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Abstract

This thesis focuses on the development and analysis of bound-preserving finite element methods for solv-
ing partial differential equations (PDEs), particularly convection-diffusion and reaction-diffusion problems.
Bound-preserving methods are crucial for ensuring numerical stability and accuracy, especially in models
where positivity of the solution is a key physical requirement. Examples include nonlinear reaction-diffusion
systems modeling chemical concentrations, phase-field equations with global extrema constraints, and turbu-
lence models (i.e. see [53,112]). Violations of these bounds can lead to unphysical solutions and instabilities,
particularly in coupled systems where errors may propagate and amplify [66, 81].

To address these challenges, we extend the bound-preserving finite element method introduced in [12] to
various settings. First, we develop a method for the steady-state convection-diffusion equation and establish
its well-posedness and error estimates. Next, we extend this approach to time-dependent reaction-convection-
diffusion equations, proving stability and error bounds for the implicit Euler time-stepping scheme. Finally,
we adapt the method for polytopic meshes within the discontinuous Galerkin framework, demonstrating its
effectiveness regardless of the geometry of the mesh.

The thesis presents mathematical analysis, including well-posedness proofs and error estimates, along-
side numerical experiments that validate the proposed methods. These results contribute to the ongoing
development of stable and accurate finite element techniques for PDEs, ensuring solutions remain physically

meaningful within computational simulations.
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Chapter 1

Introduction and preliminaries

In a great many areas of study, partial differential equations (PDEs) are used to describe models, laws and
systems. From the simplest of examples, the equations governing heat transfer, through to trading models
for global financial markets, PDEs gives us an approach that can tackle a vast and ever growing range of
real world problems. We may understand and make predictions about the behaviour of complex mechanical
systems, we may study the weather, or we may gain insights into biological systems. The scope of PDEs and
their relevance to our lives is beyond doubt. In many of these systems we have very complex interactions
for which analytical solutions are not practicable or even possible. Direct experimentation and measurement
may likewise not be practical and is generally expensive. Numerical modelling is therefore the key tool to
unlock our understanding of how these systems work or how they might evolve in time. The techniques for
this are well-established and constantly being refined and improved. One effective numerical technique is the
use of finite elements. The Finite Element Method (FEM) is a powerful and versatile numerical technique
used for solving complex engineering and mathematical problems, particularly those involving PDEs over
complicated domains [75,109]. It is widely employed in fields such as structural analysis, fluid dynamics,
heat transfer, and electromagnetics. FEM works by breaking down a large, complex problem into smaller,
simpler parts, called finite elements. These elements are interconnected at nodes, which are points on the
boundaries or within the elements themselves. The collection of elements and nodes forms a mesh that
covers the entire domain of the problem.

In this chapter, we start by introducing the Sobolev spaces which are important in studying the weak
formulation of the PDEs and will be used in the next chapters. We then state the strong maximum principles,
which are crucial for analysing the solution of the elliptic and parabolic problems discussed later. Addi-

tionally, we present important theorems, such as the Lax-Milgram theorem which are used to establish the
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well-posedness of the weak form of the solutions. Furthermore, key inequalities and theorems essential for

the discussions in the subsequent chapters are also provided.

1.1 Sobolev spaces

Sobolev spaces play a crucial role in the finite element method (FEM) as they provide the mathematical
framework for defining and analysing the function spaces in which the solutions of partial differential equa-
tions (PDEs) reside. These spaces allow us to formulate the problem, prove the existence and uniqueness of
solutions, and ensure the accuracy and convergence of the finite element approximations.

The construction of Sobolev spaces relies on the properties of Lebesgue spaces, which we describe in

the following section.

1.1.1 Lebesgue Spaces

This section presents some Lebesgue spaces.

Definition 1.1.1. (Lebesgue Space L'(D)) [59, Definition 1.21] Let D be an open set in R?. The space
LY(D) consists of all real-valued measurable functions that are Lebesgue integrable on D. We define the

norm on LY(D) by
1A Nl 1=/ |/1dx.
D

Definition 1.1.2. (Lebesgue Space LZIOC(D) ) [59, Definition 1.29] Let D be an open set in R?. The elements

of the following space are referred to as locally integrable functions:

Ll

loc

(D) := {v measurable | for any compact set K ¢ D, v € L'(K)}.

Definition 1.1.3. (Lebesgue Spaces LP(D) and L®(D)) [59, Definition 1.33] Let D be an open set in R9.

For all p € [1, ), we define the space LP(D) as the set of measurable functions for which the LP(D) norm

1/p
1/ Loy 1= </ Ifl”dx) < oo,
D

and the space L=(D) (p = ) as the set of measurable functions for which the L™ norm is finite

is finite, that is

1/l Loy := ess sup{|f(x)| : x € D}.
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In this thesis || - |lo ,.p and || - |lo,c0,p are used to denote || - || Lopy and || - || L () respectively.

In the finite element method, Cauchy—Schwarz and Holder’s inequalities are fundamental tools used in
various aspects of analysis, including error estimates, stability analysis, and proving the well-posedness of

variational problems (see [59, Lemma 1.40]).

Lemma 1.1.4. (The Cauchy-Schwarz Inequality). Let u and v belong to L*(D). Then, uv € L' (D) and

/ u(x)v(x)dx
D

< ||”||0,D||U||0,D-

Remark 1.1.5. The space L*(D) is a Hilbert space when equipped with the inner product

(f.8), = / f0)g(x)dx, (1.1)
D
for f,g € L*(D).

Lemma 1.1.6. (Hdlder’s Inequality) Let p € [1, oo] and q such that 11) + é = 1. Forany u € LP(D) and
v € Li(D), it holds that

llu - vllo,1,p < llullo,g,pllvllop,p-
Furthermore, equality is attained if and only if u and v are linearly dependent, i.e., there exists A > 0 such
that u = Av almost everywhere.
1.1.2 Sobolev spaces

In the definition of the Sobolev spaces the following space which is called the space of test functions have

an important role.

Definition 1.1.7. (Space C(‘)>o (D) ) [59, Definition 1.31] The space Cg"(D) consists of functions f : D - R
that are infinitely differentiable, i.e., f € C*®(D), and have compact support included in D, where D is an

open set. The members of Cy (D) are called test functions.

Definition 1.1.8. (Weak derivative) [59, Definition 2.3] Let D be an open set in RY. Let u,v € LZIUC(D). For

eachi € {1,...,d}, we say that v is the weak partial derivative of u in the direction x; if

/uax’_(pdx = —/ vpdx, Vo€ C7(D). 2.2)
D D

4
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We denote this weak derivative by o u = v. More generally, for a multi-index & € N, we say that v is

the weak a-th partial derivative of u and write 0%u = v if

/ uoy ... 0% g dx = (=)l / vpdx, Ve € CX(D), (2.3)
D D
where || 1= ay + -+ + ay. Finally, we write 0%u := 0;‘ 6;:;(;), and for ¢ = (0, ...,0), we set 0% := u.

Lemma 1.1.9. (Uniqueness) [59, Lemma 2.4] Let u € Llloc(D). If u has a weak a-th partial derivative, then

it is uniquely defined.

Now, we are ready introduce integer-order and fractional-order Sobolev spaces.

1.1.3 Integer-order spaces

Definition 1.1.10. (W™? spaces) [59, Definition 2.8] Let m € N and p € [1,00]. Let D be an open set in
R?. We define the Sobolev space

W™P(D) := {u € L(D), 0°u € LP(D), Va € N, |a| < m}, 2.4)

where the derivatives are understood in the weak sense. We define I/I/Om’p (D) = C6’°(D) whenever u has

compact support in D. For p = 2, the space W"™?(D) is denoted by H™(D).
We equip W™P(D) with the following norm and seminorm: If p < oo, we set
1/p 1/p
leellymocy := ( D ||a“u||’;p(D)> o ulynopy = < > ||a“u||’;p(m> :
|a|<m la|=m

and if p = oo, we set

u oy o= max |[0%u|| 7« U|yrmeoryy - = max ||0%ul| ;o p.
lleellyyrmeo () max N0%ull peopys  |ulpmeop) max 10%ull oo py

Here, the sums and the maxima run over multi-indices «.

Proposition 1.1.11. [59, Proposition 2.9] W™P(D) is a real Banach space. When p = 2 the Sobolev space
is denoted as H™(D) := W™2(D) which is a real Hilbert space when equipped with the inner product
(u, V) gmpy = Z|a|5m(D“u, D%v)12(py. The norm induced by this inner product is denoted by || - || gm(p)-

Furthermore, The space H'(D) := VVO'"’Z(D) is defined as the closure of the space of compactly supported
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smooth functions C8°(D) in the H™(D)-norm, i.e.,
HJ(D) = C°(D),

which is also a Hilbert space.

Remark 1.1.12. For s > 0, p € [1, 00], we denote by || - |5, p (| - |5.p) the norm ||ully mypy (seminorm
|u|Wm,oo(D)) in WSP(D); when p = 2, we define H*(D) = WS2(D), and again omit the subscript p and only

write ” : “s,D (l : |s,D)~

1.1.4 Fractional-order spaces

Definition 1.1.13. Ler s € (0,1) and p € [1, o0]. Let D be an open set in RY, We define

WHP(D) :={v € LP(D) | |vlyssp) < 0},

where
1/p
lo(x) — v(y)|P
[vlwsopy 1= / — i dxdy| p < oo, (2.6)
0o fx— |7
and
lo(x) — v(y)|

|Vl yseo(py == €SS sup
D) x,yeD ”x_y“;z

Letting now s > 1, we define
WSP(D) :={ve W™ (D) | o* € W°P(D), Va, |a| =m}, 2.7
wherem = |s| ando :=s—m.

1.1.5 Negative-order Sobolev spaces

The notion of distribution is a powerful tool that extends the concept of integrable functions and weak deriva-

tives. In particular, we will see that every distribution is differentiable in some reasonable sense.

Definition 1.1.14. (Distribution) [59, Definition 4.1] Let D be an open set in R%. A linear map

T:CX(D)— R,
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is called a distribution in D if for every compact subset K of D, there exist an integer p, called the order of

T, and a real number c (both can depend on K) such that for all ¢ € Cg"(D) with supp(@) C K, we have

KT, @)| < c max |[0%@|| k)
|e|<p

Example 1. (Locally integrable functions) [59, Example 4.2] Every function v € LIIOC(D) can be identified

with the following distribution:

T, : C°(D) > ¢ —(T,,p) =/qudx.
D

With the concept of distributions in hand, we can now introduce Sobolev spaces of negative order by

employing duality, specifically using W;*(D).

Definition 1.1.15. (Negative-order Sobolev spaces W ~5P(D)) [59, Definition 4.10] Let s > 0 and p €

(1, 00). Let D be an open set in R?. The space W ~5?(D) is defined as (I/Vos’pl (D))l (the dual 0f<VVOS’p,(D))),

where 1—11 + 1% = 1. For the case p = 2, we denote W =5P(D) by H (D). This space is equipped with the

norm

NT 1y -sopy = s1i[p), —”bllf{’ u:?' .
wew,” (o) " Nw? (D)

The element T in W ~5?(D) is considered a distribution, because if s = m € N, we have

1

T m+d\”
|<T’ (p>| S “T”W*’"sP(D)lDlp < d > |ran|2)r(n ”aa(p”Loo(K),

for any compact subset K € D and any ¢ € C;°(D) with supp(¢) € K. This reasoning can be extended to

cases where s =m+o,0 € (0,1).

Remark 1.1.16. We denote by H~'(D) the dual of H&(D) while identifying L*(D) with its dual. Thus,

writing (-, -) , for the duality pairing, we have

(frv)p= /Df(x)v(x)dx Vve HS(D),

whenever f € H™'(D) is regular enough. We do not distinguish between inner product and duality pairing

for scalar or vector-valued functions.
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1.2 Elliptic equations

In this section, we focus primarily on the boundary-value problem

Lu =f inQ,
u =0 onoQ,

(1.2)

where Q is an open and bounded subset of R, and u : Q — R is the unknown function, with u = u(x). The

function f : Q — R is given, and L represents second-order linear partial differential operator given by

d d
0 ou ou
Lu= Z - <d,j(x)a> + Z Pix) == + u(u,
i,j=1 J ! i=1 !
where the coefficient functions d, o p;, and p are given, with indices i, j =1, ...,d.

Definition 1.2.1. We say the partial differential operator L is (uniformly) elliptic if there exists a constant

dy > 0 such that

d d
D dyxyy; = dy Y v (13)
i=1

ij=1

for almost every x € U and for ally = (y, ¥, -+, Yy) € R,

The standard weak formulation of (1.2) reads as follows:

Find u € V'such that,

(1.4)
a(u, w) = £ (w) YweV,
where a : V XV — R, denotes the bilinear form
a(u,v) := (Lu, w)g Yu,weV. (1.5)
Here, V' is a Banach space endowed with the norm || - ||}, and (-, -)q is the inner product which has been

defined in (1.1). Often, V' is a Hilbert space. We assume that a is bounded, which means

a(v, w
llally v 1= sup sup —I (v, w)|
vev wev vy llwlly

It is implicitly understood that this supremum is taken over non-zero arguments. Also, themap# : V — C

8
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is assumed to be a linear form. The boundedness of Z means

|2 (w)|

wev\{oy llwlly

121y 2=

V' is the dual space of V' equipped with the above norm.

Definition 1.2.2. (Well-posedness, Hadamard) [60, Definition 25.1] A problem of the form 1.4 is said to be
well-posed if it has a unique solutionu € V for every ¢ € V', and if there exists a constant c that is uniform

with respect to €, such that the following a priori estimate holds
lully < cllZlly

We will now present the Lax-Milgram lemma, which is an important theorem for studying the well-

posedness of problems like (1.4).

Lemma 1.2.3. (Lax-Milgram) [60, Lemma 25.2] Let V' be a real Hilbert space, let a be a bounded bilinear
formonV XV, and let ¢ € V'. Assume the following coercivity property: There is a real number a > 0

such that

a(v,v) > al|v||>, VYveV. (1.6)
Then (1.4) is well-posed with the a priori estimate ||ul|,, < illfllw.

One of the key aspects of well-posedness, as defined by Hadamard (see Definition (1.2.2)), is the exis-
tence of a solution. The Brouwer’s fixed point theorem ensures that under certain conditions, a fixed point

(which often corresponds to a solution) exists.

Theorem 1.2.4. (Brouwer’s fixed point theorem ) [ 110, Theorem 10.41] Let C be a compact, convex, nonempty
subset of R?, and suppose f is a continuous function that maps C into C. Then f has a fixed point in C;

i.e., there exists u € C such that

f(u) =u.

Stampacchia’s Theorem is also an important result in functional analysis, particularly in the study of
variational inequalities and partial differential equations (PDEs). The lemma provides crucial conditions
under which a variational inequality has a solution, specifically for problems involving coercive bilinear

forms on closed, convex sets.
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Let K C H be closed and convex, let f € H’ be a linear form, and a(-,-) : H X H — R be a bilinear

form. Consider the following problem:

Find u € K such that,
(1.7)

a(u,v—u) > {(f,v—u) foraloveKk,

then, Stampacchia’s Theorem provides the following result regarding the existence and uniqueness of the

solution of (1.7).

Theorem 1.2.5. (Stampacchia’s Theorem) [84, Theorem 2.1] Let a(-, -) be an elliptic bilinear form on real
Hilbert space H, K C H closed and convex, and f € H'. Then there exists a unique solution to Prob-
lem (1.7). In addition, the mapping f w~ u is Lipschitz, that is, if u,,u, are solutions to Problem (1.7)

corresponding to fi, f, € H', then

1
lwy = wsll < —lLfy = fall -

Moreover, the mapping f v+ u is linear if K is a subspace of H.

1.3 Parabolic equations

We assume € to be an open, bounded subset of R4, and set space-time domain Q; = Q X (0, T'] for some

fixed time T > 0. We will study the initial/boundary-value problem

u=0 on aQ x [0,T], (1.8)

=g on Qx {t =0},

where f : Qr > Rand g : Q — R are given, and u : Q_T — R is the unknown, u = u(x,t). The letter L

denotes for each time ¢ a second-order partial differential operator

d d
0 ou ou
u ,-,Z‘l o < (%) ax,.> ;ﬂ,u) ax, MO

We assume that L satisfies in ellipticity condition (1.3).

10
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Remark 1.3.1. Boundary conditions play a central role in the well-posedness and physical interpretation

of partial differential equations. The two most common types are Dirichlet and Neumann conditions.

Dirichlet boundary conditions prescribe the value of the solution directly along the boundary, that is,

u=g onlp CoQ.

They correspond to fixing the state of the system (for example, temperature or concentration) on the boundary.

Neumann boundary conditions instead prescribe the normal derivative of the solution,

Ju
5 =8 onI'y C 0Q,

where n is the outward unit normal. In physical terms, these conditions correspond to specifying a flux across

the boundary (e.g., heat flux, mass flux).

To write the weak form of (1.8), for all ¢+ € [0, T'], we consider the space V. The standard weak formu-

lation of (1.8) reads as follows: for almost all # € (0, T) find u € V, such that

(Qu, V) + a(u,v) = (f,v)g YoeV,
(1.9)
u(-,0) = u°,
where a(-, -), with a slight abuse of notation, denotes the bilinear form
a(u,v) := (Lu,v)q Yu,v e Vandt € (0,T), (1.10)

where (-, -)q = (-, ") 2(q) refers to the inner product introduced in 1.1.11. Now, we introduce a space-time

norm which we will be use in the next chapters.

Definition 1.3.2. (space-time norm) Let T > 0 be a fixed time, let Q be a domain in R?, and define the
space-time domain Q X (0, T]. Let u be a function defined on Q X (0, T]. An alternative way of looking at u
is to treat it as a function of t with values in a Banach space, say V', whose elements are functions depending

only on the space variable:

u:.0,T] -V suchthat u@®)=u(-,t)eV.

In this spirit, we consider the following spaces:

11
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For1 < p < 400, LP([0,T]; V) is the space of V -valued functions whose norm in V is in LP([0,T]),

this space is a Banach space for the norm

T » N\
(/0 ||u(t)||th> if1 < p < +oo,

ess sup,ciomllu@®lly  if p=+oo.

””“Lp([o,T];V) =

So, if we set V. = W*4(D), for 1 < p,q < +oo, LP((0,T); W*4(D)) is the space defined by
LP((0,T); W*4(D)) = {u(t,-) € WD) foralmostallt € [0,T] : |lull, p € L?(0,T)} ,

and the norm is modified as

(R e )’ if 1<p<oo,
||u||Lp((0,T);WW(D)) - .
ess sup,eo.1) l1élls 4.0 i p=co.

Gronwall’s Lemma is a pivotal mathematical tool used extensively in the analysis of time-dependent
problems, particularly in proving the stability of solutions and also the error analysis in numerical methods
for differential equations. Gronwall’s Lemma provides bounds for functions that satisfy certain integral or
differential inequalities. It comes in several forms, but in this thesis we use the following form which is

proved originally in [72, Lemma 5.1].

Lemma 1.3.3. Letk, B, a,, b,, c,, v, n =0, ..., m, be non-negative numbers such that

m m m
an+k2bn§k2ynan+k2cn+3 for m>0.
n=0 n=0 n=0

Suppose ky, < 1 for every j, and set ¢, = (1 — ky,)™". Then

m m m
am+k2bn§exp<k20nyn> <k2cn+B> for m > 0. (1.11)
n=0

n=0 n=
1.4 Lipschitz set and Lipschitz domain

A Lipschitz domain or Lipschitz set D C R is a domain where the boundary can be locally represented as
the graph of a Lipschitz continuous function. Finite element formulations rely on Sobolev spaces. The well-

posedness of problems involving these spaces requires the domain € to have at least a Lipschitz boundary. If

12



Chapter 1. Introduction and preliminaries

the domain is not Lipschitz (e.g., if it has sharp cusps or fractal boundaries), Sobolev embeddings and trace

theorems may fail, leading to difficulties in defining weak formulations properly.

Definition 1.4.1. (Lipschitz set and domain) (see [59, definition 3.2]) An open set D C RY, d > 2, is defined
as a Lipschitz set if for all x € 0D, there exists a neighbourhood V. of x in R?, a rotation R, : R? — RY,

and two real numbers a > 0 and f > 0 (which may depend on x), such that the following conditions hold:

(i) Vo = x+ R, (B, x 1) where B, := B, ;(0,a) = B,(x) := {y € R"" | |y —x|| < a},
I, := (=B, p.

(ii) There exists a Lipschitz function ¢ : B, — R suchthat ¢, =0, ”(px”L‘x’(Ba) < %ﬁ, and (see Figure
1.1):

DnV,=x+R, ({(V.y) € B,x 11 ys <0, (¥)}).

oDNV,=x+R, ({(y.yp) € B, xI; |y, = ox(¥)}).

R;r.2 o
Yd __9,__/ o Yd |
J | 3 I]' f;} T
3 — y" s et Y
(;);12 RiI.’|

Figure 1.1: Lipschitz domain and mappings Ry, &x)s (R, by,

Lemma 1.4.2. (Poincaré-Steklov) [59, Lemma 3.24] Let D be a Lipschitz domain in R?. Define £, =
diam(D). For p € [1, 00), there exists a constant Cp g , (Where the subscript p is omitted when p = 2) such
that:

L,
Cps,llv=vpllo,p <pllVolly,p, Vv e WP(D),

where vp = ﬁ f p UAx. The following also holds when D is convex:

1
2 (2\"
Cps1=2, Cpg,=m, CP,S’I,_;<;>, p> 1. (1.12)

Remark 1.4.3. The constants presented in (1.12) were proven by Acosta and Durdn [1] for p = 1, and
Bebendorf [19] for p = 2 (see also Payne and Weinberger [106]). Also, Chua and Wheeden (see [45,

Theorem 1.2]) extended the results in (1.12) for general p.

13
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Lemma 1.4.4. (Poincaré-Steklov) [59, Lemma 3.27] Let p € [1, o) and let D be a Lipschitz domain. Let

¢p ‘= diam(D). There is a constant Cpsp > 0 (the subscript p is omitted when p = 2) such that
I,
Cps,p”U”O,p,D < l’ﬂD”VU”O,p,Da Vv € I/I/O p(D)

Proof. See Brezis [27, Corollary 9.19], and Evans [61, Theorem 3 section 5.6.], ]

1.5 Maximum principles

The Maximum Principle is a significant concept in the theory of partial differential equations (PDEs) and
plays an important role in the analysis and application of the Finite Element Method (FEM), particularly
for elliptic and parabolic PDE:s. It provides crucial insights into the behavior of solutions, including bounds
and uniqueness, and has implications for the numerical methods used to approximate these solutions. The
principle provides a way to estimate the solution’s maximum and minimum values, which are crucial for
understanding the behavior of the solution and for numerical approximation.

When applying FEM to solve PDEs that satisfy a Maximum Principle, it is important that the numerical
method preserves this principle. If the FEM solution violates the Maximum Principle, it might indicate
instability or inaccuracy in the numerical method, especially on coarse or distorted meshes. The Maximum
Principle can be used to derive error estimates for the FEM approximation. If the exact solution satisfies the
Maximum Principle, then the FEM approximation should ideally exhibit similar behaviour. By comparing
the maximum (or minimum) values of the FEM solution to those of the exact solution, one can assess the
quality of the approximation. For example, if a finite element solution exceeds the known bounds provided
by the Maximum Principle, this might suggest the presence of discretisation errors or insufficient mesh
refinement.

In the following we present the Maximum principles for problem (1.2) and problem (1.8).

Theorem 1.5.1. (weak maximum principle) [110, Theorem 4.1] Consider the problem (1.2). Assume that
Lu > 0 (or, respectively, Lu < 0) in a bounded domain Q in R¢. Then the minimum (or, respectively, the

maximum) of u is achieved on 0<.
We have the following corollary of Theorem 1.5.1.

Corollary 1.5.2. [110, Corollary 4.3] Consider the problem (1.2). Let Q be bounded and assume u < 0 in

14
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Q. Let Lu > 0 (or, respectively, Lu < 0) in Q. Then

minu = minu (o7, resp., max u = max u).
o) 0Q o 0Q

The following corollary is typically used in applications. It yields a uniqueness result as well as a com-

parison principle.

Corollary 1.5.3. [110, Corollary 4.4] Let Q be bounded and y < 0. If Lu = Lv in Q and u = v on 02,

thenu=vinQ. If Lu< Lvin Qandu < v on 0Q, then u < v in Q.

Theorem 1.5.4. (Strong maximum principle for elliptic equations) [61, Theorem 3, Section 6.4.2] Consider
the problem (1.2). Assume u € C*(Q)n C (ﬁ) (where C*(Q) N C (5) consists of functions that are twice
continuously differentiable in Q and continuous up to the closure of Q) and u > 0 in Q.

Suppose also Q is connected.

(i) If Lu < 0 in Q and u attains a nonnegative maximum over  at an interior point, then u is constant

within Q.

(ii) Similarly, if Lu > 0 in Q and Q attains a nonpositive minimum over Q at an interior point, then u is

constant within Q.

Theorem 1.5.5. (Strong Maximum Principle for parabolic equations) [62, Theorem 12, Section 7.1] Con-
sider the problem (1.8). Let u be a function belonging to C21 Q)N C(Q_T), with u > 0 in Qp. Assume that

Q is connected.

() 1f
ou+Lu<0 inQyp

and u reaches a nonnegative maximum within Qp at some point (xq,t,) € Qr, then u(-,ty) must be

constant on Q X {t,}.

(2) Likewise, if
ou+Lu>0 inQyp

and u reaches a nonpositive minimum within Q_T at some point (xg,ty) € Qr, then u(-,ty) must be

constant on Q X {t,}.

15
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1.6 The Galerkin method

The central idea in the Galerkin method is to replace the infinite-dimensional space V' by finite-dimensional

space V},. We assume that V;, # {0}. The discrete problem is formulated as follows:

Find u;, € V), such that ,
(1.13)

ah(uh, wh) = fh(wh) th S Vh’

where a,, is a bounded bilinear form on V, X V}, and ¢, is a bounded linear form on V. Note that a, and
¢, may differ from a and ¢ respectively. Since V), is finite-dimensional, problem (1.13) is referred to as the

discrete problem. The space V), is called the discrete space (or discrete solution space).

Definition 1.6.1. (Conforming Setting) [60, Definition 26.2] The approximation (1.13) is said to be con-
forming if V;,, C V.

Remark 1.6.2. In this thesis, Chapters 2 and 3 follow a conforming framework, whereas the final chapter

employs the discontinuous Galerkin method, requiring a non-conforming setting.

The diameter of any set G C R is denoted by A, and the mesh size is defined as A = max{hy :
K € P}. Since the analysis of the interpolation error implicitly involves sequences of successively refined
meshes, we denote by (P),),c3; @ sequence of meshes discretising a domain D C RY, where the index h

belongs to a countable set H with zero as its only accumulation point.
Definition 1.6.3. (Shape-regularity) [60, Definition 11.2] A sequence of affine meshes (T,) ey is said to be

shape-regular if there is o, > 0 independent of h, such that

h
o 1= =<0, VKeT, VheH, (11.4)
Pk

where p, denotes the diameter of the largest ball contained in K (see Figure 1.2).

When the context is unambiguous, we will say that (7)< is regular instead of shape-regular.
Definition 1.6.4. (Quasi-uniformity) [60, Definition 22.20] A mesh sequence (P},),cy is said to be quasi-
uniform if it is shape-regular and if there exists a constant ¢ such that

hg >ch, VKeT, VheH. (22.38)

16
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Figure 1.2: Triangular cell K and largest inscribed ball.

Remark 1.6.5. One motivation for Definition 1.6.3 is to use the local inverse inequalities, which are pre-
sented in 1.26 and 1.27. In contrast, Definition 1.6.4 is intended for applying global inverse inequalities. To
lighten the notation, throughout this thesis, we drop the index h from (Py,),c3, and include it only when it is

necessary to specify the mesh.

We are now prepared to introduce the notations required for the conforming finite element methods that
will be used in Chapters 2 and 3 below.
Let P be a conforming, shape-regular, quasi-uniform partition of the domain € into closed simplices or
affine quadrilateral/hexahedral elements. For £ > 1, we define the finite element spaces over P as follows:
V, :=1{v, € CYQ) : v,lx € R(K) VK € P}, (1.14)
T 1
Vy 1=V, N Hy(Q), (1.15)

where the function space R(K) is defined as:

P.(K), if K is asimplex,
R(K) = (1.16)

Q4 (K), if K is an affine quadrilateral/hexahedral,

with P, (K) representing polynomials of total degree k£ on K, and Q,(K) denoting the mapped space of
polynomials of degree at most k in each variable.

For any mesh P, we use the following notation:

o let {x,x,,..., x5} denote the set of internal nodes, and let ¢, ..., ¢ represent the corresponding

Lagrangian basis functions associated with these nodes, which span the space V,;

17
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e define 7-“1 as the set of internal facets, Fa as the set of boundary facets, and ), = T’I U Fa as the set of

all facets in P. For any element K € P, i represents the set of facets of K;

e for any element K € P, facet F € T, and node x;, we define the following neighbourhood:

wg=|JIK'eP: KnK' #0),
wp=|J{keP: Fck},

wi=U{KeP:xieK};

e define £, as the set of internal edges, £, as the set of boundary edges, and £, = £, U £, as the set of

all edges in P. For any element K € P, £ represents the set of edges of K;

o for any facet E € &, we define the following neighborhoods:

a)E=U{KeP:ECK},

e for any internal facet F € F;, we use [-] to denote the jump of a function across F.

Definition 1.6.6. (Properties of meshes) [ 16, Definition Definition 2.2 ] A mesh P will be said to be connected

if, for any two vertices x;, X, there exists a path j, ..., j, such that Ej()’jl’ Y

j.,j are all edges of P. In

addition, the mesh P will be said to be

e weakly acute if every internal dihedral angle 6 of the mesh satisfies 6 < %;

o of Xu—Zikatanov (XZ) type (see [118]) if, for every E € &, the following holds (see Figure 1.3):

Z |1<§|cot9f€< > 0;

Kcwg

where Kg = FI.K N FJ.K, and when d = 2 we will adopt the convention | K]ILS |= 1.

e of Delaunay type if the interior of the circumscribed sphere of any simplex from the mesh P does not

contain any vertex of P.

For d = 2, the definition of a Delaunay mesh can be equivalently stated as follows: for every E =
K NK' € &, there holds

oK +05 <.

18
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In two dimensions, the XZ-criterion and the Delaunay property are equivalent (see [119, Lemma 2.1]).

- K
TSN

K
FR

Xi E,j — E X]

Figure 1.3: Notations for a triangle.

We also introduce the mesh function §, a continuous element-wise linear function often used in finite

element analysis [102]. This mesh function is defined by averaging the element diameters at each vertex.

For this, let vy, ..., v, represent the set of mesh vertices. Then, § is the piecewise linear function given by:
ZK v,eK hK
bv) = /77— (1.17)
#{K : v, € K}

In the construction and analysis of the finite element methods proposed in this thesis, we use the mass-

lumped L? inner product, which is defined for any v,,, w;, € Vp as

N
W ) = Y 5 0, (x)10(x,). (1.18)
i=1

This inner product induces the norm:

oaln = W o)), (1.19)

which is equivalent to the standard L?(Q) norm. More specifically, according to [60], Propositions 28.5 and

28.6, there exist constants C, ¢ > 0, independent of A, such that:

¢ Y hupx) < Nogllix <C D Aun(x), VK €P, (1.20)

iix;€K iix;eK
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and as a consequence of the shape-regularity of the mesh, we also have:
2 2 2
clogly < ||vh||0’Q < Cloply, Vv, €V, (1.21)

With the definition of the finite element space (1.15) and the previously stated concepts, we now introduce
several definitions, inequalities, and properties that will be frequently used in the subsequent chapters.
We start by introducing the Lagrange interpolation operator, which provides interpolation error bounds

that are crucial for deriving error estimates for finite element solutions.

Definition 1.6.7. (see [59, Chapter 11]) The Lagrange interpolation operator is defined as
ip : COQ) N HY(Q) — Vp,
N
v iy = ) 0(x))d;s (1.22)
j=1
The error estimates of the Lagrange interpolant is crucial in understanding the convergence properties

of finite element methods. Therefore, we can state the following result for the Lagrange interpolation error:

Proposition 1.6.8. (Approximation property of the Lagrange interpolant) [59, Proposition 1.12] Let 1 <
¢ < k and i, be the Lagrange interpolant. Then, there exists C > 0, independent of h, such that for all h

and v € H Y1 (Q) the following holds:
lo—ipollox + hlv— iyl x < CRE 0] py k- (1.23)

Also, the orthogonal projection operator plays a significant role in the error analysis of the finite element
method (FEM).
Definition 1.6.9. (see [59], Chapter 22) The L*(Q) -orthogonal projection operator & . L*(Q) — V, is

defined as follows

7 LA(Q) — Vp,

w — m(w) where (z(w),v,), = w,v,), Vv, €V,. (1.24)

Similar to the Lagrange interpolant, we use the following error bounds for the orthogonal projection in

this thesis:
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Proposition 1.6.10. (Approximation property of the L*-orthogonal projection operator) [59, Section 22.5]
Let 0 < ¢ < k and r be the L*(Q)-orthogonal projection. Then, there exists C > 0, independent of h, such

that for all h and v € H**(Q) the following holds:
nu-nwmak+hw—ﬂamLKSCWQHmmmK. (1.25)

The inverse inequality is fundamental in the error analysis of the FEM because it relates norms of finite
element functions at different levels of smoothness. This is crucial in FEM because finite element spaces
are typically designed to approximate solutions with certain regularity. When performing error analysis,
especially in a posteriori estimates or stability analysis, controlling high derivatives is important, and the

inverse inequality helps achieve this.

Lemma 1.6.11. (Inverse inequality) (see [59, Lemma 12.1]) For all m,¢ € NO, O0<m<Zandall p,q €
[1, o0], there exists a constant C, independent of h, such that

§ Ch';-“d(i—é)

1oyl x < Vplmgx YU EVp. (1.26)

Another important inequality is the trace inequality. The trace inequality (here locally i.e. on each
element) is important in the FEM for several reasons, particularly in the context of error analysis. The trace
inequality allows to estimate the norm of a function on the boundary of an element K in terms of its norms
inside the same element. This provides a local control of errors, helping to manage how well the finite
element function approximates the true solution near the boundaries of each element. We will repeatedly

use the following trace inequality in the subsequent chapters.

Lemma 1.6.12. (Discrete Trace inequality) (see [59, Lemma 12.8]) There exists C > 0 independent of h
such that, for every v € H'(K) the following holds

1012 1 < € (AR + ol ¢ ) (127)

1.6.1 Non-conforming approximations and discontinuous Galerkin method

In the last chapter of this thesis we study the approximation of an elliptic (reaction-convection-diffusion)
problem by the discontinuous Galerkin (dG) method. The distinctive feature of dG methods is the spaces are
broken finite element spaces. dG formulations are obtained by adding boundary penalty and a consistency

term at all the mesh interfaces and boundary faces. Boundary conditions are weakly enforced and continuity
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across the mesh interfaces is weakly enforced by penalising the jumps (see e.g. [60, Section 27.2.1 and
Chapter 38)).
Before giving a short introduction and literature review on the discrete maximum principle (DMP), we

first present some definitions and preliminaries.

1.6.2 Discrete maximum principle and algebraic flux correction

This section outlines the general conditions under which discrete maximum principles (DMPs) hold for
both linear and nonlinear discretisations. It then briefly introduces a class of finite element methods called
algebraic flux correction (AFC), which are designed to respect the discrete maximum principle.

To introduce the main idea of the algebraic flux correction method, we consider the steady-state model

problem: Find u : Q — R such that

—eAu+pf-Vu+uu=f inQ, (1.28)

u=g onoQ. (1.29)

To simplify the following presentation, we will suppose that € > 0 and 4 > 0 are constants and that  is
solenoidal. Let € Wh*(Q)?, f € L*(Q), and g € H'/2(0Q), then the weak formulation of (1.29) reads

as follows: Find u € H'(Q) such that u|,, = g and
a(u,v) = (f,v)q Vv e H(} (Q), (1.30)

where a(-, -) is the bilinear form given by

a(u,v) = e(Vu, Vo) + (B - Vu+ ou, v)q. (1.31)
Linear Discretisations
Consider a matrix A = (a; J){:ﬁ € RMXN and let fy, ..., fy; and gy, ..., gxn_p DE given real values,
where M < N. The discretised system leads to a linear system where we seek a vector u = (uy, ... ,uy)" €

RN such that:
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N
Zaijuj:fi’ fori=1,..., M, (1.32)
=

u=gi_y, fori=M+1,...,N. (1.33)

Remark 1.6.13. The full system matrix corresponding to equations (1.32) and (1.33) can be represented in

block form as

A= , (1.34)

where:

A; € RMXM s the matrix associated with the internal (i.e., non-Dirichlet) degrees of freedom,

Ap € RMXWN=M) coyples the boundary (Dirichlet) values to the interior,

I € RW-MX(N=M) js the identity matrix,

0 € RN-MXM ¢ the zero matrix.

Unless otherwise stated, the system matrix A will be considered in the form given by equation (1.34).

Definition 1.6.14 (Matrix of Nonnegative Type). Let A = (a; ; ){:11 e R™" for myn € N. We say that A

,,,,, m

is of nonnegative type if the following conditions hold

a;; <0 forallie{l,...,m}, je€{l,....n}, i # ], (1.35)

Y a; >0 forallie(l,...,m). (1.36)
j=1

Note that the concept of a matrix of nonnegative type should not be confused with that of a nonnegative

matrix in the classical sense (see, e.g., [116, Chapter 2]).
Remark 1.6.15. In certain contexts, such as when u = 0 in equation (1.28), the matrix A may satisfy a

stronger condition than (1.36), specifically:

Y a;=0 forallie(l,...M}. (1.37)
j=1
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This stronger assumption can be leveraged to obtain more refined statements for discrete maximum principles

(DMPs) than those derived from condition (1.36).
Theorem 1.6.16 (Local DMP for Nonnegative Type Matrices). Assume a; > 0 foralli =1,..., M. Then,

every solution u to the system (1.32)—(1.33) satisfies:

<0 = u < max ul, 1.38
fi < P (1.38)

foralli=1,..., M if and only if the matrix A is of nonnegative type.

Moreover, if the stronger condition (1.37) is satisfied, then the implications become

fi<0 = ui<j¢rlnf);ouj, (1.39)
ij

>0 = u. > min u,.
fz i j;éi,a,-ﬂé() Jj

Now, we breifely here describe Algebraic Flux Correction methods

1.6.3 Algebraic Flux Correction methods

The diffusion matrix A ;, the convection matrix A ., and the reaction matrix M., which is also called consistent

mass matrix, are defined by

(fu)lj | Where f,.j =(V¢;, Vo)) fori,j=1,...,N, (1.40)
A, =(Cij)ij=1 where ¢;; = (b- V¢, ¢;) fori,j=1,...,N, (1.41)
M, = (m;; f\i , Wherem;; =(¢;,¢;) fori,j=1,....,N. (1.42)

The entries of the matrices can be written as a sum of local entries, e.g.,

Z f{j wnth Vo, Vi,

Kcw;nw;

and analogously for ¢;; and m;;.
Algebraic Flux Correction (AFC) methods are a class of algebraically stabilised schemes that have seen

significant development in recent years; see, for example, [8, 15, 70, 86,90, 91, 94, 95, 95, 96, 100]. AFC
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stabilisation is not derived from a variational framework. Instead, the methodology begins directly from the
algebraic system of equations resulting from the Galerkin finite element discretisation. A nonlinear algebraic
correction term is then added to this linear system to enforce a discrete maximum principle (DMP), while
avoiding undue numerical diffusion and layer smearing.

Let Ay denote the matrix associated with the standard Galerkin finite element method applied to system

(1.13) with Neumann boundary conditions. This matrix can be expressed as:
Ay =eAg+ A, + uM,, (1.43)

where A4, A, and M represent the diffusion, convection, and mass matrices, respectively.
The discrete problem is then reformulated as in systems (1.32) and (1.33), where f; = (f, ¢;)q for
i=1,...,Mand g_, = g(x;)fori = M +1,..., N. To formulate an AFC scheme, we first introduce a

symmetric artificial diffusion matrix D = (d; j)zNj=1’ defined by

N
d;=-max{0,q;.a;} fori#j,  d;=-) d; (1.44)

1y

Hence, the matrix D has zero row and column sums, and the matrix Ay+D is of non-negative type. Replacing

Ay with Ay + D in system (1.32), we obtain the stabilised formulation
Ay +D)YMu =, (1.45)

which satisfies the discrete maximum principle (DMP), where f = (f4, ..., f M)T.
The standard derivation of the AFC method (see, e.g., [92]) begins by adding the diffusive term (Du) to
both sides of the linear system (1.32), yielding

Ay + D)Mu=f + DMy, (1.46)
and then using the identity
N
(Du), = Zf,.j, with  f;; = d;;(u; —u). (1.47)
j=1

The quantities f;; are referred to as fluxes, as they quantify the strength of diffusion between the nodes x;
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and x;. These fluxes represent the intensity of information exchange and are central to understanding AFC
mechanisms.

To reduce spurious oscillations in the discrete solution, the flux terms f;; on the right-hand side of
(1.46) are often scaled by solution-dependent correction factors. These damping factors, or limiters, denoted

by a;; € [0, 1], suppress unwanted oscillations and yield the nonlinear algebraic formulation

N

N
Y agu;+ Y (1= a)du; —w) = f,,  fori=1,...,M, (1.48)
j=1 j=1

w=g=gx) fori=M+1,...,N. (1.49)

It is assumed that the flux limiter satisfies the symmetry condition:

a; = aj;, ij=1,...,N. (1.50)
Moreover, forany i, j € {1, ..., N}, the limiter function a;; (u)(u ; —u;)is assumed to be a continuous function

of the discrete solution vectoru € RV,

A theoretical analysis of the AFC scheme given by equations (1.48) and (1.49), including results on
solvability, satisfaction of the local discrete maximum principle (DMP), and error estimates, can be found
in [14]; see also [2, 80] for related a posteriori error analysis techniques.

The symmetry condition (1.50) plays a crucial role in the design of AFC methods for several reasons.
First, it ensures that the resulting numerical scheme is conservative. Second, it implies that the matrix asso-
ciated with the AFC-related correction term is positive semi-definite. This structural property significantly
contributes to the overall stability of the scheme and facilitates a reliable estimation of the approximation
error; see [14] for a detailed discussion.

Finally, it has been demonstrated in [13] that without enforcing the symmetry condition (1.50), the non-

linear algebraic system defined by (1.48) and (1.49) may not admit a solution in general.

1.6.4 Introduction and literature review on the discrete maximum principle (DMP)

Structure-preserving numerical methods is an important topic in computational solutions of partial differ-
ential equations. By structure-preserving, we mean methods that approximate solutions which preserve the
properties of the exact solution such as local conservation, entropy inequalities, maximum principles, posi-

tivity preservation, divergence-free constraints, or exactly symmetric stress tensor approximations, to name
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a few.

Numerical methods satisfying Discrete Maximum Principles (DMP) and/or monotonicity properties have
been extensively studied in the finite element literature. Methods satisfying these properties often imply
positivity preservation or, more generally, bound preservation of the resulting numerical solutions.

To guarantee physically consistent discretisation of equations (1.2) and (1.8), it is crucial to satisfy the
discrete counterpart of the maximum principle. Discretisations that fail to meet this criterion often lead to
numerical solutions exhibiting unphysical values, referred to as spurious oscillations. Equations of the form
(1.2) and (1.8) frequently arise in coupled problems, where their numerical solutions serve as input data
for additional equations. If these input values contain spurious oscillations, there is a high likelihood that
the solutions to subsequent equations will also be affected, potentially leading to unphysical results. In ex-
treme cases, numerical simulations of coupled problems may become unstable and fail, as reported in [82].
Therefore, ensuring the DMP is satisfied is essential for obtaining meaningful numerical solutions for (1.2)
and (1.8) in practical applications. When this property is upheld, additional factors such as computational
efficiency, the preservation of other physical properties (e.g., conservation laws), and accuracy in terms of
relevant quantities, such as norms in Sobolev spaces, become key considerations for selecting an appropriate
numerical method. The first proof of a maximum principle (MP) in the context of discretised partial dif-
ferential equations was introduced by Gershgorin [64] in 1930. In this work, finite difference methods were
considered. and Gershgorin proved that the discrete operator satisfies a maximum principle provided that the
corresponding coefficient matrix is an M-matrix. A broader generalisation of this result was later provided
in the monograph by Collatz in [52]. Further studies on discrete analogues of maximum principles can be
found in works by Bramble and Hubbard [24,25].

In 1970, Ciarlet [47] established the necessary and sufficient conditions for a discretisation to satisfy
the discrete maximum principle (DMP). These early studies primarily focused on finite difference methods.
However, the linear algebraic arguments employed in these works can be directly extended to the linear
systems of equations arising from other discretisation techniques. The first explicit investigation of the DMP
in the context of finite element methods was conducted by Ciarlet and Raviart in 1973 [49]. Since then,
a substantial body of research has emerged, analysing the DMP for various discretisations of elliptic and
parabolic boundary value problems.

A straightforward approach is to introduce sufficient numerical diffusion, ensuring that the problem be-
comes diffusion-dominated, thereby enforcing the DMP under suitable conditions (see, e.g. Chapter 4 and 8
of [83] respectively for elliptic and parabolic equations). However, this approach tends to introduce exces-

sive diffusion, resulting in solutions that are highly smeared and has limited practical use. This drawback has
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motivated the development of shock-capturing methods, which add a term into the numerical scheme. This
term includes a viscosity coefficient that depends on the computed solution, introducing nonlinearity into
the method (see [81]). The earliest known method satisfying DMP was proposed in [104], with subsequent
contributions found in [8-10,29,31,58].

A common feature of these methods is their reliance on first-order polynomial approximations and spe-
cific mesh constraints. In two-dimensional problems, for instance, the mesh is often assumed to be of Delau-
nay. This requirement dates back to early studies on the DMP, including for the Laplace equation (see [49]).
Since then, several attempts have been made to relax this assumption. One such approach, presented in [30],
modifies the formulation by introducing an anisotropic Laplacian, allowing the DMP to hold under more
general conditions. More recently, methods proposed in [69, 70] in the context of hyperbolic equations
have succeeded in reducing this constraint while ensuring convergence to the entropy solution. However,
extending such ideas to diffusion-dominated problems remains a significant challenge.

As mentioned it is often necessary to impose strict conditions on the mesh, particularly when using the
Galerkin method. For a detailed discussion, we refer to [16, 118], where it is proven that for the Poisson
equation, the local discrete maximum principle (DMP) holds if and only if the mesh satisfies the XZ-type
condition (see Definition 1.6.6). Furthermore, they have shown that satisfying the XZ-criterion ensures the
validity of the global DMP.

As explained in section (1.6.3) one class of methods which have been designed to satisfy the DMP by
construction is known as algebraic flux correction (AFC). The origins of AFC trace back to [69,121], and
substantial development has been made in recent years, particularly through the contributions of D. Kuzmin
and colleagues (see [92-95], and the book by Kuzmin and Hajduk [89]).

The principle of algebraic flux correction (see [89,90,92]) provides a new interpretation of classical high-
resolution schemes and establishes a general framework for designing multidimensional flux limiters. In this
method, artificial diffusion is both added and removed at the discrete level. Given a discrete operator result-
ing from a linear or “multilinear” Galerkin approximation (multilinear Galerkin approximation is a Galerkin
finite element method in which the discrete solution space is spanned by multilinear basis functions typi-
cally tensor products of linear polynomials in each coordinate direction), the nonoscillatory low-order part
is extracted. The remainder consists of an antidiffusive correction that admits a conservative flux decom-
position [89]. The discrete maximum principle holds if the antidiffusive part satisfies the local extremum
diminishing (LED) constraint [77, 78], which is enforced by adjusting the magnitudes of the antidiffusive
fluxes when necessary.

A numerical method is said to be linearity-preserving if it exactly reproduces linear functions over the
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computational domain. This means that when the exact solution is a linear function, the numerical ap-
proximation must match it exactly. No artificial diffusion, stabilisation, or discretisation errors should alter
the linearity of the solution. In other words, the constrained approximation must reduce to the underlying
Galerkin scheme when the solution is linear.

In [15] introduced limiters in an algebraic flux correction (AFC) method for a convection-diffusion-
reaction equation. In this work using these limiters they guarantee the satisfaction of the DMP and preserving
linearity, particularly on general simplicial meshes. In fact they used limiters which satisfy and then modify
the algorithm proposed in [95] to ensure that these properties hold for general meshes.

It is important to note that existing AFC methods in the literature often fail to be preserving linearity.
For instance, techniques derived from [95] are proven to be linearity-preserving exclusively on symmet-
ric meshes. The method introduced in [32] preserves the DMP solely for meshes that satisfy the condition
proposed by Xu and Zikatanov [118], a criterion that remains sharp in the diffusion-dominated regime. How-
ever, its linearity preservation is also restricted to symmetric meshes. An alternative approach to ensure both
monotonicity and linearity preservation for more general meshes involves solving an optimisation problem
for each interior node of the mesh, thereby increasing the complexity of the method. A very recent develop-
ment in this area has been proposed in [8] where the authors developed monotonicity-preserving stabilised
finite element methods for transport problems by combining symmetric projection-based linear stabilisation
with nonlinear shock-capturing techniques.

Bound-preservation is a weaker structural requirement than DMP. It plays a crucial role by ensuring the
solution remains physically meaningful and numerically stable. In other words, the method may not generally
enforce the DMP, but the guarantee of staying within prescribed bounds is already a significant structural
property for many PDE models. Bound-preserving numerical solutions are crucial for the numerical stability
of many schemes and, in particular, for PDEs where positivity of the solution is important. Many PDE models
rely on the positivity of the solution, such as nonlinear reaction-diffusion systems modeling concentrations of
reactants or turbulence-inducing fields. Additionally, phase-field PDE models often have solutions satisfying
global maxima and minima. While exceeding these bounds is not typically catastrophic for scalar PDE
problems, bound violations can have compounding effects in more complex coupled systems.

In addition, the cut-off finite element method [101] truncates the finite element function after it is com-
puted at a given time step, so as to input the truncated function as approximation of the current time step;
see also [120] for an application of a related idea to the Allen-Cahn equation. In the steady state case, the
idea of truncating the finite element solution to respect given bounds has been justified for reaction-diffusion

equations in [88] using energy arguments. In [99] a conservative recovery strategy is proposed and tested
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numerically. Finally, in the context of the Joule heating problem a truncation of one of the variables is
introduced in order to regularise a rough right-hand side in [79].

In the next section, we present the bound-preserving finite element method, originally proposed in [12].

1.6.5 The bound-preserving finite element methods

In this section, we introduce the bound-preserving finite element method, initially proposed in [12] for
reaction-diffusion equations. This bound-preserving finite element method assumes a Lagrange finite el-
ement space of arbitrary polynomial degree. To simplify the formulation, the method ensures that the nodal
values of the projected solution remain positive, thereby maintaining bound-preservation throughout the
computation.

It is important to note that similar methods are different in key aspects from the method which has been
proposed in [12]. In [22], imposing the boundary on the continuous solution are incorporated into an opti-
misation framework, linking this approach to nonlinear stabilisation. Also, [105] formulates a constrained
optimisation problem based on a mixed weak formulation to enforce bound preservation. In [33], the re-
lationship between positivity preservation and contact problems was used to develop a nonlinear stabilised

method that enforces positivity-preservation in a weak way.

The model problem

Let Q be an open bounded Lipschitz domain (see Definition 1.4.1) in R¢ (d = 2,3) with a polyhedral
boundary 0Q. Given a source function f € H~!(Q), the following reaction-diffusion problem has been

considered in [12] as a special case of the elliptic equation (1.2)

—div(DVu)+ pyu = f in Q,
u =0 onoQ,

(1.51)

where D = (d; /)ijzl € L®(Q)?* is the diffusion tensor and y € L*®(€) denotes the reaction coefficient,
respectively. We make the following assumptions: y > p, a.e.in Q and the diffusion tensor D satisfies in
(1.3) (i.e. D is strictly elliptic), where [D]; ;= d; ;-

The weak formulation of (1.51) reads: findu € H (} (€2) such that

a(u,v) = f(v) Vv e H(; (©), (1.52)
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where a(-,-) : H)(Q) x H,(Q) — R is the bilinear form defined by
a(v,w) :=(DVu,Vw)g + (uv, w)g. (1.53)

The bilinear form a(:, -) induces the energy norm:

llvll, = Va(v, v). (1.54)

The well-posedness of (1.52) follows from the Lax-Milgram Lemma 1.2.3.
The core of the bound preserving method which has been proposed in [12] is the following property of
the solution of (1.51). As a consequence of maximum principle Theorem 1.5.4 and comparison principles

Corollary 1.5.3, the following bounds can be proven: for almost all x € €, the solution u of (1.52) satisfies

/1 Lo 1 /1 Lo
_ RO ) < 2O
Ho Ho

(1.55)

This statement becomes more precise if f > 0 in Q. In fact, in this case, for almost every x € €, the

following inequality holds:

(VALY
0 < u(x) < 2 (1.56)
Ho
The results given in (1.55) and (1.56) motivate the introduction of the following assumption.
Assumption (Al): We will suppose that the solution of (1.51) satisfies
0 <u(x) <k foralmostall x € Q, (1.57)

where k is a known constant. However, the lower bound in this assumption is not required to be equal to
zero, and all results below hold even for the case the value k can be replaced by a non-negative continuous

function x(x).

Remark 1.6.17. The upper (and lower) bounds of the solution are not chosen arbitrarily but follow from
the properties of the underlying PDE. In many convection—diffusion or reaction—diffusion problems, the
continuous solution satisfies a maximum principle, which implies that the solution cannot exceed certain
values determined by the initial or boundary data. Alternatively, the physical interpretation of the unknown

(for example, a concentration or probability) provides natural bounds, such as values lying in the interval
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[0,1). The purpose of the bound-preserving finite element method is to ensure that the discrete solution

respects these bounds.

The bound-preserving finite element method for reaction-diffusion problem
With Assumption (A1) in mind, the following subset of finite element functions which satisfy the bounds
given by (1.57) at the degrees of freedom has been considered in [12]:

V; ={v, €Vp v, (x) €[0,k] forall i=1,...,N}, (1.58)

where Vp has been defined in (1.15).

+

Each element v;, € V can be decomposed into the sum v), = v;l“ + v, where vy

and v, are defined as

(see Figure 1.4)

N

of =Y max {0, min{o,(x,), ) } ;. (1.59)

i=1

and

v, = v, - U} (1.60)
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Figure 1.4: Decomposition of v, into UZ and v, (Q = (a, b)).

The functions UZ and v, are referred as the constrained and complementary parts of v, respectively.

Using this decomposition, the following algebraic projection is defined:
O Ve - V;, vy, U;Ll. (1.61)

Remark 1.6.18. The operator defined in (1.61) is a componentwise (nodal) projection onto the convex set
V; , obtained by clamping each nodal value into the interval [0, x]. If we identify a function v, € Vp with its
coefficient vector (U, ..., Uy), where U; = v, (x;), then this operator corresponds to the metric projection
of the vector (U, ...,Uy) onto the box [0, K1V c RN with respect to the standard Euclidean norm. In

particular, for each node,

71 (0 (x;)) = max{0, min{v,(x;), x } },

is the closest point to v,(x;) in [0, k]. The function UZ is then obtained by expanding these projected coeffi-
cients in the finite element basis.
We stress that this projection is defined in the coefficient (nodal) Euclidean norm, and in general it is not

an orthogonal projection in V, with respect to the usual L*(Q) inner products.
Remark 1.6.19. If « is not a constant value, but instead a non-negative continuous function, the only modi-
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fication to the projection definition is that in such a case, the constrained component is given by

vt = i max {0, min{v,(x,), K(x,)} } &, . (1.62)
i=1
The bound-preserving finite element method proposed in [12] reads as follows: find u;, € V} such that
ap(up; vp) =(f, vp)as Y, € Vp, (1.63)
where the nonlinear form a,(-; -) is defined by
ay(up; vy) 1= a(uy, vpy) + sy, vp). (1.64)

Here a(-, -) defined in (1.53) and s(-, ) : C(Q) X C(Q) — R is the stabilising bilinear form defined by

N
5 03) = @ Y (D00, B2 + ) ) 4R %), (1.65)
i=1

where @ > 0 is a non-dimensional constant to be determined precisely in Theorem 1.6.23, and the piecewise
linear function h(x;) has been defined in (1.20). and w; refers to the vertex neighbourhood of the node x;,

Le., w; :=Ugep:kn KxﬁégK denotes an extended patch.

Remark 1.6.20. In finite element method (1.63) we use the space Vp defined in (1.15). The basis functions
{;} ,A:/ | are the nodal Lagrange basis functions associated with the set of internal nodes {x,...,xy}. In
the bound-preserving method (1.63)—(1.64), both the projection v, — Ui and the stabilisation term s(-, )
act only on these nodal values. Consequently, the nonlinear scheme is entirely characterised at the level of
nodal degrees of freedom, making the bound-preserving property enforceable through nodal clipping of the

coefficients into the admissible interval [0, k).

The stabilisation term s(:, -) defines the following norm:

loplly := V/s(vy, vp). (1.66)

Lemma 1.6.21. There exists a constant Cyi,

> 0, depending only on the shape-regularity constant, such
that

2 equiv
loall, <

lopll> Yo, € Vp, (1.67)
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where a > 0 is the stabilisation parameter appearing in the definition (1.65) of s(-, ).

Proof. By using the inverse inequality (1.26), (1.20), and the regularity of the mesh, we have

N
1 1 _
ID2V0,llg o+ Iu2oall g <C Y (||D||o,oo,w,.h<x,~)" “+u f)(x,»)d> D%, (1.68)
i=1

Therefore bound holds with (1.67) with =C. O

Cequiv

Note that we use a mass-lumped structure in the construction of s(-, -), primarily due to the monotonicity

result stated in the following lemma.

Lemma 1.6.22. [12, Lemma 3.1] The bilinear form s(-, -) defined in (1.65) satisfies the following inequalities

s(v, —wy,vp —w;) >0 Vo, w, € Vp, (1.69)

sy, w, —v)) <0 Yo, €Vp,w, €V, (1.70)
In the following we state the well-posedness results for the finite element method (1.64) which have been
proven in [12].

Theorem 1.6.23. (Well-posedness) [12, Theorem3.2] Let T : Vp — Vp be the mapping defined by
(T (vy), w,] = a(v;l“, wy) + s(v,, wp), (1.71)

forallv,, w;, € Vp. If the non-dimensional parameter a is chosen such that a > C, then T is continuous

equiv’
and strongly monotone. Specifically, T satisfies the following monotonicity condition: there exists a constant

p > 0, independent of h, such that
[T(p) = T(wy), vy = wp] 2 Bllvy — wyllZ, (1.72)

forall v, w, € Vp. Consequently, (1.64) has a unique solution u;, € Vp.
The following result shows that the stabilised methods (1.40) is consistent with the original problem.

Lemma 1.6.24. (Consistency) [12, Lemma 3.3] Under Assumption (Al), the method (1.63) enjoys the fol-

+=

lowing invariance property: if the exact solution belongs to Vp, then u,

uh=u.
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Theorem 1.6.25. (Well-posedness) [12, Theorem 3.5] Under Assumption (Al), the stabilised method (1.63)

admits a unique solution.

One of the primary features of the method (1.63) is that uZ is characterised as the unique solution of a

variational inequality posed on the convex set V;’ . This is formalised in the following theorem.

Theorem 1.6.26. (Characterisation of the constrained part) [12, Theorem 3.5] Let ”Z € V;’ be the unique

solution of (1.63). Then, ”Z satisfies the following variational inequality:

a(uz, v;rl - uZ) + s(uz, U;’l - u;rl) >(f, U;Zr — u;rl), VUZ S V;’. (1.73)

Remark 1.6.27. By Stampacchia’s Theorem, equation (1.73) can be directly used to prove the uniqueness
of the solution of (1.63). This shows that the stabilised method (1.63) and the variational inequality (1.73)

are, in fact, equivalent.

The formulation of this method as a variational inequality allows us to establish optimal approximation

error estimates using a standard approach.

Theorem 1.6.28 (Abstract error analysis). Let u be the solution of (1.51) and let u, € Vp be the unique
solution of (1.63). Then, we have

—_ytll = 3 _
=3l = min, = 03l (1.74)
P

Moreover, let uZEM be the solution of the standard finite element Galerkin method: find uI;EM € Vp such that
FEM
a(u, 5 0p) = ([, vp)as Vu, € Vp,

then, the negative part u, satisfies the following error estimate:

- 1 Cequiv . FEM
s )% <\ 2 i { = s N = 1} (1.75)

Proof. See the proof of [12, Theorem 3.7 ]. O

Remark 1.6.29. These results can be interpret in two ways. First, the complementary part u, implies con-
vergence to zero that is at least as rapid as the convergence of u;: to the exact solution u. Furthermore, the

bound (1.75) implies that under certain conditions, this convergence rate can substantially exceed that of
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“Z' For piecewise linear finite element approximations, when the mesh satisfies the conditions for the plain
Galerkin method (as detailed in [26]), we obtain ul;:EM (S V; . This condition ensures that u n = uEEM coin-
cides with the solution of the Galerkin method. Thus, thanks to (1.75), for certain meshes, and their regular
refinements, we have that u, = 0.

The best approximation result (1.74) shows that no better finite element function satisfying with bound-

preserving nodal values in the energy norm. Thus, (1.74) is the counterpart of the classical best approxima-

tion result for the solution uiEM of the Galerkin method

FEM .
”u_uh ”a = Unelfl‘/ ”Ll— Uh”a' (176)
h="p

Implementation

To implement the finite element method (1.63), we use the following Richardson-like iterative approxima-

tion: Given u® and w € (0, 1], foreach n = 0, 1, ... find u"*! such that
a(u;“, v,) = a},v,)+ o ({(f,v,)q—al@})*,v,) — s(W})",vp)) Yu, € Vp. (1.77)

We initialise the finite element approximation of (1.63) by the Galerkin approximation, that is we set
u?l € Vp such that, for all v, € Vp

a),v,) = (f,0,)qg- (1.78)

In the experiments we used @ = 1 within the stabilisation. The linear systems arising in (1.77) are solved

using an LU decomposition within the Eigen library. The linearisation was terminated when ””ZH =i lloq <

10712,

Remark 1.6.30. (Discrete linear system) Let {¢;} jvz | be the nodal basis of Vp, and write ”Z = Zfi WUl

with coefficient vector U" = (U,.”)i]i | € RN. Defining the load vector and matrices
bj = (f’¢j>g, (A)j,i = a(¢i’¢j)’ (S)j,i ‘= S(¢i9¢j),
the iteration (2.48) yields the linear system
AU™ = AU+ w(b— AU —SU™), (1.79)

where the vectors U+ U™~ € RN correspond to the constrained and complementary parts of U", are
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respectively

(U™*); = max{0,min{U", k}}, u"), =U0"—-U""),.

Thus each iteration consists of forming the right-hand side in (1.77) and solving a linear system with the fixed
matrix A. Note that S is diagonal and cheap to apply, while A is sparse and typically symmetric positive

definite.

When Dirichlet boundary conditions are imposed, the iteration (1.79) is carried out only on the free
nodes, i.e. those not fixed by the boundary data. In practice this means that the system is assembled in the
full space, boundary values are prescribed directly on the corresponding entries of U”", and the reduced
linear system for the free degrees of freedom is solved at each iteration. Thus, the iteration updates only the

unknown interior (or Neumann) nodes, while the boundary nodes remain fixed throughout.

The choice of the damping parameter @ € (0, 1] affects convergence. From a fixed-point perspective, the
iteration can be written

U™ =U"+ 0A™ (b— AU - SU™").

Using Clarke’s generalised derivative (see [108, 114]) for the nonsmooth maps U = Ut and U — U,

leads to the Jacobian

J~I-w(D"+A7'SD7),

where D% is a diagonal selection matrix encoding the active set and D~ = I — D*. For a discrete vector
U= ,-)fi , € RN corresponding to the nodal values of uy, the active set is defined as the collection of

nodes where the bound constraints are active, i.e.,
A(U) :={ie{1,...,N} L U, <0 or U,.>;<}.

The complement,

FU) :={1,..., N} \ AU),

is called the free set, corresponding to nodes for which the bound constraints are not active (0 < U; < k).
At nodes in A(U) the values are clipped to the admissible interval [0, k1, while the iteration proceeds only
on the free set.

Convergence is guaranteed if the spectral radius of J is strictly less than one, which in practice requires
w to be sufficiently small. Since DY varies with the iterate, a universal analytic bound for w is not available.

In practice, we choose @ experimentally.
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Example 2. (Resolution of boundary layers) [12, Example 5.3] Consider the problem

—eAu+u=1inQ,
(1.80)

u=0o0noQ.

We fix h = 0.02 on a criss-cross and vary € € [1072,107"). For particularly small e the Richardson iteration

required dampening for convergence. With € > 107>, we use @ = 1 and convergence was achieved within

4 iterations. When e < 107, @ = % is sufficient for convergence with fewer than 46 iterations in each case.

The most challenging case being the smallest value of e. Computed solutions for different values of € are

shown in Figure 1.5.

(d)e=1073. (e) e =107°, ) e=10"".

Figure 1.5: Elevations of the approximation to (1.80) for fixed /4 and different values of e. We notice the
absence of oscillations even for particularly small values of e.

In the next chapter, we extend the bound-preserving method proposed in this section to convection—
diffusion problems. Analogously to this section, the set of admissible finite element functions, denoted Vp+ ,
is defined as the set of functions satisfying global bounds at their degrees of freedom (e.g., nodal values
for Lagrangian elements). Similar to what we have done in this section, an algebraic projection onto this

admissible set is introduced, and the finite element problem is written for the projected object, u;. This
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projection introduces a kernel, so a stabilising term is added to avoid singularity, allowing the method to
avoid the use of Lagrange multipliers. In the case of linear reaction-diffusion equations, the projection u;: is
the orthogonal projection onto V; (see Theorem 1.6.28), but this property is lost for more complex problems
such as convection-diffusion problems and those with nonlinear reactions, as in [12]. Although the main
ideas are similar, the methodology introduces several important differences. Instead of starting with the
plain Galerkin method, we start with a stabilised finite element method. The stabilisation form is defined in
a way that controls the convective term. Adding the stabilisation term reduces the local oscillations that may
still occur. In addition, numerical experiments show that adding linear stabilisation significantly improves
the performance of the nonlinear solver.

In Chapter 3, we extend this methodology to time-dependent convection—diffusion equations. At each
time step, the approach follows the same ideas as in Chapter 2, adapted to the time-dependent problem.

Finally, in Chapter 4, we extend the bound-preserving finite element method to polytopic meshes using
the discontinuous Galerkin method. In these meshes, the degrees of freedom do not depend on the number of
vertices, edges, or faces in each element. That is, the degrees of freedom are not tied to physical points, and
the basis functions are defined over the whole domain. To enforce the bound-preserving constraints, we use
a sub-triangulation approach, applying the constraints at each degree of freedom within the sub-triangulated

mesh.
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Chapter 2

A nodally bound-preserving finite element

method for convection-diffusion equations

2.1 Introduction

The aim of this chapter is to discuss the recent work [4], which extends the bound-preserving method pro-
posed in section (1.6.5) to the convection-diffusion equation. Although the driving principles are similar,
this work introduces several significant differences, because it does not start with the plain Galerkin scheme,
but instead a stabilised finite element method. Using this stabilised method serves two purposes: first, in
regions where the constraint is inactive, local oscillations may still occur, and linear stabilisation helps to
reduce this; second, numerical experiments indicate that adding linear stabilisation to uZ significantly im-
proves the performance of the nonlinear solver. The stabilisation form is defined in a way which controls
the convective term. In fact the stabilisation penalises jumps of the convective derivative across element
interfaces. This suppresses spurious oscillations in convection-dominated regimes and makes the discrete
operator more coercive. As a result, the linear solver (like Richardson iteration) or a nonlinear solver (where
the Jacobian appears) better conditioned, which improves robustness and convergence of the nonlinear solver.
Also, the analysis differs substantially from that of (1.63). The well-posedness analysis is different, as the

discretisation is no longer driven by a monotone operator. Additionally, due to the non-symmetric nature of

+

, is no longer the orthogonal projection of u onto V1, so the error analysis follows

the problem, the solution u
a different path. Much of the material in this chapter is based on Ref. [4].
The remainder of this chapter is organised as follows: In Section 2.2, we introduce the model problem,

and the preliminary material for the setup of the method, including the choice of linearly stabilised methods.
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Section 2.3 presents the finite element method and proves its well-posedness. The error analysis is conducted
in Section 2.4, and in Section 2.5, we evaluate the performance of the method through numerical experiments,

comparing it to existing alternatives.

2.2 The Model Problem

As in section (1.6.5), let Q be an open bounded Lipschitz domain in R (d = 2, 3) with a polyhedral boundary
0Q. Given a source function f € H~'(Q), we consider the following reaction-convection-diffusion problem

as a special case of the elliptic equation (1.2):

—diviDVu)+ B-Vu+puu =f inQ,
u =0 onodQ,

2.1)

where D = (d; j)?j=1 € L®(Q)? is the diffusion tensor, B = (ﬂi);il € L=(Q)? denotes the convective
field, and u € R is the reaction coefficient. Additionally, we assume that div # = 0 and that D is symmetric
and uniformly strictly positive definite in €2 (in this case positive definiteness and the definition of ellipticity

(1.3) are equivalent).

Remark 2.2.1. We use the assumption div B = 0 to simplify the analysis. The results would remain valid
under the standard weaker condition u — div /2 > 0. Furthermore, the analysis also applies when u €

L*(Q) is a strictly positive function in Q.

The weak formulation of the problem (2.1) is to findu € H é (€2) such that:
a(u,v) = (f,v)q Vv e H)(Q), (2.2)
where the bilinear form a(-, -) is given by:
a(w,v) 1= (DVw, Vo)g + (B - Vw, v)q + (nw,v)q Vv, w € Hy(SQ). (2.3)
This bilinear form induces the following energy norm on H é (Q):

lloll, = Va(v,v).

By the Lax-Milgram Lemma 1.2.3, the weak formulation (2.2) is well-posed.
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In line with the discussion in the introduction, our goal is to develop discrete solutions that respects the
bounds of the weak solution of (2.2). Thus, similar to Assumption (A1) for the solution of the weak form
(2.2), we apply the same assumption to the solution of (2.2), namely, we assume that 0 < u(x) < k for almost
every x € Q.

This assumption is a re-statement of a consequence of the maximum principle Theorem 1.5.4 for elliptic
PDEs. The lower bound in (1.57) for the solution of (2.2) again is not necessarily zero, but is chosen as
such for simplicity. The same results hold if x is replaced by a non-negative continuous function x(x). In
some cases, sharp bounds for xk can be derived. For example, maximum and comparison principles (see,

e.g., Corollary 1.5.3) provide the following bounds: for almost all x € €2, the solution u of (2.2) satisfies

_ ”f”O,oo,Q <u(x) < ”f“O,oo,Q ‘ 2.4)
H H
Moreover, if f > 0 in €, the lower bound can be sharpened to:
/10,00
0 < u(x) < ——=2 2.5)

1/ llo,c0.0

for almost all x € Q. Therefore, a reasonable estimate for x is , which we use in our numerical

experiments.

Remark 2.2.2. While the results that follow can, in theory, be extended to more general quadrilateral meshes,
doing so would necessitate additional technical work to establish norm equivalences, which are standard for
mapped elements. To maintain the focus on bound-preservation properties, we limit the discussion to affine

simplices and quadrilateral/hexahedral meshes.

2.2.1 The finite element space

To discretise the problem (2.2), we employ the conforming, shape-regular (see the definition 1.6.3), and
quasi-uniform partition (see the definition 1.6.4) of the domain € into closed simplices or affine quadrilat-
eral/hexahedral elements, denoted by P, which has been defined in (1.15). Furthermore, we use the notations

introduced in Section (1.6).

Remark 2.2.3. The shape-regularity of the mesh is essential, since we need local inverse and trace inequal-
ities in the subsequent proofs. Moreover, as global inverse inequalities are also employed, quasi-uniformity

on the mesh is required throughout the analysis.
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2.2.2 The algebraic projection onto the admissible set

With Assumption (A1) in mind, we again use the subset of finite element functions (1.58) which satisfy in
bound given by (1.57) at the degrees of freedom. Each element v, € V) can be decomposed into the sum
vy = v) + v;, where v} and v, are defined in (1.59) and (1.60). We refer to v} and v; as the constrained
and complementary components of v, respectively. So, by this decomposition, we can use the algebraic
projection defined in (1.61). Also, similar to the Remark (1.6.19), in the case that k is not a constant the

constrained component (1.58) is modified as(1.62).

The following results regarding this projection (1.61) will be used frequently in our analysis.

Lemma 2.2.4. (see [4, Lemma 2.1]) Let the operator ()" be defined as in (1.61). There exists a constant

C > 0, independent of h, such that

lwy = villy g < Cllwy, = vplloas (2.6)

v} lloq < Cx, (2.7)

fOr all wh, Uh (S Vp.

Proof. In this proof, we omit the subscript A to simplify the notation. Let w,v € V,. First, note that if
w(x;) < v(x;), then v*(x;) — w*(x;) < v(x;) — w(x;), and when v(x;) < w(x;), we have w*(x;) — v*(x;) <
—(v(x;) — w(x;)). Therefore,

|U+(xi) - w+(xi)| < |U(xi) - w(x,-)l.

Using (1.21), we then obtain

2 2

lo* —w* g < C ot —whl;
N

=C ) bx)! vt (x) —wh(x)?

i=1
N

< C Y Hx) Jox) — wx I
i=1

2
< C”U - w”O,Q’

which concludes the proof. 0
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2.2.3 A Linear Stabilisation Method

In this section, we incorporate a linear stabilisation term to reduce the oscillations caused by dominant con-
vection. The stabilisation technique used here is based on the Continuous Interior Penalty (CIP) method,
originally proposed in [35], and involves augmenting the Galerkin scheme with the following stabilising

term penalty term
- 2
Jupo) =1 Y / 1Bllg o, h2 V] - [Voy] s 28)
Fer, ’ F

where y > 0 is a non-dimensional constant, or alternatively we can use the upwind gradient jumps rather

than the normal gradient (2.8), given by

Y
Jupo) =71 Y, Amhgﬂp-wh]}ﬂﬁ-whﬂ ds, 2.9)

FeF,
where Yg = 0 is a non-dimensional constant.

Remark 2.2.5. We use the CIP stabilisation to control oscillations that appear in convection-dominated
problems. The CIP term penalises jumps of the gradient across element interfaces, which reduces spurious
oscillations while keeping the method consistent. It also allows us to work with continuous finite element
spaces, avoiding the extra cost of discontinuous Galerkin methods.

Other stabilisation techniques (such as SUPG, local projection, or DG-type stabilisations) could also be
applied. However, CIP is chosen here because it is simple to implement, works naturally with continuous

elements, and provides stability without increasing the number of degrees of freedom.

Remark 2.2.6. A sufficiently large value of y in (2.8)—(2.9) enhances the control of interelement gradient
jumps and thereby improves stability in convection-dominated regimes. However, excessively large values
may lead to over-diffusion, smearing layers and reducing the accuracy of the approximation. On the other
hand, if y is too small, the stabilisation becomes ineffective and spurious oscillations may persist in the
numerical solution.

In practice, there is no general rule for choosing of y, and its optimal value may depend on the mesh, the
problem parameters, and the presence of sharp layers. We select y experimentally in our numerical tests. In
particular, we observe that moderate values of y are sufficient to suppress oscillations while still resolving

sharp layers accurately, whereas too small or too large values deteriorate the quality of the solution.

45



Chapter 2. A nodally bound-preserving finite element method for convection-diffusion equations

So by either (2.8) or (2.9), the CIP stabilisation method can then be formulated as follows: find u;, € Vp

such that

aJ(uh, Uh) = a(uh, Uh) + J(uh, Uh) = <f, Uh).Q th c Vp . (210)

The bilinear form a;(:, -) induces the following norm on Vp:

=
NI—

1 1
loalls 2= a0 0> = (ID2 VORI g + 12043 + I (0 0) ) 2.11)

The following lemma will be instrumental in the error analysis.

Lemma 2.2.7. (see [4, Lemma 2.2]) There exists a constant C > 0 independent of h and other physical

parameters such that for any v, € Vp, the penalty term (2.8) satisfies the following upper bound

v 2

_ Y Wi (B8-Vo, — (B -V
Bloma I (P Von=(B-Vow)

< CI (v, vp). 2.12)
0,Q

Moreover, above bound for all v,, w;, € Vp satisfies the following bounds:

J Uy, wy) < Crhl|Bllo,coalvnlialwsli g (2.13)
3 3
J (v, wy) < Cy ( > h,;1||ﬁ||o,oo,K||vh||§,K> <Z h;llﬂllo,oo,K||wh||§,K> : (2.14)
Kep Kep

where the constant C > 0 in these bounds, independent of h and other physical parameters.

Proof. The inequality (2.12) follows directly from Lemma 5 in [35]. To prove (2.13), we apply the Cauchy-

Schwarz inequality, the local trace inequality (1.27)

J(vp, wp) = Z /F7’||ﬁ||0,oo,Fh%[[VUh]] [Vw,] ds

FEeF,

IA

1 1
2 2
<2 y||ﬂ||o,co,Fh2F||[thﬂ||3,F> <2 ynﬁno,oo,Fh%n[[th]]ngf)

FEF, FEF,;

NI—

1
2
<Cy < > ||ﬁ||o,oo,Kh§<anh|K||3,0K) ( > ||ﬂ||o,oo,Kh%<||th|K||§ﬁK>

KeP KepP
1 1
2 2
2 2
<Cr( X hxllBllowoxlVorlZ e | (D AliBlloeox IVwslly )
Kep KepP

which proves (2.13). The proof of (2.14) follows from the last inequality and the application of the inverse
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inequality (1.26). O

Remark 2.2.8. Although all proofs presented here are based on the formulation in (2.8), they hold for the
alternative stabilisation term in (2.9). The proofs only rely on J(-,-) being a symmetric, consistent, and
coercive stabilisation that penalises gradient jumps. Both forms satisfy these properties: in (2.8) we control
the full gradient, and in (2.9) we control the directional derivative along B. Since the two terms are equivalent
up to constants, all arguments in the well-posedness and error analysis go through unchanged.

Also, CIP stabilisation is chosen for its simplicity, it is worth noting that the results proven in this thesis
are equally valid for other linear stabilisation methods, such as streamline upwind Petrov-Galerkin (SUPG)
[28], local projection stabilisation [87] or subgrid viscosity [67]. Numerical experiments confirm that the

linear stabilisation term significantly improves the performance of the nonlinear solver.

2.3 The finite element method
The bound-preserving finite element method proposed in [4] reads as follows: find u;, € V} such that
ap(up; vy) = (f+ Vp)as Vo, € Vp, (2.15)
where the nonlinear form a,(-; -) is defined by
ay(up;vy) 2= a; @y, vp) + s(uy,, vy). (2.16)

Here, a, (-, -) refers to the bilinear form defined in (2.10), and the functions ”Z and u, are defined in (1.59)

and (1.60), respectively. The bilinear form s(-, -) is introduced to control the complementary component u,

and is given by

z

50 03) = @ Y (D00, DD + 1Bl 00 BN~ + 16" ) 0306005 (), 2.17)

i=1

where a > 0 is a non-dimensional constant and f(x;) is the function which has been defined by (1.17). The

stabilising form s(-, -) induces the following norm in V5:

loplls = Vs(vy, vp). (2.18)

The following result, derived from (1.20), demonstrates that the stabilising bilinear form s(-, -) controls
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u, , specifically the kernel of the projection ().

Lemma 2.3.1. (see [4, Lemma 3.1]) There exists a constant Cequiv > 0, depending only on the shape regu-

larity of P, such that

equiv

lolls < logll>, Yo, € Vp, 2.19)

a

where || - ||, is the norm defined in (2.11).

Proof. By using the inverse inequality (1.26), (1.20), and the regularity of the mesh, we have

N
1 1 _
ID2 Vol g+ 142 04l13 g < € % (IDllggo B 4+ 1 Bx)! ) 005, (2.20)
i=1
Moreover, applying (2.14) and (1.20), we get

T 0) £Cr D) BMIBllg ok 10Al12 ¢
KepP

<Cr Y hhlBllowr D, va(x)?

KeP irx,eK

N
< Cr ) 1Bllo cow, 5" 006
i=1

Combining these bounds yields (2.19) with Cg;, = (1 +y)C. O

Remark 2.3.2. The result of Lemma 2.3.1 justifies the scaling factors chosen in the definition of s(.,-).
Additionally, the formula (2.17) differs from the one typically used for the finite element method (1.64) by the

Y=L, which plays a crucial role in proving (2.19). This term is essential to

inclusion of the term || B||¢ oo . H(X;
ensuring the well-posedness of the problem and improving the error analysis. Furthermore, in our numerical
experiments, this term enhances the performance of the nonlinear solver. Note that the monotonicity result

which can been proved similar to the Lemma 1.6.22.

2.3.1 Well-posedness

In this section, we analyse the existence and uniqueness of solutions for the discrete problem (2.16). To this
end, we assume that the stabilisation term (2.17) satisfies the monotonicity conditions given in (1.69) and
(1.70). These conditions are crucial for proving the well-posedness and establish the error analysis. The

proofs of (1.69) and (1.70) for (2.17) are identical to the proof of Lemma 1.6.22 (see [12, Lemma 3.1]).
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Despite the monotonicity of s(-, -), the discrete problem (2.15) is not driven by a monotone nonlinear
mapping. Therefore, the well-posedness of (2.16) requires different techniques than those applied for the
finite element method (1.64). We first establish the existence of a solution using Brouwer’s fixed-point
theorem 1.2.4. Uniqueness is then proved by relating any solution uZ of (2.15) to a corresponding variational

inequality.

Theorem 2.3.3. [4, Theorem 3.1] Suppose that « > C,

equiv*

Then, there exists u,, € Vp that solves (2.15).

Proof. First, we define the bilinear form
ay(o,, wy) = (DVUh, th)g + u(vy, Wy + J(vy, wy), Vo, wy, € Vp,
and the mapping
T :Vp—Vp, u,+— u,=T(u,),
where u;, = T (ii,) satisfies the equation
ay(uy,vp) + sy, vy) = (f,05)q = (B- Vi), v,)q, Vv, € Vp. (2.21)

A function uy, solves (2.15) if and only if T'(u,) = u,. Therefore, to prove the existence of a solution, it is
sufficient to show that T satisfies the conditions of Brouwer’s fixed-point theorem 1.2.4.

1) T is well-defined: To show this, note that (2.21) is a particular instance of the finite element method

(1.64). By applying 1.6.23, there exists a unique solution u, € V} for (2.21), confirming that T is well-
defined.

ii) T is continuous: Given that « is assumed sufficiently large, we apply the monotonicity result from

Theorem 1.6.23, which gives that for all v, w;, € Vp,
4, (V) = Wy, v = W) + 5, = wy, v, = wy) 2 Cllo, = wyll;
ay Uh wh,Uh wy S U/’l wh,Uh Wwy) 2 Uy Wil

where C > 0 is independent of A.

Next, for D), 0, € Vp, let v, = T(0,) and w, = T(w,). By integration by parts, applying Holder’s
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inequality, Lemma 2.2.4, and (2.19), we derive

Cllv, — whlli < ay(vy —wy, vy — wp) + sV, — Wy, v, — wp)
=—(B- V@ = &), v, —wy)g
= (ﬁz - @Z7ﬂ V(v —wy)g
< CliBllocoollon = Dylloglvn — whlig

1 1
< CllBllo,collty, = whlloolD 2 llg.e0.ollD2V(v, —wplloo

1Bllocos
<C l_“Uh—wh“o,sz”Uh—wh”h-
2
do
Therefore,
IT @) — T(@p)ll, £ C————II0) — Wyllp.q-
dE
0

which shows that T is Lipschitz continuous.

iii) There exists R > 0, such that T(B(0, R)) C B(0, R): Let z;, € V), be arbitrary and z;, = T'(Z,,). By using

v, = z; in (2.21), and applying Cauchy-Schwarz and Holder’s inequalities, and (2.7), we obtain
» = 2, in (2.21), and applying Cauchy-Sch d Holder’s i liti d(2.7) btai

ay(zy,zp) +s(z,.20) = (f. z5)a = (B VZ. 2))q
—_——
>0

< 1/ loallzllog + G} B+ VZg

1 -3
< Cliflloar 2zl + 1BllowallZ) lload, *llz; 1,

<C

Iflloa  N1Bllocok | 4
+ 1 1z, -

1
2 2
H d,

Thus, Z; satisfies

I/ o N1Bllo,c0.0K
— +

+
Izl < €= :
2 2
H do

(2.22)
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Next, taking v, = z, in (2.21), integrating by parts, and using Holder’s inequality, we obtain

5.7(2;’ ZZ) + S(Z;, Z;) = <f’ Z;)Q - (ﬁ . V/Z\Z, Z;)Q

< flloallz;llog + 12} loallBllo.coalZ, 10

Using (2.7), we further derive

ay(zy, z;) +5(z;,2;) < C (I logllz; llog + €l1Bllo.calzy1.0)

Iflloe  UBllowo
+ K

<c|—
u? d

1z, 1l -

O oI

Applying (2.19) and Young’s inequality, we have

I/ 1lo.g 1Bll0,00.0 s(z,,z;)
— tK +

ay(z;,z;) +s(z,,2,) £ C >

1 1
g d;
M N s(z,, z;)
2 2

Using Young’s and Cauchy-Schwarz’s inequalities for @ J(z;, z), and (2.22), we get

—8d,(z;,.,2;) + 8(z;,2;) < M + C57'a(z}, 2}

f 1Bllo,co.0
< M+ 5! I ||o,§z+| 0,000

bl

1 1
2 2
U d;
for any 6 > 0. Choosing 6 small enough, and using Lemma 2.3.1, we get

Iz, NI, < C (=6a,(z},,2;) + s(z},, 2;)) < Co(f, 1. D, B. x),

where
1Moo NBllo.cak
" +

C(f,u,D,B,x)=M+C -
u2 q’
0
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Hence, z,, = T(z,,) satisfies the following (uniform) bound

||f||0,§z ||ﬁ||0,oo,§2K
1 + 1

Izalln < lz5lln + Nzl < C + G (f.u. D, B, x)

e d;
=: R.
Thus, z, = T(Z,) € B(0, R) for every Z,, € Vp, which shows that T(B(0, R)) C B(0, R).

Therefore, using Brouwer’s fixed point theorem 1.2.4, there exists u, € Vp such that T'(u;,) = u;,. In

other words, problem (2.15) has at least one solution. ]

The previous result, while establishing the existence of solutions, does not guarantee their uniqueness.
To address this gap, the next two results will not only establish uniqueness but also provide a useful charac-

terisation of ”Z'

Lemma 2.3.4. [4, Lemma 3.3] Let u;, € Vp, be a solution to (2.15). Then, uZ € V; satisfies the following

variational inequality

aJ(uZ, vy, — uZ) >(f,u, — u;;)g Vv, € V;’, (2.23)
where a; (-, -) is as defined in (2.10). Additionally, u, is uniquely determined as the solution to:

s(u,,vp) = (f.vp)q — aJ(uZ, vp) Vo, € Vp. (2.24)
Proof. We begin by setting v, € V;r and then v, = uZ in equation (2.15) as the test function. This yields

ay(uy,vy) + sy, vy) = (f, p)a

ay(uy,ul) + s(uy,up) = (f,u})g.
Subtracting the second equation from the first, we obtain

ay W), v, —uf) + sy, v, —uy) = (f, v, — g, Vo, €V,

+

Using Lemma 1.6.22 and equation (1.70), we conclude that u

€ V; satisfies the variational inequality

(2.23). Furthermore, since s(-, -) is an elliptic bilinear form on V5, the uniqueness of u, follows directly, and
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this completing the proof. O

This lemma provides an insight on decomposing the solution u;, into two successive problems, (2.23)

and (2.24). This decomposition characterises any solution of (2.15).
Corollary 2.3.5. [4, Corollary 3.1] The problem (2.15) has a unique solution.

Proof. Suppose u;,u, € Vp are two solutions to (2.15). Then, uT and u;’ satisfy the variational inequality

+ oyt

| A Given this,

(2.23). By Stampacchia’s Theorem 1.2.5, the solution to this problem is unique, hence u
equation (2.24) holds for both u}" and ;. Since the right-hand side of both equations is identical, and s(-, -)

is an elliptic bilinear form, we conclude that u] = u;. Thus, u; = u| +u] = u] +u; = u,. O

Remark 2.3.6. [4, Remark 3.2] We close this section by noting that the complementary part u, of uj, has a

local support. Specifically, observe that:

y +u)" = +u, —u)t =u.

This implies that u, (x;) # 0 if and only ifuZ(xl-) =K or uZ(x,-) = 0. Hence, the support of u, is restricted

to regions where ut = 0 or ul = k, meaning that u, has a local support in regions where the constraint in

h h

definition of V3 is active.

2.4 Error analysis

This section is devoted to the error analysis of the method presented in (2.15). The primary aim here is to
ensure that the discrete solution respects the bounds imposed by the continuous problem. Therefore, the

error estimates will be proven for the constrained component, ”Z'

Theorem 2.4.1. [4, Theorem 4.1] Let u € H**'(Q) n HS (Q) be the solution of (2.1), and u,, € Vp the

solution of (2.15). Then, there exists a constant C > 0, independent of D, u, f, and h, such that

s _1 Lo !
llu—ufll, < Ch* <||D||§,m,Q + 4 2 1Bllococ + M21IBIG o + huz) [ulr1.0- (2.25)
Proof. As usual, we decompose the error u — u;; as follows
u—uy = @—zW)+@W) —u)=:n,+ey, (2.26)
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where 7 is the L?(Q)-orthogonal projection defined in (1.24).
The bound for 7, is a direct consequence of (1.25) and (2.13). Indeed, using the Cauchy-Schwarz and

Young inequalities, we obtain

||’1h||i = a;(np, ny) = (DVny, Vi) + u(p, npdg + J (M, 1)
< € (IDlomalmal? g + llnal g + AllBllocalall )

< Ch* (IIDllg.o.0 + Al Bllg.o.ca + 1*1) luliy o
To bound ||e,,||,, we use the ellipticity of a; (-, -) to get
||eh||%l =—a,(ny,ep) +a,u— ”Z’ w(u) — uZ) =:I+1L (2.27)
We first decompose I as follows

I=(DVn,, Vepq + (B - Vg, ep)q + ulp. ep)q + J (. ep) =: (@) + (b) +(0) + (d), (2.28)

Each term in (2.28) is bounded separately. Using Cauchy-Schwarz inequality and (1.25), we have

1 1 P

@ < IDIG o, o1 12IID2Veylloq < CRUIDIG o luliriallenlls - (2.29)

For (b), integrating by parts, using the orthogonality of z, and Lemma 2.2.7, we get

(b) = (x(w) —u, B - Vep)g

= (7(w) —u, p- Ve, — (B - Vey)),,

(2.30)
< lmpllogllB - Ve, — (B - Vep)lloa
1 1
< Ch**z 111§ oo a4l kr1.02 llenlls -
Similarly, for (c), we have
1 1 1
©) < u2llnplloglinzellon < Ch lulisrgllenlly - (2.31)

Finally, for (d), since J (-, -) is semi-positive definite, applying Cauchy-Schwarz inequality and using Lemma 2.2.7
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along with (1.25), we obtain

1 1
(d) < J(1p>11)2 J (e )2

" i (2.32)
< Ch™"2 18119 oo |l k1.0 llenlls -
Substituting the bounds from (2.29), (2.30), (2.31), and (2.32) into (2.28), we get
X 1 1 1 1
1<Ch <||D||g,m,,g2 +REBI o + huz) ulirrllenls - (2.33)

To bound the term II, we first recall that (z (1))~ = 7(u) — (x(u))*, which gives us

0 =a;—u;,e,)=a;u—u, (@) —uy)+a;u—uy,(@w)).

+

Due to the regularity of u, we have J (u, (z(u))* — uZ) = 0. Thus, since uy

solves the variational problem

(2.23), we obtain

ay—ul, (@)™ —uf) = a; ()" —ul) —a;uy, (@7W)* - u})

= (f. (@) —u})g = a; @}, (xw)* —u}) <0.
Therefore,
O=a;u- uZ, ep) <ayu-— u;:, (m(w)™).

The term on the right-hand side is essentially a consistency error and requires special treatment. Let i, be
the Lagrange interpolation operator defined in (1.22). Since u(x) € [0, k] almost everywhere in , we have

i,(u) € V}, implying that (i,,(u))~ = 0. Thus,

ayu—uy, (z@)7) = a;W—uy, (@w)~ = (i,w)").
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Using the definition of a, (-, -), we now bound II

0 < ay(u—uy, (@)™ = (i,w)")

= (DY —u}), V(@)™ = (i) 7)) o + (B - VU = ul), (x@) ™ = (i@) g

(2.34)
+ uu —uy, (W)™ = (W) g + J (u — ), (W)™ = (iyw)7)
= (e) + (f) + (8) + (h).
We begin bounding the term (e) using the Cauchy-Schwarz inequality
© <D D7V — )l ol (r@)™ = (@) |1
o (2.35)

: L e
< ChDI; , QID2 V@ = w0l (2@)™ = (@) g,
where we have applied an inverse inequality. Since (-)~ is Lipschitz continuous (see Lemma 2.2.4), we can
further bound (e) as
1 : :
(e) < Ch™|IDllg o, oID2 V(@ — ullgollz@) — i Wlloq

1
o
< CHEIDI  olulir alle = w1,

using the approximation properties of i, and x (see (1.23) and (1.25)).

Next, for term (f), we integrate by parts
() =—(u—ul, p-V((xw)™ = (rw))),
< Bllo.collu = uj llgol(x@)™ - (UA) P

by the Cauchy-Schwarz inequality. Using an inverse estimate, we get

(£) < Ch7MIBllo o allu = Uy lloll (@)™ = (@) lloa (2.36)

1
k —
< Ch¥[|Bllo .o 172 lul s llu = u Il »

again using the Lipschitz continuiuty of ()~ and the approximation properties for i, and z. Now (g) is

controlled in the same way using the Cauchy-Schwarz inequality

(g) < ﬂ% “ﬂ%(u — u;)”o’g”(ﬂ'(u))_ - (ih(u))_llo,Q (237)

1
K+l 2
< Ch** M2|”|k+1,g||U—uZ||h,
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and by Lipschitz continuiuty of (-)~ and the approximation properties for i, and z. Finally for (h) Cauchy-

Schwarz implies
() < T —ut,u— w3 T (2 @) = (@), (Z@)™ = (iy@)7)3
< CIBIIE o 17 1r@)™ = ()|, g I = i u = i),

where we used Lemma 2.2.7. Now by an inverse inequality

() < CIBIZ o h 2 NG = @) Nl g (e = u = u)? (2.38)

1
K+ 3
<Ch™: ”ﬁ”é’oovglulk+l,9”u —u |l

through the approximability of i, and # and the Lipschitz continuiuty of (-)~.
Combining the bounds from (2.35), (2.36), (2.37), and (2.38), we obtain the following estimate for II

D=

1 1 1 1
I < Cht <||D||5,00,Q F 0 1 Bllosoq + R IBIZ g + hu ) =l (239)

Substituting (2.33) and (2.39) into (2.27) and applying Young’s inequality, we derive the following bound

for |leyll,
2 2% 3 Loos -1 N2 1 2, 1 112
llenll; < Ch (||D||0’OO’Q +h2|Bllg g+ # 2 lBlloog + hu?) lulip ot §||eh||h + gllu —uy |l

Finally, collecting the bounds that have been obtained for ||e, ||, and ||#,||, gives

llu = uylly < lleplly + llmpll,

] _1 1 1 1 1
< Cht <||D||§,m,Q + 41 2 1Blloco + 2 IIﬁllém’Q + huz) [ul 1.0+ Ellu - u;;llh ,

and by rearranging terms (2.25) follows. 0
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2.4.1 The extension to problems with non-homogeneous boundary conditions

In this section, we extend the method for non-homogeneous Dirichlet conditions. Let us consider the fol-

lowing modified version of (2.1)

—div(DVu)+ B -Vu+ puu = in Q,
( )+ B H f (2.40)

u =g ondQ,

1
where g € H2(0Q), with g > 0 on 0Q. By using the definition of « and applying the maximum principle
1.5.4 and comparison principles 1.5.3, we have k > ||gl, .- For simplicity, we assume that g is the trace
of a function belongs to I7p (which has been defined in (1.14)).

Next, we define the set of nodes of the triangulation, including boundary nodes, as x_, ..., x P with the

1°

interior nodes being denoted as x,, ..., x,,, where N < P. We now introduce an extension of g into the

domain €2 by defining u, ¢ € I7p as follows

glx,) ifie{N+1,...,P},
uh7g(xl.) = (2.41)
0 else.

With this extension, the formulation analogous to (2.15) for the non-homogeneous boundary case is: Find

ii, €V, such that
a, (@, +u, )" v,) +5(@, +u,)7v,) =(fv)g Y, €V, (2.42)

The choice of u hg S the extension of g is motivated by the fact that, at each node of P, either & R OT U,

is zero. This ensures that the following property holds
(i, + uh’g)+ =i + Upy g s (2.43)
which leads to (@ ptu h7g)‘ =i, Therefore, (2.42) can be rewritten as: Find i »€Vp such that
a,(@y,v,) +s(@y,v,) = (fr0,)g —a, (u,0,) Yo, €Vp. (2.44)

Now, the proof of Theorem 2.3.3 remains valid, confirming the existence of a solution for (2.44). For unique-
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ness, the same reasoning as in Lemma 2.3.4 applies, showing that 12; solves the following variational inequal-
ity: @i} € V7 and

a, @@y, v, —ay) = (f,v, —@)g —a;(u, v, ) Vv, €VS. (2.45)

Follows exactly the same arguments as those for (2.15) and thanks to Stampacchia’s Theorem, (2.45) has
a unique solution, This proves the existence and uniqueness of the solution of the problem (2.42). Finally,

for the error analysis, assuming enough regularity for the exact solution, we have
a_](u’ U/’l - ﬁ;—l) = (f’ Uh - u;)g 5
for all v, € V,,. Thus, the following variational inequality holds
aj((ﬁh+uh’g)+—u, v, —u;) 20 Yu, eVy. (2.46)

This inequality plays a key role in obtaining the bound for II in the proof of Theorem 2.4.1. Consequently,

the error analysis follows a similar approach as outlined in the proof of Theorem 2.4.1.

2.5 Numerical experiments

In this section, we present three different problems to evaluate the performance of the finite element method
(2.15). Throughout these experiments, the computational domain is Q = (0, 1)%, and we use a = 1 for the
stabilising bilinear form s(:, -).

is

Remark 2.5.1. In the proof of Theorem 2.3.3, we require a > C,

equiv- HHowever, the exact value of

Cequiv
not known in practice, and its computation is not feasible. In the numerical experiments, we therefore set

a = 1, which has been observed to provide sufficient stability for solving the nonlinear system.

We consider three different mesh types, with the coarsest level of each shown in Figure 2.1. The meshes
in Figures 2.1a and 2.1b are symmetric and Delaunay, while the mesh in Figure 2.1c is non-Delaunay, and
the one in Figure 2.1d is quadrilateral. The non-Delaunay mesh in Figure 2.1c is obtained by shifting some of
the interior nodes from the mesh in Figure 2.1b to the right, which results in the formation of obtuse angles.
This choice of non-Delaunay mesh is motivated by this fact that the discrete maximum principle often fails
for finite element methods on such meshes (see, for example, 17). As a result, the initial datum ”2’ defined

in the next section, will not generally lie in V; .
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VARNVANN
NN
VARV
NN

(a) A symmetric, Delaunay(b) A symmetric, Delaunay(c) A non-symmetric, non-(d) A simple quadrilateral
mesh. mesh. Delaunay mesh. mesh.

Figure 2.1: Three coarse level indicative meshes used in the experiments all with N = 5.

To solve the nonlinear system associated with (2.16), we use a Richardson-like iterative method. We first

set u(;l € Vp such that it satisfies the following (CIP) problem
a;),v) =(f.v)a Vv, €Vp. (2.47)
Then, forn =0, 1,2, ..., we compute u;’l“ € Vp by solving

aJ(u';L“, vp) = a; W, vp) + o ((frop)a — ay(@h)T, o) = s(@W) ", vp)) Yo, € Vp, (2.48)

where w € (0, 1] is a damping parameter. The iterations continues until the stopping criterion is satisfied,
i.e.,

! =y llpq < 1075, (2.49)

The discretisation of problem (2.48) follows the same approach as in (1.77); for a detailed discussion, see
Section 1.6.30.

In all figures, N — 1 represents the number of divisions in the x and y directions, so the total number
of vertices (including the boundary) is N2. We test the performance of the method asymptotically in N,
where we use EOC as the estimated order of convergence, and also examine the convergence of the iterative
method. We have used P, P, and P, elements with the triangular meshes, and Q, and Q, elements with

the quadrilateral mesh.

Example 3 (Convergence for a problem with a smooth solution). Consider the case where y = 1, and the

e L 100 cos(x) | . . .
diffusion matrix is given by D = € with € = 107>, and the convection vector is f = (2, 1).

cos(x) 1
The source term f is chosen such that the exact solution to (2.1) is the function u(x, y) = 100 sin(zx) sin(x y).
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Note that u(x) lies within the interval [0, 100], and hence we select k = 100. For the CIP stabilisation, we

use a penalty parameter of y = 0.025 as defined in (2.8), and the damping parameter in the iterative method
248)isw = 1.

In Tables 2.1-2.5, we present the convergence results measured in both the || - [|oq and || - ||, norms
for the difference u — uZ, as well as in the || - ||,-norm for the complementary part u, . Also, we include
the number of iterations required to achieve convergence for the nonlinear system. These results indicate
an optimal convergence rate for the constrained component u;, aligning with the theoretical findings from

Section 2.4. Moreover, they show a higher convergence (to zero) the complementary part u), .

N Itr flu-ufllpg EOC |lu-uyll, EOC |lull, EOC

5 2 8.57e+0 - 4.55e+1 - 0 -
9 7 2.12e+0 237 195e+1 144 3.05e-1 -
17 6 5.05e-1 226 T771e+0 146 2.74e-1 0.17
33 7 1.23e-1 212 2.8%+0 147 6.64e2 2.13
65 7 3.09e-2 2.03  1.06e+0 147 1.27e-2 244
129 6 7.80e-3 200  3.82e-1 149 2293 2.50

Table 2.1: Numerical results for Example 3 using P; elements and Mesh 2.1c.

N Itr ||u—u;:||0’9 EOC ||u—u;:||h EOC [y, ll, EOC

5 15 5.51e+0 - 2.73e+1 - 4.43e+0 -

9 15 8.03e-1 327 979%+0 1.74 8.43e-1 2.82
17 13 1.38e-1 276 347e+0 1.63 1.67e-1 2.54
33 12 2.86e-2 237  123e+0 156 3.12e-2 252
65 10 6.62¢-3 2.15 4.37e-1 1.53  5.70e-3 2.50
129 9 1.61e-3 2.06 1.56e-1 1.50 1.02e-3 2.51

Table 2.2: Numerical results for Example 3 using Q, elements and Mesh 2.1d.

N It Ju-uloqg EOC [u—utl, EOC [ull, EOC

5 5 2.51e4+0 - 8.14e+0 - 1.37e+0 -
9 2 3.02e-1 360 1.52e+0 2.85 0 -
17 2 3.72e-2 3.29 3.03e-1 2.53 0
33 2 4.44e-3 320 5782  2.50 0 -
2 0
2 0

—_—

65 5.37e-4 3.11 1.07e-2  2.48
129 6.57e-5 3.03 1.97e-3 2.44

Table 2.3: Numerical results for Example 3 using P, elements and Mesh 2.1d.
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N Itr Jlu-ullpg EOC |lu—ufll, EOC |lu,ll; EOC

5 2 3.77e-1 - 6.22e-1 - 0 -

9 58 4.26e-2 370  9.7%-2  3.14 1.85e-2 4.06
17 44 5.18e-3 3.31 1.71e-2 274 2.44e-3 3.18
33 28 6.36e-4 3.16  3.2le-3 252 245e-4 3.46
65 2 7.775e-5 3.10 6.43e4 237 5.28e-6 5.66
129 2 9.20e-6 3.10 1.37e-4 225 4.35e-7 3.62

Table 2.4: Numerical results for Example 3 using Q, elements and Mesh 2.1d..

N It |u-ufllyg EOC |u—ufll, EOC |u;l, EOC

5 2 2.85e-1 - 8.75e-1 - 0 -

9 137 2.69e-2 4.01 9.75e-2 3.73 6.62e-3 -
17 71 2.40e-3 4.16 1.18e-2 332 3.75%-4 451
33 2 1.70e-4 3.99 1.25e-3 338 8.77e-7 9.13
65 2 9.66¢-6 4.23 1.17e-4 3.49 0 -
129 2 5.03e-7 4.26 1.02e-5 3.51 0 -

Table 2.5: Numerical results for Example 3 using [®; elements and Mesh 2.1c.

Remark 2.5.2. In our implementation of the bound-preserving finite element method, to find an initial guess,
we first solve the problem using CIP method. This solution is then used to initialise the iteration. If the
Richardson iteration terminates after two steps, this indicates that the initial solution already lies within the
prescribed bounds. Indeed, the first iteration corresponds to the CIP solution, while the second iteration
verifies the stopping criterion. In particular, if the overshoot or undershoot error of the CIP solution is
already below the prescribed tolerance, the iteration halts immediately after this verification step. This
behaviour is especially pronounced when higher-order finite element spaces are used, as the CIP solution
tends to provide a more accurate starting point. An illustration of this phenomenon can be found in Tables 2.3
and 2.5, which correspond to the use of P, and P; elements, respectively, where the Richardson iteration
converges in only two steps. A similar behaviour is observed when refining the mesh, as shown in Tables 2.4

and 2.5, where very fine meshes (N = 65,129) are used.

Example 4 (A problem with two inner layers). In this example, as well as in the next one, the diffusion
term in (2.1) is given by D = €I, where ¢ > 0. We approximate the solution of (2.1) for the parameters
f=0u=0¢e=107, and p = (-y,x). Homogeneous Neumann boundary conditions are applied

along the outflow boundaries x = 0 and y = 1. On the inflow boundaries at x = 1 and y = 0, we impose
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discontinuous Dirichlet boundary conditions:

0 ifo%andy=0
gx,y) =11 ifxe(%,%) and y =0, (2.50)

1  otherwise.

The purpose of this numerical experiment is twofold. Firstly, we aim at evaluating the effectiveness of the
bound-preserving method (BPM) (2.15) in eliminating over- and under-shoots in areas where the constraint
is not enforced. In this example, we set k¥ = 1 throughout the domain. The solution has two internal layers:
one where it varies rapidly from O to approximately 0.5, and a second where it does from 0.5 to 1. The BPM
will control any undershoot at u;'l = 0 around these layers; however, there is no explicit control in the region
where the solution is approximately 0.5. So, it shows the method’s ability to suppress potential overshoots
in this region, even though the nonlinear stabilisation is inactive. Secondly, this experiment aims to provide
numerical evidence that incorporating the continuous interior penalty (CIP) stabilisation term in the finite
element method improves its overall performance.

We begin by addressing the second objective of this example. In Tables 2.6 and 2.7, we present the
number of iterations required by the nonlinear solver to reach convergence. For all simulations, we set a
maximum iteration of 3, 000. If this limit is reached, the solver halts, and we indicate “NC” to denote non-
convergence. As observed in Tables 2.6 and 2.7, the absence of linear CIP stabilisation in the formulation
results in a higher likelihood of non-convergence during the nonlinear iteration process. This provides further
justification for incorporating linear stabilisation into the method (2.15).

In this experiment, we have chosen to use the stabilising term (2.9), with the stabilisation parameter
vp = 0.05, as it produced the most favorable numerical results, particularly in terms of the sharpness of the
interior layers.

We conducted the experiments using the meshes shown in Figures 2.1a and 2.1c¢ for various values of
N. In these experiments, for the P, Q, and Q, elements, we set @ = 0.1 in (2.48) when using the BPM,
and reduced it to @ = 0.05 when the CIP stabilisation was removed (i.e., setting yg = 0). It is important to
note that decreasing the value of w enhances the likelihood of convergence for the iterative solver.

Next, we examine the sharpness of the approximation in the interior layers. Figures 2.2-2.4 display the
approximate solutions with the meshes from Figures 2.1a and 2.1c. We observe an absence of significant
oscillations near the layers, even when using the non-Delaunay mesh in Figure 2.1c.

For comparison, we have also solved the same problem using the linear CIP method (with the stabilisation
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N 5 9 17 33 65 129

vp=0.05 82 9% 122 124 113 98
yp=0 228 1702 NC NC NC NC
yp=005 140 148 174 137 123 111
vp=0 126 NC NC NC NC NC

Mesh 2.1a

Mesh 2.1¢

Table 2.6: Number of iterations for the fixed point linearisation (2.48) needed to reach convergence using
P, elements and the meshes given in Figures 2.1a and 2.1c.

N 5 9 17 33 65 129

o 5= 005 72 128 136 151 159 190
! yp=0 1901 NC NC NC NC NC
Q, vp =005 283 243 360 315 339 258

yp=0 2034 NC NC NC NC NC

Table 2.7: Number of iterations for the fixed point linearisation (2.48) needed to reach convergence using
Q, and Q, elements and the mesh given in Figure 2.1d.

term (2.9) and vp = 0.05) and the Algebraic Flux Correction (AFC) scheme, as described in [11] (the AFC
method was applied only to P, elements). The AFC method is known to preserve the discrete maximum
principle, at least for Delaunay meshes in two dimensions, and thus we expect the results to respect the
bounds, particularly on the mesh from Figure 2.1a. For the AFC scheme, we used the parameters p = 8 and
7o = 0.75 (see [11] for details on the method’s formulation).

To compare these methods, we performed a cross-sectional analysis along the line y = x. Our analysis
focused on two main aspects: the suppression of over and undershoots in the numerical solution, and the
sharpness of the interior layers. Zoomed views of the cross-sections at the layer transitions are presented. As
expected, the CIP method exhibits both over and undershoots, while the BPM and AFC methods do not. In
fact, the function u;: shows much smaller oscillations than the CIP method and showing a level of sharpness

in the layers comparable to the AFC method.

Remark 2.5.3. An advantage of this bound-preserving finite element method is its relatively low computa-
tional cost compared with AFC schemes. In our method, the bounds are imposed directly at the degrees of
freedom, which requires only local corrections and hence adds little costs to the basic finite element solve.
By contrast, AFC methods (see Section 1.6.3) involve the computation of nonlinear flux limiters, which can
be significantly more expensive due to the need to evaluate limiter functions on element interfaces and to
update the discrete fluxes accordingly. As a result, the present method is competitive in terms of CPU time,

particularly in large-scale or higher-order computations.
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The same comparison was performed using the non-Delaunay mesh from Figure 2.1c, and we arrived
at similar conclusions. Interestingly, when applying the BPM method to PP,, Q,, and higher-order elements,
although the bounds are enforced only at the nodes, no significant undershoots (which indicates the violations

of the physical bounds) were observed in the numerical solution.
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001 . 0.0 00T ‘ | | - 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(c) Cross-section using mesh 2.1a (d) Cross-section using mesh 2.1c

Figure 2.2: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
P, elements and the meshes given in Figures 2.1a and 2.1c with N = 129. Cross-sections taken about y = x
plane of the solution of the BPM, CIP and AFC. For AFC p = § and for BPM and CIP the penalty (2.9)
vp = 0.05 and w = 0.1 has been used.

Example 5 (A problem with an inner and a boundary layer). In this final example, we consider the problem

T
with f =0, 4=0e=10, and p = (cos (%) ,sin <§)> . The Dirichlet boundary condition u = g is
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Figure 2.3: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
P, and P5 elements and the meshes given in Figure 2.1c with N = 129. Cross-sections taken along the line
y = x. For both methods the penalty (2.9) with yz = 0.05 was used (@ = 0.05). For plotting these cross-
sections, 10,000 equidistant points were chosen along the line y = x, and the values of the approximated
solution have been plotted at these points.

imposed on ', where g is defined as follows

1 ifx=00ry=1
gx,y) = (2.51)
0 otherwise.

This problem consists of propagating a discontinuous boundary condition into the interior, which creates
an interior layer that intersects with a boundary layer at y = 1. The solution was approximated using the
meshes shown in Figures 2.1a-2.1d. In this experiment, particularly when approximating the outflow layer,

the best results were achieved using the method with the CIP stabilising term (2.8) and y = 0.01. Therefore,
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(c) Cross-section taken using Q, elements. (d) Cross-section taken using Q, elements.

Figure 2.4: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
Q, and Q, elements and the mesh given in Figure 2.1d with N = 129. Cross-sections of the discrete solution
of the BPM and CIP methods taken about the line y = x. For BPM and CIP the penalty (2.9) rg = 0.05 was
used (w = 0.1). For plotting the cross-sections with (, elements, 10,000 equidistant points were chosen
along the line y = x, and the values of the approximated solution have been plotted at these points.

we only report the results obtained for this choice.

For the iterative method (2.48) we use @ = 0.1, and we now report the number of fixed-point iterations
needed to convergence:

We now validate the statement made in Remark 2.3.6 by illustrating the behavior of ) using P, elements.
In Figure 2.5, we provide a zoomed in view near the boundary, showing the cross-section of u;, along the
line x = 0.9 for various mesh refinement levels. As the mesh is refined, we observe that the magnitude of
u,, decreases gradually, and its support becomes increasingly localised, thereby confirming the assertion in
Remark 2.3.6.

Furthermore, Figures 2.6-2.9 present the approximate solutions obtained with the BPM, AFC, and CIP
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N 5 9 17 33 65 129

Mesh 2.1a Itr. 109 143 177 212 249 249
Mesh 2.1c  Itr. 123 152 186 218 245 240

Table 2.8: Iterations needed to reach convergence using [, elements and the meshes given in Figures 2.1a—
2.1c, and the penalty term (2.8) with y = 0.01 (0 = 0.1).

N 5 9 17 33 65 129

Q, I 156 226 225 308 310 322
Q, Itr. 375 299 291 270 236 217

Table 2.9: Iterations needed to reach convergence using Q; and Q, elements and the mesh given in Figure
2.1d, and the penalty term (2.9) with Yp = 0.01 (w =0.1).

methods for this problem. Additionally, we provide cross-sections illustrating the structure of the interior
layer, along with a cross-section of ”Z along the line y = 1 — x for Mesh 2.1a with N = 129. Once again,
comparisons are made with the linear CIP method (using the stabilising term (2.8) and y = 0.01) and the
AFC scheme as discussed in the previous example. The results, displayed in Figures 2.6-2.9, show that the
current method successfully eliminates the oscillations present in the CIP solution while providing similar

sharpness in the layers as the AFC method.

0.0

—0.1

0.2 = N=33
— N=65
— N=130
_03.

—0.4

0.8 0.9 1.0
(a) Cross-section taken of u, along x = 0.9.

Figure 2.5: Cross-sections of u, for Example 5 illustrating the behaviour at the boundary layers using P,
elements and the mesh given in Figures 2.1a.

Remark 2.5.4. In this chapter, we used a simple Richardson type solver to highlight the simplicity of the
scheme, but more efficient nonlinear solvers, such as localised Newton methods (see, e.g., [6]), or active set

methods [7], can significantly improve convergence speed. Our preliminary results indicate that these alter-
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natives provide much faster convergence. For example in Table 2.10 we present the number of the Newton
iterations to reach the convergence (one can see the implementation of the Newton’s iteration method in Sec-

tion 4.7). Obviously Newton’s method reduced the number of iterations that is required for the convergence.

N 5 9 17 33 65 129
Mesh2.1a Itr. 48 27 56 72 64 76

Table 2.10: Newton iterations needed to reach convergence using [; elements and the mesh given in Figure
2.1a, and the penalty term (2.8) with y = 0.01.
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Figure 2.6: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
[P, elements and the meshes given in Figures 2.1a and 2.1c with N = 129. Cross-sections of the discrete
solution of the BPM, CIP, and AFC methods taken about the line y = x. For AFC p = 8 and for BPM
and CIP the penalty (2.9) yg = 0.01 was used (w = 0.1). For plotting the cross-sections we used linear

A nodally bound-preserving finite element method for convection-diffusion equations
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interpolation between the nodes.
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Figure 2.7: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
[P, elements and the meshes given in Figures 2.1a and 2.1c with N = 129. Cross-sections around the line
y = x of the solution of the BPM and CIP methods. For both methods the penalty (2.9) with yg = 0.01
was used (@0 = 0.1). For plotting these cross-sections, 10,000 equidistant points were chosen along the line
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¥y = x, and the values of the approximated solution have been plotted at these points.
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(d) BPM approximation using mesh 2.1c
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Figure 2.8: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
[P; elements and the meshes given in Figures 2.1a and 2.1c with N = 129. Cross-sections of the solution
of the BPM and CIP taken about the line y = x. For BPM and CIP the penalty (2.9) Yg = 0.01 was used
(w = 0.1). For plotting the cross-sections we used linear interpolation between the degree of freedoms.
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(c) Cross-section taken using mesh 2.1d.

Figure 2.9: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
Q, elements and the mesh given in Figure 2.1d with N = 129. Cross-sections of the solution of the BPM
and CIP taken about the line y = x. For BPM and CIP the penalty (2.9) Y= 0.01 was used (o = 0.1).
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Chapter 3

A nodally bound-preserving finite element
method for time-dependent

convection-diffusion equations

3.1 Introduction

The numerical simulation of time-dependent convection-diffusion equations is crucial in various applica-
tions, particularly in modeling transport-controlled reaction rates in shear flows and chemical reactions in
flow fields. Such models typically involve solving a system of nonlinear time-dependent convection-diffusion
equations describing the concentrations of reactants and products. An inaccuracy in one equation of this sys-
tem can propagate and significantly affect all concentrations.

In the previous chapter, we studied the stationary convection—diffusion equation, where the convection
field dominates diffusion by several orders of magnitude, this makes the numerical solution unstable and can
create unwanted oscillations.

In the time-dependent convection—diffusion problem, the same difficulties appear. To reduce these os-
cillations, one can add stabilisation terms. Two common approaches are the Streamline Upwind Petrov—
Galerkin (SUPG) method [28] and the Galerkin Least-Squares (GLS) method [76]. Both methods are
residual-based stabilisations that add extra diffusion terms proportional to the residual of the equation.

In the time-dependent context, the SUPG stabilisation necessitates including the time derivative of the
solution in the stabilisation term, which introduces an artificial coupling between the time step and the sta-

bilisation parameter. Standard stability analyses suggest that improper balancing of the mesh size and time
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step could lead to a loss of stability. However, some numerical evidence contradicts this claim (see [23]).
Consequently, alternative stabilisation strategies using symmetric, non-residual-based approaches have been
extensively studied. Examples of such methods include the subgrid viscosity method [68], the orthogo-
nal subscale method [36], and the continuous interior penalty (CIP) method [20]. A detailed discussion of
symmetric stabilisation techniques and their advantages can be found in [34].

In this chapter, similar to the previous one, we reduce the oscillations generated by the convection term
by adding a CIP term. In fact, after the space discretisation of the problem, we include a CIP stabilisation
term, which may also depend on time.

Similar to the previous chapters and Section 1.6.5, the strategy is directly integrates bounds into the finite
element formulation. As explained in chapters 1 and 2, this approach is based on the key observation that
imposing bounds on the numerical solution is equivalent to solving the problem within a convex subset of
the finite element space, consisting of discrete functions that satisfy the prescribed bounds at their degrees
of freedom. In this chapter, we build on this methodology and extend the bound-preserving finite element
methodology to time-dependent convection-diffusion equations. The core idea is as follows: for each time
step, we define a set V;r of admissible finite element functions satisfying the global bounds at their degrees
of freedom (e.g., nodal values for Lagrangian elements). We then introduce an algebraic projection onto
this admissible set, denoted by u;'l, and formulate a finite element problem for the projected variable. To
eliminate the non-trivial kernel introduced by this projection and to prevent singularity in the discrete sys-
tem, a stabilisation term is added at each time step. Numerical experiments indicate that including a linear
stabilisation term, such as CIP stabilisation, leads to more robust results.

The structure of this chapter is as follows: Section 3.2 introduces the model problem and preliminary
material necessary for the method. Section 3.3 presents the finite element formulation and proves its well-
posedness. Stability and error analysis are discussed in Section 3.4, and Section 3.5 illustrates the perfor-

mance of the method through numerical experiments.

3.2 General setting and the model problem

Let Q be a bounded Lipschitz domain in RY (d = 2,3) with a polyhedral boundary 0Q, and let T > 0.

Given a function f € L?((0,T); L*()), we consider the following convection-diffusion problem, which is
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a particular case of problem (1.8):

ou—eAu+p -Vu+puu=f in(0,T]xQ,
u(x,t)=0 on (0,T] X 09, 3.1

u(-,0)=u’ inQ,

In this formulation, e € R* denotes the diffusion coefficient, f = (,Bl-);.j=1 € L®((0,T); Whe(Q))4 repre-
sents the convective field, and y € Rg is the reaction coefficient. Furthermore, we assume that the convective
field B satisfies divf =01in Q x [0, T].

The weak formulation of equation (3.1) can be written as: findu € L*((0,T), H, (} Q)NH((0,T), H(Q))

such that, for almost every t € (0, T'), the following holds:

(atu9 U)Q + a(u’ U) = (f9 U)Q VU € Hé (9)7 (3 2)
u(-,0) = u, '
where the bilinear form a(-, -) is defined as
a(w,v) 1= (Vw,Vv)g + (B - Vw,v)g + u(w, v)g Voe Hy(Q), t€(0,T). (3.3)

In the above definition, we have slightly abused the notation, as the convective term f may depend on ¢.
However, unless the context requires it, we will denote this bilinear form by a(:, -). Given that § is assumed

to be solenoidal, for each ¢ € (0, T'), the bilinear form a(:, -) induces the following “energy” norm in H é Q)

llvll, = Va(v,v) te€]0,T].

The well-posedness of (3.2) is a classical result. In fact, it follows directly from the Lions—Magenes The-
orem (see, e.g., [98]), which guarantees existence, uniqueness, and continuous dependence of the solution.

Furthermore, based on the maximum principle for parabolic partial differential equations Theorem 1.5.5,
the solution to (3.2) attains its extrema on [Q X {O}] U [09 x(0,T ]]. Motivated by this observation, we use
the following assumption regarding on u, solution of (3.2).

Assumption (C1): We assume that the weak solution of (3.2) satisfies the following condition:

0 <u(x,t) < k(t) foralmostall (x,1) € Qx[0,T], 34
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where k(¢) is a known positive function that depends on .
In this assumption, the lower bound in (3.4) does not necessarily need to be zero; however, we set it to
zero here for simplicity. Moreover, the results discussed in this work remain valid if «(¢) is replaced by a

positive function x(x, 7).

3.2.1 Space discretisation and a stabilisation Galerkin method

To discretise problem (3.2), we use a conforming, shape-regular, and quasi-uniform partition of the domain
Q into closed simplices or affine quadrilateral/hexahedral elements, denoted by P, as defined in (1.15). Also,
we use the notations established in Section (1.6).

The standard Galerkin semi-discretisation of (3.2) using the finite element space (1.15) reads:

For almost all # € (0, T), find u;, € V such that
O,up, vy)g + aluy, vy) = (f, U)o Yo, € Vp, (3.5)

Mh(', 0) = ihuo.

Similar to the Galerkin finite element method for steady-state problems, it is well-known that applying
the standard Galerkin finite element method to (3.2) in the convection-dominated regime results in discrete
solutions that are affected by global spurious oscillations. Consequently, these solutions often fail to satisfy
Assumption (C1) (see, e.g., [111] for a comprehensive overview).

To enhance stability, a common approach is add a linear stabilising term to suppress the oscillations
induced by the dominant convection. Several stabilisation techniques exist, with those based on adding
symmetric semi-positive-definite terms being particularly popular for time-dependent problems.

In this work, we use the continuous interior penalty (CIP) method, initially proposed in [36] and thor-
oughly analysed for time-dependent problems in [34]. The CIP method incorporates the following stabilising

term into the Galerkin scheme (3.5)

J.v)=7 Y /||ﬁ||0m’Fh§[[vuh}]-[[th]] ds, (3.6)
Fer, /F
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where y > 0 is a non-dimensional constant, and thus it reads as follows:

For almost all 1 € (0, T), find u;, € Vp such that
(()tuh, Uh)Q + aJ(uh, Uh) = (f, Uh)g VUh (S VP’ (37)

up(-,0) = i,ul.

where

aJ(uh, Uh) = a(uh, Uh) + J(uh, U/’l) VUh S Vp . (38)

It is important to note that, although we have opted to use CIP stabilisation in this work, the results presented
here remain valid if any symmetric stabilisation is applied to the convective term. In particular, the results
presented herein hold for any of the stabilised methods analysed in [34].

While the addition of (3.8) helps remove spurious oscillations and ensures a stable solution, the resulting
discrete solution does not preserve the physical bounds given by (3.4). In the next section, we present the

key components for constructing a finite element method that enforces the bound (3.4) on its solution.

3.2.2 The admissible set

Assumption (C1) is analogous to Assumption (A1), with the distinction that (3.4) applies to time-dependent
problems. Assumption (C1) leads to the introduction of the following admissible set, which consists of finite

element functions that satisfy the bound (3.4) at their degrees of freedom

V;’ ={u,(x;)) €Vp i v, €[0,k(1)] forall i=1,...,N}. 3.9)
Every element v, € Vp can be decomposed into the sum v, = UZ + v, , where UZ and v, are defined as
follows
M
U;Z’ = z max {O, min{v,(x;),x()} } ¢, for te€(0,T], (3.10)
i=1
and
v, = U, — U}, (3.11)
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+

‘We refer to v N

and v, as the constrained and complementary parts of v, respectively. Using this decompo-

sition, we define the following algebraic projection
T Vp =V, v (3.12)

Remark 3.2.1. Strictly speaking (-)* should be denoted by (-)*, as k(t) depends on t. To lighten the notation,

we will simply use (-)t unless it is necessary to specify the time.

The following result, which has a proof identical to that of (2.2.4), but adapted for the time-dependent

(-)* which has been defined in (3.12), will be useful in the analysis presented below.

Lemma 3.2.2. [5, Lemma 2.2] Let the operator ()" be defined as in (3.12). There exists a constant C > 0,

independent of h, such that for all t € [0,T], the following inequalities hold

lw) = vy lloq < Cllw, = vhllg (3.13)

vy llpq < Cr(@), (3.14)

forall w,, v, € Vp.

3.3 The finite element method

In this section, we propose a time-space discretisation of (3.7). Let N > 0 be a given positive integer. We
partition the time interval [0,T]ast; = 0 < t; < t, < --- <ty = T, with the time step size defined as

At

. .=1,—1,_,. For simplicity, we assume a uniform time step size, i.e., At, = At = % The discrete value

u, € Vp represents the approximation of u” = u(7,) in Vp for 0 <n < N. We define

uZ —u;’l_l
6”71 = T, tn_1+0 =9tn+(1 —H)In_l N
W0 = 0u) + (1 -0 [ =0+ -0
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With these notations, the finite element method used in this work reads as follows:

For 1 <n < N, find uj € V5 such that

B, vp)g + ap@l 0, = (7170 0, Yo, € Vp, (3.15)
u(;l = ihuo.

Here, a;(-; ) is defined as
a0 0,) 1= 0a,(W)), vy) + (1= 0)a (W)Y, v,) + (@)™, vp), (3.16)
where the stabilisation term s(-, -) is defined as
< 1
s 10y) 7= @ Y, (£B06) 2 + 1B 1Ml o0 )™+ (o + 1) BN ) 04D (x). (B1D)

—_—

=

Setting £ = At0e, B = At0P, ji = (uAt0 + 1) and J(-,-) = At0J (-, -), we can define the following norm

at each time step #":

N I—=

lonllnoas := (ENVORIZQ + AlOMIE o+ (0h o) ) (3.18)

In addition, the stabilising form s(-, -) for 0 < n < N induces the following norm on V5

loplls := V/s(vp, vp). (3.19)

Remark 3.3.1. This stabilisation term (3.17) differs from the stabilisation term (2.17) used in the previous
chapter. The inclusion of the factor é in the stabilisation was primarily motivated by the performance

of the nonlinear solver. Without this factor, the nonlinear solver exhibited significantly slower convergence.

L

Additionally, as demonstrated below, the factor v

ensures the dominance of the || - || norm over the ||v, ||, ga;

norm.

The following result is a direct consequence of Lemma (1.6.21), and the proof is very similar, so we omit

it.
Lemma 3.3.2. [5, Lemma 3.1] There exists a constant Cequiv > 0, depending only on the shape regularity
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of P, such that

equiv

10nll5 0 < At—=llvall; Vv, €Vp. (3.20)

At each time-level 0 < n < N, the finite element method (3.15) is a particular case of the finite element

method proposed in chapter 2 (see also [4]). In fact, at each time step 1 < n < N, (3.15) can be written as
((uZ)“L, Up)a + AtGaJ((u;'l)“L, vp) + Ats((W))”, vy) = F"(vp) Vv, € Vp, (3.21)
where a;(-, -) is defined in (3.8), and

F'(0y) 1= At(f" 0, 0)q — At(1 = 0)e (V) )T, Vo) — A1 = 0)(B - V (1)), v,)

— (A1 = 0) = 1) () wy) g — AL = O)T (W) ) v, Vo, € V. (3.22)

The realisation that at each time step the method (3.15) is related to the method proposed in [4] will be

instrumental in the well-posedness result presented in the next section.

3.3.1 Well-posedness

In this section, we analyse the well-posedness of (3.15). The first step is given by the following monotonicity

result, whose proof is analogous to that of Lemma 1.6.22, but adapted for (3.17).

Lemma 3.3.3. /5, Lemma 3.3] The bilinear form s(-, -) defined in (3.17) satisfies the following inequalities:

s(vy, —wy, vy —w;) >0, (3.23)

s(uy, w; —vf) L0, (3.24)

for every v, w, € Vp.

We now address the well-posedness of (3.15). To this end, we leverage the connection highlighted at the
end of the previous section. Specifically, we employ a similar approach to the one used in Theorem 2.3.3
to show that for each n = 1, ..., N, the problem (3.21) has a unique solution. This, in turn, implies that the

problem (3.15) is well-posed.
Theorem 3.3.4. [5, Theorem 3.4] Letn =1, ..., N, then,
a. There exists ”Z € Vp that solves (3.21).
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b. (u))* € V, satisfies

(@, v — @) + Atbay (W)F, v, — @) > F'(v, — @) Yo, € Vi (3.25)

c. (u,)” is the unique solution of

Ats(@!)™, 0p) = F"(vy) = (), ) + Atfay (@, v,) Vo, € Vp. (3.26)

d. The solution of (3.21) is unique.

Proof. a. We begin by defining the following bilinear form
B(vp, wy) := Atfe (Vop, Vwy,) o + (HA10 + 1) (0, wy)g + A10J (v, wy) Vv, wy, € Vp,
and the mapping

T :Vp — Vp,

ﬁ;’l — uZ = T(ﬁ;’l), n=1,-,N

where u, = T (i1,) solves the following equation
B(W)*, vy) + Ats(())™,vy) = F(vy) — At0(B - V(@1)*, vp)gs (3.27)

at each time-level 1 < n < N, F(-) is defined in (3.21-2). It can be observed that uZ satisfies (3.21) if and
only if T'(u},) = u). Therefore, the proof proceeds by showing that the operator T satisfies the conditions
required by Brouwer’s Fixed Point Theorem (Theorem 1.2.4).

i) T is well-defined: To prove that T is well-defined, we see that (3.27) is a particular example of the finite

element method (1.64). So, applying 1.6.23, there exists a unique solution u}, € Vp of (3.27), and thus T is
well-defined.

ii) T is continuous: Using the monotonicity result from Theorem 1.6.23 for all v, w;, € V3, we have

- - 2
B} — wy, v, — wy) + Ats(v, — wy, v, — wp) > Cllo, — Whlly gar

Next, suppose that for 0, 0, € Vp and let v;, = T'(0,,) and w;, = T (t0;,). Then, using integrating by parts,
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Lemma 3.2.2, and (3.18), we get

Cllop, — wh”i,em < B(vy — w)y v = Wp) + Sy = Wy, Uy = wp)
= —0A1(B - V(0 — W}), v, — Wy)g
= 0AK(D) — Wy, B+ V(v — wy))g
< COAL||Bllo.oalltn — Wplloglv, — wili o
< COME™ [1Blgollon — Dylloale? (0 — w1 g

_1 A ~
< COAE 2| Bllo,coall0n — Willoallvn — whllnga:
Therefore
A N U A~ N
IT (D) = T@plppnr < COALE 2| Bllg,collOn — Wil

and T is Lipschitz continuous.

iii) There exists R > 0, such that T'(B(0, R)) C B(0, R): Let z,, € V), be arbitrary and z;, = T(2,). By using

vy =z, in (3.27), we get

B(z},z0) + Ats(z,, z)) = F(z}) — 0A1(B - V27, 20)q < M||Z) || o (3.28)

——
>0
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In fact, using the Cauchy-Schwarz, since i = 1 + u6At # O and if 6 > %, we have

F(z) <C (At /" Nloall 25 llog
+ (A1 = 0)8)2 (@], (A = 0))2 |20 ], g
+ A1(1 = O)|Bllocoal @ ) ia z; llog
11+ AL = 0)7@ llogll (1 4+ Al = 0)32F llog
FAK(T = ) (@D, Y h2 (L, z;)%>

1 1 1 1
—1+6 e =210 n—1 ==
<C (AL Nl 73 1 322 log +E21G5 ) 11 087 125 (3.29)

1 1 1 1
P S A | 1
+A10||Bllo.co0f 2 21E2 (), )+|1,Q Il /422; llo.o

1 1 1 1
+ 1 A2 ol #2227 llog +Ar01<<u';;1>+,(uz—lﬁ)u(zz,z;>z)
-1
+|1(ul ) Nroar) 1z} 11 n.0ar

also, by integrating by parts, we have

1 1
OAL(B - V2], 27 )q < AtO1BlloconE 2 I 2 llog 1822 |1 0

1

< 0AE2 2] Mol Bllosc Il 25 Nnoa: -

So, if we use (3.14) and set

-1 _ JUR R —
M i=C (M7 | S Ylog +A1611Blloco 0 A2 16 g

1
I gar + OAE KO Bllyos) (3:30)

then, (3.28) leads to
[EXPNES’S

Next, we take v, = z, in (3.27). Using computations analogous to those in (3.28) for F(z,), i.e. by
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integrating by parts, using Cauchy-Schwarz and (3.14), we get

B(z},z;) + Ats(z,, z;) = F(z;) — 0A1(B - V2], ;)
_1 _ JUE S -
< C (AT 1 177 Ylog +A101Bllog0f > A2 16 o
-1 -
W) g + OAETKOIBlocon ) I % lnoa

<Mz, llngar

and by (3.20) and Young’s inequality

B(z},z,) + Ats(z,, z,) < cquiv MAtllz;ll?
a
C.. 2 Ars(z7,z7)
< E CqulVM + h*h
2 a 2
. M, N Ats(z;,z;)
2 2 ’

Using Cauchy-Schwarz’s and Young’s inequalities for B(ZZ, z,) yields
—AB(z,,z;) + Ats(z,,z;) < M, + CA7'B(z}.z}) < M| + C M?,
for any A > 0. Then, choosing A small enough, and using Lemma 3.3.2, we get
Iz lhoar < C( = AB(z,. 2;,) + Ats(z;,, z;)) < Co(f" "0, ul™1 &, i, B, k(1,), h, At),

where C,(f"~1%0, ui~

bound

- 140 -l s )
zallnoar < 112 lnpar + 125 lnoar < M + Co(f" 0, uy™ €, fi, B, x(t,), h, AD) =: R.

Ve f, B,x(t),h, At) = M,+CM. Hence, z, = T(2,) satisfies the following (uniform)

Therefore, z, = T(2,,) € B(0, R), for every 2, € Vp, which shows that T (B(0, R)) € B(0, R). Hence, using

Brouwer’s fixed point theorem, there exists one u, € Vp such that T'(u}) = u}. In other words, problem

(3.21) has at least one solution.

The proofs of (b) and (c) are identical to those of Lemma 2.3.4. Finally, the proof of (d) is identical to

that of Corollary (2.3.5).
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Remark 3.3.5. It is worth mentioning that, due to the equivalence between (3.15) and the variational in-
equality (3.25), and the well-posedness of the latter, (u;‘l)+ is independent of the choice of the stabilisation,
as long as it satisfies (3.20) and (3.23). In particular, all the mentioned methods proven in this work are

remained valid if s(-, -) defined in (3.17) is replaced by

M
s w03) 1= @ Y (€006 2+ 1B, 1)l o BN + 6 ) 0360,
i=1

In this case, the solution (u;’l)+ remains unchanged, as it still satisfies (3.25), meaning the overall analysis

remains the same.

3.4 Stability and Error analysis

This section focuses on establishing a stability result and deriving optimal error estimates for the method (3.15)
in the particular case where & = 1, which corresponds to the use of the implicit Euler method for time dis-
cretisation. The analysis for % < 6 < 1 involves substantial technical obstacles, and we were unable to
establish the required estimates within this work.

For 6 = 1, the method (3.15) takes the following form:

For1 <n < N, find u;, € Vp such that

(5(1/12)+, U/’l)Q + ah(uz; Uh) = (fn, Uh)Q VUh (S Vp, (331)
u(;l = ihuo.

To prove the stability, we use the test function v, = (uZ)“L in (3.31), and obtain

Bup)™, ) g + (V)™ VW) g + (B - VW)™, i) g

+ pu(W)™, W) g + T (@)™, () ™) + s(up) ™, @) ™) = (f", W) Mg,
or, equivalently, using that (8 - V(})*, @})*), =0,

()t = @ @ + Ar{e 1w

+u @) NG o + I (@)Y, (uZ)+)} + Ats(up) ™, up)™) = A(f", W) Mg
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The relation 2p(p—q) = p*+(p—q)>—q*, the Cauchy-Schwarz inequality, and the fact that s((})™s (uZ)J“) >0
(by Lemma 1.6.22) lead to

2 -1 2 -1 2 2
” (u2)+ ”()’Q_ ” (uz )+ ”()’Q + ” (u2)+ - (u;ll )+ ”0’9 +2At1 {6|(MZ)+|1’Q

@) 12 +T @Y @) b <2801 £ lloall @)* llog (3.32)

Using Young’s inequality for the right hand side and then summing through n, n = 0, ..., m, we get that

—

m m
P —Iv+ 2 2 2
1O g + 20 11 )" = G g +2 2 At {ela) g+ 1 65)"
n=0

n=0
m
1
HI W0} <l o+ A0 (T 17 g+ 1 64" ).

n=0

-1
At At
If we set a, =|| ()" 120 B =l 2o k=17, = % and o, = (1 - 7) c¢y= AT || f* |2 and

b, =241 (£lGp)* o + 1 Il )" I3 +J (@) @)D

then using the Gronwall’s inequality Lemma 1.3.3, we get

| @ 12+ 280 Y, (el g+ w Il )" I g+ (@), i)™

n=0
SENFANA <
< = 1——) o015 +AIT "2, )
_exp<}§)T( - )(n  Ia T 311" I

In this way we have proved the following stability result for the scheme (3.31).

Lemma 3.4.1. Letu; € Vp, forn =1, ..., N solve (3.31). Then the following stability estimates holds true:

N
max || @ 2+ 281 Y (el g + w1l @)t 12+ @) ) ®))
- n=0
N
< <|| uy I3 o +AT Y || " ||3,Q) :
n=0
Remark 3.4.2. In the particular case f = 0, (3.32) implies that

0
I @H* lloa<ll u; llog -
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and then (3.31) is strongly stability preserving. []
The next result states optimal order error estimates for the method (3.31).

Theorem 3.4.3. Let u® € H**\(Q), u € L®((0,T); H**'(Q)) n H'((0,T); H**'(Q)) n H*((0,T); L*(Q))
be the solution of (3.1), u(-,t) € H& (Q) for almost all t € [0,T], and ”71 € Vp be the solution of (3.31) at
the time step n. Then, defining E™ = (u;l”)+ — u™, there exists a constant C > 0, independent of h, At and

any physical parameter, such that

N
2 2 2
 max I E™ lIgq +AT 2 <s|E2 atull Epllga +J(E”,E,'§)>

n=1

N
<cé [h%{m Z <5 + T||ﬁ||g,00,g + hyllBllo,co0 + hzTﬂz) |”n|i+1,§z

n=0

1<m<N

T T
+ A% max |um|§+LQ +Th? /0 |6tu(t)|i+1’gdt} + AT /0 | 0,u(t) ||g,Q dt] . (333
Proof. Forn=1,..., N we decompose E" = (u})* —u" as
E"= @)t —u" = (W)t —ipu") + (ipu" —u") =2 E} + 1), (3.34)

where we recall that i, u" is the Lagrange interpolant (1.22) of u”. Subtracting (3.3) from the method (3.31)

we arrive at the following error equation

(8@t —ou", vy) o + & (VW —u"), Vo), + (B~ V(W) —u),v,)

+u (W)t —u"vp) o + J(@R)F,0p) + s(W)) ™, v,) = 0. (3.35)
Rearranging and using (3.34),we get

(BE} vp)g+€ (VE,, Vu,) o+ (B-VE), v,)q + u(E,, vy)g + J (@), vy) + s()) ™, vp)

= —(6(ipu") — 0", vp)g — 5(V712, Vo) —(B- V'lz, Vplg — M(’?Z, Up)a- (3.36)
Since u"* € H%(Q), then J (", v) = 0, and so we deduce that

J((ul;l)‘l" U) = J((u2)+ - Lln, U) = J(En, U) + J(”Z’ U)'
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Using the test function v, = EZ in (3.36) and (B - VE, EZ)Q = 0, we get

GE;, Epg+ €| Epl] o + HIENG o+ J(Ep E) + s(u}) ™, Ep)

= _(5(lhun) - atun’ EZ)Q — & (V”]Z, VEZ)Q - (ﬂ : VWZ, EZ)Q - /4(’12, EZ)Q - J(;']Z’ EZ) (337)
Since (i,u")~ = 0, the monotonicity inequality (3.24) yields
s(uy) ™, Ep) = s(up) ™, )t — ipu") = ()™ = (ipu")™, )™ = (iu")") 2 0. (3.38)

So, using the relation 2p(p — q) = p* + (p— q)* — g* for the first term of (3.37), applying the inequality (3.38),
next using the Cauchy—Schwarz inequality and then Young’s inequality for the terms on the right hand side,

we get

I Ep o= W ES 13 + Il B = E 13 280 (el EpE o + | E 12 +J (EJL E)
< 280( 1 8") = 04" llogll By llog +elnilial Exlia+ 11 8- V11 loall B} llog
11y Nogll B llog +J 0= (Eg, B )
< At(ell g+ e EJE o + T (I 86t = 0 log + | BV log +# 111} llg)®

1
2 V1B +I(Ep ED + T () ).
Rearranging terms on the both sides of the inequality yields

I Ey 5=l R~ I5g + I Ep — ER~"IIG o +A (elEZ taT2ull EplI5q +J(E, E,’;))
. 2
< At (elnzlig +T (| 8Gpu™) = 0" llog + Il B llowoc 11110+ 1 1l 1 llog)
1
o | Ep 1R +J )
<CAt((e+TIBIG oo ) 1M1 o+ T Nl 8Guu"™) — 0 Nlg o +T 1 Nl ) Il
= € B 0,000 ) Mhl1 0 tptt Moo THH LT, g o

1
2 I Ep I3+ () ).

89



Chapter 3. A nodally bound-preserving finite element method for time-dependent convection-diffusion
equations

Summing for » = 0 to m and using E2 = 0 leads to

m
| By g+ a0 (elEfR g+ 20 Il Ej 12 +I(EjL E)
n=1

m
<Cat Y {(e+TIBIZ o) WiE o+ T Il 6™ = 0" 12
n=0

1
AT Ny g+ 1L Ep I3 +J ) }

At At\—
T O-n = (1 - ?) ! ’ an =|| EZ ”O’Q’

We are now ready to use Gronwall’s Lemma 1.3.3 withk =1, y, = T

B =0and

¢, = A1 (4 TIBI ) M1 + T Il 64" = 0" g +T 4 W 1y I3 +J Gt ),

which gives

m
| B} g+ Ar Y, (lEpR o+ 20 Il Ej 12 +J(EJL ED)
n=1
m

<ce [At Y { <£ + T||/3||§,OO’Q> I o+ T 118G = " 112 (3.39)
n=0

+Tu? | 1}, 1I5.q +J(nz,n;;)}].

Next, to reach the error estimate (3.33) we bound each term of the right hand side of (3.39). First, using

the triangle inequality, yields
| 6Gu") — 0" |loo=Il 6(ipu") —ou” llgq + Il 6u" —ou” |lpq -

For the first term in the above inequality, using (1.23), the Taylor’s Theorem and the Cauchy-Schwarz in-
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equality, we have

| 6Gi,u") — 6u < Ch?*2|5u" |k+1 o

"oa

< Ch?k+2 | — / au(t)dt

k+1,Q

]
l
< Ch2k+2 1 / dr /
At - i

n—1

2

|0, u(z)|2dt)

k+1,Q

h2k+2 /
<C o)}
At p k+1, Q

n—

For the second term, one further use of Taylor’s Theorem and the Cauchy-Schwarz inequality gives

| u" = o™ |13, / (6u" — 0,u")?dx

2
< / ( / |anu<t>|dr> dx
/ / dr / |0, u(t)|*dt dx

_ Ar / I 0, 112 b
t

n—1

Next, using (1.23), we have

|ng < Ch*|u")? i o Imlgg < C 2" e (3.40)
Furthermore, using the inverse inequality (1.26) and the approximation inequality (1.23), we have
Jag =r Y, / 1Bllg o P2 [VA2] - [V ds < CrR* Bllgs ol 0. (34D
FeF, I F

91



Chapter 3. A nodally bound-preserving finite element method for time-dependent convection-diffusion
equations

Gathering all the above bounds, we arrive at

m
I EP 2o+ ALY, (elEZ Ta+2ull Ep 5o +I(E], EZ))

n=1

m
<ce [h%{m Y ( FTUBI oo + 17 1Bl o + hzT;ﬂ)m" 2 o

n=0
m tl‘l - l"
TR Z/z |atu(t)|i+mdt} +TAP Z/t I 0,46) Il df] -
n=0 n—1 n=0 el

Finally, using the triangle inequality and (1.23) once again, we arrive at the final estimate

N
max || E" (13 +Ar Y, <e|Ez 2ot Ep 12 +I(E), E;))

n=1

N
<cd [fﬂk{m Y (e +TUBIZ o o + ArBllg oo + hzTu2>|u"|iH,Q

n=0

T T
+ K2 max. "3y g+ TH / |0tu(t)|i+l’gdt} + T AP / Il 0,1t(t) 113 g, dt] ,
=M= 0 0

which proves the result. O

3.5 Numerical experiments

In this section we present two experiments to test the numerical performance of (3.15). In these experiments
we have used Q = (0, 1)? and value @ = 1 in the stabilising bilinear form s(-, -). Except for the very last
numerical result in this section, we have used three types of meshes, a three-directional triangular mesh,
regular quadrilateral one and a non-Delaunay mesh. The non-Delaunay mesh in Figure 3.1c is obtained by
shifting some of the interior nodes from the mesh in Figure 2.1b to the right, which results in the formation
of obtuse angles. The coarsest level of each is depicted in Figure 3.1.

To solve the nonlinear problem (3.15) at each discrete time 7,, n = 1,2, ..., N, first we set i = uZ‘l.
Next, by choosing an appropriate damping parameter @ € (0, 1] the following fixed point Richardson-like

iterative method is used to find #"*! € V), such that

(amH’Uh)Q + Atfa, (am+1,uh) _ (ﬁm,Uh)g + Atfa, (a’”, Uh) (3.42)

s {F”(vh) - [((a'")t op) g + At(HaJ (@), 0,) + 5 (@), vy) )] } Vo, € Vp,
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(a) A symmetric, Delaunay (b) A simple quadrilateral (c) A non-symmetric, non-
mesh. mesh. Delaunay mesh.

Figure 3.1: Three coarse level indicative meshes used in the experiments all with N = 5.

form=1,2,...,N_, .. oruntil the following stopping criterion is achieved
| @™t — il q < 1078 (3.43)

Finally, for m, which satisfies in (3.43), we set u} = i"*!.

In all figures, P — 1 indicates the number of divisions in the x and y directions, resulting in a total of P>
vertices, including the boundary. We evaluate the method’s asymptotic performance in the || - ||y g-norm
at the final step, i.e., || ehN llo.0» and to verify the result from Theorem 4.3.7 we examine the asymptotic

behaviour of the error by the following norm

N
e™ 1=l eN I3 + D At (e I Ve 5. +# Il ej 115 g +J<e;,e;>) : (3.44)
n=0

We have used P, and P, elements in the triangular meshes, and Q, elements in the quadrilateral mesh. In
the numerical experiments we use the bound preserving Euler (BP-Euler) (3.31) and the bound preserving
Crank-Nicholson (BP-CN), i.e., the method (3.15) with 8 = % even though stability and error estimates for

BP-CN has not been proven.

Example 6 (A problem with a smooth solution). We consider y = 1, e = 1075, B = (2, 1), and set f and u°

such that the function

u(x, y,t) = exp(t) sin(zx) sin(zy),

is the analytical solution of (2.1). Notice that u(x,y,t) € [0,exp(¢)], and thus we set k(t) = exp(?) as the
upper bound at time t. The CIP stabilisation parameter y = 0.05 has been used in (2.8) and we set @ = 0.1

for the damping parameter in all the time steps.
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Figure 3.2 illustrates the asymptotic behaviour of the error || e}]:f llo.o using P, and P, elements. These
results align with the theoretical findings we established in Theorem 4.3.7. By fixing At = 4 x 10™* and
decreasing the mesh size as depicted in Figures 3.2a and 3.2c, we observe second-order and third-order
convergence when using P; and P, elements, respectively, for both BP-Euler and BP-CN. Also, by fixing
the mesh size 4 = 5x 107> and varying the length of the time-step Az, as shown in Figures 3.2b and 3.2d, we
obtained first-order convergence for the Euler method and second-order convergence for Crank-Nicholson
for both P; and P, elements, as expected.

Figure 3.3 depicts the asymptotic behaviour of the error || e using P, and P, elements. These results

M
also corroborate the theoretical results we proved in Theorem 4.3.7. By fixing the time step and decreasing
the mesh size as shown in Figures 3.3a and 3.3c, we observed second-order and third-order convergence
when using P, and P, elements, respectively for the BP-Euler method. This extra order of convergence
is, most likely, due to the fact that the small value of £ makes that the || - ||, norm is dominated by the
L?*(©)-norm. Additionally, we achieved first-order convergence for the BP-Euler method for both P; and P,
elements when the size of the time step is decreased. Figures 3.3b and 3.3d show the asymptotic behaviour
with respect to time for the BP-Euler method.

To assess the computational cost of the nonlinear algorithm at each time step, we depicted in Figure 3.4
the average number of iterations per step over 1000 time steps for a sequence of meshes with decreasing

mesh size. The results indicate that there is no significant increase in the average number of iterations, which

remains low regardless of the mesh size.
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Figure 3.2: Comparison of the error of the approximated solution by the BP-Euler method and BP-CN

method with the exact solution in || - ||y g-norm (using mesh 3.1a).
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method with the exact solution (using mesh 3.1a).
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Figure 3.4: The average number of the Richardson iterations of 1000 time steps (T" = 1) needed to reach
convergence using P and Q; elements and BP-Euler and BP-CN methods and the meshes 3.1a and 3.1b.

Remark 3.5.1. As mentioned in the previous chapter, improvements to the nonlinear solver itself can enhance
performance. In this chapter, we again used a simple Richardson type solver to highlight the simplicity of
the scheme, but more efficient nonlinear solvers, such as localised Newton methods (see, e.g., [6]), or active
set methods [7], can significantly improve convergence speed. Our preliminary results suggest that these
alternatives lead to significantly faster convergence. As shown in the previous chapter, applying a localised
Newton method reduced the number of iterations for the stationary convection—diffusion problem. Employing
a similar approach at each step of the finite element method (3.15) likewise yields a substantial reduction in

the average number of iterations.

Example 7 (Three body rotation). This example is a modified version of the three body rotation transport
problem from [97]. We used B = (0.5 — y,x —0.5), € = 1072 and y = f = 0. The initial setup involves
three separate bodies, as depicted in Figure 3.5. Each body’s position is defined by its centre at coordinates
(xg, ¥9)- Every body is contained within a circle of radius ro = 0.15 cantered at (x, y,). Outside these three
bodies, the initial condition is zero.

Let

) = 20— X + 0= (3.45)
0
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The center of the slotted cylinder is in (xy, yy) = (0.5,0.75) and its geometry is given by

1 if rx.y) < 1. |x —xo| > 0.0225 ory > 0.85:
u(0; x, y) = 0oy I = %ol d (3.46)

0 else,
The conical body at the bottom side is described by (x, y,) = (0.5,0.25) and
u0;x,y) =1-r(x,y). 3.47)
Finally, the hump at the left hand side is given by (x, yo) = (0.25,0.5) and
u(0;x,y) = %(1 + cos(z min{r(x,y), 1})). (3.48)

The rotation of the bodies occurs counter-clockwise. A full revolution takes t = 2z. We use P = 130 so a

regular grid consisting of 130 X 130 mesh cells for |, P°,, and Q| elements.

0 . 1
_ | d
Figure 3.5: Initial data u° for rotating body problem.

The simulations were performed with the final time T = 27 and the time step At = 1073, Figure 3.6 de-
picts the approximation solution for the BP-Euler method and BP-CN method using |, P, and Q, elements.
In both methods the CIP term (2.8) was used with the parameter y = 0.001. As noted in Remark 2.2.6, there
is no universal rule for selecting y, since its optimal value may depend on the mesh, problem parameters,

and the presence of sharp layers. In our numerical experiments, we determine y empirically. We observe
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that moderate values of y are generally sufficient to suppress oscillations while still resolving sharp layers
accurately, whereas excessively small or large values tend to deteriorate the quality of the solution.

Our numerical experiments show that the optimal value of w (relative to the number of iterations needed
to reach convergence) is approximately 0.07 when using the quadrilateral mesh, while for P, and P, elements,
it is around 0.12. So, we report the results using these values.

For comparison purposes, we also approximated the same problem with CIP-Euler and CIP-Crank-
Nicolson (CIP-CN) (the method that only use the CIP term i.e., the full time-space discretisation € scheme
of the method (3.7)) with the same value for the parameter y. To compare the numerical solution of dif-
ferent methods, a cross section along the line y = 0.75 was taken of initial data (ID) u°, BP-Euler, BP-CN,
CIP-Euler and CIP-CN methods. The results are shown in Figure 3.7. Since we perform a full rotation, we
can compare the solution from each method with the initial condition to assess the diffusive properties of
each method. As shown in Figure 3.7, among all the methods, BP-CN exhibits the best performance, both
in terms of preserving the initial data (ID) and capturing the magnitude of its deformation, regardless of the
type of elements used.

The experiment which has been shown in (3.8) aims at assessing the effect of adding CIP stabilisation
to the method (3.15). For this, we set y = 0 in J (-, -) and the results are shown in Figure 3.8 for the BP-CN
method using PP, elements. In Figure 3.8 we can observe the solution ”Z’ while respecting the bounds of the
exact solution, exhibits spurious oscillations near the layers. This justifies the need for CIP stabilisation in
(3.15).

To test the performance of the method in the case when the mesh used is not Delaunay, we have ap-
proximated this example also in the non-Delaunay mesh depicted in Figure 3.7, using P = 130. The same
cross-sections of the approximate solutions for the BP-Euler and BP-CN methods are depicted in Figure 3.9,
alongside the cross-sections for the CIP stabilised finite element method. In both cases y = 0.001 has been
used in the simulation. From the results we can observe, once again, that u;l’ respects the bounds of Assump-
tion (C1), while the CIP solution presents noticeable over and undershoots.

Finally, to study mass conservation we use the relative mass, i.e. the ratio of the mass at time ¢ to the

initial mass defined by
M@

M,(0) = o

where M (¢) is the total mass at time ¢, and is defined as
M) = / u(x,r)dx.
Q
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The evolution of mass over time for BP-Euler and BP-CN methods is presented in Figure 3.10. The plot
depicts the evolution of the relative mass. We observe that, despite the fact that the scheme does not preserve
mass, the mass loss/gain remains low throughout the simulation.

It is important to mention that more economical alternatives, such as linearised flux-corrected transport
(FCT) methods (see, e.g., [94]), are also available to ensure bound preservation. Nevertheless, several fac-
tors should be considered. One aspect is the CFL condition, as most linear flux-corrected transport methods
require such a condition to guarantee bound preservation, whereas our approach does not impose this re-
striction (see also Remark 2.5.3). Another consideration is the applicability to higher-order elements. FCT
methods have primarily been developed for linear finite elements, and bound preservation is not guaranteed
for higher-order elements, as the necessary analysis has not yet been carried out.

Several problems remain open at this point. The extension of the stability and error analysis to higher-
order time discretisation is, at the moment, an open problem. In addition, the extension of this framework
to the transport equation is also of interest. A parallel development is the extension of this methodology to
discontinuous Galerkin scheme in space, which is the topic of the companion paper [18] and next chapter.

These, and other topics will be the subject of future research.

Remark 3.5.2. Setting ¢ = 0 in the convection—diffusion equation (3.1) reduces it to the pure transport
equation. In this case, the problem becomes hyperbolic, but the finite element method (3.15) can still be
applied. Moreover, most of the theoretical results proved in this chapter remain valid for the transport

equation.
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Figure 3.6: The approximation of the solution of Example 2 for BP-Euler method and BP-CN method at
T =6.28 (y =0.001, P = 130).
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Figure 3.7: Cross sections were taken along the line y = 0.75 of Initial data (ID) u°, BP-Euler, BP-CN,
CIP-Euler and CIP-CN methods at T = 6.28 (y = 0.001, P = 130). For plotting these cross-sections, when
P, elements are used 10,000 equidistant points were chosen along the line y = 0.75, and the values of the
approximated solution have been plotted at these points.
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Figure 3.8: Left: The approximation of the solution of Example 2 for BP-CN method without CIP term
(y = 0) using I]J’1 elements and mesh 3.1a (P = 130) Right: Cross sections were taken along the line
y = 0.75 of Initial data 4° and BP-CN method without CIP term at T = 6.28.
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Figure 3.9: Cross sections were taken along the line y = 0.75 of Initial data u%, BP-Euler, BP-CN, CIP-Euler
and CIP-CN methods at T = 6.28 (y = 0.001, P = 130) on the non-Delaunay mesh 3.1c.

103



Chapter 3. A nodally bound-preserving finite element method for time-dependent convection-diffusion
equations

1.003 1.005
[R—- [R—N
—_— Py [—- %

—_— 1.0041 = 01

1.002

1.003

1.001

1.002

(t)
(t)

M,
M,

1.001
1.000

1.000

0999 0.999

1 2 3 4 5 6 1 2 3 4 5 6
T T

(a) Euler (b) CN

Figure 3.10: The evolution of mass over time employing the BP-Euler and BP-CN schemes. These methods
have been implemented with P, and P, elements on Mesh 3.1a, and Q, elements on Mesh 3.1b.
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Chapter 4

Bound-preserving composite discontinuous

Galerkin method on polytopic meshes

4.1 Introduction

In this chapter, we extend the bound-preserving finite element method to polytopic meshes, where the set of
degrees of freedom remains independent of the number of vertices, edges, or faces within each element.

Over the past years, there has been growing interest in the development of Galerkin-type numerical
methods for meshes composed of general polygons in two dimensions and general polyhedra in three dimen-
sions, collectively referred to as polytopic meshes. Unlike classical Galerkin and discontinuous Galerkin
approaches that rely on simplicial or structured box-type meshes, these methods provide greater flexibility in
mesh design. A key motivation behind this shift is the potential reduction in the overall number of degrees
of freedom needed to solve PDE problems efficiently.

This aspect is particularly relevant in adaptive computations for evolution PDEs, where dynamic mesh
modification plays a crucial role in reducing computational costs. Such techniques are widely utilised in both
Eulerian and Lagrangian frameworks to enhance efficiency. Additionally, numerical methods on polytopic
meshes have found applications in problems involving interfaces—such as porosity distributions and material
discontinuities—as well as in multilevel solvers for elliptic boundary-value problems, where they contribute
to coarse correction strategies.

Popular approaches for polytopic meshes include the virtual element method [21,122], which originates
from the development of mimetic finite difference methods [54], as well as polygonal finite element methods

[113], composite finite element methods [71, 107], and various discontinuous Galerkin (dG) formulations.
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The latter range from one-field interior penalty dG methods [39-41,55] to hybridised approaches [50, 51].

A key advantage of dG methods is that they allow for independent control over the global numerical de-
grees of freedom, irrespective of the mesh topology (i.e., the connectivity of nodes, faces, and elements). In
contrast, polygonal finite element and virtual element methods enforce conformity by constructing approx-
imation spaces that inherently depend on the mesh topology. More specifically, even for the lowest-order
cases, these methods require a number of basis functions proportional to the number of mesh nodes, which
may limit the potential computational efficiency when using polytopic elements with a large number of faces.

In this chapter, inspired by the work in [57], we aim to extend the bound-preserving method to poly-
topic meshes. The approach introduced in [57] developed a recovered finite element method for polygonal
elements, constructing conforming schemes over polytopic meshes. As mentioned earlier, since the set of
degrees of freedom on polytopic meshes is independent of the number of vertices, edges, or faces of each
element, we instead select a sub-triangulation of the polytopic meshes. To implement the bound-preserving
method, we then impose the bounds at each degree of freedom of this sub-triangulation.

The remainder of this chapter is organised as follows: In Section 4.2, we introduce the elliptic problem
under consideration, an overview of the finite element and discontinuous Galerkin methods. Section 4.3
presents the finite element method (FEM) and establishes the well-posedness of the problem. In Section 4.4
and 4.5, we derive the optimal error estimate for the FEM solution. Finally, in Section 4.6, we propose a way
for implementation of this finite element method and finally in the last Section 4.7, we evaluate the practical

performance of the proposed FEM through a series of numerical experiments.

4.2 Model problem and its discretisation by the discontinuous Galerkin method

Let Q be an open bounded polygonal/polyhedral domain in R¢ (d = 2,3) with boundary Q. For given

f € H~1(Q), we consider the elliptic problem:

—diviDVu)+uu = f in Q,
u =0 on 02,

“.1n

here, y € L*®(L2) satisfies y > 0 a.e, and D = (d; j);i,j=1 € [L®(Q)]%%? is a symmetric, uniformly strictly
positive definite matrix a.e. in €. That is, there exists a constant D > 0 such that for almost all x € Q and
for all y € R? \ {0}, we have:

y' Dy >Dyy'y.
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By the Lax-Milgram Lemma 1.2.3, the above problem admits a unique weak solution. We note that the
framework presented here can be extended to more general settings, such as mixed boundary conditions or
the inclusion of first-order terms in the elliptic equation. However, for the sake of clarity, we restrict our
focus to this formulation to highlight the key ideas.

In this section, following the discussion in Section 1.6.5 and the results in (1.55) and (1.56), which are
derived from the maximum principle in Theorem 1.5.4 and the comparison principles in Corollary 1.5.3,
we apply the Assumption (A1) to the solution of (4.1), namely, we assume 0 < u(x) < x for almost every

x € Q.

Remark 4.2.1. Including convection in the problem (4.1) introduces additional challenges, particularly due
to the need for proper treatment of inflow boundary conditions. These issues become more pronounced when
using discontinuous Galerkin methods. Therefore, in this chapter, we focus exclusively on reaction—diffusion
problems. The analysis and numerical study of convection—diffusion equations will be addressed in future

work.

4.2.1 Finite element spaces

Let P be a subdivision of € into disjoint polygonal elements for d = 2 or polyhedral elements for d = 3.
From now on, we will refer to both cases as polytopic elements. Below, we outline some mild assumptions
on the admissible geometry of these elements.

For a nonnegative integer k, we denote by P, (K) the set of all polynomials of order k on each element

K € P. For k > 1, we consider the element-wise discontinuous space
vy ={vy € L}(Q) : vyl € P(K) VK € P}. 4.2)

We denote by I', the skeleton of P, definedasI'p := | g p K, and the interior skeleton as Fi;)“ =Tp\0Q.
Also, we define the mesh function Hp : Q — R, for the polytopic mesh P, where on the interior of

each polytopic element, it is given by Hp|g = diam(K).

Assumption 4.2.2. We assume that the partition P can be further subdivided into a conforming, shape-
regular, and quasi-uniform simplicial triangulation T on each K € P, such that for every K € P, we

have

k= |J T

TeT, TCK
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For convenience, we denote by T the set of simplicial elements of 7 contained within the polytopic
element K € P, i.e.,

Tx :={T €T : T CK}.

Furthermore, on each K € P, we consider the local piecewise polynomial space
Wy 1={v, € CUK) : v,y € PT), T € Tx}, 4.3)

and let Wr 1= @gpWk.

Although the solution is represented by a function belonging to the finite element space W, the test
space is chosen from Vp, which is defined on the polygonal mesh 7. In other words, in the finite element
method presented below, the solution is interpolated in W, while the resulting algebraic system is formed
by testing against functions in V3. Consequently, the total number of global numerical degrees of freedom

in the final system corresponds to the dimension of V}, rather than that of the finer space W

4.2.2 Interior penalty discontinuous Galerkin method

Let K, and K_ be two adjacent elements of P that share an interface F' C 0K, N dK_ C Fi;)“. For an
element-wise continuous scalar function v and vector-valued function q, we define the weighted average
across F as

follr :=

(vilp+v_lp), Hablr =5 (alr +a_lp),

N | —
N —

where v, | represents the trace of v from within K, on F, and similarly for q. Moreover, the jump across
F is defined as

[vllF :=vyn +v_n_, [qllfr:=q,-n +q_-n_,

where n__are the unit outward normals of K, on F. On a boundary face F C 02 N dK, we set {v}} := v,
f{q} :=q, [v] :=vn, and [q] := q - n, respectively, with n the unit outward normal to 0.

Finally, for brevity, we denote by Vv the broken gradient of a function v : Q — R with v|x € H'(K),
K € P, defined element-wise by (va)|,< =V(@l|g), K € P.

The (classical) interior penalty discontinuous Galerkin (IPDG) method reads: find uy € V5, such that

aDG(uH, UH) - f(UH), fOI‘ all UH c VP’ (44)
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with apg © (Hy(Q) + Vp) X (H (Q) + Vp) = R, given by

P

4.5)
—/ ({DVuy } - oyl +0{DVoy ) - [uyl) ds,
I'p

and Z(vy) 1= (f,vy)q. with8 € [-1,1] and 6 : I —» R, the, so-called, discontinuity-penalisation
or penalty function, whose precise definition depends on the assumptions on the geometry of the polytopic
elements K; this will be discussed below. The choice 8 = 1 yields the symmetric version, while the choice
0 = —1 the non-symmetric version of the IPDG method.

The choice of the discontinuity-penalisation function o has been widely investigated, particularly for
meshes consisting of extremely general polytopic or even curved elements; see [37,38,42,43,56] for further
discussion. In this work, we impose stronger restrictions on the admissible polytopic meshes P compared to

these studies, owing to the two-scale nature of the positivity-preserving method introduced below.

Assumption 4.2.3 (Admissible polytopic meshes). Let (P;);c; be a family of polytopic meshes, indexed by

some set 1. We impose the following conditions:

(a) each element K in (P;);cy is star-shaped with respect to an inscribed ball of radius pyg. Moreover,

there exists a global constant Cy,. > 0, independent of the mesh, such that Hy < Cg,.px for all

K e P;andforallie I.

(b) The meshes (P;);c; satisfy a local quasi-uniformity condition, meaning there exists a constant Cqu >1,
independent of the mesh, such that for any polytopic element K € P; and its face-neighbor K', the

element diameters satisfy Hy, < Cy Hy, for all K € P; and for all i € I.

Note that Assumption 4.2.3(b) implies the equivalence
Coa Hx < Hy < CyHy

for all face-neighboring elements K’ of a polytopic element K € P.

Remark 4.2.4. By the subtriangulation assumption stated below, each polygonal element K is subdivided
into a shape-regular simplicial submesh. This requirement implies that the faces of K must also be of rea-
sonable size and shape. In particular, very small faces on the boundary of the polygonal elements are not

allowed.
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For any vy € (H, 5 (Q) + Vp), we define the DG-norm

1/2
omlle := (IVDV,0ulE o + Iyiog g + IoploglEy, )

Using this norm, we establish the following coercivity result for aps (-, -).

Lemma 4.2.5. [3, Lemma 2.4] Let F C 0K, N dK_ be a generic planar simplicial face shared by two
elements K_,K_ € P. If F is not simplicial, we further partition it into a union of simplices and denote

each resulting simplicial (sub)face as F. When F C 0, we set K_ = (. We define

oplp 1= 8Cy k(k —1+d)d™! max_ ox Hi', (4.6)
*E{+,— * *
with 6 = ||D||(2),OO,K* |D! lo,00,k» for each simplicial (sub)face F C I'p, we have
3 2
apg(v,v) > Z|||U|||p forallv e Vp. 4.7)
Proof. For v € Vp, we have
-1/2
apg(0,0) = IVl = 2lle5 " (DVoY llor, Iy/aplolllor, - 4.8)

We prove the result for interior simplicial (sub)faces; the case of boundary (sub)faces is a special case if we

set K_ = §J. On each planar simplicial interior (sub)face F c I'™, standard estimation and a trace-inverse

2 < (k+1)(k+d)| F|

inequality of the form ||uh||0 < AT

”Uh”S,T for v, € P (T) for F face of a simplex T, (see [117],

and also [38] for an extension,) imply

~1/2 1
oy UDVONIE < 5= X DI IR Vol I
OP weft.-)
1 2, k(k—1+d)|F]| 2
< — Dl ————|IVul |l
2O-P *eé—} K. 10,00, F dlel K, 0,KF

respectively, since Vo € [P,_,(K,)]?, upon deciding that o is constant on each simplicial (sub)face,
whereby K f C K., x€ {+, —}, denotes the simplex with face F and vertex the centre of the ball with respect

to which K, is star-shaped. Note that the simplices K f are disjoint by construction and we haveUy;x K f =

F
IK; |
|F]

K, . Therefore, since '=H 1# is the ‘height’ of the simplex with base F, and we have, by construction
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that Hy: > py, we deduce
| F

|KF| < CslarH_l'
Therefore, we can arrive at
_ C,. k(k—1+d)
1/2 _ _
llop, DV }}Ilor L o5 |p 1Dk, IIOwFllD o.co.k, ———IVDVOI2 ;.
2 dH 0.K;
Fclp *€(+,—) K,

Selecting, now, o as in (4.6), we deduce

lop DV, <1670 Y D VDVl -

FcI'p xe{+,—}

Then, upon observing that

> IVDVo} o = IVDVLIR i .

FCoK

since Upcgx K = K., we arrive at the bound

lloy, PADVORIE, <167 IVDV,0l2 0, (4.9)

which, combined with (4.8), gives the result. ]

Note that the above (classical) IPDG method on polytopic meshes involves the same number of elemental
basis functions on each element, irrespectively of its shape. The key property allowing to achieve this is that
the local basis functions are defined on by restricting polynomials defined the physical space to each element,

and not through element mappings. We refer to [42] for details on the implementation of the method.

4.3 A nodally bound-preserving composite discontinuous Galerkin method

The classical IPDG method described above is generally not bound-preserving. This means that even if the
exact solution satisfies u(x) € [0, k] for almost all x € €, the numerical solution u;; may exceed these
bounds in a region with positive d-dimensional measure. The use of polytopic elements adds another level
of complexity to this issue.

However, polytopic elements offer several advantages in numerical simulations. They allow for an ex-
act representation of complex geometries without requiring overly refined meshes, as long as the solution

remains locally smooth. Also, these meshes can improve computational efficiency by reducing the total num-
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ber of global degrees of freedom. This flexibility makes polytopic elements particularly useful in adaptive
methods for handling singularities, sharp gradients/layers, and layer structures more effectively.

With this in mind, using polytopic elements with large diameters is particularly useful, as they allow the
solution to be represented over larger regions of the computational domain while reducing the number of
numerical degrees of freedom. However, modifying the polynomial basis on these large elements to enforce
bound-preservation could introduce larger errors. Additionally, in the IPDG framework, local polynomial
spaces are not constructed using nodal basis functions mapped from a reference domain, making it unclear
how to directly adjust nodal values to keep the solution within the bounds of the solution.

To address all these challenges at once, we propose enforcing bound preservation on the nodal basis
functions associated with the simplicial sub-mesh 7. We start by noting that the number of Lagrange basis
functions (and nodes) of order k in d dimensions for a simplicial element is given by m; , 1= (k+d). We

d
consider the Lagrange basis functions {¢,»T }m"‘ld corresponding to the Lagrange nodes {xiT }:’:‘1" for a simplex

i=
T C K, where K € P. Then, defining C(K) as the space of continuous functions over K, we introduce the

element-wise nodally bound-preserving recovery operator S;g 1 C(K) = Wy, given by

Myca

efw= Y Y max {o, min{U(xiT),K}}q.’)iT. (4.10)

TeTy i=1

Thus, by construction, 8}'(0) € W, with the cone WI;' defined by
Wii={veWg v el0,kl, i=1,....m4T e T} 4.11)

In other words, 8;(1)) is specifically constructed to stay within the predefined range [0, k] at each node xl.T,
fori =1,...,my, and T € Tg. We further define the global nodally bound-preserving recovery operator
ET 1 C(Q) - Wi as

(EX )|k 1= EFwlg). K eP.

A few remarks about this construction are important. Let vy € Vp. If vy (xiT) already lies within [0, k]
foralli = 1,....m ,and T € Tk, then E;g(v,_,) = vy on K, since it is a polynomial of degree k in
K. This means that the recovery operator £t does not effect functions that are already within the required
bounds. Correspondingly, if UH(XZ.T) € [0,x], foralli =1,...,m; 4, T € T, and for all K € P, we have
ET(vy) = vy. On the other hand, if at least for one point xl.T, we have UH(xl.T) & [0, k], then 8;(1),,) # Uy

on K. Finally, we note that if UH(x,.T) <O foralli =1,....,m,4 T € Tk, for some K € P, we get
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Ef(vy) =0, i.e., the (nonlinear) map £* has a non-trivial kernel.

For notational convenience, we also set
Exloy) = vylx — Egloy), 4.12)

for K € P and, correspondingly, E~(vy) := vy — ET(vy).
To alleviate the presence of the non-trivial kernel, we define a stabilisation bilinear form as follows: for

wy, v, € Wi, we set

Mya
spvp) = Y a Y (D, g7+ urhd)wy(x v, (4.13)

KEP TeTy i=1
with Ay 1= diam(T) and py := ||ullgor. T € T, while D, := ”D”O,oo,a)K’ for wg = {K' €
P shares face with K}, for each K € P, for some piecewise constant function a, with a|x = ax > O,

K € P, to be determined below. The bilinear form s(-, -) induces the norm |[|v,,||; := 1/s(vy, vy,) in Wi
We are now ready to introduce the composite bound-preserving discontinuous Galerkin method, which

reads: find u;; € Vp such that
ah(uH; UH) = K(UH) VUH S Vp, (414)
with the semilinear form given by

ap(Ug;vy) 1= aDG(8+(uH), vy)+S(E (uy), vy) . 4.15)

We observe that, if u,_,(xl.T) € [0,k], foralli =1,... sy, T E T, then (4.14) is just the (classical)
interior penalty discontinuous Galerkin method (4.4) with solution u;; € V5, i.e, the non-linearity in the
first argument of a, (-, -) disappears. The stabilisation term s(:, -) is non-trivial for polytopic elements K on
which u; violates the predetermined bounds on the range of the numerical solution.

Before discussing the well-posedness, stability, and convergence of the bound-preserving composite dis-
continuous Galerkin method above, we make some further assumptions on the sub-mesh 7 and its relation-

ship with the polytopic mesh P.

Assumption 4.3.1 (admissible simplicial submeshes). Consider a family of simplicial (sub)meshes (T});e ;.

for some index set J, that are constructed as refinements of a given polytopic mesh P. We assume that:
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(a) each simplex T in (T);cy, is shape-regular, i.e., there exists a global constant Cg, > 0, such that

hy < Cygpr, forall T € T;, j € J, with pr denoting the radius of the largest inscribed ball in T.

(b) the diameter hy of each simplex T C K, K € P, having a face f contained in the boundary of the
polytopic element K (i.e., T N 0K has positive (d — 1)-dimensional measure) is smaller than or equal
to the diameter H ., of the adjacent to f polytopic element K' € P, (that is the element K' € P with

f COKnaK').

We note that (a) in Assumption 4.3.1 is standard, while (b) is a technical (very mild) assumption re-
quiring that the submesh of a polytopic element is not “coarser” than the neighbouring polytopic elements

themselves.

Remark 4.3.2. The mesh admissibility conditions in Assumption 4.2.3 do not exclude the presence of ele-
ments with very small faces. Indeed, the size of an individual face has no effect on either the star-shapedness
requirement in Assumption 4.2.3(a) or the local quasi-uniformity condition in Assumption 4.2.3(b). If an
element K possesses a small face relative to its diameter H, the star-shapedness condition ensures that
K still admits shape-regular simplicial subtriangulation T;. In this case, the small face simply forces the

subtriangulation T; to be locally finer, but it does not violate any part of Assumption 4.2.3.

The following result shows that s(-, -) indeed controls the kernel of the projection £¥(-).

Lemma 4.3.3. [3, Lemma 3.3] There exists a constant Cequiv > 0, depending only on C,,, Cg,, k and on
the problem dimension d, such that, for every v, € W, we have
oplll3 < Ceguivlla™ 20,13 (4.16)

Proof. Observing that the number of Lagrange basis functions (and nodes) of order k in d dimensions is
given by my , 1= (kzd), we consider the Lagrange basis functions {¢iT }:'Z“l", associated with the Lagrange
nodes {xiT}?Z"ld, for the simplex T C K, where K € P.

For an affine transformation Fy : T — T, mapping a reference element 7' to each T € 7, we introduce

the family of Lagrange basis functions {y; }:.'Z“ld on the reference simplex 7', such that ¢l.ToFT = ;. Then,

we obtain
My q 5
2 2,.T T
oy <mea 302G [ (970)° ax

i=1 T

Micaq ) Mycq

T2 2,.T L 2,.T
<myy _max Q]G 7 1T1 Y, vl = CLITI Y v xD).

T kd i=1 i=1
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. 2 .
with ) i=my gmaxi_y w2 since [willg o 7 = 18] llo.cor forall T € 7.

2
”0,00 T
Using the last bound along with a standard inverse estimate of the form ||Vu,, ||(2) r < Cinvk“p;2 lvg, ||(2) T

with C,, > 0 a constant independent of T, k, vy, and pr denoting the radius of the largest inscribed ball in
T, gives

My q

\/ 2 4 -2 2 L2 14 -2 20, T
” DVUh”O,T < Cinvk ”Dllo,oo,TpT ”Uh”(),T < Cinvckvdk ”Dllo,oo,TpT |T| Z vh(x,. )-
i=1

Since |T| < A, from Assumption 4.3.1 we get |T| < Cszhp%th_2 and, thus, we conclude

My

1 —
VDV, I3 7 < O IDllosorhy™ D vpx]), (4.17)
i=1

with ¢/ 2= G, C2 CL i,

Finally, let f € F Cc K_n K, (as before), where K_, K, € P. Using the trace—inverse estimate

(see [41, Chapter 3, Lemma 6])

(k+ Dk +d)|F
d|S|

2 2
”Uh”()’F < ”Uh”()’s’

which holds for each face F C 0.5 of a simplex .S (F lies in a generic planar simplicial face shared by two
elements K, K_ € P), we proceed as follows. Consider a face f C dT N 0K for a polytopic element K.
Then f is a (sub)face of the simplicial element T, and it is contained in the corresponding simplicial face
F of the polytopic element K that contains 7. Hence, the above trace—inverse estimate can be applied on f

through its associated face F of K, therefore we have

My
2
||\/O’pl)h”(2)’f < my 4 0p Z Ufl(xl.T)/ (q’)iT(x)) ds
i=1 f

My a

-1 . -1 20T
< 4Cstarmk,d i:l,ntl.?:)r(nkﬂ ||Wi”0,oo,f"k(k -1+ d)d ||D||0,00,K_UK+< *er?lg_} HK*) |f| ZZ; Uh(xi )

Upon considering only the nodes and the respective basis functions which are nontrivial on the given face,
which is a (d — 1)-dimensional simplex itself and, hence, the numbering is modified accordingly. From

Assumption 4.3.1(b), we have that Ay, < min,¢(_ , H K, and, since | f| < h;‘l, we conclude

My

Iy/opvally , < CF Dl k_uk, > Y, vh(x]), 4.18)
i=1
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with C7 , 1= 4d ' Cyemy gk(k — 1 + d) max;_; my g 1Willo o -

For convenience in the implementation of the stabilisation term, we bound each term further. To that
end, we recall the notation set DwK, and of yr, from the definition of the bilinear form s(-, -) and we combine

the above estimates, to deduce

Mica

2 d-2 d\,2.T
”thl”p < Cequiv Z Z Z (DthT + #ThT)Uh(xi ),
KePTeTy i=1

with C,

equiv = max{C H! 2co 41> since CkLZ < ledl. The result already follows from the definition of || - ||.

kd* <>k,
O

4.3.1 Well-posedness

We now discuss the existence and uniqueness of solutions to (4.14). As in the previous chapters, the first step
we state the monotonicity result for s(-, -). The proof of this lemma is identical as Lemma 1.6.22 (see [12,

Lemma 3.1]) and is therefore omitted for brevity.

Lemma 4.3.4. The bilinear form s(-, ), defined in (4.13), satisfies:

S(E () —E (wy), EX(vy) = EF(wy) 20 Yoy, wy € Vp, (4.19)

S(E7 () wy = ET () <0 Yoy € Vp,w, € WS (4.20)

This monotonicity result will be used below to prove the well-posedness of (4.15).

Next, we prove the coercivity and continuity properties for the stabilised bilinear form a,(-, -) under a
specific choice of trial and test functions, which will be essential in the subsequent analysis. A key aspect of
the proof is that the discontinuity-penalisation parameter o, defined in (4.6), is sufficient to ensure stability,

even when the chosen trial functions are polynomials on the submesh 7.

Lemma 4.3.5. [3, Lemma 3.5] Let vy, wy € Vp, and set vy .= EX(vy) — EX(wy) for brevity. Define the
set

T2 :={T € Ty : Aface f C T NIK}

of simplices T in K touching the boundary of K, select a > 0 in (4.13), such that

H
al g :=ymax{1 K maxm}, KeP, 4.21)

, 8Cstar TGTI? T
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with y > 25C, Then, we have the bound

quiv*

1 1
- 7 2 -2\ 2 2 2\2
ape(rs 2i) + 505 2) < (P + 102 ) (12 15, + 2112

forany zy € Vp.

Proof. Through standard estimation, we have

apc(ry. zg) < rgllpllizg i - g {DVry} -z llds - g {DVzy} - Iyl ds.

4.22)

(4.23)

We continue by estimating the indefinite terms from above. For the last term on the right-hand side of last

bound, we employ Cauchy-Schwarz inequality and (4.9) to deduce

| /F (DVzy ) - Iy 1ds| <47 1VDV, 2y lloally/oplirg o,

4.24)

For the remaining term, we begin by decomposing into two contributions that will, in turn, be estimated

using the two different stabilisation terms, i.e., the discontinuity-penalisation and s(, -), respectively:

{DVry} - lzyllds= | {DV(y —wp)} - lzyllds— | {(DVr,} - lzyllds =: (D= UD),

rp rp rp

since rZ +r, = vy — wg. For (I), we employ Cauchy-Schwarz inequality and (4.9) to get

(D] < 4_1||\/5VP(UH - wH)”O,Q”\/GPI[ZH]]HO,FP
<4 (IVDV,rt g + 1IVDY,r; llog) Ionlzulllor,

For (IT), we employ a trace-inverse estimate on every T € T2, K € P, giving

D<) D Nop  PDVr el Aozl s

KeP fcoTnoK
TeT?
5xl /] :
K . -1 —n2 )
< ————— min Hg 6 DVr opllz .
_<Kz D 80,7 & Hx, IV huO,T) Ivorlzglor,
P rer?d ~ TS

Since min, gy _, HK*6I‘<i < HK51_<1 (one of the K, is K itself), and a|x = y max { 1, 82; ;neaTd T
K
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deduce

I(ID)] < < > ||\/BVrgllg,Tyll\/E[[zH]]llo;p <y PV aDVyrylloallv/oplzglllor,. (4.26)

Kep TETI?

Returning to (4.25), the above estimates and Lemma 4.3.3, upon observing that r,” € W and \/Er; e Wy,

imply
| / (DVr} ) - 2] ds|
I'p

<47 (IVDVrt g + IVDV,r log + 4~ PIVaDY, 3 llog ) 1vaplzalor,
V2 i)
< T(u\/var;né,Q +25Cequnt ™ 175 12) 1o 0z Mo,

respectively, since a1/ < y~1/2 by construction. Since y > 25C,_,;,, We arrive at the estimate:

equiv?

V2 ol
| [ DV Lzl ds| < = (IVDVril g + 17 1E)* Iy/apLzmlor,. 427)
P
Applying (4.24) and (4.27) into (4.23), along with the trivial bound \/5 < 2 yields (4.22). ]

Lemma 4.3.6. [3, Lemma 3.6] With the assumptions and notation of Lemma 4.3.5, we also have
_ 1 _
aDG(rZe vy —wy)+s(r,, vy —wy) 2 §(|||UH - le“%) + ||”h||3)- (4.28)
Proof. Since vy — wy =r; +r,, we obtain
aDG(rZ, Vg — Wg) + s(r;, vy —wy) 2 apg(Vyg — Wy, Uy —Wg) — aDG(r;l, Vg —wg)+ s(r;l,r;l),
(4.29)
using s(r,, rZ) > 0 from (1.69). Since vy — wy € Vp, Lemma 4.2.5 yields
3 2
apg(Vy — Wy, Vg — Wg) 2 Z”lUH —wylllp- (4.30)

Next, arguing exactly as in the proofs of (4.24) and (4.26), we have

| DY@y — ) - I ds| < 4NDVAV, w0y — willoallv/erlrlor,
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and

| DV oy~ wilds| <y~ 2IVaD 2V, loalloplvy = willlor, -
P
Applying Lemma 4.3.3 to \/Er}‘l € W; gives
y 2N aD 2V, g o < 47 I s

for the stated choices of @ and y. Using these three estimates together with the trivial bounds || D'/2 Vyullpa <

lvlllp and [Iy/oplvlllor, < lllvlllp for any v € Wy, we obtain
lap(ry,, vy —wp)l < %”lr;”lPl”UH —wylllp + iIIFZIISIIIUH —wlllp. (4.31)
Moreover, Lemma 4.3.3 applied to r,, € W yields
16[[175, 1113 < 16Cequiylla™'2r 12 < Iy 112, (4.32)
since @' <y < (16C,q:,) ™" by construction. Hence, from (4.31) we conclude that

_ 21, _ 1, 1 )
lap6(ry.vn = wil < Zlr Il = wyllp < I 1+ 3 lon = wpll.

Substituting this into (4.29), together with (4.30), establishes (4.28). ]

The preceding two lemmas are sufficient to guarantee the applicability of monotone operator theory,
thereby establishing the existence and uniqueness of a solution to (4.15). Furthermore, they provide the
foundation for an iterative scheme that converges to the solution. In particular, we obtain the following

result.

Theorem 4.3.7 (Well-posedness). [3, Theorem 3.7] Let T : vV, — [VP]’ be defined by
[TMH, UH] = ah(uH; UH) == aDG(8+(uH), UH) + S(E_(UH), UH), UH (S Vp

Then, under the hypotheses of Lemma 4.3.5, T is continuous and strongly monotone. Consequently, the

problem (4.15) has a unique solution ug € Vp.
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Proof. To show that T is continuous, we recall (4.32) and use (4.22), which gives

7 26 . _ 1/2 1/2
[Toy=Twy.vy=wy] < 7 (1€* ) = € @IB+T1E ) = € @I2) (2 13+1z41 )

Thus, T is continuous on Vp.

Moreover, (4.28) implies
1 - -
[Tvy —Twy, vy —wyl 2 §<|”UH - WH|||$> +[E7 () - E (WH)”?),

showing that T is strongly monotone on V. Existence and uniqueness therefore follow from the Browder-

Minty Theorem (see, e.g., [110, Theorem 10.41]) together with strong monotonicity. 0

4.4 Bound-preserving best approximation

For the error analysis, we require the construction of suitable nodally bound-preserving piece-wise poly-
nomial best approximations to the exact weak solution u of (4.1). The starting point of the construction is
to define the Lagrange interpolant on a simplex K¥ containing a polytopic element K € P. To eventually
guarantee bound-preservation in the construction below, we make the following technical assumption on the

admissible families of d-simplices K¥ > K, K € P.

Assumption 4.4.1. For each member P; of a family of polytopic meshes (P;),c;, we define the covering
P? = {K"}, related to the polytopic mesh P (see Figure 4.1), as the set of open, shape-regular d-simplices

K*, of smallest possible in diameter H xt» such that:
(a) for each K € P;, there exists a unique Kfe 7)? such that K c K¥;
(b) there exists a (global) constant Cf > 1, such that Hyy < thHK, forallK e P, iel;

(c) each Pf covers exactly the domain Q, that is, we have Q = U p_ﬁK 1,

Kte
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Figure 4.1: Polygonal element K and its covering K*.

Of course, the simplices K # are allowed to overlap. Note that from Definition 4.4.1(b) and Assumption
4.2.3(a), we have

IKE < HY, < (Ch )" < (ChCunr) o <77 (€ Cuar) K,

sh —star sh —star

respectively, since py is the radius of a ball in K. Setting C,,, := z~! (thCstar)d, we deduce

D 1K < Cy D) KT = Cioy €, (4.33)
Kiept KepP
since there is correspondence between K and K*. The last bound shows that the assumptions made on the
mesh 7 and on the simplicial covering P* are sufficient to control the extend of overlap in the computational
domain Q caused by the use of P*.

We now proceed to establish a best approximation result for a nodally bound-preserving approximant in
Vp. The proof is inspired by a similar construction introduced in [85]. The result in [85] concerns the best
approximation by bounds-constrained polynomials in the continuous setting. They proved that if K C R" be
a compact domain and f : K — R be a continuous function with range [m, M], and V), be a vector space
of continuous functions mapping K into R such that constant-valued functions on K are included. For any

g €V, there exists g € V, such that the range of g is contained in [m, M ] and

If =dllo <21f = &lleo-

In the present work, we extend this idea to the finite element space V}, where the approximation not only
preserves the nodal bounds but also satisfies optimal-order approximation properties. The following theorem

provides this discrete extension of the continuous result presented in [85].
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Theorem 4.4.2. [3, Theorem 4.2] Let K € P, k € N the polynomial degree of Vp, and v € H kLK% a

Sfunction with range in [0, x]. Then, there exists nyv € VP whose range is contained in [0, k], such that
lv— v, « <C, HFy) (4.34)
HYImK = Yl g k+1,KH%> .

m=0,1,2, for K* € P* as in Definition 4.4.1, with C,, > 0 depending on the shape-regularity of K* on
r and on k; moreover form = 1,2, C, > 0, depends also on Cy,, and on the upper range k, as well as on

|vly 40 form=1, oron|vl,q form=2.

Proof. Letk > 2 and iy : H 2(Kh - [P’k(Kﬁ) be the Lagrange interpolation operator, producing the
interpolating polynomial of total degree k on the Lagrange nodes of the simplex K*. Then, as v € H*+!(K"),

we have the best approximation estimates

lo—igvlloge + Hgelo—igoly ge + HIZOAU —igUly ke + |Kﬂ|1/2”U —igUllg ekt < éappHIl?;l [0 41,525
4.35)
for each K € P, with C‘app > 0 independent of H g and of v; [48, Theorem 3.1.4]. From the properties

stated in Definition 4.4.1, we deduce

. . 2 R 1/2 . k+1
lo—igvllox + Hxlv—igv|y x + Hglv—igvl, x + K| / lo—igvlloex < CappHK+ [0l 41 k25 (4.36)

with Cpp 2= G (CH)

¢

By construction, the nodal values in K # of the interpolant i ;v are within the range [0, k], since the range
of v itself is contained in [0, k]. When restricted to the polytopic element K c K*, however, the range of
i ;yU| g 1s not necessarily contained in [0, k], since Lagrange basis functions on a simplex do not all reside
within the range [0, 1] for £ > 2.

To construct an element-wise polynomial approximant of v that is also bound-preserving, we work as

follows. On each K € P, we define the function

. . . -1
Eaolg =5 +60) (igo =), with @) i=x(c+ 20— igvlloox)

cf., also, [85, Theorem 2]. Since 7 v is constructed by vector space operations and V, contains the constants,

we have 75 v € Vp. To show that the range of 7 v is contained in [0, k], we first observe that any function
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w whose range is contained in [0, k] admits the bound

< 4.37)

1 W
w— = =.
210,00,k © 2

Thus, for 75 v, we have, respectively,

<

K K K
Ty — = < v ”1 v— —” =
” H ZHO,oo,K O iy

since

im0 =3 ook SNimo =l o= 3ok < limo =y ¥ 2
H 2 10,00,K — H 0,00,K 210,00,k — H 0,00,K 2°

Having shown that 0 < 7 v < k, we now estimate its approximation capabilities. To that end, we have

v-myo=v-5 -0 (igo-5) = (0= 5 )1 =B+ p0)0 iy, @3B)

and so, triangle inequality, (4.37), and (4.36), respectively, give

2|lv - iHU“O,oo,K
K+2|lv—igvllpek

VTR~ e

k+1
S 2Cp H i 0 gy k-

K
UV— Ty < ||U——” + v”u—i Un
” H ”071< 2 llo,x b (@) H" o,

0ok T HU B iHU”o,K #39

For the H'-seminorm best approximation estimate, differentiating (4.38), taking norm and employing

the triangle inequality, gives

[V =70)] < 0= BLDIVEllg s +BUIT@ = g0l - (4.40)

Noting that Holder’s inequality implies ||Vo|ly ¢ < |K|(d‘2)/(2d)||VU||0’d,K, for d = 2,3, (this is allowed as
H*1(K%), k > 2, embeds continuously into W 4(K*)), and employing (4.36), the last bound can be further

estimated as follows:

V- U” <2 'IK(d'2)/(2d)||VU|| v—1i U” ||V v—1i U”
|[Vw=zyv)|,  <2c7'IKI in +|Vo-igo),

0.d,K ” 0,00,K

< Cppp(27! |K|_1/dHK||Vv||Od D) HEIO e

From Assumption 4.2.3(a), we deduce |K|™"/9Hy < p'Hy < C]

ar> and, thus, the result follows with

123



Chapter 4. Bound-preserving composite discontinuous Galerkin method on polytopic meshes

app(zc_l K_IHVU”O,d,K + 1)

star

For the H?-seminorm best approximation estimate, working as before gives

lv—7hvl,x <A =B ()|l x + B (V)| —igyvl|p k- (4.41)
Employing (4.36), the last bound can be further estimated as follows:

—1 . .
[v—7mpvlyx <267 vy kllv —igvllo ek + 10 —igvlyk

-1 72 k—1
< Copp (26 HE |0ly ¢ + 1) HE 04y 13-

The result follows upon setting C, := C,

app(21<‘1 vl x H ;‘; + 1). The above conclude the proofs for k > 2.

For k = 1, we can set 70 = i as the range of linear Lagrange basis functions over the simplex they
are defined on is contained in [0, 1], and, so, standard interpolation estimates are valid. Note that we can

take C, = 1, for k = 1.

4.5 A priori error analysis

We are now in position to prove a priori error bounds between sufficiently smooth exactly solutions u to (4.1)

and their nodally bound-preserving approximations £¥(u ) provided by (4.14).

Theorem 4.5.1. [3, Theorem 5.1] Letu € H**'(Q)n H& () be the solution to (4.1) and E¥ (uy) € Wi the
nodally bound-preserving approximation produced by (4.14), with op as in (4.6) and a as in (4.21), computed
on families of polytopic meshes and respective simplicial subdivisions satisfying Assumptions 4.2.3 and 4.3.1,

respectively. Then, we have the error bound:

1/2
lllu—EX@lllp < Capr< D (6, + H,iuK)H,%"wﬁH’Kﬁ) , (4.42)
Kep
where pg = |ullo,c0 x> With {K*} denoting the simplicial covering from Definition 4.4.1, and Copr > 0

dependent only on the polynomial degree k € N and on the constants appearing in Assumptions 4.2.3 and

4.3.1 and in Definition 4.4.1.

Proof. We begin by decomposing the error e :=u — ET(uy) as

e= (u— ﬂHu) + (nHu—£+(uH)) =:n+¢,
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noting that & € W-. The triangle inequality implies ||e]||[» < [llzlllp + <l p-
We shall now estimate & € W. We observe that ¢ = EF(myu) — E1(uy) since 0 < 7z u < k. Applying

Lemma 4.3.6, we get

apG(&, myu —uy) = S(E (up), tyu —uy) 2 l(”l”Hu —ugllly + 1€ @ll3)- (4.43)

Assuming that u € H3/?*¢(Q), ¢ > 0, with 0 < u < k in Q, (4.4) is consistent in the sense that
apgu,vg) = C(vy), for all vy € Vp. Combining the last identity with (4.14), gives the orthogonality

relation

apcu,vy) =C(vy) = aDG(8+(uH), vg)+ S(E (uy), vy),

for all vy € Vp, which, in turn implies
apg(&,vy) — s(E (uy),vy) = —apg(n, vy). (4.44)
Using (4.44) on (4.43), results into

(|||7TH” - ”Hl”%) + ||5_(UH)||3) < —apc(n, wyu —ug). (4.45)

S

Setting &y = myu — uy for brevity, we embark on estimating the right-hand side of (4.45). Straight-

forward estimation gives

lapc(®, )l < MlnlllpllIExllp + g [EDVnR [k 11ds + g I{DVEy B 1 ds. (4.46)

We proceed for each of the last two terms of (4.46) separately. For the last term we work as in (4.24) to

obtain the bound

DV )l ds < 4~ IVDV e loallv/arlnlllor,

To further estimate the term involving #, for each simplicial face F shared by two elements K., K_ € P,
we recall the definition of the simplex K" C K, *€ {+,—}, having as a face F a simplicial face of K,
(possibly after further subdivision of a polytopic face,) and opposite vertex the centre of the ball with respect

to which K, is star-shaped; cf., also the proof of Lemma 4.2.5 above. We apply the Trace Theorem on K f ,
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getting

-1
1013 < Ceellvllorllvlly kr < Co(X+ HDIVIG o + CeH 01

0,KF LLKF

4.47)

Co(1+ Hi Y(H I} o + H |0l

0,KF 1KF)

with C,, depending only on the star-shapedness parameter C,. from Assumption 4.2.3(a); we refer, e.g.,

star
to [38, Lemma 4.7] for a proof of the Trace Theorem with explicit value of C,;.

Hence, (4.47) implies

IVoplnllly, <& ), 2 Burg, (HIWNIG i + 1015 ) <& 3 8 (HEMIG i + 1015 ).

FcT'p xe{+ KeP

with & := 16(1 + maxgcp Hg)C,, Cyprk(k — 1+ d)d ™", since we have UFCaK*Kf = K, by construction.

Theorem 4.4.2 then implies

IVorlmllGgy, S e Y, do, HEIE,, o (4.48)

Kepr

: — A 2 2
with ¢; = ¢ max{C,CT}.

Now we turn to the penultimate term on the right-hand side of (4.46), for which we have

-1/2

/I{{DVH}}II[[éHHIdS<IIG {(DVnillor, Ivopléallor,-

We further estimate the term involving # as follows:

-1/2
lop DV, <& X X DI i (Inl} g + HR 1013 yr)
FcI'p xe{+,—-}
<& 3 ID7 gL i (Il + Hinl3 )
KepP

foré, 1= (8Cyk(k—1+d))" '42C,.(1+max g p Hy), using the Trace Theorem (4.47) for v = | V7| k|- the

definition of 6 , and working as before to collect the contributions to each K. Noting that |D~! ||6io K <

IDllo,00,x» We apply Theorem 4.4.2 to arrive at

-1/2
llo,' 24DV, <C2KZP||D||000KH2k|u|k+1 - (4.49)
S

with ¢, := & max{C?, sz}.
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Finally, using (4.48), along with straightforward estimation, also yields

il < % (CIDlo sk + CoHxllullo ok + €180 ) HE ML | s (4.50)
KeP

Using (4.48), (4.49) and (4.50) to estimate further (4.46), along with the discrete version of Cauchy-Schwarz

inequality gives the following bound:

— 1/2
lan(n. &)l < 2(lll + oy DV 2L, + IyeplnlliZg, ) il

2 ki 12 4.51)
< c3< CH +HKMK)HKk|u|k+1’Kn> Ex -
KeP

with ¢; 1= 2(max{2¢c, + ¢, + C?, Cg})l/2 and pg = |[pllo 0.k -
Returning, now, to (4.45), we use (4.51), (along with the inequality ab < a*> + b*/4 on the right-hand
side of (4.51)) to deduce

1 2 Lo 2.2 2 21,12
Allnllly + SNE7 T < 65 2, (0, + Hige ) HEW (452)
€

From the above estimate , we can arrive at an upper bound for |||&||| p, as follows. Since &y = E—E~ (upy),

triangle inequality and (4.32) give

Eu % > (1€l = NE~@mlllp)” > (€l = 5 1€~ @)’

4.53
L 22 - 4z _ 4 e 2 (4.53)
Z|||§|||p+25|| (Il 5|||5|||p||5 (ully = €N 25||5 ullys

respectively, using the inequality 2ab < a?/5 + 5b in the last step. Combining (4.52) with (4.53) provides

us with the bound

e <565 Y, (80, + Hiug) HE WL, | e (4.54)
Kepr
ignoring the non-negative term ||£~ (u H)llf. The triangle inequality completes the proof. O

Remark 4.5.2. Some remarks are in order.

1. The presence of the covering simplices K % on the right-hand side of (4.42) does not affect the inferred
of the order of the method proved. Indeed, estimating further (4.42) from above and using (4.33),
results in the bound

k
lllu = €7 @plllp < Cmax Hy luli,y 0,
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for C > 0 depending on C,., C,

apr’ ~cov’

D, and on u only.

2. The proof of Theorem 4.5.1 offers also an a priori error bound for the ‘non-compliant’ approximate
solution uy € Vp, which may not be nodally bound-preserving. Indeed, from (4.52), we obtain a

bound on |||z yu — uy ||| p, which, combined with (4.50) results to the error bound

1/2

~ 2 2ky,,12

llu = gl < capr(KZ;J (80 + Hypg ) HY |v|k+1,m) ,
€

foraC

apr > 0 having the same dependence on the constants as Cy,. > 0.

3. The bound (4.52) also gives some insight on the rate of decay of |E~(uy)| — O, i.e., of the, ‘non-
compliant’ to the bounds on the range, part of the approximate solution, as maxgcp Hg — 0 and/or

maxpcr hy — 0.

Assume for simplicity that T is quasi-uniform so that h is the representative submesh simplex diameter
for T and that P is also quasi-uniform, so that H is the representative polytopic element diameter.

Then, (4.21) implies that each elemental component is proportional to Hh™'.

We first consider the scenario of H fixed and h — 0. Then, the right-hand side of (4.52) is bounded
by C,,H k. for a constant Cyp > 0, depending on the exact solution u. Then, from the definition of the

stabilisation norm and the fact that « ~ Hh™', we get

Mycq

— — — 2 — _
CapH™ 2 1E7 @2 2 Cooun HA™> Y Y D B (Eup)X]))” ~ CoounHANE wppll5 o
KePTeTy i=1

Jor Cyoun > 0 depending on Dy, The above imply that ||E™ (ug)lloq ~ h3/2 for fixed H. Also, since
h=3 > H73, we have NE~lloq ~ H**1 which is expected from (4.52).

4.6 Implementation and matrix structure

We can construct the R-FEM through a transformation starting from the discontinuous Galerkin method on

the following space that is define on the submesh 7

V, i={v, € LX(Q) : v,], €P(T) VT €T}.
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Then, we consider the following discontinuous Galerkin finite element method: Find u;, € V_ such that
agG(uh; vy) = (vy) forall v, € Vr, (4.55)
withal - (HJ(Q) + Vy) X (H}(Q) + V) - R, given by

agG(uh;uh)=/ (DVTuhVUh+yuhvh)dx+/ opllu,ll - [v,l ds
Q ry

- / ({DVu,} - [v,] + 6{DVo,} - [uy]) ds,
rr

and Z(v,) := (f,v,)q. Here, 8 € [—1,1] is the same parameter which has been defined in (4.5), the
parameter op is the penalty parameter (4.6) and I'; := Uy, 0T is the the skeleton of 7.
Furthermore, consider the following finite element method on the space W} which has been defined in

Section 4.2.1: Find w,;, € W7 such that
ay(wy; vy) = (V) forall v, € W, (4.56)

where
ay(wy;vy) = / (Dprh - Vpu, + ,uwhvh) dx +/ opllw,ll - [lv,l1ds
Q

I'p

—/F ({DVw, Y - Tv, D + 64DV, } - [w,]) ds.

It is easy to see that the following relation holds between the basis functions of the finite element space Wy,

K € P and the basis functions of the space V-

dK =) of i=1,... Ng, (4.57)

where N is the total number of degrees of freedom of the space W, qbiK is a basis of Wy associate to xl.K ,
N ;< represents the number of degrees of freedom in V5 that coincide with the degree of freedom xiK in Wy,
and golK is a basis function of the finite element space V- whose degree of freedom is located at xiK .

Thus, the finite element method (4.56) can be expressed as a transformation of the finite element method
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(4.55). In other words

J 1
K K

a1, 7) = Z Z al (@0, Ki.K, € P (4.58)
k=1 I=1

Note that the summation on the right-hand side of (4.58) also pertains to the penalty term in the finite element

method (4.56). because when ', N 'y = ¢, we have [[qﬁiKl] =0and [[q,’)fzﬂ = 0, and therefore

/Fp [6'] - [$,*]ds = /FT [651] - [¢']as.

this means that,

/ op[d"1] - [[¢K2ﬂds—22 / [0 - [0]ds. (4.59)

=1 /=1

In fact, (4.59) indicates that when the values of the basis functions in the space V-, corresponding to the
identical degrees of freedom in W are aligned, the internal jumps across the polygons vanish.

Assume that Ny := dim(VT) and N, := dim(W7) represent the dimensions of the spaces VT and
Wy, respectively. Clearly, (4.58) implies that the bilinear forms agG(-, -) can be transformed into a,(-, -) by
modifying the basis functions. This transformation is represented by the matrix O € RV+*N7 (see Figure

4.2a). Therefore, (4.58) can be expressed in algebraic form as

A# = OADGOT 5

where [Ay];; = ay($;, ¢;) is the stiffness matrix related to the finite element method (4.56) and [Apgl;; =
agG((pi, @ j) is the stiffness matrix of the finite element method (4.55).
By the above relations the algebraic form of the finite element method (4.56) can be written by the

transformation matrix O and is given by seeking W € R™# such that
AW = OA0TW = Ob, (4.60)

where b € RN7 given by b, = (f, ;). and @; € V being a basis of V.

130



Chapter 4. Bound-preserving composite discontinuous Galerkin method on polytopic meshes

Let 9; be a basis function of the polygonal element K and define the finite element space
K _
Vp = span{d;,J,, - ,8NK 1,

where Vp = 69V7§< . To compute the global stiffness matrix for the finite element method (4.14), assume that

the basis functions 191’.< of the finite element space VPK , associated to the element K, can be expressed as a

summation of the basis functions ¢, ..., ¢X corresponding to the degrees of freedom {xf, xX xK
K

N 2o Xy
of the space Wi
Ng
K _ K
9 =) ake,, 4.61)
i=1
then, we have
Ne. N
k1 9%y = S S i (o K.,K,eP 4.62
aDG(i’j)_ZZal aka#(¢1 ’¢k) 1° 2e . ( )
I=1 k=1

Let [Apgli; = apc(P;.9;), i,j = 1,-+-, Np where Np = dim(Vp) and [Ay];; = ay(¢;, ¢;), then, we

1

can represent the connection between Ap and Ay via a transformation matrix Q € RN»*N+, Therefore, the

global stiffness matrix Ap can be written as
Ap = QA#QT-

The block diagonal matrix Q is depicted in Figure 4.2b.

Therefore, the algebraic form of the finite element method (4.14) is given by

Ap(QW") +S(QW) = (QA,Q") QW) +S(QW")
= (QOALG0" Q") (QW™) + S(QW™) = Fy,. (4.63)
where W € RM+, and F, = QOb. The stabilisation matrix S in (4.63) similar to the matrix Ap can be
constructed through a transformation starting from the space V7, first we can write the following stabilisation
Mi.a
sr )= D @ DY (D h2 + uphd ) vu(eup(x)  up vy € Vi,

KeP TeTy i=1

where a is the same parameter which has been defined in (4.21). So, similar to A, we can write the algebraic
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form of the stabilisation term s(:, -) in finite element method (4.14) as
S(QW) = (0QS;Q"0") (QW).

In Figure 4.2 the structure of the transportation matrices O and Q which are constructed on Mesh 4.4c

have been illustrated.

(a) 0Oc R216><594 (b) Q = |R96X216

Figure 4.2: Illustration of the structure of the matrices O and Q constructed on Mesh 4.4c and using P,
elements,

Also, the structure of the matrices Apg, Ay and Ap on Mesh 4.4c and using P, elements have been

shown in Figure 4.3.

(a) ADG c R594X594 (b) A# c R216X216 (C) Ap c R96><96

Figure 4.3: Illustration of the structure of the matrices Apg, Ay and A, on Mesh 4.4c¢ and using P elements.
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4.7 Numerical experiments

In this section we present a set of numerical results testing the performance of the finite element method
(4.14). In all numerical experiments in this section Q = (0, 1)2, and we have used the value y = 1 in
(4.21). We have selected two sets of meshes, different levels of them are depicted in Figures 4.4 and 4.5.
The family illustrated in Figure 4.5 represents two levels of submesh refinement for mesh 4.4c. In this family
mesh, each polygonal subdomain of mesh 4.4c has been uniformly refined, i.e., every triangular element
in the subdomains is subdivided into four smaller elements by connecting the midpoints of the sides of the

triangles.

/N

- 1 L
VA

A

(a) 8 polygonals and 40 tri-(b) 16 polygonals and 88 tri-(c) 32 polygonals and 198(d) 64 polygonals and 414
angles. angles. triangles. triangles.

~

Y I

(e) 128 polygonals and 873(f) 256 polygonals and 1745(g) 512 polygonals and 3443(h) 1024 polygonals and
triangles. triangles. triangles. 7024 triangles.

Figure 4.4: Different levels of polygonal meshes with their corresponding triangular submeshes used in the
numerical experiments.

To solve the nonlinear system associated to (4.14) as initial guess first, find w?l € W such that

ayWh),v,) = (f,v5)q,  forallv, € Wy. (4.64)

0
1°

0

Now, let denote the value of w% at degree of freedom of the space W, by W% = (w -

0
w, ..., wN#), and
consider the algebraic form of the finite element (4.14) which has been given by (4.63). Then, forn = 1,2, ...,

find the solution U"*! by the following semi-smooth Newton’s which uses Clarke’s generalized derivative
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(a) 32 polygonals and 792(b) 32 polygonals and 3168
triangles. triangles.

Figure 4.5: Two levels of mesh refinement for mesh 4.4c.

method (for more details of Clarke’s derivative see Remark 1.6.30 and see also [108,114])
UrD = QW™ — Jp(UM)~TF(W™), (4.65)
Here, F(W) = F, — A,Q(W)* — SQ(W)~, and Jg(U) is computed as
Tp(U) = Jp(W)Q" = —(ApQdiag(I'(w)), ..., I'(wy,)) + SQdiag(I*(wy), ..., I*(wy,))Q",  (4.66)

where I'' and I? are indicator functions and are defined as

0, if w; <0,
I'(w,;) = i=1,2,..., Ny,
I, if w; >0,
and
0’ wi € [O’ K]’
I*(w;) = i=12,...,N,.
1, otherwise,

Note that the relation (4.66) holds between Jp(W) and Jy(U) because
Js (W)W = Js(W)QT QW = J(U)U.
The Newton’s iterations (4.65) terminated once the following stopping criterion is satisfied

€W = EWsllgg < 1078, (4.67)
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N# n

i=1 wi ¢i.

We test the performance of the method asymptotically, where we use EOC as the estimated order of

where ) = w) = ),

convergence, and we also examine the convergence of the iterative method. To compute the estimated order

of convergence EOC of two different levels we use

log( ”'Hlevel 1 )

”'HlevelZ . (468)
Number of the polygons in level 1
log( Vv polyg

\/ Number of the polygons in level 2
Note that in the numerical results, £¥(u ) is always used for plotting the solutions and calculating the error.

Example 8 (Convergence of a problem with smooth solution). We consider the parameters y = 1 and

100  cos(x)
D=e¢ | where € = 1070, The function f is chosen such that the analytical solution of (2.1)

cos(x) 1
is given by u(x,y) = sin(czx)sin(czy). Note that u(x,y) € [0, 1], and therefore we set k = 1. In all the

experiments, we use the penalty parameter y = 1 in (4.21).

To show the convergence results, P;, °,, and P; elements on the meshes 4.4a-4.4h have been used.
The convergence results are reported in Tables 4.1-4.3 for the norms || - [[gq. || - lIpg. and the seminorm
| - |1 for u — EF(up). Additionally, the || - ||;-norm for £~ (uy) and the number of iterations required to
achieve convergence for the nonlinear system are included. Note that each level of the meshes 4.4a-4.4h
is not a refinement of the previous one. Therefore, the order of convergence was approximately computed
using (4.68). The results in this example show optimal rates for all degrees when we do the refinement of

the polygonal mesh. Additionally, refinement leads to a monotone decay of ||~ (uy)|l,.

[ Mesh [ Iir. | flu— EF(up)llog | EOC | lu—EFup)liq | EOC | llu — EF(up)llps | EOC | €W, [ EOC |

Mesh4.4c | 3 5.21e-1 - 1.80e-2 - 5.22e-1 - 0 -
Mesh4.4d | 3 3.98e-1 0.77 1.73e-2 0.11 4.09e-1 0.70 0 -
Mesh4.4e | 3 2.98e-1 0.83 1.48e-2 0.45 3.24e-1 0.67 0 -
Mesh 4.4f | 10 1.73e-1 1.57 1.16e-2 0.70 2.15e-1 1.18 9.07e-3 -
Mesh 4.4g | 7 8.76e-2 1.96 8.41e-3 0.93 1.27e-1 1.52 1.63e-2 -
Mesh4.4h | 7 4.33e-2 2.03 5.97e-3 0.99 7.71e-2 1.44 1.30e-3 7.29

Table 4.1: Numerical results using P; elements and ¢ = 8 when the R-BP-FEM is used.
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[ Mesh [ Tir. | flu— EF(up)llog | EOC | u—EF g | BOC | llu — E¥(up)lpg | EOC [ IE-W)Il, | EOC

Mesh4.4c | 3 4.20e-1 0.47 1.69¢e-2 - 4.40e-1 0.35 0

Mesh4.4d | 9 2.32e-1 1.71 1.28e-2 0.80 2.70e-1 1.41 3.73e-3 -
Mesh 4.4e | 10 1.12e-1 1.88 7.96¢-3 1.37 1.35e-1 2.00 4.12e-2 -
Mesh 4.4f | 13 4.41e-2 291 4.45e-3 1.68 5.93e-2 2.37 1.58e-2 2.26
Mesh 4.4g | 13 1.34e-2 3.43 2.33e-3 1.87 2.12e-2 2.96 3.12e-3 5.18
Mesh 4.4h | 14 4.67e-3 3.04 1.12e-3 2.11 9.66¢-3 227 1.63e-3 1.87

Table 4.2: Numerical results using P, elements and ¢ = 8 when the R-BP-FEM is used.

Mesh | Itr. | Jlu— EF(up)llpg | EOC [ Ju— EF )l o | EOC [ llu— EF(upy)lipg | EOC | 1€ w})Il, | EOC

Mesh 4.4c | 11 2.83e-1 1.30 1.32e-2 0.80 3.18e-1 1.53 4.54¢e-2 -

Mesh 4.4d | 13 1.04e-1 2.99 7.48e-3 1.64 1.45e-1 2.27 3.03¢e-2 1.17
Mesh 4.4e | 14 2.72e-2 3.77 2.85e-3 2.78 3.47e-2 4.13 4.25e-3 5.67
Mesh 4.4f | 17 6.52e-3 4.12 1.04e-3 291 9.56¢-3 3.71 2.73e-3 1.28
Mesh 4.4g | 13 1.73e-3 3.82 3.6le-4 3.05 2.72e-3 3.15 4.01le-4 5.53
Mesh 4.4h | 14 4.31e4 4.01 1.27e-4 3.01 8.00e-4 3.53 5.71e-5 5.62

Table 4.3: Numerical results using P5 elements and ¢ = 8 when the R-BP-FEM is used.

(a) P, elements (b) P, elements (c) P5 elements

Figure 4.6: Discrete solution £¥(uy;) of Example 8 for ¢ = 8 and Mesh 4.4h using R-BP-FEM.

To examine the effect of refining the triangular submesh, we used two levels of refinement on the Mesh
4.4c which have been depicted in Figure 4.5. The results are presented in Tables 4.4 and 4.5, and the ap-
proximated solution is illustrated in Figures 4.7 and 4.8 for P; and P, elements. These results indicate that
refining the submesh does not improve the convergence outcomes, as all convergence results almost remain
consistent across different refinements of the fixed Mesh 4.4c. The first level of the mesh (i.e., Mesh 4.4¢)

has been denoted by R1, with subsequent refinements represented as R2, R3, and so on.
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[ Mesh | Tir. | [lu—E*ullog [ e — EX@mlloon | 14— upllogn | 1u—EXwmlig | lu—E wmlpg [ N1E-@I, |

R1 11 3.77e-2 4.31e-4 1.48e-2 6.86¢-4 1.38e-2 7.34e-2
R2 | 10 3.43e-2 3.64e-4 3.35e-2 6.46¢-4 3.65¢e-2 8.15e-2
R3 9 3.19e-2 2.59%-4 5.24e-2 6.23e-4 3.38e-2 7.82e-2

Table 4.4: Numerical results using R-BP-FEM and P elements with ¢

its refinement.

(a) R1

(b) R2

= 1 on Mesh 4.4c¢ and two levels of

(©)R3

Figure 4.7: Discrete solution £*(uy;) for Example 8 using the R-BP-FEM and P, elements with ¢ = 1 on

Mesh 4.4c¢ and two levels of its refinement.

[ Mesh [ Itr. [ [lu— E¥@p)llog | lu = EF@pllog | 1t —tgllooq | 14— EXup)lio [ 4= EXwr)lng | 1€-@I, |

R1 10 2.17e-3 2.96¢-5 3.78e-4 9.84e-5 2.42e-3 2.18e-2
R2 | 12 1.96e-3 0 1.21e-3 8.98e-5 2.20e-3 2.28e-2
R3 | 12 1.68e-3 0 2.52e-3 8.03e-5 1.92e-3 2.09e-2

Table 4.5: Numerical results using the R-BP-FEM and [P, elements with ¢ = 1 on Mesh 4.4c and two levels
of its refinement.

(a) R1

(b) R2

(©)R3

Figure 4.8: Approximation of the solution £ (u ;) for Example 8 using the R-BP-FEM and P, elements with
¢ = 1 on Mesh 4.4c and two levels of its refinement.

Newton’s method significantly reduces the number of iterations required to solve the nonlinear problem.
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In contrast, Richardson iteration often requires several hundred iterations for this problem, and this number
increases further when higher-order finite element methods are used. As shown in Tables 4.1-4.5 and in the
subsequent examples, Newton’s method achieves a substantial reduction in iteration counts. For comparison,

Table 4.6 reports the number of Richardson iterations needed when using P, elements in Example 8.

Mesh 4.4f 4.4g 4.4h
Itr. 146 148 149

Table 4.6: Richardson’s iterations needed to reach convergence using [P; elements in Example 8.

Example 9. Resolution of boundary layers. Consider the problem

—eAu+ pu =1, in Q;
u=20, on 0€,

We use e € [1077, 1072]. Notice that u(x) € [0, 1], and thus we choose k = 1.

The approximations of the solution obtained using [P, and P, elements on Mesh 4.4h are shown in Fig-
ures 4.9 and 4.10. From these figures, it is evident that as the diffusion parameter € decreases, the boundary
layer becomes sharper. Nevertheless, the bound-preserving finite element method successfully resolves the
problem without exhibiting any noticeable oscillations near the boundary. This behaviour remains consistent

when increasing the polynomial order of the elements, as both P and P, discretisations yield similar results.

The number of Newton’s iterations required to satisfy the stopping criterion (4.67) is listed in Table 4.7.
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(d)ye=10" (e)e =10"° () e = 1077

Figure 4.9: Elevations of the approximation solution £*(uy;) to Example 9 using P; elements and Mesh
4.4h.
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) e=10"7

(d)ye=10" (e)e =10"°

Figure 4.10: Elevations of the approximation solution £*(uy) to Example 9 using P, elements and Mesh

4.4h.

|| e]1077]10°°]107° [ 107* ] 107 | 107 |
P, |Ie. | 13 [ 14 | 15 | 16 | 6 7
P, | It. | 14 | 14 | 14 | 20 | 7 8

Table 4.7: Iterations required to satisfy the stopping criterion (4.67) using P; and P, elements, and Mesh
4.4h obtained with the R-BP-FEM.

Example 10. A solution with an interior layer Consider the problem

—eAu+u=f, in Q;
(4.69)
u=0, on 0Q,
with
- [1 2]2.
f — 2’ 4’ 4 9

1, otherwise.

In this case, the solution is expected to achieve a local minimum on the interior. We examine the solution for

e € [1077,1072]. Notice that u(x) € [0, 1], and thus we choose k = 1.
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The approximations of the solution using [P; and P, elements are shown in Figures 4.11 and 4.14. Addi-
tionally, numerical results, including the number of iterations required to satisfy the stopping criterion (4.67)
is reported in Table 4.8. A cross-section of the solution along the y = —x plane, obtained using the BP finite
element method and the DG finite element method (4.4) on Mesh 4.4h, is presented in Figures 4.12 and 4.15.
It is noteworthy that the solution of (4.4) exhibits oscillations near the boundary layer, which become severe
for ¢ <« 1. These oscillations are completely eliminated by the current method. Similar numerical results

for the coarser mesh 4.4e are presented in Figures 4.13 and 4.16.

(d)ye=10" (e)e=10"° () e = 1077

Figure 4.11: Elevations of the approximation to Example 10 using PP; elements and Mesh 4.4h.
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1.75 - ';'gPM L 175 - ';'gPM

1.50 1.50

1.25 L 125

1.00 L 1.00

0.75 L 075

0.50 L 050

0.25 L 025

0.00 0.00

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0

(@) e=10"* (b)e =107

1.75 - g’gPM L 175 - g’gPM

1.50 L 150

1.25 L 125

1.00 L 1.00

0.75 L 075

0.50 } L 050 \

0.25 L 025

0.00 0.00

0.0 0.2 0.4 0.6 058 1.0 0.0 0.2 0.4 0.6 08 1.0

©e= 107 de= 1077

Figure 4.12: Cross-section of the solution of Example 10 along the y = —x plane obtained by the R-BP-FEM
and the DG method (4.4), and using P, elements on Mesh 4.4h.
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(d) e = 1074, DG-FEM

(e) e = 107>, DG-FEM

(f) e = 10~7, DG-FEM
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Figure 4.13: Cross-section of the solution of Example 10 along the y = —x plane obtained by the R-BP-FEM

and the DG method (4.4), and using P, elements on Mesh 4.4{.
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Figure 4.14: Elevations of the approximation to Example 10 using P, elements and Mesh 4.4h.

[ ] e[107[10°[10° 101073107
P, [l | 13 | 14 | 14 | 17 | 13 | 7
Py [T | 9 | 7 |21 | 14| 13 | 9

Table 4.8: Iterations required to satisfy the stopping criterion (4.67) using P, and [®, elements on Mesh 4.4h,
obtained with the R-BP-FEM.
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s R-BPM m= R-BPM
1.75 o 1.75 DG
1.50 1.50
1.25 Lo125
1.00 L 1.00
0.75 L 075
0.50 L 050 I A
4 \|
0.25 L 025
0.00 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(@) e=10"* (b)e =107
e R-BPM e R-BPM
1.75 Do 1.75 G
1.50 L 150
1.25 Lo1.25
1.00 L 1.00
0.75 L 075
0.50 [ " L 050 ‘ "
0.25 L 025
0.00 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
() e=10"° de=10"7

Figure 4.15: Cross-section of the solution of Example 10 along the y = —x plane obtained by the R-BP-FEM
and the DG method (4.4), and using PP, elements on Mesh 4.4h.
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1.25
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0.50

0.25

0.00

0.0

Figure 4.16: Cross-section of the solution of Example 10 along the y = —x plane obtained by the R-BP-FEM
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and the DG method (4.4), and using P, elements on Mesh 4.4{.

robust in enforcing bounds on the solution. Furthermore, the tests confirm optimal convergence rates for
smooth solutions, robustness of the scheme across a wide range of diffusion parameters, and the ability of
the method to accurately capture both boundary and interior layers without producing spurious oscillations
or out-of-range over- or undershoots. Comparisons with a standard DG discretisation show that the proposed
method effectively eliminates non-physical behaviour in challenging, singularly perturbed regimes. A no-

table feature of the approach is the flexibility to freely choose the number and location of nodes at which
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The numerical results presented in this section demonstrate that the proposed finite element method is
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range bounds are enforced, without increasing the overall computational complexity of the method.
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Conclusion

The development of finite element methods (FEMs) that respect the underlying physical principles of par-
tial differential equations (PDEs) is an important aspect of numerical analysis. The preceding chapters of
this thesis have addressed challenges associated with maintaining these physical principles in numerical
approximations, with a particular focus on bound-preserving schemes for convection-diffusion and reaction-
diffusion problems. This concluding chapter summarises the main findings, highlights the contributions of
this research, and discusses potential future directions.

In Chapter 2, we extended the methodology proposed in [12] to convection-diffusion problems, address-
ing the challenge of bound preservation in numerical methods. It has long been recognised that standard
finite element methods do not inherently preserve physical bounds in this context. This issue was formally
established in the finite element setting in [46], where it was shown that piecewise linear finite element ap-
proximations maintain such bounds only under specific mesh conditions, particularly concerning internal
angles and refinement levels. Additionally, for conservation laws, finite element methods that guarantee
physical bound preservation are either limited to first-order accuracy or must incorporate nonlinearity due to
the constraints imposed by the Godunov order barrier theorem (see, e.g., [65]).

As aresult, over the past few decades, various approaches have been developed to enforce global bound
preservation. A particular focus has been given to a stronger property: the Discrete Maximum Principle
(DMP). Several methods that satisfy DMP have been proposed, particularly for convection-dominated prob-
lems (see [15,31,91, 103, 119], among others, and the review in [17]). Most of these methods introduce
nonlinear stabilisation, modifying the standard Galerkin scheme by adding localised diffusion terms to pre-
vent spurious oscillations and local violations of the maximum principle. Interestingly, despite their non-

linear nature, these finite element methods are often formulated using piecewise linear elements. Extending
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such approaches to higher-order elements poses additional challenges, including stronger mesh restrictions.
For example, it has been demonstrated in [73] that a monotone discretisation for the Poisson equation in
two dimensions can be achieved with quadratic elements only if the mesh consists of equilateral triangles
or squares with arbitrarily chosen diagonals. Moreover, there is limited analytical work on nonlinear finite
element methods with higher-order polynomials.

In many practical scenarios, numerical stability does not require the discrete solution to be entirely free
of spurious oscillations, but only to satisfy global bounds. This relaxation simplifies the problem, allowing
for a wider range of methodologies. A straightforward approach is cut-off filtering, where values outside the
admissible range are truncated. This method, frequently used in practice, has been rigorously analysed for
linear reaction-diffusion equations in [88] and for parabolic problems in [101]. Another strategy is problem
reformulation, where the numerical scheme is designed to inherently satisfy bounds, as seen in applications
to chemotaxis [74] and non-Newtonian fluid mechanics [63]. Alternatively, bounds can be imposed via
inequality constraints, treating the problem as a constrained optimisation formulation [61]. Such constraints
can also be handled using Lagrange multipliers, leading to an extended system, as in [44, 115], where a
semi-smooth Newton method was introduced to handle non-smoothness.

The methodology which has been proposed in [12] employs a bound-preserving framework for reaction-
diffusion equations that relies on defining an admissible set of functions and projecting the numerical solution
onto this set via an algebraic projection. This ensures that the computed solution remains within physical
bounds.

Extending this methodology to the convection-diffusion equations introduces additional challenges due
to the non-symmetric and nonlinear nature of the convection—diffusion equations. In particular, the presence
of a convection term weakens the stability of the finite element method applied to the PDE, necessitating
the use of suitable stabilisation techniques to ensure numerical stability. To address this issue, we add a
linear stabilisation term to the equations i.e. continuous interior penalty (CIP) term. This stabilisation plays
a crucial role in improving the robustness and efficiency of the nonlinear solver (which is used to solve
the nonlinear system of the equations) used after discretisation, while also mitigating spurious oscillations,
particularly within the domain.

The theoretical analysis establishes the well-posedness of the proposed approach. Also, an optimal error
estimate has been proven for this finite element method.

Numerical experiments confirm the effectiveness of the method, showing that it is competitive with exist-
ing approaches in preserving solution bounds while incurring lower computational costs. This is especially

evident where standard Galerkin methods and the continuous interior penalty (CIP) method failed to suppress
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spurious oscillations close to the boundary. Furthermore, unlike previous approaches, the proposed method
remains applicable to non-Delaunay meshes and exhibits robust performance under stringent conditions,
such as non-acute meshes, even without additional mesh refinement.

In Chapter 3, we have built upon the framework established in Chapter 2 and extended it to the time-
dependent convection-diffusion equations. Our theoretical analysis focused on stability and error estimates
within the implicit Euler scheme, while numerical experiments shows that the method also performs well
with the Crank-Nicolson time discretisation. In both cases, the numerical results confirm that the solution
remains within the physical bounds without excessive smearing of layers, thereby preserving the bounds of
the exact solution.

It is worth noting that alternative bound-preserving strategies for time-dependent convection-diffusion
problems, such as linearised explicit and implicit flux-corrected transport (FCT) methods [94], offer more
economical approaches. However, these methods impose additional constraints, such as the CFL condition,
which is required to ensure bound preservation—an issue that our approach does not face. Another important
consideration is the method’s applicability to higher-order elements. While FCT methods are primarily
designed for linear finite elements, bound preservation for higher-order elements remains an open problem
due to the lack of rigorous analysis for the FCT methods.

Furthermore, enhancements to the nonlinear solver can improve computational efficiency. In Chapter 3,
we employed a simple Richardson-type solver to emphasise the method’s straightforward implementation.
However, more advanced nonlinear solvers, such as localised Newton methods [6] and active set strategies
[7], have shown the potential to significantly accelerate convergence. Preliminary numerical experiments
suggest that these solvers can drastically reduce computational costs while maintaining the robustness of the
proposed approach.

Overall, the method developed in this chapter provides a stable and flexible framework for solving time-
dependent convection-diffusion problems, with strong theoretical guarantees and promising numerical per-
formance. Finally, the performance of the scheme is illustrated through numerical experiments presented at
the end of this chapter. These experiments demonstrate the efficiency of the method in enforcing bounds on
the solution and confirm the robustness of our finite element method.

In Chapter 4, we extended the bound-preserving finite element method to polytopic meshes by using
a discontinuous Galerkin method. With these meshes, the set of degrees of freedom remains independent
of the number of vertices, edges, or faces within each element. In other words, the degrees of freedom
are not associated with physical points, and the basis functions are defined over the entire domain. In this

finite lement method we employ a sub-triangulation approach, allowing bound-preserving constraints to be
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enforced at each degree of freedom within the sub-triangulated mesh.

The use of polytopic meshes offers significant advantages in terms of computational efficiency and flex-
ibility. By allowing elements with an arbitrary number of faces, polytopic meshes can represent complex
geometries with fewer elements, reducing both computational cost and memory requirements. Moreover,
they provide greater adaptability for adaptive mesh refinement, interface handling, and dynamic mesh mod-
ifications. These properties make them particularly well-suited for applications in Eulerian and Lagrangian
frameworks, multilevel solvers, and problems with evolving interfaces.

As mentioned above, one of the main challenges in extending the bound-preserving methodology to
polytopic elements is the selection of appropriate degrees of freedom for enforcing constraints. Inspired by
the recovered finite element method (RFEM) introduced in [57], we addressed this challenge by defining
an underlying sub-triangulation that enables a structured implementation of the bound-preserving method.
This approach ensures that numerical solutions remain within physically bounds of the solution.

Theoretical analysis provided rigorous justification for the well-posedness of the method for reaction-
diffusion equations, and an optimal error estimate for the solution of the finite element was proved. The
numerical experiments demonstrated its robustness and effectiveness of the finite element method. Compared
to standard approaches, DG offers a practical and efficient alternative that eliminates the limitations imposed
by the topology-dependent approximation spaces in polygonal finite element and virtual element methods.

The results presented in this thesis contribute to the ongoing development of robust and accurate finite
element methods for convection-diffusion and reaction-diffusion problems. The bound-preserving approach
introduced here offers a systematic framework for enforcing physical bound in numerical approximations.
Moreover, the incorporation of stabilisation techniques enhances the reliability of the methods in convection-
dominated regimes.

The theoretical analysis presented in this thesis has been supported by numerical experiments, which
confirm the stability and accuracy of the proposed methods. These results highlight the potential of bound-
preserving finite element techniques proposed in this thesis in improving the robustness of numerical schemes
for PDEs, particularly in cases where standard methods fail to maintain physical bounds of the solutions.

Future research directions include extending these methods to discontinuous Galerkin schemes for convection-
diffusion problems, applying bound-preserving techniques to tensor PDEs to preserve the range of the eigen-
values, and tackling more complex PDEs such as coupled multi-physics problems. Another important area
is developing adaptive strategies that improve computational efficiency while ensuring the solution remains
within the correct bounds. Also, creating new stabilisation techniques and incorporating bound-preserving

methods into existing finite element frameworks could further enhance the accuracy and stability of numer-
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ical simulations. Also, future work will focus on extending the analysis to more general time discretisations,
investigating adaptive refinement strategies, and incorporating more efficient nonlinear solvers to further

enhance performance.
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