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ABSTRACT

By _ans ot tinite Fourier transtorms the Green's 1\mCtiOD and

heDcethe seneral solution is tound tor the Cbap17ginequation ot motion
tor aD iJrport8Dt clu. ot tlon. i.e. 2-diJllellllioD&lnon-ri.cOWl

ccapre•• ible •.bple wedg. non' with circular .ector bodographs (theae

non baft been defined aDd clu.itied according to their hodograpb

4iqraa 'b7' Birkhott aDdZarantaaello). PrcB the .olution expression tor

ft1oci_ potential &D4 J)b7aical.space coordinate. are denTed in terms ot

the boc1ogaphftl'iabl ...

Por the particular cue ot Rtt~ non the solution is used to find

the 4rac coetticient. tir.t17 in an exact anal.7tical torm and then, for

BOIlicjet nova past !!!!!!. vedses, as a .erie. in aaceDdingpowers 01' the:

wedge &D8le;COIIpIII'isOlUlare mde with the results obtained trom the

&pprOltiate equations ot 'l'l"icomiand ot 'l'omotika.aDdTamada. The study

ot IIOniCRethy nCMI ot •.all. wedgeangle is taken tu.rther and Beriett vid~b

are unitol'lll7 ftlid tor aU possible source "loci tie. are tound for th~

".. leagth and stud-ott (i.e. distUC8 ot the wedgetrom the channel}

ill tv. ot the (.mall) wedge aug].e. Promthe ••• eries certain lbdtatiOD$

OD the lngtha and pre•• ure dittereDc •• can be determined. Some exampleD

ot the a-eral .olution (includiaa the lIolution tor R'th7 nova) are

diacuase4 in relation to earlier published paper. and a discrepancy in

80M Rus.ian papers i. explained.

The thellis enda with a theorem.OD sonic jet.. 'l!1illlltate. that tor

siaple vec!ge nov. iDYOlnll8.onic jets t the physical changes due to the

pre.eDc. ot 1I01idboUDdarie. in the tlov are completedwithin a tinite

di.tance in tho.e direction. in which .onie jet tlov pNYail ••
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CRAPrER I

IlITRODUCTtOlf

!he application ot the hodographmethod to the equations of

gas d71uudcs dates back to the tum ot the century; it vu derised

b:yltblenbrock in 1898 am used fair=b' e%teD8i't'e~ in work ODgas

Jets b7 Chap17ginin 1902. It vu not tor another thin:y :years,

hovewert that the tul.l significance ot Chap17gint 8 workvu

appreciated, when it vu _ed in the reaearchea of Delatchenko ad

BuseJU.DDoMore recentl.:y (191fT) a general theorr tor the use ot

the hodograph plane for problema 01' compres8ible nova put a ~

vas presented lndependentl:y b7 CheZT7 (6) and Lighthill (15); their

vork has pa't'ed the vq tor the extenBive field ot research cOTered

Bince and still being derelopedo

Briet17, the Jlethod consists in changing the independent 't'ariables

in the equations ot motion trom the ph7Bicsl co-ordinates to the

componentsot 't'eloci't7 0 For incompressible (atead7) tlow t the

resulting equatioDBtor the IItre_ fUnction • and the veloci t7 potential

• are still Laplacian. 'rhe eN'ect ot the tran.t01"1ll&tioa.in

coapressible now is to linearise the equations ot motion. th'U

enabling &Il~ic techniqus to be applied in atteapt. at solutioDo

Jpiut this rflJllarbble aa'YlU1tageot linearity. hoveYez'. has to b.

set the one dranack of the hodogaph method, 't'i&. the difficult,.

in a••n.iDg bow:ldar7 conditi01l"o In the Lipthill and CheJT7

aethcd, tor UlUlPleII .olutiona &:re obtCned b)' generalisation IIIld

~ic coDtimaationfr_ the corresponding .oluticm ill uccmpre •• ible



2..
nov; then the bcnmda1'7has 1;0 be determned a posteriori froa the

pnerali.ec!. aolutiOll, the bouD4&ri .. tor incompres.ible nov beiDa

~ • liJdtiq cue of the cospr ... ible flov 'boQD4arr. But tor

probl_ inYolrill8~etflon, _ere the 4i'Yic1iasatr ..... in. i. either

• IItNi.Pt line QI" flo.. (ad ~tar. of COD8tat ftlociV), no nch

tifticn:a1V la eDCOUD'hre4 &Dd the boaa4U7 Tal_ probl_ eu be .et

up f..uatel7 in the ho4osr&Phplane.

'!be efluation ot .tiOll in the ho4optaph plu.e of a two-diaeuiOllal.,
:; ..

.. ._, iloa-riscou lrrotatiOA&1., ccapre•• ible flov of &II ic1ea1

~e tlaid .. siftll b7 CUplnill (5) is

where 't is ~.late4 to the re8Ultaat speed q at aD1' point b7 the

l'elatiOJl T • q2''a2, ~ beillS the .... bn. possible speed in the tluic1

1Ulc1e1' llAiabatic upan8iOll; &Del 8 i. the ADglemadeb7 tbe flov witil

... tixec1 tirectiOll. 1I.a~ takell .. the cUrecti01l of tl.ov ill .CIIO

I'$OU vbc'e the avelllllill.. &1'. pazoallel straipt lin... 8 is

nlate4 to y • the I"&tioof apecitio heats, b7 IS• 1/(y-1). A

pIlen1 __ lOll of (1.1) ill Yhioh tbe "&I'iables are s.,..ate4 ....

p... _ CbaplniIl bDaeU; a HCOD4 neh solution vu a.t1Ile4 b7

r.iaIlthiU la 19~T. Both solutiou UYol'Y. _"'lecaetI'ic fmlctiou

&Dd are ct--eel la' Cbapt .. Ill.

B' the ftriab1. " i. vaat...a to G ftere'



'. beiDs the Yalue ~ , at eoadc apeed. ~sin',a equaticm .. auraea

'the .iIIp1e toN

.... It(.) • (1-~)2'(1_", )/(1-,).1+' •• •
.... OCIIIIP1ai:t7 of *__loa,fIt tile ~ ..-tl_ 1lu

~ ..... bOn ,to ... approzIaatiOlUl to the etati.,

,.ni01lla"~ iD tb. ha (1.3). '!be.iaplen of th_.~• I'eplae...-t
of t(er) _ .. fun. tent la Ita IIIe1a1IriD .,...iOll'~:1ea48. with the

clump of ftriable la .. (Y+l)"*. , to ~ • ..al-
.l"... ~~ +" .. o.11l". .,"8

!be IIOldiOD or w..... i_ iDwl..,.. _.el hIIc1;i .. ~ 11&11 ~

~ .u.cuH4 ",. Ifricald.. .. ....... t!d. 801ai_ ita .vi~
ft1f.4 oalI" ror -..u. ,. hrb&Uou abcNt; er • , 0 (i.... ~• ,.),
•• O.D4 iD, ,.nioalar p 'bid fl.t .... tbe "..-tloa JCd.n
(.a. ••• ). ...! w!~ aaecl (al with &004 nnlta)

,. • w.!.., of JIINltl- lJrN1riq _'.,...u..1 flan at iutar-eoaic
"

.ADnIaer D·I • wbleIa ~ \0 tbe- OOft"eot ~t at

'-'la tile 8OIdo u4 It.... i_ ,... i. a. to "-"ib u4 .

'I' sa. (II) ..... _ ....
t,CO') • a{a - -c. , ) •

I a -(..1. )"..... ,
!be aol__ .... lIrta1wa ~ .... el J'aIDItiaDa, .... 1.... .-,1-

tt. ..1.__ 801__ •

la ftC'" pin ........ of ~ hal 1ft. iato the

..lad. of tile ~ ecaatloa b iu ... MIl '.on_te ,...



~.
tor pu-ticna1ar el.u or n... Par 8'1D1p\e. CIe:nIaiD (11) ba ahovn,

witb ,..nlcnal.ar nr. to ~ 'lriecm all ~ib u4 .,_....

~. how ~0I'Il tHhId, .. caD 'be 8pp1!e4to .....u.e4

..-uc- of tJpe (1.3). 111. la.. Mft MeD 4~ _ Mackie (16)

.. 1IM4 to obtain _ .zan IOlutiOD tar tile "Boabb .a.el." probl_ •

..... (3) .. aet _other M'thod. 4ef'iD1Dc opwator. wtliob traMtOl'll

~io taotioa of • COII.p1ezftri.&b1. illtO Rn_ fWlctiou 4.fiDe4

iD • .,.eaao-l.ocaritbaio· p1aae to 801ft the CbaplniD .... tioa tar

• wile e1u. of non.
1ft ~ .nbo4 of M1.rillC th. CbattlHiD eq.uatiOil.thi. till.

t~ tile olau or tl.on 4etiucl 'b7 Birkbott u4 ~ .. ". e

flan put we4pa" with cirea1ar ACtor ho4opapha (c.t. Chapterm,
tana t.lae first par\ of ~. theel.. 'rh. -'hod, althoqb. not 80

PD~ .,.,ucabl.e .. tboll.~_t ..tiOllea (or Oeraab. vackie aDd

... paa', Mft:I"thel.ee. si.,... •• imp1. _4 cUreot .olution to ~ eDCt.

CIIaplnin .,...tiOll ltae1r (nthe tIIaa tile .. ....,.be4 ~ (1.3» for

- iIIJortaa' clu. ot tlGn. 0D0e the ..... &1 aolutiOil ~ tile

_ •• fDatioa • (ia teniI of tbe ftloo1V ~a , U4 • ) !au

bee toaaa.... aiou far the ftlGoi_ ~ • aD4 the ~ez

--" oo-ortiati. at &lao la t.... or , ... • • tollolr ~.

III CbapMn Y .. n 'Ut.... &1. NIU1'a of the ,rmoaa ~era

.. applie4 to .. apeei&1. nb-elua of llkb:r fl.on. !be ...... leqtb

.. the ana ooett1oint Re foaDI, tint in _ uaet ~loal. ton,

u4 the, tar a lIOIdo ~nU4 _1] ft4p aql.e a, la th. tora ot •. .



coefficient arc suba.qusil't17 found. s"tarting fi>Gu 'Che~ik& and.

'l'aa4a equati01l &Ild f'roa the ~iecBd tMlUatiOD(ill place of Cbap178in h

i.DWnRiDa reault. ec.e oD iD tbe GGIlSCCi.OD o~ the ~hr_ .erie ••

fte ~ of ltet_ n... of HIlle J•• pan tJdD wc1pa i. the

taka tvther in order to fiD4 out ezact17 hov th. leDsth of the wedge

u4 it. aiRaDee t1'oII the chaDlle1'ftrJ' with the veda. &Dal. (Cl). the

c!Mtwme1 width &Dd tbe aoarc. 'hloeit7, u4 bene. to fiII4 the variation

poa.ibl.e in J*'ecleterUniaS initial ooatitlou ror aettiDg up ncb a

tlOlr.

Before retUI'DiDs to .... genenl. r_utta, on. chapter (VII) will

'be 4noted to a 1Itud7 of ac.e rec~ publiahed paper. nieb aTe

00IlIlecM4 ill ODe wq or &DOt.her with the work ot this the_l.o In

partioular, seYeral Ru.i_ paper. ooatain aolutim. ot the Chap~,iD

ecpatiOD (obtainecl b7 n.riou acrtbo4a) tor n.on whicb are included iD

the pn.ral. cl.aa. detbed berea

PiD·')~ • ~eore i. proyecl ~ the gaeral n.on 4efiD.ed iD

CbIIpt«r II, wtlenth. bee ave_ ftloaiV i. aonic. ID 19117.

ChMrlAlF (1') pl'Cml4 that a jet of inri.cid pa, i.auiq with SOIlic

.,.e4 ca tile tr.. boaD4ar7 trca a bole in aD iDtiniw atraigbt ftll..

bee ..... • aitona puaUel. 8ODio 3- at a finite 4i1t&Doe fro. the

bolA. !he ... ren1t, bol.1IIliDc • calcul&1;ioa ot the 'leD3tb' or the

.tn .. PTa 1atw 117Roamft (eo), onanDikov (19) ad o.r.ia aDd

..... (12). In the fl.nal. ohapter of ru. the.i., Oa4erlqt. r_1I1.t

i. ,.....&1i.84 to aU .imple tl.on put vedp. with oircular .ector

bo4ccrapba i ~or all ncb flon it 1. }lI'OYed that ft_ the pr•• ave



on the jet ourl'o.cc io lSueb.that the fl'ee ~ti'~ \reloc:ii:t:r iB monic ~ Illl

the diatm'baneell due to the preseDCe of solid botmdariee in 'the f~oY'

take placa within & finite dinuce, after whichthe flow continueo

u & msitOl'll pe.rallel BODie atreea.



CJtAP'l'ER II

!III l!OUlIDABr t:A'LUB fttOB1'iBN

!be boD'UT ftl_ probl_ tor the 801utiClill ~ ~ "'ap~pa
erpati_ ia aet up ,. aublloDie .. lIOJde3et flon .... boaDc1&I7

ill .. Jllpioal ~ ia iD t1II'Il iD a tixe4 nraf.&1n l.iDe, at a

ooaateat aq1. to tid. liD.. a4 t.ree. ad whoa. boml4'117' b tbe

JIo4osr. ~ la the ~ .. of a cil'cal.&1'sectel' of UIIl. BOt

...... tbaD •• ... fton lDe1u4e a Jet flow apilln a nU,

n. t1INqb AD .,.._., t10Ir b'aa a faDe! ne.

iMCIIJI •• ibl. nan. "ailrp1. non JUt ~"With eihular .ector
" "

Wop.. , baw ...... e1.. df'ie4 ,. Bil'thott u4 zlnatcm.uo (~) ..
,.n of • pural c1aaiticaUOJI of siap1. non '(simple iD tbe Bal_

..... ) acoor4iq to their reprea_tatiOD iD tile ho4op'aph plule.

!be ba4osr&Ph c1i.q1'D8 U'. 1IDItb.. p4 for ~ ••• ibla t10Ir &114 caD be

to .. tiDe the flan to be OOdi4.... here•

.. A... '. ftlooiv tiel4 Cl.), a.t.lM4 08 -- 0,.. a-ef" Bnth

e10MIN I la oau.e4 _ Bale ahtpl. t1cnr it &D4 ~ it

(I) • b loc~ .~ eo.. .a,
(ll) • la a~ oomaeote4.

(ill) (.) i. lMnaIIecl l1li oGItiaDal" b .,

(l.) the 'bauIaaaI71-B _ina of. fbi"....... of netitia'b1e

ne. 'i_ t.1InbI ~ • fiD1te WM1 aq1.e.



8,

fte Birkhott aD4 ZarantoDe11o clauiticatiOll ie bue4 OIl the

..... 0' ~ u4 Ita ... r..,.nl~ ~ ...... of ~.. - taba,

00_ (f -iaftalt ) ad illftJdte nre.., "4. i. the

.... of 4iri41111 JOiBt. _ th. 'baaDI!81'7 ... D.th. II"'" of

lat....:I. etlpatiOll pobat. iD t~ fl._. tbe -'hod of e1u.iftoatiOlli

_ea i. to lift ... aa4 D l~ lara.. liatesra1 ftl... all

iDt.,.... 0CII'I'..,..u __ IDU of DO' ~ &DIl lit OD ftzect a4

tlree boaDCIari. ...

non witb oheal bo408rapba haft DO illitenal etapation.

JOiata IID4 ab lIOat OH. tUnal poin OIl tbe 'boaD4&1T (at atepa1liOlli),

1... D•• 0, Ita • 0 01" 1 ;

beIloe, floca (2.1) tbere UIIDOt 'be ... tbaa tbne .f.a&ulari.ti.. GIlthe

1ao4opapb boaa4a7; iD tan, the 1.,. ...... lae of (2.1) 1I1ISt .....

tile ftl_ 2 .. ,. ID aMi'iGD, ill __ tbat a flow 'be stable U.a
...... that it will .. w8p1uh"). it ia DICU..,. tJlat at __,

..,..aioIl JOint . OD fM 'IMIaIIa...,.. the fl._ I. trc. ,be f:ia4 to t1ae

!ne '-1..,. W an ~ oUae .... ~. (Aa-vlea1

00IIflaanti- .. aIaGn iD ftpn It.l (a) to&- ea.pJ.e i• ...table:

tile now r.-m.a tMN la tile t10Ir IOIIDI apipe e11Mt¥; ...... iD

(b), w1dch will apJuh).



nOURl 11.1

.pe """._,

'\

~ ,,

(a) (b) l
!be ceIIPlete clU.ifioatl_. acc:oNiq to their bo4opoaph

41..... of .table .iaple n.on ,ut ~. with circular .ector

JIo4ocraph8. i. 81Ion ill l'i«ure n.t. LiJdtiag fOZ'll8 CD be obtaine4

__).ettiq Wo .iqalaritl •• (4eDote4 _ a cro•• OIl the bouIl4at7)

coalesceor "". 4iap1.acina a '.inpl,arlt7 into a Car'IlV of the

1Io4op1lPh cU..... 'l'7PicID.p__ lcal plane sketches of the flova in

D.I are pftll ill II.3. lb.,. 11.3 Ca). a tnlcal 'R~hJ' n.ov. baa a

boc1o&nJb Ai.- .... hovD in 11.2 (a) etc. (Ia fipre. ncb u

U.3 (a) wbere ~ tile ,.,.. halt plaD. i, ,heMI. th. Airi4ins

•

1IIIIIpl. of t1CIIW Ca) .. the fl_ JUt a Ye4p iD a cbaDDel. Jet"

n.c:. pan a wet... t10W apiDlt a ftU. Jet flov t.rGa a t.mel etc.

Aa ~lJal~ _of (b) :la tile t1GV at a eul-4e-eao.
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11.
The tlova tor which this problem i. stated are thUD&ll nOVI

represented bJ the hodo8l"aphdiagrams in J'igare 11.2 and cOliltained

within the rtm8e 04 'f" 'f , 04 8 " " 01' the yelocit~ Tariable •••
Let the _xi-a ftl•• 01' 'f &Dde tor .,. siy- nov .. 'fb (~ ".)

u4 ./r. (, 'I) reapeotiTel7; the .. the bodosraph bouD4ari•• hay.

eca._tiou e • O. •• 'I'Fe. " • 'lb. BetveeIl •. two ot the

.iJl8Q1ari ti.. OIl tbe ho4osraph bo\mdari... the atr •• function i.

lec. the boaDIJ&17 Y&1ueprobl_ .., be toraa:u.:, .tated &It the

101niOD 01' equation (1.1). yts.

0, T ~ T~

"". f (T) 0., e. 0

i' la j(~) on e. T/'!
'+ • h (8) on 1'. or•

••• t(lIt), I('f) ... 1l(1) ... »ieowl •• CIOD8taDt &l.eaa a.
~- ""DcJ~ Ii...

(2.2)



~lI1

THE SOLtr:r.ION OJ!' THE BOUDDARYVALUE PROB~

General Bolutions ot the Chaplyginequation (le1) in 'Whichthe

ftriablea &re sep8rated vere found by' Chap17ginhimself and b7

Lighthill.. Chap17gin'. aolution, giVeJl in 1904 (5) ia
~

Ao e + L A~wf'! tr) ~if\ (ne ...t:1., )
1\ ... ,

where Aot AD and CID are constant., &Dd "n(T) is the solution,

~ic at T III 0, ~ the equation

~T"(I-T) ~~ + J,.r {\ ~ (~-,)T1t -nl. {I- (¥+I)'t]W ': 0. \ " (3.1)

It theretore hu the tOI'll

~ere 2'1 i. the !J7pergeom.etricfUncti~ iD the uaual n~tioD, and

an &Dd 'bll are rolated b;r the equation.

a.n + b" ::. n - fJ an b" .: - -i"n (n + 1) .

Lighthill (15) giYiDg a .ecoll4 .olution ot the _ametON, detinea

(

lilnr"PII'\(T') _mC" 'I-'_tr\(T~ vbeD n i. a politi .... iDteger
• ", .. -:J. 'In + n J» 1

w,ir):a "'n(r)= .
'\f-n ("r) top aU other Talue. 01' Jl

Here Cn ~ r(an)r(D+l-brl)/r(an-D)r(l-brl){f(D+l)} 2 , aDd ha. beeD

C~08QDCOas to I'DOYe the cUtticult7 01' tho _lapl. Pole in .rlC't) .eD

DilDa neptift ~ .. er other ~u -1.

'1'0 tid the .olution .ati.fJ'lng the boun4u7 cOilditiOJll .tatec1

in cu.;te Ut It i. COIlftllient to cU:d4. the probl_ iDto Wo part ••



13.
In the first pU't, the solution .1 is found tor which

t(~) a S(~) !! 0 iD (2.2): this iD euil~ obtained &8 a Pcurier Sariea.

h the second part h(e) EO. and more adftDcecl~eebD.iq_s are required

to fiDt the solution. Tbe twO solutiolUl are superillpottedto gift the

tiDal rell1l1t.

'!be fun part then coulst. ot tiDdilll the solution ot (1.1)

that _tistie. the 'bCNDd&r7 cODllltiou

f'l'=- 0

li' = h (S)

e. 0 and e. "'/1

011

Let til. siDplaritl.. 011 the boaD4ar:r lhe ~• ~b of the ho408l''apb

plIm. OCC1II' at the point. Pphb• Ip> t P • 0,1, ••• ;. where

o • '0 ~ '1$ •• • ~ Ip • .,,-. ['!b. a4 point. (Tb' 0) _4 (~b'.'()

are ... 1DIe4 to be siD8alar poillts 'both here u4 in the sec0D4part

of the sol_loll. If' iD tact DO slnplari t,. e:dsts in the final

solution ., the .iDpl.azoiti.. iD .1 ad .2 rill be toad to cue 1

each other out J Aa h(' > is pi.cnis. coutant. It JUQ' 'be 4.&04..
hte) • h,. e, <. e < 9,., :

h tIa1.J_ ,,_ ri&we D.I _ tile a'boft k OOIlOenilll the

............ ; _ ,. ... 110 '817 ~f.eea ... NJII'''.W

ia ri&we m.l

o

l'Iouam.l



'1'be JIIOCItgenenl Chaplnh 8OlatiOD•• ti.f)i.q tho tint of

tbe ~817 COD4itlClu (3.2) ia
eO

.1' • La A,,\ "i'".. (T' .s;" n~e
, . ".,
.... tbe -'act ..... ~iv.,. !lie .... eoa41tloa of (3.2)

~ tlIat tlutH be cboe_ • "-,t.A"~ '+t\'1 (1".) a.on ,,~e - "la)...
..... ",. tbe theca7 of Jtaari •• iIl••• i...~ ..

"'-1" ..1(,.~) • ..1. L. h,. l(.os '" ~ 8p - '0.5~'18.,..,).
ft'I'" ?.

!be 8Gl..i. -u.trbI 'boUl ~ OODtitloDa i. ~.

t.. & f [J. h,. (00$ ,,:r e,- <06 ~'I",••) ';"'fr) .s'",,~. '
".. n.. p. 0n """..<T.. )

It will be .boID ill ~ UZ\ .... that tbi ••• 1•• i. WlitGnll7

(13)

eoaY.. pn ~ la .. lDJopapJa MCtor OAB at the

JOlaU Pp_ P • 0_ 1, •• i. 'ftma.1 I. __ ill iD OD GCopt at

.,- ,.... i_ baa • tid. U iIml_ of (h,_l'b,).

!lila r..lt ~ Dna a 801.i_ to .. ectatl_ or -,1_
,. ... at.,. ~ .. tile .In ftaw ,... a., .triow4p, _

....... la ....... Ul.2(a). !lie lMMhpapJa tiaana tor tile ....,
WI or De t.1.ow ill .... ta m.I(").

naam.1

"., .,'"
U",. #'

1·~" I;'------- .. '~.,, ._.- ...... , .-. .....
o

(a) (b)



It e • yIp i. the tiDal direction of the t1av, the solution bT

1'-
.0~ L J.. (1- ~a.i.r) .... ,"') .sin nl•.

11' n.. n ,. 'lit\! (,.)

." • ./2, tIae •••• hDnioa t. * flow ,... • plaH i.

obWae4. a.. -,. al80 taba tile 'f'&1._ ./t. the 801_1_ tor • jet

t10Ir apiDat aD iDfiDite t1at plate or nU ia
00

't. u \' ..J._ iI...n .... (,..) S""(la,, + .1) e.
,... l...J 2.n+• ""..n.~IT,,)".0

la the MCOD4part ~ the pron-t. the boUll4a!7 eoa4itiou ....

'4' - f(-r) on 9.0-

" .. ~ (,.) 0" Q • .".,-,.

't • 0 On T • t"tt'

f(T) • f" , ...." 4:. T , T,••• 'I- o,,1.... t-•. whc."c. 0.".6';~·.'l·t
S(1") • j.. T 4.'T4. '\.,' 1".0.,#, •. f-,• ..,I...C"C. O."'•• 't,.... 4\. •.,...

. ai~arit:l. .. GOear at po1ata \ ('ret t ~). " • 0, .. i
..... (t••• ,(). r • o••••i... IbCMa la riaare m.s. Oaoe aaala

.... ,... ... iDel1l4e1 .. alJlllQ.ait poiaU; th i f ~;i !C ~.

10,0. 0. ... f. Q. ~ ,,4
nauu UI.3
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'lo find the solution, tinite 'ourier transforma are used to vaaltora

the partial ditter_tial equation (1.1) with reapect to 8. '!'he

reA1tiDg ordiDat"7 differential equatiOil iD oris then aol.Te4 b7

fiD«1iq it. GreeD'. f\mction to &lYe tb. trllDltarm of the U1Ik!lowII

fmlatioD .( T ,e ), the required 801ution beiDathen obtaiae4 as the

in~..traaator.a.· . .." .Let '(D~,T) • J .(t,8).ID D,8d8be the (fiDite)roarier .iDe
o .

traIl.tora ot .('1,') with respect to 8. *ltiJ)l7 (1.1) ",. aiD Dte

&Dd int.-ate with reapeet to 8 1'rca e • 0 to e • ../t. By -iDs the

bcn1D4u7 CODclitiouit is e..,. to ahow that

1..'ta2.' ] .
.:...z;. aiD 1l~8cle. D~[th) - (_l)D sh) - D~'(n'.t~t) • '!he equation

o ael .
(1.1) trautoru into the oniDa,. ditterential equation

It--r-' ll-T) ~ 1- It-T {t + (1&-""') Md~ d~
::: - n:t {1.- l~~~ ')"'ll f(T)

(1- (2.f+ l)Tj n'1.f'"t
(-3)"5("')) )

.si l..I.... .!Ii] - n'4 I·(T, -r) 'f - F"l (T) I

cIr (1--r)" dT .,tT, (1-1")'" (3:.5)

nee 'Dch) • -IlC(T.-tH th)-(-l)ll.hU ''''n (1_t)8+1.
• • •

!lie Or_'. fuaoti_ of (3.,) i. the .olutiOll 0 h',t) of theA'~UOD

(,.6)



17.
which (1) ia finite at T - 0,

(ii) as.... the ya1uezero OD T • \

aII4 (iii) U COIltillDOtUl OD T • t.

Cm thie eq,_tion 4h-t) i. tbe nirac delta hnciiion] • 'l'he lIOSt

senera1 On,(T ,t) .ati.fYiq (i) and (ii) i.

G,_) (A;nl(T)
"l''i t ::

B l,,,'1 (.,.)'f'"~(T..) - ;"It.,...)~n;tT)J
T'ct

where A &D4 B are arbitr&17 twu:tione ot t aDd D' (independent ot T),

ad .1I,(t) &1lcl .• D,·(T) are tbe Chap~n and Lightbill tunction.

defined at the besilllling ot the chapter. To •• ti.1)' COJldition (iii)

it i. lIece.S&r7 trOll (3.1) that

8D4 t.roa (3.6), OD intesratiag f'rca T • t-o, to t+O, that

OIln).tituting the nl._ ot *obtained troa (3.T), thi. lut

condition i. equiY&l.entto

• 1

!he apr •••iOll inside bracket. 011 the denOJliDator i. tbe WroIlIkiu ot



l~..
the tunctiona .n~(t). and .n,·(t); ita ftlue, de.riTedaimp17 froa

(3.5), i. JC(1-t)8/t; fl'0II the limiting ftluee of the e:paD.iOlls ot

the fWlctioJUI11III('t) etc. ... t teDda to zero, 1C ia 4etermillec! to be

equal to nf;. Bence

I a '4'nl(t) / nl "'"'1 ('t'~).
ThenJ.ue of A follon at OIlce frc. eq_tiOD (308). '!hu the

require4 Orea'. tuct:lon, obtained bT subatitutiua tor A &Dd B in

(3.T), i.

(3.10)

To tind the solution ot equation (30'), it i. DOV o~ nece••&ZT

to multiplY' it by ita Green'. function Gnt(<t ,t) ,to multiply (3.6) 'b,.

.,{l!t,v>, &nd subtract, and to integrate vith l"eGpect to 'C from 'i' III 0

to 't • 'Cb. After aiD.plif)i.DS and using the bOW1dary Taluea of 0 and

, ,the result ia
t'tl

f (n'l, t) = I F"l tT) Gn1 (T', t) cL-r •
o

'l'he solution of (3.'). o~aine4 bT interoh&D8illl 't ac1 t, i.

To naluat. this iDtesral, it i. nec••• 1U7to, .,.ci1)' ~'t) JIOI'.

fUl.l7. !hi. fuIlction vu orisi!l~ etetill.a in (3.5) &Il4ctepea4a 011

t(t) &114aCt) vtdch ill tUrD were specified ezaot1:r iD t.... ot fca. &114

s,.. It i. cODftnieat tot' the aak. of .the !lot_tieD to nbdi na. the
probl_ at this nlg. aDd couid.r firat' the 0... tor which I( T) I 00



!be iDtesr&1. '(Il'.Y) ~or tld. pro'bl_ will be denoted b;r 'i(ae,y)

aa tbe COI"I'eepcm4iq sol_lOll to tile arisiaal. eq_tion - "'2(Y")•

... eiII ha ... ~GaD4. Ue 8OluUoa'3(~.') con~iD« to

t(~) • 0 ea be m'ttea 4GW1l ~ ",. aaalOD". !!le two

Mlad ........ 5'90•• 4 si... the Nt1dre4 ren1t.

_ II1llMltltwti_of t1Mt ..... '. ftmotioD (3.10) la (3.U) •

...
i-a'J{t") tn'Slt) - - (-r,.or, ~(~ln'J ""3 (t)

4 tT., (1- t) +,
• -.1... f et) , cL*ol (t) - -iDa the oriaiaal ect.tloa (1.1)

,,1 tLt

..... +"!ltt). t (.-tr' d. +,,'I(t) I At •

.,.., ... alp.. , iDa11114iDs tile 11M of the WNaIkf. .. la the ~OII'II

+n) (tl t':(or, - 'I'd(T) +~(,.)• ,,'J
.. ~. ~ la.nap~, c ~ c ~'+l'~'

1...,(.1,1"). J.. [f, ...a-•., ttl et) +" ~] .
n'l f14,,".) q, .... ('t.)...... ,.0, ',.0.1-'

....."..~[tF,~l'\\":t...) - t.''''+"l')ta(~J
b .. ., • - ~ e F, ,,,,(\) 1a1tr,,) (3.12).. F,. f, - f,..
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!he .olution to the bound&r7 yalue problem is nov obtained by'

.... of the iDftH. trautOl"ll..
1'(1',8) WI 61 L t (n~.,-) s,'" n}'e

11" ". I

t"\a ,

00

i {I- !!) + .a (J J.. [a. 1aillj + ~ t::r(T) ]S:f'\ f'lle
1 ... T ~ n "1 f..l tr.) "" 1I~'1(T.,)

'!'he aerie. iD (3.13) is UDif'GrIIl.7 CGaftrpnt (cf. next chapter) ud

equiftleat to (3.1ta) in Tq .$ T , 'q+l' 0 ~ e -s .,/F. ; hence botb

expr ... iOD8 sift the true Yalue of • in thi. r8ll8e. BCMtftl", on

8 • 0, the aerie. in (3.13) cOllYer... to 0 vhUe (3.1') COl1yergea

to t ·
Cl •

boaD4&r7 COD4i tiOD •

hence 0Dl7 the HCOD4expr .. aiOD • .tt.fie. the required

.u (0 ,'+Q
80... T'- TS • 1'a" - '~'t"1 _,. of, - f,.. 0 _ 0 •

'!he W. r~OD at .2 ia 0~ • ~ w,( i. thereftlr •

..
11 :: ~~- b) + 1.L J. [.. "." ~nl(Tl .... b" Yd,(,-) ]~ ,,19,
1.\ ". Tit., " ;.'Il1\) · .~t\.) \3 ..15)

"" T' , ..., ~r C\ 'I··.t-L
ftere all,t &Dd bll.~ are 4etiu4 iD (3.12).

!he corrnpce'ias aolutioa t. (,II) i•.;J,r

orr ~ ,. ~ T , ... 0 " ..• ;:-,...... . .



21.

wherethe tuuct,10na concerned are defined exact17 &IS in (3.12) II

replacing a by c. b by d. t by g and q b,. r.

'!'he caeplete solution t is obtained b7 adding .1 and tbe

appropriate Yalu .. ot .2 &Del t3 siT_ respectivel,. bJ' (3.3), (3.15'

anct (3.16). Althoqh each ot tl'.2 _d t3 baa beendetilled vith

aiDl'lla"ities at two ot the corner. 0, A. B. tbe Bua • ..,. be .hon

to be contin12OUat aD7 f:Jt theae points at which there iB 110

liDgul.arit7 ill the presoribed ftlue ot • on the hodographbound&l7;

the discontinuities in iMiTidual parts aere17 cancel each other out.

('!'he total IlUIIlber ot .inpl.ari ties in • i. in tact two or three,

occurrf.q OD the lloc1oSl'aphboUDd8Z'7 as indicated in r.is;ure 11.2.)

'l'o SUJD UP. the solution ot the Chap17sin equation ot motion for

tlova with boundaries represented in Figure 111.4 is

w,th ~,:
b"" --
C -"." -'p =
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'ta. 0 ",. h.

. · ~I-\~.fi
ftotJRl m.1l . .

Aa • checkt the aboY. B01.1on wiU be _e4 to write 40vn the

•• e_ function tor th. nCJV ot • SOIlio 3et tbrougb ID orifice. The

41.. _ tor thi. nov are p'ftll iD rieure IIt.5

a

o __ ._.
,
"- -- ... ~ ...-- 4-.. -. __ . -

-:,.
••...

a "
) .......

ntUII m.,
.. • o. lao ··Ie• '1a'- .'e·./t.. Be. the .0):._ i.
• .• -!9&l! [a + ~ -Ii . t.,,('f) $," it'S' 1 .

or .... tMtr.)
w1aWa la th. lI01_loa t...._ CJenda .. BIle (12) ,., ...-a1laa\loa
of tile ..-req_iq aolati_ la t.. RI•••• '"Ole t1ow. III 'tJda

,.niota1aJtlT .bp1.... _ ~ioal coatlDaUOIl l.~. .....

0CIIIP1J.eatecl ....,lea will be 4lacuaae4 ia Cbapter m.



til VBLOClft JlUfilltlAL AD I'BIBIClL PLAII COC8DDA!18

.. ft1od"" ~ ,.. the t10Ia ... j4er~ Sa .. !an

....... CID 1:Ht raul ftrca ... ....:1 -..t. fbr • "". __ of

... zre:a.ai ..

Pint. ba.... , it 1. ueea..,. to .-wlII. the iBtWte ... 1••

0001IIrizIa b (3.1T) tor Ditona OODYeI'pno••

Q:rtd.a ..,..,eotic .,.al_ willb. rOWl4 uetu1, aDd are

quote4 heN ror ft'ftireu.. t4lbthUl (15) baa prewett that tor D.

larp azul poai ti....t

( '{IT) ..... OS 1" Co 1"4

V" ('1'\ .-.I
kntic. Co It' (,.. 2),.. Ts

+:(,.),..,iV(T) ...••• • o <. 't"" Ta

le' ". -P". ,
.,....,.. , n••

fa. -CD at " .0 to fI at ~ .• ' ••

(f.1) k &at k' are CODIItaat.t

G 21+~1'
(ill) 'fh) •~;n.J - i. • 1Icmaae4 fImc1:ioa or t - T C '.'

Jreae. there e:d.na a eoutaJit V ncb that 0 c Y(1') .. V. tor

o • " C 1'._

VbeD the a'bcmt ezpeaaloa. 11ft 4f.ttoreDtiate4. UJII,ptotio



~xpan8iona tor. (T), and .0(,) when T < T are derived. Vnen t ~ Y tn n 0 ~

an expamsioa~or t
D
(,.> vu tound trom & result giYeD by Prankl (lO)i{~

'l'he lea4iDg Mru ill the .xpa.Deiou tor large poa!ti ft D are

( 11(.,.),&" , Ot T c".
+J.-\ '" " 'I" tWI' .,.• 'f.n «-

(1l.3)

- wC.,.) n..-""+__C1') 1># - oc.,.,,1'. J

"

toz. T 4 , •
IIIl4 t l. • coutant.

!be geaeral 8OlUtion (3.11) Gan be witteD in the form

i ..1', ...1~... ~ I

.0

f, .. ~(.) + ~ L .L ~l ("'~) k~('" e ),
1r ft1".,

;. • ,~ ~I I.

-!lie ~1o ..".f.c:a pYa 'bT Pruakl 1.

~("fl) • .1 it!fr.) ."" A.";'" ~ Atne. .. Aa.n- 'la + • • •
n ""-(~)

!'optber vi~ <.~,I) tor .21\(".)' tbl. 1'1.148

1..I('f.) - ( S. ~ ~~ + 8,..,"" .,. BA .,.;~" + .. • ) 'C. "''':

Inc•• D(T.).



where

w,tS). 0

Wa,(8) a Wa.~ (.) •

'\ (8) ~ """,. (8) •

14.,('V"'). fn.s{1"}
"',," (,....)

u.~(".1'r 'A. ~I'Y""').

f,('- Je/r) , "t""tlT • .,.,., .\"P ..".;;-,
3..'S' /". T,. , 1". T,..,. ,. • 0, I s :: ,..,

''''.('vr). 'c., .. (", ....) = 4:",,. ",( ..} ... tl ,.' 'id ('f) , "':...... ",.,
;.:. ~ (i',,) II, fa.. (~) . .

k.(n,8). ~ ",«(0.1,,1... ·- C:O'S"~·.,+I).s;,,."~8
k. (n,'). ··.:s'ft n!e .
~ (,,)e)· s,,, n'l(""/1-.) • ett••').,t. k..(". Q)

OoDda_ rh" the iDtidte .... :1eap~ of. I i.e.
'.. 1~ ,& p u (D.~)k (Die).~. ~ s... '

.... ,.~t·h,.eo.sn'S9, 54'". "'1al E: Ih,1 ~Itt." 0<" 6[le-e,J" ~
~ ",,,..lIt. 1&+ epl l

.. tu.., poelUft :1Dteier; ....
. .....t

(t) I~11,(",9)1. to .

... ~ H ~ • 2; ~ f 1.,1
·l(·'~)• ·Dc(~)/'ac('b)

t:. I,~ 'oJ:. ,

, .,.. .......... '.



1(U.) ,.. _tat.1I ~f .uc. ftr 11"I:t' if ~(D,.t)

t•• poaltl ft lalOtoDie decZ'e.. ill8 tmaotiOll ot 11tor

1 ( ) E .
(Ul) t~+l)C "l. ~+1,~ ~ ~+l • 0", ~ or" '''f. whe. JC i.

the larsen of the .".. boaD4II ()t !!Ul ·u4!l!l , act! •
l V("fb' ,-Ie ,

... (t.). (ll), (iii) aD4 Abel'. ~V. whea a .~, t .1.2.3••••
ntt
" --L u..<"."" 1<,(",,) ~ HK· I b''I'''T .. '' Ta '~ 1"11 . ,,,, •• ) 01"1\ U
Me \ ~ 0' 8 " ~ • 9.f 9,.

IIala JlH'Na the bftUte uri_ tar .1UDltarlll7 COIaftrpnt iD the

IIoc1Gpapb a.tor .. ept al.cmI tbe lJ.ae. • • 'p.
Par aU e,

HK .. - n'tr
T< .,.~~ 1$

" •, 11K e -,,2 r
,.. < Tb, • ,.""/~

.Ht< • .L , T • T~ , T,
1\



0.$ " c ;'. Ccabln1Ds this vith the pre'rioua N8ult, the aeries

n.- 'tt i. wd~ CODYerpnt eYtll"JVh«re in the hodOll'aph sector

o _ " 4 ,- 0 ~ • ~ ./t aa. at tile pointa (Tb' 8p> (the eiD«alar

»omtt '» or l'ipre In:.~).

A at"'l_ VS-' au be ue4 to pr'0Ye the U1dtoraCOIlftrPDC.

of tile aerie. in .2 ad .3- '!bu. tirtIt~

.~t'k:(h,e)1 " _,_
La .. Si,.. ...1/2.
M·t

, t. '.",3, .. ,

fOl" 0 c « , e < 2./t ana hence far 0 < e , .).~ , i • 2

aDd 0 < « ~te < !f &Dd hee. tOl' (, ~ 8 < ./~ • i • 3.

!Po prcmt hUi(n, T) aDnotoJdc 4ecreaoiDg, UJmptotle exp&IlaiODIJtor

the coeffioients aa', ete. have to be founcl first; there are

A .'S( $~ - Set+-')
" ... eo

-A ('C)"f. fI'!{cr- "\+1)
\+1 n., e.

- ft-· )

A.., e f\l( aq, + Sb)

A, (1\')"-' e,,'I (~ + r)
,
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condition. or Abel'. Inequaliq. hold here exac~ as berore.

!lie nnlt ,i. ~ UDihra COJWerpaae or "he sui .. in .1 iD

tbe nap 0 4 ~ , T". '0 c • 4 ." .."" of ., in 0 4, ~ E "b; .
Of' c wi'.
AIda. for au '.

,
--. I·- ."1' ~ '1> 0 tw ~c ',,+1
8DI I. - ,_,I • 82 > 0 tor ~.' ' ..

, ,

!bu .. Hri.. ill '2 ca. 1. ~ 00In'eI'&e1lt iD 0 •• of w'r. •
. ~

It tollon INa the fir" I'eftl.t thn the .erie. la~. c ~ c ~t+l•
• 1 lam~ COJWeII&iIIIt ....,.... iD the boaosI'apb .ectol" .. ept

.. '\lie polaU (".' 0);' U. ••• -- alapl.. poirn. ca.. la fta. Ill ••).

Ihd'._ tile .ari.. iD 1, ..... _ 1IId~ ....,wbu.... at

polaU ("1" 'I,,) (.. JOlate, ~ orm.~).
ft tou.. f=.e.t~ "- .... 'Nn1_ that la -.. Wotnpb

..... O.,f '4 ~ • 04 • f.". ~U & .ani.nGu "-'loa of 'r
, .

.. •• lIP' at tIae .bt&alR l'Oina .. the 'boma4a17 " • ;, • .-. t,
11M• t.bd... 4laOOlltbd_ (ot ., - \-1 at 'p) ; ~I("")~. eonlaou

..." .. • .1$1. polaU OD• • O...... ..all ~ 4l.00Il\imd.t7

la fbi. (r, - f._1.. ',' ; .a t,("'" la OOIlti.,.. ...,L nat,..,.. polat. - • • .'f. ., WI ..... ".... fuIlft __ • tIM aa __
"-'laa • la a ....... ~ or " aaI. • is t1Ie ~ ....



.. .pt at the .fnplar poiDtl ODthe boundar7.

'!lie Te10eiV potetia1 .i.~esp0D4iDs to each .iYi1l ......
lie o'btIabe4 fItciII (JJ.1). .... ~iou. aa4 (3.11) PTe

.prori4eI the iiltiJd.te ... i••~ iD' tb... eq1a'Uoo. aN

~ CODftrget.

I'M '1.' d'-\d ",1') .= Vt (n, T)(. -T)J ~ ,

&Id. -L ok. (ft,e) • -l.., (n# 9) .
..:I ae

[ Th,,, Va (n_ T):: N(r) , ~ (n,1") - an" ~ +,,,~ '-r.) .~ · "',,\(1"..)

t..(n,9). COoS ,,!fe ",tc.

r.n. .. asrmptotio exp&Illiou (~ •• 8114 (Il.,), it tollow that tar

~
CnlCA..:'n,1") I O'1"'~4"

Vt(. ,1') ~ - "/s',,,'1) '" (ft , -r) J .... , -ro••

.... -iDs upand .. (~.') aa4 (,.,) i' ea be -ilJ" ahOa t1M the

..... eeiea ... ~ OOII'tWI_t .,.."._. GIll.,. Gil o..-b

1IIoaDIulea, ria,. T • ,." C T. ,tIeD I ..1; ,.. "" u4 'I' • 1',,+1 ror
-.Ja t-laternl ne'l • 2 ; T • ~r... T • Tr+1 tor -.ob r-iD.teina1 ,.... ,·S.

W·
, ... , equatiaD (3.1), 'Wbiob 1... 1d':lec1 '" both taCT) 8114 taCT)

.. 'be writtea la the tan
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, - (!~~+ l)'r 6)n £"')
,. (I-,,)~"'I

I - (~~+I)r A4 (" T)
T ('.T)ii't, ",

= J:.. s: [...!:..... ~(T)]
~ ir (,-;-)$ d,-

• ..L .A.'j (n;r) .
("It ti1" ;:

'!be ~tioDa (".6) ... ...,..'be illW&l"ate4with reqect to • ad ~

r.8p8Otl~ to si...

+. ~ +I -+ +. .. ~3 I .0

~l. S .. (1'")~". _ .l! \' _J_ v. {".."') {l. (n) e) (".8)
T..... 11' G th:rt J.

"wI
wilen

." (or). 0

S.(T).. .s•• , (..) • -\[t.:;,. + .J:t,41 + t(~-,..)ft.:r;,. + J~f,-Tl' I,\-.
II" T"• ,. , ,..,••1 t·0,., ... i-I

3,$ (1")... .s (or) .. Q f -L- +J~ 1_ ~ (G - G ) {--L- .... ( ..__.._.)
a," ~,. .(I-T)~ T{lJI').j L \......",..{('-T',.)- l ~j, ..,

VI (",")_" ..914fJ".~) '1",.' ,. ,,.,..,, ". C), ' .. ,. ,':_,.

0-1')'
I., (n) e). ~ ),dn,&)

n~ ~
(b OOIUIUaU ill' el(~) .. e!(~) ban "._ obo•• 10 U to ut. tb...

f\medoDe CCIIlti_ at , • If ,Cl• 1,a,•.•i-1, &Dd ~ • 'rr • 1,•••i-1, Cl
,..,.nl~).

UaUara COIIftl' .... MnI .. .., be 1PJl1ec1 _ the lift. la
('.8) ill ~ tJae __ ,.., .. la t_ em. tor '1wJrfaa 111. of

. ,

Qe ftIatiOD ('.T). .AI t. tile ..ne. taP • le uifarllll'

........ ' ... tile ... 1' of', aa4 ... t1Ie ~elee ,. • '.....

-- ~ • ~. ' -- .. ..-lee tar t:J. i. 11IIl~ ooawr.-' ... tu

pol1IU h-e' ep'. ftu,..... 'b C 'e' • ie a OCllltimlaaa taaatioa of

"
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'f and 9 exc~ .-t -the .ti'Jl!Ul1iIP pointe OIl the 'bCl1m.4&r7 (where it

becomes infinite); whenTb • 'ra' + is discontinuous only at the

.iDSUlU' points on the Doli1 boundaries, and is continuous _d

finite ner;rwhere 011 tho tree boun4al7.

It DOV ·l'G1IIAinD to find the coordinate. in the plQ'aical plane

a a function ot 't" and 9. Let. be the complex poDitioD 'Yariable ;

then a ia related to -r and 9 bJ' the equation
i.&

d:z - L [ d.t + ~t. d.~ 1 .
'\. h,,:,"f"" J

MMilll use ot (4.1) aDd (4.6) t .~ and -Ii cu be tOUlldin tenu of

intiDite seriea 'lbicb can bo integrated term b7 tem. '1'h.efinal

Nault i.

toQL Ai(n,.,-) K1(n, 9) ~

("..)"'" (
~" (.-" e) = e. Ma ".I 9)

_cl As,(D.e, is the taction I'\(n,., with a pomitift iuted ot a

neptiYe 81811 betveen the eZpoDential.; alao

el.-O; C,= 0

~, cL2.l~ l!t - f,. I

cLa III d."r:l S...

c •~
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(C2,Cl.... OJlaaeD in nch a".,. .. to uke &2 CODtiimous at 'f • 'fq ~en

• ~ 0; dwilar~ wl_ 'the abcmt ftlue or C,•• ' &3:la OGIIltiDuou at

., • 'f., • ~ -/~ J
.... .,,(a.e) li(a.~) an .u- !lito ~ir red ....... 1IAI7

...... f.. ~ -~ t1ae NI'l_ .~11lll4ta. COIIYeI'" 1IDl~

la tbt ... ~ - .i UIl +! N8JMIOt!~. '!ha ~ i. a CODtinoaa

,.. .. of , .... ~ the lIo4o&rapll MotOr aoep\ at the

et..,.. po!in., cia' tile ~. (~ 1Iari... 4l.eoftf.aai.! .. OIl 'f • 'b'
Sa OIl • • 0 ad ., OD • • -/e )•

...... .... ""'loa of (".') ... that at tbe.bpl.e.r pou- OD

• • 0, ... , c ".' .. :red ,.n of • bee... iatiDite (fSa 41....... ) t

1dd1e ,a.. ".pDIII7,.n ball • I':bd_ 4UCOIl'dD1litT II~~

(or t(tl ••to) 1 • at '1)" 8!ldlar~ .'Is the aiDaular JOUu
'1(1-"'1' , ' '

- • • -le • l' c ".' the ztM1 paI"t' of e-:I.•• 41....... while th ... :le

a tblte ~_ ....u -' ript aq1•• to the tloIr. OD t!I.e

awe .........,~ ....... t.1ae nat,... of e-i~. be.... iaftaite at

'»' ~ ... , • '. (--.~ di....... h __ 'f .. ".' .~ i•
...._ .. tile ae2J" c11__ 1nl_ la tbat 'Iblah ..... fa, fSJ..
WIdeIa. Uta .... t ill .1~la tlal... !Id.. ~ Nnlt f'oIt lIODio

~ -- tile bui. or a ...... 1fId.e1a w1U ". nali.. la CIIa»te 'VItI.



AD inter~.ting apeeisl ease ot the flovz conai4ered in the

p."eriouschapter. i8 a Ret~ flov. It i. detined 'b7 a circular sector

hodosrapb witb two aiJl8Ul&l'ities, ono ot wich i. OD a solid boeclar7

au4 the othw OD the free bo1l:lJ14uT ;. ad coapri... sueh flows GIB the

flow throqh sa aperture, the nov trois a twmel, jet flow against a

vall or put a .,..aetrica1l1' placed wectp (fbite or inf'iuite), flow

fraa a cbmmel Put a nat plate etc.

A vPi~aiRetlO"Plow, the flO1t from an infinite channel put a

~ically placed wedge i. sketched in Figaro V.1

~ .t.~-fs .0_ • _ •
. "p, l<-S
e,

---- ...............
.... --. ......... .....- - ..... -- -- - -..... - ... ...

HGUIm V.l· - - - .......... -
!'o .et up ~bi~ tltN· the tollorilll Wtial COIlditlou'moe go~e4:-

(i) Aa 1!Dtiilt~'bed .om 1Vith .a,eeific heQiratio y GDCl.t prqilllllJ.e

P'D(WIJ 4d~e. the pro... o oil the btmDtlm7 .~.CIJDl~~e ot- .
~o ft'8(j 3~);

(if.' .•w4so o~ l~' ~'_4 aDSl. 'hIt ~~ieGl.l7 placed at ..

tinue@ s f'lN& _ intinitGt ebamol ot ri4th· 24;- -



~4.,

(Ui) a t,1aw o~ cl.. i1i7 4' pnuureltJ, aDd ve1ociq. Sa. panll.1 to the

.... 81 at iDfiDl1;J' "" ••• a4 M'dDl _ uste of ., .. vitia the-

.'_"e1 4f.nni_ at iatlDl_ .
...... 10 eautDU BGt aU la4epe4ea\. ,.,_ ••

fonda tw • (It.". L .. 8 0aJl be foiIDI4 lawr. of the Mbe........ Ib_.wi. a ... of cl... apeoitio un Ntio (y), th••

_.. at.n T· ..... of tNeIGa'la -"iDa ap aB"-now. ('" .'r.,
I. '1' ". P.t -,. !tPb•~t -'r.. It ~ aac1 ..,. two o~ '1' '1' 1\' .,.)•

..... .... ......... ~'. et.. i- .. tbe .aiabatic

... ....u- 4eMn!ae tbe ~ ~ coetitiou iF Uatel7:-. .

(a) tbtt jiri86 ••• 0 aac1·~i" "0 at &tapa,loa (..-0, •.

(b) tile wlooitt ca., a4 _.tV " .. tbe tHe av_ 'boaDc1aI7.
(e) .. Ye10civ ftuotioll er' (. 4;~'t.2... ) at btiai_ ,..tN_ (1) •

... _ fne .... bo1D1U7 <,),
(4) .. 00Ilftat ftlM of i OD the me ave. ria. E (. "'l"l'~o)·

tile boaDIU'I OODdd.. la 1M 1Io&IIr&Jla p1aae ....... la

n.-.Y.I "bel.GW

PIOUBB Y.2



Belnloaa tar i.;. &114• ca DOW 'be witt_ 4GV1l f.mae4iaw~ ~

(3.11), (".8) md ('.9). ft. nnlta vtdeb ..ti.r, the bcna4U7

OOD4ldoa or Y.2 "'1-

, T\,:,,,,., ~_q,.q ••
. , '.... :.

_(ft'l-~.'_ .;:;.e.~_
n'l-I

e,-(--")" .
,,'1-1 . ,

~(n. 8)
n't••

I: _£(sru..) ••,,"I.. +
_' •• O....... O... E,.. •• l.



'l'Ae.-coordinate, u siftD abo'fe, i. meuured from tbe ~tapaticll

point (1... h) act 1. •• (t) an both aero when "r • 0) ; bence
Cl Ii... Cl Ii ...

.,..iou f1mniou iD the ~ioal plan. (e.lo veap 1eqtb L aaa .tu40tt

S) CIIJl be toaDl tna ('.3) _ .. atitutiDl tbe appropriate ftluel or "r

.. 8. 'at fiD4 ne IH8 ooettloieat, it i. OC1llt'eieat 'to haft ..

QUe ooortiaate .......a al.oa& the ect&e of the ftC1p. 'fbi. coorc1irlat

(&) i. p... ~ (,.,)..

,(:a I oz, (-r") "ff"/ 'l) + oz.".,\ t1". "'"11) I ) '\"~..T' T\..., , \ ..0" t.

!M nsaJD4.. of tbl. obapter will b. aftOte« to a nu47 of tbe

4nI ooettieiftt fOl" R~ non, _ exact .,,0.1011 tor which CaD

be f0a4 t:roa the a'bcmt.ol.diOl18 of tb. Cha'P~gill 4Mluaticm. VOl' tho

.ptClal cue of -.u "eel.. aasl. aDd .000c tree-atZ'e. ftloci t,.. this
az... coefflciet will 'b. caapare4 with the coneep0D4ill8 reautt.

o'b\aiD84 'b7 aiDa tho (1IPP'Ou.a'e) equation. of 'l':rlcaai &D4 'lcaotika

act ,,-..sa; vith till. ia maa it 1. roana.n cOllYenlent at tbi•

.... to ohaDpthe 'ftloei_ nriabl. tr. "r to fI" aetlucl iD (1.2)

{IIO.... the "'~0Il of -'iOll tabl tlae ...-al font (1.3». u4 to

.. tlae
Lter• .,) c - ~l"l")/ ~,,(,..)

- t ,,,lor) f__1I(Tb) - ;~l1"~)tI!(T)j / :1n (\-Ts)6

.... ~ __ lou of C7b~Pa ' ..... t1_. ('!beIe ~10lUl

wU1 .... IbGn in ~ m to be l4eDtlcal wi~ ~ .. cletiae4 '"

IIIokl •. 1 (16) ,. !be M1al~ of tU nbC' Wo ..... 'i.. _ "-

'be witteD 4Gn f •• Uate17 '"- tU CblplRiD 101.la _ &ift..



L(a,n) and R(a.n) the appropriate interpretation.

!tie expression tor the l-coorc1inate in terms 01' L(er,ft) and R(er,n)

i. pwn f1tom (5.3) anel (5.5) &I:
.0

a~s.£!...L ~ e:'a"r [cos!!! - R'(~)"'I)l[&..'(0;. ~~) - ~ &..icr: ft'SlJ ' ""'''''.0;~ \ G n k -I ". ~ ( I!)
"·1 '.Q

!!{! coue. It .!... ~ _ .!. ~ 1
"If" 1 I,. ~t, \- Q 1 ~

... ~~...!.. (r 'OSf1lT"[cos~{a.!{crl\\\- ~L.(",,'S)1- ""e: "'J\l~~rll'l)-lI~(cr,,~~
'11'" tJ·" ~ n~r-, ,. ) 'I ~ • J \;,:1\' ~ '..:!I ,

no-, r,,.o,.,.... !
(b '4Mh' clenote. c1itterentiation with re.peat to 0). In the simpl.i- '

I.,
ticaUOD ot the abo.. 8eries, the Wronskian vas used. in the tona I

f(cr.~) LI(~.~) - t.'(~~) L(r.~) ,. I
'!'be aboft series can be expresseel as an integral.. taken OYera contour

C parallel to the imagiD&17 ad. and cutting the real axis betveen 1

anel 2, (,ine. the integrand i, an lID&l.7tic function ot • except tor

,iaple pole. at z • DC , ancl :l. ezponentia1.l7 aau tor larp .). 'lbus

9-[~~1·11t. -l~!
, + ~ 2! .!.lICoSl! (L'6r.Z.)- lb &.(0,'1)1 - L.'Cr"t)\f('Cr,'I.)-bR( ••I'}J:. ~

'I(" ~, ~ ,. ~ ~ "' ~S"\'I'C-I," , 'i-cr.,,, ..

L

J) • . SW\l f. pdl
I •



38.
B.1 -iDe (5.T)

J'i~\~ = ~ !it jlCOS!!! - jl'Ca;,Io)} r t'lL'lO; .. )- ~ L("A!@~+ ,,:.
o T ~ ~ ~ lo e ~$I"~,%-'

!he 1Daer iDtqra1 .'...rl Lo·C ....... ) - ..f!. Lo( .... 7.)j ~ '1 cL ...
crt t

(hal (1.2)

"(G"" ")j Ll",_ 'l.)
~..\...»n

1). 't~Yrb L - !lto'l [,- iL + 'Ph- l. 1r '~l: -.L ((91 _t46 ,,).bt- ~}n11.q, T I> "- ",_ ~ I J 1.~\~ ~ &~"1-t-.U
It till. Jr.RN 18 "'entil to tJaat at bo1ID4ar7 "loci_. the

..... owftial.. i••.,11_ ..

c.. ';,..,,11 ttP-I\)alt
t~b': 1-

.... ('.T)

L· k) ... ,~

• b- 6i""1a )\L
ok et. \It'· L.



'Pit - R - 6 et.a. b.. _ Pb ,'= .
CLt C. ~I '\.. q,..' e. \.
Ja ln~ 8peCda1 ... i. obtdDe4 ~ ti.,:LICiq the

.s.. 'Irit7 OIl • _ 0 to ~ eulbIr of 'tb. boaoIrapb atApaa. l•••

_. ,adDs "1 _;.. '!Id. si.... \M t1GI' of • 3-·.,_n • ..,..vie
wIP. ('.8le aVI. fmlctioD fer t1d.a t10Ir ".. toaal iD Cbapter ID.)

.... .,__ "1 • -1 aaI. beDee

L. ~~ ~ U~(~..,\1)1- tH' - "U~ 1 ~ZIII1 ;..,..
Ca. :"j"l it'-cot. '!1i"WTj .t

1 Ie. l' - Cos ~ 1{, ... ~ i.!("'e., 'L)\ s.·"~"11 .,.?_,
.... ..to 3ft .." _ '. u4 .., _.0 iD thea. roriml.... 1'01" tbi•

... 1. _ ....... hu 'beeD 481'1..,.0. tzo. tint prbcip1e •• 'b7

..ne. la iDoe&:pl •• t.ue tlGw, tU atbo4 1IM4 for ftJiItlll tho

~ o1oe.1SP tbat ~ ~ IIMki. a4 P80k (lTl tor.- ~ .. _- . .:_

---. wi. (,.10) (dth ~ _ '. aaa".., · 0) a4 JI'O"lae • c1aee1t ca
.. _ eGIII'1'eatet ~ or ~. ohIIPIr •

.. ...u .,( (w1af.ch laM•• re. ......u... wU1 'be .,.,' .... ) •

...... 0 r f.ateIral,a la (,.8) .ad ('.9) 0_ be na118M4

..... ~ l1li4 r. _ Ca ........... _ am_ iD __ 1511& pallWa of

•• .. Mtho4 _ina of ~ tM eee.toar C (wl,,-,

""'- .. &DJ' daaa1aritl .. ) to ..... ,...:Ile1 eoatoR rr .. 1r1doll



Bb» IU4 i. tberefore lese; theexpre •• i01l1/<s2_1) ca 'thoIl

1Nt aplJa4e4 iD aeri.. 1Ul4 the ~iODll L(O'•• ) eto. oocvriD8 iD tho

a.o.J_tor be rep1aee4 'bT tb.Ut ~ic expaalou for wee ...
!!Ie I'eAlt viU 1Ma GOa)U'eIl with the eon.lIJOIl4lDl cme to'llDCl tI'Oa

tILe tfriOOllf. aJJl'Od_tioa (b wldoh the 'ftloeitT ft6ilnere i. Deer

IICDic); b_oe 0Dl7 the .,..ial .. e m whichS • 0 i•••~• T. vill

be _i40re4.
. ,

., -iDs ..,..totic tonmlu tor t.(T) aa4 •• (T) ai'ftll ~

Clwii, (1), it 'c_ 'be cle4uee4 _t. tor 1.... t-I ... 4 '\, • 0,
~(cr,r.) _1_'_"i~J j!r(st)L(~ tc") -.}z + Ob.-')J + J~(zt)l,: (T)< + 0(&11 (5.11)

\1..+t J. ('&) L r. -to 0(1;'1] '" J.:(")( (~I(1',)..~:(1'.))+O(.,:~B.., ...

I
I

I'

......t i. a taeti_ of "l (CL1Sl4 'BC. of (J ) cletilled bT tho equation

tAn,.-1 ~(o-t") - J(I-t~) - t...h..tl;:....~...~ - "';''''tafth''Jt~S:~)
.. l••• la that C c t 4 1 wileD 0 < ,. ~ '.' ftil.. the !,'a are tactioDI

of " 1IIaieh ba.,. 'ben tabulate« iD Chon7'" paper. !!nic&1. ftl,..,
,_ y • l.~ ( "Cl • t> a:ro: •• •

T flo '1 Cll.., N
..,

0 1.000 0.361 0.361
0.08 1.028 0.", 0._
0.16 1.* 0.350 0.~8

ID ,.,nlculal' '0.(,) can 'be apr ••• ea· anal.Jtlca1l7 ..

~ (T): ~I:~:~j/(1-t")~~· .

.. '. •t. thia si- r; ('I'.l .. \Y~I)ob, .

' .. '



'!'beBe.eel tunetiou in (5.11) C&Il in tum be expanded

~ic~ b7 the , .. iea

I (t) '-I .$z(ta"h'·8l ['Z"la. + 0 ('Z -S/a.J]
'I 'Z ,~( 2,... tMt.8)
1.'(t.t) .,J L ~(~'-') r ..-"at s~""e+ 0(7.-"')]

J (~'" tt»\"') L.
1s ('It) ~ T(Js) '&.~, _ 2,~ ~'~1'(2h) 7.-'1' +

2iii 39' ". •....,1r ....
~"z\ ,..,~ aI -"'"• ~;'I ....~ It, r(!IJ) .,.- , - 3""<'> 'It +"Ii " a~/'.,S'"
..... al.i i. large .a positlft, • • .ech-1.t, 0 < 8 < '1'/2u4 8 is

*" tao Ilear .ero. '!he aM1; CODtitiOD cm e i, tanh e > 0(.-1/3),

1•••(1 - t» 0(.-2/3) (ct. AppaD4ix). 'Ht. fun an4 thir4 of tbe,.

0(.,:1/1)
o (,. ..4/,) .

r..alM are gi'ftll bJ' Wata (21) 8Il4 (26) l'eapectiTe~; a1ao the

tl1'ft wn in the upm.iOll ~ J.I. (.) (the .econd term vU amYe4

.u.s wataOD'. aeth04). '1'he ~iOD for 3.' (n) ia touDd in the

Appe4b.

'.... the reaulw ot (,.12) are .ubstituted in (5on) the

~ apmsiou, fol" .. la ('.9) are

t SIt 'I.. J .. (kM·.-4) " I 'Ir- III -I,,) 1a.;"',t.) ._, .z 3 ,.. O-'f") , l~.(,)"",,~~+ "(I 1
7'(-\) , \.. - T, ,J(2woto,.'\"'.) III., oil (5.13)

":(0. ,) + I N .fa rJ.!lD q,~(Ta\'J,'" ... {\.('I"a) -, "t,..)} + 0('1.')
rt"') ,_. H

.... er.ptD.iona, ani tbe ~l. 'lbioh ton... are ft1i4 la

o ., tel prarid84 1 - t > 0(....'3).

!be inteptal. ill (5.9) 0_ DeN' be witteD ..... of lntesral8

01 .. tOl'Jll



42.
where er i. the ccmtour par&l1e1 to C aB mentioned earlier. In. the

II8OCIIlC1iatesral. a • 91 - tab' 1 ., t- (1 - t)"2) 3/2> ,ob-1). fteretor •

.. > 0(.°) ad eU ... i. ezpoaatial.l.7 .-.11 tor all ftl.•• ot ••

!be lnesra1s ca b. tIftl.uatect b.r apr •••lag th_ .. btinit.

eet.; the tim I. eqm.ftleat to

_:.. ~ CO.ft" COS..".-n'" • - .... lC .... )
~

1I!aen t(.....,). {3(1-.....~) + S('-M, ';,"}j/Z'-""(M)tos ~ ,
"• fl. aa4 c(aj .) la tile ...-a1l1e4 Ri_ leta '-otIOll. w1dl•

... ae00D4 inepal I... .a1 to
~ ...., (-.,../-. )

._ ~M {;t c:o.s n.... e- tt'" ss -." ( t)"' Fe, '" ,

'IIaeN P(I,.). ~~ foJ' 1.1 cl1a the taDctioll c1etiDe4 b7
. n.., la

~ (25). It i. clear frca the rem&l'b mad. aboft that the

'-- or the HCOI14 ... lee.e InfiDit~iul~ emal.1 CCIIIP&N4 with

tboM of the tirn .eri••; 10 the eeOOII4 11ltepal.ca 'be lpol'e4 in

...... rw L a4 c;,.
After .... Upllft_tiOll. the aboYe &II&l:tai. ,pftll the to11oriD1

l'eII1I1u tar • ..nl-

L. Pc,.-' + Qf("',~)" ~s + {« ...Sf(:a''')jac.... 0(.) (,.lle,

(,.1"
~,..... p • _!I!.. (,. b.) Q Co, I'Q. ",. Tf!tt) ,: (-r-.)

~\a "Cl. ~(~) ....
R • -tt h s • Ba {ct~(T,) - * ,!t'f)l

t· " tt'l5 - ...
A • ,,(1.0..' 8 • AQ--.... b. P

C. - , ... ~'" "'0..ha 1>•• -:I, [('+~)- (,.......)ts.!(-r')-i'l:('r,) g- - 3(\",,~)'a. t I+' b,)'"



[1't ~ tJ'OIIl the continuitJ' equation that b1 < - 1~ hac. the

ooettloient P i •• 1:.,.,. JOBiti.... ].

It .bDuld be DOted that iD theae ... 1.. the eoeffloienta P,Cl etc.

4epeD4 OD the ftlatl ... ftl•• of the .auroe ftlocitJ' an4 aozdo ftlooitJ';

.... O&ft auat ~ taken to .... that 'the n'tio '11/'. i. DOt .0 IleU'

tbe ftl_ 1 (i•••P,A etc. eo :D8U' 0' .. to cbaDgeth. order of .ipitic-

ace of the te1'U of 'the .erie.. It riU b•• hovn in ~ Ilex't chapter

cat P ad Cl depen4 GIl Cl iD aDh & ...,. that the ora.. of tens b. • i.

cbenpet __ 1 - '1/'1. c 0(Cl1); ... iD the azual.pi. which fol1on 0Dl:T

ftl... of '1 vbich .. tlat,r the OGditicm 1-'1/' •• 0(01, viU be

aoulbftCl.

!be Hrl •• ('.1" vUl DOW 'be CIOIIIpaN4 with the corl •• pOIlCUftS.eri ••

o~ -iDa the &Dr0d_te ect_tiou of 'l'oImtika IUld 'JIItmada .... ot.1... '!be .G1utlcm tor & of th.. e etaticm. tor ~ non of .ClDic

hM- wloai_ aan be writte iD tbe to... (5.S) ..... L(er,ll) ana
.(G,D) 4etined -' .. lD (,.,). tnn u 1D4epa4at lIOlutlou of the

&JPNPftate ('l'canlta u4 ~ .. 4fri.00IIi) equtioD. !be _alpi. for

It.... th. 4nc aoettlaien Ml.on .. in the ChaplniD au. u4 On i.
Ii '" ('.9) vitb ~ • O.

!ID ftD4 the .erie. tor c., It 1. nee •• .,.. &I aboYe to f:1D4 _

~ expuaai_ tor L'(G,.). POl' the "-otik& .. 4 ....... equatiOll,

(at. P3) L(er,a) i. cleti ......

t • -"'"Co

Which, vhea acabiDe4 with tonaa1ae (,.12), 7ielcla the UJmptotio apanaion.



i

I
\

I
•

"

.... 8Mb .1 • ~ a4 til. -- cOll4l~OIl OD '1 i. iJIpoae4 .. "before.
theae ... of the ... tona .. the apr._iou iD ('~13)i Iltmcetile

ualpi. Gall Proo..a autlJ' ... 'bern to PTe tlDall., (tor ..u a),

1\ '= ',-.4 [(.,+..,) - (1+4t){.- -t{~Ml/(.+ ..)~
I'ar'the TricOill ecauatiOll, (ot., ,p,.3)

L (er; _) '_ ~., ",,'" 1"( t./.) ; 'la K,(i"'","'")'--L'lr, ~\ •
!,-f& K" (\11.7Va.)1!
~
I

... .,.... tar 1:,,(.) p'ftJl ....,Vats. (21), 'ria.

f( ..) ~ (.!.)""e _IS [I + ,..1"-1... 1'-1)(".""- q + ••• J lant."t .. \11"'
~ .la II. la! (t'lt I - ~ ..

!Id.a ....... 'It. '

~('t to) N !:..r('/t)('t+.l'" , ....c- \1 a {,,~ ... o(,:'Ioo)j.
ApI., .. font of the ioaa I. tbe .... IIl4 la tbl. e_ allO•

.. ..us te ~ CIIIl 1Ht !_.a!a~ ..

C~. Ate. + Sf("Ia. ~r."/a+ {c oft ~f(a.,,) le__' + '(ot' (5.11)

",...



It i. iD' .... dq '0 DOte tha' iD (5.15), (5.16) Dd (5.11) the

fir" .. wn. an iD OOIIPlete ,; al.80, the eft'GI' iD-.olYect

iD n'UDiJII the tbirl wna is of the or4er ~ tile tfriecm cu •

• tW Qe ~~ ~MtIOD. fit -r.adb _4 ~Ia. .l ai"l ...

ftnl... obtalae4 ",. 1IIeki. (16) tar •• ' ... lu. f'loIr. !Ida naesu. ..

'tU'. at leat tat traa ~lOD. the ..... i1lUohee4 "" the poor

fit of the Ifri~ ...,011 .. 1_ at tM lIMp,a'tioa JOi- la IlO\ •

MI'ioaa .. __ 1Iaft bHD ~.

!'» ~ the chapter a alm,_ ~a .... caJrieA out tor

a la a .000c !ne ~ft. M (5.1" .... (5.1" ... DOt UDf.~

ftlJ4 t,.. aU T l' tll. .via rar L&aI en 1ta4 to be VOI'b4 out tJooa

(,.10). ~ nnlu obta1u4 ....

L· Q f. (it/s, ~) ~ t/3 + S f, (a, ")0. + 0(0&)

.....



la tile three .eries obtaiBe4 r. ~.ollCeaph the tir., t....
are 14_tlcal. !he order of the .HOId teN I. tile ... la aU. three

........ tor y • l.ft. the eoetfl:elml are ha the ratio 22 : ~ : 100

t. tile len.. 4eriwct tJraa the Cbap~cha. ~ &D4 'laIMta ... d

fri... etaati_1 ot .. 1011 ~!YelJ".

M ........ 4 " ... 0 the aOllie 3- fl_ ,..n ....... t_eta to

le1llbol... flow. to!' wldeh \he ar.. coettid._t baa be_ road 'b7

... 11:1. (16)~ 'BIe a'baft reault. win be checkedapiut tho.e or

1IIeJd. la ~ YD.



RhBt PLGW f1I A SOllIe nJf PAS! A !BD W!DR

It al.reac1l""'" .taw (ia tbe 1ut oU.pMr) ~bat • R__

ne. .. b __ U T ot the , ~. Pb• L. w'e. 8••• PJ..
"1' '1' wi. _ ibe4. POll' tbe apeotal .... ~of • lOde .in a4

• ~ wdp (D4 ia • renricM4 r_. or '1" •• w4p lnsth L
• Ow

,... r.act iD t... of ~e oUler ~. ~ it i. pwa _ 'the

Hri..

(5'.• IS)

wIa... the _ttiei •• P a4 Q 4epea4 OIl the ratio "I''' •

...... 81 iDtennlaa .,..ni...... p ft'oa t!d.• N1atloubip~
-

UIa1u. P i• ..u(__"1 1•• ar .. )t L t. ot orI... -1 u4 IlUt

tbettftlr. 1Nl l&rae tao _tter w1Ia~ the ftl_ or tlW otber COlllltaDta).

ftla ..... that L ...... be pNMribe4 iD aa arbit,.,. _er. lit

.. "1 I. Dear .. t Jaat IaGIr .. 11tne4a. I. til... ID

.. e1Iol. ot L " it the ~h or tIae ..ace i. ao 4Mend.De4

~ ... la i_ 41 tlrc. the ....... 1 (1••• 8) dM "~ete4,
• _ia.. tRent- ~. it ia e1... ~ 4es!rable to baft

_ ..... _ tor L tIIa, la ~ ft1i4 tor aU po_ib1e .....

(,.1') ia Yalia
f.... ftlM. of 'l, .....t it 'IInIIb &la -- '1 S..... 1:at cnrba
,. tile rutrie'i_ CID tlle ..,lIIIPfaOUo~iOD~ bt J.(.••) 11114 I.'(a)

tIIIe4 la iu 4erifttlOll. .obMb • ait~ ftJ.14 ... 1•• it aow'beI_. a..... &17 to look tor oe..,...s- ot tlae leaM1l'1alniou



~8.,

w'biola bold i~ a via.. I'UlP or t; .uci expaneiou were ill tut

c1el'1 by Olftr (18) (jut before the com.pl.tion~ Chapter V).

01 '. «qMU2.iou. ftli4 tor 'I-s II c' '1/2. an

s: (at) .~ I~)~"'[ AL(~"':s) ~.!..ill. + A~I ('Z...,.~) ~ ...§U!l]
.. \ /-t" 1.1, ~ zlL$ Z '"Il ~ .".)4 . (6.1)

bO _ M

J;.·(~t) _ -AI ,-t'l.)"·[ Ai('%.1II1) " CiltS) + AL'('Z~I~) ~ )3(1)J
t ~...S '%oW' ~ ,?,.u zil. 6 "t~$
. '_0 .$.0

Al(.2/Sc) aa4 Al'CsI/sc) an ... Af.r.r J\lnoUOllau4 it. 4eriftti....

4d:IaeI i••• .aa1 ¥If' ..

Ai (:) c :J: K.(\"& .It.)
~la • ftuloti. ot " a.tbeI __

t sfI.L = tcnh-I ~(I-t~) -

.,

.. "- ooenioi ... A.(C) .to ••. an eSefm_ b.r the l'ec1Il"I'eDCe

Nla'ioDa
Ao(l) .. I

s
Ss (s) = 1: 'S"'/:" t fill. { f('S) ~.('s) - A: (~) j d t

A... (l) .. *- 8; (,S) + i j f('S) 8,,(') et' ; 4 (-to). 0",.......
Ht) = &. \ I

+....
c..(t) '= "J,(t)A,(r;) ... A: ("> .... ~8,(,,)

b.(~) 8...', ('C)
(602)

::. As (l:) + 'k(?;) 8... (t) ....... 'l(~) , _ ..e. (...L ~.-- -,..1 .2. ~-t")'

..,.. tbe •• .,..loaa an .. ni_eel iD tbe iDtiaara1 toI' L. tb.il'

.......... iD .. repln4 ...... Id t. ftl. 0 c t of 1 w1U be __ Declo



... ~ ,..ild.. poiat or .iDpl.a:ri_ or tbe coeffioi_t.

-'a(S' etc 4efiMI :la (,.2) la " at r.0 (v1l1oJa to

" • 1). .. 11IbnIwt.lGD iD. (6.1) of Iou (~

,,_ .... t.~)

tt'S). •- :a."S + ,,:a:a{I,~... 0(1 '),

fCr) • ~ ... 0{t) ,
..... C la ..... o. Nft&I.II xCC). A.(e). I.(C). O.(C) ... D.(e) aU to
....fit __ .. ..a- C • o. .. ewtftel __ an au. eoatf.IUIna
(_ ftJdta) ~ of C:la naae'" C C40 (i••• 0 et., 1).

ft IoIJ ... t1Ia'tr. A.(~ • A.(r) + 0(,,0) <lc.,
•• 0 ~

..... !at1alw _ ill (6.1) ... to 1M tint etaiftleDt w

\tCC) •• 0CC). Co(e) Do(') N..-uftll' ......., • o a'bcmt

--.s to .... tile ftl_

, 'l'). I ..t'). ~ + 0(1) • Co ('C>." + 0(") \(5)- I•. ..(6•• )
,~ , "" 'ro • S.2'" I

.. ~ ., '118 A1rt la (6.1) _.,. _ ......

fill ....... of sin, • ( n.. Ieue1 ......... aft to be

stAid""" la .. taMI1a tor LtC.,.,.~ fdtpatel at.a •
III". _wIIloJa ,.,. ./Ia),. ,.,. 0(.·) ·.... of c
......,.. Sa .. " ...... ~_ (t.••• '1" WId. l1li.1" _ tile

....... 1/".. 8O•.'_ .. cl... e.....AiI7 ~ ........ ...... _ .... nIa"_ d.a of "1/".. It 1IU~ .....
__ (fa '.IS) tIM tile .1.1' of 1.... of th. flnt tea of L Sa

affMW dIIo",. 1M ft1a"", of tile _ t.nloaa. A NlatioD
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........ • lid "1/". la olearll' PDS to be f\m'-DWl. to 'tbe ua.l.:,~l.;

I' _ .. ~ be letlael '" bt.Jto4-ba • na1 a..... ail .

... tIID. fait 11 ••.

(6.,)

........... aU • la .. I'8P 0 c •• • (w1do' CGl'ftapoD4a to

o c ~ $ fl.).

V..... '-'ioae ~ 'fl' _ .. ,.. apz •• _ iD __ of ••

ha .. tetbl.sa. or c .. _,
\ ,(.1/1. • tOo,," ... -It ,- t.') - J(, ...t,~)

• ta.n,t'jl,-or,/Tt}.. 't";~ ta."h-' V; -Tj~.'-~ '/\'--',]
Vba tile tall t.ft1Gu .. ...,....w la Hri••• tid. si.,..•
.,... ~la.

X,. ~-all ( •_ ...5'" [til"" +
~1 ••• • 1I(~).

c. • (6.T)

(6.8)

!'o naza ... to .. AlIt' ........ It I. d•• fItca (5.') 'tbat the
~ .lIt' (I •••• llSctl la of ....• .,.:,en. 'ilia I... lR&6 ar WMll
, .,

........... la 1Ha .... GP ......... 1/,_



5!. ..

(i) • < 2/3

rrc. the inequa1iti •• giftll 'b1 Olyer~

)
-1 I - \'L'b-,Ai (~ ) <. A ( •+ (Lt !/* e ~ ,

A~f (~) ( A (I + t~ '/It) I e - \t. ,
it OD be 4eel_ea t!aat at the _ft.
A.: (,."'r) '" 0 ( I / e. \11. -(.- \"') ]

[
_/~(~_"") / ",fA -(.-lA""')]

IIIICl A.:' (".'l/s~). 0 Cl . f. •

It :to1lon r,. (6.1) tbd the fmletiOll8 I.(stl) IUl4*l;·.'Ca'l' ...
-(1-3/2 .)

of ora.r 1/.2/,. • aD4 ... tIl_ espGllenti~ aall. whe1l •

. f.a ...n.
Ui) ia :. 2/3

A((~) •

Aa ,..·J.t'C,.t/,c> ea be toaD4 la •• Wlar ..... ; it i.

Ai' (~"'t) _ ~r'b ... ,~a-CJa ''J,,'''~~}''-t o{('Z,"','S}JZ
. . . : ~ 1'ti1l> \: l\: j (6.10)

........ t/3; ',.1/,,1. 0(1) i MII_ :la ,'Id. _. alao the Air7

.. i" ..4err.. l.......0(1).

P. the puoUcnd.arcu. of • IDthdte U.... Ct • 0).

d(O) • ,-2/3/r(2/,) _4 .Ai' (0) • _,-1/3/rej). u.iq tb•••• also
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(6.~)and (6.8)the expansion. (6.1)are reduced to
r. ( ) uf, _II!. .2. '11 , 7;~ + D( .",-'11)
'f. 'Z ~ IT1 rr;;') 'Z -""ii" . '0rC'4 )
r'(.,.)~ LlLX'" .,;"'S _ (~)1~ , 'L--is + 0 (.,.-~Js)
.,. \l I 1"I~) ~4, r dl{tt)

'Ba... apauicma ar. i4eatiea1 to those alreac17 qaoted (t:rca Va_oa)

la Cbapter v.
It toUon troa the aboYe ~i. that ~or tb. purpose.

ftCl1Iin4 bee, _4 iD the rap 0 c t ~ 1, the expauiODl (6.1)

ClaD be written iD ~ ...... t .iIIpler tara

J; (r.t) N 2.6 [ A~(.,,'t\l){z·n.. o(z.-ft)] ... ~' ('It't\J){ 80(S)~-'h o{i"IJs)D
-t' (..t) .. 1-01) LA.' (.."'S){W)z,"-. + 0(...'""")1 + A> 'f._"'rJ(i'rQ o('i~W- (~I~
(WoN ~t the' Ab7 I'uzlotiou 11... to be lett in the ezpaulons to

aiatal1l their uaitara ftlic1i't7)•

.. reqaire4 aerie. tor L, UDit~ 'Yali4in 0 c ~1f 'I., (ro:r

-u .)0&1l JIOW be olltail"d~ atartiDs fr_ 'the illtecral tora (5.T)

with ~ • ~•• (i.e. wi' •• ),

I., •
_ _ 01.- ,b.

(..... 41.
•

......_. ta.. coeffloln •• 'ad bt.'wtaie1l c1epa4 on '.0_ be ...... ea.

.. "-"i_ of ~ "" ailla ~ re1atiOil (6.,). Wxpr~ •• illl "1 tint
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'!he ccmtcNr C i. DOW chaDpcl to • paraUe1 cODtour Cl OIl wbich

I • 0(..-1) u iD CUptel' V t t:be lnte8l'u4 can 'thea be nplace4 b.r

L ,\..._, IW 1 cts
it. &IIJIIPto'lc tGl'll. '!'he part {L (O.sIT1) C08 - IW/-r

.. .ill t.-1
.. 'be tfftluate4 ill Wra of the Ri .11 leta l'botiOll~ .. ill

a..pter V; la the .11 faa.. of the iIrtesn1

L'(~ .,,)-"/1=3)' .<l.t,>CS"-("i)-'l ... 0(",")]" 1.'(..t.~~(T,1'&~+. «'Z·U
" \., - 'Ii 1.. ('I.) ( 'L + 0(,,·')1+ l,.'(1.l[ ",C,." - !JTtPt O(2...

aV
(a$ '" (S. II))

tV t(T,) k( '"1,) \ \+ 0(.·)1 - ;t;l ~ '(.....:s.){'&"A + 0('1.'il')j ~

_ n1Inl--ba ioH (6.n).

!be hDnioM ~('1) eto. ~Uftlaa la tbi• .,..leIl e.. 'be a:pa4e4.
'"

tar 'i ... '._- ,..,Hri" fa (1-'1/,.)/(1-'1) (of. Cbeft7 (T) h
it foUGn ~ ~('1) • ~('.) • O("),wt•• lIdl_ .... doaa tor

. .
title ...... !-fa~. .... thia with (s.". (6." ...

(6.'). f('l) acl 1('1) .. be bB.lou of .~ ris.

f(,) • a~'1'l"\ [i.(1".) - i ~·tr.l-'] .. 0(..-)
~(1'.\. ~aII~.1'('1.) ~(.) + ««"").
1 1t/( ) 1 4a . .-. ·1·· ••7 -.- - - 'be iII__~." •• e4 as • - ~
1"\ rr ala '.-1
11l'Mln1a of ~e tara

L. I A\ (~. 'SI) " ..., dI. ._
Tt. ,. s,'" ,&'iiji

~ f A: 't r.ala ~) 7.-' J.z. .._... , c.' ~'n,;r/l

,.~ l:Ai {<"1.)"''S,1 ,;I'cQ..... ,

ft·,
a~;'t Al'{(~W:J"')>.I''qIi?oosnlf .

".,



('!h. aeri •• are Yali4 .inee tb • .Ab7 Function and it. deri .....ti'Ye are

illte8l"al f1mctiou of their &rl'Jll8llt. and are bouIlde4 .. '-I +. ).

'!'he tinal. result. the aerie8 tor L in ascending power. ot a.

aUOI'IIl:7 ....ud ~OJ' 0 < '1 $> '. ' i.

'l a=. !±l. ~,.",-1 + 0( ...3",.. ,) + ! {f (',),v) - Lt{"'~.)1 ca.'/s

f + O(oL11t.+ :a",) + {o\. + gf(",~)" (i-I~~{'S.)"')}O' + 0(ot..... :11
.. - (e, ••.s)

.... A· t.'r{o/.s) ~:('t~) ;!.. ,,-(T,) - ~~:('tJ)
1"(11) .., - $" ""

£, (,S.. _) • IZ.3:;.,.rtt) t 14& IIIf Ai '{( .... I.. )'" 'S,l ....-'1/ ••
._..

La (1....) c .t.~ ..T'I'il 1.. Co.\ ... Pi. { tnT/.. )>!1 ~,} ,,:",

'\9'
... ~. Air,r Pmloticma ooourriq b (~.13) are ot od.er lea. thaD or

'ft.l1Ie or a.
A ... :1... tor 8 le UC"'iD& ponr. of • GaD be fcnm! in the •_

_ • lhrtiDs with

S:' ~ t '1.,(,.,0) + t.a •• (1i)O)}
la ('.3), ~ HI'l. ..
S • - 8cl-fl' + b, .. cot"j + U~I t~ Co6~ (, .... a.!(O, ... )) - 12(,..n'l)}
.. be a.ri'N4. IlftDa f:laall7. toJt ..u_,

laM... 0 I. s..,...) { - - .L.i· 1f ~ + \CIl ... 6. fllt/3.-I) - ~,(5h~)1 ..n
0', , ...a.-) - - "1~•.+ ,... ...[i...if (2,")'" <l-')L. (iu -) lee. + o{'" ' l \

~ (~,~-- Hp, II). a.....{l(""', Via) + 'St,- ..., '-~lt.lj/1'(..), •.:"''II'/~.
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.2.3 '13 r'~l
..

Ai I {(n1l'/.)¥I ~} "- ..,& ,LI ('S., Ol) '= Lv'" M'- &. 3'4 r~!lJ}
..

aa4 l ..(~,,")·
~
~~l(1\1f/")~ ~,jn-t..

Ta M,

'!h. firat obM!'fttion to be 1184. troll (6.13) an4 (6.1") le that

tor aU a,L u.4 8 are ot the ... ~ ot -anit1ll •• !h. act-.l.

'aapitu4e require4 4epeDclII upoa a, i•••1lPOIl the H1II'ce ft1ocitJ'

'1' iD 'he tolloriDl _,..

(1)WbeD 0 cae I. l•••0 < '1 < (1-01),._
L S 'i.' ..a. -('. , ... ) 0 (ot-('·'ft)) ,
-- ea. ----:r :. ..-. Y' -r •
~. 'Ao t

t1d. ..... that, tor ...u a. L an4 S ban to b. equal GIld larp

e.,.red with 4, i••••lona n4ge placed. lOllStiatane. traa

the chanD.l i. required to enable the tlov to reach lOIlie

'ft1Oelt7 at the 1hOalc1er.

(U.) Vbea • • i t i•••"1 • (1 1)".,
L S _ y..., 0 (0. ~,) ~
T • 4' - • ..,..

L .a It ...s.a equal, an be ot th..... or4.. or aapit'G4•
.. t1Ie __ e1w!4th 4.

(Ill) J < a < j . 1••• (1..1"1 c '1 C (1-02/')"1_
L ..i.. Y"'!IIP.. ~., ... O(d.~~)tr - cl.. t

apta L aD4 II an .."ual to a tim app,rodatloa, 1rai tJd.. tDe

... ...u eoapvel wit1a 4.

I
I

(ly) Vb... > J ' I... '1 • (1 .. 2"),,. I

j- • ~lH·I$,~) - t.(s.....~.1) + (~\~~ ..) ~ :~:

t " 4lf("f,.II) - I,t'C.•ol))oI.f, +
~ a4 ~ GIlD lie .laplltle4 ... ubltlt1ltiq tfll' Ai t (.2/3~) tr01'l

"
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(6.10); ... reaul.t

L,t's, ,...) •

~ l:s"at.) •

- _a_ (. - 2.-'/') ,,(It'a)
11'''' (6.1')

_4

Apta a .lton 1N41p ..a .." IItIaIoft U'e requirec1.. but iD this cu •

• INA_" nqe of 'ft1... ot L.. 8 I• .,..i'bl.~ thi. 1. 4_ to the

t.ft ~ tor tile ftnt tlae L aa4 8 a.pe4 to ~ tint ora.. OD ~h•

..u~al taact1aD v ('the ratio or t1Ie fiu1 4lreniaa or the tln
tM we4p "'.'.). '1tle ....nai_ fd L with " ... .,at .ui~ be

__ .•.." ~ias • r.., ftl... or ~ coetric!ent of .3/3 tor

uri.. , ftl •• or " • tile nnl'. ~.. y• 1.' loft IIhcma iD ~.

0.2 0." 0.8
L/4«~ 0.019 0.U8 o.m

,.,_ ,beN to. ..... , etrrUia .... &1 ob... mlou coaoendDs
I

.. _ t10n or IMIde "de JUt t1da ......... 'be ..... ~.

if • t.LW la ..:- ~ wit1a .... e.' ft1oei_ nell Utat ~l c (1.... )~.,

••• III a cenala .. -baa ...,.. ~/"""'f."1 OD a .. 4,

••••••• , to ~ the flw, ,u. rJI • elf-' ..... la· .. If ~

...... la ... -- w. erl~lea1lasUa LIt, 8 wl111urte '- ,..

... --.t to L tile laitl&1. ~IV wl11 1l.. to be IDehUecl

la ..a. to .._... tbe ~ ... 4lfhtr .... t i ••• it' .t 4, u4

L (JI' .. are si.. , 1184 '1~ be ohM_ R'l~. It

L • ."" HIde ft1oci_ wl11 be ... '-' at • poiDt tiftaa\ r,e fltaD.

.. 110M or the ftIp, proftW 8 • LIt, flow w!11 procM4 a10Ds the
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ye4p _4 rill BOt cb.lUlgein direction at the aho1I1d_. 1'hua, it

Cl. cl, e4 L > JlI (wldeh i. 4eWr1d.De4 _ .ither S • Cll(a) ) aN si....,

." i. pre4ete1'11iDe4 (•• ). Por non ot !dab eodo ftlooitr

(~1 > (1...V. )-r.'. _ the otb.. 1aaD4, 11.. 'b. ao.. ill a oa.pletel7

mitnJ7 M1mer,ala_ .,. 0_ ...,ut i_elf to ... L ot tu carr.et

-.al'''. (tt 0Ul 'be .lton. -bs ,ftlatiOil. tor ~Cta.I' a4 it•

•• 1OD4 4eri'ftti'ft la t.... of "(a) tbat the coettiel_t of .'lJl iD the

... 1_ tor L/cl I. ot QIIcler v2 tar _'1 v. B_c. Lld •. ~.'I3"I~. If'

the pftllwedp leD&'h i••hart, •• 0(.'13+1), thea" ...... a ftlue

• O(.~, a4 _. tlo¥ prooeeb). It 8 i. cboen iIla.paaet~ of'

L (.a ber. -. 1IHc1 __ be equal). tbn '1 I. cletendDe4.

'!be oIane wU1 be OODo1~ with the ... i.. !'or 11f'or the

apecf.a1 cu. of •• 000o tne 3et flov put • wedp. '!Id. cu. i.

~te4 'b7 a·· ("1. "r.) la••• baN lUlal.7ai.; hae. rrca
(6.13) ,,-

-It - A { f (\ ,~) - L (1, "ot) 1ettA + {t + 8f l~..~)...(8-,>t,t~,)al)}o(,
, + o(cc.)

~(~,.)"t.p....,.,(6.1", eJ.U_~ It 0_ 1te .bon tbat

tll',)ot) ., !. 'S().) .. t .,..1. •..
~ ~ A~'("'Ia, ..),,1' + ai,(2,~)~ + 0(.),
... '1(".) i... fWaot_ c1efi..a la ('.18). !Id. 1. iD ..... ent

wi... MIi.. ,.. L 4eriftl ,.. tint priDelplee ill Cbapt.er Y aDd

.... iD ('.18).



SPmIAL CA8IB rRCIIf !lIB Ll!!RA.!OIUJ

fa tbe 1an 4.aIe .fJ'NN1 Raul_ ,.,... haft been pabli.he4

OD f'1cIn ftlcb are ,anlea1ar eueII of th at el•• ecui4en4

la tile pNri.. ahapter.. ID Idtit!oa iDt nlq Uata C&1l b.

tcnm4 with the Wl"k of A.G. Mackl. (16) oa the RoabJro Mo4e1 C.:rit)'

PIoltl_ aI OD BelIIbol'. Plov._,
ODe ...,1. or • R'_ Plow. Ti.. the tl.oIr of .... ~., 0_ of

.0.....-1 aa4 pat • t1at 111", .. atuaiec1 ~ 'lroshla (23). 'l'he

at....- ,tOIl' tbb flow an __ obe4 be1cN'.

,P.,,,,
" .,f.,, ", ,

"A .,"1.." •••••• ,,,, -----

,-,-.,,,

a..... _. _. _.

ftCRJD m.l
tile ~IOD ot tbe CUpJnb .,.atiOD tor thi. flow •• «1...
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t ratio of the halt-lezasth of the pl&_ to the b&lt-wictth of

the jet i. .. .. '".!::. • I-/..!i.\ ~. eo. '" + .!:./ll.) ~ (~[~ ~l1i)
d. \ TaI.J 'IP \"" ~ ",".. i»~\

. "., _('.Tt ,-x (~-l'-T,,/ W .J

Vbere ~l"~.i 'fI\'(Tl/ '- (,.)~
!he .olutiOD tor • 0_ be toaD4 Ira tbe .... &1 IOl.u\loa (,.1) tar

R:tlo' non, br Mklec the nbftitutl .. 1t • f, t • I, 'II •• a,

'b • 'Ce• !be raul' 1.

(1~J.l-to.llf\., ... J..l+~(')~a~{-r.)-+a:t'i)+.tr..)Uiaft(1-) ,,"2,,9.
l' .« ....~ n h . i'f\t"ra.) 0'''''1,
~"(~ - ..~i 4ft tTl &1ft.1n. • T, t1: • 'to. Cr. I)

~. •• , J.. t:
tdl ... f (~, y. coa1.._ ~,) ~_ ..L {~",CTl~('.}- ~)~~(r)~ ¥,)

TA .._~\ J!:t.. T~(T ..)

!Id.NRlt 111'- with _. !roUl• .al.atl.... t.. a tutor 1
........... It.&. N. 4!.. ~ wU1 __ 41•....a later.

2M fttlo Ll4 OD 'be ea1.CN1ate4 ,.. (,.6), ", patUq ~• 01 _4

m~ L( ) - 1(.,11) .. hIaotioaa of, _ of ('.5' ; the

Nnl' __ with .... of !Na1Wa ,-'eel .
Aa a1bd'iIII ... or the ..,.. tlPoaJala .o1....a til. prob1ea of

a ,... pe ~ft t10w JU' ~ flat ".., tM Nnl' ('1 • '. iD (1.1) )
la

, • .l.. S ..!.. (,-cos ~....) fWr) ..... .3AI.
yo l;: " t..lr..\

ftl...... with .. MrieI fW' • ,_. iD ('.') (ft_, •• ).

• i_l_ • • 0 iD (T .1) 101.,., '" ~ - __ tlcnr

a plate la a of iat1af._ ~ .... tile fl_ ea ot a

~ ~ e1 of t.lal_ ....4_ .. f.atbdte ~.



(;0.

!be.e nova are .ketched belov in l'igul'e VII.2 (a) and (b); (c)

repre.ent. their (COJllllOD) bodopoaphdiagram.

<" < , • ., "" " , 4 t , , , 4 e .. e"'" ." , <"
.,. __ .,,_A

,.. ., -- _.
8,,"""'-

Q_. _ • _. _. J"
(a.)

CI"",'" U '.u '10
8 ..... ... ...... - .. _ ---

Q_. -. _. _. _. t _. _ ....... _A
(b)

FIGURE VII.2
'!h. aolutiOll of this problea VU ~ found before the publicatiOll

of TJtoabin'. paper., ",. Pal'kO'dcll (9) in 195T aDd the re.ult has beea

flUDtect b7 AallDOY_4 Lepoya (2). Apia a 4iseNpaDt faetor of ~

000•• ill both Ru.i_ »aper.. AllanGY sa4 LestOft Wftt cm to proTe

that ,. a .000ic tr.. nre_ eaitt1ag troll the ft ... l la VII.2 (b),

a .tfQra para1lei. fl_ i. attahe4 at • tiJdta 41nlllca (whichtb.,.

ealcna1ate) fraa the ..... 1__ h; this i. a particular e.. e of the

.... &1 t~_ oD .. 10 .i•• "hich riU be pl"0Ye4 la the aen chapter.

ADeuapl.. fd • t10v rith three .f.DI1ll.arite. OIl the b04os:r&Jh

bead.,. i. the flow o't • _ JR thJtoaah III openiDi iD " chazme1 wall

(!Na1lia (21a) ).
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"0 .....

flGdll tu.,
'lo o'b'Ulll tile 1.....a1 eo11ltloa. "'f.""'.
1 -r. "'If"."~ f.· 0" i.- -QJ fl- \ » :,h•• 11, h._ 0, seT).O

b (3.1T). fte nn1~. to. ... 'fl.' " • ", tor aaeapl. i.

t. \(1- .)" - ~ t 1; f"('\")~ft1,9".,
t.t""}· Nt t~+ iJ~\I,- "t ~\){'_"(r.)t..~'-,,~~tr~
,. apia la a ~'''' ft. ~'."", la~ ....
...... a ta.__ I'ta tile ..... t of '.(.) •

.la ~ of tW.t ~ Ii".. ••wi""
_s.......... d. __ "" fit ... ,161. ,. 1Nl.. ~t.oa. ,

0' IId_ W(t.('I'. t••(t»). (la ....... ~~ .... 6S.

~ -- la ~t • ...t~ ,. ":L __ 1eI'I1' o"bUl1l84 bJ'
\be .... , of .la -.1....... ~ wi" .. of , .. -.5..l.



I~ .... bon in ~ IU 'tb.~

W{ ,,,1&(T), ",,,(Tli • 'f',,'(T')i':(T) - ,,,~'(T)i',,(1") - K('''"T~T.

!be eautarat Krill .. be eft1uae4 in 4ehf.l.

DJ' 4attDitf. •• taC,' • ,a/Ire ... laa ; ~1 ; t) • ,,'A/2., ..,
alii, r_ a a po.iti... lategR;

,,:{T) = Ii.., ('.fW\(T) + II\"-,,,(T)}
~4" ~-ft I

:. lift\ {-r-_MA F (QtI-l1, b,,-n ; 1-,,; T) ... "e.a!::F. 1
_4ft ~

= 1i~ r T' -"'It. F + '"c." ~f,1 6"Y.L a. m-n JM...n
'ar all efthe!' ftl_ of a. .'A··h)• •-tlh) • ,,-'412 1'2

!ha W { -f"·(-rl, ~,,(T'l
:. 1i", [~JtlT ~ •• F. .. T rttI, r'X T- "'I..F + 10CD -r"'l'" r, ) ~.. I I I. 1\ •

M11\ - M-
_'TWl/Ia F, {- ID 1"""""-' r. + ...-"''''r.' "" ~(~T"'~·lr .. "a. .. a. "'_ ".. I

_ .D. ~ ~ + o{rO)
l'

K(I-T)' • nF.F .. + O(T')

Mi.... Ualt .. , teac1a to ..-0, I • Il. lid

-..
!he ... 1.. autlsor ..... their ~ Cbaplnill aolatiou tIae

~

.. "cl

~ t. tJt.e lo1w.doD 4eftDe4 '" CherIT (6), a4 wldols bebaYn aear

••0 lito .~(,).
!InIa W { r~(-r), I"(T)}. ~ f 'f~ (4f"). 'f..,._(1'\} =r ~,,( , .. "tt-r·
I'a1'Ilorioh baa .. tea ap1lof.~ (a4 the otJaen Is.. ue4 hi. relU1~)

'.



'!hi. error uplaiu the 4i.crepalloi.. sote! abon. (tt i. lIlt.... tiq

to DOte that .b~ III • pape iD wtdoh h..... the • fa.otloaa

tut.A fit • a4 c. (1) clIri the ftl_ or •• 1fl'outf._ .. aboft.

a_ U.......ua ritJa 111 wwk f.a Jd. Jobt,.... with ....... )
. .

!he .,... Nnlt bu also __ aoaftne4", 1IIetI. (16).

MuJd •• la .,.... _titled ''!be .00""ioa of boaD4u7 ftl._

J"bl.- tw a ... &1. lao4oInPh ... tlOll' (16). Ilu iU'WItorate4 Jd.

~ b,r .o1-riq .. 1081*0 .at1om. ,....,,1_. flr.t tor •

.... .u.ed ... ~- of "De (1.,) (i.•••,....:I. Jr.(.') ) .. thea tor

tbe Cbat1:rab q_iaa. .. .. ,... 1ID4a1 Npft.... the n- of ea

iDt:bdte ...... put & ., &."10&111' plaoe4 _". u ia J'ipN m.~;
the .tNaa hM .. 1001_ Yl c ". at Iatiu'tJ' .,.trMa (cl) • ..., ....

t.roa tile ....... 1Ioa14ar with ..to _loof.tJ' at B. NtaJa. aoale .,..a

a10q tile eur'ed JGiftIOllAI ..et .1_ 4nD ..ull to apee4 ~1' at

btlastr ...... _ (Q.'. !be boIoINJIl4!-.raa fer tid. n-
(J'ipN m.'(lt) ) ooatalM ~ f.qa1ul.,. a 4oab1n at " • '1

- tile "' .. ..., • • o. (!tal ...,... to t... tan tMt au ..
".78111_ ............ tile IIOln " • "1 at larid", 1IIIMIt... !d
......... la tU plIpSolll plae'.

A '....-_ ..,_1
a" ....·-

Q_.~.-.~
" ........,.. ...... ----,.

8

o

ncatlm.'



!he IIhko 1I04el, .lace it toea BOt r ..... t a jet ftov 40ea D~

be10aC to the on...,. of t10n ooa.la.n4 ha ~. tb.. :l••

wnwtlael_ it 1. iJaWreaUaa w .... "" tile .nbcM1a or Cb.apWr m
..... app1.l~ .... to ~ Nuki.t., sol_IOlD of t_ C'bap1nia

~ ftIr 'tid. flow•

..... 'bna4a17 eoacU"iau fop 'Ute po'bl_ ... ot til. ton

rh) • OIh-'l). It,) • h(l) • O. R_". la equatioll (!.", ~

taodcm ph) 11 alftll _

Fe1"} • -C(T'.--r) ({T-f)n) •. - -'((~-t),.,!, S&y.
4-TiT, <'_T,)'"

811bftl~ ,bl. ft1~ !no (!.n). (with 'b • '.l, th. lI01.ioA
:l.'p....s-4l~ ",. ....... 'tnDItoI'II u.,
,_ 2'1 \'. 'n'! G(T .r;) $",,19.... ~ .

..... ",_ (3.10)

(tile ...... (}...... _ tile ..... 1-ath _40 .. be ~ .....

...... _1IIIkl.).. .)

. .. 1IIIdd. ~ CIMIpInI .. taaot 1I&W be.

-- .. ta") t<••C".' •• (" .... ,t)••".)) ( ·01,.(t' _ t.·('f' bin). .. ..... ·of Jab fWU_ ca be

..... to h lteUea1 _til -- ftIIDft'- ~~.(") 'Il-(d- ••(")tD-han
oocllft'l. iD tile an..i•.hmnloa "'.1 'Ol' ~ DO' a: ,.:&"lw...



peaitiYe integer t (••• .,.) t .il1ee $a(,,) and .n·( t) are replar

tunctiOl'll or n.

li',,{T) ,,: ~.) - '1\(\)": (T) ]

• 11~[,,,(...) ( ...,,(T.) + oc.."t,(1j)} - f.(".) {f...t,.) + "C" ..,,(,.),l
"1M - -" M- '" !J

'b7 4etb!tlO1'1

.. 1;11\ [.,,(~} ".~(1'.)- fft (....) ..... ("l)
~'"

!Ida lW' I. tiDi_ ,-od. "'t1Wl "!le 1tJiacbU :I.... iatqn.l

f1IIcUoa et la. two t.aniOlll •• itentied r. au a.

tbl• ..ta'bUabAta ....-. "., ... (1.') ea4 the Maoki. lo111tioa ot

the Ioehko .a.1 em_ J!I'OU ••

ID the ... ,.,... .ei...... 1011. t. IiI&U • ftaJt the 4I'q,
coe'ftielen tOr 1I.,l1bolt., t1GW ".. f8wa4. Macki. _eel ill t1ll"ll the

Ohaplnla. tc..otf.ta aa4 .... 4. &114 '!Pi.. __ ti.. ot lIOticm _4

oo:tpllN4bla nnl'.. It will 1ICIII'.lIe tbat. \!Ie.. uri.. e. be

4el ..... 1iIIldDa ..... of ... .faU ,.. ... paet'81 f10III

4erl_ n". ....'lre.'I .'Il0l) la CIIIItW l'.

"JIIIolta n- I.,_,,_of ...... iafialte .... PIlI' •

..... _. Jrba ..... wi• .-le "'-'_ fire t1ae -.u., I' II,

...,.. till llal, .. 4 ..... , •• 0 of ....... ~.. new pan .......
At 84 of ~ • tile .... ..mol.. et • lCIdo ~nJUt

....... CIIMatDe4 ..., the 0IIapJnla ...au- of .. b ... Pftlls tor

-u. ....

(5.10)



!et .,. +. • 1... v +o.

'(-', CL).. - i 8..(Go)
:.~ 'S(-I,.) - -! \,(.).. -s.c.). - (A-~) i.6 Ie-,..)- -I.

1' ~ Of .. UJdt I to -I •
to 4r'fa1.a 4~ !atepal repn..t_10ll of

d••a) (tor • nn • lDteae) !a Dd•• tat_ apta tro.

II4e1Ii (8). 1.
~+J ... -tilt •

2w, %(.#&) • ._ 1"{1-,) 1.. t-tf_c.":; dt a r.:(W»o,l"po')II"
.. r!eUa l' "f ( Lp., .......wt2ft -I-~ S.o.) • - r('-I)Hl:f. t£t,.t. 1_ '

.. rf'> ·:a.", t( ~,&)r .. 1 r ,-.,.~L-i. S(I•• ) • ,( •• ~(&.. a. _ .) l('+ J)u.. .
..... S(s,'). ~I_,)t(.,.

/. ~:: ,,: [ '(- t ' 1.1/)'" f(-t) ¥U· - er (;a"••) tl',.,
... 1;". :£ ,~,,,) • IrYa 1'C''',A

~... f.(t, ~) 7,a /" (a'la- ,) -s (".)



SubnitutiDl in (5.18) and inTel'tiDg. the .eri •• SiTe8 'bJ' Mackie, ns .
...L _ (25'/3_,) I(~) 1'('"/,,) Cr. ,)'Is + J.. .... O(d.'h).
ea. 3'1s J'( 'I..) .. 'la. fA.S/~ :1Cl
t. o'btaiDec1.

lia11ar r .. 1I1t. c_ b. ~oaad'bT tatiq limit. in the ~ aeriee

~or the 'l'omtita &D4 'faa4a a4 the If'ricOldc..... The tir.t term

i. the ._ •• tor the Cha1'17sincue; the coetticint. of the

aec0a4 term (b the .eri •• f'or «=:0' vben eft1uatec1 tor y • 1.~ are

to1m4to be in the Ntio 22 : 110: 100 (.. round ia Chapter V).

'lid •. apin -cr... with n,...ical re.ult. calcuated b7 Mackieo



CHAP'fl!R VIII

!be theai. i• .-011de4 with • theona wide i. ~ (1t'beD the

t'ne .wn. 'ft1ociV i8 lIOIda) far au ~ 4iftereDt -... of f'1ow

tbt ... ..,_ 4l8eu .. iD U.. et1IapMn, aa4 wbiah ".. II1IIPfttld

,.,. o.nab NRlt. Wldeh la ~ IV (loa ••S.t). !be theor..

.... that tar aU 80Ilie 3ft t10n with hoaGgaph plaH8 .. a.tilled

ill Pipn n.t, .. »hJ'd.eal ...... 4_ to th. preMDCe or .0114
boaD4 .. s... iD tU tl.aIr ... 0CIIIIPln.t witbill • tillite c1inaee in

tJaoH 4iNeti.. ill ftiah HIde .1n nw prenU.. It i. ch&racteri8tic

of nbllOllio t1en that 'M7 te!l4 1IOIlOtozdcall1' to their fl.Jlal :f'orII

.. _ iatiaite tinaa., nile npeHODic jilt. an.lop quai-peri04ic

propel \I... fti. lII'opertl of lIODiaJet. i. tm. an illteJ'llle4iate

,a..n.....
Pw ~ .,.eial au. of • IIOIdcJet now ~ • bole ill u

btiai_ all. (tor wldeh tll. theor_ bu beeD JII"Oft4 1IJ' Oacterl.,. (1')

..a ), th. ~_ naMtl.w ... tr.. au...u. i.RiDs tJtoa

tile -.u. .l Us ftaan nn.l (a) ) 'beeoMa pan.U.l to the ~

0'.' atHr • tlaite tinuee AB, att.r wldeh the flaw i. a adtora

,...u.l .-l. ~n. Ipjll, tar the ~ P1cnr in VIII.l (b). the tl.ow

at C..... Cl i. tillite beooMa a parallel .ue.a inalia" at ua1e

.,.. to 'tM bariSOllt&1.



."". ......... - ..- --

""".. .. ..... -----_ .._---_ ..
.-.-.-.-.-
",,,, -- ...

nCIURInU.l

to PJ'OY. the theol'_ it ia nec... &t7 to .tu4J- the pJ'O'peI'tiea of th

Jlbpioal coordinate .(, •• ) as , _4 • ftl7 OIl the bodosraPh bouIlclal7 O.A:B.

It vu IbGvIl in Chapter IV that aloq euh ot AB, OA&Dd OB, one ot

~. .2 &Dcl .3 baa aiD&ulariti •• vhll. the other two are tillite 8Ilcl

GODtilllllGU. Farther. beWeen &IQ' wo singular poillt,. the 4iaccmtinUOWl

~ica ia .itb .. .aaotoaJ.clLllJ' iacreuiDs or c1ecr.ub&; tb1. can be

pro,1d .. couicl.riDs a paniculllr c...... s. the boa4u7 lin. "t • t.

vban ~ i. cliacODtill1lGU. OD tbll 11M. betvee &DJ' two limplanti ...

•ince, ia coutant•

•

Of p:rticUlar ~t ill \h. at1Jl\y of • are
..,.... .

•• jf,'1" ..

11DlUlar poiat.
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Pp OD 'r • V.. (1Jb other .ingul.ar poiatB Qq and RI' on AO DIld OB

tlftl7 wheD , C '. I'eprelent .oare... Ii... 01' doublet. at

.ub.aaie .~ _4 are tberetore o~ DO sr•• iateren her.). Ifak.

tor • the 1lD&alR point '1 (wtaere • :la 4lleODtiu ). ad

ide .. ft1 ot I ...... aloes \be bo4opaph Iir¥ ~

'1 fltc. the _11"- .s".larlW .. ather .14•• ft•• the 1aR

.iJllllllu' poblt Q OD CM_4 't OIl AI.
8

noun xu
(1) Q..A. P1

Al... QA (, • 0). ~ ... I,are eoatiaUOWl; '2 I. pure~ real

u4 berea. n..aJ.17 fI'oa -- •

At A. where til... I•• tr....... _ brea'lulvq. B I. fiaite. (It

t!aere i. a .IDl'llaritJ' at A, • 1lu • tialte 41lconiauit1 then).

A.1cma AP (, • '.), '2 a4 " are GOIltiDUOWl; '1 iDOI'..... with

• fJIoa A to ... -.hen .~ baa • 4!IC!Olltiau:iV•• a .'1 il eoatilll101lll •

.Tun below p., i... •• '1-'
to !' tdtl)&~ -(n'l-'.'

..Z. • ~ hp «(oSn~9, - CI),n'le,.,) { -c - Co 1,1 jG nl .. , n -I
~I r' -,

• ~ co," J [11.\ ~""- co,(' ·'"l} + ~,h,{"'<\••,)- ...~ .•P+~
_la, •• of til. tona1ae

ff{lo'~ ·"'''''''1 'YII .
"S '!t -c.. - ,- • - »

n~+1 ,,'-1 Z .iA~1I".,L\!~\.I)e.. _ .(",...).~
T

,:",,'1 ie
4- • ..!...- + tC.'_'I .... - - ,",.\ I $&A"''''".,



11•

.... .. 8 + 81 ~ 1Mt1ow

COM, "IJ [ ...t.'_ took .'1)1 + ~\("'(I-'.)_"'<l- ~Jl+ ~]
,,(a-"i)' \l ~ 'I ,

,.. (1.1)

I, - ~ '"'''t (+Zt + 1... + 'IS] et •• , •

•~ ... a4 " t.bd- DI a,anD" at 81, tIl1ll Cl i. fiJdte.
'!be tint two .tao 'beba fiDlt •• the .'boft ftl_ of • i.

, .
tlrdte. (lfote tbat ~. i. 0IIl7 __ of • BODie 3et; it ..

.... la Chap... IVtIaat *- ;,C 'fa' .~ 4iftl'lel at Pl)·

(it) P2 + P1

Apia sa a4 ., We ccmh__ ; .1 4eCnu.. n .... il~ nth 8

,._ p. to P1 fteN ..~ hIa • .u.aeoatla1dt7. Jut abow p.i... • • 81 + • i" 0&1l ". 4eI_ect la the __ 1I'IIY u 'betar.

t.1II$ • J..!
~Z,.• 1. eo,&(..L [{II. • (It,......, -"le. - ,\COl('t-\) + L.h,lCA11(\ -t,)
T J 'I .... -,"(or \ll
10 ..... 8

1
ina ... .,--"'«1

iIfI ;-.
It ... tOM,. ..." fl"-+ (........,., lit. -~-C\-.J+ l:h,.tcosl\-~)-CaI(~-~

\&(I·,.,f t ,... + It J (,:21)
wldoJa ...wa II bftdte.

" .
(Ut) !l.!

.. ftl.. of. it....iD (8.1) [. (11-)J aacl (8.t) [.('1+~ ...

1l1li ID ...... _ wl~ ~ la the fOItl



12.

z(&, -) •

....z... !!.,_ , ~. + (Ckl,t""t l

'"' ~·"·1
... ho C ~ C 'J. (.. ..us ~ > 110)

.. 1M .. leq\h ot the are teal 1;0 sero.

!beD ... J01at PI ia tbe IIo4opapb p18ae 1. the 1-.. fd "he lb •

...1b::..ba_ ",,8 + Z. ,~, .Hh.-Iao) CO£'. + Z,
\s (.-",at 1 "(··'fa't-

b. the p1Ir8lea1 __ • a 1fM iM.-Haa1ar to tbe tne .....u.•
.. a fIDlte Ii..... ~ tM IIOlJ4 1wMl4G7 1iDe8. It to11on

.. afte tid. u.....fl_ 'be •••• a 'altoN ,...u.eJ. ..to .jet

....... '1 to tM na1. at.. A ••aft .. ftnlt OD be JlI'GftI ,_

t1ae ... et..aa1ar JOIn ••• _ , ~ ". (or .wldoh. ~ ... b

...... n. tbN an .. Met tbNe la au).
1Inbc prOftl .... 1111••• fW '.iapla tlon pan ......... "-

.... 1Iloa ~ ari__ to ..... or .. tile nnlt OM ".

M4e ,....:a. .. 'be ezH111e4 to 3" fl... un o.. '*'
~... Wlrt ", WoY (11) iDtioat .. tut iD taet thl.



rill 'be ~uc.... s. I~ that. tor the partinlar cu. of a 3.t
_..sac r... a 81i. la a wa11 (n1l4ie4 "" Onl .. ,", (19) ). t_
etten of ......u.s 1M ..,.. f4 .. .u. l. ~ to IM14w tbe

lO1ada .(~.') ~ ftlaetfa "(~.') whioh I. aalJde _ ooatiawNa

... 1;1Mt pobt of ~ .... 1• ........, (i••• the 8iqalJlr polat OIl

the _d.. ftl.oei\J' ho4OC1"Qh'boaIl4U7). !be ft1oci_ l'Oteatial.

ad apIH 00CII'4iDate Gall 'be t'OUIi4 la the U11&1 ".,.; the nlult •

...... ... tM III4eI hilftiou .·(~.e) aa4 .·(or,e)nljec\i_b-.
wldc1l an ltoUa eoIdiInIowI a4 fiDl_ d 'the 111l8U1&l' polDt. 'lb.

tile ~_ eo -Ib" be JINftl tor tid. t10v &1..0. It .....

JI'O'ba1t1e tlIat Se4oY'• .alpl. coa14 be appliec1 to other .iw:llar

flan D4 pehapll be .naa.a to .au tbe thew_ pm~ true

f'or'..u. lIOIdo ~et tlGn.



1~.

A1f A8tMP1'OTIC DPAlStOlf or ~ { T." ('£t)j
roB 0 -e t < 1 AID RC.) LAROI AID POSImI
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