999970804824 0.000000318474707

240 2.000000000000093 6.871598488278184 0.001000000000008 0.844502550512579 2.999999999947565 0.000000000393926

241 2.000000000097284 13.846330220469317 0.001000000000037 0.828440638402214 2.999999999962242 0.000000000421587

242 2.000000000001848 4.147254153148742 0.001000000000017 0.835257830838055 2.999999999781696 0.000000004801844

243 2.000000875263488 0.027715319145092 0.001000545511800 0.753481254764979 2.992043688041257 0.082569452851634

244 2.000000012269828 0.027722518417898 0.001000019796601 0.934049596178244 2.999817372762487 0.018933771327485

245 2.000000000007976 1.475578106635135 0.001000000000012 0.907852295278860 2.999999999492002 0.000000000234719

246 2.753912924324322 17.933101412514137 0.001000000000069 0.895286259619525 2.999999999955801 0.000000000589492

247 2.000000000007313 11.136731140335534 0.001000000000206 0.839547722029244 2.999999999682076 0.000000000647922

248 3.082210560066276 4.550459248638123 0.001000000000094 0.952050717160349 2.999999999363623 0.000000000262012

249 3.209759388587379 8.583978177998430 0.001000000000001 0.999999999870578 2.999999999926247 0.000000000485746

250 2.839953732126288 1.389398709979975 0.001000000000011 0.999999999976521 2.999999999521277 0.000000001056138

251 2.000000000066310 1.435203378251756 0.001000000000041 0.942548152026765 2.999999999366178 0.000000000678759

252 2.398281851176041 12.544923208232124 0.001000000000335 0.965392218022557 2.999999998657311 0.000000000160846

253 2.000000000033375 8.726512023958996 0.001000000000158 0.999999999984231 2.999999999955477 0.000000000189311

254 2.000000000014222 1.174446010502382 0.001000000000093 0.887792597333493 2.999999999995248 0.000000000744934

255 2.000000000000447 6.034695706453269 0.001000000000146 0.894119843064044 2.999999999801807 0.000000000009974

256 2.006467814519240 0.038212489815792 0.001000962330991 0.239481728435064 0.285154197513128 0.011980256507358

257 2.000000007573118 0.027724116985075 0.001000051560246 0.914418918200203 2.996922294168376 0.004057955666627

258 2.000000000008297 3.035376351367785 0.001000000000134 0.944248908999862 2.999999997831250 0.000000000458734

259 2.000000000002295 9.035404910836286 0.001000000000071 0.836099290363369 2.999999999879807 0.000000000269128

260 2.772953616468278 3.599517446078853 0.001000000000037 0.983312464135865 2.999999999969559 0.000000000410967

261 2.000000000035932 2.802736014359758 0.001000000000322 0.838234172973337 2.999999999971771 0.000000000003852

262 2.019975477151374 0.116483532045749 0.001000167647433 0.544983377120195 0.369570593677081 0.003338495000128

263 3.072533582595052 13.736779752245980 0.001000000000202 0.952336295641202 2.999999999994371 0.000000000001284

264 2.000000000000169 6.697043169408555 0.001000000000012 0.985857205585788 2.999999999740276 0.000000001427924

265 3.206439568309612 0.325691839097990 0.001000000000002 0.999999999999129 2.999999999472450 0.000000001667639

266 2.000051670135789 0.028521590626764 0.001000175222758 0.586832830134164 2.999297166100074 0.002940573655366

267 2.000000000036772 4.323168639701740 0.001000000000025 0.935496249507035 2.999999998948554 0.000000000762045

268 3.060040759796541 2.983330670518756 0.001000000000206 0.957060243458932 2.999999995743491 0.000000009557795

269 3.183694500461031 5.782137724530517 0.001000000000256 0.999999999999995 2.999999999221181 0.000000000572523

270 2.000000000014203 7.304356116921033 0.001000000000009 0.999999999994118 2.999999999922496 0.000000000016116

271 2.593750731738681 0.029412385083257 0.001003505088317 0.697647618527767 2.967631205106792 1.417642428157548

272 2.000000000000549 9.294820841283038 0.001000000000016 0.999373507623920 2.999999998842967 0.000000000441233

273 2.000000000000006 1.689890293205769 0.001000000000147 0.933663908129499 2.999999999913399 0.000000003794029

274 2.218443942467125 6.878006784468410 0.002105139090745 0.870643741612865 2.012365611864316 0.000000000920816

275 2.000007866920191 0.027702425527048 0.001001102631526 0.725014993936191 2.971802612672124 0.011479663585968

276 2.000000000024630 13.448212059759223 0.001000000000004 0.877599237977752 2.999999999945592 0.000000000000051

277 2.000000000046834 2.655502472816534 0.001000000000129 0.739192599722104 2.999999999991924 0.000000000263885

278 2.000000000010916 3.581042714076709 0.001000000000099 0.911534873351581 2.999999999994674 0.000000000392974

279 2.000000000000029 7.369047255142767 0.001000000000044 0.820909347720091 2.999999999398731 0.000000000006363

280 2.000000000011969 2.561836955522597 0.001000000000018 0.913557752130044 2.999999999998282 0.000000000966008

281 2.000006713546759 0.027939967120744 0.001002395277571 0.717621197777842 2.976917733349370 0.742717046283418

282 2.000000000939961 2.182738819322616 0.001000000000120 0.786396023939115 2.999999999891547 0.000000000876502

283 2.000000000057311 7.779853289682697 0.001000000000017 0.798261852449472 2.999999999859116 0.000000000009074

284 2.000000000043123 6.084093277180500 0.001000000000000 0.986486179883017 2.999999999918150 0.000000000310327

285 2.000000000003569 8.018119020679714 0.001000000000118 0.977431786707768 2.999999999952294 0.000000000060772

286 2.000000000000439 11.789952857453443 0.001000000000003 0.746100218818984 2.999999999556793 0.000000002319970

287 2.000000000000012 3.476769337377554 0.001000000000001 0.959244571011386 2.999999998950827 0.000000000392790

288 2.000000000020535 12.772321984059307 0.001000000000016 0.854805505423121 2.999999999874244 0.000000000270325

289 2.000000000003021 6.347661865040727 0.001000000000358 0.925291625079987 2.999999999992746 0.000000000017922

290 2.000000000007984 13.742219350386925 0.001000000000190 0.818622852638358 2.999999999177694 0.000000000042879

291 2.000264432114564 0.027715361488184 0.001000613580184 0.382201863279347 2.940292934915417 4.022949374693742

292 2.405960170625866 8.278777052845758 0.001000000000025 0.908595103428220 2.999999999484102 0.000000000174609

293 2.000000000004636 4.945114358561581 0.001000000000000 0.677385726749746 2.999999999954533 0.000000000042232

294 2.000000000220755 6.561398164559672 0.001000000000001 0.915779254207041 2.999999999838454 0.000000001329300

295 2.000000000081559 2.298790525741214 0.001000000000060 0.927343122318276 2.999999999913531 0.000000001313047
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296 2.000000000094553 2.922706653288552 0.001000000000261 0.851402792589266 2.999999998990314 0.000000007726788

297 2.000000000000124 4.914392008478097 0.001000000000198 0.904132724030852 2.999999998795081 0.000000000669008

298 2.000000000007645 9.365736009176947 0.001000000000267 0.877924002224588 2.999999998776421 0.000000000477040

299 2.000000000003033 8.600939197906406 0.001000000000084 0.950137988916714 2.999999999943686 0.000000000205650

300 2.000000000074961 8.048827101761836 0.001000000000186 0.961719632111829 2.999999999996762 0.000000000802554

301 2.000000000002841 9.092859159069743 0.001000000000009 0.932560990895270 2.999999999913486 0.000000000598288

302 3.226829784213418 11.048830699360309 0.001000000000112 0.999999999986111 2.999999999867807 0.000000000483760

303 3.233302502744712 0.720067646179020 0.001000000000048 0.999999999907318 2.999999999996590 0.000000000152769

304 2.002104363736391 0.080198352662537 0.001002697622664 0.613492315753945 2.997499438798374 1.933626476258933

305 2.000001187990166 0.027705722547364 0.001000008259820 0.860585768259656 2.999997222968106 0.000021506975688

306 2.000000000011228 6.526007122452424 0.001000000000059 0.975395620714527 2.999999999953926 0.000000006479228

307 2.000000000205285 3.306271218669032 0.001000000000000 0.788277632975636 2.999999999190816 0.000000000267471

308 2.000000000002852 15.140394756496358 0.001000000000209 0.917313595233460 2.999999999595312 0.000000000921621

309 2.395597761502384 4.974333071492838 0.001000000000001 0.926588538433043 2.999999998126133 0.000000009399738

310 2.000083537249468 0.027762007353273 0.001000375220123 0.788466799441681 2.927775045512939 0.427828351272822

311 2.000000000015892 2.618596924147673 0.001000000000042 0.957312646081437 2.999999999969504 0.000000000004318

312 2.000000000002487 20.634468839856918 0.001000000000015 0.769514604004526 2.999999999999815 0.000000000068990

313 2.000000000003515 3.255157910685340 0.001000000000150 0.800796961092368 2.999999999903630 0.000000000002982

314 2.000000000000034 12.058428858703449 0.001000000000092 0.872081717502057 2.999999999922656 0.000000002070238

315 3.119947906811647 8.518907896209781 0.001000000000111 0.922241546316027 2.999999999419329 0.000000000005153

316 2.000000000014000 3.507834411782622 0.001000000000002 0.924348530966310 2.999999999846134 0.000000000010171

317 2.000000000000798 1.156093811348558 0.001000000001163 0.855824727165220 2.999999999998866 0.000000000188046

318 2.000000000001863 4.480722272066942 0.001000000000093 0.703282120962882 2.999999999947790 0.000000001465573

319 2.000000000002527 2.648001493970057 0.001000000000260 0.913516563189115 2.999999999788130 0.000000001373046

320 2.000000000045237 3.691084036811545 0.001000000000007 0.914768009605017 2.999999999678256 0.000000000063994

321 2.000000000081918 15.160112919744613 0.001000000000065 0.786927274670731 2.999999999427081 0.000000000468520

322 2.000000000014538 6.962917947826061 0.001000000000037 0.754020052419815 2.999999998343078 0.000000001838720

323 2.000000000003462 2.838440981667564 0.001000000000019 0.908049451403748 2.999999999541613 0.000000000002217

324 2.000000000002232 15.121501453973977 0.001000000000083 0.863022958238666 2.999999999835730 0.000000000037780

325 2.000000000054027 4.843781302807237 0.001000000000168 0.812606641770921 2.999999999330984 0.000000000106010

326 2.000000000017285 11.004935738788310 0.001000000000126 0.845380895890373 2.999999999964432 0.000000000238745

327 2.527550582702559 11.774200253315502 0.001000000000039 0.999999999986144 2.999999999783083 0.000000000110389

328 2.000000000000224 7.520053310919357 0.001000000000002 0.804334457212603 2.999999999972742 0.000000000116160

329 2.000000000014701 2.886255039601198 0.001000000000135 0.843741123281393 2.999999999944142 0.000000000263047

330 2.000032493159582 0.027701729643404 0.001000171346739 0.608158169947735 2.996143159193458 0.280282962313964

331 2.000000000000023 5.784098652586721 0.001000000000000 0.899862329295866 2.999999999968383 0.000000001283697

332 2.000000000012769 19.160216909402816 0.001000000000163 0.891286636034633 2.999999999330288 0.000000000462931

333 2.113988249749977 10.552798522536657 0.001000000000165 0.999999999994990 2.999999999959642 0.000000000007506

334 2.004346354329841 0.027703386729230 0.001000916625087 0.440229811539359 2.846156055441899 1.690858898156767

335 2.000000000004736 0.027700000014863 0.001000000008442 0.410161119005851 2.995867057015128 0.000001148531948

336 2.000000000007124 3.510655564366111 0.001000000000334 0.937734319604285 2.999999999942133 0.000000000056751

337 2.000000000052637 3.362443570169534 0.001000000000064 0.785430687724930 2.999999999306628 0.000000000320546

338 2.000000000024199 8.222360622936517 0.001000000000045 0.875272936435730 2.999999999943865 0.000000000067612

339 2.785462867631414 9.352596298654335 0.001000000000046 0.905340835344620 2.999999999918912 0.000000000939529

340 2.000000000159344 9.851105946657651 0.001000000001009 0.819973020219618 2.999999999913460 0.000000005843481

341 2.000000007001078 0.027700056580042 0.001000000564826 0.524713299827537 2.999997380957171 0.000000036271709

342 2.000000000214039 12.010042697466291 0.001000000000250 0.818013882722308 2.999999999941767 0.000000003825152

343 2.000000000001713 1.588962519700264 0.001000000000149 0.843549992838988 2.999999999534881 0.000000000025753

344 2.000000000003027 13.182705004142766 0.001000000000068 0.845826709052701 2.999999999868346 0.000000000435761

345 2.000000000096533 3.721035534810335 0.001000000000056 0.905125586643640 2.999999999834330 0.000000001396497

346 3.441488379131348 1.253726562214529 0.001000000000052 0.999999999999808 2.999999999950362 0.000000001622149

347 2.000000000064553 7.398688652370217 0.001000000000098 0.888801122456054 2.999999999568013 0.000000000000826

348 2.309145564860459 10.526579129787562 0.001000000000014 0.863193293256894 2.999999999984084 0.000000002592274

349 2.000000000004698 0.799805109783903 0.001000000000203 0.789095288543548 2.999999995489207 0.000000211430191

350 2.000000000000059 18.686416700191216 0.001000000000111 0.773295141489634 2.999999999908573 0.000000001685791

351 2.000000000008722 14.465372224642584 0.001000000000007 0.882469624898132 2.999999999255870 0.000000000057300

352 2.000000000052664 5.401323461267801 0.001000000000042 0.801894429291308 2.999999999912381 0.000000000008783

353 2.000000130921805 0.027702943610321 0.001000241613265 0.588447555725227 2.999801455336001 0.217773788067512

354 2.000000000031365 6.798076714068332 0.001000000000112 0.850165713280753 2.999999999765378 0.000000000031470
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355 2.000041745218125 0.027704826900011 0.001000381264600 0.834041466358913 2.999583395521836 0.218130228056488

356 2.000000000018038 6.879848798547506 0.001000000000338 0.851056561667859 2.999999999505434 0.000000000001248

357 2.000000000010237 11.194764116265073 0.001000000000022 0.924577999846556 2.999999999993053 0.000000002017271

358 3.228919991753541 8.827090595977436 0.001000000000015 0.999999999999995 2.999999999955573 0.000000000008121

359 2.000000000075678 2.058056391332767 0.001000000000237 0.847089922297367 2.999999999998117 0.000000000106677

360 2.000000000335586 8.326237972584469 0.001000000000129 0.820050199201729 2.999999999996597 0.000000000690818

361 2.000000000017835 5.645469221119379 0.001000000000009 0.801906026926002 2.999999999904721 0.000000000249636

362 2.000000000241786 3.271315506407759 0.001000000000105 0.859985611707032 2.999999999862745 0.000000000002425

363 2.000000000003966 13.499236630401832 0.001000000000014 0.770221366518133 2.999999999999623 0.000000000943211

364 2.000000000001620 5.836861777996531 0.001000000000031 0.992136783391150 2.999999999820067 0.000000002349715

365 2.000000000024362 7.227075557392342 0.001000000000083 0.871770603294209 2.999999999190683 0.000000000732761

366 2.166682216529335 6.798586107870737 0.001000000000478 0.995102584014037 2.999999999923253 0.000000002031125

367 2.000000000003137 10.456625243218125 0.001000000000064 0.861137997481933 2.999999999980066 0.000000000088850

368 2.000000000041661 4.927708273694371 0.001000000000213 0.964337193567284 2.999999999913696 0.000000000004228

369 2.000000004560614 0.027700089624496 0.001000004151809 0.717802397251579 2.999997957601330 0.002529043256854

370 2.000000000224168 3.473712195156055 0.001000000000011 0.859047451300302 2.999999999991776 0.000000001337299

371 2.000000000013846 7.634413265858691 0.001000000000000 0.999999999994665 2.999999999847234 0.000000000935752

372 2.000000000021733 3.985119441149247 0.001000000000005 0.934941398575979 2.999999999773839 0.000000000071114

373 2.000000000155846 4.757134479638834 0.001000000000261 0.709003801561539 2.999999999994385 0.000000000503668

374 2.000000000080240 18.810370520421149 0.001000000000028 0.885913995571118 2.999999999798421 0.000000000195111

375 2.000465433508643 0.027797937092044 0.001000517040472 0.396423477364910 2.869608698131216 0.007522738468154

376 2.000000000027524 19.914350690259173 0.001000000000155 0.759536394737223 2.999999999901709 0.000000004946887

377 2.000000000050740 2.573144250060545 0.001000000000019 0.800147323564122 2.999999999869458 0.000000000011473

378 2.000000000007467 18.768075401133817 0.001000000000012 0.759763782173017 2.999999999819517 0.000000000466499

379 2.000000000000019 5.901414293833285 0.001000000000082 0.836148908145315 2.999999999760183 0.000000001287411

380 2.000000000118780 2.027953529519166 0.001000000000000 0.921163280505106 2.999999999678826 0.000000000015349

381 2.000000000041866 3.019623199815614 0.001000000000101 0.933171537351429 2.999999999870016 0.000000000000010

382 2.000000000049293 5.957963517352790 0.001000000000028 0.652161629944559 2.999999998552749 0.000000002891718

383 2.623484747921095 12.710120262938771 0.001000000000268 0.924807523123119 2.999999999877224 0.000000000043616

384 2.000405314488290 0.027706116529228 0.001000298880810 0.342707702559315 2.988316079465976 0.367537012135558

385 2.000000000008809 12.945406418995294 0.001000000000034 0.782894675143468 2.999999999993239 0.000000000523731

386 2.000000000235834 11.354710327423069 0.001000000000163 0.818818293816453 2.999999999603794 0.000000014728377

387 2.070428257276244 15.548010213109782 0.001151175692714 0.732306830362518 0.655225763132754 0.427040231613668

388 2.000000000006731 7.277655219471880 0.001000000000062 0.854498558221205 2.999999999999884 0.000000000776298

389 2.000000000091728 3.392335109919889 0.001000000000005 0.885054377912519 2.999999999818809 0.000000000000205

390 2.000000000014937 6.792250567227083 0.001000000000014 0.992678573992630 2.999999999146712 0.000000000000336

391 2.000000101649260 0.027700563533232 0.001000034068016 0.781112543053434 2.999330427445074 0.005391812894385

392 2.000000000004415 3.324149753088201 0.001000000000185 0.850440377653020 2.999999999189891 0.000000000098506

393 2.000000000088988 5.905938277154190 0.001000000000564 0.838524247969668 2.999999999405604 0.000000001092804

394 2.000000000005056 14.024717779305051 0.001000000000053 0.727417506435570 2.999999999142072 0.000000002408670

395 2.000000000033525 16.013975653205154 0.001000000000139 0.738940098100685 2.999999999902499 0.000000001057585

396 2.000000000002348 1.735728643630921 0.001000000000018 0.969507304922564 2.999999999982141 0.000000002257592

397 2.000000000010418 14.269590500836916 0.001000000000089 0.786646398631464 2.999999999986430 0.000000000094457

398 2.000000000005166 2.511028911007213 0.001000000000201 0.708457104168304 2.999999999940097 0.000000001626064

399 2.000000000005105 2.008371682064118 0.001000000000000 0.981181328801612 2.999999999879734 0.000000000058984

400 2.542056486588994 7.357790907326837 0.001000000000151 0.999999999996095 2.999999999678845 0.000000000060947

401 2.000000000006592 17.157290501473167 0.001000000045550 0.920653626713002 0.409982152821171 4.999999182417775

402 2.000000000005710 3.407140771667662 0.001000000000033 0.942294651753074 2.999999999837232 0.000000000724703

403 2.000000000001055 19.408425835503536 0.001000000000012 0.907283974543571 2.999999999746168 0.000000000797858

404 2.000000000000234 7.833566284118434 0.001000000000768 0.899736340927762 2.999999999704924 0.000000000144461

405 2.000061196209197 0.027701484237753 0.001000547053129 0.570420914268738 2.987182057654405 0.000017023269197

406 2.000000000000646 1.857152786871769 0.001000000000064 0.902261534109045 2.999999999718613 0.000000001033480

407 2.000397341483006 0.050388389126438 0.001000047029807 0.759802268854949 2.956111221085475 0.535760108285073

408 2.000000000001108 16.543220598471230 0.001000000000062 0.775715867461218 2.999999999989804 0.000000000483167

409 2.000000000000690 20.782052169589576 0.001000000000066 0.728143486082288 2.999999999970020 0.000000001574878

410 2.000000000027024 4.350942356519185 0.001000000000140 0.936855549350674 2.999999999822432 0.000000000718649

411 3.203836724323690 0.139832649121551 0.001000000000014 0.999999999999667 2.999999999998836 0.000000000663981

412 3.246411194645379 9.864410535016615 0.001000000000035 0.987044196618865 2.999999999999528 0.000000002394344

413 2.000000000004889 20.536477905426789 0.001000000000004 0.818277898664942 2.999999999792898 0.000000000070173
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414 2.000000000052668 9.032402485479892 0.001000000000001 0.902813746963732 2.999999999466048 0.000000000155964

415 2.000000000061212 12.837394877403138 0.001000000000187 0.821370373509541 2.999999999669619 0.000000004086694

416 2.000000000029675 12.816139593601966 0.001000000000122 0.856655497329406 2.999999999820610 0.000000000040396

417 2.000000000007265 5.921408440932922 0.001000000000000 0.980954501061368 2.999999999908228 0.000000000398024

418 2.571184284740609 7.718528178124392 0.001000000000006 0.864673627062957 2.999999999980779 0.000000001548786

419 2.000000000001051 5.733754236268296 0.001000000000085 0.892406458237319 2.999999999390633 0.000000000334361

420 2.000000000018654 3.585819944392202 0.001000000000111 0.955237450459114 2.999999999844459 0.000000003065942

421 2.000000001034852 0.027700000000607 0.001000000000409 0.918662199043699 2.999999999969663 0.000000001904759

422 2.599420274691603 2.077990097893399 0.001000000000004 0.877745005342221 2.999999999755935 0.000000000047344

423 2.000000000150159 11.467715388445017 0.001000000000265 0.880807691410818 2.999999999472319 0.000000027592077

424 2.000000000054662 8.365464418971623 0.001000000000218 0.923761014832685 2.999999998932529 0.000000001128595

425 2.000000000000974 3.362218254587100 0.001000000000025 0.945743003717175 2.999999999939552 0.000000000041802

426 2.000000000010969 6.621847875113085 0.001000000000024 0.799376552659448 2.999999999991105 0.000000003466017

427 2.134574585535819 11.059732190395176 0.001000000000484 0.886356065722649 2.999999999811403 0.000000000008593

428 2.000000000012037 0.027700000428524 0.001000000000075 0.677708814952111 2.999999997816810 0.000000003761116

429 2.915195324606937 20.012363101556680 0.001000000000124 0.849444650728435 2.999999999495637 0.000000000784875

430 2.000000000021172 17.756263551245127 0.001000000000011 0.951466287083174 2.999999997760554 0.000000001094893

431 2.000000000070803 20.498408496637701 0.001000000000078 0.942048022427066 2.999999999253972 0.000000000040437

432 2.000000018134849 5.348109717024117 0.001000000463338 0.858844247974835 2.999998065251184 0.000073623908134

433 2.000000000020677 5.171047210048119 0.001000000000000 0.979311575432256 2.999999999989050 0.000000000310785

434 2.000022904450582 0.027733226120232 0.001000073239392 0.433788137485385 2.918917710369947 0.000947386946477

435 2.000000000065185 2.264661070997749 0.001000000000010 0.886683243742200 2.999999999749129 0.000000000037312

436 2.879590713315969 0.143654856702584 0.001000000000004 0.999999999999278 2.999999999937145 0.000000000015912

437 3.246745971685696 0.027700805142066 0.001000001060459 0.917948542211817 2.999987512538068 0.000125536215758

438 3.197156138316332 15.343029533370526 0.001000000000172 0.985502958626753 2.999999997419520 0.000000003116260

439 2.306947833620995 8.744881698067994 0.003258684208683 0.841394919871849 1.319141591109487 0.000000059237830

440 2.677670278736822 13.387672007778061 0.001000000000133 0.855999430895723 2.999999999991747 0.000000000528812

441 2.118688653967289 10.190322330240571 0.003277972867834 0.839223457580010 2.636684796123324 0.000000000115686

442 2.001020539666103 0.027776787248057 0.001000584968577 0.512354361244037 2.991105956759740 0.003944681011001

443 2.000000000025014 5.757526335485676 0.001000000000112 0.845018602876068 2.999999999947215 0.000000000978710

444 2.000000000000502 8.360553695199572 0.001000000000002 0.813297593934993 2.999999998689296 0.000000000636315

445 2.000000000180755 1.316428263652821 0.001000000000062 0.811142494977024 2.999999999949371 0.000000001148849

446 2.000000000024670 9.861222917525527 0.001000000000004 0.889345801949110 2.999999999813740 0.000000000623120

447 2.000000000039548 8.237416692910456 0.001000000000691 0.902296522293014 2.999999999761114 0.000000000249903

448 2.243075072352712 8.950628375290179 0.001000000000000 0.856889881207218 2.999999999617129 0.000000000418987

449 2.000000000026013 5.255849260283995 0.001000000000461 0.928790362921703 2.999999999985504 0.000000000110264

450 2.000000000034687 3.574678776783778 0.001000000000038 0.824986830608165 2.999999999997793 0.000000000168754

451 2.000000000000106 6.069189511467803 0.001000000000161 0.945197918611715 2.999999999457047 0.000000000146033

452 3.104033890295842 8.628651518122132 0.001000000000821 0.964575995909526 2.999999999979872 0.000000003064146

453 2.000000000029819 5.565944661190832 0.001000000000054 0.789594200795181 2.999999999659679 0.000000000653141

454 2.000000000023429 5.583425590451076 0.001000000000010 0.981570910625470 2.999999999513875 0.000000000083594

455 2.000000000026427 1.981861676234635 0.001000000000179 0.852544939193263 2.999999999951802 0.000000000415296

456 2.000000000014542 7.692528907042878 0.001000000000139 0.787789359735597 2.999999999976338 0.000000000064905

457 2.000000000005204 9.786108259548350 0.001000000000001 0.738653179344284 2.999999999072140 0.000000001769085

458 2.000000000043328 5.153130853749879 0.001000000000057 0.838708390876034 2.999999999444853 0.000000001768912

459 2.000313938798723 0.027854968545153 0.001000156456404 0.506318192990368 2.868143308587945 1.739348983818272

460 2.000000000471648 5.926789148356602 0.001000000000236 0.775244959987741 2.999999999923654 0.000000000030152

461 2.000000000172137 14.134510211805011 0.001000000000000 0.929833913231057 2.999999999834055 0.000000000001442

462 2.000000000057033 8.611301942950563 0.001000000000036 0.869269312830036 2.999999999969513 0.000000000025491

463 2.000000000000028 20.220864417252063 0.001000000000000 0.864885797299368 2.999999999973428 0.000000000002086

464 2.000000000038079 2.325196343941789 0.001000000000138 0.850780088590406 2.999999999796839 0.000000000047932

465 2.000000000000190 7.488457648396878 0.001000000000007 0.960706793632535 2.999999999554039 0.000000000880112

466 2.774375183863590 15.265950726760364 0.001000000000209 0.977454372218700 2.999999999421862 0.000000015302476

467 2.000000000002439 20.513037411384310 0.001000000000006 0.856196410791856 2.999999999987543 0.000000000623221

468 2.000000618733266 0.027709308935041 0.001000013644453 0.621243461269500 2.988008402215338 0.311982642011669

469 2.000000000003997 8.635252000951320 0.001000000000025 0.825247027658837 2.999999999825857 0.000000000851624

470 2.000000000000943 3.816302895343680 0.001000000000029 0.799707174394717 2.999999999777946 0.000000001003629

471 2.000000000001557 5.832062674925086 0.001000000000349 0.902318202945022 2.999999999802820 0.000000001785360

472 2.000020454034843 0.027700710014357 0.001000016444194 0.427883041780828 2.999937232798752 0.000945535930417
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473 2.000000000015241 9.251584394563103 0.001000000000018 0.808996289779354 2.999999999941720 0.000000001264212

474 2.000000000006271 12.850774329193911 0.001000000000000 0.896295253792852 2.999999999995110 0.000000001188204

475 2.000000000000059 11.270915562039821 0.001000000000003 0.964347893679194 2.999999999924794 0.000000000012298

476 2.000000000226581 17.820123578833318 0.001000000016818 0.999999975521759 0.136547685886385 0.000020997370316

477 2.000000000030863 6.409978171973528 0.001000000000384 0.864422861472763 2.999999999469995 0.000000001733316

478 2.000000000019506 8.739974106543444 0.001000000000021 0.967956542696454 2.999999998969498 0.000000001187972

479 2.000000000001557 13.799840934845667 0.001000000000003 0.960647105419761 2.999999999971129 0.000000000113704

480 2.743171734050642 15.284794844543836 0.001000000000203 0.972803010601229 2.999999999947129 0.000000000320726

481 2.000000000000015 7.369853990629737 0.001000000000257 0.855608265974225 2.999999999992609 0.000000001027377

482 2.000000000126614 16.326384179723092 0.001000000000190 0.777407995068367 2.999999999996738 0.000000000711768

483 2.000000000030125 2.032176827927144 0.001000000000008 0.905478583256117 2.999999999597478 0.000000000721808

484 2.000000000016038 15.213217842089804 0.001000000000118 0.846676915774989 2.999999999999602 0.000000000229837

485 2.000000000224502 5.953437615584643 0.001000000000131 0.981649248393929 2.999999999044316 0.000000004130675

486 2.000000000028463 7.840925789325385 0.001000000000007 0.881965507719634 2.999999998399562 0.000000003413666

487 2.000000000129713 7.847371254594606 0.001000000000324 0.882303407702586 2.999999999966770 0.000000000445655

488 2.000034708747070 0.027700329656383 0.001000012839940 0.322329458737851 2.990271372084341 2.505484118861052

489 2.000000000000985 5.045116604011659 0.001000000000058 0.923391108238242 2.999999997738107 0.000000000574666

490 2.000000000010828 12.861864577345560 0.001000000000037 0.863149541296312 2.999999999228219 0.000000002096250

491 2.000000000091057 7.966164875465500 0.001000000000009 0.838919291363061 2.999999999999895 0.000000001316784

492 3.378471412975435 5.803690216762253 0.001000000000412 0.999999999979751 2.999999999486268 0.000000003339667

493 2.000000000039573 20.230292679788636 0.001000000000011 0.739230854459338 2.999999999999983 0.000000000344393

494 2.000000000032270 7.238033470310108 0.001000000000476 0.987685252219019 2.999999998782573 0.000000003512588

495 2.000000000022771 11.823656988516335 0.001000000000003 0.882166678060950 2.999999999944289 0.000000002184269

496 2.000765096641640 0.027713345992101 0.001003495729679 0.593909583119024 2.999067587000137 3.218138688735668

497 2.000000000020189 14.150834167558912 0.001000000000029 0.882150946595235 2.999999998882548 0.000000001902064

498 2.000000000567410 4.772161373927560 0.001000000000178 0.823892981969083 2.999999999931339 0.000000000001485

499 2.836989064551966 10.202517964734531 0.001000000000147 0.948292518647730 2.999999999143967 0.000000000080745

500 2.000000000013827 4.568229803030558 0.001000000000000 0.863607525300337 2.999999999866125 0.000000000170637

501 2.000016930826377 0.027709583890340 0.001000004440274 0.854723882021601 2.999999086339926 0.000161037011853

502 2.800715851056557 5.164918943655377 0.001000000000006 0.964973263465735 2.999999997467008 0.000000000140770

503 2.000000000154659 1.436333550986904 0.001000000000069 0.850438319042786 2.999999999720036 0.000000001119395

504 2.000000000004691 8.341895363372807 0.001000000000130 0.635607278973513 2.999999998911127 0.000000001125669

505 2.000000000460386 4.181281405575970 0.001000000000027 0.665430773997543 2.999999999893837 0.000000000208558

506 2.000000000046245 9.644349063876961 0.001000000000002 0.848895205977900 2.999999999969855 0.000000003219120

507 2.623358138613364 0.028122057307993 0.001001619637758 0.671519691584770 2.673687328910077 0.146762899268713

508 3.425523650001881 0.027847335711926 0.001000024642346 0.995849806487674 2.999902281054024 0.014276191719895

509 2.000000489028342 0.027700009168249 0.001000008221757 0.523666158747970 2.997787653718906 0.002479243554525

510 2.000000000086683 4.919127946069553 0.001000000000146 0.795835294592621 2.999999999844846 0.000000001498228

511 2.000000000093557 10.474059015084990 0.001000000000144 0.741382722151891 2.999999999633200 0.000000015682971

512 2.000000000008562 3.365854491422291 0.001000000000648 0.947308021809579 2.999999999974247 0.000000000371424

513 2.021474115303346 13.354771267133215 0.002270449396220 0.929715997760991 0.675336946390462 0.000000059442787

514 2.000000232675742 0.027700298495396 0.001000000000048 0.891829570833693 2.999782014925308 0.004242147540006

515 2.000000216405558 0.027700277376753 0.001000000477754 0.360937001528093 2.260950741976367 0.000647150757709

516 2.000000000022489 18.979256655464798 0.001000000000375 0.794088591518264 2.999999999999528 0.000000000359388

517 2.000000000013175 4.733715002475420 0.001000000000045 0.920789552720756 2.999999999752736 0.000000004564499

518 2.000000000472918 19.024776695908429 0.001000000001012 0.827682865757656 2.999999999579738 0.000000004746724

519 2.000000000000620 2.396870766411220 0.001000000000183 0.989139227498606 2.999999999971678 0.000000002054847

520 2.000000000054360 13.230072850695038 0.001000000000316 0.730652406996569 2.999999999926479 0.000000000239685

521 2.000000000003704 9.321456315807604 0.001000000000093 0.852848936457261 2.999999999994792 0.000000001674225

522 2.000000000063363 4.328736826283408 0.001000000000205 0.920351585377523 2.999999996523407 0.000000000018733

523 2.000000000017099 5.643764202559957 0.001000000000009 0.866831095588337 2.999999998826200 0.000000002066327

524 2.000000000351103 2.477676964339007 0.001000000000621 0.836025668955104 2.999999999676556 0.000000001398877

525 2.000000000004086 5.704366959047241 0.001000000000075 0.980657019451218 2.999999999898421 0.000000000033033

526 2.000000000057969 3.349861843552497 0.001000000000178 0.929788817133628 2.999999999973144 0.000000000511885

527 2.000000000048964 4.601650572886348 0.001000000000044 0.811233826005472 2.999999999881573 0.000000000004046

528 2.000145298096395 0.027888491822778 0.001000176183952 0.480887100307410 2.924078644431522 4.619171640273492

529 2.000000000106347 2.204971063822672 0.001000000000070 0.834493769038965 2.999999999965455 0.000000000552699

530 2.000000000019624 2.698342755682770 0.001000000000001 0.956452722354965 2.999999999737601 0.000000000990308

531 2.000000000006457 14.289234649751261 0.001000000000110 0.680696871708153 2.999999999906003 0.000000003502233
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532 2.816375467840987 0.028954223571164 0.001000026792067 0.681260964589351 2.999166159731471 0.255315330620400

533 2.000003062703376 0.027700059664864 0.001000000016345 0.430252684632241 2.957906912020914 0.003175597197718

534 2.000000000003626 6.999470222260249 0.001000000000260 0.906490836932689 2.999999999518727 0.000000000187560

535 2.000000000002000 5.755638844500163 0.001000000001486 0.846240773194602 2.999999999891526 0.000000000751742

536 2.000000000017972 10.026720519600387 0.001000000000087 0.868653585362020 2.999999999999764 0.000000000003761

537 2.000000000140840 19.134953434468247 0.001000000000224 0.771410046944782 2.999999999863422 0.000000000378544

538 2.000000000011568 3.018356707565085 0.001000000000675 0.825304411365074 2.999999999989925 0.000000001727135

539 2.000000000003194 7.527668805742536 0.001000000000079 0.759134763103790 2.999999999769033 0.000000000001135

540 2.000000000039028 0.918218383113001 0.001000000000111 0.952855084343879 2.999999999977859 0.000000000263135

541 2.000000000038326 0.027700000255649 0.001000000000153 0.653040132584967 2.999999990017824 0.000000017964678

542 2.000000000087191 2.832120638112175 0.001000000000083 0.932883451933069 2.999999999646278 0.000000000092718

543 2.933143731441160 9.907124948773978 0.001000000000188 0.962408463099560 2.999999999843291 0.000000001187070

544 2.000000000007077 6.254443161496228 0.001000000000148 0.876134535871286 2.999999999954376 0.000000000648286

545 2.000093387115672 0.055254707787329 0.001000353649202 0.455154415016246 0.480463793106072 0.054333440765276

546 2.000000000268213 11.332305376757725 0.001000000000278 0.700278794091266 2.999999999687184 0.000000005541111

547 2.000000000126486 7.965713224135803 0.001000000001426 0.923111688169611 2.999999999689154 0.000000003960457

548 2.000000000058486 5.310002079136744 0.001000000000006 0.919999780201355 2.999999999742690 0.000000000072039

549 2.848990663847663 3.575171691175398 0.001000000000046 0.835081654130402 2.999999999300505 0.000000000041346

550 2.902497878379377 11.656112547059525 0.001000000000017 0.999999999999880 2.999999999999423 0.000000000098672

551 2.000000000016517 2.487303961718101 0.001000000000085 0.846348004171795 2.999999999533060 0.000000000608389

552 2.000000000000002 12.323602248979370 0.001000000000246 0.963060905100947 2.999999999939512 0.000000000520710

553 3.055359711719642 6.444480537720506 0.001000000000000 0.960725558816170 2.999999999399185 0.000000000040370

554 2.000000000193322 20.285341139145579 0.001000000000002 0.999999999998482 0.122473947382240 0.000000000080078

555 3.154251350795621 8.634471660030545 0.001000000000000 0.987929344240939 2.999999999997788 0.000000001853017

556 2.000000000000002 19.438407396228826 0.001000000000020 0.882863143270785 2.999999999963280 0.000000000045738

557 2.000000000073189 7.474610926057939 0.001000000000004 0.855698710879646 2.999999999490624 0.000000001096500

558 2.509536218305101 18.837540283268250 0.001000000000067 0.999999999999993 2.999999999492590 0.000000000042923

559 2.976445064697136 0.944093577948713 0.001000000000016 0.937103447699637 2.999999999898773 0.000000001879572

560 2.000000000023064 8.671155220184014 0.001000000000114 0.925653444164750 2.999999999993441 0.000000000044283

561 2.000000000039889 12.730872244774877 0.001000000000180 0.923139694671266 2.999999999280685 0.000000004723214

562 2.000000000000093 19.086836640620149 0.001000000008344 0.681918031576024 0.477253004620962 0.000000204395241

563 2.000000000001994 0.027700000110191 0.001000000018797 0.460249312625044 2.999999999409778 0.000000121772560

564 2.000000000076009 16.312394436208670 0.001000000000042 0.877586580938060 2.999999999753068 0.000000000923331

565 2.000000000007794 2.427382445386789 0.001000000000016 0.991464097088919 2.999999999996033 0.000000000000339

566 2.000000000001276 1.836178329653089 0.001000000000355 0.850677420467843 2.999999999594488 0.000000000237305

567 2.000000000164417 2.645290432274743 0.001000000000029 0.882938621985197 2.999999999685756 0.000000000104773

568 2.000000000086290 5.058502551108501 0.001000000000026 0.640955104623718 2.999999996897058 0.000000000019015

569 2.000000000033435 6.193772519006644 0.001000000000019 0.890622350680256 2.999999999844680 0.000000000466662

570 2.000000000033158 11.019269708430869 0.001000000000107 0.780289732719004 2.999999999998110 0.000000000024826

571 2.001711354992211 0.029090436095150 0.001000160330658 0.604277871967987 2.960314051134464 0.683979815730144

572 2.000000000002873 12.610695977082960 0.001000000000023 0.941019656026698 2.999999999509015 0.000000002707081

573 2.000000000000312 3.444360427429158 0.001000000000006 0.996489283190438 2.999999999999151 0.000000000312125

574 2.000000000010288 8.973855609678575 0.001000000000004 0.983532972614953 2.999999999487764 0.000000000642476

575 2.000000000034314 1.346933523655250 0.001000000000155 0.804320901356601 2.999999999826380 0.000000000017439

576 2.000001169147382 0.027732146844518 0.001000003693948 0.833069802654473 2.999990246348580 0.000377980927189

577 2.000000000293959 17.482320002838112 0.001781927937160 0.836496623917542 0.404158296023340 0.000001308319487

578 2.000000000019696 3.800453388413120 0.001000000000005 0.909317842517355 2.999999999978936 0.000000001598322

579 2.000000000005381 8.451924912484447 0.001000000000043 0.999999999999857 2.999999998971016 0.000000001226891

580 2.000000000033557 8.448294677826528 0.001000000000130 0.999999999996564 2.999999999798084 0.000000001229467

581 2.000000000086166 8.639088948564654 0.001000000000042 0.875350033068555 2.999999999984258 0.000000000128672

582 2.000000000014909 3.616374380739302 0.001000000000015 0.849371543089117 2.999999999591320 0.000000001112316

583 2.000000000392095 10.676253753195519 0.001000000000002 0.807229891376451 2.999999999835476 0.000000000999516

584 2.000000000069189 13.145779958684102 0.001000000000031 0.968332798222495 2.999999998911669 0.000000000006378

585 2.000000000098898 2.854746498100782 0.001000000000175 0.826074868344520 2.999999998977768 0.000000000256900

586 2.000000000095656 1.321618694541916 0.001000000000272 0.754604298743653 2.999999999924328 0.000000001592522

587 2.000000000027264 1.760698247218773 0.001000000000006 0.791621984638931 2.999999999757133 0.000000002065886

588 2.205782756936931 14.432856157163323 0.001000000000007 0.799338567062124 2.999999999985507 0.000000000459386

589 2.000000000120952 7.313252438250188 0.001000000000002 0.999999999994388 2.999999999895885 0.000000006459143

590 2.000000000013346 14.810497896070434 0.001000000000045 0.966042390002237 2.999999999997118 0.000000003445128



Appendix A 191

591 2.000000005655023 19.996274045511406 0.001000000491804 0.999999999806264 0.743306298535027 4.999999123532187

592 2.482915521467587 1.474036293998605 0.001000000000040 0.987360397364783 2.999999999972701 0.000000001830335

593 2.000000000085014 6.480179172249420 0.001000000000192 0.924642445432649 2.999999999886729 0.000000000028801

594 2.000000000024159 16.573011347099708 0.001000000000050 0.776301509562112 2.999999999006028 0.000000003740170

595 2.000000000000278 8.851667497601381 0.001000000000001 0.993255478837236 2.999999999994806 0.000000000001114

596 2.000000000000025 20.642052823146170 0.001000000000058 0.938625349721025 2.999999999999865 0.000000000260949

597 2.000000000031228 3.508914321411441 0.001000000000268 0.914165956335304 2.999999999999806 0.000000000134660

598 2.000000000003350 7.527154226469110 0.001000000000054 0.788635789505788 2.999999999524555 0.000000001359063

599 2.915832932461051 14.380361432559639 0.001000000000027 0.999999999965362 2.999999998424891 0.000000025794239

600 2.041194477231357 0.059943833585324 0.001020408407733 0.328015517443639 0.246337429513696 0.002770564810297

601 2.000000000107916 3.849342373623932 0.001000000000000 0.933700465534985 2.999999999509230 0.000000000303137

602 2.000000000025471 7.948197391150319 0.001000000000158 0.786403346182191 2.999999999998550 0.000000000579167

603 2.000002676327419 0.027710807752797 0.001000458647337 0.816454663099971 2.998891119299718 0.225053451182789

604 2.000000000056039 1.149568399979681 0.001000000000247 0.834023711037209 2.999999999907923 0.000000000181160

605 2.000000313233422 0.027708300515652 0.001000067864555 0.671550661661639 2.988094059797409 0.121080881180171

606 2.000000000022584 11.545791431004531 0.001000000000126 0.814928126980524 2.999999999998384 0.000000000631311

607 2.000000000107266 20.650031423424895 0.001000000000011 0.211653387664815 0.110132454604380 0.000000000101935

608 2.000000845035427 0.027700770856791 0.001000090905797 0.376833867869101 2.752016445726151 4.976957291361358

609 2.000000000003457 8.757086825048459 0.001000000000031 0.998852965773707 2.999999999549804 0.000000001130355

610 2.000000002729352 0.027700237016832 0.001000006940036 0.629937890723533 2.999767822771033 0.003037476362633

611 2.000000000014207 1.269105616858056 0.001000000000127 0.696683206934956 2.999999999305683 0.000000000622997

612 2.000000000004021 19.036664675374510 0.001000000000030 0.862356507171242 2.999999999999798 0.000000000430812

613 2.000000000101263 4.173436654202475 0.001000000000098 0.892479120816452 2.999999999950636 0.000000001530606

614 2.000000000322491 0.027700000185992 0.001000000000288 0.867553191797863 2.999999999735712 0.000000003349098

615 2.000000000097772 7.824257505015947 0.001000000000120 0.976010584024054 2.999999999948739 0.000000000381629

616 2.000000000054362 2.752724794370919 0.001000000000005 0.709367987578493 2.999999999952884 0.000000002340719

617 2.000000000033491 8.515680666039629 0.001000000000027 0.985980325883269 2.999999999894397 0.000000000022458

618 2.000000011436910 0.027700048982432 0.001000009559149 0.371939398331637 2.977777869373597 0.000933933084981

619 2.000000000035441 9.488288018341532 0.001000000000003 0.992827352327867 2.999999999825229 0.000000000609919

620 2.728453500048965 6.981303057795693 0.001000000000247 0.896041745403350 2.999999999863563 0.000000002798940

621 2.000000129763590 0.027700309873101 0.001000005523116 0.635493431084961 2.998395569582898 0.000382997822564

622 2.000000000053942 14.419705986214099 0.001000000000011 0.785192179728025 2.999999999963496 0.000000000007352

623 2.000000000028372 4.026614786788623 0.001000000000030 0.958602002074604 2.999999999993229 0.000000000058202

624 2.000000000011471 10.324013344721019 0.001000000000005 0.832035105888055 2.999999999998716 0.000000000020971

625 2.058929664216015 0.045790837977975 0.001004167871025 0.178177003183517 0.280037211630787 0.293217482813007

626 2.000000000016240 8.829948758958942 0.001000000000012 0.823971270730032 2.999999999758035 0.000000000697674

627 2.000000000049202 16.926424636891788 0.001000000000022 0.757421285342608 2.999999999999903 0.000000001226814

628 2.000000000101303 10.763152608561228 0.001000000000373 0.901971406551864 2.999999999975393 0.000000001250582

629 2.000000000036909 8.035189917789776 0.001000000000170 0.950349286137544 2.999999999981697 0.000000000528849

630 2.000000000055041 4.031968111310389 0.001000000000026 0.905340058108121 2.999999999877590 0.000000000084583

631 2.000000000016694 7.407889455256690 0.001000000000017 0.974507443618731 2.999999998454948 0.000000001002481

632 2.000000000790870 4.389121648996341 0.001000000000005 0.929461804233341 2.999999999473214 0.000000000898225

633 2.000000000126665 12.084497760473740 0.001000000000046 0.695203271512332 2.999999999819462 0.000000000293053

634 2.000000000000941 12.175488384558264 0.001000000000291 0.860401218792817 2.999999999937593 0.000000003963840

635 2.000023982077585 0.027751673604374 0.001000056479066 0.602242786977608 2.999808318169809 0.000925418496067

636 2.000000000338476 18.858497474120163 0.001000000000054 0.759969430327716 2.999999999995209 0.000000002955351

637 2.000000123378031 0.027777809864462 0.001000000078586 0.888037591774405 2.999997234525254 0.000008217399227

638 2.339513222226167 5.850858513548066 0.001000000000002 0.903156167267340 2.999999999947926 0.000000000005318

639 2.000000000000654 5.839553715077678 0.001000000000063 0.947286526296346 2.999999999601714 0.000000000284225

640 2.624072334951456 19.296417038872722 0.004232321534246 0.960136397684340 1.404116493897879 0.000000010032591

641 2.000000000005139 20.497425479928157 0.001000000000055 0.669372917165278 2.999999999880089 0.000000000014069

642 2.000000000001812 1.939027416297269 0.001000000000037 0.916445702676472 2.999999999999805 0.000000000035860

643 2.981715324090747 9.877618057822556 0.001000000000245 0.887545318257685 2.999999999419348 0.000000000244794

644 2.000000000020723 4.311108671203928 0.001000000000004 0.965518649637370 2.999999999731738 0.000000000916283

645 2.000000000023282 4.182255978870681 0.001000000000008 0.908171750535472 2.999999999976082 0.000000004080195

646 2.000000000055208 14.137549654033361 0.001000000000012 0.895215840167643 2.999999999694856 0.000000000055393

647 2.000000000118453 18.092427864716289 0.001000000000164 0.828625470254112 2.999999999893700 0.000000000631797

648 2.000000000001747 3.943556598617291 0.001000000000047 0.754781865691876 2.999999999501580 0.000000000024026

649 2.000000000005303 7.402948490746351 0.001000000000147 0.991246361812741 2.999999999538797 0.000000000097793
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650 2.265334729161886 18.383446798340046 0.001000000000135 0.953563831438952 2.999999999399339 0.000000000086396

651 2.000000000030044 7.974520692760602 0.001000000000219 0.999999999998079 2.999999999788588 0.000000001166434

652 2.000000000005124 3.692022446974766 0.001000000000275 0.908176956431341 2.999999999464885 0.000000001037735

653 2.000000000023687 12.553695734058858 0.001000000000053 0.834819391206138 2.999999999996757 0.000000000016135

654 2.000000000008645 13.711888790604007 0.001000000000494 0.841209532849150 2.999999999956653 0.000000000087810

655 2.985274524322867 12.212922771446829 0.001000000000041 0.912834012229599 2.999999999726740 0.000000000212784

656 2.000000000000150 6.396379099564332 0.001000000000319 0.897395449936067 2.999999999968757 0.000000002898262

657 2.000000000090357 3.488904921748798 0.001000000000005 0.791996527686719 2.999999999970195 0.000000000857271

658 2.000000000004544 5.975002432363129 0.001000000000012 0.788650051326846 2.999999999999248 0.000000002630516

659 2.234343140191936 0.694613316266156 0.001002463153282 0.244271850654319 0.130503946884764 0.374705180877828

660 2.000000217440712 0.027704674046289 0.001000043053912 0.871840894416440 2.999182954442567 0.001947148541664

661 2.000000000035757 6.939734670796584 0.001000000000001 0.855203605251996 2.999999999053423 0.000000000089251

662 2.000000000024311 18.449304328396380 0.001025542571691 0.999999999995428 0.159033263379723 0.000000002697910

663 2.000000000001761 14.604905514889014 0.001000000000165 0.871420589619875 2.999999999998797 0.000000000594599

664 2.000000000761911 2.119406768042574 0.001000000000037 0.938347257210549 2.999999998953137 0.000000001743606

665 2.000000000000342 9.123822577764845 0.001000000000156 0.955525879667650 2.999999999998298 0.000000000038149

666 2.000000000026235 7.490707706598343 0.001000000000148 0.994938104315461 2.999999999999051 0.000000004104371

667 2.000000000061646 5.017287748062618 0.001000000000022 0.770422105215612 2.999999999994206 0.000000000969401

668 2.734651827691388 0.027848618370822 0.001000042843098 0.769607555216501 2.962968615002045 0.109118660844547

669 2.000000000123760 8.870896041110269 0.001000000000001 0.965157895546507 2.999999999917450 0.000000000315135

670 2.000000000001553 16.577844589847054 0.001801768607218 0.867724274624517 1.582791970230675 0.000000020973156

671 2.000000000000348 18.655908511651937 0.001000000000000 0.961247989413509 2.999999999981789 0.000000000264362

672 2.000000000002898 2.919286889891394 0.001000000000043 0.830136856456780 2.999999999853574 0.000000001187950

673 2.000000000001361 13.567293743829726 0.001000000000001 0.941617668399987 2.999999999998922 0.000000000344481

674 2.523984302317790 0.027706651681025 0.001000027609064 0.603021949455933 2.844633017643168 0.018131354546504

675 2.000000000109247 20.440157682771289 0.001000000000000 0.726403748113181 2.999999999999457 0.000000000013672

676 2.000000000005716 7.531945349231829 0.001000000000019 0.919720500686466 2.999999999339126 0.000000001217689

677 2.000000000044169 6.670455465233621 0.001000000000102 0.984109052337258 2.999999999976962 0.000000000697460

678 2.000000000045515 16.091236306234709 0.001000000000238 0.872605329420476 2.999999998403088 0.000000002439691

679 2.869702766919210 14.450018053041140 0.001000000000001 0.964973174920951 2.999999999997028 0.000000000636342

680 2.857026606152524 11.910313392248717 0.001000000000078 0.989983531901674 2.999999999681918 0.000000000647178

681 2.000000000011254 8.759951630760391 0.001000000000126 0.999999999970521 2.999999999960417 0.000000000340655

682 2.000000000043054 9.508989222803592 0.001000000000092 0.819611974207667 2.999999999704718 0.000000000324567

683 2.389179979756994 5.470548169977348 0.001000000000006 0.975871609931729 2.999999999676815 0.000000000112797

684 2.000000000024313 6.207404106699493 0.001000000000001 0.831031518461092 2.999999999999052 0.000000000000347

685 2.000000028399898 0.027700861667100 0.001000011054120 0.645720234245474 2.999448997510729 0.055341664151682

686 2.000000000019599 13.888733576252884 0.001000000000019 0.757134487567207 2.999999999993533 0.000000000113898

687 2.000001212566212 0.027701554302881 0.001000016280696 0.823263458483410 2.999842543614943 0.015025897208573

688 2.000000000005145 9.650771911862609 0.001000000000301 0.960999305727747 2.999999999898610 0.000000002426250

689 2.000000000007727 20.436898993461867 0.001000000000061 0.885876233669766 2.999999999972585 0.000000000099635

690 2.000000000091368 8.784658301177613 0.001000000000084 0.999999999991977 2.999999998480756 0.000000000405267

691 2.000000000008638 1.249230101205990 0.001000000000057 0.842077264922184 2.999999999980930 0.000000000672273

692 2.000000000068464 18.864199286066828 0.001000000000034 0.950833883265402 2.999999999191869 0.000000000094780

693 2.000000001583576 3.427734127094282 0.001000000000250 0.930885534011737 2.999999999550646 0.000000001058134

694 2.000000000000538 18.610338892743776 0.001000000000002 0.762315620053592 2.999999999944691 0.000000001262911

695 2.453976467215965 12.069305074666870 0.001000000000008 0.935253828280892 2.999999999696566 0.000000000178398

696 2.000000000003508 7.746572379736668 0.001000000000193 0.974848232498403 2.999999999982029 0.000000000980887

697 2.000000000000884 10.361924511403750 0.001000000000000 0.992201980211766 2.999999999984627 0.000000000103750

698 2.714697886906690 0.090082712978667 0.001003609610583 0.812743270373105 2.950125354652846 0.057085557995848

699 2.000000000002658 15.011051539495028 0.001000000000073 0.966760320949486 2.999999999885455 0.000000000005607

700 2.000000000007828 13.982348296912479 0.001000000000105 0.752204802450933 2.999999999865608 0.000000001181185

701 2.000000000039638 9.736123320038265 0.001000000000354 0.873245822041274 2.999999999733029 0.000000000526263

702 2.000000000046621 12.140624793935599 0.001000000000607 0.914716987297116 2.999999999575020 0.000000002189728

703 2.987046650292411 9.197048785803649 0.001000000000072 0.964300381860092 2.999999999576999 0.000000000174660

704 2.000000000014686 13.532887833241499 0.001000000000068 0.945824716367835 2.999999994558497 0.000000000101051

705 2.000000000004484 11.226431991805006 0.001000000000332 0.871367600538408 2.999999999846575 0.000000000254448

706 2.000000000003831 8.875284892860524 0.001000000000120 0.920833666557102 2.999999999738812 0.000000000045387

707 2.000000000097959 8.608475756833451 0.001000000000017 0.801774132742525 2.999999999979981 0.000000003719067

708 2.000000021429969 0.027709897774137 0.001000000006169 0.842121102483995 2.999999493712034 0.000014365792965
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709 2.000000000002076 5.583984293842301 0.001000000000006 0.979600624849201 2.999999999561251 0.000000000138770

710 2.000000000006305 4.828992578551593 0.001000000000434 0.942098609553410 2.999999998440154 0.000000002310523

711 2.000000000021360 3.244493749115861 0.001000000000002 0.919556444895046 2.999999998339967 0.000000004134576

712 2.000000000001131 6.535740458289378 0.001000000000259 0.975742478052484 2.999999999944015 0.000000000641372

713 2.000000952186825 0.027703782081710 0.001000100685869 0.759233984984154 2.998768808331588 0.045477667146053

714 2.000000000000175 6.489961658669252 0.001000000000241 0.878844723646038 2.999999999813200 0.000000000115618

715 2.000000000000021 6.992220577962046 0.001000000000025 0.994105673251033 2.999999999978973 0.000000000910991

716 2.000000310506642 0.028172869540406 0.001000284236611 0.718782900146579 2.998584751232600 0.000105406386152

717 2.000000000047770 5.038195099694552 0.001000000000121 0.866142916808666 2.999999999563329 0.000000000134630

718 2.000000000022134 2.132393333680917 0.001000000000104 0.962975746635835 2.999999999959570 0.000000000368154

719 2.000000000033551 3.392444515080876 0.001000000000030 0.847061440871421 2.999999999904991 0.000000000253201

720 2.000000000050139 1.816904386793844 0.001000000000182 0.777762271558542 2.999999999985594 0.000000000309914

721 2.000000107488351 0.027704197036277 0.001000000266459 0.668020345185296 2.999996234822877 0.000003022557960

722 2.000000000031072 6.300261695780265 0.001000000000092 0.783124004260393 2.999999999911461 0.000000000167848

723 2.000000000029846 10.814167322307579 0.001000000000033 0.839024302453416 2.999999998953242 0.000000000791535

724 2.000000000062532 0.027700000000745 0.001000000000019 0.843879275632397 2.999999999932919 0.000000004365898

725 2.000000000000224 11.181918746909478 0.001000000000006 0.954284391558900 2.999999999972916 0.000000000267570

726 3.143871363737295 9.359268180342561 0.001000000000104 0.915639862600248 2.999999999953920 0.000000001685994

727 2.000000000075579 2.967638329258644 0.001000000000276 0.909536818927361 2.999999999913341 0.000000000734202

728 3.185590406814167 4.522283356028011 0.001000000000468 0.981129664272766 2.999999998055255 0.000000006396756

729 2.000000000000738 14.529899993413798 0.001000000000015 0.889983260186557 2.999999999988473 0.000000000846287

730 2.000000000008075 20.658607852468901 0.001000000000001 0.770992162350760 2.999999999889909 0.000000000003924

731 2.000000000027290 12.918434577187391 0.001000000000012 0.939441224569917 2.999999999812792 0.000000000318591

732 2.000000000051928 0.027700000013972 0.001000000000567 0.493144539113589 2.999999992490515 0.000000000169434

733 2.000000000018881 4.888305801368865 0.001000000000006 0.787340116135511 2.999999999714730 0.000000000898525

734 2.532279128737045 12.981627749269505 0.001000035377079 0.825204980329438 2.999431670926669 4.306698339075644

735 2.000000000000074 6.221642540565773 0.001000000000622 0.713798212254109 2.999999999975271 0.000000000169796

736 2.000000010775892 0.027700232581394 0.001000000059306 0.817812046143241 2.999999476406661 0.000000040314848

737 2.000000000001441 8.492401573901084 0.001000000000004 0.999999999999981 2.999999999984045 0.000000000698437

738 2.000006302834446 0.027700782459434 0.001000018153371 0.493009508728668 2.966750011893570 0.003575646997575

739 2.000000000139357 5.239084132404528 0.001000000000037 0.796843366429922 2.999999999814345 0.000000008840227

740 3.022608463055691 3.210226159542300 0.001000000000284 0.966271172268855 2.999999999991506 0.000000003598993

741 2.499397480718746 16.196885472853726 0.003700150941174 0.999999999999850 1.379832542662839 0.000000006444267

742 2.000000000363349 5.904922698437321 0.001000000000025 0.868141066846150 2.999999998583243 0.000000000078677

743 2.000000000014194 13.631122038383431 0.001000000000532 0.886945393402934 2.999999999998019 0.000000001168456

744 2.000000000001595 3.385717520397448 0.001000000000000 0.878618525122250 2.999999999934863 0.000000000123492

745 2.625247976620538 4.100113876447195 0.001000000000106 0.888269748094304 2.999999999897857 0.000000000035863

746 2.000000000030888 3.290351756559385 0.001000000000034 0.846653776978707 2.999999999999298 0.000000000014304

747 2.000014279139657 0.053064659803263 0.001001426730248 0.351381684530436 0.337354693450305 0.507417668307417

748 2.000000000000123 4.465806667451286 0.001000000000009 0.961926197915314 2.999999999168768 0.000000000012326

749 2.000000000021851 7.730502939590499 0.001000000000179 0.922750598696232 2.999999999829669 0.000000001159570

750 2.000000000008838 9.908521034801602 0.001000000000258 0.976437032037206 2.999999999406046 0.000000000125422

751 2.000000000000378 3.983812711521572 0.001000000000073 0.828417530712078 2.999999999795219 0.000000003402496

752 2.000000000007147 1.020690514163368 0.001000000000084 0.854103484733834 2.999999999950707 0.000000000052235

753 2.000000000017696 16.800778501665043 0.001000000000014 0.971871685591352 2.999999998753926 0.000000000597644

754 2.000000000048124 9.674049739311780 0.001000000000069 0.965841487311534 2.999999999684984 0.000000000009754

755 2.000101832433260 0.027797813206007 0.001000000164589 0.255469096447817 0.296374051701909 0.019500164890038

756 2.000000000142139 5.779170485594736 0.001000000000110 0.832709014921452 2.999999999935104 0.000000004621690

757 2.000000000001053 20.774352050920424 0.001000000000000 0.877614430755225 2.999999999786173 0.000000000275489

758 2.578334309059079 0.027720846413749 0.001000005956977 0.735276909171997 2.994172738894437 0.014091365777689

759 2.000034587141963 0.027956041414344 0.001000023257164 0.609442804988451 2.999920448434957 0.001347284504262

760 2.000000000000812 11.310904158966963 0.001000000000094 0.878627114302639 2.999999999949830 0.000000004708327

761 2.000000000004270 6.453545860520298 0.001000000000000 0.776882663482916 2.999999999993045 0.000000002066834

762 2.000000000049517 4.297878366413874 0.001000000000014 0.814995015539975 2.999999999824496 0.000000000000931

763 2.000000000014154 8.656545004627592 0.001000000000103 0.976962353526757 2.999999998954778 0.000000004750103

764 2.000000000061450 20.519588106087884 0.001000000000217 0.845269276677003 2.999999999708523 0.000000002563509

765 2.316019680605664 7.573015226342240 0.001000000000008 0.902896632993963 2.999999999353802 0.000000002890055

766 2.126320074239096 10.544654577460861 0.001000000000995 0.837798849383116 2.999999999974450 0.000000001297034

767 2.000000000032405 6.098432891728535 0.001000000000153 0.932700353578598 2.999999999994481 0.000000000765872
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768 2.545104287416168 19.294932825626905 0.001001441043544 0.919995180307942 2.999578122823640 4.999907272416992

769 2.000000000000726 20.667747636644791 0.001000000000013 0.737248594750064 2.999999999725966 0.000000000000347

770 2.000002054923791 0.028508004425029 0.001000009317962 0.644890774979605 2.994850166409733 0.001297114231686

771 2.000000003848893 0.059162487897362 0.001000007184738 0.849619713222908 2.999719517311300 0.436199718673099

772 2.000000041293012 15.287071885665869 0.001001247775706 0.914845479572856 2.207637521063308 4.999916697556563

773 2.000000000010433 2.653957012268377 0.001000000000002 0.705853079614156 2.999999999982071 0.000000001065061

774 2.000000000002570 1.987345418274966 0.001000000000001 0.902895442233768 2.999999999821656 0.000000000121276

775 2.000000000006613 9.570796458243457 0.001000000000003 0.881865054588127 2.999999999719586 0.000000000191509

776 2.000000000035485 8.738233150390379 0.001000000000223 0.999999999996552 2.999999999999554 0.000000000000002

777 2.000000000002304 1.346842131575131 0.001000000000228 0.854521858876941 2.999999999998083 0.000000007795296

778 2.000000000097264 2.776805623296635 0.001000000000011 0.945633521596915 2.999999999946308 0.000000000462223

779 2.000000000008370 2.186851958045786 0.001000000000031 0.806488673661367 2.999999999004906 0.000000000925659

780 2.000000000004681 4.863198951527688 0.001000000000012 0.790131533444612 2.999999999913139 0.000000001526028

781 2.000000000000057 20.027639494968270 0.001000000000006 0.882716928637697 2.999999999938569 0.000000000898306

782 2.000000000023486 1.231096918961830 0.001000000000010 0.895187661819236 2.999999999971334 0.000000000210206

783 2.000000000038852 9.017108961309305 0.001000000000014 0.966941683685206 2.999999998005350 0.000000000075228

784 2.000000000007364 6.902054978173774 0.001000000000155 0.937389598021164 2.999999999791736 0.000000000485154

785 2.000000000035835 8.196951249986228 0.001000000000133 0.841244157951435 2.999999999760841 0.000000000036166

786 2.000000000356318 6.183350969177465 0.001000000000002 0.766038617321503 2.999999999791084 0.000000005157428

787 2.000000000024765 4.417005897850417 0.001000000000362 0.860391048448718 2.999999999999996 0.000000000743324

788 2.000000000047971 7.750752038597011 0.001000000000024 0.837998179164794 2.999999999981901 0.000000000049132

789 2.000006958769657 0.028828690937661 0.001000356114272 0.823417460933928 2.999764001991527 0.005166415540767

790 2.000000000063462 13.175511891634397 0.001000000000001 0.779756332462127 2.999999999820400 0.000000000320342

791 3.196737317721375 1.440629144589775 0.001000000000005 0.999999999999297 2.999999999928765 0.000000000339274

792 2.000000000022624 11.056162675747554 0.001000000000018 0.846836790556733 2.999999999950883 0.000000000276209

793 2.000000000054351 5.110679105031664 0.001000000000001 0.902011529309241 2.999999998946452 0.000000000292402

794 2.000000000070286 5.474031324429350 0.001000000000007 0.834971757486520 2.999999999804837 0.000000001408440

795 2.000000000003896 1.932377624671989 0.001000000000001 0.906068811387845 2.999999999867494 0.000000000000141

796 2.000000000000295 4.455932822981637 0.001000000000001 0.829126222702532 2.999999999851404 0.000000000092581

797 2.000000000031335 6.051689605322348 0.001000000000005 0.897099732110381 2.999999999699442 0.000000000044544

798 2.000000000024136 17.748372283534025 0.001000000000062 0.755967218328776 2.999999999540145 0.000000000024979

799 2.000000000179143 8.211948144756637 0.001000000000032 0.910312820459433 2.999999999919187 0.000000000140720

800 2.000000000001783 14.082021579757306 0.001000000000003 0.753491660709460 2.999999999673844 0.000000000089785

801 2.000000000057509 20.707990477472578 0.001000000000023 0.780032248388406 2.999999998475877 0.000000000000357

802 2.000000000000410 6.366534117850117 0.001000000000214 0.933617141348245 2.999999999773881 0.000000000577400

803 2.000000000004619 10.891044416651409 0.001000000000046 0.982750360793735 2.999999999548451 0.000000000711078

804 2.000000010913460 0.027700023866674 0.001000000000702 0.848217942612740 2.999999902001001 0.000023084918397

805 2.528009760528656 8.519788400986494 0.001000000000130 0.999999999987574 2.999999999912243 0.000000000058903

806 2.000000016480168 0.027700539104975 0.001000008855325 0.725149198679354 2.998936045998978 0.000427728535122

807 2.000000000005710 7.458737429940846 0.001000000000165 0.698237304404151 2.999999999940062 0.000000000017571

808 3.591036395548694 4.392697586507403 0.001000000000006 0.999999999999885 2.999999999873242 0.000000000100375

809 2.000000000214163 6.852350376783005 0.001000000000079 0.918157094965580 2.999999999665437 0.000000000031480

810 2.000034563540990 0.027702284917394 0.001000000003342 0.691244166213815 2.999790964035167 0.070935802209677

811 2.000000000002287 17.143027544181848 0.001000000000000 0.944769258907158 2.999999999828070 0.000000000871125

812 2.000000001509326 19.912521573481072 0.001000000000314 0.558410021273782 0.190631033639567 0.000000103070852

813 2.000007002899258 0.027700050123280 0.001000035648949 0.439657465067055 2.357492600323125 0.000177134859582

814 2.000000000030595 4.069474758357762 0.001000000000031 0.877412658638939 2.999999999830422 0.000000002413301

815 2.000000000037232 15.713213186112657 0.001000000000170 0.846457747950496 2.999999999431288 0.000000000854712

816 2.000000000008440 10.912675659929404 0.001000000000051 0.879469935469101 2.999999999491899 0.000000000006384

817 2.124145003763354 0.046158359482486 0.001001161028364 0.787788092291153 2.866981500430453 0.483416063830490

818 2.000000000044985 16.743366883896396 0.001000000000006 0.824442141910102 2.999999999957395 0.000000000561201

819 2.000000000005286 5.820542572081427 0.001000000000047 0.950462045339912 2.999999998857472 0.000000000249038

820 2.000000000002318 20.425111851614876 0.001000000000000 0.732113399228296 2.999999999651566 0.000000000308335

821 2.000000000113051 3.122685409373053 0.001000000000220 0.749775602358423 2.999999999723587 0.000000000587226

822 2.000000000000004 5.399470988039180 0.001000000000363 0.811645165782507 2.999999999740609 0.000000000000780

823 2.000622720121181 0.033513068713428 0.001000194563698 0.356047648011684 0.468781268120083 0.225057753083261

824 2.000182690194350 0.058262179645677 0.001001078798205 0.680049374457671 2.106186570731425 2.213009937775770

825 2.000000000003944 10.116756179601522 0.001000000000001 0.840822275826919 2.999999999914811 0.000000000570833

826 2.000000000005149 3.537611149486823 0.001000000000105 0.664552879604338 2.999999999904932 0.000000001423576
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827 2.000000000030068 0.688121117143619 0.001000000000140 0.879455838883621 2.999999894755593 0.000000729118770

828 2.000000000010612 8.118633856895627 0.001000000000197 0.988674748036814 2.999999999588986 0.000000000439279

829 2.000000000072415 20.652521046127980 0.001000000000061 0.819752616204765 2.999999999411296 0.000000000313351

830 2.000000000065103 2.892210360425627 0.001000000001540 0.943851775992817 2.999999945254845 0.000004411725097

831 2.894849893745252 20.586981420567540 0.001000000000113 0.999999999994200 2.999999999951021 0.000000000095989

832 2.000000000009305 10.717402326086876 0.001000000000028 0.852834495335475 2.999999999957533 0.000000000671707

833 2.000000000017124 6.954622528437890 0.001000000000005 0.873663252507353 2.999999999902342 0.000000000156920

834 2.000000000046091 2.420202317102924 0.001000000000047 0.904321338763866 2.999999999739237 0.000000000653372

835 2.000000000044290 11.093926360167757 0.001000000000000 0.810911459030175 2.999999999803873 0.000000001366682

836 2.308272824112491 3.308909727305342 0.001000000000204 0.901272925926110 2.999999998606894 0.000000003420966

837 2.000000000594957 0.027700002164390 0.001000000000091 0.931592434274253 2.999999981205452 0.000000061224791

838 2.000000000030663 7.295096639174937 0.001000000000019 0.976508528605069 2.999999999789802 0.000000005026841

839 2.000000000941573 16.082476604735710 0.001000000000145 0.649306681061644 0.332176573113975 0.000000007584654

840 2.000000000067101 8.873996720406733 0.001000000000193 0.859207397312322 2.999999999960925 0.000000000004789

841 2.000000000000648 4.327453236132687 0.001000000000058 0.808484843881551 2.999999999802268 0.000000000533592

842 2.000000000004702 5.819849964817736 0.001000000000021 0.911093257530646 2.999999999959455 0.000000002529701

843 2.000198905180830 0.030702789712925 0.001000003041542 0.525330526986131 2.818363681448636 0.148040669025834

844 2.000000000085305 1.672721174506356 0.001000000000039 0.915378151375736 2.999999999999978 0.000000000018135

845 2.000000000060142 4.931488735161823 0.001000000000002 0.859573509321016 2.999999999478174 0.000000001326140

846 2.000000000004061 5.493078926851665 0.001000000000470 0.877046716593885 2.999999999975188 0.000000004564127

847 2.951839673559395 0.027700046094716 0.001000000052046 0.869584710552273 2.999978343892120 0.000016008562480

848 2.000000000006470 7.108224923862798 0.001000000000050 0.983736626633554 2.999999999870168 0.000000000086406

849 2.000000000049973 16.005738578565389 0.001000000000023 0.862834777793757 2.999999999998568 0.000000000049047

850 2.734235560737523 0.027869121763239 0.001001605991449 0.728909779194314 2.994761992797794 1.215378764730323

851 2.000000000045186 5.054139580758348 0.001000000000033 0.901251782910541 2.999999999730468 0.000000000686627

852 2.000000000047205 6.701672550554296 0.001000000000005 0.861570540293532 2.999999999940293 0.000000005319818

853 2.000000000000074 9.509250951542484 0.001000000000015 0.741873431242915 2.999999999990985 0.000000000342076

854 2.000000000709186 19.078555179469031 0.001000000009967 0.707337045304806 0.409573045476351 0.000009484671151

855 2.000000000044169 6.670455465233621 0.001000000000102 0.984109052337258 2.999999999976962 0.000000000697460

856 3.452884855090726 19.707881746414305 0.001000000000008 0.999999999971700 2.999999999879402 0.000000000017000

857 2.000000000267639 7.596072280922241 0.001000000000064 0.925091944136194 2.999999999878754 0.000000000024435

858 2.000000000028541 12.410215176450764 0.001000000000629 0.833785597090541 2.999999999976152 0.000000005301268

859 2.000000000001620 5.459628222567251 0.001000000000082 0.806206179098556 2.999999999866128 0.000000002168882

860 2.000000000000494 4.313316181700746 0.001000000000265 0.764275449890966 2.999999998805822 0.000000000678587

861 2.830372832375209 8.462392213489505 0.001000000000001 0.921703309900251 2.999999999610519 0.000000000522746

862 2.000000000001622 20.420366964397616 0.001000000000002 0.873136101159180 2.999999999708229 0.000000000449027

863 2.000005144053671 0.027702926336785 0.001000036074933 0.788630593134531 2.999530283259706 0.028398584392214

864 2.000000000049673 2.293207078284687 0.001000000000778 0.816631912005783 2.999999998859270 0.000000000160588

865 2.874954353057093 9.288496248770587 0.001000000000311 0.999999999999178 2.999999999639109 0.000000002064376

866 2.000000000000321 1.001581687062628 0.001000000000200 0.942774221634187 2.999999999757182 0.000000000099254

867 2.000000000000367 3.393084033316650 0.001000000000435 0.793670955213889 2.999999999852373 0.000000000557411

868 2.000000000005031 6.922692926932285 0.001000000000016 0.999999999996211 2.999999998971820 0.000000000691452

869 2.000000000071216 3.518326806733515 0.001000000000006 0.918935731957808 2.999999999516112 0.000000000545024

870 2.000000000030568 8.277915231393285 0.001000000000233 0.861395960784161 2.999999999779340 0.000000001834949

871 2.000000000027224 10.284416174237860 0.001000000000085 0.866433784561708 2.999999999504895 0.000000000016881

872 2.434051428345315 0.027700077804389 0.001000000562452 0.623177080811884 2.999509042491767 0.000217039251924

873 2.000000000032852 6.237666623192183 0.001000000000042 0.866827429241088 2.999999999917519 0.000000000011563

874 3.310760064352622 0.122222690676216 0.001000000000475 0.999999999999061 2.999999999999930 0.000000000891175

875 2.000000000000798 17.637560094750864 0.001000000000092 0.926169650387132 2.999999999918517 0.000000001084551

876 2.000000000025516 9.519868120666700 0.001000000000016 0.997016027501626 2.999999999957702 0.000000000078976

877 2.540345252844707 0.686792974929406 0.001000000000005 0.999999999999522 2.999999999773977 0.000000005043596

878 2.000000000006219 16.662378369100288 0.001000000000018 0.809380653656980 2.999999999986812 0.000000000138485

879 2.000000000017797 1.825560350463616 0.001000000000019 0.866438019571988 2.999999999762999 0.000000001501380

880 2.000000000115065 0.027700000547103 0.001000000000132 0.780841890232598 2.999999998598371 0.000000120028349

881 2.000000000017264 19.234396094075368 0.001000000000001 0.900588508722992 2.999999999990516 0.000000000046771

882 3.274767738717782 11.581409664235371 0.001000000000063 0.990341244715394 2.999999999858819 0.000000001458942

883 2.000000000009937 7.516115010904096 0.001000000000000 0.937068271876574 2.999999999991530 0.000000000614659

884 2.000000000036615 7.804176333099865 0.001000000000044 0.964747477524015 2.999999999998060 0.000000000503594

885 2.000000001303405 5.254026362454675 0.001000000002138 0.785958875976362 2.999999999761152 0.000000007135515
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886 2.000000000097894 3.791543608022019 0.001000000000113 0.935377601245417 2.999999998905896 0.000000003751564

887 2.000000000027773 10.237667589264674 0.001000000000244 0.982878265236398 2.999999999907023 0.000000003178218

888 2.000000000002475 7.431471960289490 0.001000000000128 0.882035586621132 2.999999999998392 0.000000004387622

889 2.000000676227716 0.027701042245812 0.001000145865751 0.556563052474352 2.977672085435178 0.004268167308011

890 2.000000000011902 10.206558817379149 0.001000000000409 0.819361126416118 2.999999999863338 0.000000000864173

891 2.000000000121083 2.435915147433633 0.001000000000009 0.863216370829632 2.999999999980760 0.000000001352533

892 2.000000000029169 8.098753580648562 0.001000000000229 0.920847426320977 2.999999999979672 0.000000000957473

893 2.000000000004928 2.634082582696466 0.001000000000139 0.907869377315498 2.999999999997745 0.000000000210039

894 2.000000000619812 13.166688764414992 0.001000000000007 0.815605510413618 2.999999999999951 0.000000005669131

895 2.000010203019930 0.027768905616923 0.001001430229712 0.687620006103658 2.910763285981887 0.014164217489475

896 2.000000000001462 3.478968568928526 0.001000000000049 0.948561155584572 2.999999998645509 0.000000001971002

897 2.000000000002375 6.920805132891387 0.001000000000244 0.883704072479753 2.999999999975209 0.000000000158328

898 2.000008866850087 0.027704162427353 0.001000002705550 0.769257195313336 2.999977964032337 0.000039427462821

899 2.000000000016667 6.638335931269090 0.001000000000160 0.695171234400127 2.999999999908796 0.000000000666330

900 2.000000000098268 17.243171601863907 0.001000000000169 0.759280178465837 2.999999999887580 0.000000009221506

901 2.000000000126276 4.277207801525975 0.001000000000040 0.739636971645027 2.999999999728686 0.000000000058146

902 2.000000000000095 3.064657850736345 0.001000000000011 0.956496618030884 2.999999999924779 0.000000001006135

903 2.000007021479191 0.027720476598353 0.001000340035432 0.887748936283366 2.998562321045792 0.149360437226802

904 3.011055255551598 15.905338755687316 0.001000000000020 0.998802793242142 2.999999998966930 0.000000000373691

905 2.000000000036383 4.024916252412865 0.001000000000181 0.930747347287114 2.999999998685943 0.000000001051787

906 2.000000000037362 20.789872287779708 0.001000000000023 0.886220427338143 2.999999999992014 0.000000000546521

907 2.000000000036868 11.533795938833961 0.001000000000145 0.907225433615489 2.999999999964963 0.000000002813940

908 2.521841183981487 1.386056412958235 0.001000000000330 0.946327122494403 2.999999999114766 0.000000000085933

909 2.000000000002538 9.740066951496164 0.001000000000001 0.974476362816870 2.999999999649035 0.000000000039657

910 2.002165521167342 0.027850483963399 0.001000085939918 0.597672914121342 2.921417269642855 0.000055973694950

911 2.000000000005750 1.835075989411978 0.001000000000238 0.815078696675236 2.999999999217986 0.000000000263609

912 2.000013245801708 0.030132250734163 0.001001313592144 0.662248750684962 2.998637932832199 0.131035488135025

913 3.344079154945566 1.420194578118230 0.001000000000078 0.916175448782055 2.999999999014840 0.000000000202057

914 2.000000000005000 6.534363433395383 0.001000000000017 0.753660634842902 2.999999999567284 0.000000001510948

915 3.220052433690743 0.027940826544197 0.001000109545962 0.990334362695861 2.999901431642997 0.035811888178773

916 2.000000000043054 9.508989222803592 0.001000000000092 0.819611974207667 2.999999999704718 0.000000000324567

917 3.230984059920571 8.011677911041719 0.001000000001186 0.999999999987850 2.999999999588157 0.000000000003565

918 2.000000000002475 12.430615176392626 0.001000000000005 0.910034162776789 2.999999999933098 0.000000000549712

919 2.000000000082936 5.509789926771034 0.001000000000118 0.933173524686877 2.999999999672101 0.000000000512848

920 2.000008630564806 0.027755867193607 0.001000585580119 0.735901839659791 2.920341407257221 0.002515652294988

921 2.000000000041598 11.391504559899280 0.001000000000113 0.872533272188513 2.999999998817978 0.000000000203461

922 2.000000015669300 0.027700003697129 0.001000000008891 0.497630916596669 2.999956213965232 0.000080281881755

923 2.000000000015150 14.706025543321598 0.001000000000173 0.816908037130823 2.999999999987312 0.000000000654914

924 2.618784923616762 19.411452587163851 0.001000000000211 0.868448492065075 2.999999999972061 0.000000000436416

925 2.000002549717783 0.027715016154396 0.001000264169758 0.730025715440382 2.999113088087456 0.210289677588024

926 2.000000000040659 8.955786881572646 0.001000000000157 0.934312088795762 2.999999999997177 0.000000003144477

927 3.197923662531957 6.902439487451662 0.001000000000029 0.999999999986022 2.999999999986148 0.000000002374436

928 2.000000000001915 2.438841121538708 0.001000000000000 0.778280789632899 2.999999999990177 0.000000000096259

929 2.000000001446061 19.619847334407073 0.001000000040543 0.837174481241653 2.999999993931019 4.999999759129117

930 2.000016243303918 0.028390604379467 0.001000176910153 0.876571811686398 2.998979144625634 0.041597850933029

931 2.000000000026098 8.254824304691606 0.001000000000000 0.803531560976080 2.999999999816535 0.000000000527615

932 2.000000000137340 2.224302943379982 0.001000000000072 0.900982893342549 2.999999999578848 0.000000000768251

933 3.053061907908624 6.034857124240603 0.001000000000063 0.964529331540948 2.999999999741563 0.000000000139270

934 2.734117443225243 7.003576953048649 0.001000000000049 0.903542690322153 2.999999999769197 0.000000001617308

935 2.000000000010448 3.052166202858865 0.001000000000106 0.847940391967704 2.999999999617480 0.000000000239715

936 2.000000000001633 8.942464061888776 0.001000000000005 0.959825718360301 2.999999999946072 0.000000000224318

937 2.751280325246635 12.621280505613214 0.001000000000002 0.968176162439294 2.999999999900647 0.000000000141525

938 2.093520136272753 9.497849322228310 0.001000057878468 0.736718193191673 2.999718059230878 0.237096906442299

939 2.000000333456961 0.027700672244524 0.001000001652061 0.725054424385510 2.998969422380392 0.000183675426619

940 2.000013027122887 0.027700048765811 0.001001045569681 0.378463372482678 2.818794796310562 2.269187064155416

941 2.000000000007421 3.340850154707236 0.001000000000013 0.919800917049689 2.999999999951453 0.000000000216541

942 2.000000000006904 5.660550984802939 0.001000000000001 0.900495199156930 2.999999999786406 0.000000003628934

943 2.000008366388438 0.027700006469175 0.001000010530790 0.574015285885804 2.999957267682600 0.000310372826124

944 2.000000000206260 4.332751997354619 0.001000000000004 0.900989431561578 2.999999999997894 0.000000013348143
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945 2.000000000057760 8.222060951112951 0.001000000000033 0.791705110037270 2.999999999355558 0.000000000001773

946 2.000000000019223 2.348073435586865 0.001000000000180 0.790186478240037 2.999999999142677 0.000000001462711

947 2.000000000007276 3.743089031498672 0.001000000000146 0.941322815211808 2.999999999766257 0.000000000004308

948 2.697367649858657 13.914890434413206 0.001000000000011 0.926386634647962 2.999999999966446 0.000000000038813

949 2.000000000000707 7.155546700276960 0.001000000000077 0.975339127627670 2.999999999463495 0.000000001021572

950 2.001166720126117 0.029667723555929 0.001010676231991 0.553330144276673 2.926123650825184 0.337961601727470

951 2.000000000018422 14.761022882936132 0.001000000000024 0.858532900268601 2.999999999839528 0.000000000161927

952 2.000000000043528 3.136145210693213 0.001000000000056 0.849662837027640 2.999999999983949 0.000000001998371

953 2.000000000000835 15.217646809865915 0.001000000000000 0.754834835964032 2.999999999897251 0.000000001457814

954 2.000000000000637 9.880028150424156 0.001000000000465 0.940076717321059 2.999999999806055 0.000000000008606

955 2.000000000017061 10.486466892047483 0.001000000000040 0.930769372981286 2.999999999957909 0.000000000195543

956 2.000000000015137 19.984152628132843 0.001000000000002 0.698528067351069 2.999999999909645 0.000000000894586

957 2.000000000033525 16.013975653205154 0.001000000000139 0.738940098100685 2.999999999902499 0.000000001057585

958 2.000000000000028 2.901574467629715 0.001000000000025 0.922848974069012 2.999999999332705 0.000000000077711

959 2.000000000000025 3.049144493253644 0.001000000000152 0.944391791400141 2.999999999067500 0.000000001208639

960 2.000000000009996 6.776485997819758 0.001000000000005 0.979245895914008 2.999999999427810 0.000000000048666

961 2.000000000046983 5.868555836910509 0.001000000000112 0.764072038853804 2.999999999966560 0.000000000207046

962 2.000000000067799 7.109449712735372 0.001000000001190 0.851937901967580 2.999999998963700 0.000000002931889

963 2.000000000024773 8.885331669419537 0.001000000000027 0.994926612983856 2.999999999741787 0.000000002070306

964 2.000000000003768 11.142739568230791 0.001000000000013 0.883714223528585 2.999999999887493 0.000000000656882

965 2.000000000061323 2.997318371056890 0.001000000000015 0.815116255536615 2.999999999801997 0.000000000624525

966 2.000000000040855 0.027700000054477 0.001000000000048 0.650729821660036 2.999999998049157 0.000000000993902

967 2.739496969396552 0.027701565928342 0.001001037395085 0.812706035976720 2.527486043262162 0.492758526887205

968 2.000000000001605 13.099010590212865 0.001000000000003 0.923886593831302 2.999999999992138 0.000000001727483

969 2.000000000003396 17.495243386249790 0.001000000000084 0.920012502610114 2.999999999576130 0.000000001541456

970 2.070855002011800 19.370877985315239 0.001000000000001 0.882857260628199 2.999999999677044 0.000000000002338

971 2.764411325669046 0.028313358657251 0.001000518692464 0.700255371637917 2.996261251912810 0.074980714670314

972 2.000000000000046 7.811567350383785 0.001000000000042 0.949622310966632 2.999999999380855 0.000000001766914

973 2.000000000474650 0.027700000703238 0.001000000002708 0.703664994477938 2.999999982724642 0.000000153302759

974 2.000000000049012 1.975032484258850 0.001000000000014 0.834506123348780 2.999999999898605 0.000000000268593

975 2.000000000047922 5.500557228485836 0.001000000000102 0.897924666442406 2.999999999874393 0.000000000200268

976 2.000000000024984 14.947546821708144 0.001000000000658 0.850258868991724 2.999999999392393 0.000000001147211

977 2.001237305276453 0.040197748048112 0.001005359612274 0.379403483308224 0.694813799042483 3.191735779789943

978 2.000000000009594 9.252874926547888 0.001000000000089 0.999999999988499 2.999999999989818 0.000000000548575

979 2.000000000127487 3.281269839043940 0.001000000000161 0.945902325347352 2.999999999486428 0.000000000257892

980 2.172154295837123 7.366358769940761 0.001000000000260 0.879784440259025 2.999999998577649 0.000000000520756

981 3.159046580208624 20.082307369823312 0.001000000000027 0.893517207531645 2.999999999181717 0.000000000073006

982 2.000000000070343 4.868728461061635 0.001000000000552 0.896031561312046 2.999999999264186 0.000000000339488

983 2.000000000003008 1.473020647934131 0.001000000000117 0.922401723627342 2.999999998649261 0.000000000319240

984 2.000022841075460 0.073437344084026 0.001000000019310 0.800194463035739 2.969274930165557 0.688952317176200

985 2.000000000002320 7.527324493153841 0.001000000000011 0.939145079739417 2.999999999996335 0.000000000006866

986 2.000043580596109 0.027728415723922 0.001000398987762 0.714576331391768 2.945228750398973 0.201896708291528

987 3.037300148703291 3.912826907994053 0.001000000000006 0.913752669459471 2.999999999410793 0.000000000664688

988 2.000000000121832 8.294195468733031 0.001000000000037 0.879478358625578 2.999999999997344 0.000000000744805

989 2.000000000035234 10.412170177342039 0.001000000000009 0.916426200203786 2.999999999999589 0.000000000266002

990 2.000000000044773 6.491326300777807 0.001000000000278 0.804654413625355 2.999999998991348 0.000000000000977

991 2.106573563480180 0.076798125960047 0.001237828797745 0.059587192729011 0.115621013657718 0.384926756717298

992 2.000000000003911 2.273970054505849 0.001000000000223 0.797401843080372 2.999999997856554 0.000000001679344

993 2.691198125477383 6.669800536522661 0.001000000000022 0.896735691466608 2.999999999580513 0.000000000248875

994 2.000000000003462 8.478481848617461 0.001000000000013 0.973739308327716 2.999999999996857 0.000000002091000

995 2.000000000002782 14.733210645394657 0.001000000000054 0.874185503491463 2.999999999018652 0.000000000141237

996 2.000000000006297 4.404573454707332 0.001000000000040 0.924715345358176 2.999999999994151 0.000000003724177

997 2.000000000115890 9.862102596467205 0.001000000000103 0.736688980959709 2.999999999851565 0.000000000164268

998 2.000000000000104 3.801578651648775 0.001000000000000 0.927610698029244 2.999999999983892 0.000000000006846

999 2.000000000053073 2.048933380490236 0.001000000000112 0.816904278852341 2.999999999991373 0.000000000008812

1000 2.000000000045920 10.414003876706982 0.001000000000013 0.902314929199628 2.999999999539643 0.000000004568365
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Table A.3: The results of optimisations for 1000 rounds of Nelder-Mead simplex

algorithm for low LET IR using 1000 bootstrap data sets.

A.4.5 Estimated parameters using 1000 bootstrap survival

data sets for high LET

Run δ α1 α2 p Vmax KM

1 2.000000000059444 20.374867983879465 0.001000000000001 0.999999999999762 2.999999999329699 0.000000001669725

2 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

3 2.000000000124310 2.614552495834114 0.001000000000000 0.999999999999187 2.999999997976015 0.000000000000023

4 2.000000000008478 18.285708562647798 0.001000000000013 0.999999999999985 2.999999999974956 0.000000001824129

5 2.000000000409338 20.199863323024136 0.001000000000004 0.999999999998499 2.999999999882046 0.000000000055728

6 2.000000000037693 14.778858311666092 0.001000000000074 0.999999999999256 2.999999999977909 0.000000000000075

7 2.000000000056490 15.597380991156669 0.001000000000140 0.999999999999476 2.999999999837676 0.000000000100847

8 2.000000000114215 17.573197694217210 0.001000000000271 0.999999999998443 2.999999999965709 0.000000000053627

9 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

10 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

11 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

12 2.000000000101413 12.231813996183911 0.001000000000046 0.999999999998595 2.999999999722242 0.000000000094737

13 2.000000000590529 20.594560209807462 0.001000000000018 0.999999999999537 2.999999999927048 0.000000001388488

14 2.000000000018768 16.114056991655701 0.001000000000959 0.999999999997550 2.999999999966998 0.000000000000061

15 2.000000001083014 17.107039814043482 0.001000000000055 0.999999999999835 2.999999999492968 0.000000000248052

16 2.000000000368305 19.009892232532412 0.001000000000181 0.999999999999613 2.999999999435802 0.000000001677706

17 2.000000000059946 20.231395399989690 0.001000000000000 0.999999999999989 2.999999999797264 0.000000000054756

18 2.000000000007326 11.621985622021601 0.001000000000002 0.999999999999995 2.999999999725284 0.000000000317004

19 2.000000000006851 9.156379903734937 0.001000000000103 0.999999999997520 2.999999999994619 0.000000000296961

20 2.000000000000061 15.710629637833067 0.001000000000013 0.999999999999728 2.999999999645472 0.000000000343611

21 2.000000000002369 19.233603815998066 0.001000000000062 0.999999999999945 2.999999999972345 0.000000000041625

22 2.000000000065708 7.389239283395876 0.001000000000187 0.999999999999776 2.999999999980348 0.000000000000083

23 2.000000000075427 20.337228012400050 0.001000000000098 0.999999999999999 2.999999999521442 0.000000001769089

24 2.000000000036012 13.459574720273976 0.001000000000054 1.000000000000000 2.999999999872550 0.000000000121282

25 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

26 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

27 2.000000000009450 0.823814280752754 0.001000000000294 0.999999999999893 2.999999999948431 0.000000000001120

28 2.000000000085537 19.629869370776412 0.001000000000002 0.999999999998723 2.999999999896581 0.000000000002575

29 2.000000000018972 2.609727199072349 0.001000000000002 0.999999999999701 2.999999999946365 0.000000000000005

30 2.000000000035812 20.764686281090011 0.001000000000005 0.999999999999998 2.999999999819912 0.000000000482783

31 2.000000000064755 11.865699768854151 0.001000000000003 0.999999999999904 2.999999999990302 0.000000000001471

32 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

33 2.000000000036012 13.459574720273976 0.001000000000054 1.000000000000000 2.999999999872550 0.000000000121282

34 2.000000000000981 1.873728810619090 0.001000000000423 0.999999999999747 2.999999999986899 0.000000000087632

35 2.000000000002042 18.278274853865113 0.001000000000044 0.999999999999863 2.999999999963998 0.000000000001157

36 2.000000000033293 4.651964168884549 0.001000000000220 0.999999999999796 2.999999999652761 0.000000000251195

37 2.000000000171114 20.495875012171300 0.001000000000148 0.999999999998998 2.999999999647413 0.000000000382650

38 2.000000000002413 8.725514561328257 0.001000000000017 0.999999999999996 2.999999999801306 0.000000000005021

39 2.000000000200659 19.914892599878552 0.001000000000220 0.999999999999813 2.999999999346287 0.000000000005433

40 2.000000000073847 16.223117401847261 0.001000000000153 0.999999999999838 2.999999999979057 0.000000000427856

41 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

42 2.000000000028171 18.251770149481807 0.001000000000022 1.000000000000000 2.999999999964680 0.000000002117372

43 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167
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44 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

45 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

46 2.000000000003305 0.847638479690710 0.001000000000061 0.999999999999725 2.999999999982312 0.000000000255829

47 2.000000000138840 20.056195331704323 0.001000000000025 0.999999999999866 2.999999999999270 0.000000000196489

48 2.000000000007326 11.621985622021601 0.001000000000002 0.999999999999995 2.999999999725284 0.000000000317004

49 2.000000000000032 16.467092861285028 0.001000000000009 0.999999999999825 2.999999999961636 0.000000000001660

50 2.000000000047352 20.773907054990595 0.001000000000197 0.999999999999657 2.999999999998372 0.000000000926397

51 2.000000000201950 18.907436117431651 0.001000000000137 0.999999999996463 2.999999999721814 0.000000000063383

52 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

53 2.000000000068278 16.551692018483394 0.001000000000038 0.999999999999881 2.999999999976861 0.000000000222339

54 2.000000000001803 17.584282540085930 0.001000000000018 0.999999999999608 2.999999999951305 0.000000000001218

55 2.000000000037427 18.939560995952910 0.001000000000003 0.999999999998166 2.999999999881105 0.000000002643604

56 2.000000000006661 11.826803233744755 0.001000000000031 0.999999999999643 2.999999999999610 0.000000000049717

57 2.000000000004504 16.367948375300802 0.001000000000037 0.999999999999693 2.999999999999845 0.000000000031004

58 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

59 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

60 2.000000000037307 19.185564008520529 0.001000000000721 0.999999999998002 2.999999999938102 0.000000000331180

61 2.000000000015376 15.195538372366364 0.001000000001071 0.999999999999163 2.999999999543292 0.000000000114943

62 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

63 2.000000000003677 19.655218074330268 0.001000000000018 0.999999999999778 2.999999999747017 0.000000001921850

64 2.000000000141199 0.952476230342684 0.001000000000059 0.999999999999987 2.999999999910053 0.000000000035278

65 6.356445247892557 7.545256237393655 0.001000000000032 0.999999999999980 2.999999999982381 0.000000000018576

66 2.000000000026695 19.871864164761472 0.001000000000196 0.999999999999257 2.999999999963632 0.000000000001479

67 2.000000000116122 0.399643685604631 0.001000000000024 0.999999999999916 2.999999999896495 0.000000000006944

68 2.000000000105416 20.325323681756554 0.001000000000184 0.999999999998342 2.999999999542480 0.000000000640510

69 2.000000000006733 18.210452615704192 0.001000000000001 0.999999999998990 2.999999999972370 0.000000000148522

70 2.000000000268441 20.446486536857105 0.001000000000017 0.999999999995906 2.999999999861767 0.000000003069253

71 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

72 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

73 2.000000000002365 12.061912890176778 0.001000000000001 0.999999999999947 2.999999999811313 0.000000000114722

74 2.000000000018158 14.986883615790347 0.001000000000034 0.999999999999969 2.999999999982447 0.000000000136799

75 2.000000000000097 13.393769821667522 0.001000000000001 0.999999999999783 2.999999999951200 0.000000000000584

76 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

77 2.000000000005324 15.625035141564441 0.001000000000032 0.999999999999975 2.999999999866502 0.000000000037760

78 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

79 2.000000000003677 19.655218074330268 0.001000000000018 0.999999999999778 2.999999999747017 0.000000001921850

80 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

81 2.000000000077627 20.686074576420189 0.001000000000022 0.999999999999200 2.999999999751130 0.000000000288937

82 2.000000000017915 19.350339206369366 0.001000000000009 0.999999999999755 2.999999999850645 0.000000000724249

83 2.000000000000367 18.818737219456736 0.001000000000003 0.999999999999931 2.999999999986929 0.000000000207283

84 2.000000000180820 18.912220793289986 0.001000000000073 0.999999999998920 2.999999999326213 0.000000000094297

85 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

86 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

87 2.000000000215718 19.801323964939616 0.001000000000040 0.999999999999766 2.999999999999229 0.000000000056911

88 2.000000000000496 20.136030100257244 0.001000000000391 0.999999999995324 2.999999998722894 0.000000000728251

89 2.000000000140426 10.541718584772882 0.001000000000013 0.999999999994739 2.999999999999711 0.000000000495474

90 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

91 2.000000000002228 19.051543128758052 0.001000000000028 0.999999999999997 2.999999999996157 0.000000000114161

92 2.000000000078333 18.912262099326526 0.001000000000394 0.999999999999166 2.999999999910539 0.000000000316794

93 2.417054373563151 20.682557339107962 0.001000000000003 0.999999999999952 2.999999999998885 0.000000000352866

94 2.000000000132094 15.489859591107345 0.001000000000045 0.999999999999988 2.999999999900425 0.000000001602693

95 2.000000000011271 15.465397813864335 0.001000000000000 0.999999999999984 2.999999999995018 0.000000000175297

96 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

97 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

98 2.000000000167275 18.335695590398668 0.001000000000552 0.999999999999979 2.999999999901800 0.000000000000004

99 2.000000000155138 4.354690480330338 0.001000000000322 0.999999999999864 2.999999999993615 0.000000005068813

100 2.000000000001831 20.417734992821792 0.001000000000035 0.999999999999984 2.999999999994390 0.000000000067355

101 2.000000000012290 18.884557159491418 0.001000000000096 0.999999999999997 2.999999999409513 0.000000000010080

102 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580
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103 2.000000000000032 11.602799670138085 0.001000000000003 0.999999999999996 2.999999999997960 0.000000000000517

104 2.000000000045068 20.242261041906534 0.001000000000064 0.999999999999756 2.999999999971248 0.000000000873709

105 2.000000000295170 20.123621339785032 0.001000000000239 0.999999999999749 2.999999999026489 0.000000000802086

106 2.000000000484068 10.910603753181588 0.001000000000002 0.999999999998762 2.999999999453784 0.000000001791114

107 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

108 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

109 5.931817821914540 0.028636709721689 0.001000000000063 0.999999999999760 2.999999999672700 0.000000000030825

110 2.000000000173291 17.107686186124301 0.001000000000023 0.999999999999709 2.999999999536430 0.000000000089159

111 2.000000000119406 20.588573245188563 0.001000000000001 0.999999999999996 2.999999999954536 0.000000000112864

112 2.000000000019605 20.077704075970015 0.001000000000000 0.999999999999917 2.999999999966773 0.000000000243944

113 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

114 2.000000000942925 20.296583394845218 0.001000000000437 0.999999999993972 2.999999999625428 0.000000000037002

115 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

116 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

117 2.000000000000304 20.787319103597710 0.001000000000006 0.999999999999994 2.999999999997500 0.000000000059564

118 2.000000000038107 15.974916616490992 0.001000000000005 0.999999999999838 2.999999999603517 0.000000000071890

119 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

120 2.000000000037588 7.634671658404160 0.001000000000000 0.999999999999988 2.999999999996963 0.000000000047341

121 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

122 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

123 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

124 2.000000000291978 14.956009839600384 0.001000000000008 0.999999999998685 2.999999999806906 0.000000001225190

125 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

126 2.000000000091667 20.265894815059045 0.001000000000061 0.999999999999916 2.999999999407388 0.000000001788220

127 2.000000000000118 0.408850433046796 0.001000000000010 0.999999999999795 2.999999998567619 0.000000000089681

128 2.000000000008471 20.448665100666837 0.001000000000460 0.999999999999965 2.999999999896097 0.000000002759160

129 2.000000000375741 18.885197817793383 0.001000000000029 0.999999999999671 2.999999999992050 0.000000001342992

130 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

131 2.000000000012273 10.697462747781351 0.001000000000002 0.999999999999968 2.999999999991163 0.000000000020755

132 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

133 4.746237577940350 19.785292210846080 0.001000000000085 0.999999999995226 2.999999999707698 0.000000001555008

134 2.000000000018394 14.958197507656726 0.001000000000141 0.999999999999769 2.999999999516898 0.000000001044971

135 2.000000000043908 1.872364050262448 0.001000000000091 0.999999999999996 2.999999999544694 0.000000000384918

136 2.000000000106458 20.785786204525202 0.001000000000243 0.999999999999571 2.999999999700628 0.000000000072335

137 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

138 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

139 2.000000000093667 18.912163069001384 0.001000000000390 0.999999999999003 2.999999999998680 0.000000002839273

140 2.000000000296631 13.278118728151133 0.001000000001370 0.999999999999432 2.999999998494644 0.000000000133600

141 2.000000000002053 12.745509404794934 0.001000000000012 0.999999999999966 2.999999999881033 0.000000000069081

142 2.000000000059876 20.591397347287970 0.001000000000010 1.000000000000000 2.999999999978060 0.000000000023982

143 2.000000000107631 19.930739054112447 0.001000000000103 0.999999999998263 2.999999999758416 0.000000000089855

144 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

145 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

146 2.000000000307482 17.103096133219683 0.001000000000143 0.999999999999590 2.999999999996156 0.000000007492419

147 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

148 2.000000000002641 9.140540510820037 0.001000000000005 0.999999999999980 2.999999999985751 0.000000000021687

149 2.000000000091452 20.764675531299371 0.001000000000046 1.000000000000000 2.999999999828107 0.000000000038948

150 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

151 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

152 2.000000000368305 19.009892232532412 0.001000000000181 0.999999999999613 2.999999999435802 0.000000001677706

153 2.000000000323988 16.443197912782963 0.001000000000011 0.999999999997383 2.999999999928235 0.000000000013980

154 2.000000000065382 13.239519239429297 0.001000000000015 0.999999999999773 2.999999999983039 0.000000000208908

155 2.000000000284389 17.048977708880027 0.001000000000004 0.999999999997906 2.999999999533023 0.000000000104689

156 2.000000000069379 18.917437640049670 0.001000000000021 0.999999999999984 2.999999999803686 0.000000001693023

157 2.000000000186391 19.690419732832275 0.001000000000189 0.999999999998810 2.999999999066257 0.000000001690292

158 2.000000000011912 18.701208392277341 0.001000000000004 0.999999999999995 2.999999999979045 0.000000000042602

159 2.000000000297496 16.558168643936732 0.001000000000027 0.999999999997690 2.999999999762020 0.000000000780759

160 2.000000000033293 4.651964168884549 0.001000000000220 0.999999999999796 2.999999999652761 0.000000000251195

161 2.000000000000084 2.492547276646806 0.001000000000006 0.999999999999967 2.999999999874957 0.000000000025350
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162 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

163 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

164 2.000000000144496 17.049573659419114 0.001000000000091 0.999999999995633 2.999999999988408 0.000000000238854

165 2.000000000176297 20.433829643477200 0.001000000000011 0.999999999999271 2.999999999789953 0.000000002121122

166 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

167 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

168 2.000000000090640 20.092438795337532 0.001000000000049 0.999999999999981 2.999999999890854 0.000000000989271

169 2.000000000021240 20.212663143072415 0.001000000000007 1.000000000000000 2.999999999998892 0.000000000851444

170 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

171 2.000000000296169 5.475782900868603 0.001000000000011 0.999999999999945 2.999999999799636 0.000000000340485

172 2.000000000067704 19.791611366467844 0.001000000000046 0.999999999999997 2.999999999907768 0.000000002289426

173 2.000000000034127 15.268165902736392 0.001000000000066 0.999999999999921 2.999999999855589 0.000000001064229

174 2.000000000001612 0.546214518882735 0.001000000000002 0.999999999996597 2.999999999403937 0.000000000001510

175 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

176 2.000000000112200 9.101554002695449 0.001000000000015 0.999999999995721 2.999999996057326 0.000000005453143

177 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

178 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

179 2.000000000033426 14.545400871125413 0.001000000000014 0.999999999999994 2.999999999338882 0.000000000028574

180 2.000000000083508 19.735187948498883 0.001000000000299 0.999999999999986 2.999999999637273 0.000000000006223

181 2.000000000028399 20.255896823909172 0.001000000000072 0.999999999997673 2.999999999581569 0.000000000209686

182 2.000000000050160 0.866936339640635 0.001000000000028 0.999999999999654 2.999999999969210 0.000000000145084

183 2.000000000501859 20.607497262214419 0.001000000000035 0.999999999999761 2.999999999743579 0.000000000308043

184 2.000000000008471 20.448665100666837 0.001000000000460 0.999999999999965 2.999999999896097 0.000000002759160

185 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

186 2.000000000100734 20.290745547779050 0.001000000000845 0.999999999999700 2.999999999998060 0.000000001641789

187 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

188 2.000000000000068 20.029846452343516 0.001000000000017 0.999999999999918 2.999999999972962 0.000000000064656

189 2.000000000006807 17.927488532149038 0.001000000000000 0.999999999999386 2.999999999997969 0.000000000050665

190 2.000000000002639 17.763281322823044 0.001000000000000 0.999999999999731 2.999999999835676 0.000000000770084

191 2.000000001083014 17.107039814043482 0.001000000000055 0.999999999999835 2.999999999492968 0.000000000248052

192 2.000000000514404 19.118274862335017 0.001000000000757 0.999999999993150 2.999999998630500 0.000000003910361

193 2.000000000093667 18.912163069001384 0.001000000000390 0.999999999999003 2.999999999998680 0.000000002839273

194 2.000000000000496 20.136030100257244 0.001000000000391 0.999999999995324 2.999999998722894 0.000000000728251

195 2.000000000219481 17.137358718463453 0.001000000000000 0.999999999996949 2.999999999419268 0.000000000347836

196 2.000000000007839 19.112321725352853 0.001000000000013 0.999999999999531 2.999999999901186 0.000000000215067

197 2.000000000002369 19.233603815998066 0.001000000000062 0.999999999999945 2.999999999972345 0.000000000041625

198 2.000000000003677 20.239174650037306 0.001000000000010 0.999999999997808 2.999999999896909 0.000000000110573

199 2.000000000005077 14.958005371348623 0.001000000000083 0.999999999999996 2.999999999999984 0.000000000018670

200 2.000000000293280 15.566285047439845 0.001000000000302 0.999999999999929 2.999999999885130 0.000000000881783

201 2.000000000073611 19.941294664931455 0.001000000000006 0.999999999999941 2.999999999849495 0.000000000677708

202 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

203 2.000000000028089 20.418664791893015 0.001000000000325 1.000000000000000 2.999999996712892 0.000000000867254

204 2.000000000080858 18.106127481064888 0.001000000000059 0.999999999999771 2.999999999970403 0.000000001056265

205 2.000000000291978 14.956009839600384 0.001000000000008 0.999999999998685 2.999999999806906 0.000000001225190

206 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

207 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

208 2.000000001027346 19.248179280377251 0.001000000000078 0.999999999999997 2.999999999470742 0.000000007695537

209 2.000000000090640 20.092438795337532 0.001000000000049 0.999999999999981 2.999999999890854 0.000000000989271

210 2.000000000000502 17.422517280554406 0.001000000000010 0.999999999998973 2.999999999976178 0.000000000065820

211 2.000000000000951 14.747783363191582 0.001000000000128 0.999999999999942 2.999999999304313 0.000000000044716

212 2.000000000004708 18.176552653922155 0.001000000000023 0.999999999999961 2.999999999992464 0.000000000266532

213 2.000000000215718 19.801323964939616 0.001000000000040 0.999999999999766 2.999999999999229 0.000000000056911

214 2.000000000002641 9.140540510820037 0.001000000000005 0.999999999999980 2.999999999985751 0.000000000021687

215 2.000000000019818 20.316343469065849 0.001000000000125 0.999999999996546 2.999999999910491 0.000000000324517

216 2.000000000013948 19.109772065817729 0.001000000000993 0.999999999999875 2.999999999582878 0.000000000413790

217 2.000000000219481 17.137358718463453 0.001000000000000 0.999999999996949 2.999999999419268 0.000000000347836

218 2.000000000018394 14.958197507656726 0.001000000000141 0.999999999999769 2.999999999516898 0.000000001044971

219 2.000000000019818 20.316343469065849 0.001000000000125 0.999999999996546 2.999999999910491 0.000000000324517

220 2.000000000000656 1.414290351157161 0.001000000000009 0.999999999999480 2.999999999189583 0.000000000117963
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221 2.000000000000487 0.070073604920370 0.001000000000000 0.999999999999852 2.999999999976426 0.000000000018979

222 2.000000000022847 3.905566375869756 0.001000000000010 0.999999999999929 2.999999999959014 0.000000000009831

223 2.000000000040195 16.265455904660005 0.001000000000030 0.999999999999998 2.999999999215623 0.000000000045052

224 2.000000000089984 19.551145367788330 0.001000000000006 0.999999999999427 2.999999999148618 0.000000000026205

225 2.000000000012205 19.801734752702565 0.001000000000013 0.999999999998354 2.999999999421613 0.000000000027902

226 2.000000000017403 19.050556481053313 0.001000000000007 0.999999999999947 2.999999999913626 0.000000000052006

227 2.000000000028142 18.215637058002681 0.001000000000000 0.999999999999839 2.999999999924225 0.000000000006705

228 2.000000000004381 18.211498178087723 0.001000000000024 0.999999999999996 2.999999999992582 0.000000000049364

229 2.000000000084953 12.472016447380270 0.001000000000159 0.999999999999998 2.999999999999985 0.000000000147816

230 2.000000000230999 20.049595893140367 0.001000000000059 0.999999999998566 2.999999998595591 0.000000000179153

231 2.000000000165476 20.598239422758919 0.001000000000032 0.999999999999959 2.999999999969352 0.000000000164498

232 2.000000000027437 16.410764852849702 0.001000000000041 0.999999999999909 2.999999999876263 0.000000000240337

233 2.000000000140787 19.794734547739903 0.001000000000089 0.999999999999844 2.999999999829830 0.000000000167770

234 2.000000000004708 18.176552653922155 0.001000000000023 0.999999999999961 2.999999999992464 0.000000000266532

235 2.000000000000181 16.685435632441777 0.001000000000264 0.999999999999969 2.999999999576240 0.000000000003329

236 2.000000000022092 13.249441268474952 0.001000000000020 0.999999999998398 2.999999999807999 0.000000000101948

237 2.000000000375741 18.885197817793383 0.001000000000029 0.999999999999671 2.999999999992050 0.000000001342992

238 2.000000000084191 20.452787792241764 0.001000000000277 0.999999999999782 2.999999999929472 0.000000001690566

239 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

240 2.000000000025284 9.474983507027096 0.001000000000010 0.999999999999950 2.999999999970586 0.000000000159004

241 2.000000000000038 14.929475495875893 0.001000000000301 0.999999999999119 2.999999999940974 0.000000000411393

242 2.000000000056910 18.633866462257281 0.001000000000050 0.999999999999847 2.999999999616130 0.000000000037814

243 2.000000000005723 19.081659721965021 0.001000000000799 0.999999999995135 2.999999999952479 0.000000000199845

244 2.000000000003329 15.359993649410770 0.001000000000012 0.999999999999657 2.999999999758193 0.000000000084209

245 2.000000000009328 20.068558831834977 0.001000000000291 0.999999999999916 2.999999999238089 0.000000000824715

246 2.000000000077182 20.541045546955630 0.001000000000185 0.999999999998872 2.999999999999978 0.000000000817203

247 2.000000000000945 15.084816449921240 0.001000000000000 1.000000000000000 2.999999999972823 0.000000000558357

248 2.000000000000964 20.316113604686585 0.001000000000009 0.999999999999740 2.999999999990327 0.000000000010306

249 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

250 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

251 2.000000000119096 19.545912884335401 0.001000000000002 0.999999999999591 2.999999999912222 0.000000000138398

252 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

253 2.000000000007951 13.279944970757555 0.001000000000000 0.999999999998480 2.999999999579723 0.000000000299423

254 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

255 2.000000000009963 2.648760509307296 0.001000000000006 1.000000000000000 2.999999999999546 0.000000000000663

256 2.000000000007056 18.207142358615712 0.001000000000000 0.999999999999890 2.999999999976293 0.000000000016368

257 2.000000000058530 19.554783844269327 0.001000000000049 0.999999999999939 2.999999999999720 0.000000000805341

258 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

259 2.000000000004449 20.290916401710497 0.001000000000036 0.999999999994087 2.999999999702825 0.000000000439640

260 2.000000000078333 18.912262099326526 0.001000000000394 0.999999999999166 2.999999999910539 0.000000000316794

261 2.000000000042585 20.316486578463387 0.001000000000281 0.999999999999800 2.999999999971059 0.000000000060491

262 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

263 2.000000000028142 18.215637058002681 0.001000000000000 0.999999999999839 2.999999999924225 0.000000000006705

264 2.000000000033293 4.651964168884549 0.001000000000220 0.999999999999796 2.999999999652761 0.000000000251195

265 2.000000001254019 20.075994273685577 0.001000000003952 0.999999999998184 2.999999999964126 0.000000005296387

266 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

267 2.000000000000239 20.771894635877945 0.001000000000030 0.999999999999628 2.999999999927539 0.000000000432407

268 2.000000000186927 0.407613707409658 0.001000000000026 0.999999999999999 2.999999999224154 0.000000000305112

269 2.000000000155138 4.354690480330338 0.001000000000322 0.999999999999864 2.999999999993615 0.000000005068813

270 2.000000000176297 20.433829643477200 0.001000000000011 0.999999999999271 2.999999999789953 0.000000002121122

271 2.000000000201950 18.907436117431651 0.001000000000137 0.999999999996463 2.999999999721814 0.000000000063383

272 2.000000000000219 20.350171293899113 0.001000000000183 0.999999999999996 2.999999999812399 0.000000001516437

273 2.000000000019820 19.801196790271277 0.001000000000075 0.999999999999135 2.999999999845574 0.000000000086171

274 2.000000000197385 20.318135237444029 0.001000000000080 0.999999999998780 2.999999999850737 0.000000000147164

275 2.000000000001803 17.584282540085930 0.001000000000018 0.999999999999608 2.999999999951305 0.000000000001218

276 2.000000000020238 11.435305646146372 0.001000000000058 0.999999999999269 2.999999999976297 0.000000000680191

277 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

278 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

279 2.000000000003346 16.454091450921190 0.001000000000002 1.000000000000000 2.999999999890498 0.000000000036055
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280 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

281 2.000000000200218 18.102392678474182 0.001000000000028 0.999999999999960 2.999999999934211 0.000000000623475

282 2.000000000004305 18.758487338682102 0.001000000000000 0.999999999991014 2.999999999764739 0.000000002374342

283 2.000000000000270 18.279390010522395 0.001000000000012 0.999999999999974 2.999999999998507 0.000000000183685

284 2.000000000002557 19.865495208815631 0.001000000000019 0.999999999999680 2.999999999999380 0.000000000000018

285 2.000000000044671 0.847581971628956 0.001000000000004 0.999999999999477 2.999999999993300 0.000000000326246

286 5.384689073379001 20.746406098943737 0.001000000000017 0.999999999990243 2.999999999388093 0.000000002807956

287 2.218546719162732 20.063969118504392 0.001000000000000 0.999999999999997 2.999999999963785 0.000000000002964

288 2.000000000086999 20.061318033544964 0.001000000000021 0.999999999998822 2.999999999576226 0.000000000234696

289 2.000000000023575 20.757886009887120 0.001000000000001 0.999999999999874 2.999999999275877 0.000000000121251

290 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

291 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

292 2.000000000268441 20.446486536857105 0.001000000000017 0.999999999995906 2.999999999861767 0.000000003069253

293 2.000000000001257 17.986390491962400 0.001000000000051 1.000000000000000 2.999999999834150 0.000000000234622

294 2.000000000053109 4.651887507246677 0.001000000000307 0.999999999999584 2.999999999526662 0.000000000207259

295 2.000000000107631 19.930739054112447 0.001000000000103 0.999999999998263 2.999999999758416 0.000000000089855

296 2.000000000769843 20.140677094176969 0.001000000000000 0.999999999998729 2.999999997658303 0.000000000882749

297 2.000000000000981 1.873728810619090 0.001000000000423 0.999999999999747 2.999999999986899 0.000000000087632

298 2.000000000022847 3.905566375869756 0.001000000000010 0.999999999999929 2.999999999959014 0.000000000009831

299 2.000000000091186 14.781881091576130 0.001000000000042 0.999999999999830 2.999999999506785 0.000000000099153

300 2.000000000013948 19.109772065817729 0.001000000000993 0.999999999999875 2.999999999582878 0.000000000413790

301 2.000000000000964 20.316113604686585 0.001000000000009 0.999999999999740 2.999999999990327 0.000000000010306

302 2.000000000311332 20.441577406682686 0.001000000000007 0.999999999996792 2.999999999886981 0.000000000023814

303 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

304 2.000000000167058 18.102363710997551 0.001000000000006 0.999999999999569 2.999999999970886 0.000000000336856

305 2.000000000012884 13.459258157589883 0.001000000000062 0.999999999999556 2.999999999618755 0.000000000049055

306 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

307 2.000000000020478 20.212660528082374 0.001000000000007 0.999999999999998 2.999999999998255 0.000000000871649

308 2.000000000000981 1.873728810619090 0.001000000000423 0.999999999999747 2.999999999986899 0.000000000087632

309 2.000000000000169 8.526952333778237 0.001000000000006 0.999999999999999 2.999999999964370 0.000000000002305

310 2.000000000002335 2.681201443100794 0.001000000000051 0.999999999999879 2.999999999997226 0.000000000321584

311 2.000000000012884 13.459258157589883 0.001000000000062 0.999999999999556 2.999999999618755 0.000000000049055

312 2.000000000006575 20.060263170700868 0.001000000000015 0.999999999999870 2.999999999998547 0.000000000114076

313 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

314 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

315 2.000000000001859 20.778499890249687 0.001000000000016 0.999999999999999 2.999999999980230 0.000000000622163

316 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

317 2.000000000000000 20.083373217384690 0.001000000000001 0.999999999999835 2.999999999547400 0.000000000000027

318 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

319 2.000000000022073 19.082982830446156 0.001000000000096 0.999999999999147 2.999999999415225 0.000000000019447

320 2.000000000002487 4.652089680768934 0.001000000000296 0.999999999999748 2.999999999980603 0.000000000111973

321 2.000000000002917 0.642045684723102 0.001000000000000 0.999999999999933 2.999999999999655 0.000000000072846

322 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

323 2.000000000010252 20.267057024688654 0.001000000000044 0.999999999998545 2.999999999799760 0.000000001643684

324 2.000000000007799 18.207037675117377 0.001000000000006 0.999999999999892 2.999999999926201 0.000000000049519

325 2.000000000000002 19.393512869168315 0.001000000000254 0.999999999999638 2.999999999838018 0.000000000020686

326 2.000000000291978 14.956009839600384 0.001000000000008 0.999999999998685 2.999999999806906 0.000000001225190

327 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

328 2.000000000027765 1.961268326236680 0.001000000000138 0.999999999999933 2.999999999825652 0.000000000282762

329 2.000000000000542 8.526764936558099 0.001000000000003 0.999999999999996 2.999999999954646 0.000000000000697

330 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

331 2.000000000000654 0.638911809518345 0.001000000000001 0.999999999999840 2.999999999865050 0.000000000195388

332 2.000000000380958 19.718813990268188 0.001000000000331 0.999999999999788 2.999999999629644 0.000000000232824

333 2.000000000116122 0.399643685604631 0.001000000000024 0.999999999999916 2.999999999896495 0.000000000006944

334 2.000000000000774 5.191474108038015 0.001000000000004 0.999999999999798 2.999999999988340 0.000000000359278

335 2.000000000006773 15.982341095677629 0.001000000000023 0.999999999999867 2.999999999872628 0.000000000014078

336 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

337 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

338 2.000000000004504 16.367948375300802 0.001000000000037 0.999999999999693 2.999999999999845 0.000000000031004
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339 2.000000000022575 15.970153329071868 0.001000000000031 0.999999999999995 2.999999999999073 0.000000000622805

340 2.000000000099978 20.557865991155804 0.001000000000001 0.999999999998974 2.999999998894436 0.000000002533405

341 2.000000000018394 14.958197507656726 0.001000000000141 0.999999999999769 2.999999999516898 0.000000001044971

342 2.000000000201950 18.907436117431651 0.001000000000137 0.999999999996463 2.999999999721814 0.000000000063383

343 2.000000000001911 20.217289955037927 0.001000000000196 0.999999999992195 2.999999999955826 0.000000000077882

344 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

345 2.000000000037286 17.627548237938559 0.001000000000042 0.999999999999228 2.999999999916042 0.000000000036711

346 5.032929137312148 13.031530358089134 0.001000000000065 0.999999999998468 2.999999999905829 0.000000000039840

347 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

348 2.000000000014182 19.225359373462162 0.001000000000002 0.999999999999919 2.999999999932488 0.000000000003215

349 2.000000000011912 18.701208392277341 0.001000000000004 0.999999999999995 2.999999999979045 0.000000000042602

350 2.000000000025638 18.217165731348135 0.001000000000000 0.999999999999830 2.999999999831180 0.000000000151320

351 2.000000000022356 16.562226694741021 0.001000000000042 0.999999999999059 2.999999999436119 0.000000000601330

352 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

353 2.000000000024419 14.611088415732070 0.001000000000010 1.000000000000000 2.999999999860783 0.000000000241429

354 2.000000000001283 18.207218920985866 0.001000000000020 0.999999999999999 2.999999999955479 0.000000000038685

355 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

356 2.000000000000901 2.676261472868217 0.001000000000009 0.999999999998819 2.999999999943896 0.000000000203360

357 2.000000000017797 2.622512737467474 0.001000000000324 0.999999999999952 2.999999999986763 0.000000000001429

358 2.000000000200218 18.102392678474182 0.001000000000028 0.999999999999960 2.999999999934211 0.000000000623475

359 2.000000000049730 20.137980616223096 0.001000000000229 0.999999999999898 2.999999999657784 0.000000000004515

360 2.000000000000243 14.776445987493636 0.001000000000007 0.999999999999987 2.999999998992805 0.000000000154041

361 2.000000000036012 13.459574720273976 0.001000000000054 1.000000000000000 2.999999999872550 0.000000000121282

362 2.000000000284389 17.048977708880027 0.001000000000004 0.999999999997906 2.999999999533023 0.000000000104689

363 2.000000000034127 15.268165902736392 0.001000000000066 0.999999999999921 2.999999999855589 0.000000001064229

364 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

365 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

366 2.000000000097527 17.221951947948526 0.001000000000000 0.999999999999959 2.999999999854683 0.000000000179066

367 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

368 2.000000000002917 15.548036124664932 0.001000000000015 0.999999999999752 2.999999999984782 0.000000000048664

369 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

370 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

371 2.000000000017717 18.276077472033791 0.001000000000005 0.999999999999460 2.999999999679315 0.000000000199293

372 2.000000000000433 0.823639041772745 0.001000000000023 0.999999999998164 2.999999999998403 0.000000000373299

373 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

374 2.000000000004109 19.071258228388540 0.001000000000000 0.999999999999988 2.999999999998291 0.000000000000865

375 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

376 2.000000000155138 4.354690480330338 0.001000000000322 0.999999999999864 2.999999999993615 0.000000005068813

377 2.000000000024811 20.653497760986365 0.001000000000006 0.999999999999930 2.999999999981131 0.000000000314861

378 2.000000000000433 0.823639041772745 0.001000000000023 0.999999999998164 2.999999999998403 0.000000000373299

379 2.000000000099978 20.557865991155804 0.001000000000001 0.999999999998974 2.999999998894436 0.000000002533405

380 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

381 2.000000000003664 13.249857132523797 0.001000000000024 0.999999999999706 2.999999999986313 0.000000000094655

382 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

383 2.000000000064755 11.865699768854151 0.001000000000003 0.999999999999904 2.999999999990302 0.000000000001471

384 2.000000000005774 0.893398298380466 0.001000000000106 0.999999999999855 2.999999999798456 0.000000000004567

385 2.000000000441880 20.059583351312074 0.001000000000270 0.999999999999686 2.999999999989103 0.000000000286001

386 2.000000000065382 13.239519239429297 0.001000000000015 0.999999999999773 2.999999999983039 0.000000000208908

387 2.000000000043083 12.129521277505020 0.001000000000011 0.999999999999855 2.999999999976043 0.000000000067288

388 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

389 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

390 2.000000000019818 20.316343469065849 0.001000000000125 0.999999999996546 2.999999999910491 0.000000000324517

391 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

392 2.000000000044671 0.847581971628956 0.001000000000004 0.999999999999477 2.999999999993300 0.000000000326246

393 2.000000000013289 0.317994858513494 0.001000000000173 0.999999999999947 2.999999999999985 0.000000000002961

394 2.000000000011811 17.315803381925924 0.001000000000011 0.999999999998506 2.999999999844714 0.000000000030792

395 2.000000000018223 8.501106349366477 0.001000000000042 0.999999999999767 2.999999999987170 0.000000000002948

396 2.000000000015540 14.425332519481218 0.001000000000000 0.999999999999205 2.999999999859826 0.000000000143160

397 2.000000000005715 20.781608582694119 0.001000000000118 0.999999999999507 2.999999999708355 0.000000000559357
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398 2.000000000036012 13.459574720273976 0.001000000000054 1.000000000000000 2.999999999872550 0.000000000121282

399 2.000000000001612 0.546214518882735 0.001000000000002 0.999999999996597 2.999999999403937 0.000000000001510

400 2.000000000057165 20.611961876901528 0.001000000000003 0.999999999998702 2.999999999957552 0.000000000004229

401 2.000000000484068 10.910603753181588 0.001000000000002 0.999999999998762 2.999999999453784 0.000000001791114

402 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

403 2.000000000034107 20.043713756766330 0.001000000000250 0.999999999999900 2.999999991582902 0.000000008499398

404 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

405 2.000000000195803 19.803714056286978 0.001000000000198 0.999999999998643 2.999999999603038 0.000000000841408

406 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

407 2.000000000071079 10.626939032346060 0.001000000000034 0.999999999999845 2.999999999690783 0.000000000001083

408 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

409 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

410 2.000000000001019 17.091351052637993 0.001000000000050 0.999999999999893 2.999999999956101 0.000000000000566

411 2.000000000284389 17.048977708880027 0.001000000000004 0.999999999997906 2.999999999533023 0.000000000104689

412 2.000000000019818 20.316343469065849 0.001000000000125 0.999999999996546 2.999999999910491 0.000000000324517

413 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

414 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

415 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

416 2.000000000317530 5.261572743825170 0.001000000000127 0.999999999999800 2.999999999992958 0.000000000519871

417 2.000000000000487 0.070073604920370 0.001000000000000 0.999999999999852 2.999999999976426 0.000000000018979

418 2.000000000097156 20.313616349213671 0.001000000000252 0.999999999997149 2.999999999072962 0.000000001982643

419 2.000000000164733 20.543634999259808 0.001000000000019 0.999999999995981 2.999999999999913 0.000000000000678

420 2.000000000030641 1.434748955705915 0.001000000000006 0.999999999999993 2.999999999999786 0.000000000101305

421 2.000000000078333 18.912262099326526 0.001000000000394 0.999999999999166 2.999999999910539 0.000000000316794

422 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

423 2.000000000115658 20.450824459918028 0.001000000000108 0.999999999987834 2.999999995116987 0.000000000677091

424 2.000000000058384 20.539351588304879 0.001000000000004 0.999999999999960 2.999999999998187 0.000000000023124

425 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

426 2.000000000160257 13.239070788507636 0.001000000000005 0.999999999999817 2.999999999848610 0.000000000000027

427 2.000000000769843 20.140677094176969 0.001000000000000 0.999999999998729 2.999999997658303 0.000000000882749

428 2.000000000062471 20.555086315974208 0.001000000000010 0.999999999999315 2.999999999494000 0.000000000109957

429 2.000000000010497 19.878760306710241 0.001000000000075 0.999999999999609 2.999999999993622 0.000000000566745

430 2.000000000001029 18.594090358957935 0.001000000000049 0.999999999999963 2.999999999983830 0.000000000146724

431 2.000000000010043 19.796923363555386 0.001000000000006 0.999999999998983 2.999999999902507 0.000000001025933

432 2.000000000375741 18.885197817793383 0.001000000000029 0.999999999999671 2.999999999992050 0.000000001342992

433 2.000000000012834 20.457133909103586 0.001000000000073 0.999999999999908 2.999999999802810 0.000000000456206

434 2.000000000029893 18.795812034149773 0.001000000000012 0.999999999999751 2.999999999989705 0.000000000156209

435 2.000000000037307 19.185564008520529 0.001000000000721 0.999999999998002 2.999999999938102 0.000000000331180

436 2.000000000022092 13.249441268474952 0.001000000000020 0.999999999998398 2.999999999807999 0.000000000101948

437 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

438 2.000000000118902 17.430424390893741 0.001000000000100 0.999999999999211 2.999999999011326 0.000000000021140

439 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

440 2.000000000045165 11.223412279578893 0.001000000000070 0.999999999999952 2.999999999980274 0.000000000167731

441 2.000000000006733 18.210452615704192 0.001000000000001 0.999999999998990 2.999999999972370 0.000000000148522

442 2.000000000034561 15.904258409043543 0.001000000000029 1.000000000000000 2.999999999701065 0.000000000310511

443 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

444 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

445 2.000000000001283 18.207218920985866 0.001000000000020 0.999999999999999 2.999999999955479 0.000000000038685

446 2.000000000030641 1.434748955705915 0.001000000000006 0.999999999999993 2.999999999999786 0.000000000101305

447 2.000000000018394 14.958197507656726 0.001000000000141 0.999999999999769 2.999999999516898 0.000000001044971

448 2.000000000136956 7.299553507247629 0.001000000000064 0.999999999999940 2.999999999118063 0.000000000163209

449 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

450 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

451 2.000000000521641 13.244264065781181 0.001000000000115 0.999999999999428 2.999999999847408 0.000000000521542

452 2.000000000001721 19.655110084448243 0.001000000000010 0.999999999999643 2.999999999857462 0.000000000012538

453 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

454 2.000000000018673 12.803212689458386 0.001000000000000 0.999999999999864 2.999999999997963 0.000000000016276

455 2.000000000008478 18.285708562647798 0.001000000000013 0.999999999999985 2.999999999974956 0.000000001824129

456 2.000000000171912 19.082725852713601 0.001000000000043 0.999999999996566 2.999999999967562 0.000000000080015
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457 2.000000000006733 18.210452615704192 0.001000000000001 0.999999999998990 2.999999999972370 0.000000000148522

458 2.000000000019493 18.358336039679973 0.001000000000012 0.999999999999988 2.999999999717514 0.000000000104152

459 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

460 2.000000000608824 19.787616351769323 0.001000000000069 0.999999999999987 2.999999999672366 0.000000002044337

461 2.000000000038771 19.927739734225007 0.001000000000038 0.999999999999840 2.999999999456624 0.000000000228482

462 2.000000000000141 1.425342633276796 0.001000000000031 0.999999999997863 2.999999999984127 0.000000000008301

463 2.000000000088134 19.878647428505488 0.001000000000010 0.999999999999889 2.999999999788279 0.000000000000543

464 2.000000000028142 18.215637058002681 0.001000000000000 0.999999999999839 2.999999999924225 0.000000000006705

465 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

466 2.000000000186391 19.690419732832275 0.001000000000189 0.999999999998810 2.999999999066257 0.000000001690292

467 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

468 2.000000000003118 10.877403598708121 0.001000000000001 0.999999999998991 2.999999999966342 0.000000000025882

469 2.000000000153931 20.355359294290512 0.001000000000029 0.999999999999782 2.999999999982260 0.000000000656638

470 2.000000000091140 11.808402401923802 0.001000000000209 0.999999999999981 2.999999999952373 0.000000000000010

471 2.000000000009963 10.519232407837649 0.001000000000599 0.999999999997554 2.999999999754730 0.000000000276021

472 2.000000000000608 17.217882120127214 0.001000000000001 1.000000000000000 2.999999999987392 0.000000000033215

473 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

474 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

475 2.000000000003508 11.452547647945083 0.001000000000000 0.999999999999204 2.999999999965557 0.000000000043084

476 2.000000000001283 18.207218920985866 0.001000000000020 0.999999999999999 2.999999999955479 0.000000000038685

477 2.000000000007847 16.950269675633123 0.001000000000004 0.999999999999814 2.999999999990410 0.000000000004225

478 2.000000000219481 17.137358718463453 0.001000000000000 0.999999999996949 2.999999999419268 0.000000000347836

479 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

480 2.000000000029893 18.795812034149773 0.001000000000012 0.999999999999751 2.999999999989705 0.000000000156209

481 2.000000000007326 11.621985622021601 0.001000000000002 0.999999999999995 2.999999999725284 0.000000000317004

482 2.000000000012884 13.459258157589883 0.001000000000062 0.999999999999556 2.999999999618755 0.000000000049055

483 2.000000000091140 11.808402401923802 0.001000000000209 0.999999999999981 2.999999999952373 0.000000000000010

484 2.000000000229067 7.299600554534313 0.001000000000001 0.999999999999045 2.999999999993859 0.000000000487601

485 2.000000000007056 18.207142358615712 0.001000000000000 0.999999999999890 2.999999999976293 0.000000000016368

486 2.000000000000565 1.344526978589959 0.001000000000023 0.999999999999563 2.999999999943916 0.000000000033777

487 2.000000000017915 19.350339206369366 0.001000000000009 0.999999999999755 2.999999999850645 0.000000000724249

488 2.000000000003677 19.655218074330268 0.001000000000018 0.999999999999778 2.999999999747017 0.000000001921850

489 2.000000000000219 20.350171293899113 0.001000000000183 0.999999999999996 2.999999999812399 0.000000001516437

490 2.000000000026695 19.871864164761472 0.001000000000196 0.999999999999257 2.999999999963632 0.000000000001479

491 2.000000000160257 13.239070788507636 0.001000000000005 0.999999999999817 2.999999999848610 0.000000000000027

492 2.000000000058530 19.554783844269327 0.001000000000049 0.999999999999939 2.999999999999720 0.000000000805341

493 2.000000000014386 13.439064246977912 0.001000000000170 0.999999999999906 2.999999999989766 0.000000000186688

494 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

495 2.000000000396420 19.943016760109973 0.001000000000248 0.999999999999999 2.999999999883304 0.000000000000551

496 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

497 2.000000000000028 11.783235118397560 0.001000000000024 0.999999999999754 2.999999999496916 0.000000000012602

498 2.000000000296631 13.278118728151133 0.001000000001370 0.999999999999432 2.999999998494644 0.000000000133600

499 2.000000000352198 19.962210612572200 0.001000000000166 0.999999999999693 2.999999999807781 0.000000000391200

500 2.000000000000359 18.458981430886972 0.001000000000018 0.999999999999999 2.999999999999916 0.000000000039698

501 2.000000000153642 20.092388623199945 0.001000000000034 0.999999999999915 2.999999999490263 0.000000000955590

502 2.000000000006733 18.210452615704192 0.001000000000001 0.999999999998990 2.999999999972370 0.000000000148522

503 2.000000000007233 19.876105362732833 0.001000000000033 0.999999999999998 2.999999999982911 0.000000001862328

504 2.000000000003677 19.655218074330268 0.001000000000018 0.999999999999778 2.999999999747017 0.000000001921850

505 2.000000000001080 0.316186275884172 0.001000000000041 0.999999999999975 2.999999999839500 0.000000000737134

506 2.000000000002133 12.231547894962924 0.001000000000004 0.999999999999919 2.999999999974406 0.000000000076797

507 2.000000000018293 16.854749846691046 0.001000000000069 0.999999999999225 2.999999999677017 0.000000000041801

508 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

509 2.000000000000040 18.214594741083719 0.001000000000026 0.999999999999434 2.999999999990260 0.000000000007815

510 2.000000000002719 19.734492055169230 0.001000000000103 0.999999999998754 2.999999999689534 0.000000001669805

511 2.000000000018394 14.958197507656726 0.001000000000141 0.999999999999769 2.999999999516898 0.000000001044971

512 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

513 2.000000000000327 10.886425357268829 0.001000000000029 0.999999999999210 2.999999999899646 0.000000000002099

514 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

515 2.000000000000578 16.391940000231557 0.001000000000000 0.999999999999987 2.999999999998224 0.000000000086471
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516 2.000000000000673 20.613391951765678 0.001000000000022 0.999999999999635 2.999999999893601 0.000000000017925

517 2.000000000219481 17.137358718463453 0.001000000000000 0.999999999996949 2.999999999419268 0.000000000347836

518 2.000000000009963 10.519232407837649 0.001000000000599 0.999999999997554 2.999999999754730 0.000000000276021

519 2.000000000003305 0.847638479690710 0.001000000000061 0.999999999999725 2.999999999982312 0.000000000255829

520 2.000000000138840 20.056195331704323 0.001000000000025 0.999999999999866 2.999999999999270 0.000000000196489

521 2.000000000020478 20.212660528082374 0.001000000000007 0.999999999999998 2.999999999998255 0.000000000871649

522 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

523 2.000000000124310 2.614552495834114 0.001000000000000 0.999999999999187 2.999999997976015 0.000000000000023

524 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

525 2.000000000007839 19.112321725352853 0.001000000000013 0.999999999999531 2.999999999901186 0.000000000215067

526 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

527 2.000000000085520 17.329946893117544 0.001000000000039 0.999999999999941 2.999999999906958 0.000000000000443

528 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

529 4.566147363301654 20.736449650121987 0.001000000000004 0.999999999999994 2.999999999971753 0.000000000007329

530 2.000000000000154 20.036679997649749 0.001000000000091 0.999999999999973 2.999999999841543 0.000000000009958

531 2.000000000116122 0.399643685604631 0.001000000000024 0.999999999999916 2.999999999896495 0.000000000006944

532 2.000000000004449 20.290916401710497 0.001000000000036 0.999999999994087 2.999999999702825 0.000000000439640

533 2.000000000002765 17.820846350468223 0.001000000000067 0.999999999999200 2.999999999565437 0.000000000001985

534 2.000000000005774 0.893398298380466 0.001000000000106 0.999999999999855 2.999999999798456 0.000000000004567

535 2.000000000022073 19.082982830446156 0.001000000000096 0.999999999999147 2.999999999415225 0.000000000019447

536 2.000000000011587 17.400689230733722 0.001000000000040 0.999999999999430 2.999999999988055 0.000000002002658

537 2.000000000000190 20.591309794184202 0.001000000000353 0.999999999999939 2.999999999983224 0.000000000256200

538 2.000000000200378 1.946571080311953 0.001000000000042 0.999999999999942 2.999999999909329 0.000000000466729

539 3.874101472647747 20.266206805975887 0.001000000000162 0.999999999999469 2.999999999884982 0.000000000067423

540 2.000000000000196 5.720819008686378 0.001000000000001 0.999999999999997 2.999999999990529 0.000000000004615

541 2.000000000020742 9.094482928245034 0.001000000000035 0.999999999999891 2.999999999869421 0.000000000040751

542 2.000000000160257 13.239070788507636 0.001000000000005 0.999999999999817 2.999999999848610 0.000000000000027

543 2.000000000034127 15.268165902736392 0.001000000000066 0.999999999999921 2.999999999855589 0.000000001064229

544 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

545 2.000000000016036 16.227218270881131 0.001000000000000 0.999999999999968 2.999999999865630 0.000000000004343

546 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

547 2.000000000044671 0.847581971628956 0.001000000000004 0.999999999999477 2.999999999993300 0.000000000326246

548 5.181461041496615 19.930073901576819 0.001000000000000 0.999999999999534 2.999999999897534 0.000000000025520

549 2.000000000018251 2.849771804238354 0.001000000000003 0.999999999999933 2.999999999886556 0.000000000015632

550 2.000000000071480 20.006559674271116 0.001000000000001 0.999999999999157 2.999999999999988 0.000000000058950

551 2.000000000003118 10.877403598708121 0.001000000000001 0.999999999998991 2.999999999966342 0.000000000025882

552 2.000000000000327 10.886425357268829 0.001000000000029 0.999999999999210 2.999999999899646 0.000000000002099

553 2.000000000047829 20.013148450031302 0.001000000000007 0.999999999999029 2.999999999968173 0.000000000096519

554 2.000000000012884 13.459258157589883 0.001000000000062 0.999999999999556 2.999999999618755 0.000000000049055

555 2.000000000001612 0.546214518882735 0.001000000000002 0.999999999996597 2.999999999403937 0.000000000001510

556 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

557 2.000000000003525 18.348631497412754 0.001000000000145 0.999999999996384 2.999999999845829 0.000000000143903

558 2.000000000028157 20.096266642754063 0.001000000000156 0.999999999999942 2.999999999993502 0.000000000029278

559 2.000000000001612 0.546214518882735 0.001000000000002 0.999999999996597 2.999999999403937 0.000000000001510

560 2.000000000001521 15.068882993958709 0.001000000000005 0.999999999999941 2.999999999998408 0.000000000096217

561 2.000000000021913 19.667523728245875 0.001000000000158 0.999999999999819 2.999999999749834 0.000000001548794

562 2.000000000001019 17.091351052637993 0.001000000000050 0.999999999999893 2.999999999956101 0.000000000000566

563 2.000000000200659 19.914892599878552 0.001000000000220 0.999999999999813 2.999999999346287 0.000000000005433

564 2.000000000375741 18.885197817793383 0.001000000000029 0.999999999999671 2.999999999992050 0.000000001342992

565 2.000000000020735 19.191841865047621 0.001000000000042 0.999999999999838 2.999999999618779 0.000000000020481

566 2.000000000002580 20.242440915639847 0.001000000000003 0.999999999998884 2.999999999809621 0.000000000263447

567 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

568 3.752012447027545 20.469329122227901 0.001000000000001 1.000000000000000 2.999999999942419 0.000000000012431

569 2.000000000009963 2.648760509307296 0.001000000000006 1.000000000000000 2.999999999999546 0.000000000000663

570 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

571 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

572 2.000000000140426 10.541718584772882 0.001000000000013 0.999999999994739 2.999999999999711 0.000000000495474

573 2.000000000036025 9.668148834082890 0.001000000000129 0.999999999999625 2.999999998905749 0.000000000007299

574 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092
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575 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

576 2.000000000005778 19.329033022226987 0.001000000000041 0.999999999997961 2.999999999999566 0.000000000317235

577 2.000000000293725 20.722815524630878 0.001000000000864 0.999999999999682 2.999999999352709 0.000000003686312

578 2.000000000014895 14.856382683246384 0.001000000000008 0.999999999999989 2.999999999992770 0.000000000026372

579 2.000000000095888 19.409831119682146 0.001000000000365 0.999999999998774 2.999999999952614 0.000000000415913

580 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

581 2.000000000002169 18.964469497315765 0.001000000000006 0.999999999999895 2.999999999995219 0.000000000647215

582 2.000000000011030 19.920811896203329 0.001000000000131 0.999999999999933 2.999999999997015 0.000000002183977

583 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

584 2.000000000201579 20.017890089161572 0.001000000000102 0.999999999999513 2.999999996175329 0.000000002143519

585 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

586 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

587 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

588 2.000000000033531 17.032460102900039 0.001000000000013 1.000000000000000 2.999999999395417 0.000000000206548

589 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

590 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

591 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

592 2.000000000014382 20.340289110876153 0.001000000000062 0.999999999998716 2.999999999970350 0.000000002193136

593 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

594 2.000000000035350 1.873967132966709 0.001000000000250 0.999999999999855 2.999999999999748 0.000000000694720

595 2.000000000059210 10.755749837614712 0.001000000000089 0.999999999999641 2.999999998318587 0.000000000384595

596 2.000000000064559 14.599738845134540 0.001000000000017 0.999999999999891 2.999999999939302 0.000000000027004

597 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

598 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

599 2.000000000000774 5.191474108038015 0.001000000000004 0.999999999999798 2.999999999988340 0.000000000359278

600 2.000000000038535 15.922350551343600 0.001000000000000 0.999999999999875 2.999999999995792 0.000000000002588

601 2.000000000245950 20.450098492275732 0.001000000000299 0.999999999998865 2.999999999858258 0.000000000001339

602 2.000000000000496 20.136030100257244 0.001000000000391 0.999999999995324 2.999999998722894 0.000000000728251

603 2.000000000123176 16.095259929626003 0.001000000000247 0.999999999998409 2.999999999866188 0.000000000023618

604 2.000000000602462 20.223150567090080 0.001000000001234 0.999999999991654 2.999999994196428 0.000000000244255

605 2.000000000186391 19.690419732832275 0.001000000000189 0.999999999998810 2.999999999066257 0.000000001690292

606 2.000000000251732 19.243826481861753 0.001000000000435 0.999999999999598 2.999999998750990 0.000000000275188

607 2.000000000000774 5.191474108038015 0.001000000000004 0.999999999999798 2.999999999988340 0.000000000359278

608 2.000000000068278 16.551692018483394 0.001000000000038 0.999999999999881 2.999999999976861 0.000000000222339

609 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

610 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

611 2.000000000019818 20.316343469065849 0.001000000000125 0.999999999996546 2.999999999910491 0.000000000324517

612 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

613 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

614 2.000000000003664 13.249857132523797 0.001000000000024 0.999999999999706 2.999999999986313 0.000000000094655

615 2.000000000017915 19.350339206369366 0.001000000000009 0.999999999999755 2.999999999850645 0.000000000724249

616 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

617 2.000000000000008 2.469298652044758 0.001000000000000 0.999999999999997 2.999999999989168 0.000000000013894

618 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

619 2.000000000000063 20.077652030794400 0.001000000000000 0.999999999999997 2.999999999914078 0.000000000000814

620 2.000000000105199 20.549486089070736 0.001000000000419 0.999999999999929 2.999999999759621 0.000000000779003

621 2.000000000078131 20.208162690781275 0.001000000000007 0.999999999994382 2.999999999992721 0.000000000058699

622 2.000000000000118 0.408850433046796 0.001000000000010 0.999999999999795 2.999999998567619 0.000000000089681

623 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

624 2.000000000001803 17.584282540085930 0.001000000000018 0.999999999999608 2.999999999951305 0.000000000001218

625 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

626 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

627 2.000000000009226 20.170341249201329 0.001000000000007 0.999999999998460 2.999999999397661 0.000000002606483

628 2.000000000521641 13.244264065781181 0.001000000000115 0.999999999999428 2.999999999847408 0.000000000521542

629 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

630 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

631 2.000000000009963 10.519232407837649 0.001000000000599 0.999999999997554 2.999999999754730 0.000000000276021

632 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

633 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343
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634 2.000000000003645 19.752581898099685 0.001000000000000 0.999999999999998 2.999999999923431 0.000000000179697

635 2.000000000006069 17.090869603923231 0.001000000000052 0.999999999999999 2.999999999732076 0.000000000016017

636 2.000000000003677 19.655218074330268 0.001000000000018 0.999999999999778 2.999999999747017 0.000000001921850

637 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

638 2.000000000002696 17.434460851049693 0.001000000000034 0.999999999999908 2.999999999451913 0.000000000154223

639 2.000000000004449 20.290916401710497 0.001000000000036 0.999999999994087 2.999999999702825 0.000000000439640

640 2.000000000023676 20.433085372823697 0.001000000000088 0.999999999999950 2.999999999191416 0.000000000091286

641 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

642 2.000000000000656 1.414290351157161 0.001000000000009 0.999999999999480 2.999999999189583 0.000000000117963

643 2.000000000009463 14.591827450423464 0.001000000000013 0.999999999999998 2.999999999987625 0.000000000183299

644 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

645 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

646 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

647 2.000000000011003 19.081629994695721 0.001000000000243 0.999999999998315 2.999999999350678 0.000000001554123

648 2.000000000028846 11.622665717847809 0.001000000000011 0.999999999999964 2.999999999818628 0.000000000046779

649 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

650 2.000000000015426 16.393516158293490 0.001000000000002 1.000000000000000 2.999999999841093 0.000000001026816

651 2.000000000206405 20.749726708368538 0.001000000000061 0.999999999999066 2.999999999115961 0.000000001044879

652 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

653 2.000000000021145 19.618520825043021 0.001000000000047 0.999999999999951 2.999999999800767 0.000000000295288

654 2.000000000307362 12.841209324959628 0.001000000000400 0.999999999999974 2.999999999937436 0.000000000774176

655 2.000000000000063 20.077652030794400 0.001000000000000 0.999999999999997 2.999999999914078 0.000000000000814

656 2.000000000079093 16.986486882962293 0.001000000000003 0.999999999999979 2.999999999917057 0.000000000097468

657 2.000000000004291 19.945404278649669 0.001000000000009 0.999999999999991 2.999999999544558 0.000000000146547

658 2.000000000000171 9.204467327228544 0.001000000000004 0.999999999999988 2.999999999999742 0.000000000031203

659 2.000000000003786 4.176457026176712 0.001000000000075 0.999999999999916 2.999999999936919 0.000000000458399

660 2.000000000007951 13.279944970757555 0.001000000000000 0.999999999998480 2.999999999579723 0.000000000299423

661 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

662 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

663 2.000000000105416 20.325323681756554 0.001000000000184 0.999999999998342 2.999999999542480 0.000000000640510

664 2.000000000019059 0.083508762004345 0.001000000000000 0.999999999999981 2.999999999936402 0.000000000002805

665 2.000000000000025 19.752621250794196 0.001000000000000 0.999999999999398 2.999999999869876 0.000000000362095

666 2.000000000108233 19.640115728507268 0.001000000000016 0.999999999999885 2.999999999584076 0.000000000175743

667 2.000000000231283 19.032814021947225 0.001000000000008 0.999999999999908 2.999999999859857 0.000000000251691

668 2.000000000049730 20.137980616223096 0.001000000000229 0.999999999999898 2.999999999657784 0.000000000004515

669 2.000000000016158 19.050106353348880 0.001000000000004 0.999999999999676 2.999999999999780 0.000000000335382

670 2.000000000484068 10.910603753181588 0.001000000000002 0.999999999998762 2.999999999453784 0.000000001791114

671 2.000000000001787 16.448620366249589 0.001000000000033 0.999999999999690 2.999999999704913 0.000000000115846

672 2.000000000020478 20.212660528082374 0.001000000000007 0.999999999999998 2.999999999998255 0.000000000871649

673 2.000000000083508 19.735187948498883 0.001000000000299 0.999999999999986 2.999999999637273 0.000000000006223

674 2.000000000053109 4.651887507246677 0.001000000000307 0.999999999999584 2.999999999526662 0.000000000207259

675 2.000000000056910 18.633866462257281 0.001000000000050 0.999999999999847 2.999999999616130 0.000000000037814

676 2.000000000049730 20.137980616223096 0.001000000000229 0.999999999999898 2.999999999657784 0.000000000004515

677 2.000000000037307 19.185564008520529 0.001000000000721 0.999999999998002 2.999999999938102 0.000000000331180

678 2.000000000196438 20.023616159156976 0.001000000000000 0.999999999996981 2.999999999968607 0.000000000438478

679 2.000000000166379 17.501245987008407 0.001000000000000 0.999999999999504 2.999999999987055 0.000000000124966

680 2.000000000002025 17.131037204044876 0.001000000000038 1.000000000000000 2.999999999703596 0.000000004085941

681 2.000000000001335 13.923506849546252 0.001000000000042 0.999999999999043 2.999999999949623 0.000000000054393

682 2.000000000000156 20.779284886882216 0.001000000000017 0.999999999999986 2.999999999947313 0.000000000002712

683 2.000000000000219 19.744917906392555 0.001000000000075 0.999999999995359 2.999999999283040 0.000000000012636

684 2.000000000022560 18.360966431340035 0.001000000000002 0.999999999999948 2.999999999989617 0.000000000159736

685 2.000000000001856 20.238240679365585 0.001000000000105 0.999999999996428 2.999999999924530 0.000000001267038

686 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

687 2.000000000012205 19.801734752702565 0.001000000000013 0.999999999998354 2.999999999421613 0.000000000027902

688 2.000000000012789 20.290774738211724 0.001000000000312 0.999999999998315 2.999999999408692 0.000000000029701

689 2.000000000033628 17.032494774530196 0.001000000000015 0.999999999999889 2.999999999410921 0.000000000097990

690 2.000000000005077 14.958005371348623 0.001000000000083 0.999999999999996 2.999999999999984 0.000000000018670

691 2.000000000003118 10.877403598708121 0.001000000000001 0.999999999998991 2.999999999966342 0.000000000025882

692 2.000000000011564 8.392176984447193 0.001000000000045 0.999999999999932 2.999999999738547 0.000000000060509
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693 2.000000000004504 16.367948375300802 0.001000000000037 0.999999999999693 2.999999999999845 0.000000000031004

694 2.000000000308166 15.552093624347203 0.001000000000001 0.999999999999971 2.999999999899689 0.000000000867924

695 2.000000000265663 20.246602150473560 0.001000000000000 0.999999999999844 2.999999999870286 0.000000000210535

696 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

697 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

698 2.000000000144496 17.049573659419114 0.001000000000091 0.999999999995633 2.999999999988408 0.000000000238854

699 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

700 2.000000000030496 20.345492668534192 0.001000000000013 0.999999999999870 2.999999999862077 0.000000000106189

701 2.000000000015825 17.726571791356470 0.001000000000007 0.999999999999410 2.999999999842810 0.000000000018054

702 2.000000000003915 19.806543269530636 0.001000000000043 0.999999999999450 2.999999999954730 0.000000000336345

703 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

704 2.000000000090640 20.092438795337532 0.001000000000049 0.999999999999981 2.999999999890854 0.000000000989271

705 2.000000000000139 18.046213570379059 0.001000000000003 0.999999999999979 2.999999999999441 0.000000000008464

706 2.000000000000565 1.344526978589959 0.001000000000023 0.999999999999563 2.999999999943916 0.000000000033777

707 2.000000000006136 18.523282349138420 0.001000000000002 0.999999999999899 2.999999999982228 0.000000000046310

708 2.000000000011283 9.870445070474030 0.001000000000046 0.999999999999972 2.999999999991465 0.000000000057574

709 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

710 2.000000000003645 19.752581898099685 0.001000000000000 0.999999999999998 2.999999999923431 0.000000000179697

711 2.000000000000968 18.213732878265937 0.001000000000017 0.999999999999808 2.999999999985898 0.000000000105392

712 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

713 2.000000000027587 11.451444559287015 0.001000000000125 0.999999999999779 2.999999999988714 0.000000000030883

714 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

715 2.000000000034898 18.331189693379116 0.001000000000051 1.000000000000000 2.999999999085885 0.000000000120295

716 2.000000000123690 14.960349226679204 0.001000000000000 0.999999999997475 2.999999999582864 0.000000001930592

717 2.000000000769843 20.140677094176969 0.001000000000000 0.999999999998729 2.999999997658303 0.000000000882749

718 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

719 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

720 2.000000000000588 17.071326542548601 0.001000000000052 0.999999999999994 2.999999999917189 0.000000000005011

721 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

722 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

723 2.000000000003118 10.877403598708121 0.001000000000001 0.999999999998991 2.999999999966342 0.000000000025882

724 2.000000000308166 15.552093624347203 0.001000000000001 0.999999999999971 2.999999999899689 0.000000000867924

725 2.000000000001283 18.207218920985866 0.001000000000020 0.999999999999999 2.999999999955479 0.000000000038685

726 2.000000000013762 11.899990136666654 0.001000000000162 0.999999999999787 2.999999999778879 0.000000000100002

727 2.000000000010497 19.878760306710241 0.001000000000075 0.999999999999609 2.999999999993622 0.000000000566745

728 2.000000000024239 20.400132234255686 0.001000000000082 0.999999999989730 2.999999999933332 0.000000000159543

729 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

730 2.000000000124310 2.614552495834114 0.001000000000000 0.999999999999187 2.999999997976015 0.000000000000023

731 2.000000000159844 20.024438213228542 0.001000000000297 0.999999999999816 2.999999999863704 0.000000000725601

732 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

733 2.000000000117921 19.931011584182556 0.001000000000006 0.999999999999998 2.999999999967577 0.000000000007726

734 2.000000000169306 19.048366134660480 0.001000000000019 0.999999999998242 2.999999999940854 0.000000000014745

735 2.000000000000259 18.176575396521656 0.001000000000052 0.999999999999841 2.999999999992346 0.000000000006089

736 2.000000000047829 20.013148450031302 0.001000000000007 0.999999999999029 2.999999999968173 0.000000000096519

737 2.000000000032070 5.245152200900452 0.001000000000011 0.999999999999986 2.999999998100291 0.000000000019659

738 2.000000000002133 12.231547894962924 0.001000000000004 0.999999999999919 2.999999999974406 0.000000000076797

739 2.000000000025092 0.031640438436114 0.001000000000001 0.999999999999355 2.999999999999988 0.000000000193307

740 2.000000000000981 1.873728810619090 0.001000000000423 0.999999999999747 2.999999999986899 0.000000000087632

741 2.000000000001612 0.546214518882735 0.001000000000002 0.999999999996597 2.999999999403937 0.000000000001510

742 2.000000000200659 19.914892599878552 0.001000000000220 0.999999999999813 2.999999999346287 0.000000000005433

743 2.000000000170268 19.930312988650215 0.001000000000001 0.999999999999131 2.999999999368095 0.000000000140220

744 2.000000000010507 19.624227347315358 0.001000000000001 1.000000000000000 2.999999999678365 0.000000001602921

745 2.000000000010497 19.878760306710241 0.001000000000075 0.999999999999609 2.999999999993622 0.000000000566745

746 2.000000000005723 19.081659721965021 0.001000000000799 0.999999999995135 2.999999999952479 0.000000000199845

747 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

748 2.000000000000901 2.676261472868217 0.001000000000009 0.999999999998819 2.999999999943896 0.000000000203360

749 5.427194466193700 1.267396896856063 0.001000000000010 0.999999999999669 2.999999999968322 0.000000000000738

750 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

751 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092



Appendix A 211

752 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

753 2.000000000033715 18.789820159423243 0.001000000000055 0.999999999999997 2.999999999983155 0.000000000155460

754 2.000000000003238 12.861954670707009 0.001000000000005 0.999999999999996 2.999999999998751 0.000000000117065

755 2.005639202821065 0.028412755351337 0.001011013626040 0.868638853417518 2.998192136340824 0.002519621554927

756 2.000000000003428 17.504629393445430 0.001000000000242 0.999999999997457 2.999999999999592 0.000000001112402

757 2.000000001254019 20.075994273685577 0.001000000003952 0.999999999998184 2.999999999964126 0.000000005296387

758 2.000000000005609 0.670857668754045 0.001000000000000 0.999999999999930 2.999999999993960 0.000000000013972

759 2.000000000360577 19.922308051028487 0.001000000000545 0.999999999992728 2.999999999324785 0.000000000139698

760 2.000000000025075 20.355074414043195 0.001000000000013 0.999999999998012 2.999999999775277 0.000000000687720

761 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

762 2.000000000000487 0.070073604920370 0.001000000000000 0.999999999999852 2.999999999976426 0.000000000018979

763 5.020223602231199 3.182255013321456 0.001000000000029 0.999999999999995 2.999999999912002 0.000000000223302

764 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

765 2.000000000042585 20.316486578463387 0.001000000000281 0.999999999999800 2.999999999971059 0.000000000060491

766 2.000000000140787 19.794734547739903 0.001000000000089 0.999999999999844 2.999999999829830 0.000000000167770

767 2.000000000001118 7.273261907661723 0.001000000000014 0.999999999996717 2.999999999999165 0.000000000574470

768 2.000000000009963 10.519232407837649 0.001000000000599 0.999999999997554 2.999999999754730 0.000000000276021

769 2.000000000000040 18.214594741083719 0.001000000000026 0.999999999999434 2.999999999990260 0.000000000007815

770 2.000000000079093 16.986486882962293 0.001000000000003 0.999999999999979 2.999999999917057 0.000000000097468

771 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

772 2.000000000025284 9.474983507027096 0.001000000000010 0.999999999999950 2.999999999970586 0.000000000159004

773 2.000000000001430 4.976311152613478 0.001000000000073 0.999999999999582 2.999999999970363 0.000000000080805

774 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

775 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

776 2.000000000025638 18.217165731348135 0.001000000000000 0.999999999999830 2.999999999831180 0.000000000151320

777 2.000000000000023 14.758391231661127 0.001000000000010 0.999999999999968 2.999999999943109 0.000000000036061

778 2.000000000028089 20.418664791893015 0.001000000000325 1.000000000000000 2.999999996712892 0.000000000867254

779 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

780 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

781 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

782 2.000000000031492 14.045520688366384 0.001000000000014 0.999999999999950 2.999999999987182 0.000000000198828

783 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

784 2.000000000000500 20.546920748963434 0.001000000000195 0.999999999993406 2.999999999447572 0.000000001499002

785 2.000000000068278 16.551692018483394 0.001000000000038 0.999999999999881 2.999999999976861 0.000000000222339

786 2.000000000000076 20.749758823307239 0.001000000000021 0.999999999999891 2.999999999930917 0.000000001513261

787 2.000000000018025 17.005362402493951 0.001000000000002 0.999999999999946 2.999999999562556 0.000000000063209

788 2.000000000002194 19.926579575909670 0.001000000000005 0.999999999999974 2.999999999996241 0.000000000059773

789 2.000000000012290 18.884557159491418 0.001000000000096 0.999999999999997 2.999999999409513 0.000000000010080

790 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

791 2.000000000005324 15.625035141564441 0.001000000000032 0.999999999999975 2.999999999866502 0.000000000037760

792 2.000000000027946 20.390942491494005 0.001000000000033 0.999999999999879 2.999999999995872 0.000000000061929

793 2.000000000002133 12.231547894962924 0.001000000000004 0.999999999999919 2.999999999974406 0.000000000076797

794 2.000000000062576 20.746962413564003 0.001000000000025 0.999999999999758 2.999999998323625 0.000000000029194

795 2.000000000590529 20.594560209807462 0.001000000000018 0.999999999999537 2.999999999927048 0.000000001388488

796 2.000000000002487 4.652089680768948 0.001000000000296 0.999999999999748 2.999999999980603 0.000000000111973

797 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

798 2.000000000116122 0.399643685604631 0.001000000000024 0.999999999999916 2.999999999896495 0.000000000006944

799 2.000000000019831 2.787976637377566 0.001000000000006 0.999999999999977 2.999999999999018 0.000000000128347

800 2.000000000022356 16.562226694741021 0.001000000000042 0.999999999999059 2.999999999436119 0.000000000601330

801 2.000000000056910 18.633866462257281 0.001000000000050 0.999999999999847 2.999999999616130 0.000000000037814

802 2.000000000133478 18.463352225009601 0.001000000000171 0.999999999999272 2.999999999812191 0.000000000572184

803 2.000000000003312 0.193494570917950 0.001000000000001 0.999999999999863 2.999999999999958 0.000000000016225

804 2.000000000002373 2.605086517116613 0.001000000000143 0.999999999999448 2.999999999968974 0.000000000023924

805 2.000000000054826 20.635274253861464 0.001000000000045 0.999999999999893 2.999999999965866 0.000000000020750

806 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

807 2.000000000001283 18.207218920985866 0.001000000000020 0.999999999999999 2.999999999955479 0.000000000038685

808 2.000000000010043 19.796923363555386 0.001000000000006 0.999999999998983 2.999999999902507 0.000000001025933

809 2.000000000007957 17.950969620307976 0.001000000000045 0.999999999996962 2.999999999612818 0.000000001009952

810 2.000000000199022 20.210070689199746 0.001000000000210 0.999999999996264 2.999999999638432 0.000000000170884
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811 2.000000000014515 4.384785664902368 0.001000000000376 0.999999999997094 2.999999999895813 0.000000000013082

812 3.185321007464684 18.989526152873765 0.001000000000000 1.000000000000000 2.999999999142935 0.000000000211340

813 2.000000000000407 0.029596624609635 0.001000000000004 0.999999999999555 2.999999999968158 0.000000000011236

814 2.000000000665239 20.092462553759383 0.001000000000042 0.999999999999581 2.999999999712876 0.000000002017706

815 2.000000000004493 15.687786505937360 0.001000000000000 0.999999999999970 2.999999999942112 0.000000000088647

816 2.000000000204386 20.374518205270196 0.001000000000208 0.999999999999794 2.999999999199008 0.000000000180169

817 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

818 2.000000000121193 20.245495711267086 0.001000000000198 0.999999999997447 2.999999999662197 0.000000000752580

819 2.000000000150115 19.924904331074345 0.001000000000003 0.999999999999976 2.999999999966112 0.000000000225619

820 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

821 2.000000000013416 18.211536508673039 0.001000000000001 0.999999999999678 2.999999999999544 0.000000000005120

822 2.000000000031551 19.081481403652138 0.001000000000272 0.999999999999199 2.999999999999362 0.000000001362649

823 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

824 2.000000000004449 20.290916401710497 0.001000000000036 0.999999999994087 2.999999999702825 0.000000000439640

825 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

826 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

827 2.000000000006069 17.090869603923231 0.001000000000052 0.999999999999999 2.999999999732076 0.000000000016017

828 2.000000000002888 18.200091988312060 0.001000000000011 0.999999999999906 2.999999999996937 0.000000000130540

829 2.000000000000635 20.057150700813136 0.001000000000120 0.999999999999848 2.999999999798309 0.000000000201259

830 2.000000000006649 20.451169644062475 0.001000000000004 0.999999999999965 2.999999999877922 0.000000002314429

831 2.000000000056910 18.633866462257281 0.001000000000050 0.999999999999847 2.999999999616130 0.000000000037814

832 2.000000000019270 2.374613548046293 0.001000000000013 0.999999999999830 2.999999999836445 0.000000000024825

833 2.000000000000124 20.760920588956381 0.001000000000050 0.999999999999046 2.999999999480795 0.000000000065249

834 2.000000000001057 7.525008587833630 0.001000000000036 0.999999999999756 2.999999999599019 0.000000000189430

835 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

836 2.000000000000262 20.290846885252666 0.001000000000345 0.999999999998617 2.999999999492750 0.000000000308312

837 2.000000000140787 19.794734547739903 0.001000000000089 0.999999999999844 2.999999999829830 0.000000000167770

838 2.000000000000074 19.410195874123808 0.001000000000079 0.999999999998614 2.999999998811951 0.000000000137967

839 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

840 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

841 2.000000000892002 18.542109703320619 0.001000000000673 0.999999999998520 2.999999997775745 0.000000008472276

842 2.000000000013344 20.446510639370317 0.001000000000566 0.999999999998690 2.999999999872115 0.000000001197349

843 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

844 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

845 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

846 2.000000000000968 18.213732878265937 0.001000000000017 0.999999999999808 2.999999999985898 0.000000000105392

847 2.000000000022092 13.249441268474952 0.001000000000020 0.999999999998398 2.999999999807999 0.000000000101948

848 2.000000000020478 20.212660528082374 0.001000000000007 0.999999999999998 2.999999999998255 0.000000000871649

849 2.000000000047829 20.013148450031302 0.001000000000007 0.999999999999029 2.999999999968173 0.000000000096519

850 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

851 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

852 2.000000000046239 20.771709531983998 0.001000000000138 0.999999999998367 2.999999999920488 0.000000001441340

853 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

854 2.000000000003795 20.537495660652858 0.001000000000000 0.999999999999632 2.999999999903988 0.000000000745391

855 2.000000000023313 20.418686799490697 0.001000000000001 0.999999999999962 2.999999999784849 0.000000000177904

856 2.000000000155749 19.927585800149327 0.001000000000030 0.999999999999937 2.999999999901735 0.000000000179226

857 2.000000000199613 16.669921969603731 0.001000000000079 0.999999999994774 2.999999999996329 0.000000003863834

858 2.000000000007799 18.207037675117377 0.001000000000006 0.999999999999892 2.999999999926201 0.000000000049519

859 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

860 2.000000000000374 19.655584253011124 0.001000000000035 0.999999999996056 2.999999999843622 0.000000000043723

861 2.000000000042431 20.133931166489869 0.001000000000059 0.999999999998888 2.999999999520052 0.000000000003092

862 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

863 2.000000000013416 18.211536508673039 0.001000000000001 0.999999999999678 2.999999999999544 0.000000000005120

864 2.000000000007839 19.112321725352853 0.001000000000013 0.999999999999531 2.999999999901186 0.000000000215067

865 2.000000000038482 19.145469018918782 0.001000000000002 0.999999999999896 2.999999999714088 0.000000000443392

866 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

867 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

868 2.000000000172638 18.444859769977803 0.001000000000158 0.999999999999895 2.999999999516251 0.000000000396980

869 2.000000000003645 19.752581898099685 0.001000000000000 0.999999999999998 2.999999999923431 0.000000000179697
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870 2.000000000000462 0.028251321566992 0.001000000000002 0.999999999999993 2.999999999990862 0.000000000011134

871 2.000000000000040 18.214594741083719 0.001000000000026 0.999999999999434 2.999999999990260 0.000000000007815

872 2.000000000090640 20.092438795337532 0.001000000000049 0.999999999999981 2.999999999890854 0.000000000989271

873 2.000000000014701 19.869166505502118 0.001000000000005 0.999999999999527 2.999999999516683 0.000000000404348

874 2.000000000026695 19.871864164761472 0.001000000000196 0.999999999999257 2.999999999963632 0.000000000001479

875 2.000000000000704 20.250272594024544 0.001000000000108 0.999999999998616 2.999999995101161 0.000000000437056

876 3.944814618695992 3.796225361930251 0.001000000000005 0.999999999999996 2.999999999966864 0.000000000006978

877 2.000000000019270 2.374613548046293 0.001000000000013 0.999999999999830 2.999999999836445 0.000000000024825

878 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

879 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

880 2.000000000003616 8.982962140623897 0.001000000000002 0.999999999999975 2.999999999949541 0.000000000012544

881 2.000000000044091 16.844226016038167 0.001000000000290 0.999999999999286 2.999999999968832 0.000000000733607

882 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

883 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

884 2.000000000145708 17.017920008915770 0.001000000000144 0.999999999999033 2.999999999441966 0.000000000096138

885 2.000000000005723 19.081659721965021 0.001000000000799 0.999999999995135 2.999999999952479 0.000000000199845

886 2.000000000145658 14.485435133715240 0.001000000000018 0.999999999999880 2.999999999979814 0.000000000009617

887 2.000000000085486 20.087285556929949 0.001000000000007 0.999999999999106 2.999999999858031 0.000000000596561

888 2.000000000075016 14.107492947653597 0.001000000000002 0.999999999999976 2.999999999995949 0.000000000003537

889 2.000000000062905 17.520795809274265 0.001000000000012 1.000000000000000 2.999999999723458 0.000000000015057

890 2.000000000296631 13.278118728151133 0.001000000001370 0.999999999999432 2.999999998494644 0.000000000133600

891 2.000000001434370 19.742200522929519 0.001000000000379 0.999999999999510 2.999999999808131 0.000000000063758

892 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

893 2.000000000159913 0.399952380447090 0.001000000000615 0.999999999999661 2.999999999983414 0.000000000009848

894 2.000000000254992 17.610357663004955 0.001000000000000 0.999999999998837 2.999999999866663 0.000000000157378

895 2.000000000000363 0.544486062503442 0.001000000000421 0.999999999999790 2.999999999394015 0.000000000122253

896 2.000000000005723 19.081659721965021 0.001000000000799 0.999999999995135 2.999999999952479 0.000000000199845

897 2.000000000020537 19.082982269469412 0.001000000000083 0.999999999999039 2.999999999410027 0.000000000024059

898 2.000000000022092 13.249441268474952 0.001000000000020 0.999999999998398 2.999999999807999 0.000000000101948

899 2.000000000516277 20.275161302934627 0.001000000000220 0.999999999999931 2.999999999839442 0.000000000732303

900 2.000000000159913 0.399952380447090 0.001000000000615 0.999999999999661 2.999999999983414 0.000000000009848

901 2.000000000000981 1.873728810619090 0.001000000000423 0.999999999999747 2.999999999986899 0.000000000087632

902 2.000000000591738 20.336585231580592 0.001000000004625 0.999999999999610 2.999999997983137 0.000000001304141

903 2.000000000029570 19.081091898046854 0.001000000000114 0.999999999997722 2.999999999590861 0.000000000857717

904 2.000000000043606 16.677154754765095 0.001000000000529 0.999999999997380 2.999999999940223 0.000000000142662

905 2.000000000028157 20.096266642754063 0.001000000000156 0.999999999999942 2.999999999993502 0.000000000029278

906 2.000000000064755 11.865699768854151 0.001000000000003 0.999999999999904 2.999999999990302 0.000000000001471

907 2.000000000015553 10.685419950527919 0.001000000000159 0.999999999999916 2.999999999999439 0.000000000181167

908 2.000000000000565 1.344526978589959 0.001000000000023 0.999999999999563 2.999999999943916 0.000000000033777

909 2.000000000000711 17.050056047859947 0.001000000000141 0.999999999986976 2.999999999742940 0.000000000093615

910 2.000000000003329 15.359993649410770 0.001000000000012 0.999999999999657 2.999999999758193 0.000000000084209

911 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

912 2.000000000007143 20.785955981368716 0.001000000000003 0.999999999999903 2.999999999995623 0.000000000143254

913 2.000000000129668 20.314763763089683 0.001000000000738 0.999999999999236 2.999999998868620 0.000000000117654

914 2.000000000001911 20.217289955037927 0.001000000000196 0.999999999992195 2.999999999955826 0.000000000077882

915 2.000000000099978 20.557865991155804 0.001000000000001 0.999999999998974 2.999999998894436 0.000000002533405

916 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

917 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934

918 2.000000000043908 1.872364050262448 0.001000000000091 0.999999999999996 2.999999999544694 0.000000000384918

919 2.000000000100352 10.683531920025626 0.001000000000004 0.999999999999382 2.999999999866356 0.000000000000128

920 2.000000000000434 17.422610140510290 0.001000000000000 0.999999999999985 2.999999999953318 0.000000000480040

921 2.000000000155138 4.354690480330338 0.001000000000322 0.999999999999864 2.999999999993615 0.000000005068813

922 2.000000000000114 17.124890299254691 0.001000000000002 0.999999999999793 2.999999999975817 0.000000001352743

923 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

924 2.000000000042585 20.316486578463387 0.001000000000281 0.999999999999800 2.999999999971059 0.000000000060491

925 2.000000000049913 20.268156001211224 0.001000000000825 0.999999999999899 2.999999999549276 0.000000000024400

926 2.000000000034127 15.268165902736392 0.001000000000066 0.999999999999921 2.999999999855589 0.000000001064229

927 2.000000000229067 7.299600554534313 0.001000000000001 0.999999999999045 2.999999999993859 0.000000000487601

928 2.000000000021240 20.212663143072415 0.001000000000007 1.000000000000000 2.999999999998892 0.000000000851444
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929 2.000000000020436 1.874783365725943 0.001000000000040 0.999999999999152 2.999999999817360 0.000000000134221

930 2.000000000064346 6.490395183734591 0.001000000000000 0.999999999999804 2.999999999948949 0.000000000039389

931 2.000000000006502 19.425548740887564 0.001000000000029 0.999999999999905 2.999999999722791 0.000000000267052

932 2.000000000010507 19.624227347315358 0.001000000000001 1.000000000000000 2.999999999678365 0.000000001602921

933 2.000000000141199 0.952476230342684 0.001000000000059 0.999999999999987 2.999999999910053 0.000000000035278

934 2.000000000139545 7.299565912368973 0.001000000000066 0.999999999999932 2.999999999128995 0.000000000148091

935 2.000000000001491 20.540834814816503 0.001000000000060 0.999999999998868 2.999999999722271 0.000000000000093

936 2.000000000000002 9.284224254229679 0.001000000000003 0.999999999999998 2.999999999886444 0.000000000248891

937 2.000000000002487 4.652089680768934 0.001000000000296 0.999999999999748 2.999999999980603 0.000000000111973

938 2.000000000000901 2.676261472868217 0.001000000000009 0.999999999998819 2.999999999943896 0.000000000203360

939 2.000000000000118 0.408850433046796 0.001000000000010 0.999999999999795 2.999999998567619 0.000000000089681

940 2.000000000003118 10.877403598708121 0.001000000000001 0.999999999998991 2.999999999966342 0.000000000025882

941 2.000000000007006 19.207907416777115 0.001000000000013 0.999999999999776 2.999999999054915 0.000000000003730

942 2.000000000001291 1.717927589392222 0.001000000000002 0.999999999999980 2.999999999999916 0.000000000017782

943 2.000000000032941 15.267449145860731 0.001000000000151 0.999999999999638 2.999999999733401 0.000000000317875

944 2.000000000211048 18.330998063817233 0.001000000000058 0.999999999994224 2.999999999797285 0.000000000001386

945 2.000000000219481 17.137358718463453 0.001000000000000 0.999999999996949 2.999999999419268 0.000000000347836

946 2.000000000009159 20.580410110518027 0.001000000000000 0.999999999999951 2.999999999999812 0.000000002228573

947 2.000000000285726 19.795097023301675 0.001000000000457 0.999999999998417 2.999999999999612 0.000000000050426

948 2.000000000010497 19.878760306710241 0.001000000000075 0.999999999999609 2.999999999993622 0.000000000566745

949 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

950 2.000000000129858 20.546846177245545 0.001000000000096 0.999999999999827 2.999999999941862 0.000000000201909

951 2.000000000007056 18.207142358615712 0.001000000000000 0.999999999999890 2.999999999976293 0.000000000016368

952 2.000000000053997 11.086402005250331 0.001000000000196 0.999999999998686 2.999999999993065 0.000000000001606

953 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

954 2.000000000019681 19.943328815591080 0.001000000000054 0.999999999999937 2.999999999337880 0.000000000345561

955 2.000000000000715 20.248615731023442 0.001000000000061 0.999999999999885 2.999999999821420 0.000000002448483

956 2.000000000018179 5.193754685752817 0.001000000000021 0.999999999999992 2.999999999754524 0.000000000002343

957 2.000000000007056 18.207142358615712 0.001000000000000 0.999999999999890 2.999999999976293 0.000000000016368

958 2.000000000000690 14.835939782361516 0.001000000000025 0.999999999999454 2.999999999961473 0.000000000202126

959 2.000000000002487 4.652089680768948 0.001000000000296 0.999999999999748 2.999999999980603 0.000000000111973

960 2.000000000401579 19.794821883080896 0.001000000000332 0.999999999997646 2.999999999965958 0.000000000160312

961 2.000000000009963 10.519232407837649 0.001000000000599 0.999999999997554 2.999999999754730 0.000000000276021

962 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

963 2.000000000100352 10.683531920025626 0.001000000000004 0.999999999999382 2.999999999866356 0.000000000000128

964 2.000000000004305 18.758487338682102 0.001000000000000 0.999999999991014 2.999999999764739 0.000000002374342

965 2.000000000140426 10.541718584772882 0.001000000000013 0.999999999994739 2.999999999999711 0.000000000495474

966 2.000000000000219 20.350171293899113 0.001000000000183 0.999999999999996 2.999999999812399 0.000000001516437

967 2.000000000066438 19.914707703864245 0.001000000000676 0.999999999999748 2.999999999949472 0.000000000185916

968 2.000000000036541 15.899837002660513 0.001000000000000 0.999999999999505 2.999999999964678 0.000000000284854

969 2.000000000036782 20.180220377404620 0.001000000000036 0.999999999999852 2.999999999993544 0.000000000346092

970 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

971 2.000000000196651 20.316515172223319 0.001000000000008 1.000000000000000 2.999999999684933 0.000000001900140

972 2.000000000029570 19.081091898046854 0.001000000000114 0.999999999997722 2.999999999590861 0.000000000857717

973 2.000000000095888 19.409831119682146 0.001000000000365 0.999999999998774 2.999999999952614 0.000000000415913

974 2.000000000051033 14.967739908397757 0.001000000000157 0.999999999997471 2.999999999996174 0.000000000024102

975 2.000000000010950 7.524312534032691 0.001000000000009 0.999999999999702 2.999999999936333 0.000000000447521

976 2.000000000056077 18.912266429264790 0.001000000000509 0.999999999999450 2.999999999971411 0.000000000563897

977 2.000000000006733 18.210452615704192 0.001000000000001 0.999999999998990 2.999999999972370 0.000000000148522

978 2.000000000000576 8.891002145278884 0.001000000000029 0.999999999999997 2.999999999856162 0.000000000066813

979 2.000000000007799 18.207037675117377 0.001000000000006 0.999999999999892 2.999999999926201 0.000000000049519

980 2.000000000031551 19.081481403652138 0.001000000000272 0.999999999999199 2.999999999999362 0.000000001362649

981 2.000000000002432 11.621859093519907 0.001000000000114 0.999999999999987 2.999999999808187 0.000000000074552

982 2.000000000056712 4.359935625908421 0.001000000000011 0.999999999999932 2.999999999999881 0.000000000234285

983 2.000000000034930 19.927496902206290 0.001000000000101 0.999999999998343 2.999999999627009 0.000000001146941

984 2.000000000062471 15.971162664501518 0.001000000000004 0.999999999999553 2.999999999951459 0.000000000079821

985 2.000000000001160 20.260456842081897 0.001000000000057 0.999999999999611 2.999999999988244 0.000000000165552

986 2.000000000008662 13.164931859512604 0.001000000000001 0.999999999999857 2.999999999997881 0.000000000381985

987 2.000000000025147 0.951154307010030 0.001000000000014 0.999999999999997 2.999999999997594 0.000000000720934
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988 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

989 2.000000001083014 17.107039814043482 0.001000000000055 0.999999999999835 2.999999999492968 0.000000000248052

990 2.000000000124884 20.137961357147979 0.001000000000214 0.999999999999904 2.999999999854041 0.000000000000047

991 2.000000000262075 19.230583512458939 0.001000000000164 0.999999999999936 2.999999999037744 0.000000001650368

992 2.000000000096411 4.651997056588666 0.001000000000196 0.999999999999854 2.999999999998066 0.000000000003854

993 2.000000000029405 13.459905524990791 0.001000000000000 1.000000000000000 2.999999999953210 0.000000000413310

994 2.000000000032477 18.161253172995785 0.001000000000115 0.999999999998670 2.999999999999966 0.000000000004968

995 2.000000000028635 1.874496394763732 0.001000000000000 0.999999999999406 2.999999999839794 0.000000000687123

996 2.000000000034127 15.268165902736392 0.001000000000066 0.999999999999921 2.999999999855589 0.000000001064229

997 2.000000000000023 6.460611441143363 0.001000000000006 0.999999999998314 2.999999999768991 0.000000000298454

998 2.000000000000846 4.978400024668479 0.001000000000027 0.999999999999990 2.999999999245653 0.000000000006698

999 2.000000000205513 20.604827751952246 0.001000000000625 0.999999999999170 2.999999998453449 0.000000000214359

1000 2.000000000984723 15.625548597360575 0.001000000000074 0.999999999999794 2.999999999622534 0.000000000675759

Table A.4: The results of optimisations for 1000 rounds of Nelder-Mead simplex

algorithm for high LET IR using 1000 bootstrap data sets.

A.5 Parameter estimation using Simulated An-

nealing algorithm (see section 4.8)

A.5.1 Simulated Annealing algorithm

function [estimates,model] = parameterfitting_newALLPARAMETERS3SA(xdata, ydata,i)

model = @LQfun; %the model describes in LQfun function

%Random starting values

start_point=[7.6732 11.9704 0.0022 0.1564 0.7285 1.8870;

11.7853 1.2689 0.0075 0.8555 2.7523 1.0801;

33.9473 4.9023 0.0020 0.6448 0.8072 3.9520;

11.6627 7.3601 0.0069 0.3763 2.2965 4.7465;

32.9428 17.0776 0.0054 0.1909 0.5660 1.6378;

11.2539 0.3475 0.0080 0.4283 0.8625 3.3563;

37.3120 0.9210 0.0074 0.4820 0.2733 2.1932;

15.2994 3.5363 0.0091 0.1206 1.7286 4.1675;

9.4706 13.5048 0.0090 0.5895 2.0501 3.8443;

11.5412 15.2199 0.0040 0.2262 1.6398 0.8363;

25.4097 13.4764 0.0073 0.3846 1.2772 4.3099;

19.9850 9.3899 0.0028 0.5830 1.9333 4.9494;

15.3631 11.3849 0.0013 0.2518 1.9429 2.5721;
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33.5715 6.1800 0.0077 0.2904 2.0371 4.4214;

24.2400 15.4892 0.0055 0.6171 1.9074 2.9401;

22.8895 3.9508 0.0053 0.2653 2.8355 0.7738;

36.8534 14.2867 0.0091 0.8244 0.6268 0.9993;

12.8619 3.8378 0.0065 0.9827 2.1278 2.0348;

30.7736 7.6783 0.0066 0.7302 0.7087 3.7435;

30.6417 13.0170 0.0087 0.3439 0.3582 4.1279;

16.4569 16.2270 0.0082 0.5841 1.8219 3.9498;

23.5772 1.7121 0.0062 0.1078 1.3504 1.5926;

4.8825 19.3239 0.0026 0.9063 1.3762 2.6703;

4.0501 16.1333 0.0032 0.8797 1.9858 0.4498;

22.1703 10.1346 0.0090 0.8178 2.3109 0.5585;

31.6084 9.0771 0.0013 0.2607 1.0507 0.6815;

37.4924 9.3040 0.0054 0.5944 1.9860 3.3933;

6.9364 6.3882 0.0025 0.0225 1.2485 2.4759;

23.6153 10.5855 0.0098 0.4253 2.5258 0.9486;

19.8368 10.6325 0.0074 0.3127 2.4988 2.4750;

2.4523 17.0035 0.0055 0.1615 0.7693 0.7380;

14.8107 16.5302 0.0052 0.1788 1.8404 0.2749;

15.6941 11.5831 0.0058 0.7475 0.4454 0.8435;

9.1740 11.0184 0.0097 0.7485 1.8594 3.7585;

2.0455 17.2600 0.0020 0.5433 0.7819 1.8418;

14.0239 17.8575 0.0015 0.3381 1.3370 4.7091;

28.5854 16.4098 0.0037 0.8323 2.5320 0.0859;

25.7597 6.6266 0.0062 0.5526 0.5886 4.1453;

22.6364 9.4166 0.0058 0.9575 0.9116 3.1330;

18.6834 15.6457 0.0091 0.8928 1.4499 2.6937;

12.9222 2.3087 0.0059 0.3565 1.0134 3.2525;

21.0630 2.3062 0.0049 0.5464 2.3955 3.6331;

30.9388 5.6311 0.0059 0.3467 2.9625 0.4724;

30.9715 10.9204 0.0074 0.6228 0.4771 4.3879;

23.8901 20.2222 0.0012 0.7966 0.7106 0.0718;

30.4112 14.7774 0.0082 0.7459 2.1067 1.4715;

26.5303 6.5026 0.0023 0.1255 1.1264 0.8996;

6.6823 6.0790 0.0053 0.8224 2.9211 4.6315;
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21.1671 17.6831 0.0033 0.0252 2.9169 0.3409;

15.1959 18.9556 0.0043 0.4144 1.9311 2.9055;

5.5016 13.3005 0.0070 0.7314 2.5803 3.1858;

7.6183 5.3298 0.0025 0.7814 1.2057 3.2563;

9.5304 1.8686 0.0035 0.3673 1.8958 4.3231;

27.5463 17.4318 0.0028 0.7449 2.9557 0.2798;

18.3974 12.1678 0.0028 0.8923 1.6784 4.0843;

28.3873 19.7126 0.0039 0.2426 2.8008 2.6446;

11.7578 1.2948 0.0089 0.1296 2.1610 3.4718;

2.3708 12.1662 0.0052 0.2251 1.4521 1.0620;

22.2268 5.9472 0.0046 0.3500 1.9171 2.7164;

12.6169 17.2133 0.0026 0.2871 2.6629 3.5126;

37.9567 3.9930 0.0097 0.9275 0.5962 4.7822;

36.4448 9.2156 0.0047 0.0513 1.1861 2.2227;

16.9220 8.1958 0.0086 0.5927 2.9765 0.4270;

2.9445 17.1893 0.0065 0.1629 1.2071 0.2867;

27.5146 14.0811 0.0044 0.8384 1.9766 3.1473;

33.8125 4.3380 0.0089 0.1676 2.7040 3.9809;

38.9170 6.6323 0.0081 0.5022 2.9861 3.4560;

4.1634 2.8059 0.0052 0.9993 1.9595 1.7265;

19.1123 13.9688 0.0083 0.3554 0.3253 4.7341;

24.1339 11.8828 0.0091 0.0471 0.1083 2.6010;

28.0922 3.5525 0.0049 0.2137 1.8543 4.7691;

29.3384 3.0934 0.0040 0.3978 1.7014 0.3680;

26.7015 9.9122 0.0064 0.3337 2.8859 1.0352;

29.6228 18.8820 0.0091 0.2296 2.2383 3.8751;

16.2062 11.4921 0.0073 0.9361 1.9875 4.5709;

24.1001 0.7116 0.0044 0.6832 1.5699 3.9128;

6.4125 1.1460 0.0076 0.9621 0.7797 1.4777;

4.1909 16.7427 0.0096 0.4380 2.8860 0.7592;

39.2311 9.3993 0.0059 0.9403 1.6206 4.2396;

12.8233 7.9723 0.0059 0.0058 0.0908 3.9243;

24.6090 16.4225 0.0038 0.6103 2.0889 1.3542;

38.5621 7.5911 0.0016 0.8011 1.5591 1.1391;

9.0596 11.0805 0.0026 0.2330 0.1771 1.6051;
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9.3355 14.8033 0.0018 0.9325 2.6701 4.1478;

14.9825 18.1216 0.0052 0.7633 0.9906 4.1109;

37.4501 6.8521 0.0011 0.8264 0.6891 2.8534;

16.8454 13.5256 0.0092 0.5735 0.3418 2.8591;

12.3822 20.2675 0.0068 0.7926 0.9328 1.4301;

7.7740 1.6050 0.0010 0.3290 0.6853 3.4957;

17.0901 12.2156 0.0013 0.2235 1.9560 3.9813;

16.2395 8.6209 0.0029 0.3124 0.1985 2.2079;

6.9824 6.4461 0.0051 0.5845 0.8263 2.2311;

18.5315 5.5055 0.0021 0.8299 0.8455 2.3283;

5.4775 15.7814 0.0011 0.2905 2.6402 1.3952;

25.3558 20.6907 0.0075 0.4026 1.3330 3.3769;

2.4172 3.9014 0.0042 0.8621 2.2677 4.5183;

23.7839 16.2461 0.0080 0.6147 1.8099 4.5426;

32.0097 4.0929 0.0049 0.9912 2.3498 3.7360;

10.9439 20.6314 0.0049 0.2037 0.3418 1.3026;

19.0247 16.6845 0.0014 0.8272 2.9357 3.4482;

23.6356 8.8356 0.0014 0.6759 2.5458 0.6592;

4.3333 15.1606 0.0018 0.2489 0.1519 0.6175;

20.8590 10.3747 0.0063 0.4758 1.3986 0.9545;

26.4080 16.8242 0.0032 0.3991 0.9770 0.7287;

10.4081 7.4296 0.0086 0.5994 1.8906 2.9252;

33.8081 1.5484 0.0087 0.8005 0.6909 0.3668;

38.9009 12.2980 0.0097 0.1051 1.7397 4.1116;

34.1622 18.9253 0.0054 0.8214 1.8095 3.6145;

21.2280 4.0507 0.0030 0.8411 1.7996 4.6293;

12.5973 9.0046 0.0030 0.3545 1.3453 2.4632;

30.3715 15.5820 0.0058 0.4301 0.1063 3.2744;

11.0034 0.8413 0.0079 0.5722 1.5414 4.4506;

38.3791 19.6756 0.0041 0.7008 1.2232 2.6926;

25.5699 15.8833 0.0052 0.7425 0.3241 1.4110;

24.8100 11.6301 0.0068 0.7579 1.3796 4.8798;

8.5590 3.8447 0.0093 0.3891 1.3526 0.1821;

5.4332 10.3663 0.0025 0.4293 1.6534 1.6312;

11.7000 10.7794 0.0074 0.9563 2.4162 4.8651;
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34.6257 20.6705 0.0062 0.5730 2.1026 1.8252;

36.6205 17.7764 0.0049 0.8497 2.6167 1.5457;

28.5861 20.0094 0.0090 0.2763 0.1566 0.6046;

29.5569 14.1241 0.0045 0.6223 0.6590 4.5788;

10.7357 8.4053 0.0026 0.5884 1.3789 0.6774;

23.8900 19.4400 0.0067 0.9635 2.8756 1.6606;

32.8039 9.9829 0.0066 0.0859 2.3701 4.4874;

17.3460 4.8402 0.0040 0.5005 1.3556 2.4982;

39.5607 8.2556 0.0082 0.5216 1.0003 3.0764;

5.4200 14.6667 0.0100 0.0902 0.1773 2.9157;

14.1958 11.6247 0.0098 0.9047 2.2227 3.4913;

21.4335 15.7371 0.0021 0.8844 1.5204 0.1467;

4.3030 20.6962 0.0031 0.4390 0.5998 2.6394;

29.5761 20.0100 0.0012 0.7817 1.2816 0.1604;

32.9595 3.3950 0.0068 0.4229 1.7467 4.2536;

36.4201 16.5189 0.0044 0.0942 1.6222 2.8028;

6.8255 6.4892 0.0083 0.5985 2.6098 4.6480;

36.7083 11.0013 0.0058 0.4709 0.7943 3.4833;

26.0297 3.4669 0.0042 0.6959 0.9542 2.9140;

5.7065 12.5262 0.0095 0.6999 0.3576 4.0770;

12.5829 5.4876 0.0089 0.6385 2.8195 4.3951

22.7815 13.6079 0.0060 0.0336 1.9367 4.9446;

38.3853 14.3374 0.0066 0.0688 1.4384 0.0026;

38.6658 15.5610 0.0063 0.3196 1.9180 4.3272;

7.9893 9.3820 0.0029 0.5309 1.6341 3.0628;

38.8825 1.7680 0.0037 0.6544 1.9419 4.9498;

38.3723 4.7818 0.0052 0.4076 1.6317 2.6384;

20.4443 18.9907 0.0031 0.8200 2.1631 2.3976;

32.4107 3.1914 0.0086 0.7184 1.5675 4.0067;

7.3917 17.1736 0.0028 0.9686 2.9811 1.1392;

18.0269 11.2049 0.0030 0.5313 0.6560 2.4905;

36.7979 20.7097 0.0025 0.3251 0.3174 4.5043;

32.1039 1.6508 0.0030 0.1056 0.3291 2.8733;

38.4607 9.2187 0.0049 0.6110 0.1908 4.2259;

26.9181 2.2421 0.0038 0.7788 1.2137 3.6932;
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3.3570 19.9989 0.0093 0.4235 1.3451 2.9299;

34.2669 0.1239 0.0049 0.0908 1.0974 1.2337;

37.4917 16.1166 0.0027 0.2665 2.2905 3.3321;

27.7919 16.9968 0.0091 0.1537 1.8837 0.4174;

30.7941 18.0638 0.0098 0.2810 2.3159 3.1298;

30.2390 1.7808 0.0049 0.4401 2.7986 3.3047;

16.9046 8.3281 0.0020 0.5271 2.9182 3.6488;

26.9082 5.4232 0.0033 0.4574 0.5761 4.4538;

8.5051 16.6390 0.0047 0.8754 0.4166 4.9115;

28.8298 8.9848 0.0064 0.5181 2.0888 3.8451;

3.2096 18.9348 0.0034 0.9436 0.2815 2.9072;

12.5231 3.8033 0.0064 0.6377 1.5762 4.6416;

3.7545 5.5049 0.0074 0.9577 1.5910 2.9005;

5.6910 3.0494 0.0030 0.2407 2.5834 0.0849;

33.2914 2.8528 0.0021 0.6761 1.4546 0.6043;

28.4035 18.0762 0.0037 0.2891 1.1804 4.3136;

14.0498 12.0637 0.0039 0.6718 2.0143 2.4215;

38.1084 11.4441 0.0048 0.6951 2.2238 4.2243;

3.3090 3.0373 0.0056 0.0680 1.5602 1.0470;

18.6723 17.7386 0.0018 0.2548 1.0431 2.7615;

16.4992 12.9430 0.0034 0.2240 0.4500 3.1494;

31.0896 7.3143 0.0082 0.6678 1.7583 0.1600;

32.2176 10.6839 0.0013 0.8444 0.7864 3.0736;

9.1012 8.3702 0.0094 0.3445 0.1334 1.8121;

20.6110 1.6049 0.0076 0.7805 2.2648 0.2477;

18.9323 5.0089 0.0054 0.6753 0.7284 2.4478;

26.5599 2.5881 0.0062 0.0067 1.3272 0.9626;

28.9559 3.8460 0.0031 0.6022 2.0634 0.6154;

30.6781 5.0097 0.0051 0.3868 1.0777 1.0275;

12.4890 8.6911 0.0097 0.9160 2.2090 0.7326;

27.8287 1.0586 0.0059 0.0012 1.1841 0.9454;

26.8937 18.7702 0.0057 0.4624 2.0502 0.2133;

8.1792 19.6437 0.0031 0.4243 2.1121 3.1760;

6.5219 10.2192 0.0054 0.4609 1.3269 1.4093;

20.9378 10.1857 0.0066 0.7702 0.0587 2.6930;
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38.4703 7.0395 0.0071 0.3225 0.9926 3.4758;

14.9347 18.7149 0.0046 0.7847 1.2729 2.4956;

24.2402 7.6941 0.0043 0.4714 0.8108 2.6790;

10.5049 2.3365 0.0099 0.0358 0.5912 2.2259;

30.5481 16.2275 0.0013 0.1759 2.4652 0.6197;

11.6936 8.1196 0.0090 0.7218 1.2898 2.4518;

21.2264 5.0458 0.0092 0.4735 2.6633 4.2650;

28.5649 8.4138 0.0082 0.1527 1.1735 4.3696;

35.8543 2.0303 0.0019 0.3411 2.3073 1.3515;

38.4531 2.7678 0.0034 0.6074 1.1904 1.0423;

22.7942 19.5868 0.0040 0.1917 2.4255 2.8249;

7.2677 19.8793 0.0071 0.7384 2.2652 3.2016;

7.6732 11.9704 0.0022 0.2428 1.1322 2.0851;

11.7853 1.2689 0.0075 0.9174 0.6481 1.0299;

33.9473 4.9023 0.0020 0.2691 2.3712 4.7397;

11.6627 7.3601 0.0069 0.7655 2.8479 0.4104;

32.9428 17.0776 0.0054 0.1887 0.9827 0.5285;

11.2539 0.3475 0.0080 0.2875 2.0138 0.7102;

37.3120 0.9210 0.0074 0.0911 1.3159 0.8323;

15.2994 3.5363 0.0091 0.5762 2.5005 3.1048;

9.4706 13.5048 0.0090 0.6834 2.3066 2.8685;

11.5412 15.2199 0.0040 0.5466 0.5018 0.2604;

25.4097 13.4764 0.0073 0.4257 2.5859 4.6560;

19.9850 9.3899 0.0028 0.6444 2.9696 3.6433;

15.3631 11.3849 0.0013 0.6476 1.5433 3.6892;

33.5715 6.1800 0.0077 0.6790 2.6528 0.3170;

24.2400 15.4892 0.0055 0.6358 1.7641 4.3022;

22.8895 3.9508 0.0053 0.9452 0.4643 4.6720;

36.8534 14.2867 0.0091 0.2089 0.5996 4.9220;

12.8619 3.8378 0.0065 0.7093 1.2209 4.2947;

30.7736 7.6783 0.0066 0.2362 2.2461 3.9278;

30.6417 13.0170 0.0087 0.1194 2.4768 2.5669;

16.4569 16.2270 0.0082 0.6073 2.3699 0.8880;

23.5772 1.7121 0.0062 0.4501 0.9556 1.9929;

4.8825 19.3239 0.0026 0.4587 1.6022 0.6697;
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4.0501 16.1333 0.0032 0.6619 0.2699 0.1544;

22.1703 10.1346 0.0090 0.7703 0.3351 4.6957;

31.6084 9.0771 0.0013 0.3502 0.4089 1.5065;

37.4924 9.3040 0.0054 0.6620 2.0360 1.4777;

6.9364 6.3882 0.0025 0.4162 1.4855 1.6647;

23.6153 10.5855 0.0098 0.8419 0.5691 2.3353;

19.8368 10.6325 0.0074 0.8329 1.4850 3.2410;

2.4523 17.0035 0.0055 0.2564 0.4428 0.1261;

14.8107 16.5302 0.0052 0.6135 0.1649 4.2110];

SP=start_point(i,:)

lb=[2 0.0277 0.001 0 0 0];ub=[40 20.79 0.01 1 3 5];

%**********using SIMULANNEALBND BUILT-IN PACKAGE IN MATLAB************

options=saoptimset(’ObjectiveLimit’,0,’MaxFunEval’,10000,’TolFun’,0.001,

’MaxIter’,500,’TemperatureFcn’,

@temperaturefast,’InitialTemperature’,100,’PlotFcns’,

{@saplotbestf,@saplottemperature,@saplotf,@saplotbestx});

%options = saoptimset(’InitialTemperature’,100);

[estimates,fval] = simulannealbnd(model,SP,lb,ub,options);

%*********************************************************************

The model

%*********************************************************************

function [fval, FittedCurve ] = LQfun(params)

gamma = params(1);

alpha1 = params(2);

alpha2 = params(1);

p = params(4);

Vmax = params(5);

Km=params(6);

npoints=7;

num=100;

%initial condition of model

%********************************
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for j=1:1:8

for k=1:1:21

ic(k,j)=((((gamma*xdata(j,1))^(k-1))*exp(-gamma*xdata(j,1)))/factorial(k-1))*num;

end

end

%********************************

for i=1:1:npoints+1

Kmax=20;T=24;

for m=1:1:Kmax+1

for k=1:1:Kmax+1

V(k,:)=(k-1)*(1-p)*Vmax/(Km+(k-1));

if (m-1)+(k-1)<=Kmax

K=k-1;M=m-1;

d6(k,m)=(-alpha1*(m-1)-alpha2*((k-1)^2))-((Vmax*(k-1))/(Km+k-1));

G(k,m)=(k-1)*p*Vmax/(Km+k-1);

else

continue

end

end

end

s=Kmax+1;

V=V(1:Kmax+1,1);

for l=1:1:Kmax

l;

s=s+(Kmax+1-l);

end

s;

t=0;

A=zeros(s);

for r=1:1:Kmax

n=s-(Kmax-(r-1));

if r-1==0

v1=[V;zeros(n-length(V),1)];

A=A+diag(v1,-(Kmax-(r-1)));

continue
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else

r-1;

t;

t=t+(Kmax+1-(r-2));

v2=zeros(t,1);

v4=V(1:Kmax+1-(r-1),1);

v3=[v2;v4];

v1=[v3;zeros(n-length(v3),1)];

A=A+diag(v1,-(Kmax-(r-1)));

end

end

size(A);

x=[d6(1:Kmax+1,1)];

for m=1:1:Kmax

x=[x;d6(1:Kmax+1-m,m+1)];

end

x;

A1=diag(x);

size(A1);

matrix=A+A1;

G;

GG=[G(2:Kmax+1,1)];

for m=1:1:Kmax

GG=[GG;G(1:Kmax+1-m,m+1)];

end

A3=diag(GG,1);

system=A+A1+A3;%SYSTEM OF ODE

NN=ic(:,i);NNN=NN(1:Kmax+1,1);

Nnew=[NNN;zeros(s-length(NNN),1)];

%******************

%simulation results

%******************

solution=expm(system*T)*Nnew;

Sol=sum(solution);

S(:,i)=Sol/num;
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%******************

end

%********************

%Objective function values (SSE)

%**********************

S_log=log10(S*100)’; FittedCurve=S_log;

Fitted=FittedCurve’; %compare this data with the real/experimental data

ErrorVector =FittedCurve-ydata;

fval= sum(ErrorVector.*ErrorVector); %This is the cost function

end

end

A.5.2 Results of parameter estimation using low LET IR

survival data for ξ = 150

Column 1 Column 2 Column 3 Column 4

Initial guesses Estimated parameter values αexp = 0.0598βexp = 0.0158

Run δ α1 α2 p Vmax KM δ α1 α2 p Vmax KM SSE αmodel βmodel

1 7.6732 11.97040.00220.15640.72851.88702.0000 6.2194 0.00110.999992.99740.0002135.5698 1.2165 0.0340

2 11.7853 1.2689 0.00750.85552.75231.08012.0000 9.4877 0.00780.999803.00000.0025335.5808 1.2168 0.0340

3 33.9473 4.9023 0.00200.64480.80723.95202.0000 7.6534 0.00950.999992.99870.0003235.5644 1.2164 0.0340

4 11.6627 7.3601 0.00690.37632.29654.74652.0000 3.8419 0.01001.000003.00000.0001435.5563 1.2163 0.0340

5 32.942817.07760.00540.19090.56601.63782.0000 5.4462 0.00101.000002.99990.0000835.5562 1.2163 0.0340

6 11.2539 0.3475 0.00800.42830.86253.35632.0000 4.4432 0.00131.000002.99780.0002335.5678 1.2165 0.0340

7 37.3120 0.9210 0.00740.48200.27332.19322.0000 8.3287 0.01000.995562.92500.0289536.2662 1.2321 0.0332

8 15.2994 3.5363 0.00910.12061.72864.16752.000020.78990.00100.999853.00000.0002435.5606 1.2164 0.0340

9 9.4706 13.50480.00900.58952.05013.84432.000020.64910.00850.999992.99760.0003535.5697 1.2166 0.0340

10 11.541215.21990.00400.22621.63980.83632.0053 0.5218 0.00900.994232.76790.1171238.2300 1.2714 0.0314

11 25.409713.47640.00730.38461.27724.30992.000014.31450.00321.000002.97920.0000535.6556 1.2183 0.0339

12 19.9850 9.3899 0.00280.58301.93334.94942.000010.24790.01001.000002.99970.0000135.5570 1.2163 0.0340

13 15.363111.38490.00130.25181.94292.57212.0004 6.6293 0.00110.999412.99850.0001235.6029 1.2171 0.0340

14 33.5715 6.1800 0.00770.29042.03714.42142.0001 5.9524 0.00140.999992.99980.0000335.5618 1.2164 0.0340

15 24.240015.48920.00550.61711.90742.94012.000014.94960.00961.000002.99940.0015935.5712 1.2166 0.0340

16 22.8895 3.9508 0.00530.26532.83550.77382.000017.33980.00110.999983.00000.0000635.5564 1.2163 0.0340

17 36.853414.28670.00910.82440.62680.99932.000010.01190.00120.999992.99950.0015935.5743 1.2167 0.0340

18 12.8619 3.8378 0.00650.98272.12782.03482.0000 9.7628 0.00101.000002.99850.0010935.5722 1.2167 0.0340

19 30.7736 7.6783 0.00660.73020.70873.74352.0000 1.3691 0.00260.999662.99970.0008835.5721 1.2166 0.0340

20 30.641713.01700.00870.34390.35824.12792.000017.60680.00750.998902.98510.0023235.6729 1.2188 0.0339

21 16.456916.22700.00820.58411.82193.94982.000017.55660.00980.999162.99640.0006535.5972 1.2172 0.0339

22 23.5772 1.7121 0.00620.10781.35041.59262.0000 9.9101 0.00440.999982.99970.0000035.5573 1.2162 0.0340

23 4.8825 19.32390.00260.90631.37622.67032.000019.28230.00100.999973.00000.0000135.5563 1.2163 0.0340

24 4.0501 16.13330.00320.87971.98580.44982.0000 9.9975 0.00281.000003.00000.0000535.5577 1.2163 0.0340

25 22.170310.13460.00900.81782.31090.55852.000018.46300.00170.999962.99890.1433536.7281 1.2452 0.0323

26 31.6084 9.0771 0.00130.26071.05070.68152.000010.80620.00101.000002.99740.0001235.5686 1.2165 0.0340

27 37.4924 9.3040 0.00540.59441.98603.39332.0000 2.7421 0.00981.000003.00000.0000035.5552 1.2162 0.0340

28 6.9364 6.3882 0.00250.02251.24852.47592.000011.58050.00971.000002.99890.0000535.5609 1.2164 0.0340

29 23.615310.58550.00980.42532.52580.94862.000012.54070.00101.000003.00000.0001935.5568 1.2163 0.0340

30 19.836810.63250.00740.31272.49882.47502.0000 1.6404 0.00101.000003.00000.0000035.5553 1.2162 0.0340
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31 2.4523 17.00350.00550.16150.76930.73802.0001 2.5057 0.00850.999952.99990.0007535.5676 1.2165 0.0340

32 14.810716.53020.00520.17881.84040.27492.0000 8.5743 0.00100.999952.99990.0000435.5572 1.2163 0.0340

33 15.694111.58310.00580.74750.44540.84352.0000 8.5957 0.00541.000003.00000.0000035.5553 1.2163 0.0340

34 9.1740 11.01840.00970.74851.85943.75852.000019.52230.00241.000002.99660.0000335.5736 1.2166 0.0340

35 2.0455 17.26000.00200.54330.78191.84182.000917.40370.00110.995152.99770.0668136.2960 1.2336 0.0330

36 14.023917.85750.00150.33811.33704.70912.000012.90200.00991.000002.99920.0000135.5590 1.2164 0.0340

37 28.585416.40980.00370.83232.53200.08592.000217.60810.00110.999842.99460.0580252.1402 1.5643 0.0151

38 25.7597 6.6266 0.00620.55260.58864.14532.0000 8.1070 0.00320.999992.99900.0000735.5605 1.2163 0.0340

39 22.6364 9.4166 0.00580.95750.91163.13302.000013.39350.00980.999442.99930.0000135.5731 1.2166 0.0340

40 18.683415.64570.00910.89281.44992.69372.0000 4.2629 0.00960.999933.00000.0004435.5605 1.2164 0.0340

41 12.9222 2.3087 0.00590.35651.01343.25252.0000 6.8721 0.01000.999943.00000.0013935.5681 1.2166 0.0340

42 21.0630 2.3062 0.00490.54642.39553.63312.0000 2.5189 0.01000.999992.99990.0002935.5584 1.2163 0.0340

43 30.9388 5.6311 0.00590.34672.96250.47242.0000 2.3938 0.00990.999952.99820.0034935.5949 1.2172 0.0339

44 30.971510.92040.00740.62280.47714.38792.000120.34600.01000.999452.99140.0003735.6212 1.2176 0.0339

45 23.890120.22220.00120.79660.71060.07182.0000 1.0157 0.01000.999973.00000.0000035.5559 1.2163 0.0340

46 30.411214.77740.00820.74592.10671.47152.000013.45410.00961.000002.99840.0000135.5628 1.2164 0.0340

47 26.5303 6.5026 0.00230.12551.12640.89962.0000 3.3243 0.01000.999943.00000.0000235.5566 1.2163 0.0340

48 6.6823 6.0790 0.00530.82242.92114.63152.0000 1.4633 0.00901.000002.99670.0026635.5931 1.2172 0.0339

49 21.167117.68310.00330.02522.91690.34092.000013.30930.00970.999883.00000.0003635.5644 1.2164 0.0340

50 15.195918.95560.00430.41441.93112.90552.000014.62720.00270.999992.99990.0001235.5567 1.2163 0.0340

51 5.5016 13.30050.00700.73142.58033.18582.0000 6.3874 0.00110.999992.99740.0002135.5698 1.2165 0.0340

52 7.6183 5.3298 0.00250.78141.20573.25632.000011.52380.00780.999803.00000.0025335.5808 1.2169 0.0339

53 9.5304 1.8686 0.00350.36731.89584.32312.000013.03990.00150.999632.99820.0004035.5755 1.2167 0.0340

54 27.546317.43180.00280.74492.95570.27982.000010.08670.01001.000003.00000.0006735.5610 1.2164 0.0340

55 18.397412.16780.00280.89231.67844.08432.000010.53790.00990.999973.00000.0000035.5560 1.2163 0.0340

56 28.387319.71260.00390.24262.80082.64462.000017.58610.00980.999992.99940.0008835.5657 1.2165 0.0340

57 11.7578 1.2948 0.00890.12962.16103.47182.000017.09230.01001.000003.00000.0000035.5552 1.2163 0.0340

58 2.3708 12.16620.00520.22511.45211.06202.000018.83580.00320.995702.96700.9813552.0881 1.5633 0.0152

59 22.2268 5.9472 0.00460.35001.91712.71642.000011.75150.00850.999992.99730.0003735.5714 1.2166 0.0340

60 12.616917.21330.00260.28712.66293.51262.000019.58490.01001.000003.00000.0000035.5552 1.2162 0.0340

61 37.9567 3.9930 0.00970.92750.59624.78222.000018.24110.00670.999932.99970.0001135.5593 1.2163 0.0340

62 36.4448 9.2156 0.00470.05131.18612.22272.000016.09570.01000.999872.99970.0031735.5861 1.2170 0.0339

63 16.9220 8.1958 0.00860.59272.97650.42702.000019.87760.00111.000002.99980.0001035.5571 1.2163 0.0340

64 2.9445 17.18930.00650.16291.20710.28672.000018.80800.00141.000002.99930.0000335.5592 1.2163 0.0340

65 27.514614.08110.00440.83841.97663.14732.000019.00840.00961.000002.99940.0017735.5730 1.2166 0.0340

66 33.8125 4.3380 0.00890.16762.70403.98092.0003 1.4216 0.00301.000002.99990.0000535.5795 1.2165 0.0340

67 38.9170 6.6323 0.00810.50222.98613.45602.0000 9.9380 0.00361.000002.99930.0001335.5599 1.2163 0.0340

68 4.1634 2.8059 0.00520.99931.95951.72652.0000 4.4709 0.00101.000002.99970.0000235.5566 1.2163 0.0340

69 19.112313.96880.00830.35540.32534.73412.000013.55820.00260.999212.99960.0009735.5834 1.2169 0.0339

70 24.133911.88280.00910.04710.10832.60102.000019.50280.00991.000003.00000.0000035.5552 1.2163 0.0340

71 28.0922 3.5525 0.00490.21371.85434.76912.000012.75900.00980.999092.99610.0007135.6010 1.2173 0.0339

72 29.3384 3.0934 0.00400.39781.70140.36802.0000 1.0501 0.01001.000003.00000.0000035.5553 1.2162 0.0340

73 26.7015 9.9122 0.00640.33372.88591.03522.000020.58450.00960.999992.95640.0006935.7712 1.2207 0.0338

74 29.622818.88200.00910.22962.23833.87512.000016.17460.00991.000002.99930.0000035.5586 1.2164 0.0340

75 16.206211.49210.00730.93611.98754.57092.000020.40010.00130.999823.00000.0005835.5645 1.2165 0.0340

76 24.1001 0.7116 0.00440.68321.56993.91282.000318.50350.00291.000002.99810.0001135.5839 1.2167 0.0340

77 6.4125 1.1460 0.00760.96210.77971.47772.0000 1.4503 0.00981.000003.00000.0000235.5554 1.2163 0.0340

78 4.1909 16.74270.00960.43802.88600.75922.000019.68980.00971.000002.99880.0000635.5615 1.2164 0.0340

79 39.2311 9.3993 0.00590.94031.62064.23962.000020.31730.00131.000002.99670.2261437.3854 1.2610 0.0314

80 12.8233 7.9723 0.00590.00580.09083.92432.000011.15670.00100.999982.99970.0000635.5582 1.2164 0.0340

81 24.609016.42250.00380.61032.08891.35422.000015.14510.00100.999903.00000.0000035.5575 1.2163 0.0340

82 38.5621 7.5911 0.00160.80111.55911.13912.000011.26690.01000.999842.99970.0015035.5737 1.2168 0.0340

83 9.0596 11.08050.00260.23300.17711.60512.000012.18850.00550.999953.00000.0000235.5566 1.2163 0.0340

84 9.3355 14.80330.00180.93252.67014.14782.0000 0.0874 0.01001.000002.99990.0000035.5564 1.2163 0.0340

85 14.982518.12160.00520.76330.99064.11092.0002 6.9865 0.00110.999632.99870.0062535.6330 1.2180 0.0339

86 37.4501 6.8521 0.00110.82640.68912.85342.0000 6.4768 0.00991.000002.99690.0000435.5704 1.2166 0.0340

87 16.845413.52560.00920.57350.34182.85912.000013.65530.00820.997972.99790.0045935.6527 1.2185 0.0339

88 12.382220.26750.00680.79260.93281.43012.000113.56920.00990.971062.54910.0104738.6676 1.2809 0.0309

89 7.7740 1.6050 0.00100.32900.68533.49572.000017.88290.00980.999422.99920.0000135.5735 1.2167 0.0340
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90 17.090112.21560.00130.22351.95603.98132.0000 1.7156 0.00960.999933.00000.0004535.5606 1.2165 0.0340

91 16.2395 8.6209 0.00290.31240.19852.20792.0002 0.4312 0.00960.999272.99940.0004535.5900 1.2170 0.0339

92 6.9824 6.4461 0.00510.58450.82632.23112.0001 3.0685 0.00110.999862.99950.0000035.5657 1.2164 0.0340

93 18.5315 5.5055 0.00210.82990.84552.32832.000019.01510.00861.000002.99990.0000035.5559 1.2163 0.0340

94 5.4775 15.78140.00110.29052.64021.39522.0000 3.2265 0.00910.999952.99650.0000935.5740 1.2166 0.0340

95 25.355820.69070.00750.40261.33303.37692.000011.73660.00461.000002.99530.0000335.5788 1.2167 0.0340

96 2.4172 3.9014 0.00420.86212.26774.51832.000020.61030.00100.999962.99960.0000035.5587 1.2163 0.0340

97 23.783916.24610.00800.61471.80994.54262.000012.97750.00830.999992.99170.0000035.5956 1.2171 0.0339

98 32.0097 4.0929 0.00490.99122.34983.73602.0000 9.3979 0.00810.999812.99940.0004735.5667 1.2165 0.0340

99 10.943920.63140.00490.20370.34181.30262.000012.96240.00191.000002.99990.0000235.5558 1.2162 0.0340

100 19.024716.68450.00140.82722.93573.44822.000318.35290.00500.999962.91090.0559736.4751 1.2368 0.0329

101 23.6356 8.8356 0.00140.67592.54580.65922.0001 3.4804 0.0011 0.9999 2.9930 0.0001 35.6000 1.2170 0.0340

102 4.3333 15.16060.00180.24890.15190.61752.000015.93620.0078 0.9998 3.0000 0.0025 35.5805 1.2168 0.0340

103 20.859010.37470.00630.47581.39860.95452.000011.56420.0081 0.9997 2.9990 0.0070 35.6249 1.2180 0.0339

104 26.408016.82420.00320.39910.97700.72872.0000 9.3688 0.0100 0.9999 3.0000 0.0008 35.5632 1.2165 0.0340

105 10.4081 7.4296 0.00860.59941.89062.92522.000013.40450.0099 1.0000 3.00000.0000135.5560 1.2163 0.0340

106 33.8081 1.5484 0.00870.80050.69090.36682.000017.28450.0065 0.9989 2.9999 0.0017 35.5957 1.2173 0.0339

107 38.900912.29800.00970.10511.73974.11162.000020.08220.0067 0.9999 2.9998 0.0001 35.5583 1.2164 0.0340

108 34.162218.92530.00540.82141.80953.61452.000016.86970.0010 1.0000 2.9950 0.0003 35.5813 1.2167 0.0340

109 21.2280 4.0507 0.00300.84111.79964.62932.000020.34610.0019 1.0000 2.9995 0.0001 35.5597 1.2163 0.0340

110 12.5973 9.0046 0.00300.35451.34532.46322.0000 7.2996 0.0100 1.0000 3.00000.0000135.5552 1.2162 0.0340

111 30.371515.58200.00580.43010.10633.27442.000017.57700.0096 1.0000 3.00000.0000135.5555 1.2163 0.0340

112 11.0034 0.8413 0.00790.57221.54144.45062.0000 3.2139 0.0100 0.9998 2.9997 0.0021 35.5774 1.2168 0.0340

113 38.379119.67560.00410.70081.22322.69262.000020.12590.0011 1.0000 2.9998 0.0001 35.5570 1.2163 0.0340

114 25.569915.88330.00520.74250.32411.41102.000011.84550.0014 1.0000 2.9994 0.0003 35.5622 1.2164 0.0340

115 24.810011.63010.00680.75791.37964.87982.000018.10590.0096 1.0000 2.9994 0.0016 35.5715 1.2167 0.0340

116 8.5590 3.8447 0.00930.38911.35260.18212.0000 3.8935 0.0011 1.0000 3.0000 0.0001 35.5564 1.2163 0.0340

117 5.4332 10.36630.00250.42931.65341.63122.000015.46980.0010 1.0000 2.9997 0.0002 35.5597 1.2164 0.0340

118 11.700010.77940.00740.95632.41624.86512.000016.14800.0026 0.9993 2.9997 0.0009 35.5582 1.2163 0.0340

119 34.625720.67050.00620.57302.10261.82522.000019.11690.0099 1.0000 2.9985 0.0200 35.5817 1.2169 0.0339

120 36.620517.77640.00490.84972.61671.54572.000017.48920.0020 0.9993 2.9944 0.0100 35.7287 1.2206 0.0337

121 28.586120.00940.00900.27630.15660.60462.000015.18380.0044 1.0000 2.99970.0000135.6811 1.2193 0.0338

122 29.556914.12410.00450.62230.65904.57882.0000 7.6860 0.0010 1.0000 3.00000.0000135.5573 1.2163 0.0340

123 10.7357 8.4053 0.00260.58841.37890.67742.0001 7.4401 0.0073 1.0000 2.9826 0.0034 35.5563 1.2163 0.0340

124 23.890019.44000.00670.96352.87561.66062.000012.23750.0014 0.9997 2.9994 0.0312 35.6757 1.2187 0.0339

125 32.8039 9.9829 0.00660.08592.37014.48742.0000 1.1576 0.0034 0.9997 2.9992 0.0006 35.8243 1.2229 0.0336

126 17.3460 4.8402 0.00400.50051.35562.49822.0000 6.9122 0.0098 1.0000 3.00000.0000135.5723 1.2166 0.0340

127 39.5607 8.2556 0.00820.52161.00033.07642.000016.36750.0019 0.9995 2.9999 0.0047 35.5554 1.2163 0.0340

128 5.4200 14.66670.01000.09020.17732.91572.0000 4.4375 0.0010 1.0000 3.0000 0.0002 35.6073 1.2176 0.0339

129 14.195811.62470.00980.90472.22273.49132.0000 4.5205 0.0010 1.0000 3.00000.0000135.5568 1.2163 0.0340

130 21.433515.73710.00210.88441.52040.14672.000020.75730.0010 0.9997 2.99860.0000135.5553 1.2163 0.0340

131 4.3030 20.69620.00310.43900.59982.63942.000019.79680.0085 1.0000 2.9876 0.0009 35.5699 1.2166 0.0340

132 29.576120.01000.00120.78171.28160.16042.000019.61150.0054 1.0000 3.00000.0000135.6230 1.2177 0.0339

133 32.9595 3.3950 0.00680.42291.74674.25362.0000 8.2176 0.0100 1.0000 2.9999 0.0044 35.5553 1.2162 0.0340

134 36.420116.51890.00440.09421.62222.80282.000011.00650.0100 1.0000 2.9981 0.0001 35.5925 1.2172 0.0339

135 6.8255 6.4892 0.00830.59852.60984.64802.0000 0.2773 0.0099 1.0000 2.99930.0000135.5653 1.2165 0.0340

136 36.708311.00130.00580.47090.79433.48332.0003 2.8201 0.0081 0.9990 2.9906 0.0018 35.5587 1.2163 0.0340

137 26.0297 3.4669 0.00420.69590.95422.91402.000010.75240.0098 1.0000 2.9996 0.0006 35.6585 1.2183 0.0339

138 5.7065 12.52620.00950.69990.35764.07702.000019.56600.0098 0.9995 2.99930.0000135.5621 1.2164 0.0340

139 12.5829 5.4876 0.00890.63852.81954.39512.000011.49570.0096 0.9999 3.0000 0.0004 35.5720 1.2167 0.0340

140 22.781513.60790.00600.03361.93674.94462.000217.41800.0081 0.9999 2.9977 0.0007 35.5601 1.2164 0.0340

141 38.385314.33740.00660.06881.43840.00262.000012.94940.0098 0.9670 2.8711 0.0001 35.5881 1.2168 0.0340

142 38.665815.56100.00630.31961.91804.32722.000019.15910.0100 0.9999 2.9996 0.0004 52.9402 1.5775 0.0145

143 7.9893 9.3820 0.00290.53091.63413.06282.0001 8.9999 0.0098 0.9993 2.9991 0.0002 35.5616 1.2164 0.0340

144 38.8825 1.7680 0.00370.65441.94194.94982.000010.58310.0100 1.0000 3.00000.0000135.5851 1.2168 0.0340

145 38.3723 4.7818 0.00520.40761.63172.63842.0000 1.3133 0.0100 1.0000 2.9927 0.0001 35.5559 1.2163 0.0340

146 20.444318.99070.00310.82002.16312.39762.0000 6.8798 0.0100 0.9999 3.00000.0000135.5920 1.2170 0.0340

147 32.4107 3.1914 0.00860.71841.56754.00672.000020.64640.0058 0.9981 2.7399 0.0023 35.5565 1.2163 0.0340

148 7.3917 17.17360.00280.96862.98111.13922.000016.17980.0097 0.9999 3.0000 0.0003 36.9241 1.2442 0.0327
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149 18.026911.20490.00300.53130.65602.49052.0000 4.3074 0.0029 1.0000 2.99980.0000135.5629 1.2163 0.0340

150 36.797920.70970.00250.32510.31744.50432.000014.62720.0027 1.0000 2.99990.0001235.5579 1.2163 0.0340

Table A.5: The results of optimisations for 150 rounds of Simulated Annealing using low LET IR. Columns 3 and 4 are the

value of LQ parameters αmodel and βmodel for each run with the value of LQ parameters for the experimental data αexp = 0.2790

Gy−1 and βexp = 0.0357 Gy−2.

A.5.3 Results of parameter estimation using high LET IR

survival data for ξ = 150

Column 1 Column 2 Column 3 Column 4

Initial guesses Estimated parameter values αexp = 0.0598βexp = 0.0158

Run δ α1 α2 p Vmax KM δ α1 α2 p Vmax KM SSE αmodel βmodel

1 7.6732 11.97040.00220.15640.72851.88702.0000 5.5692 0.00880.99052.99470.1161 2.32 1.0582 0.0809

2 11.7853 1.2689 0.00750.85552.75231.08012.0070 7.9445 0.00160.96312.40830.17483.1113 1.1826 0.0688

3 33.9473 4.9023 0.00200.64480.80723.95202.0004 0.1487 0.00110.97112.46350.00522.6755 1.1119 0.0766

4 11.6627 7.3601 0.00690.37632.29654.74652.0067 2.3688 0.00340.99792.99840.05312.2478 1.0388 0.0841

5 32.942817.07760.00540.19090.56601.63782.0000 12.164 0.00880.99352.86033.14365.6394 1.526 0.0288

6 11.2539 0.3475 0.00800.42830.86253.35632.0000 9.4274 0.00990.99952.98770.00002.1209 1.0173 0.086

7 37.312 0.9210 0.00740.48200.27332.19322.000011.58540.00970.9998 2.658 0.7302 3.445 1.2474 0.059

8 15.2994 3.5363 0.00910.12061.72864.16752.0000 2.2955 0.00120.99992.99890.00112.1128 1.0159 0.0862

9 9.4706 13.50480.00900.58952.05013.84432.000220.78960.00110.99642.98790.07452.2431 1.0425 0.0829

10 11.541215.21990.00400.22621.63980.83632.0000 0.4287 0.00930.99102.96160.0001 2.173 1.0273 0.0849

11 25.409713.47640.00730.38461.27724.30992.0000 1.3646 0.00141.00002.99910.00792.1225 1.018 0.0859

12 19.985 9.3899 0.00280.58301.93334.94942.000013.50350.00290.99802.67670.00142.3694 1.0599 0.082

13 15.363111.38490.00130.25181.94292.57212.0000 7.5185 0.00160.9984 2.998 0.00922.1312 1.0197 0.0857

14 33.5715 6.1800 0.00770.29042.03714.42142.0003 1.2708 0.00860.99982.99990.00222.1159 1.0163 0.0861

15 24.24 15.48920.00550.61711.90742.94012.0006 9.4257 0.00910.99912.90580.06312.2801 1.0478 0.0826

16 22.8895 3.9508 0.00530.26532.83550.77382.0014 11.739 0.00140.99362.97970.29172.5803 1.1072 0.075

17 36.853414.28670.00910.82440.62680.99932.0000 1.9149 0.00120.94522.99350.00192.3395 1.0608 0.0808

18 12.8619 3.8378 0.00650.98272.12782.03482.0020 3.0476 0.00860.99572.99270.00462.1536 1.0226 0.0856

19 30.7736 7.6783 0.00660.73020.70873.74352.0033 2.737 0.00990.99732.87480.00472.2449 1.0375 0.0844

20 30.641713.01700.00870.34390.35824.12792.000015.7789 0.008 1.00002.78460.58113.1151 1.1975 0.0645

21 16.456916.22700.00820.58411.82193.94982.001513.68880.00440.99902.90430.00212.1979 1.03 0.085

22 23.5772 1.7121 0.00620.10781.35041.59262.0000 0.4216 0.00850.99702.91610.03042.2277 1.0377 0.0838

23 4.8825 19.32390.00260.90631.37622.67032.000017.08330.00420.99992.79430.00002.2641 1.0419 0.0838

24 4.0501 16.13330.00320.87971.98580.44982.0111 8.0666 0.00170.9182 2.751 0.55273.5846 1.2611 0.0588

25 22.170310.13460.00900.81782.31090.55852.0001 6.5105 0.00120.9999 2.998 0.00832.1242 1.0182 0.0859

26 31.6084 9.0771 0.00130.26071.05070.68152.0038 7.6625 0.00170.99622.98990.00842.1728 1.0252 0.0855

27 37.4924 9.3040 0.00540.59441.98603.39332.0001 0.6229 0.00971.00002.92390.13022.3577 1.0642 0.0804

28 6.9364 6.3882 0.00250.02251.24852.47592.0001 5.105 0.00110.99582.99580.01472.1512 1.0237 0.0852

29 23.615310.58550.00980.42532.52580.94862.000012.2303 0.002 0.99792.98690.00242.1315 1.0194 0.0858

30 19.836810.63250.00740.31272.49882.47502.204011.22760.00120.81432.84850.01575.2662 1.3584 0.071

31 2.4523 17.00350.00550.16150.76930.73802.0000 7.0496 0.001 0.99992.99890.05602.1926 1.0327 0.084

32 14.810716.53020.00520.17881.84040.27492.005016.79050.00190.9956 2.316 0.39723.4128 1.2322 0.0626

33 15.694111.58310.00580.74750.44540.84352.0035 3.7663 0.00150.96112.73870.0386 2.556 1.0942 0.078

34 9.174 11.01840.00970.74851.85943.75852.000115.46180.00991.00002.89460.00222.1912 1.0295 0.0849

35 2.0455 17.26000.00200.54330.78191.84182.0000 2.6145 0.00970.99392.95780.28372.5746 1.1065 0.075

36 14.023917.85750.00150.33811.33704.70912.0002 2.9258 0.00190.99932.94150.02292.1906 1.0305 0.0846

37 28.585416.40980.00370.83232.53200.08592.000412.73430.00990.99992.98480.00092.1255 1.0177 0.0861

38 25.7597 6.6266 0.00620.55260.58864.14532.000217.7825 0.001 0.99922.81620.02362.2874 1.0472 0.083

39 22.6364 9.4166 0.00580.95750.91163.13302.000112.21060.00980.99852.90260.00462.1938 1.0302 0.0848

40 18.683415.64570.00910.89281.44992.69372.000119.18450.00980.99952.95150.00002.1475 1.0218 0.0856

41 12.9222 2.3087 0.00590.35651.01343.25252.019918.70710.00790.87062.49760.15893.5485 1.2434 0.0631
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42 21.063 2.3062 0.00490.54642.39553.63312.000019.03890.00380.9254 2.789 1.37054.4227 1.3844 0.0434

43 30.9388 5.6311 0.00590.34672.96250.47242.0000 8.0444 0.001 0.99942.99890.00032.1139 1.0161 0.0861

44 30.971510.92040.00740.62280.47714.38792.0008 2.9093 0.00310.99832.99990.00072.1237 1.0175 0.0861

45 23.890120.22220.00120.79660.71060.07182.001420.78650.00950.99332.99630.03762.2042 1.0337 0.0841

46 30.411214.77740.00820.74592.10671.47152.0000 7.8581 0.00461.00002.92030.00012.1679 1.0254 0.0853

47 26.5303 6.5026 0.00230.12551.12640.89962.0002 17.687 0.003 1.00002.94680.00142.1518 1.0226 0.0856

48 6.6823 6.0790 0.00530.82242.92114.63152.0001 8.2279 0.00810.99962.93370.0059 2.169 1.0258 0.0852

49 21.167117.68310.00330.02522.91690.34092.000414.93060.00170.99942.88920.00252.1997 1.0309 0.0848

50 15.195918.95560.00430.41441.93112.90552.000017.70950.00150.99902.97890.05362.2076 1.0351 0.0838

51 5.5016 13.30050.00700.73142.58033.18582.0000 5.7372 0.00880.99052.99470.1161 2.32 1.0582 0.0809

52 7.6183 5.3298 0.00250.78141.20573.25632.0070 4.6211 0.00160.96312.40850.19213.1398 1.1874 0.0682

53 9.5304 1.8686 0.00350.36731.89584.32312.0066 9.5593 0.00980.99742.96320.02832.2387 1.036 0.0846

54 27.546317.43180.00280.74492.95570.27982.023110.71680.00990.99832.95330.00252.3306 1.0415 0.0861

55 18.397412.16780.00280.89231.67844.08432.0004 0.9247 0.00730.98152.88780.3114 2.727 1.1322 0.0722

56 28.387319.71260.00390.24262.80082.64462.0000 4.2634 0.00120.94952.98210.02022.3574 1.0642 0.0804

57 11.7578 1.2948 0.00890.12962.16103.47182.0000 2.7849 0.00780.99662.93880.00172.1701 1.0262 0.0852

58 2.3708 12.16620.00520.22511.45211.06202.0058 5.323 0.00220.99172.91060.00632.2612 1.0397 0.0843

59 22.2268 5.9472 0.00460.35001.91712.71642.000018.77180.00590.99652.97590.0086 2.154 1.0238 0.0853

60 12.616917.21330.00260.28712.66293.51262.0000 8.1045 0.001 0.99922.99930.00102.1152 1.0162 0.0861

61 37.9567 3.9930 0.00970.92750.59624.78222.004813.88430.00950.99982.90160.05012.2944 1.0472 0.0832

62 36.4448 9.2156 0.00470.05131.18612.22272.0000 2.455 0.00290.99802.68260.00132.3643 1.0591 0.0821

63 16.922 8.1958 0.00860.59272.97650.42702.002618.74590.00991.00002.99980.00392.1351 1.0186 0.0862

64 2.9445 17.18930.00650.16291.20710.28672.0008 4.2303 0.00350.99992.99680.00392.1244 1.0176 0.0861

65 27.514614.08110.00440.83841.97663.14732.000017.59910.00770.98312.65551.60794.5698 1.4023 0.0416

66 33.8125 4.3380 0.00890.16762.70403.98092.001117.08450.00990.96752.37840.05322.8649 1.1435 0.0731

67 38.917 6.6323 0.00810.50222.98613.45602.003519.3365 0.006 0.98522.92770.00022.2477 1.0389 0.0841

68 4.1634 2.8059 0.00520.99931.95951.72652.0000 7.6674 0.001 0.9999 2.994 0.01142.1313 1.0196 0.0857

69 19.112313.96880.00830.35540.32534.73412.0000 7.4328 0.00710.9847 2.86 0.00902.2874 1.048 0.0828

70 24.133911.88280.00910.04710.10832.60102.0000 0.8458 0.00991.00002.88360.00002.1951 1.03 0.0849

71 28.0922 3.5525 0.00490.21371.85434.76912.000919.4849 0.01 0.9968 2.98 0.0056 2.152 1.0228 0.0855

72 29.3384 3.0934 0.00400.39781.70140.36802.0054 0.4045 0.00150.99922.66210.00752.4301 1.0674 0.0819

73 26.7015 9.9122 0.00640.33372.88591.03522.000417.72050.00950.99992.14832.54746.0712 1.5662 0.0259

74 29.622818.88200.00910.22962.23833.87512.0006 8.8131 0.00960.9320 2.988 4.3689 6.547 1.6159 0.0206

75 16.206211.49210.00730.93611.98754.57092.0023 9.7434 0.00110.99942.99290.00782.1461 1.0209 0.0859

76 24.1001 0.7116 0.00440.68321.56993.91282.0007 7.3933 0.00120.9985 2.925 0.00492.1828 1.028 0.0851

77 6.4125 1.1460 0.00760.96210.77971.47772.0000 2.2351 0.00110.99772.79720.00002.2705 1.0432 0.0836

78 4.1909 16.74270.00960.43802.88600.75922.0000 13.714 0.00110.99732.99740.00652.1323 1.0198 0.0857

79 39.2311 9.3993 0.00590.94031.62064.23962.0063 6.6353 0.001 0.99982.99270.0019 2.166 1.022 0.0862

80 12.8233 7.9723 0.00590.00580.09083.92432.0026 1.0355 0.00930.97242.87650.0590 2.421 1.0727 0.08

81 24.609 16.42250.00380.61032.08891.35422.000018.9414 0.001 0.99992.99890.04922.1827 1.0306 0.0843

82 38.5621 7.5911 0.00160.80111.55911.13912.0257 5.8508 0.00870.98952.64310.01752.6704 1.0969 0.0809

83 9.0596 11.08050.00260.23300.17711.60512.000017.7293 0.001 0.9984 3 0.00222.1196 1.0172 0.086

84 9.3355 14.80330.00180.93252.67014.14782.000710.16410.00110.99952.99940.00342.1221 1.0172 0.0861

85 14.982518.12160.00520.76330.99064.11092.0003 0.5027 0.001 0.98102.95240.08102.3413 1.061 0.0808

86 37.4501 6.8521 0.00110.82640.68912.85342.000210.77090.00190.99952.88810.01752.2215 1.0356 0.0842

87 16.845413.52560.00920.57350.34182.85912.000119.58680.00510.97892.99730.02002.2254 1.0386 0.0834

88 12.382220.26750.00680.79260.93281.43012.005919.29270.00150.9970 2.979 0.00012.1808 1.025 0.0859

89 7.774 1.6050 0.00100.32900.68533.49572.005718.7625 0.01 0.99962.99280.00512.1663 1.0225 0.0861

90 17.090112.21560.00130.22351.95603.98132.0001 0.2194 0.00980.99962.95910.00002.1416 1.0209 0.0857

91 16.2395 8.6209 0.00290.31240.19852.20792.000018.5612 0.01 1.00002.99950.00062.1112 1.0155 0.0862

92 6.9824 6.4461 0.00510.58450.82632.23112.004811.99760.00910.9979 2.849 0.02612.3061 1.0483 0.0833

93 18.5315 5.5055 0.00210.82990.84552.32832.000011.38490.00930.99962.99360.01292.1349 1.0204 0.0856

94 5.4775 15.78140.00110.29052.64021.39522.0066 3.234 0.00850.96402.76251.76084.7699 1.4239 0.0399

95 25.355820.69070.00750.40261.33303.37692.0006 7.8191 0.00950.99572.99740.0375 2.188 1.031 0.0843

96 2.4172 3.9014 0.00420.86212.26774.51832.0000 6.7374 0.00860.98662.88920.02012.2744 1.0461 0.0829

97 23.783916.24610.00800.61471.80994.54262.008512.70280.00280.99642.36550.01022.7481 1.1172 0.0773

98 32.0097 4.0929 0.00490.99122.34983.73602.000016.8683 0.001 0.98982.47270.11832.7754 1.1315 0.0739

99 10.943920.63140.00490.20370.34181.30262.000316.67140.00170.99952.90770.01072.1975 1.0311 0.0847

100 19.024716.68450.00140.82722.93573.44822.003118.34410.00470.9590 2.738 0.03972.5634 1.0959 0.0778
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101 23.6356 8.8356 0.00140.67592.54580.65922.0007 7.4847 0.00290.99542.93980.0011 2.178 1.0274 0.0851

102 4.3333 15.16060.00180.24890.15190.61752.002111.84350.00110.99962.99870.01712.1533 1.0227 0.0856

103 20.859 10.37470.00630.47581.39860.95452.0027 9.0561 0.00140.98342.97520.02302.2477 1.0408 0.0835

104 26.408 16.82420.00320.39910.97700.72872.0061 9.5454 0.00340.99812.99860.04862.2352 1.0366 0.0843

105 10.4081 7.4296 0.00860.59941.89062.92522.0000 4.9188 0.00350.99902.67660.81453.5403 1.2622 0.0572

106 33.8081 1.5484 0.00870.80050.69090.36682.0000 3.095 0.00790.99382.63050.34962.9626 1.1686 0.0686

107 38.900912.29800.00970.10511.73974.11162.000019.42340.00780.99692.95830.00142.1543 1.0234 0.0854

108 34.162218.92530.00540.82141.80953.61452.0000 5.2534 0.00120.99992.99890.00112.1128 1.0158 0.0862

109 21.228 4.0507 0.00300.84111.79964.62932.000219.6919 0.001 0.99212.62280.03552.4949 1.0829 0.0794

110 12.5973 9.0046 0.00300.35451.34532.46322.0000 3.4832 0.001 0.99922.99940.00092.1149 1.0162 0.0861

111 30.371515.58200.00580.43010.10633.27442.000011.23420.00820.99982.83950.00092.2306 1.0362 0.0843

112 11.0034 0.8413 0.00790.57221.54144.45062.000013.2877 0.001 0.99932.99590.02402.1506 1.0238 0.0852

113 38.379119.67560.00410.70081.22322.69262.0001 3.9364 0.00980.99762.59340.00112.4421 1.072 0.0809

114 25.569915.88330.00520.74250.32411.41102.000014.83490.00841.00002.90660.07262.2857 1.0493 0.0823

115 24.81 11.63010.00680.75791.37964.87982.0054 5.8712 0.00760.99742.64520.01432.4624 1.0732 0.0812

116 8.559 3.8447 0.00930.38911.35260.18212.000712.18960.00660.99952.88750.00462.2066 1.032 0.0847

117 5.4332 10.36630.00250.42931.65341.63122.0053 1.635 0.00170.99142.99840.00072.1855 1.0267 0.0855

118 11.7 10.77940.00740.95632.41624.86512.000813.82390.00121.00002.98520.00072.1274 1.0179 0.0861

119 34.625720.67050.00620.57302.10261.82522.005114.68230.00840.91822.88670.0841 2.707 1.1234 0.0742

120 36.620517.77640.00490.84972.61671.54572.016118.01360.00150.99892.47580.04842.7588 1.1166 0.0778

121 28.586120.00940.00900.27630.15660.60462.0011 7.7282 0.00440.99932.99020.00152.1304 1.0184 0.086

122 29.556914.12410.00450.62230.65904.57882.0025 17.239 0.00450.99202.84240.04922.3521 1.059 0.0817

123 10.7357 8.4053 0.00260.58841.37890.67742.000016.89450.00420.99992.79770.00002.2615 1.0415 0.0838

124 23.89 19.44000.00670.96352.87561.66062.000211.5715 0.01 0.98862.15960.60123.9026 1.3058 0.0539

125 32.8039 9.9829 0.00660.08592.37014.48742.001912.86710.00110.99952.99430.00632.1391 1.0197 0.086

126 17.346 4.8402 0.00400.50051.35562.49822.008120.28660.00460.9977 2.641 0.15292.7079 1.1178 0.0759

127 39.5607 8.2556 0.00820.52161.00033.07642.0016 0.6487 0.00260.98362.29390.61433.7862 1.2904 0.0554

128 5.42 14.66670.01000.09020.17732.91572.000620.59420.00940.98692.98832.18254.7523 1.4273 0.0385

129 14.195811.62470.00980.90472.22273.49132.000013.7894 0.002 0.99802.98760.00222.1301 1.0192 0.0858

130 21.433515.73710.00210.88441.52040.14672.0000 8.294 0.001 1.00002.66870.01082.3829 1.0625 0.0817

131 4.303 20.69620.00310.43900.59982.63942.000018.16430.00110.99982.84930.00452.2288 1.0361 0.0843

132 29.576120.01000.00120.78171.28160.16042.001716.39630.00120.99742.96960.04482.2208 1.0363 0.0839

133 32.9595 3.3950 0.00680.42291.74674.25362.0001 4.6535 0.00121.00002.96340.01322.1568 1.024 0.0853

134 36.420116.51890.00440.09421.62222.80282.000115.04320.00991.00002.91380.00182.1761 1.0269 0.0851

135 6.8255 6.4892 0.00830.59852.60984.64802.012512.51360.00230.99502.98290.30352.6829 1.1179 0.0751

136 36.708311.00130.00580.47090.79433.48332.0002 15.386 0.00190.99952.94340.01712.1795 1.0283 0.0849

137 26.0297 3.4669 0.00420.69590.95422.91402.0000 4.3735 0.01 0.99792.64480.00252.3984 1.0649 0.0815

138 5.7065 12.52620.00950.69990.35764.07702.0059 9.2136 0.00150.99702.97880.0013 2.183 1.0254 0.0858

139 12.5829 5.4876 0.00890.63852.81954.39512.0001 8.3325 0.00950.98242.98070.00302.1983 1.0327 0.0842

140 22.781513.60790.00600.03361.93674.94462.0001 3.8034 0.00980.99952.95650.00002.1436 1.0212 0.0857

141 38.385314.33740.00660.06881.43840.00262.0000 18.931 0.00931.00002.90520.02992.2237 1.0366 0.0839

142 38.665815.56100.00630.31961.91804.32722.0001 4.6344 0.00150.90762.48170.95244.3531 1.3712 0.0457

143 7.9893 9.3820 0.00290.53091.63413.06282.0002 6.5787 0.00860.99992.99970.00042.1125 1.0157 0.0862

144 38.8825 1.7680 0.00370.65441.94194.94982.0003 0.6389 0.00750.99902.91930.00392.1808 1.0278 0.0851

145 38.3723 4.7818 0.00520.40761.63172.63842.022918.86190.00810.95592.68230.34063.2786 1.2049 0.067

146 20.444318.99070.00310.82002.16312.39762.000016.62190.00860.98232.89160.02102.2907 1.0493 0.0825

147 32.4107 3.1914 0.00860.71841.56754.00672.016619.63810.00280.99382.83440.02872.4326 1.0637 0.083

148 7.3917 17.17360.00280.96862.98111.13922.003319.91380.00810.99962.96270.16612.4058 1.0723 0.0796

149 18.026911.20490.00300.53130.65602.49052.0003 9.6956 0.00170.99952.90630.00752.1937 1.0301 0.0848

150 36.797920.70970.00250.32510.31744.50432.0139 9.82 0.00160.94972.78491.59484.7231 1.4143 0.0417

Table A.6: The results of optimisations for 150 rounds of Simulated Annealing using high LET IR. Columns 3 and 4 are the

value of LQ parameters αmodel and βmodel for each run with the value of LQ parameters for the experimental data αexp = 0.8

Gy−1 and βexp = 0.01 Gy−2.
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A.6 Nelder-Mead Simplex and SA algorithm per-

formance

Dose (Gy) log(survival rate)

0 2

1 1.8634

2 1.6957

4 1.2675

6 0.7152

8 0.0390

10 −0.7612

Table A.7: The simulation data for low LET IR are generated for the parameter

values δ = 2, α1 = 11.4775, α2 = 0.0082, p = 0.9011, Vmax = 2.3076, and KM = 5

to check the consistency of the NM simplex and SA algorithm performance to the

parameter estimation procedure.

Dose (Gy) log(survival rate)

0 2

0.5 1.8298

1 1.6568

1.5 1.4812

2.25 1.2126

3 0.9376

3.5 0.7514

4 0.5622

Table A.8: The simulation data for high LET IR are generated for the parameter

values δ = 3.6703, α1 = 18.9733, α2 = 0.001, p = 0.7942, Vmax = 2.9387, and

KM = 3.7560 to check the consistency of the NM simplex and SA algorithm

performance to the parameter estimation procedure.
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A.7 Results of two-fraction survival data for low

LET IR

Column 1 Column 2

Low LET IR High LET IR

Run α β α β

1 0.2095 0.0203 0.7614 0.0061

2 0.2075 0.0251 0.76 0.009

3 0.2112 0.0256 0.7476 0.0103

4 0.2115 0.025 0.7599 0.0095

5 0.2086 0.0254 0.753 0.0091

6 0.2063 0.0258 0.751 0.0094

7 0.2038 0.0254 0.7605 0.0095

8 0.2083 0.0259 0.7609 0.009

9 0.2121 0.026 0.7605 0.0096

10 0.21 0.0259 0.7598 0.0095

11 0.2149 0.0254 0.7499 0.0093

12 0.2176 0.025 0.755 0.009

13 0.2153 0.0249 0.7471 0.01

14 0.2118 0.026 0.7449 0.011

15 0.2166 0.0259 0.7452 0.0113

16 0.2142 0.0258 0.7601 0.009

17 0.2094 0.026 0.7516 0.0095

18 0.2092 0.0259 0.7538 0.0095

19 0.2132 0.026 0.7628 0.0094

20 0.2129 0.0256 0.7537 0.0094

21 0.2107 0.025 0.7482 0.0097

22 0.208 0.0261 0.7549 0.0089

23 0.2108 0.0261 0.755 0.0092

24 0.2114 0.0259 0.7508 0.0094

25 0.2167 0.0256 0.7544 0.0098

26 0.2084 0.0255 0.7475 0.0094

27 0.2096 0.0253 0.7514 0.0093

28 0.2079 0.0255 0.7557 0.009

29 0.2201 0.026 0.7496 0.0103

30 0.2079 0.0254 0.7552 0.0094

31 0.2073 0.0258 0.7562 0.0095

32 0.2104 0.0254 0.7588 0.0092

33 0.212 0.0257 0.7539 0.0092

34 0.2171 0.0254 0.7525 0.0092

35 0.2068 0.0255 0.7617 0.0096

36 0.2077 0.0254 0.7582 0.0091

37 0.2065 0.0258 0.7615 0.0094
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38 0.2124 0.0258 0.7534 0.009

39 0.2123 0.0248 0.7584 0.0093

40 0.2164 0.0261 0.7547 0.0092

41 0.2082 0.0255 0.7512 0.0094

42 0.2124 0.0258 0.7612 0.0092

43 0.2048 0.0261 0.7555 0.0094

44 0.2126 0.0258 0.7471 0.0103

45 0.2089 0.0263 0.7543 0.0092

46 0.2128 0.0255 0.7515 0.009

47 0.2066 0.0259 0.7591 0.0091

48 0.2034 0.0259 0.7513 0.009

49 0.2116 0.0255 0.751 0.0088

50 0.209 0.0254 0.7528 0.0093

51 0.2134 0.0264 0.7447 0.01

52 0.2076 0.0255 0.754 0.0094

53 0.2084 0.0263 0.7583 0.0094

54 0.2083 0.0255 0.7559 0.0093

55 0.2089 0.0261 0.7484 0.01

56 0.2114 0.0262 0.75 0.0096

57 0.2052 0.0251 0.7539 0.0094

58 0.2125 0.0257 0.7668 0.0094

59 0.211 0.0253 0.7526 0.0091

60 0.2122 0.0258 0.7556 0.0096

61 0.2103 0.0261 0.7521 0.0092

62 0.2146 0.0257 0.7574 0.009

63 0.2137 0.0257 0.7588 0.0091

64 0.2101 0.0252 0.7617 0.0094

65 0.2221 0.0262 0.757 0.0095

66 0.214 0.0254 0.7569 0.0092

67 0.212 0.0259 0.7579 0.0095

68 0.2076 0.0255 0.7643 0.0095

69 0.2046 0.0259 0.7539 0.0098

70 0.2154 0.0254 0.7569 0.0092

71 0.2111 0.0261 0.754 0.0094

72 0.2196 0.0256 0.7458 0.01

73 0.2176 0.0261 0.742 0.01

74 0.2101 0.0261 0.7507 0.0094

75 0.2093 0.0262 0.7545 0.0089

76 0.2141 0.0254 0.7465 0.01

77 0.2023 0.0253 0.7606 0.0091

78 0.2106 0.0261 0.754 0.0095

79 0.2103 0.0258 0.7643 0.0095

80 0.2166 0.025 0.7621 0.0092

81 0.217 0.026 0.7514 0.0094
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82 0.2124 0.0257 0.7533 0.0093

83 0.2163 0.0253 0.7515 0.0095

84 0.2039 0.0263 0.7576 0.0091

85 0.2087 0.0253 0.7493 0.0091

86 0.2098 0.0262 0.7522 0.009

87 0.208 0.0255 0.7433 0.01

88 0.2158 0.0264 0.7558 0.0091

89 0.2106 0.0255 0.752 0.0092

90 0.209 0.0256 0.7602 0.0087

91 0.2094 0.0254 0.7514 0.0089

92 0.214 0.0256 0.751 0.01

93 0.2175 0.0259 0.746 0.01

94 0.2065 0.0257 0.7546 0.0089

95 0.2159 0.0262 0.75 0.0095

96 0.2185 0.0259 0.7582 0.009

97 0.2148 0.0262 0.7539 0.0093

98 0.2151 0.0261 0.7541 0.0091

99 0.2114 0.0261 0.757 0.0091

100 0.2154 0.0253 0.7575 0.0093

101 0.2076 0.0254 0.7577 0.0093

102 0.2085 0.0264 0.7555 0.0095

103 0.2066 0.0255 0.7608 0.0091

104 0.2111 0.025 0.7515 0.0095

105 0.2128 0.0256 0.7679 0.0093

106 0.2153 0.0261 0.7572 0.0097

107 0.211 0.0259 0.7499 0.01

108 0.2127 0.0259 0.7548 0.0086

109 0.2126 0.0249 0.7558 0.009

110 0.2091 0.0251 0.7571 0.0091

111 0.2098 0.0262 0.7616 0.0092

112 0.2171 0.026 0.7582 0.0094

113 0.2109 0.0262 0.7549 0.0095

114 0.2048 0.0255 0.7528 0.0091

115 0.216 0.0262 0.7528 0.0095

116 0.2076 0.0254 0.7527 0.009

117 0.2076 0.0257 0.7578 0.0094

118 0.2114 0.0258 0.7575 0.0092

119 0.2082 0.0263 0.7535 0.0091

120 0.2108 0.026 0.7559 0.0092

121 0.2034 0.0254 0.7615 0.009

122 0.2104 0.0251 0.7534 0.0088

123 0.2099 0.0259 0.7603 0.0094

124 0.2047 0.0261 0.7538 0.0095

125 0.2022 0.0261 0.7527 0.0094
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126 0.2087 0.0255 0.7582 0.0095

127 0.2145 0.0254 0.7511 0.0091

128 0.21 0.026 0.7531 0.0093

129 0.2061 0.0258 0.7599 0.0091

130 0.2175 0.0258 0.7481 0.01

131 0.2117 0.0248 0.752 0.0091

132 0.2078 0.0245 0.7599 0.0093

133 0.2129 0.0258 0.743 0.01

134 0.206 0.0258 0.7456 0.0091

135 0.2102 0.0264 0.7545 0.0093

136 0.214 0.0264 0.743 0.0089

137 0.2063 0.0256 0.7622 0.0095

138 0.2156 0.0263 0.7646 0.0091

139 0.2129 0.0257 0.7589 0.0092

140 0.2096 0.025 0.7646 0.0095

141 0.2105 0.0259 0.7486 0.0094

142 0.2076 0.0262 0.7467 0.01

143 0.2206 0.0263 0.756 0.0092

144 0.2114 0.0258 0.7675 0.0095

145 0.2118 0.0261 0.7602 0.0096

146 0.2069 0.0257 0.7595 0.0093

147 0.2108 0.0259 0.7545 0.0089

148 0.213 0.0257 0.7645 0.0095

149 0.2109 0.0262 0.7494 0.0091

150 0.2147 0.0255 0.7595 0.009

Table A.9: Results of two-fraction survival data for low and high LET IR
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Analysis of the structurally

unstable bistable system using

MAPLE (see chapter 6)

B.1 Using resultants

> restart;

> with(plots, implicitplot,PolynomialTools,DEtools);

> a1 := 1; a2 := 1; b1 := 200; b2 := 10; g1 := 4;

> g2 := 4; K1 := 30; K2 := 1;

> dotx1 := a1*(a/d-x1)-b1*x1*y1^g1/(K1+y1^g1)-d*x1;

> doty1 := a2*(1-y1)-b2*y1*x1^g2/(K2+x1^g2);

> simplify(dotx1);

> simplify(doty1);

> dotx1 := numer(dotx1);

> doty1 := numer(doty1);

> r1 := resultant(dotx1, doty1, y1);

> r2 := diff(r1, x1);

> r3 := resultant(r1, r2, x1);

> r3 := evalf(%);

236
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#parameters a and d are very small. Let us assume that a=eA and d=eD,

#where A,D=0(1) and 0<e<<1.

#In the perturbation technique, after substitung A and D in the equation for r3,

#the equation becomes r6(A,delta)+r7(A,delta)e+Higher Order Terms (HOT)=0.

#Which means that

> r5 := subs(a = e*A, d = e*delta, r3);

#we use delta=D, we could not have used D because D is a special function in MAPLE.

> coeffs(r5, e, ’k’);

> k;

> maxse := max(k);

#This syntax provides the smallest and the largest exponent of e

> r5rescaled := expand(r5/e^33);#e^33 is the smallest one

> coeffsr5 := coeffs(r5rescaled, e, ’t’);

#**********************************************

#r6(A,delta)+r7(A,delta)e+Higher Order Term(HOT)=0.

#**********************************************

#r6 is taken from r5rescaled

> r6 := -6.874031960*10^147*A^20*delta^13+2.501077087*10^147*A^8*delta^25+5.898600220

*10^148*A^16*delta^17+2.787004386*10^148*A^12*delta^21-2.098048254*10^123*A^32*delta-

1.045562823*10^147*delta^33-9.343386656*10^131*A^28*delta^5-2.634193844*10^147*A^4

*delta^29-1.387446145*10^140*A^24*delta^9;

#Next, after zoom-in (see chapter 6), in the A, D region, we expect that

#there is a line which passes through the origin and this line is given by A=mD.

> r6 := subs(A = m*delta, r6);

> coeffs(r6, delta, ’s’);

> s;

> r7 := simplify(r6/delta^33);#r7 is polynomial in ’m’.

> m := solve(r7);

#The above solution shows that m=0.7567928014 and m= 1.733670494.

#These values correspond to the slopes of the lines in the A,D region.
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B.2 Using Sturm’s theorem

###################################################################

> #sturms_theorem_cauchy_criterion.mw;

####################################################################

> restart;

>with(RealDomain)

###################################################################

># Region II: a=d=0.001

###################################################################

> r1 := 31.-231.031*x1+1324.*x1^4-2125.324*x1^5+21786.*x1^8-23007.786*x1^9+1.59724*10^5*x1^12-

1.60683724*10^5*x1^13+4.39231*10^5*x1^16-4.39870231*10^5*x1^17;

> sturmr1 := sturmseq(r1, x1);

> P[0] := 0.7047533071e-4-0.5252253590e-3*x1+0.3009978641e-2*x1^4-0.4831706831e-2*x1^5

+0.4952824371e-1*x1^8-0.5230584927e-1*x1^9+.3631161846*x1^12-.3652980190*x1^13

+.9985467737*x1^16-1.000000000*x1^17;

> P[1] := -0.3089560935e-4+0.7082302682e-3*x1^3-0.1421090245e-2*x1^4+0.2330740881e

-1*x1^7-0.2769133196e-1*x1^8+.2563173068*x1^11-.2793455439*x1^12+.9398087282*x1^15

-1.000000000*x1^16;

> P[2] := -0.1243794183e-2+0.8954839007e-2*x1-0.4018432483e-1*x1^4+0.6178370302e-1*x1^5-

0.4455285137*x1^8+.4458947493*x1^9-1.637437090*x1^12+1.557038753*x1^13-0.7535897965e

-3*x1^3-0.2480016210e-1*x1^7-.2727334820*x1^11-1.000000000*x1^15;

> P[3] := -0.6203846900e-2*x1+0.2468344451e-1*x1^4-0.6310002754e-1*x1^5+.2707721660*x1^8

-.5552747414*x1^9+.9925827010*x1^12-1.991444140*x1^13-6.422447727*10^(-12)*x1^7

+6.422447727*10^(-11)*x1^11+0.5751198543e-2*x1^2+0.3968026030e-1*x1^6+.2863735719*x1^10

+1.000000000*x1^14+0.7705808450e-3;

> P[4] := 0.1856476587e-2*x1-.2395347635*x1^12+1.000000000*x1^13-0.6334696202e-2*x1^4

+0.2767423326e-1*x1^5-0.6616103421e-1*x1^8+.2747662310*x1^9-0.3706566029e-2*x1^2

-0.1124182747e-1*x1^6-0.1060720938e-1*x1^10-0.3528815738e-2*x1^3-0.1050684985e-1*x1^7

-0.9631279041e-2*x1^11-0.2053161366e-3;

> P[5] := 0.4713851277e-2*x1-1.000000000*x1^12-0.2937745440e-1*x1^4+0.1421729836e-1*x1^5

-.2838640123*x1^8+0.1329996481e-1*x1^9+0.4460995820e-2*x1^2+0.1319777124e-1*x1^6

+0.1197370154e-1*x1^10+0.4249439598e-2*x1^3+0.1229931456e-1*x1^7+0.1075563486e-1*x1^11

-0.7052972668e-3;

> P[6] := -.6152497814*x1-39.20502994*x1^4+41.91261032*x1^5-93.70964827*x1^8
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+102.6750878*x1^9+.1124596794*x1^2+.3713030311*x1^6+.3939164329*x1^10+.3383139179*x1^3

+1.039434332*x1^7+1.000000000*x1^11+.3717692646;

> P[7] := -0.6100378676e-2*x1-.1577537014*x1^4+.5476734604*x1^5-.3772372210*x1^8

+1.319118135*x1^9+0.6401181026e-2*x1^2-.4074564304*x1^6-1.000000000*x1^10

+0.1969914732e-3*x1^3+0.3611483651e-3*x1^7+0.1474235758e-2;

> P[8] := 0.5970164101e-2*x1+.3775439665*x1^4-.4083209867*x1^5+.9024265726*x1^8-

1.000000000*x1^9-0.1122106917e-2*x1^2-0.2113568562e-2*x1^6-0.3579795980e

-2-0.3300121002e-2*x1^3-0.6050223899e-2*x1^7;

> P[9] := 0.6781266534e-2*x1-.5913092788*x1^4+0.2974492284e-2*x1^5-1.000000000*x1^8

+0.3597415262e-2+0.7542607477e-2*x1^2+0.3332249736e-2*x1^6+0.1156168520e-1*x1^3

+0.9565650672e-2*x1^7;

> P[10] := -10.01270932*x1+192.4425668*x1^4-220.5642888*x1^5+.4369895516

+1.388742543*x1^2+2.510253782*x1^6+.6175183343*x1^3+1.000000000*x1^7;

> P[11] := -.1131579363*x1+2.137168347*x1^4-3.297808554*x1^5+0.4837388337e

-2+0.5952119897e-1*x1^2+1.000000000*x1^6+0.6863809827e-3*x1^3;

> P[12] := 0.4598589868e-1*x1-.8844569605*x1^4+1.000000000*x1^5-0.2008835968e

-2-0.5680232840e-2*x1^2-0.2721774405e-2*x1^3;

> P[13] := 0.3137862600e-1*x1-1.000000000*x1^4+0.1975881910e-2+0.3214755262e

-1*x1^2+0.3751222043e-1*x1^3;

> P[14] := -9.119753673*x1+1.570276951+.6519435935*x1^2+1.000000000*x1^3;

> P[15] := -.8272251562*x1+.1133113368+1.000000000*x1^2;

> P[16] := 1.000000000*x1-.1751267209;

> P[17] := 1;

> sturm(sturmr1, x1, -2, 2);

3

> sturm(sturmr1, x1, -2, 0);

0

> sturm(sturmr1, x1, 0, 2);

3

> sturm(sturmr1, x1, 0, .5);

1

> sturm(sturmr1, x1, .5, 1);

2

> sturm(sturmr1, x1, 1, 1.5);

0
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> sturm(sturmr1, x1, 1.5, 1.99855);

0

> sturm(sturmr1, x1, 0, .1);

0

> sturm(sturmr1, x1, .1, .2);# There is one root in this range

1

> sturm(sturmr1, x1, .2, .3);

0

> sturm(sturmr1, x1, .3, .4);

0

> sturm(sturmr1, x1, .4, .5);

0

> sturm(sturmr1, x1, .5, .6); #There is one root in this range

1

> sturm(sturmr1, x1, .6, .7);

0

> sturm(sturmr1, x1, .7, .8);

0

> sturm(sturmr1, x1, .8, .9);

0

> sturm(sturmr1, x1, .9, 1); #There is one root in this range

1

> solve(r1);# 0.1357108811, 0.5059157713, 0.9936728609,

# These are the roots of polynomial using MAPLE.

# This is only to check that the theorem gives a similar answer to

# the one given by MAPLE.

####################################################################################

># Region I: a/d=0.5, a:=0.0005,d:=0.001

####################################################################################

> r3 := -0.155e-1-.231031*x1+.6620*x1^4-2.125324*x1^5+10.8930*x1^8-23.007786*x1^9

+79.8620*x1^12-160.683724*x1^13+219.6155*x1^16-439.870231*x1^17;

> sturmr3 := sturmseq(r3, x1);

> P[0] := 0.3523766536e-4-0.5252253590e-3*x1+0.1504989320e-2*x1^4-0.4831706831e

-2*x1^5+0.2476412185e-1*x1^8-0.5230584927e-1*x1^9+.1815580923*x1^12



Appendix B 241

-.3652980190*x1^13+.4992733868*x1^16-1.000000000*x1^17;

> P[1] := -0.3089560935e-4+0.3541151341e-3*x1^3-0.1421090245e-2*x1^4+0.1165370440e

-1*x1^7-0.2769133196e-1*x1^8+.1281586534*x1^11-.2793455439*x1^12+.4699043641*x1^15

-1.000000000*x1^16;

> P[2] := -0.2487588370e-2+6.228155020*x1^13-3.274874185*x1^12+1.783579000*x1^9

-.8910570286*x1^8+.2471348124*x1^5-0.8036864970e-1*x1^4+0.3581935608e-1*x1

-1.000000000*x1^15-.2727334819*x1^11-0.2480016209e-1*x1^7-0.7535897961e-3*x1^3;

> P[3] := -0.3101923451e-2*x1+0.1926452113e-3+0.6170861123e-2*x1^4-0.3155001376e

-1*x1^5+0.6769304151e-1*x1^8-.2776373707*x1^9+.2481456752*x1^12-.9957220700*x1^13

-3.211223859*10^(-14)*x1^3+0.5751198544e-2*x1^2+0.3968026030e-1*x1^6

+.2863735720*x1^10+1.000000000*x1^14;

> P[4] := -0.6002610492e-2*x1+.5520290517*x1^12-1.000000000*x1^13+0.1353261184e

-1*x1^4-0.4045527292e-1*x1^5+.1501691636*x1^8-.2871228487*x1^9-0.4785322276e

-3*x1^2-0.1451364068e-2*x1^6-0.1369432398e-2*x1^10-0.9111679354e-3*x1^3

-0.2712951143e-2*x1^7-0.2486871894e-2*x1^11+0.4185660861e-3;

> P[5] := 0.2755279314e-1*x1-1.000000000*x1^12+1.023736298*x1^4+0.9304759687e

-1*x1^5+2.266969256*x1^8+.1014669070*x1^9+0.5374251080e-1*x1^2+.1801738049*x1^6

+.1947697202*x1^10+.1020851314*x1^3+.3404698301*x1^7+.3657364547*x1^11

-0.9528008962e-2;

> P[6] := -0.6705472153e-1*x1-.7912013505*x1^4+8.107469246*x1^5-1.796888592*x1^8

+19.63397274*x1^9+.1395533681*x1^2+.4719074415*x1^6+.5154185510*x1^10

+.2759855751*x1^3+.9251652999*x1^7+1.000000000*x1^11+0.1050498881e-1;

> P[7] := -0.5013961149e-2*x1-.1030676807*x1^4+.4047618757*x1^5-.2464813289*x1^8

+.9804597672*x1^9+0.7033977918e-2*x1^2-.4062962875*x1^6-1.000000000*x1^10

+0.7987639444e-4*x1^3+0.1464167828e-3*x1^7+0.9695453312e-3;

> P[8] := 0.3528577647e-2*x1+0.4532904193e-1*x1^4-.4128617201*x1^5

+.1038378116*x1^8-1.000000000*x1^9-0.6955999272e-2*x1^2-0.1289429874e

-1*x1^6-0.5732823648e-3-0.1357711416e-1*x1^3-0.2489136623e-1*x1^7;

> P[9] := 0.1032027013e-1*x1+.3810724243*x1^4+0.1907742605e-1*x1^5+1.000000000*x1^8

-0.3576754427e-2+0.1985533678e-1*x1^2+0.3628881221e-1*x1^6+0.3727015819e-1*x1^3

+0.6724395025e-1*x1^7;

> P[10] := 16.98819188*x1-163.0145728*x1^4+328.3124121*x1^5-.3618618409

+.3054781558*x1^2+.2362761796*x1^6+.9180856159*x1^3+1.000000000*x1^7;

> P[11] := -0.9882317082e-2*x1+0.8558389094e-1*x1^4-.6657676368*x1^5+0.1972453711e

-3+0.5153819616e-1*x1^2+1.000000000*x1^6+0.3443311383e-3*x1^3;
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> P[12] := -0.5168945761e-1*x1+.4959809539*x1^4-1.000000000*x1^5

+0.1101002493e-2-0.8176653719e-3*x1^2-0.2634320836e-2*x1^3;

> P[13] := 0.4069349354e-2*x1+1.000000000*x1^4-0.8173366710e-2

+0.9856389000e-2*x1^2+0.2066103255e-1*x1^3;

> P[14] := 17.94902622*x1-1.542080432+.5331362904*x1^2+1.000000000*x1^3;

> P[15] := -.6082085148*x1+0.4519719592e-1+1.000000000*x1^2;

> P[16] := -1.000000000*x1+0.8569016123e-1;

> P[17] := -1.000000000;

> sturm(sturmr3, x1, -infinity, infinity);

1

> sturm(sturmr3, x1, -.4992733868, .4992733868);

1

> sturm(sturmr3, x1, -infinity, -.4992733868);

0

> sturm(sturmr3, x1, -.4992733868, 0);

0

> sturm(sturmr3, x1, 0, .4992733868);

1

> sturm(sturmr3, x1, .4992733868, infinity);

0

> sturm(sturmr3, x1, 0, .1);

1

> sturm(sturmr3, x1, .1, .2);

0

> sturm(sturmr3, x1, .2, .3);

0

> sturm(sturmr3, x1, .3, .4);

0

> sturm(sturmr3, x1, .4, .4993);

0

> sturm(sturmr3, x1, 0, 0.1e-1);

0

> sturm(sturmr3, x1, 0.1e-1, 0.2e-1);

0

> sturm(sturmr3, x1, 0.2e-1, 0.3e-1);
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0

> sturm(sturmr3, x1, 0.3e-1, 0.4e-1);

0

> sturm(sturmr3, x1, 0.4e-1, 0.5e-1);

0

> sturm(sturmr3, x1, 0.5e-1, 0.6e-1);

0

> sturm(sturmr3, x1, 0.6e-1, 0.7e-1); #There is one root in this range

1

> sturm(sturmr3, x1, 0.7e-1, 0.8e-1);

0

> sturm(sturmr3, x1, 0.8e-1, 0.9e-1);

0

> sturm(sturmr3, x1, 0.9e-1, .1);

0

> solve(r3);# 0.06713624576

# This is the root of polynomial using MAPLE.

# This is only to check that the theorem gives a similar answer to the

# one given by MAPLE.
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