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Abstract

Free Electron Lasers can generate high power transversely coherent tunable
radiation. X-ray radiation can be generated in the Self Amplified Spontaneous
Emission regime, however this radiation has poor temporal coherence. The
Echo-Enabled Harmonic Generation method can improve the radiation’s tem-
poral coherence in x-ray. In this thesis analysis of the Echo-Enabled Harmonic
Generation technique reveals that electron pulse has a modal density profile.
This density profile when matched to amplification profile of an undulator-
chicane lattice generates a train of coherent radiation spikes. The interaction
of multiple electron pulses is investigated in this thesis. Propagating multi-
ple electron pulses through an undulator produce a train of radiation spikes.
The temporal separation of the radiation spikes can be manipulated using
magnetic chicanes. Two new techniques are then proposed to improve FEL
performance when the electron pulse has a large energy spread, such as those
produced in plasma accelerators. These techniques use seeded-undulators and
chicanes to manipulate the electron phase space prior to injection through an
undulator-chicane lattice.
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Chapter 1

Introduction

1.1 Free Electron Lasers

The Free Electron Laser [1, 2] (FEL) is a unique radiation source offering
many advantages over conventional laser systems. Free Electron Lasers pro-
duce highly tunable radiation that is 8-10 orders of magnitude brighter [1, 2]
than the radiation produced by conventional laser systems. In 1971, John
Madey [3] invented the FEL when he published his seminal work on small
signal gain theory. Madey was then involved in the first experimental demon-
stration of the Free Electron Laser [4] at Stanford in 1977. In the FEL an
electron beam and radiation field co-propagate through a magnetic undulator.
The interaction of electron beam, undulator and radiation field will amplify
a small radiation field to saturation after many undulator periods. A number
of review articles [1, 2, 5, 6] describe the history of the Free Electron Laser
and current FEL projects in greater detail than this thesis. High gain FELs
typically operate in the Self Amplified Spontaneous Emission regime [7]. The
Self Amplified Spontaneous Emission [7, 8] (SASE) FEL amplifies spontaneous
radiation (produced by electron shot-noise) to saturation in a long undulator.
The SASE FEL has a wide operational bandwidth, with few practical limita-
tions. However, SASE radiation lacks temporal coherence, its temporal radi-
ation profile containing of a series of uncorrelated coherent radiation spikes.



The FEL process can be initiated with a coherent seed laser, in seeded FELs
the output radiation retains the good coherence properties of the seed laser.
However, seeding is not an option x-ray FEL as there is lack of high quality
seed lasers in the x-ray [1, 2|. Therefore hard x-ray FELs almost exclusively
operate in the SASE regime.

The second chapter of this thesis will discuss basic FEL theory and derive
a set of simplified differential equations to describe the FEL interaction. Then
chapter 3 will discuss the 1D FEL simulation code hpFull [9, 10] and the 3D
Puffin [11]. Modifications to Puffin [11, 12] will be described, these modifica-
tions allow a more realistic undulator field to be modelled. Novel FEL meth-
ods will then be discussed in the fourth chapter, methods that improve the
FEL temporal coherence in x-ray have become increasingly important in FEL
community. One such scheme Echo-Enabled Harmonic Generation [13, 14] is
explored in detail and improvements to the scheme investigated using numer-
ical simulations. The results of this work was published in [15], a copy of this
paper can be found in the appendix. In chapter 5 the interaction of multi-
ple electron pulses is investigated. When sufficiently separated in energy, each
electron pulse will perform its own FEL interaction, this results in the gen-
eration of multiple side-band radiation modes. Delicate manipulation of these
side-band radiation modes can be achieved using chicane delay sections. The
remaining chapters of this thesis are dedicated to improving performance of the
FEL when the electron pulse has a large energy spread. Chapter 6 describes
the interaction of multiple chirped electrons pulse [16]. A similar structure
can be generated from a single electron pulse, with a large energy spread,
and is investigated in chapter 6. By propagating such a structure through an
undulator-chicane lattice the FEL radiation power is shown to increase by 2-3
order of magnitude. The beam-by-design [17] manipulation/Fourier-synthesis
of electron pulses is studied to increase the FEL efficiency for electron pulses
with large energy spread. One such method that uses ‘rf-function’ [17, 18] rect-
angular electron pulse is studied in chapter 7, and shows 4-6 orders of magni-
tude improvement to the FEL radiation power when propagated through an
appropriate undulator-chicane lattice.



Chapter 2

Basic FEL physics

2.1 Qualitative description

In the Free Electron Laser (FEL) a magnetic undulator couples a radiation
field to a relativistic (v > 1) electron pulse. This electron-radiation-field cou-
pling results in a collective instability (a feed-back loop), which exponentially
amplifies a small initial radiation field. A planar undulator consists of two rows
of alternating polarity dipole magnets, see figure 2.1 where the blue poles are
the south poles and the brown the north poles. This arrangement of magnets
produces a sinusoidal magnetic field along the undulator axis.

FELSs can operate in two distinct regimes. In the low gain regime an undu-
lator is placed inside a cavity and the radiation field is amplified to saturation
over many passes of the cavity by the electron pulse. However, in the high
gain regime radiation is amplified to saturation in a long undulator

The radiation field creates an energy modulation in the electron pulse. The
natural dispersion action of the undulator will convert this energy modulation
into a density modulation. This density modulation is known as electron mi-
crobunching. The microbunches are periodic at the resonant radiation wave-
length, therefore they can emit radiation collectively and coherently at the
resonant wavelength. As the radiation field grows the level of microbunching
increases in a collective feed-back loop. However, the electron microbunches



form around the zero crossing of the radiation field and as such cannot amplify
radiation. In low gain FELs [19] this results in the FEL lasing off-resonance.
On the other hand, in high gain FELs [1] the phase of the radiation field
evolves, in effect this shifts the electron microbunches to a phase where the
radiation field can be further amplified.
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radiation wavelength

Figure 2.1: An undulator consists of two sets of alternating dipole magnets. The elec-
tron pulse propagates through the undulator which combined with a radiation field
bunches the beam at the resonant wavelength. These electron bunches then produce
coherent emission exponentially amplifying the radiation. This figure is from [1]. This
is an example of planar undulator, however an undulator can be constructed with
two sinusoidally varying, perpendicular, magnetic field known as a helical undulator.



FEL radiation is centred around the resonant wavelength, which is calcu-
lated from the FEL resonance condition. This condition is often stated as,

)\u 2
Ar = 27%2(1 + ay), (2.1)

where 7, =< 7, >, and shows the inherent tunability of the FEL. For example
increasing the electron pulse’s resonant energy -, will decrease the resonant
wavelength by a factor 1/92. The resonant wavelength can also be tuned by
adjusting the undulator period A, and the undulator parameter a, oc By,
where By is the peak undulator magnetic field.

2.2 Slippage and the resonance condition

As electrons are massive particles their velocity is less than the speed of light.
The electrons’ longitudinal velocity is further reduced because they take a si-
nusoidal trajectory through the undulator. Because the radiation pulse prop-
agates faster than the electron pulse, the electrons are seen to slip backwards
with respect to the radiation pulse. In the FEL [19], a continuous interaction
can be maintained if there is a fixed phase relationship between the radiation
pulse and the electron pulse’s perpendicular velocity. In other words, if the
radiation pulse’s electric field and the electron perpendicular velocity are in
the same direction in each undulator period then energy can be continuously
passed from electron to radiation field. This can be achieved [1] by ensuring
that an electron slips an integer number of radiation periods behind the radi-
ation field in one undulator period. This condition is derived using a time of
flight argument. The time of flight for a electron and radiation pulse in one
undulator period are equated,

ty=t, (2.2)
At A

= 2.3

» B (23)



here \,; is the resonant wavelength for the j% electron, n is an integer and
B.jc = v,; is the electron velocity in z.

At ndy A

- cariall (2.4)
)\u ﬁz —1 n)\r
? ( ]ﬁzj ) - S0 (2.5)
7”L>\rj u ( 62]62]> (26)
A B
v (57 0

This is the resonant wavelength for a single electron, in an electron pulse
there will be a spread of electron energies (and velocities v,;). Therefore it
more useful to consider the average resonant wavelength defined as,

_>\u 1_573
. -

where B.c = 0, is the average electron velocity for the electron pulse. For
an electron pulse with a correlated energy chirp the electron pulse will have
correlated resonant frequency. Equation 2.1 is in fact a useful approximation
of the above expression and can be derived by considering the on-axis injection
of resonant electron.

2.3 Outline of the 1D FEL equations

In this section a set of simplified 1D FEL differential equations are derived in
the classical limit, which is sufficient for most Free Electron Lasers. Most FEL
simulation codes are simply integrators of the Lorentz force and Maxwell’s
wave equations. To understand this we shall first consider the electron motion
in the undulator and then derive some simple expressions for the radiation-



electron energy exchange. In the following derivation the on-axis injection of a
cold electron pulse is assumed. Furthermore, the electron pulse’s perpendicular
momentum is assumed to be constant with respect to the radiation field,
therefore it can be written as a simple function of the undulator’s magnetic
field.

2.3.1 Electron trajectory through the undulator

The trajectory of the electron pulse through the undulator is first derived. A
helical undulator is assumed, the helical magnetic field will force the electron
pulse to take a helical path through the undulator. A 1D approximation to an
undulator magnetic field is given by,

B .
B, = ?O (ue_lk“‘z + c.c.) (2.9)
where u = wu,X + iu,y describes the undulator polarization, u,, = 1 for a

helical undulator.

[(umf( +iuyy)e” FE 4 (ugX — iuyy)eik“ﬂ (2.10)

o | S| =

B,
B, [uxfc(eik’“z + e M) gy, y(eFE — e_ik“z)} (2.11)
applying Euler’s relations 2 cos z = €™ + ¢~ and 2isinz = e — e,

B, = By [uyx cos(kyz) + u,y sin(k,z)] (2.12)
Now, assume a helical undulator (u,, = 1)

B, = By [x cos(kyz) + ¥ sin(ky2)] (2.13)



The Lorentz force equation will determine the electron pulse’s transverse mo-
tion. Consider the force experienced by the j* electron,

F; = —e(E +cB; x B) (2.14)

The electron pulse’s transverse motion is calculated in the absence of the ra-
diation pulse’s electric and magnetic fields. This assumption allows the FEL
equations to be simplified. However, this does assume that the electric field, of
the radiation pulse, does not affect the electron pulse’s perpendicular momen-
tum (p, ) which is incorrect but it is a good enough approximation for this 1D
model.

F; = —e(cB; x B) (2.15)
F; = —ecB; x B, (2.16)

Following Newton’s third law, where the relativistic momentum is p; = v;mcg;,
and B,c = vy,

d’Yj;T;Cﬁj _ —6((3,3 v Bu) (2.17)
d; g
me <,8]$ + ’ijJ> = —e(cB; x By) (2.18)

By neglecting the electric field zero energy exchange can be assumed, i.e.,
% = (. This assumption comes from the fact that a charged particle’s energy
cannot be changed by a magnetic field. This fact will be demonstrated later,

now equation 2.18 becomes,

dB .
mcyjdﬁtj = —e(cB; x By) (2.19)
d,B] (&
_ B, 2.2
dt fyjmﬂj X (2.20)



now calculating the cross product,

/Bj X Bu - ij 6@/]’ sz = 6acj Byj sz
B, B, B, By cos(kyz) Bysin(kyz) 0

B x B, = —x0,; By sin(kyz) + ¥8.; Bo cos(kyz) + z( 8By — By; Bx)
and recombining with the above to give,

dB.
B —__° (—%f.;Bosin(ky2) + ¥8.;Bo cos(kyz) + 2(By; By — By; Bz))
dt vim

(2.21)

now separating the individual components

dﬁxj € .
—+ =—03,B ky,
dt vjmﬁ osin(ku2)
dﬁy]’ €
— =——03,B k.,
dt ”yjmﬁ 0 cos(hu2)
dﬁzj &

= —— (BB, — B)iBa
i = BBy~ PuiB)

ignoring the z-component for now, and transform the derivatives into z using
4 — g, 4
dt = TF2ldz

= B k.,
dz y;me osin(ku2)
dﬁyj

e
= — B k.,
dz yyme o cos(hu2)



these equations easily integrate to give,

By cos(ky2)

By = _yjmcku

ﬁyj = _’yjmcku Bo sin(kuz).

The scaled undulator parameter can be defined as,

€BO
(y =
mck,
therefore,
ay
Brj = —— cos(ky2)
j ~
Byi = —@sin(k 2)
yj ~

Restating the above in vector form,

B = _u (cos(ky2)Xx + sin(ky,2)y) + B,z
5

10

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



2.3.2 Interaction with a co-propagating radiation field

Now, an expression for the interaction of a co-propagating radiation field with
the electron pulse is derived. The Lorentz force equation is considered, while
remembering that the relativistic momentum is given by p; = v;mcg;,

F; = —e(E+cB; x B) (2.28)
d~.: .

%ZC@ — ¢(E+cB, xB) (2.29)
mcdfgfj = —e(E+¢B; x B) (2.30)

multiplying both sides by 8 and rearranging to give,

mcd’yéfj Bj=—ce(E+cB; xB)-B (2.31)
mC(’dedﬁtj + 51‘?;) Bj=—e(E+cB; xB)- B, (2:32)
g dry;
Wdﬂtj B+ B =~ (Bt B, xB) - B, (2.33)
’deﬂ?+g2‘hj:_e(13+cﬂxB)ﬂ. (2.34)
2 dt Idt me J J .

v; is defined as 47 = 1/(1— ,83) and should be rearranged 77 = 1/(1— ,35) =>
vi(1 - B?) =1=>~ =1+ 7]2,82. v; is now differentiated with respect to

11



time,

dﬁ d
_y 1 2.35
i 28 (2.35)
d .

2%%” dt 78] (2.36)
d; dv; dB,;

2y = 2By T 0By (2:37)
dv; d; dB;
o =P Tty (2:38)
by _ B + g2l (2.39)
a2 dt T at '

The above expression is combined with equation 2.34 to give,

dvj

e
L= ——(B+cB; xB)-B (2.40)

now focus on the (c¢8; x B)- 8 part. The cross product 8; x B will be perpen-
dicular to both B; and B. Therefore the dot product (c8; x B) - 8 must be
zero, this tells us that a magnetic field cannot change the energy of a charged
particle. Setting (c3; x B) - B to zero leaves

di __eq. B;. (2.41)

dt me

The radiation field is defined as,

E = 1 (é{ei(krzwﬂ) + c.c.) (2.42)

V2

where ¢ is the complex field envelope [11] and the unit vector & is given by

[
&= J(%+iy) hence &- & = 3(X" —9") =0and &-&" = (X" +37) = L.

12



The definition of é is useful because, B - V2&" = 3, — i3, = B and
E-\2e* = E|, etc.

1 1 ‘
B = s sk et 1 e (2.43)
1
E = 5 ((X+zy)§'e (krzmewrl) 4 (% — gg)€re i (hram “”“t)) (2.44)
1 , . . ,
Y (krz—wrt) * ,—i(krz—wrt) Y (krz—wrt) _ ex —i(krz—wrt)
E—2(X(£ez z _|_5€z z—w )+Zy($€z z Sez z ))
(2.45)
the electron’s normalised velocity vector is given by
B = _du (cos(ky2)x + sin(ky2)y) + B,z (2.46)

i

now the E - 8; term is calculated, this is simplified since X,y and z are unit
vectors, i.e., X - X =1 and X-y = 0 etc.

10’“ i(krz—w * _—i(krz—w
E-Bj:_mj((fe (rzment) 4 gremilhrzment)) cos(hy )+ (2.47)

(56 krz—wrt) *e—i(krz—wrt)) sin(ku2)> (248)

rearranging terms and removing common factors of £ and &*

E-8, = —i‘;j((ge«k,,‘z—w)(COS(M tisin(k,2)+ (249)

(&* e Framwrt)) (cos(kyz) — isin(k:uz))> (2.50)

now again using FEuler’s relations e'* = cosx+4sinx and e = cosx —isin x,

la,

E'/Bj _ _2%<(£ez(krz wrt ) tkyz (5 e —i(krz— wﬂf))e—ikuz> (251)

13



1(Lu i(krz Z—w * _—i(krz Z—w
E. 53’ _ —<<§6 (krz+ky 'rt)) + (5 e (krzt+ky rt))) (252)

27;

defining the pondermotive phase as, 0; = k.2 + k,z — w,t

__lay, o0 * o0
By == (@) + (e ™) (2.53)

therefore equation 2.41 becomes,

dj _ 16&“((56%'93') + (g*e—iej)> (2.54)

dt 2mce

now change to a derivative in z, i.e., % = Cﬁzj%

dvi 1 e ay

dz — 2mcB.; v, (<£ei9j) * (g*eié‘j))_ (2.55)

The gain length is defined as I, = 1/2k,p, where the FEL (Pierce) [1] pa-

2/3 2, \ 1/2

i i — 1 (auop _ 27 _ [e*ny .
rameter is given by p = - ( 4Cku) , Ky voand wp, = €0m> is the
non-relativistic plasma frequency. The derivative in z can be transformed into

scaled notation using % = 1/, where z = 2/,

d; 1 e ay

e e) e

the scaled energy parameter is defined as, p; = % therefore p'yr% = %,

@ .y 1 e Ay ((£€i9j> + (5*6—7:0]')> (2.57)

dz — 2meB; v

14



now assuming % < 1, and setting v; = v, and 3,; = 1

dpj _

1 e a,
dz — 72mc2+2p

<£ei9j + €*€i0j> .
The scaled electric field is defined by,

e§

A(z,z1) = W
P T

2/3
where p = L (M) / , now rearranging the definition of p

Yr 4cky
p= 1 (auwp 0
Ve \ 4cky,

3/2  QuWyp
(p7r) 1k,
r Ay,
“p Ak, (o)
e e

mcwp\/ PYr - 4m02ku (p’Yr)Q

using the above expression to rearrange equation 2.59,

_ aye
A(Z7 Zl) = 5 2
amccky, (py)

(2.58)

(2.59)

(2.60)

(2.61)
(2.62)

(2.63)

(2.64)

the gain length is defined by [, = ﬁ, which with the above definition of A

15



is used to rearrange equation 2.58,

dp;

dz

1 1 e by, 0. * —i9‘>
2kyp2mc®y2p (56 et
Ay

dpj

dz
dp;
dz
dp;
dz

Ameku(pr)

. (561@ n g*e—wj)

_ (Aeiﬁj _|_A*€—i9j>

= (Aew-f + c.c.)

(2.65)
(2.66)

(2.67)

(2.68)

this expression describes the change in the electron energy along the undulator.

2.3.3 The pondermotive well equation

An equation describing the evolution of the pondermotive well is now derived.
By setting the time derivative of the pondermotive phase 8; to zero the reso-
nance condition is recovered, this is shown below. The resonance condition is
a condition for continuous energy exchange between radiation field and elec-

trons.

do;

;:kr k.,
o = (ke k)

5,
dt

0; = (ky + ku)z — wyt
%
dt
= (ky + ky)vs; — kre=0

(/{ZT + k’u)ﬁzj —k.-=0
kuﬁzj + kr(ﬁzj - 1) =0
kuﬁzj = kr(l - sz)

—w, =0

ﬁ _ ﬁzj
ku 1 - ﬂzj
ﬁ o - ﬁzj
>\u sz
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The on-axis resonance condition, equation 2.7, for the fundamental is recov-
ered. An equation to describe the pondermotive well’s evolution along the
undulator is now derived by differentiating equation 2.69 w.r.t z and using

ke =w

0; = (kr + ku)z — wyt

a0, 1
= (kr + ku) - k’ri
dz sz
a9, 1
Y ey k(1 — —
gz Rt kl=50)
now rearranging v;

1

—=1-p?

3 g

now consider the electron velocity vector 8,

B; = _C;“ (cos(kyz)X + sin(ky,2)y) + 5.z
J
2
IB? = 3’; (cos(k’uz)2 + sin(k’uz)Q) + sz
J
2
a
B} =4+
J %2 J
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(2.77)
(2.78)

(2.79)

(2.80)

(2.81)
(2.82)

(2.83)



since sin(z)? 4 cos(z)? = 1, now inserting the above expression into equa-
tion 2.80 to give,

1 a?
e (2.84)
ok ok J
1 a?
=152 (2.85)
i3 J
1 2
R (2.86)
5
1 2
A (2.87)
v
1 1 2 -1/2
_ (1 _ +Z%) (2.88)
5zj 7j

performing a Binomial expansion to the first order, i.e., (1 — x)’1/2 =1+ %CL’,
which assumes z < 1 i.e., %2 > 1+a2

1 ( 14 a?
—=(1+ 52" 2.89
By combining this expression with equation 2.76 and setting v; = -, one

can derive the approximate resonance condition given by equation 2.1'. Now,
equation 2.1 is rearranged to give,

k
2 _ r 2
T = o (1+ay) (2.90)
u
ku (1+a2)
2\ T 2.91
kr ’77" 2 ( )
IFirst take i = (1 + 1;‘?) and rearrange % = 1;“;7 now combine with i—; = % to

1+a? _

Ar
get W

> A = 2)‘7“2(1 + a2) as stated by equation 2.1.
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and combining with equation 2.89,

1 ( u 2
:1+r) 2.92
sz kr 7_]2 ( )
Inserting the above expression into equation 2.79.

d@j k?u 72
— =k, + k(1—-(14—= 2.93
g = ot k(1= (0 )) (299
d@j ku ’)/2
— =k, — k. (—— 2.94
d@j ’72
=k, — k= 2.95
dz 'y]z ( )
d@j ’}/2
:k@(l—r> 2.96
dz %2 ( )

now introduce Ay = v; — v, => ; = Ay + 7, and looking at the 72/ ’yjz term

gh Yo % 1

— — -2
¥ (AY+7)? R (A e+ 1)? (1+ Av/7) (2.97)

another Binomial expansion, which assumes Ay < 7, gives,

2 2A
S (2.98)
7 Y
2 9A
= (2.99)
5 Tr

substituting this expression into equation 2.96 and remembering Ay = v; —,
yields,

dej Yi — Tr
:2@<9>. 2.1
F - (2.100)
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Remembering the gain length is defined as [, = 1/2k,p and using % =1/,
to rearrange the above expression

do; ) Ir
a9 _ 2kulg(% v ) (2.101)
dz Vr
o _ 7= (2.102)
dz Pr |
inserting the scaled energy parameter p; = %
do;
i 2.103
iz 1 (2109

2.3.4 The 1D wave equation

To simulate the evolution of the radiation field, the 1D Maxwell wave equation
is introduced,

0> 1 0? 0J
(62~ 2ap)B = (2104
The radiation field was previously defined as,
E = \1f (ege’r=rt) 4 c.c) (2.105)
2
where & = %(f{ + 4y) is defined such that, &€ - & = %(f{z — 3% = 0 and
é-&" = %(}A{Q +$%) = 1. The transverse electric field and transverse current are

given by v28"-E=FE| = E,—iE, = ¢e'br*=wt) and /28" J = J| = J,—iJ,
now, projecting equation 2.104 onto y/2é* and integrating over the x-y plane
(assuming equal cross sectional areas o between radiation field and electron
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pulse) gives

[ asas( 2 -
2
(-

2
(52~

1 02 . 0J .

028t2>E'e — 1o //A oy ddy - @ (2.106)
1 02 . aJ .

c2at2>E Le'V/2 = o, - €2 (2.107)
1 82 Ak /’[/Oa'] A*

~—Z \E. . 2 2.1
c2 8t2> V2= o Ot V2 (2.108)

here [[,4 %dxdy = (%, because the current vector J contains implicit factors
of 6(z — z;) and §(y — y;) which both integrate to unity.

82 1 82 ik z—w o 6JL
(32 —zaa)ec™ "= 0% @19
0 10Ns/0 10 ko w)_ﬂoah
(3 o) &+ o) = 0 (2.110)
converting to scaled units using, where z;l, = %gj and zl, = z ,
0 0 o 10
<82+821> =l <0z+ c@t) (2.111)
and
. [1—B.(9 oYy o] (8 19
1— 6, { 203, (821 i 82) * 851] =ly (az cat> (2.112)
see appendix B.3 for a derivation of the above expressions. Now,
Bz 1_Bz<a a) 0 <a ) krz—wrt)
— — — — e 2.11
1—4. [ 283, \0z i 0z * 0z1| \0z 07z et (2.113)
- lﬁ?% (2.114)
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z; can be rearranged to give? z; = 2pz(k, + k,) — 2pk,ct, combining with
z = 2kypz, 21 — Z = 2pk,z — 2pk,ct to give (21 — 2)/2p = kyz — wyt

Bz 1 —Bz a 8 a 8 8 Z-512*5
1- Bz [ 25,2 (851 - 82) + 851] <62 + 821> §e (2.115)
_ ploddy
=ly (2.116)

expanding the square brackets,

1=B.(0 0\, 0],
[ 2, (851 * az) tom ge (2.117)
1—B. (9 g) E3
. [ 25z <521 i 0z + 0z, T 2p€ (2.118)
the % (%1 + %) term can be ignored if,
3 211
2. (821 "oz 0z < 821 (2.119)

hence the square brackets are replaced with,

il (6 + a> 1 Qe — o lﬁg g] (2.120)

252 651 0z 851 82’1
1-6.(0 8 1] =z 8 ac
7z 4 — |+ er P = — 5@7’ 2p (2121)
28, \0z 0z (‘9,21 0z
25 4 (B t _ 2kypz Qk’wPCth k777 _ 527 — _
721 = 2kwp(1 5 = (=F) - 5) now = = 75 and using 1 B 1, . -+ 1= - /3 +
1:% ke k+k = 133 — k. +ky = 1 2% combining these expressions z; = 2(k,, + k) pz — 2k,.pct
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therefore,

B, 0 ( 0 0 ) —: oo 0J1
_ = ) ¢ 2L 1
1 5.0, \oz T o5 =L (2.122)
now rewrite the RHS in scaled units, using,
B 0 _ 0
| —j.om  col (2.123)
B, 0 (8 0 ) A% B, podJy
_ — % = — _— 2.124
1— 8,07 \0z * 07 &e lgcl — B, 0 0z ( )
0 0 0 z? _ /LO &h
0z (02 + 321> se =l 20 71 (2.125)
o (0 po 0JL
o o 821) e 2*@* - (2120
0 8 (9

then assuming energy conservations i.e. the transverse radiation field is driven
by the transverse current, and therefore the bracketed terms must equal zero,

& 0
(82 8zl>ge Z +lc—JL_o (2.128)

9
( = az1>5e 7 :—lgcggh (2.129)

the transverse current density can be written as,

J, = —ec ff: B10(z — z(t)) (2.130)

J=1
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and is combined with the above expression

o 0 :
(2+ ) e antt S s =) aan

where (3, is defined as, taking 8 from equation 2.27. The Dirac delta function
has the useful property 7€ f(t)6(t — T)dt = f(T),

26" B = (% — iy) (-‘; (cos(ky2)% + sin(ky2)y) + ﬂzi> (2.132)
J
Ay, ..
Bl = —%(cos(k z)—1i sm(kuz)> (2.133)
81 =~ exp(—ikyz) (2.134)
V

using this definition of 5

(6 + 0) feﬁl?f = —el,c? 50 Z — exp(—iky2)d(z — 2;(t)) (2.135)

0z 0z o3 %
( 3 > ceim = —elyc 20u Fo Z exp(—iky2)d(z — z;(t)) (2.136)
0z 0z Vi 2 !
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ot —t;
the delta function transforms as d(z — z;(t)) = (ﬂj) = 2k,p
_ zj€
since z = 2k, pz and zl; = ?;_ng => 21 = —ct/I.
o 0 2ozu Mo 0(z1 — 21)
- 2p — 2p 2kr - I
(&z + 821> & Z ‘ P Bj
0 0 ) saypo 1 X =
e = —e2k, plyc*————> e "%§(z — zy,
(82 82’1 5 Vi 20 sz j=1 ( ! 1j)
0 awpo 1 XL a0
= —e2k,plyc? = — "% 8(Z — 71
(82 azl) 5 ¢ Proc 2 62] j=1 ‘ (Zl le)

now using 1/c¢? = pgeg => po = 1/(€oc?)

0 a, 1 1 X
= —e2k.pl,—— - %5 — 71
(&z 821>§ —er 96020 Baj iz 16 (21 = 2))

the plasma frequency w, is now rearranged,

‘LI%_L
np_eom
mw, e
enp_eo
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(2.137)
(2.138)

(2.139)

(2.140)

(2.141)
(2.142)
(2.143)

(2.144)



now inserting into equation 2.140 and rearranging,

0 0 mcu a, 1 1 X z
= 2k pl,—E2 — iz — 2.14
<82 * 621> 5 Py € Ny 7Yy 20 62] j=1 . Zl le) ( 5)
0 0 1 mw?a, 1 1 N
- = 9k, R - 27(5 — 2.146
<85 + 821)5 ka‘up e ny; 20 62] 2 16 21 le) ( )

0 0 1mw1auw11NZ-i__
<c‘9§+8§1>§:_2k’"pp.2 - e (2 —zy;)  (2.147)

now p can be rearranged,

1 (aywwy 2/3
= — 2.14
p <4cku> ( 8)
3/2 Ay Wp
. = 2.14
() = S (2149

P 1 1 11X s
<+>5:—2k‘ S S oe ()Y = Y W5 - &)

0z = 04 T e ny; 20 B.; =
(2.150)
now, assuming =~ < 1, then setting v; = 7, and §,; = 1
a 1 mwp 1 3/2 _E
= -2 - 2 5 _
(32 521)5 ppenpfyr c (o) 2% ]Z_:le v0(z1 — 21)
(2.151)
0 + 0 €= 2k p e Z 56 )
a3 95 == ——&C r e P —
0z 821 '0 ny /)’Y 2 o Zl Zl]
(2.152)
o, 9 e€ 11X
0z = —2k,p—— > T HI(5 — 2.153
(5)5 * 551) MCWp\/Pr pnpagzle RIS ( )
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the scaled radiation field was defined as, A(Z, %) = —%

Mo

0 0 _ 2k.p &

=t A = - "200(21 — 21 2.154
(52 + 52 ) Atz ) = =22 T Hita-a) (2.154)

The scaled linear density is defined as, n, = 3% = lnyo
0 0 1 N
NAGz3) = 2 S eiths(z — 3, 2.155
<az i 8z1> (za) =5, e - 2) (2159)

Now, the wave equation is converted into form suited to numerical integration.
This done by integrating the wave equation over one resonant radiation period

(47p),

zi+2mp (O 0 a+2mp 1 N 7
9L ) Az 3)dzE = S (5 — 21,)dz
/Zl_%p (82 + 551> (z,21)dz /Zl_%p ﬁp;e (21 — Z15)dz

(2.156)

The local radiation field is defined as, over the integration window, A(Zz, z;) =
[A(z, 21 + 2mp) + A(z, 21 — 2mp)] /2

0 0 - _ zZit+2mp Z14+2mp 1 N R - -
(85 + 6751> Az, 21)/, dz; = / —— N eT"wi(z — 21;)dz

Z1—2mp zZ1—2mp ny j=1

(2.157)

(9 a — 1 N 21,
—t o JAGE A)dmp=——) ' 2.158
(az + 821> (2, 21)dmp ﬁpj;e (2.158)

0 0 - 1 N (21
oot Az ) = - o 2.159
<8z * 821> (z2)=-x, jz_:le (2.159)
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however the pondermotive phase was given by 6; = (k, + k)2 — w,t; and the
scaled coordinate z1; = 2pz(k, + ky) — 2pk,ct;, therefore §; = z1;/2p

o O\ -, _ 1 M
(65 + 5%) A(Z,7) = —— Z e (2.160)

2.4 1D equations

The 1D FEL equations are restated here,

dp; .
CZJ - <Ae’9j + c.c.) (2.161)
de,;

d—; = pj (2.162)
(0 8)/1(——) L % —i0; (2.163)
Z,21) =———» e " :
0z 82’1 ! N)\ j=1
where p; = %p 7% is scaled energy parameter and 6; = (k, + k)z — wt the
pondermotive phase However, now the steady state approximation is made
by ignoring the = derivatives, here we have replaced A=-A
dpj o .
o = —(Aexplib;] + c.c.) (2.164)
z

db;

bt 2.165
Az pj ( )
d
£A =< exp[—ib;| > (2.166)

here, < exp[—if;] >= 3~ S e,

28



The complex radiation field can be written as A = |A| exp[i¢] with phase
¢ which is allowed to evolve and |A| is the radiation field amplitude. Inserting
this definition in equation 2.166 gives,

i_ (|A] expli¢]) =< exp[—ib;] > (2.167)
exp[ub]ﬂ + 3| Al exp[z¢]—¢ =< exp[—ib;] > (2.168)
A
dc’l_‘ |A|£ =< exp|—ib;] > exp[—i¢] (2.169)
ﬂﬂ M1¢—<@®PK%+¢H> (2.170)
d|A| \A| gb =< cos(0; + ¢) > —i <sin(h; + ¢) > (2.171)
= J j :

i

now separating the real and imaginary parts,

d!é‘ =< cos(0; + ¢) > (2.172)
do 1 |
PR < sin(f; + ¢) > (2.173)

inserting the new scaled radiation field with phase ¢ into equation 2.164,

s _ (A explio] explity] + c.c) (2,174
fif:: —|Al(expli(0; + )] + exp|—i(0; + ) (2.175)

applying Euler’s relations 2 cosz = €' 4 e~ ™.

?ﬁ:—mmaM@+¢) (2.176)

restating the FEL equations once more with the radiation phase equation in
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the steady state regime,

c(lg = —2|A| cos(0; + ¢) (2.177)
de;

cTz] = p; (2.178)

d(';j =< cos(0; + ¢) > (2.179)
o _ 1

To understand the FEL mechanism, consider the above set of equations and
assume initially ¢ = 0. Electrons in the region 7/2 < 6 < 37/2 will experi-
ence a small increase in energy, as can be seen from equation 2.177. However,
electrons located between 37/2 < 6 < 27 will experience a small decrease in
energy. This can be seen figure 2.2(a-b), where the — cos(6; + ¢) part of equa-
tion 2.177 is plotted with an initially cold electron pulse. Now, equation 2.178
tells us that the electrons will bunch around # = 37/2, as can be seen in fig-
ure 2.2(c). However, at this phase the electron microbunches cannot increase
the radiation field amplitude | A|, i.e., for the electrons at §; = 37/2, as dﬂ'ﬁ' 0
in accordance with equation 2.179. This can be seen figure 2.2(d), where the
cos(6; + ¢) part of equations 2.179 is plotted with the electron pulse. But, the
radiation phase ¢ which is initially zero will increase (see equation 2.180), such
that the increased electron density at 37 /2 will result in 92 > 0, as seen in fig-
ure 2.2(e). Therefore the phase ¢ and argument of equatlon 2.179 will increase
(see figure 2.2(f)). Hence the radiation field amplitude |A| increases d|A| > 0,
see figure 2.2(f). This then increases the bunching, which further amphﬁes the
radiation field, this is basic mechanism of the FEL. This feedback loop will
continue until the radiation field saturates. Linear analysis [8] of the 1D FEL
equations shows that FEL high gain amplification process is characterised by
the gain length [,, where an initial radiation power Fy is exponentially ampli-
fied as a function of distance through the undulator as P = Pyexp(v/3z/l,).
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dp/dz dp/dz

(a) ® clectrons (b) ® clectrons
—cos(f + o) —cos(f + ¢)
o o
0 0
0 3pi2 Tpil2 0 3pil2 Tpif2
40/dz dlAl/dz
(C) ® electrons (d) @ electrons
—cos(f+ o) cos(f + o)
o0®® _ Q'O_ e00® eo®® ]
o ee®® e00®® o0
7pif2 0 3pil2 7pir2
d|A|/dz
(e) @ electrons (f) ® clectrons
—sin{f + @) cos{f + ¢)

0 3pif2 Tpir2 0 3pil2 Tpif2

Figure 2.2: The Free Electron Laser mechanism is illustrated above. (a) overlap of the
initial cold electron pulse and the functional part of equation 2.177 (b) the electron
pulse will experience an energy modulation described by equation 2.177 (c) this
energy modulation cause the electron to bunch around 37/2, 77/2, etc. (d) electrons
bunched around 37 /2 cannot amplify the radiation field i.e. the functional part of
equation 2.179 will be zero (e) however the radiation field phase ¢ will increase due
the increased electron density around 37/2 (see equation 2.180) (f) as the radiation
phase increases the argument of equation 2.179 will increase such that % > (0 and
radiation field amplitude will increase. Increasing the radiation field amplitude |A|
will then increase the bunching which in turn increase the radiation field amplitude
in a collective feed back loop.
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For the simulations presented in this thesis a larger set of equations, than
the simplified equations 2.177-2.180, are integrated numerically. In hpFull [10]
for example the electron pulse’s transverse trajectory is not assumed to be a
simple function of the undulator magnetic field and must be calculated self-
consistently. Two different FEL codes are used in the rest of this thesis. The
first code is the 1D FEL simulation hpFull, and was used to obtain the results
given in section 4.2. The parallelized 3D FEL code Puffin which will be dis-
cussed in chapter 3 was used to obtain the results given in chapters 5-7 in the
1D limit. In these codes the slow varying envelope approximation is not made,
however the paraxial approximation is and the backwards propagating wave is
neglected. These two codes do not apply period averaging in their analytical
models unlike more industrious codes, such as Genesis [20]. Genesis is very
likely the most popular FEL code in the world. Genesis makes a number of
limiting assumptions to reduce the computation time. One of the most impor-
tant of these assumptions is period averaging. In Genesis the electron pulse
and radiation field are discretized at the resonant period, the FEL equations
are then solved for each self-contained resonant period/slice. To model slip-
page effects the radiation field is slipped ahead of the electron pulse by one
resonant period/slice after one resonant period of numerical integration. This
period averaging gives a large improvement in computational time. Genesis
also applies the paraxial and slow varying envelope approximation. Genesis
(and any averaged FEL simulator) cannot model sub-period phenomena such
as coherent spontaneous emission and is limited in range of frequencies that
can be modelled. The simulations presented in this thesis were performed in
the unaveraged FEL codes hpFull and Puffin. hpFull combines the unaveraged
FEL simulation code of [10] with the macroparticle loading algorithm of [9].
Puffin [11] is reviewed in chapter 3 and the inclusion of physically correct 3D
undulator magnetic fields is discussed. The implementation of 3D undulator
magnetic field was reported in [12].
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Chapter 3

Puffin and the 3D undulator

3.1 Introduction

The equations integrated by hpFull [9, 10] can be derived in a similar fash-
ion to those found in chapter 2. However, the electron transverse momentum
and trajectory are not assumed to be simple of functions of the undulator
magnetic field. Hence, the electron transverse momentum must be calculated
self-consistently. The equation describing the evolution of p, can be derived if
the electric field is not ignored in equation 2.14. By including the electric field
this equation does not easily integrate and must be solved numerically and self-
consistently, with the rest of hpFull’s equations. In hpFull the electron longitu-
dinal momentum is calculated self-consistently instead of its energy. Puffin [11]
is basically a three dimensional version of hpFull, however the equations are
scaled to radiation frame. This allows Puffin to simulate the interaction of 6D
electron beams (3 dimensions in momentum space and 3 spatial dimensions)
and 3D radiation fields. Puffin is integrating in a 6D phase space, which is very
computational intensive. To overcome this, Puffin is implemented in Fortran
90 under the MPI-standard. The MPI-standard (Message Passage Interface)
allows Puffin to run on a high performance machine, a supercomputer, across
many computational nodes. This can drastically reduce computation time. It
is also necessary to run Puffin on a high performance machine, because Puf-
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fin’s 6D phase space can require a large amounts of local memory (10-100GB),
which typically exceeds what is available on desktop machines. Even in the 1D
limit it is useful to run Puffin on a cluster to reduce computation time from
days to hours and free up local computing power.

Puffin was originally written with a simple 1D dimensional undulator mag-
netic field. Since, electron pulses’ have a non-zero transverse velocity, they
expand during propagation through an undulator, therefore Puffin’s working
equations included an artificial focusing channel [11]. Undulators can be de-
signed to have off-axis parabolic magnetic fields. Such a magnetic field will
induce a focusing force in both transverse directions, which counteracts the
electron pulse’s expansion. Canted pole, those producing parabolic magnetic
fields, and plane pole magnetic undulator fields are now included in Puffin’s
working set of equations [12]. In, doing so the artificial focusing channel was
removed, allowing a more physically correct description of the FEL phenom-
ena to emerge in simulations. The inclusion of the 3D undulator magnetic
fields is discussed in the proceeding sections of this chapter, with a derivation
of the new Puffin equations with the 3D undulator given in appendix A.

3.2 Outline of FEL equations

The derivation of the original FEL system of equations modelled by Puffin is

B ‘
given in [11], using a magnetic undulator field B, = —2(ue*** + c.c.), where

u = u,X + iu,y defines the polarization of the undulator. Following a similar
derivation, which is given in appendix A, but using a general 3D magnetic
field of the form B = B,X + B,y + B.Z, one obtains the following system of
equations:

dpaj _ P o (i : S
T; = 77L§ ((pJ_jAJ_ + c.c)npa; — ia*(1 4 npay) (PLsbl, — c.c.)) (3.1)
dpr; 1

. np2; .
e % (zbwL — OéQAL> —iapy;Lib, (3.2)
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the preceding differential equations describe the electron momentum through
the undulator, and the field equation is given by,

Lo & o L o N -
2(%? 82>AL_aw@AL__—a§; 0(25,Yj225) (3.3)

the evolution of electron axial coordinates are described by,

d,ggj
— Do 3.4
da_sj 2pa
—L;® )
e \/ﬁ (pJ_]) (3 5)
dgjj _ 2pa
— = ———L, 3.6
= niS(E) (36)
where
_ pL eayly
p— A = —
2 mcau’ 1L ZVZmCQp i)
B i Ay W 2/3 _eBy
P= Ack,, ’ = mcky,’
Qy,
a = ) b1 = by — iby,
207 Y
’}/7’ _ 2
L; = , ny, = lglon 3.7
J B.iv; p = tgleTlp (3.7)

and by, , = By, ./ By are the scaled magnetic fields in x, y and z, respectively,
and By is the peak on-axis magnetic field. Other parameters are defined in
appendix A. In contrast to section 2 and hpFull, these equations are scaled
in the radiation frame not the electron pulse frame. The radiation frame is

described by zo = (15 3 (Ctl;'z). And the scaled longitudinal velocity is given by
/BZJ

P2 =~ , where n = 1_BZ.
Using the above system of equations, one may use b, b, and b, to define
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a static 3D magnetic field with which to simulate the FEL interaction. The
model is still subject to the same limitations as the original Puffin model [11],
i.e. the paraxial approximation and the neglect of the backwards propagating
wave.

Currently, two 3D undulator fields have been implemented in Puffin using
this model, both derived from [21, 22]. The first is an undulator field with
canted, or curved, pole faces, providing electron beam focusing in both trans-
verse directions:

kz . L L
by =7 sinh(kzx) sinh(kyy) sin(z/2p),
]
b, = cosh(kzx) cosh(kyy) sin(z/2p), (3.8)

b, = V] cosh(kzx) sinh(kyy) cos(z/2p),
2pky

where kz 5 give the hyperbolic variation of the magnetic field in z, y, and must
satisfy

2 2 M
B+k =15 (3.9)

this can be seen by applying Gauss’s Law for magnetism to the above magnetic
fields.!
The second undulator type is a planar undulator with plane pole faces,

described by:

b, =0,
b, = cosh(y/ny/2p)sin(z/2p), (3.10)
b, =sinh(\/ny/2p) cos(z/2p),

which produces a focusing force in one transverse direction.

1 1 dB, dB 1 dB By k2 By 1. By V7 .
ie.V-B= N })47}: o Ko | Bo f _ Bo VT _ where /[l =
lgle ( aw Ta ) Ty Vigle by + Vigle ¥ g 4p?ky =V
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3.3 Simulations

The electron transport through both of these undulator types is well known.
Some simple tests can therefore be designed to see if the electron motion in
Puffin exhibits the correct behaviour.

As described in [21, 22], a natural focusing channel arises from the off-
axis variation of the magnetic field in the curved-pole undulator. From this
so-called ‘natural’ focusing, one expects a slow oscillation, shown in figures
3.1-3.2, characterised by betatron wavenumbers and corresponding matched
beam radii in x and ¥, given, in the scaled notation, as:

aukf aukg

) kgy = )
V21 w2y,

_ PEx _ PEy
o | — | P 3.12
o kﬁj 01/ ]fﬂy ( )

respectively. For the curved pole simulation, p = 0.0017, a, = 4.404, €,, =
1 and ~, = 575.63. The electron pulse hard edges in  and y, matched at
injection, are are seen to be oscillating throughout propagation however the
radii 0, , remains constant. o, is plotted against z in figure 3.2. In this case,
kz = kg, which, from condition (3.9) and equation (3.11), results in

kpz = (3.11)

Qy

Apy

Koz = ksg (3.13)

and, from (3.12), matched beam radii of o,, = 0.039, giving good agreement
with figure 3.2.
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Figure 3.1: Demonstration of the rotation in transverse phase space of a matched
electron beam using a curved-pole undulator. Top plots show a transverse plane of
the beam at the start of the undulator and at z ~ \s/8, the electron pulse maintains
a constant transverse area. The middle plots show the pz by * phase space, it is seen
that the electron pulse has completed a 1/8" rotation. In the bottom plots the show
the py by y phase space, which also demonstrates a rotation of 1/8.
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Figure 3.2: The electron pulse rotates in the transverse phase space. This rotation
results in an oscillation of the hard edge of the electron beam radius (i.e. maximum
and minimum z and y) with a period of 5\5 /4. In the top plot the wiggle motion of
the electron pulse is also seen with a period of 47p = 0.0214. The rms beam radius
0y 1s approximately constant in z
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Similar to the curved-pole undulator, a natural focusing channel also arises
in the plane-pole undulator, this time exclusively in the y direction. For this
simulation, the parameters used are identical to the curved pole case, except
the beam energy and the undulator parameter are adjusted to v, = 238.04 and
a, = 1.8197, to give the same transverse radii for comparison to the curved
pole case.

The betatron period and matched beam radius in y are now:

Ay

o :
AN

G, = |2 (3.15)
ksy

and electron motion in the (Z,p,) dimension should undergo free space dis-
persion when averaged over an undulator period, resulting in an expansion of
the beam in the z dimension. The radius in ¥ during propagation is plotted
in figure 3.4, showing the beam expansion. The initial radius in z is here set
to the matched radius in y, so 0, = 0, = 0.0327. The radius in y remains
constant, as expected.

In figure 3.4 the electron electron pulse expands in x, the expansion can
be calculated by considering the evolution of electron axial coordinates as
described by,

(3.14)

dr;  2pa _

P Ry 3.16
AZ: 2

S0 o (3.17)

Az /1

where 05, = max(p,;) — min(p,;). For these simulations p = 0.0017, =

1.6140 x 10_5, o= QZ;T’ v = 238.04, a, = 1.8197, Lj ~ 1, and Opoj = 0.1162.
Tj __

The increase in z; is given as AAE = 0.2217 and is in agreement with simulation
results presented in figure 3.4. A comparison of the electron pulse radii in x
for plane pole and curved pole undulators is made in figure 3.5.
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Figure 3.3: Demonstration of the rotation in the p; by y phase space of a matched

electron beam using a plane-pole undulator in the .

Top plots show a transverse

plane of the beam at the start of the undulator and at z ~ 5\5 /8, the electron pulse
maintains a constant transverse area. The middle plots show the pz by = phase space,
that the electron pulse expands as there is no focusing in this direction. In the bottom
plots the show the p; by y phase space, which demonstrates a rotation of 1/8.
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Figure 3.4: The electron pulse rotates in the p; by y phase space. This rotation results
in an oscillation of the hard edge of the electron beam radius (i.e. maximum and
minimum g) with a period of ;\5/4 and is seen in the bottom plot. In the top plot
the wiggle motion of the electron pulse is also seen with a period of 47p = 0.0214,
the emittance driven expansion in Z is also shown in this plot and is estimated as
% = 0.2217. The rms beam radius 0, , is approximately constant in z
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Figure 3.5: The electron pulse radius o, plotted as a function of distance through
the undulator. The plane pole undulator does not produce a focussing force in the x
direction, however the curved pole undulator does. Therefore, the radius in x when
propagated through a plane pole undulator will expand however in the curved pole
undulator this expansion is supressed.
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Chapter 4

Novel schemes

4.1 Review of novel FEL schemes

Current x-ray Free Electron Lasers lack temporal coherence [6, 13, 14]. Typi-
cally Free Electron Lasers operating below the x-ray [1, 6] are either seeded or
operate in a cavity configuration. However, conventional seed lasers operating
in the x-ray lack the necessary intensity to seed an FEL [1]. Similarly, in the
cavity configuration mirrors with a high enough reflectance are not available
in the x-ray. Therefore, x-ray FELs operate in Self-Amplified Spontaneous
Emission regime (SASE).

In the SASE [23, 24] regime a series of uncorrelated radiation spikes are
generated. The SASE FEL requires a long undulator, in which spontaneously
emitted radiation is amplified to saturation. Spontaneous radiation is produced
because of electron shot-noise [9], i.e., the electrons are randomly distributed
in phase. Since the electrons are randomly distributed in phase the radiation
spikes generated in SASE do not have a fixed phase relationship.

A number of techniques have been proposed to improve the FEL’s temporal
coherence in the x-ray. Many of these techniques favour the beam by design [17]
approach, where a combination of undulators, long wavelength seed lasers and
chicanes are used to precondition the electron pulse. This preconditioning often
involves generating a density modulation, at higher frequency, in the electron
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pulse.

A chicane [25] is a magnetic device that alters an electron’s trajectory in
proportion to its energy. In standard chicanes, those with a positive disper-
sion, higher energy electrons take a shorter path through the chicane than
their lower energy counterparts. Therefore, high energy electrons traverse the
chicane in a shorter time than low energy electrons, hence the electrons are
seen to disperse. i.e. high energy electrons move ahead of low energy electrons.
This dispersion is very similar to undulator dispersion. However, chicane dis-
persion is proportional to the electron energy and for an undulator the electron
dispersion is related to the electron velocity (as described by equation 3.5)
along the undulator. Undulator dispersion allows electron microbunching to
develop, which is key to the FEL interaction, and was discussed in section 2
and illustrated in figure 2.2. Therefore, chicanes can be used to increase the
microbunching and improve the FEL interaction when inserted between un-
dulator modules. By, improving FEL efficiency the total undulator length can
be reduced and radiation field power increased, such an approach is known as
the Optical Klystron (OK) FEL [23]. Just as the radiation pulse slips in front
of the electron pulse in an undulator, and since electron velocity must be less
than the speed of light, the radiation field will also slip in front of the electron
pulse in a chicane section, this distance is known the chicane’s slippage length.

Using the correct configuration of magnetic elements, the dispersive strength
and slippage length of a chicane section can be precisely controlled [25].
In [25] the design and implementation of isochronous chicanes was described,
an isochronous chicane does not disperse the electron pulse however there is
still slippage between the radiation field and electron pulse. Isochronous, or
slippage-only, chicanes can be desirable when chicanes are required but a del-
icate phase space structure must be preserved. A negatively dispersed chicane
is another possibility [25], in such a chicane low energy electrons will move
ahead of high energy electrons, i.e. there is a negative dispersion.

One of first techniques proposed, to improve the FEL’s temporal coherence
in the x-ray, was the High Gain Harmonic Generation (HGHG) [26] method,
shown in figure 4.1. In the HGHG method, the electron beam is energy mod-
ulated with a long wavelength seed laser and dispersed in a chicane section.
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The chicane section converts this large energy modulation into a density mod-
ulation. This density modulation is a form of the electron microbunching phe-
nomena that is key to the FEL mechanism, discussed chapter 2. The electron
pulse, which was originally bunched at a long wavelength, also will have bunch-
ing components at the high harmonics of this wavelength. In the final section,
a radiator (undulator) is tuned to one of these harmonics, and by doing will
produce a radiation field with high temporal coherence. However, HGHG [26]
has a limited range, such that for harmonics greater than ten the correspond-
ing bunching is very much diminished. The reduced bunching at the higher
harmonics will reduce radiation field’s temporal coherence at those harmonics.

The Echo Enabled Harmonic Generation [13, 14] technique (figure 4.2)
was proposed to overcome this limitation. Echo Enabled Harmonic Genera-
tion (EEHG) requires two consecutive modulator(seeded undulator)-chicane
sections. The interplay of these sections imprints a fine micro structure on the
electron pulse phase space. This microstructure contains bunching components
at very high harmonics of the modulator seed lasers. The first modulator-
chicane section generates a number of phase-space energy bands. The sec-
ond modulator-chicane section then converts these energy bands into current
bands. These current bands are equispaced and separated by some high har-
monic of the seed lasers. The advantage of this scheme is that it can pre-bunch
the electron pulse at harmonics greater 10. This allows temporally coherent
radiation fields to be generated at very high harmonics of the initial seed laser
when passed through a final radiator-undulator.
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Figure 4.1: Diagram of SASE and HGHG schemes from [26]. In the SASE scheme
spontaneous radiation is amplified to saturation in a long undulator. However, in the
HGHG method the electron pulse is energy modulated by a long wavelength seed
laser. Then, the energy modulation is converted to a density modulation, known as
microbunching. A Fourier transform of the electron pulse’s density profile will reveal
large density modulations at the harmonics of the initial seed laser. A radiator-
undulator can be tuned to one these harmonic density modulations, to generate a
large temporally coherent radiation field.
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In conventional laser physics short radiation pulses can be generated by
enforcing a fixed phase relationship between cavity radiation modes [27], this
is technique is known as mode-locking. The simplest method of mode-locking
is to apply a field modulation at a frequency determined by the cavity round
trip time, wy, = 2mc/2L, where L is the cavity length. Such a mode-locking
set-up will result in a series of temporal radiation spikes separated by T =
27 /wr,. Taking the Fourier transform of such a mode-locked laser pulse reveals
a number side-band radiation modes separated by wry.

The technique of mode-locking can be applied to the Free Electron Laser [28,
29]. This can be done by sending the electron pulse through an undulator-
chicane lattice, constructed from a series of consecutive undulator-chicane
modules. Here, the cavity round trip time is equivalent to the slippage length of
an undulator-chicane module. An undulator-chicane lattice will amplify side-
band radiation modes separated by Aw = 27c¢/s. s is the total slippage length
for an undulator-chicane module, which is constant throughout the lattice.

In the mode-locking technique for free electron lasers, shown in figure 4.1,
chicane sections provide a series of periodic slips to the radiation field. There-
fore, the only radiation wavelengths that can survive a number of these slips
will be an integer divisor of undulator-chicane slippage length, see appendix
B.2 for a short derivation. Hence, the undulator-chicane lattice will amplify
side-band radiation modes that are separated by,

Aw = 2T€ (4.1)
s

s is the sum of the undulator slippage 1 and the chicane slippage 4, i.e., s = [4.
The mode-locking technique will generate a series of temporal radiation spikes.
These spikes will be separated by T' = 27 /Aw = s/c. To fully lock the modes
the electron pulse must be premodulated in current or energy at the frequency
Aw, otherwise the scheme is known as mode-coupling. Mode-locking can also
be achieved when the electron pulse has a density modulation at the frequency
Aw, an example of this is discussed in the next section.

Furthermore, undulator-chicane lattices have other uses, such as the High
Brightness SASE [30]. In the HB-SASE FEL variable slippage length undulator-
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chicane modules are used to extend the FEL instability from localised SASE
spikes to encompass the entire electron pulse. By doing so the temporal coher-
ence of the HB-SASE FEL is improved. Another use of an undulator-chicane
lattice is the mode-locked afterburner [31] which can be attached to the end of
a long undulator to produce mode-locked radiation. Such a technique maybe
useful in a pre-existing facility to generate mode-locked radiation without large
expense.
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Figure 4.3: This mode-locking diagram was taken from [28]. (a) an illustration of
the SASE FEL (b) mode-coupling FEL scheme, a series of chicane slippage sections
are used (c) the electron pulse is pre-modulated before injection into the undulator-
chicane lattice
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4.2 EEHG modelocking

4.2.1 Echo Enabled Harmonic Generation

In this section the technique of Echo Enabled Harmonic Generation is dis-
cussed and improvements to the scheme investigated. The results of this work
was published in [15]. The EEHG method can be approximated by four simple
particle transformations, given by following four equations:

7](.1) = ,Y](O) + Ay sin(zj(o)kl) (4.2)
(1) _

AV =29 + R{Y [% 7’"] , (4.3)

73(2) = 73(_1) + Ao sin(zj(l)kg) (4.4)
(2) _

21(-2) = zj(-l) +RY [% %] : (4.5)

where the bracketed superscripts (0, 1, 2) referring to the initial conditions, and
to the exit from the first and second modulation/dispersive stages respectively;
7y is the electron energy in units of the electron rest-mass energy and A~ o is
the energy modulation.

The method of EEHG manipulates electron pulse phase space using two
temporally coherent, long wavelength seed lasers, two undulators and two
dispersive chicanes, as can be seen in figure 4.2. The electrons are first mod-
ulated by a seed laser in an undulator and then dispersed in a chicane, i.e.
equations 4.2 and 4.3 are applied to the electron pulse. This process is then
repeated (equations 4.4-4.5) and a fine microbunching structure in the elec-
tron pulse is generated at a shorter wavelength, this microstructure retains a
high level of the temporal coherence from the long wavelength lasers. When
propagated through a final radiator undulator, the electron beam emits ra-
diation at the shorter wavelength, of the electron microbunching, and with
an improved temporal coherence over that generated by Self Amplified Spon-
taneous Emission. Previous models of EEHG [13, 14] have applied periodic
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boundary conditions to the electron phase space, i.e. electrons leaving the
right of the electron pulse window are returned to the left of the window and
vice-versa. These simulation codes also average the electron pulse and radia-
tion field over a radiation period, the so-called ‘period averaging’ By using the
unaveraged FEL code, hpFull [9, 10], these limiting assumptions are removed.

Using this model, simulations of EEHG up to before the final undulator re-
veal a frequency comb of modes (side-band modes) in the electron microbunch-
ing parameter, with adjacent modes being separated by the second seed laser
frequency. This frequency comb may then be matched to an undulator-chicane
lattice as the final radiator stage to lock the radiation modes as discussed ear-
lier.

4.2.2 EEHG pre-radiator stage

To demonstrate the process, EEHG was simulated with the following parame-
ters for a cold beam with no intrinsic shot-noise. The cold beam approximation
refers to an electron pulse of zero energy spread and uniform electron energy. A
uniform ‘flat top’ current profile electron pulse was used with electron energy
E,. = 1.2GeV, charge Q = 100pC and initial pulse length of 12um (which is
equivalent to a current of 2.5 kA). The first and second seed laser wavelengths
are Aj2 = 240nm with the final radiating resonant wavelength A, = 10nm.
The electron energy modulation in the first and second modulating stages are
AFE; = 750 keV and AFE, = 150 keV respectively. The dispersive strength of
the corresponding chicanes are Rg? = 8.25 mm and Rg%) = 0.34 mm. The
electrons are modelled by macroparticles [9] each assigned a weight N; cor-
responding to the number of electrons the macroparticle represents. A FEL
parameter of p = 107 was used as a typical value for the simulations at this
resonant wavelength.

Applying the four transforms of equations 4.2-4.5 develops a microstruc-
ture in the electron pulse that contains significant microbunching at higher
harmonics of the seed radiation fields.

In demonstrating the principle of EEHG, the work of [13, 14] applied pe-
riodic boundary conditions in the position of the electrons across a region of
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the longitudinal z-axis. Here, no such boundary conditions are applied and the
electron positions are transformed according to equations 4.2-4.5. The removal
of the boundary condition has little effect around the centre of the electron
pulse where the dispersive effects are symmetric. This can be seen figure 4.4
which shows the phase space of the centre of the electron pulse at exit of
EEHG scheme and is very similar to that of reported in [13, 14]. However,
the higher and lower energy electrons, from the extrema (peaks/troughs) of
the energy modulated beam, form tight (single) ‘current bands’, whereas elec-
trons close to the initially un-modulated beam energy form a looser (double)
current band structure. This picture changes towards the head and tail of the
electron pulse where dispersion causes predominantly single current bands to
form by the higher and lower energy electrons respectively. This effect is seen
for the the case of the head of the electron pulse in figure 4.5. In the bot-
tom of figure 4.5 single current bands can be seen in the region 5600-5615 nm
whereas the double current bands occupy the region 5620-5830 nm, this patten
is repeated longitudinally along the electron pulse as is seen in figure 4.7.

53



o i

-500 0 500
Z (nm)

Figure 4.4: Electron phase space (top) and histogram of electron numbers (bottom)
about the centre of the electron pulse at z = 0. The particle density is increased for
the high and low energy electrons as is indicated by the top right plot.
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Figure 4.5: Electron phase space (top) and histogram of electron numbers (bottom)
at the head of the electron pulse. The particle density is increased for the higher
energy electrons as is indicated by the top right plot.
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Figure 4.6: The single and double-current bands can be seen to evolve during the pre-
radiator EEHG process (top-to-bottom, left-to-right.) The shift in electron positions
from left-to-right is due to the chicanes.
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The underlying process is detailed in figure 4.6 which shows the effects
of the EEHG process upon the higher energy electrons of the initially mod-
ulated beam. The higher energy electrons are seen to form relatively tight
energy bands which are then transformed into single current bands around
the maxima following the second energy modulation. This creates a series of
higher energy current bands at the head of the electron pulse separated by
the wavelength of the second seed laser. At the tail of the electron pulse, the
EEHG process causes similar single current bands to be formed, but around
the minima of second energy modulation. Thus, dispersion causes the high
(low) energy electrons to be dispersed to the head (tail) of the pulse.

A histogram of the full electron number distribution is shown in figure 4.7
together with a (unitary) Fourier transform of the electron bunching param-
eter about the resonant frequency w, of the final radiator stage. The Fourier
bunching parameter is simply derived from the driving term of the scaled wave
equation of [9], i.e. the macroparticle version of the wave equation given in
basic FEL theory section (see appendix), and may be written:

1 1 Nm ‘ ‘
b(z,w) = ——— 3 Ne #lhrihu) gilwr—w)t; L6
(Z UJ) /_271' an ]:zzl j€ e ( )

where ny is the peak linear electron density, N, is the total number of
macroparticles used in the simulation, k, is the undulator wavenumber, ¢; =
—zj/cB, is the arrival time of the macroparticle at the undulator entrance
at z = 0 and 8, = v,/c is the mean scaled speed of the electron pulse
along the undulator z-axis. It is seen that a well defined modal structure
is present in the electron bunching parameter with mode separation given of
Aw/w, = 10/240 ~ 0.042 corresponding to the seed modulation frequency.
The modes are relatively well phase-matched as seen from the well defined
peaked periodic microstructure in the electron density histogram.
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Figure 4.7: Histogram of electron numbers (top) normalised with respect to the peak,
and the Fourier transform of the bunching parameter b(z,w) for the full electron
beam distribution showing the modal structure at the end of the EEHG pre-bunching
process.

4.2.3 EEHG radiator

The pre-bunched electron distribution above was propagated through a two
different undulator systems, a simple undulator and an undulator-chicane lat-
tice, both tuned to the resonant frequency w, using the unaveraged simulation
code of [9, 10]. The transformations of (4.2-4.5) may be rewritten in the uni-

o8



versal scaling of [23, 24, 32, 33] as used in the simulations as:

i = pl” + ApW sin ( 2“221) (4.7)

ES) = Eﬁ)-) + 2pD(1)p§-1) (4.8)
@ _ (1 () o

p;’ =p;’ + Ap'“sin (2ph2) (4.9)

27 =7 +2pD@p? (4.10)

where Ap(h2 = Ay /pr,: D2 =k pREY; iy = w,jwis and G, ~ 1 is
assumed. At the beginning of the undulator: z = 2pk,z = 0; z1; = —2k,pct;
and p; = (v — )/ pyr-

Performing the Fourier transform of the with respect to z; defines the scaled
frequency as w = —w/2pw, so that:

b(z,0) = b(z,w)lcc exp (zwj) . (4.11)

4.2.4 Simple undulator

EEHG was first simulated in a simple undulator configuration of scaled length
z = 1.1. The scaled radiation and electron pulse parameters are plotted in
figure 4.8. It is seen that while the radiation generated had some temporal
structure, no modal structure is present in Fourier space with emission confined

to the resonant frequency. This is consistent with the previous results of [13,
14].

4.2.5 undulator-chicane lattice

Here an undulator-chicane lattice is constructed so that the radiation modes
amplified by the lattice will match the properties of the electron bunching
above. Using the notation of [28], each undulator has four periods so that
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a radiation wavefront will propagate four resonant wavelengths through the
electron pulse in each undulator. Each chicane delays the electron pulse by a
further twenty wavelengths so that the total slippage of a resonant wavefront
in traversing one undulator-chicane module is s = (4 + 20) A, = 240nm, which
is equal to the second seed laser wavelength. In this way the relative slippage
between radiation and electrons in each undulator-chicane module matches
the strong periodic electron microbunching. It is seen from figure 4.9 that
this matching generates of a periodic train of short radiation pulses (~106
attoseconds full width at half maximum duration) separated by the second
seed laser wavelength Ay = 240nm with a corresponding set of modes equally
spaced by the same corresponding frequency Aw/w, ~ 0.042. Note that peak
powers generated by the higher energy electrons at the head of the radiation
pulse train envelope are greater than those generated at the tail by the lower
energy electrons. While the higher energy electrons lose energy and fall into
resonance to emit strongly, those at lower energies continually fall away from
resonance and strong radiation emission. The visibility of radiation pulse train

structure is defined as V = (|A|%. — [A1%0)/ (1A as + |A|%:,), Were the
maximum and minimum values are defined between two adjacent peaks. The
effect of introducing an energy spread op in the initial electron pulse energy
decreases the visibility gradually from V = 0.93 at 1 keV (og/pE, = 0.0008)

to V =0.78 at 150 keV (op/pE, = 0.125).
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Figure 4.8: Electron and radiation pulse at saturation in a simple undulator at z ~ 1.1
for the normal EEHG case. Plots on the left are: top - normalised electron number
histogram (bin size = A,./5); bottom - Fourier transform of bunching b(z, ). On the
right: top - radiation field amplitude |A|* as a function of Z;; bottom - scaled Power
Spectral Density showing emission at resonance dominates.
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Figure 4.9: As figure 4.8, but for the MLOK undulator at saturation (z ~ 0.6). Inset
top-right shows detail expanded in z;. A well defined set of phase-matched radiation
modes has developed resulting in a train of short radiation pulses. In unscaled units
the individual pulse widths are ~106 attoseconds (FWHM) and separated by approx.
0.8 femtoseconds.
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Chapter 5

Beamlets

5.1 Introduction

In the previous chapter, an FEL technique that produced a train of coherent
radiation spikes was discussed. However, there is a demand [31, 34] in the FEL
community to produce so-called ‘single spike’ radiation pulses as opposed to a
train of radiation pulses. A few techniques [31, 34] have already been proposed
to generate ‘single spike’ radiation pulses.

In this chapter a method to produce ‘single spike’ radiation pulses is pre-
sented, this method is based on the interaction of multiple short electron
pulses or beamlets. The interaction of multiple electron pulses was explored
experimentally in [35]. The beamlets investigated here have flat-top current
profiles, therefore the large current gradients produced by their hard edges act
as coherent radiation sources [36, 37]. This phenomenon is known as coherent
spontaneous emission [36, 37] (CSE) and cannot be correctly modelled by aver-
aged FEL codes such as Genesis, hence the need for unaveraged codes such as
hpFull and Puffin. Coherent radiation from the head of the beamlet will prop-
agate in free space and receive no amplification. However, coherent radiation
generated at the beamlet tail will propagate through and interact [11, 36, 37|
with the beamlet. This will amplify the coherent radiation field and increase
the electron bunching in the beamlet. This amplification process is known as

63



Self Amplified Coherent Spontaneous Emission (SACSE) [36, 37].

For these simulations an electron pulse is split into a number of reduced
current electron pulses, which are called beamlets. These beamlets are then
equispaced in energy and temporally overlapped, as shown in figure 5.3. The
system of equations describing the FEL interaction is scaled by the FEL pa-
rameter p given as,

I (aywp 2/3
= — 5.1
T <4cku> >
more importantly the equations are scaled by the plasma frequency,

e?n,,
= . 5.2
Wp . (5.2)

Therefore, the FEL equations are scaled to the peak number density n, of the
electron pulse. Similar to hpFull, that was used in the previous chapter, Puffin
uses macroparticles. Puffin’s macroparticles are assigned a y-weighting factor
given by,

nj

Xj = (5.3)

Ny
where n; is the electron number density of the j™ macroparticle. For the
beamlets, the peak number density n,, when calculating x;, is taken to be the
peak number density of the ensemble of beamlets, instead of the individual
beamlet. Therefore, the simulations are scaled as if the ensemble of beamlets
is just one electron pulse. Effectively each beamlet now has a reduced current.
Therefore each beamlet’s scaled saturation power is reduced and gain length
increased. And since the radiation power in an FEL exponentially amplifies
as P = Pyexp(v/32/l,), large increases to the gain length are prohibitive to
FEL gain. The change to the beamlet saturation power and gain length can be
calculated analytically, and is good agreement with this model. This was done

by redefining the FEL parameter for an individual beamlet as p, = p/Nb1 / 3,
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where Ny is the number of beamlets.

The beamlets have zero energy spread i.e., all electrons have the same
energy. When sufficiently separated in energy (see figure 5.3), i.e. the beamlet’s
energy separation A~ satisfies the following condition,

1> 0p, (5.4)

r

each beamlet will have a distinct resonant frequency or mode. This condition
comes from the linear analysis of [32, 33], which shows for an electron to remain
part of the FEL interaction it must not deviate from the resonant energy by
more than 1.89p,7,. Therefore, electrons outside this range can perform their
own separate FEL interaction. Here, the condition is approximated to 2pyy,
and this condition verified by the work of [35].

When propagated through a simple undulator each beamlet will generate
and amplify a radiation field at it’s own unique resonant frequency. The in-
terference of these radiation fields will produce a train of temporal radiation
spikes. The width of these radiation spikes can be controlled by adjusting the
beamlet energy separation or changing the number of beamlets in the sys-
tem. The temporal separation of the radiation spikes can be manipulated by
propagating the beamlets through an undulator-chicane lattice, constructed
with slippage-only (isochronous) chicanes. Using slippage-only chicanes, which
were discussed in chapter 3, can increase the radiation spikes’ temporal sepa-
ration. The slippage-only chicanes prevent the beamlets from dispersing from
each other, while radiation field is still slipped forward. By increasing the
temporal separation of the radiation spikes, the frequency separation of the
radiation modes is decreased. In other words, the radiation mode separation
is frequency compressed. However, the natural side-band mode amplification
action of an undulator-chicane lattice will result in the formation of side-band
radiation modes for each of the compressed radiation modes. Therefore, for
certain undulator-chicane module configurations, packets of compressed radia-
tion modes are formed in frequency space, with two unique mode separations.
This leads to the possibility of generating a single radiation pulse. This is
achieved by adjusting the relative beamlet positions/phases in a dispersive
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chicane section, so that when passed through a short undulator the beamlets
will generate coherent radiation fields that interfere to form a single radiation
spike.

5.1.1 Beat notes

To understand the interaction of multiple beamlets, it is useful to consider the
interaction multiple coherent radiation fields. By representing coherent radia-
tion fields by simple monochromatic sine-waves and using simple trigonometric
relations, one can predict the interference of multiple coherent radiation fields.
When two frequencies interfere, such as f; 9 = Asin(w; of), two beat notes are
produced,

fr=fi+ fo = Asin(wit) + Asin(wst) (5.5)
R t} sin [wl T, t] (5.6)

fr=2Acos

fr contains a fast oscillation at {%}, the sum frequency, which is modu-

lated by the 2A cos [%f} term, the difference frequency, and is shown in
figure 5.1. However, as seen in figure 5.1 the amplitude of fr oscillates at a
frequency given by |w; — we|. However, adding many sine waves together that
are separated by the same frequency, Aw = |w, — wy+1], leads to an increase
of the |w; — wp41| oscillation as this will be constant for all n. In contrast,
there will be a decrease in the %’ oscillation, as this oscillation, the sum
frequency, is not constant for all n. This is seen is figure 5.2(a), where 10 sine
waves for equal frequency separation have been superimposed. The beat note
produced takes the form of a series of spikes. Two important effects should be
noted, 1 - increasing the frequency difference will decrease the spike width (see
figure 5.2(b)) and 2 - increasing the number of sine waves will also decrease
the spike width (see figure 5.2(c)).
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Figure 5.1: An example of a beat note: the fast oscillation is in blue and envelope
in red. This is the simplest example of a beat note as it is constructed from two
frequency components. The amplitude of y; oscillates at frequency of |w; — wsl.
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Figure 5.2: (a) An example of beat note produced by the sum of 50 sine waves. The
difference frequency between adjacent modes dominates the various sum frequencies
of adjacent modes. (b) An example of beat note produced by the sum of 10 sine
waves. In this case the frequency difference between the modes is ten times that of
(a) this increases the beat note frequency and also decreases the spike (peak) width.
(¢) An example of beat note produced by the sum of 100 sine waves. The additional
modes has the effect of decreasing width of each spike.



5.2 Multiple beamlets

The interaction of multiple beamlets was investigated using the unaveraged
FEL simulation code Puffin [11], this code was discussed in chapter 3. In
these simulations the FEL parameter was p = 0.001 and undulator parameter
a,, = 0.0511. Here, the undulator parameter a,, is uncharacteristically small;
however simulations using more feasible parameters produce similar results
and will the subject of a future publication. The beamlets had mean resonant
energy of v, = 176, a scaled length of 1, and a flat top current profile. In
regimes (36, 37] with short electron pulses, flat top current profiles, and long
undulators coherent radiation from electron pulse tail will propagate through
the electron pulse and be amplified. For this reason it is expected that the
amplification of coherent emission will dominate the amplification of spon-
taneous emission [36, 37] resulting from electron shot-noise [9]. The electron
pulse parameters are constant for all simulations presented in this section.
Puffin’s working equations are solved in the z, radiation rest frame. Hence,
the radiation pulse does not propagate in z, instead the electrons slip with
respect to the radiation field in zs. In zy frame (figure 5.3) the head of the
beamlets is the left therefore the electrons are seen to slip to the right.

5.2.1 Simple undulator

Five short beamlets (see figure 5.3), are propagated through a simple undu-
lator lattice. In doing so they generate and amplify coherent radiation fields
with five distinct resonant frequencies. The condition placed on the beamlet’s
energy separation is satisfied, equation 5.4, by setting the energy separation to
A7/~ = 2p. The interference of these distinct resonant frequencies produce a
beat note with a frequency separation of,

AoJbeat == |wn - wn71| (57)
AWpeq A
Pheat 927 (5.8)
Wy Yr
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were n = 23,45, see figure 5.3 and Ay = |y,,—7,—1| is the difference of resonant
beamlet energies. This can be seen by performing a 1st order expansion of the
resonance condition, equation 2.1'. In figure 5.4 the results of a simulation
are presented where five short beamlets are passed through an undulator. The
interference of coherent radiation fields produced by the beamlets create a
beat note with a frequency Awpeqt/w, = 0.004, which is approximately 3 in
the scaled units of z;. The frequency and spike width of the beat note generated
in the undulator by multiple beamlets can be controlled in a similar manner
to figure 5.2 (b)-(c). This can achieved by increasing the number of beamlets
(figure 5.5) or by increasing the beamlet energy separation A~ (figure 5.6).

2'yfwu
(14a2)

order terms in A7y, as Ay € v, wyr + Aw =

2(vr+A7)2%w,

— Wy + Aw = 4(’“(14»—0;/)) =

272427, A+ A7 )wy

(1+a2)

2(27, A7) wy,
(14a3)

condition Aw = 22rANws Ay, QAL 5 AW — 247
(+a2) e e =27

1)\, = 2/\71%(1—#@3) - w, =

— expand and ignoring 2nd

2(72 427 A%)wy
(1+a2)

again cancelling out the resonance

— wy + Aw =

now

cancelling out the initial resonance condition Aw =
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Figure 5.3: Diagram of multiple beamlets. The beamlets are separated by A~ in
energy. For the simulations presented in this section the energy separation of the
beamlets satisfies the condition Ay > 2py7,.. The beamlets have flat-top current
distributions, therefore the discontinuities of a beamlet current profile will generate
coherent spontaneous emission.
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Figure 5.4: Five beamlets equispaced in energy are propagated through a simple un-
dulator. The beamlet have hard edges will act as sources of coherent spontaneous
emission. The coherent emission from the beamlet tails will propagate through beam-
lets and be amplified. In this simulation the beamlets are separated in energy by
A~y /7, = 2p, where p = 0.001. Therefore, the radiation modes produced should sep-
arated by Aw/w, = 0.004, see equation 5.8. The radiation modes combine to form a
beatnote whose frequency is equal to the frequency separation Aw/w, ~ 0.004. This
beatnote has a period of 3 in the scaled units of zs.
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Figure 5.5: Ten beamlets equispaced in energy are propagated through a simple un-
dulator. As beamlet’s are sufficiently separated in energy they each produce radiation
at their own distinct resonant frequency. Again the difference frequency between ad-
jacent pulses is equal to the beat note produced. In this case the number of beams

is increased from 5 to 10 and just as in figure 5.2(c) this reduces the radiation spike
width.
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Figure 5.6: Five beamlets equispaced in energy are injected into a simple undula-
tor, each beamlet produces radiation at it’s own independent frequency. Just as in
figure 5.4 the five radiation fields interfere to produce a beat note whose frequency
is given by equation 5.8. However, in this case the beam’s separation in energy has
been increased by a factor 5, this not only increases the beat note frequency from
0.004w, to 0.02w, it also decreases the radiation spike width.
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5.2.2 An undulator-chicane lattice
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Figure 5.7: An electron pulse injected is through a lattice consisting of undulator-
chicane modules. A radiation pulse is generated with side-band radiation modes sep-

arated by Awpmedar = 2mc/s. The electron microbunching has increased the electron
pulse energy spread.

Simulations where beamlets are propagated through an undulator-chicane
lattice are now discussed. As described in chapter 4 and elsewhere [28, 29],
when a single electron pulse sent through an undulator-chicane lattice it will
amplify side-band radiation modes, the separation of these side-band radiation
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mode is,

2
AWmodal - Ea (59)
S

where, is s is the sum of undulator slippage 1 and chicane slippage ¢, i.e.

= [ 4+ 6. The chicanes used in these simulations do not apply any elec-
tron dispersion, and will be called slippage-only chicanes. Slippage-only or
isochronous chicanes have been experimentally demonstrated [25]. In figure 5.7
a single electron pulse has been propagated through an undulator-chicane
lattice. The slippage per module of this undulator-chicane was s = 240\,
therefore the lattice amplified side-band radiation mode that are separated by
Awmodag/wr = (0.0042.

However, injecting five beamlets (like those in figure 5.4) through the
undulator-chicane lattice used in figure 5.7 will generate side-band radiation
modes with a ‘frequency compressed’ separation of,

Awe = Awpeqt/Se (5.10)

Se, the slippage enhancement factor is defined as S, = s/I. For figure 5.8 s =
240\, I = 80\, and S, = 3, therefore the modal separation (and corresponding
beat note) is given by Aw./w, =~ 0.0013 (9 in units of zy, i.e., T = 42’””)

To understand this modal compression figure 5.4 and ﬁgure 5.8 should be
compared. In figure 5.4 the radiation spikes have a temporal separation of 3,
however in figure 5.8 this separation is now 3 x S, = 9. The undulator-chicane
lattice, consisting of slippage-only chicanes, increases the temporal separation
of the radiation spikes. The slippage-only chicanes are delaying the electron
dispersion of the beamlets. Because the beamlets have different energies they
disperse from one another. However, as they are equispaced in energy, they
can align periodically to emit radiation that interferes to form a radiation
spike (see figure 5.4). Using slippage-only chicanes allows a radiation spike to
slip ahead of the beamlets, hence when the next radiation spike is formed the
previous spike has been slipped further ahead than would normally happen
with a simple undulator, this process is illustrated in figure 5.9. The ratio of
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slippage experienced by the radiation field to equivalent beamlet dispersion
is given by S. = s/l, commonly known as the slippage enhancement factor.
Hence, the temporal separation of radiation spikes is increased by a factor S,.
And, also the side-band radiation mode separation is reduced by a factor 1/S..
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Figure 5.8: Combining five beamlets with an undulator-chicane lattice leads to a new
modal structure forming were Aw,. = Awpeqr/Se = 0.0013w, is the mode separation.

In this example the slippage enhancement factor was S, = 3 and the beatnote
frequency Awpeqr = 0.004.
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Figure 5.9: The slippage-only chicane causes the lead radiation spike to slip forward
while stopping the beamlets from dispersing. This means that when the next radi-
ation spike is generated the previous spike has already been slipped forward. The
spike separation is increased by original separation multiplied by the ratio of the
total undulator-chicane slippage to the undulator slippage s/l. This increase in the
radiation spike separation results in a decrease in the mode separation in frequency

space.
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Decreasing the slippage per undulator-chicane module s reveals that the
modes are actually formed in packets of five, corresponding to the number of
beamlets. In each packet the modal separation is Aw, = Awpeqr/Se and the
packets are separated by Awmedar = 27c/ s, this can be seen in figure 5.10 where
Aw./w, = 0.0014 and Awpedar/wr = 0.0167, as 1 = 20 and § = 40. Therefore,
each compressed frequency mode has side-band radiation modes separated
by AWmodar/wr = 0.0167. In figure 5.8, these distinct sets of radiation modes
overlapped as the range of the compressed side-band modes 4Aw,. = 0.0052 was
greater than the separation of modes amplified by undulator-chicane lattice
Awmodal = 0.0042.

In figure 5.11 five short beamlets are propagated through an undulator-
chicane-undulator module, where the chicane section applies a large disper-
sion to the beamlets. In first undulator, of length [ = 800, coherent radiation
generated at the beamlet’s tail is amplified when propagating through the
beamlets. This also generates strong electron microbunching in the beamlets.
Then the strong chicane section increases the microbunching. The strong chi-
cane also through electron dispersion causes the beamlets to align such that
upon passing through the second undulator a large radiation spike is produced.
Simulations have shown that the FEL interaction is key to the processes de-
scribed in this section, i.e. turning off the FEL interaction by forcing A; =0
in the electron equations 3.1-3.2 will produce very different results.
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Figure 5.10: Five beamlets injected along an undulator-chicane lattice with a
small value of slippage per module. In this case packets of modes (5 per packet)
have formed, with the inter packet modal separation given as Aw, = AwWpear/Se
(= 0.0013w,) and the packet to packet separation Awpesa = 27¢/s (= 0.0167w;,).
Both modal separations are visible in the temporal domain (top plot) as beat notes.
The pulse separation is energy is equivalent to Awpeq; = 0.004w,., S, = 3 and s = 60,
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Figure 5.11: Five beamlets injected through one undulator-chicane- undulator mod-
ule can produce a single radiation pulse. The dispersive chicane shifts the relative
phases of the beamlets altering the arrival time of beamlets in the undulator. By
altering the arrival time of the beamlets, they can be aligned such their coherent
emission will interfere to produce a single radiation spike in the undulator.
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Chapter 6

Chirped Beamlets

6.1 Chirped Beamlets

6.1.1 The Model

Now, the interaction of a number of overlapping co-propagating chirped beam-
lets is investigated [16]. A schematic of the chirped beamlets is shown in fig-
ure 6.1. The scheme has been designed so that at an instantaneous position
in zo each beamlet has its own distinct FEL bandwidth and equation 5.4 is
satisfied. Hence, the separation of the beamlets in energy should satisfy equa-
tion 5.4, in this case Ay = 2.5p7,. The head of the electron pulse is to the left
in 2z (see figure 6.1), and the electrons slip to the right in zs.

Figure 6.1 illustrates the basic principle of this model, a radiation pulse is
allowed to propagate through a beamlet in an undulator section. After exiting
the undulator section the radiation pulse is passed (or slipped) to the next
beamlet in a chicane slippage section. The advantage of this scheme is that
the range of electron energies experienced by a radiation pulse can be kept
constant throughout the undulator-chicane lattice. The range of electron en-
ergies experienced by a radiation pulse is dependent upon the electron pulse’s
energy gradient and the undulator module slippage length .

The simulations of this section use the same macroparticle model of the
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Figure 6.1: Diagram showing the initial electron pulse phase space. Five cold electron
pulses (beamlets) with a linear energy chirp are overlapped and separated in energy
by 2.5p7v,. The chirp gradient is j—% = —,p and the temporal separation is 2.5 [,.
Scaled coordinate zj is in the radiation rest frame and the head of the electron pulse
is to the left. Electrons slip to the right in z,, at a rate of one resonant period per
undulator period, as the electron pulse and radiation field co-propagate through the
undulator. The scaled energy parameter is defined as p; = ”p :/jr, and Ap = p%}. In
the undulator a radiation pulse will propagate through a beamlet then the chicane
will slip the radiation pulse forward to the next beamlet. By doing so the range of

electron energies experienced by a radiation pulse is kept constant.

previous chapter. Therefore these simulations are scaled to the peak number
density of the ensemble of beamlets

An electron will slip one resonant wavelength per undulator period in ac-
cordance with the resonance condition 2.1. For example in a four period un-
dulator, a resonant electron will slip four resonant wavelengths behind the
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radiation field. This quantity is known as the undulator’s slippage length [.
The resonance condition that determines the resonant wavelength of an elec-
tron for a given ~,, a, and \, is restated here,

Ay
Ar = 22 (1+a2) (6.1)

where \, is the undulator period and a,, is the scaled undulator parameter.

In addition to communicating radiation from beamlet to beamlet, an undulator-
chicane lattice will amplify side-band radiation modes, as was discussed in
chapter 4. The side-band radiation mode separation given by equation 4.1 is
rewritten in the scaled notation,

Aw/w, =4mp/s, (6.2)

where 5 is the scaled slippage length in an undulator-chicane module, 5 = s/I..
Where s is slippage length, in real units, of an undulator-chicane module. Here,
the undulator-chicane slippage length s is equal to the sum of the undulator
[ and chicane ¢ slippage lengths, i.e., 5 = [ + 6.

In [28] the concept of ‘locking’ the modes is described, mode-locking is
achieved by either energy or current modulating the electron pulse at the mode
separation Aw frequency. However, in this scheme mode-locking is achieved
by matching the energy separation of the beamlets to the mode separation
Aw/w, = 4mwp/s. The energy separation of the beamlets can be rewritten as a
difference in resonant frequencies. This is done by performing a perturbative
expansion to resonance condition (equation 6.1), as was shown in chapter
5. The following expression results from this expansion; Aw/w, ~ 2Av/v,,
which relates a difference in beamlet energies to a difference in frequency. To
lock the modes this frequency difference is equated to equation 6.2 to give
A~y /v = 2mp/5. As the slippage length s is equal to beamlet separation, the
electron chirp gradient is given by;

dy  2mpyy
dzs 8

(6.3)
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Note that these expressions limit the choice of beamlet simulation parameters
for a mode-locking scheme. For example choosing the beamlet energy separa-
tion, determines the beamlet’s temporal separation and energy gradient.

The energy chirp of a beamlet can be problematic, because as the beam-
let propagates through the undulator it will stretch, reducing the local cur-
rent density. This stretching can be understood by considering the resonance
(equation 6.1) condition. The resonance condition shows that higher energy
electrons will have a shorter resonant wavelength, and lower energy electrons a
longer resonant wavelength. Therefore high energy electrons will have a shorter
undulator slippage length than low energy electrons. Since high energy elec-
trons are at the beamlet head and low energy electrons at the tail, electrons
at the beamlet tail slip further behind the radiation field than electrons at
the beamlet head. Therefore the beamlet stretches as it propagates through
the undulator, this stretching is normally referred to as electron dispersion.
The electron pulse’s energy chirp will also result in the radiation drifting out
of resonance as the radiation propagates into electrons that have a different
resonant wavelength. In [34] it was shown that such a electron chirp can be
compensated for using a tapered undulator. In a tapered undulator, the un-
dulator parameter will change along the interaction region, in doing so the
radiation can kept in resonance with the electrons. Here, in series undulator-
chicane modules are used to compensate for the beamlet energy chirp.

A chicane will delay the electrons with respect to the radiation pulse. This
delay (or slippage) is proportional to the electron energy. Therefore, electrons
at the tail of the beamlet will have a longer slippage length than those at
the head, since the beamlet chirp is positive. Hence, the slippage length of an
undulator-chicane module will be energy dependent and is given by,

5, /2 (W) (I+ D) +5. (6.4)

This expression is an approximation and only valid for small energy deviations,
see appendix B.4 for a derivation. The (I + D) term is associated with the un-
dulator and chicane dispersion, D was defined in chapter 4 as D = k,.pR5s. The
slippage length in an undulator-chicane module is dependent on the electron
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energy. Therefore the side-band radiation modes (Aw, /w, = 4mp/s,) that can
be amplified the undulator-chicane lattice are also energy dependent. Such
that the tail of the beamlets will amplify a different set of side-band radiation
modes from those amplified at the head. Because of the decreased slippage
length, a radiation pulse at head of a beamlet cannot be passed to electrons of
the same energy in the next beamlet. Therefore resonant interactions cannot
be maintained. This is also the case at the tail of the beamlets. The combina-
tion of these effects will disrupt the formation of side-band radiation modes.

These effects will be increased for long undulators, strong chicanes and large
energy chirps, as s, will change more rapidly for these cases. It is possible to
suppress the energy dependence of the slippage length by applying a negative
dispersion in each chicane, when D = — the energy dependence of the slippage
length is negated (i.e. 5, = 5).

6.1.2 Results

The simulations in this section were performed in Puffin using an electron
pulse of charge 3pC, p = 0.001, ~, = 176.2, and a scaled length of {;, = 80.
An undulator parameter of a,, = 0.511 was selected. Although the electron
pulse has a flat-top current profile, since the electron pulse is larger than
the total undulator slippage length it is expected the SASE should dominate
SACSE [9, 11]. It should be noted that the choice of parameters in this section
are purely for demonstrative purposes, and are not intended to represent a real
FEL.

For these simulations three distinct types of chicane are required, one of
which is a purely theoretical device. (1) a chicane that can provide negative or
positive dispersion [25]. (2) an isochronous chicane [25], which has zero electron
dispersion, i.e. it will only supply slippage to radiation field, which is referred
to as a slippage-only (CS) chicane. (3) a chicane that disperses the electron
pulse, but does not slip the radiation field, referred to as a dispersion only (CD)
chicane. To the author’s knowledge dispersion only (CD) chicanes are purely
theoretical devices, here they are only used to demonstrate the importance of
dispersion in the energy dependent slippage length, equation 6.4.

86



The effects of an energy dependent slippage length (see equation 6.4) are
demonstrated with long undulators and positive dispersion chicanes. How-
ever, the slippage length can be made energy independent by using negatively
dispersed chicanes. Slippage-only (isochronous) chicanes can generate an ad-
ditional set of radiation modes with a separation that is proportional to the
chicane slippage length.

In mode-locking Free Electron Lasers [29] increasing the number of undu-
lator periods per undulator-chicane module will increase the average radia-
tion power. Therefore the average power produced in a beamlets simulation
should also increase also with increasing number of undulator periods. This
is shown in figure 6.2, where five different simulation set-ups are shown. An
order of magnitude increase in radiation power is achieved when increasing
from 20 to 150 undulator periods per undulator module. To ensure that ra-
diation pulse passed between beamlet sections of the same energy, the total
slippage per undulator-chicane module is kept constant for these simulations.
The undulator-chicane lattice will amplify side-band radiation modes that are
separated by Aw/w, = 47p/s. An example of this in seen in figure 6.3 where a
series of chirped beamlets have been propagated through an undulator-chicane
lattice. This undulator-chicane lattice has 20 undulator periods and 180 chi-
cane slippage periods per module, in the scaled notation this can be written
as | = 0.2513 and § = 2.2619. Therefore this lattice will amplify side-band
radiation modes with a separation of Aw/w, = 0.005. The energy dependent
slippage length s, does not vary enough to stop the formation of the side-band
radiation modes, because slippage-only (isochronous) chicanes are used and !
is relatively small.

Now, if the undulator-chicane lattice is composed of (positive) dispersive
chicanes, the energy dependent slippage length (equation 6.4) will have a
greater variation with energy and as such will be prohibitive to the forma-
tion of side-band radiation modes, as shown in figure 6.4.
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Figure 6.2: Comparison of different simulation setups. The average radiation power is
plotted against z (i.e. undulator position). For a large section of the FEL interaction
the average radiation power is a factor of ten greater when chicane slippage sections
are used. Using longer undulator sections will produce higher average radiation pow-
ers. For example increasing the undulator length from 20 to 150 undulator periods,

increases the average radiation power by an order of magnitude.

The side-band radiation modes are also destroyed when using a long undu-
lator (figure 6.5). As the undulator dispersion over a large number of periods
is significant enough to disrupt the formation of side-band radiation modes.
However, the slippage-only (isochronous) chicanes generate an extra set of
side-band radiation modes separated by dw/w, = 47p/é = 0.02 are generated.
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Figure 6.3: At z = 40 the radiation field is near saturation (top panel), electron
microbunching is well developed (middle), and the radiation field spectrum is shown
in the bottom panel. In a normal FEL amplifier 2 = 40 would be considered post-
saturation, however here the macroparticle weight is scaled differently. Such that the
simulation is scaled as if only one electron pulse were modelled, instead of multiple
electron pulses. Therefore each beamlet has a reduced gain length. In this simulation
| = 0.2513 and 6 = 2.2619. This gives a modal separation of Aw/w, = 47p/5 = 0.005.

These new radiation modes are generated because the beamlets will produce
radiation pulses before and after the slippage-only chicane that are similar
(nearly identical). Therefore the only modes that can survive this chicane slip
are those separated by dw/w, = 4mp/d = 0.02.

89



Intensity at z = 40.2124

0.2 . T ; :
0.2
S0.1F o :
0 O30 395 400 405 410 |
0 100 200 300 400 500
29
e 1.015M
0.95 396, 398 400, 402 : ,
0 100 200 300 400 500
)
5 T T T T T T T
=
O e e R Ly i b Plrdl ey e I N
0.92 0.94 0.96 0.98 1 1.02 1.04
w/w,

Figure 6.4: This simulation is identical to figure 6.3, except that the chicanes now
apply dispersion to the electron pulse. This chicane dispersion is equivalent to the
chicane slippage lengthn § as in normal chicanes. This chicane dispersion prevents
the formation of side-band radiation modes. This is because an electron pulse with
such a large energy chirp will have an energy dependent slippage length. For example
the slippage length of a low energy electron will be greater than that of a high energy
electron. Using a dispersive chicane will increase the difference in slippage lengths
between high and low energy electrons. Therefore modes generated at the head of
the pulse will have different s, than at the tail and a different Aw,/w, = 47wp/s,
(see equation 6.4),as such the modes are not matched (locked).
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Figure 6.5: In this simulation longer undulator modules are used, I = 1.885, and
slippage-only chicanes § = 0.6283, compared to figure 6.3. Using a longer undula-
tor results more electron dispersion, which makes the difference in slippage lengths
between electrons of different energies greater. Therefore, the side-band radiation
modes do not form. However, the slippage-only chicanes produce additonal modes
separated dw/w, = 4mp/d. This is because the electron pulse does not evolve in the
slippage-only chicane. And therefore will produce similar (nearly identical) radiation
pulses, in the undulator, before and after the slippage-only chicane. Therefore the
only modes that can survive the U-CS-U section are given by éw/w, = 4mp/d = 0.02.

The slippage-only chicane modes can be replaced by the original undulator-
chicane lattice side-band radiation modes, those separated by Aw/w, = 4mwp/s,
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by using negative dispersion chicanes (figure 6.6). Here, the dispersion in each
chicane is such that the total dispersion in an undulator-chicane module is now
zero, i.e. D = I. Having zero-dispersion undulator-chicane modules makes the
slippage length energy independent (see equation 6.4). Using zero-dispersion
undulator-chicane modules is prohibitive to the development of electron mi-
crobunching, reducing the radiation intensity.

Now, the modes of figure 6.5 can also be generated by using a short undu-
lator (U), a dispersion only chicane (CD) and a slippage-only (isochronous)
chicane (CS). For this simulation (figure 6.7) an undulator-chicane lattice was
constructed from modules of U-CD-U-CS. However, each undulator has half
the number of periods (10 periods) compared to the undulators used in fig-
ure 6.3. The dispersion only chicane will supply the equivalent of 130 periods
of undulator dispersion. This gives a total dispersion of 150 periods per mod-
ule just as in figure 6.5 and just as in figure 6.5 the slippage-only chicane
generates modes separated by dw/w, = 47wp/d = 0.02

Finally, the side-band radiation modes amplified by an undulator-chicane
lattice and those generated by slippage-only chicanes can be combined, as
shown in figure 6.8. For this example it was necessary to double the beam-
let length, to increase the energy bandwidth of the beamlets. Here, a similar
undulator-chicane lattice was set-up, consisting of U-C-U-CS modules. In each
module there are two 5-period undulator sections, a chicane that applies 170
periods of slippage and the equivalent of 10 periods of negative undulator
dispersion. Applying a negative dispersion in the chicane will increase the
radiation mode visibility, as was shown in figure 6.6. The slippage-only chi-
cane will supply 20 periods of slippage to the radiation field. Therefore the
undulator-chicane lattice will amplify side-band radiation modes separated by
Aw/w, = 0.005 and the slippage-only chicane will generate radiation modes
with a separation of dw/w, = 0.05. There is a significant difference in the
mode separation for the two cases, this was done to highlight the different
mode types in figure 6.8. This simulation was also performed with a single
‘cold’ electron pulse and produced these two distinct type of side-band radia-
tion modes (not shown), and is worthy of further investigation.
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Figure 6.6: The side-band radiation modes that where destroyed in figure 6.5, can
be restored by using chicanes that apply negative dispersion. The magnitude of
dispersion applied is equal to the amount dispersion experienced in the preceding
undulator section. Therefore in each undulator-chicane module there is effectively
zero dispersion electron dispersion. In this simulation | = 1.885,6 = 0.6283. Note
the reduced radiation intensities, which is due to the negative dispersion chicanes
hindering the formation of microbunches. However, the side-band radiation mode
visibility has improved as zero dispersion undulator-chicane modules are being used.
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Figure 6.7: The slippage-only chicane side-band radiation modes shown in figure 6.5
can generated using a unique undulator-chicane lattice. This was done to demon-
strate the slippage-only chicane modes are due solely to the interplay of slippage-only
chicanes and undulators. The lattice was constructed from dispersion only chicanes
(CD), slippage-only chicanes (CS), and undulator sections(U). The lattice is con-
structed from blocks of U-CD-U-CS arranged in series. The following lattice paramers
were used; for the undulators [ = 0.1257 (10 periods), in the dispersion only chicane
(CD) the equivalent of § = 1.6336 (130 periods) of dispersion is applied and in the
slippage-only chicane (CS) a slippage of § = 0.6283 (50 periods) is used. Therefore
the dispersion is the same per module as it is in figure 6.5. As in figure 6.5 the
slippage-only chicane generates modes given by dw/w, = 4mp/ 5 =0.02.
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Figure 6.8: The side-band radiation modes generated by slippage-only chicanes and
by an undulator-chicane lattice can be combined, i.e., those shown in figures 6.5
and 6.6. In this simulation the electron pulse is doubled in length to accommo-
date more side-band radiation modes. Here, a similar undulator-chicane lattice was
set-up, consisting of U-C-U-CS modules. In each module there are two 5-period un-
dulator sections, a chicane that applies 170 periods of slippage and the equivalent of
10 periods of negative undulator dispersion. Applying a negative dispersion in the
chicane will increase the radiation mode visibility, as was shown in figure 6.6. The
slippage-only chicane will supply 20 periods of slippage to the radiation field. There-
fore the undulator-chicane lattice will amplify side-band radiation modes separated
by Aw/w, = 0.005 and slippage-only chicane will generate radiation modes with a
separation of dw/w, = 0.05.
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6.2 Real Beamlets

A method to generate beamlets from a single electron pulse is now presented.
This method is aimed at electron pulses with large energy spreads. More im-
portantly when the electron pulse’s energy spread is greater than the FEL
bandwidth, o, > 2pv,. The beamlet method follows the beam-by-design ap-
proach [17]; first the electron pulse receives a large energy modulation in a
seed-undulator (modulator), then the electron pulse is dispersed in a chicane.
The resulting phase-space structure (figure 6.9) now contains a series of beam-
lets with reduced local ‘slice’ energy spreads. For optimum performance the
beamlets slice energy spread should be reduced and the slice FEL parameter
pp maximised. For useful FEL gain the beamlet ‘slice’ energy spread should
satisfy o, < ppyr. Now, using an undulator-chicane lattice radiation can be
passed between adjacent beamlet sections of the same energy to sustain the
FEL interaction.

6.2.1 The Model

The electron pulse is first modulated in a seeded-undulator (modulator) and
then dispersed in a chicane section. These transformations can be approxi-
mated by the following point-transforms,

0
v =~"— Avysin (ZQ + qb) (6.5)
2pn
% =20 2D <7 - 77”) (6.6)
Yr

where n = A/, is the ratio of the modulation A\; and resonant \, wavelengths.
7" and Z) are the initial energy and position coordinates. A« is the modulation
amplitude and D = k,.pRsg is the chicane dispersive strength.

In simulations it has been observed for regimes with extreme electron dis-
persion that the noise statistics in the electron beam can become incorrect.
This is due to the fact that, the electron beam has different sampling require-
ments before and after dispersion which can generate non-physical CSE. The
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sampling in the p, dimension is translated into a sampling in the 25 dimension.
Puffin’s macroparticle model, for most realistic cases, requires a larger num-
ber of macroparticles in the temporal dimension 2z, than the energy dimension
p2. The macroparticles are generated on a grid, however as the sampling re-
quirements are greater in zy than in ps the electron phase space takes the
appearance of electron rows separated in energy. This is a physically, and sta-
tistically, correct description of the electron pulse. However, when the electron
pulse is subject to a large energy modulation and dispersion the rows of elec-
trons are converted to columns of electrons, each of which is a current source
producing unphysical CSE.

To overcome this and reduce computational time a functional form of the
beamlet phase space is derived. By using a functional form of the beamlet
phase space the electron pulse can be correctly sampled after the energy mod-
ulation and dispersion transformations have been performed. An initial nor-
malised electron distribution is assumed,

A expl—W—%)?]eXp[—(Zz—%ﬂ 6.7)

- _ 2 2
2m0o.,0z, 207 20%,

in the above distribution z. is the electron pulse centre, o, s, is the standard
deviation in v and 2z respectively. By making similar substitutions to those
outlined in [13], a final distribution function is arrived at,

2
1 —1 1 -,
f(za,7) = s——exp |5 <7+A*ysin [(@ +2D (7 i )) +¢] _%>
2mo,0z, 205 20n Y

1 — 2
exp 59 Z9 + 2D B B - 2(: .
2052 Tr

(6.8)

Upon exiting the chicane the electron pulse has a unique phase-space structure,
which is shown in figure 6.9. In figure 6.9 equation 6.8 is plotted, where the
false colour represents normalised electron density. The electron pulse is now
composed of a number of beamlets with a reduced energy slice energy spread.
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The beamlet’s reduced energy spread is now within the FEL bandwidth, .i.e.,
oy < 2py7y,. However, the beamlet’s slice FEL parameter p is reduced, which
increases the FEL gain length. In figure 6.10 the beamlet slice energy spread o),
and slice FEL parameter p;, are plotted at the beamlet head and the beamlet
centre for the beamlets delineated by the white dashed lines. The beamlet

1/2
e2npb /

eom

2
slice FEL parameter is calculated as p, = & (M

v \dcky ) * where Wpb =
and ny, is beamlet slice number density. o, and p, are calculated between
the dashed white lines. So called ‘single’ beamlets are generated at the head
(and tail) of the beamlets. At the beamlets centre these single beamlets split
into the double beamlets. This can be seen in figure 6.10 where p, and o,
are calculated at the beamlet head and centre. The beamlet ‘slice’ energy
spread is o,, < 1 at the beamlet head (and tail) and centre. However, the
beamlet p, has also been reduced, this reduction is greater at the centre as
only one of the double beamlets is examined. At the beamlet centre the energy
separation of the beamlets is not constant and the condition A~y > 2pp, is not
always satisfied. However, at the beamlet head and tail the beamlets’ energy
separation is approximately constant and meets the requirement Ay > 2py7,
therefore the FEL gain should be greater at the beamlet heads and tails.

After the modulator-chicane section the beamlets are propagated through
an undulator-chicane lattice. This allows radiation to be passed from beamlet
to beamlet sustaining the FEL interaction throughout the electron pulse. The
slippage in a undulator-chicane module is equal to the energy modulation
wavelength, \y = 27 /k;. In doing so radiation is passed between beamlet
sections of the same energy.
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Figure 6.9: An example of the beamlet method shown here by plotting equation 6.8,
the false colour indicates normalised electron density. An electron pulse (see inset),
with a large energy spread, is energy modulated (A = 0.04+,) and dispersed (D =
268.51) by applying transforms 6.5 and 6.6. This results in the formation of beamlets,
that have a reduced local energy spread. Now, radiation can then be passed from
beamlet to beamlet sustaining the FEL interaction. The electron pulse has a Gaussian
current distribution and Gaussian energy distribution. The macroparticle model of
Puffin eliminates marcoparticles whose weight is below a certain threshold, as such
the particles at the corners of the pulse (in phase space) have the lowest weight and
are eliminated. This leaves the outer beamlets less dense and less able to contribute
to the FEL interaction. The initial electron pulse distribution function is shown in
the inset.
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Figure 6.10: Comparison of the beamlet slice p, and energy spread o, at the beamlet
head and centre. p, and o, are calculated for the beamlets delineated by white dashed
lines in each case. In both cases the condition on the beamlet energy spread is satisfied
0p, < 1. And in both cases there is a reduction in p,. Near the beamlet extremities
Zo < 105 the electron pulse is diffuse which increases the beamlet energy spread and
decreases py,. At the centre of the beamlets, where the beamlets spilt, only a single
beamlet is considered. The energy spread is much less here but the energy separation

of the beamlet is not constant and does always satisfy the condition Ay > 2p,7..
Therefore, the FEL gain at the beamlet will be diminished.
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6.2.2 Results

1D simulations were performed in Puffin which was first modified to read
in particle distribution files. Currently particle distribution files can be gen-
erated in Matlab or Python. Puffin applies noise statistics to the particle
distributions. Therefore one particle distribution file can be used for many
simulation runs, where having good noise statistics is important. Two particle
files were generated; one using the initial electron beam distribution func-
tion (equation 6.7) and one using the beamlet distribution function given by
equation 6.8. Macroparticles with low weight are eliminated by Puffin. Con-
sequently the electron pulse’s phase space is rounded, as there is a Gaussian
distribution in current and energy.

For these simulations an energy spread of o, = 2p7,. was chosen with
p = 1.6 x 1072 and ~, = 1200. The total beam charge of Q = 1nC with
a standard deviation of current in 2o of 0z, = 28.97 was selected. To be
consistent with other simulation parameters a scaled undulator parameter
of a, = 3 was used. A modulation amplitude of Ay = 0.04, and dispersion
of D = 268.51 was selected with a modulation period of Ay = 68\,. In the
undulator-chicane lattice there are 20 undulator periods (I = 4.02) and 48 chi-
cane (0 = 9.65) slippage periods per module. This gives a total of 68 slippage
periods per undulator-chicane module to match the modulation period. The
electron pulse’s Gaussian current profile generates coherent emission at the
lower frequencies. Therefore, the radiation field filtered around the resonant
frequency 0.5 < w/w, < 1.5. Due to the electron pulse’s large energy spread it
cannot produce and amplify radiation to significant intensities. At z = 30 in
the post saturation regime, significant radiation is not present (figure 6.11).
However, the beamlets simulation (at z = 30) shows an approximately two-
three orders of magnitude improvement, as is shown in figure 6.11-6.12. How-
ever, the radiation intensity is seen to be higher for radiation frequencies below
resonance, see figure 6.11. This can by explained by considering how the ‘slice’

2/3
FEL parameter was calculated p, = % (Zﬁ””) / . In this expression 7, is the

average energy of the entire electron pulse, therefore this does not take into
account variations in the electron pulse energy. Since the electron energy varies
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from 0.8, to 1.2, the gain length can be up to 50% larger for higher energy
electrons compared to lower energy electrons. Therefore, lower energy elec-
trons, those at the beamlet tail, should generate more radiation. As the lower
energy beamlets generate more radiation the lower energy beamlet should have
a higher degree of microbunching. This can be seen by comparing figures 6.13
and 6.14, where microbunching for low energy beamlet is greater than it is for
high energy beamlet.
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Figure 6.11: A comparison of simulations involving a unmodified beam (a-b) and
beamlets (c-d), when propagated through an undulator and an undulator-chicane
lattice respectively. The beamlet structure (panel c¢) when propagated through an
undulator gives a small improvement to the output radiation over the unmodified
beam (a-b). But this improvement is increased when the beamlets are propagated
through an undulator-chicane lattice, shown in panel d. The improvement is seen to
be greater when comparing the unmodified beam (b) and beamlets (d) propagated
through the same undulator-chicane lattice. The undulator-chicane lattice amplifies
side-band radiation modes separated by Aw = 0.147 as shown in panel d’s inset. For
all results shown in this figure the radiation field has been filtered around the resonant
wavelength, to eliminate low frequency coherent emission, i.e. 0.5 < w/w, < 1.5.
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Figure 6.12: Comparison of the radiation field energy for the untransformed beam
when propagated through an undulator (figure 6.11(a)) and the beamlets propagated
through an undulator-chicane lattice (figure 6.11(d)) is shown here. The radiation
field energy has increased by two orders of magnitude using the beamlets scheme.
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Figure 6.13: Plotted in the top panel is the electron phase-space of a lower energy
beamlet section at z = 30. The bunching factor calculated at the fundamental and
the Fourier transform of the electron for a lower energy (tail) beamlet. The instan-
taneous bunching factor for the resonant (fundamental) frequency is shown in the
middle panel indicating strong bunching for this beamlet. The Fourier transform of
the electrons, shown in the bottom panel, contains side-band bunching modes as
expected. These side-band modes become clearer when taking the Fourier transform
of the full electron pulse. The electron microbunching is larger for the lower energy
beamlets. And this microbunching occurs at below the resonant frequency.
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Figure 6.14: Plotted in the top panel is the electron phase-space of an upper beamlet
section at z = 30. The bunching factor calculated at the fundamental and the Fourier
of the electron for a upper energy (head) beamlet. The Fourier transform of the
electrons contains side-band bunching modes as expected. These side-band modes
become clearer when taking the Fourier transform of the full electron pulse. The
electron microbunching is smaller for the higher energy beamlets. The microbunching
at the higher energy beamlet is generated above the resonant frequency.
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Chapter 7

RF function electron beams

7.1 Rectangular electron pulses

The electron pulse’s current profile can be altered to improve FEL perfor-
mance using a combination of seeded-undulators and chicanes. This type
of phase space manipulation of the electron pulse is typically called beam-
by-design [17]. An electron pulse consisting of a series of rectangular wave
forms [18] can be generated. Such an electron pulse will contain a series of
current spikes. These current spikes will produce coherent emission which can
amplified to saturation by propagating through a series of undulator-chicane
modules. The following simulations use the same electron pulse parameters
as section 6.2. Therefore the electron pulse’s energy spread is prohibitive to
FEL gain. The results of this chapter and section 6.2 have been submitted for
publication with the arXiv draft included in the appendix.

7.1.1 The Model - Rectangular Electron Pulses

A new approach to produce so-called ‘rf-function’ electron beams was intro-
duced in [18]. An rf-function generator produces simple repeated wave forms
by combining many sine-waves of different frequencies much like a Fourier
series. In a similar fashion an electron pulse can be created that consists of
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repeated ‘waveforms’.

Following the notation of [18] so-called rf-function electron pulses can be
modelled in Puffin, these beams are generated in a triple modulator-chicane
scheme. Of particular interest here is the case of an electron pulse containing
a series of rectangular beams. In [18] a infinity long electron pulse distribution
was assumed. However to model the FEL interaction in Puffin, a finite electron
beam is required, therefore equation 6.7 is again used. Then, using similar
substitutions to those outlined in [18] with equations 6.5 and 6.6 the final
distribution function (given in appendix B.5) is arrived at.

To generate a series of rectangular wave-forms in the electron pulse the
following parameters were used, Ay, = 1005, Ay, = Av1/4, Ay = Ay, /16,
D1 = nlp%\/gﬂ/(QAfyl),Dg = —3D1,D3 = —3D2/4, ni23 = 20 and ¢2 =
0,3 = m. Discontinuous regions of the rectangular wave-form will produce
regions of enhanced current, current spikes. Therefore each rectangular wave-
form will contain two current spikes. These current spikes will produce co-
herent emission [36], however the current spikes will quickly disperse. This
dispersion will reduce the amount of coherent emission produced by the cur-
rent spikes. By using negatively dispersed chicanes the current spike dispersion
can be compensated for, allowing for sustained coherent emission throughout
the undulator-chicane lattice. The slippage per undulator-chicane module is
set equal to the current spike separation so that radiation is passed from cur-
rent spike to current spike. This allows the coherent radiation to constructively
interfere in each new undulator section.

7.1.2 Results - Rectangular Electron Pulses

Puffin was set-up in the manner described in section 6.2. A particle distribution
file was first generated in Matlab, using the distribution function found in
appendix B.5, and then read into Puffin.

The initial current profile of the electron pulse contains a number of spikes
at half the modulation period with larger spikes at the full modulation period.
These current spikes (figure 7.1) will act a series of phase correlated coherent
emitters producing a train of coherent radiation spikes. Taking the Fourier



transform of this reveals a number of side-band radiation modes. The temporal
separation of the radiation spikes is given by half the initial modulation period
(10 x 47p ~ 2) with larger spikes present at the full modulation period (20 x

Ap =~ 4).
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Figure 7.1: An electron pulse with an initially large energy spread has been trans-
formed into an electron pulse that contains a number of rectangular waveforms (see
the second plot on the left). The electron pulse structure now contains a train of
current spikes. When this electron pulse is passed through an undulator each cur-
rent spike will act a source of coherent emission. Taking the Fourier transform of
this radiation reveals a number of side-band radiation modes that are separated by
% = 0.05. As the electron pulse propagates along the undulator, the rectangular
waveforms will disperse and reduce the current spike widths and amplitudes. As the
current spikes’ 'sharpness’ decrease the coherent radiation produced by the current
spikes will decrease. Because of this no amplification is seen when passing such an

electron pulse through a long undulator, see r.h.s. of this figure.
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The large energy modulation of the rectangular electron beam will cause
the electron beam to disperse in the undulator (figure 7.1) which degrades
the current spikes. As the current spikes lose their sharpness and decrease in
amplitude the coherent emission they produce is diminished.

The electron pulse dispersion can be compensated for, using an undulator-
chicane lattice where each chicane [25] has a negative dispersion. In each
undulator-chicane module the total dispersion is set to zero, this is achieved
by setting the dispersion part of equation 6.4 to zero i.e. D = —I.

In the following simulation (figure 7.2) an undulator-chicane lattice where
[ =5\, and 6 = 5\, was chosen to match the separation of the current spikes.
Therefore, coherent radiation is passed from current spike to current spike,
this allows the coherent radiation fields to constructively interfere. In this
lattice the electron pulse will disperse for 5 undulator periods and then this
dispersion will be partly reversed by the chicane. Equation 6.4 is only valid
for small energy deviations therefore a large energy modulation’s dispersion
cannot be fully reversed.

In figure 7.2 the effect of using a negative dispersion chicane is shown.
After each chicane section the electron current profile is ’effectively reset’,
therefore these large current spikes can emit more coherent radiation in each
new undulator section.

In this simulation each new undulator section simply generates a new co-
herent radiation field which constructively interferes with the coherent radia-
tion field of the previous undulator section. To produce a coherent radiation
field only one undulator period is required, therefore the number of undulator
periods per undulator module can be reduced without reducing the output
radiation power. Hence, for a smaller number of undulator periods a larger
radiation field can be generated (figure 7.3).
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Figure 7.2: By using negatively dispersed chicane sections the undulator dispersion
of the rectangular sections of the electron beam can be compensated for. In doing so
the electron pulse can continue to emit coherent emission in each new undulator sec-
tion. Therefore, the radiation field can be amplified to saturation. In this simulation
an undulator-chicane lattice is used, where each undulator section has 5 periods and
the chicane slippage is 5 resonant periods, to match the current spike separation.
However, the chicane applies the equivalent of 5 periods of negative undulator dis-
persion to counteract the undulator dispersion, i.e., the undulator-chicane modules
are dispersionless. This allows the rectangular electron pulses to emit more coherent
radiation in each new undulator section. Hence, coherent radiation fields are added,
constructively interfered, in each new undulator section until saturation is achieved.
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Figure 7.3: A comparison of the total radiation field energy of beamlet, rectangular
beams and original beam simulations is given above. The radiation is filtered around
the resonant frequency, 0.5 < w/w, < 1.5. Around 2 orders of magnitude improve-
ment has been achieved for beamlets at z = 30 and about 5-6 orders of magnitude
improvement is shown for rectangular beams at z = 10. Small to no FEL gain is seen
for the rectangular beam scheme, and this is due to the prohibitively large energy
spread of the electron beam. The numbers listed in the legend refer to the number
of undulator periods and chicane slippage period respectively for the rectangular
beams case. For example rectangular beams 5-5 refers to a lattice with 5 undulator
period and 5 chicane slippage periods per module. The unmodified and beamlet plots
are based on the simulations of the previous section. For the unmodified beam case
propagating the electron beam through a simple undulator lattice is shown. For the
beamlets case the propagation of the beamlets through an undulator-chicane lattice
is displayed. To reduce memory requirements of these simulations Puffin was set to
produce output data at the end of every undulator-chicane module. Each undulator-
chicane module has a length of 1 in z, therefore no data was written out before
z=1.
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In figure 7.3 a comparison is made of the radiation field’s total energy for
the simulations of section 6.2 (normal beam and beamlets) and the rectangu-
lar beam scheme. In all the simulations shown in figure 7.3, the same initial
electron beam parameters have been used. Two rectangular beam simulations
are shown in figure 7.3 using two different undulator-chicane lattices; (1) 5
undulator periods and 5 chicane slippage periods, (2) 1 undulator period and
9 chicane slippage periods. In both these simulations the undulator-chicane
modules have a total dispersion of zero, i.e. D = —[. Case (2) which has 1
undulator period per undulator module shows more gain per unit z. After one
undulator period the electron pulse’s current distribution is reset in the chi-
cane, allowing coherent emission to be produced again in the next undulator
period/section. The scaled coordinate z does not take into account the chicane
slippage length. Figure 7.3 shows that an improvement of 6 orders magnitude
can be achieved with the new rectangular beam scheme when using the single
period undulator modules (however impractical) lattice.

The radiation power [1] can be approximated by considering the superpo-
sition of multiple coherent radiation fields, the total radiation power is given

by,

n n n
Proa ox ZAZQ = (Z Ai:j)Q + 2 Z AZAJ (71)

i i ij

0.
where n is the number of superposition, which in this case is the number of
undulator modules. If there is no phase correlation between radiation fields,

the cross term 237, ; A; A; is zero, and the total radiation power would be nA3

assuming Ag = Ai?,jHowever, if the radiation fields are fully phase correlated
then the total radiation power should scale as n?A3. In the rectangular beam
system with negative chicanes, if radiation fields generated in each undulator
are phase correlated the total radiation power should scale as n?A2. However,
if the radiation fields are not phase correlated then the radiation power should
scale nA3. This brings up an important point about the chicanes. The electron
pulse’s undulator dispersion is proportional to ps (see equation 3.4). However,
the chicanes disperse in 7, and the electron change in position is given by
AzZy =2 (’}/T’Y;r%) D + §. Therefore the electron pulse’s current structure can’t
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not be fully restored by the negatively dispersed chicane. Because of this the
radiation pulse that is generated in each undulator section is significantly
different (uncorrelated in phase) such that the radiation power will scale as
n|Ag|?, where n is the number of undulator modules. However, if the chicane
could disperse in po, i.e. the electron change in position is given by Azy =
(1 —p2j) D + 5, see appendix B.4 for more detail, then the current profile
can fully restored. By fully restoring the current spikes, the emitted radiation
fields can interfere coherently and the radiation power will scale as square of
the undulator-module number, n?|A4y|?, as demonstrated in figure 7.4.
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Figure 7.4: A comparison of idealised p; and normal v dispersive chicane. Here,
log 10(E) is plotted against log 10(Z), therefore gradient of this plot is radiation power
scaling factor, i.e. |Ag|>n™ where m is the gradient. Here, a transition is observed
from a system where the radiation energy scales as the number of undulator-chicane
modules n|Ag|? to one that scales as the square of the number of modules n?| Ay|?,
i.e. the gradient changes from 1 to 2.
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The triple modulator-chicane scheme can be simplified to a double modulator-
chicane scheme with the following parameters; Ay; = 100, Aye = A~ /4,
Dy = nlpfyr\/gw/(QAfyl), Dy = —D; n19 = 20 and ¢ = 0. This scheme gener-
ates a similar (figure 7.5) rectangular beam profile and does not greatly reduce
the radiation field intensity when compared to figure 7.2.
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Figure 7.5: A simplified two-stage scheme can produce similar results to the three-
stage scheme, shown in figure 7.2. Here, the dispersive strength factor of the second
chicane is the negative of the first chicane.
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Puffin along with all classical FEL codes, does not simulate spontaneous
emission correctly. When spontaneous emission is generated the electrons do
not lose the equivalent energy. This limitation may be overcome with a fully
quantum description [38] of the FEL process. Part of the issue is believed
to be related to momentum recoil i.e., each spontaneously emitted photon
must carry away momentum from the electron. This can only be understood
in quantum context as there is no physically correct classical description. In
the SASE regime this momentum loss by the electrons may be insignificant.
For example the FERMIQ@Elettra [39] FEL operates at 1.2GeV and produces
resonant radiation at 10nm. 10nm is equivalent to 124eV and is approxi-
mately 6 orders of magnitude less than the electron energy. However, it is not
known that this will be the case for coherent spontaneous emission where the
initial radiation field intensity is significantly higher. And, this may prove a
limitation of this rectangular beam scheme. Furthermore, the propagation of
such an ‘exotic’ beam structure through undulators and chicanes is not well
understood.
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Chapter 8
Conclusions and Future Work

Upgrades to the 3D FEL simulation code Puffin have been implemented. Puffin
is now able to simulate the Free Electron Laser interaction in the presence
of 3D undulator magnetic field. Two 3D undulator magnetic fields are now
implemented in Puffin which both have off-axis magnetic field terms, these
off-axis terms produce a natural focusing force in either one or both transverse
directions. By implementing the 3D undulator the previously applied artificial
focusing channel was removed.

Detailed analysis of the Echo Enabled Harmonic Generation scheme, in the
absence of boundary conditions, revealed modal structure in the longitudinal
density modulation, in the microbunching, of the electron pulse. By matching
this bunching profile to amplification profile of an undulator-chicane lattice,
mode-locking can be achieved.

The interaction of multiple of short electron pulse has been studied. When
sufficiently separated in energy, each electron pulse (beamlet) will generate
radiation at its own resonant frequency. The interference of these frequen-
cies results in a series of temporal radiation spikes. The separation of these
temporal spikes can be manipulated using isochronous chicanes. Changes to
the temporal separation of the radiation spikes produce a similar change in
the frequency separation of the radiation modes. By using isochronous chi-
cane packets of radiation modes can be produced which are equispaced in
the frequency domain. Furthermore, the manipulation of the beamlets in a
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chicane, can force the beamlets to emit a single radiation spike in a radiator
undulator. Here, the radiation spike temporal separation is increased which
decreases the mode frequency separation. However, an interesting possibil-
ity exists of using positive dispersion to decrease temporal separation of the
radiation spikes, which would increase the frequency separation. This could
possibly be achieved by using longer beamlets and seed lasers to pre bunch
the beamlets. In doing so, it may possible, by increasing frequency separation
of the radiation modes, to generate x-ray radiation from beamlets that are
resonant in uv or gamma-ray radiation from x-ray radiation.

With a view to operating the Free Electron Laser with a large energy
spread electron pulse. The interaction of multiple chirped beamlets was then
investigated. This revealed the importance of electron energy variation in
mode-locking schemes. As such, a new expression for the slippage length in
undulator-chicane module was derived. This new slippage length is dependent
on electron energy, however this dependence can be eliminated by using neg-
ative dispersion chicanes. The importance of negative dispersion chicanes was
demonstrated and has proved useful in later work.

A series of chirped beamlets can be generated from an electron pulse with
a large energy spread, using a seeded-undulator and chicane. These beam-
lets when propagated through an undulator-chicane lattice produce radiation
powers that are 2-3 orders greater than the radiation power produced by the
initial untransformed electron pulse.

Taking advantage of the current spikes present in a series of rectangular
beams can significantly (4-6 orders of magnitude) increase the FEL’s output
radiation power, for electron beams with large energy spreads. Here, negative
dispersion chicanes were used to reset the electron pulse current profile af-
ter each undulator module. This allows the coherent emission to be emitted
in each new undulator module and superimpose to produce a large radiation
field. Although chapter 7 focused on rf-function beams for so called 'dirty’
electron beams (with large energy spread) such a scheme may have uses for
normal 'FEL optimised’ electron beams. The next step is simulate the rf-
function beams with more realistic electron pulses. For example the electron
pulse generated by a plasma accelerator. The intriguing possibility of produc-

119



ing an rf-function electron pulse in cross-planar two colour undulator should
be investigated. The rf-function technique is capable of generating a variety
interesting pulse shapes in the electron phase space, such as triangular, saw-
tooth etc. and should be investigated using Puffin. It may also possible to
produce such an rf-function electron pulse in single planar undulator. This
maybe possible by injecting multiple seed lasers at the harmonics of the reso-
nant frequency as in Fourier series.
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Appendix A
3D undulator derivation

In this appendix the equations governing the electron motion through the un-
dulator are derived in a general way. The equations replace the working equa-
tions of Puffin [11], to simulate FEL interaction with various undulator types.
The current Puffin electron equations assume a 1D undulator which does not
satisfy Gauss’s Law because the undulator field does not have a z-component.
A 3D undulator field with a z-component will produce in a focusing force per-
pendicular to z and the electron’s transverse wiggle in accordance with Lorentz
force equation. The two different undulators will be considered, a plane-pole
undulator (i.e. a standard planar undulator that satisfies Gauss’s Law) which
produces a focusing force in one transverse direction. A curved-pole (decanted
poles) undulator shall also be considered as this undulator offers focusing in
both transverse directions, and therefore removes the need for external focus-
ing elements (such as quadrupoles).



A.1 Transverse electron momentum

The Lorentz force for the electron pulse is calculated in two parts first the
transverse part is derived.

F;="2i — _o(B;+ 22 xB Al
j= 2 = el + 2 <) (A1
define a unit vector & = —=(X + iy) such that & -é = &"-&" =0 and é-&" =
é&" . & = 1 therefore X = %(é +eé&)andy = —%(é — &") hence /2¢&" - p =

Pz — ipy = p1 and V2é-p =p, + ipy = pl ;. Similarly for the electric field
2" E=F, — ik, = F, and V2e-E=E,+ 1k, = E now take the scalar
product of v/2é* and equation A.1.

Ak dp Pj o
Wi _ o, + V36" (pf’ x B)) (A.3)
dt Yim

now look at the second part of the above equation,

o (pj x B) (A.4)

Vim

using the vector identity A- (B x C) =C'- (A x B)

26" (p; x Bj) =B, - (V2¢&" x p))

X 9
Pzj Pyj Pzj

26" - (pj X B]) = Bj ’ ()’\((_sz) - }Afpz + i(py + pr))
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using ip | j = py + 1p,
26" - (pj X Bj) =B, (—ip.X — p.y + z'pLji) (A.6)

now, the magnetic field takes the form B; = B,;x+ B,;y+ B.;Z and is inserted
into the above equation to give,

26" . (p; x Bj) = (—ip.Byj — p-By; + ip1;B.;) (A7)

the perpendicular magnetic field is given by B, = B, —iB,, which is rearranged
to give ¢+B| = B, + 1B,

2¢" - (p; x Bj) = (—ip.B1; +ip1;B.;j) (A.8)
V28" - (p; x Bj) = ip1;B.j — ip. By
; 1
\/ﬁé*-<pj><B>: 1B.p; —ip,; B A.10
o o (Bepss — ipyBL) (A10)

recombine with equation A.3

dpi; s [ Py

— _¢(E 26 . [ - x B A1l
o e(E, + V26 (”yjm X )) ( )
dp. L. ;

dt] = —G(EJ_ + %7m (ZBZpJ_j - szjBJ_j)) (Alz)

now convert to z using % = QkUpCBZj%

dp —e 1 .
- Eot o (iBep1j —ip= Bl A3
dz 2ku,ocﬁzj( Lt (iB:p1j — ipzjBuj)) (A.13)

separate the perpendicular magnetic field into wiggler and radiation compo-
nents B, = B, + B, the radiation in z is ignored as the paraxial approxi-

1ii



mation is made.

dp.; —e 1 .
- E ~ BZ | Wzj Bw B’I" j A.14
& = vhpeps, Ert o (Bepiy = ip(Bur + Brig))) - (AL4)

now B, ; = B,;; — iB,,; these component can be rewritten in terms of the
electric field B,, ~ —E,/c and B,, ~ E,/c by applying Faraday’s Law.

Byi; = Braj — iByy; (A.15)
Brj_j = —(Eryj —+ iErzj)/C (A16)
B,y j = —i(=iEy; — i*Fyj)/c (A.17)
Brj_j = —i(—iEryj + Emj)/c (A18)
BrLj = _i(Erxj - iETyj)/C (Alg)
BM_]' = —iEJ_/C (A20)
were EJ_ = Erxj — iEryj
Wi~ ¢ (B4 (B ip(Bur —iBL[e))  (A2D)
— 1 z i — 1 29 wl — ¢ c :
dz 2kypcB.; + e PLj =Pz + +
dpLj —€ 1 . . E'L
= E — | eB.p1; —1psiByil — psi— A.22
dz 2k’upC/BZj ( 1 + ’)/]m (7/ pJ_j p j 1 p 7 c )) ( )

dpJ_j —€ Ey 1 . . E,
= B.p1j—wp.iByl — p.,i— A.23
e e <Cﬁz]‘ + — (1 Pij = WPzjBwl — Pzj c )) ( )

v



Pzj = ijcﬁz]’

dpL] . EJ_
_ — (4B, LByl — pyi— A24
& T (cﬁzﬁp@ <’ o = Pe Bk =P (A.24)
d E
b = - Bt _ip, —=* (A.25)
2kyp cﬁzj Dz c
dm] —e ( Pl . Bz EJ.)
= +1B, — 1By — =—— A.26
dz up Cﬁzy Pzj b /sz c ( )
d 2
== = ( 1=P P _p, ) (A.27)
Qkup Bz Dz
use 7p2; = %Z%f
dpL] —€ EJ_ .
= B —1B A28
introduce py; = ;B =>p; = mcaupyy,
meay, dp —e (F| MCAy,  D1j .
= B, — 1By, A.29
w o dZ 2kyp ( P2+ Dzj Pl ( )
use scaled electric field of A, = 2;‘?;;2 E, which rearranged gives, F| =
29rme’ 2:mep A
eayly
mca, dp.; _ ¢ 2%me14an2 + imca, B, Pij _ 1By 1 (A.30)
Az 2kup \ eayl, i D2j

A npa; + imcauszLj — @'BwL> (A.31)
eaulg DPzj

dpi; 1 —e (2yZmcp
dz — mcay 2k.p



dp,: —e (272 1 pLj 1
L A ( 1P Anpo; +iB.2H Bm) (A.32)

dz 2kup \ eayly mca, Pzj mcay,
g (g e 0L ) 4
dg; _ 2;510 (jz;'z ALnpy; + @BZZZ — imiau BwL) (A.34)
lg = 2l~c1up
= (g P p D i ma)
dgj _ 2;; (472 zkz Aoy 4 BZ];Z _imiau BwL) (A.36)
dgij - (47 LB I;Ljaklu _ chiul% BwL> (A.37)
define o = 57=-
e o (gt BB i B (A3)
dﬁfj -5 ( AJ_% — ieBzﬁLj 1 + e L BwL) (A.39)
dz — 2p Pzj Fu meayky
the undulator parameter was given by a, = nif,gu, now rearranging to give
By = a”nZCku ok, = Bio
Fen( ) e

vi



again using

define b, 1 = B, ,1/Bo

a =5 = 2pa = 2

2pr

dpy;
dz

Ay
Yr

dp.;
dz

dp.;
dz

T 1 r L; 1
/3:]_%_]7;7' = YymeBa; => viB I%]c" Lj= WPZLC - ’Yr'lf/LC ~ Doy
dﬁfj _ Ly e JB:PL Ly +7;Bw¢
dz 2p a? k., ~»mc By
e ay
mcky, — Bo
dﬁL] o 1 np2; ZBZ L ,BwL
= — 5\~ 5 uP1j ?
dz 2p Q By Y By

1 ; L;

=5 —ALM? — ibauprj—" + ibu
2p «Q Yr

L L R AP N AT

- 2p € a2 L0z apap jlsjg L0y L
L. nP2; o

— % (’waJ_ — a;AJ_) — 'LOépJ_ijbZ

vii

(A.41)

(A.42)

(A.43)

(A.44)
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A.2 Longitudinal electron momentum

Now, looking at the longitudinal part of the Lorentz equation,

_ dp, P;

F,= = —e(E; B A.46
j="g = B+ L xB) (A.46)
the z-component is given by,
bz =C ) BB, (A.47)
dt ~ym i Pyi yj Pxj

Puffin applies the paraxial approximation, therefore the radiation’s electric
field in z can be ignored. Now, focus on the p,;B,; — py; Bx; term and use the

substitution p; = p, — ipy, pr = PoitPi; , Dy = PLi Pt and B, = B, — 1By

2 21
PujByj — PyjBej = m‘j;pijByj + zm-Q—ipjjij (A.48)
PaiByj — PyiBuj = ;pij Byj — = 2_ pij)ij (A.49)
= 1 (B — iBuy) + 11 (B + iBey) (A.50)
= ;[—ipm (iByj — i*Baj) + ip'j((—iBy; — i’ By;)]  (A.51)
= i 0By + Bag) + i (—iByy + Byl (A5
= ;[—ipLj(ij +iBy;) +ip’ ;((Bej — iBy;)] (A.53)
= ;[—iBLpu +iBipt ;] (A.54)
= liBLpt, — iBLpu] (A.55)
1
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separate the perpendicular magnetic field into wiggler and radiation compo-

nents By = B, —iF,/c

L. E, .
PujByj — PyjBej = 5[(ZBwL + 7)pLj + c.c.
dpzj —€ . E,
= By + —)pl; +cc.
dt 2’}/]m[(2 1+ c )pL]_i_CC]

now convert to z using % = Qkupcﬁzj%

dpzj o —€ . ﬂ) * ]

_ B, e
B~ Tl DT e
Pzj = YmeBe;
dpzj € . €L
B, o .
dz  Akupps; ((Bus =)l + el
p. is defined as p,; = vy;mcf3,; therefore,
dp,; d
= = =(ymeBy)
_ B dv;
=mev gy T melig

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

Now, an expression for the interaction of a co-propagating radiation field with
the electron pulse is derived. The Lorentz force equation is considered, while

ix



remembering that the relativistic momentum is given by p;

Fj = —e(E +cB; x B)

d

dymeB; _ “e(E + B, x B)
dt
d'Y]IB

me—, —e(E+cB; x B)

multiplying both sides by 8 and rearrange,

d’Yj ﬂ
dt
dry;

mc

dB,

mc(%’ﬁ"‘,@] dt> B; =

d,B Qd%' _
Vg Bt By =
75 4B; 52@:

2 dt T dt

/Bj:

—e(E+cB; xB)-B
—e(E+cB; xB)- B,
—njc(E—Fc,Bj x B)- B,

—njC(E +cB;xB) B,

= ijCIBJa

’yj is defined as 77 = 1/(1 ,82) and should be rearranged 77 = 1/(1—
ok 2(1 — [’3 ) =1=> VJ =1+ ’y]ﬂ ’YJ is now differentiated with respect to

time,

d

d;+5>
28
jﬂid;j 28,20

:%Z7J@§

(A.63)
(A.64)

(A.65)
(A.66)

(A.67)
(A.68)

(A.69)

(A.70)

):>

(A.71)
(A.72)
(A.73)

(A.74)

(A.75)



The above expression is combined with equation A.70 to give,

]

e
2~~~ (E+cf,; xB)- B (A.76)

now focus on the (c¢8; x B) - B part. The cross product 8; x B will be per-
pendicular to both B; and B. Therefore the dot product (c8; x B) - 8 must
be zero, this fact tells us that a magnetic field cannot alter the energy of a
charged particle. Setting (c¢8; x B) - 8 to zero leaves

D ‘g, (A.77)

dt me

changing to the scaled z using 4 = 2k, pcf3,;-L

dry e
A - A.
dt mcE B (A-78)
dry e
p,
E-B.=—"21 .E. A.80
8=, (A50)
1
E-8. = . E. A .81
B, yjmcpj j ( )
E-8;= o (P Euj + Py EByj) (A.82)

(A.83)

X1



_ - _ puitply _ Pl _ '
NOW US€ plj = Py — Py, Po = — 5+, Py = — 5 and B, = B, —iFE,,

_ E. +E} _BE-F
Em - 2 ) Ey - 21

1 pij+p;EL+E7 L Pl —-p B - B

E-B, :fyjmc( 2 2 21 21 ) (A.84)

E- 3, :47jmc((p“ +p)(EL+ET) — (pry —pi)(EL = ET))  (A.85)
E-B; :Mjmc(PuEL +p1EL+pi B +p) R

—piiEL+plEL+pi B —plET) (A.86)

B =y (0i,Bs 4 puy ) (A8T)

S L g mapuE) (A

dz — 2k.pmc®B.; 2v;me

dy; e
dz Lk B A.89
dz 4]{upryjm2635zj (plj 1L+ PLj L) ( )

now substitute back into equation A.62, shown below

dpzj dﬁzg

dry;
=meyj— + meB,;—2

dz dz
dpzj dﬁzg €
2 R Np——g < B E A.90
dz me dz mep Ak pry;m2e3 5 (LB ¥ P 0 ( )
dpzj dﬁzg €
= — ) B A.91
dz Mz Ay pry;me? (1B +piyEl) ( )

xii



now reintroduce equations A.60, shown below

dpzj —€ E,
= B,
Az 4kupp.; (B + )pLJ +ec]
—e . EJ_ % dﬁz e . .
Ak pp-; [(1Buwy + 7)pLj + c.c] = yyme dEJ - Ay pry;mc (P EL+piET)
and rearrange for 5 2
’y‘mcdﬁzj _
7 dz
€ * * € EJ_ *
W(Ihjlﬁ +rET) - W[(ZBUJL + )pLj +c.c] (A.92)
moving the 52] inside the brackets
fy-mcdﬁzj =
7 dz
e % « e E
W(pJ_jEL +pJ_jEJ_> W[ﬁzj (ZBwJ_+ )pJ_] +CC]
(A.93)
v'mcdﬂzj =
7 dz
€ * c . E, N
Ak prymc? ((pJ_jEJ- +cc) - [F(ZBUJL + 7)pL]~ + c.C.]) (A.94)
ul Vg 2j
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y;mece IE =
€ * C EL " c . .
(A.95)
rearranging the 3,;’s
V'mcdﬁzj =
7T dz
€ 52 1 c
Ak pryjme? <(pJ_] L+ eo) Bzj Bz (pJ'J Ltec) [62] ¢ 1pijtec )])
(A.96)
’y-mcdﬁzj =
7 dzE
e (*E —|—cc) M —[L(Z’B * —|—CC)] (A97)
Aleupyymc? pijEL+¢ y 5., wlPlj+c.c. .
’y-mcdﬁzj —
I dz
e iy .
¢ * | _ ] By B Aog
Ay pryjme? ((PLJ 1L +cc) ( 5., > + [ﬁzj (iBwipl;+cc )]) ( )
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1_ﬁzj

use np2; = Bz
dp.; —e C B o )
‘ = B +cc i+ |=— (2B .+ c.c.
e 2 PTp—" ((pLj i )1p2; [sz( 1Py )]
(A.99)
dﬁzj —e )
- * E| +cc 1B + c.c.
dz  4kypyim?c ((p“ . Jp2; [ﬁz]( wiPly )
(A.100)
now changing to pa;
8. dpy; dpzj
P2j = %1[357] = P2 = (ﬂ; . 1) — = _nﬂlﬁj 7
_n52.dp2j — —¢ ((pj_ E| + c.c)npa; + [ (iBy1pl; + c.c. )])
Tdz Akypyimicd J Bj 7
(A.101)
dpa; 1 e ((pL By + c.c)pa; + [ (iBuwiph; + c.c.)])
dz 7]52 4k pyim3c J Bzj !
(A.102)

5 ﬂzgj _>B 1+np2]_>6§] _(]‘+np2j)

Since po; is paj =

de] - 1 e
dz — np% dkypryim2c?

(B + c.ompa; + [(1+ npay)(icBu 1 + c.c.)])
(A.103)

XV



. 1 o o = _ 2%mc®p
introduce p1;j = ~=p1j => p1j = mcay,p.;, use scaled field £ = cals Ayl

2yymep
ayly +

o292mAclp
P EL =Pl TTAL
g

* —x
pl;EL = mca,p;

L 2v2m2
piiEL = pij%ezpf‘”
g

: , o
the gain length is defined as [, = Tp
. L, 4’7216 m263p2
now inserting into the above
dij o 1 e

dz nﬁz Ak pyim3c

4~ kum203p2 . . )
<e(pleL + c.c)npe; + [(1 + npgj)(chwLpLj + c.c.)]) (A.104)

dpgj 1 e 452k, m2c3 p?

dz 0Bz dkypyimic? e

W[(l + mp2;)(icBw1p; + c.c.)]) (A.105)

(@Lm T —

cancelling terms

dpsyj 1 V237p
dz — nb% A3

[(1 + ﬁpzj)(icBwij_j + C.C.)])
(A.106)

e
(( J_JAL + c.c)npa; + 2R i
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dpa; 1 V292p
dz  np% ]

((pj_jAL + c.c)npa; [(1 4 npoj) (icBuwip’ ; + c.c.)]>

e
_|_
4v/2742k,m2c3 p?

(A.107)
Lj = ﬂzjrw

dij_pL2 A . € 1 NicB *

dz PLAstc.chnps; + W[( +n0p2y) (icBu 1pl; + c.c)]

(A.108)

. — 1 —
agaln use p|; = mpLj => pPlj = mcaypi

dpQ‘ P —x € . —x
T; = UL? ((pLjAL + c.c)npa; + Wmcauc[(l + np2;) (1B + c.c.)])
(A.109)
dp?j P 2 —% A emCQCLu . —x
E = EL‘] <pLj L+ C'C)UPQJ' + 4’ng'um20302 [(1 + anJ)(ZBwJ-pLj + C'C‘)]
(A.110)
dp2' P —x €y, . —%
T; = UL? ((pLjAJ- + C.C)np2j + W[(l + npgj)(szLpLj + C.C.)])
(A.111)
now define a, = % => au%k“ = By therefore au%k” =By — %;%“ =1
Pt P12 (A1 ey + g (L ) (B + )
— ==L ~ c.c ; — )(iBy.1p; + c.c.
dz  pd (WPt "P2; 12 kamep® By e np2; 1P

(A.112)
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2

_ P2 —% € Ay Y —k
= 21 (0L + ey + Ly g (0w (Busd + )]
(A.113)

dps;
dz

r

further cancelling of terms

W2i 212 (5t AL+ coinpy + L 10+ o) (1B, + e
E;—ﬁj@ML Rl R yry np2;)(iBy1P]; + c.c.
(A.114)
again using o = 2%:%
dpaj P o, o? . —x
—= ==L ((p;AL +co)npay + - [(1 +np2;) (i Bw1p) ; +cc.)] | (A.115)
dz n By
dp?j P ra —x 042 . —x
——= ==L | (P;AL + c.o)npaj + o [(1 +np2;) (i Bwipl; +c.c.)] | (A.116)
dz n By
dp2j P o 2 Byl _,
v ELj (P ;AL + c.c)npaj + (1 + np2;) (i Be pLj+ce)]] (A117)

remembering b, = B, /By

dpQ' P % . —x
T; = nLJZ ((pLjAJ_ + c.o)npa; + a*(1+ np2;) (b1 P ; + c.c.)) (A.118)
de' P —k . —x
T; — nLJQ. ((pLjAL + c.e)npaj + a*(1 + np2;) (b1 P ; + c.c.)) (A.119)
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using ib, 1 p' ; + c.c. = —i(b} p1j — c.c.)

dp2' P —x . _ *
T; = nL? ((pLjAL + c.c)npaj — ia* (1 + npay) (PLsbl, — c.c.)) (A.120)

Xix



A.3 The Field Equation

The 3D Maxwell wave equation, ignoring space charge, is given by,

V2E — lyj oJ

o =l (A.121)

Puffin makes the paraxial approximation, therefore (E, = 0) the radiation’s

electric field is purely transverse. Hence, the above equation is projected over
V2&" = x —iy. Here, V28'E=E| = E, —iE, and v/2&'J = J, = J, —iJ,

<v2EL — ;i?) = MO%‘? (A.122)
<v2 — 23;) E, = uo%‘? (A.123)
( aa; + aa; a; - (;12 aa ;) = Ho aa‘]; (A.124)
(aa; + aa; + (;; 612 5?:2)) aJL (A.125)
(G o (5 o) (5 i) = “Oaaji 120
converting to scaled units using, where 2, = === and z = £ |
;’2 _, <§Z N i;) (A.127)
and

XX



see appendix B.3 for a derivation of the above expressions.

92 0 10 (0 28, 0 9,
02 "o Tz \o: T 1gem)) T A12
(83;2 + Oy? + ZZ 0z (62 1— 5, 852>) 1L = Mo En ( 9)
now using %6%2 — %g%

#? 0 10 (d 28 0 B. ¢ 0J,
AT S A A | ) S e T
(6?952 o T 2oz (az 1— 5. %)) LT s A0

Here, the backwards propagating wave is neglected i.e. ‘%E;‘ < B:_ OB,

1-8: 0z
2 9% 1 23, 0 0 B, ¢ OJ,
= _ = A E = I A.131
(8x2+8y2 lg1—ﬁzazazg) LT, 05 (A.131)

(a2‘+a? 1 23, a?) B, ¢ dJ,

_ = 2 E, = _ A.132
or  0y* 21— p,020% ) lg'uo 0z ( )
using [, = EB le
02 0? 1 202 c 0Jy
42 E| = —pug—— Al
(8:1:2 a2 T azazz> 75 (4.133)

now using a 3D perpendicular current density

N
Ji=—ec) B10(x),y;, %) (A.134)
j=1

poel



where §(x;, vy, 2z;) = d0(x — 2(t);)0(y — y(t);)0(z — 2(t);)

2 2° \ .
QWWW_WMJL_
QaN
o & Al = )3~ 00 20) (A5

the dirac delta function is transformed into scaled variables using

11 B .
5(2 - Zj) = szgl fﬁ 5(22 — ZQj) (A136)
6@—xﬁ:;l&f—@) (A.137)
glc
5y = ) = =57~ 1) (A.138)
glc
therefore
1 1 11 » _
(5(1‘ - x])é(y - yj)é(z — Z]’) = T(S(f - f]‘) 1 5(@ J)ﬁijgl 6 6 5(22 - ZQJ)
glc glc z z
(A.139)
1 1 5, ~
d(x —xj)0(y —y;)0(z — z5) = ﬁé(:c z)0(y — )531_5 §(22 — 22j)
g C z z
(A.140)
1 1 B .
0(z — 2;)0(y — y;j)0(z — 25) = PLBT ] (@ —2;)0(y — y;)0(22 — 25)
g C z z
(A.141)
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using lg:%lC
1 . .- _.._

b = 2)80 = 1) = 2) = 150 — )8~ 50— 3) (A142)
gc Fz]

now inserting into equation 136

(32 Lo 1232) 2. -
012 " R 1l.020%)

e X1 1

now (7, y;225) = 0(T — ;)0(y — y;)0(22 — 225)

o 0? 1 202 29 N 1 1
I E _
(axz T o dy? l le 8232’2) MO l 07y Zﬁ”g 2 sz 0(Z;, YjZ2))
(A.144)
0 20° ec? 1 0 X
022 " o2 Bl =- A14
(5962 " y? glC 8285) “05359 B 0%, Z B1jo(Tj, ¥iz2g) ( 5)
(A.146)
now change the partial derivatives in x and y to scaled notation using 88—;2 =
19 ang 90— 19
Lle 072 WC 92 = 11 o2
1 0 1 9? 202 e 1 0 X
(lglc@a:_2 - Lle 072 1. 8585) - _“Olslg B.; 0% Z 1075, Jj72;)
(A.147)
82 82 282 662 1 0 N o
(3:7:2 "o T 82622> Er==po7s 2 B.; 0% Z B1i0(T5, §jZ2;)

(A.148)
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use scaled electric field of A} =

eayly
2y2mc2p

E| which rearranged gives, F/; =

e 1 0 XN

2*y,%m02p

eayly
2v2mctp (9> 0P 202
%mcp<_+ . __)A
eayly \0x? ~ 0y* 0zZ0%

the perpendicular momentum is given by p ;

= Mo l2 521 6—2]2:15J-J xﬁyjzzj)
(A.149)

= yymefij, Brj = f;ﬂc,

2y;me’p (O n 0 20” A e 1 0 X pyy PLi 5 )
- — i, UiZoi
eayly 0z?  0y* 0207z L= THo 12 B, 0% =1 me j» Yi%2j
(A.150)
2ypmc’p ((0* O 207 ec? 1 0 X o
r _ A = e =Y S(Ts T T
eaulg (an 8?]2 85822> + Ho lg ’ijcﬁzj 352 jzlpJ_J ('IjaijQJ)
(A.151)
again use p; = ﬁ%ph => pj = Mmcayp.;
2ypmc*p (P 20° e 1 0 X
r o A = b ) 5 |
Caylg <3i’2 0y 55352> LT Y mes,, 0% = Z meawpL;0(%;, Uiz2s)
(A.152)
2ypmccp ((0* O 20? A, e’ a, 0O % )
= — Ti, Uiz
€CLulg 852 a§2 32622 Ho—5 l2 »7/]62]8 2 12 lpl] J?y] 2j
(A.153)
9? 0? 202 eayl e a, 0 X
A, — . Culy u
(8352 * y? 82622> - 272mep Ho 12 ;8. 0% Zpi] (75, §j225)
(A.154)
0? 0? 20? e’c?all, 1 o XN
A =
(8:52 " op azaa) L T Eme ! 3B a_%Zlm] (25, 9i%2)

(A.155)
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1/02 = [p€o => o = 1/(6002)

32+82 282)/1 e*c?all, 1 85\7: 5 5%
0zt T O 0z0m) 27rm€004plc iz 072 j= 1pLJ 5 Y32
(A.156)
from this w, is rearranged,
2. \ /2
wp = (6 n”) (A.157)
€pmm
2
w, = (e np) (A.158)
€gm
2 2
2= = (A.159)
82+82 20° _ W Pagly 1 8% (%1, %)
0x? 0y  0zZ07 T ny 292t pl2 7Bz 072 = P1io (T, YjZ2s
(A.160)
using l, = ﬁ
82+32 282> wy d 13% 505500
or?  dy* 9207 a Ny 4l€up’77gc2plg ’Vjﬁzj 852] 1pJ_J i Yi%;

(A.161)
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now p can be rearranged,

I (aywp 2/3
== <4c/<: ) (A.162)
2
Ay
()’ = ( 4Ck”> (A.163)
a’w?
(o) Ak = ( 402;) (A.164)

o2 52 292 3 1 1 1 0 X
(83?2 + 07 — 85@22) AL = (pyr)” dku— 1ty 12022 736, D%z jZmJ (25, Yj225)
(A.165)

0? 0> 20? 11 py
<a§2 T 02 85852) A= 4ku %52] 322 ZPLJ (%,9;72;)  (A.166)

(82 0? 20? )AL: 12kup Vr

- ZPLJ (Zj,yj205) (A.167)

072 " 0 9707 w2 B 322 2

the gain length is defined [, = 1/2k,p

1 62 82 82 1 ]. r
2( )AL— — ALZ—*iLiszJ 0(Z;,Y;j2;)

oz y? 0Z0% ny lgl2 7B, 0z =
(A.168)
the scaled peak number density is 1, = [,1?n, and L; = %75;
1[0 o o Ly 0 ¥
— A — A =——— Al
(ax2 9y ) 005 T R, 0m & Zp“ Ty ) (A169)
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A.4 electron positions

A.4.1 longitudinal coordinate

The electron scaled coordinate z, is given by,
52]' = rip(ctj — Z)
this is differentiated with respect to z,

dggj dtj

il riﬁ(C% —1)
Cf;j = 2k:rp(cv1j —-1)
Cff - 2krp(ﬁlzj -1
Cf? — 2k, p( ;jz‘j)

now changing to z using d% = QkUp%

dza; _ ﬁ(l — P
dz  ky B

)

dzg; 1 1-0;;
dz n ﬁzj
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(A.170)

(A.171)

(A.172)
(A.173)

(A.174)
(A.175)

(A.176)
(A.177)

(A.178)

(A.179)



Nnow po; =

5 ,sz

A.4.2 transverse coordinates

The momentum in x is given by,

Paj = VmcBy;

converting to scaled units p; = ﬁpg =>Dplj = MCaypP1;

_ YiVUzs
Paj = 2
1y, C
Dyi = 7 dzj
o aue dt

now changing to z using % = Qkupcﬁzj%

_ ’}/j dl’j
rj — Qku z] =
Pj pez; a,c dz
_ v; dx;
Dz = Qkupﬁwaiidi;
pzj

dz B Qkupﬁzjfyj
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(A.182)

(A.183)

(A.184)
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changing to a scaled x, i.e. 9 = —}

dx lyle
dz ; a
[ lc . = . Doz .
di’j 1 Ay, _
= = i A.188
di‘j Ay, _
az = VR (A.189)
di‘j Ay, _
- kr U ) :
= Fup 5P (A.190)

di’j au\/k_r _

= = Daj A.191
dz \/k:—uﬁzj’)/j ’ ( )
using % - 1€B - I%
di’j auﬁx]’
= = A.192
dz /0B ( )
now using L; = w]ézj
d.f‘j auﬁxj
—= =1L A.193
dz J \/7_]77“ ( )
again using o = 2‘;#
d.fj 2,004 _
dz NG jPaj (A.194)
now since p; = pg; — ipy; therefore R(p,;) = py;
dx;  2pa _
S R (L) (A.195)

dz — /1n
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The momentum in y is given by,

Pyj = VimcBy;

converting to scaled units p,; = ﬁpg =>Dplj = MCaypl1;

_ Uy

Pyj ayC

s iy
Y g, dt

now changing to z using % = Qkupcﬁzj%

Py = BZJ Ay, C dz
_ V5 dy;
Py; = 2kyp ﬁzy*dij
dy; y

21— 715 .
dz 2kupﬁzj7j v

. . dy 1
changing to a scaled x, i.e. % =
ging e G =

/11 @ = Gu Dy

e dz 2kupﬁzj7j v
dgj Ay, _

—1 — Dy

dz — \[lyle 2kupB7;" "

dy; Gy
22 =\ 4k, kyp? ———— Dy
dz VT kB

dy]

=/ k. ky
dz U/BZj pr]
dgj - auv T

= = —=,—D
dz \/k—uﬁzjfyj v
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(A.196)

(A.197)

(A.198)

(A.199)
(A.200)

(A.201)

(A.202)

(A.203)

(A.204)

(A.205)

(A.206)



wing = i1 = &
dy; _  aupy;
— = (A.207)
dz  \/nB:j7;
now using L; = v]ézj
dy; QuPy;
=L A.208
dz '\ (4.208)
again using o = 2%«
dy;  2po . _
—= = —L.py; A.209
dz VG iPyj ( )
now since p; = pa; — ipy; therefore S(p1;) = —py;
dy; 2
Vi = P S (py) (A.210)

dz n
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A.5 final equations

The final set of Puffin equation are given as

dp2' 1Y —s . — *
T; - 77L§ ((pLjAL + c.c)npaj — ia?(1 4+ npai) (Puibl | — c.c.))
and
dp; L. P2 .

And the field equation is given by,

1/82 o2 L 9 X o
2(6:102 a2>AL_azangL:_—az_: 05, 95%2)

the electron axial coordinates are described by,

dzj _
az P
dz;  2pa _
il el sty g
and
dy 2pa _
Y5 —LL%(pLJ)
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(A.211)

(A.212)

(A.213)

(A.214)

(A.215)

(A.216)



A.5.1 electron energy conservation

The equations describing the electron motion in the FEL are now checked for
energy conservation. Taking the unscaled versions of the electron equations we
can apply conservation of energy when the radiation field is neglected. Using
the unscaled version of the equations A.60 and A.28

P02 = dkyp

dp.; —e

[p7; (1B + %) +c.c.)]

now neglecting the radiation field £, =0

dp;j

dz

dp,; —ely. ., .
pij; = 9 g [pJ_jZBwJ_ + C'C']

—e EJ_ (1_5;:3') +iszJ_j _iB J_)
w

2k ¢ B, e

again neglecting the radiation field £, =0

dpJ_]' iszLj .
—el — 1By,

XXXiil

(A.217)

(A.218)

(A.219)

(A.220)



now taking the definition of relativistic momentum p = ympBc — B = p/ymec.

~v is defined as,

1/v*=1-p

mc
2 PP
Y _1+m202
o P:+ P+ p?
m2c?

now rearranging the perpendicular momentum, p
(P — ipy) (P2 + ipy) = D5 + 1

Ip1il® + pgj

2 _
vi=1+ m2c2

(A.221)
(A.222)
(A.223)

(A.224)
(A.225)

(A.226)

= p, —ip, — |pL]* =

(A.227)

as there is no field in these equations we can apply conservation of energy to

(A.228)
(A.229)

(A.230)

the electron e i dy; 2 _ IpaiP*+p%; 2w
quations (d5 o 0) Y= L+ m2c? use |pJ-J| = PPy
d~? d.
l_j = 2’7ji_] =0
dz dz
d|pJ_j|2 n dpgj —0
dz dz
dplpLi dp%; 0
dz dz
dplj dp*l_j dpzj
pJ_] dz +pJ_] dz + pz; dz

XXX1V

(A.231)



now insert equations A.218 and A.220

_pLjelg( L — iBuy1) — pLjelg(ij +iBy,,)
Pz Dzj
—ely[p} jiByy +c.c] =0 (A.232)
Pli(—, = = iBut) + pui(— == B, ,) + [Pl jiBus + c.c] = 0
z] )
(A.233)
iB.pl; . . —1B.p’; B
( Ipl; —iBuwipl;) + (———Lpij +iBy pij)+
Pzj Dzj
piBuwl —pijiB,, =0 (A.234)
—iBy1pl; +iB,, p1j + pliBuwl —p1jiB,, =0 (A.235)

2

All of the terms cancel therefore J_] = 0 and energy conservation is satisfied.
z
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Appendix B

Useful FEL derivations

B.1 Rescaling of EEHG

In Stupakov’s notation p is defined differently from the scaled notation. Four
coordinate transformations are made two modulation and two dispersive trans-

formations. FEj is replaced by FE, and p is defined as,

E—FE,
p:

OF

p/ =p -+ ALQ sin(zk;m)

R(172)0.
/o 56 E
zZ =zZ+0p o

(B.1)

(B.2)

(B.3)

E, - mean energy (resonant) op r.m.s. energy spread and A = é—f. E isin eV.

inserting equation B1 into equation B2

E—-E E—E AE
= 4 =2 sin(zky2)

OF OF OF
E =F+ AE’LQ SiIl(Zk’LQ)
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equation 1 into equation 3

E — Ey Ri”

2 =z+ p— 0 56E oF (B.6)
E—E,

2 =z4 R%’Q) B, (B.7)

assume compton limit p < 1 and 3, = 1 therefore z = ct getting rid of the
primes introduce Fy and %, then equations 4 and 5 become.

E = EQ + AELQ sin(wl’gt) (B8)

Rg1672) E— Er

t =1y + o8

(B.9)

redefine in terms of v = %, introduce j for the j™ electron.

e .
7 = Yo+ A2 sin(wi 2t) (B.10)

(12)
p6 Vi T r (B.11)

Yr

tj = tj0—|—

introduce scaled variables

_ zZ— CBth

15 = lec (BlQ)

Yi — UIr
pj= (B.13)
T
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taking z = 0 and rearranging to give,

_ Ctj
21, = ——
1j lc
Elj = —2krpctj
Vi = PYrPj — Ir

equation B.8 becomes

pips = pypio + AEMD " sin (“‘“2213)

mc? 2k.cp
AE(LQ) (& . 21]'
= Do — sin
by = Pio Y mc? 2pn1 9
where ny o = uﬁ’; equation B.9 become
a5 A Ry
—2k.cp  —2k.cp VU ¢
21 = Z1j0 — 2kepRig” pp;
define new variables,
12) _ AE1L2) ¢
amp P ’Yrm02

or as

12) AE(L?)

p amp P Er
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(B.14)

(B.15)
(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)



or

and

finally we are left with

g [P
p] pJO pamp 2pn172
_ _ =(1,2
215 = 2150 — ijRges )

z1; = Z1j0 — 2pp; DY

Which are written as four transformations

Pj = Djo — pé}%p sin

=z _—
DO
|
3 |S.
=
N———

z1j = Z1j0 — 2pp; DU

Pj = Pjo — Pamp sin )

21 = Z1j0 — 2pp; D

XXXIX
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B.2 Undulator-chicane modes

Assume that the slippage in an undulator chicane module will be an integer
multiple of the wavelengths, (i.e the only wavelength that survive are integer
divisors of s),

I
N
>

S

A

(B.33)
(B.34)

Slw

Now Aw, difference between adjacent side-band radiation modes, is calculated
as,

AWmodal = Wn, — Wn—1 (B.35)

as w = 2me/\ = n2wc/s,
Awmodal = QSM(H —(n—1)) (B.36)
AWmodal = QZC (B.37)
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B.3 Converting wave equations derivatives to scaled

notation

The 1D wave equation’s partial derivatives in time and space are converted to
scaled notation. First of all using the scaling of z;. Rearranging the definition
of z; and using the definition of z = [,Z,

_ _zt
a2 (B.38)
Bele
5 = W7 P (B.39)
/BZZC
Bz = 1,z — cBit (B.40)
l le
t=-27— -7 (B.41)
cB. ¢
now differentiating t and z w.r.t z and z;
a—f _ (B.42)
9z cp,
ot .
— = B.43
(921 C ( )
0z
— =1 B.44
62 g ( )
0z
— =0 B.45
P (B.45)
Now using the chain rule for partial derivatives,
0 oo 0z0
— =4 —— B.4
9 9z0t  0z0- (B.46)
0 ly O 0 (B.47)

9z g0t oz
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and

0 ot 0 0z 0

9z 0,0t " 07,02 (B.48)
2 _ kD, 0
Now using % =1y + 1!
()28
now take 8%1 = —l—g% and use f—g = 1;? to give, 8%1 = —l;glgz%. Now

combining with the above expression,

<a+a>+2 . 0 lg<a+1a>—2lga (B.52)

0z 07z 1- 3,07 dz | cot ¢ ot
0 0 B, 0 o 10
= IRy (S B.53
(az * 821> * 1—3,0z 7 (82 cat> (B.53)
B. 1—@(8 a> 0 (8 13)
2 = = — + — — | =l = - —= B.54
1—52[ 28, \0z 0m) 05| " \a: car (B:54)
IThis comes from rearranging the resonance condition ’Z—f = f—; = 1%752, % +1= 1;—’@ +1—=
M £ z 9 z

!
:i—mc—i-lg:[;—gz

ly
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Now looking at the partial derivatives in 2o,

3, .
o= d=2) (B.55)
(1=5:) g
t _
5= l ) (B.56)
Zole =ct — 2 (B.57)
Zol. = ct — Zl, (B.58)
ct = Zol. + zl, (B.59)
le 1
t=72—+22 (B.60)
c c
now differentiating w.r.t z and 2z,
ot 1,
— == B.61
0z ¢ ( )
ot .
— == B.62
852 C ( )
and
0z
— =1 B.63
0z
— =0 B.64
EEA (B.64)
again using the chain rule for partial derivatives
9 _otd 020 (B.65)

9 0zt 9:0-

0 o 10
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and

now using f— =
g

0 _0to, 0:0
0zZy 02,0t 0790z

9 Lo,
652 C c’%
liBZ
B2
0 10,0
0z B, cOt
Bz 0 21793

1—5_28722: c ot

now combining equation B.70 with B.66

o _, B 0 lg(@ 13) Jla 9

0z 1-p.0m \o:Tcm)  “cm

0 _, P 01 _, (3_13>
0z "1-p3,0z) \0z cot

xliv

(B.67)

(B.68)

(B.69)

(B.70)

(B.71)

(B.72)



B.4 undulator dispersion compensation

The dispersion in the undulator can compensated for by using a chicane with
a negative dispersion. To show this the energy dependent slippage length is
derived. To begin, in the undulator the electron pulse’s longitudinal coordinate
evolves according to,

therefore an electron will change its position in proportion to po,
Aégu = ijAE (B74)

hence if the slippage in an undulator is { then AZy, = ijZ, in a chicane the
change in position of an electron is given by

AZye = —(1 —p3)D + 6 (B.75)

therefore the combining the undulator and chicane slippages gives,

Az?u—&-c = A22u =+ AEQC <B76)
AZoyie = pgji— (1 — ij)D + 5 <B77)
AZyy e = pajl — D +pay;D + 6 (B.78)
AZsyye =p2j(l+ D) — D +46 (B.79)
if D= -1
AZgyye =146 (B.80)
AZQu—i—c =35 (B81)

then the ps dependence of slippage in undulator-chicane module is suppressed,
i.e. the slippage is s regardless of the electron energy. The undulator-chicane
module slippage can be written in terms of v by using the approximation
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poj = 1—2 (%% 7") however this only valid for small energy variations

AZoyie = (1 -2 <77 S 7’“)) (I+D)—D+6 (B.82)

_ 7 Y=\ 7 <
A22u+c—(l+D)—<2< S ))(Z+D)—D+5 (B.83)
AZoyie=1— (2 <71 - 7)) (I+D)+6 (B.84)

_ . Yi — Vr 7 P
Azzu+c——<2< S )) ({+D)+1+6 (B.85)
AZgyre =2 (W) (I+D)+35 (B.86)
57:2<%;”“>@+1»+5 (B.87)
if D = —[ then

5, =35 (B.88)

therefore the energy dependence of the slippage in undulator chicane modules
has been suppressed. The above expression of chicane slippage in py is an
approximation which is only valid for small energy deviations. Real chicanes
apply a dispersion in 7 i.e. the change in 2z for a chicane is given by

Ay, =2 <W> D+6 (B.89)
Tr

therefore the change in zs for an undulator-chicane module is given by,

AZsuie = Nogy + Ao, (B.90)

AZgure = pajl + 2 (7’" 71) D+ (B.91)
Vr
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now if D = —|

AZgyye = pojl — 2 <w> 146 (B.92)
Vr
in order to eliminate the energy dependence of the undulator-chicane slippage

length here, the following approximation must hold py; =1 — 2 (WJ;—TV’)

AZpyie = <1 —2 (” ””")) [—2 <W> [+ (B.93)
Tr Yr

AZgyse = <1+2<7’“_7j>>z‘—2<%;%’> [+6 (B.94)
Vr r

AZgyie=1+6=75% (B.95)

however the above approximation only holds for small variations in energy.
But in expression B.79 the p, dependence can always be eliminated by setting
D = —I[ regardless of variations in ps. Therefore using a chicane that disperse
in po can fully reverse the dispersion of an undulator regardless of energy
variation, however a chicane that disperses in v can not. This fact is illustrated
in figure 7.4 where to produce coherent phase-correlated radiation in each new
undulator section, the chicane must fully reverse the undulator dispersion. By
doing so, the coherent radiation fields can coherently superimpose and the
radiation field power scales as the square of the number of undulator-chicane
modules. If the radiation fields do not coherently superimpose, e.g. the chicane
disperses in v, the radiation field power scales as the number of undulator-
chicane modules.
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B.5 rf-func beam distribution function

The final distribution function of a triple-modulator-chicane scheme is given
below.

2
207

(16 + drssin(— 2 + 20403 = 30020 + 63)

2m 0y 0z,

f(Z2,7) = 111 exp (

+Agasin( (22 + 2Da(y = 90)/3) +2Da((1+ M sin(— (2 +2D5(1 = 7)/3,) + 62)) = %)/ 7) + 62)

+Am sin(%llp(((iz +2D3(y = ) /) + 2Da((v + A3 sin(insp(Ez +2D5(y = ) /) + ¢3)) — ) /)

2D (7 + Ay sin( ((2 + 2D3(y — %)/ )

(2a-+ 2Da( = 20)/20) + ) + A

+2D5((y + A~z sin(

2 ! (52 + 2D3(7 - ’YT)/’YT) + ¢3)) - 'Yr)/’yr) + ¢2)) - ’YT)/’YT) + ¢1)} - "Yr> )
ngp

exp ( —1 ([((52 +2D3(y =) /7r) +2Da2((v + A7 sin(2nlgp(22 £ 2D5(y — 7)) + 3)) — ) /)

2
20%,

+2D1 (((v + Az sin(ingp(Ez +2D3(y — ) /) + ¢3)) + Av2 Sin(zrlp(@ +2D3(y —v)/ )

1
+2Do((y + A3 Sin(2

nsp

2
(Z2 +2D3(y = v) /7)) + @3)) — ¥ ) /) + b2)) = ¥e) /1] — Z) )

The energy modulation parameters A~ 5 3, modulation frequencies nj 23 =
ki123/ky and modulation phases ¢ 23 are associated with first, second and
third modulator sections respectively. Similarly D 5 3 are the dispersion factors
for chicane 1,2 and 3. 0, 3, is the standard deviations in v and z;. The resonant
energy is defined as -, =< 7y > |520 and the electron pulse centre is given by
Ze.
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Appendix C

Publications

New Journal of Physics Paper (submitted on 24/04/15)

FEL 2014 Paper 1 (presented as poster)

FEL 2014 Paper 2 (presented as talk)

Europhysics Letters Paper
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Free Electron Lasers using ‘Beam by Design’ 2

Abstract. Several methods have been proposed in the literature to improve Free
Electron Laser output by transforming the electron phase-space before entering the
FEL interaction region. By utilising ‘beam by design’ with novel undulators and other
beam changing elements, the operating capability of FELs may be further usefully
extended. This paper introduces two new such methods to improve output from
electron pulses with large energy spreads and the results of simulations of these methods
in the 1D limit are presented. Both methods predict orders of magnitude improvements
to output radiation powers.

PACS numbers: 41.60.Cr

1. Introduction

The Free Electron Laser (FEL) is an important scientific research tool that uses a
relativistic electron beam to generate coherent radiation from the microwave through
to the hard X-ray. At shorter wavelengths into the X-ray, this is unlocking many new
areas of science in diverse fields such as: Warm-Dense matter studies [1]; short pulse
protein diffraction [2] and medicine/surgery [3]. Current X-ray FELs [4, 5] and those
under construction [6], are unique laboratory sources of high power coherent X-rays.
They are driven by electron beams generated from Radio-Frequency linear accelerators,
which can be up to a few kilometres long.

Many ideas are now being proposed to enhance and improve FEL output, towards
shorter wavelengths, shorter output pulse durations, improved temporal coherence [7]
and multi-colour operation [8]. These improvements extend the original high-gain
FEL design where the electron beam from an accelerator is simply injected into a
long undulator where the collective FEL interaction generates coherent output. The
new methods rely upon manipulation of the electron beam in phase-space, using laser
modulators and magnetic chicanes, either prior to injection into the FEL, or sequentially
along the undulator as the FEL interaction progresses.

Proposals also exist to reduce the overall lengths of FEL facilities by replacing
the RF-linacs with plasma-wakefield accelerators [9, 10]. These accelerators have large
accelerating gradients about 10%—10* times larger than RF-linacs. However, the electron
bunches generated so far are limited by a relatively large energy spread which inhibits
any useful FEL interaction. As with the above proposed enhancements, methods
that manipulate the electron beams have been proposed that may help mitigate the
detrimental effects of energy spread. These include stretching the beam longitudinally
before injection into the FEL to reduce the localised energy spread [11], or transversely
dispersing the electron beam to give a correlated transverse energy distribution and then
matching this into a transverse gradient undulator [12].

Using a combination of modulators and chicanes, it is also possible to fourier-
compose electron pulses of simple geometric shapes in longitudinal electron beam phase
space e.g. rectangular, triangular, and sawtooth [13]. Such waveform synthesis of
the electron beam can also be utilised to generate phase-correlated harmonic beam
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structures that can then perform analogous waveform synthesis of the coherent light
emission from the beam structures.

The electron beam parameters and manipulations described above can be very
difficult, if not impossible, to model using conventional FEL simulation codes, which
average the FEL interaction over a resonant radiation wavelength limiting both the
radiation bandwidth that can be modelled and the range of electron energies, correlated
or uncorrelated, within the beam.

In this paper the un-averaged FEL simulation code PUFFIN [14] is used to simulate
potentially useful electron beam undulator emission that would not be possible using
conventional averaged FEL simulation codes.

Firstly, a new method using electron beam phase-space manipulation is
investigated, that may allow a FEL to operate with larger electron beam energy spreads
which, for example, may assist the drive towards plasma-accelerator driven FELs. The
method constructs a series of energy-chirped electron pulses (beamlets), each of different
mean energy, vertically stacked in energy in phase space. The localised, or ‘slice’, energy
spread of each beamlet is smaller than the original, unmodified beam from which the
beamlets are constructed. Previous work has used multiple beams generated individually
by a photocathode illuminated by multiple light pulses to generate different colour pulses
from a FEL [15]. Here, however, the beamlets are generated from a single electron pulse.

Secondly, an example is presented of what may be possible using fourier-synthesised
electron beams [13]. This is the first simulation of the output from such waveforms
in a FEL-type system. A fourier-synthesised electron pulse with a rectangular wave
structure in phase space is used to generate radiation in a series of undulator-chicane
modules similar to those used in a mode-locked FEL amplifier [16]. The ‘discontinuous’
regions of the square electron pulse form larger current regions that can emit significant
coherent spontaneous emission (see e.g. [17]). This coherent emission is periodically
superimposed using a sequence of undulator-chicane modules and is shown to be able to
generate significant output powers. This cannot strictly be called a FEL as little FEL
interaction takes place.

The methods simulated here are clearly not to be considered as specific FEL design
proposals, rather they are intended to demonstrate future possibilities and potential as
electron beam generation advances beyond that of a simple linear beam model.

2. Beamlets

2.1. Beamlets - Description of Method

In the Free Electron Laser (FEL), a relativistic electron beam of mean electron energy
ymec® amplifies radiation in an undulator of period A, and rms magnetic field strength
B,,. The resonant radiation wavelength amplified is given by A, = A, (1 + a2?)/2v2. The
high-gain amplification process is characterised by the gain length [,, where an initial
radiation power F, is amplified exponentially as a function of the distance z through
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the undulator as P(z) = Pyexp(v/3z/l,) [18]. With an electron beam energy of ,, the
gain length may be written, neglecting radiation diffraction and for no electron beam
energy spread o, = 0, as:

A 1
l, = — = 1
Y dmp 2kyup’ (1)
where: k, = 27/,
1 duwp 2/3 1/3
= [ =P I 2
P Y <4Cku) X pk ( )

is the is the FEL (or Pierce) parameter, a, o Bk, is the undulator parameter, w, is
the peak (non-relativistic) plasma frequency of the beam, and I, is the peak current.
For good amplification, the electron beam energy spread o, must satisfy the ‘cold beam’
limit of:

Oy

Prr

op = < 1. (3)
Optimal FEL gain is seen to occur when I, is maximised and o, minimised. The
method described below uses electron beam phase space manipulation to modify both
of these parameters in an attempt to improve the FEL output potential of beams with
large energy spreads (o, 2 1).

The method first generates a series of energy chirped beamlets stacked vertically
in longitudinal phase space before they are injected into the FEL amplifier. As the
FEL interaction occurs within the undulator further manipulation is required to ensure
the radiation interaction with the chirped electron beamlets maintains a resonant
interaction.

In the first stage before injection into the FEL, the electron beam is passed through
a modulating undulator and dispersive chicane, resulting in the beam phase space shown
in figure 1. This phase space is similar to the first modulator-chicane section used in the
Echo Enhanced Harmonic Gain method [19]. The modulator-chicane sections perform
the following consecutive transforms on the electron beam phase space coordinates:

. Z
v =10 — Avysin (ﬁﬂﬁ) (4)

Zy = Zy — 2D (7_%>, (5)

Tr

where the subscript 0 denotes the initial, untransformed coordinates, zo = (¢t — z)/I. is
the coordinate in a window travelling at the speed of light scaled with respect to the
cooperation length [. = A./4mp of the FEL interaction, A~ is the energy modulation
amplitude, n = A;/A, is the modulation period scaled with respect to the resonant
wavelength and D = k,.pRsg is the scaled dispersive strength of the chicane. With this
scaling, a resonant electron of energy ~, will fall behind a resonant radiation wavefront
a distance /. on propagating one gain length [, through the undulator [20].
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It has been observed that in regimes where large dispersion is applied that the noise
statistics of the macroparticles that simulate the electrons in the dispersed beam can
become incorrect. This occurs as the beam sampling in Z; is transformed into the
dimension when rotated in phase space, and vice-versa. To ensure the correct noise is
modelled, the functional form of the final electron beam phase space is used to initialize
the beam before application of the noise algorithm [21] and simulation using Puffin.

A gaussian distribution for both dimensions of the initial beam phase space is

FE7) = e exp [—M} exp {—g] | (6)

- 2
2m0,0z, 203 20%,

assumed:

where: Z. is the electron pulse centre and o, z, are the standard deviations in v and 2,
respectively.

By applying similar modulation and dispersive transforms to those outlined in [19],
the final beam distribution function obtained is:

1 1 1 — 2
f(z2,7) = s——exp {—— (’y + Ay sin {— (22 +2D (7 i > > + 4 — %>
2no,03, 202 2pn Vr

1 — Y= r _ 2
— 2D — Z .
X exp [ 207 (22 + < - > Z ) ] (7)

Figure 1 plots the scaled longitudinal phase space distribution function of the

electrons after the modulation-dispersive section and before injection into the FEL
undulator using the scaled energy parameter p; = (v; — 7)/pYy- with the following
parameters: Ay = 0.04v,, D = 26851, n = 68, ¢ = 0, 0, = 2p7y, (or 0, = 2),
v = 1200, p = 1.6 x 1072 and o, = 28.97. The modulation and dispersion of the beam
is seen to create a stacked structure of energy chirped ‘beamlets’; slice sections of which
are seen to have an energy spread which is reduced from the initial un-transformed
beam with o, = 2. Under certain conditions, each beamlet may then emit and amplify
radiation independently of the other beamlets. The combined output from each of the
beamlets may then give improved radiation output over the un-transformed beam.

To illustrate how the method functions in the FEL undulator, a simplified version
of the beamlet phase space is shown in figure 2, which consists of a series of chirped, zero
energy spread, electron beamlets of different mean energies stacked in phase space. The
chirp causes the radiation from one section of the chirped beam to drift out of resonance
as it propagates into electrons which are resonant at a different wavelength. This
impedes the FEL gain process. This effect may be successfully counteracted by using
an appropriate undulator tapering to maintain the electron-radiation resonance [22].
(These results have been reproduced using the simulation methods used here and are
in very good agreement [23].) Here, a different approach is demonstrated using a
periodic series of undulator-chicane modules with multiple beamlets. The beamlets
are periodically delayed by the chicanes so as to maintain a resonant interaction with
the radiation generated by electrons of the same energy from the other beamlets.
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Figure 1. The scaled longitudinal electron beam phase space distribution function
given by equation (7) f(Z2,p) (using p rather than «y) after transformation by a beam
modulator and dispersive chicane.

(Simulations using this method on the simple beamlet structure of figure 2 have been
performed and presented elsewhere [23].) In the electron beam frame therefore, the
radiation is passed from beamlet to beamlet so that it always interacts with electrons
of a similar energy so maintaining a resonant interaction and giving an improved FEL
interaction. This is achieved by making the slippage of a radiation wavefront through
the electrons in each undulator-chicane module equal to the spatial separation of the
beamlets. The enhanced slippage can also be expected to result in the generation of a
series of modes in the radiation spectrum similar to that of [16] which demonstrated that
an undulator-chicane lattice will amplify side-band radiation modes that are separated
by:

Aw/w, = 47mp/3, (8)

where 3 is the slippage length in scaled units of Z; in one undulator-chicane module [16].

The FEL parameter p o I;,i?’, where I, is the electron pulse peak current, and is a
measure of FEL efficiency. When considering individual beamlets a FEL parameter may
also be defined for each beamlet: p;, o Ibl /3 where I, is localised (slice) current of the
beamlet. (Note that as the beamlet energy is chirped, the mean pulse energy +,, is used
in the definition of py.) Other beamlet parameters are also defined as p, = (v, — )/ ppyr
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Figure 2. Scaled longitudinal phase space of the electrons for the simplified beamlet
model. For a given energy the beamlets are separated spatially by AZs and for a given
Zo the beamlets are separated by Ap = A~v/pvy,.. A chicane delay of the electrons
corresponds to a positive shift in Z5. A series of chicanes slip the electrons forward in
Z5 so that they interact with the same resonant wavelength as emitted by the previous
beamlet.

and a beamlet scaled slice energy o,,. For a beamlet to lase independently its slice energy
spread must then satisfy:

Oy,

Tp, e < 1. 9)
(Note here, that the mean pulse energy +, is used in the definition of o, rather than
a local ‘slice’ value 7. This can be considered a reasonable approximation for the
inequality (9), so long as 7, does not differ significantly from ~,.) The beamlet slice
energy spread o, and instantaneous fractional FEL parameter p,/py, where py is the
FEL parameter of the un-transformed beam, can be calculated and are shown in figures 3

and 4 towards the higher energy and mid-sections of the electron pulse respectively.
The energy spread condition for FEL lasing of equation (9) may be used with the
FEL radiation bandwidth saturation Aw/w, = 2p [24] to define the minimum energy
separation A~y of the beamlets so that the gain bandwidths of each beamlet do not
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overlap:

A7 5y (10)

PuVr
At the centre of the electron pulse the beamlets split into pairs [25], i.e. two per half
modulation period, while for the electron pulse higher and lower energies, formed by the
modulation extrema, the beamlet pairs merge into single beamlets as seen in figures 3
and 4.

Both the energy spread condition (9) and beamlet separation condition (10) are seen
in figure 3 to be satisfied for the higher energy regions of the beamlets. (These conditions
are also satisfied at the lower energy regions of the beamlets, but are not shown.)
However, the condition placed on the beamlets’ energy separation (10) is not always
satisfied at the pulse centre where the beamlets are formed in pairs, as seen in figure 4.
Hence, the undulator-chicane slippage length is set equal to the beamlet separation for
the higher and lower energy regions of the pulse where the energy separation of the
beamlets is approximately a constant.

Results of a FEL interaction using an un-transformed (no beamlets) pulse with
large energy spread o, = 2 and of the transformed (beamlet) pulse are shown in figure 5.
As expected, for the pulse without beamlets and the large energy spread, only small
scaled peak powers of |A|*> ~ 107* are observed in the simulation. However, for the
transformed pulse with beamlets that have smaller energy spread, o,, < 1, and that are
matched to the undulator-chicane modules, powers 2-3 orders of magnitude greater are
observed. For the modulation period of 68\, used here (n = 68), matching was achieved
using undulator modules of 20 periods and isochronous chicane slippages of 48\,.. It is
seen that the FEL lasing is greater for the lower energy beamlets of the pulse around
Zy ~ 400. This preferential FEL interaction and amplification of the lower frequency is
consistent with the scaling of the FEL parameter p oc v~! which gives greater values
and so strength of interaction, for lower beam energies. In the simulations here, the gain
length of the higher to lower energy beamlets is up to ~50% larger. Evidence of the
modal structure in the spectrum is also observed in the scaled power spectrum (inset),
consistent with the undulator-chicane system which from (8) gives a mode spacing of
Aw = 0.0147.

Significant bunching of the electrons in one of the lower energy beamlets, with a
mean value of scaled energy < p >= (< v > —v,)/py- &= =5, is also observed as shown
in figure 6. Note from the lower plot for the spectrum that the electrons are bunched at
a lower frequency w/w, ~ 0.85 than the mean resonant frequency of the electron pulse.
This frequency shift from resonance is consistent with the lower mean energy of the
electrons as Aw/w, ~ 2p < p >= 0.16 and is in agreement with the radiation frequency
spectrum of figure 5. Electron bunching is also observed in a higher energy beamlet of
mean scaled energy < p >= 4, shown in figure 7. Here, the bunching is seen to be at
a less advanced stage, but can be expected to reach saturation on further propagation
through the undulater-chicane lattice.
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Figure 3. Top panel: Detail of the higher energy beamlet phase space distribution
function of equation 7 with a single beamlet delineated by white dashed lines. The
values of the scaled energy spread o, (middle) and py/po (bottom) were calculated
for the single beamlet as a function of Z;. Towards the pulse head (Z < 105) the
electron pulse is diffuse with a larger energy spread o,, and smaller p,. Nearer the
centre of the pulse (105 < zy < 125), the scaled energy spread decreases as the local
density, and pp, increase. However, further towards the pulse centre zZo > 125 the energy
spread increases further as the beamlet spilts into two identifiably separate beamlets,
while the value of p, tends towards a more constant value. The condition for lasing
of the beamlet of 0, < 1 is seen to be satisfied within this the head of the pulse
(and is also satisfied at the lower energy beamlets of the tail). The energy separation
between beamlets is also seen to satisfy condition (10) so that each beamlet can lase
independently. The energy separation between beamlets does not change significantly
with Zo, as neither does the longitudinal separation of beamlet regions with the same
energy. Towards the centre of the pulse however, the beamlet structures have a more
complicated phase space structure.

3. Fourier Synthesised Electron Beams

Further types of phase-space transformation of an electron pulse prior to generating

radiation have been proposed and called ‘beam-by-design’ [7]. An example is

investigated here to demonstrate the potential of such beam transformation prior to

injection into the FEL and the subsequent transformation in the FEL emission stage

using a series of undulator-chicane modules. An electron pulse consisting of a series
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Figure 4. As figure 3, but around the centre of the electron pulse about the mean
pulse energy. The beamlets are seen to ‘spilt’ into two separate beamlets. While
the scaled energy spread requirement for lasing o, < 1, is satisfied, the beamlet
energy separation condition (10) is only satisfied for a small region of beamlets about
the pulse centre. The beamlets are therefore unlikely lase independently with non-
overlapping bandwidths, so that the effective energy spread for the interaction is
increased, decreasing the ability of achieving significant FEL lasing.

rectangular shaped distributions in phase-space can be generated [13] and contains
a periodic series of current ‘spikes’. These current spikes are a source of coherent
spontaneous emission which may, through a series of periodic superpositions enabled
by chicanes, generate significant radiation output from an undulator-chicane lattice.
We note that other methods can generate similar beam structures, e.g. the E-SASE
approach [26], however the methods of [13] are used here to demonstrate the types of
more exotic interaction that may be modelled using non-averaged simulation codes such
as PUFFIN.

3.1. The Model - Coherent Emission from Rectangular Electron Pulses

A new approach to produce so-called ‘RF-function’ electron beams was introduced
in [13]. An RF-function generator produces a series of repeated wave forms by combining
sine-waves of different frequencies as in a Fourier series. In a similar fashion, an
electron pulse can be created with a phase-space that consists of repeated ‘waveforms’
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Figure 5. A comparison of the scaled radiation temporal power and spectral power
(insets) for an un-transformed electron pulse (panels a and b) and transformed pulse
of beamlets (panels ¢ and d), when propagated through an simple undulator and an
undulator-chicane lattice respectively and interaction length of Z =~ 30. The (red)
box shows the position of the electron pulse relative to the radiation (the head of
the pulse is to the left.) Note the different lengths of the electron pulses due to
differing dispersive effects of the chicanes. The beamlets propagating through a simple
undulator (panel ¢) is seen to give a small improvement to the output from the un-
transformed beam through both an simple undulator and an undulator-chicane system
(a and b respectively.) The improvement in output from the beamlets is increased
significantly when they are propagated through the matched undulator-chicane lattice
as shown in panel d. The undulator-chicane lattice amplifies side-band radiation modes
generated by the undulator-chicane modules and are separated by Aw = 0.0147 as seen
from the panel d inset and in agreement with the mode-spacing relation of (8). For
all results shown in this figure the radiation field has been filtered about the resonant
frequency 0.5 < w/w, < 1.5 to eliminate low frequency coherent spontaneous emission.

by modulation the electron beam using a series of seeded undulator modulators using
different seed wavelengths, amplitudes and phases. Following the notation of [13], here
a rectangular beam shape in phase space using a triple modulator-chicane lattice is
synthesized and subsequent radiation generation following injection into an undulator
chicane-lattice is modelled using PUFFIN.

While in [13] an infinity long electron beam was assumed, here, a finite electron
pulse with an initial Gaussian distribution in both z; and v is assumed, as given by
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Figure 6. Electron bunching in a lower energy beamlet at zZ ~ 30. The top panel plots
the charge-weighted electron phase space distribution ; the middle plots the bunching
parameter of the beamlet at the fundamental radiation frequency, and the bottom
plots the bunching spectrum of the beamlet.

equation (6). As detailed in the Appendix, the same Fourier synthesis as outlined
in [13] is applied using the beam modulation transforms given by equation (4) and the
energy dispersion transforms of equation (5).

In electron phase-space, the vertical segments of the rectangular waveform generate
regions of enhanced current, albeit with a larger energy spread. Each period therefore
contains two current ‘spikes’ which can generate significant coherent spontaneous
emission when their width is of a similar scale to a resonant wavelength [17]. However,
due to electron beam dispersion in the undulator, the sharpness of the current spikes
reduce on propagation, resulting in diminishing coherent emission. This dispersion of
the current spikes may be compensated for by the use of chicane systems with a negative
dispersion to allow for more prolonged coherent emission. The design of chicane delay
systems with negative dispersion have been previously designed and tested as part of
an accelerator lattice [27] and are also necessary for generating the RF-function beam
shapes [7, 13]. If the slippage per undulator-chicane module is also made equal to the
current spike separation, then the radiation is propagated from spike to spike and, if
correctly phased, can facilitate the constructive interference of the coherent emission
from each current spike in each new undulator module.
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Figure 7. Electron bunching in a higher energy beamlet at Z ~ 30. The top panel plots
the charge-weighted electron phase space distribution; the middle plots the bunching
parameter of the beamlet at the fundamental radiation frequency; and the bottom
plots the bunching spectrum of the beamlet.

3.2. Results - Coherent Emission from Rectangular Electron Pulses

The following simulations use the same electron pulse parameters as the previous
section, i.e., the electron pulse’s large energy spread is prohibitive to FEL gain.
The phase-space distribution of the electron beam for the rectangular waveform was
constructed from the analysis of the Appendix for three undulator-chicane modules
using the following parameters in [Ay, D]: [Ay; = 100,; D1 = nipyV/37/(2A7)];
[Aye = Ay /4; Dy = —3D1]; [Avys = A2 /16; D3 = —3Dy/4 = 9D, /4], with ny 53 = 20,
¢12 =0 and ¢3 = .

The initial current profile of the electron pulse contains a series of current spikes
at half the modulation period corresponding to 10 resonant radiation wavelengths or
10 x 47wp = 2 in units of Z;. On injection into an undulator, these spikes act as a periodic
series of phase correlated coherent emitters which, for a relatively short interaction
length of zZ ~ 1), generate a broad modal radiation spectrum as seen figure 8. However,
it is seen that alternate current spikes have dispersed to leave a series of more prominent
current spikes at twice the initial spacing of AZy &~ 4. This is reflected in the temporal
separation of the larger radiation spikes separated by Az, ~ 4). This also agrees with to
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Figure 8. The evolution of a rectangular electron beam in an undulator showing
top-to-bottom, the scaled radiation power |A|? as a function of Z, electron phase
space (v/7r,Z2) with detail inset, the scaled electron current as a function of z; and
the logarithm of the scaled radiation power spectrum |A|? as a function of the scaled
frequency w/w,.. The series on the left plot the output for a scaled distance through
the undulator of Z &~ 1 and on the right for zZ ~ 20.1 An electron pulse with an initially
large energy spread has been transformed into an electron pulse that contains a number
of rectangular waveforms (see second plot on the left). The electron pulse structure
now contains a series of current spikes of spacing Az; ~ 4. When this electron pulse is
passes through an undulator each current spike acts as a source of coherent spontaneous
emission. The radiation spectrum (bottom panels) show a broad bandwith modal
structure with modes separation Aw/w, &~ 0.05. As the electron pulse propagates
along the undulator, the rectangular waveforms will disperse, and increase the current
spike widths and reduce current spike amplitudes. As the current spikes’ ’sharpness’
decrease the coherent radiation produced by the current spikes will decrease. Because
of this no amplification is seen when passing such an electron pulse through a long
undulator, as shown in the r.h.s. of this figure.

the spectrum in which a series of modes are generated with separation, from equation (8),
of Aw/w, = 0.05 about the resonant frequency.

On propagating further through the interaction region to larger values of z ~ 20,
the right hand panels of figure 8 show that the energy modulation of the rectangular
electron beam causes the electron beam to disperse in the undulator degrading the
visibility of the current spikes and so decreasing the coherent spontaneous emission
generated. Clearly, these dispersive effects mean that there is no benefit in increasing
the interaction length over that of z = 207p ~ 1.
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Figure 9. By using chicanes with a negative dispersion, the undulator dispersion
of the rectangular sections of the electron beam can be partially compensated for as
seen here for z ~ 10. In doing so the electron pulse can continue to emit coherent
emission in each undulator module. Here, each undulator module has 5 periods and
each chicane delays the electron pulse by approximately 5 resonant periods, to match
the current spike separation. Note that there is small FEL interaction as evidence by
electron microbunching (not shown).

By using chicanes with a negative dispersion it is possible to partially compensate
for the undulator dispersion and maintain a spiked current profile that can continue to
emit CSE over a larger number of modules. An example of this is shown in figure 9
were the chicane dispersion is set equal the negative of the undulator dispersion, i.e.
D = —[ [23]. The total undulator-chicane slippage for the radiation was again set
equal to the current-spike separation, s = 10 x 4mp. For this case, undulator-chicane
modules of 5 undulator periods and 5 chicane slippage periods were used. In this way,
the CSE from successive undulator-chicane modules superimpose and constructively
interfere increasing the radiation power emitted.

However, the radiation fields from each undulator-chicane do not superimpose
coherently and the radiation energy is seen (not shown) to scale approximately as the
number of undulator-chicane modules - a phase-matched coherent superposition would
give a radiation energy which scales as the square of the number of undulator-chicane
modules. The reason for this non-coherent superposition is that the dispersion of the
large energy modulated beam in the undulators cannot be perfectly compensated for
by the negative dispersion in the chicanes. (Phase space dispersion of electrons in the
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Figure 10. As figure 9, but now using an optimised chicane which maintains the
rectangular waveform electron pulse structure in phase space as it propagates through
the undulator-chicane lattice. The rectangular electron waveform emits coherent
radiation in each new undulator module which constructively interferes with the
radiation in subsequent undulator modules.

undulator is due to differences in the axial speed v,, while electron dispersion in the
chicanes is due to differences in the electron energy, v.) This is observed from the slight
‘bowing’ of the rectangular structure of the electrons in phase space in figure 9. Two
possible methods to improve this are to reduce the initial energy modulation of the
rectangular wave (the results here are for a relatively large energy modulation) or to
use a (hypothetical) optimised chicane design which has a non-linear dispersive strength
as a function of «. Here the latter is used and the results shown in figure 10. Now,
the bowing of the rectangular structure of the electrons in phase space is seen to be
removed and the power of the radiation increased. The coherent radiation from each
undulator-chicane module is now phase matched and is superimposing coherently after
each module. The radiation energy is now also observed to increase in proportion to
the square of the number of modules.

A comparison of a normal (untransformed beam) FEL amplifier with the methods
of beamlets of the previous Section and that of the fourier synthesised rectangular beam
of this section is given in figure 11 which plots how the scaled energy E of the radiation
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Figure 11. The total radiation field energy E(Z) of the normal (untransformed,
no chicanes) FEL, beamlet FEL, and rectangular beams with linear and optimised
chicanes. The radiation is filtered around the resonant frequency, 0.5 < w/w, < 1.5.

pulses evolves with the interaction length z, where:

+o0
E(z) = / |A(Z, Z)|dZs. (11)
—o0
Before performing the integral in (11) the field was first fourier bandpass filtered so that
only contributions about resonance in the interval 0.5 < w/w, < 1.5 are considered
(this removes the significant low-frequency CSE content.) The introduction of the
phase=space transform to generate electron beamlets is seen to increase the exponential
growth rate over the normal FEL interaction by a factor of approximately two. While
the rectangular electron beams are seen not to have an exponential gain, it is essentially
a Coherent Spontaneous Emission process, the starting powers are much greater than
the FEL processes which start from spontaneous shot noise. It should be noted that
when the CSE simulations predict radiation powers that are a significant fraction of the
electron beam energy, that the effects of photon recoil should be included in the model.
These effects are not included in the classical simulations presented here.

4. Conclusion

This paper has sought to demonstrate what may be possible when electron beams are
transformed to alter their properties before injection into an FEL-type system. It is
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stressed that the methods demonstrated here are not proposals for any specific design
or operational wavelength. Rather, they are used to demonstrate possible research
directions towards future light sources, some of which have already been envisaged [7].

Here, the focus was to generate significant radiation output from electron beams
that have insufficient beam quality to lase under normal FEL operation. These methods
may be developed further and made more specific e.g. to the electron beams generated
from plasma accelerator sources which, to date, tend to have relatively high energy
spreads. Other possibilities, such as multiple frequency generation, ultra-short pulses,
chirped pulses (possibly shorter wavelengths) and others, are potential research areas.
One topic that is apparent, but has not been explored here, is the introduction of
tapered undulators into the design process. For example, the introduction of tapered
undulators, matched to compensate for the chirped beamlets of above, instead of using
chicanes, can be expected to produce interesting radiation output.

It is noted that the simulations presented here cannot be modelled effectively, or
at all, using simulation codes that are used to successfully model the ‘normal’ types
of FEL interactions. Unaveraged FEL codes, such as the PUFFIN code used here, are
required.
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Appendix

The final distribution function of a triple-modulator-chicane scheme is given below.

~exp (; (1-+ Arsint g2+ 2Dty = 20)/2) + )

+Av, Sin(%((@ +2D3(y =) /) + 2D2((v + Ays sin(2n13p(22 +2D3(y —¥r) /) + #3)) — V) /) + 02))

nap

. 1 B ) 1
+Am Sln(m(((@ +2D3(y — )/ ) + 2D2((y + Az Sm(2n3

+2D1(((y + Ays sin(2

p(22 +2D3(y =) /) + 3)) = ¥r)/Vr)

(224 2D4(1 = )/0) + 63)) + Arasin(s— (22 + 2Ds(y — 1))
n3p nap

2
+2D2((7 + A'Y?, Sin( 27;[3,0 (22 + 2D3(’V - %")/’Yr) + ¢d)) - %")/’77") + ¢2)) - ’77")/’77") + ¢1)] - 'Vr) >

exp (2;'i <[((52 +2D5(y — ) /) + 2D2((v + A3 Sin(2nl3

22

p(fz +2D3(y =) /) + ¢3)) = )/ Vr)

+2D1 (((v + Ays Sin(2nlgp(fz +2D3(y — 7))/ ) + ¢3)) + Ao Sin(ﬁ((fz +2D3(y —vr)/ )

+2Do((y + A3 sin(znlgp(iz +2D3(y =)/ ) + ¢3)) — ) /) + B2)) = ¥r) /] — Zc> )

The energy modulation parameters A7y o3, modulation frequencies ni23 =
k123/ky and modulation phases ¢35 are associated with first, second and third
modulator sections respectively. Similarly D3 are the dispersion factors for chicane
1,2 and 3. 0,3, is the standard deviations in v and Z;. The resonant energy is defined
as vy, =< > |5=0 and the electron pulse centre is given by Z..
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Abstract

The FEL simulation code Puffin is modified to include 3D
magnetic undulator fields. Puffin, having previously used a
1D undulator field, is modified to accommodate general 3D
magnetic fields. Both plane and curved pole undulators have
been implemented. The electron motion for both agrees with
analytic predictions.

INTRODUCTION

Puffin [1] is an unaveraged 3D FEL code which does not
make the Slowly Varying Envelope Approximation (SVEA)
or period averaging in its analytical model. As such, it is
capable of modelling the a broad radiation field spectrum,
full longitudinal broadband electron beam transport through
the undulator, and Coherent Spontaneous Emission (CSE)
emerging from current gradients in the beam.

However, although Puffin models a 6D electron beam and
3D radiation field, it does not employ a 3D magnetic undu-
lator field. Instead, it implements a 1D undulator field with
no off-axis variation. Superimposed, is an external focusing
channel which is an approximation of the natural focusing
found in a helical undulator. This focusing channel may be
strengthened or weakened through the use of a ‘focusing
factor’ [2] to obtain a desired betatron frequency.

Such a model does not simulate the detuning of the reso-
nance condition in the transverse dimensions. Nor does it
allow the focusing to emerge naturally from the off-axis vari-
ation of the magnetic fields. The resulting electron motion
is an approximation in the case of a helical or curved-pole
undulator; it is inaccurate in the case of an undulator with
plane poles. Furthermore, the betatron motion as derived
in Puffin is only valid when the electron beam is close to
mono-energetic.

There is a need to model more realistic undulator fields;
in particular, plane pole and curved pole undulators are more
common than helical undulators for UV/X-ray FELs. There
is therefore a requirement that various 3D planar undulator
types be implemented in Puffin.

In the following, the Puffin model is first generalized to
include general undulator magnetic fields. This model also
allows a helical field description to be developed. Note
also that this general magnetic field description need not be
limited to undulators, and may allow future alternative appli-
cations of the Puffin code, to solve other radiation-electron
interactions in static magnetic fields.

FEL Theory

This general description is then used to implement both a
generic plane pole and curved (canted) pole undulator FEL.
Results are presented to demonstrate the correct electron
motion and radiation characteristics are being solved.

MODIFIED MATHEMATICAL MODEL

The derivation of the FEL system of equations modelled
by Puffin is given in [1], using a magnetic undulator field

B, = 7"(ue”‘uZ +c.c.), where u = u, X + iu, § defines the

polarization of the undulator. Following the same derivation,
but using a general 3D magnetic field of the form B = B, X+
By ¥ + B; 2, one obtains the following system of equations:

1, 62 92 92
. — + — ) — A, =
[2(0;22 952 (’)ZBZz] B
N
1 0
——— ) p;Li6 .5/, %0; 1
W %;py 6 (E,55.2) (D)
dpij 1 np2j o
v L 7&] —iapyLib,  (2)
dpz} P2 — *
d_z :ELJ [npzj(leAij + C.C.)
—i(1+npop)®(pujby; —cc)] B
dzy;
o 4
dz P2j ( )
d.fj Zpa
P R(p 5
dz \/ﬁ Jj (pJ_]) Q)
dy; 2pa
— = L:9((p.). 6
dZ \/ﬁ J (Pi]) ( )
where
_ pL euayl,
= A = —E
pL mca,’ * 2V2y2mc2p -
L (aep ey
P= vr \ 4ck, ’ “7 mek,’
ay .
a = , b, =b,—ib,, @)
207+ B Y

and by y ; = By y, ./ By are the scaled magnetic fields in x,y
and z, respectively, and By is the peak on-axis magnetic field.
Other parameters remain as defined in [1]. The FEL param-
eter p above is defined using the peak undulator parameter,
rather than the .m.s. undulator parameter.
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Using the above system of equations, one may use by, b,
and b, to define a static 3D magnetic field with which to sim-
ulate the energy exchange between a co-propagating electron
beam and radiation field. The model is still subject to the
same limitations as in [1], i.e. the paraxial approximation
and the neglect of the backwards propagating wave.

Currently, two 3D undulator fields have been implemented
in Puffin using this model, both derived from [3,4]. The
first is an undulator field with canted, or curved, pole faces,
providing beam focusing in both transverse dimensions:

Fe - ]
by =];— sinh(k, ) sinh(ky y) sin(z/2p),
y
by = cosh(k,x) cosh(lzy)‘)) sin(Z/2p),
_\n

z =

pkx

®)

cosh(k, %) sinh(ky ¥) cos(Z/2p),

where k. y give the hyperbolic variation of the magnetic
field in X, ¥, and must satisfy
B2 2= L
ky +k5 = ye ©)
The second undulator type is a planar undulator with plane
pole faces, described by:

bx :0’
by = cosh(VTT7/2p) sin(z/2p).
b, =sinh(/ny/2p) cos(Z/2p).

SIMULATIONS

The electron transport through both of these undulator
types is well known. Some simple tests can therefore be
designed to see if the electron motion in Puffin exhibits the
correct behaviour.

As described in [3], a natural focusing channel arises from
the off-axis variation of the magnetic field in the curved-pole
undulator. From this so-called "natural’ focusing, one ex-
pects a slow oscillation characterised by betatron wavenum-
bers and corresponding matched beam radii in ¥ and y, given,
in the scaled notation, as:

(10)

ayky

k k Quly (11)
Bx = > By = >
\2nyr 2nyr
. e
o= |25 Gy = 4|22
kpx kpy

respectively.

For the curved pole simulation, p = 0.0017, a,, = 4.404,
€x,y = l and y, = 575.63. A small electron pulse is used
to generate a significant amount of coherent spontaneous
emission (CSE) [5], to avoid a noisy transverse intensity dis-
tribution, allowing an simple check of the emitted radiation
properties.

The radii in X and y, matched at injection, are are seen to
be constant throughout propagation. &y is plotted against Z
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Figure 1: The electron pulse radius 7 plotted as a function
of distance through the undulator.

in Figure 1. In this case, ky = ky, which, from condition (9)
and equation (11), results in

ay

4py, ’

kgx = kgy = 13)
and, from (12), matched beam radii of 7, = 0.039, giving
good agreement with Figure 1.

Similar to the curved-pole undulator, a natural focusing
channel also arises in the plane-pole undulator, this time
exclusively in the y direction. For this simulation, the pa-
rameters used are identical to the curved pole case, except
the beam energy and the undulator parameter are adjusted
to y, = 238.04 and a,, = 1.2876, to give the same betatron
wavelength and transverse radii for comparison to the curved
pole case.

The betatron period and matched beam radius in y are
now:

- a,

kgy = ———, (14)
P a2y,
- PE

Ty = w/k—y (15)
By

and electron motion in the (X, p,) dimension should undergo
free space dispersion when averaged over an undulator pe-
riod, resulting in an expansion of the beam in the ¥ dimen-
sion.

The radius in X during propagation is plotted in Figure 1,
showing the beam expansion. The initial radius in X is here
set to the matched radius in y, so 7y = 0, = 0.0327. The
radius in y remains constant, as expected.

Another test which can be made on the electron motion
is that, again from [4], |p. |2 = 0.5 remains constant for all
electrons when averaged over an undulator period, which
maintains a constant resonance condition throughout their
betatron oscillations. This condition is seen to be satisfied
in Puffin.

FEL Theory
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Figure 2: Transverse intensity profile of the 1°? harmonic.

2nd harmonic

|
|
|

L
-1 -0.8

-06 -04 -0.2 0 02 04 06 08 1

X

Figure 3: Transverse intensity profile of the 2¢ harmonic.

Puffin, being and unaveraged, non-SVEA code, is capable
of the self-consistent simulation of the full radiation field
spectrum in the FEL. The transverse intensity distributions
of the first 2 harmonics in the plane-pole case from CSE
is shown in Figures 2 and 3, showing the expected on-axis
emission for the first harmonic and the off-axis emission for
the second harmonic [6].

CONCLUSION

The system of equations (1 - 6) have been derived in
order to implement more realistic 3D undulators in Puffin,
increasing the scope of the code.

The betatron oscillation of each electron arises naturally
and self-consistently from the motion of the electrons in
the specified undulator fields - it is not an approximation of
the motion, which would only be valid for electrons close
to a given energy, super-imposed on top of another system
of equations. Consequently, the functionality reported here
will allow the simulation of broadband electron beams trans-
ported correctly through the FEL.

FEL Theory
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The work here may be combined with the model presented
in [7], which describes how to employ a taper in the equa-
tions, to taper an undulator module’s magnetic fields to and
from zero over the first and last few undulator periods in each
module. As well as more closely modelling a ‘realistic’ un-
dulator, this avoids the task of calculating the correct initial
conditions of the electron beam macroparticles that ensures
a stable propagation along the undulator. This calculation
can non-trivial, particularly for beams with a large energy
spread.

Other static magnetic fields, such as quadrupoles, may be
added to the equations. They would be subject to the same
scalings presented here, which are specific to the FEL - for
example, z is scaled to [, the FEL gain length. It is intended
this will be done in the future.
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ABSTRACT

A potential method to improve the free electron laser’s
output when the electron pulse has a large energy spread is
investigate and results presented. A simplified model is the
first given, in which there are a number of linearly chirped
beamlets equally separated in energy and time. By using
chicanes, radiation from one chirped beamlet is passed to
the next, helping to negate the effect of the beamlet chirps
and maintaining resonant interactions. Hence the addition of
chicane allow the electrons to interact with a smaller range
of frequencies (Aw < 2py,), sustaining the FEL interaction.
One method to generate such a beamlet structure is presented
and is shown to increase FEL performance by two orders of
magnitude.

INTRODUCTION

Free Electron Lasers are already important research tools
and have started to unlock many new areas of science in
diverse fields such as; Warm-Dense matter studies, short
pulse protein diffraction and medicine/surgery. Current Free
Electron Lasers rely on linear accelerators to provide the
electron bunch, for an x-ray FEL the accelerator can be kilo-
metres long. The potential for plasma-wakefield accelerators
to drive the Free Electron Laser has been of theoretical and
experimental interest for many years. Plasma accelerators
generate accelerating gradients on the order of 103 times
greater traditional linear accelerators, which offers the po-
tential to reduce the total length of the FEL. Electron pulses
used in free electron lasers can exhibit a large energy chirp
(greater than 1 % of mean electron beam energy) which can
degrade the FEL interaction. Linear energy chirps have been
previously studied in [1] the results of this work have been
recreated here using Puffin [2] an unaveraged 3D parallel
FEL simulator. The results of these chirped pulse simula-
tions are in good agreement with [1] showing the flexibility
of Puffin. Electron pulses from plasma accelerators are lim-
ited by a large energy spread, this is also issue with older
accelerators were energy spread is sacrificed for a larger
rho (a measure of FEL efficiency) and higher pulse ener-
gies. A method that may allow the free electron laser to
operate with a large energy spread is proposed, simulations
were performed using Puffin. In this method a chirped elec-
tron pulse is split in a number of chirped electron beams or
beamlets. To sustain the FEL interaction radiation is passed
from beamlet to beamlet by applying a series of chicane slip-

FEL Theory

page sections. By making the slippage in undulator-chicane
module equal the beam separation the radiation pulse will
continuously interact with electrons within the same energy
range. One method to generate a similar beamlet structure,
the beamlet method, is presented. In the beamlet method a
modulator-chicane section is used to generate a set of beam-
lets which have a smaller local (slice) energy spread than
the initial electron pulse. Radiation is then passed from
these areas of reduced energy spreads to sustain the FEL
interaction. This method shows an approximate two-fold
improvement in the radiation field intensity and a four-fold
improvement when the radiation field is filtered around the
resonant frequency.

SINGLE CHIRPED PULSE

When an electron pulse is given an energy chirp, the
effects can be both beneficial and detrimental to the FEL
interaction depending upon the gradient of the chirp [1].

10° - /

| AP/ | Aac]?
N

107F

Figure 1: Chirped electron pulse: the scaled saturation power
|A|? is plotted as a function of the energy chirp, the energy
chirp parameter [1] is given by & = —i;—gz, were |Agqr|?
is the saturation intensity at @ = 0. This agrees with Figure
2 of [1] where matching parameters parameters have been
used. |A1%/|Agar)? is equivalent to i from [1].

The results of [1] are reproduced using Puffin. Puffin uses
the scaled notation of [3,4],were z, defines a position in the
electron bunch and is given by 7 = (¢t — z)/l. where the
cooperation length is defined as /. = A, /4mp. The scaled
eudylg

——£ F ,whereu
2V2y2me?p +
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describes the undulator polarization (i.e. u = 1 planar or
u=v2 helical), which in this case is helical. At saturation
in the free electron laser exhibits temporal spikes of the order
ALA* = AP = 1.

Figure 1 shows the normalised saturation power
(|AI*/|Asqr?) against energy chirp parameter &, where
|Agar|? is the average radiation field at saturation for the
unchirped electron pulse. The resonant energy is defined
as the initial average energy y, =< y; > |;=0 and the gain
length is defined as [, = A, /4w p. The saturation length for
various chirps was estimated from Figure 1 of [1]. It should
be noted that extending the simulation along a long undulator
can generate large power spikes of |A|> = 25 (see Figure 2).
This result was not included in [1]. The electron pulse’s
energy chirp is beneficial, with a flat-top (non-chirped) elec-
tron pulse, the electron pulse loses energy as the radiation
field grows after a number of undulator periods the elec-
trons are no longer resonant with the initial radiation field
(i.e. the electron pulse can now only amplify radiation at a
lower frequency). With a chirped pulse the interaction can
be sustained, when the radiation pulse propagates through
the electron pulse it will find electrons at a higher energy
(which are not resonant with it) and electrons that have lost
energy which are now resonant with this radiation pulse.
This technique is similar to undulator tapering, wherein the
undulator’s magnetic field is longitudinally tapered to main-
tain a resonant interaction along the undulator. The resonant
FEL interaction continues as the radiation pulse propagates
through the electron pulse allowing the generation of large
radiation spikes.

0 Wi bl S
0.9 1 1.1 0.9 1 1.1

w/w,

Figure 2: Comparison of chirped electron pulses with differ-
ent gradients at 7 = 25, for & = 1.3 larger radiation spikes
are generated. The energy chirp is beneficial to the FEL
interaction because the energy chirp is matched to the rate
of energy loss by the electrons so maintaining resonance
as the spike propagates through the electron pulse. Larger
radiation spikes are present when @ = 1.3 because as the
radiation pulse as propagates through the electron pulse it
will interact with more electrons within it’s FEL bandwidth
than it will with a larger energy chirp.
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MULTIPLE CHIRPED PULSES -
BEAMLETS

In this Section multiple chirped pulses equally spaced in
energy are presented. We call this a system of "beamlets’.
Five beamlets are linearly chirped in energy and then equi-
spaced in energy. A schematic of the chirped beamlets is
shown in Figure 3 The energy separation of Ay = 2.5py,
with a gradient d% = Y.

In Puffin each macroparticle is given a macroparticle
charge weight y; defined as x; = nj/n, [2], n; is the
macroparticle charge density and n,, is peak macroparti-
cle density of the electron beam. In the beamlet model here,
the chi-value of each macroparticle is given by y,, = x,;/Np
where N, is the number of electron beams and Y/, is the chi-
value if only one beam were modelled. Therefore if all the
electron pulses have the same resonant energy (i.e. Ay = 0)
and then the pulses would be indistinguishable.

Table 1 lists all the relevant simulation parameters.

The Model - Multiple Chirped Pulses

(v =)/ (o)

Figure 3: This diagram shows the initial electron pulse phase
space. Five cold electron pulses with a linear energy chirp
are overlapped and separated in energy by 2.5py,. The chirp
gradient is j—z?'z = v, p and the temporal separation is 2.5 /.

The basic principle of this model is to pass radiation from
beamlet to beamlet. This is achieved by using a undulator-
chicane lattice, the range of electron energies experienced
by a radiation pulse can be controlled by changing number
of undulator periods per undulator-chicane module.

Standard mode-locking free electron laser theory [5,6]
states that an undulator-chicane lattice will amplify modes
which are separated by Aw/w, = 4mp/s , where § is the
scaled slippage in an undulator-chicane module 5 = s//.
The undulator-chicane slippage is the sum of slippages in
the undulator / and chicane § i.e § = [ + §. The beamlets
are are separated by Ay in energy which can be rewritten as
a frequency difference of Aw/w, ~ 2Ayy, using the reso-
nance condition. To lock the modes these two frequencies
are equated; 2Ay /vy, = 4mp/s. The chirp gradient is given

FEL Theory
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by the ratio of the beamlets energy and temporal separation.
In this case the temporal separation is given by § to ensure
that the radiation always interacts with electrons of the same
energy range. Therefore the electron chirp gradient is given
as,

dy Ay 4mpy, 1

dz, A7, 25 5
dy _2npyr
L == 1
dz, 52 M

In Figure 3 the initial electron pulse phase space is shown, the
cold beam approximation is made, the beamlets are separated
by 2.5py, and have energy chirp such that j—;; < py,. This
condition ensures that for 1/, (gain-length) of interaction the
radiation field only interacts with electrons within the FEL
bandwidth, a value of j—gz = py, was chosen. Temporally
the beams are now separated by 2.5/.. By using an undulator-
chicane lattice radiation can be passed from one beamlet
to the next. The undulator-chicane slippage is set equal to
the temporal separation of the beamlets, by doing so the
radiation pulse at the start of each undulator module can
interact with electrons of the same energy. This allows the
radiation field to continuously interact with electrons of the
same energies sustaining the FEL interaction.

An electron pulse with a linear energy chirp will have
an energy dependent slippage length, s,, because electrons
travelling at different speeds will arrive at the end of the
undulator at different times. Therefore the separation of
the modes amplified by an undulator-chicane lattice will be
energy dependent Aw/w, = 4rp/5,, where 5, = I, +§,,.
Here l_y and &, are the energy dependent slippages in the
undulator and chicane respectively. The energy dependent
slippage can be written as,

5,=(U+D)pyj—D+35 )
were paj ~ 1 —2(yj —,)/vr, orin terms of y;,
syzz(u)(h/))m 3)
Yr

As the modal separation of the undulator-chicane modes
is now energy dependent this can reduce the mode visibility
for large energy chirps and long undulators. It is possible
to overcome this by applying a negative dispersion in the
chicane , when D = —[ the effect of the energy dependent
slippage is negated (i.e. §, = §). Equation 3 also explains
why using a long undulator (large /) can destroy the mode-
locking by increasing the energy dependence of the slippage
length. Similarly a large dispersion D also increases the
effect of the energy dependent slippage.

Results - Multiple Chirped Pulses

The simulations that follow were performed using Puffin
with the parameters stated in Table 1. Numerous simulations
were performed to demonstrate the effects of changing the
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Table 1: Simulation Parameters for Multiple Chirped Pulses

Parameter | Value description

Q 3E-12 C | charge per electron pulse
P 0.001 FEL parameter

Vr 176.2 mean energy of beamlets
Ip 801, bunch length

ay 0.511 undulator parameter

Ay 2.5 py, | beam separation in energy
AZp 2.5 beam separation in time
dy . .
T -0Yr linear electron pulse chirp
@ 2 Saldin chirp parameter

undulator-chicane configuration. The effect of the energy
dependent slippage is demonstrated, by destruction of the
modes when increasing / and D (see equation 3). It is will
also be shown that modes normally destroyed by a long un-
dulator (large ) can be recovered by applying a negative
dispersion such that each undulator-chicane module has zero
dispersion, i.e. D = —1, in accordance with equation 3. In
addition to this previous unknown chicane modes are gener-
ated after the undulator-chicane modes are destroyed. The
additional modes are generated by a slippage only chicane.

Average Scaled Power
T

.
~-1=180,6 = 20 PSSR

.

-e ] =150,6 = 50
—no chicanes
—1 =50,0 =150

0 1‘0 2‘0 SiO 4‘0 5IO 60
Figure 4: Comparison of a simulation using chicane slip-
page sections to a simulation without chicane sections. The
average radiation power is plotted against 7 (i.e. undulator
position). For a large section of the FEL interaction the av-
erage radiation power is a factor of ten greater when chicane
slippage sections are used.

Figure 4 shows that the average power from beamlets
is dependent on the undulator-chicane lattice step-up, in-
creasing the undulator length (while decreasing the chicane
slippage) produces higher radiation powers, as happens in
normal mode-locking free electron lasers.

In Figure 5 five beamlets are sent through an undulator-
chicane lattice. This lattice amplifies modes that are sep-
arated by Aw/w, = 4np/5 = 0.005 where § is the scaled
slippage in an undulator-chicane module. Electron pulses
with an energy chirp have an energy dependent slippage
(equation 3), i.e. higher energy electrons slip less than low
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Figure 5: At 7 = 40 the radiation is high (top panel), electron
microbunching is well developed (middle), the spectrum of
the field is shown in the bottom panel. In this case [ =
0.2513,6 = 2.2619. Giving a modal separation is given by
Aw/w, = 4rnp/s = 0.005, which matches the numerical
result well.

Intensity at z = 40.2124

o b B A L O AT
£ 330 |335 400 40! o

o 50 100 150 200 250 300 350 400 450 500

Z2
T T T T T
1.02 e
=
1 - o
[ 1,02 \"\\
- “'—-\“._.‘ ]
1,015 Ppmmamn
0.96 396 398 400 402 s
o 50 100 150 200 250 300 350 400 450 00

: P T PP OOt [P 11190 AN | 8 Wl il
0.92 0.94 0.96 0.98 1 1.02 1.04
w fuwy

Figure 6: This simulation is identical to Figure 5 , expect
that the chicanes now apply a small dispersion to the electron
pulse which disrupts mode formation. The reason for this
is that an electron pulse with such a large energy chirp will
have an energy dependent slippage length. For example
the slippage of a low energy electron will be greater than
that of a higher energy electron. Using a dispersive chicane
will increase the difference in slippage lengths between high
and low energy electrons. Therefore modes generate at the
head of the pulse will have different § than at the tail and
hence a different Aw, /w, = 47p/5 (see Eq. 3), such that
the modes start overlapping each other. However using a
non-dispersive chicane means that the difference in modal
separation is due solely to undulator dispersion, which is
small enough to allow the modes to form.

energy electrons. The result of this is that any mode-locking
that occurs at the high energy part of the pulse will involve a
different set of modes than low energy part of the pulse. The
energy dependent slippage (equation 3) can counteracted
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by using a short-undulator and a slippage only chicane as
is seen Figure 5. However using a dispersive chicane will
increase the effect of this energy slippage (equation 3), as
higher higher electrons will propagate more than low energy
electrons increasing the difference in their slippage lengths.
This difference in slippage lengths means that radiation field
cannot be passed to the same energy range from one elec-
tron pulse to the next. The combination of these effects
destroys the modes as is shown in Figure 6. The modes are
also destroyed when using a long undulator (Figure 7), as
the undulator dispersion over a large number of periods is
significant enough to disrupt the mode formation.

In Figure 7 a dispersionless chicane generates an extra
set of modes separated by dw = 4np/6 = 0.02, these
modes are generated because the beamlets will produce a
radiation pulse before and after the dispersionless chicane
that are similar (nearly identical), therefore the only modes

Intensity at z = 40.2124
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Figure 7: In this simulation longer undulator modules are
used, / = 1.885,6 = 0.6283 and slippage only chicanes.
Using a longer undulator will produce more dispersion in
the electron pulse, this makes the energy dependent slippage
between electron of various energies greater. Therefore the
radiation modes now overlap. However the slippage only
chicanes will produce modes separated dw/w, = 4rp/J,
this because the electron pulse will produce similar (nearly
identical) radiation pulse before and after the slippage only
chicane. Therefore the only modes that can survive the U-
CS-U section are given by dw/w, = 4np/d = 0.02.

that can survive this chicane slip are those separated by
dw = 4rp/5 = 0.02. These modes can be replaced by the
original modes by applying a negative dispersion in the chi-
canes (Figure 8), the dispersion is in a chicane is such that
the total dispersion by an undulator-chicane module is now
zero. Having zero-dispersion undulator-chicane modules
negates the effects of the energy dependent slippage (see
equation 3); as energy dependent slippage and dispersion
are the same thing. Using zero-dispersion undulator-chicane
modules hinders the development of the bunching, reducing
the radiation intensity. The modes of Figure 7 can also be
generated by using a short undulator (U), a dispersion only
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chicane (CD) and a slippage only (dispersionless) chicane
(CS). For this simulation (Figure 9) of an undulator-chicane
lattice was constructed from modules of U-CD-U-CS, where
each undulator has half the number of periods (10 periods)
of the undulator used in Figure 5. The dispersion only chi-
cane will supply the equivalent of 130 periods of undulator
dispersion. This gives a total dispersion of 150 periods per
module just as in Figure 7 and then the slippage only chicane
generates modes separated by dw = 4mp/6 = 0.02.

Intensity at z = 40.2124
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Figure 8: The modes that where destroyed in Figure 7, can be
restored by using a chicane that applies a negative dispersion.
The magnitude of dispersion applied is equal to the amount
dispersion experienced in the preceding undulator section,
therefore in an undulator-chicane module there is effectively
zero dispersion. In this simulation / = 1.885,5 = 0.6283.
The modes are more clear in this case because of the zero dis-
persion undulator-chicane modules, where as in Figure 7 the
undulator dispersion causes a differential slippage whereby
the mode separation varies with energy. Note the reduced
radiation intensities, which is due to the negative dispersion
chicanes that prevents the formation of microbunches.

A full understanding of the interaction of multiple elec-
tron pulses (beamlets) is important when modelling more
advanced 'novel’ FEL schemes. The effect of undulator
length, energy dependent slippage and dispersion has been
analysed, and will impact different FEL schemes where large
variation in electron energies are present.

BEAMLETS

In this section a technique to generate chirped electron
pulses from a single electron pulse is presented. The beamlet
technique is a two stage method which involves an undulator
and a chicane. The electron pulse is modulated in energy
and then dispersed. This generates a series of beamlets
with reduced local energy spreads, passing radiation from
beamlet to beamlet can sustain the FEL interaction.

The Model - Beamlets

The electron pulse is first modulated in an undulator and
then dispersed by a chicane section, these transformations
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Figure 9: Using a unique undulator-chicane lattice, con-
sisting of dispersion only chicanes (CD) and slippage only
chicanes (CS). The lattice is constructed from blocks of U-
CD-U-CS arranged in series. In the undulator / = 0.1257
(10 periods), in the dispersion only chicane (CD) the equiva-
lent of § = 1.6336 (130 periods) of dispersion is applied and
in the slippage only chicane (CS) a slippage of § = 0.6283
(50 periods) is used. Therefore the dispersion is the same per
module as it is in Figure 7. As in Figure 7 the slippage only
chicane generates modes given by dw/w, = 4np/é = 0.02.

are performed by applying the point-transforms given below,

[z
Yi =7j+ Ymsin (2—;) 4)
7oy = T +2D(”;—”). )

Upon exiting the chicane the electron pulse has a unique
phase-space structure. In Figure 10 this phase space struc-
ture is shown and is similar to series of chirped electron
pulse or beamlets. After the undulator-chicane section the
beamlets are passed through an undulator-chicane lattice,
this allows radiation to be passed from beamlet to beamlet,
similar to the chirped electron pulses method present ear-
lier, sustaining the FEL interaction throughout the electron
pulse. The slippage in a undulator-chicane module is there-
fore equal to the period of energy modulation. A modulation
amplitude of y,, = 0.04y, and dispersion of D = 200 was
selected.

Results - Beamlets

An electron pulse with a large energy spread and Gaus-
sian current profile is initially generated (o, = 2.5y, p, were
p = 0.01). Applying a Gaussian distribution in energy and
space will reduce the charge density at the electron pulse
corners (in phase space) see Figure 10. Macroparticles with
such a low weight are eliminated by Puffin, consequently
the electron pulse’s phase space is rounded. The electron
pulse’s Gaussian current profile generates coherent emission
at the lower frequencies consequently this radiation has been
filtered out. Due to the electron pulse’s large energy spread
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Figure 10: The EEHG beamlet scheme, an electron pusle of
a large energy spread is energy modulated (y,, = 0.04y,)
and dispersed (D = 200) by applying transform 4 and 5.
This results in the formation of beamlets with a reduced local
energy spread. Radiation can then be passed from beamlet to
beamlet sustaining the FEL interaction. The electron pulse
was given gaussian distribution in space to cut down on
coherent emission from the pulse edges. The macroparticle
model of Puffin eliminates marcoparticles whose weight is
below a certain threshold, as such the particles at the corners
of the pulse (in phase space) have the lowest weight and are
eliminated. This leaves the outer beamlets less dense and
therefore less able to contribute to the FEL interaction.

it cannot produce and amplify FEL radiation to useful in-
tensities, at 7 = 40 generally consider to beyond saturation
significant radiation is not present (Figure 11 ). However
by applying equations 4 and 5 the electron pulse is trans-
formed into beamlets. These beamlets (at 7 = 40) show
an approximately two-orders of magnitude improvement
as can be seen in Figures 12 and 11. For these simula-
tions p = 0.01 and the undulator-chicane lattice had 50
undulator periods per module (/ = 6.2832) and 18 chicane
(6 = 2.2619) slippage periods. In Figure 13 a comparison is
made between the beamlet case and the original beam, the ra-
diation field has been filtered around the resonant frequency
0.8 <w/w, <1.2.

CONCLUSION

The interaction of multiple electron pulses has been anal-
ysed and this understanding should prove useful when de-
signing more novel FEL techniques. A potential scheme for
generating radiation from an electron pulse of large energy
spread has been demonstrated. However many improvement
(optimisations) should be possible. Using dispersive chi-
canes further along the undulator-chicane lattice may help
improve the FEL interaction. Due the energy dependent
slippage of the beamlets, it may be useful (when using large
undulator sections) to match the slippage of various sec-
tions of the beam. For example decreasing the slippage per
module to counteract the increased slippage for lower en-
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Figure 11: An electron pulse with a large energy spread that
exceeds the FEL operational range. This pulse also has a
gaussian distribution in space, this was done to minimize
coherent spontaneous from the pulse edges.
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Figure 12: Beamlets near saturation, the radiation field is ap-
proaching saturation and the electron microbunching highly
developed. Comparing with Figure 11 shows an increase in
peak field intensity of 200.

ergy electrons may prove beneficial. The modulation and
dispersion parameters of the beamlets scheme can also be
optimised and requires further study. The use of the two-
colour FEL technique to preferentially amplify modes from
the high and low energy regions of the pulse may produce
higher radiation powers.

ACKNOWLEDGEMENTS

We gratefully acknowledge suport of Science and Technol-
ogy Facilities Council Agreement Number 4163192 Release
#3; ARCHIE-WeSt HPC, EPSRC grant EP/K000586/1; John
von Neumann Institute for Computing (NIC) on JUROPA at
Jlich Supercomputing Centre (JSC), under project HHH20.

FEL Theory



Proceedings of FEL2014, Basel, Switzerland MOC04

5 Average Sralec Powar

10° ‘ ‘ ‘
== heamlets
==1heam

Figure 13: A comparison of the average filtered power of
beamlet and original beam is given above. The radiation
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1.2. Around 2-3 orders of magnitude improvement has been
achieved and may be further optimized.
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PACS 41.60.Cr — Free-electron lasers
PACS 42.55.Vc — X- and ~-ray lasers

PACS 42.65.Re — Ultrafast processes; optical pulse generation and pulse compression

Abstract — Echo Enabled Harmonic Generation (EEHG) is a method of harmonic up-shifting
proposed to extend the temporal coherence properties of Free Electron Lasers (FEL) at shorter
wavelengths where coherent laser seed fields are not available. Previous theoretical studies of
EEHG have applied periodic boundary conditions to the electron distribution in phase space. It is
shown that when these periodic boundary conditions are removed a temporal comb of enhanced
electron microbunching is revealed. By matching this comb structure in the electron microbunching
to the radiation modes that are generated in a Mode-Locked Optical Klystron (MLOK) FEL
configuration, a train of short radiation pulses can be generated.

Copyright © EPLA, 2012

Introduction. — X-ray Free Electrons Lasers [1]
(FEL) are now generating high-brightness, X-ray pulses
that are opening up many new areas of science in fields
as diverse as the creation of warm dense matter [2],
high energy pumping of atoms to population inversion
to create an atomic X-ray laser [3] and the making
of “molecular movies” of biological processes [4]. The
latter processes require femtosecond timescale pulses to
investigate transient molecular structure in, e.g. protein
nanocrystallography [5] and single virus imaging [6],
succinctly described as “dynamic biology” [4].

The general capability of capturing and possibly
altering faster electronic processes that guide chemical
pathways in the attosecond regime, would help further
transform this research area to include imaging of catal-
ysis, graphene, carbon nanotechnology and nanostructure
development [7] and the nascent field of quantum biol-
ogy [8]. This imaging of the faster electronic motion
at the quantum level is ultimately the key to a more
complete understanding of the functioning of complex
molecular and biological systems [9]. There is therefore
considerable interest in developing high-brightness, X-ray
attosecond duration pulses that would allow the study
of these ultra-fast atomic and molecular processes. This
letter proposes a method of achieving this by combining
the two previously unrelated FEL methods of Echo

Enabled Harmonic Generation (EEHG) [10,11] and the
Mode-Locked Optical Klystron (MLOK) [12].

The method of EEHG manipulates electron pulse phase
space using two temporally coherent, long wavelength
seed lasers and two dispersive chicanes. The electrons
are first modulated by a seed laser in an undulator and
then dispersed in a chicane. This process is then repeated
and a fine microbunching of the electron beam is created
at a shorter wavelength while retaining a high level of
the temporal coherence from the long wavelength lasers.
When propagated through a final radiator undulator, the
electron beam emits X-rays at the shorter wavelength
of the electron microbunching and with an improved
temporal coherence over that generated by self-amplified
spontaneous emission which starts from intrinsic shot-
noise in the electron beam [13]. Previous models of EEHG
have used periodic boundary conditions applied to the
electron phase space and simulation codes that average
the electron and radiation properties over a radiation
wavelength.

In this letter, these limiting assumptions are removed
by using the unaveraged FEL simulation code of [14]
with the macroparticle loading algorithm of [15]. Using
this model, simulations of EEHG up to before the final
undulator reveal a frequency comb of modes in the
electron microbunching parameter, with adjacent modes
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being separated by the second seed laser frequency. This
frequency comb may then be matched to and seed a
MLOK undulator-chicane lattice as the final radiator stage
of the process to generate a seeded Attosecond Pulse Train
(APT).

EEHG pre-radiator stage. — To demonstrate the
process, EEHG was simulated with the following parame-
ters for a cold beam with no intrinsic shot-noise. A uniform
“flat top” current profile electron pulse was used with elec-
tron energy F, =1.2GeV, charge @ =100pC and initial
pulse length of 12 um (which is equivalent to a current
of 2.5kA). The first and second seed laser wavelengths
are Ai2 =240nm with the final radiating resonant wave-
length A, =10 nm. The electron energy modulation in the
first and second modulating stages are AE; = 750 keV
(AEy/pE, = 0.625) and AEy; = 150 keV (AEy/pE, =
0.125) respectively, where the bracketed terms are scaled
with respect to the FEL p-parameter [1] of the final radi-
ator stage. The dispersive strength of the correspond-
ing chicanes are R%) = 8.25 mm and RéZG) = 0.34 mm.
The electrons are modelled by macroparticles [15] each
assigned a weight N; corresponding to the number of elec-
trons the macroparticle represents. A FEL parameter of
p =103 was used as a typical value for the simulations at
this resonant wavelength.

Each of the two modulation-dispersion processes of
EEHG prior to the radiator stage were simulated by
applying an energy modulation to the electron distribution
and then dispersing the distribution using the following
transformations applied to the initial distribution:

(n+1)

Y =4 4 A sin(2{ k), (1)

Ay
" =4V + R [ J } @

Tr

where n=0,1, and bracketed superscripts (0, 1,2) refer-
ring to the initial conditions, and to the exit from the first
and second modulation/dispersive stages, respectively;
is the electron energy in units of the electron rest-mass
energy and A~ is the energy modulation.

Applying the four transforms of egs. (1) and (2) develops
a microstructure in the electron pulse that contains signif-
icant microbunching at higher harmonics of the seed radi-
ation fields used to modulate the electron beam energy.

In demonstrating the principle of EEHG, the work
of [10,11] applied periodic boundary conditions in the posi-
tion of the electrons across a region of the longitudinal
z-axis. Here, no such boundary conditions are applied and
the electron positions are transformed according to (2).
The removal of the boundary condition has little effect
around the centre of the electron pulse where the disper-
sive effects are symmetric. The effects of the two modu-
lation and dispersive sections are seen in fig. 1 and result
in a phase space that is very similar to that of reported

0.5

-500 500

0
z (nm)

Fig. 1: Electron phase space (top) and histogram of electron
numbers (bottom) about the centre of the electron pulse at
z=0. The particle density is increased for the high and low
energy electrons as is indicated by the top right plot.
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Fig. 2: Electron phase space (top) and histogram of electron
numbers (bottom) at the head of the electron pulse. The
particle density is increased for the higher energy electrons as
is indicated by the top right plot. Single current bands can
be seen in the region around z=5600-5615nm with double
current bands around z = 5620-5830 nm.

in [10,11]. The higher and lower energy electrons, from
the extrema of the energy modulated beam, form tight
(single) “current bands”, whereas electrons close to the
initially unmodulated beam energy form a looser (double)
current band structure. This is not the case towards the
head and tail of the electron pulse where dispersion causes
predominantly single current bands formed by the higher
and lower energy electrons, respectively. This effect is seen
for the case of the head of the electron pulse in fig. 2.
The underlying process is detailed in fig. 3 which shows
the effects of the EEHG process upon the higher energy
electrons of the initially modulated beam. The higher
energy electrons are seen to form relatively tight energy
bands which are then transformed into single current
bands around the maxima following the second energy
modulation. This creates a series of higher energy current
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Fig. 3: Both single and double current-bands can be seen
to evolve during the pre-radiator EEHG process (left-to-
right, top-to-bottom): 1) first beam energy modulation, 2)
first chicane dispersion, 3) second beam energy modulation,
4) second chicane dispersion. Notice the relatively large shift
in the electron positions in z due to the first chicane.

bands at the head of the electron pulse separated by the
wavelength of the second seed laser. At the tail of the
electron pulse, the EEHG process causes similar single
current bands to be formed, but around the minima of
the second energy modulation. Thus, dispersion causes the
high (low) energy electrons to be dispersed to the head
(tail) of the pulse and also a phase difference of m(A2/2)
between the current bands at the head and tail.

A histogram of the full electron number distribution is
shown in fig. 4 together with a (unitary) Fourier transform
of the electron bunching parameter about the resonant
frequency w, of the final radiator stage. The Fourier
bunching parameter is simply derived from the driving
term of the scaled wave equation of [15] and may be
written as

1 13 itk i(wn—w)t,
\/72771-77,7” ZNJC € 7, (3)
P j=1

where n,| is the peak linear electron density, Ny, is the
total number of macroparticles used in the simulation, k,
is the undulator wavenumber, t; = —z;/ cf) is the arrival
time of the macroparticle at the undulator entrance at
z=0 and 3 =v./c is the mean scaled speed of the elec-
tron pulse along the undulator z-axis. It is seen that
a well-defined modal structure is present in the elec-
tron bunching parameter with mode separation given of
Aw/w, =10/240 ~ 0.042 corresponding to the seed modu-
lation frequency. The modes are relatively well phase-
matched as seen from the well-defined peaked periodic
microstructure in the electron density histogram.

EEHG radiator. — The pre-bunched electron distrib-
ution above was propagated through two different undula-
tor systems, a simple undulator and an undulator-chicane
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Fig. 4: Histogram of electron numbers (top) normalised with
respect to the peak, and the Fourier transform of the bunching
parameter b(z,w) for the full electron beam distribution show-
ing the modal structure at the end of the EEHG pre-bunching
process.

system of the MLOK type, both tuned to the resonant
frequency w, using the unaveraged simulation code of [14].
The transformations of (1,2) may be rewritten in the
universal scaling of [16] as used in the simulations as

_(n)
(n+1) _ () (n+1) oo [P0
pj =Ry R AT sin <2phn+1)’ )

n+1)

m = 5 4 2pD (DY

2 (5)
where  Ap(12) = Ay /py,0 DO =, pREGY: hyp =
wp/wiz and fGy=1 is assumed. At the beginning
of the undulator: Z=2pk,z=0; Zi; =—2k-pct; and
pi = (v =)/ P

Performing the Fourier transform with respect to z;
defines the scaled frequency as @ = —w/2pw, so that

b(z,) = b(z,w) < exp (z%) : (6)

le

where [, = A\, /4mp is the cooperation length [16].

Simple undulator. EEHG was first simulated in a
simple undulator configuration of scaled length z=1.1.
The scaled radiation and electron pulse parameters are
plotted in fig. 5. It is seen that while the radiation gener-
ated had some temporal structure, no modal structure is
present in Fourier space with emission confined to the reso-
nant frequency. This is consistent with the previous results
of [10,11].

MLOK undulator. Here an MLOK undulator-chicane
lattice is constructed so that the radiation modes will
match the properties of the electron bunching above.
Using the notation of [12], each undulator has four periods
so that a radiation wavefront will propagate four resonant
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Fig. 5: Electron and radiation pulse at saturation in a simple
undulator at Z~ 1.1 for the normal EEHG case. Plots on the
left are: top, normalised electron number histogram (bin size =
Ar/5); bottom, Fourier transform of bunching b(z,). On the
right: top, radiation field amplitude |A|* as a function of zi;
bottom, scaled Power Spectral Density (PSD) showing that
emission at resonance dominates.
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Fig. 6: As fig. 5, but for the MLOK undulator at saturation
(2~ 0.6). The inset (top, right) shows more detail expanded
in z;. A well-defined set of phase-matched radiation modes
has developed resulting in a train of short radiation pulses.
In unscaled units the individual pulse widths are ~106 atto-
seconds (FWHM) and separated by ~ 0.8 femtoseconds corre-
sponding to 5§ = 0.3 in scaled units of z;.

wavelengths through the electron pulse in each undula-
tor. Each chicane delays the electron pulse by a further
twenty wavelengths so that the total slippage of a resonant
wavefront in traversing one undulator-chicane module is
s =(4+20)\, =240 nm, which is equal to the second seed
laser wavelength, \o. In the scaled units of z; this corre-
sponds to §=s/l.~0.3. In this way the relative slippage
between radiation and electrons in each undulator-chicane
module matches the strong periodic electron microbunch-
ing. It is seen from the inset of fig. 6 that this matching

generates a periodic train of short radiation pulses (corre-
sponding to full width half-maximum duration of ~106 as)
separated by the second seed laser wavelength. This pulse
train is equivalent in frequency space to the observed set
of modes equally spaced by the frequency of the second
seed laser, Aw/w, ~0.042. It is easily shown from the
FEL resonance relation [1] that the frequency range of
radiation emission due to the electron energy modulations
A1 2 is negligible in comparison with the mode spacing
when (Avy; + Avs) /v < Aw/2w,. Here, this condition is
satisfied as (Ay1 + Avs) /¥, ~ 4 x 1072 Aw/2w,. Note that
peak powers generated by the higher energy electrons at
the head of the radiation pulse train envelope are greater
than those generated at the tail by the lower energy elec-
trons. While the higher energy electrons lose energy and
fall into resonance to emit strongly, those at lower energies
continually fall away from resonance and strong radiation
emission. The visibility of radiation pulse train structure is
defined as V = (|A12,0, — AR50/ (A2, + |A2,;,), were
the maximum and minimum values are defined between
two adjacent peaks. The effect of introducing an energy
spread og in the initial electron pulse energy decreases
the visibility gradually from V' =0.93 at 1 keV (og/pE,
= 0.0008) to V' =0.78 at 150 keV (og/pE, = 0.125).

Conclusions. — By removing previous simplifying
assumptions in EEHG modelling, a previously unreported
temporal structure in the electron pulse microbunching
was revealed. This structure can be matched to a mode-
lock FEL (MLOK) configuration which can generate
trains of ~106 attosecond (FWHM) duration pulses at
10nm wavelength. The parameters used here are similar
to those used previously to demonstrate EEHG. However,
there are no intrinsic reasons why the resonant wavelength
and pulse durations cannot be scaled down further into
the hard X-ray.
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