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SUMMARY 

The thesis deals with systems consisting of marine cables and subsea unit~ 

Such systems have wide applications in offshore subsea operations. 

After a general introduction, the thesis sets out to analyse both the stati 

and dynamic behaviours of the system under various environmental and operation(J 

conditions. It endeavours to pursue a fundamental approach in order to reveal th 

basic characteristics of the system, in addition to developing numerical algorithms fo 

predicting performance. The analysis of behaviour of marine cables consists of th 

following parts: 

• Statics A semi-analytic approach is developed to predict the equilibriur 

configurations of marine cables. 

• One-dimensional dynamics Using a coordinate transformation, the metho 

can predict the unsteady dynamic behaviour of systems where the length ( 

cable varies. 

• Two-dimensional dynamics The methodology adopted in the one-dimension 

analysis is extended to a more general case. 

• Three-dimensional dynamics An alternative approach based upon a lumpe 



II 

mass model is developed. Mathematical analysis reveals many interesting char

acteristics of the model. 

By applying modern control theory, a novel heave compensation mechanism 

is developed for marine systems of cables and subsea units. This mechanism involves 

an actively controlled winch system. A framework of optimal stochastic control is 

outlined for integrating all the elements of surface supported subsea operations. 

The thesis presents a variety of numerical examples in domenstrating the 

validity of the approaches adopted, along with discussions. Further developments are 

also recommended. 
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Chapter 1 

INTRODUCTION 

Roll on, thou deep and dark blue ocean - roll! 
Ten thousand fleets sweep over thee in vain; 
Man marks the earth with ruin - his control 
Stops with the shore. 

Lord Byron: Childe Harold's Pilgrimage 

1.1 GENERAL REMARKS 

Had Lord Byron lived today, he would surely have penned some different 

lines in place of this pessimistic sigh. The sea has never ceased to be ei ther an 

inspiration source of poets, or a frontier of temptation for human beings on this 

rather watery planet. Having mapped the water surface and excluded all possibility 

of any 'Treasure Island', men delve into the water deeper and deeper beneath it s 

surface. 

Though occasionally, man dives into the deep sea out of inherent heroism 

or adventure, the true reason for mankind's massive march into the subsea world 

1 
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has never failed to be economic. Even in ancient times people dwelling near the 

shore knew how to earn a living by deriving salt from the ocean. ...\:-; Inankind 

consumes inland natural resources at an ever increasing rate and new kinds of 

technology are constantly developing at high speed, it has become obyious that 

the present industrial growth cannot be met by land-based resources alone. and 

we both have to and are able to turn to the sea as a possible source of additional 

materials. Although for the time being exploitation has been confined principally 

to continental shelf areas where water depth is low, there is little doubt that \\"hen 

needed in the future, it will be moved into the deep sea region. 

1.2 BACKGROUND: SUBSEA NATURAL RESOURCES 

Subsea natural resources include oil and gas, which of course top the re

source list in tenns of value for the InOInent, and consolidated Illineral deposits. 

1.2.1 Oil and Gas 

Oil and gas, which exist beneath the sea bed, can be extracted through 

boreholes. The history of Inarine drilling for oil goes back to 1938 when the Creole 

field was discoved in the Gulf of 11exico, but it was fronl the l11id-1950s that offshore 

exploitation got. its real il11petus. spreading to the waters off ~Icxi('(}. Brazil and 

Brunei. In the 1960s. the l110re challenging ~ orth Sea becaIllc the Illajor bet t tlefield 

bch\TCll Inodern technology and t he harsh sea. Today the oil indu:-;t ry hilS expanded 

to offshore W(l tel'S all o\"( T t he world. 
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Figure 1.1: Growth of onshore and total oil production (from Patel, 1989) 
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production. Bearing in mind that most drilling so far has been restricted principally 

to near shore waters, this contribution could turn out to be even greater in the 

future. 

1.2.2 Mineral Deposits 

The subsea consolidated minerals include coal, iron ore. nickel, copper, tin, 

sand and gravel. As the land reserves of these nlaterials beconle lilnited. it is quite 

nat.ural for industry to move offshore to secure its need. For eXaInple, sand and 

~ra\'('l arc ('xtcIlsi\'dy used in construction work. Table 1.1 shows tll<' estimated 

l<111d and llwrine resources and the estilnated denland. A pparcIltly. exp10itat iun of 

lllariIl(, l'<'SOlll'C(,S is in this case essential if delnand is to 1)(' Illet. 



marine resources is in this case essential if demand is to be nlet. 

Table 1.1 Comparison Between (apparent) Marine Sand and Gra\'el 
Deposits and (apparent) Land-Based Sand and Gravel Deposit s 

Variable U.S. \Vorld 
Annual demand (1970) 1.02 i.~.) 

Cumulative demand to 2000 76.70 535.00 
Apparent land resources 67.00 333.00 
Apparent marine resources 1690.00 31000.00 
Source. Cruickshank and Hess (1976) 
Note. The units represent gross market values in billions of 
1972 dollars. They do not indicate economic reserves; instead, 
they are used for comparative purposes. 

The main classes of minerals on and beneath the ocean floor occur in variou 

forms, from nodules and encrustations to soft-layered deposits, and arc as follows. 

1. Manganese nodules. These dark, potato-sized lumps which contain coppel 

nickel, cobalt and other ilnportant metals have been identified as a potentiall: 

large resource. 

2. Cobalt crusts. This mineral is potentially more valuable. However, th 

prospect of exploitation is lilnited in the shorter term. 

3. Polynletallic sulphide accunlulations. These contain iron, copper, zinc all I 

lnanganese in various chenlical forms. Exploitation and surn·ying will brin 

more reserves to light. 

4. Phosphorites. These are Ininerals of calcium phosphate t hat call be fOrIlle 

fr0111 decayiIlg organislns on the sea floor. Fluorine and uraniUIll deposit:-; en 

often ,Iss()ciated with phosphorites, and arc potentially important by-product: 
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1.2.3 Miscellaneous 

Other major types of subsea resource are: 

1. Renewable energy from the thermal gradients between the surface and deeper 

layers of the ocean in tropic and sub-tropic areas. The process to extract the 

energy is known as ocean thermal energy conversion (OTEC). 

2. In the future, underwater currents such as the Gulf stream and Kuroshio may 

also become a source of energy, extracted using an equivalent of windnlills. 

3. An ever-increasing world population requires the sea to playa major role in 

providing food resources. One example is mariculture. Though for the tinlC 

being most fish farms involve conventional floating cages, concepts have been 

proposed to submerge the cages in deep water. 

1.3 SCOPE OF THE THESIS: TETHERED SUBSEA UNI1 

Tempted by such a huge resource and potential for economic gain, the de

velopment of materials, structures and equipment for use in the harsh environnlent 

of the oceans has been expanded rapidly in the past few decades. Among the var

ious technical achievements, tethered subsea units have played an import ant role 

and are widely used in practice to fulfill certain tasks such as: 
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1. Mapping the Exclusive Economic Zones 

Before the deep sea and the sea bed can be utilized, it will be necessary to have 

a comprehensive and accurate picture of the physical, chemical and geological 

characteristics of the environment. 

2. Pipeline Surveying 

This includes inspection to identify whether the pipeline is damaged or not 

and to locate any stresses which might cause it to fail. Also before laying the 

pipeline, it is necessary to survey the seabed to determine a suitable route. 

3. Offshore Platform Inspection, Repair and Maintenance 

To assess the safety of older platforms and maintain standards in order to com

ply with governmental regulations, it is imperative to inspect the submerged 

parts of platforms frequently. 

4. Seabed Object Detection and Classification 

There is growing effort to detect, classify and recover items from the seabed 

in deep water. Such items may include crash debris and shipwrecked articles. 

The skills involved in performing such tasks also have military applications 

such as mine detection. 

5. Subsea Construction and Destruction 

As production moves into deeper water where divers can no longer reach, teth

ered subsea units have to playa more important role in constructing seabed 

structures. A similar task is the decommissioning of abandoned subsea inst alla-



tions which have ceased operating, as awareness of environmental conservatio: 

Increases. 

6. Deep Sea Rescue 

This task includes rescuing divers in detached diving vessels, or crews in th 

case of submarine accidents. 

7. Environmental Monitoring 

Tethered subsea units are used to monitor the marine environment. Specie 

attention is paid to over-enrichment or depletion of oxygen in coastal waten 

the physical modification of sea bed habitats, pollution damage to fish ani 

shellfish, and coastal erosion. 

There is no question that as exploitation and production moves into deepe 

water, we will observe a continued increase in tethered subsea unit intervention. 

However, frequent accidents during operations resulting in the loss of th 

subsea units and an inability to carry out designated tasks accurately indicate 

demand for better understanding of the whole system. Daunting and comple 

problems are still to be solved. These problems can be categorised as follows: 

1. Surface Support 

Though the use of submersible support vessels has been suggested, most sue 

sea interventions are controlled from conventional surface vessels. As it i 

often required that the surface support vessel should remain sensibly statiOl

ary, various techniques hayc been applied in holding such \"essds against t b 



forces of environment. Since the first dynamically positioned ship, The Glo

mar Challenger, around 1970, numerous dynamically positioned vessels have 

been constructed. The idea of dynamical positioning is to match the mean 

loadings imposed by the environment with counter forces exerted by the on

board thrusters. However, efforts are still needed as the methods available 

to estimate these mean hydrodynamic loadings are not entirely satisfactory~ 

especially with regard to high order wave forces. 

2. Marine Cable Statics and Dynamics 

The importance of the cable is manifested by the fact that it is the sole link 

between the surface support vessel and the subsea unit. Any failure occurring 

to it, such as breakage due to excessive tension in the cable, almost inevitably 

means the loss of the subsea unit. Furthermore, as the subsea unit is linked 

to the cable, its performance can be significantly influenced by the presence of 

the cable. 

3. Subsea Unit Design 

The design of the subsea unit is still a formidable task because of its complex 

dynamic behaviour in interaction with the surrounding fluid medium. The 

external shape of the unit is an important factor which principally determines 

the hydrodynamic characteristics and, therefore, has great effect upon the cru

cial operational abilities of the subsea unit such as stability, nlanoeuvrability 

a.nd speed. 
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4. Control and Communication 

Control and communication are indispensable in subsea intervention. The 

manoeuvring of the subsea unit in deep water is entirely dependent upon the 

control of the thruster forces. Communication between the tethered subsea 

unit and the surface supporting vessel is another crucial factor which becomes 

both more necessary and more difficult as the operational depth of the subsea 

unit increases. Due to signal attenuation over the transmission line and the 

requirements for higher speed data transmission and multiple video systems, 

the linking cable grows to excessive diameter and weight. As a result, novel 

methods of communication need to be developed. 

5. Relevant Problems 

There are some problems arising from the integration of the different parts 

described above into a coherent operational system. For example, the deploy

ment of a subsea unit requires a handling system through which the supporting 

vessel introduces disturbances to the cable, sometimes resulting in snap load

ings. Such snap loadings can greatly increase the amount of cable tension and 

therefore can be detrimental. Hence, it is necessary to introduce a motion 

compensation mechanism which will reduce the dynamic vessel disturbance 

to the cable in a given sea state and extend the range of sea states in which 

operations can continue. 
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Other relevant problems include the interaction between the subsea unit and 

the vessel when the subsea unit is heavy enough to influence the vessel dy-

namlcs. 

1.4 THE PRESENT INVESTIGATION 

Needless to say, this thesis can not cover all the problems identified in the 

previous section arising from subsea intervention using tethered subsea units. We 

confine ourselves to the following two areas: 

• Behaviour of marine cables (including cable-unit systems) . 

• Heave compensation. 

The selection of these two topics is based upon the following considerations: 

1. The fact that a cable links the subsea unit to the support vessel is the essential 

feature of the subsea operation. This justifies the selection of the marine 

cable as an appropriate starting point for the whole theoretical conquest of 

operations involving tethered subsea units deployed from a floating vessel. 

2. Once we have a firm grasp of the behaviour of marine cables, the next step for

ward is naturally to consider the integration of the cable-unit system with the 

floating vessel and the auxiliary handling systems, assuming that the available 

theories on the mechanics of offshore floating vessels can adequately describe 

their nlotion. It is at this stage that we begin to consider the heave compen

sation. 
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The selection of research areas dictates the structure of the present investi

gation. Following the conventional rule, we shall first proceed to deal with simpler 

problems, and gradually move to more general and difficult areas. This idea and the 

structure of the present investigation is illustrated in Figure 1.2. 

1.5 A BRIEF REMARK ON THE CHOSEN TOPICS 

Research on cables in the air is almost as old as our civilisation, first at

tracting attention because of their use in stringed musical instruments. Pythagoras 

in the 6th century B.C. and Aristotle in 3rd century B.C. knew quantitatively the re

lation between frequency, tension and length of a taut chord. Since the Renaissance, 

cable research work bears the names of great mathematicians and scientists such as 

Leonardo da Vinci, Galileo, the Bernoullis, Leibnitz and Euler. In the early 18th 

century, the vibration of taut cables attracted much interest from many great mathe

maticians. 'To the mathematicians', wrote Lord Rayleigh, 'they must always possess 

a peculiar interest as the battlefield on which were fought out the controversies of 

D' Alembert, Euler, Bernoulli and Lagrange, relating to the nature of the solution of 

partial differential equations.' (Lord Rayleigh, 1945). 

In our modern time, cables and cable networks in the air medium still remain 

a research topic, especially in the fields of civil engineering and architecture (Otto, 

1967; Argyris et aI, 1974; Buchholdt, 1985). 

By con1parison, research on marine cables started much later. Probably 
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the first event to attract the attention of leading scientists to this problem was the 

failure of the laying of the first trans-Atlantic cable in 1857 when amongst others 

Lord Kelvin and G. B. Airy considered its analysis (Lord Kelvin, 1857; Airy, 1858: 

Gravatt, 1858; Wool house , 1860). 

However, it was only several decades ago that the previously sporadic re

search into marine cables moved into a new phase of progressive and systematic 

research as the increasing subsea activities involved in offshore oil and gas exploita

tion required a good understanding of their statics and dynamics. The main research 

areas concerned can be conveniently separated into the following groups: 

1. Effects of the surrounding fluid medium 

The difference between a cable in air and one in water lies in the fact that 

for the former, the effects of the surrounding fluid medium are often negligible 

whilst for the latter this is not so. This indicates that a good understanding 

of the effects imposed by the surrounding fluid medium, namely water, upon 

the cable and the subsea unit is a prerequisite to the analysis of the cable. 

This partially explains the reason why research on marine cables could only 

be sporadic before the advent of modern hydrodynamics theory in this century. 

Although we are now much better equipped with the theory of hydrodynam

ics, to fully understand, and therefore to predict the hydrodynamic effects on 

marine cables remains as daunting as ever. The complex phenomenon of fluid 

passing around a cable involvcs a laminar boundary, flow separation, vortcx 

shedding, turbulence and other factors. A conlplete theoretical method is Cll-
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tirely untenable, at least for the time being. This untidy state forces us to rely 

upon empirical formulae. 

2. Statics 

Though there can be hardly a marine cable system which remains static in 

the ever changing environment of the sea, a static analysis can nevertheless 

be a fair approximation to many practical problems, especially when only a 

quick estimation is required. Needless to say, the static problem is normally 

far easier than the corresponding dynamic one in terms of both theoretical 

analysis and numerical computation. 

3. Dynamics 

Due to environmental disturbances, such as water surface waves and current, 

systems of cables are continuously subject to dynamic loading. Traditionally, 

the dynamic behaviour of a marine cable was not regarded as an important 

aspect of its practical design and operation, dynamic loading being covered 

by a safety factor based upon the static analysis. However, in the last decade 

or so the dynamic behaviour has gained increasing interest for the following 

reasons: 

• It is desired to reduce the frequency of cable breakages . 

• New types of system with new materials are being proposed. These sys

terns are expected to exhibit dynamic behaviour which is different fr0111 

that found in traditional systems. 
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• With increasing awareness of risk the demand for reliability assessment is 

. . 
IncreasIng. 

• Development of the computer and advanced computation methods has 

brought the cost of dynamic analysis down to a moderate level. 

As for theoretical work on heave compensation, this remains alnl0st un-

touched with a heavy emphasis on empirical design. Heave compensation is however 

useful if the subsea intervention requires either or both of the following: 

1. Decoupling of the subsea unit from the supporting vessel's heave motion. 

2. Reduction of the tension in the cable. 

1.6 AIMS OF THE THESIS 

The present thesis aims to take on the following tasks: 

1. To assess the state of research in the fields of marine cable analysis and heave 

compensation in order to identify areas to which the present endeavour should 

be directed. 

2. To establish the governing equations for a three dimensional marine cable, and 

to conduct a general mathematical analysis in order to explore the fundamental 

characteristics of the equations. 

3. To develop numerical solutions of the governing equations to predict static and 

dynalnic behaviour of marine cables. 
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4. Based upon the accomplishment of the three tasks above, to develop a feasible 

active control mechanism, which can effectively compensate the heaye motion, 

by using modern control theory. 

5. To seek as much available experimental information as possible to verify the 

methods developed. 

6. To summarise and recommend future developments. 

1.7 AN OUTLINE OF THE THESIS 

The thesis can be seen as a nine-piece jigsaw assembled logically to meet 

the aims defined in the previous section and to reflect the structure depicted in 

Figure 1.2. The nine parts are the present chapter which defines the problem and 

route to solution, Chapters 2 to 6 which form the core of the thesis, Chapters 7 

and 8, and an appendix which contains the derivation of the governing equations 

for marine cable dynamics as a foundation of both static and dynamic analyses. 

Chapters 2 to 6 form the central part of the thesis. Each of these contains 

basically three parts. The first part states the problem, carries out a review on rele

vant past work and defines the strategy. The second part is the core of the chapter. 

It sets out to develop a theoretical approach to solve the problem stated. The final 

part presents numerical examples along with discussions. Further modifications are 

also suggested in this part. 

In Chapter 2, a method to solye static marine cable problems is developed. 
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This method avoids solving a large number of simultaneous algebraic equations by 

exploiting the analytical properties of the governing equation, resulting in a robust 

approach which needs solve no more than three simultaneous equations. In addition, 

it can handle different types of boundary conditions easily. 

In Chapter 3, one-dimensional dynamic behaviour of marine cables is inves

tigated by invoking the finite difference method. By introducing a coordinate trans

formation, unsteady dynamics where the length of cable is varying and the steady 

dynamics where the length is fixed can be solved in a uniform manner. 

In Chapter 4, the method developed in Chapter 3 is extended to the two

dimensional case. Analysis is provided to show the relation between the previous 

model and the two-dimensional one, hence indicating which model should be employed 

in any given circumstance. 

In Chapter 5, the steady dynamics of marine cables is analysed in three 

dimensions using a lumped-mass model. A great deal of theoretical analysis is carried 

out to reveal the basic characteristics of the model. The numerical solution is based 

upon the finite difference approximation and the Fourier stability method is employed 

to analyse the stability of the numerical scheme developed. 

In Chapter 6, a theoretical approach for heave compensation is developed. 

After properly modelling each element of the system, which includes the cable, the 

winch and the motion of the vessel due to waves, modern control theory is then 

applied to design a feedback control system. 

In Chapter 7, the contributions of the thesis are summarised, and further 
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developments are recommended. The thesis is concluded in chapter Chapter 8. 
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Chapter 2 

THREE DIMENSIONAL 

STATICS 

But his little daughter whispered 
As she took his icy hand 
'Isn't God upon the ocean 
Just the same as on the land?' 

James T. Fields: The ballad of the Tempest 

2.1 GENERAL REMARKS 

19 

Neglecting dynamic excitation due to wave action on a moored structure or 

support vessel and variation of underwater current in the time domain, the cable 

system can be treated as a static one under the action of steady underwater current 
~ 

and/or steady thruster forces acting on the subsea unit. 

In addition to its tensile properties, tether cable often serves to contain items 

necessary for subsea operations such as power conductors, instrumentation lines and 
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lines and fibre optics. As a result, the diameter of the cable is increased such that 

the hydrodynamic drag effect of the underwater current can not be ignored and the 

cable can no longer be treated as a catenary in air. In fact the static performance 

of a marine cable is severely limited by drag, especially so when it works in deep 

water or under strong current. 

There are four different types of marine cable system which can be tackled 

by a static theory. They are shown in Figure 2.1: 

1. Submerged Cable System 

The cable is fixed at both ends to stationary structures. It is necessary to 

evaluate the variation in cable tension along its length and the configuration 

of the cable. This system also has aeronautical applications for glider cables 

and in-flight refuelling lines where the drag force can not be neglected due to 

the high speed. 

2. Towing Cable System 

The upper end is joined to an advancing ship on the ocean surface. The lower 

end is connected to a subsea unit. The unit itself may have its own propulsion 

system. In this case it is necessary to know the location of the subsea unit. 

This is of practical importance for subsea operations as it can show whether 

certain locations can be reached or not. 

3. Mooring Cable System 

The upper end of the cable is connected to a floating vessel or a buoy on the 
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surface, while the lower end is fixed upon the sea floor by an anchor. Tension 

in the cable and position of the moored body are the primary concerns in this 

case. 

4. Footprint Problem 

For reasons such as underwater inspection and maintenance, a tethered subsea 

unit is often required to crawl over an area of the sea bed by means of thruster 

force. The so-called footprint of the unit is defined as the outer boundary of 

the operational area of the unit on the ocean floor under given operational 

conditions. 

The importance of the static analysis of marine cables is three-fold: 

1. Many questions of practical importance can be answered without a full dynamic 

analysis which is undoubtedly more expensive. 

2. When dynamic analysis is needed, it is often linearized as a perturbation problem 

around the static solution. In this case, the static analysis becomes a prerequisite 

to the dynamic analysis. 

3. Static modelling and theoretical prediction provides a cheap and quick technique 

through which the interaction between the various parameters can be understood 

and a better design achieved. It is especially useful for the preliminary design. 

A number of different approaches have been adopted to solve the static prob

lem under various assumptions and simplifications (Eames, 1968; Ferriss, 1979; Every, 
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1982; Sayer, 1989; Macgregor, 1990). Most assumptions are made regarding the fol

lowing aspects: 

1. Dimension 

Quite a few practical problems can be modelled as two-dimensional problems 

which, needless to say, are easier than three-dimensional ones. 

2. Elasticity 

A lot of static problems involve little elastic deformation which provides a sound 

basis for the treatment of the cable as an inelastic one. The governing equations 

for an inelastic cable are slightly simpler than those for an elastic cable. 

3. Nature of the drag 

The drag caused by the current passing around the cable is still an unsolved 

problem. Hence, it is an area open to different manipulations with no one 

having more theoretical justifications than others. 

The cable analysis is basically a two point boundary value problem where 

some or all of the boundary values are known at either end of the cable. Dependent 

upon the types of practical problem, boundary conditions of different kinds are im

posed. A common flaw lying in most available methods is the inability to handle 

the different types of boundary conditions in a uniform manner. For example, the 

method by Macgregor (1990) can only solve the towing cable system described above 

readily and effectively. Another feature of the existing research is that while most au

thors have experimented with different numerical techniques in solving the governing 
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equations, they have failed to explore the analytic properties, rendering the numerical 

solutions both less efficient and less accurate. 

In comparison with the numerous applications of cables in marine operations 

the theoretical research work is hardly proportional, and the experimental research 

work is even less so. Little work has been done specifically on the equilibrium config-

uration of marine cables, especially in the three-dimensional case. As a result, it is 

difficult to verify and confirm theoretical results against experimental ones. 

In this chapter a rather general semi-analytical method has been developed. 

The basic idea is to consider a three-dimensional cable under a given distribution 

of many point loads. A compact exact solution is derived as a function of three 

parameters only which can be solved numerically by implementing different kinds of 

boundary condition. The real marine cable, where the drag load can not be given 

beforehand, is solved by using an iterative procedure. 

2.2 MATHEMATICAL MODELLING 

2.2.1 Fundamental Assumptions 

The modelling is based upon the following assumptions: 

1. Zero torsional stiffness. Though kinking and twisting may occur in practice, 

torsion can be ignored for most situations. 

2. Zero bending stiffness. The cable is assumed to be completely flexible. There-

fore the cable sustains no internal force other than tension. , 
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3. The tension is non-negative. 

4. The cable is uniform. 

5. Hydrodynamic loading acting on an element of the cable depends only upon 

the dimensions of that element, the angle of that element to the current and 

the current speed, and is not affected by neighbouring elements. The loading 

can be resolved into two components of normal and tangential forces which are 

dependent upon the normal component and the tangential component of the 

current velocity respectively. 

2.2.2 Coordinate System and Discretisation 

We define a Cartesian coordinate system (x, y, z), as shown in Figure 2.2. Let 

sand p be the unstrained and the strained arc lengths along the cable, respectively. 

Maintaining generality, it is possible to let one end of the cable stay at the origin of 

the coordinate system. 

Conceptually, a continuous marine cable can be discretised into many small 

segments each under one point load which as a whole represent the distributed drag 

force along the cable. The end points of the segments and the point loads are num

bered by index i which runs from 0 at one end to N at the other. 



2.2.3 Equilibrium Equation 

'r ..... J 

The statement of equilibrium at a point P between the coordinates Pn and 

Pn+l on the strained cable profile gives: 

(2.1 ) 

(2.2) 

dz n. W 
T- = - Vz - L F' - -8 

dp i=O Z L 
(2.3) 

where T is the cable tension. Vn Vy and Vz are the three components of the force 

acting on the end 8 = O. F;, F; and F; are the external force components acting on 

the i-th cable segment. L is the unstrained length of the whole cable and lV is its 

weight in the fluid. 

In addition to the force equilibrium, the cable must satisfy the compatibility 

relation and the constitutive relation. They are: 

• Compatibility relation: 

(2.4) 

• Constitutive relation: which is a mathematical expression of Hooke1s law 

(2.5 ) 

where E is Young's modulus. A is the cross-sectional area of the cable in the 

unstrajned profile. 
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2.2.4 Boundary Conditions 

The mathematical formulation of the problem is completed by the addition 

of the boundary conditions. Corresponding to the four types of marine cable system. 

there are four sets of boundary conditions: 

1. Both ends of the cable are fixed at known points, i.e., 

x(O) = y(O) = z(O) = 0 (2.6) 

and 

x(L) = xL,y(L) = YL,z(L) = ZL (2.7) 

where coordinates XL, YL and ZL are given. 

2. One end is fixed, the other subjected to known force components, i.e., 

x(O) = y(O) = z(O) = 0 (2.8) 

and 

(2.9) 

(2.10 ) 

(2.11 ) 

where Tn Ty and Tz are given. 

3. Mooring Cable. The boundary conditions are a combination of the two above. 

1.(,. ~ 

.r(O) = y(O) = ::(0) = 0 (2.12) 
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and 

dx 
T dpls=L = Tx (2.13) 

dY
I 

1 
T dp s=L = Ty (2.14) 

z(L) = ZL (2.15) 

4. Footprint. In this case, setting the boundary condition becomes a maximiza-

tion problem with equality and inequality constraints. It could be defined as 

the following: 

x(O) = y(O) = z(O) = 0 (2.16) 

and 

Max[(x(L) - x(0))2 + (y(L) - y(0))2] (2.17) 

under the constraints: 

0< L < Lmax 

0< Tx < Txmax 

0< Ty < Tymax 

0< Tz < Tzmax 

Z(L)=ZL 

lIn general Tr and T y , being dependent upon the tension T, can not be given beforehand. An i(('rative 

scheme is usually required. 
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y(L) - y(O) = clsin(19) 

for all the 19 in the range [0,27r]. The parameters of the operational conditions 

Lmax , Txmax , Tymax , Tzmax are all given, and Cl is arbitrary. 

2.3 PARAMETRIC ANALYTIC SOLUTION 

We are now in a position to derive the parametric solution that describes the 

strained cable profile. 

By invoking the following relations: 

dx dxdp 
- --

ds dpds 
(2.18) 

dy dydp 
--

ds dpds 
(2.19) 

dz dzdp 
--

ds dpds 
(2.20) 

and noting that ~ is given as a function of the tension T through Eq. (2.5), we have: 

dx 1 niT 
ds =-T(Vx+~Fx)(EA +1) (2.21 ) 

dy 1 niT 
ds = -T(Vy + ~FY)(EA + 1) (2.22) 

dz 1 n i W T 
ds = -T(Vz + ~Fz + YS)(EA + 1) (2.23) 

where T is given as the following by squaring Eqs.( 2.1), ( 2.2) and ( 2.3) and substi-

tuting them into the compatibility relation: 

n n. n. W 
T = (Vx + L F;)2 + (Vy + ?= F;)2 + (Vz + ?= F; + yS)2 (2.24) 

i=O 1=0 1=0 
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Integrating these equations over the interval [sn' Sn+l] gives: 

(2.26) 

(2.27) 

where 

l
sn+1 dx 

6 x(sn) = -d ds 
Sn S 

(2.28) 

l
sn+1 dy 

6 y(sn) = -d ds 
Sn S 

(2.29) 

l
sn+1 dz 

6 z(sn) = -d ds 
Sn S 

(2.30) 

After some mathematical manipulation, the integrations result in the following: 

(2.31 ) 

6y(sn) (2.32) 

(2.33) 
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n n n lV 
(Vx + ?= F~)2 + (Vy + ?= F;)2 + (Vz + L F; + YSn)2 -

,=0 ,=0 i=O 

These analytical solutions are given as functions of three unknown param-

eters, Le., Vx , Vy and Yz. The remaining part of this section is concerned with the 

solution of them. In doing so, we shall confine ourselves to the submerged cable, the 

towing cable and the mooring cable. To seek direct solution of the footprint problem 

would not be easy. It can, however, be achieved through solving the less difficult 

towing cable problem iteratively (Sayer et al, 1989). 

2.3.1 Submerged Cable 

By using Eqs. ( 2.25), ( 2.26) and ( 2.27) repeatedly, we have: 

N-l 

L 6X(Si) = x(L) - x(O) (2.34) 
i=O 

N-l 

L 6Y(Si) = y(L) - y(O) (2.35) 
i=O 
N-l 

L 6Z(Si) = z(L) - z(O) (2.36) 
i=O 

The solution of this nonlinear algebraic equation system gives the answer for the three 

unknowns. 

Once Vx, Vy and Vz are known, the coordinates of any points between Sn and 

Sn+l on the strained cable profile are given by: 

n-l r dx 
x(s) = x(O) + {; 6x(sd + its" ds ds (2.37) 



n-l d [S Y 
y(s) = y(O) + ~ 6y( Si) + Js

n 
ds ds 

n-l d r z 
z(s) = z(O) + ~ 6Z(Si) + Js

n 
ds ds 

and the tension is given by Eq. ( 2.24). 

2.3.2 Towing Cable 
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(2.38) 

(2.39) 

This is an easier situation. The unknowns Vx, Vy and Vz can be calculated 

directly by the following relations: 

N 

Vx = -Tx - LF; (2.40) 
i=O 

(2.41 ) 
i=O 

N 

Vz = -Tz - LF; - W (2.42) 
i=O 

2.3.3 Mooring Cable 

In this case, two force components can be found readily from: 

N 

Vx = -Tx - LF; (2.43) 
i=O 

N 

Vy = -Ty - LF; (2.4-l ) 
i=O 

and the third one Vz is solved from 

N-l 

L 6Z(SI) = z(L) - z(O) (2.45 ) 
i=O 
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2.4 DRAG FORCE 

In this section the hydrodynamic drag force acting on one segment is de-

tailed. 

Let U = {UXl Uy, Uz} represent the averaged current velocity "ector at 

the i-th cable segment which has two end points with coordinates (.1'i.Yi . .2'j) and 

(Xi-I, Yi-1, Zi-1)' The normal drag component FN and the tangential drag compo-

nent F r are given by: 

(2.46) 

(2.-±7) 

where CN and Cr are the normal and the tangential drag coefficients respectively. 

d is the diameter of the cable and p is the density of the fluid. I, U r • UN are givcll 

by: 

1 
{12 [Ux(Xi - xi_d2 + Uy(~Ti - Xi-1)(Yi - Yi-1) + Uz(Xi - Ti-d(Zi - .2'j-d]· 

I~ [Ux(.Ti - Xi-1)(Yi - Yi-1) + Uy(Yi - Yi_1)2 + Uz(Yi - Yi-d(.2't - .2'i-1)], 

1 ~)l} 12 [UA .rj - ~T i-d(.2'i - .2'i-1) + Uy(Yi - Yi-d( Zj - .2'j-1) + [ ;:;( Zi - .2',-d~ 
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2.5 NUMERICAL ITERATION 

To calculate the cable profile by using Eqs. ( 2.37), ( 2.38) and ( 2.39), 

F;, F; and F; (i = 0,1,2, ... , N) must be known. These drag forces, however, depend 

upon the cable profile, and they can not be known beforehand. In fact they are one 

part of the solution themselves. As a result, an iterative scheme must be used to 

solve the problem, as shown in Figure 2.3. 

Inside this global iteration, there exists another smaller iterative loop to 

solve the nonlinear algebraic equation system of Eqs. ( 2.34), ( 2.35) and ( 2.36) 

or Eq. ( 2.45), if the submerged cable problem or mooring cable problem is to be 

solved. The Newton-Raphson method is used here to seek the solution by solving 

a succession of linear equation systems. 

As is always true for a nonlinear problem involving an iterative solution pro

cedure, the initial estimation plays an important role. A bad starting estimate can 

either deteriorate the overall efficiency or make the procedure totally unworkable. 

In the present study the initial approximation is based upon the zero hydrodynamic 

load situation. This is good for the cases where the cable experiences a light drag 

force in comparison with its own weight in the fluid. When the drag force becomes 

dominant, however, more iterations are needed to increase the current speed step 

by step until the prescribed value. The results of the previous iteration serve as the 

starting estimate of the present iteration. 
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2.6 NUMERICAL EXAMPLES 

The above analysis forms a suite of programs which predicts the equilibrium 

profile of a marine cable. In this section we present some results to demonstrate the 

validity of the method. 

Figure 2.4 shows an elastic steel catenary configuration in air predicted by 

the present method. It is suspended between two rigid supports which are not at the 

same level. Shown on the same figure is the exact analytic solution (Irvine, 1981). 

They agree with each other very well. 

Figure 2.5 shows the change in configuration of a hanging cable in air under 

the action of a point load. 

Figures 2.6 and 2.7 show theoretical predictions of marine cables in ocean 

current against the results of experimental measurements. In Figure 2.6 the cable is 

350m long and in Figure 2.7 it is 300m long. Both have a diameter of 0.032m, Young's 

modulus of 2 X 1011 N/m 2
, and the same weight distribution in water of 2.25N/m. The 

results correspond to a current speed of 0.514m/sec for both cases. The agreement 

between the theoretical results and the experimental ones is good. Also shown on 

the two figures is the effect of the ocean current through illustration of the different 

cable configurations at different current speeds. It is clear that the current plays a 

significant role. 

Figure 2.8 shows the results for a three-dimensional submerged cable. A 

verification of the results is not possible since no report on three-dimensional experi-
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mental work is available. 

2.7 CONCLUDING REMARKS 

1. The approach developed in this chapter is of practical importance, with the 

capacity to answer a variety of questions arising from subsea interventions in

volving cable systems. In addition to this, the semi-analytic method, within the 

limitations of all assumptions made, is highly accurate and efficient. 

2. Further efforts can be focussed on the following aspects: 

• Solution algorithm for the nonlinear equations 

The Newton-Raphson iteration, which only guarantees local convergence, 

depends upon a good initial guess of the solution. However, a sufficiently 

good estimation may not always be available. New algorithms which can 

globally track the solution, such as continuation techniques, should be in

troduced (Allgower and Georg, 1990). 

• Non-uniform cables 

The present method can be extended into non-uniform marine cables con-

sisting of a series of uniform sections. 

• Static marine cable network 

The present method has the potential to solve problems involving marine 

cable networks, such as the trawling of fishing nets. 
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Chapter 3 

ONE DIMENSIONAL 

DYNAMICS 

He goes a great voyage that goes to the bottom of the sea. 

Thomas Fuller: Gnomologia 

3.1 GENERAL REMARKS 

42 

The processes involved in the launch, operation, and recovery of a tethered 

subsea unit consist of four rather distinct stages: 

1. Passage through the air gap. During this stage, the pendulum motion of the 

subsea unit in air, which is often excited by the motion of the vessel, may cause 

difficult.ies in control. Generally, the gap between handling systems on deck 

such as cranes or A-frames, and the water surface is very small. Nevertheless 

('(1r<' lllllst be taken to prevent possible collision with other structures nearby. 
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2. Transition through the splash zone. This is often a crucial phase of the process 

involving very complicated hydrodynamic phenomena (Dutta, 1986; Greenhow 

et aI, 1987; Oritsiand et aI, 1989). Deploying massive units with little buoy

ancy or surface area is relatively easy since they sink through this zone quickly. 

Neutrally buoyant systems present a more difficult problem: as soon as they are 

submerged there is no sinking force on the units. This may cause wave impact 

loading on the subsea unit and/or snap loading in the cable. However, due 

to the exponential decay of the wave forces on the subsea unit as it is being 

lowered, the depth of this zone is much less than the total length of the cable. 

3. Lowering to the working depth, or lifting from the working depth to the splash 

zone. This stage covers most of the time of the deployment and retrieval phase, 

especially in deep waters. During this phase, resonance may be encountered due 

to the change in natural frequency of the system. 

4. Operation at a certain depth to fulfil the designated tasks. 

The handling system of a tethered subsea unit is subjected to the motions 

of the support vessel resulting from the environmental forces. Among them the most 

critical one is the heave motion. If a subsea unit is deployed in a weak current, or is 

constrained by taut vertical guide lines, the whole system can then be approximated 

as a one-dimensional problem. 

Among the many design considerations, one of the major ones centres on 

the system's heave motion as the vertical oscillation can be amplified significantly 



44 

at the bottom end of the cable. The subsequent large amplitude heave motion will 

severely influence the design and operational requirements and cause unacceptable 

tension force in the cable which could result in the loss of subsea units. 

A number of papers have been published addressing this topic, using differ

ent techniques and producing encouraging results (Chung, 1983; Sparks et aI, 1983; 

Dutta, 1986; Niedzwecki et aI, 1988; Schellin et aI, 1989; Macgregor, 1990). How

ever, a common flaw of these papers lies in the assumption that the top end of the 

cable is suspended on the floating vessel, therefore the unsteady dynamics during the 

deployment and retrieval phase associated with Stage 3 can only be tackled with a 

quasi-steady approach, i.e., performing a dynamic analysis at one fixed length and 

repeating it for several different lengths of the cable. 

The interesting subject of oscillation of a subsea unit involving a time-varying 

length of cable has not yet been fully investigated. Relevant research on strings or 

shafts or beams in air has been reported occasionally by several authors (Schaffers, 

1961; Kotera, 1978; Zajaczkowski and Yamada, 1980; Tagata, 1983). The various 

functions which have been used for the time-varying length L{t) are as follows: 

1. Linear function 

L{t) = Lo + vt 

where Lo is the initial length. v is the constant speed; when v > 0, the length 

increases with time, and when v < 0, the length decreases. 



2. Quadratic function 

where a is the acceleration. 

3. Periodic function 

1 
L(t) = Lo + vt + -ae 

2 

L(t) = Lo + psin(wt) 

where p is the amplitude, and w is the frequency. 

Due to the time-dependent length, the rather classic oscillation problem 

cannot be solved easily. Variable transformation is often used to fix the changing 

domain by a suitable choice of new space coordinate, leading to a fixed domain 

problem at the expense of complicating the original governing equations (Crank, 

1984). 

In this chapter a general approach is presented to treat the dynamics of the 

unsteady phase when the cable is being paid out or hauled in via a handling system 

on deck. The steady dynamic case where the cable is fixed to the vessel at its top 

is only a special case incorporated in this general model. The approach is based on 

the continuous system rather than the various spring-lumped-mass approxilnations. 

The hydrodynamic added mass and damping are dealt with in accordance with the 

common practice. Available experimental data are then compared with ntunerical 

results in order to validate the developed program. The various results calculated 

are of direct design or operational concern. 
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3.2 MATHEMATICAL FORMULATION 

3.2.1 Governing Equation 

The governing equation can be derived by balancing different forces acting 

on a cable element under some general assumptions (Appendix). The resulting 

governing equation can be expressed as 

(3.1 ) 

where u is the displacement of the cable element, A the cross-section area, E the 

Young's modulus of elasticity, CT the tangential viscous damping coefficient of the 

cable, m the mass distribution, ma the hydrodynamic added mass per unit length, d 

the diameter of the cable, and WI its weight in water per unit length. The coordinate 

system is defined in Figure 3.1. 

3.2.2 Boundary Conditions 

Two boundary conditions are to be satisfied: 

1. At z = 0, where the cable is attached to the handling system on deck, the 

boundary condition is 

u(O. t) = vt + R(t) (3.2) 

where I' is the speed of paying out or hauling in, and R( t) is the heave Illotion 

due to the wave excitation on the support vessel. 
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2. At z = La + vi, the lower end of the cable where a subsea unit is attached, the 

boundary condition is: 

where Ms is the mass of the subsea unit, Ma its added mass, CD the viscous 

damping coefficient, Sp the projected area of the subsea unit, and W2 its weight 

in water. La here is the initial length of the cable. 

3.2.3 Initial Conditions 

Initial conditions must be specified for both u and Bu/ at, however, they are 

not very important since we are interested in long term motions rather than the initial 

transient ones which die out quickly due to the damping in the system. 

3.2.4 Variable Transformation and Important Relations 

Eq. ( 3.1 ), together with the boundary conditions Eqs. ( 3.2 ) and ( 3.3 ), 

defines a moving boundary problem. It is inconvenient to seek a numerical solution 

on a time-variant computation domain. To cope with the difficulty, a set of variable 

transformations is developed here to fix the computation domain in the transformed 

space. 

The transformation is given by: 

U u - vi 

T i (3.4) 



48 

z 
y 

Lo + vt 

It is evident that the lower end of the cable which is moving in the physical 

space is fixed on y = 1 in the transformed domain. 

The following relations of the first and second derivatives can be derived 

through application of the chain-rule: 

8 8 vy 8 
--

8t 8T Lo + vT 8y 
8 1 8 
8z Lo + vT8y 

82 82 2v 2y 8 
8t2 8T2 + (Lo + vT)2 8y 

2vy 82 v2y2 82 
-----+ -
Lo + vT 8y8T (Lo + VT)2 8y2 

82 1 82 

8z2 (Lo + vT)2 8y2 

3.2.5 Transformed Governing Equation and Boundary Conditions 

U sing the transformations and the derivative relations, the governing equa-

tion Eq. ( 3.1) transforms to 

(3.5) 

where 

A 
v2 y2 EA 

(rn + rna) (Lo + VT)2 (Lo + vT)2 

B 

c vy 
-2(177 + rna) L T 

o+v 
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D 

F 

G 

The new boundary conditions are: 

1. At Y = 0 

U(O, T) = R(T) (3.6) 

2. At Y = 1 

A,8
2
U + B,8

2
U + G' 8

2
U + D,8U + F,8U + G' = 0 (3.7) 

8y2 8T2 8y8T 8y 8T 

where 

A' 

B' 

G' 

D' 

F' 

G' 
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3.2.6 Finite Difference Discretisation 

The finite difference method is used here for the numerical solution. With 

reference to the even mesh in the computational domain of Figure 3.2, and de-

noting 6.y and 6.T as the horizontal and vertical intervals respectively, suitable 

approximations at node (i, j + 1) are: 

1 (U!+1 _ U!+I) + O(6.y2) 
2 6. y t+l t-l 

1 (3U!+1 + U!-l _ 4U!) + O(6.T2) 
26.T t t t 

_l_(U/+1 + U!+l _ 2U/+ I ) + O(6.y2) 6.y2 t+l t-l t 

_1_(2U!+1 + 4U!-1 - 5U! - U!-2) + O(6.T2) 6.T2 t t t t 

1 (3U j +1 Uj
-
1 4Uj 3Uj +1 Uj

- l 4Uj
) 4 6. T 6. Y i+l + i+l - i+l - i-I - i-I + i-I 

The boundary condition of Dirichlet type at y = 0 can be readily utilized 

whilst the boundary condition at y = 1 is discretised using similar approximations 

to the one given above. 

As a result of the discretisation and linearization, a linear algebraic simul-

taneous equation system is derived for the (N - 1) unknown variables at (j + 1) 

time level: 

1 < i < N (3.8) 

with 

ut+l = R[(j + 1) 6. T] (3.9) 



and 

where 

i+l e· , 
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..J+1Ui +1 + qi+1Ui+1 + i+lUi+l + i+lUi+l _ i+l ¥N N N N-l 'N N-2 SN N-3 - eN (3.10) 

A~+1 3Cj+l D~+1 
-'-+ ' +-'-6y2 4 6 y 6 T 2 6 Y 
2A~+1 2Bj+l 3Fl+1 

6~2 + 6~2 + 2 ~ T 
A~+1 3Cj+l D~+1 , , , 
-- - -----'--

6y2 4 6 y 6 T 2 6 Y 
i+l 

_G~+1 _ Bi (-5Ui + 4Ui-1 _ Ui-2) 
, 6T2 ' , , 

i+l 
Ci (Ui - 1 4Ui Ui-1 Ui ) 4 6 y 6 T i+l - i+l - i-I + 4 i-I 

i+l 
_ Fi (Uj-l _ 4Ul) 

26 T' , 
2A'i+l 2B'j+l 9C'i+1 3D'i+1 3F'j+l 

6y2 + 6T2 + 4 6 y 6 T + 2 6 y + 2 6 T 
-5A'j+l 3C'i+1 2D'i+l 

6y2 6y 6 T 6y 
4A'j+l 3C'j+l D'j+l 

6y2 + 4 6 y 6 T + 2 6 y 
A'j+l 

6y2 
B 'j+l 

_G,j+l - 6T2 (-5Uk + 4uk-1 - Uk-2) 

, "+1 
C J (3Uj-1 Ui-1 4Uj - 1 12Uj 4Uj 16Uj ) 46y6T N + N-2- N-l- N- N-2+ N-l 

F'j+l 
- (Uj

-
1 

- 4Uj ) 
26T N N 

The solution is marching forward in the time domain. It is stable due to 

the ilnplicit scheme used here. 
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3.3 NUMERICAL EXAMPLES & DISCUSSION 

As for any theoretical method, it is essential to compare the theoretical results 

obtained with experimental ones in order to establish the credibility of the mathemat-

ical model and enhance confidence in the results which the model produces. A series of 

numerical simulations has been completed, and the results have been compared with 

the experimental data available. Due to the fact that little experimental work has 

been reported on the unsteady deployment or retrieval phase involving time-varying 

length, only the steady cases are verified against published experimental data. 

3.3.1 Example One 

The particulars of the cable are as follows: 

construction: 3 strand prest retched polyester rope 
diameter: 0.003m 

length: 4.573m 
Young's modulus: 3.38x 109 N 1m2 

mass distribution: 8.067x10-3 kglm 

The particulars of the subsea unit are given by: 

construction: wooden sphere 
diameter: 0.2032m 

mass: 4.722kg 

The experiment was carried out with the cable/subsea unit system being 

suspended in air. The top end of suspension of the cable was subjected to forced 

sinusoidal motion along a vertical line with amplitude equal to 50mm (Dutta, 1986). 

Both the experimental results and the theoretical prediction of the present 
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method are presented in Figure 3.3 in the form of maximum tension in the cable 

versus excitation frequency. Also shown in the same figure is the theoretical result 

based upon a lump-mass-and-spring model by D. Dutta (Dutta, 1986) 

The theoretical results agree remarkably well with the experimental data. 

3.3.2 Example Two 

The particulars of the cable are as follows: 

construction: 
diameter: 

length: 
Young's modulus: 
mass distribution: 

8-plait standard polyester rope 
0.002m 
4.573m 
2.445 X 109 N 1m2 

4.155x 10-3kglm 

The subsea unit is the same as that in the last example. 

Again the experiment was performed in air. The top end was subject to 

a larger sinusoidal excitation of 100mm amplitude. The theoretical simulation was 

carried out using the experimental set-up as input data. Both results are shown in 

Figure 3.4. Compared with Example One, the agreement here between the theoretical 

results and the experiment ones is less satisfactory. This is due to the larger excitation 

amplitude. As a result, the cable behaviour may no longer be linear elastic. Polyester 

rope often exhibits appreciable hysteresis loops during the loading/unloading process, 

and the stiffness increases with increasing loading. 

At the higher frequency region, the agreement becomes even poorer, as ex-

pected. At this region, cable snatching occurs which results in an impact load in 

the cable following initiation of slack in the cable, which the present model can not 



54 

handle. 

3.3.3 Example Three 

Both the experiments in Example One and Example Two were performed in 

frequency regions away from the respective natural frequencies. Further effort is made 

here to demonstrate that the present method is also capable of predicting resonance. 

The tests were performed in air on nylon rope in a similar manner (Goeller 

and Laura, 1971). The main particulars of the cable are as follows: 

diameter: 
length: 

0.00635m 
22.25m 

Young's modulus: 
mass distribution: 

2.67x 108 N 1m2 

3.23x 10-2kglm 

The main particulars of the subsea unit are given by: 

construction: 
diameter 

mass: 
added mass in water: 

weight in water 

solid aluminium sphere 
0.2032m 
12.65kg 
2.3kg 
83.68N 

The results are presented in Figure 3.5 by plotting the nondimensionalized 

tension (Tmax - Tstatic)/ K Xo versus the nondimensionalized frequency w/wnc , where 

K is the spring constant, Xo is the amplitude of the sinusoidal excitation at the top 

end of the cable, wnc is a measured frequency. These are given by: 

K 380N/m 

Xo O.0254m 

W nc 1.1H z 
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The comparison again shows a good agreement between the theoretical pre

dictions and the experimental results. Even at the resonant frequency they still agree 

with each other remarkably well. It was observed in both the test and the theoretical 

simulation that the elongation of the cable was relatively small, even at the resonance. 

As a result, the cable behaved almost linearly throughout the frequency interval. 

3.3.4 Example Four 

No hydrodynamic damping is present in the foregoing three examples. The 

system would behave differently in water because of the presence of viscous damping. 

This subsection examines its effects. 

The same experimental set-up as the one in Example Three is employed here, 

except this time the experiment was performed in water instead of in air (Goeller and 

Laura, 1971). The input to the theoretical simulation is adapted accordingly. The 

results are given in Figures 3.6 and 3.7 for two different excitation amplitudes. In 

Figure 3.6, Xo = O.0254m, whilst in Figure 3.7, Xo = O.0508m. 

After comparison of Figures 3.5, 3.6 and 3.7, the following features were 

observed: 

1. Good agreement has been achieved. Throughout the simulation, both CD and 

CT are assumed to be constant, which appears to be reasonable. 

2. Water has a significant effect in reducing the dimensionless tension ratio, espe

cially in the vicinity of resonance. Also due to the presence of the external fluid 

medium the W nc has shifted from 1.1H z to O.72H z. 
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3. In the present nonlinear model, damping introduces an amplitude dependent 

loading on the system. As a result, the nondimensional tension ratio shall 

be dependent upon the excitation amplitude, which is clearly demonstrated in 

Figures 3.6 and 3.7. This would not happen if the model were linear. 

3.3.5 Example Five 

The unsteady dynamics is examined in this example. During the deployment 

or retrieval phase, key influential factors may include the following: 

1. Heave motion at the top 

2. Deploying or retrieving speed and acceleration 

3. Weight and shape of the subsea unit 

4. Elasticity of the cable. 

A number of theoretical simulations in the time domain have been carried 

out on a system during its launching process. The particulars of the cable and the 

subsea unit are 

initial length: 
Young's modulus: 

diameter of the cable : 
cable mass distribution: 

mass of subsea unit: 
added mass: 

50m 
9.05 X 109 N /m2 

0.047m 
7.2 kg/m 
5000 kg 
8000 kg 

The initial length is assumed to be 50m so as to exclude any wave forces on 

the subsea unit. There are four different speeds and four different frequencies given 

by: 



VI = 0.5 mls 
V3 = 2.0 mls 

and 

V2 = 1.0 mls 
V4 = 3.0 mls 

WI = 0.4189 rad/s W2 = 0.628 rad/s 
W3 = 0.8380 rad/s W4 = 1.260 rad/s 
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The different combinations give a total of 16 different situations. The time domain 

simulation results are given in Figure 3.8 through to Figure 3.23. In each figure the 

lower time record is the vessel heave motion, whilst the upper one gives the motion 

of the subsea unit. The motions due to the static elongation and the steady lowering 

are excluded. 

The following features have been observed: 

1. Deploying speed has a significant effect on the subsea unit motion. The higher 

the speed, the less the motion, especially through the resonance region. 

2. Higher deploying speed means a greater drag force on both the subsea unit and 

the cable per unit length. Furthermore, as the cable is becoming longer, the 

total drag force on the cable becomes greater. As a result, the cable experiences 

an appreciable degree of compression, especially when the deploying speed is 

high and the cable is long, as shown in Figures 3.20 through 3.23. Of course, 

this compression is smaller than the static elongation; otherwise, the cable would 

become slack. 
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3. A quasi-steady approach, which is not capable of taking the speed of deployment 

or retrieval into account, would predict a critical length of the cable at which the 

system experiences the largest heave response for a given situation. However, 

the results here show the critical length not fixed but a function of the speed 

for a given system under given conditions. The higher the speed, the longer the 

critical length. 

4. The excitation frequency also has an apparent effect on the response of the 

subsea unit. This effect will be dependent upon the relationship between the 

excitation frequency and the natural frequency of the system which is constantly 

changing in the course of deployment or retrieval. 

5. For a rough estimation of the cable length L at which resonance occurs, the 

following model can be used 

where w is the excitaion frequency. This estimation is valid when the deployment 

speed is low. 

In the last figure of this chapter, Figure 3.24, the impulsive motion of the 

subsea unit when the deployment is suddenly suspended is shown. The system goes 

through a transient phase of large amplitude motion. Beyond that, a steady motion 

builts up. 
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3.4 CONCLUDING REMARKS 

1. An excellent agreement has been achieved between the available experimental 

data and the theoretical predictions based upon the present method. 

2. For the unsteady dynamics, the present method produces convincing results. 

3. The suite of computer programs provides an effective tool for investigating the 

degree of influence of the various factors in cable/subsea unit systems. The 

theoretical research here has direct application to the enhancement of safety 

and effectiveness of subsea operations, and in assisting the design of efficient 

handling systems. 

4. Although this study focuses on the analysis of cable/subsea unit systems, the 

methodology presented here may be applied to other deep water systems such 

as long vertical deep-sea drill pipes held at their tops at ships' moonpools. 

5. Further effort can be made to address the following aspects: 

• N onlineari ty of the cable material 

Throughout the present chapter, a linear relation between the tension T 

and the strain c is assumed: 

T=EAc 

To take the nonlineari ty of the cable material into account, a Illorc general 

constitutive relation should be utilized such as 

T = T(c) 
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or 

• General form of the time-varying length function L( t) 

It is envisaged that the acceleration of deployment might be a factor of 

importance. The extension from the present linear function to a quadratic 

form should not pose great difficulty; indeed, the present methodology 

allows an arbitrary form of L(t). 

• Stochastic analysis 

Stochastic analysis can be performed by using a random input R(t). The 

output of the subsea unit motion, which is random in nature, can then be 

processed to give stochastic descriptions of the motion. 
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Chapter 4 

TWO DIMENSIONAL 

DYNAMICS 

Two are better than one. 

Ecclesiastes 

4.1 GENERAL REMARKS 

82 

In certain cases, as for example in the presence of a strong horizontally 

unidirectional underwater current, the assumption of a one-dimensional configuration 

of the cable/subsea unit system is clearly no longer tenable. We consider therefore 

in this chapter the case where the system lies not in a vertical line, but in a vertical 

plane, i.e., a two-dimensional model. 

In addition to the underwater current, there are other factors which can 

swing the system out of a vertical line position such as motion at the top end of the 
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cable, pendulous motion, and an asymmetric shape of subsea unit. 

In recent years, a substantial amount of research has been conducted in 

pursuing numerical solutions of the two-dimensional cable dynamics. The prevalent 

methods include: 

1. Finite Difference Method (Ablow and Schechter, 1983; Howell, 1991; Burgess, 

1991). The nonlinear hyperbolic equations, which govern the motions of the 

cable, are approximated by finite differences. This general method allows great 

flexibility such as the inclusion of bending stiffness. However, it may require a 

great deal of processing time. 

2. Spectral Method (Burgess, 1985; Triantafyllou et aI, 1986; Hover et aI, 1990). 

This method takes advantage of the smoothness of the cable, assuming the 

solution to be a sum of a series of basic models. It may provide good results 

with a significant reduction in processing time over the finite difference method. 

3. Lump Mass Method (Larsen and Fylling, 1982; van den Boom, 1985; Dutta, 

1986; Wang, 1988; Ahmadi-Kashani, 1989; Macgregor, 1990). The governing 

equations become ordinary differential equations after lumping the distributed 

mass of the cable. Numerical integration is then performed. The method is 

widely applied because of its simplicity and versatility. However, it is less elegant 

mathematically. 

4. Analytical Method (DeLaurier, 1970; Kennedy and Strahan, 1981; Triantaffyl

lou, 1982; Triantaffyllou and Bliek, 1983; Benedettini and Rega, 1987; Perkins, 
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1991 ). Due to the nonlinear and coupled nature of the governing equations, 

analytical solutions are only available in simplified cases such as small sagged 

cables. 

Along with this variety of techniques there are a variety of different assump-

tions made in the formulation of the problem. This means that most methods have 

their own inherent weaknesses. 

The main purpose of this chapter is to generalize the methodology in the 

previous chapter into a more general situation, i.e., the two-dimensional case. 

4.2 EQUATIONS OF MOTION 

To establish the equations of motion, we use a Cartesian coordinate system 

as shown in Figure 4.1. We assume that the cable is flexible and the motion is planar. 

Therefore the governing equation of motion can be written as (Appendix): 

g(m - pA)j + 
1 

+2PGDNdv!1 +c;IVN - UNI(VN - UN) 

+ ;pGDTdv!l + c;IVT - UTI(VT - UT) 

8 T 8r 
+88(1+c;88) (4.1) 

where r is the vector from the origin to a point on the cable. m and ma are the mass 

and added-mass per unit length of the cable. A is the cross section area of the cable. 

p is the density of the fluid medium. GDN and GDT are the normal and tangential 

drag coefficients respectively. i and j are the unit vectors along the x and y axes. 



Letting 

r = (p + s)j + qi 

and using Hooke's law 

8r 
T = E Ae = E A( I 8s I - 1) e > 0 

we have the following two components of Eq. ( 4.1): 

( m + m )8
2p 

EA{l (~)2 }8
2p 

ap 8t2 - - [(1 + ~)2 + (~)2P/2 8s2 

( 1 + £E)!h. 82 

- EA oS os -.!l - Po 
[(1 + ~)2 + (~)2)3/2 8s 2 - P 

82q (1 + ~)2 82q 
(m + maq) 8t2 - EA{l - [(1 + ~)2 + (~~)2P/2} 8s2 

_ E A (1 + ~) ~ 8
2 
P - F. 

[(1 + ~)2 + (~)2P/2 8s2 - q 
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(4.2) 

(4.3) 

where p and q are the vertical and transverse displacements of a point of the cable. 

Fp and Fq are given by: 

Fp = g(m-pA)+ 

~pCDNdv'l + elV N - UNI(V N - UN)· j + 
2 

;pCDTdv'l + elVT - UTI(VT - U T)· j 

~pCDNdv'l + elV N - UNI(V N - UN)· i + 
2 

;PCDTdv'l + elVT - UTI(VT - U T)· i 
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4.3 PROBLEM CHARACTERISTICS 

Before pursuing a numerical solution, some basic characteristics of the prob-

lern are examined here in this section. 

For most underwater operations involving cables and subsea units, the sur-

face supporting vessel is kept at a designated working place. The wave action gives 

rise to motions of the boom tip which can be theoretically two-dimensional, for 

example when the handling systelll aboard is at the stern region while the vessel is 

in heading sea situation. The cable and the subsea unit is swung out of the ver-

tical line by the underwater current yet remains in the same plane formed by the 

boom tip Illotions. This idealised case also includes some other seemingly different 

situations such as when the supporting vessel is sailing along a straight line. 

Intuitively, one n1ight expect that the transverse motion of the boom tip is 

of secondary iIllportance to the vertical motion (heave motion) from the perspective 

of their effects on tension in the cable. The following part of this section aims to 

prove that this conjecture is only true in a special situation. 

The tension T is given by: 

( 4.4) 

\Ve write the displacen1ents and the tension as sun1S of their stationary 

components and the dynan1ic perturbations: 

2 P Po + epl + e P2 + ... 

q (-t.5) 
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where e is a parameter of small quantity which is less than unity. 

Substituting Eq. (4.5) into Eq. (4.4) and equating like powers of e , we 

have 

To 

2[(1 + ~)2 + (~)2h/(1 +~)2 + (~)2 

This indicates: 

1. The stationary tension is a function of stationary displacements only. 

2. There is a coupling between the vertical and horizontal motions. 

3. Displacements of lower order affect all the tensions of equal or higher order. 

Now consider a special case where the system has no stationary transverse 

deflection, i.e., 

aqo = 0 
as 

In this case, the tensions To, Tl and T2 can be simplified as (Zajac, 1957): 

To EA
apo 
as 



EA 8P1 
as 
a (~)2 

EA[ P2 + 86 ] 

as 2(1 +~) 
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It can be seen that the leading term of the dynamic tension TI is only re-

lated to the vertical motion whilst the leading dynamic transverse displacement ql 

affects tension of higher order. This provides a theoretical foundation for the one-

dimensional dynamics approximation to a cable/subsea unit system deployed in a 

no-current or weak-current environment, even though the boom tip is subjected to 

horizontal motion as well as heave motion. 

This conclusion can be further justified from a motion viewpoint. Intuitively 

one may expect the hydrodynamic damping to cause the transverse motion to die out 

as it travels downwards. This proves to be true. To make the theoretical analysis 

tractable, we make the following assumptions: 

1. The hydrodynamic force is linearly dependent upon the relative velocities. Since 

there is no underwater current, the relative velocities are the cable's vibrating 

velocities themselves. 

2. There is no wave reflection from the bottom end. 

Under the first assumption, the transverse component of Eq. (4.1) can be 

written as: 



89 

where Cl and C2 represent the linearised drag coefficients. 

Substituting Eq. (4.5) into the above one, and noticing the following 

relations: 

qo = 0 

we have the governing equation for the leading term of the transverse motion ql: 

(4.7) 

Further assume: 

Eq. ( 4.7) then is reduced to: 

( 4.8) 

For forced vibration, the solution of this equation can be written as: 

( 4.9) 

where Re( cI» means the real part of any complex expression cI>. 

Substituting Eq. ( 4.9) into Eq. ( 4.8) it follows that 

For an out-going wave - the second assumption - ill (s) is given by: 

(.t.lO) 
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where iiI is a constant which can be determined by implementing a boundary con-

dition. 

Eq. (4.10) shows that \(.h(s)\, which represents the amplitude of the trans-

verse motion, decreases exponentially as s increases. 

If Cl = 0, corresponding to the case where there is no hydrodynamic damp-

ing, we have: 

In this case, the transverse wave travels with a constant profile and at a speed of 

4.4 FORMULATION AND NUMERICAL DISCRETISA-

TION 

4.4.1 Boundary Conditions 

At the cable's top end: 

p(O, t) R(t) + vt 

q(O,t) O(t) 

where p is the speed of paying out or hauling in. R( t) and O( t) are the two con1-

ponents of the boom tip motion. 

At cable's bottom end: 

\or\_ 1 ar 
EA aS - +wJ + 

\~:\ as 
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1 f Or Or 
-pCDSpIU - -I(U - -) 
2 at at 

Under the assumption that the hydrodynamic forces on the subsea unit 

can be decomposed into two components along the axes, each as a function of the 

relative velocity and the acceleration in that direction, just as it was done with the 

hydrodynamic drag force on the cable, the above vector equation can be resolved 

into the following two components: 

(M, + Map)EPp + EA)(1 + ~)2 + (~)2 -1 (1 + ap) _ W2 

at 2 J (1 + ~) 2 + ( ~ )2 as 
1 f ap ap 

- 2"pC Dy S ylUy - atl(Uy - at) = 0 ( 4.11) 

(M, + Ma /p + EA )(1+ ~)2 + (~)2 - 1 aq 
q ot2 J (1 + ~)2 + (~) 2 as 

1 f ap op 
- 2"pC Dx SxlUx - at I(Ux - ot) = 0 (4.12) 

where Ms is the Inass of the subsea unit, W2 is its weight in water. (-,\lap, Jlaq ), 

(CDy , CDx ) and (Sy, Sx) are respectively added masses, drag coefficients and pro-

jected areas of the subsea unit along the directions of the two axes. 

4.4.2 Initial Conditions 

Initial condit.ions need to be assigned to p(s, 0), q(s, 0), ~(s, 0) and 3'7(,.;;.0). 

how(,ver, because there is viscous clan1ping and we are concerned with the long ternl 

motions, they are not ,'cry inlportant. In the following C0111putation, in its initial 

state the cable/subsea unit systenl is assunled to be in a vertical position hanging 

from the bOOll1 tip. 



4.4.3 Variable Transformation 

The transformation is given by: 

T i 

y 

p 

Q 

s 

Lo + vi 

P - vi 

q 
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A set of relations between the derivatives in the old and new space-time 

domains, similar to that in the previous chapter, can be derived. 

4.4.4 Transformed Equations of Motion and Boundary Conditions 

In the new space-time domain (y, T), the equations of motion become: 

(4.13) 

and 

(4.14) 

where 

m+map 

m+maq 

2vy 
- Lo + vi (m + map) 

2vy 
- (m+maq) 

Lo + vt 



(Lo + vt)2 (m + map) -

EA (Lo + vt)(~)2 
(Lo + vt)2 {I - [(Lo + vt + ~~)2 ; (~)2)3/2} 

v2y2 EA 
(Lo + vt)2 (m + maq) - (Lo + vt)2 

2v2y 
(Lo + vt)2 (m + map) 

2v2y 
(Lo + vt)2 (m + maq) 

EA (L + vt + 8P)!2Q. G - _ 0 8y 8y 

2 - Lo + vt [(Lo + vt + ~~)2 + (~)2)3/2 
Fp 

EA (Lo + vt + ~~)2 82Q 
F. - -

q Lo + vt [(Lo + vt + ~~)2 + (~)2)3/2 8y2 

93 

The associated new boundary conditions at the cable's top end, where y = 0, 

are: 

P(O, T) 

Q(O, T) 

R(T) 

O(T) 

and at the bottom, where y = 1, they are given by: 

and 

where 

(4.15) 

( 4.16) 
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A2 Ms + Mag 

B1 
2v 

- Lo + vt (Ms + Map) 

132 
2v 

- Lo + vt(Ms + Mag) 

01 
V2 

(Lo + Vt)2 (Ms + Map) 

C2 
v2 

(Lo + vt)2 (Ms + Mag) 

D1 
2v2 EA 

(Lo + vtp (Ms + Map) + Lo + vt 

VpCDySy U ap V 8P 
- 2 (Lo + vt) I y - V - aT - Lo + vt 8y I 

D2 
2v2 EA 

(Lo + vtp (Ms + Mag) + Lo + vt 

vpCDxSx IU aQ V aQ 
- 2(Lo + vt) x - aT - Lo + vt ay I 

0 1 
1 ap V 8P 
-pCD S IU - V - - - -I 
2 y y y 8T Lo + vt 8y 

O2 
1 aQ v 8Q 
2PcDxsxlux - aT - Lo + vt ay I 

L + vt + 8P 
fI1 W2 - EA[l _ 0 8y ] 

J(Lo + vt + ~:p + (~)2 
1 ap v 8P 

+2PCDySyIUy - v - aT - Lo + vt 8y IUy 

£9. 
H2 EA 8y 

J(Lo + vt + ~:p + (~p 
1 aQ v aQ 

+2PCDySyIUx - aT - Lo + vt ay lUx 

4.4.5 Finite Difference Discretisation 

The differential equations Eqs. ( 4.13) and ( 4.14), together with the bound-

ary conditions Eqs. (4.15), ( 4.16), ( 4.17) and ( 4.18), are approximated using 

finite differences. The procedure of the discretisation is very much similar to the one 
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described in the previous chapter. 

4.5 NUMERICAL EXAMPLES & DISCUSSION 

In this section, results of a series of numerical examples are presented. Avail

able experimental data are used to check the mathematical model. In the first three 

examples given below, steady dynamics is examined, whilst the unsteady dynamics 

is investigated in the rest of the examples. 

4.5.1 Example One 

The particulars of the cable and the subsea unit are the same as the ones 

described in Example One of the previous chapter. In the present case, however, the 

top end of the cable is subjected to forced horizontal or circular motions, hence the 

whole system moved in a two-dimensional space. 

In Figure 4.2 the top end of the cable is forced to move sinusoidally along 

a horizontal line with amplitude equal to O.15m. The whole system oscillates in air, 

therefore no external force needs to be considered. The theoretical predictions agree 

very well with the experimental results except at resonance. 

In Figure 4.3, hydrodynamic drag force has been taken into account as the 

system is oscillating in water. As a whole, the agreement is quite good. 

Figures 4.4 and 4.5 show results for the system in air and in water respec

tively. In both cases, the top end is subjected to circular motions with different 

amplitudes at different frequencies. It can be seen that in the frequency range con-
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sidered the agreement between the theoretical results and the experimental results 

is extremely good for all the amplitudes when the system is forced to n10\'e in air. 

However, when the systelu moves in water, cable slack appears when the excitation 

amplitude is large and/or the excitation frequency is high. This explains the dis

crepancy between the theoretical results and the experimental results observed in 

Figure 4.5. Though the results of the present method become invalid when slack 

appears, the method can be used to predict when and where cable slack occurs. 

For example, at a frequency of 2.5 rad/sec for the a.15m amplitude curve, there is 

a sharp increase in tension observed in the experilllent. Corresponding to this, thp 

theoreticalluethod predicted the existence of negative tension in the cable, although 

the maxin1um tension still remained positive. 

4.5.2 Exanlple Two 

The particulars of the cable and the subsea unit are the same as the ones 

given in Exc:unple Two of the previous chapter. Calculations were carried out for 

the systelll in air and in water respectively. The top end of the cable was subjected 

to circular n10tion with an an1plitude equal to D.1m. Again due to cable slack, 

poor agreen1ent between the theoretical predictions and the experilllental results 

has been obsern."d in the high frequency region when the systenl is oscillating in 

water, ;I~ shown in Figure 4.6. \Vhen slack appears, the tension in the cable should 

incr('(\~(' sharply due to the illlpact load, as indicated by the experill1cntal results. 



9i 

4.5.3 Example Three 

This example shows the effects of an underwater current on the steady 

dynamics of a tethered subsea unit system. 

The particulars of the cable are: 

diameter: 
length: 

Young's modulus: 
mass distribution: 

O.02m 
300m 
4xl09 N/m2 

5.2 kg/m 

The main particulars of the subsea unit are given by: 

mass: 
added mass in water: 

weight in water 

1900kg 
1600kg 
15000N 

Figure 4.7 shows the mean position of the subsea unit as a function of the 

strength of the underwater current. As the current is increased, so is the horizontal 

distance between the subsea unit and the initial vertical line. In addition to this, 

the mean vertical position of the subsea unit also changes as the current varies. 

Figures 4.8 and 4.9 show the changes in the two amplitudes of the vertical 

motion and horizontal motion respectively. 

4.5.4 Example Four 

From this example onwards, a variety of results relating to the unsteady 

dYllan1ics are presented. 

The particulars of the cable are: 



diameter: 
initial length: 

Young's modulus: 
mass distribution: 

0.047m 
200m 
9.05x 109 N/m 2 

5.2kg/m 

The subsea unit relnains the same as the one in the previous example. 

9:3 

In Figures 4.10 and 4.11 the subsea unit sway motions are silnulated when 

it is being lowered to a greater depth at two different speeds. The top end in 

both cases is subjected to sinusoidal horizontal motion with amplitude equal to 5m. 

Generally speaking, the longer the cable is, the smaller the sway nlotion. High 

launching speed means less tilne for the building up of larger amplitude Illotion 

when the cable is short, therefore, it helps to reduce the sway nlotion. This is true 

for the two cases presented here. 

4.5.5 Exall1ple Five 

In this exanlple, the subsea unit response IS examined as it IS passmg 

through the resonant region. 

The systenl is the sanle as the one in Example Three of this chapter, with 

initial cable length of 200n1. At the top end the condition is set by 

P( 0, t) sint 

Q( 0, t) 1 - cost 

Figures 4.12 to 4.19 show the silnulated motions of the subsea unit as it is 

being lowered down at different speeds. The vertical Illation presented here i~ the 
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dynamic part of the subsea unit motion which is given by 

Lo + vt 1 
P(l,T) - EA W2 - 2EA9(m - pA)(Lo + vt)2 

In general, high launching speed will help to reduce the motion of the subsea 

unit since the higher the speed, the shorter the duration of the subsea unit in the 

resonant zone. On the other hand, the tangential friction force on the cable and the 

vertical drag force on the subsea unit both increase as a consequence of the increase 

in launching speed. Both forces tend to compress the cable, which is clearly indicated 

in Figures 4.12, 4.14, 4.16 and 18. 

In the last two figures of this chapter, namely Figures 4.20 and 4.21, the 

effect of current on the unsteady dynamics is examined when the system is deployed 

in a weak horizontal current. It can be seen that the effect of the current is mainly 

upon the horizontal motion. As the cable becomes longer and longer, the subsea unit 

deviates further and further from the vertical line which passes through the mean 

position of the top end. 

4.6 CONCLUDING REMARKS 

1. The perturbation analysis shows in which circumstances a two-dimensional math-

ematical model must be used to examine the dynamics of a cable system. 

2. The methodology adopted in the previous chapter has been extended to the 

two-dimensional case. 



100 

3. The various examples given either show a good agreement between the theo

retical results and the experimental results, or indicate a convincing trend. 

4. Further efforts to be recommended include checking the experimental data in 

Figures 4.2 and 4.3 through repetition of the experiments. 
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Chapter 5 

THREE DIMENSIONAL 

DYNAMICS 

All good things are three. 

A German proverb 

5.1 GENERAL REMARKS 

113 

The marine environment continuously disturbs cable systems through the 

action of surface water waves, currents, subsurface turbulence, internal water waves, 

and other external disturbances such as the motions of the supporting vessel and 

subsystem. For that reason most marine cable systems must be operating three

dimensionally. Strictly speaking, one or two-dimensional cases are rare in practice. 

It is therefore decided to make further effort to simulate their dynamic response in a 

three-dimensional space domain. 
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In the previous two chapters, the cable was treated as a continuous system in 

the modelling, and only converted into discrete elements when the numerical solution 

of the partial differential governing equations was pursued. In this chapter, the cable 

will be discretised at the very beginning of modelling and replaced by jointed elements 

of finite lengths. This method is often termed the lump-mass-and-spring method. The 

resulting governing equations lead to a set of ordinary differential equations derived 

directly from Newton's law of motion or indirectly from Hamilton's principle. 

The three-dimensional marine cable has not been tackled extensively yet. 

However, the basic concept that a cable may be represented as a series of finite 

inextensible or extensible elements joined at nodes has been widely adopted by many 

authors mainly for one- or two-dimensional dynamic analysis ( Walton and Polacheck, 

1960; Polachek et aI, 1963; Dominguez and Smith, 1972; Winget and Huston, 1976; 

Wang, 1977; Nakajima, et aI, 1982; van den Boom, 1985; Dutta, 1986; Nomoto and 

Hattori, 1986; Wang, 1988; Macgregor, 1990). The elements need not necessarily 

be straight. One way to improve accuracy is using curved elements with additional 

conditions to enforce the geometric continuity across the nodes (Ma et aI, 1979; Lo 

and Leonard, 1982). 

The lump-mass-and-spring method has the following advantages when com

pared with other methods such as the method of characteristics (N ath and Felix, 

1970; Patton, 1972) and the method of perturbation expansion (Carrier, 1945 and 

1949): 

1. Straightforwardness 
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The modelling and mathematical formulation has clear physical interpretation. 

To understand it one need not wade through the esoteric mathematical morass. 

2. Economy 

A moderate amount of computation time is needed. 

3. Versatility 

Simple as it is, the method can solve many different types of problems including 

those of nonlinearity, unsteady state, nonuniform cable and oscillatory current. 

However, while most investigators are satisfied with the success of the method, 

further theoretical work awaits to be done: 

1. The hyperbolic wave equation and the ordinary differential equation are funda

mentally different. A rigorous analysis is needed to prove that, in the limit, the 

resulting ordinary differential equations pass over into the continuous partial 

differential governing equations for the motion of a submerged cable. 

2. There does not exist mathematical analysis on stability and convergence in most 

numerical investigations. 

In this chapter, we are only concerned with the steady dynamics of a cable 

system where the length of cable is fixed. 
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5.2 MATHEMATICAL FORMULATION 

The problem is formulated here in a general manner allowing the following: 

1. Three-dimensional motion. 

2. Large displacements. No linearization is made based upon the small amplitude 

motion assumption. 

3. Inclusion of forces due to the weight of the cable, buoyancy, drag and virtual 

inertia of the fluid. 

4. Non-uniform cables. The approach shall have the capacity to include any sub

systems, such as hanging weights on the cable. 

5. Easy implementation of a variety of boundary conditions. 

However, slack cable is excluded from this chapter. 

5.2.1 Governing Equations 

Figure 5.1 shows how a typical configuration of the system with the cable 

attached to a floating support vessel at one end and to a subsea unit at the other is 

replaced by a discretised model consisting of many point masses and massless elastic 

segments. All forces along the cable are assumed to be concentrated at the mass points 

which are numbered by i running from 0 at the subsea unit to N at the attachment 

to the support vessel. 
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The effect of added mass is assumed to be independent of the component 

of the motion parallel to the segment line. Thus only when an element of the cable 

has transverse acceleration, does it possess additional mass, whilst if it is accelerated 

longitudinally no hydrodynamic reaction due to inertia occurs. 

By invoking Newton's law of motion for the i-th node on the line, we have 

(5.1 ) 

where the mass mi represents the mass of one cable segment. ai is its acceleration. 

ei+! and ei_! are the added masses of the entrained fluid between the nodes i, i + 1 
2 2 

and i-I, i respectively. aiN li+! and aiN li-! are the components of the vector ai 
2 2 

on the normal directions of the two segments. The force vector Fi includes tension 

forces in the two segments, drag force, gravitational force and buoyant force. Any 

other external forces, if they are present, can be included in this term as well. 

Let </> and 0 represents the two rotational angles defined in Figure 5.2, and 

Xi, Yi and Zi three coordinates of the i-th node in a Cartesian coordinate system. 

In expanded form, the equation of motion can be written as (the dots indicating 

differentiation with respect to time): 

where 

" 
Xi 

Yi 

.. 
z· , 

(5.2) 



A33 

A21 = 

A 13 A31 = 

e· 1 z--
2 

m· z 

1 
--2(ei+!Cos();+!sin¢;+lcoSA-;+! + e; 1 COS(); 1 sinA-. 1 COSA-· 1) 

2 • 2 • 2 'f/. 2 '-2" '-2" 'f/z-2" 'f/1-2" 

1 
- ( I/. .+ d . 1 + 11.. 1 I. 1) 
2 r'z - z+- r'z-- z--2 2 2 2 
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In these equations Ti+1 and Ii_I stand for the tension forces in the cable 
2 2 

segments which lie on either sides of the i-th node. Likewise, ki+ 1 and h~i_l, /i+ 1 
2 2 2 

and li--21 , O'i+ 1 and O'i_ l , l-li+1 and l-li_l, are respectively the added nlass coefficients, 
2 2 2 2 

lengths, cross section areas and cable densities of the two seg111ents. p is the density 

of fluid, and 9 is the acceleration due to gravity. 
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The tensions are detennined by the elastic properties of the cable and its 

deformation. By utilizing Hooke's law, the tensions Ti+t and Ti - t are given by: 

T E(
j(Xi+l - Xi)2 + (Yi+l - Yi)2 + (Zi+l - ziF 

i+t = O"i+t [. 1 - 1) (5.3) 
1+ 2 

where E is Young's modulus. 

The hydrodynamic drag on the i-th node has been expressed as one-half 

of each drag acting on the two segments lying on either side of that node, i.e., 

F i+! = {Fi+! F i+! Fi+!} d F i -! {Fi-! F i-! F i-!} Th d h D Dx' Dy' Dz an D = Dx' Dy' Dz' e rag on eac 

segment is assumed to be resolved into two components, namely, the normal one 
. 1 

and tangential one, each as a function of the relative velocity in that direction. F;2 
is given by 

"+ 1 . 1 
where C~ 2 and C~+2 are the normal and the tangential drag coefficients. di +t is 

the diameter of the segment. U = {Ux, Uy , Uz} is the underwater current which Inay 

vary in both direction and magnitude in the space domain and the time domain. 

Ve = {Vex' V ey , V ez } 

(Ve - U)N PV 
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p 
-COS()i+1,-.i 11 0 '+1 COSO,+ 1 

2 I 2 I 2 

Q I-P 

where I is the unit matrix. 

, 1 

A similar form may be derived for the drag F;:2. 

5.2.2 Boundary Conditions 

Boundary conditions n1ust be gIVen at both ends of the cable. Different 

types of boundary conditions I11ay occur depending on the types of physical condi-

tions at the two ends. The sin1plest case is that both ends are fixed. Here \\T are 

addressing one particular situation which is widely enlployed in offshore engineering 

where one end of the cable is attached to a surface supporting vessel and the other 

is connected to a powered or unpowered subsea unit. 

Assunling the dynan1ic load on the vessel through the cable is negligible 

compared with other loads on the vessel such as the wave force. we can decouple 

the H'sscl's nlotion fr0111 the nlotion of the cable systen1. In this (,(1St' t he upper ('nd 

condi tiolls for the cable arc: 

.r s(t) ./.( t) (j.j) 
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where x( t), y( t) and :z( t) are the vessel's Inotions which are known functions of tinle. 

At the lower end, boundary conditions can be specified by invoking :'\cw-

ton's law of motion. These are: 

where 

rno 

.. 
Xo 

.. 
Yo 

.. 
Zo 

a21 = -~elsin(hcos(hcos2<pl 
2 2 2 2 2 

a31 = -~elsinBlsin<plcos<Pl 
2 2 2 2 2 

a32 = -~el cos BUj/'n <P 1 cOS<Pl 2 2 2 2 2 

1 
-1'.111 
:2 2" 2" 

( 5.6) 

",h<'1'(, l\fo and 1~) are the Inass and the Y01UnIe of the subsea unit, Jfur ' Jfa y and 
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Maz are its added masses. Dx , Dy and Dz are the components of the hydrodynaInic 

drag on it. They are given by: 

-~pCDxSxlxo - Uxl(xo - Ux) 

1 
-2"pCDy Sylyo - Uyl(yo - Uy) 

1 
-"2pCDzSzlxo - Uzl(zo - Uz) 

where CDx, CDy and CDz are the drag coefficients of the subsea unit in the three 

different directions. Sx, Sy and Sz are the projected areas accordingly. 

5.2.3 Initial Conditions 

To complete the formulation, a set of initial conditions nlust be specified for 

each node on the line. This includes both the initial positions and initial velocities, 

as required by the second order ordinary differential equations: 

x~ 
I 

(5.7) 

,Ill( 1 

.i' i( 0) x~ • ! 
( 5.8) 

Yi(O) if? 

:i( 0) .:.0 
-i 
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for all i = 0,1,2, ... , N. All the right hand sides of these equations are given before-

hand. 

5.3 PROBLEM CHARACTERISTICS 

Though strictly speaking there is no such thing as a truly continuous sys-

tern, the motion of cable is generally considered as a feature of a continuous system 

because the ultimate discontinuity due to the atomic structure is not obvious and 

the typical spacing involved is much less than the typical length of the motion. In 

the Appendix, a detailed analysis on cable dynamics is given assuming the cable is 

a continuous system. In this section, we shall investigate the relation between the 

formulation assuming the cable as a continuous system and the discrete formulation 

described in the previous section. 

5.3.1 Governing Equations 

Neglecting the effect of the added mass and assuming the lumped masses 

are initially equally spaced with a distance 1 between them, we can rewrite Eq. 

( 5.2) in the following form 

(5.9) 

(3.10) 

(3.11) 
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where Fxi , FYi and Fzi represent the components of fluid drag forces. grayitational 

force and buoyant force. 

To reduce this discrete description into a continuous approxilnation, ,,·e 

start with Taylor's theorem: 

(5.12) 

(5.13) 

Similar expressions can be written for Yi+l - Yi, Yi - Yi-l, Zi+l - Zi and Zi - Z/-I' 

Let 'P stand for any variable, we also haye 

(5.1.J) 

Eillploying these relations, and taking the linlit as I -+ ° after having 

divided both sides of Eqs. (5.9), (5.10) and (5.11) by 1, we arrive at 

82;r 

I-l 8t2 

82 y 
I-l 8t2 

82z 
I-l 8t2 

where I-l = 7 as I -+ 0, is the density distribution of the cable. 

These equations are exactly the governing equations for cable dynmnics 

when the cable is treated as a continuous systelll (Appendix). 

5.3.2 Effects of the Discretisation 

\Vc have proved that in the linlit the ordinary differential equations pa:-;:-; 

O\'(T ill to the continuous partial differential governing eq1l<l t ions for the nlotion of a 
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cable. However, in implementing the lump-mass-and-spring method. the spacings 

between the masses must be always of finite lengths. The influence of discretisation 

is still to be examined. 

Substituting Eqs. (5.12), ( 5.13) and ( 5.14) into ( 5.9), ( 5.10) and ( 5.11), 

and neglecting terms of order greater than O( 12
), we have 

m a2x a T ax [2 a T [)3x 
T at2 = as ( 1 + c as ) + --( -) 

24 as 1 + c as3 
[2 [)3 T ax -

+ 24 as3 (1 + c as) + Fx 

m a2y a T ay 
T at2 = as ( 1 + c as ) + 

[2 a T [)3y 
24 as ( 1 + C 8s3 ) 

+ 
[2 a3 T ay -
24 as3 ( 1 + c as ) + Fy 

m a2z a T az [2 a T [)3z 
T at2 = as ( 1 + c as ) + 24 as ( 1 + c as3 ) 

[2 a3 T 8:: -
+ 24 as3 (1 + c as ) + F:: 

The terms proportional to [2 in the above equation can be regarded as the prinlary 

influences on the cable dynamics due to the discrete modelling. To show their 

effects we drop out F F and F (the marine cable is moved into air), and assume , x, y z 

E ~ 1 

aT 
as o 

This yields the following equations 

IT &2 
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m EPy 
--
IT 8t2 (5.15) 

m 82 z 
---
IT 8t 2 

These are not the ideal wave equations for waves along the cable as they 

would be if the cable were modelled as a continuulll. Nevertheless. we know that 

waves still can be transmitted; indeed, it is not difficult to show that the following 

sinusoidal waves are solutions to Eq. ( 5.15): 

x = xoexp[R(wt - ks)] 

y = yoexp[R(wt - ks)] 

z = zuexp[R(wt - ks)] 

provided the following relation holds 

w = /T k 1- ~k2 
Tn 12 

The wave velocity is then given by 

w {t;T c- -- -
~: Tn 

Eqs. ( 5.16) and ( 5.17) indicate: 

[2 
1- -k2 

12 

( 5.16) 

(5.17) 

1. The dependence of wave velocity c on wave nunlber k shows that the waxe is 

no longer non-dispersive as would exist in a continuous ll1ediull1. 

2. If k 1 <t:: 1, that is, if the discretisation is fine enough or the wa\"{' length 2; is 

long enough in conl parison to I. we have 
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In this case, the discretisation has lit tIe effect. 

3. The maximum frequency defined by Eq. ( 5.16) is 

W max = w(k = V6) = J3T 
I 1111 

If the excitation frequency W > W max , there is no real solution of k fr0111 Eq. 

( 5.16); this suggests that k shall bec01ne complex. 

Putting 

and substituting it into Eq. ( 5.16), we have 

1 J3ml l W y+3 

k· I 
1 fl-nd ±- W --3 
I T 

If A:i adopts the minus sign, the displacenlents beCOllle 

This result indicates that the IUlnp-nlass-and-spring systelll exhibits a high-

frequency cut-off. \\Taves of frequencies higher than ,",,'711elJ.' will decrease expo-

nentially as they are travelling along the lunlp-nlass-and-spring cable. Thl' 

higher the frequency, the n1On' quickly the ,,·c\'"C dies out. 
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On the other hand, if ki assumes the plus sign, the waves theoretically become 

explosive. However, the existence of damping will prevent them from diverging 

into infinity, resulting in stable oscillations. 

The former case reflects a genuine physical phenomenon; the latter one is purely 

mathematic but nevertheless has an implication on numerical aspect. It indi-

cates the possibility of existence of parasitical motions at high frequencies. 

The above analysis on effects of the discretisation is based upon the two key 

assumptions, namely, e <t:: 1 and ~~ = 0 , which can be viewed as linearizations. 

Interesting nonlinear analysis can be obtained by inclusion of nonlinear terms. For 

example, by retaining the nonlinear terms we have in the place of Eq. (5.15) the 

following equations: 

m 82 x 82x z2 ()4x 
---------
IT 8t2 8s2 12 8s4 

m 82y 82y 12 ()4y 
---------
IT 8t2 8s2 12 8s4 

m 82z 82z [2 ()4z 
---------
IT 8t2 8s2 12 8s4 

The terms on the right side can be regarded as the contribution of nonlinear 

effects. As long as I is small, the first terms on the right side will be the dominant 

ones. This provides the ground to discard all the second terms on the right side. By 

substituting the following relation into the above equation 
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we have 

m a2 X a2 X z2 EJ4x (OX)202~ + ox~02y + OXOZ02
Z 

_ __ _ _ _ _ __ _ os os os os OS2 os os OS2 

IT at2 as2 
12 as4 

- cJ(~;)2 + (~)2 + (~;)2 
( 5.18) 

Similar equations can be derived for the other two components. 

Now consider a special case where ~:i = ~:~ = 0 and ~ -I 0, ~: -I 0 , Eq. 

( 5.18) yields: 

(5.19) 

This equation is very similar to the celebrated Boussinesq equation. We 

assume that in a region of the space-time dOlnain, the variational functions T and 

c vary slightly and therefore can be treated as constants. By means of a change of 

variables and a scaling transformation 

s' 

t' 

x' 

c 

where e ~ 1, Eq. ( 5.19) is silnplified to 

e(s - ct) 

ax 
as' 
If] 

(5.20) 

This is the Modified Korteweg-de Vries equation (MKdV). The relation between 

the KdV equation and the MKdV equation can be found in 11:iura (1968). 
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The KdV equation was first derived in 1895 in connection \Yith long water 

waves in shallow channels. Eq. ( 5.19) suggests that the transverse \Yaye can trayel 

along the lumped mass cable in the same way as the solitary \Yaye in shallow \Yater. 

first recorded in 1834 by the Scottish scientist and engineer John Scott Russell six 

miles from the centre of Edingburgh (Russell, 1840; Whithan1, 197-1: Dodd et aI, 

1982; Taniuti and Nishihara, 1983). 

5.4 FINITE-DIFFERENCE SOLUTION IN TIME DOMAIN 

The basic idea is to divide the continuous till1e into a set of discrete steps 

t = j 6. t(j = 0,1,2, ... ). Assun1ing everything is known before and at a tilne 

step t = j 6. t, the question is how to find out the unknowns at the next time 

step t = (j + 1) 6. t via the governing equations complemented by the boundary 

condi tions. 

By invoking the following finite-difference equivalents: 

"J x· z 

"J 
Yi 

"J z· t 

1'..1 
• I 

. J 
Yi 
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and linearizing Eqs. ( 5.3 ) and ( 5.4 ) as 

( . _ . )j+l ( '. _ '. )j 
X t X t-l :It :Zz-1 + 

( Z . - 7· )j + 1 ( -. - ,:". )j 
t -1-1 "'I -z-1 

we can now approximate the governing equation ( 5.2) at the till1e step t = j 6 t 

by the following finite difference equation: 

j+l 

Yi-l 

Zi-l 
j+l J j-l 

fix X· t 

1 
6t2A Yi +BC Yi 

A 
fiy --- Yi + 

6t2 

fiz 7· 
-I 

;ri+l 

Yi+l 



where 

with 

Bll sin()i_1 COS~i_l 
2 2 

B21 COS()i_1 COS~i_l 
2 2 

B31 sin~i_l 
2 

B12 -Sin()i+1 COS~i+ 1 
2 2 

B22 -COS()i+ 1 COS~i+l 
2 2 

B32 -Sin~i+~ 

Yi 

zl 

J 

+B 
(J- IE 
t--

2 
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(5.21 ) 
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and 

C11 = -(Ji_!E(Xi - Xi-t)/Ql; C21 = 0 

C12 = -(Ji_!E(Yi - Yi-d/Ql; C22 = 0 

C13 = -(Ji_IE(Zi - Zi-l)/ql; C23 = 0 
2 

C14 = -Cll; C24 = -(Ji+ IE(.l'i+l - .l'i)/Q2 
2 

C15 = -C12 ; C25 = -(Ji+~E(Yi+l - yd/Q2 

C16 = -CI3 ; C26 = -(Ji+ IE(Zi+l - ZI)/Q2 
2 

C17 = o· , C27 = -C24 

C18 = o· , C28 = -C25 

C19 = o· , C29 = -C26 

and 

1 i+ 1 i_I 
"2( FDx2 + FDx2) 

~(Fi+~ +Fi-~) 
2 Dy Dy 

1 i+1 i_I 1 
"2(FD/ + FD/) + 2Pg (li+!(Ji+! + li_!(Ji_!) - mig 

The boundary condition Eq. (5.6) can be approxilnated 11l a siluilar 

manner. As a result, there are 3 x N algebraic equations for the 3 x ~y unknowns, 

llilllldy .1':+1, y{+l and zi+ 1(i = L 2, ... , N). The tension is calculated through Eq. 

( 5.3 ) or Eq. ( 5.--1 ) once the solution of the 3 x iY unknmvns is ohtailled. 
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5.5 STABILITY OF THE NUMERICAL SCHEME 

The presence of round-off errors or any other computational errors l11ay 

lead to numerical instability. In this section the stability of the finite difference 

equation Eq. ( 5.21 ) is investigated. 

A useful method of finding a stability criterion is to eXaInine the propa-

gating effect of a small disturbance (Lax and Richtmyer, 1956; Ames, 1969). The 

criterion for stability is the condition which guarantees that this s111all disturbance 

will not become unbounded with successive tilne steps. Here to si111plify the illYCsti-

gation of the stability, all the tenns involving virtual inertia and drag are Olnitted. 

We introduce the following disturbances to the variables .1', Y and:: at dif-

ferent positions and on different time steps: 

-j+l 
Xi-l 

j+l + 8 j+l 
Xi-1 Xi-1 

-j+1 
Yi-1 

j+1 + 8 j+1 
Yi-1 Yi-1 

-j+1 
Zi-1 

j+1 + 8 j+1 
Zi-1 Zi-1 

-j+1 " 1 +1 
x" xi+ + 8xi t 

-j+1 " 1 "+1 
Yi Y;+ + 8y; 

::::j+1 j+1 + 8 _)+1 
-z Z, -I 

-j+1 
xi+1 

)+1 8 ..1+1 
Xi+1 + J i+1 

-j+1 
Yi+l 

j+1 8 j+1 
Yi+1 + Yi+1 

~.7+1 _.1+ 1 8 _.1+ 1 
-i+l -i+l + -i+1 



-i x· , 

-} 

Yi 

-i z· , 

-j-l 
X' , 

-j-l 
Yi 

-j-l 
Z· , 

Substituting in Eq. ( 5.21 ) we have 

-x· , 
j+l 

x~ + 8:d , , 

yf + 8yf 

z4 + 8zj , , 

X~-l + 8:d-1 , , 

yf-l + 8yf-1 

zj-l + 8zj-1 , , 

-Yi-l 

-X· , 

i+l 

+ (B + 8B)(C + 8C) 

X· 1 

-z· 1 

} 

+ (B + 8B) 

A 
=---

(j. IE 
1--

2 

X· , 

Yi 

z· 1 
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i-I 

( 5.22) 

Subtracting Eq. (5.21 ) from the above one and linearizing the resulting 

equation to the first order, we have the governing equation for the propagation of the 
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small disturbance: 

i+l i+l 
OXi-l Xi-l 

°Yi-l Yi-l 

OZi-l Zi-l 
i+l 

Ox· Ox· X· , , 
1 

1 
~t2A °Yi +BC °Yi + (BoC + CoB) Yi 

OZi OZi Zi 

OXi+l Xi+l 

OYi+l Yi+l 

OZi+l Zi+l 

i-I J 

OXi OXi 

A 2 a· IE 1--

--- °Yi + ~t2A °Yi +oB 2 (5.23) 
~t2 

(J'i+ 1 E 
OZi OZi 

2 

A solution of the above equations can be obtained in the form: 

OX~ 
1 

ri eHif3 
x 

oyt ri eHif3 
y 

(5.24) 

oz! 1 r i eHif3 
z 

Assuming 

r i +1 
x rj 

x 
r j - 1 

x 

ri +1 =A r i = A2 r i - 1 (5.25) 
y y y 

r i +1 
z r J 

z 
r j - 1 

z 
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and substituting Eqs. (5.24) and ( 5.25 ) into Eq. (5.23), we have a system of 

linear homogeneous equations for r~-l, rt-1 and r~-l. For non-trivial solution, the 

determinant of the coefficients must be identically zero, which gives the characteristic 

equation for the amplification factor A. 

To facilitate the following analysis, we assume: 

Xi - Xi-l ~ Zi - Zi-l 

Yi - Yi-l ~ Zi - Zi-l 

Also we assume that within a small region of the space-time domain, variational 

functions vary slightly, hence they can be denoted by 

T'+1 = T· 1 = T '2 1- 2 

a-'+1 = a-. 1 = a-'2 1- 2 

/.+1 = [. 1 = [ 
1 2 1- 2 

Under these assumptions, 8B = 8C = 0, the characteristic equation can be 

written as 

( 5.26) 
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where 

m 0 0 0 0 

A= 0 m 0 B= 0 0 

0 0 m 1 -1 

0 0 _uE 0 0 uE 0 0 0 
c= 

I I 

0 0 0 0 0 uE 0 0 uE 
--I I 

exp(-Hf3) 0 0 

0 exp(-Hf3) 0 

0 0 exp(-Hf3) 

1 0 0 

D= 0 1 0 

0 0 1 

exp(Hf3) 0 0 

0 exp(Hf3) 0 

0 0 exp(v'-f{3) 

Multiplying the elements of the determinant, we obtain the following solu-

tions to A: 

Al = A2 = A3 = A4 = 1 

1 ± -/ -4sin2fl uE ~ t2 
A - V 2 1m 

5,6 - 1 + 4sin2~~! ~ t2 

It is not difficult to show that all lAd < 1, for i = 1,2, ... ,6. Consequently 

the finite difference approximation Eq. ( 5.21) is unconditionally stable. 
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Though, generally speaking, stability is not drastically changed by bound

ary conditions, they do have influences. A more rigid analysis should take the 

boundary conditions into account, as well as the drag and the inertia effects. In 

addition to discarding all the assumptions made here. 

5.6 COMPUTATIONAL ASPECTS 

5.6.1 Procedure 

The computational procedure is illustrated by Figure 5.3. It is reCOIll

mended to start from a static equilibrium position of the cable in order to avoid 

transient behaviour. For the same reason, care needs to be taken for the upper end 

boundary conditions to avoid any impulsive loading to the system. 

5.6.2 Geometrical Discretisation 

The number of massless segments should be sufficient in order to describe 

the position of the cable satisfactorily and to achieve numerical convergence. Also. 

it should be fine enough to let genuine high frequency waves pass through and to 

prevent the occurrence of parasitic motions. 

5.7 NUMERICAL EXAMPLES 

Numerical simulations have been carried out to demonstrate the \"alidity 

of the method and to investigate the effect of various factors on t he Blot ions of a 
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subsea unit such as the excitation frequency and the underwater current strength. 

The particulars of a factual system of cable and subsea unit used in the 

following numerical investigations are: 

diameter: 
length: 

Young's modulus: 
mass distribution: 

CN and CT 

mass of subsea unit 
Max, May, Maz 
CDx, CDy, CDz 

Sx, By, Sz 
Vo 

5.7.1 Convergence 

0.047m 
300m 
9x109 N/m2 

5.4 kg/m 
1.2 and 0.01 
3000 kg 
3000 kg 
1.5 
0.5 square metres 
0.354 cubic metres 

Figure 5.4 shows the numerical convergence as the number of massless 

segments increases. In this case, the top end of the cable is subjected to the following 

forced motions: 

x( t) sin(0.314t) 

y( t) sin(0.314t) 

z( t) sin(0.314t) 

The calculation starts from a stationary unstrained cable configuration which lies 

on the z-axis. It can be seen that 20 segments are more than adequate to guarantee 

convergence. 

An adequate number of the segments is not primarily dependent upon the 

length of cable under consideration. It is more dependent upon the trall:-;\Tr:-;(' Wel\T 
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length in the cable. In the following example, the same system of cable and subsea 

unit is subjected to excitations of higher frequency at its top end: 

x(t) sin(1.256t) 

y(t) sin(1.256t) 

z(t) = sin(1.256t) 

The transverse wave length decreases. Consequently, at least 40 segments are needed 

to achieve the numerical convergence, as shown in Figure 5.5. 

Other distinct features observed include: 

1. As expected, the periods of the subsea unit motions are equal to the periods 

of the forced motions. 

2. There is a transient vertical vibration due to the impulsive action of t he grav

itational force upon the system. This motion dies out quickly in a time of 

several periods. 

3. Due to the viscous drag of the fluid medium, the transverse motion of the 

subsea unit is reduced in comparison with the transverse motion at the top 

end. 

5.7.2 Effect of the Current 

Figure 5.6 shows the results for the same system under the action of un

derwater current. In this case the top end excitations are: 

.z;( t) = s in( O.314t) 



y(t) sin(0.314t) 

z(t) = sin(0.314t) 

and a uniform current acts in the direction of the x-axis at a speed of 0.5m/s. 
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The effect of the current is clearly demonstrated here. It offsets the subsea 

unit away from its initial position to a new mean position, and attenuates the ampli

tude of transverse oscillation around this new mean position. Also the mean vertical 

position of the subsea unit has been raised slightly though the current has little effect 

on its vertical amplitude. 

5.7.3 Effect of the Excitation Frequency 

The conditions for Figure 5.7 are the same as the ones for the last example 

except that the forced vibration frequency has been increased to 0.628 rad/s. The 

transverse motion of the subsea unit has further attenuated though its mean position 

has hardly changed. This is as expected since the mean position is mainly deter

mined by static parameters such as the strength of the time-invariant current and the 

gravitational forces. It is weakly related to dynamic parameters such as periods. 

5.7.4 Loop Turn 

The suite of programs is used to examine a loop turn manoeuvre. In still 

water the system starts moving from a static unstrained position with a towpoint 

speed of 4 m/ s. The towpoint runs straight for 800 meters before tangentially turning 

through a circle of diameter 300 metres. After this 360 degree turn, it continues along 
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the straight line. The results are given in Figure 5.8. 

Figure 5.9 shows the same loop turn manoeuvre except in this case the tow

point speed is 2 m/ s. The effect of the speed is self evident. 

Figure 5.10 shows the same system under the same manoeuvre in air (aero

dynamic drag force is not considered). Unlike the previous cases where the drag force 

plays a significant role, the unit swings transversely once it enters into the circle. Also 

due to the lack of damping, the initial vibration, caused by the impulsive action of 

the gravitational force upon the system, persists. 

5.8 CONCLUDING REMARKS 

In this chapter, a mathematical analysis has been provided regarding various 

aspects of the lump-mass-and-spring method. The numerical approach results in 

a highly comprehensive and efficient method for analysing three-dimensional cable 

dynamics. 
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Chapter 6 

HEAVE COMPENSATION 

Once more upon the waters! yet once more! 
And the waves bound beneath me as a steed 
That knows his rider. Welcome to their roar! 
Swift be their guidance, wheresoe'er it lead! 

In K. Clark's Civilization 

6.1 GENERAL REMARKS 

6.1.1 Statement of the Problem 

154 

One of the key problems associated with subsea operation involving tethered 

subsea units is the motions of support vessels on the ocean surface which can be 

transmitted to the subsea unit through the cable and increase the tension. In gen-

eral, environmentally induced responses of a support vessel can be divided into three 

frequency ranges: 
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1. Static offsets which include responses to steady current forces, mean wind forces 

and mean wave drift forces. 

2. Low frequency motions which include motions due to wind, ocean current and 

the second order wave forces. 

3. Wave frequency motions due to the first order wave forces. 

The first two kinds of motions can be effectively counteracted by auxiliary 

vessel positioning systems such as mooring systems (Luo, 1990; Inoue, 1991) and 

dynamic positioning systems (Grimble et aI, 1980; Fung et aI, 1982; Lee et ai, 1989). 

It is the third one that poses the most formidable challenges to the subsea intervention 

operations. The safety and performance of these operations are severely limited by 

the wave frequency vessel motions, and as a result, operations are often suspended 

during heavy weather. Curtailment of operation can be very costly, and possibly 

intolerable, as in the cases of military and rescue operations. 

Also, there are some delicate subsea operations which require the ability to 

decouple the surface support vessel motions from the vessel-lowered tethered instru

ments. For example, the vertical ocean profiling of ocean parameters such as temper

ature and salinity can be seriously affected by the nonuniform drop rate caused by 

vessel motions (Kidera, 1983; Kidera and Mack, 1983). 

The points at which the cable is normally attached to the vessel, namely 

the boom tip or the tip of an A-frame, have three translational motion components. 

Among these heave motion is likely the most hazardous. It is against this background 
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that the concept of heave compensation has been proposed. 

6.1.2 Aim 

The aim of heave compensation is to develop such a system that the tethered 

subsea unit working under the sea surface does not experience any heave motion 

transmitted through the umbilical cable, or that motion is attenuated as much as 

possible. 

Though autonomous subsea unit systems have been proposed (Rodseth and 

Hallset, 1991), where no disturbances are transmitted through the removal of the 

umbilical link, they are not of our concern in this chapter. 

6.1.3 Problem Characteristics 

In this chapter we consider heave compensation, and assume that the problem 

can be regarded as one-dimensional. Neither lateral forces nor lateral motions are 

included in the analysis. 

With reference to Figure 6.1, we denote the system of cable/subsea unit by S 

which is under the excitation of the input J(t) producing the output O(t). The input 

I is defined as the motion of a fixed point on the cable somewhere near the boom 

tip, whilst the output 0 represents the motion of the subsea unit. In a mathematical 

notation, we have 

O(t) = S[J(t)] 



15i 

A measure d{-} is defined on every I(t) and O(t) 1 Under this measure 

intuitively we have 

1. d{O(t)} = 0 if and only if d{I(t)} = o. 

2. d{02(t)} > d{OI(t)} if and only if d{I2(t)} > d{Il(t)}, where 02(t) = S[I2(t)] 

and OI(t) = S[II(t)] 

3. d{ O( t)} is continuously dependent upon d{ I( t)} 

From the theory of function analysis, it is evident that the necessary and 

sufficient condition of reducing output O(t) is to reduce the input I(t), in the sense 

defined by the measure d { . }. 

The implication of this argun1ent is that whatever heave compensation 

system is to be employed, either the boom tip heave Inotion has to be suppressed, 

or a continuous displacen1ent has to be produced which opposes the boom tip heave 

motion. As a result, there Inust be a fixed point on the cable somewhere near its 

top end which is ahnost always in a horizontal plane. 

6.1.4 Approaches 

Various ideas relating to heave cOlnpensation can be conveniently divided 

into two groups: 

1. Support vessel's stabilising systen1s (Figure 6.2) 

1 A general definition of the measure ma.y be difficult to find. However, it can be defined if we are 
considering a specific subset. For example, in "case that all 1{t) and O{t) are sinusoidal functions of the same 
frequency, the measure can be defined as the amplitude. 
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The basic idea in this kind of system is to introduce some acti,oely or pas

sively controlled appendages or mechanisms which offer stabilising effects to 

the whole vessel or that part of it where the subsea unit is handled. 

Such systems, for example, include bilge keels, fins, tank systenls. mOYlng 

weight systems, and submerged adjustable stabilising pontoons fitted to Yerti

cal columns sliding into trunks in the hull of the support vessel (Rm\Oson and 

Tupper, 1986). 

It is reported that with such systems, the vessel's heave motion can be reduced 

by 50%. In addition to providing a stable deck space for operation, this kind of 

system significantly improves the working conditions for personnel and reduces 

fatigue in the cable system. However, it does have drawbacks such as high cost 

and loss of efficiency in certain operational conditions. Such special purpose 

vessels are not always commercially viable. 

2. Onboard mechanical system (Figure 6.3) 

There are several types of onboard system: 

• boom bobber system 

This system drives up and down the boom in such a way that the boonl tip 

stays approximately in a horizontal plane. Surely this is not an economic 

system. In addition to the limitation imposed by the range of trayd of 

the boonl, it needs a great amount of power supply to driye up and down 

such a heavy structure. 
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• ram tensioner (Kozik et aI, 1976; Woodall-Mason and Tilbe. 1978) 

Usually this is a passive compensator acting as a soft spring with a nat

ural period significantly longer than the period of the boom tip Illotion. 

Though it is a reliable system, being able theoretically to maintain COIl

stant cable tension, and is widely used in industrYl its performance be

comes poorer when the period of the boom tip motion increases. Also this 

system often requires an unacceptably large number of gas accumulators . 

• moonpool (Kuo, 1978; Lee 1982; Day, 1987) 

This system involves a vertical well in the support vessel and an enclosed 

space above the well with a pontoon floating on the water surface within 

the well. The handling system of the subsea unit is mounted on the 

pontoon whose heave motion is greatly reduced by the design of the well. 

• winch system 

This system compensates the heave motion by means of an automatic 

winch control system. The winch pays out or hauls in the cable in such 

a way that a fixed point on the cable near its top end remains approx

imately in a horizontal plane. In order to create such a compensator, a 

fast responding drive system for the winch is required. 

The advantages of this system are its relatively small size, its compact 

structure and easy handling system. However. fatigue and reliabili ty may 

cause problems in practical designs. 
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The inventory can be drawn up from a different point of view, that is. 

whether the device is actively controlled or passively actuated. An actively con

trolled system requires a measurement systeITI and an extra energy supply. On the 

other hand, a passively controlled system operates without using any external en

ergy supply. Instead it uses the potential energy generated by the current system 

response to control the system's subsequent response. It is easy to see that such a 

control action is limited depending as it does on the momentary potential energy of 

the system. Nevertheless, passive systems have the advantages of being reliable and 

can generally adequately compensate the heave Illotion at high frequencies where 

the potential energy is higher. Although, generally speaking, the active system costs 

more than the passive one, this econonlical disadvantage can be far outweighed by 

the advantages involved in its use: greater effectiveness, efficiency and flexibility. 

It is envisaged at this stage that the future of heave compensation lies in 

a combination of the passive spring-like cOlllpensator and the actively controlled 

winch system. The passive component compensates a part of the heave motion and 

boosts the system's reliability while the active systelll reIlloves the residual effect of 

the heave motion. 

6.1.5 Concerns of the Chapter 

In this chapter we are concerned with an actively controlled winch sys

tem for heave compensation during the operation process. The selection of this 

particular strategy is a natural outconle of the review carried out in the previous 
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subsection. 

There are two different types of design philosophy involved in active winch 

heave compensation systems. 

1. Feedforward System 

The idea of this system is illustrated in Figure 6.4. In this case, a sensor 

is mounted on the boom tip to measure its heave motion. The signal of the 

measurement is then fed into a controller and the winch is actuated accordingly. 

In so doing, the dynamics of the cable needs not be considered, thus the 

design of the systeln can be greatly silnplified and becomes applicable to many 

situations in spite of diversity in cable/subsea unit systelns. 

2. Feedback System 

The idea of this system is illustrated in Figure 6.5. In this case, a sensor 

for measurement is mounted directly on the subsea unit, and based upon this 

signal the winch on deck is Inade to payout or haul in the cable. Needless to 

say, in this case, a sensible design of the controller requires an understanding 

of the cable dynamics. 

The following considerations allow us, in the remainder of this chapter, to 

confine ourselves to the second approach: 

1. It is believed that the Ineasurenlent of the state of the subsea unit can be more 

easily and more accurately achieved than the n1easuren1ent of the position of 
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the boom tip. 

2. The feedback system is more suitable in the presence of uncertainties in the 

applied boom tip motions and the system parameters. 

3. The cable dynamics no longer imposes any formidable difficulties. 

6.2 MODELLING AND DESIGN OF A REGULATOR 

In this section, the automatic control theory is applied to control the action 

of the onboard winch. It is intended to develop a practically useful control mecha

nism with consideration given to the time-delay effect on the system performance. 

6.2.1 An Explanation of the Problem 

An active winch compensation system consists of hydraulic, mechanical, 

structural and electronic components. Nevertheless the system can be theoretically 

dissected into three basic components: cable, winch and controller. The dynamics 

of the first two components should be well investigated before the controller can be 

properly designed. 

1. Modelling of the cable dynamics 

In the Appendix, rigorous mathematical formulation has shown that a second 

order non-linear hyperbolic equation will accurately model the cable dYIlalnic~. 

However this mathematical description is not in a form that can be ca~ily used 
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for control system design. Assumptions are therefore made to simplify the 

model. 

2. Modelling of the winch 

The winch plays a crucial role in the whole system. Whether it is possible to 

prevent transmission of the heave motion of the boom tip to the subsea unit 

depends on whether the winch can react as quickly as required. The winch can 

usually be modelled by an ordinary differential equation. The higher the order 

of the differential equation, the more accurate the model. The model normally 

contains parameters to be detennined. For a specific hydraulic winch one 

has to rely on experiInental infonnation. The parameters can be determined 

either directly via the experilnents or by system identification Inethods using 

experimental infonnation. 

3. Design of the controller 

Among the classic control techniques, the proportional integral differential 

(PID) controller finds wide application in process control systems. However, 

finding an optimal adjustnlent of the controller is often a troubleson1e task. 

Furthermore, the determination of the proportional gain, the integral gain and 

the differential gain is only dependent upon the input-output behaviour of the 

open-loop systeln. It can not take the internal structure of the systen1 into 

account. On the basis of these considerations, the modern control theory is 

employed, naIllely, the state space l11ethod (Takahashi et aI, 1970; Leipholz 
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and Abdel-Rohman, 1986; Borrie, 1986; Friedland, 1987: Furuta et al. 1988). 

6.2.2 Modelling of the winch 

The winch is a device for generating the control action under a power 

supply. A simple model for this device is depicted in Figure 6.6 (Jan1es et aL 1965). 

The governing equation for this simple closed-loop mechanical systell1 can 

be given by: 

it + I{ 'U = I{ Uo (6.1 ) 

where u represents the output of the winch under the excitation of the input Uo. 

The dot indicates differentiation with respect to tin1e. 

It should be pointed out that this 1110del has certain lill1itations. First of 

all, it does not exhibit the inertia effect which exists in any real servOlllcchanisll1. 

Secondly, it assumes a linear relationship between the input and the output defined 

through the governing equation. 

The behaviour of this nlodel can be illustrated by subjecting it to the 

following two different types of inputs: 

1. A step function (transient behaviour) 

In this case, 'U.o is given by: 

o t < to 
Uo = 

11/ t > to 
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The solution then is 

o t < to 
u= 

u/{l - exp[-]{(t - to)]} t > to 

As shown in Figure 6.7, the output approaches the input. The larger the "alue 

of ]{, the more quickly will the output approach the input. 

2. A sinusoidal input (steady behaviour) 

In this case, 

Uo = u/sin(wt) 

The output is given by 

It is immediately evident, as shown in Figure 6.8, that if ]{ is large enough, 

the output will be essentially equal to the input both in Inagnitude and in 

phase. 

The physical implication of requiring a large value of ]{ deluands an abili ty 

to deliver an unlilnited power supply at a high rate. Howe\'er, in reality c\'cry control 

component exhibits the effect of saturation. For exanlple, the range of signal (air 

pressnre, electric current, etc.) used to operate a \'ah'C' is bounded, as well as the 

valYc stroke itself. The S(l turation sets a lillli t to ]{, and beyond this liluit the 

rela.tion between the output and the input beconlE's nonlinear. 
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6.2.3 Modelling of the cable 

A simple second order linear model is proposed for the system of cable and 

subsea unit, given by 

ax + bi + x = xo (6.2) 

where x is the motion of the subsea unit, and Xo is the motion of the boom tip. 

The two coefficients a and b shall reflect the state of the system. They are 

determined by the system identification method, as illustrated in Figure 6.9. For 

a given cable and subsea unit, we first simulate, in the time domain, the subsea 

unit response to a given stochastic input of the boom tip motion using the method 

described in Chapter 3. The task of system identification is then performed to find 

the two coefficients a and b which provide the best fit for the response. 

The iterative scheme of the system identification for determining a and b is 

a 
described as follows. Letting stand for the kth approximation of a and b, and 

b 
k 

the (k + 1 )th approximation be 

a a 6a 
+ 

b b 6b 
k+l k k 

6a 
then the is given by 

6b 
k 

6a 
= (XIXk)-IXIek 

6b 
k 



where 

z(td - xk(td 

Z(t2) - xk(t:d 
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The subsea unit motion at tilne equal to ti is represented by z(tl),i = 1,2,,'" L 

and is obtained by invoking the nlethod described in Chapter 3, whilst ,rk·(td, i = 

1,2, ... ,L are the results found by solving Eq. (6.2) where a and b are set at 

their kth approxilnations. The elenlents in the Inatrix X k are given by solving the 

following auxiliary ordinary differential equations: 

Xl a 

:r2a 

,r'].6 

1 1 b 
X 2b - - ,/, 2 - - ,r lb - -;1' 2b 

a a ([ 



subject to initial conditions: 

Xla(O) 

X2a(O) 

Xlb(O) 

X2b(O) 
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=0 

A better model can be achieved by introducing nonlinear terms. For ex

ample, instead of Eq. ( 6.2), we propose 

ax + b±I±1 + x = Xo (6.3) 

However, such a nonlinear model would cause considerable difficulties in the con

troller design. Hence, we confine ourselves throughout this chapter within the 

bounds of linearity. 

For a detailed description of system identification, see Kalaba and Spingarn 

(1982). 

6.2.4 Optimal control: the design of the control law 

The open-loop consisting of the winch, cable/subsea unit is governed by 

ax + b± + x = Xo + u 

it + ]{u = ]{uo 

( 6.4) 

(G.3 ) 



169 

In a state-space form, the governing equations beconle 

x 0 1 0 x 0 0 
d 

x 1 b 1 + 0 Uo + 1 ·1'0 (6.6) dt x a a a a 

U 0 0 - ].: U ]{ 0 

or in a short form 

x = Ax + BUD + Cxo (6.7) 

where 

x 0 0 

x= x B= 0 C= 1 
a 

U ]( 0 

0 1 0 

A= 1 b 1 
a a a 

0 0 -]( 

Since the objective in heave c01npensation is to stri"e for a zero steady 

state response, it bec01nes obvious that what we are concerned with is a regulator 

problelll. In this case the perfornlance index .J of the optinlal regulator control is 

defined by 

(6.8) 

and the optinlal control is obtained fr0111 

'UO = Gx ( 6.9) 

wi t h the optinlal gain in stci.ldy state given by 

G = -R-1B'J'1\I (6.10) 
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where M is the solution of the following Riccati matrix equation (Roberts. 1971; 

Denman, 1976; Balzer, 1980; Anderson, 1978; Friedland, 1987) 

MA + ATM - MBR-1B™ + Q = 0 

6.2.5 Account of the time delay 

The control of the heave compensation system starts with measuring the 

subsea unit's response and then transmitting the signal into the winch. It ends up by 

actuating the winch according to the control law. This process involves a time delay 

between the instant of the measurement and that of applying the control action. In 

this subsection, we shall examine the effect of the time-delay (Hammarstrom and 

Gros, 1980; Leipholz and Abdel-Rohman, 1986). 

We assume that most time delay in the system may be attributed to the 

winch. In this case, the equations of the dynamic behaviour of the system are: 

ax(t) + bx(t) + x(t) = xo(t) + u(t) (6.11 ) 

u(t) + ]<u(t) = Kuo(t - r) (6.12) 

where r equals the delay. 

By using Taylor's theorem, we have 

2 

uo(t) = uo(t - r) + ruo(t - r) + ~uo(t - r) + ..... . 
2 

This series is truncated to the second order, resulting in the following second order 

differential equation in terms of uo( t - r) 

(G.13) 
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Combining Eqs. ( 6.11), ( 6.12) and ( 6.13), we have the following system 

of equations in the state space form: 

x 0 1 0 0 0 x 0 0 

. 1 b 1 0 0 
. 1 X X 0 a a a a 

d 
dt u 0 0 -I( I{ 0 u + 0 Uo+ 0 Xo 

UO(t - r) 0 0 0 0 1 uo(t-r) 0 0 

uo(t-r) 0 0 0 2 2 UO(t - r) 2 0 - 7 2 7 7 2 

(6.14) 

or in a short form 

Xc = Aexe + BettO + CeXO (6.15 ) 

This equation is in the sanle fonn as Eq. ( 6.7), hence the same strategies 

can be used to design an optilnal controller. In order to assess the effect of the time 

delay, the following indices are defined 

( 6.16) 

( 6.17) 

( 6.18) 

in which Jd involves the displacenlent of the subsea unit, Jv involves its velocity 

and Je involves the control energy required. G i are a.ll elements of G defined by Eq. 

( 6.10). 
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6.2.6 Numerical examples 

An attempt to select factual cable/subsea unit parameters was made. The 

data chosen are: 
cable length: 

cable diameter: 
Young's modulus: 

cable weight in water: 
cable mass distribution: 

tangential drag coefficient: 
subsea unit weight in water: 
subsea unit projected area: 
subsea unit effective mass: 

drag coefficient of subsea unit: 

900m 
0.047m 
9.09E9 N/m2 

54 N/m 
7.2 kg/m 
0.025 
50000 N 
1 m2 

125000 kg 
1 

In Figure 6.10, an artificial random time series is generated to represent 

the boom tip motion. The response of the subsea unit is then simulated and the 

result is given in Figure 6.11. Using the system identification method described in 

Section 6.2.3, we have the simple model defined by Eq. (6.2) with a = 7.339769 

and b = 0.1906759. The response of the subsea unit is then reconstructed using the 

simple model, which gives the result in Figure 6.12. 

A reasonably good agreement has been achieved between the results in Fig-

ures 6.11 and 6.12. It has been noticed that the values of a and b are scattered in a 

narrow band if the number of the points used in the least-squares estimation varies. 

In Figure 6.13, a better result is achieved by using the model defined by Eq. ( 6.3). 

Having constructed a simple model for the cable/subsea unit system, we are 

now able to proceed with the design of the controller, as described in Section 6.2.4. 

The results are presented in Figure 6.14 to Figure 6.16. One observes a large reduction 

in the response of the subsea unit when the active control is introduced. As one would 
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expect, the output of the winch acts to oppose the boom tip motion. This conclusion 

was reached in Section 6.1.3. 

The time-delay effect is depicted in Figures 6.17, 6.18 and 6.19. In Figure 

6.17, the controlled and the uncontrolled responses are presented for the previous 

system, the only difference being that in this case a time-delay of 0.28 has been 

introduced. It can be seen that the controlled response can still be kept small. How

ever, there is a significant increase in the control energy required which is manifested 

through the increase in magnitude of the gain. Indeed this may be observed in Figures 

6.18 and 6.19 where the displacement index and the velocity index defined by Eqs. 

( 6.16) and ( 6.17) respectively are plotted against the control energy index defined 

by Eq. ( 6.18). It is obvious that in order to achieve the same control effect, more 

control energy is required if the time-delay is present. 

6.3 STOCHASTIC CONTROL: AN OVERALL APPROACH 

It has been shown in the previous section that the heave compensation as a 

regulator problem is not dependent upon the characteristics of the boom tip motion. 

However, if the boom tip motion is known a priori and formulated into the state 

equations, presumably a better result can be obtained. 

The stochastic control theory is applied here due to the fact that the boom 

tip motion is random in nature. In order to design a suitable optimal control law , it 

is necessary to be able to generate the boom tip motion by feeding an appropriate 
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filter with white noise. This demands the modelling of environmental factors such 

as sea wave and vessel dynamics, in addition to the modelling of the winch and the 

cable/ subsea unit system described in the previous section. Once the filter is designed, 

finding an optimal stochastic control law becomes a straightforward problem (Athans, 

1972; Friedland, 1987). A block diagram is shown in Figure 6.20 to illustrate the 

design procedure and the structure of the control system. 

6.3.1 Modelling of sea waves 

In this subsection, the stochastic wave elevation is approximated in such 

a way that the error between the wave spectrum and the approximated spectrum 

defined by the filter fed with white noise is minimized: 

(6.19) 

where Sw is the wave spectrum. S~ is a rational approximation. H is the transfer 

function of the filter. S:: is the power spectral density of white noise: 

SW = 1 
w 

As an example, we use the Bretchneider wave spectrum 

(6.20) 

where H1/ 3 is the significant wave height, and Wm is the modal frequency. 

A rational approximation to this spectrum is given by (Triantaffyllou et aI, 

1983) 

(6.21) 
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where 

S 1.25 2 
o = -4 H1/ 3 • 1.8861 

Wm 

Wo = O.9538wm 

As the result, we have the following expression for the transfer function 

H( ) - rs (! )2 
s - Vao . [1 + 1.414~ + (~)2]3 

Wo Wo 

(6.22) 

The state space representation of the transfer function given in Eq. ( 6.22) 

can be expressed as 

( 6.23) 

where 17 is the sea wave elevation, Xs represents the state variables of the model, and 

w is the white noise of unit power spectral density. 

0 1 0 0 0 0 

-w2 
0 -1.414wo 0 w2 

a 0 0 

0 0 0 1 0 0 
As= 

0 0 _w2 
0 -1.414wo 0 w2 

0 

0 0 0 0 0 1 

0 0 0 0 w2 
- 0 -1.414wo 
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0 

0 

0 
Bs= 

0 

0 

1 

C, = [ $a 0 0 o 0 0 1 

6.3.2 Modelling of vessel dynall1ics 

It is desirable to have an accurate vessel nl0del capable of pn)yiding theo

retical prediction of the boOlu tip nlotion. However this is not an easy task. In the 

linear ship ruotion theory, the dynmllics of the floating body consists of the solution 

of the following equation 

(M + 8)q + Bq + Cq = F (6.2.t) 

where q is the vector of generalized coordinates describing the ship's position. 

M is the generalized nlass lllatrix. 

8 is the added nlass nlatrix due to the hydrodynanlic forces. 

B is the dmuping nlatrix due to the hydrodynanlic forces. 

C is the restoring nlatrix due to the hydrost a tic effects. 

F is the generalized W(1YC ('xci tation forces. 
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The ship dynamics can also been seen as a transfer function in the frequency 

domain. It takes a great deal of data and calculations to obtain the transfer function 

of our concern, namely the relation between the wave motion and the vertical motion 

of the boom tip, through solution of Eq. ( 6.24). In order to simplify the whole 

procedure, it is assumed that the relation can be approximated by a second order 

filter governed by 

(6.25 ) 

where Xo is the vertical coordinate of the boom tip. ~v, W v , and ]{v are all paranleters 

to be either determined empirically or derived from a sea-keeping prograln. The 

system identification method can be used here to determine the parameters. 

In the state space form, Eq. ( 6.25) becomes 

(6.26 ) 

where 

o 1 

o 



6.3.3 Modelling of the cable/subsea unit and the winch 

The equations are rewritten here: 

where x is the vertical coordinate of the subsea unit, 

o 

o 

1( 

o 1 o 

o 0 -1{ 

o 

Bm2 = 1 
a 

o 

em = [ 1 0 0 1 

6.3.4 Stochastic opthnal control design 

( 6.27) 

Eqs. ( 6.23), ( 6.26) and ( 6.27) can be conlbined to yield one single systClll 

given by 

,/' = ex (G.:28) 
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in which 

Am B m2 C b 0 

--- ---- - ---

A= 0 Ab BbCs 

- -- ---- ----

0 0 As 

Bml 0 

- -- - --

Bl - 0 B2 - 0 

- -- - --

0 Bs 

C= [ C m I 0 I o 1 

Xm 

- --

X= Xb 

- --

An objective function has to be specified in order to find an optilnal control 

la\\', In the presence of randOll1 variables, the objectiyc function is considered as a 

function of the average response and the control cllcrgy. l" sing a quadrat ic object iyc 
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function, we have 

(6.29) 

where Q and R are non negative weighing matrices. 

The optimal control law is given by 

(6.30) 

where M is the solution of Riccati matrix equation. 

The effectiveness of control is to be measured in terms of the mean square 

controlled response. To calculate the variances and covariances of the state ,"ari

ables, thereby to check the controlled mean square response, we need to solve the 

Lyapunov matrix equation: 

(6.31 ) 

where 

A uncontrolled 
Ao= 

A - B1R-1BiM controlled 

6.3.5 Optimization 

In the previous sections, emphasis was put on finding the optilnal cont 1'01 

law once the values of the parameters were given. However, one should reali:-;(' that 



to design an optimal system of heave cOlnpensation 1 optilnization of the syste1l1 

parameters should also be considered. 

When all the parameters in the Eqs. ( 6.28) and ( 6.29) hm"e been specified. 

the optimal control law can be found through the algorithnls presented in last 

section. Substituting Eq. ( 6.30) into Eq. ( 6.28), we obtain 

x = ex (6.32) 

Since this equation's coefficients are tilne in,"ariant. the Fourier transfor-

mation results in the following Inatrix equation 

(HwI - Ao)X(Hw) = B 2 Tl T(Hw) 

where 

j
+OO 

X(Hw) = F{x(t)} = -00 x(t)e-Rwtdt 

j
+OO 

vV(Hw)=F{w(t)}= -00 w(t)e-Rwtdt 

The relation between the input and the output in the frequency dOlnain is 

){(Hw) = H(Hw) .1V(Hw) 

where the transfer function H is given by 

(6.33 ) 

The power spectral density function of the randonl subse<l unit response is 

then gi \"(-\11 as 



(6.34) 

The standard deviation of the subsea unit response is gi,"en by 

(6.33 ) 

In a real situation, parameters of the sea wave and the vessel are gIven 

beforehand. They can hardly be changed. To a certain extent. howe'"er. we can op

timize the parameters of the winch or the cable in order to achieve better operation 

performances. 

An optimal value of the paralneter in question can be deduced by an opti

mization process consisting of the following steps: 

1. Assume values for the paralneter and design the optimal control law. 

2. Evaluate the control energy consun1ed. 

3. Calculate the standard deviation of the subsea unit response. 

4. Find the optilnal value of the paralneter by plotting the control energy against 

the value of the paralneter for a prescribed standard deviation. 

It is clear that the deduced paran1eters are optin1al in the sense that the 

least energy is required to n1eet certain criterion set beforehand for the subsea unit 

response. When minilnising the energy conslunption is not the only objectin? of the 

design, this optin1ization process ceases to be valid. 

At this stage we can not calculate the real control energy consUlllption. 

HO\\'CHT an index of the control energy for relati,"e cOlllparison 111ay bc given (\~. for 



example, 

energy index = J>i= ~ 

6.3.6 Numerical examples 

The values of the parameters selected are as follows: 
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1. environmental parameters: significant wave height H1/ 3 = 10ft = 3.048m, 

modal frequency Wm = O. 785rad/ s. These values correspond to sea state 5. 

(Wind speed is about 20 knots) 

2. ship dynamics parameters: Wv = 0.393rad/ s, ev = 0.6, Kv = 0.5 

3. winch parameter: K = 1. 

4. cable/subsea unit parameters: a = 0.8959, b = 0.1658 

The subsea unit is assumed to have been at rest before the application of 

the wave. Under these conditions, the controlled and the uncontrolled responses of 

the subsea unit are determined. It is also assumed that continuous measurements are 

supplied to a Kalman filter which subsequently processes the signals and estimates 

state variables. 

Figure 6.21 shows the rational approximation of the wave spectrum. Further 

improvement is needed here. 

Figure 6.22 presents a realisation of the wave elevation. 

Figure 6.23 shows the uncontrolled response of the subsea unit. The standard 

deviation, a, is 0.255m. 
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Figure 6.24 shows the controlled response where (T equals 2.96 x lO-4m. The 

control effect is evident. 

Figure 6.25 gives the optimization result for the winch parameter Kc. It has 

been stated that K is the parameter describing how quickly the output of the winch 

can approach the input to it. The larger the value of K, the more quickly the winch 

acts. Apparently a quicker winch is more desirable than a sluggish one, although it 

will cost more. The result here indicates that under a given situation and a prescribed 

standard deviation of subsea unit response, there exists a critical value of Kc. Any K 

which is greater than this critical value will not further improve the system in terms 

of reducing the control energy, while if K is less than this value the control energy 

will increase significantly. 

6.4 DISCUSSION 

The foregoing part of this chapter outlines the basic loop of an active control 

of the tethered subsea unit system which has as its purpose heave compensation. 

Numerical examples have shown the great potential of the proposed idea. In this 

section, relevant topics arising from previous sections are discussed. 

1. Measurement. This chapter assumes continuous accurate measurements, from 

sensors mounted on the subsea unit, of its position and its velocity. The ques

tions of what types of sensors to choose, which principles to be adopted as a 

basis for measurement, and how to transmit the signals, are beyond the scope 
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of this thesis. It is believed that these practical problems can be solved in one 

way or another. 

The other information on the state of the system can be either measured directly 

or estimated by an optimal observer. The design of this observer should be 

straightforward. 

2. The system identification method allows the determination of a and b provided 

that the particulars of cable and subsea unit are given. The reverse problem 

demands the ability to specify all particulars of the cable/subsea unit system 

once a and b are prescribed. The solution of this reverse problem will pave the 

way towards the optimisation of the cable/subsea unit system. 

3. The paying out or reeling in of cable by the active winch will change the state 

of the cable/subsea unit system to some extent. The effect of this time-varying 

state can be neglected if the cable is relatively long. 

4. This negligence ceases to be justifiable when we are considering the deployment 

or retrieval phase where in addition to the zero-mean paying out or reeling in 

there is a non-zero-mean change in the cable length. In this case, the system 

becomes a time-varying one, and the design of control system must be adapted 

accordingly. 
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6.5 CONCLUDING REMARKS 

1. Based upon the work described above, it may be concluded that the active 

winch system appears to be a very promising solution to the problem of heave 

compensation. 

2. Nevertheless, further work needs to be done before a comprehensi,"e evaluation 

can be drawn up. This includes: 

• More accurate modelling of the winch. For this purpose, a second order 

ordinary differential equation should be considered. 

• A better rational approximation of the wave spectrum. 

• Feasibility studies of the active heave compensation. The feasibility shall 

be measured in terms of the magnitudes of the speed, acceleration and 

torque of the winch which generates the control action. 
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Chapter 7 

DISCUSSION 

A poem is never finished; it is only abandoned. 

Paul Valery 

7.1 GENERAL REMARKS 
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From the beginning of this thesis, attention has been brought to focus upon 

the specific systems consisting of cables and subsea units which have wide applications 

in subsea intervention operations. Research work has then been carried out in this 

area, beginning with an assessment of the state of previous relevant work. This 

assessment has revealed an inadequate theoretical understanding towards the system 

on various aspects such as the unsteady dynamics and heave compensation. 

It has been the aim of this thesis to improve our knowledge and prO\'ide 

some useful tools by which various aspects of the tethered-subsea-unit systems can 

be examined. 
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7.2 CONTRIBUTIONS OF THE THESIS 

In the following areas lie the main contributions of this thesis: 

7.2.1 Statics 

The contribution in this area is of a technical rather than fundamental nature. 

The semi-analytic method developed in Chapter 2 has several advantages over others. 

In addition to its convenience in handling different types of boundary conditions, it 

uses less computational time and is highly accurate. 

In the past, before the invention of the computer, researchers would try ev-

ery mathematical tool available to find closed solutions to their problems. Since 

the computer entered daily research life, less and less attention has been paid to-

wards analytical methods, numerical methods being adopted immediately after the 

establishment of governing equations. Just as school pupils indulging in the use of 

calculators find themselves poorer and poorer in the basics of arithmetic, this trend 

may prove detrimental to the advancement of research. A lot of successful examples 

have shown that a little more analytical consideration can make both the numerical 

computation easier and more effective, and the approach more beautiful. 

7.2.2 Dynamics 

The contribution in this area lies in the following aspects: 

1. A Fresh start 

. . h dl b th the steadv and the A general method, whIch has the capacIty to an eo. 
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unsteady dynamics of a cable/subsea unit system, has been developed. This 

method gives an excellent quantitative understanding of the behaviour of the 

system. The method can be readily extended into three-dimensional space. 

2. Rigorous analysis 

A rigorous analysis has been conducted to reveal fundamental characteristics of 

both the system and the mathematical models. Such analysis both enhances 

our understanding and is helpful in computation. 

3. Package of software 

The suite of programs developed in the course of this thesis can be applied readily 

to various practical problems either to help in design or to supply information 

for operations. 

7.2.3 Heave Compensation 

The contribution of this thesis in this area lies in the novel idea of active 

heave compensation which can be put into practice in the near future. The research 

carried out in this thesis indicates the effectiveness of the method proposed. 
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7.3 RECOMMENDATIONS FOR FURTHER STUDIES 

In addition to the refinement work suggested at the end of each chapter, the 

following topics are recommended for further studies: 

1. As the current methods of estimating the hydrodynamic loadings upon both 

the cable and the subsea unit are mainly empirical and experimental, more 

theoretical research work should be directed towards this. 

2. Naturally, further work can be done to extend the methodology presented in 

Chapters 3 and 4 into a three-dimensional case. 

3. The problems of marine cable slack and the subsequent snap loading still remain 

unsolved. A possible approximation to this, which can be implemented into the 

present framework without significant alteration of the programs, is to propose 

a more general modulus:=: in the place of the Young's modulus E by defining 

E tension> 0 
...... -

10-20 tension < 0 

4. In this thesis the main control parameter of the active heave compensation is 

the position of the subsea unit. The tension in the cable is not considered 

since we assume that high tension will be prevented by a passive compensator. 

Further work is needed to both investigate a passive compensator and integrate 

the passive one with the active one proposed here. 

5. Work can be continued to extend the present methodology of heave compensa-

t·· h d·· h th bl' being paid out or hauled ill Ion Into t e unstea y SItuatIOn were e ca e IS 
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at a constant speed. 

6. Finally, endless effort can be made to refine the various numerical algorithms 

used in this thesis. 



Chapter 8 

CONCLUSIONS 

Last scene of all, 
That ends this strange eventful history, 
Is second childishness and mere oblivion, 
Sans teeth, sans eyes, sans taste, sans everything. 

w. Shakespeare: As you like it 
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Based upon the investigations described in this thesis, the following conclu-

sions can be drawn: 

1. A highly accurate and efficient method has been developed which can be used 

to predict three-dimensional static configurations of marine cables. The method 

is based upon a semi-analytic solution of the governing equation. 

2. A novel numerical approach has been developed which can be used to predict 

one-dimensional dynamic behaviour of systems of cables and subsea units. This 

method can handle the unsteady dynamics, where the length of cable varies, and 
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steady dynamics, where the length is fixed, in a uniform manner by introducing 

a coordinate transformation. 

3. This idea of coordinate transformation has been further extended into more 

general two-dimensional cases. Theoretical analysis has revealed the relation 

between the one-dimensional and two-dimensional approximations. 

4. In the three-dimensional case, dynamic behaviour of cable/subsea unit systems 

has been studied by a lumped-mass model. The proposed numerical integration 

scheme is unconditionally stable. Theoretical analysis has shown that the model 

exhibits high-frequency cut-off. 

5. By applying modern control theories, an actively controlled heave compensation 

mechanism has been developed. 
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NOMENCLATURE 

1. GENERAL CONVENTIONS 

• Bold face let ters represent ei tIler vectors or Inatrices . 

• SI units are in1plicit. 

2. LIST OF MAIN SYMBOLS 

A cross sectional area of the cable 

B buoyant force on an infinitesimal cable length 

drag coefficients of the subsea unit 

normal drag coefficient of the cable 

tangential drag coefficient of the cable 

d diameter of the cable 

D drag force on an infinitesimal cable length 

( a parameter of small quantity 

added masses of the cable 



E 

E{ } 

9 

G 

H 

i,j, k 

I 

I 

J 

J 

k 

L 

Lo 

m 
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Young's modulus 

mean 

drag force components on a cable segment 

normal and tangential drag components 

gravitational acceleration 

gain matrix 

transfer function 

significant wave height 

index 

unit vectors along the axes of a Cartesian coordinate system 

moment of inertia 

unit matrix 

inertia force on an infinitesimal cable length 

index 

con trol in dex 

wave number 

winch parameter 

lengths of cable segments 

length of the cable 

initial length of cable 

mass distribution of the cable 

a.dded ma.sses distribution due to the longitudinal and t rans

verse motion of the cable 



max, may, maz added masses distribution of the cable 

M bending moment 

mass of the subsea unit 

added masses of the subsea unit 

added masses of the subsea unit 

O(t) horizontal component of the boom tip motion 

p arch length along the strained cable 

vertical displacement of the cable 

q horizontal displacement of the cable 

R(t) vertical component of the boom tip motion 

r position vector of the cable 

s arch length of the unstrained cable 

Sp projected area of the subsea unit 

projected areas of the subsea unit 

wave spectrum 

rational approximation of the wave spectrum 

t time 

T tension in the cable 

time 

To static tension in the cable 

first order dynamic tension in the cable 

72 second order dynamic tension in t he cable 



Tr 

U 

Uo 

u 

v 

Vo 

w 

w 

x 

tension in the cable 

force components in a Cartesian coordinate system 

transform matrix 

vertical displacement of the cable 

output of the winch 

input of the winch 

components of the current velocity 

underwater current velocity vector 

current velocity at cable's normal direction 

current velocity at cable's longitudinal direction 

deployment speed of the cable 

volume of the subsea unit 

normal velocity of the cable 

force components at one end of the cable 

velocity components of the cable in the natural coordinate 
system 

veloci ty of the cable 

longitudinal velocity of the cable 

white noise 

weight distribution of the cable in water 

su bsea unit's weight ill wa.ter 

cable's weight in water 

gravity force on an infinitesimal cable length 

state vector 

22:3 



X,Y,Z 

X' y' Z' , , 

f3 

£0 

p 

(J 

T 

A..A..·1A..'1 'f" 'f't+ - , 'f't--
2 2 

w 

~t 

229 

Cartesian coordinate system 

coordinates 

natural coordinate system 

wave number 

strain 

static strain of the cable 

rotation angle of the cable 

engenvalue 

amplification factor 

mass (mass+added mass) distribution of the cable 

added mass coefficients of the cable 

density of the fluid medium 

standard deviation 

cross sectional areas of the cable 

shear force 

rotation angle of the cable 

frequency 

modal frequency 

time increment 

space increment 

transposition of a matrix 

inversion of a matrix 



ACKNOWLEDGEMENT 

I wish to express most sincere gratitude to my supervisor 

Dr. Dracos Vassalos for his support and stimulating supervision 

over the past three years. 

230 



APPENDIX: 

INTRODUCTION TO 

EQUATIONS OF MARINE 

CABLE DYNAMICS 

Introd uction is seldom of any efficacy except in the happy cases 
where it is almost superfluous. 

E. Gibbon 

12.1 GENERAL REMARKS 
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The purpose of this appendix is to provide a general mathematical formu-

lation for marine cable dynamics. 

The term 'general' refers to the following properties: 

1. analysis conducted in three dimensions, 
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2. hydrodynamic forces included without any restrictions to the nature of the 

underwater current, 

3. nonlinear stress-strain relation allowed. 

However, some idealizations have been made. These include: 

1. no bending stiffness and torsional stiffness, 

2. the tension is strictly positive. 

The mathematical modelling is based upon a distributed system. Byequat-

ing the rate of change of momentum of an infinitesimal element of the cable to all 

the forces acting upon it, the equation of motion is derived in a vector form. This 

vector equation is then resolved in a Cartesian coordinate system and a natural co-

ordinate system, followed by a rigid analysis in each coordinate system. For relevant 

references, see Cristescu (1967), Patton (1972) and Triantafyllou et al (1986). 

12.2 FORCES ON A CABLE ELEMENT 

Consider a strained cable element of an infinitesimal length ds' located at a 

point r = {x, y, z} in a Cartesian coordinate system, as shown in Figure A.1, where 

s' is a curvilinear coordinate along the strained cable from an arbitrary coordinate 

origin. The forces acting upon this element arise from: 

• Weight The force due to the gravity is given by: 

, I 

W = -gmds k 



233 

where g is the gravity acceleration and m' the mass per unit length of the 

strained cable . 

• Buoyancy The buoyant force is given by: 

B = pgAlds'k 

where A' is the cross sectional area of the strained cable. 1 

• Hydrodynamic drag force Under the assumption of decomposition the drag 

force is given by: 

D 

where U is the current vector and 

v= ar 
at 

• Hydrodynamic inertia force The inertia force due to the added mass effect of 

the fluid media is given by: 

1= m ' (au _ aV)ds' 
aat at 

where m~ is the added mass per lUlit length of the strained cable . 

• Ten"ion The tension force at one end of the element is T( s') whilst at the 

other end the tension is T( s I + ds '). In extensible, perfectly flexible cables, the 

tension in every point is always directed along the tangent to the cable. 

1 For a more accurate formulation this term should be corrected for the lack of pressure at the ends of 
the infinitesimal element. This leads 'to a concept of effective tension. For details, see Pedersen (1975). 



12.3 EQUATION OF MOTION 

By applying Newton's law of motion, we have: 

'd ,a2r 
m s &t2 

" " -gm ds k + pgA ds k + 
1 
2PCVNd'luN - V NI(UN - V N)ds ' + 
7r 
2PCvrd'IUr - Vrl(Ur - Vr)ds' + 
,(au av, I I , 

ma at - at )ds + T( s + ds ) - T( s ) 
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(12.1) 

Taking the limit as ds' -+ 0 and noticing the following relations of conser-

vation between the strained and the unstrained cables: 2 

'd ' m s 

Aids' 

m·ds 

ma' ds 

A· ds 

where s is an initial coordinate of the unstrained cable, Eq. ( 12.1) yields: 

-gem - pA)k + 
1 
-pCvNd..)l +cIUN - VNICUN - V N ) + 
2 

;pCvrd..)l + clUr - Vrl(Ur - V r ) + 
au a T ar 

ma at + as ( 1 + c as) (12.2) 

:2Strictly speaking, the volume conservation is not true for most materials. The ratio of an infinitesim.u 
element of volume in the strained state to the corresponding infinitesimal element of volume in the unstr&ineJ 
state is often written as 1 + ~, where ~ is the cubical dilatation. When a cable is stretched longitudinAlly, 
6 ~ (1 - 2,,)e, when e is small. For most materials" is about ~ or t, not ~ as required by the volu,me 
conservation. However, this conservation assumption only introduces very small errors into the folloWIng 
formulation. 
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where e is given by: 

ds' ar 
e = - - 1 = 1-1- 1 

ds as (12.3) 

To this equation must be added a constitutive relation for the cable consid-

ered. The constitutive relation is dependent upon the type of material of the cable. 

Throughout this appendix, the relation is assumed to be of the form 

T = T(e) (12.4) 

where the function T is usually a monotonically increasing function of [. 

This assumption is better than Hooke's law in the sense that it allows 

nonlinear relations between the strain and the stress. Nevertheless, it still has the 

following restrictions: 

1. The cable must not have a variable cross section area. 

2. Plastic stretch resulting from the maximum stress exceeding the ultimate ten-

sile strength of the material can not be taken into account. 

3. The mechanical properties of the cable material must be independent of the 

rate of the dynamic loading. 
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12.4 ANALYSIS IN A CARTESIAN COORDINATE SYS-

TEM 

12.4.1 Cable Equations 

In a Cartesian coordinate system, Eq. (12.2) can be resolved into the 

following three components: 

(12.5) 

where 

Fx - 1 pCDNdv'l + c\UN - VN\(UN - VN)' i + 
2 
7r • aux 
2pCDrdv'1 + c\Ur - Vr\(Ur - V r )'1 + max{jt 

!pCDNdv'l +c\UN - VN\(UN - VN)·j + Fy -
2 
7r • a~ 
-pCDrdv'l + c\Ur - Vr\(Ur - V r )· J + may &t 
2 

Fz !pCDNdv'l + c\UN - VN\(UN - V N)· k - g(m - pA) + 
2 
7r ~ (12.6) -pCDrdv'l + c\Ur - Vr\(Ur - V r )· k + maz &t 
2 

c - (ax)2 + (aY )2 + (az )2 - 1 
as as as 
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12.4.2 Characteristics 

Expanding Eq. ( 12.5) and taking into account the constitutive relation. 

Eq. ( 12.4), we have 

T a2 x a2 x ax (1 + e )Te - T ae 
1 + e as2 - /-lx at2 + as (1 + e)2 as - Fx o (12.7) 

T a2y a2y ay (1 + e)Te - T ae 
1 + e as2 - /-ly at2 + as (1 + e)2 8s - Fy o (12.8) 

T a2z a2z aZ(1+e)Te-T8c 
1 + e as2 - J1z at2 + as (1 + e)2 8s - Fz o (12.9) 

where 

J1x m+max 

/-ly m+may 

J1z m+maz 

Te 
dT 
de 

ae 1 ax a2 x 8y 82 y 8z 82 z (12.10) 
as 1 + e[as as2 + as 8s 2 + 8s 8s2 ] 

In order to analyse the system of Eqs. (12.7), ( 12.8) and ( 12.9), it 

is reduced into a equivalent first order quasi-linear system of partial differential 

equations 

ay A 8Y B-O -+ -+ -at as 
(12.11) 
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where 

x 

Y 

Z 

Xs 

y= 
Ys 

Zs 

Xt 

Yt 

Zt 

1 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 -1 0 0 

A= 0 0 0 0 0 0 0 -1 0 

0 0 0 0 0 0 0 0 -1 

0 0 0 J1 J2 J3 0 0 0 

0 0 0 J4 J5 J6 0 0 0 

0 0 0 J7 J8 J9 0 0 0 
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-Xt - Xa 

-Yt - Ya 

-Zt - Za 

0 

B= 0 

0 

&. 
JJz 

!i 
JJ1I 

& 
JJz 

and 

(1 + c:)TE - T 2 T 
- x -

(1 + c:)3 a Jlx(l + c:) 
(1 + c:)TE - T 

(1 + c:)3 XaYs 

(1 + c:)TE - T 
(1 + c:)3 XaZa 

(1 + c:)TE - T 
(1 + c:)3 XsYa 

(1 + c: )TE - T 2 T 
- (1 + c: )3 Ya - Jly (1 + c: ) 

(1 + c:)Tt; - T 
(1 + c:)3 YaZa 

(1 + c:)TE - T 
(1 + c:)3 XaZa 

(1 + c:)TE - T 
(1 + c:)3 YaZa 

(1 + c: )TE - T 2 T 
- Z -

(1+c:)3 a Jlz(l+c) 

The system defined by Eq. ( 12.11) has nine equations for the nine un-
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knowns x, y, z, x., Y., z., Xt, Yt and Zt· The notations x., Xt,' .. stand for 8x 8x ... 
8.' 8t' , 

etc. 

To simplify the analysis in what follows, it is assumed 

JLx = JLy = J-Lz = JL 

The nine eigenvalues of Eq. ( 12.11) can be obtained through solving the 

following equation 

1-,\ 0 0 0 0 0 0 0 0 

0 1-,\ 0 0 0 0 0 0 0 

0 0 1-'\ 0 0 0 0 0 0 

0 0 0 -,\ 0 0 -1 0 0 

0 0 0 0 -,\ 0 0 -1 0 =0 

0 0 0 0 0 -,\ 0 0 -1 

0 0 0 J1 J2 J3 -,\ 0 0 

0 0 0 J4 J5 J6 0 -,\ 0 

0 0 0 J7 J8 J9 0 0 -,\ 

It is evident that the first three eigenvalues are 

The rest are governed by the following polynomial of order six 



which gives 

±fj 
A -±~ 
8,9- V~ 
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It follows that Eq. ( 12.11) is hyperbolic since all the eigenvalues are real. 

Not all the eigenvalues have physical representation. Indeed the reduction can 

introduce redundant eigenvalues into the system. 

Physically, the cable can propagate both longitudinal tensile waves and 

transverse flexural waves. The eigenvalues represent the velocities of waves travel-

ling in the cable. It can be seen that the tensile wave velocity, represented by '\4,5, 

and the transverse wave velocities, represented by A6,7 and A8,9, are functions of the 

state of the cable which changes in both the space and time domains. 

Since for practical marine cables, c ~ 1 

we have 

In Chapter 4, for the transverse waves of a two dimensional case, we have 

obtained the same result through perturbation analysis. 

12.4.3 Ordinary Differential equations 

The characteristic lines are defined by 



2·t2 

It can be seen that with the exception of the first three, all the other 

characteristic lines are generally curved lines, whose slopes depend on the state of 

the cable. 

It is well known that, according to the theory of hyperbolic equation, the 

original set of partial differential equations can be transformed into a set of ordinary 

differential equations along the characteristic lines. 

The first three can be easily found. All are defined along the characteristic 

line ~: = 1, and given by 

To find the rest of the ordinary differential equations, we multiply Eq. 

( 12.7) by x s, Eq. ( 12.8) by Ys, Eq. ( 12.9) by zs, and add them together. This 

operation results in 

On the other hand, from the following relations 
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we have 

(12.13) 

Similarly we have 

(12.14) 

(12.15 ) 

Thus from Eqs. ( 12.12) and ( 12.13), ( 12.14), ( 12.15), it is clear that 

along the characteristic line defined by ~: = JTe / J.l, we have 

and along characteristic line defined by ~: = -JTe / J.l, we have 

Further, substituting Eq. ( 12.12) into Eq. ( 12.7), we have 

T 8xs 8xt Xs [F D F + - - J-l- + ( )2 Xs x + YsI'y + Zs z 
1 + c 8s at 1 + c 

x ( T 8xs _ 8xt) (T 8Ya _ 8yt)+z ( T 8zs -J.l aZt)]_Fx = 0 (12.16) 
• 1 + c as J-l at +Y. 1 + c as J-l at a 1 + c as at 

Thus along ~; = JT/[J-l(l + c)], we have from Eq. ( 12.16) 

~dx - dXt - dt F + Xa [~(xsFx + YsFy + zjF~)+ V ~ s J-l x (1 + c)2 J.l 
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x,( J 1'(1: e) dx. - dx,) + y.( J 1'(1: e) dy. - dy,) + z.( J 1'(1: 0) dz, - dz,)] = 0 

Along ~: = -.JT/[p.(l + c)], we have 

Similarly, after substituting Eq. (12.12) into Eq. (12.8), we have the 

following two ordinary differential equations 

These two equations are defined respectively along the two characteristic lines given 

by 

ds_±~ 
dt- V~ 

12.4.4 Propagation of Discontinuities 

From the physical point of view, the characteristic lines represent wave 

fronts which define boundaries between the disturbed state and the undisturbed 
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state. In the undisturbed state any derivatives vanish whilst in the disturbed state 

they do not in general vanish. Therefore there exist discontinuities across the wave 

fronts (Jeffrey and Taniuti, 1964). 

Some in-depth understanding may be obtained through examining these 

discontinuities. For this purpose we assume that the second order derivatives of 

displacements have jumps in crossing the wave fronts, while the first order and 

zero order derivatives remain continuous. A wave satisfying this criteria is called a 

smooth wave which excludes the shock wave whose fronts are travelling discontinuity 

boundaries even for the first order derivatives. 

In what follows, the discussion will be confined to the neighbourhood of 

the wave fronts defined by the characteristic lines 

Applying Eqs. ( 12.13), ( 12.14) and ( 12.15) to either side of any wave 

front and remembering that first order derivatives of displacements are continuous 

in crossing the front, we have 

(12.17) 

( 12.18) 

(12.19) 

where (\II) denotes the jump of \II in crossing any wave front. 

Also applying the governing equations ( 12.7), ( 12.8), ( 12.9) and the 

. ( ? 1-) 'd f f t and talong Eqs. 1_. I • compatibility relation ( 12.10) to either SI e 0 any ron, 



( 12.18) and ( 12.19) into account, we obtain 

we have 

[ T _ J-L(ds?](ax,,) + x (1 + c)Te - T(ac) 
1 + c dt as "( 1 + c)2 as = 0 

[ T _1l(dS)2](ay,,) + (1 +c)Te - T ac 
1 +c dt as y" (1 +c)2 (as) = 0 

[ T _J-L(dS)2](aX,,)+z (1+c)Te -T(ac _ 
1 + c dt as "(1 + c)2 as) - 0 

(aXS) (ays az" ac 
x" as +y" as)+z"(as)-(l+c)(as) =0 

It is evident that in crossing the characteristic lines defined by 

ds ~ 
dt=±V~ 

(ac) _ 
as 0 

x" (ax,,) + y" (ayS) + zs (az,,) _ 
1 + c as 1 + c as 1 + c as 0 

and in crossing the wave fronts defined by 

we have 

x" (aC) 
1 +c as 

y" (ac) 
1 + c as 

z" (ac) 
1 + c as 
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(12.20) 

(12.21 ) 

(12.22) 

(12.23) 

(12.24) 

The physical meaning lying in Eqs. ( 12.20), ( 12.21) and ( 12.22) is that the 

transverse wave fronts affect the shape of the cable but do not affect the distribution 
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of the strain. On the other hand, from Eqs. ( 12.23) and ( 12.24), it follows that 

the longitudinal wave fronts affect the distribution of the strain in the cable but do 

not change its shape. 

This conclusion only applies to the neighbourhood of the wave fronts. In 

the disturbed region, the longitudinal waves and the transverse waves interact with 

each other, and the propagation of a single type of wave is generally impossible. 

12.4.5 Linearisation 

The system defined by Eq. ( 12.5) is a non-linear one. The non-linearities 

arise as a consequence of the following system properties: 

1. Material behaviour 

2. Geometry 

3. External forces 

To linearise the system, we first assume that the cable material obeys 

Hooke's law, that is, 

T=EAc 

d . t of Secondly, we assume the cable's motions can be decompose m 0 sums 

d· I t This is interpreted small dynamic deviations and static equilibrium ISP acemen s. 

mathematically by 
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Y Yo + eYl 

Z Zo + eZl 

where e ~ 1. 

Substituting these relations into Eq. ( 12.5), subtracting the static equation 

from the dynamic one, and neglecting the terms of second or higher orders of e, we 

have: 

a2Xl a el axo eo aXI 
(m + max) at2 - E A as [( 1 + eo)2 as + 1 + co as ] - Fxl = 0 (12.25 ) 

a2Yl a Cl ayo co aYI 
(m + may) at2 - E A as [( 1 + co)2 as + 1 + co as ] - FYI = 0 (12.26) 

a2 
Zl a Cl azo eo aZI 

(m + m az ) at2 - EA as [(1 + eo)2 as + 1 + eo as ] - FzI = 0 (12.27) 

el = 1 (axo aXI + ayo aYI + azo azl ) 
1 + eo as as as as as as 

(12.28) 

where 

eo = 

This set of equations is linear for the dynamic motions around the three 

dimensional static configuration. 

One interesting feature of the linearised system is that if a cable has a 

two dimensional static configuration, the dynamics can be decoupled into a t \\'0-
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dimensional in-plane motion and a one-dimensional out-of-plane motion. This con

clusion can be demonstrated as follows. 

Without losing generality, we can assume in this particular case 

8zo 
-=0 
8s 

It follows from Eq. ( 12.27) that we have 

This indicates that the motion in this direction is completely independent 

of the motions in the other two directions, and that the reverse is also true, provided 

that there is not an interaction of the external forces. 

In an even more extreme case, where the static configuration is a straight 

line, the three components of the motion become totally independent of each other, 

and each can be treated as an one-dimensional problem. This happens in cases such 

as a taut string, a hanging cable, etc. 

The linearisation and decoupling greatly reduces the mathematical com-

plexity of the original non-linear governing equations. However, general analytical 

solutions are still not accessible. The prominent difficulty involved is due to the vari-

able coefficients in the linearised equations which are dependent upon the static state 

of the cable under consideration. Further geometric or constitutive simplification~ 

must be made in order to pursue analytic solutions. Such special solutions undt'r 

particular situations can be found in Irvine (1981) and Triantafyllou et a1(1986). 
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So far, limited discussion has taken place regarding the external forcc5. 

Any linearisation would not be complete without linearising these terms. However. 

this proves to be a formidable task. The fluid drag force is one of the fundamental 

topics in fluid mechanics, involving tremendous complexities such as separation. 

turbulence, stability and fluid-surface interaction. It is no wonder to find that the 

current treatments of drag forces on cable are all semi-empirical. 

We start with the acceptance of Eq. ( 12.6) as a valid account of the drag 

forces without questioning to what extent the expression reflects the mechanism of 

the fluid drag force. The following is concerned with its line ari sat ion. 

We assume that the tangential drag force is small in comparison to the 

normal one. This allows it to be dropped from the equations. Upon expansion, we 

have: 

UN-VN = 

{ ax 1 [(U _ aX)aX (U _ ~)~ + (U _ aZ)aZ]aX}i+ Ux - at - (1+e)2 x at as + y at as z at as os 

{Uy - ~ - (l;e)2 [(Ux - ~~)~: + (Uy - ~)~ + (Uz - ~;)~:]~}j+ 

{U az 1 [(U aX)aX + (U - ~)~ + (U _ OZ)OZ]aZ}k z - at - (1+e)2 x - at as y at as z ot os os 

Substituting x, y and z in the equation above with the sums of static 

components and dynamic components, and neglecting the effect of elastic strain on 

the drag force, we ultimately arrive at 

FxO ~CDNdaxJa; + a; + a~ 

Fyo ~ CDNdayJa; + a; + a~ 
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where 

Ux + axo(U
x 

axo + U ayo + U azo) 
as as Y as Z as 

u + ayo(U axo + u ayo + u azo) 
Y as x as Y as Z as 

u + aZO(U axo + U ayo + u aZO) 
z as x as Y as z as 

aXI (U axo + U ayo u azo) _ 8XI 

as x as Y as + z as at + 
axo (U

x 
aXI + U

y 
aYI + U

z 
aZI _ aXI axo _ 8Yl 8yo _ aZ1 azo) 

as as as as at as 8t as at as 
aYI (U axo U ayo u azo) _ aYI 
as x as + Y as + z as at + 
ayo (U aXI + u aYI + u aZI _ aXI axo _ aYl 8yo _ aZ1 aZO ) 

as x as Y as z as at as at as at as 

8zl (U 8xo U 8yo U 8zo) _ 8z1 

as x as + Y as + z 8s at + 
azo(U 8X I + U aYI + u aZ1 _ aXI axo _ 8y1 8yo _ 8z1 azo) 
8s x 8s Y 8s z 8s at as at as at as 

It can be seen that FXb FYI and FzI are all linear functions of the dy-

narnic displacements Xl, YI and Zl. FUrther, the drag forces permit a decoupling of 

independent in-plane motion and out-of-plane motion if 

1. the static configuration is two dimensional, 

2. the current component perpendicular to the plane vanishes. 
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12.4.6 Effects of Bending Stiffness 

Throughout this thesis, the cable is assumed to be perfectly flexible, that i8. 

the cable can not sustain any forces other than the tension. However, our experience 

tells us that real cables, especially metal ones, when curved tend to straighten out 

even when unstretched. There must exist some return forces which are dependent 

upon the cable curvature, that is to say, bending stiffness exists. 

This section does not set out to make a full account of the effect of bending 

stiffness on cable dynamics. A simple two dimensional case is examined to illustrate 

the consequences of incorporating the bending stiffness into the governing equation. 

For a more comprehensive three dimensional formulation of the governing equation, 

see Love (1927), Ertas and Kozik (1987), Kokarakis and Bernitsas (1987). 

Consider a two dimensional cable element under the combined action of 

tension, bending moment, shear force and external force, as shown in Figure A.2 . 

From Newton's law, the equations of motion are 

(12.29) 

(12.30) 

Neglecting the rotary inertia effect, we have the following relation between 

the bending moment M and the shear force 7 

aM 
- = 7(1 +€) as 
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The bending moment is related to curvature by the following equation 

We now proceed with simplifications under the following special conditions 

The physical meaning of these conditions is that we are considering a horizontally 

placed small sagged cable subject to constant tension. In this particular case, the 

lateral motion becomes 

(12.31) 

For the homogeneous solution (Fy = 0), assuming the cable can still support 

the wave motion 

y = Yoexp[v'-1(wt - ks)] 

we have 

~
EI 

w = k _+-k2 

P. J-L 

This indicates a feature of dispersion. As a result, a non-sinusoidal distur-

bance can not be propagated without change of its shape. Also the presence of the 

bending stiffness stiffens the system. This is manifested through an increase in the 

frequency for a specific wave number. 
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12.5 ANALYSIS IN A NATURAL COORDINATE SYS-

TEM 

12.5.1 Cable Equations 

Sometimes it is desirable to analyse cable dynamics in a natural coordinate 

system which is aligned normally and tangentially to the cable, for example, when 

the hydrodynamic forces are decomposed into normal and tangential components. 

Let Tr be a transform matrix which transforms a vector from the Cartesian 

coordinate system {x, y, z} to the natural coordinate system {x', y' , z' }, as shown 

in Figure A.3. Tr is given by 

sin8 -cos8 o 

Tr = sin</>cos8 sin</>sin8 -cose/> ( 12.32) 

cos</>cos8 cos</>sin8 sine/> 

where </> and 8 are two rotation angles defined in the figure. 

Since Tr is orthogonal, we have 

sin8 sin</>cos8 cose/>cos8 

Tr-1 = TrT = -cos8 sin</>sin8 cose/>sin8 (12.33) 

o -cos</> sine/> 

The following part of this section shows how the cable equations in the 

.. b £ d· t quat ions in the natural co-CarteSIan coordInate system can e trans orme In 0 e 

ordinate system. 
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Firstly, consider the term -L or which is a unit v t t h 
l+~ 08' ec or angent to t e cable. 

In the natural coordinate system it must be equal to [0 0 l]T . , I.e., 

or 

Tr( 1 8r) = 
1 +€8s 

ox 
os 

1 

1+€ 
!bL 
os 

oz 
as 

o 

o 

1 

o 

1 

which gives the following relations: 

ax cos </JcosB 08 

!bL = (1 + €) cos </JsinB os 

oz sin</J os 

(12.34) 

Secondly, let Fx" Fy' and Fz' be forces per unit length acting upon the 

cable along the three axes of the natural coordinate system. We have 

Fx F, x 

Fy = Tr-1 F, 
y 

(12.35) 

Fz F, z 

Finally let V, V, and V, be the velocity components of the cable along the , x' y z 

three axes respectively. Their relation to the velocity components in the Cartesian 
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coordinate system is given by 

ax V, at x 

£1L = Tr-1 V, at y ( 12.36) 

az 
V' at z 

Taking derivatives of both sides with respect to t, we have 

a2x 
Vx ' 

av I 

at --*-at 
a2 y = ~(Tr-l) V, +Tr-1 av I 

( 12.37) ---.1L. at at y at 

a2 z V, av I 

--*-at z at 

Substituting Eqs. ( 12.34), ( 12.35) and ( 12.37) into Eq. ( 12.5), we have 

Il'V, 
av, 

;8 (Tcos¢>cosB) F, I-l I--..L.. 
X X X at x 

~(Tr-l) +Tr-1 av, 
;8 (Tcos¢>sinB) + Tr-1 F, P. ,V, P. ,-1L. at y y y at II 

I-l'V, 
av, 

;8(Tsin¢> ) F, Il ,---L.. 
Z Z Z at z 

where 

/-lx' = m + max' 

Ilz' = m + m az' 

Multiplying both sides by Tr produces the equation 

av, 
/-l'V' ;8 (Tcos¢>cosB) F, I-l ,--..L.. :r 

x at x x 
av, + Tr~(Tr-l) Il ' V, =Tr ;8 (Tcos¢>sinB) + F, (12.38 ) 

I-l ,-....1L Y 
Y at at y y 

8V, 
I-l'V, ;8 (Tsin¢> ) F.I p. ,--L 

Z at z z 



After some mathematical manipulation, the two terms l·n h t e equation 

above can be simplified to 

and 

Tcos¢cosO 

Tr~ as Tcos¢sinO 

Tsin¢ 

o 

sinA-. 08 
V' ot 

cosA-. 08 
V' ot 

-TCOS¢08 o. 

-T~ o. 

-sin¢08 ot -cos¢08 ot 

0 -~ ot 

~ 0 ot 

Substituting these expressions into Eq. ( 12.38), we obtain the following 

equations of motion in the natural coordinate system, 

avx' v. ao ao 
I/. 1-- - I/. I IsznA-.- - I/. I V ICOSA-.-r'x at r'y Y V' at r'z Z V' at 

aVyl ao a¢ 
I/. 1-- + II I V,sinA-.- - I/. I V,r'y at r'x X V' at r'z Z at 

II I aVzl + II I V I cos A,. ao + II I V I a¢ 
r'z at r'x x V' at r'y Y at 

ao 
-Tcos¢- + F, as x 

a¢ 
-T-+F, as y 

aT 
-+FI as z 

Since the natural coordinate system, which is fixed on the cable, changes 

both in time and space, there is no apparent relationship such as Eq. ( 12.3) to 

define the strain by displacements. Geometrical relations need to be explored ill 

order to provide more equations to enclose the system. 
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Taking the space derivative of both sides of Eq. ( 12.36), we obtain, 

8x 
V' 

8V , 
8t --L-

X 83 
a 

!l1l. = ~(Tr-l) 8V , 
as V, +Tr-1 

-.JL (12.39) 8t as y 83 

8% 
V' 

oV I 

ot -L % 83 

From Eq. ( 12.34) we have, 

ox ox (1 + c )cos </>cos 8 ot 03 

a 
£1l 

a 
!bL 

a -- -- (I + c )cos</>sin8 as ot {)t 03 {)t 

0% 0% (1 + c )sin</> ot 03 

Thus Eq. ( 12.39) becomes the following after multiplication of both sides 

by Tr, 

oV I 

(1 + c )cos</>cos8 V, --L-

08 X 

8V I a - Tr~(Tr-l) (12.40) --1L =Tr- (1 + c )cos</>sin8 V, 
08 8t as y 

oV , 
(1 + c)sin</> V' ----L. 

08 Z 

The two terms on the right side can be simplified to obtain, 

(1 + c )cos</>cos8 -(1 + c)cos</>~~ 
Tr~ 

8t (1 + c )cos</>sin8 -(1 + c)~ 

(1 + c )sin</> 
o~ 
ot 

and 

0 -sin</> 08 
08 

</> 08 -cos 0' 

Tr~(Tr-l) = . 4>08 0 -~ 
as s'ln 08 88 

cos 4> 08 ~ 0 
08 88 



Substituting the above into Eq. ( 12.40), we have, 

avx' 
as 

av, 
-y-

as 
aVzl 
as 

ao 80 80 
-(1 + e )cos</> !:u + V Isin</>- + V ICOSA..-

UI, Y 8s Z 'f' 8s 
a</> . 80 8</> 

-(1 + e)-a - Vx'szn</>- + V,-t as Z 8s 
ae 80 8</> 
- - V I cos</>- - V,at x as y as 
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In summary, there are seven equations governing the cable dynamics in a 

natural coordinate system for the seven unknowns e, </>, a, VX" Vyl, VZI and T. They 

are as follows: 

I/. I avx' _ I/. I V IsinA.. ao _ I/. I V I cos A.. ao + TcosA.. 80 - F I 
rx at ry y 'f' at rz z 'f' at 'f' 8s x 

I/. I aVyl + I/. I V IsinA.. 80 _ I/. I V I 8</> + T 8</> - F I 
ry at rx x 'f' at rz z 8t 8s Y 

av, ao 8</> 8T 
I/. I _z_ + I/. I V I cos A.._ + I/. I V I - - - - F I 
rz at rx x 'f' at ry y at 8s z 

av, ao 80 80 
_x + (1 + e)COS¢>- - V ISin4>-a - Vz,cos¢>-8 
as at y s s 

aVyl + (1 + e) a¢> + V Isin¢> 80 - V I 8a¢> as at x as z S 

av, ae 80 8¢> _z _ __ + V I cos¢>- + V,-
as at x 8s y 8s 

T - T(e) 

12.5.2 Characteristics 

o 

o 

o 

o (12.41) 

o 

o 

o 

In this section, basic properties associated with the system of nonlinear 

partial differential equations, Eq. ( 12.41), are examined. For brevity of not ation, 

all primes are omitted. 



where 

We can rewrite Eq. ( 12.41) in the following form: 

0 

0 

0 
A= 

-1 

0 

0 

B= 

ay ay 
A-+B-+C=O at as 

q; 

() 
y= 

Vz 

Vy 

Vx 

J-Ly Vy J-Lx Vxcosq; 

-J-Lz Vz J-Lx Vxsinq; 

0 - J-Ly Vysinq; - J-Lz Vz cos q; 

0 0 

1+£ 0 

0 (1 + £ )cosq; 

-Te 0 0 

0 T 0 

0 0 Tcosq; 

0 Vy Vxcos</> 

0 -Vz Vxsin</> 

0 0 -(Vysin</> + Vz cos </> ) 

J-Lz 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 
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(12.42) 

0 0 

J-Ly 0 

0 J-Lx 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

1 0 

0 1 
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-Fz 

-F. y 

-F x 

c= 
0 

0 

0 

Eq. ( 12.42) can be further transformed into a standard quasi-linear fornl: 

oY oY 
- +A-1B- +A-1C = 0 ot os (12.43) 

To find the inversion of the matrix A, it is partitioned into the following 

form: 

D E 
A= 

F 0 

where D, E and F are all 3 X 3 matrices: 

D = 0 v: - J-lz z 

o o 

J-lz 0 0 

E = 0 J1.y 0 

o 0 J-lx 
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-1 0 0 

F= 0 1+£ 0 

0 0 (1 + £)cos¢ 

Denoting 

A-I = 
All Al2 

A2l A22 

where All, A l2 , A2l and A22 are all 3 x 3 matrices, we have 

D E I 0 

F 0 o I 

This is equivalent to the following: 

DAll + EA2I I 

FAll 0 

From this set of matrix equations, it is easy to derive the following results: 

All 0 

-1 0 0 

AI2 0 1 0 
1+~ 

0 0 1 
(l+~)colJ4> 
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1 0 0 
~z 

A21 0 ..l.. 0 
~fI 

0 0 ..l.. 
~z 

0 ~71.V7I. ~zVz 
(l+e)~z (l+e)~z 

A22 0 I:!:.zVz _l:!:.zVztan<p 
(l+e)~fI (l+e}~11 

0 0 ~7I. V7I.sin<p+~z Vzcos<p 
(l+e}~zcos<p 

Hence A -I is given by: 

0 0 0 -1 0 0 

0 0 0 0 _1_ 0 l+e 

0 0 0 0 0 1 

A-I = (l+e}cos<p 

..l.. 0 0 0 ~!l.V!I. 1:!:.iE. Vol 
~z (l+e)~z (l+e}~z 

0 .L 0 0 I:!:.zVz - 1:!:.iE. Vztant£ 
~fI (l+e)~fI (l+e}~11 

0 0 ..l.. 
~z 

0 0 ~!I. V!l.sin<p+~z Vr,cos<p 
(1 +e )~zcos<p 

and A -IB and A -Ie are given by: 

0 -v. -Vxcos¢ -1 0 0 
y 

0 -Vz Vzcost£ 0 1 0 
l+e l+e l+e 

0 0 
v:lsin<p+ Vzcos<p 0 0 1 

A-1B = 
(l+e)cos<p (l+e)c084> 

_L. ~yV7I.Vz J1 0 ~7I.V7I. - I:!:.L \',( 

~z (l+e)~z (l+e)l1% (1+e)j.J. 

0 L_ ~zVi J2 0 11% V% I:!:. , V,tant£ - (1+e)j.J~ 
~fI (l+e)~fI (l+e)l1~ 

0 0 J3 0 0 
j.J1I. \'II."in4>+ j.J ,\', CO" 4> 

(l+e)j.J.r co ,,4> 



where 

fLx Vx(Vysin</> + Vzcos</» - fly VlI Vxsin</> 

(1 + C)fLz 
fLx Vx(Vysin</> + Vz cos </> )tan</> + fLz Vz Vxsin</> 

(1 + C )fLy 
Tcos</> _ (fly Vysin</> + fLz Vz cos </> )(Vysin</> + Vz cos </> ) 

fLx (1 + C )J1.xcos</> 

o 

o 

o 
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The eigenvalues of the system can be obtained by solving the following 

equation: 

IA-1B - AI\ = 0 (12.44) 
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I.e., 

-,\ -Vy -Vxcos¢> -1 0 0 

0 -V, _ ,\ VI COS¢> 0 _1_ 0 1+~ l+e l+e 

0 0 - Vllsin¢>+ Vzcos¢> -,\ 0 0 1 
(l+e)cos¢> (l+e)coB¢ 

=0 
_L. Illl Vll VZ J1 -,\ Illl Vll ~zVa: 

(l+e)llz (1+~)llz 
-

(l+e)l-Lz Ilz 

0 L_ IlzV; J2 0 ~zVz -,\ I-Ll VJtanp 
(1+~)IlSl (l+e)1-L1/ 

-
(l+e)1-L1/ IlSl 

0 0 J3 0 0 Ill/. VI/.8in¢>+l-Lz VzC08¢> -,\ 
(1+e)I-LICO'¢> 

Taking the Laplace expansion of the first column, the determinant becomes: 

-v, _ ,\ V1cosp 0 _1_ 0 
1+~ l+e l+e 

0 Vllsin¢>+ Vzcos¢> -,\ 0 0 1 -
(1+~)co,¢> (1+e)co8¢> 

-,\ Illl Vy VZ J1 -,\ I-LI/.Vy - ~a:VI + 
(l+e)llz (l+e)l-Lz (l+e)l-Lz 

L_ IlzV; J2 0 ~zVz -,\ - ~IVltanp 

Ily (l+e)1l1/ (l+e)1l1/ (l+e)1-L1/ 

0 J3 0 0 I-L!/V!/sin¢+l-LzVzCOS¢ _ ,\ 
(1+e)l-Lz c08¢ 

-Y. y -Vxcos¢> -1 0 0 

-V, _ ,\ V1cosp 0 _1_ 0 
I+e I+e l+e 

T~ _ VI/. sin¢>+ Vzeos¢ _ ,\ 0 0 
1 

0 (1 +e )co,¢ 
J-lz (1+~)cos4> 

L_ IlzV; J2 0 ~zVz -,\ - ~J V1tanp 

(l+e)1l1/ (1+e)1-L1/ 
IlSl (I +e ) Ill/ 

0 J3 0 0 
I-LJI VJl8in¢+l-Lz VzC08¢ _ ,\ 

(1+e)llz co8¢ 
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Further expanding the detenninant we have , , 

-Vz _ ..\ Vzcos¢ _1_ 0 l+e l+e l+e 

(..\2 _ Te) 
0 _ Vusin</>+ Vzcos¢ _ ..\ 

0 1 
(l+e)cos¢ (1+~)co8¢ 

=0 J-lz L_ IJ.z V1 J2 
/.fzVz t'E Vztan¢ -..\ lJ.y (l+~)lJ.y (1+~)t'y -

(l+~)t'y 

0 J3 0 t'1/. V1/. "in¢+t'z Vz C08¢ -..\ (1+~)t'zco,,¢ 

Thus the first two eigenvalues are given by, 

Continuing the process of Laplace expansion, we obtain the following two 

quadratic equations which allow us to detennine the rest of the eigenvalues: 

1 [T /-l z Vz
2 

] [ /-l z Vz ..\ ] (Vz ..\ ) 0 
1 + c /-ly (1 + C )/-ly (1 + c )/-ly 1 + € 

_[J-ly Vysin¢> + J-lz Yzcos¢> _ ..\][ Vysin¢> + Yzcos¢> + ..\] _ J3 0 
(1 + c)J-lxcos¢> (1 + c)cos¢> (1 + c)cos¢ 

Consequently, the other four eigenvalues are given by 

Yz (1 /-lZ) ± ~ [ Vz (1 _ /-lZ))2 + 4T 
2(1 + c) - /-ly 2 1 + c /-ly (1 + c)/-ly 

Yz(l - &.) + tan¢>Vy(l - ~) 
_ IJ.z ~z ± 

2(1 + c) 

1 Yz(l - 1!!..) + tan¢> Vy(l - ~)] 4T 
[ 

IJ.z ~z 2 + ___ _ 
2 l+c (l+c)/-lx 

A total of six real eigenvalues is obtained, so the system of Eq. ( 12.42) is 

hyperbolic. 

If J-lx = /-ly, then 
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Moreover, if /-Lx = /-Ly = /-Lz = /-L, we have 

A12 , ±~ 
A3 ,4 ±~ (1+t:)/-L 

As,6 ±~ (1+t:)/-L 

12.5.3 Ordinary Differential Equations 

In this section we assume 

/-Lx = /-Ly = /-Lz = /-L 

The results are given as follows: 

1. Along the characteristic line defined by 

which represents the travelling-down tensile wave, we have 

(12.45 ) 

2. Along the characteristic line defined by 

which represents the travelling-up tensile wave, we have 

(12.46) 



3. Along the characteristic line defined by 

ds ~ 
dt=y~ 
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which represents the travelling-down transverse wave in the y - z plane, we 

have 

4. Along the characteristic line defined by 

ds ~ 
dt=-y~ 

(12.4 7) 

which represents the travelling-up transverse wave in the y - z plane, we have 

5. Along the characteristic line defined by 

ds ~ 
dt=V~ 

( 12.48) 

which represents the travelling-down transverse wave in the x - z plane, we 

have 

( cos</> - Vyszn</> - Vz cos </> )dO + dVx - - Fx t - 0 JT( 1 + c: ). 1 d-
~ ~ 

6. Along the characteristic line defined by 

ds ~ 
dt = - V (l-tc) J1 

(12.49) 

. 11· t e IOn the x - :: planc we havc 
which represents the trave lng-up ransverse wav ' 

_ (JT(ll'+ c:) costP + VysintP + VzcostP )dll + dV. - : Frdt == 0 
(12050) 
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As a consequence of their the dependence upon the state of the tension and 

strain of the cable, the characteristic lines of the transverse waves diverge 

in the space-time domain in contrast to the fixed parallel charru:teristic lines 

of the longitudinal tensile waves. This indeed casts disadvantages upon the 

natural numerical method of characteristics. Nevertheless, numerical methods 

of characteristics for this type of hyperbolic system are still available (Courant 

et al, 1952; Hart ree, 1958; Jeffrey and Taniuti, 1964; Ames, 1969; Patton, 

1972). 
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Figure A.1. Coordinate system and 

forces on a cable element 
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