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Abstract

The problem of using the «,0 and the «, S-quasi periodic transformations within
a finite element method in studying electromagnetic waves in a periodic space is
addressed. We investigate an a priori error estimate for both transformations
which allows us to solve our problem numerically on a uniform mesh. We also
analyse the Dual Weighted Residual (DWR) method with the «,0-quasi periodic
transformation to derive an a posteriori error estimate. This error estimate is
later used to compute efficiently the numerical solution using an adaptive method.
We then implement the above finite element methods. It is shown numerically
that our numerical results are in good agreement with those in the literature, the
«, B-quasi periodic method converges at a far lower number of degrees of freedom
than the a,0-quasi periodic method and the DWR method converges faster and
requires fewer degrees of freedom than the global a posteriori error estimate or
the uniform mesh. We also explore the geometrical freedom given by the finite
element method and examine wave scattering by the Morpho butterfly wing.

i



Contents

1 Introduction 1
1.1 Background . . . . .. ... ... 2
1.2 Outline of the thesis . . . . . .. .. ... ... ... ... ... 3

2 Physical and mathematical description of the problem 6
2.1 Maxwell’s equations and polarization . . . . . . ... ... .. ... 6
2.2 Problem statement . . . . ... ... 9
2.3 Matching the analytical solution on to the finite element solution

at the transparent boundary . . . . . . .. ..o 17
2.3.1 Fundamental solution of Helmholtz problem in a homoge-

neous domain . . . .. ... 17

2.3.2  The Dirichlet to Neumann maps 7,7%° and 7% . . . . .. 19

2.3.3 Properties of the operators T, 70, 7% . . .. ... .. 22

2.4 Mathematical formulation of the truncated problem . . . . . . . .. 39

2.5 SUmMmMAary .. o.o. .o 44

3 A regularity estimate for the inhomogeneous Helmholtz problem
for periodic gratings 45
3.1 General case . . . . . ... 45

3.1.1 Case 1A: Perfectly conducting grating: TE case . . . . . .. 45
3.1.1.1  The inhomogeneous Helmholtz equation . . . . .. 45
3.1.1.2  The a-quasi-periodic Green functions of the Helmholtz

equation . . . . . ..o 46
3.1.1.3  Regularity of the solution of Helmholtz problem for
periodic grating . . . . . .. ..o Lo 52

3.1.2  Case 2A: Transmitting dielectric grating: TE case . . . . . . 57

3.1.2.1 The inhomogeneous Helmholtz equation . . . . . . o7

3.1.2.2  The a-quasi-periodic Green functions of the Helmholtz
equation . . . . . .. ...



322 Firstcase: K2 >n2 . . ... 69

3.2.2.1 Properties of U™ .. 70
3.23 Second case: k* <mnZ ... ... 73
3.2.4  Regularity of the solution corresponding to the special case . 75
3.2.5  Summary ... ... 76
4 A priori error estimates using the «, 0-quasi periodic transforma-
tion 78
4.1 Restatement of the boundary value problems for the periodic solution 79
4.1.1 Variational formulation . . . . . . ... ... ... ... ... 81
4.1.2 Equivalence of the variational forms for the periodic and a-
quasi periodic problems . . . . .. ... ... L. 82
4.1.3  Well posedness of the variational problem . . . . . ... .. 84
4.1.3.1 Existence and uniqueness of the solution . . . . . . 84
4.1.3.2 Regularity estimate of the exact solution . . . . . . 87
4.1.4 Efficiency of the diffraction grating . . . . . . .. .. .. .. 91
4.1.5  Conservation of the energy or energy balance . . . . . . . .. 93
4.2 The discrete problem . . . . . ... .00 94
4.2.1 Variational formulation . . . . . . .. .. ... L. 94
4.2.2  Truncation of the DtNmap . . . . . .. .. ... ... ... 95
4.2.3 Efficiency of the grating . . . . ... ... ... ... ... 97
4.2.4  Checking the energy balance using the truncated DtN map . 97
4.3 A priori error estimates for the exact solution . . . . . ... .. .. 98
4.3.1 A priori error estimation of the discretised problem . . . . . 98
4.3.2 A priori error estimation of the continuous problem by trun-
cating the DtN operator . . . . . . ... ... ... .. ... 105
4.3.3 Total error made by solving numerically the problem . . . . 109
4.4 Summary . ... ..o 112
5 An a posteriori error estimate using the dual weighted residual
method and the «, 0-quasi periodic transformation 114
5.1 Introduction . . . . . . ... 115
5.1.1 Global error estimate . . . . . . ... ... ... ..., 116
5.1.2 Goal oriented error estimate . . . . . . ... ... 117
5.2 Direct problem . . . . ... 119
5.2.1 Continuous problem . . . . . . .. .. ... ... 119
5.2.2  Discretised problem . . . . . .. ..o 120
5.3 Dual problem . . . . . . ... 120
5.3.1 Quantity of interest: Q . . . . .. ..o 120
5.3.2 Strong form of the dual problem . . . . . . .. ... ... .. 122
5.3.3 Variational form . . . ... ..o 124
5.4 A posteriori error estimation . . . . ... .. ... 124
5.4.1 Continuous problem . . . . .. ... ... ... 124

v



5.4.2 Discretised problem . . . . .. . ..o 125

5.4.3 Error estimation . . . . ... ... ... L. 125

5.5 Summary and conclusion . . . . .. ..o 127
5.5.1 Summary . . . ... 127
55.2 Conclusion . . . . . .. . . .. 127

6 New formulation of the grating problem and a priori error esti-

mates using the «, f-quasi periodic transformation 129
6.1 Restatement of the boundary value problem for the periodic solution 130
6.1.1 Variational formulation . . . . . . .. . ... ... ... ... 132
6.1.2  Well posedness of the variational formulation. . . . . . . .. 133
6.1.2.1 Existence and uniqueness . . . . .. ... .. ... 133

6.1.2.2 Regularity of the solution . . . ... .. ... ... 136

6.1.3 Efficiency of the grating . . . . . .. ... ... ... ..., 138

6.2 Discrete problem . . . . ... 140
6.2.1 Variational formulation . . . . . . ... ... ... ... 140
6.2.2 Truncation of the DtNmap . . . . . .. ... .. ... ... 140
6.2.3 Efficiency of the grating . . . . ... ... .. ... ... .. 142

6.3 A priori error estimates for the exact solution Uy . . . . . . . .. 142
6.3.1 Dual problem . . . . .. ... ... 143
6.3.2 An a priori error estimation of the discretised problem . . . 144

6.3.3 Comparison between the continuous variational formulation
with a truncated DtN map and that with a full DtN map . . 149
6.3.4 An a priori error estimate from the truncation of the DtN

Operators . . . . . . ... e 150
6.3.5 Estimate of the total error . . . . . . . ... ... ... ... 153
6.4 Summary and conclusion . . . . ... ..o 155
6.4.1 Summary . . . ... 155
6.4.2 Conclusion . . . . . . . . . ... ... 155
7 Numerical methods and numerical results 158
7.1 Numerical methods . . . . . .. ... .. ... ... ... ...... 158
7.1.1 Uniformmesh . . . . . .. ... .. ... ... 158
7.1.2 Adaptivemesh . . .. ... ... 162
7.2 Numerical results . . . . . . . . ... ... 163
7.2.1 Code validation . . . . . . ... ... ... ... ... . ... 163
7.2.2  Variation with k of the «, 0 and the «, S-quasi periodic meth-
ods . . . . 175
7.2.3 Comparison with the DWR method . . . . . . ... ... .. 181
7.2.4  Application of the DWR to a scatterer with a complex ge-
ometry: the butterfly wings . . . . . ... .. ... ... .. 185
7.3 Summary and Conclusion . . . . . .. ... ... ... .. 188
8 Conclusion 190



A Sobolev spaces 203

A.1 Some useful definitions . . . . . . . ... .. ... L. 203
A.2 Quasi-periodicity . . . .. ... 207
B The Finite element method 210
B.1 Variational formulations of elliptic boundary value problems . . . . 210
B.2 Analysis background . . ... ..o 0oL 211
B.3 Finite element space . . . . . .. ... 213
C A regularity estimate for the inhomogeneous Helmholtz problem

for periodic gratings for Case 1B, Case 2A and Case 2B 214
C.1 General case . . . . . . . .. .. 214
C.1.1 The inhomogeneous Helmholtz equation . . . . .. ... .. 214

C.1.2 The a-quasi-periodic Green functions of the Helmholtz equa-
tion . . . .. 216

C.1.3 Regularity of the solution of Helmholtz problem for periodic
grating . . . . . ... 217

D A priori error estimates using the «,0






in medical x-ray imaging [62, 132]. There are also acousto-optic devices, which
are dynamic gratings used to make tunable optical filters. They are used in many
applications for example in the pharmaceutical industry, to characterize the com-
position of drugs, and in spectroscopic sensing, for detecting trace gases [108].

1.1 Background

The problem of electromagnetic wave diffraction is based on solving Maxwell’s
equations in the diffraction grating region, to find the resulting electromagnetic
field when an incident wave shines upon the grating [79, 95]. In many applications
we are more interested in the efficiency of the grating. The reflection (transmission)
efficiency is the ratio of the reflected energy (transmitted energy) to the incident
energy of the electromagnetic field. In our case, we will assume that there is
neither charge nor current so that the Maxwell equations reduce to the Helmholtz
equation [95]. There are two types of grating known as the perfectly conducting
(sound soft) grating, when there is no energy absorbed by the grating (i.e the
electromagnetic field vanishes inside the scatterer), and the dielectric transmitting
(sound hard) grating, where energy can be absorbed by the grating. There are
also two fundamental polarizations [82, 95, 50]. The first is the Transverse Electric
mode (TE), where the direction of the electric field is perpendicular to the direction
of propagation; which means the electric field is £ = (0,0, E,(z,y,t)) and the
magnetic field is H = (H,(x,y,t), Hy(x,y,t),0). The second polarization is the
Transverse Magnetic mode (TM), where the direction of the magnetic field is
perpendicular to the direction of propagation; which means the magnetic field
is H = (0,0, H.(x,y,t)) and the electric field is £ = (E,(x,y,t), E,(z,y,t),0).
We seek to solve the Helmholtz equation for both grating types and for both
polarizations, in two dimensions, for a periodic grating with respect to one direction
when a plane wave is incident. To this end, we use a finite element method and
use the periodicity of the grating with respect to one direction to focus our study
over one period. Since the domain is infinite in the other direction we need to
truncate the domain and apply some transparent boundary conditions. We then
use the Rayleigh expansion of the electromagnetic fields from the region outside
the truncated domain of the diffraction grating system to match with the solution
inside the diffraction grating region. We then subdivide the diffraction grating
region into finite elements.

There are of course other numerical methods in the literature to solve the
problem of diffraction of waves [95, 99]. There is the differential method where the
dielectric permittivity and the electromagnetic field are expanded in a Fourier se-
ries over the grating period [95]. Then the Fourier expansions are inserted into the
Helmholtz equation and the problem is solved using differential equation shoot-
ing methods. There is also the boundary element method [91], where the wave
problem is formulated as an integral equation. This method is deployable when
we can derive a periodic Green’s function which describes the connection of the



electrical surface current radiating from one point belonging to the grating to an
arbitrary point in the space. Then there is the finite difference method [65], which
is based on solving the wave equation in the diffraction grating region by divid-
ing the diffraction grating over one period into grids. The spatial derivatives are
then approximated by finite differences. Like the finite element method, it uses
the Rayleigh expansion of the electromagnetic fields from the region outside the
diffraction grating system to match on the boundary the electromagnetic field from
the region inside.

The advantage of the finite element method is its flexibility in dealing with
complex geometries. It also naturally gives rise to a variational formulation which
provides a platform to rigorously derive existence and uniqueness results and reg-
ularity bounds. This allows us to make statements about the well-posedness of
the problem and to derive a priori error estimates. In addition, the finite element
method can achieve a desired level of accuracy and at the same time minimize the
computational cost by applying a posteriori error estimates.

1.2 Outline of the thesis

The first aim of this work is to undertake a rigorous analysis of an a prior: error
estimate with what we call the a,0-quasi periodic method when we use the finite
element method and the Rayleigh expansion to solve the Helmholtz problem. This
original work is contained in Chapters 3 and 4.

In applications, we are also interested in controlling efficiently the error that
arises when we solve numerically the scattering problem. This can be done in
the finite element case, by calculating a posteriori error estimates. Since we
are interested in the efficiency of the grating we then choose the efficiency as our
quantity of interest. The second aim of our work is therefore to investigate a goal
oriented a posteriori error estimate called the Dual Weighted Residual (DWR)
method. This method consists of using both the direct solution and the dual
solution of the problem in order to achieve a goal oriented result. This original
work is contained in Chapter 5.

We also want to investigate different formulations of the problem, still based
on finite elements and the Rayleigh expansion, and examine in which cases these
approaches will be more efficient in solving the diffraction problem. Since it has
been reported for single scattering that there is an instability in numerical methods
when we have high wavenumbers [59, 16], we write the solution of the scattering
problem U as a product of the analytical solution of the scattering problem when
the domain is scatterer free and another unknown function we call U, 3. By doing
so, we get a new wave equation that we will solve for this new unknown function
rather than solving directly the Helmholtz problem for U. We call this the «, -
quasi periodic method. Hence our third aim is to investigate the a priori error
associated with this approach. The details of this original work are contained in
Chapter 6.



Our final aim is to implement these methods in a discretised finite element
code and investigate their stability, accuracy, dependency on system parameters,
and their applicability to a set of problems. The details of this work are contained
in Chapter 7.

As there are two types of wave to consider (transverse magnetic (TM) and
transverse electric (TE)) and there are two types of gratings (perfectly conducting
and transmitting dielectric) there are in fact four cases to investigate. We denote
these cases by Case 1A/B: perfectly conducting and Case 2A/B: transmitting
dielectric where A (B) denotes the TE (TM) wave. Whilst we have derived results
for all four cases, in order to emphasise the salient points, we have relegated the
analysis of Cases 1B, 2A and 2B to the appendices (in Chapter 3 we also give
details for Case 2A).

We start by describing the geometry of the problem, in Chapter 2, when an
incident wave is radiating on the grating profile P = f(z) and we give the mathe-
matical formulation of the problem. Due to the periodicity of the grating, we can
focus our study over one period d. When we solve the problem numerically, we
truncate the domain at |y| = B < oo by using the Dirichlet to Neumann (DtN)
operators. The DtN operator is used to match the Fourier coefficients of the field
obtained by finite elements inside this domain with the Rayleigh expansion of the
field outside. Once we have formulated the problem mathematically, we study
the properties of the DtN map. There have been a small number of theoretical
investigations into the use of the Finite Element Method as a tool for studying the
electromagnetic waves interacting with a diffraction grating [9, 12, 13]. In these
studies the continuity of the DtN map was simply assumed and hence the depen-
dency of the regularity constant on the system parameters such as the wavenumber
was not derived. These are essential components of our analysis and so in Sec-
tion 2.3.3 we derive these results for the first time. We then study the regularity
estimate for the Helmholtz problem for a periodic grating in two dimensions in
Chapter 3. This is needed in Chapters 4 and 6 to show the continuous depen-
dence of the solution of the Helmholtz problem on the data. We then describe
the «,0-quasi periodic method in Chapter 4. We start with an examination of the
continuous problem where we give its variational formulation in an appropriate
Sobolev space. We then investigate the well-posedness of the continuous problem;
that is, the solution exists, is unique and depends continuously on the data. Hence,
a new regularity result is required in order to show this continuous dependence.
The study of the well-posedness of the problem allows us to know in advance
that we can solve the problem. We then discretise the problem to approximate
its solution and derive a new a prior: error estimate. This result guarantees the
uniqueness of the approximate solution.

There are essentially two approaches to studying a posteriori error estimates.
We can either study the difference between the exact solution and its approximate
solution or we just choose to focus on a particular linear functional which depends
on these solutions. In our case, we will adopt the second approach in Chapter 5. A



linear functional () is defined in such a way that it captures the error made between
the efficiency of the grating in the continuous problem and that obtained from the
discretised problem. By finding an upper bound for ) we derive a formula for an
error indicator function. This indicator function is subsequently used in the finite
element implementation to adaptively refine the size of the individual elements.
We start with the direct problem, then introduce the dual problem before proving
an estimate of the linear functional of the error.

We also want to investigate different transformations of the problem, still based
on finite elements and the Rayleigh expansion. To this end we introduce the «a, -
quasi periodic method in Chapter 6. Similar to Chapter 4, we start with an
examination of the continuous problem where we give its variational formulation.
We investigate the well-posedness of the continuous problem, discretise the prob-
lem to approximate its solution and derive a new a priori error estimate which
guarantees the uniqueness of this approximate solution. We finish by comparing
quantitatively the a priori error estimate from the o, O-quasi periodic method and
the a, S-quasi periodic method.

In order to validate the theoretical results that are derived in this thesis a series
of numerical experiments were devised and implemented. There are two types of
experiment to be performed. The first set of experiments involve solving the prob-
lem numerically using a standard implementation and confirming that a bounded
solution does indeed exist. We will also use this implementation to examine the
relative convergence of the two problem formulations given in Chapters 4 and 6.
The second set of experiments utilise the new approach detailed in Chapter 5 to
construct an adaptive grid implementation. The aim of these experiments is to
verify that the proposed method does produce correct solutions and converges
faster than alternative strategies. Details of these implementations and the cor-
responding results are contained in Chapter 7. We begin by validating our code
with numerical methods and experiments from the literature. We then compare
the «, 8-quasi periodic method with the «, 0-quasi periodic method across a range
of wavenumbers. We produce numerical results that show the advantage of using
the Dual Weighted Residual (DWR) method as compared to the uniform mesh or
the global a posteriori error method proposed in [13]. We have chosen the finite
element method because of its flexibility to adapt to complex scattering geometry.
In our final illustration, we will consider a scattering geometry from a real world
application concerning the Morpho butterfly wing [98, 129, 124, 102].



Chapter 2

Physical and mathematical
description of the problem

In this chapter, we start by introducing Maxwell’s equations and show how these
reduce to the Helmholtz equation in two simplified cases. Then, we give the
geometrical description of the diffraction grating and the mathematical formulation
of the problem concerning wave interaction with this. After we study the Dirichlet
to Neumann map, we use this to construct a transparent boundary between an
outer analytic solution and an inner numerical (finite element) solution so that
we can truncate the domain of our problem. We then give the mathematical
formulation of our problem in the truncated domain Q  R2.

2.1 Maxwell’s equations and polarization

There are two types of grating [95, 82|, the perfectly conducting (sound soft)
grating when there is no energy absorbed by the grating (i.e the electromagnetic
field vanishes inside the scatterer) and the transmitting dielectric (sound hard)
grating where energy can be absorbed by the grating. In this latter case, the
wavenumber inside the scatterer has a positive imaginary part which captures
the energy loss. There are two fundamental polarizations [82, 95, 50]. The first
is the Transverse Electric mode (TE), where the direction of the electric field
is perpendicular to the direction of propagation; which means the electric field
E = (0,0, E,) and the magnetic field H = (H,, H,,0). The second polarization is
the Transverse Magnetic mode (TM), when the direction of the magnetic field is
perpendicular to the direction of propagation; which means the magnetic field H =
(0,0, H,) and the electric field £ = (E,, E,,0). Let us start by studying Maxwell’s
equations and derive the TE and TM problems for the perfectly conducting grating.
After that we will deal with the transmitting dielectric grating.

The time harmonic form of Maxwell’s equations, with e~*! dependence, is



given by [95, 60]

xE = —iwB,
xH = wD+J,
o —Lwp,
D = p,

B = 0.

A~~~ /N I/~ /—~
T = W N =
~— ~— ~— ~— ~—

where E is the electric field, H is the magnetic field, B is the magnetic flux density,
D is the electric displacement, J is the electric current density, w is the angular
frequency, and p is the electric charge density. The constitutive relations may be

written

= Eﬂa
= pH,

[svlllw

(2.6)
(2.7)

where € and p are, respectively, the electric permittivity and magnetic permeability
of the medium. At this stage let us assume that ;o = 1 and that there is no charge

and no current, so that p =0 and J = 0.

e Case 1: Perfectly conducting grating

For the perfectly conducting case, in the domain exterior to the grating,
equations (2.6) and (2.7) hold, where the electric permittivity of the medium

e is constant. Inserting equation (2.7) into equation (2.1) gives

X E = —iwpH.
Similarly if we use equation (2.6) in equation (2.2) we get

x H =iwek.

(2.8)

(2.9)

Introducing the components of each field via £ = (E,,E,, E,) and H =
(H,,H,, H,) then, if we assume that E(z,y) and H(z,y), we have from

equation (2.8)

OE, = —itwpH,,
OE., = twpH,,
0By —0yF, = —iwuH,,

and from equation (2.9)
O H, = ek,

0.H, = —itweE,,

o,H,— 0,H,

we k.

(2.10)
(2.11)
(2.12)

(2.13)
(2.14)
(2.15)



The perfectly conducting boundary conditions for the fields on the grating
surface are given by

= 0 (2.16)
= 0, (2.17)

n

= I

x
n.
where n = (n,,ny, 0) is the outward unit normal vector on the grating surface
[82]. Examining the components of equation (2.16) we get on the boundary

E. = 0, (2.18)
and
ny B, —n, B, = 0. (2.19)
Combining equation (2.19) with equations (2.13) and (2.14) gives

0H,

g0y H, + n,0,H, = B = 0 (2.20)
where 0, is the first order partial derivative with respect to x (9, is the first
order partial derivative with respect to y). We note that equations (2.10)
to (2.20) can be separated into two independent sets [82]. The first set
consists of (2.10), (2.11), (2.15) and (2.18). These equations only contain
the transverse component £, of the electric field and the components H, and
H, of the magnetic field. Differentiating equation (2.10) with respect to y,
differentiating equation (2.11) with respect to  and adding them gives

AE, = iwp (0, H, — 0,H,) .
Using equation (2.15) then gives the Helmholtz equation
AE, +kK*E. =0 (2.21)
where
k* = wep,

subject to the boundary condition given by equation (2.18). This is called the
Transverse Electric (TE) problem. The second set consists of (2.12), (2.13),
(2.14) and (2.20). These equations only contain the transverse component
H, of the magnetic field and the components £, and FE, of the electric field.
In a similar way if we combine equations (2.13) and (2.14) and use equation
(2.12) we get a second Helmholtz problem

AH, +Kk*H, =0 (2.22)

subject to the boundary condition given by equation (2.20). This is called
the Transverse Magnetic (TM) problem.
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e Case 2. Transmitting dielectric grating

We follow the same procedure as in Case 1 but this time we also have to
satisfy Maxwell’s equations inside the scatterer, and so we need to take into
account that the permittivity € is no longer constant. For the TE case the
combination of equations (2.10), (2.11) and (2.15) (with permittivity e(z,y))
lead to the Helmholtz problem

AE, + k*(z,y)E, = 0, (2.23)

with
K (2,y) = we(z, y)p.
For the TM case a complication arises when we take the derivatives of equa-

tions (2.13) and (2.14) since the permittivity is now spatially dependent.
Hence equations (2.13) and (2.14) can be rearranged and differentiated to

give
1
—F—0,H, | =0,F
o ()~

1

Adding these and using equation (2.12) gives

and

1 1
O (7k:2(x,y)amHz> + 0, (7k2(x7y)asz> +H,=0 (2.24)

since the permeability is constant.

For both Case 1 and Case 2, in order to formulate the scattering problem as a
boundary value problem, we need to include an appropriate radiation condition
(outgoing wave condition). In this thesis we will be considering electromagnetic
waves interacting with a periodic diffraction grating. The usual Sommerfeld radi-
ation condition is therefore not appropriate [28] as the radiating energy does not
diminish in the direction of periodicity. Hence the so-called upward propagating
radiation condition (UPRC) was introduced in [28]. It has been used to establish
the uniqueness of the solution of scattering from a periodic grating. It was shown
that if the grating is periodic then the UPRC is equivalent to the Rayleigh condi-
tion which means when y goes to infinity, £, and H, must remain bounded and
can be described as a superposition of outgoing plane waves [97, 95, 4, 5].

2.2 Problem statement

We wish to solve the Helmholtz equation in R? for a periodic grating of period d
(with respect to x), as shown in Figure 2.1. Since we will consider two types of

9
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Figure 2.1: Diagram representing an incident wave with an angle of incidence 6
with respect to the y axis on a periodic grating in R?. The parameter d represents
the period of the grating in the x direction. The scatterers are represented by the
shaded regions.
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grating (the perfectly conducting grating and the transmitting dielectric grating)
we denote, for the perfectly conducting case, the region of R? outside the scatterers
by R (the unshaded region in Figure 2.1) and by R?, the scatterers in R? (shown
as the shaded regions in Figure 2.1).

Case 1A: Perfectly conducting grating: TE case

Here we are solving for U = E. and, using equations (2.21) and (2.16), we
solve the Helmholtz problem to find U(z,y) C?(R?%) such that

AU(z,y) + K (2, 9)U(z,y) =0, (z,y) RE,
U(z,y) =0, (z,y) OR?, (2.25)

subject to the upward propagating radiation condition (UPRC)

lim U(x,y) = 0. (2.26)

ly|—o0

Case 1B: Perfectly conducting grating: TM case

Here we are solving for U = H, and, using equations (2.22) and (2.17), we
solve the Helmholtz problem to find U(z,y) C?(R?%) such that

AU(z,y) + K (z,y)U(z,y) =0, (z,y) RZ,

8U(x,y) 2
——= =0 OR 2.27
LW 0, () oR2 (227
subject to the UPRC
lim U(z,y) = 0. (2.28)
|y|—o0

where 8—(?1 denotes the normal derivative operator on the boundary of each
scatterer.

Case 2A: Transmitting dielectric grating: TE case

Here we are solving for U = E, and, using equations (2.23), we solve the
Helmholtz problem to find U(z,y) C?*(R?) such that

AU(z,y) + K (2, 9)U(z,y) = 0, (z,y) R (2:29)
subject to the UPRC

lim U(x,y) = 0. (2.30)

ly|—o00
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e Case 2B: Transmitting dielectric grating: TM case

Here we are solving for U = H, and, using equation (2.24), we solve the
Helmholtz problem to find U(z,y) C?*(R?) such that

1
(j ve) 406w = 0 @) R 23
subject to the UPRC
lim U(x,y) = 0. (2.32)
ly|—o0

We will utilize the periodicity of the grating and restrict our problem to a single
vertical strip, S = [0,d] X R, as shown in Figure 2.2. We restrict the effects of the
scatterers (the grating) to a horizontal strip Qo = [0, d] % [—b, b] and we define the
wavenumber £ to be

ki R, for (z,y) €,
k’(%y) = k’o(l’,y) Ca fOl" (:E,y) QOa (233)
ky C, for (z,y) o.

where Q1 = [0, d] % [b, +00) and Qy = [0, d] % (—oo, —b]. The first reason for having
b is for computational efficiency, so that we can have coarse mesh inside the region
away from the scatterers (Jy| > b). The second reason is that we need to use the
Rayleigh expansion inside the region b < |y| < B when we derive an a priori
error estimates when we truncate the DtN map. The third reason is to make our
geometry sufficiently general to cope with the situation where there is a different
material in regions €;.

Incident wave

The incident wave is

Up = efor—ifiy, (2.34)
where

a = kysind, (2.35)

B3 = kicosd

and 6 is the angle of incidence of the wave as shown in Figure 2.2. We demand
that

(k) >0,

(k;) =0, (2.36)

where (k;) ( (k;)) denotes the real (imaginary) part of k; so that the scattered
and diffracted waves are composed of bounded outgoing waves. We use the no-
tation 8Y to be consistent with the notation B} that we will use later on for the

12
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: o,
0 % d N
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92

Figure 2.2: Diagram depicting a periodic grating in R? over one period d in the
x direction. The scattering region is denoted by €2y, the region occupied by the
scatterer is denoted by {23, €2y is the upper region with constant wavenumber
ki R and €y is the lower region with constant wavenumber ks  C. Uy is the
incident wave.
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different wavenumbers of the diffracted waves in the upper region €; (7 = 1) and
lower region €5 (j = 2). The reason that there is no subscript or superscript on
a is just a consequence of the Snell’s law for stratified media which makes « the
same in €2; and €.

Transparent boundary conditions (Dirichlet to Neumann Maps)

To solve the grating problem numerically for a wide range of grating geometries
we will use a finite element method. We therefore need to truncate our domain
to render it finite. To provide suitable boundary conditions for the finite element
solver we use an analytical solution in the adjacent domains and apply transparent
boundary conditions that match this analytical solution continuously and smoothly
with the finite element solution inside the truncated region. To achieve this we
study the analytic solution of the Helmholtz equation when the wavenumber is a
complex constant; known as the Rayleigh expansion. These transparent boundary
conditions are captured by the Dirichlet to Neumann (DtN) operators 7. (see
Section 2.3.2) which match the Rayleigh expansion of the electromagnetic field on
the boundary of the truncated region with the finite element solution inside the
truncated domain. To assist us in this we redefine 21, (25 to be

O ={(z,y): 0=sz=<db=sy< B},
Qo ={(z,y): 0=szx=<d —B<y<-—b}

where B is a positive real number and B > b (see Figure 2.3). We also denote

Q+_ {(z,y): 0=szx<d, y=B}

Q- ={(z,y): 0=szx=<d, y<-—B}

={(z,y): 0<zxz<d, y= B}, (2.37)
F, ={(z,y): 0=szx=<d, y=—B} (2.38)

and we denote by ()3 o the scatterer (see Figure 2.3). In our study, the
structure of the diffraction grating in one period can be shown either by Figure 2.3
or Figure 2.4. Then instead of finding U which satisfies one of the equations (2.25),
(2.27), (2.29) and (2.31) in [0,d] * R we will find the equivalent solution of the
problem in

Q={(z,y):0<zr<d,—B=<y< B} (2.39)

Hence we need an analytical solution to the Helmholtz problem in the homo-
geneous regions that lie above and below () so that we can solve our problem in
), this is done in the following section.

14



Ur

Qo

—B

Figure 2.3: Diagram showing the truncated periodic grating domain. We redefine
1, the region above the scattering region to be {(x,y): 0 <z <d, b<y < B},
and the substrate s to be {(z,y): 0<z <d, —B <y < —b}.
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Figure 2.4: Another type of the grating profile when the interface which separates
the grating with the region above is an open curve.
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2.3 Matching the analytical solution on to the fi-
nite element solution at the transparent bound-
ary

As explained earlier we will need an analytical solution to the Helmholtz problem
in the homogeneous regions that lie above and below 2 defined in (2.39). In the
following section we derive this solution.

2.3.1 Fundamental solution of Helmholtz problem in a ho-
mogeneous domain

In Section 2.2 the methodology for solving these Helmholtz problems for a general
scatterer geometry required an analytical solution in the outer domains; where the
wavenumber is constant. Let u  H},(Q+) (N C?*(Qx), k;  C and let us find the
analytical solution of

Au—i—ka.u:o, x [0,d,|y|=B, ie.x Qv 5 {1,2}.

For that, we need the following lemma. For completeness sake Appendix A contains
the definitions that we shall need in this thesis regarding Sobolev spaces.

Lemma 1. Ifu is a-quasi-periodic and if k;  C, then the solution of the Helmholtz
problem

Au(z,y) + ku(z,y) =0, = [0,d,lyl=B, j {1,2}, (2.40)

is composed only of outgoing waves (apart from the incident wave). In order to
satisfy the UPRC' conditions at y = oo so that it is unique, it can be written as
[97, 95, 4, 5]

uz,y) =Y Fol)Guly) (2.41)

nez
where

F.(z) = ce™”,
Culy) = ™Y+ dyei.
Fory= 1B, ¢, =0 foralln 7Z except for n = 0 which corresponds to the incident

wave and for y < —B d, = 0 for all n  7Z in order to satisfy the radiation
condition (UPRC). We also have

2
Nne = a-+ %, (2.42)
18717 = |k —nl|, B} ==k —nl])"?, (2.43)

17



such that
Zn = arg(k‘? —n?), (2.44)

for 7 {1,2}.

Proof. Let us write u = >, F,(2)G,(y). If u satisfies equation (2.40) then so
does each u,, = F,,(z)G,(y). Therefore,

Aty + kfu, =0, z [0,d,|yl=B, j {1,2} (2.45)
Then, equation (2.45) becomes

F(2)Guly) + Fu(2)Gr(y) + K Fa(z)Galy) = 0,
which can be rewritten as follows

Fi@) G _
-~ = -2 — k. 2.46
@) = Guy) 240
We see that the left and right hand sides of equation (2.46), are dependent only

on x, and on vy, respectively. Therefore, they both must be constant and so there
exists a constant \,, such that

Fl(x) = M\Fu(2), (2.47)
Gr(y) = —(M+E)Gu(y). (2.48)

Let us begin by solving equation (2.47). Because of the quasi-periodicity of F},,
we cannot have A, > 0 so we write \,, = —n2. Therefore,

F,(z) = Cre™ ™" 4 Cye'™",
Applying the quasi-periodic condition
F,(d) = ¢?F,(0) (2.49)

gives ‘ ‘ ‘
(Cl 4+ 02>€zad — Clefmad 4 02€mad,
and so equation (2.49) is satisfied if and only if

Ne = @+ 27an (2.50)

and
Cl - O

We choose the direction of propagation along the x direction to be from left to
right and so

Fo(z) = Coe™", (2.51)



Equation (2.48) can be solved using equation (2.50) to give
=G (y) = (k] =ng)Galy) = 0.
Then, with (B]")2 = k:]2 —n?, as given by equation (2.43),
Gn(y) = coe Y 4+ d, e, (2.52)
]

Note that we avoid the case k? = n? which corresponds to the resonance phe-
nomenon [95, 82].

2.3.2 The Dirichlet to Neumann maps 7,7 and 7"

We need the following property of a—quasi-periodic functions before we study the
DtN maps.

Lemma 2. For fized y = yo, f(x,y0) can be treated as a function of one variable,
x. If f(x,yo) L;#([O, d)), then f(x,yo) can be expanded as the Fourier series

fleyn) = D fr(yo)em (2.53)

nez

where

1 [ 4
) = 3 [ e s
0

with ng = 2”7" + .

Proof. Because f(x,yo) is a-quasi-periodic with respect to x, we can use Lemma A-
16 and we can see that g(z,y9) = e " f(x,y) is periodic with respect to .
Therefore we can express g(z,yy) as a Fourier series

e f (2, 90) Zg (yo)e’ s o

neL
such that
]_ d 2 n
9w) = g [ e e
0
I :
- g/ f(x7y0)€—1na$dl.’
0
= [0 (o).
Hence
e fz,yo) = Y f") (yo)e! T,
nez
which finishes the proof. O
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We can now expand the solution to the Helmholtz problem detailed in Lemma 1,
u(zx,y), as a Fourier series in x (for each y value), by using Lemma 2. This leads

us to A
u(a,y) = U (y)em=*. (2.54)

nez

By using Lemma 1 for (z,y) €., this solution can be written as

u(a,y) =Y rielivtines pgnemifivtiner i — 1 9, (2.55)
nez

where the unknowns 77 and ¢, called Rayleigh coefficients, are complex scalars
(we shall see later in Section 4.1.4 that r} (#7) is related to the grating reflection
(transmission) efficiency of order n). By requiring that u is composed of bounded
outgoing planes waves in ), except the incident wave in €2, , we have

t? == 5n07

ry = 0

for all n Z such that 7 is given by equation (2.43) and ¢ is the Kronecker delta
defined by

1, if n=m,

Onm = {O, otherwise. (2.56)

We again stipulate that k:]2 = n2 to avoid the phenomenon of resonance [95]. This
leads us to write

U (y) = rieV + Gpoe™ 1, in Q,
U (y) = the P2y, in Q_. (2.57)

In Q, since I'y Q,, when y = B, we have
U(”a)(B) = r?eiﬁw + (5,106’”?3,
SO
ry = U("“)(B)e’ww — (5noe’2i5?3. (2.58)
InQ_,since ' €Q_ when y = —B,
Ure)(=B) = e8P,
SO

th = U (=B)e 2B, (2.59)
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Inserting the expressions from equations (2.58) and (2.59) in equation (2.57), we
find that

Na i1 (y—B) — iﬂ? —2B) __ —z‘? .
Ue) (y) = {U( /(B)eiw=p) 5n0<€ W=2B) —¢ 59), in

, (2.60)
Une) (—B)e~ i WHB) in Q_.

From now on, we will just denote by n the unit normal on I'y. When y = B, we
derive from equation (2.60) that

3U(”a) i gn ) '
T(y) _ ZB?U(na)(y)elﬁl (y—B) _ 5n0 <,L'B(13615?(y*23) + iﬁ?eilﬁ?y> .
Hence
ou ) ‘
T(y) _ ZB?U(RQ)(B) — 571022'6?6_16?B- (261)
n r,

Similarly, let us denote by n the unit normal on I' . When y < —B, we derive
from equation (2.60) that

w Z’BSU(na)(y)e—iBg(y—l—B)'
n
Hence
AU ) (y N,
7%( ) - iU (=B). (2.62)
r_
This leads us to,
Ou sanrr(na) inax - 00 iax—iB)B
Soln, = Y iU (B)emer = 2ipper (2.63)
nez
au ;AN (Tba) Mol
nezZ

We now introduce Dirichlet to Neumann maps, 75, which are used to match
continuously and smoothly the outer analytical solution on I'y, with the inner
solution given by the finite element methods in €2. They are called DtN maps,
because they give the relationship between the value of the function f on the
boundary (i.e. Dirichlet data) to its normal derivative (i.e. Neumann data).

Definition 3. Let f Hj#(Fi). We define the DtN maps [9], T', where T'f
H,;(l'+) and |
Tif(x) = Z Z'B]nf(na)(iB)elnaaj’

nez
where f(z,y)|r, = f(z,£B), with 2, given by equation (2.44), 87 given by equa-
tion (2.43) such that j = 1 corresponds to I'y and j = 2 corresponds to I'_, n,
given by equation (2.42) and f("<)(£DB) given by Lemma 2.
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In Chapter 4 and Chapter 6, two different methods are used to solve the scattering
problem. We will need different DtN maps for each method, which we will denote
by 7%° and T2,

Definition 4. Let f  HZ(I't). We define the DtN maps [11], T5°, where
1
20§ (L), and
:2mn

TE0f(x) = Y iBjf"(£B)e T,

nez

27N

1 [
where f™(xB) = 3/ flx,£B)e ""d “dx.
0

In Chapter 6, we will introduce a function w(y) such that the solution to the
scattering problem U = e"““w(y)U, g. In doing so, we will need to introduce Ti"ﬁ
which is defined as follows

1
Definition 5. Let f  H}(I'x). We define the DtN map, T8 where T f
1
H,*(T+) and

e} . n 'w, Y n 270
T () = Y (ﬁj +i <( ; ) [OEB)EE, (2.64)
nez W) Iry
where
- e~ Py, b=y=<D0,
wly) = { tge_wgy + rgewgy, —B=y<-, (2.65)

with b and B as shown in Figure 2.3. The parameters t; = 1, ro = 0 and ry,t5 C,
which satisfy |ri| < 1, |t2] < 1, and will be explained in detail in Chapter 6 along
with the function w(y).

Note that we can combine Definition 4 and Definition 5 to obtain

T =T ) S L), (2.66)

where I is the identity operator.

2.3.3 Properties of the operators T, 70, T#

In this section we will derive some results regarding the DtN maps defined above.
To ease the notation we will drop the subscript = from the maps and write

T = Tia
T = T,
T8 = TP
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In order to show the uniqueness of the solution to the scattering problem, one of
the prerequisites is that T is a continuous operator. In many papers [14, 13,9, 118],
the authors state that 7" is a continuous linear form but they do not calculate the
constant of continuity. Here we calculate these constants explicitly.

Lemma 6. The operator T' : HQ#(Fi) -~ H, (Fi) s a continuous linear form
(the operator is linear and its norm in the zmage space is bounded by the yorm of
the function in the domain). There exists a positive constant 2 < C? < 5 such
that

Tf 2

= C?sup(lkjl,1) f 2
H,

(Fi) #(Fi)

:ﬁ:wh-‘

for 7 =1,2. In addition, for alln N and j =1,2

217.2 ; 2 2
P < {c K2 if [K2] > n2,

2.67
C?*nZ if K| < n. (2:67)

Proof. Let f, g HQ#(RL) then

T(f+9) = Y iB}(f+g))(B)em,

nez
_ Zlﬂnfn maz_'_zlﬂn (na zna:v
nez nez

since

d
F+9"B) = § [ U+,

I : 1 :
= [ [ mea.

If ¢ C, then

T(cf) = Y iff(cf)")(B)em",

nez
— T()).
To prove continuity, we note from equation (2.43) that
n|2 _ 2 _ 1.2
571" = |na = K5,
2
_ k
= o2
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If n2 > |k?| , we have

B @
nZ n2 nZ ’
and since
K= (k)= (k) +2i (k) (k).
then
P () B ) B )
nz n2 nZ n2

Therefore, we have

2
— _J —
'1 n—g < |2 Zl,

and so if |k?| < nZ, there exists 2 < ¢; < 5 such that

| (87)° 1 < ein?. (2.68)

When, |n?| < |k:J2| , we have

2 n? (k2 n? (k2
5| = T e
J J J J J
< @Hl,
< 2

so if [k?| > n2, there exists 1 < c; < 2 such that

| (87)7 | < calk?]. (2.69)
Hence, by setting C? = sup(cy, ¢2), we have from Definition A-17
Tf(x 2 1 = ni‘l_li% an (na)27
10 % g, = D)

= Y @y s e

{nEZ:na<\k]2-|}

Y ey EE )

{nEZ:n3>|k]2|}

ST (1) (R |

{nEZ:na<\k]2-|}

T S (e Ay iLa]

{nEZ:n3>|k]2|}

IA
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by using equation (2.68) and equation (2.69). Therefore for j = 1,2
1
1@ e, = O X @i+)Tl
H,z7[Tx) —
{nEZ.na<|kj|}
S e

{nEZ:na>\k]2-\}

since n2 < n? + 1. Finally , we have

1 )12
Tf(x) * . < C'qup(|k]2-|,1)2(ni+1)2}f( “)} ,
He, £ (Tx) nez
< (C? k3,1 2
by using Definition A-17, which finishes the proof. O

We also note the following result which will be used later when we study the
well-posedness of the scattering problems.

Lemma 7. The bilinear form
T(fa g) : (fa g) - (Tf7 g)Fi

1 1
such that (., .)r. is given by Lemma A—\dyzs continuous on Hj,(I'y) x HZ,(I'x),
and there exists a constant positive C' < 5 such that

Vv_
(Tf,9)r.|<d Csup(|kl,1) f g

1 1 .
HZ,(T+) © HZ,(T+)

Proof. We have by using Definition 3

T(f,9)r, = / S 080 ) (£ B)em gz, £ B)da,

nel

= Ziﬁj’?f(”“)(iB)/ e g(z, £B)dx,

nez s

— 48 £ (£B) g (£B), (2.70)

nez

from Lemma 2. We use the Schwarz inequality [22] to write

(T, .| = |adi (5" 1o B) (87)* 0T=B)|.
< a(Sianr) (Sipiieesr)
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We note that
V_
S lem @=B))F = Clkl Y ¢ (=xB)

nez {nEZ,\k]zbn?X}

+C Y Inallgm =B,

{neZ,|k2|<n3}

) ¥

by using equation (2.67) in Lemma 6. Since |n,| = (n?)"/? < (n? 4 1)'/?

write

, We can

V_
S|l @B s Okl Y [ @B
e {nez,|k3|>n2}
+ 0 Y @) @B)

{neZ,|k2|<n3}

We also have (n? + 1)1/2 > 1,

V_
S le@B)|T = Clkl Y. (n2+1) g (+B)
nez {n€z,|k2|>nZ}
Val 2 1/2 n 2
+C Y (nl+1) 7 |g"(=B)],
{nEZ,|k]2\<n3}

< Esup(|kj|,1)2(ni+1)1/2 ’g(na)(iB)lz,

nez

Ve (k1 1) g 2
= su i, 1 1 .
p ! g HS#(Fi)

}2 !2

1
The last inequality is justified by using the definition of the H;,(I'x) norm given
in Definition A-17. We apply the same arguments to show

v_
SOl e < Csup (k1) f 2,

1 .
nez Ha# (Fi)
Therefore,

Vv_
(Tg, fir.|<d Csup(lk;l.1) g o

HZ,(Tx) ° HZ,(T+)
]

The lemma below has been shown to hold for k; R [9, 85]. However, in the
cases we shall consider k;  C, and therefore we extend the result.

Lemma 8. The wavenumber 37, of the scattered (or diffracted) wave in a direction

gien by «, satisfies
?)=0
E%&;Oj} (2.71)
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The inner product of a function g and its normal derivative on the boundary '+
satisfies

: n Na 2
(Tg,g)r. =—dY sin(z,/2) |8}||g"]" =<0,
ner ) (2.72)
(Tg,g)r, =d Y cos(z/2)18}1lg"| =0,
ne”L
where z, is defined by equation (2.44).
Proof. We use the definition of 37 given by equation (2.43)
B = =21k = n|2,
for j = 1,2. By using Euler’s formula, we can write
S = (cosz,/2+1sIn 2, 1) . .
ae 2 +isinz,/2) [k2 —n2|"? 2.73

Then, with z, as defined by equation (2.44)
(k) 2 (k) (k)

E =zl k=

sin z, =

From equation (2.21) and equation (2.23), k; = wvs_j > 0 (since the frequency and
permittivity are positive). Hence (k;) > 0. From equation (2.60), (k;) =0 so
that the scattered and diffracted waves are composed of bounded outgoing waves
in the y direction and we have

sin z, = 0,

and so z, [0,7]. Therefore, z,/2 [0,7/2] and hence cos z,/2 and sin z,/2 are
both positive which shows

" 1/2
(BJ) = C0S z,/2 ’ka —ni’ /

(B7) =sinz/2[k2—n2|"? =0

= (),

We have by using Definition 3

T(g.9)r. = d»_iB}|g")(£B)

nez

} 2

)

which can be written using equation (2.73)

T(g,9)r, = dZi(coszn/2+isinzn/2)|k?—ni|1/2 ’g(”a)(iB)F.

nel

Then,

(T(g.9)r,) = —dY_sinz,/21k2 = n2/2 g (xB)[,

nez
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and

(T(g.9)r.) = 4 cosz,/2lk2 —n2]Y2 g (£B)|".

nez
Since d|k} — n?|1/? ’g("a)(-i_-B)}2 = 0, we can use equation (2.71) and so

(T(9.9)r.) <0,
and
(T(g9,9)r.) =0.
0

The following lemma is a new result concerning the relation between the two
operators 7" and T which we can use to derive some properties of T%° using T’
or vice versa.

Lemma 9. For f  Ly([0,d])
T(eiaa:f(x)) — €iazTa’0f(l').
Proof. First let us consider the case where y = B. Using Definition 3

Tig(x) = Y ifigm(B)em=".

nez

We take g = €' f(z, B) and so

Ty (¢ f(x,B)) = > iB} (¢ f(a. B))" (B)e=.

ne”L
By using equation (2.53)
. () 1[4, ‘
(s @ B) " (B) = 5 [ el B s
0
]_ d . . 2mn
= [ e
0
]_ d -21n
- E/ f(z,B)e ""d “d.
0
Hence A -
(e f(x, B))" (B) = [™(B). (2.74)
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Using equation (2.53) again gives
T, (¢ f(e.B) = BB,

ez js independent of n. Hence

Ty (€ f(z,B)) = T f(x),

since e

by using Definition 4.
When y = —B a similar procedure can be followed to show that

T (67 f(x)) = €T f(2).
]

The different methods described in the next two chapters lead us to use the
two operators 7% and 7. In order to show the uniqueness of the solution of the
scattering problem using these two different methods, we require the continuity of
the operators T%° and T®?. We note by using Definition 5, that the continuity
of T follows from the continuity of 7%°. In the literature [9, 14, 118], several
authors state that 7%° is a continuous linear form but they don’t calculate the
constant of continuity. Below we calculate this constant explicitly.

-1
Lemma 10. The operator TV : H%}Fi - H,*(I'y) is a continuous linear form.
There exist positive constants C' < 5 and Cy = sup (3 1+ O‘d) such that

Ta,Of 2_1 < CSUp(lk?LCl) f ?

H,?(T+) H;(T+)

#w\»—t

for j =1,2 where f  HZ(T').

1
Proof. Let f,g  HZ(I'y), then from Definition 4,

2mn

Tf+g) = > iBr(f+g)" (£B)e T,

nez
= D B fM(EB)TET 4+ i g™
nez nezZ

because

Fran@n) = 5 [ (o sBe T

2

1 d omm 1 d .
- 3/ fz,£B)e”"a “dx + E/ g(x,£B)e™" @ “dz.
0 0
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If ¢ C, then

T0cf) = Y iB(cf) " (xB)e T,
nez

= I*°(f).
To prove continuity, we note that from Definition A-14

N
TE) s Z<<2T7n) +1>

nez

877 |F™(xB)

= 2 ((%)ﬂ) EARTRCal

{nEZ:n3<\k?\}

2
)

S

D> ((%)H) T B[

{nEZ:n?X>\k]2-|}

=

Then,

N

. -
T0f(x) i{;%(m = > C((Q%n) +1> K| £ (£B)["

{nEZ:na<\k]2-|}

P> C((?)+1> n|reB),

{n€zZn2>k31}

by using equation (2.67) in Lemma 6. Since (2”7”)2 +1=1, then

2mn 2 2 2
T @) 2, = Y ClEI (=) +1) |[f™=B)
H_2(Iy) (nczmR <k} d

_1
2

+ > C((Q%”) +1> n2 | £ (£B)[* (2.75)

{nEZ:n?X>|k‘?\}
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2rn | 2

We also note that when n2 > |k3| but (222)” < n2 we have

n
2
(")
Na ?
()
ne \°
<na - > 7
2
1
(1 o ) '
Since (2”7”)2 < n? then (2”7”)2 = (& + a)Q. Therefore, we have %o + o = 0.
If n <0, then

oN

n
=

(]7)" +1

QN
3
S

N
U

(6%
- (2.76)

47|n|

il <o (2.77)
From equation (2.77), we have

_@ < 2mn < @

2 - d 27

—g%—a <&y Sg—ka,

2 d 2

o 3o

a = Ne = a6
2 2

and so
2 : 2
= =L <=
3 Nt o
2 . 2
-2 =-1r <=-Z
o fta 3
2
2 =-°o <=
Ne 3
1
~1 =1-2 <-.
Na 3
Therefore, for (2’%")2 < n? and n < 0 we have
1 =1 <0. (2.78)
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If (2”7")2 <n? and n > 0, we have

2w
2mn
0 <1 < !
= . —27#_’_0[’

2n - Na -
T T
a

1—27r Sl—ni <1
= «
T

2
Therefore, for (2757”) < n? and n > 0 we have

2

2
5 T
1 =—L <<d2_ﬂ ) (2.79)
d

We do not consider the case where n = 0 since n2 > |k7| and |k;| = . Hence for
nZ > |kj|, and (2”7")2 < n2, we have from equations (2.76), (2.78) and (2.79)

n

2 2 2
5 T
7042 < sup<9,<d2 >>’
2mn 2T
I+ (22) d

. B 2
and so if we note Cy = sup [ 9, < o )

e = <1+ 2 2). (2.80)
(1+ ()’ ()

When n?, > |k|, we note that if (2”7”)2 = n? then

2 _ (=)
<

()7 e)’ ()

((2%")2 - 1) 5 . (2.81)

n

IA
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Now we can rewrite equation (2.75)

Ta’of(ZL‘) 2 . < Olkg ((27TTL> ) ’f(n)(iB)f
H,*(T'x)

{neZ: n2<|k2\}

27m ? (n) 2
+ | (xB)|".
{n€Z:n2 >\k2|}

1

T*0f(z) 2 i < Csup (|kJ2|, Cl) Z ((27an) + 1) }f(n)(iB)}Q.

H# (T'x) nez

Finally,

We finish the proof by using Definition A-14 and so
T°f(x ) . < Csup (|k],Ch) f 2

PRI HECL)

We have the following relation between the two DtN maps 7" and 7.
, , 1
Lemma 11. Let us denote f, = " f and g, = €'**g such that f,g H;(T's).

Then
1T (fa: g)| = )(TQ’Of, 9r, (2.82)
Proof. We note that f,, go H2,(T'+) by using Lemma A-16 and so
1T (far 90)| = }(Tfa,ga)ri} , using Lemma 7,
= ) (T(@mzf)a ga)Fi )
= }(eia”To"Of, Ja)r. |, using Lemma 9.
We note that
(eioszoz,Of’ ga>ri — / ez‘oszva,Ofg—adl,7
rx
— / eiaxTa,Ofde’
Iy
= / T fgd,
Iy
_ a,0
- (T f? g) s
Hence
_ a,0
IT(f.9)1 = )(T £:9)r,
O
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We also have the following new result which will be used to establish between the
norms of a-quasi periodic and periodic functions.

Lemma 12. Let n 7 and let n, satisfy equation (2.42). There ezists constants

Cy > w and
_(2+a2>+ (2+a2)2+4(2a2_1) . 5 L
,if o > =
Cot >\ _{vat)-  tarad 35T N (2.83)
2(2a2—1) , otherwise.
Then
2 omn >
L+ (a)” =Gyl 14— ) ] (2.84)
and ;
2
b (%) < Cog (14 (na)?)- (2.85)
Proof. Let us denote y =n,, r = 2”7”. We want to find a constant Cy such that
L+y" < Cy(l+2) (2.86)

where y = a + 2. When Cu(1+2%) = 1+ (z + )’ then Cy > K such that
K(1+2%) =1+ (z + ) with one point at intersection. Expanding this,

K(1+2%) =142+ o® + 2az,
le.
(K —1)2* =2az+ (K —1—a%) =0.

To intersect once this quadratic has only one solution in z and so the discriminant
must be zero. That is

= (K—=1)(K—=1—a% =0,
a? = (K?=2K +a*—Ka*+1) =0,
K*—(24+a*)K+1=0,

le.
v
I (2+a?) x4/(2+a)" —4 240 ol +40?
- 2 B 2 '
o?)+var+4a2
Taking the larger of these then for Cy > (2+ )+2 10 e have

9 2mn\ >
1+naSC# 1"— T .
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Let us denote y = n, and © = 222 similarly we have (1 + 2?) < Cax(1 + y?) then

Cog > K* such that 1 +2? = K*(1 + (x+a)2) and so
1+ 2% = K* + K*(2% + 20z + o?),
(K* = 1)z + 2K*ax + K* + K*a* —1 = 0.

To intersect once this quadratic has only one solution in x and so the discriminant
must be zero. That is

(K*)?a? — (K* —1)(K* + K*a?—1) = 0,
(K*)?(202 = 1)+ K*(24 a?) —1 =0,

ie.
o 2+ o®) + /(2 +0a?)? +4(20° — 1)
L 2(2a2 —1) ’
and
w240 =2+’ +4(2e2 — 1)
r =

2202 — 1) ’

we see that if o? > %, K5 < Ki so we choose Cpy > K| and vice versa when

oz2<%. ]

We also need the following result to establish relationship between the norms of
a-quasi periodic and periodic functions.

Lemma 13. Let f  L3(T+) and let fo  L2,(T+) we have

Proof. We have

27N

1 ! —1=—X
) = 3 [ fae s,
0
1 d : - 21N
= [ ey s,

0

1 [ 4
— 8/0 folz,y)e ""dx,
= fIU(y).

Lemma 14. The bilinear form

T°%f.9): (f,9) - (T*°f.9)p,
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1 1
is continuous on H;(I'y) x H;(I'y) and

V_
(T*°f, g)rs| =d Csup(lk;|,1) f g

Hi T+) H#%& T+)
V_
where C'< 5 and Cy as defined in Lemma 12.

Proof. We can use Lemma 11 and we note that

T (F)es| = |@fasgo)r

We know from Lemma 7 that T'(f,g) = (T'f,g)r. is a continuous bilinear form
and so

9

= ’(Tfomga)Fi
V_
< d Csup(lk,1) fa

(.90,

Ja (2.87)

1 1 ,
HZ,(T+) HZ,(T+)

where C' < 5. In order to prove the continuity of the bilinear form 7%°(f,g),
we need to express f, . in terms of f

3# (Fi) H

Using Definition A-17, we have

2 = 3 (14 (1a)?)? |0 (2B)

ry)

Fk o~

2

Ha%#(Fi) el 7
1
= Z (1+ (na)Q) ’ ’f(")(iB)lz, using Lemma 13,
nez
1
1 P A () 2
< ) Cif1+ — |f"(xB)|,
nez
from Lemma 12, equation (2.84) and so
1
L 2 (2 2 2.88
I LS d () .

using Definition A-14. We can show similarly that

o 2 < ¢ L 2.89
J HZ,(T+) # ¢ HZ(T+) ( )
We combine equations (2.87), (2.88) and (2.89) and so
V_
T (f,g)r.| = d CCusup(lkil,1) f 2, 2, 2.90
T (f.9)r, ol ) f 2y gty (290
to finish the proof. O
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1 1
Lemma 15. Let f(x) Hj(I'y), then Tj’ﬁ is a continuous operator in HZ(I'y),

and there exists a positive constant C = C + sup <(|}|%11T3i1‘)2, 1) such that

TP f(x) < C'sup <|kj|, \/Ci'1> f(z) (2.91)

H;%(Fi) Hﬁ(ri) .
V_ v__

with C' < 5/ |Ry| <1 and Cy =sup (3, 14 g‘—g)

Proof. We use the property of 7% in the remark following Definition 5,

Ta,ﬁ — Ta,O w/(y)
w(y)

1.
y=+B

1
Note that the identity operator I;, is a continuous operator in H;E(Fi). When
y = —B then, from equation (2.65),

. - 20
—iB9t,eP2 B

)
: =—
and so )
w (y) 1 A0
=55 1.
When y = B, we have
w’(y) ' Orlezﬂ?B — BB
w(y) |,-p ' 1eiBYB 4 e=iBYB’

multiplying by the complex conjugate of w(B), we get

w'(y) olmlP—1+2: (T162iﬁ?B)
=1 ,
w(y) |,—p ! |w(B)|?
This leads us to
' w,(y> ‘ ‘ .50 |T1|2 - 1 —'— 22 (r1€2i69B)
7/ )
w(y) |,—p 1 lw(B)|?
0 1+2
HinP+1+2 (reE)|
30 142
HlmE+ 1=2pm)) |
since [r1| < 1, and | (re?B)| < e8] = |y, Let
1+ 2
e 8) = sup (| 18)
j (Ire] = 1)?




then

TR = T

1 I _1 ,
H,?(T+) w(y) y=+B /@) H, % (Tx)
<< 2 1 : 1 .
S VOswUBLOY fy +Cua 5 B) (292
by the triangle inequality and Lemma 10. Note that
1+
Culen 3.5) = sup (1| =21 ).
142
s (2210 (2.93)
(Il = 1)
since |BJO| < |k;| from equation (2.43). Using Definition A-14, we have for s = —3
that
1 = —
H#Q(Fi) nez d
= > <1 ! (%—H)Q>2 B
< p + :
ne”L
_ (2.94)

from Definition A-14. Hence, using equations (2.93) and (2.94) we can rewrite
(2.92) and

TP f(z) < \/Csup |k, Ch)  f

HE () HE(rs
[1 4 2i]
+|%;| su 1
il p( |7"1|—12 T wlewy
|1+ 2i]
< (i) (e (2L S
p |j| 1 p (|7’1|_1)2 f H#QIE(Fi)

. Vo |1+2i|
Let us denote by C'= ' + sup <(‘ NEEED 1), then we have

T%f(x) o< Csup(lkl./C) f

H#Q(Fi) H2 Fi)

#\H
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2.4 Mathematical formulation of the truncated
problem

Given the above DtN definitions we can now restate our problem as described in
the following four lemmas. After stating all four lemmas, we outline a common
method of proof.

e Case 1A: Perfectly conducting grating: TE case

Lemma 16. U is a solution of (2.25) if and only if it is a solution of the
following problem set in the truncated domain 2 \int Q3 (see Figure 2.3)

AU(z,y) + kiU (z,y) = 0, (x,y)  Q2\Qs, (2.95)

with the DtN map interface conditions at the boundaries of the truncated
region given by

&J/(m,y) ‘F-»- IT+U+g(.’L') x F+7 (296)
OU(z,y)|r. =T-U r T, (2.97)

the Dirichlet boundary conditions at the surface of the diffraction grating
U(l‘,y) = 07 (x,y) 8937
and the a—quasi-periodic condition

Uld,y) = ¢*U(0,y), vy [-B,B]

Here
T.U(x) = Y iU (B)em”, (2.98)
nez
T U(x) = Y iU (=B)e"", (2.99)
nel
g(z) = —2ipfe Bt (2.100)
with
1 e .
U(na)(y)za/o Uz, y)e "*dz, (2.101)

and ng, = 2”7” + «, with

zn = arg (ki —ng),

and

gy = e 2 2]
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Case 1B: Perfectly conducting grating: TM case

Lemma 17. U is a solution of (2.27) if and only if it is a solution of the
following problem set in the truncated domain €2\ int 3

AU(z,y) + kiU (z,y) = 0, (r,y)  Q\Q, (2.102)

with the DtN map interface conditions at the boundaries of the truncated
region given by

9 U(z,y) }F+ =T.U+g(z) z Iy,
OU(z,y)|r. =T-U r T,

the Neumann boundary conditions at the surface of the diffraction grating
O U(z,y) =0, (x,y)  0Qs, (2.103)
and the a—quasi-periodic condition
Uld,y) = ¢*U0,y), y [-B, Bl
Here Ty and g are given by equations (2.98), (2.100) and (2.99) in Lemma 16.

Case 2A: Transmitting dielectric grating: TE case

Lemma 18. U is a solution of (2.29) if and only if it is a solution of the
following problem set in the truncated domain €2

AU(z,y) + k(z,y)*U(x,y) = 0, (x,y) (2.104)

with the DtN map interface conditions at the boundaries of the truncated
region given by

anU(xay) ’F+ - T+U+g(l‘) Z F+7
OU(z,y)|r. = T-U r T,

and the a—quasi-periodic condition
Uld,y) = *U(0,y), y [-B,B]

Here Ty and g are given by equations (2.98), (2.100) and (2.99) in Lemma 16.

Case 2B: Transmitting dielectric grating: TIM case
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Lemma 19. U is a solution of (2.31) if and only if it is a solution of the
following problem set in the truncated domain §2

1
(m U(x,y))—i—U(:c,y) = 0, (x,y) Q, (2.105)

with the DtN map interface conditions at the boundaries of the truncated
region given by

anU(xay) ’F+ - T+U+g(l‘) Z F+7
OU(z,y)|r. = T-U r T,

and the a—quasi-periodic condition
Udy) = U0y, y [=B.B]
Here Ty and g are given by equations (2.98), (2.100) and (2.99) in Lemma 16.

In the following proof we will just use R? and €2, the proof will be similar when
we deal with Ri and Q \int Q3.

Proof. The proofs of Lemma 16, Lemma 17, Lemma 18 and Lemma 19 are similar.
The first part of the proof consists of showing that U satisfies in R? (or in R?)

AU + kU =0
if and only if Ulg = U (or Ulonint 0y = U ) satisfies in  (or in © \'int {23)
AU + kU = 0.

In fact, if AU+k?U = 0 for all (z,y) R? in particular @  R? then AU+k*U = 0
in Q i.e. ) )

AU + kU = 0.
Now let us suppose that AU + kU = 0, by using the DtN maps we match our
inner solution U with the outer solution denoted by Us. Hence U is given by

U, f Q
_ )Y o (z,y) g (2.106)

Ue, for (z,y) [0,d] <R\,
and because we have AUx + k2Uq = 0 in [0, d] x R\ Q. In addition the grating is
periodic therefore ) X

AUc + k*Uc =0

in R?. The a-quasi-periodic condition and the Dirichlet and Neumann boundaries
for the perfectly conducting grating follow naturally from the boundary conditions
of the original scattering problem in R% or R?.

41



The second part of the proof below will consider the continuity and smoothness of
the solution at the truncated region interfaces I'; and I'_. We notice on one hand
that when |y| = B, the wavenumber k is a constant, and so we can set U equal to
the fundamental solution of the Helmholtz equation as given by Lemma 1. When
y = B, k = k; is constant, and we have

Uw,y) = Y raeelmes 4,0 Fiveinas (2.107)

nel

We use the condition that U is composed of outgoing waves apart from U; (the
incident wave) which is the only incoming wave allowed in €2y (corresponding to
n = 0); so we have t,, = 0 for all n Z \ {0}. On the other hand, we know that a
quasi-periodic function can be written as a Fourier series by using Lemma 2 and
SO

Ulz,y) =Y _ U (y)emer. (2.108)

nez

Equating series (2.108) and (2.107) we see that for n =0
rpeP B = Uhe)(B),
that is
rn = UM)(B)e B, (2.109)
For n = 0, with the amplitude of the incident wave ty = 1,
roePtB 4 e B — U(Oa)(B),
that is
ro = U (B)e B — ¢~ 2hB (2.110)
From Lemma 1, the analytical solution in the region y = B,x R, is

UC(% y) = Z U(na)(B)eiﬁ?(y—B)emaw — eiP1(y=2B) giax e—iﬁweiam(zlll)
nez

Taking the normal derivative of U on ', (that is in the y direction) gives

o ot
on — On’
_ Z iB?U(na)(B)eiﬁf(y—B)einam _ iﬁ?@iﬁ?(y_2B) eioca: _ iﬂle_wlyemz(lll?)
nez
and so
ou | ‘ ‘
— = ) _iBUrI(B)emer — 2ifeth Bt (2.113)
on y=B nez
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From the definition of T, given by (3) and if we denote

g(x) = —2ip e PrBelow, (2.114)
We have .

ou -

— =T,U(z) + g(x).

on|,_p

This ends the proof for the boundary conditions on the top boundary.
Let us apply the same argument for the boundary condition on the bottom bound-
ary. When y < —B, k = ko is constant, and so from Lemma 1 we can write

Ulr,y) =Y rae Ve 41,7 Ve, (2.115)
neL

We use the condition that U is composed of outgoing waves and so r, = 0 for all
n  Z. On the other hand, for (z,y) €, U is quasi-periodic, therefore

Ulx,y) = Z UM (yy)einas, (2.116)

nel

Equating series (2.115) and (2.116) we see that for all n = Z

t,e®B = yln)(=p),

that is
ty = U (=B)e 2B, (2.117)
From Lemma 1, the analytical solution in the region y < —B,r R is
Uc(z,y) = Y UM (=B)eEtBener, (2.118)
ne”L

Taking the normal derivative of UonT_, (that is, in the y direction ) gives

U _ e
on  On
= =) —ipUr) (=B EHB e
nez
and so
oU o -
on = iU (=B)er. (2.119)
y=—B el

From the definition of 7" given in (3), we have




which ends the proof on the bottom boundary. By noting that U is given by
(2.106), we can see that

lim 8_U_ lim @—0
y—too On  y—+oo On

2.5 Summary

In this chapter, we have introduced the physical and mathematical description of
the problem of diffraction when an electromagnetic wave interacts with a periodic
grating. We have shown, by using Maxwell’s equations, that our problem can be
decomposed into two elementary mathematical problems which are the transverse
magnetic and the transverse electric Helmholtz problems. For each problem, the
grating can be perfectly conducting or transmitting, and so we study four cases. We
have also introduced some transparent boundary conditions (DtN maps) in order
to solve the problem numerically. When we formulated the problem in Chapter 2,
the incident wave was included via the boundary conditions. In Chapter 3 we will
consider an equivalent but alternative formulation that incorporates the incident
wave via an inhomogeneous forcing term (with compact support) in the Helmholtz
equation. We introduce the inhomogeneous Helmholtz problem to allow us to study
the regularity of the solution in order to construct an a priori error estimate of
the solution to the problem stated in this chapter, in Chapters 4 and 6.

44



Chapter 3

A regularity estimate for the
inhomogeneous Helmholtz
problem for periodic gratings

3.1 General case

To get to the heart of the matter, we will just focus on the perfectly conducting
grating interacting with a TE wave (Case 1A) in this chapter. We also illustrate
the transmitting dielectric grating interacting with a TE wave (Case 2A). This
case is needed for a special case where the multiple scattering problem is reduced
into a one dimensional single scattering problem. Hence, we can investigate the
robustness of our regularity result using the literature. We will derive the regularity
results corresponding to Case 1B and Case 2B in Appendix C.

3.1.1 Case 1A: Perfectly conducting grating: TE case

Let f(z,y) L*(R?%) represent the forcing term in the inhomogeneous Helmholtz
equation. In this chapter, we want to study the regularity of the solution U(x,y) of
the inhomogeneous Helmholtz problem depending on the function f(z,y). The reg-
ularity of the solution U(z,y) will enable us to study the a priori error estimation
of the approximate solution when we solve the Helmholtz problem numerically.
We use the same notation as in Chapter 2 for the spatial domains as shown in
Figure 2.1. We also assume that f is local with respect to the y direction which
means that supp f R % [—B, B] (see Figure 2.3).

3.1.1.1 The inhomogeneous Helmholtz equation

In the presence of surface current (J = (J,, Jy, J.) = 0) or surface charge (p =
0) (given in equations (2.2) to (2.4)), we can eliminate H and we can get the
differential equation for E using equations (2.1) and (2.2) with the constitutive
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relations given by equations (2.6) and (2.7). That is [64, p. 8], we obtain
x X F—wiepl = —iwp. (3.1)

Similarly, we can eliminate £ to get the equation for H, giving

x (é xg) —wuH = % (él) : (3.2)

Here we are solving for U = E, for a given function f(z,y)  L?*(R%). The
inhomogeneous Helmholtz problem is to find U(z,y) C?*(R%) such that

AU(Z‘,y) + k%U(x7y> = f(xay)v (l‘,y) Ri’ (33)
Ulx,y) = 0, (z,y) ORZ. (3.4)

subject to the radiation condition

lim U(x,y) = 0. (3.5)
|y|—o0
Putting £ = (0,0, E,) and J = (J,, J,, J,) in equation (3.1) we find that
f(z,y) = iwuJ,. We now utilize the periodicity of the grating and restrict our
problem to the vertical single strip S = [0,d] * R as shown in Figure 2.2.
On this vertical single strip U and f are a-quasi-periodic with respect to x.
In addition, we choose our solution U to satisfy the upward propagating radiation
condition [28]. In order to study the regularity of our solution U, we first need to
study the a-quasi-periodic fundamental solution of the problem (3.3).

3.1.1.2 The a-quasi-periodic Green functions of the Helmholtz equa-
tion

Definition 20. The Green’s function G [106] is defined as

1 einaeriﬁ]n |yl

G(z,y) = 54 > i (3.6)

nez

for (z,y) R? with n,, 7 and z, defined by equations (2.42), (2.43) and (2.44)
extended to be valid for 7 {0,1,2,3}.

We then have the following lemma.

Lemma 21. For any p Z, if G is a-quasi-periodic with respect to x, then
G(z,y) = ePG(z — pd.y)

for (z,y) R
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Proof. We may write
1 eina(xfderpd)Jriﬁﬂy\

2d —ifr ’

nez

G(r,y) = —

ina(@—pd)+i87[y|

1 e
- —_ iapd
3 2 ¢ —igr

nel

where the last line is justified by the fact that

- 27N

inapd = pd+tiopd _ eiozpd.

e =e
Then, G is a-quasi-periodic . O

To ease the notation, let us define the following functions which will be used
often in this section.

Definition 22. For any {y,y0} R, and forn Z, define

e85 1y=yol
9n(Ys Yo) = Twa
and A
e~ 85 ly=yol
9—n(Y;Y0) = Tw?’

such that S} is given by equation (2.43).
Let us also define for any {m,n} Z, {z,z0} [0,d] R

hmn(xa :L‘O) - ezmawoezna(z—mo)7

such that m, and n, are given by equation (2.43).

In the following four results, we derive an expression for the problem solution

U by using G and we define S, where [0, d] %< S, = S\ Q3.
Theorem 23. Case 1A: Let f(x,y) L2,(S\Qs) and letU  C*(S\Qs) satisfy

the inhomogeneous Helmholtz equation given by equation (3.3). Then, the solution
s given by

Uz, y) = /S\Q G(z — 20,y — v0) f (20, yo)dxodyo (3.7)

for (z,y)  S\Qz and U = 0 elsewhere.
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Proof. In order to prove Theorem 23, since we know that GG is a-quasi-periodic,
we can focus on one period. We use the property that f is a-quasi-periodic, to
write f in its Fourier form

flay) = 3 fmed(g)emes, (3.8)
meZ
where
1 [ .
) = g [ e, 3.9

and so, U, as given by equation (3.7), can be written in the following form

ina(z—0)+iB8} [y—yo

1 - e
Ulz,y) = Q_d/SZf(m(x)(yO)ezmaxoZ T dzodyo,
meZ J

nez
1 / (ma) , ina (z—z0)+iB} [y—yol
= — fmo‘ (yo)elmazo o dl’odyo. (310)
2d Sm;z _Zﬁj
By using Definition 22, we note
B3 (v=vo) -
- y Y = Yo,
Oygn (Y Yo) = {ewy(fym (3.11)
— s Y=Y

Therefore, we have the following relation, which captures the jump of the partial
derivative of g, at y = yo

Oygn(y™y) — Oygn(y™,y) = 1/2—(—1/2),
- 1 (3.12)

We use Definition 22 to rewrite the function U as defined by equation (3.10) as
follows

V) = 5 [ 3 honlezo)gn(y.30) £ o)

m,ne’

Denote by S; the interval in S, such that yo > y and by S, the interval in S5,
such that yp < y. Then

1
U = g [ ([ 3 ezl
[Ovd] SJU{y} m,nEZ

i /SJU{y} Z

m,ne’

f(ma)(%)hmn(xa 70)gn (Y, yo)d%) dxy.
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The partial derivative of the function U(z,y) with respect to y is then

ayU(fL‘a y) - / / )(yo)hmn(l', :L‘O)aygn(y, yO)dyOde‘O
[0.d] /Sy U{y}mnEZ
+3/[0d D L7 ) b, 20) 90y~ y)dag
) mneZ
1
_3/ > T @), 70) g (5" y) o
[0,d] m,ne’
1
+8\/\ / Z f(ma)(yo)hmn(x7J"O)aygn(y,yo)dyodl'o.
0.d) J S50} e

Since, our function g, is continuous at yg, we have

gyt y) — gy~ y) = 0.

Consequently, the partial derivative of U(z,y) with respect to y can be written as
follows

8,U(z,y) = / / ) (oY (2 20)0, 9 (4 y0) oz
[0,d] /Sy U{y}

m nGZ

/ / S ) (40) B (2, 00) 3y (9. yo)dyod-zo. (3.13)
0.4 /s ufy)

m, nEZ
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We differentiate one more time with respect to y to give

1
OU(z,y) = E/ | D S ) i (2, 20)8, 90 (5 y) g
0,d

m,neL

/ / )(yO)hmn(xa xO)ajgn(ya Yo)dyodzg

0,d J s, Uiy}, nEZ
_8 / Z f ma) mn {L‘ xo)aygn(y y)d%

[0,d] m,ne”

T D SE Ll OTCEN, TR
0,d JsSu{y} . nEZ

- E/ Z f(ma P l‘ $0)[aygn(y+, y) - aygn(yia y)]d«?ﬁo

[0,d] m,neL

il ) (), 20)020, ) o
[0,d] /Sy U{y} o nez

d / / Z £ (o) hunn (0, 20) 8, g (9, o) dyodizo,
0,d] VS Uy} 1y mez

- é/;d] Z f(ma)(y)hmn(xaxO)de

m,nez
/ / )(yO)hmn(xa xO)ajgn(ya Yo)dyodxo
[0,d] /Sy U{y},,, nEZ
/ / )(yo)hmn($> $0)a§9n(y, Yo)dyodro.
[0,d] /Sy Uiy} m, nEZ

The last equality is justified by using equation (3.12). This leads us to the following
result

By = g [ 3 F @, e
[0,d]

m,nez
/ Z £ (o) humn (., 0)0,9n (Y, yo)dzodyo.  (3.14)
m,ne€z
Definition 22 and equation (3.11) give
and hence
1
Ry = - / S £ (i, 20)
[0,d] m,ne€z
/ > = (87 9y, 90) £ (o) han (2, 20) dodlyo (3.16)
m,nez
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To calculate the partial derivative of second order of U(z,y), with respect to x, we
use equation (3.10) and we follow the same argument as above since ¢/e(@=20)

C* ([0,d]) and we have

/ > ik (,20)gn(y: y0) f" (yo) dodyo. (3.17)

m,ne”

Now, we can combine equations (3.16) and (3.17) to compute the Laplacian of the
function U(z,y) and so

AU(z,y) = 0°U(a, y)+82U( y),
N / Z —na+ ( )g”(%yo)f(ma)(yo)hmn(%xo)dwodyo
m,nes
+_/ fma) mn ZL‘ l'())dl'(),
d (0.d] m;eZ
— / S 1) (), 70y
[0,d] m,neL
Hence
1
AU({L‘,y) —Fk%U(l',y) = 8/ Z f(ma mn l‘ l’o)dl’o,
[0,d] m,ne”L
1 ) )
= X 1)y / eimemnnel= ) gy,
m,nes d [0,d]
= DS
neL
The last equation is justified by the fact that
d Jo d Jo
= Omn-

Therefore, by equation (3.8), we have shown that
AU + kU = f(z,y), (z,y) S

In order for U given by equation (3.7) to be the solution of equation (3.3), we need
to show that U satisfies all the boundary conditions. It follows from equation (3.7)
that U = 0 on 0Q3. We also note that f(z,y) and G(x,y) are both a—quasi-
periodic and therefore U(z,y) is also a—quasi-periodic. Also G(z,y) is composed
of bounded outgoing waves and f(z,y) has a locally compact support with respect
to y therefore U(x,y) satisfies

lim U(z,y) =0

y|—+o00

which finishes the proof. O
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3.1.1.3 Regularity of the solution of Helmholtz problem for periodic
grating

In this section, we use the a—quasi-periodic fundamental solution G to establish
the regularity of our solution which means that we will try to bound its norm and
its partial derivative by using some constants multiplied by the norm of the forcing
term.

Lemma 24. Let U  C?(S\ ) be the solution of equation (3.3). Then, for any
(2,), (z0,50) in S\Qy, if we define

V(x,y) =sup
( ) nez 2 61 o]

Z gina® f(na) (3.19)

nez
then we have
U,y) rxs\e9= V(T,Y) r2s\0s) -

Proof. We can use Theorem 23 with the definition of G given by Definition 20 and
equation (3.8) to get

gina(a=w0) §™ gimazo / /" (Yo dyodo
/0 > > s, —2ifp

0.d] ez mez

in S\ 3 and U = 0 elsewhere. We know that the profile of the grating 023 can
be described by y = P(z) therefore if y = yo, and if the profile €23 is as shown as
in Figure 3.2, we have

BT ly=yol

_ zna T—x0) 1MaTo (ma) dund
U(z,y) /Od]% 2 / —2ipr 57" (Wo)dyodix,

meZ

= G e S e (R o) = Py, Pay)

nez meZ

such that F(y,y0) = [ emi;‘fﬂ_f 0 fma) (yo)dyo. By the upward propagating radiation

condition, we have F(y,+o0) = 0, and so for y = y

Ulz,y) = / D " etmalrmro) N eimero Py, P(x))dg
0,d] ez mez

because Y, _, e (#=20) ZmEZ e [(y, P(xg)) is continuous and it is periodic of
period d with respect to xg. If the profile is as shown as in Figure 3.1, we have

@) = 3 [ Femte 3 gmene [ L iy
Ulz,y) = - / D D / —— " (o) dyodzo,
d [0,d] nez mezZ Sy _QZﬁl
1 4 .
_ 8/ Zema(:vfzo) Z eima0 (F(y, +00) — F(y, —00)) dag
0.d] nez mez
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because the profile 0€23 is a closed curve and the function to integrate is analytic so
its contribution is zero from Cauchy’s theorem [88, p. 4]. From the upward propa-
gating radiation condition, we have F(y,*o0) =0, and so for y = yo U(z,y) = 0.
Hence, the only contribution comes from y = gy and so,

1 , : 1
U = ina(z—1x0) iMaTo (ma) d
) = =y [ S e

This leads us to
" 2
U(z,y) %i#(s) < SUp,,cz 74”5111”30 ZneZ’f( a)(y)’ = V(z,y) ii#(sp

using equation (3.18). O

In order to study the regularity, we need an upper bound of the norm of the
partial derivatives of U in term of the norm of U itself.

Lemma 25. For any v = (71,72) such thaty; N, for j =1,2, and forz [0,d]
andy Sy, then

U s\ = sup ng L U r2s\04),
nez

OPU  12s\0y) <= Sup B % U s\ -
Proof. Taking the partial derivative of U with respect to z,y, 7 times, and using
equation (3.35) gives

d A , 87 [y=vo| £(ma)
onu = Z / (ina)%em"(x_mo)elm“(m(’)/ € / (y0>dy0dl'0a
0 s

mne” v ﬁl
and so

U r2s\05) =

d , BT ly—yol £(ma)
Z / ema(zxo)ezma(zo)/ el f - (yO) dyod!Eo
0 Sy _2261

m,ne’

sup ng 2
nez

I

L2(5\Q3)

=sup na & U r2(5\04)-
nez

We can do exactly the same with the partial derivative of U with respect to y,

é . BT ly—vol £(ma)
a?’JQU — Z /; elna(z*xo)elma(zo) /S (ilﬁ?)’m € f (yO)dyde07
Y

— 9, AN
mne” 2261
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v

Figure 3.1: A perfectly conducting grating over one period where the profile 0€23
of the scatterer is a closed curve.



083

Figure 3.2: A perfectly conducting grating over one period where the profile 023
of the scatterer is open.



and so

8;2 U L2 (S\QB) S

d BT ly—yo| £(ma)
sup S5y 2 Z / eina(m_m)eima(mo)/ G yof (y())dyodlfo ;
neZ oy o S, —2ipy L2(5\Q3)
ssup A LU r2s\0y):
nel
O

Next, we give an approximation of U using f.

Lemma 26. For any x  [0,d] and for any y S, we have for any function
f Li# (S) and for U as given by equation (3.10)

1
U(r,y) r2(5\05)= sup ~
nez 2 Bl o]

fx,y) rs\a -

Proof. Using Lemma 24 we have

1
Uomsen = 00 5

Z et o) () Laisvag),s

nel

= sup
neZ 2 ﬁ? 00

from equation (3.8). O

f(xa y) L2(S\Q3)»

This leads to the following regularity result for Case 1A .

Theorem 27. For any v = (y1,72) such that v; N, for j = 1,2, and for x
0,d], y Sy there exists a constant C,e, which is independent of the wavenumber
k such that the solution U of equation (3.3) given by Theorem 23 satisfies

DU p2s\09=Creg k¥ I70 1205700,
where DU 12(9\q,) 5 as given in Definition A-10.

Proof. We use Lemma 25 with Lemma 26, to give

71

Ny 50
ONU  [2s\0y) = SUp - [ r2s\0s)
nEZ2 51 o)

n 2
ORU 2\, = sup ———>2
Y LA5\2) i<yA 2 ﬁ? o9

Ne, and ] are given by equations (2.42) and (2.43) and hence

I r2s\as) -

2
Ng = %n + ki1siné,

2
— I (deT—l—sine),

= kysinf,,
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where we define 6, C, and
Br = =2 Ik = nd,

= eiZ"/z\/|k%(1 —sin62)],

= |kyle™/2\/|1 — sin 62)],

= |k1]e”"/? cos b,

Therefore, we have

(kysinf,)™
U < | . ,
U L) S e 2 cos forrs\as)
_y|sing,]| ™
< fy o120 .
R ey e

In a similar fashion,
IPU 2s5\0;) = suIZ)( ky C,o|e””/2 cos O, f L2(5\Q3)
ne

sup k1 27'(Jcosf,])2 "t f L2(S\Q3)>
nez

IA

We finish by setting

nez ’ | COS in

sin 6, | "
Chreg = 28Up (| cos 0,271 | | >,

which is well defined since 5] = 0, and hence cos §,, = 0.

3.1.2 Case 2A: Transmitting dielectric grating: TE case

3.1.2.1 The inhomogeneous Helmholtz equation

Let f(z,y) L*(R?) represent the forcing term in the inhomogeneous Helmholtz
equation for transmitting dielectric gratings. Similar to Case 1A, we want to study
the regularity of the solution U(z,y) of the inhomogeneous Helmholtz problem
depending on the function f(z,y) for Case 2A. The derivation is similar to that
used to derive equation (3.3) but we have the following boundary conditions on
each interface separating two different media with different electric permittivities

64, p. 10]
nx (B~ Ey) = 0,
n.(Di—Dy) = p,
nx (Hi—H) = J,
n.(Bi—By) = 0,



where E;, D;, H; and B; represent respectively the electric field, the electric
displacement, the magnetic field and the magnetic flux corresponding to the first
medium for j = 1 and to the other medium for j = 2.

Here we are solving for U = E, for a given function f(z,y) L*(R?) . The
inhomogeneous Helmholtz problem is to find U(z,y) C?%(R?) such that

AU(x7y> + kz(x,y)U(x, y) = f(x,y), (l‘, y) R27 (3‘24)

subject to the radiation condition

lim U(z,y) = 0, (3.26)

ly|—o00

and the interface conditions given by equations (3.20), (3.21), (3.22) and (3.23).
Putting £ = (0,0, H,) and H = (H,, H,,0) , in equation (3.1) gives

flz,y) = iwp,.

We now utilize the periodicity of the grating and restrict our problem to the vertical

single strip S = [0, d] X R as shown in Figure 2.2. Hence we define the wavenumber
k to be

ki R for (xz,y) O,
ko C for (z,y) Qo \Qs,
L = 3.27
(@y) ks C for (z,y) Qs, (3:27)
ke C for (x,y) Qo

for Case 2A. In a similar way to Case 1A, U and f are a-quasi-periodic with
respect to x on this vertical single strip . We again choose our solution U to
satisfy the upward propagating radiation condition [28]. To study the regularity
of our solution U, we also need to study the a-quasi-periodic fundamental solution
of the problem (3.24).

3.1.2.2 The a-quasi-periodic Green functions of the Helmholtz equa-
tion

The solution U can be found as follows.

Theorem 28. Case 2A: Let f(x,y) L2,(S) andlet U C*(S) satisfy the in-
homogeneous Helmholtz equation given by equation (3.24) in S. Then, the solution
U of equation (3.24) is given by

Uz, y) = /SGJ(ﬂ'j — 20,y — Yo) f (%0, Yo)dzodyo (3.28)
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for i {0,1,2,3} with

znax+15”\y| mazfiﬁﬂy\

Gil.4) QdZ BT QdZ = @)

with d} = 0 for j = 1,2 (upward propagating radiation condition). FEach sub-
domain of S where k = k; is constant is denoted by S;, and for I  {0,1,2,3},
the coefficients ¢, cf' and dj' are chosen such that the boundary conditions on the
interface separating S; and S, given by equations (3.20), (3.21), (3.22) and (3.23)
are satisfied.

Proof. We use the same argument as in Theorem 23 in each subdomain S; of S
and let

ij = [Oa d]a j {07 1a 2}7

3.30
Sse X R\ S, = Q3. (3:30)
For a given y then S;, is the range of x values in domain \S; and so
AU / S 2 (Gn(y 50) + 905 50)) £ (o) (2, 70} dodl
Sj m,nes
/ Z f(ma mn l‘ .’L'())d.’L'O
Sje m ,NEZ

for (z,y) ;. Hence

AU(z,y) = Z / S K2 (0 50) + A1) £ (), 20 ) ot

JmnEZ
DY D SR IERT
WmnGZ
= —k*U(z,y) / Z f(m"‘ R (0, 20) dx.
Od]mnEZ

We finish the proof by using equations (3.18) and (3.8) and we have
AU(z,y) + k5U(z,y) = f(2,9).

The a-quasi-periodicity of U(z,y) follows from the a-quasi-periodicity of f(z,y)
and G,;(z,y). Because f is locally compact with respect to y and G is composed
of upward propagating radiation condition waves, we have

lim U(z,y) =0.

y|—+o00
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3.1.2.3 Regularity of the solution of Helmholtz problem for periodic
grating

In this section, we use the a—quasi-periodic fundamental solution G (or G;) to
establish the regularity of each solution which means that we will try to bound the
norm of each solution and its partial derivative by using some constants times the
norm of the forcing term. Let us now study the regularity for Case 2A . Combining
equations (3.28), (3.6) and (3.8) gives

1 inag(rz—x M T
_ E/Mze (e=20) § gimozo

nez meZ

new}l\y—yol d”e iB7 y—yol (ma)
A(%Tw‘i‘ ]Tlﬁ]”> [ (yo)dyodxe.  (3.31)
Before studying the regularity of our solution U(z,y), let us state the following
lemmas. We have the following result.
Lemma 29. For any {y, v} R, if

ZB”Iy Yol e~ 87 ly=yol
J

neZ

such that ¢ and dj are the complex scalars defined in equation (3.29) then, we
have

1 .
Ln(y,y) = 5 (ch+d7) ™) (y) if yo = y. (3.33)
nezZ " J

Proof. When y = yg, the result is immediate

Lon(y,y) = Z(C _'_dn) f(ma( )-

ne”

ﬁn
Now, let us suppose that yo = y. Therefore, we have

e85 1y=yol e~ B3 ly=yol

Ln(Y,90) = / < — +d] m )f(m“)(yo)dyo,
R—{y} S Bj Bj
87 ly=yol e~ 87 ly—yol
- / S e o) (o)
Y+ nez BJ 6]

Y- e85 1y=yol e~ 185 ly=yol
+/ Z (T + df ——— £ (o) dyo.
0 LeZ i ﬁj
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8% ly—yol —iB3 ly—yol

Since ), .5 <e ]5}1 + dj < R ) fme) (yo)dyq is continuous with respect to yo

then I,,, is continuous with respect to 3. Therefore,

L (W, y0) = Lnn(y, +90) = L (¥, Y1) + Lyn (Y, Y—) — Loun(y, —090).

From the continuity of I,

[mn(yayo) = [mn(ya"'_oo)_[mn(ya —oo),

The outgoing wave boundary conditions state that f(™e)(y,) and ¢lv=wl tend to
zero at oo, and so I,,, = 0. ]

From now on, we denote I,,,(y,y) by I, (y). We have the following inequality.

Lemma 30. For any (z,y), (xo,y0) which belong to [0,d] * R, if we define by V
the function

Vi) — s (11D
neL,j B]n 00

form Z and 5 =0,1,2,3 then we have

> e fr(y), (3.34)

nez

Ulr,y) rzsan= VI(Ey) s\,
such that U is given by equation (3.31).
Proof. We have

iB7 ly—yol ne%ﬂ”\u—ug\)

_ 1 ina(T—o ne . _
Ulz,y) = d f[O,d]x]R ZnEZ girelr=ro) <Cj ]21'67.1 + dj —]2z‘6;-’
D ez €0 fUme) (yo) darodyo,

iﬁ"\u vol B3 ly—vo
’I’L ne 3 3
Now > ( 0T + df 5T ) and f are continuous with compact support

and the integral is well defined so we can use Fubini’s theorem (104, p. 110] to
interchange the order of summation and integration to get

1 . ewﬂy*yO‘ ei5?|y*y0‘
U - ina(z—1x0) n "
(x’ y) d Z /[O,d]xR ‘ <C] _22'5}1 +a —Qiﬁ;‘l

nez
Z e £ (yo ) darodyo,
meZ
ma(a: z0)
~q Z/O —5— " Lua (Y, yo) o, (3.35)
m,ne’

Using equation (3.33) then
2 }c + d”} 1 9
U Iz, (oaxw)= SUD T B2 Z o ") (y)|” dy,
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using equation (3.18) and so

dn
I %i#([o’d]XR) < sup Sup,, ; }CJ} ’ Z’f na)

nez nez

for 7 =0,1,2,3. This leads us to
2
s[5l
U(x,y) %i#([o,d]xR)S SUpP,,ez, ]ngrz]”go d ) anz ’f(na)(y)’2

= V(z,y) %i#([o,d]xR)’

using equation (3.18). O

From now on, we use the function V(z,y) given by equation (3.34) to study
the regularity of the function U(z,y) defined by equation (3.31). We have the
following Lemma.

Lemma 31. For any v = (m,7%2) such that v, N, and z [0,d] andy R,
there exists No N, with ¢ and d} equal to zero when |n| > Ny, and there exists
Frep < }k]’ such that

8;1[] L2(9) = sSup 7Neg Zé U L2(S),

nez
U 125 = sup B 2 U sy +C(ko, ks)Cs sup 187172 f 129,
nez,j nez,j

for i {0,1,2,3} where

sin z /2\k'|7sup(24dl"a‘) sup ’y—yo’
Clko,k3s) = sup |e 77 Fres {vo.y}€93 1], (3.36)
7€{0,3}
Cs = sup (2= 1) ( ' ]D (3.37)

n€Zz,j€{0,1,2,3}
with B and z, as given by equations (2.43) and (2.44) (extended forj  {0,1,2,3}).

Proof. Taking the partial derivative of U with respect to z,y, 7 times, and using
equation (3.35) gives

ayl Z / 'm Wl zna(z z0) zma(zo)

m,ne”

/ C?elﬂﬂy_yo} n dgle—iﬂﬂy—yo’f(ma)(yo) dyodao,
R

—2i37
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and so

oMU 25y = sup ng 1
nez

d
Z / eina (m—zo)eima (z0)
0

m,ne’

/ C}zezﬂﬂy—yo\ + d}ze*iﬁ,ﬂy*yo’ Fmad ()
R _22'6]”

= sup na XU 129
nez

dy()dl'()

I

L2(S)

We can do exactly the same with the partial derivative of U with respect to y, but

<C?ei/3?‘yyo‘er?eiB?‘yyo}>f(ma)(y0)

we need to take into account that ) _, is no

—2ip7
longer continuous for 75 > 1 on each interface separating each medium of constant

wavenumber k;. Therefore

— e
(Cn616j ly—yol +de By yo\)

d
a’mU e iTZa(ﬂ?—Jio) ima(xo)/ i n\v2 J
Yy Z /O € e R( zﬁj ) _Qiﬁjn

m,ne”

o (Cgteiﬁﬂy*yd + d?e*iﬁf\y*yd)
P e+ [ 3 o P )
J

p=2 Lnez S;iNS

( 7eiﬁ?‘y_y0‘f("“)(yo)+d?e_w;1‘y_yo‘)f("a)(yo)
nez —2i7

such that [Z denotes the jump at

:| SiNS;
the interface separating S; with S; with 5,0  0,1,2,3 and is given by

(Zﬂ]n)p_l (C?eiﬁﬂyfyo\ + d;}e*iﬁﬂy*yd)

2 —2ip7

nez

(3.38)

(Zﬂln)l?—l (C;zeiﬂfly—yol + d?e—iﬁf\y—yol) ()
- —2ip7 f ()
l

63



fory,yo S; n ;. Hence,

HZ <C?ewy\y—yo\ I d;;e—wﬂy—yo\) f(na)(yo)}
<
= —2ip} 5;08,
1  an an
Z sup |6n|p—2 "By ly—yol + ceifi [y—yol f(na)(yo)
2 nezjef0,1,2,3) Z ! l ‘ }

nez

dre~ 5 ly=vol | dl"e*wln ly—yol
J

) Z }f(na)(yo)’

}f(na) (o) ’

1 —
s Y

n€z,j€{0,1,2,3} nel

< sup (w]n'p—? C}zeiﬁ?\y*yol

n€z,1€{0,1,2,3}

nez
. (| P ) 1) ()|
n€Z,le{0,1,2,3} nez

First, we note that when 7  {1,2}, S; n Sy is given by y = =*b as shown in
Figure 2.2, therefore y — yo = 0 on the interface and so

|eFi ol = 1, (3.39)

We also note that
|5l <1 (3.40)
because (ﬁj") > (0 and

21 N
sup(—dQ,\a\
TwP{yo»y}Gf’QS ly—yol (3.41)

e~ lv-wl| < esmn/ﬂ’?f

because (B_J") = sin zn/2’l€]2 —ni}l/z as given by equations (2.43) and (2.44). We
also note from the remark after Theorem C-2, there exists Ny such that for |n| >

No. d» 2 2 2 nZ 2 Sup((@)ﬁo‘?)
0, dj equals to zero. Therefore, }kj - na’ < }ijl - k—;;} < 4}@’ 2

such that ’k:]} > ko for 5 {0,1,2,3}. Combining equations (3.39), (3.40) and
(3.41), we have

<C?ewy\y—yo\ n d}ze—wﬂy—yo\) £ (o)

Z ; = sup

’ [ neZ _225;1 ] S;NS; n€Z,j€{0,1,2,3}
n|p—2 n n sin Z"/Q}kj ‘ k& SUP{y,y}€SpNS3 ly=yol (na)

187172 (|5, [ ]) sup { e el )Y (o)

nez

< sup CSO (esin Zn/2’kj } k]:—eof SUP (y0,y}€59NS3 ly—yol 1> |ﬁn|p72 f 12(5)

= , )
n€z,je{0,1,2,3} !
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with Cso = Sup,ez jefo,1,2,3) (’cﬂ, }dﬂ) Hence

n
OpU p2s =sup B 2
nez

8% y— Ma
Z / ina(z—x0) zma(zo)/ eI yo\f( )(yo)dyod«%
R —2if3}

m,ne’

sinzn /2| k; &SUP{ ytesgnss [Y—vol 2
+ g (CSO (6 } ’kref oTEReTEs 71 sup |ﬁ]n|p f L2(S)>
p=2

n€Z,j€{0,1,2,3}

L2(S)

N
sin z,, /2| k; | % sup ly—vo|
ssup B 2 U r2s + Cyo (e } ]”“Tef {vo.vy€Sonss 1
neZ

Y2
Yo sup BT ras)s
=2 n€Z,j€{0,1,2,3}

N,
< sin zn /2| k; —Osup ly—yol
sup ﬁn 20 L2(S) +CO(€ n/ } ‘7’kref {v0,¥}€SoNS3 ,1
nez

(e—1)  sup B2 f rs
n€Z,j€{0,1,2,3}
We finish the proof by denoting Cs = Cyo(y2 — 1) O

We can now give an upper bound on the solution in terms of the forcing term.

Lemma 32. For any x  [0,d] and for any y R, we have for any function
[ L2, ([0,d] xR) and for U as given by equation (3.31)

., _ (gl
(7,y) r2(5)= sup " f(x,y) s
new,j Bj oo
forj=0,1,2,3
Proof. Using Lemma 30 we have
c d”
U 12(5) < sup (’ ’ } Z ezna:vf(na
nEL,j nez
_ (el o)
< sup - f(x,y) L2(S),
j€{0,1,2,3},neZ ﬁ %
from equation (3.8) which finishes the proof. O

We then have the following regularity result for Case 2A .

Theorem 33. For any v = (71,72) such that v; N, for j = 1,2, and for
x [0,d],y [—B,B] R there exists a constant C,., which is independent of
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the wavenumber k such that the solution U of equation (3
satisfies

DU LQ(Q)S Creg(]- + Csc(k:m k:3)) k (‘)’l‘_

with Cy and C(ko, k3) as given by equations (3.37) and
D U 12(q) is as given in Definition A-10.

Proof. We use Lemma 31 with Lemma 26, we have

Ng 1

OPU  f2s) = sup ;—- I r2s),
nEZQ ﬁj o0
n oy

.24) given by Theorem 28

YF ),
(3.36) in Lemma 31 and

8;2[] L2(S) = sup J > f L2(S) +C(l€0,]€3)cs sup |ﬁ]T-L|7272 f L2(S);

neL 2 ﬁ;’b 00
with C' > 1 We note that n,, and 3} are given by (2.43)

2
Ng = % + ksind,

2
= k (%jtsin@),

= ksind,.

We proceed the same as with n,, for 8}, and we have

By = ek —nil,
= eiZ"/2\/|k‘2(1—sin9%)|,

= |kle®/2\/]1 —sin 62)],

= |k|e®/? cos ,,

therefore, we have

(ksinf,)"
onru < sup ——i———
v L2(s) nEIZ) |k|ei=n/2 cos B,, =
< sup po s bl
nez | cost,|
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In a similar fashion,

OPU  pos)= sug( k oole/? cos@n|)72_1 I s
ne

+C(ko, k3)Cs sup 87172 12s),

neZ,j

<sup ( k sole™/2cos0,)* " F pags) +C ko, ks)Co

nez

(b ole™/%cos (9n|)w*1

su - )

nezl?j k oolelzn/Q COSenl f L2

ssup k 27 (JcosOu])>" f 12
ne”L

( k o|e?n/? COSin)W_l
+C'(ko, k3)Cs sup

sy -
€, Eres| cos 0, %)

If we denote

[ sind,|"

1
Crow=sup | —=— |cos@, > ———
g nEIZ)( | cos 6,] | nl ’kref|0089n|)’

which is well defined because §; = 0, therefore cos 6, = 0. Hence,

OPU 129

IA

(Creg k Zf,fl +Creg k ’oyiilc(kmk?»)Cs) f L2(S)>
< Creg(1+CClko,ks)) k 27" f 12 -

Since supp f €2, then
U 120

IA

(Creg k 271+ Crog k 22710 (ko, k3)Cy) f 20,
= C,«eg(l—l—CSC(k’o,k?g)) k ngl f L2(Q)-

3.2 A special case

In this section we want to check the accuracy of our regularity results. We study
a special case of equation (3.24), when the wavenumber k is independent of the
x direction and €23 does not exist; therefore there are three layers with different
wavenumbers. In this case, by using the method of separation of variables, each
of the Fourier coefficients U)(y) of our solution satisfies the one-dimensional
Helmholtz equation for n2 < k?. For the case n? > k? the field equation becomes
transformed Poisson’s equation and a detailed analysis of this case is also per-
formed here. The regularity bound for the one-dimensional Helmholtz equation
was studied in [85] for Case 2A . Hence, we can use a similar analysis to produce
a regularity result for this special case here. In this section, we will show that the
regularity result for this special case precisely matches that in Theorem 33.
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3.2.1 Solution operator Ng-

Let f L7,(Q)and U  C?(Q). We have the Helmholtz equation for this special
case

AU+ KU = f in Q, (3.42)
U(da y) |FR = eme(an) |FL7 (343)
oU
o, = T.U (3.44)
oU
— = T U 3.45
an |F_ ) ( )
such that
]{71 in Ql,
k(y) = q ko in (o, (3.46)
k’g in QQ,

where k; R, j =0,1,2 (so that we fulfill the conditions in [85]) and €2 is as given
in Figure 2.3 in Chapter 2 and

'y = {(an) Q}a (347)
Tn = {(dy) O} (3.48)

The boundary condition is defined using the Dirichlet to Neumann map 7" as given
by Definition 3. Since U and f are quasi-periodic

Ulw,y) =Y U (y)emr, (3.49)
nel
and ‘
fla,y) =) [ (y)ener. (3.50)
nez

Now, we can substitute equations (3.49) and (3.50) inside equation (3.42) to give

_(j—; = (8)) U y) = [ y), fory [~B,Bl, n Z (3.51)

and in equations (3.44) and (3.45) to give

3 aleX n )
a_U(na)(y) ly—sp= 18U (£B), j=1,2. (3.52)

To study the regularity of U, we use equation (3.51). We start by approximating
the partial derivatives of U)(y)eme®.
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Lemma 34. For alln  7Z, and for all p;  {0,1,2}, there exists a constant
Cy < sup(1,k~?) such that if a =0

851 (U(na)(y>€max) LQ([*B,BDS Cl &i(U("a)(y)emﬁ) L2(]-B,B]) - (353)
If a« =0, there exists a constant Cy < sup(1, %) such that
(U (y)e™ ) pappy=Cy 02U (y)e™") r2_BB), n Z\{0}.
(3.54)

Proof. If n, =0, and a = 0, then
U )™ ) = (ina)" U ),

We note that
(1ngq)P*

=1
—_n2
L

because p; < 2. If n =0 and a = 0, since |n,| = %’r then

(ina)m

—_n2
L

2

< sup(ﬁ, 1).

0

Next we study the properties of the functions U™)(y) which correspond to the
1D case. We consider the two cases where k% > n? and where k* < n? separately.
The case where k* = n? corresponds to the resonance phenomenon and is not
considered here [95].

3.2.2 First case: k* > n2

In this case, for each n  Z, equation (3.51) corresponds to the general Helmholtz
equation in one dimension [85].

Definition 35. Let Ng» : L*([=B, B]) - L*([—B, B]) be an operator defined by
Nip /) = [ Gayly= ol )
[-B,B]
where Gg]n : R\ {0} - C corresponds to the Green’s function of the operator
XBr

n = % - (ﬁ}’)z, with (ﬁ}’)z < 0. As a consequence we have

Gan(y) = gar (),
where

)= (3.55)
gpn\T) ‘= —— it .
g 2u3;
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This leads to the following result.

Lemma 36. Let v(™)(y) = Ngyf("“)(y) where Ngr is given by Definition 35. If

(ﬁ]’-‘)2 <0, then v\") is a solution of equation (3.51), and we have
U (y) = v (y) = Nap f () = /[ Gy =)™ (o)
-B,B
where UMe)(y) satisfies equation (3.51) [85].

Proof. The proof can be seen in detail in [85]. O

3.2.2.1 Properties of Une)

We have shown that U(™+)(y) can be written in term of the solution operator Ngr,

when (ﬂj”)2 < 0. We also have U (y) = v(e)(y) given by Lemma 36. Let us
investigate some properties of the v("*)(y). From Lemma 36, we can apply the
results given in [85].

Lemma 37 (Decomposition Lemma). Let Bl = B. Then, there exists a constant
C > 0 depending only on Bl and Brey such that 57 > Brey > 0, and for any
fe)  L2([=B, B)), the function v\") given by

o) = N 1) = [

Gan(y = y0) f"(yo)dyo, vy [—B,B],
[_BvB]

satisfies

n -1 Na Na n Na
B ") e+ 0" w67 0"(Y) 2sm)
<C "Ny qsa)- (3.56)

Proof. The proof of Lemma 37 was already given and can be seen in detail in
85]. O

We then have the following results.
Lemma 38. For all p {0,1,2}, we have
(i6})"

2
()

8520(”a)(y) LQ([*B,BDS 00 8§v(”a)(y) L2([-B,B)) (357)

and

0" y) sm=C B « ["O) r2-55) (3.58)

such that C' is the constant given in equation (3.56) in Lemma 37.
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Proof. We show Lemma 38, by noting that

( )( ) 687 (y—vo) ( )( )
vy) = / g (Yo)dy
-5 2i0; R

— 5 (y=y0)

P2 p(na) — / i3 )P : (na) d
Y (y) [7373}( J ) 225‘? f (yO) Yo

) / (8y) (B2
a B,B|

Gy e

we take the norm and we have

v (y) ) =

(i8;)" —(i87) e
- /[ B,8)

(z’ﬁ]’-l)2 225;1 L2([-B,B])»
(Z'Bn)pz .
- (Zﬁ]n)Q 0 azv( a)(y) L2([-B,B])»
J

which ends the proof of equation (3.57). We also note that

> o) (ﬁn) iB7 (y—yo) (n) 2
00" (y) L2 = / 7 (o) | dy
L0 (Y)  12(-B,B) . 257 (vo)| dyo

= B L v (y) %2([73,31)7
= B8y L B8 L ™) sa)

from Definition A-10 with [ = 1 and s = 2 and so

v y) s = C B L ") Tasa)

from equation (3.56) which finishes the proof. O
It then follows that

Lemma 39. Let N = {n Z : n? < k*}, there exists a constant ¢ > 0 and a
constant C' depending on A, B,ep as defined in Lemma 37 such that p = (p1,p2)
with | p |< 2, we have

S DU )en) = VORI ST fIRg)emet ),

neN_ neN_

where C(e€) = C?sup,ey <§—: + 1) such that C' is the constant defined in equa-

2p2
tion (3.56), C3 = sup (Cy, Cy) which are given in Lemma 34 and €, = <(nk)722_1> :
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We also have

Lemma 41. Forn Z such that n? > k*, and for po  {0,1,2} we have

U y) epmy= fT) r2qesa) -
Proof. We know that U™) satisfies

2 No 2 _ 2 Na ) Na
—GRU) 4 (= RYU) = F)(y).

Using the Fourier transform of U) we have

> (m? 4 (ng = K))UG=e™ = fre)(y),

meZ

which can be written as

Z (m2 + (ni - ]{]2))85 (UgLO‘)eimy) _ f(na)(y)’

m2
meZ

Furthermore we know that n? — k* > 0, which means

2 4 (2 — )2 ‘
> (m (ng ))az(Uﬁi“’)emy) 12(1-B,B])

m
meZ

— f(na)(y) LQ([tiB})z Z@;(U}:‘l)eimy) L2([-B,B]) -

meZ

We apply Lemma 40 to finish the proof of Lemma 41.

We also need the following property

Lemma 42. For (n,)” > k2, we have the following result

U"(y) ppqsmy = (i —k)'C ") g sm)
+ aSU(na)(y) [2([-B,B]))-
Proof. The result is straightforward by noting that U™ satisfies
2 N 2 - 2 Na) Na
—8yU( )_|_(na k )U( ) = fna),
and
(n2 = K*)U") = flne) 4 2gtne)

Ue) = (n2 — k)7 (f) 4+ 920,
We take the norm to finish the proof.

O
Now let us denote by Ny = {n  Z : n2 > k*}. Then, we have the following
result
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Lemma 43. For alln Ny, and for p = (p1,p2) with |p| < 2, there exists a
constant €™ > 0 such that

Y DU (y)emet) G (5 +2) S e 2,

neN4 neNL

Proof. We have for p = (p1, p2), p1,p2 {0, 1,2}

DPU" (y)e' e %2(9) = agl(Una(y)emax> %2(9)7L agz(Una(y)emaz) %2(9)

< —niU”a(y)ei”“m %z(g)—I— asU”a(y)em“m %Q(Q),

by using Lemma 40. We use Lemma 41 and Lemma 42 to give

4
2 n

DPU™ (y)e™ " Taq) = (mﬂ) W) T2

= (ﬁﬂLl) () Taa

2
na

Furthermore, we have LS 1, then if we denote € = (1 - ,’j—i

n o

2
) , we have

n MNal 1 Na
DPU™ (y)e® Ta)= (€—++1) S () Taq -

n

We take the sum over n Ny and taking the e = inf,cy, € to end the proof

S DU W) S () S ) e

TL€N+ TL€N+

3.2.4 Regularity of the solution corresponding to the spe-
cial case

Finally, we can use Lemma 39 and Lemma 43 to show the regular estimate corre-
sponding to equations (3.42) to (3.45).

Theorem 44. If U(z,y) satisfies equations (3.42) to (3.45), there exists kyop < k
such that we have the following regqularity estimate

DPU L2(O)S 1/0(6, k?,«ef,e_i_)k“p‘_l f L2(Q)

where € and e, are given respectively in Lemma 39 and Lemma 43.

)



Proof. We have from Lemma 43 and Lemma 39 that

Z DP(U(na)(y)einax) 2 _ Z Dp(U(na)(y)einaz) 2

nez neN_

+ Y DIUTI ) ®) Ta),

neENL

C(e)k>IP= Z U y) Fao

neN_

1
(na) 2
+<€+ + 1) E F7Y) T2

neN4

C(e, kpey, €4 ) 2P Z FU)(y) %2(9)

nez

IA

IA

D(y)en . L262455]TJQ/R1611.955(y)-37.97011'Q7.081.8TdQ[2617] TJQ13.



with a TE wave (Case 1A) and the transmitting dielectric interacting with a TE
wave (Case 2A). To keep this chapter to a manageable size Cases 1B and 2B are
relegated to Appendix C. We investigated the robustness of our regularity result
for the special case where the multiple scattering problem is reduced into a one
dimensional single scattering problem. We have given the solution in terms of the
Green’s functions so that we can examine the regularity of our solution in terms of
the forcing term (incident wave). We derived a result for multiple scattering and
this showed an explicit dependence on the wavenumber k and the forcing term f.
This regularity result will give us a hold on the convergence and the stability of the
solution when we later solve numerically the scattering problems using finite ele-
ment methods. In fact, if we let h denote the maximum mesh size of our elements,
and p be the highest order of the finite element basis, since we know explicitly
the dependence of the regularity result on the wavenumber k, then the a priori
error estimate will present a power factor of kh/p. This shows that when we have
a high wavenumber, we need a finer mesh or a higher order for the polynomial
basis. Hence, when we solve numerically, we can use this information to balance
the computational time and the accuracy of our approximated solution.

We also examined a special case that reduced the multiple scattering problem
into a one dimensional single scattering problem. In fact, when k* > (na)Q, we
have shown that each U(e)(y) satisfies a one dimensional Helmholtz problem.
Hence, we can use the results given in [85] which studied recently the Helmholtz
problem for single scattering for the TE, transmitting dielectric gratings case.
In the other case, where k* < (na)2, we cannot use the results from [85] since
U(ma)(y) satisfies transformed Poisson’s equation, so we need to use the properties
of the Fourier transform to study the regularity of U()(y). We have shown that
the regularity result for this special case, which is given by Theorem 44, agrees
with the regularity result in Theorem 33. So, the regularity result given for the
general case are the best approximation and the only results to date for a periodic
grating with respect to one direction, which show an explicit dependence on the
wavenumber k, for perfectly conducting gratings. Regularity results in H*(R?) for
general unbounded penetrable rough layers have been studied in [74]. Since the
authors in [74] did not focus on the special case where the grating is periodic, their
regularity constant depends on the wavenumber k(z,y) (if p = 1 in Theorem 33
then we just have ky dependency).

In the following chapters, we will study the homogeneous problem correspond-
ing to equations (2.95) and (2.104). The regularity of the solution of the inhomo-
geneous Helmholtz problem will be used to perform an a priori error estimate of
the solution corresponding to the homogenous problems.

77



Chapter 4

A priori error estimates using the
a,0-quasi periodic transformation

In this chapter, we introduce the approximation method that we will use to solve
the diffraction problems described in Chapters 2 and 3. For clarity, we mainly
focus on Case 1A and we relegate Cases 1B, 2A and 2B to Appendix D. Since U is
a-quasi periodic then we can use the «, 0-quasi periodic transformation by defining
a function denoted by U, ¢ which is periodic with respect to  where U = em’”Ua,o.

Note that it is easier to study analytically the scattering problem using U since
it lends itself more readily to a variational formulation. It will transpire however
that the numerical implementation of the finite element method is computation-
ally less expensive and less complicated if we base it on U, . Hence, instead of
approximating numerically the scattering problem and looking directly for U, we
look for the wave equations satisfied by U, . We start by studying the continuity
properties corresponding to U,, and then examine the variational formulation.
When we adopt such an approach, we need to show that the problem correspond-
ing to the variational formulation is well-posed; that is, the solution exists, is
unique and depends continuously on the data. We will show that the problem is
H 011#(9 \ int ©3)-coercive. We then use the finite element method to discretise the
problem, and provide a rigorous study of the a prior: error estimation. In order to
do so, we first derive a regularity result for the scattering problem in periodic space
HL(Q\int Q3) for [ = 1. We will show that solving the variational formulation
for U is equivalent to solving the variational formulation for U, . Since we have
already derived regularity results in the quasi-periodic case in Chapter 3 and since
the variational formulation for U is much simpler than that of U, , we investi-
gate the a priori error estimation in H(ll#(Q \int 23). This will then allow us to
prove a new error estimate that differs from those in the literature since it provides
an explicit dependence on the wavenumber. This provides a clearer insight into
the convergence of the solution and will help in our numerical implementation to
balance the accuracy against the computational cost.
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4.1 Restatement of the boundary value problems
for the periodic solution

We are going to use the a-quasi periodicity of the solution U. Hence, from
Lemma A-16 there exists U, which is periodic, of period d with respect to z,
such that

U(ZL’, y) - eiaa: a,O(x> y) (41)

Therefore the propagating equation is changed, and we have the following lemma.

Lemma 45. Let U,y  C*(Q2\int ) satisfy equation (4.1), then U,q is the
solution of the following problem in the truncated domain Q\int Q3 (see Figure 2.3)

AU, o+ (K = a*) Uy + 2i0d,U, g = 0, (4.2)

with the DtN map interface conditions at the boundaries of the truncated region
gien by

0 .
(T30 = = )Uag = 2”7, on Ty, (4.3)
n

—)Ua0 =0, onI'_. (4.4)

The Dirichlet boundary condition at the surface of the diffraction grating is
Uso(z,y) =0, on 0f3, (4.5)
and the periodic condition
Uso(d,y) = Uao(0,y), v [=B,B], (4.6)

holds where U(x,y) is the solution of the original Helmholtz problem given by
equation (2.95) and

TP Uno(@) = Y iB1Uag™ (2B)e 7, (4.7)
neL
using Definition 4.
Proof. We have
U = (eiaa} a,O)a
— (eiaz)Ua70+eiax Ua,O,
_ {w‘g }Ua,ﬁem Uno- (4.8)
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We also have

U = —=a®™ U, + 2iae™ Uy + € " AUy,
AU = €% (=a?Uyo + 2i00,Usp + AUup) ,

and since €’ = (), then equation (2.95) implies
AUp o + 200, Uy + (k* = a®) Uy = 0,

which is equation (4.2). For the boundary conditions, since U is a-quasi periodic
with respect to x then U, is periodic by using Lemma A-16 and similarly if U,
is periodic with respect to x then U is a-quasi periodic. On the top boundary
I'y ={(z,y) Q:y= B}, we have from equation (2.96),

an(U)’F+ _ an (eia:v a,O)F+ _ T+ (eia:v a,O) _ QiB(fe*iﬁ?Beiax.

By using Lemma 9 this becomes

el an Ua,O

— ¢ (T30 = 2iffe 7). (4.9)
T+

Since € = () then

OnlUao| = T7 Usp = 2iB)e 5,

Ly

On the bottom boundary I'_ = {(z,y) € :y = —B}, we have from equation
(2.97) | |
a"(U)}F_ =0 (‘31(1:D a,O)F_ =T (emz a,O) :

By using Lemma 9, we can write

e, Uso| = T U, (4.10)

I_

Since €' = () then

OUno|  =T*U,y.

I

Since €*® = (, we finish the proof by noting that U = 0 on 093 if and only if
Ua70 =0 on an ]
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4.1.1 Variational formulation

To obtain a numerical method for computing an approximation to U,y we start
by deriving a variational statement of our scattering problem.

Lemma 46. The variational form of the boundary value problem given by equa-
tion (4.2) to equation (4.6) is given by the following statement. Find U,
Hy,(Q\int Qg), for allv  H(Q\int Q3) and U}aﬂg =0 such that

a(Ua,Oav) - (f7 U)F+7 (411)
and

Uao =0, on 03
where

a(w,v) :/ w. U— / (k* — o®)wv — 2ia/ (Oyw)v
Q\int Q3 Q\int Q3 Q\int Q3
— / T ws — / 7w (4.12)
I, r_

and

(o), == [ 2iste P, (1.13)
T+
forw  Hy(Q\int Q3) and w’aﬂg =

Proof. Multiplying both sides of equation (4.2) by T and integrating gives

/ AUq,00 + / (k* = a*)U, 00 + 22'04/ (0:Unp)v = 0,
Q\int Q3 Q\int Q3 Q\int Q3

for all v H#(Q \int ©23). We integrate by parts to get

/ Uno. T— / (k* = a®)Uq 00 — 22’04/ (0:Ua0)0
Q\int Q3 Q\int Q3 Q\int Q3

/ anz 0_—
- —v =0,
A(Q\int Q3) on

for all v H (€2 \'int Q3) and U}aﬂs = 0. Then,

/ Uao- W—/ (k* — a?) aQU_QZOz/ (0:Uq )0
Q\int Q3 Q\int Q3 Q\int Q3

—/ aUaO / aUO‘O— —0. (4.14)
893 FLUFRUFi
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with I'y,, T'r as defined in equations (3.47) and (3.48). Let nr, (nr,) denote the
exterior unit normal vector on I'; (the exterior unit normal vector on I'g), and
note that nr, = —nr,. Since v and U, are periodic then

/ 8Ua0_ / aUvon_ / aUvon_
) T = ) ,U_i__ ] v
I'LUTR an T, an Tr an

_/ aUa%_ E)Uoé,()6
N r, \ on on

=0.

We also have |, 20 8152,05 = 0 from the Dirichlet boundary condition on v and so

equation (4.14) becomes

fQ\int s Ua,O- v fQ\int Q3 (kQ - az)Ua,OE — 21 fQ\int Q3 (azUa,O)@
B fr+ Ti’OUO"O@ —Jr Tf’OUa,oﬂ == fm Qiﬁ?eﬁﬁ?Bﬁ

using equations (4.3) and (4.4) and this finishes the proof. O

4.1.2 Equivalence of the variational forms for the periodic
and a-quasi periodic problems

We want to show that the periodic problem is well posed. We also want to establish
an upper bound on the error that arises when we solve the scattering problem
numerically. For these reasons, we need to study the equivalence of the variational
form for the periodic and a-quasi periodic problem and this can be described as
follows.

Similar to Lemma 46, for the periodic function U, and v, H;E(Q \int 3),
let

a(Uao,va) = ( Va0, Va)gunia, — 22’04(8an70,%)9\th Qs
2 2 a,0
—((k: -« )Ua’o’va)ﬂ\intﬁ3 - (Ti Ua:o’””‘)l‘i’ (4.15)
e .
+ r,
We have the Dirichlet boundary condition that
Uap =0, on 0€s, (4.16)

and Ti"o are given by Definition 4. The variational problem is to find U, g
H,(Q\int Q) for all v, such that

a(Ua,Oa Uoz) = (fon Ua)p+- (417)
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Similarly, for the a-quasi periodic function U let
a(U,0) = (U, 0)guma, — (KU, 'U)Q\mmg — (T+U,v)p, (4.18)

where T are given by Definition 3 and U satisfies the Dirichlet boundary condition
U(x,y) =0, on 0. (4.19)

The variational problem is to find U H,, (2 \int Q3) for all v H_,,(Q \int Q3)
such that

G(U, U) = (f7 U)FJr’ (420)
We have the following result.

Lemma 47. Finding Uso  Hy(Q\intQs) for all v, Hy(Q\int Qs) such that
a(Un0,V0) = (fa,va) as given in equation (4.17) is equivalent to finding U
Hl,(Q\int Qg) for all v Hy,(Q\intQs) such that a(U,v) = (f,v)p, using
equation (4.20).

Proof. Let v = €0y, w = €*““w,, such that w,  Hj(Q \int Q3), then we have

( Vas Wa)gymo, = ((e7), (eiiaxw))ﬁ\intﬂg

- / { —iae "y + e ] { 10" W + "0, w
- —iQx : QT 9 75y
Q\intQs L € Oyv e O, w

and we have

( Vas wa)ﬂ\mms:/ (0w — iavd, W + icwd,v + v, W).  (4.21)
Q\intﬂ3

Since vw is periodic with respect to x, then fod 0, (vw) = 0 and imposing Dirichlet

boundary condition on 023 we also get fQ\inth 0, (vw) = 0. So,

/ (Opv)w = —/ v(0,W)
Q\int Q3 Q\int Q3

and hence equation (4.21) becomes

(Vo wa)Q\ing:/ (aQU@—i-Qiawazij . E). (4.22)
Q\intﬂ3

Examining the next term in the sesquilinear form given by equation (4.15) we see

_’L.a(azvom wo‘)ﬂ\int Q3 = _’L(I /{;\ o <_ia€7iax”[) _|_ efiaxaxv) eiaxm
111 3
= / (—a*vW — i0wo,v). (4.23)
Q\int Q3
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Next we have the following
2 2 2 2\ —iax,, itor-—
(7 = 0w o, = [ (F=a?)e v
Q\int Q3
= / (k* — o*)vw. (4.24)
Q\int Q3
Finally, the last term of the sesquilinear form in equation (4.15) can be written as
a,0 a0  —iax iaT=— —
(T Ua,wa)ri = (Ty e v, e w)th = (Tsv,W)p, . (4.25)

Substituting equations (4.22),(4.23),(4.24) and (4.25) into equation (4.15) we get

a(v,w,) = /Q\ Q( v. @—kzv@)—/r T vw
int 23 +

= a(v,w).

We finish the proof of Lemma 47 by noting that
(fomwa)r = _/ 2i6?€_i69Bw_a>
+ r,

o0 BB iar—
— —/ 2i 3%~ PLB glowr,
Ly

= (fow)y, - (4.26)

4.1.3 Well posedness of the variational problem

Before solving the variational formulation numerically, we first show that our prob-
lem is well posed which means that a solution exists, it is unique and the solution
depends continuously on the data (also called regularity of the solution) [54, 37].
We differ from other previous published work [9] since we show rigorously this well
posedness of the boundary value problem. The variational form associated with
U is easier to study analytically so we are going to show that the a-quasi peri-
odic problem is well posed and from that result we then show that the variational
formulation corresponding to U, is also well posed.

4.1.3.1 Existence and uniqueness of the solution

Lemma 48. For allv  Hy(Q\int Qg), the solution Uyo  Hy(\int Q) which
satisfies equation (4.11) exists and is unique.
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Proof. We note by using the Cauchy-Schwarz inequality [22, p. 50] that

(U, U)Q\intﬂ3} = }/ U v (4.27)
Q\intﬂg
< / | U. v|dxdy, (4.28)
Q\intﬂ3
= U 1z @unts) U 12, (@\int Q) (4.29)
and also that
2 Q77—
}(k U’U)Q\intﬂg‘ = ‘ o k (4.30)
\int Q3
= K Oo/ |UB|dxdy, (4.31)
Q\intﬂ3
= kQ o U L?X#(Q\intﬂg) v L?X#(Q\intﬁg)‘ (432)

Definition 3 and Lemma 2 with f = v give

} / ToUvdz| = d| Y iBjU") (B (£B)],
Iy

nel

= d|Y gy (1 +n2) (14 n2) Ul (£B) ") (£B))],

- 2 —1/2 2\
< a( I aen) s
nez
1/2
(Z(1+ )2yl +B)]> |
nez

We use equations (2.68) and (2.69)
ST ( TR U@ EB) P e, Y K (1 +n2) P U B
nez nGZ:na<|k]2\

va Y w(end) Ut @p)

nGZ:na>\k]2.\

<eolk2 > (14 n2) 2 Ut (B)|”

nez
+tad (1+n )1/2 Ut (=B)[7,
nez
SCQ'k?l U 2 1 +c; U 21

-3 3 9
Ha (T'1) Ha#(l—‘i)
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from Definition A-17. Hence

2

/TiU@dx < O <|k]2.| u? .,
Iy HQQ(Fi)
+ U 21 ) v 21 9
Ho?#(ri) Ho?#(l—‘i)

where C? = sup (c1, ¢o) and we have
2
2 12(17.2 2 9
= (lkjl v L2 ,(Q\int Q3) + U H;#(Q\mmg))

v 2 (4.33)

H] ,(Q\int Q3)’

fri T:tU@de'

from Theorem A-13. Hence, we have from equation (4.18)
2
]a(U,v)} S’U’Hé#(ﬂ\intﬂg,)’U}Hé#(ﬂ\intfh) +E U L2, (Nint Qg) U L2, (Q\int Q)
2 2
+ Cd<|k?]2-| U %i#(ﬂ\intﬂg) + U Hé#(ﬂ\intﬂg,)) U HL, (\int Q)

and so
}G(U, U)’ < Cosup (1,k*) U HL,(Q\intQs) U HL,(Q\intQs)- (4.34)

Hence, a(U,v) is continuous using Definition A-6. Taking the real part of a(U,U)
and from equation (2.72), we get

2 2 2
(a(U, U)) = ’U}Hl#(ﬂ\intﬂg) - (k ) U L2, (Q\int Q3)* (4-35)

@

Hence,
2 2 2
(a(U,U)) + (k ) U L2, (\int Q23) = }U’Hé#(ﬂ\intﬂg)

and

}a(U, U)+ (k‘Q) U %i#(ﬂ\intﬂg)’

\Y
-
I

(a(U,U)+ (k) U %i#(ﬂ\intﬂg)’

v

2
}U’Hé#(ﬂ\int Q3)’
M, U ‘gé#(ﬂ\inm?)). (4.36)

v

Then, a(U,U) is H}, (2 \int Q3)-coercive from Definition B-4. We can then use
Lemma B-5 to show the existence of a solution from its uniqueness. Let us suppose
that we have two solutions U; and U, and let us denote w = U; — U,. We have
from equation (4.18) that

a(w, w) = ’wﬁ{;#(ﬂ\imw _/ K w]* = /Fi (Thw)w =0

Q\int Q3
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and so

2 9 B
il = [, P~ ([ @wm)

“( (L) [, @) =0

2 2 _
}w‘Hé#(Q\intﬂg) _/Q\inmg (k:Q)‘w‘ - <\/I;i (Tiw)w) =0

( (/ri (T*w)w) - /Q\inmg (’fQ)}w}Q) = 0.

We note that < (fl“i (TiU)U> + fﬂ\inmg (k;Q)’U}?) = 0 from equation (2.72)

and (k*) = 2 (k) (k) = 0. Therefore w = 0 and hence U; = U,. Since
Uy = Uy, and U = €U, o, then U, o, = Us 0, which finishes the proof.

Hence,

O

In order for a variational formulation to depend continuously on the data, it is
necessary to show that the variational formulation satisfies a regularity estimate
which will be studied in the following section.

4.1.3.2 Regularity estimate of the exact solution

This problem was studied in [9] for the transmitting dielectric grating for the
TE case (Case 2A ). They derived, using Cauchy’s inequality, an a priori error
estimate. However, this estimate did not show an explicit dependence on the
wavenumber k and the degree of the polynomial basis p. Furthermore, the regu-
larity of the solution (which is required to show that the problem is well posed and
is a prerequisite for deriving an a priori error estimate) was simply assumed and
not proven. In our study, we will derive an explicit dependency on k in the proof
of the regularity of the solution. In the a priori error estimate, we will derive an
explicit dependency on the wavenumber k£ and the degree of the polynomial basis
p. To simplify the algebra, let us define the following norm.

Definition 49. Let F R*>and v H'(F) (see Definition A-10) then we define
[85]
2
v ’QH = }U}Hl(F)‘f‘ k: go v %2(,}). (437)

Note that v 4 is equivalent to v g1y ) since

) 1 1
inf 1’k— VoS U gip) = sup 1’k— (Y
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using Definition A-10. Also note that v 4 < } }Hl + Kk & v ). Since
H!,(F) HYr)and Hy(F) H(r) for anyl>0 then for any v H,,(F)
(v Hy(F)) v 3 is well defined.

Also we have the following theorem.
Theorem 50. Let v H. ,(F) and let vao  HL(F) such that
v = e, (4.38)

Let V H(ll#(F) be a finite element subspace of order p with | = 1 as described
in Section B.3 and let us denote with h the maximum mesh size after partitioning
F . If we make the following standard assumption on the subspace V' [35]

1
) h h\ 2
mfwev{ v—1 Li#(f)ﬂLE v Yz )T (;) U= 2y
L hY'
_ g - < _
T H2#<Fi>} B C(p> 0 Haw0)
(4.39)
and k OO% < 1, then, we have
Va0 =12 v m ) (4.40)
forl =0 and
If I R, where y = yq is constant, then we also have
Vg T = oMy 4.42
O iy T e T ogtay (442)
where Cpoy is given by equation (2.83).
Proof. First, we note that
Va0 ~ Va0 L(F) = ’ mz} V=Y L2,(F) = v L2,(F) (4.43)

Differentiating equation (4.38) gives

h .
5 Va0 = Ya L4(r) = 7 —iav=yY)+( v— ) L2, (F)

<

T

h
la| v—1 Lg#(F)ﬂLE G S OL
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by the triangle inequality. Since |ia| < k o then

h k ooh

h
PR Yoo 12,0) = » v Lg#(FH‘E v Yoz gy,

h
= v—¢9¢ Li#(f)+5 vz (4.44)
since k Oo% < 1. We also note that

Va0 =Yoo 12(ry) = VY L2y (4.45)

by Definition A-7. Using Definition A-14, we have

1
omn\ %\ n n 2
oo Ty = Z(1+(7)> o) = v 0]

#( nez
2\ 3
2mn n n 2
= Z (1 + (7) ) |0 (yo) = ¥ (o) ",
neL
using Lemma 13 and so from Lemma 12
3 3 n n 2
Va,0 — 7wboz,O 2 1 = Z 0024#(1 + (na)2) ’ }U( a)(yO) - w( a)(yO)’
H?ﬁ(l) neL
Hence, using Definition A-17

1 SCC% ’U_w 2 1 .
2 H2,(1)

(4.46)

and we obtain equation (4.42). Now from equation (4.38) and using Definition A-
10

Va0 HL(r) = € U HL()

Hence, we differentiate to get

IA
Q
—~
S
=
~
ol
8*2
-
7
3
1
h
o
ES
=

89



Since D"~"v  H[,(F ), we can use the first term in equation (4.39) and we replace
v by D" "v to get

IA

l n h r
ZZC(TL,T)( k Oo;) Uy,
n=0 r=0

l n

= ZZC’(n,T) U oH(F)

n=0 r=0

Since we assume k oo_h < 1 and SO
< n
Ua70 Hl (;) —_— E 2 v H™ (F)

l
= 212 U HG, (F)
n=0

< l2l v Hé#(f)

Hence we obtain equation (4.40) which finishes the proof. O

In the following theorem, we obtain a new result on the regularity estimate for
the solution U, .

Theorem 51. Let f, H;(Q\int Q) and let U, H;(Q\int Q3) be the solution

of
AU+ (K* = a*)Uypo + 2i00,Usg = fa,in Q\int Q;, (4.47)
o 0
(TJr’O - a_n)Ua,O = 07 on P+a
(T — Q)U = 0, onT
— 87’] a0 — ) —

Ua,O = O, on an (448)

Then there exists a constant Cyq which is independent of the wavenumber k such
that

Ua,O HS Cstab fa L;&(Q\int Q3) -
Proof. U H,(Q\int Q) is the solution of equation (3.3) and from Definition 49
2 _ 2 2 2
Ua,O H }Ua,O} H#(Q\int Qs) + k 00 UCV,O Li#(ﬂ\int Q3) *

Since U, satisfies equation (4.47), then equation (4.38) holds for v, = U and
v = U, and for v, = f and v = f,, and so from equation (4.40)

2 2 2 2 2
Uwo 5 = 20 U Hé#(Q\intﬂg)—f_ ke U L2 ,(Q\int Q) -
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By using the regularity estimate of the U as given in Theorem 27 we have

UOHO 3—1 = 2201?69 f ii#(ﬂ\int Q3) + k ggcheg f ii#(ﬂ\int Q3)?
2 2 2
= (2 + ]') Creg fa L;&(Q\int Q3)

using equation (4.45) and we denote Clyyqp = gC’reg which finishes the proof. [

We have shown that the problem is well posed by proving that its solution
exists, is unique and satisfies a regularity result. Now, let us study the efficiency
of the diffraction grating which presents the main interest for most applications.

4.1.4 Efficiency of the diffraction grating

For most applications, one is more interested in how efficient a given diffraction
grating is in reflecting or transmitting electromagnetic waves, rather than just
studying the magnetic field U, o for the TM case, or the electric field for the TE
case.

Definition 52. The diffraction efficiency is the physical quantity that character-
izes how the incident field power is distributed between the different orders. It
is given by the ratio between the energy flow of a particular order in a direction
perpendicular to the grating surface and the corresponding flow of the incident
wave through the same surface [79][p. 35].

Hence, for a chosen diffraction order m, the diffraction efficiency for the re-
flected order m (transmitted order m) is given by R, (respectively T,,) and can
be computed as follows

R, = e (4.49)
1
Bm m

T, = 22 mp (4.50)
1

with 7" and ¢ given by equations (2.58) and (2.59) such that (2% +«)* < k2, for
7 =1,2. Note that we can compute the diffraction efficiency for all m, however only
the propagating modes can carry energy away from the grating since they do not
have purely imaginary wavevector component 57" (£3") in the vertical direction
[79][p. 36]. Recall that in our numerical computation we are looking for U,
where U = U, e*® since implementing the periodicity condition for U, is easier
and computationally more efficient than the a-quasi periodicity condition. Hence,
to study the efficiency of the diffraction grating we need to establish a formula
which enables us to compute the efficiency of U from knowledge of U, . From
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equation (2.55), we note that on I'y, we have

27mn _;B/m P 27mn
U(x,y) — E rm6261 y+z a+2Z ) +tgn€ 185 y+2(oz+ P )z’
meZ
_ za:): § m zﬁl y+z—z —I—tm —ip erZ?ﬂ“bz
me”Z
fe%4
= € a,O(xay)

and so we can compute the efficiency from the Rayleigh expansion of U, on
I'; using equations (2.74), (2.58) and (2.59). We can also use the variational
formulation given by equation (4.12) to show that the energy is conserved. By
calculating the energy we can assess the presence or otherwise of the numerical
inaccuracies in our numerical method. Before doing so, we need the following
results.

Lemma 53. We have

(/ (02Ua0)Uaq, ) =0 (4.51)
Q\intﬂg
Proof. Let us define €, where 0, % [=B, B] = Q \'int Q3. We have

B
/ (02U 0)Us, Uqodxdy = / (/ (00Ua0)Us 0dx> dy.
Q\int Q3 —B Qr

We note by integrating by parts that

/ (a Uoz 0) de = [Ua,Om} 0 - / Uoz,Oaa:Uoz,dea
Qx Q

x

and so

B
/ (a Ua 0) a, dedy = / ( [Ua,OUa,O] 0 - / Ua,OazUa,de) dy
O\int Q5 _B Q.

For fixed y, either 0€2, 093 or 9, = 0 or d. In the first case U,y = 0 on 03

and in the second case, since U, is periodic, then

B
I 2/ [Ua,0Ua0] g, Ay = 0-

-B
Hence,
/ (02Ua0)Uqodxdy = —/ Ua,00: U oda:dy. (4.52)
O\int Q3 Q\int Q3
For any ¢ C, if ¢ = —¢ then (¢) =0 and the result follows. O
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4.1.5 Conservation of the energy or energy balance

Let us denote respectively by E,., E; and E,,, the refracted energy, the transmitted
energy and the absorbed energy by the grating [79, p. 36].

Definition 54. We have
E.= ) Rn

(2mm o)’ <k?

E, = Z T,

(2mm o)’ <k}

1 2
Eops = —— k*)|Us
- |
such that R,, and T,, are as given by equations (4.49) and (4.50).

By using the relation between the Rayleigh coefficients (see equation (2.55)) and
the Fourier coefficients of the scattering field on I'y as given by the system of
equations (2.57), we have the following result.

Lemma 55. The square of the absolute value of the Rayleigh coefficients can be
obtained from the Fourier coefficients of the solution on the top boundary y = B
and the bottom boundary y = —B as follows

[* = (U B)| n o Z\{0}
179 = [Uao®( )] +1—2 (Ua’o(o)(B)e_i59B>
2> < |UC (= B)[ (%), n

Proof. The proof for the first and the last lines are straightforward using the
system of equations (2.57). So, we will just show the proof of the second line.
From Lemma 13 we note that U (B) = U, ”(B). We then use equation (2.58)
to get

PO = |Uao®(B)e 88 — 2005
= |Uao@(B) — 818"

because we have}e_w?B’ =1.
Therefore,

P = B + 1 =2 (Ta T B ),
]

Theorem 56 (Conservation of energy). Let Ey, E,., and Eus be defined as in
Definition 54. Then, we have the energy balance

Et+Er = 1
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Proof. Since k; R then for perfectly conducting £ = k;. Hence by using Def-
inition 54, we have E,, = 0. We use equation (4.15) with w = v = U, to
get

2 2 . o
fQ\int Q3 ‘ Uaﬁ’ - fQ\Q3(k2 - QQ)‘U%O’ — 2ia fQ\int 05 (0=Ua0)Ua0
= Jr (T2Ua0) U = 2i8} [, ¢ 1P (4.53)

Taking the imaginary part of equation (4.53) , and using Lemma 53 with Lemma 8
leaves us with

(T2 Va0, Un), + 280 (75, Uso) =0, (4.54)
+
Then we use Lemma 55 with equation (2.72) in Lemma 8 to get
a, —iB0
(12U 0, Uno) ., + 26} (e 88 Ua,0>F+

=4y BlUL P 28] (T,

nez
—dY BV +ag (2 (e HPTLY) + 1) —
nez
=dB) Y Ry + T, —dp. (4.55)
n2>k?

We use equations (4.54) with (4.55) to get
sl Y Rp+T,—1| = 0 (4.56)

n2 >k?

which finishes the proof. O

4.2 The discrete problem

In order to solve numerically the scattering problem, we need to discretise the
variational formulation corresponding to the continuous problem.

4.2.1 Variational formulation

Let X HL(Q\int Q) be a finite element space with dim(X) = N < oo and let
Y; for e =1,.., N, be a basis of X. We discretise the variational form given by the
equation (4.11) and this leads us to find U,, X, for all v, X such that

a(Un,0,,v0) = (f,vn), (4.57)
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and subject to the constraint

Uap, =0, on 08

where
a(wp,vy) = / Wy, v_h—/ (k‘Q—oﬂ)whﬁ—Qia/ (Ozwp,)vp
Q\int Q3 Q\int Q3 Q\int Q3
— / T %w,w,; — / 7w,y (4.58)
ry _
(fow) = = [ 2igte o, (459)
Ly

for w,  X. Since U, X, there exists U; for j  {1,., N}, such that U, o, =
Zj.vzl U;jv;(z,y). Hence, the discrete problem given by equation (4.57) is equivalent
to the following linear algebraic system

AU =L (4.60)
with U = U, for j =,--- , N,
A= a(wiaw]’>7
and
L= (fﬂ/’])

for {i,j}+ {1,..,N}.

4.2.2 Truncation of the DtN map

The DtN operators that we use as transparent boundary conditions when we trun-
cate the domain involve an infinite sum. For computational purposes we also need
to truncate the summation in equation (4.7) to a finite sum. Let M N and
M < oo, then we approximate T with

M
a,0M als) n i2En g
T (Unp,)(x) = Y iBIUNY, (£B)e 77 (4.61)

n=—M

At the boundary of the truncated domain we introduced an upward propagating
radiation condition (UPRC) in Section 2.1. Therefore, we will also need U, , to
satisfy the UPRC. First, we expand U, , in a truncated Fourier series

- 21N

Unon(.y) = > UL, ()e 7, (4.62)

where



By truncating the fundamental solution in equation (2.55), and using equation
(4.1), the solution is truncated as

M
i3 ;2mn ;2N 27mn .
Uno, =y rpMeivtimate M emiffutiTie 5= 1,9, (4.63)
n=—M

where the unknowns T;L’M and t?’M are complex scalars. U, , contains the incident
wave and must satisfy the UPRC condition in €2;. It follows that t?’M =0, forn =
0 and 9™ = 1in Q; and in s, all the r?’M = 0 (UPRC). We proceed exactly as we
have done for the continuous problem but the solution is now truncated as given
by equations (4.62) and (4.63).The coefficients 37 are given by equation (2.43) and
so, similar to equation (2.57),

UL (y) = rpM ety 4 6,070, in O, (4.64)
UaT,LO)h(y> = tgyMefiﬁgy in QQ.
At y = =B, equations (2.58) and (2.59) become
T{L M _ Uano)h(B) zﬁl _ 0 72@’5937 (465)
Y = UL, (=B)e .

Similarly to the continuous problem, but now we use equations (4.61) and (4.65)
so that the boundary conditions for the discrete problem are given by

0 .
(T2 = £ ), = 2B, onTy,  (466)
Ui
woM 0
(T — a_nwa’oh =0, onT_. (4.67)
Therefore, instead of solving directly equation (4.57), we approximate U, o by UM o,

and we solve numerically the following problem. Let X H(Q\int Q3) be a finite
element space with dim(X) = N < oo and let ¢; for i = 1,.., N, be a basis of X.
We want to find Uo%h X such that for all v, X we have

a"'(Ugl, s vn) = (f, o), (4.68)

and subject to the constraint

UM, =0, on 09

where
a (wp,v) = / wy,. ﬁ—/ (k‘Q—a2)whv_h—2m/ (Oywp)vp
Q\int Q3 Q\int Q3 Q\int Q3
_/ TjC:M,OMwhW
T+
(o) = = [ 2igte o, (4.69)
T+
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for w, X. This leads to a linear algebraic system
AMUM = [, (4.70)
with UM = UM for j {1,., N}, such that U}, = Zjvzl UMipj(x,y).
AM = GM(Q/JM/JJ'),

and

L= (f,4;)
for {7,573 {1,..,N}.

4.2.3 Efficiency of the grating

The efficiency of the grating with respect to each diffraction order n can be com-
puted by using equations (2.55), (4.49) and (4.63), to give

ﬁn nM2
RM = —510 i (4.71)
M 63 n,M2
=l

When we replace RM with RM and T™ with TM | in Definitions 54 and D-19 then
E;, E, and E, will be called respectively EM, EM and EY

r abs*

4.2.4 Checking the energy balance using the truncated
DtN map

By truncating the DTN operator and by discretising the scattering problem,
Lemma 55 becomes

2 2
M| = ’U(%h( )(B)} , n Z\{0}
2 0, = .
AP = U, OB +1—2 (UM, O (B)e )
2 2
t;’M’ = ’U%h(n)(_B)’ , N Z. (472)

We note that when k2 R, 87" is real or purely imaginary. Hence, we can use the

DtN operator TE’OM given by equation (4.61) to check the energy balance. Let us

call u
= (T2, )

for {I,7} {1,...N}. We have

rx

n 2
<Tj’0MUO%h, Uoivfoh)Fi =dY ipr|uM, " (xB) (4.73)

nez
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by following the same process to get equation (2.70) but using Definition 4. Since
a,0M L .
U«%h - Zj\;l UJMQ/JJ'(xay) then (T:I: 0y UM >Fi = <UMTMUM ) with

a0 Y a,0p I

UM =UMfor j  {1,.,N}. Hence, from equations (4.71) and (4.72)

1 __ TR
B+ EY = o (") =2 (e, O) 1=,
1

4.3 A priori error estimates for the exact solu-
tion

The well-posedness of each problem that we derived in Section 4.1.3 will now allow
us to derive an a priori error estimate for U, . However, since the sesquilinear
form corresponding to U is simpler to study than U, o, and we have already studied
the regularity of U in Section 3.1, then we first study an a prior: error estimate of
U with the norm . 4. This will then allow us to derive an a priori error estimate
for U, and we will show an explicit dependence of the result on the wavenumber
k and the order of the polynomial basis p. We have the following three key results

e an estimate of the error from the discretisation of the continuous problem.

e an estimate of the error from truncating the DtN operator corresponding to
the continuous problem.

e an estimate of the total error.

4.3.1 A priori error estimation of the discretised problem

In this section we will derive an upper bound on the error between the exact
periodic solution U, o and that found numerically by discretising the problem U, ), .
In each case we will state the discretised periodic problem in its variational form,
find a regularity bound for the a-quasi periodic exact solution U in terms of the
norm in Definition 49, examine the discretisation error for U, and then use this to
derive an a priori bound on the discretisation error for the periodic solution U, .
Let X H(lx#(Q \int ©23) be a finite element subspace of order p with [ = 1, and
let (;, be any regular partition of X as described in Section B.3. We denote by
h the maximum mesh size after partitioning 2 \ int 23 using ;. We make the
following standard assumption on the subspace X [35]
1
) h h\?
infyex { v—1 L2, (Q\int Q) T » v— Y L2, (Q\intQ3) T (;) v—=1 L2 ,(T+)

h %
+5 v H(%#(Fi)} SC(E) U H  (N\int Q3)°
(4.74)
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Similarly, let X* be a finite element subspace of order p of H. %(Q \int 23).
The discretised problem corresponding to equation (4.20) is given below.

Find U, X such that
a(Un,®) = ([ d)r, (4.75)
with

(I(Uh, ¢) = ( Uha ¢)Q\int Qs (kQUha ¢)Q\int93 - (T:I:in ¢)Fi’ (476)
(o, = =2t [ g (1.77)
Ly

for all ¢ X such that U, = 0 on 023 and T are given by Definition 3.

Lemma 57. Let k..; be a positive scalar such that k o = kyey and let U
H),(QN\int Qg), then for all v H},(Q\int Q3) we have

’a(U,'U)’ <C. Uy vy
such that C. = Cd + 1 depends only on the period of the diffraction grating d.
Proof. We note by using Cauchy- Schwarz inequality [22, p. 50] that

}( U7 U)Q\intﬂg} = } / U. dedyla
Q\int Q3
= / } U. E’ dxdy,
Q\int Qs
= U L2, (Q\int Q3) v L2 ,(Q\intQ3)> (4-78)

and also that

}(kQU’U)Q\intQJ = ’ _ k*Utdzdy|,
Q\int Q3
= K oo/ |UD|dxdy,
Q\intﬂ3
s k¥ LU 12, 0\ine0s) U 2, @umay) - (479)
We note that
| / ToUvdz| =d| Y iU (£B)v)(£B)|, (4.80)
It nez
=d| Y gy (1+n2) " (14 n2) U (£B)ue) (£B)],
nez
) 1/2
=i I 1) e
nez

1/2
< (Z (1+n2)" }v(”a)(iB)}z) . (4.81)

nez
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We use equations (2.68) and (2.69)
S (1) Ut @B e, S K1+ n2) P Ut £B))
nez nEZ:na<|kJ2-\

voo Y (1) Ut )

nGZ:na>\k]2.\

<eolk2 S (14 n2) 2 Ut (2B)|

nel
+ 1 Z (1 +n )1/2 }U(”a)(iB)}Q,
nez
SCQlkal u? , +c U 2,

-3 5 9
Ha (T'1) Ha#(l—‘i)

from Definition A-17. We can then write

2
/TiUvd:c <Cd<|k2| uz, + U?, ) v 2,
Hg#(Fi) Hf#(Fi)

-2
H, 2 (Tx)
where C' = max {c, co} and so we have

_ 2
} /'F T:I: UUd:E} = Cd(l’??l U %i#(ﬂ\int Qg) + U %{é#(ﬂ\int 93)) v %{é#(ﬂ\int 93)’
+
(4.82)

from the trace theorem given in Theorem A-13 since and so

| | TUvdz|<Cd U 3 v (4.83)
Iy

2
from Definition 49. Since ( U L2.,( = () then

Q\int Q3) }U }Hl (Q\int Qs))

U

2 2
L2, (Q\int Q3) ’U’H;#(Q\im Q3) + ’U}Hl#(ﬂ\mt Q3) v L2, (\intQ3)

=22 U 2 (@intoy) }U}Hé#(ﬂ\intﬂg)}U‘Hé#(ﬂ\intﬂg) UL2 (it Q) -

2
2
<}U’H1 (Q\lntﬂg} }Hl Q\lntﬂg)+ k o U L?X#(Q\intQS) v Li#(Q\intﬁg))

— 4 2 2
- ‘U}H;#(Q\int Q3) ‘U‘H;#(Q\mt 93)+ k 00 U L2 ,(Q\int Q3) v L2 ,(Q\int Q3)

o 4 (Q\int Q3) }U}Hé#(ﬁ\intﬁg }U’Hé#(ﬁ\intﬁg) U 12 ,(Q\int Q3)

4 2 2
’U}Hl#(ﬁ\mtﬂgl ’Hl (Q\lntﬂg)_'_ k 00 U L2#(Q\1ntﬂ3) v LQ#(Q\thg,)

2 2 2
+ k oo< U #(Q\lntQB)} }Hl (2\int Q3) }U}Hl (2\int Q3) v LQ#(Q\II‘H}Q?,))

— 2 2
_OU}Hl#(Q\IHtQB)—}_ k 0o U Li#(Q\intﬁg)) <’U}H§é#(ﬂ\intﬂ3)+ k

o 2 2
= U 3, v 3.

2 v
Lg L (Q\int Q3)
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So

2
}U}Hé#(ﬂ\intﬂg)}U’Hé#(ﬂ\intﬂg)+ ke Uz @nts) ¥



Proof. Using the duality argument [22, p. 137], we will show below that C; =
CC.Cheq k OO%. Let w be the dual solution of

Aw + k*w =¢ (z,y) Q\int Qg, (4.86)
(T = 0,)w =0 on Iy,

for all ¢, w  H},(Q \int Q3) where T} are the dual operators of 7% [61, p. 476].
Then [22, p. 146],

’ (eha (b)ﬂ\int Q3 }
Ch L2, (Q\intQs) T  SUPgeCo(Q\int ) 5

L2 ,(Q\int Q3) '
Multiplying both sides of equation (4.86) by e, and integrating this becomes

}(eh, Aw + k'Qw)Q\int 93’

€h L2, (NintQ3) T SUPgeCec(Q\int Q) G L2, (\int )
oy (Q\int Q3
’a(eha ’lU) ’
— Sllp¢>€Coo Q\lnt 93 (b L2 Q\ L0 )7 (487)
int Q3

by integrating by parts. We use Galerkin orthogonality [22, Prop. 2.5.9], which is

alep, ) =0 (4.88)

for all v X |, and so equation (4.87) becomes

|a(en, w — )|

€h 12 ,(Q\int Q) = SUPpeCs, (Q\int Q3) P Py

. (4.89)
(2\int Q3)

So, from equation (4.76)

’a’(eha w — w)’ = ’( en, (w— Qﬁ))ﬂ\im% — (KPep,w — w)ﬂ\intﬂg = (Teen,w — ¢)Fi}
— 2 —
= }eh’Hé#(Q\int Q3) ]w w’Hé#(Q\int Q) T ks en L2, (Q\intQ3) W v L% 4 (Q\int Q3)

+Od en 4 w =1 g1 (@\int )
from equation (4.82) and using Cauchy-Schwarz inequality [22, p. 50]. Hence,
a(en,w —¢)| < (Cd+1) ey 5 w—1 H1, (\int Q)

using equation (4.84). We use the standard approximation estimate in finite ele-
ment space given by equation (4.74) with w — ¢ to get

h
}a(eh,w—w)! = C(Cd+ 1)5 €h H W H2,(Q\int Q) (4.90)
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We use the result from Theorem 27 and we have the regularity estimate
W g2 (\intQs) = (Creg kb ) ¢ L2, (Q\int Q)"
Using this in equation (4.90) we see
|a(en, w —1)| < CChey k oo(Cd+1)% Ch H P 12, (@\intQs);

and equation (4.89) gives

h
€h L2,(Q\intQ3) < CChey k oo(Cd‘f—l); en

and we finish the proof by letting Cy = CCley k oo(Cd + 1)%. O

The previous three lemmas now allow us to derive the following a priori error
estimate for the periodic solution U, .

Theorem 60. Let the wavenumber |k| = k.. > 0, let the mazimum mesh size
h [0, hol, and let the polynomial basis p  [po, o] such that k:Z—g <1, and C5 =
1=( (k) + k o)Cy > 0 with Cy as given in Lemma 59. Let U, o be the continuous
solution of equation (4.47) then Uyp, X the corresponding discretised solution
is unique. In addition, if eq0, = U —Uay, then there exists a constant C. which
only depends on the period of the grating d and k,.y such that

C.

€a,0 HS4
a,0p, 03

Ua,O - ¢a,0 H>

and o
C

€a,0, L2(Q\intQ3) = 20— a0 ~ Va0 #;
# Cs

for all test functions Voo X, where C. is giwven in Lemma 57 and Cy is given
in Lemma 59.

Proof. Let us denote e, = U — Uy, and let ¢ = €*®1), ¢, then by using Lemma 58,
we get

2
(}eh’Hé#(Q\mm?,) = (k) en L2, (\int Q3) €h H) = }a(ehaeh)}-

Since we have the Galerkin orthogonality, as in equation (4.88), the right hand
side can be written

2
(}%}Hé#(ﬂ\mmg) — (k) en 12, (@unt0q) €n H) < |a(en, U —v)|.

We use Lemma 57 to get

2
(’eh}Hé#(Q\intﬁg) — (k) en L2 ,(Q\intQ3) €h H)
=Cecenny U—9 4.
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Since |eh|H1#(Q\mt ;) = €n 3, then dividing both sides by e, # gives

}eh}Hé#(Q\intﬁg) — (k) en L2, (Q\intQ3) = Ce U=% n
and so
}eh}Hé#(Q\intQB) + ko en L? ,(Q\int Q3)
—((F)+ ko) en 12 @imay SCe U—1 5.
From Lemma 59 and using Definition 49, we have
ennu—( (B)+ k )Cr e u=<C. U= 4. (4.91)
Since C3 =1—( (k)+ k »)C1 > 0 then

€h H = % U—w H- (492)
Cs

So we have from Definition 49

IA

€00, H }ea,oh ’H#(Q\int Qs3) + k 0o €a,0, Li&(Q\int Q3)»

2’eh}Hé#(Q\intQB) + k< en L2 ,(N\int Q3)>

from equation (4.41) and so

a0, H= 2<’€h}Hé#(Q\intQB) + ko en Lg#(n\mmg,)) =2 e . (4.93)
From equation (4.92)
Ce
€a70h H = 253 U—w H- (494)

We also note

_ i
€h H = € €a0, H
ox

= 1€ Canlml @intes) + ko €eap, L2, (Q\int Q3)>

= iozemxea,oh L2, (Q\int Q3) + }eavoh’H#(Q\intQ@ + ko €a0, L% (Q\int Q3)>
= iacayg, L3, (Q\int Q) T }eavoh’H#(Q\intQﬁ t ko cap, L (Q\int Q3)>

using Definition A-10. Then we get

since ’a} < k . Hence,
€h H =2 ea’oh H (495)
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from Definition 49. If we replace e, with U — 1) and use equation (4.94) then

C
€q <4—" Uyo—Vuo %
70h H 03 70 w ,0 H
Once more, from Lemma 59 and equation (4.92), we get
Ce
Ch L2, (\intQs) = Cl@ U—¢ n. (4.96)
From Theorem 50, we have
€a,0,, Li(ﬂ\intﬁg) - €h Li#(Q\int93)7
Using this in equation (4.96), we get
Ce
Ca0, L3(QNintQs) = 0153 U= %,
Ce
= 26(1_ Ua,O _¢a,0 H (497)
Cs

from equation (4.95). Now, let us show that U,o, X exists and is unique.
Since X has a finite dimension then a solution exists if only if it is unique. Let us
suppose that we have two solutions U, ,, and U,,,. Then, when % goes to zero

U0y = Vaony r2(@vint2s) = Uaou1 = Va0 12 @\int0s) T Voo, = Uaous 12, @\int0s)
<0

since C also goes to zero in equation (4.97) which finishes our proof. U

4.3.2 A priori error estimation of the continuous problem
by truncating the DtN operator

As discussed in Section 2.2, we have introduced the parameter b for three reasons.
Firstly, for computational efficiency, so that when we are far from the scatterer
and |y| > b, then we can use a coarse mesh. Secondly, to derive an a priori error
estimate, the Rayleigh expansion is used in the region b < |y| < B. Finally, it also
allows us to cope with more general problems involving layered geometry such as
cladding or a substrate.

Let U}/, be the approximated solution of the continuous problem of equation (4.48)

when we truncate the DtN map, by approximating Ti"o with Ti"OM for M N
where Definition 4 becomes

M

(v) = Y i) (EB)e (4.98)

n=—M

a,
Ty

Then, the error estimate by truncating Ti"o is given in the following theorem.
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Theorem 61. Let us choose M N such that M > My = }k’ + |a| and let us

denote by
eé\{o - UOC,O - UOJC\?O'

If ( (k)+ k »)C1 <1, with Cy as given in Lemma 59, so that C3 =1— (k) +
k -Cq1 > 0 then UO% 18 unique and we have

d —(B=b)cmin (Mf}a})2fkj2.

w0 HOS A 4,
Pan H Cs° “0 )’ (4.99)
2
d —(B=b)emin M—M g2
M j
60170 Li(g\imgs) = 253016 ( ) UOC:O Hi(l‘l i),(4].00)

with I'y o = {(z,%£b)  Q} where b is as shown in Figure 2.3. The parameter z, is
given by equation (2.44) and cpip = inf} | s sin (2,/2) .
n|>5e

Proof. Let U H.,(Q\int Q) satisfy equation (4.20). Since we truncate the
DtN map, we are approximating this problem by finding UM  H é#(Q \int 3),
such that o (UM, v) = (f,v)p, with equations (4.18) and (4.19) becoming

a'(UY,v) = (UM, U)Q\intﬂg, - (kQUM’U)Q\intﬂg - (TfUM,v)Fi(él.lOl)
(fo, = (im0 (4.102)
+
for all v H,(Q\int Q3) such that
M
TM(v) = > iBj) (£B)e" (4.103)
n=—M

Then we have
a(U,v) — (UM, v) =( U, V)onint 05 (K*U, 'U)Q\mm3 — (TwU,v)p,
—( UY, v) UM, v) .MU, U)Fi
=0.

Q\int Q3 T ( Q\int Q3 + (

Let us denote e = U — U™, since Ty = T + (T — T') then

(e V)guma, = (F€0) gimq, = (T'e™ v), = (Te = 12U v) .,
(4.104)
We first note that
(Te =T 0), =d Y iBpU") (B0 (£B). (4.105)
i
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Since i} = (icos (2,/2) — sin (2,/2))/n2 — k? when n, > k* from equation (2.43)
and since b < B as shown in Figure 2.3, therefore we can use equation (2.60) to
write

VAR
g (£B) = glne) (zb)e~ BWsinGa/2) niokE o 5= 2, (4.106)

Let My = }k“ + }04} then for any M > M, we have n? > k? for 2””} > M. Hence
from equation (4.105)

v__
((T:I:_T:I: )UU ——d Z \/m icos (zn/2)—sin (2 /2))(B—b) n2 k:2

Note that if n = 0 then 222 }04} <n, < In 4 ’ ’ Therefore, n, = M — }04}. In

a similar way, we note that if n < 0,n% = (M + |a|)”. Hence,
(T = T")U, o)y, |
<q 3 ”WWUW@{))W@B).
[l
We note that

ni—kQSni—kfef
]{72

Sn3<1— ;;f)

<n? (1_7]{36,[ 2)
(M = |af)

=n2+1

since M = |k| + ‘oz‘ then M — ‘oz‘ > |k| > kyey. Hence

—(B—b)sin (zn/2) ka
(=m0l 4 (Ol s

} Md

x /() (p)v(ne) (£ B)

B (e

nel

x U (xh)pra) (£B)
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with ¢ = inf’ ’>Md sin (z,/2) and so
s 2ad
27

—(B=b)cmin M—|a —kJQ-
(T =T U) | < de ( | D U . v
It HZ2,(T4)  HZ,(Ts)
(4.107)
using Cauchy’s inequality [22, p. 50] with Definition A-17 and such that I'; . =

{(xz,xb) Q}. We note that the left hand side of equation (4.104)

}( eM. eM) —(k:zeM,eM) —(TgeM,eM)

= |a¥ (e, eM)].

Q\int Q3 Q\int Q3 'y }

from equation (4.101). Taking the real part of the left hand side of equation (4.104),
we have

o™ (M, eM)] = (’eM}Hl (Q\int 23) —k? et %i#(ﬂ\intﬂg))’ (4.108)
since — (T MeM, eM)Fi = 0 from equation (2.72). From equation (4.104), we get
e ey = () ¢ 2y S (T2 = T2 ), |
2
Sde_(B_b)cmm (M—’oz’) —kJQ-
x U Moy (4.109)

HO?#(FI,i) Ho%#(ri)

from equation (4.107). We use once again the duality argument [22, p. 137] to
approximate . L(Q\int Q)5 with the dual problem given by equation (4.86). Sim-

ilar to the derlvatlon of equation (4.91) in the proof of Theorem 60, we can use
Lemma 59 with Theorem A-13 so that we can divide by e 4 to get

—(B=b)¢min M—|a —k2
M oy —=( (k) + k )01 M 5 <de ( | D "U wh e
a# ’

Since we have C5 =1— (k) + k »Ci > 0 then we get

U (4.110)

3 HE#(FI,JE)

and we can use equations (4.93) and (4.95) together with Theorem 50 to get

0 (4.111)

d (r-tel) e
M —(B=b)cmin M—|a —kj
601’0 H < 4536 U Hi (Fl,i)
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From Lemma 59 and equation (4.110), we have

2
d —(B=b)cmin M*’a’ fk?.
e 1z = G ( ) U HE, (1)

(4.112)
From equations (4.93) and (4.95) together with Theorem 50, we conclude that

d = —(B-bemin (M, ’a’)2fk]2, .

M
e =2—C\e o 1 4.113

OC,O Li(ﬂ) 03 1 30 H:é (Fl,i) ( )

To show that UM is unique, we note that ’ fFi TiVIUEd:E' < ' fri TMUvdzx|. Hence,

we can use equation (4.33) and we derive similar to equation (4.34) that
™ (UM, v)| < Cosup (1, k 2) UM HL,(\intQs) U HL,(Q\intQs)-

Hence, a™ (U MM ) is continuous using Definition A-6. In a similar way when
we derive equation (2.72), we have (Ti”UM, UM)Fi < 0 and so similar to the

derivation of equation (4.36) we have

M (UM UM) + (k) UM ii#(ﬂ\intﬂg)’ =M, U" %Jé#(ﬂ\intﬂg)'

Then, o™ (UM, UM) is H,, (2 \int Q3)-coercive from Definition B-4. We can then
use Lemma B-5 to show the existence of a solution from its uniqueness. Let us
suppose that we have two solutions UM and U3, then we have

UM =0 o< U=UY 2o+ U= 12 g

and from equation (4.113), we see that when M tends to co, UM —UM 12,0 = 0.

Since UM is unique then UM, is also unique. O

4.3.3 Total error made by solving numerically the problem

The error that we make by solving numerically the Helmholtz equation for a pe-
riodic grating arises from two sources

e discretising using finite elements and

e from truncating the DtN operator when we use the transparent boundary
conditions.

If we denote the total error by eyo = Uypo — Uo%h then it can be estimated as
follows.
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Theorem 62. Let |k| = kyef > 0, the mazimum mesh size h [0, ho], the degree
of the polynomial basis p  [po, ©0] such that k:Z—g < 1 with

( (k) + k «)Cy <1 where Cy is defined in Lemma 59 so that

Co=1—( (k)+ k «)C;1 > 0. Let M N such that M = M, and let U, be
the continuous solution of equation (4.47), Uo%h be the corresponding discretised
solution with the truncated DN operator and the total error be eqo = Uao—ULY, .
Then we have

C.
€a,0 HS4E Uao = Va0 u
3
2
d —(B=b)cmin M—|a —k2
+4— ( ’ ) " Upo 1 ,
Cs ©OHZ(Tx)

and
Co,0 L2,(Q\int Q3) 325201 Uao = %a0 #

+2i01€—(3—b)cmm (M—}aD —k;]2- Uao
Cs ’

1
5 Y
HZ(T1,4)

for all test functions oo X* where C, is given in Lemma 57 and
Cmin = Inf ara sin (2n/2) with z, as defined in equation (2.44).
Note that

inf (1, k oo) €a,0 H#(Q\intﬁg) = €a,0 H Ssup (1, k oo) €a,0 H#(Q\intﬂg)' (4114)

Then we can use the standard finite element estimate equation (4.74) and we can
write

M\
€a,0 H <4 sup (1, k oo) (5) 63 a0 ’l/}a,O H%(Q\intQ@
2
d —(B=b)cmin M-« —k2
+4—e ( ’ D ’ Ua 0 1 )
03 ’ H;(Fl,i)

and using the definition of Cy from Lemma 59

m\'c,
Co0 12, (O\int Q) =2 K oo(g) a(Cd‘f’ 1)Chreg Uap = Yayp HY (Q\int Q3)

d (v-lal)
—(B=b)¢min M—|a fkj
—|—25301€ Ua,O Hi(lﬁ,i)’

for any integer | = 2.
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Proof. We have
€a0 HS Ua,o_UA,Jo 3+ Ua _Uaoh

[e7

where an a priori error estimate of U, — UO% # has already been shown in
Theorem 61. An a priori error estimate for the second term can be derived in a
similar way to that performed in Theorem 61; the only thing that changes is that
T30 is approximated by TE’OM. Let us denote ep! = UM—=U}M where UM = e"** U}
and UM = e¢**(J (%h. By a similar argument to that used in Theorem 61 to derive
equation (4.108) we can derive the following equations

(a (eh ) €h )) <}€h ’Hl L (Q\int 23) —k* e %2 (Q\lntﬂg)) (4.115)
since — (T1ep,ep’) ., > 0 using Lemma 8. So,
}eh ’Hl#(ﬂ\mtﬂg,) - (¥) &' L2, (Q\int Q3) e n= ’a (ehMaehM)}

: M
since (k) eM 12, (i) = € A So

}eh ’Hl (Q\int Q3) (k) ep' L2, (2\int Q) e n= ]aM(e%,UM—w)}

<C.el 5 UM =4 4. (4.116)

using Galerkin orthogonality and Lemma 58. Similar to Lemma 59, we can show
that

o L2 ,(Q\int 23) <Ci e x (4.117)

By using equations (4.116) with (4.117), dividing by eM 4 and following a
similar argument to the proof of Theorem 60 we get

e u—( (k)+ k )C1 &) y<sCo UM =4 34y<C.U—1 4
since for M > My, UM tends to U. If we suppose that ( (k) + k o)C; < 1 then
C3=1—( (k)+ k «)C1>0and

o H<C U—=v u. (4.118)
Cs

From equations (4.93) and (4.95), we get
n=4— Uso— Yoo n- (4.119)
From Lemma 59 and Theorem 50, we get

eg{oh L2,(Q\int Q3) S 2210 Uso = Yoo #- (4.120)

We use the result given by Theorem 61 with equations (4.119) and(4.120) to finish
the proof of the total error of discretising and truncating the DtN operator. [
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4.4 Summary

In this chapter, we have transformed the diffraction problem from the a-quasi pe-
riodic space to a periodic space. To emphasise the essential points in our analysis,
we focused on Case 1A and we relegated Case 1B, 2A and 2B to Appendix D.
We investigated the a priori error estimates that arise through discretisation and
through truncating the DtN map. We started by studying the continuous prob-
lem where we gave a variational formulation of the periodic problem. To derive
an a priort error estimate the problem must be shown to be well-posed. In or-
der for a problem to be well posed, the solution needs to exist, be unique and to
depend continuously on the data. In Lemma 48, we showed that the solution of
the variational problem exists and that it is unique. The continuous dependence
on the data, was then shown in Theorem 51 when we studied the regularity of
the solution. We also showed that there is an equivalence between the variational
formulation corresponding to the scattering problem in periodic space with that
in a-quasi periodic space. The variational formulation in the latter case is alge-
braically simpler and we also have the regularity results from Chapter 3. Hence,
we derived a priori error estimates in the a-quasi periodic setting first and then
used these to derive the a priori error estimate in the periodic case. If we compare
the a priori error estimate in the a-quasi periodic space given by combining equa-
tions (4.110) and (4.118) with the a priori error estimate in the periodic space
given by Theorem 62, they just differ by a constant factor. This shows that there
is no significant difference in studying either the a-quasi periodic solution or the
periodic solution. Having dealt with the continuous problem, we then considered
the discrete problem that arises when we approximate the continuous problem
with a finite element solution. Since applying the a-quasi periodic constraints in
the finite element method is more expensive than with periodic constraints, we
solve numerically the periodic problem rather than the a-quasi periodic one. In
Theorem 62, we derived an a priori error estimate that arises due to the discreti-
sation and the truncation of the DtN map. For the discretisation, we derived an
explicit dependency of this error on the maximum mesh size h, the degree of the
polynomial basis p and the wavenumber k. It transpired that the form of the de-
pendency of this error on these parameters is % k . This shows that for a large
wavenumber, we need a finer mesh and a higher order for the polynomial basis.
It also transpires that the a priori error estimate for the truncation of the DtN
map had an exponential convergence rate with the number of Fourier terms used.
This indicates that the number of Fourier terms used when we solve the problem
numerically plays a minor role compared to our choice of the mesh size h and the
order of the polynomial basis p. Having derived these error estimates we then
showed that these discretised problems also had unique solutions. We will show
in Chapter 7 that this error estimate will allow us to use a uniform mesh to solve
the Helmholtz problem and show that the corresponding solution is bounded.

In the following chapter, we will extend our study to an a posteriori error

112



estimate of the above transformation which will allow us to implement an adaptive
algorithm to solve our Helmholtz problem.

113



Chapter 5

An a posteriori error estimate
using the dual weighted residual
method and the «,0-quasi
periodic transformation

In the previous chapter we studied a prior: error estimation. This consists of find-
ing an upper bound on the error between the exact and the approximate solutions
in terms of the exact solution and the solution to the dual problem. This upper
bound also depends on some stability constants whose dependency on the system
parameters is unknown although they are independent on the wavenumber k, the
mesh size h and the degree of the polynomial basis p. The goal in studying the
a priori error estimate is to guarantee that the discrete solution converges to the
exact solution provided that we keep the interpolation error small with respect
to the wavenumber k. In contrast to the a priori error estimate, the a posterior:
error estimate will provide a computable upper bound. This error estimate is later
used to compute efficiently the numerical solution using an adaptive method.

In this chapter, we will derive an a posteriori error estimate that arises when
we discretise the Helmholtz problem for a periodic grating. Given a grating profile,
one of the main concerns is to know how much of the incident wave will be reflected
and how much will be transmitted. This is achieved by computing the efficiency
of the grating. Hence, rather than estimating the energy norm of the error in
the solution to the Helmholtz problem, we want to estimate a particular linear
functional of this error. This linear functional denoted by @, is chosen so that we
minimise the error made by computing the efficiency of the grating. To begin with,
we will introduce some basic concepts concerning a posteriori error estimates, and
recall the direct problem corresponding to Cases 1 and 2. We will then introduce
the dual problem which will then allow us to estimate this linear functional of the
error.
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5.1 Introduction

When we solve a boundary value problem numerically, it produces an approxima-
tion of the solution rather than the exact solution. In order to achieve a reliable
and efficient numerical method, we need to know how the system parameters affect
the error between the exact and approximate solution. According to [43], these
errors can be classified into three different sources which are the data, the mod-
elling and the computation errors. Since we use the finite element method we will
focus on the error arising from the discretisation (data and modeling).

Since we have already studied the a priori error estimate of our scattering
problem in Chapter 4, we will focus in this chapter on a posteriori error estimation.
The approach in this latter case is different from the treatment of the a prior: error
in that the a posteriori error estimate will be used to refine locally the mesh (h-
version) or raise the degree of the polynomial basis (p-version). By doing so, we
reduce and control both the numerical error and the computational cost. This
process is known as the adaptive computation method [8, 43, 51]

Let us recall that our boundary value problem can be represented by

AUa,O - f (51)

where
A=A+ (K —a?) +2iad, (5.2)
for Cases 1A, 1B and 2A and

A a(% a)ud (5.3)

for Case 2B with , as given in Lemma D-3 and [; is the identity operator,
A :V - Vis a linear operator on V' (a Sobolev space with inner product (.,.),,

and norm . ), and f is some given data. For all cases, U, also satisfies the
following boundary conditions
a,0 9 ;20 —iBYB
(T — %)Ua,o = 2ifje P17 onT,, (5.4)
0
(T — %)Uap =0, onT_. (5.5)

and in addition for Case 1

Uaploo, =0, for Case 1A |
OnUaplon, =0, for Case 1B (5.6)

I, is defined in equation (2.37), I'_ in equation (2.38), and 75" in Definition 4. We
denote by U, the exact solution of the boundary value problem and by U,,
X% such that X¢ V', the corresponding numerical solution. There are two
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different approaches to estimate the approximation error U,y — U,,. The first
approach consists on looking for upper and lower bounds on U, — U,,, (global
error estimate) and the second one is to use a quantitative estimate of some local
feature of U, called the quantity of interest (strain, displacement etc) [43], and
to look for an estimate of the error in this quantity of interest (goal oriented error
estimate).

5.1.1 Global error estimate

In this approach, we are looking for the error e;, = U,y — U,, in a global norm
such as the L? norm. Below is the general framework that one follows in order to
derive a global error estimate.

To derive a global error estimate for equation (B.2), we first consider the dual
problem

Az = (&3 (57)

where A* denotes the adjoint operator of A. We then can represent the error
en = Uypo — Uy, in terms of the residual of the finite element solution and the
solution z of the continuous dual problem equation (5.7). We have

= (en, eh)V’
(eth )
= (Aen, 2)y,
=(f- AUa,, 2 ) :_(R(Ua,oh)>z)v (5.8)

with the residual R(U,,,) defined by
R(Ua,Oh) = AUO!,Oh - f (59)

Since (Aep,v),, = (—R(Uay,),v);, = 0 by using Galerkin orthogonality similar
to equation (4.88) for all v X then we can write

en = —(R(Uap,),2 = 21)y (5.10)

such that z;,  X“ is an interpolation of z.
We now use a local interpolation estimate which follows from classical interpo-
lation theory [43] of the form

(h/p) (z—=z) =C; D'z (5.11)

where C; is an interpolation constant, h the size of the mesh and p the polynomial
basis degree and D'z as given in Definition A-10.
Next we need to prove the regularity for the dual continuous problem so that

we can write [43]
Dz <C, e, . (5.12)
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By combining equations (5.8), (5.10), (5.11) and (5.12) we have

€h = (R(Ua,oh), Zh T Z)va
< C.C; (h/p)'R(Uasp,) en

Hence we have
Uso = Uno, =C.C; (h/p)'R(Usg,) (5.13)

This global error estimate now rests on finding the global stability constants C).
and C; or some estimate if they cannot be found analytically. The determination of
C, depends on the solution being approximated since it is linked to the continuous
dual problem. If an analytical upper bound for C, cannot be found then we look
for an approximation by solving the continuous dual problem numerically. The
constant of interpolation C; depends on the shape of the elements, the local order of
the polynomial and the choice of the norms in the finite element implementation. It
can be determined using interpolation theory or through calibration by numerically
solving problems with known exact solutions. Once we get equation (5.13), we
choose a given tolerance (denoted by TOL) and demand that the approximate
solution wu;, satisfies

Uso—Usp, =TOL

by utilising an adaptive algorithm where each element is iteratively changed until
it satisfies the stopping criterion given by

C.C;  (h/p)'R(Uysp,) <TOL.

We have kept the framework for deriving a global error estimate very general here
and for more details see [92, 39, 43].

5.1.2 Goal oriented error estimate

In many applications, we are interested in the error that arises in some specific,
real valued physical quantity of interest () that depends on the solution U, . The
global error does not, however, provide useful bounds for this error in the quantity
of interest. Also the sensitivity of the global error to local error sources is not
properly represented when we use the global stability constants [43, 51]. This
issue is addressed by using a goal oriented error estimate so that the error in
the quantity of physical interest can be controlled and at the same time we can
optimise the efficiency of computing this quantity. In order to do so, we combine
the dual problem with the direct problem to derive an estimate of the error in the
target quantity Q(Ua0) — Q(Uay,) from each local residual denoted px(U,,,) on
each of the mesh cells K. In this way, we can control locally the error in computing
our target quantity.

In order to derive a goal oriented error estimate for equation (B.2) in the
quantity of interest (), we consider the following dual problem rather than using
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the dual problem given by equation (5.7)

(¢, A"2)y, = Q(9) (5.14)

for all ¢ V. Similar to the global error estimate, we represent the error, which
is now in the target quantity Q(es) = Q(Un0) — Q(Uay, ), in terms of the residual
of the finite element solution and the solution z of the continuous dual problem
given by equation (5.14). We have

Qlen) = (en, A%2)y,
= —(R(Uao,). )y (5.15)

by equation (5.8).
Once again by using Galerkin orthogonality, we can write

Qen) = —(R(Uap,), 2 = 1)y

such that 2z, X is an interpolation of z and which can be developed using
cell-wise integration as

Qler) = (R(Uap,), 2= )y, (5.16)

where K represents each mesh cell. There are different methods for evaluating, or
for deriving an approximation to the right hand side of equation (5.16). Examples
include the energy norm based estimate, the influence function estimate and the
Dual Weighted Residual (DWR) method [43, 51]. In our case, we are going to use
the latter method. It is called the dual weighted residual method since the error
in equation (5.16) comes from the cell residual R(U,,,) which we denote by pg
and from the weighted dual solution z that we denote wy. We can therefore write
equation (5.16) as

Qlen) = Z PRWE .
K

Similar to the global error estimate implementation, we demand that in our
adaptive computation method the error in the targeted quantity does not exceed
some chosen tolerance. Since we are interested in the grating efficiencies then
the quantity of interest @) is directly linked to the computation of these grating
efficiencies. We start by generalising the continuous Helmholtz grating problem in
such a way that Case 1 and Case 2 are recovered by suitable parameter choices.
We will study the dual problem in which we define the quantity of interest @,
present the continuous problem and then the variational formulation. Finally, we
combine the direct and the dual problem to derive an a posteriori error estimate
using the dual weighted residual method.

118



5.2 Direct problem

In this section, we are going to reformulate the continuous and discrete formulation
of the direct problem for the four cases.

5.2.1 Continuous problem

The continuous variational formulations given by equations (4.11), (D.14), (D.18)
and (D.21) can be rewritten as a single problem as follows. Find U, Hj(F)
such that

a(Ua,Oa U) = (f7 U)F+ (517)
for all v Hj(F) with

a(Uq0,v)

r
1
(6 Ua,0> U) -
I

/N

%(k@ — 042)Ua,0, U)F - 2ia<%8mUa,0, U)F

— <%T§’0Ua,0, v)  +i(an,Uap,v)yp, for Case 1B
(% Uas v)F - (%(kz — a®)Uy, v)F - 2ia<%8mUa,0, v)F
— <1T§’0Ua A otherwise
\ 7 7 s
(5.18)
and .
fiv)p = —Qiﬁo/ —e’iﬁ?Bﬁ,
(f,v)r, V)
where
[ R? for Case 2B (5.19)
=11 for Case 1A , Case 1B and Case 2A ’
such that k is given by equation (2.33) and
| Q\int Qg for Case 1
F= { Q for Case 2 (5.20)

and T, is defined in equation (2.37), T'_ in equation (2.38), 7% in Definition 4
and n, is the outward unit normal with respect to the x axis. For Case 2B, we
have used the property

(aan,Oav)F = / (/ aan70@d.’L') dy
:/([Ua’oﬁ]zzg_/Ua708$@d$>dy,

from integration by parts. Since U, and v are both periodic, then
(aan,o,U)F = _(Ua,o,axU)F. (521)

We can also reformulate the corresponding discrete form.
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5.2.2 Discretised problem

Let X* be a finite dimensional subspace of Hj(F) (see Appendix B.3) then we
want to find U, o, X such that

a(Ua,0,,0n) = (f,0n)p, (5.22)

for all v, X% with

p
<l Ua,Ohy Uh>F - (%(k2 - a2)Ua,0h> Uh)F - 220‘(%8&:[]04,0“ Uh>F

q
—GTfOUa,oh,Uh)F + i(angUq0, Vh) o, for Case 1B

a(Upp,v) = * .
<% Ua,Ohy Uh)F - ( (k2 - az)Ua,Oha Uh>F - 220‘(%8&:[]04,0“ Uh>F

0 .
—(éTi" Ua0,, VUn L otherwise
+

Q=

\

(5.23)

and

(Fole, = =289 [ e,
+ r,
where ¢ and F are given respectively by equations (5.19) and (5.20). We denote
the discretisation error as
€ = Uay() - Uoc,Oh' (524)

Now that we have presented the direct problem, we need to study the dual problem
in order to establish an a posteriori error estimate.

5.3 Dual problem

Since we want to focus on the error that arises in computing the grating efficiency;,
we have chosen a goal oriented error estimate which is the DWR method. Hence,
we first need to define our quantity of interest. We will show that this quantity of
interest is a continuous linear functional, which is necessary for the dual problem
to be well posed. We then formulate the dual problem and use it to study the
error in the quantity of interest.

5.3.1 Quantity of interest: Q
Let f Hi([(), d]), we define the map @ where Q(f) C and
AN == Y cf(B), (5.25)

Inal<|k|
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such that ¢, = 0 or ¢, = 1, d corresponds to the period of the grating as shown
in Figure 2.3 and I'y are defined in equations (2.37) and (2.38). The Fourier
coefficient f(™ (xB) of f(z,%B) is given by

- 21N

1
FEB) = 5 [ o zBe
0
From equations (4.49), (4.50) and Lemma 55, we have

ST+ 18] = |UaoO(B) = e 77|

Ina|<|k|

+ > uhm+ > Ul

[nal<|ki|n#£0 Inal<|ka|
< sup e3(%) Z }Ug’g(iB)} +1,
" | <[k

<1+ qe%(l”)Q(Ua,O(iB))

since  (83) < (ko), when |ko| > |n.|. Hence, the quantity of interest is chosen
so that it is related to the computation of the efficiencies corresponding to the
propagating waves, and for that reason we have the condition |n,| < |k|. In
addition, the constants ¢, have been introduced so that we can choose which
particular efficiency order m to focus on. Hence we choose

Cp = 5mna

with 0,,, the Kronecker delta (given by equation (2.56)). We will show in the
following result that () is a continuous linear functional.

Lemma 63. Let f Hi(Fi), krep > 0 such that |k| > kyep and let QQ as given by
equation (5.25) then @ is a linear continuous functional and we have

QU< -t (1K =+ VTT (H=aP) " J

1 .
ref H%i T+)

Proof. The linearity of @) follows from its definition. We show the continuity by
using Schwarz’s inequality. We have

Q= | 3 LB+ (2%”)2)1/4(1 + (QTT”)V ,
1/2

1 )2 21\ >\ 1
(S yeemras (29 (£

™ 2
ref \ na|<|k| Inal<lkl \/ 1+ (222)
By noting that
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||
Z ;2 S/ ! 2dna.
nal<lkl /1 + (22) a 1+ (na—a)

We can make the following change of variable x = n, — a and dxr = dn,,, and
SO

1 [kl=e
Y ———= V.
mal<lk /14 (2Z2)* /o 1+z

We can write

> — [ln(w+v1+x2)}k'a,

nal<lkl A/ 1+ (2“7”)2 0

_ 1n<|k|—a+ 1+(|k|—a)2>.

We then have

1 1/2
QN = = (Il =a+v/I+ (= ap)
ref
) 5 1/2
x () (+ )| ST 12
<Z}f @nf o () )
Na€Z

1 S\ 172
= - - 1
< @#mom a+ 1+ (I @) ! b

from Definition A-14 which finishes the proof. O

We now can proceed to the study of the dual problem.

5.3.2 Strong form of the dual problem

In order to estimate Q(Uyo) — Q(Uay,) = Q(en), we introduce a dual function
2z HZ(F) which satisfies

(Av, z) = a(v, 2) = Q(v) v HL(F) (5.26)
where a is given by equation (5.18) and A by equation (5.2) or (5.3). Hence, the

strong form of the dual problem given by equation (5.26) is given by the following
lemma.
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Lemma 64. Let 2 H;(F) be the dual solution corresponding to the dual problem
of (5.18) then z satisfies

—q % 2+ 2iad,z — (K2 — o)z + 0pz — T*9%2 +iangz  for Case 1B p
= j:.
—q % 2+ 2iadyz — (K2 — a?)z + 0,z — T*9°2 otherwise
(5.27)
The functional Jy is defined as follows
=Y %"e—”"T"m, (5.28)

o | <[k;]

with j = 1,2 respectively for J, (on T, ) and J_ (onT_), and T*}° is the dual of
750 [61, p. 476].

Proof. By using the divergence theorem, we can integrate by parts a(Us, 0, v) given
by equation (5.18) and we get

(é N Z)F:( v,é Dr = (v,— (é )Z)F+(v,éanz)ap

/F (u0)z = — /F (D0 2) + /a (s,

such that n; is the outward unit normal in the direction of x;. This leads us to

/F(azfu)g = —/FU&EZ

from equation (5.21). We then have for Case 1A and Case 2

a(v, z) = (v,— (é z))F +2ia<év,amz)F + Gv,anz)aF
_ (l(kz — o), z)F - (év,T*sz) = Q(v), (5.29)

forall v HLF. Let ¢ L%(T), we also have

and

() = Y iprd" (xB)e T, (5.30)
nez
—(n) 1 d -27Tn

o (y) = 3/ o(x,y)e' d “dx. (5.31)

0

We note that |
Qv) = g(Ji,v), (5.32)
such that J4 is given by (5.28). For Case 1B , we note that (vng, 2),p = (v, 122) 5
which finishes the proof. O
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5.3.3 Variational form

Since we do not know the exact dual solution z, we will need this weak formulation
later in Chapter 7 to approximate z by either using a finer mesh or by raising
the degree of the polynomial basis in our finite element implementation. The
variational formulation of Lemma 64 is given below.

Lemma 65. Let =  H(F) (weak solution) then, for any ¢  Hy(F), we have
for Case 1A , Case 2A and Case 2B

a* (1, z) = (é Y, Z) +2ia<é¢,8xz) — (é(k2 —aQ)w,z)
F F F

1 1
- (_w’T*i,Oz) = <_Ji7w) )
q Iy q F

and for Case 1B
a*(1,2) = (1 0, z) ; zm(lw,&vz) - (lw - oF)w,z)
q F q F q F
' 1 o 1
+ % (1/}7 an)aF - (61/% T*i’oz) - = (gJia w)F

Proof. Let ¢ Hy(F), then we have from equation (5.27) for Case 1A, Case 2A
and Case 2B

(w,— .(1 z)) +2ia(l@/}>az2) - (l(k‘2 —OZQW’Z)
q F q E q F
; (lw,anz) - (1w,T*i’°z) - (lwi) '
q F q Iy q F

(= G o), -G ),

In a similar way, we can prove the weak form for Case 1B . O

We note that

Now that we have formulated the direct and the dual problem, we now use
them to establish a goal oriented error estimate, using the DWR method, where
the target is related to the grating efficiency.

5.4 A posteriori error estimation

5.4.1 Continuous problem

Let z be the dual solution associated with the dual problem given by Lemma 64.
We then have for any ¢ H#(F) that

6.5 = (649 = (10s2) (5.33)

F
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such that

(k* —a?) + %&1 — %T*i’o +ian, for Case 1B

(k* —a?) + %&L - éT*i’O otherwise
(5.34)

where A* is the dual operator of A defined in equation (5.2) or (5.3), [61, p. 476].

Using equation (5.32) leads us to the following problem: Find z  HJ(F) such
that

A* =

Q= Q=

1
q
1
q

a’(¢,z) = (¢, A%2)p = Q(0), (5.35)

for any ¢ H #(F ). We now use the finite element method to discretise the prob-
lem.

5.4.2 Discretised problem

Let X be a finite element subspace of order p of H#(F ) as described in Section B.3
and let (; be any regular partition of X“. We denote by h the maximum mesh
size of the triangular elements in this partition. The finite element approximation
of the dual problem given by equation (5.35) is to find z, X such that

a(¢h7 Zh) = (¢h7 A*Zh)F = Q(¢h)7 (536)

for any ¢, X We are now going to look for an upper bound on Q(ey,).

5.4.3 FError estimation

The estimate of the linear functional of the error Q)(e) is given by the following
theorem.

Theorem 66. Let U, , be the solution to equation (5.22), e, be given by equa-
tion (5.24), ¢, = {K} be a partition of X<, and px and hy be the polynomial
order and the mesh size associated with the element K. Let us also denote the field
equation residual R,(K) x, we then have

a(k% aUa,Oh) +Uqp, for Case 2B
Ry(K) = 1 2 1(7.2 2 .
'<5 Ua70h> - %(%Ua,oh — E(k — a”)Uyy,, otherwise
(5.37)
and the flur residual ry,(E) for Case 2 is given by
—3:10.Ua0,] if FE OK\Ty,
r(E) = { 11200, 0, — L2ie~ P18 it E Ty, (5.38)
174, if E T,
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and for Case 1

~1[0,Us,] y if F OK\(Ty 09),
rn(E) = 1TUa0, — 12ie7%8 if B Ty, (5.39)
1T, , if E T,

with [0,Ua,] denoting the jump of the normal derivatives of Uyy,, E an edge of
the element K and q as defined by equation (5.19). We then have

|Q(en)| = Z PK Wk (5.40)

Kedy

such that the cell residuals py and weights wx are given by

pr =  Ru(K) Li#(K)+(hK)_1/2 Th(E) %3#(1;)’ (5.41)

1/2

Wg = Z 7 Zp Li#(K) +(hK) Z ™ Zp %i#(E) . (542)

Proof. From equations (5.26) and (5.22), we have
QUa0) = Q(Uay,) = a(Uap = Uap,, 2), (5.43)
and
Qlen) = (f:2)p, = a(Uaoy,2) = (f,2)r, = (AVayp,, 2)

using equations (5.17) and (5.26). Let ¢ be a partition of the domain F' into mesh
cells K, from cell wise integration by parts [39, p. 28], [117, p. 12] and by using
Galerkin orthogonality similar to equation (4.88), we have from equations (5.44),

(5.2) for Case 1A | Case 1B and Case 2A

Qep) = Z (AUa,Oh + 2ia0, U, + (k> = a®)Us,, 2 — gb)K
K

—( Uayoh.n—i—f,z—gb)aK (5.44)

for all ¢ X< and | rxec = I We can use the similar argument for Case 2B to
get

Q(eh) - Z ( a (% aUa,Oh) + Ua,Oha Z = gb)
K K
—( Uapp-n+f, 2= 0) g (5.45)

Hence, using equations (5.4), (5.5) and in addition equation (5.6) for Case 1 we
have equations (5.37) and (5.38) or (5.39), then

|Qen)] = Z [(Rh(K), 2= @) + (rin(E), 2 — @) gl -
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From the Cauchy-Schwarz inequality [22, p. 50]

Ry(K) 2

2 ) 270 ot T(E) 2w 270 2w,

< Rp(K) L2,(K) +h;<1/2 mh(E) Lg#(E)>

x( Z2=¢ 12 ,(K) +hg™ 2= ¢ Lg#(E)>>

we finish the proof of the error estimation by choosing ¢ = 2z, and by using
equations (5.41) and (5.42). O

5.5 Summary and conclusion

5.5.1 Summary

In this chapter, we have introduced a basic framework for studying a posteriori
error estimates. We showed that there are two ways of establishing an a posterior:
error estimate. There is the global error estimate and the goal oriented error
estimate. Since our interest is driven by the diffraction efficiency, we chose the
latter and in particular we used the Dual Weighted Residual (DWR) method. In
order to do so, we generalised the continuous problem to cover all four cases. We
introduced our quantity of interest, () and showed that it is a linear continuous
functional. This allowed us to formulate the dual problem. We then combined the
dual and the direct problems to establish an upper bound for the error estimate
in Theorem 66. The evaluation of the error in the functional () represents the
primary output that we desire from our model, namely the diffraction efficiency.

5.5.2 Conclusion

In Chapter 4, the a priori error estimate used the duality argument to represent the
error between the exact and approximate solution in terms of the exact solution.
By combining the Galerkin orthogonality with the regularity estimate of the exact
solution, we found an upper bound for this error (see Theorems 62, D-36, D-37 and
D-38). Importantly, these upper bounds depend on the exact solution, and as this
is not normally known, we cannot compute them. The goal in deriving a priori
error estimates is therefore to guarantee that the discrete solution will converge
to the exact solution provided that we keep the interpolation error small with
respect to the wavenumber k . In contrast, for the a posteriori error estimate, the
upper bounds given by equation (5.40) can be evaluated. We find the discrete dual
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problem zj, in the same way that we find the discrete direct solution U, , using
Lemma 65 . For the exact solution of the dual problem z, since we do not know it
analytically, we can approximate it either by solving the dual problem numerically
in a very fine mesh or by increasing the polynomial order using the same mesh
as z,. Hence we can estimate the error in the targeted quantity Q(es) from the
local contribution of each error indicator px and wg as defined in equations (5.41)
and (5.42). In fact, these error indicators are the cell residuals px multiplied by
the weights wy taken from the computed solution. The pgx in turn consist of
the field equation residual (Rp(K)) and the flux residual (r,(£)) which indicate
the smoothness of the discrete solution. The weights wg capture the influence of
the cell residuals on the targeted error Q(ep,) since if we differentiate @Q(ep) with
respect to pg, we are left with wg.

We will show in Chapter 7 that this error estimate will allow us to perform
an automatic mesh adaptation based on the local error indicators pyx and wgk.
The dual weighted residual method uses these error indicators to maximize the
accuracy of the computed diffraction efficiency by choosing a tolerance (TTOL) and
demanding that ), prwg < TOL as we solve our problem. It will allow us to
optimise the computational efficiency. Rather than having a uniform mesh, where
we refine all elements of the mesh at each step, we will just refine where the error
indicators are large and keep the coarse mesh where the error indicators are small.

We investigated both the a priori error estimate and the a posterior: error
estimate using the a-0 quasi periodic method in Chapters 4 and 5. In the following
chapter, we will extend the «,0-quasi periodic transformation and introduce a
function w(y) which depends on the wavenumber k and use the change of variable
U = e w(y)Uy, 5. Hence, U, g is still periodic and we will investigate the a priori
error estimate for U, g.
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Chapter 6

New formulation of the grating
problem and a prior: error
estimates using the o, f-quasi
periodic transformation

In this chapter, we will introduce another approach to solve the diffraction prob-
lems described in Chapters 2 and 3 which is an extension of the «a, 0-quasi periodic
transformation in Chapter 4. When a series of homogeneous layers are constructed
(that is, €23 as shown in Figure 2.2 is not present), the analytic solution of the as-
sociated diffraction problem can be written in the form e’ w(y) where Snell’ s law
is used to calculate some w(y). This suggests that writing U = e"*w(y)U, s(z,y)
and solving our diffraction problem for U, g might improve the a priori error es-
timate. Indeed, when we solve the Helmholtz problem for homogeneous layers,
and we use this transformation, U, g is just a constant. The idea is to remove
from U the oscillations w(y)e™® and then investigate if this new transformation
will improve the dependence on the wavenumber £ in the a priori error estimate.
Since U is a-quasi periodic then U, g is periodic with respect to x and we will see
that w depends on . For these reasons we are going to call this new transforma-
tion the «, S-quasi periodic transformation. Hence, the numerical implementation
of the finite element method should be computationally less expensive and less
complicated if we base it on U, g.

In keeping the thesis to a manageable size and since we have studied in detail
the four cases in Chapter 4 and Appendix D, we are going to focus, in this chap-
ter, on Case 1A (perfectly conducting grating with a homogeneous region outside
the scatterer (that is kg = k1 = k2)). The other cases can be derived in a simi-
lar fashion. We start by deriving the differential equation satisfied by U, 3. We
then examine the variational formulation corresponding to the continuous problem.
Next, we show that this problem is well posed and derive a formula to compute
the efficiency of the diffraction grating from U, 3. We then use the finite element
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method to discretise the problem, and provide a rigorous study of the a prior:
error estimate. In order to do so, we first derive regularity results for the scatter-
ing problem in the periodic space H;#(Q\int Q3) for [ = 1. This then provides
error estimates that give an explicit dependence on the wavenumber. This error
estimate provides an insight into the convergence of the solution and will help in
our numerical implementation to balance the accuracy against the computational
cost. The Chapter concludes with a comparison between this transformation and
that examined in Chapter 4.

6.1 Restatement of the boundary value problem
for the periodic solution

Similar to the analysis in Section 4.1, we seek a periodic function U, g such that
U(z,y) = " w(y)Uas(z,y) (6.1)

where w(y) is the analytical solution of equation (2.95) given by Snell’s law when
o is homogeneous (that is, Q3 is not present) in Figure 2.2 and kg = k; = ko.
This can be written as

w(y) = e 1Y, —B=<y<B, (6.2)

with 3Y = k; cos@ where k1 R is the wavenumber, and 6 is the angle of incidence.
Therefore the propagating equation is changed, and we have the following lemma.

Lemma 67. Suppose U, 5 satisfies

—2i)0,U, g+ 2icd o,






Hence, we can rewrite equation (6.9) to get
elox <_iﬁ?€7i5?BUa,ﬁ(B) + eiiB?BanUa,ﬁlf_F) _ <€fiB?BTi¢,OUa7B _ 2’iﬁ?€7iﬁ?3> eiaz.

That is
OUsplr, = TC“ — (=iB))Uqsp(z, B) — 2if3). (6.10)

Since U, g is periodic with respect to x then we can write

Up(z,B) = Y UUNB)e .
nez
Using Definition 4 then equation (6.10) becomes (since this boundary is in €2;)
O sl = 3 (187 +181) Uy (B)e 5 = 24,

nel

Using Definition 5 finishes the proof for the boundary condition on I'y. On the
bottom boundary, when y = —B, then a similar argument shows

OnUasly—n =Y _ (iBy —iBY) US)(=B)e i,

nez

6.1.1 Variational formulation

Let v H#(Q \int 23) then we can multiply equation (6.3) by ¥ and integrate to
get

/ AU%B@ + Qi()é/ (aan,ﬁ)@
O\int 25 Q\int Q3

+2/ (=iB)0,Un )0 = 0. (6.11)
Q\intﬂg

We can then integrate by parts where we note that

/89[()1%753]916119552993609[(:)2829(0)283775]9361195529183609(:)9161195529104520(2[(



since the normal derivative of T’





















6.2 Discrete problem

In order to solve numerically the scattering problem, we need to discretise the
variational formulation corresponding to the continuous problem.

6.2.1 Variational formulation

We want to approximate the continuous problem associated with equation (6.13)
which is given by equation (6.14). Let X®? be a finite-dimensional subspace of
H4(Q\int Qg), with dim(X*F) = N < oo and let 1; for i = 1,.., N, be a basis
of X*#. We discretise the variational form given by the equation (6.14) and this
leads us to find U, g, X8 for all v, X*? such that

a’(UOlﬁh? Uh) = (fa,ﬁa Uhaﬁ)’ (634)

and subject to the constraint
Uag, =0, (z,y) 0
with
a(sn,vn) = ( sh, vh)ﬂ\int§23 - Qia(awshavh)ﬂ\inmg

+ (QiB?aysh,vh)Q\inmg - <Tz’58h,vh>r s (635)

+

(fa,ﬁa Uh)r+ - (_226?7 vh)p+ ) (636)

for all s,  X*# such that Ti"ﬁ is as defined in Definition 5. Since U, g, X8,
there exists U; for j  {1,., N}, such that U, s, = Zjvzl Ujv;(z,y). Hence, the
discrete problem given by equation (6.34) is equivalent to the following linear
algebraic system

AU =L (6.37)
with U = U, for j =,--- , N,
A= a(yi, ¥y),
and

L= (foc,ﬂ>wj)1“+
for {7,7}% {1,..,N}.

6.2.2 Truncation of the DtN map

Similar to Section 4.2.2, for computational purposes, we need to truncate the
infinite sum inside the DtN map that we use as transparent boundary conditions.
Let M N and M < co. From equation (2.66), 757 is approximated by Tﬁ’ﬁM
where

7o = oM 80y, (6.38)
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with Ti"OM as given by equation (4.61). Similar to the derivation of equation (4.62),
U, p is approximated with a truncated Fourier series

12”—"2:
Ua,sn (%, 9) Z Ul () (6.39)

where
(n) L —izmng
Ua,ﬁh(y) - 8 0 Ua,ﬁh (l', y)e d dl'

By truncating the fundamental solution in equation (2.55), and using equation
(6.1), we can derive a similar equation to equation (4.63)

M
T g, = Y MR g MBS g (6.40)
n=—M

where the unknowns T’;L’M and t?’M are complex scalars. Uy,,, Uqp, contain the
incident wave and must satisfy the UPRC condition (see equation (2.26)) in §2;
(see Figure 2.3). It follows that " =0, for n = 0 and )™ = 1 in @ and in Q,,
all the ry M — 0. We proceed exactly as we have done for the continuous problem
but the solution is now truncated as given by equations (6.39) and (6.40). The
coefficients 87 are given by equation (2.43). From Lemma 71 and equation (4.64),
we can derive

e U (y) = MY 4 6,00 1Y, in Q, (6.41)
—iB9 n n, —iBn .
A ) = e .

At y = =B, equations (2.58) and (2.59) become

P fiB?BU(") (B)efiB?B — e 2PIB (6.42)

B = UL (-B)e

Similarly to the continuous problem, but now we use equations (6.38) and (6.41)
so that the boundary conditions for the discrete problem are given by

0

0. BM .

(T8 = U, = 208, wlh (64
0

(TféﬁM — 877)Ua’ﬁh = O, onl_. (644)

Therefore, instead of solving directly equation (6.34) we approximate U, g by U, O%h
and we solve numerically the following problem. We want to find U, O%h XoP
such that for all v, X*# we have

a’M(Uyﬁha Uh) = (fa,ﬁa Uh)a (645)
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subject to the constraint
Ua Bn 07 (.’L’,y) 893

where
a(sp,vn) = ( sy On)onintas — 2600(0xSh, Vh) N int 0
. 16} M .
+ 2iBY (D5, vi)animeas — (T8 swyon)ry 8 (snyvn)ry,  (6.46)
(fa,ﬁa Uh)ri = (_226?7 Uh)m )
for all s,  X*#. This leads to a linear algebraic system
AMUM =, (6.47)
with UM = UM for j {1,., N}, such that U}, = Zj VUMY (2, y).
AM = aM(wiawj)a

and

L= (fa,ﬁawj)r+
for {7,573 {1,..,N}.

6.2.3 Efficiency of the grating

The efficiency of the grating with respect to each diffraction order n can be com-
puted by using equations (2.55), (4.49) and (6.40), to give

RM = gl ry (6.48)
1
B3 | nr |?

™ = th

n 61 2

such that r?’M and tg’M are given by equation (6.42). We use the same notation
as in Section 4.2.3, where we replaced E;, E, and E,,, with EM EM and E%s in
Definition 54. In a similar way to Section 4.2.4, we can check the energy balance
using the truncated DtN map using equation (4.72) such that M and 9™ are

now given by equation (6.42).

6.3 A priori error estimates for the exact solu-
tion U, g

The well-posedness of our problem that we derived in Section 6.1.2 will now allow
us to derive an a priori error estimate for U, g. We will first study the error esti-
mation by discretising the continuous Helmholtz problem given by equation (6.14).
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Since we truncate our domain, we apply absorbing boundary conditions through
TE’B . As these involve an infinite sum, we then need to truncate the T 7 in order
to perform numerical computation. Hence, we need to study a second a priori
error estimate that arises from this truncation. We combine these two error es-
timates in order to provide the total a priori error estimate. We will also show
that the discrete solution is unique. Before we derive an a priori error estimate,
we first need to establish the dual problem corresponding to equation (6.14) of the
form

a’(¥,v) = (¢, 9) (6.49)

for all b L3 (Q\int Qg), v HZ (2 \int Q) and for a given ¢ L% (2 \int Q3).
This dual problem is needed to derive an upper bound of the error estimate in
the Li—norm in terms of the error estimate in the H-norm when we discretise our
problem. The formulation of the dual problem is given below.

6.3.1 Dual problem

Lemma 73. Let v HZ(Q\intQ3). Then the strong form of the dual problem
corresponding to equation (6.14) is given by

—Av + 2ia0,v — 22’5?8?,’0 = ¢,

a,0* o
T v—0,v =0,

for a giwen ¢ L3 (Q\int Q) and where T is the dual operator of TS [61,
p. 476].

Proof. From the Green identities [22, p. 130], and by integrating by parts first
with respect to x and then integrate with respect to y we have

/ (O )0 = —/ Y0, U + / Yonyds, (6.50)
Q\int Q3 Q\int Qs aﬁ\int Qs
= —/ V0,0 + / Yonds.
Q\int Q3 rLUrr
This leads us to
[o@ew = = [ ware [t —mwds
Q\int Q3 Q\int Q3 I'p

Q\intﬂg

since 1 and v are periodic with respect to x and the unit normal outward vector
corresponding to I';, and I'g, denoted respectively by nq; and n,p, satisfy

Nip = "Nir.
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Once again we use the Green identities [22, p. 130], and proceed in a similar way
to the proof of equation (6.50) but exchange the order of integration in equa-
tion (6.50). We then have

/ i3y (0y)o = —if}) / VO,U + / i3 Tn,ds,
Q\int Q3 Q\int Qs aﬁ\int Qs

=— / iBlo, o xiB) | Yvde. (6.52)
Q\intﬂg '+

From the Green identities [22, p. 130] with equations (6.51), (6.52), (2.66), (6.13)
and (6.2) we get

a(y,v) = (Y, —Av)aint s + (¥, 0n0)a0nint s + 200(10, 020) \int 0y
=208 (6,0, & | BT
Iy

/F ) i3y vds — (w, Ti"o*v>.

By definition of the dual, we have
a*(,v) = (¥, =Av)o\int s + (¥, OnV)aonint Qs + 21(1, 02V)a\int s
— 213} (¢, ayU>Q\int Q3 i/ iBYYvds
T+

/F ) iBO%vda — (w, Ti"o*v>. (6.53)

Hence, we can put together the integral inside € \ int {23 separately from the
integrals on the boundaries of 2 \'int {23 and we can use equation (6.49) and so
—Av + 2iad,v — 2iBY0,v = ¢,

O =T v =0

which represents the strong form of the dual problem which finishes the proof. [

6.3.2 An a priori error estimation of the discretised prob-
lem

Let U, s be the corresponding solution of the continuous problem given by equa-
tion (6.14), and let U, g, be the solution of the discretised problem given by equa-
tion (6.34). We are going to study the relation between the norm of the error in
approximating the problem using the H-norm and the Li—norm in the following
theorem.
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Theorem 74. If we denote eqp, = Ua g — Uqsp, and if kiho/po < 1 then for all
h < hy and for all p = py, the solution to equation (6.34) satisfies

- h
€a,B, Lié(ﬂ\intﬂg)S CY12_9 €a,8, H

where Cy = 2k1CC.Cheg with C. = Cd + 1 and Cy as defined in Theorem 27.

Proof. We apply the duality argument [22, p. 137] similar to the proof of Lemma 59.
From [22, p. 146], we have

} (ea,ﬁh ’ (b) Q\int Q3 }

¢ LZ,(Q\int Q3)

Cay,  LZ,(Q\intQ23) = SUPpeC (Q\int 03) (6.54)

Let v be the solution to the adjoint problem given by Lemma 73. We have for a
given ¢ L% (Q\int Q3) that

a*(wav) = (¢7¢)Q\intﬂ3a w H;Q(Q\lnt Qg)
We then have for ¢ = e, g, by using equations (6.49) and (6.53)

(€a=5h7¢)ﬂ\intﬂg = a’(ea,ﬁhav)a
= aleqp, v —1)

for any 1 X*? by using Galerkin orthogonality similar to equation (4.88).
From equation (6.15), we have

la(s,v) | =] ( s, v)aunas | +2k1 1 ( s,0)oumeq, | + | (Ti"ﬁs,v)pi | . (6.55)

Using Lemma 9 and since e~ is independent on x, we get

a0 — o —1 a,0 v —1
/ T sv :/ e Zﬂy(Ti s)ew‘“ By,
I+ I+

= / Ty (0w Py g) giow—iBuy, (6.56)
|

We first look for an upper bound for 7", From equations (4.80), (2.64) and (6.16)
, we have

(T2, v)r,| = d| Y i(B7 = B)s™ (£B)v™ (£B)

nel

<d| > |87+ B7[s™ (xB)v™) (£B)|. (6.57)

nez

9

145



We note that when k* > 22 then
|67 + BY] = 280 < 2. (6.58)

For ki < (2757”), we have

2rn\? 4 v
ﬁ?+ﬁ%z¢(7m)-+7ma+aﬂ—ﬁ+-kﬂ—a{

d d
27n? do a?— k2 v
— 2 2 2 o2
\/ d ( +27m+d 4m2n? ) T

Let us denote X2 = d2222%  gince #0 > [y then 2”7"2 >> k? then X? tends to

Am2n2
0. We note by using Taylor series that (1 — X2)1/2 when X? tends to zero, can be
approximated with 1 — X and so

2mn

|87 + B = Cl=

(6.59)

where 1 < C? = sup (c1, ¢2) < 5, the constants ¢; and ¢, are given by equations
(2.68) and (2.69). We then combine equations (6.56), (6.58), (6.59) and use a
similar argument to that use to prove equation (4.82) with Ti"ﬁ to get

}(TE’BS7U)Fi’SCd S HL(Q\int ) <2k1 VL2 (@ints) TV H#(Q\intﬂg))a
<Cd(h/p)™" s HL, (\int ©3) <2k1h/29 Uz @nas) Th/p v H;(Q\inmg))-

By supposing 2ki;h/p < 1, we have

[(T27s,v)r |

< Cd(h/p)"" s H#(Q\int&h)( Uz @nas) Th/p v H#(Q\inth))?

<Cd(h/p)™" s H#(Q\imgs)< el =iy, L2, (9\int 25) 12h)p TPy Hé#(Q\intﬂg)>’

from Theorem 69. Since e“*~%¥ () satisfies equation (4.39), then we have

’(TE’BS,U)FJ = 2CCd(h/p)’1 S HL(Q\intQ3) (h/p)2 elow=iflyy H2 , (Q\int Q) -
(6.60)

We now find an upper bound of the other term left in equation (6.55). We note
that

|S|H#(Q\int93)|U|H#(Q\int§23)+2k1|3|H3¢(Q\intﬂg) 5 L2 (Q\int Q)

= (h/p>71|S|H#(Q\int Q3) <h/p|U|H#(Q\int Q3) T leh/plvlLi(Q\int 93)>-
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Since 2k1h/p < 1 and similar to the proof of equation (6.60) we get

|3|H3¢(Q\int§23)|U|H#(Q\int93) +2k1|3|H3¢(Q\int§23) 5 L2(Q\int Q)
- ioax—iB?
= 2C(h/p) 1|S|H#(Q\int93)(h/p>2 e vy H2_, (Q\int Q3) - (6.61)
Now we can use equations (6.60), (6.61) and (6.55) to get

iax—iB9
| aleas,, v =) [ =2h/p(Cd+1)  eap, my@inas € 1Y (v — 1) H2,, (Q\int Q)
ioax—iB9
2h/pCCheghky (Cd+1) s HL(Q\int Q) € v g H2 ,(Q\int Q)

ioax—iB9
2h/pCCheghky (Cd+1) s HL(Q\int Q) € v H2 ,(Q\int Q3)
(6.62)

from Theorem 27 and equation (6.26).
We finish the proof by taking the supremum over ¢ using equation (6.54) and
by denoting Cy = 2CC.C,4ky, where C, = Cd + 1. O

Now that we have the relation between the norm of the error estimate by
discretising in H and in Li, let us establish that the Galerkin method satisfies
quasi-optimal convergence [114, 109], which is an upper bound of the error e, g,
in terms of U, g — 1 for all p X5,

Lemma 75. Let hy and py satisfy kiho/po << 1, then for any maximum mesh
size h [0, ho] and any degree of the polynomial basis p  [po, o]

60175}1 HS Cq Uaﬁ - 1/1 H (663)

for all v X*P where C, = C./ <MG — Ok (6,6 + M(;)h/p>. The constants

Mg, €,& are given by equation (6.21), C. by equation (6.20) and C, is given in
Theorem 74.

Proof. From equation (6.22) and using the equivalence of the H-norm and the
LZ-norm in Definition 49, we have

|a(€a,5h, ea,ﬂh)| = Mg Ca,B, 3{ —k1 (flf + MG) €a,B), L2, (Q\int Q3) Ca,B, H»
> (MG — Chk (616 + MG)h/p) Cap, 2 (6.64)

using Theorem 74. Since a is continuous from equation (6.19) and by using
Galerkin orthogonality similar to equation (4.88), we can divide by e.p,
equation (6.64) and we get

Co Uup—t = (MG — Chki (&€ + MG)h/p) CarB), Ho

for all v X*#. Hence, for h < hy and p = py, Mg — C’lkl(ﬁlﬁ + Mg)h/p > 0
which finishes our proof. O
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We can now use the equivalence of the H-norm and the Li—norm of €43, and
the quasi-optimal convergence result to establish the a priori error estimate.

Theorem 76. Let hg and py satisfy kiho/po < 1, then for any maximum mesh
size h [0, ho] and any degree of the polynomial basis p  [po, ] we have the
following error estimates

C.+C,
Uavﬁ - Uavﬁh H S Cd 4 Ua,ﬁ - ’l/} H> (665)

- C.+C
Ua,p — Uap, L2(Q\int Q) = Cih oC, L Upp—t

forally X8, with Cy = 1—CN'1k:1§§1% = 0 where C, is given by equation (6.63),
C\ is given by Theorem 74, & and & are given by equation (6.21) and C. is given
by equation (6.20). In addition,the discretised solution U, g, is unique.

Proof. For all va5  Hu(Q\intQs), since Uy 5,  X*7  Hu(Q\intQg), and
€a,8, = Uap = Ua,p, belongs to Hy (Q\int Qg), it follows from equation (6.22) that

2 _ 2
M eap, 3u=Cc Cap, L2 @\mas)

= |a(ea,ﬂha ea,ﬂh)la
< la(eas,Uap = Uap, =% + ),
< la(ea,s, Uag — V),

for¢p  X*P | by using Galerkin orthogonality similar to equation (4.88). We then
can write

2 2 2
Ca,B, H —ki&i& Ca,By, L% (Q\int 23)
= CNtc ea,ﬁh H Ua,ﬁ - ¢ H + sup (§1/£7 MG) eaﬁh ’2H’

from equation (6.19) since a is continuous and using equations (6.21) and (6.23).

2 2 2
Ca,B), 1 —kiE& €a,py, L% (Q\int Q3)
<C. eap, # Usp=0 u+ eap, % (6.66)

since sup (§1/€, Mg) = (&/€,1— & /) < 1. Using Definition 49, we note that
ki €ap, r2@\in0)S €ap, u- Hence, we can write

Capy 1 kG Cap, Z(@\nts) Cas, H
S<éc+0q> eas, #H Uap— ¢

from equation (6.63). We then divide by e,, % and so
Cap, HTREE Cap, 12(Q\nt0y)= <éc + Cq> Usp =% % .
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Hence,

= h -
Ca, A _Clkléulg; Caf), n = (Cc + Cq) Ua,p — Y ow,

from Theorem 74. That is
By h .
(1 - Cﬂﬁflf;) €a’6h H < <Cc + Cq) Ua,ﬁ - @Z) H -

Let Cy=1— élklglgg and let us suppose that C; > 0 then we have

c.+C
€a,8,, HSTC] Uap =% 2 -

Once again, we invoke Theorem 74 to prove the error estimate in the L?—norm.
Hence, we have

~ - h
CarB),  L2(Q\int 25)= <Cc + Cq) Ch o Usg =% 2.

To prove the uniqueness of the solution let us suppose that there exists two solu-

tions Ugé and Ug; satisfying equation (6.34). We have

h,1 h,2 _ h,1 h,2
Ua,ﬂ o Ua,ﬂ L (NintQ3)  — Ua,ﬂ —Usp+Usp— Ua,g L2,(Q\int Q3)>

Rl h,2
= Ua,ﬁ - Uaﬁ Li(ﬂ\int Q3) + Ua,B - Ua,ﬁ Li(Q\int Q3)»
- /- h
= 201 <Cc + Cq) p—Od Ua,ﬂ - w Li(ﬂ\int Q3) -

We can easily see that taking h/p tending to zero, we finish the proof of uniqueness.
O

Before studying the error made by truncating the operators Ti"o in equa-
tion (6.13), let us establish a relation between the two continuous variational
formulations a(s,v) given by equation (6.13) and a™(s,v) (when we truncate the
DtN map inside equation (6.13)).

6.3.3 Comparison between the continuous variational for-
mulation with a truncated DtN map and that with
a full DtN map

Let us denote
™ (S0,8,0a8) = ( Saps Vas)o\intos = 2000(0pSa.gs Vas)Q\int s

. a.0M .
+ 267 (0ySa.5, Va,5)nine s — (T2 Saps Vap)re 2087 (Sa,s, Vas)ry
(6.67)

(faﬁa /UOlﬁ)F+ = (_22597 Ua,5>p+ ) (668)
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for all s, 3, Vap H;E(Q \ int Q3), such that M N and Ti"OM is given by
equation (4.61). Then, we want to find U},  H(Q \int Q3) such that

aM(Uzi\fIB’ UOé,B) = (fa,ﬁa Uoz,ﬂ)p+- (669)
Let us also denote

Sa(54,8,Va,8) = ( Sa8  Va,g)o\int Qs — 200(028a,8, Va, ) \int 0

+ 27 (Oy5a,8, Ua,ﬁ)g\int Qs 27 (S5 Va8)r, - (6.70)
It follows that
a,0
a(Sap,Vap) = Sa(sap,vag) — (Tt sa,ﬁ,vaﬁ)ri, (6.71)
a, M
aM(saﬁ,vaﬁ) = Sa(sas,Vap) — <Ti 0 Sa’ﬂ’vaﬁ)u'

Let us also note the following relation between a as defined by equation (6.13) and
a™ as given by equation (6.67). If U, 3 and U, (yﬁ are respectively the solution of
equation (6.14) and equation (6.69) then

a(Uyp,v) — aM(U]\f[B,v) =0 (6.72)

«

for all v HJ(Q\int Qs). If we define Ti"OR via
790 = 700" 4 e, (6.73)
then we have the following relations for all s,v  H4(Q \int Q3)
a(s,v) = Sa(s,v) — (T3, v)r, .
from equation (6.70). Hence,
a(s,v) = a(s,v) — (TE’ORS, V)r.. (6.74)

Now that we have established the relation between a and a™ in equation (6.74)
we can derive an a priori error estimate when we truncate 77 P in a.

6.3.4 An a priort error estimate from the truncation of
the DtN operators

For computational reasons the DtN map must be truncated. It is therefore impor-
tant to derive an estimate of the error that then arises due to this approximation.
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Lemma 77. Let Uy s Hy(Q\int Qs) be the solution of equation (6.14), and let
U(yﬁ be the solution of equation (6.69). Let us denote the error estimate that arises
when the DN map 1is truncated by

els =Uap—Uls. (6.75)

Then, we have
R
aM(ei/,lﬂa 624,5) = (Ti’o Ua,p, 6%5%5 (6.76)

Proof. We have from equation (6.75) and from Definition A-6 that
o (g ag) = @ (Uag, i) — 0 (Udss €ayp)s
a,0F
= a(Uyp, effﬁ) + (T2 Uaps €%B)Fi — aM(U(%, effﬁ),

from equation (6.74). Then, we can write

a R

aM(ei\fﬁa 62{5) = (Tj:70 Ua,ﬁa 62{6)1}?

by using equation (6.72). O

For all s,v  Hu(Q\int Q) and I'; + = {(z,%b) Q} as introduced in Sec-
tion 4.3.2, we can use the region b < |y| < B to derive an a priori error estimate.
In a similar way to the derivation of equation (4.107), we get from equation (6.73)

’(TE,ORS’ U)Fi } _ } ((TE’O _ Tié’OM> s, 1))

)
|

- def(be)cmm (Mfla’)kaf ;

HY(Mhe)  HE(T2)

o=

with ¢ = inf} }>Md sin (z,/2) where z, is defined by equation (2.44). From
n|>ar

Theorem A-13, we get

2
—(B=b)cmin (M— ’a’) —k%

«, R
(Tj:O s,v)r, < de S HL(Q\intQ3) UV HL(Q\intQ3)
=Cr s HL(Q\intQ3) U HL(Q\int Q3) (6.77)
with
2
—(B=b)cmin M-« —k?
Cr = de ( | D " (6.78)

It will help our subsequent calculation of the a priori error estimate to establish
a relation between the error by truncating the DtN operator in the Li—norm with
that in the H-norm.
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Theorem 78. Let U,z be the solution of equation (6.14) and let e)'s be as given
by equation (6.75) then we have the following estimate

h

M ~ M
Cop LR@may= i Cag H

where C, is given in Theorem 74.

Proof. As in Lemma 59 we use the duality argument [22, p. 137]. Let ¢
Hy,(Q\int Qg), let v HZ (2 \int Q3) be the solution of the dual problem given
in Lemma 73. From the definition of the dual norm [22, p. 146], we can write

} (ei\fﬂ’ (b) Q\int Q3 }
O L2(@\int Q)

Ja(eas: V)|

= SUPgec (int Q) T -
$ECoo (@it 2s) L2,(9\int ©s)

M
€a,p L2, (Q\intQ3) = SUPgeCu (2\int Q3) )

In a similar way to the proof of Theorem 74, we can show that
Ca L (@in0s) = O » Casp M

where CN’l is defined in Theorem 74. O

Finally then, the following results gives an estimate of the error made by trun-
cating Ty # in the continuous variational formulation given by equation (6.13).

Theorem 79. There exists a positive integer My = }k" + || > 0 such that for
all M = My, the problem with the truncated DtN map given by equation (6.69)
satisfies the following error estimates.

~ h
eds L;(Q\intgg)S(CTJqu)Clp—al Uap

ei\fﬂ H = (CT + Cq)/Cd Uaﬁ H -

with Cy = 0, is defined in Theorem 76 where C, is given by Theorem 74, Cy by
equation (6.63), & and & are given by equation (6.21) and Cr by equation (6.78).
Furthermore, the solution U 0]4\,46 1S unique.

Proof. In a similar way to derive equation (6.22), we get

2 _

M 2 M
Co eup L;&(Q\intﬂg)s |a™ (eq 5: €as

Hence,

M 2 M 2 0F
Mg €a.8 H_CG €a,B Li(ﬂ\intﬂg,)g}(Til Ua,ﬁaUa,ﬁ_w>

I

It
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from equation (6.76). In a similar way to derive equation (6.66), we have
M M
€a,8 ”QH _kfflf Ca,B %Q#(Q\intﬂg)
a,0F
S }(Ti Ua,ﬂ’ei\zi[B)F }"f‘ etjD‘fﬁ ’QH .
+
We then use equations (6.77), (6.22) and Definition 49 to get

M 2 M M
Cap #TREE Cap L3(@uintay) Cap H

<Cr U : M ot ey 3
=01 Vapg HL(Q\intQ3) €a, HL(Q\int Q3) a8 H -

We then divide by egfﬁ 2 and use Definition 49 again with equation (6.63) to
give

Moy —k&e e 0= (Cr+C,) U,

a3 H 1816 Cap L3 (O\int Q)= (LT q) Ya,8 H-

Using Theorem 78 gives
M A h m
eavﬁ H —lelﬁlﬁg eaﬁ HS (CT + Cq) Uaﬁ H -

Let us suppose that C; = 0, as defined in Theorem 76, then we have
erls w=(Cr+Cy)/Cy Uap n. (6.79)

If we invoke Theorem 78, with equation (6.79) then we immediately arrive at the
error estimate in the L?—norm

~ h
62{5 L2,(\int Qy) = (Cr+Cy) Clp—Cd U(% 2 - (6.80)

To prove the uniqueness, let us suppose that we have two solutions U, (yﬁ ,and U, (yﬁ 5"
Then we have

M M M M
Ungy = Uapy r@int0s) = Uap = Uspy r2@uneas) T Uap = Usp, r2@uintas)

which goes to zero when % goes to zero from equation (6.80). Hence U, (yﬁ | Is equal

to U}'s, and the solution is unique. O

6.3.5 Estimate of the total error

Similar to Section 4.3.3, the error that we make by solving numerically the Helmholtz
equation for a periodic grating arises from two sources

e when we truncate the DtN operators which describe the boundary conditions.

e when we discretise the continuous problem.
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Let us denote by U O%h XP the solution of

(IM(UO]X[B}], Ua,ﬁ) - (fayg, UQ’B)F+, (681)

for all v, s X8 with ™ and (fa,ﬁvva,ﬁ)r+ given by equations (6.67) and

(6.68), M N and TE’OM given by equation (4.61). The estimate of the total
error, eqp = Uyp — Uo%h, that we make by solving numerically the Helmholtz
equation is given by the following theorem.

Theorem 80. Let us suppose that Cy = 0 as defined in Theorem 76. Then there
exist positive constant hg < 1, pg < oo and a positive integer My — N\{0} such
that for any b [0,ho] p  [po, o] and M = M,, the total error satisfies

€a8  L2(Q\int Q23)S
(C“C+C>C*1L Upp— 1 H+(CT+C)C“1L Usp #
! pCy ’ Y pCy ’ ’

and

cai S (Cet C)[Ca Unp=0 wt(Cr+Cp)fCa Ung n  (682)

forallyy  X*P, with C. as given in equation (6.20), Cy as defined in Theorem 76,
C, as defined in equation (6.63), & and & are given by equation (6.21) and Cy as
defined in Theorem 74. In addition, the problem equation (6.81) has a unique
solution U(yﬁh.

Proof. We have

M M M M
€a75 H = Ua7ﬁ - U 7ﬁh H = Ua75 - Ua75 _'_ Ua75 - U 75h H>

« «

< Uap— Uy w+ UMy —UY,

@ a,Bp

M M M
= eavﬁ H + Uavﬁ - Uavﬁh H-

In a similar way to the proof of Theorem 76, it can be shown that

C.+C
UMy =uls u= L UM = (6.83)
and -
- C.+C,h
Vs ~Ua ryouman=C—g—"" Usg=¢

by using U, s instead of U}y For M > My, U}'; tends to U,z and so we can
replace U(yﬁ —1¢ 4 with U,p—1% 4. Then we can use equation (6.83) and
Theorem 79 to get the total error estimate in the H-norm. We finish the proof by
following a similar argument for the L?—norm. In a similar way to the proof of
Theorem 76 and Theorem 79, it can be shown that the solution U O%h is unique. O
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6.4 Summary and conclusion

6.4.1 Summary

In this chapter, we transformed the diffraction problem Case 1A |, using an exten-
sion of the «,0-quasi periodic transformation proposed in Chapter 4. This was
achieved by setting U = e eV, 3, where e/®"e~ 1Y is the analytic solution of
the Helmholtz problem when we have a series of homogeneous layers (that is Q3 is
not present). We started by deriving the boundary value problem for U, g which
was followed by the variational formulation of the continuous problem. Similar to
Chapter 4, our aim was to derive an a prior: error estimate. Hence the problem
had to be shown to be well-posed. Recall that, in order for a problem to be well
posed, the solution needs to exist, be unique and to depend continuously on the
data. In Lemma 68 we showed that the solution of the variational problem exists
and that it is unique. The continuous dependence on the data, was then shown in
Theorem 70 when we studied the regularity of the solution. Comparing Theorems
51 and 70, it is evident that U, g has the same k; dependence as U, . Having
dealt with the continuous problem, we then considered the discrete problem that
arises when we approximate the continuous problem with a finite element solution
and when we truncate the DtN operators. This then allowed us to derive an a
priori error estimate, due to discretisation and truncation of the DtN map, in The-
orem 80. Having derived this error estimate we then showed that the discretised
problem also had a unique solution. Again in our error estimate, we showed an
explicit dependency on the maximum mesh size h, the degree of the polynomial
basis p and the wavenumber k.

6.4.2 Conclusion

We use Theorem A-13 and the note following Definition 49 and we note that
UCM,O H;/Q(Fl,i) S UCM,O H-

Using this result in Theorem 62, the upper bound for the a prior: estimate of the
total error in the H-norm for the «, 0-quasi periodic transformation is

a0 # =4C./C5 Upo— ¢ 5 +4Cr/Cs Uap n (6.84)

forall¢y ~ X* and where we use the definition of Cr given by equation (6.78). The
constant C. as given in Lemma 57 is independent of the wavenumber ki, the mesh
size h, and the degree of the polynomial basis p, C3 =1—( (k) + k »)C; >0
as defined in Theorem 60 and (] is defined in Lemma 59. Hence, replacing C5 by
its definition and choosing 1) = 0, equation (6.84) can be rewritten as

C.+ Cr
1= 2CC.Creghk2h/p

60170 H < 4 Ua70 H - (685)
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In the following, we rewrite the upper bound corresponding to the a priori estimate
of the total error in the H-norm for the «, S-quasi periodic transformation given
in Theorem 80 so that we can derive a qualitative comparison between the upper
bounds. From Theorems 74 and 76, we have

Cyp=1-— zccmgccgglkf%. (6.86)

Hence, the upper bound corresponding to the a priori estimate of the total error
in the H-norm for the o, f-quasi periodic transformation given in Theorem 80 can
be rewritten as

60475 HS
C.+0C,
1= 2OCrech§§1k%%

Cr + Cq
1-—= QCCTegchlgk%%

Ua,ﬂ - 5+ Uoz,ﬂ X (6.87)

for all v X8 To allow us to compare qualitatively between the upper bounds
let us investigate the case where &; goes to zero, the denominator in equation (6.87)
given by equation (6.86) tends to 1. Hence, choosing v = 0 equation (6.87)
becomes

o 1= (Cot Cr420,) Unp w. (6.88)

Since &; tends to zero then C; = m then by denoting X = 2CC.C,.,kih/p
1 Ccbregh/p

and by noting that C, = C, + (d + 1), we can rewrite equation (6.89) as
. Co+d+1
a = CC C 27 Ua ’
€a,p H ( +Cr + 1—x ) B H
<GC+CT>(1 — X) 420, +2d +2
< — Usp #  (6.89)

and we can also rewrite equation (6.84) as follows

Ua,O H>

<206+20d+2—|—4CT
o 1—-X

Ua,O H (690)

V_
since C, = Cd + 1. From Lemma 6, we have 2 < C? < 5 hence C' > 1 and
2Cd > 2 . Therefore, when X tends to 1, the equivalent upper bound for the
a, 0-quasi periodic transformation is

20, +20d+2+4Cyp

<1
Ca0 H= )1(1%1 1— X Ua,O Hs (691)
whereas the upper bound for the «, f-quasi periodic transformation is
2C. +2d + 2
o =< lim “CeradT e Usp 2 - (6.92)

X1 1—X
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From equations (6.91) and (6.92), we can see that the «, 0-quasi periodic transfor-
mation blows up faster than the «, S-quasi periodic transformation and this makes
the error bound given in equation (6.91) for U, o larger than the error bound given
in equation (6.92) for U, g. We have X tending to 1 either by having k% small with
h/p large or by having k? large with h/p small. We are interested in the latter
case, since it is known that there are difficulties in solving the Helmhotz equation
when the wavenumber k becomes large. Equations (6.91) and (6.92) indicate that
the a, f-quasi periodic transformation is more efficient than the «,0-quasi periodic
transformation proposed in Chapter 6 as we have suggested.

In the next chapter, we will show some numerical evidence and the advantage
of this difference on the convergence behaviour between the «, S-quasi periodic
solution and «, 0-quasi periodic solution for a different range of wavenumber k;.
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Chapter 7

Numerical methods and
numerical results

This chapter is concerned with the numerical methods that we use in our im-
plementations in order to solve the Helmholtz problem. To validate our code,
numerical results will be given that compare the results from different numeri-
cal methods and experiments in the literature to our implementation. We will
then provide numerical results that compare the «, f-quasi periodic method with
the a, 0-quasi periodic method across a range of wavenumbers. We then produce
numerical results that show the advantage of using the Dual Weighted Residual
(DWR) method as compared to the uniform mesh or the global a posteriori error
method proposed in [13]. We have chosen the finite element method because of its
flexibility to adapt to complex scattering geometry. In our final example, we con-
sider a scattering geometry from a real world application concerning the Morpho
butterfly wing [98, 129, 124, 102].

7.1 Numerical methods

In this section, we show how the discrete forms given in Sections 4.2, 5.2.2 and 6.2
are implemented to solve numerically our problem. Some of this implementation
requires standard techniques that can be found in the literature [21, 64, 113, 66].
In these cases we will not go into the details but restrict ourselves to the main
steps with appropriate links to the previous chapters. Where the implementation
presents some novel aspects we will be more expansive and provide enough details
to convey our ideas. We start by describing our implementation when we use a
uniform mesh. We then show the implementation for an adaptive mesh.

7.1.1 Uniform mesh

Let X (resp. X*#) be a finite dimensional subspace of Hj(F) with dim(X) =
N < oo and let ¢; fori = 1,.., N, be a basis of X* (resp. X*#) where F' = Q\int Q3
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a,0-qp @, f-qp

Case 1A 1B 2A 2B 1A

F Q\int Q3 Q Q\int Qs

by 1 1 1 1/k? 1

by 21« 21« -2 o i a/k? 21 «

by 0 0 0 i afk? 0

b 0 0 0 0 2130

bs —(k*—=a?) | =(k*—=a?) | =(k*—=a?) | —(kK*—a?)/k? 0

bg 0 1o 0 0 0

by 0 0 0 0 iBY

b 1 1 1 —1/k? 1

by 1 1 1 —1/k2 1

big | —2iB0e B | —2i30 B | —2i30e~ P18 | —2i30e~iFIB /2 | —2;30

Table 7.1: The coefficients b; of equations (7.1) and (7.2) corresponding to Cases
1A, 1B, 2A and 2B for the «,0-quasi periodic transformation (a,0-qp) and Case
1A for the «, f-quasi periodic transformation (a, 8,-qp).

for Case 1 and F' = Q) for Case 2. Then equations (4.58), (D.63), (D.67), (D.71)
and (6.35) present this general form

a(Vi, ;) = b1 i, V) p + b2(0us, 05) p + b3 (s, 0205) -
+ 040y i, ¥5) p + bs (Wi, ¥5) p + b6 (nathi, ¥5) o,

=+ b7 (1, 'l/}j)ri + bg (Tf’OMQ/% ’l/}j)r+ + by (TS’OMIDZ" 7/’j) (7.1)

T+

since we need to truncate 7' i’o. The values of b; for j =1,--+,9 and F' are given
in Table 7.1. We also have equations (4.59), (D.64), (D.68), (D.72) and (6.36) into
this general form

(F.0s),. = Gu e, (7.2)

where the value of by is also given in Table 7.1. In our finite element code, the
operations are done element wise by looping over all elements of a given triangu-
lation. Hence, each element is mapped to a reference element through an affine
transformation [21, 64, 113]. We therefore map each basis ¢; into the local basis
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¢; through this transformation and so equations (7.1) and (7.2) become
a(Get) =bi( Go )+ (0 y) (0000
Fbu(Oyhndy) |+ s (000y) |+ b))
b (00y), +h(T2 )+ (1) (1)

+

and L o
)= (bo) 74
(F.94), = (bots), (7.4)
We need the following steps to implement equations (7.3) and (7.4).
e step 1: Assemble the mass matrix
By denoting
K;; = 51( T;ia @g) + 52 <3x7;z', %) + 53 (7;@, C{MZJ') + ZN?4 (@ﬂﬁz’, %)
F F F F
0 (i) +bo(nathin ) b () (7.5)
F 003 'y
we can use numerical integration to calculate the surface and element inte-
grals to get K;; [70, 87, 38|.
e step 2: Assemble the load vector

Similar to step 1, numerical integration can be used to compute <l~710, 1@)
Ly

e step 3: Assemble the DtN operators
Let us denote B;; = bg (Tf’OM@/;i, QL]) + by <Tf"0M@/~)¢, @Z@) , from equations
r, T,
(4.80) and (6.56), we note that

|

M
QOM ~  ~ —— M) oy
(72" i) = d > B (EB)I" (£B). (7.6)
m=—M
We note that z/?jm) can be computed as follows using equation (2.53)

d
oM (£B) =1/d / Wy, £B)e” M/ gy,
0

Tj+1 )
=1/d Y;(x, £B)e 2/ gy (7.7)

z;
where x; and x;y; delimit the element edge where ¢ is different from zero
and hence supp ¥;(z, £B) = [z;,xj41]. We can write

N

V;(x,£B) = Z cat

=0



since 1;]- (x,%B) is a polynomial of order N. Hence, equation (7.7) becomes

Tj+1

o n) = 1/d [

N
E Clxlefﬁﬂm/dxdx’
=0

N
=1/d) " aGy(z), xj11,m,d) (7.8)
1=0
where ..
Gl(xj,l‘j_i_l,m,d):\/\‘ alei2mm/de . (7.9)

J

It can be shown by integrating by parts and by induction that

Gl(!L‘j, l’j+1, l, m, d) =

q [! 1—t e*2i7‘rm/d T=Tj+1
2 =0 (1—t)!(2imm/d)" [ —2i7rm/d] s (7.10)
+l—(;!+1)! (Ziwml/d)q+1 Gi(g+1), otherwise

for ¢ <1 —1. We can then use equations (7.8), (7.10) and (7.6) to compute
B

ij

step 4: Apply the periodicity boundary conditions for all cases and the
Dirichlet boundary conditions for Case 1A

Since our problem is find U, (resp. U, g) such that a(U,p,v) = (f, w>

ry
(resp. a(Uap, ) = (f, @/)) ). By denoting (f, @ZJZ) = F; and by noting
r, r,
that a(z/?i, 1/7]) = K;j + B;; our solution Zjvzl U;pj(x,y) satisfies

for i,7 =1,--+N. For the periodicity boundary condition, let us denote NN,
the set of nodes ¢ such that ¢; belongs to the boundary x = 0 or x = d and
No the set of nodes j such that ¢; belongs to €23 for Case 1A. We use the
techniques described in [2] which apply the periodicity constraints and the
Dirichlet constraints to the nodes ¢ N, and j Nop.

step 5: Solve the system

We can solve the system (7.11) and find the coefficients of the approximate
solution to our Helmholtz problem.

step 6: Refine the meshes such that each element is subdivided into four
new elements and repeat step 1 to step 5 until the solution converges. In
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our numerical implementation, either the solution is the field or the grating
efficiency. If we look at the field, we have convergence when the absolute
value of the field coincides to a known or given solution and if it is the
grating efficiency, we have convergence when we the grating efficiency from
successive refinements present the same n first digits.

7.1.2 Adaptive mesh

Once more the operations are done element wise by looping over all elements of a
given triangulation. Hence, each element is mapped to a reference element through
an affine transformation.

step 1: Choose a tolerance TOL.

step 2: Repeat step 1 to 5 for the uniform mesh to solve the direct problem

Use the same technique as described with the uniform mesh with equations
(4.58), (D.63), (D.67), (D.71), (4.59), (D.64), (D.68) and (D.72) to solve the
direct problem since they satisfy the general form given in equations (7.3)
and (7.4).

step 3: Repeat step 1 to 5 for the uniform mesh to solve the dual problem
to find z, using Lemma 65.

Since the variational form of the dual problem as given in Lemma 65 has the
general form given in equations (7.3) and (7.4) we use the same technique
described for the uniform mesh to solve the dual problem.

step 4: Repeat step 1 to 5 for the uniform mesh to solve the dual problem
using Lemma 65 with a higher polynomial order or a finer mesh to give
approximation.

step 5: Compute the upper bound given by equation (5.40) and denoted this
upper bound by

Ierr - ZpKwK (712)

We can use the standard techniques (reference element and numerical inte-
gration) [70, 38, 113, 66] to compute equation (5.37). For the flux residual
given by equations (5.38) and (5.39), we can compute Ti"Oij using Defini-
tion 4 and equation (7.8) which leaves us with the jump derivative [ ;.n].
Let us denote by K and K'! two triangles which share an edge E, and let
the affine transformation which maps K to the reference element (and ;
to @Z)Z), be described by Jz + b where J is a 2 X 2 matrix. Let the affine
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transformation which maps K to the reference element (and ¢} to ¥}), be
described by J'z + b where J! is a 2 % 2 matrix. We then have

[ don) = (7T G ST )

since n'

we have

/EH ¢z‘~nH2

g(zo) ~ .
:/: W‘]_T @Z)z‘(ffag(ff))*‘\/m(]r iz, g(x))| dx

= —n. Hence by using y = g(z) to represent the curve 0K (0K,

where the edge E is delimited by g(zy) and .

e step 6: Let Np be the list of elements K where p(K)wg is in decreasing
order and such that ZNT p(K)wg = 0.71,,,. Refine the mesh in Nyp.

e step 7: Check that the mesh is periodic if it is not then make it periodic.
e Repeat step 1 to step 7 until I, < TOL.

Having briefly described the numerical technique used to solve numerically our
Helmholtz problem, we present some numerical results in the following section.

7.2 Numerical results

In this section, we start by comparing our numerical results using the «a, 0-quasi
periodic method and the «, S-quasi periodic method with different results in the
literature in order to validate our code.

7.2.1 Code validation

We will start by comparing our numerical results from the «,0-quasi periodic
transformation with the experimental results given in [95]. In this first example,
we have a perfectly conducting echelette grating given by Figure 7.1 used in a
-m Littrow mount. For this grating, the mth-order diffracted wave propagates
backwards in the opposite direction to the incident wave and most of the energy
is concentrated into the mth-order diffracted wave provided that

A
2sin0 = m—

d

where 6 is the angle of incidence, A is the wavelength and d is the period of the
grating [95, 79]. The facet angle of the grooves is called the blaze angle and
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the wavelength corresponding to the maximum energy is called blaze wavelength
(95, 79]. This type of grating is used in laser system design for wavelength selective
reflectors and in spectroscopic devices. In our case, the blaze angle is equal to 5
degrees, and m = 1.

By doing so, we want to investigate the variation of the reflection efficiency
R_; given by equation (4.71), when the ratio A\/d varies from 0 to 2. We solve
numerically for the reflection efficiency R_; using the «,0-quasi periodic method
described by equations (4.58), (D.63), (4.59) and (D.64) where B = 0.15, the
degree of the polynomial basis is p = 3 for both TE and TM cases and the degrees
of freedom (dof given by equation (B.7)) is 3577 for the TE case and 14065 for the
TM case. In Figure 7.2, the experimental data is given by the discrete points and
our numerical results are given by the full line (for the TE case) and the dashed
line (for the TM case). We can conclude from Figure 7.2 that we have a good
agreement between the numerical and experimental results outside the region of
resonance (f7 = 0 in equation (2.43) that is A = 2d/(2n + 1)).

d

Figure 7.1: An echelette grating with an apex angle equal to 7/2, blaze angle
a = 5 degrees and period d.

We now consider a second example where we have a perfectly conducting cylin-
der grating given by Figure 7.3 with a radius a and wavenumber k; outside the
scatterer. This semi-analytical approach uses scattering theory, involving multiple
scattering between adjacent cylinders, with an eigenfunction expansion in cylin-
drical coordinates that assumes radial symmetry. This restricts this approach to
problems with cylindrical geometry. We will compare a semi-analytic solution
given in [81] with the numerical solution obtained by using the «, 0-quasi periodic
method for the TE case. This type of scattering geometry is useful in helping to
develop an understanding of the loads on offshore platforms and wave power de-
vices. We have implemented the series solution in [81], using N = 61 and M = 6
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Figure 7.2: A perfectly conducting echelette grating (Case 1) as shown in Fig-
ure 7.1. Comparison between the reflection efficiency of order —1 from the «,0-
quasi periodic method (dashed line for TM and full line for TE) and the experi-

mental results (circle for TM and square for TE) in [95]
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terms in each expansion. In our numerical results using the «,0-quasi periodic
method described in equations (4.58) and (4.59), we chose the polynomial order
p = 3 and the number of degrees of freedoms (dof) as 14112. In this numerical
experiment, we chose a wavenumber k = m, angle of incidence § = 7 /4, radius of
the cylinder a = 0.1, period d = 1 and upper domain boundary y = B = 1. In
Figures 7.4 and 7.5 we compare the spatial distribution of the imaginary and real
parts of the solution for each method and we see a good agreement between both
approaches.

k1

Figure 7.3: Cylinder grating.

In this third example, the grating is composed of two dielectric transmitting
cylinders as shown in Figure 7.6. We want to find the reflection efficiency of
order zero (Ry) as defined in equation (4.71) for the TM case (Case 2B) where
we let the ratio A\/d vary from 0.7 to 1. We use the «,0-quasi periodic method
to solve the problem numerically from equations (D.71) and (D.72). We then
compare this with the result obtained using the lattice sum technique given in
[128]. This latter method is found in 2-D photonic bandgap structures in which the
cylindrical harmonic expansion is used so that the array of cylinders are viewed as
a spatially periodic lattice and this allows for coupling between adjacent cylinders.
Therefore, this method is limited to scattering with polygonal geometry. By using
a polynomial basis of degree 4 with 21633 degrees of freedom, we have plotted
Ry as a function of \/d in Figure 7.7. We can conclude from this figure that our
numerical results from the «,0-quasi periodic method are in good agreement with
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Figure 7.4: A periodic grating consisting of a perfectly conducting cylindrical array
of period d = 1 (see Figure 7.3). The spatial distribution of the imaginary part
of the wave amplitude is shown for (a) semi-analytic solution in [81] and (b) the
a, 0-quasi periodic method. The radius of the cylinder is a = 0.1, the wavenumber
is k = 7, and the angle of incidence is 0 = 7/4.
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Figure 7.6: Double layered dielectric transmitting cylinders.
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Figure 7.7: A two layer, periodic grating consisting of dielectric transmitting cylin-
ders in a TM field (Case 2B) (see Figure 7.6). Comparison between the reflection
efficiency of order 0 from the a,0-quasi periodic method (full line) and the lattice
sum technique (dashed line) [128]. The reflection efficiency is shown as a function
of the ratio of the wavelength of the incident field (A) to the lattice period (d).
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those from the lattice sum technique. It is also of interest to examine the effects
that the degree of the polynomial basis p, the number of Fourier terms N and the
number of degrees of freedom dof have on the computational cost in using the a,0-
quasi periodic method. In the example below we have set d = 1.085, A = 1.55 and
have kept two of the parameters fixed {p, N, dof} and let one of the parameters
vary. We plot the computational cost against the parameter which varies. We
can conclude from Figures 7.8(a), 7.10(a) and 7.9(a) that the computational cost
grows faster with the degrees of freedom and the order of the polynomial basis
than the number of Fourier terms. In Figure 7.8(b), we let N = {11,15,21,31}
and we plot the variation of Ry with respect to N = N; for i {1,2,3,4}

Ro(N;) — Ro(N;_1) (7.13)

against N; using p = 3 and dof = 12193. We do the same in Figure 7.10(b) but
we keep fixed N = 15, dof = 12193 and vary p P such that P = {3,4,5} and
we plot the variation of Ry with respect to P; for i {1,2,3}

Ry(P;) — Ro(Pi—1) (7.14)

against P;. In Figure 7.9(b) we keep fixed N = 15, p = 3 and vary dof D such
that D = {781, 3073, 12193, 48577} and we plot the variation of Ry with respect
to D;

against D;. We conclude from Figures 7.8(b), 7.9(b) and 7.10(b) that the accuracy
of the diffraction efficiency is less affected by changes in the number of Fourier
terms as opposed to changes in the order of the polynomial basis and the number
of degrees of freedom.

In the final example in this section, we consider the perfectly conducting
echelette grating (Case 1) as shown in Figure 7.11. We want to find the reflec-
tion efficiency of order 0 (R, defined in equation (4.71)) using equations (4.58),
(4.59), (D.63) and (D.64) when we let the ratio [/d vary, where [ is the grating
depth and d is the grating period. We will use both the «,0-quasi periodic method
and the «, f-quasi periodic method to solve the problem numerically. We then
compare this with results from method of variation of boundaries given in [25] in
Figure 7.12. The method of variation of boundaries is a perturbation technique
based on expansions in a small parameter () which corresponds to the height of
the echelette surface. These echelette designs are used in solar energy absorbers
and antireflecting surfaces. We can conclude from Figure 7.12 that our numerical
results from both the «,0-quasi periodic method (red diamond for both TE and
TM) and the «a, -quasi periodic method (blue cross for both TE and TM) are in
good agreement with the numerical result using the method of variation of bound-
aries (black circle for both TE and TM). The agreement is so good that the points
lie precisely on top at each other. In a similar manner to the previous example
it is of interest to study the convergence of the error in the calculation of the
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Figure 7.8: A double layered, dielectric transmitting, periodic grating consisting of
cylinders interacting with a TM field (Case 2B) (see Figure 7.6). (a) Dependence of
the computational cost in calculating Ry using the «,0-quasi periodic method (on
a uniform mesh) on the number of Fourier terms N and (b) accuracy in calculating
Ry given by equation (7.13) when the number of Fourier terms varies from N;_;
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Figure 7.9: A double layered, dielectric transmitting, periodic grating consisting
of cylinders interacting with a TM field (Case 2B) (see Figure 7.6. (a) Dependence
of the computational cost in calculating Ry using the «,0-quasi periodic method

(on a uniform mesh) on the number of degrees of freedom dof and (b) accuracy in
Di*l to DZ

calculating Ry given by equation (7.15) when the degrees of freedom varies from
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Figure 7.10: A double layered, dielectric transmitting, periodic grating consisting
of cylinders interacting with a TM field (Case 2B) (see Figure 7.6. (a) Dependence
of the computational cost in calculating Ry using the «,0-quasi periodic method
(on a uniform mesh) on the polynomial degree p and (b) accuracy in calculating
Ry given by equation (7.14) when the degree of the polynomial basis varies from
Pi*l to Pz

Figure 7.11: A perfectly conducting, echelette grating with depth [ and period d.
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Figure 7.12: A perfectly conducting, echelette grating with depth [ and period d
(see Figure 7.11) interacting with (a) a TE field (Case 1A), comparison between
the reflection efficiency of order 0 from the a,0-quasi periodic method (diamond),
the «a, f-quasi periodic method (cross) and the method of variation of boundaries
(circle) and (b) a TM field (Case 1B), comparison between the reflection efficiency
of order 0 from the a,0-quasi periodic method (diamond), the «, S-quasi periodic
method (cross) and the method of variation of boundaries (circle).
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grating efficiencies as the parameters in the algorithm are varied. In the following
examples, we fix the pitch of our grating to be [/d = 0.05, perform uniform mesh
refinement and study the convergence of the efficiencies of orders 0,1 and 2 of the
reflected waves. The degree of the polynomial basis (p ) is varied between 3 and 7
and we calculate the error in calculating the grating efficiency as

|RF = Rj(. B) (7.16)

where RY is the numerical result given in [25] (used as the exact values) and
R;(«, B) is the numerical result obtained from using the «, 8-quasi periodic method.
We then plot this error against the degree of the polynomial basis p. The results
shown in Figure 7.13 show that as the degree of the polynomial basis decreases,
the mesh must be refined in order to reproduce the numerical results given in
[25] which used the method of variation of boundaries. We note that when the
number of vertices is bigger than 150, and the degree of the polynomial basis is
greater than 4, there is no significant difference in reproducing the reference solu-
tion in [25]. In the next section, we investigate how efficient the a, 0-quasi periodic
method is compared with the «, S-quasi periodic method for different ranges of
the wavenumber k.

7.2.2 Variation with k of the o, 0 and the «, 5-quasi periodic
methods

By introducing the «, S-quasi periodic method in Chapter 6 it is envisaged that
this will provide a more accurate and stable method for addressing the grating
problem. In particular, the «, S-quasi periodic method should be able to overcome
the high wavenumber numerical instabilities that is normally observed when using
finite element methods [59, 16]. A series of numerical examples below investigate
this hypothesis. To begin with we will examine the simplest scenario when in fact
the domain is scatterer free and hence we know precisely that the transmitted
energy Fy, as given by Definition 54, is equal to one. We will study a TM wave
(Case 1B) described by equations (D.63) and (D.64). We define the relative error
€(a,0) (resp. €(a, B)) for the «,0-quasi periodic method (resp. «, f-quasi periodic
method) when we compute the transmitted energy Ey, as €(«, 0) = |Ey(a)— E;| and
e(a, B) = |Ei(ar, B) — Et]. We then compare the logarithm of €(a, 0) with e(a, f)
for a fixed number of nodes and a fixed degree of the polynomial basis. We can
see from Figure 7.14 that the «, -quasi periodic method is far more accurate than
the a,0-quasi periodic method. The «, #-quasi periodic method has a consistent
accuracy of 1071 for a wide range of wavenumbers. In fact to achieve a relative
error of 1071 at k& = 20d the o, -quasi periodic method requires 625 dof whereas
the a,0-quasi periodic method requires 9409 dof. It is known for single scattering
that there is an instability in numerical methods when we have high wavenumbers
[59, 16]. Here we observe however that not only is the «, S-quasi periodic method
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Figure 7.13: A perfectly conducting grating (see Figure 7.11) interacting with a
TE field (Case 1A). The numerical results given in [25] are used as the exact values.
The errors in the computation of efficiencies of the diffracted waves are plotted
against the number of vertices dofy, as defined in Section B.3.3, using polynomial
bases of degrees p = 3 (full line) up to p = 7 (dashed dot line) in (a) for the
efficiency of order 0, (b) for the efficiency of order 1 and (c) for the efficiency of
order 2.

reliably accurate, it is also able to cope with high wavenumbers where the standard
approach fails.

In this second example of this section, we consider again the perfectly conduct-
ing echelette grating as shown in Figure 7.11. As before we use the results given
in [25] (denoted Rf ) as the exact values of the diffraction efficiency R; for j = 0,1
and 2. We then use a uniform mesh and we calculate the diffraction efficiency ob-
tained with the «, 0-quasi periodic method (denoted RJO."O), using equations (4.58)

and (4.59), and with the «, 5-quasi periodic method (denoted R?"B ) using equations

(6.35) and (6.36). We examine the absolute error |e(c, 0/, 5)]| = ’Rf — R?’O/a’ﬂ}
and plot this error as a function of the degree of the polynomial basis p (keeping h
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Figure 7.14: A scatterer free calculation using a TM wave (Case 1B). Comparison
of the logarithm of the relative error in computing the transmitted energy from the
a,0-quasi periodic method (full line) and the «, 8-quasi periodic method (dashed
line). The degrees of freedom is fixed for both cases and the wavenumber £ is
varied.
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fixed and the same dof in each method). We can see from Figure 7.15 that there
is no significant difference in the rate of convergence of the numerical solutions
obtained from the two quasi periodic methods with the echelette grating when
the wavenumber k£ = 1/0.4368 as given in [25] is not large. In the following ex-
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Figure 7.15: A perfectly conducting echelette grating (see Figure 7.11) interacting
with a TE field (Case 1A). Comparison between the absolute error from the «, 0
(dashed line) and the «a, 8-quasi periodic methods (full line) in calculating (a) the
reflection efficiency of order 0 (Ry),(b) the reflection efficiency of order 1 (R;) and
(c) the reflection efficiency of order 2 (Ry).

ample, we consider the perfectly conducting cylinder grating shown in Figure 7.3
interacting with a TM wave (Case 1B). Here the exact solution is not computable,
and so we compute the transmitted energy (given by Definition 54) and keep re-
fining uniformly the mesh until this converges (that is, when the first four digits
are the same). We denote this converged value by FE;. We define the relative
error €(a, 0) (resp. €(a, 3)) for the a,0-quasi periodic method described by equa-
tions (D.63) and (D.64) (resp. for the «, f-quasi periodic method described in a
similar way to equations (6.35) and (6.36)) as €(«,0) = |Ey(«,0) — Ey|/E; (resp.
e(a, B) = |Ei(a, B) — E¢|/ Et). We then fix the number of degrees of freedom at the
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point where ¢(a, ) = 0 in the «a, f-quasi periodic method and examine how each
method performs as the wavenumber is varied. It can be seen in Figure 7.16(a)
that the a, f-quasi periodic method is considerably more accurate and requires far
fewer computational resources than the a,0-quasi periodic method. To achieve a
relative error of 10~ at k& = 30d the a, -quasi periodic method requires 3600 dof
whereas the «,0-quasi periodic method requires 55872 dof. We now use the same
geometry but this time set the cylinder as a transmitting dielectric grating in a
TE field (Case 2A). As above, we compare the logarithm of the relative error in
computing the transmitted energy where we fix the number of degrees of freedom
at the point where the «a, S-quasi periodic method converges and examine how each
method performs as the wavenumber is varied. A similar conclusion is obtained
when we examine Figure 7.16(b) where it can clearly be seen that the «, S-quasi
periodic method outperforms the «,0-quasi periodic method by some degree. In
fact, to achieve a relative error of 107* the «, 3-quasi periodic method requires
6433 dof whereas the «,0-quasi periodic method requires 101761 dof. In Table
7.2, we show the effect of each uniform refinement on the number of elements Ny,
the dof, when p = 4 is fixed and the total degrees of freedom dof. This shows
us that, since each element is divided into four new elements, the dof becomes
four times larger. Hence, the computational cost becomes significantly large for
the refined mesh compared to the unrefined one. This makes the computational
cost from using the o, f-quasi periodic mesh cheaper since it converges with fewer
nodes as opposed to the a,0-quasi periodic. The previous sections showed the

Case number of refinement  Ng dof, dof
Case 1B 3 768 3168 3600
4 3072 12480 14112
5 12288 49536 55872
Case 2A 3 1408 5696 6433
4 5632 22656 25537
5 22528 90368 101761

Table 7.2: The variation of the number of elements Ny, the degrees of freedom
from p-refinement dof, and the degrees of freedom dof defined in Section B.3.3
when we make uniform refinement with a cylinder grating as shown in Figure 7.3
for Case 1B and Case 2A.

benefits of using the «, #-quasi periodic method and throughout the computations
were conducted on a uniform mesh. We now want to investigate the benefits that
can be obtained by using an adaptive grid and in particular where this adaptivity
is driven by the Dual Weighted Residual method constructed in Chapter 5.
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Figure 7.16: Cylinder grating as shown in Figure 7.3. Comparison of the loga-
rithm of the relative error in computing the transmitted energy from the «,0-quasi
periodic method (full line) and «, f-quasi periodic method (dashed line) (a) for
Case 1B and (b) for Case 2A.
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7.2.3 Comparison with the DWR method

In the following example, we consider the transmitting dielectric lamellar grating
as shown in Figure 7.17. This type of grating is used in modeling multiscale
phenomena grating problems, and has been studied in [13] using a hybrid approach
that combines a perfectly matching layer technique and an adaptive finite element
method driven by a global a posterior: error estimate and it can be applied in
solving optimal design problems. For our investigation we will fix the wavenumbers
as k1 = 2m and ky = (0.22 + 6.717)27, the angle of incidence # = 7/6 and the period
d = 1. We will consider a TM field (Case 2B) as described by equations (D.71)
and (D.72), and compute the reflection efficiency of order zero (Ry) as given by
equation (4.71). Since we will use the DWR method, we employ Lemma 65 and
equation (5.40) to find the dual solutions and the error bounds. We follow the
algorithm in Section 7.1.2 and we choose a tolerance TOL = 10~%. To provide a
basis for a relative error we use the global method in [13] with 201205 degrees of
freedom which gives REY = 0.8484815. We then compare the relative error using
the global a posteriori error estimate in [13] and the DWR method defined by
e(DWR/Global) = ’R(?WR/GlObal — RF|/RE. We can see from Figure 7.18 that the
DWR method converges faster than the global a posterior: error method studied in
[13]. We also note that the indicative computed error I, given in equation (7.12)
decreases monotonically which shows the convergence of our DWR method. We
choose to stop at a relative error of 107% since the mesh becomes very irregular
and this will lead to a numerical instability if we keep refining [3, 20]. In addition,
since we focus on the local error, there is a pollution coming from the global error.
In practice, we can avoid this problem by refining the mesh in the neighborhood of
the high stress gradients; that is, at the singularities in the geometry. We cannot
always guarantee that the areas of high stress gradients coincide with the areas
of interest and this may lead to pollution error. Hence, we can improve the goal-
oriented error estimation method by using a proper balance between the local error
and the global error so that the mesh is refined to assure a high level of accuracy
of the quantity of interest and at the same time we do not underestimate the effect
of the global error [51]. We can also compare the DWR method with the use of a
uniform mesh. As above, we compare the relative error using the uniform mesh and
the DWR method defined by e(DWR/Uniform) = |Ry"™ /"™ — RE|/RE.
We can see from Figure 7.19 that the error associated with the DWR method
does not decrease monotonically unlike that associated with the uniform mesh.
However when the dof > 10* the DWR converges faster and requires fewer degrees
of freedom than using the uniform mesh when we use with the «,0-quasi periodic
method.
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Figure 7.17: Transmitting dielectric lamellar grating.
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Figure 7.18: The transmitting dielectric lamellar grating shown in Figure 7.17 in
a TM field (Case 2B). The relative error in computing the reflection efficiency
Ry, using the global a posteriori error estimate in [13] (dashed line), the DWR
method (straight line) and the indicative computed error I.,.. (dotted line) given by
equation (7.12) which shows an upper bound of the discretisation error in solving
numerically the Helmholtz problem.
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Figure 7.19: The transmitting dielectric lamellar grating shown in Figure 7.17 in
a TM field (Case 2B). The relative error in computing the reflection efficiency Ry,
using uniform mesh (full line) and the DWR method (dashed line).
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7.2.4 Application of the DWR to a scatterer with a com-
plex geometry: the butterfly wings

One of the main reasons for using a finite element approach is of course its abil-
ity to tackle any prescribed geometry. The examples we have discussed so far
have all dealt with regular geometries and this of course has allowed us to com-
pare our method with exact or semi-analytic methods that capitalise on this
regularity. In order to develop more sophisticated grating structures that can
help push this technology forward it is necessary to be able to investigate irreg-
ular geometries. One recent exploration of what could be achieved by freeing
up these geometrical constraints has been inspired by a naturally occurring pe-
riodic diffraction grating. When scattered by light, the Morpho butterfly wing
produces colour and this allows a dynamical control of light flow and wavelength
interaction [125]. The scattering of the Morpho butterfly wing has inspired appli-
cations in biomimetics such as gas sensors, electronic display screens and paints
for cars [98, 129, 124, 102]. A cross-section of the butterfly wing geometry,which
is a transmitting dielectric grating, has been studied experimentally in [125] using
a focused laser technique to examine the absolute reflectivity and transmittiv-
ity. We have scanned one period of this image and extracted the coordinates of
the grating interface which we subsequently smoothed using a Savitzky Golay fil-
ter [100, p. 183,644-645] (Figure 7.20). We have set the wavenumber inside the
butterfly wing as ky = (1.57 + 0.067)27/0.455 and outside the butterfly wing as
ki = 2m/0.455; which belongs to the range of values given in [125]. We impose
a TM field (Case 2B), as described by equations (D.71) and (D.72), and use our
DWR method. Therefore, we need Lemma 65 and equation (5.40) to find the dual
solutions and the error bounds. The degrees of freedom used is dof = 11557,
with N = 15 Fourier terms and the degree of the polynomial basis p = 3. We
choose a tolerance TOL = 0.001 in the algorithm in Section 7.1.2 to reproduce the
imaginary and real parts of the magnetic field. The final indicator computed error
I.., as given in equation (7.12) shows that the discretisation error in solving the
Helmholtz problem was kept under I, = 3.0312310~* so that the level of accuracy
in our numerical solutions is of this order. This numerical result is a first step in
showing that we can use the DWR method to solve numerically the diffraction
phenomenon using a single scale transmitting dielectric grating from the butterfly
wing. At this stage it is difficult to compare this result with the experimental data
[125, 98, 130] as there are no plots of the field given. In our study, we produce the
solution field and there are no such images in those literature. We could produce
the reflection coefficient spectrum but the experimental situation in [125, 98, 130]
is far more complex since the butterfly wing is pre-treated in a liquid and therefore
we need to develop a more sophisticated model.
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Figure 7.20: Reproduction of the image of the Morpho butterfly wing over one
period d.
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Figure 7.21: A transmitting dielectric Morpho butterfly wing grating (Case 2B)
as shown in Figure 7.20. The spatial distribution of the magnetic field is shown
for (a) the imaginary part and (b) the real part.
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7.3 Summary and Conclusion

In this chapter, we described the implementation of our finite element methods for
solving the periodic grating Helmholtz problem. In the case where the implemen-
tation presented some novel aspects, we gave details to expose this novelty. We
gave details of both the uniform mesh and the adaptive mesh algorithm as this
provides a computational basis for comparing the two approaches. Our first task
was to show the validity of the our implementation by comparing our results with
those from the literature. Our numerical results presented in Section 7.2.1 showed
good agreement with the experimental results in [95], the analytical approach in
[81], the lattice sum technique in [128] and the method of variation of boundaries
in [25]. We also found that the order of the polynomial basis and the degrees of
freedom had a significant impact on the accuracy of the diffraction efficiency and
on the computational cost as compared to the number of the Fourier terms. We
then compared the «,0-quasi periodic approach to the «, -quasi periodic method
to investigate any improvements in accuracy, stability and computational cost.
In Section 7.2.2, we found that the results from the «, S-quasi periodic trans-
formation and «, 0-quasi periodic transformation converged at the same rate for
the echelette grating. This result changed for larger wavenumbers for a perfectly
conducting cylindrical grating. It transpired that the a, -quasi periodic method
converges at a far lower number of degrees than the «,0-quasi periodic method
(for example to achieve a relative error of 107! for k = 30d the «, S-quasi periodic
method required 3600 dof whereas the a,0-quasi periodic method required 55872
dof) for Case 1B and we noted the same behaviour for Case 2A (for example to
achieve a relative error of 10~ for & = 30d the «, S-quasi periodic method re-
quired 6433 dof whereas the «,0-quasi periodic method required 101761 dof). We
then investigated the merits of using an adaptive grid driven by a Dual Weighted
Residual (DWR) method. In Section 7.2.3, we concluded that the DWR method
converged faster and required fewer degrees of freedom than the global a posteriori
error estimate proposed in [13]. Finally, we took advantage of the geometrical free-
dom that the finite element method allows and examined a naturally occurring,
periodic diffraction grating in the form of a butterfly wing. Its diffraction proper-
ties have previously been experimentally measured but this is the first attempt to
mirror those results using a finite element approach. The TM field was success-
fully calculated and showed the complex interaction between the scatterer and the
field. There are still some open questions regarding this approach to numerically
solving these diffraction problems. It will be interesting to investigate numerically
the sensitivity of the grating efficiency to small changes in the geometry of the
grating profile. This would be important when we consider the inverse problem
where we have a desired grating efficiency spectrum and we wish to construct the
grating profile that would give rise to the spectrum. Also, we still do not have
an analytical relation to justify our choice of parameters such as the number of
the Fourier terms, the truncation of the domain B, the order of the polynomial
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basis and the mesh size h. It transpires that the accuracy of the numerical results
is not significantly affected by the truncation of the DtN operators. It would be
good therefore to have an analytical result to show that there is advantage in using
finite element methods because fewer Fourier coefficients are needed.
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Chapter 8

Conclusion

Diffraction gratings have been used for example in crystalline silicon solar cells [94],
gas sensors [98], high intensity colour displays [36], and in medical imaging through
x-ray [62, 132]. The gratings are also used on credit cards or other identification
cards as a security measure, providing an image that can be read by an optical
scanner [19]. In order to develop these technologies further it would be useful
to have fast and reliable mathematical models so that putative designs can be
constructed. The appropriate model is given by the Helmholtz equation but this
needs to be solved numerically even for fairly simple diffraction gratings.

We started by describing the physical and mathematical aspects of the prob-
lem of diffraction when an electromagnetic wave interacts with a periodic grating.
From Maxwell’s equations, it can be shown that the problem can be decomposed
into two elementary mathematical problems which are the transverse magnetic
(TM) and the transverse electric (TE) Helmholtz problems. For each problem,
the grating can be perfectly conducting or transmitting and so we studied four
cases. In order to keep this thesis at a reasonable length, we have just shown the
results for Case 1A (TE case for the perfectly conducting grating) when we studied
the a priori error estimate using the «,0-quasi periodic method and the results
for Case 1A (TE case for the perfectly conducting grating) in the main body of
the thesis. We truncated the domain with respect to the y direction and intro-
duced the Dirichlet to Neumann (DtN) maps. We then formulated the boundary
value problems corresponding to the truncated domain, where the incident wave
was included via the boundary conditions. We then considered an equivalent but
alternative formulation that incorporated the incident wave via an inhomogeneous
forcing term (with compact support). We derived a regularity result for multiple
scattering that showed an explicit dependence on the wavenumber &k and the forc-
ing term f. This regularity result was then used to prove the well-posedness of the
variational formulation. It also gave us a hold on the convergence and the stability
of the solution when we later solved numerically the scattering problems. In fact,
if we let h denote the maximum mesh size of our elements, and p be the highest
order of the finite element basis, since we know explicitly the dependence of the
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regularity results on the wavenumber k, then the a prior:i error estimate presented
a power factor of k%. Hence, we can choose the mesh size h and the order of the
polynomial basis p for a given wavenumber k& to balance the computational time
and the accuracy of our approximated solution.

We then studied the «,0-quasi periodic method which transformed the diffrac-
tion problem from the a-quasi periodic space to a periodic space. We gave a
variational formulation on an appropriate Sobolev space and demonstrated the
well-posedness of this continuous problem. We then investigated the a priori error
estimates that arise through discretisation and through truncating the DtN map.
In this way, we made sure that the approximate solution is unique. In Theorem 62,
we derived an a priori error estimate for Case 1A that arises due to the discreti-
sation and the truncation of the DtN map. For the discretisation, we derived an
explicit dependency of this error on h, p and k. It transpired from our a priori
error analysis that the number of Fourier terms used, when we solve the problem
numerically, plays a minor role compared to our choice of the mesh size h and the
order of the polynomial basis p.

We then derived an a posteriori error estimate that arises when we discretise
the Helmholtz problem using the Dual Weighted Residual method which consisted
in estimating a particular linear functional of this error. We started by recalling the
direct problem and introducing the dual problem. We then estimated this linear
functional of the error in equation (5.40) and we showed in Section 5.5.2 that this
upper bound can be evaluated. This allowed us to perform an automatic mesh
adaptation based on the local error indicators px and wg as defined in equations
(5.41) and (5.42) in Chapter 7.

It has been reported for single scattering that when we have a high wavenum-
ber k, numerical methods such as the finite element method become unstable. In
an attempt to circumvent this problem we transformed the diffraction problem
by writing the solution U as a product of the analytical solution of the scatterer
free Helmholtz problem with an unknown solution U, 3. We were able to show in
fact that the dependence of this transformed wave equation on the wavenumber k
is of order 1 compared to order 2 for the original solution U, . In order to test
our analytical results a series of numerical investigations was undertaken in Chap-
ter 7. We started by describing the implementation of our finite element method
and gave details of both the uniform mesh and the adaptive mesh algorithm so
that we could compare the two approaches. This was followed by the validation
of our implementation where we compared our results with those from the liter-
ature. In Section 7.2.1, we got good agreement with the experimental results in
[95], the analytical approach in [81], the lattice sum technique in [128] and the
method of variation of boundaries in [25]. We also demonstrated that the order of
the polynomial basis and the degrees of freedom had a significant impact on the
accuracy of the diffraction efficiency and on the computational cost as compared
to the number of the Fourier terms. In Section 7.2.2, we compared the «,0-quasi
periodic approach to the «, S-quasi periodic method. We found that the results
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from the «, S-quasi periodic transformation and «, 0-quasi periodic transformation
converged at the same rate for the echelette grating in the low wavenumber regime.
This result changed for larger wavenumbers for a perfectly conducting cylindrical
grating and a transmitting dielectric grating. In these cases, the «, 8-quasi pe-
riodic method converged at a far lower number of degrees of freedom than the
a,0-quasi periodic method. We then investigated the advantages of using an adap-
tive grid driven by a Dual Weighted Residual (DWR) method. In Section 7.2.3,
we concluded that the DWR method converged faster and required fewer degrees
of freedom than the global a posteriori error estimate proposed in [13]. Finally, we
took advantage of the geometrical freedom that the finite element method allows
and examined a naturally occurring, periodic diffraction grating in the form of
a butterfly wing. Its diffraction properties have previously been experimentally
measured but this is the first attempt to mirror those results using a finite ele-
ment approach. The TM field was successfully calculated and showed the complex
interaction between the scatterer and the field.

Modeling of wave interaction with a diffraction grating is a very active research
topic, and there are lots of open problems in this field. For example, how the
efficiency of the diffraction grating is affected by a small change in the geometry of
the scatterer. From a design perspective it is important to investigate the inverse
problem of achieving a desired device performance using a model driven approach.
In this area, the theory of uniqueness and existence is still not fully understood.
Another open question is the dependence of the numerical results on the extent of
the truncated domain. We can also think of improving the computational cost of
solving the problem by performing parallel computation. It will be also interesting
to extend our numerical methods to dynamic gratings so that we can investigate
acousto-optic devices for tunable optical filters [108]. Finally, it will be interesting
to extend our methods to the three dimensional Helmholtz problem for biperiodic
gratings.
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Appendix A

Sobolev spaces

In order to make statements about the existence and uniqueness of solutions to
our problem we will use results from functional analysis [68]. We therefore have
to clearly define the space that the solution is a member of. To that end let us
start by defining Sobolev spaces and associated norms. This section is concerned
with establishing the notation which will be used in this thesis. More details on
Sobolev spaces can be found in [35, 22, 68]. We start by giving the definition of a
norm as described in [22].

A.1 Some useful definitions

Definition A-1. Let V be a linear space, then, for all v  V, a norm . is
a function which maps each element v to a positive real value which satisfies the
following properties

1. v =0,
2. v =0if and only if v is equal to zero.
3. Forc R, cv =] wv

4. v+w < v + w ,forallw V. This last property is called the
triangle inequality:.

Remark If only properties 1, 3 and 4 hold then . is a semi-norm and is denoted
by |.| instead.

Definition A-2. An inner product is a map
('7'>V:VXV — (C

that satisfies the following three axioms for all vectors z,y,z V and all scalars
c C
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1. Conjugate symmetry

(l’, y)V = (y7 x)V'
2. Linearity in the first argument

(Cl‘, y)V = C(x7y>\/7 (Al)
(l’ + ya Z)V = ("L‘a Z)V + (ya Z)V'
3. Positive-definiteness
(x,2), =0
with equality only for z = 0.

Definition A-3. A linear space V with an inner product is defined as an inner
product space and is denoted by (V,(-),/) -

Definition A-4. Let (V, (+),,) be an inner-product space. If the associated normed
linear space (V, - )is complete, then (V,(-), ) is called a Hilbert space [22].

Definition A-5. Let V' be a linear space. A bilinear form, b(.,.), is a mapping
b:V =V - Rsuch that for any v,w V', the maps v - b(v,w) and w - b(v,w)
are linear forms on V.

Definition A-6. Let (V,(+),,) be an inner-product space. A forma:V xV - C
is sesquilinear if

alx+y,z+w) = alz,z)+alr,w)+ aly, z) + aly, w) (A.2)
a(cix,coy) = ¢1co alw,y)

for all z,y,z,w V and for all ¢;,co  C. In addition a sesquilinear form is
continuous if there exists a constant C,,; > 0, such that

|G(U,U)| < C(com‘/ u v v vy
forallu V,v V.

Definition A-7. Let f be a function defined in a bounded domain f  R™, for
m =1,2 and let p N. Then we define the space LP(F ) by

LP(F)={f: [ wr4)< oo}
Here

1
fowy= (/ |f(z, )" dxdy> . 1=p<oo,
F

and for p = oo
foregy=esssup{lf(z. y)l : (z.y) F}

where

esssup{|f(z,y)|: (z,y) F}=mf{C=0:|f(z,y)|=C for almost everywhere}.
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Lemma A-8. For S R™, form = 1,2 and for any f,g L'(9)

(f,9)s = /S f9ds, (A3)

is an inner product [22].

Proof. We need to check the three properties given in Definition A-2. We note
that

(gaf)S = \/Sg?dsa

- /—g
(f,9)s-

we also have for ¢ C that

((cf +1),9)g = / (cf + h)gds,

- gdS hgds,
C/ng +/S g
= c(f,9)s+(h,g)g.

We finish the proof by noting that

(f.N)s = /S f7ds.

- /S |12,

= f %2(5)7
from Definition A-7 for p = 2 and so
(fa f)S - 0
if and only if f = 0 from Definition A-1. O

Definition A-9. Let K be any compact subset of int f, where int F is the interior
of F. Then we define by

L (F)={f:f LYK}
the set of locally integrable functions.

We can now define the Sobolev norm and the associated Sobolev space as follows.
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Definition A-10. Let [ be a positive integer, and let f belong to L. (F). Let

loc

~v,v1 and 5 be positive integers. Also let us assume that for all |y| < [ the weak

derivatives D7 f exist where

DY =9,79,,
such that

7l =7+
Then the Sobolev space is defined as

W)= {f+ f wi< oo}

where
1/p

f W,f(f):: Z D’Yf Iz/P(f) )

lv|<l

for 1 <p < oo. If [ = oo, then

/ Wi (F)= max{ D7f pe()}

lv[<l

Definition A-11. Let [ be a positive integer, and let f belong to Wé(F). The
Sobolev semi-norm is defined as

[flwiry = (O DV b0 )7,

[v|=l

for 1 = p < oo. If [ = oo, then
| flwe oy = I‘E‘g{ DVf pee}

This can be generalised for [ = s R. For the special case when p = 2 we write
W3(F) =H*(F).
This leads to the following definition.

Definition A-12. Let (  OF . The space H%(Q) is defined as [35]

1
HHO = {0 IO v, <o
with
2 o 2 2
L R

and the semi-norm

2 _ lv(z) —v(y)?
ol = /C ( /< o) = v()t da:) iy
Note that if f Hz(¢) then f LY¢) and f  L2(C) [35).
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The following theorem will be used a lot later when we study the a priori error
estimate of the problem.

Theorem A-13 (Trace theorem). Let s = 1/2, the trace operator T : H*(F) —
H*"3(dF ) is a bounded operator [22, 35, 40] that is

The operator T extends to a linear and continuous operator from H*(div, F) to
H*Y2(OF) for s = —1/2 [26], such that

He(div,F)={g9 H°(F): divg H*(F)}.

Let f R?and s R, then we will denote f H,(F) the norm of f in H*(F)
when the function f is periodic with respect to x. For the particular case where
the function is periodic and F R, we also have the following definition.

Definition A-14. Let g(z) be a complex periodic function of period A\ where
x  R. The space H3(f ) for s R is [105]

Hy(F)={g L*(F):9(0)=g(\) and g ps() < ©0,}
with

2\ *\° |
9 ) = > (H (T) ) g™, (A.4)

and

1 2rn
g(") — _/ g(x)eiz%xdx, for n 7.
AJo

A.2 Quasi-periodicity

Definition A-15. A function G(z,y) is a-quasi-periodic of period d if
Gz +d,y) = Gz, y)

for some d R.

The periodicity of the grating combined with the presence of the incident wave
make U a-quasi-periodic [95, 82] and we have the following Lemma holds.

Lemma A-16. G, is a-quasi-periodic of period d if and only if there exists a
periodic function G with the same period as G, such that

Golz,y) = "G(2,y).
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Proof. If we suppose that we have
Galz,y) = G (z,y), (A.5)
then

Go(z+d,y) = NGz +d,y),
= e Q(g,y), since G is periodic with period d,
- eiadGa(l‘a y))

by using equation (A.5) so G, is a-quasi-periodic. Now, let us suppose that G, is
a-quasi-periodic

Go(r,y) = €Go(x —d,y),

ez’a(derfz)Ga(x _ d, y),
eiozze—ia(z—d) Ga(l' _ d, y)

Let us denote G(z,y) = e G, (x,y) and let us show that G is periodic with
period d. We have

G0y) = Gal0,y), (A.6)
and
G(d,y) = e ™G (d,y).
(G, is a-quasi-periodic and so

Go(0,y) = e ™G, (d,y), (A7
= G(d,y). (A.8)

Using equations (A.6) and (A.7) gives
G(0,y) = G(d,y)
which finishes the proof. O

From now on, if f R? and s R, then we will denote  f w2 ,(r) the norm
of f in H*(F) when the function f is a- quasi periodic with respect z. For the
particular case where F R, and g(x) an a-quasi periodic function of period A.
We have the following definition.

Definition A-17. Let g(x) be a complex a-quasi-periodic function of period d
where #  R. The space Hj,(F) for s Ris [118],

Hu(F)={g L*F):g(\)=¢"g(0): g meqry < o0},

208



with

and N
1 . ™™
g(na) - _/ g(l‘)e_l(%—i_a)xdl‘, for n 2.
0

In light of these definitions, let us return to our problem and establish some
notation that will allow us to define the various functions that will arise in each
of the domains in Figure 2.3. When we study the grating problem analytically in
Chapter 3, Chapter 4 and Chapter 6 we use both periodic and a-quasi-periodic
functions, therefore the function spaces that we will utilize on the boundaries and
with the DtN maps are

Ly(0,d]) = {g L([0,d]): g(d) = g(0)}, (A.10)
Lyy(0,d) = {g L*([0,d]): g(d) = e™'g(0)}, (A.11)
HL([0,d]) = {9 H([0,d]) : g(d) = g(0)}, (A.12)
Hy((0,d) = {9 H([0,d]): g(d) = e*g(0)}, (A.13)

and the function spaces that we will utilize inside €2 are
Ly(Q) = {f LQ):f(dy) =[f0y), vy [-BB} (A.14)
Liy(@) = {f L([0,d): f(d,y) =€'f(0,y), y [-B, B}, (A15)
H;E(Q> = {f HS(Q) : f(d7 y) = f(Oa y)a Y [_Bv B]}a (A16)
H;#(Q> = {f HS(Q) : f(d7 y) = emdf(oa y)a Yy [_B7 B]} (A17)
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Appendix B

The Finite element method

In this appendix we recall some basics tools in the mathematical theory of finite
elements that we need in our analysis. The finite element method is a numerical
technique commonly used to approximate the solution to the partial differential
equations that arise in many mathematical models. The finite element method
reformulates the problem as a variational one which involves an integral of the
partial differential equation over the spatial domain. This domain is broken into
a finite number of pieces called elements, and the finite element method uses local
basis functions to express the approximate solution in each element. By carefully
matching this patchwork of local approximations the solution to the original prob-
lem is found. In this section we provide a brief review of the basic concepts used
in the numerical analysis of finite element methods [35, 22, 21, 92].

B.1 Variational formulations of elliptic bound-
ary value problems

In the following, let f  R? be a bounded domain and let F denote the boundary
of F . Also, let L be a partial differential operator of second order and let u

C?*(D) be such that

2
Lu = — Z 0j(a;,0ku) + apu, (B.1)

jk=1

where a;;(x,y) and ao belong to L>°(D). The associated boundary value problem
is given as follow. Find u  C?*(D) such that for f L*(D) and g L*(m), we
have

Lu = f in D,
v = 0in 7,
0
% = g¢in 7, (B.2)
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where 7, OF for j =1,2.

Lemma B-1. Let us denote C}(F) ={v  CYF): v(z,y) =0, (x,y) 7} Then
for anyv  CY(F), the given boundary value problem (B.2) can be formulated as a
variational problem often referred as weak formulation as follows. Findu — CY(F)
that satisfies

a(u,v) = (1,7),, (B.3)

where

a(u,v) = / (Z a0k ud;v + amw) dxdy,
f

gk
(l,v),, = /f@—/ Zajkg@njds, (B.4)
F Tk

and f L*(F) and g L*(r2). Here n; is the j-th component of the outward-
pointing normal derivative n for j =1, 2.

Proof. We use Green’s formula in our proof [22]

/@-w@dmdy: —/w@ﬁdwdy—i—/ wv njds (B.5)
F F or

for j = 1,2 where v,w is a C! function. We insert w = a;;0u in (B.5) which leads
us to

/@-(ajkaku)@dxdy = —/ajkakuaj@dxdy—i—/ ajrOpuvn;ds,  (B.6)
F F or

= —/ajkakuaj@dxdy—l—/ a;Lgun;ds,
F

T2

because v = 0 on 7, and we use equation (B.2), which finish the proof. 0

B.2 Analysis background

In this part we will introduce a brief review of the analysis, which is used to
establish existence and uniqueness of solutions to variational formulations based
on elliptic boundary value problems. Let V' be a Hilbert space with induced norm
||.|| and let a: V <V - C be a bounded, sesquilinear form, which is continuous
(see Definition A-6). The dual of V', which we denote by V', is defined as the set
of all linear maps

v:V - C.

We want to show that our problem is well posed by proving that the solution exists
and is unique. We need one of the following results.
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1. Lax-Milgram

Definition B-2. A sesquilinear form a : V <V - C is called V— elliptic
(positive definite) if there exists a positive constant C' such that

Cu < la(u,u)

for all w V [58][p. 46].

We prove the existence and uniqueness of solutions for positive definite prob-
lems by using the following Lax-Miligram theorem.

Theorem B-3. (Laz-Miligram) Assume that a sesquilinear form a : V %
V- C, defined on a Hilbert space V', satisfies

(a) continuity which means there exists M > 0 such that
}a(u,v)} s=Muyovy

forallu,v 'V,

(b) V-ellipticity as given in Definition B-2 and let f be a continuous linear
functional defined on V. Then there exists a unique element ug V

such that for allv V we have [58][p. 46]
(I(U()’ U) = (f’ U)V)
2. Fredholm alternative

Definition B-4. A sesquilinear form a : V xV - C is called V-coercive if it
satisfies for all v V' the Garding inequality [58][p. 51]

M v 3=C v *+|a(v,v), forall v V

where M and C' are positive constants and

v 2= (v,0).
The following result is used to prove the existence of solutions to the variational
equation from their uniqueness.

Lemma B-5. If the sesquilinear form a : V xV - C is V-coercive. Then the
problem corresponding to a(u,v) = (f,v) satisfies the Fredholm alternative and
either the problem has a solution w V' for all continuous linear functionals [ or
there exists a nontrivial solution of the homogeneous problem. Hence the existence
of the solution follows if we can show uniqueness [58][p. 51].
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B.3 Finite element space

We assume that the reader is familiar with finite element analysis but we include
parts of this section to establish notation using [35, 22, 21, 92].

1. Finite element partitions.

In our study, we use the polynomial space P, to construct finite elements on
a triangular mesh. The space P, is the set of polynomials of total degree at
most p in the variables x and y,

P, = span{z'y™, 0<1, m, [+ m<p, for,m,p N}

We will use D to denote a polygonal domain and 0D to denote its boundary.
A finite element partition ¢ of D is a collection {K} of elements such that

e the elements form a partition of the domain, that is
ﬁ — Kgcf,
where Q (K) is the closure of Q (is the closure of K).

e cach triangular element is contained in D,

e the intersection of two adjacent elements is always nonempty and either
it is a single common vertex or a single common edge of both elements

2. Finite element spaces on triangles.

Let p N and let ( be a regular partition of the domain D into triangular
elements. The finite element subspace of order p associated with ( is given
by

V={v CD): K (g P}

where D is the closure of D. The mesh size of an element (triangle) is defined
as the diameter of the triangle.

3. Degrees of freedom.

Let p N and let { be a regular partition of the domain D into triangular
elements. The total number of triangular elements K inside the partition ¢
is denoted Ng. To construct each triangular element we need 3 nodes (nodal
degrees of freedom) and the total nodes needed for all the triangular elements
inside ( is denoted by dof;,. To construct the polynomial basis of degree p
on each triangular element K we need to add 3(p — 1) + p — 2 nodes. If
we denote by dof,, the total number of nodes needed for all the polynomial
bases of degree p on all the triangular elements then the total number of
degrees of freedom, denoted by dof, is defined as

dof = dofy, + dof,. (B.7)
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Appendix C

A regularity estimate for the
inhomogeneous Helmholtz

problem for periodic gratings for
Case 1B, Case 2A and Case 2B

For completeness of Chapter 3, regularity results for Case 1B and Case 2B will be
derived in this chapter.

C.1 General case

Let f(x,y) represent the forcing term in the inhomogeneous Helmholtz equa-
tion. For perfectly conducting gratings, we have f(z,y) L?*(R%) and we have
f(x,y)  L*(R?) for transmitting dielectric gratings. In this chapter, we want
to study the regularity of the solution U(x,y) of the inhomogeneous Helmholtz
problem depending on the function f(z,y) for Case 1B and 2B. The regularity of
the solution U(x,y) will enable us to study the a priori error estimation of the
approximate solution when we solve the Helmholtz problem numerically.

We again use the same notation as in Chapter 2 for the spatial domains as shown
in Figure 2.1. We also assume that f is local with respect to the y direction which
means that supp f R x [—B, B] (see Figure 2.3).

C.1.1 The inhomogeneous Helmholtz equation

Similar to the derivation of equation (3.3), we have

e Case 1B: Perfectly conducting grating: TM case
Here we are solving for U = H, for a given function f(z,y) L*(R%). The
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inhomogeneous Helmholtz problem is to find U(z,y) C?*(R%) such that

AU(x,y) + kU (x,y) = fley),  (zy) RY,
W: 0, (z,y) ORZ. (C.1)

subject to the radial condition

lim U(z,y) = 0, (C.2)

y|—o0

where 8—(?1 denotes the normal derivative operator on the boundary of each
scatterer (shaded region in Figure 2.1). Putting H = (0,0, H,) and J =
(Jz, Jy, J.) in equation (3.2) we find that f(z,y) = 0, (J,) — 0 (J).

Similar to the derivation of equation (3.24), we have for Case 2B.

Case 2B: Transmitting dielectric grating: TM case

Here we are solving for U = H, for a given function f(z,y) L*(R?). The
inhomogeneous Helmholtz problem is to find U(z,y) C?%(R?) such that

(% U(l”y))+U(a:,y) = flz,y), (zy) R (C3)
(C.4)

subject to the radiation condition

lim U(x,y) = 0, (C.5)

ly|—o0

and the interface conditions given by equations (3.20), (3.21), (3.22) and
(3.23). Putting H = (0,0, H,) and £ = (E,, E,,0), equation (3.2) gives

Fla,y) =9, (m‘]) — 0, (mjy)

We now utilize the periodicity of the grating and restrict our problem to the vertical
single strip S = [0,d] < R as shown in Figure 2.2. Hence the wavenumber k is
given by equation (2.33) for Case 1B and equation (3.27) for Case 2B.

In a similar way to Case 1A, U and f are a-quasi-periodic with respect to x on
this vertical single strip . We again choose our solution U to satisfy the upward
propagating radiation condition [28]. To study the regularity of our solution U,

we also need to study the a-quasi-periodic fundamental solution of the problems
(C.1) and (C.3).
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C.1.2 The a-quasi-periodic Green functions of the Helmholtz
equation

In a same way to derive Theorem 23, we have the following results.

Theorem C-1. Case 1B: Let f(x,y) L2,(S\Qs) and let U C*(S\ Q)
satisfy the inhomogeneous Helmholtz equation given by equation (C.1). Then, the
solution U of equation (C.1) is given by

Ulr,y) = /S\Q G(z = w0,y — o) f (o, Yo)dzodyo. (C.6)

Proof. We replace S \ Q5 with S \ {3 and we can use the same process as in
Theorem 23 to show that

AU(%‘, y) + k%U(l‘, y) = f(x,y)

Also, U is a-quasi -periodic because GG and f are both a-quasi-periodic. In addi-
tion,

lim U(z,y) = 0

ly|—o0

because G is composed of bounded outgoing waves and f has a locally compact
support with respect to y. We finish the proof by noting that

ou _ / aG(:E — 2o, Y — yO)
Q3

an

on f(ﬁo, yo)d%dyo-

003

In our case, for perfectly conducting gratings, the profile of the grating 923 can
be presented either by Figure 3.1 or Figure 3.2. First, let 0€23 be a closed curve as
shown in Figure 3.1, we can see that W f(zo,yo) is regular inside 0€g,
therefore we can apply Cauchy integral theorem [88, p. 4Jand we have

ou

> = (C.7)

003

Next, if 0€23 is an open curve as shown in Figure 3.2, we can see that o, Yo)
is regular inside the closed contour C) where C' consists of ?:1Lj 03 such that
Ly and L, are a period d apart. We can apply Green’s theorem and we have

— / aG(x_«Tan_yo)
C an

OG(x—x0,y—
( azy yo)f(

8_U
on

f(»’Uo, yo)dxodyo,
C
= 0.
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We note that the contributions from L; and L, cancel each other and the contri-
bution from L3 also vanishes, by UPRC since GG consists of waves traveling away
from the grating. Hence

aU aG(l’ _,I'O’y—yo)
on - dxod C.8
on [aq, /693 on [ (o, yo)dzodyo, (C.8)
- (C.9)
which finishes the proof. -

For the TM case, we have the following result

Theorem C-2. Case 2B: Let f(z,y) L;4(S) and let U C*(S) satisfy the
inhomogeneous Helmholtz equation given by equation (C.3) in S. Then, we have

Uz,y) = /SGj(x — 20,y — Y0) f (%0, Yo)dzodyo, (C.10)

for g {0,1,2,3} with G; as defined by equation (3.29) where dj =0 for j =1,2
(radiation condition) and such that for I {0,1,2,3}, the coefficients ci, ¢ and
dy are chosen such that the boundary conditions on the interface separating S; and
Si, giwen by equations (3.20), (3.21), (3.22) and (3.23) are satisfied.

Proof. The proof is similar to Case 2A . O

Remark The coefficients ¢} and dj are different for Case 2A and Case 2B
because when we apply the interface conditions we use £ = (0,0, E,) and H =
(H,, H,,0) for Case 2A whereas we use H = (0,0, H,) and £ = (E,, E,,0) for
Case 2B . From physical considerations, ¢ and d} equals to zero for some |n| >
Ny  N; Ny depends on the complexity of the profile of the grating. Denoting C; =
(C?)\m:o,...,No’ D; = (C?)m\:o,---,No for 5 = 0,1, 2,3 then we have the same number
of unknowns and equations using equations (3.20), (3.21), (3.22) and (3.23).

C.1.3 Regularity of the solution of Helmholtz problem for
periodic grating

In this section, we use the a—quasi-periodic fundamental solution G (or G;) to
establish the regularity of each solution which means that we will try to bound
the norm of each solution and its partial derivative by using some constants times
the norm of the forcing term. From Theorem 27, we have derived the regularity
of the solution U in terms of the given function f for Case 1A . We can proceed
similarly for Case 1B and we have the following regularity result.

e Case 1B: Perfectly conducting grating: TM case
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Theorem C-3. For any v = (y1,72) such that v; N, for j = 1,2, and
for x 0,d], y Sy there exists a constant C,.y which is independent
of the wave number k such that the solution U of equation (C.1) given by
Theorem C-1 satisfies

DU posvan= Creg & 17 F 1205704,

where  DYU 29\, 5 given in Definition A-10.

Case 2B: Transmitting dielectric grating: TIM case

From Theorem 33, we have derived the regularity of the solution U in terms
of the given function f for the Case 2A . We proceed similarly for Case 2B
and we have the following results.

Lemma C-4. For any v = (y1,72) such that v, N, and x  [0,d] and
y R, there exists No N, with ¢} and d;} equal to zero when |n| > Ny, and
there exists kyep < }k:j} such that U given by equation (C.10) in Theorem C-1
satisfies

&ZlU L2(5\Q3) = SuUp nNg Zé U L2(5\Q3)>

nez
IPU s = SUZP' P2 U p2s) +C(ko, k3)Cs SUZP,W;‘LPT2 I 2@
nex,j nesL,)

for 7 {0,1,2,3} where C(ko, k3) is as given by equation (3.36) and

Cs = sup  (72) (’cﬂ, }dﬂ) (C.11)
n,j€{0,1,2,3}
forn  Z with B} and z, as given by equations (2.43) and (2.44). The
coefficients ¢} and dj are defined in Theorem C-2.

Proof. We proceed similarly as in the proof of Lemma 31, but we note
that U is no longer continuous across the interface separating two me-
dia therefore for v > 0 there is a jump condition across the interface and
Cs = Cyo(2). O

Next, we give an approximation of U using f.

Lemma C-5. Foranyz [0,d] and for anyy R, we have for any function
[ L2, ([0,d] xR) and for U as given by equation (C.10)

sup,,; (|71, [45])
U , < 5] J J
(T,9) L) je{o’lszg}’nez .

f(@,y) rxs)
foranyn Z and j =0,1,2,3
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Proof. We proceed similarly as we have done for Lemma 32. O

This leads to the following regularity result for Case 2B .

Theorem C-6. For any v = (m1,72) such thaty; N, for j =1,2, and for
z [0,d],y [—B,B] R there exists a constant C,., which is independent
of the wave number k such that the solution U of equation (C.3) given by
Theorem C-2 satisfies

DU 120)=< Creg(1 + CC(ko, k3)) k 70 f 120,

with Cy and C(ko, k3) as given by equation (C.11) in Lemma C-4 and equa-
tion (3.36) in Lemma 31 and DU  12(q) is given in Definition A-10.

Proof. We follow the same procedure as we have done in Theorem 33 for
Case 2A . O
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Appendix D

A priori error estimates using the
a,0-quasi periodic transformation

Case 1B, Case 2A and Case 2B

For completeness of Chapter 4, we have relegated the analysis of Cases 1B, 2A
and 2B to this chapter. Similar to Case 1A, U is a-quasi periodic then we can use
o, 0-quasi periodic transformation and define a function denoted by U, which
is periodic with respect to x where U = €"**U, . The subscripts a,0 indicate
the transformation used to make risen the function. We start by looking for the
wave equations satisfied by U, o, study the continuity properties corresponding to
Ua,, and then examine the variational formulation. We show that the problem
corresponding to the variational formulation is well-posed. We then use the fi-
nite element method to discretize the problem, and provide a rigorous study of
the a priori error estimation. Following the same approach in Case 1A, we derive
regularity results for the scattering problem in periodic space H. %(Q) for the trans-
mitting dielectric (H;(Q \int 23) for perfectly conducting) gratings for [ = 1. We
then show that solving the variational formulation for U is equivalent to solving the
variational formulation for U, . Since, we have already derived regularity results
in the quasi-periodic case in Appendix C and Chapter 3, and since the variational
formulation for U is much simpler than that of U, o, we investigate the a priori er-
ror estimation in H},,, () for transmitting dielectric (H/,(Q \int Q3) for perfectly
conducting) gratings. This will then allow us to prove new error estimates which
give an explicit dependence on the wavenumber.

D.1 Restatement of the boundary value prob-
lems for the periodic solution

We proceed similarly as in Section 4.1 when we study Case 1A and we derive

e Case 1B: Perfectly conducting grating: TM case
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Lemma D-1. Let U,o  C?*(Q\int Q3) satisfy equation (4.1), then Uyyq is
the solution of the following problem set in the truncated domain €2\ int Q23
(see Figure 2.3)

AU, o+ (K* = o) Uy + 2i0d,U, g = 0, (D.1)

with the DtN map interface conditions at the boundaries of the truncated
region given by

(T = 2 Uao = 2ife 4P, on T, (D-2)
n

—)Uanp =0, onI'_. (D.3)

The Neumann boundary conditions at the surface of the diffraction grating

is
OnUno(x,y) = —tan,U, o(z,y), on 093, (D.4)

and the periodic condition
Ua,O(da y) = Ua70(07 y)7 Yy [_87 B]a (D5>

holds where U(z,y) is the solution of the original Helmholtz problem given
by equation (2.102) where TS is given by equation (4.7) in Lemma 45 and
n = (ng,ny,) is the normal unit vector exterior to 0S2;.

Proof. We omit most of the proof because it is very similar to Lemma 45. The
boundary condition on the interface 0€23 given by equation (2.103) becomes

LU = 0, (eiaz a,O)a
= U.yo (eia“”) N+ e0,Uqp,

= tange" Uy o + € 0,Unp =0

and since ¢** = 0 then 9,U = 0 if and only if ian,U,o + 9,Uso = 0 on
0€)3. O

Case 2A: Transmitting dielectric grating: TE case

Lemma D-2. Let U,y  C%*(Q) satisfy equation (4.1), then U, is the
solution of the following problem in the truncated domain 2 (see Figure 2.3)

AUy + (K = ®)Usp + 2i00,Uq = 0, (D.6)
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with the DtN map interface conditions at the boundaries of the truncated
region given by

(T30 — (,}%)Ua,0 = 2i3% B, on I'y, (D.7)

0
(70 — 5, Va0 =0, onT_. (D.8)

The pertodic condition
Uao(d,y) = Uao(0,9), vy [=B,B], (D.9)

holds where U(z,y) is the solution of the original Helmholtz problem given
by equation (2.104) where TS is given by equation (4.7) in Lemma 45.

Proof. The proof is similar to Lemma 45. O

Case 2B: Transmitting dielectric grating: TM case

Lemma D-3. Let U,y C?*(Q) satisfy equation (4.1), then U, is the solu-
tion of the following problem set in the truncated domain ) (see Figure 2.3)

1

o (ﬁ aUa’O) —f‘ Ua,O — O, (DlO)

with the DtN map at the boundaries of the truncated region given by

a,0 9 :00 —iBYB

(T — 8_)Ua’0 = 2i0ye "7, onI'y, (D.11)
n
9
on

(T*° = —=)Upapo =0, onI'_. (D.12)

The periodic condition
Uoz,O(da y) = Ua,0(07 y)> Yy [_B7 B]) (D13)
holds where U(x,y) is the solution of the original Helmholtz problem given

by equation (2.105) where TS is given by equation (4.7) in Lemma 45 and
o= +i(a,0).
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Proof. Since U = €"*U,, o then

(% U>: (% (eio‘“Umo)),

1 . A
= . (ﬁ (i(oz, 0)€zamUa70 + e Ua70)> s

1 .
. iox 1 iox 1
= e (ﬁ aUa,O) +e . (ﬁ aUa,O)a
. 1
= elafv a- (ﬁ aUa,O) 5

and so equation (2.105) becomes

1

) 1 )
— eloz a'(ﬁ aUa,O) +610¢x ,0-

We have ¢'** = () therefore

1
o (ﬁ aUa,O) + Ua,O = 0.

The rest of the proof is similar to Lemma 45. U

D.1.1 Variational formulation

To obtain a numerical method for computing an approximation to U,y we start
by deriving a variational statement of each scattering problem. Similar to the
derivation of Lemma 46 for Case 1A, we have the following results.

e Case 1B: Perfectly conducting grating: TM case

Lemma D-4. The variational form of the boundary value problem given by
equation (D.1) to equation (D.5) is given by the following statement. Find
Uso Hu(Q\intQs), for all v Hy(Q\int Q) such that

a(Uap,v) = (f,0)r,, (D.14)
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where

a(w,v) = / w. @—/ (k* = o®)wv — 22’04/ (Opw)v
Q\int Q3 Q\int Q3 Q\int Q3

—I—i/ omxw@—/ Tf’owﬁ—/ T*%T (D.15)

0% Ty -

(Fo)e. = = [ 2isteivm, (D.16)
Ly

forw  HL(Q\int Q).

Proof. We proceed in a similar way as in Lemma 46 and get from equa-
tion (D.1),

/ Uno. T— / (k* = a®)U, 00 — 2ia/ (0:Uap)0
Q\int Q3 Q\int Q3 Q\int Q3

—/ aU‘“’O@—/ ooy =0,(D.17)
003 an I'pul RUL+ an

forallv  Hy(2\int 23). Since v and U are periodic then [i. . Wangs —

on
0. Using equations (D.2), (D.3) and (D.4) gives

fQ\int Qs Uap. U~ fQ\int 93(k2 — a?)Ua o0 — 2ic fQ\int 93(8$U0¢,0)@
+i [y, MaUao® = [, T3U 00 = [ TUu 00 = — Jr, 210 P1 By

which finishes the proof. O

e Case 2A: Transmitting dielectric grating: TE case

Lemma D-5. The variational formulation corresponding to the boundary
problem given by equation (D.6) to equation (D.9) can be formulated as fol-
lows.

Find Uso  Hy(Q), for allv  Hy(Q) such that

a’(Ua,Oav) = (fa /U)era (D18)

with

alw,v) = /Q w. @—/Q(kQ—M)wv—Qm/ﬂ(axw)v (D.19)

0 0
—/ T wv—/ T wv
T, r_
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and

Rk, = = [ gt e (D.20)
+

forw  HL(Q).
Proof. The proof is similar to that of Lemma 46. O

Case 2B: Transmitting dielectric grating: TM case

Lemma D-6. The variational formulation corresponding to the boundary
problem given by equation (D.10) to equation (D.13) can be formulated as
follows.

Find Uyy  HL(Q), for allv  Hy(Q) such that

a(Ua0,v) = (f,0)r, , (D.21)
where
1 B 1—ao? _ _
a(w,v) = R v—/ 12 wv—za/ kQ(&Dw)v (D.22)
Q Q Q
1 1
+ia | —(w awv—/ —Taow@—/ — T,
fytom= [ grten= [
and

forw  HL(Q).

Proof. Multiplying both sides of equation (2.105) by 7, such that

e —iax

U, = e "7, and integrating gives

1
/ (ﬁ U)%Jr/U%:O,
Q Q

for all v, H,,(€2). We integrate by parts to get

1 6U
/Q /U% /BQ k2 8n

1 1 8U
e “o (pag)
ok Q LUl RUTL k2 an
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with ', I'g as defined in equations (3.47) and (3.48). Let nr, (nr,) denote
the exterior unit normal vector on I'; (the exterior unit normal vector on
I'r) and note that np, = —nr,, and also kr, = kp, from the geometry of
our scattering problem (see Figure 2.3). Since v and U, are periodic then

/ iaUa,Ov_ ian"Oﬁ_g_/ iaUa,OE
rour, K2 On N r, k* on rp k2 On

_/ aUo¢0 aUo¢,0_
—Jn, 2\ on ' on ©

= 0.

Hence, equation (D.23) becomes

1 1 8U
— U. 7, Uy
e / ! /Fi K2 on °
Since U = €U, o and v, = €"**v, we have
1
— U %—/U@
o k? Q
1 _ ot 1 _
_/Qﬁ Usn.o- U‘i‘/ﬂﬁUa,ov Za/g;ﬁ(amUa,O)v

1 — 1 OUqp_
' —Ua 00,0 — | Uyo¥ — — ’
—l—zoc/Q 12 Va0 v /Q 00U /Fi 2 o v

=0

and we finish the proof by using equations (D.11) and (D.12). O

D.1.2 Equivalence of the variational forms for the periodic
and a-quasi periodic problems

We want to show that the periodic problems are well posed. We also want to
establish an upper bound on the error that arises when we solve the scattering
problem numerically. For these reasons, we need to study the equivalence of the
variational forms for the periodic and a-quasi periodic problems. Hence, the three
cases can be described as follows.

e Case 1B: Perfectly conducting grating: TM case

Similarly to Lemma D-4, for the periodic function U, o, let

a(Ua,0> Ua) = ( Uoc,()a Ua)g\int Qs 2ia(aa:Uoc,0a Ua)ﬂ\intﬂg + (iaana,Oa Ua)ags
= ((k* = a*)Ua0, %) g0y — (T2 Uno: V), » (D.24)

(fa,va)F+ = —/ Qiﬂ?e_w?Bv_
Ly
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The variational problem is to find Un,g  H (2 \int Q3) forall v, — Hj(Q \int Q3)
such that

a(Ua,0> Ua) - (fou Uoz)r+~ (D25)

Similarly, for the a-quasi periodic function U let

alU,v) = (U, U)Q\intﬂg_(k2U7U)Q\intQ3_(TiU’U)Fi (D.26)
(fro)e, = = / 2i0e (0o~ E)g, (D.27)
T+

The variational problem is to find U H},(Q \int Q3) forallv ~ H_, (2 \int Q)
such that

G(U, U) = (f7 U)FJr’ (D28)
We have the following result.
Lemma D-7. Finding Uso  Hy(Q\int Q) for all vo  H(Q \int Q)
such that a(Ua,va) = (fa,va) as given in equation (D.25) is equivalent to
finding U H},(Q\int Qg) for allv  H},(Q\int Q3) such that a(U,v) =
(f,v)p, using equation (D.28).

Proof. The proof is similar to Lemma 47. O

Case 2A: Transmitting dielectric grating: TE case
Similarly to Lemma D-5, for the periodic function U, g, let
af(Uoz,Oa Uoz) = ( Uoz,O; Uoz)g - Qia(aa:Ua,Oa Uoz)g
—((K* = a*)Uap,va) g = (T2 Va0, va)

0 —if0B—
(farva)p, = —/ 2i3% 187,
T+

(D.29)

Q j

The variational problem is to find Uyo  Hy(Q) for all v, HL(Q) such
that

a(Ua,Oa Ua) - (fon Ua)- (D?)O)
Similarly, for the a-quasi periodic function U let
aUw) = (U, wv)g— (KUv),— (TLU,v)p, (D.31)
(fo)p, = — / 2i30¢i(r=B1B)g, (D.32)
Ly

The variational problem is to find U H},, () for all v H_, () such that

a(U,v) = (f,v)p, - (D.33)

We then have the following result.
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Lemma D-8. FindingUso Hy(Q) for allv,  Hy(Q) such that a(Uap, ve) =
(foé,va)r+ as given in equation (D.30) is equivalent to finding U Hé#(Q)
for-allv  H,,(Q) such that a(U,v) = (f,v)p, using equation (D.33).

Proof. By using €2 instead of €2 \'int {23 we can use the same process as in
the proof of Lemma 47. O

e Case 2B: Transmitting dielectric grating: TM case

Similarly to Lemma D-6, for the periodic function U, g, let

1 1
a(UohO’/Ua) = (ﬁ Ua70, 'Ua) - i@(ﬁa‘TUCmo, Ua> (D34)
Q Q

1 1—a? 1 oo
+ic (—Umo, &Eva> - ( ( > Ua,Oa Ua) - (_T:il7 Ua,Oa Ua) )
k? Q k? Q k? Iy

2260 —q Op__
(farva)r, = _/ k:—‘f’le 8087

The variational problem is to find Uso  Hj(Q) for all v,  HJ(Q) such that

a(Ua,Oava) = (fonva)p . (D.35)

+

Similarly, for the a-quasi periodic function U let
1 1
a(U,v) = = Uu v| —Unw)g— ﬁTiU,v (D.36)
Q Iy
2i3Y {(av—B9B).

fiv = —/ —= "\ M)y,

( )F+ r, ]{]%
The variational problem is to find U H_.,(Q) for all v H_,(€) such that

G(U, U) = (fa U)F+ (D37)
and we have the following result.

Lemma D-9. Finding Uy Hy(Q) for all ve  Hy(Q) such that a(Usp,va) =
(fasva)p, as given in equation (D.35) is equivalent to finding U H,(Q) for all
v H},(Q) such that a(U,v) = (f, v)p, using equation (D.37).

Proof. From equation (4.21), the first term of the sesquilinear form given by equa-
tion (D.34) becomes

1 a?Uv —iaU0,v + iav0,U + U. v
(ﬁ U, 'Ua) :/Q( - ) (Das)
0
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Using equation (4.23) and examining the next term in the sesquilinear form given
by equation (D.34) we see

e (—a?UT — ia1d,U)
—ix (ﬁazUa,Oa Ua) . = /Q 2 . (D39)
We also note that
Z'Oz(va’ aqua)ﬂ\int Qs == ZOZ/ (e_iaaj?j) (eiamamm + iaeia“v@)
Q\int Qg
B / (—a*vw + iavd, ). (D.40)
Q\int Q3

From equation (D.40), the third term of the sesquilinear form given by equa-
tion (D.34) becomes

(1 (—?UT + iaUd,7)
m(ﬁUa,o,axva)Q :/Q 12 ) (D.41)

We also use equation (4.24) to get

(1= L)) - [ (1-2)or paz

and from equation (4.25), the last term of the sesquilinear form given by equa-
tion (D.34) is

1. ., 1 _
(ﬁTi’OUOuO’/Ua) - (ﬁTan U) (D43)

| T+

Substituting equations (D.38),(D.39),(D.41),(D.42) and (D.43) into equation (D.34)

we get
1 _ _ 1 _
a(Ua,Oava) = / (ﬁ U. U_UU) _/ ET:EUU.
Q T+

= a(U,v)

and we finish the proof of Lemma D-9 in a similar way to that in Lemma 47. [

D.1.3 Well posedness of the variational problem

Before solving the variational formulation numerically, we show that our problem
is well posed like we have done for Case 1A in Section 4.1.3.
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D.1.3.1 Existence and uniqueness of the solution

e Case 1B: Perfectly conducting grating: TM case

Lemma D-10. For allv ~ Hy(Q\int Q3), the solution Uag  H(Q2\int Q3)
which satisfies equation (D.14) exists and is unique.

Proof. Since the TE case and TM case for perfectly conducting only differ
on the boundary condition on 9€)3, and they both have the same sesquilinear
form, then we can use the same arguments as in Lemma 48 to show Lemma D-
10. 0J

e Case 2A: Transmitting dielectric grating: TE case

Lemma D-11. Let kyep > 0 such that }k:’ > kyep. Forallv  H(Q), the
solution Uysg  H,(Q) which satisfies equation (D.18) ewists and is unique.

Proof. Note that we can obtain the sesquilinear form for the TE case for the
transmitting dielectric grating from the sesquilinear form for the TE case for
the perfectly conducting grating by replacing \int Q3 with . We can then
use the same arguments as in Lemma 48 to show Lemma D-11. U

e Case 2B: Transmitting dielectric grating: TM case

Lemma D-12. Let k,.; > 0 such that }k:’ > kyes. Forallv  Hy(S), the
solution Uysg  H,(Q) which satisfies equation (D.21) ewists and is unique.

Proof. We note by using Cauchy-Schwarz inequality [22, p. 50] that

}(% U, U)Qy < /} U. o|dzdy, (D.44)

ref
1
= sz U, v 2w (D45)
and from equation (4.30) we get
(U = U £2,@ U 12,9 - (D.46)

From equation (4.33), we have

’ / —TiUvdx
Fi

2 2 2 2
<Cdk3€f<'kj' U byt U tne) ¥ i@
(D.47)
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Hence, we have from equation (D.36)

1
|a(U,0)] <=1Vl @0l @+ U 2,0 v 2,0

1
+Cd—<|k§.| U2 o+ U2

2
Hé#(ﬂ)) v H!,(Q)

kaef Li#(ﬂ)
and so
1|k
la(U,v)| = Cosup 1’k2—’k2— U i @ias) U omL,@nes)-  (D-48)
ref "Vref

Hence, a(U,U) is continuous using Definition A-6. Taking the real part of
a(U,U) and we get

(a(U,U)):/Q (%)\ U\Z—/Q\U]Q—/Fi (%TUU). (D.49)

Hence,

1 — 2 1 2
(a(U,U))+/ (ﬁTiUU) +/ U| =z \U}Hé#(m
'+ Q L>=(Q)

and we use equation (D.47) to get

1 — 1 —
—T.UU | < / (—T UU) ,
/Fi <k2 + ) ‘ - 2ot ’

V1

= Cd@(l%l U ot Umye) U o)
<C\/@|kj| U 2
= et fo#(Q)

from the equivalence of the norm in H () for I = 0. Hence
a(U.U) +(C+1) U %g#(g)‘ = M, U %{é#(ﬂ)

from the equivalence of the norm in H! () for I = 0. Then, a(U,U) is
H} 4(€2)-coercive from Definition B-4. We can then use Lemma B-5 to show
the existence of a solution from its uniqueness. The rest of the proof is
similar to Lemma 48. Let us suppose that we have two solutions U; and U,
and let us denote w = U; — Uy. We have

a(w,w):/ﬂél w}Q—/Q]wlz—/Fi%(Tiw)E:O. (D.50)
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Since ( kg) can be positive or negative, we have to deal separately with each
case. First, if (k ) > (0, we can take the imaginary part of equation (D.50)

to get
[ (@) vr= ], () rom
[ () @@om-o (D51)
By noting that (%) < 0 and using equation (2.72), we have
f @) er=[, (&) om

—/Fi (%) (Tpw)w) < 0. (D.52)

From equations (D.51) and (D.52) we have w = 0 and so U; = Us,. Secondly,
if (4) <0, we can take the real part of equation (D.50) to get

LG k= Lk () @wm

Once more by noting that (75) < 0 and using equation (2.72), we have

/ﬂ <ﬁ) ol _/’“” _/Fi (%) (Tyw)wm)

+ /F ) (kQ) (Tyw)w) < 0. (D.54)

From equations (D.53) and (D.54) we have w = 0 and so U; = Us.

We finish the proof by noting that U; = e** 0,0, and Uy = gior a,0o and
since €'*® = 0 then Uao; = Uayy- ]

To show the continuous dependence of the variational formulation on the data, it
is necessary to investigate the regularity estimate if the variational formulation.
This is done below.

D.1.3.2 Regularity estimate of the exact solution

In a similar fashion to that proposed in Section 4.1.3.2, we derive an explicit
dependency on k in the proof of the regularity of the solution and in the a priori
error estimate. In this latter, we also derive an explicit dependency on the degree
of the polynomial basis p. In the following theorem, we obtain a new result on the
regularity estimate for the solution U, o for Cases 1B, 2A and 2B.
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Case 1B: Perfectly conducting grating: TM case

Theorem D-13. Let f,  H(Q\intQs) and let Uy
the solution of

HL(Q\int Q3) be

AUq o+ (k* = a*)Ua 0 + 2000, Uag = fa, in Q\int Qs, (D.55)
o 0
(T30 = 8_7))U°"0 =0, on Ty,
(T*° — E)U =0 on T
— an Oé,O - 9 -
OnUqso = —1aUq ony, on 0f3.

Then there exists a constant Cyq, which is independent of the wavenumber
k such that

Ua,O H= Clstab foz Li&(ﬂ\int Q3) -

Proof. We proceed similarly as in Theorem 51 but we use the regularity

estimate given by Theorem C-3. O
e Case 2A: Transmitting dielectric grating: TE case
Theorem D-14. Let fo, HY(Q) and let Uyy  HL(Q) be the solution of
AUno + (k> = a*)Uap + 2i00,Upg = fa,in Q, (D.56)
o 0
(TJr’O - a_n)Ua,O = 07 on P+a
(7*° 0 U, 0, on T
- —)U, , on I'_.
_ 877 .0

Then there exists a constant Cyqp, which is dependent of the wavenumbers kq
and ks such that
Ua,O H= C(stab fOt Li&(ﬂ)

where Cyyap = Creg(1 + C5C (Ko, k3)) and CsC(ko, k3) is as defined in Lemma 31.

Proof. We proceed similarly as in Theorem 51 but we use the regularity
estimate given by Theorem 33. O

Case 2B: Transmitting dielectric grating: TM case
Theorem D-15. Let f,  HL(Q) and let Uso  HL () be the solution of

1
ow(ﬁ aUa,0> + Ua70 = fa,in Q, (D57)
0
(T30 = a_ﬁ)Ua’O = 0, on Ty,
a,0 g
(17 an)Ua,o 0, on I'_.
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Then there exists a constant Cyq, which is dependent on the wave numbers
ko and ks such that

Ua,O H= C(stab fa L2#(Q)

where Cygp = Creg(1 4+ C5C(ko, k3)) and CsC(ko, k3) is as defined in Theo-
rem C-0.

Proof. We proceed similarly as in Theorem 51 but we use the regularity
estimate given by Theorem C-6. O

D.1.4 Efficiency of the diffraction grating

We can use the definition of the grating efficiency given in Section 4.1.4 and use
the variational formulation given by equations (D.15), (D.19) and (D.22) to show
that the energy is conserved for each of these cases. Before doing so, we need the
following results.

Lemma D-16. For Case 1B, we have

( / (aan,O)m) =0 (D.58)
Q\int Q3

and we also have for Case 2 that

( / (aan,O)m) =0. (D.59)
Q
Proof. For Case 1B, let us define €2, where Q, % [—B, B] = Q \int Q3. We have

B
/ (81Ua70)Ua70dxdy = / (/ (81Ua,0)Ua7od:c> dy
Q\int Q3 —-B T

We note by integrating by parts that

/ (amUa,O)mdx - [Ua,Om}ag _/ Uoz,Oaa:Uoz,dea
O, T

x

and so

B
/ (aa: Ua,O)mdxdy = / ( [Ua,Om] 9. / Ua,Oaz Ua,de) dy
Q\int Q3 ! Qo

-B

If 092, =0 or d, then we can use the periodicity of U, and I = 0. If 92, 083
and if 023 is a closed curve as shown in Figure 3.1 then we can use Cauchy’s
theorem to show that I = 0. If 02,  0€)3 and if 0€)3 is an open curve then we
can use the path 0€23 L, as shown in Figure 3.2 with Cauchy’s theorem to show
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that I = 0. Hence, we get equation (4.52) and for any ¢  C, if ¢ = —¢ then
(¢) = 0. Hence we get equation (D.58). For Case 2, we note that

B d
[ @utaVstody = [ ( / <aan,omdx)dy.
Q —B 0

We integrate by parts to get

B
/ (OuUn o) Todady — / ([Ua,om]g— / Ua,ofamUa,o@dy.
Q B Q

Since U, ¢ is periodic then [U%OU&,O]S =0 and so

/ (Vo) Tngdady = — / UnoBeTmndady,
(9] Q

and the result follows. O

D.1.5 Conservation of the energy or energy balance

We again define respectively by E,., E; and E,s, the refracted energy, the trans-
mitted energy and the absorbed energy by the grating. For Cases 1B and 2A, their
definitions are given in Definition 54.

e Case 1B: Perfectly conducting grating: TM case

Theorem D-17 (Conservation of energy). Let Ey, E,., and Eus defined as
in Definition 54. Then, we have the energy balance

Et‘f‘Er — 1

Proof. Note that fm3 mnm}Ua,o}Q = 0 since 023 is an open curve (see
Figure 2.4), U, is periodic and so the integral is zero. If 0€3 is a closed
curve (see Figure 2.3) then using Cauchy’s theorem, the integral is zero and
the rest of the proof is similar to Lemma 56. O

e Case 2A: Transmitting dielectric grating: TE case

Theorem D-18 (Conservation of energy). Let Ey, E,., and Eqs as given by
Definition 54. Then, we have the energy balance

Ei+E, + Egps = 1.
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Proof. We take the imaginary part of equation (D.29), and we use equa-
tion (4.51) with Lemma 8 to get

( (kz) Uayo, Ua,o)g + (TE’OUa,o, UCV,O)ri — 23} <€7iﬁ?B, Ua,(])F = 0.
N

(D.60)
We proceed similarly as in Lemma 56. Hence, we use Lemma 55 with equa-
tion (2.72) in Lemma 8 to get equation (4.55) which is

(T2 Va0, Ua)y, +260 (75, Uno) = dBY Y R+ T = dB.

* n2>k?

We use equations (D.60) and (4.55) to get

A8 Y. R+ Tw—1| +( () Uup,Usg), = 0 (D.61)

n2>k?

which finishes the proof. O

Case 2B: Transmitting dielectric grating: TM case

Definition D-19. For Case 2B, the refracted energy, the transmitted energy
and the absorbed energy by the grating are given respectively by

(2mm o)’ <k}

1 9 2a —_—
E, = [ —— S
abs /g; (k2) | UOé,Ol + /g; (kg) (aJTUOé,O) UOé,O

042
+ / — o Uaol+d > ]Uap(m)(—B)
Q

2
(k ) (m+a)2>k2

2

such that R,, and T,, are as given by equations (4.49) and (4.50).

Theorem D-20 (Conservation of energy). Let E,, E; and Eys be defined as
in Definition D-19. The energy is conserved and we have the energy balance

Ei+E, + Egps =1

The theorem can be proved by following the same process given for the
Case 2A in Theorem D-18. We just need to use equation (D.22) instead of
equation (D.19).
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D.2 The discrete problem

In order to solve numerically the scattering problem, we need to discretize the
variational formulation corresponding to the continuous problem as we did for
Case 1A in Section 4.2.

D.2.1 Variational formulation

e Case 1B: Perfectly conducting grating: TM case

Let X  Hu(Q\intQs) be a finite element space with dim(X) = N < oo
and let ¢; for i = 1,.., N, be a basis of X. We discretize the variational form
given by the equation (D.14) and we want to find U,, X, forallv, X

such that
a(Ua,Ohavh) = (f) Uh)) (D62)
where
a(wp,vy) = / W, v_h—/ (k2—a2)whﬁ—2ia/ (Oxwp,)Un
Q\int Q3 Q\int Q3 Q\int Q3
+i/ anxwhv_h—/ Tf_"owhﬁ—/ T, (D.63)
903 I, r_
(fow) = = [ 2igte o, (D.64)
S

for w,  X. Similarly as Case 1A , there exists U; for j  {1,., N}, such
that Uy, = Zjvzl Uj;(x,y). Hence, the discrete problem given by equa-
tion (D.62) is equivalent to the following linear algebraic system

AU =L (D.65)
with U = U, for j=1,---, N,
A = a(¥s, 1),
and
L=(f )

for {i,7} {1,..,N}.
e Case 2A: Transmitting dielectric grating: TE case

Let X H4(Q) be a finite element space with dim(X) = N < oo and let 1)
for i =1,.., N, be a basis of X. We discretize the variational form given by
the equation (D.18) and we want to find U,, X, forall v, X such that

a(Un,0,,v0) = (f,vn), (D.66)
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where

a(wp,vp) = / wy,. 'U_h—/(k2—&2)whﬁ—2ia/(8zwh)v_h
Q Q

Q
- / T, 77 — / T, (D.67)
T _
(o) = = [ 2igteivm, (D.6%)
ry
for w, ~ X. Once more there exists U; for j  {1,., N}, such that U,, =

Zj.vzl Ujpj(z,y). Hence, the discrete problem given by equation (D.66) is
equivalent to the following linear algebraic system

AU =L (D.69)
with U =U, for j=1,--- N,
A: a(qu)iaqu)j))
and
L= (fﬂ/’])

for {i,7} {1,..,N}.
Case 2B: Transmitting dielectric grating: TM case

Let X H(f) be a finite element space with dim(X) = N < oo and let 1)
forv=1,..,N, be a basis of X. We discretize the variational form given by
the equation (D.21) and we want to find U,, X, forall v, X such that

a(Uap,,svn) = (f,vn), (D.70)
where
a(wp, vp)
1 s 1—a? 1
_ Qﬁ Wy, Vp — e Wy, — o Qﬁ(axwh)vh
1 1
+ZO(/ E(U}h)azvh_/ ET_’_ Owhﬁ / ?T_ Oth_h, (D?l)
Q r, 1 r_ R
and
2i3% .
(foon) = = [ Zate o, (D.72)
r, ki

for w, ~ X. Once more there exists U; for j  {1,., N}, such that U,, =
Zj.v:l Ujj(z,y). Hence, the discrete problem given by equation (D.70) is
equivalent to the following linear algebraic system

AU =L (D.73)
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with U = U, for j=1,---, N,
A:a(wiaw]’>7

and

L= (f. )
for {i,7}% {1,..,N}.

D.2.2 Truncation of the DtIN map

The DtN operators that we use as transparent boundary conditions are truncated
for computational purposes as shown in Section 4.2.2and we approximate Ti"o in
equation (4.7) with equation (4.61). Therefore, instead of solving directly equa-
tions (D.62), (D.66) and (D.70) for Cases 1B, 2A and 2B, we approximate U, o by
U (%h and we solve numerically the following problems.

e Case 1B: Perfectly conducting grating: TM case

Let X Hj(Q\int Q3) be a finite element subspace with dim(X) = N < oo
and let 1; for « = 1,.., N, be a basis of X. We want to find Uo%h X, for
all v, X such that

a

M(Uo%h’ Uh) - (fa Uh)’ (D74)

where

a (wp,vp) = / wy,. 'U_h—/ (k* = o) wy vy, — 22’04/ (Opwp )T,
Q\int Q3 Q\int Q3 Q\int Q3

. _ oM
—H/ omzwhfuh—/ T wyy,
003 'y

(fivn) = — / 2ip7e Py, (D.75)
Iy
for w,  X. This leads to the following linear algebraic system
AMUM = [, (D.76)
with UM = UJM for j {1,..., N}, such that Uo%h = Zjvzl UJM@Z)j(x,y),
AM = aM (Wi, gy),

and

L= (f4;)
for {i,j}+ {1,..,N}.
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Case 2A: Transmitting dielectric grating: TE case

Let X H(Q) be a finite element subspace with dim(X) = N < oo and
let v; for « = 1,.., N, be a basis of X. We want to find Uo%h X, for all
vy, X such that

aM(Uo%havh) = (fa Uh)a (D??)
where
a (wp,vp) = / wh,. U_h—/(k2—@2)whv_h—2i(x/(8zwh)v_h
Q Q Q
(63 M R
_/ Ti’o WhV,
Tt
(fyon) = = / 2iBe 1y, (D.78)
ry

for w, X. There exists UM = UJM for j {1,.,N}, such that U(%h =

Zj.vzl UJM Y;(x,y). Hence, we get the following linear algebraic system
AMUM = [, (D.79)
with
AM = aM(whwj)a
and
L= (f7 w])
for {7,573 {1,..,N}.
Case 2B: Transmitting dielectric grating: TM case

Let X H() be a finite element subspace with dim(X) = N < oo and
let v; for i = 1,.., N, be a basis of X. We want to find Uo%h X, for all
vy, X such that

a’M(UOl,Oh7Uh) - (f7 Uh)a (DSO)
where
1 1—a? 1
a(wp,vp) = /Qﬁ wp, W_/Q kzoé whm_ia/ﬂﬁ(amwh)v_h
1 a9 . 1 a0M
Q T4+
2i3% . on
(f,on) = —/ %e BT (D.81)
r, Ri

for w,  X. We are looking for UM = UJM for 5 {1,.,N}, such that
UM

a,0p,

= Zjvzl UMij(x,y). We get the following linear algebraic system

AMUM =, (D.82)
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with
AM = aM(whwj)a

and

L= (f. )
for {i,j}+ {1,..,N}.

D.3 A priori error estimates for the exact solu-
tion.

We derive an a priori error estimate for U, corresponding to Cases 1B, 2A and
2B in similar fashion to that of Case 1A in Section 4.3. We again have the following
three key results

e an estimate of the error from the discretisation of the continuous problem.

e an estimate of the error from truncating the DtN operator corresponding to
the continuous problem.

e an estimate of the total error

D.3.1 A priori error estimation of the discretized problem

In this section we will derive an upper bound on the error between the exact
periodic solution U, and that found numerically by discretizing the problem
Ua,- In each case we will state the discretized periodic problem in its variational
form, find a regularity bound for the a-quasi periodic exact solution U in terms of
the norm in Definition 49, examine the discretisation error for U, and then use this
to derive an a priort bound on the discretisation error for the periodic solution
Ua70.

Let X H(lx#(Q \int ©23) be a finite element subspace of order p with [ = 1, and
let ¢ be any regular partition of X as described in Section B.3. We denote by
h the maximum mesh size after partitioning 2 \ int 23 using ;. We make the
standard assumption given by equation (4.74) on the subspace X. Similarly, let
X be a finite element subspace of order p of H) (€ \int Q3).

e Case 1B: Perfectly conducting grating: TM case

The discretized problem corresponding to equation (D.25) is given below.
Find U, X such that

a(Un, ¢) = (f, ) (D.83)
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with
G(Uh, ¢) = ( Uha ¢)Q\int Qs (kQUha ¢)Q\int93 - (T:I:Uha ¢)Fi’ (D84)

(fod)p, = —2iBY /F ¢~i(oz=BYB) g (D.85)

for all ¢ X, where T4 is given by Definition 3.

Lemma D-21. Let U H_,(Q\intQs), then for allv  H,,(Q\int Q3) we have
‘a(U,v)‘ =C. Uy vy

such that C. = Cd+ 1 depends only on the grating period d.

Proof. The proof is similar to that of Lemma 57. O

We also have the following
Lemma D-22. For U  H},(Q\intQs), we have

’U}Zl#(ﬁ\intﬁg)_ (k) U L2, (Q\int Q) Uy= ]a(U, U)]

such that a(u,v) is given by equation (D.26).

Proof. Since the only difference for Case 1A and Case 1B is the boundary condition
on the interface, they both satisfy the same sesquilinear form a(u,v). Hence, the
proof of Lemma D-22 is similar to that of Lemma 58. O

We also have the following result.

Lemma D-23. Let U H_,(Q\int Q) be the solution of equation (D.28), and
let Uy, be the corresponding discretized solution which satisfies equation (D.83). If
we call e, = U—Uy, then there exists a constant C; = C(Cd+1) k OO%C’Teg, where
Cleg 1 the constant defined in Theorem C-3, such that

€h L2 ,(Q\intQ3) =Cien n

Proof. Using the duality argument [22, p. 137], let w be the solution of equa-
tion (4.86) then

a(efH w = w)
€h L2, (\intQs) = SUPgeCo (2) }gb o ’) (D.86)
a# 111 3

for all ¢ X, by using Galerkin orthogonality (analogous to the derivation of
equation (4.88)). So, from equation (D.84)

}a(eha w = @Z))} = }( €h, (w - ¢))Q\intﬂ3 - (k2eh’ w= ¢)Q\intﬂ3 - (Tﬂ:eh’ w = ¢)Fi}
2
= leh}Hé#(Q\intﬂg)’w - w’H;#(Q\mt 0 T R s en L2 @m0y WY L2 (@uint o)

T e nw WY gl (@\ineas)

@
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using Cauchy’s inequality [22, page. 50] and from equation (4.82). Hence,
|a(en, w =) < (Cd+1) ep 3 w—1) Y, (Q\int Q3)

from equation (4.84). We use the standard approximation estimate in finite ele-
ment space given by equation (4.74) and we have

h
|a(en, w—1v)| < C(Cd+1)5 Ch H W H2,(Q\intQs)- (D.87)

We use the result from Theorem C-3 and we have the regularity estimate
W g2, (\intQs) = (Creg kb ) ¢ L2, (Q\int Q)"
Using this in equation (D.87),
|a(en,w—=)| SLC(CAd+1)Creg k oo en 1 ¢ L2, (it 2s)s

and equation (D.86) gives
h
€h L2 ,(Q\intQs) = C(Cd+1) k oogcreg €h H

and we finish the proof by letting Cy = C(Cd+ 1)C,.y k OO%. O

The previous three lemmas now allow us to derive the following a priori error
estimate for the periodic solution U, .

Theorem D-24. Let the wavenumber |k| = k,.; > 0, let the mazimum mesh size
h [0, hol, and let the order of the polynomial basis p  [po, ©°| such that k:l;—g <1,
and C5 = 1—( (k)+ k «)C1 with Cy as given in Lemma D-23. Let U, be
the continuous solution of equation (D.55). Then U,p, X the corresponding
discretized solution erists and is unique. In addition, if ey, = Uso — Uqayp, then

C
a0, H=4= Uso = %a0 #,
Cs

and
C

C
€ar0, L2(Q\intQ3) = 2015 a0 ~ Ya0 #;
3

for all test functions Voo X, where Cy is giwen in Lemma D-23 and C, is
defined in Lemma D-21.

Proof. We leave the proof because it is similar to that of Theorem 60. O
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For transmitting dielectric gratings, let X H!_,(€2) be a finite element sub-
space of order p with [ = 1, let (;, any regular partition of X as described in
Section B.3. Let h be the maximum mesh size after partitioning €2 using (. Once
more, let us make the following standard assumption on the subspace X as given
by equation (4.39), [35]

1
. h h 5
1Df¢eX { v — w Li#(ﬂ) -+ E v — ¢ Li#(ﬂ) + (2_9) v w Li#(f‘i)

h n\!
Uy Hf#wi)} SC(E) " Hanl®

(D.88)
e Case 2A: Transmitting dielectric grating: TE case
The discretized problem corresponding to equation (D.33) is given below.
Find U, X such that
a(Un, ¢) = (f,¢) (D.89)
with
a(Un,¢) = ( U, g = (K*Un ) = (TaUn, Oy, , (D.90)
. i(azx—pYB)
(Fé, = =2 [ e, (D.91)
T+

for all ¢ X, where T4 is given by Definition 3.

Lemma D-25. Let U H,(Q), then for allv  H}, () we have
’a(U,'U)’ <C. Uy vy

such that C. = C'd + 1 depends only on the grating period d.

Proof. Similarly as in the proof of Lemma 57, we can use Cauchy- Schwarz in-
equality [22, p. 50] to get

}( U, U)Q} = U Li#(ﬂ) v L?x#(ﬂ)’ (D92)
and also that
(KU, = ¥ U L@ V2,0 (D.93)

Hence, using together equations (D.92), (D.93), (4.83) we have

2
}G(U,’U)’ = }U}Hé#(Q)IU}Hé#(Q)_'_ k 00 U Li#(ﬂ) v Li#(g)—i-Cd U H U H
and so
la(U,0)| = C. U % v (D.94)
we let C. = (Cd + 1) to finish the proof. O
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We also have the following property.
Lemma D-26. For U H,,(Q), we have

’Uﬁ{é#(g)_ (k) U 2, Un= la(U,U)|

such that a(u,v) is given by equation (D.31).

Proof. By taking the real part of a(U,U), we can write

(@(U,U)) = <]U}i{é#(m— () U % )= (TiU,U)>,
= }Uﬁ{é#(g)_ (k)* U %i#(g)

using Lemma 8. Since ( (k))* = (k?) and because (k) U 2o=kUp o=
U % then

(a(U,U)) = (}U]Zé#(m — WUy U Lz#«n)-

We finish the proof by noting that (a(U,U)) < }a(U, U)} O

We also have the following result which gives the relationship between the norm
in H and the norm in L? of the error estimate that we will use later to give an
upper bound of the error estimate by discretizing the problem.

Lemma D-27. Let U H_,(Q) be the solution of equation (D.33) and Uy, be the
solution of equation (D.89). If we call e, = U — Uy, then there exists a constant
C,=CCd+1) k OO%C’SW,, where Cyspp = (1 + CsC(ko, k3))Creq is the constant
defined in Lemma 31, such that

€h Li#(g) = 01 €h H-
Proof. We use the duality argument [22, p. 137], and let w be the dual solution of

Aw+FkEw = ¢ (x,y) €, (D.95)
i — 0w = 0 on 'y,

for all ¢, w H;#(Q) where Tf are the dual operators of T4, [61, p. 476]. Then,
similarly as in the proof of Lemma 59, we have for any v X

a’(eha w = 1/})
Ch 12,(0) = SupqSeCoo(Q)’TQ(Q)’ (D.96)
ot

and
’a(eh,w—w)} <(Cd+1) e, 4y w—1 HL, ()"
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We use the standard approximation estimate in finite element space given by
equation (D.88) and so

h
la(en, w =) = C(Cdjtl)z—9 € H W 2, (0) (D.97)

We use the result from Theorem 33 and we have the regularity estimate

W HZ,(Q)

= (1 + CSC(k07 kB))Creg koo
¢ 12,9

Using this in equation (D.97), we see
la(en, w—1)| = LO(CAd+1)Creg(1+ CsClko k3)) k o en 1 0 L2,()

and so equation (D.105) gives
h
eh 12,(9) <=C(Cd+1) k oo;Cstab €h H

with Cyiep = (14 C5C (Ko, k3))Creg. We finish the proof by letting

C1=0C(Cd+1)Csq k Oo%

O

The previous three lemmas now allow us to derive the following a priori error
estimate for the periodic solution U, .

Theorem D-28. Let the wavenumber |k| = k,.y > 0, let the mazimum mesh size
h [0, ho|, and let the order of the polynomial basis p  [pg, o] such that k’;—g <1,
and C3 = 1—=( (k) + k »)C1 > 0 with Cy as given in Lemma D-27. Let U,y
be the continuous solution of equation (4.47). Then U,o, X the corresponding
discretized solution exists and is unique. In addition, if eqp, = Uao — Uqy, then
we have
a0, H= 4% Uao = Va0
3
and

Ce
€a,0, 0 = 2015 Ua,O - wa,O H
3

for all test functions Vo X, where Cy as given in Lemma D-27 and C. as
defined in Lemma D-25.
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Proof. Let us denote ej, = U — Uy, and let 1) = €%, 5. We can use Lemma D-26
with Galerkin orthogonality (analogously to equation (4.88)) to get

2
<’€h’H3¥#(Q) = (k) en L2,(9) ©h H) = !a(eh,U—w)!.
From Lemma D-25 and since |eh|H1#(Q) < ¢, 5 we have

leh’Hé#(Q) — (k) en 2, =Cc U—¢ 5
and so

nlys o+ ko on 2,0

—( B+ ko) en 2, o=C U—¢ 5
Using Lemma D-27, we have
en w—( (k)+ k )C1 en u=C. U—=1 4.

Since C5=1—( (k) + k ~)Cy >0 then

€h H = g U_@Z) H- (D98)
Cs

From Theorem 50 and equation (4.93), we have

€0, H=2 € 3,
then we use equation (D.98) to get

C

o <=2~ U- .

a0, H s (ONY

We use equation (4.95) and this becomes
Ce

€a,0 HS4
a,0p, 03

Ua,O - wa,O H-

We use once more Lemma D-27 with equation (D.98) and we get

Ce
€h 12 ,(Q) 30153 U= .

From Theorem 50 and from equation (4.95), we have

C

€a,0 2 = 2C(1_6 a0 ¢a,0 H-
h L#(Q) 03
The rest of the proof is similar to that of Theorem 60. U
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e Case 2B: Transmitting dielectric grating: TM case

The discretized problem corresponding to equation (D.37) is given below.
Find U, X such that

a(Un, ¢) = (f, d)r, (D.99)
with

G(Uh,(b) = (% Uh, (25)9 - (Uh,¢)ﬂ - (%TiUh,(ﬁ) s (DlOO)

'y
), O . O —
(f. o), = ‘Ml/r eileeaib)g,

ki
for all X, where T is given by Definition 3.
Lemma D-29. Let U H,(Q), then for allv  H}, () we have

‘a(U,v)‘ =C. Uy vy
such that C. = k%(C’d + 1) depends only on the period of the diffraction grating

!
d and a lower bound on the wavenumber k,.y.

Proof. Similarly as in the proof of Lemma 57, we can use Cauchy- Schwarz in-
equality [22, p. 50] with the first term of equation (D.36) to get

1 1
}<p v, U)g’ = m . Vnoe vzo
1
= ?ef U L(Qx#(ﬂ) v Li#(ﬂ)' (DlOl)

We note for the second term in equation (D.36) that
(U)ol = U 12,0 v 12,0 (D.102)
Hence, with the triangle inequality and putting equations (D.101), (D.102) and
(4.83) in equation (D.36) we have
1
(U v)| = kQ—ef}U’Hé#(Q)’/U’Hé#(Q)—i_ Uz, vzt m Unvon

. k2|00
Since ”kg—” = 1 then

ref

1 2
a(U,v)| < %(’U}Hé#(ﬂ)}v}Hé#(Q) TR o Uz vzt CdU v H)
and so by using equation (4.84)

la(U,v)| < C. U % vy, (D.103)

where C. = 7—(Cd + 1) to finish the proof. O
ref
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We also have the following property.
Lemma D-30. For U  H}, (), we have

1 2 1
W’U’Hé#(ﬂ)_ u %i#(Q)S’a(U,U)H—](ﬁTiU,U)FJ

such that a(u,v) is given by equation (D.36).
Proof. From equation (D.36), we have
iU Ul —(UU),=alUU)+ iTUU
L2 ’ o ) o = aly, L2 +Y, Fi~
Since ’ (c)} < |c| for any ¢ C then
| Lo — (U, U)g| = |a(U,U) + Lruu .
]{72 9 0 ) (9] ) k2 9 r
By noting that }b - c’ = ’b’ - }c} and with the triangle inequality we get
1 1
| (= U U) |-UU)<|aUD)]+ || 5TUU) |
k?2 Q k:2 'y

The proof is finished by noting that

1 1
(v U)Q}EW]U}%#(Q).
U

The following result shows the relationship between the norm in H and the
norm in L? of the error estimate.

Lemma D-31. For U  H}\,(Q) be the solution of equation (D.37), and let
Uy, the corresponding discretized solution of equation (D.99). If we denote e;, =

U — Uy, then there exists a constant C = CCsmb%||:2”°°(C’d+ 1), where Cgqp =
ref

(14 CsC(ko, k3))Cheqy is the constant defined in Theorem C-6, such that

en 12, =C1 U n
Proof. We use the duality argument [22, p. 137], and let w be the dual solution of
1
\m v +w = ¢ (x,y) (D.104)
(Ti - 8nw) =0 on 'y,
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for all ¢, w  H},(Q) where T} are the dual operators of T% [61, p. 476]. Then,
similarly as in the proof of Lemma 59, we have

‘ (ehaw_w)‘

(D.105)
0 L2 ,(9)

€n 12,(9) = SUPgeC ()

such that ¢» X and so from equation (D.100)
1 1
’a(ehaw_qu))} - ’(ﬁ €h, (U)_@Z))) - (ehvw_d))ﬂ - (kQTﬂ:ehaw ¢> ’
Q

Iy

s}(% en, (w—w) [+ (enw =) H’( feen ‘Z’) |

|

< _1
- 1.2

kref

+Od e 3 w—1 H;#m))-

(’eh}Hé#(Q)’w_w’Hé#(Q)_'_ k% en L2, (9) W=y L2, (%)

using equation (4.82) with Cauchy’s inequality [22, p. 50]. Hence, using equa-
tion (4.84) we get

1
’ (en, w — 1) ’< (Cd+1)5— en nw w=v m_(q)
kref oft

We use the standard approximation estimate in finite element space given by
equation (D.88) and so

1 h
a(en, w — )| = C(Cd+1)k2—— eh K W g2, 0) (D.106)

Tef

We use the result from Theorem C-6 and we have the regularity estimate
w

2
- Hap@® (1+ CsC(ko, k3))Creg k oo
¢ L2,(Q)

la(en,w =) =C k « ka Creg(Cd 4+ 1)(1+ CsC(ko, k3)) en 5 ¢ 12 (),

and so h
€h Li#(ﬂ) < CCstab k?ef (Cd + ) €h H
with Cyiep = (14 C5C (Ko, k3))Creg. We finish the proof by letting
h 'k «
Cy = CCuuppy——5—(Cd +1).
pkref
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We have the following result.

Theorem D-32. Let the wavenumber |k| = k,oy > 0, let the mazimum mesh
size h [0, ho|, and let the order of the polynomial basis p  [po, o] such that
k’;—g <1l,andcy =1—2 k Cy > 0 with Cy as given in Lemma D-31. Let U,
be the continuous solution of equation (D.57). Then Uyyp, X© the corresponding
discretized solution exists and is unique. If e, = Uspo = Uay, then we have

a0, n=4c,(2Cd+1)/cy Uso—Vap

and

€a,0, 0=2c,C1(2Cd+1)/cs Usp— Va0 n:
for all test functions Voo X, where C R, d the period of the grating and
Ck = (k2) Oo/kzef'

Proof. With e, = U — Uy, and let ¢ = €"*“1), 9. We can use Lemma D-30 with
Galerkin orthogonality similar to equation (4.88) to get

1 2
s (el = )« @ i)

< [[aen, U — )| + | (%Tieh, eh) I

|

From Lemma D-29 and equation (4.83) and since &k 2= (k?) ., we see that

1 2 2 2
(k2) oo(‘eh}ffé#m)_ b en Li#m))
Cd
SCC Ch H U—w H+/{32— en H U—w H (DlO?)
ref

using Céa’ s theorem [22, p. 64]. Since C. = 7—(Cd + 1) as given in the proof of

Lemma D-29, we have

1 2 2 2

(%2 (}eh}Hé#(Q)_ ks en Li#(ﬂ)>

2C0d + 1

= T Cn H U_'l/} H -
ref

By letting ¢, =  (k*) o/k7; and noting that k& o ey 12,0) S en oy, We
get

’%}2 — ko en 12,0 €n H

Sck(QCd—‘rl) en nw U—9Y 4.
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We can use Definition 49 to substitute for the first term on the left hand side and
divide by e, %

en u—2k « en Li#(Q)Sck(QC’d—Fl) U—1Y 4.
Using Lemma D-31, we have
en w2k oCr en w=<cp(2Cd+1) U—1 4. (D.108)
We suppose that 2 k£ Ci <landsocy,=1—2 k ,Cy >0

en u= Z—k(20d+1) U= x (D.109)
4

From Theorem 50 and equation (4.93), we have
€a0, H=2 € x,
then we use equation (D.109) to get
a0, H=2c,(20d+1)/cy U—1) .
We use equation (4.95) to get the first result
a0, n=4c,(2Cd+1)/cy Uso—Yap -

To show the second result, we use once more Lemma D-27 with equation (D.109)
and we get
Ep Li#(ﬂ) = ckCl(QCd—i- 1) U —w H-

From Theorem 50 and from equation (4.95), we have
Ca0, 12(Q) = 2¢,C1(2Cd 4+ 1) Upo — Yoo n-

The proof of the uniqueness of U, , is similar to that of Theorem 60. O

D.3.2 A priort error estimation of the continuous problem
by truncating the DtN operator

As explained in Section 4.3.2, the parameter b is introduced for computational

efficiency, to derive an a priori error estimate, and to allows us to cope with more

general problems involving layered geometry such as cladding or substrate. We
have the following results for Cases 1B, 2A and 2B.

e Case 1B: Perfectly conducting grating: TM case

Let UO% be the approximate solution of the continuous problem given by equa-

tion (D.55) when we truncate the DtN map by TE’OM with M N, as given by
equation (4.98). The error estimate from truncating the DtN operator is given in
the following theorem.
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Theorem D-33. Let us choose M N such that M > My = ’k’ + || and let us
denote by

ei/,[o = Uy — UO%.
If ( (k)+ k »)C1 <1, such that Cy is as given in Lemma D-23, and so C5 =
L= ( (k)+ k )01 >0, then U}y exists and is unique and we have

2
d —(B=b)sin(zn/2)4| | M—|a| | —k2
My = d—-e ( H) " Uso 1 . (D.110)
’ 3 T HZ(T14)
2
d . —(B=b)sin(zn/2y [ (M=|a|) -2
M J
€a,0 Li(ﬂ) = 253016 ( ) Uoz,O Hﬁ(rl,iy(D‘lll)

where I'y + = {(x,xb) Q} and 2, is given by equation (2.44) with b as shown in
Figure 2.3.

Proof. LetU  H,,(Q\int Q) satisfy a(U,v) = (f,v)p, forallv  Hi,(Q \int Q3)
as given by equation (D.28). We proceed similarly as in the proof of Theorem 60,
so we are approximating the continuous problem by finding UM H é#(Q \int 3),
such that
aM(UM7U> = (f7 U)F+ (D112>
with
M(prM M M
MO0) = (U g~ (U0

(o), = (-2istel=%)0)

+

MM
Q\int Q5 (Ti U ,U)Fi(D.MS)

for allv  Q\int 3 such that T} (v) is given by equation (4.103). From equations
(D.28) and (D.112) we have

a(U,v) —a™ (UM, v) = 0. (D.114)
We let e = U — UM and since Ty = T + (T — T2') then

( eM, v) — (kzeM,'U) - (TiMeM,U)Fi = ((Ti —TiM)U, U)Fi.
(D.115)
Similar to the proof of Theorem 61, we let M N such that for M > M, we have

M > |k| + |a| then n2 > k? for |%| = M and we can show that

Q\int Q3 Q\int Q3

2
—(B—=b)¢min (Mfla’) fk?
U v
Ha#(rl,i) Ha#(ri)

(D.116)

(1= 7Y 0,0),, | < de
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such that I'; = {(z,%£b) Q} and ¢, = inf ’n} > % sin (z,,/2).
We note again as in the proof of Theorem 61 that the left hand side of equa-
tion (D.115) satisfies
M
(™€) ginea, = (B €M) g, = (T e €M)
M |2 — 7.2 M 2
(]e }Hé#(Q\intﬁg) ke Li#(ﬂ\intﬂg)>’
r, = 0 from equation (2.72). So,

=

Fi}’

since — (T MeM, M)

2
‘eM}Hé#(Q\inms) B (k2) et %i#(ﬂ\intﬁs) = }CLM (GM M) ‘
Hence, using equation (D.115), we get

2
leM}Hé#(Q\intﬂg)_ (k?) e %g#(ﬂ\mmg,)

Sdei(Bib)cmm (Mfla’)ka? -

€M

HZ, (T ) HZ,(Ts)
Again we use the duality argument [22, p. 137] to approximate

. Li#(g), with the
dual problem given by equation (4.86). Therefore, we can use Lemma D-23 and
equation (4.91) to get

2
—emin(B—b) (M_}a}) k2
M _ M = Jj
e }Hé#(ﬁ\intﬁg) (k)Ch e 3 =de i ey
Since eM 4= M 12, (@\int 02s) then
M M _ M
E ’Hé#(ﬂ\intﬂg) tket 2 ( (k)+ &k <)Cr " %

Sde—cmm(fz—b) (M—M)Q—k]? I

1 .
Ho?#(rlyi)

Since we have C5 = 1— (k)+ k C; > 0, we can use equations (4.93) and (4.95)
together with Theorem 50 and Definition 49 to get

o) -2
—(B—=b)¢cmin M-« —k*
eg/{o HS4Ci6 e ( ) U

a,0
3

. D.117

Hfl& (T1,+) ( )

From Lemma 59 and equations (4.110), (4.93) and (4.95) together with Theo-
rem 50, we conclude that

2
d —(B=b)cmin (Mf}a}) —k2
M J
e =2—C\e o 1 . D.118
The proof for the uniqueness is similar to that in Theorem 61.

U
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e Case 2A: Transmitting dielectric grating: TE case

Let UO% be the approximate solution of the continuous problem given by equa-

tion (D.56) when we truncate the DtN map by TE’OM, with M N, as given by
equation (4.98). The error estimate by truncating Ti"o is given by the following
theorem.

Theorem D-34. Let us choose M N such that M > My = ’k’ + || and let us
denote by
eé\{o - UOC,O - UOJC\?O'

If ( (k)+ k »)Cy < 1, such that Cy as given in Lemma D-27, so that C3 =
1=( (k) + k «)C1 >0 then UYy exists and is unique and we have

d (se-lel)
M —(B=b)Cmin M—|a 7kj
6%0 "= 4536 Ua,O Hi(rli)’

(se-lel) -

d —(B=b)cmin M— |« —k?

M ) J

ea,O Li(ﬂ) =2 36116 a,0 Hﬁ(Fl,i).

The constant ¢,pip = inf’ ’>Md sin (z,/2) with 'y + = {(z,%£b) Q} and z, is given
k=

by equation (2.44) where b is described in Figure 2.3

Proof. The proof is similar to that of Theorem 60 and Theorem D-33. We just
need U H,,(Q) to satisfy a(U,v) = (f,v)p , for all v H,,(Q), as given by
equation (D.33). O

e Case 2B: Transmitting dielectric grating: TM case

Let UO% be the approximate solution of the continuous problem given by equa-

tion (D.57) when truncate the DtN map by TE’OM, with M N, as given by
equation (4.98). We have the following theorem.

Theorem D-35. Let us choose M N such that M > M, = }k’ + |a| and
2nn|/d > M. Let k o = kyey and let us denote by

M __ _TTM
eoz,O - U%O Uoz,O'

V_
If 2 k Cy < 1, such that Cy as giwven in Lemma D-31, C' < 5 as defined in
Lemma 7 then Cy =1—2 k C7 >0 and UO% exists and is unique. In addition,

we have
2
d 7(B*b)cmin (Mf}a}) —k?
€ao0 H = CkC4 ¢ Ua,O Qﬁa,O H e Ua70 Hé#(FLi)
2
Cl (Bb)cmin\/m
Cao 3@ = 2edG | € Voo = Va0 #te ( Vo H2,(0)
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. . R(£?)lloo
for all test functions 1,9 X with ¢, = ”(1#7)”

Iy ={(z,%£b) Q} and z, is given by equation (2.44).
Proof. Let U H,,(Q) satisfy a(U,v) = (f,v)p , forall v H},(Q), as given by

equation (D.37). We proceed similarly as in the proof of Theorem D-32, so we are
approximating the continuous problem by finding UM  H ;#(Q), such that

) Cmin = If ) ara sin (2n/2) and

aM(UMaU) = (f7 U)FJr (Dllg)
with
1
MM _ M (1M _ MyrM
a’ (UY,v) = <k2 U™, ’U)Q (U ,’U)Q (ﬁTiU ,U)F , (D.120)
+
£ 20

(fiv)p, = <_QZ€1€Z‘(M—B?B)7U) )

+ k2 r

for all v such that T (v) is given by equation (4.103). We note again from
equations (D.37) and (D.119) that

a(U,v) —a™ (UM, v) = 0. (D.121)

By letting e = U — UM and noting that Ty = T + (Ty —TY), we get from
equation (D.121)

1 1
(ﬁ eM, v) — (eM,v)Q — (ﬁTiMeM,v) = (k%(Ti — TiM)U, U)Fi
Q ry
(M) = (5 (T —TMU, v)Fi (D.122)

Similarly as in the proof of Theorem 61, we let M such that M > k + ’oz’ so that
nZ > k?* for |n| = 44 and we can show that

2
M (Bt | (M=ol ) 12
}((T:I: T."\U, U)Fi’ < de U s " Ha%#(ri)

(D.123)
with ¢, = Inf o sin (z,/2). Then, we note that (aM (eM, v)) < }CLM (eM, v) ‘

Also, we note that truncating 7. does not affect the validity of Lemma D-30 and
SO

1 ) 1
) m(leM}H;#mf kloe ia#m))’g’(ﬁTfeMﬁeM)uH}aM(eM,eM)!,

Lo M ( M
< ’(ﬁTi e’ e > ’—i—}a (e ,U—w)}
'y
since we have Galerkin orthogonality similar to equation (4.88), where

256



¥ = €1y with 1o X*. By noting that | (v, 'U)Fi} < (T, v)r, |, we can
use equations (4.83), (4.104) and similar to (4.109) we get

1 M2 2 M 2
WOQ 0™ F % e Li#@)’
Ccd
SkQ— M oy U—v 4
ref
2
—(B—b)sin (zn/2)4/ ( M—|a| | —k?
Ha#(r‘lyi) Ha#(Fi)
Cd
SkQ— Mo U—4 o
ref
Jof ) 2
d —(B=b)sin(zn/2)4/( M—|a| | —k3
toz € ( ) U eM o
Krer HZy(T1,2)

since UM minimizes e, we can use Céa’ s Lemma [22, p. 64] and Theorem A-13

with the equivalence of the norms in H and in H é#(Q) Once more, we use the
duality argument [22, p. 137] to approximate . L2.,(9); with the dual problem
given by equation (4.86). Therefore, we can use Lemma D-31 and similar to
equation (D.108), we get

me (¢ w2k O e ) St U—d oy
2
—(B=b)sin (zn/2)4/ | M—|a| | —k?
—I—kgd e ( ’ D U .
ref HE#(Fl,i)
. IRl : o
Letting ¢ = — and supposing 2 k£ ,C; < 1,wehave Cy =1—2 k C; >0
ref
and

2
—(B=b)Cmin (Mf ‘a D fk?

Mostale U- + \
MELG) Vo te HZ,(I12)
(D.124)

With ¢ = inf}, a0 sin (2,/2). We can use equations (4.93) and (4.95) together
with Theorem 50 to get

2
IS —(B=b)cmin (M—’oz’) —k2
M k J
Cao HSAd | C Uso—t%ap w+e Uso 3
04 Ha#(rl,i)

(D.125)
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From Lemma 59 and equations (D.125), (4.93) and (4.95) together with Theo-
rem 50, we conclude that

—(B=b)cmin (M—}a})Q—k]g I

d
exl 12,0 =250 | € Uso = Va0 # +e a0 1

Cy HZ,(T1 1)
(D.126)
We can show that U(% is unique in a similar way to that in Theorem 61. U

D.3.3 Total error made by solving numerically the problem

Similar to Section 4.3.3, we also note that the error made by solving numerically
the Helmholtz equation for Cases 1B, 2A and 2B for a periodic grating arises
from discretising using finite elements and truncating the DtN operator when
we use the transparent boundary conditions. Let us denote the total error by

€a0 = Uao — U2y, then it can be estimated as follows for the three cases.

e Case 1B: Perfectly conducting grating: TM case

Theorem D-36. Let |k| = k,.; > 0, the mazimum mesh size h [0, ho], the degree
of the polynomial basis p  [pg, o] such that k:Z—g < lwith ( (k)+ k «)C1 <1
where Cy is defined in Lemma D-23. Let C3 =1—( (k)+ k «)Ci. Let M N
such that M = My and let U, be the continuous solution of equation (D.55), Uo%h
be the corresponding discretized solution with the truncated DIN operator and the
total error be eqg = Uag — ULy, . Then we have

Ce

€y <4 Uyo— Yy
0 H=E Vao Va0
2
d —(B=b)cmin M—|o —k?
+4—e ( | D " Uso 4 ;
03 H#(Fl,i)
and
€o,0 L2,(Q\int2s) SQFZCH Ua0 = Va0 #
2
O, —(B=b)cmin M—|a| ) —k?
+2d—1€ ( ’ D ’ Ua,O 1 ’
3 H;&(Fl,i)
for all test functions . X where C. is given in Lemma D-21, Cpim =

inf),\. aa in (2n/2) with z, as defined in equation (2.44).
Since we have equation (4.114), then we can use the standard finite element esti-
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mate equation (4.74) and we can write

ANE
€a,0 H <4sup (1a k oo) (5) F; Ua,O_wa,O HL, (Q\int Q3)

2
L 4i€f(be)cmm (Mfla’) fk? Uao
Cg T H

I

(T'1,+)

I rol—

and using the definition of Cy from Lemma D-23

n\'C.
Ca0 L2,(Q\intQs) =2 K OO(E) @(CdJF 1)Creg Uno = %a0 ml,(@\ins0s)

2
B

3 Hz (T,+)

3k o=

for any integer | = 2.

Proof. The proof is similar to that of Theorem 62. O

e Case 2A: Transmitting dielectric grating: TE case

Theorem D-37. Let |k| = k,.; > 0, the mazimum mesh size h [0, ho], the degree
of the polynomial basis p  [po, o] such that k’;—g <lwith ( (k)+ k »)C1 <1
where Cy is defined in Lemma D-27. Let C3 =1—( (k)+ k »)Cy and M N
such that M = My. Let U, be the continuous solution of equation (D.56), U(%h
be the corresponding discretized solution with the truncated DtN operator and the

— M
total error be enp = Uno — Uy, - Then we have

C.
€a,0 H 345 Uao = Yoo u
3

d =BV (1] !)2 2
—(B—b)cmin M— |« fkj
—+ 4?36 Ua70 Hﬁ(lﬂl’i)

and
€a0 L2,(9) SQEZCH Uao = Ya0 #

2
Cl —(B—=b)cmin (Mfla’) fk?
€ Uao 1 )
) 2
3 Hz (T'1,+)

+2d

for all Yoo X where C. is given by Lemma D-25, ¢y = inf
with z, as defined in equation (2.44).

Md Sin (Zn/Q)

27

n|>
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Note that
inf (1, k oo) €a,0 H#(Q) = €a,0 H Ssup (1, k oo) €a,0 H#(Q) (D127)

Then we can use the standard finite element estimate equation (D.88) and we can
write

e
€a0 n =Asup (1, k oo)(;) 5; Uao = Y0 i, (0
2
d —(B=b)cmin M-« fk?
e ( ’ D U,

+4— a0 1
3 Hz(I1+)

9

and using the definition of Cy from Lemma D-27
h\'C.
€a0 L12,() =2 k ]; @(CdﬂL 1)Citay Uao = Va0 HY,(Q)

—(B=b)cmin (M—}a})Q—k;.

d
2—C Ua
+ C, 1€ 0

HEr
for any integer | = 2.

Proof. We have

M M M
€a,0 oS Ua,O_U,O H+ Uoz,O_U H

« a,0p,

Similar to the proof of Theorem 62, we derive an a priori error estimate for the
second term. Let epf = UM — UM where UM = U}, and U} = U} . In
a similar way to derive equation (4.115), we get

(@ (e ei) = (|ed o= el 3 0)

a
since — (Tge%, ehM)Fi > 0 using Lemma 8. So,
2
}62/[’}1&#(9) — (k) e’ L2.,(9) e w= ’aM(ehM,ehM)}
since (k) eV 12,0 = eM 4. Then
2
’e%’Hé#(Q)_ (k) ey’ L2,(Q) en = ’aM(ehM,UM—@/))}

SOC ehM'H UM_¢"H

using Galerkin orthogonality and Lemma D-26. Similar to the proof of Theorem 62
to derive equation (4.117), we have

M M
€ Li#(g) = Cl €n H
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. Hence,
ey —( (b)+ k)01 e w<sC, UM =y y<C, U= y

using Lemma D-25 and by noting that when M = M,, UM tends to U. Since we
suppose that ( (k) + k «)C; <1 then

C.
ey 4 < . U—1 « (D.128)

where C5 =1—( (k) + k «)Ci. From equations (4.93), (4.95) and (D.128), we
get

C
M c

<= /¢
Ca0, H= 403

From Lemma 59 and Theorem 50, we get

Ua,O - wmo H- (D129)

Cy
e(]y,oh L2,(9) = Q@Cc Uao = Va0 #- (D.130)

We use the result given by Theorem D-34 with equations (D.129) and(D.130) to
finish the proof of the total error of discretizing and truncating the DtN operator.
O

e Case 2B: Transmitting dielectric grating: TM case

Theorem D-38. Let |k| = k.. > 0, the mazimum mesh size h [0, ho], the
degree of the polynomial basis p  [po, o] such that k‘% < 1 with 2Cy k o <1 so
that Cy =1—2C k o > 0 where C is defined in Lemma D-31. Let M N such
that M = My and let U, be the continuous solution of equation (D.5T7), Uo%h
be the corresponding discretized solution with the truncated DIN operator and the
total error be eqg = Uao — UL, . Then we have

€a70 H S4é—i(30d + 1) Ua70 - me H

i gy 0w (u-lel) 5

+4 o i )
Cy I
and
Ck
€a70 L;E(Q) SQ@C& (3Cd + 1) Ua,O - wmo H
2
—(B—=b)¢min M—|a —k2
+ QdC—kC’le ( ’ D " Uso 3 ;
04 H#’Qﬁ (T1,+)
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V_
, C. 1s given by Lemma D-29, C' < 5 as in

for all Yoo X where ¢, =
ref
Lemma 7 and cpin = inf|n\>% sin (2, /2) with z, as defined in equation (2.44).

Since we have equation (D.127) then we have

Cp -
+4—de 1
Cy ’ H;t (T1,2)

and using the definition of Cy from Lemma D-31

h le
Cap r3,(0) =2 K oo(;) aCsmb@CdJr 1) Uao = %a0 ui, (o)

Proof. We have

M
€a70 ’}.[S UCV,O_U 0 H+ UOé U Oh

a, «

where Uy o—U, (% % has already been shown in Theorem D-35. An a priori error

estimate for the second term can be derived in similar way to that performed

in Theorem D-37. Let us denote e;! = UM — UM where UY = U2 and

U = e r U}, . We can show similarly as for Lemma D-30 that

1

W’eh ’Hl NoON e %i#(ms [ C ’+’( Tiey' ey )FJ-

Similar to that proof of Theorem D-28, we have

1 M 2 __ 2 M 2
R Ch H T2 K e 12

< | (ep!, ") | + ﬁ}(TMeh cent)]-

Similarly as we did to get equation (D.107), we get

e% ’H_2 k 00 e% Li#(ﬂ)

where ¢ = €'}, o such that ¢,0 X°. In a similar way to derive Lemma D-31,
we have e} 12,0 = C1 e 3. We can divide by el 4 and so

ehM ’H_201 k? 00 ehM H
<c(20d+1) UM = 4.
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Since we suppose 2C7 k o < 1then Cy =1—2C k o > 0 and we have
Cy
For M = M,, UM tends to U therefore
eM L= 2—’“(20d+ ) U—4 5. (D.131)
4
From equations (4.93) and (4.95), we get
Ck
egfoh H= 464(2005 +1) Uso = Yoo #- (D.132)
From Lemma 59 and Theorem 50, we get
M Ck
€a70h L?‘#(Q) = 25401(20d + 1) Ua70 - wa,O H- (D133)
We use the result given by Theorem D-35 with equations (D.132) and(D.133) to

finish the proof of the total error of discretizing and truncating the DtN operator.
O
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