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SUMMARY

This investigétion was motivated by the need for
accurate prediction of electrochemical machined surfaces
relative to corresponding tool geometries for given sets
of machining parameters.

A mathematical model was formulated which simulates
the electrochemical erosion achieved by primary current

distribution under steady tool feed rate, but with

correction for variable efficiency.

The equations comprising the mathematical model were
programmed for solution by a digital computer, using
discrete steps and a quasi-steady approach. The model

was not completely analytical; it utilised an empirical

values for specific metal removal rates. The efficiency
of machining with Na‘NO3 electrolyte was estimated from
experiﬁental results of other investigatois.

To assess the validity of the model, drilling test
runs were performed with tubular electrodes having two
'geometries at the leading edge of the tool. Work
specimens were made out of ENS8J stainless steel, botﬁ
‘NaCl and NaN03 electrolytes were used. The correlation
Between experimentally obtained drilled surfaces and the
computer predicted surfaces were satisfactory, justifying
the assumptions made during tﬁedevelopment of the model

and the numerical methods of the solution used.

This investigation has provided a method which could
be successfully employed to predict the electrochemically
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machined profiles relative to tool geometries. This
undoubtedly helps the production engineer in achieving the

desired tolerances of the finished component eliminating

the high cost of trial and error techniques.
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NOMENCLATURE
A Atomic weight
A Area (Chapter III)
A.C. alternating current
b width (Chapter III)
D, C. direct current
E Electrode Potential
ECM Electrochemical‘Machining
F Faraday number
f Tool feed rate
h inter electrode gap
he orthogonal equilibrium gap
I electrical current
J . electrical current density
Jo exchange current density
1 length
m mass
P Pressure
Q electrolyte flow rate
R gas constant
R | electrical resistance
r radius
S conductance
T temperature
t time
V electrical voltage
Vl potenfial drop in electrolyte in the

electrode gap (volts)



V specific volumetric metal removal rate (volume)

Land width
valency

thickness of the double layer

activation over potential

W

//

3

’1. current efficiency

k. electrical coqquctivity
0 potential flux

o angle

P,pP density

ot transfer coefficient (Chapter I1I)

Suffixes

a anode

C cathode
conc concentration

r resistance
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1.1 INTRODUCTION

Difficulties experienced in machining hard alloys
using conventional machining processes, demand for stress
free machined surfaces and a wide variety of complex

shapes have led to the development of electrochemical

machines.

The electrochemical machining process is capable
of producing complex forms at relﬁtively high metal removal
rates in a single pass. This process has been profitably
employed in the aircraft industry - for example, 1in
shaping of turbine blades, drilling cooling holes in gas

turbines etc.

However only a limited amount of information is

available on selecting process parameters, Up to the
present time design of tooling due to the conmplexity of

the process, is by a trial and error technique. For this
reason the advantages of the process are not fully

realised. Whatever machining process is used accuracy

and repeatability are important to the industrial viability.

Of the factors affecting both accuracy and repeatability

of the E.C.M. process the gap between the work piece and

tool is of prime importance. Accurate prediction of this
gap would make the perfection of the tools easier so that

greater advantage could be taken of the virtues of the

process.

1.2 ELECTROCHEMICAL MACHINING PROCESS

The electrochemical machining process is controlled

high rate electrolysis. In general a D.C, voltage



(rectified A.C.) is applied across two electrodes immersed
in an electrolytic cell. The shaping tool is made the
cathode and the piece being machined made the anode which
are separated by a small gap typically between 0,05 mm

and 0.50°mm (0.002 inches and 0.02 inches). Electrolyte
is pumped between the gap of the electrodes as one of the
electrodes is moved towards the other normally at a
constant rate. The current which passes through the

cell is carried by electrons in the electrodes and ions in the
electrolyte.Transfer of current between the work piece and
the electrolyte causes atom by atom removal of metal from
the anode which is the work piece. Any part of the

work piece nearer to the conducting surface (non
insulated) of the cathode, or the tool, will have a
higher current density than remote areas. As a result
these areas which are nearer will be machined at a faster
rate, and as feed of the electrode is maintained at a
constant rate, the anode will take up more or less, the
inverse shape of the cathode, The basic theory of the
process 1is described in more detail by De Barr and

Oliver (1 ).

1,3 ELECTROCHEMISTRY IN ECM

1.3.1 Electrode Process

The main role of an electrolyte in the electro-

chemical cell is essentially the same as with other

electrochemical processes such as electroplating, fuel

cells etc. where the electrolyte acts as an electrolftic



conductor between the anode and the cathode which are

the work pilece and the tool respectively in the case of the
electrochemical machining process. It also forms the
energy barriers commonly known as double layers at the

electrode~electrolyte interface which control and

characterise the electrochemical process occurring across

these interfaces,

The mechanism of electrolyte conduction is not only
different from the electronic conduction but it is also
very much more complex and less understood especially in
the case of electrolytes of high concentrations. In
metals electrical conduction is achieved by the movement

of free electrons which are foqnd in abundance in the metal

where as in electrolytes it occurs by mass transfer, i.e.
by the movement of cations and anions to their respective
electrodes. Conduction across the electrode electrolyte

interface occurs by charge transfer in one or more

electrochemical reactions.

1.3.2 Potential Distribution Across the Electrode Gap
“‘“_“_-—_m

The voltage required to pass an electric current
through an electrolytic cell may be considered as the sum
of several components distributed between the electrodes.

The potential drop in the electrolyte across the electrode

gap itself obeys Ohms law, and can be expressed as

(Va ) = iil-l' eeeee (1.1)

where '(VL )' the voltage drop in the electrolyte, in the
electrode gap and J the local current density, 'X' the



specific conductivity of the electrolyte. Here 'h'’

the gap between the electrodes 1is measured along current
flux lines, and if the electrodes are parallel to each

other 'h' will be of constant value equal to the gap
distance between the electrodes. There also exists a
potential differeﬁce between each electrode surface and

the adjacent electrolyte layer i.e. the electrode potential,
which is determined by the electrode material, and the

reactive species and the current density.

1.3.3 Over Potentials

At any electrode-electrolyte interface, there is

an electric double layer as shown in Fig. (1.1). It
occurs at both the anode and the cathode of the cell, but

the arrangement of charges or the polarities of the

electrodes are in opposite directions.

Helmholtz Double Layer Quter Helmholtz Plane

Inner Helmhotz Hane L Gauy-
Y | 5 r uy Chpmale Layer

THE ELECTRICAL DOUBLE LAYER

FIG., (1.1)



A potential difference arises from the transfer into the

solution of metal ions and the simultaneous discharge of
ions from+ﬁhe solution. Equilibrium is reached when the
electrons leit in the metal contribute in the formation
of a layer of + ve ions in the solution. The +ve charges

in the solution and the negative charges in the metal

forms the 'electrical double layer', The’ structure of

the double layer is complicated, with reference to Fig.(1.1l),
over the inner Helmholtz plane A, which lies very close to
the metal surface, unsolvated charges which do not have
water molecules attached to them may be absorbed. Beyond
'A’ 1ies the outer Helmholtz plane,‘B' along which lies an
array of +ve charges, further into the solution is the

- Gouy-Chapman layer, C, which is more diffuse and mobile.

The bulk electrolyte with its usual properties lies out-
side Gouy-Chapman layer.

The rate of charge transfer reaction which occurs

at the two electrodes depends upon the potential difference
across the double layer, the nature of the electrode and
on the nature of the double layer itself, i.e. the
capacitance of the double layer which is a function of its
thickness Sd and the dielectric constant of the solvent
molecules, The thickness of the double layer is also
dependent on the radii of the ions present in the electro-
lyte (2 ),

If a potential difference is applied across the

cell to cause anodic dissolution, then the anode will

lonize at a greater rate than that of discharge of its



ions. The electrode potential is accordingly altered
from its equilibrium by an.amount qla) the activation
overpotential. A quantitative relationship between
activation potential and current density, i.e. the rate of
the electrochemical reactions occurring at the double

layer is given by the Tafel equation.
At the anode

RT RT
(’E),a)a = -P——Z-F- 1n Jo+ FZ-E 1n Ja cecese (1.2)

and at the cathode

RT RT
( ) = + ln J T ————— 1n J a0 e (1-3)
Mza c (1- p ) ZF ° (- {B)ZF c

where Z is the charge involved in the respective electrode

reaction, {3+1s the symmetry factor or the transfer

coefficient which is usually equal to about %, -J_ the

exchange current density, R the gas constant and T the
temperature, It 1s worth stating at this point the

extreme nature of the electrode process in ECM work, the
large current densities involved and steep concentration
gradients in the immediate vicinity of the electrode
solution interface may result in a more complex form of
activation overpotential than that expressed by the Tafel's
equation,

Tafel overpotentials have been studied mainly in

connection with hydrogen evolution at the cathode although

some information has been collected on anodic phenomena ( 3).
The current densities at which these overpotential values

have been found were very much lower than those commonly
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encountered 1in ECM. Typical values of cxchange current

.. \

density J, and Tafel slope (2. 303-——-) for electrolysis of
an iron electrode in % molar chloride solution are

-9

3.16 x 10°° Amp/cm® and 59 mV/decade.

Apart from the overpotentials or polarisation
"explained before there are another two types of over-

ﬂpotentials commonly associated with electrode process.

As the dissolution proceeds in ECM, the movement of ions

is controlled by three processes.

1., Migration, i.e. the movement of ions under the.
influence of the électric field.

2. Convection, i.e. the movement of ions achieved by

bodily movement of the electrolyte; in ECM this 1s
achieved by forced agitation of the electrol?te.
3. Diffusion: i.e. the movement of ions due to ion
concentration grédient in solution.
In anodic dissolution, when the metal dissolution rate 1is
faster than the rate at which metal ions can diffuse away
from an electrode, a condition is reached where an ionic

concentration gradient exists over a thin layer of the
~ electrolyte adjacent to the electrode. This 1§yer is
known as the diffusion layer. | A change in the electrode
potential from the reversible value occurs due to this
ionic concentration gyadient. The numerical value of the
difference between this Qalue of potential and that of the
reversible potential 1is known as the concentratioﬁ over-

potential, The other overpotential is 'Reslistance

overpotential'!, this is generally regurded as the potential



drop across a layer of electrolyte or f£ilm layer such as
an oxide film on the electrode surface. The magnitude

of this potential depends on the amount of current flowing
in the cell and on the nature and the conductivity of

the electrolyte.

Thus the external potential V required to pass a

current I through an electrochemical cell can be expressed
as

V (EC — Ea) + 613."" talaconc-'- /U’lJr "!' IR ll.l (114)

..

where Ec and Ea are reversible potentials at fhe cathode

and the. anode respectively,aqra; #qfconc;q1/r and IR are

contributions from activation, concentration, resistance

overpotentials and potential drop in the bulk electrolyte

respectively.

1.3.4 Polarisation Curves

-

Main features of the anodic dissolution can be
clearly explained with reference to a polarisgtion curve,
This 1s the curve of anode ﬁoténtial against cﬁrrent
density obtained during.anodic‘dissolution. A polaris-
ation curve which shows the main features is shown in
Fig. (1.2). For anodic potential in the range AB the

anode is said to be in active state, dissolution of the ano-

de 1is by removal of ions from its crystal planes, i.e,
the dissoluﬁioﬁ depends on the geometry of the crystal
-lattice and the surface becomes etched. Tafel's equation

is gpplicable under these conditions.

As the anode potential is increased beyond B Fig. (1.2)



Anode potential

B

Current density :

FIG. (1.2)

(1.2), an oxide film may form on the anode surface.

This may hinder the reaction rate for example as shown
to the level CD, The anode is then said to be passive.

The oxide film may be so conductive that the passage of
a greater amount of current becomes possible as shown by
BE. In this case dissolution occurs in a random manner
over the anode surface, is controlled by the oxide film
and not by the geomefry of crystal léttice. Since the
dissolution occurs_in a random fashion, the anode surface
becomes polished.

“For films withéood electrical conductivity and
for appropriate conditions of potential oxidation in

preference to or in addition to polishing or passivity,

oxidation of solution anions may take place. An example of



this is the oxidation of hydroxyl i1on to form oxygen

4 OH o———p 2H,0 + 0, + 4e

This condition is shown by DF in the Fig. (1.2).
A condition which is difficult to distinguish from

gas evolution is transpassivity, here the cations of the
oxide film are oxidised to a soluble higher valency form,
Chromium is one of the metals which exhibits this property
yYielding chromates. ‘

If the passive filﬁ formed on the anode surface is
exposed to a strong electrolyte of appropriate conceptration,

such as sodium chloride, the anions of the electrolyte will

penetrate into the film causing disruption of the film,

This disrupted area of the film will permit greater local

current flow than the other areas of the film, Such
current flow can lead to the'formation of pitting on the
anode surface, Pitting is most likely to occur at weak
points on the electrode surface, such as at grain

boundaries. This effect is shown in the polarisation

curve by D and N,

1.3.5 Reactions Occurring at the Electrodes

The general ionic reactions which occur in an
electrochemical cell when using acidic, neutral electrolytes

are as follows; alkaline electrolytes are not used in ECM.

(1) When using acidic electrolyte (e.g. HCl), at the anodeé

the dissolution of the metal can be expressed by

M = MZF . Ze
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where MZ+, the metal ion of valency Z, e is the electron
charge, and at the cathode evolution of hydrogen can be

expressed by

+
2H <+ 2e H2

Reduction of the metal ion at the cathode is a possibility
(plating of the cathode) but this is very much undesirable.
in ECM work as this tends to alter the initial shape of
the tool electrode.

(ii) When using neutral electrolytes (e.g. NaCl) there
is no plating at the cathode. The metal ion liberated
at‘the anode and the hydroxyl ion from water molecules

which are found in abundance forms a metal hydroxide

which 1is precipitated. The anode reactions are

M = M* + Ze

for. the metal dissolution and
M+ Z (OH) = M(OH), + Ze

for the formation of metal hydroxide, At the cathode is

hydrogen evolution,

2H20+2e = I-I2+2OH

There is some ev}dence-(ﬂi) that a large proportion of
the current is not used for hydrogen evolution when

nitrate electrolytes are employed. Instead the nitrate

1s reduced,
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1.4 Machining Rates

Faraday's laws of electrolysis can be satisfactorily
applied to find the machining rates if there are no side
reactions, When all the current is used for machining,
the mass 0of the metal removed from the anode assuming it

to be of an element is given by

ATIT
Z F

m = ceoes (1.5)

where A is the atomic weight of the element, Z the

valency of the ion produced, I the current, t the time and

F the faraday constant.

From equation (1.5) it can be deduced that 'fa'

the rate at which the anode surface recedes is given by

AJ
f = S ————
a P . ® ¢ & o » (1.6)

where J is fhe current density over the anode surface

and [’ the density of the anode material,

1.4.1 Steady State Machining

Under steady machining conditions that is when the
gap between the tool and the work piece remains constant,
the*compogent of the feed velocity in the direction of

normal erosion should be of the same magnitude as the

erosion rate; If the electrodes are perpendicular to the

feed direction the feed rate of f is given by

AJ
f ® @ 0 0 09 ®
ZF P (1.7)
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A

The factor 7 is a constant for a given electrode

combination and is usually known as the specific metal

removal rate,

1.4.2 Machining of Alloys

Most industrial materials machined by E.C.M. process
.are alloys, ions formed by each element in the alloy

during electrolytic dissolution may not necessarily have
the same valency and equation (1.6) has to be modified

accordingly to take into consideration different valencies

of ions formed.

Larsson (5 ) obtained a general theoretical maghining

rate for an alloy by summing up the charges required to
remove each element from a given volume of the alloy.

The specific metal removal rate Vé of the alloy (volume

P
of the anode removed per unit charge) was given by the

equation:

v =100 1 3 ~1 -1

sp = DF , -—
P X121 | Xlp *gl3

'-II-+‘—I§-‘+'-I§— t oo

coess (1.8)

where 1, 2, 3, etc, are the elements of the alloy of

atomic weights Al, A2, A3, etc,, which enter solution with
valencies Zl' Zz, Z3 etc.
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1.9.3- Discrepancy in Predicted Machining Rates

Application of Faraday's laws in determining metal
removal rates has its limitations. Many cases have been
reported e.g. Mao (4 ) where the dissolution is less than
100% efficient as predicted by Faraday's laws, Evolution

of oxygen 1is usually assumed to be a secondary reaction

" which used some of the current but other causes have been
put forward for. some examples at current densities lower
thanrused for E.C.M. Faraday's laws can only predict
accurately the rate at which a metal 1s removed from the

anode if the following conditions are satisfied.

1. Valencies of ions produced must be known.

2. There must be only one electrode reaction

3. The metal must be removed by dissolution only, and

not by disintegration.
Incorrect,assumed valencies may give higher or lower

machining rates depending on whether the assumed valency

is below or above the correct valency of the ion,

Davidson' ( 6) has reviewed the low valence state in anodic
dissolution, for example there is evidence that both
aluminium and copper dissolves in univalent state, but

ln aqueous solution the valencies are found to be three
and two respectively. It has been deduced (5) that thé
metal initially dissolves in the univalent form and some
of these ions return to the anode, then being oxidised to
‘a h;gher state, drawing more current. Those ions which
do not return to the anode are chemically oxidised by

reacting with water, A further common example of the



15

incorrect choice of valency value is that of chromium.

When using passivating electrolytes such as Na‘NO3 or
NaClOS part of the current is used in secondary chemical
reactions such as the evolution of oxygen, thereby
reducing the efficiency of the process. K8nig ( 7)
states that by employing passivating electrolytes the

" over cut i.e. the gap between the electrodes can be
reduced. The reason for this is the property of the |

passivating layers on the anode surface, especialiy at

the low current density areas where not all of the
current is used in metal dissolution. There is evidence
for disintegration of anode during anodic dissolution.

Straumanis (8 ) has observed disintegration of gold
during anodic dissolution.. He states further that the
‘amount of metal disinfegrated increased with decrease in
current density and increase in purity. Metals such as

silver, beryllium and magnesium have been observed to

disintegrate partially at low current densities.
Current efficiencies of over 100% obtained for E.C.M.

'with electrolytes such as NaCl may be due to contributions

from partial anodic disintegration and so a low value for

valency may be erroneously assumed.

1.5 MACHINING ACCURACY AND REPEATABILITY

Accuracy in E.C.M. depends on accurate prediction
"of the work shape relative to the geometry of the tool,
that is prediction of the gap between tool and the work

piece for all points on the work surface., P.E.R.A. (9)
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Konig ( 7,10), Tipton (11), Collet (12), Krylov (13 ),
have formulated expressions for the prediction of the

side gap Fig. (1.4). Due to the complexity of the
processes accurate prediction of the side gap is very

laborious and involves complicated mathematics. In

normal practise side gap is defined as a function of the

- frontal equilibrium gap which is relatively easy to predict.

and itself is a function of process parameters.

1.6 Frontal Equilibrium Gap

Frontal equilibrium gap 1is ﬁsually defined as the

smallest gap between the two electrodes which occurs after
infin%te time of machining. The sections of the tool and
the work piece belng parallel to each other and the constant
feed direction of the moving electrode (usually the cathode)
and the cu:rent flux being normal to the surfaces. In
practical electrochemical machining equilibrium gap is
reached after a’'short period of machining, which will be
noted when the machining current reaches a steady value,

other process parameters being kept constant.

1.6.1 Expression for Frontal Equilibrium Gap

Consider a section of two plane parallel electrodes
in an electrolytic tank connected to D.C. (rectified A.C.)
~ supply. Neglecting overpotential effects and assuming

the process is 100% efficient the rate of metal removal

from the anode surface is given by

(Vsp) x J
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Tool X

Work Piece

FIG. (1.3)

where (Vsp) is the specific metal removal rate from the

anode surface; in other words it is the volume of metal

removed per Coloumb, J 1s the current density in the

region considered. The value of J is dependent on 'X'
conductivity 6ffthe electrolyte and the gap 'h' between

the two electrode surfaces and is given by
Ve - K
J“T— ceos (1.9)

where V is ohmic drop across the resistance of the

solution .

“

From (1) and (2) the rate of change of gap 'h'
between the electrodes when both electrodes are stationary
is given by .

V. )xvVv, xX
dh _ Sp L |
E h oo o0 (1110)

If one of the electrodes is fed towards the other at a

constant feed rate 'f' then rate of change of the gap h
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from (1.10) is

dh (Vsp) xVxX

T - -1

h

Under steady machining, that is when the gap between the

dh
electrodes remains constant (time independent)~af = 0,

The magnitude of constant gap is given by

L (Vsp)xVx)c

cees (1.11)
e f

he is commonly known as the equilibrium gap. Accurate

prediction of equilibrium is very important and it 1is
discussed in section ( 1.11 ).

1.7 PREDICTION OF OVERCUT

The prediction of overcut is important when the
process is used commercially. The earliest published

literature in English regarding the prediction of overcut
was a research report by P.E.R.A. ( 9). The elements of

their analysis can be considered with reference to Fig.
(1.4).

Overcut at any point 'P' on the work surface which
was formed by a drilling tool having a straight leading

edge, and a non insulated land width W was defined as

u
] dh
h hc + 5\31-1' * du s o0 0 (1-12)
O

'hc' is the overcut opposite the leadling edge and-%%

the change of gap with respect to position along the

dh

uninsulated tool region. Y v was evaluated in two steps
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FIG. (1.4)

by expressing-%% as the division of-%% and du. ~ Since

the tool moves at a steady rate-%% = f the tool feed

rate. % is the rate of change of gap. P.E.R.A. (9)
defined g-% as

dh _ Machining parameter
dt gap

here the machining parameter is V s Vix JCO and the gap is

the radial gap, from equation (1.10) it implies that
P.E.R.A. (9) has assumed normal or orthogonal distribution
of current and has considered only erosion in the radial

direction, for a large radius where the field is

approximately orthogonal,
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The gap hc was found numerically in terms of the
frontal equilibrium gap using a relaxation method. The
relaxation analysis was based on solving Laplace's
equation for potential distribution between boundaries

ABC and SPTU Fig. (1.4) bounded by steady state erosion
condition -’%—% Cos © = Constant.

Work .

" FIG. (1.5)

Solution of Laplace's equation requires a closed
region of known boundary conditions. In this report (9),

boundaries chosen were not clearly explained.

The overcut opposite A was found by integrating
equation (5) within limit O and 'W' where W is the land

width, h the overcut opposite A is given by

hW = [2he.w + (1.7 h&)z] % cvoe (1.13)

Thls analysis has neglected the machining due to current
flux which protrude on to the work surface beyond the
uninsulated region of the boundary. The factor 1&¥ was

given by their numerical analysis for the ratio of hc/he'
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Konig (10) considered the stray current machining,
defined the side gap at three different regions along the
tool boundary. The gap 'ho' which is generated by radius
'r' at the corner of the tool, the gap (h_ - ho) generated
by the cylindrical non insulated part of the tool and the

gap (hw_- hs) which was caused by stray current machining.

Work "

oA
i

NN XK XXX X

FIG. (1.6)

An empirical formula was derived to calculate the
gap ho' For a drilling tool having no land width and

the corner radius within the limits 1 mm € r € 5 mn, h,

is given by

hO = (0,1 + he)(0.314r + 1.17) cees (1.14)
and

ho = 2he + 0-1 6:238(r-1) @ o 00 (1.15)

for tools having land width 2> 1 mm and the corner radius

within the linmits 1 mm £ r < 5 mn. Knowing gap h,, gap

S
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h_ - h  was calculated from the parabolic equation obtained

from the condition

dh _ machining parameter
dt h

which was the same assumption made by P.E.R.A. (9). The
additional increase in the overcut due to stray currents
machining which was (h_ - hs),'was found empirically. The
quoted value was 0.65 of the frontal equilibrium gap. The
equation for total overcut will not be influenced by the
incorrect assumption for the gap h - ho’ due to the fact
the (hw - hs) was determined empirically. Howeyer the
work carried out by Tipton (11) 1n'prediction of the

machined anode profile and prediction of overcut is more
general, Tipton (11) developed a conducting paper analogue
technique to predict the work shape relative to the tool

geometry. Since tool dimension and feed rate were taken
as fraction of the equilibrium gap and as some fraction of
the equilibrium gap per unit time, for a given geometry of
a tool, only one prediction will be necessary. The other
work shapes for different process parameters, and similar
geometries could be found by scaling up or down depending
on the magnitude of the frontal equilibrium gap. Tipton
(11) further developed the method to solve the problem
numerically using a digital computer. However this
computer method 1is only suitable for prediction -0of work
shapes produced by simple tool geometries with no insul-
ation boundaries and where the feed direction is nearly

normal to the work surface, Thus it ignores the stray
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current machining.He dlso extended the simple theory of |
prediction of the frontal equilibrium gap to predict the
equilibrium gap formed when the tool surface is inclined
to the feed direction.

Assuming all the current 1s distributed in the
radial direction:fderived a formula to predict the gap
formed by an uninsulated cylindrical tool. Leong (14 )
employed a similar approach in the derivation of formula
for the overcut. Modified formulae were obtained by

P.E.R.A. (9) and Konig (10) using form factors to fit the

experimental results.

Collet et al (12) hawveused a complex variable

approach for predicting overcut, The maximum overcut and
the ovéréut opposite the leading edge for a plane faced
tool with insulation on the outside and for a plane faced

tool with no insulation was given. An initial guess of

the form of the solution was assumed, in order to predict
the work shape when the boundary conditions were satisfied

but the uniqueness of the solution, which is of the
utmost importance, was not discussed. There may be
several forms of the guessed solution which satisfy the
boundary conditions yielding a solution for the Laplace
equation for a free boundary problen, From their
analysis Collet et al (12) predicted that the final over-
cut obtained from the plane faced cylindrical drilling

tool with insulation on the outside cylindrical surface

to be of the same magnitude as the frontal equilibrium gap.
The gap opposite the leading edge was found to be 0.731 of
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the equilibrium gap. For toolswith no insulation the
gap increased with the length of the tool and the predicted

value of the gap at the leading edge was found to be 1,109
of the frontal equilibrium gap.

1.8 PREDICTION OF TOOL SHAPES

Procedures for the prediction of tool shape to
produce the required work surfaces are not very well

established at present time due to difficulties in locating
insulated tool boundaries, A way of finding a tool shape
is to use several guessed tool shapes and to solve the
Laplace equation which satisfies the boundary conditions.

This method will be very time consuming and is difficult

to make into a computer program to produce the desired
tool shape automatically. Krylov (13 ) attempted to solve

the problem of finding tool shapes to produce a given work
shape but he assumed the potential of the tool boundary to
be a constant. That is the tool has no insulated
boundaries. The mathematical approach employed yields

a continuous analytic function for tool shapes which are

of no practical importance. As stated in this report this
approach does not lead to a well posed mathematical problem

and results are quoted for three theoretical work shapes

-given by equations

(a) y = x4
-
) y=¢e=
and (¢) y = s8in x

Tipton (11) has outlined an approach to solve the
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problem of finding tool shape to produce the required

work shape. The two dimensional work boundary was

defined numerically in the X, Y plane with Y as the feed
direction. Fig. (1.7 ). He assumed that in equili-
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FIG., (1.7)

brium machining condition, the normal current density is

a constant which is correct 1if efficiency does not vary

with current density, hence he deduced that constant current
increment should flow through each of the adjacent
coordinates on the work boundary. This assumption is not

true, as explained in Chapter II, section (2.6.3) that

normal current density varies from point to point on the
work surface as 'sin "' where ' j' 1s the angle between
the ~ve feed vector and tangent to the work surface at the
point considered, But Tipton's (11) deduction is a valid

one., Method of Curvilinear Rectangles (see Wright (15))

has been used to find the required tool boundary. Since
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this method only predicts tool shapes with constant
potential tool boundaries, as stated in this report this

procedure is not suitable to predict most tool shapes for

even relatively simpler work surfaces.

1.9 EFFECT OF PROCESS PARAMETERS

Repeatability of the E.C.M. process in forming
components depends on how the process parameters are
controlled. The side gap directly or indirectly depends
on the process parameters. From equation (1.11) it should
be clear that the frontal equilibrium gap could be
controlled directly by dependent ﬁfocess parameters such
as cell voltage, electrolyte conductivity and feed rate

of the tool or work pilece. The dependence of other process
parameters such as electrolyte flow rate, temperature,

forward pressure, back pressure on the frontal equilibrium
gap has been studied by many authors for example Thorpe

and Zerkle (16 ), Hopenfeld and Cole (17 ), Komnig ( 7)),
Leong (14 ),

The prediction of equilibrium gap in electro-
chemical machining in relation to non-uniform electrolytic
conductivity was first investigated by Tipton (1,15,
Complexity of the problem was reduced by considering the
conductivity of the electrolyte as temperature dependent.

Hopenfeld and Cole (17 ) developed an equation which

describes the functional relationship between process
parameters based on a mathematical model incorporating a
bubble layer. A further equation which predicts the local

current distribution along the anode length was formulated.
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In the experimental model the electrode gap was kept
constant and the variation of current density along the
anode length was sought. This was said to be analogous

to the actual physical case at equilibrium but in fact at
equilibriﬁm the current density along anode length is
constant providing dissolution efficiency remains constant.

Thorpe and Zerkle ( 16) used a similar approach to that of

Hopenfeld . and Cole (17 ). A one dimensional, two phase,
fluid flow theory was formulated for the electrolyte
behaviour in the frontal electrode gap occurring in the
diesinking process using axially symmetric shallow cavities,
both void fraction and temperature effects were included
in determination of the frontal equilibrium gap of the

, cavity produced. Numerical results were given for both

flat and spherical bottomed cavities under steady

machining conditions. Both radial forward flow and radial

reverse flow has been considered,.

1.4.1 Electrolyte Pressure Requirements

Thé electrolyte, apart from acting as the electro-
lytic conductor between the anode and the cathode in the
- ECM cell, 1s also used to flush away the eroded metal, to
take away the liberated gases and the heat generated
during the process. This fequires sufficient flow of
electrolyte through the electrode gap. Since the electrode
gap 1s small high pressures are required to pump the

electrolyte through the gap.

The pressure of the electrolyte at the entrance to
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the ECM cell is commonly known as the forward pressure,

usually this is controlled by a valve in line with the
cell and by a by-pass valve through which excess electro-
lyte is taken back to the electrolyte tank. The required
pressure depends on the pressure distribution in the

electrode gap which depends on the geometry of the

electrodes, Chikamori (19) has shown that for circular
electrodes the pressure distribution obeys the pressure

distribution derived mathematically from Bernoulli's

equation,

Cavitation in low pressure areas appears to be
responsible for some defects e.g. flow marks on the work

plece surface. The possibility of cavitation can be

reduced by applying back pressure. Back pressure is the
pressure of the electrolyte as it leaves the ECM Cell,

but as this also reduces the volumetric flow a compromise

has to be reached. Back pressure is applied by restricting

the electrolyte outlet from the machining zone or in a
totally enclosed cell by having a throttling valve in the
outlet pipeline. Another advantage of having back
pressure is it shifts the boiling temperature of the
electrolyte to higher value. Leong (14 ) found that
increase in back pressure gave smaller overcut, when other

operating parameters flow rate, voltage, inlet temperature
and feed rate kept constant, but one would expect the

contrary. Increase in back pressure also reduces the
magnitude of the bubble layer which effectively increases

conductivity. Referring to equation (1.11) increase in



gap hence a larger value for the overcut.

Chickamori et al (19 ) studied the flow of
electrolyte in electrochemical die-sinkling process. For
circular electrbdes Bernoulli's equation was used to
express the pressure distribution in the electrode gap.

The obtained equation for pressure loss P} (Kg/cmz) due

to viscous forces iSs

where 'P- the coefficient of viscosity (Kg.s/mz)
Q. flow rate (L /min)

r the distance from centre (mm)

2r1 the outside diameter of the electrode (mm)

Study of the experimental curves and theoretical curves

obtained revealed that above certain flow rates negative
pressure zones occur between the electrodes, which means
that voids could be formed readily by cavitation. The
critical gap rangew-'“ﬁv%ﬂmﬁthe pressure loss increases

rapidly, was found to be 0.1 and 0.3 mm. To prevent

occurrence of cavitation which deterilorates the accuracy
of electrochemically machined surface Chickamori ( 19)
suggests the use of small flow rate and large gap distance
or very small gap distance below 0,1 mm, The occurrence
of cavitation was observed to be near the aperture where

the flow velocity becomes large. For rectangular

electrodes this may be prevented up to some extent by the
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use of slit aperture for the electrolyte flow. A
characteristic of this aperture 1s that the minimum flow
section, (circumferential length of the aperture X

electrode gap distance), can be increased more than that

of the circular ones.

1.8.2 Limitation of Feed Rate due to Electrolyte

Boiling

With reference to equation (4)11t could be deduced
that by making the feed rate large, small equilibrium gaps

could be attained, which implies that the work surface

produced would closely resemble the inverse tool shape.

In actual practice the feed rate is limited by a number of

factors which are indirectly dependent on the process

parameters of equation (1.11). High feed rates which
imply small gaps means low flow rates, and high current
densities. This increases the rate at which the electro-

lyte is heated, If the flow rate is not sufficient the
heat generated by the current will cause the electrolyte
to reach its boiling point and process failgre will occur.
Feed rate limitations due to electrolyte boiling and
hydrogen evplution are described byhP.E.R.A. (9).
Assuming that the total electrical energy supplied to the

tool work electrodes system appears as heat and neglecting

heat losses to the surroundings via tool holder etec.,
P.E.R.A. derived a general expression for feed rate in

terms of the temperature rise to the boiling point of the
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electrolyte. This equation predicts the maximum
allowable feed rate at which the electrolyte boils. The
authors of this paper found that the predicted feed rates
could not be attained in practice. The maximum attainable

feed rates being approximately half that predicted by the

formula.

1.9..3 Limitation of Feed Rate due to Gas Evolution

Hydrogen gas liberated at the cathode during the
machining process, forms a layer of bubbles surrounding

the cathode thereby reducing the conductivity of the
electrolyte and thus the metal removal rate. Therefore

the amount of hydrogen in the electrolyte limits the feed
rate. The reduction in conductivity will also give gap
sizes smaller than those predicted by formulae assuming

constanf conductivity neglecting the effect of hydrogen.

P.E.R.A. (9) assumed that the maximum feed
possible depends on the volumetric concentration of the

evolved gases in the electrolyte. They considered ECM in

a narrow channel gap of constant width between the two
electrodes and further assumed that the evolution and
dissolution of the gas do not change the volume of the
incompressible electrolyte between inlet and outlet ports
of the cell. They also neglected any solubility effects
and assumed that the pressure gradient is unaffected by

the presence of hydrogen. The values o0f feed rate predicted

by this method for a 40% volumetric concentration of

hydrogen in the electrolyte were found to be very close to

the maximum values obtained experimentally.
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1.9 .4 Other Factors Affecting Attainable Feed Rate

The amount of gas mixed in the electrolyte was
found by PERA to be the predominanf:r: factor in
determination of the maximum feed rate. As liberated
gas forms voids in the gap, the voltage gradient in the

gap exceeds the electric strength an arc will occur,

Loutrel et al (20 ) suggests that after the arc is
initiated the heat produced will vapourize the surrounding
electrolyte causing the void to grow larger, if the voltage
gradient is high as in extreme machining case the arc will
grow, This local heating causes the electrolyte to boil,
which causes process fallure, Bhattacharyya et al (21 )
considered the problem of optimization of metal removal
rate subjected to the constraints of electrolyte boiling,
hydrodynamic instability, consequential choking and

passivation of work surface. Numerical relationship

-Between electrolyte flow velocity at the entrance to the
cell and the maximum tool feed for machining iron in NaCl
solution is given.

Thorpe and Zerkle (16 ) also give choking as a
limiting factor although in practice Clark ( 22) could not

find a choking situation experimentally.



CHAPTER 11

VARIABLE NONORTHOGONAL DIFFERENCE SCHEME TO
PREDICT THE FREE BOUNDARY OF A LAPLACIAN REGION
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2.1 INTRODUCTION

In practical electrochemical machining the most
important condition is machining with constant feed rate
at a given constant applied d.c. potential difference.

This results in establishing an equilibrium gap between

the tool electrode (cathode) and the work electrode
(anode); it is immaterial whether the tool is fed towards

a fixed work surface at a constant feed rate or vice versa.

The rate of dissolution of the anode depends on the
current density at the anode surface; hence on the

potential distribution in the gap between the two

electrodes. Tipton (ll)has solved the problem of
potential distribution to find the work shape in

electrochemical machining using a conducting paper
analogue method and a numerical method based on finite
differences employing a square mesh to enclose the region.

The developed computer program which was used to predict

the work profile did not consider the insulated part of
the tool boundary, and as stated is only suitable for
simple tool geometries whose profile sections are linear
including steps in the direction of the tool feed. A
method of successive approximation was used to solve the
field problem, where the potential value at each grid

point inside the region was repeatedly adjusted until the
values at all points satisfied the difference equation

which corresponds to the Laplace equation within a given

tolerance, Initial values of potentials at grid points
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inside the electrode gap which were required to begin

the computation for the first iteration were found by
linear interpolation along vertical grid lines between the
tool boundary and the work boundary. Computer predicted
work shapes for three difﬁerent tool geometries having
linear tool sections were presented, namely for a tool
with a vertical step, a 'V' shaped tool having a line of
symmetry and for a tool section of the shape of a saw-
tooth having lines of symmetry at each end. There seenms
to be no other published work on numerical methods or
classical methods for the prediction of work profile in
E.C.M. except for theoretical work done by Collett et al (2)

which was reviewed in Chapter I.

In actual E.C.M. the tool shapes have more complex

geometries than those which can be treated by the

- numerical method presented by Tipton.(11,18) Therefore
there 1s a need for a method which can be used to predict
most E.C.M. shapes. The numerical method which is
described in this Chapter is more general and can be
easlly applied to predict most E.C.M. shapes. It is
based on the analogue method detailed by Tipton(ll) except
for the erosion condition which defines the work boundary,

being treated in a different manner (see section (2.7.3)).

2.2 REASONS FOR NUMERICAL APPROACH
——————— e e T

Laplace equation is perhaps the most widely studied
of all elliptic partial differential equations, and there

exist a multitude of techniques, both analytical and
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numerical, for its resolution subject to appropriate
boundary conditions. Practically any standard text on

classical analysis contains many possible functilomns

@(x,y) which satisfy

2 2
2, . OO0 _ 9090 . (2.1)
vﬁ + O " 0o o ®
"axz (o),

The choice of that linear combination which is sufficient

to describe the solution of a particular boundary value
problem can only successfully be achieved if the region
in which the equation must be solved has a peculiarly
simple geometry; namely rectangular or circular. For
more complex geometries, and in particular for 'FREE

BOUNDARY VALUE PROBLEMS', this task becomes hopelessly

involved. In any case, even if such an analytical
approach were feasible for a free boundary value problem

- it is expected that a numerical method would have to be

used at some stage to determine the free boundary. There

is therefore a case for using a numerical technique right

from the beginning.

2.3 REASONS FOR USING METHOD OF FINITE DIFFERENCES

There are a number of numerical techniques that can
be used to obtain a solution from partial differential
equations which describe a field, but the one which 1s
well established, and which can be applied equally to
linear, or nonlinear problems, to steady state or transient
ones independent of boundary conditions or boundary shapes

is the method of 'Finite Difference'.



36

It consists of values of the function describing

the field at discrete points spread over the region, the
other required information is derived irom these points
values in the same manner as if the point values were
obtained by physical experiment. The method of

obtaining the solution by finite difference technique
consists of replacing the partial differential equation of
the field by a simple algebraic equation expressed in

terms of the corresponding point values of the field,

and essentially the problem reduces to solution of &

system of simultaneous equations.

2.4 MESH SELECTION

It was earlier mentioned that the method of obtaining

a solution by finite differences requires the replacement

of the partial differential equation of the field by a

system of simple algebraic equation in terms of the values

of the field function at discrete points distributed

over the region, Before these’equations are constructed
it is important to decide what distribution of the
discrete points in the field should be considered.
Although any distribution could be used the problem
becomes very much simplified if a regular distribution is
used. The common practice is to take nodal points of a
regular grid as discrete points, in which case all nodal
points are orientated in the same manner with respect

to their immediate neighbours. This ensures that the
resulting finite difference equations have the same form

for each point.

The most important of all meshes 1s the square mesh

3
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and the other régular mesh in common use is the
equilateral-triangular mesh Fig. 2.1 . Other types of
mesh such as one of curvilinear squares may be employed

depending on the boundary shape of the region.

2.5 OSTANDARD DIFFERENCE SCHEME, FORMATION OF DIFFERENCE
EQUATION

2.5.1 The solution of Laplace's equation using finite

differences

The finite difference form of Laplace equation for

the potential P is obtained by replacing the differential

equation
2 2
o9 _ 09 . 0
. oo S
é;;; E;;g (2.1)
by
Ap A9
(jgép '?z;;g eee (2,.2)
Y

FIG. (2.2) LAPLACIAN REGION BOUNDED BY A
CLOSED BOUNDARY
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Consider a general point of the square mesh of spacing

h(i,j). The four adjacent points 2, 3, 4 and 5 forms
what is known as a regular star,. Referring to Fig. (2.3)

the forward and backward differences are

D . - 0 0 - P
AD = g+l 1 i, AD _ 1,3 " Ti,3-1
23041 h y %)9.1 R

respectively.

The second central difference quotient is given by

A2ﬂ _ Ax41 szl
(&x)° B

_ 4,341 o3 1, 3-1 ... (2.3)
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and by similar reasoning

I TS I8 e ¥ Ml = O . (2.4)
(by)? h?

adding (2.3) and (2.4)

Azﬂ 4 Azﬁ — Q1.,,j+1 - ﬁ:L+1,.j' T Qi.,,,j---»l’ ﬂi-lz;_] N 4¢izj
(AX)§ ( )2 h
Hence

gi 3 . gI|.ZJ+]. + ﬁi-l'lé ! i ﬁiz !—1 + Qi—].“! .. (2.5)

Thus a simple equation is obtained which relates

the potential at each nodal point to the potentials of the

four neighbouring points of_a square mesh., The boundary
of the Laplacian region does not necessarily fall on nodal

points of the square mesh; the boundary may intersect
the grid lines of the mesh to form irregular stars as
shown in FIG, 2.4 . Here a different equation has to
be used in relating the potential at a grid point to that

of the neighbouring points. It should be noted that an
irregular star should not contain more than two short
arms: three short arms would imply a too coarse mesh (1ll).
The derivation of the equation relating the potentials

for an irregular star is given in most texts in

numerical analysis. wWith reference to FIG. 2.4 ; if

the length between 1 and 3 _i§ P’h and that between 1 and

4, h where P:sl and o/<l .
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FIG. (2.4) LAPLACIAN BOUNDARY FORMING AN
IRREGULAR STAR

The difference equation which defines the potential

ﬂl at 1 in terms of the potential of the neighbouring

points 1is
¢ 2 91 1 1
———é_._- d  me——— o} —-—2— d  ee—— &S .5< +t- ) ﬂ
f2~,(1+}3 ) XK(1+X) (1+ﬁ ) (1+ X) £ 71
.o (2.6)

when X = F, = 1 this equation reduces to equation (2.5).

2.9.2 Techniques of Solving the Difference Equations

For smaller regions having few grid points, field
distribution can be found by hand computation of the set

of simultaneous equations which was obtained by writing

the difference equation for each grid point as explained

in
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section (2.5.1). The ways of acceleration of computation

by methods of relaxation and over relaxation can be found

in most texts in numerical methods. (For example refs.23-24)

But practical field problems contaln meshes of very large

numbers of grid points and 10,000 grid points a¥w not

unusual(23). In those cases hand computation becomes

impossible and a computer has to be employed.
The ideas involved in machined computation are

identical to those encountered in hand computation, since
the computation is based on the same finite difference

equations. There are several papers dealing with

reducing the number of iterations involved for the

convergency of the solution. The line iteration method
used can be classified into two main groups.  As detailed

by Arms and Gates(24) the potential valuesat all nodes
were adjusted line by line of the mesh the lines being
either vertical or horizontal. In the othef technique
potential values of the field were adjusted by vertical
lines or horizontal lines as explained in a paper by
Peaceman and Rachford (25) . The above methods are
capable of producing a solution of given accuracy with
fewer iterations.

Before deciding on the application of standard
difference scheme, and the technique of solution, it is

necessary to know the boundary shapes and boundary

conditions encountered in E.C. M.
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2.6 STEADY STATE ELECTROCHEMICAL MACHINING

In practical electrochemical machining initially the
tool is set at a precalculated gap from the workpiece
depending upon the process parameters voltage, feed rate
and conductivity of the electrolyte. Depending upon the

geometries of the electrodes, sections of the workpiece

near to the uninsulated boundary of the tool will have
higher current densities than those sections which are

relatively far from the uninsulated tool boundary. As a
result those sections nearer to the tool electrode will
erode at a faster rate than sections which are far from
the cathode surface. As the tool is fed towards the

workplece the work surface attains an equilibrium shape
and this shape ’'generates' into the workpiece at the given
tool feed rate. Most of the machining takes place in

sections of the workpiece which are opposite the
uninsulated parts of the tool section, erosion of the
workpiece opposite the insulated tool boundaries drops along
the insulated length, Erosion in this region occurs only
from the current flux which protrudes from uninsulated
tool boundaries. As a result drilled holes with

parallel walls can be produced from E.C.M. *With

reference to FIG. 2.5 ; in the region opposite the leading
edge of the tool most of E.C.M. takes place anq the

current density reaches a constant steady value at
equilibrium conditions. This section of the workpiece

recedes at the same rate as that of the tool feed velocity.
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2.6.1 Types of Electrochemical Boundaries

Boundary Conditions

By whatever method is used in solving the potential

distribution equation it is necessary to know the

boundary conditions.

a) Conducting boundaries:-

In the absence of an overpotential, dependent on

the local current density, the potential of the electrode

which is usually uniform can be specified.

b) Insulated boundaries:-

s -

The flux normal to the insulated boundary is zero;
here the method of electrical images can be used to
construct a series of fictitious nodal points outside the

insulating boundary having identical potential values as

thelr counterparts.

INSULATED
JUNDARY
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With reference to FIG. (2.6)

'

\ | '
0, =9, ; 0, =0, ; 95 =05 etc.
The mesh points on the boundary are then treated as a

point within the Laplace region in applying the equation
v°p = o.

c) Electrochemical boundaries which are defined by the

current deEendent overpotential ;= (0

In this region neither the potential nor the current

ls specified at the boundary: only their approximate

functional relationship is known.

For a linear overpotential where the potential of

the electrode Qe is related to the potential on the
electrolyte side ﬂB by

QB =@, - b.J

Wwhere b is the slope of the local current density J and

Je
De
h

FIGURE (2.7)
potential @ curve (26). Then

g, = B - p @y - 0;)

e
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B = ﬂﬁ_i_£352£2_f_gl ve. (2.7

1 + (bk)/h

kK is the conductivity of the electrolyte solution.
Another type of electrochemical boundary is where
the relationship between potential and current density is

expressed by Tafel polarization.

Where ﬂB =3 ﬂe - ﬁ 1n jq- e o ® (2-8)
O

= RT/cAnF |, J, the exchange current density,

o the transfer coefficient.

Evaluation of the potential at the solution side of

the boundary involves a trial-and-error procedure fﬁf.

2.6.2 Machining Equation

FEED
FIG. (2.8) SECTION THROUGH THE SYMMETRICAL AXIS
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Consider any point P on the work surface produced
by an axi symmetric semi cylindrical electrochemical

tool. The relationship between the normal potential

gradient and the current density at P 1s
(),
Kx—=x = 1

where J{ is the conductivity of the electrolyte, and 'J°
the current density at P. The normal erosion rate of

the. work surface is directly proportional to the normal

potential gradient and the normal erosion rate is

= (Vsp)xXx—Q-l-%- ... (2.9)

where Vgps the volumetric metal removal rate per Coloumb.

2.6.3 Erosion Condition

WORK
SURFACE

TOOL FEED

FIGURE (2.9)
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In FIG. 2.9 PN denotes the magnitude of the normal

erosion vector at point P on the work surface, PF denotes
the negative tool feed velocity vector, and PR the

resultant of these two vectors.

If the system has attained steady state machining

condition, this shape of work surface remains unaltered,

i.e. the resultant of the normal erosion vector and,
negative feed vector should lie along the tangent to the
work surface at point P. If '©' the angle between the

resultant and the negative feed direction, then

5 = sinf ... (2.10)

The magnitude of PN is given by equation (2.9), and PF
is the tool feed velocity.

2.7 DIFFICULTIES IN APPLYING STANDARD DIFFERENCE SCHEME

TO PREDICT ECM REGIONS

<

A typical section of the gap between tool electrode
and work electrode when using a tool having a cylindrical

leading edge is shown in FIG. 2.10 . The gap AB is the
equilibrium gap and is taken as unity which usually lies

between 0.12 mm and 0.5 mm,
The other dimensions given are approximate
nominal values commonly encountered in electrochemical

drilling measured with respect to the frontal equilibrium

gap AB. This is the region for which Laplace equation

for potential distribution has to be applied in order to

find the primary current distribution in the electrode

N
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FIG. (2.10) ABCD THE GAP BETWEEN ELECTRODES

gap. Most other electrode gaps for which Laplace equation
has to be solved have more complex geometries than the one

shown in FIG. 2.10 . This makes application of standard

difference scheme -:x=h\ - .2 difficult. Since the gap

between the electrodes is the factor determining tolerance

of a component manufactured by ECM its accurate prediction
ls vital, The acceptable error dsually falls below O.1
of the equilibrium gap. Therefore if a standard

difference method is used in conjunction with a square
mesh or a rectangular mesh, because of curved boundaries

of the region and the closer solution required, a very
fine mesh has to be used, In other words this means

solution of a large number of equations. This pfocedure
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requires more computer time and will be very expensive.
The other alternative, using an orthogonal curvi-
linear mesh (radial lines and circles) becomes more
involved even if the work boundary is fixed. FIG. 2.11
shows an orthogonal curvilinear mesh superimposed on

the curved part of the electrode gap. To include the

M—
S\\ RADIAL lTINES

B
A N4

\n\\

F E
FIGURE (2.11)
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