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Abstract 

Space has become increasingly congested, commercialised, and inter-connected over the 

past few decadesΦ ¢ƘŜ άNew Spaceέ ŜǊŀ ŀƴŘ ǘƘŜ ǳǎŜ ƻŦ ŦŜŘŜǊŀǘŜŘ ǎǇŀŎŜ ǎȅǎǘŜƳǎ ŀǊŜ intended 

to make space more affordable and accessible to more users. The use of agile space has also 

increased in the past few decades. To sustain this increase, new, fast, efficient, and robust 

methodologies are required for satellite orbit designs, constellation determination and 

satellite tasking paradigms. Additionally, methods aiding the increase in the value of assets 

already in space are also a valuable contribution to the space industry especially in reducing 

the rising space congestion and άǎǇŀŎŜ Ǉƻƭƭǳǘƛƻƴέ. The asset value increase may be found in 

filling coverage gaps or supplementing the functionality of existing space population for 

diversified service providers. A rapid, robust, and efficient approach for orbit 

design/determination based on desired target coverage is herein proposed. The proposed 

method is fully analytical and of the so-called embarrassingly parallel nature. The fully 

analytical property eliminates the necessity for iterative computations resulting in increased 

efficiency. The embarrassingly parallel nature makes the method analyse each orbital 

element and time combination within a given search space independently allowing for 

efficient parallel execution. This provides a basis for robust multi-objective optimisation of 

the determined orbits. The development of the method and some application scenarios 

while considering both single and multi-objective missions are presented. The research 

presented also develops a novel graph-theory based method for multi-satellite tasking which 

is aimed at value addition to satellites already in space. The interaction between satellites in 

different orbits and ground targets is modelled using bipartite networks. Determination of 

the satellite(s) to be tasked is based on the optimisation of different requirements and this 

can be modelled as a combinatorial network problem. The developed method uses an 

analysis of static bipartite graphs to determine the optimum satellite and ground target 

interactions based on the mission objectives, referred to as tasks. Optimum satellites for 

various tasks are determined using a combination edge weight and graph structure analysis. 

The network developed give insights for scalable analysis of options involving multiple 

ground targets and satellite options. To illustrate the application of the method, different 

networks are studied; simple networks and complex networks considering complexity both 

in terms of number of satellites and ground targets. This method proves to be fast, simple, 

efficient, and robust in determining optimal satellites for multiple objective function tasking. 
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Chapter 1 

1 Introduction 

Satellite technology currently plays a big part in the modern world. Satellites are used for 

different purposes such as communication, Earth observation, weather monitoring, 

navigation, and research, amongst other uses [1, 2]. For decades, with the increase in the use 

and need of satellite technologies, many methods have been developed to design satellite 

orbits, and satellite constellations, based on the mission requirements such as desired 

coverage, revisit frequency, etc. Some current missions have used the Two-Line Elements 

(TLE), and different software such as the General Mission Analysis Tool, GMAT, and systems 

tool kit, STK to determine their orbits, then optimise these using different numerical methods 

[3-5]. The accuracy of tools like TLE are still however being developed [3]. More so, now with 

smaller satellites being used [6], and targeting smaller areas, the desire for increased 

precision in orbit design is continuously increasing [7, 8]. There is a need for satellite orbit 

designs that facilitate the overflight of specific targets with as much accuracy as possible [9]. 

Moreover, with the end of the decade of action fast approaching, satellites are used to 

monitor and evaluate the indicators of sustainable development goals (SDGs) and for this, 

the connectivity, the localisation, and the digitalisation of global areas is required [10, 11]. 

Constellations such as the first Sustainable Development Goals Satellite (SDGSAT-1), have 

been launched for monitoring the SDG indicators, and some areas have been found to still 

lack coverage and even very basic internet connectivity [12]. This means there is still a need 

to fill in coverage gaps. Filling these gaps require methods that get away from the traditional 

patterns for global and regional satellite orbit and constellation designs, and determination, 

as well as development of more robust methods for tasking satellites.    

There are continuous efforts being made to develop the designs of optimum (or άbestέ 

depending on the requirements) responsive satellite orbits [9]. The developing designs are 

geared towards filling various coverage gaps, getting clearer images, trying to get as much 

spatial and temporal coverage as possible, maximising or minimising revisit times [13], and 

supporting the developments of agile space systems. The use of agile space has significantly 

increased in the past few decades [1]. Some agile space systems involve missions such as, 

tracking mobile ground targets, disaster imaging, and other emergency purposes [14-16]. 
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These missions facilitate informed response in cases ranging from disaster assessment and 

urgent data collection in areas lacking connectivity. 

The application spectrum of small satellites has significantly increased, and fairly broadened 

as they have become a powerful tool especially for global, regional, and local monitoring [17]. 

¢Ƙƛǎ Ŏŀƴ ōŜ ŀǘǘǊƛōǳǘŜŘ ǘƻ ǘƘŜƛǊ ƭƻǿ Ŏƻǎǘ ƻŦ ƻǇŜǊŀǘƛƻƴΣ ŀƴŘ ǘƘŜ ǊŜŎŜƴǘ ŜƳŜǊƎŜƴŎŜ ƻŦ άbŜǿ 

ǎǇŀŎŜέ  [17, 18]. The low cost can be ascribed to the recent development of the Federated 

Space Systems (FSS), [19] which is aimed at improving the performance of core functions of 

the satellites or satellite constellations that have different missions and are operated by 

members of the federation [20].  

 

1.1 Motivation 

In some cases where orbit designs involve overflying a specific target area, the traditional 

approach is to firstly determine the orbital parameters that yield an orbit whose ground track 

almost facilitates an overflight. Subsequently, the parameters are optimised to obtain the 

optimal orbit for the desired ground track [15, 21]. When orbits that overfly specific target 

points or areas are required however, some previously used orbit design algorithms can 

eventually get the precise orbits but the compromise between accuracy and computational 

costs can be a disadvantage [22, 23]. Moreover, some numerical methods have tendencies 

to get stuck in local optimums hence missing the global optimums which might have better 

solutions [24].  

For cases like response to on-going disasters or monitoring of complicated scenes, (e.g., 

natural disasters or meteorological phenomenon such as, hurricanes and tornadoes), fast 

and accurate, localised targeting is desired [15].  These are challenges that can be solved with 

satellite orbits designed with high degrees of accuracies to overfly the specific areas [15]. For 

example, if monitoring the eye of a hurricane to categorise it, a method that accurately 

determines the orbit that will overfly the next predicted position of the eye is needed. The 

gap of developing a fast and accurate orbit design methodology is still at hand. Despite the 

ǊŜŘǳŎǘƛƻƴ ƻŦ ǎŀǘŜƭƭƛǘŜ ƻǇŜǊŀǘƛƴƎ Ŏƻǎǘǎ ŘǳŜ ǘƻ ǘƘŜ ŜƳŜǊƎŜƴŎŜ ƻŦ C{{ ŀƴŘ ǘƘŜ άbŜǿ {ǇŀŎŜέ ŜǊŀ 

in the recent decades, the pressure to achieve the mission objectives within the short lifespan 

of the satellites with operation cost efficiency has also increased. This enhances the need for 

more accurate and precise orbit designs that can achieve multiple objectives within a given 
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period. Additionally, the search space of such federated missions may be large as mission 

requirements such as monitoring an on-going disaster may require determination of orbits 

that facilitate overflight of different localised parts of the globe. The urgency of each mission 

ǊŜǉǳƛǊŜƳŜƴǘΣ ƘŜǊŜƛƴ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ άobjective functionέΣ and an understanding of the full 

search space is therefore crucial to getting to the desired orbits as fast as possible. For such 

cases, some numerical methods incur high computational costs whereas some fully analytical 

methods may compromise on the accuracy due to main assumptions related to the equations 

of motion used [25, 26]. The implementation of a general perturbation approach while 

minimising the assumptions is studied in the development of the proposed analytical orbit 

design method.  

The need for multiple objective function optimisation methods that are robust have also 

been highlighted in the past few decades. Some orbit design methods require re-calculation 

of the orbits for each objective function to be optimised. Therefore, there is a gap for a 

method that would be more computationally efficient by determining the orbits once and 

use the results to optimise for multiple objective functions. Some real-life missions have 

different requirements hence require multiple objective function optimisation. Numerical 

methods such as differential evolution have been used for optimisation of one objective 

function [27], and the addition of adaptive grids enable them to be used for multiple 

objectives, but with a higher computational cost [27]. The analytical orbit design method 

proposed in this dissertation is aimed at enabling operators to explore multiple objective 

functions and still maintain computation cost and time efficiency. In some cases, an orbit that 

performs well over multiple objective functions could be preferable to an orbit that only 

maximises a single objective function. This leads to a selection of ǘƘŜ άrobustέ ƻǊōƛǘ ŦƻǊ 

ƳǳƭǘƛǇƭŜ ƻōƧŜŎǘƛǾŜ ŦǳƴŎǘƛƻƴǎ ŜǾŜƴ ƛŦ ƴƻǘ ǘƘŜ άoptimalέ ŦƻǊ ǘƘŜ ƛƴŘƛǾƛŘǳŀƭ ƻōƧŜŎǘƛǾŜ ŦǳƴŎǘƛƻƴǎ. 

In a case where multiple objective function optimisation is needed, this work develops 

algorithms for robust orbit determination. For the same search space values and targets, the 

method developed in this work does not require re-simulation of the orbits, even when the 

objective function changes.  

An addition of a multi-level adaptive grid to the developed analytical method is proposed. 

The adaptive grid addition aims to increase the efficiency of the developed method in terms 

of the computational time needed to determine the optimum orbits for large search spaces. 

Responsive satellites can be said to have dynamic tasks. A gap of methods aimed at tasking 
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reconfigurable satellites is identified. Fast, accurate and efficient methods for satellite 

tasking need to be developed especially for agile space systems and maximisation of existing 

space assets. Using some of the orbital solutions obtained from the analytical method 

proposed in this dissertation, a graph theory method is proposed and developed with an aim 

to task satellites that are already in space. This is to maximise on value of the existing space 

population for any emerging tasks or new users. The graph theory method presented proves 

to be robust due to its applicability to multiple tasks hence, making it computationally 

efficient. 

 

1.2 Orbit Design Methods 

Orbit propagation techniques are essential tools in orbit design methodologies. Orbit 

propagation is an area that has been under research for decades and is used to determine 

the position of an object in space [28]. The methods of orbit propagation are divided into 

special perturbation methods and general perturbation methods, and they can either be 

numerical, analytical, or semi-analytical [29]. Special perturbation methods mostly use 

numerical integrators that provide accurate prediction of the positions and velocities of 

space objects. The disadvantages of such methods lie in the processing, where stepwise 

calculations are used from epoch to epoch [29-31]. Despite currently having more methods 

that have variable steps such as the Runge-Kutta-Fehlberg method, RKF45, see ref [32], such 

methods have a significant increase in computational costs. For more accuracy, both the 

computational costs and the computational time increases significantly for some numerical 

methods.  

General perturbation methods make use of analytical equations of motion. Eliminating the 

stepwise processing technique of numerical methods enables them to compute solutions 

more generally, and the use of analytical equations have higher computational efficiencies. 

Their accuracy is however reduced due to the use of some restrictive assumptions [29-31] 

[33]. Semi-analytical methods combine both the general and the special perturbation 

methods depending on the period being considered [29]. Some third-party software such as 

the CǊŜƴŎƘ bŀǘƛƻƴŀƭ /ŜƴǘǊŜ ƻŦ {ǇŀŎŜ wŜǎŜŀǊŎƘΩǎΣ {ŜƳƛ-analytical Tool for End-of-Life Analysis 

(STELA), use a semi-analytical approach [34]. 
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For purposes of mission design as well as orbit determination, orbit propagation methods 

are required to be fast and efficient [29]. An example of this is the general perturbation 

models which are used in the Simplified General Perturbations-4 (SGP4) orbit model [35] and 

provide the basis for propagating the ΨΨн-ƭƛƴŜέ ƻǊōƛǘŀƭ ŜƭŜƳŜƴǘǎΦ R. Flores et. al.,[29] propose 

a method to improve the computational performance of some numerical methods while still 

maintaining the level of accuracy, by adjusting the number of geopotential spherical 

harmonics during the integration, and determining the allowable acceleration error. With the 

use of a Molniya orbit, R. Flores et. al., maintain the accuracy of their solution while reducing 

the costs of computation by a factor of 3 or more. R. Flores et. al., however, find some 

computational inefficiencies for some cases such as when using dynamic expansion, where 

an increase in accuracy of the baseline solutions by two orders of magnitude requires a 90% 

rise in computational costs [29].  

Orbit design methodologies have been developing for decades with some past designs having 

focused on improving the efficiency of existing numerical methods, and some on developing 

semi-analytical methods [13, 23, 25, 36-38]. Orbit design methods are based on numerous 

criteria mainly related to satellite coverage [39], revisit strategies and repeat ground tracks 

amongst many others [21, 39-44]. 

1.2.1 Orbit Designs Based on Coverage 

Traditionally, the main criteria of satellite orbital design methods focus on the type of 

coverage desired which was initially divided into global and regional coverage. As observed 

by G. Dai et. al., [39], Earth observation by satellites and the data that needs to be transmitted 

between the satellites and the users are both related to satellite coverage. The main criterion 

for orbital designs is the type of coverage desired.  

At first, the desire to have global coverage dominated most design methodologies. Methods 

such as the Walker and the Flower methods are developed for constellation designs aiming 

at continuous global coverage[45, 46]. An example of a design for single satellite global 

coverage is presented by scholars like M. Xu et. al.,[47]. M. Xu et. al., formulate an analytical 

algorithm for global coverage using a revisit orbit and apply it to a mission revisiting all points 

on the Earth within long periods of time. As an extension to this but using constellations, S. 

Y. Ulybyshev et. al., [48] present an analytical technique based on basic solutions obtained 

by previous authors. S. Y. Ulybyshev et. al., use those solutions for a single spacecraft to 
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calculate the optimum argument of latitude and the right ascension of ascending node 

between satellites in their constellations. With this, S. Y. Ulybyshev et. al., minimise the revisit 

ŦƻǊ ŀƴȅ Ǉƻƛƴǘ ƻƴ ǘƘŜ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ ŜƴǎǳǊƛƴƎ ǘƘŀǘ ǘƘŜ ŎƻƴǎǘŜƭƭŀǘƛƻƴ Ƙŀǎ ŀƴ ƻǇŜǊŀǘƛƻƴŀƭ Ǝƭƻōŀƭ 

monitoring with a one-day repeat ground-track. The technique S. Y. Ulybyshev et. al. develop 

can only be used for orbits with direct and inverse inclinations for fields of view that cover 

polar points. S. Y. Ulybyshev et. al. suggest future work to be done using similar methods 

developed for orbits that have higher multiplicities than theirs. On the other hand, P. Zong 

et. al, [49] present a constellation global coverage design in one revisit time. In their work, P. 

Zong et. al, use a model of constellations which are fully connected by crosslinks and maintain 

continuous communication. P. Zong et. al, find that their designs are closer to optimal 

coverage of the globe, compared to results of some previously used methods. 

The design of regional coverage satellites later on emerge and some of the algorithms used 

are such as the grid point algorithms and latitude strip algorithms amongst many others[50]. 

Regional coverage has become more attractive to research than global coverage. Z. Song et. 

al., [51] study the option of regional coverage and develop a novel grid point approach for 

efficiently solving the constellation to ground-regional coverage problem by giving a strategy 

that addresses some challenges of the previously used grid point approach. Z. Song et. al., in 

Ref. [52], give an approach to further solve the constellation to ground coverage problems 

using three main judgement theorems. Z. Song et. al., develop the judgment theorems to 

evaluate the coverage of satellite constellations and they achieve higher computational 

efficiency compared to more traditional methods such as grid point approaches. However, 

the method by Z. Song et. al., is only applicable to constellations that have complete ground 

region coverage. 

Methods based on overflying sets of target areas and target points have more recently been 

developed especially due to Earth observation using responsive Low Earth Orbit (LEO) 

satellites [25]. Many numerical methods have been studied on how to design satellite orbits 

based on specific desired targets. T. Li, J. Xiang et. al., [22], design a method to address some 

problems of previous coverage area based numerical methods such as the computational 

cost, as well as, failure to obtain desired orbits by various methods. T. Li, J. Xiang et. al., use 

their method to determine the existing conditions of the solutions to revisit orbits by use of 

a special kind of repeating ground track orbit, which T. Li et. al., refer to as a circular revisit 

orbit (CRO). 
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Some methods for calculating optimal orbits focus on the duration of view of target areas, 

whereas some focus on the amount of time that it will take to revisit the target as in [6].  Prior 

to this however, Y. Chen et. al., in [53] consider a satellite orbit design using a set of target 

sites which need to be visited within an assigned period and the optimisation of the orbit 

design considers target priority and duration of observation time. Y. Chen et. al use a self-

adaptive differential evolution (SA-DE) algorithm. This algorithm is an improvement to 

previously used differential evolution algorithms, and this is demonstrated in their regional 

and global case studies, as Y. Chen et. al show that the SA-DE is a more suitable optimizer for 

orbit design. Later, however, M. Pu et. al., [6] present an orbit design approach by combining 

a robust optimization model with a multi-objective optimization algorithm. M. Pu et. al., use 

Monte Carlo simulation results to demonstrate that the robust orbit solutions are more 

reliable compared to nominal orbit solution designed from the traditional single objective 

stochastic optimization algorithms. In Ref. [38], G. Zhang et. al., use approximate analytical 

solutions for single and dual coplanar impulsive maneuverers to observe given Earth sites for 

exact overflight and conical sensor cases. G. Zhang et. al., modify a known orbit and use 

impulse approaches to be able to get to the desired ground track. G. Zhang et. al., extend 

their work to a three-impulse method associated with bi-elliptical transfer and four impulse 

methods. G. Zhang et. al., later on formulate a semi analytical method to obtain the longitude 

differences, and then use approximations to get to the desired orbit as presented in Ref. [54].  

1.2.2 Agile Space System Orbit Designs 

To enable better temporal coverage, there has been a recent rise in the desire to have more 

localised coverage, as global coverage focuses more on spatial performance[1, 25, 55]. The 

desire to overfly more specific target points and target areas gave rise to responsive satellites 

[25]. These are becoming more and more attractive to the space industry as the world, and 

its needs keep changing. Monitoring and predicting changes and disasters is an area of special 

interest to research at large. Mission requirements for responsive satellites change overtime. 

These changes include coverage area changes, reconnaissance changes, revisit schedule 

changes amongst others. Most of the sustainable development goals that are satellite 

technology based depend on such monitoring hence, making it very valuable. Monitoring the 

change of an area requires accuracy of overflight. Different numerical methods have been 

studied on how to design a satellite orbit based on specific desired targets. Indeed, Earth 

observation using LEO satellites that are more dynamic has become a common main 
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objective. The envelope curve method by [50] design a coverage boundary about which a 

specific area target can be obtained by the intersection of the target area and envelope 

curves. To minimize the number of satellites in a constellation as well as to achieve a set 

maximum revisit time, C. Zhang et. al., [56] formulate a method to design a LEO constellation 

to eliminate long revisit time, and large number of satellites which is a problem faced by 

traditional design methods.  

Z. Song et. al., [1] develop an agile satellite orbit design that considers spatial resolution and 

temporal resolution simultaneously and use a repeat ground track orbit in an accurate 

geopotential model of the Earth. Z. Song et. al., formulate a multi-objective optimization 

technique for obtaining the optimal feasible orbits. These objective constraints include the 

maximum repeat cycle for the satellite, the maximum tilt angle and full coverage at the 

equator. Other numerical methods such as the self-adaptive method, self-adaptive 

differential method and many more have been developed further for purposes of target 

overflight. W. Yao et. al., [57] for example, present an improved differential algorithm that is 

applicable in orbit designs. W. Yao et. al., use a double self-adaptive differential evolution 

(SA-DE) algorithm with a random mutant which is an improvement of the work by Y. Chen et. 

al., [53]. W. Yao et. al., [57] apply a random mutant as well as introduce a double self-adaptive 

scaling factor to the traditional differential evolution algorithm. The scaling factors of the 

proposed algorithm are found to be able to adjust with the optimization procedure, and this 

makes the algorithm able to jump out of the local optimal. Different from the previous 

research, the self-adaptive scaling factors in the work by W. Yao et. al., can be affected by 

not only the number of generations but also the fitness function of the last generation. When 

the algorithms are applied to several test function studies including low dimension and high 

dimension and compared with the other algorithms, the simulations demonstrate that the 

advanced algorithm give a better performance in solution accuracy, convergence, and the 

ǊŜǎǳƭǘǎΩ ǎǘŀƴŘŀǊŘ ŘŜǾƛŀǘƛƻƴΦ ¢ƘŜ ŎŀǎŜ ǎǘǳŘƛŜǎ ǇǊŜǎŜƴǘŜŘ by W. Yao et. al., prove that the novel 

self-adaptive algorithm with random mutant can provide an improved performance on 

multiple targets and manoeuvre optimal problems than others.  
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1.3 Objective Function Optimisation in Orbit Designs 

Just like in many real-life applications, orbit designs are optimised using several mission 

requirements which are equivalent to multiple objective functions [27]. For single objective 

function optimizations, methods such as differential evolution have proven to be efficient 

[27]. W. Yao et. al.,  [57], use a single objective function relating to the observation duration 

of targets, and optimise the orbits using an improved differential evolution method. 

In the past couple of decades, there has been emergence and development of Federated 

Space Systems. This means that space systems have now geared towards agile space with 

different capabilities and missions[19]. The study of multi-objective optimisation in orbit 

designs is therefore essential. S. Ghorbanpour et. al., in [58] modify a differential evolution 

algorithm by using an adaptive grid for the multi objective optimisation. S. Ghorbanpour et. 

al., extend the mutation strategy that is used in single objective function optimisation to 

multi-objective optimization using the modified method. The main contribution in the work 

of S. Ghorbanpour et. al., is adding the adaptive grid to the commonly used traditional 

differential evolution algorithm. Other studies such as the one by H.-D. Kim et. al., [59]  also 

aim to achieve multi-objective optimisation based on the average revisit time and average 

transmitted power. H.-D. Kim et. al., use multi-objective heuristic algorithms which include 

genetic evolution, particle swamp optimisation, and differential evolution algorithms, then 

compare the results from them. H.-D. Kim et. al., find that the developed and modified 

differential evolution algorithms obtain more efficient results than generic algorithms, 

particle swamp optimisation and analytical approaches.  

In this work, multiple objective function optimisation is studied and the advantages of using 

the developed analytical method in analysing different objective functions is highlighted. In 

chapter 4 of this dissertation, an adaptive grid is introduced in the optimisation phase for 

enhanced computational efficiency. This is applied to both single and multiple objective 

functions and examples of the simulation results are given.  
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1.4 Design Optimisation Using Adaptive Grids 

Adaptive grids have been incorporated into methods such as differential evolution and 

genetic algorithms to improve their performance. J. Cheng et. al., in ref. [27] for example, use 

a grid based adaptive algorithm to improve the dynamical adjustment of convergence and 

diversity of a differential evolution algorithm. The method by J. Cheng et. al, exploit the 

feedback during the evolutionary process and base their grid on three metrics i.e., the grid 

fitness, the grid density, and the grid objective-wise standard deviation. J. Cheng et. al, 

compare their method to nine other algorithms based on differential evolution and genetic 

algorithms, and find their method to be better at optimising multi-objective function 

problems. Traditional particle swarm optimisations are said to have inefficient convergence 

as well as a tendency to get stuck in local optimums [60, 61]. To solve the problem of particle 

swarm optimization (PSO), getting stuck in local optimums and having low convergence rates, 

K. H. Rubinder Mannan et. al., [61] propose an adaptive particle swarm optimisation 

algorithm based on directed and weighted complex networks. The method by K. H. Rubinder 

Mannan et. al., improves the convergence efficiency by having a higher convergence rate 

than some other particle swarm optimisation methods. In Ref. [60], J. E. Harries et. al., also 

propose an adaptive response strategy to activate stagnated particles so that they would not 

get stuck in local optimums.  

The application of adaptive grids can also be implemented while using analytical methods to 

increase the computational efficiency of the method by refining the grids in the areas of 

interest hence, reducing the search space. This approach is explored herein as a multi-level 

adaptive grid which is implemented into the developed orbit design method.  

 

1.5 Satellite Tasking Methods 

In most cases, satellite tasking also involves scheduling. This has been done previously using 

different heuristic algorithms aimed at selecting the most urgent tasks. Satellite tasking and 

scheduling is an NP hard problem that has been recently achieved using different numerical 

algorithms to task and schedule the satellites [62]. S. Liu et. al., [63] for example, study the 

tasking of intelligent satellites for earth observation using a linear programming algorithm 
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and a heuristic search algorithm, which when compared with some previously used search 

algorithms have better results in terms of profitability.  

Graph theory is an area that has been under research for centuries even dating back to the 

seventeenth century [64]. It has been commonly used to find solutions to networking 

problems used in cases such as traffic systems, internet connectivity and the medical field 

amongst many others. Connecting a task to a satellite is a combinatorial problem, that can 

use graph theoretical methods to be solved. The work presented in this dissertation proposes 

the use of graph theory in tasking satellites already in space. This aims to maximise the assets 

that are already in space and reduce the emerging space congestion. At the same time, this 

can be profitable to an operator if new users emerge. The proposed method proves to be 

robust and can be used to identify satellites that optimally perform multiple tasks.  

 

1.6 Gaps Identified in the Literature  

Literature review of existing satellite tasking, orbit design and propagation algorithms, reveal 

a need for the development of methodologies that facilitate rapid orbital solutions of 

acceptable accuracy levels [29]. An identified research gap exists in orbit design 

methodologies that give fast and accurate orbital solutions for overflights of both static and 

moving targets within a defined field of regard.  

The literature review highlights a gap of orbit design methods that offer fast comprehensive 

search space analysis enabling informed decision making for engineers and operators 

regarding optimal orbits. This research aims to address this gap by development of an orbit 

design methodology that will enhance computational time efficiency for large search space 

analysis. The application of the method presented in this work for example includes an 

analysis of orbits with inclinations from 50 degrees to 130 degrees and right ascension of 

ascending node of 0 to 360. Some previous orbit design methods only consider prograde 

orbits, due to computational time and cost constraints. The developed orbit design method 

is analytical and uses an embarrassingly parallel approach. An embarrassingly parallel 

method is an approach where there is elimination of reliance between the processes and so 

the results are independent of each other. In the developed method, the results of a certain 

timestep is generated without knowledge of the previous timestep results because the time, 

the inclination, and the right ascension of the ascending node are all analysed in parallel. The 
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approach of the algorithm and implementation are further explained in section 2.2.2. A fast 

general overview gives engineering and design insights into complex search spaces that may 

show, for example, that some optimal solutions might not necessarily be the most robust 

solutions for different objective functions. The insights can also guide where an orbit designer 

can concentrate more to suit various design needs.  

Some previous numerical orbit design methods require a re-run of the orbit determination 

simulations when the objective functions change. The developed orbit design method in this 

dissertation is efficient in that different objective functions can be explored without the need 

to re-run the simulation to determine the orbits because, the orbital elements are analysed 

in parallel and so is time. The method is generalised and independent of specific optimisation 

techniques while calculating the orbits. This means that the proposed method is robust for 

Multi-Objective Function Optimisation (MOO). 

²ƛǘƘ ǘƘŜ ŜƳŜǊƎŜƴŎŜ ƻŦ άbŜǿ {ǇŀŎŜέΣ ǘƘŜǊŜ ƛǎ ŀƴ ƛƴŎǊŜŀǎŜŘ ŘŜǎƛǊŜ ŦƻǊ Ǌƻōǳǎǘ Ƴǳƭǘƛ ƳƛǎǎƛƻƴΣ 

multi objective and multifunctional satellites [65, 66]. Some previous orbit design methods 

that use numerical simulations such as differential evolution have been excellent optimisers 

for single objective functions [27]. For such methods to be used for multi-objective 

optimisation (MOO), additional computations are needed see Ref. [27]. Adaptive grids are 

used in some methods such as the one by S. Ghorbanpour et. al. [58], who add an adaptive 

grid based mutation to differential evolution in order to get MOO. Considering the high 

computational cost of numerical methods, such additions mean adding to these costs. 

The adaptive grid added to the proposed method enhances the computational efficiency 

attained by refining the grid on the main areas of interest of a large search space. The 

analytical method can also be implemented with other numerical methods to increase the 

accuracy. 

The lack of robust reconfigurable/agile satellite tasking strategies has been established. 

Despite the recent development of using smaller satellites, hence reducing costs, it would be 

more cost efficient and space sustainable for new emerging users to use the pre-existing 

space population than launching their own satellites. Some of the previous satellite tasking 

methods are ad hoc and not applicable to diverse scenarios or cases.  A graph-theory based 

method is herein proposed for tasking in-orbit satellites to achieve user specific mission 

requirements even in a case where a new user emerges, or if the mission requirements 
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change. The method takes advantage of insights that can be drawn from a graph network of 

satellites in orbit after ground propagation within a given field of regard and the desired 

ground targets. 

 

1.7 Aims and Objectives of the Presented Work 

In relation to the gaps identified in literature, this dissertation addresses the following issues 

and research questions: 

ƛΦ 5ŜǾŜƭƻǇ ŀ ƴƻǾŜƭ Ŧŀǎǘ ŀƴŀƭȅǝŎŀƭ ŜƳōŀǊǊŀǎǎƛƴƎƭȅ ǇŀǊŀƭƭŜƭ ƻǊōƛǘ 

ŘŜǎƛƎƴκŘŜǘŜǊƳƛƴŀǝƻƴ ƳŜǘƘƻŘƻƭƻƎȅ όŀ ƳŜǘƘƻŘ ǘƘŀǘ ǇŀǊŀƭƭŜƭƛǎŜǎ ǘƘŜ ƻǊōƛǘŀƭ 

ŜƭŜƳŜƴǘǎ ŀƴŘ ǝƳŜ ŦƻǊ Ǌƻōǳǎǘ ǊŜǎǳƭǘǎύΦ ¢Ƙƛǎ ƛǎ ŘŜǾŜƭƻǇŜŘ ǘƘǊƻǳƎƘƻǳǘ /ƘŀǇǘŜǊ н ƻŦ 

ǘƘƛǎ ŘƛǎǎŜǊǘŀǝƻƴ ŀƴŘ ƘƛƎƘƭƛƎƘǘŜŘ ƛƴ ǎŜŎǝƻƴ нΦнΦнΦ 

ƛƛΦ 5ŜǾŜƭƻǇ ŀ Ǌƻōǳǎǘ ƻǊōƛǘ ŘŜǎƛƎƴ ƳŜǘƘƻŘ ǘƘŀǘ ƎƛǾŜǎ Ŧŀǎǘ ƎŜƴŜǊŀƭ ƛƴǎƛƎƘǘǎ ƛƴǘƻ 

ŎƻƳǇƭŜȄ ǎŜŀǊŎƘ ǎǇŀŎŜǎ όǎŜŀǊŎƘ ǎǇŀŎŜǎ ǘƘŀǘ ƛƴŎƭǳŘŜ ōƻǘƘ ǇǊƻƎǊŀŘŜ ŀƴŘ ǊŜǘǊƻƎǊŀŘŜ 

ƻǊōƛǘǎ ŦƻǊ ŎƭŜŀǊŜǊ ƛƴǎƛƎƘǘǎύ ƘŜƴŎŜ ƛƳǇǊƻǾƛƴƎ ƻƴ ŜȄƘŀǳǎǝǾŜ ǎŜŀǊŎƘ ŀƭƎƻǊƛǘƘƳǎΦ ¢Ƙƛǎ 

ƛǎ ƛƭƭǳǎǘǊŀǘŜŘ ƛƴ ǎŜŎǝƻƴ нΦо ǿƘŜǊŜ ǘƘŜ ƳŜǘƘƻŘ ƛǎ ǳǎŜŘ ŦƻǊ ŀ ǎŜŀǊŎƘ ǎǇŀŎŜ 

ŎƻƴǘŀƛƴƛƴƎ ōƻǘƘ ǇǊƻƎǊŀŘŜ ŀƴŘ ǊŜǘǊƻƎǊŀŘŜ ƻǊōƛǘǎΦ 

ƛƛƛΦ tŜǊŦƻǊƳ ǘƘŜ ƻǇǝƳƛǎŀǝƻƴ ƻŦ ƳǳƭǝǇƭŜ ƻōƧŜŎǝǾŜ ŦǳƴŎǝƻƴǎ ǿƛǘƘƻǳǘ ŀ ƴŜŜŘ ǘƻ ǊŜπ

ǎƛƳǳƭŀǘŜ ǾŀƭƛŘ ƻǾŜǊƅƛƎƘǘ ƻǊōƛǘǎ ƘŜƴŎŜΣ ŀƴ ŀŘŘŜŘ ŜŶŎƛŜƴŎȅ ǘƻ ŎƻƳǇǳǘŀǝƻƴŀƭ ǝƳŜ 

ŀƴŘ Ŏƻǎǘ ǿƘŜƴ ŎƻƴǎƛŘŜǊƛƴƎ ƳǳƭǝǇƭŜ ƻōƧŜŎǝǾŜ ŦǳƴŎǝƻƴǎΦ ¢ƘŜ ǎƛƳǳƭŀǝƻƴǎ ƛƴ 

ǎŜŎǝƻƴ оΦо ƘŀǾŜ ōŜŜƴ ǇŜǊŦƻǊƳŜŘ ǿƛǘƘƻǳǘ ǘƘŜ ƴŜŜŘ ǘƻ ǊŜŎŀƭŎǳƭŀǘŜ ǘƘŜ ƻǊōƛǘǎΦ 

ƛǾΦ LƴǘǊƻŘǳŎŜ ŀƴ ŀŘŀǇǝǾŜ ƳŜǘƘƻŘ ǘƻ ǘƘŜ ŘŜǾŜƭƻǇŜŘ ƻǊōƛǘ ŘŜǎƛƎƴ ƳŜǘƘƻŘ ǘƻ ƛƴŎǊŜŀǎŜ 

ƛǘǎ ŎƻƳǇǳǘŀǝƻƴŀƭ ŜŶŎƛŜƴŎȅ ŀƴŘ ǎǝƭƭ ƻōǘŀƛƴƛƴƎ ǘƘŜ ƻǇǝƳǳƳ ƻǊōƛǘǎ όǘƘƛǎ ŀƭǎƻ 

ǎƘƻǿǎ ǘƘŀǘ ǘƘŜ ƳŜǘƘƻŘ Ŏŀƴ ōŜ ǳǎŜŘ ǿƛǘƘ ŀ ƴǳƳŜǊƛŎŀƭ ŀƭƎƻǊƛǘƘƳ ƻƴŎŜ ǘƘŜ ŀǊŜŀ ƻŦ 

ƛƴǘŜǊŜǎǘ ƛǎ ƛŘŜƴǝŬŜŘ ǘƻ ƛƴŎǊŜŀǎŜ ǘƘŜ ǊŜǎǳƭǘǎ ŀŎŎǳǊŀŎȅύΦ ¢Ƙƛǎ ƛǎ ǇǊŜǎŜƴǘŜŘ ƛƴ ŎƘŀǇǘŜǊ 

пΦ 

ǾΦ 5ŜǾŜƭƻǇ ŀ ƴƻǾŜƭ ƎǊŀǇƘ ǘƘŜƻǊȅ ŀǇǇǊƻŀŎƘ ǘƘŀǘ Ŏŀƴ ōŜ ǳǎŜŘ ŦƻǊ ǘŀǎƪƛƴƎ ǎŀǘŜƭƭƛǘŜǎ ŦƻǊ 

ŘƛũŜǊŜƴǘκƳǳƭǝǇƭŜ ǳǎŜǊ ǊŜǉǳƛǊŜƳŜƴǘǎ ǿƛǘƘ ŀǇǇƭƛŎŀōƛƭƛǘȅ ǘƻ ōƻǘƘ ƴŜǿ ǎǇŀŎŜ 

ǇƻǇǳƭŀǝƻƴǎ ŀƴŘ ǇǊŜπŜȄƛǎǝƴƎ ǎǇŀŎŜ ǇƻǇǳƭŀǝƻƴΦ ¢Ƙƛǎ Ŏŀƴ ōŜ ǳǎŜŘ ǘƻ ŘŜǘŜǊƳƛƴŜ 

ƻǇǝƳǳƳ ǎŀǘŜƭƭƛǘŜǎ ŦƻǊ ƳǳƭǝǇƭŜ ǘŀǎƪǎ ŀǎ ƛǎ ǎƘƻǿƴ ƛƴ ŎƘŀǇǘŜǊ р ƻŦ ǘƘƛǎ ŘƛǎǎŜǊǘŀǝƻƴΦ 
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In summary, the work herein proposes an analytical, embarrassingly parallel method that 

aims to fill in some of the gaps identified in literature that are related to previous orbit design 

methods. The developed analytical method determines orbits that are aimed at overflying 

ǎǇŜŎƛŦƛŎ ǘŀǊƎŜǘ ŀǊŜŀǎΦ YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴǎ ŀƴŘ ǎǇƘŜǊƛŎŀƭ ƎŜƻƳŜǘǊȅ Ŝǉǳŀǘƛƻƴǎ ŀǊŜ ǳǎŜŘ ŦƻǊ ǘƘŜ 

calculations that relate the satellite orbit and the ground target points as derived by [67]. 

These equations have been previously used to find orbital solutions and obtain subsatellite 

points for various solutions. [25] for example, used the equations in the designing of their 

analytical method for reconfiguration of satellite constellations using low-thrust 

manoeuvres, and the work developed in this dissertation shares many of their advantages. 

The developed method is novel and a contribution to knowledge as it determines orbits that 

have greater values of an objective function when compared to a previously used method 

(see section 3.1). The results from the proposed method can also be used to optimise 

multiple objective functions without the need to recalculate the orbits for a given search 

space (see section 3.3). The work herein also explores the use of graph theory for satellite 

tasking based on required objective functions (see Chapter 5).  
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Chapter 2 

2 Development of an Analytical Orbit Design Methodology 

This chapter aims to fill in some of the gaps that are identified and highlighted in section 1.6. 

This aim is achieved by developing a methodology that; determines orbits based on desired 

ground target overflight, gives insights to large orbital search spaces with minimum 

computational time and cost, and is applicable to diverse and complex scenarios.  

The proposed methodology is developed from general perturbation techniques and so it is 

analytical. Generally, analytical algorithms give deeper insights to the physical mechanisms 

of a system [29]. The method in this chapter shares this advantage by giving full insights to 

both small and large search spaces, with minimised computational time compared to some 

previous orbit design methods. The method develops previous analytical orbit propagation 

algorithms and uses the general basic equations of motion derived by J.E Harries [67]. 

Compared to some analytical orbit design methods, which make assumptions of a circular 

Earth, the method developed in this chapter ƛƴŎƭǳŘŜǎ ǘƘŜ 9ŀǊǘƘΩǎ ǎŜŎǳƭŀǊ ǇŜǊǘǳǊōŀǘƛƻƴǎ ƻŦ ǘƘŜ 

first zonal harmonic, J2, for increased accuracy. For the method in this chapter however, other 

secular perturbations such as atmospheric drag are not considered. Validation of the 

ŘŜǾŜƭƻǇŜŘ ƳŜǘƘƻŘΩǎ ŀŎŎǳǊŀŎȅ is done by analysing the error between ground-tracks of the 

orbits obtained using the proposed method against those from simulating the same orbital 

values on a third-party software which uses numerical methods. This validation is presented 

in section 2.3, and ǘƘŜ bŀǘƛƻƴŀƭ !ŜǊƻƴŀǳǘƛŎǎ ŀƴŘ {ǇŀŎŜ !ŘƳƛƴƛǎǘǊŀǘƛƻƴΩǎΣ όb!{!ΩǎύΣ DŜƴŜǊŀƭ 

Mission Analysis Tool GMAT is the third-party software used.   

The method developed herein also has an embarrassingly parallel nature which includes 

parallelising time. The factor of making each time-step parallel means that each orbital 

element, i.e., each inclination, right ascension of the ascending node and semi-major axis 

combination is evaluated against each time-step value after epoch; this is further explained 

in section 2.2.2. The embarrassingly parallel nature gives the developed method an added 

advantage over some previously used algorithms as it eliminates the need of re-simulating 

the orbits when optimising them for different objective functions; this is analysed in chapter 

3. 
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2.1 Main Orbit Design Equations 

The method proposed and developed in this chapter is an orbit design methodology based 

on desired ground passes. The method determines the main orbital elements, i.e., the 

inclination (INC), the argument of perigee (AOP), the right ascension of the ascending node 

(RAAN), and the semi-major axis (SMA), by considering sets of known longitudes (LON) and 

latitude (LAT) points that are to be overflown. This study is based on a circular orbit and so 

the Argument of latitude, (AoL), is considered because the argument of perigee is not 

defined. Generally, values of classical orbital elements (COEs) are used to determine orbits 

that facilitate the overflight of specific targets. Unlike traditionally used propagation 

algorithms, and orbit determination methodologies, in this work the target points, i.e., the 

longitudes and latitudes, are used as inputs to determine the orbital elements that satisfy 

overflight. 

Previous work by authors such as C. N. McGrath et. al., [25], give derivations and equations 

for calculating the longitudes and latitudes from orbital elements i.e., ground track 

propagation. A method to reciprocate this is initially studied in this chapter. The algorithm 

takes the equations by Refs. [25, 67] as the initial ground point calculation method, then the 

equations are developed to make the longitudes and latitudes the inputs, and the orbital 

elements satisfying the overflight of these ground points the outputs. Generally, an orbital 

search space considered to facilitate an overflight of a given target would be infinite, and so 

to make the method feasible, a search space constituting the orbital elements and time range 

is also defined. 

2.1.1 Initial Orbit and Ground-Track Propagation Equations 

The initial calculations of the method are based on the ground track propagation equations 

presented in Ref. [67], where the inputs are values of inclination, Argument of Latitude, 

Eccentricity, and the Period (calculated from the semi-major axis). Some of the main 

assumptions applied to the initial development of the method include, 

ƛΦ ¢ƘŜ ƻǊōƛǘ ƛǎ ŎƛǊŎǳƭŀǊΤ 9ŎŎŜƴǘǊƛŎƛǘȅ όŜύ Ґ лΣ 

ƛƛΦ ¢ƘŜ ƻǊōƛǘ ŎŀƭŎǳƭŀǝƻƴ ƛǎ ŦǊƻƳ ŜǇƻŎƘΣ ǘƘŜǊŜŦƻǊŜ ǎǘŀǊǘǎ ŀǘ ǝƳŜΣ ǘ Ґ л ǘƻ ŀ 

ƎƛǾŜƴκŘŜǎƛǊŜŘ ǾŀƭǳŜ ƻŦ ǘΣ 

ƛƛƛΦ ¢ƘŜ Wн ǇŜǊǘǳǊōŀǝƻƴǎ ŀǊŜ ƴŜƎƭŜŎǘŜŘ ŦƻǊ ǘƘŜ ƛƴƛǝŀƭ ŎŀƭŎǳƭŀǝƻƴǎΦ  
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The calculation steps are as presented in equation (2.1) ς (2.6) which include some basic 

orbital equations.  

As derived froƳ YŜǇƭŜǊΩǎ ƭŀǿǎ ōȅ ŀǳǘƘƻǊǎ ǎǳŎƘ ŀǎ wŜŦΦ [68], the period of the orbit is given as, 

Ὕ ς“                                                                 (2.1) 

Where ὥ is the semi-major axis and ‘ is the standard gravitational parameter of the Earth. 

From the mean angular velocity also known as mean motion constant [67],  

ὲ                                 (2.2) 

the Mean Anomaly is, 

ὓ  ὸ                                                                   (2.3) 

The argument of latitude of a circular orbit is equal to the true anomaly, TA, which is the 

same as the Mean anomaly (for a circular orbit), and is given as, 

ό  ς“ὸ

ὥ
                                                    (2.4) 

And the spherical geometry orbit subsatellite points as derived by [67], is given as, 

‏  ίὭὲίὭὲὭίὭὲό                                                    (2.5)

   

 ὸὥὲ      Ὡὸπ ὸ ὸ                                (2.6) 

where ‏ is the Latitude,  is the longitude of the subsatellite points, ὸ is the time at epoch 

(t==0), Ὥ is the inclination,   is the right ascension of the ascending node of the satellite,    

is the right ascension of Greenwich, and  is the relative rotation of the Earth, ‫ , 

relative to the orbital plane [67].  

For the initial calculations, the following additional assumptions are made. 

ƛΦ ǘƘŜ ǊŀǘŜ ƻŦ ŎƘŀƴƎŜ ƻŦ w!!bΣ  Σ ƛǎ ƴƻǘ ŎƻƴǎƛŘŜǊŜŘΣ 

ƛƛΦ ǘƘŜ DǊŜŜƴǿƛŎƘ ŀǇǇŀǊŜƴǘ ǎƛŘŜǊŜŀƭ ǝƳŜ όD!{¢ύ ŀǘ ŜǇƻŎƘΣ    Σ ƻŦ ǘƘŜ ƻǊōƛǘ ƛǎ ŀǘ л 

ŘŜƎǊŜŜǎΣ ŀƴŘ ǘƘŜ ƭƻƴƎƛǘǳŘŜ ƻŦ ŀǎŎŜƴŘƛƴƎ ƴƻŘŜ ŀǘ ŜǇƻŎƘ ǝƳŜΣ ƎƛǾŜƴ ōȅ   is also 

0 degrees. 
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With these assumptions, the subsatellite points are then calculated as, 

‏  ίὭὲίὭὲὭίὭὲό                                                                    (2.7) 

 ὸὥὲ  ‫ὸ                                             (2.8) 

from equation (2.7) and (2.8) the ground track is propagated and can be plot from the 

subsatellite points. In this work, the simulation is done on MATLAB R2020, and using the 

values presented on Table 2.1, the ground track Figure 2.1 is obtained. The calculation does 

not consider any perturbations and so the ground track presented in Figure 2.1 may be 

accurate for short periods but for long periods, the error accumulates making the inaccuracy 

increase, this is further analysed in section 2.2. 

Table 2.1: Orbital element values used to simulate the initial ground-track. 

Input, units Value 

Inclination, deg 70 

Argument of Perigee, deg 0 

Semi-major axis, meters 7039000 

9ŀǊǘƘΩǎ Ǌƻǘŀǘƛƻƴ ǊŀǘŜΣ ǊŀŘǎκǎŜŎ 7.292115e - 5 

Start time - End time, sec 0 ς 10000 

Eccentricity 0 

 

 
Figure 2.1: Initial Ground track from equation 2.8 
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From equation (2.1) ς (2.8), the method is further developed to have the latitudes and the 

longitudes as inputs, and the values of the valid orbits in terms of their classical orbital 

elements, as the outputs. The results from both the initial orbit propagation equations and 

the developed method when compared and analysed verify that the developed method 

results are as expected, and this is done in section 2.1.2.  

The development of the inverse method equations is as follows; considering two known 

ground points (‏ȟ , and (‏ȟ ), equation (2.7) and (2.8) are, 

‏         ίὭὲίὭὲὭίὭὲό                                          (2.9) 

‏             ίὭὲίὭὲὭίὭὲό                                   (2.10)             

 ὸὥὲ ‫ὸ                                 (2.11) 

   ὸὥὲ  ‫ὸ                             (2.12) 

Equation (2.11) ς (2.12) are simplified to, 

 ὸὥὲ ‫ὸ                                (2.13) 

   ὸὥὲ  ‫ὸ                             (2.14) 

For the time, ὸ, the latitude, ‏ȟ and longitude,  , to be the inputs, equation (2.9) ς (2.14) are 

rearranged as follows, 

         ίὭὲ‏  ίὭὲό                                                  (2.15) 

                   ίὭὲ‏  ίὭὲό                                         (2.16) 

              ὸὥὲ ‫ὸ  
 

 ὸὥὲό                               (2.17) 

ὸὥὲ ‫ὸ  
 

 ὸὥὲό                             (2.18) 

Because time, ὸ, is one of the inputs used to determine the orbital element values, the 

argument of latitude, Õ, can be written in terms of Ô as presented in equation (2.4), resulting 
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in having the semi-major axis, Á, as an unknown. Equation (2.4), is substituted into the 

latitude and longitude equations, (2.15) ς (2.18) as follows, 

   ίὭὲ‏  ίὭὲ
ς“ὸ

ὥ
                           (2.19) 

    ίὭὲ‏  ίὭὲ
ς“ὸ

ὥ

             (2.20) 

ὸὥὲ ‫ὸ  
 

 ὸὥὲ
ς“ὸ

ὥ
     (2.21) 

ὸὥὲ ‫ὸ  
 

 ὸὥὲ
ς“ὸ

ὥ
    (2.22) 

The latitude equations can be rearranged to calculate the inclination ȟὭȟ as follows, 

ίὭὲ

ở

Ở
Ở
ờ

Ợ

ỡ
ỡ
Ỡ

 Ὥ                                        (2.23) 

For a single orbit to overfly multiple targets, the inclination does not change. This means that 

for a single orbit,  

 ίὭὲὭ                                (2.24) 

This can be re-arranged to be, 

ίὭὲ‏ ίὭὲ
ς“ὸ

ὥ

 ίὭὲ‏  ίὭὲ
ς“ὸ

ὥ

           (2.25) 
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The equation can be solved for ὥ then for Ὥ, if the three inputs, time, Latitude, and Longitude 

are given. 

Using the inclination equation (2.23), the longitude equation can be rewritten in terms of the 

semi-major axis, 

ở

Ở
Ở
Ở
Ở
Ở
Ở
Ở
ờ

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

ở

Ở
Ở
ờ

Ợ

ỡ
ỡ
Ỡ

Ợ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

Ợ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 ὸὥὲ
ὸ

                  (2.26) 

Which can be simplified and rewritten as, 

 

 ὸὥὲ
ὸ

                             (2.27) 

Equation (2.27) requires inputs of time, latitude, and longitude to find the unknown value, ὥ. 

This cannot be solved directly as the time of target overflight is unknown and therefore there 

are two unknowns in these equations, i.e., the semi-major axis and the time. For this, a simple 

solver can be used to find one unknown. Alternatively, an appropriate time range can be used 

to solve equation (2.27) for the possible semi-major axis solutions. These semi-major axis 

solutions can then be used, with the chosen time range to solve for the required inclination 

solutions using equation (2.23). From these, three vectors can be obtained, related to time, 

semi-major axis, and inclination. The three vectors can be plotted in 3D space. The projection 

of this line in 3D onto the semi-major axis/inclination plane is a variable time contour of the 

span of possible solutions. To demonstrate that the three vectors obtained can be used to 

give the desired results, the following steps are taken: 

мΦ ! ǎƛƳǳƭŀǝƻƴ ƻŦ ǘƘŜ ƛƴƛǝŀƭ ŜǉǳŀǝƻƴǎΣ ƛǎ ŘƻƴŜ ƻƴ a!¢[!. ǳǎƛƴƎ ǘƘŜ ǾŀƭǳŜǎ ǇǊŜǎŜƴǘŜŘ 

ƛƴ ¢ŀōƭŜ нΦнΣ 

нΦ ¢ƘŜ ǾŀƭǳŜǎ ǳǎŜŘ ŦƻǊ ǎǘŜǇ м ŀōƻǾŜ ȅƛŜƭŘ ǘƘŜ {{tǎΣ όƭƻƴƎƛǘǳŘŜΣ ƭŀǝǘǳŘŜύΣ ŀƴŘ ǝƳŜ ǊŜǎǳƭǘǎ 

ǇǊŜǎŜƴǘŜŘ ƛƴ ¢ŀōƭŜ нΦоΣ 
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оΦ ¢ƘŜǎŜ ǊŜǎǳƭǘǎ ŀǊŜ ǘƘŜƴ ǳǎŜŘ ǘƻ ŎƘŜŎƪ ƛŦ Ŝǉǳŀǝƻƴ όнΦноύ ς όнΦнтύ ƎŜƴŜǊŀǘŜ ǘƘŜ ŜȄǇŜŎǘŜŘ 

ƻǊōƛǘ ǾŀƭǳŜǎΦ hƴŜ ƻŦ ǘƘŜ {{t [ŀǝǘǳŘŜ ŀƴŘ [ƻƴƎƛǘǳŘŜ ǾŀƭǳŜǎ ŀƴŘ ŜȄǇŜŎǘŜŘ ǝƳŜ ƻŦ 

ƻǾŜǊƅƛƎƘǘ ŀǊŜ ǎŜƭŜŎǘŜŘΣ  

пΦ ²ƘŜƴ ǘƘŜǎŜ ŀǊŜ ǎƛƳǳƭŀǘŜŘΣ ƻƴ a!¢[!.Σ ǘƘŜ ǊŜǎǳƭǘǎ ŀǊŜ ŎŀƭŎǳƭŀǘŜŘ ŀƴŘ ŀǊŜ ŦƻǳƴŘ ǘƻ 

ōŜ ŀǇǇǊƻȄƛƳŀǘŜ ǘƻ ǘƘŜ ŜȄǇŜŎǘŜŘ ǎŜƳƛπƳŀƧƻǊ ŀȄƛǎ ǾŀƭǳŜ ƻŦ ŀΣ ḙ ттллƪƳ ŀƴŘ ƛƴŎƭƛƴŀǝƻƴ 

ŀƴƎƭŜ ǾŀƭǳŜ ƻŦ ḙтл ŘŜƎǊŜŜǎΦ ¢Ƙƛǎ ǎƘƻǿǎ ǘƘŀǘ ǘƘŜ ƛƴǾŜǊǎŜ Ŝǉǳŀǝƻƴ ƳŜǘƘƻŘ ǿƻǊƪǎ 

ǿƛǘƘƛƴ ŀ ƎƛǾŜƴ ŀŎŎǳǊŀŎȅ ƭŜǾŜƭΦ  

рΦ ¢ƘŜ ƳŜǘƘƻŘ ƛǎ ŦǳǊǘƘŜǊ ŘŜǾŜƭƻǇŜŘ ǘƻ ŬƴŘƛƴƎ ǘƘŜ ōŜǎǘ ǎƛƴƎƭŜ ƻǊōƛǘ ǿƛǘƘƻǳǘ ǘƘŜ 

ƪƴƻǿƭŜŘƎŜ ƻŦ ǝƳŜ ƻŦ ǇŀǎǎŀƎŜ ƻǾŜǊ ŜŀŎƘ ǇƻƛƴǘΦ ¢ƘŜ ǘƘǊŜŜ {{tǎ ǇǊŜǾƛƻǳǎƭȅ ŎŀƭŎǳƭŀǘŜŘ 

ŀǊŜ ǳǎŜŘ ǘƻ ǎƛƳǳƭŀǘŜ ǘƘƛǎΦ ¢ƻ ǎƘƻǿ ǘƘŀǘ ƎƛǾŜƴ ŀ ǝƳŜ ǊŀƴƎŜΣ ǘƘŜ ǾŜŎǘƻǊǎ ƻŦ ǝƳŜΣ 

ƛƴŎƭƛƴŀǝƻƴ ŀƴŘ ǎŜƳƛπƳŀƧƻǊ ŀȄƛǎ ǎƻƭǳǝƻƴǎ Ŏŀƴ ōŜ ǳǎŜŘ ǘƻ ŘŜǘŜǊƳƛƴŜ ŀƴ ƻǊōƛǘ ǘƘŀǘ ǿƛƭƭ 

ƻǾŜǊƅȅ ŀƭƭ ǘƘŜ {{tǎΣ ǘƘŜ ǎƛƳǳƭŀǝƻƴ ǊŜǎǳƭǘǎ ŀǊŜ ǇǊŜǎŜƴǘŜŘ ƛƴ ǎŜŎǝƻƴ нΦмΦнΦ 

Table 2.2: Orbital values used for inputs of the initial method simulation. 

ὥ (km) Ὥ(deg)  (rad/s) (deg)‫   (deg) Ὡ 

7700 70 0 0 0 0 

Table 2.3: Three subsatellite points and times obtained from the initial calculations. 

 Latitude (deg)  Longitude (deg) Time (sec) 

1 21.06 6.30 420 

2 46.32 18.48 940 

3 47.71 19.53 970 

 

2.1.2 Analysis of The Developed Analytical Method Equations 

To verify the validity of the proposed method, Equation (2.27) can be used with subsatellite 

point sets that are known to be valid, and this should resolve an orbit that would overfly the 

known ground points at defined times within a given time range. Additionally, for times such 

as, t == 0, there will not be a valid semi-major axis that solves this equation. However, there 

will be a range of times at which a range of semi-major axis will overfly the target. 

Using any one of the combinations of subsatellite points on Table 2.3, equation (2.27) can be 

used to find the number of solutions within a given time span. To verify this, an analysis is 

done using the last set of the SSPs on Table 2.3, (latitude 3 and longitude 3). This analysis of 

(2.27) is done using a solver and by plotting the left-hand side against the right-hand side for 

a range of times, an equality check, of the equation. The plots resulting from this analysis are 

in Figure 2.2 (a) and (b) where the intersections show equation (2.27) time solutions. Figure 
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2.2 (a) shows the equality check for 7700km semi-major axis, for multiple orbits over a period 

of just under a day and it graphically presents the number of solutions that can be obtained 

from equation (2.27). Figure 2.2 (b) gives a graphical view of the equality check for 7700km 

semi-major axis, for just over one orbit showing the number of valid solutions expected for 1 

orbit.  

 
Figure 2.2: Equality check for 7700km semi-major axis, latitude 47.71 deg., longitude 19.53 
deg.; (a) for multiple orbits over a long period (70000 seconds) and (b) for just over one orbit  

Figure 2.2 (a) and (b) show that Equation (2.27) has up to two solutions per orbit for a given 

semi-major axis and, a real solution only exists when, 

ρ ÃÓÃ
ϳ

ÓÉÎ‏ π            (2.28) 

 which can be re-arranged as 

ὧίὧ
ϳ

ίὭὲ‏ ρ                                 (2.29) 

Finding the limits allows the solver to be constrained to the correct time span, so 

ÃÓÃ
ϳ

ÓÉÎ‏ ρ                                  (2.30) 

which can be rearranged to find time as, 

ὸ ὥ ‘ϳ ÃÓÃ              (2.31) 

For further analysis, the first of the previously defined sub-satellite points, from Table 2.3, 

(Latitude = 21.06 deg. & Longitude = 6.30 deg.),  is used to solve equation (2.27) for time at 
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a defined semi-major axis range. The corresponding inclination for each (semi-major axis, 

time) solution can be calculated using equation (2.23). 

At this point three vectors can be acquired: inclination, time, and altitude (H). The altitude is 

a function of the semi-major axis and the 9ŀǊǘƘΩǎ ǊŀŘƛǳǎ where, 

Ὄ ὥ  Ὑ                                                               (2.32) 

Where Ὑ  is the radius of the Earth (6378km).  

The three vectors can be plot in 3D space or 2D space of each. The 2D solutions are presented 

in Figure 2.3. The time ς Inclination graph shows that just as in the equations, the time and 

inclination relate in a sinusoidal manner. Figure 2.3 shows the solutions for latitude 

21.06deg., longitude 6.30deg. Whereas Figure 2.4 shows the solutions for latitude 46.32deg., 

longitude 18.48deg. Figure 2.5 then shows the combination of these two solutions and from 

these the solutions of satellites at the orbit Inclinations and altitudes that overfly these two 

ground points can be determined. These are presented and explained in Figure 2.6 - Figure 

2.9 and an explanation given for each.   

 
Figure 2.3: Orbital element solutions for overflights of latitude 21.06deg., longitude 6.30deg.: 
(a) time vs altitude, and (b) time vs inclination. 
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Figure 2.3 (a) shows the possible orbital altitude(s) that can be used to facilitate overflight of 

the given ground point at the inclination(s) given in Figure 2.3 (b). At times of approximately 

20000 seconds after epoch for example, no orbit facilitates overflight of the target. This can 

be seen as there is no altitude nor inclination points corresponding to this time for the 

altitude range and the inclination range selected. This is further clarified when a second 

ground point is considered and the plots from both are compared as in Figure 2.5. To get to 

these figures however, the process to obtain Figure 2.3 is repeated for the set of sub-satellite 

points (Latitude = 46.32 deg. & Longitude = 18.48 deg.). 

 
Figure 2.4: Orbital element solutions for overflights of latitude 46.32deg., longitude 
18.48deg. (a) time vs altitude, and (b) time vs inclination. 

From both Figure 2.3 and Figure 2.4, there are two graphs, (one per ground point), that can 

be plotted against each other and where there is a crossing on the inclination/altitude plane, 

a satellite on that orbit may be said to overfly both points if the time of the two solutions is 

not equal. If an orbit is valid to overfly both ground points, a satellite in that orbit will not 

overfly the two points at the same time after epoch. Figure 2.5 presents the result of plotting 

the two graphs, Figure 2.3 and Figure 2.4, against each other.  
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Figure 2.5: Orbital element solutions for overflights of Ground Point 1 (latitude 21.06 deg., 
longitude 6.30 deg.), Ground Point 2 (latitude 46.32 deg., longitude 18.48 deg.) 

From Figure 2.5, a few solutions, other than the original orbit, are found to be possible. It is 

however worth noting that the inclination is not an exact match, rather it is very close and so 

whilst an exact overflight may not happen, both ground points would likely be visible within 

a certain spacecraft swath width. This will depend on the field of view (FoV) of the on-board 

instrument. The Field of View is influenced by the semi-major axis as presented in section 

2.2.1.2.  

From Figure 2.5, it can be observed that determining the points with the same orbits directly 

from the graph presents a challenge. An algorithm is therefore implemented to be able to 

print out and to also mark the determined orbits for the different ground positions on the 

graphs. These are indicated by the green squares in Figure 2.6 ς Figure 2.9 and the valid orbits 

vary depending on the inclination increments used. 

The formulation is based on analysis of ground point 1 and ground point 2 in Table 2.3. The 

altitude at the valid inclinations must be equal for both ground points and the times must be 

different for a solution to be valid. 
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Different scenarios are simulated where the inclination tolerance is varied for each case. As 

the exact values are known for this formulation, it is observed that for an exact overflight 

solution, a tolerance of Inclination +/- 0.001 degrees is the most accurate and it yields the 

graph presented in Figure 2.6.   

 
Figure 2.6: Overflights for Ground Point 1 (latitude 21.06 deg., longitude 6.30 deg.), Ground 
Point 2 (latitude 46.32 deg., longitude 18.48 deg.) (inc. tolerance +/- 0.001 degrees). The 
green squares are the orbits inclinations and altitudes valid for crossing both target points. 

From Figure 2.6, it can be observed that two orbits are found to facilitate overflight over both 

targets. The orbital altitude found is the same for both SSPs and the inclination obtained is 

one a prograde and one a retrograde inclination. This is the altitude and inclinations expected 

hence showing that the method works as expected. For a desired satellite swath width 

allowance, more solutions may be valid, but this depends on factors such as the instrument 

on-board. When the tolerance is set to and Inclination +/- 0.01, more near solutions are 

obtained as shown on Figure 2.7. The near solutions show that for an allowable larger swath 

width, the target points will be viewed by some additional orbits. In the case presented in 

Figure 2.7, there are four orbit solutions. 
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Figure 2.7: Overflights for Ground Point 1 (latitude 21.06 deg., longitude 6.30 deg.), Ground 

Point 2 (latitude 46.32 deg., longitude 18.48 deg.) inclination tolerance 0.01degrees. The 

valid orbits (green squares) are more than when the tolerance was lower.  

Four scenarios are analysed, i.e., when the inclination tolerance is 0.001 degrees, 0.01 

degrees, 0.1 degrees and 0.2 degrees respectively. The solutions for inclination increments 

of 0.1 degrees and 0.2 degrees are presented in Figure 2.8 and Figure 2.9. These figures show 

that the near solutions for 0.2 deg. increments are more. These results for the graphically 

presented solutions are numerally presented in Table 2.4 ς Table 2.8. For an inclination 

tolerance of 0.001 degrees, only the known to be valid orbit where the altitude is 1322km, 

the inclination is approximately 70 degrees, and the times are 420 seconds and 940 seconds 

respectively are found as the solutions.  
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Figure 2.8: Overflights for Ground Point 1 (latitude 21.06 deg., longitude 6.30 deg.), Ground 
Point 2 (latitude 46.32 deg., longitude 18.48 deg.) inclination tolerance 0.1 degrees.  

 
Figure 2.9: Overflights for Ground Point 1 (latitude 21.06 deg., longitude 6.30 deg.), Ground 

Point 2 (latitude 46.32 deg., longitude 18.48 deg.) inclination tolerance 0.2 degrees. 
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Multiple near solutions are obtained at a tolerance of 0.2 degrees compared to the lower 

increments as expected. The tolerance in this case is related to the precision of the orbital 

inclination needed to overfly the target.  

Table 2.4: Key for Table 2.5 ς Table 2.8  

Time 1 Time 2 Inclination 
1 (deg) 

Inclination 
2 (deg) 

Semi-Major 
Axis 

Time for ground 
point 1 
overflight (sec) 

Time for ground 
point 2 overflight 
(sec) 

Retrograde 
inclination 
(deg) 

Prograde 
inclination 
(deg) 

Altitude for 
targets 
overflight (km) 

Table 2.5:Near solutions at inclination increments of +/-0.2 degrees. 

Time 1 Time 2 Inclination 1 Inclination 2 Semi-Major Axis 

86120 85756 105 75 1222 

355 794 109 71 522 

359 803 109 71 572 

363 812 109 71 622 

371 830 110 70 722 

375 839 110 70 772 

412 921 110 70 1222 

420 940 110 70 1322 

424 949 110 70 1372 

45075 49134 123 57 722 

45075 49134 123 57 722 

3346 21839 132 48 572 

Table 2.6: Near solutions at inclination increments of +/-0.1 degrees. 

Time 1 Time 2 Inclination 1 Inclination 2 Semi-Major Axis 

86120 85756 105 75 1222 

375 839 110 70 772 

412 921 110 70 1222 

420 940 110 70 1322 

424 949 110 70 1372 

3346 21839 132 48 572 

Table 2.7: Near solutions at inclinations of +/-0.01 degrees 

Time 1 Time 2 Inclination 1 Inclination 2 Semi-Major Axis 

420 940 110 70 1322 

424.2 949.4 110 70 1372 

Table 2.8: Near solutions at inclination increments of +/-0.001 degrees. 

Time 1 Time 2 Inclination 1 Inclination 2 Semi-Major Axis 

420 940 110 70 1322 
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From the results presented in the Table 2.4 ς Table 2.8, the method of analysing a search 

space to determine orbits based on ground target overflight proves to be valid. The exactness 

of the solutions depends on the number of steps taken/inclination tolerance used. 

Nevertheless, instead of considering an exact point of contact, this method is further 

developed to include a field of view, FoV and considers the swath width. This takes into 

consideration the FoV of an on-board instrument and the method is further developed in 

section 2.2.1.2 to include this. Additionally, J2 perturbations are included in further 

developments of the method. In section 2.2 also, the equations relating to the rate of change 

of RAAN, and the Greenwich Apparent Sidereal Time (GAST), are included in the development 

of the method.  

2.2 Development of Ground-Target Based Orbit Determination Method 

Equations Eliminating Previous Assumptions 

To track a satellite from the earth and to position it in space, [67] use two methods, the vector 

rotation method and the spherical geometry method. The method presented in this chapter 

is focused on the second method, i.e., the spherical geometry method. This method is used 

by [25] in the analytical description of the ground track motion. It has also been used by other 

researchers to enable them to propagate a ground track.  

2.2.1 Main Analytical Equations to Determine the Valid Orbit(s) 

From spherical geometry, the subsatellite latitudes and longitudes of a satellite can be 

calculated, from a known orbit by using the following equations. 

‏  ίὭὲίὭὲὭίὭὲό                          (2.33) 

 ὸὥὲ  ‫ὸ Џ  ὸ              (2.34) 

Where ‏ and  are the subsatellite latitudes and longitudes respectively. Ὥ and ό are the 

orbital inclination and the argument of latitude respectively. ‫ , Џ  and    are the relative 

rotation rate of the Earth, the right ascension of the satellite and the right ascension of 

Greenwich at epoch time, respectively. (Џ     is the equivalent to the longitude of the 

ascending node at epoch time[67]. 

The argument of latitude is a sum of the true anomaly and the argument of perigee.  
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ό  —  (2.35)              ‫ 

Where — is the true anomaly and .is the argument of perigee ‫ 

The orbit being considered is however a circular orbit. For this reason, the argument of 

perigee is zero and so the argument of latitude, AoL, is equal to the true anomaly. This 

therefore means that the argument of latitude can be calculated as, 

ό
ϳ

 
ϳ

         (2.36) 

Where Ὕ is the period, ὥ is the semi major axis, and ‘ is the gravitational constant of the 

Earth. In the initial methods presented in this chapter, there are assumptions such as not 

considering J2 perturbations as well as assuming the last two terms of the longitude 

calculation to be negligible i.e., (==0). This simplifies the work, but the results incur some 

errors compared to the results from some more accurate methods especially for longer 

periods. This is one disadvantage of using simplified analytical equations. To solve this 

problem and reduce the errors incurred, the assumptions are eliminated only maintaining 

one of the conditions that the orbit is circular, i.e., e=0.  

To compute the errors, the great circle distance between the subsatellite points is calculated. 

This distance is given known as the haversine distance. An example of the errors incurred 

when using a non-perturbed method as compared to a perturbed method is graphically 

represented in Figure 2.10 which gives a haversine distance between the ground tracks 

obtained when including J2  and an unperturbed simulation using different periods. The 

accumulation of errors leads to inaccuracy of the results especially over a long period of time.  



Chapter 2                 Development of an Analytical Orbit Design Methodology   33 
 

33 
 

 

Figure 2.10: (a) Haversine distance between ground-track of orbit when J2 is included and 
when J2 is not included for short period (1-Day), Medium Period (2-Days) and Long period 
(10-Days) and (b) zoomed in graph showing that the distance between the ground-tracks is 
never zero. 

From the haversine distance on Figure 2.10, it is observed that the assumption of no 

perturbations attracts errors regardless of the period being considered. Moreso, Figure 2.10 

(b) shows that using the same propagation values and software (MATLAB), the SSPs of the 

non-perturbed orbit and the perturbed orbit are never equal. In a case of monitoring an area 

such errors can lead to coverage gaps, hence data gaps and even in a case of a target revisit 

schedule.   

Third party software and methods such as SGP4 orbit propagator account for secular and 

periodic orbital perturbations caused by Earth's geometry and atmospheric drag and is 

applicable to near-Earth satellites whose orbital period is short [69]. One such software that 

includes J2 perturbations is used for comparison of the J2 included method developed. The 

software used is b!{!Ωǎ Da!¢Σ ǾŜǊǎƛƻƴ Da!¢ wнлннŀ. 

2.2.1.1 Inclusion of Secular Perturbations to Orbital Calculations 

Secular perturbations due to the oblate nature of the Earth must be considered for accuracy 

of orbital results. In this work, the second order perturbations, J2, are considered. This mainly 

affects the period (in the case of a repeating ground track orbit), mean anomaly, hence the 
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argument of latitude and the right ascension of the ascending node. These affect the 

equations of motion as follows, [30, 68, 70, 71] 

The Mean Anomaly, 

ὓ ὲ                             (2.37) 

With the inclusion of J2 perturbations, the mean anomaly changes with time as follows, 

ὲ  ὲρ  ὐ  ρ ‐ ρ ίὭὲὭ           (2.38) 

The Right Ascension of the ascending node, 

Џ   Џ
Џ
Ўὸ                           (2.39) 

For which,  

  ὲ  ὐ  ρ ‐ ὧέί Ὥ           (2.40) 

The argument of latitude, 

       ό   ό Ўὸ                                             (2.41) 

For which, 

                                                             (2.42) 

And, 

 ὲ  ὐ  ρ ‐ ς ίὭὲὭ           (2.43) 

          ὲ  ὲ  ὐ  ρ ‐ ς ίὭὲὭ         (2.44) 

¢ƘŜ ǎŜŎǳƭŀǊ ǇŜǊǘǳǊōŀǘƛƻƴ ŘǳŜ ǘƻ ǘƘŜ 9ŀǊǘƘΩǎ ƻōƭŀǘŜƴŜǎǎ Ƙŀǎ ŜŦŦŜŎǘǎ ƻƴ ǘƘŜ ǎŜƳƛ-major axis of 

a repeat-ground track orbit. It mainly affects the nodal period, defined as the period from 

ascending node to ascending node, and this in turn affects the semi-major axis. The Keplerian 

period, defined from perigee to perigee without considering the perturbations is given as, 
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Ὕ   ὥὲὨ ὲ                            (2.45) 

This period is however affected by the oblateness of the Earth as it will change depending on 

the inclination of the orbit as well as the argument of perigee. The period is as defined by 

[33], the anomalistic period or the osculating Keplerian period. When perturbations are not 

considered, this value is the same as the Keplerian period. To obtain the actual period and in 

turn the semi-major axis, J2 should be considered because the nodal period changes 

ŀŎŎƻǊŘƛƴƎ ǘƻ ǘƘŜ 9ŀǊǘƘΩǎ ǊƻǘŀǘƛƻƴΣ ǘƘŜ 9ŀǊǘƘΩǎ ƻōƭŀǘŜƴŜǎǎΣ ŀƴŘ ǘƘŜ ŀǊƎǳƳŜƴǘ ƻŦ ǇŜǊƛƎŜŜΦ This 

will have effects on the equator crossings as well as the Greenwich meridian cross times. To 

calculate the nodal period, the formula for a circular orbit is given by [33] as; 

ὝЏ Ὕ ρ  σ τίὭὲὭ                          (2.46) 

But as derived and explained by ref. [31], the mean values of these osculating semi-major 

axis can be calculated using the formula; 

ὥ  ὥ ρ  ρ  ίὭὲὭ                        (2.47) 

For a repeat ground track, the effect of this change is mainly the distance to the successive 

equator crossing points. This is influenced by the nodal period and is given by [33] as; 

Ў‗ ‫ ЏὝЏ                                        (2.48) 

In some previous work however, to maintain a fully analytical solution it is shown that the 

effect of J2 on the semi-major axis, when the period being considered is short and the 

inclinations are high, the effects are minimal and can be neglected. This is mentioned in the 

work by C. N. McGrath et. al.,  [25], who do not consider the changes due to J2 but only focus 

on the propulsive acceleration effects on the semi-major axis during manoeuvres. The effect 

of J2 on the semi-major axis is however considered for the method proposed herein.  

In all cases, the subscript ( ) denotes the initial value (values at epoch time 0). 

Due to the secular perturbations, equation (2.33) and (2.34) can be rewritten as, 

‏  ίὭὲίὭὲὭίὭὲ ό Ўὸ                            (2.49) 



Chapter 2                 Development of an Analytical Orbit Design Methodology   36 
 

36 
 

 ὸὥὲ
 Ў

 Ў
 ‫ὸ Џ

Џ
Ўὸ                             (2.50) 

And for the semi-major axis, when considering a repeat ground track, the equation is, 

ὥ   ρ ὐ ρ ίὭὲὭ ρ ὐ  ὲὧέίὭ

 υ ὧέίὭ ρ                     (2.51) 

Where it is iterated to a tolerance where ὥ  ὥ πȢπππππρ ÍÅÔÒÅÓ and, 

ὥ   ὥὲὨ ὲ                (2.52) 

Where R = number of revolutions and D = number of days ς these give the expected repeat 

schedule. From the repeat schedule, ὥ is the desired semi-major axis to obtain the repeat. 

ὥ  is therefore iterated until the difference between it and ὥ is almost zero. This is done 

to get the semi major axis of a repeat ground track orbit while considering the secular 

perturbation, J2. 

Apart from the J2 inclusions, to accurately propagate the ground track and determine 

whether a satellite in an orbit overflies a certain target or not, the field of view or field of 

regard, FoR, must be considered. Especially for data collection, the field of view determines 

the amount of time the overflight takes and so this should be included in the equations for 

added accuracy of the method. Section 2.2.1.2 highlights the addition of the FoV to the 

method.  

2.2.1.2 Extension of Ground-Track Equations to Overflight Based on Swath Width. 

The instrument on board has an impact on the capability of a satellite in some ways such as 

the quality of data received and most of all the collection of the correct data from a target 

area. The collection of data from a target area is dependent on whether the satellite swath 

width is large enough to get views of the target. The FoV also influences the duration that a 

target will be viewed for. This overflight is generally dependent on factors such as the angles 

of the ground, the instrument, the distance from the instrument to the ground, etc. In this 

study, the field of view angle is important because if the earth central angle between the sub 
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satellite point and a target are not within the field of view angle of the instrument, the orbit 

will not be valid for an overflight.  

From the work by [53] and further developed by [57], the effective Earth central angle of a 

given field of view are calculated using the following equations:  

ὥ Ὑ Ὄ                                                            (2.53) 

‎ ίὭὲ                                        (2.54) 

” Ὑ ὧέί‎ ὥὧέί–                                       (2.55) 

‗ ίὭὲ                                         (2.56) 

Where ‎ is the supplementary angle, i.e., the spacecraft elevation angle, ‍, plus 90 degrees, 

ὥ is the semimajor axis, – is the half effective angle (the Field of view angle) which is specified 

by the mission requirements depending on the instrument on board, Ὑ  is the radius of the 

Earth, ” is the distance between the satellite and the bounds of the sensor projected onto 

ǘƘŜ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ ŀƴŘ ‗ is the effective Earth central angle. These angles and the spherical 

geometry are presented in Figure 2.11. 

 

Figure 2.11: Spherical geometry of the field of view of a satellite 

Using spherical triangles, the angle between the ground point and the subsatellite point can 

then be calculated. If it is assumed that the projection of the view from the satellite to the 

Earth is a circle, an Earth central angle, Ὠ , can be calculated using spherical triangles and 

using the sub-satellite points and the target points as shown in equation (2.57) [57]. 
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Ὠ ὧέίὧέί  • ὧέί  • ίὭὲ • ίὭὲ • ὧέί †   †   

                           (2.57) 

Where subscript 1 indicates longitudes and latitudes of the sub-satellite point and subscript 

2 is for the target point. 

The angles calculated from the target and sub-satellite points are then compared to those of 

the desired half-effective angle. If the half-effective angle is greater than the angle from the 

calculation of target points and sub-satellite points, then the satellite overflies the target i.e., 

if ‗ Ὠ , then the orbit facilitates an overflight of the target. 

2.2.2 Development of the Proposed MethodΩǎ Algorithm Using an Embarrassingly 

Parallel Approach 

Search and optimisation problems can be classified into sequence or parallel, amongst other 

classifications [72]. For some cases, running processors in parallel tend to be more efficient 

than in sequence. This has been found to be true in cases that getting stuck in local optimums 

is a possibility. Parallel methods are also used to save on computational time [72]. 

Parallelisation techniques can be used with algorithms such as, evolutionary algorithms and 

genetic algorithms amongst many other numerical and analytical methods [72, 73]. For some 

methods however, there is still a level of communication between the processes. In some 

cases, the processes are not independent on time. The elimination of this communication 

completely is what in this case is known as an embarrassingly parallel method. In other works, 

it is referred to as a naturally parallel method or pleasingly parallel methods. According to 

!ƳŘŀƘƭΩǎ [ŀǿΣ ǘƘŜ ŀŘǾŀƴǘŀƎŜ ƻŦ ǳǎƛƴƎ ǇŀǊŀƭƭŜƭ ŀƭƎƻǊƛǘƘƳǎ ƛǎ ƭƛƳƛǘŜŘ ōȅ ǘƘŜ ǇŀǊǘ ƻŦ ǘƘŜ 

computation that ends up being sequential [74]. For generally parallel or almost 

embarrassingly parallel algorithms, the communication between the processes cause a 

significant increase in computational costs [75]. In their work, J.-C. Régin et. al., [76] use an 

embarrassingly parallel algorithm to conduct a search in constraint programming. J.-C. Régin 

et. al., present an Embarrassingly parallel search where they divide their problem into 

subproblems and find it more efficient with average factor gains of over 10. J.-C. Régin et. al., 

extend this work in A. Malapert et. al., [75] where the method then proves to be efficient, 

easy to implement, and has almost no communication between workers.  
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Parallel algorithms can be divided into data division, where the processes are run on each 

batch of data or task division where each worker performs different tasks. In the case of the 

work herein presented, data division is used, where each worker performs the same process 

on different batches of data. 

The simulation of the developed method is done in MATLAB R2022B. The flow diagram of 

this simulation is presented in  

Figure 2.12 which gives the embarrassingly parallel architecture used for propagation.  

The summary of the algorithm is as follows: 

ƛΦ ¢ƘŜ ǎŜŀǊŎƘ ǎǇŀŎŜ ƛǎ ŘŜŬƴŜŘ ǿƛǘƘ ǘƘŜ Lb/Σ w!!b ŀƴŘ ¢ƛƳŜΣ ǊŀƴƎŜ ŀƴŘ ƛƴŎǊŜƳŜƴǘǎ 

ǊŜǎǇŜŎǝǾŜƭȅΣ ǘƘŜ ǘŀǊƎŜǘ [ƻƴƎƛǘǳŘŜǎ ŀƴŘ [ŀǝǘǳŘŜǎ ŀƴŘ ǇƘȅǎƛŎŀƭ Ŏƻƴǎǘŀƴǘ 

ǇŀǊŀƳŜǘŜǊǎ ŀǊŜ ŀƭǎƻ ƎƛǾŜƴΦ 

ƛƛΦ ¢ƘŜ ǎŜŀǊŎƘ ǎǇŀŎŜ ǇŀǊŀƳŜǘŜǊǎ ŀǊŜ ŎƻƳōƛƴŜŘ ǘƻ ŦƻǊƳ ŀ пπŘƛƳŜƴǎƛƻƴŀƭ ƳŀǘǊƛȄΦ CǊƻƳ 

ǘƘŜ ƳŀǘǊƛȄΣ ŜŀŎƘ ƻŦ ǘƘŜ ǾŀƭǳŜǎ ŀǊŜ ŎƻƳōƛƴŜŘ ǘƻ ŘŜǘŜǊƳƛƴŜ ƛŦ ŀƴ ƻǊōƛǘ ŀǘ ŀ ŎŜǊǘŀƛƴ 

ǝƳŜ ŦŀŎƛƭƛǘŀǘŜǎ ǘƘŜ ƻǾŜǊƅƛƎƘǘ ƻŦ ŀ ǘŀǊƎŜǘΦ CƻǊ ŜȄŀƳǇƭŜΣ ƛŦ LƴŎƭƛƴŀǝƻƴ Ґ рлΥмΥсл 

ŘŜƎǊŜŜǎΣ wƛƎƘǘ !ǎŎŜƴǎƛƻƴ ƻŦ ǘƘŜ !ǎŎŜƴŘƛƴƎ bƻŘŜ Ґ лΥмΥосл ŘŜƎǊŜŜǎΣ ŀƴŘ ¢ƛƳŜ Ґ 

лΥмлΥусплл ǎŜŎƻƴŘǎΣ όƛΦŜΦ ǘƘŜ ǎŜŀǊŎƘ ǎǇŀŎŜ ƛǎ ƻŦ рл ŘŜƎǊŜŜǎ ƛƴŎƭƛƴŀǝƻƴ ǘƻ сл 

ŘŜƎǊŜŜǎ ƛƴŎƭƛƴŀǝƻƴ ǿƛǘƘ ŀ ǎǘŜǇ ǎƛȊŜ ƻŦ ƻƴŜ ŘŜƎǊŜŜΣ wƛƎƘǘ !ǎŎŜƴǎƛƻƴ ƻŦ ǘƘŜ 

!ǎŎŜƴŘƛƴƎ ƴƻŘŜ ƻŦ л ŘŜƎǊŜŜǎ ǘƻ осл ŘŜƎǊŜŜǎ ƛƴ м ŘŜƎǊŜŜ ǎǘŜǇ ǎƛȊŜǎΣ ŀƴŘ ǝƳŜ ƛǎ 

ŦǊƻƳ л ǎŜŎƻƴŘǎ ǘƻ усплл ǎŜŎƻƴŘǎ ƛƴ мл ǎŜŎƻƴŘ ƛƴŎǊŜƳŜƴǘǎύΣ  ŀƴŘ ǘƘŜǊŜ ƛǎ ŀ ǘŀǊƎŜǘ 

ǿƛǘƘ ŀ ƭŀǝǘǳŘŜ ŀƴŘ ŀ ƭƻƴƎƛǘǳŘŜ ƻŦ рс ŘŜƎǊŜŜǎ bƻǊǘƘ ŀƴŘ ср ŘŜƎǊŜŜǎ ²Ŝǎǘ 

ǊŜǎǇŜŎǝǾŜƭȅΣ ŜŀŎƘ ŎƻƳōƛƴŀǝƻƴ ǎǳŎƘ ŀǎ ŀƴ LƴŎƭƛƴŀǝƻƴ ƻŦ сл ŘŜƎǊŜŜǎΣ ŀ wƛƎƘǘ 

!ǎŎŜƴǎƛƻƴ ƻŦ !ǎŎŜƴŘƛƴƎ bƻŘŜ ƻŦ оп ŘŜƎǊŜŜǎΣ ŀƴŘ ŀ ǝƳŜ ƻŦ плл ǎŜŎƻƴŘǎ ǿƛƭƭ ōŜ 

ŀƴŀƭȅǎŜŘ ŀƎŀƛƴǎǘ ǘƘŀǘ ǘŀǊƎŜǘΦ 

ƛƛƛΦ hƴŎŜ ǘƘƛǎ ƛǎ ŘƻƴŜ ŀƴŘ ǘƘŜ ǎǳōǎŀǘŜƭƭƛǘŜ Ǉƻƛƴǘ ǘƻ ǘŀǊƎŜǘ 9ŀǊǘƘ ŎŜƴǘǊŀƭ ŀƴƎƭŜ ƛǎ 

ƻōǘŀƛƴŜŘ ƛǘ ƛǎ ŎƻƳǇŀǊŜŘ ǘƻ ǘƘŜ ŜũŜŎǝǾŜ 9ŀǊǘƘ ŎŜƴǘǊŀƭ ŀƴƎƭŜ ƻŦ ǘƘŜ ƻƴōƻŀǊŘ 

ƛƴǎǘǊǳƳŜƴǘǎΩ ŬŜƭŘ ƻŦ ǾƛŜǿ ǿƘƛŎƘ Ŏŀƴ ōŜ ŎŀƭŎǳƭŀǘŜŘΦ LŦ ǘƘŜ 9ŀǊǘƘ ŎŜƴǘǊŀƭ ŀƴƎƭŜ ƻŦ 

ǘƘŜ {{t ǘƻ ǘƘŜ ǘŀǊƎŜǘ Ǉƻƛƴǘ ƛǎ ƭŜǎǎ ǘƘŀƴ ǘƘŜ ŜũŜŎǝǾŜ 9ŀǊǘƘ ŎŜƴǘǊŀƭ ŀƴƎƭŜ ƻŦ ǘƘŜ 

ƛƴǎǘǊǳƳŜƴǘΣ ǘƘŜƴ ǘƘŜǊŜ ƛǎ ŀƴ ƻǾŜǊƅƛƎƘǘ ƘŜƴŎŜ ǘƘŀǘ ƻǊōƛǘ ƛǎ ǾŀƭƛŘΦ LŦ ƛǘ ƛǎ ƎǊŜŀǘŜǊ 

ƘƻǿŜǾŜǊΣ ǘƘŜǊŜ ƛǎ ƴƻ ƻǾŜǊƅƛƎƘǘΣ ŀƴŘ ǘƘƛǎ ƻǊōƛǘ ƛǎ ŘƛǎŎŀǊŘŜŘΦ 
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Figure 2.12: Embarrassingly Parallel Method Architecture 

For each value of the inclination, a RAAN value is simulated with a time value. What this 

means is that for example, if the INC range is 50 ς 60 degrees in increments of 1 degree, 

RAAN range of 0 ς 360 degrees in increments of 1 degree and time range of 0 ς 86400 seconds 

in increments of 10 seconds, the simulations will be done ρπ σφπ ψφτπ σρȟρπτȟπππ 

times. This is done in parallel then stitched together to give the results. In this work it is done 

using MATLAB R2023b and uses the inbuilt MATLAB Parfor, on an intel core i7 64-bit laptop. 

It can be done using other programming languages, where different processors can be used. 

The algorithm developed based on the embarrassingly parallel approach is as presented in 

Algorithm 2.1. 

Algorithm 2.1: Developed method algorithm 

Inputs: Physical constants, Desired targets (LAT, LON), INC (max, min, increments), 

RAAN (max, min, increments), Time (max, min, increments) 

Outputs: Orbits ï Targets relationships and data 

for each RAAN 
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 for each INC 

  for each time 

   subsatellite LON and LAT do// use parallel loop to calculate for each 

RAAN, INC, time combination 

   for each target 

    Earth central angle of the field of view of satellite do// calculate from 

each SSP and target combination 

    storage do// store in a 4D matrix of target, INC, RAAN and Time 

   End 

  End 

 End 

End 

for each target 

 Test if within field of view of instrument do// filter the matrix of field of view for orbits 

that see all targets 

 Stitch the search space together 

 generate and store the orbits and results 

End 

orbits = generated results 

The developed method has an advantage where each of the simulated orbits, (Inclination ς 

RAAN) combinations, are simulated for each time. Giving an advantage of having a full view 

of the search space with less computational costs. Also, for different objective functions, 

there is no need to simulate the results again as each orbit result is already independent of 

the time. Nevertheless, the method efficiency depends on the increments used for the search 

space given. Generally, the smaller the increments the more the computational cost, but the 

better the chances of locating global maximums when optimising the results. For this reason, 

an adaptive grid that only refines the most optimum orbits is studied in chapter 4 of this 

dissertation.   

The orbit determination method proposed applies the inveǊǎŜ ƻŦ YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴǎ ǘƘŀǘ 

have been developed. The inputs to this method are the target points and physical constants. 

The search space which includes time, inclination and RAAN ranges are also given for the 

method to simulate in finite time. Depending on the search space size, the method yields 
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thousands of possible orbits that will facilitate overflight of the given targets. A condition that 

the orbits determined must facilitate overflight of all the targets or not, can be applied to the 

method as a filtration to the results obtained. The next step in this work is therefore 

optimising the orbits based on the specific requirements. In Chapter 3, different objective 

functions are used to optimise the orbital results. Depending on the operator requirements, 

the objective functions can be selected and optimisation done without the need for a re-run 

of the simulations. For this work the studies include the number of times that a satellite in 

an orbit views the targets and the duration of view of the targets within a given period of two 

days. One of these objective functions is compared to some previous work as a validation of 

the developed method; see section 3.1.  Section 2.3 gives a presentation of the simulation of 

the method. Throughout the work, unless otherwise stated, the physical constants used are 

as presented in table 2.9. 

Table 2.9: Simulation Physical Search Space Parameters used throughout the thesis (unless 
otherwise stated). 

Parameter Symbol Value Units 

Revolutions R 29 Cycles 

Number of days D 2 Days 

Radius of the Earth RE 6,378,000 Meters 

Half Effective Angle ɶ 20 Degrees 

Start Time t0 00:00:00 1 January 2017 Julian Date 

Greenwich Hour Angle ʍet0 100.84 Degrees 

9ŀǊǘƘΩǎ Ǌƻǘŀǘƛƻƴ ʍ 7.292106590880652e-05 Rads/sec 

Standard gravitational parameter of 

the Earth 

E˃ 3.986004418e14 M3/s2 

%ÁÒÔÈÓ ÇÒÁÖÉÔÁÔÉÏÎÁÌ ÚÏÎÁÌ ÈÁÒÍÏÎÉÃ J2 1.0827e-3  - 

 

2.3 Developed Method Simulation, Results and Analysis 

This section presents the results, analysis, and discussions obtained from simulating the 

method described in section 2.1 ς 2.2. The simulations, results and analysis given in this 

section are in the following sequence: 

ƛΦ ¢ƘŜ Ƴŀƛƴ ǎƛƳǳƭŀǝƻƴ ƻŦ ǘƘŜ ƳŜǘƘƻŘ ƛǎ ŘƻƴŜ ŀƴŘ ǘƘŜ ƻǊōƛǘ ǎƻƭǳǝƻƴǎ ƻōǘŀƛƴŜŘ ŀǊŜ 

ƎƛǾŜƴΦ 
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ƛƛΦ ¢ƘŜ ƻǊōƛǘǎ ŀǊŜ ǎƛƳǳƭŀǘŜŘ ŦǊƻƳ ǘǿƻ ŘƛũŜǊŜƴǘ ŀƴƎƭŜǎΤ ǘƘŜ ŬǊǎǘ ƛǎ ǿƘŜƴ ŀ ǎŜƭŜŎǘŜŘ 

ƻǊōƛǘ Ƴǳǎǘ ŦŀŎƛƭƛǘŀǘŜ ƻǾŜǊƅƛƎƘǘ ƻŦ ŀƭƭ ǘŀǊƎŜǘǎ ŀǘ ƭŜŀǎǘ ƻƴŎŜΣ ŀƴŘ ǘƘŜ ǎŜŎƻƴŘΣ ƛǎ ǘƘŀǘ 

ŀƴ ƻǊōƛǘ ƛǎ ǎŜƭŜŎǘŜŘ ƛŦ ƛǘ ŦŀŎƛƭƛǘŀǘŜǎ ƻǾŜǊƅƛƎƘǘ ƻŦ ŀƴȅ ƻƴŜ ƻŦ ǘƘŜ ǘŀǊƎŜǘǎ ŀǘ ƭŜŀǎǘ ƻƴŎŜΦ 

ƛƛƛΦ LƴǎƛƎƘǘǎ ƻōǘŀƛƴŜŘ ŦǊƻƳ ǘƘŜ ǊŜǎǳƭǘǎ ŀǊŜ ǇǊŜǎŜƴǘŜŘ ŀƴŘ ǎƻƳŜ ŀŘǾŀƴǘŀƎŜǎ ƻŦ ǳǎƛƴƎ 

ǘƘŜ ǇǊƻǇƻǎŜŘ ƳŜǘƘƻŘǎ ŀǎ ǎŜŜƴ ƛƴ ǘƘŜ ǊŜǎǳƭǘǎ ŀǊŜ ƘƛƎƘƭƛƎƘǘŜŘΦ 

ƛǾΦ WǳǎǝŬŎŀǝƻƴ ƻŦ ǘƘŜ ŀŘŘŜŘ ŀŎŎǳǊŀŎȅ ǿƘŜƴ ƛƴŎƭǳŘƛƴƎ Wн ǇŜǊǘǳǊōŀǝƻƴǎ ǘƻ ǘƘŜ ƻǊōƛǘ 

ŘŜǘŜǊƳƛƴŀǝƻƴ ƳŜǘƘƻŘƻƭƻƎȅ ƛǎ ƎƛǾŜƴΦ 

ǾΦ aŜǘƘƻŘ ŜǊǊƻǊ ŀƴŀƭȅǎƛǎ ƛǎ ŘƻƴŜ ǳǎƛƴƎ ŀ ǘƘƛǊŘπǇŀǊǘȅ ǎƻƊǿŀǊŜΦ 

2.3.1 Simulation of the Proposed Method and the Results Obtained  

Using the developed method algorithm described in section 2.2, the simulation is done using 

MATLAB R2022b. The inputs to the simulations as required by the method are, orbital search 

space parameters, physical parameters, and desired ground targets. The inputs used for the 

simulations in this section are presented in Table 2.10 ς Table 2.11 for the orbital search 

space and the targets respectively.  The physical parameters used are presented in Table 2.9. 

Table 2.10: Search Space parameters giving the range and increments of the inputs. 

Parameter Range Increments Units 

Inclination 50-130   0.05  Deg 

Right Ascension of Ascending Node 0-360  0.5  Deg 

Time (From Epoch) 0 ς 172800 10 Sec 

    
Table 2.11: List of targets required to be overflown. 

Target City Longitude, deg Latitude, deg 

1 Moscow 37.4 55.5 

2 London 0.1 51.3 

3 Peking 116.2 39.6 

4 Washington, D.C -77.0 38.5 

5 Los Angeles -118.2 34 

6 Miami -80.1 25.5 

7 Hong Kong 115.1 21.2 

8 Rio -43.2 -22.5 

9 Sydney 151.1 -33.5 

10 Buenos Aries -58.3 -34.4 
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These 10 geographical target locations are presented in Figure 2.13.  

 

Figure 2.13: Global view of the 10 Targets Used for the simulation of the developed 
analytical method in this section. 

The developed method algorithm is simulated using the given search space values, physical 

constants values and targets. First, the orbits that facilitate overflight of any of the given 

targets are determined. The orbital results from these are graphically presented in Figure 

2.14 in terms of the inclination and Right Ascension of the Ascending Node values. The black 

and shaded parts show the inclination and right ascension of the ascending node values of 

orbits that have been determined to facilitate overflight of the targets. 

 
Figure 2.14: Solutions of the orbits, (Inclination and RAAN), which can facilitate the overflight 
of any of the targets at least once in 2 days. 
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From Figure 2.14, it is evident that within the given search space, most orbits can ensure 

overflight of at least one of the desired targets at a certain time after epoch. There are, 

however, some orbits that at no given time will they facilitate a view of any the targets within 

the duration of 2 days. The results need extra analysis to determine the optimum orbits 

depending on the mission requirements. Insights such as which targets will be overflown by 

satellites on which orbits, which satellites overfly the targets for longer durations of time, etc 

need further analysis and querying of the results. This analysis is presented in the Case 

Studies section of this dissertation, chapter 3. 

An advantage of this method being analytical, is a simplified analysis of a ground-track shift 

using the longitude values. A RAAN-shift while maintaining the shape of the ground-track and 

the other orbital values can be achieved by changing the epoch time. For example, when the 

start date is set to 1st January 2017 00:00:00, UTC Gregorian time, the longitude of the 

ascending node at epoch time, in this work referred to as the Greenwich Apparent Side Real 

Time (GAST) is calculated as 100.8 degrees. The GAST value indicates an addition of a factor 

of 100.8 degrees to the longitude calculation and if this value is set to zero, the ground-tracks 

will have a similar shape but there will be a shift in the longitudes hence RAAN. To verify this, 

a simulation is performed using a GAST of 100.8 degrees, 70 degrees and 0 degrees. The 

analysis is done for search space parameters presented in Table 2.12, with physical 

parameters and targets previously presented in Table 2.9 and Table 2.11, respectively. The 

results for these simulations are presented in Figure 2.15 which shows the differences 

between orbits obtained when using the different GAST values. 

Table 2.12: Search Space parameters used for the different GAST values 

Parameter Range Increments Units 

Inclination 50-80   0.2  Deg 

Right Ascension of Ascending Node 0-270  1  Deg 

Time (From Epoch) 0 ς 172800 10 Sec 
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Figure 2.15: Inclinations and RAANs of orbits that were found after simulating GASTs of (a) 0 
degrees,  (b) 100.84 degrees, and (c) 70 degrees on the bottom left. 

From Figure 2.15, the impact of the GAST value on the orbit solutions can be observed. At 80 

degrees inclination for example, when RAAN is 0 degrees, there is an overflight of at least 

one target by a satellite on those orbits, when the GAST is 0 and 70 degrees, but when the 

GAST is 100.84 degrees, there is no overflight.  

To further analyse the effect of the GAST and the advantage in terms of using the presented 

method, a ground-track comparing the different GAST values is presented in Figure 2.16. This 

figure shows that the main effect is a shift of the initial ground track longitude. To produce 

the ground track, one of the calculated orbits obtained when GAST = 100.84 deg. is used. The 

orbital values and the time span are as presented in Table 2.13. From these results, it can be 

observed that the orbital solutions are dependent on the reference epoch time and to get to 

a target, a ground-track shift can be achieved using the GAST. This is shown by the shift in 

ground tracks as the GAST value changes.  

Table 2.13:  Orbital element values used to simulate the difference in ground-tracks for 
different GAST values. 

Parameter Inclination RAAN Time Span 

Value 56.60 deg 213.01 deg 7200 sec 
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Figure 2.16: Ground tracks of different GAST values when all other orbital elements are the 
same 

From this analysis, it is observed that a ground track shift using the starting time can ensure 

a pass over a desired target. The difference in longitude to get to a target in case an orbit 

does not facilitate its overflight, can be calculated. This may determine how much the ground 

ǘǊŀŎƪΩǎ ǎǘŀǊǘƛƴƎ ƭƻƴƎƛǘǳŘŜ needs to be shifted to ensure an overflight. The case presented in 

Figure 2.16 uses an orbit that facilitates the overflight of the targets with a GAST of 100.84 

degrees; when the orbit is shifted however, i.e., using a different GAST, some of the targets 

viewed by the GAST 100.84 degrees orbit are not viewed. This concept of shifting ground 

tracks to get the desired orbits has been studied by scholars such as C. Circi et. al., [21] who 

use a sliding ground track method to get to their desired orbit. C. Circi et. al., do this by 

implementing manoeuvres in inclination and altitude. The method developed in this chapter 

can therefore provide guidance on an orbit that would require shifting the RAAN instead and 

this can be done as future work. Generally, this analysis shows that the derived method can 

be an ideal guide for, orbit designers, satellite orbit determination, and the fact that it is fast 

and gives general insights, it saves on computational time and ideally computational costs.  

Some valuable initial insights can be drawn from the results as it shows the full search space 

solutions. The errors and validation are however analysed in section  2.3.2 and 3.1 of this 
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dissertation. To show an application of the results obtained from the method, a condition 

that all determined orbits must facilitate overflight of all ten targets at least once is imposed. 

The full simulation does not need to be re-run but an algorithm that includes this condition 

is added. From this, the full search space solutions of the determined orbits are graphically 

given on Figure 2.17 in terms of the orbit Inclinations and the RAANs. The values of the search 

space, the targets and the physical values are as in, Table 2.10, Table 2.11, page 43, and Table 

2.9, page 42, respectively. 

  
Figure 2.17: Solutions of orbits, (Inclination and right-ascension combinations), which 
facilitate a view of all the targets at least once in 2 days. 

Figure 2.17 illustrates the orbital solutions that provide at least one overflight of all ten 

targets within 48 hours of epoch time. Due to the condition that the determined orbits must 

facilitate overflight of all targets, the solutions are fewer than those that overfly at least one 

of the targets. This shows that the method gives results that are logical. From the results 

presented in Figure 2.17, it can also be observed that satellites on some orbits below 55.5 

degrees inclination are found to view all the targets but that no orbits below approximately 

53.4 degrees inclination enable the view of all the targets. This can be attributed to the fact 

that the highest latitude target point is target 1, Moscow, which is at 55.5 degrees latitude. 

Due to the field of view angle of the instrument selected, i.e., 20 degrees, at an inclination of 

53.4 degrees, target 1 is viewed. This again shows that the method logically works as 
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expected. Some insights can be drawn from these results. One is that even above an 

inclination of 55 degrees, there are some inclinations that do not view all the targets, and 

those that do, have some RAAN values that do not view all the targets. This can be quite a 

useful insight to an operator or for certain satellite tasking purposes as well as revisit orbit 

designs.  

Another insight is that satellites on more orbits that are between inclination 50-60 degrees 

and approximately 120-130 degrees, view all the targets at least once than inclinations above 

60 degrees and below 110 degrees. Generally, changes in inclination require more fuel and 

change in velocityΣ ɲ-V, increase for such manoeuvres. It is therefore more viable to change 

the RAAN than changing the inclination. At some Inclinations also, some RAANs do not 

facilitate the viewing of all the targets but when the RAAN changes, they eventually do. This 

shows that if the inclination, semi-major axis and other classical orbit elements are held 

constant, the drift in RAAN will cause it to eventually view the targets again without using 

much fuel. This however depends on the type of mission as some missions require either a 

specific revisit or in cases of emergencies, it requires exact overflight at specific times. The 

change of RAAN with time can be computed using equation (2.40). Taking for example an 

Inclination = 56.9 degrees, Semi-major axis of 7042.1 km, and physical constants same as the 

ones on Table 2.9 the rate of change of RAAN and other values can be calculated. In this 

example, the rate of change of RAAN per second is calculated to be -4.45e-05 degrees per 

second. The change of RAAN per day is therefore 3.84 degrees. 

From this, analysis, if RAAN starts at 0 degrees, it will take approximately 93.57 days for it to 

be at 0 degrees again in an ideal scenario. Further analysis and simulation of this using third 

party software gave 91 days for the RAAN to be equivalent to the epoch RAAN value. The 

proposed method can therefore give further insights into what orbital elements to change to 

achieve overflight of the desired targets. 

2.3.2 Justification of Including J2 to the Proposed Method Calculations 

In section 2.3.1, the full developed method while including the J2 ŜŀǊǘƘΩǎ ƻōƭŀǘŜƴŜǎǎ 

perturbation is simulated. In section 2.2 on the other hand, the haversine distance between 

a perturbed orbit and an orbit using the same orbital elements but without considering J2 is 

given. In this section, further analysis is done on the results obtained from the method 

developed in this dissertation when J2 is included in the calculations and when J2 is not 
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included. A comparison of the two is used to show the impact of not including the 

perturbation in the developed method. For this, three target points are considered. The input 

orbital parameters, the targets, and the physical constants are presented in Table 2.14, Table 

2.15 and Table 2.9, respectively.  

Table 2.14: Search Space parameters, the increments are now 0.2 degrees for inclination 
and 0.5 degrees for right ascension of the ascending node. 

Parameter Range Increments Units 

Inclination (deg.) 50-70   0.2  Deg 

RAAN (deg.) 0-360  0.5  Deg 

Time (From Epoch) (sec.) 0 ς 172800 10 Sec 

    
Table 2.15: List of targets used for simulation of inclusion and exclusion of J2, Earth secular 

perturbations. 

Target Description Longitude, deg Latitude, deg 

1 Celtic Park, Centre spot -4.2055 55.8497 

2 Fenway Park, Home Plate -71.0977 42.3462 

3 Eden Park, Centre Spot 174.744 36.8749 

From the simulations, Figure 2.18 and Figure 2.19 which show the orbit solutions when 

perturbations are considered and when they are not is obtained.  

 
Figure 2.18: Inclinations and Right-ascensions of orbits that enable the view of all targets at 
least once when no perturbations are included. 
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Figure 2.19: Inclinations and Right-ascensions of orbits that enable the view of all targets at 

least once when J2 perturbations are included. 

From Figure 2.18 and Figure 2.19 presented, it is evident that when J2 is not included, there 

are not only RAAN errors but inclination errors are evident as well. The impacts of the errors 

are illustrated when considering mission objectives such as maximising the mean number of 

target overflights. Some of these differences are highlighted in the 3D plot presented in 

Figure 2.20 showing the inclination, RAAN, and the mean maximum number of overflights of 

target point 1. Table 2.16 highlights some of these major differences in orbits for the results 

when J2 is included and when not for the different target locations. The considered results 

are those within an inclination range of 50-60 degrees. However, as the period of simulation 

is short, set to two days, atmospheric drag is not considered despite the orbits being Low 

Earth Orbits, LEO. For greater periods however, this would be considered for increased 

accuracy. 

Table 2.16: Differences observed for orbits when J2 is included and when J2 is not included. 

Parameter Value with J2 Value without J2 

Number of orbits determined 46381 46391 

Maximum number of target 1 overflights 7 6 

Maximum number of target 2 overflights 3 4 

Maximum number of target 3 overflights 2 3 
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Figure 2.20: 3D graph of Inclination, RAAN and number of times viewed showing the 
differences when J2 is present and J2 not present for target point 1. 

For the other targets, as well, there are expected errors in the calculations when J2 is not 

included compared to the simulation when it is. Other errors are in the duration of view, 

which is expected due to different orbits being found, but these are further presented in the 

appendix section of this dissertation. This shows that the inclusion of J2 is necessary for the 

accurate usage of the developed method and more so when target specific missions are being 

considered. 

2.3.3 Error Analysis Using Third Party Software 

As research for more accurate methods for both orbit and ground-track propagation are still 

on going, numerical methods are said to have a higher accuracy but also higher 

computational cost than analytical methods. This section gives an analysis of the accuracy 

errors incurred from the presented method by comparing the calculated results to ground-

track propagation done using a third-party software. The analysis in this section uses b!{!Ωǎ 

GMAT, version GMAT R2022a. The numerical propagator of GMAT is set to use RungeKutta89 

and the JGM-3 gravity model of degree 70 and order 70. The targets used are the 10 targets 

presented in Table 2.11 and the simulation is done using the orbital search space values on 

Table 2.17.  
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Table 2.17: Orbit values used for simulation, in this case the RAAN increments are 1 degree. 

Parameter Value(increments) 

Inclination Range (Increments) (deg.) 50-60 (0.2)  

RAAN Range (Increments) (deg.) 0-360 (1)  

Time Range (Increments) (sec.) 0-172800 (10)  

Some of the orbits that the method identifies to enable a view of all the targets are also found 

to overfly all the targets on GMAT. To enable the simulation of an exact scenario used in the 

method to be used on GMAT, the target minimum elevation angle which is related to the 

spacecraft elevation angle is calculated to be 67.82 degrees. The calculation used to obtain 

this angle is presented in Appendix C. To illustrate the validity of the method, two orbits that 

the method yielded are selected. The total duration of view of the targets by the orbits in 48 

hours is calculated. The selected orbits and their total duration of view values both from the 

method and GMAT are presented in Table 2.18. The two orbits are found to have almost the 

same total duration of view values when calculated from the developed method and when 

simulated on GMAT.  

Table 2.18: Solutions found for total duration of view by the highlighted orbits when 
ground-track is propagated by the developed analytical method and on GMAT (2 orbits) 

Parameter GMAT 

Developed 

method GMAT 

Developed 

method 

Semi-Major Axis (km) 7040.5 7040.5 7040.9 7040.9 

Inclination (deg) 55.2 55.2 55.6 55.6 

RAAN (deg) 150.0074 150.074 225.112 225.0112 

Duration of view of targets (sec) 830.407 830 809.1896 810 

These results of the ground track from GMAT and the ground track from the method for the 

55.2-degree inclination orbit are presented in Figure 2.21 and Figure 2.22 respectively.  
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Figure 2.21: Ground track simulated from GMAT propagation for orbit with 55.2 deg. 
Inclination and RAAN 150.074 deg. 

 
Figure 2.22: Ground track plot from MATLAB simulation for orbit with RAAN==150.0074 deg. 
and Inclination==55.2 deg. 
 

The differences in longitude and latitude are not obvious from the ground track plots. The 

results from both simulations are therefore analysed further by considering the longitudes 

and latitudes individually. The start point from the two methods are similar in epoch 

longitude as the GAST used is the same for both. The latitudes on the other hand are found 

to be very similar and have a positive covariance diagonal and a correlation factor of 

approximately 1 whereas the longitudes have a negative covariance diagonal and a 

correlation coefficient of -0.0284 which is approaching zero.  






























































































































































































































































































