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" APPENDIX X FOURIER ANALYSIS AND SOME RELATED SUBJECTS 

X. 1 FOURIER ANALYSIS 

Given a periodic function x(t) with a period T, then 

one can express x(t) as an infinite trigonometric series 

known as Fourier Series of the form, 

Cod 

x(t) ao + (ak cos 
2 Tk kt 

+ bk 2- (X1) 

k=l 

where a0, ak and bk are constant Fourier coefficients 

given by 

T 

ao jx (t) dt 

T 

T 

ak 
TIx (t) cos 

2TK kt ) dt k>1 (X2) 
T 

T 

bk =Tx (t) sin (2 
T! 

) dt k>1 
J 

T 

The mathematical conditions for the convergence of 

equation (X1) are extremely general, however an important 

restriction is that at discontinuities the series gives 

the average value of x (t) at the discontinuity. 

" When one attempts to analyse random signals, which are 

not periodic (T the Fourier coefficients merge 

together and the function x(t) can no longer be analysed 
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into discrete frequency components. Subject to certain 

conditions (N4), the same approach can be adopted except 

that the Fourier series, equation (X1) turns into a Fourier 

integral and the Fourier coefficient, equation (X2) turns 

into a continuous function of frequency called Fourier 

transform. 

Substituting equation (X2) into equation (X1), 

allowing the period T---i. oo , and the H,. to become integral, 

we get, 

00 oß 

X (t) =JA (W) cos wt dw + 
JB(w) 

sin wt dw 

w -40 
" (X3) 

where coo 

A(w) _, Jx(t) cos wt dt 
04 

(X4) 
00 

B (w) Jx(t) 
sin wt dt 

-oo 

w27f is the angular frequency and f is the frequency. 

Defining a quantity X (w) such that 

X (w) = A(w) -jB (w) 

From equation (X4), 
00 

X (w) - 2- 
Jx(t) 

e JWt dt (X5) 

oo 

and is the Fourier transform of x (t) 
. By a simple 

manipulation of equation (X3), it can be shown that 
00 

x(t) 
JX(w) 

ejwt dt (X6) 

00 
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Equations (X5) and (X6) are the continuous Fourier 

transform pair such that each is the inverse transform of 

the other. 

The above development follows that of Newland (N4) 

which, although not completely rigorous, does point out the 

logic which turns a discrete Fourier series representation 

into a Fourier integral. An important point to notice here 

is that the classical Fourier analysis theory requires that 

4b 

dt 

-ov . 

is satisfied for equat ions (X3) and (X4) to be true. For 

a stationary process where x (t) is defined everywhere, the 

above condition is not satisfied. However, by allowing 

generalized functions to be used, this restriction may be 

lifted. 

The above difficulty can also be overcome by Fourier 

analysing the autocorrelation function Rx(Z) of the process 

rather than the sample function itself. The logic behind 

this approach is that the auto-correlation function gives 

information about the frequencies present in a random process 

indirectly. Furthermore if the random process x (t) is 

adjusted to give a mean value of zero (mean value subtracted 

from data), and that no strictly periodic component is 

present, then it can be shown that 

tim RX (7) 0 
Z-"oo 

and the condition 
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od 
J/RX 

(Z )(dCL °a 

ý 

is satisfied. 0 

For the case where the continuous time series is not 

known and only equally spaced data from a finite record 

length are available, then equation (X5) is reduced to 

(for the kth harmonic), 

1N1 -J i2---, k )r At 

ZkT xre , dt 
r=0 

where t= rL t, and &t is the sampling interval. 

Since T= Nat, then 

XkN 

r=O 

i 2Tkr 

xr eN k=O, 1,... N-1 (X7) 

and consequently 

N-i 
tj 

2 lkr 
N 

Xr ° 
7- 

Xk e r=0,1,... N-1 
k =o 

(X8) 

Equating (X7) and (X8) are the discrete Fourier transform 

pair. 

X. 2 CONVOLUTION AND CORRELATION THEOREMS 

An important relationship in diverse scientific fields 

is the convolution integral defined as 

Dfi 

y (t) X (Z: ) h (t -Z" ) d5 -x (t) *h (t) (X9) 

where (*) stands for convolution. 
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However a very useful and powerful result is the 

relationship between equation (X9) and its Fourier trans- 

form. By forming the Fourier transform of both sides 

of equation (X9), i. e. 

C 
Jy(t) 

eJ Wt dt=fJ x(Z) h (t- t) dL ej wt dt0.0 

-po - oo _ oe 

and by simple manipulation we get (B16), 

Y(f) - H(f) X(f) (xio) 

i. e. convolution in the time domain is equivalent to 

multiplication in the frequency domain. In other words 

the Fourier transform of the cdnvolution of two functions 

in the time domain is obtained by multiplying the two 

Fourier transforms of the functions. 

It is also easily shown that the convolution of the 

two functions H (f) and X (f) in the frequency domain is 

equivalent to the Fourier transform of the product of the 

functions x (t) and h (t) in the time domain. 

A closely related integral to convolution is that of 

the correlation (auto or cross correlation) i. e. 
op 

Rxy(Z 
Jx(t) 

y(t+C. )dt 

By taking the Fourier transform of both sides we 

arrive at (B16), 

C4 
SXy ( f) 

ý, R (27) e- 
j wt daX (f) Y (f) * (X11) 

J 
- o4. 

where (*) stands for complex multiplication. 
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X. 3 THE BOXCAR FUNCTION 

The Boxcar function UB (t) is defined as 

0 
(-'fi (t) 1 

0 

t- ov 

-T t<T 

t Cc 

Its Fourier transform is given by 

T 
B i#' ) fr 

e- 
jwt dt 

T 

TT 
t dt 

r 
cos wt dt -j 

LT 
sin w 

J 

(X12) 

B(f) 2T sib (X13) 

The shape of the Boxcar fluid and its Fourier trans- 

form are shown below. 

The importance of this function will be explained in the 

next section. 

X. 4 LEAKAGE 

Visualise a random and stationary process x(t), which 

has an auto correlation function RX (Z) 
. The actual power 

. ZT0 ý" T" ° 2To TO 

bT -710 
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density Sx (f) is by definition, 

od 
SX(f) 

J 
nX(Z) e -jwd dC -00 <f Goo (X14) 

- 04 

However we only observe x(t) over the finite interval 

(-T, T) and hence, the observed power density SX (f) will be 

T_ 
.Nt, SX(f) 

f 
RX(Z) e 

jwý dZ -T <C<T (X15) 

T 

where the hat (A) stands for observed or predicted values 

of the function. 

This time domain truncation is equivalent to multiplying 

the original infinite process x(t) by a Boxcar function 

B (Z) of the form 

1(i <T B(7 )_<(t1 (X16) 
OTz0 

Equation, (X15) can be written over the whole range (i. e. 

- oo, 00 ) as 

SX(f RXZ ) Be JW? 
d2- (xl7) 

By applying the frequency convolution theorem, namely 

that the Fourier transform of the multiplication of two 

functions in the time domain is equivalent to convolving 

the two Fourier transforms of the functions in the 

frequency domain, or 

SX(f) 
= SX(f) * 013 (f) 

where (*) stands for convolution, then 
n °V 

SX(f) Js(f') B(f-f') df' (X18) 

- 04 . 
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where SX (f) and B (f) are the Fourier transforms of the 

actual RX (f), and the function B (Z) respectively. 

Substituting for q (f) from equation (X13) gives 

Sin 2 Ti T (f-f ') 
SX J=2S (f ') df' (X19) 

2r T(f -f -od 

and the spectral estimates are modified in such a way 

that instead of an impulse function (vertical line) appears 

at the frequency f, a sin z/z function is now centred on 

each impulse. This effect is termed leakage. 

X. 5 CHI-SQUARE DISTRIBUTION 

Assume that x1, x2, ... xn are independent (uncorrelated) 

Gaussian variables with zero mean and unit variance. Define 

a new variable %ýn by 

rA2 2 
n 

Xi 

then `Xn is obviously positive, followed by definition a 

chi-square distribution with n degrees of freedom. The 

coefficient of variation of K2, i. e. the ratio of RMS 

(Root mean square) deviation to average value is (2/n)2 

so that as n increases, 
n 

becomes relatively, less 

variable. A convenient description of the stability of 

any positive estimate is its equivalent number of degrees 

of freedom, n of that 9( 
n 

some multiple of which it 

resembles. Hence 

na 
2(average) 2.2 

variance (coefficient- oe icient of var ation2 

If N samples of a process xi are used to calculate the 

sample variance U-2, then the probability is (1-p) that 

the true variance is between two limits, 
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BI < a-2 K B2 
where the limits B1 and B2 are defined by 

2' 

(X20) 

2 
B2 = 

n2 
11 n= N-1 

xn'7 

The interval (B1, B2) is referred to as the confidence 

interval and one speaks of (1-p)100% confidence interval. 

The main use of this distribution in time series 

analysis is in discussing the variability of the sample 

variance and the power spectral density estimates. 

X. 6 USEFUL RELATIONSHIPS FOR USE WITH DIGITAL COMPUTERS 

Let xi be the ith data point in a record which contains 

N data points. Then 

N-1 
(i) the mean xi (X21) 

i=O 

N-1 
(ii) the variance Or- 2 (xi - 

x)2 (X22) 
1=0 

and is a biased estimate. 

N-1 

T2N -" 
> 

_7 i=0 

The unbiased estimate is 

2 
(Xi_ Sc) (X23) 

which is almost the same as equation (X22) for large N. 

The standard deviation is simply V-. 
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(iii) if the total number of data points found to lie 

in the interval (xo, x0 px) is no, then the probability 

that xi will have a value in this range is 

n 
P(xo) _ .. (X24) 

and the probability density function is, by definition, 

p (xo) °1 
n° 

x 
(X25) 

a I`ý 

(iv) to calculate the power spectral density, the mean 

should be calculated as in (i) and removed from the data, 

i. e. 

- xif -x xil (X26) 
new old 

If another record yi is to be cross correlated to xi, the 

mean value y should also be calculated and removed. 

A- The Blackman-Tukey method 

(Al) the sample autocorrelation function of x is c omputed i 
for (m+l) lag values, i. e. 

N- r 
1 Rxr N-r 

_- 
xi xi+r r=0,1, ... m (X27) 

i-l 

the value of m is determined by the bandwith 

required and statistical reliability. 

For the cross spectra we get 

N- r 
R 

xyr N-r xi yi+r (X28) 
i=1 

N- r 
Ryxr arY! Xi+r r=0,1, ... m (X29) 

i=1 
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(A2) An appropriate lag window is selected such as 

r=0.5 + 0.5 cos 
mr r=0,1, .. m Hanning 1 m (X30) 

=0 r>m 

Hamming m = 0.54 + 0.46 cos r r=O, l,.. m 2 r 
(X31) 

=0 r> m 

Parzen 3 mr ° (1 -6 m)2 
(1 -mr< m/2 

=2 (1 - 
E) 3 

r> m/2 

=0 r>m (X32) 

and applied to equations (X27) or equations (X28 ) and 

(X29). The result is a modified correlation 

function, or 

Rxr ° Rxr 
für 

(X33) 

and for the cross spectra 

R R "m (X34) 
xyr xyr r 

RR' 
yxr yxr (mr r=0,1, ... m (X35) 

the value of could be 1,2 or 3. 

(A3) The power spectral density is calculated using 

trapezoidal integration, 

m-1 
_ S 2QtR +2R cos 

h 
xk xo xr 

r=l 

+ Rxm cos t7 k k=0,1, , .. m (X36) 

and the corresponding set of frequencies is 
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kk0,1, 
... m (X37) 

lt Lm t 

For the cross spectra, we first calculate 

xyr = Rxyr + Ryxr (X38) 

Bxyr Rxyr - Ryxr r-0,1,.. .m 
(X39) 

The cospectra Cxyk (real part of S) and quadspectra 

xyk 
(imaginary part of S) are calculated by 

N m-1 
Cxyk dt (AXy +2A, kyr Cos 

T`mrk 

0 .2 
r=1 

+AxymcosITk) (X40) 

m-1 
77, rk 1%Yk At (BXY0 +2Z BXyr sin 

r=1 

+ BXym sin T k) (X41) 

and the corresponding set of frequencies are, 

fk = 2m 
kk0, it , .. in (X42) 

There are various ways of displaying the results for 

the cross spectra, in terms of 

(a) the modulus 

`n {A2 ý S2 J1 
Xy 

( CXyk + QXyk (X43) 

(b) the phase angle (in radians), 

n 
0xyk - acct an .-k (X44) 

Cxyk 
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A normalising procedure could be adopted. For the 

calculations carried in this project the power in the 

band (o <f --f c) was normalised such that the total 

power sums to 100. 

(A4) The same result may be obtained by deleting step (A2). 

Instead a smoothing procedure is applied after equation 

(X36) or equations (X40) and (X41), which consists of 

weighing (averaging) the power spectral estimates in 

the manner given by equation (7.18). For the pczTz2n 

window the smoothing is simply done by multiplying the 

estimates by the function 

3m Sin ýk 
LL m (m) 

ak (f) 
,ka0,1,... m 

mm 
(X45) 

B- The FFr Method 

(B1) Modify the record xi such that N- 2p, where p 

is an integer. This could be achieved by truncation 

or by adding zeros to one end of the record. 

Calculate the mean and remove it from the data. For 

cross spectra, the same is carried on yi such that 

the two record lengths are equal. 

(B2) Apply an appropriate window as in (A2). The 

tapering procedure by Bingham et al (B19) is 

recommended, i. e. 
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E1- 
cos IN I 

4 UNr a1 

i [l 
- cos 

(N-r) 
.N 

0 

Oar ý0.1N 

O. 1N <r<O. 9N (X46) 

O. 9Ný rG N 

r> N 

(B3) Compute the Fourier transform of the complex data 

sequence zi to give 

N-1 
_2 

tý nk 
Z2Z0Nn-0,1 .... N-1 (X4 7) 

kNi 
i=0 

For auto spectra, the actual data is put into the 

real part of Zi, while zeros are put into the imaginary 

part, or 
N-1 

ZXk 

i=0 

X k 

2Tnk 

(x + JO)e n=O, 1,.. N-1 

(X48) 

For the cross spectra, one function say xi is put 

into the real part while the other function, say yi 

is put into the imaginary part, or 

N-1 
_1 

2 7-\ nk 
Zxyk °2 (X 

i+ iY 
: L) eN n=O, 1, .. N-1 

i=0 
N ýr 

Xk +J Yk (X4 9) 

(B4) If step (B2) was deleted, apply one of the smoothing 

procedures discussed above in (A4). The net result 

is a modified Fourier transform Xk and Yk. 
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(B5) The raw power spectral density is given by 

A 2&t - 0- sxk N Xk Xk 

For the cross spectra 

,.. 2ý [kk] 
Sxyk Nx 

(X50) 

Cxyk J Qxyk 

(X51) 

where (*) stands for complex multiplication and 

Cxyk and Qxyk are the cospectra and quadspectra 

respectively. 

The forresponding set of frequencies are 

fk k-O, l,... N-1 (X52) 

k0,1,... N-1 

(B6) These estimates are smoothed (averaged) again over, 

say M points, to increase statistical reliability, or 

M 
1N 

Sxk aM 
2- Sx (k+ Q) 
4 .1 

k=0,1, ... N-]. (X53) 

For the cross spectra 

^ 1M Sxyk 
m 

Sxy (k+l ) 

M 
1" 
m 

: ý- Cxy (k+. ( ) 
-Q =1 

a Cxyk J Qxyk 

and the corresponding set of frequencies are 

k=0,1,... N- I 

`xy (k+ ) 
=1 

(X54) 

ä k=1,2, 
... N (X55) k2 



821 

For the cross spectra, the results could be displayed 

as, in terms of the modulus, 

I SXyk /=' 
xyk + Q4 2 

xyk 
J (X56) 

or in terms of the phase angle, 

0k=- 
arctan 

r %yk J (X57) 
Y Cxyk 

or both. 

X. 7 NARROW BAND PROCESS 

Also known as band limited process; in which the 

process is limited to a narrow band of frequencies. A 

band limited white noise is, by definition, a random 

process with constant power density, or 

0 otherwise 
(X58A) 

where f0 is the centre frequency, B is the bandwidth and 
1a" is a constant. 

The autocorrelation function is 

RX () 
Jos 

(f) cos 2 ii ft df (X59A) 
0 

f -t 0 
ia 

cos 2T%fL df aaBsT 
in'`` BT )cos 2 ii ft 

Bo 
B f0-31 

For the special case where fa - B/2, then the above 

equations become 
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SX (i) =a0f 
(X58B) 

=0 otherwise 

and 

RX(L) = ,, (si T Tk't (X59B) 

Hence the autocorrelation of a band limited white 

noise is expected to show the familiar sin z/z behaviour. 

Obviously the same results are obtained for the cross- 

correlation function if the cross power density obeys the 

conditions of equation (X58). 

COMPUTER PROGRAMS USED 

(i) Power Density Calculation Program for Pressure Signals 

Nomenclature 

ISKIPO, ISKIPI 

I SKPCR, I SKP(T 

ISKPTH 

XREALO, XIMAGO 

Parameters calculated in 

Subroutine 'PLOT' to facilitate plotting 

the results by line printer. 

Real and imaginary parts of the first 

signal, also its Fourier transform later. 

XREAL, XIMAG Real and imaginary part of the second 

signal, also its Fourier transform later. 

XXCR, YYCR Real and imaginary parts of the 

unsmoothed power density 

Th ETA Phase angle 

TMLAG Time Lag 

VCRCOR Cross correlation coefficients 

N, NU Total no. of points truncated later 

to N -T 2NU 

v$, vi Smoothed power density estimates for 

the first signal and the second signal 
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VCR Smoothed cross power density 

MN Number of power density terms calculated 

SUBROUTINE CROSCOR : used to calculate cross correlationr 

coefficients . 

(ii) Power Density and Probability Density Calculation 

Program for Void Fraction Signal 

The program (i) was used with SUBROUTINE PDFVOID 

for carrying the probability density calculations. 

Important parameters are explained in the program. 

(iii) Probability Density Calculation for Pressure 

Important parameters are explained in the program. 

Listing of the Programs 

cif 

PROGRAM(FAST) 
INPUT 5=CRO 
0UTPUT6=LP0 
END 
MASTER FAST 

C 
C THIS PROGRAM READS DATA FROM A FILEPCONVERTS IT 

C INTO A ZERO MEAN DATA, FOURIER TRANSFORM IT ATHEN 
C WINDOW THE RESULTS TO REDUCE LEAFAGE. SMOOTHING 
C IS THEN PERFORMED OVER A PRE-SELECTED NUMBER OF 
C POINTS. THE POWER DENSITY RESULTS ARE THEN PLOTTED 
C VS FREQUENCY USING THE LINE PRINTER. 
C 

DIMENSION VO(600), VI(600), VCR(600), ISKIPc(600), ISKIP1(600) 
1, ISKPCR(600), XREALO(5000), XIMAG0(5OCg), XXCR(4100), 
2YYCR(4100), THETA(600), IS}CPTH(600), VCRCOP(6O0), 
31 SEPCN ( 600) , TMLAG ( 600) , XREAL ( 5000) , XI MAG (50©0 ) 

COMMON FF(600), N, KI, MH, KN, KL, 
II BV, I DX, C OPJ FTR, NU, C ON S T, MU, W, FR, FX, F, NTH, NC R, PI 

DATA IDASH/1H-/, ISTAR/1H*/, ISPACE/1H / 
PI=3-14159265 

C 
C THE COUNTERS NCR , I: *?, KL, AND NTH CONTROLS THE EXCUTION C OF CERTAIN STATEMENTS IN SUBSEQUENT SUBROUTINES " C 
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MH= 170 
MH=MH+1 
KN= I 
KL=O 
NTH=O 
NCR=O 

10 CALL READF(XREALO, XIMAG0,5000) 
N O=N 
NUO=NU 
CALL READF(XREAL, XI MAG, 5000) 
IF(N0. LT"N)N=NO 
IF(NO. LT. N)NU=NUO 
WRI TE(6,15) 

15 FORMAT(15X, 'THE NEW AVERAGE AND-TOTAL NO. OF POINTS' 
1' FOR P0-DATA', //) 

CALL AVERG (XREAL 0,5 000) 
WRITE(6,25) ' 

25 FORI'AT(15X, 'THE NEW AVERAGE AND TOTAL NO. OF POINTS' 
1, ' FOR P1-DATA', //) 

CALL AVERG(XREAL. -5000) 
CALL CROSCOR(VCRCOR., Tt4LAG, 600, XREALO, XREAL, 5000) 
CALL CROSCOR(VCR.. TMLAG, 600, XREAL, XF. EAL0,5000) 
GO TO 5 
I F(KN " GT. O) GO TO 95' 
CALL FFT(XR. EALO, XIMAG0,5000) 

95 CALL WINDOW(XREALO, XIMAG0,5000) 
IF(HN. LT. 1)GO TO 100 
CALL FFT(XREAL0 XIMAG0,5000) 

100 I F(KN" GT" 0) GO TO 105 
CALL FFT(XREAL; XIMAG, 5000) 

105 CALL WINDOW(XREAL, XIMAG., 5000) 
IF(KN. LT. 1)GO TO 110 
CALL FFT(XREAL, XI MAG, 5000) 

110 DO 20 I =1. *N 
XXCR(I)=XREAL(I)*XREALO(I)+XIMAG(I)*XIMAGO(I) 
YYC R(I) =XREAL (I) *XI MAG O (I) -XREALO (I) *XI MAG (I ) 

20 CONTINUE 
CONST=2.0/(F*FLOAT(N)) 

C 
C SETTING A FREQUENCY BAND FOR SMOOTHING 
C, E. G" ' W' " CALCULATING NO. OF POINTS ON 
C WHICH SMOOTHING IS TO BE PERFO RMED, E. G" ' FR' . 
C 

SS=10.0 
FX=F/FLOAT(N) 
W=SS*FX 
FR=W/ FX 
ýL 1ýL elt 

. LT- MH) MN=MH 
CALL SMOOTH(V1,600, XREAL, XIDIAG, 5000) 
CALL SMOOTH(VO, 600, XREALO, XIMAG0,5000) 
CC=360.0/PI 
DO 30 I =1, N 
XREAL(I ) =XXCR(I ) 
XIMAG(I)=YYCR(I) 
XXC R(I) =C C*ATAN (XI MAG (I) /XREAL (D) 
YYCR(I) =0.0 

30 CONTINUE 
NCR=1 
CALL SMOOTH(VCR, 600, XREAL, XIMAG, S000) 
NTH =1 

., CALL SMOOTH(THETA, 600, XXCR, YYCR, 4100) 
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DO 165 I=1, MN 
J=IFIX(FR/2.0)*(I-1) 
FF(I) =(FLOAT(J) +(SS/2.0)) *FX 

165 CONTINUE 
CALL PLOT (V0, I SKI P0,600, MN, WMAXVO, WMI NVP, 45.0) 
CALL PLOT (V1, I SKI PI, 600, MN, WMAXV1, WMINV 1,45.0) 
CALL PLOT (VCR., I SKPCR, 600, MN, WMAXCR, WMINCR, 45.0) 
CALL PLOT (THETA, I SKPTH, 600, MN, WMAXTIi, WMI NTH, 45.0) 

C 
C PLOTTING THE POWER DENSITY VS FREQNCY RESULTS 
C FOR PO AND P1 DATA, USING LINE PRINTER. 
C 

WRITE(6,35) 
35 FORMAT( 1H 1, /, 3X, ' PWR P0', IX, ' FRQCY', 5Y., 'POWER ', 

1'DENSTY VS FRQNCY FOR PQ-5 DATA', 10X, 'PWR P1', 6X, 'POWER 
2'DENSTY VS FRQNCY FOR P1-5 DATA', //) 

DO 45 I =1, MN 
NSKI P=47-I SKI PO (I ) 
WRITE(6,40)VO (I), FF (I), -(IDASH, J=l, ISKI PO (I)), ISTAR, 

1(ISPACE, JK=I, NSKIP), VI (I), (IDASH, li=1, ISKI PI (I)), ISTAR 
40 FORMAT(IX, F7.2, F7.3J 1X, 48A1, F7.2,2X, 47A1) 
45 CONTINUE 
C 
C PLOTTING THE CROSS POWER DENSITY VS FREQNCY, 
C ALSO THE PHASE ANGLE VS FREQNCY, USING LINE PRINTER. 

.C WRITE(6,50) 
50 FQRMAT( 1H1, /, 2X, 'CS PWR', 1X, 'FRO9Y4X, 'CROSS 

JAp§BERR88, Y§XFýR% EO Nýý O DF NCýXS/I') 
IF(WMINTH. LT. 0.0)GO TO 70 
DO 55 I=1, MN 
NSKI P=47-I S1 PCR(I ) 
WRITE(6,60)VCR(I), FF(I), (IDASH, J=I, ISKPCR(I)), ISTAR 

1, (I SPACE, JK=1, NSKIP)., THETACI 
2(I DASH, J=I, I SKPTH(I) ). #I STAR 

55 CONTINUE 
GO TO 75 

70 WSCALE=45.0/(WMAXTH-WMINTH) 
DO 75 I=1, MN 
NSKIP=47-ISKPCR(I) 
NZERO=I FI X(ABS (UMI NTH) *WSCALE) 
I FC THETA(I) . GT. O) GO TO 80 
NZRSKP=NZERO-ISKPTH(I)+1 

1, ISKPCR(I)), iSTAR 
1, (I SPACE, JK=1, NSKI P). - THETA(I), (I S PACE, KL=1, NZRSKP) 
2, ISTAR, (IDASH, KJ=1, ISICPTH(I)) 

GO TO 75 
80 NZERO=NZERO+1 

WRITE(6,60)VCR(I), FF(I), (IDASH, J=1, ISKPCR(I)), ISTAR 
1, (ISPACE, JK=I, NSKIP), THETA(I), (ISPACE, K=I, NZERO) 
2, (I DASH, KJ= I, I SKPTH (I)) . *I STAR 

75 CONTINUE 
60 FORMAT(1X, F6.2, F7.3,1X, 48A1, F7.2,1X, 48A1) 
C 
C PLOTTING THE CROSS CORRELATION FUNCTION AND THE 
C CROSS POWER DENSITY FUNCTI ON, THE LATTER IS 
C TERMINATED AT FREQUENCY LESS THAN 10 CPS* 
C 
5 CALL PLOT (VCRCO R, I SKPCN, 600, MH, WMAXCN, WMI NCN, 43.0) 

CALL PLOT(VCR, I SKPCR, 600, MH, WMAXCR, WMINCR, 43.0) 
WRITE(6,125) 

125 FORMAT(1H1, /, 1X., 'CS PWR', 1X, 'FRQCY', IIX, 'CROSS ', 
1'SPECTRA VS FRQNCY OF PO AND P1', 6X, 'CRS COR', 
21X, 'LAGG', 8X, `CROSS CORLN FUNCTION OF PO AND P1', //) 



826 

IFCWMINCN. LT"0.0)GO TO 150 
DO 130 I=1, MH 

. NSKI P=45-I SICPCR(I ) 
WRITE(6,140)VCR(I)., FF(I), (IDASHi, J=1, ISKPCR(I)), ISTAR, 

1(I SPACE, JK=1, NSICI P)'VCRCOR(I ), TMLAG(I ), 
2(IDASH, J=I, ISKPCN(I)), IST'AR 

140 FORMAT(IX, F5.2, F7.3,1X, 46A1, F7.3, F6.3, IX., 46A1) 
130 CONTINUE 

GO TO 155 
150 WSCALE=43.0/(WMAXCN-WMINCN) 

DO 155 I=1, MH 
NSKI P=45-I SKPCR(I ) 
NZERO=I FI X(ABS (WMI NCN) *WSCALE) 
IF(VCRCOR(I). GT"0)GO TO 160 
NZRSKP=NZERO-I SKPCN (I) +1 
IF(ISKPCN(I)"LT. 1)NZRSKP=NZERO 
WRITE(6,140)VCR(I), FF(I), (IDASH, J=I, ISKPCR(I)), ISTAR, 

1(ISPACE., JK=I, NSKI P), VCRCOR(I), TMLAGCI), (I SPACE, K=1, NZRSKP) 
'2, I STAR, (I DASH, KJ=1, I SKPCN (, I) ) 

GO TO 155 
-. 160 NZERO=NZERO+1 

WRITE(6,140)VCR(I), FF(I). * (IDASH, J=I, ISKPCR(I) 
1I STAR. - (ISPACE., J1i=1, NSKIP)iVCRCOR(I), TMLAG(I), (ISPACE, 
2K=1, NZERO), (IDASH, KJ=I, ISKPCN(I)), ISTAR 

155 CONTINUE 
STOP 
END 
SUBROUTINE READF(XREALF, XIMAGF, IN) 

C' 
C THIS SUBROUTINE READS DATA FROM A FILE, CONVERTS IT 
C INTO ZERO MEAN DATA. TRUNCATE THE DATA SO THAT 
C THE NUMBER ISA MULTIPLE OF 2 
C 

DIMENSION IP(20), XREALF(IN), XIMAGF(IN) 
COMMON FF(600)jN, *KI, MH, KN, KL, 

1IBV, IBX, CONFTR, NU, CONST, MN, W, FR, FX, F, NTH, NCR, PI 
WRITE(6,100) 

100 FORMAT( 1H 1,7X, ' TOTLE NO', 5X, ' PATERN', 4X, 'I BV', 
17X, 'I BX', 4X, ' CONFTR', 6X, ' RPS', /) 

READ(5,200) N, HI -'I DV, I DX, CON FTR F 
WRITE(6,110)N, KI, IEV, IBX, CONFTR, F 

110 FORMAT(4Xj 4I 10,2F1,0.2, ////) 
200 FORMAT(4I 0,2F0.0) 

PT=O. 0 
MM=N/15 
N=MM*15 
KR= O 

C 
C READING DATA FROM M14 X 15 MATRI X, CONVERTI NG INTO 
CNXI MATRI X, CALCULATING THE AVERAGE. WRI TI NG DATA 
C IN MM X 15 MATRIX. PRINT OUT THE AVERAGE AND KK. 
C. 

DO 20 J=1, MM 
-READ(5,210) (IPCI), I=1,15) 
DO 30 K=1,15 
KK=KK+1 
XREALF(K}C) =FLOAT(I P00 ) 
XI MAGF(KK) =0.0 
PT=PT+XREALFCCK) 

30 CONTINUE 
20 CONTINUE 
210 FORMAT( 15I0) 
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PAV=PT/FLOAT(}UC) 
WRITE (6. * 120) (XREALF(I), I=1, KK) 

120 FORMAT(15F6.0) 
WRI TE(6,40) 

40 FORMAT(////, 23X, 'AVERAGE', 4Y., ' TOTL NO. OF POINTS'/) 
WRI TE( 6,130) PAV, KK 

130 FORMAT(/, 20X, F10.2,4X, I10, ////) 
C 
C DATA IS TRUNCATED SO THAT TOTAL NO OF POINTS 
CISA MULTIPLE OF 2, OR N=2**NU" 
C 

I F(N" GE" 409 6) GO TO 50 
N=2048 
NU=11 
GO TO 55 

50 N=4096 
NU=12 

55 CONTINUE 
RETURN 
END 
SUBROUTINE AVERG(XP. E'ALF, IN) N 

C 
C THIS SUBROUTINE CONVERTS 'FINITE MEAN' DATA OF P 
C INTO 'ZERO MEAN' DATA OF P OR OF (P-PAV)**2 , DEPENDING 
C WHETHER KL IS ZERO OR ONE RESPECTIVELY 
C 

DIMENSION XREALF(IN) 
COMMON FF(600), N. #XI, MH, KN, KL, 

1I BV., I BX, C ON FT R, NU, CON ST, MN, Wp FR. * FX, Fv NTH, NCR, PI 
PT=0.0 
DO 50 J=l, N 
PT=PT+XREALF(J) 

50 CONTINUE 
PAV=PT/FLOAT(N) 
WRITE(6j55) PAV, N, NU 

55 FORMAT(////, 2OX, F10.2,2(4X, I10), ////) 
PT=0.0 
DO 40 J=1, N 
XREALF(J) =XREALF(J) -PAV 
I F(KL"LT" 1) GO TO 40 
XREALF(J)=XREALF(J)**2 
PT=PT+XREALF(J) 

40 CONTINUE 
IF(KL"LT" 1) GO TO 45 
P2AV=PT/FLOAT(N) 
DO 45 I=1, N 
XREALF(I) =XREALF(I) -P2AV 

45 CONTINUE 
RETURN 
END 
SUBROUTINE FFT(XREALF, XIMAGF, IN) 

C 
C THIS SUBROUTINE AND THE FOLLOWING FUNCTION DO THE 
C "FAST FOURIER TRANSFORMATION " OF THE DATA. 
C REF: E"O. BRIGHAM, 'THE FAST FOURIER TRANSFORM', 
C PRENTI CE- HALL PUBLICATION, 1974 . 
C 

DIMENSION XREALF(IN), XIMAGF(IN) 
COMMON FF(600), N, HI, MH, HN, IcL, 

II BV, I BX, CONFTR, NU, CON STp MN, W, FR, FX, F, NTH, NCR, PI 
N2=N/2 
NU1=NU-1 



t$Z 0 

K=0 
DO 100 L=1, NU 

102 DO 101 I=1.. N2 
KE=K/(2**NU1) 
P=I BI TR( ICE, NU) 
ARG=6.2631653*P/FLOAT(N) 
C=COS(ARG) 
S=SIM(ARG) 
K1=K+1 
K1N2=KI+N2 
TREAL=XREALF(1C1N2) *C+XI MAGF(K1N2) *S 
TIMAG=XI MAGF(K1N2) *C-XREALF(K1N2) *S 
XREALFC K 1N2) =XREALF (K 1) -TREAL 
XIMAGF(KIN2) =XI MAGF(K1) -TI MAG 
XREALF(KI)=XREALF(K! )+TREAL 
XIMAGF(K1) =XIMAGF(K1)+TIMAG 

101 K=K+ 1 
K=K+N2 
IF(K. LT"N)GO TO 102 
K=0 
NU1=NUI-1 

100 N2=N2/2 
DO 103 1C=1, N 
KX=K-1 
I=I BITR(KX, NU)+1 
IF(I. LE. K)GO TO 103 
TREAL=XREALF(K) 
TIMAG=XIMAGF(K) 
XREALF (K) =X-REALF (I ) 
XIMAGF(K)=XIMAGF(I) 
XREALF(I) =TREAL 
XI MAGF(I) =TI MAG 

103- CONTINUE 
RETURN 
END 
FUNCTION IBITR(J, NU) 
J1=J 
IBITR=O 
DO 200 I=1, NU 
J2=J1/2 
I BI TR=I BI TR*2+(J l- (2*J2) ) 

200 J1=J2 
RETURN 
END 
SUBROUTINE WINDOW(XREALF, XIMAGF, IN) 

C 
C THIS SUBROUTINE DOES' EITHER SMOOTHING OF THE RESULTS 
C AFTER TRANSFORMATI ON, HAMMI NG WINDOW IS BEING USED 
C AS CAN BE SEEN FROM THE VALUES OF AA AND BB , 
C OR WINDOW THE INPUT DATA USING COSINE TAPER 
C FUNCTION, DEPENDING ON THE VALUE OF RN , WHETHER 
C ZERO OR ONE , RESPECTIVELY 
C 

DIMENSION XREALF(IN), XIMAGF(IN) 
COMMON FF(600), N, RI, 14H, KN, RL, 

II BV, I BX, C ON FTR, NU, C ON ST, MN, W, FR, FX, F, NTH, NC R, PI 
I F(RN. GT" 0) GO TO 100 
AA=0.54 
BB=0 . 23 
LL=N-1 
XREALF(I)=AA*XREALF(1)+2.0*BB*XREALF(2) 
XREALF(N)=AA*XREALF(N)+2.0*BB*XREALF(LL) 
XI MAGF(1) =AA*XI MAGF (1) +2.0*BB*XI MAGF(2) 
XI MAGF(N) =AA*XI MAGF : N) +2.0*BB*XI MAGF(LL), 



829 

200 

100 

"50 

150 

25 0 

C 
C 
C 
C 

350 
400 

300 

250 

150 

C 
C 
C 
C 

DO 200 I =2, LL 
K=I+1 
J=I-1 
XREALF(I)=BB*CX. REALF(J)+XREALF(K))+AA*XREALF(I) 
XIMAGF(I)=BB*(XIMAGF(J)+XIMAGF(K))+AA*XIMAGF(I) 
CONTINUE 
GO TO 250 
NN=N/10 
LL=N-NN 
II=1 
DO 150 I=II. -NN 
J=I -1 
AA=(SIN(5.0*PI*FLOAT(J)/FLOAT(N)))**2 
XREALF( I) XREALF( I) *AA 
CONTINUE 
I F(NN" GT"N) GO TO 250 
II=LL 
NN=N+1 
GO TO 50 
CONTINUE 
RETURN 
END 
SUBROUTINE SMOOTH(V, IL, XREALF, XIMAGF, IN) 

THIS SUBROUTINE DOES THE SMOOTHING , I. E., AVERAGING 
OF THE RESULTS OVER A GIVEN NUMBER OF POINTS 9 

DIMENSION V(IL), XREALF(IN), XIMAGF(IN) 
COMMON FF(600), N, KI, MH, KN, KL, 

1I BV, I BX, C ONFTR, NU, CONST, MN, W, FR, FX, F, NTH, NCR, PI 
IF=IFIX(FR) 
IF(NTH. GT. 0)GO TO 400 
DO 350 I=1, N 
XREALF(I) =XREALF(I) **2+XI MAGF(I) **2 
I F(NCR. GT. 0) GO TO 350 
XREALF(I) =CONST*XREALF(I) 
CONTINUE 
PTT=fö. 0 
DO 2.50 I=1, MN 
PT=0.0 
K=IFIX(FR/2.0)*CI-1) 
DO 300 J=1, IF 
KK=J+}i 
PT=PT+XREALF(1I) 
CONTINUE 
V(I) =PT/FLOAT(I F) 
PTT=PTT+V(I ) 
CONTINUE 
IF(NTH. GT. 0)GO TO 150 
DO 150 I=1, MN 
V(I)=V(I)/PTT 
V(I)=V(I)*100.0 
CONTINUE 
RETURN 
END 
SUBROUTINE PLOT MpI SKIP, Ll. - MN, WMAX, WMI N, WI DTH) 

THIS SUBROUTINE DETERMINES THE SIZE OF THE PLOT., 
AND THE COORDINATE OF EACH POINT . 

I 

Alo. w 

DIMENSION V(LI), ISKIP(LI) 
WMAX=0.0 
WMIN=0.0 
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DO 35 I =1, MN 
IF(V(I). GT"WMAX)WMAX=V(I) 
I F(V(I) . LT" WMIN) WUI N=V(I ) 

35 CONTINUE 
WSCALE=WIDTH/(WMAX-WMIN) 
I F(WMIN. LT" Q. 0) GO TO 65 
DO 25 I =1, MN 
ISKIP(I)=IFIX((V(I)-WMIN)*WSCALE)+1 

25 CONTINUE 
GO TO' 45 

65 DO 45 I=1., MN 
ISKIP(I)=1 FIX(ABS(V(I))*WSCALE) 

45 CONTINUE 
RETURN 
END 
SUBROUTINE CROSCOR(VCRCOR, TMLAG, IN, XREALF, XREALP, IP4) 
DIMENSION VCRCOR(IN), XREALF(IM), 

"XREALP(IM), 
TMLAG(IN) 

COMMON FF(600), N, 1CI, M1i, KN, KL, 
.1IBV, I BX, C ON FT R, N U, C ON S T, MN, W, FR, FX, F, NTH, NCR, PI 

PTT=0.0 
DO 5 J=1, MH 
PP=0.0 

NN=N-K 
DO 10I=1, NN- 
LL=I +K 
PJ=XREALF(I)*XREALP(LL) 

" PP=PP+PJ 
10 CONTINUE 

A=1.0/(FLOAT(N-K)) 
VCRCOR(J) =A*PP 
PTT=PTT+VCRCOR(J) 

5 CONTINUE 
DO 15 I=1, MH 
J=I-1 
VCRCOR(I)=VCRCORCI)/PTT 
VCRCOR(I) =VCRCOR(I) * 100.0 
TMLAG(I)=FLOAT(J)/(F) 

15 CONTINUE 
RETURN 
END 
FINISH 

21.40.20- 



831 

(ii) 
PROGRAM(FAST) 
INPUT 5=CR0 
OUTPUT6=LPf 
END 
MASTER FAST 

C 
C THIS PRO GRAM READS DATA FROM A FILE, CONVERTS IT 
C INTO A ZERO MEAN DATA, FOURIER TRANSFORM IT , THEN 
C WINDOW THE RESULTS TO REDUCE LEAKAGE. SMOOTHING 
CIS THEN PERFORMED OVER A PRE-SELECTED NUMBER OF 
C POINTS- THE POWER DENSITY RESULTS ARE THEN PLOTTED 
C VS FREQUENCY USING THE LINE PRINTER- 
c 

.. 
DIMENSION V1 (600), ISKIPI (600), XREAL(5000), XIMAG(5000) 

1, ISKPVD(200) 

_ 
COMMON FF(600), N, KI, MH, KN, KL, VDD(20 ), PDF(200), 

1IBV, I BX, CO NF TR, N U, CON S T, MN, W, F R, FX, F, PI 
DATA IDASH/ 1H-/, ISTAR/ 1H*/, ISPACE/ 1H 
PI=3.14159265 

C 
C THE COUNTERS KN, KL, CONTROLS THE EXCUTION 
C0F CERTAIN STATEMENTS-IN SUBSEQUENT SUBROUTINES 
C. 

MH= 1 70 
MH=MH+1 
KN= 1 
HL= 0 

10 CALL PDFVO ID(XREAL, XIMAG, 5000) 
WRITE(6,25) 

25 
_ _FO 

RMAT(///// 15X, ' THE* AVERAGE AND TOTAL NO. 0F POINTS' 
I. #' FOR VOID-DATA'., //) 

CALL AVERG(XREAL, 5000) 
100 I F(KN. GT. O) GO TO 105 

CALL FFT(XREAL, XIMAG, 500(3) 
105 CALL WINDO W(XREAL, XIMAG, 5fä00) 

IF(KN. LT. 1)GO TO 110 
CALL FFT(XREAL, XIMAG, 5000) 

110 CONST=2.0/ (F*FLOAT(N) ) 
C 
C SETTING A FREQUENCY BAND FOR SMOOTHING 
C , E. Go 'W'. CALCULATING NO. OF POINTS ON 
C WHICH SMOOTHING IS TO BE PERFORMED, E. G. 'FR'. 
C 

SS=10.0 
FX= F/ FLO AT (N) 
W= SS* FX 
FP. = W/ FX V 
MN=(U/ I FIX(FR) )/ 2 
I F(MN. GT. MH"0 R. MN. LT. ME)MN=NH 
CALL SMOG TH(V1,600, XREAL, XIMAG, 5000) 
DO 165 I=1, MN 
J=IFIX(FR/2.0)*(I-1) 
FF(I)=(FLOAT(J)+(SS/2.0))*FX 

165 CONTINUE 
CALL PLOT(V1, I SKIN, 600, MN, VMAXV1,14INV1,43.0) 

C 
CALL PLO T(PDF, I SKPVD, 200, MH, WMAXVD, WMINVD, 43.0) 

C PLOTTING THE POWER DENSITY VS FREQNCY RESULTS 
C FOR PO AND P1 DATA, USING LINE PRINTER. 
C 
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WRITE (6,35 ) 
35 FO RMAT(IH1, /, 2X, 'PWR VD', 1X, 'FRQCY', 5X, 'POWER ', 

1 'DEN STY VS FRQNCY FOR VOID 
. 
DATA', 6X, ' PDF VD', 2X, ' VDFRCTN ' 

2,4X, 'POWER DENSTY FUNCTION FOR VOID DATA', //) 
DO 45 I= 1, MN 
NSKIP=45-ISKIPI(I) 

._ 
WRITE(6,40)V1 (I), FF(I), (IDASH, J=1,. ISKIPI (I)), ISTAR, 

1 (ISPACE, JK=1, NSKIP), PDF(I), VDD(I), (IDASH, K=1, ISKPVD(I) ), 
1ISTAR 

40 F0RMAT(1X, F6.2, F7.3,1X, 46A1, F6.2, F6.3,1X, 46A1) 
45 CONTINUE 

S TO P 
END 
SUBROUTINE PDFVO ID(VDF, XIMAGF, IKK) 
DIMENSION JJ(200), IGMT(20), VDFCIKK), GMI(5000), XIMAGF(IKK) 
COMMON FF(600), N, KI, MH, KN, KL., VDD(200), PDF(200), 

IIBV, IBX, CONFTR, NU, CONST, MN, W, FR, FX, F, PI 
WRITE(6,120). 

120 FORMAT(8X, 'TOTL NO. ', 6X, 'PATERN', 4X, 'GI', 8X, 'FI', 
18X, 'SR', /), 

READ (5. p 60)N, KI, GI, FI, SR, F 
WRITE( 6,90)N, KI, GI, FI, SR, F 

90 FORMAT(4X, 2I 10,4F10.2, ////) 
60 FORMAT (2I 0,4F0.0) 
C 
CN =TOTAL NO. OF POINTS. 
C KI =FLOW PATTERN. 
C GI =TUBE EMPTY RATEMETER READING IN PPS. 
C FI =TUBE FULL RATEMETER READING IN PPS" _" 
C SR =MAX. SCALE READING OF RATEMETER 
C DURING TESTING IN KPPS" 
C VDD =AVERAGE VOID FRACTION. 
C PDF =PROBABILITY DENSITY FUNCTION., 
C GMI =MIXTURE. RATEMETER READING AT A GIVEN TIME, 
CI VDN=TOTAL NO. OF VOID FRACTION INCREMENTS- 
C VDN =VOID FRACTION INCREMENT. 
C VDF =INSTANTANEOUS VOID FRACTION. 
C 

IVDN=80 
VDIN=0.02 
LL=IVDN+2 
FFT=ALO GC GI/ FI ) 

C 
C SETTING VOID AND COUNTER MATRICES TO ZERO 
C ALSO READ AND PRINT DATA- 
C 

DO 50 I=1, MH 
JJCI)=0 
VDD(I)=0.0 
PDF(I)=0.0 

50 CONTINUE 
KK= O 
MM=N/ 15 
N=MM*15 
DO 130 K= 1, MM 
READ(5,70) CIGMT( I), 1=1,15) 
DO 10 J=1,15 
KK=KK+ 
GMI CKK)=FLOAT(I GMT(J)) - 

_ 
XIMAGF(KK)=0.0 

10 CONTINUE 
130 CONTINUE 
70 FO RMAT ( 15 10) 



WRITE(6,110) (GMI(I), I=1, KK) 
110 FORMAT( 15F6.0) 
C 
C START OF PF3BABILITY DENSITY CALCULATIONS. 
C 

VD2=- (2.0* (FLOAT (I VDN )/ 1000.0)+2.0*VDIN ) 
DO 15 J=1, N 
GMI(J)=GMI(J)*SR 
VDF(J)= (ALO GC GMI (J)/ FI) )/FFT 
VD1=VD2+VDIN 
DO 20 I=1, LL 
IF(VDF(J)"GT. VDI)GO TO 30 
VDD(I)=VDD(I)+VDF(J) 
JJCI)=JJCI)+1 
GO TO 15 

30 VDI=VDI+VDIFJ 

120 CONTINUE 
15 CONTINUE 

VD1=VD2+VDIN 
DO 40 I=1, LL. 
IF(JJ(I). LT. 1)GO TO 140 
VDD(I )= VDD(I )/ FLO ATCJJ (I) ) 
GO TO 150 

140 VDD(I)=VD1 
150 VDI=VDI+VDIN 

PDF(I)=FLOAT(JJ(I))/FLOAT(N) 
PDF(I)=PDF(I )/ VDIN 

40 CONTINUE 
C 
C DATA IS TRUNCATED SO THAT TOTAL NO* OF 
C POINTS ISA MULTIPLE OF2., O R N= 2**NU 
C 

I FCN. GE. 4096) GO TO 35 
N=2048 
NU=11 
GO TO 45 

35 N=4096 
NU=12 

45 CONTINUE 
RETURN 
END 

0 

83 3 
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(01,11) 

PRO GRAM (PDFSTP) 
INPUT 5=CRf 
OUTPUT6=LPO 
COMPACT 
END 
MASTER PDFSTP 

.. 
DIMENSION PB(200), PA(200), A(200), B(200), P(5000), IP(5000) 

1, I SKPSP(200), I SICPVP(200) 
DATA I DASH/ 1N-/, I STAR/ 1H*/, I SPACE/ 1H / 
N=O 

5 WRITE(6,220) 
220 FO FMAT (//////, BX, ' TO TL NO ', 6X, ' PATERN', 6X, 'I BV', 

14X, 'I BX', 4X, 'CON FTR', /) 
READ (5. p 20)M, KI, IBV, IBX, CONFTR 
WRITE( 6,200)N, KI, I BV, I BX, CON FTR 

200 FO RMAT(44X, 411 Oil F10.2. v////) 
20 FORMAT (4I 0, F0.0 ) 
C 
C PA = PRESSURE DIFF", 'PA-PAV' 
CA= PROBABILITY OF 'P' 
CP= IP(INTEGER), PRESSURE VALUE AT A GIVEN TIME 
CM= TOTAL NO. OF PRESSURE DATA POINTS 
C KI = FLOW PATTERN 
CI BV = MAX. OUTPUT READING FROM TRANSDUSER AT 
C ATMOSPHERIC CONDITIONS. 
C IBX = MIN. OUTPUT READING FROM TRANSDUSER AT 
C ATMOSPHERIC CONDITIONS. 
C CONFTR = SLOPE OF PRESSURE - VOLTAGE CHARACTERISTICS 
C OF PRESSURE TRANSDUSER IN (N/M2)/P"1V 
C PB = SQUARE OF 'P-PAV', RATIO TO SQUARE OF INC* 
CB= PROBABILTY OF PB 
C INC = PRESSURE INCREMENT. 
C 

IPT=O 
MM=M/ 15 
M=MM*15 
KK= O 
INC=5 
LL=160 
BA=FLO AT(I BV)-FLOAT(I BX) 
BA=BA/2,, O 
BB=CDA)**2 
DO 190 J= 1, MM 
READ(5,1 10) (IP(I ), I= 1,15) 
DO 100 K=1,15 
KK=KK+1 
IPCKK)=IPCK) 

100 CONTINUE 
190 CONTINUE 
110 FO RMAT (15 10) 

I 
210 FORMAT(15I5) 
C 
C DETERMINING THE HEIGHEST AND 
C LOWEST PRESSURE VALUE, ALSO THE AVERAGE. 
C 

IPMAX=IP(1) 

. _IPMIN=IPC1) 
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DO 10 J= 1, M 
IPP=IP(J)+IPT 
IPT=IPP 
IF(IP(J)"LT. IPMAX)GO TO 30 
IPMAX=IP(J) 
GO TO 10 

30 IF(IP(J). GT. IPMIN)GO TO 10 
IPMIN=IP(J) 

10 CONTINUE 
PAV=FLOAT(IPT)/ FLOAT(M) 
WRITE<6,170) 

170 FO RMAT(IHl, /////8X, 'IPMAX', 8X, 'IPM IN ', 9X, 'LL', SX, 'PAV', //) 
WRITE(6,160) IPMAX, IPMIN, LL, PAV 

160 FO RMAT (3 I 12, F 12-- 3) 
C 
C SETTING PRESSURE AND PRO BABILTY . MATRICES 
C OF ORDER 1X LL TO ZERO. 
C 

DO 130 I=1, LL 
PA(I)=0.0 
PB(I)=0.0 
A(I)=0.0 
B(I)=0.0 

130 CONTINUE 
C 
C START OF PROBABILITY DENSITY CALCULATIONS , FIRST 
C PROBABILTY PARA14ETERS OFP. 
C 

PMIN=FLOATCIPMIN) 
DO 40 J= 1, M 
P(J)=FLOAT(IP(J) ) 
PNN=PMIN-FLOAT(4*INC) 
DO 50 I= 1, LL 
IF(P(J)"GT. PNN)GO TO 60 
PA(I)=PA(I)+P(J) 
ACI)=A(I)+1.0 
GO TO 40 

60 PNN=PNN+INC 
50 CONTINUE 
40 CONTINUE 
C 
C DETEP14IN IN G PROBABILTY PARAMETERS OF (P-PAV) ** 2" 
C 

DP=(FLOAT(INC))**2 
DO 250 I=1, M 
PY=(P(I)-PAV)**2 
PX= 0.0 
DO 290 J=1. -LL 
PX= PX+ DP 
IF(PY. GT. PX)GO TO 290 
PB(J)=P13(J)+PY 
B(J)=B(J)+1.0 
GO TO 250 

290 CONTINUE 
250 CONTINUE 
C 
C FINAL CALCULATIONS OF PRO BABILTY DENSITY FO R 
C 'P' AND (P-PAV)**2. 
C 

PNN=PMIN-FLOAT(4*INC) 
DO 150 I= 1, LL 
IFCBCI)"LT. 1.0)GO TO 230 
PB(I)=PB(I)/B(I) 
PB(I)=PB(I)/DP 
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GO TO 240 

230 PB(I)=FLOAT(I)*DP 
PB(I)=PB(I)/DP 

240 I F(A(I) "LT. 1.0) GO TO 280 
PA(I)=PA(I)/A(I) 
PA(I)=PA(I)-PAV 
GO TO 270 

280 PA(I)=PNN+FLOAT(I*INC) 
PA(I)=PA(I)-PAV 

270 A(I)=A(I)/FLOAT(M) 
A(I)=A(I )/ FLOAT(INC) 
A(I)=A(I)*100. 
BC I)=B(I )/ FLOAT(tß) 
B(I)=B(I)/FLOAT(INC) 
B(I)=B(I)*10Q. 
PA(I)=PA(I)*(CONFTR/ 1000" ) 
PB(I)=PB(I )* ((CONFTR/ 1000-, )**2) 

150 CONTINUE 
C 
C PLOTTING THE PR013ABLTY DENSTY FUNCTION FOR 'P' 
C AND ' (P-PAV)**2' AGAINST 'P' AND '(P-PAV)**2' 
C RESPECTIVELY 
C 

CALL PLO T(A, I SKPSP, 200, LL, 43.0 ) 
CALL PLOT (B, I SKPVPj 200, LL, 43.0 ) 
WRITE(6,140) 

140 
.. 

FORMAT(1H1, //, IX, 'PDF P', 1X, 'PRESR', 4X, 'PROBABLTY 
1, 'DEN STY FUNCTION 0F STP VS STP', 5X, 'PDF V', 3X, 'MVP. NC', 
22X, 'PROBABLTY DENSTY FUNCTION OF MVRNC VS MVRNC', /) 

DO 120 I=1, LL 
NSKIP=45-I-SKPSP(I) 

__WRITE(6,70)A(I 
), PA(I ), (I DASH, )=1, I SKPSP(I) ). *I STAR, 

1(ISPACE, JK=I, NSKIP), B(I)", PB(I), (IDASH, J=1, ISKPVP(I)) 
2, I STAR 

. 
70 FO P. MAT(F5.2, F7.2,1X, 46A1, F7.3, F7.4,1X, 46A1 ) 
120 CONTINUE 

N=N+1 
I F(N. LE" 1) GO TO 5 
STOP 
END 
SUBROUTINE PLO T(V, ISKIP, LI, MN, WIDTH) 

C 
C THIS SUBROUTINE DETERMINES THE SIZE OF THE PLOT, 
C AND THE COORDINATE 0F EACH POINT 
C 

DIMENSION V(LI ). #I SKIP(LI ) 
WMAX=O. 0 
WMIN=0.0 
DO 35 I= I., MN 
I F(V(I ). GT" WMAX) WMAX=V(I ) 
IF(V(I). LT. WMIN)WMIN=V(I) 

35 CONTINUE 
WSCALE=WIDTH/. (WMAX-WHIN) 
IF(WMIN"LT. 0.0)G0 TO 65 
DO 25 I= I. - 14N 
ISKIP(I)=IFIXC(V(I)-WDIIN)*WSCALE)+1 

25 CONTINUE 
GO TO 45 

65 Dß 45I =1 j MN 
ISKIPCI)=IFIXCABS(V(I))*WSCALE) 

45 CONTINUE 
RETURN 
EN D 
FINISH 

21.29.58- 
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Fig. Y1-Y28 Pressure and Void Fraction Traces 

Fig. Y29-Y57 Plot of Probability Density Results For 

P14 Pressure Signal 

Fig. Y58-Y85 Plot of the Probability Density and 

Power Density Results for Void Fraction 
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Fig. Y86-Y113 Power Density Results for the Two 
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Fig. Y114-Y141 Cross Power Density Results for the Two 

Pressure Signals 

Fig. Y142-Y170 Cross Correlation Results for the Two 

Pressure Signals 
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APPENDIX Z SOLUTIONS OF THE FLOW PATTERN DEPENDENT 

PRESSURE DROP MODELS 

Z. 1 ANNULAR FLOWS 

It was shown in Chapter 8 (equation 8.45) that 

02 e 
(- öp/dZ) 

= 
Zwf 

(Z1) 
f (- a p/d z) ßl wfI 

To evaluate the shear stresses, let us assume that the 

average velocity of the film, Uf volumeareawroate in ihm film 
C/S 

(Z2a) 

and the 

average velocity of the mixture 

in; ýthe core, U volume flowrate in the core 
e C/S area of the core 

(Z3a) 
(1 - ke)Q f (1 - ke) 

i. e. U (Z2b) Uf ,. 
% D2 (l - 

d77) 
"ý 

(1 - .) 
Sf 2D 

f 
(l+ke 

Qg Qg +k eQ Uc k d2 
() 

Usg (Z3b) 

c 

The interfacial shear stress Zi can be expressed in terms 

of the average velocities as 

T-i - -$ . 
Pc (Uc - Ui)Z 8i f'c U2 (1 - 

Ui 2c 
(Z4a) [ý 

Let 

Ui kl Uf (Z4b) 

where kl is a factor introduced to allow for slip at the 

interface. 
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Also fc Qc 7ý 
C kc Tim kc f 

cg9 

Mf 
-'c = (1 + ke kc 

-fg 
(Z4c) 

Substitute in (Z4a), 

.gsg (2) 2 F2 (Z4d) 
a 

where 
MQ2() kl (1 - ke) Qf 

C F2 ý- kc (1 + ke 
hüf) 

(1 + ke Vf) 1cQ 
gg (1-) (l+ke 

c 
Qf 

g 

g 

(Z4e) 

The wall friction shear stress L 
wf 

is expressed in terms 

of the average liquid velocity in the film, 

2f 
-P UZ f U2 

(1 - ke)2 

wf '$- fff sf ä2 (Z5) 
(1 -kc 

c 

Also for the tube full condition based on the total liquid 

flowrate QfI 
ýf 

Z 
wfl "' 

ý'f 
) (Z6) u 
st 

From equation (Z4d) and (Z5) 

''c. 
i 

Q (`ýi) ( 
fg) 

(Q )2 c 
(1 - 

ý) 2 
F2 

(1 -k) 

(Z7) `wf yf Qf 
(0( 

e c 

But from equation (8.43) 

zi r7c 

f (Z8) 
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and substituting in equation 

2 IX () cCiC) 

il - )2) 
ff 

(Z7) and rearranging gives 

2 
(Qg)2 F (Z9) 

f (1 - ke) 

Also from equations (Z5) and (Z6) 

twf ? ýf (1 - ke)2 

2Wf Nf 
1 (1 -2 

k 

c 

and from egüat ion (Z1), 

02 
iýf (1 - ke)2 

(Z10) 
/Af1 

(1 _k)2 
c 

The friction factors are calculated using a Blausius type 

relationship 

f ý- k Re 

where Reynold's numbers are based on the average velocities 

and hydraulic diameters of an annulus and a circular pipe 

respectively, as shown below, 

Hydraulic diameter =1]N 
4e 
WeArea tted perimeter 
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4.4 D2 
For pipe DH TTD - D, 

4 CIE (D2 - d2 ) 
For annulus DH 

+-D-d 

Ref 
D Usf 

1T 

% Re -n 
Hence 

ýf 
( 

f1 
. 

f1 

(D - d) (1 - ke)Usf 
of 

Y (1 - 
ý) 

c 
(1 -ke) (1 - 

$) i-n 

(1 -k) 
c 

or rA 
f1- ke 

Tfl 1+ 
c 

Hence. equation (Z1O) becomes 

2 ýf t 
ýl - ke)2-n (l +) )n 

c 

(1 -k) 
c 

(Zu) 

(Z12) 

If entrainment and stratification effects are neglected, 

equation (Z12) becomes 

2 (1 +' )n of 
(1 - oC) 

(Z13) 

Z. 2 SEPARATED FLOWS 

Consider a steady state separated flow in a 
horizontal rectangular channel of width B and height H 

V. 

as shown below. Variations in liquid density are 

neglected. 
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1 Nf 

'o 'B 

(i) Pressure Forces: 

F- 
cl,,.. 

Wem,,. 

e dý 

adz 14 Nt 
aP9dZ 

Z ýa 

The nett pressure force in the direction of motion - 

pg(H - Hf)B + (pg + 2ýgHf)BHf 
- (pg +0 dZ) (H - Hf dZ)i3 

a 

pg + dZ +2 jPf g (Hf +ax dZ) Hf+ aHZ dZ B 3-2 

-HB 
ap a g dZ - 

ifgB 
- (Hf +I -ä dZ)dZ (Z14) 72 a -z 

and consists of two components, one due to a pressure 

change over section length and the other due to a head 

difference over the section length. 

(ii) Friction (Wall) Forces: 

Nett force in the direction of motion 
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c öH 

-( 
w9+ 2 D- dZ) 

[13 
+2 (H - IIf -16 dZ) dZ 

- wf +2 yýýf 
dZ) 

[13 
+ 2(Hf +- dZ)] dZ 

91f m2f(. 

wf -ý ff? fU f= --g- ff Bf 

" 
az 

wf 
"A 

f Mf2 3Iif 

` 
fBf 

Nett force in the direction of motion is 

Äm2axaH 
f (1- 1 

ZdZ)(B+2H f+a 
ZdZ)dZ 

wg 
f 

gýf 

(Z15) 

r 
where Fwg_ wg+ 2aßdZ)[B+2(H-II 

all 

- 
äZdZ) dZ 

(iii) Gravity Forces are zero for horizontal flows (Z16) 

(iv) Transient Forces are zero for steady state flow (Z17) 

(v) Rate of Change in Momentum: 

Total rate of change in momentum -3 (MZgUg+MiU£)dZ 

au lý (MfUf)dZ = Mf -3- 7 dZ = ýf 
a (1) dZ Ff 

11f aHf 

ff 

.. rate of change in momentum 

hS aH 
(M Ug) d Z----------ýý 

ÖZ 
dZ (Z18) 

Pf B Iif 
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Conservation of momentum for combined flow gives 

a_ aIif dHf 
d - BH aZ dZ - 

5f gB (Hf +2Z Z) dZ - Fwg 

f Mf 2 

(1 -1a 
Hf 

dZ) (B + 2H + 
ýHZ 

dZ)dZ 
8 Hf dZ 

aMZ ÖH 
(Mg Ug) dZ- 

?f -2- dZ (Z. 19) 

f 13 Hf 

Applying the conservation of momentum to the gas phase 

alone gives, 

äp aHf p9 (H - Hf)B - (pg +- dZ) (H - Hf - -j -Z dZ)B - Fwg 
- Fig 

L) (M U) dZ 

where Fig is, the interfacial shear force given by 

Fi ZiB dZ=. $ S(U 
- U)2 B dZ gggf 

Expanding equation (Z20), gives 

(Z 20) 

ßp9 an 
1'gýdZB- iB dZ+HfB ZdZ+B dZ2 

aF; 
ý 

az 

g -jZ - Fw - --E ? (U - Uf)2 B dZ md (M U )dZ (Z21) 

Substituting equation (Z21) into (Z19)gives, 

2 

- BH dZ- Pf 9B -- (H f+ -= d Z) dZ- 
rol\ 

f Mf 
2 dZ 8ýf 132 Hf 

(1 -H 
aiif Z 

dZ) (B + 2H f+= 
dZ)dZ += 4 (U -U )2 

fa8gg BdZ f 

oHf dP äp dp aH 
- pgBýdZ+HB-dZ- HfB-ndZ- B-dZ=dZ 
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M2 fý 

Pý f 
or 

b P, aHf M2 ÖH 7 

B --dZ (Hf+ -dZ) mf dZ -- 
ffBHf 

öH 3H öH 
ý1 -l- dZ) (B + 2H fia+ 

dZ) -BZ dZ 
f 

1 
[7g+ 

, 
ýfg(Hf+z 

aZdZý + 
$g 

- g(Ug - Uf)2BdZ (Z22) 

Z. 3 ROUND TUBE GEOMETRY 

Consider first the rectangular channel shown below, 

then the pressure force acting on the liquid is 

0 
Fp 

J (pg + Oh)Bdh (Z23) 

Hf 

Hence 
1 

Fp w pg BH f+ gB H f2 H 

or 

Fp = (p9 +I PfgHf)BHf (Z24) 

h 
.. -Ah 

B -> 

Equation (Z24) was used in section Z. 2. f or determining 

the appropriate forces. However for the round tubes, 

this equation cannot be applied, and 

0 
Fp - 

j (pg +fgh) B dh 

Hf 

Hf z 
° (Pg + gh) RZ - 

ýR 
- (H f- h] 

0 

{ 
`3 R 

diº 
dh 81 
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or H f_ 
Fp "J (pg +f gh) h2 +h+ dh 

0 
where Ä° -1, -2(R-Hf), C Hf(2R-Hf) 

Hf 

.( Ah2 + Fp on pg Bh +C dh 

, 

J0 

+ 2f9 h Äh2 + Bh +C dh (Z25) 

0 
Using the following standard integral results 

(i) Jx )Iax2 + bx +c dx m 
(ax2 + bx + C)3/2 b 

3a 

J)9-+ 
bx +c dx 

(ii) 
f+c 

dx2 yax2+bx+c 

+4 ac - b2 dx 
a azý +bx+c 

(iii) dx 
... 

1 Sin-1 -2ax -ba <0 
aX2 + bx +c F Vb2 

4ac 

Equation (Z25) becomes 

Fp an 2pi -2 R2 -Z Hf (R - Hf) (2R - Hf) - R2 sin 
1 (1- ) 

+2 ff g (R - Hf)R2 - (2RHf - Hf2)3/2 + (R - Hf) 

E2 
(R - Hf) (2RHf - 11 f2)2 + R2 sin 

1(1 
- 

K) (Z26) 

which is very complex compared to the simple relationship 

given in equation (Z24). 

*Quoted from 'Mathematic Dictionary', by James and James. 


