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Abstract

This thesis presents a computational framework for the analysis of nonlinear aeroe-

lastic phenomena, with particular emphasis on sustained oscillatory behaviour that

poses significant challenges in aerospace design. Traditional time-domain methods of-

ten prove computationally intensive and limited in scope. To address these challenges,

this research introduces innovative frequency-domain and data-driven techniques that

substantially reduce computational demands while ensuring robust treatment of uncer-

tainty.

The proposed methodology integrates three core developments: a harmonic balance

approach enhanced by operator-based stability analysis, a surrogate modelling strat-

egy informed by probabilistic inference, and a hierarchical learning architecture that

leverages models of varying accuracy. These innovations enable the efficient exploration

of complex system dynamics without reliance on extensive time-domain simulations,

while accurately capturing critical features such as limit cycle oscillations and stability

transitions.

A probabilistic framework is employed for the estimation of system parameters and

model structures, grounded in statistical evidence. This allows for the construction of

bifurcation diagrams augmented with an interval of probability, offering new capabili-

ties for visualising uncertainty in nonlinear dynamic systems.

To overcome the limitations imposed by sparse experimental data, a novel learn-

ing architecture is introduced that efficiently synthesises information across models of

differing resolution. This approach effectively captures both inherent variability and

knowledge-based uncertainty, enabling accurate predictions with significantly reduced

data requirements.
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Chapter 0. Abstract

The framework is demonstrated on a representative aeroelastic configuration, where

it performs robustly under both idealised and noisy conditions. It delivers high pre-

dictive fidelity in identifying critical dynamic transitions, while alternative strategies

within the framework offer enhanced computational efficiency with controlled trade-offs

in accuracy. A notable innovation includes the use of normalised continuation param-

eters, which facilitate the tracking of intricate nonlinear behaviours across multiple

solution branches.

Overall, this work achieves substantial gains in computational efficiency while pre-

serving, and in some cases improving, predictive performance. It supports a wide range

of practical applications, from early-stage aeroelastic design to real-time system mon-

itoring, and contributes novel theoretical insights through the integration of advanced

continuation methods, hierarchical uncertainty quantification, and Bayesian system

identification.

This thesis thus establishes a versatile foundation for the analysis of nonlinear aeroe-

lastic systems, bridging the gap between computational tractability and modelling ac-

curacy. Its modular and extensible architecture positions it for broader application

to related phenomena such as flutter and gust response, and provides a pathway to-

wards future innovations in digital twin technologies and certification strategies for

next-generation aerospace systems.
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Chapter 1

Introduction

1.1 Research Background & Motivation

A key priority in the aerospace sector is the reduction of carbon dioxide (CO2) emis-

sions. Without substantial mitigation measures, aviation's contribution to global warm-

ing may escalate to approximately 5.2% of total anthropogenic warming under the

Representative Concentration Pathway 2.6 [20]. The industry faces unique decarbon-

isation challenges due to its reliance on energy-dense liquid fuels, for which viable

carbon-neutral alternatives remain limited [21, 22]. Much current research focuses on

two primary emission reduction strategies: (1) advanced integration of lightweight ma-

terials in airframe design, and (2) development of electric aircraft technologies [23{25].

Both approaches demonstrate potential to signi�cantly decrease the sector's environ-

mental impact while maintaining operational requirements.

Considering the use of lightweight materials, the transition to advanced composite

structures in aircraft design is estimated to account for approximately 20{25% of the

aviation industry's targeted CO 2 emission reductions [26]. In the context of electric

aircraft, many emerging concepts are characterised by compact, lightweight designs

optimised for short-range operations. These aircraft often feature unconventional con-

�gurations and multiple electric propulsion units. Two representative examples are

illustrated in Figure 1.1. The �rst depicts the Lilium Jet, a novel electric vertical

take-o� and landing (eVTOL) aircraft [27]. The second example, developed by the

2



Chapter 1. Introduction

(a) (b)

Figure 1.1: Sustainable aircraft (a) Liliam [1], (b) Electric Regional Aircraft (ERA) [2]

French manufacturer AURA AERO, is a short take-o� and landing (STOL) electric

aircraft. As shown, it features eight electric engines and long, slender wings, re
ect-

ing design choices aimed at enhancing aerodynamic e�ciency and distributed propul-

sion [28]. While electric aircraft o�er substantial reductions in emissions compared to

conventional aircraft, all the concepts discussed involve the use of lightweight materials.

Consequently, lightweight materials remain a critical consideration in the development

and investigation of electric aircraft.

Modelling the dynamic response of lightweight aerospace structures presents sig-

ni�cant challenges due to their susceptibility to large geometric deformations, which

introduce distributed nonlinearities and complex dynamical behaviour [29,30]. The in-

creasing integration of systems further compounds these challenges, as additional inter-

faces can generate localised nonlinearities|a phenomenon well-documented in tiltrotor

system dynamics [31, 32]. These nonlinear e�ects can substantially in
uence system

dynamics and control characteristics. In tiltrotor systems, they modify 
utter bound-

aries [31, 33], while in �xed-wing applications, they induce shifts in the aerodynamic

centre that impact aircraft controllability [34]. Such nonlinearities are typically cate-

gorised into two distinct classes:

ˆ Geometric nonlinearities: Distributed throughout the structure, primarily

arising from large de
ections enabled by lightweight material usage [35]

ˆ Localised nonlinearities: Con�ned to speci�c regions, often originating from

3
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frictional interfaces in structural joints [36,37]

The prevalence of localised nonlinearities has increased with the integration of com-

plex modern systems, necessitating careful consideration in both modelling and control

strategy development. As such, they will be the primary focus of this work [38,39].

A prominent manifestation of both geometric and localised nonlinearities is the

emergence of self-sustained oscillations, commonly termed Limit Cycle Oscillations

(LCOs). These LCOs frequently represent the peak dynamic response of aeroelastic

systems, with critical implications for structural fatigue life and operational safety [40].

Experimental observations have consistently veri�ed LCO phenomena across various

con�gurations, particularly in high-aspect-ratio 
exible wings [41,42]. Recent work by

Drachinsky and Raveh [43,44] has further demonstrated subcritical LCO formation in

low-speed 
utter testing of highly 
exible wings, highlighting the prevalence of these

nonlinear e�ects. The stability characteristics of LCOs are of paramount importance:

stable LCOs represent physically attainable oscillatory states towards which the system

converges, whereas unstable LCOs demarcate boundaries of diverging response, either

to a decaying reponse or a divergent oscillation [45]. This distinction fundamentally in-


uences both the prediction of system behaviour and the design of appropriate control

strategies.

However, determining LCO behaviour typically requires computationally expen-

sive nonlinear analyses, particularly for generating bifurcation diagrams and assess-

ing stability. This resource-intensive process often leads to the neglect of nonlinear

analysis during early design stages, thereby arti�cially constraining the feasible design

space [46]. When performing system identi�cation from experimental data, determin-

istic approaches that ignore the e�ects of uncertainties are commonly employed. Addi-

tionally, conducting Uncertainty Quanti�cation (UQ) on the identi�ed systems typically

requires thousands of model evaluations. On the other hand, while stochastic model

updating is gaining popularity, its computational cost remains excessive for nonlinear

systems. This computational burden frequently precludes the use of detailed nonlinear

models for both parameter estimation and output behaviour analysis. Consequently,

this limitation signi�cantly impedes nonlinear aeroelastic analysis using data-driven
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approaches, despite their growing prominence in aerospace applications [47, 48]. The

resulting gap in capability underscores the critical need for more computationally e�-

cient methods to characterise LCO behaviour in aeroelastic systems.

This work addresses these challenges by developing a robust computational frame-

work for accurate and e�cient LCO analysis in complex nonlinear aeroelastic systems.

The central research question may be formulated as follows: To what extent can a uni-

�ed framework be developed for the nonlinear analysis of complex aeroelastic systems,

enabling computationally e�cient parameter estimation and uncertainty quanti�cation?

The framework combines advanced nonlinear dynamics techniques with data-driven

approaches to overcome the current limitations in LCO prediction. Section 1.2 details

the speci�c objectives and implementation strategy for achieving these goals. If a

framework that ticks all of these boxes is developed and successfully demonstrated,

innovative solutions to lightweight sustainable aircraft can be explored with further

e�ciency and less time and also less computational energy is required for carrying out

the simulations required.

1.2 Project Goal & Objectives

The objective of this research is to develop a framework for the e�cient and accurate

identi�cation of nonlinear aeroelastic systems based on experimental LCO data. Given

the inherent noise in experimental measurements, the proposed methodology adopts a

probabilistic approach, thereby enabling UQ in the inferred system behaviour.

Such a framework would be highly bene�cial in a range of real-world engineering

applications, particularly in the design of 
exible aircraft wings. By probabilistically

identifying the nonlinear parameters of the model, a clearer understanding of the safety

margins in the design can be achieved. Furthermore, the data-driven approach using

surrogate models signi�cantly reduces the computational time required, thereby ac-

celerating the design process during the early stages. The continued development of

advanced tools for nonlinear aeroelastic analysis further enables the industry to push

the boundaries of design, facilitating more innovative and e�cient solutions.
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To address the overarching research question, the primary objective is decomposed

into the following four speci�c research objectives:

1. To develop a computationally e�cient method for estimating deterministic LCO

behaviour and stability in aeroelastic systems. This work seeks to minimise the

computational burden of traditional deterministic methods for LCO characteri-

sation, facilitating their integration with data-driven modelling frameworks.

2. To formulate a probabilistic, data-driven methodology to minimise computational

cost while maximising accuracy in the identi�cation of nonlinear models for LCO

behaviour in aeroelastic systems. The primary objective is to develop and validate

a novel data-driven framework for nonlinear aeroelastic analysis and aleatory UQ.

3. To enhance the computational e�ciency of proposed data-driven identi�cation

framework through a multi-level and multi-�delity modelling approach. The aims

are to enhance both the data e�ciency and predictive accuracy of the framework

developed in Objective 2, while incorporating polymorphic UQ.

4. To validate the framework using a high-�delity aeroelastic test case. This �nal

objective serves to comprehensively validate the full operational capabilities of

the framework developed through the preceding objectives.

Each objective will be accomplished by developing appropriate methodologies and

conducting both numerical and experimental validation.

1.3 Thesis Organisation

This thesis is structured such that each central chapter addresses one of the research

objectives individually. Chapter 2 presents an overall literature review, focusing ex-

clusively on the theoretical foundations relevant to all subsequent chapters. This en-

compasses an overview of aeroelastic analysis (incorporating both linear and nonlinear

approaches), along with a critical review of model updating methodologies and relevant

data-driven techniques.
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The core chapters (Chapters 3{6) then follow. Each begins by introducing the

speci�c formula required for that section, after which the corresponding methodology

is presented in a generalised form. Where applicable, a case study is included to

demonstrate the application of the methodology to a test case.

The progression of objectives is as follows:

ˆ Chapter 3 addresses Objective 1. It presents a computationally e�cient numerical

framework for predicting LCO amplitudes and assessing stability in nonlinear

aeroelastic systems. The proposed approach integrates the Harmonic Balance

Method (HBM) with the Hill method for stability analysis.

ˆ Chapter 4 addresses Objective 2. It presents a probabilistic, data-driven method-

ology for minimising computational cost while maximising accuracy in the iden-

ti�cation of nonlinear models to capture LCO behaviour in aeroelastic systems.

This work builds upon several prior developments.

ˆ Chapter 5 addresses Objective 3. It extends the methods developed in Chapter 4

through an iterative framework whilst integrating hybrid UQ.

These chapters collectively develop the proposed framework and demonstrate its im-

plementation in a simpli�ed test case. Chapter 6 then applies the complete framework

to a high-�delity test case, thereby validating the methodology and addressing the �nal

objective.

Finally, Chapter 7 synthesises how these objectives collectively achieve the overarch-

ing aim of the thesis, followed by a discussion of potential improvements and directions

for future work.
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Chapter 2

Literature Review

This chapter reviews the fundamental theories underpinning the present research. It

is structured into three main sections. The �rst provides an overview of aeroelastic-

ity, with particular emphasis on the challenges posed by nonlinearities in aeroelastic

systems|their origins and the key behaviours they can induce. The second section

examines standard numerical methods used in the analysis of nonlinear aeroelastic

phenomena, highlighting their limitations. The �nal section explores system identi�-

cation in nonlinear and data-driven contexts, which serves as the foundation for the

computational framework developed in this study.

Core theoretical concepts applicable throughout this work are presented here, while

chapter-speci�c formulations appear in their respective contexts. The analysis em-

ploys two key concepts: (1) data-driven methods, prioritising empirical data over �rst-

principles modelling, and (2) robust approaches maintaining reliability under modelling

uncertainties and measurement noise.

2.1 Aeroelastcity

2.1.1 Aeroelatcity Overview

Aeroelasticity fundamentally examines the interaction between aerodynamic, inertial,

and elastic forces acting on a structure. The foundational concept is conventionally

illustrated by Collar's aeroelastic triangle, shown in Figure 2.1 [49]. This framework
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Figure 2.1: Collar's aeroelastic triangle

gives an overview of how the primary disciplines of stability and control, structural

dynamics, and static aeroelasticity arise from the coupling of two or three force types.

The complete interaction of all three forces leads to dynamic aeroelastic phenomena.

For analytical purposes, aeroelastic behaviour is categorised into two distinct regimes:

static aeroelasticity and dynamic aeroelasticity.

Static aeroelasticity examines the non-oscillatory interaction between aerodynamic

forces and a 
exible aircraft structure [50]. It is referred to as "static" as is is the

study of the equilibrium response of a structure to aerodynamic forces, without consid-

ering the time-dependent e�ects or the dynamic oscillations of the structure. A critical

consideration in static aeroelasticity is the reduction in control surface e�ectiveness, po-

tential control reversal, and|most relevant to this work|structural divergence. Diver-

gence occurs when the aerodynamic torsional moment exceeds the structural restoring

moment, resulting in unbounded wing twist and, in practice, catastrophic structural

failure. For an aircraft, aerodynamic loads increase with airspeed, leading to a critical

velocity at which divergence arises, termed the divergence speed. Although rarely en-

countered in operation due to preceding aeroelastic instabilities (discussed later), this

speed represents the theoretical upper limit for safe structural design with respect to

static aeroelasticity.

Dynamic aeroelasticity investigates the oscillatory coupling between aerodynamic
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forces and structural deformation. The most critical phenomenon in this �eld is 
utter,

which arises from unfavourable energy transfer from the 
uid 
ow to the structure due

to coupled inertial, elastic, and aerodynamic interactions (illustrated in Figure 2.1).

Beyond a critical threshold known as the 
utter speed, the structure responds to per-

turbations with exponentially growing oscillations [51]. In practical applications, this

leads to catastrophic structural failure unless mitigated through design or control sys-

tems. Flutter is widely regarded as the primary aeroelastic consideration in aircraft

design, as its onset typically occurs at lower velocities than static divergence [50]. Con-

sequently, the 
utter speed generally de�nes the upper operational limit for safe 
ight

with respect to aeroelastic e�ects.

2.1.2 Nonlinear Aeroelastic Phenomenon

The e�ects discussed thus far pertain to linear aeroelasticity, wherein phenomena can be

modelled using relatively simple linear mathematical formulations. However, real-world

systems frequently exhibit behaviour that violates these linear assumptions, necessitat-

ing more sophisticated nonlinear aeroelastic models [52].

From a mathematical perspective, this transition introduces signi�cant complexity:

unlike linear di�erential equations (which admit general analytical solutions), nonlin-

ear equations typically require numerical treatment and may exhibit multiple coexisting

solutions at identical operating conditions [53]. Moreover, nonlinear systems demon-

strate a richer repertoire of dynamic behaviours|including limit cycles, bifurcations,

and chaotic responses|that have no counterpart in linear theory [54].

In recent years, nonlinearities have been increasingly tolerated or deliberately incor-

porated into engineering systems. These nonlinear e�ects typically originate from three

primary sources: structural deformations, aerodynamic interactions, and control sys-

tem characteristics [52]. As this work focuses on sustainable aircraft design, particular

attention is given to structural nonlinearities, which dominate in lightweight airframe

applications [55].

The most prevalent forms of structural nonlinearity include:

ˆ Geometric nonlinearities arising from large deformations (e.g., wing 
exure be-
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yond small-angle assumptions)

ˆ Clearance nonlinearities involving freeplay, intermittent contact, and other non-

smooth phenomena

ˆ Dissipative nonlinearities from friction or velocity-dependent damping

ˆ Inertial nonlinearities, particularly relevant in rotating systems like propellers

and turbomachinery [51]

The aviation industry's push toward net-zero emissions has accelerated adoption of

lightweight materials and electric propulsion systems. However, these innovations intro-

duce signi�cant modelling challenges: slender composite structures exhibit pronounced

geometric nonlinearities under operational loads [56], while non-smooth boundary con-

ditions in articulated control surfaces can trigger complex dynamic responses including

bifurcations and LCO [57,58]. This interplay between sustainability-driven design and

nonlinear dynamics forms a critical research area in modern aeroelasticity.

The impact of these nonlinearities can often shift the reliable safety margins in

relation to operating velocity in aircraft design and certi�cation. What we are most

concerned about in this work being mainly focused on dynamic aeroelatic e�ects (so

oscillatory impacts of 
uid structure interaction) is the nonlinear oscillations.

The presence of nonlinearities can signi�cantly alter the conventional safety margins

associated with operational velocity in aircraft design and certi�cation processes. Of

particular concern in this work are nonlinear oscillations, which arise from dynamic

aeroelastic e�ects|speci�cally, the oscillatory coupling between aerodynamic forces

and structural deformation. These nonlinear phenomena can profoundly in
uence the

aircraft's dynamic response and aeroelastic stability boundaries.

2.1.3 Dynamic Nonlinear Aeroelastic Systems

Nonlinearities in aeroelastic systems can lead to subcritical post-
utter responses [59,

60], where self-sustaining oscillations emerge at velocities below the linear 
utter ve-

locity. These oscillations, known as LCOs, exhibit constant amplitude and frequency
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despite the absence of external forcing, and cannot be predicted through conventional

linear analysis [61].

The analysis of LCOs necessitates nonlinear modelling approaches, as their am-

plitude and stability characteristics are governed by the interplay between structural

nonlinearities and aerodynamic damping [62]. In certain situations, LCOs can have a

bene�cial role. For example, LCOs may act as a precursor to more severe instabilities,

such as 
utter, by manifesting as stable, bounded oscillations with safe amplitudes.

These oscillations can provide an operational warning, enabling early detection of im-

pending failure before catastrophic events occur [63]. Furthermore, LCOs are often

exploited in applications such as energy harvesting, where the sustained oscillations

can be harnessed to convert mechanical energy into usable electrical power. In such

cases, the presence of LCOs can enhance the e�ciency of energy harvesters by ensuring

consistent oscillatory motion, which is critical for optimising energy conversion. [64]

However, subcritical LCOs|those occurring below the linear 
utter speed|pose

signi�cant design challenges. While linear analysis would indicate a safe operating

regime, the presence of LCOs may compromise structural integrity due to their po-

tentially hazardous amplitudes or frequencies [55]. This discrepancy underscores the

critical importance of nonlinear aeroelastic analysis in modern aircraft design, partic-

ularly for high-aspect-ratio wings and 
exible structures where nonlinear e�ects are

pronounced.

The fundamental importance of nonlinear e�ects in aeroelastic systems can be

demonstrated through the classical two Degree-of-Freedom (DoF) pitch-plunge aero-

foil system investigated by Liu and Dowell [3]. This system exhibits a linear 
utter

speed of 31 m/s. When analysed with a linear torsional spring in the pitch DoF and

perturbed at 25 m/s (below the 
utter speed), the response shows decaying oscillations

that asymptotically approach equilibrium, as depicted in Figure 2.2a.

However, introducing cubic nonlinearity in the pitch spring fundamentally alters

the system behaviour at the same airspeed. Under identical perturbation conditions,

the nonlinear system develops sustained LCOs with a heave amplitude of 0:3 m, as

presented in Figure 2.2b. This result carries signi�cant engineering implications: while
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(a) (b)

Figure 2.2: Time repose of a simple aerofoil system with and without a nonlinear term
under the same perturbation, (a) Linear, (b) Nonlinear

linear analysis would predict safe operation at 25 m/s, the nonlinear system exhibits

potentially dangerous oscillations below the nominal 
utter speed.

This case demonstrates subcritical LCO behaviour and highlights two critical as-

pects of aeroelastic design. First, it emphasises the necessity of properly characterising

nonlinear sti�ness properties in aeroelastic systems. Second, it underscores the im-

portance of comprehensively evaluating LCO behaviour across the operational 
ight

envelope, particularly for systems where nonlinear e�ects may signi�cantly alter the

predicted stability boundaries.

Subcritical LCOs have been extensively documented in experimental studies of high-

aspect-ratio 
exible wings [41,42]. Recent work by Drachinsky and Raveh [43,44] has

further demonstrated subcritical LCO formation in highly 
exible wing con�gurations

during low-speed 
utter testing. These �ndings corroborate observations of nonlin-

ear aeroelastic phenomena across multiple aerospace applications. For instance, high-

altitude long-endurance (HALE) aircraft frequently exhibit persistent LCOs stemming

from geometric nonlinearities in their slender wings [55]. Similarly, store separation

events can induce transient LCOs due to sudden mass asymmetry [65], while control

surface freeplay often generates non-smooth LCOs through hinge nonlinearities [66].

Despite experimental evidence, nonlinear aeroelastic e�ects are frequently disre-

garded in computational design processes. This omission primarily stems from the
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substantial increase in model complexity, prohibitive computational costs for para-

metric studies, and convergence challenges inherent to nonlinear solution methods [52].

Such oversights fundamentally constrain the design space for modern aerospace systems,

particularly for next-generation composite wings, morphing aircraft con�gurations, and

high-e�ciency slender structures where nonlinear e�ects dominate the aeroelastic re-

sponse.

2.2 Numerical Methods in Dynamic Aeroelaticity

2.2.1 Nonlinear Aeroelastic Analysis

The onset of LCO typically arises at a speci�c type of bifurcation known as a Hopf

bifurcation [67]. Both theoretical analyses and experimental investigations have demon-

strated that Hopf bifurcations coincide with the 
utter points of aeroelastic systems [6,

60]. The numerical continuation process leverages previous solutions of the system and

the equations of motion to accurately predict subsequent solutions with respect to a

chosen continuation parameter.

The fundamental principle of the process is illustrated in Figure 2.3. An initial

guess is made for the solution of the system (y in Figure 2.3) at a speci�ed point (x

in Figure 2.3). This point is re�ned by solving a set of residual equations until it

lies 'on the branch'. Once a point 'on the branch' is identi�ed, an initial guess close

to this point is made, with a small step forward in the continuation parameter (x in

Figure 2.3), and the residual equations are solved again to re�ne the point, which is

taken as the next point in the continuation. This iterative process is continued for as

long as desired by the user. The resulting branch reveals the nonlinear behaviour of

the system and is valuable as it can change direction with respect to the continuation

parameter, potentially indicating multiple solutions at the same point in x.
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Figure 2.3: Diagram illustrating the numerical continuation method, where a solution
branch of a nonlinear system is tracked as a parameter is varied to explore new solutions

Various methods, primarily employing a predictor-corrector approach, have been

developed to provide rough estimates followed by re�nement for improved accuracy.

Among these, methods such as arclength and pseudoarclength continuation have proved

e�ective in tracing solutions beyond turning points, thereby revealing diverse system

behaviours.

General nonlinear behaviour of a subcritical aeroelastic system [3] described by a

bifurcation diagram is laid out in Figure 2.4. In the bifurcation diagram in Figure 2.4b a

stable linear solution exists until a hopf bifurcation is detected at 17:8m{s. At velocities

above this point, the response of the underlying linear system to a perturbation is

negatively damped.

The underlying linear dynamics of the systems can typically be determined through

eigenvalue analysis. This technique studies how the system's natural vibration modes

change with airspeed. The structure's motion equations, which couple its mass, sti�-

ness, damping, and aerodynamic forces (excluding any nonlinear functions), are ex-

pressed in matrix form and solved as an eigenvalue problem. Each eigenvalue repre-

sents a vibration mode's frequency and damping. As airspeed increases, the aerody-

namic forces alter these values|when a pair of complex eigenvalues merge and their

real parts become zero (indicating no damping), the system becomes unstable [68].

Taking nonlinear e�ects into consideration following eigenvalue analysis, numerical

continuation is carried out iteratively starting at the bifurcation point. Unstable LCO
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are identi�ed at velocities below the bifurcation point and are tracked until a turning

point. Following the turning point, stable LCO are tracked. This describes a system

where two possible solutions exist between the turning point and the hopf bifurcation

point, a stable damped solution and a LCO. Physically, unstable LCO represent a

non-converging trajectory that exhibits instability over time. This means following

nonlinear areoelastic analysis, the safe operating velocity of the system in Figure 2.4 is

shifted from 17:8m{s to 13:7m{s at the turning point of the bifurcation diagram.

(a) Three-dimensional subcritical bifurcation diagram

(b) Two-dimensional subcritical bifurcation
diagram for 2 DoF aerfoil system [69] ({ sta-
ble eigenvalues) (- - unstable eigenvalues) (�
hopf bifurcation) (
 turning point)

(c) LCO time histories (14:5m{s 
) (20m{s 
)
from (b)

Figure 2.4: Subcritical bifurcation diagram with hopf bifurcation at 17:8m{s for 2 DoF
aerfoil system [3] ({ stable LCO),(- - unstable LCO)

Current state-of-the-art bifurcation analysis software predominantly employs or-

thogonal collocation methods for LCO tracking and characterisation [70]. This time-

domain approach discretises periodic orbits into temporal elements, approximating

the solution variables through high-order polynomials on each interval and enforc-

ing the governing equations at Gauss-Legendre collocation points [71]. Such tech-

niques form the computational backbone of widely adopted packages including MAT-
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CONT (MATLAB CONTinuation) [72], AUTO (AUTOmatically) [73], and COCO

(COntinuation COre) [74]. While these methods achieve excellent numerical accu-

racy for low-dimensional systems, their application to large-scale problems remains

constrained by memory requirements that scale polynomially with system dimension,

leading to prohibitive computational costs for industrial-scale aeroelastic analyses. In

a Fourier series approach, the computational load scales linearly with harmonic or-

der. Although time-domain methods may o�er slight e�ciency advantages for simple

low-order systems, the Fourier approach exhibits superior scalability for large, complex

systems [75]. The computational challenges persist even when adopting frequency-

domain approaches like HBM. High-�delity systems demand careful consideration of

multiple harmonic components, each introducing additional algebraic equations to the

nonlinear system.

These computational constraints highlight the critical need for model calibration

against experimental data. Accurate nonlinear system identi�cation is crucial for en-

suring that mathematical models e�ectively represent the key characteristics of LCOs.

This, in turn, guarantees that the predicted operational envelope of aerospace systems

re
ects the true behaviour of the system under various operating conditions. With-

out precise identi�cation, the model may fail to capture critical dynamic phenomena,

potentially leading to miscalculations of system performance, stability, and safety mar-

gins. Therefore, achieving a high degree of accuracy in nonlinear system identi�cation

is fundamental for reliable predictions and the optimal design of aerospace systems.

Recent advances in sparse identi�cation of nonlinear dynamics (SINDy) and machine

learning-enhanced system identi�cation show particular promise for balancing accu-

racy with computational tractability in this context [76, 77]. However, both methods

can be computationally expensive and can face limitations such as reliance on large,

high-quality data sets.

Nonlinear aeroelastic analysis demands sophisticated computational strategies to

address the intricate coupling between structural nonlinearities (geometric, freeplay,

damping) and unsteady aerodynamic loads. Conventional time-domain methods, such

as direct numerical integration via Runge-Kutta schemes, solve the full nonlinear equa-
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tions of motion iteratively, making them versatile for transient analyses but prohibitively

expensive for parametric studies of periodic responses [52]. While shooting methods can

locate LCOs more e�ciently by solving boundary value problems, their convergence re-

mains sensitive to initial guesses in high-dimensional systems. Frequency-domain tech-

niques, particularly HBM, o�er a compelling alternative by approximating steady-state

solutions using truncated Fourier series and transforming the di�erential equations into

nonlinear algebraic systems via the Alternating Frequency Time (AFT) technique|this

proves especially e�ective for systems with smooth, periodic nonlinearities [62]. Bifur-

cation analysis tools like orthogonal collocation (e.g., MATCONT, AUTO) provide

rigorous tracking of solution branches and stability boundaries, but their reliance on

polynomial expansions limits scalability for large-scale industrial applications [70].

Recent advances suggest that the future of e�cient yet accurate nonlinear aeroelas-

tic analysis lies in hybrid approaches combining data-driven techniques with frequency-

domain frameworks. Machine learning-enhanced HBM, for instance, can leverage ex-

perimental or high-�delity simulation data to calibrate reduced-order nonlinear models

while preserving the computational e�ciency of frequency-domain analysis [78]. Sim-

ilarly, Koopman operator theory enables the embedding of nonlinear dynamics into

linear in�nite-dimensional spaces, facilitating the use of frequency-domain tools for

strongly nonlinear systems [79]. These hybrid strategies not only mitigate the curse of

dimensionality inherent in traditional methods but also bridge the gap between data-

rich experimental characterisation and physics-based modelling. As aerospace systems

grow more 
exible and lightweight, such synergistic combinations of data-driven insights

and frequency-domain e�ciency may prove indispensable for reliable LCO prediction

and 
utter boundary estimation in industrial design work
ows.

2.2.2 Limit-Cycle-Oscillation Analysis

The characterisation of LCO behaviour typically requires nonlinear analyses that take

a not insigni�cant amount of time compared to linear analysis, particularly through the

generation of bifurcation diagrams. Both the construction of these diagrams and subse-

quent stability assessment involve more complex mathematical techniques compared to

18



Chapter 2. Literature Review

those used in linear systems, often leading to the omission of nonlinear analyses during

preliminary design phases. This limitation consequently restricts the available design

space [46] and presents challenges for data-driven approaches to nonlinear aeroelastic

analysis, which depend on e�cient generation of training datasets despite their growing

prominence in aerospace applications [47, 48]. These constraints underscore the need

for more e�cient computational methods for LCO prediction in aeroelastic systems.

HBM present a computationally e�cient alternative for determining maximum LCO

response amplitudes. The HBM approach approximates periodic LCO motion using

Fourier series coe�cients in the frequency domain, with the AFT scheme enabling eval-

uation of diverse nonlinear force types [80]. Compared to conventional time-domain

methods that require storage of complete time histories, HBM only necessitates reten-

tion of a limited set of coe�cients. This methodology proves particularly advantageous

for analysing periodic responses in strongly nonlinear systems where time-domain sim-

ulations become prohibitively expensive.

However, several challenges persist in HBM implementation:

ˆ Ensuring robust convergence across parameter spaces

ˆ Managing computational costs associated with higher harmonic orders

ˆ Accurate representation of nonsmooth nonlinearities

Existing research demonstrates HBM's superior computational e�ciency compared

to alternatives like the shooting method while maintaining comparable accuracy [81,82].

Karkar's comparative study [71] further established HBM's robust convergence char-

acteristics for certain nonlinear mechanical systems when contrasted with orthogonal

collocation methods. Nevertheless, the literature reveals signi�cant gaps in compre-

hensive comparisons between HBM and contemporary alternatives, especially within

aeroelastic applications [71, 83]. Current investigations remain largely limited to low-

harmonic analyses or forced non-autonomous systems [84]. While tools like the NLvib

(NonLinear vibrations) package implement HBM, their focus on generic nonlinear me-

chanical systems and lack of frequency-domain stability analysis capabilities restrict

their direct applicability to aeroelastic problems [85]. Despite di�erences in existing
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bifurcation software, the predominant tools rely on orthogonal collocation methods

for tracking and modelling LCO [70]. Orthogonal collocation, a time-domain method,

segments a periodic orbit into intervals, represents unknown variables using polyno-

mials on each interval, and collocates the governing equations at Gauss points [71].

Orthogonal collocation techniques are integrated into widely used bifurcation software

packages such as MATCONT, AUTO, and COCO [72{74]. However, despite their ac-

curacy, these methods are seldom applied to larger systems due to substantial memory

requirements, leading to high computational costs.

2.2.3 Limit-Cycle-Oscillation Stability

The stability of LCOs represents a crucial consideration in frequency-domain analyses,

particularly when employing HBM. Mathematically, LCOs correspond to periodic so-

lutions of nonlinear dynamical systems, characterised by closed trajectories in phase

space [54]. Their stability properties determine the system's response to small pertur-

bations, with stable LCOs acting as attractors that draw in nearby trajectories, while

unstable LCOs serve as repellers from which trajectories diverge.

In an engineering context, this distinction carries signi�cant implications. Stable

LCOs manifest as bounded oscillatory regimes that may represent acceptable opera-

tional conditions, whereas unstable LCOs typically demarcate bifurcation points that

often precede dangerous aeroelastic instabilities [61]. Figure 2.5 illustrates this fun-

damental di�erence through comparative phase-space portraits and time histories for

LCOs of identical amplitude but opposing stability characteristics on a Van der Pol

oscillator (where x is a generalised coordinate / degree of freedom). The black line rep-

resents a stable LCO. If a stable LCO is identi�ed following a perturbation, the system

will converge to that stable shape. In contrast, the other lines illustrate the system's

behavior when an unstable LCO of the same amplitude is identi�ed. If a perturbation

slightly larger than the amplitude of the unstable LCO is applied, the system's response

will increase in amplitude, as shown by the blue line. Conversely, if the perturbation is

slightly smaller, the system's response will decrease in amplitude, as indicated by the

red line. In both cases, the presence of an unstable LCO means the system will diverge
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(a) (b)

Figure 2.5: LCO stability demonstration on Van der Pol oscillator [4] ({ stable), (- -
unstable decay), (- - unstable growth) (a) Time history, (b) Phase plot

from it, with the steady-state solution shifting away from the unstable LCO.

A notable challenge emerges when applying HBM to stability assessment, as the

method converges to both stable and unstable periodic solutions indiscriminately [86].

When applying the HBM alone, without conducting speci�c stability analysis of the

oscillations, the identi�ed LCO cannot be directly classi�ed as stable or unstable This

limitation necessitates the application of complementary stability analysis techniques,

such as perturbation analysis of the harmonic balance equations, or numerical contin-

uation methods with stability tracking. The most common method is implementation

of Floquet theory, which examines the behavior of small perturbations around a pe-

riodic orbit by linearising the system. The stability of the orbit is determined by the

Floquet multipliers|the eigenvalues of the linearized system. If all multipliers have

magnitudes less than 1, the orbit is stable; if any have a magnitude greater than 1, the

orbit is unstable, meaning the system will diverge from the limit cycle [87, 88]. The

requirement for such post-processing underscores the importance of rigorous stability

veri�cation when employing HBM for practical engineering applications.

The conventional estimation of LCO stability typically involves time domain meth-

ods, such as Floquet analysis. However, as frequency domain methods gain prominence

in LCO analysis, there is a growing interest in techniques that directly compute stabil-

ity in the frequency domain. Guillot et al. [89, 90] demonstrated the use of the Hill's
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matrix for computing the stability of LCO modeled by Fourier series through eigen-

value analysis. Lazarus and Thomas demonstrated the method's accuracy on a forced

Du�ng oscillator system [91]. While e�ective, this method tends to be computationally

demanding, especially when dealing with large numbers of harmonic orders necessary

for modelling complex nonlinear systems, leading to extended computation times. For

large-scale scenarios, stability analysis using the Hill method can be more numerically

costly than computing periodic motion [92, 93]. Hill's method determines stability

through eigenvalue analysis of the truncated system matrix, but requires full eigensolu-

tion and sorting to identify the critical eigenvalues. This process grows computationally

prohibitive for high-degree-of-freedom systems, as both the eigenvalue calculation and

necessary sorting scale poorly with system size [91].

In recent developments, the Koopman operator has been employed to derive the

monodromy matrix directly from Hill's matrix, as elucidated by Bayer and Leine [94].

In the Koopman framework, the dynamical system is characterised by the evolution

of functions on the state space over time. This method elevates the problem to a

higher-dimensional space where the system demonstrates more predictable behaviour.

This innovative approach signi�cantly reduces the number of eigenvalues needed for

stability computation, aligning it with the number of degrees of freedom in the system.

Consequently, this advancement holds promise for enhancing the e�ciency of stability

analysis in the frequency domain. However, it has not been applied and validated to

nonlinear smooth dynamical systems as well as complex aeroelastic systems.

2.3 System Identi�cation in Nonlinear and Data-Driven

Contexts

2.3.1 Nonlinear System Identi�cation and Model Updating

Nonlinear System Identi�cation is very challenging in aeroelasticity. Firstly, the compu-

tational expense of nonlinear aeroelastic simulations can be relatively demanding even

for low DoF systems, especially using time domain solvers. The duration of nonlinear

simulations may not be excessively long|typically only a few seconds on a standard
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PC|but compared to linear analysis, which often takes only milliseconds, nonlinear

simulations are considerably more time-consuming. This becomes a signi�cant issue

when the model needs to be run potentially thousands of times, such as when deter-

mining model parameters, quantifying uncertainty, or training a data-driven models.

Secondly, experimental testing of nonlinear autonomous systems is challenging due to

the limitations of most linear experimental methods [95]. Thirdly, the form of nonlinear

functions can be uncertain and usually lacks explicit expressions, which can make it

unclear if inaccuracies between the experimental data and numerical data are down to

errors in the mathematical model that is selected or errors from experimental results.

When using deterministic model updating methods, it is common to face issues with

parameter non-identi�ability, as certain combinations of nonlinear parameters can lead

to comparable results [96, 97]. Recent deterministic approaches [98{100] have shown

promise in determining aeroelastic LCO but issues have been highlighted. In using

universal approximates to replicate aeroelastic bifurcation diagrams, Beregi et al. [101]

found cases of overiftting data. This problem is often encountered when using deter-

ministic approaches with inherently noisy data.

Nonlinear aeroelastic systems present unique challenges, including inherent param-

eter uncertainties, sensitivity to small variations, and inevitable discrepancies between

�rst-principles models and experimental observations. These factors are particularly

critical when predicting phenomena like limit-cycle oscillations, where simpli�ed mod-

els and unsteady aerodynamic approximations can lead to signi�cant prediction errors.

Furthermore, structural degradation and operational con�guration changes progres-

sively erode model �delity over time. Model updating emerges as an essential method-

ology to address these challenges, systematically reconciling numerical models with

empirical data through parameter calibration, thereby maintaining predictive accuracy

throughout the system's operational lifecycle [102].

Model updating has been extensively employed over the past few decades to cali-

brate the parameters of mathematical and computational models using experimental or

operational data [103,104]. It involves the re�nement of models|such as �nite element,

aerodynamic, or control system representations|to better re
ect observed system be-
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haviour. By systematically adjusting selected parameters, model updating aims to

minimise discrepancies between numerical predictions and experimental measurements,

thereby bridging the gap between idealised simulations and real-world responses.

Given a set of experimental data, model updating facilitates the identi�cation of an

appropriate mathematical model capable of accurately describing the underlying phys-

ical system. Common model updating approaches include sensitivity-based methods,

which are typically applied to relatively simple, linear systems [105]; Bayesian infer-

ence techniques, which are particularly well-suited for handling measurement noise and

uncertainty [106]; and data-driven or machine learning methods, which o�er greater


exibility and scalability for the analysis of complex, nonlinear systems [107,108]. Each

of these approaches o�ers distinct advantages depending on the structure of the system

being modelled, the quality of the data available, and the level of uncertainty present.

A majority of existing techniques provide deterministic estimates of parameters

such as Least Squares minimisation, Sensitivity-based model updating and Levenberg-

Marquardt algorithm [109{112]. Whilst direct deterministic methods are very e�ective

for linear systems, it is subject to high computational expense for complex and high

dimensional dynamical systems, and is very sensitivity to the noise in the experimental

data [113]. For nonlinear aeroelastic systems, Beregi employed a classical model update

approach estimate nonlinear parameters in a subcritical aerofoil test case using normal

form theory. It was concluded that the accuracy of the bifurcation diagram should

be improved to account for di�erent uncertainties in the experimental data [101, 114].

Recently, researchers have acknowledged the importance of quantifying uncertainties in

the nonlinear behaviour of systems, shifting the deterministic model updating approach

to probabilistic ones [57,113].

Bayesian Model Updating (BMU), originally introduced in [115], has emerged as one

of the most robust and versatile probabilistic techniques for nonlinear parameter estima-

tion [116{118]. A key advantage of BMU over alternative probabilistic model updating

methods, such as Maximum Likelihood Estimation (MLE), lies in its inherent ability

to incorporate prior knowledge in a principled and transparent manner [119].Through

Bayesian inference, the posterior Probability Density Function (PDF) of the model pa-
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Figure 2.6: Visual representation of Bayesian updating. The prior distribution ({) en-
codes initial beliefs about a parameter. The likelihood function (- -) re
ects the prob-
ability of observing new data under various parameter values. The resulting posterior
distribution ({) represents updated beliefs after incorporating the evidence, calculated
via Bayes' Theorem. Arrows indicate the direction of information 
ow during the up-
date process.

rameters is computed by conditioning on observed measurement data. These posterior

PDFs are critical in quantifying the uncertainty of parameter estimates and enable the

derivation of intervals of probability around the predicted values [120].

Figure 2.6 presents a conceptual overview of the Bayesian updating process. The

prior distribution encodes initial assumptions about the parameters before data is ob-

served. The likelihood function quanti�es the plausibility of the observed data under

varying parameter values. By applying Bayes' theorem, these components are com-

bined to form the posterior distribution, which re
ects updated beliefs. This posterior

not only shifts toward the data but also balances prior information with new evidence,

yielding a probabilistic characterisation that fully accounts for uncertainties in both.

The e�ciency of the stochastic model updating is highly dependent on the quality of

the sampling methods. Iterative sampling techniques are preferred due to their ability

to e�ciently explore high-dimensional and correlated parameter spaces, handle non-

standard posterior shapes, facilitate iterative improvement, support model comparison,

and provide reliable UQ. The most common methods are Metropolis-Hastings Markov

Chain Monte Carlo (MCMC), Transitional Markov Chain Monte Carlo (TMCMC)

and the Sequential Monte Carlo sampler (SMC) [121]. Each method provides case

dependent bene�ts, experiments are often required to select an appropriate sampling

25



Chapter 2. Literature Review

method. Comparisons between sampling methods has been carried out partially in the

case of structural health monitoring [122{124]. An advantage to TMCMC is evidence

function can be calculated as a byproduct for model selection. Song et.al. utilised

TMCMC in successfully selecting a nonlinear model for a wing engine structure [125].

2.3.2 Data-Driven Methods in System Identi�cation

Data-driven modelling encompasses a range of techniques that augment or partially

replace �rst-principles physics with patterns extracted from observed data. The degree

of reliance on empirical data versus physical laws varies signi�cantly across methods:

from grey-box approaches that combine known physics with learned corrections, to

purely statistical models that reconstruct system behaviour without explicit physical

constraints. In the context of nonlinear aeroelastic analysis, surrogate modelling o�ers a

compelling solution to the computational bottleneck posed by the thousands of simula-

tions typically required for BMU. Among available data-driven approaches, Polynomial

Chaos Expansion (PCE) and neural networks have demonstrated particular e�cacy for

nonlinear response prediction [126{129]. While PCE methods have shown promise for

UQ in aeroelastic applications [130], their practical implementation faces challenges

due to the factorial growth in required training data with increasing parameter space

dimensionality [131].

These approaches harnesses machine learning, statistical methods, and signal pro-

cessing techniques to extract underlying relationships and system dynamics directly

from experimental or operational measurements. A particularly powerful implemen-

tation of this methodology involves surrogate models (alternatively termed metamod-

els or emulators) - computationally e�cient approximations of high-�delity models

that replicate input-output relationships while dramatically reducing computational

expense. These models can subsequently serve as computationally e�cient substitutes

for high-�delity systems, enabling accurate prediction of complex nonlinear behaviour.

This enables rapid design space exploration, optimisation, and UQ in scenarios where

conventional simulations would prove prohibitively expensive [132,133].

For cases with limited training data, kernel-based surrogate models - particularly
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Kriging (Gaussian Process regression) - have emerged as a robust alternative. Kriging

models excel at capturing complex nonlinear relationships while maintaining computa-

tional e�ciency, even with sparse datasets (typically time-series) [134{136]. A distinct

advantage of Kriging lies in its inherent 
exibility to incorporate new observations

through sequential updating of the model framework [137, 138]. This capability has

proven valuable in uncertainty propagation studies, as demonstrated by Tartaruga's

analysis of landing gear bifurcation diagrams [48] and Sun et al.'s investigation of ring

damper designs [136].

Recent advances have introduced physics-informed machine learning approaches to

enhance predictive accuracy. Lee et al. [5] developed such a framework for aerofoil

bifurcation analysis, revealing that conventional deterministic estimation may lead to

over�tting when dealing with noisy measurement data. Their work further highlights

the importance of employing nonlinear solvers speci�cally adapted for periodic solutions

to improve training algorithm performance.

Data-driven model updating represents an advanced computational methodology

that iteratively re�nes physics-based models through the integration of observational

data, e�ectively combining �rst-principles modelling with machine learning techniques.

This approach addresses the persistent challenge of discrepancies between theoretical

models and observed system behaviour.

While the importance of uncertainties in data-driven models for probabilistic re-

sponse is acknowledged, existing studies often neglect a comprehensive investigation of

their e�ects, primarily due to the high accuracy of data-driven approaches. Current

methodologies predominantly focus on aleatory uncertainties stemming from measure-

ment errors in experimental data. Conventional Kriging models, for instance, treat

inputs as deterministic while attributing output variability to measurement noise or

intrinsic uncertainties [139], modelling epistemic uncertainty through a Gaussian noise

term as output variance. However, even in well-trained models with relatively low

output variance, the interplay between aleatory and epistemic (polymorphic) uncer-

tainties can substantially in
uence safety margins [140, 141]. Established techniques

for polymorphic uncertainty propagation, such as the probability-box (p-box) method,
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are widely adopted in engineering design [142{144].

Data-driven models inherently incorporate uncertainties [145, 146], with Kriging

models, for example, providing predictions in the form of a mean estimate accompa-

nied by intervals of probability [147]. Consequently, Kriging has found extensive ap-

plication in hybrid uncertainty UQ [148,149] and aeroelastic optimisation [150], where

the framework must accommodate both uncertain inputs and outputs, necessitating

polymorphic UQ techniques. Diverse methodologies, including p-boxes [151] and pos-

sibility theory [152], have been employed in aeroelastic analyses. For instance, Wang

and Qiu [153] examined uncertainty propagation in the 
utter behaviour of aeroelastic

wings using the interval perturbation method, whereas Zheng and Wang [154] applied

an interval-based Probability Density Function (PDF) evolution method to assess 
ut-

ter stability boundaries in aeroelastic systems with polymorphic uncertainties.
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Chapter 3

Frequency Based LCO Prediction

& Validation

3.1 Introduction

This chapter aims to propose a computationally e�cient method for estimating LCO

behaviour and determining their stability in aeroelastic systems. By doing so, the �rst

stage of the framework proposed in Section 1.2 will be complete, which will mainly be

used for the collection of data to train surrogate models in following chapters.

The objective is to develop a framework for LCO analysis, speci�cally designed for

integration within a data-driven methodology. This is accomplished by conducting LCO

analysis solely in the frequency domain, combining HBM continuation with Koopman

operator based stability analysis. To validate the proposed method numerically, the

comparison is made with state-of-the-art time-domain solvers, namely MATCONT [155]

and COCO [156], in both smooth and nonsmooth nonlinear case studies.

First, the methodology for a general aeroelastic frequency domain solver for LCO

is pretended. This methodology encompasses a detailed explanation of the HBM con-

tinuation scheme and frequency domain stability analysis. A comprehensive outline

of the HBM methodology is detailed, incorporating Koopman operator based stability

analysis for predicting LCO behaviours. Subsequently, the methodology is applied to

a numerical test case, incorporating both smooth and nonsmooth nonlinearities. The
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test case results are then validated by comparison with outcomes from MATCONT and

COCO software. Ultimately, conclusions are drawn based on the numerical validation

of the proposed framework. The main �ndings of this chapter have been published in

[157].

3.2 Methodology

In this section, the computational framework based on HBM and Koopman operator

based stability analysis is presented. First, the standard mathematical format is in-

troduced, laying out the basic principles behind HBM continuation based on the work

in Ref [54]. The AFT procedure is then outlined, as it is essential to all steps of this

methodology. Finally, two methods of determining LCO stability in the frequency do-

main are described: the standard Hill's method and Koopman operator based analysis.

Hill's method is presented as the fundamentals are essential for the Koopman based

analysis.

3.2.1 General Equations of Motion

The methods outlined here revolve around mathematical models that can be formulated

into the second-order di�erential equation depicted in Equation 3.1. Nonlinear aeroe-

lastic systems can be organised in this manner under the assumption that structural

forces counterbalance aerodynamic forces.

The mathematical model of generic nonlinear dynamical systems for mechanical

systems can be expressed in the following form:

M :xptq � D 9xptq � Kxptq � f nl p:x; 9x; xq � Fp :x; 9x; x; tq (3.1)

Where :x; 9x; x denotes the vector of system's acceleration, velocity and displacement;

M, D and K are the structural mass, damping and sti�ness matrices respectively. f nl

is used to represent di�erent types of structural nonlinearities attached to the system

as a nonlinear function of the system's response. F is the external force applied to the

mechanical systems. For the forced response, F is independent of the system's response
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in :x; 9x; x. For generic aeroelastic systems, the external force will be dependent on the

system's response, which can be expressed in the following form [158]:

Fp:x; 9x; x; tq � Ap�; V q :xptq � Bp�; V q 9xptq � Cp�; V qxptq (3.2)

Where matrices A, B and C are aerodynamic matrices which are dependent on air

density � and free-stream velocity V (which acts externally on the system and is not to

be confused with velocity of the system's DoF 9x). All matrices are size N � N where

N is the number of degrees of freedom of the system. In either forced or aeroelastic

systems, the second order di�erential equation is restructured into a �rst-order state

equation, as shown in Equation 3.3:

9x � Qx � q n f nl p:x; 9x; xq (3.3)

Where x is r 9x; xs T ; qnl is utilised to implement the nonlinear equations in the degrees of

freedom they impact and the matrix Q is denoted as the linear matrix, as it completely

represents the linear dynamics of the system. Where:

Q �

�

�
pM � Aq �1 pB � Dq pM � Aq �1 pC � Kq

0N�N I N�N

�

� qn �

�

�
�pM � Aq �1

0N�1

�

� (3.4)

The matrix Q will be denoted as the linear matrix, as it completely represents the

linear dynamics of the system. Identity matrix of size N is represented by IN�N . This

structural arrangement facilitates the conduct of linear analysis to identify the 
utter

point through the following procedure. By focusing solely on the linear aspect of the

system, Equation 3.3 can be expressed as the eigenvalue problem9x�Qx � 0. Assuming

an oscillatory response x � x oe t , the eigenvalue problem is formulated as:

rQ � I ij s � � 0 (3.5)
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Where  ij are eigenvalues in the conjugate pair

 ij � �� ij ! ij � i! ij
a

1 � � ij (3.6)

The undamped natural frequencies are denoted by !ij , while � ij represents the damping

ratios. Matrix � encompasses the corresponding eigenvectors. Flutter manifests as

unstable, negatively damped oscillations. Based on this characterisation, it becomes

evident that if any of the real parts of Equation 3.6 are positive, the system exhibits

dynamic instability [159].

3.2.2 Harmonic Balance Method

In nonlinear systems, the loss of linear stability typically leads to the emergence of

LCO at a hopf bifurcation point. While analysis of the underlying linear system can

pinpoint hopf bifurcation points, numerical continuation from such points often reveals

the presence of LCO solutions even before the loss of linear stability.

Assuming that the system's dynamic response after a hopf bifurcation is an LCO,

we can represent the time response of a single degree of freedom x and it's velocity

component 9x using the Fourier series. The system can then be expressed through

multi-harmonic response and solved in the frequency domain:

xptq � X 0 �
l¸

k�1

X k;s sin k!t � X k;c cos k!t (3.7)

The variable l denotes the harmonic order of the response, while X0, X k;s , and Xk;c

represent Fourier coe�cients. This assumed response is fundamental to HBM, facilitat-

ing the transformation of the system from the time domain to the frequency domain.

Instead of necessitating a time integration process spanning potentially hundreds to

thousands of time steps, only N � p2l � 1q data points are required to characterise the

dynamic behaviour of the system. In total, with N degrees of freedom, there are N

values of x, each corresponding to a set of l Fourier coe�cients. Thus, for each degree

of freedom, there is a distinct set of l Fourier coe�cients.

An additional step is necessary to model the nonlinear force component of Equation
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3.3. Nonlinear forces are typically depicted as nonlinear time functions. Since they do

not adhere to linearity with respect to states or represent explicit functions of time,

direct transformation to the frequency domain is impractical [80]. However, the non-

linear force response can be transformed to the frequency domain via the Alternating

Frequency Time (AFT) procedure, facilitating the determination of F 0, Fk;s , and Fk;c

as (again just looking at a single DoF):

f nl ptq � F 0 �
l¸

k�1

Fk;s sin k!t � F k;c cos k!t (3.8)

Estimated values of X0, X k;s , X k;c, and ! (the estimation will be detailed in Sec-

tion 3.2.3) are utilised in Equation 3.7 to derive the time domain response over a

period. Subsequently, the time domain nonlinear force response fnl ptq is determined.

A fast Fourier transform algorithm (FFT) is then applied to estimate Fourier coe�-

cients based on the time domain nonlinear force response. This is commonly known as

the AFT procedure, laid out in Figure 3.1. Leveraging these relationships, the equation

of motion depicted in Equation 3.3 can be reformulated into a set of algebraic residual

equations, which are solved numerically. Accuracy can be assessed through convergence

studies and benchmarking against numerical tools such as COCO and MATCONT. A

converged HBM result with respect to l can generally be assumed to be reliable for the

system under consideration, in the absence of such comparisons.

Figure 3.1: Flowchart of the AFT procedure
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3.2.3 Continuation Scheme

A continuation scheme is formulated based on the principles of HBM. Its aim is to

determine the amplitude and frequency of LCO, along with their corresponding values

of a chosen continuation parameter. Given the uncertainty in the shape of the bifur-

cation diagram, both the continuation parameter � and LCO frequency ! are treated

as unknowns in this scheme. The continuation parameter is an auxiliary variable used

to parameterise and trace a continuous family of solutions to a nonlinear system as

system conditions or parameters vary. Typically, in an aeroelastic system, velocity is

used as the continuation parameter. Residual equations are formulated and solved it-

eratively throughout the continuation process, considering only the degrees of freedom

of the system that exhibit nonlinearities. Consequently, the linear part of the system is

solved separately, typically relying on the linear system matrix Q. The setup of these

residuals is described in the following, along with the additional constraints required,

as both � and ! are unknown.

Linear Equation

In order to calculate the response of the nonlinear degree of freedom, the response of the

linear part of the system xL is evaluated. xL represents the degrees of freedom of the

system with the nonlinear degrees of freedom xnl removed. The linear and nonlinear

parts of the system are solved separately so xL can be treated as a known when solving

the nonlinear part, reducing the number of unknowns in the system. By removing

the nonlinear degrees of freedom from Equation 3.3, the system can be rewritten as

Equation 3.9. Equation 3.9 is treated as a non-autonomous forced system, with the

nonlinear degrees of freedom's impact acting as the forcing term.

9xL � pQq p;pxL � pQq p;u 9xptq � pQq p;vxptq � pq nqpf nl ptq (3.9)

It is assumed the linear response of the system is also in the shape described by Equation

3.7. Here,X 0, X k;s and X k;c are the linear Fourier coe�cients. The subscript p denotes

the linear degrees of freedom and v and unomenclaturevPositions in vector x related
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to nonlinear degrees of freedom in9x represent the nonlinear degree of freedom and

nonlinear di�erential respectively. Equation 3.7 and and the linear shape function are

substituted into Equation 3.9. Performing Harmonic Balance by equating the constant,

sine and cosine terms separately allows for System 3.10 to be constructed and hence,

the linear Fourier coe�cients to be obtained.

pQqp;p � �pQq p;vX 0 � pq nqpF0
�

�
�pQq p;p �k!I

k!I �pQq p;p

�

�

�

�
X ks

X kc

�

� �

�

�
�pQq p;uk!X k;c � pQq p;vk!X k;s

pQqp;uk!X k;s � pQq p;vk!X k;c

�

� �

�

�
pqnqpFk;s

pqnqpFk;c

�

�

(3.10)

Nonlinear equations

Once the Fourier's coe�cients of the linear part are obtained, nonlinear section of

Equation 3.3 gives the relationship as follows:

:x nl ptq � pQqu;pxL � pQq u;u 9xnl ptq � pQqu;v xnl ptq � pq nqu f nl ptq (3.11)

Linear Fourier coe�cients, denoted by x L � r X0; X k;s ; X k;cs, are obtained by solving

only the linear components of the system. Here onve again, the linear degrees of

freedom or modes are labeled as p, while the nonlinear degrees of freedom and modes

are designated as u and v, respectively. Substituting Equation 3.7 into Equation 3.11

yields the set of N � p2l � 1q residual equations:

R0 � pQq u;pX 0 � pQq u;v X 0 � pq nquF0

Rk;s � �k 2! 2X k;s � pQq u;pX k;s � pQq u;u k!X k;c � pQq u;v X k;s � pq nquFk;s

Rk;c � �k 2! 2X k;c � pQq u;pX k;c � pQq u;u k!X k;s � pQq u;v X k;c � pq nquFk;c

(3.12)

In scenarios involving multiple nonlinear DoF, a set of N �p2l�1q residual equations

are derived for each nonlinear degree of freedom. Incorporating � and ! as unknowns

necessitates formulating two additional residual equations. A common constraint im-

posed on the scheme is related to pseudo-arclength continuation [160,161]. Using point
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j as the reference in the continuation, a prediction for j �1 is generated utilising tangen-

tial direction vectors. It is assumed that the converged solution for j � 1 is orthogonal

to the initial prediction, imposing the following constraint in the corrector stage during

the numerical continuation:

R2l�2 � pX j�1 � X j�1;0 q
dX
ds j

� p! j�1 � ! j�1;0 q
d!
ds j

� p� j�1 � � j�1;0 q
d�
ds j

(3.13)

Through this constraint, direction vectors ( dpX;!;�q
ds where s denotes the non-dimensional

arc-length) for the next continuation step are also obtained.

Another widely used constraint is based on the principle of orthogonality between

the phase of degrees of freedom and their rates of change [71,162]. This assumption can

be used to derive a relationship between jth Fourier coe�cients and the j � 1 points:

R2l�3 �
l¸

k�1

�kpX k;cqj pXk;sqj�1 � kpX k;sqj pXk;cqj�1 (3.14)

Both of these constraints are commonplace in continuation methods and are also

employed in time-domain methods. Further details on each can be found in Ref [54,74].

With an equal number of residual equations and unknowns rX0; X k;s ; X k;c; !; �s (for

k � 1; : : : ; l), the system can be numerically solved at each point in the continuation.

Full details of how the continuation process is initiated, how each of the additional

constraints are derived and how the system is solved is given in full detail in Appendix A.

The system can be solved iteratively typically through the Newton{Raphson pro-

cedure [54], shown in Appendix A.4. This involves linking displacements to rates of

change through the Jacobian matrix J � d 9x{dx via 9x � Jx. While the Jacobian

can be numerically evaluated through �nite di�erence methods, this approach can be

computationally demanding, particularly for large-scale systems [163]. Alternatively,

the analytical Jacobian can be incorporated by de�ning it via a Fourier transform [83].

Jptq � J 0 �
l¸

k�1

J k;s sin k!t � J k;c cos k!t (3.15)
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From Equations 3.1 and 3.7 we can derive the Jacobi for each Harmonic order as:

J0 � Q � q n

�
BF
BX




0

Jk;s � Q � q n

�
BF
BX




k;s

Jk;c � Q � q n

�
BF
BX




k;c

(3.16)

Approximations for
�

BF
BX

�
0,

�
BF
BX

�
k;s , and

�
BF
BX

�
k;c can be achieved by analytically trans-

forming the time-domain derivation dfnl
dx ptq into the frequency domain using the inverse

FFT procedure.

df nl

dx
ptq �

�
BF
BX




0
�

l¸

k�1

�
BF
BX




k;s
sin k!t �

�
BF
BX




k;c
cos k!t (3.17)

This necessity arises solely within the nonlinear degrees of freedom. An added advan-

tage is that the Fourier coe�cients of the Jacobian can be utilised to directly assess

the stability of the response in the frequency domain, as elaborated in the subsequent

section.

Additional details of the complete continuation scheme can be found in Appendix A.

This includes the process for initiating the scheme and the derivation of the additional

residual equations. Furthermore, it describes the application of the Newton-Raphson

solver to solve these residual equations. Finally, the procedure for determining the

direction vectors, which are used to calculate the subsequent points in the continuation,

is also outlined.

3.2.4 Frequency Domain Stability Determination

Once a converged solution including LCO amplitude, frequency, and continuation pa-

rameter is achieved in the frequency domain, the stability of the oscillation must be

determined. A stable LCO solution describes behavior where, following an initial per-

turbation, the system's response is drawn towards the LCO. Conversely, with an un-

stable LCO, the response moves away from the unstable cycle [164].
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Time-domain analysis is used as a reference in the study, which relies on the use

of monodromy matrix � T (the (N � N) state transition matrix that describes how

small perturbations to a periodic solution of a dynamical system evolve over one full

period) to assess the stability of the system through its evolution in state changes

over time. The monodromy matrix is illustrated in Equation 3.18 which portrays the

evolution of the system's states over a single period T . It can usually be obtained as a

byproduct of time-domain continuation processes where the stability of the system can

be subsequently assessed based on its eigenvalues known as Floquet multipliers [165]. If

the absolute value of any of the N Floquet multipliers exceeds 1, the system is deemed

unstable. This approach is herein referred to as time-integration stability analysis.

xT � � T x0 (3.18)

Hill's Method

In the frequency domain, the stability of an oscillation can be computed using Hill's

method, which still applies Floquet theory [164]. The stability is determined based on

the eigensolution of the truncated Hill's matrix H as follows:

H 8 �

�

�
�
�
�
�
�
�
�
�
�
�

. . .
...

...
...

...

: : : J0 � !I J 1;s J2;s : : :

: : : J1;c J0 J1;s : : :

: : : J2;c J1;c J0 � !I : : :
...

...
...

...
. . .

�

�
�
�
�
�
�
�
�
�
�



(3.19)

The Hill's matrix is truncated to size Np2l � 1q � Np2l � 1q:

H �

�

�
�
�
�

J0 � l!I : : : J -2l
...

. . .
...

J2l : : : J0 � l!I

�

�
�
�



(3.20)

Assuming Jk;s and Jk;c for k ¡ l are N �N zero matrices, as per standard Hill's method.

N terms, referred to as Floquet exponents (distinct from Floquet multipliers), are
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subsequently selected from the Np2l �1q eigenvalues of the matrix H [90]. A numerical

sorting algorithm is employed to identify eigenvalues corresponding to k � 0. The

conventional approach involves sorting the eigenvalues based on the amplitude of their

imaginary parts. The N eigenvalues with the smallest amplitude of imaginary parts

are then selected as the Floquet exponents. Stability is determined by comparing the

real parts of the Floquet exponents to zero. For the system to be deemed dynamically

stable, all real parts must be below zero; otherwise, the system is unstable.

Koopman Operator Based Stability Analysis

Koopman lift theory can be introduced to reduce the computational cost of frequency

domain stability analysis. The Koopman operator stability process operates under

two assumptions to derive an approximation of the monodromy matrix. The �rst

assumption is that the higher-dimensional space z can be utilised to estimate the lower-

dimensional space x via:

xptq � x zptq � Pptqzptq (3.21)

Here, Pptq represents the time-dependent projection matrix that ful�ls the condition

Cptqzptq � x zptq, with zptq composed of monomial terms and Fourier terms of the base

frequency [94]. zptq can be then expressed as:

zptq �

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

Z 1
�l e�il!t

...

Z 1
l eil!t

Z 2
�l e�il!t

...

Z N
l eil!t

�

�
�
�
�
�
�
�
�
�
�
�
�
�



(3.22)

Where l is the maximum frequency order, N is the maximum index of the monomial

term and Z N
l is the lth Fourier coe�cient of the N th monomial term. The dimension of

this orthogonal basis functions zptq is Np2l � 1q. Here, these linear basis functions are

ordered by the state at �rst and then by the frequency in an ascending order. Vector
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Z l is used to denote the vector containing the Fourier coe�cients corresponding to the

l th frequency for each monomial term.

A common choice for the projection matrix Pptq in frequency-based projection is to

select the zeroth harmonic, which corresponds to the steady-state or average behavior of

the system providing insight into the system's mean behaviour or equilibrium states [94].

To select the components related to the zeroth harmonic of zptq, the frequency domain

projection matrix is de�ned as:

~P � p0 : : : 0 I n�n 0 : : : 0q (3.23)

The second assumption of the Koopman operator-based stability method is that the

truncated Hill's matrix can be utilised to derive the state transition matrix of the

high-dimensional space with [94]:

zptq � U T eHt Uzp0q (3.24)

Where U is the transformation matrix to convert the Hill's matrix from frequency

to time domain, satisfying the criteria Uzptq � pZ �l eil!t : : : Z l e�il!t qT . Substituting

Equations 3.21 into 3.24 yields the following expression:

xzptq � CptqU T eHt Uzp0q (3.25)

At t � 0, Equation 3.22 simpli�es to zp0q � ~Wxp0q, where:

~W �

�

�
�
�
�

I n�n

...

I n�n

�

�
�
�



(3.26)

Utilising both reductions matrices together in Equation 3.25, results in:

xz � CptqU T eHt UWxp0q (3.27)
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Over a full period T this yields:

xT � ~CeHt ~Wx 0 (3.28)

As per Equation 3.18, this implies that the monodromy matrix can be approximated

in the frequency domain by:

� T � ~CeHT ~W (3.29)

This approximation of the monodromy matrix enables the computation of system sta-

bility through Floquet multipliers, employing the same method as in standard time-

domain stability analysis. Thus, compared to traditional Hill's stability analysis, utilis-

ing the Koopman operator reduces the necessary number of eigenvalues from Np2H �1q

to just N. This approach will be referred to herein as Koopman operator-based stabil-

ity analysis. A more detailed derivation of the process is provided in [94].

3.2.5 Implementation

Figure 3.2 provides an overview of the complete HBM continuation process, including

stability analysis. The continuation starts with an initial estimate of the LCO fre-

quency from eigenvalue analysis and a small guess for the amplitude. Nonlinear forces

are then computed in the frequency domain using the AFT procedure, which estimates

the system's linear degrees of freedom. The residual equations 3.12, 3.13 and A.4 are

numerically solved. Once a converged solution is achieved, stability analysis is per-

formed using either Hill's method or the Koopman-based procedure. Direction vectors

are calculated through �nite di�erences based on previous points in the continuation

scheme, and these vectors are used to estimate the next point via the tangent predictor

method [54]. This process continues until a user-de�ned stopping criterion is met, such

as the number of points or maximum/minimum continuation parameter.
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Figure 3.2: HBM continuation process with stability analysis for system exhibiting
LCO behaviour.

3.3 Test Case

(a) (b) (c)

Figure 3.3: Numerical test case (a) Freebody diagram of 2 DoF aerofoil [5], (b)
Quadractic-Cubic nonlinearity, (c) Freeplay nonlinearity with 'freeplay gap' � � 1 o

(shown by red dotted line)

The model under investigation here is a simpli�ed representation of the system anal-

ysed in Ref. [3], focusing on a two DoF aerofoil section depicted in Figure 3.3a. In

this model, the degrees of freedom are the pitch angle � and the heave h. The plunge

DoF is governed by a spring with sti�ness Kh , while a torsional spring K � resists pitch

movement. For the nonlinear 
utter rig considered, the state variables are denoted as

x � rh; �; ws, where h represents heave, � denotes pitch, and w indicates the aero-

dynamic state. The structural matrices, as shown in Equation 3.1, are con�gured as
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follows:

M �

�

�
�
�
�

mT mwx � b 0

mwx � b I� 0

0 0 1

�

�
�
�
�

; D �

�

�
�
�
�

ch 0 0

0 c� 0

�1{b a � 1{2 0

�

�
�
�
�

; K �

�

�
�
�
�

K h 0 0

0 K � 0

0 0 0

�

�
�
�
�

(3.30)

Where mw denotes the wing mass, mT represents the combined mass of the wing and

its support structure, and I � is the wing's moment of inertia about the elastic axis.

The sti�ness and damping coe�cients are given by K h and ch for heave motion, and

K � and c� for pitch motion, respectively.

Aerodynamic matrices are derived from the unsteady aerodynamic model described

by Abdelkef et al. [69]:

A �

�

�
�
�
�

��b 2 a�b 3 0

a�b 3 ��
�
1{8 � a 2

�
b4

0 0 1

�

�
�
�
�

B �

�

�
�
�
�

��bCp�q � p1 � p1{2 � aqq �b 2Cpkq{� �2�V b pc 1c2 � c 3c4q {�

� pa � 1{2q b 2{V �
�
1{4 � a 2

�
�b 3 2�b 2V pa � 1{2q pc1c2 � c 3c4q

0 0 � pc2 � c 4q {�b

�

�
�
�
�

C �

�

�
�
�
�

0 ��bCp�q �2�V c 2c4 pc1 � c 3q {�

0 �b 2Cpkq p1{2 � aq 2�b pa � 1{2q c2c4 pc1 � c 3q

0 1{�V b c2c4{�b 2

�

�
�
�
�

(3.31)

Where Cp�q is the generalised Theodorsen's function detailed in Ref. [166]. Theo-

drsen's function is related to the model through reduced frequency � that can be calcu-

lated with � � !b{V . Aerodynamic constants c 1-c4 are derived with the Sears and Pade

approximations [167]. The aerodynamic forces and structural matrices are integrated

in the generalised form from Equation 3.3. With nonlinearity present in the pitch DoF
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for the case studies under examination, the Boolean matrix allocating the nonlinear

function is de�ned as qn � r0; 1; 0s T . The speci�c de�nition of the nonlinear function

f nl varies for each test case. This setup enables linear 
utter analysis to precede the

detailed numerical continuation method outlined.

To illustrate the nonlinear characteristics of the system under smooth nonlinear

conditions, the spring sti�ness is modelled using quadratic and cubic terms in the

pitch DoF. The shape of the smooth nonlinearity is demonstrated in Figure 3.3b. This

method is commonly used to replicate geometrical nonlinear behaviours [5].

f nl ptq � K �2 �ptq 2 � K �3 �ptq 3 (3.32)

To capture the behaviour of a nonsmooth nonlinearity, the nonlinear function is

altered to represent a freeplay nonlinearity on the torsional spring, as depicted in Figure

3.3c. This describes behaviour where the torsional sti�ness becomes zero within a range

of pitch angles, typically denoted as �� to � (the freeplay gap), resulting in a nonsmooth

shape. The segment with zero torsional sti�ness is commonly referred to as the freeplay

region. Functions of this type are typically employed to model nonlinear impacts arising

from localised contact points and friction [168,169].

f nl ptq �

$
'''''&

'''''%

K nl p�ptq � �q �ptq ¤ ��

0 � �   �ptq   �

K nl p�ptq � �q �ptq ¥ �

(3.33)

3.4 Numerical Demonstration & Validation

In this section, the outlined methodology will be applied to the speci�ed aeroelastic

test case for a purely numerical validation assessment. This will involve comparing

the accuracy of bifurcation diagrams to time histories and time-domain continuation

tools, namely MATCONT and COCO. The examination will consider both precision

and computational cost. Two distinct types of nonlinearity will be explored. Firstly,

a smooth nonlinearity, typically employed to model geometric nonlinearities, will be
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analysed. Subsequently, a nonsmooth function will be utilised to represent localised

nonlinearity.

3.4.1 Smooth Nonlinearity

The results obtained by implementing the smooth nonlinearity described in Equation

3.32 are presented herein. To build the Hill's matrix for frequency domain stability

analysis, df nl
dx ptq is derived from Equation 3.32 as follows:

df nl

dx
ptq � 2K �2 �ptq � 3K �3 �ptq 2 (3.34)

The parameters outlined in Table B.1 in Appendix B de�ne the test case. For the purely

numerical test, a simpli�ed aerodynamic model is utilised, resulting in the neglect of

the aerodynamic state w. Consequently, both structural and aerodynamic matrices

(Equations 3.30 and 3.31) are reduced from 3 � 3 to 2 � 2.

The HBM framework was applied to the test case, and bifurcation diagrams for

various harmonic orders are presented in Figure 3.4a. Continuation was initiated from

the Hopf bifurcation point (
utter velocity V f ) at 31:45 m{s, identi�ed through linear

eigenvalue analysis of the matrix Q. The continuation initially progressed backward

with respect to velocity until reaching a turning point, after which the direction re-

versed. This is subcritcal behaviour, meaning LCO exist at lower velocities than the

linear 
utter speed.

To establish a reference solution, a high-�delity run with 100 harmonics was con-

ducted to assess the mean error in velocity for LCO amplitudes ranging from 0 to

0:5 rad. Figure 3.4b indicates that mean error relative to the 100-harmonic solution

converges fully by �ve harmonics. It is observed that the error in the shape of the

bifurcation curves for one and two harmonics is nearly identical, with a sharp change

occurring at three harmonics. A steep 99:08% reduction in absolute error is observed

between two and three harmonics, followed by only marginal decreases up to �ve har-

monics. This trend is validated by Figure 3.4a, which shows a slight change in the

bifurcation diagram's shape between two and three harmonics, with negligible di�er-
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ences beyond three harmonics. This is likely due to the fact that the highest degree of

nonlinearity in the nonlinear function is cubic. While this holds true for the convergence

of the shape, it may not necessarily apply to the determination of stability.

From a design perspective, the turning point is critical as it represents the minimum

velocity at which LCOs are expected. Figure 3.4c reveals a 1:42% change in the turning

point location between two and three harmonics, with only minor variations up to

�ve harmonics. While the steep error reduction between two and three harmonics

has limited impact on the overall bifurcation diagram shape, full convergence is not

achieved until �ve harmonics with a turning point at 23:91m{s.

(a) (b) (c)

Figure 3.4: Bifurcation diagram for smooth nonlineaity (a) Shape convergence with
harmonic order (� � � l � 1), (
 l � 2), (
 l � 3), (-- l � 100), (b) Bifurcation diagram
mean error with harmonic order, (c) Turning point convergence with harmonic order

The convergence of frequency-domain stability methods is assessed after the bifur-

cation diagram stabilises. Standard time-domain Floquet analysis, as shown in Figure

3.5a, serves as a reference for stability behaviour. For LCO amplitudes below 0:25rad,

the Floquet multiplier associated with mode 4 exceeds unity, indicating unstable LCO

behaviour. Conversely, for amplitudes exceeding 0:25rad, all Floquet multipliers are

less than or equal to unity throughout the remainder of the continuation, signifying

stable LCO. It is observed that the multiplier for mode 3 remains exactly 1 across the

entire continuation. The stability exchange point corresponds to the turning point in

the bifurcation diagram, occurring at a velocity of 23:91m{s. This indicates the pres-

ence of unstable LCOs at low amplitudes, spanning from the turning point to the Hopf

bifurcation point. At the turning point, a stability exchange takes place, leading to the
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emergence of higher-amplitude stable LCOs.

(a) (b)

(c)

Figure 3.5: Smooth nonlinearity stability eigenvalues a l � 5 (
 eigenvalue 1), (

eigenvalue 2), (
 eigenvalue 3), (
 eigenvalue 4) (a) Time integration, (b) Standard
Hill's stability method, (c) Koopman based stability method

While time integration provides an exact determination of LCO stability, converting

to the time-domain undermines the purpose of employing a frequency domain method

for delineating the shape of the bifurcation diagram. Therefore, stability is evaluated

using both the standard Hill's method and the Koopman operator-based method to

determine the optimal approach in this context, considering accuracy and runtime.

Figure 3.5b shows the critical Floquet exponent obtained from the standard Hill's

method at 5 Harmonics, indicating where a change of stability occurs. It is observed

that the transition from stability to instability occurs within 0.01m{s of the prediction
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made by the time-integration method. Similarly, in Figure 3.5c, the Koopman operator

based method at 5 Harmonics predicts stability exchange at the same point as the

standard Hill's method.

It is observed in Figure 3.5b that the Hill's method exhibits an anomalous jump

in the Floquet exponent at the point of stability exchange. Furthermore, the Floquet

multipliers derived from the Koopman method in Figure 3.5c do not align precisely with

those obtained from direct time integration. This discrepancy suggests that modes 3

and 4 are the same value near the stability exchange point but become independent

thereafter. While the stability exchange is captured in this instance, further investiga-

tion is warranted to determine under what conditions, if any, these results converge to

the exact solution.

Focusing initially on the Hill's method, since no exact solution is available for direct

comparison, the harmonic order was increased to 100 to achieve fully converged Floquet

exponents, as shown in Figure 3.6a. The resulting curve is smooth and exhibits no

anomalous jumps near the stability exchange, indicating convergence. This solution

is treated as the reference for evaluating the accuracy of Floquet exponents at lower

harmonic orders. The mean error over the critical range of LCO amplitudes of interest

is presented in Figure 3.6b.

Figure 3.6c presents the Floquet exponents across a range of harmonics, with all

exponents corresponding to a given harmonic shown in the same colour. This illustrates

the convergence behaviour and overall shape of the Floquet exponents. By six harmonic

orders, the error is observed to converge, and this is further con�rmed in Figure 3.6c,

which demonstrates that for harmonic orders below six, a jump near the stability

exchange is evident, whereas at six harmonics, the curve becomes smooth. Despite

these jumps, the stability exchange location converges by �ve harmonic orders. An

exception to this is the single harmonic response, where a smooth curve is observed.

However, this result underestimates the true stability exchange location by 25%, as

re
ected in the mean absolute error, making it the second least accurate among the

cases considered. A signi�cant increase in error at three harmonics is also observed.

Examination of Figure 3.6c reveals that at this harmonic order, the Floquet exponents
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fail to predict stability, diverging instead to a large positive value.

(a) (b)

(c)

Figure 3.6: Hill's stability method on smooth test case (a) Converged Floquet expo-
nents, (b) Floquet exponent mean error, (c) All Floquet exponents with increasing
harmonic order

Using the Koopman method, the exact Floquet multipliers derived from the time

integration method serve as a benchmark for assessing its accuracy. Figure 3.7a demon-

strates that the mean error in the multipliers converges at eight harmonic orders. It

is observed that while modes 1 and 2 converge by six harmonic orders, modes 3 and

4|critical for determining stability|do not converge until eight orders. This is cor-

roborated in Figure 3.7c, which shows that modes 3 and 4 remain the same value prior

to eight harmonics. Beyond this point, the Koopman method accurately captures the

dynamics of modes 3 and 4, with mode 3 maintaining a multiplier of 1 throughout the
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bifurcation diagram, while mode 4 exhibits a smooth transition from stable to unsta-

ble. Figure 3.7b highlights the multipliers for modes 3 and 4 at low harmonic orders,

with the modes being identical for the full continuation run in the single harmonic

result. At harmonic orders between two and four, the stability transition location is

underestimated. Notably, at three harmonic orders, the Koopman method predicts

that the system becomes unstable again at higher amplitudes in the bifurcation dia-

gram. However, despite discrepancies in the Floquet multiplier shape compared to the

exact solution, the stability transition location converges to the value predicted by the

time-domain method by �ve harmonic orders.

Figure 3.7b highlights the multipliers for modes 3 and 4 at low harmonic orders.

At harmonic orders between two and four, the stability transition location is under-

estimated. Notably, at three harmonic orders, the Koopman method predicts that

the system becomes unstable again at higher amplitudes in the bifurcation diagram.

However, despite discrepancies in the Floquet multiplier shape compared to the ex-

act solution, the stability transition location converges to the value predicted by the

time-domain method by �ve harmonic orders.

The �nal converged bifurcation diagram, shown in Figure 3.8, is generated using a

harmonic order of 5 with Koopman-based stability analysis. The results reveal subcrit-

ical behaviour, where unstable LCOs are tracked from the linear 
utter velocity up to

23:91 m{s. Beyond this point, a turning point is reached, after which stable LCOs of

increasing amplitude are observed with rising velocity.
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(a) (b)

(c)

Figure 3.7: Koopman-based stability on smooth test case (a) Floquet multiplier error
(colours in line with Figure 3.5a), (b) Mode 3 and 4 at (
 l � 1), (
 l � 3), (
 l � 5),
(c) All Floquet multipliers with increasing harmonic order.

Figure 3.8: Smooth test case converged bifurcation diagram at l � 5 (
 unstable LCO),
(
 stable LCO)
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3.4.2 Nonsmooth Nonlinearity

The outcomes derived from applying the freeplay nonlinearity outlined in Equation 3.33

are presented in this section. To construct Hill's matrix for frequency domain stability

analysis, df nl
dx ptq is derived from Equation 3.33 as follows:

df nl

dx
ptq �

$
'''''&

'''''%

K nl �ptq ¤ ��

0 � �   �ptq   �

K nl �ptq ¥ �

(3.35)

The parameters are once again outlined in Table B.1, with the primary distinction

being the incorporation of nonlinearity in the case of the localised nonlinearity. In

the implemented freeplay nonlinearity, two distinct 
utter velocities emerge. The �rst

occurs when the absolute value of the pitch is less than �, resulting in zero torsional

sti�ness. Under this condition, the 
utter velocity remains consistent with the smooth

case at 31:45m{s (
utter velocity 1). Conversely, in scenarios where |�| ¥ �, the 
utter

velocity is determined by setting K � � K nl and is calculated to be 29:5m{s (
utter

velocity 2). Given that 
utter velocity 1 corresponds to the hopf bifurcation point,

continuation will commence from this point, assuming the aerofoil is perturbed from a

state with zero heave and pitch.

Continuation is initiated from 
utter velocity 1, and bifurcation diagrams are gen-

erated across a range of harmonic orders. The results obtained using 100 harmonic

orders are taken as the reference for assessing convergence of the bifurcation diagram's

shape. Figure 3.9a illustrates a subcritical pattern, similar to the smooth case, but with

a sharper transition. Notably, LCO amplitudes remain negligible before the turning

point, beyond which they escalate towards in�nity.

Figure 3.9a further shows similarity between the single and two harmonic result

and a noticeable change in the shape of the bifurcation curve at the turning point

between 2 and 3 harmonics. However, for harmonic orders above 3, even up to 100,

the changes are minimal. This observation is validated by the absolute error presented

in Figure 3.9b, where a 78.41% drop in error relative to the 100-harmonic result is
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observed between 2 and 3 harmonics. An additional 17.26% reduction occurs between

3 and 5 harmonics, but beyond this, only marginal decreases are observed, with full

convergence achieved around 10 harmonics.

As in the smooth case study, the turning point location remains the most critical

feature of the bifurcation diagram. Figure 3.9c shows that signi�cant jumps in absolute

error result in only a 3.25% change in the turning point velocity between 2 and 3

harmonics, with minor di�erences thereafter. Convergence is reached at 8 harmonics,

yielding a turning point velocity of 24:29 m{s. Although the bifurcation shape converges

at 10 harmonics, it suggests that the amplitude also requires up to 10 harmonics to

achieve full convergence.

(a)

(b) (c)

Figure 3.9: Freeplay bifurcation diagram (a) (� � � l � 1), (
 l � 2), (
 l � 4), (
 l � 8),
(b) Bifurcation diagram absolute error, (c) Turning point loaction convergence
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Once the bifurcation diagram has stabilised with time integration Floquet analysis,

as shown in Figure 3.10 as the reference point, the convergence of frequency domain

stability methods is assessed. Given the minimal change in amplitude before the turn-

ing point in the bifurcation diagram, iteration along the continuation process replaces

the LCO amplitude in the stability plots. Time-integration stability indicates an ex-

change from unstable to stable at iteration 44, corresponding to the turning point of

the bifurcation diagram.

Upon examination of the Floquet multipliers and exponents of the frequency domain

methods in Figures 3.10b and 3.10c, an erratic pattern is noticeable, with sharp jumps

between points. This contrast with the time-domain method suggests discrepancies in

depicting the dynamic behaviour. However, in the case of standard Hill's method, such

behaviour does not in
uence the prediction of stability exchange. Despite the erratic

nature of the critical Floquet exponent, it still indicates the transition of LCO from

unstable to stable at iteration 44, as shown in Figure 3.10b.

As there is no exact solution for the Floquet exponents, the result obtained using

100 harmonic orders, shown in Figure 3.11a, is adopted as the converged solution for

accuracy assessment. This plot reveals a generally smooth curve, particularly near

the stability exchange point. The mean error in the Floquet exponents over the full

continuation run is illustrated in Figure 3.11b. It is observed that the error begins to

converge at harmonic orders exceeding 15.

In the outputs from the Hill's method, erratic jumps are consistently observed.

However, as shown in Figure 3.11c, for harmonic orders above 4, all Floquet exponents

correctly predict an exchange of stability at iteration 44, aligning with the time-domain

results. Once again, the single harmonic result exhibits a smooth curve across all

iterations but underestimates the turning point location by 12 iterations. Any Floquet

multipliers appearing in the top-right or bottom-left quadrants of Figure 3.11c indicate

an error. Notably, such erroneous points are con�ned to results at harmonic orders

below 5. This indicates that, despite the chaotic appearance of the results at low

harmonic orders, meaningful stability information can still be extracted. Consequently,

reliable stability predictions can be obtained even at relatively low harmonic orders,
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