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Abstract

We explore how the asymptotic structure of a random permutation of [n] with m
inversions evolves, as m increases, establishing thresholds for the appearance and dis-
appearance of any classical, consecutive or vincular pattern. Our investigation begins
with exploring how the asymptotic structure of a random n-term weak integer compo-
sition of m evolves, as m increases from zero. The primary focus of our investigation
into compositions is establishing thresholds for the appearance and disappearance of
substructures, particularly the appearance and disappearance of consecutive compo-
sition patterns. We are then able to transfer the established composition threshold
to establish the thresholds for classical, consecutive or vincular permutation patterns
occurring within our random permutation model.

This thesis is based on the papers [12] and [13].
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Notation

Throughout this thesis, numerous different symbols are used as such, we list the fol-

lowing notation for the benefit of the reader:

Notation Definition
D Probability
q 1 — p (The complement of p).
]P’[A] The probability of the event, A.
E[X ] The expected value of the random variable, X.
Var [X The variance of the random variable, X.
Cov [X , Y} The covariance between the random variables, X and Y.
[n] The set {1,2,...,n}.
C An integer composition.
C(7) The ith term of the integer composition, C.
|C| The size of the random integer composition,C.
cti The integer composition, C' which has had 1 added to its jth term.
Cn The set of all n-compositions.
Cnm The set of all n-compositions of m.
Cnm The uniform random composition.
np The geometric random composition.
C; The evolutionary random composition.
Q A property.
0 The empty set.
A D i P[A; A Aj] (The sum over the dependent pair of indices).
A Yier, P[A]” + iy P[A]P[4,].
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Chapter 0. Notation

Notation Definition
comp,,.(C) The length of the longest component in C.
gapax(C) The length of the longest gap in C.
comp,,in(C) The length of the shortest component in C.
gap,in(C) The length of the shortest gap in C.
max(C) The largest term of C.
logn The natural logarithm of n (unless stated otherwise.)
T A pattern.
|7 The size of the pattern, .
=T An exact consecutive pattern.
o A permutation
o(1) The ith term of the permutation, o.
T The complement of the permutation, o.
Sy The set of all n-permutations.
Sn.m The set of all n-permutations with m inversions.
Onm The uniform random permutation.
€o The inversion sequence of the permutation, o.
eq (1) The ith term of the inversion sequence of the permutation, o.
Enm The set of all inversion sequences of n-permutations with m inversions.
etd The inversion sequence, e which has had 1 added to its jth term.
€enm The uniform random inversion sequence.
eli, j] The terms of the inversion sequence, e from term 7 to term j.
oli, 7] The terms of the permutation, o from term 7 to term j.
inv (1) The total number of inversions of the permutation pattern, .
ochT The direct sum of the permutations, ¢ and 7.

Furthermore, this thesis uses several different mathematical relations. If f and g are
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Chapter 0. Notation

positive functions of n, then we use the following notation:

f<g if limsup f/g < oo,

n—oo
f=xg if 0<lirginff/g and limsup f/g < oo,
n—oo n—00
f~g if lim f/g=1,
n—oo
F~0 if lim f=0,
n—oo

f<gor g>f if lim f/g=0.
n—oo

In particular, f < 1if lim f =0, and f > 1if lim f = oc.
n—o0 n—oo

Note that we use the following equivalences within this thesis:
9= f=0(9), [fxg+ f=06(9), [f<g+= f=ol9).

Though f ~ 0 is nonstandard, it is used within this thesis to simplify the presentation

of results.
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Chapter 1

Introduction

We consider compositions and permutations from an evolutionary perspective, in an
analogous manner to the Gilbert-Erdés-Renyi random graph [24,25,28]. Our two pri-
mary composition models are the uniform random composition C,, ,,, drawn uniformly
from the family of n-term weak integer compositions of m, and the geometric random
composition C,, ,, an n-term weak integer composition in which each term is sampled
independently from the geometric distribution where 0 < p < 1 and with parameter
g = 1 — p; that is, P[Cnm(i) = k] = qp” for each k > 0 and i € [n]. Our primary per-
mutation model is the uniform random permutation oy, ,,, drawn uniformly at random
from the set of all n-permutations with exactly m inversions.

Our primary focus is to initially establish the threshold for a consecutive compo-
sition pattern to occur within C,,,, (generally the easiest of our models to work with)
before transferring this threshold between our models to establish the threshold for
a consecutive permutation pattern to occur with o, ,,. We conclude this thesis by
establishing the thresholds for classical and vincular patterns to occur within o, ;.

Within the second chapter we introduce our composition models, properties and
thresholds as well as the methodology we utilise to establish many of our composition
thresholds. The third chapter explores components (maximal runs of nonzero terms)
and gaps (maximal runs of zero terms) of weak integer compositions. We also establish
thresholds for different lengths of components and gaps occurring within our compo-

sition models. In our fourth chapter we briefly investigate the largest terms within
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our composition models. Within the fifth chapter we establish thresholds for exact
consecutive composition patterns occurring within C,, , and C,, ;,. Our sixth and final
chapter introduces our primary permutation model, explores the relationship between
compositions and inversion sequences as well as the relationship between inversion se-
quences and permutations. Finally we establish the thresholds for consecutive, classical

and vincular patterns occurring within o, ,,.



Chapter 2

Random Compositions

An n-term weak composition of m, or just an n-composition of m, is a sequence of n
nonnegative integers (ci,...,c,) such that Y ;" ; ¢; = m. Compositions can be con-
sidered to be words over the nonnegative integers, and, if no term exceeds nine, we
sometimes write specific compositions simply as a sequence of digits. See Figure 2.1 for
an example. Alternatively, we can consider such a composition to consist of a sequence
of n bozes, such that term ¢; is the number of balls in box i € [n] := {1,2,...,n}.

A “stars and bars” argument is a graphical aid for solving certain counting problems.
In particular, we can calculate the number of ways of placing m balls in n boxes. By
utilising this argument, the number of distinct n-compositions of m can be derived.
See Figure 2.2 for an example of a representation of a 13-term composition of 27. In a
“stars and bars” diagram, the “stars” represent balls and the “bars” represent the end
of one box and the start of the next.

If we consider a “stars and bars” diagram representing placing m balls in n boxes,
there are m “stars” and n — 1 “bars”. We can then consider having m +n — 1 empty

spaces and choosing where to place either the m “stars” or n — 1 “bars”. Using this

m+n71) — (m+n71) ]

argument it can be seen that the number of n-compositions of m is ( A i

Definition 2.0.1. If C is an integer composition, then we use C'(i) to denote its ith
term, and |C| to denote its size, the sum of its terms. Let C, denote the set of all

n-compositions, and let Cy, ,, be the set of all n-compositions of m.
We now present three models of random integer compositions.
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Figure 2.1: Bar-chart representation of a 50-term composition of 80

Figure 2.2: “Stars and bars” representation of the composition 2,1,0,4,1,1,7,3,2,2,0,1,3

2.1 The Uniform Random Composition C, ,,

The uniform random composition C,, ,, is drawn uniformly from C, ,,,. Thus, for every

composition C € Cy, m,

each of the distinct n-compositions of m being equally likely. For example, the proba-

129)*1‘

bility that Csg g0 is the composition in Figure 2.1 is (80

2.2 The Evolutionary Random Composition C;

An alternative, evolutionary, perspective comes from taking a dynamic view. We
can consider a process on compositions, namely an infinite sequence of compositions,
0", C1,Co,Cs, ..., where 0" denotes the empty n-composition (0,...,0), and Cyiq is
obtained from C; by the addition of 1 to a single term. Note that there is no maximal

n-composition (unlike the situation with random graphs).

Definition 2.2.1. The evolutionary random composition (Cy)i>o is the Markov chain

satisfying Cp = 0" and, for each ¢t > 0 and j € [n],

Ci(j) +1

Flem =) = AL

Y

where C7/ denotes the composition obtained from C by the addition of 1 to its jth
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term.

The evolutionary random composition C; is uniformly distributed over n-compositions
of t or alternatively, Csy1 is obtained from C; by adding a star at a uniformly random

place in the stars and bars diagram:

Proposition 2.2.2. For each t > 0, the random composition C; is uniformly dis-

tributed over Cp ;.

Proof. We use induction on ¢. Trivially, Cy is uniformly distributed over C, . Suppose
C; is uniformly distributed over C,;, and that C' € Cy, 441. Let C~7 denote the compo-

sition obtained from C by the subtraction of 1 from its jth term (if this is possible).

Then,
_1C(
P[Ci1=C] = > IP’[Ct:CJ]nE‘:)t
j€ln], C(G)#0
_ (n+it-1 *12 CG) _ tn-1)! t+1 _ (n+t *1.5
t n+t (m+t—1!n+t t+1

Jj€[n]
2.3 The Geometric Random Composition C,

If p € [0,1), then the geometric random composition C,, , is distributed over C,, so that
for each C € C,, we have ]P’[Cn’p = C] = ¢"pl®l, where ¢ = 1 — p. Each term of Cunp
is sampled independently from the geometric distribution with parameter q; that is,
P[C(i) = k] = qp” for each k > 0 and i € [n]. Note that Cy,, is not defined for p = 1.

For example, the probability that Csg ), is the composition in Figure 2.1 equals L

Definition 2.3.1. To avoid unnecessary repetition, when considering C,,, in this the-
sis, ¢ always denotes 1 — p. Moreover, we also assume that the definition of any anno-
tated p also defines a similarly annotated ¢, so we have ¢ =1 —p; and g7 =1 — p™,

without stating so explicitly.

We collect here a few basic facts about C,, ,. Each term has mean p/q and variance

p/q?, and its size |C,, | satisfies a negative binomial distribution,

+n—1
P[|Cpypl =m] = (m 7:; >pmqn’

6
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with mean p, , = np/q. Note that if p < 1 then p,p, = np/(1 —p) ~ np/1 = np, and
if ¢ < 1 then ppy, = n(l —q)/q ~ n(l)/q = n/q where p = p(n) and m = m(n) are
functions of n.
We now show (Proposition 2.3.3) that |C,, ;| is concentrated in the sense that, for
any € > 0,
lim P[1 —¢€< [Cosl <l+e =1

n—oo /’[/Tl,p
Proposition 2.3.2 (|26, Proposition I11.3]). Consider a family of random variables
X,,. Assume that the means p, = E[Xn] and the standard deviations o, = o(X,,)

satisfy the condition

then the distribution of X,, is concentrated.
It can now be proved that |C,, ;| is concentrated.
Proposition 2.3.3. |C,,,| is concentrated when p > n~1.

Proof. The geometric random composition C,, ,, has size |Cy, ,|, with mean y,, , = np/q

and variance o2 = np/q®. If p > n~!, then

n,

lim e lim an/q 1

= lim —— =0.
=00 [Uy, n—0o np/q n—oo /NP

By Proposition 2.3.2, |C,, | is concentrated. O

The size |Cy,p| has variance np/q?, and so exhibits a concentrated distribution as

1

long as p > n~'. We make a brief further exploration on the upper bound on the

probability of deviation of |C,, ,| by utilising Chebyshev’s inequality.

Lemma 2.3.4 (Chebyshev’s inequality). If X is a random variable with finite mean
and variance, then, for k > 0,

1

P[|X — p| > ko] < 2
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By Chebyshev’s inequality, we have the following:
Lemma 2.3.5. IP’H|Cn7p| - np/q} > ay/np/q] < a2
Geometric random compositions of size m are uniformly distributed over C,, ,,:

Proposition 2.3.6. A random composition C,, whose terms sum to m is equally

likely to be any one of the distinct n-compositions of m.

Proof. Suppose C € Cp, ,,. Then,

P[Cpp=C A |Cpyp| =m]

P[Chp=C | |Cnp

=m] =

P“Cn,p‘ = m]
_ P[Cn,p = C}
P[|Cn,pl = m]

p"qg" _(m+n-—1 -1
(" Dpmgn -\ m '

Thus, C,,, conditioned on the event |C, ,| = m is equal in distribution to C, .
Note that this holds for any choice of p and m. As is the case with random graphs, the
probabilistic model is more amenable to analysis, so we prefer to work with C,, ;, and

then transfer the results to C,, ,,, (see Propositions 2.4.5, 2.5.1 and 5.1.3 below).

2.4 Properties

Definition 2.4.1. We consider a property of n-compositions simply to be a subset

of C,,.

For example, the set of n-compositions with no zero terms is a property, as is the
set of n-compositions with at least one term equal to three.

A property Q is increasing if C € Q implies C*/ € Q for every j € [n], or equiva-
lently if C' € Q implies C + C’ € Q, where C' + C’ denotes the term-wise sum of two
n-compositions. The complement of an increasing property is decreasing. A property
that is either increasing or decreasing is monotone. For example, the n-compositions
with no zero terms form an increasing property, adding to terms, once all terms are non-

zero, will result in all subsequent n-compositions having no zero terms. On the other

8
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hand, the set of n-compositions with exactly one term equal to three is not monotone.
For example, if we have the following 5-composition C' given by 2,0,4,1, 3, exactly one
term is equal to 3. By adding (enough) to terms C(1),C(2) or C(4) can result in the
property of there being exactly one term equal to 3, no longer holding. Similarly, by
taking 1 from either of the terms C'(3) or C'(5) will also result in the property no longer
holding.

Both C,, ;, and C,, , behave monotonically with respect to monotone properties:

Proposition 2.4.2. If Q is an increasing property and m; < me, then
P[Chm, € Q] <P[Cpm, € Q.

Proof. P[CtH € Q] > IP’[CHl €c 9 ANC; e Q} = ]P’[Ct € Q], since @ is increasing.
The proposition now follows by Proposition 2.2.2. O

Proposition 2.4.3. If Q is an increasing property and p1 < p2, then
P[Chp, € Q] <P[Chp, € Q]

Proof. Let C,, 5, p, denote a random n-composition, each of whose terms is sampled

independently from the following distribution. For each i € [n],

a2 if k=0,
P[C”apl,PQ (Z) = k] =

L-B)p ifk>1.

We claim that C,, ,, + Cy, p, p, has the same distribution as C,, , if C,,,, and C,, p, p,
are chosen independently, thus providing a way of building C,, ;, from 0™ in two steps

via Gy, p, -
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To prove this equality of distribution, we use probability generating functions. Let

fo@) = 3 P[Cupli) = K2k = 1

= 1—px
. 1 —pix)
z)=)» P|C, i) =k|z* = %(7
fp1,p2( ) kgo [ ,p1,p2( ) } ql(l —p2$)

Thus fp,(x) = fp, (@) fp1 po (z), and equality of distribution then follows from the inde-
pendence of each term in the random compositions.

Hence, by coupling C,, ,, and C,, ;,,

P[Cn,m € Q] = P[Cn,m + Cn,pl:pz S Q]
>P[Cpp, + Crpips € Q A Cpyp, € Q] (where the C,,p, are the same)
P

= [Cnml S Q]?

since @ is increasing. O

Typically, we are interested in whether a property holds, or fails to hold, in the

asymptotic limit.

Definition 2.4.4. We say that Q holds asymptotically almost surely (a.a.s.) or, syn-
onymously, with high probability (w.h.p.) in C,,,, if IP’[Cmp € Q] ~ 1, and analogously
for Cy, . If a property holds a.a.s. then its complement asymptotically almost never

holds.

The following trivial example can be considered. Let p € (0,1) be a constant and
Q1 be the set of all compositions with at least one term greater than 0. Clearly,
]P’[Cn’p € Ql] ~ 1. On the other hand (for the same probability), let Qo be the set of
all n-compositions where all terms are equal to 0, then P[Cn,p € QQ] ~ 0.

Since |C,, | is concentrated around its mean, it is reasonable to expect that, if n
is large, then C, , and C, ;, should behave in a similar fashion when m ~ np/q (the
mean of |C,, ,|), or equivalently, when p ~ m/(m+n). This is indeed the case, and the
following proposition enables us to transfer results from C, j, to C,, ,,, the probability

that an increasing property holds being the same in both models.

10
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Proposition 2.4.5. Let Q be an increasing property and o € [0,1] be a constant.
Suppose py = po(n) and § = §(n) > /po/(qo/n) are such that P[Cprp € Q] ~ o for
all p for which p/q differs from po/qo by no more than 6. Then P[Cnmo € Q] ~ Q,

where mo = [npo/qo).

Proof. Let p~ satisfy p~ /¢~ = po/qo — 0, and p* satisfy p*/q* = po/qo + 0.
Fix any ¢ > 0 and suppose n is sufficiently large such that both P[|C, ,-| >
mg] < € and P[|C,, ,+| < mo| < e. Note that [mo/n — po/qo| < é. This is possible by

Observation 2.3.5 given that

np- A/ \/Np—
mo—i_:n5>> Po . _p, and
q q0 q
np* _ Vipo  /npt
— —mg =nod > ~ )
qt q0 qt

P[C,,- € Q] = Y P[Cpy € QIP[|C,,-|=k] + Y P[Cpy € QJP[|C,,-| =k

k<mg k>mg

< P[Cpm € Q] P[|C,p-| < mo] + P[|C,p-| > mo)

<P[Cpm, € Q] + e (1)
Similarly,
P[Cp+ € Q> > P[Chi € QP[|C, | = K]
k>mo
> P[Cpm € Q| P[|C, p+ | > mg]

> (1 —¢)P[Cpm, € Q. (2)
So (1) and (2) imply the proposition. O

Note that, in general, we cannot remove the requirement that the property be
increasing. For example, if Q is the set of n-compositions with no zero terms whose size

is not a power of 2, then ]P’[Cn,m € Q] = 0 whenever m is a power of 2, whereas Q holds

11
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a.a.s. in C,j, once p is sufficiently large that both conditions hold w.h.p. However, in
some situations we can transfer results concerning non-monotone properties from C,,
to Cpm. For example, Proposition 5.1.3 enables us to do this for exact consecutive

patterns.

2.5 Thresholds

Large random combinatorial objects often show a phenomenon of the sudden appear-
ance and disappearance of properties. This nature of behaviour has been documented
(but not limited to) graph theory [27], compositions and permutations. The latter two
of which are explored within this thesis. We say that a function m* = m*(n) is a

threshold for an increasing property Q in C,, ;, if

0 if m <« m?*,
]P)[Cn,m S Q] ~
1 if m>m*,

and that p* = p*(n) or ¢* = ¢*(n) is a threshold for Q in C,, if

0 if p/qg < p*/q*,
P[C,p € Q] ~

1 if p/g>p*/q".

That is, a property asymptotically almost never holds below its threshold, but
holds asymptotically almost surely above it. Though it is not known if every monotone
property of compositions has a threshold, we establish a number of them within this
thesis.

In many situations, it can be determined that the threshold is more abrupt. A

function m* is a sharp threshold for a property Q in C,, ;,,, and p* is a sharp threshold

12
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for Q in C,, ,, if, for every € > 0,

0 if m<(1—-¢e)m*,
P[Cn,m S Q] ~

1 if m>(1+¢e)m*,

0 if p/g <(1—2¢)p*/q¥,

1 if p/g=(1+e)p*/q"

P[Cnp € Q] ~

Clearly, thresholds are not unique. Indeed, if a threshold for a property Q is not
sharp, then a constant multiple is also a threshold for Q. Sharp thresholds are not
unique either, although a constant multiple of a sharp threshold for a property is not a
threshold for that property. On the other hand, if fi(n) > 1 is a sharp threshold for
a property Q in C,,,, and fy(n) < fi(n) then fi(n) + fo(n) is also a threshold for Q
in Cy, .

A consequence of Proposition 2.4.5 is that a threshold in C,,, can be transferred

to one in C,, p,:

Proposition 2.5.1. Let Q be an increasing property that has a threshold p* > n™1 in
C,p. Then np*/q* is a threshold for Q in Cy, p,.

Proof. Let m* = np*/q*. Suppose m > m* and p™ = m/(m +n), so p*/q" > p*/q*.
Now, since p* > n~!, we also have p* /¢t > \/p*/(¢Tv/n), so we can find
6 > /pt/(¢t/n) such that pt/qt — & > p*/¢*. Since Q holds a.a.s. in C,,, when
p/q > p*/q*, by Proposition 2.4.5, Q also holds a.a.s. in C, .

Similarly, suppose now that m < m* and p~ = m/(m + n), so p~ /¢~ < p*/q*.
Since p* > n~!, we also have p*/¢* > /p~/(¢~+/n), so we can find
6> /p~/(q”/n) such that p~ /¢~ + 6 < p*/q*. Since Q asymptotically almost never
holds in C,,;, when p/q < p*/q*, then by Proposition 2.4.5, Q also asymptotically

almost never holds in C,, ,. O

To establish the presence of thresholds, we use the First Moment Method and the

Second Moment Method. The First Moment Method is an immediate corollary of

13
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Markov’s Inequality and gives a sufficient condition for a property to asymptotically

almost never hold.

Proposition 2.5.2 (First Moment Method [27, Lemma 20.2]). If (X,,)22 is a sequence

of nonnegative integer-valued random variables and E[Xn] < 1, then IP’[Xn = 0] ~ 1.

The Second Moment Method, which follows from Chebyshev’s Inequality, gives a
sufficient condition for a property to hold a.a.s.

The following presentation follows [2, Corollary 4.3.4].

Definition 2.5.3. Given an indexed set of events {A; : i € I}, we write i ~ j if i # j
and the events A; and A; are not independent. We say that A; and A; are correlated.

If ¢ ~ j, we say that i, j is a dependent pair of indices.

For example, if, for each i € [n — 1], the event A; occurs if the ith and (i 4+ 1)th

terms of C,,,, are identical, then i ~ j precisely when |i — j| = 1.

Proposition 2.5.4 (Second Moment Method). Suppose, for each n > 1, that

{4; i € I,} is a set of events. Suppose X = X,, is the random variable that records

how many of these events occur, and let A = > IP’[Ai A Aj], where the sum is over
=

dependent pairs of indices. IfE[X] > 1 and A <<JE[X]2, then P[X > O] ~ 1.

It is possible to determine the probability of a property holding at its threshold.
To do this we use the Chen—Stein Method [17]. The basic idea is that if events are
mostly independent (for some properly defined notion of “mostly”), then the number of
these events that occur tends to a Poisson distribution. As noted in [3], under suitable
conditions, Poisson convergence can be established by computing only the first and
second moments. In particular, this holds in the case of dissociated events [6,7], which

is sufficient for our purposes.

Definition 2.5.5. Let A be a collection of subsets, drawn from the natural numbers,
and suppose that, for each J € N, the random variable X ; can take only the values
0 or 1. The random variables {X; : J € J} are said to be dissociated if collections
of them which have no index in common are independent. That is, {X; : J € J} is

independent of { Xy : K € K} whenever J NK = 0.

14



Chapter 2. Random Compositions

We adapt the following proposition to be utilised in further results.

Proposition 2.5.6 ([35, Theorem 4]). Consider a random variable W that can be
written as a sum Y cp Io of 0-1 random variables, where I' is a finite index set. Let
A= E[W] =Y ., Da, where p, = E[Ia] = P[Ia = 1] = ]P’[a]. Suppose that for each «
there is a subset ', C T' such that 1, is independent of {Ig: 3 ¢ I'n}. Then the total
variation distance between the distribution (or “law”) L(W) of W and the Poisson

distribution Po(\), with mean u, is bounded above as follows:

diy (L(W), Po(N)) < maz (LAY [ D 2+ > (paps +E[Ials])

acl a€l’ Belo\{a}
The following is adapted from the above proposition.

Proposition 2.5.7 (Chen—Stein Method). Suppose, for each n > 1, that

{4; :i € I,} is a set of events, and that |I,,| > 1. Suppose X,, is the random variable

that records how many of these events occur, and let
A= 3"PAANA] and A=Y PA]° + Y PIA]P[4;].
invj iel, i~

If there exists a constant A > 0 such that E[Xn] ~ A and A+ A < 1, then X,
converges in distribution to a Poisson distribution with mean X\. In particular, the

asymptotic probability that none of the events occur is e ™.

In particular, the following adaptations were made to [35, Theorem 4] to give Propo-

sition 2.5.7:
Notation used in [35, Theorem 4] | Notation used in Proposition 2.5.7
T {A; i€}
T, {Aj i~ jTU{A4;}, if A, =«
w Xn
2oael 2ogela\{a} D i
D aer 2gera\{a} E[Lalp] A

15



Chapter 2. Random Compositions

In Proposition 2.5.7, the equation has been separated into A and A, since A is used

in the Second Moment Method.

16



Chapter 3

Components and Gaps

In the next two sections, we shall investigate the behaviour of how the random compo-
sition evolves as its size increases. We primarily establish our results for C,, ;, before
transferring to C,, p,.

Perhaps intuitively, whenever p < n™! in C,.p, all terms are equal to 0 a.a.s. As
the expectation of the number of nonzero terms is equal to np < n (n_l) =1, then the
expectation is asymptotically equal to 0. So, by the First Moment Method, every term
is equal to 0 a.a.s.

Our focus in this current section is on components and gaps.

Definition 3.0.1. A component of a weak integer composition is a maximal run of

nonzero terms. A gap is a maximal run of zero terms.

For example, the composition in Figure 2.1 on page 5 has 10 components, the longest
having length 7. It also has 10 gaps, the longest having length 4.

Components in C,, ;, are equivalent to maximal runs of heads in sequences of coin
tosses. Here, a head is obtained with probability p and a tail is obtained with probability
q = 1 — p. This topic of study has previously been explored in great detail [23,30, 32]
(see also [26, pages 308-312]). Furthermore, components are equivalent to maximal
runs of a singular repeating letter in a word over a binary alphabet {0,1}. A word is a
sequence of the elements of the alphabet.

Components and gaps are dual in C,,,. Any statement about components can be

converted into one about gaps by reversing the roles of p and ¢ and vice versa. For

17



Chapter 3. Components and Gaps

example, once ¢ < n~! the expected number of terms in C,.p equal to zero, is equal to
ng < 1. Thus, a.a.s., every term is nonzero and so C,, , consists of a single component
with no gaps. Similarly, once p < n~!, we see that C,,.p consists of a single gap with
no components as every term is equal to zero a.a.s. Here, there would be no gaps and
there would be a lot of structure to investigate.

Below we determine thresholds for the appearance and disappearance of components
of a given length. Initially, however, we have a brief look at the number of components

in Gy, p.

Proposition 3.0.2. In C,,,, the expected number of components equals ngp +p?, and
the expected number of gaps equals ngp + q>. Therefore, for any positive constant c,

asymptotically,

0 if p<<nl,
o if p~an!,

np if nTl<p<kl,
E[number of components in Cnyp] ~ < npgq if p is constant,
ng if 1>q>n1

a+1 if g~ant,

1 if n7l>q,

and

1 if p<nl,

a+1 if p~an™t,

np if nTl<p<l,

E[number of gaps in Cn,p] ~ § npq if p is constant,

ng if 1>q¢>nt,
1

Q if g~an™",

0 if nTl>q.

18



Chapter 3. Components and Gaps

Proof. We count the left ends of components. The probability that the jth term of
C,.p is the start of a component equals p if j = 1 and ¢p if 2 < 7 < n. Thus the
expected number of components equals p + (n — 1)gp = ngp + p>.

o If p < n™!, then ngp + p?> = np — np?> + p> < 1 + n=2 ~ 1. Thus ngp + p* ~ 0.

2 2

o If p ~ an™!, then ngp + p?> = np —np®> + p*> ~ a — ?n~ ' + o?n~2 ~ a. Thus

ngp + p2 ~ .
o If n™! < p <« 1, then ngp + p*> = np — np? + p?> ~ np. Thus ngp + p> ~ np.
e If p is constant, then ngp + p* ~ ngp.

o If ¢ ~ an™!, then
ngp+p* =nqg(1—q)+1-2¢+¢* ~a(l—an ) +1-2an"t+(an 12 ~ a + 1.
Thus, ngp + p*> ~ a + 1.

e If n=1 > ¢, then
ngp+p? = nq(l—q)—}—1—2q—|—q2 ~ 0(1—0)—|—1—2(0)—|—02 = 1. Thus, ngp+p? ~ 1.

Due to the duality of gaps and components, the result of the expected number of

gaps can be established by reversing the roles of p and gq. O

Thus we have established that whenever p < n~!, there are a finite number of
components and gaps. By the duality of components and gaps, we have also established

that whenever ¢ < n™!, there are also a finite number of components and gaps. We

now establish that for any fixed k > 2, that p =< n™! is the lower bound and ¢ < n~!

is the upper bound for there being at least £ components and at least k gaps.

Proposition 3.0.3. Suppose k > 2 is constant. Then,

0 if pnt,

P[Chp has at least k components| ~ < 1 if nt<p and ¢>n"t,

0 if n7l>q,

19



Chapter 3. Components and Gaps

and

0 if p<nl,
P[Cn,p has at least k gaps] ~91 if nl<p and ¢>nt,

0 if n7l>q.

Proof. For each i € [n], let B; be the event that the ith term of C, ) is the be-
ginning of a component. Thus, ]P’[Bl] = p, and IP’[Bi] = ¢gp if i > 1. Suppose
i:= (i1,i2,...,9%) € [n]* is a vector such that ij41 > i; + 2 for each j € [k — 1], and
let A; = B;, NBjy A...A\B;,. If iy =1, then P[Ai] = ¢"1pF: otherwise P[Ai] = ¢FpF.

If X is the total number of these k-tuples of components in C,, ;,, then by linearity

of expectation, their expected number equals

n—=k n—=~k\ ,_
E, :=E[X] = ( ; )qkpk + <k_1>ql“C Iph

(n - k)! (n - k)! )
K(n — 2k)!> a"p" <(k “Di(n—2k+ 1)!) "

k k..k
q k

= 1+— . 3.1
k! <+nQ) 3.

Thus, by the First Moment Method (Proposition 2.5.2), X = 0 a.a.s., or equivalently,
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Chapter 3. Components and Gaps

w.h.p. C,,;, has fewer than k& components.

Now suppose that ¢ < n™!, so ¢ = n~! /w with w > 1.

~ <w,fk,> (14 wh)

— < 17
wk=1k!

since k > 2. Therefore, by the First Moment Method, X = 0 a.a.s., or equivalently,
C,,p has less than k& components.

Finally suppose that p > n~! and ¢ > n~!. We will use the Second Moment Method
to prove the final part of the proposition. Distinct events A; and A;j are correlated
(i ~ j) if there exists a pair of indices ¢, in i and j, in j such that |i, — js| < 1. If,
for any such pair, their difference equals 1, then P[Ai A Aj] = 0. Otherwise, the event
A; N\ Aj represents, for some t € [k — 1], the presence of k +t component left ends, with
the indices of k — t of these occurring in both i and j. So, ]P’[Ai A AJ-] = Ejy4. Thus,

for some constant Cj,

A= P[4 A 4 =§<k+t)<k)Ek+t

i~ t=1
k—1
< Cy, Z By
t=1
L gFriphtt k4 '
~ Cy ; <k—|—t)'> <1 + nq> (from equation 3.1)

Ck 2k
<7 <1—|— q> Z(nqp)kH

t=1

G (npg)** — (npg)**!
Tk npq — 1 ’
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Chapter 3. Components and Gaps

Suppose that p < 1. So p = n~'w where 1 < w < n.

k,k Kk
E[x] ~ 124 <1+k>

k! ng
nk (nilw)k (1 — nilw)k k
- T4 —
k! ) ( n(l— n‘%u))
Wk ]
~ F > ;
and
2% _ E+1
A~ G (1 2k ((rpg)™ = (npa)
k! nq npq — 1

n(n~lw)(1-—n"tw) -1

. (w_%>2k_(w_%2)k+l
I

(
“G e )((”(nlw) (=n)* = o) <1—n1w>>k+1>
(

Therefore,
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Chapter 3. Components and Gaps

kN 2 |
(3 ) (B) e
E[X} k! k! w

Similarly, if w < n and ¢ = n~'w, then

2% _ k+1
A~ Gy 2R ((rpg)™ — (npg) o Gk ok
k! ng npq — 1 k!

and

|
A RO
X’

Finally, if p is asymptotically a constant, then

_ 6knk

k Kk k k, k k
E[x] ~ 221 (1 k)N”Z'q _

k! ngq

for some constant (5. Furthermore,

A Gk <1 N 216) <(npq)2k - (npq)’““) o O ()21

k! ng npq — 1 k!
Therefore,
A N %(HPQ)ngl _ Ck (pq)2k—1 l <1
Ex]2 " %6 B2k n
since <%> (pq)?¢~! is constant.

So by the Second Moment Method (Proposition 2.5.4), if both n=! < p and
g > n~!then X > 0 a.a.s., or equivalently, w.h.p. C,p has at least £ compo-
nents. By duality between components and gaps, the threshold is identical for gaps as

it is for components. O

3.1 The Longest Component and Longest Gap

We now establish thresholds for C,, , to have a component or gap exceeding a specified
length. This topic of research has been studied in some detail before with similar

methods utilised and, in some cases, applications to other related areas of mathematics
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Chapter 3. Components and Gaps

(see [4], [30]). These properties are monotone, that is, we cannot ‘destroy’ the property
that a component is of at least a certain length by increasing a term of the composition
by 1. Similarly, if a gap is of at least a certain length, we cannot ‘destroy’ this property
by removing 1 from a term of the composition. If C' is a composition, let comp,,...(C)
be the length of the longest component of C, and gap,,,..(C) be the length of the longest
gap in C.

Given some value of k, for each i € [n + 1 — k], let A; be the event
“Cpp(),...,Cpp(i + k — 1) are all nonzero”. Then P[A;] = p*. So, if X is the
total number of runs of £ nonzero terms in C,,,, then by linearity of expectation,
E[X] = (n+1—k)p* ~ np¥, as long as k < n. Note that if we have a run of exactly
k + 4 nonzero terms for example, we would take that to mean there are 5 runs of k
nonzero terms within these k + 4 nonzero terms.

Distinct events A; and A; are correlated (i ~ j) if [i — j| < k. If i ~ j and ¢ < j,
then j =i+ ¢ for some t € [k — 1], and P[A; A 4;] = pF*t. So,

k—1 [e'S)
A= Z}P’[Ai /\Aj] < nkapt < nkapt = np"tl/q,
t=1 t=1

i~j

and A/E [X]Q < p/np*q. Moreover,

A=3"PlA)° + Y PIAIP[A;] < (n+1 - E)p* + nkp® ~ nkp.

invj

To apply the Chen—Stein Method (Proposition 2.5.7), it is sufficient to show that A < 1
and A < 1.

We now establish the threshold for the appearance of a component of at least fixed

“1/k

length £in C,, , tobep < n . Similarly we establish the threshold for the appearance

of a gap of at least fixed length k£ in C,, ,, to be ¢ < n 1k,
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Proposition 3.1.1. Suppose k > 1 is constant. Then, for any positive constant «,

0 if p<nt/k
P[compmaX(Cn,p) > k:] ~ {1 et if p~an~Vk

)

1 if n/k < p,

1 if ¢>nt/k,

P[gapmax(cn,]?) > k] ~Q1— e if g~ an Yk,

0 if n=k > q.

Proof. If p < n~Y* and X is the total number of runs of k nonzero terms in Chnp
then IE[X] ~ np* < 1, so by the First Moment Method, X = 0 a.a.s., or equivalently,
comp,ax(Crp) < k a.a.s.

If n71/*¥ < p, then E[X]| > 1. If p < 1, then

1-k 1-k
AEXP sl <,

ng n
So by the Second Moment Method, X > 0 a.a.s., or equivalently, comp, .. (Cy ) > k
a.a.s. Since the property of having a component of length at least k is increasing, then
by Proposition 2.4.3 this also holds for larger p.

Finally, suppose that p ~ an~'/%. Then IE[X] ~af and A < o*p/q < 1. Moreover,
we have A < nkp?* ~ o?*kn~! < 1. So, by the Chen-Stein Method (Proposition 2.5.7),
the number of components in C,, ;, of length k converges in distribution to a Poisson

k

distribution with mean «”. In particular, the probability that no components have

—ak

length k or greater is asymptotically e as n — oo. O

Thus (using Proposition 2.5.1 to transfer the thresholds from C,,, to C, ), as

m increases, for some constant a, we first see components of length 2 in C,, ,;, when

n(ozrfl/2

mo~ S an'/? a.as. Furthermore, for some constant «, we first see compo-
n(an=1/3
nents of length 3 when m ~ % ~ an?/? a.a.s and so forth.

Ergo, if m ~ an®, for positive constants o and ¢ = 1 — 1/k such that k € N, then
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compax(Cnm) is equal to k or k — 1 a.a.s. This is due to
Plcompax(Crm) = k] ~ 1 — e ¢ {0,1}. If c € (0,1) and ¢ # 1 — 1/k, then

comp,ax(Cn.m) only takes one value a.a.s.

—1/k n(n='/*) ~ =1k for

However, in C, ,, once p > n or, in Gy ,y,, once m > TSk

every k (for example, m = n/logn), a.a.s. the length of the longest component exceeds
any fixed value. In this thesis log denotes log, unless stated otherwise.

Similarly, a.a.s. gaps of length 3 ‘vanish’ in C,, ;, once ¢ < n~Y3 orin C,,m, once

n(l—n*1/3) 4/3 i} . —1/2 .
m > ———;— ~n'/?, every gap has length 1, in C,, ,, when ¢ < n ,orin Cy,

1— —1/2 . .
once m > % ~ n3/2, and there are no gaps at all, in C,, , once g < n~! or in
n(lfn’l) 2

C,, m once m > ~ n-.

n—1

We now turn our attention to the appearance and disappearance of gaps and com-

ponents of length k£ as k increases with n.

Proposition 3.1.2. Suppose 1 < k < logn. Then, for any w > 1 and constant «,

0 if p= e (ogntw)/k
Plcompya(Crp) = k] ~ {1 —e=¢  if p= ¢ (logn—a)/k

1 Zf p= 6—(logn—w)/k

)

1 if ¢ = e(ogn—w)/k

P[gapmax(cmp) > k‘] ~ K] e if q= e—(logn—a)/k’

0 if q= e—(logn+w)/k

Proof. First suppose p = e~(1087+)/k and X is the total number of runs of k nonzero

terms in C,, p, then

og nN—+w k 1
E[X] ~ ’rlpk —n (6_1 gk+ ) _ ne—logn—w _ (n) <> Y =—e W1,
mn

So by the First Moment Method, X = 0 a.a.s., or equivalently comp, .. (Cp,) < k
a.a.s.

Now suppose p = e~ (logn—w)/k then E[X] ~eY > 1. If w<logn, then p < 1 and
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npk-i-l/q) B ewp _ ]Zefw

= < 1.
(npk)Q €2wq q

A/E[X])? < (

So by the Second Moment Method, X > 0 or equivalently, comp,,. (Cy, ) > k a.a.s.
Since the property of having a component of length at least k is increasing, then by
Proposition 2.4.3 this also holds for larger p (faster growing w).

Finally, if p ~ e~(osn=a)/k then ]E[X] ~ e* and A < pe®/q < 1. Moreover, we
have A < nkp? ~ ”Z# = e?*kn~! <« 1. So, by the utilisation of the Chen-Stein
method (Proposition 2.5.7), the number of components in C,,,, of length k converges
in distribution to a Poisson distribution with mean e®. In particular, the probability
e

that no components have length k or greater is asymptotically e™® as n — oo.

O]

We continue our investigation into gaps and components of length k as k increases

with n. Once more, we establish a sharp threshold.

Proposition 3.1.3. Suppose k = clogn for some constant c¢. Then, for any w > 1,

0 if p= e—l/c—w/logn’
Pcompay(Crp) = k] ~

1 if pze—l/c—&-w/logn’

1 lf q= efl/chw/logn’

P[gapmaX(Cn,p) 2 k] ~
0 if ¢q= e—1/c—w/logn

Proof. If p = e~ 1/¢w/logn and X is the total number of runs of k nonzero terms in

C,,p- Then suppose

clogn

1

E[X] ~ npk =-n (e—l/c—w/logn) — pelogn—we _ () eV — pm W & ],

n

So by the First Moment Method, X = 0 a.a.s. or equivalently, comp,,,.(Cp ;) < k a.a.s.
Now suppose p = e~ 1/etw/logn then E[X] ~e* > 1. If w < logn, then p tends

to a finite value and
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A n (pk-i-l/q) p pe—cw

< = = < 1.
E[X]*?  (mpF)? e g

So comp,.«(Cpnp) > k a.a.s. by the Second Moment Method. Since the property of
having a component of length at least k is increasing, then by Proposition 2.4.3 this

also holds for larger p (faster growing w). O

We now establish one final pair of thresholds in this section, one for the longest
gap and one for the longest component. Here we investigate the length & = n¢ for
some ¢ € (0,1) and establish the threshold is ¢ = k~!logn for the appearance of these

components and p = k~!logn for the appearance of these gaps.

Proposition 3.1.4. Suppose k = n° for some c € (0,1). Then, for any w > 1,

0 if ¢=k '(logn+w),
Pcompay(Crp) = k] ~

1 if g=k'((1-c)logn —w),

1 if p=k~1((1—c¢)logn —w),

0 if p==Fk~'(logn+w).

P[gapmax(cnyp) Z k] ~

Proof. First suppose ¢ = (logn +w)/n¢, then p = 1— (logn +w)/n® and X is the total

number of runs of k nonzero terms in C, .
E[X] ~ np" =n(1 - (logn+w)/k)k ~ e BT — oW ],

So by the First Moment Method, X = 0 a.a.s or equivalently, comp,,.(Cy ) < k a.a.s.

We need to use an alternative bound on A.

k—1
A= ZIP’[Ai A Aj] < nph Zpt < nkpFtt,
irj t=1

Thus A/E [X}Q < pk/n(1 — q)*.
Now suppose ¢ = (logn — w)/n¢, then p =1 — (logn — w)/n® and E[X] ~ e > 1.
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Furthermore,
kpft1 k
A/IE[X]2 < P 5 = % ~ kpe™® < 1.
(np*)™ 1P
So comp,.(Cr.p) > k a.a.s. by the Second Moment Method. O

3.2 The Shortest Component and Shortest Gap

We now establish thresholds for C,, ;, to have a component shorter than a certain length
and also for C,, , to have a gap shorter than a certain length. These are not monotone
properties. For example, adding one to the last term of the composition 413300 yields
413301 which reduces the length of the shortest component from 4 to 1. On the other
hand, removing one from the last term of the composition 413301 yields 413300 which
increases the length of the shortest component from 1 to 4. Similarly, removing one
from the last term of the composition 00021 gives 00020 which reduces the length of
the shortest gap from 3 to 1. On the other hand adding one to the last term of the
composition 00020 gives 00021 which increases the length of the shortest gap from 1 to
3. If C'is a composition, let comp,;, (C) be the length of the shortest component in C,
and gap,,;,(C) be the length of the shortest gap in C.

For each ¢ € [n — 1] and each i € [n+ 1 — /], let A;; be the event that the ith term

of C,,; is the start of a component of length ¢. Then

[[D[A ] gt ifi=lori=n+1-1¢,
| =
¢2p’  otherwise.

So, assuming ¢ < n, if X, is the number of components of length ¢ in C,, ,, then
E[X)] = (n—1-0¢p" + 2qp" ~ ng’p.

Given some k < n and assuming kg < 1 (so 1 —pF =1 — (1 —q)* = kg + O(¢?) ~ kq),
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let X be the total number of components of length at most & in C,, ,. Then

k
E[X] = Y E[X/] ~ng’(p+p* +...+9") = npq(1 - p*) ~ kng®.
/=1
Distinct events A;, and A, (i < j) are correlated (i,r ~ j,s) in two situations. If

7 < i+ r, then the corresponding components overlap in a contradictory manner, so

]P’[Am A Aj,s] =0. If j =447+ 1, then the corresponding components are separated

by a single zero term and P[A4;, A Aj 5| = ¢*p"**, except when the pair of components
occur at the start or end of the composition, in which case ]P’[Aw A Ajﬁ] = ¢%pts.
Thus,
k k
Z IP’A”/\A]S ZZTL—Z—T )37"+5_|_2q2 r+s
LT~ )8 r=1 s=1
Ek

Thus A/E [X }2 ~ 1/ngq, which tends to zero as long as ¢ > n~!. Moreover,

A= P+ Y PlaR(4]

r=1 s=1

The first of our results in this section establishes the threshold for fixed k, that the
appearance of gaps of length less than k occurs at p < n~/2, whereas the disappearance

of components of length less than k occurs at ¢ < n~1/2,
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Proposition 3.2.1. Suppose k > 1 is constant. Then, for any positive constant «,

0 if ¢>n12,
]P’[compmin(Cn,p) > k:] ~ ¢ e’k if g~ an—1/2

)

1 if n1/2> ¢,

1 if pn /2

P[gapmin(cn,p) > k] ~ Qg% if p~ cm_l/Q,

0 if n~Y?2 < p.

Proof. Suppose w > 1 and q = n_1/2/w and that X is the total number of components

of length at most k£ in C,, . Then
2
E[X] ~ kng* = nk (nflﬂw*l) =k/w? <1,

so by the First Moment Method, X = 0 a.a.s. or equivalently there are no components
of length k or less, and comp,;;,(Cy, ») > k a.a.s.
Now suppose ¢ = n~ /2w, then IE[X] ~ kng® = nk (n*1/2w)2 = kw? > 1. Further-
more,
kE*ng? k

2 kK
A/E[X]" ~ (ing?  mg i/ < 1.

So by the Second Moment Method, X > 0 a.a.s or equivalently, comp, ;. (Cy, ;) < k
a.a.s.

Finally, suppose ¢ ~ an~ /2, then E[X] ~ a’k. Also,
3
A~ E*ng® ~ k*n (om_l/Q) ~alkPn 1?2 « 1.

Moreover, we have

Ta'k(k +5)
n

1 1 4
A~ §k2(k: +5)ng* ~ §k2(/€ +5)n (om_l/2> = < 1.
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So, the number of components in C,, ,, of length at most k converges in distribution to a
Poisson distribution with mean k. In particular, the probability that no components
—a?k

have length k or less is asymptotically e as n — oo. O

Thus, when p > n~'/2, we see gaps of length 1 in C,p a.a.s. While p < n=12 or

n(n—l/Q)

T ™ n=1/2in C,,m, there is no gap of any fixed length a.a.s. On the

while m ~
other hand, components of length 1 do not disappear until ¢ < n=/2 in Cy.p, or until
m = n%? in C,,,m. Here however, by Proposition 3.1.4, the longest components have

—-1/2

length of the order of \/nlogn a.a.s. Once n > q however, no component of any

fixed length remains.
We conclude this chapter by establishing the thresholds for the shortest gap in C,,

and shortest component in C,, ;, as k grows with n.
Proposition 3.2.2. Suppose 1 < k < n. Then, for any positive constant c,
0 if ¢>1/Vkn,

]P’[compmin(Cn,p) > k] ~ Qe if g~ a/Vkn,

1 if 1/Vkn > q,

1 if p<1/Vkn,

P[gapmin(cﬂ,p) > k] ~ Qe if p~a/Vkn,

0 if 1/vVkn < p.

Note that kq ~ \/k/n < 1, as required for our asymptotics to be valid.

Proof. Suppose w > 1 and ¢ = w™!'/vkn and that let X be the total number of

components of length at most £ in C,, ,. Then
2
E[X] ~ kng® = nk (w_l/vlm) =nk (w_g/kn) —w k1

So by the First Moment Method, X = 0 a.a.s. or equivalently, there are no components

of length k or less and comp,,;, (C,, ) > k a.a.s.
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Chapter 3. Components and Gaps

Now suppose ¢ = w/Vkn, then E[X] ~ kng®> = kn (w2/kn) = w? > 1. Further-

more,

ng®  k k 3/
P Mo T o = < L

A/E[X] (ng?)?  nq  n(w(kn)"12) ~ wnll?

So by the Second Moment Method, X > 0 a.a.s. or equivalently, comp,;;,(Cy, ,) < k
a.a.s.

Finally, suppose g ~ /v kn, then E[X] ~ kng® ~ o2 and

B k1/20é3
A~ k*ng® ~ kK*n (a3(kn) 3/2) =i < 1.
Moreover, we have
1 1 a \* Lk+5)at
A~ K2 Yo 2K (K — | =2 <.
21{7 (k + 5)ng 21{: (k+5)n T - <

So, the number of components in C,, ;, of length at most £ converges in distribution to
a Poisson distribution with mean . In particular, the probability that no components
CMQ

have length k or less is asymptotically e™® as n — oo. O
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Chapter 4

Largest Composition Terms

In this short chapter, we establish thresholds for the largest terms in a composition
that are of at least a specified size.
We first introduce some new notation. Let C' be a composition, then max(C) is the

largest term of C.

1

Proposition 4.0.1. Suppose w > 1 and p =w™". Then, for any constant «,

. logn 1
0 Zf r— log w > logw?
e . 1
]P’[max(Cn,p) > r} ~ 1—e€ Zf r = olgog:a7
. logn 1
1 Zf logw r> logw*

Proof. The probability that term i € [n] is less than r is given by

1
P[C@E)<r]=q+ap+ap*+ - +qp '=q) pP=1-p =1-w.
0

,3
|

il

log n+4
logw

then

Suppose r =
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Chapter 4. Largest Composition Terms

|~ = 1w e
1 0
=1—exp (— <0gn—|—> 1 gw)
log w
=1—exp(—logn —9)
1
n
Therefore,
1 it 0 >1,
e \"
P[max(Cyp) < 7] = (1—n> ~ Qe if S~a, B

0 it —6>1.

Thus, max(C,, ;) ~ logn/log(1/p) if p < 1 a.a.s. We now consider the case where

p is constant.

Proposition 4.0.2. If p is constant, then for any constant c,

(

0 if v—logyn>1,

Blmax(Cug) 2] ~ 41— ¢ if ¢ =logynte

1 if logypn—r>1

Proof. The probability that term i € [n] is less than r is given by
r—1
PCGi)<r] =q+ap+ap’+--+ap' " =q) _p=1-p"

k=0

If r =logy/, n + 6, then

35



Chapter 4. Largest Composition Terms

1— pr -1 _plogl/pn+§
=1—exp <<log1/pn + 6) logp>

=1—exp ((10g1/p ) (logp) + logp )
=1-—exp ( <logn> (logp) + logp5>

=1—exp (log n! 4 logp5>

4
12,
n

Therefore,

O]

Thus, when p is constant, the distribution of the largest term is concentrated around

log; , n. We now investigate the case for when p tends to 1.

Proposition 4.0.3. If ¢ < 1, then for any € > 0,

0 if 7> (1+¢e)g tlogn,
P[max(Cpp) > 7] ~

1 if r<(1—¢)g 'logn.

Proof. The probability that term i € [n] is less than r is given by

P[CG) <r]=q+ap+ap”+-+a ' =q) p=1-p"
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Chapter 4. Largest Composition Terms

Thus,

P[max(Cyp) < 7] = (1 —p")"
=1-01-9")"

= (1 —exp(rlog(1 —¢)))" .

Let L =logP[max(Cy,p) < r| =nlog(1 — exp(rlog(l — q))).
Now, for small enough z, we have —2z < log(1 — z) < —=.

So, if r = (14 ¢)g~ ! logn, then for sufficiently large n,
L> nlog(l — exp(—rq)) = nlog(l — n*(Hs)) > —2n"°.

Thus L ~ 0, and P[max(Cp) < 7] ~ 1.
Similarly, using the tighter bound —z — 22 < log(1 — ), if now r = (1 —¢)q ' logn,

then for sufficiently large n,

L = nlog(1 — exp(rlog(l — q)))
< nlog (1 —exp (r (—q—¢%)))
< nlog(l —exp(—rq(l + Q)))
- nlog(l — n_(l_s)(Hq))
< (19
Thus nh_)rroloL = —oo (since ¢ < 1), and P[max(cn,p) < 7"} ~ 0. -

Hence, when m > n, a.a.s. max(Cpm) ~ " logn, a factor of logn more than the
value of the average term.
We conclude this chapter by utilising the previous three results in the following

proposition.

Proposition 4.0.4.

lim P[max(Chp,m) > mlogn] = 0.
n

n—o0
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Chapter 4. Largest Composition Terms

Proof. First suppose p < 1. By Proposition 4.0.1, the maximum term in C,, ;, is asymp-
totic to logn/log (1/p) and

logn

lim P| max(C, ) > ———|.
By Proposition 2.5.1,
. logn logn m
1 P Cnm ~ —l = s
b [max(Crm) > log ()  logn —logm - ogn] =0

since m < n.
Now suppose p is asymptotically a constant. By Proposition 4.0.2, the maximum

term in C,, , is asymptotic to logi n and
p

lim P[max(C,p) > logi n].
p

n—oo

By Proposition 2.5.1 and for some constants «, 3,7,

n—oo

lim P[max(Cp,m) > log n n ~ log% n=dlogn| = 0.
ym
Since m ~ an for some constant a, then 7 logn = alogn and therefore,

lim P[max(Cp,m) > mlog n] = 0.
n

n—oo

Now suppose ¢ < 1. By Proposition 4.0.3, the maximum term in C,, ; is asymptotic to
(1 —€)g 'logn and
lim P[max(C,,) > ¢ 'logn| = 0.

n—oo
By Proposition 2.5.1,
. m
lim P[max(Cpm) > —logn| =0
n

n—o0

since m > n. O
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Chapter 5

Patterns

The focus of this chapter investigates the appearance and disappearance of composition
patterns. A composition pattern is simply a sub-composition, under some notion of
containment. In particular, this section focuses on ezact composition patterns, in which
terms must take specified values. We then finish by determining the threshold for C,, ,,
to be a Carlitz composition (having no adjacent pair of equal terms).

There is quite an extensive literature on patterns in compositions and words. This
includes comprehensive expositions by Heubach and Mansour [33] and Kitaev [37].

However, their approach is different and they do not consider exact patterns.

5.1 Exact Consecutive Patterns

The exact consecutive pattern =7y ...rE occurs at position ¢ in a composition C' if, for
each j € [k], we have C(i—1+j) = r;. In the language of combinatorics on words, such
a pattern occurs in a composition if it is a factor of the composition. See Figure 5.1
for an illustration. A pattern is nonzero if at least one of its terms is positive.

The presence of an exact pattern is not a monotone property, for example =55 occurs
in the compositions 554 and 655, but does not occur in 654. However, thresholds for a
nonzero exact pattern =7 can be established, one for its appearance (lower threshold)
and one for its disappearance (upper threshold). Rather interestingly, if =7 = 71 ... 7%,

then the lower threshold, for the appearance of =7, depends on its size |~7| = Zle Ti,
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Chapter 5. Patterns

Figure 5.1: A composition containing four occurrences of the exact consecutive pattern
=202 and three occurrences of 02031020

whereas the upper threshold, for the disappearance of the consecutive pattern, depends

on its length, k.

Proposition 5.1.1. If =7 is a nonzero exact consecutive pattern of length k, then for

any positive constant o,

0 if p<n VIl
1 —al™! 'Lf P~ an_l/‘ﬂ‘y
]P)[Cn’p contains :ﬁ] ~ 1 Zf nil/‘ﬂw < D and q > nfl/k,

1—e o if g~ an~1/k,

0 if nmVk > g
The expected number of occurrences of =7 in C,, 4 is mazimal when p/q = |r|/k.

Proof. Suppose m =711 ...71 and |7| = s. For each ¢ € [n+ 1 — k|, let A; be the event
that =7, which is of length k and size s, occurs at position ¢ in C,, ;,, and let X be the
number of occurrences of =7 in C,,;,. Then, ]P’[Ai] = ¢*p*®, and IE[X ] ~ ng*p®, which,
by elementary calculus, is seen to be maximal when p = s/(k + s).

We begin by handling the first and last ranges of values in the statement of the
proposition.

If p< n~'/%, then E[X] ~ np® < 1. Similarly, if ¢ < n~/¥, then E[X] ~ngt < 1.
Thus, by the First Moment Method, in either case, w.h.p. =7 doesn’t occur in C,, ;.

Distinct events A; and A; are correlated if t = |j —i| < k. If r; # 7444 for some

¢ € [k —t], then P[Ai A Aj] = 0. Otherwise, IP’[AZ- A Aj] < ¢**t1p*t1 since 7 is nonzero.
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Chapter 5. Patterns

Thus,

k—1
A= ZIP’[Ai A Aj] < ankaSH < nl’ch"'lps‘*'1
i~ t=1

and

k k+1,.s+1 k
R:A/E[X]Z 5 e p2 = k—1,5—1"

(ng*p*) ngrp

Moreover,

A= ZP[MQ + 3 P[A]P[A;] ~ nkp*q?.

inj
We now consider the third case in the statement of the proposition.

Suppose p = wn~ % < 1 and g < wn~'/* for some w > 1. Then
S
E[X] ~ ng"p® ~np® =n (wn_l/s) =w’>1

and

k k k k
~ nqk71p871 npS*l n (wn_l/s)s_l ws—lnl/s <

Similarly, since ¢ = wn~Y* <« 1 for some w > 1, then
E[X] ~wF >1

and

k

Finally, if p is asymptotically bounded away from both 0 and 1, then E[X ] =n>1

and R = n~! < 1. Hence, by the Second Moment Method, if n=/% < p and ¢ > n=/¥,

w.h.p. =7 occurs in C,, .

Finally, we analyse the second and fourth cases.

Suppose p ~ an~ /5. Then E[X] ~a®and A < o’kp < 1, and A ~ o®k/n < 1.

So, by the Chen—Stein Method, the number of occurrences of =7 is asymptotically

Poisson with mean a®. Similarly, if ¢ = an~/* then IE[X] ~af and A < ofkqg < 1,

and A ~ a®k/n < 1, so the number of occurrences of =7 is asymptotically Poisson

with mean oF.
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Chapter 5. Patterns

We therefore see how the length and size of consecutive composition patterns affect
their appearance and disappearance in C,, ;. Smaller patterns appear before larger ones
and longer patterns disappear before shorter ones.

We now introduce a result to be utilised in the subsequent proposition.

Proposition 5.1.2 (Stirling’s Approximation [14]). For positive n,
n! < V2mn (E>n e 12/n
e

or, alternatively
n\”"
nl = v2mn (—) e—c/m

e

for some positive constant c.

The following proposition enables us to transfer the thresholds for exact consecutive

patterns from C,, , to C,, 1.

Proposition 5.1.3. If =7 is an exact consecutive pattern and m ~ np/q > 1, then

lim P[Cnym contains :ﬂ = lim P[Cnm contains :ﬂ.
n—o0 n—oo

Proof. Suppose 7 has length k and size s. For each i € [n + 1 — k], let P; be the

probability that =7 occurs at position ¢ in C,, ;,,. Then,

<m—s+n—k—1)<m+n—l)1

P, = .

m—s m

For brevity, let ny = n — 1, ng = ny — k and mys = m — s. Note that ny ~ nx ~ n

and mg ~ m (as along as k < n and s < m), and also that p ~ m/(m + n) and

qg~n/(m+n).
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Then, by Stirling’s approximation, Proposition 5.1.2,
p_ ms + ne \/m + ni -1
‘ M m
[ (ms +ny)! mlng!
U mgng! (m +n)!
= (ms +ng) mny \( (ms +ng)ms m™ g (e(1+c)(ms+nk+m+mfms*nk*m*m))
msny (m +nq) mg' ng* (m + np)mtm

(ms + nk)mSJrnk m™n™
~Y
mgs"™sny "k (m + nq)mtm
= (ms+ nk)m-i-m (ms + nk)—S—kms—msnk—nkmmsmsnlnknlk(m + nl)_(m+n1)

me + ng m-+ni e m \Ms n1 \"k
~ (75 > (ms +mng)~° k (—) m? <—) nlk
m—+ ny Mg ng

_(m—s+n—k T+ s\ (g + k msny*
- m+n; ms Nk (ms + nyg)stF
k

s+ k \m+n1 S \Ms k \"& mS ny
) A
m+ny M ng/  (ms+ng)stk

~e S TRes b pt b = pit ~ P[:f occurs at position ¢ in Cn,p]-

The result then follows from the fact that the probability of C,,, or C,,,, containing
an exact consecutive pattern depends only on the asymptotic probabilities of exact
consecutive patterns occurring at a given position.

Specifically, the First and Second Moment Methods and the Chen—Stein Method
make use only of asymptotic probabilities, which we have shown to be identical for
C,p and C,;,,,, when m ~ np/q > 1. Note that a correlated pair of occurrences of an
exact consecutive pattern is simply an occurrence of a larger exact consecutive pattern,
so the corresponding asymptotic probabilities also match. Thus, the argument in the
proof of Proposition 5.1.1 could be copied with only trivial changes to yield exactly the
same asymptotic probabilities for P[Cnym contains :ﬂ as Proposition 5.1.1 gives for

P [Cn,p contains :ﬁ] . ]

Thus, as the threshold for an exact composition pattern of size s appearing in C,,

is p = n~ Y/, then the threshold of the appearance of the pattern occurring in G, ,,
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n(n_l/s)

1-1/s
1—n—1/s

is m ~ ~n . In general, if v € (0,1), and m ~ n?, then any exact

consecutive pattern of size less than ﬁ exists in C,, ,, a.a.s. However, any pattern

with size greater than —L_ does not exist in C,, ,,, a.a.s.
1—’}/ )

Similarly, as the threshold for an exact composition pattern of length k disappearing

in G,y is ¢ = n~1/k the threshold of the disappearance of the pattern in Chm is
n(l—n’l/k)

— ™~ 'tk If v € (1,2) and m ~ n?, then every exact consecutive

m ~

pattern with length less than % exists in C,,, a.a.s. However any pattern with

length greater than ﬁ does not exist in C,, ,,, a.a.s.
These results establish when any given exact consecutive pattern is present. For

n28/29

example, w.h.p. the pattern ~2718281 appears when m < and has disappeared

once m > n®/7. If 71 is both shorter and smaller than o, then =77 arrives before =7y
and leaves after =73. For example, w.h.p. =110, =21, =4 and 2021 arrive in that
order, but depart in the order =2021, =110, =21, =4.

We are now able to formally establish the threshold for C,, ,, to contain an exact

composition pattern.

Proposition 5.1.4. If ¢ is a non-zero exact composition pattern of length k with

llcll = s, then for any positive constant a,
0 if m<nlls,
1—e @ if m~an' V5 and s > 1,
lim P[anm contains c] =
n—oo .
1 if m~aands=1,
1 if n'mVs < m < nttl/k,

\

Proof. This follows from Proposition 5.1.1 and Proposition 5.1.3. If m < s, then C,, ,,

doesn’t contain c¢. If m is bounded and m > s > 1, then

(e A

(" T (m =)

P[Cn,m contains c] <n

If m ~aand s = 1, then a.a.s. C,,,, contains exactly a occurrences of ¢, this being

the same as having the first few and last few terms equal to zero, and avoiding a finite
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number of patterns, each of size greater than one. ]

We now prove position independence of exact composition patterns occurring in

Chm.

)

Proposition 5.1.5. Let ¢ be any exact composition pattern of length k. Then, for any

iaj € [7’L+1—k],
IP’[C occurs at i in Cn,m] = IP’[C occurs at j in Cmm].

Proof. The probability of ¢ appearing at position ¢ in C,, ,, is equal to

()

which does not depend on 1. ]

Therefore, for any i,j € [n + 1 — k|, the probability of a consecutive composition

pattern occurring at position ¢ in C,, ,, is equally likely to occur at position j in C,, .

5.2 Carlitz Compositions

We finish this part of the thesis by establishing the threshold for a composition to be
Carlitz, that is no adjacent pair of terms being equal. These have previously been

well-studied [29, 36,38, 39].

Proposition 5.2.1. If Q is the set of Carlitz compositions, then

0 if ¢>1/n,
lim ]P’[Cn,p e Q] =
n—oo

1 if g<1/n.

Proof. For each i € [n — 1], let A; be the event “C,, (i) = Cp, (i +1)” and let X be

the number of pairs of adjacent terms that are equal.
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By summing the probabilities that a pair of adjacent terms both equal k, for each i:

2

o
q q
Pl4] =) p*¢ = T Ty
k=0

Then, by linearity of expectation,
E[X] = (n—1E[4;] ~ng/(1+p).

So, if ¢ < 1/n, then p — 1 and IE[X} — 0, and, by the First Moment Method, with
high probability no two adjacent terms of C,, ,, are equal.

Distinct events A; and A; are correlated (i ~ j) if |[i — j| = 1. For each i € [n — 1],

n 3
] ) _ 3k 3 q
PA A Am] = 3 p"d" ~ 75
k=0
So, given that there are 2n — 2 ordered pairs of adjacent terms,

2ng>
A= Z]P)[Az/\A]] ~ 1—p3.

i~J

A 2ng> /( ng >2 2 (1+2p+p2>
E[X]2 1—p3 1+p n\l+p+p*/)’

Thus, if ¢ > 1/n then IE[X] — oo and A < E[Xf. Therefore, by the Second Moment

Then,

Method, with high probability C,,, contains an adjacent pair of equal terms. O

An interesting point to note is that we begin to stop seeing adjacent terms at the

same time we begin to no longer see any gaps within the composition a.a.s. (g ~ %)
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Permutations

Our attention now turns to permutations, though particular results from the explo-
ration into compositions are required to complete our investigation into permutations.
A permutation or n-permutation is considered to be simply an arrangement of the num-
bers [n] :={1,2,...,n}. Let S, denote the set of all n-permutations. We often display
an n-permutation o using its plot, the set of points (i,0(7)) in the Euclidean plane, for

1=1,...,n.

Definition 6.0.1. If o is an n-permutation, we define its complement, denoted @, to
be the permutation such that (i) = n + 1 — (i) for every i € [n]. Thus the plot of &

is the reflection of o about a horizontal axis.

See Figure 6.1 for the plots of a 9-permutation and its complement.

We consider three different forms of permutation pattern containment. For a very
brief introduction to permutation patterns, see [10]; for more extended expositions, see
either Béna [15] or Kitaev [37].

The first form of patterns that we consider in this part of the thesis is consecutive
permutation patterns. A k-permutation m occurs as a consecutive pattern at position
Jj in a permutation o if the consecutive subsequence o(j)...o(j + k — 1) has the same
relative ordering as w. For example, the consecutive pattern 132 occurs twice in the
permutation at the left of Figure 6.1, at positions 2, and 6. See [20-22] for investigations

of consecutive permutation patterns.
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Figure 6.1: The permutation o = 319624875 and its complement & = 791486235

We take a dynamic, or evolutionary, view by considering a process on n-permutations,
namely a sequence of permutations og, 01,09, ..., o(m) where o441 is obtained from oy
2
by the addition of one inversion (see below). Similar to that of compositions, as a

permutation evolves, we see an abrupt appearance and disappearance of substructures.

6.1 Permutations and Inversion Sequences

In this section, we explore the relationship between permutations and inversion se-
quences, in particular the representation of permutations as inversion sequences. Given
an n-permutation o, its inversion sequence e, is the sequence of integers (e, (7)) 1

where

es(j) = {i:i <jand o(i) > o(j)}

is the number of inversions involving o(j) and the terms of o preceding o(j), or equiv-
alently the number of points to the upper left of (j,0(j)) in the plot of o.

See Figure 6.2 for an example. The Figure displays the plot of the permutation
314862759 while the numbers at the bottom represent the inversion sequence of the
permutation. The first point has no points to its upper left and so the first term of
the inversion sequence is 0 (this is always the case for the first term of an inversion
sequence). The second point has one point to its upper left and so the second term of
the inversion sequence is 1 and so forth.

Clearly, for each j € [n], it is the case that 0 < e,(j) and as only j — 1 terms have
come before the j™ term in the permutation, then e, (j) < j. Every integer sequence
satisfying the previous condition whose terms sum to m is the inversion sequence of an

n-permutation with m inversions.
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010014130

Figure 6.2: A permutation and its inversion sequence

Figure 6.3: The permutations o = 254183967 and ¢’ = 284153967

Definition 6.1.1. We use &, ,, to denote the set of such inversion sequences (or integer
sequences) of length n whose terms sum to m and for each j € [n] it is the case that

OSGJ(])SJ—l

Given an inversion sequence e, if (i) < j—1, then e/ denotes the inversion sequence
obtained from e by the addition of 1 to its j* term. By increasing a term in the inversion
sequence e, of ¢ by 1, values of two terms in the permutation o, switch positions. See

Figure 6.3 for an example, in which e, = 001303022 and e, = e} = 001313022.

Observation 6.1.2. Let o be a permutation. Suppose e,(j) < j—1, and that o’ is the

permutation with inversion sequence e}Lj. Let © < j be the index such that
o(i) = max{o(k) : k<j and o(k) <o(j)}.
Then, o'(i) = o(j) and o'(j) = o(i), and o'(k) = o(k) for each k #1,j.

6.2 The Uniform Random Permutation

Let S, denote the set of all n-permutations with exactly m inversions. The uniform

random permutation, denoted o, ,,, is a permutation drawn uniformly at random from
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TF\

o

)
N\

X
O

)

Lo~ °«

Figure 6.4: The bijection used in the proof of Proposition 6.2.1: the point marked X is
replaced by that marked =+; the consecutive pattern 2341 occurs at position 3 in ¢ and
at position 4 in V(o)

Spm- The only prior work specifically on o, ,,, of which we are aware is that of Acan
and Pittel [1]. Their primary result is a determination of the (sharp) threshold at which
O n.m, becomes indecomposable at m ~ (6/7%)n log n.

We prove that the distribution of a consecutive permutation pattern in o, ,, is
independent of its position for any given n and m. This result allows us to only need
to consider the occurrence of patterns at position 1 in o, ,,, making our proofs of fol-
lowing results significantly simpler. This proposition first appeared in the unpublished

preprint [9].

Proposition 6.2.1. For any consecutive permutation pattern w of length k and any

(WAS [n+1_k]7
]P’[ﬂ occurs at position i in amm] = ]P’[7r occurs at position j in Umm].

This result follows from the existence of an operation that removes the last point
from a permutation and adds a new first point in such a way as to preserve the number

of inversions. This operation shifts patterns rightwards.

Proof. As illustrated in Figure 6.4, let ¥ : S, ,,, = Sy, be defined by

V(o) = V(o102...0,) = 0° = 0p0]...0
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where 0§ =n +1— o0y, and for 1 <i < n,

o +1 if of <o <oy,
0; = Noi—1 if o, <0; <o,

o; otherwise.

Note that o, contributes n — o, inversions to o, and o contributes the same number
of inversions to ¢®. For 0 < ¢ < n, the point o7 contributes the same number of
inversions to o® as o; does to . So inv(c®) = inv(o), where inv(c®) and inv(o) are the
total number of inversions in ¢® and o respectively. Since ¥ preserves length and has
a well-defined inverse, it is a bijection on Sy, .

If 7 occurs at position j < n — k in o, then 7 occurs at position j7 + 1 in ¥U(o).
Hence, if 1 <14,57 <n-+1—k, then 7w occurs at position ¢ in ¢ if and only if 7 occurs at
position j in W/~¥(¢) since applying W/ ~¢(o) shifts the pattern one space to the right

a total of j — 4 times. O

Similar to that of the previous part of this thesis, we introduce thresholds, this
time for o, . A function m* = m*(n) is a threshold in o, ,, for a property Q of

permutations if

0 if m<«m*,
lim P[O’n,m satisfies Q} =

e 1 if m*<m<«mT,

for some function m™* > m*. We also say that (’2‘) —m ~ m* is a threshold in o, ,, for

the disappearance of a property Q if,

1if m* < (3) —m < mt,
lim }P’[amm satisfies Q] =
n—oo

0 if (g) —m & m*.
In this part of the thesis, we determine the thresholds for the appearance and

disappearance of patterns in o, ,,, such as within our investigation into compositions.

Before we are able to begin our investigation into these thresholds, we first introduce

51



Chapter 6. Permutations

one final model.

6.3 Uniform Random Inversion Sequences

If m €0, (g)], then we use ey, ,, to denote an inversion sequence chosen uniformly from
En,m- We call e, ,, the uniform random inversion sequence. Since &, ., and Sy, ,, are in
bijection, then we deduce that e, and e, , have the same distribution.

If a consecutive permutation pattern 7 occurs at position 1 in a permutation o,
then e; occurs at position 1 in e,. This is due to the fact that no terms occur to the
left of m in ¢ and therefore no terms can occur to the upper-left of 7 in the plot of o
which therefore means that the only inversions are the pairs of terms that are inversions
within 7 itself. On the other hand, if m occurs at position j # 1 in o, then e, does not
necessarily occur at position j in e,. For example, 21 occurs at positions 1 and 3 in
o = 4231. Here, ex = eg1 = 01 and e, = es231 = 0113. We observe that ep; occurs at
position 1 in e423; but not at position 3.

We now give a formal proof showing that if m occurs at the start of a permutation

o, then e, occurs at the start of e,.

Proposition 6.3.1. Let w be any consecutive permutation pattern. If m occurs at

position 1 in a permutation o, then e, occurs at position 1 in e,.

Proof. If m has length k, then for each j € [k],

eo(j) = |[{izi<jand o(i) >o(j)} = |{i:i<jand n(i) >7(j)} = ex(j). O

We now prove the following implication in the opposite direction to Proposition 6.3.1.

Proposition 6.3.2. Let m be any consecutive permutation pattern. If o is a permuta-
tion and e, occurs at position j in ey, then m occurs at position j in o. Moreover, if w

has length k, then for alli < j and £ =j,...,j+k — 1, we have o(i) < o(¥).

Proof. We proceed by induction on the length of the pattern. If m has length 1, then
m =1 and e, = 0. Hence, e,(j) = 0, so there is no point in the plot of o to the upper

left of o(j).
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Figure 6.5: The permutation o = 293481675

Suppose now that the proposition holds for patterns of length less than k, and that
7 has length k. Let 7’ be the permutation of length k — 1 that results from the removal
of the last point of w. If e, occurs at position j in e, then e, also occurs at position
j in e,. So, by the induction hypothesis, " occurs at position j in o, with no point
of o to the upper left of any of the k — 1 points o(j),...,0(j + k — 2) that form its
occurrence.

Since er (k) < k, at most k — 1 points of o are to the upper left of o(j + k — 1), all
of which must therefore be part of the occurrence of 7/, forming an occurrence of 7 at

position j in o. O

For example, let o = 293481675 (see Figure 6.5 for its plot), so its inversion sequence
is e, = 001115224. The consecutive permutation pattern m = 312 occurs at positions 2
and 5 in o, whereas e; = e312 = 011 occurs at position 2 in e, but not at position 5.
We observe that e, occurs at position 2 as (1) < o(¢) for all £ € {2,3,4}.

Propositions 6.2.1 and 6.3.1 immediately imply the following result.
Proposition 6.3.3. For any consecutive permutation pattern w of length k and any

jen+1—kl|,

]P’[ﬂ' occurs at position j in O'nym] = P[W occurs at position 1 in amm]

= ]P’[e,r occurs at position 1 in en,m].

6.4 Compositions and Inversion Sequences

In this section, we investigate the relationship between compositions and inversion

sequences. An inversion sequence e of length n with m inversions is a string of n
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integers such that the terms sum to m and for each j € [n] we have 0 < e(j) < j.
Therefore the set of all such inversion sequences can be considered a special subset of
the set of all n-compositions of m.

We now prove a few results that allow us to transfer thresholds from compositions
to inversion sequences. We begin by establishing the threshold for when C,, ,, is an

inversion sequence. Recall that C,, ,, is the uniform random composition.

Proposition 6.4.1. The threshold for C,, ,, to be an inversion sequence is given by

1 if m<Kn,
lim P[Cpm € Enm| =

n—oo .
0 if m>n.
Proof. We first establish the threshold for the geometric random composition C,, ; to
be an inversion sequence. Recall that C' € &, ,,, if C(i) < i for each i € [n].

Now, }P’[Cmp(i) < z] = E;@_:lo pPg=1—p' So

n oo
]P’[Cn,p is an inversion sequence] = H (1 — pi) < H (1 — pi) .
i=1 i=1
By Euler’s Pentagonal Number Theorem (see [31]),
o) [e.e]
H (1 _pi) 14 Z(_l)k (pk(3lc+1)/2 _|_pk:(3k—1)/2) el —p—pP P — .
i=1 k=1

If p < 1, then this converges to 1 as n tends to infinity, and so a.a.s. C,, ;, is an inversion
sequence.

On the other hand,
n
IP’[CM, is an inversion sequence] = q H (1 - pz) < q.
i=2

If ¢ < 1, then this converges to 0 as n tends to infinity, and so a.a.s. C, ) is not an
inversion sequence.
Not being an inversion sequence is an increasing property. This enables us to

transfer the threshold from C,,, to C,, ,, using Proposition 2.5.1: If Q is an increasing
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property that has a threshold p* > n~! in C,.p, then np*/q* is a threshold for Q in

Cym, where ¢* = 1 — p*. We can take p* = ¢* = % to be a threshold for C,,;, to be

. . 1/2 . . .
an inversion sequence. So, m ~ n(l /2) = n is a threshold for C,, ,,, to be an inversion

sequence. ]

In the following result we establish, under certain conditions, that if an exact com-

position pattern a.a.s. occurs in C,, ,,, then it also occurs in a suffix of e, ,, a.a.s.

Proposition 6.4.2. Suppose c is an exact composition pattern, and that m~ > 1 and
mt < n2/log2n are such that a.a.s. C, ,, contains ¢ whenever m~ < m < mt.

Then, a.a.s. €, ., also contains ¢ under the same conditions on m.
Proof. Suppose m < n?/log?n. Then,

n logn

m n
—logn < vm =vVm <LK — <K n
n logn

logn n

Let k satisfy ™ logn < k < /m. Then, by Proposition 4.0.4, a.a.s. no term of C,, ,,
is greater than k.
Suppose s < m. Then m™(n) < m < m™(n) impliesm™ (n—k) < m—s < m*(n—k).
So, if a.a.s. Cy,, contains ¢ whenever m~ < m < m™, then it is also the case that
a.a.s. Cn_k,m_s contains ¢ whenever m~ < m < m™.

Now consider the suffix € = e, [k + 1,n] of e, . Clearly, €'(i) < k + i for each

i €[n—k],and m — (g) < |l€'|| < m, with (g) < m by the definition of k.

Hence,
C tai h - +
a.a.s. Gy contains ¢ whenever m < m < m
= a.a.s. C,_y e contains ¢ whenever m~ < m < m*
— a.a.s. € contains ¢ whenever m~ < m < m™"
=> a.a.8. €, contains ¢ whenever m~ < m < m+,
as required. ]

We have now constructed the necessary framework to establish the thresholds for
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the appearance and disappearance of consecutive permutation patterns in o, p,.

Theorem 6.4.3. Let 7 be any consecutive permutation pattern of length k. If s = inv(7)

and s’ = inv(T), then for any positive constant a,

0 if m< nl_l/s,
1—e @ it m~ant=1/s,
lim IP’[a'mm contains 7r] =
n—oo .
1 if m~aands=1,
1 it n=Ys « m < ntti/k
1 if 'R (1) —mos nlt
1 if (g)—mrvaands:l,
lim P[O’mm contains 7r] =
n—o00 s’ ’
1—e@ if () —m~ an!=1/¢"
0 if (5)-m< n'=1/s,

as long as s > 0 and s’ > 0, respectively.

Proof. If m < n, then by Proposition 6.4.1, a.a.s. C,,,, is an inversion sequence. So,

by Propositions 6.3.3, 6.4.1 and 5.1.5, for any 4,j € [n + 1 — |7|],

P[ﬂ' occurs at position j in an,m]
= P[ew occurs at position 1 in emm] (by Proposition 6.3.3)
~ P[eﬂ occurs at position 1 in Cnﬁm] (by Proposition 6.4.1)
= IP’[e7r occurs at position ¢ in Cn,m] (by Proposition 5.1.5).

Therefore ]P)[O'n,m contains 77] ~ P[Cmm contains eﬂ].
From Proposition 5.1.4, if m < n!=1/5 then a.a.s. C,,m avoids er, and so a.a.s.
O pn,m avoids m. The same proposition also gives us the probability at the threshold.
Whenever n'~1/% <« m < n'*1/¥ then, by Proposition 5.1.4, a.a.s. C,, ,, contains
er. So, by Proposition 6.4.2, a.a.s. e, ,, contains er, and so a.a.s. o, contains .

Trivially, if s =1 and m = a > 1, then o, ,,, contains 7.

56



Chapter 6. Permutations

The threshold for the disappearance of w then follows from T ()m = O ,.m Since
inv(m) +inv(T) = (5). O
= m | Consecutive permutation patterns Corresponding inversion sequences
1 21, 132, 213, 1243, 1324, 2134 01, 001, 010, 0001, 0010, 0100
Vvno | 231, 312, 1342, 1423, 2143, 2314, 3124 | 002, 011, 0002, 0011, 0101, 0020, 0110
n?/3 | 321, 1432, 2341, 2413, 3142, 3214, 4123 | 012, 0012, 0003, 0021, 0102, 0120, 0111
n3/4 | 2431, 3241, 3412, 4132, 4213 0013, 0103, 0022, 0112, 0121
n*/5 | 3421, 4231, 4312 0023, 0113, 0122
n®/6 | 4321 0123

Table 6.1: Thresholds for the appearance in o, ,, of short consecutive patterns

1—-1/inv(7)

Therefore, m ~ n is the threshold for the appearance of a consecutive pat-

tern 7 occurring in oy, ,,, and (g) —m ~ nt~1 V(™) ig the threshold for its disappearance
from o, »,,. Thus, if v € (0,1) and m ~ n?, then o, ;, contains any consecutive permu-
tation pattern with fewer than ﬁ inversions a.a.s. but avoids consecutive permutation
patterns with more than ﬁ inversions a.a.s.

Table 6.1 displays all patterns of lengths 2,3 and 4 that have at least one inversion,

as well as the thresholds at which they appear.

6.5 Classical and Vincular Patterns

In this concluding section of this part of the thesis, we establish two more pairs of
thresholds, once more for the appearance and disappearance of permutation patterns.
Here however, we are looking at two different types of permutation patterns, the first
of which are classical permutation patterns.

We say that a classical pattern 7 occurs at [i,j] in o if (i) is the first term and
o(7) the last term in an occurrence of 7. Such an occurrence has width w = j + 1 — 4.
We use ofi, j] to denote the permutation of [w] that has the same relative order as
o(i),...,0(7).

Given an n-permutation o, we say that it is decomposable if there exists some k < n

such that
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Figure 6.6: The sum decomposition of a decomposable permutation, and an indecom-
posable permutation

{0(1),0(2),...,0(k)} = {1,2,..., k.

If a permutation is not decomposable, we say it is indecomposable. For exam-
ple, Figure 6.6 displays the plot of a decomposable permutation pattern o at the
left and the plot of an indecomposable permutation pattern oo at the right. For
the permutation o1 = 23175468, we can see that {o(1),0(2),0(3)} = {1,2,3} and
{c(4),0(5),0(6),0(7)} = {4,5,6,7} and {0(8)} = {8}. On the other hand, for the

permutation oo = 76824531, there does not exist any k < 8 such that

{0(1),0(2),...,0(k)} = {1,2,... k).

Any pattern that is decomposable can be expressed as the combination of two or more
shorter permutations. Given two permutations o and 7 with lengths k& and ¢ respec-
tively, their direct sum o @ 7 is the permutation of length k + ¢ consisting of o followed

by a shifted copy of 7 :

o(i) if i <k,
ktr(i—k) if k+1<i<k+/

For example, the permutation at the left of Figure 6.6 is 231 @ 4213 ® 1. Every
permutation has a unique representation as the direct sum of a sequence of one or
more indecomposable permutations, which we call its components. This representation
is known as its sum decomposition. The complement of a decomposable permutation
is indecomposable. The indecomposable permutation at the right of Figure 6.6 is the

complement of the decomposable permutation at the left of the figure.
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Figure 6.7: A permutation containing an indecomposable classical permutation pattern

The following two propositions consider occurrences of indecomposable classical

patterns occurring within a permutation.

Proposition 6.5.1. Suppose « is an indecomposable classical pattern of length k > 2.

If o occurs at [i, j] in a permutation o, with width w = j + 1 — i, then

inv(oli,j]) > inv(e) + w — k.

Proof. If i < ¢ < j and o(¢) does not lie in the occurrence of o then o(¢) forms an
inversion with some term in the occurrence of a. Otherwise we would have a = 5 ® 7,
with g lying to the left and below o(¢) and « lying to the right and above o(¢). But
a is indecomposable. Thus each of the w — k terms of o[i, j] not in the occurrence
of a contributes at least 1 to the number of inversions in o[i, j] and there are inv(«a)

inversions with both end points in a. O

Here we give an example for the above proposition. The plot of the permutation
o = 479318625 in Figure 6.7 contains the indecomposable classical pattern o = 4231
at [2,8] in 0. We observe that, for ¢ € [3,7], each o(¢) forms at least one inversion with
some term in the occurrence of a. Thus, each of the three terms of ¢[2,8] not in the
occurrence of a, contributes at least 1 to the number of inversions in ¢[2, 8]. Here, «

has width w = 7, length k& = 4 and inv(a)) = 10 so,

inv(0[2,8]) =17 > 13 = inv(a) + w — k.

We now prove that the containment of an indecomposable pattern implies con-

tainment of a consecutive pattern with the same number of inversions whose length is
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Figure 6.8: A permutation containing an indecomposable classical permutation pattern

bounded.

Proposition 6.5.2. Suppose « is an indecomposable classical pattern of length k > 2
with s inversions. If a occurs in a permutation o, then o contains a consecutive pattern

with at least s inversions of length at most ks.

Proof. Suppose « occurs at [i, j] in o with width w = j+1—1¢ > k. Let ¢t = inv(c][z, j]).
By Proposition 6.5.1, we have t > s +w — k. Note that ¢t > s > 1.

Let d = [t/s] and partition e,; j into d consecutive blocks of almost equal length,
each block having length either |w/d| or [w/d]. Since t/d > s — 1, by the pigeonhole
principle, there is a block b, where its terms, e, , €p,, €p, - . ., are such that ) ., ey, = b
and |b| > s.

Now, w < k+1t—s, and

S

d — VJ 275—i—1 1+t—sl

So the length of each block is bounded above by

w w (k+t—s)s

Pl « Ui < 800790

| < g

k—1
:1—{—S—|-(7)8§1+8+(/€—1)S:1+k‘8.

1+t—s

Thus, since this is a strict inequality, there is a consecutive subsequence of e,; j of
length no more than ks with at least s inversions, and so ¢ contains a consecutive

pattern with at least s inversions of length at most ks. O

Here we give an example for the above. The plot of the permutation o = 123495678
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in Figure 6.8 contains the indecomposable classical pattern o = 312 at [5,9] in o of
width w = 5, length & = |a| = 3 and s = inv(a) = 2. Let t = inv(c[5,9]) = 4
and d = LEJ = L%J = 2. Therefore, we partition e,[59 = 01111 into d = 2 consecutive
blocks. Each of these blocks are to have length L%J = L%J = 2 or length {%1 = {%1 =3.
So, we partition e,[5 g into two blocks, one of length two and one of length three. These
blocks are therefore partitioned as either e,[5 6 = 01 and e, 79y = 111 or as eq[5 77 = 011
and e, (g9 = 11. In either case, there is at least one of the partitioned blocks that sums
to at least s = 2. We also observe that in this example there is a consecutive subsequence
of e,[59) which has length of no more than ks = 6 with at least s = 2 inversions and,
by extension, ¢ contains a consecutive pattern with at least s = 2 inversions of length
at most ks = 6.

We are now able to establish the thresholds for the appearance and disappearance

of classical patterns in oy, y,.

Theorem 6.5.3. Let m be any classical permutation pattern. If s is the greatest
number of inversions in a component of 7, and s’ is the greatest number of inversions

in a component of 7, then for any positive constant a,

0 if m < nl=l/s,

lim P[amm contains 7r] =
n—oo

1 if n'=Ys <« m<n,

1 if o> (8) —m> nlmle
lim P[an’m contains 71] =
n—oo

0 if (g) —m < nt Vs
as long as s > 0 and s’ > 0, respectively.

Proof. We first prove that below the threshold a.a.s. o, ,, avoids 7. Indeed, a.a.s. it
contains no indecomposable pattern with s inversions.

By Proposition 6.5.2, if 0, ,, were to contain an indecomposable pattern « of length
k then it would also contain some consecutive pattern of length at most ks with at least
s inversions. There are only finitely many such consecutive patterns. Now suppose that

m < n*~1/5. From Theorem 6.4.3, we know that a.a.s. C,, ,, contains no fixed finite
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set of consecutive patterns with s or more inversions. Thus C,, ,, avoids «, and hence
also avoids .

We now prove that above the threshold a.a.s. o, ., contains 7. Suppose 7 has sum
decomposition T =a; D - - D .

Let C = Cy,,. For 0 < j < 7, let i;j = [jn/r], and, for each j € [r], let
C; = Clij-1 + 1,i5]. Thus, Cy,...,C, is a partition of the terms of C, each
C; having length n;j € {|n/r|,[n/r]}. Let m; = |Cj].

Since |C]| is constant, the covariance between any two distinct terms of C is negative.

Indeed, straightforward calculations show that

(n — Dm(m + n)

Var[C(i)] = 1)
and
Cov[C(iy),C(iz)] = —Tm if 41 # io.
Hence,
rm(m + n)

Y

Var[mj/nj] = Var[mj]/n? < ny Var[C(i)]/n? ~ 3

which tends to zero as long as m < n*2. Thus (by Chebyshev’s inequality), for this
range of values for m the sum of terms in each C; satisfies a law of large numbers.
Thus, for each j and any € > 0, a.a.s. we have m; > (1 — e)m/r. Therefore, if
m > n'~1/5 then m; > n;fl/s for each j € [r].
Thus, if n'~Y* < m < n, for each j € [r], we have the following sequence of

implications:
e By Proposition 5.1.4, a.a.s. an,mj contains a consecutive occurrence of €q;-

e Thus a.as. C = C,,,, contains consecutive occurrences of e, ...€q, in that

T

order.

e Since, by Proposition 6.4.1, C,, ,, is a.a.s. an inversion sequence, a.a.s. €, ,, COn-

tains consecutive occurrences of ey, ... €, in that order.
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¢ By Proposition 6.3.2, these correspond to occurrences of aq, . .., a; as consecutive
patterns in o, ,,, such that no point of o, ,,, is to the upper left of any point in

any of these occurrences.

e Thus a.a.s. m= a1 ... D a, occurs in oy .

The threshold for the disappearance of 7 then follows as o, (2)—m = Tnm- O
N2

Interestingly, classical patterns that are equal in length and that have the same
total number of inversions do not necessarily share thresholds for their appearance and

disappearance in o, ,,. Examples of this can be seen in Table 6.2.

Pattern
n?/3 | 321654 | (3) —n®/®
n*/5 | 423165 | () —n®/°
n®/9 | 561324 | (1) —n?/®
n®9 | 456123 | () —n?/3

Table 6.2: Thresholds in o, ,, for the appearance and disappearance of four classical
patterns of length six with six inversions

We conclude this part of the thesis with establishing the appearance and disappear-
ance of vincular permutation patterns in o, p,.

In a wvincular pattern only some terms are required to be adjacent. Consecutive
terms in a vincular pattern that must be adjacent are underlined. For example, the
vincular patterns 312 and 312 each occur once in the permutation at the left of Fig-
ure 6.1. (see [5,8,11,16,18,19,34])

We introduce one more definition before establishing the final pair of thresholds.

A wvincular pattern with sum decomposition a; @ ... @ a, has a unique (possibly

coarser) representation as a direct sum 81 @ ... @ 5y for some ¢ < k, such that
e cach 3; = Qi B 41D D for some %; and r;, and

e «; and a4 are components of the same [3; only if the last term of o is required

to be adjacent to the first term of ;1.

We say that (§1,...,0, are the pattern’s supercomponents. For example, 23175468

has supercomponent decomposition 231 ¢ 42135, whereas 23175468 decomposes as
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Figure 6.9: The supercomponents of vincular patterns 23175468 and 23175468

2317546 @ 1. See Figure 6.9 for an illustration, in which the adjacency criteria are
shown by shading.

Before we prove our final theorem, we introduce two results. These following propo-
sitions are similar to that of Propositions 6.5.1 and 6.5.2 where “indecomposable clas-

sical pattern” is replaced with “supercomponent”.

Proposition 6.5.4. Suppose « is a supercomponent of length k > 2. If o occurs at

[i, 7] in a permutation o, with width w = j + 1 — i, then
inv(a[i,j]) > inv(a) + w — k.

Proof. If i < ¢ < j and o(¢) does not lie in the occurrence of o then o(¢) forms an
inversion with some term in the occurrence of a. Otherwise we would have a = 5 & 7,
with 8 lying to the left and below o(¢) and ~ lying to the right and above o(¢). But
a is indecomposable. Thus each of the w — k terms of o[i, j] not in the occurrence
of a contributes at least 1 to the number of inversions in oli, j| and there are inv(«)

inversions with both end points in «. ]

Proposition 6.5.5. Suppose « is a supercomponent of length k > 2 with s inversions.
If a occurs in a permutation o, then o contains a consecutive pattern with at least s

inwversions of length at most ks.

Proof. Suppose a occurs at [z, j] in o with width w = j+1—14¢ > k. Let t = inv(o[i, j]).
By Proposition 6.5.4, we have t > s+ w — k. Note that ¢t > s > 1.

Let d = [t/s] and partition e,; j into d consecutive blocks of almost equal length,
each block having length either |w/d]| or [w/d]. Since t/d > s — 1, by the pigeonhole

principle, there is a block b, where its terms, e, , €p,, €y, - . ., are such that Y ., ey, = |b|
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and [b| > s.

Now, w < k+t— s, and

- H Sl 1Htes
s s s

So the length of each block is bounded above by

w w (k+t—s)s
= L P I I i
7l < g
k—1
= 1+5+Q < 14+s+(k—1)s = 1+ks.
1+t—s

Thus, since this is a strict inequality, there is a consecutive subsequence of e,; j of
length no more than ks with at least s inversions, and so ¢ contains a consecutive

pattern with at least s inversions of length at most ks. O

The threshold for the appearance of a vincular pattern depends on the greatest
number of inversions in one of its supercomponents. The proof for the following theorem
is very similar to the proof for Theorem 6.5.3, where the two previous results are utilised

and “indecomposable classical pattern” is replaced with “supercomponent”.

Theorem 6.5.6. Let 7 be any vincular permutation pattern. If s is the greatest num-
ber of inversions in a supercomponent of 7, and s’ is the greatest number of inversions

in a supercomponent of 7, then for any positive constant a,

0 if m < nl=1/s,

nh_>ngo IP’[crn,m contains 77] =

1 it s « m<n,

1 ifn> (g) -—m> nlfl/sl,
lim P[an,m contains 77] =
n—oo

0 if (5) —m< a7V,
as long as s > 0 and s’ > 0, respectively.

Proof. We first prove that below the threshold a.a.s. o, avoids 7. Indeed, a.a.s. it

contains no supercomponent with s inversions.
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By Proposition 6.5.5, if o, ,, were to contain a supercomponent o of length k then
it would also contain some consecutive pattern of length at most ks with at least s
inversions. There are only finitely many such consecutive patterns. Now suppose that
m < n*~1/5. From Theorem 6.4.3, we know that a.a.s. C,, ,, contains no fixed finite
set of consecutive patterns with s or more inversions. Thus C,, ,,, avoids «, and hence
also avoids 7.

We now prove that above the threshold a.a.s. o, ,, contains m. Suppose m has sum
decomposition T = a1 B - - - P ..

Let C = Cy,,. For 0 < j < 7, let 45 = [jn/r], and, for each j € [r], let
C; = Clij-1 + 1,4;]. Thus, Cy,...,C, is a partition of the terms of C, each
C; having length n; € {[n/r],[n/r]}. Let m; = |C;|.

Since |C| is constant, the covariance between any two distinct terms of C is negative.

Indeed, straightforward calculations show that

(n —)m(m + n)

Var[C(i)] = 2l
and
Cov[C(iy),C(iz)] = —Tm if i1 # io.
Hence,

Var[m; /ny] = Vax[m;] n? < n, Var[C(i)]/n? ~ "2 ET)

n3 ’

which tends to zero as long as m < n®2. Thus (by Chebyshev’s inequality), for this
range of values for m the sum of terms in each C; satisfies a law of large numbers.
Thus, for each j and any ¢ > 0, a.a.s. we have m; > (1 — e)m/r. Therefore, if
m > n~1/5 then m; > njl-_l/s for each j € [r].
Thus, if n'~/* <« m < n, for each j € [r], we have the following sequence of

implications:
e By Proposition 5.1.4, a.a.s. an,m]— contains a consecutive occurrence of €a;-

e Thus a.a.s. C = C,,,, contains consecutive occurrences of e, ...eq, in that

T
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order.

e Since, by Proposition 6.4.1, C,, ,, is a.a.s. an inversion sequence, a.a.s. €, con-

tains consecutive occurrences of e, , ... €, in that order.

¢ By Proposition 6.3.2, these correspond to occurrences of aq, . . ., a; as consecutive
patterns in o, ,,, such that no point of o, ,,, is to the upper left of any point in

any of these occurrences.
e Thus a.a.s. 7= a1 @ ... D a, occurs in oy .

The threshold for the disappearance of 7 then follows as o, (7)—m = Tn;m- O
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