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Abstract

This thesis presents the development and application of advanced computer simulation
techniques for the study of cavity-based Free-Electron Lasers (FELs). The research
integrates the unaveraged 3D FEL simulation code Puffin with the Optical Propagation
Code (OPC) to enable the modelling of broadband, high temporal-resolution cavity
FELs. This novel approach allows for the translation of radiation field formats between
Puffin and OPC, facilitating the simulation of a Regenerative Amplifier FEL operating
in the VUV range.

Traditional simulation models for cavity-based FELs have averaged the optical field
over an integer number of radiation wavelengths. This thesis, however, employs un-
averaged simulation codes to model cavity-based FELs at the sub-wavelength scale.
This enables the examination of effects such as Coherent Spontaneous Emission (CSE)
from the electron beam and sub-wavelength cavity length detuning. The simulations
reveal that for small sub-wavelength detunings, the FEL can preferentially lase at the
third harmonic of the fundamental wavelength, suggesting new operational modes and
potential applications for cavity-based FELs.

Additionally, a detailed study is conducted on the saturation mechanism of a single
superradiant spike of radiation in an FEL. Using a one-dimensional model developed
with Puffin, the thesis demonstrates the sub-wavelength evolution of spike radiation
and electron dynamics, leading to a highly non-linear saturation process. The study
provides insights into the broad spectrum and high power of the saturated spike, with a
proposed saturation mechanism validated by numerical results and simplified analysis
of the 1D FEL equations.

The combined use of Puffin and OPC codes represents a significant advancement
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Chapter 0. Abstract

in FEL simulation, enabling the exploration of unaveraged FEL and optical effects
for the first time. This research not only enhances the understanding of fundamental
FEL processes but also opens new avenues for further exploration and technological

development in the field of Free-Electron Lasers.
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Chapter 1

Introduction

In the rst chapter of this thesis, a brief history of electromagnetic radiation sources is
reviewed, starting from the rst-generation light sources to the most current facilities
being developed around the world, including the free-electron laser (FEL). This intro-
duction chapter covers various aspects of utilising the FEL source and brie y discusses
di erent types of FELs, providing a qualitative understanding of their principles of
operation. In addition, the chapter introduces the brie y FEL studies from theoretical
approaches to computer simulations.

The thesis outline is provided at the end of this chapter, followed by an overview
of the basic FEL theory chapter and three main chapters that contribute to FEL
knowledge through peer-reviewed publications.

Firstly, a method for performing unaveraged simulations of cavity-based FELSs is
presented. This chapter explains how to convert the radiation eld format from the
unaveraged FEL code Pu n to work in conjunction with the optics code OPC, including
an example simulation.

Secondly, the unaveraged model is applied to investigate sub-wavelength e ects
in an FEL oscillator. The results suggest that by performing sub-wavelength cavity
detuning, the third harmonic can be ampli ed with greater gain than the fundamental
wavelength.

Finally, an extreme one-dimensional case is used to study the saturation mechanism

of the superradiant spike in an FEL. The simulation results reveal interesting electron
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behaviour as they pass through the sub-wavelength superradiant spike causing it to

saturate.

1.1 A brief history of Free-electron laser and its applica-
tion

Electromagnetic radiation such as radio waves, microwaves, infrared, visible light, ultra-
violet, x-rays, and gamma rays can be generated by accelerating a charged particle [29].
This theory is behind the making of the various radiation sources around the world in
many applications across the electromagnetic spectrum. The free-electron laser (FEL)
is one such radiation light source, which is generated from freely accelerated electrons
from the linear particle accelerator (Linac) at about the speed of light travelling within
alternating dipole magnetic elds, known as an “undulator' (see gure 1.1). As the elec-
trons pass through the undulator, the magnetic eld forces them to oscillate rapidly in
alternating directions along the undulator axis. With each oscillation, the electrons re-
lease their energy as electromagnetic radiation. At present, there are no other radiation
light sources that generate such ultra-bright coherent and short-pulse X-rays. A view
on X-ray free-electron lasers (XFELS) have reviewed through its radiation principle and
the typical status of the XFEL facilities around the world and also the discussion of the
new XFEL sources that are being developed worldwide [40]. This section rstly reviews
the historical background of the development of radiation light sources from the late
1950s to the upcoming future XFELs. It will outline three bene ts of using XFELs
and compare these bene ts with the previous existing radiation light sources namely,
synchrotron radiation, more speci cally in terms of high energy, high brightness, and
extremely short pulse duration light source that can be used in frontier biological sci-
ence experiments. Finally, it will investigate example works which appear to support
its use in molecular imaging biology applications.

Nowadays, there are four generations of radiation light sources that have been used
since the 1950s. The rst generation of radiation source [6] was a cyclic particle acceler-

ator in which the charged particles were accelerated in a closed-loop path. The magnetic
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Figure 1.1: Photograph of a planar undulator from the FERMI light source at Elettra
Sincrotrone, Trieste, taken by the author. The image includes a schematic overlay illus-
trating the periodic arrangement of alternating magnetic poles (red and blue) to depict
the magnetic elds. The adjustable gap between the top and bottom plates de nes the
strength of the magnetic eld, which is instrumental in tuning the wavelength of the
emitted FEL radiation. As electrons travel through the vacuum channel, the magnetic
elds induce an oscillatory motion, or “wiggle,' causing them to emit the FEL radiation.
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eld forces the particle beam into its closed path which increases with time during the
accelerating process, being “synchronised' to the increasing kinetic energy of the elec-
trons { called synchrotron radiation (SR) [17]. That SR was operated parasitically on
high energy particles accelerator. The rst generation radiation sources slightly evolved
toward the second-generation SR source [68], which can be de ned from its used devices
to control the propagation of electrons in the storage ring { a circular-shaped particle
accelerator that was constructed to optimise its radiation from bending magnets. Then
the electrons are forced to turn at every joint between two magnetic poles that elec-
trons may lose their energy and emit the broadband electromagnetic spectrum, which
covers the range of the electromagnetic spectrum from infrared to x-ray wavelength
that are mostly interested in radiation in the x-ray regime. In an attempt to obtain
more e cient energy and brightness of light, the new design and construction to opti-
mise the synchrotron radiation from the insertion devices that may be used to upgrade
the storage ring, which becomes the third-generation synchrotron radiation. Insertion
devices, such as undulators and wigglers [50], which are long, periodic arrays of mag-
netic dipoles that force electrons to oscillate multiple times, resulting in the emission of
more intense light. Many more of the third-generation synchrotrons have been and are
being constructed around the world in countries on every continent as the national user
facility to use in frontier scienti ¢ experiments. The main bene ts of the development

of radiation source facilities are the terms of obtaining high brightness and high energy
that allow scientists to investigate in the cutting-edge fundamental research such as
material science and structural biology. The competition in a hew generation of radi-
ation facilities development with enormously increased performance and e ciency has
already started, despite the third-generation sources have shown their in uence, which
takes us beyond the present day to the fourth generation of radiation light sources. The
competitor with the brand-new scienti ¢ case for a fourth-generation source is the hard
x-ray, whose wavelength is less than A (Angstrom) { a sub-manometer (nm) scale e.g.
1A =0.1 nm. XFELs, which are based on undulators installed in high-energy electron
accelerators, are capable of producing fully coherent x-ray beams. While some XFELs

require extensive setups spanning several kilometres, such as the European XFEL with
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a total length of 3.4 km [77], others achieve similar results with more compact designs.
For instance, the SPring-8 Angstrom Compact Free Electron Laser (SACLA) in Japan
operates with a signi cantly shorter length of approximately 700 m [74].

The three bene ts of using fourth-generation technology are listed as XFEL de-
vices, which have a peak brightness far exceeding that of third-generation synchrotrons,
achieved through signi cantly higher orders of light intensity. In contrast to SRs, the
main advantage of XFELs is their exceptionally high-brightness x-ray source, which
is billions of times brighter than third-generation SRs. XFELs produce x-ray photon
beams from undulators that allow observation of atomic-scale structures. For example,
using x-ray di raction techniques, XFELs can now deliver highly intense x-rays to a
sample with a su cient number of di raction photons. Calculations demonstrate that
XFEL beams can be perfectly focused onto single molecular samples [47,71]. These
studies support the claim that high-energy, high-brightness x-ray FELs are promis-
ing tools for imaging at the atomic scale. Another advantage is their high energy,
related to the shorter wavelength of x-rays with full coherence, which can achieve high-
resolution x-ray imaging at the interatomic scale [18]. Compared to SRs, XFELs can
resolve complex structures with a resolution of 3.5A, as shown in XFEL-processed
data, outperforming synchrotron datasets that achieve only 4.1A resolution [37]. The
shorter wavelength (higher energy) x-rays produced by XFELs are microscopic at the
sub-nanometer scale. A review by [7] highlights the potential of XFELs for imaging
single-molecule structures, supported by simulations and theory. Another advantage of
XFELs is their extremely short pulse duration, often as brief as 100 fs or less|timescales
unattainable by SRs. This makes XFELs particularly useful for time-resolved experi-
ments to investigate ultrafast biochemical reactions [35]. Research and development of
XFEL technology are underway at many research facilities worldwide. Starting with
the world's rst XFEL in the United States, the "Linac Coherent Light Source (LCLS)"
was developed as a collaborative, multi-institutional project. It utilizes 14-GeV elec-
trons from the Stanford Linear Accelerator Center (SLAC) Linac as the source for a
1.2-A FEL [25]. Following the success of LCLS, the European XFEL|a collabora-

tion among several European countries|was constructed in Hamburg, Germany. The
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3.4-km-long facility uses a superconducting Linac to produce 17.5-GeV electrons with
a wavelength of 1.0A [3]. XFELs, such as the LCLS and European XFEL, provide
scientists with access to higher photon energies than previously available sources.

In 2014, the investigation of XFELs applications in biological imaging at the LCLS,
SLAC National Accelerator Laboratory in Stanford, USA has focused on developing
a technique called single particle imaging (SPI) [4]. The LCLS system used for the
atomic-scale imaging of biological structures, the resolution of the imaging range of
the system needs to be maximised, which has been carried out successfully to produce
the X-ray diraction images of viruses [71], bacteriophages [33], organelles [28], and
cyanobacteria [75]. Eventually, the resolution of XFEL will be either limited by the
operating wavelength of the XFEL or the optical structure properties of the samples.
The resolution of the light beam is related to the used wavelength. The results suggest
that XFELs operating at shorter wavelengths achieve a better atomic-scale resolution
when imaging biological samples. Furthermore, XFEL can be used to identify the
structure of small biological molecules that are di cult to study with conventional X-
ray sources. One example is to study the structure of BinAB [20], which is obtained
from bacteria and is toxic to mosquitoes. Understanding the structure of BinAB can
help to develop the drug for the treatment of mosquito-borne diseases such as malaria,
dengue fever, and Zika fever. Moreover, the advantage of XFELs in terms of ultra-
fast laser pulses can be used to study the water-splitting process, which is one step
in the photosynthesis process since it can capture real-time imaging of all processes
in a short period of time when the reaction occurs suddenly [78]. Understanding the
water-splitting process might help develop techniques to create arti cial photosynthesis,
which can be used to produce solar fuel and renewable energy.

In conclusion, XFEL has been reported to analyse a new approach to study biolog-
ical samples, operating at a short wavelength region that achieves its goal to determine
biological structures at atomic resolution. In addition, XFEL facilities are beginning
to operate and have a major impact on scienti c investigations. The applications of
XFEL will be expanded and may provide important insight into many of the questions

encountered in structural biology. XFEL would make the frontier technology easily ac-
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cessible to other researchers in the eld of biological structure research, single-particle

imaging, di raction imaging of viruses, and other related applications.

1.2 Dierent types of Free-Electron Lasers

FELs can be categorised into several types on the basis of their operational principles
and con gurations. These include Oscillator FELs, Self-Ampli ed Spontaneous Emis-
sion (SASE) FELs, Regenerative Ampli er FELs (RAFELSs), and High-Gain Harmonic
Generation (HGHG) FELs. Each type has unique characteristics and applications,

which are discussed in detail below.

FEL Oscillator

FEL oscillator is one of the earliest and simplest con gurations of FELs. In an FEL
oscillator, the electron beam passes through an undulator located within an optical
cavity typically formed by two mirrors. The radiation emitted by the electron beam as it
propagates through the undulator is re ected back and forth between the cavity mirrors,
repetitively interacting with subsequent electron beams. This feedback mechanism
allows radiation to build up coherently over many passes, leading to coherent lasing [22].
FEL oscillators operate e ectively at lower frequencies, typically in the infrared
to visible spectrum, and are characterized by their ability to produce radiation in
continuous-wave (CW) or long-pulse modes, depending on the time scale under inves-
tigation [73]. They provide a stable, short-pulse, narrow-bandwidth radiation source
with high spectral purity, making them particularly useful for applications requiring
precise and stable light, such as spectroscopy and precision measurement. For exam-
ple, FEL oscillators are used in studying molecular vibrations and rotations, allowing
scientists to probe the fundamental properties of materials and molecules with great

accuracy [46].
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Self-Ampli ed Spontaneous Emission (SASE) FELs

SASE FELs are a type of free-electron laser capable of generating high-brightness,
short-wavelength radiation, including X-rays. Unlike Oscillator FELs, SASE FELs do
not rely on an optical cavity. Instead, they utilize a single pass of the electron beam
through a long undulator to achieve lasing.

In a SASE FEL, the electron beam begins to emit spontaneous radiation upon
entering the undulator. This initial radiation interacts with the electron beam, causing
microbunching of electrons at the scale of the radiation wavelength. This microbunching
ampli es the emission process, resulting in the exponential growth of radiation intensity
along the undulator. The output is a highly coherent and intense beam of light with
extremely high brightness [45].

SASE FELs are particularly well-suited for producing ultra-short, high-intensity
pulses and are widely employed in scienti c research facilities. For example, the Linac
Coherent Light Source (LCLS) at the SLAC National Accelerator Laboratory in the
United States and the European XFEL in Germany are two prominent facilities [23,
25]. These sources enable researchers to perform time-resolved studies of atomic and
molecular processes, 0 ering valuable insights into chemical reactions, phase transitions,

and other ultrafast phenomena occurring on femtosecond timescales [66].

Regenerative Ampli er FELs (RAFELS)

RAFELs combine features of both Oscillator and SASE FELs. In a RAFEL, the elec-
tron beam passes through an undulator within an optical cavity, similar to an Oscilla-
tor FEL. However, unlike traditional oscillators, RAFELs operate in a high-gain regime
with lower re ectivity mirrors, which allows for the ampli cation of radiation over fewer
passes [48,49].

The high-gain operation of RAFELs enables them to achieve lasing with fewer
cavity round-trips [24], making them suitable for applications requiring rapid build-up
of radiation intensity. This con guration allows RAFELSs to produce coherent radiation
at shorter wavelengths compared to conventional oscillator FELs, making them useful

for various scienti ¢ and industrial applications. For example, RAFELs can be used in

8
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advanced materials research, medical imaging, and the study of dynamic processes in

matter [72].

High-Gain Harmonic Generation (HGHG) FELs

HGHG FELs utilise a two-stage process to generate high-brightness, short-wavelength
radiation. In the rst stage, a seed laser (typically a conventional laser) is used to
modulate the energy of the electron beam as it passes through a modulator undulator.
This modulation creates a periodic energy structure in the electron beam.

In the second stage, the modulated electron beam passes through a radiator undula-
tor tuned to a harmonic of the seed laser wavelength. The microbunched electron beam
emits coherent radiation at this harmonic wavelength, resulting in high-brightness,
short-wavelength output.

HGHG FELs are advantageous for producing stable, narrow-bandwidth radiation
with high temporal coherence. They are particularly useful for applications requiring
precise control over the radiation wavelength and phase, such as in spectroscopy and
imaging. For instance, HGHG FELs enable high-resolution studies of chemical dynam-
ics and biological processes, providing detailed information about the structure and

behaviour of complex molecules [2,79].

1.3 FEL simulation

The study of FELs can be divided into three main approaches, including theoretical
analysis, experimental investigations, and computational simulations. Each approach
0 ers unique insights into the complex processes that govern the operation of FEL.
Theoretical studies provide the fundamental principles and mathematical frameworks
necessary to understand the underlying physics of FELs. Experimental investigations
validate these theories and explore the practical aspects of FEL performance and opti-
misation. The scientists working in this eld are focused on the hardware and devices
to help improve the quality of the light source to match the user requirements, enabling

the new techniques for experiment. However, due to the complex nature of FEL inter-
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actions and the challenges of experimental measurements, computational simulations
have become an essential tool in FEL research. FEL simulations enable researchers to
model and predict the behaviour of electron beams and the emitted radiation with high
precision, o ering a detailed understanding that complements theoretical and experi-
mental approaches.

FEL simulations are based on the interaction between a relativistic electron beam
and a periodic magnetic eld, typically provided by an undulator or wiggler. As the
electrons traverse the undulator, they experience a sinusoidal magnetic eld that forces
them into an oscillatory motion. This motion causes the electrons to emit synchrotron
radiation, which can become coherent under the right conditions.

The primary equations governing FEL simulations include the Lorentz force equa-
tion for the electron motion and Maxwell's equations for the electromagnetic elds. The
FEL interaction can be described by the coupled Maxwell-Lorentz equations, which ac-
count for the self-consistent evolution of the electron beam and the radiation eld.

Several computational tools have been developed to simulate FELs with high preci-
sion. These tools vary in their complexity and the speci ¢ aspects of the FEL process

they model. Key simulation codes used in FEL research include the following:

GENESIS : A widely-used 3D time-dependent simulation code that models the
interaction between the electron beam and the radiation eld in an FEL. It solves
the coupled Maxwell-Lorentz equations and can simulate various FEL con gura-

tions, including SASE and HGHG FELs [67].

Ginger : A code that provides both time-dependent and steady-state simulations
of FELs. Ginger [26] is capable of modelling the detailed dynamics of the electron
beam and the radiation eld, making it suitable for studying the gain process and

saturation e ects in FELs.

Pun : An advanced 3D FEL simulation code that does not rely on the slowly
varying envelope approximation (SVEA). Pu n can model the full temporal and
spatial structure of the radiation eld, providing more accurate simulations of the

interaction between the electron beam and the radiation [14, 16].

10
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" OPC : The Optical Propagation Code (OPC) is used to simulate the propagation
of the radiation eld within the optical cavity of an FEL oscillator [32,76]. OPC
can be coupled with other FEL codes like Pun to model the complete FEL
oscillator system. The process of the translation between Pu n and OPC codes

will be discussed in Chapter 3.

Simulation plays an important role in the design and optimisation of FELs. By
modelling the behaviour of the electron beam and the lasing cavity, scientists can predict
the performance of di erent FEL con guration, and make adjustments to improve the
output power, beam quality, and other parameters. This allows researchers to explore
new designs and operating regimes that would be dicult or impossible to achieve
experimentally.

Additionally, the use of simulation can help to reduce the cost and complexity of
FEL experiments by allowing scientists to test di erent con gurations virtually before
building and testing them in the lab. This allows researchers to focus their experimental
e orts on the most promising designs and avoid costly mistakes.

FEL simulations are a powerful tool for understanding and optimising the perfor-
mance of free-electron lasers. Using advanced simulation codes and techniques, re-
searchers can gain detailed insight into the complex interactions between the electron
beam and the radiation eld. These simulations play a crucial role in the development
of next-generation FELs, enabling the exploration of new operational regimes and the

design of more e cient and versatile light sources.

1.4 Thesis Outline

This thesis aims to provide a thorough understanding of the essential tools and method-
ologies required to simulate the principles of Free-Electron Laser (FEL) science. It
incorporates detailed visual aids to facilitate comprehension of the complex physical
interactions that occur during the FEL process. The thesis is structured into six chap-

ters, each addressing a key aspect of FEL theory, simulation, and application.

Chapter 2 revisits the fundamental theory of FELs, starting with an explanation
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Chapter 1. Introduction

of radiation produced by accelerating charged particles, as described by the Lenard-
Wiechert potentials. It provides examples of radiation patterns from three types of
electron motion: simple harmonic, circular, and wiggler/undulator. Following this,
the chapter delves into the basic theory of FELs, including the fundamental equations
governing the FEL mechanism. Additionally, the basic optical theory relevant to cavity-
based FELs is discussed, covering principles of Ray Transfer Matrix, stability conditions
for optical cavities, and Gaussian beam propagation.

Chapter 3 details a method for translating between two simulation codes, Pun
and OPC, enabling the modeling of the FEL within a cavity-based framework. This
chapter focuses on the integration and compatibility between these codes to ensure
accurate simulations.

Chapter 4 explores sub-wavelength e ects by adjusting the optical cavity length
in an FEL oscillator to produce third harmonic radiation. The chapter examines how
these adjustments in uence the generation and ampli cation of harmonics.

Chapter 5 examines the saturation of high-power superradiant spikes, an impor-
tant aspect of the FEL ampli cation process. This chapter delves into the dynamics of
superradiant pulse saturation and its impact on FEL performance.

Chapter 6 provides a summary of the thesis, re ecting on the ndings and consid-
ering potential directions for future research. It consolidates the insights gained from
the simulations and experiments conducted throughout the study.

Appendix includes a list of publications that have contributed to this thesis and
presents useful snippets of code. The appendix serves as a resource for readers interested

in further details and practical applications related to the thesis.
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Chapter 2

Basic Theory of Free-Electron

Lasers

2.1 Radiation Mechanisms of Moving Charges

The radiation emitted by an electron in motion is a fundamental concept in under-
standing the behaviour of FELs. This section explores the classical electrodynamics
principles governing this radiation, including the concepts of retarded time and Lenard-
Wiechert potentials. It also examines radiation from di erent electron motions: dipole
oscillators, circular motion, and undulators. Theoretical results are complemented by

visualisations of radiation patterns.

2.1.1 Classical Electrodynamics and Retarded Time

In classical electrodynamics, the electromagnetic elds produced by a moving charge
are determined by the charge's position and velocity at an earlier time, known as
the retarded time. The concept of retarded time is essential for understanding how
information about the electron's motion propagates through space.

For an electron at position ro(t) at time t, the elds at a point point P in the
location r(t) are not determined by the instantaneous positionS located at ro(t) and
velocity of the charge. Instead, they are in uenced by the earlier electron's positionS°®

at the retarded time t° de ned by:
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jrt)  ro(t9j

c

0=t (2.1)

Here, c is the speed of light, andjr(t) ro(t9j is the distance between the observa-
tion point and the electron at the retarded time. The retarded time accounts for the
nite speed at which electromagnetic interactions propagate. It represents the time it
takes for the e ects of the electron's motion to travel outward at the speed of light,
covering the distancejr(t) ro(t9j before arriving at point P. Therefore, when calcu-
lating the electromagnetic elds produced by a moving charge at a speci c location, one
must consider the state of the charge at the retarded time, rather than its state at the
present moment. This approach ensures that the e ects of the charge's motion are con-
sistent with the causality principle and the nite propagation speed of electromagnetic

interactions. The concept of retarded position and time is illustrated in Figure 2.1.

Figure 2.1: lllustration of the concept of retarded time for a moving charge. The tra-
jectory of the charge is shown, with positions at the current timet and the retarded
time t% The point P represents the eld point where the electromagnetic elds are
being calculated. The distancejr(t) rq(t9j between the eld point and the charge at
the retarded time accounts for the time delay due to the nite speed of light, ensuring
consistency with the causality principle and the nite propagation speed of electromag-
netic interactions.
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To accurately describe the electromagnetic elds produced by a moving charge, the
Lenard-Wiechert potentials provide a precise solution to Maxwell's equations for the
electric and magnetic potentials due to a moving point charge. The electric eldE
generated by a moving point charge, observed at the positiorr and time t, can be
described as:

E(r;t) = 4q0 e a9 f )

RZ 1 n )° cR(ln)3t;

2.2)

where the vector in the bracket [::];, is evaluated at the retarded timet®=t R(t9=c
Here, g is the charge of the patrticle, ¢ is the permittivity of free space, #t is the unit
vector from the charge to the observation point, = v=cis the normalised velocity of
the charge, —= d =dt is the acceleration, andR = jr r(t9j is the distance from the
charge to the observation point.

The rst term represents the velocity eld, which falls 0 as 1 =R?2, and is a rel-
ativistic generalisation of Coulomb's law. The second term represents the radiation
eld, which falls 0 as 1 =R, and describes the electromagnetic waves emitted by the
accelerating charge. This distinction between the velocity eld and the radiation eld

highlights the di erent behaviours and in uences of moving and accelerating charges.

2.1.2 Radiation from Electron Motion in a Dipole Oscillator

Consider an electron undergoing simple harmonic motion along th&-axis. This motion

can be described by the position function:

. ct
ro(t) = Xpsin — X, (2.3)
X0
where Xxo is the amplitude of oscillation, = % is the normalised relativistic
electron velocity, and ! is the angular frequency. The corresponding velocity and

acceleration in the relativistic limits are given by:

(t)= cos ;t) R; (2.4
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()= X—Osin o R (2.5)

Here, (t) = @ represents the dimensionless velocity of the electron, and{(t) =
% is the dimensionless acceleration.

This simple harmonic motion represents the simplest form of oscillation that gen-
erates electromagnetic radiation and is also the easiest to visualise using the Lenard-
Wiechert potentials. The simulation result of the radiation eld evolving from this

behaviour is shown in Figure 2.2.

Figure 2.2: Simulation result illustrating the radiation eld emitted from the simple
harmonic motion of an electron in a dipole oscillator. The concentric wavefronts repre-
sent the radiated electromagnetic waves propagating outward from the electron. The
colour intensity indicates the strength of the radiation eld, with warmer colours (yel-
low and red) showing higher eld intensities. The symmetric pattern re ects the dipole
nature of the radiation, with the highest intensity emitted perpendicular to the direc-
tion of oscillation.
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2.1.3 Radiation from Electron Motion in Circular Paths

Electrons moving in a circular trajectory, such as those in a synchrotron, emit radiation
because of their continuous centripetal acceleration. The Lorentz force, resulting from
the magnetic eld, provides the necessary centripetal force for this circular motion.
The details of the Lorentz force will be discussed later in Section 2.1.4. In this section,
the simple circular path is considered to demonstrate the radiation eld emitted from
synchrotron-like motion.

The electron's motion in a circular trajectory can be described within a two-
dimensional xz-plane, constrained by relativistic conditions. Assume that the electron
has a normalised velocity = v=¢ where = P 1 1= 2, and is the relativistic
Lorentz factor related to the electron's energyE = m ¢c?, with me being its rest mass.

The position of the electron in a circular path is given by:

ct . ct
rot)y= Rcos — R+ Rsin — 2; (2.6)
R R
where R is the radius of the circular trajectory.
Di erentiating the position vector with respect to time t gives the velocity:
. ct ct
v(t)= c¢csin — X+ ccos — 2. 2.7
(t) R R (2.7)

The magnitude of the velocity is v(t) = c¢. Dividing the equation by c gives the

normalised velocity vector as:

. ct ct
= — X+ — 2 2.
(1) sin R cos R (2.8)

Di erentiating the velocity vector with respect to time t gives the acceleration:

= 2% fLog o 280Gy S,
()= R cos R R R sin R 2. (2.9)
The magnitude of the acceleration isa(t) = ZCR—Z = "Zth), which is centripetal and

is directed towards the centre of the circular path.

This circular motion of electrons is signi cant in generating synchrotron radiation,
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