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Abstract

Hybrid stochastic differential equations (SDEs) (also known as SDEs with
Markovian switching) have been used to model many practical systems where
they may experience abrupt changes in their structure and parameters. One of
the important issues in the study of hybrid systems is the automatic control, with
consequent emphasis being placed on the asymptotic analysis of stability. One
classical topic in this field is the problem of stabilization. The stability of hy-
brid systems by feedback control based on continuous-time observations has been
studied extensively in the past decades.

Recently, Mao [52] initiates the study on the mean-square exponential sta-
bilization of continuous-time hybrid stochastic differential equations by feedback
controls based on discrete-time state observations. Mao [52] also obtains an upper
bound on the duration 7 between two consecutive state observations. However, it
is due to the general technique used there that the bound on 7 is not very sharp.

In this thesis, we will consider a couple of important classes of hybrid SDEs.
Making full use of their special features, we will be able to establish a better bound
on 7. Our new theory enables us to observe the system state less frequently (so cost
less) but still to be able to design the feedback control based on the discrete-time
state observations to stabilize the given hybrid SDEs in the sense of mean-square
exponential stability.

Moreover, we will be able to establish a better bound on 7 making use of
Lyapunov functionals. By this method, we will not only discuss the stabilization
in the sense of exponential stability but also in other sense of H., stability or
asymptotic stability as well. We will not only consider the mean square stability
but also the almost sure stability.

It is easy to observe that the feedback control there still depends on the
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continuous-time observations of the mode. However, it usually costs to identify
the current mode of the system in practice. So we can further improve the con-
trol to reduce the control cost by identifying the mode at discrete times when we
make observations for the state. Therefore, we will also design such a type of feed-
back control based on the discrete-time observations of both state and mode to
stabilize the given hybrid stochastic differential equations (SDEs) in the sense of
mean-square exponential stability in this thesis. Similarly, we can extend our dis-
cussion to the stabilization of continuous-time hybrid stochastic differential equa-
tions by feedback controls based on not only discrete-time state observations but
also discrete-time mode observations by Lyapunov method.

At last, we will investigate stability of Stochastic differential delay equations
with Markovian switching by feedback control based on discrete-time State and
mode observations by using Lyapunov functional. Hence, we will get the upper

bound on the duration 7 between two consecutive state and mode observations.
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Notations

a.s.

A=8B

T4

AC

ACB
ACB as.
a(C)

aVb

aNb
f:A—B
R=R!

Rd

R

B = B!

B?’L

B

C(D; R™)
C™(D; R™)

C2Y(D x R, R)

Sh,

AT

trace A
)\max (A)

Almost everywhere.

Almost surely, or with probability 1.
The empty set.

A is defined by B or B is denoted by A.

The indicator function of set A, i.e. I4(z) =1if x A or otherwise 0.

The complement of A in Q, i.e. AY =Q — A.

AN BY =0.

P(ANBY =0)=1.

The o-algebra generated by C'.

The maximum of a and b.

The minimum of a and b.

The mapping f from A to B.

The real line.

The set of all nonnegative real numbers, i.e. R, = [0, 00).
The d-dimensional Euclidean space.

={z € R, x; > 0,1 <i<d}ie. the positive cone.

The Borel-o-algebra on R.

The Borel-o-algebra on R".

The Euclidean norm of a vector.

The family of continuous R"-valued functions defined on D.
The family of continuously m-times differentiable R"-valued
functions defined on D.

The family of all real-valued functions V' (z,t) defined on D x R,
which are continuously twice differentiable in x € D and once
differentiable in t € R,.

={z € R?: |z| < h}.

The transpose of a vector of a matrix A.

= Y1<i<qa;; for a square matrix A = (a;j)axa-

The smallest eigenvalue of a matrix A.

The largest eigenvalue of a matrix A.
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(Q, F,P)

LP(Q; RY)
L%, (9 R7)
C([_T’ 0]; Rd)
ﬁ?—}([_’r? 0]3 Rd)
C%,([=7,0); RY)
LP([a, b]; R7)

L%, ([a,0]; RY)

LP(Ry; RY)

V/trace(AT A).
— sup{| | : 2] = 1} = \/ A (ATA).

= (6%1’... ’%).

= (g_g‘c/;,... ’637‘2).
2

= (aigjvj)nxn

= EfeP)".

a complete probability space.

The family of R?-valued random variables ¢ with E |£|P < oc.
The family of R%valued F;-measurable random variables &
with E [¢]P < oo.

The space of all continuous R%valued functions ¢ defined on
[—7,0] with a norm ] = sup_r<a<ol#(0)].

The family of F;-measurable bounded C([—7,0]; RY)-valued
random variables ¢ such that E ||¢[|P < co.

The family of Fi-measurable bounded C([—7,0]; RY)-valued
random variables.

The family of Borel measuable functions h : [a, b] — R such
that [7[h(t)|Pdt < oc.

The family of R%-valued F;-adapted processes { f () }a<i<b
such that fab |f(t)[Pdt < 00 a.s..

The family of processes { f()}:+>o such that for every 7" > 0,

{f(®)}ozi<r € L7([0,T}; RY).
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Chapter 1

Introduction

1.1 Literature Review

A hybrid system is a dynamical system where the behavior of interest is determined
by interacting continuous and discrete dynamics. The concept of hybrid systems
was established in the 1990s by combining the classical time-driven systems with
event-driven systems (also called Discrete Event Systems [11]), which evolving as
the merging of these two complementary points of dynamic systems. Much of the
studies on hybrid systems has concentrated on deterministic models which com-
pletely predicts the future states of the system without allowing any uncertainty.
But in practice, it is often required to consider some uncertainty in the models.
Therefore, non-deterministic hybrid systems are developed to allow uncertainty to
take place in some places: choice of continuous evolution, choice of discrete trans-
ition destination, or choice between continuous evolution and a discrete transition.
Deterministic and non-deterministic hybrid system have been widely used and
played an important role in some application areas, such as automotive control,
communication networks, traffic management, manufacturing, chemical processes
and so on (see review on [3]). However, non-deterministic hybrid systems can not
distinguish solutions that means only worst case analysis can be done with these
systems. This implies that only qualitative, yes-no type questions can be put
forward. Therefore, stochastic models are employed to provide the quantitative
probabilistic analysis of uncertain hybrid systems, which are so-called stochastic

hybrid systems (see [10,/67]). Stochastic hybrid systems are of course more real-
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istic in practice, which have been widely applied in biology, finance and some other
areas (see [2,34-36,,73]).

In stochastic systems, uncertainty is often described by Brownian motion.
Brownian motion is the irregular random motion of tiny pollen particles in water
under a microscope first observed by Robert Brown in 1828. In the next more
than 70 years, numerous explanations of such motion of the small pollen grains
were developed until A. Einstein put forward a clear theoretical explanation that
Brownian motion was resulted of the incessant bombardment of the pollen grains
by the water molecules in 1905 (see [15,54]). For example, On the Movement
of Small Particles Suspended in Stationary Liquids Required by the Molecular-
Kinetic Theory of Heat [15] concerns the Brownian motion of such particles. As
time going by, in 1923, Norbert Wiener published a book that gave the formal
mathematical definition of Brownian motion [80]. Based on Brownian motion pro-
cess, 1t firstly proposed the definition of stochastic integral in 1944 (see [29)]).
Since then, the study on the Itd stochastic differential equations (also known
as SDEs), differential equations driven by Brownian motion process, started to
bloom [55]. In this thesis, all our studies are focused on It6 stochastic differential
equations (SDEs).

A Markov chain, which is named after Russian mathematician Andrei An-
dreevich Markov in 1906 [53], is a stochastic process with Markov property, which
means given the current state, the future state is independent of the past states
(see [20,22,71]). In hybrid stochastic systems, Marov chains with discrete time
states are often employed to model the process of deciding the mode of system.

One of the important issues in the study of hybrid stochastic differential equa-
tions (SDEs with Markovian switching) is the automatic control, with consequent
emphasis being placed on the asymptotic analysis of stability. The concept of
stability means insensitivity of the state of the system to small changes in the
initial state or the parameters of the system [47]. Stabilization by continuous-
time feedback controls for hybrid SDEs has been studied by some authors (see
[5,(14430,,/59,61},63,|72, 74, |75, 78,[86]). In particular, [48,/50] are two of most cited
papers while [62] is the first book in this area. In this thesis, our main aims is
to investigate the exponential stability, almost sure stability, asymptotic stability
and H., stability (detailed definition will be stated in Chapter 2).
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Time delay is the property of a dynamical system by which the response to
an applied force (action) is delayed in its effect, which means the future evolution
of a system depends not only on its current state but also on its past. Time
delays abound in the world because whenever material, information or energy
is physically transmitted from one place to another, there is a delay associated
with the transmission. The distance and transmission speed decides the value of
delay. Time delays appear in various systems such as biological, social, engineering
systems etc. For example, the central bank in a country often adjusts interest
rates to influence the economy; the effect of a interest rates change takes months
to be translated into an impact on the economy. There are some more examples
for real-life systems with time delays (see [19}/65,89]). Stochastic delay systems
are time delay systems affected by Wiener process, which also has been studied
by some authors (see [6}(8,|13}[32}|44] 46|47, 49,50,56,/60,90]). In recent years,
Huang and Mao studied a lot about stability and stabilization of stochastic delay
systems (see [38-43,|57]). Particularly, a delayed-state-feedback controller that
exponentially stabilizes hybrid stochastic systems in mean square was proposed
in [57].

In 2013, Mao studied on the mean-square exponential stabilization of the hy-
brid SDEs by discrete-time-state feedback controls and managed to get a upper
bound for duration between two consecutive observations [52]. This is the first pa-
per to study on the stabilization of hybrid systems by discrete-time-state feedback
controls. Since then, we started to consider about the stabilization problems of
SDEs by discrete-time feedback controls. We study on the mean-square exponen-
tial stabilization of hybrid SDEs by discrete-time-state feedback controls by a new
method and manage to improve the existing result of the bound on the duration
between two consecutive observations. Meanwhile, we investigate some more types
of stabilizations for hybrid SDEs. The results are stated in Chapter 3 and 4. In
addition, Geromel and Gabriel [31] state that it is important and reasonable to
consider the feedback controls based on discrete-time mode (markov chain) obser-
vations, which also motivates us to study on the stabilization problems of SDEs
by feedback controls based on discrete-time state and mode (markov chain) obser-
vations as well. Similarly, we study on the mean-square exponential stabilization

at first and extend our discussion to some other types of stabilizations for hybrid
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SDEs. The results are stated in Chapter 5, 6 and 7.

1.2 Outline of the study

This thesis focuses on developing the theory for the stabilization of hybrid systems
by feedback control based on discrete-time observations. As far as we know, hy-
brid stochastic differential equations (SDEs) (also known as SDEs with Markovian
switching) have been used to model many practical systems where they may ex-
perience abrupt changes in their structure and parameters. This thesis studies on
stability of stochastic delay systems with Markovian switching as well.

Chapter 2 introduces the basic theory of stochastic analysis. It begins with
elementary probability definitions and discusses with the basic theory of stochastic
integral, Markov chains, stochastic differential equations and stability of SDEs. It
should be mentioned that concepts and theorems in this chapter may be found in
many mathematical books or papers on stochastic analysis (see [16,,37,67-69,76]).
In addition, Mao’s books [47,[62] are the main sources of reference for this chapter.

In Chapter 3, we stabilize the given hybrid stochastic differential equations
by feedback control based on discrete-time state observations by using the math-
ematical features of the SDEs. The type of stability studied in this chapter is
exponential stability in mean square sense. Meanwhile, we estabilishes an upper
bound for duration 7 between two consecutive observations.

By employing a Lyapunov functional, we manage to prove some more types
of stability of hybrid SDEs controlled by discrete-time feedback control studied in
Chapter 3 (Hy stability in the sense, mean-square asymptotical stability and al-
most sure asymptotically). In Chapter 4, we also find an upper bound for duration
7, which improve the existing result found in Chapter 3.

However, it is usually costs to identify the current mode of the system in
practice. So we further improve the control to reduce the control cost by discrete
the mode observations as well the state observations in Chapter 5 and 6. [31] also
illustrates that it is reasonable and important to study on the discrete-time markov
chain observations. We also establish an corresponding upper bound for duration
T.

In Chapter 7, we extend our discussion to hybrid stochastic differential delay
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equations. We stabilize the given delay system by feedback control based on
discrete-time state and mode observations. The technique is employing a Lya-
punov functional.

Some publications of our main results in Chapter 3-5 are listed as follows:

e Xuerong Mao, Wei Liu, Liangjian Hu, Qi Luo and Jianqgiu Lu, Stabilization
of Hybrid Stochastic Differential Equations by Feedback Control based on
Discrete-time State Observations, Systems and Control Letters 73 (2014),
88-95.

e Surong You, Wei Liu, Jianqiu Lu, Xuerong Mao and Qinwei Qiu, Stabiliz-
ation of Hybrid Systems by Feedback Control based on Discrete-time State
Observations, STAM Journal on Control and Optimization 53(2) (2015), 905—
925.

e Yuyuan Li, Jiangiu Lu, Xuerong Mao, Qinwei Qiu, Stabilization of Hybrid
Systems by Feedback Control Based on Discrete-Time State and Mode Ob-
servations, Asian Journal of Control 20(1) (2018), 1-11.



Chapter 2

Stochastic Analysis

2.1 Random Variables

Probability theory copes with mathematical models of trials whose outcomes de-
pend on chance. All the possible outcomes (the elementary events) are grouped
together to form a set, €2, with typical element, w € 2. The subsets of €2 which
are of interest, are grouped together as a family F. A family F with the following
three properties is called a o-algebra:

(i) 0 e F,

(i) Ae F= A% € F,

(iii) {Ai}is1 C F = U2 A € F,
where () denotes the empty set and A® denotes the complement of A in . The
pair (£2, F) is called a measurable space, and the elements of F is henceforth called
F-measurable sets.

A real-valued function X: €2 — R is said to be F-measurable if

{w: X(w) <a} e F, foralacR.

The function X is also called a real-valued {F-measurable} random variable. An
R-valued function X (w) = (X1 (w), Xa(w), ..., X4(w))” is said to be F-measurable
if all the elements X; are F-measurable. The indicator function 15 of a set A C Q
is defined by

1A (w) 1 forw € A,
W) =
" 0 forw ¢ A.
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The indicator function 1, is F-measurable if and only if A is an F-measurable
set, i.e. A€ F.

A probability measure P on a measurable space (€2, F) is a function P: F —
[0, 1] such that

() P(Q2) =1

(i) for any disjoint sequence {A;},o, C F (ie. AinNA; = 0if i # j),
P(UZ,4;) = X2, P(4).

The triple (Q,F,P) 1is called a probability space. We set

F={ACQ:3B,C e Fsuchthat BC Ac C,P(B)=P(C)}.
Then F is a o-algebra and is called the completion of F. If F = F, the probability
space (€, F,P) is said to be complete.

If X is a real-valued random variable and is integrable with respect to the
probability measure P, then the number EX = [, X(w)dP(w) is called the ex-
pectation of X (with respect to P). The number V(X) = E (X —EX)? is called
the variance of X. And the number E | X |’(p > 0) is called the pth moment of X.

For p € (0,00), let LP = LP(£2; R?) be the family of R%valued random variables
X with E|X|” < co. In L', we have |E X| < E |X|. Moreover, the following three
inequalities are useful in this thesis:

(i) Holder’s inequality

B (XTY)| < (E|X ") (E [v]*)"
itp>1,1/p+1/g=1, X € LP, Y € L9 This is also known as the Cauchy-
Schwarz inequality when p = 2;
(ii) Minkovski’s inequality
EIX+YP)'" < EIXP)Y? + E Y]
ifp>1 XY € L?;
(iii) Chebyshev’s inequality
P{w: | X(w)| > ¢} < cPE|XJP

ife>0,p>0, X e LP.

Let X and X,k > 1 be R%valued random variables. The following four
concepts discuss about convergence:

(i) If there exists a P-null set Qy € F such that for every w ¢ €, the sequence
{X}(w)} converges to X (w) in the usual sense in R?, then {X},} is said to converge

to X almost surely or with probability 1, and written as limy_,,, X = X a.s.
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(ii) If for every € > 0, P{w : | Xj(w) — X(w)| > €} — 0 as k — oo, then {X;}
is said to converge to X stochastically or in probability.

(iii) If X) and X belong to LP and E|X; — X|)’ — 0, then {X}} is said to
converge to X in pth moment or in LP.

(iv) If for every real-valued continuous bounded function g defined on R¢,
limy o Fg(Xx) = Eg(X), then {X}} is said to converge to X in distribution.

Now we state two very important integration convergence theorems.

Theorem 2.1.1. (Monotonic convergence theorem) If { X} is an increasing

sequence of nonnegative random variables, then

lim EX, = E (lim Xp).
— 00

k—o0

Theorem 2.1.2. (Dominated convergence theorem) Let p > 1, {X,} C
LP(Q; RY) and Y € LP(Q; R). Assume that |X;| < Ya.s. and {Xy} converges to
X in probability. Then X € LP(; R), { Xk} converges to X in LP, and

lim E X, = E (X).
k—o00

When Y is bounded, this theorem is also referred as the bounded convergence the-

orem.

Let {Ax} be a sequence of sets in F. Define the upper limt of the sets by

kli)nc}o sup Ay = {w:w € A, for infinitely many k} =N, U, Ag.
Then we have the following well-known Borel-Cantelli lemma.

Lemma 2.1.3. (Borel-Cantelli’s lemma)
(1) If {Ar} C F and 332 ,P(Ay) < oo, then
P(lim sup A;) = 0.
k—o0
(2) If the sequence {Ax} C F is independent and X2 ,P(A) = oo, then

P(lim sup A;) = 1.

k—o0

Conditional expectation plays an important role in this thesis. Therefore we

illustrate the general concept of conditional expection in the following. Let X €
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LY R), and G C F be a sub-c-algebra of F so (€2, G) is a measurable space. In
general X is not G-measurable. We now seek an integrable G-measurable random

variable Y such that it has the same values as X on the average in the sense that
E(IgY)=E(lcX) i.e. /Y(w)dP(w) = / X(w)dP(w) forall Geg.
G a

By the Radon-Nikodym theorem, there exists a unique Y a.s. It is called the

conditional expectation of X under the condition G, denoted by
Y =E(X|G).
If G is the o-algebra generated by a random variable Y, we write
E(X|G) =E(X]Y).
For example, consider a collection of sets {A;} C F with
UeAr =Q, P(Ax) >0, ArnNA =0, if k=#i.

Let G = 0({Ag}), i.e. G is generated by {Ax}. Then E (X|G) is a step function on
Q2 given by

1o, E(Ip X
E (X|G) = Ek%'
In other words, if w € Ay,
E(15 X
E(XI0)w) = "3

It follows from the definition that
E(E(X|G)) = E(X)

and
E(X|9)| <E(X[|G) as.

Some other important properties of the conditional expectation are listed as fol-
lowing:

(a) X >0=E(X|G) >0;

(b) X is G-measurable = E (X|G) = X;

(¢c) X =c=const. = E (X|G) = ¢
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(d) a,b € R=E (aX +b0Y|G) = aE (X|G) + bE (Y|G); as.

(6) X <Y = E(X[G) < E(V]9);

(f) X is G-measurable = E (XY|G) = XE (Y|G);

(g) X,Y are independent = E (X]Y) = E (X);

(h) 61 € G2 C F = E(E (X|G)|G1) = E (X][G1).

Finally, if X = (X1, Xo, ..., Xd)T € L'(Q; RY), its conditional expectation under
G is defined as

E(X|0) = (E(X,10), . E (Xa|0))".

2.2 Stochastic Processes

Let (€2, F,P) be a probability space. A filtration is a family {F;},., of increasing
sub-c-algebras of F, that is F; C F, C Ffor all 0<t < s < oo. The filtration
is said to be right continuous if F; = Ny Fs for all ¢ > 0. When the probability
space is complete, if the filtration is right continuous and Fy contains all P-null
sets, the filtration satisfies the usual conditions. In this thesis, unless otherwise
specified, we always work on a given complete probability space (2, F,P) with a
filtration {F;},, satisfying the usual conditions.

A family of R%valued random variables {X,},_; is called a stochastic process
with index set I and state space R?. In this thesis, the index set I is set to R =
[0,00) and we consider the index ¢ as time on [0, 00). For each fixed ¢ € [0, 00), we
have a random variable X;(w) € R%. On the other hand, for each fixed w € Q, we
have a function of t, X;(w) € R?, which is called a sample path of the process.

Let {X;},5o be an R%valued stochastic process. It is said to be continuous
if for almost all w € 2 function X;(w) is continuous on ¢ > 0. It is said to be
cadlag if it is right continuous and for almost all w € Q the left limit lim_,; X(w)
exists and is finite for all £ > 0. It is said to be integrable if for every t > 0, X,
is an integrable random variable. It is said to be adapted if for every t, X; is F;-
measurable. It is said to be progressively measurable if for every T > 0, {X,}, <t<T
regarded as a function of (¢, w) from [0, 7] x  to R is B([0,T]) x Fpr-measurable,
where B([0,77) is the family of all Borel sub-sets of [0, 7]. A real-valued stochastic
process {A;},, is called an increasing process if for almost all w € 2, A;(w) is

nonnegative nondecreasing right continuous on ¢ > 0.
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A random variable a: © — [0, o] is called an {F; }-stopping time if {w : a(w) <
t} € F; for any t > 0. Stopping time is used in the proof process in this thesis so

we quote the following two useful theorems.

Theorem 2.2.1. If {x;},., is a progressively measurable process and « is a stop-
ping time, then xolacoo 18 Fo-measurable. In particular, if o is finite, then x, s

Fo-measurable.

Theorem 2.2.2. Let {2:},5, be an R-valued cadlag {F;}-adapted process, and D
an open subset of R?. Define a = inf{t > 0: X; ¢ D}, where inf ) = co. Then «
is an {JF;}-stopping time, and is called the first exit time from D.

An R’-valued {F;}-adapted integrable process {M;},, is called a martingale
with respect to {F;} if

E (M| Fs) = M a.s. forall 0<s<t< o0.

IfX = {Xt}tzo is a progressively measurable process and « is a stopping time, the
X% = {Xant};> is called a stopped process of X. The following is the well-known

Doob martingale stopping theorem.

Theorem 2.2.3. Let {M},., be an R*-valued martingale with respect to {F;},
and let 6, p be two finite stopping times. Then

E (Mg’./—"p) = Mg/\p a.s.
Particularly, if o is a stopping time, then
E (Ma/\t’.Fs) — MO[/\S a.s.

holds for all 0 < s <t < co. That is, the stopped process M = { My} is still a

martingale with respect to the same filtration {F;}.

A real-valued {F;}-adapted integrable process {M;},., is called a supermartin-
gale (with respect to {F;}) if

E (M| Fs) < My a.s. forall 0<s<t<o0.
Moreover , it is called a submaringale, if
E (M| Fs) > My a.s. forall 0<s<t<o0.

The well-known Doob’s maringale inequalities are stated as follows.
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Theorem 2.2.4. (Doob’s martingale inequalities) Let {M},., be an R‘-
valued martingale. Let [a,b] be a bounded interval in R .
(i) If p > 1 and M; € LP(Q; RY), then

E | M,|?
P{w: sup |My(w)| > ¢} < E |M["

a<t<b cP

holds for all ¢ > 0.
(ii) If p > 1 and M; € LP(Q; RY), then
p p
E (sup [M[") < (——) E[M,[".
a<t<b p—1

A stochastic process X = {X;},5, is called square-integrable if E 1X:> < o0
for every t > 0. A right continuous adapted process M = {M;},., is called a local
martingale if there exists a nondecreasing sequence {ay} r>1 Of stopping times with
ag T 0o a.s. such that every { My, At — Mo}t20 is a martingale. By Theorem m,
we can see that every martingale is a local martingale, but the converse is not
always true. If M = {M;},5,and N = { N}, are two real-valued continuous local
martingales, their joint quadratic variation {(M, N)},., is the unique continuous

adapted process of finite variation such that {M;N;, — (M, N) is a continuous

t}tZO
local martingale vanishing at ¢ = 0. In particular, for any finite stopping time 7%,

E M2 = E (M, M), and (M, N), = 1(M + N, M + N), — (M, M), — (N, N),).

The following result is the useful strong law of large numbers.

Theorem 2.2.5. (Strong law of large numbers) Let M = { M}, be a real-

valued continuous local martingale vanishing at t = 0. Then

: : M,
tlg(r}o (M,M), =00 as. = tlgglo W =0 a.s.
and also IYSY u
lim supM <00 as. = lim—"=0 a.s.
t—00 t t—oo 1§

More generally, if A = {Ai},~q i a continuous adapted increasing process such

that © 3 M
lim A, =00 and / M <00 a.s.
0

t—o00

then
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To close this section, we state a useful convergence theorem as following. This

theorem plays an important role in the stability analysis.

Theorem 2.2.6. Let {A;},~, and {U.},-, be two continuous adapted increasing
processes with Ay = Uy :6 a.s. Let {Mt}tzo be a real-valued continuous local
martingale with My = 0 a.s. Let & be a nonnegative Fo-measurable random variable.
Define

X =+ A —-U + M, fort > 0.

If X, is nonnegative, then
{lim A; < oo} C {lim X; exists and is finite} N{lim U; < oo} a.s.
t—00 t—o0 t—00

where B C D a.s. means P(B N D) = 0. In particular, if lim; .o, A; < 00 a.s.,
then for almost all w € €}

lim Xy(w) exists and is finite, lim U(w) < oo.
t—00 t—00

2.3 Brownian Motion

Brownian motion describes the irregular motion of pollen grains suspended in water
which was initially observed by the Scottish botanist Robert Brown in 1828. Later,
Norbert Wiener obtained the mathematical foundation for Brownian motion as a
stochastic process in 1931. To describe the motion mathematically it is natural
to use the concept of a stochastic process W;(w), considered as the position of the
pollen grain w at time t. Let us now give the mathematical definition of Brownian

motion.

Definition 2.3.1. Let (2, F,P) be a probability space with a filtration {Fi},5,-
A (standard) one-dimensional Brownian motion is a real-valued continuous Ji-
adapted process {Wt}tZO with the following properties:

(i) Wo =0 a.s.;

(i) for 0 < s <t < oo, the increment Wy — Wy is normally distributed with mean
zero and variance t — s;

(7ii) for 0 < s <t < 00, the increment Wy — Wy is independent of Fs.
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Throughout this thesis, unless otherwise specified, we assume that (2, F,P) is
a complete probability space with a filtration {F;} satisfying the usual conditions,
and the one-dimensional Brownian motion {W;} is defined on it. The Brownian
motion has many important properties, and some are summarized as follows:

(a) {—W,} is a Brownian motion with respect to the same filtration {F;}.

(b) Let ¢ > 0. Define

X = WCt, for t > 0.
Ve

Then {X;} is a Brownian motion with respect to the filtration {F}.

(c¢) {W;} is a continuous square-integrable martingale and its quadratic vari-
ation (W, W), =t for all t > 0.
(d) The strong law of large numbers states that

W,
lim — =0 a.s.
t—o00

(e) For almost all w € €2, the Brownian motion sample path W (¢, w) is nowhere
differentiable.

Now we generalize the d-dimensional definition as following.

Definition 2.3.2. A d-dimensional process {Wy = (W},..., W)}, is called a
d-dimensional Brownian motion if every {W{} is a one-dimensional Brownian
motion, and {W}},... . {W¢&} are independent.

From Definition the similiar properties of one-dimensional Brownian mo-
tion hold for d-dimensional Brownian motion as well. In addition, it is easy to see
that a d-dimensional Brownian motion is a d-dimensional continuous martingale

with the joint quadratic variations
(W' W7, =6t for 1 <45 <d,
where

5”:{ 1 fori=j,
N 0 fori#j.

It turns out that this property characterizes Brownian motion among con-
tinuous local martingales, which is described by the following well-known Lévy

theorem.
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Theorem 2.3.3. (Lévy theorem) Let {M,} = {(M},..., M)}, be a d-
dimensional continuous local martingale with respect to the filtration {F;} and
My=0 a.s. If

(M, M}), =6t for1<i,j<d,
then {My} = {(M}, ..., M{")},~, is a d-dimensional Brownian motion with respect

to {Ft}
As an application of Theorem [2.3.3] we have the following useful theorem.

Theorem 2.3.4. Let M = {M,},. be a real-valued continuous local martingale
such that My = 0 andlim,_, (M, M), = oo a.s. For eacht > 0, define the stopping
time

ap = inf{s: (M, M), > t}.

Then {Ma, },~, s a Brownian motion with respect to the filtration {Fo,},5¢-

2.4 Stochastic integrals and Ito’s formula

In this section, we define the stochastic integral at first

/0 ().

with respect to an m-dimensional Brownian motion {W,} for a class of d x m-
matrix-valued stochastic process {f(¢)}. This integral was first defined by K. It6
in 1949 and is now known as Ito stochastic integral. Now we start to define the
stochastic integral step by step.

Let (€2, F,P) be a complete probability space with a filtration {F;},, satisfying
the usual conditions. Let W = {W;},,, be a one-dimensional Brownian motion

defined on the probability space adapted to the filtration.

Definition 2.4.1. Let 0 < a < b < oo. Denote by M?([a,b];R) the space of all
real-valued measurable {F;}-adapted processes f = {f(t)},<,, such that

b
1F2, =E / ()t < 0. (2.1)

We identify f and f in M?([a,b];R) if || f — JFHZ{; = 0. in this case we say that f

and f are equivalent and write f = f.
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A real-valued stochastic process g = {g(t)},<,<;, is called a simple (or step)
process if there exists a partition a =ty < t; < --- < t;, = b of [a, b], and bounded

random variables &;, 0 < ¢ < k — 1 such that ¢ is F;,-measurable and

9(1) = E01jt0,64] (t) + B Gl (1111 (1) (2.2)

And we denote by My([a, b]; R) the family of all such processes. It is easy to know
that Mo([a,b]; R) C M?([a,b]; R). We now define the It6 integral for such simple

processes as following.
Definition 2.4.2. (Part 1 of the definition of Ité’s integral) For a simple
process g with the form of in Mo(la,b];R), define

b
/ o(O)dW, = SELE (W, — W) (2.3)

and call it the stochastic integral of g with respect to the Brownian motion {W;}

or the Ito integral.

Clearly, the stochastic integral is J,-measurable. And we have the following

useful lemmas.

Lemma 2.4.3. If g € Mo([a,b];R), then

E / " S0 =0, (2.4)

E| / g(t)dW)| = E / l9(t) 2t (2.5)

Lemma 2.4.4. Let g1, go € Mo([a,b];R) and let ¢y, cy be two real numbers. Then
C191 + Ca242 € Mo([a, b]7R) and

/ab[Clgl(t> + c2g2(1)]dW; = ¢ /ab g1(t)dW; + ¢ /ab ga(t)dW,.

Lemma 2.4.5. For any f € M?*([a,b];R), there exists a sequence {g,} of simple

processes such that

limE/|f t)[2dt = 0.

k—o0
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Hence by Lemma [2.4.5] there is a sequence {gi}x>1 of simple processes such
that limy_,o E f: |f(t) — gx(t)|*dt = 0. Thus by 1' and Lemma [2.4.5]

b b
E ]/ gr(t) — gj(t)th|2 = ]E\/ gr(t) — gj(t)th\Q —0 as k,j— oo.

In other words, { f gr(t)dW;} is a Cauchy sequence in L?(£2;R). So the limit exists
and is independent of the choice of sequences of simple processes approximating
f. This limit is defined as the stochastic integral. This leads to the following

definition.

Definition 2.4.6. (Part 2 of the definition of Itd’s integral) Let f €
M?([a,b];R). The Ito integral of f with respect to {W;} is defined by

b b
| rwaw= i [awam i e,
a —00 a

where {gr} is a sequence of simple process such that

limE/|f (t)]2dt = 0.

k—o0

The Ito stochastic integral has many properties, some of them used in this
thesis are listed as follows. Let f,g € M?([a,b];R). Then

(i) f;f(t)th is Fy-measurable;

(i) E [7 f(t)dW; = 0;

(iii) E| J; f(t)thP =E [|£(t)[dt;

(iv) E(f f(£)dW ()| Fa) = 0;

(V) E(| f; f@OAW@OPFa) = E(f; 1 (6)2dHFa) = [} E(f(0PIF)dt

Definition 2.4.7. Let f € M*([0,T];R). Define
t
:/f(s)dWs for0<t<T,
0

where 1(0 fo s)dWy = 0. We call 1(t) the indefinite It integral of f.

Then we know that I = {I(¢) }o<t<r is a square-integrable continuous martin-

gale and its quadratic variation is given by

(1,1}, = /0t|f(s)|2ds, 0<t<T (2.6)
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However the definition of the integrals is not very convenient in evaluating a
given integral. This is similar to the situation for classical Lebesgue integrals,
where we do not use the basic definition but rather the fundamental theorem of
calculus plus the chain rule in the explicit calculations. Therefore, we establish
the stochastic version of the chain rule for the It6 integrals, which is called Ito’s
formula. This plays a key role in stochastic analysis.

An n-dimensional Ito process is an R™-valued continuous adapted process
z(t) = (x1(t), ..., 2,(t))" on t > 0 of the form

z(t) = x(0) + /Ot f(s)ds + /Otg(s)dW(s), (2.7)
where f = (f1,..., fu)T € LYR;R") and g = (gij)nxm € LEHR;R™™). We
shall say that z(t) has a stochastic differential dx(t) on t > 0 given by

dz(t) = f(£)dt + g(t)dW (t). (2.8)

Before stating the well-known It6’s formula, we introduce some basic notations.
Let C?*'(R x Ry;R) denote the family of all real-valued functions V (x,t) defined
on R" x R, such that they are continuously twice differentiable in x and once in
t. ItV e C*(R" x Ry;R), we set
ov ov ov 0?V
A va: YRR - L VZ’Z‘: a. o /nxn:
ot’ (8:701 axn) (axlﬁxj)

Following is the well-known [to’s formula.

‘/%:

Theorem 2.4.8. (Ité’s formula) Let x(t) be an n-dimensional Ito process on
t > 0 with the stochastic differential

dx(t) = f(t)dt + g(t)dW (t),

where f € LY(R;R") and g € L2(R,;R™™). Let V € C*(R™ x R;R). Then

V(z(t),t) is a real-valued Ité process with its stochastic differential given by
dV (x(t), 1) = [Vi(x(t), 1) + Va(x(t), 1) f (1) + %tmce(gT(t)Vm(x(t)? t)g(t)]dt
+V(z(t), t)g(t)dW (t) a.s. (2.9)
In addition, we can generate a multiplication table:

dtdt =0, dW,dt =0,
AW, dW; = dt, dW;dW,; =0 if i#j.
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2.5 Markov chains

In this section, we recall some basic facts about Markov chain at first (see [4,62,84]).
A stochastic process X = {X;}:>o defined on a probability space (€2, F,P), with
values in a countable set S (state space), is called a continuous-time Markov chain
if for any finite set 0 < t; <ty < t3 < --- < t, < t,y1 of "times”, and corres-
ponding set iy,4g,...,i,-1,1,7 of states in S such that P{X(t,) = i, X(t,—1) =
in-1,---,X(t1) =141} > 0, we have

P{X (tns1) = j|1X (tn) = i, X (tn—1) = in_1,..., X(t;) =1}

= P{X(tn+1) = ]‘X(tn) = Z}
If for all s,¢ such that 0 < s <t < oo and all 7,5 € S the conditional probability
P{X(t) = j|X(s) = i} depends only on t — s, we say that the process X is
homogeneous. In this case, P{X (t) = j|X(s) = i} = P{X(t — s) = j|X(0) = i},

and the function
pij(s,t) =P{X(t) = j|X(s) =i}, i,j€S,t>0,

is called the transition function or the transition probability of the process X. In
addition, the matrix P(s,t) = (pi;(s,t))ijes is called the transition matrix of X if
the following properties are satisfied:

(i) pij(s,t) =P(X(t) = j|X(s) =i) forall 0 < s < tandi,je€S;
(ii) pi;j(s,s) = d;5 for all s > 0 and 7,5 € S;
(ill) Xjespij(s,t) =1forall0 < s <tandie€S;
(

iv) the Kolmogorov-Chapman equation

Pij(5,1) = Xrespir(s, w)pr;(u, t),

or
P(s,t) = P(s,u)P(u,t)
holdsforall 0 < s <wu <t < 0.

The Markov chain X is said to be stationary if its transition probabilities
pij(s,t), i,j € S, are stationary i.e. p;;(s,t) depends only on the difference t — s
forall 0 < s <t < oo and 4,7 € S. This implies P(s,s + u) = P(u) for all s > 0
and v > 0. The transition matrix P(t) = (p;;(t))i jes is said to be standard if
limy o py;(t) =1 for all i € S.
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Theorem 2.5.1. Let P,;(t) be a standard transition function, then ~; = lim,_,o[1—
P,i(t)]/t exists (but may be 0o) for all i € S. A state i € S is said to be stable if
i < 0OQ.

Theorem 2.5.2. Let P;;(t) be a standard transition function, and let j be a stable
state. Then vi; = P/;(0) exists and is finite for alli € S.

Let 75 = —v; and I' = (745)i jes. I is called the generator of the Markov chain.
If the state space is finite which we can take to be S = {1,2,..., N}, then the
process is called a continuous-time finite Markov chain. Throughout this thesis,
we assume all Markov chains are finite and all states are stable. For such a Markov

chain, almost every sample path is a right continuous step function.

Theorem 2.5.3. Let P(t) = (P;;(t))nxn be the transition probability matriz and
I' = (vij)nxn be the generator of a finite Markov chain. Then

P(t) =€,

It is useful to recall that a continuous-time Markov chain X with generator
I' = (i) nxn can be represented as a stochastic integral with respect to a Poisson
random measure (see [5},/17,[18,/70,87]). Indeed, let A;; be consecutive, left-closed,

right-open intervals of the real line having length ~;; such that

Al? - [07712%
A3 = 712,712 + 713),

Ay = [2?:51’713‘72?:2%3'),
ANgr = [S70m15, Bjloms + 721),
Agy = [Zj'vﬁ%j + 721, Ej‘V:Q'YIj + Y21 + 723),

Aoy = [E;V:z’)’lj + Ejy:f#gw;'; Eﬁ-v:ﬂlj + Ej'v:u;sﬂzj)
and so on. Define a function h: S x R — R by

—1 ify e A,
Wiy =4’ ST (2.10)
0 otherwise.
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Then
dX(t) :/h(X(t—,y)v(dt,dy), (2.11)

with initial condition X (0) = 4o, where v(dt, dy) is a Poisson random measure with
intensity dt x p(dy), in which p is the Lebesgue measure on R.

Let r(t), t > 0, be a right-continuous Markov chain on the probability space
taking values in a finite state space S = {1,2,--- , N} with generator I' = (v;; ) nxn
given by

1+ 79:A+0(A) ifi=j,

P{r(t+A) =jlr(t) =i} =

where A > 0. Here ~;; > 0 is the transition rate from ¢ to j if ¢ # j while
Vi = — Z Vij-
JF#i
We assume that the Markov chain r(:) is independent of the Brownian motion
w(-). Tt is known that almost all sample paths of r(t) are constant except for
a finite number of simple jumps in any finite subinterval of R,. We stress that
almost all sample paths of () are right continuous.

In this thesis, we consider the paired process(z(t),r(t)) and we state how a
function V : R" x Ry xS — R map (z(t), r(t)) into another process V (x(t),r(t),t)
as follows. For Vi € S, let V(x,t) € C*!(R" x R,;R), we denote an operator LV
from R" x R, x S to R by

LV (z,i,t) = Vi(x,1,t) + Vy(z,i,t) f(t)
+%[tmce(gT(t)V;x(w, i, 1)g(t)] + 2LV (@, 4, 1) (2.12)

Theorem 2.5.4. (Generalized Ité6 Formula) If V € C*'(R" x R, x S;R),
then for any t > 0

Vi(z(t),r(t),t)
= (93(0),7“(0),0)+/0 LV (z(s),r(s),s)ds
+ / Va(w(s), 7(s), 8)g(x(s), 7(s), 5)dW (s)
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+/0 /R(V(:E(s),io, s+ h(r(s),l)) = V(z(s),r(s),s))u(ds,dl), (2.13)

where the function h is defined as and p(ds,dl) = v(ds,dl) — p(dl)ds is a

martingale measure (see also [5,17,/18,(87]).
Taking expectation on both sides of (2.13)) yields

Lemma 2.5.5. Let V € C*1(R" xR, xS;R) and p1, pa be bounded stopping times
such that 0 < py < pg a.s. If V(x(t),r(t),t) and LV (z(t),r(t),t) are bounded on
t € [p1, p2| with probability 1, then

EV(x(p2),r(p2), p2) = EV(2(p2),7(p2), p2) + E /P2 LV (x(s),r(s),s)ds. (2.14)

p1

2.6 Stochastic differential equations with

Markovian switching

In this thesis, we focus on the stochastic differential equations with Markovian

switching (also known as hybrid SDEs), which of the form as follows
da(t) = f(x(t),r(t), t)dt + g(x(t),r(t),t)dW(t), to<t<T (2.15)

with initial data z(ty) = 2o € ﬁ%rto (Q;R™) and r(ty) = ro, where ry is an S-valued

Fi,-measurable random variable and
f R"XR, xS—R" and g¢g:R"xR, xS — R™™,
By the definition of stochastic differential, (2.15]) is equivalent to the following

stochastic integral equation

x(t) = o +/t f(z(s),7(s),s)ds +/ g(x(s),r(s),s)dW(s), Vte€ [ty,T].

to

(2.16)
An R"-valued stochastic process {z(t)}s,<i<7 is called a solution of equation
if it has the following properties:
(i) {x(t)} is continuous and F-adapted;
(i) {f(x(®),t,r(O)o<<r € L([to, T R") while {g(x(t),t,7() o<i<r €
£2((to, THR™™);
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(iii) equation holds with probability 1.

Moreover, a solution {z(¢)} is said to be unique if any other solution {Z(¢)} is
indistinguishable from {x(t)} i.e. P{x(t) = z(t) forall tm <t < T} =1. The
following theorem is the well-known existence and uniqueness theorem of solutions
of SDEs.

Theorem 2.6.1. Assume that there exist two positive constants K and K such
that
(i) (Lipschitz continuous condition) for all z,y € R™ and t € [ty,T], any
1ES
(ii) (Linear growth condition) for all (z,t,i) € R x [to,T] x S

|, t, D)V g (z, t,0) P < K(1+ [zf?). (2.18)
Then there ezists a unique solution x(t) to equation and, moreover,

E( sup |z(t)]?) < (14 3E |zo[*)e?K Tt T —tot+4) (2.19)
to<t<T

so the solution belongs to M>*([ty, T]; R™).

In addition the following theorem relax the Lipschitz continuous condition to
local Lipschitz condition, and the existence and uniqueness of solution to (2.5.1))
still hold. This can be stated as the following theorem.

Theorem 2.6.2. (Local Lipschitz condition) Assume that for every integer
k > 1, there exists a positive constant hy, such that, for all t € [ty,T], i € S and
those x,y € R™ with |z| V |y| <k,

|fz,t,8) — fly, t,9)]? V]g(a,t,i) — gy, t, i) < o — y]*. (2.20)

Assume the linear growth condition holds. Then there exists a unique solu-
tion to equation .

The proof of the existence and uniqueness theorem can be referred to [47}62].
To close this section, we introduce the well-known Gronwall’s inequality, which
has been widely applied in the theory of SDEs to prove the results on existence,
uniqueness, boundedness, comparison and stability etc. Therefore, Gronwall’s

inequality is important in this thesis.
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Theorem 2.6.3. (Gronwall’s inequality) Let T > 0 and ¢ > 0. Let u(.)
be a Borel measurable bounded nonnegative function on [0,T], and let v(.) be a

nonnegative integrable function on [0,T]. If
¢
u(t) <ec +/ v(s)u(s)ds  forall 0<t<T,
0

then ,
u(t) < cexp(/ v(s)ds) forall 0<t<T.
0

Theorem 2.6.4. Let T'> 0, a € [0,1) and ¢ > 0. Let u(-) be a Borel measurable
bounded nonnegative function on [0,T], and let v(-) be a nonnegative integrable
function on [0,T]. If

u(t) <c+ /tv(s)[u(s)]ads forall 0<t<T,

then
t

u(t) < (4 (1 - a)/ v(s)als)ﬁ forall 0<t<T.

0

2.7 Stability of SDEs

Stability of a process refers to the consistency of the process with respect to im-
portant process characteristics such as the average value of a key dimension or the
variation in that key dimension. If the process behaves consistently over time, it is
said to be stable. This property turns out to be of utmost importance. It should be
emphasized that an individual predictable process can be physically realized only
if it is stable in the corresponding natural sense. The main technique in this area
is the method of Lyapunov functions, known as Lyapunov’s second method. This
method has gained increasing significance and has given decisive impetus for mod-
ern development of stability theory of dynamic systems during the past decades.
A manifest advantage of this method is that it does not require the knowledge of
solutions of equations and therefore has a great power in applications. Lyapunov
function transforms a given complicated stochastic differential system into relat-
ively simpler differential equations and so it is sufficient to study the properties of
solutions of this simpler differential equation. Now let us propose the concept of

trivial solution before introducing the definitions of stability.
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Assumption 2.7.1. Assume that for each k = 1,2,..., there is an hy > 0 such
that
[z, i, 6)| V ]g(z, i, 8)] < hyla]

for all0 <t <k,i €S and those x € R" with |x| < k.

It is easy to see that Assumption implies f(0,¢,7) = 0 and ¢(0,¢,7) = 0.
Therefore, we observe that the solution z(t) of equation (2.15)) will remain to be
zero if it starts from zero, namely z(¢;to,0,79) = 0. This solution is often called
a trivial solution. In addition, any solution of equation starting from a
non-zero state will remain to be non-zero.

In this section we shall investigate various types of stability for stochastic dif-
ferential equation defined as follows.

(1) Stability in distribution: the solution z(t) of is said to be asymptot-
ically stable in distribution if there exists a probability measure 7(- x -) on R” x S
such that the transition probability p(t,y,7,dx x {j}) of z(t) converges weakly to
m(dz x {j}) as t — oo for every (y,i) € R" x S. Equation ({2.15) is said to be
asymptotically stable in distribution if z(¢) is asymptotically stable in distribution
(see [62,88]).

(2) Stability in probability: system is said to be

(a) stochastically stable or stable in probability if for every pair of ¢ € (0, 1)
and r > 0, there exists a 0 = d(e,r,tg) > 0 such that

P{|z(t;to, z0)| <7 forall t>t}>1—c¢

whenever |zy| < 6.
(b) stochastically aysmptotically stable if it is stochastically stable, and,

moreover, for every ¢ € (0, 1), there exists a 0y = dy(e,tp) > 0 such that
IP’{tlim z(t;to,x0) =0} > 1—¢
—00
whenever |zy| < 0.

Theorem 2.7.2. If there exists a positive-definite function V(x,t) € C*1(S; x
[to, 00); R,) such that LV (x,t) < 0 for all (x,t) € Sy X [tg, 00), then the solution
of equation 15 stochastically stable.

If LV (x,t) is negative-definite, then the solution of equation is
stochastically asymptotically stable.
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(3) Moment stability: the solution of equation ([2.15)) is said to be asymptotic-
ally stable in pth (p > 0) moment if

lim E (|z(¢; to, zo,70)") = 0

t—o00

for all (¢g, zo,70) € Ry x R" xS. When p = 2 it is said to be asymptotically stable
in mean square.

(4) Almost sure stability: the solution of equation is said to be almost
surely asymptotically stable if

]P’{tliglo z(t;to, x0,m0) =0} =1 a.s.

for all (tg,xg,70) € Ry X R™ x S.

Moreover, in this thesis, we mainly discuss on the exponential stability and
also refer to H.-stability as follows.

(5) Exponential stability in pth (p > 0) moment sense: system is said to
be pth (p > 0) moment exponentially stable if there is a pair of positive constants
C and ¢ such that

E |z(t; to, w0, 70)|P < ClaoPe™, Vt > t, (2.21)
for all (tg, zo,70) € Ry x R™ X S, which also implies that
1
tlim SUp — log(E |z(t; x0)|P) < —¢ (2.22)
—00

for all (to, xg,r0) € Ry x R™ x S. When p = 2, it is said to be exponentially stable
in mean square.
(6) Exponential stability in almost sure sense: system (2.15) is said to be

exponentially stable in almost sure sense if there is a positive constant ¢ such that
) 1

lim sup — log |z(t; to, xo, 70)| < —€  a.s. (2.23)
t—o0 t

for all (¢, zg,70) € Ry X R™ x S.
(7) Ho, stability: system (2.15) is said to be H.-stable in the sense if

/ E |z (t; to, 20, 70)|* < 00, (2.24)
0

for all (to,%o,?”o) S R+ x R™ x S.
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Stabilization of hybrid stochastic
differential equations by feedback
control based on discrete-time

state observations

3.1 Introduction

Mao [52] investigates the following stabilization problem by a feedback control

based on the discrete-time state observations: Consider an unstable hybrid SDE
dx(t) = F(2(t), r(t), D)t + g(a(t), (1), (), (3.1)

where x(t) € R"™ is the state, w(t) = (wi(t), - ,w,(t))T is an m-dimensional
Brownian motion, r(¢) is a Markov chain (please see Section 2 for the formal
definitions) which represents the system mode, and the SDE is in the It sense.
The aim is to design a feedback control w(z([t/7]|7),r(t),t) in the drift part so that

the controlled system

dr(t) = (f(z(t),r(t),t) + u(z([t/7]7),7(t),t))dt
+ g(x(t),r(t), t)dw(t) (3.2)

becomes stable, where 7 > 0 is a constant and [t/7] is the integer part of ¢/7.

The key feature here is that the feedback control u(z([t/7]7),r(t),t) is designed

27
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based on the discrete-time observations of the state x(t) at times 0, 7,27, ---
This is significantly different from the stabilization by a continuous-time (regular)
feedback control u(z(t),r(t),t), based on the current state, where the aim is to

design u(z(t),r(t),t) in order for the controlled system

dz(t) = (f(z(t), r(t), ) + u(z(t),r(t),t))dt

+ g(x(t),r(t), t)dw(t) (3.3)
to be stable. In fact, the regular feedback control requires the continuous observa-
tions of the state z(t) for all ¢ > 0, while the feedback control w(z([t/7]7),r(t),t)
needs only the discrete-time observations of the state x(t) at times 0, 7,27, ---.
The latter is clearly more realistic and costs less in practice. To the best know-
ledge of the authors, Mao [52] is the first paper that studies this stabilization
problem by feedback controls based on the discrete-time state observations in the
area of SDEs, although the corresponding problem for the deterministic differential
equations has been studied by many authors (see e.g. [1},7,(9,[24}25]).

Mao [52] shows that if the continuous-time controlled SDE ([3.3)) is mean-square
exponentially stable, then so is the discrete-time-state feedback controlled system
provided 7 is sufficiently small. This is of course a very general result. How-
ever, it is due to the general technique used there that the bound on 7 is not very
sharp. In this chapter, we will consider a couple of important classes of hybrid
SDEs. Making full use of their special features, we will be able to establish a better
bound on 7.

Mathematically speaking, the key technique in Mao [52] is to compare the
discrete-time-state feedback controlled system (3.2)) with the the continuous-time
controlled SDE and then prove the stability of system by making use of
the stability of the SDE (3.3). However, in this chapter, we will work directly on
the discrete-time-state feedback controlled system (3.2) itself. To cope with the
mixture of the continuous-time state z(¢) and the discrete-time state z([t/7]|7) in
the system, we have developed some new techniques.

In addition, the key condition imposed in Mao [52] is the global Lipschitz
condition on the coefficients of the underlying SDEs, while in this chapter we only
require a local Lipschitz condition and hence our new theory is applicable in much
more general fashion.

Let us begin to develop these new techniques and to establish our new theory.
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3.2 Problem Statement

Throughout this thesis, unless otherwise specified, we let (Q, F, {F;}i>0,P) be a
complete probability space with a filtration {F;}:>o satisfying the usual conditions
(i.e. it is increasing and right continuous while F contains all P-null sets). Let
w(t) = (wi(t), -, wn(t))? be an m-dimensional Brownian motion defined on the
probability space. If A is a vector or matrix, its transpose is denoted by AT. If
x € R", then |z| is its Euclidean norm. If A is a matrix, we let |A| = \/trace(ATA)
be its trace norm and ||A|| = max{|Az| : |x| = 1} be the operator norm. If A is
a symmetric matrix (A = AT), denote by Apin(A) and Apax(A) its smallest and
largest eigenvalue, respectively. By A < 0 and A < 0, we mean A is non-positive
and negative definite, respectively. If A is a subset of €2, denote by I its indicator
function; that is /4(w) = 1 when w € A and 0 otherwise.

Let r(t), t > 0, be a right-continuous Markov chain on the probability space
taking values in a finite state space S = {1,2,--- , N} with generator I = (v;; ) nxn
given by

1+ 79:A+0(A) ifi=j,

P{r(t+A) =jlr(t) =i} =

where A > 0. Here «;; > 0 is the transition rate from ¢ to j if ¢ # j while

Yii = — Z Yij -
J#
We assume that the Markov chain r(-) is independent of the Brownian motion
w(-). It is known that almost all sample paths of r(t) are constant except for a
finite number of simple jumps in any finite subinterval of R, (:= [0,00)). We
stress that almost all sample paths of r(t) are right continuous.

Consider an n-dimensional linear hybrid SDE

dx(t) = A(r(t))z(t)dt + Z By (r(t))z(t)dwy(t) (3.4)

on ¢t > 0, with initial data x(0) = z¢ € L% (R"). Here A, By, : S — R™" and we
will often write A(i) = A; and By(i) = By;. Suppose that this given equation is

unstable and we are required to design a feedback control u(x(d(t)),r(t)) based on
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the discrete-time state observations in the drift part so that the controlled SDE

d(t) =[A(r(1))x(t) +u(z(5()), r(1))]dt

m

+ 37 Bu(r(t))x(t)dewy(t) (3.5)

k=1
will be mean-square exponentially stable, where u is a mapping from R™ x S to
R" 7> 0 and

§(t) =[t/7]T fort >0, (3.6)

in which [t/7] is the integer part of ¢/7. We repeat that the feedback con-
trol wu(x(6(t)),r(t)) is designed based on the discrete-time state observations
x(0), z(7), x(27),- - -, though the given hybrid SDE is of continuous-time.
As the given SDE ([3.4)) is linear, it is natural to use a linear feedback control.
One of the most common linear feedback controls is the structure control of the
form u(z,i) = F(i)G(i)x, where F' and G are mappings from S to R™*! and R™*™,
respectively, and one of them is given while the other needs to be designed. These

two cases are known as:
e State feedback: design F(-) when G(-) is given;
e Output injection: design G(-) when F(-) is given.

Again, we will often write F'(i) = F; and G(i) = G;. As a result, the controlled
system becomes
d(t) =[A(r(t)=(t) + F(r())G(r(t))z(5(t))]dt

m

+ > Bi(r(t)z(t)duwp (). (3.7)

k=1
We observe that equation (3.7 is in fact a stochastic differential delay equation
(SDDE) with a bounded variable delay. Indeed, if we define the bounded variable
delay ¢ : [0,00) — [0, 7] by

((t)=t—ovr forvr <t<t(v+1)T, (3.8)
and v =0,1,2,---, then equation (3.7)) can be written as

da(t) =[A(r(1))x(t) + F(r(6)G(r(t)z(t — ¢(t))]dt
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m

+ 3 Bi(r(t))z(t)dwy(t) (3.9)

k=1

It is therefore known (see e.g. [62]) that equation (3.7)) has a unique solution z(t)
such that E |x(t)|> < oo for all ¢ > 0.

3.3 Main Results

In this section, we will first write F(r(t))G(r(t)) = D(r(t)) and establish the
stability theory for the following hybrid SDE

da(t) =[A(r(1))x(t) + D(r(t))=(5(t))]dt

m

+ > Bi(r(t)z(t)duwp (). (3.10)

k=1

We will then design either G(-) given F(-) or F(-) given G(-) in order for the
controlled SDE (3.7)) to be stable.

3.3.1 Stability of SDE (3.10)

Let us begin with a useful lemma.

Lemma 3.3.1. Set

_ 12 _ 12
My = mae [ A%, Mp = max | D]

m
Mp = max » _ || Byll*,
€S P

and define
K(7) = [67(TM4 + Mg) + 372 Mp)eSm("MatMz) (3.11)

for 7 > 0. If 7 is sufficiently small for 2K (1) < 1, then the solution x(t) of the
SDE satisfies

2K (1)

E|z(t) — 2(6(t))]* < T—2K()

E|x(t)|? (3.12)

for allt > 0.
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Proof. Fix any integer v > 0. For t € [vr, (v + 1)7), we have §(t) = vr. It follows

from (3.10) that

We can then derive

E (1) — 2(3(1))
<B(rMa+ Ms) [ Bla(s)Pds + 37 Mok [a(kr)

vT

<6(TMa + Mp) / E|x(s) — 2(5(s))|*ds
+[67(TM4 + Mp) + 37 Mp|E |z (vT)|*.
The well-known Gronwall inequality shows
E|z(t) — 2(3(t))]* < K(7)E |z(vr) [
Consequently
E |x(t) — 2(5(t))
<2K(7) (Ea(t) - 2(3(1)]* + E |o(t)]?).

This implies that (3.12)) holds for ¢ € [vT, (v + 1)7). But v > 0 is arbitrary so the
desired assertion (|3.12) must hold for all ¢ > 0. The proof is complete. [

Theorem 3.3.2. Assume that there are symmetric positive definite matrices

Q) =Q; (i € S) such that
Qi) = Qi ==Qi(A;i + D;) + (A + D;)" Qs
m N
+ZBIZ;QZBI€Z + Z’%j@j (313)
k=1 j=1
are all negative-definite matrices. Set

—\ 1= max A\puay(Q;) and Mgp = max ||Qle||2
1€

€S
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(and of course X > 0). If T is sufficiently small for X > 2\,, where

QMQDK(T)
Ay =y | 2@ T 14
1—2K(7) (3.14)
then the solution of the SDE satisfies

E|z(t))* < i\\—M]E|x0|2e_9t, vt >0, (3.15)
where Ay = MaXies Amax(Qi), Am = Minies Amin(Q;), K(7) has been defined in
Lemma [3.31 and

A =2\,

6:
Am

(3.16)

In other words, the SDE 15 exponentially stable in mean square.

Proof. Applying the generalized It6 formula (see Theorem or |62, Theorem
1.14 on page 48]) to 27 (£)Q(r(t))x(t) we get
dla’ () Q(r(t))a(t)]
:<2$T(t)Q(T(t))[A(T(f))ﬂﬁ(t) + D(r(t))x(5(t))]

+ 2" (OB r(£)Qr(8)) By(r(t))z(t)

N
+ 3 B Q) ) dt + dMy (1)
j=1

= (2" QM) ()
=227 ()Q(r(6)) D(r(t))(x(t) — $(5(t)))>dt + dM(t).
Here M, (t), and the following Ms(t) are martingales with M;(0) = M(0) = 0.

Their forms are not used so are not specified here as we will take expectations

later and their means are zero. Applying the generalized It6 formula now to
2T ()Q(r(t))x(t), we then have

dle” " (H)Q(r())x(t)]
=’ (9:BT(t)Q(7“(t))x(t) +a ()Q(r(t))x(t)
=227 () Q(r(t)) D(r(1))(x(t) - x@(b‘))))dt +dMy(1).
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This implies
A€ E |z(t)[?

¢
<AE |20 + / (OAar — N)e”E |z(s)|*ds
0

+ i 2¢%\/Mop E (|(s)||2(s) — 2(5(s))|)ds. (3.17)
But, by Lemma [3.3.1} we have
2y/Mqp E (|z(s)||x(s) — z(d(s))])
NE Ja(s)? + H22E Ja(s) — 2(5(s))

A
M, 2K (1)
< 2 QD 2
<N E|z(s)]” + N T—2K(7) E|z(t)]
=2)\.E |z(s)]?. (3.18)

Substituting this into (3.17)) yields
A€ E |2(t)|?

t
<AE |zo? + / (OAar + 20 — M) E |2(s)|?ds.
0

But, by (3.16), 68Xy + 2\, — A = 0. Thus
A€ E |2 (t)]? < ApE |20]?,

which implies the desired assertion (3.15)). The proof is complete. [J

3.3.2 State feedback: design F'(-) when G(-) is given

We can now begin to consider the case of state feedback. In this case, G(-) is given
so our aim is to design F'(-) such that the controlled SDE (3.7)) is exponentially
stable in mean square. One technique used frequently in the study of stability of
linear SDEs is the method of linear matrix inequalities (LMIs) (see e.g. [23},26/66,
85,186]), although there are other methods (see e.g. the survey paper [51]). We
will use the technique of LMIs to design F'(-) in this section.

According to Theorem[3.3.2] it is sufficient if we can design G(-), namely G; for

i € S, so that we can further find positive-definite symmetric matrices @Q; (i € S)
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in order for
Qi(A; + FiG;) + (A + FiGi)TQi
m N
+Y BLQiBu+ Y 7,Q; <0, i€S. (3.19)
k=1 j=1

We observe that the above matrix inequalities are not linear in (); and F;’s. How-
ever, if we set Y; = Q;F;, then they become the following LMIs

QiAi +Y,Gi + AT Q; + GTY/”
m N

+ Y BLQiBu+ Y 7,Q; <0, i€S. (3.20)
k=1 j=1

If these LMIs have their solutions Q; = QT > 0 and Y; (i € S), then, setting F; =

Q;'Y;, we have (3.19). Applying Theorem [3.3.2) we hence obtain the following
corollary.

Corollary 3.3.3. Assume that the LMIs in have their solutions Q; = QT >
0 and Y;. Set F; = Q;lYi and D; = F;G;. Then the conclusion of Theorem
holds. In other words, the controlled SDE will be exponentially stable in mean
square if we set Fy = Q;'Y; and make sure T > 0 be sufficiently small for \ > 2.

3.3.3 Output injection: design G(-) when F(-) is given

Let us now consider the case of output injection. In this case, F'(+) is given and our
aim is to design G(-) so that the controlled SDE is exponentially stable in
mean square. Once again, based on Theorem [3.3.2] it is sufficient if we can design
F(-), namely F; for i € S, so that we can further find positive-definite symmetric
matrices @; (7 € S) in order for the matrix inequalities to hold. Multiplying
Q; ' from left and then from right, and writing Q; ' = X, we see that the matrix

inequalities (3.19) are equivalent to the following matrix inequalities
A X + FiGi X + X AT + X,GTFE
+ Y X;BLX; ! BuX;
k=1
N

+3 XXX <0, Q€S (3.21)

J=1
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By setting G; X; = Y;, these matrix inequalities become

AiX; + BYi + X AT + YT F 47X,
+)  XiBl X, BuX;
k=1

N
+ Zf)/ininilXi < O, 1€ 8. (322)
i
By the well-known Schur complements (see [62, Theorem 2.8 on page 64]), we see
these matrix inequalities are equivalent to the following LMIs
M5 —My 0 <0, €S8, (3.23)
ML 0 —M;
where
My = AX; + BY; + X; AT + YT F + v X,
Mip = [XiBj;, -+, XiB,,),
Miz = [y Xi, -+ s Vi) Xis Vi) Xis - 5 VN Xil,
Mi4 = dlag[X17 e 7Xi]7
M;s = diag[ Xy, -+, Xi1, Xig1, -+, Xn].

In other words, if the LMIs in have their solutions X; = XiT > (0 and Y]
(i € 9), then, setting @Q; = X, and G; = Y;X; !, we have . Applying
Theorem [3.3.2] we hence obtain the following corollary.

Corollary 3.3.4. Assume that the LMIs in have their solutions X; = X! >
OandY; (i € S). SetQ; = Xi_1 and G; = Y;Xl-_l. Then the conclusion of Theorem
holds. In other words, the controlled SDE will be exponentially stable

in mean square if we set G; = Y;X; ' and make sure 7 > 0 be sufficiently small
for A > 2.

3.4 Stabilization of Nonlinear Hybrid SDEs

Let us now discuss a more general nonlinear problem. Assume that the underlying

system is now described by a nonlinear hybrid SDE
da(t) = f(2(t),r(t), D)t + g(a(t), (1), )du(t) (3.24)
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on ¢t > 0 with the initial data (0) = 29 € L% (R"). Here, f: R* x S x Ry — R"
and g : R" x S x Ry — R™™. Assume that both f and g are locally Lipschitz

continuous and obey the linear growth condition (see e.g. [62]). We also assume
that f(0,7,¢) = 0 and ¢(0,4,t) = 0 for all ¢ € S and t > 0 so that x = 0 is an

equilibrium point for (3.24)).
Suppose that the given SDE (3.24)) is unstable and we are required to design
a linear feedback control F'(r(t))G(r(t))z(d(t)) based on the discrete-time state

observations in the drift part so that the controlled system

dx(t) = [f(x(t),r(t), 1) + F(r(t))G(r(t))x(5(t))]dt
+ g(x(t), r(t), t)dw(t) (3.25)

will be mean-square exponentially stable. Recalling the definition of ¢ by (3.8)),
we see that the SDE (3.25)) can be written as an SDDE

da(t) = [f(x(t),r(1),1) + F(r®)Gr()z(t = ¢(t))]dt
+ g(z(t), r(t), t)dw(t). (3.26)

It is therefore known (see e.g. [62]) that equation (3.25]) has a unique solution x(t)
such that E |z(t)|* < oo for all ¢ > 0.
Given that we use a linear control to stabilize a nonlinear system, it is natural

to impose some conditions on the nonlinear coefficients f and g.

Assumption 3.4.1. For each i € S, there is a pair of symmetric n X n-matrices

Q; and QZ with Q; being positive-definite such that
207 Qi f(x,i,t) + g7 (2,1, 0)Qig(x, i, t) < 2T Qi

for all (x,i,t) € R x S x R,.

Assumption 3.4.2. There is a pair of positive constants 61 and do such that
[f(z,i,0)]* < difa* and |g(z,i,t)]* < dofaf?

for all (x,i,t) € R" X S X R,.

Let us first present a useful lemma.
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Lemma 3.4.3. Let Assumption hold. Set
f— . . 2
03 = I?G%XZ I E3Gil|7,
k=1
and define

H(7) = [67(16) + 63) + 37%03]e57(701702) (3.27)

for T > 0. If 7 is sufficiently small for 2H(1) < 1, then the solution z(t) of the
SDE satisfies

E |o(t) — 2(35(0)) < —27)

< TH(T)E |z (t)]? (3.28)

for allt > 0.

This lemma can be proved in the same way as Lemma |3.3.1| was proved so we

omit the proof.

Theorem 3.4.4. Let Assumptions|3.4.1 and|3.4.2 hold. Assume that the following
LMIs

N
U, .= Ql + Q. F,G; + GZTF;TQZ + Z%J’Qj <0, ©1€58, (329)

j=1
have their solutions F; (i € S) in the case of feedback control (i.e. G;’s are given),

or their solutions G; in the case of output injection (i.e. F;’s are given). Set
— = Amax (Ui d 64= FiGi|)?
7= max e (Us) - and - 04 = max [|QiFG|

If 7 is sufficiently small for v > 2., where

N ,/%, (3.30)

then the solution of the SDE satisfies

A
E|z(t)]? < )\—M]E|x0|2e_9t, vt >0, (3.31)

where Ay = MaXies Amax(Qi), Am = Minjes Amin(Q:), H(T) has been defined in
Lemma[5.4.5 and

9
[ —l (3.32)
Am
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Proof. This theorem can be proved in a similar way as Theorem [3.3.2] was
proved so we only give the key steps. Applying the generalized It6 formula to

T (HQr(®)a(t) we get
A" (Q(r(1))a(t)]
— (2" OUr®)2()
20" QU (M) F(r())G(r () (a(t) — w(5(1))) ) dt
+dMs(t),

where M3(t) is a martingale with M3(0) = 0. Applying the generalized 1t6 formula
further to e®z7(t)Q(r(t))x(t), we can then obtain

A€ E |z(t)[?

t
<AE |z |* + / (OApr — 7)e"E |z(s)|ds
0

2608\/5 E (|z(s)]|z(s) — z(6(s))|)ds. (3.33)
But, by Lemma |3.4.3] we can show
51 E (|o(s)lle(s) — o(8(s))]) < 29, |o(s) P (3.34)
Substituting this into yields
Am€”E |2(t)]* < AME |zo|?,

which implies the desired assertion (3.31)). The proof is complete. O
To apply Theorem [3.4.4] we need two steps:

1 we first need to look for the 2N matrices Q; and Q; for Assumption m to
hold;

2 we then need to solve the LMIs in (3.29) for their solutions F; (or G;).

There are available computer softwares e.g. Matlab for step 2 so in the remaining
part of this section we will develop some ideas for step 1. To make our ideas more
clear, we will only consider the case of feedback control, but the same ideas work

for the case of output injection.
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In theory, it is flexible to use 2N matrices (); and Q; in Assumption m But,
in practice, it means more work to be done in finding these 2N matrices. It is in

this spirit that we introduce a stronger assumption.

Assumption 3.4.5. There are N + 1 symmetric n X n-matrices Z and Z; (i € S)
with Z > 0 such that

20 Z f(w,i,t) + g" (2,4, ) Zg(x,i,t) < 2”7 Zgx
for all (x,i,t) € R* xS x R,.

Under this assumption, if we let (); = ¢;Z and QZ = ¢;Z; for some positive numbers

¢i, then Assumption holds. Moreover, the LMIs in (3.29) become

N
QiZi -+ quF,,Gz -+ qu?FzTZ + Z%jqu < 0, 1€ S.

=1

If we set Y; := ¢;F;, then these become the following LMIs in ¢; and Y;:

N

j=1

We hence have the following corollary.

Corollary 3.4.6. Let Assumptions|3.4.5 and |3.4.2 hold. Assume that the LMIs
have their solutions ¢; > 0 and Y; (i € S). Then Theorem [3.4.4 holds by
setting Q; = ¢; 24, QZ = q;Z; and F; = qi_lY;. In other words, the controlled SDE
will be exponentially stable in mean square if we set Fy = q;'Y; and make
sure T > 0 be sufficiently small for v > 2,.

An even simpler (but in fact stronger) condition is:

Assumption 3.4.7. There are constants z; (i € S) such that
20" f(x,i,t) + g (x, i, 1) < zifaf”
for all (z,i,t) € R" x S x R..

Under this assumption, if we let Q; = ¢;I and Q; = ;21 for some positive numbers
q¢i, where I is the n x n identity matrix, then Assumption holds. Moreover,
the LMIs in ([3.29)) become

N
qizi[ -+ qusz + QZG?FlT —+ Z’Wj(]j] < O, 1€ S.

J=1
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If we set Y; := ¢;F;, then these become the following LMIs in ¢; and Y;:

N
Gzl +YiGi+ GV +> yiq,1 <0, i €S (3.36)

Jj=1

We hence have another corollary.

Corollary 3.4.8. Let Assumptions|3.4.7 and[3.4.9 hold. Assume that the LMIs
have their solutions ¢; > 0 and Y; (i € S). Then Theorem [3.4.4 holds by
setting Q; = ¢;1, Q: = ¢zl and F, = q;'Y;. In other words, the controlled SDE
will be exponentially stable in mean square if we set Fy = q;'Y; and make
sure T > 0 be sufficiently small for v > 2,.

3.5 Examples

Let us now discuss some examples to illustrate our theory.

Example 3.5.1. Let us first consider the same example as discussed in Mao [52],
namely the linear hybrid SDE

dx(t) = A(r(t)z(t)dt + B(r(t))z(t)dw(t) (3.37)

on t > to. Here w(t) is a scalar Brownian motion; r(¢) is a Markov chain on the

state space S = {1, 2} with the generator

-1 1
I' = ;

and the system matrices are

(1 1] [ 5 1]
Alz 7A2: 5

1 -5 | 11

(1 1] [ 1 1]
BIZ 732:

1 -1 | -1 1

The SDE ([3.37) may be regarded as a system which switches between two operation
modes, say mode 1 and mode 2, and the switching obeys the law of the Markov

chain, where in mode 1, the system evolves according to the SDE

dx(t) = Ayz(t)dt + Byx(t)dw(t),
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while in mode 2, according to the other SDE
dx(t) = Agx(t)dt + Box(t)dw(t).

The computer simulation (Figure 3.1) shows this hybrid SDE is not mean square
exponentially stable. (The simulation of the paths is sufficient to illustrate since
it is known that the mean square exponential stability implies the almost sure

exponential stability [62].)

r(®

1.0 1.4 1.8

x1(t)
o
1

0.0 1.0
T R T N N

x2(t)

—-1.5

Figure 3.1: Computer simulation of the paths of r(t), z1(¢) and x2(t) for the hybrid
SDE (3.37) using the Euler-Maruyama method with step size 1075 and initial values
r(0) =1, 1(0) = —2 and x2(0) = 1.

Let us now design a discrete-time-state feedback control to stabilize the system.

Assume that the controlled hybrid SDE has the form

da(t) = [A(r(t)x(t) + F(r(t)G(r(6)2(56(8)]dt
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+ B(r(t))a(t)dw(t), (3.38)

where

G =(1,0), Gs=(0,1).

Our aim here is to seek for F} and F, in R?*! and then make sure 7 is sufficiently

small for this controlled SDE to be exponentially stable in mean square. To apply
Corollary |3.3.3] we first find that the following LMIs

Qi ==QiA; +Y,Gi + AT Qi + GTY," + Bl Q, B;
2
+ZVUQJ <07 i:1727
j=1

have the following set of solutions (1 = Q)2 = I (the 2 x 2 identity matrix) and

0
—10 |’
and for these solutions we have
_ —16 0 _ —8 0
Ql - ) QQ - .
0 -8 0 —16

—A= ma:’g Amax(@i) = _87 MYG = H_H%)Q( ”Y;Gsz = 100.

=1,

—10

Yi= , Yy =

Hence, we have

To determine \,, we compute

My = 2742, Mg =2, Mp =100, Mqp = 100.

200K (1)
M=k ()

where K (7) = [67(27.427 + 2) 4 30072]e5(27427+2) Tt is easy to show that A > 2\,
whenever 7 < 0.0046. By Corollary [3.3.3] if we set F; = Y7 and Fy, = Y5, and
make sure that 7 < 0.0046, then the discrete-time-state feedback controlled hybrid
SDE is mean-square exponentially stable. The computer simulation (Figure
3.2) supports this result clearly. It should be pointed out that it is required for

Hence

7 < 0.0000308 in Mao [52], while applying our new theory we only need 7 < 0.0046.

In other words, our new theory has improved the existing result significantly.
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r(®
1.0 1.4 1.8
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0.0
I

x1(0)
-2.0 -1.0
L L !
o - ﬁ
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Figure 3.2: Computer simulation of the paths of (t), x1(t) and x2(t) for the controlled
hybrid SDE (3.38) with 7 = 1073 using the Euler-Maruyama method with step size
107% and initial values r(0) = 1, 21(0) = —2 and x5(0) = 1.

Example 3.5.2. Let us now discuss one more example, where we will not only
illustrate our theory but also explain a new concept which may motivate a further
research.

Let r(t), t > 0, be a right-continuous Markov chain on the probability space

taking values in the state space S = {1,2} with generator

r— —712 Y12 ’
Y21 —721
where both v15 > 0 and ~; > 0. Consider an unstable nonlinear hybrid SDE

dz(t) = f(x(t),r(t), t)dt + g(z(t),r(t),t)dw(t). (3.39)
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Here, f and g are both mappings from R" x S x R, to R™. This SDE may be
regarded as a system which switches between two operation modes, say mode 1
and mode 2, and the switching obeys the law of the Markov chain, where in mode

1, the system evolves according to the SDE

dx(t) = f(x(t), 1,t)dt + g(x(t), 1, t)dw(t),
while in mode 2, according to the other SDE

dx(t) = f(x(t),2,t)dt + g(x(t),2,t)dw(t).

Assume that in mode 1, the state z(¢) can be observed at discrete times (intermit-
tent time instants) but in mode 2, it is not observable. Therefore, we can design a
feedback control based on discrete-time observations of the state in mode 1, but we
cannot have a feedback control in mode 2. In terms of mathematics, the controlled
SDE is

dr(t) = [f(x(t),r(t),1) + F(r()G(r(t))z(6(t))ldt
+g(a(t), r(t), t)dw(t), (3.40)

where G; = I, the n X n identity matrix but Gy = 0. Given G5 = 0 we can
simply set F5, = 0. Hence, the stabilization problem becomes: can we find a matrix
Fy € R™" so that the controlled SDE becomes exponentially stable in mean
square?

To give a positive answer to the question, we assume that f and g obey As-
sumptions [3.4.2] and [3.4.5] To apply Corollary [3.4.6, we only need to look for the
solutions ¢1,q2 > 0 and Y; € R™*" to the following LMIs

G021+ IV + Y Z — o1 Z + 122 Z < 0 (3.41)
and
G2y + V2101 Z — V21022 < 0. (3.42)
It is easy to see from that we have to assume

Ly — ’}/212 < 0. (343)
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This means that the rate at which the system switches from the unobservable
mode 2 to the observable mode 1 should be sufficiently large. This is reasonable
because the system in mode 2 is not controllable while it is controllable (hence
stabilizable) in mode 1. Let us now choose ¢; = 1. Under condition (3.43)), we can

further choose

¢ > Amf(lj;;‘(_z)zz) (3.44)
for to hold. Finally, we can choose Y] to be symmetric for
QW2+ 221 — 20 Z + 2@l = —1, (3.45)
where [ is the n X n identity matrix. That is, we set
Vi =052 1 —q1Z1 +alqs — 2)Z), (3.46)

which guarantees ([3.41]). Let us summarize what we have so far: Under condition
(3.43), we can choose ¢; = 1 and ¢» sufficiently large for (3.44) to hold and then
compute Y; by (3.46) and set F} =Y.

To determine 7, we note that ds = 6, = || Fy||*.

We then compute

—7 = max Amax (Us),

=1,

where
Uy=—1, Uy=qZy+vyu(l —q@)Z.

Finally, make sure 7 > 0 is sufficiently small for 27, < =, where =, can be computed

by (3.30) and (3.27). Then, by Corollary [3.4.6, the controlled system (3.40) is

exponentially stable in mean square.

3.6 Summary

In this chapter we first show that unstable linear hybrid SDEs can be stabilized by
the linear feedback controls based on the discrete-time state observations. We then
generalize the theory to a class of nonlinear hybrid SDEs and release the condition
of coefficients from global Lipschitz condition to local Lipschitz and linear growth
conditions comparised with the results in [52]. Making full use of their special

features, we have established a better bound on 7 (because the bound for the
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duration in this chapter is larger that in [52] in the same example) and this is
supported particularly by Example 3.5.1 Of course, the bound on 7 obtained in
this chapter is certainly not optimal. We will further develop this result in the
next chapter.

The theory established works well for linear hybrid SDEs or a class of nonlin-

ear hybrid SDEs which satisfy Assumptions [3.4.1] and [3.4.2] These assumptions

are somehow restrictive. It is useful and interesting to replace these by weaker
conditions. Moreover, we assume in this thesis that the mode r(¢) is available
for all time although we only require the state z(¢) be available at discrete times.
This is the case, for example, when hybrid SDEs are used to model electric power

systems |79] and the evasive target tracking problem [63].
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Lyapunov Approach and More

types of Stability of Hybrid SDEs
by Feedback Control based on

Discrete-time state Observations

4.1 Introduction

Let us recall SDE (3.1)) and (3.2]) before starting this chapter. Previously, we have
investigated the following problem: Consider an unstable hybrid SDE ({3.1)

dz(t) = f(x(t),r(t), t)dt + g(x(t), r(t), t)dw(t),

where z(t) € R™ is the state, w(t) = (wi(t), - ,w,(t))? is an m-dimensional
Brownian motion, r(t) is a Markov chain with finite state space which represents
the system mode, and the SDE is in the Ito sense. Our aim is to design a feedback
control u(z([t/7]T),r(t),t) based on the discrete-time observations of the state x(t)

at times 0, 7,27, - - - so that the controlled system (3.2

dz(t) = (f(z(t),r(t), ) + w(z([t/7]7),r(t),t))dt
+ g(z(t), r(t), t)dw(t)

becomes stable, where 7 > 0 is a constant and [t/7] is the integer part of ¢/7.

48
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We also proved that under the local Lipschitz and linear growth condition, the
discrete-time-state feedback controlled system (|3.2)) is exponentially stable in mean
square provided duration 7 is sufficiently small. This is of course a very general
result. However, it is due to the general technique used there that the bound on
7 is not very sharp. In this chapter, we will use the method of the Lyapunov
functionals to study the stabilization problem. We will be able to improve the

bound on 7. The key features which differ from those in Chapter 3 are as follows:

e Chapter 3 has only discussed the stabilization in the sense of mean square
exponential stability. In this chapter, in addition to the mean square ex-
ponential stability, we will investigate the stabilization in the sense of H,
stability as well as asymptotic stability. We will not only consider the mean
square stability but also the almost sure stability, and the proof of the later

is much more technical than that of former (please see the proof of Theorem

below).

e The key technique in Mao [52] is to work directly on the discrete-time-
state feedback controlled system and then prove the stability of system
by making use of its main features. However, in this chapter, we will
study on the discrete-time-state feedback controlled system itself using
the method of the Lyapunov functionals. To cope with the mixture of the
continuous-time state x(¢) and the discrete-time state z([t/7]|7) in the same

system, we have developed some new techniques.

Let us begin to develop these new techniques and to establish our new theory.

4.2 Stabilization Problem
Consider an n-dimensional controlled hybrid SDE

dz(t) = (f(z(t),r(t),t) + w(x(6), r(t), 1)) dt + g(z(t), r(t), t)dw(t) (4.1)
on t > 0, with initial data z(0) = o € R" and (0) = ro € S at time zero. Here

fiu:R"xSxR, - R" and g¢g:R"xS xR, — R,
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while 7 > 0 and
& = [t/7]T, (4.2)

in which [t/7] is the integer part of ¢/7. Our aim here is to design the feedback
control u(x(d;),r(t),t) so that this controlled hybrid SDE becomes mean-square
asymptotically stable, though the given uncontrolled system

dx(t) = f(x(t),r(t), t)dt + g(x(t), r(t), t)dw(t) (4.3)

may not be stable. We observe that the feedback control u(x(d;), r(t), t) is designed
based on the discrete-time state observations z(0),x(7),z(27),---, though the
given hybrid SDE is of continuous-time. In this paper we impose the following
standing hypotheses.

Assumption 4.2.1. Assume that the coefficients f and g are all locally Lipschitz
continuous (see e.qg. [45-47,62]). Moreover, they satisfy the following linear growth

condition
|f(z,0,8)] < Kilz| and |g(z,i,t)] < Ks|z| (4.4)
for all (z,i,t) € R" x S x Ry, where both Ky and K, are positive numbers.
We observe that forces
f(0,4,t) =0, g(0,i,t) =0 (4.5)

for all (i,t) € S x Ry. This is of course for the stability purpose of this paper.
For a technical reason, we require a global Lipschitz condition on the controller

function u. More precisely, we impose the following hypothesis.

Assumption 4.2.2. Assume that there exists a positive constant K3 such that
u(z,i,t) —u(y,i,t)| < Kslz —y| (4.6)
for all (xz,y,i,t) € R" x R" x S x Ry. Moreover,
u(0,i,t) =0 (4.7)

for all (i,t) € S x R,.
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Once again, condition (4.7)) is for the stability purpose of this paper. We also
see that Assumption implies the following linear growth condition on the
controller function

lu(z,i,t)] < Ks|z| (4.8)
for all (z,i,t) € R" x S x R,.

We observe that equation is in fact a stochastic differential delay equation
(SDDE) with a bounded variable delay. Indeed, if we define the bounded variable
delay ¢ : [0,00) — [0, 7] by

Cty=t—kr forkr<t<(k+1t, £=0,1,2,---,
then equation ([4.1]) can be written as

dz(t) = (f(z(t),r(t),t) + w(z(t — (1)), r(t),t))dt + g(z(t),r(t), t)dw(t). (4.9)

It is therefore known (see e.g. [62]) that under Assumptions and [1.2.2] the
SDDE (4.9) (namely the controlled system (4.1))) has a unique solution z(¢) such
that E |z(t)]* < oo for all ¢ > 0. Of course, we should point out that equation
(4.9) is a special SDDE in the sense we need to know only the initial data x(0) and
r(0) at ¢ = 0 in order to determine the unique solution z(t) on ¢t > 0. However, if
we are given data z(s) and r(s) for some s € (k7, (k+1)7), we will not be able to
determine the solution z(¢) on ¢ > s unless we also know (k7).

The observation above also shows that the stability and stabilization problem
of equation can be regarded as the problem of the hybrid SDDE (4.9) with
a bounded variable delay. On the other hand, as far as the authors know, the
existing results on the stability of the hybrid SDDE require the bounded variable
delay be differentiable and the derivative be less than one (see e.g. [28, p.182]
or [62, p.285]). However, the bounded variable delay ((¢) defined above is not
differentiable when ¢ = k7, k = 1,2,---, while its derivative d((t)/dt = 1 for
t € ((k— 1)1,k7). Therefore, the existing results on the stability of the hybrid

SDDEs are not applicable here and we need to develop our new theory.

4.3 Asymptotic Stabilization

For our stabilization purpose related to the controlled system (2.1)) we will use

a Lyapunov functional on the segments Z; = {z(t +s) : =27 < s < 0} and
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e =A{r(t+s): —21 < s <0} fort > 0. For #; and 7; to be well defined for
0 <t <27, weset z(s) = x9 and r(s) = ry for =27 < s < 0. The Lyapunov

functional used in this chapter will be of the form
V (&, 74, t) = (t),r(t),t)

) =Ulx
Lo / / (71 F(@0). (), 0) + ({6, 7(0),0) 2 + [g(a(v), r(0). )] dvds
(4.10)

for t > 0, where 6 is a positive number to be determined later and we set

f(zyiy8) = f(x,4,0), w(z,i,s) =u(x,,0), g(x,i,8)= f(z,i,0)

for (z,i,s) € R" x S x [-271,0). Of course, the functional above uses r(u) only on
t —7 <wu <tso we could have defined 7, := {r(t +s) : —7 < s < 0}. But, to be
consistent with the definition of Z;, we define 7, as above and this does not lose
any generality. For Vi € S, we also require U € C*'(R" x R,; R,), the family of
non-negative functions U(z,i,t) defined on (x,i,t) € R™ x S x R, which are twice
continuously differentiable in z and once in t. For Vi € S, U € C*'(R" x Ry; R,),
let us define LU : R* x S x Ry — R by

LU (x,i,t) = Uyla,i,t) + Uy, i, )| f (x,3,1) + ulx,i,t)]
N

+ Ltrace[g” (, 4, ) Uy (2,4, t) g (2,4, )] + Z%]U(x,j, t), (4.11)
j=1
where
v 0U(z,1,1) o (OU(x,i,t) oU (z,1,t)
Up(z,1,t) = — Ug(z,i,t) = <5—$1’ . 78—%>7
and 52U ( )
) 1,1
Ural,,1) = (W)

Let us now impose a new assumption on U.

Assumption 4.3.1. Assume that there is a function Vi € S, U € C*'(R" x

R.;Ry) and two positive numbers Ay, Ao such that
LU(z,0,t) + M |Up(,4, )2 < —Xg|2|? (4.12)

for all (x,i,t) € R* xS x R,.
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Let us comment on this assumption. Condition (4.12)) implies
LU(z,i,t) < —Xo|z|?, (4.13)

which guarantees the asymptotic stability (in mean square etc.) of the controlled
system (3.2). In other words, the continuous-time feedback control u(x(t), r(t),t)
will stabilize the system. However, in order for the discrete-time feedback control
u(z(d;),7(t),t) to do the job, we need a slightly stronger condition, namely we
add a new term \;|U,(z,1,t)|* into the left-hand-side of to form (4.12). As
demonstrated in Sections 5 and 6 later, we will see this is quite easy to achieve by
choosing A; sufficiently small when the derivative vector U,(z,1,t) is bounded by

a linear function of . We can now state our first result.

Theorem 4.3.2. Let Assumptions and [£.3.1 hold. If 7 > 0 is suffi-

ciently small for

K2 1
Ao > —3[2r(K? 4+ 2K2) + K2 and T < —, (4.14)
A e

then the controlled system 18 Hy-stable in the sense that
/ E |2(s)|2ds < oo. (4.15)
0
for all initial data xo € R™ and ro € S.

Proof. Fix any xy € R" and 19 € S. Applying the generalized It6 formula (see
Theorem or [50,/62]) to the Lyapunov functional defined by (4.10)) yields

AV (g, 7o, t) = LV (&4, 70, t)dt + dM(2) (4.16)

for t > 0, where M(t) is a continuous martingale with A/(0) = 0 (the explicit form

of M(t) is of no use in this chapter so we do not state it here) and

LV (&4, 7, 1)
= Un(a(t),r(t), 1) + Un(2(t), (), )[f (2(), 7(1), 1) + u(2(5,),7(t), 1)]
+ gtracelg” (x(t), r(t), ) Use(2(8), (1), t)g(x(t), r(t), 1)]

N
+ Z 7r(t),jU(x(t)a ja t)
j=1
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+ 07 [T\f(x<t),r(t), £) +u(@(8,), r(t), ) + |g(x(t), r(t), t)|2]
— H/t_ [T|f($(8), r(s),s) +u(z(ds),r(s), 3)|2 + |g(z(s),r(s), S)’2] ds.  (4.17)

To see why (4.16)) holds, we regard the solution z(t) of equation (4.1)) as an Ito6
process and apply the generalized It formula to U(z(t),r(t),t) to get

dU (x(t),r(t),t) = (Ut(l’(t), r(t),8) + Up((t), (), O1f (2(2), (1), 1) + u(z(dr), (1), 1)]

+ gtracelg” (2(t), r(t), ) Usa (2(t), r(t), ) g (t), (1), 1))

N
+ 3 vy U (t), 4. t))dt +dM(t).
j=1
On the other hand, the fundamental theory of calculus shows

A [ [ 0.0+ uwl6, ) 0+ latelo),r0), 0 aves)

= ([ @@, 7@, 0) + u(@@), 7@, D + lg((t), (1), )]

- / 71 (s), (), ) + ula(6,), (), ) + gl (s), v(s), )2 ds ) dt.
Combining these two equalities gives (4.16).

Recalling ({4.11)), we can re-write as

LV (&4, 74, 1)

= LU(2(t),7(8),£) = Up(a(t), 7(8), Ol (t), r(), 1) = ulw (), 7(6), )

07 |71 f ((8), (1), 1) + ulw(@), 7 (1), DI + lg(a(t), r(), )

=0 [ [, r69,9) + 660, + (o) r5) ) s (419
But, by Assumption [4.2.2]

= Ualw(t),r(0), )u(a(t), 7(2), 1) = u((0), (1), 1)
<\|U(z(t),7(t),1)]* + 4%1|u(x(t),r(t),t) —u(z(8,),r(t), t)]?

MU (), (1), D) + %mw (S (4.19)

Moreover, by Assumptions [4.2.1] and [4.2.2, we have

07 [ 717 (1), 7, 1) + u(@(6), (D), O + g (), r(8), )
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<or [27(K2a(t)? + K3la(6)[?) + K3|o(t)
<OT[27 (K + 2K3) + K3]|o(t)|* + 4072 K2 |z (t) — 2(5,)|°. (4.20)
Substituting (4.19) and (4.20]) yields
LV (24,74, t) < LU(z(t), 7(t), 1) + M|U(z(2), r(t), ) [?

2
+07[27(K7 + 2K3) + K3]|=(t)|* + (ﬁ + 4972K§> |z(t) — x(6)

4)\1
=0 [ [rIF (). r(5).8) (o), 7(5).5) + lgla(s) (). ) s
(4.21)
It then follows from and Assumption that
LV (24,7, 1) < =A|z(t)]* + (4% + 4972K§) lz(t) — 2(0,)]?
- H/t_ [Tlf(w(s), r(s),s) + u(@(d), (s), s)* + |g(x(s),7(s), s)|2] ds,
(4.22)
where
A= A0,7) =\ — O7[27(K} + 2K3) + K2). (4.23)

Noting that ¢t — §; < 7 for all t > 0, we can show easily from (4.1]) that
E|z(t) — x(5;)]"

<R / TIf (), (), ) + ulw(@),7(s), ) + lgla(s), r(s), )| ds. (4.24)

Ot

Let us now choose

K2 1
f=-—2 and 7<—. 4.2
N and 7 < e (4.25)
It then follows from (4.22)) and (4.24)) that
E (LV (2,7, 1)) < —AE|2(1)]?, (4.26)

and by condition (4.14]) we have A > 0. By (4.16)), we hence have

t
E (V(3y,#1,8)) < C1 — )\/ E |(s)|2ds, (4.27)
0
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for t > 0, where

C1 = V(Zo,70,0)
= U(xg,10,0) + 0.5072 [T|f($o77“o, 0) + (o, ro, 0)|* + [g(z0, 70, 0)|*|, (4.28)

so (1 is a positive number. It follows from (4.27) immediately that

/ E |2(s)|ds < Ci/\
0

This implies the desired assertion (4.15). [
In general, it does not follow from (4.15) that lim; . E (|z(¢)|*) = 0. But, in

our case, this is possible. We state this as our second result.

Theorem 4.3.3. Under the same assumptions of Theorem [{.3.9, the solution of
the controlled system satisfies
lim E |z(t)]* = 0

t—o00

for all initial data ©y € R™ and ro € S. That is, the controlled system S

asymptotically stable in mean square.

Proof. Again, fix any xq € R" and rg € S. By the Ito formula, we have

t

E (Jo(0)) = bl + B | (20()/(a(5),r(5):5) + u(a(6), () 5)) + lala(s),r(s). )

0

for all t > 0. By Assumptions 4.2.1] and 4.2.2] it is easy to show that

E|z(t)|* < |zo|* + O/o E|x(s)|*ds + C’/O E|z(s) — z(5,)|*ds, (4.29)

where, and in the remaining part of this chapter, C' denotes a positive constant
that may change from line to line but its special form is of no use. For any s > 0,

there is a unique integer v > 0 for s € [vT, (v + 1)7). Moreover, ¢, = vt for

z € v, s]. It follows from (4.1]) that

x(s) — x(ds) = x(s) — x(vT)

Z/S[f(fr(Z)aT(Z)aZ)+U(x(v7),r(2),2)]dZ+/ g(x(2),7(2), 2)dw(z).

T vT

By Assumptions 4.2.1} and |4.2.2] we can then derive

E|z(s) — x(0,)[*
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§3(7’K12 + K22) / E |x(z)|2dz + 372K§E |x(v7‘)|2

vT

<3(TK{ + K3) /5 E |a(z)"dz + 67 K3 (E o(s)* + Bla(s) — z(6,)[).

Noting that 672 K3 < 1 by condition (4.14)), we hence have

3(TK? + K3 672K32

E|z(s) — x(5,)]> < ) /:E |z(2)2dz + TTQK??E lz(s)[2. (4.30)

- 1-672K3
Substituting this into (4.29)) yields

t t S
E |z(t)? < |x0\2+0/ ]E|x(s)]2ds+0/ / E |()2dzds. (4.31)
0 0 Jis

But, it is easy to derive that

t s t s
/ / E|z(z)|*dzds < / / E|z(2)|*dzds
0 Jis 0 Js—7

t z+ t
§/ E|x(z)|2/ dsszT/ E|z(2)|*dz.

Substituting this into and then applying Theorem , we obtain that
Elz(t)?<C Vt>0. (4.32)
By the Ito6 formula, we have
E|z(t2)]* — Ela(ty)]”

—E / 2 (zx(t)[f(x(t),r(t), t) +u(z(8,), (1), )] + |g(z(t), r(t), t)|2> gt

t1

for any 0 < t; <ty < oco. Using (4.32)) and Assumptions [4.2.1] and |4.2.2, we can
then easily show that

[E |2(t2)]* = Ela(t)[*] < C(t2 — ta).

That is, E |z(¢)|? is uniformly continuous in ¢ on R,. It then follows from (4.15))
that limy .. E|z(¢)|? = 0 as required. [
In general, we cannot imply lim; ., |z(t)] = 0 a.s. from lim; ., E (|z(¢)]?) = 0.

But, in our case, this is once again possible. We state this as our third result.
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Theorem 4.3.4. Under the same assumptions of Theorem[{.3.9, the solution of
the controlled system satisfies

lim z(t) =0 a.s.
t—o00

for all initial data xy € R™ and ro € S. That is, the controlled system S

almost surely asymptotically stable.

Proof. The proof is very technical so we divide it into three steps.
Step 1. Again we fix any xg € R" and ry € S. It follows from Theorem {4.3.3

and the well known Fubini theorem that
E / lz(t)]dt < oo. (4.33)
0

This implies
/ lz(t)]2dt < 00 a.s.
0

We must therefore have

llgg}f lz(t)] =0 a.s. (4.34)
We now claim that
lim |z(t)] =0 a.s. (4.35)
t—o00

If this is false, then
]P’(limsup |z (t)] > 0) >0

t—o00

We hence can find a positive number ¢, sufficiently small, for
P() > 3e, (4.36)

where

0 = {limsup |z (t)] > 25}.

t—o0
Step 2. Let h > |zo| be a number. Define the stopping time
Br =inf{t > 0: |z(t)| > h},

where throughout this chapter we set inf ) = oo (in which () denotes the empty set

as usual). Then, by the Ito formula, we have

E|z(tV B)?
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vy,
= |zof? + E / (20(5)1f (2(5), 7(5), ) + u(@(6),7(5), 9)] + gl (s),7(s), ) )t

for all ¢ > 0. By Assumptions [4.2.1| and |4.2.2| as well as Theorem [4.3.2} it is easy
to show that

Elz(tV B < C.

Hence
RP(B, <t) < C.

Letting ¢ — oo and then choosing h sufficiently large, we get

P(6h<00) < ¢

ﬁgé‘.

This implies
P(Qs) > 1 —¢, (4.37)

where
Qo ={]z(t)| < h for all 0 <t < oo}.

It then follows easily from (4.36)) and (4.37)) that

Step 3. Define a sequence of stopping times:

ap = inf{t >0: |z(t)]* > 2¢},
Oégi:inf{tza%,l : ‘l’(t)‘z §€}, 1= 1,2,"' s

A1 = mf{t Z ;. |Jf(t)|2 Z 25}, 1= 1, 2, e

We observe from (4.34]) and the definitions of ; and €5 that ao; < oo whenever

Q9;_1 < 00, and moreover,

fr(w) = oo and «;(w) < oo for all i > 1 whenever w € Qy N Qs. (4.39)

By (4.33)), we derive
00> [ et = Y B (o scmsim |

>} E <I{a2i71<ooﬁhzoo} louns — az,-_l]>. (4.40)

i=1

a24

\x(t)\Zdt)

2¢—1
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Let use now define

F(t) = f(x(t), r(t),t) + u(x(d), 7(t),t) and  G(t) = g(x(t), r(t),1)

for t > 0. By Assumptions 4.2.1] and 4.2.2], we see that

IFOPVIGH)P? <K, Vt>0

whenever |z(t) V |z(d;)| < h (in particular, for w € ), where K}, is a positive
constant. By the Holder inequality and the Doob martingale inequality, we then
derive that, for any 7" > 0,

E (L{pyvan1<oe) S0P |28 V (it +1) = 2(8 V i) )

0<t<T
BrV(c2i—1+t) 2
/ F(s)ds| )
8

nVagi—1

BrV(c2i—1+t) 2
/ G(s)dw(s)‘ )
B

SQE <I{Bh\/a2i_1<oo} sup
0<t<T

+2E <[{5h\/0427;71 <oco} SUP

0<i<T rVa2i—1

BrV(a2i—1+T)

<OTE (Ipon st | P ()[ds)

BrVagi_1
BrV(a2i—1+T)

+8E (I voa 1< / G(s)Pds)

BrVaozi—1

<2K,T(T + 4). (4.41)
Let 6 = ¢/(2h). It is easy to see that
l|2|> = |y| < & whenever |z —y| <0, |z| V|y| < h. (4.42)

Choose T sufficiently small for

2K,T(T +4)
It then follows from (4.41]) that

P({Bh Voagi_1 < oo} N { sup |z(Bn V (agi—1 + 1)) — x(Br V agi—1)| > 9})

0<t<T
2K, T(T +4)
< — e

Therefore

<eE.

]P’({agi,l < 00, fp =00} N { sup |z(agi—1 +1) — x(agi_1)| > 0})

0<t<T
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Z]P’({ﬂh V agi—1 < 00, B, = 00} N { sup |x(Br V (agim1 +1)) — 2(Br V agi—1)| > 9})

0<t<T

SP({ﬁh V g1 < 00} N { sup [z(Bp V (g1 +1)) — 2(Bn V agi—1)| > 9})

0<t<T

<e.

Using (4.38) and (4.39)), we then have

P({agi_l < 00, =00} N { sup |z(agiq +1) — x(agi_1)| < 9})

0<t<T
:]P)({Oémfl < 00, Bh = OO})
—IP)<{O{QZ‘_1 < 00, =00} N { sup |z(agi1 +1t) — x(agi_1)| > 9})

0<t<T
> —e=¢.
By (4.42), we get

P({Oﬂz‘fl < 00, B = 00} N { sup ||z (g1 +1)]? = z(agi1)]?] < 5})

0<t<T
Z]P({Oézzq < 00, =00} N { sup |z(agi—1 +1) — x(agi—1)| < 9})
0<t<T
>e. (4.44)
Set
Q) = { sup ||@(ami_1 +1))* — |z(an_1) ] < 5}.
0<t<T
Note that

QQZ‘(CU) — agi_l(w) >T ifwe {OZQi_l < 00, ﬂh = OO} N Qz
Using (4.40) and (4.44]), we finally derive that

00 > ¢ ZE (I{a2i—1<w,ﬂh:w}[a2i - 0421'—1])

=1

00
Z € Z E <[{042¢71<oo,,8h:oo}mﬂi [(1/2@- - 0421'71])

i=1

> €Tip<{a2il < 00, =00} N QZ)

i=1

> €TZE = 00, (4.45)
=1

which is a contradiction. Hence, (4.35) must hold. The proof is complete. [
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4.4 Exponential Stabilization

In the previous section, we have discussed various asymptotic stabilities by feed-
back controls based on discrete-time state observations. However, all these stabil-
ities do not reveal the rate at which the solution tends to zero. In this section, we
will discuss the exponential stabilization by feedback controls. For this purpose,

we need to impose another condition.

Assumption 4.4.1. Assume that there is a pair of positive numbers ¢, and co
such that
alrf* < U(z,i,t) < colz)? (4.46)

for all (z,i,t) € R" x S x R..

The following theorem shows that the controlled system (4.1]) can be stabilized

in the sense of both mean square and almost sure exponential stability.

Theorem 4.4.2. Let Assumptions[].2.1, [/.2.2,[/.3.1 and [/.4.1| hold. Let T > 0
be sufficiently small for to hold and set

K2
0:)\—3 and X=Xy — O7[27(K} + 2K3) + K3
1

(so A >0). Then the solution of the controlled system satisfies

1
lim sup — log(E |z(t)|?) < —v (4.47)
t—o0 t
and
: 1 g
limsup —log(|z(t)|) < —= a.s. (4.48)
t—o0 t 2

for all initial data xo € R™ and ro € S, where v > 0 s the unique root to the
following equation
27ve* ™ (Hy + 7Hy) + vez = A, (4.49)

in which

2478 K3 _ 1207°K3 (7K} + K3)

_ 2 2 2

. (4.50)

Proof. By the generalized 1t6 formula, we have

t
E [evt‘/<£ta f’ta t):l - V(in) 7;07 t) + E / efyz [VV('QA:.Z’ 722’7 Z) + LV('Z%'Z7 ,flz’ Z)]dz
0
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for t > 0. Using (4.26)), (4.28)) and (4.46), we get
t
ce’'E|z(t)]* < C +/ e WVE (V (2., 7., 2)) — AE |2(2)|*]d=. (4.51)
0
Define

V(i 7o, t) 1= 9/; /: [717@w). r(0). ) + u(@(6,).7(0).0) + g((w). r(v),v)]] dvds.

(4.52)
By (4.10) and (4.46)), we then have
E(V(2.,7.,2) < aE|z(2)? + E(V (2., 7., 2)). (4.53)

Moreover, by Assumptions 4.2.1 and 4.2.2]

B(V(beis2) <07 [ (20K + KHE[o0) + 20 K3E [o(0,) o
< 67 / [(2T(Kf +2K2) + K2)E|x(v)|? + 47 K2E |2(v) — x(&v)ﬂ dv. (4.54)

By Theorem [4.3.2) we see that E (V(&.,7.,2)) is bounded on z € [0,27]. For
z > 27, by (4.30]), we have

E(V(2.,7.,2)) < Hl/ E|z(v)[*dv + Hg/ / E|z(y)[*dydv. (4.55)
2—T 2—1 J 0y
where both H; and Hs have been defined by (4.50)). But

/ / E |a(y)Pdydv < / / E |2(y)Pdydo < / E |2(y)dy.
z2—7 J 8y z—17 Ju—T 2—2T

We hence have
E (V (s, 7, 2)) < (Hy + 7Ho) / E |(y)dy. (4.56)
z2—2T

Substituting this into (4.53) and then putting the resulting inequality further to
(4.51)), we get that, for ¢t > 27,

t

c1e"'E|z(t)]* <C + ~v(Hy + 7H,) / 67z</ E |x(y)|2dy> dz
27 z—21

- (A= 702)/0 e E |z(2)|*d=. (4.57)
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But

t z t y+271 t
/ e“’z</ E |a:(y)|2dy> dz < / E \x(y)\2</ e”*zdz> dy < 27'62”/ EVE |2 (y)|*dy.
2 2—2T 0 Y 0

T

Substituting this into (4.57)) yields
t
c1e"E |z(t)]* < C + (27762”([{1 + 7Hs) + yep — /\> / ¢VE |z(2)|*dz.  (4.58)
0

Recalling (4.49), we see
cile"Elx(t))? < C Vvt > 27 (4.59)

The assertion (4.47) follows immediately. Finally by [62, Theorem 8.8 on page
309], we can obtain the another assertion (4.48]) from (4.59). The proof is therefore
complete. [1.

4.5 Corollaries

The use of our theorems established in the previous two sections depends on As-
sumptions [4.2.1] [4.2.2] [4.3.1] and £.4.1]] Among these, Assumption [4.3.1] is the
critical one as the others can be verified easily. In other words, it is critical if we
can design a control function u(z,,t) which satisfies Assumption so that we
can then further find a Lyapunov function U(z,,t) that fulfills Assumption .

It is known that the stabilization problem by the continuous-time (regu-
lar) feedback control has been discussed by several authors e.g. [30,57,61]. That

is, to a certain degree, we know how to design a control function u(z,%,t) which
satisfies Assumption so that we can then further find a Lyapunov function
U(z,i,t) that obeys (4.13). If the derivative vector U,(z,4,t) of this Lyapunov
function is bounded by a linear function of x, we can then verify Assumption

4.3.1. This motivates us to propose the following alternative assumption.

Assumption 4.5.1. Assume that there is a function U € C**(R" x S x Ry; Ry)

and two positive numbers Az, Ay such that
LU(z,i,t) < —As|z|? (4.60)

and
|Us (2,4, t)| < M|z (4.61)

for all (x,i,t) € R* xS x R;.
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In this case, if we choose a positive number \; < A3/A3, then
LU(z,i,t) + M|Up(2,3,8) 2 < —(A3 — M AD)|z]? (4.62)

But this is the desired condition (4.12) if we set Ay = A3 — A A%, In other words,
we have shown that Assumption implies Assumption £.3.1] The following

corollary is therefore clear.

Corollary 4.5.2. All the theorems in Sections 3 and 4 hold if Assumption [{.3.1]
is replaced by Assumption [{.5.1]

In practice, we often use the quadratic functions as the Lyapunov functions.
That is, we use U(x,4,t) = 27 Q;z, where Q;’s are all symmetric positive-definite
n X n matrices. In this case, Assumption holds automatically with ¢; =
Min;es Amin(Qi) and ¢ = max;ecs Amax(Q;). Moreover, condition holds as
well with Ay = 2max;es ||@Q;]|. So all we need is to find @;’s for to hold.

This motivate us to propose the following another assumption.

Assumption 4.5.3. Assume that there are symmetric positive-definite matrices

Q; € RV (i € S) and a positive number A3 such that
207 Qi f (w,i,t) + u(x,i,t)] + tracelg” (x,4,t)Qi(x, i, t)g(z,i,1)]

N
+ Yyt Qe < el (4.63)

j=1
for all (z,i,t) € R" x S x R..
The following corollary follows immediately from Theorem [4.4.2]
Corollary 4.5.4. Let Assumptions and[{.5.5 Set
€1 = i Ain (Q3), 2 = MAX Ao (Q3), Ao = 2max || Q4]

Choose A1 < A3/\% and then set Ay = A3 — M A3, Let 7 > 0 be sufficiently small
for to hold and set

,_ K
At

(so A > 0). Then the assertions of Theorem hold.

and N = Xy — O7[27(K? 4+ 2K2) + K2]
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4.6 Examples

Let us now discuss some examples to illustrate our theory.

Example 4.6.1. We first consider the same example as discussed in Mao [52],
namely the linear hybrid SDE

de(t) = A(r(t)a(t)dt + B(r(t))z(t)dw(t) (4.64)

on t > to. Here w(t) is a scalar Brownian motion; r(¢) is a Markov chain on the

state space S = {1,2} with the generator

-1 1
I'= ;

and the system matrices are

(1 —1] 5 -1 ]
Alz 7A2: )

1 -5 | 11

(1 1] [ -1 -1 ]
BIZ 732:

1 -1 | -1 1]

The computer simulation (Figure 4.1) shows this hybrid SDE is not almost surely
exponentially stable.

Let us now design a discrete-time-state feedback control to stabilize the system.
Assume that the controlled hybrid SDE has the form

da(t) = [A(r(t)z(t) + F(r(t))G(r(t))x(0;)]dt
+ B(r(t))x(t)dw(t), (4.65)

namely, our controller function has the form wu(z,i,t) = F;G;z. Here, we assume
that
G = (170)7 Gy = (Oa 1)7

and our aim is to seek for F} and F, in R?*! and then make sure 7 is sufficiently
small for this controlled SDE to be exponentially stable in mean square and almost
surely as well. To apply Corollary [£.5.4] we observe that Assumptions and
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Figure 4.1: Computer simulation of the paths of (), x1(t) and x5(¢) for the hybrid
SDE (4.64) using the Euler-Maruyama method with step size 1075 and initial values
r(0) =1, 1(0) = —2 and x2(0) = 1.

hold with K; = 5.236 and K, = v/2. We need to verify Assumption It
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is easy to see the left-hand-side term of (4.63)) becomes 27 Q;x (i = 1,2), where

2
Qi = Qi(Ai + FGy) + (A} + GT F)Qi + B} QiB; + Z%j@j'

j=1

Let us now choose Q1 = Q2 = I (the 2 x 2 identity matrix) and

0
~10 |

_ —16 0 ~ -8 0
Q1= ;o Q= :
0 -8 0 —16
Hence, 27Q;z < —8|z|?>. In other words, (4.63) holds with A3 = 8. It is also
easy to verify that Assumptions and hold with K; = 5.236, K3 = 10

and K, = v/2. We further compute the parameters specified in Corollary [4.5.4¢
c1 = co =1 and Ay = 2. Choosing A\ = 1, we then have Ay = 4. Consequently,

condition (4.14) becomes

4> 2007(227.42r + 1), 7 < 1/40.

—10
0

F1: ) F2:

We then have

These hold as long as 7 < 0.0074. By Corollary [£.5.4], if we set F; as above and
make sure that 7 < 0.0074, then the discrete-time-state feedback controlled hybrid
SDE is exponentially stable in mean square and almost surely as well. The
computer simulation (Figure 4.2) supports this result clearly. It should be pointed
out that it is required for 7 < 0.0000308 in Mao [52|, while applying our new
theory we only need 7 < 0.0074. In other words, our new theory has improved the

existing result significantly.

Example 4.6.2. Let us now return to the nonlinear uncontrolled system (4.3)).
Given that its coefficients satisfy the linear growth condition (4.4), we consider
a linear controller function of the form u(z,i,t) = A;x, where A; € R™™ for all
1 € S. That is, the controlled hybrid SDE has the form

dz(t) = (f(z(t), r(t), ) + Aryx(6e) ) dt + g(x(t),r(t), t)dw(2). (4.66)

We observe that Assumption holds with K3 = max;eg ||A;]]. Let us now
establish Assumption in order to apply Corollary We choose Q; = ¢,
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1.8

r(t)

1.4

0.0
|

x1(t)
1.0
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1.0

x2(t)

-05 0.0 05

Figure 4.2: Computer simulation of the paths of r(¢), x1(¢) and z2(t) for the controlled
hybrid SDE (4.65) with 7 = 10~3 using the Euler-Maruyama method with step size
1076 and initial values r(0) = 1, 21(0) = —2 and z2(0) = 1.

where ¢; > 0 and [ is the n x n identity matrix. We estimate the right-hand-side
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of (T5Y:

N
207 Qi f (z,4,t) + u(w,i,t)] + tracelg” (z,4,t)Qy(x, i, t)g(w,,t)] + Z Y2 Qj

j=1
N
< (2K + K3)|2* + 22" A + Z%’j%’|$|2
j=1
N
j=1
We now assume that the following linear matrix inequalities
N
62K, + KD+ Y, + Y+ 50,1 <0 (4.68)

j=1

have their solutions of ¢; > 0 and Y; € R (i € S). Set A; = ¢;'Y; and

N
—)\3 = maSX )\max <q1<2K1 + Kg)[ + Y; + Y;T + Z ’m%]) . (469)
1€
j=1
We then see Assumption is satisfied. The corresponding parameters in Co-
rollary becomes

c1 =ming;, ¢ =maxgq;, N4 = 2Cs.
i€S i€S

Choose A\; < A3/A? and then set Ay = X3 — A\ A2, Let 7 > 0 be sufficiently
small for (4.14)) to hold. Then, by Corollary {4.5.4] the controlled system (4.66) is

exponentially stable in mean square and almost surely as well.

4.7 Summary

In this chapter we have discussed the stabilization of continuous-time hybrid
stochastic differential equations by feedback controls based on discrete-time state
observations. The stabilities discussed in this chapter includes exponential stabil-
ity and asymptotic stability, in both mean square and almost sure sense, as well
as the H,, stability. One of the significant contributions here is the better bound
obtained on the duration 7 between two consecutive state observations. This is

achieved by the method of Lyapunov functionals.
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Stabilization of hybrid systems by
feedback control based on
discrete-time state and mode

observations

5.1 Introduction

The regular problem of stabilization is stated as following: designing a control
function u(x(t),r(t),t) which usually appears in the drift part such that the con-
trolled system ((3.3))

dx(t) =[f(x(t),r(t),t) + u(x(t), r(t), t)]dt
+  g(x(t),r(t), t)dw(t)

will be stable though the original system (3.1) with w(z(t),r(t),t) = 0 is un-
stable, where t > 0, r(t) is a Markov chain, z(t) € R" is the state, w(t) =
(wy(t), - ,wm(t))T is an m-dimensional Brownian motion and the SDE is in the
Ito sense.

Wang et al. in [81] designed a state feedback controller to stabilize bilinear
uncertain time-delay stochastic systems with Markovian jumping parameters in
mean square sense. In [27], the problem of almost sure exponential stabilization

of stochastic systems by state-feedback control had been discussed. A robust

71
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delayed-state-feedback controller that exponentially stabilizes uncertain stochastic
systems was proposed in [38]. Tt is observed that the state feedback controllers in
these papers require continuous observations of the system state x(t) for all time
t > to. Recently, Mao [52] first proposed to design a discrete-time feedback control
w(z(0(t, tg, 7)), r(t),t) in order to make the controlled system

dx(t) =[f(x(t),r(t),t) + u(x(d(t, to, 7)), 7(t), t)|dt

(5.1)
+g(x(t), r(t), t)dw(t)
become exponentially stable in mean square. Here 7 > 0 is a constant and
5(t,t0,7’) :t0+ [(t—to)/T]T, (52)

in which [(t — t9)/7] is the integer part of (t — tp)/7. This problem has been
studied further more in Chapter 3 and 4. The advantage of such a discrete-time
feedback control has been discussed in Chapter 3 as well. Despite all this, we
can still try a further step. We find that the feedback control in Mao [52] and
the previous two chapters is based on the discrete-time observations of the state
x(to + k7)(k = 0,1,2,---) but still depends on the continuous-time observations
of the mode r(t) on t > to. This is perfectly fine if the mode of the system can be
fully observed at no cost. However, it usually costs to identify the current mode
of the system in practice. So we can further improve the control to reduce the
control cost by identifying the mode at discrete times when we make observations
for the state. [31] supports our idea. In addition, we want to point out that
there is significant difference between the feedback control based on discrete-time
state observations and mode observations, i.e. x([t/7]7) and r([t/7|T). Because
z([t/T]T) tends to z(t) when 7 tends to zero, while r([t/7]7) may not tends to r(t)
as a jumping process when 7 tends to zero. Therefore, in this chapter, we will

consider an n-dimensional controlled hybrid system

da(t) =[f (x(t), (1), )
+ u(z(6(t, to, 7)), r(6(t, to, 7), t)]dt (5.3)
+ g(z(t), r(t), t)dw(t)
on t > ty, where our new feedback control is based on the discrete observations
of state x(to + k7) and mode r(ty + k7).
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Due to the difficulties arisen from the discrete-time Markov chain r(tg + k7),
the analysis in this chapter will be much more complicated in comparison with the

related previous chapters and new techniques will be developed.

5.2 Problem Statement
Consider an n-dimensional uncontrolled unstable linear hybrid SDE

da(t) = A(r(®)a(t)dt + Y Bi(r(t))x(t)dwy (1) (5.4)

on t > 0, with initial data x(0) = 9 € L% (R"). Here A, By : S — R™" and
we will often write A(i) = A; and By(i) = By;. Now we are required to design
a feedback control u(z(0(t)),7(5(t))) based on the discrete-time state and mode
observations in the drift part so that the controlled linear SDE

da(t) =[A(r(1))x(t) + u(z(5(t)), 7(5(¢)))]dt

Y 5.5
+ 57 Bulr())x(t)dw (1) (5.5)

will be mean-square exponentially stable, where v is a mapping from R" x S to
R", 7> 0 and

§(t) =[t/7]r fort >0, (5.6)

in which [¢/7] is the integer part of t/7. As the given SDE is linear, it is
natural to use a linear feedback control. One of the most common linear feedback
controls is the structure control of the form u(z,i) = F(i)G(i)x, where F' and G
are mappings from S to R™*! and R'*", respectively, and one of them is given

while the other needs to be designed. These two cases are known as:

o State feedback: design F() when G(-) is given;
e Output injection: design G(-) when F(-) is given.
Again, we will often write F(i) = F, and G(i) = G;. Then the controlled system
becomes
d(t) =[A(r(t))2(t) + F(r(6(1)))G(r(0(2)))x(5(¢))]dt
3 B )t 1), o

k=1
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It is observed that equation (5.7 is in fact a stochastic differential delay equation
(SDDE) with a bounded variable delay(see e.g. [52]). So equation ({5.7) has a
unique solution z(¢) such that E |z(¢)|* < oo for all £ > 0 (see e.g. [62]).

5.3 Stabilization of linear hybrid SDEs

We will first denote F'(r(0(¢)))G(r(6(t))) = D(r(6(t))) and discuss the stability of
the following hybrid stochastic system

da(t) =[A(r(t))x(t) + D(r(6(1)))x(3(t))]dt

3 5.8
+ 3 Bi(r()z(t)dw(t) (5.8)

k=1

in this section. And then design either G(-) given F'(-) or F(-) given G(-) in order
for the controlled SDE ([5.7) to be stable.

Let us first give two lemmas for preparation.
Lemma 5.3.1. Let z(t) be the solution of system (5.8). Set

_ 12 _ 2
My = max|| A%, Mp = max|[|Di[%

_ 112
Mp = T?e%}gxz || Bl
k=1
and define
K(1) = [67(T M4 + Mp) + 372 Mp)eS("MatMs) (5.9)

for T > 0. If T is small enough for 2K(7) < 1, then for any t > 0,

2K (1)

E|z(t) — 2(6(t))]* < T2k (7)

E|z(t)* (5.10)

Proof. Fix any integer v > 0. For t € [vr, (v + 1)7), we have §(t) = v7. It follows
from (5.8) that
w(t) — x(5(t)) =x(t) — x(vr)

_ / [A(r())2(s) + D(r(vr)a(vr)]ds

T
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+3 | Bttt

Using the fundamental inequality |a + b + c|* < 3|a|* + 3|b]* + 3|c|* as well as

Holder's inequality and Doob’s martingale inequality, we can then derive
t

E |2(t) — 2(5(0)|2 <3(rM + MB)/ E |2(s)[2ds

+372MpE |z(vr)?
t

<6(TM, + MB)/ E|z(s) — 2(5(s))|*ds

T

+[67(TMa + Mp) + 37> Mp]E |z (vT)|?.

By the well-known Gronwall inequality, we have
E|z(t) — 2(3(t)]* < K(7)E |2(vr) [
Consequently
Ef2(t) - 2(0(6))* < 2K (7)(Ela(t) — 2(6()1* + E (1) ).

This implies that holds for t € [vT, (v + 1)7). But v > 0 is arbitrary, so the
desired assertion ([5.10) must hold for all ¢ > 0. The proof is complete. [
Lemma 5.3.2. For anyt > 0,v >0 andi € S,

P(r(s) # i for some s € [t,t + v]|r(t) = 1)

<l-—e, (5.11)
in which

7 = max(—7;)- (5.12)
Proof. Given r(t) = i, define the stopping time
pi = inf{s >t :r(s) # i},

where and throughout this chapter we set inf ) = oo (in which () denotes the
empty set as usual). It is well known (see e.g. [62]) that p; — ¢ has the exponential

distribution with parameter —v;;. Hence

P(r(s) # i for some s € [t,t + v]|r(t) = 1)
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:]P)(pi —t< U|7“(t) = Z) = / _%ie%’isds
0

=1—e"" <1 —e "

as desired. [

We now state the main result on the exponential stability in mean-square of

system (3.1).

Theorem 5.3.3. If there exist positive definite symmetric matrices Q(i) = Q;,
1 €5, such that

Qi) = Qi :=Qi(Ai + D;) + (Ai + D;)" Q;
m N
+ Z BIZ;QZBM + Z 'Yiij (513)
k=1 j=1
are all negative-definite matrices. Set
Mop = max |Q:Dil°,  Np = max ||D; — Di
and — \:= max Amax(@i)
(of course A > 0). If T is sufficiently small for X\ > 2\, + 2Xpr ., where
ZMQDK(T) 2Np(1 — 6_:/7—)
A = g | ZEQDNT) o , 5.14
V1o2x() ¥ 1— 2K (1) (5.14)

then the solution of the SDE @ satisfies

A
E|z(t)]*> < )\—M]E\xo\ze’et, vt >0, (5.15)

m

where K (1) has been defined in Lemma and

)\M = I?GaSX )\max(Qi)a )\m = r}gg Amin(@i);

A— 2\ — 2\rhts

0 —
Am

(5.16)

In other words, the SDE (@ 15 exponentially stable in mean square.
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Proof. Let V(z(t),r(t)) = 2T (£)Q(r(t))x(t). Applying the generalized It6 formula
(see Theorem [2.5.4 or [62]) to V', we get
AV (z(t),r(t)) = LV (x(t),r(t))dt + dM;(t),

where M;(t) is a martingale with M;(0) = 0 and

LV (2(t),r(1))
=22 ()Q(r(t)[A(r(t))=(t) + D(r(3(1)))z(5(t))]

+ Z @ () By (r()Q(r (1) Bi(r(1)x(t)

+Z%<m Qjx(t)

2! ()Q(r(t))(t)
=227 ()Q(r(t) D(r(1))(x(t) — 2(3(t)))
=227 ()Q(r(t))(D(r(t)) — D(r(4(t))))=(4(t))

( )
< = Mz(t)]* + 23/ Mgplz(t)||x(t) — x(5(t))]
=227 ()Q(r(1))(D(r(t)) — D(r(5(t))))(5(t)) (5.17)

Applying the generalized Ito6 formula now to e 27 (¢)Q(r(t))z(t), we then have

"z (1)Q(r(t)z(t) = 2" (0)Q(r(0))x(0)
+/0 1027 (5)Q(r(s))x(s) + LV (x(s),7(s))]ds

+Ms(t),

where My (t) is also a martingale with M3(0) = 0. Combining this with (5.17))
yields
A€ |2 (t)]?
<E(e"z"(t)Q(r(t))x(t))

t
<)\ME|:L‘0|2+/ (OAar — N)e”E |z (s)*ds
0

2698\/ MqapE (|z(s)[[z(s) — x(3(s))[)ds
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—A2J%@W@mmmumwn
—D(r(8(s))))(5(5))) ds. (5.18)

But, by Lemma [5.3.1] and [5.3.2] we have

~2¢"E (7 (5)Q(r(s))(D(r(s)) — D(r(6(s))))(8(5))
<e”E (Anrpr|z(s)|?

+2—M||D( (5)) = D(r(8(s)) [2l2(5(s)) )

— " M B [ (s)]
+iE@wDM$%JM®®mWMW$vaW}
<M {peE Ja(s)

1
+M—E(|x(5(s))|2 > I{r(a(s»:z'}?jl.gglle—Dz'HQ)}
T r(5(s))=i ’

ND(l — 6_’?7)

<" My {1 E |2(s)[ + E|z(5(s))*}

<N fa(s)]?
Np(l—e ) 2 )
e e Bl )

=2¢"\ys 11, E |2(s)|? (5.19)

and

2/ Mqp E (Jz(s)[|z(s) — =(d(s))])

NE[2(s) + 2OPE a(s) — 2(5(s))]?

Ar
M 2K(T)
< 2 QD 2
NE () + S T Ele)
=2)\.E |z(s)|*. (5.20)

Substituting ((5.19) and (| into gives
A€ E |z(t)[* < AyE |20

t
+ / (OAnr + 227 + 20 aspr — N)e”E |z(s)| ds.
0
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But, by (5.16]), Ay + 2A; + 20, — A = 0. Thus
A€ |2(1)]? < ApE |20]?,

which implies the desired assertion . The proof is complete. [

The following two corollaries provide us with an LMI method to design the
controller based on discrete-time observations of both state and mode to stabilize
the unstable system (5.4)). Corollary [5.3.4] and [5.3.5] demonstrate the case of state

feedback and output injection, respectively.

Corollary 5.3.4. Assume that there are solutions Q; = QY >0 andY; (i € S) to
the following LMIs

QA + Y, G, + AzTQi + G;TFY;T

m N
+> BLQiBri+ Y 7,;Q; < 0. (5.21)
k=1 j=1

Then by setting F;, = Q;l}/; and D; = F;G;, the controlled SDE will be
exponentially stable in mean square if T > 0 is sufficiently small for X\ > 2\, +
2)\M/,L7—

Proof. Recalling F; = Q;'Y; and D; = F;G;, we find that (5.21) is equivalent
to the condition that matrices in (5.13]) are all negative-definite. So the required

assertion follows directly from Theorem [5.3.3]

Corollary 5.3.5. Assume that there are solutions X; = XI >0 and Y; (i € S)
to the following LMIs

My M M
ML —My 0 | <0, (5.22)
ME 0 —M;

where

M = A X, + FY; + XiAiT + YiTFiT + 7 X,

My = [X;B, -+, X;BL ],

Mz = [V7i1 Xs, -+ 5 /Vit—1) Xis VVitir 1) Xis -+ 5 VYN Xl
Mz'4 = dlag[X,, o 7Xi]7
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M;s = diag[Xb"' y Xic1, Xiga, e 7XN]-

Then by setting Q; = X1 G = YiXi_1 and D; = F;G;, the controlled SDE

7

will be exponentially stable in mean square if T > 0 s sufficiently small for
A > 20 + 2

Proof. We first observe that by the well-known Schur complements (see [62]), the
LMIs (5.22) are equivalent to the following matrix inequalities

AX; + FYi + X AT + YT F 4+ 7uX;

m N
+Y XiBLXT'BruXi+ ) 1 XXX, <0, (5.23)
k=1 G#i

Recalling that G; = Y;X; ! and X; = X[, we have
AiX; + FGX+ X,AT + X,GTFT

m N
+Y XiBEXT BrXi+ Y7 XXX < 0. (5.24)
k=1

j=1

Multiplying X; ! from left and then from right, and noting Q; = X; ', D; = F;G;,
we see that the matrix inequalities (5.25)) are equivalent to the following matrix

inequalities
QiA; + Q:D; + AT Q; + DI Qi+
m N
Z B;QiBi + Z%j@j <0, (5.25)
k=1 j=1

which yields matrices in (5.13)) are all negative-definite. Again, the required asser-
tion follows directly from Theorem [5.10]

5.4 Stabilization of nonlinear hybrid SDEs

Let us now develop our theory to cope with the more general nonlinear stabilization

problem. For an unstable nonlinear hybrid SDE

du(t) =f(x(t), r(t), )t + g(x(t), r(t), t)dw(t) (5.26)
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on ¢t > 0 with the initial data (0) = 29 € L% (R"). Here, f: R* x S x Ry — R"
and g : R" x S x Ry — R™™. Assume that both f and g are locally Lipschitz

continuous and obey the linear growth condition (see e.g. [62]).

Assumption 5.4.1. Assume that the coefficients f and g are all locally Lipschitz
continuous (see e.q. [45-47(62]). That is, for each integer k > 1, we have a positive

constant Ly, such that

|f (2,0 t) = fly, i, 1)V |g(x,i,t) — g(y, i, 1)]
< Lilz =yl (5.27)
for x,y € R with ||V |y| <k and (i,t) € S x R,.
We also assume that f, g satisfy the following linear growth condition
|f(z,i,t)| < Kij|lz| and |g(z,i,t)] < Ks|z] (5.28)

It is easy to see that f(0,7,¢) =0 and g(0,i,¢t) = 0 for all i € S and ¢ > 0 so that
x = 0 is an equilibrium point for (|5.26]).

We are required to design a linear feedback control F\(r(d(t)))G(r(0(t)))x(6(t))
based on the discrete-time state and mode observations in the drift part so that

the controlled system
da(t) = [f(z(t),r(t), ) + F(r(6()))G(r(6(2)))x(d(t))ldt
+ g(x(t), r(t), t)dw(t) (5.29)
will be mean-square exponentially stable. Defining ¢ as ¢ : [0,00) — [0, 7] by
C(t)=t—vr for vr<t<t(v+1)r, (5.30)

and v =0,1,2,---, then we see that the SDE ([5.29)) can be written as an SDDE

da(t) = [f(x(t),r(t), 1)+
F(r(t = ¢(1)))Gr(t = ¢(8))x(t — ¢())]dt
+g(x(t),r(t), t)dw(t). (5.31)
It is therefore known (see e.g. [62]) that equation has a unique solution x(t)
such that E |z(t)|* < oo for all ¢ > 0.

In order to stabilize a nonlinear system by a linear control, we impose some

conditions on the nonlinear coefficients f and g as follows.
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Assumption 5.4.2. For each i € S, there is a pair of symmetric n X n-matrices

Q: and QZ with QQ; being positive-definite such that
2067 Qif (x,i,t) + g7 (x4, )Qig(x, i, 1) < 2T Qs

for all (xz,i,t) € R" X S X R,.

Assumption 5.4.3. There is a pair of positive constants 6, and do such that
[f(z,i,0)]* < difa* and |g(z,i,t)]* < Gofaf?

for all (x,i,t) € R* xS x R,.

Let us first present a useful lemma.

Lemma 5.4.4. Let Assumption hold. Set
= max 3 PG
k=1
and define

H(7) = [67(76) + 6g) + 37%83]e57(701702) (5.32)

for T > 0. If 7 is sufficiently small for 2H(1) < 1, then the solution z(t) of the
SDE satisfies

2H(T)

E|x(t) — 2(6(t))]* < T 207

E|z(t)|? (5.33)
for allt > 0.

This lemma can be proved in the same way as Lemma was proved so we

omit the proof.

Theorem 5.4.5. Let Assumptions|b.4.2 and[5.4.5 hold. Assume that the following
LMIs

N
U, := Qz + Q; F;G; + GzTFzTQZ + Z%]‘Qj <0, €8, (5.34)

=1
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have their solutions F; (i € S) in the case of feedback control (i.e. G;’s are given),
or their solutions G; in the case of output injection (i.e. F;’s are given). Set

—y = Amax (U; d 64= FG1

7= max Auax(Ui) - and 0y = max [|QiF3Gil%,
55 = Imax ||F11GZ - F}GJ||2
1,j€S

If 7 is sufficiently small for v > 2y, + 2 Aym,, where

2(54 255(1 — € ’77—)

= 2H T 2H() (5:35)
then the solution of the SDE satzsﬁes
El|z(t)* < i—M]E|xO|2e_9t, vt >0, (5.36)
where H(T) has been defined in Lemma and
Av = I?G%X Amax(Qi),  Am = fzfélgl Amin(Q1),
g 12— 2)\M77‘r (5.37)

Am
Proof. This theorem can be proved in a similar way as Theorem [5.3.3| was

proved so we only give the key steps. Applying the generalized It6 formula to
rT(H)Q(r(t))z(t) we get

+dM;(t),

where M3(t) is a martingale with M3(0) = 0. Applying the generalized It6 formula
further to e®z7(t)Q(r(t))x(t), we can then obtain

Am€”'E |z(t)[?
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t

<A E |20 +/ (OApr — 7)eE |z(s)|*ds
0

2693\/5IE (lz(s)lJx(s) — 2(5(s))[)ds

+/0 2E (2" ()Q(r(s)(F(r(s))G(r(s))
—F(r(8(s)G(r(3(s)))x(0(s)))ds. (5-38)

But, by Lemma |[5.4.4] we can show

20/0, ([ (s)|(s) — 2(5(s))]) < 27, | (s) ], (5.39)

while by Lemma [5.3.2| and (5.35) we can prove that

2E (2" (5)Q(r(s)) (F(r(s))G (r(s))
—F(r(8(s)G(r(3(s)))x(0(s)))
<2e”* My, B |z(s) % (5.40)

Substituting this into (5.38]) yields
A€ E |z(t)]* < AyE |0,

which implies the desired assertion (5.36)). The proof is complete. [J
To apply Theorem [5.4.5, we need two steps:

1 we first need to look for the 2N matrices Q; and Q; for Assumption m to
hold;

2 we then need to solve the LMIs in (5.34) for their solutions F; (or G;).

There are available computer softwares e.g. Matlab for step 2 so in the remaining
part of this section we will develop some ideas for step 1. To make our ideas more
clear, we will only consider the case of feedback control, but the same ideas work
for the case of output injection.

In theory, it is flexible to use 2N matrices ); and QZ in Assumption m But,
in practice, it means more work to be done in finding these 2N matrices. It is in

this spirit that we introduce a stronger assumption.
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Assumption 5.4.6. There are N + 1 symmetric n X n-matrices Z and Z; (i € S)
with Z > 0 such that

20T Z f(x,i,t) + gF (w,0,t) Zg(x,i,t) < 2’ Zix
for all (z,i,t) € R" x S x R..

Under this assumption, if we let Q; = ¢;Z and Q; = ¢;Z; for some positive numbers
gi, then Assumption holds. Moreover, the LMIs in ([5.34)) become

G Zi + ZF,G; + ;G ' Z

N
+ Z’}/ZJQJZ <0, i€es.

J=1

If we set Y; := ¢;F;, then these become the following LMIs in ¢; and Y;:
a7+ 2Y;:G; + Gy Z

N
+ Z%jqu <0, 1€8. (541)

=1

We hence have the following corollary.

Corollary 5.4.7. Let Assumptions[5.4.00 and [5.4.5 hold. Assume that the LMIs

have their solutions ¢; > 0 and Y; (i € S). Then Theorem [5.4.5 holds by
setting Q; = ¢; 7, Qi = ¢;Z; and F; = q;'Y;. In other words, the controlled SDE

5.29) will be exponentially stable in mean square if we set Fy = q;'Y; and make

sure T > 0 be sufficiently small for v > 279, + 2Aym;.
An even simpler (but in fact stronger) condition is:
Assumption 5.4.8. There are constants z; (i € S) such that
207 f(x,4,) + lg(z,1,8)]* <zl
for all (z,i,t) € R" x S x R..

Under this assumption, if we let Q; = ¢;I and Q; = ¢;z:I for some positive numbers
q¢i, where I is the n x n identity matrix, then Assumption holds. Moreover,

the LMIs in ([5.34)) become

gzl + ¢ FiGi + QiG;TFFiT
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N
+ Z%‘j(]j] <0, 1€8.

J=1

If we set Y; := ¢;F;, then these become the following LMIs in ¢; and Y;:

N
+ Z%jqjl <0, i€b. (542)

j=1

We hence have another corollary.

Corollary 5.4.9. Let Assumptions|5.4.8 and|5.4.5 hold. Assume that the LMIs

have their solutions ¢; > 0 and Y; (i € S). Then Theorem holds by
setting Q; = q;1, QZ = qizil and F; = ¢;'Y;. In other words, the controlled SDE

5.29) will be exponentially stable in mean square if we set F; = q;'Y; and make

sure 7 > 0 be sufficiently small for v > 2~ + 2 yn;.

5.5 Example
Let us consider an unstable linear hybrid SDE
dz(t) = A(r(t))z(t)dt + B(r(t))x(t)dw(t) (5.43)

on t > to. Here w(t) is a scalar Brownian motion; r(¢) is a Markov chain on the

state space S = {1, 2} with the generator

-1 1
I'= :

and the system matrices are

(1 —1 ] [ 5 1]
Alz 7A2: 5

1 -5 | 11

(1 1] [ 1 -1 ]
Blz 7B2:

1 -1 | -1 1

The computer simulation (Fig 5.1) shows this hybrid SDE is not mean square

exponentially stable.
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Figure 5.1: Computer simulation of the paths of r(t), z1(t) and xs(t) for the
hybrid SDE (5.43)) using the Euler-Maruyama method with step size 107% and
initial values 7(0) = 1, 21(0) = —2 and 25(0) = 1.

Let us now design a discrete-time-state feedback control to stabilize the system.
Assume that the controlled hybrid SDE has the form
d(t) = [A(r(t)z(t) + F(r(6(t))G(r(6(2)))=(5(t))]dt
+ B(r(t))x(t)dw(t), (5.44)

where

G1=[1,0], Gy =10,1].

Our aim is to find F} and F, in R?*! and then make sure 7 is sufficiently small for
this controlled SDE to be exponentially stable in mean square. To apply Corollary
5.3.4) we first find that the following LMIs

2
+Y W@ <0, i=12
j=1

have the following set of solutions

10 2 0
Q1:[02]7 QQ:[Ol]’
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and

—10
Y, =

and for these solutions we have

Hence, we have
—A = A A (Q1) = =1, My = max || YiGi[* = 100.
It is easy to compute that
My =2742, Mg =2, Mp = 100,

Mgp = 100, Np = 100.

200K (1 200(1 — e7)
1—2K 1—2K

where K (1) = [67(27.427 + 2) 4 30072]eS7(?7427+2) " By calculating, we get that
A > 2\, + 2\ y 1 whenever 7 < 0.000015. By Corollary [5.3.4] if we set F; =Y}
and F, = Y5, and make sure that 7 < 1.5 x 107°, then the discrete-time-state
feedback controlled hybrid SDE is mean-square exponentially stable. The

computer simulation (Fig 5.2) supports this result clearly.

Hence
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Figure 5.2: Computer simulation of the paths of r(t), z1(t) and xs(t) for the

controlled hybrid SDE (5.44) with 7 = 1072 using the Euler-Maruyama method
with step size 107% and initial values r(0) = 1, 21(0) = —2 and z5(0) = 1.

5.6 Summary

In this chapter, we have proved that unstable linear hybrid SDEs, in the form
of (5.4)), can be stabilized by a feedback control based on discrete-time state and
mode observations. Moreover, we have generalised the theory to a class of nonlinear

systems.



Chapter 6

Generalisation of the results in

Chapter 5 by Lyapunov Approach

6.1 Introduction

In Chapter 5, we have investigated the following stabilization problem by a feed-
back control based on the discrete-time state observations: Given an unstable
hybrid SDE ({3.1)

dx(t) = f(x(t),r(t), t)dt + g(x(t), r(t), t)dw(?),
our aim is to design a feedback control u(x([t/7]7),r([t/7]T),t) in order for the
controlled system (/6.1))

dx(t) = (f(x(t),r(t), 1) +ula((t/r)7),r([t/7]7). 1)) dt
+g(x(t), r(t), t)dw(t) (6.1)

becomes exponentially stable in mean square. And we obtain an corresponding
upper bound for duration 7.

In Chapter 4, we have shown that under the local Lipschitz condition, the
discrete-time state observations controlled SDE is stable by using Lyapunov
function provided 7 is sufficiently small. The stabilities discussed in Chapter 4
include exponential stability and asymptotic stability, in both mean square and
almost sure sense, as well as the H,, stability.

In this chapter, we study on how to use Lyapunov function to stabilize the
hybrid SDEs by feedback control based on discrete-time state observations

90
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and discrete-time mode observations as well. In addition, we will obtain the upper

bound on the duration 7.

6.2 Notation and Stabilization Problem

Consider an n-dimensional controlled hybrid SDE
dz(t) = (f(x(t),r(t), 1) + u(@(d,), r(6,), 1)) dt + g(x(t),r(t), t)dw(t) (6.2)
on t > 0, with initial data z(0) = zy € R" and r(0) = o € S at time zero. Here
fru:R"xSx R, - R" and g¢g:R"xS xR, — R"™,
while 7 > 0 and
oy = [t/ 7], (6.3)
in which [t/7] is the integer part of ¢/7. Our aim here is to design the feedback

control u(x(d;),r(t),t) so that this controlled hybrid SDE becomes mean-square
asymptotically stable, though the given uncontrolled system

dx(t) = f(x(t),r(t), t)dt + g(x(t), r(t), t)dw(t) (6.4)

may not be stable. We observe that the feedback control u(z(d;),r(d;),t) is de-
signed based on the discrete-time state observations z(0), z(7), z(27), - - -, though
the given hybrid SDE (6.4]) is of continuous-time. In this paper we impose the

following local Lipschitz conditions.

Assumption 6.2.1. Assume that the coefficients f and g are all locally Lipschitz
continuous (see e.qg. [45-47,62]). Moreover, they satisfy the following linear growth

condition
[f (2,0, 8)] < Kile| and gz, i,t)] < Kslz| (6.5)
for all (z,i,t) € R" x S x Ry, where both Ky and K, are positive numbers.
We observe that forces
f(0,2,t) =0, g(0,4,t) =0 (6.6)

for all (i,t) € S x Ry. This is of course for the stability purpose of this paper.
For a technical reason, we require a global Lipschitz condition on the controller

function u. More precisely, we impose the following hypothesis.
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Assumption 6.2.2. Assume that there exists a positive constant K3 such that
|u(z,i,t) = uly, i, )| < Kslz —y| (6.7)
for all (x,y,i,t) € R" x R" x S x Ry. Moreover,
u(0,4,t) =0 (6.8)
for all (i,t) € S X R,.

Once again, condition is for the stability purpose of this paper. We also
see that Assumption [6.2.2] implies the following linear growth condition on the

controller function
lu(z,i,t)] < Ks|z| (6.9)

for all (z,i,t) € R" x S x R..

We find that equation (6.2)) is in fact a stochastic differential delay equation
(SDDE) with a bounded variable delay. Therefore, if we define the bounded vari-
able delay ¢ : [0,00) — [0, 7] by

Cty=t—kr forkr<t<(k+1)t, £=0,1,2,---,
then equation ([6.2)) can be written as

da(t) = (f(x(t),r(t).t) +ula(t — ¢(1),r(t = ((t)), 1)) dt + g(x(t), r(t), t)dw(t).
(6.10)
It is therefore known (see e.g. [62]) that under Assumptions|6.2.1/and [6.2.2] for the

initial data z(0) and r(0), the SDDE (6.10|) (namely the controlled system (/6.2))
2

has a unique solution x(t) such that E |z(t)|* < oo for all £ > 0. However, it is
almost impossible to determine the solution x(t) on t > s if we are given data z(s)

and r(s) for some s € (k7, (k + 1)7), unless we also know z(k7) and r(kT).

6.3 Asymptotic Stabilization

For our stabilization purpose related to the controlled system (6.2) we will use
a Lyapunov functional on the segments 7; = {z(t +s) : =27 < s < 0} and
rei=A{r(t+s): =21 < s <0} fort > 0. For &; and #; to be well defined for
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0 <t <27, weset x(s) = xp and r(s) = rg for =27 < s < 0. The Lyapunov

functional used in this paper will be of the form

V(& 7, 1) = U(z(t), r(t), 1)

=U
20 [ [ [0 r(0) )+ ula(6.).r(6).0F + laalo).r(o), ) dvds
(6.11)

for t > 0, where € is a positive number to be determined later and we set

flzyi,s) = f(x,4,0), w(z,i,s) =u(x,1,0), g(z,i,s)= f(z,i,0)

for (x,i,s) € R" x S x [=27,0). Of course, the functional above uses r(u) only
ont—7 < u < tsowe could have defined 7, := {r(t+s) : —7 < s < 0}.
But, to be consistent with the definition of Z;, we define 7; as above and this
does not lose any generality. We also require Vi € S, U € C*' (R x R, ;R,),
the family of non-negative functions U(x,7,t) defined on (z,i,t) € R™ x S X R,
which are continuously twice differentiable in x and once in t. For Vi € S, U €
C*Y(R™ x Ry; Ry), let us define LU : R* x S x R, — R by

LU(z,i,t) = Up(z,i,t) + Up(x, i, t)[f(x,i,t) + u(z,i,t)]
N

+ Ltrace[g” (z, 1, ) Uy (z, 4, 1) g(,4, )] + Z’yijU(a:,j, t), (6.12)
j=1
where
v 0U(x,1,1) o (OU(x,i,t) oU (z,1,t)
Ut(xal7t)_Tv Uac(x7lvt>_ <8—$1’ 78—%>7
and 52U ( )
. T, 0,1
sz(m,z’t) N ( 833183:] >n><n.

Let us put forward a new assumption on U.

Assumption 6.3.1. Assume that there is a function Vi € S, U € C*'(R" x

R.; R.) and two positive numbers A1, Ay such that
LU(z,0,t) + M|Up(,4,1) 2 < —Xg|2|? (6.13)

for all (x,i,t) € R* xS x R;.
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Obviously, condition (|6.13]) implies
LU(x,i,t) < —Xo|z)?, (6.14)

which means the asymptotic stability (in mean square etc.) of the controlled sys-
tem (6.1). In other words, the system based on the continuous-time feedback
control u(x(t),r(t),t) will be stable. However, in order for the discrete-time feed-

back control u(x(d;),7(d:),t) to stablize the system, we need to add a new term
A |Ug(z,i,t)]? into the left-hand-side of (6.14)) to form (6.13)). Let us recall a useful

lemma before stating the main results.

Lemma 6.3.2. For anyt > 0,v >0 andi € S,

P(r(s) # i for some s € [t,t + v]|r(t) = 1)
<1l—e

—_— )
in which

7 = max(—7;)-
The proof process can be referred to Lemma [5.3.2] in Chapter 5. We can now

state our first result in this chapter.

Theorem 6.3.3. Let Assumptions [6.2.1, [0.2.9 and [6.3.1] hold. And we have
Lemmal[6.3.2. If T > 0 is sufficiently small for

4K?2 . 2K2 4K?2 . 1
Ay > )\—13(1—6 7 )+T[)\_13+)\_13<1_6 M2r(Ki+2K3)+K3] and 7 < Ve
(6.15)
then the controlled system 1s Hoo-stable in the sense that
/ E|z(s)]?ds < oc. (6.16)
0

for all initial data xo € R" and ro € S.

Proof. Fix any xg € R™ and ry € S. Regarding the solution z(t) of equation
(6.2) as an It process and apply the generalized It6 formula (see Theorem m
or [50,62]) to U(x(t),r(t),t), we can get

dU (x(t),r(t),) = (Ut(x(t), r(t),8) + Up((t), (), O1f (2(t), (1), t) + u(2(0:), (), )]
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+ ltrace[gT( (), r(t), ) Usa(x(t), 7(t), ) g(x(t), r(t), 1)]

+ Z%W ))dt+dM()
On the other hand, the fundamental theory of calculus shows

/t/ TIf( + u(z(dy ),r(év),v)|2+|g(x(v),r(v>,v)|2]dvds)
= (r[rIf ), 7). 1) + (@6, 760, + g t),r(2), 1)
- /t (71 (@(5),7(5), 8) + ul(2(6),7(6,), ) + lg(a(s),7(s), )] ds ).

t—1

Then combining these two equalities and using the generalized It6 formula (see
Theorem or [50,62]) to the Lyapunov functional defined by (6.11)) yields

for ¢t > 0, where M (t) is a continuous martingale with A/ (0) = 0 and

LV (Z¢, 74, 1)
= Ui@(t),r(1),1) + Un(2(t), (1), )[f (2(8), (1), 1) + w(x(d), 7(00), 1)]
+ gtracelg” (x(t), r(t), ) Upa(x(t), 7 (1), ) g((t), (1), 1)]

+ ﬁ;%(th(ﬂf(t),j,t)

+ ;7‘ [Tlf(a:(t), r(t),t) + w(x(6,),r(8,), ) + |g(z(t), r(¢), t)ﬂ

_ 9/; 1 (@(5),7(5), 5) + w(@(8.),7(6), ) + g w(s), 7(5), )| ds.  (6.18)
Recalling (6.12), we can re-write as

LV (&4, 74, 1)

= LU (x(t),r(t),t) — Up(a(t), r(t), ) [u(x(t), r(t),t) — w(x(5),r(t), 1)

Fu(@(8),7(0),0) = u(@(6),7(6,),1)]
07 [T (2(),7(6),6) + u(a(6), 760, D + g (8), (1), )

—9/ )+ u(a(8). r(5.),5)P +la(a(s),r(s).5)P|ds. (6.19)
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But, by Assumption [6.2.2] and Lemma [6.3.2

E ( — Up(x(t),r(t), t)[u(z(t), r(t),t) — u(x(d), r(t), t) + u(x (), r(t), t) — u(z(d), r (), t)])

+ 4%\1|u(x(t), r(t),t) —u(z (o), r(t), t) + u(z(d), r(t),t) — u(x(d;), r(5), t)|2)
<E (MU (o(0)r(0), O + 5 2[o(6) = (6 + 3-u(a(@),r(0)0) — () 6,07
<E Ou[Uso(t), (0 0) + 3, (Jo(t) — 2(@)P) + 52 (01— e B (0P
<E OulUa (), 7(0) OF) + (55 + 5 20 = e B (ln(t) = 2(@)) + 5 21— e B ().

(6.20)

In addition, by Assumptions [6.2.1] and [6.2.2] we have

Or 71 (a(0), (), 1) + u(a(80), (8, D + lae(r), (), )
<07 [2r (K20 + K260 ) + K3la(t)?]

<Or[27(K7 + 2K3) + K3|lz(t)]? + 4072 K3 |2 (t) — 2(8,)|*. (6.21)

Substituting (6.20]) and (6.21]) yields

E (LV (34,7, t)) < E(LU(z(t), r(t), t) + M|Us(z(t),r(t), t)[*)
(%(1 — e ) + 0r[2r (K2 + 2K2) + K2)E (|o(t)?)

K?  4K?

* <2>\1 By

08 [ [rl£).r(s).) + u(al0).7(5). ) + [gla(s). (). )] ).

(6.22)

(1= e77) + 407 K3 ) E (|a(t) — 2(6)]?)

By Assumption it follows that
K2  4K?2
™ N
t
OB ([ [FAf(s),1(5),) + ula(6).r(5)5)F + Igla(s),(5), ) as),
t—1
(6.23)

E(LV (i0,70,1)) < =B (J2(0) ) + ( (1= €77 +407°K3 ) E (Jo(t) - 2(6)]?)
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where
_ o AKE 2 2 2
A=X0O,7) =X\ )\ (1—e™ ) —0r27(K7] + 2K3) + KJ). (6.24)
1

Clearly that t — 9; < 7 for all t > 0, we can prove from that
E |z(t) — x(8)|*
t
<2E / [T\f(x(S)ﬂ‘(S), s) + u(x(3,), 7(8), $)|* + Ig(I(S),T(S),S)Iﬂ ds.  (6.25)
6t

If we now choose

922/\—[(1—?3—{—4)\—[(1?(1—6_4;%) and rgﬁ. (6.26)
It then follows from and that
E (LV (8,7, 1)) < —AE |z(t)]?, (6.27)
and by condition (6.15)) we have A > 0. Hence, we have
E (V(Z4,7,t) < Cy — A/tE |z(s)|*ds, (6.28)
0

for t > 0, where
Cy =V (&, 70,0)
= U(I’(),T(),O) +O59T2 |:T|f(.730,7’0,0) +U($0’7’0,0)|2+ |g<x07T070)’2 ) (629)

C} is a positive number. It follows from (6.28]) immediately that

/ E |(s)[2ds < Cy /A,
0

This implies the desired assertion (6.16[). [J
Therefore, since E (|z(¢)|?) is uniformly continuous (see Chapter 4),
lim; oo E (Jz(¢)]*) = 0 holds. We will omit the proof here. This implies the

controlled system ([6.2)) is asymptotically stable in mean square.

6.4 Exponential Stability

In this section, we will discuss the exponential stability of the controlled system
(6.1]). Before stating our result, let us impose another condition.
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Assumption 6.4.1. Assume that there is a pair of positive numbers ¢ and co
such that
alrf* < U(z,i,t) < colz)? (6.30)

for all (x,i,t) € R x S x R;.

Theorem 6.4.2. Let Assumptions |6.2.1], 16.2.4, 16.3.1], |6.4.1] and Lemma
hold. Let 7 > 0 be sufficiently small for to hold and set

2K? AK? -1 4K?2 _
= 31 ™) and A= o= (1—e ) —0r[2r (K4 2K3) + K]
1 1 1

(so A >0). Then the solution of the controlled system satisfies

0

1
limsup ~ log(E |z(t)[*) < —v (6.31)
t—o0 t
and
. 1 v
limsup —log(|z(t)|) < —= a.s. (6.32)
t—soo T 2

for all initial data xo € R™ and ro € S, where v > 0 s the unique root to the

following equation
27")/627-7([’[1 + ’THQ) -+ YC2 = )\, (633)

in which

2473 K3 ~ 1207°K3(TK? + K3)

— 2 2 2

. (6.34)

Proof. Tt is easy to show from ([6.2)) that

x(s) — x(ds) = x(s) — x(vT)

:/S[f(:c(z),r(z),z)+u(:c(v¢),'r(vr),z)]dz+/ o(2(2),7(2), 2)dw().

T T

By Assumptions [6.2.1] and [6.2.2], we have

E|z(s) — 2(d,)]”

<3(1K? 4+ K32) / E|z(2)[*dz + 37 K3E |z (vT)|?

vT

<3(tK? + K3) /; E|z(2)[?dz + 67 K3(E |z(s)|> + E|x(s) — 2(ds)[?).



CHAPTER 6 99

Noting that 672K < 1 by condition (6.15]), we hence get
E |2(s) — 2(8,)[2 < % /(:E (2 dz + %E ()2 (6.35)
Moreover, by the generalized 1t6 formula, we can prove
E [e7V (&, 7, t)] = V (&0, Fo, t) + E /Ot YV (2,, 7., 2) + LV (22,7, 2)]dz
for t > 0. Using (6.27), and (6.30), we get
c1e"E |z (1)) < Oy + /Ot e VE (V(2,, 7., 2)) — AE |2(2) )] dz. (6.36)

Define

Vi, i ) 1= e/; /: (717 (@(0). 7(0). ) + u(x(5,), r(0). 0) + lg(e(w). r(v), )] duds.

(6.37)
By (6.11)) and (6.30]), we have
E(V(2,,7,,2)) < GE|z(2)|* + E(V (2., 7., 2)). (6.38)

Moreover, by Assumptions [6.2.1] and [6.2.2]

E(V(Z:,7, 2))

< 97/ [(2T(K12 +2K2) 4+ K2)E |2(v)]? + 47 K2E |z(v) — 2(8,)[*|dv.  (6.39)

By Theorem [6.3.3, we see that E (V(%.,7.,2)) is bounded on z € [0,27]. For
z > 27, by (/6.35]), we have

E (V (522, 2)) ng/ E[x(v)|2dv+H2/ / E|o(y)Pdydv.  (6.40)
Z—T z—1 J by
where both H; and H, defined by ((6.34). But

| [ Estraes [ [ BewPdda<s [ P
z—T J Oy z—T17 JUu—T z—2T

We hence have

E(V (3.7, 2)) < (Hy + 7H) / ; E |2(y) 2dy. (6.41)
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Substituting this into (6.38) and then putting the resulting inequality further to
(6.36]), we get that, for ¢t > 27,

t

B (B <C +4(Hy + 7 Hy) /

2T

e* < /:27 E |:13(y)|2dy> dz
— (A —vye2) /Ot 7R |2 (2)2dz. (6.42)

But
‘ 2 t y+27 t

/ 6W</ E|x(y)|2dy>dz S/ EI:B(?J)|2</ 6V2d2>dy < 2762“/ VE |2(y)[*dy.
2 z2—2T1 0 Y 0

T

Substituting this into yields
aeEla(t)? < O + (27762”(1111 + 7 Hy) + yes — )\> / 'R l2(2)|?dz.  (6.43)
0
Recalling , we see
aeElzt)] < C vVt >2r (6.44)

The assertion (6.31]) follows immediately. Finally by [62, Theorem 8.8 on page
309], we can obtain the another assertion (6.32)) from (6.44). The proof is therefore
complete. 1.

6.5 Corollaries

Under Assumptions [6.2.1] [6.2.2] [6.3.1] and [6.4.1], we can apply the theorems es-
tablished in the previous sections. Among these, Assumption [6.3.1] is the critical

one while the others can be verified easily. Therefore, it is critical if we can design
a control function wu(z,i,t) which satisfies Assumption so that we can then
further find a Lyapunov function U(x,1,t) that fulfills Assumption m

Assumption 6.5.1. Assume that there is a function U € C**(R" x S X Ry; Ry)

and two positive numbers Az, Ay such that
LU(x,i,t) < —Xs|z|? (6.45)

and

| Uy (z,0,t)| < Ayl (6.46)
for all (x,i,t) € R* x S x R,.
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In this case, if we choose a positive number \; < A3/A3, then
LU(z,i,t) + M|Up(2,4,8) 2 < —(A3 — M AD)|z]? (6.47)

But this is the desired condition (6.13) if we set Ay = A3 — A A%, In other words,
we have shown that Assumption [6.5.1] implies Assumption [6.3.1, The following

corollary is therefore clear.

Corollary 6.5.2. All the theorems in Sections 3 and 4 hold if Assumption |6.3.1
1s replaced by Assumption|6.5. 1.

In practice, we often use the quadratic functions as the Lyapunov functions.
That is, we use U(x,4,t) = 27 Q;z, where Q;’s are all symmetric positive-definite
n X n matrices. In this case, Assumption holds automatically with ¢; =
Min;es Amin(@Qi) and ¢ = max;ecs Amax(Q;). Moreover, condition holds as
well with Ay = 2max;es ||@Q;]|. So all we need is to find @;’s for to hold.

This gives us the following another assumption.

Assumption 6.5.3. Assume that there are symmetric positive-definite matrices

Q; € RV (i € S) and a positive number A3 such that
207 Qi f (w,i,t) + u(x,i,t)] + tracelg” (x,4,t)Qi(x, i, t)g(z,i,1)]

N
+ Yyt Qur < el (6.48)
j=1
for all (z,i,t) € R" x S x R..

The following corollary follows immediately from Theorem |6.4.2]

Corollary 6.5.4. Let Assumptions and[6.5.3 hold. Set
€1 = i Ain (Q3), €2 = MAX Ao (Q3), Aa = 2max || Q5]
Choose A\i < A3/\% and then set Ay = A3 — M A3, Let 7 > 0 be sufficiently small

for to hold and set

2K2 4K? o 4K? -
9:>\—3+)\—3<1—6 4K§) (md )\:)\2—)\—3(1—6_’%)—QT[2T(K12+2K§)+K22
1 1 1

(so A > 0). Then the assertions of Theorem hold.
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6.6 Example

Example 6.6.1. We first consider the same example as discussed in Mao [52],

namely the linear hybrid SDE
dx(t) = A(r(t))z(t)dt + B(r(t))z(t)dw(t) (6.49)

on t > to. Here w(t) is a scalar Brownian motion; r(¢) is a Markov chain on the

state space S = {1,2} with the generator

-2 2
I'= ;

1 3 1 7

’ AQZ )
4 -5 6 2
2 3 2 1

) BZZ .
0 1] [2 2]

The computer simulation (Figure 6.1) shows this hybrid SDE is not almost surely

and the system matrices are

Alz

By =

exponentially stable.
Let us now design a discrete-time-state feedback control to stabilize the system.
Assume that the controlled hybrid SDE has the form

dx(t) = [A(r(t))z(t) + F(r(6:))G(r(6)) ()] dt
+ B(r(t)z(t)dw(t), (6.50)

namely, our controller function has the form wu(z,i,t) = F;G;z. Here, we assume
that
G1 = (—141,-1.4402), Gy = (3.1016,1.9571),

and our aim is to seek for F} and Fb in R?*! and then make sure 7 is sufficiently
small for this controlled SDE to be exponentially stable in mean square and almost
surely as well. To apply Corollary [6.5.4 we observe that Assumptions [6.2.1] and
hold with K; = 8.1003 and K, = 3.7025. We need to verify Assumption
. It is easy to see the left-hand-side term of becomes 17 Qz (i = 1,2),
where

2
Qi = Qi(Ai + FG:) + (Al + GT F1Qi + B/ Q:B; + Z%‘j@j-

J=1
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Figure 6.1: Computer simulation of the paths of r(t), x1(¢) and x2(t) for the hybrid
SDE (6.49) using the Euler-Maruyama method with step size 1075 and initial values
r(0) =1, 1(0) = —2 and x2(0) = 1.

Let us now choose

0 _ 92,5048 0.9239 [ 5.3836 3.0028
~ 109239 3.1738 | 1 3.0928 3.3392 |
and
5 1
F1: y FQ— .
3 ~10

We then have

| —14.9558  —4.2385 | —53.8195 —36.4580
49385 —35.3341 |’ —36.4580 —30.9954 |
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Hence, 27Q;x < —80.6096|z|>. In other words, holds with A3 = 80.6096.
It is also easy to verify that Assumptions [6.2.1] and [6.2.2] hold with K; = 8.1003,
K3 = 36.8565 and Ky = 3.7025. We further compute the parameters specified in
Corollary [6.5.4k ¢; = 1.1041, ¢; = 7.6187 and Ay = 15.2374. Choosing \; = 0.3,
we then have Ay = 10.9561. Then, condition becomes

10.9561 > 18112(1—e ") +7[9056+18112(1—e~27)][5564.87+13.7082], 7 < 0.0068.

These hold as long as 7 < 0.000069. By Corollary [6.5.4] if we set F; as above
and make sure that 7 < 0.000069, then the discrete-time-state feedback controlled
hybrid SDE (6.50]) is exponentially stable in mean square and almost surely as

well. The computer simulation (Figure 6.2) supports this result clearly.

Example 6.6.2. Let us now return to the nonlinear uncontrolled system ([6.4]).
Given that its coefficients satisfy the linear growth condition , we consider
a linear controller function of the form u(x,i,t) = A;xz, where A; € R™™ for all
1 € S. That is, the controlled hybrid SDE has the form

dx(t) = (f(x(t), r(t),t) + Ar(gt)x(ét))dt + g(x(t),r(t), t)dw(t). (6.51)

We observe that Assumption holds with K3 = max; jes ||A; — A;||(1 —e™77).
Let us now establish Assumption [6.5.3] in order to apply Corollary We
choose QQ; = ¢;1, where ¢; > 0 and [ is the n X n identity matrix. We estimate the

right-hand-side of ((6.48)):

N
207 Qi f (z,4,t) + u(w,i,t)] + tracelg” (z,4,t)Q;(x,i,t)g(w,i,t)] + Z Y2 Qjx

j=1
N
< ¢i(2K;y + K3)|2* + 22" A + Z%‘jq]‘|$|2
j=1
N
j=1
We now assume that the following linear matrix inequalities
N
62K+ KD+ Y+ Y+ 30,1 < 0 (6.53)

J=1
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=15

Figure 6.2: Computer simulation of the paths of r(¢), z1(¢) and x2(t) for the controlled
hybrid SDE (6.50) with 7 = 10~3 using the Euler-Maruyama method with step size
1079 and initial values 7(0) = 1, 21(0) = —2 and x5(0) = 1.

have their solutions of ¢; > 0 and Y; € R"" (1 € §). Set A; = q{lYi and
N
X5 = 08X A (ch-(zf(1 FEDI+Yi+ Y+ %jqu) (6.54)
1€
j=1

We then see Assumption [6.5.3]is satisfied. The corresponding parameters in Co-
rollary becomes
c1 =ming;, ¢o=maxgq;, M= 2.
ies €S

Choose A\; < A3/A? and then set Ay = X3 — A\ A2, Let 7 > 0 be sufficiently
small for (6.15]) to hold. Then, by Corollary [6.5.4] the controlled system (6.51)) is

exponentially stable in mean square and almost surely as well.
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6.7 Summary

We have proved the stabilization of continuous-time hybrid stochastic differential
equations by feedback controls based on discrete-time state and mode observations
in this chapter. The stabilities here mainly referred to the H., stability, mean
squared asymptotic stability and mean squared exponential stability. Moreover, we
also managed to build the upper bound on the duration 7 between two consecutive

state observations. This is achieved by the method of Lyapunov functionals.



Chapter 7

Stabilization of Hybrid Delay
Systems by feedback control
based on discrete-time state and

mode observations

7.1 Introduction

Studying on using hybrid stochastic differential equations (with Markovian switch-
ing) to model practical systems has received a lot of attentions in the recent years
( [1,5423],130,47, 48,6163} 72,(79,/82]). However, in many branches of science and
industry, systems may not only depend on the current state, but also be decided
by the past states. Therefore, stochastic delay systems have also been studied
intensively (see e.g. |26428,38-43.51,/57.62,74,75,77,83,,86] ). For example, Mao et
al. studied stability and stabilization of stochastic delay systems with Markovian
swithing (see e.g. [21,128,38-43]47,/51,/57-59,62]). He et al. studied stability of
fuzzy Hopfield neural networks with time-varying delays ( [26]). Xu et al. studied
uncertain stochastic time-delay systems ( [85]).

One classical problem in this field is stabilization ( [51,/59,/62]). Huang [57]
has proved that hybrid stochastic delay systems can be stabilized exponentially
in mean square. In this thesis, we have also proved that it is reasonable to study

on the stabilization problems of hybrid systems by discrete-time-state-and-mode-

107
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observations feedback controls. However, as far as the authors knowledge, discrete-
time feedback control theory has not been applied to study the stabilization prob-
lem of hybrid delay system. Therefore, in this chapter, we aim to prove the stability
of hybrid SDDEs by discrete-time feedback control.

Consider an unstable hybrid SDDE

dx(t) = f(x(t),z(t — h),r(t), t)dt + g(x(t), z(t — h),r(t), t)dw(t), (7.1)

where h > 0 and z(t) € R" is the state, w(t) = (wi(t), -+ ,wn(t))? is an m-
dimensional Brownian motion, r(t) is a continuous-time Markov chain (please see
Section 2 for the formal definitions) which represents the system mode. It is
reasonable to design a feedback control u(x([t/7]7),r([t/7]T),t) in order for the

controlled system

dz(t) = (f(z(t), z(t — h),r(t), ) + w(z([t/7]7), r([t/7]7), 1)) dt
+ g(x(t), z(t — h),r(t), t)dw(t). (7.2)

Due to the technical difficulites arisen in dealing with the relationship between
h and 7, it is hard to use the same method in Chapter 3 and 5 to study on the
stability of the controlled system , which is invesitgating the stability of the
system from its main features. Therefore, we employ a Lyapunov functional to
help us solve our stability problem in this chapter, which makes it possible to

study on the stability problems of nonlinear SDDEs.

7.2 Notation and Stabilization Problem
Consider an n-dimensional unstable hybrid SDDE
dx(t) = f(x(t),z(t — h),r(t),t)dt + g(z(t),x(t — h),r(t),t)dw(t) (7.3)

on h > 0 and ¢ > 0, with initial data zy = £ € C% ([~h,0]; R") (such that
E|[£]]* < 00) and 7(0) =19 € S at time zero. Here

f:RPXR'XSxRy—R" and ¢g:R"x R"xSx R, — R™™.
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Our aim is to design a feedback control u(z(d;),7(d:),t) so that the controlled
hybrid SDDE

dz(t) = (f(z(t), z(t—h),r(t), t)+u(z(5,),r(8), t))dt+g(a(t), x(t—h),r(t), t)dw(t)
(7.4)

becomes stable, where 7 > 0 and
6y = [t/ 7], (7.5)

in which [t/7] is the integer part of t/7, and u: R" x S x Ry — R".
We observe that the feedback control w(z(d;),r(d;),t) is designed based on
the discrete-time state observations x(0), z(7), z(27), - - -, and discrete-time mode

observations
r(0),7(7),r(27),--- as well, though the given hybrid SDE ([7.3)) is of continuous-

time. In this chapter we impose the following local Lipschitz conditions.

Assumption 7.2.1. Assume that the coefficients f and g are all locally Lipschitz
continuous and obey linear growth condition(see e.g. [45-47,62]).

1. Local Lipschitz Condition. For each integer k > 1 there is a positive constant
L. such that

|f($,y,i,t) - f(jagﬂ.vt” \/ ’g(l‘,y,i,t) - g(j7g7i7t)| < Lk(|x - :fl + |y - g|)(76)

for those x,y,z,y € R™ with |z|\/ |y|V |Z|V |y| < k and (i,t) € S x R
2. Linear Growth Condition. There is a constant L > 0 such that

(g, 8,0\ |g(z,y, 8, 6)] < L(|z| + [y]) (7.7)
for all (x,y,i,t) € R" x R" x S x Ry.
Therefore, we can show that
£(0,0,4,t) =0, 9(0,0,4,t) =0 (7.8)

for all (i,t) € S x Ry.
This is of course for the stability purpose of this chapter. For a technical
reason, we require a global Lipschitz condition on the controller function u. More

precisely, we impose the following hypothesis.
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Assumption 7.2.2. Assume that there exists a positive constant K such that
|u(z,i,t) = u(y,i, )| < K|z —y| (7.9)
for all (x,y,i,t) € R" x R" x S x Ry. Moreover,
u(0,2,t) =0 (7.10)
for all (i,t) € S x R,.

Once again, condition is for the stability purpose of this chapter. We
also see that Assumption [7.2.2] implies the following linear growth condition on
the controller function

lu(z,i,t)| < K|z (7.11)

for all (z,i,t) € R" x S x R,.

We observe that equation is in fact a stochastic differential equation with
several delays (SDDE). If we define the delay ¢; : [0,00) — [0,7], {3 : [0,00) —
[0, 00] by

Gt)=t—Fkr for kr<t<(k+1)71, k=0,1,2,...,

C2(t) = h,

then the equation ([7.4)) can be written as

dr(t) =(f((t), 2(t — (1), r(1), £) + ulz(t — G(1),r(t = Gi(1), ) dt
+ g(z(t), z(t — h),r(t), t)dw(t). (7.12)

Therefore, under Assumptions ([7.2.1)) and (|7 - the SDDE (|7 - ) (namely the
controlled system . 7.4) has a unique solution z(t) such that E (sup_,<, . [2(t)|*) <
0o (see e.g. [62]). When studying on the stability problem of this SDDE (7.12),
it is natural to consider employing a Lyapunov function and using Razumikhin-
type theorem [51]. This method has been widely used in the proof of stability
problems of SDFEs (stochastic differential functional equations). However, this
method can only be applied to prove the p-th moment exponential stability of
nonlinear delay systems. Therefore, we develop our new theory by employing a
Lyapunov functional to study on some more kinds of stability problem of nonlinear

delay system in the following.
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7.3 Asymptotic Stabilization

For our stabilization purpose related to the controlled system ([7.4)) we will use a
Lyapunov functional on the segments {Z; : —27* <t < 0} = ¢ € C([-27*,0]; R"),
where 7% = hV 1, and 7 := {r(t +s) : —27* < s < 0} for t > 0 without losing
consistency and generality. For z; and 7; to be well defined for 0 < ¢ < 27*, we
set z(s) = ¢ € C([—27%,0]; R™), r(s) = ro for —27* < s < 0. The Lyapunov

functional used in this chapter will be of the form
V (&g, 74, t) = Ul(x(t),r(t),t) + /t_ha:(s)TP(r(t))x(s)ds
+ H/t_ / [T\f(x(v), z(v—h),r(v),v) + u(@(8,),7(5,),v)|*
+ |g(z(v), xz(v — h),r(v), v)ﬂ dvds (7.13)

for ¢t > 0, where P(r(t)) are symmetric positve-define matrices and 6 is a positive

number to be determined later and we set

f(x7yai7$):f($ay>ivo)a U(l’,i,S) :U<5L‘,i,0), g(x7yaias) :9(1'7?/7@70)

for (z,y,i,s) € R x R* x S x [-27%,0) and (z,i,s) € R" x S x [-27%,0). We
also require Vi € S, U € C*'(R" x R, ; R, ), the family of non-negative functions
U(x,i,t) defined on (x,i,t) € R" x S x R, which are continuously twice differ-
entiable in z and once in t. For Vi € S, U € C*'(R" x Ry;R,), let us define
LU :R"x R*x S x Ry — R by

‘CU(:Ea y>ivt) = Ut(x>ia t) + Ux(x,i,t)[f(x, yﬂ;at) + U(.Q?,i, t)]

N
+ %trace[gT(xa Y, i> t)Umc(xy ia t)g(:v, Y, Z.a t)] + Z’%]U(‘Ta]? t)? (714>
j=1
where
, oU (z,1,t) , oU (z,1,t) oU (z,1,t)
t == —— t f— —_— DY —
Ut(xal7 ) 8'[; ) U$($,Z, ) ( 61}1 ) 9 817” >7
and 52U ( )
) 1,1
sz(x’ljt) - ( 891:18:5] >n><n'

Let us put forward a new assumption on U.
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Assumption 7.3.1. Assume that there is a function Vi € S, U € C*'(R" x

R.; R.) and three positive numbers A1, Ay and A3 such that
LU(x,9,1,t) + M|Us(z,3, 1) > < —Ao|z|® + As|y/|?
for all (z,i,t) € R* x S x Ry, (x,y,i,t) € R*" x R" x S X R,.
Again, let us recall a useful lemma.

Lemma 7.3.2.
For any t>0, v>0 and 1€,

P(r(s) #i for some sé€[t,t+v]r(t)=14)<1—e,

in which

= I?E%X(_'Vii>-

We can now state our first result.

(7.15)

Theorem 7.3.3. Let Assumptions |7.2.1, [7.2.2 and [7.3.1] hold. Assume that

there exist positive-define symmetric matrices P;(i € S) such that Ay > Apyr =

max;es )\max(Pi>7
)\3 < /\Pm = miﬂz‘es )\mln(R) Set
2K? _a
0 =——(1+8(1—¢ r)).
At
If 7 > 0 is sufficiently small for

4K*? .
Ay > )\—(1 — e )+ O01(47 + 2)L* + 407 K* + \par,
1

1
)\3 S )\pm — 67'(47' + 2)L2 and T S E,
then the controlled system 15 Hoo-stable in the sense that

/ E|z(s)[*ds < .
0

for every initial data xo = ¢ € C% ([—27*,0}; R") and ro € S.

(7.16)

(7.17)

(7.18)

(7.19)
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Proof. Fix any zg = ¢ € C% ([=27%,0]; R") and ry € S. Regarding the solution
x(t) of equation (7.4) as an It6 process and apply the generalized It6 formula (see
Theorem or [50,(62]) to U(xz(t),r(t),t), we can get

dU(I(t)a T(t)7 t) = <Ut($(t)7 ’I"(t), t) + Ux(x(t)v T(t), t)[f(l‘(t), :E(t - h), ’I“(t), t) + u(x(dt)v r(ét)v t)]

+ 1trace[gT( (t), 2(t — h), r(t), )Usa((t), 7 (), £)g(x(t), x(t — h),r(t), )]
+Z%m ))dt+dM()
On the other hand, the fundamental theory of calculus shows
([ [ [ a0, 0) + w6, 6,0 + o), ot = 0,00 s
_ (T [Tlf(x(t),x(t — B, 1 (1), ) + w(@(8), (6), O + |g(a(t), 2t — R, r(t), t)|2]
B / 71 (@(s) 2(s = R).7(s), ) + u(@(8,), 7(8,), ) + g(a(s), als = h),7(s), )] ds ) dt.

Then combining these two equalities and using the generalized 1t6 formula to

the Lyapunov functional defined by (|7.13)) yields
for t > 0, where M (t) is a continuous martingale with M (0) = 0 and

LV (Zy, 7y, t
= U (), r(1), 1) + Un(2(t), r(t), [ f (x(), 2(t = ), 7(8), 1) + u((d), 7(31), 1)]
+ 1tlface[gT( (@), 2(t = h), (1), ) Usa (1), 7(t), 1) g(x(t), x(t = h),(t),1)]

+ Z Vet ]U J,t) + :z(t) P(r(t))z(t) — x(t — h)TP(r(t))x(t —h)
+ er[ @), 2t = ), r(0),8) + ulw(0,), (68, ) + g(a(t), 2(t = b),7(2), D]

_Q/t_ [T‘f( () (S—h),r(s),s)+u(;p(5s)7r( ) )|2+|g( () (S_h),’l"(s),s)‘z}ds‘
(7.21)

Recalling ([7.14)), we can re-write ([7.21]) as

LV (4,74, 1))
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But, by Assumption and Lemma

E(=Us(2(t),r(t),)[u(x(), r(t),t) — u(@(0),r(t), t) + u(@(de),r(t), 1) — w(x(de), 7(0), 1)])
<E (M |Uy((t), (1), 8)]

+ L|u(l’(1t)a r(t),t) — u(a (), r(t),t) + u(x(5,),r(t),t) — u(x(5;), (%), t)*)

4\
<E (MU (e (0)r(0). O + 5 la(t) = (6 + 5 lula(60). r(6).8) — (6, (6, D)
<E ulUa (0, 7(0) OF + 5 1o (0) = 2G)) + 55 —(1 = e TE (o(8) )
<E (U (w(8) (0), O + (g3 + 73 (1= € Tlla(®) = (00 + - (1= € TIE (a(0))

(7.23)
In addition, by Assumptions [7.2.1] and [7.2.2], we have
07 |71 F (2(t), w(t = 1), v(2),8) + (@ (), 760, DI + lg(a(t), a(t = k), 7(t), D]
+ ()" P(r(t)z(t) — x(t — h)" P(r(t))z(t — h)
<07 |27 (L2(Je ()] + lo(t = ) + K2a(0)[) + LA(|2(8)] + [o(t = b))

+ Aparlx(t)|? — Apm|z(t — h)|?
<Or|2rL2|x ()2 + 2022 (t — B)|? + K2[2(6,)[?) + 2L2|2(t)[2 + 2L2|a(t — h)|2]

+ Apule ()] = Appla(t — 1)
=[07(47 + 2)L* + Apu ]|z (t)]* + [07(47 + 2)L* — Apy] |z (t — B)|* + 207° K3 |z(0;) |
<[07(47 + 2)L* + 407° K + Apu ] |2()]? + [07(47 + 2)L* — App]|z(t — h)[?
+ 407 K22 (t) — ()% (7.24)
Substituting and yields
E (LV (24,7, 1)) < E(LU(2(t),r(t),t) + M\ |Us(z(t), r(t), )|
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4K?
( (1—e77) +0r(4r + 2)L? + 407° K + Apar) |2(t)?
[97‘(47‘ +2)L* — App] |z(t — R)|?
K? 4K2
+ <2A1 e+ 1072 K2 ) (1) — (8

0 [ Pt~ 1 r(6).6) (5, r(5), o)
gl (s), 2(s = h),7(s), 5)[| ds). (7.25)

By Assumption [7.3.1] it follows that
K? 4K?

E (LV (31,7, 1)) < E (= Az ()2 + (271 + - e ) +4972K2>\x(t) — z(6,)[?
- [T\f s = h),7(s),8) + u(@(3.), r(s), 5)|*
loto(e) s~ 1)) )] ds), (7.26)
where
A= X0,7):= Xy — i—ff(l — e ) = O01(47 + 2)L* — 407°K? — A\ppr. (7.27)

Clearly that t — 0, < 7 for all £ > 0, we can prove from ([7.4) that

E[a(t) — 2(0,)|*
<o, / 717(a(s), 2(s = 1), 7(5), ) + u(w(6.), 7(6.), )
+ lg(a(s), 2(s = h), r(s), 5)| | ds. (7.28)

If we now choose

2K? 5 1
0=— " —(1+8(1—e)) and 7< e (7.29)
It then follows from ([7.26]) and (7.28) that
E (LV (2,7, 1)) < —AE|2(1)]?, (7.30)

and by condition ([7.17) we have A > 0. Hence, we have

t
E (V(3y,#1,1)) < C1 — )\/ E |(s)|2ds, (7.31)
0
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and for (¢, 79,%9) € C([—27%,0]; R") x S x [—-27*,0] we have

C(1 - V<3077:070>
< U(p,70,0) + PApal |l 4+ 4072[(27 + 1) L* + 27 K| [, (7.32)

(' is a positive number. It follows from (7.31]) immediately that

/ E|z(s)|*ds < C1 /.
0
This implies the desired assertion ([7.19)). [J

Theorem 7.3.4. Under the same assumptions of Theorem [7.5.3 and Theorem

the solution of the controlled system satisfies
lim E|z(t)]* = 0

t—o00

for every initial data xo = ¢ € C% ([-27*,0]; R") and ro € S. That is the con-
trolled system 15 asymptotically stable in mean square.

Proof. Fix any xg = ¢ € C]b_—o([—QT*,O]; R™) and ry € S. By the Ito formula, we

have
E(|lz(t)]*) = llel* + E /0 <2x(s)[f(x(s),x(s — h),7(s),s) 4+ u(x(d),7(5), 5)]
+1g(x(s), 2(s — h), 7 (s), S)IQ)dt

for all £ > 0. Under Assumptions [7.2.1] and [7.2.2] we show that

Bl < o1 +0 [ Ble(o)Pds+O [ Elats—hPastC [ Bla(s)—o(6.)Pds,

’ ’ ’ (7.33)
where, and in the remaining part of this chapter, C' denotes a positive constant
that may change from line to line but its special form is of no use. For any s > 0,

there is a unique integer v > 0 for s € [vT, (v + 1)7). Moreover, 6, = v7 for
z € [vT, s]. It follows from ([7.4)) that
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+ /sg(x(z),x(z —h),r(2), z)dw(z).

T

By Assumptions [7.2.1] and [7.2.2] we can derive

E|x(s) — x(0,)|"

<3(r+1)L* / E|z(2) + z(z — h)[*dz + 37 K*E |z (vT)|?

T

<6(7 + 1)L2[/8]E lz(2)*dz + /SE |z(z — h)|*d?]

ds
+ 67K (E |2(s)[* + Ela(s) — 2(0)[).

Noting that 672K? < 1 by condition (7.17)), we hence have

6(r+1)L*, [° s

B 2 2 2

E|z(s) — z(d,)] < e [/55 E|z(z)|“dz + /65 E|z(z — h)|*dZ]
672 K> 9

Substituting this into (7.33]) yields
t t
Elo(t)f <I¢lf + C [ Ela(s)Pds +C [ Ela(s — )ds
0 0

+ C/o /55 [E|z(2)|* + E |z(z — h)|*]dzds. (7.35)

But, it is easy to show that

t t—h
/ E|z(s — h)|*ds = / E|z(2)dz,
0 ~h

//]E|x |dzds<// E |2(2) 2 dzds
g/_TE|x( )|2/Z dsdng/_TE\x( 2)dz

//E|mz— |dzds<// E|z(z — h)|*dzds
t—h y+h+t
- / / Blo)Pdyds < [ Bla) [ dsdy
0 Js—7m—h —T1—h y+h

and
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t—h
<r [ Bl
h

—T—

Substituting these into (7.35) and then applying Theorem7.3.3] it is easy to obtain
that

Elz(t)?<C Vt>O0. (7.36)
By the Ito formula, we have
Elx(t2)]* — E |z(t1)]”

=E / 2 <2x(t)[f($(t), a(t —h),r(t),t) +u(x(d,),r(6,), )] + |g(x(t), x(t — h), r(t),t)P) it

t1

for any 0 < ¢; < t5 < oo. Using (7.36)) and Assumptions |7.2.1| and [7.2.2) we can
then easily show that

[E |2(t2)]* — Ela(t)[*] < C(t2 — ta).

That is, E|z(t)|* is uniformly continuous in ¢ on R,. Tt then follows from ((7.19)
that lim; ., E|z(¢)]* = 0 as required. OJ

7.4 Exponential Stability

In this section, we will discuss the exponential stability of the system (7.1)) by

feedback controls. Before stating our result, let us impose another condition.

Assumption 7.4.1. Assume that there is a pair of positive numbers ¢ and co
such that
alrf* <U(z,i,t) < colz)? (7.37)

for all (x,i,t) € R x S x R;.

Theorem 7.4.2. Let Assumptions |7.2.1, |7.2.2, [7.53.1], |7.4.1) and Lemma
hold. Let T > 0 be sufficiently small for (7.17) and (7.18) to hold and recall that

2K? 5
0 =="—(1+8(1—¢ ir))
A1
and
4K -5 2 2 7.2
A=X— —(1—e7)—0r(47+2)L° —407°K* — \pys

At
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(so A > 0). Then the solution of the controlled system satisfies

1
lim sup n log(E|z(t)*) < —v (7.38)

t—o00

and

1

lim sup ~ log(|z(¢)]) < -2 a.s. (7.39)
t—o0 t 2

for every initial data xo = ¢ € C’}O([—QT*, 0]; R") and ro € S, where v > 0 is the

unique root to the following equation

27ye?™ (Hy + THs) + 2rye*™ ™V (Hy + 7 Hy) 4+ y(co + hApy) = A, (7.40)

24074 K*

m, H2 = 297’[/2(27' + 1), (741)

Hy =407*(L* + K?) + 207L* +

B 24073 (1 + 1) K2 L?
1 -672K?

Hj (7.42)

Proof. For any s > 0, there is a unique integer v > 0 for s € [vr, (v + 1)7).

Moreover, §, = vt for z € [vT, s]. From the previous section, we have

6(r+1)L*, [° s
_ 2 LN 2 B 2
E|z(s) — z(0s)]* < e [/55 E|z(z)|“dz + /65 E|z(z — h)|*dz]
672 K>
——[E 2, 4
B la(o) (7.43

Moreover, by the generalized [t6 formula, we can prove
E [V (&, 7, t)] = V(p,70,0) + E /Ot eV (&, 7y, 2) + LV (24,72, 2)]dz
for t > 0. Using , and , we get
c1e"E |z (1)) < Cy + /Ot e WE (V (2., 7., 2)) — AE|2(2)[)]d=. (7.44)
Define
V(i o, t) = / " () P(r(®)a(s)ds

t—

+¢21A¢Puu@xﬂv—mﬁwxw+u@wwm®mvw
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+lg(z(v), z(v — h),r(v),v)|*|dvds. (7.45)
By (7.13) and ([7.37)), we have
E(V(2.,7.,2) < aE|z(2)? + E(V (2., 7., 2)). (7.46)

Moreover, by Assumptions [7.2.1] and [7.2.2]

E(V(z,,7,,2))
S h)\PME ’Q?(Z)|2
+ 97/ {(4T<L2 + K2) + 2I2)E |2(v))? + 2L2(27 + DE |z (v — h)[?

+4TKE |2 (v) — x(&,)ﬂ dv. (7.47)

By Theorem we see that E (V(Z.,7.,2)) is bounded on z € [0,27*]. For
z > 27*, by (7.43)), we have

E(V(Z.,7.,2)) <hApuE |z(2)|* + Hl/ E|z(v)[*dv + Hz/ E|z(v — h)|*dv
+ H3/ / (E|z(y)]” +E |z(y — h)|]*)dydv. (7.48)
2—7 J 0y
where both Hy, Hy and Hjz defined by ((7.70]). But

/_ /av(E lz(y)I* +Elx(y — h)|*)dydv < /_ /_ (B |z(y)2 + E |z(y — h)|?)dydv

< T/; (Elz(y))* + Elz(y — h)|*)dy = T/; E |z (y)|dy + T/; E|z(y — h)[?)dy.
(7.49)

We hence have
E (V(&.,7,2)) <hApmE|a(2)]* + (Hy + THS)/ E|z(y)|*dy
z2—2T
+ (Ho + 7Hs) / E|o(y — h)[2dy. (7.50)
z2—2T

Substituting this into ((7.46)) and then putting the resulting inequality further to
(7.44), we get that, for ¢t > 27*,

t z
c1e"E|x(t)|* <C + v(H, + THs) / e”z</ E |x(y)]2dy> dz
27 z—2T1
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t

+v(Hy + 7H3) / 67’2(/ E|z(y — h)|2dy> dz
27 z—27

t
O aes W) [ R (751
0
But
. R t y+21 t
/ €7Z</ E|x(y)|2dy>dz S/ E|x(y)|2</ e"fzdz>dy < 276%7/ "E |z (y)[*dy.
27 z—2T 0 v 0
and

t z t y+27
/ e’yz</ El|z(y — h)|2dy>dz < / E|z(y — h)|2</ e’yzdz> dy
2 z—2T 0 Y

‘ t—h
< 276 / EVE [x(y — h)|*dy < 2reCTHY / €"E |x(y)|*dy
0 —h
t
<C+ 27'6(27+hh/ VE |z (y)|dy
0

Substituting this into (7.51]) yields

c1e"'E |z (t)]? <

C+ (27‘762”(}]1 + THs) 4 2r7e® MY (Hy + 7 Hs)

t
+ v(co + hApn) — )\> / R |z(2)|*dz. (7.52)
0
Recalling ([7.69)), we see
ceElz(t)]? < C Vit >2r (7.53)

The assertion (7.67)) follows immediately. Finally by [62, Theorem 8.8 on page
309], we can obtain the another assertion ((7.68|) from (7.53). The proof is therefore
complete. [1.

7.5 Corollaries

Assumption 7.5.1. Assume that there is a function U € C**(R" x S x Ry; Ry)

and three positive numbers \g, A5 and Agsuch that

LU(x,y,1,t) < =Mg|z|* + As|y|? (7.54)
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and

|Un (2,3, 1) < Agl| (7.55)
for all (x,y,i,t) € R" x R" x S x Ry and (x,i,t) € R" x S X R,.
Under this condition, if we choose a positive number \; < \y/A2, then
LU(z,y,i,t) + MU (2,0, 8) > < —(Ag — M) z]* + Aslyl* (7.56)

But this is a special condition of (7.15) if we set Ay = Ay — A A2, In other words,
we have shown that Assumption implies Assumption [7.3.1] The following

corollary states this.

Corollary 7.5.2. All the theorems in Sections 3 and 4 hold if Assumption[7.3.1]
is replaced by Assumption [7.5.1]

In practice, the quadratic functions are widely used to be the Lyapunov func-
tions. That is, we use U(z,i,t) = 27 Q;z, where Q;’s are all symmetric positive-
definite n x n matrices. In this case, Assumption holds automatically with
€1 = Minjeg Apin (Q;) and ca = max;es Amax(Q;). Moreover, condition holds
as well with A\ = 2max;cg ||@Q;||. So all we need is to find Q;’s for to hold.

This gives us the following another assumption.

Assumption 7.5.3. Assume that there are symmetric positive-definite matrices

Q; € R™™ (i € S) and two positive numbers \y, A5 such that

N
+) e Qi < =Ml + syl (7.57)

Jj=1

for all (z,y,i,t) € R" x R" x S X Ry and (x,i,t) € R" x S X R,.
The following corollary follows immediately from Theorem [7.4.2]

Corollary 7.5.4. Let Assumptions and[7.5.3 hold. Set
€1 = Wi Apin (@), €2 = max Anax(Qi), As = 2max || Q|-

Choose Ay < A\y/A& and then set Ay = Ay — M A2, Let 7 > 0 be sufficiently small
for to hold and set

2

0= K(l +8(1 — e7iK))
A1
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and
AK? —57 2 2 72
)\:)\2—)\—(1—@ ) —O1(4T + 2) L7 —407° K" — A\ppyy
1

(so X\ > 0). Then the assertions of Theorem [7.4.4 hold.

7.6 Example

Example 7.6.1. We first consider an unstable linear hybrid SDE

da(t) = (A(r(t))a(t) + Aa(r(t)z(t — h))dt + (B(r(£))x(t) + Ba(r(t)z(t — h))dw(t)
(7.58)

on t > 0 with initial value 29 = ¢ € C% ([—h,0]; R"). Here h = 0.1, w(t) is a

scalar Brownian motion; r(¢) is a Markov chain on the state space S = {1, 2} with

-2 2
I'= ;

0.9 3.2 0.94 6.93

the generator

and the system matrices are

Alz
4.05 —5.02 6.02 2.01

—-0.05 0.02 —-0.02 -0.01

1.98 3.04 2.01 1.04
Blz ) BZZ .
0 1.05 208 2
0.02 —0.04 B 0.0l —0.04
0 005 |’ ~0.08 0|

0.1 —-0.2 0.06 0.07
Adl - [ ] ) Ad2 - [ ] )

By =

The computer simulation (Figure 7.1) shows this hybrid SDE is not mean square
exponentially stable.

Let us now design a feedback control based on discrete time state and mode
observations to stabilize the system. Assume that the controlled hybrid SDE has

the form

dx(t) = [A(r(t))x(t) + Aa(r(t))z(t — h) + F(r(0:))G(r(6:))z(0r)|dt



CHAPTER 7 124
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Figure 7.1: Computer simulation of the paths of r(t), z1(¢) and x2(t) for the hybrid
SDE ([7.58) using the Euler-Maruyama method with step size 1075 and initial values
r(0) =1, 1(0) = —6 and x2(0) = 10.

+ (B(r(t)z(t) + Ba(r(t)z(t — h))dw(t), (7.59)

namely, our controller function has the form w(z,i,t) = F;G;z. Here, we assume
that
Gy = (—1.41,-1.4402), G, = (3.1016,1.9571),

and our aim is to seek for F} and Fh in R?*! and then make sure 7 is sufficiently
small for this controlled SDE to be exponentially stable in mean square and almost
surely as well. To apply Corollary [7.5.4 we observe that by Assumptions [7.2.1
and [7.2.2] it is easy to know L = 8.0406 and K = 11.7523. Then we need to
verify Assumption . It is easy to see the left-hand-side term of becomes
vTQ;x (i = 1,2), where

2
Qi = Qi(Ai + Ay + FiG)) + (AT + AL+ GTENQi + Bl QB + ) 74Q;.

J=1
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Let us now choose

01— 92.5048 0.9239 | 5.3836 3.0928
! 0.9239 3.1738 |’ 3.0928 3.3392 |
and
5 1
F1: 5 FQZ .
3 ~10

We then have

9 =

_ [—14.9558 —4.2385] _
1 — y

~53.8195 —36.4580
—4.2385 —35.3341 '

—36.4580 —30.9954

Hence, 7Q;z < —80.6096|x|2. We also know that A3 = 0.09. In other words,
holds with Ay = 80.6996. We further compute the parameters specified in
Corollary [7.5.4 ¢; = 1.1041, ¢; = 7.6187 and A\¢ = 15.2374. Choosing A\; = 0.3,
we then have \y = 10.9561. In addition, we choose ApM = 5.6 and Apm = 5.42.

Then, conditions ([7.17)) and ([7.18]) becomes

10.9561 > 1841.554(1 — ™ 7) + 69553.047 (47 + 2) + 594353.772 + 5.6,

69553.047(47 +2) < 5.33 7 < 0.021.

These hold as long as 7 < 0.0000383. By Corollary if we set F; as above and
make sure that 7 < 0.0000383, then the discrete-time-state-and-mode feedback
controlled hybrid SDE ((7.59) is exponentially stable in mean square and almost

surely as well. The computer simulation (Figure 7.2) supports this result clearly.



CHAPTER 7 126
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Figure 7.2: Computer simulation of the paths of r(t), x1(¢) and x2(t) for the hybrid
SDE (7.59) using the Euler-Maruyama method with step size 1075 and initial values
r(0) =1, 1(0) = —6 and x2(0) = 10.

Example 7.6.2. Let us now consider a nonlinear uncontrolled system ([7.3). Given
that its coefficients f and g satisfy the linear growth condition , we consider
a linear controller function of the form w(z,i,t) = D;x, where D; € R™" for all
1 € S. That is, the controlled hybrid SDE has the form

dr(t) = (f(z(t), z(t — h),r(t),t) + Drsyz(d))dt + g(z(t), z(t — h),r(t),t)dw(t).

(7.60)
It is easy to observe that Assumption holds with K = maxegs || D;|. Let
us now establish Assumption in order to apply Corollary [7.5.4, We choose
Qi; = ¢, where ¢; > 0 and [ is the n x n identity matrix. We estimate the

left-hand-side of ((7.57)):

N

207 Q[ (,y,i,t) + u(x,i,1)] + tracelg” (z,y,1,)Qs(x, i, t)g(x,y, 5, 1) + > iz’ Q;z
j=1
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N
< 2¢;Llz|(z] + |y]) + 2qix” Diw + q; L*(|z| + |y|)* + Z%‘jQJ‘|$|2
j=1
N
< 2 L|z|* + qiL|x® + g Lly|* + 2qia" Dix + 2q; L (|2 |* + |y|?) + Z%jqjlrclz
j=1

N
=" <%’(3L + 2L + ¢i(Di+ D) + > ’71'ij1>$ +y (@(L+2L%)y.  (7.61)
j=1

Assume that the following linear matrix inequalities

N
G(3L+ 2L+ Y+ VT + ) " yyq0 <0 (7.62)

J=1

have their solutions of ¢; > 0 and Y; € R™" (i € S). Set D; = ¢; 'Y; and

N
A1 = max A (@ (3L + 201 + Y + Y, + 3 74051 (7.63)
1€
Jj=1
As = MAX Amax (¢:(L +2L%)I). (7.64)

We then see Assumption is satisfied. The corresponding parameters in Co-
rollary becomes

c1 =ming;, ¢, =maxgq;, Ag= 2.
€S €S

Choose \; < )\4/)% and then set Ay = Ay — )\1)\2. Let 7 > 0 be sufficiently small for

(7.17) and (7.18) to hold. Then, by Corollary [7.5.4] the controlled system ([7.60))

is exponentially stable in mean square.
For example, if we have the same Markov chain as that in Example [7.6.1], and

set

[ 02sinay(2) . 0.01 cos 25 () 0]
)= ] 0 0.5cosx1(t)] (t)+[ 0.02 0.01smx1(t)] (e,

[ 0.8sin2ay(1) ol 0.01 cos 22(t) 003 ]
a(t) = i ~1 0.80082x1(t)] (tH[ 0 0.0lsianl(t)] (t=h).

and h = 0.1. Hence we observe that L = 1.4434. Then subsitute into the linear
matrix inequalities ([7.62)) and get their solutions ¢; = 1, g2 = 2,

-9 4
Yi = :
-2 —10

-6 1
and Y, =
0 -8
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Then we get

-6 1 —4.5 2
D1 = and D2 = .
0 -8 -1 =5
Hence K = 8.1359. We also observe that \y = 0.77, \s = 11.2204, ¢; = 1, co = 2

and \g = 4. Choose \; = 0.02 and set Ay = 0.45. Let 7 < 6.54 x 107°, then by
Corollary [7.5.4the controlled system ([7.60)) is exponentially stable in mean square.

7.7 Generalization

In this section, we will discuss a more general case. Consider an unstable hybrid
SDDE

dr(t) = f(a(t), 2t — h(t), r(£), )dt + g(x(t), x(t — h(£)),r(t), t)dw(t), (7.65)

where t > 0, z(t) € R" is the state, w(t) = (wi(t), - ,wn(t))T is an m-
dimensional Brownian motion, 7(¢) is a continuous-time Markov chain. But A is
now defined on the entire R, namely h : R, — [0, 7], and we assume that h is dif-
ferentiable and its derivative is bounded by a constant h € [0,1), that is A(t) < h,
for any t. In addition, SDDE has initial data zo = £ € CY% ([-7,0]; R")
(such that E|[¢]]? < c0) and r(0) = ry € S at time zero.

We aim to design a feedback control w(z(d;),r(d;),t) so that the controlled
hybrid SDDE

dz(t) = (f(x(t), z(t—h(t),r(t), t)+u(z(6,),r(6:), 1)) dt+g(x(t), z(t—h(t)), r(t), t)dw(t)
(7.66)
becomes H.-stable, asymptotically stable and exponentially stable in mean
square, where 7 > 0, §; defined as and u: R" xS X Ry — R™
By employing the same Lyapunov functional as , all the results still hold
in this chapter. But Theorem experiences changes in some coefficients. We

state this result in the following theorem.

Theorem 7.7.1. Let Assumptions |7.2.1, |7.2.2, [7.53.1], |7.4.1) and Lemma
hold. Let T > 0 be sufficiently small for (7.17) and (7.18) to hold. Recall that 0 is
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defined as and \ is defined as (so A > 0). Then the solution of the
controlled system satisfies

1
lim sup n log(E |z(t)

t—o00

) < —y (7.67)

and

1
lim sup — log(|z(¢)|) < —

i

—  a.s. 7.68
t—o0 t 2 @ ( )
for every initial data xo = ¢ € C}O([—ZT*, 0]; R") and ro € S, where v > 0 is the
unique root to the following equation

27_6(27-4-7* )y

27"}/6277(H1 —I— THg) —I— ﬁ(Hg + TH3) —f- ’7(02 + h)\pM) = )\, (769)

2401 K4

W, H2 = 297'[/2(27' + 1), (770)
— 07

Hy = 407*(L* + K?) +207L* +

2407 (T + 1) K2 L*
Hy = 2102
1—-6m2K

(7.71)

7.8 Summary

In this chapter, we have proved the stabilization of continuous-time hybrid
stochastic delay differential equations by feedback controls based on discrete-time
state and mode observations. The stabilities here mainly referred to the H., sta-
bility, mean squared asymptotic stability and mean squared exponential stability.
Moreover, we also managed to build the upper bound on the duration Thetween
two consecutive state observations. We achieved these by employing Lyapunov

functional.



Chapter 8
Conclusions and Future work

In this thesis, we have developed our new theory about stabilization of hybrid
systems by feedback controls based discrete time observations, as well as of hybrid
delay systems.

In Chapter 3, we have shown that unstable linear hybrid SDEs can be stabilized
by the linear feedback controls based on the discrete-time state observations. We
then generalize the theory to a class of nonlinear hybrid SDEs. Making full use of
their special features, we have established a better bound on duration 7. However,
by the method used in Chapter 3, we can only proved the mean square exponential
stability of controlled system and the upper bound on 7 is not very sharp.

Therefore, we extend our discussion in Chapter 4 to shown that continuous-time
hybrid stochastic differential equations can be stabilized by feedback controls based
on discrete-time state observations in some other types by the method of Lyapunov
functionals. The stabilities discussed in this chapter includes exponential stability
and asymptotic stability, in both mean square and almost sure sense, as well as
the H,, stability. One of the significant contributions here is the better bound
obtained on the duration 7 between two consecutive state observations.

In Chapter 5 and 6, we have proved that unstable hybrid SDEs can be stabil-
ized by feedback controls based on discrete-time state and mode observations by
simular methods used in Chapter 3 and 4 respectively. We also managed to build
the corresponding upper bound on the duration 7 between two consecutive state
observations.

In chapter 7, we have extended our study to continuous-time hybrid stochastic

130
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delay differential equations by feedback controls based on discrete-time state and
mode observations. The stabilities here mainly referred to the H., stability, mean
squared asymptotic stability and mean squared exponential stability. Moreover, we
also managed to build the upper bound on the duration T7between two consecutive
state observations. We achieved these by employing Lyapunov functional as well.

However, there are still some problems worthy of consideration after this thesis.
For instance, we only study on the hybrid stochastic systems in this thesis, stabiliz-
ation problems of some other types of stochastic systems by discrete-time feedback
controls may also be considered. In addition, we mainly study on the stability in
mean square sense in this thesis, we can extend our discussion to the sability in
pth-moment sense as well. At the same time, we can also consider the stabilization

problem of SDEs with Markov process which has infinite number of states.
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