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Abstract

This thesis focuses on the development and analysis of bound-preserving finite element methods for solv-
ing partial differential equations (PDEs), particularly convection-diffusion and reaction-diffusion problems.
Bound-preserving methods are crucial for ensuring numerical stability and accuracy, especially in models
where positivity of the solution is a key physical requirement. Examples include nonlinear reaction-diffusion
systems modeling chemical concentrations, phase-field equations with global extrema constraints, and turbu-
lence models (i.e. see [53,112]). Violations of these bounds can lead to unphysical solutions and instabilities,
particularly in coupled systems where errors may propagate and amplify [66, 81].

To address these challenges, we extend the bound-preserving finite element method introduced in [12] to
various settings. First, we develop a method for the steady-state convection-diffusion equation and establish
its well-posedness and error estimates. Next, we extend this approach to time-dependent reaction-convection-
diffusion equations, proving stability and error bounds for the implicit Euler time-stepping scheme. Finally,
we adapt the method for polytopic meshes within the discontinuous Galerkin framework, demonstrating its
effectiveness regardless of the geometry of the mesh.

The thesis presents mathematical analysis, including well-posedness proofs and error estimates, along-
side numerical experiments that validate the proposed methods. These results contribute to the ongoing
development of stable and accurate finite element techniques for PDEs, ensuring solutions remain physically
meaningful within computational simulations.
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Chapter 1

Introduction and preliminaries

In a great many areas of study, partial differential equations (PDEs) are used to describe models, laws and
systems. From the simplest of examples, the equations governing heat transfer, through to trading models
for global financial markets, PDEs gives us an approach that can tackle a vast and ever growing range of
real world problems. We may understand and make predictions about the behaviour of complex mechanical
systems, we may study the weather, or we may gain insights into biological systems. The scope of PDEs and
their relevance to our lives is beyond doubt. In many of these systems we have very complex interactions
for which analytical solutions are not practicable or even possible. Direct experimentation and measurement
may likewise not be practical and is generally expensive. Numerical modelling is therefore the key tool to
unlock our understanding of how these systems work or how they might evolve in time. The techniques for
this are well-established and constantly being refined and improved. One effective numerical technique is the
use of finite elements. The Finite Element Method (FEM) is a powerful and versatile numerical technique
used for solving complex engineering and mathematical problems, particularly those involving PDEs over
complicated domains [75, 109]. It is widely employed in fields such as structural analysis, fluid dynamics,
heat transfer, and electromagnetics. FEM works by breaking down a large, complex problem into smaller,
simpler parts, called finite elements. These elements are interconnected at nodes, which are points on the
boundaries or within the elements themselves. The collection of elements and nodes forms a mesh that
covers the entire domain of the problem.

In this chapter, we start by introducing the Sobolev spaces which are important in studying the weak
formulation of the PDEs and will be used in the next chapters. We then state the strong maximum principles,
which are crucial for analysing the solution of the elliptic and parabolic problems discussed later. Addi-
tionally, we present important theorems, such as the Lax-Milgram theorem which are used to establish the
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Chapter 1. Introduction and preliminaries

well-posedness of the weak form of the solutions. Furthermore, key inequalities and theorems essential for
the discussions in the subsequent chapters are also provided.

1.1 Sobolev spaces

Sobolev spaces play a crucial role in the finite element method (FEM) as they provide the mathematical
framework for defining and analysing the function spaces in which the solutions of partial differential equa-
tions (PDEs) reside. These spaces allow us to formulate the problem, prove the existence and uniqueness of
solutions, and ensure the accuracy and convergence of the finite element approximations.

The construction of Sobolev spaces relies on the properties of Lebesgue spaces, which we describe in
the following section.

1.1.1 Lebesgue Spaces

This section presents some Lebesgue spaces.

Definition 1.1.1. (Lebesgue Space 𝐿1(𝐷)) [59, Definition 1.21] Let 𝐷 be an open set in ℝ𝑑 . The space

𝐿1(𝐷) consists of all real-valued measurable functions that are Lebesgue integrable on 𝐷. We define the

norm on 𝐿1(𝐷) by

‖𝑓‖𝐿1(𝐷) ∶= ∫𝐷
|𝑓 | d𝒙.

Definition 1.1.2. (Lebesgue Space 𝐿1
loc(𝐷)) [59, Definition 1.29] Let 𝐷 be an open set in ℝ𝑑 . The elements

of the following space are referred to as locally integrable functions:

𝐿1
loc(𝐷) ∶= {𝑣 measurable ∣ for any compact set 𝐾 ⊂ 𝐷, 𝑣 ∈ 𝐿1(𝐾)}.

Definition 1.1.3. (Lebesgue Spaces 𝐿𝑝(𝐷) and 𝐿∞(𝐷)) [59, Definition 1.33] Let 𝐷 be an open set in ℝ𝑑 .

For all 𝑝 ∈ [1,∞), we define the space 𝐿𝑝(𝐷) as the set of measurable functions for which the 𝐿𝑝(𝐷) norm

is finite, that is

‖𝑓‖𝐿𝑝(𝐷) ∶=
(

∫𝐷
|𝑓 |𝑝 d𝒙

)1∕𝑝

<∞,

and the space 𝐿∞(𝐷) (𝑝 = ∞) as the set of measurable functions for which the 𝐿∞ norm is finite

‖𝑓‖𝐿∞(𝐷) ∶= ess sup{|𝑓 (𝑥)| ∶ 𝑥 ∈ 𝐷}.
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Chapter 1. Introduction and preliminaries

In this thesis ‖ ⋅ ‖0,𝑝,𝐷 and ‖ ⋅ ‖0,∞,𝐷 are used to denote ‖ ⋅ ‖𝐿𝑝(𝐷) and ‖ ⋅ ‖𝐿∞(𝐷) respectively.

In the finite element method, Cauchy–Schwarz and Hölder’s inequalities are fundamental tools used in
various aspects of analysis, including error estimates, stability analysis, and proving the well-posedness of
variational problems (see [59, Lemma 1.40]).

Lemma 1.1.4. (The Cauchy-Schwarz Inequality). Let 𝑢 and 𝑣 belong to 𝐿2(𝐷). Then, 𝑢𝑣 ∈ 𝐿1(𝐷) and

|

|

|

|

∫𝐷
𝑢(𝑥)𝑣(𝑥) d𝒙

|

|

|

|

≤ ‖𝑢‖0,𝐷‖𝑣‖0,𝐷.

Remark 1.1.5. The space 𝐿2(𝐷) is a Hilbert space when equipped with the inner product

(

𝑓, 𝑔
)

𝐷 ∶= ∫𝐷
𝑓 (𝑥)𝑔(𝑥) d𝑥, (1.1)

for 𝑓, 𝑔 ∈ 𝐿2(𝐷).

Lemma 1.1.6. (Hölder’s Inequality) Let 𝑝 ∈ [1,∞] and 𝑞 such that 1
𝑝
+ 1

𝑞
= 1. For any 𝑢 ∈ 𝐿𝑝(𝐷) and

𝑣 ∈ 𝐿𝑞(𝐷), it holds that

‖𝑢 ⋅ 𝑣‖0,1,𝐷 ≤ ‖𝑢‖0,𝑞,𝐷‖𝑣‖0,𝑝,𝐷.

Furthermore, equality is attained if and only if 𝑢 and 𝑣 are linearly dependent, i.e., there exists 𝜆 ≥ 0 such

that 𝑢 = 𝜆𝑣 almost everywhere.

1.1.2 Sobolev spaces

In the definition of the Sobolev spaces the following space which is called the space of test functions have
an important role.

Definition 1.1.7. (Space 𝐶∞
0 (𝐷) ) [59, Definition 1.31] The space 𝐶∞

0 (𝐷) consists of functions 𝑓 ∶ 𝐷 → ℝ

that are infinitely differentiable, i.e., 𝑓 ∈ 𝐶∞(𝐷), and have compact support included in 𝐷, where 𝐷 is an

open set. The members of 𝐶∞
0 (𝐷) are called test functions.

Definition 1.1.8. (Weak derivative) [59, Definition 2.3] Let 𝐷 be an open set in ℝ𝑑 . Let 𝑢, 𝑣 ∈ 𝐿1
loc(𝐷). For

each 𝑖 ∈ {1,… , 𝑑}, we say that 𝑣 is the weak partial derivative of 𝑢 in the direction 𝑥𝑖 if

∫𝐷
𝑢𝜕𝑥𝑖𝜑 d𝒙 = −∫𝐷

𝑣𝜑 d𝒙, ∀𝜑 ∈ 𝐶∞
0 (𝐷). (2.2)

4



Chapter 1. Introduction and preliminaries

We denote this weak derivative by 𝜕𝑥𝑖𝑢 = 𝑣. More generally, for a multi-index 𝜶 ∈ ℕ𝑑 , we say that 𝑣 is

the weak 𝜶-th partial derivative of 𝑢 and write 𝜕𝜶𝑢 = 𝑣 if

∫𝐷
𝑢 𝜕𝛼1𝑥1 … 𝜕𝛼𝑑𝑥𝑑𝜑 d𝒙 = (−1)|𝛼| ∫𝐷

𝑣𝜑 d𝒙, ∀𝜑 ∈ 𝐶∞
0 (𝐷), (2.3)

where |𝜶| ∶= 𝛼1 +⋯ + 𝛼𝑑 . Finally, we write 𝜕𝜶𝑢 ∶= 𝜕𝛼1𝑥1 … 𝜕𝛼𝑑𝑥𝑑𝜑, and for 𝜶 = (0,… , 0), we set 𝜕𝜶𝑢 ∶= 𝑢.

Lemma 1.1.9. (Uniqueness) [59, Lemma 2.4] Let 𝑢 ∈ 𝐿1
loc(𝐷). If 𝑢 has a weak 𝛼-th partial derivative, then

it is uniquely defined.

Now, we are ready introduce integer-order and fractional-order Sobolev spaces.

1.1.3 Integer-order spaces

Definition 1.1.10. (𝑊 𝑚,𝑝 spaces) [59, Definition 2.8] Let 𝑚 ∈ ℕ and 𝑝 ∈ [1,∞]. Let 𝐷 be an open set in

ℝ𝑑 . We define the Sobolev space

𝑊 𝑚,𝑝(𝐷) ∶= {𝑢 ∈ 𝐿𝑝(𝐷), 𝜕𝜶𝑢 ∈ 𝐿𝑝(𝐷), ∀𝜶 ∈ ℕ𝑑 , |𝜶| ≤ 𝑚}, (2.4)

where the derivatives are understood in the weak sense. We define 𝑊 𝑚,𝑝
0 (𝐷) = 𝐶∞

0 (𝐷) whenever 𝑢 has

compact support in 𝐷. For 𝑝 = 2, the space 𝑊 𝑚,2(𝐷) is denoted by 𝐻𝑚(𝐷).

We equip 𝑊 𝑚,𝑝(𝐷) with the following norm and seminorm: If 𝑝 <∞, we set

‖𝑢‖𝑊 𝑚,𝑝(𝐷) ∶=

(

∑

|𝜶|≤𝑚
‖𝜕𝜶𝑢‖𝑝𝐿𝑝(𝐷)

)1∕𝑝

, |𝑢|𝑊 𝑚,𝑝(𝐷) ∶=

(

∑

|𝜶|=𝑚
‖𝜕𝜶𝑢‖𝑝𝐿𝑝(𝐷)

)1∕𝑝

,

and if 𝑝 = ∞, we set

‖𝑢‖𝑊 𝑚,∞(𝐷) ∶= max
|𝜶|≤𝑚

‖𝜕𝜶𝑢‖𝐿∞(𝐷), |𝑢|𝑊 𝑚,∞(𝐷) ∶= max
|𝜶|=𝑚

‖𝜕𝜶𝑢‖𝐿∞(𝐷).

Here, the sums and the maxima run over multi-indices 𝜶.

Proposition 1.1.11. [59, Proposition 2.9] 𝑊 𝑚,𝑝(𝐷) is a real Banach space. When 𝑝 = 2 the Sobolev space

is denoted as 𝐻𝑚(𝐷) ∶= 𝑊 𝑚,2(𝐷) which is a real Hilbert space when equipped with the inner product

(𝑢, 𝑣)𝐻𝑚(𝐷) ∶=
∑

|𝜶|≤𝑚(𝐷𝜶𝑢,𝐷𝜶𝑣)𝐿2(𝐷). The norm induced by this inner product is denoted by ‖ ⋅ ‖𝐻𝑚(𝐷).

Furthermore, The space 𝐻𝑚
0 (𝐷) ∶= 𝑊 𝑚,2

0 (𝐷) is defined as the closure of the space of compactly supported

5



Chapter 1. Introduction and preliminaries

smooth functions 𝐶∞
0 (𝐷) in the 𝐻𝑚(𝐷)-norm, i.e.,

𝐻𝑚
0 (𝐷) = 𝐶∞

0 (𝐷),

which is also a Hilbert space.

Remark 1.1.12. For 𝑠 ≥ 0, 𝑝 ∈ [1,∞], we denote by ‖ ⋅ ‖𝑠,𝑝,𝐷 (| ⋅ |𝑠,𝑝,𝐷) the norm ‖𝑢‖𝑊 𝑚,𝑝(𝐷) (seminorm

|𝑢|𝑊 𝑚,∞(𝐷)) in 𝑊 𝑠,𝑝(𝐷); when 𝑝 = 2, we define 𝐻𝑠(𝐷) = 𝑊 𝑠,2(𝐷), and again omit the subscript 𝑝 and only

write ‖ ⋅ ‖𝑠,𝐷 (| ⋅ |𝑠,𝐷).

1.1.4 Fractional-order spaces

Definition 1.1.13. Let 𝑠 ∈ (0, 1) and 𝑝 ∈ [1,∞]. Let 𝐷 be an open set in ℝ𝑑 . We define

𝑊 𝑠,𝑝(𝐷) ∶= { 𝑣 ∈ 𝐿𝑝(𝐷) | |𝑣|𝑊 𝑠,𝑝(𝐷) <∞},

where

|𝑣|𝑊 𝑠,𝑝(𝐷) ∶=
⎛

⎜

⎜

⎝

∫𝐷 ∫𝐷
|𝑣(𝑥) − 𝑣(𝑦)|𝑝

‖𝑥 − 𝑦‖𝑠𝑝+𝑑
𝓁2

𝑑𝑥 𝑑𝑦
⎞

⎟

⎟

⎠

1∕𝑝

, 𝑝 < ∞, (2.6)

and

|𝑣|𝑊 𝑠,∞(𝐷) ∶= ess sup
𝑥,𝑦∈𝐷

|𝑣(𝑥) − 𝑣(𝑦)|
‖𝑥 − 𝑦‖𝑠

𝓁2

.

Letting now 𝑠 > 1, we define

𝑊 𝑠,𝑝(𝐷) ∶= { 𝑣 ∈ 𝑊 𝑚,𝑝(𝐷) | 𝜕𝛼𝑣 ∈ 𝑊 𝜎,𝑝(𝐷), ∀𝛼, |𝛼| = 𝑚 }, (2.7)

where 𝑚 ∶= ⌊𝑠⌋ and 𝜎 ∶= 𝑠 − 𝑚.

1.1.5 Negative-order Sobolev spaces

The notion of distribution is a powerful tool that extends the concept of integrable functions and weak deriva-
tives. In particular, we will see that every distribution is differentiable in some reasonable sense.

Definition 1.1.14. (Distribution) [59, Definition 4.1] Let 𝐷 be an open set in ℝ𝑑 . A linear map

𝑇 ∶ 𝐶∞
0 (𝐷) → ℝ,

6



Chapter 1. Introduction and preliminaries

is called a distribution in 𝐷 if for every compact subset 𝐾 of 𝐷, there exist an integer 𝑝, called the order of

𝑇 , and a real number 𝑐 (both can depend on 𝐾) such that for all 𝜑 ∈ 𝐶∞
0 (𝐷) with supp(𝜑) ⊆ 𝐾 , we have

|⟨𝑇 , 𝜑⟩| ≤ 𝑐 max
|𝜶|≤𝑝

‖𝜕𝜶𝜑‖𝐿∞(𝐾).

Example 1. (Locally integrable functions) [59, Example 4.2] Every function 𝑣 ∈ 𝐿1
loc(𝐷) can be identified

with the following distribution:

𝑇𝑣 ∶ 𝐶∞
0 (𝐷) ∋ 𝜑↦ ⟨𝑇𝑣, 𝜑⟩ = ∫𝐷

𝑣𝜑 d𝒙.

With the concept of distributions in hand, we can now introduce Sobolev spaces of negative order by
employing duality, specifically using 𝑊 𝑠,𝑝

0 (𝐷).

Definition 1.1.15. (Negative-order Sobolev spaces 𝑊 −𝑠,𝑝(𝐷)) [59, Definition 4.10] Let 𝑠 > 0 and 𝑝 ∈

(1,∞). Let𝐷 be an open set inℝ𝑑 . The space𝑊 −𝑠,𝑝(𝐷) is defined as
(

𝑊 𝑠,𝑝′
0 (𝐷)

)′
(the dual of

(

𝑊 𝑠,𝑝′
0 (𝐷)

)

),

where 1
𝑝
+ 1

𝑝′
= 1. For the case 𝑝 = 2, we denote 𝑊 −𝑠,𝑝(𝐷) by 𝐻−𝑠(𝐷). This space is equipped with the

norm

‖𝑇 ‖𝑊 −𝑠,𝑝(𝐷) = sup
𝑤∈𝑊 𝑠,𝑝′

0 (𝐷)

|⟨𝑇 ,𝑤⟩|
‖𝑤‖𝑊 𝑠,𝑝′

0 (𝐷)
.

The element 𝑇 in 𝑊 −𝑠,𝑝(𝐷) is considered a distribution, because if 𝑠 = 𝑚 ∈ ℕ, we have

|⟨𝑇 , 𝜑⟩| ≤ ‖𝑇 ‖𝑊 −𝑚,𝑝(𝐷)|𝐷|

1
𝑝′

(

𝑚 + 𝑑
𝑑

)
1
𝑝′

max
|𝜶|≤𝑚

‖𝜕𝜶𝜑‖𝐿∞(𝐾),

for any compact subset 𝐾 ⊆ 𝐷 and any 𝜑 ∈ 𝐶∞
0 (𝐷) with supp(𝜑) ⊆ 𝐾 . This reasoning can be extended to

cases where 𝑠 = 𝑚 + 𝜎, 𝜎 ∈ (0, 1).

Remark 1.1.16. We denote by 𝐻−1(𝐷) the dual of 𝐻1
0 (𝐷) while identifying 𝐿2(𝐷) with its dual. Thus,

writing ⟨⋅, ⋅⟩𝐷 for the duality pairing, we have

⟨𝑓, 𝑣⟩𝐷 = ∫𝐷
𝑓 (𝒙)𝑣(𝒙)d𝒙 ∀ 𝑣 ∈ 𝐻1

0 (𝐷) ,

whenever 𝑓 ∈ 𝐻−1(𝐷) is regular enough. We do not distinguish between inner product and duality pairing

for scalar or vector-valued functions.
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1.2 Elliptic equations

In this section, we focus primarily on the boundary-value problem

⎧

⎪

⎨

⎪

⎩

𝐿𝑢 = 𝑓 in Ω,

𝑢 = 0 on 𝜕Ω,
(1.2)

where Ω is an open and bounded subset of ℝ𝑑 , and 𝑢 ∶ Ω → ℝ is the unknown function, with 𝑢 = 𝑢(𝒙). The
function 𝑓 ∶ Ω → ℝ is given, and 𝐿 represents second-order linear partial differential operator given by

𝐿𝑢 =
𝑑
∑

𝑖,𝑗=1

𝜕
𝜕𝑥𝑗

(

𝑑𝑖𝑗(𝒙)
𝜕𝑢
𝜕𝑥𝑖

)

+
𝑑
∑

𝑖=1
𝛽𝑖(𝒙)

𝜕𝑢
𝜕𝑥𝑖

+ 𝜇(𝒙)𝑢,

where the coefficient functions 𝑑𝑖𝑗 , 𝛽𝑖, and 𝜇 are given, with indices 𝑖, 𝑗 = 1,… , 𝑑.

Definition 1.2.1. We say the partial differential operator 𝐿 is (uniformly) elliptic if there exists a constant

𝑑0 > 0 such that
𝑑
∑

𝑖,𝑗=1
𝑑𝑖𝑗(𝒙)𝑦𝑖𝑦𝑗 ≥ 𝑑0

𝑑
∑

𝑖=1
𝑦2𝑖 (1.3)

for almost every 𝒙 ∈ 𝑈 and for all 𝐲 = (𝑦1, 𝑦2,⋯ , 𝑦𝑑) ∈ ℝ𝑑 .

The standard weak formulation of (1.2) reads as follows:

⎧

⎪

⎨

⎪

⎩

Find 𝑢 ∈ 𝑉 such that,
𝑎(𝑢,𝑤) = 𝓁(𝑤) ∀𝑤 ∈ 𝑉 ,

(1.4)

where 𝑎 ∶ 𝑉 × 𝑉 → ℝ, denotes the bilinear form

𝑎(𝑢, 𝑣) ∶= (𝐿𝑢,𝑤)Ω ∀𝑢,𝑤 ∈ 𝑉 . (1.5)

Here, 𝑉 is a Banach space endowed with the norm ‖ ⋅ ‖𝑉 , and (⋅, ⋅)Ω is the inner product which has been
defined in (1.1). Often, 𝑉 is a Hilbert space. We assume that 𝑎 is bounded, which means

‖𝑎‖𝑉 ×𝑉 ′ ∶= sup
𝑣∈𝑉

sup
𝑤∈𝑉

|𝑎(𝑣,𝑤)|
‖𝑣‖𝑉 ‖𝑤‖𝑉

<∞.

It is implicitly understood that this supremum is taken over non-zero arguments. Also, the map 𝓁 ∶ 𝑉 → ℂ

8
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is assumed to be a linear form. The boundedness of 𝓁 means

‖𝓁‖𝑉 ′ ∶= sup
𝑤∈𝑉 ⧵{0}

|𝓁(𝑤)|
‖𝑤‖𝑉

<∞.

𝑉 ′ is the dual space of 𝑉 equipped with the above norm.

Definition 1.2.2. (Well-posedness, Hadamard) [60, Definition 25.1] A problem of the form 1.4 is said to be

well-posed if it has a unique solution 𝑢 ∈ 𝑉 for every 𝓁 ∈ 𝑉 ′, and if there exists a constant 𝑐 that is uniform

with respect to 𝓁, such that the following a priori estimate holds

‖𝑢‖𝑉 ≤ 𝑐‖𝓁‖𝑉 ′ .

We will now present the Lax-Milgram lemma, which is an important theorem for studying the well-
posedness of problems like (1.4).

Lemma 1.2.3. (Lax-Milgram) [60, Lemma 25.2] Let 𝑉 be a real Hilbert space, let 𝑎 be a bounded bilinear

form on 𝑉 × 𝑉 , and let 𝓁 ∈ 𝑉 ′. Assume the following coercivity property: There is a real number 𝛼 > 0

such that

𝑎(𝑣, 𝑣) ≥ 𝛼‖𝑣‖2𝑉 , ∀𝑣 ∈ 𝑉 . (1.6)

Then (1.4) is well-posed with the a priori estimate ‖𝑢‖𝑉 ≤ 1
𝛼
‖𝓁‖𝑉 ′ .

One of the key aspects of well-posedness, as defined by Hadamard (see Definition (1.2.2)), is the exis-
tence of a solution. The Brouwer’s fixed point theorem ensures that under certain conditions, a fixed point
(which often corresponds to a solution) exists.

Theorem 1.2.4. (Brouwer’s fixed point theorem ) [110, Theorem 10.41] Let𝐶 be a compact, convex, nonempty

subset of ℝ𝑑 , and suppose 𝑓 is a continuous function that maps 𝐶 into 𝐶 . Then 𝑓 has a fixed point in 𝐶;

i.e., there exists 𝐮 ∈ 𝐶 such that

𝑓 (𝐮) = 𝐮.

Stampacchia’s Theorem is also an important result in functional analysis, particularly in the study of
variational inequalities and partial differential equations (PDEs). The lemma provides crucial conditions
under which a variational inequality has a solution, specifically for problems involving coercive bilinear
forms on closed, convex sets.
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Let  ⊂ 𝐻 be closed and convex, let 𝑓 ∈ 𝐻 ′ be a linear form, and 𝑎(⋅, ⋅) ∶ 𝐻 ×𝐻 → ℝ be a bilinear
form. Consider the following problem:

⎧

⎪

⎨

⎪

⎩

Find 𝑢 ∈  such that,
𝑎(𝑢, 𝑣 − 𝑢) ≥ ⟨𝑓, 𝑣 − 𝑢⟩ for all 𝑣 ∈ ,

(1.7)

then, Stampacchia’s Theorem provides the following result regarding the existence and uniqueness of the
solution of (1.7).

Theorem 1.2.5. (Stampacchia’s Theorem) [84, Theorem 2.1] Let 𝑎(⋅, ⋅) be an elliptic bilinear form on real

Hilbert space 𝐻 ,  ⊂ 𝐻 closed and convex, and 𝑓 ∈ 𝐻 ′. Then there exists a unique solution to Prob-

lem (1.7). In addition, the mapping 𝑓 ↦ 𝑢 is Lipschitz, that is, if 𝑢1, 𝑢2 are solutions to Problem (1.7)
corresponding to 𝑓1, 𝑓2 ∈ 𝐻 ′, then

‖𝑢1 − 𝑢2‖ ≤ 1
𝛼
‖𝑓1 − 𝑓2‖𝐻 ′ .

Moreover, the mapping 𝑓 ↦ 𝑢 is linear if  is a subspace of 𝐻 .

1.3 Parabolic equations

We assume Ω to be an open, bounded subset of ℝ𝑑 , and set space-time domain Ω𝑇 = Ω × (0, 𝑇 ] for some
fixed time 𝑇 > 0. We will study the initial/boundary-value problem

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝑡 + 𝐿𝑢 = 𝑓 in Ω𝑇 ,

𝑢 = 0 on 𝜕Ω × [0, 𝑇 ],

𝑢0 = 𝑔 on Ω × {𝑡 = 0},

(1.8)

where 𝑓 ∶ Ω𝑇 → ℝ and 𝑔 ∶ Ω → ℝ are given, and 𝑢 ∶ Ω𝑇 → ℝ is the unknown, 𝑢 = 𝑢(𝒙, 𝑡). The letter 𝐿
denotes for each time 𝑡 a second-order partial differential operator

𝐿𝑢 = −
𝑑
∑

𝑖,𝑗=1

𝜕
𝜕𝑥𝑗

(

𝑑𝑖𝑗(𝒙)
𝜕𝑢
𝜕𝑥𝑖

)

+
𝑑
∑

𝑖=1
𝛽𝑖(𝒙)

𝜕𝑢
𝜕𝑥𝑖

+ 𝜇(𝒙)𝑢.

We assume that 𝐿 satisfies in ellipticity condition (1.3).

10



Chapter 1. Introduction and preliminaries

Remark 1.3.1. Boundary conditions play a central role in the well-posedness and physical interpretation

of partial differential equations. The two most common types are Dirichlet and Neumann conditions.

Dirichlet boundary conditions prescribe the value of the solution directly along the boundary, that is,

𝑢 = 𝑔 on Γ𝐷 ⊂ 𝜕Ω.

They correspond to fixing the state of the system (for example, temperature or concentration) on the boundary.

Neumann boundary conditions instead prescribe the normal derivative of the solution,

𝜕𝑢
𝜕𝑛

= 𝑔 on Γ𝑁 ⊂ 𝜕Ω,

where 𝑛 is the outward unit normal. In physical terms, these conditions correspond to specifying a flux across

the boundary (e.g., heat flux, mass flux).

To write the weak form of (1.8), for all 𝑡 ∈ [0, 𝑇 ], we consider the space 𝑉 . The standard weak formu-
lation of (1.8) reads as follows: for almost all 𝑡 ∈ (0, 𝑇 ) find 𝑢 ∈ 𝑉 , such that

⎧

⎪

⎨

⎪

⎩

(𝜕𝑡𝑢, 𝑣)Ω + 𝑎(𝑢, 𝑣) = (𝑓, 𝑣)Ω ∀𝑣 ∈ 𝑉 ,

𝑢(⋅, 0) = 𝑢0,
(1.9)

where 𝑎(⋅, ⋅), with a slight abuse of notation, denotes the bilinear form

𝑎(𝑢, 𝑣) ∶= (𝐿𝑢, 𝑣)Ω ∀𝑢, 𝑣 ∈ 𝑉 and 𝑡 ∈ (0, 𝑇 ), (1.10)

where (⋅, ⋅)Ω = (⋅, ⋅)𝐿2(Ω) refers to the inner product introduced in 1.1.11. Now, we introduce a space-time
norm which we will be use in the next chapters.

Definition 1.3.2. (space-time norm) Let 𝑇 > 0 be a fixed time, let Ω be a domain in ℝ𝑑 , and define the

space-time domain Ω × (0, 𝑇 ]. Let 𝑢 be a function defined on Ω × (0, 𝑇 ]. An alternative way of looking at 𝑢

is to treat it as a function of 𝑡 with values in a Banach space, say 𝑉 , whose elements are functions depending

only on the space variable:

𝑢 ∶ (0, 𝑇 ] → 𝑉 such that 𝑢(𝑡) = 𝑢(⋅, 𝑡) ∈ 𝑉 .

In this spirit, we consider the following spaces:

11



Chapter 1. Introduction and preliminaries

For 1 ≤ 𝑝 ≤ +∞, 𝐿𝑝([0, 𝑇 ];𝑉 ) is the space of 𝑉 -valued functions whose norm in 𝑉 is in 𝐿𝑝([0, 𝑇 ]);

this space is a Banach space for the norm

‖𝑢‖𝐿𝑝([0,𝑇 ];𝑉 ) =

⎧

⎪

⎨

⎪

⎩

(

∫ 𝑇
0 ‖𝑢(𝑡)‖𝑝𝑉 d𝑡

)1∕𝑝
if 1 ≤ 𝑝 < +∞,

ess sup𝑡∈[0,𝑇 ]‖𝑢(𝑡)‖𝑉 if 𝑝 = +∞.

So, if we set 𝑉 = 𝑊 𝑠,𝑞(𝐷), for 1 ≤ 𝑝, 𝑞 ≤ +∞, 𝐿𝑝((0, 𝑇 );𝑊 𝑠,𝑞(𝐷)) is the space defined by

𝐿𝑝((0, 𝑇 );𝑊 𝑠,𝑞(𝐷)) =
{

𝑢(𝑡, ⋅) ∈ 𝑊 𝑠,𝑞(𝐷) for almost all 𝑡 ∈ [0, 𝑇 ] ∶ ‖𝑢‖𝑠,𝑞,𝐷 ∈ 𝐿𝑝(0, 𝑇 )
}

,

and the norm is modified as

‖𝑢‖𝐿𝑝((0,𝑇 );𝑊 𝑠,𝑞(𝐷)) =

⎧

⎪

⎨

⎪

⎩

(

∫ 𝑇
0 ‖𝑢‖𝑝𝑠,𝑞,𝐷d𝑡

)
1
𝑝 if 1 ≤ 𝑝 <∞,

ess sup𝑡∈(0,𝑇 ) ‖𝑢‖𝑠,𝑞,𝐷 if 𝑝 = ∞.

Gronwall’s Lemma is a pivotal mathematical tool used extensively in the analysis of time-dependent
problems, particularly in proving the stability of solutions and also the error analysis in numerical methods
for differential equations. Gronwall’s Lemma provides bounds for functions that satisfy certain integral or
differential inequalities. It comes in several forms, but in this thesis we use the following form which is
proved originally in [72, Lemma 5.1].

Lemma 1.3.3. Let 𝑘, 𝐵, 𝑎𝑛, 𝑏𝑛, 𝑐𝑛, 𝛾𝑛, 𝑛 = 0,… , 𝑚, be non-negative numbers such that

𝑎𝑛 + 𝑘
𝑚
∑

𝑛=0
𝑏𝑛 ≤ 𝑘

𝑚
∑

𝑛=0
𝛾𝑛𝑎𝑛 + 𝑘

𝑚
∑

𝑛=0
𝑐𝑛 + 𝐵 for 𝑚 ≥ 0.

Suppose 𝑘𝛾𝑛 ≤ 1 for every 𝑗, and set 𝜎𝑛 = (1 − 𝑘𝛾𝑛)−1. Then

𝑎𝑚 + 𝑘
𝑚
∑

𝑛=0
𝑏𝑛 ≤ exp

(

𝑘
𝑚
∑

𝑛=0
𝜎𝑛𝛾𝑛

)(

𝑘
𝑚
∑

𝑛=0
𝑐𝑛 + 𝐵

)

for 𝑚 ≥ 0. (1.11)

1.4 Lipschitz set and Lipschitz domain

A Lipschitz domain or Lipschitz set 𝐷 ⊂ ℝ𝑑 is a domain where the boundary can be locally represented as
the graph of a Lipschitz continuous function. Finite element formulations rely on Sobolev spaces. The well-
posedness of problems involving these spaces requires the domain Ω to have at least a Lipschitz boundary. If

12



Chapter 1. Introduction and preliminaries

the domain is not Lipschitz (e.g., if it has sharp cusps or fractal boundaries), Sobolev embeddings and trace
theorems may fail, leading to difficulties in defining weak formulations properly.

Definition 1.4.1. (Lipschitz set and domain) (see [59, definition 3.2]) An open set𝐷 ⊂ ℝ𝑑 , 𝑑 ≥ 2, is defined

as a Lipschitz set if for all 𝒙 ∈ 𝜕𝐷, there exists a neighbourhood 𝑉𝑥 of 𝒙 in ℝ𝑑 , a rotation 𝑅𝑥 ∶ ℝ𝑑 → ℝ𝑑 ,

and two real numbers 𝛼 > 0 and 𝛽 > 0 (which may depend on 𝒙), such that the following conditions hold:

(i) 𝑉𝒙 = 𝒙 + 𝑅𝒙
(

𝐵𝛼 × 𝐼𝛽
)

where 𝐵𝛼 ∶= 𝐵𝑑−1(0, 𝛼) = 𝐵𝛼(𝒙) ∶= {𝐲 ∈ ℝ𝑑−1 ∣ ‖𝒚 − 𝒙‖ < 𝛼},

𝐼𝛽 ∶= (−𝛽, 𝛽).

(ii) There exists a Lipschitz function 𝜑𝒙 ∶ 𝐵𝛼 → ℝ such that 𝜑𝒙(0) = 0, ‖𝜑𝒙‖𝐿∞(𝐵𝛼) ≤
1
2
𝛽, and (see Figure

1.1):

𝐷 ∩ 𝑉𝒙 = 𝒙 + 𝑅𝒙
({

(𝒚′, 𝒚𝑑) ∈ 𝐵𝛼 × 𝐼𝛽 ∣ 𝒚𝑑 < 𝜑𝑥(𝒚′)
})

,

𝜕𝐷 ∩ 𝑉𝒙 = 𝒙 + 𝑅𝒙
({

(𝒚′, 𝒚𝑑) ∈ 𝐵𝛼 × 𝐼𝛽 ∣ 𝒚𝑑 = 𝜑𝒙(𝒚′)
})

.

Figure 1.1: Lipschitz domain and mappings (𝑅𝑥1 , 𝜙𝑥1), (𝑅𝑥2 , 𝜙𝑥2).

Lemma 1.4.2. (Poincaré–Steklov) [59, Lemma 3.24] Let 𝐷 be a Lipschitz domain in ℝ𝑑 . Define 𝓁𝐷 =

diam(𝐷). For 𝑝 ∈ [1,∞), there exists a constant 𝐶𝑃 ,𝑆,𝑝 (where the subscript 𝑝 is omitted when 𝑝 = 2) such

that:

𝐶𝑃 ,𝑆,𝑝‖𝑣 − 𝑣𝐷‖0,𝑝,𝐷 ≤ 𝓁𝐷‖∇𝑣‖0,𝑝,𝐷, ∀𝑣 ∈ 𝑊 1,𝑝(𝐷),

where 𝑣𝐷 ∶= 1
|𝐷|

∫𝐷 𝑣 d𝒙. The following also holds when 𝐷 is convex:

𝐶𝑃 ,𝑆,1 = 2, 𝐶𝑃 ,𝑆,2 = 𝜋, 𝐶𝑃 ,𝑆,𝑝 ≥
2
𝑝

(

2
𝑝

)
1
𝑝
, 𝑝 > 1. (1.12)

Remark 1.4.3. The constants presented in (1.12) were proven by Acosta and Durán [1] for 𝑝 = 1, and

Bebendorf [19] for 𝑝 = 2 (see also Payne and Weinberger [106]). Also, Chua and Wheeden (see [45,

Theorem 1.2]) extended the results in (1.12) for general 𝑝.
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Lemma 1.4.4. (Poincaré–Steklov) [59, Lemma 3.27] Let 𝑝 ∈ [1,∞) and let 𝐷 be a Lipschitz domain. Let

𝓁𝐷 ∶= diam(𝐷). There is a constant 𝐶𝑝𝑠,𝑝 > 0 (the subscript 𝑝 is omitted when 𝑝 = 2) such that

𝐶𝑝𝑠,𝑝‖𝑣‖0,𝑝,𝐷 ≤ 𝓁𝐷‖∇𝑣‖0,𝑝,𝐷, ∀𝑣 ∈ 𝑊 1,𝑝
0 (𝐷).

Proof. See Brezis [27, Corollary 9.19], and Evans [61, Theorem 3 section 5.6.],

1.5 Maximum principles

The Maximum Principle is a significant concept in the theory of partial differential equations (PDEs) and
plays an important role in the analysis and application of the Finite Element Method (FEM), particularly
for elliptic and parabolic PDEs. It provides crucial insights into the behavior of solutions, including bounds
and uniqueness, and has implications for the numerical methods used to approximate these solutions. The
principle provides a way to estimate the solution’s maximum and minimum values, which are crucial for
understanding the behavior of the solution and for numerical approximation.

When applying FEM to solve PDEs that satisfy a Maximum Principle, it is important that the numerical
method preserves this principle. If the FEM solution violates the Maximum Principle, it might indicate
instability or inaccuracy in the numerical method, especially on coarse or distorted meshes. The Maximum
Principle can be used to derive error estimates for the FEM approximation. If the exact solution satisfies the
Maximum Principle, then the FEM approximation should ideally exhibit similar behaviour. By comparing
the maximum (or minimum) values of the FEM solution to those of the exact solution, one can assess the
quality of the approximation. For example, if a finite element solution exceeds the known bounds provided
by the Maximum Principle, this might suggest the presence of discretisation errors or insufficient mesh
refinement.

In the following we present the Maximum principles for problem (1.2) and problem (1.8).

Theorem 1.5.1. (weak maximum principle) [110, Theorem 4.1] Consider the problem (1.2). Assume that

𝐿𝑢 ≥ 0 (or, respectively, 𝐿𝑢 ≤ 0) in a bounded domain Ω in ℝ𝑑 . Then the minimum (or, respectively, the

maximum) of 𝑢 is achieved on 𝜕Ω.

We have the following corollary of Theorem 1.5.1.

Corollary 1.5.2. [110, Corollary 4.3] Consider the problem (1.2). Let Ω be bounded and assume 𝜇 ≤ 0 in

14
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Ω. Let 𝐿𝑢 ≥ 0 (or, respectively, 𝐿𝑢 ≤ 0) in Ω. Then

min
Ω
𝑢 = min

𝜕Ω
𝑢 (or, resp.,max

Ω
𝑢 = max

𝜕Ω
𝑢).

The following corollary is typically used in applications. It yields a uniqueness result as well as a com-
parison principle.

Corollary 1.5.3. [110, Corollary 4.4] Let Ω be bounded and 𝜇 ≤ 0. If 𝐿𝑢 = 𝐿𝑣 in Ω and 𝑢 = 𝑣 on 𝜕Ω,

then 𝑢 = 𝑣 in Ω. If 𝐿𝑢 ≤ 𝐿𝑣 in Ω and 𝑢 ≤ 𝑣 on 𝜕Ω, then 𝑢 ≤ 𝑣 in Ω.

Theorem 1.5.4. (Strong maximum principle for elliptic equations) [61, Theorem 3, Section 6.4.2] Consider

the problem (1.2). Assume 𝑢 ∈ 𝐶2(Ω) ∩ 𝐶(Ω) (where 𝐶2(Ω) ∩ 𝐶(Ω) consists of functions that are twice

continuously differentiable in Ω and continuous up to the closure of Ω) and 𝜇 ≥ 0 in Ω.

Suppose also Ω is connected.

(i) If 𝐿𝑢 ≤ 0 in Ω and 𝑢 attains a nonnegative maximum over Ω at an interior point, then 𝑢 is constant

within Ω.

(ii) Similarly, if 𝐿𝑢 ≥ 0 in Ω and Ω attains a nonpositive minimum over Ω at an interior point, then 𝑢 is

constant within Ω.

Theorem 1.5.5. (Strong Maximum Principle for parabolic equations) [62, Theorem 12, Section 7.1] Con-

sider the problem (1.8). Let 𝑢 be a function belonging to 𝐶1
2 (Ω𝑇 ) ∩ 𝐶(Ω𝑇 ), with 𝜇 ≥ 0 in Ω𝑇 . Assume that

Ω is connected.

(1) If

𝜕𝑡𝑢 + 𝐿𝑢 ≤ 0 in Ω𝑇

and 𝑢 reaches a nonnegative maximum within Ω𝑇 at some point (𝑥0, 𝑡0) ∈ Ω𝑇 , then 𝑢(⋅, 𝑡0) must be

constant on Ω × {𝑡0}.

(2) Likewise, if

𝜕𝑡𝑢 + 𝐿𝑢 ≥ 0 in Ω𝑇

and 𝑢 reaches a nonpositive minimum within Ω𝑇 at some point (𝑥0, 𝑡0) ∈ Ω𝑇 , then 𝑢(⋅, 𝑡0) must be

constant on Ω × {𝑡0}.
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1.6 The Galerkin method

The central idea in the Galerkin method is to replace the infinite-dimensional space 𝑉 by finite-dimensional
space 𝑉ℎ. We assume that 𝑉ℎ ≠ {0}. The discrete problem is formulated as follows:

⎧

⎪

⎨

⎪

⎩

Find 𝑢ℎ ∈ 𝑉ℎ such that ,
𝑎ℎ(𝑢ℎ, 𝑤ℎ) = 𝓁ℎ(𝑤ℎ) ∀𝑤ℎ ∈ 𝑉ℎ,

(1.13)

where 𝑎ℎ is a bounded bilinear form on 𝑉ℎ × 𝑉ℎ, and 𝓁ℎ is a bounded linear form on 𝑉ℎ. Note that 𝑎ℎ and
𝓁ℎ may differ from 𝑎 and 𝓁 respectively. Since 𝑉ℎ is finite-dimensional, problem (1.13) is referred to as the
discrete problem. The space 𝑉ℎ is called the discrete space (or discrete solution space).

Definition 1.6.1. (Conforming Setting) [60, Definition 26.2] The approximation (1.13) is said to be con-

forming if 𝑉ℎ ⊂ 𝑉 .

Remark 1.6.2. In this thesis, Chapters 2 and 3 follow a conforming framework, whereas the final chapter

employs the discontinuous Galerkin method, requiring a non-conforming setting.

The diameter of any set 𝐺 ⊂ ℝ𝑑 is denoted by ℎ𝐺, and the mesh size is defined as ℎ = max{ℎ𝐾 ∶

𝐾 ∈ }. Since the analysis of the interpolation error implicitly involves sequences of successively refined
meshes, we denote by (ℎ)ℎ∈ a sequence of meshes discretising a domain 𝐷 ⊂ ℝ𝑑 , where the index ℎ
belongs to a countable set  with zero as its only accumulation point.

Definition 1.6.3. (Shape-regularity) [60, Definition 11.2] A sequence of affine meshes (ℎ)ℎ∈ is said to be

shape-regular if there is 𝜎𝑡 > 0 independent of ℎ, such that

𝜎𝐾 ∶=
ℎ𝐾
𝜌𝐾

≤ 𝜎𝑡, ∀𝐾 ∈ ℎ, ∀ℎ ∈ , (11.4)

where 𝜌𝑘 denotes the diameter of the largest ball contained in 𝐾 (see Figure 1.2).

When the context is unambiguous, we will say that (ℎ)ℎ∈ is regular instead of shape-regular.

Definition 1.6.4. (Quasi-uniformity) [60, Definition 22.20] A mesh sequence (ℎ)ℎ∈ is said to be quasi-

uniform if it is shape-regular and if there exists a constant 𝑐 such that

ℎ𝐾 ≥ 𝑐ℎ, ∀𝐾 ∈ ℎ, ∀ℎ ∈ . (22.38)
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Figure 1.2: Triangular cell 𝐾 and largest inscribed ball.

Remark 1.6.5. One motivation for Definition 1.6.3 is to use the local inverse inequalities, which are pre-

sented in 1.26 and 1.27. In contrast, Definition 1.6.4 is intended for applying global inverse inequalities. To

lighten the notation, throughout this thesis, we drop the index ℎ from (ℎ)ℎ∈ and include it only when it is

necessary to specify the mesh.

We are now prepared to introduce the notations required for the conforming finite element methods that
will be used in Chapters 2 and 3 below.

Let  be a conforming, shape-regular, quasi-uniform partition of the domain Ω into closed simplices or
affine quadrilateral/hexahedral elements. For 𝑘 ≥ 1, we define the finite element spaces over  as follows:

𝑉 ∶= {𝑣ℎ ∈ 𝐶0(Ω) ∶ 𝑣ℎ|𝐾 ∈ ℜ(𝐾) ∀𝐾 ∈ }, (1.14)
𝑉 ∶=𝑉 ∩𝐻1

0 (Ω), (1.15)

where the function space ℜ(𝐾) is defined as:

ℜ(𝐾) =

⎧

⎪

⎨

⎪

⎩

ℙ𝑘(𝐾), if 𝐾 is a simplex,
ℚ𝑘(𝐾), if 𝐾 is an affine quadrilateral/hexahedral,

(1.16)

with ℙ𝑘(𝐾) representing polynomials of total degree 𝑘 on 𝐾 , and ℚ𝑘(𝐾) denoting the mapped space of
polynomials of degree at most 𝑘 in each variable.

For any mesh  , we use the following notation:

• let {𝒙1,𝒙2,… ,𝒙𝑁} denote the set of internal nodes, and let 𝜙1,… , 𝜙𝑁 represent the corresponding
Lagrangian basis functions associated with these nodes, which span the space 𝑉 ;
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• define 𝐼 as the set of internal facets, 𝜕 as the set of boundary facets, and ℎ = 𝐼 ∪𝜕 as the set of
all facets in  . For any element 𝐾 ∈  , 𝐾 represents the set of facets of 𝐾;

• for any element 𝐾 ∈  , facet 𝐹 ∈ ℎ, and node 𝒙𝑖, we define the following neighbourhood:

𝜔𝐾 =
⋃

{𝐾 ′ ∈  ∶ 𝐾 ∩𝐾 ′ ≠ ∅},

𝜔𝐹 =
⋃

{𝐾 ∈  ∶ 𝐹 ⊂ 𝐾},

𝜔𝑖 =
⋃

{𝐾 ∈  ∶ 𝒙𝑖 ∈ 𝐾};

• define 𝐼 as the set of internal edges, 𝜕 as the set of boundary edges, and ℎ = 𝐼 ∪ 𝜕 as the set of
all edges in  . For any element 𝐾 ∈  , 𝐾 represents the set of edges of 𝐾;

• for any facet 𝐸 ∈ ℎ, we define the following neighborhoods:

𝜔𝐸 =
⋃

{𝐾 ∈  ∶ 𝐸 ⊂ 𝐾},

• for any internal facet 𝐹 ∈ 𝐼 , we use J⋅K to denote the jump of a function across 𝐹 .

Definition 1.6.6. (Properties of meshes) [16, Definition Definition 2.2] A mesh will be said to be connected

if, for any two vertices 𝒙𝑖,𝒙𝑗 , there exists a path 𝑗0,… , 𝑗𝑠 such that 𝐸𝑗0,𝑗1 ,… , 𝐸𝑗𝑠,𝑗 are all edges of  . In

addition, the mesh  will be said to be

• weakly acute if every internal dihedral angle 𝜃 of the mesh satisfies 𝜃 ≤ 𝜋
2 ;

• of Xu–Zikatanov (XZ) type (see [118]) if, for every 𝐸 ∈ 𝐼 , the following holds (see Figure 1.3):

∑

𝐾⊂𝜔𝐸

|𝜅𝐾𝐸 | cot 𝜃
𝐾
𝐸 ≥ 0;

where 𝜅𝐾𝐸 = 𝐹𝐾𝑖 ∩ 𝐹𝐾𝑗 , and when 𝑑 = 2 we will adopt the convention ∣ 𝜅𝐾𝐸 ∣= 1.

• of Delaunay type if the interior of the circumscribed sphere of any simplex from the mesh  does not

contain any vertex of  .

For 𝑑 = 2, the definition of a Delaunay mesh can be equivalently stated as follows: for every 𝐸 =

𝐾 ∩𝐾 ′ ∈ 𝐼 , there holds

𝜃𝐾𝐸 + 𝜃𝐾 ′

𝐸 ≤ 𝜋.
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In two dimensions, the XZ-criterion and the Delaunay property are equivalent (see [119, Lemma 2.1]).

Figure 1.3: Notations for a triangle.

We also introduce the mesh function 𝔥, a continuous element-wise linear function often used in finite
element analysis [102]. This mesh function is defined by averaging the element diameters at each vertex.
For this, let 𝐯1,… , 𝐯𝑀 represent the set of mesh vertices. Then, 𝔥 is the piecewise linear function given by:

𝔥(𝐯𝑖) =
∑

𝐾∶𝐯𝑖∈𝐾 ℎ𝐾
#{𝐾 ∶ 𝐯𝑖 ∈ 𝐾}

. (1.17)

In the construction and analysis of the finite element methods proposed in this thesis, we use the mass-
lumped 𝐿2 inner product, which is defined for any 𝑣ℎ, 𝑤ℎ ∈ 𝑉 as

(𝑣ℎ, 𝑤ℎ)ℎ =
𝑁
∑

𝑖=1
𝔥(𝒙𝑖)𝑑𝑣ℎ(𝒙𝑖)𝑤ℎ(𝒙𝑖). (1.18)

This inner product induces the norm:
|𝑣ℎ|ℎ = (𝑣ℎ, 𝑣ℎ)

1∕2
ℎ , (1.19)

which is equivalent to the standard 𝐿2(Ω) norm. More specifically, according to [60], Propositions 28.5 and
28.6, there exist constants 𝐶, 𝑐 > 0, independent of ℎ, such that:

𝑐
∑

𝑖∶𝒙𝑖∈𝐾
ℎ𝑑𝐾𝑣

2
ℎ(𝒙𝑖) ≤ ‖𝑣ℎ‖

2
0,𝐾 ≤ 𝐶

∑

𝑖∶𝒙𝑖∈𝐾
ℎ𝑑𝐾𝑣

2
ℎ(𝒙𝑖), ∀𝐾 ∈  , (1.20)
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and as a consequence of the shape-regularity of the mesh, we also have:

𝑐|𝑣ℎ|
2
ℎ ≤ ‖𝑣ℎ‖

2
0,Ω ≤ 𝐶|𝑣ℎ|

2
ℎ, ∀𝑣ℎ ∈ 𝑉 . (1.21)

With the definition of the finite element space (1.15) and the previously stated concepts, we now introduce
several definitions, inequalities, and properties that will be frequently used in the subsequent chapters.

We start by introducing the Lagrange interpolation operator, which provides interpolation error bounds

that are crucial for deriving error estimates for finite element solutions.

Definition 1.6.7. (see [59, Chapter 11]) The Lagrange interpolation operator is defined as

𝑖ℎ ∶ 0(Ω) ∩𝐻1
0 (Ω) ⟶ 𝑉 ,

𝑣⟼ 𝑖ℎ𝑣 =
𝑁
∑

𝑗=1
𝑣(𝑥𝑗)𝜙𝑗 , (1.22)

The error estimates of the Lagrange interpolant is crucial in understanding the convergence properties
of finite element methods. Therefore, we can state the following result for the Lagrange interpolation error:

Proposition 1.6.8. (Approximation property of the Lagrange interpolant) [59, Proposition 1.12] Let 1 ≤

𝓁 ≤ 𝑘 and 𝑖ℎ be the Lagrange interpolant. Then, there exists 𝐶 > 0, independent of ℎ, such that for all ℎ

and 𝑣 ∈ 𝐻𝓁+1(Ω) the following holds:

‖𝑣 − 𝑖ℎ𝑣‖0,𝐾 + ℎ|𝑣 − 𝑖ℎ𝑣|1,𝐾 ≤ 𝐶ℎ𝓁+1𝐾 |𝑣|𝓁+1,𝐾 . (1.23)

Also, the orthogonal projection operator plays a significant role in the error analysis of the finite element
method (FEM).

Definition 1.6.9. (see [59], Chapter 22) The 𝐿2(Ω) -orthogonal projection operator 𝜋 ∶ 𝐿2(Ω) ⟶ 𝑉 is

defined as follows

𝜋 ∶ 𝐿2(Ω) ⟶ 𝑉 ,

𝑤⟼ 𝜋(𝑤) where
(

𝜋(𝑤), 𝑣ℎ
)

Ω = (𝑤, 𝑣ℎ)Ω ∀ 𝑣ℎ ∈ 𝑉 . (1.24)

Similar to the Lagrange interpolant, we use the following error bounds for the orthogonal projection in
this thesis:
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Proposition 1.6.10. (Approximation property of the 𝐿2-orthogonal projection operator) [59, Section 22.5]

Let 0 ≤ 𝓁 ≤ 𝑘 and 𝜋 be the 𝐿2(Ω)-orthogonal projection. Then, there exists 𝐶 > 0, independent of ℎ, such

that for all ℎ and 𝑣 ∈ 𝐻𝓁+1(Ω) the following holds:

‖𝑣 − 𝜋(𝑣)‖0,𝐾 + ℎ |𝑣 − 𝜋(𝑣)|1,𝐾 ≤ 𝐶ℎ𝓁+1𝐾 |𝑣|𝓁+1,𝐾 . (1.25)

The inverse inequality is fundamental in the error analysis of the FEM because it relates norms of finite
element functions at different levels of smoothness. This is crucial in FEM because finite element spaces
are typically designed to approximate solutions with certain regularity. When performing error analysis,
especially in a posteriori estimates or stability analysis, controlling high derivatives is important, and the
inverse inequality helps achieve this.
Lemma 1.6.11. (Inverse inequality) (see [59, Lemma 12.1]) For all 𝑚,𝓁 ∈ ℕ0, 0 ≤ 𝑚 ≤ 𝓁 and all 𝑝, 𝑞 ∈

[1,∞], there exists a constant 𝐶 , independent of ℎ, such that

|𝑣ℎ|𝓁,𝑝,𝐾 ≤ 𝐶ℎ
𝑚−𝓁+𝑑

(

1
𝑝−

1
𝑞

)

𝐾 |𝑣ℎ|𝑚,𝑞,𝐾 ∀ 𝑣ℎ ∈ 𝑉 . (1.26)

Another important inequality is the trace inequality. The trace inequality (here locally i.e. on each
element) is important in the FEM for several reasons, particularly in the context of error analysis. The trace
inequality allows to estimate the norm of a function on the boundary of an element 𝐾 in terms of its norms
inside the same element. This provides a local control of errors, helping to manage how well the finite
element function approximates the true solution near the boundaries of each element. We will repeatedly
use the following trace inequality in the subsequent chapters.
Lemma 1.6.12. (Discrete Trace inequality) (see [59, Lemma 12.8]) There exists 𝐶 > 0 independent of ℎ

such that, for every 𝑣 ∈ 𝐻1(𝐾) the following holds

‖𝑣‖20,𝜕𝐾 ⩽ 𝐶
(

ℎ−1𝐾 ‖𝑣‖20,𝐾 + ℎ𝐾 |𝑣|
2
1,𝐾

)

. (1.27)

1.6.1 Non-conforming approximations and discontinuous Galerkin method

In the last chapter of this thesis we study the approximation of an elliptic (reaction-convection-diffusion)
problem by the discontinuous Galerkin (dG) method. The distinctive feature of dG methods is the spaces are
broken finite element spaces. dG formulations are obtained by adding boundary penalty and a consistency
term at all the mesh interfaces and boundary faces. Boundary conditions are weakly enforced and continuity
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across the mesh interfaces is weakly enforced by penalising the jumps (see e.g. [60, Section 27.2.1 and
Chapter 38]).

Before giving a short introduction and literature review on the discrete maximum principle (DMP), we
first present some definitions and preliminaries.

1.6.2 Discrete maximum principle and algebraic flux correction

This section outlines the general conditions under which discrete maximum principles (DMPs) hold for
both linear and nonlinear discretisations. It then briefly introduces a class of finite element methods called
algebraic flux correction (AFC), which are designed to respect the discrete maximum principle.

To introduce the main idea of the algebraic flux correction method, we consider the steady-state model
problem: Find 𝑢 ∶ Ω → ℝ such that

−𝜀Δ𝑢 + 𝜷 ⋅ ∇𝑢 + 𝜇𝑢 = 𝑓 in Ω, (1.28)
𝑢 = 𝑔 on 𝜕Ω. (1.29)

To simplify the following presentation, we will suppose that 𝜀 > 0 and 𝜇 ≥ 0 are constants and that 𝜷 is
solenoidal. Let 𝜷 ∈ 𝑊 1,∞(Ω)𝑑 , 𝑓 ∈ 𝐿2(Ω), and 𝑔 ∈ 𝐻1∕2(𝜕Ω), then the weak formulation of (1.29) reads
as follows: Find 𝑢 ∈ 𝐻1(Ω) such that 𝑢|𝜕Ω = 𝑔 and

𝑎(𝑢, 𝑣) = (𝑓, 𝑣)Ω ∀𝑣 ∈ 𝐻1
0 (Ω), (1.30)

where 𝑎(⋅, ⋅) is the bilinear form given by

𝑎(𝑢, 𝑣) = 𝜀(∇𝑢,∇𝑣)Ω + (𝜷 ⋅ ∇𝑢 + 𝜎𝑢, 𝑣)Ω. (1.31)

Linear Discretisations

Consider a matrix 𝐴 = (𝑎𝑖𝑗)
𝑗=1,…,𝑁
𝑖=1,…,𝑀 ∈ ℝ𝑀×𝑁 and let 𝑓1,… , 𝑓𝑀 and 𝑔1,… , 𝑔𝑁−𝑀 be given real values,

where 𝑀 < 𝑁 . The discretised system leads to a linear system where we seek a vector 𝑢 = (𝑢1,… , 𝑢𝑁 )𝑇 ∈

ℝ𝑁 such that:
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𝑁
∑

𝑗=1
𝑎𝑖𝑗𝑢𝑗 = 𝑓𝑖, for 𝑖 = 1,… ,𝑀, (1.32)

𝑢𝑖 = 𝑔𝑖−𝑀 , for 𝑖 =𝑀 + 1,… , 𝑁. (1.33)

Remark 1.6.13. The full system matrix corresponding to equations (1.32) and (1.33) can be represented in

block form as

𝐴 =
⎛

⎜

⎜

⎝

𝐴𝐼 𝐴𝐵
0 𝐼

⎞

⎟

⎟

⎠

, (1.34)

where:

• 𝐴𝐼 ∈ ℝ𝑀×𝑀 is the matrix associated with the internal (i.e., non-Dirichlet) degrees of freedom,

• 𝐴𝐵 ∈ ℝ𝑀×(𝑁−𝑀) couples the boundary (Dirichlet) values to the interior,

• 𝐼 ∈ ℝ(𝑁−𝑀)×(𝑁−𝑀) is the identity matrix,

• 0 ∈ ℝ(𝑁−𝑀)×𝑀 is the zero matrix.

Unless otherwise stated, the system matrix 𝐴 will be considered in the form given by equation (1.34).

Definition 1.6.14 (Matrix of Nonnegative Type). Let 𝐴 = (𝑎𝑖𝑗)
𝑗=1,…,𝑛
𝑖=1,…,𝑚 ∈ ℝ𝑚×𝑛 for 𝑚, 𝑛 ∈ ℕ. We say that 𝐴

is of nonnegative type if the following conditions hold

𝑎𝑖𝑗 ≤ 0 for all 𝑖 ∈ {1,… , 𝑚}, 𝑗 ∈ {1,… , 𝑛}, 𝑖 ≠ 𝑗, (1.35)
𝑛
∑

𝑗=1
𝑎𝑖𝑗 ≥ 0 for all 𝑖 ∈ {1,… , 𝑚}. (1.36)

Note that the concept of a matrix of nonnegative type should not be confused with that of a nonnegative
matrix in the classical sense (see, e.g., [116, Chapter 2]).

Remark 1.6.15. In certain contexts, such as when 𝜇 = 0 in equation (1.28), the matrix 𝐴 may satisfy a

stronger condition than (1.36), specifically:

𝑁
∑

𝑗=1
𝑎𝑖𝑗 = 0 for all 𝑖 ∈ {1,… ,𝑀}. (1.37)
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This stronger assumption can be leveraged to obtain more refined statements for discrete maximum principles
(DMPs) than those derived from condition (1.36).

Theorem 1.6.16 (Local DMP for Nonnegative Type Matrices). Assume 𝑎𝑖𝑖 > 0 for all 𝑖 = 1,… ,𝑀 . Then,

every solution 𝑢 to the system (1.32)–(1.33) satisfies:

𝑓𝑖 ≤ 0 ⇒ 𝑢𝑖 ≤ max
𝑗≠𝑖,𝑎𝑖𝑗≠0

𝑢+𝑗 , (1.38)

𝑓𝑖 ≥ 0 ⇒ 𝑢𝑖 ≥ min
𝑗≠𝑖,𝑎𝑖𝑗≠0

𝑢−𝑗 .

for all 𝑖 = 1,… ,𝑀 if and only if the matrix 𝐴 is of nonnegative type.

Moreover, if the stronger condition (1.37) is satisfied, then the implications become

𝑓𝑖 ≤ 0 ⇒ 𝑢𝑖 ≤ max
𝑗≠𝑖,𝑎𝑖𝑗≠0

𝑢𝑗 , (1.39)

𝑓𝑖 ≥ 0 ⇒ 𝑢𝑖 ≥ min
𝑗≠𝑖,𝑎𝑖𝑗≠0

𝑢𝑗 .

Now, we breifely here describe Algebraic Flux Correction methods

1.6.3 Algebraic Flux Correction methods

The diffusion matrix𝐀𝑑 , the convection matrix𝐀𝑐 , and the reaction matrix𝐌𝑐 , which is also called consistent
mass matrix, are defined by

𝐀𝑑 = (𝓁𝑖𝑗)𝑁𝑖,𝑗=1 where 𝓁𝑖𝑗 = (∇𝜙𝑗 ,∇𝜙𝑖) for 𝑖, 𝑗 = 1,… , 𝑁, (1.40)
𝐀𝑐 = (𝑐𝑖𝑗)𝑁𝑖,𝑗=1 where 𝑐𝑖𝑗 = (𝐛 ⋅ ∇𝜙𝑗 , 𝜙𝑖) for 𝑖, 𝑗 = 1,… , 𝑁, (1.41)
𝐌𝑐 = (𝑚𝑖𝑗)𝑁𝑖,𝑗=1 where 𝑚𝑖𝑗 = (𝜙𝑗 , 𝜙𝑖) for 𝑖, 𝑗 = 1,… , 𝑁. (1.42)

The entries of the matrices can be written as a sum of local entries, e.g.,

𝓁𝑖𝑗 =
∑

𝐾⊂𝜔𝑖∩𝜔𝑗

𝓁𝐾𝑖𝑗 with 𝓁𝐾𝑖𝑗 = (∇𝜙𝑗 ,∇𝜙𝑖)𝐾 ,

and analogously for 𝑐𝑖𝑗 and 𝑚𝑖𝑗 .
Algebraic Flux Correction (AFC) methods are a class of algebraically stabilised schemes that have seen

significant development in recent years; see, for example, [8, 15, 70, 86, 90, 91, 94, 95, 95, 96, 100]. AFC
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stabilisation is not derived from a variational framework. Instead, the methodology begins directly from the
algebraic system of equations resulting from the Galerkin finite element discretisation. A nonlinear algebraic
correction term is then added to this linear system to enforce a discrete maximum principle (DMP), while
avoiding undue numerical diffusion and layer smearing.

Let 𝔸N denote the matrix associated with the standard Galerkin finite element method applied to system
(1.13) with Neumann boundary conditions. This matrix can be expressed as:

𝔸N = 𝜀𝔸d +𝔸c + 𝜇𝕄c, (1.43)

where 𝔸d, 𝔸c, and 𝕄c represent the diffusion, convection, and mass matrices, respectively.
The discrete problem is then reformulated as in systems (1.32) and (1.33), where 𝑓𝑖 = (𝑓, 𝜙𝑖)Ω for

𝑖 = 1,… ,𝑀 and 𝑔𝑖−𝑀 = 𝑔(𝑥𝑖) for 𝑖 = 𝑀 + 1,… , 𝑁 . To formulate an AFC scheme, we first introduce a
symmetric artificial diffusion matrix 𝔻 = (𝑑𝑖𝑗)𝑁𝑖,𝑗=1, defined by

𝑑𝑖𝑗 = −max{0, 𝑎𝑖𝑗 , 𝑎𝑗𝑖} for 𝑖 ≠ 𝑗, 𝑑𝑖𝑖 = −
𝑁
∑

𝑗=1
𝑗≠𝑖

𝑑𝑖𝑗 . (1.44)

Hence, the matrix𝔻 has zero row and column sums, and the matrix𝔸N+𝔻 is of non-negative type. Replacing
𝔸N with 𝔸N + 𝔻 in system (1.32), we obtain the stabilised formulation

(𝔸N + 𝔻)𝑀𝐮 = 𝐟 , (1.45)

which satisfies the discrete maximum principle (DMP), where 𝐟 = (𝑓1,… , 𝑓𝑀 )⊤.
The standard derivation of the AFC method (see, e.g., [92]) begins by adding the diffusive term (𝔻𝐮) to

both sides of the linear system (1.32), yielding

(𝔸N + 𝔻)𝑀𝐮 = 𝐟 + 𝔻𝑀𝐮, (1.46)

and then using the identity

(𝔻𝐮)𝑖 =
𝑁
∑

𝑗=1
𝑓𝑖𝑗 , with 𝑓𝑖𝑗 = 𝑑𝑖𝑗(𝑢𝑗 − 𝑢𝑖). (1.47)

The quantities 𝑓𝑖𝑗 are referred to as fluxes, as they quantify the strength of diffusion between the nodes 𝑥𝑖
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and 𝑥𝑗 . These fluxes represent the intensity of information exchange and are central to understanding AFC
mechanisms.

To reduce spurious oscillations in the discrete solution, the flux terms 𝑓𝑖𝑗 on the right-hand side of
(1.46) are often scaled by solution-dependent correction factors. These damping factors, or limiters, denoted
by 𝛼𝑖𝑗 ∈ [0, 1], suppress unwanted oscillations and yield the nonlinear algebraic formulation

𝑁
∑

𝑗=1
𝑎𝑖𝑗𝑢𝑗 +

𝑁
∑

𝑗=1
(1 − 𝛼𝑖𝑗(𝐮))𝑑𝑖𝑗(𝑢𝑗 − 𝑢𝑖) = 𝑓𝑖, for 𝑖 = 1,… ,𝑀, (1.48)

𝑢𝑖 = 𝑔𝑖 = 𝑔(𝑥𝑖), for 𝑖 =𝑀 + 1,… , 𝑁. (1.49)

It is assumed that the flux limiter satisfies the symmetry condition:

𝛼𝑖𝑗 = 𝛼𝑗𝑖, 𝑖, 𝑗 = 1,… , 𝑁. (1.50)

Moreover, for any 𝑖, 𝑗 ∈ {1,… , 𝑁}, the limiter function 𝛼𝑖𝑗(𝐮)(𝑢𝑗−𝑢𝑖) is assumed to be a continuous function
of the discrete solution vector 𝐮 ∈ ℝ𝑁 .

A theoretical analysis of the AFC scheme given by equations (1.48) and (1.49), including results on
solvability, satisfaction of the local discrete maximum principle (DMP), and error estimates, can be found
in [14]; see also [2, 80] for related a posteriori error analysis techniques.

The symmetry condition (1.50) plays a crucial role in the design of AFC methods for several reasons.
First, it ensures that the resulting numerical scheme is conservative. Second, it implies that the matrix asso-
ciated with the AFC-related correction term is positive semi-definite. This structural property significantly
contributes to the overall stability of the scheme and facilitates a reliable estimation of the approximation
error; see [14] for a detailed discussion.

Finally, it has been demonstrated in [13] that without enforcing the symmetry condition (1.50), the non-
linear algebraic system defined by (1.48) and (1.49) may not admit a solution in general.

1.6.4 Introduction and literature review on the discrete maximum principle (DMP)

Structure-preserving numerical methods is an important topic in computational solutions of partial differ-
ential equations. By structure-preserving, we mean methods that approximate solutions which preserve the
properties of the exact solution such as local conservation, entropy inequalities, maximum principles, posi-
tivity preservation, divergence-free constraints, or exactly symmetric stress tensor approximations, to name
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a few.
Numerical methods satisfying Discrete Maximum Principles (DMP) and/or monotonicity properties have

been extensively studied in the finite element literature. Methods satisfying these properties often imply
positivity preservation or, more generally, bound preservation of the resulting numerical solutions.

To guarantee physically consistent discretisation of equations (1.2) and (1.8), it is crucial to satisfy the
discrete counterpart of the maximum principle. Discretisations that fail to meet this criterion often lead to
numerical solutions exhibiting unphysical values, referred to as spurious oscillations. Equations of the form
(1.2) and (1.8) frequently arise in coupled problems, where their numerical solutions serve as input data
for additional equations. If these input values contain spurious oscillations, there is a high likelihood that
the solutions to subsequent equations will also be affected, potentially leading to unphysical results. In ex-
treme cases, numerical simulations of coupled problems may become unstable and fail, as reported in [82].
Therefore, ensuring the DMP is satisfied is essential for obtaining meaningful numerical solutions for (1.2)
and (1.8) in practical applications. When this property is upheld, additional factors such as computational
efficiency, the preservation of other physical properties (e.g., conservation laws), and accuracy in terms of
relevant quantities, such as norms in Sobolev spaces, become key considerations for selecting an appropriate
numerical method. The first proof of a maximum principle (MP) in the context of discretised partial dif-
ferential equations was introduced by Gershgorin [64] in 1930. In this work, finite difference methods were
considered. and Gershgorin proved that the discrete operator satisfies a maximum principle provided that the
corresponding coefficient matrix is an M-matrix. A broader generalisation of this result was later provided
in the monograph by Collatz in [52]. Further studies on discrete analogues of maximum principles can be
found in works by Bramble and Hubbard [24, 25].

In 1970, Ciarlet [47] established the necessary and sufficient conditions for a discretisation to satisfy
the discrete maximum principle (DMP). These early studies primarily focused on finite difference methods.
However, the linear algebraic arguments employed in these works can be directly extended to the linear
systems of equations arising from other discretisation techniques. The first explicit investigation of the DMP
in the context of finite element methods was conducted by Ciarlet and Raviart in 1973 [49]. Since then,
a substantial body of research has emerged, analysing the DMP for various discretisations of elliptic and
parabolic boundary value problems.

A straightforward approach is to introduce sufficient numerical diffusion, ensuring that the problem be-
comes diffusion-dominated, thereby enforcing the DMP under suitable conditions (see, e.g. Chapter 4 and 8
of [83] respectively for elliptic and parabolic equations). However, this approach tends to introduce exces-
sive diffusion, resulting in solutions that are highly smeared and has limited practical use. This drawback has
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motivated the development of shock-capturing methods, which add a term into the numerical scheme. This
term includes a viscosity coefficient that depends on the computed solution, introducing nonlinearity into
the method (see [81]). The earliest known method satisfying DMP was proposed in [104], with subsequent
contributions found in [8–10, 29, 31, 58].

A common feature of these methods is their reliance on first-order polynomial approximations and spe-
cific mesh constraints. In two-dimensional problems, for instance, the mesh is often assumed to be of Delau-
nay. This requirement dates back to early studies on the DMP, including for the Laplace equation (see [49]).
Since then, several attempts have been made to relax this assumption. One such approach, presented in [30],
modifies the formulation by introducing an anisotropic Laplacian, allowing the DMP to hold under more
general conditions. More recently, methods proposed in [69, 70] in the context of hyperbolic equations
have succeeded in reducing this constraint while ensuring convergence to the entropy solution. However,
extending such ideas to diffusion-dominated problems remains a significant challenge.

As mentioned it is often necessary to impose strict conditions on the mesh, particularly when using the
Galerkin method. For a detailed discussion, we refer to [16, 118], where it is proven that for the Poisson
equation, the local discrete maximum principle (DMP) holds if and only if the mesh satisfies the XZ-type
condition (see Definition 1.6.6). Furthermore, they have shown that satisfying the XZ-criterion ensures the
validity of the global DMP.

As explained in section (1.6.3) one class of methods which have been designed to satisfy the DMP by
construction is known as algebraic flux correction (AFC). The origins of AFC trace back to [69, 121], and
substantial development has been made in recent years, particularly through the contributions of D. Kuzmin
and colleagues (see [92–95], and the book by Kuzmin and Hajduk [89]).

The principle of algebraic flux correction (see [89,90,92]) provides a new interpretation of classical high-
resolution schemes and establishes a general framework for designing multidimensional flux limiters. In this
method, artificial diffusion is both added and removed at the discrete level. Given a discrete operator result-
ing from a linear or “multilinear” Galerkin approximation (multilinear Galerkin approximation is a Galerkin
finite element method in which the discrete solution space is spanned by multilinear basis functions typi-
cally tensor products of linear polynomials in each coordinate direction), the nonoscillatory low-order part
is extracted. The remainder consists of an antidiffusive correction that admits a conservative flux decom-
position [89]. The discrete maximum principle holds if the antidiffusive part satisfies the local extremum

diminishing (LED) constraint [77, 78], which is enforced by adjusting the magnitudes of the antidiffusive
fluxes when necessary.

A numerical method is said to be linearity-preserving if it exactly reproduces linear functions over the
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computational domain. This means that when the exact solution is a linear function, the numerical ap-
proximation must match it exactly. No artificial diffusion, stabilisation, or discretisation errors should alter
the linearity of the solution. In other words, the constrained approximation must reduce to the underlying
Galerkin scheme when the solution is linear.

In [15] introduced limiters in an algebraic flux correction (AFC) method for a convection-diffusion-
reaction equation. In this work using these limiters they guarantee the satisfaction of the DMP and preserving
linearity, particularly on general simplicial meshes. In fact they used limiters which satisfy and then modify
the algorithm proposed in [95] to ensure that these properties hold for general meshes.

It is important to note that existing AFC methods in the literature often fail to be preserving linearity.
For instance, techniques derived from [95] are proven to be linearity-preserving exclusively on symmet-
ric meshes. The method introduced in [32] preserves the DMP solely for meshes that satisfy the condition
proposed by Xu and Zikatanov [118], a criterion that remains sharp in the diffusion-dominated regime. How-
ever, its linearity preservation is also restricted to symmetric meshes. An alternative approach to ensure both
monotonicity and linearity preservation for more general meshes involves solving an optimisation problem
for each interior node of the mesh, thereby increasing the complexity of the method. A very recent develop-
ment in this area has been proposed in [8] where the authors developed monotonicity-preserving stabilised
finite element methods for transport problems by combining symmetric projection-based linear stabilisation
with nonlinear shock-capturing techniques.

Bound-preservation is a weaker structural requirement than DMP. It plays a crucial role by ensuring the
solution remains physically meaningful and numerically stable. In other words, the method may not generally
enforce the DMP, but the guarantee of staying within prescribed bounds is already a significant structural
property for many PDE models. Bound-preserving numerical solutions are crucial for the numerical stability
of many schemes and, in particular, for PDEs where positivity of the solution is important. Many PDE models
rely on the positivity of the solution, such as nonlinear reaction-diffusion systems modeling concentrations of
reactants or turbulence-inducing fields. Additionally, phase-field PDE models often have solutions satisfying
global maxima and minima. While exceeding these bounds is not typically catastrophic for scalar PDE
problems, bound violations can have compounding effects in more complex coupled systems.

In addition, the cut-off finite element method [101] truncates the finite element function after it is com-
puted at a given time step, so as to input the truncated function as approximation of the current time step;
see also [120] for an application of a related idea to the Allen-Cahn equation. In the steady state case, the
idea of truncating the finite element solution to respect given bounds has been justified for reaction-diffusion
equations in [88] using energy arguments. In [99] a conservative recovery strategy is proposed and tested
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numerically. Finally, in the context of the Joule heating problem a truncation of one of the variables is
introduced in order to regularise a rough right-hand side in [79].

In the next section, we present the bound-preserving finite element method, originally proposed in [12].

1.6.5 The bound-preserving finite element methods

In this section, we introduce the bound-preserving finite element method, initially proposed in [12] for
reaction-diffusion equations. This bound-preserving finite element method assumes a Lagrange finite el-
ement space of arbitrary polynomial degree. To simplify the formulation, the method ensures that the nodal
values of the projected solution remain positive, thereby maintaining bound-preservation throughout the
computation.

It is important to note that similar methods are different in key aspects from the method which has been
proposed in [12]. In [22], imposing the boundary on the continuous solution are incorporated into an opti-
misation framework, linking this approach to nonlinear stabilisation. Also, [105] formulates a constrained
optimisation problem based on a mixed weak formulation to enforce bound preservation. In [33], the re-
lationship between positivity preservation and contact problems was used to develop a nonlinear stabilised
method that enforces positivity-preservation in a weak way.

The model problem

Let Ω be an open bounded Lipschitz domain (see Definition 1.4.1) in ℝ𝑑 (𝑑 = 2, 3) with a polyhedral
boundary 𝜕Ω. Given a source function 𝑓 ∈ 𝐻−1(Ω), the following reaction-diffusion problem has been
considered in [12] as a special case of the elliptic equation (1.2)

⎧

⎪

⎨

⎪

⎩

−div(∇𝑢) + 𝜇𝑢 = 𝑓 in Ω,

𝑢 = 0 on 𝜕Ω,
(1.51)

where  = (𝑑𝑖𝑗)𝑑𝑖,𝑗=1 ∈ 𝐿∞(Ω)𝑑×𝑑 is the diffusion tensor and 𝜇 ∈ 𝐿∞(Ω) denotes the reaction coefficient,
respectively. We make the following assumptions: 𝜇 ≥ 𝜇0 𝑎.𝑒.in Ω and the diffusion tensor  satisfies in
(1.3) (i.e.  is strictly elliptic), where []𝑖𝑗 = 𝑑𝑖𝑗 .
The weak formulation of (1.51) reads: find 𝑢 ∈ 𝐻1

0 (Ω) such that

𝑎(𝑢, 𝑣) = 𝑓 (𝑣) ∀𝑣 ∈ 𝐻1
0 (Ω), (1.52)
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where 𝑎(⋅, ⋅) ∶ 𝐻1
0 (Ω) ×𝐻

1
0 (Ω) → ℝ is the bilinear form defined by

𝑎(𝑣,𝑤) ∶= (∇𝑣,∇𝑤)Ω + (𝜇𝑣,𝑤)Ω. (1.53)

The bilinear form 𝑎(⋅, ⋅) induces the energy norm:

‖𝑣‖𝑎 =
√

𝑎(𝑣, 𝑣). (1.54)

The well-posedness of (1.52) follows from the Lax-Milgram Lemma 1.2.3.
The core of the bound preserving method which has been proposed in [12] is the following property of

the solution of (1.51). As a consequence of maximum principle Theorem 1.5.4 and comparison principles
Corollary 1.5.3, the following bounds can be proven: for almost all 𝒙 ∈ Ω, the solution 𝑢 of (1.52) satisfies

−
‖𝑓‖𝐿∞(Ω)

𝜇0
≤ 𝑢(𝒙) ≤

‖𝑓‖𝐿∞(Ω)

𝜇0
. (1.55)

This statement becomes more precise if 𝑓 ≥ 0 in Ω. In fact, in this case, for almost every 𝒙 ∈ Ω, the
following inequality holds:

0 ≤ 𝑢(𝒙) ≤
‖𝑓‖𝐿∞(Ω)

𝜇0
. (1.56)

The results given in (1.55) and (1.56) motivate the introduction of the following assumption.

Assumption (A1): We will suppose that the solution of (1.51) satisfies

0 ≤ 𝑢(𝒙) ≤ 𝜅 for almost all 𝒙 ∈ Ω, (1.57)

where 𝜅 is a known constant. However, the lower bound in this assumption is not required to be equal to
zero, and all results below hold even for the case the value 𝜅 can be replaced by a non-negative continuous
function 𝜅(𝒙).

Remark 1.6.17. The upper (and lower) bounds of the solution are not chosen arbitrarily but follow from

the properties of the underlying PDE. In many convection–diffusion or reaction–diffusion problems, the

continuous solution satisfies a maximum principle, which implies that the solution cannot exceed certain

values determined by the initial or boundary data. Alternatively, the physical interpretation of the unknown

(for example, a concentration or probability) provides natural bounds, such as values lying in the interval
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[0, 1]. The purpose of the bound-preserving finite element method is to ensure that the discrete solution

respects these bounds.

The bound-preserving finite element method for reaction-diffusion problem

With Assumption (A1) in mind, the following subset of finite element functions which satisfy the bounds
given by (1.57) at the degrees of freedom has been considered in [12]:

𝑉 +
 ∶= {𝑣ℎ ∈ 𝑉 ∶ 𝑣ℎ(𝒙𝑖) ∈ [0, 𝜅] for all 𝑖 = 1,… , 𝑁}, (1.58)

where 𝑉 has been defined in (1.15).
Each element 𝑣ℎ ∈ 𝑉 can be decomposed into the sum 𝑣ℎ = 𝑣+ℎ + 𝑣−ℎ , where 𝑣+ℎ and 𝑣−ℎ are defined as

(see Figure 1.4)

𝑣+ℎ =
𝑁
∑

𝑖=1
max

{

0,min{𝑣ℎ(𝒙𝑖), 𝜅}
}

𝜙𝑖 , (1.59)

and

𝑣−ℎ = 𝑣ℎ − 𝑣+ℎ . (1.60)
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Figure 1.4: Decomposition of 𝑣ℎ into 𝑣+ℎ and 𝑣−ℎ (Ω = (𝑎, 𝑏)).

The functions 𝑣+ℎ and 𝑣−ℎ are referred as the constrained and complementary parts of 𝑣ℎ, respectively.
Using this decomposition, the following algebraic projection is defined:

(⋅)+ ∶ 𝑉 → 𝑉 +
 , 𝑣ℎ ↦ 𝑣+ℎ . (1.61)

Remark 1.6.18. The operator defined in (1.61) is a componentwise (nodal) projection onto the convex set

𝑉 +
 , obtained by clamping each nodal value into the interval [0, 𝜅]. If we identify a function 𝑣ℎ ∈ 𝑉 with its

coefficient vector (𝑈1,… , 𝑈𝑁 ), where 𝑈𝑖 = 𝑣ℎ(𝒙𝑖), then this operator corresponds to the metric projection

of the vector (𝑈1,… , 𝑈𝑁 ) onto the box [0, 𝜅]𝑁 ⊂ ℝ𝑁 with respect to the standard Euclidean norm. In

particular, for each node,

𝜋[0,𝜅](𝑣ℎ(𝒙𝑖)) = max{0,min{𝑣ℎ(𝒙𝑖), 𝜅}},

is the closest point to 𝑣ℎ(𝒙𝑖) in [0, 𝜅]. The function 𝑣+ℎ is then obtained by expanding these projected coeffi-

cients in the finite element basis.

We stress that this projection is defined in the coefficient (nodal) Euclidean norm, and in general it is not
an orthogonal projection in 𝑉 with respect to the usual 𝐿2(Ω) inner products.

Remark 1.6.19. If 𝜅 is not a constant value, but instead a non-negative continuous function, the only modi-
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fication to the projection definition is that in such a case, the constrained component is given by

𝑣+ℎ =
𝑁
∑

𝑖=1
max

{

0,min{𝑣ℎ(𝒙𝑖), 𝜅(𝒙𝑖)}
}

𝜙𝑖 . (1.62)

The bound-preserving finite element method proposed in [12] reads as follows: find 𝑢ℎ ∈ 𝑉 such that

𝑎ℎ(𝑢ℎ; 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω, ∀𝑣ℎ ∈ 𝑉 , (1.63)

where the nonlinear form 𝑎ℎ(⋅; ⋅) is defined by

𝑎ℎ(𝑢ℎ; 𝑣ℎ) ∶= 𝑎(𝑢+ℎ , 𝑣ℎ) + 𝑠(𝑢
−
ℎ , 𝑣ℎ). (1.64)

Here 𝑎(⋅, ⋅) defined in (1.53) and 𝑠(⋅, ⋅) ∶ 𝐶(Ω̄) × 𝐶(Ω̄) → ℝ is the stabilising bilinear form defined by

𝑠(𝑣ℎ, 𝑤ℎ) = 𝛼
𝑁
∑

𝑖=1

(

‖‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−2 + 𝜇𝔥(𝒙𝑖)𝑑

)

𝑣ℎ(𝒙𝑖)𝑤ℎ(𝒙𝑖), (1.65)

where 𝛼 > 0 is a non-dimensional constant to be determined precisely in Theorem 1.6.23, and the piecewise
linear function 𝔥(𝒙𝑖) has been defined in (1.20). and 𝜔𝑖 refers to the vertex neighbourhood of the node 𝒙𝑖,
i.e., 𝜔𝑖 ∶= ∪𝐾∈∶𝐾∩𝐾𝒙𝑖

≠∅𝐾 denotes an extended patch.

Remark 1.6.20. In finite element method (1.63) we use the space 𝑉 defined in (1.15). The basis functions

{𝜙𝑖}𝑁𝑖=1 are the nodal Lagrange basis functions associated with the set of internal nodes {𝒙1,… ,𝒙𝑁}. In

the bound-preserving method (1.63)–(1.64), both the projection 𝑣ℎ ↦ 𝑣±ℎ and the stabilisation term 𝑠(⋅, ⋅)

act only on these nodal values. Consequently, the nonlinear scheme is entirely characterised at the level of

nodal degrees of freedom, making the bound-preserving property enforceable through nodal clipping of the

coefficients into the admissible interval [0, 𝜅].

The stabilisation term 𝑠(⋅, ⋅) defines the following norm:

‖𝑣ℎ‖𝑠 ∶=
√

𝑠(𝑣ℎ, 𝑣ℎ). (1.66)

Lemma 1.6.21. There exists a constant 𝐶equiv > 0, depending only on the shape-regularity constant, such

that

‖𝑣ℎ‖
2
𝑎 ≤

𝐶equiv

𝛼
‖𝑣ℎ‖

2
𝑠 ∀𝑣ℎ ∈ 𝑉 , (1.67)
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where 𝛼 > 0 is the stabilisation parameter appearing in the definition (1.65) of 𝑠(⋅, ⋅).

Proof. By using the inverse inequality (1.26), (1.20), and the regularity of the mesh, we have

‖
1
2∇𝑣ℎ‖20,Ω + ‖𝜇

1
2 𝑣ℎ‖

2
0,Ω ≤ 𝐶

𝑁
∑

𝑖=1

(

‖‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−2 + 𝜇 𝔥(𝒙𝑖)𝑑

)

𝑣ℎ(𝒙𝑖)2. (1.68)

Therefore bound holds with (1.67) with 𝐶equiv = 𝐶 .

Note that we use a mass-lumped structure in the construction of 𝑠(⋅, ⋅), primarily due to the monotonicity
result stated in the following lemma.

Lemma 1.6.22. [12, Lemma 3.1] The bilinear form 𝑠(⋅, ⋅) defined in (1.65) satisfies the following inequalities

𝑠(𝑣−ℎ −𝑤−
ℎ , 𝑣

+
ℎ −𝑤+

ℎ ) ≥ 0 ∀𝑣ℎ, 𝑤ℎ ∈ 𝑉 , (1.69)
𝑠(𝑣−ℎ , 𝑤ℎ − 𝑣+ℎ ) ≤ 0 ∀𝑣ℎ ∈ 𝑉 , 𝑤ℎ ∈ 𝑉 +

 . (1.70)

In the following we state the well-posedness results for the finite element method (1.64) which have been
proven in [12].

Theorem 1.6.23. (Well-posedness) [12, Theorem3.2] Let 𝑇 ∶ 𝑉 → 𝑉 be the mapping defined by

[𝑇 (𝑣ℎ), 𝑤ℎ] = 𝑎(𝑣+ℎ , 𝑤ℎ) + 𝑠(𝑣−ℎ , 𝑤ℎ), (1.71)

for all 𝑣ℎ, 𝑤ℎ ∈ 𝑉 . If the non-dimensional parameter 𝛼 is chosen such that 𝛼 ≥ 𝐶equiv, then 𝑇 is continuous

and strongly monotone. Specifically, 𝑇 satisfies the following monotonicity condition: there exists a constant

𝛽 > 0, independent of ℎ, such that

[𝑇 (𝑣ℎ) − 𝑇 (𝑤ℎ), 𝑣ℎ −𝑤ℎ] ≥ 𝛽‖𝑣ℎ −𝑤ℎ‖
2
𝑎, (1.72)

for all 𝑣ℎ, 𝑤ℎ ∈ 𝑉 . Consequently, (1.64) has a unique solution 𝑢ℎ ∈ 𝑉 .

The following result shows that the stabilised methods (1.40) is consistent with the original problem.

Lemma 1.6.24. (Consistency) [12, Lemma 3.3] Under Assumption (A1), the method (1.63) enjoys the fol-

lowing invariance property: if the exact solution belongs to 𝑉 , then 𝑢+ℎ = 𝑢ℎ = 𝑢.
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Theorem 1.6.25. (Well-posedness) [12, Theorem 3.5] Under Assumption (A1), the stabilised method (1.63)
admits a unique solution.

One of the primary features of the method (1.63) is that 𝑢+ℎ is characterised as the unique solution of a
variational inequality posed on the convex set 𝑉 +

 . This is formalised in the following theorem.

Theorem 1.6.26. (Characterisation of the constrained part) [12, Theorem 3.5] Let 𝑢+ℎ ∈ 𝑉 +
 be the unique

solution of (1.63). Then, 𝑢+ℎ satisfies the following variational inequality:

𝑎(𝑢+ℎ , 𝑣
+
ℎ − 𝑢+ℎ ) + 𝑠(𝑢

+
ℎ , 𝑣

+
ℎ − 𝑢+ℎ ) ≥ (𝑓, 𝑣+ℎ − 𝑢+ℎ ), ∀𝑣+ℎ ∈ 𝑉 +

 . (1.73)

Remark 1.6.27. By Stampacchia’s Theorem, equation (1.73) can be directly used to prove the uniqueness

of the solution of (1.63). This shows that the stabilised method (1.63) and the variational inequality (1.73)
are, in fact, equivalent.

The formulation of this method as a variational inequality allows us to establish optimal approximation
error estimates using a standard approach.

Theorem 1.6.28 (Abstract error analysis). Let 𝑢 be the solution of (1.51) and let 𝑢ℎ ∈ 𝑉 be the unique

solution of (1.63). Then, we have

‖𝑢 − 𝑢+ℎ‖𝑎 = min
𝑣ℎ∈𝑉 +



‖𝑢 − 𝑣ℎ‖𝑎. (1.74)

Moreover, let 𝑢FEM
ℎ be the solution of the standard finite element Galerkin method: find 𝑢FEMℎ ∈ 𝑉 such that

𝑎(𝑢FEMℎ ; 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω, ∀𝑣ℎ ∈ 𝑉 ,

then, the negative part 𝑢−ℎ satisfies the following error estimate:

𝑠(𝑢−ℎ , 𝑢
−
ℎ )

1
2 ≤

√

𝐶equiv

𝛼
min

{

‖𝑢 − 𝑢+ℎ‖𝑎, ‖𝑢
FEM
ℎ − 𝑢+ℎ‖𝑎

}

. (1.75)

Proof. See the proof of [12, Theorem 3.7 ].

Remark 1.6.29. These results can be interpret in two ways. First, the complementary part 𝑢−ℎ implies con-

vergence to zero that is at least as rapid as the convergence of 𝑢+ℎ to the exact solution 𝑢. Furthermore, the

bound (1.75) implies that under certain conditions, this convergence rate can substantially exceed that of
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𝑢+ℎ . For piecewise linear finite element approximations, when the mesh satisfies the conditions for the plain

Galerkin method (as detailed in [26]), we obtain 𝑢FEMℎ ∈ 𝑉 +
 . This condition ensures that 𝑢ℎ = 𝑢FEMℎ coin-

cides with the solution of the Galerkin method. Thus, thanks to (1.75), for certain meshes, and their regular

refinements, we have that 𝑢−ℎ = 0.

The best approximation result (1.74) shows that no better finite element function satisfying with bound-

preserving nodal values in the energy norm. Thus, (1.74) is the counterpart of the classical best approxima-

tion result for the solution 𝑢FEMℎ of the Galerkin method

‖𝑢 − 𝑢FEMℎ ‖𝑎 = inf
𝑣ℎ∈𝑉

‖𝑢 − 𝑣ℎ‖𝑎. (1.76)

Implementation

To implement the finite element method (1.63), we use the following Richardson-like iterative approxima-
tion: Given 𝑢0 and 𝜔 ∈ (0, 1], for each 𝑛 = 0, 1,… find 𝑢𝑛+1 such that

𝑎(𝑢𝑛+1ℎ , 𝑣ℎ) = 𝑎(𝑢𝑛ℎ, 𝑣ℎ) + 𝜔
(

⟨𝑓, 𝑣ℎ⟩Ω − 𝑎((𝑢𝑛ℎ)
+, 𝑣ℎ) − 𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ)
)

∀𝑣ℎ ∈ 𝑉 . (1.77)

We initialise the finite element approximation of (1.63) by the Galerkin approximation, that is we set
𝑢0ℎ ∈ 𝑉 such that, for all 𝑣ℎ ∈ 𝑉

𝑎(𝑢0ℎ, 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω. (1.78)

In the experiments we used 𝛼 = 1 within the stabilisation. The linear systems arising in (1.77) are solved
using an LU decomposition within the Eigen library. The linearisation was terminated when ‖𝑢𝑛+1ℎ −𝑢𝑛ℎ‖0,Ω ≤

10−12.

Remark 1.6.30. (Discrete linear system) Let {𝜙𝑗}𝑁𝑗=1 be the nodal basis of 𝑉 , and write 𝑢𝑛ℎ =
∑𝑁
𝑖=1 𝑈

𝑛
𝑖 𝜙𝑖

with coefficient vector 𝑈 𝑛 = (𝑈 𝑛
𝑖 )
𝑁
𝑖=1 ∈ ℝ𝑁 . Defining the load vector and matrices

𝑏𝑗 ∶= ⟨𝑓, 𝜙𝑗⟩Ω, (𝐴)𝑗,𝑖 ∶= 𝑎(𝜙𝑖, 𝜙𝑗), (𝑆)𝑗,𝑖 ∶= 𝑠(𝜙𝑖, 𝜙𝑗),

the iteration (2.48) yields the linear system

𝐴𝑈 𝑛+1 = 𝐴𝑈 𝑛 + 𝜔
(

𝑏 − 𝐴𝑈 𝑛,+ − 𝑆 𝑈 𝑛,−), (1.79)

where the vectors 𝑈 𝑛,+, 𝑈 𝑛,− ∈ ℝ𝑁 correspond to the constrained and complementary parts of 𝑈 𝑛, are
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respectively

(𝑈 𝑛,+)𝑖 = max{0,min{𝑈 𝑛
𝑖 , 𝜅}}, (𝑈 𝑛,−)𝑖 = 𝑈 𝑛

𝑖 − (𝑈 𝑛,+)𝑖.

Thus each iteration consists of forming the right-hand side in (1.77) and solving a linear system with the fixed

matrix 𝐴. Note that 𝑆 is diagonal and cheap to apply, while 𝐴 is sparse and typically symmetric positive

definite.

When Dirichlet boundary conditions are imposed, the iteration (1.79) is carried out only on the free
nodes, i.e. those not fixed by the boundary data. In practice this means that the system is assembled in the

full space, boundary values are prescribed directly on the corresponding entries of 𝑈 𝑛, and the reduced

linear system for the free degrees of freedom is solved at each iteration. Thus, the iteration updates only the

unknown interior (or Neumann) nodes, while the boundary nodes remain fixed throughout.

The choice of the damping parameter 𝜔 ∈ (0, 1] affects convergence. From a fixed-point perspective, the

iteration can be written

𝑈 𝑛+1 = 𝑈 𝑛 + 𝜔𝐴−1(𝑏 − 𝐴𝑈 𝑛,+ − 𝑆𝑈 𝑛,−).

Using Clarke’s generalised derivative (see [108, 114]) for the nonsmooth maps 𝑈 ↦ 𝑈+ and 𝑈 ↦ 𝑈−,

leads to the Jacobian

𝐽 ≈ 𝐼 − 𝜔
(

𝐷+ + 𝐴−1𝑆𝐷−),

where 𝐷+ is a diagonal selection matrix encoding the active set and 𝐷− = 𝐼 − 𝐷+. For a discrete vector

𝑈 = (𝑈𝑖)𝑁𝑖=1 ∈ ℝ𝑁 corresponding to the nodal values of 𝑢ℎ, the active set is defined as the collection of

nodes where the bound constraints are active, i.e.,

(𝑈 ) ∶=
{

𝑖 ∈ {1,… , 𝑁} ∶ 𝑈𝑖 < 0 or 𝑈𝑖 > 𝜅
}

.

The complement,

 (𝑈 ) ∶= {1,… , 𝑁} ⧵(𝑈 ),

is called the free set, corresponding to nodes for which the bound constraints are not active (0 ≤ 𝑈𝑖 ≤ 𝜅).

At nodes in (𝑈 ) the values are clipped to the admissible interval [0, 𝜅], while the iteration proceeds only

on the free set.

Convergence is guaranteed if the spectral radius of 𝐽 is strictly less than one, which in practice requires

𝜔 to be sufficiently small. Since𝐷+ varies with the iterate, a universal analytic bound for 𝜔 is not available.

In practice, we choose 𝜔 experimentally.
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Example 2. (Resolution of boundary layers) [12, Example 5.3] Consider the problem

−𝜖Δ𝑢 + 𝑢 = 1 in Ω ,

𝑢 = 0 on 𝜕Ω.
(1.80)

We fix ℎ ≈ 0.02 on a criss-cross and vary 𝜖 ∈ [10−2, 10−7]. For particularly small 𝜖 the Richardson iteration

required dampening for convergence. With 𝜖 > 10−5, we use 𝜔 = 1 and convergence was achieved within

4 iterations. When 𝜖 ≤ 10−5, 𝜔 = 1
2 is sufficient for convergence with fewer than 46 iterations in each case.

The most challenging case being the smallest value of 𝜖. Computed solutions for different values of 𝜖 are

shown in Figure 1.5.

(a) 𝜖 = 10−2. (b) 𝜖 = 10−3. (c) 𝜖 = 10−4.

(d) 𝜖 = 10−5. (e) 𝜖 = 10−6. (f) 𝜖 = 10−7.
Figure 1.5: Elevations of the approximation to (1.80) for fixed ℎ and different values of 𝜖. We notice the
absence of oscillations even for particularly small values of 𝜖.

In the next chapter, we extend the bound-preserving method proposed in this section to convection–
diffusion problems. Analogously to this section, the set of admissible finite element functions, denoted 𝑉 +

 ,
is defined as the set of functions satisfying global bounds at their degrees of freedom (e.g., nodal values
for Lagrangian elements). Similar to what we have done in this section, an algebraic projection onto this
admissible set is introduced, and the finite element problem is written for the projected object, 𝑢+ℎ . This
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projection introduces a kernel, so a stabilising term is added to avoid singularity, allowing the method to
avoid the use of Lagrange multipliers. In the case of linear reaction-diffusion equations, the projection 𝑢+ℎ is
the orthogonal projection onto 𝑉 +

 (see Theorem 1.6.28), but this property is lost for more complex problems
such as convection-diffusion problems and those with nonlinear reactions, as in [12]. Although the main
ideas are similar, the methodology introduces several important differences. Instead of starting with the
plain Galerkin method, we start with a stabilised finite element method. The stabilisation form is defined in
a way that controls the convective term. Adding the stabilisation term reduces the local oscillations that may
still occur. In addition, numerical experiments show that adding linear stabilisation significantly improves
the performance of the nonlinear solver.

In Chapter 3, we extend this methodology to time-dependent convection–diffusion equations. At each
time step, the approach follows the same ideas as in Chapter 2, adapted to the time-dependent problem.

Finally, in Chapter 4, we extend the bound-preserving finite element method to polytopic meshes using
the discontinuous Galerkin method. In these meshes, the degrees of freedom do not depend on the number of
vertices, edges, or faces in each element. That is, the degrees of freedom are not tied to physical points, and
the basis functions are defined over the whole domain. To enforce the bound-preserving constraints, we use
a sub-triangulation approach, applying the constraints at each degree of freedom within the sub-triangulated
mesh.

40



Chapter 2

A nodally bound-preserving finite element

method for convection-diffusion equations

2.1 Introduction

The aim of this chapter is to discuss the recent work [4], which extends the bound-preserving method pro-
posed in section (1.6.5) to the convection-diffusion equation. Although the driving principles are similar,
this work introduces several significant differences, because it does not start with the plain Galerkin scheme,
but instead a stabilised finite element method. Using this stabilised method serves two purposes: first, in
regions where the constraint is inactive, local oscillations may still occur, and linear stabilisation helps to
reduce this; second, numerical experiments indicate that adding linear stabilisation to 𝑢+ℎ significantly im-
proves the performance of the nonlinear solver. The stabilisation form is defined in a way which controls
the convective term. In fact the stabilisation penalises jumps of the convective derivative across element
interfaces. This suppresses spurious oscillations in convection-dominated regimes and makes the discrete
operator more coercive. As a result, the linear solver (like Richardson iteration) or a nonlinear solver (where
the Jacobian appears) better conditioned, which improves robustness and convergence of the nonlinear solver.
Also, the analysis differs substantially from that of (1.63). The well-posedness analysis is different, as the
discretisation is no longer driven by a monotone operator. Additionally, due to the non-symmetric nature of
the problem, the solution 𝑢+ℎ is no longer the orthogonal projection of 𝑢 onto 𝑉 +

 , so the error analysis follows
a different path. Much of the material in this chapter is based on Ref. [4].

The remainder of this chapter is organised as follows: In Section 2.2, we introduce the model problem,
and the preliminary material for the setup of the method, including the choice of linearly stabilised methods.
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Section 2.3 presents the finite element method and proves its well-posedness. The error analysis is conducted
in Section 2.4, and in Section 2.5, we evaluate the performance of the method through numerical experiments,
comparing it to existing alternatives.

2.2 The Model Problem

As in section (1.6.5), letΩ be an open bounded Lipschitz domain inℝ𝑑 (𝑑 = 2, 3) with a polyhedral boundary
𝜕Ω. Given a source function 𝑓 ∈ 𝐻−1(Ω), we consider the following reaction-convection-diffusion problem
as a special case of the elliptic equation (1.2):

⎧

⎪

⎨

⎪

⎩

−div(∇𝑢) + 𝜷 ⋅ ∇𝑢 + 𝜇𝑢 = 𝑓 in Ω,

𝑢 = 0 on 𝜕Ω,
(2.1)

where  = (𝑑𝑖𝑗)𝑑𝑖,𝑗=1 ∈ 𝐿∞(Ω)𝑑×𝑑 is the diffusion tensor, 𝜷 = (𝛽𝑖)𝑑𝑖=1 ∈ 𝐿∞(Ω)𝑑 denotes the convective
field, and 𝜇 ∈ ℝ+ is the reaction coefficient. Additionally, we assume that div 𝜷 = 0 and that  is symmetric
and uniformly strictly positive definite in Ω (in this case positive definiteness and the definition of ellipticity
(1.3) are equivalent).

Remark 2.2.1. We use the assumption div 𝜷 = 0 to simplify the analysis. The results would remain valid

under the standard weaker condition 𝜇 − div𝜷∕2 > 0. Furthermore, the analysis also applies when 𝜇 ∈

𝐿∞(Ω) is a strictly positive function in Ω.

The weak formulation of the problem (2.1) is to find 𝑢 ∈ 𝐻1
0 (Ω) such that:

𝑎(𝑢, 𝑣) = ⟨𝑓, 𝑣⟩Ω ∀𝑣 ∈ 𝐻1
0 (Ω), (2.2)

where the bilinear form 𝑎(⋅, ⋅) is given by:

𝑎(𝑤, 𝑣) ∶= (∇𝑤,∇𝑣)Ω + (𝜷 ⋅ ∇𝑤, 𝑣)Ω + (𝜇𝑤, 𝑣)Ω ∀𝑣,𝑤 ∈ 𝐻1
0 (Ω). (2.3)

This bilinear form induces the following energy norm on 𝐻1
0 (Ω):

‖𝑣‖𝑎 =
√

𝑎(𝑣, 𝑣) .

By the Lax-Milgram Lemma 1.2.3, the weak formulation (2.2) is well-posed.
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In line with the discussion in the introduction, our goal is to develop discrete solutions that respects the
bounds of the weak solution of (2.2). Thus, similar to Assumption (A1) for the solution of the weak form
(2.2), we apply the same assumption to the solution of (2.2), namely, we assume that 0 ≤ 𝑢(𝒙) ≤ 𝜅 for almost
every 𝒙 ∈ Ω.

This assumption is a re-statement of a consequence of the maximum principle Theorem 1.5.4 for elliptic
PDEs. The lower bound in (1.57) for the solution of (2.2) again is not necessarily zero, but is chosen as
such for simplicity. The same results hold if 𝜅 is replaced by a non-negative continuous function 𝜅(𝒙). In
some cases, sharp bounds for 𝜅 can be derived. For example, maximum and comparison principles (see,
e.g., Corollary 1.5.3) provide the following bounds: for almost all 𝒙 ∈ Ω, the solution 𝑢 of (2.2) satisfies

−
‖𝑓‖0,∞,Ω

𝜇
≤ 𝑢(𝒙) ≤

‖𝑓‖0,∞,Ω
𝜇

. (2.4)

Moreover, if 𝑓 ≥ 0 in Ω, the lower bound can be sharpened to:

0 ≤ 𝑢(𝒙) ≤
‖𝑓‖0,∞,Ω

𝜇
, (2.5)

for almost all 𝒙 ∈ Ω. Therefore, a reasonable estimate for 𝜅 is ‖𝑓‖0,∞,Ω
𝜇

, which we use in our numerical
experiments.

Remark 2.2.2. While the results that follow can, in theory, be extended to more general quadrilateral meshes,

doing so would necessitate additional technical work to establish norm equivalences, which are standard for

mapped elements. To maintain the focus on bound-preservation properties, we limit the discussion to affine

simplices and quadrilateral/hexahedral meshes.

2.2.1 The finite element space

To discretise the problem (2.2), we employ the conforming, shape-regular (see the definition 1.6.3), and
quasi-uniform partition (see the definition 1.6.4) of the domain Ω into closed simplices or affine quadrilat-
eral/hexahedral elements, denoted by  , which has been defined in (1.15). Furthermore, we use the notations
introduced in Section (1.6).

Remark 2.2.3. The shape-regularity of the mesh is essential, since we need local inverse and trace inequal-

ities in the subsequent proofs. Moreover, as global inverse inequalities are also employed, quasi-uniformity

on the mesh is required throughout the analysis.
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2.2.2 The algebraic projection onto the admissible set

With Assumption (A1) in mind, we again use the subset of finite element functions (1.58) which satisfy in
bound given by (1.57) at the degrees of freedom. Each element 𝑣ℎ ∈ 𝑉 can be decomposed into the sum
𝑣ℎ = 𝑣+ℎ + 𝑣−ℎ , where 𝑣+ℎ and 𝑣−ℎ are defined in (1.59) and (1.60). We refer to 𝑣+ℎ and 𝑣−ℎ as the constrained

and complementary components of 𝑣ℎ, respectively. So, by this decomposition, we can use the algebraic
projection defined in (1.61). Also, similar to the Remark (1.6.19), in the case that 𝜅 is not a constant the
constrained component (1.58) is modified as(1.62).

The following results regarding this projection (1.61) will be used frequently in our analysis.

Lemma 2.2.4. (see [4, Lemma 2.1]) Let the operator (⋅)+ be defined as in (1.61). There exists a constant

𝐶 > 0, independent of ℎ, such that

‖𝑤+
ℎ − 𝑣+ℎ‖0,Ω ≤ 𝐶‖𝑤ℎ − 𝑣ℎ‖0,Ω, (2.6)

‖𝑣+ℎ‖0,Ω ≤ 𝐶𝜅, (2.7)

for all 𝑤ℎ, 𝑣ℎ ∈ 𝑉 .

Proof. In this proof, we omit the subscript ℎ to simplify the notation. Let 𝑤, 𝑣 ∈ 𝑉 . First, note that if
𝑤(𝒙𝑖) ≤ 𝑣(𝒙𝑖), then 𝑣+(𝒙𝑖) −𝑤+(𝒙𝑖) ≤ 𝑣(𝒙𝑖) −𝑤(𝒙𝑖), and when 𝑣(𝒙𝑖) ≤ 𝑤(𝒙𝑖), we have 𝑤+(𝒙𝑖) − 𝑣+(𝒙𝑖) ≤

−(𝑣(𝒙𝑖) −𝑤(𝒙𝑖)). Therefore,
|𝑣+(𝒙𝑖) −𝑤+(𝒙𝑖)| ≤ |𝑣(𝒙𝑖) −𝑤(𝒙𝑖)|.

Using (1.21), we then obtain

‖𝑣+ −𝑤+
‖

2
0,Ω ≤ 𝐶 |𝑣+ −𝑤+

|

2
ℎ

= 𝐶
𝑁
∑

𝑖=1
𝔥(𝒙𝑖)

𝑑
|𝑣+(𝒙𝑖) −𝑤

+(𝒙𝑖)|
2

≤ 𝐶
𝑁
∑

𝑖=1
𝔥(𝒙𝑖)

𝑑
|𝑣(𝒙𝑖) −𝑤(𝒙𝑖)|

2

≤ 𝐶‖𝑣 −𝑤‖20,Ω ,

which concludes the proof.
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2.2.3 A Linear Stabilisation Method

In this section, we incorporate a linear stabilisation term to reduce the oscillations caused by dominant con-
vection. The stabilisation technique used here is based on the Continuous Interior Penalty (CIP) method,
originally proposed in [35], and involves augmenting the Galerkin scheme with the following stabilising
term penalty term

𝐽 (𝑢ℎ, 𝑣ℎ) = 𝛾
∑

𝐹∈𝐼
∫𝐹

‖𝜷‖0,∞,𝐹ℎ2𝐹 J∇𝑢ℎK ⋅ J∇𝑣ℎK d𝑠 , (2.8)

where 𝛾 ≥ 0 is a non-dimensional constant, or alternatively we can use the upwind gradient jumps rather
than the normal gradient (2.8), given by

𝐽 (𝑢ℎ, 𝑣ℎ) = 𝛾
∑

𝐹∈𝐼
∫𝐹

𝛾𝜷
‖𝜷‖0,∞,𝐹

ℎ2𝐹 J𝜷 ⋅ ∇𝑢ℎKJ𝜷 ⋅ ∇𝑣ℎK d𝑠 , (2.9)

where 𝛾𝜷 ≥ 0 is a non-dimensional constant.

Remark 2.2.5. We use the CIP stabilisation to control oscillations that appear in convection-dominated

problems. The CIP term penalises jumps of the gradient across element interfaces, which reduces spurious

oscillations while keeping the method consistent. It also allows us to work with continuous finite element

spaces, avoiding the extra cost of discontinuous Galerkin methods.

Other stabilisation techniques (such as SUPG, local projection, or DG-type stabilisations) could also be

applied. However, CIP is chosen here because it is simple to implement, works naturally with continuous

elements, and provides stability without increasing the number of degrees of freedom.

Remark 2.2.6. A sufficiently large value of 𝛾 in (2.8)–(2.9) enhances the control of interelement gradient

jumps and thereby improves stability in convection-dominated regimes. However, excessively large values

may lead to over-diffusion, smearing layers and reducing the accuracy of the approximation. On the other

hand, if 𝛾 is too small, the stabilisation becomes ineffective and spurious oscillations may persist in the

numerical solution.

In practice, there is no general rule for choosing of 𝛾 , and its optimal value may depend on the mesh, the

problem parameters, and the presence of sharp layers. We select 𝛾 experimentally in our numerical tests. In

particular, we observe that moderate values of 𝛾 are sufficient to suppress oscillations while still resolving

sharp layers accurately, whereas too small or too large values deteriorate the quality of the solution.
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So by either (2.8) or (2.9), the CIP stabilisation method can then be formulated as follows: find 𝑢ℎ ∈ 𝑉
such that

𝑎𝐽 (𝑢ℎ, 𝑣ℎ) ∶= 𝑎(𝑢ℎ, 𝑣ℎ) + 𝐽 (𝑢ℎ, 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω ∀𝑣ℎ ∈ 𝑉 . (2.10)

The bilinear form 𝑎𝐽 (⋅, ⋅) induces the following norm on 𝑉 :

‖𝑣ℎ‖ℎ ∶= 𝑎𝐽 (𝑣ℎ, 𝑣ℎ)
1
2 =

(

‖
1
2∇𝑣ℎ‖20,Ω + ‖𝜇

1
2 𝑣ℎ‖

2
0,Ω + 𝐽 (𝑣ℎ, 𝑣ℎ)

)
1
2 . (2.11)

The following lemma will be instrumental in the error analysis.

Lemma 2.2.7. (see [4, Lemma 2.2]) There exists a constant 𝐶 > 0 independent of ℎ and other physical

parameters such that for any 𝑣ℎ ∈ 𝑉 , the penalty term (2.8) satisfies the following upper bound

𝛾
‖𝜷‖0,∞,Ω

‖

‖

‖

‖

ℎ
1
2
(

𝜷 ⋅ ∇𝑣ℎ − 𝜋(𝜷 ⋅ ∇𝑣ℎ)
)‖

‖

‖

‖

2

0,Ω
≤ 𝐶𝐽 (𝑣ℎ, 𝑣ℎ) . (2.12)

Moreover, above bound for all 𝑣ℎ, 𝑤ℎ ∈ 𝑉 satisfies the following bounds:

𝐽 (𝑣ℎ, 𝑤ℎ) ≤ 𝐶𝛾ℎ‖𝜷‖0,∞,Ω|𝑣ℎ|1,Ω|𝑤ℎ|1,Ω, (2.13)

𝐽 (𝑣ℎ, 𝑤ℎ) ≤ 𝐶𝛾

(

∑

𝐾∈
ℎ−1𝐾 ‖𝜷‖0,∞,𝐾‖𝑣ℎ‖20,𝐾

)
1
2
(

∑

𝐾∈
ℎ−1𝐾 ‖𝜷‖0,∞,𝐾‖𝑤ℎ‖

2
0,𝐾

)
1
2

, (2.14)

where the constant 𝐶 > 0 in these bounds, independent of ℎ and other physical parameters.

Proof. The inequality (2.12) follows directly from Lemma 5 in [35]. To prove (2.13), we apply the Cauchy-
Schwarz inequality, the local trace inequality (1.27)

𝐽 (𝑣ℎ, 𝑤ℎ) =
∑

𝐹∈𝐼
∫𝐹

𝛾‖𝜷‖0,∞,𝐹ℎ2𝐹 J∇𝑣ℎK ⋅ J∇𝑤ℎK d𝑠

≤

(

∑

𝐹∈𝐼

𝛾‖𝜷‖0,∞,𝐹ℎ2𝐹‖J∇𝑣ℎK‖
2
0,𝐹

)
1
2
(

∑

𝐹∈𝐼

𝛾‖𝜷‖0,∞,𝐹ℎ2𝐹‖J∇𝑤ℎK‖
2
0,𝐹

)
1
2

≤ 𝐶𝛾

(

∑

𝐾∈
‖𝜷‖0,∞,𝐾ℎ2𝐾‖∇𝑣ℎ|𝐾‖

2
0,𝜕𝐾

)
1
2
(

∑

𝐾∈
‖𝜷‖0,∞,𝐾ℎ2𝐾‖∇𝑤ℎ|𝐾‖

2
0,𝜕𝐾

)
1
2

≤ 𝐶𝛾

(

∑

𝐾∈
ℎ𝐾‖𝜷‖0,∞,𝐾‖∇𝑣ℎ‖20,𝐾

)
1
2
(

∑

𝐾∈
ℎ𝐾‖𝜷‖0,∞,𝐾‖∇𝑤ℎ‖

2
0,𝐾

)
1
2

,

which proves (2.13). The proof of (2.14) follows from the last inequality and the application of the inverse
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inequality (1.26).

Remark 2.2.8. Although all proofs presented here are based on the formulation in (2.8), they hold for the

alternative stabilisation term in (2.9). The proofs only rely on 𝐽 (⋅, ⋅) being a symmetric, consistent, and

coercive stabilisation that penalises gradient jumps. Both forms satisfy these properties: in (2.8) we control

the full gradient, and in (2.9) we control the directional derivative along 𝜷. Since the two terms are equivalent

up to constants, all arguments in the well-posedness and error analysis go through unchanged.

Also, CIP stabilisation is chosen for its simplicity, it is worth noting that the results proven in this thesis

are equally valid for other linear stabilisation methods, such as streamline upwind Petrov-Galerkin (SUPG)

[28], local projection stabilisation [87] or subgrid viscosity [67]. Numerical experiments confirm that the

linear stabilisation term significantly improves the performance of the nonlinear solver.

2.3 The finite element method

The bound-preserving finite element method proposed in [4] reads as follows: find 𝑢ℎ ∈ 𝑉 such that

𝑎ℎ(𝑢ℎ; 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω, ∀𝑣ℎ ∈ 𝑉 , (2.15)

where the nonlinear form 𝑎ℎ(⋅; ⋅) is defined by

𝑎ℎ(𝑢ℎ; 𝑣ℎ) ∶= 𝑎𝐽 (𝑢+ℎ , 𝑣ℎ) + 𝑠(𝑢
−
ℎ , 𝑣ℎ). (2.16)

Here, 𝑎𝐽 (⋅, ⋅) refers to the bilinear form defined in (2.10), and the functions 𝑢+ℎ and 𝑢−ℎ are defined in (1.59)
and (1.60), respectively. The bilinear form 𝑠(⋅, ⋅) is introduced to control the complementary component 𝑢−ℎ
and is given by

𝑠(𝑣ℎ, 𝑤ℎ) = 𝛼
𝑁
∑

𝑖=1

(

‖‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−2 + ‖𝜷‖0,∞,𝜔𝑖𝔥(𝒙𝑖)

𝑑−1 + 𝜇𝔥(𝒙𝑖)𝑑
)

𝑣ℎ(𝒙𝑖)𝑤ℎ(𝒙𝑖), (2.17)

where 𝛼 > 0 is a non-dimensional constant and 𝔥(𝒙𝑖) is the function which has been defined by (1.17). The
stabilising form 𝑠(⋅, ⋅) induces the following norm in 𝑉 :

‖𝑣ℎ‖𝑠 =
√

𝑠(𝑣ℎ, 𝑣ℎ). (2.18)

The following result, derived from (1.20), demonstrates that the stabilising bilinear form 𝑠(⋅, ⋅) controls
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𝑢−ℎ , specifically the kernel of the projection (⋅)+.

Lemma 2.3.1. (see [4, Lemma 3.1]) There exists a constant 𝐶equiv > 0, depending only on the shape regu-

larity of  , such that

‖𝑣ℎ‖
2
ℎ ≤

𝐶equiv

𝛼
‖𝑣ℎ‖

2
𝑠 , ∀𝑣ℎ ∈ 𝑉 , (2.19)

where ‖ ⋅ ‖ℎ is the norm defined in (2.11).

Proof. By using the inverse inequality (1.26), (1.20), and the regularity of the mesh, we have

‖
1
2∇𝑣ℎ‖20,Ω + ‖𝜇

1
2 𝑣ℎ‖

2
0,Ω ≤ 𝐶

𝑁
∑

𝑖=1

(

‖‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−2 + 𝜇 𝔥(𝒙𝑖)𝑑

)

𝑣ℎ(𝒙𝑖)2. (2.20)

Moreover, applying (2.14) and (1.20), we get

𝐽 (𝑣ℎ, 𝑣ℎ) ≤ 𝐶𝛾
∑

𝐾∈
ℎ−1𝐾 ‖𝜷‖0,∞,𝐾‖𝑣ℎ‖20,𝐾

≤ 𝐶𝛾
∑

𝐾∈
ℎ−1𝐾 ℎ

𝑑
𝐾‖𝜷‖0,∞,𝐾

∑

𝑖∶𝒙𝑖∈𝐾
𝑣ℎ(𝒙𝑖)2

≤ 𝐶𝛾
𝑁
∑

𝑖=1
‖𝜷‖0,∞,𝜔𝑖𝔥(𝒙𝑖)

𝑑−1𝑣ℎ(𝒙𝑖)2.

Combining these bounds yields (2.19) with 𝐶equiv = (1 + 𝛾)𝐶 .

Remark 2.3.2. The result of Lemma 2.3.1 justifies the scaling factors chosen in the definition of 𝑠(⋅, ⋅).

Additionally, the formula (2.17) differs from the one typically used for the finite element method (1.64) by the

inclusion of the term ‖𝜷‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−1, which plays a crucial role in proving (2.19). This term is essential to

ensuring the well-posedness of the problem and improving the error analysis. Furthermore, in our numerical

experiments, this term enhances the performance of the nonlinear solver. Note that the monotonicity result

which can been proved similar to the Lemma 1.6.22.

2.3.1 Well-posedness

In this section, we analyse the existence and uniqueness of solutions for the discrete problem (2.16). To this
end, we assume that the stabilisation term (2.17) satisfies the monotonicity conditions given in (1.69) and
(1.70). These conditions are crucial for proving the well-posedness and establish the error analysis. The
proofs of (1.69) and (1.70) for (2.17) are identical to the proof of Lemma 1.6.22 (see [12, Lemma 3.1]).
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Despite the monotonicity of 𝑠(⋅, ⋅), the discrete problem (2.15) is not driven by a monotone nonlinear
mapping. Therefore, the well-posedness of (2.16) requires different techniques than those applied for the
finite element method (1.64). We first establish the existence of a solution using Brouwer’s fixed-point
theorem 1.2.4. Uniqueness is then proved by relating any solution 𝑢+ℎ of (2.15) to a corresponding variational
inequality.

Theorem 2.3.3. [4, Theorem 3.1] Suppose that 𝛼 ≥ 𝐶equiv. Then, there exists 𝑢ℎ ∈ 𝑉 that solves (2.15).

Proof. First, we define the bilinear form

𝑎̃𝐽 (𝑣ℎ, 𝑤ℎ) ∶=
(

∇𝑣ℎ,∇𝑤ℎ
)

Ω + 𝜇(𝑣ℎ, 𝑤ℎ)Ω + 𝐽 (𝑣ℎ, 𝑤ℎ), ∀𝑣ℎ, 𝑤ℎ ∈ 𝑉 ,

and the mapping

𝑇 ∶ 𝑉 ⟶ 𝑉 , 𝑢̂ℎ ⟼ 𝑢ℎ = 𝑇 (𝑢̂ℎ),

where 𝑢ℎ = 𝑇 (𝑢̂ℎ) satisfies the equation

𝑎̃𝐽 (𝑢+ℎ , 𝑣ℎ) + 𝑠(𝑢
−
ℎ , 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω − (𝜷 ⋅ ∇𝑢̂+ℎ , 𝑣ℎ)Ω, ∀𝑣ℎ ∈ 𝑉 . (2.21)

A function 𝑢ℎ solves (2.15) if and only if 𝑇 (𝑢ℎ) = 𝑢ℎ. Therefore, to prove the existence of a solution, it is
sufficient to show that 𝑇 satisfies the conditions of Brouwer’s fixed-point theorem 1.2.4.

i) 𝑇 is well-defined: To show this, note that (2.21) is a particular instance of the finite element method
(1.64). By applying 1.6.23, there exists a unique solution 𝑢ℎ ∈ 𝑉 for (2.21), confirming that 𝑇 is well-
defined.

ii) 𝑇 is continuous: Given that 𝛼 is assumed sufficiently large, we apply the monotonicity result from
Theorem 1.6.23, which gives that for all 𝑣ℎ, 𝑤ℎ ∈ 𝑉 ,

𝑎̃𝐽 (𝑣+ℎ −𝑤+
ℎ , 𝑣ℎ −𝑤ℎ) + 𝑠(𝑣−ℎ −𝑤−

ℎ , 𝑣ℎ −𝑤ℎ) ≥ 𝐶‖𝑣ℎ −𝑤ℎ‖
2
ℎ,

where 𝐶 > 0 is independent of ℎ.
Next, for 𝑣ℎ, 𝑤̂ℎ ∈ 𝑉 , let 𝑣ℎ = 𝑇 (𝑣ℎ) and 𝑤ℎ = 𝑇 (𝑤̂ℎ). By integration by parts, applying Hölder’s
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inequality, Lemma 2.2.4, and (2.19), we derive

𝐶‖𝑣ℎ −𝑤ℎ‖
2
ℎ ≤ 𝑎̃𝐽 (𝑣+ℎ −𝑤+

ℎ , 𝑣ℎ −𝑤ℎ) + 𝑠(𝑣−ℎ −𝑤−
ℎ , 𝑣ℎ −𝑤ℎ)

= −(𝜷 ⋅ ∇(𝑣+ℎ − 𝑤̂+
ℎ ), 𝑣ℎ −𝑤ℎ)Ω

= (𝑣+ℎ − 𝑤̂+
ℎ , 𝜷 ⋅ ∇(𝑣ℎ −𝑤ℎ))Ω

≤ 𝐶‖𝜷‖0,∞,Ω‖𝑣ℎ − 𝑤̂ℎ‖0,Ω|𝑣ℎ −𝑤ℎ|1,Ω

≤ 𝐶‖𝜷‖0,∞,Ω‖𝑣ℎ − 𝑤̂ℎ‖0,Ω‖
− 1

2
‖0,∞,Ω‖

1
2∇(𝑣ℎ −𝑤ℎ)‖0,Ω

≤ 𝐶
‖𝜷‖0,∞,Ω

𝑑
1
2
0

‖𝑣ℎ − 𝑤̂ℎ‖0,Ω‖𝑣ℎ −𝑤ℎ‖ℎ.

Therefore,

‖𝑇 (𝑣ℎ) − 𝑇 (𝑤̂ℎ)‖ℎ ≤ 𝐶
‖𝜷‖0,∞,Ω

𝑑
1
2
0

‖𝑣ℎ − 𝑤̂ℎ‖0,Ω,

which shows that 𝑇 is Lipschitz continuous.
iii) There exists 𝑅 > 0, such that 𝑇 (𝐵(0, 𝑅)) ⊆ 𝐵(0, 𝑅): Let 𝑧ℎ ∈ 𝑉 be arbitrary and 𝑧ℎ = 𝑇 (𝑧ℎ). By using
𝑣ℎ = 𝑧+ℎ in (2.21), and applying Cauchy-Schwarz and Hölder’s inequalities, and (2.7), we obtain

𝑎̃𝐽 (𝑧+ℎ , 𝑧
+
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

+
ℎ )

⏟⏞⏟⏞⏟
≥0

= ⟨𝑓, 𝑧+ℎ ⟩Ω − (𝜷 ⋅ ∇𝑧+ℎ , 𝑧
+
ℎ )Ω

≤ ‖𝑓‖0,Ω‖𝑧
+
ℎ‖0,Ω + (𝑧+ℎ , 𝜷 ⋅ ∇𝑧+ℎ )Ω

≤ 𝐶‖𝑓‖0,Ω𝜇
− 1

2
‖𝑧+ℎ‖ℎ + ‖𝜷‖0,∞,Ω‖𝑧+ℎ‖0,Ω𝑑

− 1
2

0 ‖𝑧+ℎ‖ℎ

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

‖𝑓‖0,Ω

𝜇
1
2

+
‖𝜷‖0,∞,Ω𝜅

𝑑
1
2
0

⎫

⎪

⎬

⎪

⎭

‖𝑧+ℎ‖ℎ.

Thus, 𝑧+ℎ satisfies

‖𝑧+ℎ‖ℎ ≤ 𝐶

⎧

⎪

⎨

⎪

⎩

‖𝑓‖0,Ω

𝜇
1
2

+
‖𝜷‖0,∞,Ω𝜅

𝑑
1
2
0

⎫

⎪

⎬

⎪

⎭

. (2.22)
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Next, taking 𝑣ℎ = 𝑧−ℎ in (2.21), integrating by parts, and using Hölder’s inequality, we obtain

𝑎̃𝐽 (𝑧+ℎ , 𝑧
−
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

−
ℎ ) = ⟨𝑓, 𝑧−ℎ ⟩Ω − (𝜷 ⋅ ∇𝑧+ℎ , 𝑧

−
ℎ )Ω

≤ ‖𝑓‖0,Ω‖𝑧
−
ℎ‖0,Ω + ‖𝑧+ℎ‖0,Ω‖𝜷‖0,∞,Ω|𝑧

−
ℎ |1,Ω.

Using (2.7), we further derive

𝑎̃𝐽 (𝑧+ℎ , 𝑧
−
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

−
ℎ ) ≤ 𝐶

(

‖𝑓‖0,Ω‖𝑧
−
ℎ‖0,Ω + 𝜅‖𝜷‖0,∞,Ω|𝑧−ℎ |1,Ω

)

≤ 𝐶

⎛

⎜

⎜

⎜

⎝

‖𝑓‖0,Ω

𝜇
1
2

+ 𝜅
‖𝜷‖0,∞,Ω

𝑑
1
2
0

⎞

⎟

⎟

⎟

⎠

‖𝑧−ℎ‖ℎ.

Applying (2.19) and Young’s inequality, we have

𝑎̃𝐽 (𝑧+ℎ , 𝑧
−
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

−
ℎ ) ≤ 𝐶

⎛

⎜

⎜

⎜

⎝

‖𝑓‖0,Ω

𝜇
1
2

+ 𝜅
‖𝜷‖0,∞,Ω

𝑑
1
2
0

⎞

⎟

⎟

⎟

⎠

2

+
𝑠(𝑧−ℎ , 𝑧

−
ℎ )

2

=∶ 𝑀
2

+
𝑠(𝑧−ℎ , 𝑧

−
ℎ )

2
.

Using Young’s and Cauchy-Schwarz’s inequalities for 𝑎̃𝐽 (𝑧+ℎ , 𝑧−ℎ ), and (2.22), we get

−𝛿𝑎̃𝐽 (𝑧−ℎ , 𝑧
−
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

−
ℎ ) ≤𝑀 + 𝐶𝛿−1𝑎̃𝐽 (𝑧+ℎ , 𝑧

+
ℎ )

≤𝑀 + 𝐶𝛿−1
⎧

⎪

⎨

⎪

⎩

‖𝑓‖0,Ω

𝜇
1
2

+
‖𝜷‖0,∞,Ω𝜅

𝑑
1
2
0

⎫

⎪

⎬

⎪

⎭

,

for any 𝛿 > 0. Choosing 𝛿 small enough, and using Lemma 2.3.1, we get

‖𝑧−ℎ‖ℎ ≤ 𝐶
(

−𝛿𝑎̃𝐽 (𝑧−ℎ , 𝑧
−
ℎ ) + 𝑠(𝑧

−
ℎ , 𝑧

−
ℎ )
)

≤ 𝐶2(𝑓, 𝜇,, 𝜷, 𝜅),

where

𝐶2(𝑓, 𝜇,, 𝜷, 𝜅) =𝑀 + 𝐶

⎧

⎪

⎨

⎪

⎩

‖𝑓‖0,Ω

𝜇
1
2

+
‖𝜷‖0,∞,Ω𝜅

𝑑
1
2
0

⎫

⎪

⎬

⎪

⎭

.
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Hence, 𝑧ℎ = 𝑇 (𝑧ℎ) satisfies the following (uniform) bound

‖𝑧ℎ‖ℎ ≤ ‖𝑧−ℎ‖ℎ + ‖𝑧+ℎ‖ℎ ≤ 𝐶

⎧

⎪

⎨

⎪

⎩

‖𝑓‖0,Ω

𝜇
1
2

+
‖𝜷‖0,∞,Ω𝜅

𝑑
1
2
0

⎫

⎪

⎬

⎪

⎭

+ 𝐶2(𝑓, 𝜇,, 𝜷, 𝜅)

=∶ 𝑅.

Thus, 𝑧ℎ = 𝑇 (𝑧ℎ) ∈ 𝐵(0, 𝑅) for every 𝑧ℎ ∈ 𝑉 , which shows that 𝑇 (𝐵(0, 𝑅)) ⊆ 𝐵(0, 𝑅).
Therefore, using Brouwer’s fixed point theorem 1.2.4, there exists 𝑢ℎ ∈ 𝑉 such that 𝑇 (𝑢ℎ) = 𝑢ℎ. In

other words, problem (2.15) has at least one solution.

The previous result, while establishing the existence of solutions, does not guarantee their uniqueness.
To address this gap, the next two results will not only establish uniqueness but also provide a useful charac-
terisation of 𝑢+ℎ .

Lemma 2.3.4. [4, Lemma 3.3] Let 𝑢ℎ ∈ 𝑉 be a solution to (2.15). Then, 𝑢+ℎ ∈ 𝑉 +
 satisfies the following

variational inequality

𝑎𝐽 (𝑢+ℎ , 𝑣ℎ − 𝑢
+
ℎ ) ≥ ⟨𝑓, 𝑣ℎ − 𝑢+ℎ ⟩Ω ∀𝑣ℎ ∈ 𝑉 +

 , (2.23)

where 𝑎𝐽 (⋅, ⋅) is as defined in (2.10). Additionally, 𝑢−ℎ is uniquely determined as the solution to:

𝑠(𝑢−ℎ , 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω − 𝑎𝐽 (𝑢+ℎ , 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉 . (2.24)

Proof. We begin by setting 𝑣ℎ ∈ 𝑉 +
 and then 𝑣ℎ = 𝑢+ℎ in equation (2.15) as the test function. This yields

𝑎𝐽 (𝑢+ℎ , 𝑣ℎ) + 𝑠(𝑢
−
ℎ , 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω,

𝑎𝐽 (𝑢+ℎ , 𝑢
+
ℎ ) + 𝑠(𝑢

−
ℎ , 𝑢

+
ℎ ) = ⟨𝑓, 𝑢+ℎ ⟩Ω.

Subtracting the second equation from the first, we obtain

𝑎𝐽 (𝑢+ℎ , 𝑣ℎ − 𝑢
+
ℎ ) + 𝑠(𝑢

−
ℎ , 𝑣ℎ − 𝑢

+
ℎ ) = ⟨𝑓, 𝑣ℎ − 𝑢+ℎ ⟩Ω, ∀𝑣ℎ ∈ 𝑉 +

 .

Using Lemma 1.6.22 and equation (1.70), we conclude that 𝑢+ℎ ∈ 𝑉 +
 satisfies the variational inequality

(2.23). Furthermore, since 𝑠(⋅, ⋅) is an elliptic bilinear form on 𝑉 , the uniqueness of 𝑢−ℎ follows directly, and
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this completing the proof.

This lemma provides an insight on decomposing the solution 𝑢ℎ into two successive problems, (2.23)
and (2.24). This decomposition characterises any solution of (2.15).

Corollary 2.3.5. [4, Corollary 3.1] The problem (2.15) has a unique solution.

Proof. Suppose 𝑢1, 𝑢2 ∈ 𝑉 are two solutions to (2.15). Then, 𝑢+1 and 𝑢+2 satisfy the variational inequality
(2.23). By Stampacchia’s Theorem 1.2.5, the solution to this problem is unique, hence 𝑢+1 = 𝑢+2 . Given this,
equation (2.24) holds for both 𝑢−1 and 𝑢−2 . Since the right-hand side of both equations is identical, and 𝑠(⋅, ⋅)
is an elliptic bilinear form, we conclude that 𝑢−1 = 𝑢−2 . Thus, 𝑢1 = 𝑢+1 + 𝑢−1 = 𝑢+2 + 𝑢−2 = 𝑢2.

Remark 2.3.6. [4, Remark 3.2] We close this section by noting that the complementary part 𝑢−ℎ of 𝑢ℎ has a

local support. Specifically, observe that:

(𝑢+ℎ + 𝑢−ℎ )
+ = (𝑢+ℎ + 𝑢ℎ − 𝑢+ℎ )

+ = 𝑢+ℎ .

This implies that 𝑢−ℎ (𝒙𝑖) ≠ 0 if and only if 𝑢+ℎ (𝒙𝑖) = 𝜅 or 𝑢+ℎ (𝒙𝑖) = 0. Hence, the support of 𝑢−ℎ is restricted

to regions where 𝑢+ℎ = 0 or 𝑢+ℎ = 𝜅, meaning that 𝑢−ℎ has a local support in regions where the constraint in

definition of 𝑉 +
 is active.

2.4 Error analysis

This section is devoted to the error analysis of the method presented in (2.15). The primary aim here is to
ensure that the discrete solution respects the bounds imposed by the continuous problem. Therefore, the
error estimates will be proven for the constrained component, 𝑢+ℎ .

Theorem 2.4.1. [4, Theorem 4.1] Let 𝑢 ∈ 𝐻𝑘+1(Ω) ∩ 𝐻1
0 (Ω) be the solution of (2.1), and 𝑢ℎ ∈ 𝑉 the

solution of (2.15). Then, there exists a constant 𝐶 > 0, independent of , 𝜇, 𝜷, and ℎ, such that

‖𝑢 − 𝑢+ℎ‖ℎ ≤ 𝐶ℎ𝑘
(

‖‖

1
2
0,∞,Ω + 𝜇−

1
2
‖𝜷‖0,∞,Ω + ℎ

1
2
‖𝜷‖

1
2
0,∞,Ω + ℎ𝜇

1
2

)

|𝑢|𝑘+1,Ω. (2.25)

Proof. As usual, we decompose the error 𝑢 − 𝑢+ℎ as follows

𝑢 − 𝑢+ℎ = (𝑢 − 𝜋(𝑢)) + (𝜋(𝑢) − 𝑢+ℎ ) =∶ 𝜂ℎ + 𝑒ℎ , (2.26)
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where 𝜋 is the 𝐿2(Ω)-orthogonal projection defined in (1.24).
The bound for 𝜂ℎ is a direct consequence of (1.25) and (2.13). Indeed, using the Cauchy-Schwarz and

Young inequalities, we obtain

‖𝜂ℎ‖
2
ℎ = 𝑎𝐽 (𝜂ℎ, 𝜂ℎ) = (∇𝜂ℎ,∇𝜂ℎ)Ω + 𝜇(𝜂ℎ, 𝜂ℎ)Ω + 𝐽 (𝜂ℎ, 𝜂ℎ)

≤ 𝐶
(

‖‖0,∞,Ω|𝜂ℎ|
2
1,Ω + 𝜇‖𝜂ℎ‖20,Ω + ℎ‖𝜷‖0,∞,Ω|𝜂ℎ|21,Ω

)

≤ 𝐶ℎ2𝑘
(

‖‖0,∞,Ω + ℎ‖𝜷‖0,∞,Ω + ℎ2𝜇
)

|𝑢|2𝑘+1,Ω.

To bound ‖𝑒ℎ‖ℎ, we use the ellipticity of 𝑎𝐽 (⋅, ⋅) to get

‖𝑒ℎ‖
2
ℎ = −𝑎𝐽 (𝜂ℎ, 𝑒ℎ) + 𝑎𝐽 (𝑢 − 𝑢

+
ℎ , 𝜋(𝑢) − 𝑢

+
ℎ ) =∶ I + II. (2.27)

We first decompose I as follows

I = (∇𝜂ℎ,∇𝑒ℎ)Ω + (𝜷 ⋅ ∇𝜂ℎ, 𝑒ℎ)Ω + 𝜇(𝜂ℎ, 𝑒ℎ)Ω + 𝐽 (𝜂ℎ, 𝑒ℎ) =∶ (a) + (b) + (c) + (d) , (2.28)

Each term in (2.28) is bounded separately. Using Cauchy-Schwarz inequality and (1.25), we have

(a) ≤ ‖‖

1
2
0,∞,Ω|𝜂ℎ|1,Ω‖

1
2∇𝑒ℎ‖0,Ω ≤ 𝐶ℎ𝑘‖‖

1
2
0,∞,Ω|𝑢|𝑘+1,Ω‖𝑒ℎ‖ℎ . (2.29)

For (b), integrating by parts, using the orthogonality of 𝜋, and Lemma 2.2.7, we get

(b) = (𝜋(𝑢) − 𝑢, 𝜷 ⋅ ∇𝑒ℎ)Ω

=
(

𝜋(𝑢) − 𝑢, 𝜷 ⋅ ∇𝑒ℎ − 𝜋(𝜷 ⋅ ∇𝑒ℎ)
)

Ω

≤ ‖𝜂ℎ‖0,Ω‖𝜷 ⋅ ∇𝑒ℎ − 𝜋(𝜷 ⋅ ∇𝑒ℎ)‖0,Ω

≤ 𝐶ℎ𝑘+
1
2
‖𝜷‖

1
2
0,∞,Ω|𝑢|𝑘+1,Ω ‖𝑒ℎ‖ℎ .

(2.30)

Similarly, for (c), we have

(c) ≤ 𝜇
1
2
‖𝜂ℎ‖0,Ω‖𝜇

1
2 𝑒ℎ‖0,Ω ≤ 𝐶ℎ𝑘+1𝜇

1
2
|𝑢|𝑘+1,Ω‖𝑒ℎ‖ℎ . (2.31)

Finally, for (d), since 𝐽 (⋅, ⋅) is semi-positive definite, applying Cauchy-Schwarz inequality and using Lemma 2.2.7
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along with (1.25), we obtain

(d) ≤ 𝐽 (𝜂ℎ, 𝜂ℎ)
1
2𝐽 (𝑒ℎ, 𝑒ℎ)

1
2

≤ 𝐶ℎ𝑘+
1
2
‖𝜷‖

1
2
0,∞,Ω|𝑢|𝑘+1,Ω ‖𝑒ℎ‖ℎ .

(2.32)

Substituting the bounds from (2.29), (2.30), (2.31), and (2.32) into (2.28), we get

I ≤ 𝐶ℎ𝑘
(

‖‖

1
2
0,∞,Ω + ℎ

1
2
‖𝜷‖

1
2
0,∞,Ω + ℎ𝜇

1
2

)

|𝑢|𝑘+1,Ω‖𝑒ℎ‖ℎ . (2.33)

To bound the term II, we first recall that (𝜋(𝑢))− = 𝜋(𝑢) − (𝜋(𝑢))+, which gives us

II = 𝑎𝐽 (𝑢 − 𝑢+ℎ , 𝑒ℎ) = 𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))
+ − 𝑢+ℎ ) + 𝑎𝐽 (𝑢 − 𝑢

+
ℎ , (𝜋(𝑢))

−).

Due to the regularity of 𝑢, we have 𝐽 (𝑢, (𝜋(𝑢))+ − 𝑢+ℎ ) = 0. Thus, since 𝑢+ℎ solves the variational problem
(2.23), we obtain

𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))
+ − 𝑢+ℎ ) = 𝑎𝐽 (𝑢, (𝜋(𝑢))+ − 𝑢+ℎ ) − 𝑎𝐽 (𝑢

+
ℎ , (𝜋(𝑢))

+ − 𝑢+ℎ )

= ⟨𝑓, (𝜋(𝑢))+ − 𝑢+ℎ ⟩Ω − 𝑎𝐽 (𝑢+ℎ , (𝜋(𝑢))
+ − 𝑢+ℎ ) ≤ 0.

Therefore,

II = 𝑎𝐽 (𝑢 − 𝑢+ℎ , 𝑒ℎ) ≤ 𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))
−).

The term on the right-hand side is essentially a consistency error and requires special treatment. Let 𝑖ℎ be
the Lagrange interpolation operator defined in (1.22). Since 𝑢(𝑥) ∈ [0, 𝜅] almost everywhere in Ω, we have
𝑖ℎ(𝑢) ∈ 𝑉 +

 , implying that (𝑖ℎ(𝑢))− = 0. Thus,

𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))
−) = 𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))

− − (𝑖ℎ(𝑢))−).
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Using the definition of 𝑎𝐽 (⋅, ⋅), we now bound II

II ≤ 𝑎𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))
− − (𝑖ℎ(𝑢))−)

=
(

∇(𝑢 − 𝑢+ℎ ),∇((𝜋(𝑢))
− − (𝑖ℎ(𝑢))−)

)

Ω + (𝜷 ⋅ ∇(𝑢 − 𝑢+ℎ ), (𝜋(𝑢))
− − (𝑖ℎ(𝑢))−)Ω

+ 𝜇(𝑢 − 𝑢+ℎ , (𝜋(𝑢))
− − (𝑖ℎ(𝑢))−)Ω + 𝐽 (𝑢 − 𝑢+ℎ , (𝜋(𝑢))

− − (𝑖ℎ(𝑢))−)

= (e) + (f) + (g) + (h).

(2.34)

We begin bounding the term (e) using the Cauchy-Schwarz inequality

(e) ≤ ‖‖

1
2
0,∞,Ω‖

1
2∇(𝑢 − 𝑢+ℎ )‖0,Ω|(𝜋(𝑢))

− − (𝑖ℎ(𝑢))−|1,Ω

≤ 𝐶ℎ−1‖‖

1
2
0,∞,Ω‖

1
2∇(𝑢 − 𝑢+ℎ )‖0,Ω‖(𝜋(𝑢))

− − (𝑖ℎ(𝑢))−‖0,Ω,
(2.35)

where we have applied an inverse inequality. Since (⋅)− is Lipschitz continuous (see Lemma 2.2.4), we can
further bound (e) as

(e) ≤ 𝐶ℎ−1‖‖

1
2
0,∞,Ω‖

1
2∇(𝑢 − 𝑢+ℎ )‖0,Ω‖𝜋(𝑢) − 𝑖ℎ(𝑢)‖0,Ω

≤ 𝐶ℎ𝑘‖‖

1
2
0,∞,Ω|𝑢|𝑘+1,Ω‖𝑢 − 𝑢

+
ℎ‖ℎ ,

using the approximation properties of 𝑖ℎ and 𝜋 (see (1.23) and (1.25)).
Next, for term (f), we integrate by parts

(f ) = −
(

𝑢 − 𝑢+ℎ , 𝜷 ⋅ ∇((𝜋(𝑢))− − (𝑖ℎ(𝑢))−)
)

Ω

≤ ‖𝜷‖0,∞,Ω‖𝑢 − 𝑢+ℎ‖0,Ω|(𝜋(𝑢))
− − (𝑖ℎ(𝑢))−|1,Ω ,

by the Cauchy-Schwarz inequality. Using an inverse estimate, we get

(f ) ≤ 𝐶ℎ−1‖𝜷‖0,∞,Ω‖𝑢 − 𝑢+ℎ‖0,Ω‖(𝜋(𝑢))
− − (𝑖ℎ(𝑢))−‖0,Ω

≤ 𝐶ℎ𝑘‖𝜷‖0,∞,Ω 𝜇
− 1

2
|𝑢|𝑘+1,Ω‖𝑢 − 𝑢+ℎ‖ℎ ,

(2.36)

again using the Lipschitz continuiuty of (⋅)− and the approximation properties for 𝑖ℎ and 𝜋. Now (g) is
controlled in the same way using the Cauchy-Schwarz inequality

(g) ≤ 𝜇
1
2
‖𝜇

1
2 (𝑢 − 𝑢+ℎ )‖0,Ω‖(𝜋(𝑢))

− − (𝑖ℎ(𝑢))−‖0,Ω

≤ 𝐶ℎ𝑘+1𝜇
1
2
|𝑢|𝑘+1,Ω‖𝑢 − 𝑢+ℎ‖ℎ ,

(2.37)

56



Chapter 2. A nodally bound-preserving finite element method for convection-diffusion equations

and by Lipschitz continuiuty of (⋅)− and the approximation properties for 𝑖ℎ and 𝜋. Finally for (h) Cauchy-
Schwarz implies

(h) ≤ 𝐽 (𝑢 − 𝑢+ℎ , 𝑢 − 𝑢
+
ℎ )

1
2𝐽 ((𝜋(𝑢))− − (𝑖ℎ(𝑢))−, (𝜋(𝑢))− − (𝑖ℎ(𝑢))−)

1
2

≤ 𝐶‖𝜷‖
1
2
0,∞,Ω ℎ

1
2
|(𝜋(𝑢))− − (𝑖ℎ(𝑢))−|1,Ω 𝐽 (𝑢 − 𝑢

+
ℎ , 𝑢 − 𝑢

+
ℎ )

1
2 ,

where we used Lemma 2.2.7. Now by an inverse inequality

(h) ≤ 𝐶‖𝜷‖
1
2
0,∞,Ω ℎ

− 1
2
‖(𝜋(𝑢))− − (𝑖ℎ(𝑢))−‖0,Ω 𝐽 (𝑢 − 𝑢

+
ℎ , 𝑢 − 𝑢

+
ℎ )

1
2

≤ 𝐶ℎ𝑘+
1
2
‖𝜷‖

1
2
0,∞,Ω|𝑢|𝑘+1,Ω‖𝑢 − 𝑢

+
ℎ‖ℎ,

(2.38)

through the approximability of 𝑖ℎ and 𝜋 and the Lipschitz continuiuty of (⋅)−.
Combining the bounds from (2.35), (2.36), (2.37), and (2.38), we obtain the following estimate for II

II ≤ 𝐶ℎ𝑘
(

‖‖

1
2
0,∞,Ω + 𝜇−

1
2
‖𝜷‖0,∞,Ω + ℎ

1
2
‖𝜷‖

1
2
0,∞,Ω + ℎ𝜇

1
2

)

‖𝑢 − 𝑢+ℎ‖ℎ|𝑢|𝑘+1,Ω. (2.39)

Substituting (2.33) and (2.39) into (2.27) and applying Young’s inequality, we derive the following bound
for ‖𝑒ℎ‖ℎ

‖𝑒ℎ‖
2
ℎ ≤ 𝐶ℎ2𝑘

(

‖‖

1
2
0,∞,Ω + ℎ

1
2
‖𝜷‖

1
2
0,∞,Ω + 𝜇−

1
2
‖𝜷‖0,∞,Ω + ℎ𝜇

1
2
)2

|𝑢|2𝑘+1,Ω + 1
2
‖𝑒ℎ‖

2
ℎ +

1
8
‖𝑢 − 𝑢+ℎ‖

2
ℎ.

Finally, collecting the bounds that have been obtained for ‖𝑒ℎ‖ℎ and ‖𝜂ℎ‖ℎ gives

‖𝑢 − 𝑢+ℎ‖ℎ ≤ ‖𝑒ℎ‖ℎ + ‖𝜂ℎ‖ℎ

≤ 𝐶ℎ𝑘
(

‖‖

1
2
0,∞,Ω + 𝜇−

1
2
‖𝜷‖0,∞,Ω + ℎ

1
2
‖𝜷‖

1
2
0,∞,Ω + ℎ𝜇

1
2

)

|𝑢|𝑘+1,Ω + 1
2
‖𝑢 − 𝑢+ℎ‖ℎ ,

and by rearranging terms (2.25) follows.
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2.4.1 The extension to problems with non-homogeneous boundary conditions

In this section, we extend the method for non-homogeneous Dirichlet conditions. Let us consider the fol-
lowing modified version of (2.1)

⎧

⎪

⎨

⎪

⎩

−div(∇𝑢) + 𝜷 ⋅ ∇𝑢 + 𝜇𝑢 = 𝑓 in Ω,

𝑢 = 𝑔 on 𝜕Ω,
(2.40)

where 𝑔 ∈ 𝐻
1
2 (𝜕Ω), with 𝑔 ≥ 0 on 𝜕Ω. By using the definition of 𝜅 and applying the maximum principle

1.5.4 and comparison principles 1.5.3, we have 𝜅 ≥ ‖𝑔‖0,∞,𝜕Ω. For simplicity, we assume that 𝑔 is the trace
of a function belongs to 𝑉 (which has been defined in (1.14)).

Next, we define the set of nodes of the triangulation, including boundary nodes, as 𝒙1,… ,𝒙𝑃 , with the
interior nodes being denoted as 𝒙1,… ,𝒙𝑁 , where 𝑁 < 𝑃 . We now introduce an extension of 𝑔 into the
domain Ω by defining 𝑢ℎ,𝑔 ∈ 𝑉 as follows

𝑢ℎ,𝑔(𝒙𝑖) =
⎧

⎪

⎨

⎪

⎩

𝑔(𝒙𝑖) if 𝑖 ∈ {𝑁 + 1,… , 𝑃 } ,

0 else .
(2.41)

With this extension, the formulation analogous to (2.15) for the non-homogeneous boundary case is: Find
𝑢̃ℎ ∈ 𝑉 such that

𝑎𝐽
(

(𝑢̃ℎ + 𝑢ℎ,𝑔)
+, 𝑣ℎ

)

+ 𝑠
(

(𝑢̃ℎ + 𝑢ℎ,𝑔)
−, 𝑣ℎ

)

= ⟨𝑓, 𝑣ℎ⟩Ω ∀ 𝑣ℎ ∈ 𝑉 . (2.42)

The choice of 𝑢ℎ,𝑔 as the extension of 𝑔 is motivated by the fact that, at each node of  , either 𝑢̃ℎ or 𝑢ℎ,𝑔
is zero. This ensures that the following property holds

(𝑢̃ℎ + 𝑢ℎ,𝑔)
+ = 𝑢̃+ℎ + 𝑢ℎ,𝑔 , (2.43)

which leads to (𝑢̃ℎ + 𝑢ℎ,𝑔)
− = 𝑢̃−ℎ . Therefore, (2.42) can be rewritten as: Find 𝑢̃ℎ ∈ 𝑉 such that

𝑎𝐽
(

𝑢̃+ℎ , 𝑣ℎ
)

+ 𝑠
(

𝑢̃−ℎ , 𝑣ℎ
)

= ⟨𝑓, 𝑣ℎ⟩Ω − 𝑎𝐽
(

𝑢ℎ,𝑔, 𝑣ℎ
)

∀ 𝑣ℎ ∈ 𝑉 . (2.44)

Now, the proof of Theorem 2.3.3 remains valid, confirming the existence of a solution for (2.44). For unique-
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ness, the same reasoning as in Lemma 2.3.4 applies, showing that 𝑢̃+ℎ solves the following variational inequal-
ity: 𝑢̃+ℎ ∈ 𝑉 +

 and

𝑎𝐽 (𝑢̃
+
ℎ , 𝑣ℎ − 𝑢̃

+
ℎ ) ≥ ⟨𝑓, 𝑣ℎ − 𝑢̃

+
ℎ ⟩Ω − 𝑎𝐽

(

𝑢ℎ,𝑔, 𝑣ℎ − 𝑢̃
+
ℎ
)

∀ 𝑣ℎ ∈ 𝑉 +
 . (2.45)

Follows exactly the same arguments as those for (2.15) and thanks to Stampacchia’s Theorem, (2.45) has
a unique solution, This proves the existence and uniqueness of the solution of the problem (2.42). Finally,
for the error analysis, assuming enough regularity for the exact solution, we have

𝑎𝐽 (𝑢, 𝑣ℎ − 𝑢̃
+
ℎ ) = ⟨𝑓, 𝑣ℎ − 𝑢

+
ℎ ⟩Ω ,

for all 𝑣ℎ ∈ 𝑉 . Thus, the following variational inequality holds

𝑎𝐽 ((𝑢̃ℎ + 𝑢ℎ,𝑔)
+ − 𝑢, 𝑣ℎ − 𝑢

+
ℎ ) ≥ 0 ∀ 𝑣ℎ ∈ 𝑉 +

 . (2.46)

This inequality plays a key role in obtaining the bound for II in the proof of Theorem 2.4.1. Consequently,
the error analysis follows a similar approach as outlined in the proof of Theorem 2.4.1.

2.5 Numerical experiments

In this section, we present three different problems to evaluate the performance of the finite element method
(2.15). Throughout these experiments, the computational domain is Ω = (0, 1)2, and we use 𝛼 = 1 for the
stabilising bilinear form 𝑠(⋅, ⋅).
Remark 2.5.1. In the proof of Theorem 2.3.3, we require 𝛼 ≥ 𝐶equiv. However, the exact value of 𝐶equiv is

not known in practice, and its computation is not feasible. In the numerical experiments, we therefore set

𝛼 = 1, which has been observed to provide sufficient stability for solving the nonlinear system.

We consider three different mesh types, with the coarsest level of each shown in Figure 2.1. The meshes
in Figures 2.1a and 2.1b are symmetric and Delaunay, while the mesh in Figure 2.1c is non-Delaunay, and
the one in Figure 2.1d is quadrilateral. The non-Delaunay mesh in Figure 2.1c is obtained by shifting some of
the interior nodes from the mesh in Figure 2.1b to the right, which results in the formation of obtuse angles.
This choice of non-Delaunay mesh is motivated by this fact that the discrete maximum principle often fails
for finite element methods on such meshes (see, for example, 17). As a result, the initial datum 𝑢0ℎ, defined
in the next section, will not generally lie in 𝑉 +

 .
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(a) A symmetric, Delaunay
mesh.

(b) A symmetric, Delaunay
mesh.

(c) A non-symmetric, non-
Delaunay mesh.

(d) A simple quadrilateral
mesh.

Figure 2.1: Three coarse level indicative meshes used in the experiments all with 𝑁 = 5.

To solve the nonlinear system associated with (2.16), we use a Richardson-like iterative method. We first
set 𝑢0ℎ ∈ 𝑉 such that it satisfies the following (CIP) problem

𝑎𝐽 (𝑢0ℎ, 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω ∀𝑣ℎ ∈ 𝑉 . (2.47)

Then, for 𝑛 = 0, 1, 2,…, we compute 𝑢𝑛+1ℎ ∈ 𝑉 by solving

𝑎𝐽 (𝑢𝑛+1ℎ , 𝑣ℎ) = 𝑎𝐽 (𝑢𝑛ℎ, 𝑣ℎ) + 𝜔
(

⟨𝑓, 𝑣ℎ⟩Ω − 𝑎𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ) − 𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ)
)

∀𝑣ℎ ∈ 𝑉 , (2.48)

where 𝜔 ∈ (0, 1] is a damping parameter. The iterations continues until the stopping criterion is satisfied,
i.e.,

‖𝑢𝑛+1ℎ − 𝑢𝑛ℎ‖0,Ω ≤ 10−8. (2.49)

The discretisation of problem (2.48) follows the same approach as in (1.77); for a detailed discussion, see
Section 1.6.30.

In all figures, 𝑁 − 1 represents the number of divisions in the 𝑥 and 𝑦 directions, so the total number
of vertices (including the boundary) is 𝑁2. We test the performance of the method asymptotically in 𝑁 ,
where we use EOC as the estimated order of convergence, and also examine the convergence of the iterative
method. We have used ℙ1,ℙ2, and ℙ3 elements with the triangular meshes, and ℚ1 and ℚ2 elements with
the quadrilateral mesh.

Example 3 (Convergence for a problem with a smooth solution). Consider the case where 𝜇 = 1, and the

diffusion matrix is given by  = 𝜖
⎡

⎢

⎢

⎣

100 cos(𝑥)

cos(𝑥) 1

⎤

⎥

⎥

⎦

with 𝜖 = 10−5, and the convection vector is 𝜷 = (2, 1).

The source term 𝑓 is chosen such that the exact solution to (2.1) is the function 𝑢(𝑥, 𝑦) = 100 sin(𝜋𝑥) sin(𝜋𝑦).
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Note that 𝑢(𝑥) lies within the interval [0, 100], and hence we select 𝜅 = 100. For the CIP stabilisation, we

use a penalty parameter of 𝛾 = 0.025 as defined in (2.8), and the damping parameter in the iterative method

(2.48) is 𝜔 = 1.

In Tables 2.1-2.5, we present the convergence results measured in both the ‖ ⋅ ‖0,Ω and ‖ ⋅ ‖ℎ norms
for the difference 𝑢 − 𝑢+ℎ , as well as in the ‖ ⋅ ‖𝑠-norm for the complementary part 𝑢−ℎ . Also, we include
the number of iterations required to achieve convergence for the nonlinear system. These results indicate
an optimal convergence rate for the constrained component 𝑢+ℎ , aligning with the theoretical findings from
Section 2.4. Moreover, they show a higher convergence (to zero) the complementary part 𝑢−ℎ .

𝑁 Itr ‖𝑢 − 𝑢+ℎ‖0,Ω EOC ‖𝑢 − 𝑢+ℎ‖ℎ EOC ‖𝑢−ℎ‖𝑠 EOC
5 2 8.57e+0 – 4.55e+1 – 0 –
9 7 2.12e+0 2.37 1.95e+1 1.44 3.05e-1 –
17 6 5.05e-1 2.26 7.71e+0 1.46 2.74e-1 0.17
33 7 1.23e-1 2.12 2.89e+0 1.47 6.64e-2 2.13
65 7 3.09e-2 2.03 1.06e+0 1.47 1.27e-2 2.44
129 6 7.80e-3 2.00 3.82e-1 1.49 2.29e-3 2.50

Table 2.1: Numerical results for Example 3 using ℙ1 elements and Mesh 2.1c.

𝑁 Itr ‖𝑢 − 𝑢+ℎ‖0,Ω EOC ‖𝑢 − 𝑢+ℎ‖ℎ EOC ‖𝑢−ℎ‖𝑠 EOC
5 15 5.51e+0 – 2.73e+1 – 4.43e+0 –
9 15 8.03e-1 3.27 9.79e+0 1.74 8.43e-1 2.82

17 13 1.38e-1 2.76 3.47e+0 1.63 1.67e-1 2.54
33 12 2.86e-2 2.37 1.23e+0 1.56 3.12e-2 2.52
65 10 6.62e-3 2.15 4.37e-1 1.53 5.70e-3 2.50
129 9 1.61e-3 2.06 1.56e-1 1.50 1.02e-3 2.51

Table 2.2: Numerical results for Example 3 using ℚ1 elements and Mesh 2.1d.

𝑁 Itr ‖𝑢 − 𝑢+ℎ‖0,Ω EOC ‖𝑢 − 𝑢+ℎ‖ℎ EOC ‖𝑢−ℎ‖𝑠 EOC
5 15 2.51e+0 – 8.14e+0 – 1.37e+0 –
9 2 3.02e-1 3.60 1.52e+0 2.85 0 –

17 2 3.72e-2 3.29 3.03e-1 2.53 0 –
33 2 4.44e-3 3.20 5.78e-2 2.50 0 –
65 2 5.37e-4 3.11 1.07e-2 2.48 0 –
129 2 6.57e-5 3.03 1.97e-3 2.44 0 –

Table 2.3: Numerical results for Example 3 using ℙ2 elements and Mesh 2.1d.
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𝑁 Itr ‖𝑢 − 𝑢+ℎ‖0,Ω EOC ‖𝑢 − 𝑢+ℎ‖ℎ EOC ‖𝑢−ℎ‖𝑠 EOC
5 2 3.77e-1 – 6.22e-1 – 0 –
9 58 4.26e-2 3.70 9.79e-2 3.14 1.85e-2 4.06

17 44 5.18e-3 3.31 1.71e-2 2.74 2.44e-3 3.18
33 28 6.36e-4 3.16 3.21e-3 2.52 2.45e-4 3.46
65 2 7.75e-5 3.10 6.43e-4 2.37 5.28e-6 5.66
129 2 9.20e-6 3.10 1.37e-4 2.25 4.35e-7 3.62

Table 2.4: Numerical results for Example 3 using ℚ2 elements and Mesh 2.1d..

𝑁 Itr ‖𝑢 − 𝑢+ℎ‖0,Ω EOC ‖𝑢 − 𝑢+ℎ‖ℎ EOC ‖𝑢−ℎ‖𝑠 EOC
5 2 2.85e-1 – 8.75e-1 – 0 –
9 137 2.69e-2 4.01 9.75e-2 3.73 6.62e-3 –
17 71 2.40e-3 4.16 1.18e-2 3.32 3.75e-4 4.51
33 2 1.70e-4 3.99 1.25e-3 3.38 8.77e-7 9.13
65 2 9.66e-6 4.23 1.17e-4 3.49 0 –
129 2 5.03e-7 4.26 1.02e-5 3.51 0 –

Table 2.5: Numerical results for Example 3 using ℙ3 elements and Mesh 2.1c.

Remark 2.5.2. In our implementation of the bound-preserving finite element method, to find an initial guess,

we first solve the problem using CIP method. This solution is then used to initialise the iteration. If the

Richardson iteration terminates after two steps, this indicates that the initial solution already lies within the

prescribed bounds. Indeed, the first iteration corresponds to the CIP solution, while the second iteration

verifies the stopping criterion. In particular, if the overshoot or undershoot error of the CIP solution is

already below the prescribed tolerance, the iteration halts immediately after this verification step. This

behaviour is especially pronounced when higher-order finite element spaces are used, as the CIP solution

tends to provide a more accurate starting point. An illustration of this phenomenon can be found in Tables 2.3

and 2.5, which correspond to the use of ℙ2 and ℙ3 elements, respectively, where the Richardson iteration

converges in only two steps. A similar behaviour is observed when refining the mesh, as shown in Tables 2.4

and 2.5, where very fine meshes (𝑁 = 65, 129) are used.

Example 4 (A problem with two inner layers). In this example, as well as in the next one, the diffusion

term in (2.1) is given by  = 𝜖, where 𝜖 > 0. We approximate the solution of (2.1) for the parameters

𝑓 = 0, 𝜇 = 0, 𝜖 = 10−5, and 𝜷 = (−𝑦, 𝑥). Homogeneous Neumann boundary conditions are applied

along the outflow boundaries 𝑥 = 0 and 𝑦 = 1. On the inflow boundaries at 𝑥 = 1 and 𝑦 = 0, we impose
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discontinuous Dirichlet boundary conditions:

𝑔(𝑥, 𝑦) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 if 𝑥 ≤ 1
3

and 𝑦 = 0

1
2 if 𝑥 ∈

(

1
3 ,

2
3

)

and 𝑦 = 0,

1 otherwise.

(2.50)

The purpose of this numerical experiment is twofold. Firstly, we aim at evaluating the effectiveness of the
bound-preserving method (BPM) (2.15) in eliminating over- and under-shoots in areas where the constraint
is not enforced. In this example, we set 𝜅 = 1 throughout the domain. The solution has two internal layers:
one where it varies rapidly from 0 to approximately 0.5, and a second where it does from 0.5 to 1. The BPM
will control any undershoot at 𝑢+ℎ = 0 around these layers; however, there is no explicit control in the region
where the solution is approximately 0.5. So, it shows the method’s ability to suppress potential overshoots
in this region, even though the nonlinear stabilisation is inactive. Secondly, this experiment aims to provide
numerical evidence that incorporating the continuous interior penalty (CIP) stabilisation term in the finite
element method improves its overall performance.

We begin by addressing the second objective of this example. In Tables 2.6 and 2.7, we present the
number of iterations required by the nonlinear solver to reach convergence. For all simulations, we set a
maximum iteration of 3, 000. If this limit is reached, the solver halts, and we indicate “NC” to denote non-
convergence. As observed in Tables 2.6 and 2.7, the absence of linear CIP stabilisation in the formulation
results in a higher likelihood of non-convergence during the nonlinear iteration process. This provides further
justification for incorporating linear stabilisation into the method (2.15).

In this experiment, we have chosen to use the stabilising term (2.9), with the stabilisation parameter
𝛾𝜷 = 0.05, as it produced the most favorable numerical results, particularly in terms of the sharpness of the
interior layers.

We conducted the experiments using the meshes shown in Figures 2.1a and 2.1c for various values of
𝑁 . In these experiments, for the ℙ1, ℚ1, and ℚ2 elements, we set 𝜔 = 0.1 in (2.48) when using the BPM,
and reduced it to 𝜔 = 0.05 when the CIP stabilisation was removed (i.e., setting 𝛾𝜷 = 0). It is important to
note that decreasing the value of 𝜔 enhances the likelihood of convergence for the iterative solver.

Next, we examine the sharpness of the approximation in the interior layers. Figures 2.2-2.4 display the
approximate solutions with the meshes from Figures 2.1a and 2.1c. We observe an absence of significant
oscillations near the layers, even when using the non-Delaunay mesh in Figure 2.1c.

For comparison, we have also solved the same problem using the linear CIP method (with the stabilisation
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𝑁 5 9 17 33 65 129
Mesh 2.1a 𝛾𝛽 = 0.05 82 96 122 124 113 98

𝛾𝛽 = 0 228 1702 NC NC NC NC
Mesh 2.1c 𝛾𝛽 = 0.05 140 148 174 137 123 111

𝛾𝛽 = 0 126 NC NC NC NC NC

Table 2.6: Number of iterations for the fixed point linearisation (2.48) needed to reach convergence using
ℙ1 elements and the meshes given in Figures 2.1a and 2.1c.

𝑁 5 9 17 33 65 129
ℚ1

𝛾𝛽 = 0.05 72 128 136 151 159 190
𝛾𝛽 = 0 1901 NC NC NC NC NC

ℚ2
𝛾𝛽 = 0.05 283 243 360 315 339 258
𝛾𝛽 = 0 2034 NC NC NC NC NC

Table 2.7: Number of iterations for the fixed point linearisation (2.48) needed to reach convergence using
ℚ1 and ℚ2 elements and the mesh given in Figure 2.1d.

term (2.9) and 𝛾𝜷 = 0.05) and the Algebraic Flux Correction (AFC) scheme, as described in [11] (the AFC
method was applied only to ℙ1 elements). The AFC method is known to preserve the discrete maximum
principle, at least for Delaunay meshes in two dimensions, and thus we expect the results to respect the
bounds, particularly on the mesh from Figure 2.1a. For the AFC scheme, we used the parameters 𝑝 = 8 and
𝛾0 = 0.75 (see [11] for details on the method’s formulation).

To compare these methods, we performed a cross-sectional analysis along the line 𝑦 = 𝑥. Our analysis
focused on two main aspects: the suppression of over and undershoots in the numerical solution, and the
sharpness of the interior layers. Zoomed views of the cross-sections at the layer transitions are presented. As
expected, the CIP method exhibits both over and undershoots, while the BPM and AFC methods do not. In
fact, the function 𝑢+ℎ shows much smaller oscillations than the CIP method and showing a level of sharpness
in the layers comparable to the AFC method.

Remark 2.5.3. An advantage of this bound-preserving finite element method is its relatively low computa-

tional cost compared with AFC schemes. In our method, the bounds are imposed directly at the degrees of

freedom, which requires only local corrections and hence adds little costs to the basic finite element solve.

By contrast, AFC methods (see Section 1.6.3) involve the computation of nonlinear flux limiters, which can

be significantly more expensive due to the need to evaluate limiter functions on element interfaces and to

update the discrete fluxes accordingly. As a result, the present method is competitive in terms of CPU time,

particularly in large-scale or higher-order computations.
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The same comparison was performed using the non-Delaunay mesh from Figure 2.1c, and we arrived
at similar conclusions. Interestingly, when applying the BPM method to ℙ2, ℚ2, and higher-order elements,
although the bounds are enforced only at the nodes, no significant undershoots (which indicates the violations
of the physical bounds) were observed in the numerical solution.

(a) Approximation using mesh 2.1a (b) Approximation using mesh 2.1c
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(c) Cross-section using mesh 2.1a
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(d) Cross-section using mesh 2.1c
Figure 2.2: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
ℙ1 elements and the meshes given in Figures 2.1a and 2.1c with𝑁 = 129. Cross-sections taken about 𝑦 = 𝑥
plane of the solution of the BPM, CIP and AFC. For AFC 𝑝 = 8 and for BPM and CIP the penalty (2.9)
𝛾𝜷 = 0.05 and 𝜔 = 0.1 has been used.

Example 5 (A problem with an inner and a boundary layer). In this final example, we consider the problem

with 𝑓 = 0, 𝜇 = 0, 𝜖 = 10−5, and 𝜷 =
(

cos
(

𝜋
3

)

, sin
(

𝜋
3

))𝑇
. The Dirichlet boundary condition 𝑢 = 𝑔 is

65



Chapter 2. A nodally bound-preserving finite element method for convection-diffusion equations

(a) Approximation using ℙ2 elements and
mesh 2.1c

(b) Approximation using ℙ3 elements and
mesh 2.1c
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(c) Cross-section using ℙ2 elements and mesh
2.1c
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(d) Cross-section using ℙ3 elements and mesh
2.1c

Figure 2.3: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
ℙ2 and ℙ3 elements and the meshes given in Figure 2.1c with 𝑁 = 129. Cross-sections taken along the line
𝑦 = 𝑥. For both methods the penalty (2.9) with 𝛾𝜷 = 0.05 was used (𝜔 = 0.05). For plotting these cross-
sections, 10,000 equidistant points were chosen along the line 𝑦 = 𝑥, and the values of the approximated
solution have been plotted at these points.

imposed on Γ, where 𝑔 is defined as follows

𝑔(𝑥, 𝑦) =

⎧

⎪

⎨

⎪

⎩

1 if 𝑥 = 0 or 𝑦 = 1

0 otherwise.
(2.51)

This problem consists of propagating a discontinuous boundary condition into the interior, which creates

an interior layer that intersects with a boundary layer at 𝑦 = 1. The solution was approximated using the

meshes shown in Figures 2.1a–2.1d. In this experiment, particularly when approximating the outflow layer,

the best results were achieved using the method with the CIP stabilising term (2.8) and 𝛾 = 0.01. Therefore,
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(a) Approximation using ℚ1 elements. (b) Approximation using ℚ2 elements.
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(c) Cross-section taken using ℚ1 elements.
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(d) Cross-section taken using ℚ2 elements.
Figure 2.4: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
ℚ1 and ℚ2 elements and the mesh given in Figure 2.1d with𝑁 = 129. Cross-sections of the discrete solution
of the BPM and CIP methods taken about the line 𝑦 = 𝑥. For BPM and CIP the penalty (2.9) 𝛾𝜷 = 0.05 was
used (𝜔 = 0.1). For plotting the cross-sections with ℚ2 elements, 10,000 equidistant points were chosen
along the line 𝑦 = 𝑥, and the values of the approximated solution have been plotted at these points.

we only report the results obtained for this choice.

For the iterative method (2.48) we use 𝜔 = 0.1, and we now report the number of fixed-point iterations
needed to convergence:

We now validate the statement made in Remark 2.3.6 by illustrating the behavior of 𝑢−ℎ usingℙ1 elements.
In Figure 2.5, we provide a zoomed in view near the boundary, showing the cross-section of 𝑢−ℎ along the
line 𝑥 = 0.9 for various mesh refinement levels. As the mesh is refined, we observe that the magnitude of
𝑢−ℎ decreases gradually, and its support becomes increasingly localised, thereby confirming the assertion in
Remark 2.3.6.

Furthermore, Figures 2.6-2.9 present the approximate solutions obtained with the BPM, AFC, and CIP
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𝑁 5 9 17 33 65 129
Mesh 2.1a Itr. 109 143 177 212 249 249
Mesh 2.1c Itr. 123 152 186 218 245 240

Table 2.8: Iterations needed to reach convergence using ℙ1 elements and the meshes given in Figures 2.1a–
2.1c, and the penalty term (2.8) with 𝛾 = 0.01 (𝜔 = 0.1).

𝑁 5 9 17 33 65 129
ℚ1 Itr. 156 226 225 308 310 322
ℚ2 Itr. 375 299 291 270 236 217

Table 2.9: Iterations needed to reach convergence using ℚ1 and ℚ2 elements and the mesh given in Figure
2.1d, and the penalty term (2.9) with 𝛾𝛽 = 0.01 (𝜔 = 0.1).

methods for this problem. Additionally, we provide cross-sections illustrating the structure of the interior
layer, along with a cross-section of 𝑢+ℎ along the line 𝑦 = 1 − 𝑥 for Mesh 2.1a with 𝑁 = 129. Once again,
comparisons are made with the linear CIP method (using the stabilising term (2.8) and 𝛾 = 0.01) and the
AFC scheme as discussed in the previous example. The results, displayed in Figures 2.6-2.9, show that the
current method successfully eliminates the oscillations present in the CIP solution while providing similar
sharpness in the layers as the AFC method.

0.8 0.9 1.0

0.4

0.3

0.2

0.1

0.0

N=33
N=65
N=130

(a) Cross-section taken of 𝑢−ℎ along 𝑥 = 0.9.
Figure 2.5: Cross-sections of 𝑢−ℎ for Example 5 illustrating the behaviour at the boundary layers using ℙ1
elements and the mesh given in Figures 2.1a.

Remark 2.5.4. In this chapter, we used a simple Richardson type solver to highlight the simplicity of the

scheme, but more efficient nonlinear solvers, such as localised Newton methods (see, e.g., [6]), or active set

methods [7], can significantly improve convergence speed. Our preliminary results indicate that these alter-
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natives provide much faster convergence. For example in Table 2.10 we present the number of the Newton

iterations to reach the convergence (one can see the implementation of the Newton’s iteration method in Sec-

tion 4.7). Obviously Newton’s method reduced the number of iterations that is required for the convergence.

𝑁 5 9 17 33 65 129
Mesh 2.1a Itr. 48 27 56 72 64 76

Table 2.10: Newton iterations needed to reach convergence using ℙ1 elements and the mesh given in Figure
2.1a, and the penalty term (2.8) with 𝛾 = 0.01.
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(a) AFC approximation using mesh 2.1a (b) CIP approximation using mesh 2.1a

(c) BPM approximation using mesh 2.1a (d) BPM approximation using mesh 2.1c
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(e) Cross-section using mesh 2.1a
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(f) Cross-section using mesh 2.1c
Figure 2.6: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
ℙ1 elements and the meshes given in Figures 2.1a and 2.1c with 𝑁 = 129. Cross-sections of the discrete
solution of the BPM, CIP, and AFC methods taken about the line 𝑦 = 𝑥. For AFC 𝑝 = 8 and for BPM
and CIP the penalty (2.9) 𝛾𝜷 = 0.01 was used (𝜔 = 0.1). For plotting the cross-sections we used linear
interpolation between the nodes.
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(a) CIP approximation using mesh 2.1a (b) CIP approximation using mesh 2.1c

(c) BPM approximation using mesh 2.1a (d) BPM approximation using mesh 2.1c
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(e) Cross-section using mesh 2.1a
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(f) Cross-section using mesh 2.1c
Figure 2.7: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
ℙ2 elements and the meshes given in Figures 2.1a and 2.1c with 𝑁 = 129. Cross-sections around the line
𝑦 = 𝑥 of the solution of the BPM and CIP methods. For both methods the penalty (2.9) with 𝛾𝜷 = 0.01
was used (𝜔 = 0.1). For plotting these cross-sections, 10,000 equidistant points were chosen along the line
𝑦 = 𝑥, and the values of the approximated solution have been plotted at these points.
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(a) CIP approximation using mesh 2.1a (b) CIP approximation using mesh 2.1c

(c) BPM approximation using mesh 2.1a (d) BPM approximation using mesh 2.1c
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(e) Cross-section using mesh 2.1a
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(f) Cross-section using mesh 2.1c
Figure 2.8: The approximation of the solution of Example 4 by the bound preserving method (BPM), using
ℙ3 elements and the meshes given in Figures 2.1a and 2.1c with 𝑁 = 129. Cross-sections of the solution
of the BPM and CIP taken about the line 𝑦 = 𝑥. For BPM and CIP the penalty (2.9) 𝛾𝜷 = 0.01 was used
(𝜔 = 0.1). For plotting the cross-sections we used linear interpolation between the degree of freedoms.
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(a) CIP approximation using mesh 2.1d. (b) BPM approximation using mesh 2.1d.
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(c) Cross-section taken using mesh 2.1d.
Figure 2.9: The approximation of the solution of Example 5 by the bound preserving method (BPM), using
ℚ2 elements and the mesh given in Figure 2.1d with 𝑁 = 129. Cross-sections of the solution of the BPM
and CIP taken about the line 𝑦 = 𝑥. For BPM and CIP the penalty (2.9) 𝛾𝜷 = 0.01 was used (𝜔 = 0.1).
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Chapter 3

A nodally bound-preserving finite element

method for time-dependent

convection-diffusion equations

3.1 Introduction

The numerical simulation of time-dependent convection-diffusion equations is crucial in various applica-
tions, particularly in modeling transport-controlled reaction rates in shear flows and chemical reactions in
flow fields. Such models typically involve solving a system of nonlinear time-dependent convection-diffusion
equations describing the concentrations of reactants and products. An inaccuracy in one equation of this sys-
tem can propagate and significantly affect all concentrations.

In the previous chapter, we studied the stationary convection–diffusion equation, where the convection
field dominates diffusion by several orders of magnitude, this makes the numerical solution unstable and can
create unwanted oscillations.

In the time-dependent convection–diffusion problem, the same difficulties appear. To reduce these os-
cillations, one can add stabilisation terms. Two common approaches are the Streamline Upwind Petrov–
Galerkin (SUPG) method [28] and the Galerkin Least-Squares (GLS) method [76]. Both methods are
residual-based stabilisations that add extra diffusion terms proportional to the residual of the equation.

In the time-dependent context, the SUPG stabilisation necessitates including the time derivative of the
solution in the stabilisation term, which introduces an artificial coupling between the time step and the sta-
bilisation parameter. Standard stability analyses suggest that improper balancing of the mesh size and time
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equations
step could lead to a loss of stability. However, some numerical evidence contradicts this claim (see [23]).
Consequently, alternative stabilisation strategies using symmetric, non-residual-based approaches have been
extensively studied. Examples of such methods include the subgrid viscosity method [68], the orthogo-
nal subscale method [36], and the continuous interior penalty (CIP) method [20]. A detailed discussion of
symmetric stabilisation techniques and their advantages can be found in [34].

In this chapter, similar to the previous one, we reduce the oscillations generated by the convection term
by adding a CIP term. In fact, after the space discretisation of the problem, we include a CIP stabilisation
term, which may also depend on time.

Similar to the previous chapters and Section 1.6.5, the strategy is directly integrates bounds into the finite
element formulation. As explained in chapters 1 and 2, this approach is based on the key observation that
imposing bounds on the numerical solution is equivalent to solving the problem within a convex subset of
the finite element space, consisting of discrete functions that satisfy the prescribed bounds at their degrees
of freedom. In this chapter, we build on this methodology and extend the bound-preserving finite element
methodology to time-dependent convection-diffusion equations. The core idea is as follows: for each time
step, we define a set 𝑉 +

 of admissible finite element functions satisfying the global bounds at their degrees
of freedom (e.g., nodal values for Lagrangian elements). We then introduce an algebraic projection onto
this admissible set, denoted by 𝑢+ℎ , and formulate a finite element problem for the projected variable. To
eliminate the non-trivial kernel introduced by this projection and to prevent singularity in the discrete sys-
tem, a stabilisation term is added at each time step. Numerical experiments indicate that including a linear
stabilisation term, such as CIP stabilisation, leads to more robust results.

The structure of this chapter is as follows: Section 3.2 introduces the model problem and preliminary
material necessary for the method. Section 3.3 presents the finite element formulation and proves its well-
posedness. Stability and error analysis are discussed in Section 3.4, and Section 3.5 illustrates the perfor-
mance of the method through numerical experiments.

3.2 General setting and the model problem

Let Ω be a bounded Lipschitz domain in ℝ𝑑 (𝑑 = 2, 3) with a polyhedral boundary 𝜕Ω, and let 𝑇 > 0.
Given a function 𝑓 ∈ 𝐿2((0, 𝑇 );𝐿2(Ω)), we consider the following convection-diffusion problem, which is
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a particular case of problem (1.8):

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡𝑢 − 𝜀Δ𝑢 + 𝜷 ⋅ ∇𝑢 + 𝜇𝑢 = 𝑓 in (0, 𝑇 ] × Ω,

𝑢(𝒙, 𝑡) = 0 on (0, 𝑇 ] × 𝜕Ω,

𝑢(⋅, 0) = 𝑢0 in Ω,

(3.1)

In this formulation, 𝜀 ∈ ℝ+ denotes the diffusion coefficient, 𝜷 = (𝛽𝑖)𝑑𝑖=1 ∈ 𝐿∞((0, 𝑇 );𝑊 1,∞(Ω))𝑑 repre-
sents the convective field, and 𝜇 ∈ ℝ+

0 is the reaction coefficient. Furthermore, we assume that the convective
field 𝜷 satisfies div 𝜷 = 0 in Ω × [0, 𝑇 ].

The weak formulation of equation (3.1) can be written as: find 𝑢 ∈ 𝐿∞((0, 𝑇 ),𝐻1
0 (Ω))∩𝐻

1((0, 𝑇 ),𝐻−1(Ω))

such that, for almost every 𝑡 ∈ (0, 𝑇 ), the following holds:

⎧

⎪

⎨

⎪

⎩

(𝜕𝑡𝑢, 𝑣)Ω + 𝑎(𝑢, 𝑣) = (𝑓, 𝑣)Ω ∀𝑣 ∈ 𝐻1
0 (Ω),

𝑢(⋅, 0) = 𝑢0,
(3.2)

where the bilinear form 𝑎(⋅, ⋅) is defined as

𝑎(𝑤, 𝑣) ∶= 𝜀 (∇𝑤,∇𝑣)Ω + (𝜷 ⋅ ∇𝑤, 𝑣)Ω + 𝜇(𝑤, 𝑣)Ω ∀𝑣 ∈ 𝐻1
0 (Ω), 𝑡 ∈ (0, 𝑇 ). (3.3)

In the above definition, we have slightly abused the notation, as the convective term 𝜷 may depend on 𝑡.
However, unless the context requires it, we will denote this bilinear form by 𝑎(⋅, ⋅). Given that 𝜷 is assumed
to be solenoidal, for each 𝑡 ∈ (0, 𝑇 ), the bilinear form 𝑎(⋅, ⋅) induces the following “energy” norm in 𝐻1

0 (Ω)

‖𝑣‖𝑎 =
√

𝑎(𝑣, 𝑣) 𝑡 ∈ [0, 𝑇 ].

The well-posedness of (3.2) is a classical result. In fact, it follows directly from the Lions–Magenes The-
orem (see, e.g., [98]), which guarantees existence, uniqueness, and continuous dependence of the solution.

Furthermore, based on the maximum principle for parabolic partial differential equations Theorem 1.5.5,
the solution to (3.2) attains its extrema on [

Ω× {0}
]

∪
[

𝜕Ω× (0, 𝑇 ]
]. Motivated by this observation, we use

the following assumption regarding on 𝑢, solution of (3.2).
Assumption (C1): We assume that the weak solution of (3.2) satisfies the following condition:

0 ≤ 𝑢(𝒙, 𝑡) ≤ 𝜅(𝑡) for almost all (𝒙, 𝑡) ∈ Ω × [0, 𝑇 ], (3.4)
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where 𝜅(𝑡) is a known positive function that depends on 𝑡.

In this assumption, the lower bound in (3.4) does not necessarily need to be zero; however, we set it to
zero here for simplicity. Moreover, the results discussed in this work remain valid if 𝜅(𝑡) is replaced by a
positive function 𝜅(𝒙, 𝑡).

3.2.1 Space discretisation and a stabilisation Galerkin method

To discretise problem (3.2), we use a conforming, shape-regular, and quasi-uniform partition of the domain
Ω into closed simplices or affine quadrilateral/hexahedral elements, denoted by  , as defined in (1.15). Also,
we use the notations established in Section (1.6).

The standard Galerkin semi-discretisation of (3.2) using the finite element space (1.15) reads:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

For almost all 𝑡 ∈ (0, 𝑇 ), find 𝑢ℎ ∈ 𝑉 such that
(𝜕𝑡𝑢ℎ, 𝑣ℎ)Ω + 𝑎(𝑢ℎ, 𝑣ℎ) = (𝑓, 𝑣ℎ)Ω ∀𝑣ℎ ∈ 𝑉 ,

𝑢ℎ(⋅, 0) = 𝑖ℎ𝑢0.

(3.5)

Similar to the Galerkin finite element method for steady-state problems, it is well-known that applying
the standard Galerkin finite element method to (3.2) in the convection-dominated regime results in discrete
solutions that are affected by global spurious oscillations. Consequently, these solutions often fail to satisfy
Assumption (C1) (see, e.g., [111] for a comprehensive overview).

To enhance stability, a common approach is add a linear stabilising term to suppress the oscillations
induced by the dominant convection. Several stabilisation techniques exist, with those based on adding
symmetric semi-positive-definite terms being particularly popular for time-dependent problems.

In this work, we use the continuous interior penalty (CIP) method, initially proposed in [36] and thor-
oughly analysed for time-dependent problems in [34]. The CIP method incorporates the following stabilising
term into the Galerkin scheme (3.5)

𝐽 (𝑢ℎ, 𝑣ℎ) = 𝛾
∑

𝐹∈𝐼
∫𝐹

‖𝜷‖0,∞,𝐹ℎ
2
𝐹 J𝛁𝑢ℎK ⋅ J𝛁𝑣ℎK d𝑠 , (3.6)
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where 𝛾 ≥ 0 is a non-dimensional constant, and thus it reads as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

For almost all 𝑡 ∈ (0, 𝑇 ), find 𝑢ℎ ∈ 𝑉 such that
(𝜕𝑡𝑢ℎ, 𝑣ℎ)Ω + 𝑎𝐽 (𝑢ℎ, 𝑣ℎ) = (𝑓, 𝑣ℎ)Ω ∀𝑣ℎ ∈ 𝑉 ,

𝑢ℎ(⋅, 0) = 𝑖ℎ𝑢0.

(3.7)

where
𝑎𝐽 (𝑢ℎ, 𝑣ℎ) ∶= 𝑎(𝑢ℎ, 𝑣ℎ) + 𝐽 (𝑢ℎ, 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉 . (3.8)

It is important to note that, although we have opted to use CIP stabilisation in this work, the results presented
here remain valid if any symmetric stabilisation is applied to the convective term. In particular, the results
presented herein hold for any of the stabilised methods analysed in [34].

While the addition of (3.8) helps remove spurious oscillations and ensures a stable solution, the resulting
discrete solution does not preserve the physical bounds given by (3.4). In the next section, we present the
key components for constructing a finite element method that enforces the bound (3.4) on its solution.

3.2.2 The admissible set

Assumption (C1) is analogous to Assumption (A1), with the distinction that (3.4) applies to time-dependent
problems. Assumption (C1) leads to the introduction of the following admissible set, which consists of finite
element functions that satisfy the bound (3.4) at their degrees of freedom

𝑉 +
 ∶= {𝑣ℎ(𝒙𝑖) ∈ 𝑉 ∶ 𝑣ℎ ∈ [0, 𝜅(𝑡)] for all 𝑖 = 1,… , 𝑁}. (3.9)

Every element 𝑣ℎ ∈ 𝑉 can be decomposed into the sum 𝑣ℎ = 𝑣+ℎ + 𝑣−ℎ , where 𝑣+ℎ and 𝑣−ℎ are defined as
follows

𝑣+ℎ =
𝑀
∑

𝑖=1
max

{

0,min{𝑣ℎ(𝒙𝑖), 𝜅(𝑡)}
}

𝜙𝑖 for 𝑡 ∈ (0, 𝑇 ], (3.10)

and

𝑣−ℎ = 𝑣ℎ − 𝑣+ℎ . (3.11)
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We refer to 𝑣+ℎ and 𝑣−ℎ as the constrained and complementary parts of 𝑣ℎ, respectively. Using this decompo-
sition, we define the following algebraic projection

(⋅)+ ∶ 𝑉 → 𝑉 +
 , 𝑣ℎ → 𝑣+ℎ . (3.12)

Remark 3.2.1. Strictly speaking (⋅)+ should be denoted by (⋅)+,𝑡, as 𝜅(𝑡) depends on 𝑡. To lighten the notation,

we will simply use (⋅)+ unless it is necessary to specify the time.

The following result, which has a proof identical to that of (2.2.4), but adapted for the time-dependent
(⋅)+ which has been defined in (3.12), will be useful in the analysis presented below.

Lemma 3.2.2. [5, Lemma 2.2] Let the operator (⋅)+ be defined as in (3.12). There exists a constant 𝐶 > 0,

independent of ℎ, such that for all 𝑡 ∈ [0, 𝑇 ], the following inequalities hold

‖𝑤+
ℎ − 𝑣+ℎ‖0,Ω ≤ 𝐶‖𝑤ℎ − 𝑣ℎ‖0,Ω, (3.13)

‖𝑣+ℎ‖0,Ω ≤ 𝐶𝜅(𝑡), (3.14)

for all 𝑤ℎ, 𝑣ℎ ∈ 𝑉 .

3.3 The finite element method

In this section, we propose a time-space discretisation of (3.7). Let 𝑁 > 0 be a given positive integer. We
partition the time interval [0, 𝑇 ] as 𝑡0 = 0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑁 = 𝑇 , with the time step size defined as
Δ𝑡𝑛 ∶= 𝑡𝑛− 𝑡𝑛−1. For simplicity, we assume a uniform time step size, i.e., Δ𝑡𝑛 = Δ𝑡 = 𝑇

𝑁
. The discrete value

𝑢𝑛ℎ ∈ 𝑉 represents the approximation of 𝑢𝑛 = 𝑢(𝑡𝑛) in 𝑉 for 0 ≤ 𝑛 ≤ 𝑁 . We define

𝛿𝑢𝑛ℎ ∶=
𝑢𝑛ℎ − 𝑢

𝑛−1
ℎ

Δ𝑡
, 𝑡𝑛−1+𝜃 = 𝜃𝑡𝑛 + (1 − 𝜃)𝑡𝑛−1 ,

𝑢𝑛−1+𝜃ℎ ∶ = 𝜃𝑢𝑛ℎ + (1 − 𝜃)𝑢𝑛−1ℎ , 𝑓 𝑛−1+𝜃 ∶= 𝜃𝑓 𝑛 + (1 − 𝜃)𝑓 𝑛−1

.
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With these notations, the finite element method used in this work reads as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

For 1 ≤ 𝑛 ≤ 𝑁 , find 𝑢𝑛ℎ ∈ 𝑉 such that
(𝛿(𝑢𝑛ℎ)

+, 𝑣ℎ)Ω + 𝑎ℎ(𝑢𝑛−1+𝜃ℎ ; 𝑣ℎ) = (𝑓 𝑛−1+𝜃, 𝑣ℎ)Ω ∀𝑣ℎ ∈ 𝑉 ,

𝑢0ℎ = 𝑖ℎ𝑢0.

(3.15)

Here, 𝑎ℎ(⋅; ⋅) is defined as

𝑎ℎ(𝑢𝑛−1+𝜃ℎ ; 𝑣ℎ) ∶= 𝜃𝑎𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ) + (1 − 𝜃)𝑎𝐽 ((𝑢𝑛−1ℎ )+, 𝑣ℎ) + 𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ) , (3.16)

where the stabilisation term 𝑠(⋅, ⋅) is defined as

𝑠(𝑣ℎ, 𝑤ℎ) ∶= 𝛼
𝑀
∑

𝑖=1

(

𝜀𝔥(𝒙𝑖)𝑑−2 + ‖𝜷(𝒙, 𝑡𝑛)‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−1 +

( 1
Δ𝑡

+ 𝜇
)

𝔥(𝒙𝑖)𝑑
)

𝑣ℎ(𝒙𝑖)𝑤ℎ(𝒙𝑖). (3.17)

Setting 𝜀̃ = Δ𝑡𝜃𝜀, 𝜷̃ = Δ𝑡𝜃𝜷, 𝜇̃ = (𝜇Δ𝑡𝜃 + 1) and 𝐽 (⋅, ⋅) = Δ𝑡𝜃𝐽 (⋅, ⋅), we can define the following norm
at each time step 𝑡𝑛:

‖𝑣ℎ‖ℎ,𝜃Δ𝑡 ∶=
(

𝜀̃‖∇𝑣ℎ‖20,Ω + 𝜇̃‖𝑣ℎ‖20,Ω+𝐽 (𝑣ℎ, 𝑣ℎ)
)

1
2 . (3.18)

In addition, the stabilising form 𝑠(⋅, ⋅) for 0 ≤ 𝑛 ≤ 𝑁 induces the following norm on 𝑉

‖𝑣ℎ‖𝑠 ∶=
√

𝑠(𝑣ℎ, 𝑣ℎ) . (3.19)

Remark 3.3.1. This stabilisation term (3.17) differs from the stabilisation term (2.17) used in the previous

chapter. The inclusion of the factor 1
Δ𝑡

in the stabilisation was primarily motivated by the performance

of the nonlinear solver. Without this factor, the nonlinear solver exhibited significantly slower convergence.

Additionally, as demonstrated below, the factor 1
Δ𝑡 ensures the dominance of the ‖⋅‖𝑠 norm over the ‖𝑣ℎ‖ℎ,𝜃Δ𝑡

norm.

The following result is a direct consequence of Lemma (1.6.21), and the proof is very similar, so we omit
it.

Lemma 3.3.2. [5, Lemma 3.1] There exists a constant 𝐶equiv > 0, depending only on the shape regularity
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of  , such that

‖𝑣ℎ‖
2
ℎ,𝜃Δ𝑡 ≤ Δ𝑡

𝐶equiv

𝛼
‖𝑣ℎ‖

2
𝑠 ∀𝑣ℎ ∈ 𝑉 . (3.20)

At each time-level 0 ≤ 𝑛 ≤ 𝑁 , the finite element method (3.15) is a particular case of the finite element
method proposed in chapter 2 (see also [4]). In fact, at each time step 1 ≤ 𝑛 ≤ 𝑁 , (3.15) can be written as

((𝑢𝑛ℎ)
+, 𝑣ℎ)Ω + Δ𝑡𝜃𝑎𝐽 ((𝑢𝑛ℎ)

+, 𝑣ℎ) + Δ𝑡𝑠((𝑢𝑛ℎ)
−, 𝑣ℎ) = 𝐹 𝑛(𝑣ℎ) ∀𝑣ℎ ∈ 𝑉 , (3.21)

where 𝑎𝐽 (⋅, ⋅) is defined in (3.8), and

𝐹 𝑛(𝑣ℎ) ∶= Δ𝑡(𝑓 𝑛−1+𝜃, 𝑣ℎ)Ω − Δ𝑡(1 − 𝜃)𝜀
(

∇(𝑢𝑛−1ℎ )+,∇𝑣ℎ
)

Ω − Δ𝑡(1 − 𝜃)(𝜷 ⋅ ∇
(

𝑢𝑛−1ℎ )+, 𝑣ℎ
)

Ω

− (𝜇Δ𝑡(1 − 𝜃) − 1)
(

(𝑢𝑛−1ℎ )+, 𝑤ℎ
)

Ω − Δ𝑡(1 − 𝜃)𝐽 ((𝑢𝑛−1ℎ )+, 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉 . (3.22)

The realisation that at each time step the method (3.15) is related to the method proposed in [4] will be
instrumental in the well-posedness result presented in the next section.

3.3.1 Well-posedness

In this section, we analyse the well-posedness of (3.15). The first step is given by the following monotonicity
result, whose proof is analogous to that of Lemma 1.6.22, but adapted for (3.17).
Lemma 3.3.3. [5, Lemma 3.3] The bilinear form 𝑠(⋅, ⋅) defined in (3.17) satisfies the following inequalities:

𝑠(𝑣−ℎ −𝑤−
ℎ , 𝑣

+
ℎ −𝑤+

ℎ ) ≥ 0 , (3.23)
𝑠(𝑣−ℎ , 𝑤

+
ℎ − 𝑣+ℎ ) ≤ 0 , (3.24)

for every 𝑣ℎ, 𝑤ℎ ∈ 𝑉 .

We now address the well-posedness of (3.15). To this end, we leverage the connection highlighted at the
end of the previous section. Specifically, we employ a similar approach to the one used in Theorem 2.3.3
to show that for each 𝑛 = 1,… , 𝑁 , the problem (3.21) has a unique solution. This, in turn, implies that the
problem (3.15) is well-posed.
Theorem 3.3.4. [5, Theorem 3.4] Let 𝑛 = 1,… , 𝑁 , then,

a. There exists 𝑢𝑛ℎ ∈ 𝑉 that solves (3.21).
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b. (𝑢𝑛ℎ)
+ ∈ 𝑉 +

 satisfies

((𝑢𝑛ℎ)
+, 𝑣ℎ − (𝑢𝑛ℎ)

+)Ω + Δ𝑡𝜃𝑎𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ − (𝑢𝑛ℎ)

+) ≥ 𝐹 𝑛(𝑣ℎ − (𝑢𝑛ℎ)
+) ∀𝑣ℎ ∈ 𝑉 +

 . (3.25)

c. (𝑢𝑛ℎ)
− is the unique solution of

Δ𝑡𝑠((𝑢𝑛ℎ)
−, 𝑣ℎ) = 𝐹 𝑛(𝑣ℎ) − ((𝑢𝑛ℎ)

+, 𝑣ℎ)Ω + Δ𝑡𝜃𝑎𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ) ∀𝑣ℎ ∈ 𝑉 . (3.26)

d. The solution of (3.21) is unique.

Proof. a. We begin by defining the following bilinear form

𝐵(𝑣ℎ, 𝑤ℎ) ∶= Δ𝑡𝜃𝜀
(

∇𝑣ℎ,∇𝑤ℎ
)

Ω + (𝜇Δ𝑡𝜃 + 1)(𝑣ℎ, 𝑤ℎ)Ω + Δ𝑡𝜃𝐽 (𝑣ℎ, 𝑤ℎ) ∀𝑣ℎ, 𝑤ℎ ∈ 𝑉 ,

and the mapping

𝑇 ∶𝑉 ⟶ 𝑉 ,

𝑢̂𝑛ℎ ⟶ 𝑢𝑛ℎ = 𝑇 (𝑢̂𝑛ℎ), 𝑛 = 1,⋯ , 𝑁

where 𝑢𝑛ℎ = 𝑇 (𝑢̂𝑛ℎ) solves the following equation

𝐵((𝑢𝑛ℎ)
+, 𝑣ℎ) + Δ𝑡𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ) = 𝐹 (𝑣ℎ) − Δ𝑡𝜃(𝜷 ⋅ ∇((𝑢̂𝑛ℎ)
+, 𝑣ℎ)Ω, (3.27)

at each time-level 1 ≤ 𝑛 ≤ 𝑁 , 𝐹 (⋅) is defined in (3.21-2). It can be observed that 𝑢𝑛ℎ satisfies (3.21) if and
only if 𝑇 (𝑢𝑛ℎ) = 𝑢𝑛ℎ. Therefore, the proof proceeds by showing that the operator 𝑇 satisfies the conditions
required by Brouwer’s Fixed Point Theorem (Theorem 1.2.4).
i) 𝑇 is well-defined: To prove that 𝑇 is well-defined, we see that (3.27) is a particular example of the finite
element method (1.64). So, applying 1.6.23, there exists a unique solution 𝑢𝑛ℎ ∈ 𝑉 of (3.27), and thus 𝑇 is
well-defined.
ii) 𝑇 is continuous: Using the monotonicity result from Theorem 1.6.23 for all 𝑣ℎ, 𝑤ℎ ∈ 𝑉 , we have

𝐵(𝑣+ℎ −𝑤+
ℎ , 𝑣ℎ −𝑤ℎ) + Δ𝑡𝑠(𝑣−ℎ −𝑤−

ℎ , 𝑣ℎ −𝑤ℎ) ≥ 𝐶‖𝑣ℎ −𝑤ℎ‖
2
ℎ,𝜃Δ𝑡.

Next, suppose that for 𝑣̂ℎ, 𝑤̂ℎ ∈ 𝑉 and let 𝑣ℎ = 𝑇 (𝑣̂ℎ) and 𝑤ℎ = 𝑇 (𝑤̂ℎ). Then, using integrating by parts,
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Lemma 3.2.2, and (3.18), we get

𝐶‖𝑣ℎ −𝑤ℎ‖
2
ℎ,𝜃Δ𝑡 ≤ 𝐵(𝑣+ℎ −𝑤+

ℎ , 𝑣ℎ −𝑤ℎ) + 𝑠(𝑣−ℎ −𝑤−
ℎ , 𝑣ℎ −𝑤ℎ)

= −𝜃Δ𝑡(𝜷 ⋅ ∇(𝑣̂+ℎ − 𝑤̂+
ℎ ), 𝑣ℎ −𝑤ℎ)Ω

= 𝜃Δ𝑡(𝑣̂+ℎ − 𝑤̂+
ℎ , 𝜷 ⋅ ∇(𝑣ℎ −𝑤ℎ))Ω

≤ 𝐶𝜃Δ𝑡‖𝜷‖0,∞,Ω‖𝑣̂ℎ − 𝑤̂ℎ‖0,Ω|𝑣ℎ −𝑤ℎ|1,Ω

≤ 𝐶𝜃Δ𝑡𝜀̃−
1
2
‖𝜷‖0,∞,Ω‖𝑣̂ℎ − 𝑤̂ℎ‖0,Ω|𝜀̃

1
2 (𝑣ℎ −𝑤ℎ)|1,Ω

≤ 𝐶𝜃Δ𝑡𝜀̃−
1
2
‖𝜷‖0,∞,Ω‖𝑣̂ℎ − 𝑤̂ℎ‖0,Ω‖𝑣ℎ −𝑤ℎ‖ℎ,𝜃Δ𝑡.

Therefore

‖𝑇 (𝑣̂ℎ) − 𝑇 (𝑤̂ℎ)‖ℎ,𝜃Δ𝑡 ≤ 𝐶𝜃Δ𝑡𝜀̃−
1
2
‖𝜷‖0,∞,Ω‖𝑣̂ℎ − 𝑤̂ℎ‖0,Ω,

and 𝑇 is Lipschitz continuous.
iii) There exists 𝑅 > 0, such that 𝑇 (𝐵(0, 𝑅)) ⊆ 𝐵(0, 𝑅): Let 𝑧̂ℎ ∈ 𝑉 be arbitrary and 𝑧ℎ = 𝑇 (𝑧̂ℎ). By using
𝑣ℎ = 𝑧+ℎ in (3.27), we get

𝐵(𝑧+ℎ , 𝑧
+
ℎ ) + Δ𝑡𝑠(𝑧−ℎ , 𝑧

+
ℎ )

⏟⏞⏞⏞⏟⏞⏞⏞⏟
≥0

= 𝐹 (𝑧+ℎ ) − 𝜃Δ𝑡(𝜷 ⋅ ∇𝑧̂+ℎ , 𝑧
+
ℎ )Ω ≤𝑀‖𝑧+ℎ‖ℎ,𝜃Δ𝑡. (3.28)
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In fact, using the Cauchy-Schwarz, since 𝜇̃ = 1 + 𝜇𝜃Δ𝑡 ≠ 0 and if 𝜃 ≥ 1

2
, we have

𝐹 (𝑧+ℎ ) ≤ 𝐶
(

Δ𝑡 ∥ 𝑓 𝑛−1+𝜃 ∥0,Ω∥ 𝑧+ℎ ∥0,Ω

+ (Δ𝑡(1 − 𝜃)𝜀)
1
2
|(𝑢𝑛−1ℎ )+|1,Ω(Δ𝑡(1 − 𝜃)𝜀)

1
2
|𝑧+ℎ |1,Ω

+ Δ𝑡(1 − 𝜃)‖𝜷‖0,∞,Ω|(𝑢𝑛−1ℎ )+|1,Ω ∥ 𝑧+ℎ ∥0,Ω

+ ∥ (1 + 𝜇Δ𝑡(1 − 𝜃))
1
2 (𝑢𝑛−1ℎ )+ ∥0,Ω∥ (1 + 𝜇Δ𝑡(1 − 𝜃))

1
2 𝑧+ℎ ∥0,Ω

+Δ𝑡(1 − 𝜃)𝐽 ((𝑢𝑛−1ℎ )+, (𝑢𝑛−1ℎ )+)
1
2𝐽 (𝑧+ℎ , 𝑧

+
ℎ )

1
2

)

≤ 𝐶
(

Δ𝑡 ∥ 𝑓 𝑛−1+𝜃 ∥0,Ω 𝜇̃
− 1

2 ∥ 𝜇̃
1
2 𝑧+ℎ ∥0,Ω +𝜀̃

1
2
|(𝑢𝑛−1ℎ )+|1,Ω𝜀̃

1
2
|𝑧+ℎ |1,Ω (3.29)

+Δ𝑡𝜃‖𝜷‖0,∞,Ω𝜀̃
− 1

2 𝜇̃−
1
2
|𝜀̃

1
2 (𝑢𝑛−1ℎ )+|1,Ω ∥ 𝜇̃

1
2 𝑧+ℎ ∥0,Ω

+ ∥ 𝜇̃
1
2 (𝑢𝑛−1ℎ )+ ∥0,Ω∥ 𝜇̃

1
2 𝑧+ℎ ∥0,Ω +Δ𝑡𝜃𝐽 ((𝑢𝑛−1ℎ )+, (𝑢𝑛−1ℎ )+)

1
2𝐽 (𝑧+ℎ , 𝑧

+
ℎ )

1
2

)

≤ 𝐶
(

Δ𝑡𝜇̃−
1
2 ∥ 𝑓 𝑛−1+𝜃 ∥0,Ω +Δ𝑡𝜃‖𝜷‖0,∞,Ω𝜀̃

− 1
2 𝜇̃−

1
2
‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡

+‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡
)

‖𝑧+ℎ‖ℎ,𝜃Δ𝑡

also, by integrating by parts, we have

𝜃Δ𝑡(𝜷 ⋅ ∇𝑧̂+ℎ , 𝑧
+
ℎ )Ω ≤ Δ𝑡𝜃‖𝜷‖0,∞,Ω𝜀̃

− 1
2 ∥ 𝑧̂+ℎ ∥0,Ω |𝜀̃

1
2 𝑧+ℎ |1,Ω

≤ 𝜃Δ𝑡𝜀̃−
1
2
‖𝑧̂+ℎ‖0,Ω‖𝜷‖0,∞,Ω ∥ 𝑧+ℎ ∥ℎ,𝜃Δ𝑡 .

So, if we use (3.14) and set

𝑀 ∶= 𝐶
(

Δ𝑡𝜇̃−
1
2 ∥ 𝑓 𝑛−1+𝜃 ∥0,Ω +Δ𝑡𝜃‖𝜷‖0,∞,Ω𝜀̃

− 1
2 𝜇̃−

1
2
‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡

+‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡 + 𝜃Δ𝑡𝜀̃
− 1

2𝜅(𝑡)‖𝜷‖0,∞,Ω
)

, (3.30)

then, (3.28) leads to

‖𝑧+ℎ‖ℎ,𝜃Δ𝑡 ≤𝑀 .

Next, we take 𝑣ℎ = 𝑧−ℎ in (3.27). Using computations analogous to those in (3.28) for 𝐹 (𝑧−ℎ ), i.e. by
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integrating by parts, using Cauchy-Schwarz and (3.14), we get

𝐵(𝑧+ℎ , 𝑧
−
ℎ ) + Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ ) = 𝐹 (𝑧−ℎ ) − 𝜃Δ𝑡(𝜷 ⋅ ∇𝑧̂+ℎ , 𝑧

−
ℎ )Ω

≤ 𝐶
(

Δ𝑡𝜇̃−
1
2 ∥ 𝑓 𝑛−1+𝜃 ∥0,Ω +Δ𝑡𝜃‖𝜷‖0,∞,Ω𝜀̃

− 1
2 𝜇̃−

1
2
‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡

+‖(𝑢𝑛−1ℎ )+‖ℎ,𝜃Δ𝑡 + 𝜃Δ𝑡𝜀̃
− 1

2𝜅(𝑡)‖𝜷‖0,∞,Ω
)

∥ 𝑧−ℎ ∥ℎ,𝜃Δ𝑡

≤𝑀‖𝑧−ℎ‖ℎ,𝜃Δ𝑡,

and by (3.20) and Young’s inequality

𝐵(𝑧+ℎ , 𝑧
−
ℎ ) + Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ ) ≤

𝐶equiv

𝛼
𝑀Δ𝑡‖𝑧−ℎ‖

2
𝑠

≤ Δ𝑡
2

(𝐶equiv

𝛼
𝑀

)2

+
Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ )

2

=∶
𝑀1
2

+
Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ )

2
.

Using Cauchy-Schwarz’s and Young’s inequalities for 𝐵(𝑧+ℎ , 𝑧−ℎ ) yields

−𝜆𝐵(𝑧−ℎ , 𝑧
−
ℎ ) + Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ ) ≤𝑀1 + 𝐶𝜆−1𝐵(𝑧+ℎ , 𝑧

+
ℎ ) ≤𝑀1 + 𝐶𝑀2,

for any 𝜆 > 0. Then, choosing 𝜆 small enough, and using Lemma 3.3.2, we get

‖𝑧−ℎ‖ℎ,𝜃Δ𝑡 ≤ 𝐶
(

− 𝜆𝐵(𝑧−ℎ , 𝑧
−
ℎ ) + Δ𝑡𝑠(𝑧−ℎ , 𝑧

−
ℎ )
)

≤ 𝐶2(𝑓 𝑛−1+𝜃, 𝑢𝑛−1ℎ , 𝜀̃, 𝜇̃, 𝜷, 𝜅(𝑡𝑛), ℎ,Δ𝑡),

where𝐶2(𝑓 𝑛−1+𝜃, 𝑢𝑛−1ℎ , 𝜀̃, 𝜇̃, 𝜷, 𝜅(𝑡), ℎ,Δ𝑡) =𝑀1+𝐶𝑀 . Hence, 𝑧ℎ = 𝑇 (𝑧̂ℎ) satisfies the following (uniform)
bound

‖𝑧ℎ‖ℎ,𝜃Δ𝑡 ≤ ‖𝑧−ℎ‖ℎ,𝜃Δ𝑡 + ‖𝑧+ℎ‖ℎ,𝜃Δ𝑡 ≤𝑀 + 𝐶2(𝑓 𝑛−1+𝜃, 𝑢𝑛−1ℎ , 𝜀̃, 𝜇̃, 𝜷, 𝜅(𝑡𝑛), ℎ,Δ𝑡) =∶ 𝑅.

Therefore, 𝑧ℎ = 𝑇 (𝑧̂ℎ) ∈ 𝐵(0, 𝑅), for every 𝑧̂ℎ ∈ 𝑉 , which shows that 𝑇 (𝐵(0, 𝑅)) ⊆ 𝐵(0, 𝑅). Hence, using
Brouwer’s fixed point theorem, there exists one 𝑢𝑛ℎ ∈ 𝑉 such that 𝑇 (𝑢𝑛ℎ) = 𝑢𝑛ℎ. In other words, problem
(3.21) has at least one solution.

The proofs of (b) and (c) are identical to those of Lemma 2.3.4. Finally, the proof of (d) is identical to
that of Corollary (2.3.5).
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Remark 3.3.5. It is worth mentioning that, due to the equivalence between (3.15) and the variational in-

equality (3.25), and the well-posedness of the latter, (𝑢𝑛ℎ)
+ is independent of the choice of the stabilisation,

as long as it satisfies (3.20) and (3.23). In particular, all the mentioned methods proven in this work are

remained valid if 𝑠(⋅, ⋅) defined in (3.17) is replaced by

𝑠(𝑣ℎ, 𝑤ℎ) ∶= 𝛼
𝑀
∑

𝑖=1

(

𝜀𝔥(𝒙𝑖)𝑑−2 + ‖𝜷(𝒙, 𝑡𝑛)‖0,∞,𝜔𝑖𝔥(𝒙𝑖)
𝑑−1 + 𝜇𝔥(𝒙𝑖)𝑑

)

𝑣ℎ(𝒙𝑖)𝑤ℎ(𝒙𝑖).

In this case, the solution (𝑢𝑛ℎ)
+ remains unchanged, as it still satisfies (3.25), meaning the overall analysis

remains the same.

3.4 Stability and Error analysis

This section focuses on establishing a stability result and deriving optimal error estimates for the method (3.15)
in the particular case where 𝜃 = 1, which corresponds to the use of the implicit Euler method for time dis-
cretisation. The analysis for 1

2
≤ 𝜃 < 1 involves substantial technical obstacles, and we were unable to

establish the required estimates within this work.
For 𝜃 = 1, the method (3.15) takes the following form:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

For 1 ≤ 𝑛 ≤ 𝑁 , find 𝑢ℎ ∈ 𝑉 such that
(𝛿(𝑢𝑛ℎ)

+, 𝑣ℎ)Ω + 𝑎ℎ(𝑢𝑛ℎ; 𝑣ℎ) = (𝑓 𝑛, 𝑣ℎ)Ω ∀𝑣ℎ ∈ 𝑉 ,

𝑢0ℎ = 𝑖ℎ𝑢0.

(3.31)

To prove the stability, we use the test function 𝑣ℎ = (𝑢𝑛ℎ)
+ in (3.31), and obtain

(𝛿(𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)Ω + 𝜀(∇(𝑢𝑛ℎ)
+,∇(𝑢𝑛ℎ)

+)Ω + (𝜷 ⋅ ∇(𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)Ω

+ 𝜇((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)Ω + 𝐽 ((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+) + 𝑠((𝑢𝑛ℎ)
−, (𝑢𝑛ℎ)

+) = (𝑓 𝑛, (𝑢𝑛ℎ)
+)Ω,

or, equivalently, using that (𝜷 ⋅ ∇(𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)

Ω = 0,

((𝑢𝑛ℎ)
+ − (𝑢𝑛−1ℎ )+, (𝑢𝑛ℎ)

+)Ω + Δ𝑡
{

𝜀 |(𝑢𝑛ℎ)
+
|

2
1,Ω

+𝜇 ‖(𝑢𝑛ℎ)
+
‖

2
0,Ω + 𝐽 ((𝑢𝑛ℎ)

+, (𝑢𝑛ℎ)
+)
}

+ Δ𝑡𝑠((𝑢𝑛ℎ)
−, (𝑢𝑛ℎ)

+) = Δ𝑡(𝑓 𝑛, (𝑢𝑛ℎ)
+)Ω.
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The relation 2𝑝(𝑝−𝑞) = 𝑝2+(𝑝−𝑞)2−𝑞2, the Cauchy-Schwarz inequality, and the fact that 𝑠((𝑢𝑛ℎ)−, (𝑢𝑛ℎ)+) ≥ 0

(by Lemma 1.6.22) lead to

∥ (𝑢𝑛ℎ)
+ ∥20,Ω− ∥ (𝑢𝑛−1ℎ )+ ∥20,Ω + ∥ (𝑢𝑛ℎ)

+ − (𝑢𝑛−1ℎ )+ ∥20,Ω +2Δ𝑡
{

𝜀|(𝑢𝑛ℎ)
+
|

2
1,Ω

+𝜇 ∥ (𝑢𝑛ℎ)
+ ∥20,Ω +𝐽 ((𝑢𝑛ℎ)

+, (𝑢𝑛ℎ)
+)
}

≤ 2Δ𝑡 ∥ 𝑓 𝑛 ∥0,Ω∥ (𝑢𝑛ℎ)
+ ∥0,Ω . (3.32)

Using Young’s inequality for the right hand side and then summing through 𝑛, 𝑛 = 0,… , 𝑚, we get that

∥ (𝑢𝑚ℎ )
+ ∥20,Ω +

𝑚
∑

𝑛=0
∥ (𝑢𝑛ℎ)

+ − (𝑢𝑛−1ℎ )+ ∥20,Ω +2
𝑚
∑

𝑛=0
Δ𝑡

{

𝜀|(𝑢𝑛ℎ)
+
|

2
1,Ω + 𝜇 ∥ (𝑢𝑛ℎ)

+ ∥20,Ω

+𝐽 ((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)
}

≤∥ 𝑢0ℎ ∥
2
0,Ω +

𝑚
∑

𝑛=0
Δ𝑡

(

𝑇 ∥ 𝑓 𝑛 ∥20,Ω + 1
𝑇

∥ (𝑢𝑛ℎ)
+ ∥20,Ω

)

.

If we set 𝑎𝑛 =∥ (𝑢𝑛ℎ)
+ ∥20,Ω, 𝐵 =∥ 𝑢0ℎ ∥

2
0,Ω, 𝑘 = 1, 𝛾𝑛 = Δ𝑡

𝑇
and 𝜎𝑛 =

(

1 − Δ𝑡
𝑇

)−1, 𝑐𝑛 = Δ𝑡𝑇 ∥ 𝑓 𝑛 ∥20,Ω and

𝑏𝑛 =2Δ𝑡
(

𝜀|(𝑢𝑛ℎ)
+
|

2
1,Ω + 𝜇 ∥ (𝑢𝑛ℎ)

+ ∥20,Ω +𝐽 ((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)
)

,

then using the Grönwall’s inequality Lemma 1.3.3, we get

∥ (𝑢𝑚ℎ )
+ ∥20,Ω + 2Δ𝑡

𝑚
∑

𝑛=0

(

𝜀|(𝑢𝑛ℎ)
+
|

2
1,Ω + 𝜇 ∥ (𝑢𝑛ℎ)

+ ∥20,Ω +𝐽 ((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)
)

≤ exp

( 𝑚
∑

𝑛=0

Δ𝑡
𝑇

(

1 − Δ𝑡
𝑇

)−1
)(

∥ 𝑢0ℎ ∥
2
0,Ω +Δ𝑡𝑇

𝑚
∑

𝑛=0
∥ 𝑓 𝑛 ∥20,Ω

)

.

In this way we have proved the following stability result for the scheme (3.31).

Lemma 3.4.1. Let 𝑢𝑛ℎ ∈ 𝑉 , for 𝑛 = 1,… , 𝑁 solve (3.31). Then the following stability estimates holds true:

max
1≤𝑚≤𝑁

∥ (𝑢𝑚ℎ )
+ ∥20,Ω + 2Δ𝑡

𝑁
∑

𝑛=0

(

𝜀|(𝑢𝑛ℎ)
+
|

2
1,Ω + 𝜇 ∥ (𝑢𝑛ℎ)

+ ∥20,Ω +𝐽 ((𝑢𝑛ℎ)
+, (𝑢𝑛ℎ)

+)
)

≤ 𝑒2
(

∥ 𝑢0ℎ ∥
2
0,Ω +Δ𝑡𝑇

𝑁
∑

𝑛=0
∥ 𝑓 𝑛 ∥20,Ω

)

.

Remark 3.4.2. In the particular case 𝑓 = 0, (3.32) implies that

∥ (𝑢𝑚ℎ )
+ ∥0,Ω≤∥ 𝑢0ℎ ∥0,Ω ,
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and then (3.31) is strongly stability preserving. □

The next result states optimal order error estimates for the method (3.31).

Theorem 3.4.3. Let 𝑢0 ∈ 𝐻𝑘+1(Ω), 𝑢 ∈ 𝐿∞((0, 𝑇 );𝐻𝑘+1(Ω)) ∩𝐻1((0, 𝑇 );𝐻𝑘+1(Ω)) ∩𝐻2((0, 𝑇 );𝐿2(Ω))

be the solution of (3.1), 𝑢(⋅, 𝑡) ∈ 𝐻1
0 (Ω) for almost all 𝑡 ∈ [0, 𝑇 ], and 𝑢𝑛ℎ ∈ 𝑉 be the solution of (3.31) at

the time step 𝑛. Then, defining 𝐸𝑚 = (𝑢𝑚ℎ )
+ − 𝑢𝑚, there exists a constant 𝐶 > 0, independent of ℎ,Δ𝑡 and

any physical parameter, such that

max
1≤𝑚≤𝑁

∥ 𝐸𝑚 ∥20,Ω +Δ𝑡
𝑁
∑

𝑛=1

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 𝐶𝑒2
[

ℎ2𝑘
{

Δ𝑡
𝑁
∑

𝑛=0

(

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω + ℎ𝛾‖𝜷‖0,∞,Ω + ℎ2𝑇𝜇2
)

|𝑢𝑛|2𝑘+1,Ω

+ ℎ2 max
1≤𝑚≤𝑁

|𝑢𝑚|2𝑘+1,Ω + 𝑇ℎ2 ∫

𝑇

0
|𝜕𝑡𝑢(𝑡)|2𝑘+1,Ωd𝑡

}

+ Δ𝑡2𝑇 ∫

𝑇

0
∥ 𝜕𝑡𝑡𝑢(𝑡) ∥20,Ω d𝑡

]

. (3.33)

Proof. For 𝑛 = 1,… , 𝑁 we decompose 𝐸𝑛 = (𝑢𝑛ℎ)
+ − 𝑢𝑛 as

𝐸𝑛 = (𝑢𝑛ℎ)
+ − 𝑢𝑛 =

(

(𝑢𝑛ℎ)
+ − 𝑖ℎ𝑢𝑛

)

+
(

𝑖ℎ𝑢
𝑛 − 𝑢𝑛

)

=∶ 𝐸𝑛
ℎ + 𝜂

𝑛
ℎ, (3.34)

where we recall that 𝑖ℎ𝑢𝑛 is the Lagrange interpolant (1.22) of 𝑢𝑛. Subtracting (3.3) from the method (3.31)
we arrive at the following error equation

(

𝛿(𝑢𝑛ℎ)
+ − 𝜕𝑡𝑢𝑛, 𝑣ℎ

)

Ω + 𝜀
(

∇((𝑢𝑛ℎ)
+ − 𝑢𝑛),∇𝑣ℎ

)

Ω +
(

𝜷 ⋅ ∇((𝑢𝑛ℎ)
+ − 𝑢𝑛), 𝑣ℎ

)

Ω

+ 𝜇
(

(𝑢𝑛ℎ)
+ − 𝑢𝑛, 𝑣ℎ

)

Ω + 𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ) + 𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ) = 0. (3.35)

Rearranging and using (3.34),we get

(𝛿𝐸𝑛
ℎ, 𝑣ℎ)Ω + 𝜀

(

∇𝐸𝑛
ℎ,∇𝑣ℎ

)

Ω + (𝜷 ⋅ ∇𝐸𝑛
ℎ, 𝑣ℎ)Ω + 𝜇(𝐸𝑛

ℎ, 𝑣ℎ)Ω + 𝐽 ((𝑢𝑛ℎ)
+, 𝑣ℎ) + 𝑠((𝑢𝑛ℎ)

−, 𝑣ℎ)

= −(𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛, 𝑣ℎ)Ω − 𝜀(∇𝜂𝑛ℎ,∇𝑣ℎ)Ω − (𝜷 ⋅ ∇𝜂𝑛ℎ, 𝑣ℎ)Ω − 𝜇(𝜂𝑛ℎ, 𝑣ℎ)Ω. (3.36)

Since 𝑢𝑛 ∈ 𝐻2(Ω), then 𝐽 (𝑢𝑛, 𝑣) = 0, and so we deduce that

𝐽 ((𝑢𝑛ℎ)
+, 𝑣) = 𝐽 ((𝑢𝑛ℎ)

+ − 𝑢𝑛, 𝑣) = 𝐽 (𝐸𝑛
ℎ, 𝑣) + 𝐽 (𝜂

𝑛
ℎ, 𝑣).
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Using the test function 𝑣ℎ = 𝐸𝑛

ℎ in (3.36) and (𝜷 ⋅ ∇𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)Ω = 0, we get

(𝛿𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)Ω + 𝜀 |𝐸𝑛

ℎ|
2
1,Ω + 𝜇 ‖𝐸𝑛

ℎ‖
2
0,Ω + 𝐽 (𝐸𝑛

ℎ, 𝐸
𝑛
ℎ) + 𝑠((𝑢

𝑛
ℎ)

−, 𝐸𝑛
ℎ)

= −(𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛, 𝐸𝑛
ℎ)Ω − 𝜀

(

∇𝜂𝑛ℎ,∇𝐸
𝑛
ℎ
)

Ω − (𝜷 ⋅ ∇𝜂𝑛ℎ, 𝐸
𝑛
ℎ)Ω − 𝜇(𝜂𝑛ℎ, 𝐸

𝑛
ℎ)Ω − 𝐽 (𝜂𝑛ℎ, 𝐸

𝑛
ℎ). (3.37)

Since (𝑖ℎ𝑢𝑛)− = 0, the monotonicity inequality (3.24) yields

𝑠((𝑢𝑛ℎ)
−, 𝐸𝑛

ℎ) = 𝑠((𝑢𝑛ℎ)
−, (𝑢𝑛ℎ)

+ − 𝑖ℎ𝑢𝑛) = 𝑠((𝑢𝑛ℎ)
− − (𝑖ℎ𝑢𝑛)−, (𝑢𝑛ℎ)

+ − (𝑖ℎ𝑢𝑛)+) ≥ 0. (3.38)

So, using the relation 2𝑝(𝑝−𝑞) = 𝑝2+(𝑝−𝑞)2−𝑞2 for the first term of (3.37), applying the inequality (3.38),
next using the Cauchy–Schwarz inequality and then Young’s inequality for the terms on the right hand side,
we get

∥ 𝐸𝑛
ℎ ∥20,Ω− ∥ 𝐸𝑛−1

ℎ ∥20,Ω + ∥ 𝐸𝑛
ℎ − 𝐸

𝑛−1
ℎ ∥20,Ω +2Δ𝑡

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 2Δ𝑡
(

∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥0,Ω∥ 𝐸𝑛
ℎ ∥0,Ω +𝜀|𝜂𝑛ℎ|1,Ω|𝐸

𝑛
ℎ|1,Ω+ ∥ 𝜷 ⋅ ∇𝜂𝑛ℎ ∥0,Ω∥ 𝐸

𝑛
ℎ ∥0,Ω

+ 𝜇 ∥ 𝜂𝑛ℎ ∥0,Ω∥ 𝐸
𝑛
ℎ ∥0,Ω +𝐽 (𝜂𝑛ℎ, 𝜂

𝑛
ℎ)

1
2𝐽 (𝐸𝑛

ℎ, 𝐸
𝑛
ℎ)

1
2

)

≤ Δ𝑡
(

𝜀|𝜂𝑛ℎ|
2
1,Ω + 𝜀|𝐸𝑛

ℎ|
2
1,Ω + 𝑇

(

∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥0,Ω + ∥ 𝜷 ⋅ ∇𝜂𝑛ℎ ∥0,Ω +𝜇 ∥ 𝜂𝑛ℎ ∥0,Ω
)2

+ 1
𝑇

∥ 𝐸𝑛
ℎ ∥20,Ω +𝐽 (𝐸𝑛

ℎ, 𝐸
𝑛
ℎ) + 𝐽 (𝜂

𝑛
ℎ, 𝜂

𝑛
ℎ)
)

.

Rearranging terms on the both sides of the inequality yields

∥ 𝐸𝑛
ℎ ∥20,Ω− ∥ 𝐸𝑛−1

ℎ ∥20,Ω + ∥ 𝐸𝑛
ℎ − 𝐸

𝑛−1
ℎ ∥20,Ω +Δ𝑡

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 2𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ Δ𝑡
(

𝜀|𝜂𝑛ℎ|
2
1,Ω + 𝑇

(

∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥0,Ω + ∥ 𝜷 ∥0,∞,Ω |𝜂𝑛ℎ|1,Ω + 𝜇 ∥ 𝜂𝑛ℎ ∥0,Ω
)2

+ 1
𝑇

∥ 𝐸𝑛
ℎ ∥20,Ω +𝐽 (𝜂𝑛ℎ, 𝜂

𝑛
ℎ)
)

≤ 𝐶Δ𝑡
((

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω
)

|𝜂𝑛ℎ|
2
1,Ω + 𝑇 ∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥20,Ω +𝑇𝜇2 ∥ 𝜂𝑛ℎ ∥

2
0,Ω

+ 1
𝑇

∥ 𝐸𝑛
ℎ ∥20,Ω +𝐽 (𝜂𝑛ℎ, 𝜂

𝑛
ℎ)
)

.
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Summing for 𝑛 = 0 to 𝑚 and using 𝐸0

ℎ = 0 leads to

∥ 𝐸𝑚
ℎ ∥20,Ω + Δ𝑡

𝑚
∑

𝑛=1

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 2𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 𝐶 Δ𝑡
𝑚
∑

𝑛=0

{(

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω
)

|𝜂𝑛ℎ|
2
1,Ω + 𝑇 ∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥20,Ω

+𝑇𝜇2 ∥ 𝜂𝑛ℎ ∥
2
0,Ω + 1

𝑇
∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝜂𝑛ℎ, 𝜂
𝑛
ℎ)
}

.

We are now ready to use Grönwall’s Lemma 1.3.3 with 𝑘 = 1, 𝛾𝑛 = Δ𝑡
𝑇

, 𝜎𝑛 = (1− Δ𝑡
𝑇
)−1 , 𝑎𝑛 =∥ 𝐸𝑛

ℎ ∥0,Ω,
𝐵 = 0 and

𝑐𝑛 = Δ𝑡
((

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω
)

|𝜂𝑛ℎ|
2
1,Ω + 𝑇 ∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥20,Ω +𝑇𝜇2 ∥ 𝜂𝑛ℎ ∥

2
0,Ω +𝐽 (𝜂𝑛ℎ, 𝜂

𝑛
ℎ)
)

,

which gives

∥ 𝐸𝑚
ℎ ∥20,Ω + Δ𝑡

𝑚
∑

𝑛=1

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 2𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 𝐶𝑒2
[

Δ𝑡
𝑚
∑

𝑛=0

{

(

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω
)

|𝜂𝑛ℎ|
2
1,Ω + 𝑇 ∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥20,Ω (3.39)

+ 𝑇𝜇2 ∥ 𝜂𝑛ℎ ∥
2
0,Ω +𝐽 (𝜂𝑛ℎ, 𝜂

𝑛
ℎ)
}]

.

Next, to reach the error estimate (3.33) we bound each term of the right hand side of (3.39). First, using
the triangle inequality, yields

∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝜕𝑡𝑢𝑛 ∥0,Ω≤∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝛿𝑢𝑛 ∥0,Ω + ∥ 𝛿𝑢𝑛 − 𝜕𝑡𝑢𝑛 ∥0,Ω .

For the first term in the above inequality, using (1.23), the Taylor’s Theorem and the Cauchy-Schwarz in-
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equality, we have

∥ 𝛿(𝑖ℎ𝑢𝑛) − 𝛿𝑢𝑛 ∥20,Ω ≤ 𝐶ℎ2𝑘+2|𝛿𝑢𝑛|2𝑘+1,Ω

≤ 𝐶ℎ2𝑘+2
|

|

|

|

|

1
Δ𝑡 ∫

𝑡𝑛

𝑡𝑛−1
𝜕𝑡𝑢(𝑡)d𝑡

|

|

|

|

|

2

𝑘+1,Ω

≤ 𝐶ℎ2𝑘+2
|

|

|

|

|

|

1
Δ𝑡

(

∫

𝑡𝑛

𝑡𝑛−1
d𝑡
)

1
2
(

∫

𝑡𝑛

𝑡𝑛−1
|𝜕𝑡𝑢(𝑡)|2d𝑡

)

1
2
|

|

|

|

|

|

2

𝑘+1,Ω

≤ 𝐶 ℎ
2𝑘+2

Δ𝑡 ∫

𝑡𝑛

𝑡𝑛−1
|𝜕𝑡𝑢(𝑡)|2𝑘+1,Ωd𝑡.

For the second term, one further use of Taylor’s Theorem and the Cauchy-Schwarz inequality gives

∥ 𝛿𝑢𝑛 − 𝜕𝑡𝑢𝑛 ∥20,Ω = ∫Ω
(𝛿𝑢𝑛 − 𝜕𝑡𝑢𝑛)2d𝒙

≤ ∫Ω

(

∫

𝑡𝑛

𝑡𝑛−1
|𝜕𝑡𝑡𝑢(𝑡)|d𝑡

)2

d𝒙

≤ ∫Ω ∫

𝑡𝑛

𝑡𝑛−1
d𝑡∫

𝑡𝑛

𝑡𝑛−1
|𝜕𝑡𝑡𝑢(𝑡)|2d𝑡 d𝒙

= Δ𝑡∫

𝑡𝑛

𝑡𝑛−1
∥ 𝜕𝑡𝑡𝑢(𝑡) ∥20,Ω d𝑡.

Next, using (1.23), we have

|𝜂𝑛ℎ|
2
1,Ω ≤ 𝐶ℎ2𝑘|𝑢𝑛|2𝑘+1,Ω , ‖𝜂𝑛ℎ‖

2
0,Ω ≤ 𝐶 ℎ2𝑘+2|𝑢𝑛|2𝑘+1,Ω. (3.40)

Furthermore, using the inverse inequality (1.26) and the approximation inequality (1.23), we have

𝐽 (𝜂𝑛ℎ, 𝜂
𝑛
ℎ) = 𝛾

∑

𝐹∈𝐼
∫𝐹

‖𝜷‖0,∞,𝐹ℎ
2
𝐹 J∇𝜂𝑛ℎK ⋅ J∇𝜂

𝑛
ℎKd𝑠 ≤ 𝐶𝛾ℎ2𝑘+1‖𝜷‖0,∞,Ω|𝑢𝑛|2𝑘+1,Ω. (3.41)
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Gathering all the above bounds, we arrive at

∥ 𝐸𝑚
ℎ ∥20,Ω + Δ𝑡

𝑚
∑

𝑛=1

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 2𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 𝐶𝑒2
[

ℎ2𝑘
{

Δ𝑡
𝑚
∑

𝑛=0

(

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω + ℎ𝛾‖𝜷‖0,∞,Ω + ℎ2𝑇𝜇2
)

|𝑢𝑛|2𝑘+1,Ω

+ 𝑇ℎ2
𝑚
∑

𝑛=0
∫

𝑡𝑛

𝑡𝑛−1
|𝜕𝑡𝑢(𝑡)|2𝑘+1,Ωd𝑡

}

+ 𝑇Δ𝑡2
𝑚
∑

𝑛=0
∫

𝑡𝑛

𝑡𝑛−1
∥ 𝜕𝑡𝑡𝑢(𝑡) ∥20,Ω d𝑡

]

.

Finally, using the triangle inequality and (1.23) once again, we arrive at the final estimate

max
1≤𝑚≤𝑁

∥ 𝐸𝑚 ∥20,Ω +Δ𝑡
𝑁
∑

𝑛=1

(

𝜀|𝐸𝑛
ℎ|

2
1,Ω + 𝜇 ∥ 𝐸𝑛

ℎ ∥20,Ω +𝐽 (𝐸𝑛
ℎ, 𝐸

𝑛
ℎ)
)

≤ 𝐶𝑒2
[

ℎ2𝑘
{

Δ𝑡
𝑁
∑

𝑛=0

(

𝜀 + 𝑇 ‖𝜷‖20,∞,Ω + ℎ𝛾‖𝜷‖0,∞,Ω + ℎ2𝑇𝜇2
)

|𝑢𝑛|2𝑘+1,Ω

+ ℎ2 max
1≤𝑚≤𝑁

|𝑢𝑚|2𝑘+1,Ω + 𝑇ℎ2 ∫

𝑇

0
|𝜕𝑡𝑢(𝑡)|2𝑘+1,Ωd𝑡

}

+ 𝑇Δ𝑡2 ∫

𝑇

0
∥ 𝜕𝑡𝑡𝑢(𝑡) ∥20,Ω d𝑡

]

,

which proves the result.

3.5 Numerical experiments

In this section we present two experiments to test the numerical performance of (3.15). In these experiments
we have used Ω = (0, 1)2 and value 𝛼 = 1 in the stabilising bilinear form 𝑠(⋅, ⋅). Except for the very last
numerical result in this section, we have used three types of meshes, a three-directional triangular mesh,
regular quadrilateral one and a non-Delaunay mesh. The non-Delaunay mesh in Figure 3.1c is obtained by
shifting some of the interior nodes from the mesh in Figure 2.1b to the right, which results in the formation
of obtuse angles. The coarsest level of each is depicted in Figure 3.1.

To solve the nonlinear problem (3.15) at each discrete time 𝑡𝑛, 𝑛 = 1, 2,… , 𝑁 , first we set 𝑢̃0 ∶= 𝑢𝑛−1ℎ .
Next, by choosing an appropriate damping parameter 𝜔 ∈ (0, 1] the following fixed point Richardson-like
iterative method is used to find 𝑢̃𝑚+1 ∈ 𝑉 , such that

(

𝑢̃𝑚+1, 𝑣ℎ
)

Ω + Δ𝑡𝜃𝑎𝐽
(

𝑢̃𝑚+1, 𝑣ℎ
)

=
(

𝑢̃𝑚, 𝑣ℎ
)

Ω + Δ𝑡𝜃𝑎𝐽
(

𝑢̃𝑚, 𝑣ℎ
) (3.42)

+ 𝜔
{

𝐹 𝑛(𝑣ℎ) −
[

(

(𝑢̃𝑚)+, 𝑣ℎ
)

Ω + Δ𝑡
(

𝜃𝑎𝐽
(

(𝑢̃𝑚)+, 𝑣ℎ
)

+ 𝑠
(

(𝑢̃𝑚)−, 𝑣ℎ
)

)]}

∀𝑣ℎ ∈ 𝑉 ,
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(a) A symmetric, Delaunay
mesh.

(b) A simple quadrilateral
mesh.

(c) A non-symmetric, non-
Delaunay mesh.

Figure 3.1: Three coarse level indicative meshes used in the experiments all with 𝑁 = 5.

for 𝑚 = 1, 2,… , 𝑁max, or until the following stopping criterion is achieved

∥ 𝑢̃𝑚+1 − 𝑢̃𝑚‖0,Ω ≤ 10−8. (3.43)

Finally, for 𝑚0 which satisfies in (3.43), we set 𝑢𝑛ℎ = 𝑢̃𝑚0+1.
In all figures, 𝑃 − 1 indicates the number of divisions in the 𝑥 and 𝑦 directions, resulting in a total of 𝑃 2

vertices, including the boundary. We evaluate the method’s asymptotic performance in the ∥ ⋅ ∥0,Ω-norm
at the final step, i.e., ∥ 𝑒𝑁ℎ ∥0,Ω, and to verify the result from Theorem 4.3.7 we examine the asymptotic
behaviour of the error by the following norm

∥ 𝑒𝑁 ∥2ℎ∶=∥ 𝑒
𝑁 ∥20,Ω +

𝑁
∑

𝑛=0
Δ𝑡

(

𝜀 ∥ ∇𝑒𝑛ℎ ∥
2
0,Ω +𝜇 ∥ 𝑒𝑛ℎ ∥

2
0,Ω +𝐽 (𝑒𝑛ℎ, 𝑒

𝑛
ℎ)
)

. (3.44)

We have used ℙ1 and ℙ2 elements in the triangular meshes, and ℚ1 elements in the quadrilateral mesh. In
the numerical experiments we use the bound preserving Euler (BP-Euler) (3.31) and the bound preserving
Crank-Nicholson (BP-CN), i.e., the method (3.15) with 𝜃 = 1

2 , even though stability and error estimates for
BP-CN has not been proven.

Example 6 (A problem with a smooth solution). We consider 𝜇 = 1, 𝜀 = 10−6, 𝜷 = (2, 1), and set 𝑓 and 𝑢0

such that the function

𝑢(𝑥, 𝑦, 𝑡) = exp(𝑡) sin(𝜋𝑥) sin(𝜋𝑦) ,

is the analytical solution of (2.1). Notice that 𝑢(𝑥, 𝑦, 𝑡) ∈ [0, exp(𝑡)], and thus we set 𝜅(𝑡) = exp(𝑡) as the

upper bound at time 𝑡. The CIP stabilisation parameter 𝛾 = 0.05 has been used in (2.8) and we set 𝜔 = 0.1

for the damping parameter in all the time steps.
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Figure 3.2 illustrates the asymptotic behaviour of the error ∥ 𝑒𝑁ℎ ∥0,Ω using ℙ1 and ℙ2 elements. These
results align with the theoretical findings we established in Theorem 4.3.7. By fixing Δ𝑡 = 4 × 10−4 and
decreasing the mesh size as depicted in Figures 3.2a and 3.2c, we observe second-order and third-order
convergence when using ℙ1 and ℙ2 elements, respectively, for both BP-Euler and BP-CN. Also, by fixing
the mesh size ℎ = 5×10−3 and varying the length of the time-step Δ𝑡, as shown in Figures 3.2b and 3.2d, we
obtained first-order convergence for the Euler method and second-order convergence for Crank-Nicholson
for both ℙ1 and ℙ2 elements, as expected.

Figure 3.3 depicts the asymptotic behaviour of the error ∥ 𝑒𝑁 ∥2ℎ using ℙ1 and ℙ2 elements. These results
also corroborate the theoretical results we proved in Theorem 4.3.7. By fixing the time step and decreasing
the mesh size as shown in Figures 3.3a and 3.3c, we observed second-order and third-order convergence
when using ℙ1 and ℙ2 elements, respectively for the BP-Euler method. This extra order of convergence
is, most likely, due to the fact that the small value of 𝜀 makes that the ‖ ⋅ ‖ℎ norm is dominated by the
𝐿2(Ω)-norm. Additionally, we achieved first-order convergence for the BP-Euler method for both ℙ1 and ℙ2

elements when the size of the time step is decreased. Figures 3.3b and 3.3d show the asymptotic behaviour
with respect to time for the BP-Euler method.

To assess the computational cost of the nonlinear algorithm at each time step, we depicted in Figure 3.4
the average number of iterations per step over 1000 time steps for a sequence of meshes with decreasing
mesh size. The results indicate that there is no significant increase in the average number of iterations, which
remains low regardless of the mesh size.
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(c) Δ𝑡 = 4 × 10−4, T=0.2, ℙ2 elements.

0.02 0.05 0.1 0.2 0.5 1
t

10
5

10
4

10
2  

10
1

||e
N h
|| 0

,

BP-CN
BP-Euler
1st order line
2nd order line

(d) ℎ = 5 × 10−3, 𝑇 = 1, ℙ2 elements
Figure 3.2: Comparison of the error of the approximated solution by the BP-Euler method and BP-CN
method with the exact solution in ∥ ⋅ ∥0,Ω-norm (using mesh 3.1a).
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Figure 3.3: Using norm (3.44) for the comparison of the error of the approximated solution by the BP-Euler
method with the exact solution (using mesh 3.1a).
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Figure 3.4: The average number of the Richardson iterations of 1000 time steps (𝑇 = 1) needed to reach
convergence using ℙ1 and ℚ1 elements and BP-Euler and BP-CN methods and the meshes 3.1a and 3.1b.

Remark 3.5.1. As mentioned in the previous chapter, improvements to the nonlinear solver itself can enhance

performance. In this chapter, we again used a simple Richardson type solver to highlight the simplicity of

the scheme, but more efficient nonlinear solvers, such as localised Newton methods (see, e.g., [6]), or active

set methods [7], can significantly improve convergence speed. Our preliminary results suggest that these

alternatives lead to significantly faster convergence. As shown in the previous chapter, applying a localised

Newton method reduced the number of iterations for the stationary convection–diffusion problem. Employing

a similar approach at each step of the finite element method (3.15) likewise yields a substantial reduction in

the average number of iterations.

Example 7 (Three body rotation). This example is a modified version of the three body rotation transport

problem from [97]. We used 𝜷 = (0.5 − 𝑦, 𝑥 − 0.5), 𝜀 = 10−12 and 𝜇 = 𝑓 = 0. The initial setup involves

three separate bodies, as depicted in Figure 3.5. Each body’s position is defined by its centre at coordinates

(𝑥0, 𝑦0). Every body is contained within a circle of radius 𝑟0 = 0.15 cantered at (𝑥0, 𝑦0). Outside these three

bodies, the initial condition is zero.

Let

𝑟(𝑥, 𝑦) = 1
𝑟0

√

(𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2. (3.45)
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The center of the slotted cylinder is in (𝑥0, 𝑦0) = (0.5, 0.75) and its geometry is given by

𝑢(0; 𝑥, 𝑦) =

⎧

⎪

⎨

⎪

⎩

1 if 𝑟(𝑥, 𝑦) ≤ 1, |𝑥 − 𝑥0| ≥ 0.0225 or𝑦 ≥ 0.85;

0 else,
(3.46)

The conical body at the bottom side is described by (𝑥0, 𝑦0) = (0.5, 0.25) and

𝑢(0; 𝑥, 𝑦) = 1 − 𝑟(𝑥, 𝑦). (3.47)

Finally, the hump at the left hand side is given by (𝑥0, 𝑦0) = (0.25, 0.5) and

𝑢(0; 𝑥, 𝑦) = 1
4
(1 + cos(𝜋min{𝑟(𝑥, 𝑦), 1})). (3.48)

The rotation of the bodies occurs counter-clockwise. A full revolution takes 𝑡 = 2𝜋. We use 𝑃 = 130 so a

regular grid consisting of 130 × 130 mesh cells for ℙ1, ℙ2, and ℚ1 elements.

Figure 3.5: Initial data 𝑢0 for rotating body problem.

The simulations were performed with the final time 𝑇 = 2𝜋 and the time step Δ𝑡 = 10−3. Figure 3.6 de-
picts the approximation solution for the BP-Euler method and BP-CN method using ℙ1, ℙ2 and ℚ1 elements.
In both methods the CIP term (2.8) was used with the parameter 𝛾 = 0.001. As noted in Remark 2.2.6, there
is no universal rule for selecting 𝛾 , since its optimal value may depend on the mesh, problem parameters,
and the presence of sharp layers. In our numerical experiments, we determine 𝛾 empirically. We observe
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that moderate values of 𝛾 are generally sufficient to suppress oscillations while still resolving sharp layers
accurately, whereas excessively small or large values tend to deteriorate the quality of the solution.

Our numerical experiments show that the optimal value of 𝜔 (relative to the number of iterations needed
to reach convergence) is approximately 0.07when using the quadrilateral mesh, while forℙ1 andℙ2 elements,
it is around 0.12. So, we report the results using these values.

For comparison purposes, we also approximated the same problem with CIP-Euler and CIP-Crank-
Nicolson (CIP-CN) (the method that only use the CIP term i.e., the full time-space discretisation 𝜃 scheme
of the method (3.7)) with the same value for the parameter 𝛾 . To compare the numerical solution of dif-
ferent methods, a cross section along the line 𝑦 = 0.75 was taken of initial data (ID) 𝑢0, BP-Euler, BP-CN,
CIP-Euler and CIP-CN methods. The results are shown in Figure 3.7. Since we perform a full rotation, we
can compare the solution from each method with the initial condition to assess the diffusive properties of
each method. As shown in Figure 3.7, among all the methods, BP-CN exhibits the best performance, both
in terms of preserving the initial data (ID) and capturing the magnitude of its deformation, regardless of the
type of elements used.

The experiment which has been shown in (3.8) aims at assessing the effect of adding CIP stabilisation
to the method (3.15). For this, we set 𝛾 = 0 in 𝐽 (⋅, ⋅) and the results are shown in Figure 3.8 for the BP-CN
method using ℙ1 elements. In Figure 3.8 we can observe the solution 𝑢+ℎ , while respecting the bounds of the
exact solution, exhibits spurious oscillations near the layers. This justifies the need for CIP stabilisation in
(3.15).

To test the performance of the method in the case when the mesh used is not Delaunay, we have ap-
proximated this example also in the non-Delaunay mesh depicted in Figure 3.7, using 𝑃 = 130. The same
cross-sections of the approximate solutions for the BP-Euler and BP-CN methods are depicted in Figure 3.9,
alongside the cross-sections for the CIP stabilised finite element method. In both cases 𝛾 = 0.001 has been
used in the simulation. From the results we can observe, once again, that 𝑢+ℎ respects the bounds of Assump-
tion (C1), while the CIP solution presents noticeable over and undershoots.

Finally, to study mass conservation we use the relative mass, i.e. the ratio of the mass at time 𝑡 to the
initial mass defined by

𝑀𝑟(𝑡) =
𝑀(𝑡)
𝑀(0)

,

where 𝑀(𝑡) is the total mass at time 𝑡, and is defined as

𝑀(𝑡) = ∫Ω
𝑢(𝒙, 𝑡) d𝒙.
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The evolution of mass over time for BP-Euler and BP-CN methods is presented in Figure 3.10. The plot
depicts the evolution of the relative mass. We observe that, despite the fact that the scheme does not preserve
mass, the mass loss/gain remains low throughout the simulation.

It is important to mention that more economical alternatives, such as linearised flux-corrected transport
(FCT) methods (see, e.g., [94]), are also available to ensure bound preservation. Nevertheless, several fac-
tors should be considered. One aspect is the CFL condition, as most linear flux-corrected transport methods
require such a condition to guarantee bound preservation, whereas our approach does not impose this re-
striction (see also Remark 2.5.3). Another consideration is the applicability to higher-order elements. FCT
methods have primarily been developed for linear finite elements, and bound preservation is not guaranteed
for higher-order elements, as the necessary analysis has not yet been carried out.

Several problems remain open at this point. The extension of the stability and error analysis to higher-
order time discretisation is, at the moment, an open problem. In addition, the extension of this framework
to the transport equation is also of interest. A parallel development is the extension of this methodology to
discontinuous Galerkin scheme in space, which is the topic of the companion paper [18] and next chapter.
These, and other topics will be the subject of future research.

Remark 3.5.2. Setting 𝜖 = 0 in the convection–diffusion equation (3.1) reduces it to the pure transport

equation. In this case, the problem becomes hyperbolic, but the finite element method (3.15) can still be

applied. Moreover, most of the theoretical results proved in this chapter remain valid for the transport

equation.
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(a) BP-Euler-ℙ1 elements (b) BP-CN,ℙ1 elements

(c) BP-Euler-ℙ2 elements (d) BP-CN-ℙ2 elements

(e) BP-Euler-ℚ1 elements (f) BP-CN-ℚ1 elements
Figure 3.6: The approximation of the solution of Example 2 for BP-Euler method and BP-CN method at
𝑇 = 6.28 (𝛾 = 0.001, 𝑃 = 130).
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(e) Euler, ℚ1 elements
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(f) CN, ℚ1 elements
Figure 3.7: Cross sections were taken along the line 𝑦 = 0.75 of Initial data (ID) 𝑢0, BP-Euler, BP-CN,
CIP-Euler and CIP-CN methods at 𝑇 = 6.28 (𝛾 = 0.001, 𝑃 = 130). For plotting these cross-sections, when
ℙ2 elements are used 10,000 equidistant points were chosen along the line 𝑦 = 0.75, and the values of the
approximated solution have been plotted at these points.
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(a) CN, ℙ1 elements
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(b) CN, ℙ1 elements
Figure 3.8: Left: The approximation of the solution of Example 2 for BP-CN method without CIP term
(𝛾 = 0) using ℙ1 elements and mesh 3.1a (𝑃 = 130) Right: Cross sections were taken along the line
𝑦 = 0.75 of Initial data 𝑢0 and BP-CN method without CIP term at 𝑇 = 6.28.
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(a) Euler, ℙ1 elements
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Figure 3.9: Cross sections were taken along the line 𝑦 = 0.75 of Initial data 𝑢0, BP-Euler, BP-CN, CIP-Euler
and CIP-CN methods at 𝑇 = 6.28 (𝛾 = 0.001, 𝑃 = 130) on the non-Delaunay mesh 3.1c.
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Figure 3.10: The evolution of mass over time employing the BP-Euler and BP-CN schemes. These methods
have been implemented with ℙ1 and ℙ2 elements on Mesh 3.1a, and ℚ1 elements on Mesh 3.1b.
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Chapter 4

Bound-preserving composite discontinuous

Galerkin method on polytopic meshes

4.1 Introduction

In this chapter, we extend the bound-preserving finite element method to polytopic meshes, where the set of
degrees of freedom remains independent of the number of vertices, edges, or faces within each element.

Over the past years, there has been growing interest in the development of Galerkin-type numerical
methods for meshes composed of general polygons in two dimensions and general polyhedra in three dimen-
sions, collectively referred to as polytopic meshes. Unlike classical Galerkin and discontinuous Galerkin
approaches that rely on simplicial or structured box-type meshes, these methods provide greater flexibility in
mesh design. A key motivation behind this shift is the potential reduction in the overall number of degrees
of freedom needed to solve PDE problems efficiently.

This aspect is particularly relevant in adaptive computations for evolution PDEs, where dynamic mesh
modification plays a crucial role in reducing computational costs. Such techniques are widely utilised in both
Eulerian and Lagrangian frameworks to enhance efficiency. Additionally, numerical methods on polytopic
meshes have found applications in problems involving interfaces—such as porosity distributions and material
discontinuities—as well as in multilevel solvers for elliptic boundary-value problems, where they contribute
to coarse correction strategies.

Popular approaches for polytopic meshes include the virtual element method [21,122], which originates
from the development of mimetic finite difference methods [54], as well as polygonal finite element methods
[113], composite finite element methods [71, 107], and various discontinuous Galerkin (dG) formulations.
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The latter range from one-field interior penalty dG methods [39–41, 55] to hybridised approaches [50, 51].
A key advantage of dG methods is that they allow for independent control over the global numerical de-

grees of freedom, irrespective of the mesh topology (i.e., the connectivity of nodes, faces, and elements). In
contrast, polygonal finite element and virtual element methods enforce conformity by constructing approx-
imation spaces that inherently depend on the mesh topology. More specifically, even for the lowest-order
cases, these methods require a number of basis functions proportional to the number of mesh nodes, which
may limit the potential computational efficiency when using polytopic elements with a large number of faces.

In this chapter, inspired by the work in [57], we aim to extend the bound-preserving method to poly-
topic meshes. The approach introduced in [57] developed a recovered finite element method for polygonal
elements, constructing conforming schemes over polytopic meshes. As mentioned earlier, since the set of
degrees of freedom on polytopic meshes is independent of the number of vertices, edges, or faces of each
element, we instead select a sub-triangulation of the polytopic meshes. To implement the bound-preserving
method, we then impose the bounds at each degree of freedom of this sub-triangulation.

The remainder of this chapter is organised as follows: In Section 4.2, we introduce the elliptic problem
under consideration, an overview of the finite element and discontinuous Galerkin methods. Section 4.3
presents the finite element method (FEM) and establishes the well-posedness of the problem. In Section 4.4
and 4.5, we derive the optimal error estimate for the FEM solution. Finally, in Section 4.6, we propose a way
for implementation of this finite element method and finally in the last Section 4.7, we evaluate the practical
performance of the proposed FEM through a series of numerical experiments.

4.2 Model problem and its discretisation by the discontinuous Galerkin method

Let Ω be an open bounded polygonal/polyhedral domain in ℝ𝑑 (𝑑 = 2, 3) with boundary 𝜕Ω. For given
𝑓 ∈ 𝐻−1(Ω), we consider the elliptic problem:

⎧

⎪

⎨

⎪

⎩

−div(∇𝑢) + 𝜇𝑢 = 𝑓 in Ω,

𝑢 = 0 on 𝜕Ω,
(4.1)

here, 𝜇 ∈ 𝐿∞(Ω) satisfies 𝜇 ≥ 0 a.e, and  = (𝑑𝑖𝑗)𝑑𝑖,𝑗=1 ∈ [𝐿∞(Ω)]𝑑×𝑑 is a symmetric, uniformly strictly
positive definite matrix a.e. in Ω. That is, there exists a constant 0 > 0 such that for almost all 𝒙 ∈ Ω and
for all 𝒚 ∈ ℝ𝑑 ⧵ {0}, we have:

𝒚⊤𝒚 ≥ 0𝒚⊤𝒚.

106



Chapter 4. Bound-preserving composite discontinuous Galerkin method on polytopic meshes

By the Lax-Milgram Lemma 1.2.3, the above problem admits a unique weak solution. We note that the
framework presented here can be extended to more general settings, such as mixed boundary conditions or
the inclusion of first-order terms in the elliptic equation. However, for the sake of clarity, we restrict our
focus to this formulation to highlight the key ideas.

In this section, following the discussion in Section 1.6.5 and the results in (1.55) and (1.56), which are
derived from the maximum principle in Theorem 1.5.4 and the comparison principles in Corollary 1.5.3,
we apply the Assumption (A1) to the solution of (4.1), namely, we assume 0 ≤ 𝑢(𝒙) ≤ 𝜅 for almost every
𝒙 ∈ Ω.

Remark 4.2.1. Including convection in the problem (4.1) introduces additional challenges, particularly due

to the need for proper treatment of inflow boundary conditions. These issues become more pronounced when

using discontinuous Galerkin methods. Therefore, in this chapter, we focus exclusively on reaction–diffusion

problems. The analysis and numerical study of convection–diffusion equations will be addressed in future

work.

4.2.1 Finite element spaces

Let  be a subdivision of Ω into disjoint polygonal elements for 𝑑 = 2 or polyhedral elements for 𝑑 = 3.
From now on, we will refer to both cases as polytopic elements. Below, we outline some mild assumptions
on the admissible geometry of these elements.

For a nonnegative integer 𝑘, we denote by ℙ𝑘(𝐾) the set of all polynomials of order 𝑘 on each element
𝐾 ∈  . For 𝑘 ≥ 1, we consider the element-wise discontinuous space

𝑉 ∶= {𝑣𝐻 ∈ 𝐿2(Ω) ∶ 𝑣𝐻 |𝐾 ∈ ℙ𝑘(𝐾) ∀𝐾 ∈ } . (4.2)

We denote by Γ the skeleton of , defined as Γ ∶=
⋃

𝐾∈ 𝜕𝐾 , and the interior skeleton as Γint
 ∶= Γ⧵𝜕Ω.

Also, we define the mesh function 𝐻 ∶ Ω̄ → ℝ+ for the polytopic mesh  , where on the interior of
each polytopic element, it is given by 𝐻 |𝐾̊ ∶= diam(𝐾).

Assumption 4.2.2. We assume that the partition  can be further subdivided into a conforming, shape-

regular, and quasi-uniform simplicial triangulation  on each 𝐾 ∈  , such that for every 𝐾 ∈  , we

have

𝐾 =
⋃

𝑇∈ , 𝑇⊂𝐾
𝑇 .
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For convenience, we denote by 𝐾 the set of simplicial elements of  contained within the polytopic
element 𝐾 ∈  , i.e.,

𝐾 ∶= {𝑇 ∈  ∶ 𝑇 ⊂ 𝐾}.

Furthermore, on each 𝐾 ∈  , we consider the local piecewise polynomial space

𝑊𝐾 ∶= {𝑣ℎ ∈ 𝐶0(𝐾) ∶ 𝑣ℎ|𝑇 ∈ ℙ𝑘(𝑇 ), 𝑇 ∈ 𝐾} , (4.3)

and let 𝑊 ∶= ⊕𝐾∈𝑊𝐾 .
Although the solution is represented by a function belonging to the finite element space 𝑊 , the test

space is chosen from 𝑉 , which is defined on the polygonal mesh  . In other words, in the finite element
method presented below, the solution is interpolated in 𝑊 , while the resulting algebraic system is formed
by testing against functions in 𝑉 . Consequently, the total number of global numerical degrees of freedom
in the final system corresponds to the dimension of 𝑉 , rather than that of the finer space 𝑊 .

4.2.2 Interior penalty discontinuous Galerkin method

Let 𝐾+ and 𝐾− be two adjacent elements of  that share an interface 𝐹 ⊂ 𝜕𝐾+ ∩ 𝜕𝐾− ⊂ Γint
 . For an

element-wise continuous scalar function 𝑣 and vector-valued function 𝐪, we define the weighted average

across 𝐹 as
{{𝑣}}|𝐹 ∶= 1

2
(

𝑣+|𝐹 + 𝑣−|𝐹
)

, {{𝐪}}|𝐹 ∶= 1
2
(

𝐪+|𝐹 + 𝐪−|𝐹
)

,

where 𝑣±|𝐹 represents the trace of 𝑣 from within 𝐾± on 𝐹 , and similarly for 𝐪. Moreover, the jump across
𝐹 is defined as

[[𝑣]]|𝐹 ∶= 𝑣+𝐧+ + 𝑣−𝐧−, [[𝐪]]|𝐹 ∶= 𝐪+ ⋅ 𝐧+ + 𝐪− ⋅ 𝐧−,

where 𝐧± are the unit outward normals of 𝐾± on 𝐹 . On a boundary face 𝐹 ⊂ 𝜕Ω ∩ 𝜕𝐾 , we set {{𝑣}} ∶= 𝑣,

{{𝐪}} ∶= 𝐪, [[𝑣]] ∶= 𝑣𝐧, and [[𝐪]] ∶= 𝐪 ⋅ 𝐧, respectively, with 𝐧 the unit outward normal to 𝜕Ω.
Finally, for brevity, we denote by ∇𝑣 the broken gradient of a function 𝑣 ∶ Ω → ℝ with 𝑣|𝐾 ∈ 𝐻1(𝐾),

𝐾 ∈  , defined element-wise by (∇𝑣)|𝐾 = ∇(𝑣|𝐾 ), 𝐾 ∈  .
The (classical) interior penalty discontinuous Galerkin (IPDG) method reads: find 𝑢𝐻 ∈ 𝑉 , such that

𝑎𝐷𝐺(𝑢𝐻 , 𝑣𝐻 ) = 𝓁(𝑣𝐻 ), for all 𝑣𝐻 ∈ 𝑉 , (4.4)

108



Chapter 4. Bound-preserving composite discontinuous Galerkin method on polytopic meshes

with 𝑎𝐷𝐺 ∶ (𝐻1
0 (Ω) + 𝑉 ) × (𝐻1

0 (Ω) + 𝑉 ) → ℝ, given by

𝑎𝐷𝐺(𝑢𝐻 , 𝑣𝐻 ) ∶= ∫Ω

(

∇𝑢𝐻 ⋅ ∇𝑣𝐻 + 𝜇𝑢𝐻𝑣𝐻
)

d𝑥 + ∫Γ
𝜎 [[𝑢𝐻 ]] ⋅ [[𝑣𝐻 ]] d𝑠

− ∫Γ

(

{{∇𝑢𝐻}} ⋅ [[𝑣𝐻 ]] + 𝜃{{∇𝑣𝐻}} ⋅ [[𝑢𝐻 ]]
)

d𝑠,
(4.5)

and 𝓁(𝑣𝐻 ) ∶= ⟨𝑓, 𝑣𝐻⟩Ω, with 𝜃 ∈ [−1, 1] and 𝜎 ∶ Γ → ℝ≥0 the, so-called, discontinuity-penalisation

or penalty function, whose precise definition depends on the assumptions on the geometry of the polytopic
elements 𝐾; this will be discussed below. The choice 𝜃 = 1 yields the symmetric version, while the choice
𝜃 = −1 the non-symmetric version of the IPDG method.

The choice of the discontinuity-penalisation function 𝜎 has been widely investigated, particularly for
meshes consisting of extremely general polytopic or even curved elements; see [37,38,42,43,56] for further
discussion. In this work, we impose stronger restrictions on the admissible polytopic meshes  compared to
these studies, owing to the two-scale nature of the positivity-preserving method introduced below.

Assumption 4.2.3 (Admissible polytopic meshes). Let (𝑖)𝑖∈𝐼 be a family of polytopic meshes, indexed by

some set 𝐼 . We impose the following conditions:

(a) each element 𝐾 in (𝑖)𝑖∈𝐼 is star-shaped with respect to an inscribed ball of radius 𝜌𝐾 . Moreover,

there exists a global constant 𝐶star > 0, independent of the mesh, such that 𝐻𝐾 ≤ 𝐶star𝜌𝐾 for all

𝐾 ∈ 𝑖 and for all 𝑖 ∈ 𝐼 .

(b) The meshes (𝑖)𝑖∈𝐼 satisfy a local quasi-uniformity condition, meaning there exists a constant𝐶qu ≥ 1,

independent of the mesh, such that for any polytopic element 𝐾 ∈ 𝑖 and its face-neighbor 𝐾 ′, the

element diameters satisfy 𝐻𝐾 ′ ≤ 𝐶qu𝐻𝐾 , for all 𝐾 ∈ 𝑖 and for all 𝑖 ∈ 𝐼 .

Note that Assumption 4.2.3(b) implies the equivalence

𝐶−1
qu 𝐻𝐾 ≤ 𝐻𝐾 ′ ≤ 𝐶qu𝐻𝐾

for all face-neighboring elements 𝐾 ′ of a polytopic element 𝐾 ∈  .

Remark 4.2.4. By the subtriangulation assumption stated below, each polygonal element 𝐾 is subdivided

into a shape-regular simplicial submesh. This requirement implies that the faces of 𝐾 must also be of rea-

sonable size and shape. In particular, very small faces on the boundary of the polygonal elements are not

allowed.
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For any 𝑣𝐻 ∈ (𝐻1
0 (Ω) + 𝑉 ), we define the DG-norm

|‖𝑣𝐻 |‖ ∶=
(

‖

√

∇𝑣𝐻‖

2
0,Ω + ‖

√

𝜇𝑣𝐻‖

2
0,Ω + ‖

√

𝜎 [[𝑣𝐻 ]]‖20,Γ

)1∕2
.

Using this norm, we establish the following coercivity result for 𝑎𝐷𝐺(⋅, ⋅).

Lemma 4.2.5. [3, Lemma 2.4] Let 𝐹 ⊂ 𝜕𝐾+ ∩ 𝜕𝐾− be a generic planar simplicial face shared by two

elements 𝐾+, 𝐾− ∈  . If 𝐹 is not simplicial, we further partition it into a union of simplices and denote

each resulting simplicial (sub)face as 𝐹 . When 𝐹 ⊂ 𝜕Ω, we set 𝐾− = ∅. We define

𝜎 |𝐹 ∶= 8𝐶star𝑘(𝑘 − 1 + 𝑑)𝑑−1 max
∗∈{+,−}

𝛿𝐾∗
𝐻−1
𝐾∗
, (4.6)

with 𝛿𝐾∗
∶= ‖‖

2
0,∞,𝐾∗

‖−1
‖0,∞,𝐾∗

, for each simplicial (sub)face 𝐹 ⊂ Γ , we have

𝑎𝐷𝐺(𝑣, 𝑣) ≥
3
4
|‖𝑣|‖2 for all 𝑣 ∈ 𝑉 . (4.7)

Proof. For 𝑣 ∈ 𝑉 , we have

𝑎𝐷𝐺(𝑣, 𝑣) ≥ |‖𝑣|‖2 − 2‖𝜎−1∕2 {{∇𝑣}}‖0,Γ‖
√

𝜎 [[𝑣]]‖0,Γ . (4.8)

We prove the result for interior simplicial (sub)faces; the case of boundary (sub)faces is a special case if we
set 𝐾− = ∅. On each planar simplicial interior (sub)face 𝐹 ⊂ Γint

 , standard estimation and a trace-inverse
inequality of the form ‖𝑣ℎ‖20,𝐹 ≤ (𝑘+1)(𝑘+𝑑)|𝐹 |

𝑑|𝑇 |
‖𝑣ℎ‖20,𝑇 for 𝑣ℎ ∈ ℙ𝑘(𝑇 ) for 𝐹 face of a simplex 𝑇 , (see [117],

and also [38] for an extension,) imply

‖𝜎−1∕2 {{∇𝑣}}‖20,𝐹 ≤ 1
2𝜎

∑

∗∈{+,−}
‖|𝐾∗

‖

2
0,∞,𝐹‖∇𝑣|𝐾∗

‖

2
0,𝐹

≤ 1
2𝜎

∑

∗∈{+,−}
‖|𝐾∗

‖

2
0,∞,𝐹

𝑘(𝑘 − 1 + 𝑑)|𝐹 |
𝑑|𝐾𝐹

∗ |
‖∇𝑣|𝐾∗

‖

2
0,𝐾𝐹

∗

respectively, since ∇𝑣 ∈ [ℙ𝑘−1(𝐾∗)]𝑑 , upon deciding that 𝜎 is constant on each simplicial (sub)face,
whereby𝐾𝐹

∗ ⊂ 𝐾∗, ∗∈ {+,−}, denotes the simplex with face 𝐹 and vertex the centre of the ball with respect
to which𝐾∗ is star-shaped. Note that the simplices𝐾𝐹

∗ are disjoint by construction and we have∪𝐹⊂𝜕𝐾𝐾𝐹
∗ =

𝐾∗. Therefore, since |𝐾𝐹
∗ |

|𝐹 |
∶= 𝐻⟂

𝐹 is the ‘height’ of the simplex with base 𝐹 , and we have, by construction
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that 𝐻⟂
𝐹 ≥ 𝜌𝐾 , we deduce

|𝐹 |
|𝐾𝐹

∗ |
≤ 𝜌−1𝐾 ≤ 𝐶𝑠𝑡𝑎𝑟𝐻

−1
𝐾∗
.

Therefore, we can arrive at

‖𝜎−1∕2 {{∇𝑣}}‖20,Γ ≤
𝐶star
2

∑

𝐹⊂Γ

𝜎−1 |𝐹
∑

∗∈{+,−}
‖|𝐾∗

‖

2
0,∞,𝐹‖

−1
‖0,∞,𝐾∗

𝑘(𝑘 − 1 + 𝑑)
𝑑𝐻𝐾∗

‖

√

∇𝑣‖20,𝐾𝐹
∗
.

Selecting, now, 𝜎 as in (4.6), we deduce

‖𝜎−1∕2 {{∇𝑣}}‖20,Γ ≤ 16−1
∑

𝐹⊂Γ

∑

∗∈{+,−}
‖

√

∇𝑣‖20,𝐾𝐹
∗
.

Then, upon observing that
∑

𝐹⊂𝜕𝐾
‖

√

∇𝑣‖20,𝐾𝐹
∗
= ‖

√

∇𝑣‖20,𝐾∗
,

since ∪𝐹⊂𝜕𝐾𝐾𝐹
∗ = 𝐾∗, we arrive at the bound

‖𝜎−1∕2 {{∇𝑣}}‖20,Γ ≤ 16−1‖
√

∇𝑣‖
2
0,Ω, (4.9)

which, combined with (4.8), gives the result.

Note that the above (classical) IPDG method on polytopic meshes involves the same number of elemental
basis functions on each element, irrespectively of its shape. The key property allowing to achieve this is that
the local basis functions are defined on by restricting polynomials defined the physical space to each element,
and not through element mappings. We refer to [42] for details on the implementation of the method.

4.3 A nodally bound-preserving composite discontinuous Galerkin method

The classical IPDG method described above is generally not bound-preserving. This means that even if the
exact solution satisfies 𝑢(𝒙) ∈ [0, 𝜅] for almost all 𝒙 ∈ Ω, the numerical solution 𝑢𝐻 may exceed these
bounds in a region with positive 𝑑-dimensional measure. The use of polytopic elements adds another level
of complexity to this issue.

However, polytopic elements offer several advantages in numerical simulations. They allow for an ex-
act representation of complex geometries without requiring overly refined meshes, as long as the solution
remains locally smooth. Also, these meshes can improve computational efficiency by reducing the total num-
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ber of global degrees of freedom. This flexibility makes polytopic elements particularly useful in adaptive
methods for handling singularities, sharp gradients/layers, and layer structures more effectively.

With this in mind, using polytopic elements with large diameters is particularly useful, as they allow the
solution to be represented over larger regions of the computational domain while reducing the number of
numerical degrees of freedom. However, modifying the polynomial basis on these large elements to enforce
bound-preservation could introduce larger errors. Additionally, in the IPDG framework, local polynomial
spaces are not constructed using nodal basis functions mapped from a reference domain, making it unclear
how to directly adjust nodal values to keep the solution within the bounds of the solution.

To address all these challenges at once, we propose enforcing bound preservation on the nodal basis
functions associated with the simplicial sub-mesh  . We start by noting that the number of Lagrange basis
functions (and nodes) of order 𝑘 in 𝑑 dimensions for a simplicial element is given by 𝑚𝑘,𝑑 ∶=

(𝑘+𝑑
𝑑

). We
consider the Lagrange basis functions {𝜙𝑇𝑖 }𝑚𝑘,𝑑𝑖=1 corresponding to the Lagrange nodes {𝒙𝑇𝑖 }𝑚𝑘,𝑑𝑖=1 for a simplex
𝑇 ⊂ 𝐾 , where 𝐾 ∈  . Then, defining 𝐶(𝐾) as the space of continuous functions over 𝐾 , we introduce the
element-wise nodally bound-preserving recovery operator +

𝐾 ∶ 𝐶(𝐾) → 𝑊𝐾 , given by

+
𝐾 (𝑣) =

∑

𝑇∈𝐾

𝑚𝑘,𝑑
∑

𝑖=1
max

{

0,min{𝑣(𝒙𝑇𝑖 ), 𝜅}
}

𝜙𝑇𝑖 . (4.10)

Thus, by construction, +
𝐾 (𝑣) ∈ 𝑊 +

𝐾 , with the cone 𝑊 +
𝐾 defined by

𝑊 +
𝐾 ∶= {𝑣 ∈ 𝑊𝐾 ∶ 𝑣(𝒙𝑇𝑖 ) ∈ [0, 𝜅], 𝑖 = 1,… , 𝑚𝑘,𝑑 , 𝑇 ∈ 𝐾}. (4.11)

In other words, +
𝐾 (𝑣) is specifically constructed to stay within the predefined range [0, 𝜅] at each node 𝒙𝑇𝑖 ,

for 𝑖 = 1,… , 𝑚𝑘,𝑑 and 𝑇 ∈ 𝐾 . We further define the global nodally bound-preserving recovery operator
+ ∶ 𝐶(Ω) → 𝑊 as

(

+(𝑣)
)

|𝐾 ∶= +
𝐾 (𝑣|𝐾 ), 𝐾 ∈  .

A few remarks about this construction are important. Let 𝑣𝐻 ∈ 𝑉 . If 𝑣𝐻 (𝒙𝑇𝑖 ) already lies within [0, 𝜅]

for all 𝑖 = 1,… , 𝑚𝑘,𝑑 and 𝑇 ∈ 𝐾 , then +
𝐾 (𝑣𝐻 ) = 𝑣𝐻 on 𝐾 , since it is a polynomial of degree 𝑘 in

𝐾 . This means that the recovery operator + does not effect functions that are already within the required
bounds. Correspondingly, if 𝑣𝐻 (𝒙𝑇𝑖 ) ∈ [0, 𝜅], for all 𝑖 = 1,… , 𝑚𝑘,𝑑 , 𝑇 ∈ 𝐾 , and for all 𝐾 ∈  , we have
+(𝑣𝐻 ) = 𝑣𝐻 . On the other hand, if at least for one point 𝒙𝑇𝑖 , we have 𝑣𝐻 (𝒙𝑇𝑖 ) ∉ [0, 𝜅], then +

𝐾 (𝑣𝐻 ) ≠ 𝑣𝐻
on 𝐾 . Finally, we note that if 𝑣𝐻 (𝒙𝑇𝑖 ) < 0, for all 𝑖 = 1,… , 𝑚𝑘,𝑑 , 𝑇 ∈ 𝐾 , for some 𝐾 ∈  , we get
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+
𝐾 (𝑣𝐻 ) = 0, i.e., the (nonlinear) map + has a non-trivial kernel.

For notational convenience, we also set

−
𝐾 (𝑣𝐻 ) ∶= 𝑣𝐻 |𝐾 − +

𝐾 (𝑣𝐻 ), (4.12)

for 𝐾 ∈  and, correspondingly, −(𝑣𝐻 ) ∶= 𝑣𝐻 − +(𝑣𝐻 ).
To alleviate the presence of the non-trivial kernel, we define a stabilisation bilinear form as follows: for

𝑤ℎ, 𝑣ℎ ∈ 𝑊 , we set

𝑠(𝑤ℎ, 𝑣ℎ) =
∑

𝐾∈
𝛼

∑

𝑇∈𝐾

𝑚𝑘,𝑑
∑

𝑖=1

(

𝜔𝐾ℎ
𝑑−2
𝑇 + 𝜇𝑇ℎ𝑑𝑇

)

𝑤ℎ(𝒙𝑇𝑖 )𝑣ℎ(𝒙
𝑇
𝑖 ) , (4.13)

with ℎ𝑇 ∶= diam(𝑇 ) and 𝜇𝑇 ∶= ‖𝜇‖0,∞,𝑇 , 𝑇 ∈  , while 𝜔𝐾 ∶= ‖‖0,∞,𝜔𝐾 , for 𝜔𝐾 ∶= {𝐾 ′ ∈

 shares face with 𝐾}, for each 𝐾 ∈  , for some piecewise constant function 𝛼, with 𝛼|𝐾 ∶= 𝛼𝐾 > 0,
𝐾 ∈  , to be determined below. The bilinear form 𝑠(⋅, ⋅) induces the norm ‖𝑣ℎ‖𝑠 ∶=

√

𝑠(𝑣ℎ, 𝑣ℎ) in 𝑊 .
We are now ready to introduce the composite bound-preserving discontinuous Galerkin method, which

reads: find 𝑢𝐻 ∈ 𝑉 such that

𝑎ℎ(𝑢𝐻 ; 𝑣𝐻 ) = 𝓁(𝑣𝐻 ) ∀𝑣𝐻 ∈ 𝑉 , (4.14)

with the semilinear form given by

𝑎ℎ(𝑢𝐻 ; 𝑣𝐻 ) ∶= 𝑎𝐷𝐺(+(𝑢𝐻 ), 𝑣𝐻 ) + 𝑠(−(𝑢𝐻 ), 𝑣𝐻 ) . (4.15)

We observe that, if 𝑢𝐻 (𝒙𝑇𝑖 ) ∈ [0, 𝜅], for all 𝑖 = 1,… , 𝑚𝑘,𝑑 , 𝑇 ∈  , then (4.14) is just the (classical)
interior penalty discontinuous Galerkin method (4.4) with solution 𝑢𝐻 ∈ 𝑉 , i.e, the non-linearity in the
first argument of 𝑎ℎ(⋅, ⋅) disappears. The stabilisation term 𝑠(⋅, ⋅) is non-trivial for polytopic elements 𝐾 on
which 𝑢𝐻 violates the predetermined bounds on the range of the numerical solution.

Before discussing the well-posedness, stability, and convergence of the bound-preserving composite dis-
continuous Galerkin method above, we make some further assumptions on the sub-mesh  and its relation-
ship with the polytopic mesh  .

Assumption 4.3.1 (admissible simplicial submeshes). Consider a family of simplicial (sub)meshes (𝑗)𝑗∈𝐽 ,

for some index set 𝐽 , that are constructed as refinements of a given polytopic mesh  . We assume that:
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(a) each simplex 𝑇 in (𝑗)𝑗∈𝐽 , is shape-regular, i.e., there exists a global constant 𝐶sh > 0, such that

ℎ𝑇 ≤ 𝐶sh𝜌𝑇 , for all 𝑇 ∈ 𝑗 , 𝑗 ∈ 𝐽 , with 𝜌𝑇 denoting the radius of the largest inscribed ball in 𝑇 .

(b) the diameter ℎ𝑇 of each simplex 𝑇 ⊂ 𝐾 , 𝐾 ∈  , having a face 𝑓 contained in the boundary of the

polytopic element𝐾 (i.e., 𝜕𝑇 ∩𝜕𝐾 has positive (𝑑−1)-dimensional measure) is smaller than or equal

to the diameter 𝐻𝐾 ′ of the adjacent to 𝑓 polytopic element 𝐾 ′ ∈  , (that is the element 𝐾 ′ ∈  with

𝑓 ⊂ 𝜕𝐾 ∩ 𝜕𝐾 ′).

We note that (a) in Assumption 4.3.1 is standard, while (b) is a technical (very mild) assumption re-
quiring that the submesh of a polytopic element is not “coarser” than the neighbouring polytopic elements
themselves.

Remark 4.3.2. The mesh admissibility conditions in Assumption 4.2.3 do not exclude the presence of ele-

ments with very small faces. Indeed, the size of an individual face has no effect on either the star-shapedness

requirement in Assumption 4.2.3(a) or the local quasi-uniformity condition in Assumption 4.2.3(b). If an

element 𝐾 possesses a small face relative to its diameter 𝐻𝐾 , the star-shapedness condition ensures that

𝐾 still admits shape-regular simplicial subtriangulation 𝑗 . In this case, the small face simply forces the

subtriangulation 𝑗 to be locally finer, but it does not violate any part of Assumption 4.2.3.

The following result shows that 𝑠(⋅, ⋅) indeed controls the kernel of the projection +(⋅).

Lemma 4.3.3. [3, Lemma 3.3] There exists a constant 𝐶equiv > 0, depending only on 𝐶star , 𝐶sh, 𝑘 and on

the problem dimension 𝑑, such that, for every 𝑣ℎ ∈ 𝑊 , we have

|‖𝑣ℎ|‖
2
 ≤ 𝐶equiv‖𝛼

−1∕2𝑣ℎ‖
2
𝑠 . (4.16)

Proof. Observing that the number of Lagrange basis functions (and nodes) of order 𝑘 in 𝑑 dimensions is
given by 𝑚𝑘,𝑑 ∶=

(𝑘+𝑑
𝑑

), we consider the Lagrange basis functions {𝜙𝑇𝑖 }𝑚𝑘,𝑑𝑖=1 , associated with the Lagrange
nodes {𝒙𝑇𝑖 }𝑚𝑘,𝑑𝑖=1 , for the simplex 𝑇 ⊂ 𝐾 , where 𝐾 ∈  .

For an affine transformation 𝐹𝑇 ∶ 𝑇̂ → 𝑇 , mapping a reference element 𝑇̂ to each 𝑇 ∈  , we introduce
the family of Lagrange basis functions {𝜓𝑖}𝑚𝑘,𝑑𝑖=1 on the reference simplex 𝑇̂ , such that 𝜙𝑇𝑖 ◦𝐹𝑇 = 𝜓𝑖. Then,
we obtain

‖𝑣ℎ‖
2
0,𝑇 ≤ 𝑚𝑘,𝑑

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 )∫𝑇

(

𝜙𝑇𝑖 (𝒙)
)2 d𝒙

≤ 𝑚𝑘,𝑑 max
𝑖=1,…,𝑚𝑘,𝑑

‖𝜙𝑇𝑖 ‖
2
0,∞,𝑇 |𝑇 |

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ) = 𝐶𝐿

2

𝑘,𝑑|𝑇 |
𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ) ,
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with 𝐶𝐿2

𝑘,𝑑 ∶= 𝑚𝑘,𝑑 max𝑖=1,…,𝑚𝑘,𝑑 ‖𝜓𝑖‖
2
0,∞,𝑇̂

, since ‖𝜓𝑖‖0,∞,𝑇̂ = ‖𝜙𝑇𝑖 ‖0,∞,𝑇 for all 𝑇 ∈  .
Using the last bound along with a standard inverse estimate of the form ‖∇𝑣ℎ‖20,𝑇 ≤ 𝐶inv𝑘4𝜌−2𝑇 ‖𝑣ℎ‖20,𝑇 ,

with 𝐶inv > 0 a constant independent of 𝑇 , 𝑘, 𝑣ℎ, and 𝜌𝑇 denoting the radius of the largest inscribed ball in
𝑇 , gives

‖

√

∇𝑣ℎ‖
2
0,𝑇 ≤ 𝐶inv𝑘

4
‖‖0,∞,𝑇 𝜌

−2
𝑇 ‖𝑣ℎ‖

2
0,𝑇 ≤ 𝐶inv𝐶

𝐿2

𝑘,𝑑𝑘
4
‖‖0,∞,𝑇 𝜌

−2
𝑇 |𝑇 |

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ).

Since |𝑇 | ≤ ℎ𝑑𝑇 , from Assumption 4.3.1 we get |𝑇 | ≤ 𝐶2
sh𝜌

2
𝑇ℎ

𝑑−2
𝑇 and, thus, we conclude

‖

√

∇𝑣ℎ‖
2
0,𝑇 ≤ 𝐶𝐻

1

𝑘,𝑑 ‖‖0,∞,𝑇ℎ
𝑑−2
𝑇

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ), (4.17)

with 𝐶𝐻1

𝑘,𝑑 ∶= 𝐶inv𝐶2
sh𝐶

𝐿2

𝑘,𝑑𝑘
4.

Finally, let 𝑓 ⊂ 𝐹 ⊂ 𝐾− ∩ 𝐾+ (as before), where 𝐾−, 𝐾+ ∈  . Using the trace–inverse estimate
(see [41, Chapter 3, Lemma 6])

‖𝑣ℎ‖
2
0,𝐹 ≤ (𝑘 + 1)(𝑘 + 𝑑) |𝐹 |

𝑑 |𝑆|
‖𝑣ℎ‖

2
0,𝑆 ,

which holds for each face 𝐹 ⊂ 𝜕𝑆 of a simplex 𝑆 (𝐹 lies in a generic planar simplicial face shared by two
elements 𝐾+, 𝐾− ∈ ), we proceed as follows. Consider a face 𝑓 ⊂ 𝜕𝑇 ∩ 𝜕𝐾 for a polytopic element 𝐾 .
Then 𝑓 is a (sub)face of the simplicial element 𝑇 , and it is contained in the corresponding simplicial face
𝐹 of the polytopic element 𝐾 that contains 𝑇 . Hence, the above trace–inverse estimate can be applied on 𝑓
through its associated face 𝐹 of 𝐾 , therefore we have

‖

√

𝜎𝑣ℎ‖
2
0,𝑓 ≤ 𝑚𝑘,𝑑𝜎

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 )∫𝑓

(

𝜙𝑇𝑖 (𝒙)
)2 d𝑠

≤ 4𝐶star𝑚𝑘,𝑑 max
𝑖=1,…,𝑚𝑘,𝑑

‖𝜓𝑖‖0,∞,𝑇̂𝑘(𝑘 − 1 + 𝑑)𝑑−1‖𝐷‖0,∞,𝐾−∪𝐾+

(

min
∗∈{−,+}

𝐻𝐾∗

)−1
|𝑓 |

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ).

Upon considering only the nodes and the respective basis functions which are nontrivial on the given face,
which is a (𝑑 − 1)-dimensional simplex itself and, hence, the numbering is modified accordingly. From
Assumption 4.3.1(b), we have that ℎ𝑇 ≤ min∗∈{−,+}𝐻𝐾∗

and, since |𝑓 | ≤ ℎ𝑑−1𝑇 , we conclude

‖

√

𝜎𝑣ℎ‖
2
0,𝑓 ≤ 𝐶𝜎𝑘,𝑑‖𝐷‖0,∞,𝐾−∪𝐾+

ℎ𝑑−2𝑇

𝑚𝑘,𝑑
∑

𝑖=1
𝑣2ℎ(𝒙

𝑇
𝑖 ), (4.18)
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with 𝐶𝜎𝑘,𝑑 ∶= 4𝑑−1𝐶star𝑚𝑘,𝑑𝑘(𝑘 − 1 + 𝑑) max𝑖=1,…,𝑚𝑘,𝑑 ‖𝜓𝑖‖0,∞,𝑇̂ .
For convenience in the implementation of the stabilisation term, we bound each term further. To that

end, we recall the notation set 𝜔𝐾 , and of 𝜇𝑇 , from the definition of the bilinear form 𝑠(⋅, ⋅) and we combine
the above estimates, to deduce

|‖𝑣ℎ|‖
2
 ≤ 𝐶equiv

∑

𝐾∈

∑

𝑇∈𝐾

𝑚𝑘,𝑑
∑

𝑖=1

(

𝜔𝐾ℎ
𝑑−2
𝑇 + 𝜇𝑇ℎ𝑑𝑇

)

𝑣2ℎ(𝒙
𝑇
𝑖 ),

with 𝐶equiv ∶= max{𝐶𝐻1

𝑘,𝑑 , 2𝐶
𝜎
𝑘,𝑑}, since 𝐶𝐿2

𝑘,𝑑 ≤ 𝐶𝐻1

𝑘,𝑑 . The result already follows from the definition of ‖ ⋅‖𝑠.

4.3.1 Well-posedness

We now discuss the existence and uniqueness of solutions to (4.14). As in the previous chapters, the first step
we state the monotonicity result for 𝑠(⋅, ⋅). The proof of this lemma is identical as Lemma 1.6.22 (see [12,
Lemma 3.1]) and is therefore omitted for brevity.

Lemma 4.3.4. The bilinear form 𝑠(⋅, ⋅), defined in (4.13), satisfies:

𝑠(−(𝑣𝐻 ) − −(𝑤𝐻 ), +(𝑣𝐻 ) − +(𝑤𝐻 )) ≥ 0 ∀𝑣𝐻 , 𝑤𝐻 ∈ 𝑉 , (4.19)
𝑠(−(𝑣𝐻 ), 𝑤ℎ − +(𝑣𝐻 )) ≤ 0 ∀𝑣𝐻 ∈ 𝑉 , 𝑤ℎ ∈ 𝑊 +

 . (4.20)

This monotonicity result will be used below to prove the well-posedness of (4.15).
Next, we prove the coercivity and continuity properties for the stabilised bilinear form 𝑎ℎ(⋅, ⋅) under a

specific choice of trial and test functions, which will be essential in the subsequent analysis. A key aspect of
the proof is that the discontinuity-penalisation parameter 𝜎 , defined in (4.6), is sufficient to ensure stability,
even when the chosen trial functions are polynomials on the submesh  .

Lemma 4.3.5. [3, Lemma 3.5] Let 𝑣𝐻 , 𝑤𝐻 ∈ 𝑉 , and set 𝑟±ℎ ∶= ±(𝑣𝐻 ) − ±(𝑤𝐻 ) for brevity. Define the

set

 𝜕
𝐾 ∶= {𝑇 ∈ 𝐾 ∶ ∃ face 𝑓 ⊂ 𝜕𝑇 ∩ 𝜕𝐾}

of simplices 𝑇 in 𝐾 touching the boundary of 𝐾 , select 𝛼 > 0 in (4.13), such that

𝛼|𝐾 ∶= 𝛾 max

{

1,
𝐻𝐾
8𝐶star

max
𝑇∈ 𝜕

𝐾

|𝑓 |
|𝑇 |

}

, 𝐾 ∈  , (4.21)
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with 𝛾 ≥ 25𝐶equiv. Then, we have the bound

𝑎𝐷𝐺(𝑟+ℎ , 𝑧𝐻 ) + 𝑠(𝑟−ℎ , 𝑧𝐻 ) ≤ 7
4

(

|‖𝑟+ℎ |‖
2
 + ‖𝑟−ℎ‖

2
𝑠

)
1
2
(

|‖𝑧𝐻 |‖

2
 + ‖𝑧𝐻‖

2
𝑠

)
1
2 , (4.22)

for any 𝑧𝐻 ∈ 𝑉 .

Proof. Through standard estimation, we have

𝑎𝐷𝐺(𝑟+ℎ , 𝑧𝐻 ) ≤ |‖𝑟+ℎ |‖ |‖𝑧𝐻 |‖ − ∫Γ
{{∇𝑟+ℎ}} ⋅ [[𝑧𝐻 ]] d𝑠 − ∫Γ

{{∇𝑧𝐻}} ⋅ [[𝑟+ℎ ]] d𝑠. (4.23)

We continue by estimating the indefinite terms from above. For the last term on the right-hand side of last
bound, we employ Cauchy-Schwarz inequality and (4.9) to deduce

|

|

|∫Γ
{{∇𝑧𝐻}} ⋅ [[𝑟+ℎ ]] d𝑠

|

|

|

≤ 4−1‖
√

∇𝑧𝐻‖0,Ω‖
√

𝜎 [[𝑟+ℎ ]]‖0,Γ . (4.24)

For the remaining term, we begin by decomposing into two contributions that will, in turn, be estimated
using the two different stabilisation terms, i.e., the discontinuity-penalisation and 𝑠(⋅, ⋅), respectively:

∫Γ
{{∇𝑟+ℎ}} ⋅ [[𝑧𝐻 ]] d𝑠 = ∫Γ

{{∇(𝑣𝐻 −𝑤𝐻 )}} ⋅ [[𝑧𝐻 ]] d𝑠 − ∫Γ
{{∇𝑟−ℎ}} ⋅ [[𝑧𝐻 ]] d𝑠 =∶ (𝐼) − (𝐼𝐼),

(4.25)
since 𝑟+ℎ + 𝑟−ℎ = 𝑣𝐻 −𝑤𝐻 . For (𝐼), we employ Cauchy-Schwarz inequality and (4.9) to get

|(𝐼)| ≤ 4−1‖
√

∇ (𝑣𝐻 −𝑤𝐻 )‖0,Ω‖
√

𝜎 [[𝑧𝐻 ]]‖0,Γ

≤ 4−1
(

‖

√

∇𝑟
+
ℎ‖0,Ω + ‖

√

∇𝑟
−
ℎ‖0,Ω

)

‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ .

For (𝐼𝐼), we employ a trace-inverse estimate on every 𝑇 ∈  𝜕
𝐾 , 𝐾 ∈  , giving

|(𝐼𝐼)| ≤
∑

𝐾∈

∑

𝑓⊂𝜕𝑇∩𝜕𝐾
𝑇∈ 𝜕

𝐾

‖𝜎
−1∕2∇𝑟−ℎ |𝑇 ‖0,𝑓‖

√

𝜎 [[𝑧𝐻 ]]‖0,𝑓

≤
(

∑

𝐾∈

∑

𝑇∈ 𝜕
𝐾

𝛿𝐾 |𝑓 |
8𝐶star|𝑇 |

min
∗∈{+,−}

𝐻𝐾∗
𝛿−1𝐾∗

‖

√

∇𝑟−ℎ‖
2
0,𝑇

)
1
2
‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ .

Since min∗∈{+,−}𝐻𝐾∗
𝛿−1𝐾∗

≤ 𝐻𝐾𝛿−1𝐾 (one of the 𝐾∗ is 𝐾 itself), and 𝛼|𝐾 = 𝛾 max
{

1, 𝐻𝐾
8𝐶star

max
𝑇∈ 𝜕

𝐾

|𝑓 |
|𝑇 |

}

, we
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deduce

|(𝐼𝐼)| ≤
(

∑

𝐾∈

∑

𝑇∈ 𝜕
𝐾

‖

√

∇𝑟−ℎ‖
2
0,𝑇

)
1
2
‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ ≤ 𝛾−1∕2‖
√

𝛼∇𝑟
−
ℎ‖0,Ω‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ . (4.26)

Returning to (4.25), the above estimates and Lemma 4.3.3, upon observing that 𝑟−ℎ ∈ 𝑊 and √

𝛼𝑟−ℎ ∈ 𝑊 ,
imply

|

|

|∫Γ
{{∇𝑟+ℎ}} ⋅ [[𝑧𝐻 ]] d𝑠||

|

≤ 4−1
(

‖

√

∇𝑟
+
ℎ‖0,Ω + ‖

√

∇𝑟
−
ℎ‖0,Ω + 4𝛾−1∕2‖

√

𝛼∇𝑟
−
ℎ‖0,Ω

)

‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ

≤
√

2
4

(

‖

√

∇𝑟
+
ℎ‖

2
0,Ω + 25𝐶equiv𝛾

−1
‖𝑟−ℎ‖

2
𝑠

)
1
2
‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ ,

respectively, since 𝛼−1∕2 ≤ 𝛾−1∕2 by construction. Since 𝛾 ≥ 25𝐶equiv, we arrive at the estimate:

|

|

|∫Γ
{{∇𝑟+ℎ}} ⋅ [[𝑧𝐻 ]] d𝑠||

|

≤
√

2
4

(

‖

√

∇𝑟
+
ℎ‖

2
0,Ω + ‖𝑟−ℎ‖

2
𝑠
)

1
2
‖

√

𝜎 [[𝑧𝐻 ]]‖0,Γ . (4.27)

Applying (4.24) and (4.27) into (4.23), along with the trivial bound √

2 ≤ 2 yields (4.22).

Lemma 4.3.6. [3, Lemma 3.6] With the assumptions and notation of Lemma 4.3.5, we also have

𝑎𝐷𝐺(𝑟+ℎ , 𝑣𝐻 −𝑤𝐻 ) + 𝑠(𝑟−ℎ , 𝑣𝐻 −𝑤𝐻 ) ≥ 1
2
(

|‖𝑣𝐻 −𝑤𝐻 |‖

2
 + ‖𝑟−ℎ‖

2
𝑠
)

. (4.28)

Proof. Since 𝑣𝐻 −𝑤𝐻 = 𝑟+ℎ + 𝑟−ℎ , we obtain

𝑎𝐷𝐺(𝑟+ℎ , 𝑣𝐻 −𝑤𝐻 ) + 𝑠(𝑟−ℎ , 𝑣𝐻 −𝑤𝐻 ) ≥ 𝑎𝐷𝐺(𝑣𝐻 −𝑤𝐻 , 𝑣𝐻 −𝑤𝐻 ) − 𝑎𝐷𝐺(𝑟−ℎ , 𝑣𝐻 −𝑤𝐻 ) + 𝑠(𝑟−ℎ , 𝑟
−
ℎ ),

(4.29)
using 𝑠(𝑟−ℎ , 𝑟+ℎ ) ≥ 0 from (1.69). Since 𝑣𝐻 −𝑤𝐻 ∈ 𝑉 , Lemma 4.2.5 yields

𝑎𝐷𝐺(𝑣𝐻 −𝑤𝐻 , 𝑣𝐻 −𝑤𝐻 ) ≥ 3
4
|‖𝑣𝐻 −𝑤𝐻 |‖

2
 . (4.30)

Next, arguing exactly as in the proofs of (4.24) and (4.26), we have

|

|

|∫Γ
{{∇(𝑣𝐻 −𝑤𝐻 )}} ⋅ [[𝑟−ℎ ]]d𝑠

|

|

|

≤ 4−1‖1∕2∇ (𝑣𝐻 −𝑤𝐻 )‖0,Ω‖
√

𝜎 [[𝑟−ℎ ]]‖0,Γ ,
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and
|

|

|∫Γ
{{∇𝑟−ℎ}} ⋅ [[𝑣𝐻 −𝑤𝐻 ]]d𝑠||

|

≤ 𝛾−1∕2‖
√

𝛼1∕2∇𝑟
−
ℎ‖0,Ω‖

√

𝜎 [[𝑣𝐻 −𝑤𝐻 ]]‖0,Γ .

Applying Lemma 4.3.3 to √

𝛼𝑟−ℎ ∈ 𝑊 gives

𝛾−1∕2‖
√

𝛼1∕2∇𝑟
−
ℎ‖0,Ω ≤ 4−1‖𝑟−ℎ‖𝑠,

for the stated choices of 𝛼 and 𝛾 . Using these three estimates together with the trivial bounds ‖1∕2∇𝑣‖0,Ω ≤

|‖𝑣|‖ and ‖

√

𝜎 [[𝑣]]‖0,Γ ≤ |‖𝑣|‖ for any 𝑣 ∈ 𝑊 , we obtain

|𝑎𝐷𝐺(𝑟−ℎ , 𝑣𝐻 −𝑤𝐻 )| ≤ 5
4
|‖𝑟−ℎ |‖ |‖𝑣𝐻 −𝑤𝐻 |‖ + 1

4
‖𝑟−ℎ‖𝑠|‖𝑣𝐻 −𝑤𝐻 |‖ . (4.31)

Moreover, Lemma 4.3.3 applied to 𝑟−ℎ ∈ 𝑊 yields

16|‖𝑟−ℎ |‖
2
 ≤ 16𝐶equiv‖𝛼

−1∕2𝑟−ℎ‖
2
𝑠 ≤ ‖𝑟−ℎ‖

2
𝑠 , (4.32)

since 𝛼−1 ≤ 𝛾−1 ≤ (16𝐶equiv)−1 by construction. Hence, from (4.31) we conclude that

|𝑎𝐷𝐺(𝑟−ℎ , 𝑣𝐻 −𝑤𝐻 )| ≤ 21
64

‖𝑟−ℎ‖𝑠|‖𝑣𝐻 −𝑤𝐻 |‖ <
1
4
‖𝑟−ℎ‖

2
𝑠 +

1
4
|‖𝑣𝐻 −𝑤𝐻 |‖

2
 .

Substituting this into (4.29), together with (4.30), establishes (4.28).

The preceding two lemmas are sufficient to guarantee the applicability of monotone operator theory,
thereby establishing the existence and uniqueness of a solution to (4.15). Furthermore, they provide the
foundation for an iterative scheme that converges to the solution. In particular, we obtain the following
result.

Theorem 4.3.7 (Well-posedness). [3, Theorem 3.7] Let 𝑇 ∶ 𝑉 → [𝑉 ]
′ be defined by

[𝑇 𝑢𝐻 , 𝑣𝐻 ] ∶= 𝑎ℎ(𝑢𝐻 ; 𝑣𝐻 ) = 𝑎𝐷𝐺(+(𝑢𝐻 ), 𝑣𝐻 ) + 𝑠(−(𝑢𝐻 ), 𝑣𝐻 ), 𝑣𝐻 ∈ 𝑉 .

Then, under the hypotheses of Lemma 4.3.5, 𝑇 is continuous and strongly monotone. Consequently, the

problem (4.15) has a unique solution 𝑢𝐻 ∈ 𝑉 .
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Proof. To show that 𝑇 is continuous, we recall (4.32) and use (4.22), which gives

[𝑇 𝑣𝐻−𝑇𝑤𝐻 , 𝑣𝐻−𝑤𝐻 ] ≤ 7
4

(

|‖+(𝑣𝐻 ) − +(𝑤𝐻 )|‖2+
26
25

‖−(𝑣𝐻 ) − −(𝑤𝐻 )‖2𝑠
)1∕2(

|‖𝑧𝐻 |‖

2
+‖𝑧𝐻‖

2
𝑠

)1∕2
.

Thus, 𝑇 is continuous on 𝑉 .
Moreover, (4.28) implies

[𝑇 𝑣𝐻 − 𝑇𝑤𝐻 , 𝑣𝐻 −𝑤𝐻 ] ≥ 1
2
(

|‖𝑣𝐻 −𝑤𝐻 |‖

2
 + ‖−(𝑣𝐻 ) − −(𝑤𝐻 )‖2𝑠

)

,

showing that 𝑇 is strongly monotone on 𝑉 . Existence and uniqueness therefore follow from the Browder-
Minty Theorem (see, e.g., [110, Theorem 10.41]) together with strong monotonicity.

4.4 Bound-preserving best approximation

For the error analysis, we require the construction of suitable nodally bound-preserving piece-wise poly-
nomial best approximations to the exact weak solution 𝑢 of (4.1). The starting point of the construction is
to define the Lagrange interpolant on a simplex 𝐾♯ containing a polytopic element 𝐾 ∈  . To eventually
guarantee bound-preservation in the construction below, we make the following technical assumption on the
admissible families of 𝑑-simplices 𝐾♯ ⊃ 𝐾 , 𝐾 ∈  .

Assumption 4.4.1. For each member 𝑖 of a family of polytopic meshes (𝑖)𝑖∈𝐼 , we define the covering

♯
𝑖 = {𝐾♯}, related to the polytopic mesh  (see Figure 4.1), as the set of open, shape-regular 𝑑-simplices

𝐾♯, of smallest possible in diameter 𝐻𝐾♯ , such that:

(a) for each 𝐾 ∈ 𝑖, there exists a unique 𝐾♯ ∈ ♯
𝑖 such that 𝐾 ⊂ 𝐾♯;

(b) there exists a (global) constant 𝐶♯sh ≥ 1, such that 𝐻𝐾♯ ≤ 𝐶♯sh𝐻𝐾 , for all 𝐾 ∈ 𝑖, 𝑖 ∈ 𝐼;

(c) each ♯
𝑖 covers exactly the domain Ω, that is, we have Ω = ∪𝐾♯∈♯

𝑖
𝐾♯.
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Figure 4.1: Polygonal element 𝐾 and its covering 𝐾♯.

Of course, the simplices 𝐾♯ are allowed to overlap. Note that from Definition 4.4.1(b) and Assumption
4.2.3(a), we have

|𝐾♯
| ≤ 𝐻𝑑

𝐾♯ ≤
(

𝐶♯sh𝐻𝐾
)𝑑 ≤

(

𝐶♯sh𝐶star
)𝑑𝜌𝑑𝐾 ≤ 𝜋−1

(

𝐶♯sh𝐶star
)𝑑
|𝐾|,

respectively, since 𝜌𝐾 is the radius of a ball in 𝐾 . Setting 𝐶cov ∶= 𝜋−1
(

𝐶♯sh𝐶star
)𝑑 , we deduce

∑

𝐾♯∈♯

|𝐾♯
| ≤ 𝐶cov

∑

𝐾∈
|𝐾| = 𝐶cov|Ω|, (4.33)

since there is correspondence between 𝐾 and 𝐾♯. The last bound shows that the assumptions made on the
mesh  and on the simplicial covering ♯ are sufficient to control the extend of overlap in the computational
domain Ω caused by the use of ♯.

We now proceed to establish a best approximation result for a nodally bound-preserving approximant in
𝑉 . The proof is inspired by a similar construction introduced in [85]. The result in [85] concerns the best
approximation by bounds-constrained polynomials in the continuous setting. They proved that if𝐾 ⊂ ℝ𝑛 be
a compact domain and 𝑓 ∶ 𝐾 → ℝ be a continuous function with range [𝑚,𝑀], and 𝑉ℎ be a vector space
of continuous functions mapping 𝐾 into ℝ such that constant-valued functions on 𝐾 are included. For any
𝑔 ∈ 𝑉ℎ, there exists 𝑞 ∈ 𝑉ℎ such that the range of 𝑞 is contained in [𝑚,𝑀] and

‖𝑓 − 𝑞‖∞ ≤ 2‖𝑓 − 𝑔‖∞.

In the present work, we extend this idea to the finite element space 𝑉 , where the approximation not only
preserves the nodal bounds but also satisfies optimal-order approximation properties. The following theorem
provides this discrete extension of the continuous result presented in [85].
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Theorem 4.4.2. [3, Theorem 4.2] Let 𝐾 ∈  , 𝑘 ∈ ℕ the polynomial degree of 𝑉 , and 𝑣 ∈ 𝐻𝑘+1(𝐾♯) a

function with range in [0, 𝜅]. Then, there exists 𝜋𝐻𝑣 ∈ 𝑉 whose range is contained in [0, 𝜅], such that

|𝑣 − 𝜋𝐻𝑣|𝑚,𝐾 ≤ 𝐶𝑚𝐻
𝑘+1−𝑚
𝐾 |𝑣|𝑘+1,𝐾♯ , (4.34)

𝑚 = 0, 1, 2, for 𝐾♯ ∈ ♯ as in Definition 4.4.1, with 𝐶𝑚 > 0 depending on the shape-regularity of 𝐾♯, on

𝑟 and on 𝑘; moreover for 𝑚 = 1, 2, 𝐶𝑚 > 0, depends also on 𝐶star and on the upper range 𝜅, as well as on

|𝑣|1,𝑑,Ω for 𝑚 = 1, or on |𝑣|2,Ω for 𝑚 = 2.

Proof. Let 𝑘 ≥ 2 and 𝑖𝐻 ∶ 𝐻2(𝐾♯) → ℙ𝑘(𝐾♯) be the Lagrange interpolation operator, producing the
interpolating polynomial of total degree 𝑘 on the Lagrange nodes of the simplex𝐾♯. Then, as 𝑣 ∈ 𝐻𝑘+1(𝐾♯),
we have the best approximation estimates

‖𝑣 − 𝑖𝐻𝑣‖0,𝐾♯ +𝐻𝐾♯|𝑣 − 𝑖𝐻𝑣|1,𝐾♯ +𝐻2
𝐾♯|𝑣 − 𝑖𝐻𝑣|2,𝐾♯ + |𝐾♯

|

1∕2
‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾♯ ≤ 𝐶̃app𝐻

𝑘+1
𝐾♯ |𝑣|𝑘+1,𝐾♯ ,

(4.35)
for each 𝐾 ∈  , with 𝐶̃app > 0 independent of 𝐻𝐾♯ and of 𝑣; [48, Theorem 3.1.4]. From the properties
stated in Definition 4.4.1, we deduce

‖𝑣 − 𝑖𝐻𝑣‖0,𝐾 +𝐻𝐾 |𝑣− 𝑖𝐻𝑣|1,𝐾 +𝐻2
𝐾 |𝑣− 𝑖𝐻𝑣|2,𝐾 + |𝐾|

1∕2
‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾 ≤ 𝐶app𝐻

𝑘+1
𝐾 |𝑣|𝑘+1,𝐾♯ , (4.36)

with 𝐶app ∶= 𝐶̃app
(

𝐶♯sh
)𝑘+1.

By construction, the nodal values in𝐾♯ of the interpolant 𝑖𝐻𝑣 are within the range [0, 𝜅], since the range
of 𝑣 itself is contained in [0, 𝜅]. When restricted to the polytopic element 𝐾 ⊂ 𝐾♯, however, the range of
𝑖𝐻𝑣|𝐾 is not necessarily contained in [0, 𝜅], since Lagrange basis functions on a simplex do not all reside
within the range [0, 1] for 𝑘 ≥ 2.

To construct an element-wise polynomial approximant of 𝑣 that is also bound-preserving, we work as
follows. On each 𝐾 ∈  , we define the function

(𝜋𝐻𝑣)|𝐾 ∶= 𝜅
2
+ 𝛽𝜅(𝑣)

(

𝑖𝐻𝑣 −
𝜅
2

)

, with 𝛽𝜅(𝑣) ∶= 𝜅
(

𝜅 + 2‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾
)−1;

cf., also, [85, Theorem 2]. Since 𝜋𝐻𝑣 is constructed by vector space operations and 𝑉 contains the constants,
we have 𝜋𝐻𝑣 ∈ 𝑉 . To show that the range of 𝜋𝐻𝑣 is contained in [0, 𝜅], we first observe that any function
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𝑤 whose range is contained in [0, 𝜅] admits the bound

‖

‖

‖

𝑤 − 𝜅
2
‖

‖

‖0,∞,𝐾
≤ 𝜅

2
. (4.37)

Thus, for 𝜋𝐻𝑣, we have, respectively,

‖

‖

‖

𝜋𝐻𝑣 −
𝜅
2
‖

‖

‖0,∞,𝐾
≤ 𝛽𝜅(𝑣)

‖

‖

‖

𝑖𝐻𝑣 −
𝜅
2
‖

‖

‖0,∞,𝐾
≤ 𝜅

2
,

since
‖

‖

‖

𝑖𝐻𝑣 −
𝜅
2
‖

‖

‖0,∞,𝐾
≤ ‖

‖

‖

𝑖𝐻𝑣 − 𝑣
‖

‖

‖0,∞,𝐾
+ ‖

‖

‖

𝑣 − 𝜅
2
‖

‖

‖0,∞,𝐾
≤ ‖

‖

‖

𝑖𝐻𝑣 − 𝑣
‖

‖

‖0,∞,𝐾
+ 𝜅

2
.

Having shown that 0 ≤ 𝜋𝐻𝑣 ≤ 𝜅, we now estimate its approximation capabilities. To that end, we have

𝑣 − 𝜋𝐻𝑣 = 𝑣 − 𝜅
2
− 𝛽𝜅(𝑣)

(

𝑖𝐻𝑣 −
𝜅
2

)

=
(

𝑣 − 𝜅
2

)

(1 − 𝛽𝜅(𝑣)) + 𝛽𝜅(𝑣)(𝑣 − 𝑖𝐻𝑣), (4.38)

and so, triangle inequality, (4.37), and (4.36), respectively, give

‖

‖

‖

𝑣 − 𝜋𝐻𝑣
‖

‖

‖0,𝐾
≤

2‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾
𝜅 + 2‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾

‖

‖

‖

𝑣 − 𝜅
2
‖

‖

‖0,𝐾
+ 𝛽𝜅(𝑣)

‖

‖

‖

𝑣 − 𝑖𝐻𝑣
‖

‖

‖0,𝐾

≤
√

|𝐾|

‖

‖

‖

𝑣 − 𝑖𝐻𝑣
‖

‖

‖0,∞,𝐾
+ ‖

‖

‖

𝑣 − 𝑖𝐻𝑣
‖

‖

‖0,𝐾

≤ 2𝐶app𝐻
𝑘+1
𝐾 |𝑣|𝑘+1,𝐾♯ .

(4.39)

For the 𝐻1-seminorm best approximation estimate, differentiating (4.38), taking norm and employing
the triangle inequality, gives

‖

‖

‖

∇(𝑣 − 𝜋𝐻𝑣)
‖

‖

‖0,𝐾
≤ (1 − 𝛽𝜅(𝑣))‖∇𝑣‖0,𝐾 + 𝛽𝜅(𝑣)‖∇(𝑣 − 𝑖𝐻𝑣)‖0,𝐾 . (4.40)

Noting that Hölder’s inequality implies ‖∇𝑣‖0,𝐾 ≤ |𝐾|

(𝑑−2)∕(2𝑑)
‖∇𝑣‖0,𝑑,𝐾 , for 𝑑 = 2, 3, (this is allowed as

𝐻𝑘+1(𝐾♯), 𝑘 ≥ 2, embeds continuously into𝑊 1,𝑑(𝐾♯)), and employing (4.36), the last bound can be further
estimated as follows:

‖

‖

‖

∇(𝑣 − 𝜋𝐻𝑣)
‖

‖

‖0,𝐾
≤ 2𝜅−1|𝐾|

(𝑑−2)∕(2𝑑)‖
‖

‖

∇𝑣‖‖
‖0,𝑑,𝐾

‖

‖

‖

𝑣 − 𝑖𝐻𝑣
‖

‖

‖0,∞,𝐾
+ ‖

‖

‖

∇(𝑣 − 𝑖𝐻𝑣)
‖

‖

‖0,𝐾

≤ 𝐶app
(

2𝜅−1|𝐾|

−1∕𝑑𝐻𝐾
‖

‖

‖

∇𝑣‖‖
‖0,𝑑,𝐾

+ 1
)

𝐻𝑘
𝐾 |𝑣|𝑘+1,𝐾♯ .

From Assumption 4.2.3(a), we deduce |𝐾|

−1∕𝑑𝐻𝐾 ≤ 𝜌−1𝐾 𝐻𝐾 ≤ 𝐶−1
star , and, thus, the result follows with
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𝐶1 ∶= 𝐶app(2𝐶−1
star𝜅

−1
‖∇𝑣‖0,𝑑,𝐾 + 1).

For the 𝐻2-seminorm best approximation estimate, working as before gives

|𝑣 − 𝜋𝐻𝑣|2,𝐾 ≤ (1 − 𝛽𝜅(𝑣))|𝑣|2,𝐾 + 𝛽𝜅(𝑣)|𝑣 − 𝑖𝐻𝑣|2,𝐾 . (4.41)

Employing (4.36), the last bound can be further estimated as follows:

|𝑣 − 𝜋𝐻𝑣|2,𝐾 ≤ 2𝜅−1|𝑣|2,𝐾‖𝑣 − 𝑖𝐻𝑣‖0,∞,𝐾 + |𝑣 − 𝑖𝐻𝑣|2,𝐾

≤ 𝐶app
(

2𝜅−1𝐻2
𝐾 |𝑣|2,𝐾 + 1

)

𝐻𝑘−1
𝐾 |𝑣|𝑘+1,𝐾♯ .

The result follows upon setting 𝐶2 ∶= 𝐶app(2𝜅−1|𝑣|2,𝐾𝐻2
𝐾 + 1). The above conclude the proofs for 𝑘 ≥ 2.

For 𝑘 = 1, we can set 𝜋𝐻𝑣 = 𝑖𝐻𝑣 as the range of linear Lagrange basis functions over the simplex they
are defined on is contained in [0, 1], and, so, standard interpolation estimates are valid. Note that we can
take 𝐶2 = 1, for 𝑘 = 1.

4.5 A priori error analysis

We are now in position to prove a priori error bounds between sufficiently smooth exactly solutions 𝑢 to (4.1)
and their nodally bound-preserving approximations +(𝑢𝐻 ) provided by (4.14).
Theorem 4.5.1. [3, Theorem 5.1] Let 𝑢 ∈ 𝐻𝑘+1(Ω)∩𝐻1

0 (Ω) be the solution to (4.1) and +(𝑢𝐻 ) ∈ 𝑊 the

nodally bound-preserving approximation produced by (4.14), with 𝜎 as in (4.6) and 𝛼 as in (4.21), computed

on families of polytopic meshes and respective simplicial subdivisions satisfying Assumptions 4.2.3 and 4.3.1,

respectively. Then, we have the error bound:

|‖𝑢 − +(𝑢𝐻 )|‖ ≤ 𝐶apr

(

∑

𝐾∈

(

𝛿𝜔𝐾 +𝐻2
𝐾𝜇𝐾

)

𝐻2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯

)1∕2

, (4.42)

where 𝜇𝐾 ∶= ‖𝜇‖0,∞,𝐾 , with {𝐾♯} denoting the simplicial covering from Definition 4.4.1, and 𝐶apr > 0

dependent only on the polynomial degree 𝑘 ∈ ℕ and on the constants appearing in Assumptions 4.2.3 and

4.3.1 and in Definition 4.4.1.

Proof. We begin by decomposing the error 𝑒 ∶= 𝑢 − +(𝑢𝐻 ) as

𝑒 =
(

𝑢 − 𝜋𝐻𝑢
)

+
(

𝜋𝐻𝑢 − +(𝑢𝐻 )
)

=∶ 𝜂 + 𝜉,
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noting that 𝜉 ∈ 𝑊 . The triangle inequality implies |‖𝑒|‖ ≤ |‖𝜂|‖ + |‖𝜉|‖ .
We shall now estimate 𝜉 ∈ 𝑊 . We observe that 𝜉 = +(𝜋𝐻𝑢) − +(𝑢𝐻 ) since 0 ≤ 𝜋𝐻𝑢 ≤ 𝜅. Applying

Lemma 4.3.6, we get

𝑎𝐷𝐺(𝜉, 𝜋𝐻𝑢 − 𝑢𝐻 ) − 𝑠(−(𝑢𝐻 ), 𝜋𝐻𝑢 − 𝑢𝐻 ) ≥ 1
2
(

|‖𝜋𝐻𝑢 − 𝑢𝐻 |‖

2
 + ‖−(𝑢𝐻 )‖2𝑠

)

. (4.43)

Assuming that 𝑢 ∈ 𝐻3∕2+𝜖(Ω), 𝜖 > 0, with 0 ≤ 𝑢 ≤ 𝜅 in Ω, (4.4) is consistent in the sense that
𝛼𝐷𝐺(𝑢, 𝑣𝐻 ) = 𝓁(𝑣𝐻 ), for all 𝑣𝐻 ∈ 𝑉 . Combining the last identity with (4.14), gives the orthogonality
relation

𝛼𝐷𝐺(𝑢, 𝑣𝐻 ) = 𝓁(𝑣𝐻 ) = 𝑎𝐷𝐺(+(𝑢𝐻 ), 𝑣𝐻 ) + 𝑠(−(𝑢𝐻 ), 𝑣𝐻 ),

for all 𝑣𝐻 ∈ 𝑉 , which, in turn implies

𝛼𝐷𝐺(𝜉, 𝑣𝐻 ) − 𝑠(−(𝑢𝐻 ), 𝑣𝐻 ) = −𝛼𝐷𝐺(𝜂, 𝑣𝐻 ). (4.44)

Using (4.44) on (4.43), results into

1
2
(

|‖𝜋𝐻𝑢 − 𝑢𝐻 |‖

2
 + ‖−(𝑢𝐻 )‖2𝑠

)

≤ −𝑎𝐷𝐺(𝜂, 𝜋𝐻𝑢 − 𝑢𝐻 ). (4.45)

Setting 𝜉𝐻 ∶= 𝜋𝐻𝑢 − 𝑢𝐻 for brevity, we embark on estimating the right-hand side of (4.45). Straight-
forward estimation gives

|𝑎𝐷𝐺(𝜂, 𝜉𝐻 )| ≤ |‖𝜂|‖ |‖𝜉𝐻 |‖ + ∫Γ
|{{∇𝜂}}| |[[𝜉𝐻 ]]| d𝑠 + ∫Γ

|{{∇𝜉𝐻}}| |[[𝜂]]| d𝑠. (4.46)

We proceed for each of the last two terms of (4.46) separately. For the last term we work as in (4.24) to
obtain the bound

∫Γ
|{{∇𝜉𝐻}}| |[[𝜂]]| d𝑠 ≤ 4−1‖

√

∇𝜉𝐻‖0,Ω‖
√

𝜎 [[𝜂]]‖0,Γ .

To further estimate the term involving 𝜂, for each simplicial face 𝐹 shared by two elements 𝐾+, 𝐾− ∈  ,
we recall the definition of the simplex 𝐾𝐹

∗ ⊂ 𝐾∗, ∗∈ {+,−}, having as a face 𝐹 a simplicial face of 𝐾∗,
(possibly after further subdivision of a polytopic face,) and opposite vertex the centre of the ball with respect
to which 𝐾∗ is star-shaped; cf., also the proof of Lemma 4.2.5 above. We apply the Trace Theorem on 𝐾𝐹

∗ ,
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getting
‖𝑣‖20,𝐹 ≤ 𝐶tr‖𝑣‖0,𝐾𝐹

∗
‖𝑣‖1,𝐾𝐹

∗
≤ 𝐶tr(1 +𝐻−1

𝐾∗
)‖𝑣‖20,𝐾𝐹

∗
+ 𝐶tr𝐻𝐾∗

|𝑣|21,𝐾𝐹
∗

≤ 𝐶tr(1 +𝐻𝐾∗
)
(

𝐻−1
𝐾 ‖𝑣‖20,𝐾𝐹

∗
+𝐻𝐾∗

|𝑣|21,𝐾𝐹
∗

)

,
(4.47)

with 𝐶tr depending only on the star-shapedness parameter 𝐶star from Assumption 4.2.3(a); we refer, e.g.,
to [38, Lemma 4.7] for a proof of the Trace Theorem with explicit value of 𝐶tr .

Hence, (4.47) implies

‖

√

𝜎 [[𝜂]]‖20,Γ ≤ 𝑐1
∑

𝐹⊂Γ

∑

∗∈{+,−}
𝛿𝜔𝐾∗

(

𝐻−2
𝐾∗

‖𝜂‖20,𝐾𝐹
∗
+ |𝜂|21,𝐾𝐹

∗

)

≤ 𝑐1
∑

𝐾∈
𝛿𝜔𝐾

(

𝐻−2
𝐾 ‖𝜂‖20,𝐾 + |𝜂|21,𝐾

)

,

with 𝑐1 ∶= 16(1 + max𝐾∈ 𝐻𝐾 )𝐶tr𝐶star𝑘(𝑘 − 1 + 𝑑)𝑑−1, since we have ∪𝐹⊂𝜕𝐾∗
𝐾𝐹

∗ = 𝐾∗ by construction.
Theorem 4.4.2 then implies

‖

√

𝜎 [[𝜂]]‖20,Γ ≤ 𝑐1
∑

𝐾∈
𝛿𝜔𝐾𝐻

2𝑘
𝐾 |𝑣|2

𝑘+1,𝐾♯ , (4.48)

with 𝑐1 = 𝑐1max{𝐶2
0 , 𝐶

2
1}.

Now we turn to the penultimate term on the right-hand side of (4.46), for which we have

∫Γ
|{{∇𝜂}}| |[[𝜉𝐻 ]]| d𝑠 ≤ ‖𝜎−1∕2 {{∇𝜂}}‖0,Γ‖

√

𝜎 [[𝜉𝐻 ]]‖0,Γ .

We further estimate the term involving 𝜂 as follows:

‖𝜎−1∕2 {{∇𝜂}}‖20,Γ ≤ 𝑐2
∑

𝐹⊂Γ

∑

∗∈{+,−}
𝛿−1𝐾∗

‖‖

2
0,∞,𝐾∗

(

|𝜂|21,𝐾𝐹
∗
+𝐻2

𝐾∗
|𝜂|22,𝐾𝐹

∗

)

≤ 𝑐2
∑

𝐾∈
‖−1

‖

−1
0,∞,𝐾

(

|𝜂|21,𝐾 +𝐻2
𝐾 |𝜂|

2
2,𝐾

)

for 𝑐2 ∶=
(

8𝐶star𝑘(𝑘−1+𝑑)
)−1𝑑2𝐶tr(1+max𝐾∈ 𝐻𝐾 ), using the Trace Theorem (4.47) for 𝑣 = |∇𝜂|𝐾∗

|, the
definition of 𝛿𝐾∗

, and working as before to collect the contributions to each 𝐾∗. Noting that ‖−1
‖

−1
0,∞,𝐾 ≤

‖‖0,∞,𝐾 , we apply Theorem 4.4.2 to arrive at

‖𝜎−1∕2 {{∇𝜂}}‖20,Γ ≤ 𝑐2
∑

𝐾∈
‖‖0,∞,𝐾𝐻

2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯ , (4.49)

with 𝑐2 ∶= 𝑐2max{𝐶2
1 , 𝐶

2
2}.
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Finally, using (4.48), along with straightforward estimation, also yields

|‖𝜂|‖2 ≤
∑

𝐾∈

(

𝐶2
1‖‖0,∞,𝐾 + 𝐶2

0𝐻
2
𝐾‖𝜇‖0,∞,𝐾 + 𝑐1𝛿𝜔𝐾

)

𝐻2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯ . (4.50)

Using (4.48), (4.49) and (4.50) to estimate further (4.46), along with the discrete version of Cauchy-Schwarz
inequality gives the following bound:

|𝑎𝐷𝐺(𝜂, 𝜉𝐻 )| ≤ 2
(

|‖𝜂|‖2 + ‖𝜎−1∕2 {{∇𝜂}}‖20,Γ + ‖

√

𝜎 [[𝜂]]‖20,Γ
)1∕2

|‖𝜉𝐻 |‖

≤ 𝑐3
(

∑

𝐾∈

(

𝛿𝜔𝐾 +𝐻2
𝐾𝜇𝐾

)

𝐻2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯

)1∕2

|‖𝜉𝐻 |‖ ,
(4.51)

with 𝑐3 ∶= 2(max{2𝑐1 + 𝑐2 + 𝐶2
1 , 𝐶

2
0})

1∕2 and 𝜇𝐾 ∶= ‖𝜇‖0,∞,𝐾 .
Returning, now, to (4.45), we use (4.51), (along with the inequality 𝑎𝑏 ≤ 𝑎2 + 𝑏2∕4 on the right-hand

side of (4.51)) to deduce

1
4
|‖𝜉𝐻 |‖

2
 + 1

2
‖−(𝑢𝐻 )‖2𝑠 ≤ 𝑐23

∑

𝐾∈

(

𝛿𝜔𝐾 +𝐻2
𝐾𝜇𝐾

)

𝐻2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯ . (4.52)

From the above estimate , we can arrive at an upper bound for |‖𝜉|‖ , as follows. Since 𝜉𝐻 = 𝜉−−(𝑢𝐻 ),
triangle inequality and (4.32) give

|‖𝜉𝐻 |‖

2
 ≥

(

|‖𝜉|‖ − |‖−(𝑢𝐻 )|‖
)2 ≥

(

|‖𝜉|‖ − 5−1‖−(𝑢𝐻 )‖𝑠
)2

≥ |‖𝜉|‖2 + 1
25

‖−(𝑢𝐻 )‖2𝑠 −
2
5
|‖𝜉|‖‖−(𝑢𝐻 )‖𝑠 ≥

4
5
|‖𝜉|‖2 − 4

25
‖−(𝑢𝐻 )‖2𝑠 ,

(4.53)

respectively, using the inequality 2𝑎𝑏 ≤ 𝑎2∕5 + 5𝑏2 in the last step. Combining (4.52) with (4.53) provides
us with the bound

|‖𝜉|‖2 ≤ 5𝑐23
∑

𝐾∈

(

𝛿𝜔𝐾 +𝐻2
𝐾𝜇𝐾

)

𝐻2𝑘
𝐾 |𝑢|2

𝑘+1,𝐾♯ , (4.54)

ignoring the non-negative term ‖−(𝑢𝐻 )‖2𝑠 . The triangle inequality completes the proof.

Remark 4.5.2. Some remarks are in order.

1. The presence of the covering simplices𝐾♯ on the right-hand side of (4.42) does not affect the inferred

of the order of the method proved. Indeed, estimating further (4.42) from above and using (4.33),
results in the bound

|‖𝑢 − +(𝑢𝐻 )|‖ ≤ 𝐶 max
𝐾∈

𝐻𝑘
𝐾 |𝑢|𝑘+1,Ω,
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for 𝐶 > 0 depending on 𝐶apr , 𝐶cov, , and on 𝜇 only.

2. The proof of Theorem 4.5.1 offers also an a priori error bound for the ‘non-compliant’ approximate

solution 𝑢𝐻 ∈ 𝑉 , which may not be nodally bound-preserving. Indeed, from (4.52), we obtain a

bound on |‖𝜋𝐻𝑢 − 𝑢𝐻 |‖ , which, combined with (4.50) results to the error bound

|‖𝑢 − 𝑢𝐻 |‖ ≤ 𝐶̃apr

(

∑

𝐾∈

(

𝛿𝜔𝐾 +𝐻2
𝐾𝜇𝐾

)

𝐻2𝑘
𝐾 |𝑣|2

𝑘+1,𝐾♯

)1∕2

,

for a 𝐶̃apr > 0 having the same dependence on the constants as 𝐶apr > 0.

3. The bound (4.52) also gives some insight on the rate of decay of |−(𝑢𝐻 )| → 0, i.e., of the, ‘non-

compliant’ to the bounds on the range, part of the approximate solution, as max𝐾∈ 𝐻𝐾 → 0 and/or

max𝑇∈ ℎ𝑇 → 0.

Assume for simplicity that  is quasi-uniform so that ℎ is the representative submesh simplex diameter

for  and that  is also quasi-uniform, so that 𝐻 is the representative polytopic element diameter.

Then, (4.21) implies that each elemental component is proportional to 𝐻ℎ−1.

We first consider the scenario of 𝐻 fixed and ℎ → 0. Then, the right-hand side of (4.52) is bounded

by 𝐶up𝐻𝑘, for a constant 𝐶up > 0, depending on the exact solution 𝑢. Then, from the definition of the

stabilisation norm and the fact that 𝛼 ∼ 𝐻ℎ−1, we get

𝐶up𝐻
2𝑘 ≥ ‖−(𝑢𝐻 )‖2𝑠 ≥ 𝐶down𝐻ℎ

−3
∑

𝐾∈

∑

𝑇∈𝐾

𝑚𝑘,𝑑
∑

𝑖=1
ℎ𝑑

(

−(𝑢𝐻 )(𝒙𝑇𝑖 )
)2 ∼ 𝐶down𝐻ℎ

−3
‖−(𝑢𝐻 )‖20,Ω,

for 𝐶down > 0 depending on 0. The above imply that ‖−(𝑢𝐻 )‖0,Ω ∼ ℎ3∕2 for fixed 𝐻 . Also, since

ℎ−3 ≥ 𝐻−3, we have ‖−(𝑢𝐻 )‖0,Ω ∼ 𝐻𝑘+1, which is expected from (4.52).

4.6 Implementation and matrix structure

We can construct the R-FEM through a transformation starting from the discontinuous Galerkin method on
the following space that is define on the submesh 

𝑉 ∶= {𝑣ℎ ∈ 𝐿2(Ω) ∶ 𝑣ℎ|ℎ ∈ ℙ𝑘(𝑇 ) ∀𝑇 ∈  } .
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Then, we consider the following discontinuous Galerkin finite element method: Find 𝑢ℎ ∈ 𝑉 such that

𝑎DG(𝑢ℎ; 𝑣ℎ) = 𝓁(𝑣ℎ) for all 𝑣ℎ ∈ 𝑉 , (4.55)

with 𝑎𝐷𝐺 ∶ (𝐻1
0 (Ω) + 𝑉 ) × (𝐻1

0 (Ω) + 𝑉 ) → ℝ, given by

𝑎DG(𝑢ℎ; 𝑣ℎ) = ∫Ω

(

∇ 𝑢ℎ∇𝑣ℎ + 𝜇𝑢ℎ𝑣ℎ
)

d𝒙 + ∫Γ
𝜎 [[𝑢ℎ]] ⋅ [[𝑣ℎ]] d𝑠

− ∫Γ

(

{{∇𝑢ℎ}} ⋅ [[𝑣ℎ]] + 𝜃{{∇𝑣ℎ}} ⋅ [[𝑢ℎ]]
)

d𝑠,

and 𝓁(𝑣ℎ) ∶= ⟨𝑓, 𝑣ℎ⟩Ω. Here, 𝜃 ∈ [−1, 1] is the same parameter which has been defined in (4.5), the
parameter 𝜎 is the penalty parameter (4.6) and Γ ∶= ∪𝑇∈ 𝜕𝑇 is the the skeleton of  .

Furthermore, consider the following finite element method on the space 𝑊 which has been defined in
Section 4.2.1: Find 𝑤ℎ ∈ 𝑊 such that

𝑎#(𝑤ℎ; 𝑣ℎ) = 𝓁(𝑣ℎ) for all 𝑣ℎ ∈ 𝑊 , (4.56)

where
𝑎#(𝑤ℎ; 𝑣ℎ) ∶= ∫Ω

(

∇𝑤ℎ ⋅ ∇𝑣ℎ + 𝜇𝑤ℎ𝑣ℎ
)

d𝑥 + ∫Γ
𝜎 [[𝑤ℎ]] ⋅ [[𝑣ℎ]] d𝑠

− ∫Γ

(

{{∇𝑤ℎ}} ⋅ [[𝑣ℎ]] + 𝜃{{∇𝑣ℎ}} ⋅ [[𝑤ℎ]]
)

d𝑠.

It is easy to see that the following relation holds between the basis functions of the finite element space 𝑊𝐾 ,
𝐾 ∈  and the basis functions of the space 𝑉

𝜙𝐾𝑖 =
𝑁 𝑖
𝐾

∑

𝑙=1
𝜑𝐾𝑙 𝑖 = 1,… , 𝑁𝐾 , (4.57)

where 𝑁𝐾 is the total number of degrees of freedom of the space 𝑊𝐾 , 𝜙𝐾𝑖 is a basis of 𝑊𝐾 associate to 𝒙𝐾𝑖 ,
𝑁 𝑖
𝐾 represents the number of degrees of freedom in 𝑉 that coincide with the degree of freedom 𝒙𝐾𝑖 in 𝑊𝐾 ,

and 𝜑𝐾𝑙 is a basis function of the finite element space 𝑉 whose degree of freedom is located at 𝒙𝐾𝑖 .
Thus, the finite element method (4.56) can be expressed as a transformation of the finite element method
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(4.55). In other words

𝑎#(𝜙
𝐾1
𝑖 ;𝜙𝐾2

𝑗 ) =
𝑁 𝑗
𝐾2

∑

𝑘=1

𝑁 𝑖
𝐾1

∑

𝑙=1
𝑎DG(𝜑

𝐾1
𝑙 , 𝜑

𝐾2
𝑘 ) 𝐾1, 𝐾2 ∈  . (4.58)

Note that the summation on the right-hand side of (4.58) also pertains to the penalty term in the finite element
method (4.56). because when Γ ∩ Γ = 𝜙, we have J𝜙𝐾1

𝑖 K = 0 and J𝜙𝐾2
𝑗 K = 0, and therefore

∫Γ
J𝜙𝐾1

𝑖 K ⋅ J𝜙𝐾2
𝑗 Kd𝒔 = ∫Γ

J𝜙𝐾1
𝑖 K ⋅ J𝜙𝐾2

𝑗 Kd𝒔,

this means that,

∫Γ
𝜎J𝜙𝐾1

𝑖 K ⋅ J𝜙𝐾2
𝑗 Kd𝒔 =

𝑁 𝑗
𝐾2

∑

𝑘=1

𝑁 𝑖
𝐾1

∑

𝑙=1
∫Γ

J𝜑𝐾1
𝑙 K ⋅ J𝜑𝐾2

𝑘 Kd𝒔. (4.59)

In fact, (4.59) indicates that when the values of the basis functions in the space 𝑉 , corresponding to the
identical degrees of freedom in 𝑊 are aligned, the internal jumps across the polygons vanish.

Assume that 𝑁 ∶= dim(𝑉 ) and 𝑁# ∶= dim(𝑊 ) represent the dimensions of the spaces 𝑉 and
𝑊 , respectively. Clearly, (4.58) implies that the bilinear forms 𝑎DG(⋅, ⋅) can be transformed into 𝑎#(⋅, ⋅) by
modifying the basis functions. This transformation is represented by the matrix 𝐎 ∈ ℝ𝑁#×𝑁 (see Figure
4.2a). Therefore, (4.58) can be expressed in algebraic form as

𝐀# = 𝐎𝐀DG𝐎𝑇 ,

where [𝐀#]𝑖𝑗 = 𝑎#(𝜙𝑖, 𝜙𝑗) is the stiffness matrix related to the finite element method (4.56) and [𝐀DG]𝑖𝑗 =

𝑎DG(𝜑𝑖, 𝜑𝑗) is the stiffness matrix of the finite element method (4.55).
By the above relations the algebraic form of the finite element method (4.56) can be written by the

transformation matrix 𝐎 and is given by seeking 𝐖 ∈ ℝ𝑁# such that

𝐀#𝐖 = 𝐎𝐀DG𝐎𝑇𝐖 = 𝐎𝐛, (4.60)

where 𝐛 ∈ ℝ𝑁 given by 𝑏𝑖 = ⟨𝑓, 𝜑𝑖⟩Ω, and 𝜑𝑖 ∈ 𝑉 being a basis of 𝑉 .
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Let 𝜗𝑗 be a basis function of the polygonal element 𝐾 and define the finite element space

𝑉 𝐾
 = span{𝜗1, 𝜗2,⋯ , 𝜗𝑁𝐾

},

where 𝑉 = ⊕𝑉 𝐾
 . To compute the global stiffness matrix for the finite element method (4.14), assume that

the basis functions 𝜗𝐾𝑗 of the finite element space 𝑉 𝐾
 , associated to the element 𝐾 , can be expressed as a

summation of the basis functions 𝜙𝐾1 ,… , 𝜙𝐾𝑁𝐾
corresponding to the degrees of freedom {𝒙𝐾1 ,𝒙

𝐾
2 ,… ,𝒙𝐾𝑁𝐾

}

of the space 𝑊𝐾

𝜗𝐾𝑗 =
𝑁𝐾
∑

𝑖=1
𝑎𝐾𝑖 𝜙𝑖, (4.61)

then, we have

𝑎DG(𝜗
𝐾1
𝑖 , 𝜗

𝐾2
𝑗 ) =

𝑁𝐾2
∑

𝑙=1

𝑁𝐾1
∑

𝑘=1
𝑎𝐾1
𝑙 𝑎

𝐾2
𝑘 𝑎#(𝜙

𝐾1
𝑙 , 𝜙

𝐾2
𝑘 ) 𝐾1, 𝐾2 ∈  . (4.62)

Let [𝐴DG]𝑖𝑗 = 𝑎DG(𝜗𝑖, 𝜗𝑗), 𝑖, 𝑗 = 1,⋯ , 𝑁 where 𝑁 = dim(𝑉 ) and [𝐴#]𝑖𝑗 = 𝑎#(𝜙𝑖, 𝜙𝑗), then, we
can represent the connection between 𝐴DG and 𝐴# via a transformation matrix 𝐐 ∈ ℝ𝑁×𝑁# . Therefore, the
global stiffness matrix 𝐀 can be written as

𝐀 = 𝐐𝐀#𝐐𝑇 .

The block diagonal matrix 𝐐 is depicted in Figure 4.2b.
Therefore, the algebraic form of the finite element method (4.14) is given by

𝐀 (𝐐𝐖+) + 𝐒(𝐐𝐖−) =
(

𝐐𝐀#𝐐𝑇 ) (𝐐𝐖+) + 𝐒(𝐐𝐖−)

=
(

𝐐𝐎𝐀DG𝐎𝑇𝐐𝑇 ) (𝐐𝐖+) + 𝐒(𝐐𝐖−) = 𝐅 . (4.63)

where 𝐖 ∈ ℝ𝑁# , and 𝐅 = 𝐐𝐎𝐛. The stabilisation matrix 𝐒 in (4.63) similar to the matrix 𝐀 can be
constructed through a transformation starting from the space 𝑉 , first we can write the following stabilisation

𝑠 (𝑣ℎ, 𝑢ℎ) =
∑

𝐾∈
𝛼

∑

𝑇∈𝐾

𝑚𝑘,𝑑
∑

𝑖=1

(

𝜔𝐾ℎ
𝑑−2
𝑇 + 𝜇𝑇ℎ𝑑𝑇

)

𝑣ℎ(𝒙𝑖)𝑢ℎ(𝒙𝑖) 𝑢ℎ, 𝑣ℎ ∈ 𝑉 ,

where 𝛼 is the same parameter which has been defined in (4.21). So, similar to 𝐀 we can write the algebraic
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form of the stabilisation term 𝑠(⋅, ⋅) in finite element method (4.14) as

𝐒(𝐐𝐖−) =
(

𝐎𝐐𝐒 𝐐𝑇𝐎𝑇 ) (𝐐𝐖−).

In Figure 4.2 the structure of the transportation matrices 𝐎 and 𝐐 which are constructed on Mesh 4.4c
have been illustrated.

(a) 𝐎 ∈ ℝ216×594 (b) 𝐐 ∈ ℝ96×216

Figure 4.2: Illustration of the structure of the matrices 𝐎 and 𝐐 constructed on Mesh 4.4c and using ℙ1
elements,

Also, the structure of the matrices 𝐀DG, 𝐀# and 𝐀 on Mesh 4.4c and using ℙ1 elements have been
shown in Figure 4.3.

(a) 𝐀DG ∈ ℝ594×594 (b) 𝐀# ∈ ℝ216×216 (c) 𝐀 ∈ ℝ96×96

Figure 4.3: Illustration of the structure of the matrices 𝐀DG, 𝐀# and 𝐀 on Mesh 4.4c and using ℙ1 elements.
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4.7 Numerical experiments

In this section we present a set of numerical results testing the performance of the finite element method
(4.14). In all numerical experiments in this section Ω = (0, 1)2, and we have used the value 𝛾 = 1 in
(4.21). We have selected two sets of meshes, different levels of them are depicted in Figures 4.4 and 4.5.
The family illustrated in Figure 4.5 represents two levels of submesh refinement for mesh 4.4c. In this family
mesh, each polygonal subdomain of mesh 4.4c has been uniformly refined, i.e., every triangular element
in the subdomains is subdivided into four smaller elements by connecting the midpoints of the sides of the
triangles.

(a) 8 polygonals and 40 tri-
angles.

(b) 16 polygonals and 88 tri-
angles.

(c) 32 polygonals and 198
triangles.

(d) 64 polygonals and 414
triangles.

(e) 128 polygonals and 873
triangles.

(f) 256 polygonals and 1745
triangles.

(g) 512 polygonals and 3443
triangles.

(h) 1024 polygonals and
7024 triangles.

Figure 4.4: Different levels of polygonal meshes with their corresponding triangular submeshes used in the
numerical experiments.

To solve the nonlinear system associated to (4.14) as initial guess first, find 𝑤0
ℎ ∈ 𝑊 such that

𝑎#(𝑤0
ℎ, 𝑣ℎ) = ⟨𝑓, 𝑣ℎ⟩Ω, for all 𝑣ℎ ∈ 𝑊 . (4.64)

Now, let denote the value of 𝑤0
ℎ at degree of freedom of the space 𝑊 by 𝐖0 = (𝑤0

1, 𝑤
0
2,… , 𝑤0

𝑁#
), and

consider the algebraic form of the finite element (4.14) which has been given by (4.63). Then, for 𝑛 = 1, 2,… ,

find the solution 𝐔𝑛+1 by the following semi-smooth Newton’s which uses Clarke’s generalized derivative
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(a) 32 polygonals and 792
triangles.

(b) 32 polygonals and 3168
triangles.

Figure 4.5: Two levels of mesh refinement for mesh 4.4c.

method (for more details of Clarke’s derivative see Remark 1.6.30 and see also [108, 114])

𝐔(𝑛+1) = 𝐐𝐖(𝑛) − 𝐽𝐅(𝐔(𝑛))−1𝐅(𝐖(𝑛)). (4.65)

Here, 𝐅(𝐖) = 𝐅 − 𝐀𝐐(𝐖)+ − 𝐒𝐐(𝐖)−, and 𝐽𝐅(𝐔) is computed as

𝐽𝐹 (𝐔) = 𝐽𝐹 (𝐖)𝐐𝑇 = −
(

𝐀𝐐diag(𝐼1(𝑤1),… , 𝐼1(𝑤𝑁#
)) + 𝐒𝐐diag(𝐼2(𝑤1),… , 𝐼2(𝑤𝑁#

))
)

𝐐𝑇 , (4.66)

where 𝐼1 and 𝐼2 are indicator functions and are defined as

𝐼1(𝑤𝑖) =

⎧

⎪

⎨

⎪

⎩

0, if 𝑤𝑖 < 0,

1, if 𝑤𝑖 ≥ 0,
𝑖 = 1, 2,… , 𝑁#,

and

𝐼2(𝑤𝑖) =

⎧

⎪

⎨

⎪

⎩

0, 𝑤𝑖 ∈ [0, 𝜅],

1, otherwise,
𝑖 = 1, 2,… , 𝑁#.

Note that the relation (4.66) holds between 𝐽𝐅(𝐖) and 𝐽𝐅(𝐔) because

𝐽𝐅(𝐖)𝐖 = 𝐽𝐅(𝐖)𝐐𝑇𝐐𝐖 = 𝐽𝐅(𝐔)𝐔.

The Newton’s iterations (4.65) terminated once the following stopping criterion is satisfied

‖(𝑢𝑛+1𝐻 ) − (𝑢𝑛𝐻 )‖0,Ω ≤ 10−8, (4.67)
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where (𝑢𝑛𝐻 ) = 𝑤𝑛
ℎ =

∑𝑁#
𝑖=1𝑤

𝑛
𝑖𝜙𝑖.

We test the performance of the method asymptotically, where we use EOC as the estimated order of
convergence, and we also examine the convergence of the iterative method. To compute the estimated order
of convergence EOC of two different levels we use

log(‖⋅‖level 1
‖⋅‖level 2

)

log(
√Number of the polygons in level 1
√Number of the polygons in level 2 )

. (4.68)

Note that in the numerical results, +(𝑢𝐻 ) is always used for plotting the solutions and calculating the error.

Example 8 (Convergence of a problem with smooth solution). We consider the parameters 𝜇 = 1 and

 = 𝜖
⎡

⎢

⎢

⎣

100 cos(𝑥)

cos(𝑥) 1

⎤

⎥

⎥

⎦

, where 𝜖 = 10−6. The function 𝑓 is chosen such that the analytical solution of (2.1)
is given by 𝑢(𝑥, 𝑦) = sin(𝑐𝜋𝑥) sin(𝑐𝜋𝑦). Note that 𝑢(𝑥, 𝑦) ∈ [0, 1], and therefore we set 𝜅 = 1. In all the

experiments, we use the penalty parameter 𝛾 = 1 in (4.21).

To show the convergence results, ℙ1, ℙ2, and ℙ3 elements on the meshes 4.4a-4.4h have been used.
The convergence results are reported in Tables 4.1-4.3 for the norms ‖ ⋅ ‖0,Ω, ‖ ⋅ ‖DG, and the seminorm
| ⋅ |1,Ω for 𝑢 − +(𝑢𝐻 ). Additionally, the ‖ ⋅ ‖𝑠-norm for −(𝑢𝐻 ) and the number of iterations required to
achieve convergence for the nonlinear system are included. Note that each level of the meshes 4.4a-4.4h
is not a refinement of the previous one. Therefore, the order of convergence was approximately computed
using (4.68). The results in this example show optimal rates for all degrees when we do the refinement of
the polygonal mesh. Additionally, refinement leads to a monotone decay of ‖−(𝑢𝐻 )‖𝑠.

Mesh Itr. ‖𝑢 − +(𝑢𝐻 )‖0,Ω EOC |𝑢 − +(𝑢𝐻 )|1,Ω EOC ‖𝑢 − +(𝑢𝐻 )‖DG EOC ‖−(𝑢𝑛𝐻 )‖𝑠 EOC
Mesh 4.4c 3 5.21e-1 – 1.80e-2 – 5.22e-1 – 0 –
Mesh 4.4d 3 3.98e-1 0.77 1.73e-2 0.11 4.09e-1 0.70 0 –
Mesh 4.4e 3 2.98e-1 0.83 1.48e-2 0.45 3.24e-1 0.67 0 –
Mesh 4.4f 10 1.73e-1 1.57 1.16e-2 0.70 2.15e-1 1.18 9.07e-3 –
Mesh 4.4g 7 8.76e-2 1.96 8.41e-3 0.93 1.27e-1 1.52 1.63e-2 –
Mesh 4.4h 7 4.33e-2 2.03 5.97e-3 0.99 7.71e-2 1.44 1.30e-3 7.29

Table 4.1: Numerical results using ℙ1 elements and 𝑐 = 8 when the R-BP-FEM is used.
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Mesh Itr. ‖𝑢 − +(𝑢𝐻 )‖0,Ω EOC |𝑢 − +(𝑢𝐻 )|1,Ω EOC ‖𝑢 − +(𝑢𝐻 )‖DG EOC ‖−(𝑢𝑛𝐻 )‖𝑠 EOC
Mesh 4.4c 3 4.20e-1 0.47 1.69e-2 – 4.40e-1 0.35 0 –
Mesh 4.4d 9 2.32e-1 1.71 1.28e-2 0.80 2.70e-1 1.41 3.73e-3 –
Mesh 4.4e 10 1.12e-1 1.88 7.96e-3 1.37 1.35e-1 2.00 4.12e-2 –
Mesh 4.4f 13 4.41e-2 2.91 4.45e-3 1.68 5.93e-2 2.37 1.58e-2 2.26
Mesh 4.4g 13 1.34e-2 3.43 2.33e-3 1.87 2.12e-2 2.96 3.12e-3 5.18
Mesh 4.4h 14 4.67e-3 3.04 1.12e-3 2.11 9.66e-3 2.27 1.63e-3 1.87

Table 4.2: Numerical results using ℙ2 elements and 𝑐 = 8 when the R-BP-FEM is used.

Mesh Itr. ‖𝑢 − +(𝑢𝐻 )‖0,Ω EOC |𝑢 − +(𝑢𝐻 )|1,Ω EOC ‖𝑢 − +(𝑢𝐻 )‖DG EOC ‖−(𝑢𝑛𝐻 )‖𝑠 EOC
Mesh 4.4c 11 2.83e-1 1.30 1.32e-2 0.80 3.18e-1 1.53 4.54e-2 –
Mesh 4.4d 13 1.04e-1 2.99 7.48e-3 1.64 1.45e-1 2.27 3.03e-2 1.17
Mesh 4.4e 14 2.72e-2 3.77 2.85e-3 2.78 3.47e-2 4.13 4.25e-3 5.67
Mesh 4.4f 17 6.52e-3 4.12 1.04e-3 2.91 9.56e-3 3.71 2.73e-3 1.28
Mesh 4.4g 13 1.73e-3 3.82 3.61e-4 3.05 2.72e-3 3.15 4.01e-4 5.53
Mesh 4.4h 14 4.31e-4 4.01 1.27e-4 3.01 8.00e-4 3.53 5.71e-5 5.62

Table 4.3: Numerical results using ℙ3 elements and 𝑐 = 8 when the R-BP-FEM is used.

(a) ℙ1 elements (b) ℙ2 elements (c) ℙ3 elements
Figure 4.6: Discrete solution +(𝑢𝐻 ) of Example 8 for 𝑐 = 8 and Mesh 4.4h using R-BP-FEM.

To examine the effect of refining the triangular submesh, we used two levels of refinement on the Mesh
4.4c which have been depicted in Figure 4.5. The results are presented in Tables 4.4 and 4.5, and the ap-
proximated solution is illustrated in Figures 4.7 and 4.8 for ℙ1 and ℙ2 elements. These results indicate that
refining the submesh does not improve the convergence outcomes, as all convergence results almost remain
consistent across different refinements of the fixed Mesh 4.4c. The first level of the mesh (i.e., Mesh 4.4c)
has been denoted by R1, with subsequent refinements represented as R2, R3, and so on.
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Mesh Itr. ‖𝑢 − +(𝑢𝐻 )‖0,Ω ‖𝑢 − +(𝑢𝐻 )‖0,𝜕Ω ‖𝑢 − 𝑢𝐻‖0,𝜕Ω |𝑢 − +(𝑢𝐻 )|1,Ω ‖𝑢 − +(𝑢𝐻 )‖DG ‖−(𝑢𝑛𝐻 )‖𝑠
R1 11 3.77e-2 4.31e-4 1.48e-2 6.86e-4 1.38e-2 7.34e-2
R2 10 3.43e-2 3.64e-4 3.35e-2 6.46e-4 3.65e-2 8.15e-2
R3 9 3.19e-2 2.59e-4 5.24e-2 6.23e-4 3.38e-2 7.82e-2

Table 4.4: Numerical results using R-BP-FEM and ℙ1 elements with 𝑐 = 1 on Mesh 4.4c and two levels of
its refinement.

(a) R1 (b) R2 (c) R3
Figure 4.7: Discrete solution +(𝑢𝐻 ) for Example 8 using the R-BP-FEM and ℙ1 elements with 𝑐 = 1 on
Mesh 4.4c and two levels of its refinement.

Mesh Itr. ‖𝑢 − +(𝑢𝐻 )‖0,Ω ‖𝑢 − +(𝑢𝐻 )‖0,𝜕Ω ‖𝑢 − 𝑢𝐻‖0,𝜕Ω |𝑢 − +(𝑢𝐻 )|1,Ω ‖𝑢 − +(𝑢𝐻 )‖DG ‖−(𝑢𝑛𝐻 )‖𝑠
R1 10 2.17e-3 2.96e-5 3.78e-4 9.84e-5 2.42e-3 2.18e-2
R2 12 1.96e-3 0 1.21e-3 8.98e-5 2.20e-3 2.28e-2
R3 12 1.68e-3 0 2.52e-3 8.03e-5 1.92e-3 2.09e-2

Table 4.5: Numerical results using the R-BP-FEM and ℙ2 elements with 𝑐 = 1 on Mesh 4.4c and two levels
of its refinement.

(a) R1 (b) R2 (c) R3
Figure 4.8: Approximation of the solution +(𝑢𝐻 ) for Example 8 using the R-BP-FEM and ℙ2 elements with
𝑐 = 1 on Mesh 4.4c and two levels of its refinement.

Newton’s method significantly reduces the number of iterations required to solve the nonlinear problem.
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In contrast, Richardson iteration often requires several hundred iterations for this problem, and this number
increases further when higher-order finite element methods are used. As shown in Tables 4.1–4.5 and in the
subsequent examples, Newton’s method achieves a substantial reduction in iteration counts. For comparison,
Table 4.6 reports the number of Richardson iterations needed when using ℙ1 elements in Example 8.

Mesh 4.4f 4.4g 4.4h
Itr. 146 148 149

Table 4.6: Richardson’s iterations needed to reach convergence using ℙ1 elements in Example 8.

Example 9. Resolution of boundary layers. Consider the problem

⎧

⎪

⎨

⎪

⎩

−𝜖Δ𝑢 + 𝜇𝑢 = 1, in Ω;

𝑢 = 0, on 𝜕Ω,

We use 𝜖 ∈ [10−7, 10−2]. Notice that 𝑢(𝑥) ∈ [0, 1], and thus we choose 𝜅 = 1.

The approximations of the solution obtained using ℙ1 and ℙ2 elements on Mesh 4.4h are shown in Fig-
ures 4.9 and 4.10. From these figures, it is evident that as the diffusion parameter 𝜀 decreases, the boundary
layer becomes sharper. Nevertheless, the bound-preserving finite element method successfully resolves the
problem without exhibiting any noticeable oscillations near the boundary. This behaviour remains consistent
when increasing the polynomial order of the elements, as both ℙ1 and ℙ2 discretisations yield similar results.

The number of Newton’s iterations required to satisfy the stopping criterion (4.67) is listed in Table 4.7.
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(a) 𝜖 = 10−2 (b) 𝜖 = 10−3 (c) 𝜖 = 10−4

(d) 𝜖 = 10−5 (e) 𝜖 = 10−6 (f) 𝜖 = 10−7

Figure 4.9: Elevations of the approximation solution +(𝑢𝐻 ) to Example 9 using ℙ1 elements and Mesh
4.4h.
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(a) 𝜖 = 10−2 (b) 𝜖 = 10−3 (c) 𝜖 = 10−4

(d) 𝜖 = 10−5 (e) 𝜖 = 10−6 (f) 𝜖 = 10−7

Figure 4.10: Elevations of the approximation solution +(𝑢𝐻 ) to Example 9 using ℙ2 elements and Mesh
4.4h.

𝜖 10−7 10−6 10−5 10−4 10−3 10−2

ℙ1 Itr. 13 14 15 16 6 7
ℙ2 Itr. 14 14 14 20 7 8

Table 4.7: Iterations required to satisfy the stopping criterion (4.67) using ℙ1 and ℙ2 elements, and Mesh
4.4h obtained with the R-BP-FEM.

Example 10. A solution with an interior layer Consider the problem

⎧

⎪

⎨

⎪

⎩

−𝜖Δ𝑢 + 𝑢 = 𝑓, in Ω;

𝑢 = 0, on 𝜕Ω,
(4.69)

with

𝑓 =

⎧

⎪

⎨

⎪

⎩

1
2
, in

[

1
4
, 3
4

]2
;

1, otherwise.

In this case, the solution is expected to achieve a local minimum on the interior. We examine the solution for

𝜖 ∈ [10−7, 10−2]. Notice that 𝑢(𝑥) ∈ [0, 1], and thus we choose 𝜅 = 1.
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The approximations of the solution using ℙ1 and ℙ2 elements are shown in Figures 4.11 and 4.14. Addi-
tionally, numerical results, including the number of iterations required to satisfy the stopping criterion (4.67)
is reported in Table 4.8. A cross-section of the solution along the 𝑦 = −𝑥 plane, obtained using the BP finite
element method and the DG finite element method (4.4) on Mesh 4.4h, is presented in Figures 4.12 and 4.15.
It is noteworthy that the solution of (4.4) exhibits oscillations near the boundary layer, which become severe
for 𝜖 ≪ 1. These oscillations are completely eliminated by the current method. Similar numerical results
for the coarser mesh 4.4e are presented in Figures 4.13 and 4.16.

(a) 𝜖 = 10−2 (b) 𝜖 = 10−3 (c) 𝜖 = 10−4

(d) 𝜖 = 10−5 (e) 𝜖 = 10−6 (f) 𝜖 = 10−7

Figure 4.11: Elevations of the approximation to Example 10 using ℙ1 elements and Mesh 4.4h.
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(a) 𝜖 = 10−4
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(b) 𝜖 = 10−5
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(c) 𝜖 = 10−6
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(d) 𝜖 = 10−7

Figure 4.12: Cross-section of the solution of Example 10 along the 𝑦 = −𝑥 plane obtained by the R-BP-FEM
and the DG method (4.4), and using ℙ1 elements on Mesh 4.4h.
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(a) 𝜖 = 10−4, R-BP-FEM (b) 𝜖 = 10−5, R-BP-FEM (c) 𝜖 = 10−7, R-BP-FEM

(d) 𝜖 = 10−4, DG-FEM (e) 𝜖 = 10−5, DG-FEM (f) 𝜖 = 10−7, DG-FEM
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(h) 𝜖 = 10−5
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(i) 𝜖 = 10−7

Figure 4.13: Cross-section of the solution of Example 10 along the 𝑦 = −𝑥 plane obtained by the R-BP-FEM
and the DG method (4.4), and using ℙ1 elements on Mesh 4.4f.
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(a) 𝜖 = 10−2 (b) 𝜖 = 10−3 (c) 𝜖 = 10−4

(d) 𝜖 = 10−5 (e) 𝜖 = 10−6 (f) 𝜖 = 10−7

Figure 4.14: Elevations of the approximation to Example 10 using ℙ2 elements and Mesh 4.4h.

𝜖 10−7 10−6 10−5 10−4 10−3 10−2

ℙ1 Itr. 13 14 14 17 13 7
ℙ2 Itr. 9 7 21 14 13 9

Table 4.8: Iterations required to satisfy the stopping criterion (4.67) using ℙ1 and ℙ2 elements on Mesh 4.4h,
obtained with the R-BP-FEM.
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(b) 𝜖 = 10−5
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(c) 𝜖 = 10−6
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(d) 𝜖 = 10−7

Figure 4.15: Cross-section of the solution of Example 10 along the 𝑦 = −𝑥 plane obtained by the R-BP-FEM
and the DG method (4.4), and using ℙ2 elements on Mesh 4.4h.
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(a) 𝜖 = 10−4, R-BP-FEM (b) 𝜖 = 10−5, R-BP-FEM (c) 𝜖 = 10−7, R-BP-FEM

(d) 𝜖 = 10−4, DG-FEM (e) 𝜖 = 10−5, DG-FEM (f) 𝜖 = 10−7, DG-FEM
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(g) 𝜖 = 10−4
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(h) 𝜖 = 10−5
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(i) 𝜖 = 10−7

Figure 4.16: Cross-section of the solution of Example 10 along the 𝑦 = −𝑥 plane obtained by the R-BP-FEM
and the DG method (4.4), and using ℙ2 elements on Mesh 4.4f.

The numerical results presented in this section demonstrate that the proposed finite element method is
robust in enforcing bounds on the solution. Furthermore, the tests confirm optimal convergence rates for
smooth solutions, robustness of the scheme across a wide range of diffusion parameters, and the ability of
the method to accurately capture both boundary and interior layers without producing spurious oscillations
or out-of-range over- or undershoots. Comparisons with a standard DG discretisation show that the proposed
method effectively eliminates non-physical behaviour in challenging, singularly perturbed regimes. A no-
table feature of the approach is the flexibility to freely choose the number and location of nodes at which
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range bounds are enforced, without increasing the overall computational complexity of the method.
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Conclusion

The development of finite element methods (FEMs) that respect the underlying physical principles of par-
tial differential equations (PDEs) is an important aspect of numerical analysis. The preceding chapters of
this thesis have addressed challenges associated with maintaining these physical principles in numerical
approximations, with a particular focus on bound-preserving schemes for convection-diffusion and reaction-
diffusion problems. This concluding chapter summarises the main findings, highlights the contributions of
this research, and discusses potential future directions.

In Chapter 2, we extended the methodology proposed in [12] to convection-diffusion problems, address-
ing the challenge of bound preservation in numerical methods. It has long been recognised that standard
finite element methods do not inherently preserve physical bounds in this context. This issue was formally
established in the finite element setting in [46], where it was shown that piecewise linear finite element ap-
proximations maintain such bounds only under specific mesh conditions, particularly concerning internal
angles and refinement levels. Additionally, for conservation laws, finite element methods that guarantee
physical bound preservation are either limited to first-order accuracy or must incorporate nonlinearity due to
the constraints imposed by the Godunov order barrier theorem (see, e.g., [65]).

As a result, over the past few decades, various approaches have been developed to enforce global bound
preservation. A particular focus has been given to a stronger property: the Discrete Maximum Principle

(DMP). Several methods that satisfy DMP have been proposed, particularly for convection-dominated prob-
lems (see [15, 31, 91, 103, 119], among others, and the review in [17]). Most of these methods introduce
nonlinear stabilisation, modifying the standard Galerkin scheme by adding localised diffusion terms to pre-
vent spurious oscillations and local violations of the maximum principle. Interestingly, despite their non-
linear nature, these finite element methods are often formulated using piecewise linear elements. Extending

148



Chapter 5. Conclusion

such approaches to higher-order elements poses additional challenges, including stronger mesh restrictions.
For example, it has been demonstrated in [73] that a monotone discretisation for the Poisson equation in
two dimensions can be achieved with quadratic elements only if the mesh consists of equilateral triangles
or squares with arbitrarily chosen diagonals. Moreover, there is limited analytical work on nonlinear finite
element methods with higher-order polynomials.

In many practical scenarios, numerical stability does not require the discrete solution to be entirely free
of spurious oscillations, but only to satisfy global bounds. This relaxation simplifies the problem, allowing
for a wider range of methodologies. A straightforward approach is cut-off filtering, where values outside the
admissible range are truncated. This method, frequently used in practice, has been rigorously analysed for
linear reaction-diffusion equations in [88] and for parabolic problems in [101]. Another strategy is problem

reformulation, where the numerical scheme is designed to inherently satisfy bounds, as seen in applications
to chemotaxis [74] and non-Newtonian fluid mechanics [63]. Alternatively, bounds can be imposed via
inequality constraints, treating the problem as a constrained optimisation formulation [61]. Such constraints
can also be handled using Lagrange multipliers, leading to an extended system, as in [44, 115], where a
semi-smooth Newton method was introduced to handle non-smoothness.

The methodology which has been proposed in [12] employs a bound-preserving framework for reaction-
diffusion equations that relies on defining an admissible set of functions and projecting the numerical solution
onto this set via an algebraic projection. This ensures that the computed solution remains within physical
bounds.

Extending this methodology to the convection-diffusion equations introduces additional challenges due
to the non-symmetric and nonlinear nature of the convection–diffusion equations. In particular, the presence
of a convection term weakens the stability of the finite element method applied to the PDE, necessitating
the use of suitable stabilisation techniques to ensure numerical stability. To address this issue, we add a
linear stabilisation term to the equations i.e. continuous interior penalty (CIP) term. This stabilisation plays
a crucial role in improving the robustness and efficiency of the nonlinear solver (which is used to solve
the nonlinear system of the equations) used after discretisation, while also mitigating spurious oscillations,
particularly within the domain.

The theoretical analysis establishes the well-posedness of the proposed approach. Also, an optimal error
estimate has been proven for this finite element method.

Numerical experiments confirm the effectiveness of the method, showing that it is competitive with exist-
ing approaches in preserving solution bounds while incurring lower computational costs. This is especially
evident where standard Galerkin methods and the continuous interior penalty (CIP) method failed to suppress
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spurious oscillations close to the boundary. Furthermore, unlike previous approaches, the proposed method
remains applicable to non-Delaunay meshes and exhibits robust performance under stringent conditions,
such as non-acute meshes, even without additional mesh refinement.

In Chapter 3, we have built upon the framework established in Chapter 2 and extended it to the time-
dependent convection-diffusion equations. Our theoretical analysis focused on stability and error estimates
within the implicit Euler scheme, while numerical experiments shows that the method also performs well
with the Crank-Nicolson time discretisation. In both cases, the numerical results confirm that the solution
remains within the physical bounds without excessive smearing of layers, thereby preserving the bounds of
the exact solution.

It is worth noting that alternative bound-preserving strategies for time-dependent convection-diffusion
problems, such as linearised explicit and implicit flux-corrected transport (FCT) methods [94], offer more
economical approaches. However, these methods impose additional constraints, such as the CFL condition,
which is required to ensure bound preservation—an issue that our approach does not face. Another important
consideration is the method’s applicability to higher-order elements. While FCT methods are primarily
designed for linear finite elements, bound preservation for higher-order elements remains an open problem
due to the lack of rigorous analysis for the FCT methods.

Furthermore, enhancements to the nonlinear solver can improve computational efficiency. In Chapter 3,
we employed a simple Richardson-type solver to emphasise the method’s straightforward implementation.
However, more advanced nonlinear solvers, such as localised Newton methods [6] and active set strategies
[7], have shown the potential to significantly accelerate convergence. Preliminary numerical experiments
suggest that these solvers can drastically reduce computational costs while maintaining the robustness of the
proposed approach.

Overall, the method developed in this chapter provides a stable and flexible framework for solving time-
dependent convection-diffusion problems, with strong theoretical guarantees and promising numerical per-
formance. Finally, the performance of the scheme is illustrated through numerical experiments presented at
the end of this chapter. These experiments demonstrate the efficiency of the method in enforcing bounds on
the solution and confirm the robustness of our finite element method.

In Chapter 4, we extended the bound-preserving finite element method to polytopic meshes by using
a discontinuous Galerkin method. With these meshes, the set of degrees of freedom remains independent
of the number of vertices, edges, or faces within each element. In other words, the degrees of freedom
are not associated with physical points, and the basis functions are defined over the entire domain. In this
finite lement method we employ a sub-triangulation approach, allowing bound-preserving constraints to be
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enforced at each degree of freedom within the sub-triangulated mesh.
The use of polytopic meshes offers significant advantages in terms of computational efficiency and flex-

ibility. By allowing elements with an arbitrary number of faces, polytopic meshes can represent complex
geometries with fewer elements, reducing both computational cost and memory requirements. Moreover,
they provide greater adaptability for adaptive mesh refinement, interface handling, and dynamic mesh mod-
ifications. These properties make them particularly well-suited for applications in Eulerian and Lagrangian
frameworks, multilevel solvers, and problems with evolving interfaces.

As mentioned above, one of the main challenges in extending the bound-preserving methodology to
polytopic elements is the selection of appropriate degrees of freedom for enforcing constraints. Inspired by
the recovered finite element method (RFEM) introduced in [57], we addressed this challenge by defining
an underlying sub-triangulation that enables a structured implementation of the bound-preserving method.
This approach ensures that numerical solutions remain within physically bounds of the solution.

Theoretical analysis provided rigorous justification for the well-posedness of the method for reaction-
diffusion equations, and an optimal error estimate for the solution of the finite element was proved. The
numerical experiments demonstrated its robustness and effectiveness of the finite element method. Compared
to standard approaches, DG offers a practical and efficient alternative that eliminates the limitations imposed
by the topology-dependent approximation spaces in polygonal finite element and virtual element methods.

The results presented in this thesis contribute to the ongoing development of robust and accurate finite
element methods for convection-diffusion and reaction-diffusion problems. The bound-preserving approach
introduced here offers a systematic framework for enforcing physical bound in numerical approximations.
Moreover, the incorporation of stabilisation techniques enhances the reliability of the methods in convection-
dominated regimes.

The theoretical analysis presented in this thesis has been supported by numerical experiments, which
confirm the stability and accuracy of the proposed methods. These results highlight the potential of bound-
preserving finite element techniques proposed in this thesis in improving the robustness of numerical schemes
for PDEs, particularly in cases where standard methods fail to maintain physical bounds of the solutions.

Future research directions include extending these methods to discontinuous Galerkin schemes for convection-
diffusion problems, applying bound-preserving techniques to tensor PDEs to preserve the range of the eigen-
values, and tackling more complex PDEs such as coupled multi-physics problems. Another important area
is developing adaptive strategies that improve computational efficiency while ensuring the solution remains
within the correct bounds. Also, creating new stabilisation techniques and incorporating bound-preserving
methods into existing finite element frameworks could further enhance the accuracy and stability of numer-
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ical simulations. Also, future work will focus on extending the analysis to more general time discretisations,
investigating adaptive refinement strategies, and incorporating more efficient nonlinear solvers to further
enhance performance.
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