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SUMMARY

The mathematical analysis of static electromagnetic

devices such as transformers, voltage stabilisers, ecte., is
complicated by the nonlinear, multi-valued relationship between
flux density and field strength in the ferromagnetic core.
Initially, various methods of analysis are discussed, with
emphasis on the importance of incorporating a means cf
adequately representing the influence of the magnetisation

characteristic, and the physical structure of the core.

The single-valued exponential series representation of
the flux density / field strength relationship which was develop-
ed in an earlier investigation into transient currents in trans-
formers due to switching of the supply, is modified and
extended to cater for the non-unique nature of the B/H
relationship. This new representation is then incorporated
into the mathematical models of single-phase and three-'limb,

three-phase transformers, which are utilised in the study of

residual core conditions in these devices.

The ways in which residual conditions are es-tablished,
and the influence of such factors as load and primary circuit
configuration are examined, both experimentally and theoretic-
aily, and the results used in devising a simple graphical
~ technique for estimating the magnitude and polarity of remanent

flux and m.m.f. A study is also made of the eiffect of

residual conditions on the transient currents which occur on

reapplication of the supply.

An example of the extension of the range of application
of the transformer model is demonstrated in a brief study of

ferroresonance 1n single- and three-phase systems. The



processes involved in the initiation of a stable resonant

condition are considered, and a comparison of computed and
recorded steady-state current, voltage and flux density wave-

forms is made,

Finally, general conclusions are drawn, and some
suggestions are made as to how the transformer model might
be improved, together with examples of other areas of interest
in which the analytical techniques developed for the transform-

er may be applied.
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-CHAPTER 1-

INTRODUCTION

The use of iron and other highly permeable materials
is almost universal as the basic constituent of the core of
electromagnetic machines., The magnetic properties of these
materials can be extensively modified to suit almost any
application, by combining them with other elements in alloys.
There are, however, two aspects of magnetic behaviour which
characterise these materials, in any form, and which cannot
be completely eliminated without destroying the ferromagnetic
properties. Magnetic nonlinearity and hysteresis are well-
documented phenomena which present considerable problems in

the analysis of electromagnetic devices incorporating ferro-
magnetic materials,

One means of avoiding these problems is simply to
neglect the eiffects of saturation and hysteresis, and results
produced from this type of analysis are reasonably accurate in
many cases, There are instances, however, where linear
theory fails to yield reliable solutions, and it becomes necess-
ary to make allowance for the magnetic properties of the core
in the analysis, ¥For example, the transient performance of
transformers and other static electromagnetic devices is
determined almost entirely by the magnetisation characteristic
- of the core material, Certain aspects of steady-state behaviour
are also greatly influenced by the effects of saturation and
hysteresis, such as in the case of ferroresonance.

An investigation into the the effects of magnetic non-
linearity in static electromagnetic devices was initiated in the

Department in 1368, aimed at establishing a method of

accurately computing the transient currents due to switching of



the supply, This was a direct result of the significant

discrepancies between theory and practice, found when linear
methods were used in the transient analysis of induction motors
rotating at sub- and super-synchronous speedsl5. The initial
investigation1 was concentrated on static devices in general, and
single~- and three-phase transformers in particular, and was
intended as a preliminary study of magnetic nonlinearity, the
results of which would ultimately be applied to rotating
machines such as a.c. commutator and slip-ring motors,
Instead, it has formed the basis of an extensive investigation

into the more fundamental aspects of the electromagnetic

behaviour of transformers.

1.1 Project History.

At the time of the start of this work in 1968, the
techniques available for the analysis of static nonlinear electro-
magnetic devices had not been sufficiently developed to enable
the various quantities (current, flux, etec.) to be calculﬁted to
within a reasonably consistent degree of accuracy, both in
terms of the amplitude and shape of the waveforms. This
latter requirement is a consequence of the methods used in
power system protection where it is necessary to distinguish
between transient inrush currents, and those due to faults in

the transformer.

The reasons for these weaknesses in the available

techniques of analysis were twofold;

(i) The difficulty in taking full account of the actual
magnetic circuit arrangement in polyphase systems, and hence
the effect this may have on the performance.

(ii) The errors introduced by neglecting the nonlinear

properties of the magnetisation characteristic of the core, or

T
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by using an inaccurate method of rcepresentation,

A solution to the first of these problems was found by
deriving a series of nonlinear diffierential and algebraic
equations to describe the electric and magnetic circuit relation-

ships of a general, static, electromagnetic system. Similar

work was later published by Nakra and Barton2 which served

to reinforce the validity of this approach.

MacFadyen1 also examined in detail the various ways
in which the magnetisation characteristic could be representgd
mathematically for use in solving the system equations. The
existing methods using linear approximations, Fourier series,
power series, etc,, failed to provideh a convenient means of

accurately representing the B/H curve over the complete range
of field strength, i.e. O0sH<©®, The method of analysis

also requires that the differential permeability (dB/dH) or the
slope of the B/H characteristic be accurately represented. A

simple, yet highly accurate method of expressing the flux
density as a function of field strength using an exponential
series was devised which, é.lthough neglecting the non-unique

nature of the B/H relationship, nevertheless provided the
means whereby transient currents in single-phase and three-

phase transformers could be accurately computed.

The results of this investigation showed the eifects

which inter-phase magnetic coupling can have on the transient

performance of polyphase transformers, and the influence
which this effect has, together with the magnetisation character-

istic, on the shape of the transient waveforms.



1.2 Aims of the Present Investigation,

Over the past five to eight years there have becn
significant advances in the field of electromagnetic analysis,
for example references 3,4 and 5, as a result of the ever-
increasing capability of digital computers to perform largé
amounts of arithmetic. Finite difference and finite element
techniques can now be épplied to a wide range of problems to
produce solutions of great accuracy. In the light of these
recent developments it is necessary to reappraise the type of

transformer model proposed by MacFadyen,and Nakra and
Barton, and to consider whether there are, as yet, any

realistic alternative methods of analysis.

The single-valued function representation of the B/H

relationship has been shown to be adequate when considering
cases of zero initial flux in the transformer core, and

simultaneous switching of the supply in a polyphase system.
However, as reference 2 indicates, the level of residual flux,
when present, i1s a very important factor in determining peak
transient current due to switching the supply. It is therefore
considered necessary to incorporate a representation of the
complete magnetisation characteristic in the transformer model,
and to examine in detail the establishment of remanent core
conditions, and the effect which these have on subsequent

transformer behaviour.

The use of the transformer model need not be limited
to the study of transients due to switching of the supply. As
an example of the possible range of application, practical
cases of ferroresonance in single-phasec and three-phase
systems are analysed, and results compared with laboratory

test measurements.



-CHAPTER 2-
TRANSFORMER MODEL

In any investigation which involves the analysis of

systems incorporating electromagnetic devices such as trans-
formers, tﬁe first requirement is to select or devise a
suitable method of representing mathematically the device and
the associated external circuit (supply, load, etc.). There
are several factors which must be considered when choosing
the method of representation, or model, to be used. These

.factors are,

(a) The type of application, e.g. transient, steady-

state, linear, nonlinear, etc.

(b) The accuracy required.

(c) The complexity of the model.

(d) The flexibility of the model for application to

other situations.

(e) The fidelity of the model compared with the real

system.

The facilities available for computational work will

normally fix the limits on factors (b) and (c), although it may
not be necessary to work at those limits. Factors (d) and

(e) are often limited only by the ingenuity of the investigator.

For the purposes of the present investigation into the
performance of static, nonlinear electromagnetic devices, it is
essential that the model used is valid for both steady-state and
transient applications, _and' that magnetic nonlinearity and



hysteresis can, if necessary, be incorporated in the

representation,

Many of the phenomena associated with transformer
behaviour such as ferroresonance, transient currents, residual
conditions, etc., are very dependent on system conditions,
and for this reason it is desirable that maximum accuracy in
computation is achieved, commensurate with the facilities
available. Thus the number of approximations made should be
kept to a minimum, while not unduly increasing the complexity

of the representation and consequently requiring large amounts
of computer run time for relatively little output. Since it is
envisaged that the techniques used here will be extended to
cover other aspects of transformer bechaviour, beyond the scope

of the present investigation, the model chosen should ideally

correspond as closely as possible to the actual device and
incorporate maximum f{lexibility for further application.

2.1 Approaches to Transformer Modelling.

There are basically .three ways in which the problem

of mathematical representation of electromagnetic devices may
be tackled,

1. Equivalent circuit methods.
2. Magnetic field analysis.
3. Combined magnetic and electric circuit model.

and the choice of which approach to take in any particular
investigation can be made by considering the factors discussed

above.

The equivalent circuit method of transformer analysis

is a well established technique for use in steady-state

10



applications, and as such is an invaluable tool. However, a
model of this type lacks the flexibility, fidelity and accuracy
required in the present investigation. The equivalent circuit
of a single- phase, two winding transformer, shown in Fig.
2.1.1 can be adapted to cater for transient as well as steady-
state conditions by allowing M, the mutual inductance between
the two coils, to vary as a function of the coil currents.

This version of the equivalent circuit model, while no longer
suitable for producing algebraic solutions to the steady-state

performance, is nevertheless adequate in most applications

where a complete solution is required, as long as the relation-
ship between M and the coil currents can be accurately

represented.

Extending this equivalent circuit of the single-phase

transiormer to the poly-phase case, where each phase of the

transiormer is represented by a circuit identical to that of
Fig. 2.1,1, does not give a sufficiently accurate representation
of the real system since magnetic coupling between individual

- phases is not catered for except for the conditions under

which the transformer parameters aré measured. While such
a representation can often give good results in terms of the
peak transient current and steady-state performance, it is
un_likely that close correlation between computed and recorded
waveshape will be achieved, which could be a critical factor

in protection systems applications,

Another factor which will be very dependent on magnetic
linking between phases is the condition of the core following

supply interruption, i.e. residual conditions. A transformer
which has been energised and then disconnected from the

supply will almost invariably have residual flux in the core.

Since disconnection does not normally occur simultaneously in

11



all phases, inter-phase magnetic coupling can affect the
residual flux levels in the de-energised phases during the
disconnection procedure., It is therefore improbable that a
method of analysis based on an equivalent circuit model of the

transformer would produce sufficiently accurate results for the

purposes of the present study.

The second type of approach to transformer analysis,

which relies almost completely on the direct solution of the
magnetic field equations, will almost certainly produce the
most accurate results and be most flexible in its application.
This is due to the close correlation between this method of
representation and the actual device. A full solution would in
this case require that the problem be treated as 3-dimensional
(e.g. reference 3), and account taken of the distribution of the
flux in the magnetic core and in the air, or other insulating
material, around the transformer. The steel tank which
invariably encases large power transformers can greatly
increase the complexity of the problem.

As with all complex problems, there are various
approximations which may be made to reduce the amount of
work required to produce a solution. For example, by split-
ting the analysis into two parts, the air flux distribul:ion4"5
and the core ﬂuxs, a degree of simplificétion can be achieved.
Little error is introduced, and the problem greatly simplified

if a 2~-dimensional solution 1is sought4'7, and a degree of

| symmetry assumed.

Irrespective of the number of simplifying assumptions
made, the problem requires the use of numerical methods to
solve the nonlinear field equations; usually finite difference or

finite element methods are empioyed. Solutions of this type

12



tend to involve large amounts of computer time, and this
factor alone virtually excludes the use of this method of
representation for all but the most specialised of applications
requiring the solution to a strictly limited number of situations,
such as the examination of the leakage fields in a power
transformer or saturation effects at corners in the core. For
more general problems, such as transient analysis, which
require a large number of calculations to be carried out, the
complete utilisation of field analysis techniques becomes, ifor

the present, an impractical proposition.

As computer systems develop, and faster, more power-
ful machines become available, the use of field analysis to
solve time-varying problems involving nonlinear electromagnet-
ic devices should become {feasible, As a first step towards

this aim, methods of representing the transformer mathematic-

ally have been developed which incorporate aspects of both

circuit and field theory; without becoming over-complex and
therefore limited in their application. This type of approach,
while making certain simplifying assumptions regarding the
fields and fluxes in the system, takes account of the relation-

ship between the electric circuit and magnetic circuit quantities,
and has been shown to give reasonably accurate resultsl’z.
The amount of computing time required is considerably less

than that to produce the solution to a given problem using
~ field analysis alo:)ne:1 and is only slightly more than the time
- taken using equivalent circuit techniques.

This latter method of transformer modelling therefore

appears to offer the best compromise between the two other
methods described above, and is the method which has been

adopted for use in the present investigation, A short

description of the techﬁique and examples of the application to

13



transformers is given below,

2.2 General Electromagnetic System.,

Maclf“:al.dyen1 has proposed a method of representing
mathematically a general static electromagnetic system based
on a physical model of the magnetic circuit. A similar

approach has been taken by Nakra and Barton2 in that the

equations describing the system are divided into two categories,

viz., the electric circuit equations and the magnetic circuit

equations.

2.2.1 Electric circuit equations.

The voltage equations for the coils on any limb of the

general polyphase system shown in Fig. 2.2.1 can be written
as,

vV, = in'Rn + ln'pin + Nn.pQ)j
where, Q)j is the component of flux linking all coils on the

j th. limb. Thus for the case of two windings per phase,

referring all quantities to N turns,

Va lA'RA + lA'piA + N.ij

cecsssd 2.1

v, 1, .R+ la.pla + N.ij

- Qj will be mainly confined to the magnetic core. The

expression for the corresponding e.m.f., N. pQ)j can therefore

be expanded in terms of the magnetisation characteristic of

the core. Assuming uniform flux distribution over the cross-

sectional area of the limb, then,

Qj = B]...Aj

14



thus,
N.A

N. p(é)j .ij

|
N.'Aj.(dBj/de).ij ceeceeD.242

re

where dBj /dH]. is the differential permeability or slope of the

magnetisation characteristic,

A magnetisation current for the limb, ij’ is defined by,

i. = H..L./N
8 o Ly/

where L.'i is the mean flux path length in the limb. Substituting |
for Hj in eqn. 2.2.2,

N.pQ)j = Mj.pij
where, M. = NZ.A..lu /L.
} 1 /d” ] SR
which has the dimensions of inductance, Eqn. 2.2.1 can now
be written as,
Vo S iA'RA + IA.piA + Mj.pij
cecneedel.d
vV, = ia‘Ba + la. pia + Mj.pij
A series of equations of this type can be derived for each
limb in the system. In order to solve the equations it is
/

necessary to establish further relationships since for each

limb in the system there is one unknown quantity more than

the number of equations.

15



2.2.2 Magnetic circuit equations,

The additional equations required are obtained by
consideration of the magnetic circuit relationships. Magnetic
flux will be present in the core and in the air between any

two points on the core provided an m.m.f. cxists between the

points. In the general system with n-coils per phase, any
component of flux may link with one or more coils on the
same limb. Flux may also link with all coils on the same
limb but fail to link with coils on other limbs, This
component of flux, which has a path mainly in air, is defined
as the phase-leakage flux, and the corresponding phase-leakage
inductance is taken as being constant, For convenience, the
phase-leakage flux associated with each limb is assumed to be
concentrated in a single phase-~leakage path, as shown in Fig.

2.2.2, which also shows the other assumed flux paths in the

system.

’ T oA
Applying Ampere®s Magnetic Circuital Law,

Y iN = ng.dl

round any closed path in the system will result in an equation

such as,

N...;i'A + N.ia = Hl'_Ll + I,{pl'Lpl ceoesel.d. b

which is obtained by taking a path comprising limb 1 and the
phase-leakage path for that limb, :(Fig. 2.2.2). Substituting
for H1 and le in eqn. 2.2.4, and dividing throughout by N,

cecsaslealeD

16



where i1 and ipl are the magnetising currents associated with

the main flux in limb 1 and the phase-leakage flux for that

limb respectively.

Further equations may be derived by summing the

fluxes at a junction, since,

§B.dS = 0

then for the junction of limb 1 and the upper yoke,

Dy + D1+ 9P31-9p1 = O

Substituting for @ in terms of B, and differentiating with
respect to time gives, fdy ¢/,

E

A1-Tar-PHy * Bogbqar-PHyy + AgpePy3q-PHgy = Apyep-PH ;=0

le. M;.ply + Myeplyy + Mgy.pigy - M

pl'pipl =0 ,.2.2.6

The complete system can therefore be represented
by a combination of simultaneous differential and algebraic
equations of the type given in eqns. 2.2.3, 2.2.5 and 2,2,6,
Two specific examples are given below which are relevent to
the present investigation, viz,, the single-phase, two winding
transformer, and the three-phase, three-limb, two winding per

phase transformer.

17



2.3 Single-Phase Transformer,

The voltage equations for the two winding, single-
phase transformer, shownin Fig, 2.3.1 are,
vV, = lA'RA + lA.plA + M.plm

A
r--¢¢.2-3.1

il

.V, la'Ra + la‘pla + M.plm

where all quantities are referred to N, (primary) turns. The

magnetic circuit equation is,

iA+ ia. = im ceceeeldele

and substituting for i in egn, 2,3.1 gives,

vy = 1,.R, + 1A'piA+ M.p(iA+ia)
l.....2.3'3
Va. = la.Ra + la.pia + M-p(iA"' ia)

which are the equations for the simple equivalent circuit
shown in Fig. 2.1.1. Allowance can bhe made for eddy-current

loss by the conventional method of loading a secondary winding
with a resistance which produces losses equal to the total

eddy—current effect,

2.4 Three-Phase Transformer.

Fig. 2.4.1 shows a three-limb, three-phase trans-

former with two windings per phase. The voltage equations
for this system comprise three primary-circuit equations and

three for the secondary circuit, giving a total of six., For the

18



primary circuit,

Vo = iA.BA_+ lA'piA + Ml.pi1
Vg = iB.RB+ lB.piB+ Mz.pi2 . I S ¥
Vo = IC'R-C + IC'pIC + M31..p13

and for the secondary circuit,

vV, = la'Ra + la'pla +*M1.F.,pi1
vy, = ib'Rb + lb.pib + Mz..,pi2 ceeeesl.4.1b
Vo = lc'Rc + lc.plc + M3..rp13

There are, in this case, nine unknown currents, i.e,

three more than the number of equations. By summation of

the fluxes at the junctions of each of the limbs with the
upper yoke, a further three equations for the system can be

derived,

0 = 91-9,- 9
D= Do 95+ 97+ Py
0 =

¢3 -'QG - Qg

Substituting and differentiating as in eqn. 2.2.6, the following

three equations are obtained,

0 - Ml.pil - M4-pi4 - M7-p17

0 = My.pi, - M. pig + M.7.pi.7 + MB'piB eels4.2

19



0 = }/.[3-pi3 - 1\{6-pi6 - M8-pi8 ® s g e 02- 4n2

These equations, However, introduce a further five
unknowns into the system, requiring another five equations in
order to make the solution possible, The additional equations
can be obtained as in section 2,2.2 by applying Ampere’s Law
around a sex:ies of closed paths, such as that comprising limb

1, the upper yoke, limb 2, and the lower yoke, which gives,

LWt lg=dg+ 1y 94,3

-
>
+
=4
o
!
-
vy
|
-
o
||

Since, by symmetry, i, (upper yoke) = i, (lower yoke), the two
yoke paths may be considered as a single unit, and eqn. 2.4.3

re-written as,

Similarly,

-
e
il
puude
o
+
pod
1
-
ol

IIill.2.4I4

Pl
(o))
!
il &
Q
+
P
!
Pid
o

These five algebraic equations complete the system
of fourteen simultaneous equations required to represent the

three-limb transformer of Fig. 2.4.1. The equations may be
reduced by substituting for i 4 to i8 from eqn, 2.4.4 into the
nine differential equations.,

20



Further modifications may be necessary according to

the winding configuration and type of load, if any, and also to
take account of switching conditions, This procedure is
described in chapter 4, together with a description of the
method used to solve the equations, The transiormer model
derived above is also utilised in ferroresonance applications

in chapter 5, which also contains details of the actual form

of the equations for this case,

2.5 Representation of the Magnetisation Characteristic,

An integral part of the solution of the transformer
equations is the value of the differential permeability, u 4 for
the transformer core sections., If the differential permeability
is constant, i.e. there is a straight-line relationship between
the flux density and the field strength, then the equations can
be solved directly in terms of the rates of change of the

currents, and the currents found by a process of numerical

integration,

Magnetic materials do not exhibit this type of B/H
relationship, although for the sake of simplicity the mutual
inductance is often assumed to be constant, A typical

- magnetisation characteristic for a magnetic material is shown
in Fig. 2.5.1, which is obviously far from linear. This is

~ the curve obtained when the magnetic field is slowly
increased from zero, the material having been initially de-

magnetised (i.e. there is no initial value of flux density).

There are a number of ways in which this character-
istic may be represented mathematically, apart from assuming
linearity. The effects.of saturation can be crudely modelled

21



by the use of a second linear region as illustrated in Fig.
2.9.1. A more sophisticated method of representation,
although not necessarily more accurate, is to use some form

of mathematical function to represent the curve. Trutt,

8 ] 1 143 o
examine and assign a 'figure of merit!

Erdélyi and Hopkins
to a number of possible functions, including hyperbolic,
trigonometric and exponéntial functions, as well as power
series, They conclude that, due to the difficully encountered
in satisfactorily representing the curve over its entire range
using such functions, the curve can be best represented by a
large number of small regions over which the characteristic

can be taken as linear (see Fig. 2.5. 2).

MacFa.dyen1 has compared a number of well-known
methods, including Fourier series and rational-fraction
approximationg , but finds that no method gives an accurate
representation of the B/H curve over the range O<H<o®, in
terms of the differential permeability /field strength relation-
ship as well as in B and H. Many methods, while apparently
giving a reasonable representation of the B/H relationship,
gave values of differential permeability which were totally
erroneous, even to the extent of giving negative values,
MacFadyen then presents a method of representing the magnet-
. isation curve over the entire range of H by using an exponen-

tial series of the form shown below,

L

N
B — uO.H + i§ K2i_1.(1 - exp("KZi. H)) il*lz. 5.1

which has the general shape shown in Fig. 2.5.3. The

coefficients of the n-terms are found by graphical means or

by iteration, This method gives a very accurate representation

22



of the u d/H and B/H relationships over the range of H from

near the origin to infinity, The values of u d and B for H<O0
are obtained by using the absolute value of H in eqn. 2,5.1.
Allowance for the region of reverse curvature near the origin

can be made by the addition of a term to represent the curve
of the difference between the actual characteristic and the

curve from eqn. 2.95.1, " This difference curve can be repres-

1
ented by an equation such as ,

B = K (-K HK2“+3) 2.5, 2
A - 2n+ltexp 2n+2¢ 00008 0 e Ve

Alternatively, the ratio of B from eqn. 2.5.1 to the

actual value of B for a given field strength may be plotted
over the region near the origin, to give the curve shown in

Fig, 2.5.4. This curve may be represented in turn by an
equation,

m
!
B = 1 + Z Czj_ll exp(-czj-H) -..---2.5-3

j+1

the coefficients of which can be found using iteration techniques,

2,6 —Representation of the Complete Magnetisation

Characteristic,

4

No matter how accurately the magnetisation curve of

Fig, 2.5.1 can be represented by mathematical functions of

the type described above, the complex, multi-valued nature of
the B/H relationship has not been taken into consideration,
The phenomenon of magnetic hysteresis was first recognised

during the nineteenth century, and attempts to represent the
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complete magnetisation characteristic date back to 1887 when
Lord Rayleigh10 proposed a method of representing small,
steady-state B/H loops.

Since then there have been several methods postulated
by various authors of representing the complex B/H relation-
ship mathematically, particularly since the advent of digital
computers. - For example, Potter and Schmulian11 suggest the

following equation as being suitable for representing the

magnetisation characteristic of magnetic tape,

Hc-sgn(d). H tanh'ls))
HC

B(H, o) = BS.sgn(ol) ~ (1 + tanh(

where, X 1s a variable which is dependent on the magnetic
history (see Fig., 2.6.1).

sgn(X ) = 1 for®™ 2 0, and -1 for <0,

H o = major loop coercive field strength,

BS

saturated flux density.

S = B./ B, (squareness).

It is very unlikely, however, that the four loop
parameters chosen, Hc, BS, Br and Hm will be sufficient to
achieve a reasonable degree of accuracy in the representation,
Manly12 suggests the use of an additional parameter, w, which
1s 'the hali-height width of the differentiated loop?, i.e. the
width in terms of H, of the u;/H curve for the major
hysteresis loop at Uy = Uymax/ 2> aS shown in Fig. 2,6.2.
Results obtained for various function representations -
hyperbolic tangent, arctangent, normal curve, etc.,, are
presented, but the author concludes that 'the models fall short
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in representing most materials of interest,'

2.6.1 General method of representation,

The non-unique B/H relationship for magnetic
materials may be considered as an infinite number of single-
valued trajectories, or curves, which are bounded in the B/H
plane by the limit cycle or outer hyteresis loop as shown in
Fig. 2.6.3. It is only necessary to represent the curves for
H increasing positively, since in general, decreasing curves

may be obtained by rotating the corresponding increasing
characteristic by 180° about the origin. Trajectories (e) and

(f) in Fig., 2.6.3 are examples of increasing characteristics,
all of which originate on the boundary curve (b) and pass
through the positive saturation point, (HS,BS). It is assumed

that the increasing trajectories, and consequently the decreas-
ing curves, do not intersect.

In order to be able to represent all increasing curves,
expressions must initially be obtained for at least two curves
in the plane, preferably curves (a) and (d). Any other curve
can then be generated by assuming a constant ratio, which |
can be evaluated knowing one point on the required trajectory
defined by initial conditions or turning points in the B/H

plane. Thus curve (c) may be expressed as,
B, = (Bd - Ba)/z

Greater accuracy may be achieved by obtaining
expressions for intermediate curves such as curve (¢). Thus
if trajectories (a), (c) and (d) are explicitly defined, the
the expressions for characteristics (e) and (f) become,
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B = Bc+(Bd-B)' Y -0-.--216-1

vs;
[
0s)
+
ve

Y
f d . C Ba). ' : -:--.-2.6.2
X'+ Y

The expression for B o will apply to curves which originate

on the limit cycle at values of B> B, such as curve (g) in

R
Fig. 2.6.3, since in this case,

B ~-B
__g_______t_3_>1

B,- B
C

d

i.e., the curve will lie above curve (d) at all points. It is
therefore possible to represent all curves in the B /H plane

using eqn. 2,6.1 to obtain characteristics lying above (c), and
eqn. 2.6.2 for those below (c).

In order to generate trajectories which originate at
large values of H ([HI>H, ), e.g. curves lying close to (a) in.
Fig. 2.0.93, then it is necessary to extrapolate curves (c) and

(d) beyond the limit cycle curve (b). The expressions for
these curves and the boundary curve (a) must therefore be

capable of representing magnetisation characteristics over the
range -0 <H<<+09,

2.6.2 Representation of single magnetisation curve.

It has already been stated that there are several ways

in which a B/H curve may be represented mathematically and
almost any one of these methods could be modified for use in
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the representation of the complete characteristic, Only two
of the methods described above appear to give a reasonable
representation of the curve over an extensive range of H, viz,
the exponential series and piecewise-linear methods, The
piecewise-lincar method of representation, while easily modified
to give the correct shape required for the complete character-
istic, suffers from the drawbacks of requiring a large amount

of computer storage, and being less accurate in representing

the ud/ H relationship than the exponential series,

The exponential series is less easily modified to give |
the required overall shape, but is potentially a more accurate
and more easily handled method. A complete B/H curve will
have a shape similar to that shown in Fig. 2,6.4., 1If the
point of maximum slope, (HO,BO), is located, it is possible
to derive coefficients for two independent exponential series,
one to represent the curve for values of H greater than Ho’
and a second series to represent the curve in the region H<H .
This technique will give a curve with the correct shape, and
will be highly accurate in terms of the u d/H relationship,
except at H=H0 where there may exist a discontinuity., It is

therefore desireable to further modify the expression for the

curve to eliminate the discontinuity at (H o’ Bo)'

Consider the expression for the hyperbolic tangent

function,
| 1 -e*
tanh(gg) = — —x
L 1 + e

which has the correct general shape required, but is not suit-
able for the representation of the magnetisation curves due to
the symmetrical shape of the function., If coefficients are

introduced into the expression, and the variable changed to H,
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then an expression for the flux density is obtained,

B = K,.

1 - exp(-KZ.H)
1" —

o acoooon 2- 6-3

Fig, 2.6,5 illustrates the effect which the variation of the
relative magnitudes of K2 and K3 has on the shape of the
function, For K3=K2, the shape is similar to that for the
3< KZ’ then the |
flux density will tend towards -o0 as H increases negatively. -

hyperbolic tangent, i,e. symmetrical, If K

By making Kq larger than K2 than as H-»-00, B+0, It is
therefore impossible to produce an asymmetric function of
this type whichretains the correct shape required for the

representation, However, if Ka 7> Ko, then for all values of
H less than zero, B is effectively zero, and it becomes
possible to produce a function to represent the curve which
has the correct asymmetric shape and is continuous at all
points in the range -co<H< +00, i,e,,

B = K 1 - exp(-Kz.H) 1 - exp(-K4.H)

1 @ K3.

1+ eXp(—Ko. H) 1+ exp(-n-KO.H)

l'.I-.2I6l4

where the two terms, one representing the curve for values

of H>0, and the second in the region H<0, are virtually
independent if Ko is very large compared with K, and K,., By.

2 4
allowing for the air line and shifting the origin of the express-

ion to the point of maximum slope, (Ho, BO), then the complete
expression becomes,
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n
+ igll{Zi_l. [1 - exp(-KZi. (H-HO))] / [1 + exp(-KO. (H-HO))]

m.

+ Z I&2j-1° [1 - exp(-Kéj.(H—Ho))]/ [1 + exp( KO. (H-HO))]

j=n+1
III..-2I6i5

This expression has been used to represent single curves
which are then utilised in the representation of the complete
magnetisation characteristic. An example is given in Fig.
2.6.6 which shows the recorded magnetisation characteristic
of a single-phase, 1-kVA, 250v. transformer, together with
the curves obtained using eqn. 2.6.5. The coefficients for this

characteristic and thosec for the other transformers used in

this investigation are given in appendix Al,

The method used to obtain the coefficients is described

in appendix A2 which also contains a brief description of the

computer program used in the determination of the coefficients.

2.6.3 General observations on method of representation,

Although the method of representing the complete B/H
characteristic of a magnetic material, presented in section
2,6.1, requires that a minimum of twa, and preferably three
- curves are initially represented, using for example eqn., 2,6.5,
the information given by steel and transformer manufacturers

does not always specify the amount of detail necessary to do
this. A method, which is described in detail in appendix A3,

has therefore been devised which allows the complete represent-

ation to be achieved with the minimum of information, i,e, the
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B/H curve (Br=0), and a knowledge of BR and Hc' This
method, while being less accurate than that described above,

is very useful where it is impractical to measure the trans-

former characteristics directly.

It should be noted, however, that the characteristics
of the completed transformer may differ considerably from
that of the steel itself, due to air gaps in the corecused by
the methods used in the construction. The characteristics of
the steel also vary according to the angle at which the flux
crosses the grain direction. This problem is dealt with in

greater detail in chapter 3.

For the purposes of representing the B/H character-
istics of magnetic materials, it was assumed in section 2.6,1
that, in general,' Increasing curves do not intersect. Examin-

ation of the oscilloscope traces shown in Fig. 2.6.7 indicate
that, under certain circumstances, curves of this type will in

fact cross, The occurrence of these crossovers can be
explained by considering the process of magnetisation as
proposed by Preisach13 which is given in appendix A4. 1t is
unlikely that errors due to this imperfection in the represent-
ation will in themselves be significant, and in any case will be
much less than if hysteresis is neglected, This is therefore
not considered a serious fault in the representation, but if
necessary, it should be possible to quify the method given to

incorporate this type of behaviour,

2.1 Summary,

The various ways in which a static, nonlinear,
electromagnetic device may be modelled mathematically have

been described and a method of achieving this by a combined
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electric-circuit and magnetic-circuit approach is given.
Examples of the application of this method are presented for
the single-phase transformer, and the three-limb, core type

three-phase transformer with two windings perphase.

A method of representing the complete magnetisation
characteristic of a ferromagnetic material has been proposed

together with a suitable expression for representing the B/H
relationship of a single curve which is accurate over the
complete range of H. A discrepancy between the method of
representation proposed and the observed behaviour of
ferromagnetic materials is discussed and the conclusion

reached that this will have little effect on resulté obtained

using this method.
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-CHAPTER 3-

EXPERIMENTAL REQUIREMENTS

It is generally agreed that the various factors which
may affect the performance of transformers include the trans-
former parameters (winding resistance, leakage inductance,
etc.), the magnetisation characteristic of the core, the supply
voltage and impedance, and the point on the voltage waveform
at which the supply is connected (transient performance). The
magnitude and direction of residual core flux can also have a

considerable effcct on the transient behaviour of transformers.

The way in which values for these factors are obtained are
described in the first part of this chapter.

The second part of the chapter is devoted to the
techniques used in the control and monitoring of transformer

conditions.

3.1 Transformer Parameters,

The parameters required for the solution of the

trﬁnsformer equations are the winding resistances, coil-leakage
inductances (one or two windings per phase), and in the case
of a polyphase transformer, the phase-leakage inductances,

All the above parameters are assumed to be constant,

The d.c. resistance and coil-leakage inductance values

were measured using standard d.c. and short-circuit tests.
The conventional method of dividing the total leakage inductance
obtained from the short-circuit test equally between the two
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coils used (all parameters referred to N turns) was employed,

which gave reasonable results when used in subsequent

computations.

A test to measure the phase-leakage inductances has

been devised by MacFadyenl.' This test involves the measure-

ment of the flux linking .search coils sited on each branch of
the magnetic core at the limb under consideration, as shown
in Fig. 3.1.1, Thus knowing Ql, D and 93, Q)p, the phase~
leakage flux can be determined. The corresponding phase-

leakage inductance is given approximately by,

M, = N.@ /i,

where, M  is the phase-leakage inductance, and i A is the limb

p
coil current,

An alternative method of estimating the phase-leakage
inductance is simply to divide the single value of zero-
sequence inductance obtainable for the three-limb transformer
equally among the three phase~leakage paths., In the case of
a fivelimb transformer, the zero-sequence inductance will be
highly nonlinear unless the outer limbs are excited at the
same time as the three wound limbs, forcing the flux to return
in the air instead of via the low reluctance paths provided by
the outer limbs, Since it may not be‘practicable to measure

~ phase-leakage inductance directly, this method could prove a

MacFadyen has shown that large errors

convenient alternative,

may be introduced by allowing for only a single phase-leakage
path, or by neglecting the effects of phase-leakage flux entirely

but has presented no comparison of results obtained using

phase-leakage inductanees and those for zero-sequence induct-
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ance, A comparison of this type will be made in chapter 4.

One transformer parameter which will normally only
apply to transformers with high voltage windings (e.g. trans-
mission and distribution transformers) is the h,v, winding
self-capacitance., This capacitance is distributed throughout
the winding, but for simplicity can be considered as a single,
lumped value., A simple way of measuring this capacitance

is to charge the winding capacitance using a d.c. source and
to measure the frequency of the oscillation which occurs when

the supply is suddenly removed, If L, the winding self-

inductance is constant, i,e. nonlinearity can be neglected, then

the frequency of oscillation is given by,

Since, for virtually all transformers, (1/L.C)>> (R2 /4, L2),
the frequency will be close to the undamped natural frequency,

1
e

®» = 1/(L.C)

In order to assure reasonable linearity the voltages
and currents are kept very small, Both L and C are assumed
unknown so that it is necessary to measure two values of
frequency; one for the winding self-capacitance alone, and one
with a known capacitance, Cy» connected in parallel with the
winding so that,

1
2

® = 1/(L.C)

L
2

(Dz = 1/(L.(C + C1))
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which gives,

1

C = —
(w /@) -1

The value of C obtained can be checked by repeating
this procedure using several different values of Cl' This
method of measuring capacitance, while being approximate,
should be sufficiently accurate for use in the present invest-
jcation. A complete list of the parameters, including winding

capacitance where relevent, is given in appendix Al.

3.2 Magnetisation Characteristic,

It may often be necessary to obtain the magnetisation

characteristic of a transformer experimentally, even where
information on the characteristic is available, since the

methods of construction used in power transformers introduce
small air gaps between core sections, which can cause the
magnetic properties of the completed transformer to differ
considerably from that of the steel alone, In addition,
components of flux are forced to cross the steel normal to
the grain at the junctions as shown in Fig. 3.2.1 which may
also affect the B/H characteristic of the transformer. By
obtaining the magnetisation characteristic directly, and
assuming that the core is magnetically homogenous, the effect
of core air gaps and cross-grain flux may be taken into account
without introducing additional equations into the transformer

model described in chapter 2.

The measurement of the B/H characteristic involves
obtaining a value of magnetic flux density for a corresponding

value of applied field strength. As the B/H relationship is
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\
N\

non-unique, the flux densily for a given value of field strength

is only meaningful if the magnetic history of the core is
known, While the measurement of absolute flux density in the
core is virtually impossible, it is possible to measure changes
in the flux density by integrating the e.m.f. induced in a

search coil wound round the section of core to be examined.
The signal from the integrator is calibrated by applying the

IIJ = -fe.dt

Y = B.A.N_

following equations,

where, Y is the flux linkages in the search coil

e is the e.m.f. induced in the search coil
A is the effective cross-sectional area of the core

NS 1s the number of turns in the search coil

If a sinusoidally varying voltage is applied to the
primary winding of the transformer, the e,m.,f. induced in the

search coil is given by,

i sin(wt)

D
Il

so that,
o
Y = -E/w .cos(wt)
. and,

A

B

ﬁ/(NB.A.w) cecess3.2.1

It is therefore possible to calibrate the integrated e.m.f
signal in terms of flux density if the peak value of the sinu-

soidal voltage induced in the search coil is known,
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Ampere's Magnetic Circuital Law,

pral = N4

can be applied round any closed path in the core, If the flux
density is assumed to be constant in all parts of the flux path,

then the magnetic circuit equation becomes,

N.i = H.L
i, e, H = N.i/L veeeoeee2
where, i is the current in the primary winding,

L is the mean flux path length,

The voltage drop across a low resistance shunt
connected in series with the primary winding will be directly

proportional to the current in the winding, This voltage signal

can therefore be calibrated in terms of the magnetic field

strength, H, using eqn., 3.2.2,

The magnetisation characteristic is obtained by
applying a slowly varying direct voltage to the primary wind-
ing of the transformer, The signal from the integrator is
applied to the Y-plates of an oscilloscope, and the signal from

the series shunt to the X-plates as shown in Fig, 3.2.2. An
oscillogram of the B/H characteristic is produced in this way

and two examples obtained from an 8-kVA, three-phase trans-
former are shown in Fig. 3.2.3. D.c. excitation is used to
eliminate as far as possible the effects of eddy-currents.

This method is also used to record flux density and current

during transient and sfeady-state a.c. conditions,
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In order to calibrate the B/H characteristic in terms
of the absolute value of flux density, rather than the change in

flux density, all measurements were taken with the transformer

core initially de-magnetised.

In the case of a three-limb, three-phase transformer
core, the B/H characteristic is measured by energising the

two outer limbs in series so that the resultant fluxes are in
the same direction round the core, If the coils are identical
and the core is symmetrical about the centre limb, then very
little flux will be set up in the centre limb., As with the single-
phase transformer, the B/H characteristic is obtained in this
way assuming that the flux density is constant in all parts of

the core flux path, i,e, that the cross-sectional areas of the
limbs and yokes are all the same,

To check the magnetic isotropy of the core, i.e. to
ensure that the effect of core air gaps and cross-grain flux

does not lead to appreciable variation in the magnetic
properties from section to section in the core, the measure-
ment of the B/H characteristic was also carried out using first
the coil on one outer limb in series with that on the centre
limb, and then the other limb and centre limb together., No
measurable difference could be detected in any of the three

magnetisation characteristics thus obtained.

The characteristics of the single-phase and two three-
phase transformers which were used in the study of transform-
er behaviour are given in Figs, 2,6.6, 3.2.4 and 3,2,5 res.,
together with the corresponding exponential series curves. The

series coefficients are given in appendix Al, Fig. 3.2.6 shows
the magnetisation characteristic of the steel used in the

construction of the 50-kVA distribution transformer as supplied
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by the steel manufacturer, The cxperimentally-obtained
characteristic in Fig. 3.2.5 departs considerably from this
and serves to illustrate the effects of constructional methods

on the magnetic properties of the core,

!

3.3 Supply Impedance,.

Fig. 3.3.1 shows the circuit used to control and
record transient and steady-state conditions in a single-phase
transformer. The mains supply, the auto-transformer and
other external circuit elements will all have a certain imped-

ance, and the total impedance, which is assumed constant for

a given frquency is given by,

Zs = R g + X S
To protect the switching angle selector from the high steady-

state currents used in the measurement of RS and XS the

impedance of this device is measured separately,

The Thevinin equivalent circuit of the supply, which
is used in the computation of transformer performance, consists
of an open-circuit e, m.1., E, and the effective supply imped-
ance, R, + JX_. E can be measured directly., If this circuit
is used to supply a unity power-factor load then, taking the

voltage across the load as reference,

l§ = v[® + 100.2_[g veeesa3.3.1
where, V is the load voltage.

T is the load current,
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§ , the phase angle between E and V (see Fig., 3.3.2) was
measured using a digital phase meter, allowing R o) X_ and

ls to be evaluated from eqn, 3.3.1.

For auto-transformer turns ratios other than 1:1, the
leakage inductance of the auto-transformer, which has a

degree of nonlinearity dependent on the turns ratio, causes the

supply inductance to vary with current, However, since 1l g is
very small compared with the self inductance of the test
transformer primary winding for rated steady-state conditions,
its value will only become significant when the test transiormer

saturates, i,e. during transient conditions. For this reason

the value of ls used in the calculation of transformer periorme-
ance was that obtained for large values of current, Appendix
Al lists the values of R S and ls used in the investigation and

the effect of varying the supply impedance is examined and
discussed in chapter 4,

3.4 Switching angle selector,

The double-pole switching angle selectors14 which

were available in the department had been used successiully in
the study of switching transients for a number of years. In
the study of transients in three-phase transformers with four-
wire supplies it is necessary to control the switching in all
three lines. The units available could not be readily connected
together to give non-simultaneous switching in three lines, and
unreliable operation was experienced, due to pick-up problems

in the pulse transformers, when this was attempted, It was

decided to try to improve the design of the switching angle
selectors with a view to constructing a single-pole unit which

could be readily connected in series with a number of similar
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units to provide n-pole operation,

Several sucessiful designs were produced, but the
circuit shown in Fig, 3.4.1 was chosen as the final version
owing to its compact size when constructed, and its capability
to supply several watts of power to the thyristor gate, if
required, The operation of the unit is described below.

3.4.,1 Description of circuit,

The variable phase (with respect to the mains supply),
sine-wave output from the magslip, M, is reduced to a low
voltage, square-wave signal by resistor R1 and zener diode Z1,
The square-wave signal is fed to the base of transistor T1 via
a current limiting resistor R2, This causes T1 to switch 'on'
and 'off! producing a large square-wave voltage at the
collector of T1 as shown in Fig. 3.4.1. Capacitor C1 and
resistor R5 form a differentiating arrangement which forms a
train of negative and positive pulses at the lagging and leading
edges of the Square-wave, i.e, at the zero-voltage points on

the magslip output. Diode D1 prevents the negative pulses
from reaching transistor T2 which forms an emitter~follower
arrangement with R7 . The magnitude of the pulses appearing
across R7 while SCR1 is in the non-conducting state is

limited by the large resistor RS,

When the 'Reset' switch is closed, SCR1 is gated 'on*
- by push-button PB1 and held in this condition by hold-on
resistor R8 when PB1 is released, This action raises the
collector of T2 to the d.c. supply level, +9v,., thus bringing
the emitter follower into operation, This in turn causes

large positive pulses to appear across R7. The first positive
pulsé reaching T2 once ,SCR1 has been switched 'on' will
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cause SCR2 to start conducting, which provides the supply to

a multivibrator as shown. SCR2 is held~on by resistor R10.

The high frequency (about 20kHz) output from the
collectors of T3 and T4 is used to switch alternately the two
darlingto pairs, TOo and T7, and, T6 and T8. The output
from PT1 is a high frequency square-wave with no d.c,
component, - A full-wave rectifier (D2-D5) and a small smooth-
ing capacitor C4 provide a spike-free d,c. signal to the gate
of the main thyristor via a current limiting resistor R19, the
value of which can be adjusted to cater for the gate require-

ments of the thyristor.

The main thyristor used in the new units was an 800v.
30A rms triac which required a gate current of 200mA. at a
voltage of 3v. The unit is capable of providing up to 10 watts
of power to the thyristor gate which is sufficient for most, if

not all, applications.

The interconnection of single-pole units to provide
n-pole operation is achieved by connecting the output from the
emitter-follower of one unit to the gate of either SCR1 or SCR2
in a second unit to give non-simultaneous or simultaneous
switching respectively. In order that all connected devices may
be operated from a single *master' unit, only the d.c. supply
in ‘the master unit is used, thus making it possible to reset

all units by the operation of a single switch,

3.4.2 Advantages over previous design.

The large pulses produced by the pulse unit and the
low output impedance makes the units less prone to the pick-up
problems experienced with the original devices, the circuit for
which is shown in Fig, .3.4.2. Previously a d.c. supply had
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to be provided on the secondary side of the pulse transformers
for each pole, in addition to the d.c. supply required on the
primary side - a total of three supplies for each double-pole
unit, This arrangement could prove problematic if the unit
was required to operate in h,v, systems, Only one d.c.
supply is required in the new design, irrespective of the
number of interconnected poles, although the number may be
limited in practice by the output capacity of a single supply.
The insulation level is governed ounly by the pulse trans -
formers which can be chosen to suit the particular applic-

ation,

The compact nature of the electronic circuit makes it
possible, using 2'' magslips, to assemble a complete double-
pole unit, including triacs and heatsinks, into a box much
smaller than was previously possible (see Fig, 3.4.3).

Finally, apart from the increased flexibility of the new design,
the saving in cost achieved through no longer requiring the
number of isolated d,c. supplies, and the use of smaller boxes
etc., more than compensates for the additional cost of the

electronic components.

3.4.3 Impedance of switching angle selector.

The recorded voltage/current characteristic for the
switching angle selector is shown in Fig. 3.4.4. The voltage
drop across the pole can be expressed as,

vV =a, (i/]i]) + b.i

pole

where a and b are constants, and i is the instantaneous current

through the pole, Thus the impedance for any given value of
current is given by,
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Rpole = b+ a/|i

3.9 Recording and Measuring Methods,

There are three quantities which are of interest in the
study of transformer behaviour under transient and steady-
state conditions, viz., voltage, current and flux or flux density.
The transformer m.m.f.'s may also be of considerable interest
but it is not possible to measure these except under special

circumstances.

The basic recording device used in the investigation
was a Tektronix 5013 storage oscilloscope. In previous work
in the departmentls-ﬂ, ultra-violet recorders were utilised,
but this method lacked the flexibility of the storage oscilloscope
in that it takes several seconds before the recording becomes

discernible, and it is not possible to superimpose two or more
traces unless taken at the same time. In addition, since a

permanent record was not always required, wastage of large

amounts of the special u.v. sensitive paper was eliminated.

Voltage recording on the oscilloscope was invariably
carried out using high resistance voltage dividers, while flux

density was monitored using the method described in section 3. 2.

A signal proportional to the current can be obtained

in two ways, i.e. by the use of low resistance shunts in the
current paths, or from current transformers. Wherever
possible, the former method was adopted, usually when the
shunts could be sited at the star point of a three-phase

transformer winding, or invariably in the single-phase case.
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Current transformers were used where it was necessary to
isolate the current signals, either because the star point of
the winding was not accessible, or the winding. was delta
connected. Results obtained in this way were indistinguishable
from those obtained using shunts, indicating that little or no
distortion in the current waveform had been introduced through

the use of current fransformers.

The equipment used in the experimental work is

shown in Fig., 3.05.1.
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~-CHAPTER 4-

MAGNETIC NONLINEARITY AND HYSTERESIS
IN TRANSFORMERS

The characteristic nonlinearity and hysteresis which
is exhibited by magnetic materials such as iron, cobalt, etc.,
play a significant role in determining the performance of
devices incorporating these materials, These effects can, in
some instances, be employed to advantage. Permanent
magnets, hysteresis motors and the magnetic core storage

used in computers are all examples of the useful application

of the phenomenon of magnetic hysteresis, Saturable reactors
and static voltage stabilisers depend upon saturation of the
magnetic core for their operation,

The effects of magnetic nonlinearity and hysteresis
can, however, create problems in the operation of the more
conventional electromagnetic machines such as transformers
and induction motors, These problems, which are mainly
associated with the transient performance and efficiency of
operation, have been the subject of a vast amount of -
literature dating back over several decades,

Both phenomena cause losses in these types of
machines, either directly or indirectly., Losses due to
hysteresis which result in heating of the magnetic core can
be minimized by the selection of a suitable core material
such as grain-orientated silicon stecl which is widely used

in transformer laminations, Magnetic nonlinearity, while
not a direct source of losses, effectively limits the level of

flux density at which a machine with a steel or iron core can
be operated, since higher levels of flux density would
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require disproportionately larger magnetising currents,

which in. turn result in large losses in the machine windings,

While much attention has been given in the past to
the effect of magnetic nonlinearity on the transient

18,19, 20
9 19, ’21, the part played by

performance of transformers
hysteresis has been largely neglected, This is probably due
to the problems involved in satisfactorily representing the
complete magnetisation characteristic of the core, and
subsequently utilising the method of representation in the

analysis of the complete device, Yet as will be shown,
residual core flux, which is a direct consequence of

hysteresis, can have a very significant effect on transients

due to switching operations,

In order to study the ways in which the transient
behaviour of transformers can be affected by a combination
of magnetic nonlinearity and hysteresis, the performance
equations for the single-phase transformer and a three-limb,
three-phase transformer, derived in chapter 2, are used in

conjunction with the representation of the complete magnet-
jsation characteristic for magnetic materials, which was

also presented in that chapter,

« 4.1 Single-Phase Transformer,

In chapter 2, the performance equations for the

single-phase transfiormer were given as,

Vp = 1peRp o+ Ljeply + Mepiy,
v, = la.'Ra + la'pia + M...ipim

where all quantities are referred to N, (primary) turns,
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In order to solve the above equations, the secondary

voltage, v_, must be expressed in terms of the load
quantities. Thus for a series combination of resistance,

capacitance and inductance as the load, the secondary circuit

equation becomes,

iL.RL + l_L.piL - qc/CL = la‘Ra + la.pla + M...pim
l.l.li4llll

where, is the instantaneous charge on CL

Also, i = -iL

The above equations can be solved by means of a
numerical integration technique such as the Runge-Kutta
method. The computation of the transformer transients
using this method of solution is relatively straightforward, if
a single-valued function representation of the B/H character-
istic is used, If, however, the complete magnetisation
characteristic is represented using the method described in
chapter 2, then it becomes necessary to monitor the

—magnetising current, im, in ordex" to detect turning-points in
the B/H plane. When a positive or negative peak value of

1. (or the flux) is detected, then all quantities must be reset
to their values at the beginning of the step, i.e. at the

turning point, and the new trajectory for the magnetisation
characteristic generated,

An example of the resultant computed transient B/H
pattern is shown in Fig. 4.1,1. The apparent discrepancy
between the computed and recorded patterns is due to the
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effects of eddy currents, for which no allowance has been
made in the transformer model, If the conventional method
of incorporating eddy current losses in the transformer
model is used i.,e. by shunting the input terminals of the
transformer by a resistor which produces losses equal to
those due to eddy currents, the resultant steady-state B/i
pattern corresponds very closely to the recorded pattern

as shown in Fig. 4.1.2. This method of allowing for eddy
current effects is only valid for steady-state conditions.

4.2 Residual Flux in Single-Phase Transformers,

In single-phase transformers, with only one
‘nonlinear magnetic path to consider, the incorporation of
residual conditions in the calculations is a relatively

simple matter. In the de-energised state, (no currents in
the coils of the transformer), the equation for the magnetic
path in the core is,

§H.d1_ = 0

i.e. there is no residual value of magnetising current
-associated with the core path, even though residual flux

- may be present,

A single-phase transformer operating at or near
its rated voltage has a steady-state B/H characteristic
similar to that shown in Fig. 4.2.1. The characteristic
will cross the zero-H axis at a point close to the limit
cycle values, fBR. Supply disconnection will normally

occur when the input current falls to zero, i.e.,
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Thus at this point,

The point on the steady-state B/H characteristic

at which this condition will occur will depend largely on
two factors, viz., the size of the load, if any, and the load

power factor,

In the unloaded transformer, since no load current
flows, the residual conditions will be established at the
. . 33,
instant of supply interruption, i.e. at the point (O, Br) in

Fig. 4.2.1, provided eddy current effects can be neglected,
‘In a large unity power factor load, the load current will be
virtually in phase with the supply voltage, and the flux will

lag the load current by approximately 90°, as shown in Fig.

4,2.2(a). Thus when the input voltage phase angle is zero,
v, = i, = 0, and @ and 1 are at their negative maxima,
(point A in Fig. 4.2.2(b) ). If the load resistance is very
small, then the input current will fall to zero when the

phase angle of the input voltage is very small, i.e. when

i, = -1 . This corresponds to point B in Fig. 4.2.2 (b).
As the size of the load is reduced, the point on the B/H
characteristic corresponding to input current zero will be

displaced towards the point (0, -B_), which is the no-load

point,

Following supply interruption, the magnetisation
current will decay to zero along with the load current, and

the final value of residual flux density for a unity power
factor load will be i'Br, depending on the polarity of the

input current immediately before disconnection,
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A large inductive load will cause the load current
to lag the supply voltage by @ as shown in Fig, 4,2.3(a),
As 0O increases, the point on the B/H characteristic at
which supply interruption occurs will shift along the lower
or upper curve in the direction of the arrows, as shown in
Fig, 4.2,3(b). When the load is purely inductive,
disconnection will occur just as the load current falls to zero,
i,e, at point C or C*! in Fig. 4.2,3(b)s As with a unity
power factor load, this point will move toward the zero
load point, as the size of the load is reduced, The final
residual flux level for points lying between (0, -B.) and
(Hc, 0) and those lying between (0, +Br) and (-Hc, 0) will
depend on the actual point of disconnectiony, since the
magnetisation current will decay to zero along a trajectory
determined by that point, as shown in Fig, 4,2.3(b).

A similar argument can be applied to leading power
factor loads to show that the disconnection point lies between
point A, the unity power factor point, and point D, or A®
and D°; for a large purely capacitive load, in Fig., 4.2.4.
Thus the size or kVA of the load determines the range over
which the residual flux value can vary, and the power factor
of the load determines the final value of Br‘ Fig, 4.2.9
shows the variation of residual flux with kVA and power
factor,

The curves for leading powe; factor loads are shown
broken since the capacitance in the system, due to winding
self-capacitance or a leading p,f. load element, may cause
*ringing® between the nonlinear inductance of the transformer
and the capacitance; on supply interruption, These damped
oscillations cause field reversals, which tend to
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de-magnetise the core. The extent to which de-magnetisation

will take place depends on the magnitude and frequency of
the oscillations and the amount of natural damping in the

system., It is therefore difficult to predict the final state of

- the core following supply interruption, for this condition,

Where the value of capacitance is small, the tendancy
will be for high frequenéy oscillations of low amplitude to
occur which will decay rapidly due to high eddy current and
hysteresis losses. De-magnetisation will not usually be

oreat in this case. Large values of capacitance will cause
low frequency, high amplitude oscillations to be initiated,
with longer time constants. This will result in a greater

degree of de-magnetisation.

This behaviour introduces a frequency-dependent
factor into the analysis, i,e. eddy current loss. Since no
allowance has been made for the effects of eddy currents in °
the analysis, the results of attempts to compute residual
flux density, where capacitance is significant, will be subject

to a degree of error., The conventional method of catering

for eddy current losses by shunting the input terminals of the
transformer with a constant value of resistance will only be
valid for frequencies about 50 Hz, - the frequency at which
the losses are measured,

- 4,2.1 Effects of hysteresis on transient performance.

Fig. 4.2.6 shows the recorded transient current

pattern for a single-phase transformer for a switching angle
of 00, together with the computed results using the complete

representation of the magnetisation characteristic and those

for a single-valued function representation. The transformer
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is unloaded and initially de-magnetised. From these results

and those given in Fig, 4.2.7, which illustrate the variation
of peak transient current with switching angle, it can be scen
that hysteresis does not significantly affect the pealk transient
current due to switching in an unloaded, de-magnetised single-
phase transformer. Both sets of computed results were also
found to be virtually identical for the case of a loaded trans-

former, (for example see Fig., 4.2.8).

The reason for the similarity between computed |
results using the complete B/H representation and those for a
single-valued function, is that the initial magnetisation
trajectory and residual flux level (zero) is identical in both
cases, which will tend to produce similar results,

In the general case, however, where residual flux is
present in the core when the supply is connected, the initial
magnetisation trajectory may differ considerably from that for
zero remanence, as will the level of peak flux density for a
given switching angle. An example of the effect which differ-

ent residual flux levels in an unloaded single-phase transform-
er have on the transient current is given in Fig. 4.2.9, while

Fig., 4.2.,10 shows how the peak transient current varies with

the value of residual flux density,

A comparison of the curves of peak transient current

versus switching angle for residual flux density values of 0,
+0,9 Tesla and -0.9 Tesla, given in Fig. 4.2.11, shows the
considerable influence of Br on the transient performance of
an unloaded single-phase transformer, for any given switching
angle., Results for various loaded conditions, which are given
in Figs, 4.2.12, 4,2.13 and 4,2.14 show a similar dependance
on residual flux density. |
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It should be noted, however, that the damped
oscillations observed in the initial stages of the transient
current pattern for a leading power factor load (Fig. 4.2.14(a))
which are due to the interaction of the leakage inductance of
the transformer and the load, may in fact produce larger
current peaks than the transient magnetising current. This
region of the transient current will not be greatly influenced
by residual flux, and, depending on the switching angle, little
or no variation in the peak value of current will take place
as the level of residual flux density is varied, Normally this
initial oscillation has a very short time constant compared
with the magnetising current transient, and should not cause
spurious operation of protection equipment in power systems,
The peak current following this initial °ringing® may thercfore

still be of considerable interest,

4.3 Three-Phase Transformer,

The nine differential and five algebraic simultaneous
equations for the three-limb, three-phase transformer with
two windings per phase, which were derived from the
performance equations of the general, static electromagnetic
system 1in chapter 2, do not take account of the transformer
' wihding configuration orthe type of load. The primary circuit
equations (eqn. 2.4.1(a) ) can be used in the given form as
long as the phase voltages can be precisely defined, which is
the case for a delta or four-wire star connection, but not for

a star connected winding with floating star point.

The secondary circuit equations (eqn, 2.4.1(b) ) must
be modified to allow for both winding configuration and the
type of load, if any, as in the case of the single-phase
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transformer. Additional differential or algebraic equations

may be required, depending on the load arrangement. For
example, if the load is delta connected an additional, zero-

sequence, cquation is required, i.e. since,

+v, +v. = 0
Va b C

1 C

then, 0 = aL Play, 7 qca/ aL

laL'RaL -
t gpeRpp *+ LpePlpyy, + 9/ CpL

+ R
C

Lo Ber * lenPler, * 9%e/Cer -......4.3.1
assuming a series R,1,C load per phase. This equation is
required since in the secondary circuit there are four
independent variables (currents) for this arrangement, but only
three equations in the original set, The presence of
capacitance in the system gives rise to further simple differ-

ential equations,

{!
Puud o

PAeg al,
pqcb = 1bL
pqcc B icL ~

which apply to any arrangement of an R,1,C series connected

load.

The magnetic circuit equations (eqns. 2.4.2 and 2,.4.4)
are only affected by changes in the magnetic circuit and thus
only apply to the three-limb core-type transformer,
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4.3.1 Method of calculation.

In a three-phase, two-winding transformer, there are
three possible primary winding configurations as well as three
for the secondary winding and three for the load (considering
the load as three lumped impedances arranged in delta or star).
Not all combinations of secondary winding and load connections
are possible; for example a delta connected secondary winding
cannot be considered along with a four-wire star connected
load. In addition there are two no-load secondary connections,
star and delta, giving a total of seven secondary circuit
configurations, which are summarised in tabulated form below.

-ere 4d-wire

X = Indicates possible combination

J-wire
star

4d-wire
star

Delta

* = 3- and 4-wire star identical for no-load

Since any combination of primary winding and secondary circuit
- configuration is possible, then a total of twenty-one permuta-
tions of the three circuit configurations are feasible.

A general computer program was developed which
would allow any one of the twenty-one permutations to be
chosen, The number of differential equations required to
describe any particulal: system is dependent on the type and
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configuration of the load. There are a maximum of ten
differential equations which will form the major system of

equations, i.e. three each for the primary circuit, the magnetic
circuit, and the secondary winding, plus a zero-sequence
equation in the case of a delta connected load. The other

differential equations, which are dependent on the type of load,

will be of a trivial nature, e.g. for a capacitive load,
P9, = 1o

The major differential equations are arranged in
matrix form, having first substituted for i4 to i8 from the

algebraic magnetic circuit equations (eqn. 2.4.4),

] - [

where V is the voltage vector, M is the inductance matrix,
and P is the solution vector. If all switching operations are
confined to the input side of the transformer, then the three

magnetic circuit differential equations and the four possible

secondary circuit equations remain unaltered throughout the
computation, It is therefore possible to define the first seven

-elements .of the voltage vector, and the first 7x7 elements of
the inductance matrix, independently of the primary winding

connection,

The remaining elements of the voltage vector and

inductance matrix will depend on the primary winding connect-
ion and switching conditions., An example of the complete

matrix equation for an arrangement comprising delta connected

primary, secondary and load circuits is given overleaf.
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Matrix equation for delta connected primary,
secondary and load.
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The voltage vector quantities are given by,

Vg = -i R, -1 Ry -1..R,

Ve = (io + ia - 2'ib + ic ).RbL/3 - ib'Rb + qb/.cb
ve = (ij +1i +1 - 2.4).R /3 -1.R, +q,/C,
Vg = -(ij - 24 +i +1 )R ;/3 -q/C_

~( i +1 - 2.ib + ic ).RbL/S - qb/Cb
(i + 1, + 4 = 2.0 }»R.;/3 -4q,/C,
Vg = "lpeRp - ig.Rp - iR,

- (2'1B -1, -1, ).RS - 1p.Rp

- ( 2.

Vio = VA iy = ig - io W Ry - 1,.R),

Each phase of the load is taken, as before, as a
. series combination of resistance, inductance and capacitance.
The first 7x7 elements of the inductance matrix depend only
- -on the-secondary circuit configuration.

The solution vector, P, can be obtained by matrix

inversion or, as is done in the computer program, by
elimination, Since the differential equations are nonlinear,

the values of inductance must be recalculated, and the new

solution vector found, at each stage of the computation,
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As with the single-phase transformer, the use of the
method of representing the complete B/H relationship
described in chapter 2 requires that the magnetising currents
are monitored in order fto detect turning points in the B/H
plane, In the case of a three-limb transformer there arc a
total of five nonlinear magnetic paths, i,e. the three limb and
two yoke paths, A turning point detected in any one or more
of the core sections will necessitate the resetting of all
quantities to their respective values at the time the turning
point occurred, and new magnetisation trajectories generated
for those sections. Occasionally, the effect which the new
magnetisation curves have on the overall system will
subsequently cause turning points in the B/H characteristics
of other sections, It may therefore be necessary to reset the

transformer quantities several times before a stable situation

is established.

A flow diagram for the computer program used. to
compute three-phase transformer performance is shown in
Fig. 4.3.1. The program also includes provision for the

computation of residual conditions in three-phase transformers,

which will be explained in the following sections.

4.4 -Zero Residual Flux Conditions.

Although, in general, residual flux is present to some

extent in transformer cores at the instant of connection of the
supply, the particular case where the core is magnetically
neutral immediately prior to switch-on provides a convenient

means whereby the effects of hysteresis on transformer
transients can be examined. This examination cannot be
undertaken through experiment alone, since there is no means
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of eliminating the effects of hysteresis from recorded

transients in order to compare these with the results for the

actual transformer,

A theoretical comparison of this type can, however,

be achieved through calculation, by obtaining resulis for
identical conditions of voltage, switching angles, etc., using
a single-valued function representation of the B/H character-
istic, and the complete representation, The eiffect of
hysteresis on the transient currents and fluxes in a three-
phase transformer was investigated by initially varying the
switching conditions to find where large discrepancies between
results for the two methods of representing the inagnetisation
cl}aracteristic were evident. The influence of such factors as

winding configuration, swiftching sequence and load on these
discrepancies were subsequently examined.

4.4.1 Switching conditions.

The two sets of results obtained for the transient
currents due to simultaneous switching of the supply to a
three-phase transformer show a marked similarity,
irrespective of switching angle, load, etc., so long as the
transformer is initially de-magnetised. An example of this is
given in Fig. 4.4.1. At no point do the two computed results
differ by more than 2%, which is better than the accuracy of

the illustration. As in the case of the single-phase trans-
former, the reason for the similarity is that the initial

magnetisation trajectories and residual flux density (zero) are

identical in all cases.

The condition where one or more, but not all, phases

in a poly-phase transformer are energised, as occurs during
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non-simultaneous switching of the supply, can be visualised
as effectively setting up 'residual’ conditions in the core
members which may influence the subsequent transients when
the remaining lines are connected. Since the transfiormer

equations take account of magnetic coupling between phascs,

then for short delays between the switching of all lines, 1i.e.
until a turning point in the B/H characteristic of one or more
of the core sections has been reached, the conditions in the
core will be the same for both methdds of representation,
Little difference would therefore be expeccted between the two
sets of results, at least in the first transient peaks, for short

switching delays.

The occurrence of a turning point in the B/H plane
causes the magnetisation trajectories for the two methods of
representation employed, to diverge, resulting in possibly
differing conditions in the core when the remﬁining supply lines
are connected, This in turn would be expected to result in
discrepancies in the transient current patterns, The time taken
to reach the first significant turning point in the B/H plane
will be largely governed by the initial switching angle. For
| example, in a three-wire star connected transformer, for an
initial switching angle of 900, the first turning point will
occur after approximately 5 ms (900) for a 50 Hz. supply,
un'less the third line is connected before this. For other
switching angles this time will vary up to a maximum of about
10 ms when the initial switching angle is 0% or 180°,

In practice, discrepancies were only found in cases

- —where theunloaded transformer-had -been energised

asymmetrically, i.e. the centre limb and an outer limb

energised first in the case of a three-wire star connected
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primary winding (Fig. 4.4.2), or an outer limb energised

first in the case of a four-wire star, or delta, connected
primary (Fig. 4.4.3). Where the transformer had been
energised symmetrically, i.e. the centre limb first followed
by the two outer limb together, or vice-versa, results for the
two methods of representing the B/H relationship were
practically indistinguishable, The only cxception to this was
the four-wire star connected primary which gave the same
results for both methods of representation when any two phases

were energised simultaneously, followed by the third.
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