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Abstract

Air pollution models play a vital role in understanding environmental impact, but en-

suring model accuracy comes with significant computational expense. To balance this

trade off, we investigate multi-fidelity approaches that mix costly high-fidelity simu-

lations with inexpensive approximations to achieve efficient and reliable predictions.

This thesis develops methods for uncertainty quantification of advection–diffusion

models, focusing on variance reduction. We study how uncertainty in advection, dif-

fusion, and source strength affects pollutant transport, and design efficient strategies

to estimate means, confidence intervals, and sensitivity indices.

A two-dimensional advection–diffusion equation is discretised using finite element

methods. Using Monte Carlo estimation, we confirm that computed mean-squared

errors agree with theory, and extend the method with bootstrapped confidence in-

tervals, providing reliable uncertainty estimates at lower cost.

Variance reduction is achieved through new control variate methods. Building on

control variates methods which allow control variates with unknown means, we intro-

duce the control variates with estimated means and budget control (CVB) method

which incorporates an explicit budget. Both methods are analysed, showing signif-

icant accuracy gains over standard Monte Carlo. We also propose a multi-fidelity

bootstrap estimator, combining CVB with confidence intervals to produce consis-

tently smaller intervals. We test numerical and data-informed surrogate models and

find that neural network approximations are the most suitable as a control variate.

For sensitivity analysis, we compare standard Sobol index estimators and in-

troduce a CVB based alternative that lowers variance while preserving confidence
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interval coverage. We extend the CVB multi-fidelity bootstrap estimator to find

confidence intervals for Sobol indices. Applied to the advection–diffusion model, this

method enables parameter ranking with smaller budgets.

Finally, we extend the model to dimensional form with realistic input distribu-

tions and more uncertain parameters. Wind speed, diffusion, source strength, and

wind direction are represented by Weibull, log-normal, gamma, and von Mises dis-

tributions respectively, with surrogates tested as low-fidelity models.
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Chapter 1

Introduction

1.1 Pollutant dispersal

There is documented evidence of air pollution being a going concern as far back as

400 B.C., when Hippocrates published “Airs, waters and place” [43]. Throughout

history the problem of air pollution has been referenced in written accounts, fictional

work and laws throughout the world. Air pollution affecting much of the world

in the 1800’s, driven by the industrial revolution, motivated a large expansion in

measurement and study of air pollution. Measurements are useful as they can capture

air pollution at a moment in time, but the need to predict levels of pollution, and

mitigate any associated health effects, necessitated the development of mathematical

models that could give a more complete view of air quality problems [28].

Sources of pollution are often not difficult to identify, with smoke stacks rising

over most cities since the 1700’s continuously releasing pollutants. These clouds of

smoke, referred to as turbulent plumes, also appear in nature, for example when

volcanos erupt. The pollutants are released into the atmosphere, with a different

density than the surrounding air, causing them to rise before being carried by the

wind. The physics of pollutant release was understood in the late 19th century [66],

but it took several decades to develop models which could describe the physical

processes within the plumes, such as the rate at which the pollutant is transported
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Chapter 1 2

(advection), the rate at which the pollutant spreads throughout the atmosphere

(diffusion), the reactivity of the particles within the pollutant, or the amount of

pollution emitted over time. In the second half of the 20th century, a number of

mathematical models emerged, the first of which was the Gaussian dispersion model

in the 1950’s, which is still one of the most widely used air pollution dispersion

models today [135].

The Gaussian dispersion model can model a single instantaneous release of a

pollutant (puff), or a turbulent plume. It provides a mathematical framework for

estimating the concentration of pollutants as they disperse from a source into the

atmosphere [135]. The Gaussian plume model makes several assumptions, including

that pollutant dispersion follows a normal (Gaussian) distribution in both horizontal

and vertical directions; the pollutant dispersal, wind direction and wind speed are

all constant; and that there are no chemical reactions within the puff or plume [132].

Despite the limitations of the Gaussian dispersion model, it is a simple and effective

way of predicting pollutant concentration levels which is used by governments and

industries throughout the world for many applications, such as predicting the impact

of industry, modelling the impact of natural disasters, and assessing air pollution

strategies.

While the Gaussian plume model remains widely used for air pollution dispersion

modelling, its limitations have necessitated the development of alternative models for

more complex scenarios. These models are better suited to handling varying weather

conditions, the impact of ground geography, and chemical reactions of pollutants.

Alternatives developed over the years include Eulerian grid models, Lagrangian mod-

els, and data-informed models. Eulerian grid models divide the atmosphere into a

grid of cells and solve equations governing pollutant transport, dispersion, and trans-

formation in each cell [69]. These models are useful for regional and global air quality

assessments as they can account for chemical reactions, multiple pollutant sources,

and meteorological influences. Eulerian models allow for a more comprehensive un-

derstanding of pollution behaviour at larger scales. However, they require large
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amounts of data [75], such as continuous input fields describing wind direction and

velocity, diffusion, boundary conditions and any other parameters, unlike Gaussian

models which can use single values for many of these parameters. These fields can

be found using interpolated measurements in a real domain, or can be described us-

ing a model, which would likely be derived from real data. Eulerian models are also

computationally expensive, which makes them impractical for fine scale applications.

Lagrangian models track individual air parcels or particles as they move through

the atmosphere, simulating their dispersion based on wind and turbulence [132].

Unlike the Gaussian plume model, which is typically derived under steady-state as-

sumptions, Lagrangian models are naturally capable of capturing changes in wind

direction and atmospheric conditions over time. They are suitable for studying pol-

lutant dispersion over any distance, and analysing the impact of the terrain on pol-

lutant transfer. However, they are computationally expensive in comparison to Eu-

lerian models when applied over large spatial scales, and can be difficult to compare

directly with real-world measurement data due to differences in how concentrations

are represented [69].

In modern research, data-informed models can provide an alternative approach

by using historical air quality data and machine learning to predict future pollution

levels. These models typically do not rely explicitly on physical dispersion equations

but instead use pattern recognition and predictive algorithms to estimate quantities

of interest [120]. They are particularly useful for real-time air quality forecasting

and situations where emissions data are incomplete or unreliable. However, their

reliance on past trends makes them less effective for modelling new pollution sources

or rare dispersion events, and they do not provide insight into the physical processes

governing pollution transport.

Each of these models offers distinct advantages and is better suited to specific ap-

plications. While the Gaussian plume model remains a practical choice for regulatory

and localised pollution modelling, more sophisticated approaches are necessary for

capturing complex dispersion scenarios, secondary pollutant releases, and large-scale
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atmospheric interactions. The best choice of model depends on the specific needs

of the study, the available computational resources, available data, and the level of

detail required in the analysis. In recent years, a hybrid approach combining one or

more of these models is often used [132], as in [40,45,49], where a hybrid Lagrangian-

Eulerian approach is used. Recent advances in machine learning (ML) have led to

a lot of research in modelling using data-informed ML (e.g. [107,117,129,140,143]).

However ML still faces problems with limited model insight, data quality, and data

scarcity. These data-informed models can also be used alongside physical models to

improve performance, such as in [74, 125, 147]. In this thesis, we use the Gaussian

plume model as the main approach for analysing pollutant dispersal, as it is practical

for localised pollution modelling.

The National Physical Laboratory (NPL) has interests in monitoring air pollu-

tion throughout the UK. Monitoring could be done by measuring, with measurements

taken using large numbers of air quality monitors, but this approach could be pro-

hibitively costly and would require a large amount of energy [93], likely contributing

to the pollution problems concerning NPL such as greenhouse gas emissions. Instead,

a mixture of monitoring and modelling is the preferred approach for predicting air

pollution, so NPL has an interest in advancing the quality of models predicting pol-

lutant levels. In this thesis we work to develop techniques to model and analyse the

properties of a pollutant dispersal problem of interest to NPL.

1.1.1 Solving the advection-diffusion equation

The Gaussian plume model is derived from an advection-diffusion equation which

describes the transport and dispersion of a quantity such as a pollutant, temperature,

or chemical concentration within a moving fluid [135]. The general form of the

advection-diffusion equation considered in this thesis is

∂u

∂t
−D∇2u+ aw · ∇u = f, (1.1)
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where u is the pollutant concentration, D is the diffusion coefficient, aw is the

advection velocity and direction, and f is the source term. This equation can be

solved together with appropriate boundary conditions to help us understand a wide

range of physical and environmental processes in the atmosphere. We can solve

the advection-diffusion equation using a number of analytical or numerical methods,

which will each have different levels of complexity, computational cost, and suitabil-

ity, depending on the type of flow, shape of the domain, boundary conditions, and

the desired level of detail or realism in the solution.

Analytical methods can be used when the governing equations and boundary

conditions are relatively simple [113]. These methods give exact solutions and offer

physical insight into the problem, although their use is limited to simplistic scenarios.

Analytical solutions can be obtained using separation of variables or integral trans-

form techniques, such as the Fourier or Laplace transform [96]. Analytical techniques

cannot typically be used when there are irregular domains, variable parameters, or

when the model is non-linear.

For more realistic scenarios, we can solve the advection-diffusion equation us-

ing numerical methods, such as those based on finite differences, finite volumes,

and finite elements, each of which discretise the domain and approximate the solu-

tion. The finite difference method is simple and well suited to square or rectangular

domains [68]. It approximates the derivatives of the solution using Taylor series

expansions and finds concentration values at discrete grid points over time. The

finite difference method may struggle with more complex boundary shapes, and the

solution can become numerically unstable and unreliable, especially for advection-

dominated flows.

The finite volume method is a method which is widely used in fluid dynamics [34].

It divides the domain into cells and integrates over each cell, ensuring that quantities,

such as mass or concentration, entering and leaving each cell are balanced, making

it well suited for modelling pollutant transport. However, the finite volume method

may not be suitable when working with highly irregular domains, as it can be more
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difficult to generate suitable meshes [136]. Also, it may not be ideal when more

accurate solutions are required, as it typically provides less accurate, lower order

approximations compared to other numerical methods [25].

The finite element method approximates the solution using weighted residuals

and basis functions defined over a mesh of finite elements [38]. It is particularly

effective for applications with complex domains and unstructured meshes, although

it is usually more computationally expensive than finite difference and finite volume

methods at comparable grid resolutions.

Our choice of method for solving the advection-diffusion equation is a trade off

between realism and efficiency. For our advection-diffusion equation, we use the finite

element method due to its ability to handle variable parameters and non-uniform

domain discretization. Its flexibility when dealing with local source terms makes it

well suited for simulating pollutant dispersion.

1.2 Uncertainty quantification

When modelling air pollution, the parameters such as advection velocity and dif-

fusion coefficients are not likely to be constant, and may not be known exactly,

although they often have a known range of historical values, or empirically esti-

mated distributions. This uncertainty in the partial differential equation (PDE) can

be modelled using uncertainty quantification techniques. Uncertainty quantification

(UQ) can be used when modelling physical systems where inputs are not known, or

where the model itself is an approximation of reality, to assess how uncertainty in

model inputs, parameters, or assumptions affect the model outputs.

1.2.1 Sources of error

In the advection-diffusion equation (1.1), we are modelling the continuous release

of a Gaussian plume in a domain with uncertain inputs. This model is going to

have several sources of error if used to represent a real world problem. Firstly, the
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model itself will have an error relative to reality, regardless of how many parameters

we include, because it is an ideal mathematical representation of many complex

physical processes, which can never fully capture the full variability, interactions,

and uncertainties present in the real world [44]. This is sometimes referred to as

structural or model formulation error, and it is present even if all parameters are

known exactly.

Secondly, we can describe our uncertain parameters using probabilities or ranges,

but these are approximations to any real world parameters affecting any air pollu-

tion model. These input uncertainties will introduce an additional source of error to

our concentration solution [59]. They can generally be grouped as either aleatoric

or epistemic [77]. Aleatoric uncertainty comes from randomness that is built into

the system itself, such as fluctuations in wind speed or small-scale turbulence in the

air, and will always be present, no matter how much we measure or how accurate

our sensors become. Epistemic uncertainty arises from things we do not know yet,

such as a parameter that has not been measured, an assumption we have made, or

a simplification in the model. While aleatoric uncertainty is considered irreducible,

epistemic uncertainty can theoretically be reduced with more data, improved ex-

periments, or a better understanding of the system. In real world air pollution

modelling, both types of uncertainty are usually present, and distinguishing between

them helps clarify whether a model could be improved by gathering more informa-

tion or whether the uncertainty is simply a natural variability. The distributions

or ranges we assign to uncertain inputs are themselves approximations, and any as-

sumptions made about their shape, spread, or independence can introduce a further

source of uncertainty [91].

As our advection-diffusion problem is a simplified illustrative example, there is

no real world equivalent input or output measurements, so none of the previously

discussed errors will be present. The solution of the PDE will introduce a numerical

error due to the discretisation of the domain, as the finite element method (FEM)

solution is a discrete approximation to the true continuous solution [97]. The accu-
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racy of this solution depends on how fine the mesh is, the basis functions used, how

smooth the true solution is, how boundary conditions are applied, and how integrals

are computed numerically [73]. We can use more sophisticated basis functions, or

use a finer mesh, to reduce the numerical error, but it can become very computation-

ally expensive to do so and a numerical error will still be present even if it is small.

Numerical inaccuracies can also be introduced through implementation details such

as solver tolerances.

The final source of error comes from UQ which introduces more approxima-

tions [44]. Most common UQ techniques, such as Monte Carlo sampling, polynomial

chaos expansions, or surrogate models like Gaussian processes, rely on mathematical

techniques to estimate how uncertainty affects the system. All of these techniques

require simplifications, such as simplifying series expansions, using a limited number

of samples, or building approximations of the full model, therefore they cannot per-

fectly capture the full range of possible outcomes which introduces another source

of error. In this thesis the two sources of error present will be numerical error and

UQ error.

1.2.2 Methods of uncertainty quantification

When using UQ to analyse our advection-diffusion problem, we can use either intru-

sive or non-intrusive methods. Intrusive UQ methods modify the governing equations

to directly incorporate uncertainty, as in, for example, the stochastic Galerkin finite

element method, where the solution is represented using a polynomial chaos expan-

sion in terms of random variables [152]. The solution is then expressed as a function

of both space and uncertainty. When the uncertainty is low-dimensional and the

response is smooth, this can be a highly accurate approach. However, if there are

multiple uncertain parameters, the number of terms in the expansion grows quickly.

When the uncertain inputs are random fields, Karhunen–Loève expansions may be

used to represent them in a finite-dimensional form before constructing a polyno-

mial chaos expansion. These methods differ mainly in how uncertainty is represented,
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but they face similar challenges. As the number of uncertain parameters increases,

the resulting system grows rapidly in size, leading to high computational cost. All

intrusive approaches require reformulating the governing PDEs to incorporate un-

certainty, which makes them less suited to our purposes, as we wish to apply existing

numerical techniques without modifying the underlying model.

To avoid modifying the underlying problem, we can use non-intrusive methods

that treat the problem solution method as a black box, requiring only the ability

to provide inputs and observe the resulting outputs. The most commonly used UQ

method is the Monte Carlo method [17], which represents uncertain parameters by

drawing random samples from a probability distribution, and evaluating the model

‘black box’ for each random sample. The samples of the model output can then be

used to estimate statistics of interest, such as the mean or variance. The Monte

Carlo method is simple to implement, but error reduction is slow, and the need to

evaluate the model a large number of times can be computationally expensive. Monte

Carlo methods form the baseline non-intrusive approach against which sampling and

surrogate methods are often compared.

An alternative to Monte Carlo simulation is stochastic collocation [20]. Like

Monte Carlo, stochastic collocation is a non-intrusive method, as it requires only

repeated solutions of the deterministic PDE for prescribed values of the uncertain

parameters. The method constructs a polynomial approximation of the model output

using solutions of the PDE evaluated at a set of collocation points in the input

parameter space. These points are typically chosen according to a tensor-product

or sparse-grid quadrature rule, allowing statistics such as the mean and variance to

be computed efficiently when the model output depends smoothly on the uncertain

inputs. Because the governing equations are not modified, stochastic collocation

treats the solver as a black box, in contrast to intrusive approaches such as stochastic

Galerkin methods. As with other polynomial-based methods, the computational cost

increases rapidly as the number of uncertain parameters grows, which limits their

practical use to problems with relatively few uncertain inputs.
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More generally, surrogate models are often used within non-intrusive UQ meth-

ods to reduce the computational cost of repeated model evaluations, where a cheaper

approximation to the original model is constructed. There are several types of surro-

gate model we could use for our advection-diffusion problem, including physics-based

or data-informed models. Physics-based surrogate models reduce the complexity of

the model [78], using methods such as coarser meshes or fewer dimensions, so that

the model is cheaper to evaluate. These approximations are derived from the same

underlying physical model, either through simplifications of the governing equations

or by using coarser discretisations, and are expected to capture similar behaviour,

but they still require solving the underlying PDE so may not be as cheap as data-

informed models.

Data-informed surrogates are trained using a training data set with a number of

input and output samples [89]. The key difference between physics-based and data-

informed surrogates is whether the surrogate is derived from the governing equations

or learned purely from data. These models can be simple linear regression [100],

or more complicated machine learning models such as neural networks or Gaussian

process regression models [102]. Once they have been trained, they can then typically

give an approximate output value very cheaply for any given input, allowing for cheap

estimation of statistics of interest. Machine learning–based models can achieve high

accuracy with a relatively small number of model evaluations for some problems.

However, their performance depends critically on the quality and representativeness

of the training data, and insufficient or biased data can result in poor approximations.

Data-informed surrogates may also require extensive adjusting of parameters which

govern the learning process but are not learned from the data, known as hyper-

parameter tuning [2].

Recent work in UQ has focused on improving surrogate models using ML [8,131],

for problems involving high-dimensional uncertainty or expensive model evaluations

such as in [7, 64, 111, 130]. Bayesian methods, which express the uncertainty as

a probability distribution over model parameters and predictions, have also been
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applied in a wide range of fields, such as in [53, 61, 82, 86, 144]. In [4, 11, 39, 47],

adaptive learning and adaptive sampling methods are used to select sample points

where the uncertainty is highest, allowing for more efficient improvement of surrogate

model accuracy for better UQ.

For UQ of our advection-diffusion problem, we will use the Monte Carlo method

as it is non-intrusive, simple to implement and can be used to estimate a wide range

of statistics.

1.3 Variance reduction

When using the Monte Carlo method to estimate a quantity of interest (QoI), there

will be a sampling error, which will be dependent on the bias, number of samples,

and the variance of our problem parameters. If we wish to minimise this error for

a given budget, we can reduce the variance associated with the estimate of the QoI

output using variance reduction techniques. Variance reduction techniques can be

very effective and reduce the variance of Monte Carlo estimate many thousands-fold,

or they can reduce the variance by only a small percentage [98]. There is no set rule on

how large the improvement in efficiency must be in order for variance reduction to be

worthwhile, for example a 10% reduction in time to calculate an approximation that

keeps thousands of CPUs busy for months would certainly be worthwhile. However

using variance reduction with a 60-fold improvement that turns a one minute wait

into a one second wait would likely not be worth the time spent programming. When

using variance reduction we must decide for our problem whether we wish to reduce

cost and what the cost is that we wish to save, e.g., time to run, sample size etc, or

if reducing the sampling error of our solution is more important.

There are many variance reduction techniques available when using Monte Carlo

[35, 98]. One of the simplest is control variates, which uses a correlated variable

with a known expected value (known as a control variate) to reduce the variance of

an estimator. Control variates can be very effective when the control variate and

original variable are highly correlated, and the method is highly flexible and can be
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combined with other variance reduction techniques. However, the method requires

us to know the expected value of the control variate, and if the control variate is not

correlated enough then it can have limited or no effect.

Another common example is antithetic sampling, where a negatively correlated

value is taken. For example when sampling inputs x from a normal distribution for

each function evaluation f(x), we also evaluate f(−x), and the average of these two

function values often has lower variance than a single evaluation [16]. This method

is easy to implement as it does not require changes to our underlying model, and

it is unbiased. However, it is not simple to implement if the distribution of inputs

is multi-variate or complicated, and it may not reduce variance if the function is

non-monotonic.

Stratified sampling can be used by dividing the input range into a number of

strata, then sampling number of inputs from each stratum and combining the results

for each to estimate the expected value E(f(x)) [16]. If the samples are distributed

with more important strata over-sampled and less important strata under-sampled,

then the variance can be reduced for a given sample size. This ensures that each

part of the domain is proportionally represented, however, it becomes exponentially

harder to stratify input domains in higher dimensions. Stratified sampling also re-

quires additional knowledge of the underlying function, such as which strata have

higher variance.

Conditioning is a variance reduction technique used in Monte Carlo simulation,

particularly when a function f(x, y) depends on two or more sources of randomness

[16]. Instead of sampling both x and y, we compute the conditional expectation

E[f(x, y) | y], and then average over y. This can significantly reduce variance when

the conditional expectation can be computed analytically or efficiently. However,

calculating the conditional expectation may be computationally expensive, and in

some cases may offer little benefit if the variance structure is not favourable.
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1.3.1 Multi-fidelity methods

A common approach to variance reduction is the use of multi-fidelity methods, which

uses models with different accuracies and levels of detail [105]. High-fidelity models

fH(x), the most accurate models associated with a given problem, are often computa-

tionally expensive, particularly when repeated evaluations are required. Low-fidelity

models, fL(x), are less costly to evaluate but typically less accurate. Multi-fidelity

methods aim to reduce computational cost by combining models of varying fidelity,

while preserving the accuracy of high-fidelity predictions.

Multi-fidelity model management strategies define how samples are allocated be-

tween high and low-fidelity models, and how outputs from models of differing fidelity

are combined. The three primary approaches to model management are adaptation,

fusion, and filtering [105].

Adaptation strategies aim to improve the low-fidelity model using outputs from

the high-fidelity model, so the low-fidelity model can then be used as a control variate

or a surrogate model. This can be done using an additive correction model, where

a discrepancy function δ(x) ≈ fH(x) − fL(x) is found, and UQ can be performed

using the corrected model fL(x)+δ(x) [94]. The correction model can be trained us-

ing data-informed models such as Gaussian processes regression or neural networks,

or derived analytically using Taylor series expansions. Similarly, multiplicative cor-

rection models can be constructed, where δ(x) ≈ fH(x)
fL(x)

, and UQ is performed on

δ(x)fL(x) [105].

Other adaptation strategies include parameter tuning, where the low-fidelity

model contains adjustable parameters that are optimised to minimise the differ-

ence with the high-fidelity outputs [90]. Another technique is hybrid model replace-

ment [121], in which specific physical terms of the low-fidelity model are replaced

with surrogates trained on high-fidelity data, resulting in a partially corrected model.

Another method is the use of gradient-enhanced correction models, which incorpo-

rate not only function evaluations but also derivative information from both models

to construct more accurate approximations of the difference [15].
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Fusion strategies take evaluations from both low and high-fidelity models, and

combine their outputs to produce more accurate predictions than either model alone

[105]. Rather than modifying the low-fidelity model directly, fusion methods inte-

grate outputs from multiple fidelity levels to construct a single predictive model.

One common approach is the use of cokriging [51], a multi-fidelity extension of

Gaussian process regression, where the high-fidelity output is modelled as fH(x) =

ρfL(x) + δ(x), where ρ is a scalar or learned function, and δ(x) is the correction

modelled as a Gaussian process. This allows the surrogate to be trained on low-

fidelity data while being corrected by sparse but accurate high-fidelity evaluations.

Other fusion strategies include the Bayesian model fusion [124], where both models

are treated as noisy observations of an underlying process, and a posterior distribu-

tion is inferred from all available data. By integrating sources of information, fusion

methods reduce the variance of predictive estimates and enable efficient uncertainty

quantification.

Filtering strategies use the low-fidelity model to guide when and how often the

high-fidelity model is used. Unlike adaptation and fusion, which focus on modifying

or combining models, filtering methods prioritise sample allocation to minimise vari-

ance within a fixed computational budget [105]. A commonly used example is the

multi-fidelity Monte Carlo (MFMC), introduced in [104], which can use any num-

ber of correlated approximations to accelerate Monte Carlo sampling, and has been

widely applied in a range of fields [3, 5, 46, 110]. Additionally, adaptive sampling

strategies fall under filtering, where the low-fidelity model is used to identify re-

gions of high variance or importance in the input space, and high-fidelity evaluations

are concentrated in these areas [22]. By using the low-fidelity model to control the

use of expensive simulations, filtering methods achieve significant variance reduction

without sacrificing estimator accuracy.

Multilevel methods are a specific example of multi-fidelity methods which are

relevant to our advection-diffusion model. Multilevel approaches use multiple evalu-

ations of the same underlying model or PDE, with differing levels of discretisations,
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rather than combining models of different fidelities [50]. Examples of multilevel

methods include the multilevel Monte Carlo (MLMC) method, which approximates

the expected value by summing differences between model outputs computed on a

hierarchy of discretisations with increasing resolution, allocating more samples to

cheaper, coarse models and fewer to expensive, fine ones. The effectiveness can

be improved further using methods such as multilevel control variates and multi-

level quasi-Monte Carlo. Although multilevel methods are not strictly multi-fidelity

as they do not mix different model types, they share similar objectives and are well

suited to PDE-based solvers, particularly when mesh refinement plays a role in model

accuracy and cost.

In modern research, there are a number of variance reduction techniques being

widely used. Multi-fidelity methods are used to improve UQ, such as in [5, 54, 87,

142]. Control variates with machine learning approximations are popular [83,85,108].

Quasi-Monte Carlo methods replace random sampling with samples determined using

a sequence, such as a Sobol, Halton or Faure sequence [24]. These sequences can be

used on their own [62, 88, 99], or combined with Monte Carlo [65, 101, 106, 145] to

improve error estimation (referred to as randomised quasi-Monte Carlo). Adaptive

importance sampling (AIS) improves the distribution used in importance sampling

by learning from previously drawn samples [119]. By concentrating sampling effort in

regions where the integrand contributes most to the estimate, AIS increases efficiency

and accuracy [55,63,151].

For our advection-diffusion problem, we choose to focus on control variates and

the MFMC method, as they are unbiased, simple to implement, do not require

altering sampling distributions, and are very generally applicable.

1.4 Sensitivity analysis

While UQ describes how uncertain model outputs such as the concentration in our

advection–diffusion model are overall, sensitivity analysis allows us to examine how

much individual inputs contribute to that uncertainty. Sensitivity analysis examines



Chapter 1 16

how uncertainty in the output of a model with multiple inputs, y = f(x1, x2, . . . , xm)

say, is influenced by the uncertainty in each of the model inputs. This is particu-

larly relevant to our advection-diffusion problem, as identifying the factors that con-

tribute most to uncertainties surrounding pollutant dispersion is vital in real-world

environmental modelling. Sensitivity analysis is also useful for detecting interactions

between inputs, where a variable may have little effect on its own, but significantly

amplifies the influence of other variables in combination.

There are several methods of sensitivity analysis we can use. The most basic

of these is one-at-a-time (OAT) analysis [139]. This method works by choosing a

single value for each xi, such as a mean or base case, and evaluating f . Next, one

xi is changed and f is evaluated again, and the difference between the evaluations is

taken. This method is simple to understand and implement, and can be useful for

initial exploration of a model, but it gives no insight into model interactions, and it

only determines the sensitivity at that single point in the input domain, not across

the entire domain.

One of the most popular methods of sensitivity analysis is the use of Sobol indices.

First introduced in the English language in [133], Sobol indices express the variance

of the inputs of a model with multiple inputs (factors) as a proportion of the overall

variance. They are a global sensitivity measure, as they evaluate a variable’s influence

over the entire input space, not just at a single point. Sobol indices are also applicable

to any model with an input and output, and they can capture interactions between

inputs. However, they are computationally expensive, and can become excessively

so when there are too many input terms.

Another common method of sensitivity analysis is the Morris Method, which

samples a single random value for each input [122]. One input value is then changed

at a time, and the model is evaluated after each variable change, to examine each

input’s effect on the output. The process is repeated a number of times, and for

each input it returns a mean absolute effect value which determines how influential

that variable is, and standard deviation of effects which shows how non-linear or
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interactive the variable is. This method is computationally cheaper than Sobol

indices while also being a global measure which detects interaction. It is also easy to

implement, however it does not return a precise measure of factor importance, only

a rough importance ranking, and it does not quantify interactions well.

Fourier Amplitude Sensitivity Testing (FAST) is a global, variance-based sensi-

tivity analysis method [122]. It maps each input variable onto a unique frequency

using a sine function, samples the model along a trajectory through the input space,

and then applies a Fourier transform to the output to estimate how much vari-

ance each input contributes. FAST typically requires fewer model evaluations than

Sobol indices to compute single variable sensitivities, but it is more challenging to

implement and its results can be less intuitive. While standard FAST does not cap-

ture input interactions, these can be quantified using the extended FAST (eFAST)

method [141].

Moment-independent methods assess how input variables influence the distri-

bution of the model output [27], unlike moment-based methods such as Sobol in-

dices which only examine the influence of an output’s moments, such as the mean

or variance. There are several widely used moment-independent methods, such as

Borgonovo’s sensitivity indices [80, 81, 138], and probabilistic analysis of variance

[21, 134, 150]. Variogram Analysis of Response Surfaces (VARS) is a more recently

developed moment-independent sensitivity analysis method that examines how the

output reacts to changes from structured input variations, for each input indepen-

dently [116]. VARS enables the analysis of how the sensitivity changes depending

on scale and direction, and has been applied in a number of problems [1,14,58,123].

Modern research on sensitivity analysis uses a number of methods. Sobol indices

are still widely applied due to their simplicity and flexibility [10, 18, 79, 146], and

Sobol indices are frequently used with machine learning based surrogates for effi-

ciency [13, 95, 148, 149]. We choose to focus on Sobol indices for our advection-

diffusion problem as they give global sensitivity and capture interactions between

inputs. They are also flexible and simple to compute for any black-box problem we
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may wish, and do not require changing the underlying model.

1.5 Thesis outline

In Chapter 2 we introduce a pollutant dispersal model problem on a 2D domain,

representing a two-dimensional horizontal plane at a fixed height above the ground.

We examine the pollutant dispersal with fixed parameters and discuss discretising

the domain using the Galerkin finite element method. We examine oscillations in

the solution that result when using the Galerkin method for advection-dominated

cases, and introduce the Streamline Upwind Petrov-Galerkin method to ameliorate

this.

In Chapter 3 we discuss the Monte Carlo method and introduce the mean-squared

error as a measure of error. We use the well known Ishigami function [67] as a simple

problem to test the Monte Carlo method, then apply the Monte Carlo method to

find the mean of our advection-diffusion problem with uncertain advection velocity

and diffusion coefficients. We compare the mean of the computed concentration

when using Galerkin and Streamline Upwind Petrov-Galerkin discretisations, when

the model is advection dominated, and when it is not.

We introduce confidence intervals using bootstrapping to estimate the mean of

the Ishigami function with some uncertainty, and examine the coverage of the con-

fidence intervals using known means. We then use bootstrapping to find the mean

concentration of the advection-diffusion problem within confidence intervals.

In Chapter 4 we examine multi-fidelity methods of variance reduction. We con-

sider control variates with known and estimated means, and we derive their mean-

squared errors for the Ishigami function. We propose a new method of adding a

budget control to the control variates with estimated means. We compare the theo-

retical mean-squared errors of the control variates with estimated means and budget

control, and a two-level multi-fidelity Monte Carlo method and find the two methods

to be equivalent. We estimate confidence intervals using bootstrapping and control

variates with estimated mean and budget control, then test the confidence interval
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coverage of this method using the Ishigami function. We use low-fidelity approxima-

tions to our advection-diffusion problem based on coarse-grid finite element solutions,

and data-informed approximations such as linear regression, Gaussian process regres-

sion, and neural networks for regression. We compare the approximation outputs to

the advection-diffusion model output, then use the approximations to find narrower

confidence intervals for the mean of our advection-diffusion solution.

In Chapter 5 we introduce Sobol indices, and examine Monte Carlo methods of

estimating the Sobol indices, which we again test on the Ishigami function. We

propose a multi-fidelity approach for estimating Sobol indices using control vari-

ates with estimated means and budget control, and confirm its accuracy using the

Ishigami function. We then discuss methods for calculating confidence intervals for

Sobol indices using bootstrapping with Monte Carlo, and control variates with esti-

mated means and budget control. We confirm the robustness of our control variates

approach using the Ishigami function, then apply these methods to find the Sobol

indices of parameters in our advection-diffusion problem using the approximations

from Chapter 4.

In Chapter 6 we formulate a dimensional eddy-diffusion model with three sources,

introduce additional uncertainties in wind speed, diffusion, source strengths, and

wind direction, and assign them Weibull, truncated log-normal, gamma, and von

Mises distributions respectively. We find reasonable distribution parameters using

real world data. Then, we vary wind direction via a rotation of coordinates to avoid

repeated matrix assembly, and assess both coarse-grid and data-informed surrogates

(linear regression, Gaussian process regression, and a neural network). We then

apply the CVB approach with bootstrapping to estimate first- and total-order Sobol

indices for the new model, finding reduced surrogate correlations relative to Chapter

4 but small confidence intervals when using the neural network.

In Chapter 7 we summarise the key findings of this thesis and suggest potential

avenues for future research.

The novel contributions of this thesis are as follows. First, a new control vari-
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ate with budget control (CVB) framework is proposed and analysed for estimating

means and confidence intervals using bootstrapping. Second, methods for estimating

means and confidence intervals are compared for advection–diffusion equations with

uncertain parameters. Third, the CVB framework is extended to Sobol index sen-

sitivity analysis, including the construction of confidence intervals. Fourth, a novel

air pollutant dispersion model with multiple sources and uncertain parameters is

formulated. Finally, a comprehensive sensitivity analysis of this air pollutant model

is performed using the proposed CVB-based methodology.
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Model problem

2.1 Advection-diffusion model in 2D

The non-dimensional physical model we will study in this thesis represents a pollu-

tant released at a single point (x, y) = (xs, ys) in a 2D domain Ω = [0, 8] × [0, 1],

representing a two-dimensional horizontal plane at a fixed height above the ground.

We assume the flow characterised by w is incompressible, that is ∇ ·w = 0, and ∂Ω

is the boundary of the domain.

Homogeneous Dirichlet boundary conditions, u = 0, are imposed on ∂Ω. For the

inflow boundary and the boundaries at y = 0 and y = 1, this is physically reason-

able, as the pollutant concentration is negligible outside the plume. At the outflow

boundary (x = 8), however, enforcing u = 0 can artificially force the solution to

decay to zero near the boundary when the problem is advection-dominated. Alter-

native outflow boundary conditions, such as zero diffusive flux ∂u/∂x = 0 or zero

total flux au − D∂u/∂x = 0, could be used to avoid this behaviour. However, for

simplicity and consistency across all numerical experiments, homogeneous Dirich-

let boundary conditions are used throughout. In all cases, the outflow boundary

is located sufficiently far downstream of the plume that this choice does not affect

the solution. The pollutant concentration, u(x, y), is modelled by the steady-state

advection-diffusion equation

21
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−D∇2u+ aw · ∇u = f in Ω, u = 0 on ∂Ω, (2.1)

where the diffusion constant D and the wind speed a are uncertain positive param-

eters, w = [wx, wy] ∈ R2 represents the direction of the advective wind, and |w|= 1.

The source of the pollutant will be represented by f(x, y) where we set f as the

Gaussian pulse

f(x, y) =
1

2πS2
exp

(
−(x− xs)

2 + (y − ys)
2

2S2

)
, (2.2)

where S is the spread of the pollutant at release. As the pollutant is released at a

single point, in theory it would ideally be modelled as a function that has a non-zero

value at (xs, ys) and 0 elsewhere. In (2.2) as |S|→ 0 the Gaussian pulse will represent

a Dirac delta function. We fix S = 0.1 throughout this thesis.

2.2 Galerkin finite element method

In this section, we describe the numerical model which will be the focus of our study.

Equation (2.1) can be discretised by the Galerkin finite element method, however

before that we must define some vector spaces. The L2(Ω) vector space is defined as

the space of functions that are square integrable in the sense of Lebesgue [38], that

is

L2(Ω) :=

{
u : Ω → R

∣∣∣∣ ∫
Ω

u2 < ∞
}
.

The Sobolev space H1(Ω) is given by

H1(Ω) :=

{
v : Ω → R

∣∣∣∣ v, ∂v∂x, ∂v∂y ∈ L2(Ω)

}
.
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We will also use the restriction of this space to functions which are zero on the

boundary [38]. This space is defined by

H1
0 (Ω) := {v ∈ H1(Ω) | v = 0 on ∂Ω}.

2.2.1 Constructing the weak form

To construct the weak form, we multiply equation (2.1) by a test function v ∈ H1
0 (Ω)

and integrate over the domain to obtain

−D

∫
Ω

(∇2u)v dΩ +

∫
Ω

(aw · ∇u)v dΩ =

∫
Ω

fv dΩ. (2.3)

Using the identity

(∇2u)v = −∇u · ∇v +∇ · (v∇u),

we can write (2.3) as

D

[∫
Ω

∇u · ∇v dΩ−
∫
Ω

∇ · (v∇u) dΩ

]
+

∫
Ω

(aw · ∇u)v dΩ =

∫
Ω

fv dΩ.

From the divergence theorem [38], as v ∈ H1
0 , we have

∫
Ω

∇ · (v∇u) dΩ =

∫
∂Ω

v(∇u · n) dl = 0.

The final weak formulation is: find u ∈ H1
0 such that

D

∫
Ω

∇u · ∇v dΩ +

∫
Ω

(aw · ∇u)v dΩ =

∫
Ω

fv dΩ ∀ v ∈ H1
0 .

A discrete weak formulation can now be defined by choosing a basis for a finite-

dimensional test space Sh
0 ⊂ H1

0 consisting of continuous, piecewise linear functions.

We then look for uh ∈ Sh
0 such that

D

∫
Ω

∇uh · ∇vh dΩ +

∫
Ω

(aw · ∇uh)vh dΩ =

∫
Ω

fvh dΩ ∀vh ∈ Sh
0 . (2.4)
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Now assume that Sh
0 ⊂ H1

0 is a finite n-dimensional vector space of test functions

for which {ϕ1, ϕ2, ..., ϕn} is a convenient basis. The finite element approximation

uh ∈ Sh
0 is then uniquely associated with the vector u = (u1, u2, ..., un)

T of real

coefficients in the expansion

uh =
n∑

j=1

ujϕj(x, y).

For a Galerkin approximation, we use this to substitute for uh in (2.4) and use the

n basis functions as test functions. This leads to the problem: find uj, j = 1, . . . , n

such that

n∑
j=1

uj

[
D

∫
Ω

∇ϕj · ∇ϕi dΩ +

∫
Ω

(aw · ∇ϕj)ϕi dΩ

]
=

∫
Ω

fϕi dΩ

for i = 1, . . . , n. This can be written in matrix form as the linear system of equations

[DK + aC]u = f (2.5)

where K, C and f have entries

Ki,j =

∫
Ω

∇ϕj · ∇ϕi dΩ, Ci,j =

∫
Ω

(w · ∇ϕj)ϕi dΩ,

and

fi =

∫
Ω

fϕi dΩ

for i, j = 1, . . . , n . The matrix K, usually referred to as the stiffness matrix, is

symmetric and positive definite and the matrix C is referred to as the advection

matrix.
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2.2.2 Discretising the domain

We now need to discretise the domain. As Ω is polygonal, it can be exactly covered by

a mesh of triangular elements. To construct the grid we require the (x, y) coordinates

of each node, a global numbering k = 1, . . . , N∗ of all nodes on the grid, a numbering

E = 1, . . . , n of all the elements, and a local numbering i = 1, 2, 3 of the nodes on

each triangular element.

We partition the grid with M + 1 nodes on the x-axis and N + 1 nodes on the

y-axis so we will have a total of N∗ nodes where N∗ = (M + 1)(N + 1). We then

create n uniformly sized triangular elements where n = 2MN . The stiffness matrix

K and advection matrix C will have dimension N∗×N∗ and the source vector f will

have dimension N∗ × 1. Our chosen domain is a rectangular [0, 8] × [0, 1] domain,

and thus if we divide the domain into uniform sized elements then M = 8N and the

grid will have (8N + 1)(N + 1) nodes and 16N2 elements.

Note that increasing the number of elements in the grid will increase the com-

putational cost of solving the finite element problem significantly but will lead to a

more accurate solution.

Below we will show how the local stiffness matrix, advection matrix and source

vector, KE, CE and fE, associated with each element can be calculated. These arrays

are calculated on each element and can then be assembled to populate their global

equivalents, K, C and f . Focusing on the stiffness matrix, each entry of KE can

be mapped to a matrix K∗
E which has the same dimension as K, where K∗

Ek,l
=KEi,j

for i, j (the local node numbering of the element) and k, l (the corresponding global

node numbering of the element), and all other entries of K∗
E are zero. The global

stiffness matrix can then be calculated as the sum of all K∗
E such that

K =
n∑

E=1

K∗
E.

In the same manner, the entries of the global advection matrix C and the global

source vector f can be calculated by a sum of their local counterparts constructed
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on each individual element.

We now describe the computation of the element stiffness matrix. Suppose we

have an element E with local nodes 1, 2 and 3 with (xy) co-ordinates (x1, y1), (x2, y2), (x3, y3)

and a reference triangle T with local nodes 1, 2 and 3 with (ξ, η) co-ordinates

(0, 0), (1, 0), (1, 1) making T a right-angled triangle. We define linear element ba-

sis functions

ϕ1(ξ, η) = 1− ξ,

ϕ2(ξ, η) = ξ − η,

ϕ3(ξ, η) = η

on the reference element T then map to any general triangle with vertex coordinates

(xv, yv), v = 1, 2, 3 by the change of variables

x(ξ, η) =
3∑

v=1

xvϕv(ξ, η), y(ξ, η) =
3∑

v=1

yvϕv(ξ, η).

An example of E and T can be seen in Figure 2.1.

x

y

(x1, y1) (x2, y2)

(x3, y3)

E1
2

3

ξ

η

(0, 0) (1, 0)

(1, 1)

T

1 2

3

Figure 2.1: A triangular element, E, and the reference element, T .
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The local stiffness matrix on an element can be calculated as

KEij
=

∫
E

∇ϕj · ∇ϕi dE =

∫
E

[
∂ϕi

∂x

∂ϕj

∂x
+

∂ϕi

∂y

∂ϕj

∂y

]
dxdy, (2.6)

where i, j = 1, 2, 3. To transform this into an integral over T , we need the determi-

nant of the Jacobian of the transformation, which is

J =

∣∣∣∣∣∣
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

∣∣∣∣∣∣ = ∂x

∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ
= (x2 − x1)(y3 − y2)− (x3 − x2)(y2 − y1).

Now consider the terms in the integrand in (2.6). Using the Chain Rule we have

∂ϕi

∂x
=

∂ϕi

∂ξ

∂ξ

∂x
+

∂ϕi

∂η

∂η

∂x
,

∂ϕi

∂y
=

∂ϕi

∂ξ

∂ξ

∂y
+

∂ϕi

∂η

∂η

∂y
.

To find the derivatives of ξ, η with respect to x, y, we use the relationship

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

 =

∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

−1

=
1

J

 ∂y
∂η

−∂x
∂η

−∂y
∂ξ

∂x
∂ξ


to obtain

∂ξ

∂x
=

1

J

∂y

∂η
,

∂ξ

∂y
= − 1

J

∂x

∂η
,

∂η

∂x
= − 1

J

∂y

∂ξ
,

∂η

∂y
=

1

J

∂x

∂ξ
.

These can be used to write each integral in (2.6) in terms of ξ, η and we can obtain

an entry of the element stiffness matrix using the calculation

KEi,j
=

1

J

∫ 1

0

∫ ξ

0

(
∂ϕi

∂ξ

∂y

∂η
− ∂ϕi

∂η

∂y

∂ξ

)(
∂ϕj

∂ξ

∂y

∂η
− ∂ϕj

∂η

∂y

∂ξ

)
+

(
−∂ϕi

∂ξ

∂x

∂η
+

∂ϕi

∂η

∂x

∂ξ

)(
−∂ϕj

∂ξ

∂x

∂η
+

∂ϕj

∂η

∂x

∂ξ

)
dξdη.

For the advection matrix C, the process is similar. We have

CEi,j
=

∫
E

aw · (∇ϕj)ϕi dE = a

∫
E

[
wxϕi

∂ϕj

∂x
+ wyϕi

∂ϕj

∂y

]
dxdy (2.7)
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where i, j = 1, 2, 3. Transforming to T , this becomes

CEi,j
= a

∫
T

[
wxϕi

(
∂ϕj

∂ξ

∂ξ

∂x
+

∂ϕj

∂η

∂η

∂x

)
+ wyϕi

(
∂ϕj

∂ξ

∂ξ

∂y
+

∂ϕj

∂η

∂η

∂y

)]
Jdξdη

= a

∫
T

[
wxϕi

1

J

(
∂ϕj

∂ξ

∂y

∂η
− ∂ϕj

∂η

∂y

∂ξ

)
+ wyϕi

1

J

(
−∂ϕj

∂ξ

∂x

∂η
+

∂ϕj

∂η

∂x

∂ξ

)]
J dξdη

=

∫ 1

0

∫ ξ

0

[
awxϕi

(
∂ϕj

∂ξ

∂y

∂η
− ∂ϕj

∂η

∂y

∂ξ

)
+ awyϕi

(
−∂ϕj

∂ξ

∂x

∂η
+

∂ϕj

∂η

∂x

∂ξ

)]
dηdξ.

To construct the entries of the element source vectors we need to evaluate the inte-

grals

fEi
=

∫
E

fϕi dE

where i = 1, 2, 3. This can be rewritten using the same transformation as before to

get ∫
E

fϕidE = J

∫ 1

0

∫ ξ

0

fϕi dηdξ (2.8)

for i = 1, 2, 3. In Figure 2.2 we fix the wind direction as w = [1, 0], the source size

S is set to 0.1, the advection strength is set to a = 1, and D = 0.1. We can see two

sample Galerkin approximations to the solution of PDE (2.1) with high and low N .

The higher value of N results in a finer mesh while a lower value of N results in a

(a) Plot of the concentration withN = 4,
a = 1, and D = 0.1.

(b) Plot of the concentration with N =
32, a = 1, and D = 0.1.

Figure 2.2: Comparison of the pollutant concentration with low and high values of
N with consistent values of a and D.

coarser mesh.
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2.3 The Streamline Upwind Petrov-Galerkin method

Galerkin finite element solutions of (2.1) are known to suffer from spurious oscilla-

tions if the mesh-Péclet number, as defined by

Ph =
h|aw|
2D

where h = 1
N

is greater than one [38]. An example of oscillations in the solution can

be seen in Figure 2.3. Here, the diffusivity D is reduced purely as a numerical device

to increase the mesh–Péclet number while keeping the mesh fixed. The resulting

value is therefore not intended to be physically realistic, but is chosen to deliberately

induce an advection-dominated regime and highlight numerical instabilities. With a

higher value of D = 0.1 the mesh-Péclet number is less than one and the plot of the

solution is smooth, whereas decreasing D to 0.0001 results in a mesh-Péclet number

much higher than one, and oscillations in the pollutant concentration are clearly

visible as the boundary is approached. To alleviate this, it is usual to add some

(a) Plot of the concentration with N =
32, a = 1, D = 0.1, and Ph = 0.156.

(b) Plot of the concentration with N =
32, a = 1, D = 0.0001 and Ph = 156.

Figure 2.3: Comparison of the pollutant concentration with low and high mesh-
Péclet numbers. These numerical approximations are obtained using a Galerkin
approximation.

diffusion in the direction of the wind. Here we use a Streamline Upwind Petrov-

Galerkin (SUPG) method, where a test space is defined which is different from the

trial space. This contrasts with the Galerkin method, where the test and trial spaces
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are the same. For the convection-diffusion problem, we take the test space to be the

space spanned by functions of the form

v + αaw · ∇v

where v ∈ H1
0 and α > 0 is a constant stabilisation parameter. Multiplying (2.1) by

these new test functions and integrating over the domain gives

−D

∫
Ω

(∇2u)(v+αaw·∇v) dΩ+

∫
Ω

(aw·∇u)(v+αaw·∇v) dΩ =

∫
Ω

f(v+αaw·∇v) dΩ

so

−D

∫
Ω

(∇2u)v dΩ +

∫
Ω

(aw · ∇u)v dΩ−D

∫
Ω

(∇2u)(αaw · ∇v) dΩ

+

∫
Ω

(aw · ∇u)(αaw · ∇v) dΩ =

∫
Ω

fv +

∫
Ω

f(αaw · ∇v) dΩ.

The first two LHS terms and the first RHS term here are exactly the same as in the

Galerkin case so can be treated in the same way to obtain

D

∫
Ω

∇u · ∇v dΩ +

∫
Ω

(aw · ∇u)v dΩ−D

∫
Ω

(∇2u)(αaw · ∇v) dΩ

+

∫
Ω

(aw · ∇u)(αaw · ∇v) dΩ =

∫
Ω

fv dΩ +

∫
Ω

f(αaw · ∇v) dΩ.

(2.9)

We now need a discrete version of this, so we replace u and v by uh and vh ∈ Sh
0 .

The Galerkin-like terms are the same as before, but we now need to consider the

extra terms in (2.9), namely,

−D

∫
Ω

(∇2uh)(αaw·∇vh) dΩ,

∫
Ω

(aw·∇uh)(αaw·∇vh) dΩ and

∫
Ω

f(αaw·∇vh) dΩ.

In the first term, uh might not be smooth enough to have a second derivative. How-

ever, it can be shown (see e.g [38]) that this integral can be replaced by a sum over
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all of the elements, so we can use

−D

∫
Ω

(∇2uh)(αaw · ∇vh) dΩ ≡ −αD
n∑

E=1

∫
E

(∇2uh)(aw · ∇vh) dE.

As we are using piecewise linear finite elements, this will be zero due to the second

derivative. The full SUPG formulation is therefore

D

∫
Ω

∇uh · ∇vh dΩ +

∫
Ω

(aw · ∇uh)vh dΩ + α

∫
Ω

(aw · ∇uh)(aw · ∇vh) dΩ

=

∫
Ω

fvh dΩ + α

∫
Ω

f(aw · ∇vh) dΩ.

Approximating the solution by

uh =
n∑

j=1

ujϕj,

and using SUPG test functions of the form

vh = ϕi + (aw · ∇ϕi),

the weak formulation can be written as the following system of linear equations:

n∑
j=1

ujD

∫
Ω

∇ϕj · ∇ϕi dΩ +

∫
Ω

(aw · ∇ϕj)ϕi dΩ + α

∫
Ω

(aw · ∇ϕj)(aw · ∇ϕi) dΩ

=

∫
Ω

ϕifdΩ + α

∫
Ω

f(aw · ∇ϕi) dΩ,

for i = 1, ..., n. This can be written in matrix form as the linear system of the form

[DK + aC + αU ]u = f + αfU. (2.10)
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The matrices K and C and the vector f are exactly as in (2.5). The entries of the

additional upwinding matrix U and right-hand side component fU are given by

Ui,j =

∫
Ω

(w · ∇ϕj)(aw · ∇ϕi) dΩ, fU
i =

∫
Ω

f(aw · ∇ϕi) dΩ, (2.11)

for i, j = 1 . . . , n. Note that the matrix U is symmetric and positive definite.

There has been much discussion of what the value of the stabilisation parameter

α in (2.10) should be. It is possible to show that the SUPG solution satisfies the

‘best possible’ error estimate (for any degree of polynomial approximation) under

the assumption that α is of the form

α =
δh

|aw|
=

δh

a

where δ > 0 is a parameter. One choice for δ (which is shown to be optimal in some

contexts in [42]) is

δ = max

(
0,

1

2

(
1− 1

Ph

))
= max

(
0,

1

2
− D

h|aw|

)
.

For a uniform mesh with |w|= 1, as we will use in all of the experiments, this will

lead to one fixed value of

δ = max

(
0,

1

2
− D

ha

)
.

Note that when δ = 0, the SUPG and Galerkin discretisations are equivalent.

Using the same parameters as in Figure 2.3, we can see the effect of the SUPG

stabilisation. In Figure 2.4 we can see that plot (a) with Ph < 1 is unchanged by

the SUPG method as would be expected with δ = 0. Plot (b) with Ph ≥ 1 is much

smoother than in Figure 2.3 as the solution approaches the boundary, showing the

effect of the SUPG method.
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(a) Plot of the concentration with N =
32, a = 1, D = 0.1, and Ph = 0.156.

(b) Plot of the concentration with N =
32, a = 1, D = 0.0001, and Ph = 156.

Figure 2.4: Comparison of the pollutant concentration with low and high mesh-Péclet
numbers. These numerical approximations are obtained using an SUPG approxima-
tion.

2.4 Conclusions

In this chapter we introduced a physical model describing the release of a pollutant

in a 2D domain, with the initial distribution represented by a Gaussian pulse. In

§2.2 we presented the Galerkin finite element method, which was used to discretise

the domain and obtain an approximate solution of the model with fixed parameter

values, using a fine and coarse grid. In §2.3 we discussed the mesh-Péclet number and

in Figure 2.3 we presented sample solutions with low and high mesh-Péclet numbers,

demonstrating how solutions with higher mesh-Péclet numbers had oscillations. We

presented the Streamline-Upwind Petrov Galerkin method, and found the solution

to the model with the same parameter values as Figure 2.3 (b), showing in Figure

2.4 that the SUPG method results in solutions with fewer oscillations.
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Monte Carlo methods

3.1 Monte Carlo method for estimating the mean

Monte Carlo simulation is a process that relies on repeated random sampling and

statistical analysis to estimate the value of a quantity of interest. When we have a

mathematical model that is dependent upon a number of uncertain parameters, such

as the advection-diffusion problem, we can identify probability distributions for each

of the input parameters. We then draw random samples from the distributions of the

input parameters to obtain a set of input parameters. The set of input parameters is

used to obtain a corresponding set of outputs. For example, suppose X is a random

variable and we want to estimate the mean θ(1) = E[f (1)(X)] for some function f (1).

We can construct a Monte Carlo approximation to θ(1) by generating k independent

samples {Xi}ki=1 of X and forming

θ̂(1) =
1

k

k∑
i=1

f
(1)
Xi

(3.1)

where f
(1)
Xi

≡ f (1)(Xi). Since Xi is a random variable, the evaluation f
(1)
Xi

is a random

variable [57]. Algorithm 1 in Appendix A outlines an algorithm for estimating the

mean using the Monte Carlo method.

34
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3.1.1 Mean-squared error

To measure the accuracy of the estimate (3.1), we examine its mean-squared error

(MSE) which is the mean-squared difference between the estimated value and the

actual value. We will calculate the mean-squared error for (3.1) using k samples

with variance, V(f (1)), of f (1)(X). Assuming that the values f
(1)
Xi

are independent

and identically distributed, then θ̂(1) is unbiased, as

E(θ̂(1)) = E

(
1

k

k∑
i=1

f
(1)
Xi

)

=
1

k

k∑
i=1

E(f (1)
Xi

)

=
1

k
(k E(f (1)

X )) = E(f (1)
X ) = θ(1).

The mean-squared error is

MSE(θ̂(1)) = E
[
(θ̂(1) − θ(1))2

]
= E

[
(θ̂(1) − E(θ̂(1)) + E(θ̂(1))− θ(1))2

]
= E

[
(θ̂(1) − E(θ̂(1)))2 + 2(θ̂(1) − E(θ̂(1)))(E(θ̂(1))− θ(1)) + (E(θ̂(1))− θ(1))2

]
= E

[
(θ̂(1) − E(θ̂(1)))2

]
+ E

[
2(θ̂(1) − E(θ̂(1)))(E(θ̂(1))− θ(1))

]
+ E

[
(E(θ̂(1))− θ(1))2

]
= E

[
(θ̂(1) − E(θ̂(1)))2

]
+ 2(E(θ̂(1))− θ(1))E

[
(θ̂(1) − E(θ̂(1)))

]
+ (E(θ̂(1))− θ(1))2

= E
[
(θ̂(1) − E(θ̂(1)))2

]
+ 2(E(θ̂(1))− θ(1))(E(θ̂(1))− E(θ̂(1))) + (E(θ̂(1))− θ(1))2

= E
[
(θ̂(1) − E(θ̂(1)))2

]
+ (E(θ̂(1))− θ(1))2

= V(θ̂(1)) + Bias(θ̂(1), θ(1))2.

As θ̂(1) is an unbiased estimate of θ(1), to find the MSE with respect to k we only

need to consider the variance:

V(θ̂(1)) = V

[
1

k

k∑
i=1

f
(1)
Xi

]
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= E

(1

k

k∑
i=1

f
(1)
Xi

− E

(
1

k

k∑
i=1

f
(1)
Xi

))2


= E

(1

k

k∑
i=1

f
(1)
Xi

− 1

k
kθ(1)

)2


= E

(1

k

k∑
i=1

f
(1)
Xi

− θ(1)

)2


= E

 1

k2

(
k∑

i=1

f
(1)
Xi

)2

− 2θ̂(1)

k

k∑
i=1

f
(1)
Xi

+ (θ(1))2


=

1

k2
E

( k∑
i=1

f
(1)
Xi

)2
− 2θ(1)

k
E

[
k∑

i=1

f
(1)
Xi

]
+ (θ(1))2

=
1

k2
E

( k∑
i=1

f
(1)
Xi

)2
− (θ(1))2.

Given that the variance of f
(1)
Xi

is defined as

V(f (1)
Xi

) = E((f (1)
Xi

)2)− (E(f (1)
Xi

))2 = E((f (1)
Xi

)2)− (θ(1))2,

and that

E

( k∑
i=1

f
(1)
Xi

)2
 = E

[
k∑

i=1

k∑
j=1

f
(1)
Xi

f
(1)
Xj

]

= E

 k∑
i=1

(f
(1)
Xi

)2 +
k∑

i=1

k∑
j=1(j ̸=i)

f
(1)
Xi

f
(1)
Xj


= k E((f (1)

Xi
)2) +

k∑
i=1

k∑
j=1(j ̸=i)

E(f (1)
Xi

)E(f (1)
Xj

)

= k E((f (1)
Xi

)2) + (k2 − k)(θ̂(1))2,
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we can see that

V(θ̂(1)) =
1

k2
(k E((f (1)

Xi
)2) + (k2 − k)(θ(1))2)− (θ(1))2 (3.2)

=
E((f (1)

Xi
)2)− (θ(1))2

k
=

V(f (1)
Xi

)

k
. (3.3)

Therefore we have established that the MSE of θ̂(1) is

MSE =
V(f (1))

k
. (3.4)

The rate of convergence of the MSE of θ̂(1) is O(k−1). The cost of estimating the

mean using the Monte Carlo method is k evaluations of f (1).

3.1.2 The Ishigami function

Before experimenting with the Monte Carlo method and the advection-diffusion

problem, we would first like to check the accuracy of the estimated MSE and the

convergence of the Monte Carlo estimate of the mean. To do this, we will use a sim-

ple function with uncertain inputs and known mean and variance. First introduced

in [67], the Ishigami function has been used frequently to test methods for sensitivity

analysis and uncertainty quantification [114]. The function is given by

f (1)(X1, X2, X3) = sin(X1) + a sin2(X2) + bX4
3 sin(X1), Xi ∼ Uniform(−π, π)

(3.5)

for i = 1, 2, 3. The parameters a and b are fixed at 5 and 0.1, respectively, and the

associated mean and variance are θ(1) = 2.5 and V(f (1)) = 10.845.

We can now examine the convergence of the MSE of θ̂(1) estimated using re-

peated applications of the Monte Carlo method. We select five values of k =

100, 200, 400, 800, 1600 and using the algorithm in Algorithm 1 (see Appendix A),

we can calculate a single value of θ̂(1) for each given value of k. Having calculated

R = 100 values of θ̂(1) (which we will call replicates) for each value of k, we plot the

100 replicate estimated means of the Ishigami function in a boxplot for each k. We
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know the true mean to be 2.5, so we centre the boxplots around zero. In Figure 3.1
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Figure 3.1: Boxplot of R = 100 replicates of θ̂(1).

we can see range of calculated values of θ̂(1), as well as the quantiles and mean of

the estimates. The mean of the estimates is near the true value at each k, and the

range of estimates of the mean converge to the true mean as k increases. Next we

wish to examine whether the computed MSE of θ̂(1) matches the theoretical MSE

for the Monte Carlo method. We plot the computed MSE = V(θ̂(1))
k

, found using the

variance of the replicates of θ̂(1) in Figure 3.1, and the theoretical MSE found using

the true V(f (1)), for each value of k. In Figure 3.2 we can see the computed MSE of

θ̂(1) approximately matches the theoretical MSE for each k, and the computed MSE

decreases at the same rate as the theoretical MSE, so we can be confident in the

accuracy of the theoretical MSE and the convergence of the Monte Carlo method.

3.1.3 The advection-diffusion equation

The advection-diffusion equation (2.1) models pollution concentration throughout a

two-dimensional domain. There are many potential quantities of interest (QoI) we

could examine, for example the pollution concentration at an individual point or the

mean concentration in a localised region. The pollution concentration throughout

the domain is also dependent upon the advection a, and the diffusion D, both of
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Figure 3.2: Comparison of computed and theoretical MSE of θ̂(1).

which are uncertain. This means we can use equation (2.1), with a chosen QoI as

the output and a and D as the inputs. We fix the mesh size as N = 32, the pollutant

source spread S = 0.1, and the point of release as (xs, ys) = (0.5, 0.5). We choose to

look at the average values of the pollution in the domain at x = 1, which we call ω.

We measure the average pollution by looking at the L2-norm of the concentration at

x = 1, that is

f (1)(a,D) ≃
{∫

ω

(uh)
2dl

} 1
2

. (3.6)

This choice provides a representative scalar measure of the downstream concentra-

tion, while remaining close enough to the source that the effects of advection and

diffusion are clearly reflected in the output. Other quantities of interest could be

defined (for example, the solution at a single point, a different norm of u, or mea-

surements taken at a different downstream location), but fixing both the form and

location of the measurement enables consistent comparison across parameter varia-

tions.

We discretise the domain as in §2.2.2 such that the element size is h = 1
N
, and

we always have nodes on x = 1, which we call yi. We approximate the solution of

the differential equation using the SUPG method and compute the corresponding

L2-norm along x = 1 using the midpoint rule. This defines the function f (1)(a,D),
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where

f (1)(a,D) =
1√
2N

{
N∑
i=1

(uh(1, yi) + uh(1, yi+1))

} 1
2

. (3.7)

The function f (1) has mean θ(1) which can be approximated by θ̂(1), generated by

using k samples in the Monte Carlo method as described above, that is,

θ̂(1) =
1

k

k∑
i=1

f
(1)
Xi

, (3.8)

where Xi are random samples of the vector X = (a,D). To calculate the MSE we

need to know the true mean value of the concentration for the chosen distributions of

the advection and diffusion terms. Here we will take the ‘true’ mean to be a Monte

Carlo estimate generated using a large value of k = 107 samples.

We now consider the effect of these parameter distributions for the mesh-Péclet

number. As previously discussed, the mesh-Péclet number is

Ph(a,D) =
ah

2D
,

where a is the strength of the advection, D is the diffusion coefficient and h is the

mesh size. In the model, h is fixed but a and D are random variables, therefore

Ph is also a random variable and Ph will have a distribution that is a ratio of the

distributions of a and D. It is theoretically possible to estimate the full probability

distribution function for Ph, however we are only interested in the expectation of

Ph. If µa and µD are the means of a and D respectively, and σ2
a and σ2

D are their

variances, then we can approximate the mean of Ph as follows.

Letting g(a,D) = a
D
, we can find the Taylor series expansion of g(a,D) around

µa and µD. We start by taking the first and second partial derivatives:

∂g

∂a
=

1

D
,

∂g

∂D
=

−a

D2
,

∂2g

∂a2
= 0,

∂2g

∂D2
=

2a

D3
,
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∂2g

∂a∂D
=

−1

D2
.

The Taylor series expansion of a
D

at (µa, µD) is therefore

a

D
≃ µa

µD

+
(a− µa)

µD

+(D−µD)

(
−µa

µ2
D

)
+(D−µD)

2

(
µa

µ3
D

)
+(a−µa)(D−µD)

(
−1

µ2
D

)
.

Next we take the expectation of a
D
, so

E
( a

D

)
≃ µa

µD

+
(E(a)− µa)

µD

+ (E(D)− µD)

(
−µa

µ2
D

)
+ E(D − µD)

2

(
µa

µ3
D

)
+ E((a− µa)(D − µD))

(
−1

µ2
D

)
.

We know E(D − µD)
2 = V(D) and E((a − µa)(D − µD)) = Cov(a,D), however, a

and D are independent random variables so Cov(a,D) = 0. The expected value of

g(a,D) = a
D

is now

E
( a

D

)
≃ µa

µD

+
σ2
Dµa

µ3
D

therefore we can approximate the mean mesh-Péclet number using

E(Ph) ≃
h

2

(
µa

µD

+
σ2
Dµa

µ3
D

)
.

We need to select reasonable distributions for a and D. As a represents wind

strength, we choose a uniform distribution as we can set the wind within a range,

but we do not have any information of the distribution within the range of αa and

βa. For the diffusion, we know diffusion must be positive, so we choose a log-normal

distribution with mean αD and variance βD. Using the distributions

a ∼ U(αa, βa) D ∼ log-normal(αD, βD)

then

µa =
1

2
(αa + βa), µD = e(αD+

βD
2

),
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and

σ2
D = (eβD − 1)(e(2αD+βD)).

These can be used to estimate the mean mesh-Péclet number for a given set of input

distribution parameters.

By varying the parameters of the distributions of a and D, we can intentionally

increase or decrease the mean mesh-Péclet number. A higher mean mesh-Péclet

number would result in the Péclet number being greater than 1 more frequently

and would potentially mean Galerkin solutions being affected by oscillations. Our

principal model has h = 1
32
, and we use the mean Péclet number calculation to select

two sets of parameters. Distribution Ihigh is sampled from

a ∼ U(0.5, 1.5) and D ∼ log-normal(−7, 0.9), (3.9)

and has E(a) = 1, E(D) = 0.001, and E(Ph) ≃ 26.873. This distribution has samples

with a low mean diffusion, so we expect the solution will be advection dominated.

Distribution Ilow is sampled from

a ∼ U(0.5, 1.5) and D ∼ log-normal(−3, 0.5), (3.10)

and has E(a) = 1, E(D) = 0.056, and E(Ph) ≃ 0.403. The mean and range of

the sampled diffusion values for this input distribution will be higher. These two

distributions will allow us to compare the advection-diffusion model problem when

the mean mesh-Péclet number is high and low.

We now examine how these Ilow and Ihigh effect the performance of different

numerical discretisations. In this section we will compare the solutions of the model

problem found using the SUPG and Galerkin methods. Previously in §3.1.3 we

decided on the L2-norm of the concentration of the pollutant at x = 1 (see (3.7)) as

the QoI. As with the Ishigami function in §3.1.2, we use the Monte Carlo method

in (3.8) to get an estimate of the mean of the QoI, θ̂(1), for a given set of input

parameters. We then repeat the process for R = 100 replications for the five values
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of k = 100, 200, 400, 800, 1600, using both the Galerkin and SUPG method for inputs

chosen from distributions Ilow and Ihigh. We can then plot boxplots of the chosen

output for five values of k, using both methods of solving the PDE, for both input

distributions. In Figure 3.3, the mean and variance of θ̂(1) is lower in distribution
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(a) Boxplot of R = 100 replicates of θ̂(1)

using SUPG for input distribution Ihigh.
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(b) Boxplot of R = 100 replicates of
θ̂(1) using Galerkin for input distribution
Ihigh.
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(c) Boxplot of R = 100 replicates of θ̂(1)

using SUPG for input distribution Ilow.
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(d) Boxplot of R = 100 replicates of
θ̂(1) using Galerkin for input distribution
Ilow.

Figure 3.3: Box-plots of 100 Monte Carlo replications of θ̂(1).

Ilow than distribution Ihigh, suggesting the model problem output is sensitive to

the diffusion. The range of mean values appear to converge as we would expect for

both distributions and methods. Given the very similar results for both distributions

whether SUPG or Galerkin is used, it would seem there is minimal difference between

the methods for the model. Since the oscillations at the outflow boundary occur

sufficiently downstream so as not to affect the QoI, and the wind is fixed atw = [1, 0],
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oscillations at the y-boundary are minimal.

For the next experiment we examine the effect of using SUPG or Galerkin dis-

cretisation on the MSE of θ̂(1). Using the R = 100 replicates of θ̂(1) from Figure

3.3, we can compute the MSE of θ̂(1) for each k. We can compare to the theoretical

MSE using the ‘true’ values of V(f (1)) from (3.9) and (3.10). Figure 3.4 shows, for
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(a) Estimated and theoretical MSE of
SUPG estimates of θ(1) using distribu-
tion Ihigh.
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(b) Estimated and theoretical MSE of
Galerkin estimates of θ(1) using distribu-
tion Ihigh.
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(c) Estimated and theoretical MSE of
SUPG estimates of θ(1) using distribu-
tion Ilow.
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(d) Estimated and theoretical MSE of
Galerkin estimates of θ(1) using distribu-
tion Ilow.

Figure 3.4: Comparison of the theoretical MSE to the Monte Carlo estimate of the
MSE for SUPG and Galerkin method.

both input distributions and methods of solving, the MSE of θ̂(1) is similar to the

theoretical MSE and that the MSE is converging as expected. The methods using

input parameters from Ilow have a lower MSE than those using input parameters

from Ihigh due to the lower variance of f (1) when the diffusion is lower. We will use
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the SUPG method exclusively for f (1)(a,D) going forward as it is a more robust

method if we wish to vary other parameters.

3.2 Bootstrapping and confidence intervals

So far, we have focused on estimating the mean of a random variable using the Monte

Carlo method. In order to assess the accuracy of any estimate, it is helpful to also

estimate the associated confidence intervals. That is, we want to calculate an interval

such that we are confident that this interval contains the true value of the mean in

a fixed percentage of cases. We will consider the 90% and 95% confidence intervals,

that is, we set γ = 0.05 and γ = 0.1 and consider an interval bounded by the γ/2 and

1−γ/2 quantiles of the sampling distribution. Confidence intervals can be estimated

in different ways [26,32]. For example, to estimate confidence intervals using Monte

Carlo estimates based on k independent samples, we could calculate replicates of the

Monte Carlo estimate of the mean as we did previously, then we could take the γ/2

and 1−γ/2 quantiles of these estimates as the lower and upper bounds, respectively,

of the confidence interval. If R is large enough, this should give useful results but it

is clearly very computationally expensive, as it involves evaluating the model with

k additional independent samples to generate each of these R estimates of the mean

required for confidence intervals. In this section, we will describe a bootstrapping

approach which we use to obtain estimates of confidence intervals at a significantly

lower cost.

Bootstrapping is a statistical resampling technique first proposed by Efron [36].

A bootstrapping method, instead of requiring the model to be evaluated with ad-

ditional samples, resamples the existing function evaluations (with replacement) re-

peatedly to create many additional simulated data points. The process involves

drawing random samples from the original dataset with equal probability, the “with

replacement” aspect meaning that the procedure can select a data point more than

once for the resampled dataset. Hence the resampled dataset will have many differ-

ent combinations of the values that already exist in the original dataset. Suppose
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we resample the dataset Rb times to get Rb new estimates of the mean. The key

assumption is that the sampled distribution is unbiased with independent samples.

It can be shown that this approach yields reasonable estimates of the means and

standard deviations of, e.g., normal and log-normal distributions [37].

Algorithm 2 in Appendix A outlines an algorithm for bootstrapping the Monte

Carlo estimation of confidence intervals for the mean of a function f (1). Note that

the choice of the value of Rb is important: it has to be large enough to ensure that

the confidence intervals cover the true mean 100(1 − γ)% of the time. The cost of

re-sampling Rb values and calculating the quantiles can be considered negligible, so

we consider the only cost of using this method to be evaluating f (1), k times.

We can test this bootstrapping method using the Ishigami function introduced

in Section 3.1.2. We can calculate the 90% and 95% confidence intervals using the

method outlined in Algorithm 2 and, as we know the true mean, centre them around

zero see whether the confidence intervals cover the true mean. In Figure 3.5 the 90%
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(a) 90% confidence intervals of the mean
of the Ishigami function.
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(b) 95% confidence intervals of the mean
of the Ishigami function.

Figure 3.5: Comparison of 90% and 95% confidence intervals for θ(1) centered around
0.

confidence intervals are slightly narrower at each level of k, and do not cover the

true mean for all k whereas the 95% confidence intervals do cover the true mean for

all values of k. These are only a single realisation of the confidence intervals, and it

is known the confidence intervals do not cover the true mean every time. We want
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to be certain they will cover the true mean 100(1 − γ)% of the time. To check the

coverage we calculate the confidence intervals 1000 times, allowing us to see what

percentage of the time the confidence intervals cover the true mean. In Table 3.1

Sample Size k = 100 k = 200 k = 400 k = 800 k = 1600
90% Coverage % 89.7 89.2 90.7 91 89.7
95% Coverage % 94.2 93.9 94.6 96 94.8

Table 3.1: Observed coverage for confidence intervals of θ(1) with varying sample
size. Figures based on 1000 replications of the confidence intervals.

we see that the confidence intervals cover the true mean approximately 100(1− γ%)

of the time as we would hope. This allows us to confidently use bootstrapping to

estimate the confidence intervals much more cheaply than by calculating estimates of

the mean using Monte Carlo replications. We focus on the 95% confidence intervals

going forward.

3.2.1 Bootstrapping for the advection-diffusion problem

In this section we will use bootstrapping to find confidence intervals for the mean θ(1)

of f (1)(a,D), defined in (3.6), for the advection-diffusion model. We calculate the

confidence intervals then subtract the true mean, centering the confidence intervals

around zero. In Figure 3.6 we can see the size of the confidence intervals is reduced

as k increases. We can also see the size of the confidence interval is affected by the

chosen input distribution, with distribution Ilow having a lower variance in f (1) which

results in smaller confidence intervals. Although Figure 3.6 is promising, it is only a

single realisation of the confidence intervals. To trust that the confidence intervals

are robust for the advection-diffusion problem, we need to verify they cover the true

mean 100(1−γ)% of the time. We calculate the confidence intervals 1000 times, then

we can see what percentage of the 1000 realisations of the confidence intervals cover

the true means. In Table 3.2 we can see that the bootstrapped confidence intervals

cover the true mean approximately 95% of the time as would be expected for 95%

confidence intervals. The observed coverage does not depend on sample size in the



Chapter 3 48

10
2

10
3

-2

-1

0

1

2

(a) Bootstrap estimates of the 95% con-
fidence interval of θ(1) sampled from dis-
tribution Ihigh
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Figure 3.6: Estimates of the 95% confidence interval of the output calculated using
1000 bootstrap estimates of θ(1).

Input Distribution
Sample Size

k = 100 k = 200 k = 400 k = 800 k = 1600
Ilow 93.9 95.7 94 94.2 95.6
Ihigh 94.4 95.1 94.9 94.8 96.5

Table 3.2: Observed coverage for 95% confidence intervals of θ(1) with increasing
sample size. Figures based on 1000 replications of the confidence intervals.
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advection-diffusion problem. As the coverage is as expected we can be confident in

using confidence intervals calculated using bootstrapping for the advection-diffusion

problem going forward.

3.3 Conclusions

In §3.1 we presented the Monte Carlo method to estimate an uncertain quantity of

interest. We chose the mean-squared error as a measure of accuracy of the estimate

and derived an expression for the theoretical MSE of the Monte Carlo method as a

function of the output variance and the number of samples evaluated. We presented

the Ishigami function with known mean and variance and examined how the mean

estimated using the Monte Carlo method converged as the number of samples in-

creased in Figure 3.1. In Figure 3.2 we showed that the calculated estimated MSE

of the mean is the same as the theoretical MSE found using true variance values.

In §3.1.3 we introduced an uncertain advection strength, and diffusion, to the

model, and chose the L2-norm of the concentration at x = 1 on the advection-

diffusion problem domain as a QoI, which we estimated using the MC method. We

selected a uniform and log-normal distribution for the uncertain advection and diffu-

sion terms respectively, then we derived a term to calculate the expected mesh-Péclet

number of the domain for a chosen uniform lower bound, upper bound, log-mean, and

log-standard deviation. We used the calculated expected mesh-Péclet to find two sets

of input parameters, with high and low expected mesh-Péclet numbers. In Figure 3.3

we showed box-plots of repeated estimates of the mean of the QoI evaluated using

the Monte Carlo method. We found these mean estimates when the model output is

evaluated using both the Galerkin and SUPG methods, showing solutions for both

methods converged as the number of samples is increased, whether the mesh-Péclet

number is high or low. In Figure 3.4 we found, for both methods of evaluating the

model, the calculated MSE is the same as the theoretical MSE, whether the expected

mesh-Péclet number is high or low. We then chose the SUPG method of evaluating

the model as the method of solving when evaluating the principal model f (1).
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In §3.2 we discussed confidence intervals as a method of estimating the mean and

visualising uncertainty more cheaply than using Monte Carlo replicates. We pre-

sented a method for finding confidence intervals using bootstrapping, and we tested

this method for the Ishigami equation, showing in Figure 3.5 that the confidence in-

tervals became narrower as the number of evaluations (k) of the equation increases.

We tested the coverage of the confidence intervals using the Ishigami equation in

Table 3.1, confirming the confidence intervals did cover the true mean the expected

percentage of the time for all values of k, at two different coverage levels. In Figure

3.6 we found the 95% confidence intervals of the mean of the advection-diffusion

problem converged as k increases, and in Table 3.2 we confirmed the 95% confidence

intervals covered the true mean approximately as expected.
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Variance reduction

In this chapter we develop and analyse multi-fidelity variance reduction methods for

Monte Carlo estimation under a fixed computational budget. We begin by reviewing

standard control variates and methods that allow control variates with unknown

means. We then introduce the novel CVB method, derive its theoretical properties,

and compare its performance with existing multi-fidelity approaches using numerical

experiments based on the Ishigami function and advection diffusion model. The

results in this chapter motivate the application of CVB to more complex models in

later chapters.

4.1 Standard control variates with known means

The control variates method is an estimation technique that requires two or more

models. Suppose X is a random variable and we want to evaluate the mean θ(1) =

E[f (1)(X)] for some function f (1). We can construct a Monte Carlo approximation

to θ(1) in the standard way by generating independent samples, Xi for i = 1, . . . , k

and forming

θ̂(1) =
1

k

k∑
i=1

f
(1)
Xi

(4.1)

51
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where f
(1)
Xi

≡ f (1)(Xi). Now, suppose that we have an additional model, f (2)(Xi),

where we know the true mean value θ(2) = E[f (2)], and we can construct the Monte

Carlo estimate

θ̂(2) =
1

k

k∑
i=1

f
(2)
Xi

(4.2)

where f
(2)
Xi

≡ f (2)(Xi). Here, the random variable f
(2)
Xi

is known as a control variate.

To use the control variates method we must use the same values of Xi to obtain

both f
(1)
Xi

and f
(2)
Xi

. We refer to this method of estimating the mean as the control

variates with known means (CVKM) method. Introducing a constant α ∈ R, we can

construct a new estimator of θ(1) as

θ̂
(1)
CVKM = θ̂(1) − α(θ̂(2) − θ(2)). (4.3)

The motivation for the control variate estimator arises from the correlation between

the quantity of interest f (1) and the auxiliary model f (2). If these two quantities are

positively correlated, then an overestimate of the mean of f (2) is likely to coincide

with an overestimate of the mean of f (1), and similarly for underestimates. The

control variate estimator exploits this behaviour by subtracting a scaled version of

the estimation error in f (2) from the Monte Carlo estimate of the mean of f (1). By

choosing an appropriate scaling parameter α, this subtraction can partially cancel

the sampling error in the Monte Carlo estimator, leading to a reduced variance

compared to standard Monte Carlo.

The coefficient α determines the strength of the control variate correction and

arises from approximating the high-fidelity output using a correlated lower-cost ap-

proximation. When the control variate has a mean close to that of the quantity of

interest and is strongly correlated, this approximation provides an estimate of the

mean while significantly reducing variance. The optimal value of α depends on the

covariance between the two variables and their variances, with larger values typ-

ically arising when the control variate is strongly correlated with the quantity of
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interest [52]. Note that

E(θ̂(1)CVKM) = E(θ̂(1))− α(E(θ̂(2))− θ(2)) = E(θ̂(1)) = θ(1),

so this estimator is unbiased. As θ̂
(1)
CVKM is an unbiased estimator, the MSE (MSECVKM)

of (4.3) is V(θ̂(1)CVKM) as in the Monte Carlo method. Given

V(θ̂(1)) = E((θ̂(1) − θ(1))2), V(θ̂(2)) = E((θ̂(2) − θ(2))2)

and

Cov(θ̂(1), θ̂(2)) = E((θ̂(1) − θ(1))(θ̂(2) − θ(2))),

we have

MSECVKM = E((θ̂(1)CVKM − E(θ̂(1)CVKM))
2) = E((θ̂(1)CVKM − θ(1))2)

= E(((θ̂(1) − θ(1))− α(θ̂(2) − θ(2)))2)

= E((θ̂(1) − θ(1))2 − 2α(θ̂(1) − θ(1))(θ̂(2) − θ(2)) + α2(θ̂(2) − θ(2))2)

= E((θ̂(1) − θ(1))2)− 2αE((θ̂(1) − θ(1))(θ̂(2) − θ(2))) + α2 E((θ̂(2) − θ(2))2)

= V(θ̂(1)) + α2V(θ̂(2))− 2αCov(θ̂(1), θ̂(2)). (4.4)

Suppose now we wish to find the optimal value of α that minimises MSECVKM. To

do this, we differentiate MSECVKM with respect to α:

dMSECVKM

dα
= 2αV(θ̂(2))− 2Cov(f (1), f (2)).

Setting this equal to 0 and solving for α gives

α = α∗ =
Cov(θ̂(1), θ̂(2))

V(θ̂(2))
. (4.5)

The exact value of α∗ cannot be computed exactly, so must be estimated using prior
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samples. Differentiating dMSECVKM

dα
again gives

d2MSECVKM

dα2
= 2V(θ̂(2)) > 0,

so this is a local minimum MSE.

We are interested in the dependence of MSECVKM on k. To find this, we only

need to find the relationship between the covariance of the mean estimators (4.1) and

(4.2) and the MSE of the functions θ̂(1) and θ̂(2). As both θ̂(1) and θ̂(2) are unbiased

estimators of θ(1) and θ(2), respectively, the covariance of θ̂(1) and θ̂(2) is

Cov(θ̂(1), θ̂(2)) = E((θ̂(1) − E(θ̂(1)))(θ̂(2) − E(θ̂(2))))

= E((θ̂(1) − θ(1))(θ̂(2) − θ(2)))

= E(θ̂(1)θ̂(2) − θ(2)θ̂(1) − θ(1)θ̂(2) + θ(1)θ(2))

= E(θ̂(1)θ̂(2))− θ(2) E(θ̂(1))− θ(1) E(θ̂(2)) + θ(1)θ(2)

= E(θ̂(1)θ̂(2))− 2θ(1)θ(2) + θ(1)θ(2)

= E(θ̂(1)θ̂(2))− θ(1)θ(2). (4.6)

Expanding E(θ̂(1)θ̂(2)) gives

E(θ̂(1)θ̂(2)) = E

(
1

k

k∑
i=1

f
(1)
Xi

1

k

k∑
j=1

f
(2)
Xj

)

=
1

k2
E

(
k∑

i=1

k∑
j=1

f
(1)
Xi

f
(2)
Xj

)

=
1

k2
E

(
k∑

i=1

f
(1)
Xi

f
(2)
Xi

+
k∑

i=1

k∑
j=1,j ̸=i

f
(1)
Xi

f
(2)
Xj

)
.

As f
(1)
Xi

and f
(1)
Xj

are independent, we get the product of the expectations

E(θ̂(1)θ̂(2)) =
1

k2

(
k E(f (1)f (2)) + (k2 − k)E(f (1))E(f (2))

)
=

1

k2

(
k E(f (1)f (2)) + (k2 − k)θ(1)θ(2)

)
. (4.7)
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Substituting (4.7) back in to (4.6) we get

Cov(θ̂(1), θ̂(2)) = E(θ̂(1)θ̂(2))− θ(1)θ(2)

=
1

k
E(f (1)f (2)) + θ(1)θ(2) − 1

k
θ(1)θ(2) − θ(1)θ(2)

=
1

k

(
E(f (1)f (2))− θ(1)θ(2)

)
=

Cov(f (1), f (2))

k
. (4.8)

Recall that for i = 1, 2, the variance V(θ̂(i)) = V(f (i))
k

. Therefore

MSECVKM =
V(f (1))

k
+ α2V(f (2))

k
− 2α

Cov(f (1), f (2))

k
.

Now, if α = α∗, then

MSECVKM =
V(f (1))

k
+

(
Cov(f (1), f (2))

V(f (2))

)2(V(f (2))

k

)
− 2

(
Cov(f (1), f (2))

V(f (2))

)(
Cov(f (1), f (2))

k

)
=

V(f (1))

k
+

Cov(f (1), f (2))2

kV(f (2))
− 2

Cov(f (1), f (2))2

kV(f (2))

=
V(f (1))

k
− Cov(f (1), f (2))2

kV(f (2))

=
V(f (1))

k

(
1− Cov(f (1), f (2))2

V(f (1))V(f (2))

)
.

Defining the correlation coefficient

ρ = Corr(f (1), f (2)) =
Cov(f (1), f (2))√
V(f (1))V(f (2))

,

the value of MSECVKM with optimal α is

MSECVKM =
V(f (1))

k
(1− ρ2). (4.9)

The accuracy of the control variates method therefore depends on the correlation
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between f (2) and the principal model f (1). The key steps of the CVKM method are

shown in Algorithm 3 in Appendix A.

In the remainder of this section, we derive the theoretical MSE of the CVKM

method, and perform numerical experiments to compare the computed and theo-

retical MSEs. We will also compare the MSE of the CVKM method to that of the

Monte Carlo method for fixed computational budgets. To estimate the mean using

Monte Carlo we require k evaluations of f (1), so the budget required is P = k and

the MSE of the Monte Carlo method (MSEMC) method is (from (3.4))

MSEMC =
V(f (1))

P
. (4.10)

The CVKM method requires k evaluations of f (1) and f (2). If we assume the cost of

calculating f (1) is 1, and the cost of evaluating f (2) is c, the budget required to use

the CVKM method is

P = k(1 + c).

Therefore, from (4.9), we have

MSECVKM =
V(f (1))

P
(1 + c)(1− ρ2). (4.11)

Equation (4.11) expresses the mean-squared error of the CVKM estimator ex-

plicitly in terms of the total computational budget P . This makes clear how the

efficiency of CVKM depends on both the cost c and the correlation ρ between the

high- and low-fidelity models. For a fixed budget, the MSE reduces at the same rate

as standard Monte Carlo, but is smaller by the multiplicative factor (1 + c)(1− ρ2).

This highlights that the variance is reduced significantly when the low-fidelity model

is strongly correlated with the high-fidelity output and inexpensive to evaluate. Con-

versely, when the correlation is weak or the low-fidelity cost is large, the benefit of

CVKM diminishes. Equation (4.11) provides a clear criterion for assessing when the

CVKM method is advantageous under budget constraints.

We now use the Ishigami function to compare the Monte Carlo and CVKM
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methods in practice. Two approximations to the Ishigami function along with their

mean values are given in [114]. These functions, f (2) and f (3), are defined as

f (2)(X1, X2, X3) = sin(X1) + 0.95a sin2(X2) + bX4
3 sin(X1),

and

f (3)(X1, X2, X3) = sin(X1) + 0.6a sin2(X2) + 9bX2
3 sin(X1), (4.12)

with known means θ(2) = 2.375, θ(3) = 1.5, and known variances V(f (2)) = 10.56,

V(f (3)) = 12.46. The correlations between f (1) and these two functions are ρ12 =

0.9997 and ρ13 = 0.9442, respectively, and the costs are fixed as c2 = 0.05 and

c3 = 0.001. The theoretical MSECVKM can be calculated for a given P using the

known values and (4.11). To examine the MSE of each method, we calculate 100

replicates of θ̂(1), obtained using standard Monte Carlo, then use control variates

methods with f (2) and f (3) to calculate two sets of θ̂
(1)
CVKM. We then compare the

calculated MSE, and theoretical MSE for 5 different values of P using both methods.

In Figure 4.1 we can see the MSE of the mean estimate is reduced using both control

10
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10
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10
-2
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0

Figure 4.1: Comparison of the computed and theoretical MSE of θ̂
(1)
CVKM for the

Ishigami function.

variates, with the more highly correlated f (2) reducing the MSE more than f (3) when

used as a control variate. The computed and theoretical values of MSECVKM using
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both control variates are similar. For the Ishigami function we know the theoretical

correlation between the function and its approximations, but we would normally

estimate these correlations as described in Algorithm 3 in Appendix A, which may

introduce a source of sampling error to any control variates results.

4.2 Control variates with estimated means

To use control variates you must know the expected value of any approximation to

f (1). In [103], the authors introduce a method using control variates with estimated

means. This involves replacing the known mean θ(2) in (4.3) with an estimated

mean, θ̃(2), calculated via a pilot experiment. Here, the pilot experiment refers to

an initial, Monte Carlo simulation performed independently of the main simulation,

using the same approximation model but a separate set of k′ independent samples,

Yi. The purpose of this pilot experiment is to estimate the expected value of the

approximation before applying the control variate method in the main experiment.

The estimated mean is therefore

θ̃(2) =
1

k′

k′∑
i=1

f
(2)
Yi

, (4.13)

where f
(2)
Yi

= f (2)(Yi). Note that θ̃(2) is a random variable with mean θ(2) and

variance V[f (2)]/k′. The control variates with estimated means (CVEM) method

replaces (4.3) with the estimate

θ̂
(1)
CVEM = θ̂(1) − α(θ̂(2) − θ̃(2)), (4.14)

where α ∈ R is a constant. Given that

E(θ̂(1)CVEM) = E(θ̂(1))− α(E(θ̂(2))− E(θ̃(2))) = E(θ̂(1))− α(θ(2) − θ(2)) = θ(1),
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the estimator (4.14) is an unbiased estimator of θ(1), therefore, as with the CVKM

method, the MSE of the CVEM method (MSECVEM) is MSECVEM = V(θ̂(1)CVEM).

When using the CVEM method we select a value of k for estimating θ̂(1) and θ̂(2),

then calculate the k′ and α values based on k. In order to find the optimal values

of k′ and α which minimise the MSE, we must express MSECVEM in terms of k, k′,

and α. Given that

MSECVEM = V(θ̂(1) − α(θ̂(2) − θ̃(2)))

and the results [109]

V

(
n∑

i=1

Xi

)
=

n∑
i=1

V(Xi) + 2
∑
i<j

Cov(Xi, Xj) and V(aX) = a2V(X)

we have

MSECVEM = V(θ̂(1)) + α2V(θ̂(2)) + α2V(θ̃(2))− 2αCov(θ̂(1), θ̂(2))

+ 2αCov(θ̂(1), θ̃(2))− 2α2Cov(θ̂(2), θ̃(2)). (4.15)

From (3.3) and (4.8) we know

V(θ̂(1)) =
V(f (1))

k
V(θ̂(2)) =

V(f (2))

k
, and Cov(θ̂(1), θ̂(2)) =

Cov(f (1), f (2))

k
.

We next examine Cov(θ̂(n), θ̃(2)) where n = 1, 2,

Cov(θ̂(n), θ̃(2)) = E((θ̂(n) − E(θ̂(n)))(θ̃(2) − E(θ̃(2)))) (4.16)

= E(θ̂(n)θ̃(2))− θ(n)θ(2). (4.17)

Focusing on E(θ̂(n)θ̃(2)),

E(θ̂(n)θ̃(2)) = E

(
1

k

k∑
i=1

f
(n)
Xi

1

k′

k′∑
j=1

f
(2)
Yj

)
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=
1

kk′

k∑
i=1

k′∑
j=1

E
(
f
(n)
Xi

f
(2)
Yj

)
.

The samples of f (2) are sampled independently of f (n), therefore

E(θ̂(n)θ̃(2)) =
1

kk′kk
′ E(f (n)

Xi
)E(f (2)

Yj
)

= θ(n)θ(2). (4.18)

Substituting (4.18) into (4.17) gives us Cov(θ̂(n), θ̃(2)) = 0. Therefore we have

MSECVEM =
V(f (1))

k
+ α2V(f (2))

k
− 2α

Cov(f (1), f (2))

k
+ α2V(f (2))

k′ . (4.19)

To find the optimal α∗ that minimises MSECVEM we take the first partial derivative

of MSECVEM w.r.t. α,

∂MSECVEM

∂α
= 2α

V(f (2))

k
− 2

Cov(f (1), f (2))

k
+ 2α

V(f (2))

k′

=
2α

k

(
V(f (2)) +

V(f (2))k

k′

)
− 2

k
Cov(f (1), f (2)).

Setting ∂MSECVEM

∂α
equal to zero and rearranging gives the optimal value of α that

minimises MSECVEM:

α = α∗ =

(
Cov(f (1), f (2))

V(f (2))

)(
1

1 + k/k′

)
. (4.20)

We can now find MSECVEM when α = α∗ using (4.19):

MSECVEM =
V(f (1))

k
+

(
Cov(f (1), f (2))

V(f (2))

)2(
1

1 + k/k′

)2 V(f (2))

k

− 2

(
Cov(f (1), f (2))

V(f (2))

)(
1

1 + k/k′

)
Cov(f (1), f (2))

k

+

(
Cov(f (1), f (2))

V(f (2))

)2(
1

1 + k/k′

)2 V(f (2))

k′
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=
V(f (1))

k
+

(
1

1 + k/k′

)2(
Cov(f (1), f (2))

V(f (2))

)2(V(f (2))

k
+

V(f (2))

k′

)
− 2

(
Cov(f (1), f (2))

V(f (2))

)(
1

1 + k/k′

)
Cov(f (1), f (2))

k

=
V(f (1))

k
+

(
1

1 + k/k′

)(
k′

k′ + k

)(
Cov(f (1), f (2))2

V(f (2))2

)(
k′V(f (2))

kk′ +
kV(f (2))

kk′

)
− 2

(
Cov(f (1), f (2))

V(f (2))

)(
1

1 + k/k′

)
Cov(f (1), f (2))

k

=
V(f (1))

k
+

(
1

1 + k/k′

)(
1

k

)(
Cov(f (1), f (2))2 − 2Cov(f (1), f (2))2

V(f (2))

)
=

V(f (1))

k

(
1− Cov(f (1), f (2))2

V(f (1))V(f (2))

(
1

1 + k/k′

))
.

Therefore MSECVEM when α = α∗ is

MSECVEM =
V(f (1))

k

(
1− ρ2

(
1

1 + k/k′

))
(4.21)

where ρ is the correlation coefficient between f (1) and f (2). In practice ρ is unknown

so must be estimated using prior experiments.

To select k′ for a given k, the generalised mean-squared error is introduced.

Measures such as GMSE are defined, as in [56], as the product of computing effort

and MSE. As the MSE is normally inversely proportional to the budget, the GMSE

can be considered a fundamental measure of simulation efficiency [126]. For the

CVEM method, the GMSE is the product of the MSE and the budget required (P )

for the CVEM method. The cost of the CVEM method is the cost of k evaluations

of f (1) and f (2) and k′ evaluations of f (2). If we assume the cost of a single evaluation

of f (1) is 1 and the cost of f (2) is c, the total cost of the CVEM method is

P = ck′ + (1 + c)k. (4.22)

The GMSE is therefore

g(α, k, k′) = MSECVEM(α, k, k
′)(ck′ + (1 + c)k),
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and we wish to minimise g with respect to α and k′. As P is not a function of α,

∂g

∂α
=

∂MSECVEM

∂α
(ck′ + (1 + c)k)

so the optimal α∗ in (4.20) also produces the optimal GMSE. Next we differentiate

g with respect to k′ to get

∂g

∂k′ =
∂MSECVEM

∂k′ P + cMSECVEM

= −Cov(f (1), f (2))2(ck′ + (1 + c)k)

V(f (2))(k + k′)2
+

c
[
V(f (1))V(f (2))(k + k′)− Cov(f (1), f (2))2k′]

V(f (2))(k + k′)k

=
−Cov(f (1), f (2))2 k(ck′ + (1 + c)k)

V(f (2))(k + k′)2k

+
c
[
V(f (1))V(f (2))(k + k′)2 − Cov(f (1), f (2))2k′(k + k′)

]
V(f (2))(k + k′)2k

.

Substituting ρ2 = Cov(f (1),f (2))2

V(f (1))V(f (2))
into ∂g

∂k′
and setting the result equal to zero gives the

quadratic function

[c(ρ2 − 1)](k′)2 + [2kc(ρ2 − 1)]k′ + [k2(ρ2 − 1)c+ ρ2k2] = 0.

The positive root gives

k′ =
−2kc(ρ2 − 1) +

√
(2kc(ρ2 − 1))2 − 4c(ρ2 − 1)(k2(c(ρ2 − 1) + ρ2))

2c(ρ2 − 1)

=
−2kc(ρ2 − 1) +

√
4k2c2(ρ2 − 1)2 − 4k2c(ρ2 − 1)(c(ρ2 − 1) + ρ2)

2c(ρ2 − 1)

=
−2kc(ρ2 − 1) +

√
−4k2c(ρ2 − 1)ρ2

2c(ρ2 − 1)

=
−2kc(ρ2 − 1) + 2k

√
cρ2(1− ρ2)

2c(ρ2 − 1)

= k

(
−1 +

√
ρ2

1− ρ2
1

c

)
.

As k′ must be greater than zero, the optimal value of k′ that minimises the GMSE
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is

k′
∗ = k ×max{0, β − 1} (4.23)

where

β =

[(
ρ2

1− ρ2

)(
1

c

)] 1
2

. (4.24)

Finally, we use the optimal value of k′ to express MSECVEM as a function of k only.

Defining ϕ = max{0, β − 1}, we have k′ = kϕ, which can be substituted into (4.21)

to give the MSECVEM when α = α∗ and k′ = k′
∗ as

MSECVEM =
V(f (1))

k

(
1− ρ2

(
ϕ

ϕ+ 1

))
. (4.25)

Note that when ϕ = 0, the chosen approximation to the high-fidelity model is not an

appropriate control variate, so the value of MSECVEM is equivalent to MSEMC. This

indicates that no sufficiently correlated or inexpensive control variate is available

for the CVEM method to provide a variance reduction. We can further rewrite

MSECVEM w.r.t. P by rearranging (4.22) and substituting into (4.25) giving

MSECVEM =
V(f (1))

P
(1 + c(1 + ϕ))

(
1− ρ2

(
ϕ

ϕ+ 1

))
. (4.26)

The steps of the CVEM method are outlined in Algorithm 4 in Appendix A.

We now estimate the mean of the Ishigami function using CVEM, and compare

the computed MSECVEM to the theoretical MSECVEM. In [67] we are given costs

for the approximations to the Ishigami function (from §4.1) relative to f (1) with

c = 0.05 for f (2) and c = 0.001 for f (3). To compare the computed MSECVEM to

the theoretical MSECVEM we first calculate the theoretical MSECVEM for five values

of k using (4.25) and the known values given in [67]. We then calculate R = 100

replications of estimates of the mean using CVEM Algorithm 4 and compare to

MSEMC of the standard Monte Carlo estimate of the mean. In Figure 4.2 we can

see the theoretical and calculated values of MSECVEM are similar using both control

variates, and both are an improvement over MSEMC. The improvement in MSECVEM
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Figure 4.2: Comparison of the theoretical and calculated MSECVEM of the mean of
the Ishigami function.

using the highly correlated approximation f (2) control variate is better, but comes

at significantly increased cost.

Next we compare the MSECVEM of the Ishigami mean to the MSECVKM by cal-

culating 100 replicates of the estimate of the mean using the known values for f (2)

and f (3) and the method in Algorithm 3, and compare to MSECVEM of R = 100

CVEM estimates. In Figure 4.3 we can see using the less highly correlated control
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Figure 4.3: Comparison of MSEMC, MSECVKM, and MSECVEM for the estimated
mean of the Ishigami function using control variates f (2) and f (3).
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variate f (3), the difference in cost and MSE of the CVKM and CVEM estimates

of the mean is minimal, however when the approximation is very highly correlated

in f (2), the cost of the CVEM method increases significantly and the improvement

in MSE is reduced significantly by not knowing the true mean. This is due to the

low value of 1 − ρ2 which leads to a large value of β (see equation (4.24)), and a

very large value of k′ (see equation (4.23)). As the correlation ρ approaches one,

1− ρ2 becomes small, leading to a large value of β (see equation (4.24)). A larger β

requires a large number of samples k′ (see equation (4.23)). The additional sampling

cost from estimating the control variate mean offsets much of the variance reduction

gained from the high correlation, leading to only marginal improvements in MSE at

substantially increased cost.

4.3 Adding a budget control to CVEM

One of the issues with the CVEM method is that given a value for k, the number of

samples needed to estimate the control variate mean can become very large, increas-

ing the overall budget required to improve the mean estimate. This problem can be

seen in Figure 4.3 where the CVEM estimate requires a lot of evaluations of f (2),

increasing P significantly. Typically, this will conflict with the practical constraint of

having a fixed computational budget available. In this section we look at methods to

bound the cost of the CVEM method by a budget constraint, where the budget P is

fixed and the optimal values of k and k′ which minimise the MSE can be calculated.

To begin, we recall that the budget required to use the CVEM method is

P = ck′ + (1 + c)k (4.27)

where, as before, c is the cost of f (2) relative to f (1). We define ϕ = max{0, β − 1}

with β as in (4.24). We can then define k′ = kϕ as in (4.23) and rearrange (4.27) to
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get

k =
P

1 + c+ cϕ
. (4.28)

This gives a value of k for a fixed P value, which can then be used as before to

calculate the optimal values of k′ and α using (4.23) and (4.20). As in the standard

control variate setting described in Section 4.1, the parameter α controls the strength

of the variance-reducing correction, and is chosen to minimise the variance of the

resulting estimator. By substituting k into (4.25) we can find the MSE of the control

variates with constrained budget and estimated means (CVB) method to be

MSECVB =
V(f (1))

P
(1 + c(1 + ϕ))

(
1− ρ2

(
ϕ

1 + ϕ

))
. (4.29)

Note that (4.29) and (4.26) are the same, so MSECVB ≡ MSECVEM.

An alternative way to constrain the cost of the CVEM method is using Lagrange

multipliers. Suppose we now want to minimise (4.25) subject to

k′c+ k(1 + c) = P. (4.30)

We can do this by introducing the constraint

g(k, k′) = k′c+ k(1 + c)− P = 0

to obtain the new objective function from (4.19),

Ê(k, k′, α, λ) = MSECVEM + λg(k, k′)

=
V(f (1))

k
+ α2V(f (2))

k
− 2α

Cov(f (1), f (2))

k
+ α2V(f (2))

k′ + λ(k′c+ k(1 + c)− P ).

We seek optimal values for each of the unknowns by finding the partial derivatives
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of Ê. The partial derivatives are

∂Ê

∂α
= 2α

V(f (2))

k
+ 2α

V(f (2))

k′ − 2
Cov(f (1), f (2))

k

∂Ê

∂k
= −V(f (1))

k2
− α2V(f (2))

k2
+

2αCov(f (1), f (2))

k2
+ λ(1 + c),

∂Ê

∂k′ = −α2V(f (2))

(k′)2
+ λc,

∂Ê

∂λ
= k′c+ k(1 + c)− P.

As ∂Ê
∂α

= ∂MSECVEM

∂α
we obtain α = α∗ as in (4.20). This leaves us with three un-

knowns, λ, k and k′, and four equations which we set equal to zero:

α
V(f (2))

k
+ α

V(f (2))

k′ − Cov(f (1), f (2))

k
= 0, (4.31)

−V(f (1))

k2
− α2V(f (2))

k2
+

2αCov(f (1), f (2))

k2
+ λ(1 + c) = 0, (4.32)

−α2V(f (2))

(k′)2
+ λc = 0, (4.33)

k′c+ k(1 + c)− P = 0. (4.34)

By rearranging (4.34) we find that

k′ =
P − k(1 + c)

c
. (4.35)

Substituting k′ into (4.31) gives

α =
Cov(f (1)f (2))

V(f (2))

 1

1 + k
P−k(1+c)

c


=

Cov(f (1)f (2))

V(f (2))

(
P − k(1 + c)

P − k

)
.

From (4.33) we have

λ =
α2V(f (2))

(k′)2c
,
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and we can substitute k′ and α to find

λ =
Cov(f (1), f (2))2

V(f (2))2

(
(P − k(1 + c))2

(P − k)2
)V(f (2))

)/
(P − k(1 + c))2

c2
c

=
Cov(f (1), f (2))2c

V(f (2))(P − k)2
.

We now have three unknowns as a function of k so we only need to calculate k as a

function of P . By substituting k′, α, and λ into (4.32), we get

0 = −V(f (1))− Cov(f (1), f (2))2

V(f (2))2

(
(P − k(1 + c))2

(P − k)2

)
V(f (2))

+ 2
Cov(f (1), f (2))

V(f (2))

(
(P − k(1 + c))

(P − k)

)
Cov(f (1), f (2)))

+
Cov(f (1), f (2))2c

V(f (2))(P − k)2
(1 + c)k2

=⇒ 0 = −1− ρ2
(
(P − k(1 + c))2

(P − k)2

)
+ 2ρ2

(
(P − k(1 + c))

(P − k)

)
+ ρ2

c(1 + c)k2

(P − k)2

=⇒ 0 = − 1

ρ2
(P − k)2 − (P − k(1 + c))2 + 2(P − k(1 + c))(P − k) + c(1 + c)k2

= c(1 + c)k2 − 1

ρ2
(P 2 − 2Pk + k2)− (P 2 − 2kP (1 + c) + k2(1 + c)2)

+ 2(P 2 − kP − k(1 + c)P + k2(1 + c)) = 0

which can be rearranged into the quadratic equation

k2(c(1 + c)− 1

ρ2
− (1 + c)2 + 2(1 + c))

+ k(2
P

ρ2
+ 2P (1 + c)− 2(P + (1 + c)P ) + (

−P 2

ρ2
− P 2 + 2P 2) = 0.

Discarding the negative root, we can get a value of k for a given P from

k = P

(1− 1
ρ2
)±

√
(1− 1

ρ2
)(−c)

1− 1
ρ2

+ c


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= P

 1

1 + c
√

ρ2

ρ2−1
1
c

 .

This gives the final expression

k =
P

1 + c
√

ρ2

ρ2−1
1
c

=
P

1 + c(1 + ϕ)
, (4.36)

which is the same as (4.28). Note that ρ2 ̸= 1, therefore any perfectly correlated

approximation is not suitable for this method. After evaluating k we can then use k

to calculate k′ and α as in the CVEM method. The key steps of the CVB method

to estimate the mean are presented in Algorithm 5 in Appendix A.

We wish to examine what is lost when we use the control variates method but do

not know the mean of the approximation to f (1), as well as when the CVB method

is not suitable due to ϕ = 0. To do this, we compare the theoretical expressions for

the MSE of the CVB and CVKM methods, derived in (4.29) and (4.9), for a range

of cost and correlation values.

We fix P = 1000 and set V(f (1)) = 2, then define a grid of 1000 equally spaced

values for c and ρ in [0, 1]. For each (c, ρ) pair, we compute the theoretical MSE

values MSECVKM and MSECVB using the analytic expressions, and plot the difference

MSECVB−MSECVKM. We also plot the difference between MSECVB and the standard

Monte Carlo error MSEMC for comparison.

In Figure 4.4(a) we can see that the CVB method has higher MSE than CVKM,

with the largest difference occurring when the correlation and the cost of the ap-

proximation are high. The MSE of the CVB method approaches that of CVKM as

both cost and correlation decrease. Over a large region of the (c, ρ) parameter space,

the CVB method is not used in practice, as the optimal allocation gives k′ = 0, cor-

responding to β < 1. The boundary of this region is given by the curve β = 1 in the

(c, ρ) plane. In this case, the CVB estimator reduces to standard Monte Carlo and

therefore provides no variance reduction. As a result, compared to standard Monte
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(a) Plot of MSECVEM - MSECVB for all
values of c and ρ.

(b) Plot of MSEMC - MSECVB for all val-
ues of c and ρ.

Figure 4.4: Theoretical difference in mean estimate MSE between the CVB method
and the CVKM and Monte Carlo methods.

Carlo, the CVB method yields a lower MSE only when the correlation is sufficiently

high and the cost of the approximation is sufficiently low, so that β ≥ 1. Increasing

the total budget reduces the variance, and hence the MSE, of all estimators, but

does not remove the relative disadvantage of the CVB method compared to CVKM,

as the penalty from estimating the control variate mean persists at all budget levels.

We now use the Ishigami function and its control variates to test the CVBmethod.

We first find R = 100 replicates of the mean using the CVB algorithm in Algorithm

5, and find the MSE of the replicates. We examine the theoretical MSE from (4.29),

and the theoretical Monte Carlo MSE, at each P vs computed MSECVB using 5 values

of P = 100, 200, 400, 800, 1600. In Figure 4.5 we can see the MSECVB of the estimate

of the mean of the Ishigami function is similar to the theoretical MSECVB using

both control variates. The theoretical MSECVB accurately predicts the experimental

performance of the CVB method, and MSECVB improves upon MSEMC.

Next we compare MSECVB against MSECVEM and MSECVKM. We find R = 100

estimates of the mean, for five values of P = 100, 200, 400, 800, 1600, using the

CVKM, CVEM, and CVB methods and find the MSE of the mean estimates. We plot

the computed MSECVB, MSECVEM, MSECVKM, and the theoretical MSEMC for each

P . In Figure 4.6 we can see plots of MSEMC, MSECVKM, MSECVEM and MSECVB.
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Figure 4.5: Comparison of the theoretical and computed MSECVB and the theoretical
MSEMC for the mean of the Ishigami function.
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(a) MSE of estimates of the Ishigami
function mean with f (2) as a control vari-
ate.

10
2

10
4

10
-4

10
-2

(b) MSE of estimates of the Ishigami
function mean with f (3) as a control vari-
ate.

Figure 4.6: Comparison of the MSEMC, MSECVKM, MSECVEM and MSECVB of the
estimate of the mean of the Ishigami function.
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For the more highly correlated, more expensive f (2), the increase in error caused by

not knowing the mean of the control variate is large, however for the cheaper, less

correlated f (3), almost nothing is lost by estimating the mean. The effect of not

constraining the overall budget results in a much higher budget needed for the more

correlated, more expensive f (2), whereas f (3) as a control variate does not need much

additional budget when using the unbounded CVEM method.

4.4 Multi-fidelity Monte Carlo estimator

We now consider another estimator of the mean using multiple models, which was

introduced in [104]. The multi-fidelity Monte Carlo (MFMC) method considers the

use of approximations to accelerate Monte Carlo sampling. As with the CVEM

method, this method does not require us to know the mean of the approximations

to the model, but it does require us to know the correlations between the model

f (1) and its approximations, similar to the CVEM and CVB methods, however these

can be estimated. Suppose we have a model, f (1), and an approximation to the

model, f (2). The MFMC method can use any number of approximation models but

here we focus on the two-level method for comparison with the other methods of

estimating the mean we have discussed. Let m = (m1,m2)
T be a vector with integer

components 0 < m1 < m2 where mi is the number of evaluations of the model f (i).

We assume that the cost of evaluating the models is c = (1, c)T . The reuse of the

first m1 input samples for both fidelity levels is not required for unbiasedness, but

is necessary to exploit the correlation between models that underpins the variance

reduction achieved by the method.

We require the variances of both models and their correlation coefficient ρ. Now

let X be a vector of m2 i.i.d. realisations of the random input variable X =

(x1, . . . , xm2). The first m1 samples of X are used to obtain m1 evaluations of the

model f (i) for i = 1, 2, which we then use to compute the Monte Carlo estimates of

the mean θ̂
(1)
m1 and θ̂

(2)
m1 . We then use all m2 samples of X to estimate the mean of the

approximation model, θ̂
(2)
m2 . As θ̂

(2)
m2 is calculated using m1 of the same input samples
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as θ̂
(2)
m1 , the two approximation mean estimates are correlated. The two-level MFMC

estimate of the mean θ̂
(1)
MFMC is then evaluated as

θ̂
(1)
MFMC = θ̂(1)m1

+ α2(θ̂
(2)
m2

− θ̂(2)m1
), (4.37)

where α2 is a weighting coefficient. The MFMC method of estimating the mean is

an unbiased estimator of θ(1) as

E(θ̂(1)MFMC) = E(θ̂(1)m1
) + E(α2(θ̂

(2)
m2

− θ̂(2)m1
))

= E(θ̂(1)m1
) + α2(E(θ̂(2)m2

)− E(θ̂(2)m1
)) = θ(1).

As the estimator is unbiased, the MSE of θ̂
(1)
MFMC (MSEMFMC) is V(θ̂(1)MFMC), therefore

we can find MSEMFMC by finding the variance of (4.37):

MSEMFMC = V(θ̂(1)m1
) + V(α2(θ̂

(2)
m2

− θ̂(2)m1
))

= V(θ̂(1)m1
) + α2

2V(θ̂(2)m2
) + α2

2V(θ̂(2)m1
)

+ 2α2Cov(θ̂
(1)
m1

, θ̂(2)m2
)− 2α2Cov(θ̂

(1)
m1

, θ̂(2)m1
)− 2α2

2Cov(θ̂
(2)
m2

, θ̂(2)m1
). (4.38)

Focusing on the covariance term Cov(θ̂
(1)
m1 , θ̂

(2)
m2) from (4.38), we consider the general

form Cov(θ̂
(l)
m1 , θ̂

(t)
m2), where 1 ≤ l, t ≤ 2, We know m2 > m1 by definition, and

Cov(θ̂(l)m1
, θ̂(t)m2

) =
1

m1m2

m1∑
i=1

m2∑
j=1

Cov(f (l)(Xi), f
(t)(Xj)),

where Xi and Xj are independent and identically distributed random variables.

When i ̸= j the covariance is 0, and as m2 > m1,

Cov(θ̂(l)m1
, θ̂(t)m2

) =
1

m1m2

m1Cov(f
(l), f (t))

=
Cov(f (l), f (t))

m2

. (4.39)
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Using (4.39) with l = 1, t = 2 and m2 = m1, we have

Cov(θ̂(1)m1
, θ̂(2)m1

) =
Cov(f (1), f (2))

m1

=
Cov(f (1), f (2))

m1

. (4.40)

Here we use Cov(θ̂
(1)
m1 , θ̂

(2)
m1) = Cov(f (1), f (2))/m1, as both estimators are formed from

the same m1 paired samples and observations are independent across samples. We

can substitute the results in (4.39) and (4.40) into (4.38) to find MSEMFMC as

MSEMFMC =
V(f (1))

m1

+ α2
2

V(f (2))

m2

+ α2
2

V(f (2))

m1

+ 2α2
Cov(f (1), f (2))

m2

− 2α2
Cov(f (1), f (2))

m1

− 2α2
2

V(f (2))

m2

=
V(f (1))

m1

+ α2
2

V(f (2))

m1

− 2α2
Cov(f (1), f (2))

m1

− α2
2

V(f (2))

m2

+ 2α2
Cov(f (1), f (2))

m2

=
V(f (1))

m1

+

(
1

m1

− 1

m2

)
(α2

2V(f (2))− 2α2Cov(f
(1), f (2))). (4.41)

The two-level MFMC requires m1 evaluations of f (1) and m2 evaluations of f (2), so

the cost is

cTm = m1 + c(m2). (4.42)

As the MFMC method has a capped budget, P say, we can now find the optimal

values of α2, and number of evaluations (m) that minimises MSEMFMC subject to

this budget constraint. This means we have an optimisation problem where we wish

to minimise MSEMFMC subject to

0 < m1 < m2, and m1 + c(m2) = P.

We consider the Lagrangian

Ê(m1,m2, α2, λ) =
V(f (1))

m1

+

(
1

m1

− 1

m2

)
(α2

2V(f (2))− 2α2Cov(f
(1), f (2))) + λ(m1 + cm2 − P )).
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We find the partial derivatives w.r.t. m1,m2, α2, and λ and set each equal to 0 which

gives

∂Ê

∂m1

= −V(f (1))

m2
1

− 1

m2
1

(α2
2V(f (2))− 2α2Cov(f

(1), f (2))) + λ = 0, (4.43)

∂Ê

∂m2

=
1

m2
2

(α2
2V(f (2))− 2α2Cov(f

(1), f (2))) + λc = 0, (4.44)

∂Ê

∂α2

=

(
1

m1

− 1

m2

)
(2α2V(f (2))− 2Cov(f (1), f (2))) = 0, (4.45)

∂Ê

∂λ
= m1 + cm2 − P = 0. (4.46)

By rearranging (4.45) we obtain

α2 =
Cov(f (1), f (2))

V(f (2))
,

which can then be substituted into (4.43) to get

λ =
V(f (1))

m2
1

− 1

m2
1

(
Cov(f (1), f (2))2

V(f (2))

)
=

V(f (1))(1− ρ2)

m2
1

.

Substituting α2 and λ into (4.44) then gives

0 = −V(f (1))ρ2

m2
2

+
V(f (1))(1− ρ2)

m2
1

c

=⇒ 0 = −m2
1ρ

2 +m2
2(1− ρ2)c)

=⇒ m2 = ±m1

√
ρ2

1− ρ2
1

c
.

We discard the negative root as the constraints define m2 > m1 > 0, and introduce

the constraint ρ2 < 1. If we define r2 =
√

ρ2

1−ρ2
1
c
, then substitute m2 into (4.46) we
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get

m1 + cm1r2 − P = 0

=⇒ m1 =
P

1 + cr2
.

This gives the final MSEMFMC optimal values as

m1 =
P

1 + cr2
, (4.47)

m2 = r2m1, (4.48)

α2 =
Cov(f (1), f (2))

V(f (2))
, (4.49)

where

r2 =

√
ρ2

1− ρ2
1

c
. (4.50)

The key steps of the two-level MFMC method are outlined in Algorithm 6 in Ap-

pendix A. It can be noted from (4.24) and (4.50) that r2 here is equal to β in the

CVB method. Despite the MFMC method being derived differently from the con-

trol variates with estimated means method, it can be shown that the MSE of the

two methods are in fact equal. By expressing the low-fidelity mean θ̂
(2)
m2 in terms of

the shared low-fidelity samples and the additional low-fidelity samples, the two-level

MFMC estimator can be written in a form analogous to a control variate estimator

with an estimated mean. In this interpretation, the additional low-fidelity samples

provide an estimate of the control variate mean. Under a fixed computational bud-

get, the optimal sample allocation leads to r2 = β, and substituting this relation

into the corresponding mean-squared error expressions shows that the two methods

attain the same mean-squared error in the two-level setting.

Examining MSEMFMC, we start by substituting (4.47), (4.48), and (4.49) into
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(4.41) to find

MSEMFMC =
V(f (1))(1 + cr2)

P
+

(
1 + cr2

P
− 1 + cr2

r2P

)
(−V(f (1))ρ2)

=
V(f (1))

P
(1 + cr2)

(
1− ρ2

(
1− 1

r2

))
.

As r2 = β in (4.24), it follows that r2 = ϕ + 1 when r2 > 1, so from (4.36) we can

see m1 = k. Therefore MSEMFMC is

MSEMFMC =
V(f (1))

P
(1 + c(1 + ϕ))

(
1− ρ2

(
ϕ

1 + ϕ

))
(4.51)

which is equal to (4.29), so for a given budget P , the CVB and the two-level MFMC

method have the same theoretical MSE. The MFMC framework naturally extends

to more than two fidelity levels. Additional levels can provide further variance re-

duction if the corresponding models are both substantially cheaper and sufficiently

correlated with the high-fidelity model. However, the benefits of introducing addi-

tional levels are problem dependent and must be balanced against increased imple-

mentation complexity and the need to estimate multiple correlations reliably. In this

thesis, the two-level formulation is used to enable direct comparison with the control

variate methods considered earlier. As noted earlier, the two-level MFMC estimator

is equivalent to the CVB estimator under the present formulation. The theoretical

MSE and numerical results obtained for CVB therefore apply directly to MFMC, so

separate experiments are not included.

4.5 Bootstrapping and confidence intervals with

control variates

Previously we examined the method of bootstrapping as a method of quantifying

the error in the mean estimation. We now look to calculate 95% confidence intervals

while using the CVB method. To do this, we begin by using (4.28) and (4.23) to
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choose values of k and k′. We then sample k values of Xi and k′ samples of Yi to

get samples of f
(1)
Xi

, f
(2)
Xi

, and f
(2)
Yi

, allowing us to calculate θ̂(1), θ̂(2) and θ̃(2). Next we

calculate the optimal values of β and α∗ from (4.24) and (4.20) and calculate a single

realisation of θ̂
(1)
CVB. We then resample θ̂(1), θ̂(2) and θ̃(2) from the original samples as

before (with replacement), making sure that the sample of f
(1)
Xi

being drawn is the

result of the same Xi as f
(2)
Xi

to ensure proper correlation. It is important to note

that the pilot experiment estimate of the mean in the CVB method (θ̃(2)) is a random

variable, so it must be resampled with replacement for every estimate of θ̂
(1)
CVB, for

otherwise the static θ̃(2) will result in a sampling error and the 1 − γ confidence

intervals will not cover the true mean 100(1 − γ)% of the time. We resample each

component of the CVB method Rb times, calculating θ̂
(1)
CVB each time using (4.14)

and obtain a list of Rb estimates of the mean, from which we can take the γ/2

and 1 − γ/2 quantiles to find the confidence intervals. As we consider the cost of

resampling to be negligible, the budget required to calculate the confidence intervals

using the CVB method is P = ck′ + (1 + c)k. The key steps of the method are

presented in Algorithm 7 (see Appendix A).

We begin by checking that the CVB confidence intervals do cover the true mean

100(1−γ)% of the time. By finding 1000 realisations of the CVB confidence intervals

of the Ishigami function mean, we can check that they cover true mean as expected

for the two different control variates. In Table 4.1 we can see the 95% confidence

Sample Size k = 100 k = 200 k = 400 k = 800 k = 1600

f (2) 95% Coverage % 96 93.9 95.1 94.4 95.4

f (3) 95% Coverage % 94.3 94.7 95.3 94.7 94.1

Table 4.1: Observed coverage for confidence intervals of θ(1) estimated using the
CVB method with increasing sample size. Figures based on 1000 replications of the
confidence intervals.

intervals cover the true mean approximately 95% of the time as expected for both

approximations to the Ishigami function as control variables. We can therefore be

confident the CVB confidence intervals are robust and can be used going forward.

Now we compare the confidence intervals estimated using standard Monte Carlo
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and resampling to those estimated using CVB and resampling. In Figure 4.7 the
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(a) 95% confidence intervals of the mean
of the Ishigami functions calculated us-
ing Monte Carlo.
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(b) 95% confidence intervals of the mean
of the Ishigami functions calculated us-
ing CVB with control variate f (2).
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(c) 95% confidence intervals of the mean
of the Ishigami functions calculated us-
ing CVB with control variate f (3).

Figure 4.7: Comparison of the confidence intervals of the Ishigami function with two
different control variates.

confidence intervals are narrower using CVB for each given budget P so the CVB

method of calculating confidence intervals can introduce a significant improvement

without any additional cost. The more highly correlated f (2) control variate improves

the confidence intervals more than the the less correlated f (3) but both result in

significant improvement.
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4.6 Multi-fidelity approach for estimating the

advection-diffusion mean using CVs

We wish to use the methods discussed in previous sections to improve the estimation

of the mean in the advection-diffusion problem, which requires approximations to the

principal model. We recall the principal model and quantity of interest considered

in this chapter. The high-fidelity model f (1) corresponds to the numerical solution of

the two-dimensional steady advection-diffusion equation with uncertain parameters.

The inputs are the advection strength a and the diffusion coefficient D, which are

treated as independent random variables. The quantity of interest is defined as the

L2-norm of the concentration at x = 1, as introduced in Section 3.1.3. The objective

in this section is to estimate the mean of this quantity of interest efficiently using

variance reduction techniques, with f (1) serving as the reference model against which

lower-fidelity approximations are compared.

4.6.1 Coarse-grid approximation

We first examine the use of an SUPG coarse-grid approximation as a control variate.

The principal model f (1) has 5445 degrees of freedom (dof). We select three values

of N = 16, 8, 4, which lead to grids with 1445, 405, and 125 dof, respectively. We

will then use these as three coarse-grid approximations to the principal advection-

diffusion model, which we will call f (2). We plot the relative cost and correlation

between f (1), and each coarse grid f (2) in Figure 4.8. This allows us to examine how

much correlation is lost, and how much cheaper f (2) is, as the number of degrees

of freedom is reduced. We find the correlation between f (1) and f (2) by sampling

107 inputs a and D, and evaluating 107 values of f (1) and f (2), then calculating the

correlation, using a sufficiently large number of samples that the sampling error in the

estimated correlation is negligible. We estimate c by discounting the cost of assembly

and assuming the linear system arising from the advection–diffusion problem is solved

efficiently using, for example, a multigrid method, resulting in linear scaling with the
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number of degrees of freedom. We therefore divide the degrees of freedom of each

coarse-grid approximation by 5445 to estimate the cost of f (2) relative to f (1).
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(a) Correlation between different
coarse-grid approximations f (2) and
f (1) for given dof.
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(b) Cost of different coarse-grid ap-
proximations f (2) relative to f (1) for
given dof.

Figure 4.8: Plots of correlation and cost of coarse-grid f (2) for increasing dof

Figure 4.8 shows that using coarser grids reduces the computational cost while

only slightly reducing the correlation with f (1). As discussed in Section 4.3, the CVB

mean-squared error reflects a trade-off between cost and correlation, so a reduction

in cost may compensate for a loss of correlation. This suggests that coarser grids may

be preferable to finer grids for this problem. Even with just 125 dof the coarse-grid

approximation is very highly correlated. Although coarse meshes introduce error in

the solution, this does not necessarily reduce correlation. If the error is consistent

across parameter samples, such as through a shift or rescaling—then the low-fidelity

model may still preserve the overall trends, resulting in strong linear association [19].

Next we examine the output of each f (2) for a range of a and D input values.

We sample 40 evenly distributed values of a and D, then evaluate f (2), for each of

the coarse-grid approximations, at every pair of a and D. We then evaluate f (1)

at each point on the same grid of inputs, then plot f (1) − f (2) at each pair of a

and D. This allows us to see where in the parameter input domain f (2) is most

different from f (1), for each coarse-grid approximation. In Figure 4.9 we can see

the output is very similar across all values of a and D for the first two coarse-grid

approximations, except when both advection and diffusion are small. With 125 dof,
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(a) Value of f (1) − f (2) when f (2) is a
coarse-grid approximation with 1445 dof.

(b) Value of f (1) − f (2) when f (2) is a
coarse-grid approximation with 405 dof.

(c) Value of f (1) − f (2) when f (2) is a
coarse-grid approximation with 125 dof.

Figure 4.9: Surface plots of difference in output of approximations for a, D.
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the approximation is very accurate for most low a values. This suggests when the

grid is too coarse, the chosen output (3.7) approximation is less accurate, particularly

when advection is small.

4.6.2 Data-informed approximations

We now consider some alternative low-fidelity approximations. We use data-informed

approximations to f (1), examining three in particular: linear regression, Gaussian

process regression and a neural network. All three chosen data-informed approxima-

tions are trained using the Regression Learner app in MATLAB and were trained

using the MSE loss function. The first is linear regression model (LM), which uses

the ordinary least squares method to fit a plane to the training dataset [30], which

can then be used to find θ̂(2) for a given a and D.

The second data-informed model is Gaussian process regression (GPR), which is

a Bayesian regression technique. When training our GPR model, we choose one of

four kernel functions which is then used to create the covariance matrices used in

GPR. The choices of kernel covariance functions are rational quadratic, exponential,

squared exponential and Matérn 5/2. Details of the kernel functions, as well as the

process of training a GPR model can be found in [115]. There are three hyper-

parameters we must consider, the length scale, signal variance and noise variance.

However, one of the advantages of GPR is the relative simplicity of optimising the

hyperparameters, so these are all chosen by MATLAB. GPR models are expensive

to train as they require inverting the k∗ × k∗ kernel matrix (where k∗ is the number

of samples in the training set) which scales like O(k∗3), so can become prohibitively

expensive as k∗ becomes large. Depending on the length scale (or correlation length)

relative to the size of the domain, certain approximations can sometimes be used

to reduce computational cost. However, the methods of variance reduction do not

consider the cost to train, only the cost to evaluate f
(2)
Xi

given Xi.

The third data-informed model considered is a feedforward, fully connected neural

network used for regression. The details of training a neural network and using it
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for regression can be found in [31], but the key hyperparameters we adjust are the

number of hidden layers and the number of nodes in each layer. We choose from five

neural networks with preset hyperparameters provided by the Regression Learner

app which implements multilayer perceptrons with ReLU activation functions in the

hidden layers and a linear output layer. Three have a single hidden layer with 10,

25, and 100 nodes respectively, while two have 10 nodes per hidden layer, with two

and three hidden layers of nodes.

We now examine the minimum training set size k∗ required to achieve an ac-

ceptable correlation to f (1) for each of the data-informed models. We sample k∗ =

10, 102, 103, 104 independent random input samples of a and D from input distribu-

tion Ilow from (3.10), as distribution Ilow has a larger range of input D values, and

solve the PDE to give a training set with k∗ values of a, D, and f
(1)
Xi

. All simulations

were carried out in MATLAB R2024a on a standard desktop workstation equipped

with a 13th Gen Intel Core i7-1360P processor and 16 GB RAM. The dominant

computational cost arises from solving the high-fidelity PDE to generate the training

data, whereas evaluation of the trained surrogate models is computationally negli-

gible by comparison. Since the focus of this thesis is on statistical accuracy rather

than absolute runtime performance, detailed wall-clock timings were not recorded.

We also sample k = 107 independent values of a and D, and evaluate the cor-

responding f
(1)
Xi

values to use as a test set, again choosing a large number of test

samples to ensure the sampling error of our correlation estimate is negligible. Simple

linear regression has no hyperparameters so requires only a single realisation for each

k∗. For each k∗, we use MATLAB to train four realisations of the GPR model, one

for each of the four kernel functions discussed above, then we use each GPR model

and the test set inputs to find 107 values of f
(2)
Xi

. We find the correlation of f
(1)
Xi

and

f
(2)
Xi

for each of the four GPR models, and select the model hyperparameters with

the highest correlation to be f (2). Likewise, with the neural network, we train five

realisations of the model, assess the correlation and select the neural network with

hyperparameters resulting in the highest correlation as f (2). Note that the chosen
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set of hyperparameters of the neural network and GPR models may not be the same

for different values of k∗. For example, the highest correlated GPR model when

k∗ = 103 uses an exponential kernel function, whereas when k∗ = 104 the Matérn

5/2 covariance function is used. We plot the correlation of f
(1)
Xi

and f
(2)
Xi

, with the

hyperparameters which result in highest correlation, for each of the data-informed

low-fidelity approximations f (2), against the increasing values of k∗.
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Figure 4.10: Correlation between f (1) and data-informed approximations trained
using k∗ samples of a, D and f

(1)
Xi

.

Figure 4.10 shows that the correlation of the linear model increases slightly with

k∗, but quickly converges to a value well below one. This relatively poor performance

is likely due to the limited number of degrees of freedom in the linear regression

model, which includes only a constant and two coefficients corresponding to the input

parameters a and D. A model this simple cannot capture non-linear interactions in

the advection-diffusion model, whereas the Gaussian process and neural network

models have far greater flexibility. The correlation of the linear model could be

improved by using higher-order basis functions, such as Chebyshev polynomials [84].

The correlation of the data-informed approximations f (2) improves as k∗ is increased.

All three have very high correlation when trained using 10 samples suggesting the

advection-diffusion problem may be simple with only two random variables. The

neural network and GPR both have near perfect correlation when k∗ = 10000.

The input samples in the training set are drawn independently at random from

the input distributions specified in §3.1.3, therefore we do not know if the parameter
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domain of the training set is well covered. We can attempt to improve the sampling

using Latin hypercube sampling (LHS), a method of sampling that partitions the

input space into strata, then draws random samples within each strata, ensuring the

entire domain is (approximately) equally represented. In order to use LHS with the

uniform and log-normal distributions of distribution Ihigh, we use inverse transform

sampling. We draw k∗ LHS samples between 0 and 1, and find the corresponding

values on the CDF of the input distributions. We repeat the experiment from Figure

4.10 with models trained using LHS, and compare the result. In Figure 4.11, LHS
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Figure 4.11: Correlation between f (1) and data-informed approximations trained
using k∗ samples of a, D and f

(1)
Xi

, sampled using Latin hypercube sampling.

results in all three low-fidelity models f (2) being more highly correlated to f (1), at

each k∗ > 10. The neural network is more highly correlated than the GPR with only

10 samples, which is in contrast to the randomly sampled training sets. In order to

train f (2) we will use inverse transform sampling with more than k∗ = 10 training

samples to obtain better low-fidelity models for a lower training cost.

Next we use a grid of values of a and D, as in Figure 4.9, and find f
(2)
Xi

using

each of the data-informed models f (2). We use the models trained with 100 inverse

transform LHS samples to minimise training cost. We can see in Figure 4.11 that

all chosen models have near perfect correlation with k∗ = 100. We then subtract the

values of f
(2)
Xi

from f
(1)
Xi

, for all pairs a and D, for each of the data-informed models.

This allows us to see where the results of the approximations differ the most from the

true f (1) values, and to compare with the results using coarse-grid approximations
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shown in Figure 4.9. In Figure 4.12 the LM approximations gives the least accurate

(a) Value of f (1) − f (2) when f (2) is a linear regression model approxi-
mation.

(b) Value of f (1)−f (2) when f (2) is Gaus-
sian process regression approximation.

(c) Value of f (1) − f (2) when f (2) is a
neural network approximation.

Figure 4.12: Surface plots of difference in output of data-informed approximations
for a, D.

results at the high and low a and D values, as a linear model uses a plane so would

struggle to approximate f (1) where f (1) is not linear. The GPR approximation gives

consistently lower results than f (1) except when D is small. The neural network gets

less accurate as diffusion increases. Despite the inaccuracies, all three are highly

correlated to f (1). This behaviour is consistent with the sampling strategy described

in Section 3.1.3, in which the diffusion coefficient is sampled from a distribution

concentrated near low values. As a result, the majority of input samples correspond

to low diffusion, where all three approximations are most accurate.

To assess the cost of the data-informed approximations, we use the number of

observations per second as recorded by MATLAB, that is, the number of evaluations

of f
(2)
Xi

that MATLAB can perform in one second for a given pair of input parameters a
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andD. For a set of a andD values, the neural network and linear model both evaluate

15000 observations of f
(2)
Xi

per second, while the Gaussian process regression evaluates

approximately 1000 observations per second. The principal f (1) can be evaluated 70

times per second, so the relative cost can be found. This means the neural network

and linear model both have cost c = 0.005, and the Gaussian processes regression

has cost c = 0.07.

We can also use the CVB method to find 95% confidence intervals for the

advection-diffusion model using five approximations: coarse-grid approximations

with 405 and 125 degrees of freedom respectively, linear regression model approxi-

mation, Gaussian processes regression approximation, and a neural network approx-

imation. We train the data-informed approximations using 100 LHS inputs from

distribution Ihigh. The GPR with the highest correlation to f (1) uses the exponen-

tial kernel, while the NN regression with the highest correlation has two hidden

layers of ten nodes. We then sample inputs from distribution Ihigh and find the

confidence intervals first by using standard Monte Carlo for comparison, then using

the method in Algorithm 5, giving six realisations of confidence intervals which we

can then compare. We do this for five values of P and centre the results around zero

in each case.

In Figure 4.13 we can see all of the confidence intervals are smaller when calcu-

lated using CVB than when calculated using only Monte Carlo. The neural network

control variate performs the best of all, with the coarse-grid control variates perform-

ing better than the GPR and LM control variates. The N = 4 coarse-grid performs

better than the N = 8 grid, suggesting the large savings on cost mean the slight

drop in correlation is worth it. This is because the substantially lower cost of the

coarser grid reduces allows a larger number of high-fidelity evaluations of f (1) to be

performed within the same computational budget. This increase in the number of

high-fidelity samples can compensate for a modest reduction in correlation, leading

to a smaller overall mean-squared error.

We can repeat the experiment from Figure 4.13 with input distribution (3.10),
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(a) 95% confidence intervals of f (1), cal-
culated using Monte Carlo.
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(b) 95% confidence intervals of f (1), cal-
culated using CVB with a coarse-grid ap-
proximation with 405 dof.
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(c) 95% confidence intervals of f (1), cal-
culated using CVB with a coarse-grid ap-
proximation with 125 dof.
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(d) 95% confidence intervals of f (1), cal-
culated using CVB with a linear regres-
sion approximation.
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(e) 95% confidence intervals of f (1), cal-
culated using CVB with a Gaussian pro-
cesses regression approximation.
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(f) 95% confidence intervals of f (1), cal-
culated using CVB with a neural network
approximation.

Figure 4.13: 95% confidence intervals calculated with increasing budget P and inputs
from distribution Ihigh.
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to examine how sampling inputs with a diffusion coefficient with larger mean and

smaller variance affects the confidence intervals and the effect of the CVB method.

We retrain the data-informed models with 100 LHS samples from distribution Ilow,

and 100 evaluations of f (1). The GPR with the highest correlation to f (1) now uses

the Matérn 5/2 kernel, while the NN regression with the highest correlation once

again has two hidden layers of ten nodes. In Figure 4.14 we can see the Monte

Carlo confidence intervals are smaller using distribution Ilow, and the CVB method

reduces the size of the confidence intervals in all cases. As with the previous results,

the neural network approximation and the coarse-grid with 125 dof improve the

results the most.

4.7 Conclusions

In this chapter we examined methods of variance reduction for estimating the mean

of an advection-diffusion model problem. In §4.1 we examined the standard control

variates method and derived its theoretical MSE as a function of variance. We then

confirmed that the theoretical MSE matches the estimated MSE using the Ishigami

function and approximations with known means, as shown in Figure 4.1. In §4.2

we presented a method for estimating the mean when the control variate mean is

unknown. We introduced a budget P which can be used optimally to estimate the

control variate mean and to estimate the mean of the QoI with minimal variance. We

derived the theoretical MSE of the CVEM method, and in Figure 4.2 we tested the

CVEM method by estimating the mean of the Ishigami function and showed that the

computed MSE matches the theoretical MSE. In Figure 4.3 we compared the MSE

of the mean estimate of the Ishigami function calculated using control variates and

the CVEM method, showing that there is minimal difference in the budget required

and accuracy unless the control variate used is very highly correlated.

In §4.3 we introduced a method of adding a budget control to the CVEM method,

allowing for a capped budget to be used. We presented two methods of adding a

budget control to the CVEM method, and we derive the theoretical MSE for the
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(a) 95% confidence intervals of f (1), cal-
culated using Monte Carlo.
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(b) 95% confidence intervals of f (1), cal-
culated using CVB with a coarse-grid ap-
proximation with 405 dof.
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(c) 95% confidence intervals of f (1), cal-
culated using CVB with a coarse-grid ap-
proximation with 125 dof.
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(d) 95% confidence intervals of f (1), cal-
culated using CVB with a linear regres-
sion approximation.
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(e) 95% confidence intervals of f (1), cal-
culated using CVB with a Gaussian pro-
cesses regression approximation.
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(f) 95% confidence intervals of f (1), cal-
culated using CVB with a neural network
approximation.

Figure 4.14: 95% confidence intervals calculated with increasing budget P and inputs
from distribution Ilow.
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new method, called the CVB method. In Figure 4.4 we compared the MSE of the

CVB method to the MC and CVKM methods for a theoretical approximation with

a correlation and relative cost, showing that the CVB method has a higher MSE

than the CVKM method, but that the difference is small with most correlations and

costs. We confirmed the theoretical MSE of the CVB method by estimating the

mean of the Ishigami equation in Figure 4.5, and we compared the MSE of the mean

estimated using CVB to CVEM and MC, showing there is minimal MSE difference

between knowing the mean and estimating it, for a given budget, unless the control

variate is extremely highly correlated.

In §4.4 we presented the two-level multi-fidelity Monte Carlo method and derived

the theoretical MSE of this approach. We compared the MFMC MSE to the CVB

MSE and found they are equivalent for a given P . In §4.5, we found a multi-fidelity

method for finding confidence intervals using bootstrapping with the CVB method,

and we tested the coverage using the Ishigami function and its approximations. In

Table 4.1 we confirmed the coverage of CIs calculated using the CVB method is as

accurate, and in Figure 4.7 we see the CVB method gives smaller confidence intervals

than the MC method when estimating the mean of the Ishigami equation.

In §4.6 we examined possible low-fidelity approximations to the advection-diffusion

problem. We looked at coarse-grid and data-informed approximations, and we ex-

amined which values of a and D cause the outputs of the approximations to differ

most from the principal model output. We then used these approximations to find

confidence intervals using the CVB method for both the Ihigh and Ilow distributions,

finding that all of the approximations resulted in smaller confidence intervals using

the CVB method. We also found that the combination of low cost and high correla-

tion results in the coarse-grid with 125 dof, and the neural network approximation

giving the smallest CIs for both input distributions.

Taken together, the results in this chapter suggest a clear set of practical choices

for the advection-diffusion problem considered. SUPG stabilisation is preferred to

standard Galerkin discretisation in order to obtain stable and physically meaningful
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quantities of interest. Control variate methods provide substantial variance reduction

relative to standard Monte Carlo, and when the control variate mean is unknown, the

CVEM and CVB formulations achieve near-optimal performance when the compu-

tational budget is allocated appropriately. In particular, inexpensive approximations

with moderate correlation are shown to be more effective control variates than more

costly, highly resolved models. Finally, while Latin hypercube sampling offers modest

improvements over independent sampling, it does not alter the overall conclusions.

For this problem, the most effective strategy combines SUPG discretisation with

a two-level control variate or multifidelity estimator using a low-cost, moderately

correlated approximation.
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Global sensitivity analysis

The aim of this chapter is to apply variance reduction techniques to the estimation

of Sobol sensitivity indices, with a focus on reducing sampling error in both point

estimates and confidence intervals. We begin by reviewing standard Monte Carlo

estimators for first- and total-order Sobol indices and comparing their statistical

efficiency. We then introduce a CVB-based approach for estimating Sobol indices

and derive the corresponding MSE reduction. Numerical experiments are presented

to assess estimator performance and to demonstrate the benefits of the proposed

methods when compared with standard Monte Carlo approaches.

5.1 Sobol indices

In this thesis we will use Sobol sensitivity indices which are commonly used in

variance-based sensitivity analysis. We use Sobol indices to quantify the contri-

bution of each uncertain parameter to the variance of the output of our advec-

tion–diffusion model. Consider a model with a scalar output Y = f (1)(X), where

X = (X1, X2, . . . , Xm) is a vector of input parameters (factors). Here each Xi is a

random variable, uncorrelated with any other Xi, with a known probability distri-

bution (although the probability distribution function does not need to be the same

for each Xi). We wish to know the importance of each Xi in influencing the output

94
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value Y , that is, we wish to know how each Xi contributes to the overall variance

V(Y ).

We begin by considering the law of total expectation [6] which states that

E(Y ) = E(E(Y |Xi)), (5.1)

where E(Y |Xi) is the conditional expectation of Y when Xi is fixed at a specific

value. Given

V(Y ) = E(Y 2)− E(Y )2, (5.2)

we use (5.2) and (5.1) to find

E(Y 2) = E(Y 2)− E(E(Y |Xi)
2) + E(E(Y |Xi)

2)

= E(E(Y 2|Xi))− E(E(Y |Xi)
2) + E(E(Y |Xi)

2)

= E(V(Y |Xi) + E(Y |Xi)
2),

and subtract E(Y )2 from both sides to get

V(Y ) = E(V(Y |Xi) + E(Y |Xi)
2)− E(Y )2

= E(V(Y |Xi)) + E(E(Y |Xi)
2)− E(E(Y |Xi))

2

= E(V(Y |Xi)) + V(E(Y |Xi)). (5.3)

This is known as the law of total variance. If we were to fix one input at a single

value, Xi = x∗
i , we could estimate the variance of Y caused by all inputs except

Xi. Let X∼i be X where the ith input is fixed at Xi = x∗
i , then the conditional

variance VX∼i
(Y |Xi = x∗

i ) is the variance of Y over X∼i. This could be a measure

of the importance of Xi to the variance of Y , however the chosen value of x∗
i will

influence the value VX∼i
(Y |Xi = x∗

i ), and there exist functions for which the sum of

VX∼i
(Y |Xi = x∗

i ) for all i will be greater than V(Y ) [122]. Instead, we can take the

mean of VX∼i
(Y |Xi = x∗

i ) over all values of x
∗
i , which we write as EXi

(VX∼i
(Y |Xi)).
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So from (5.3) we have

EXi
(VX∼i

(Y |Xi)) + VXi
(EX∼i

(Y |Xi)) = V(Y ). (5.4)

From (5.4) we can see that a small value of EXi
(VX∼i

(Y |Xi)) would result in the

mean conditional variance without Xi being small, and that VXi
(EX∼i

(Y |Xi)) would

be close to V(Y ), which would suggest that Xi is an important input. We can use

VXi
(EX∼i

(Y |Xi)) as a measure of sensitivity where a higher value means Xi is more

important, and it is clear 0 ≤ VXi
(EX∼i

(Y |Xi)) ≤ V(Y ). We can therefore divide

VXi
(EX∼i

(Y |Xi)) by V(Y ) to get a measure of the importance of Xi which takes a

value between 0 and 1:

Si =
VXi

(EX∼i
(Y |Xi))

V(Y )
. (5.5)

This is a first-order sensitivity index, known as the first-order Sobol index. As the

inputs are uncorrelated, the sum of all first-order indices will be less than one [122].

The first-order Sobol index can give a measure of the contribution of each input

in isolation, but cannot account for interaction effects, so cannot show the impor-

tance of each input when it interacts with other inputs. To account for interactions,

we consider Xi, in which all inputs are fixed at single random values except Xi. The

model Y = f (1)(Xi) will have a true expected value which can be found by consider-

ing all possible Xi, given by EXi
(Y |X∼i). Note this is different from EX∼i

(Y |Xi) as

it considers all possible values of Xi, as opposed to considering all values of all inputs

exceptXi. As EXi
(Y |X∼i) is a function of random variables, it is itself a random vari-

able, so the true expected value will have a variance over all X∼i, VX∼i
(EXi

(Y |X∼i)),

and from (5.3)

V(Y ) = VX∼i
(EXi

(Y |X∼i)) + EX∼i
(VXi

(Y |X∼i)). (5.6)

The measure EX∼i
(VXi

(Y |X∼i)) = V(Y )− VX∼i
(EXi

(Y |X∼i)) is the mean variance

of Y remaining, if we knew the variance of the true values of Y when all inputs

except Xi are fixed. This could be considered a measure of all variance that can be
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explained by varying Xi. As before, we can divide by V(Y ) to get a measure between

zero and one:

STi
=

EX∼i
(VXi

(Y |X∼i))

V(Y )
= 1− VX∼i

(EXi
(Y |X∼i))

V(Y )
. (5.7)

The measure STi
is known as the total-order Sobol index and it includes all variance

contributed by Xi, including all variance caused by its interactions with other inputs.

As variance between interacting inputs can be counted multiple times, the sum of

all STi
will not necessarily be equal to one [122].

We cannot always know the true values of VXi
(EX∼i

(Y |Xi)) or VX∼i
(EXi

(Y |X∼i)),

but we can estimate the Sobol indices (5.5) and (5.7). If we have two sample sets of

inputs A = (x1, . . . , xm) and C = (x1, . . . , xm), where xi is the same value in both

inputs, while all other x are independently sampled. We can evaluate two realisa-

tions of f (1), say Y (A) = f (1)(A) and Y (C) = f (1)(C). The covariance of Y (A) and

Y (C) is then

Cov(Y (A), Y (C)) = EX∼i
(Y (A)Y (C))− EX∼i

(Y (A))EX∼i
(Y (C))

= EX∼i
(Y (A)Y (C))− EX∼i

(Y (A))2, (5.8)

and, as Y (A) and Y (C) are independent,

EX∼i
((Y (A)Y (C))) = EXi

(EX∼i
((Y (A)Y (C))|Xi))

= EXi
(EX∼i

(Y (A)|Xi)EX∼i
(Y (C)|Xi)) = EXi

(EX∼i
(Y (A)|Xi)

2).

(5.9)

It therefore follows from (5.8), (5.9) and (5.1) that

Cov(Y (A), Y (C)) = EXi
(EX∼i

(Y (A)|Xi)
2)−EXi

(EX∼i
(Y (A)|Xi))

2 = VXi
(EX∼i

(Y (A)|Xi)).
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The first-order Sobol index for Xi can therefore be estimated as

Si =
Cov(Y (A), Y (C))

V(Y (A))
, (5.10)

with Y (A) = f (1)(A) and Y (C) = f (1)(C). If we sample another set of inputs, say

B = (x1, . . . , xm), where all x have the same value as C, except xi, then we can find

Y (B) = f (1)(B). Then from (5.7) the total-order index can be estimated as

STi
= 1− Cov(Y (B), Y (C))

V(Y (B))
. (5.11)

The error of the Sobol indices estimates, and the number of evaluations of f (1)

required, will depend on the estimators used to find the covariance and variance, so

we will now look at estimators of (5.10).

5.2 Monte Carlo estimators for Sobol indices

There are many possible methods we could use to estimate the Sobol indices. One of

the most commonly used approaches for estimating first-order and total-order Sobol

indices is a Monte Carlo approach known as the Saltelli method [9].

To estimate first-order indices using the Saltelli method, we construct two inde-

pendently sampled k ×m design matrices of inputs, where k is the sample size and

m is the number of components in the input,

A =


X1,1 . . . X1,m

...
...

Xk,1 . . . Xk,m

 , and B =


X1,1 . . . X1,m

...
...

Xk,1 . . . Xk,m

 . (5.12)
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We define Ai,: and Bi,: as the ith row of A and B respectively, then evaluate

Ỹ(A) =


Ỹ

(A)
1,:

...

Ỹ
(A)
k,:

 =


f (1)(A1,:)

...

f (1)(Ak,:)

 and Ỹ(B) =


Ỹ

(B)
1

...

Ỹ
(B)
k

 =


f (1)(B1,:)

...

f (1)(Bk,:)

 . (5.13)

To estimate the first-order Sobol index for Xi, we create the matrices C(i) where the

ith column is from A, and all other columns are from B, and evaluate

Ỹ(C(i)) =


Ỹ

(C(i))
1

...

Ỹ
(C(i))
k

 =


f (1)((C(i))1,:)

...

f (1)((C(i))k,:)

 . (5.14)

We can then estimate the first-order and total-order Sobol indices, (5.10) and (5.11),

for Xi as

S̃
S

i =
1
k

∑k
j=1 Ỹ

(A)
j Ỹ

(C(i))
j − ( 1

k

∑k
j=1 Ỹ

(A)
j )( 1

k

∑k
j=1 Ỹ

(C(i))
j )

1
k

∑k
j=1(Ỹ

(A)
j )2 − ( 1

k

∑k
j=1 Ỹ

(A)
j )2

(5.15)

and

S̃
S

Ti
= 1−

1
k

∑k
j=1 Ỹ

(B)
j Ỹ

(C(i))
j − ( 1

k

∑k
j=1 Ỹ

(B)
j )( 1

k

∑k
j=1 Ỹ

(C(i))
j )

1
k

∑k
j=1(Ỹ

(B)
j )2 − ( 1

k

∑k
j=1 Ỹ

(B)
j )2

. (5.16)

An algorithm for implementing Saltelli’s method for estimating the first-order and

total-order indices is shown in Algorithm 8 in Appendix A.

We now test the Saltelli method using the Ishigami function (3.5) with uncertain

inputs xi ∈ u[−π, π], i = 1, 2, 3. The Ishigami function has known values of Sobol

indices [114] given in Table 5.1. We set the cost for estimating Sobol indices (P = 1)

to be the computational cost of finding one value of S̃
S

i and S̃
S

Ti
i.e. m+2 evaluations

of f (1) (with k = 1). When estimating Sobol indices using only high-fidelity f (1),

the total budget P = k. We select total budgets of P = 100, 200, 400, 800, 1600, and

calculate 100 replicates of S̃
S

i and S̃
S

Ti
for the Ishigami function, using the method
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i 1 2 3
Si 0.401 0.288 0
STi

0.712 0.288 0.311

Table 5.1: Sobol first-order and total-order values for the Ishigami function with
input X = (X1, X2, X3).

in Algorithm 8, for each value of P . We then subtract the true value of the Sobol

indices from the estimate, to centre around zero, and plot the results in a boxplot to

examine whether the estimates S̃
S

i and S̃
S

Ti
cover the true values as given in Table

5.1, and whether they converge to the true Si and STi
, as P is increased. In Figure

5.1 we can see the boxplots of S̃
S

i and S̃
S

Ti
cover the true values of Si and STi

, and

converge to the values given in Table 5.1 as P is increased. This suggests that this

method of estimating Sobol indices is effective.

The Saltelli estimate of the first-order and total-order indices are dependent upon

E(Ỹ (A)) and E(Ỹ (B)), which are estimates of the mean of f (1). By observing that

E(Ỹ (C(i))) is also an estimate of the mean of f (1), the variance of the estimate of the

Sobol indices can be reduced using an alternate method of estimating the first-order

indices known as the Sobol-Janon (SJ) method [70]. The SJ method samples inputs

to find Ỹ(A), Ỹ(B) and Ỹ(C(i)) as in (5.13) and (5.14), then the first-order indices for

Xi are estimated as

S̃
SJ

i =

1
k

∑k
j=1 Ỹ

(A)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

[
Ỹ

(A)
j +Ỹ

(C(i))
j

2

])2

1
k

∑k
j=1

[
(Ỹ

(A)
j )2+(Ỹ

(C(i))
j )2

2

]
−
(

1
k

∑k
j=1

[
Ỹ

(A)
j +Ỹ

(C(i))
j

2

])2 . (5.17)

We can also reduce the variance of the total-order index estimator using the Janon-

Monod (JM) method [112], which estimates the total-order indices using

S̃
JM

Ti
= 1−

1
k

∑k
j=1 Ỹ

(B)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

[
Ỹ

(B)
j +Ỹ

(C(i))
j

2

])2

1
k

∑k
j=1

[
(Ỹ

(B)
j )2+(Ỹ

(C(i))
j )2

2

]
−
(

1
k

∑k
j=1

[
Ỹ

(B)
j +Ỹ

(C(i))
j

2

])2 . (5.18)
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Figure 5.1: Boxplots of replications of estimates of Sobol first-order and total-order
indices for the Ishigami function using the Saltelli method.
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An algorithm for estimating the first-order and total-order indices using the Sobol-

Janon and Janon-Monod methods can be found in Algorithm 9 in Appendix A.

Previously, when comparing estimators of the mean, we used the MSE as an error.

If the first-order Sobol index estimator is unbiased, then the MSE of the estimator

is V(S̃i)
P

. From [70] we know the empirical variances of the first-order estimators to

be

V(S̃S

i ) =

1
k

∑k
j=1

(
Ỹ

(A)
j − 1

k

∑k
j=1 Ỹ

(A)
j

)(
Ỹ

(C(i))
j − 1

k

∑k
j=1 Ỹ

(C(i))
j

)
1
k

∑k
j=1

(
Ỹ

(A)
j − 1

k

∑k
j=1 Ỹ

(A)
j

)2 , (5.19)

and

V(S̃SJ

i ) =

∑k
j=1

(
Ỹ

(A)
j −

[
Ỹ

(A)
j +Ỹ

(C(i))
j

2

])(
Ỹ

(C(i))
j −

[
Ỹ

(A)
j +Ỹ

(C(i))
j

2

])
∑k

j=1

([
(Ỹ

(A)
j )2+(Ỹ

(C(i))
j )2

2

]
−
[
Ỹ

(A)
j +Ỹ

(C(i))
j

2

]2) . (5.20)

We do not have empirical values of the variance of the total-order estimates, but

we can use the Ishigami function to calculate the MSE of each of the estimators of

the first-order and total-order indices. We now compare the performance of the two

estimators when used to find the Sobol indices of the Ishigami function. We calculate

100 replicates of each of S̃
S

i , S̃
S

Ti
, S̃

SJ

i , and S̃
JM

Ti
, using the methods in Algorithms 8

and 9, for five values of P = 100, 200, 400, 800, 1600. In Figure 5.2 we plot the MSE

using the replicates against P , comparing the methods of estimating each Sobol

index.

In Figure 5.2 we can see the Sobol-Janon and Janon-Modol methods have equiv-

alent or lower MSE than the Saltelli method for all Sobol indices, suggesting the

Janon methods are better for the problem. Next we wish to examine the Monte

Carlo estimates of Si and STi
using the Sobol-Janon and Janon-Modol methods of

estimation. We calculate 100 replications of S̃
SJ

i and S̃
JM

Ti
, for the Ishigami function.

As in Figure 5.1 we do this for P = 100, 200, 400, 800, 1600 and plot boxplots of the

replicates in Figure 5.3. The Monte Carlo estimates of S̃
S

i , S̃
SJ

i , S̃
S

Ti
, and S̃

JM

Ti
cover
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Figure 5.2: MSE of replicates of estimates of Si and STi
of the Ishigami function,

using the Saltelli, Sobol-Janon and Janon-Modol methods.
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Figure 5.3: Boxplots of replications of estimates of Sobol first-order and total-order
indices of the Ishigami function using the Sobol-Janon and Janon-Modol methods,
with increasing P .
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the true values of Si and STi
, and converge as expected when the budget is increased.

As they have lower variance, going forward we will only use the Sobol-Janon and

Janon-Modol methods of estimation when calculating the approximations S̃i and

S̃Ti
.

5.3 Multi-fidelity Sobol index estimation

Estimating Sobol indices using a Monte Carlo method can become computationally

expensive, requiring k(m + 2) evaluations of f (1) to estimate the first-order and

total-order indices for each input. If we have an approximation to f (1), with known

relative cost c and correlation ρ, then the control variates with budget control method

introduced in §4.3 can be used to reduce the variance of the Sobol estimates, for a

given P . As when estimating the mean in §4.3, we find β, ϕ, k, k′, and α as

β =

[(
ρ2

1− ρ2

)(
1

c

)] 1
2

, ϕ = max{0, β − 1}, k =
P

1 + c(1 + ϕ)
, and k′ = k × ϕ.

(5.21)

In order to get approximations to S̃i and S̃Ti
, which we will call S̃

(2)
i and S̃

(2)
Ti

respec-

tively, we estimate the Sobol indices as normal using the method in Algorithm 9,

only with f (2) instead of f (1). Looking first at the first-order indices, we consider the

only cost of estimating the Sobol indices to be evaluating f (1) and f (2). We require

k input samples, as in (5.12), to construct A and B, in order to evaluate Ỹ(A) from

(5.13). We use the same A to calculate k realisations of f (2), stored in Ỹ(A2). We

can then use Ỹ(A) and Ỹ(A2) to find α via

α =

(
Cov(Ỹ(A), Ỹ(A2))

Ỹ(A2)

)(
ϕ

ϕ+ 1

)
. (5.22)

We assemble C(i) as in (5.14) and find Ỹ(C(i)) and Ỹ(C
(i)
2 ) . We can use Ỹ(A) and

Ỹ(C(i)) to find S̃i using (5.17), and use the same equation with Ỹ(A2) and Ỹ(C
(i)
2 ) to

find S̃
(2)
i .

Next we sample m× k′ input samples to find two additional independent design
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matrices, which we call A and B. We assemble C(i) from these design matrices as

before, then we use the approximation model to find

Y
(A2)

=


Y

(A2)

1

...

Y
(A2)

k′

 =


f (2)(A1,:)

...

f (2)((Ak′,:)

 , (5.23)

and

Y
(C

(i)
2 )

=


Y

(C
(i)
2 )

1

...

Y
C

(i)
2

k′

 =


f (2)(C(i)

1,:)
...

f (2)((C(i)
k′,:)

 . (5.24)

Using Y
(A2)

and Y
(C

(i)
2 )

in (5.17) gives S
(2)

i . Finally we find S̃
CVB

i as

S̃
CVB

i = S̃i − α(S̃
(2)
i − S

(2)

i ). (5.25)

Likewise we can estimate the total-order indices by following the same process, sub-

stituting A, A2, and A2 for B, B2 and B2 to find S̃Ti
, S̃

(2)
Ti

, and S
(2)

Ti
. We can then

find S̃
CVB

Ti
as

S̃
CVB

Ti
= S̃Ti

− α(S̃
(2)
Ti

− S
(2)

Ti
). (5.26)

An algorithm for estimating the Sobol first-order and total-order indices using control

variates with estimated means and budget control can be found in Algorithm 10 in

Appendix A.

We now test S̃
CVB

i and S̃
CVB

Ti
using the f (2) approximation to the Ishigami func-

tion

f (2)(X1, X2, X3) = sin(X1) + 0.95a sin2(X2) + bX4
3 sin(X1).

We select three values of P = 100, 400, 1600 and calculate 100 replicate values of S̃i

and S̃Ti
, using a Monte Carlo method, as in Algorithm 9. We then use Algorithm

10 to get 100 replicates of estimates of all Sobol indices with each P for each Xi,

using the CVB method. This will allow us to determine if the CVB method is more
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accurate in estimating the Sobol indices, and if it results in lower variance than the

Monte Carlo method alone. In Figure 5.4 we show boxplots for each value of P

as before. We can see that the CVB method reduces the variance of all estimates

significantly, while having the same mean estimates of Si and STi
as the Monte

Carlo method. This shows the CVB method used to estimate Sobol indices is an

improvement over standard Monte Carlo.

5.4 Confidence intervals for estimated Sobol in-

dices

Often the primary interest in Sobol indices is not their precise values, but ranking

the parameters in order of importance in terms of their contribution to the output

variance. In examples such as the Ishigami equation we can find the ranking of

the inputs using repeated Monte Carlo estimates, but calculating replicates of the

estimates of Sobol indices can become very computationally expensive for larger

problems, and we do not know how accurate the estimates are without replicates.

To save computational costs, and find the accuracy of the estimates,we want to find

confidence intervals for Sobol indices using bootstrapping as we did when estimating

the mean.

When finding the confidence intervals for the mean using bootstrapping in §3.2,

we resampled evaluations of f (1), with replacement, and found a mean value for

each resampling. In contrast, when finding confidence intervals of Sobol indices

using Monte Carlo, we must find 3 × P realisations of f (1), to evaluate Y(A), Y(B)

and Y(C(i)) from (5.13). We can then resample Y(A), Y(B), and Y(C(i)) Rb times

to calculate Rb estimates of S̃i and S̃Ti
for each Xi. We then find their γ/2 and

1−(γ/2) quantiles to get a single realisation of the confidence intervals. We consider

the only cost of bootstrapping confidence intervals to be evaluating f (1), as the cost

of assembling S̃i, S̃Ti
, and resampling is negligible. An algorithm for finding the

1 − γ% confidence intervals for the Sobol first-order and total-order indices can be
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(a) Ishigami S̃i and S̃
CVB
i with P = 100. (b) Ishigami S̃Ti and S̃

CVB

Ti
with P =

100.

(c) Ishigami S̃i and S̃
CVB
i with P = 400. (d) Ishigami S̃Ti and S̃

CVB

Ti
with P =

400.

(e) Ishigami S̃i and S̃
CVB
i with P = 1600. (f) Ishigami S̃Ti and S̃

CVB

Ti
with P =

1600.

Figure 5.4: Boxplots of 100 replicates of S̃i and S̃Ti
estimated using Monte Carlo

and CVB, with increasing P .
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found in Algorithm 11 in Appendix A.

We test the method of finding the confidence intervals of the Sobol indices using

Monte Carlo with the Ishigami function. We select P = 100, 200, 400, 800, 1600, and

use the method in Algorithm 11 to find five realisations of 95% confidence intervals

for the Ishigami function. We do this to examine whether the confidence intervals get

smaller as P increases, as would be expected, and whether the confidence intervals

cover the true Sobol indices values from Table 5.1. In Figure 5.5 we can see the

confidence intervals of both the first-order and total-order indices cover the true

value in most cases as we would hope, and all converge as P is increased. This

suggests the method of bootstrapping Sobol indices works as expected. Next we

check the coverage of the estimates. We repeat the method from Figure 5.5 to find

104 realisations of the confidence intervals, then check how many of these cover the

true Sobol indices. We do this for all Xi and five values of P . In Table 5.2 we

S̃1 S̃2 S̃3 S̃T1 S̃T2 S̃T3

P = 100 94.53% 94.00% 93.13% 93.98% 94.22% 94.07%
P = 200 94.35% 94.52% 94.49% 94.19% 93.73% 94.31%
P = 400 94.11% 94.82% 95.65% 94.23% 94.53% 94.76%
P = 800 94.94% 94.97% 94.71% 95.16% 94.82% 95.26%
P = 1600 95.86% 94.63% 94.95% 94.46% 95.20% 95.95%

Table 5.2: Sobol Indices coverage for 104 realisations of confidence intervals of
Ishigami function, for given P values.

can see the 95% intervals do cover the true values approximately 95% of the time as

expected. Bootstrapping therefore is a robust procedure when calculating confidence

intervals for estimating Sobol indices.

5.4.1 Multi-fidelity bootstrapping for Sobol indices

We previously used the CVB method to improve the Monte Carlo estimates of the

Sobol indices, and to improve the confidence intervals of the mean. We can now use

the same methods to improve the confidence intervals of the Sobol indices. Firstly

for the first-order indices, for a budget P , we find β, ϕ, k, and k′ as in (5.21). We
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Figure 5.5: Typical realisations of confidence intervals of the first-order and total-
orders of the Ishigami function.
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then find Ỹ(A), Ỹ(B), Ỹ(C(i)), Ỹ(A2), Ỹ(B2), Ỹ(C
(i)
2 ), Y

(A2)
, Y

(B2)
, and Y

(C
(i)
2 )

as in

§5.3. We resample, with replacement, to generate a list containing k values from

Ỹ(A), Ỹ(B), Ỹ(C(i)), Ỹ(A2), Ỹ(B2), and Ỹ(C
(i)
2 ), ensuring the same values in the same

positions of all six lists are used. This allows us to estimate a new value of S̃i and S̃Ti

with no additional evaluations of f (1) or f (2). We then independently resample a list

of length k′ containing values of Y
(A2)

, Y
(B2)

, and Y
(C

(i)
2 )

, to find new S
(2)

i and S
(2)

Ti
,

then assemble new S̃
CVB

i and S̃
CVB

Ti
using (5.25). We repeat this process Rb times,

to get a list of Rb values of Si, then take the γ/2 and 1 − γ/2 quantiles to find a

realisation of the confidence intervals. An algorithm of the key steps for estimating

the 1−γ% confidence intervals of the Sobol first-order and total-order indices, using

control variates with estimated means and budget control, can be found in Algorithm

12 in Appendix A.

We will test the CVB confidence intervals method for Sobol indices using the

Ishigami function. First we use P = 100, 200, 400, 800, 1600 and calculate 104 real-

isations of the 95% confidence intervals of the first-order and total-order indices of

the Ishigami function for each P . In Table 5.3, we can see the confidence intervals

S̃CVB
1 S̃CVB

2 S̃CVB
3 S̃CVB

T1
S̃CVB
T2

S̃CVB
T3

P = 100 9504 9478 9459 9488 9462 9525
P = 200 9499 9482 9497 9497 9501 9461
P = 400 9515 9506 9480 9503 9477 9471
P = 800 9495 9465 9476 9509 9485 9498
P = 1600 9434 9483 9500 9526 9502 9487

Table 5.3: Sobol Indices coverage for 104 realisations of confidence intervals of
Ishigami function estimated using CVB method, for given P values.

cover the true mean approximately 95% of the time as we would hope, suggesting the

method of using bootstrapping to find the confidence intervals of the CVB method

to estimate Sobol indices is robust.

Next we want to see if the Sobol first-order and total-order confidence intervals are

improved by the CVB method. We do this by selecting P = 100, 200, 400, 800, 1600,

and finding a single realisation of the confidence intervals of both intervals, using
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the Monte Carlo method in Algorithm 11. We then find a single realisation of the

same confidence intervals using the CVB method in Algorithm 12. We centre all

confidence intervals around zero by subtracting the true values of Si and STi
, and

plot the results in Figures 5.6 and 5.7.

The CVB method results in smaller 95% confidence intervals for all budgets and

all indices. The bootstrapping method covers the true value of the CVB method

most of the time as expected, and converges to the true value as P is increased. This

suggests the method is robust and can be used for the advection-diffusion problem.

5.5 Estimating Sobol indices for the advection-

diffusion problem

Our objective is to estimate Sobol sensitivity indices for the advection–diffusion

model introduced in Chapter 3, with uncertain advection strength and diffusion,

and a scalar quantity of interest. The high-fidelity model corresponds to the nu-

merical solution of the two-dimensional steady advection–diffusion equation with

independent random inputs a (advection strength) and D (diffusion coefficient), and

the quantity of interest is the L2-norm of the concentration at x = 1, as defined in

§3.1.3. In §5.1-5.4, these indices were estimated using Monte Carlo sampling of the

high-fidelity model, and variance reduction was achieved using the CVB framework

introduced in Chapter 4. In this section, we combine the high-fidelity model and

the correlated low-fidelity approximations described in §4.5 to construct confidence

intervals for Sobol indices under a fixed computational budget. In §4.6 we examined

several multi-fidelity approaches to finding confidence intervals for the mean of the

advection-diffusion problem introduced in §3.1.3. We can now use the low-fidelity ap-

proximations and the CVB method to find confidence intervals for the Sobol indices

of the inputs of the advection-diffusion model.

We have five approximations to the advection-diffusion problem: two coarse-

grid approximations with 405 and 125 dof, respectively, a linear regression model, a
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Figure 5.6: Confidence intervals of the first-order indices of the Ishigami function,
calculated using bootstrapping with Monte Carlo and CVB.
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Figure 5.7: Confidence intervals of the first total-orders of the Ishigami function,
calculated using the Monte Carlo and CVB methods.
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Gaussian process regression approximation and a neural network approximation. We

use input parameters for distribution Ihigh from (3.9), and five values of the budget,

P = 100, 200, 400, 800, 1600. Beginning with the first-order indices we find a single

realisation of the 95% confidence intervals of Si, for each P using the bootstrapping

method in Algorithm 11. We compare this to five realisations of the confidence

intervals using the CVB method in Algorithm 12, using each of the five low-fidelity

approximations. This allows us to examine the convergence of the Sobol indices as

P is increased, the improvement over the Monte Carlo method, and the importance

of the uncertain parameters to the variance of the advection-diffusion model.

Using the parameter distributions in Ihigh, the estimated first-order indices for

a and D are shown in Figures 5.8 and 5.9, respectively. As Ihigh corresponds to an

advection-dominated regime, Figures 5.8 and 5.9 have been plotted using different

y-axis scales for clarity. The advection-diffusion problem is advection dominated.

The bootstrapping method gives confidence intervals for first-order indices for the

advection parameter with size near zero. The size of the confidence intervals for the

first-order indices of a are made narrower by using CVB with coarse-grid approxima-

tions, but are not reliably narrower using data-informed approximations. However,

each confidence interval is only a single realisation, and the confidence intervals do

converge towards the same value as the budget increases, with all data-informed

approximations resulting in smaller confidence intervals at the largest budget. The

confidence intervals of the first-order indices for the diffusion parameter are made

narrower using CVB with all five low-fidelity approximations, with the neural net-

work approximation resulting in the smallest intervals.

Next we examine the total-order indices in Figures 5.10 and 5.11, which again use

different y-axis scales for clarity. The total-order indices also show the advection is

responsible for almost all of the variance, but the CVB method reduces the size of the

confidence intervals using all approximations, with the neural network approximation

resulting in the narrowest confidence intervals. The confidence intervals for S̃TD
are

narrower than S̃Ta , but the data-informed approximations do not consistently result
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Figure 5.8: 95% confidence intervals of Sobol first-order indices of a with an increas-
ing P , and inputs sampled from distribution Ihigh.



Chapter 5 117

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(a) 95% confidence intervals S̃D.

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(b) 95% confidence interval of S̃
CVB

D , cal-
culated with a coarse-grid approximation
with 405 dof.

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(c) 95% confidence interval of S̃
CVB

D , cal-
culated with a coarse-grid approximation
with 125 dof.

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(d) 95% confidence interval of S̃
CVB

D , cal-
culated with a linear regression model
approximation.

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(e) 95% confidence interval of S̃
CVB

D , cal-
culated with a Gaussian process regres-
sion approximation.

10
2

10
3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(f) 95% confidence interval of S̃
CVB

D , cal-
culated with a neural network approxi-
mation.

Figure 5.9: 95% confidence intervals of Sobol first-order indices of D with an increas-
ing P , and inputs sampled from distribution Ihigh.
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Figure 5.10: 95% confidence intervals of Sobol total-order indices of a with an in-
creasing P , and inputs sampled from distribution Ihigh.
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Figure 5.11: 95% confidence intervals of Sobol total-order indices of D with an
increasing P , and inputs sampled from distribution Ihigh.
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in narrower confidence intervals. Notably, the first-order index for D is close to zero,

while its total-order index is approximately 0.01. This indicates that D contributes

very little to the variance of the quantity of interest on its own, but that a small

interaction exists between D and the wind speed a. The total-order index for a is

approximately 1, comprising its dominant first-order effect (around 0.99) and this

small interaction withD. However these are only a single realisation of the confidence

intervals, and all confidence intervals cover the same values when P = 1600.

We now repeat the above experiment with inputs sampled from distribution Ilow

from (3.10). This allows us to examine the importance of the parameters when the

advection-diffusion model is not advection dominated. In Figures 5.12 and 5.13, we

can see the advection is slightly more important than the diffusion, but the problem

is not as advection dominated as it was with distribution Ihigh. Interestingly, the

confidence intervals calculated using Monte Carlo, Figures (5.12)(a) and (5.13)(a),

overlap until P = 1600, so we could not say definitively which parameter is more

important with a smaller budget. However, using the CVB method, we can say for

sure advection is more important with just P = 100 in some cases, showing the

usefulness of the CVB method. The confidence intervals for the first-order indices

do not appear to sum to one, suggesting an interaction effect between advection and

diffusion, which we can examine by looking at the total-order indices.

In Figures 5.14 and 5.15, we can see once again that advection causes more of

the variance in the model than diffusion. We can also see the CVB method gives

non-overlapping confidence intervals for a lower budget, allowing for cheaper ranking

of parameters.

5.6 Conclusions

In this chapter we examined global sensitivity analysis using Sobol indices. In §5.1

we motivated methods for estimating Sobol indices. In §5.2 we compared high-

fidelity methods of estimating the Sobol first- and total-order indices of the Ishigami

function. We compared methods of estimating Sobol indices by plotting the MSE of
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Figure 5.12: 95% confidence intervals of Sobol first-order indices of a with an in-
creasing P , and inputs sampled from distribution Ilow.
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Figure 5.13: 95% confidence intervals of Sobol first-order indices of D with an in-
creasing P , and inputs sampled from distribution Ilow.
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Figure 5.14: 95% confidence intervals of Sobol total-order indices of a with an in-
creasing P , and inputs sampled from distribution Ilow.



Chapter 5 124

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(a) 95% confidence interval of S̃TD
.

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(b) 95% confidence interval of S̃
CVB

TD
, cal-

culated using CVB with a coarse-grid ap-
proximation with 405 dof.

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(c) 95% confidence interval of S̃
CVB

TD
, cal-

culated using CVB with a coarse-grid ap-
proximation with 125 dof.

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(d) 95% confidence interval of S̃
CVB

TD
, cal-

culated using CVB with a linear model
approximation.

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(e) 95% confidence interval of S̃
CVB

TD
, cal-

culated using CVB with a Gaussian pro-
cess regression approximation.

10
2

10
3

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

(f) 95% confidence interval of S̃
CVB

TD
, cal-

culated using CVB with a neural network
approximation.

Figure 5.15: 95% confidence intervals of Sobol total-order indices of D with an
increasing P , and inputs sampled from distribution Ilow.
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the Sobol indices of the Ishigami function using multiple methods and found that the

estimated MSE was lowest using the Sobol-Janon and Janon-Modol methods. We

plotted boxplots of repeated estimates of the Sobol indices of the Ishigami function

in Figure 5.3, finding the variance of the Sobol estimates converged as the budget

used to estimate them, P , increased.

In §5.3, we presented a novel method for estimating Sobol indices using the

control variates with estimated means and budget control method. We tested this

method using the Ishigami function and plotted repeated Sobol indices estimates

for several budgets in Figure 5.4, and found that the Sobol estimates have a lower

variance when using the CVB method, and that as P increased the variance of the

CVB method was reduced.

In §5.4, we presented a method of finding confidence intervals of the Sobol indices

using bootstrapping. In Figure 5.5 we showed the confidence intervals of the Sobol

indices of the Ishigami function converged as P was increased, and in Table 5.1 we

showed the confidence intervals cover the true Sobol indices value approximately 95%

of the time as expected. We then introduced a novel method of estimating Sobol

indices using the CVB method and bootstrapping. We plotted the Sobol indices of

the Ishigami function using the CVB method, confirming the CVB method results

in smaller confidence intervals than the MC method, and in Table 5.3 we confirmed

the confidence intervals covered the true Sobol indices values 95% of the time as

expected.

In §5.5, we used the MC method to find the Sobol indices of the advection-

diffusion model with input distribution Ihigh. We then used the low-fidelity approx-

imations to the advection-diffusion model introduced in §4.6 to estimate the Sobol

indices using the CVB method. We found that with input distribution Ihigh, the

problem was entirely advection dominated, and the CVB method reduced the width

of the confidence intervals significantly with each approximation. We repeated the

experiment using the input distribution Ilow, and found that while advection was

more important, it was more balanced than with Ihigh. In the examples with in-
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put distribution Ilow, the CVB method allowed us to definitively rank the inputs in

terms of importance with a smaller budget than the MC method, as the confidence

intervals overlapped when using MC with a small budget but did not when using

the same budget with CVB.
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Global sensitivity analysis of an

eddy diffusion model of pollutant

dispersion

The aim of this chapter is to extend the advection–diffusion model to a more realistic

setting by introducing additional uncertain parameters informed by real-world data,

and to assess the performance of the proposed variance reduction and sensitivity

analysis methods in this context. We introduce uncertainty in wind speed, diffusion,

source strength, and wind direction, and define appropriate probability distributions

for each. The CVB method is then applied to estimate Sobol sensitivity indices and

their confidence intervals using a range of low-fidelity approximations. Numerical

results are presented to examine estimator performance and to identify the dominant

contributors to output variance in the extended model.

6.1 Eddy diffusion model

In previous chapters, the advection-diffusion model was not grounded in any specific

physical problem, and as such it was presented in dimensionless form. In this chapter,

we present an advection-diffusion equation in dimensional form, introduce additional

127
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sources of uncertainty to make the model more physically realistic, and increase the

complexity of the model. We then examine the effectiveness of surrogate models and

CVB methods for estimating Sobol indices of the new model. We now consider the

equation

−D∇2u+ aw · ∇u =
3∑

i=1

qifi ∀x ∈ Ω, u = 0 on ∂Ω. (6.1)

where qi is the source strength, measured in kg s−1. We model three points of

pollutant release with

fi(x, y) =
1

2πS2
exp

(
−(x− xsi)

2 + (y − ysi)
2

2S2

)
(6.2)

representing a localised source centred at release points (xsi , ysi) modelled here as a

Gaussian function. Here S = 0.1 is the spatial spread (standard deviation) of each

Gaussian source, measured in kilometres, which is the same for each pollutant release

point.

We express the domain size in kilometres, and set the domain to be Ω = [0, 16]×

[0, 2]. The pollution u is expressed in kg km−2, and we set three points of pollutant

release (Psi = (xsi , ysi)) at Ps1 = (2, 1) km, Ps2 = (4, 1) km, and Ps3 = (6, 1) km.

This could be the radius of a large stack, the plume after it has risen from a chimney

or stack into the domain, or a distributed source such as an industrial park with

several pollutant sources.

6.2 Advection and diffusion terms

In previous chapters, the wind speed was sampled from a uniform distribution, which

can be suitable when limited information is available, such as the range of possible

values. If wind speed data is available, then the Weibull distribution has commonly

been used to fit this data [33,71,72, 76], as it has inherently positive support and is
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right-skewed. The pdf of a Weibull distribution is given by

fWeibull(x;λW , κW ) =


κW

λW

(
x

λW

)κW−1

e
−
(

x
λW

)κW

, x ≥ 0,

0, x < 0,

where κW is a shape parameter, and λW is a scale parameter. The shape parameter

determines the shape of the distribution, with κW > 1 resulting in a right-skewed

bell curve which narrows as κW → ∞. The scale parameter shifts the distribution

left or right on the x-axis, with a larger λW value moving the centre of the towards

larger values on the x-axis. The mean of the Weibull distribution is

E[fWeibull] = λW Γ

(
1 +

1

κW

)
, (6.3)

where Γ is the gamma function.

In order to fit realistic shape and scale parameters for the Weibull distribution, we

use real world data. The Centre for Environmental Data Analysis (CEDA) publishes

data from the Met Office with UK mean wind information, including mean wind

speed and direction, as well as the direction, speed, and time of the maximum gust,

recorded over one or more hours. The data is collected from observation stations

across the UK with records available from 1949 to the present [92]. We can use

this data to fit a realistic distribution. In this chapter the data used corresponds

to mean daily wind speeds in the Arrochar region of Stirlingshire, from January 1st

to December 27th 1991. We use the wblfit function in MATLAB to estimate the

shape and scale parameters of the Weibull distribution using maximum likelihood

estimation. The resulting distribution has λW = 0.0024, and κW = 1.57, resulting

in a mean wind speed of 2.16× 10−3 km s−1, and the central 95% quantile interval,

between the 2.5th and 97.5th percentiles, of [2.308×10−4, 5.118×10−3] km s−1. Figure

6.1 shows a histogram of the wind speed data used and the pdf of the fitted Weibull

distribution. Also indicated are the mean and central 95% quantile interval.

Next, we select a distribution for the diffusion coefficient. Previously, the physics



Chapter 6 130

Figure 6.1: Histogram of wind speed data and fitted Weibull distribution.

of the diffusive process represented by the diffusion coefficient D, was left unspec-

ified. Here, diffusion refers specifically to turbulent horizontal eddy diffusion, and

not to molecular or atomic diffusion, the latter of which is typically on the order of

10−6 to 10−5 m2 s−1 [23], and is negligible over a scale of kilometres. Horizontal eddy

diffusion captures the mixing caused by atmospheric turbulence and unresolved ed-

dies, particularly in complex urban environments. Horizontal diffusivity is commonly

expressed as

D =
vz

3/4
i

10(−κDL)1/3
, (6.4)

where v is the friction velocity, zi the mixing layer height, κD = 0.4 the von

Kármán constant, and L the Monin-Obukhov length [48]. However, equation (6.4),

as presented in [48], contains a dimensional inconsistency. Horizontal diffusivity

should have units of length2 time−1, whereas the right-hand side of (6.4) has units of

length17/12 time−1. This expression is transcribed from [127], where the same form

appears. Inspection of multiple editions of this text confirms that the dimensional in-

consistency is present in the second and subsequent editions. In [127], an alternative

expression is also given:

D =
w∗zi
10

, (6.5)
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with w∗ the convective velocity scale [29], defined as

w∗ =

(
g

T0

zi (wT )0

)1/3

, (6.6)

where g/T0 is the buoyancy parameter and (wT )0 the kinematic heat flux. The

Monin-Obukhov length is given by

−L =
v3

κD (g/T0) (wT )0
. (6.7)

Substituting (6.6) and (6.7) into (6.5) gives the corrected form

D =
vz

4/3
i

10(−κDL)1/3
, (6.8)

which is dimensionally consistent.

To estimate a realistic distribution for D, we generate synthetic data by sampling

each parameter in (6.8) from uniform distributions over plausible physical ranges.

For the friction velocity v, a plausible physical range of [5 × 10−5, 10−3] km s−1 is

given in [137]. From [128], we have ranges of values for the mixing layer height

of [0.1, 3] km, and the Monin-Obukhov length of [−0.5,−103] km. Using uniform

distributions within these ranges, we generate 103 diffusion values and figure 6.2

shows a histogram of the synthetic diffusion data on a linear scale. The histogram of

D shows a strong right-skew, with the majority of values concentrated near zero and

a long positive tail, suggesting that a log-normal distribution may be an appropriate

fit. The pdf of the log-normal distribution [76] is given by

flog-normal(x;µD, σD) =
1

x σD

√
2π

exp

(
−(lnx− µD)

2

2σ2
D

)
, x > 0.

We fit a log-normal distribution to the synthetic data using the fitdist function

in MATLAB and the maximum likelihood estimation method, which gives log-mean

µD = −8.90 and log-standard deviation σD = 1.28. In Figure 6.3 we can see a
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Figure 6.2: Histogram of synthetic diffusion data on a linear scale.

histogram of the synthetic data on a log scale, the fitted pdf, the mean, and the

central 95% quantile interval. The diffusion distribution has mean 1.36× 10−4 km2

Figure 6.3: Histogram of synthetic diffusion data and fitted log-normal distribution.

s−1 and central 95% quantile interval [1.11× 10−5, 1.17× 10−3] km2 s−1.

When D is small relative to a, the problem becomes advection-dominated, which

can potentially lead to steep gradients or spurious oscillations in the numerical solu-

tion [118]. Although SUPG mitigates some of these issues, extremely small values of

D can still result in unstable or non-physical solutions. To prevent this, we impose
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a lower bound on the diffusion coefficient and truncate the distribution from below

at D = 5 × 10−5. Approximately 20% of sampled values lie below this threshold,

so when D ≤ 5 × 10−5, the value is resampled until D > 5 × 10−5. This ensures

that the PDE remains well-posed and numerically stable for all sampled pairs (a,D).

Truncating the diffusion reduces its variance, which will likely reduce its effect on

the scalar output and result in lower Sobol indices. Alternative approaches could

include adopting more aggressive numerical stabilisation, allowing unstable solves

and treating numerical failure as part of the output, or reformulating the problem

using a measure of the relative strength of advection and diffusion, such as the Péclet

number. However, these options would either substantially increase computational

cost or introduce sensitivity caused by numerical behaviour rather than the underly-

ing model. The truncation used here therefore represents a compromise that enables

robust sensitivity analysis within a well-posed numerical setting. Figure 6.4 shows
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Figure 6.4: Full and truncated pdfs of D.

the full and truncated pdfs of D on a linear and log scale. The final truncated

D distribution has mean 3.86 × 10−4 km2 s−1 and central 95% quantile interval

[5.4324× 10−5, 1.90× 10−3] km2 s−1.
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6.3 Modelling the source strength

We now wish to make the source strengths, qi, i = 1, 2, 3, more physically realistic.

An uncertain source strength can be represented using a gamma distribution, as its

support is non-negative and right skewed, reflecting the fact that typical emissions are

moderate while larger releases occur less frequently [128]. The gamma distribution

has pdf

fgamma(x; αqi , βqi) =
β
αqi
qi

Γ(αqi)
xαqi−1e−βqix, x > 0,

where Γ is the gamma function, αqi is a shape parameter, and βqi is a rate parameter.

To find appropriate values of αqi and βqi , we use data from [60], which reports

engineering estimates of annual airborne particulate emissions from a zinc smelter.

We select three of the four pollutant sources provided with values of

qEng1 = 80 t yr−1, qEng2 = 35 t yr−1, qEng3 = 5 t yr−1.

Converting the emission values into kg s−1, gives engineering estimates of

qEng1 = 2.54× 10−3 kg s−1, qEng2 = 1.11× 10−3 kg s−1, qEng3 = 1.59× 10−4 kg s−1.

Following the approach in [48], we assume that the mode of the gamma distribution

is equal to the engineering estimate, and that 99% of values lie below three times

this amount. This implies the constraint

ICDFgamma(0.99; αqi , βqi) = 3qEngi ,

where ICDF denotes the inverse cumulative distribution function. Combining this

with the analytical expression for the mode of the gamma distribution,

αqi − 1

βqi

= qEngi ,
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we can solve for αqi and βqi for each source. This gives values of αqi = 4.73 for

i = 1, 2, 3, and βq1 = 6.81 × 10−4, βq2 = 2.98 × 10−4, βq3 = 4.26 × 10−5. In Figure

6.5 we plot the pdfs of the distributions, and the means and central 95% quantile

intervals.
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Figure 6.5: Probability density functions of the random source strengths q1, q2, and
q3.

The mean values and central 95% quantile intervals are shown in Table 6.1.

6.4 Modelling the wind direction

In previous chapters, we assumed a constant wind direction, which is not physi-

cally realistic in a pollutant dispersal problem. We now introduce a variable wind
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qi E(qi) (kg s−1) Central 95% quantile range (kg s−1)

q1 3.20× 10−3 [1.00× 10−3, 6.67× 10−3]
q2 1.40× 10−3 [4.42× 10−4, 2.98× 10−3]
q3 1.89× 10−4 [5.90× 10−5, 3.94× 10−4]

Table 6.1: Expected values and central 95% quantile ranges for qi based on fitted
gamma distributions.

direction. The most obvious approach would be to sample the wind direction vec-

tor w from a wind direction distribution, while keeping the grid fixed. However,

this would require recomputing the advection matrix (see (2.7) in §2.2.2) and the

SUPG/upwinding matrix (see (2.11) in §2.3) for each new wind direction sample.

Assembling the advection and SUPG/upwinding matrices for each sample would ac-

count for the majority of computational cost when solving the advection-diffusion

model problem repeatedly.

Alternatively, we could rotate the entire computational grid by rotating all spatial

coordinates (x, y) to (x̂, ŷ) to align the coordinate system with the wind direction.

However, this would also require recalculating the matrices for each wind direction

sample.

Instead, we introduce a coordinate transformation by rotating all relevant point

coordinates, such as pollutant release points and quantities of interest, while keeping

the computational grid, wind vector, and finite element matrices fixed. This pre-

serves the mesh structure, finite element connectivity, and zero Dirichlet boundary

conditions, and allows the wind direction to vary without requiring matrix reassem-

bly.

We rotate about the coordinates of the third pollutant source Ps3 , as it is centrally

located on the x-axis. Rotating about this point maximises the range of angles over

which the other point sources and the quantity of interest remain within the domain.

The transformation rotates by an angle −φ about Ps3 , mapping physical coordinates

x onto transformed coordinates x̂ via

x̂ = Ps3 +R(−φ)(x− Ps3),
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where

R(−φ) =

 cosφ sinφ

− sinφ cosφ


is the standard 2D rotation matrix. The computational domain is defined as Ω =

[0, 16] × [0, 2]. We introduce a rotated coordinate frame Ω̂ = [0, 16] × [0, 2]. We

apply the coordinate transformation to the source locations Ps1 and Ps2 , and to the

quantity of interest location PQ, where the quantity of interest is defined as the

pollutant concentration evaluated at PQ; that is,

Q = u(PQ). (6.9)

The wind direction vector is given by w = (cosφ, sinφ). In the rotated reference

frame, the wind direction is ŵ = (1, 0) for all realisations of φ. Figure 6.6 shows both

the physical and rotated frames. While the source vector must still be reassembled

for each realisation (see (2.8) in §2.2.2), this is outweighed by the computational

savings from avoiding repeated assembly of the advection, and SUPG/upwinding

matrices.

For the range of mild rotations considered here, the outflow boundary remains

sufficiently downstream of the quantity of interest to avoid spurious oscillations aris-

ing from the imposition of Dirichlet boundary conditions on an advective outflow.

When the coordinate frame is rotated, the quantity of interest may lie closer to

the ŷ-boundaries, however, in the rotated frame the wind direction is (1, 0), so no

advective transport occurs across the ŷ-boundaries and their influence is limited to

diffusion, which is small but non-zero for the parameter values considered. Conse-

quently, the use of homogeneous Dirichlet boundary conditions remains appropriate

and does not introduce non-physical behaviour near the boundaries.

To model uncertainty in wind direction, we treat φ as a random variable sampled

from a circular distribution. There are several circular distributions, and we choose

to use the von Mises distribution [12] as it is mathematically simple and easy to
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Figure 6.6: Wind-direction rotation: physical frame Ω (top) and rotated frame Ω̂
(bottom) with sources and QoI.
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work with. It has probability density function

fvM(φ;µvM, κvM) =
exp(κvM cos(φ− µvM))

2πI0(κvM)
,

where µvM is the mean direction, κvM ≥ 0 is a concentration parameter, and I0(κvM)

is the modified Bessel function of the first kind of order zero,

I0(κvM) =
1

π

∫ π

0

exp(κvM cos t) dt.

We set Ps3 = (6, 1) and PQ = (10, 1), so ∥PQ −Ps3∥= 4. The rotated QoI location is

then

P̂Q(φ) = Ps3 + 4(cosφ, − sinφ) = (6 + 4 cosφ, 1− 4 sinφ).

Requiring P̂Q(φ) ∈ Ω̂ = [0, 16]× [0, 2] gives the vertical constraint

0 ≤ 1− 4 sinφ ≤ 2 =⇒ −1

4
≤ sinφ ≤ 1

4
,

and the horizontal constraint

0 ≤ 6 + 4 cosφ ≤ 16 =⇒ −3

2
≤ cosφ ≤ 5

2
,

Focusing on the narrower vertical bound,

|φ|≤ arcsin(
1

4
) ≈ 0.25268 rad = 14.48◦.

To ensure P̂Q(φ) remains within Ω̂ in at least 99% of realisations while maximising

the possible variability, we choose µvM = 0 and κvM = 110, which gives a central

99% interval of approximately φ = ±14.15◦. As P̂Q(φ) rarely sits on a mesh node,

we evaluate Q using interpolation at P̂Q.

In Figure 6.7 we can see the pdf of the von Mises distribution is contained in a

narrow range, with central 95% quantile interval φ = ±0.1877 radians = ±10.74◦.

In a real-world setting, this could correspond to something like a narrow valley or a
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Figure 6.7: The pdf of φ, sampled from a von Mises distribution.

coastal inlet, where the surrounding terrain or shoreline naturally keeps the plume

confined even when the wind direction changes.

6.5 Estimation of Sobol indices

We now have an advection-diffusion model with uncertain parameters which are

listed in Table 6.2. Figure 6.8 shows two solutions of the PDE with the mean

Parameter Description Distribution

a Wind speed fWeibull(x; 2.4× 10−3, 1.57)
D Diffusion coefficient flog-normal(x; −8.90, 1.28)[a]

q1 Source strength 1 fgamma(x; 4.73, 6.81× 10−4)
q2 Source strength 2 fgamma(x; 4.73, 2.98× 10−4)
q3 Source strength 3 fgamma(x; 4.73, 4.26× 10−5)
φ Wind direction (angle) fvM(φ; 0, 110)

a Truncated below at x = 5× 10−5.

Table 6.2: Distributions used for each uncertain model parameter.

of the sample distributions of the parameters, found using the Streamline Upwind

Petrov–Galerkin (SUPG) finite element method, as described in §2.3 with 33345 dof.

These solutions have φ = 0 rad and 0.1877 rad respectively, to demonstrate the effect

of the variable wind direction.

In Figure 6.8 we can see the new pollutant dispersal problem with three sources

of pollutant release. When φ = 0, the quantity of interest location PQ = (10, 1)
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(a) Plot of the pollutant concentration with φ = 0 rad.

(b) Plot of the pollutant concentration with φ = 0.1877 rad.

Figure 6.8: Plot of the pollutant concentration with a = E(a), D = E(D), q1 = E(q1),
q2 = E(q2), q3 = E(q3), and (a) φ = 0, and (b) φ = 0.1877 rad.
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lies on a node, however, in Figure 6.8(b), the concentration at the point of interest

is found using interpolation. Figure 6.8 therefore illustrates the effect of rotating

the coordinate frame on the relative position of the quantity of interest within the

domain. In addition, rotating the wind direction alters whether the quantity of

interest lies directly downwind of the pollutant sources. As a result, the value of the

quantity of interest is larger for φ = 0 than for φ = 0.1877, which is consistent with

physical intuition, as the concentration is expected to be lower when the point of

interest is not directly downstream of the sources.

We now consider the estimation of the Sobol indices for this new problem using

the CVB method. We define the principal model as

f (1)(X) = f(a,D, q, φ),

where f (1) is found by solving the PDE using the SUPG method with 33345 dof, and

the output is the QoI introduced in (6.9). We consider six surrogate models f (2)(X)

as before: three coarse grid approximations with 8481, 2193, and 585 degrees of

freedom, respectively, a linear regression model (LM), a Gaussian process regression

model (GPR), and a neural network (NN). As the surrogate model has a physical

requirement that the pollution cannot be less than 0, we introduce the constraint

that f (2) ≥ 0 for the data-informed approximations by setting the output to be

the greater of f (2) and 0. We train the data-informed approximations using 104

Latin-hypercube samples as before, then use the hyperparameters which result in

the highest correlation from the Regression Learner app in MATLAB. This results

in a GPR model with a Matérn 5/2 kernel covariance function, and a neural network

with two hidden layers of ten nodes each. These are the same hyperparameters that

produced the highest correlation in §4.6 when the mesh-Péclet number was high.

We then take 104 independent random test sample inputs and outputs of f (1), and

estimate the correlation between f (1) and each f (2).

In Table 6.3, we can see all of the surrogate models are less correlated than for the

problem considered in Chapter 4. The coarsest mesh approximation is uncorrelated,
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f (2) ρ
8481 dof Coarse Grid 0.7828
2193 dof Coarse Grid 0.3564
585 dof Coarse Grid -0.0489
LM 0.4940
GPR 0.9321
NN 0.9921

Table 6.3: Correlation values ρ between f (1) and different f (2).

while the finest mesh approximation only has ρ = 0.7828. The linear regression

model is also only weakly correlated, while the neural network remains more highly

correlated than the Gaussian processes regression model. To estimate Sobol indices,

we will focus on the coarse grid with 8481 degrees of freedom, and the neural network

as surrogate models. The relative cost of evaluating f (2) compared with f (1) is

c = 0.2543 for the coarse-grid approximation (see §4.6.1), whereas the neural network

approximation has a relative cost of c = 0.005 (see §4.6.2).

We first examine the Sobol first-order indices. In Figure 6.9 we use the Monte

Carlo bootstrapping method presented in Algorithm 2 (see Appendix A) to find

confidence intervals, and in Figures 6.10 and 6.11 we find confidence intervals using

the method presented in Algorithm 12 (see Appendix A).

In Figures 6.9 – 6.11, the first-order intervals suggest that diffusion is the most

influential parameter, with only the confidence intervals for a, D, and φ not covering

zero when the budget is P = 1600. In Figure 6.10, the confidence intervals are slightly

narrower but do not differ noticeably from those high-fidelity model evaluations

obtained previously. Figure 6.11 shows the narrowest confidence intervals, even with

just P = 100, and suggests a non-zero influence from a, q2, q3, and φ, although the

output remains diffusion dominated. The first-order indices do not sum to one in all

cases, indicating that a substantial portion of the variance arises from interactions

between inputs. These interactions can be examined using the total-order indices.

In Figures 6.12 – 6.14, the total-order indices suggest that diffusion remains the

most influential parameter, even when accounting for interaction effects. The CVB

method with a neural network approximation produces the narrowest confidence
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(f) 95% confidence intervals of S̃φ.

Figure 6.9: Confidence intervals of the first-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using the Monte Carlo
method.
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(f) 95% confidence intervals of S̃
CVB
φ .

Figure 6.10: Confidence intervals for the first-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using the CVB method
with a coarse grid approximation of 8481 degrees of freedom.
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(f) 95% confidence intervals of S̃
CVB
φ .

Figure 6.11: Confidence intervals for the first-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using the CVB method
with a neural network approximation.
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(e) 95% confidence intervals of S̃Tq3
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(f) 95% confidence intervals of S̃Tφ .

Figure 6.12: Confidence intervals of the total-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using Monte Carlo.
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Figure 6.13: Confidence intervals for the total-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using the CVB method
with a coarse grid approximation of 8481 degrees of freedom.
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Figure 6.14: Confidence intervals for the total-order Sobol indices of the advection-
diffusion equation with six uncertain parameters, calculated using the CVB method
with a neural network approximation.
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intervals and indicates that q1 still has little influence under interactions. The total-

order indices for a, q3, and φ are slightly larger than their corresponding main-effect

indices, but remain very small. These results indicate that uncertainty in q1 and

q2 (associated with the release points Ps1 and Ps2) has negligible influence on the

output, as reflected by their near-zero Sobol indices, whereas q3, associated with

the source located at Ps3 , remains influential. This is physically consistent as Ps3

lies closest to the quantity of interest PQ, and the rotated-frame rotates about Ps3 ,

so that increasing φ increases the distance in the y-direction between PQ and the

sources at Ps1 and Ps2 . With the wind direction fixed at (1, 0) in the rotated frame,

pollutant released from Ps1 and Ps2 is advected downstream and is less likely to reach

PQ. In addition, any contribution that does reach PQ has travelled further, giving

more opportunity for spreading and dilution.

Overall, the results in this chapter are intended primarily as a proof-of-concept,

demonstrating how uncertainty-quantification and variance-reduction techniques be-

have in advection-dominated dispersion problems. While diffusivity is shown to be

the most influential parameter, the primary aim here is methodological. Neverthe-

less, the approach could be incorporated into a more detailed parametric study to

provide information that may be useful for environmental dispersion modelling in

practice.

6.6 Conclusions

In this chapter, we introduced a dimensional form of the advection-diffusion model.

In Section 6.1, we incorporated physical units into the model, increased the domain

size, redefined the quantity of interest, and introduced eddy diffusion. We also

modified the source term to represent three distinct points of pollutant release. These

changes were made to better reflect realistic conditions while maintaining a simplified

model framework.

In Section 6.2, we introduced distributions to represent uncertainty in the wind

speed and diffusion in the model. Real-world wind speed data was used to fit a
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Weibull distribution. For the diffusion term, we used an expression based on friction

velocity, mixing layer height, and the Monin-Obukhov length. Synthetic data was

generated using uniform distributions with physically feasible bounds, from which a

truncated log-normal distribution was fitted.

In Section 6.3, we introduced uncertainty in the source strength of the pollutant

releases. A gamma distribution was chosen, with parameters fitted using real-world

estimates of particulate emissions from a zinc smelter, as reported in [60]. In Section

6.4, we introduced variable wind direction by rotating the coordinate system on a

fixed mesh to preserve computational efficiency. The wind direction angle, φ, was

sampled from a von Mises distribution. A narrow range of values for φ was identified

to ensure the point where the quantity of interest was measured remained within the

domain, and parameters were selected accordingly.

In Section 6.5, we tested approximations of the new model and found that both

the coarse-grid and data-informed approaches have lower correlation with the more

realistic model in this chapter compared to the model in Chapter 4, while the neural

network approximation remains strongly correlated. We applied the CVB method,

introduced in Section 5.5, to compute confidence intervals for the Sobol indices. The

neural network resulted in the narrowest confidence intervals due to its low cost

and high correlation. Our results showed that D and its interaction effects are the

dominant contributors to output variance, with the total-order index of D being

close to one, while the remaining indices are small.
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Conclusions and further work

In this thesis we analysed a range of methods for uncertainty quantification and

sensitivity analysis of advection–diffusion models. In Chapter 2 we first modelled

pollution dispersion in 2D using an advection-diffusion partial differential equation,

which we used as the basis for uncertainty quantification methods. We began by

applying the Galerkin finite element method, where numerical oscillations were ob-

served in advection-dominated problems. This motivated the use of the streamline

upwind Petrov-Galerkin (SUPG) method to stabilise the solution, and we confirmed

that SUPG provided more stable solutions in advection-dominated problems. This

motivated our choice of SUPG as the discretisation method throughout the remain-

der of the thesis.

In Chapter 3 we used Monte Carlo to estimate the mean of the Ishigami function,

ensuring the theoretical and empirical MSEs were equivalent. We then selected a

quantity of interest in the advection–diffusion model from Chapter 2. Treating wind

speed and diffusion as random variables, we used Monte Carlo to quantify output

uncertainty and verified that estimates of the mean and MSE were equivalent to the-

ory. We derived a method to compute the expected mesh-Péclet number for these

random inputs, and introduced two distributions for wind speed and diffusion result-

ing in high and low Péclet numbers respectively. By introducing uncertainty in the

advection and diffusion terms, and choosing appropriate probability distributions,

152
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we demonstrated how Monte Carlo sample size influences the estimate of the QoI.

Confidence intervals were then estimated using bootstrapping as a computation-

ally efficient means of quantifying uncertainty. Our results showed that confidence in-

tervals computed using bootstrapping shrink as the number of evaluations increases,

while maintaining appropriate coverage for both the Ishigami function and our ad-

vection–diffusion model. This established bootstrapping as a practical alternative to

the use of replications to determine the uncertainty in an estimated mean.

In Chapter 4 we considered multi-fidelity variance reduction methods in order to

reduce sampling error. Standard control variates were analysed, before examining

the CVEM and MFMC methods, which allowed for control variates with unknown

means. We then introduced the novel CVB method, which introduces a budget con-

straint to CVEM. In each case we derived theoretical error bounds and confirmed

them with numerical experiments using the Ishigami function with known mean.

These methods showed that estimation error can be reduced without increasing com-

putational cost, even when only approximate information about control variates is

available. We compared the theoretical MSE of our CVB method to the two-level

MFMC method and found that when using low-fidelity models with the same cost

and correlation, their theoretical mean-squared errors are equivalent. We also intro-

duced a multi-fidelity bootstrap method, combining CVB with confidence intervals,

which consistently produced narrower intervals than Monte Carlo when estimating

the mean of the Ishigami function.

We introduced coarse-grid and data-informed low-fidelity models to approximate

the output of our advection–diffusion problem from Chapter 3. We found that coarse-

grid models remained highly correlated with the advection–diffusion model, and that,

after hyperparameter tuning, the neural network produced the most highly correlated

low-fidelity models at the lowest computational cost. We obtained confidence inter-

vals for the mean that were consistently narrower than those from standard Monte

Carlo, with the neural network approximation resulting in the narrowest intervals.

In Chapter 5 we carried out some sensitivity analysis based on Sobol indices. First
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we compared existing high-fidelity estimators by estimating the Sobol indices of the

Ishigami function and comparing the MSEs. We then developed a novel CVB based

approach for estimating Sobol indices. This method reduced estimator variance and,

when combined with bootstrapping, provided confidence intervals of the Sobol indices

of the Ishigami function, with correct coverage and reduced width compared to

Monte Carlo. Applying this to our advection–diffusion model revealed the difference

in Sobol indices when wind and diffusion are modelled using the different input

distributions from Chapter 3. When the expected mesh-Péclet number is low, the

CVB approach enabled clear parameter ranking at lower computational budgets,

while Monte Carlo intervals remained overlapping. When the model had a high

expected mesh-Péclet number, the problem was advection dominated, but the CVB

method still gave smaller intervals for a lower budget than the Monte Carlo method.

In Chapter 6, we extended the advection-diffusion model to include multiple pol-

lutant sources and uncertain parameters derived from real-world data. Wind speed

was represented using a Weibull distribution fit to real world measurements, hori-

zontal eddy diffusion was expressed in terms of turbulence parameters and fit to a

lognormal distribution. Source strengths were modelled with gamma distributions

based on emission estimates from industrial activity, and wind direction was rep-

resented using a von Mises distribution. We then applied our variance reduction

and sensitivity analysis techniques to this more realistic setting, testing low-fidelity

approximations including coarse grids and neural network surrogates. The neural

network approximation gave the narrowest confidence intervals for Sobol indices.

The sensitivity measures showed diffusion and its interaction effects were the princi-

pal factor in output variance, with advection and its interactions being second most

influential, and all other parameters having indices of zero or near zero.

There are a number of methodological and applied directions in which would be

of interest in future work. Looking first at methodology, the CVB method could be

extended to use multiple control variates. In Chapters 4 and 6, we trained data-

informed low-fidelity models using mean-squared error (MSE) as the loss function.
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However, since control variates rely on maximising correlation with the high-fidelity

model, an interesting direction for future research would be to explore loss functions

that directly promote correlation during training. An important problem for future

work to examine would be to investigate why coarse mesh surrogate models remain

so highly correlated with the fine-mesh principal model, even as the discretisation

becomes extremely coarse. A natural extension would be to to design model man-

agement strategies that require less prior information, since both CVB and MFMC

currently rely on accurate estimates of correlation between models. This problem has

been partially addressed in [41], where for MFMC, optimal trade-offs between train-

ing and sampling are identified to minimise upper bounds on the mean-squared error

under fixed computational budgets. The work in this thesis has focused exclusively

on sampling error, while assuming the underlying numerical error is insignificant.

An important direction for future research would be to investigate how multi-fidelity

methods can balance both sampling error and numerical error, particularly when

low-fidelity surrogates are biased.

Future applications of CVB could consider three dimensional and time depen-

dent advection–diffusion models, where computational demands are substantially

higher and the potential benefits of variance reduction are much greater. The

methodology could also be applied to more complex transport models, such as ad-

vection–diffusion–reaction systems or coupled atmospheric chemistry models. Fur-

ther work could focus on improving the accuracy and correlation of data-informed

low-fidelity surrogates, for example by incorporating physical insights or more tar-

geted training strategies. Additionally, alternative low-fidelity approximations, such

as those based on Bayesian surrogates, reduced-order models, or physics-informed

machine learning, could be explored beyond the coarse-grid and data-informed ap-

proaches considered here.

In conclusion, this thesis demonstrates how variance reduction and multi-fidelity

approaches can substantially improve on Monte Carlo based sensitivity analysis for

PDE models. By combining stabilised discretisations, control variate strategies,
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and bootstrapping methods, we have developed algorithms that are theoretically

sound and practically effective, providing a foundation for more reliable and efficient

sensitivity analysis in complex models of environmental transport and beyond.



Appendix A

Algorithms

Algorithm 1 Monte Carlo estimation of the mean.

Require: Function f (1); sample size k
1: Draw k samples Xi, i = 1, . . . , k, from the associated distributions.
2: Evaluate f

(1)
Xi

for each sample.

3: Compute θ̂(1) as

θ̂(1) =
1

k

k∑
i=1

f
(1)
Xi

.

Ensure: Return θ̂(1).
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Algorithm 2 Bootstrap γ-confidence interval for the mean.

Require: Function f (1); sample size k; number of bootstrap replications Rb; confi-
dence level γ

1: Draw k samples Xi, i = 1, . . . , k from the associated distribution.
2: Evaluate f

(1)
Xi

for each sample.
3: Compute the sample mean

θ̂(1) =
1

k

k∑
i=1

f
(1)
Xi

.

4: for r = 1, . . . , Rb do
5: Draw at random a list L of length k (with replacement) from {1, 2, . . . , k}.
6: Compute the mean estimate

θ̂(1)r =
1

k

∑
j∈L

f
(1)
Xj

.

7: end for
8: Return the γ/2 and 1− γ/2 quantiles of

{
θ̂
(1)
1 , θ̂

(1)
2 , . . . , θ̂

(1)
Rb

}
.

9: End

Algorithm 3 Control variates with known means (CVKM).

Require: Function f (1) and approximation f (2); known E(f (2)) = θ(2),
Cov(f (1), f (2)), and V(f (2)); sample size k

1: Draw k samples Xi, i = 1, . . . , k, from the associated distributions.
2: Evaluate f

(1)
Xi

and f
(2)
Xi

for i = 1, . . . , k using the same samples Xi.

3: Calculate the mean estimates θ̂(n), n = 1, 2:

θ̂(n) =
1

k

k∑
i=1

f
(n)
Xi

.

4: Evaluate α∗ as

α∗ =
Cov(f (1), f (2))

V(f (2))
.

5: Construct the control variate estimator θ̂
(1)
CVKM as

θ̂
(1)
CVKM = θ̂(1) − α∗(θ̂

(2) − θ(2)).

Ensure: Return θ̂
(1)
CVKM.
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Algorithm 4 Control variates with estimated means (CVEM).

Require: Function f (1) and approximation f (2); relative cost c of f (2) to f (1); cor-
relation coefficient ρ between f (1) and f (2); sample size k

1: Draw k samples Xi, i = 1, . . . , k, from the associated distributions.
2: Evaluate f

(1)
Xi

and f
(2)
Xi

for i = 1, . . . , k using the same samples Xi.

3: Compute the mean estimates θ̂(n), n = 1, 2, using

θ̂(n) =
1

k

k∑
i=1

f (n)(Xi).

4: Compute k′ as

k′ = k ×max{0, β − 1}, β =

[(
ρ2

1− ρ2

)(
1

c

)] 1
2

.

5: Draw k′ samples Yi, i = 1, . . . , k′, from the associated distribution.
6: Compute the mean estimate θ̃(2) as

θ̃(2) =
1

k′

k′∑
i=1

f
(2)
Yi

.

7: Evaluate α as

α =

(
Cov(f (1), f (2))

V(f (2))

)(
1

1 + k/k′

)
.

8: Construct the estimator θ̂
(1)
CVEM as

θ̂
(1)
CVEM = θ̂(1) − α(θ̂(2) − θ̃(2)).

Ensure: Return θ̂
(1)
CVEM.
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Algorithm 5 Control variates with estimated means and budget control (CVB).

Require: Function f (1) and approximation f (2); relative cost c of f (2) to f (1); cor-
relation coefficient ρ between f (1) and f (2); total budget P

1: Compute

ϕ = max{0, β − 1}, β =

[(
ρ2

1− ρ2

)(
1

c

)] 1
2

.

2: if ϕ ≤ 0 then
3: End
4: end if
5: Evaluate k and k′ as

k =
P

1 + c(1 + ϕ)
and k′ = k ϕ.

6: Draw k samples Xi, i = 1, . . . , k, from the associated distributions and evaluate
f
(1)
Xi

and f
(2)
Xi

using the same Xi.

7: Calculate θ̂(n), n = 1, 2, using

θ̂(n) =
1

k

k∑
i=1

f (n)(Xi).

8: Draw k′ samples Yi, i = 1, . . . , k′, from the associated distributions.
9: Estimate the mean

θ̃(2) =
1

k′

k′∑
i=1

f
(2)
Yi

.

10: Evaluate α as

α =

(
Cov(f

(1)
Xi

, f
(2)
Xi

)

V(f (2)
Xi

)

)(
ϕ

ϕ+ 1

)
.

11: Construct the estimator θ̂
(1)
CVB as

θ̂
(1)
CVB = θ̂(1) − α(θ̂(2) − θ̃(2)).

Ensure: Return θ̂
(1)
CVB.
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Algorithm 6 Two-level multi-fidelity Monte Carlo (MFMC) for mean estimation.

Require: Function f (1) and approximation f (2); relative cost c of f (2) to f (1); cor-
relation coefficient ρ between f (1) and f (2); total budget P

1: Evaluate

r2 =

√
ρ2

1− ρ2
1

c
.

2: Evaluate m1 and m2 as

m1 =
P

1 + cr2
and m2 = r2m1.

3: Draw m2 samples Xi from the associated distributions and evaluate f
(1)
Xi

for

i = 1, . . . ,m1 and f
(2)
Xj

for j = 1, . . . ,m2.

4: Compute θ̂
(1)
m1 , θ̂

(2)
m1 , and θ̂

(2)
m2 as

θ̂(1)m1
=

1

m1

m1∑
i=1

f (1)(Xi), θ̂(2)m1
=

1

m1

m1∑
i=1

f (2)(Xi), θ̂(2)m2
=

1

m2

m2∑
i=1

f (2)(Xi).

5: Evaluate

α2 =
Cov(f

(1)
Xi

, f
(2)
Xi

)

V(f (2)
Xi

)
.

6: Construct the estimator θ̂
(1)
MFMC as

θ̂
(1)
MFMC = θ̂(1)m1

+ α2(θ̂
(2)
m2

− θ̂(2)m1
).

Ensure: Return θ̂
(1)
MFMC.
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Algorithm 7 γ-confidence intervals for control variates with estimated means and
budget control (CVB).

Require: Function f (1) and approximation f (2); relative cost c of f (2) to f (1); cor-
relation coefficient ρ between f (1) and f (2); total budget P ; number of bootstrap
replications Rb; confidence level γ

1: Compute

ϕ = max{0, β − 1}, β =

[(
ρ2

1− ρ2

)(
1

c

)] 1
2

.

2: if ϕ ≤ 0 then
3: End
4: end if
5: Evaluate k and k′ as

k =
P

1 + c(1 + ϕ)
, k′ = k ϕ.

6: Draw samples Xi, i = 1, . . . , k, and Yj, j = 1, . . . , k′, from the associated distri-

butions and evaluate f
(1)
Xi

, f
(2)
Xi

, and f
(2)
Yj

.

7: Calculate θ̂(j), j = 1, 2, and θ̃(2) using

θ̂(j) =
1

k

k∑
i=1

f (j)(Xi), θ̃(2) =
1

k′

k′∑
i=1

f
(2)
Yi

.

8: Calculate α as

α =

(
Cov(f

(1)
Xi

, f
(2)
Xi

)

V(f (2)
Xi

)

)(
ϕ

ϕ+ 1

)
.

9: Construct θ̂
(1)
CVB as

θ̂
(1)
CVB = θ̂(1) − α(θ̂(2) − θ̃(2)).
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10: for r = 1, . . . , Rb do
11: Draw at random a list LX of length k (with replacement) from {1, 2, . . . , k}.
12: Compute the means

θ
(1)

r =
1

k

∑
j∈LX

f
(1)
Xj

, θ
(2)

r =
1

k

∑
j∈LX

f
(2)
Xj

.

13: Draw at random a list LY of length k′ (with replacement) from {1, 2, . . . , k′}.
14: Compute the mean

θ
(2)

r =
1

k′

∑
j∈LY

f
(2)
Yj

.

15: Construct the control variate

θ
(1)

CVBr
= θ

(1)

r + α(θ
(2)

r − θ
(2)

r ).

16: end for
Ensure: Return the γ/2 and 1− γ/2 quantiles of

{
θ
(1)

CVB1
, θ

(1)

CVB2
, . . . , θ

(1)

CVBRb

}
.
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Algorithm 8 Saltelli method for estimating first-order and total-order Sobol indices

Require: Function f (1). Inputs (X1, . . . , Xm) with known distributions; sample size
k.

1: Draw two independent k ×m design matrices

A =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 , B =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 .

2: Evaluate the model on the rows of A and B:

Ỹ(A) =

f
(1)(A1,:)

...
f (1)(Ak,:)

 , Ỹ(B) =

f
(1)(B1,:)

...
f (1)(Bk,:)

 .

3: for i = 1, . . . ,m do
4: Form C(i) by copying B and replacing its i-th column with the i-th column

of A.
5: Evaluate

Ỹ(C(i)) =

f
(1)((C(i))1,:)

...
f (1)((C(i))k,:)

 .

6: Compute the first-order index estimate

S̃
S

i =

1
k

∑k
j=1 Ỹ

(A)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1 Ỹ

(A)
j

)(
1
k

∑k
j=1 Ỹ

(C(i))
j

)
1
k

∑k
j=1(Ỹ

(A)
j )2 −

(
1
k

∑k
j=1 Ỹ

(A)
j

)2 .

7: Compute the total-order index estimate

S̃
S

Ti
= 1−

1
k

∑k
j=1 Ỹ

(B)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1 Ỹ

(B)
j

)(
1
k

∑k
j=1 Ỹ

(C(i))
j

)
1
k

∑k
j=1(Ỹ

(B)
j )2 −

(
1
k

∑k
j=1 Ỹ

(B)
j

)2 .

8: end for
Ensure: Return {S̃S

i , S̃
S

Ti
}mi=1.
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Algorithm 9 Sobol–Janon (SJ) first-order and Janon–Monod (JM) total-order es-
timators

Require: Function f (1); inputs (X1, . . . , Xm) with known distributions; sample size
k

1: Draw two independent k ×m design matrices

A =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 , B =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 .

2: Evaluate the model on the rows of A and B:

Ỹ(A) =

f
(1)(A1,:)

...
f (1)(Ak,:)

 , Ỹ(B) =

f
(1)(B1,:)

...
f (1)(Bk,:)

 .

3: for i = 1, . . . ,m do
4: Form C(i) by copying B and replacing its i-th column with the i-th column

of A.
5: Evaluate

Ỹ(C(i)) =

f
(1)((C(i))1,:)

...
f (1)((C(i))k,:)

 .

6: Compute the SJ first-order index estimate

S̃
SJ

i =

1
k

∑k
j=1 Ỹ

(A)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2

1
k

∑k
j=1

(Ỹ
(A)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑k
j=1

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2 .

7: Compute the JM total-order index estimate

S̃
JM

Ti
= 1−

1
k

∑k
j=1 Ỹ

(B)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2

1
k

∑k
j=1

(Ỹ
(B)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑k
j=1

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2 .

8: end for
Ensure: Return {S̃SJ

i , S̃
JM

Ti
}mi=1.
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Algorithm 10 Estimating Sobol first-order and total-order indices using CVB

Require: Budget P ; function f (1) and approximation f (2); inputs (X1, . . . , Xm) with
known distributions; relative cost c of f (2) to f (1); correlation ρ between f (1) and
f (2)

1: Compute

β =

[(
ρ2

1− ρ2

)(
1

c

)]1/2
, ϕ = max{0, β − 1},

k =
P

1 + c(1 + ϕ)
, k′ = k ϕ.

2: Draw two independent k ×m design matrices

A =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 , B =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 .

3: For j = 1, . . . , k, evaluate

Ỹ(A) = (f (1)(A1,:), . . . , f
(1)(Ak,:))

⊤, Ỹ(B) = (f (1)(B1,:), . . . , f
(1)(Bk,:))

⊤,

and, using the same A,B,

Ỹ(A2) = (f (2)(A1,:), . . . , f
(2)(Ak,:))

⊤, Ỹ(B2) = (f (2)(B1,:), . . . , f
(2)(Bk,:))

⊤.

4: Compute

α =

(
Cov(Ỹ(A), Ỹ(A2))

Var(Ỹ(A2))

)(
ϕ

ϕ+ 1

)
.

5: Draw two independent k′ ×m design matrices A and B

A =

X1,1 . . . X1,m
...

...
Xk′,1 . . . Xk′,m

 , B =

X1,1 . . . X1,m
...

...
Xk′,1 . . . Xk′,m

 .
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6: for i = 1, . . . ,m do
7: Form Ci by copying B and replacing its i-th column with the i-th column of
A.

8: Evaluate

Ỹ(C(i)) = (f (1)((Ci)1,:), . . . , f
(1)((Ci)k,:))

⊤, Ỹ(C
(i)
2 ) = (f (2)((Ci)1,:), . . . , f

(2)((Ci)k,:))
⊤.

9: Compute the first-order estimates

S̃i =

1
k

∑k
j=1 Ỹ

(A)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2

1
k

∑k
j=1

(Ỹ
(A)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑k
j=1

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2 ,

S̃
(2)
i =

1
k

∑k
j=1 Ỹ

(A2)
j Ỹ

(C
(i)
2 )

j −

(
1
k

∑k
j=1

Ỹ
(A2)
j +Ỹ

(C
(i)
2 )

j

2

)2

1
k

∑k
j=1

(Ỹ
(A2)
j )2+(Ỹ

(C
(i)
2 )

j )2

2
−

(
1
k

∑k
j=1

Ỹ
(A2)
j +Ỹ

(C
(i)
2 )

j

2

)2 .

10: Compute the total-order estimates

S̃Ti
= 1−

1
k

∑k
j=1 Ỹ

(B)
j Ỹ

(C(i))
j −

(
1
k

∑k
j=1

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2

1
k

∑k
j=1

(Ỹ
(B)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑k
j=1

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2 ,

S̃
(2)
Ti

= 1−

1
k

∑k
j=1 Ỹ

(B2)
j Ỹ

(C
(i)
2 )

j −

(
1
k

∑k
j=1

Ỹ
(B2)
j +Ỹ

(C
(i)
2 )

j

2

)2

1
k

∑k
j=1

(Ỹ
(B2)
j )2+(Ỹ

(C
(i)
2 )

j )2

2
−

(
1
k

∑k
j=1

Ỹ
(B2)
j +Ỹ

(C
(i)
2 )

j

2

)2 .
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11: Form Ci by copying B and replacing its i-th column with the i-th column of
A.

12: Evaluate

Y
(A2)

= (f (2)(A1,:), . . . , f
(2)(Ak′,:))

⊤,

Y
(B2)

= (f (2)(B1,:), . . . , f
(2)(Bk′,:))

⊤,

Y
(C

(i)
2 )

= (f (2)((Ci)1,:), . . . , f
(2)((Ci)k′,:))

⊤.

13: Compute the low-fidelity estimates

S
(2)

i =

1
k′

∑k′

j=1 Y
(A2)

j Y
(C

(i)
2 )

j −

(
1
k′

∑k′

j=1

Y
(A2)
j +Y

(C
(i)
2 )

j

2

)2

1
k′

∑k′

j=1

(Y
(A2)
j )2+(Y

(C
(i)
2 )

j )2

2
−

(
1
k′

∑k′

j=1

Y
(A2)
j +Y

(C
(i)
2 )

j

2

)2 ,

S
(2)

Ti
= 1−

1
k′

∑k′

j=1 Y
(B2)

j Y
(C

(i)
2 )

j −

(
1
k′

∑k′

j=1

Y
(B2)
j +Y

(C
(i)
2 )

j

2

)2

1
k′

∑k′

j=1

(Y
(B2)
j )2+(Y

(C
(i)
2 )

j )2

2
−

(
1
k′

∑k′

j=1

Y
(B2)
j +Y

(C
(i)
2 )

j

2

)2 .

14: Form the CVB estimators

S̃
CVB

i = S̃i − α(S̃
(2)
i − S

(2)

i ), S̃
CVB

Ti
= S̃Ti

− α(S̃
(2)
Ti

− S
(2)

Ti
).

15: end for
Ensure: Return { S̃CVB

i , S̃
CVB

Ti
}mi=1.

16: End
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Algorithm 11 Bootstrap confidence intervals for Sobol first-order and total-order
indices

Require: Budget P ; function f (1); inputs (X1, . . . , Xm) with known distributions;
bootstrap replicates Rb

1: Set k = P and draw two independent k ×m design matrices

A =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 , B =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 .

2: For j = 1, . . . , k, evaluate

Y(A) = (f (1)(A1,:), . . . , f
(1)(Ak,:))

⊤, Y(B) = (f (1)(B1,:), . . . , f
(1)(Bk,:))

⊤.

3: for i = 1, . . . ,m do
4: Form the hybrid matrix Ci by copying B and replacing its i-th column with

the i-th column of A.
5: Evaluate

Y(C(i)) = (f (1)((Ci)1,:), . . . , f
(1)((Ci)k,:))

⊤.

6: for r = 1, . . . , Rb do
7: Draw at random a list L of length k (with replacement) from {1, 2, . . . , k}.
8: Compute the first-order Sobol replicate

S
(r)
i =

1
k

∑
j∈L Y

(A)
j Y

(C(i))
j −

(
1
k

∑
j∈L

Y
(A)
j +Y

(C(i))
j

2

)2

1
k

∑
j∈L

(Y (A)
j )

2
+(Y (C(i))

j )
2

2
−
(

1
k

∑
j∈L

Y
(A)
j +Y

(C(i))
j

2

)2 .

9: Compute the total-order Sobol replicate

S
(r)
Ti

= 1−

1
k

∑
j∈L Y

(B)
j Y

(C(i))
j −

(
1
k

∑
j∈L

Y
(B)
j +Y

(C(i))
j

2

)2

1
k

∑
j∈L

(Y (B)
j )

2
+(Y (C(i))

j )
2

2
−
(

1
k

∑
j∈L

Y
(B)
j +Y

(C(i))
j

2

)2 .

10: end for
11: Let qloSi

and qhiSi
be the γ/2 and 1− γ/2 quantiles of {S(r)

i }Rb
r=1.

12: Let qloSTi
and qhiSTi

be the γ/2 and 1− γ/2 quantiles of {S(r)
Ti
}Rb
r=1.

Ensure: Return the level-γ confidence intervals

[ qloSi
, qhiSi

] and [ qloSTi
, qhiSTi

].

13: end for
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Algorithm 12 Estimating Sobol first-order and total-order indices using CVB with
bootstrapping

Require: Budget P ; function f (1) and approximation f (2); inputs (X1, . . . , Xm) with
known distributions; relative cost c of f (2) to f (1); correlation ρ between f (1) and
f (2); bootstrap replicates Rb

1: Compute

β =

[(
ρ2

1− ρ2

)(
1

c

)]1/2
, ϕ = max{0, β − 1},

k =
P

1 + c(1 + ϕ)
, k′ = k ϕ.

2: Draw two independent k ×m design matrices

A =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 , B =

X1,1 . . . X1,m
...

...
Xk,1 . . . Xk,m

 .

3: For j = 1, . . . , k, evaluate

Ỹ(A) = (f (1)(A1,:), . . . , f
(1)(Ak,:))

⊤, Ỹ(B) = (f (1)(B1,:), . . . , f
(1)(Bk,:))

⊤,

and (using the same A,B)

Ỹ(A2) = (f (2)(A1,:), . . . , f
(2)(Ak,:))

⊤, Ỹ(B2) = (f (2)(B1,:), . . . , f
(2)(Bk,:))

⊤.

4: Form, for each i = 1, . . . ,m, the hybrid matrix Ci by copying B and replacing
its i-th column with the i-th column of A, then evaluate

Ỹ(C(i)) = (f (1)((Ci)1,:), . . . , f
(1)((Ci)k,:))

⊤,

and
Ỹ(C

(i)
2 ) = (f (2)((Ci)1,:), . . . , f

(2)((Ci)k,:))
⊤.

5: Compute

α =

(
Cov(Ỹ(A), Ỹ(A2))

Var(Ỹ(A2))

)(
ϕ

ϕ+ 1

)
.

6: Draw two independent k′ ×m design matrices A and B; for each i, form Ci by
replacing column i of B with the i-th column of A.
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7: Evaluate the low-fidelity vectors

Y
(A2)

= (f (2)(A1,:), . . . , f
(2)(Ak′,:))

⊤,

Y
(B2)

= (f (2)(B1,:), . . . , f
(2)(Bk′,:))

⊤,

Y
(C

(i)
2 )

= (f (2)((Ci)1,:), . . . , f
(2)((Ci)k′,:))

⊤.

8: for i = 1, . . . ,m do
9: for r = 1, . . . , Rb do
10: Draw (with replacement) a list L of length k from {1, 2, . . . , k}.
11: Compute

S̃i(r) =

1
k

∑
j∈L Ỹ

(A)
j Ỹ

(C(i))
j −

(
1
k

∑
j∈L

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2

1
k

∑
j∈L

(Ỹ
(A)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑
j∈L

Ỹ
(A)
j +Ỹ

(C(i))
j

2

)2 ,

S̃Ti
(r) = 1−

1
k

∑
j∈L Ỹ

(B)
j Ỹ

(C(i))
j −

(
1
k

∑
j∈L

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2

1
k

∑
j∈L

(Ỹ
(B)
j )2+(Ỹ

(C(i))
j )2

2
−
(

1
k

∑
j∈L

Ỹ
(B)
j +Ỹ

(C(i))
j

2

)2 .

12: Also using the same L on the low-fidelity counterparts, compute

S̃
(2)
i (r) =

1
k

∑
j∈L Ỹ

(A2)
j Ỹ

(C
(i)
2 )

j −

(
1
k

∑
j∈L

Ỹ
(A2)
j +Ỹ

(C
(i)
2 )

j

2

)2

1
k

∑
j∈L

(Ỹ
(A2)
j )2+(Ỹ

(C
(i)
2 )

j )2

2
−

(
1
k

∑
j∈L

Ỹ
(A2)
j +Ỹ

(C
(i)
2 )

j

2

)2 ,

S̃
(2)
Ti

(r) = 1−

1
k

∑
j∈L Ỹ

(B2)
j Ỹ

(C
(i)
2 )

j −

(
1
k

∑
j∈L

Ỹ
(B2)
j +Ỹ

(C
(i)
2 )

j

2

)2

1
k

∑
j∈L

(Ỹ
(B2)
j )2+(Ỹ

(C
(i)
2 )

j )2

2
−

(
1
k

∑
j∈L

Ỹ
(B2)
j +Ỹ

(C
(i)
2 )

j

2

)2 .
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13: Draw (with replacement) a list L2 of length k′ from {1, 2, . . . , k′}.
14: Compute

S
(2)

i (r) =

1
k′

∑
j∈L2

Y
(A2)

j Y
(C

(i)
2 )

j −

(
1
k′

∑
j∈L2

Y
(A2)
j +Y

(C
(i)
2 )

j

2

)2

1
k′

∑
j∈L2

(Y
(A2)
j )2+(Y

(C
(i)
2 )

j )2

2
−

(
1
k′

∑
j∈L2

Y
(A2)
j +Y

(C
(i)
2 )

j

2

)2 ,

S
(2)

Ti
(r) = 1−

1
k′

∑
j∈L2

Y
(B2)

j Y
(C

(i)
2 )

j −

(
1
k′

∑
j∈L2

Y
(B2)
j +Y

(C
(i)
2 )

j

2

)2

1
k′

∑
j∈L2

(Y
(B2)
j )2+(Y

(C
(i)
2 )

j )2

2
−

(
1
k′

∑
j∈L2

Y
(B2)
j +Y

(C
(i)
2 )

j

2

)2 .

15: Form the CVB bootstrap replicates

S̃
CVB

i (r) = S̃i(r)− α(S̃
(2)
i (r)− S

(2)

i (r)), S̃
CVB

Ti
(r) = S̃Ti

(r)− α(S̃
(2)
Ti

(r)− S
(2)

Ti
(r)).

16: end for
17: Let qloSi

, qhiSi
be the empirical γ/2 and 1− γ/2 quantiles of {S̃CVB

i (r)}Rb
r=1.

18: Let qloSTi
, qhiSTi

be the empirical γ/2 and 1− γ/2 quantiles of {S̃CVB

Ti
(r)}Rb

r=1.

Ensure: Return the level-γ confidence intervals

[ qloSi
, qhiSi

] and [ qloSTi
, qhiSTi

].

19: end for
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