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Abstract

We analyse a hierarchy of three regimes for modelling gene regulation where the
tools of stochastic calculus can be used to analyse first and second moments for
all time. A technical issue to be addressed is that the state space for the discrete-
valued switch is infinite. We show that the infinite ‘switch plus diffusion’ regime
preserves the mean and variance, whereas the ‘switch plus ODE’ model uniformly
underestimates the variance in the protein level.

We then compare three stochastic models in gene regulation; zero, one, and two-
switch models. The steady state variance for the three models can either increase
or decrease when switches are incorporated, depending on the rate constants and
initial conditions. We find that one or two switches are always noisier than none.
However, moving from one to two switches may either increase or decrease the
noise strength. Although the underlying chemical kinetics appears to be second
order in the two-switch model, we show that the hybrid diffusion model matches
the moments of underlying Markov jump model for all time while the hybrid ODE
model underestimates the variances. We also consider the case where the gene
activity in the two-switch model is controlled by a pair of independent switches in
AND and OR modes, and find that the OR mode may be more or less noisy than
the AND mode depending on the model parameters.

After that, we analyse an autoregulation gene network in which a protein can

i



enhance its own transcription rate. We show that the moments of mRNA and
protein increase monotonically with the feedback rate, and find that, at the sta-
ble steady state, increasing the feedback rate increases the variances and noise

strengths of both mRNA and protein monotonically.
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Chapter 1

Introduction

Recently, switching stochastic differential equations (SDEs) are more and more
popular to model many phenomena. In mathematical finance, for example, SDEs
with switches are used to model the evolution of asset prices and interest rates
in financial markets [21, 56]. This is because the values can change abruptly if,
for example, the markets change from confident to nervous. In a gene regulation
network, a gene, roughly speaking, can switch between an active state and inactive
state [31, 43]. This causes mRNA to be transcribed if the gene is active, otherwise
new mRNA is not produced. From this point of view, a switching SDE is reasonable
to describe the evolution of the system.

It is popular to summarise the level of fluctuation observed in a system in term
of the noise strength or Fano factor. For instance, the mRNA or protein noise
strengths may be of interest in gene expression, see more details in section 3.3.

This thesis considers SDEs with switches along with their numerical simulation
for gene regulation networks. We judge our models by their ability to reproduce
the noise strength of the Chemical Master Equation (CME), under the assumption

that the CME gives the most accurate solutions.
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SDEs with a Markovian switch taking values in a finite state space have been
already explored [37]. However, it is necessary to extend this theory to the case
where the switch has an infinite state space. Consequently, hybrid models that
use an infinite switch are considered in this thesis.

Increasing complexity of gene activity, and a protein feedback loop affecting its

own transcription rate are the other issues we consider.

1.1 Overview

We designed this thesis as a self-contained study, so the first two chapters provide
with some necessary ideas for the analysis in the main chapters.

Chapter 2 introduces some useful theorems and lemmas for SDEs and switch-
SDEs, including existence and uniqueness of solutions, numerical simulation, and
convergence.

In Chapter 3, we familiarise the reader with the general idea of how to model
gene regulation. We give an example of how to form mathematical frameworks
arising from chemical reactions. The noise strength is briefly discussed here.

Chapter 4 through 6 are the main body of research. In Chapter 4, we estab-
lish the existence and uniqueness, and consider numerical solution for SDEs with
switches taking values in an infinite state space. Hybrid models are produced and
judged via their noise strengths. This chapter is based on the paper [29].

Chapter 5 introduces a more complex type of gene activity in gene regulation,
which could be regarded as a second order reaction network. We consider this
complex gene activity into two senses: AND and OR operation modes. Most of
the material in this chapter appeared in the paper [28].

In Chapter 6, the last of our research chapters, we look at the effect of increasing
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the protein feedback rate when the protein affects its own transcription rate.
In the final chapter, we summarise our findings and leave some interesting open

question for further research in this area.



Chapter 2

Stochastic Differential Equations

and Related Topics

Nowadays stochastic differential equations (SDEs) are widely used to model many
phenomena of science, economics, and engineering. This includes an interesting
area, biochemical systems, which involves stochasticity. Recently, many authors
have tried to understand and predict the behaviour of a biological systems such as
gene expression [25, 31, 44, 47, 49, 51]. Some modelled the system by SDEs [51],
and others modelled by SDEs with switches [25, 31]. In this thesis we will study
SDEs with switches as our main aim. More precisely, we will develop and analyse
approximate switching hybrid models and consider numerical simulation issues.
Here we assume that the reader is familiar with stochastic differential equations.
For the reader who needs more details we refer to [32, 36, 42]. In the next sections,

we define the notation used in this thesis, and state useful theorems and lemmas.
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2.1 Notation

Let
e [E[-] denote expectation of -.
e P(-) denote probability of -.

e L?(]a,b]; R™) denote a family of R"-valued Fi-adapted processes { f(t)}a<i<b

such that fab |f(t)[Pdt < oo all most surely (a.s.).

o L (€;R") denote a family of R"-valued Fi-measurable random variables §

such that E[|¢|P] < oco.

o MP?([a,b];R™) denote a family of processes {f(t)}a<i<p in LP([a,b]; R™) such
that E [ |f(t)[Pdt < oo,

o C%1(D xRy ;R) denote the family of all real-valued functions V' (z,t) defined
on D x R, which are continuously twice differentiable in x € D and once

differentiable in t € R,.

e [[a,b]] denote a stochastic closed interval, where a or b may be random vari-

ables.

2.2 Itd’s Formula and Generalised 1to’s Formula

In this section we will state the useful 1td’s formula.

Definition 2.2.1. [37, p 39]
An n-dimensional Ité process is an R™-valued continuous adapted process x(t) =

(z1(t), - ,2,(t))T ont >0 of the form

t
0

o(t) = 2(0) + /O F(s)ds + / o(s)dW (s),
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where f = (flv"' 7fn)T S El(R-HRn)v g = (gij)nxm < E?(R+;Rnxm); and
W(t) = (Wi(t), -, Wu(t)T,t > 0 is an m-dimensional Brownian motion de-

fined on a complete probability space (Q, F,P) adapted to the filtration {F;}i>o.

For V € C*Y(R" x R;;R), we set

ov ov ov 0*V
Vé_a’ Vx_(a—xla>a—$n)a and ‘/:c:c_(ax]axk)nxn

Theorem 2.2.1. (Ité’s Formula) [37, p 39]

Let z(t) be an n-dimensional Ité process on t > 0 with the stochastic differential
d(t) = f(t)dt + g(t)dW (1),

where f € LY(R;R") and g € L*>(Ry;R™™). Let V € C*1(R" x Ry;R). Then

V(x(t),t) is a real-valued Ité process with its stochastic differential given by

WV alt),) = Vit Vil () + tracels” (O Vang(0)]dt

+ Vag(t)dW (t) a.s.

This theorem tells us that a function V' maps the It6 process x(t) to another Ito
process V(z(t),t), while the next theorem, known as the generalised It6 formula,
will reveal that a function V maps a paired process (z(t),r(t)) to a new process
V(x(t), t,7(t)) where r(t) is a right-continuous Markov chain.

Let r(t),t > 0, be a right-continuous Markov chain on a complete probability

space taking values in a finite state space S = {1,2,..., N} with generator I' =
(Vij)nxn given by
Vi A+ o(A) ifi # j,
14+ 7iA+o(A) ifi=yj,

P{r(t+A) =jlr(t) =i} =

where A > 0, and 7;; > 0 is the transition rate from state 7 to j if ¢ # j and

Yii = — Z%‘j-

J#i
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Here we assume that the Markov chain r(t) is independent of the Brownian motion
W(t).
Now for V € C21(R™ x R, x S:R), we set

Uity = D g <8Vg;’“>,...,8‘/g;’t=l>),
1 n

> N (02V(x,t,)
and V. (z,t,1) = ( Drjom ),
nxn

and define an operator L from R"” x R, x S to R such that

LV(z,t,i) = Vi(x,t,i)+ Vylz, t,9)f(t)
N

1 ~ ~
+ itrace[gT(t)V;m(x, t,i)g(t)] + Z vV (2, t, 7).

j=1

Note that in the case that the Markov chain r(¢) takes values in an infinite
state space, the upper summation index N in the last term of the equation above
becomes infinity.

We are now in a position to state the generalised It6 formula.

Theorem 2.2.2. (Generalised Ité6 Formula) [37, 46]
IfV e C*Y(R" x Ry x S:R), then for any t > 0

V(z(t),t,rt) = V(z(0),0,7(0))+ /LV( (s),s,r(s))ds

0
b [l s r(oData(s) 5, ()W )
+ / / 5vio + (r(s),1)) = V(a(s),,7(5)) ) p(ds, d),
where the details of the function h and the measure v can be found in [37].

Note that we do not state the explicit forms of the function h and the martin-
gale measure ju(ds, dl) because they are not relevant to our work. This is because

they vanish when we take expectation.
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2.3 Existence and Uniqueness of Solution for
SDEs and Switch-SDEs

We first consider an SDE of the form
dx(t) = f(x(t),t)dt + g(z(t), t)dW (t), to<t<T (2.1)
with an initial condition x(ty) = z¢ € L%, (;R"), and
fPR*"XR, - R" and ¢:R" xR, — R™™.

An existence of a unique solution of the SDE (2.1) is accounted by the following

condition.

Theorem 2.3.1. [36, p 51]
Assume that f and g satisfy a Lipschitz condition; that is, there exists a positive

constant K such that

|f(z,t) = fy, )PV lg(x,t) — gy, t)|* < K|z —y/?

for all xz,y € R™ and t € [ty,T]. Then there exists a unique solution x(t) to SDE
(2.1) and the solution belongs to M?([to, T]; R™).

Now let us consider a Markovian switching SDE of the form
dzx(t) = f(x(t), t,r(t)dt + g(x(t),t,r(t)dW(t), to<t<T (2.2)

with initial conditions z(ty) = zo € L%O (;R™) and r(ty) = ro. Here ry is an

S-valued F;,-measurable random variable,
fR" xR, xS—R" and g¢g:R" xR, xS — R"™™,

and r(t) is a right-continuous Markov chain, as defined in section 2.2.
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Definition 2.3.1. (Solution of switch-SDEs)[37, p 88]
An R"™-valued stochastic process {x(t)}i,<t<r 15 called a solution of SDE (2.2) if it

has the following properties:
1. {z(t) }o<t<T is continuous and Fy-adapted;

2. {f(x(t),t,r(t)) ho<t<r € L ([to, T); R™) and
{g(x(t),t,r(t) }roicr € L2([to, TJ; R™™);

3. For any t € [to, T,

e(to) / F(s) s, r(e)ds + [ gla(s) s, r()aw (s

to

holds with probability 1.

We say that a solution {x(t)}+,<t<r is unique if we cannot distinguish any other
solution {Z(t) }4y<t<r from {z(t) }1y<i<r-
The following condition is sufficient for there to exist a unique solution to the

SDE (2.2).

Theorem 2.3.2. [37, p 89]
Assume that there exist a positive constant K such that

(Lipschitz condition for switch-SDE) for all z,y € R™, t € [to,T] and i € S

[z tod) = fly.t. D VIg(a,t,i) — gly. t.0)* < Kl —y|”. (2.3)
Then there ezists a unique solution x(t) to switch-SDE (2.2) and, moreover,

E( sup |x(t)|2> (1 4 3E|zo|?)e?K T—to)(T—to+4) (2.4)

to<t<T

so the solution belongs to M?([to, T]; R™).
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Note that the Lipschitz condition (2.3) implies automatically a linear growth
condition; that is, there exist a positive constant K such that for all (x,¢,7) €
R™ X [to, T] X S,

[zt )"V g, )] < K(1+ |zf).

2.4 Numerical Solutions and Convergences

Generally we cannot obtain analytical solutions of SDEs with Markovian switching.
So, it is necessary to obtain a good approximate solution. In this section we will
introduce the Euler-Maruyama (EM) method. Now, consider an autonomous SDE

with Markovian switching of the form
dx(t) = f(z(t), r(t)dt + g(x(t),r(t))dW(t), 0<t<T, (2.5)
with initial conditions z(0) = xo € R™ and r(0) = ry € S, where
fR*"xS—=R" and g:R" xS — R™™.

Here we assume that f and g satisfy the condition (2.3) so that the SDE (2.5) has
a unique solution. Note that xg and ry are now non-random.

To establish the EM approximate solution of (2.5), we will show first how to
simulate the Markov chain r(t). Given a fixed stepsize A > 0, let r2 = r(kA) for
k > 0. We then have a discrete-time Markov chain {r&, k = 0,1,2,---} with the

one-step transition probability matrix [2, 37|

P(A) = (P;(A)) e,

NxN —

where the generator I is defined in section 2.2. We note that Zjvzl Pj(A) =1 for
all i € S. We now can construct the discrete-time Markov chain {r2} as follows,

see, for example, [37]:
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1. Compute the one-step transition probability matrix

P(A) = (P;(A)) e

NxN —
A
and set r§* =1y € S.

2. Generate an independent uniform (0,1) random number &; and find the small-

est integer r{ := r; € S such that
r1
§<) Py(A).
j=1

3. Generate an independent uniform (0,1) random number &, and find the small-

est integer r5* := 75 € S such that
T2
52 < Z PTLJ'(A)'
j=1
4. Repeating this procedure we can obtain a path from the discrete-time Markov
chain {r2 k=0,1,2,---}.

We are now in a position to define the EM approximate solution of (2.5).

A natural EM method for simulating the switching SDE (2.5) takes the form
Xir1 = Xp+ [(Xn, 70) A + g(Xi, 8 AW (2.6)

Here, A > 0 is a fixed stepsize, X}, is the approximation to X (tx), with ¢, = kA,
re& =r(kA), AWy = W(tpy1) — W(ty) and the initial conditions for the iteration
are Xg = X (0) =z and r5* = ro.

For the purpose of analysis, it is convenient to work with a continuous time

approximation, X (t), that is defined as

X(t)ZXo+/O f(X(S),?’(S))dSJr/O 9(X(s),7(s))dW (s), (2.7)
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where the ‘step processes’ X (t) and 7(t) take the form

X(t) =Xy, 7(t)=r2 for te [ty tim).

Note that X (t;) = X (t,) = Xx, so that X (¢) and X (¢) coincide with the discrete
numerical solution at the gridpoints ;.
The following general moment bounds hold for both the exact and numerical

solutions.

Lemma 2.4.1. [37, p 113]
Assume that f and g satisfy a linear growth condition; that is, there exists a

constant K > 0 such that
|f(z, )| V]g(z,9)] < K(1+]z[) V(z,i) € R" xS, (2.8)

Then for any p > 2 there is a constant H, which is dependent on only p, T, K, xq
but independent of A, such that the exact solution x(t) in (2.5) and the EM ap-

prozimate solution X (t) in (2.7) have the property that

E[sup \x(t)\p}\/E{sup |X(t)|p] < I

0<t<T 0<t<T
Now there is a question arising is of how close is an approximate solution to
a true solution and how to measure their difference. Here we introduce two error

measures: strong and weak convergence.

Definition 2.4.1. Strong Convergence [22]
A numerical method is said to have strong order of convergence equal to v if

there exists a constant C', independent of A, such that
Efz(ty) — Xi| < CA” (2.9)

for any fized t;, = kA € [0,T] and A sufficiently small.
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If a numerical method has a strong order of convergence v in (2.9), this means
that if we decrease the time-step size A by a factor of 2, say, then the strong error
between the true and approximate solutions will decrease by at least a factor of
27,

In the case that the true solution is not known, we then use a numerical solution

with a very small time-step size A instead.

Definition 2.4.2. Weak Convergence [22]
A numerical method is said to have weak order of convergence equal to vy if
there exists a constant C', independent of A, such that for all functions p in some

class

[E[p(z(te))] — E[p(Xp)]| < CA (2.10)
for any fized t;, = kA € [0,T] and A sufficiently small.

Typically, the functions p in (2.10) are required to satisfy smoothness and
polynomial growth conditions. The simplest choice for p is the identity function.
In the next theorem, we will bound the strong error of the EM approximate

solution X (), in (2.7), under the global Lipschitz condition.

Theorem 2.4.1. Strong Convergence: Global Lipschitz Condition [37,
p 115]
Assume that f and g satisfy the global Lipschitz condition; that is, there exists a

constant K > 0 such that
f(z,0) = f(y, D)V g(2,9) — gy, )] < Klo—y| (2.11)
forall x,y € R" and i € S. Then, as A — 0,
E|sup |[X(t)—zt)*| < CA+o(A), (2.12)

0<t<T

where C' is a positive constant independent of A.
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Biochemical Modelling

In this chapter we familiarise the reader with the general idea of how to model gene
regulation. In general, living biological systems are very complex. For example,
protein synthesis involves lots of complex processes which combine together to
perform transcription and translation. However, we can ignore the details of such
processes if we are only interested in the control and downstream effects [55].
Therefore, we may model the process as follows: a gene (DNA) transcribes an
mRNA, then the mRNA is translated to a protein, and the mRNA and protein

can decay. This could be written in chemical reaction notation as [49]

D ™™ D+ M, (3.1)
M “E M+ P, (3.2)
M Mo, (3.3)
P g, (3.4)

where D denotes the amount of gene, and M and P denote the amount of mRNA
and protein, respectively. The symbol () denotes the degradation of species. We
will now explain the meaning of the chemical reaction notation used above, which

we use quite often in this thesis. Reaction (3.1) says that a gene can create a

14
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molecule of mRNA with transcription rate uy;, without destroying itself. Reaction
(3.2) says that a molecule of mRNA can create a protein with synthesis rate up,
without destroying itself. In (3.3) and (3.4) a molecule of mRNA, or protein, can
degrade with reaction rate constant dy; or dp, respectively. The equations (3.1)
and (3.2) represent “catalytic production from a source” of mRNA and protein or
“birth” of new mRNA and protein, and the equations (3.3) and (3.4) are known
as “degradation” or “death”.

In the next section we discuss a general framework in which chemical reaction

systems can be converted into mathematical models.

3.1 Modelling Genetic Networks

Gene regulation is typically modelled using the language of chemical kinetics. At
one extreme, discrete-valued stochastic models can be adopted, giving rise to a
Chemical Master Equation (CME), from which sample paths can be simulated
via the Stochastic Simulation Algorithm (SSA) which is also known as Gillespie’s
algorithm [14, 15, 55]. At the other extreme, continuous-valued deterministic mod-
elling leads to a set of ordinary differential equations (ODEs) that are sometimes
said to arise through the law of mass action [9].

The ODE framework is typically (a) more amenable to analysis [1, 27], (b)
cheaper to simulate with [51, 52] and (c) better suited to the important inverse
problem of estimating rate constants and comparing models based on sparsely
observed data [53]. However, in the case where small numbers of molecules are
present, the modelling assumptions that give rise to the mass action ODE are not
valid [14, 15, 33] and the discrete/stochastic effects captured by the CME should

not be ignored. For example, the stochastic version of a bi-stable ODE model can
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account for switching between “almost stable” states [50, 54].

Although progress is being made on solving the CME [35] and on optimising
Gillespie’s direct simulation method [12, 20], the fully discrete CME setting re-
mains computationally infeasible for most realistic systems. Tau-leaping [8, 19]
was introduced in an attempt to speed up stochastic simulation without resorting
to a fully deterministic model. This tau-leaping approach can also be used as
a means to derive an intermediate stochastic differential equation (SDE) model,
known as the Chemical Langevin Equation (CLE) [18]. In the more general con-
text of population dynamics this type of diffusion limit has also been defined as
an approximation to a Markov jump process [33, 45].

We next give the reader more details of the mathematical approaches. Suppose
we have a well-stirred system which is in thermal equilibrium, and that the volume
of the system is fixed. In the system, N chemical species {S1, ..., Sy} of a process
can interact through M chemical reactions or chemical channels {R1, ..., Ry}.
Let X (0) = x be the initial state, and P(x, t) denote the probability that X (t) =
x at time ¢, where X (t) = (X1(¢),..., Xy ()T is a state vector such that X;(t)
records the number of molecules of species S; at time t. Then the CME takes the
form

M
—P (x, 1) Z aj(x —v;)P(x —v;,t) —a;(x)P(x,t)],
7j=1

where v; is the stoichiometric or state-change vector when reaction jth takes place
such that state vector X (¢) is changed to X (t)+v;, and a;(X (¢)) is the propensity
function such that, in the next infinitesimal time interval [t, ¢+ dt), the probability
that the jth reaction will occur is a;(X (t))dt. For further details the reader may
refer to [16, 39]. We can construct the propensity function as follows. If R; is the
monomolecular reaction S, — products, we have a;j(X(t)) = ¢; X (t). If R; is the

bimolecular reaction S,, + S, = products, we have a;j(X(t) = ¢; X (t) X, () if
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m #n, or a;(X(t)) = ¢;3Xn(t) (Xn(t) — 1) if m = n. These propensity functions
were derived by Gillespie [14, 15] using first principle modelling arguments.

To avoid computing P(x,t) directly, the SSA, which was introduced by Gille-
spie [14], computes numerical realisations of the state vector X (¢). The trajecto-
ries or realisations of X (¢) can be simply simulated as in the following algorithm

[14, 15, 23]. Suppose that an initial state X (0) is given.
1. Compute {ax(X (£))}iL; and ao(X (1)) == 3L, a(X (1))
2. Generate two independent uniform (0, 1) random numbers, &; and &.
3. Find the smallest integer j satisfying & ao(X (1)) < 321_, arn(X (1))
4. Set 7 =1In(1/&)/ao(X (t)).
5. Update the state and time: X (¢t +7) = X(¢) +v; and t =t + 7.
6. Record (X (t),t) as desired. Return to step 1, or else end the simulation.

SSA still has similar problems to the CME if there are too many molecule
species present in the system, it is slow and expensive. To speed up the SSA, tau-
leaping [8, 19] was introduced. After further modelling assumptions are imposed,

this leads to the CLE [18] which has the following form

dY (t) = Z via; (Y (t))dt + Z viv/a; (Y (£))dW;(t), (3.5)

where W;(t) are independent scalar Brownian motions, and Y (¢) is the state vector
that records the amount of each species present. We note that Y () is now a real-
valued random variable. It is known that, in general, Langevin equations of this
type introduce technical difficulties due to solution components becoming negative

24, 48]. Throughout this thesis, we assume that solutions with bounded first and
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second moments exists—more precisely, we implicitly derive results that are valid
up to an appropriate stopping time.
If we remove the diffusion term of the CLE (3.5), we have the set of ODEs

called the Reaction Rate Equation (RRE)
dy(t M
WO S 0,00 (3.6)
j=1

Here we use the lower case symbol y(t) in order to distinguish the RRE from the
CLE. We also note that y(t) is now a real-valued deterministic variable.
We are now in a position to illustrate how to model a chemical system through

a concrete example.

3.2 An Example

The Michaelis-Menten enzyme system [40, 55] is represented by the chemical re-

actions:

E+S & ES, (3.7)
ES 2 E+S, (3.8)
ES % E+P. (3.9)

Overall, an enzyme E converts a substrate S to a product P. Here the ¢; are
reaction rate constants. For this example, X (¢) is a state vector that records
the number of molecules of enzyme, substrate, complex, and product. In (3.7),
an enzyme F combines with a substrate S to form a enzyme-substrate complex
E'S with reaction rate constant ¢;. When this reaction takes place, we lose one
molecule of enzyme and one molecule of substrate, and get one molecule of com-

plex, but it does not change the number of molecules of product P. So, we have
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the stoichiometric vector

v = 5

L 0 .
and propensity function a1(X) = ¢; X7 X5 for this reaction. Similarly, in (3.8), a
complex may dissociate back to an enzyme and a substrate. When this reaction
takes place, we lose a molecule of complex but gain a molecule of enzyme and
a molecule of substrate (again it does not change the number of molecules of
product). In (3.9), a complex may release a free enzyme and create a new product.

Therefore, the stoichiometric and propensity functions associated with these two

reactions are

1 1
1 0
vy = , and w3 = ;
-1 -1
0 1

and as(X) = X3 and az(X) = c3X3. If we plug these stoichiometrics and

propensity functions into (3.5) and (3.6), we have the CLE

dX, = (X1 Xy + (ca + ¢3)X3)dt — /1 X1 XodWy 4 \/ca X5d W,
+ /s X3 dWs,

dX, = (=1 X1 X5 + 2X3)dt — /1 X1 XodWy + /o X5dW,

dXs; = (X1 Xo — (o4 ¢3)X3)dt + /1 X1 XodWy — /3 X3d W,
— \/esXd W,

dX4 = Cngdt + Cngde,
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and the RRE
% — e Xa X+ (o + ) X,
% = —1 X1 X9+ X3,
% = X1Xy — (e + ¢3) X3,
% = C3X37

to model the Michaelis—-Menten enzyme system.

3.3 Noise Strength

Gene expression is a fundamental biological process that attracts a great deal of
attention from both experimental and theoretical scientists. Because some im-
portant components are present at very low copy numbers, mathematical mod-
els typically involve discrete-valued state variables and have a stochastic nature
(30, 43, 44, 47, 49].

The noise strength or Fano factor is often used to summarise the level of
fluctuations observed in a system; for a random variable X, this is simply the

ratio of variance to mean [44, 49]:

ns[X] := . (3.10)

Typically, the steady state noise strength in the mRNA or protein level may be
of interest. Experimental or computer simulation-based measurements can then
be recorded for different parameter regimes in order to understand which sources
contribute to enhancing and suppressing intrinsic noise [44, 47, 49].

Raser and O’Shea [44] considered a gene regulation involving inactive and active

DNA in eukaryotics. There, the DNA can only produce an mRNA when it is active.
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They examined noise strength for three different regimes by varying the kinetic
reaction rate constants at steady state and comparing with a real experimental
data, and found that two promoters can give the same mean with different noise
strength. A promoter undergoing high activation rates but low transcription will
result in small noise strength, while a promoter undergoing low activation rates
but high transcription can produce large noise strength.

In 2001 Thattai and Oudenaarden [49] considered a simpler gene expression
model in prokaryotes that covers the essential processes of transcription, transla-
tion, and degradation represented by the reactions (3.1)—(3.4).

In 2005 Gadgil et al. [11] used the master equation for a system of first-order
chemical reactions to obtain a closed system of ODEs that describe the evolution
of the first and second moments and correlations. This result allows us to analyse
the fluctuation noise strength for all time. For the CLE formulation, we may
analyse the noise strength for all time of the first-order reaction network using the
It6 lemma.

We now re-visit the reactions (3.1)—(3.4). In this model, the amount of gene
stays fixed, so D remains constant. We may therefore take the state vector for the

amount of mRNA and protein to be

X4
X

The stoichiometric vectors [23, 55] for the four reactions are

1 0 —1 0

v, = , Vo= , V3= vy )

0 1 0 -1

with corresponding propensity functions

al(X) :UME, GQ(X) :Ule, ag(X) :dMXla a4(X) :deg.
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Because D is fixed, we will re-name MlA? as uyps. This gives the CLE

M upy — dy M
d =
P UPM—dpP
A/ UpNg 0 — dMM 0
+

0  VaupM 0 —VdpP

dw,
AWy
dWs
dWy

22

L(3.11)

We are now in a position to study the means and variances of mRNA and

protein. We interpret the system (3.1)—(3.4) as a Markov process defined by the

CME, letting M (t) and P(t) denote the stochastic processes that specify the levels

of mRNA and protein, respectively. The system fits into the framework of a first-

order reaction network. Therefore we may use the general result of [11] to obtain

a closed system of ODEs

d

d_flE[M] = —duE[M] + ua,

ZEIP] = upE[M] - dpE[P],

%E[P?] = upE[M] + dpE[P] + 2upE[M P] — 2dpE[P?],
%E[Mﬂ = un + (2uy + da)E[M] — 2dyE[M?],
%E[MP] = upE[M?] + upyE[P] — (dy + dp)E[MP].

(3.12)
(3.13)
(3.14)
(3.15)

(3.16)

By solving this linear ODE, we have the mean and variance of the mRNA and

protein for all time, from which we can compute their noise strength.

In the CLE formulation, applying the [t6 formula Theorem 2.2.1 to the equation
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(3.11), we find that

M? uns + (2uns + dpf) M — 2dp M?
d| P2 | = | upM +dpP —2dpP? + 2upMP | dt
MP up P +upM? — (dy + dp)M P
o
oimM 0 —2MdyM 0
n 0 2P\updl 0 YN e
VP MVapM  —PyVIM ~M\dpP ZZ‘O’
4
(317

Taking the expectation in (3.11) and (3.17), we arrive at the same ODEs (3.12)—
(3.16). This shows that the CME and CLE versions produce the same first and
second moments and correlations. Gillespie [17] showed that this property holds for
all scalar first order networks, and this was generalised to any first order network
in [25]. We note that third and higher order moments do not match, in general
[17].

In later chapters, we produce approximate models, namely hybrid models, for
the sake of computational efficiency, and we will judge them by their ability to

reproduce the noise strength of the CME.
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Switching and Diffusion Models

for Gene Regulation Networks

In this chapter we are going to produce approximate models for the chemical
reactions (3.1)—(3.4). For the CME, these reactions have the ODE, (3.12)—(3.16),
that describes the evolution of the first and second moments and correlations, as
discussed in section 3.3.

It is intuitively appealing, and potentially extremely beneficial, to mix together
the CME, RRE, and CLE regimes so that different species, different reactions, or
different time periods are treated by simulation methods that are as cheap as pos-
sible while preserving the overall accuracy [7, 10]. An interesting example that ap-
plies specifically to a simple gene regulation setting was proposed by Paszek [43].
Here, a hybrid model was put forward that uses the CME regime for low copy
number species and the ODE framework for relatively abundant species. In this
chapter, which follows from a simpler context in [25], we exploit the fact that the
hybrid model may be regarded as a system of ODEs driven by an independent

Markovian switch. The switch has an infinite state space, but we show that ex-

24
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istence and uniqueness, and numerical simulation theories, carry through. This
viewpoint makes it possible to analyse the first and second moments of the model
using the tools of stochastic calculus, and to consider an alternative where the

ODE is replaced by a diffusion approximation.

4.1 Theory and Simulation for Infinite State

Space Switch

4.1.1 Examples of Finite and Infinite Markov Chains

In this subsection we will give examples to distinguish between Markov chains with

finite state space and infinite state space.
Example 4.1. (Telephone Exchange) [41]

Consider a telephone exchange system that can connect phone calls. In this
system, the maximum number of calls that can be connected at once is m, and
new additional calls are lost when the exchange is full. In this setting, if we let
x(t) denote the number of connected calls at time ¢, then x(t) represents a Markov
chain because the number of connected calls for the next infinitesimal time x(t+dt)
depends only on the current z(¢). We also see that the Markov chain takes values
in a finite state space S = {0,1,2,...,m}. It is clear that x(¢) = 0 represents that
there are no calls at time ¢, and x(t) = m represents the exchange is full with m

calls at time .
Example 4.2. (Immigration-Death Process) [55]

In an immigration-death process, individuals arrive into the population with

constant rate A\, and each individual can die independently with constant rate
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p. Therefore, when an immigration event occurs, the population of individuals
increases by one. On the other hand, the population decreases by one when a
death event occurs. Let X (t) denote the population of individuals at time ¢, then

the transition equations are

P(X(t+dt)=s+1| X(t)=s) = Adt,
P(X(t+dt)=s—1| X(t)=s) = psdt,

P(X(t+dt)=s| X(t)=s) = 1—(\— pus)dt,
and P(X(t+dt)=y|X({t)=s) = 0, Vyé¢{s—1ss+1}

~

These equations clearly define a Markov process with infinite state space S =

{0,1,2,...}. In the context of chemical kinetics, this model arises from the system

0 A X,

X 5 0.

We can see from the example 4.1 that the Markov chain x(t) has a value in the
finite state space S = {0,1,2,...,m} no matter how much time is allowed. On
the other hand, the Markov chain X () in the example 4.2 can take an arbitrarily

large value if we give time to the process long enough.

4.1.2 Set-up

Stochastic differential equations driven by switches are becoming more common
as models in science and engineering. A switch typically takes a finite number
of possible values, but in this work we need to consider a countably infinite state
space, enumerated by the non-negative integers. This is because if we model the
number of molecules of mRNA through the reactions (3.1) and (3.3) as a Markov

process 7(t), we see that the number of 7(¢) can potentially increase up to infinity
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since the number of genes D is fixed, and always available to produce mRNA
in the system. This requires us to extend the theory for existence, uniqueness,
and numerical simulation that can be found, for example, in [37], from finite to
countably infinite state spaces. We begin by setting up our notation and problem
formulation.

Let 7(t) be again a Markov chain on a complete probability space but taking

values in an infinite state space S = {0,1,2,...} with generator I' = (7ig); jes given

by
- P{rt+A)=j|7t) =i} -1 e
ilif{) A = Y, if 1=7, and
Pt +A) =4 |7(t) =i} R
kg() A = vy, if i#7,

where 7;; > 0 is the transition rate from state ¢ to j if ¢ # j and

Yii = — Z%j-

JF#i

We assume that the transition rate +;; satisfies the following condition:

max |7y;;| < oo.
ic8

Now, consider an autonomous SDE with Markovian switch of the form
dz(t) = f(x(t),7(¢))dt + g(x(?), 7(t))dW (), 0<t<T, (4.1)

with initial conditions 2(0) = zo € L% (;R") and 7(0) = 7y, where 7 is an

g—valued, Fo-measurable random variable and
f:R"x§—>]R" and g:R"x/S\ﬁRnxm.

Here W (t) is an m-dimensional Brownian motion that is independent of the

Markov chain.
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4.1.3 Existence and Uniqueness

We begin with an existence, uniqueness, and moment bound result based on the
finite state treatment in [37] that was summarised in Chapter 3. We make the
traditional global Lipschitz assumptions on the coefficients. For the case where
the diffusion coefficients arise through the chemical Langevin regime, these re-
sults apply only up to a stopping time—so that excursions taking population sizes
close to zero can be avoided. Deriving more general results that apply directly to
nonglobally Lipschitz problems is currently an active area of research [26, 38].

To keep the analysis compact, without loss of any generality, we set the initial

conditions zy and 7y be non-random; that is o € R™ and 7y € S.

Theorem 4.1.1. Assume that f and g satisfy a global Lipschitz condition; that

18, there exists a positive constant K such that

[f (@, 0) = [y, )|V g(2,4) — g(y, )] < K|z —y] (4.2)

for all x,y € R" and i € S.

Then there ezists a unique solution z(t) to (4.1), and, moreover,

E ( sup |x(t)|2> < (1 + 3E|z|?) 3K TTH) (4.3)

0<t<T

so the solution belongs to M?*([0, T]; R™).

Proof. Since almost every sample path of 7(+) is a step function, there is a sequence
{7k }k>0 of stopping times such that to = 7o < 74 < o < -+- < 7 < --- and
7(t) =7(m,) for t € [1g, Thy1)-

First, we consider (4.1) on the interval ¢ € [[1, 71]]; that is,

dx(t) = f(x(t),ro)dt + g(z(t),70)dW (), (4.4)

~

with initial conditions z(tg) = x¢ and 7(ty) = ro. Now, (4.4) is an SDE without

Markovian switch. So, by Theorem 2.3.1, (4.1) has a unique solution which belongs
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to M?([[70, 71]]; R™). In particular, z(r) € L%”ﬁ (Q; R™). After that, we consider

(4.1) on the interval ¢ € [[1y, 72]] which becomes
d(t) = f(x(t),7(n))dt + g(x(t), 7(m))dW (2), (4.5)

with initial conditions z(7) and 7(71). Again by Theorem 2.3.1, (4.1) has a unique
solution which belongs to M?([[7;, 72]];R™). By repeating this procedure we can
see that (4.1) has a unique solution z(t) on [0, 7]. Finally, the bound (4.3) follows

by arguing in the same way as [37, Lemma 3.1]. O

4.1.4 Numerical Simulation

Like in section 2.4, the natural Euler-Maruyama method for simulating the switch-

ing SDE (4.1) takes the form
Xpr = Xp + [ (Xn, T)A + g( X, T ) AWy

Here again, A > 0 is a fixed stepsize, X} is the approximation to X (), with
ty = kA, 72 = T(kA), AWy, = W (t11) — W(t), and the initial conditions for the
iteration are Xy = xo and 7' = 7. Keep in mind that in this chapter we focus
on the Markovian switch that arises from the simple chemical reactions (3.1) and
(3.3). So, the switch has an infinite state space; see section 4.2 for details of how
to define and simulate the switch. Therefore, we do not need to worry about how
to simulate 7(t) in general case.

Let X(t) be a continuous time approximation that is defined as

X@=%+AﬂX@M%@+Amm$N%M%% (4.6)

where the “step processes” X (t) and 7(t) take the form

X(t)=Xu, T(0)=Fp for t€ [t tin).
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The following general moment bounds hold for both the exact and numerical

solutions.

Lemma 4.1.1. Assume that f and g satisfy a linear growth condition; that is,

there exists a constant K > 0 such that
F@ Vgl < K(+a]) V(i) eR" x8. (4.7)

Then for any p > 2 there is a constant H, which is dependent on only p, T, K , x
but independent of A, such that the exact solution z(t) in (4.1) and the Euler—

Maruyama approximate solution X (t) in (4.6) have the property that

E[sup \x(t)\p}\/E[sup |X(t>|p} < I

0<t<T 0<t<T

Proof. To prove this lemma, we can follow the proof in [37, Lemma 4.1]. O

This result then allows us to establish a strong convergence result for the nu-

merical method.

Theorem 4.1.2. Assume that f and g satisfy the global Lipschitz condition (4.2).
Then,
E | sup |X(t) —z(t)]*| < CA, (4.8)

0<t<T

where C' is a positive constant independent of A.

Proof. 1t is easy to see that the global Lipschitz condition (4.2) implies the linear
growth condition (4.7), so that Lemma 4.1.1 applies. Following the proof in [37,

Theorem 4.1] and using Lemma 4.1.1, the required assertion follows. O

4.2 Hybrid Diffusion Moments

Now we look at a hybrid model based on (3.1)—(3.4), where the number of mRNA

molecules is modelled as a Markov process, as in section 3.3, but the evolution
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of the protein level in (3.2) and (3.4) is modelled with the CLE regime. We are
motivated by the assumption that the protein is typically more abundant than
the mRNA—Paszek [43] adopted this approach but used an ODE in the protein
regime, as discussed in section 4.3. This gives rise to an It6 SDE, driven by an

independent switch, of the form

dP*(t) = (upF(t) — dpP*(t))dt + \/upr(t)dWy(t) — /dpP*(t)dWs(t).  (4.9)
Here, 7(t) denotes the number of mRNA molecules present at time ¢, when re-
actions (3.1) and (3.3) are interpreted through the CME, and P*(t) denotes the
number of protein molecules present at time ¢, when reactions (3.2) and (3.4) are
interpreted through the CLE. We use P*(t) to distinguish this process from the
protein level P(t) arising from the full CME regime, as discussed in section 3.3;
this emphasises that P(t) and P*(t) are different stochastic processes; in particular
P(t) is discrete valued and P*(t) is continuous valued. In (4.9), Wi(t) and Wa(t)
are mutually independent Brownian motions that are also independent of 7(t).

The switch 7(¢), as mentioned in subsection 4.1.2, can take values in the set
of non-negative integers {0,1,2,...}, with no upper limit. We let 7;; denote the

transition rate for the switch from state ¢ to j so that, for ¢ # j,

lim P{r(t+A)=j|7(t) =i}

A A = ’}/Z‘j, (410)
and ;; == — Z#i 7i; is such that
P+ A)=i|7(t) =i} -1
ilf}o A = Yii- (4.11)

For this switch, the only possible change of state is an increase or a decrease by
one. The chance of decay is proportional to the current number of molecules, and
new molecules are being produced at a rate that is independent of the state. We

therefore find that

Viji—1 = tdpr, Visit1 = UM, Vi = —idy — U, (4.12)
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and all other transition rates are zero.
Suppose that an initial state 7(0) and a fixed time-step size A are given, a path

from the Markovian switch 7(¢) can be simulated as follows:

1. Compute: Up :=upyA and Down :=7(t)dyA.

2. Generate an independent uniform (0, 1) random number &.

3. Update state:
(a) If & < Up, then 7(¢t + A) =7(¢) + 1.
(b) If Up < & < Up + Down, then 7(t + A) =7(¢) — 1.
(c) If &> Up + Down, then 7(t + A) = 7(¢).

4. Update time: t=1t-+ A.

5. Record (7(t),t) as desired. Return to step 1, or else end the simulation.

Now, let £ denote the infinitesimal generator of a Markov process [13, 57].

Then
CR(H) = lim %E F(E+ A) = 7(t) | 7(E) = 1]

— lim & S GRGt+A) =5 | 7 =) —r

L J

= lim % ;j(%jA +0(A)) +r(1+ v A+ o(A)) — r]

1|
= l1mZ Zj%jA—l—o(A)

Lj=0

= Zj*yrj. (4.13)
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Therefore, by Dynkin’s formula [57, Theorem 2.7], using (4.12) and (4.13), we have

dr(t) = (Lr(t))dt + d(mart.)
= ij) dt + d(mart.)
= ((7]“ — DYyt 4 9 + (7 + 1)Yppg1 )dt + d(mart.)
= ((r = 1)(dyr) + r(=dpyr — unr) + (r + 1)(upr))dt + d(mart.)

= (up — dpyr)dt + d(mart.), (4.14)

where “mart.” denotes a martingale whose precise form is not relevant to our
analysis and it vanishes when we take expectation up to an appropriate stopping
time.

To obtain the second moment E[P*?] and correlation E[P*7], we need to apply
the generalised It6 formula Theorem 2.2.2 to the It6 SDE (4.9), which has the drift

coefficient f(t) = upr(t) — dpP*(t) and diffusion coefficient

9(t) = | \Jupi(t) —\/dpP*(t) |- First, let V(P*,t,7) = P*F. We then have

~

V(P t,7) =0, Vpe(P*t,7) =7, and Vpep:(P*,1,7) = 0.

So, by using the operator L in section 2.2,

~

LV(P*t,7) = V(P t,7) + Ve (P 6L7) f (1)
1 S L N
+ itrace[g (t)Vpep«(P*,t,7)g(t)] + Z%J»V(P . 7)
=0

= ?(UP?— dpP*)
+ ’7?,?_1(]3*(?— 1)) + ’Y?f(P*?/”\) + ’}/;«‘,?+1(P*(’/f’\+ 1))

= (upr® — dpP*7)
+dyTP (T — 1) + (—=dyT — upn ) (P*7) + up P*(r+ 1)

= UP?2 + UMP* — (dM + dp)P*’/r’\
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Now applying the generalised It6 formula Theorem 2.2.2; we have
AV (P*,t,7) = LV (P*,t,7)dt + d(mart.).
Therefore,
d(P*7) = (up?® + up P* — (dps + dp) P*7)dt + d(mart.) (4.15)
Now let V(P*,t,7) = P*2. We then have

~

V(P t,7) =0, Vp(P*,t,7) =2P*, and Vpeps (P, 1,7) = 2.

So,
LV(P*t,7) = 2P*(upr— dpP*)
1 Vupr
+§tmce (2) | Vupr —+/dpP~*
—\/dpP*

+ Zf}/ﬁjv(P*v taj)

J=0

= 2P*(UP’//’\— dpP*) + (Up?—i‘ dpP*) + 27?7jp*2.
=0
Since > 7, v P = P*? DoV = P*%(0) = 0, so
LV(P*,t,7) = 2upP*F — 2dpP** + upr + dpP*.

Applying the generalised It6 formula, we have

d(P**) = (2upP*7 — 2dpP** + upr + dpP*)dt + d(mart.). (4.16)
Thus,
TEIP (1)) = wpB[F() — dpEP(0),
%E[P*Q(t)] = 2upB[P*(1)7(t)] — 2dpE[P*(t)] + upE[F(t)] + dpE[P* (1)),
%E[P*(t)?(t)] = upE[P* ()] + unBE[P*(t)] — (dar + dp)E[P*(£)7(1)].

Since the switch 7(t) is identical to M (¢) from the full CME, we see from (3.13),

(3.14), and (3.16) that this hybrid regime exactly reproduces the first two moments.
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4.3 Hybrid ODE Moments

Here we consider the case where, as in section 4.2, the number of mRNA molecules
is modelled as a Markov process, but now the evolution of the protein level is
modelled with the law of mass action. This regime was introduced and studied by

Paszek [43]. We have an ODE, driven by an independent switch, of the form

~ ~

dP(t) = (upf(t) — dpP(t))dt, (4.17)

where, as in section 4.2, 7(¢) denotes the number of mRNA molecules when (3.1)
and (3.3) are modelled through the CME. We use P(t) to denote the continuous-
valued stochastic process that represents the protein level.

Instead of (4.15) and (4.16), we now have

~

d(PP) = (up® + uy P — (dyy + dp) PF)dt + d(mart.)

and

d(P?) = (2upPT — 2dpP?)dt + d(mart.).

In integral form, we have

P(t) = P(0)+ /0 t (up?(s)—dpﬁ(s)) ds,
P@)7(t) = PO)F0) + /0 t (uP?(s)z—i—uM]g(s)—(dM—l—dp)ﬁ(s)?(s)) ds

t
+ / (mart.)ds,
0

and P(1)? = DP(0)?+ /0 t <2uPﬁ(s)?(S)—2dpﬁ(s)2> ds + /0 t(mart.)ds.

Since we consider implicitly up to an appropriate stopping time, then all com-

ponents are finite, and the expectation exists. Taking the expectation, and then
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differentiating, we have

d_ ~

ZEIP(1)] = upE[()] — dpE[P(1)), (4.18)
%E[ﬁQ(t)] = 2upR[P(t)7(t)] — 2dpE[P2(1))], (4.19)
iE[ﬁ(t)?(t)] = wpB[F(1)?] + unE[P(#)] — (dy + dp)E[P(t)7(t)]. (4.20)

dt
Comparing these ODEs to (3.13), (3.14), and (3.16), and recalling that 7(¢) is
identical to M (t), we see that this hybrid model matches the means and correlation
of the full CME but does not reproduce the correct second moment.
We next analyse the discrepancy between the second moments in the CME and
hybrid switch plus ODE models. First, we show that the error is always one-sided.

Theorem 4.3.1. For the system (3.1)—(3.4), the variances for the protein aris-

~

ing from the CME and the hybrid model (4.17), var[P(t)] and var[P(t)], satisfy
var[}A’(t)] < var[P(t)] for all time, independently of the rate constants and initial
conditions.

~

Proof. Letting y(t) := var[P(t)] — var[P(t)], because the means match we have
y(t) = E[P2(t)] — E[P2(t)]. We then sece from (3.14) and (4.19) that

d?ji_g) — upE[M(t)] + dpE[P(t)] — 2dpy(t). (4.21)

Now, by construction, the CME does not allow molecules to become negative, so
h(t) := upE[M(t)] + dpE[P(t)] > 0. Using an integrating factor in (4.21) we find
that
y(t) = e 2Pt /t e*Ir3h(s)ds,
0

and the result follows. O

To obtain a precise expression for the error in the variance, we may first solve

for E[M(t)] in (3.12) and then for E[P(¢)] in (3.13). Substituting in (4.21) then
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gives
var[P(1)] — var[P(t)] — % (1—e ")
e
+E[P(0)] (¢! — e720rT). (4:22)
when dM # dp, and
var[P(t)] — var[}A’(t)] = ZZZI]: (1- e_dpt)
+ (E[M(O)] = Z—Z) upte=r!
+E[P(0)] (e~ — e72rt) | (4.23)

when dy; = dp.
We note from (4.22) and (4.23) that lim; . var[P(t)] — var[ﬁ(t)] =
uprup/(dpdp), in agreement with the steady state analysis in [43].

To interpret the expressions (4.22) and (4.23) further, we focus on the case

where the initial conditions satisfy

The error in the variance then simplifies to

var[P(t)] — var[ﬁ(t)] = % (1 _ e—dPt) +E[P(0)] (e—dpt _ e—2dpt) '

This expression has a unique maximum at time

L1 2dprdpE[P(0)]
= Elog (depE[P(())] - UMUP) ’

and the ratio of the maximum transient error to the steady state error is given by

var[P(t")] —var[P(t")] 1 _ dydpE[P(0)] .
it varl P()] —varlP@)] 2 e | ddydEPQ)
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Figure 4.1: Modelling error in the protein variance for the

- - my= uM/dM & P0 = 4uMuP/(deP) i
m,=2& P0 =4
— — — Error at steady state
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t x10*

brid (4.17), using rate constants from [47].
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switch plus ODE hy-

Figure 4.2: Modelling error in the protein variance for the switch plus ODE hy-

brid (4.17), using rate constants from [44].
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Weak Second Moment Error
>

- —— Weak convergence
— — — Slope of 1

10 10

Figure 4.3: Weak convergence in the switch plus CLE framework using rate con-
stants from [47]. Vertical axis measures the error [E[P*(T)?] — E[J/D\* (T)%]], for
T = 5, where P*(t) in (4.9) denotes the protein level and P+ (t) is the numeri-
cal approximation with the method described in the section 4.1. The quantity
E[}/;* (T)?] is evaluated via Monte Carlo, and 95% confidence intervals are shown

as vertical lines.
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We see from (4.24) that the transient error in the variance can exceed the steady
state error when E[P(0)] is large. In Figure 4.1, using biologically valid rate
constants from [47], which are uy = 0.3, up = 0.1734, dp; = 0.0115, and dp =
6.42x107°, we show how the error in the variance evolves when E[M (0)] = uys/dy
and E[P(0)] = 4upup/(dpdp). Here the right-hand side of (4.24) is 25/16 ~ 3/2,
and we see that the maximum temporal error is about 50% above the steady state
value. We also show the case where E[M (0)] = 2 and E[P(0)] = 4, for which it can
be shown that the steady state value is an upper bound for the error. Figure 4.2
shows similar behaviour for rate constants appearing in [44], which are u,; = 10,

Uup = 10, dM = 5, and dp =0.1.

Mean-square Error

—— Strong convergence
— — — Slope of 1

N 107 107"

At

Figure 4.4: As for Figure 4.3 except that the strong error E [(P*(T)* — ]/3\*(T)2)2}
is measured. Sample means are shown for 10* paths, and 95% confidence intervals

are negligible.

We conclude this section with the results of some numerical experiments to
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demonstrate numerically that an Euler—-Maruyama based method can successfully
integrate the “switch plus CLE” model. For the same parameters as Figure 4.1,
we show in Figure 4.3 the absolute error in the sample mean for P*(T)?, at T' = 5,
arising from the numerical method outlined in the subsection 4.1.4, for At = 274,
275 276 and 277. The time interval [0,5] is different from that in Figure 4.1
because we are now interested in finite-time convergence of a numerical method
and wish to observe asymptotic, small-stepsize behaviour. We used 107 sample
paths, and all 95% confidence intervals, shown as vertical lines, were less than
0.055. The errors are plotted on a log-log scale, and we see that the results are
consistent with a weak order of 1. A least squares fit gave an error behaviour of
oc At*! with residual of 0.08. Similarly, we show in Figure 4.4 the second moment
of the error in P*(T')? for At =32 x 2710 16 x 2710, 8 x 271% "and 4 x 2710, Here,
we used 10* sample paths, and all 95% confidence intervals, shown as vertical lines,
were less than 0.04. The errors are plotted on a log-log scale, and we see that the
results are consistent with a strong order of %, that is, mean-square of order 1.

251.3

A least squares fit gave a mean-square error behaviour of oc At with residual

of 0.03.

4.4 A Related Active/Inactive Gene Model

Raser and O’Shea [44] extended the system (3.1)—(3.4) to the case where genes
may alternate between an inactive state, where no mRNA is produced, and an

active state. If there are m genes in total, and we let D} denote the active state
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of the 7th gene, this system may be written as
D; =S Dy,
D; & Dy, 1<i<m, (4.25)

D™ Dr 4+ M,

and
M "2 M+P (4.26)
M ™Mo (4.27)
P = (4.28)

Here, the initial condition for the ith gene must be either D;(0) = 0 and D}(0) =1
(active) or D;(0) = 1 and D;(0) = 0 (inactive), and D;(t) + D;(t) = 1 for all time.

Paszek [43] considered a hybrid model with the number of active genes forming
a discrete-valued stochastic process in the CME regime, and with the levels of
mRNA and protein taking real values. He chose mass action ODEs for the reactions
involving mRNA and protein, and, as for the simpler system (3.1)—(3.4), found that
this switch plus ODE hybrid gave a steady state variance that does not match the
underlying CME. Khanin and Higham [31] showed that a hybrid switch plus
diffusion model, where reactions involving mRNA and protein are treated with
the CLE approach, reproduces the exact first and second moments for all time.
Although the active/inactive model is in a sense more complex than the model in
Chapter 3, we emphasise that the number of active genes forms a switch with a
finite state space, and hence it is possible to appeal to standard work such as [37]
for existence, uniqueness, and simulation theory, and stochastic calculus tools. Our
main aim here is to point out that the uniform underestimation of the variance
that we established in Theorem 4.3.1 also applies in this case.

Following [31], if we let M (t) and P(t) denote the mRNA and protein levels aris-
ing from the switch plus ODE model, then E[M (t)] = E[M (¢)], E[P(t)] = E[P(t)],
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and E[P(t)M(t)] = E[P(t)M(t)], and the discrepancy in the second moments

E[M?(t)] — E[M?()]

y(t) = -
E[P?(t)] — E[P*(t)]

satisfies

d

V(1) = —Ay(t) + (1),
where

d 0 upElr(t)] + dyE[M(t
ao L0 e o | B B

Here r(t) is a Markovian switch taking values in a finite state space {0,1,2,--- ,m}.

It follows that
t
y(t) = e_At/ e g(s)ds.
0

Since ¢(t) > 0 for all ¢ > 0, we conclude that this hybrid model underestimates
the true mRNA and protein variances for all time.

We also note that when the reversible reactions D; — D} and D} — D; in (4.25)
are fast compared with the other reactions in the system, that is, both u¢c > 1 and
de > 1, with all other rate constants of O(1), then we may introduce a slow-fast
decoupling along the lines of [7]. Here, we replace D}(t) by its steady state in the
D;-Dy subsystem, which effectively reduces (4.25)—(4.28) to the fixed-gene system
(3.1)~(3.4) with the amount of gene equal to D = D*(0)uc/(uc + dc). Paszek [43)]
refers to this as a thermodynamic limit for the full model. Analysis along the
lines of that developed above can be used to show that this type of modelling
approximation does not have a one-sided effect on the variance; the reduced model
may produce a larger or smaller variance depending on the parameter regimes, and

the error may change sign over time.
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4.5 Tests With a Second Order Reaction

The results in the previous three sections rely on the first order nature of the
reactions. In this section we give some brief numerical evidence that the ideas are
relevant more generally when the first two moments do not form a closed system
of ODEs. To do this, we add a protein dimerization stage to the simple gene
regulation models.

For the Thattai-van Oudenaarden model (3.1)—(3.4), we add the three reactions

P+P & P, (4.29)
P, £ P+P (4.30)
P, oy (4.31)

Here, in (4.29) two protein molecules combine to form a dimer, P», and in (4.30)
the process is reversed. In (4.31) the dimer decays. We note that it has been
argued that a difference between the monomer and dimer decay rates can explain
the phenomenon of “cooperative stability,” which makes a larger spread of protein
levels available in vivo [5]. We chose rate constants uy; = 0.3, up = 0.17, dyy =
0.012 from [47], dp = 0.0007, upy = 0.025, u_ps = 0.5 from [6], and dpy = 0.00023
from [5]. Initial conditions were set to D(0) = 4, M(0) = 2, P(0) = 4, and
P5(0) = 4, and we record the levels at time 7" = 20.

For the systems given by (3.1)—(3.4) and (4.29)—(4.31), we compared the CME
(via Gillespie’s algorithm) with the full CLE, switch plus diffusion, and switch
plus ODE regimes using an Euler method with a stepsize of 0.004. (Comparable
results were obtained with a larger stepsize.) Table 4.1 summarises the results.

Expected values are estimated with Monte Carlo simulation over 10° paths,
and approximate 95% confidence intervals are given for each sample mean. In

addition to moments and variances for the protein and dimer, we also show their
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noise strength, ns[P| and ns[P], respectively, defined as the ratio of variance to
mean.

We see from Table 4.1 that the CME, CLE, and switch plus diffusion regimes
give comparable results for moments and noise strengths, whereas the switch plus
ODE regime significantly underestimates the variance and noise strength for the
protein and dimer.

Table 4.2 shows the results of an analogous experiment where the Raser and
O’Shea system (4.25)—(4.28) was augmented with the dimerization reactions
(4.29)—(4.31). We used u¢ = 0.1 and de = 0.1 from [44], up = 0.3, up = 0.17,
dy = 0.012 from [47], dp = 0.0007, upy = 0.025, u_py = 0.5 from [6], and

dps = 0.00023 from [5]. We see that the conclusions from Table 4.1 continue to

4.6 Summary

The diffusion approximation to a Markov jump process is useful both analytically
and computationally. In this chapter we have shown that the existence and unique-
ness, and numerical simulation theories for solutions of the hybrid models driven
by the independent Markovian switch, in which has the infinite state space, can

be established. We also found that

e The switch plus ODE model uniformly underestimates the true protein vari-

ance, for all time.

e The steady state error in the protein variance for the switch plus ODE model

may significantly underestimate the error in the transient.

e Replacing the switch plus ODE model with a switch plus diffusion model

recovers the correct means and variances, for all time.
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Table 4.1: Ninety-five percent confidence intervals for Monte Carlo sample mean
approximations to the first and second moments, variance and noise strength in
the CME, CLE, switch plus diffusion, and switch plus ODE formulations for (3.1)—

(3.4) and (4.29)—(4.31). Average number of switches per path was 27.

CME CLE CLE switch ODE switch

E[P] | [26.23,26.30]  [26.22,26.28]  [26.22,26.29]  [26.54,26.57]
E[P?] | [717.87,721.55] [717.28,720.97] [717.31,721.00] [712.22,714.11]
E[P,) | [14.58,14.63]  [14.56,14.62]  [14.55,14.61]  [14.42,14.46]
E[P?] | [231.85,233.59] [231.20,232.89] [231.19,232.91] [217.79,218.98]
var[P] | [29.60,30.13]  [29.84,30.39]  [29.68,30.22] [7.97,8.11]
ns[P] | [1.125,1.149]  [1.136,1.159]  [1.129,1.152]  [0.300,0.305]
var[P,] | [19.28,19.63]  [19.06,19.40]  [19.30,19.66] [9.80,9.98]

ns[Py) | [1.317,1.347]  [1.304,1.332]  [1.321,1.351]  [0.678,0.692]
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Table 4.2: Ninety-five percent confidence intervals for Monte Carlo sample mean

approximations to the first and second moments, variance and noise strength in the

CME, CLE, switch plus diffusion, and switch plus ODE formulations for (4.25)—

(4.28) and (4.29)—(4.31). Average number of switches per path was 8.

CME CLE CLE switch ODE switch
E[P] | [19.65,19.71]  [19.67,19.74]  [19.64,19.70]  [20.04,20.06]
E[P?] | [411.30,413.91] [412.53,415.14] [411.15,413.75] [405.42,406.41]
E[P;] [8.47,8.51] [8.47, 8.52] [8.46, 8.50] [8.31, 8.33]
E[P?] | [83.95,84.81]  [84.14,84.99]  [83.62,84.47]  [71.54,71.88
var[P] | [25.10,25.56] [25.36, 25.82] [25.20, 25.66] [3.98, 4.05]
ns|P| [1.273,1.301] [1.285,1.312] [1.279, 1.306] [0.198, 0.202]
var[Py] | [12.16, 12.40] [12.25,12.49] [12.04, 12.28] [2.52,2.56]
ns[P] | [1.428,1.464] [1.438,1.474] [1.417,1.452] [0.302, 0.308]
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In addition, we have briefly shown that the hybrid switch plus ODE model,
but the switch has the finite state space, arising through the active/inactive model
(4.25)—(4.28) underestimates the variances in both mRNA and protein for all time.

We further did numerically experiments when the model (3.1)-(3.4) was com-
bined with the protein dimerization stage (4.29)—(4.31), and found that, at the
final time T = 20, the switch plus ODE model significantly underestimates the

protein and dimer variances and noise strengths.
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Zero, One and Two-switch

Models of Gene Regulation

In this chapter we are concerned with the way that intrinsic noise depends on the
choice of mathematical model. We look at this issue in two senses.

First, we consider a hierarchy of three continuous-time discrete-space gene reg-
ulation models of increasing complexity, where either zero, one or two switches
affect the activity of the transcription process. In this case we are able to derive
explicit expressions for the first and second moments of the mRNA and protein
at steady state and make clear statements about whether switches increase or de-
crease the noise strength. Second, we look at a simple case of a hybrid version
of the two-switch model based on the type of multi-scale approximation that is
commonly used to make simulations more tractable. This leads to a stochastic
differential equation driven by a Markov chain, and we show that a generalised

version of [t0’s lemma can be used to analyse first and second moments.

49
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5.1 Gene Regulation Model

Figure 5.1 illustrates a simple schematic of the process by which mRNA is created
through transcription and protein is then created through translation. In this set-
ting, as used, for example, in [49], an underlying gene is assumed to be creating
mRNA at a constant rate, as mainly discussed in Chapter 4. In the language of
chemical kinetics, this gives a first order reaction network [11] that can be in inter-
preted as a Markov jump process, where ) — mRNA represents production from
a source, mRNA — Protein represents catalytic production, and mRNA — ()
and Protein — () represent degradation. This diagram can be written as the
reaction network (3.1)—(3.4), which also discussed in Chapter 4.

In Figure 5.2, we follow [44] by supposing that the gene is not always available
to create mRNA, but rather switches between an active state and an inactive
state. The switch operates independently of the mRNA and protein levels, and we
may regard Active <« Inactive as reversible isometric reactions. This diagram
represents the system discussed in section 4.4 with m = 1.

The biological mechanisms through which a gene is activated and deactivated
are, of course, extremely complicated, and Figure 5.2 presents a very simplified
view. Quoting from the Wikipedia website (June 2010)

http://en.wikipedia.org/wiki/Transcription_factor:

“In the field of molecular biology, a transcription factor (sometimes
called a sequence-specific DNA binding factor) is a protein that binds
to specific DNA sequences and thereby controls the transfer (or tran-
scription) of genetic information from DNA to RNA. Transcription
factors perform this function alone or with other proteins in a com-

plex, by promoting (as an activator), or blocking (as a repressor) the
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recruitment of RNA polymerase (the enzyme which performs the tran-

scription of genetic information from DNA to RNA) to specific genes.”
and

“Transcription factors may be activated (or deactivated) through their

signal-sensing domain by a number of mechanisms. ..”

This motivates the diagram in Figure 5.3, where gene activity is controlled by a
pair of independent switches in AND mode. We may imagine that the gene is ac-
tive only when a transcription factor (TF) is bound and this TF has become active.
Either unbinding or deactivation of the TF will cause the rate at which the gene
produces mRNA to drop to zero. Although we will use the bound/unbound ac-
tive/inactive terminology throughout this work, we mention that the model could
be motivated from other mechanisms, for example [4, Figure 2] describe a circum-
stance where two separate “activators” must operate in tandem for transcription
to occur.

The AND operation in Figure 5.3 could be regarded as a second order (or bi-
molecular reaction)—the rate at which mRNA is produced depends on the prod-
uct of two {0, 1} valued species. Generally, second order reaction networks are
not amenable to analysis; for example closed form ordinary differential equations
cannot be derived for their moments. However, we will show in this chapter that
the special structure of this network allows analysis to be performed, both in the
discrete-space Markov jump setting, and in the case where a hybrid stochastic
differential equation is used.

To simplify the language, we will say that Figures 5.1, 5.2 and 5.3 represent

the zero, one and two-switch models, respectively.



CHAPTER 5

Up up
1] » mRNA » Protein

dM dP

Figure 5.1: Zero-switch gene regulation diagram.

Upnr up

» mRNA » Protein

Uc dc d M d P

: :

Figure 5.2: One-switch gene regulation diagram.

Unp up

AND » mRNA » Protein

UA dA up dB

Figure 5.3: Two-switch gene regulation diagram.

d]yj dP
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5.2 AND Mode: Moments for Two Switches

Moment analysis for the zero-switch model has already been studied in section 3.3
and Chapter 4, and for the one-switch models has also appeared in the literature
[31]. In this section, we focus on the new two-switch model. Interpreting Figure 5.3
as a discrete-space, continuous-time Markov jump process, we may introduce scalar

processes A(t) and B(t) to record the activation and binding of the TF: at time t,
o A(t) =1 if the TF is active and A(t) = 0 if the TF is inactive,
e B(t) =1 if the TF is bound and B(t) = 0 if the TF is unbound.

Given the rate constants ua,da, up, dg, we may characterise these processes by

PA(t+A)=1] A(t) =0) = usA+o(A),
PAt+A) =0 | A(t) =1) = daA +o(A),
P(B(t+A)=1|B(t)=0) = upA+o(A),

P(B(t+A)=0|B(t)=1) = dpA +o(A).

Now let M®(t) denote the level of mRNA for the two-switch model at time ¢.
Since mRNA is produced with rate constant u,; only when the TF is bound and

active, we have
P(ME(t+A)=Mot)+1|A®),B(t) = umA{t)BE)A+o(A).

This takes the form of a second order reaction—the rate of production of the
species M (t) depends on the product of the levels of “species” A(t) and B(t). In
general, second order systems are not amenable to analysis [17, Section 2.7.B], but
we will show in this section that the special form of this system can be exploited.
To do this, we introduce artificial species Y;(t) for i = 1,2, 3,4, each of which takes

values in {0, 1}. These are defined according to
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e Vi(t)=1 <= A(t) =0and B(t) =0,

o YV5(t) =1 <= A(t) =0 and B(t) =1,

o V3(t) =1 <= A(t) =1and B(t) =0, and

o V,(t) =1 <= A(t) =1and B(t) = 1.

We note that 327, Y;(t) = 1 for all time ¢. Letting P® denote the protein level at

time ¢, we may write the overall system in the form

Y;
Y)
Y)
Y;

Y,

P

Ys (5.1)
Yy (5.2)
Ys (5.3)
Ys (5.4)
Yy (5.5)
Yy (5.6)
Yy (5.7)
Yy (5.8)
Yi+ M (5.9)
M+ P (5.10)
0 (5.11)
0. (5.12)

This system now has the form of first-order reaction network. In the terminology

of [11], reactions (5.1)—(5.8) are of conversion type, (5.9) and (5.10) are of catalytic

production type, and (5.11) and (5.12) are of degradation type. So, we may use the

general results in [11] to obtain a closed system of ODEs that express the evolution
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of the first and second moments and correlations. In the notation of [11], we have

K® =0 € RS%S,
| 0000 0 O ] | 000 0O 0 O ]
0000 0 O 000 0O 0 O
Kd _ 0000 0 O | ecat _ 000 O 0 O |
0000 0 O 000 0O 0 O
0 00 0 dy O 00 0 uy 0 O
0000 0 dp 000 0 wup O
_ —(ua + up) dp da 0 0 0 -
Uup —(ua + dp) 0 dy 00
eon _ ta 0 —(up +da) dp 0 0 |
0 A up  —(datdg) 0 0
0 0 0 0 0 0
0 0 0 0 0 0
- —(ua +up) dp da 0 0 0 |
up —(ua+dp) 0 da 0 0
o ua 0 —(up + da) dp 0 0
0 Ua Uup —(da+dg) 0 0
0 0 0 Ung —dy 0
0 0 0 0 up  —dp
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and ~ _
0 00 0 0 0
0 0O 0 0 0
0 00 0 0 0
I'(t) = :
000 0 0 0
00 0 unEYa(t)] 0 0
00 0 0 wpE[M®(#)] 0
For convenience we will drop the time dependent t. Because Y, Yi(t) = 1,

Y;(t)* = Yi(t) and Yi(t)Y;(¢t) = 0 for ¢ # j, we can eliminate some redundancy in

order to obtain ODEs for the means

TEY) = s — (-t up + ds)E[Ys) — upEY5] — (up — da)EYE), (5,13
DBV = s~ waB[Ya] — (wa+ up + Y] — (s — dp)E[Y], (5,14
LBV = waBlYa] + usE[Y;] — (da+ dp)E[Yi] (5.15)
%E[M@] = uyE[Yy] — dyE[M?), (5.16)
Lppe] — wpE[M®] - dpE[PE), (5.17)

dt
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correlations
%E[YQM@] = ugE[M®] — (us +up + dp + dp)E[YoM?]
— ugE[YsM®)] — (up — d4)E[Y, M), (5.18)
%E[YQP@] = ugE[P®] + upE[YoM®] — (us + up + dp + dp)E[Y2 P?]
— upE[Y3P%] — (up — do)E[Y, P?], (5.19)
%E[YgM@] = UAR[M®] — usB[YoM®) — (ua +up + da + dar)E[Y3 M)
— (uag — dp)E[Y,M®], (5.20)
%E[Y?,P@] = uAR[P®] — usE[Y2P®] + upE[YsM?]
— (up + up + da + dp)E[Y3P®) — (uy — dp)E[Y,P?], (5.21)
%E[}@M@] = uAR[YoaM®] + upR[YsM®] + upE[Y]
— (da + dp + dp)E[Y,M®], (5.22)
%E[}@P@] = uE[Y2P?] + ugE[Y3P®) + upE[Y,M?]
— (da +dp + dp)E[Y, P?], (5.23)
%E[M@P@] = uyE[YiP?) + upE[M®%) — (dy + dp)E[M® P?), (5.24)

and second moments

d
EE[M@] = uyE[Yy] + dyE[M®] + 2upyE[Y, M) — 2d, B[M®?], (5.25)
d
iE[P@] = upE[M®] + dpE[P®] + 2upE[M® P®] — 2dpE[P?%]. (5.26)

We are now in a position to compare the noise strengths of the three models.
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5.3 Comparing Noise Strengths

5.3.1 One-Switch versus Zero-Switch

The one-switch model in Figure 5.2 may be interpreted as the first order reaction
system (4.25)—(4.28), with m = 1. A closed, stable linear system of ODEs describ-
ing the evolution of the first and second moments and correlations can be found
in [31]. As used in section 4.4, using ]\7(15) and P(t) to denote the mRNA and
protein levels for the one-switch model, in order avoid confusion with M®(t) and

P®(t) from the two-switch model, we find that the steady state moments have the

form
. —~ Ucup
lim E[M(8)] = o (ue + o)’ (5.27)
. =~ Upucunr
lim E[P(t)] = 5.28
A BP0l = o e+ de)’ (5.28)
2
lim E ]\71& 21 _ UpUuc Upsuc
tlglo [ ( ) ] dM(uC+dc) + dM(uC+dc)(uC+dc+dM)
+ itile (5.29)
d?\J(uC—ch)(uC—ch—i—dM)’ ‘
lim E[ﬁ(t)Q] _ u%u?wuc(dM —+ uc)(dM + Uuc -+ dc -+ dp)
t—o00 (UC —|—dc)(uC—|—dc —|—dM)(UC +dc +dp)(dM +dp)d?\/[dp
ubu? u?
X pPUNMUC
(uc + dc)(uC +do + dp)(dM + dp)de%
upupuc(dy + dp + up) | (5.30)
(UC + dc)(dM + dp)dep
—~ ~ u? uzup
lim E[M(t)P(t)] = M
A EIMOPO) = a0 lue + do + de)(da + dp)dards

N udupuc(uc + duy)(uc + do + dp + day)
(uc + de)(uc + de + du)(ue + do + dp)(dyr + dp)d3,
upupuc
+ . 5.31
(UC —|—dc)(dM —|—dp)dM ( )

Recall that the zero-switch case in Figure 5.1 can be written as the reaction
network (3.1)~(3.4), with D(¢) = 1 for all time. A linear ODE system for the first

and second moments of this model was given in section 3.3. We then find the
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steady state values

lim E[M(t)] = M (5.32)
t—o0 dM
. __ upum
. 2 Upr u?\/[
L3 + dy + dp)
lim B[P — P et (i 5.35
2
. . UpUpns UpUis
lim EM()P(1)] = o (TR (5.36)

Comparing the steady state mRNA and protein variances from the two models,

we find that
_ 2
var[M] . var[M] _ uMuC'(dM2+ Upuc + dMuc + deC —+ dMuM)
d3;(uc + do)(ue + de + da)
L uhue tum
d?\J(uC + dc)2 dM

and
var[ﬁ] —var[P] = uptpruc(dy + dp + up)

dep(Uc + dc)(dM + dp)
. wbul i,
de%(UC + dc)(uC + dc + dp)(dM + dp)
ubuduc(ue + dar)(dar + ue + do + dp)

+
dﬁ/[dp(uc + dc)(uC +dco + dM)(UC +dco + dp)(dM + dp)

2,2 .2
UpU UG

- BB (ue + do)?
. UPUM(dM + dp + UP)
dardp(dy + dp)

Now recalling the definition of noise strength in (3.10), some further manipu-

lation of (5.27)—(5.35) shows that

— uMdc
M) - ns[M] = '
ns[ ] ns[ ] (UC' + dc)(UC +do + dM)’ (5 37)
- uPuMdc(uc+dc+dM+dP)
Pl _ nslP] — (5.38
sl S e do e + dun)ue + do + dp)uc + do + dar) )
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It is clear that the right hand sides in (5.37) and (5.38) are always positive.
Hence, at steady state, adding a switch always increases the noise strength of both
mRNA and protein, for any choice of rate constants. This happens despite the fact
that the variances may increase or decrease. For example, using rate constants

uc = 0.1,dc = 001,UM = Og,dM = 0.01,UP = 0.3 and dp = 0001, we find

var[M] —var[M] = 347,

var[P] —var[P] = 3.22 x 10%

ns[M] —ns[M] = 0.2273,

ns[P] — ns[P] = 6.7568,

whereas changing to dgo = 0.2 gives

var[M] —var[M] = —13.55,

var[P] —var[P] = —1.15 x 10°,

ns[M] —ns[M] = 0.6452,

ns[P] —ns[P] = 18.1799.

Figure 5.4 illustrates that the conclusion above concerning the relative noise
strengths does not generalise to allt. Here, we chose rate constants uy, = 0.3, dy; =
0.012, up = 0.17 from [47], dp = 0.0007 from [6], uc = 0.1 and d¢ = 0.9. Determin-
istic initial conditions were used, with D*(0) =1, M(0) = 20 and P(0) = 40. We
see that the time-dependent differences ns[M(t)] —ns[M (t)] and ns[P(t)] —ns[P(t)]
can change sign before settling down to a positive value. Figure 5.5 repeats this
experiment using rate constants uc = 0.1,dc = 0.1, up = 10,dy; = 5, up = 10,
and dp = 0.1 from [44] with the same initial conditions as in Figure 5.4. For these

rate constants and initial conditions, the difference between noise strengths for

mRNA and protein remains positive for all time.
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0.3
0.2 |
0.1 |
0 u
—0.1 ——— Difference in noise strength for mRNA| -
— — — Difference at steady state for mRNA
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Figure 5.4: Difference in noise strengths between the one and zero-switch models.
Upper: mRNA]| ns[]T/f(t)] — ns[M(t)]. Lower: protein, ns[ﬁ(t)] — ns[P(t)]. The
moments were computed by solving the relevant ODEs. Horizontal lines show

steady state values from (5.37) and (5.38). Rate constants are taken from [47] and
[6].
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— Difference in noise strength for mMRNA
Difference at steady state for mRNA

20 40 60 80 100

Difference in noise strength for protein|
— — — Difference at steady state for protein
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time (sec)

Figure 5.5: As for Figure 5.4 with rate constants taken from [44].

5.3.2 Two-Switch versus Zero-Switch

Equations (5.13)—(5.26) give a stable, linear ODE system for the moments of the
two-switch model (5.1)—(5.12). Solving for the steady state and comparing with
the result for the zero-switch model (3.1)—(3.4), we find that the difference between
mRNA noise strengths is

ns[M®] — ns[M] =
3dAdBuM(uAdM +dpup + UAUB) + QUiuMdB(dM + dA)

(ua+da+du)(ua +da)(up +dp)(up +dy + dp)(up +ua +da+dp + du)
" 2dAdBuM(quA + uAdB) + 2U2BdAUM(dB + dM)

(uA +dag + dM)(uA + dA)(uB + dB)(UB +dp + dB)(uB +upg+da+dp + dM)
n daunrdpr(dar + da)

(uB +ug +da+dp + dM)(uB +dp + dB)(UA + dA)(uA +da+ dM)

(UB +ug +da+dp + dM)(UB +dp + dB)(UB + dB)(UA +da + dM)
N updy (v + d4) + uaundp(di + d3;)

(uA +da + dM)(uA + dA)(UB + dB)(UB +dp + dB)(UB +upg+da+dp + dM)
n uaupupdy (da +dp) + quAuM(dQB + uQB) + uiuMdB(uB +ua)

(ua +da+du)(ua+da)(up +dp)(up +dy +dp)(up +ua +da+dp +dar)’
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which is clearly positive. The corresponding difference for the protein levels,
ns[P®] — ns[P], is too complicated to display, but is also positive for all parameter
values.

To illustrate the results, in Figure 5.6, using the same rate constants and ini-
tial conditions as Figure 5.4, except us = 0.1,d4 = 0.3,up = 0.3,dg = 0.1 and
Y4(0) = 1, we show the difference between noise strengths for mRNA and protein.
The values at steady state are 0.524 and 7.215 for mRNA and protein, respectively,
but we see that the difference between noise strengths changes sign over time. Fig-
ure 5.7 shows an example where the difference between noise strengths is positive
for all time. Here, the difference at steady state is 1.425 and 43.294 for mRNA
and protein, respectively. In this case we used the same rate constants and initial
conditions as Figure 5.5 together with uy = 0.1,d4 = 0.1,up = 0.1,dg = 0.1 and
the deterministic initial condition Y;(0) = 1.

In summary, like the one-switch model, the two-switch model always gives
greater noise strengths at steady state than the zero-switch model, but not gener-

ally for all time.

5.3.3 One-Switch versus Two-Switch

Using the results from the previous subsections, we can characterise the difference
in noise strengths of mRNA and protein between the two-switch model (5.1)—
(5.12) and one-switch model (4.25)—(4.28), with m = 1. The expressions are too
complicated to display, but a key fact is that they contain both negative and
positive terms, and their overall sign depends on the model parameters.

To illustrate this, in Figure 5.8 we use the same rate constants and initial
conditions as Figure 5.6, with uc = us and de = d4. We see that the differences

ns[M (t)] —ns[M®(t)] and ns[P(t)] —ns[P®(t)] are negative for all time. The steady
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Figure 5.6: As for Figure 5.4, but with the differences between two and zero
switches, ns[M®(t)] — ns[M(t)] and ns[P®(t)] — ns[P(t)].
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Figure 5.7: As for Figure 5.6 with different parameters and initial conditions.
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state differences are —0.022 and —0.314 for mRNA and protein, respectively. On
the other hand, Figure 5.9 shows a case where the differences are positive for all
time. Here we used the same rate constants and initial conditions as in Figure
5.7 together with uc = uy and do = d4. In this case, the steady state values
are 0.463 and 9.985 for mRNA and protein, respectively. Figure 5.10 shows that
the differences in both mRNA and protein can change sign. Here we used the
same rate constants and initial conditions as in Figure 5.9, except uc = uqup
and do = uadp + daup + dadpg. The differences at steady state are —0.064 and

—63.833 for mRNA and protein, respectively.

0
-0.02}| i
-0.04| i
-0.08 — Difference in noise strength for mRNA| |
Difference at steady state for mRNA
-0.08 ‘
0 2000 4000 6000 8000 10000
0
-0.5 i
1k i
-1.5¢ Difference in noise strength for protein| |
— — — Difference at steady state for protein
) ‘
0 2000 4000 6000 8000 10000

time (sec)

Figure 5.8: Difference in noise strengths between the two and one-switch models.

5.4 Hybrid Moments

As we already showed in Chapter 4, the hybrid SDE setting for the zero, and one-

switch models is better at recovering the moments of the underlying exact model
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Figure 5.9: As for Figure 5.8 with different parameters.
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Figure 5.10: As for Figure 5.8 with different parameters.
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than the hybrid ODE setting. Our aim in this section is therefore to study hybrid
versions of the new two-switch model (5.1)—(5.12). We will show that, as in the
Markov jump setting, although it appears to be a second order reaction network,

moments of the hybrid SDE model can be analysed.

5.4.1 Hybrid Diffusion Moments

In order to describe the two-switch model as a hybrid SDE, we let r(¢) be a Markov
switch with state space S = {1,2,3,4} and let 7;; denote the transition rate for

the switch from state ¢ to j. Hence, for i # 7,
Pirt+A) =37 |r(t)=1i) = 7;A+0(A),
and v;; = — Z#i 7;; is such that
Pir(t+A)=i|rt)=1) = 1+9;A+0(A).

Here,

e state 1 corresponds to A(t) =0 and B(t) =0,

e state 2 corresponds to A(t) =0 and B(t) =1,

e state 3 corresponds to A(t) = 1 and B(t) =0,

e state 4 corresponds to A(t) =1 and B(t) = 1.

For this switch, we move from state 1 to 2 when the TF binds, so we have

Y12 = UB.

Similarly, we move from state 1 to 3 when the TF activates, so that

713 = UA.
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J
state 1 2 3 4
—(uas +up) up UA 0
7 dB —(UA + dB) 0 UA
dA 0 —(dA -+ UB) up
0 da dp —(da + dp)
Table 5.1: Transition rates ;; for switch r(¢).
Continuing this manner, we obtain the transition rates in Table 5.1.
Now, let g(r(t)) be any function such that
1 when r(t) =4,
g(r(t)) =
0 otherwise.
We may then express the two-switch model as
M % M+P (5.40)
Mo Mg (5.41)
P = (5.42)

Now we look at a hybrid model based on (5.39)—(5.42) where the effect of the
TF is modelled as a Markov jump process r(t), and the evolutions of the mRNA
and protein levels are modelled with the CLE regime. This gives rise to 1to SDEs

driven by an independent switch, of the form

dMT(t) = (U,Mg(T) — dMMT)dt + \/ uMg(r)dWl —\V dMMTdWQ, (543)
dPt(t) = (upM' —dpP")dt + /upMtdWs — \/dpPtdW,. (5.44)



CHAPTER 5 69

We use MT(t) and PT(t) to distinguish this process from the mRNA and protein
levels, M®(t) and P®(t), arising from the full CME regime, while W;,i = 1,2, 3,4,
are mutually independent Brownian motions that are also independent of r(t).

Taking expectations, we find immediately that

SED®) = unElg(r(t)] - duED ()] (5.45)
SEIPI(D] = upE[M(5)] - doELPI()] (5.4

Since g(r(t)) = Yu(t), comparing (5.45) and (5.46) with (5.16) and (5.17), we see
that this hybrid diffusion regime gives the same first moments as the full Markov
jump model.

Applying the generalised 1t6 formula Theorem 2.2.2 in (5.43) and (5.44), w

find
d(MTz) (2M " (urrg(r) = dyy MT) + (unrg(r) + dyyM')) dt + d(mart.),
dMTPYy = (P'(umg(r) —duM') + M (upM" — dpP")) dt + d(mart.),
d(P??) = (2PY(upM' = dpP") + (upM' + dpP")) dt + d(mart.),
d(M'g(r)) = (9 (uarg(r) — darM') + MT%A) dt + d(mart.),
d(PYg(r)) = (9(r)(upM' —dpP") + Py, ) dt + d(mart.),

where “mart.” denotes a martingale. Therefore,

d

%E[Mﬂ = 2uyE[MTg(r)] — 2dyBIM) + upEg(r)] + daB[MT]5.47)
%E[M*PT] = unE[Pg(r)] = (dar + dp)E[MTPT) + upE[MT],  (5.48)
%E[Pﬂ = 2upE[M'P!] — 2dpE[P™] + upB[M'] + dpE[PT],  (5.49)
TEM ()] = unElg(r)] — duEIM'g(r)] + M, (5.50)
CEIPY()] = upELM'g(r)] — deE[P'g(r)] + B[Py, (5.51)

(Note that the expectation of the martingale is zero.)
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Now, considering the case where r(t) = 4, we have that 7,4 = —(da+dgp),Ys =
Y; =0,Y, = g(r) = 1, therefore

d

EE[MTg] = uy — dyE[MT] — (dg + dg)E[MT],
d
EE[YA‘MEB] = uy — (da +dp + dy)E[M?],

and

%E[ Plgl = upE[M'] — dpE[P] — (d4 + dg)E[P],

d
ZEYiP?] = upE[M®] — (da+ dp + dp)E[P?].

So, letting r(t) = 4, E[Y;M®] satisfies the same ODE as E[MTg] and E[Y;P?]
satisfies the same ODE as E[PTg]. In a similar manner, letting r(t) = 1,2,3,
also gives a perfect match. We conclude that E[Y;M®] = E[MTg] and E[Y,P®] =
E[PTg] for all time. By comparing (5.47)—(5.51) and (5.18)—(5.26) we then conclude
that the hybrid diffusion regime preserves the second moments and correlations of

the full Markov jump model.

5.4.2 Hybrid ODE Moments

In this subsection we consider the case where, as in subsection 5.4.1, the bind-
ing/unbinding and activation/deactivation of the TF is modelled as a Markov
jump process 7(t), but now the evolutions of the mRNA and protein levels are
modelled with a simple ODE arising from the law of mass action. In this case, we

have two ODEs driven by an independent switch, of the form
AMH(t) = (umg(r(t)) — daM¥(1))dt,
dPHt) = (upM*(t) — dpP*(t))dt.

We use M*(t) and P*(t) to denote the continuous-valued stochastic process that

represent the mRNA and protein levels in this regime.
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Applying the generalised It6 formula Theorem 2.2.2, we find
d(Miz) = (2M*(umg(r) — dyrM?)) dt + d(mart.),
d(M*PY) = (PH(ung(r) dMMi) + M*(upM* — dpP")) dt + d(mart.),
d(PY) = (2PHupM! - dpPi)) dt + d(mart.),
d(Mg(r)) = (g(r)(ung(r) — dyM*) + My, 4) dt + d(mart.),
d(Ptg(r)) = (9(r)(upM* —dpP*) + P'y,,) dt + d(mart.).
Therefore,
TEIMY = unElg(r))] — duELM], (5.52)
%E[Pi] = upE[M*] — dpE[PH, (5.53)
%E[Miz] = 2uyE[Mig(r)] — 2dyE[M], (5.54)
%E[Mipi] = uyE[Pg(r)] — (dar + dp)E[M*PY + upE[MP?), (5.55)
%E[Piz] = 2upE[M!PY] — 2dpE[PY), (5.56)
%E[Mi (] = unElg(r)] — duEM g(r)] + E[My,.4], (5.57)
%E[P* (] = upE[M?g(r)] — dpE[Pig(r)] + E[P*y,.]. (5.58)

Comparing (5.16) and (5.17) with (5.52) and (5.53), we see that the hybrid ODE

system preserves the first moments. Also, repeating the arguments from subsec-

tion 5.4.1, we can show that E[M*g(r)] matches E[Y;M®], and E[P*g(r)] matches

E[Y,P®]. If we then compare (5.25) and (5.54), we see that E[M*(t)] < E[M®2(¢)]

for all # > 0. Then from (5.24) and (5.55) we see that E[M¥(t)P(t)] <

E[M®(t)P®(t)], whence (5.26) and (5.56) allow us to conclude that E[Piz(t)] <

E[P®*(t)].

In summary, for any set of non-zero rate constants, the hybrid ODE model

underestimates the second moments of the mRNA and protein and the mRNA-

protein correlation,

for all time.
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5.5 OR Mode

In this section we consider the case where the gene activity in the two-switch model
is controlled by a pair of independent switches in OR mode, instead of the AND
mode considered previously in this chapter. This could be regarded as a model
for the case where two different TFs, say TFa and TFb, are present, in which the
gene can transcribe when either TFa or TFb is bound to the gene.

We now define, respectively, scalar processes A°(t) and B°(t) to record the

binding of the TFa and TFb: at time ¢
o A°(t) =1 if TFa is bound and A°(t) = 0 if TFa is unbound,
e B°(t) =1if TFD is bound and B°(t) = 0 if TFb is unbound,

in which we may characterise these processes by

P(A(t+A)=1] A°(t) = 0) = ual +o(A),
PA(t+A) =0 | A°() =1) = daA +o(A),
P(B(t+A)=1|B°(t) =0) = upA+o(A),

P(B(t+A)=0| B°(t)=1) = dpA +o(A).

We also define artificial species Y°;(t), for i = 1,2,3,4, the same way as for the

AND mode in section 5.2:
e Y% (t) =1 < A°(t) =0 and B°(t) =0,
o Y (t) =1 <= A°(t) =0and B°(t) =1,
o Y(t) =1 < A°(t) =1 and B°(t) =0, and

o Y°(t)=1<«= A°(t) =1 and B°(t) = 1.
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Recall that the reaction (5.9) is a catalytic reaction, in which the mRNA is
catalysed at a rate proportional to the level of Yy(¢) with rate constant uy,. It will
now be more convenient to interpret this as catalytic production from a source
with the rate wy Yy (t)

P Vg (5.59)

5.5.1 Moments for OR Mode

In OR mode, the gene can transcribe mRNA in the three following ways: when
TFa is bound but TFEb is unbound, or TFa is unbound but TFb is bound, or both
TFa and TFb are bound. Therefore the three following reactions, say reactions

Ja»Jb, and j., summarise the way that mRNA is produced

YOZ u_”{ YO2+M7
Y<>3 u_]\/{ Y03 + M7

ye, "M y°,+ M.

Replacing the reaction (5.9) in the AND mode with these three reactions, we have
the overall system for the OR mode.

Now we introduce catalytic production from a source

UJ\/[(Y02+YO3+YO4)

¢ M, (5.60)

and call this reaction reaction j;. Because the reactions j,, 75, and j. are indepen-
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dent, we find that in the next infinitesimal time interval [t, ¢ + dt)

P(reaction j, or j, or j. happens) = P(reaction j, happens)
+ P(reaction j, happens)
+ P(reaction j. happens) + o(dt)
= upYodt + up Yadt 4+ up Yydt + o(dt)

= P(reaction j; happens) + o(dt).

Thus, in OR mode, we can use the reaction (5.60) instead of those three reactions,
Ja, Jv, and j.. It follows that the reaction (5.60) is more complicated than the
reaction (5.59). Intuitively, the means of mRNA and protein for the OR mode
should be larger than those of the AND mode. Do the variances and noise strengths
have the same property? To investigate this, we first have to obtain the moments
of the OR mode. Using the same trick as in section 5.2, we find that the moments

of the OR mode satisfy the same ODEs (5.13)—(5.26) except

d

ZEIMC] = un(B[Y%] + E[Y %] + E[Y*4]) — duE[M°),
;%ED”ﬂWﬂ = uyE[Y°y] + ugE[M®] — (ua +up + dp + dur)E[Y * M°]
—upE[Y 3 M°] — (up — da)E[Y 41 M°],
%mwwm::mem+MmMWﬂmm%M%4M—@mme]
— (ua +up +da+ dp)E[Y°3M°],
%Emﬁpj::UM@W%Pﬂ+EW%Pﬂ+EWQWD+WEMWﬂ
— (dy + dp)E[M°P?],
;%Ewﬁﬂ = up(E[Y%) + E[Y] +E[Y?y]) + dyE[M°] — 2dpE[M?]

+ 2up (B[Y,M°) + B[Y 3 M°] + E[Y°,M°)).

We have used the superscript ¢ to indicate the species for the OR mode.
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5.5.2 Mean, Variance, and Noise Strength:
AND Mode versus OR Mode

From the previous subsection we know that the OR mode has the same ODEs for
E[Y], E[Y;], and E[Y,] as the AND mode, and the ODE involves only E[Y3], E[Y3],
and E[Y;]. Therefore, the means E[Y;],i = 1,2, 3,4, of AND mode are identical
to E[Y?;] of OR mode for all time. This is also obvious from first principles—the
switches operate independently and their states do not depend on the mode. We

now consider

% (E[ME] —E[M°]) = —un(B[Y"] + E[Y"s]) + up (E[Ya] — E[Y*4])

— dy(E[M®] —E[M?]),
which becomes
E[M® ()] — E[MO(t)] = et /0 h(s)etds,

where h(t) := —up (E[Y 2] + E[Y?3]) < 0 for all ¢ > 0. Therefore, the OR mode
has a larger mean of mRNA than the AND mode for all time. This leads to the
conclusion that the OR mode has also a larger mean of protein than the AND

mode for all time as follows:

% (E[P®) ~ E[P*)) = up(EIM®] ~ E[M°) — dp(E[P®] ~ E[P*))

SO

E[P®(t)] — E[P°(t)] = e~ /0 up(E[M®] — E[M°))e?**ds < 0.

Next we investigate the variance and noise strength for the two modes at steady
state. Unfortunately the expressions, in terms of the relative rates of transcription,
translation and degradation, of the differences of variances in mRNA and protein

between OR mode and AND mode have too many terms to display, but there
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are very many more positive terms than negative terms. We experimented by
numerically varying the rate constants, and found that the variance differences
were all positive. Therefore, we expect that, at steady state, the variances in
mRNA and protein of OR mode are typically larger than those of AND mode.
On the other hand, the differences of noise strengths have lots of negative terms
while only few positive terms are present at steady state. We also tried numerically
changing the rates, and found unsurprisingly that the differences of noise strengths
could change their sign depending on the model parameters. Therefore the OR
mode may create more or less noise strength than the AND mode, depending on
the rate constants.

Figures 5.11-5.12, and 5.13-5.14, in which the rate constants and initial con-
ditions match those in Figure 5.6, and 5.7, respectively, support the claim. Using
the same rate constants as in Figure 5.14 except d4 = 100, Figure 5.15 shows that
the steady state noise strength differences are not always negative while the steady

state variance differences remain positive as shown in Figure 5.16.

5.6 Summary

Some surprisingly simple stochastic models based on Markov jump processes have
been successful at describing the level of intrinsic noise in gene regulation activities
inside the cell. These models allow the important, and measurable, noise strength
to be characterised in terms of the relative rates of transcription, translation and
degradation.

In this chapter, we introduced a more general model that attempts to account
more accurately for the indirect control exerted by a transcription factor. This new

model does not fit naturally into the framework of first order reaction networks,
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Figure 5.11: Difference in variances between the OR and AND modes, var[M°(t)]—
var[M®(t)] and var[P°(t)] — var[P®(t)].

but we showed that its noise strength is amenable to analysis.
Regarding this model as the two-switch successor to previously studied one-
switch and zero-switch versions, we were able to show the intuitively reasonable

results that, given a set of rate constants,

e the one and two-switch models always have greater steady state mRNA and
protein noise strengths than the underlying zero-switch model, although the

variances may be smaller.

So incorporating transcription factor effects in this way leads to a prediction of

larger intrinsic noise. However, somewhat less intuitively,

e before equilibrium is reached, the noise strengths of the one and two-switch

models may be less than that of the zero-switch model,
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Figure 5.12: Difference in noise strengths between the OR and AND modes,
ns[M°(t)] — ns[M®(t)] and ns[P°(t)] — ns[P®(t)].
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Figure 5.13: As for Figure 5.11 with different parameters.
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Figure 5.14: As for Figure 5.12 with different parameters.
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Figure 5.15: As for Figure 5.14 except d4 = 100.



CHAPTER 5 80

0.5} — Difference in variance for mMRNA -
— — — Difference at steady state for mMRNA
0 . .
0 10 20 30 40 50 60

4000
3000 e
2000 i
1000 |

Difference in variance for protein
— — — Difference at steady state for protein

0 10 20 30 40 50 60
time (sec)

Figure 5.16: As for Figure 5.15 except that the variance errors are measured.

e the two-switch model may be more or less noisy than the one-switch model,

depending on the rate constants.
Also,

e according our numerical experiments, depending on the model parameters

the OR mode may be more or less noisy than the AND mode.

We also analysed hybrid SDE and ODE approximations to the two-switch
model and showed that it is necessary to retain the diffusion term in order to

avoid underestimating the mRNA and protein variances and correlation.
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Autoregulation Models for (Gene

Regulation Networks

In gene regulation, stochastic process using a switch for gene activation and in-
activation have been widely studied [31, 43, 44]. The analysis of such stochastic
processes is more complex when the state of active/inactive gene is affected by
the corresponding protein level [3, 34]. It has been shown that negative feedback
of protein reduces protein noise level [34]. There was the same conclusion in [49]
when a gene activity is assumed be always active.

In this chapter, which continues the work in Chapter 4, we investigate the effect
of protein feedback that enhances its own production. In this case we are able to
derive explicit expressions for the first moment of the mRNA and protein for all
time. At steady state, we also have explicit expressions for the first and second
moments of the mRNA and protein and make the clear statement that positive
protein feedback increases the variances and noise strengths of both mRNA and

protein.

81
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6.1 Feedback Gene Regulation Model

Figure 6.1 illustrates a schematic of the process that extends the process described
in Figure 5.1 by adding a protein feedback loop, enhancing the transcription pro-

Cess.

0 » mRNA » Protein
Um up

dum dp

Figure 6.1: Feedback gene regulation diagram.

Here, we assume that an mRNA is produced in two ways; first production from
a source with rate constant uy;, and second catalytic production proportional to
the level of protein P(t) with rate constant a. The mRNA can translate a protein
with rate constant up, and the mRNA and protein can decay with rate constants
dys and dp respectively.

To simplify the language, we will say that Figure 6.1 represents the feedback

model.
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6.2 Feedback Moments

83

We now interpret the feedback model as a Gillespie/population dynamics/Markov

jump process, where both species are discrete. This could be written

=2 =

— M

s =
IR

g
!

Here

(6.1) is production from a source (constant rate),

(6.3) is decay (rate proportional to level of M(t)),

e (6.5) is decay (rate proportional to level of P(t)).

Letting the state vector X (t) € R? be

M#(t)
Pe(t)
the stoichiometric vectors are
1 1 —1
Vv, = ) Vy = ) Vi = ) vy =

— M, with rate constant wu,;,

,  with rate constant u,sa,
(), with rate constant dyy,
P, with rate constant up,

(), with rate constant dp.

(6.2) is catalytic production (rate proportional to level of P(t)),

(6.4) is catalytic production (rate proportional to level of M(t)),

(6.1)

(6.2)
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with corresponding propensity functions

a1 (X) = wuyy,

GQ(X) = UMOéXQ(t>,
ag(X) = dMXl(t),
CM(X) = Ule(t),

a5(X) = deg(t)

Here we have used the superscript ® to denote the species for the feedback model.

We can see that the reactions (6.1)-(6.5) fit into the framework of a first-order
reaction network. Using the general result of [11], we obtain a closed system of
ODEs that describe the evolution of the first and second moments and correlations.

In their notation, we find

K — up 0 Kd — dy 0 eat _ Unme Jeeon _ 00
0 0 0 dp up O 00
We also have
—dy  uyQ upyEIM® ()] up (1l + o)E[PE(t
o [ e | | EREO] @8R

up —dp UPE[M®(t)] 0



CHAPTER 6

These lead to

d ®
SR (1)

d ®
ZE[PS (1)
d

SEMC (1)

d 2
%E[P@’(t) ]

d
SB[V (6P ()

Letting

we find that

where

—dy
up
N = 2uM—|—dM

up

85
—dyE[M®(8)] + uaraB[P(£)] + uas, (6.6)
upE[M®(t)] — dpE[P?(t)], (6.7)

(2uar + dag)E[M® (£)] + upraB[P2(8)] — 2dpyB[M®(t)?]
+ 2upraB[M® (£) P2 (1)) + uar, (6.8)
wpE[M® (1)) + dpE[P®(1)] + 2upE[M® (£) P (1)]

— 2dpE[P® (1), (6.9)

unE[P ()] + upE[M® (t)?] — (dus + dp)E[M®P¥]

+ upaB[P®?. (6.10)
E[M®(1)]
E[P2(t)]
0= Eeey
E[P®(t)?]
E[M®(t) Pe(1)]
dz(t)
e Nz(t)+ B
Up & 0 0 0 Upn
—dp 0 0 0 0
Upr & —QdM 0 2upro and B = U

0 —2dp 2Up 0

up upae —(dy + dp) 0
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6.3 Analytical Solutions

For convenience, we let D and D? be the operator notations such that D = % and

D? = & Then from (6.6) and (6.7), we have

(D +dy)z —uyaze = uyyg, (6.11)

Upz1 — (D + dP)ZQ = 0. (612)
Multiplying both sides of (6.11) by up, we have
UP(D + dM)Zl — UpyUpOZy = UprUP. (613)

Operating on both sides of (6.12) with D + dj; and then subtracting from (6.13),
we find

(D2 + (dM + dp)D + (dep - UMUpOé)) Z9 = Upup. (614)

It follows that

B (dM+dP)*\/(dM*dP)2+4“M“Pat 3 (dM+dP)+\/(dM*dP)2+4“M“Pat
29 = (€ 2 + coe 2

+ tarte 5 if Upupdy 7A dep, (615)
dep —Upupx

where ¢; and ¢, are arbitrary constants, is a general solution of (6.14). Substituting

(6.15) into (6.12), we have

_(dM‘FdP)*\/(dM*dP)2+4“]W“PO‘t [(dp — dM) + \/(dM — dp)2 + 4uMuPa]
zZ1 = cC€ 2

2uP

L _(dzx1+dp)+\/(dwgfdp)2+4UMUPat [(dp — dM) — \/(dM — dp)2 —+ 4uMuPoz]
Cre
2Up
uprdp .
+ s if Upup 7’é dep
dep — Upyup

We are now considering the case where o < dydp/upup, s0

0 < (dy — dp)* +dupyupa < (dy — dp)? + 4dydp

- (dM + dp)2.
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Therefore

(dM + dp) + \/(dM — dp)2 + 4upupa > 0.
This leads to

uMdp

E[M®(t)] =
[ ()] o dep—UMUPOé’

Upr
and  E[P®(t)] =2 — T A—/[uI;uPoz’ as t — oo.

If & > dpdp/upup, we then can show that
(dM — dp)2 + dupupa > (dM + dp)2.

Therefore

(dp + dM) — \/(dM — dp)2 + dupyupa < 0,

and (dp — dpr) + v/ (dar — dp)? + duprupa > 0.

This leads to

and  E[P®(t)] =2 — oo, as t — oo.
If & = dydp/upup, by (6.14), we have

Thus

(rrtdpyt  _TMIP (6.17)

29 = C3 + cy€”
2 3 4 dus & dp

is a general solution of (6.16). Substituting (6.17) into (6.12), we find that

_ —C4dM e~ (dartdp)t wadp catlp o (6.18)

= up dM+dp up dM—i-dp'
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Therefore, in this case,

and  E[P®(t)] =2 — oo, as t — oo.

In summary, we have shown that the first moments of mRNA and protein of
the feedback model are stable if and only if the protein feedback rate, «, is less

than dep/uMuP.

6.4 Feedback Effect

In this section we consider the effect of increasing the feedback rate. Let 0 < a; <
g, and let MZ and P? denote the number of mRNA and protein molecules at

time ¢ for the feedback model (6.6)-(6.10) with o = ;. We then let

E[M, (t)] — E[Mg, (2)]
B[P, (1)) — B[P (1)

y(t) = E[ME (t)%] — E[MZ, ()] , with y(0) = 0.
E[Pg, (1)*] — E[MS, (t)?]
| B[V (1)PE(0)] — EIME (P2 (1) |
We have
d
% = —dyy + oqupnys + up (s — al)E[Pfi], (6.19)
d
% = upyr — dpys, (6.20)
t

d
% = (2uum + du)yr + uparys — 2days + 2upronys

‘l"lLM(O./Q — Oél)E[Pg;] + 2UM(Oé2 — al)E[Mang;] (621)
d
% = upyr + dpys + 2upys — 2dpya, (6.22)
dys dos +d
P upy2 + upys — (dar + dp)ys + urronys

+up(as — ar)E[(P2)?]. (6.23)
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Now, consider the first two equations (6.19) and (6.20). These involve only v,
and ys. We will show that both components remain nonnegative for all time. Here

we suppose that the initial moments for the feedback «; and ay are the same, so

y(0) = 0, and also note that E[MZ(0)] > 0 and E[PP(0)] > 0. From (6.19), we

% %

see that y;(¢) has a positive derivative at ¢t = 0, so for a small time interval (0, At],
yi(t) >0 Vte (0,At]. (6.24)

Consequently, from (6.20),
ya(t) = et /Ot upyy(s)e®*ds >0 VYt € (0, At]. (6.25)

Now, for any ¢, suppose the solution is such that y(t) = 0 and yo(t) > 0. Then
from (6.19), we see that y;(t) has a positive derivative, so the solution returns to
the first quadrant. Similarly, if y5(¢) = 0 and y;(¢) > 0 then from (6.20) we see that
the solution also returns to the first quadrant. Finally, if y1(t) = y2(t) = 0, then
both derivatives are nonnegative, so neither component can decrease. Together
with (6.24) and (6.25), this allows us to conclude that the solution y;(t) and ys(t)
remains nonnegative for all time.

We may then rewrite (6.21)—(6.23) as

Y3 —2dy 0 2upron Y3
d
g | v | = 0 —2dp 2up ys | +R(t),
Ys up  uyon —(dy +dp) Ys
where
(2uns + dar)yr + unronye + unr (o2 — a1)E[PS ] + 2un (o — o )E[ME PS]
h(t) == upy1 + dpy2

umy2 + unr (e — al)E[(ng)Q]

is nonnegative. The arguments used above for y1(¢) and y»(¢) may now be applied
to y3(t), ya(t) and ys(t) and we conclude that all solution components remain

nonnegative.
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In summary, we have shown that the first and second moments and correlations
of mRNA and protein increase monotonically in «. In other words, for any choice
of model parameters, increasing the protein feedback rate cannot decrease the
moments of mRNA or protein.

Now, let us consider differences of variances of mRNA and protein between the

feedback rates a; and ay where 0 < a; < ag. We let
var[ME&] — var[MZ ]

vi=
var[PfZ] — var[Pf?l]

Then

% = %var[Mfi] — %var[Mf’l]
= LBV - BVME)?) - o (BIME] — (BIME]Y)
= dMy1 + UM(OKQE[PC?;] — OélE[Pgi]) — 2dM’01
+2UM(CY2E[M® P®] — O_flE[M® P®])

a2~ a9 Q1™ Qa1

—2un(2E[Mg, |E[Py] — ai E[M [E[Py))).
So,

t
v = e‘szt/ hy(s)e?e s,
0

where

ha(t) = un(aB[P2] — i E[P2]) + 2ups (0B [ME P2] — oy E[ME P2))

Q2™ a2

—2unr(aoB[ME |E[P2] — o E[ME|E[P®)) + darys.

Hence v, can be either positive or negative because h, contains both positive and

negative terms.
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Next, we consider

do, d . d
il Evar[Paz]—%var[Pal]

d ®\2 ®1)2 d ® ®1\2

= 5 (EIPRY) - EIPEIY) - 3 (BIP2) - (BIES]Y)

= uply1 + dp’yg + 2Up’y5 — 2de2 — 2UP(E[M§?;]E[P§;] — E[Mﬁ]E[PﬁD

Therefore
t
vy = e‘2dpt/ h5(5)e2dpsds,
0

where hs(t) := upys + dpys + 2upys — 2up(E[ME|E[PS] — E[MZ JE[PZ]). Hence
vo can also be either positive or negative because hs contains both positive and
negative terms.

Thus, we cannot show explicitly that for all sets of parameter values the mRNA
and protein variances increase with the feedback rate. However, we observed such
monotonicity in all our simulations that used biologically realistic parameters; see,
for example, Figures 6.2-6.5.

Figures 6.2 and 6.3 show the differences of variances in mRNA and protein,
respectively, for various feedback rates by using an ODE solver on (6.6)-(6.10).
Initial conditions and rate constants were as follows: M®(0) = 2, P®(0) = 4 and
uyr = 0.3,dy = 0.012,up = 0.17 from [47] and dp = 0.0007 from [6]. We set
the feedback rates as «; = idydp/Supyup for i = 0,1,2,3,4. The horizontal
lines are steady state values computed from (6.30) and (6.31). We see that the
variances increase monotonically in «. Similarly, Figures 6.4 and 6.5 show the
differences of the variances in mRNA and protein with rate constants taken from
[44]: upr = 10,dpr = 5,up = 10, and dp = 0.1.

Figures 6.6 and 6.7 show the differences of noise strengths in mRNA and pro-
tein, respectively, for the same feedback rates, initial conditions, and rate constants

as in Figure 6.2. We see that the noise strengths of the bigger feedback rate models



CHAPTER 6

120

100

80

60

40

Differences of variances of mRNA

ocs&ao

oca&oc1

oc4&0c2

(14&(13

steady state with 0,0

steady state with 0,00

0

1

2

3

20 — — — steady state with o,
— . — . steady state with o e
0 Il Il Il Il |
0 2 4 6 8 10
time (sec) % 10*

Figure 6.2: Differences of variances in mRNA for the feedback model.

feedback rates «; = idydp/bupup for i =0,1,2,3, 4.
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Figure 6.5: The same as Figure 6.3 with different rate constants.

are always larger than those with the smaller feedback rates for all time, whereas
the horizontal lines are steady state values computed from (6.32) and (6.33). Fig-
ures 6.8 and 6.9, for which the rate constants used were the same as in Figure 6.4,
show similar behaviour.

Note that,

e Using the default of relative and absolute error tolerances, ‘RelTol’ and ‘Ab-
sTol’, of the ODE solver odelbs gave qualitatively incorrect results. This

was fixed by setting more stringent RelTol and AbsTol values.
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Figure 6.6: Differences of noise strengths in mRNA for the feedback model. Using

feedback rates «; = idydp/bupup for i =0,1,2,3, 4.
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Figure 6.7: Differences of noise strengths in protein for the feedback model. Using

feedback rates a; = idydp/Suprup for i =0,1,2,3,4.
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Figure 6.8: The same as Figure 6.6 with different rate constants.
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Figure 6.9: The same as Figure 6.7 with different rate constants.

6.5 Steady State Variances and Noise Strengths

with Feedback

In this section we compare the variances and noise strengths of mRNA and protein
at steady state. To find when the system is stable at steady state, we let w(t) =

2(t) + N7'B, where w, N and B were defined in section 6.2, so

dw(t)
— = Nw(t).

We then find that the system has eigenvalues:

—(dy + dp),

—(dM + dp) + \/(dM - dp)2 + 4UMUPOé,

—(dy+dp)Er/(dy —dp )2 +4upupa
5 .
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The system has a stable equilibrium if and only if all eigenvalues are negative,

giving

—(dM + dp) + \/(dM — dp)2 + 4UMUP04 < 0.
This leads to the following condition for a linearly stable equilibrium,

dydp

UMUP.

0<ax<

For the feedback model with 0 < a < dydp/upup, we find that the steady

state moments have the form

E[M®] = dptin (6.26)

dep — UPUJ\/[Oé7

upupnr
E|P* = 6.27
[ ] dep—UpUMOé’ ( )

uMdep(dep — UPUMOé) + U%Mdp(UpOPUM + dep)
(dyr + dp)(dydp — upuprar)?

upnrdd (upr + dag)
(dy + dp)(dydp — upupra)?’
uMuPdp(dep — UPUMOK) + U?\/[u%(d]\/] + dp)

(dpar + dp)(dydp — upupror)?

UMdMUPdp(dM +Up)

(dM + dp)(dep - UPUMOé)z'

E[(M*)7] =

+ (6.28)

E[(P)’] =

_|_

(6.29)

We have used the superscript s to denote the level of species at steady state for
the feedback model.

We are now in a position to consider differences of variances and noise strengths
in mRNA and protein at steady state. Let 0 < oy < as < dydp/upup, and let

Mg, and P; denote the number of mRNA and protein molecules at steady state
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for the feedback model (6.6)-(6.10) with o = «;, we find that

var[M;; | — var[M |
u dpupdy (g — ay)
(dydp — upupron)(dprdp — upuprar)(dyy + dp)
w3 dbupdy (oo — aq)(dp + qoupy)
(dydp — upupro)(dyr + dp)(dydp — upupran)?
w3 dbupdy (g — aq)(dp + aqupy)
(dydp — upupran)(dy + dp)(dydp — upupsan)?’
var[P;,] — var[P} |
w2 usbdpdy (g — ay)(dy + up)(2dyrdp — upupaq — upuproe)
(dyr + dp)(dydp — upupron)?(dyrdp — upupas)?
udubdp(ag — ay)

(dep — UPUMOéQ)(dep — UPUMOél)(dM + dp)

_l_

+

(6.30)

+

(6.31)

and

ns[sz] — ns[Mjl]

_ UMUP(O./Q — Oél)(OéluM(dep — UPUMOQ) + d%ng + OéQUMdeP)

(6.32
(dM+dp)(dep—UPUMOél)(dep—UPUMOéQ) ( )
ns[P;,] — ns[P; |

_ dpuMuPdM(Oég — Ql)(dM + UP) (633)

(dy + dp)(dydp — upupr)(dydp — upupas)

Since 0 < a1 < g < dydp/upup, at steady state we can see from (6.30)-(6.33)
that both differences of variances and noise strengths increase monotonically in « in
the interval [0, 3) where 5 = dpyrdp/upup. Thus, at stable steady state, increasing
the protein feedback rate causes the variances and noise strengths of both mRNA

and protein to increase monotonically in a.

6.6 Summary

In this chapter we studied a feedback model in which protein enhances its own

production, and indicated
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e all moments increase monotonically in the feedback rate, independent of rate

constants and initial conditions,

e the ranges of the protein feedback rate to guarantee the system has a stable

equilibrium.
In this range of the feedback rate,
e the steady state first and second moments can be established,

e variances and noise strengths increase monotonically in the feedback rate at

steady state for any choice of model parameters.



Chapter 7

Conclusions and Further Work

7.1 Conclusions

In this thesis we have conducted research on gene regulation networks using mod-
elling and numerical simulation. We focused on comparing the noise strength be-
tween the true solutions arising from CME models and the approximate solutions
arising from hybrid models to decide whether a model is good.

In Chapter 4, we established existence and uniqueness, and numerical simula-
tion theories for solutions of the hybrid models driven by an independent Marko-
vian switch with infinite state space. We also showed that simple multi-scale
diffusion models in gene regulation have advantages over their ODE counterparts.

In Chapter 5, we introduced a more general model where gene activity is con-
trolled by a transcription factor. We focussed on this control in two senses; AND
and OR modes. In AND mode, even though this model is a second order reac-
tion network, noise strength is amenable to analysis. We found that steady state
mRNA and protein noise strengths of the one and two-switch models are greater

than those of the zero-switch model, while the two-switch model may be more or
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less noisy than the one-switch model, depending on the choice of the model param-
eters. We further showed that the hybrid SDE approximation is better than the
hybrid ODE approximation in order to recover the mRNA and protein variances
and correlation. In addition, we showed that the OR mode may be more or less
noisy than the AND mode, depending on the rate constants.

In the final chapter of research, we examined the variance and noise strength of
gene regulation when protein feedback is allowed. Not surprisingly, increasing the
feedback rate causes the first and second moments and correlations to increase.
We also showed that, in the stable range of protein feedback rate, the steady state
variances and noise strengths of mRNA and protein increase monotonically in the

feedback rate.

7.2 Further Work

There are many interesting open questions in this area, including;:

e How general is the phenomenon shown in this thesis that replacing a Langevin
component with the reaction rate ODE causes the overall variance to be un-

derestimated?

e Is there a general existence/uniqueness/numerical convergence theory for

diffusion coefficients that involve the square root function?

e Is it possible to develop a theory for infinite state-dependent Markov switches,
which arise, for example, when the transcription rate is affected by a protein

as discussed in the previous chapter?
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