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Summary 

Marine renewable energy sources are crucial alternatives for a sustainable 

development. The idea of generating electrical power from water waves has been 

realized for many years. In fact, waves are now considered as an ideal renewable 

energy source since a Wave Energy Converter (WEC) has no fuel cost and provides 

cleanly a high power density that is available most of the time. The third generation 

of WECs is intended to be installed offshore. This allows the device to harvest the 

great energy content of waves found in deep water and minimise the environmental 

impacts of the device. On the other hand, moving WECs to offshore locations will 

increase the initial and maintenance costs.  

So many types of device may be suggested for wave power extraction that the task of 

selecting a particular one is made complicated. Therefore modelling of different 

WECs allows the comparison between them and the selection of the optimum choice.   

Recent studies showed that the SparBuoy Oscillating Water Column (OWC) has the 

advantage of being simple, axi-symmetrical, and equally efficient at capturing energy 

from all directions, but its efficiency (capture factor) is affected significantly by the 

incident wave periods variation due to the dynamic coupling of the water column and 

the floating structure. The proper modelling of the device allows the optimization of 

the geometries and the Power Take-Off (PTO) mechanism in order to maximise the 

power absorbed. 

The main objective of this research is to develop experimentally validated numerical 

wave power prediction tool for offshore SparBuoy OWC WEC. The numerical tool 

should be able to predict the spar motions and the water column oscillations inside 

the structure, in addition to the estimation of the pneumatic power absorber and the 

evaluation of the device performance. 

Three uncoupled linear second order differential equations have been used to predict 

the spar surge, heave and pitch motions, where wave forces have been calculated 

analytically in frequency domain in inertia and diffraction regimes. Mooring system 

has been involved in surge motion only using static and quasi-static modelling 
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approaches. Finite element multi-static model have been developed using OrcaFlex 

to validate the analytical results. 

Single Degree of Freedom (DOF) mechanical oscillation model has been presented 

to simulate the water column oscillations inside captive cylindrical OWC where PTO 

damping and stiffness due to air compressibility inside the pneumatic chamber have 

been taken into account linearly. Later on, nonlinearity due to large waves has been 

investigated. Linearized frequency domain model based on classical perturbation 

theory and nonlinear model where wave forces are calculated in time domain have 

been proposed. Furthermore, nonlinearity due to damping forces has been 

considered. First, iterative procedure has been used to optimise the linear and 

quadratic damping coefficients in frequency domain. Then, another model has been 

provided where equivalent viscous damping coefficients are calculated in time 

domain by taking into consideration the instant oscillation amplitude. Finally the 

nonlinear effects due to air compressibility inside the OWC chamber has been 

considered in a time domain model which include the water column oscillations 

amplitudes. 

Two different dynamic models have been implemented to describe floating OWC 

and will be referred to in the text as simplified 2DOF model and Szumko model. Both 

models considered two translational modes of motions in heave direction. Simplified 

2DOF model has been solved analytically in frequency domain due to its simplicity, 

while numerical solutions in time domain have been provided for both models using 

Matlab.  Different approaches have been adopted to modify both models in order to 

obtain a satisfactory agreement between the predicted and measured results. 

A floating platform consists of four similar SparBuoy OWC WECs rigidly attached 

together by trusses where spars are located at the corners have been tested 

experimentally. Numerical model has been developed to predict the platform 

motions. Finally the experimental results have been compared to those obtained from 

the modelling of single SparBuoy OWC. 
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Chapter 1 

Introduction 

 

1.1. Background 

The world population and their energy demands are increasing significantly 

throughout the past decades. The world depends on depleting fossil fuels to fulfil this 

increasing demand which leads to serious social, economic and environmental 

problems.  

Eventually all fossil fuels resources will run out, if their use is not relieved by change 

of technology or lapse of demand due to other reasons. Moreover, during the past 20 

years, about three-quarters of anthropogenic (human-caused) emissions came from 

the burning of fossil fuels for industrial processes, transportation and electricity 

production. 

The Kyoto Protocol adopted on 11 December 1997 commit industrial countries to 

limit or reduce their emissions of four greenhouse gases (carbon dioxide, methane, 

nitrous oxide, sulphur hexafluoride) and two groups of gases (hydrofluorocarbons 

and perfluorocarbons). December 2012, the UN’s 18
th

 conference on climate change 

in Doha, Qatar, produced an agreement that would see the Kyoto Protocol continuing 

for a further seven years. 

Renewable energies are required to provide the world with alternative energy sources 

in an economical and environmentally friendly fashion. The currents of energies 

passing continuously as renewable energies through the earth are shown in Fig.1.1 

provided by (Twidell and Weir, 1986) 

http://en.wikipedia.org/wiki/Greenhouse_gas
http://en.wikipedia.org/wiki/Carbon_dioxide
http://en.wikipedia.org/wiki/Methane
http://en.wikipedia.org/wiki/Nitrous_oxide
http://en.wikipedia.org/wiki/Sulphur_hexafluoride
http://en.wikipedia.org/wiki/Hydrofluorocarbon
http://en.wikipedia.org/wiki/Perfluorocarbon
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Fig.1.1.   Currents of energies passing continuously as renewable energies through 

the earth, units terawatts 

The above renewable energy sources have different advantages and disadvantages 

which may limit their use at a specific location besides other reasons. These 

advantages and disadvantages are presented in Table 1.1.  

Table1.1: Advantages and disadvantages of renewable energies 
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1.2. Ocean wave energy 

1.2.1. Wave energy resources 

Wind generated waves are produced by the differential heating of the earth caused by 

the Sun. As solar energy is converted to wind energy, the time-averaged power flow 

is spatially concentrated, from an intensity of typically 0.1–0.3 kW/m2 horizontal 

surface of the earth to 0.5 kW/m2 envisaged area perpendicular to wind direction. As 

wind energy is converted to wave energy, even more spatial concentration takes 

place. Just below the ocean surface, average power flow intensity is typically 2–

3kW/m2 of envisaged area perpendicular to direction of wave propagation. Therefore 

the wave energy intensity is the highest energy intensity among all other renewable 

energy sources and the estimated world-wide wave energy potential exceeds 1TW 

(Falnes, 2007). The faster the wind, the longer the wind blows, and the bigger the 

area over which the wind blows (fetch), the bigger the waves (Stewart, 2008). The 

process of wave generation from wind is illustrated in Fig.1.2. 

 
Fig.1.2. Wind generated wave process 

Waves generated in deep water travel great distances with little loss in energy. In 

deep water it may be considered to travel along the surface with an approximate 

sinusoidal profile (Southgate, 1981). The power in Watts per unit meter of wave 

width is expressed as: 
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                                                                                                         Eq.1.1 

One may note that the above formula is for regular waves. Real ocean wave are 

irregular and may be presented by linear theory as the superposition of wave of 

varying height, period and direction (Dunnett and Wallace, 2009). In order to present 

the irregularity, the sea condition for certain length of time can be considered 

constant and may be presented by a directional wave spectrum where the energy in 

the wave is distributed over the frequency range of ocean waves as it is presented in 

Fig.1.3 provided by Hals (2010) 

 
Fig.1.3. Pierson-Moskowitz wave spectrum for 20m/s wind speed 

Various mathematical models have been proposed to represent the real sea spectra. 

(Sarpakaya and Isaacson, 1981) reported that the most commonly used spectra are 

JONSWAP, Bretschneider and Pierson-Moskowitz. In this case the power in Watts 

per unit meter of wave width is expressed in term of significant wave height in 

meters and energy period in seconds. 

The power density spectrum is formulated as: 

])(exp[)( 4

5

2









U

gg
S 

               Eq.1.2 

α = 8.1*10
-3

, β = 0.74, g is the gravitational acceleration and U is the wind speed in 

m/s. 
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In order to find the significant wave height and energy period, the n
th

 spectral 

moment is used: 

   ∫    ( )  
 

 
               Eq.1.3 

The significant wave height is obtained from the area under the spectrum m0 as:  

    √                               Eq.1.4 

And the average wave height as: 

    √                    Eq.1.5 

The observed average period in an irregular sea state: 

     
  

  
               Eq.1.6 

The average period between successive crests: 

      √
  

  
               Eq.1.7 

The average period between successive zero up-crossing: 

      √
  

  
               Eq.1.8 

Energy period: 

Te = 1.12 Tz               Eq.1.9 

Finally the power per unit width of wavefront in this case is: 

P' = 0.5 Hs
2
Te                                            Eq.1.10 

The constant (0.5) in the above equation depends on the spectrum used originally. 
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1.2.2. Wave energy conversion 

Waves are considered as an ideal renewable energy source that can provide cleanly a 

high power density that is available most of the hours during a year (Mueller, 2002). 

The idea of generating electrical power from water waves has been realized for many 

years. Several reviews such as (Thorpe, 1999; Falnes and Budal, 1987, and Drew et 

al., 2009) marked that there are many configurations of WEC; over 1000 wave 

energy conversion techniques have been invented all over the world, only few 

devices have been tested at large scale, and deployed in the oceans. 

(Vantorre et al, 2004)  reported that a successful wave absorber for a specific sea 

condition should fulfil the following conditions: a) the frequency for which the 

converter is most receptive should coincide with the dominant component in the 

wave spectrum; b) it should be possible to adapt this frequency to variations of the 

sea state; c) the converter should be able to absorb the energy of other wave 

components with acceptable efficiency as well; d) if the performance of the absorber 

depends on the wave direction, these considerations are also valid for the directional 

distribution.  

 

1.2.3. Classification of WEC 

Previous studies categorised the WECs in many ways. In general, WECs may be 

categorized in term of: 

 Geometry and orientation: point absorbers, attenuators and terminators 

A point absorber is a device that possesses small dimensions relative to the incident 

wavelength. A heaving buoy and Oscillating Water Column are examples of point 

absorbers. Attenuators lie parallel to the predominant wave direction and ‘ride’ the 

waves. An example of an attenuator WEC is the Pelamis. Terminator devices have 

their principal axis parallel to the wave front (perpendicular to the predominant wave 

direction) and physically intercept waves like TAPCHAN device (Rhinefrank, 2006 
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and Leijon et al., 2006). Scale and orientation of different concepts are illustrated in 

Fig.1.4. 

 
Fig.1.4. Schematic showing scale and orientation of a Terminator, Attenuator and 

Point-Absorber 

 Location: shoreline, near shore and offshore. 

Shoreline devices are fixed structures mounted on the coastline or wave-breakers. 

The initial, operational and maintenance costs are relatively low compared to near 

and offshore devices. They do not require deep-water moorings and long underwater 

electrical cables. Near shore devices are defined as devices that are in relatively 

shallow water. Shallow water depth varies between 10 and 20m at a distance of 

between 0.5 and 2.0km from the coastline or a depth of less than one-quarter 

wavelength. The annual average incident wave power is higher than shoreline and 

environmental impacts are decreased. Offshore devices are generally in deep water. 

Deep water may be defined as tens of meters water depth, water depth greater than 

40 meters, and depth exceeding one-third of the wave length. Deep water device are 

subjected to higher annual average incident wave power, severe weather conditions 

and minimal topographic constrains (Drew et al., 2009; Folley et al., 2007, 

Ringwood, 2006). 
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 Mode of motion for energy absorption: Pitch, heave and surge 

WEC may be classified according to the motion in which the wave energy is 

absorbed (Fig.1.5). Wave pitching, heaving and/or surging forces cause relative 

motion between the absorber and the reactor to drive a PTO mechanism. 

 
Fig.1.5. Classification of WEC according to mode of motion (Boyle, 2004) 

 Power take off mechanism: pneumatic, hydraulic, mechanical and 

directly electrical 

Several PTO mechanisms have been proposed for wave energy converters (Falnes, 

2007). According to the configuration of the WEC the suitable PTO is selected. It 

may be pneumatic as in case of OWC. Hydraulic PTO is used in other cases as in 

Pelamis. Sometimes the PTO is directly electrical, example of such system is a point 

absorber (floating buoy) connected to a linear generator (sided piston equipped with 

permanent magnets) at the seabed by a tether. The generator piston is driven by the 

motion of the buoy and counteracted by a spring. 

 Wave-structure interaction: active and passive devices 

Active devices are devices where the interface element responds to the wave action 

and produces the mechanical work, while passive devices remain stationary and the 
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water movement relative to the structure is made to work. The first category includes 

different types of floating bodies; the second one includes constructions fixed rigidly 

to the sea bottom or shore (Vantorre, 2004). 

 Mooring: motion-independent and motion-dependent devices 

Johanning et al., (2006) defined a motion-independent device as the device in which 

the mooring acted in a conventional manner to keep the device on station (an 

example would be a floating oscillating water column). In this case, the needs of the 

mooring would be similar to that for a conventional oil and gas floating installation. 

In particular, the resonant period of the mooring would be designed to fall outside the 

range of wave forcing periods. Motion-dependent device are devices in which the 

dynamics of the device and its primary modes of energy extraction requires the 

application of an interactive mooring system. The mooring must be designed such 

that the resonant period of the device and mooring system should match the wave 

periodicity as far as is practicable.  

 

1.2.4. Most common WEC 

 Pelamis 

The Pelamis presented in Fig.1.6 is a semi-submerged, articulated structure 

composed of cylindrical sections linked by hinged joints and is held on station by a 

compliant mooring system that allows the machine to weathervane to align itself 

head-on to incoming waves (it takes its ‘reference’ from spanning successive wave 

crests). As waves travel down the length of the machine they cause the structure to 

articulate around the joints. The induced motion of these joints is resisted by 

hydraulic rams that pump high-pressure oil through hydraulic motors via smoothing 

accumulators. The hydraulic motors drive electrical generators to produce electricity. 

Power from all the joints is fed down a single umbilical cable to a junction on the 

seabed. A number of devices can be connected together and linked to shore through a 

single seabed cable (Primer, 2007). 
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Fig.1.6. Pelamis WEC 

 Wave Dragon and TAPCHAN 

Wave Dragon is one of the foremost technologies within the field of wave power 

(Fig.1.7). Unlike most other devices it does not oscillate with the waves; it gathers 

the wave energy passively by utilising the overtopping principle. The front face of 

the device is a curved ramp, oncoming waves surge up it, as if it were a beach. 

Behind the crest of this ramp lies a reservoir which gathers the water “overtopping” 

the ramp which now has higher potential energy than the surrounding water. The 

effect of Wave Dragon is amplified by long reflector wings. Mounted to the 

reservoir, they channel the waves towards the ramp. The energy is extracted as the 

water drains back to the sea through low head hydro turbines within the reservoir. 

Wave Dragon operation is quite similar to the TAPCHAN. Instead of the dragon 

reflector, TAPCHAN comprises a gradually narrowing channel with wall heights 

typically 3 to 5 meters above mean water level that guides the water to the floating 

reservoir. 

Tello Ruiz, 2010 reported that the advantage of such overtopping device is that 

turbine technology has already been in use in the hydropower industry for long time 

and is well understood (Powertech, 2009). However, the disadvantage is the strongly 

non-linear hydrodynamics of overtopping devices and therefore the hydrodynamic 

problem of the overtopping principle cannot be addressed by linear water wave 

theory (Falcão, 2010). 
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Fig.1.7. Wave Dragon WEC 

 Archimedes Wave Swing  

The AWS consists of an air filled chamber fixed to the seabed and open at the top 

(the silo), closed by another cylinder (the floater). An air lock is created between the 

two cylinders and so water cannot flood the silo. The floater can move up (or down), 

due to the pressure increase (decrease) linked with the incoming wave crest (trough) 

directly above the device as shown in Fig.1.8. By adding a PTO system this 

oscillation can be converted into electrical power. In the case of the AWS, the PTO is 

a permanent-magnet linear generator. 

 
Fig.1.8. Archimedes Wave Swing WEC 

 Oscillating Water Column 

A shoreline OWC is formed by a chamber which is filled with air above the water 

line. Driven by wave action, the water level inside the chamber rises and falls, 
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alternately pressurising and rarefying the air within the chamber. As the water level 

inside the chamber rises, and pressurised air escapes from the chamber through a 

turbine-generator unit producing electrical power. As the water level in the chamber 

falls air is drawn back into the chamber through the turbine-generator assembly to 

continue power production. Wells turbines are self-rectifying so that the direction of 

turbine rotation remains constant throughout the power cycle. 

 
Fig.1.9. Shoreline OWC WEC 

 Sloped-Buoy OWC 

The sloped buoy (Fig.1.10) is a floating buoy with three parallel, immersed tail tubes 

that float at an angle of some 45 degrees to the vertical. The length of the tail tubes 

constrains the buoy to move in the direction of the sloped tubes. The tail tubes, which 

are open to the sea at the bottom end contain a mass of sea water against which a 

moving buoy can react, utilising the energy in both surge and heave motions (DTI, 

2006). 
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Fig.1.10.  Sloped-Buoy OWC WEC 

 Backward Bent Duct Buoy (BBDB) OWC 

The BBDB (Fig.1.11) has a horizontal tail tube that uses the surge and pitch motion 

of the buoy to create relative movement between the device and its constrained water 

columns (DTI, 2006). 

 
Fig.1.11. Backward Bent Duct Buoy OWC WEC 
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 Spar-Buoy OWC 

Spar technology has been utilized for offshore structures such as research vessels, 

communication relay stations, and storage and offloading platforms. Recently its 

application has extended to the deep draft cylindrical spar for deep-water production. 

The shape of spar platforms is usually a long hollow cylinder with a large diameter. 

It is normally moored by means of conventional spread chains. In general spar is an 

attractive design solution for regions where the environment is harsh (Rho & Choi, 

2002).  

The Spar Buoy (Fig.1.12) is possibly the simplest concept for a floating OWC. It is 

an axisymmetric device (and so insensitive to wave direction) consisting basically of 

a submerged vertical tube open at both ends, fixed to a floater. 

The buoy has a predominant heave motion and generates pneumatic power through 

the relative motion between the water column in the vertical draught tube and the 

buoy’s whole body motion, which is designed to be out of phase with the water 

column motion. 

 
Fig.1.12. Spar-Buoy OWC WEC 

Each type of buoy was tested in Wavegen’s wave tank. The Spar-Buoy has the 

advantage of being symmetrical and equally efficient at capturing energy from all 

directions. Both the Sloped Buoy and BBDB are particularly efficient in one 
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direction but their efficiency falls off when waves approach them from an angle to 

the normal operating direction. 

A report prepared for the British Department of Trade and Industry compared the 

three types of floating OWCs for electricity generation in an Atlantic environment: 

and considered the Spar Buoy to be the lowest risk and most economic option for 

further development. 

 

1.2.5. Evaluation of WEC 

There has been considerable debate about evaluating the performance of WEC. 

(Caska and Finnigan, 2008; Retzler et al., 2008) quoted that a generally applicable 

measure of performance, known as the capture width CW, it represents the equivalent 

width of incident wave power that is completely absorbed by the device and 

converted to mechanical power. In other words CW at a given frequency is defined to 

be the ratio of the total mean power absorbed by the body to the mean power per unit 

crest wave width of the incident wave train, where mean refers to the average value 

per wave period for regular waves or per energy period for irregular waves 

 Capture width has the unit of meter and may be divided by the device diameter D to 

develop further comparative measure known as Capture Width Ratio (CWR) or 

Capture Factor (CF). Capture factor is a good measure for comparing the 

performance of devices of same configuration (type) as it is defined in relation to the 

width of the structure.  

The overall efficiency of wave power plant from wave to wire includes the capture 

factor (efficiency) of the WEC, the efficiency of the PTO mechanism and the 

efficiency of the power chain (generator, transmission lines, etc.) (Thorpe, 1999). 
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1.2.6. Environmental impacts of WEC 

One of the main driving forces behind the development of wave energy (and other 

renewables) is their environmental benefits compared to conventional generation. 

However, no energy producing technology is without environmental impacts. 

(Iglesias et al, 2009) mentioned that wave energy has a significant advantage over 

other renewable energy sources with respect to its environmental impact. 

WEC produce no gaseous, liquid or solid emissions and hence, in normal operation, 

wave energy is virtually a non-polluting source. However, the deployment of wave 

power schemes could have a varied impact on the environment. Some of these 

effects may be beneficial and some potentially adverse. Therefore environmental 

impacts should be assessed considering the construction, operation and 

decommissioning phases of the plant. Many of the potential impacts would be site 

specific as it is shown in Table 1.2 provided by (Thorpe, 1999) and impacts will be 

greatly reduced for floating devices and increased for shore-based devices. 

Table 1.2: Environmental impact of wave energy converters (Thorpe, 1999) 

Environmental Effect Shoreline Near-shore Offshore 

Land use / sterilization Low ------ ------ 

Construction / maintenance sites Low ------ ------ 

Coastal erosion Low Low-Medium Low-Medium 

Recreation Low Low ------ 

Sedimentary flow patterns ------ Low Low 

Navigation hazards ------ Low Low 

Fish and marine biota Low Low Low 

Acoustic noise Low ------ ------ 

Working fluid losses ------ Low Low 

Endangered species Low Low ------ 

Device/mooring damage ------ Low-Medium Low-Medium 
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1.2.7. Economics of WEC 

The conventional way of describing the size of an electricity generation power plant 

is in term of the rated or maximum power. For a wave power plant, the rated power 

can only be generated at times of maximum wave height. The average power is 

considerably less that the rated power and it turns out that for wave power plants the 

average power is typically between 30 and 40% of the rated power. It could be useful 

in this case using the capacity factor which is defined as the actual yearly electrical 

energy output of a generation plant divided by the electrical energy produced if the 

plant was operated at rated power continuously during the entire year (Hagerman, 

1992 and Primer, 2007). 

The relative costs distribution of a wave power plant is varying according to the type 

and location of the WEC. In general, initial (capital) cost consists of four major cost 

centres for any wave power scheme:  

 Device structure  

 Mechanical and electrical plant  

 Electrical transmission  

 Transportation and installation.  

The factors which make up the annual running cost of wave power plant governing 

the cost of electricity are: 

 Annual sum involved in repayment of the capital cost 

 Annual Operational & Maintenance (O&M) costs 

 Annual insurance 

The annual sum involved in repayment of the capital cost of a wave power scheme 

can be assessed in a number of ways. The common approach adopted by (Thorpe, 

1999), namely amortisation of the capital costs over the complete lifetime of the 

scheme using various discount rates.  
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Good maintenance procedures are essential to ensure successfully performance with 

high availability. However, in addition to the planned maintenance there will be 

other, unscheduled outages due to component failure. Therefore, any estimation of 

annual O&M costs has to include: 

 Cost of Spares 

 Cost of repair 

 Operational cost 

Costs of Spares are the costs associated with providing spares to replace faulty 

equipment. Adequate supply of replacement parts should be ensured for minimal 

downtime. Repair Costs are the cost of repairing the faulty replaced equipment to be 

used as spares in the future. This would entail an additional repair cost. Operational 

Costs are the costs associated with providing maintenance crews and vessels to 

enable repairs (manpower costs, vessel hire rates etc.). The availability assessment 

provides an estimation of the number and types of repair crews required to provide 

the level of availability for each device.  

However, the cost of electricity from the existing designs of wave energy devices is 

unlikely to be economically competitive in the short to medium term. From an 

economical point of view, the large waves dictate the costs while the small and 

medium waves give the incomes. If a wave energy converter is to survive the peak 

powers in the ocean, it must have large safety margins. This usually raises the total 

costs of the system without giving a corresponding increase of the income. One way 

of reducing this problem is to place the WEC in areas of moderated or lower 

environment sensibility. Another idea promoted by Budal and Falnes is constructing 

wave power plants consisting of many relatively small WECs, in contrast to large-

scale converters reaching several megawatts (Vantorre, 2004). Methodology for 

Economic Appraisal to determine the cost of electricity proposed by Thorpe, 1999, is 

illustrated in Fig.1.13. 
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Fig.1.13. Methodology for Economic Appraisal 

 

1.2.8. Wave energy challenges 

Many challenges are facing the wave energy development (Twidell and Weir, 1986; 

Boyle, 2004) highlighted some of these challenges. Wave patterns are irregular in 

amplitude, phase, and direction. It is difficult do design devices to extract power 

efficiently over the wide range of variables even if they can be predicted. Wave 

periods are commonly 5 to 10 seconds (frequency 0.1 Hz). It is extremely difficult to 

couple this irregular slow motion to electrical generators requiring 500 times greater 

frequency (50 Hz). There is always a probability of extreme gales or hurricanes 

(storm) producing waves of freak intensity. The structure of the power device must 

be able to withstand this, which will increase the device cost and reduce normal 

efficiency of power extraction. Peak power is generally available in deep water 

waves from open sea swells where difficulties of constructing, maintaining and 

fixing or mooring the WEC in position, and of transmitting power to land, are major.  
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So many types of device may be suggested for wave power extraction that the task of 

selecting a particular method is made complicated and somewhat random.  

 

1.3. Research objectives 

The main objective of this research is to develop experimentally validated numerical 

wave power prediction tool for offshore SparBuoy OWC WEC.  

From the literature review presented in Chapter 2, several researchers used 

mechanical oscillatory systems to model OWCs. Obviously, mechanical modelling 

of OWC provides simple and efficient modelling tool and provides easy test for the 

phase and amplitude conditions. Most of the researchers considered one or two 

translational modes of motion in heave direction and disregarded the mooring 

system. Others assumed linear PTO damping and linear air compressibility stiffness 

or did not consider them in the modelling.  

The numerical tool to be developed in this research should be able to: 

 Model the environment, 

 Predict the WEC structure motions,  

 Consider the mooring system employed, 

 Predict the water column oscillations inside the structure, 

 Estimate the pneumatic power absorber,  

 Evaluate the device performance, 

In order to perform this task minor objectives were targeted: 

 Acquire an understanding of the water column oscillations in captive and 

floating OWCs. 

 Model the OWC (structure/water column system) mathematically. 

 Analytically and/or numerically solve the mathematical (dynamic) models  

 Develop reduced scale models 
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 Experimentally test the reduced scale models to measure the damping and to 

validate the mathematical model 

Such tasks require an understanding of: 

 Linear wave theory 

 Hydrodynamics of OWC 

 Vibrational (structure) analysis 

 Dynamic modelling procedures 

 Numerical tool (Matlab) 

 Finite element package (OrcaFlex) 

 Tank experiments 

 Experimental data analysis software (Spike) 

 

1.4. Thesis plan 

Chapter 2 presents an overview on the models used to describe the OWC. This is in 

addition to the hydrodynamics and the optimal operation conditions of OWCs. 

Finally a critical review on recent researches in this area is included. 

In Chapter 3 the loading on offshore structures due to waves and wind will be 

discussed. Wave forces are examined in diffraction and inertia regimes using 

velocity potential and Morison approaches. Wind forces calculations are provided by 

American Petroleum Institute (A.P.I.) and American Bureau of Shipping (A.B.S.). 

SparBuoy motion response prediction, considering oscillating rigid-body theory, will 

be presented in Chapter 4, followed by methodologies used to determine mass, 

damping and stiffness matrix. 

Single and multi-catenary mooring lines analysis suitable for wave energy converters 

will be highlighted in Chapter 5. Determination of load excursion and reaction 

curves will be explained and presented in addition to static and quasi-static 



Introduction 

22 
 

modelling of surge motion. A 2D multi-static mooring modelling using 

computational fluid dynamic (CFD) package will be presented in this chapter as well. 

Furthermore, Chapter 6 provides one dynamic model used to model captive OWCs 

and two dynamic models for the floating ones. Linear power take-off damping and 

stiffness due to air compressibility inside the pneumatic chamber will be taken into 

account. In addition, the analytical and numerical solution of the proposed 

mathematical models will be provided, as well as an overview of the numerical tool 

and procedures. Later on, approaches adopted to obtain better agreement with the 

measured results will be presented.  

Nonlinearity due to large waves will be investigated in Chapter 7. Linearized model 

based on classical perturbation theory in frequency domain and nonlinear model 

where wave force is calculated in time domain will be proposed. Later on, 

nonlinearity due to damping forces will be considered. First, iterative procedure will 

be used to optimise the linear and quadratic damping coefficients in frequency 

domain. Finally, another model will be proposed where viscous forces will be 

calculated in time domain by taking into consideration the instant water column 

oscillation amplitude. 

Finally the nonlinear effects due to air compressibility inside the OWC chamber has 

been studied by a time domain model which include the water column oscillations 

amplitudes. 

Chapter 8 presents innovative idea for hybrid renewable energy converting 

platform.  

The experimental work performed to validate the mathematical models is shown in 

Chapter 9. The wave tank, reduced model and measuring devices are illustrated and 

defined in addition to the experimental aims and procedures. 

The conclusions of the research and the contributions to the research field achieved 

are presented in Chapter 10 along with recommendations for further work. 
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 1.5. Results and discussions 

Graphical representation of Pierson-Moskowitz spectrum which represents the 

distribution of wave energy as a function of frequency is illustrated in Fig.1.14 using 

Eq.1.2. 

The seasonal weather data (seasonal mean wind speed) used are referred to 

Meteorology, Synoptic Charts & Weather  outing course provided by  he Arab 

Academy for  cience,  echnology, and  aritime  ransport (AA     , for a region 

on the  editerranean  ea called  idi- arrani, Egypt within  2- 1  N latitudes and 2 -

2    W longitudes   

 
Fig.1.14. Pierson- oskowit  spectrum for seasonal wind speeds at  idi- arrani, 

Egypt ( 2- 1  N latitudes and 2 -2    W longitudes    

Table 1.3 presents results obtained from Eq.1.3 to Eq.1.10 used to calculate 

significant wave height Hs, peak period Tp, zero up-crossing period Tz, energy 

period and the power per unit width of wavefront P' according to different wind 

speeds U during each season. 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Wave Frequency rad/s

S
(w

)W
a
v
e
 S

p
e
c
tr

a
l 
D

e
n
s
it
y
 m

2
/r

a
d
/s

 

 

U = 7.3m/s

U = 7.5/s

U = 8m/s

U = 8.3m/s



Introduction 

24 
 

Table 1.3: U, Hs, Tp, Tz, Te and P' for the 4 seasons at Sidi-Barrani, Egypt 

 U (m/s) Hs (m) Tp (s) Tz (s) Te (s) P'(kW/m) 

Spring 8.27 1.4587 1.48315 4.2924 4.8075 5.1147 

Summer 7.55 1.2158 1.3555 3.9193 4.3896 3.2443 

Autumn 7.03 1.0541 1.2687 3.6488 4.0867 2.2704 

Winter 8.0275 1.3744 1.4354 4.1667 4.6667 4.4076 
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Chapter 2 

Critical Review 

 

2.1. Introduction 

The oscillating water column wave energy converter equipped with air turbine has 

been studied, possibly more than any other type of wave energy device. 

A conventional OWC-WEC has a three-stage energy conversion process, wave-to-

pneumatic power conversion inside the OWC chamber, then pneumatic-to-

mechanical power conversion through the PTO mechanism (turbine), and finally 

mechanical-to-electrical power conversion using electrical generators coupled with 

the turbine.  

Gomes et al., 2012 reported that shoreline full-scale prototypes were built in the 

1980s and 1990s. These were the cases of the Kværner multi-resonant OWC, in 

Norway, the Pico plant in Azores, Portugal and the LIMPET in Islay, Scotland. The 

Pico and LIMPET plants are still operational. Those particular devices have proved 

the principle of operation and the extraction of energy under real sea conditions. 

More recently, floating OWC devices have been studied and developed, namely the 

OE Buoy, the Orecon and the Oceanlinx Mk3. A 1/4th scale model of the OE Buoy 

device has been tested in the Galway Bay, Ireland since 2006. The Oceanlinx Mk3 

prototype was tested at an offshore location in 2010. 

The principle of operation of a floating OWC is similar to that of a fixed one. The 

main difference is that the structure oscillates, which consequently leads to radiation 
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of waves. In this case, the relative motion between the device and the internal free 

surface provides the air flow. From oscillating body theory it is known that a system 

with two bodies is supposed to have two resonance peaks, due to the dynamics of 

each body. If the system is tuned to have those peaks placed close to the dominant 

wave frequency, it is possible to widen the range of frequencies within which the 

system performs well. This is one of the main advantages of floating OWC devices 

Gomes et al. (2012). 

 

2.2. Modelling of OWC  

The pioneering work on the mathematical modelling of WECs assumed that the 

waves were of small amplitude, relative to both the wavelength and the water depth, 

and of permanent regular form, which are the basic hypotheses of linear wave theory 

Cruz (2008). 

From performance perspective adoption of linear wave theory is valid, since linear 

waves may be assumed for most of the WEC operating times. However, from the 

survivability perspective linear wave theory may not be suitable for such modelling 

application. 

Considering the linear wave theory has been generally successful in predicting the 

hydrodynamics and performance of a wide range of marine structures. In modelling, 

it provides many benefits. Folley & Whittaker (2009) reported that, linear wave 

theory allows exact solutions to be produced with relative ease for both 

monochromatic and mixed seas. It allows the system dynamics to be represented in 

the frequency domain, using linear superposition and Fourier analysis. The efficacy 

and simplicity of linear wave theory has meant that few other procedures have been 

used in the design of wave energy converters. 

OWC-WEC can be described by mathematical models equivalent to each energy 

conversion process in the power chain, and therefore the overall efficiency of the 

OWC WEC depends on the individual efficiencies of these processes. 
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The performance of OWC may be evaluated stochastically or through frequency or 

time domain approach. Stochastic and frequency domain analysis allow a prompt 

evaluation of the device dynamics. For a more detailed analysis, in which, the forces 

imposed by the PTO and the anchoring system are strongly non-linear, a time 

domain approach is required, as stated by Alves, Costa et al.  (2010). From readings, 

one may conclude that frequency domain modelling is usually adopted in studies 

concerned about design and especially for geometry optimization, while time domain 

approach is implemented for operation control models. 

A theoretical model of the hydrodynamics of a fixed OWC device was developed by 

Evans (1978) by considering the internal free surface as a rigid weightless piston 

which allowed the application of rigid (oscillating) body theory. 

In this approach fixed OWC modelling process is best described by considering a 

single translational mode in heave direction. For offshore OWC the dynamic 

coupling of the water column and the floating structure is very important to achieve 

the desired efficiency and therefore the system is described by considering two 

translational modes in heave direction (two DOF model). Advanced modelling 

requires the prediction of the amplitudes of the six DOF motion of the structure, to 

select the optimum mooring configuration and to know if modes such as surge or 

sway may store energy enough to significantly alter the system. 

Another approach helps in accounting of the deformation of the internal free surface 

through the application of an oscillating surface-pressure distribution condition. In 

this way, the behaviour of these devices is modelled with better accuracy, essentially 

when the chamber dimensions are not small compared to the wavelength. The 

application of this approach to particular OWC geometries was performed using 

boundary element methods. 
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2.3. Power absorbed and optimal operation conditions 

 The power absorbed by OWC WEC may be defined according to the pressure 

distribution theory as the product of the net volume flux of the interior water surface 

and the air pressure in the chamber above the OWC. For mechanical modelling the 

power absorbed is defined as the product of the net wave force acting on the interior 

water surface and the vertical velocity of this surface. Detailed mathematical 

representation of the power absorbed by an oscillating body WEC is provided by 

many authors including Brendmo, Falnes et al. (1996) and Falnes (2002). Conditions 

for maximum (optimum) power absorption have to be considered in plant design and 

operation for efficient energy conversion process. Many publications including Hals 

(2010) highlighted the optimum phase and amplitude conditions for optimum power 

absorption from point absorber WEC and their control strategies. 

The optimum phase condition is satisfied when the velocity of the water surface in 

the chamber is in phase with the excitation force, and it corresponds to the situation 

when the system is in resonance.  

The optimum amplitude condition when the velocity amplitude of the internal water 

surface is 90° out of phase with the excursion amplitude. Thus, at the optimum, the 

elevation in the OWC chamber is lagging the incident wave by a quarter of a period. 

Furthermore, to satisfy the amplitude condition, the oscillation amplitude must be 

adjusted such that the radiated power equals half the excitation power which occurs 

when the chamber is open Brendmo, Falnes et al. (1996). 

For floating OWC where heave motions are modelled as two DOF, if the water 

column and the structure are moving in phase the absorbed power is very low, 

separation of the natural frequencies results in significant increases in maximum 

power capture Stappenbelt & Cooper (2009). 
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2.4. Review of recent research investigations 

Recent published researches related to the current research area will be highlighted in 

this section. Most of the modelling studies focused either on evaluating or improving 

the performance of floating OWC by implementing control strategies or optimization 

models. Time and frequency domain models using analytical, numerical and 

Computational Fluid Dynamics (CFD) approaches will be discussed.  

Sykes et al. (2009) provided a preliminary assessment of the validity of employing a 

boundary element method code to predict the displacement and associated 

hydrodynamic properties of a simple floating un-damped OWC in the form of a 

hollow vertical circular cylinder. Predictions obtained from the WAMIT code are 

compared with experimental measurements at selected frequencies and with 

increasing wave amplitude. In their paper reasonable agreement between the 

predicted and measured motions of the device appeared while poorer agreement 

between the measured and predicted pressures for the moving cylinder appeared. 

Stappenbelt & Cooper (2009) studied the OWC WEC performance including 

analysis of the dynamic coupling of the water column and the floating structure. 

They presented a two DOF mechanical oscillator model in order to examine this 

relationship for the heave motion. The basis of the heave motion model adopted in 

their research was the fixed OWC model proposed by Szumko (1989) and more 

recently adopted by Folley & Whittaker (2005) where the PTO damping is modelled 

by linear damper and the air compressibility by linear stiffness. They also assumed 

that wave forces on the water column, and the floating structure, are to be related via 

a complex parameter allowing for both a magnitude and phase difference between 

the forces. Following Froude-Krylov approximation it may be shown that this 

parameter is real. In the limit of large wavelength, or small wave number, this 

parameter can also be shown to be equivalent to the area ratio of the OWC opening 

to the total base area of the floating wave energy converter. 

Their results showed the importance of separating the OWC and structure natural 

frequencies. The optimal damping at resonance approaches the radiation value, but is 
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also strongly influenced by other system parameters. Air compressibility appears to 

have little influence on the dynamic response and power capture of a typical floating 

OWC. In order to validate their results, the authors compared their results with the 

floating OWC experimental results from the study by Sykes et al., (2009).  

In this paper, neither the numerical tool (procedure) used in the modelling, nor the 

wave force estimation procedure were provided. Moreover the damping of the water 

column itself was ignored and the PTO damping value was assumed constant. 

Nunes et al. (2011) modelled the behaviour of a floating OWC including the 

hydrodynamic and the aerodynamic parts using MATLAB. The ode3 (Bogacki-

Shampine) solver was chosen due to its precision and computation speed to solve the 

structure and water column equations of motion. They applied a dimensional 

optimisation technique to the turbine and the pneumatic chamber to improve the 

device performance for a wide number of sea states and developed a control strategy 

to improve the quality of the energy absorbed by the device.  

In their study the diffraction component was not taken into account with the wave 

forces. Conversion of wave-pneumatic and coupling of the two bodies was modelled 

based on the pressure inside the chamber. The air inside the device was assumed as 

an ideal gas; the processes of filling and emptying the chamber were assumed as 

being isentropic where compressibility was considered. They assumed linear PTO 

response then performed experiments considering a variable pitch Wells turbine with 

the objective of applying phase and amplitude control to maximize the power 

absorbed by controlling the turbine characteristics.  

Results concluded that the optimisation of the turbine’s characteristic would bring an 

improvement on the device efficiency. In addition, the use of the proposed control 

strategies smoothed the power absorption in case of regular waves. It is conceivable 

that a more suitable predictive controller may improve the performance, in particular 

for irregular waves.  

It is noticed that the optimization procedure was not applied to the whole device 

geometry. It included parameter related to the aerodynamic part only.  Some doubts 
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concerning the reliability and performance of the proposed controller in real sea may 

appear. Another disadvantage is that this control technique consumes energy to allow 

the device to absorb more energy which will have a negative effect of the overall 

efficiency of the device.  Non-linear losses associated with the increase of air volume 

flow rate across the turbine were not considered in the mathematical model. 

Gervelas et al. (2011) presented a one DOF time-domain model for an OWC based 

on previous works on trapped air cavities for marine vehicles (also known as motion 

control tanks). Their paper describes the coupling between the hydrodynamic and 

thermodynamic problems of the proposed OWC. They presented two coupled 

differential equations, the first one governs the heave motion of the water column 

itself and the second one governs the pressure inside the chamber. The differential 

equations were solved using MATLAB ode45 solver. Regular and irregular tests 

were performed on a 1:20 scale model of a three chambers floating OWC having 

equal draught. The water elevation and the pressure variation inside the chamber 

were measured in order to validate their numerical model.  

Far from being perfect, the model exhibits a relatively good agreement with 

measured data except when diffraction effects are predominant. 

The model considered the OWC as a single degree of freedom system and 

completely ignored the effect of the buoy motion. In the proposed model diffraction 

forces were not taken into account. The PTO damping was assumed linear and taken 

as 10% of the critical damping.  Decay tests would have been useful to determine the 

damping in this case since experimental facilities were available. In addition, the 

reduced scale OWC had three non-circular chambers. In the numerical model, the 

water column was assumed to be a single cylinder.  

Alves et al. (2010) performed numerically a frequency domain modelling, in order to 

optimize the shape of a floating OWC. Computation of the excitation force and the 

hydrodynamic coefficients (damping and added mass) was performed using 

(WAMIT), which is a three-dimensional radiation-diffraction panel model based on 
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linear water wave theory and potential flow. Different buoy shapes were considered 

in their investigated.  

Results obtained indicated that in a heave motion device, the shape of the surface 

buoy is a minor important parameter if its volume and water plane area are kept the 

same. In addition, the volume of the buoy should be as small as possible to improve 

the radiation capabilities and consequently the power absorption.  

The study highlighted the importance of the submerged mass not only to enhance the 

device vertical stability but to tune the device in accordance with the predominant 

waves.  

Another research to optimize the geometry of a floating OWC is presented by Gomes 

et al. (2012). Several cases, considering different values of the floater diameter and 

total submerged length were numerically tested in order to have a perspective on how 

the dimensions of the device influence the annual average power.  

The distance between the floater and the submerged mass is a very important 

parameter because it influences the radiation capabilities of the device. The study of 

the absorption capabilities of the device for each sea state of the wave climate 

showed a relationship between the total submerged length and energy period. Sea 

states with small energy periods tend to be more favourable for the energy absorption 

by devices with small total submerged length. However, these sea states with small 

energy period represent a very small percentage of the total energy and are always 

not favourable in terms of annual average power when compared with large total 

submerged length devices. 

They verified that for some cases with small submerged length, the air chamber 

height influences only slightly the annual average power if the turbine damping 

coefficient is optimal. However, as the submerged length increases, the air chamber 

height becomes more preponderant. 
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For all cases studied during their research, it was shown that relatively large 

variations in the turbine damping coefficient about its optimum value have only 

small influence on the annual average power. 

It is noted that all of the previous researches considered one or two translational 

modes of motion in heave direction and disregarded the remaining motions and the 

mooring effects. In addition, PTO damping was assumed linear or not considered in 

the modelling as in the case of Alves et al. (2010) 

A.F.O. Falcão et al (2012) adopted the pressure distribution theory to analyse the 

performance of an OWC spar buoy wave energy converter with a non-uniform inner 

cross section of the tube. Analysis was performed in frequency domain, for regular as 

well as in irregular waves where phase control wasn’t considered.  

Authors highlighted that some simplifying assumptions made to perform the analysis 

may, in some situations of practical interest, fail to be met. However, even in this 

case, the analysis and results are expected be significant and to provide useful 

insights. Researchers linearized the equation involving the air compressibility effect, 

neglected the excitation force and the radiation damping at the tube lower end and 

neglected the interference between the buoy and the lower segment of the tube. 

Their results showed that adoption of a draught tube with a lower segment of larger 

inner diameter may result in a significant reduction in the optimal tube length and in 

the turbine coefficient. Identical results can be achieved to a lesser extent by 

widening the tube upward inside the buoy in both regular and irregular waves. Later 

on optimization procedure cover a wide range of values, including on what concerns 

the turbine showed that the volume of the air chamber significantly affects the 

optimal freeboard tube length (length decreasing with increasing volume), but not the 

optimal turbine coefficient. 

Aubault et al., 2011, worked on the incorporation of an OWC-WEC into the 

WindFloat hull. The WindFloat is a floating structure has 3 cylindrical columns 

connected through a tubular truss to transfer lateral loads. At the base of each 
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column, a hexagonal heave plate controls the wave induced motions of the structure. 

On top of the structure a very large wind turbine. 

In order to investigate the effect of the PTO on the internal free surface of the OWC 

They presented an eight degree of freedom system of motion equations, in the 

frequency domain to consider the six DOF motion of the structure in addition to the 

water column pumping and sloshing modes of motion. 

This analysis has shown that the effect of the OWC structure on platform motions is 

limited. However, when a PTO is introduced on one column, pitch and roll motions 

increase. The discrepancies between numerical and experimental results in the 

floating cases may be linked to corresponding differences in predicted and measured 

roll and pitch angles of the platform. Moreover, changing the OWC dimensions 

would solve the sloshing issue and make the water surface acts as a rigid piston.  

Muliawan et al, 2013 proposed a combined concept involving the combination of a 

Spar-type Floating Wind Turbine (FWT) and a Wavebob-type WEC referred as 

‘SpareTorus Combination (STC) aiming to reduce the total capital cost compared 

with segregated deployment of a Spar-type FWT and a Wavebob-type WEC. As 

wave passes, the floating torus will heave and slide along the spar-type FWT to 

extract energy from waves while the wind turbine generates power from the wind. 

The specified STC concept has been modelled and analysed coupled in the time 

domain to study the motions, power production and mooring load of the combined 

concept under operational conditions. Hydrodynamic properties of two rigid bodies 

involved in the STC, including its interactions, are calculated in the frequency 

domain using HydroD and then applied in SIMO (computer program that was 

developed by MARINTEK for simulating the motions and station-keeping 

behaviour) to carry out the coupled motion (wave- and wind-induced responses)- 

mooring analysis of two bodies in given environmental conditions in the time 

domain through retardation functions. Aerodynamic force at the wind turbine; are 

obtained (borrowed) from Statoil’s informal implementation of a simplified method 

called TDHMILL (Thrust-Dynamic-Horizontal-Mill) to calculate the aerodynamic 
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forces as a function of the relative wind velocity. It simplifies the aerodynamics of 

the turbine system to be represented as a thrust force at the top of the tower that is 

calculated using the relative wind speed at each time step. 

The dimensions and parameters of the present STC are directly adopted from the 

properties of existing Spar-type FWT and WEC publicly available, which is an 

advantage from modelling prospective, but a dimensional optimization between the 

two devices would result in better performance or reduction in initial cost. 

Their study ignored the drag and inertia forces due to mooring line motion, which is 

reasonable since its motion has minor effect on the power absorption process and 

important for the mooring system design which is not the scope of their research.  

El Marjani et al. (2008) adopted the CFD approach in order to investigate the air 

flow inside the OWC chamber and the turbine. They presented a three-dimensional 

numerical simulation of unsteady viscous flows using FLUENT code. Their results 

proved that the level of useful energy is higher in the inhalation than in the 

exhalation process, due to losses appeared in the outer and the inner guide vanes for 

the exhalation. Aiming to validate their models, authors compared the numerical 

results with the experimental results obtained from the Pico plant built in Azores. 

Comparisons showed good agreement.  

The study did not include energetic aspects connected with the conversion of the 

initial incident wave energy by the air chamber (wave-pneumatic conversion). In 

other words they assumed that the hydrodynamic problem is already solved because 

the inclusion of the hydrodynamic part in the modelling using Fluent is complex, 

time consuming, expensive and requires multi-phase models.   

Cashman et al., 2009, studied a quarter scale offshore OWC-WEC and used results 

from a prototype device to validate their work. 

Their paper investigated the modelling of Well’s turbine and studied the electrical 

output from a generator to be coupled to the turbine under multiple sea state 

conditions. 
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Despite simplifying assumptions and experimental error the model was found to 

predict the mechanical and electrical performance of the system to a satisfactory 

level of accuracy.  

Dizadji & Sajadian (2011) performed extensive experimental research in order to 

optimize the OWC chamber geometry. Various geometrical designs of shoreline 

OWC system were constructed to measure the air pressure, flow and velocity in the 

duct toward the intake of the turbine, consequently the optimal design was obtained. 

Their results revealed that mounting the turbine vertically at the top of the chamber 

increases the power output.  

In this study the turbine damping was not considered in the experimental model. 

Moreover the tank dimensions may affect the accuracy of the experimental 

measurements. Most of the experiments considered the measured parameters during 

the compression process only and ignored the expansion process measurements.   

The experimental study would have been better if the number of tests were increased. 

The proposed designs had sharp edges and corners, application of very simple air 

flow visualisation method would have been very useful to investigate the behaviour 

of the air flow inside the chamber for further minor design modification later on from 

the aerodynamic point of view since the experimental facilities were available and 

the model was made of plexi-glass. 

Based on the above survey and considering the report objectives, methodology 

adopted throughout the research should be able to model the water column 

oscillations inside the device considering the air compressibility and PTO damping. 

In addition, the structure heave motion should be coupled with the water column 

oscillations and the structure surge motion should be coupled with the mooring 

system deployed. Due to the symmetry of the structure the coupling between the 

heave and pitch motions may be ignored. It is also important to investigate nonlinear 

effects of the device performance 
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Chapter 3 

Wave and Wind Forces on Offshore Structures 

 

3.1. Introduction 

Environmental loads on offshore structures are differentiated between static and 

dynamic loads. In this Chapter, dynamic loads on offshore structures due to waves 

and wind will be discussed. 

At first a review on the methods used in the evaluation of wave loading on structures 

is presented. This is followed by analysis of the inertia and diffraction regimes 

including Morison’s equation and the linear diffraction problem. Wave forces 

calculations will be used later on in this research during the modelling of the spar and 

OWC motions. 

Later on, methodologies for wind force calculations on offshore structures based on 

guidelines provided by American Petroleum Institute (A.P.I.) and American Bureau 

of Shipping (A.B.S.) are provided. Wind forces calculations are essential during the 

determination of the environmental loads for modelling of the mooring system. 

Several readings have been made to understand wave and wind forces on offshore 

structure and especially wave energy converters. It is worth to mention that wave 

mechanics, theories, and regimes are clearly explained by (Dean & Dalrymple, 

1991), (Sarpkaya & Isaacson, 1981), (Chakrabarti, 2005.a) and (Hudspeth, 2006). 

The hydrodynamics of OWC are well presented by Cruz (2008). This chapter is 

mainly based on the knowledge collected from the above references, and basic 

hydrodynamic courses.  
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3.2. Wave Forces 

The calculation of hydrodynamic forces on offshore structures is of great importance 

to designers involved in offshore engineering. The hydrodynamic force calculations 

for design represent a very difficult task because the environmental conditions are 

very complex because interaction occurs between waves and structure (Soylemez, 

1995). 

Moreover most of the WEC are located in harsh environment and exposed to dense 

wave loads. Therefore proper modelling of the environmental loads is very important 

to investigate the performance and the survivability of the WECs 

During the early development of North Sea drilling activities, several analytical tools 

were developed to predict wave forces on offshore structures. There are common 

features between most of the analysis tools developed within the early 1960s and the 

early 1970s. First, the Airy wave theory is adopted. Amplitudes of wave and 

platform motions are assumed to be small.  This assumption permits the linear 

superposition of the wave forces acting on the restrained structure due to the wave 

particle motions and hydrodynamic forces acting on the structure due to rigid-body 

oscillations of the platform in calm water. Second, the wave and motion induced 

forces are calculated on each volume element, assuming that the rest of the structure 

is not present.  In other words, the interference between the elements of the structure 

is not taken into account.  The total force acting on the structure is obtained by 

summing the forces on each volume element. Third, the structure can be divided into 

several volume elements.  If the sectional dimensions of these elements are less than 

about 1/5
th

 of the wave length, the wave and motion induced forces can be assumed 

to be concentrated in the centre of these volume elements.  If one of the dimensions 

of these volume elements is large compared to the wave length, the two or three 

dimensional source distribution methods should be adopted Fourth, the free-surface 

effects are neglected, since most of the volume elements of a floating structure are 

deeply submerged (Incecik, 1982). 
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As experience from the floating platforms operated for oil and gas industry all over 

the world gave evidence of the shortcomings in the design calculations, the need was 

felt for more rational design methodologies. 

Several attempts were made to derive generalised calculation methods by which the 

hydrodynamic and the structural loading on a floating platform under wave 

excitation can be predicted. These attempts led to the panel method, sometimes 

known as the boundary integral equation method or Boundary element method. This 

occupies a central position in the prediction of wave effects on large offshore 

structures, since it can be applied to a wide variety of practical applications, with 

sufficient confidence that it can be used by practitioners, not just by researchers. The 

3D panel method was first developed by Hess and Smith at the Douglas Aircraft 

Company. The name came from their representing the body surface by a large 

number of small flat quadrilateral `panels’. This approach was extended by several 

groups to include free surface effects. The common features to the computational 

methods of structural analysis based on boundary element method may be found in 

(Incecik, 1982) and (Lee & Newman, 2004). 

As offshore activities extended to deeper waters and more hostile environments a 

number of challenges appeared, regarding more efficient computation of linear 

solutions and the need to consider second-order nonlinearities. Recent developments 

include higher-order panel methods, and more exact and convenient representations 

of the geometry, also the development of accelerated solvers which are essential for 

extremely large complex structures, and coupled solutions of the potential and 

viscous problems (Lee & Newman, 2004). 

In the present days Computational Fluid Dynamic (CFD) approach based on the 

Reynolds Averaged Navier-Strokes (RANS) are being tested. Some of the CFD 

codes developed for industry are validated against theoretical / published results. It 

has been shown that the codes replicate severe nonlinearities which are not 

accounted in second order diffraction theory or the third order long wave length 

theory. CFD programs are still complicated, expensive and time consuming since it 
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requires mesh generation. In addition simulations on powerful processing unit are 

required for accurate results (Repalle et al, 2007).  

 

3.3. Wave forces regimes 

Theoretically, wave forces are computed by two different approaches that depend on 

the size of structure. In this regard structures are classified as small or large. 

If the structure characteristic dimension is relatively small compared to the wave 

length, flow separation dominates the loading behaviour. In this case forces are 

assumed to be within the inertia regime where inertia and viscous forces calculations 

are significantly important. As the structure dimension increase relatively to the 

wave length, this assumption is no longer valid since the incident waves undergo 

significant scattering or diffraction. Such diffraction force should be taken into 

account. This situation is considered in the diffraction regime (Sarpkaya & Isaacson 

(1981). 

The small vs. large structures may be determined by a chart similar to the one shown 

in Fig.3.1 which summarise various regimes provided by (Chakrabarti, 2005.a). 

It is important to mention that in the present study the Morison equation was used to 

calculate the forces on the structure (spar) since it proved efficiency in predicting 

loads on small structures. On the other hand, considering preliminary models of 

WECs, it is usually assumed that forces remain within the diffraction regime 

(Sphaier Torres, Masetti, Costa & Levi, 2007) and that the importance of other 

known forces can be considered at a later stage. Consequently understanding of the 

linear diffraction theory is needed to evaluate vertical (heave) forces applied on the 

water column and the structure in case of OWC modelling (Chapter 6). 
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Fig.3.1.  Various regimes according to which wave forces may be calculated. 

Note that in the above figure λ denotes the wave length.  
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3.3.1. Inertia regime 

For small structures, when the ratio between diameter and wave length is less than 

0.2, force calculations are carried out in the inertia regime. Within the inertia regime 

as the ratio between diameter D and the wave height HW gets smaller viscous forces 

become significant (Incecik, 1982). The inertia regime may be summarised from 

Fig.3.2 as follows: 

D/HW > 0.2, inertia increasingly dominant 

0.125 < D/H W< 0.2, inertia + drag significant 

D/HW < 0.125, drag predominant 

In this case Morison’s equation is often considered as a valid alternative for the 

calculation of hydrodynamic force, and it has been used in previous studies to 

calculate wave forces on deep-draught slender structures such as spars (Anam & 

Roësset, 2004). The empirical Morison formula includes both inertia and drag forces.  

 
Fig.3.2. Comparison of inertia and drag forces acting on a circular cylinder 
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3.3.1.1. Morison Equation 

In a simplified description one may say that the oscillatory flow over one cycle will 

change the low-pressure (wake) region immediately behind the structure every half 

cycle. 

As the flow changes direction, the low-pressure region will move from the 

downstream to the upstream side. Thus the force on the structure will change 

direction every half a wave cycle. 

Combining the effects of water particle velocity and acceleration on the structure, the 

loading on the structure due to regular waves is computed from the empirical formula 

known as Morison equation 

The following formula known as the Morison equation for the total wave force FT, 

which is just the sum of the two forces, drag and inertia (Sarpkaya & Isaacson, 

1981): 

   
 

 
     ̇| ̇|      ̈                                                                              Eq. 3.1 

where;  

CD and CM are the drag and inertia coefficients. 

A is the area 

  is the underwater volume  

ρ is the water density 

 ̇ and  ̈ are the velocity and acceleration of the water particles which may be 

obtained for linear wave theory from Table 3.1 provided by (Moe, 2009). 

It is noted that an absolute value sign on one of the velocity terms in Eq.3.1 ensures 

that the drag force is in the direction of the velocity, which changes direction as the 
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wave passes. To determine the total force on a vertical pile, the force per unit 

elevation must be integrated over the immersed length of the pile. 

Table 3.1: The profile, dynamic pressure, particle velocities and accelerations in a 

regular, harmonic wave (Linear wave theory) (Moe, 2009) 

 

Note that for the above table, the waves are propagating in the direction of the 

positive x-axis. It should also be noted that the phase is arbitrary, thus a phase angle 

of θ0 could be added in all expressions for θ=ωt-kx above. For instance, if θ0= π/2, 

then and sin(θ+π/2)=cosθ. Hence, in the expressions above, the potential, vertical 
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velocity etc. may instead be expressed through -sin(ωt-kx)) and the wave profile, 

horizontal velocity, etc. through cos(ωt-kx). Complex notation in which the harmonic 

functions are expressed through real or imaginary parts of exp(ωt-kx) may also be 

used (Moe, 2009). 

In general CD and possibly CM vary over the length of the pile; as the Reynolds 

number surely does. Therefore, we cannot integrate this equation directly. If, 

however, we take constant values of CD and CM (Table 3.2) and use linear wave 

theory and consider only the local acceleration term, the integration can be carried 

out up to the mean free surface to give an approximation to the total force (Dean & 

Dalrymple, 1991).  

Table 3.2: Hydrodynamic drag and inertia coefficients (Chakrabarti, 2005.a) 

Wave 

Theory 

CD CM Comments Reference 

Linear 

Theory 

1.0 0.95 Mean values for ocean wave 

data on 13-24in cylinder 

Wiegel et al 

(1957) 

 1.0 – 

1.4 

2.0 Recommended design values 

based on statistical analysis of 

published data 

Agerschou 

and Edens 

(1965) 

Stokes 3
rd

 

order 

1.34 1.46 Mean values for oscillatory 

flow for 2-3in cylinders 

Keulegan and 

Carpenter 

(1958) 

Stokes 5
th

 

order 

0.8 – 

1.0 

2.0 Recommended design values 

based on statistical analysis of 

published data 

Agerschou 

and Edens 

(1965) 

 

We can see from the above table that for linear waves the recommended values for 

drag and inertia coefficients are 1.2 and 2.0, respectively. 
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3.3.2. Diffraction regime 

For large structures as the ratio between diameter and wave length gets larger the 

wave force calculations should be done in diffraction regime since the structure alerts 

the form of the incident waves over a large area in its vicinity. 

The diffraction parameter (D/L) is to be considered the measure of the importance of 

diffraction. The diffraction should be included whenever D/L > 0.2. (or π D/L >0.5) 

This condition is important from a modelling perspective Sarpkaya & Isaacson 

(1981). 

If we assume linear-free surface conditions, in other words the wave height is small 

compared to the wave length (HW/L<0.14 for deep water waves) in diffraction regime 

the viscous forces become negligible and the linear diffraction theory may be 

adopted. 

The first part of the theory determines the first order exciting forces due to scattered 

waves (incident and diffracted) while the radiation part considers the moving 

structure in water and computes the added mass and damping coefficients. 

 

3.3.2.1. Linear diffraction problem 

For large bodies, the flow remains attached to the body and the flow may be well 

described by the velocity potential (potential flow) (Chakrabarti, 2003.a and 

Hudspeth, 2006). Assuming incompressible fluid and ir-rotational motion the 

velocity potential satisfies Laplace equation within the region so that: 

                                                             Eq. 3.2 

In Eq.3.2,    is a second order differential operator,   is the velocity potential and 

presents the harmonic function in the equation. For a 2D analysis Eq.3.2 may be 

written as: 

   

   
 
   

   
                                                                                                        Eq. 3.3 
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In the XZ plane where z is measured from the free surface, it is subject to the 

following boundary conditions: 

   

   
  

  

  
                                                                 Eq. 3.4 

   
 

 
(
  

  
)                                                Eq. 3.5 

 
  

  
                                                                                            Eq. 3.6 

  

  
                                                                                                   Eq. 3.7 

where 

g is the gravitational acceleration.  

wd is the water depth and; 

  is the surface elevation 

Eq.3.4 and Eq.3.5 derive from the linearized kinematic and dynamic free surface 

boundary conditions assuming small amplitude wave theory. Eq.3.6 and Eq.3.7 

correspond to the kinematic boundary conditions at the seabed and at the body 

surface respectively. 

If a body is present, either fixed or undergoing small body motions, then the potential 

is decomposed into: 

                                                                                                              Eq. 3.8 

with the component potentials    and    associated with the Scattered and Radiated 

wave fields respectively. For the scattering problem, it is usual to employ a further 

decomposition and write: 

                                                                                                              Eq. 3.9 
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where ϕI and ϕD are the Incident and Diffraction potentials respectively. Therefore by 

ignoring the Radiation contribution, the velocity potential is assumed to be the sum 

of Incident and Diffraction potentials only. 

The incident wave potential itself satisfies Laplace equation Eq.3.2 and the boundary 

conditions Eq.3.4 – Eq.3.7. It is specified in a complex form as: 

    
    ( (    ))

    (    )
   (     )                    Eq. 3.10 

where  

   
    

  
              Eq. 3.11 

k is the wave number 

ω is the wave frequency  

Due to the linearity of the problem the diffraction potential as well satisfies the same 

equations. Given Eq.3.7 and Eq.3.9 the corresponding boundary condition of zero 

flux across the body boundary becomes: 

   

  
  

   

  
            Eq. 3.12 

And the pressure, p throughout the fluid may be evaluated by the linearized Bernoulli 

equation as:  

    (
  

  
    

 

 
|  | )                        Eq. 3.13 

and reduced in case of small amplitude waves to: 

    (
  

  
   )            Eq. 3.14 

Using the above analysis, sectional forces, total forces and overturning moments may 

be obtained. 
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Once again the second part of the theory is concerned about the radiated waves. The 

corresponding radiation problem utilises the decomposition: 

   ∑ (       )
 
                           Eq. 3.15 

associated with the motion being composed of six independent body modes, where 

   is the complex amplitude of motion in the j
th

 mode (Sykes et al, 2009). 

 

 

3.3.2.2. Scattering force 

In order to describe the flow in diffraction regime around an arbitrary body geometry 

one may use the Green function method. However, the flow field in diffraction 

regime around a circular cylinder can be represented with a velocity potential whose 

analytical solution can be obtained. This form of solution first given by Havelock, 

1940 and presented in MacCamy 1954 and Incecik 1982 and will be presented in this 

section. 

As mentioned in Eq.3.9, the scattering potential is assumed to consist of Incident and 

Diffraction potentials. The incident potential on the rigid cylinder Eq.3.10 can be 

expressed as an infinite series using the polar co-ordinates r and θ: 

ti

m

m

m

m

d

dw
I ekrJmCosi

kwCosh

wzkCoshgH 


 







 )()(
)(

)]([5.0

0

              Eq. 3.17 

where Jm(kr) are Bessel functions of the first kind of orders of 0, 1, 2, …..m. ε0=1 

and ε0=2 for m>1. 

A cylindrical wave is reflected from the cylinder and may be described by the 

velocity potential    
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where Am    is numerical constant and Ym(kr) are Bessel functions of the second kind.  
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From Eq.3.9, the scattered potential may be obtained from Eq.3.17 and Eq.3.18   
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Eq. 3.19 

where  )()()()1( kriYkrJkrH mmm   is the Henkel function of the first kind. 

The constants Am are evaluated by using the boundary condition that the fluid 

velocity normal to the cylinder is zero, that is: 

  

  
   at r=D/2=R                         Eq. 3.20 

where D and R are the diameter and radius of the cylinder respectively. 

Thus: 
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for m = 0, 1, 2, 3,….. where )(' kRJm
 and )(' kRHm

 are the derivatives of 

)()( )1( krHandkrJ mm
 at r=R. Therefore the total potential is: 
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Eq. 3.22 

The water surface elevation and the dynamic pressure at the surface of the cylinder 

are calculated using the total velocity and potential and the linear Bernoulli equation 

Eq.3.14. 

At the water surface p=0 and y=so from Eq.3.14 
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                          Eq. 3.23 

Similarly, the dynamic pressure is: 
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which reduces to: 
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and 
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                                                                    Eq. 3.27 

The horizontal force per unit length of the cylinder is calculated by integrating the 

pressure around the cylinder: 
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After integration, Eq.3.28 becomes: 
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and taking the real part only: 
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where is the phase angle between the force and the wave crest 
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1 YandJ  can be approximated from the asymptotic expansions of the derivatives 

of Bessel functions as follows: 
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Eq.3.30 can also be generalised for the application of circular members both in 

inertia and diffraction regimes.  If we set Eq.3.30 equal to the inertia component of 

Morison’s equation the following relation can be obtained: 
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The right hand side of Eq.3.35 can also be written as: 
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                                         Eq. 3.36 

Comparing Eq.3.36 and the left hand side of Eq.3.35 it can be seen that CM can be 

written as: 

)(
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14
2

kRA
D
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

                                                                                                     Eq. 3.37 

Now the horizontal wave force on large diameter cylinders can also be written in the 

following form: 

uDCf Mx
)4/( 2                                                                                                           Eq. 3.38 

Where CM will be calculated from Eq. 3.37 and  ̈ is the horizontal wave particle 

acceleration. Fig.3.3 presents values of CM versus D/L. 

In this context, if D/L is very small (D/L<0.2) CM approach 2 and the diffraction 

force is calculated by multiplying the added mass of the cylinder by the acceleration 

of the water particles this is also called acceleration force. Acceleration force 

component in heave direction on a vertical cylinder can be written as: 

                
    (       )

    (   )
   (   )                                           Eq. 3.39 

where; 
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Ma is the added mass and will be discussed later. This method has been used by 

Gervelas et al., 2011. 

If diffraction component is too small compared to the incident wave component, then 

the diffraction component can be neglected and the excitation force is represented by 

the contribution from the incident waves alone as: 

             
    (       )

    (   )
   (   )                                                  Eq. 3.40 

and this case is known as the Froude-Krylov Approximation and it is useful when 

circumstances permit. 

 
Fig.3.3. Values of CM versus D/L 

Note that in the above figure λ denotes the wave length.  
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3.3.2.3. Radiation force 

The radiation force corresponds to the force experienced by the body due to its own 

oscillatory movement in the absence of an incident wave field. It is proportional to 

the immersed shape of the body and the complex amplitude of the motion in the 

linear theory. The complex radiation force generated by unit amplitude body motion 

can be calculated by conventional numerical techniques at any number of frequency 

points.  

The standard practice is to regard the force as being composed of two components: 

one in phase with the body acceleration and the other in phase with the body 

velocity. These force components may be written as function of the added mass Ma 

and damping coefficients dj respectively, therefore: 

 ⃗   ∬   (
   

  
)  ⃗⃗   

 
      ̈     ̇                    Eq. 3.41 

Electrical analogy presents the radiation force in term of impendence. The radiation 

resistance and the radiation reactance are the equivalent of added mass and damping 

coefficient respectively which will be discussed in Chapter 4. 

 

3.4. Wind forces 

The wind force acting on an ocean structure is the sum of the wind force acting on its 

individual parts.  For any part such a structural member, storage tank, deck house, 

derrick, helicopter deck, etc., the wind force arises from the viscous drag of the air on 

the body and from the difference in pressure on the windward and leeward sides. In 

the present study wind forces are calculated in order to include the wind loads in 

mooring modelling only. 

 

3.4.1. Wind forces by American Petroleum Institute 

Wind force calculations as recommended by A.P.I. can be summarised as follows: 
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                                                                                   Eq. 3.45 

where;  

ρair is the density of air (1.225 kg/m
3
 for dry air).  

CDa is the aerodynamic drag coefficient (dimensionless force coefficient)  

AP is the projected (characteristic) area of the body. 

U is the wind velocity.  

The drag coefficient depends on the shape of the body and on the Reynolds number.  

Table 3.3 gives typical CD values used in calculations.  Data given in Table 3 are 

recommended by American Petroleum Institute. 

Published wind speeds given in the design guidelines refer to values 10 metres above 

the sea surface.  To determine the wind speeds at other elevations, E, a one-seventh 

power law has generally been found to be adequate for elevations to about 200 

metres.  Thus, if U denotes the wind speed at an elevation, and UO denotes the wind 

speed at the 10 metres elevation, then: 

    (
 

  
)
 
 ⁄

                                                                                                 Eq. 3.46 

  

3.4.2. Wind forces by American Bureau of Shipping 

Wind force calculations as recommended by American Bureau of Shipping (A.B.S.) 

can be summarised as follows: 

      
 

 
        

                                                                                     Eq. 3.47 

where;  

CS is the shape coefficient (see Table 3.4). 



Wave and Wind Forces on Offshore Structures 

62 
 

CH is the height coefficient (see Table 3.5)  

If two or more parallel frames or members are located behind each other in the wind 

direction, the shielding effect must be taken into account. The wind force on a 

shielded member can be calculated as: 

          
 

 
       

                                                                                 Eq. 3.48 

θ is the solidity ratio defined as the projected exposed area of the frame normal to the 

direction of the force divided by the area enclosed by the boundary of the frame 

normal to the direction of the force. τ is the shielding factor (see Table 3.6). 

If more  than two members are located in line with the wind direction, the wind force 

on the third and subsequent members should be taken equal to the wind load on the 

second member. 

Table 3.3: Aerodynamic drag coefficient (A.P.I.) 

Object Force Coefficient 

Beams 1.5 

Cylinders 0.5 

Sides of Buildings 1.5 

Projected Area of Platform 1.0 

 

Table 3.4: Shape coefficient (A.B.S) 

 

Object CS 

Cylinders 0.5 

Hull (surface type) 1.0 

Deck House 1.0 

Isolated Structural Shapes (cranes, angles, channels, 

beams, etc.) 

1.5 

 

Under deck areas (smooth surfaces) 1.0 

Under deck areas (exposed beams and girders) 1.3 

Rig derrick (each face) 1.25 
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Table 3.5: Height coefficient (A.B.S) 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3.6: Shielding factor (A.B.S.) 

Spacing 

ratio α 

Values of τ for an aerodynamic solidity ratio β of 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8&over 

Up to 1 1.0 0.96 0.90 0.80 0.68 0.54 0.44 0.37 

2.0 1.0 0.97 0.91 9.82 0.71 0.58 0.49 0.43 

3.0 1.0 0.97 0.92 0.84 0.74 0.53 0.54 0.48 

4.0 1.0 0.98 0.93 0.86 0.77 0.67 0.59 0.54 

5.0 1.0 0.98 0.94 0.88 0.80 0.71 0.64 0.60 

6.0&over 1.0 0.99 0.95 0.90 0.83 0.75 0.69 0.66 

 

Height (Metres) CH 

 0     –   15.3 1.0 

 15.3  –   30.5 1.10 

 30.5  –   46.0 1.20 

 46.0  –   61.0  1.30 

 61.0  –   76.0 1.37 

 76.0  –   91.5 1.43 

 91.5  – 106.5 1.48 

106.5 – 122.0 1.52 

122.0 – 137.0 1.56 

137.0 – 152.5 1.60 

152.5 – 167.5 1.63 

167.5 – 183.0 1.67 

183.0 – 198.0 1.70 

198.0 – 213.5 1.72 

213.5 – 228.5 1.75 

228.5 – 244.0 1.77 

244.0 – 256.0 1.79 

256.0 1.80 
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Spacing ratio is the distance centre to centre of the frames, beams or girders divided 

by the least overall dimension of the frame, beam or girder measured at right angles 

to the direction of the wind. For triangular or rectangular framed structures diagonal 

to the wind, the spacing ration should be calculated from the mean distance between 

the frames in the direction of the wind. 

 

3.5. Results and discussions 

Wave forces calculations methodologies presented in this chapter will be used during 

modelling of OWC WEC to predict the water column oscillations and the structure 

motion response in case of floating OWC. Surge forces and pitch moments will be 

assumed to consist of inertia and drag components.  Heave forces will be assumed to 

consist of pressure and acceleration components.  

Fig.3.4 Fig.3.5 and Fig.3.6 present surge, heave and pitch forces/moments expected 

to be applied on the water column of experimental model1. Fig.3.7 Fig.3.8 and 

Fig.3.9 present the same forces/moment on the water column of experimental 

model2. 

Calculations of Surge, heave and pitch force/moment acting on the spar are presented 

in details in Appendices A, B and C respectively  
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Fig.3.4. Inertia, drag and total horizontal force on experimental model1 

 
Fig.3.5. Pressure, acceleration and total vertical force on experimental model1 

 
Fig.3.6. Inertia, drag and total pitch moment on experimental model1 
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Fig.3.7. Inertia, drag and total horizontal force on experimental model2 

 
Fig.3.8. Pressure, acceleration and total vertical force on experimental model2 

 
Fig.3.9. Inertia, drag and total pitch moment on experimental model2 
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Results showed that the drag contribution in the total horizontal force (Fig.3.4 and 

Fig3.7) and pitch moment (Fig.3.6 and Fig.3.8) is very small compared to the inertia 

contribution, which agrees with the chart present in Fig.3.2, since the wave height to 

diameter ratios are 1 and 0.5 for experimental model 1 and 2 respectively. 

Fig.3.5 and Fig.3.8 showed that the total vertical force consists mainly of the 

pressure components and that acceleration component may be neglected. This case 

corresponds to Froude-Krylov approximation. 

In order to validate the wave forces calculations presented above, Keulegan-

Carpenter and the diffraction parameters were calculated for the two experimental 

models (see chapter 9 for more details on reduced scale models). Table 3.7 present 

comparisons between those parameters for buoys and water columns of experimental 

models 1 and 2 assuming wave height of 0.02m and wave length of 3.2m. 

Table 3.7: Keulegan-Carpenter and the diffraction parameters for experimental 

model1 and 2 

 Experimental model1 Experimental model2 

 Buoy Water column Buoy Water column 

KC 0.4 1.0 0.2 0.4 

D/L 0.04 0.01 0.09 0.03 

 

The above table showed that Keulegan-Carpenter parameter KC<1 and diffraction 

parameter D/L<0.2, therefore viscous forces may be ignored, forces are to be 

calculated in diffraction regime, and Froude-Krylov approximation is valid which 

verify the results obtained. In addition results are compared to (Incecik, 2003) results 

and showed very good agreement.   

Wind forces were calculated only to estimate the environmental loads on the 

structure for proper mooring modelling. Wind forces calculation methodology 

presented in this chapter is applied to a full scale structure (scale 1:50 of 

experimental model1), results obtained are presented in Fig.3.10. 
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Fig.3.10. Wind forces on full scale SparBuoy OWC WEC 

Results obtained following the API and ABS recommendations are quite similar. It is 

important to mention that wind forces were only used to estimate a range of 
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Chapter 4 

Motion Response of Floating Cylinder under Wave Forces 

 

4.1. Introduction 

In Chapter 3, the question ‘how to compute loads on offshore structures?’ was 

answered. How the structure will respond to these loads will be discussed in this 

chapter. 

The wave excitation on floating stable structures will result in small six DOF rigid 

body motions shown in Fig.4.1 which can be resolved into three translational modes 

of motion (surge, sway, heave) and three rotational modes of motion (roll, pitch and 

yaw) in the directions of about the (x,y,z) coordinate axes (Incecik, 1982). 

If one interested in a particular direction the structure is treated as a single DOF 

oscillating body. If two floating bodies are moving independently in the vicinity of 

one another in waves, the two body motion problem may be solved and modelled as 

a two DOF (this approach will be adopted for modelling floating OWC and will be 

discussed in Chapter 6). 

 

4.2. Ship rigid body motions 

When a cylinder is considered as an oscillating rigid-body, the motions equation can 

be derived from Newton’s second law as follows: 

   [ ]{ ̈}                                                                                                      Eq. 4.1 
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where; 

FW is the total wave/fluid induced force/moment vector  

[M] is the mass matrix; 

{ ̈} is the acceleration vector of the cylinder.    

 
Fig.4.1. Ship rigid body motions 

In Eq.4.1 the total force vector, FW can be replaced by the sum of the force and 

moment components (discussed in Chapter 3) and the external forces applied. 
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If the forces/moments are rearranged as motion dependant terms on the left hand side 

and time dependant forcing terms on the right hand side, the following six linear, 

second-order differential equations can be obtained in its matrix form: 

[ ]{ ̈}  [ ]{ ̇}  [ ]{ }  {  }                                                                  Eq. 4.2 

where; 

[M], [B] and [K] are the total mass, hydrodynamic damping, and restoring coefficient 

matrix. 

{ ̈} { ̇}     { } are the acceleration, velocity and displacement vectors of the 

cylinder. 

If we assume no coupling between the different modes of motions, the previous 

equation may then be reduced to six uncoupled linear second order differential 

equations, for which the standard form is written as: 

   ̈     ̇            
                                                                          Eq. 4.3 

Sub-scripts j takes value from 1 to 6 denoting surge, sway, heave, roll, pitch and yaw 

motions respectively. In the present study motions in concern are surge, heave, and 

pitch.  

The solution of the above equation is presented in details in Appendix A and finally 

gives the motion amplitude as: 

  
  

 ⁄

{[  (
 

  
)
 
]
 

 [  
 

  
]
 
}

                                                                                      Eq. 4.4 

ωn is the natural frequency, and the phase angle between the wave and the response 

is: 

       {
  

 

  

  (
 

  
)
 }                                                                                           Eq. 4.5 
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4.3. Total mass calculations 

In a fluid medium such water of a given density, the determination of the effective 

mass of the body is not easy and requires the consideration of the motion of the fluid 

as well as that of the body. Therefore the total mass of a moving body consists of the 

actual mass and the added mass in a specific direction. The basic definition of added 

mass provided by Sarpkaya & Isaacson, 1981 is ‘the quotient of the additional force 

required to produce the acceleration throughout the fluid divided by the acceleration 

of the body’. In other words, the motion of a body through an inviscid fluid media is 

always accompanied by a fluid mass transport and that is the added mass which may 

be expressed in many ways. The use of each analytical expression depends on the 

simplicity of its evaluation.  

Sarpkaya & Isaacson, 1981 presented in their book a table for added masses of 

various body shapes including circular disk. The horizontal added mass of a circle 

Mahm per unit length may be calculated as: 

       
 

 
                                                                                                   Eq. 4.6 

And the vertical added mass Mavm for heave motion is: 

        
 

 
 (

 

 
)
 

                                                                                            Eq. 4.7 

For pitch motion the total inertia, Ip, consists of the actual inertia, I’, and the added 

inertia, Iap of the structure. 

         
                                                                                                        Eq. 4.8 

The radius of gyration, r is the square root of the water plane moment of area divided 

by the water plane area. The added inertia of the circular cylinder may be calculated 

as: 

       
 

 
(     )                                                                                            Eq. 4.9 
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A is the cross-section area of the section, d is the section draught and Z represents the 

distance between the centre of gravity of the section and the centre of gravity of the 

whole structure in case the cylinder makes a part of a floating structure. 

 

4.4. Damping measurement 

Perhaps the simplest approach to the definition of damping will be through the 

measurements of the dissipated energy of the system. In the absence of damping, 

once a system is excited and set into motion theoretically the motions will continue 

indefinitely. As a consequence of damping, some energy is dissipated, and a 

continuous source of energy is required to maintain these motions. In the steady 

state, the energy generated by the excitation is equal to the energy dissipated. 

Ankudinov, 1991 reported that for marine platforms and vessels, vibration damping 

is customarily separated into the following main types: 

 Hysteretic damping 

Hysteretic damping includes material damping due to the energy losses caused by 

irreversible internal processes. These losses typically accompany the cyclic 

deformation of a solid material and convert strain energy to heat. This phenomenon 

is due to the local micro-plastic strains in the nonhomogeneous material of marine 

structures. This component is thought to be small but might increase significantly 

from stress concentration. 

Hysteretic damping also includes structural damping due primarily to the energy 

losses in the structural joints during bending and shear of the hull girder. Structural 

damping also increases in the areas of stress concentration. 

 Energy losses due to resonance 

These losses are typically associated with the resonant vibrations of various local 

structures and equipment, including superstructure, machinery fittings etc. The losses 
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become larger at higher modes, possibly due to the fact that more local structure 

becomes involved. 

 External (hydrodynamic) damping 

This form of damping includes two major types of damping that may be experienced 

on the floating structures which oscillate near or on the free surface. First, wave 

damping due to the dissipation of energy in the form of surface waves which are 

generated as a result of rigid body motion of floating structures (radiation waves). 

Second, viscous damping which are due to the turbulent flow in the lee of a body. In 

addition to damping effects associated with mooring lines 

Hydrodynamic damping can be studied somewhat differently than other components 

of vibration damping. Unlike structural damping it can be estimated using a variety 

of available analytical and numerical hydrodynamic methods. 

In the present study the hydrodynamic damping coefficients were evaluated 

experimentally. There are many methods to identify modal damping ratios both in 

the frequency domain and in the time domain from experimental measurements. 

Methods of the time domain include logarithmic-decrement method, ITD method, 

STD method, random decrement technique, weighted response-integral method, etc. 

Methods of the frequency domain include half-power bandwidth method, peak 

picking method, admittance circle method, etc. Further possibilities include wavelet 

transform and EMD-HT method (Huang et al., 2007). 

Viscous damping model is used for simplicity as it leads to linear equation of motion. 

The first damping identification method used in the study is based on logarithmic 

decrement,   obtained experimentally from decay tests in time domain (Fig.4.2). The 

logarithmic decrement is obtained from:  

  
 

 
  |

  

    
|                                                                                                   Eq. 4.10 

where Xi and Xi+n stand for the amplitudes of the i
th

 and (i+n)
th

 cycles, respectively. 

The damping ratio    is related to the logarithmic decrement by the equation: 
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   √   

      
                                                                                                     Eq. 4.11 

 
Fig.4.2. Logarithmic decrement method 

There are two problems with the logarithmic-decrement method. The first one is that 

peak values are sampling values, and might not be equal to the actual maximum 

values. The second one is that the accuracy of this method is easily contaminated by 

noise (Huang et al., 2007). Another problem appeared throughout the experiments is 

the insufficient number of cycles within the decay test which affect the accuracy as 

well. 

The second damping identification method used is the half-power bandwidth method, 

also known as Quality Factor (Fig.4.3).  

From the forced oscillation tests expressed in frequency domain The value of the 

amplitude ratio at resonance is called Q factor of the system, the points R1 and R2 

where the amplification factor falls to  √ ⁄  are called half-power points because the 

power absorbed by the damper in proportional to the square of the amplitude (Rao, 

1991). In this case the damping ratio    is obtained by implementing the frequencies 

corresponding to the half-power points (ω1 and ω2) and the peak frequency (ωn) of 

the forced oscillation tests expressed in frequency domain in: 

   
     

   
                                                                                                        Eq. 4.12 
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Fig.4.3. Half-power bandwidth method 

 

4.5. Stiffness calculations 

Stiffness k, in the equation of motion is the effect of the restoring forces and 

moments is due to the hydrostatic loads and the displacement of a floating structure 

from its equilibrium state.  

A floating structure when at rest in still water will experience hydrostatic pressures 

on its submerged part, which act normal to the surface of the structure. The forces 

generated from these pressures have a vertical component, which is equal to the 

gravitational force acting on the mass of the structure. In other words this force is 

equal to the displacement weight of the structure. In other directions the hydrostatic 

force is zero. 

The restoring forces and moments can be hydrostatic or elastic. The total force and 

moments due to the mass of the body plus the external forces such as mooring forces 

must be in equilibrium at rest. When the floating structure's under water 

displacement changes by movements in translational or in rotational modes, restoring 

forces and moments occur to satisfy the static equilibrium. 

For floating structures the restoring forces and moments can be related to the 

translational or rotational displacements with the following matrix equation by 
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making use of standard naval architectural formulae provided by (Gerritsma & 

Beukelman, 1967). 
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                       Eq. 4.13 

GMT and GML are the transverse and the longitudinal metacentric heights 

respectively. For cylindrical sections both values are equal and calculated as: 

                                                                                              Eq. 4.14 

KB is the centre of the immersed volume.  

KG is the centre of gravity of the floating structure and; 

   
 

 
∫ (

 

 
)
 

    
 

 

 
 

 

                                                                                    Eq. 4.15 

D is the diameter and represents the breadth of the waterline. The integral part of the 

above equation equals the second moment of the water-plane area, j. Therefore:  

    
 

 
                                                                                                            Eq. 4.16 

From Eq.4.13 it is clear that for unmoored ships the surge stiffness caused by the 

restoring force is equal to zero. Therefore the surge stiffness is assumed to be the 

horizontal tension applied on the structure by the mooring lines (Fatlinsen, 1990) 

which will be discussed in Chapter 5. 

 

4.6. Results and discussion 

In order to predict the rigid body motions of a spar according to the methodology 

presented in this chapter, Mass, damping and stiffness values should be defined, in 
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addition to the stability index and reference heights.  The actual mass of the 

experimental models and the damping values are measured experimentally. The 

added mass/inertia of the experimental models in heave and pitch directions are 

calculated as presented in section 4.3. Results obtained from Eq.4.6 - to Eq.4.9 are 

presented in Table 4.1. 

The half-power bandwidth method was not applicable in case of structure damping 

identification from the forced oscillation tests, therefore the structure damping in 

heave and pitch are obtained by the logarithmic decrement method from decay tests 

as presented in section 4.4. Results obtained from Eq.4.11 are presented in Table 4.2. 

Heave and pitch hydrostatic stiffness results obtained from Eq.4.13 are presented in 

Table 4.3. 

Table 4.1: Structure total mass and inertia values in heave and pitch 

 Structure Mass & Inertia 

Heave Pitch 

Actual mass 

(kg) 

Added mass 

(kg) 

Actual Inertia 

(kg.m
2
) 

Added inertia 

(kg.m
2
) 

Model1 2.065 0.502 0.276 0.08 

Model2 9.045 4.592 0.5951 0.295 

 

 

Table 4.2: Structures heave and pitch damping ratios  

 Structure Damping Ratios 

(Log. decrement method) 

Heave Pitch 

Model1 0.056 0.071 

Model2 0.070 0.045 
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Table 4.3: Structure heave and pitch stiffness 

 Structure Stiffness 

Heave (N/m) Pitch (N.m/rad) 

Model1 123.27 3.651 

Model2 580.62 27.13 

 

Unfortunately, inclining test was performed for the second model only. However, 

comparison of the calculated and measured parameters of the second model is 

enough to validate the mathematical model. This comparison is presented in Table 

4.4. 

Table 4.4: Stability index and reference heights 

 Stability Index and Reference Heights (m) 

 Model 1 Model 2 

Parameters Measured Calculated Measured  Calculated 

KG NA 0.182 0.144 0.146 

KB NA 0.287 NA 0.294 

BM NA 0.010 NA 0.044 

GM NA 0.115 0.191 0.193 

 

From the above data, and assuming uncoupled motions, the natural frequencies of the 

two experimental models in heave and pitch motions may be determined. Table 4.5 

presents the predicted natural frequencies of both models. 

Table 4.5: Structure heave and pitch natural frequencies 

 Structure natural frequencies 

(rad/s) 

Heave Pitch 

Model1 6.9 3.1 

Model2 6.7 5.6 
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To validate the mathematical and the numerical methodologies adopted and the 

primary results obtained above, predicted motions are compared with experimental 

motion responses of the two reduced scale models (which will be discussed in details 

in Chapter 9). Comparisons are presented in Fig.4.4 and Fig.4.5. 

Note that the numerical model adopted does not include the interaction between the 

different modes of structure motions and the motion response of the water column 

since the existence of the water column is ignored at this time. That’s why the 

predicted RAOs are smoother than the measured ones. 

Predicted heave response peak is expected to be at 6.9rad/s., unfortunately, due to the 

time limitations, experimental validation have been performed for a small range of 

frequencies.  

 

Fig.4.4. Comparison between numerical and experimental heave and pitch RAOs 

for experimental model1 

As we can see in the experimental heave RAO of model1 (Fig.4.4) a slight increase 

occurs at 4.1rad/s which is the structure natural frequency in real case if the coupling 

with the inner water column is considered.  
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Another peak in the heave response appeared and was clearly observable in 

experimental testing around 3.1rad/s, which is the structure pitch natural frequency. 

This agrees with Sykes et al., 2009 research results. This increase might be because 

of the interaction between the pitch motion and the water column oscillations as a 

free surface. 

For experimental model2, the predicted heave response peak is expected to be at 

6.5rad/s while for pitch it was found to be 5.6rad/s,  

 

Fig.4.5. Comparison between numerical and experimental heave and pitch RAOs 

for experimental model2 

In Fig.4.5, Experimentally two peaks appear in the measured heave motion response. 

The first peak corresponds to the structure heave natural frequency in case coupling 

is considered (at 4.1rad/s) and the second one corresponds to the natural frequency of 

the water column in captive mode (at 4.8rad/s). 

The coupling between the structure heave and water column oscillations will be 

considered in chapter 6. 

1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5
0.8

1

1.2

1.4

1.6

H
e
a
v
e
 R

A
O

Spar Heave and Pitch RAOs (Mode2l)

 

 

Numerical

Experimental

1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5
0

1

2

3

Wave Frequency (rad/s)

P
it
c
h
 R

A
O



Motion Response of Floating Cylinder under Wave Excitation Force 

 

84 
 

A very small increase appeared in the measured pitch RAO of the two models at the 

water column natural frequency. This could be due the free surface effect of the 

water column pitching.  

Fig.4.4 and Fig.4.5 show that the trends of the numerical results agree with the 

experimental results. However, it would be expected from the limitations of linear 

wave theory that best agreement between prediction and experiment would be 

achieved for the smallest chosen wave amplitude at a given frequency. This is 

confirmed from the figures. 

The clear disagreement between the numerical and experimental pitch results around 

the resonant frequencies for both experimental models presented in Fig.4.4 and 

Fig.4.5 is due to the inaccuracy of determining the pitch damping coefficient from 

the decay tests, in addition to the wave length at low frequency. 

 Aalbers, 1984 presented a mathematical model to incorporate empiric quadratic 

damping in order to obtain a satisfactory agreement with model test results.  

Linear and quadratic damping coefficient determination will be discussed in chapter 

7 in details. 

Results obtained by introducing a quadratic damping to the pitch equation of motion 

are presented in comparison with the results obtained from the viscous damping 

approach and the experimental results for experimental model 1 & 2 in Fig.4.6 and 

Fig.4.7 respectively. In the following figures VD and EVD stand for Viscous 

Damping and Equivalent Viscous Damping approaches respectively. 
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Fig.4.6. Comparison between experimental, viscous Damping and equivalent 

viscous damping spar pitch RAO for experimental model1 

 

 

Fig.4.7. Comparison between experimental, viscous Damping and equivalent 

viscous damping spar pitch RAO for experimental model2 

The above figures showed that results of the equivalent viscous damping approach 

make better agreement with the experimental results of both model especially around 

the natural frequency. 
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Chapter 5 

Mooring Consideration 

 

5.1. Introduction 

In the present chapter mooring systems design approaches and analysis will be 

discussed. Motion response of structures under wave excitation forces has been 

discussed in Chapter 4. Mooring system is considered in the present Chapter in order 

to predict its contribution in the horizontal (surge) motion response of the structure in 

case of single and multi-catenary mooring lines.  

A method to simplify the cross system case is presented as well. This achieved by 

resolving the lines along two orthogonal directions and introducing an ‘imaginary’ 

system, where two imaginary mooring lines are opposite each other. Later on static 

and quasi-static surge motion modelling of a full scale spar will be performed. 

 

5.2. Mooring of wave energy converters 

It is essential that offshore vessels/structures have fit-for-purpose mooring systems. 

The mooring system consists of freely hanging lines connecting the surface platform 

to anchors or piles on seabed, positioned at some distance from the platform. The 

mooring lines are laid out, often symmetrically in plan-view around the vessel 

(Chakrabarti, b.2003). 

 



Mooring Consideration 

88 
 

There are a range of rules, guidelines and regulations for mooring systems published 

by various authorities (e.g. DNV 2001, API 1997) around the world. The most 

stringent of these apply to the design, analysis and maintenance regulations for the 

floating structures of the offshore oil and gas industry. The reasons for this 

stringency are the risk of substantial loss of life and the danger of environmental 

pollution Harris et al., (2004). 

In contrast, WECs operate unmanned, and there is no danger of major environmental 

pollution. In addition, installation locations being considered at present for floating 

WEC devices have depths of over 50 m in unsheltered location with relatively high 

wave energy density where WECs may be distributed as an array. Therefore the 

major requirements for a WEC mooring are to hold the device in place without 

affecting its overall economics and dynamic behaviour Johanning et al., (2006). 

The behaviour of the mooring ‘springs’ can be controlled to fine tune the 

structure/mooring system behaviour to achieve a specified performance. This can be 

controlled by the weight of chain or other tension member, scope of chain, placement 

of sinkers, amount the anchor penetrates the soil, and other parameters (UFC, 2005). 

Some WECs perform best when constrained to a minimum surge and sway giving a 

maximum motion relative to the wave surface. However, it should be recognized that 

the heave response and tidal change will alter the tension characteristic of the 

mooring configuration. This is important for WECs operating in shallow water and 

harsh wave climates 

(Hals, 2010) reported that researchers are concerned about how to design efficient 

devices including structures, machinery and moorings for viable conversion 

concepts, how to accurately model and assess the loads and stresses on the converters 

and moorings, how the power absorption is influenced by array and mooring 

configurations. 

In general it is not desirable or practical to moor a floating structures especially 

WECs rigidly. For example, if a WEC can have a large amount of buoyancy, so it 

usually must be allowed to move with changing water levels. Otherwise this would 
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result in higher internal system loadings, particularly at the mooring being 

attachment points for the WEC, and the frequency response in surge will be higher 

which may cause dynamic problems. 

The use of soft system would result in lower internal system loadings with lower 

frequency response in surge, but this would allow a wider excursion. It should be 

recognized that a soft mooring system can allow a floating body to remain relatively 

stationary with respect to the water surface. 

Harris et al., (2004) summarized the requirements that need to be considered for 

WEC moorings systems: 

• The primary purpose of the mooring system is to maintain the floating 

structure on station within specified tolerances under normal operating load 

and extreme storm load conditions. 

• The excursion of the device must not permit tension loads in the electrical 

transmission cable(s) and should allow for suitable specified clearance 

distances between devices in multiple installations. 

• The mooring system must be sufficiently compliant to the environmental 

loading to reduce the forces acting on anchors, mooring lines and the device 

itself to a minimum; unless the stiffness of the mooring itself is an active 

element in the wave energy conversion principle used. 

• All components must have adequate strength, fatigue life and durability for 

the operational lifetime, and marine growth and corrosion need to be 

considered. 

• A degree of redundancy is highly desirable for individual devices, and 

essential for schemes which link several devices together. 

• The system as a whole should be capable of lasting for 30 years or more, with 

replacement of particular components at no less than 5 years. 

• The mooring must be sufficient to accommodate the tidal range at the 

installation location. 

• The mooring system should allow the removal of single devices without 

affecting the mooring of adjacent devices. 
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• Removal of mooring lines for inspection and maintenance must be possible. 

• The mooring must be sufficiently stiff to allow berthing for inspection and 

maintenance purposes. 

• Contact between mooring lines must be avoided. 

• The mooring should not adversely affect the efficiency of the device, and if it 

is part of an active control system it must also be designed dynamically as 

part of the overall WEC system. 

Furthermore, Harris et al., (2004) studied different mooring configuration and their 

suitability for wave energy converters (presented in Table 5.1), and concluded that 

free hanging catenary or multi-catenary moorings and CALM or SALM single point 

moorings appear the most favourable options at present as they have well established 

design criteria and relatively moderate installation costs. However, the suitability of a 

free hanging catenary mooring, a multi-catenary mooring or a combination of both 

has to be carefully evaluated in the context of the stiffness requirements of a WEC. 

Their research also concluded that mooring line material and anchors should be 

selected in the context of the seabed condition, mooring configuration, design 

specification of the WEC and the costs (Table 5.2). Considerable cost differences can 

be identified between chain, wire ropes and synthetic ropes, but there are factors 

other than breaking load that must be considered in the overall system design. The 

choice for a mooring line material would be more likely to be based on physical 

attributes and technical issues rather than cost. The main technical considerations of 

a mooring line will be its performance in respect to its reliability and stiffness 

characteristics. 

Concerning the anchors, the seabed condition itself could dictated a specific anchor 

type or allow a choice of anchor type installations. This becomes obvious for a rocky 

seabed where embedment would not be an option. The cost of installing a particular 

anchor could be significant and could negatively influence the choice of a location 

and/or mooring configuration. 
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Table 5.1: Mooring configurations and their suitability for wave energy converters 

(Harris et al., 2004) 
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Table 5.2: Mooring components and relative costs (Harris et al., 2004) 

 

 

5.3. Catenary mooring lines 

Fig.5.1 shows a catenary mooring line deployed from point A (fairlead) on the 

submerged hull of a floating vessel to point B at the anchor on the seabed. A part of 

the mooring line between A and B is resting on the seabed, the horizontal distance 

between points A and B is 5-20 times the vertical distance between the same two 

points. 
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Fig. 5.1. Single catenary mooring line 

From a static point of view, the cable tension in point A is due to the total weight in 

sea water of the suspended line length. The progressive effect of line lift-off from the 

seabed due to the horizontal movement of the vessel increase/decrease line tension at 

point A. this feature coupled with the simultaneous decrease/increase in line angle 

with the horizontal causes the horizontal restoring force on the vessel to 

increase/decrease with vessel offset in a nonlinear manner (Chakrabarti, b.2003). 

This behaviour can be described by the following procedure. 

The axial tension Ta in the line can be found from the horizontal TH and vertical TV 

tension force component at the fairlead as: 

   (  
    

 )
  ⁄

                                                                                            Eq. 5.1 

The angle to the horizontal made by the line at the fairlead can be found from the 

horizontal tension TH and the line tension T at fairlead in the form: 

     
  

 
                                                                                                          Eq. 5.2 

If a mean horizontal force is applied to a moored floating object, the horizontal 

distance X between the anchor and the fairlead may be written as a function of the 

total mooring line length l, the suspended (lifted) mooring line length lS and the 

corresponding scope x as: 

A 

B 
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                                                                                                          Eq. 5.3 

lS may be found from the inelastic catenary equations as: 

        (
 

 
)                                                                                                  Eq. 5.4 

  
  

 
                                                                                                                 Eq. 5.5 

where,  

w is the submerged weight per unit length  

 

5.4. Mooring system design approaches 

5.4.1. Static approach 

It is usually carried out at early stages of mooring system design. Load excursion 

curve in case of single catenary line and reaction curves in case of multi-lines are 

established ignoring fluid forces on the lines. In this approach it is assumed that 

mooring stiffness is equal to the tension force in mooring lines.  

The maximum dynamic offset caused by the waves and drift frequency effects is then 

estimated. Certifying authority standards give guidance on this. The static method 

has the disadvantage that conservative assumptions are made in terms of the 

unidirectional environment and large safety factors need to be applied to account for 

uncertainties. Furthermore important features of the dynamics are absent from the 

methodology (Chakrabarti, b.2003). 
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5.4.2. Quasi-static approach 

This procedure is the next level of complexity; generally one of the two types of 

calculations is carried out: 

• A time domain simulation that allows for the wave induced vessel force and 

responses at wave and drift frequency, while treating wind and current forces 

as being steady and using the stiffness curves without considering line 

dynamics (this approach was adopted after determining the reaction curves). 

• A frequency response method where the stiffness curve is treated as a linear 

and low frequency dynamic response to both wave drift and wind gust effects 

are calculated as if for a linear single DOF system 

The basic differences between the static and quasi-static approaches are that: 

• The quasi-static analysis is usually nonlinear in that the catenary stiffness at 

each horizontal offset is used within the equation of motion. 

• The equations of motion are integrated in time domain. The influence of 

added mass and damping are included. 

• Frequency domain solutions are possible but major assumptions associated 

with linearization of stiffness and damping are to be made.  

A computer package especially developed for sea-keeping mooring systems will be 

highlighted in section 5.8.  

 

5.4.3. Dynamic approach 

Full dynamic analysis are regularly utilised in design, though there is no universal 

agreement in the values of mooring line damping. This can influence vessels 

responses and loads strongly. 

Dynamic simulations use lumped mass finite element or finite difference schemes 

to model small segments of each line whose shape is altered from the static 
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catenary profile. Analysis is performed in time domain and it is computationally 

intensive. Difficulties associated with the adoption of the dynamic approach are: 

• Time steps must be small so that the wave-induced line oscillations are 

included. 

• Runs must be long to allow for the vessel drift oscillation period, which in 

deep water may be more than 15 minutes. 

• For a typical vessel mooring design, the weather is multi-directional and a 

number of test cases must be considered. 

 

5.5. Single catenary mooring analysis 

For a preliminary static approach only, the horizontal displacement in surge (sway) 

needs to be considered as discussed in API RP 2SK by the American Petroleum 

Institution Johanning et al., (2006). 

The relationship between the excursion of the structure and the horizontal loads 

applied on it may be found by plotting the load excursion curves. The load excursion 

curve for a particular line can also be used to identify the horizontal displacement or 

surge caused by a change in the horizontal loading. 

Assuming that the fairlead connection is at the water surface, the horizontal scope for 

the inelastic case can be expressed as: 

      (   
 

  
)
  ⁄

         (  
  

 
)                                            Eq. 5.6 

This basic formulation (Eq.5.6) can be used to plot the load excursion curve by 

applying a range of horizontal forces that are to be expected on the WEC at the 

installation location, for specific mooring line length , submerged weight per unit 

length and water depth (Fatlinsen, 1990). 
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5.6. Multi-catenary mooring (Spread Mooring) 

Spread mooring system will have more than one mooring line. This arrangement of 

moorings is especially useful for securing permanently or semi-permanently moored 

structures (UFC, 2005) and likely to be adopted for most WECs (Johanning et al., 

2006). The relationship between horizontal tension and surge displacement can be 

represented in the form of ‘reaction curves’ for pairs of opposed lines. This approach 

can also be used for a set of four lines when they form mutually orthogonal pairs, 

provided the surge displacements are small compared with the line lengths.  

In contrast to a single line, no direct link between surge and the external horizontal 

loading can be made for two lines opposite each other. In this case, the load 

excursion curve is not represented through the horizontal tension of an individual 

line and the resultant surge, but through the horizontal external loading and the 

resultant surge (Johanning et al., 2006). 

Considering a mooring system consists of two opposite lines with line A facing the 

incoming force and line B on the lee side. Therefore the external force will increase 

the horizontal tension in line A and reduce the horizontal tension in line B. The 

external loading or the resultant horizontal tension can be expressed in the form: 

                                                                                                          Eq. 5.7 

For this reason, the reaction curve in this case is represented by the horizontal 

external loading and the resultant surge as a dotted line on the over the load 

excursion curves. The equilibrium position, with no external loading is indicated 

with the crossing point of the surge–tension curves (load excursion curve of each 

line). 

 

5.7. Cross system 

In case of cross system (the general case), where there are not mutually orthogonal 

pairs of opposed lines, the approach described above must be modified. This is 
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achieved by resolving the lines along two orthogonal directions and introducing an 

‘imaginary’ system, where two imaginary mooring lines are opposite each other in 

each of the x and y directions. Using simple geometry, the properties for the real 

mooring lines can be resolved into components to form the imaginary mooring lines. 

In the simple preliminary design approach here, it is assumed that the surge is 

sufficiently small that the line direction remains essentially unchanged. 

Assuming an external loading Fext is applied to a structure at an angle β with the x-

axis, the corresponding force in the x-direction is Fx=Fext cos β, and the 

corresponding force in the y-direction is Fy=Fext sin β. The resultant forces for the x- 

and y- direction can then be used to produce a reaction curve for the imaginary lines 

A and B in each direction, by proceeding in the same manner as described above in 

section 5.6 

The resultant real value for surge, and the real values for the line tension, horizontal 

tension, vertical tension, horizontal scope, lifted line length, and horizontal distance, 

for the individual lines, can be found by simple geometrical resolution into the x- and 

y-directions (Johanning et al., 2006). 

 

5.8. Finite element approach for mooring analysis  

Recently several marine dynamics computer programs have been published for 

research and industrial uses.  

OrcaFlex is a marine dynamics program developed by Orcina for static and dynamic 

analysis of a wide range of offshore systems, including all types of marine risers 

(rigid and flexible), global analysis, moorings, installation and towed systems. 

OrcaFlex provides fast and accurate analysis of catenary systems such as flexible 

risers and umbilical cables under wave and current loads and externally imposed 

motions. OrcaFlex makes extensive use of graphics to assist understanding. The 

program can be operated in batch mode for routine analysis work and there are also 

special facilities for post-processing your results including fully integrated fatigue 

analysis capabilities.  
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OrcaFlex is a fully 3D non-linear time domain finite element program capable of 

dealing with arbitrarily large deflections of the flexible from the initial configuration. 

A lumped mass element is used which greatly simplifies the mathematical 

formulation and allows quick and efficient development of the program to include 

additional force terms and constraints on the system in response to new engineering 

requirements. In addition to the time domain features, modal analysis can be 

performed for individual lines and RAOs can be calculated for any results variable 

using the Spectral Response Analysis feature. OrcaFlex is also used for applications 

in the Defence, Oceanography and Renewable energy sectors. OrcaFlex is fully 3D 

and can handle multi-line systems, floating lines, line dynamics after release, etc. 

Inputs include ship motions, regular and random waves. Results output includes 

animated replay plus full graphical and numerical presentation (OrcaFlex manual). 

In this research OrcaFlex is used to perform Multi-static (Quasi-static) analysis for a 

spar moored by two orthogonal lines. The installation properties are similar to those 

presented in (Johanning et al., 2006).  

 

5.9. Results and discussions 

In order to predict the surge behaviour of the Sparbuoy OWC, the methodologies 

presented in this chapter are applied to a full scale structure (scale 1:100 of 

experimental model1).  

Load excursion curve is obtained analytically by applying a range of horizontal 

forces that are to be expected on the WEC at the installation location, for specific 

mooring line length, submerged weight per unit length and water depth. For single 

catenary mooring line, the solution of Eq.5.6 is presented in Fig.5.2. 
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Fig.5.2. Load excursion curve for single catenary mooring line, installation 

properties: wd=50m, l=75m and w=918.75N/m 

Considering a mooring system consists of two opposite lines with line A facing the 

incoming force and line B on the lee side. The external force will increase the 

horizontal tension in line A and reduce the horizontal tension in line B. the crossing 

point of the surge–tension curves for the two lines depends on the horizontal pre-

tension. In this case the reaction curve is plotted using Eq.5.7 over the load excursion 

curves. Load excursion curve and reaction curves for different horizontal pre-tension 

are presented in Fig.5.3.  
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                      (a) 

 
                      (b) 

 
                      (c) 

Fig.5.3. Load excursion and reaction curves for two opposite catenary mooring lines, 

installation properties wd=50m, l=75m and w=918.75N/m, (a) Pre-T = 50kN (b) Pre-

T = 100kN (c) Pre-T = 140kN 
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In order to validate the analytical rsults obtained a 2D Multi-static modelling have 

been performed using OrcaFlex. A snapshot of the model is presented in Fig.5.4. 

 
Fig.5.4. Snapshot of spar used in OrcaFlex modelling 

Total restoring force obtained from the finite element model is compared to those 

obtained analytically in Fig.5.5.  

 
Fig.5.5. Comparison between analytical and finite element reactions curves for two 

opposite catenary mooring lines, installation properties wd=50m, l=75m and 

w=918.75N/m, Pre-T = 50kN 

Fig.5.5. showed very good agreement between the predicted results using different 

approaches. It was important to plot both curves to perform static and quasi-static 

surge modelling for moored structure. In both approaches approach it is assumed that 
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mooring stiffness is equal to the tension force (resultant) in mooring lines. Constant 

line stiffness has been used for static modelling while reaction curve obtained has 

been used to estimate the instant resultant mooring line tension at different offsets. 

Fig.5.6 and Fig.5.7 presents static and quasi-static modelling of full-scale SparBuoy 

structure surge motion equipped with two opposite catenary mooring lines one facing 

the incoming force and the other is on the lee side. 

 
Fig.5.6. Comparison between structure surge RAO vs. wave frequency for different 

mooring line stiffness, using time domain static approach 

 
Fig.5.7. Comparison between structure surge RAO vs. wave frequency for different 

horizontal mooring line pre-tension, using time domain quasi-static approach 
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Results presented in this chapter agree with (Johanning et al, 2006) results. It is 

noticed that surge RAO obtained from quasi-static modelling (Fig.5.7) does not show 

big discrepancies than RAO obtained from static approach (Fig.5.6) except for 

frequencies below 0.6rad/s in case of quasi-static modelling. 
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Chapter 6 

Linear Modelling of Oscillating Water Column 

 

6.1. Introduction 

Unlike conventional offshore structures and ships mathematical model where the 

wave loading on the structure and the ship response to certain sea conditions that are 

of interest; researchers are more concerned about the performance of the power 

conversion process in case of WECs  

Jefferys (1980) and Brendmo et al. (1996) presented in their papers the power flows 

between the OWC components and the corresponding information flows, in addition 

to the basic models used to describe the OWC, the limitation for applying each 

model and the transformation from one model to another.  

The general model used to describe the OWC is the so-called applied-pressure (or 

pressure distribution) description, where the power input to the air chamber may be 

obtained in terms of the air pressure fluctuation and the air volume flux in the 

chamber above the interior water surface. Models based on applied-pressure 

description are valid for a wide range of frequencies and valid also if the shape of the 

interior water surface is changing.  

The alternative rigid-piston model (spring-mass-damper model) adopted in this 

research is also applicable if the wavelength is large compared to the horizontal 

extension of the interior water surface (low frequency), in this case it is assumed that 

the surface of the water column remains plane and then may be considered to be a 

rigid piston (heaving body). The errors introduced by this approximation are 
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negligible. The power input to the air chamber may then be obtained in terms of the 

net wave force acting on the interior water surface and the vertical velocity of this 

surface. 

Obviously, mechanical and electrical analogy of OWC system provided simple and 

efficient modelling tool allowing the study of the system from different prospective. 

Moreover, mechanical modelling provides easy test for the phase and amplitude 

conditions.  

 

6.2. Dynamic model of OWC 

Following the rigid piston model, captive OWC is best described by considering a 

single translational mode in heave direction. For offshore OWC the dynamic 

coupling of the water column and the floating structure is very important to achieve 

the desired efficiency and therefore the system is described by considering two 

translational modes in heave direction. 

 

6.2.1. Captive OWC 

The water column oscillations in captive OWC is modelled as a single DOF system 

illustrated in Fig. 6.1(a) 

M2 represents the total mass (mass and added mass) of the water column 

b2 is the damping coefficient of the water column and the PTO mechanism 

k2 is the stiffness due to air compression and hydrostatic effects of the water column 

F2TY cos (ωt) is the vertical wave force acting on the water column 

    ̇   ̈  are the displacement, velocity, and acceleration of the water column. 
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Fig.6.1. Dynamic model of (a) Captive and (b) floating OWC (simplified 2DOF model) 

The equation of motion used to describe the water column oscillations in captive 

OWC assuming viscous damping is: 

   ̈     ̇                                                                             Eq. 6.1 

 

6.2.2. Floating OWC 

In this research two different dynamic models will be used to describe floating OWC 

and will be referred to in the text as simplified 2DOF model and Szumko model 

respectively.  

The simplified 2DOF model is presented in Fig. 6.1(b), where, 

M1 is the mass and the added mass of the structure (buoy, tube and collar) 

b1 is the damping coefficient of the structure 

k1 is the structure hydrostatic stiffness in heave mode 

F1TY cos (ωt) is the vertical wave force acting on the structure 

    ̇   ̈  are the displacement, velocity, and acceleration of the structure.  

The coupled equations of motion used to describe the system are: 
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   ̈          ̇               ̇                          Eq. 6.2 

   ̈     ̇          ̇                                                   Eq. 6.3 

The second model used to describe floating OWCs is originally proposed by Szumko 

(1989) and recently adopted by Folley & Whittaker (2005) and Stappenbelt & 

Cooper (2010) is presented in Fig. 6.2. In this model, it must be noted that the turbine 

damping is modelled by the linear damping parameter separately, not in conjunction 

with the water column damping as in the former model. In addition, the air 

compressibility is also modelled by the linear stiffness separately not in conjunction 

with the hydrostatic stiffness of the water column. In other words the PTO damping 

and air compressibility are related to the relative velocity and displacement between 

the two masses. 

 
Fig.6.2. Szumko (1989) dynamic model of floating OWC  

The coupled equations of motion of the system are: 

   ̈     ̇        ̇   ̇                                                  Eq. 6.4 

      ̇   ̇                                                                                  Eq. 6.5 

   ̈      ̇                                                           Eq. 6.6 
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where 

bs, bwc, and bPTO represent the structure, water column and PTO damping respectively 

ks, kwc, and kair represent the structure hydrostatic, water column hydrostatic and air 

compressibility stiffness respectively. 

 

6.3. Assumptions 

The assumptions made in these models are quite similar to those assumed by 

(Gervelas et al., 2011; and Nunes et al, 2011) in their researches: 

a) Only waves with small amplitude are considered and linear theory is adopted. 

Linear wave theory allows the system dynamics to be represented in the 

frequency domain, with the associated powerful tools of linear superposition 

and Fourier analysis (Folley & Whittaker, 2005). 

b) The added mass and added inertia of the water column and the structure are 

assumed to be frequency independent.  

c) The air inside the device is treated as an ideal gas; the processes of filling and 

emptying the chamber are assumed to be isentropic and compressibility is 

considered.  

d) The total force acting on the structure is obtained by summing the forces on 

each volume element and forces are assumed to be concentrated in the centre 

of these volume elements. 

 

6.4. Calculations 

6.4.1. Total masses  

The actual mass of the structure was measured experimentally while the mass of the 

water column was assumed to be a solid vertical cylinder, with a mass equal to the 

cylinder of water from the bottom of the tube to the internal still water level. Since 
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the added mass was assumed to be frequency independent, the added vertical mass 

Mavm per unit length of cylindrical bodies is calculated as: 

      
 

 
  (

 

 
)
 

                                                                                              Eq. 6.7 

The total mass of the water column, M2 consists of the mass and added mass of the 

water column: 

                                                                                                     Eq. 6.8 

The total mass of the structure, M1 is the sum of mass of the buoy, tube and collar 

with their added masses: 

                                                                                                        Eq. 6.9 

 

6.4.2. Damping  

Damping in conventional OWC consists of two parts: the turbine damping which 

extracts the energy from the system and the damping of the water column itself due 

to the wave damping. 

The device geometry and the PTO damping are very important to govern the OWC 

damping which is crucial parameter in synchronizing the wave frequency and the 

natural frequency of the water column to achieve the desired performance, in 

addition to the structure and mooring lines damping in case of offshore OWC to tune 

the device motions. The optimum damping should be targeted during the plant design 

to ensure maximum power absorption (Thiruvenkatasamy, 1998). 

In the study herein damping values were determined experimentally from forced 

oscillation and decay tests of the structure and water column. PTO damping was 

modelled experimentally by orifices plate on the top of the OWC tube. Damping 

identification techniques were explained in details in Chapter 4. Models including 

nonlinear damping will be discussed in Chapter 7. 
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6.4.3. Stiffness 

The air compressibility inside the pneumatic chamber is modelled mechanically by a 

linear spring separately or in conjunction with the water column hydrostatic stiffness 

corresponding to its water plane area. 

The hydrostatic stiffness of the structure and the water column are calculated as: 

                                                                                                               Eq. 6.10 

                                                                                                             Eq. 6.11 

Where As and Awc are the water plane area of the structure and the water column 

respectively. 

The pneumatic stiffness may be expressed in term of air properties (specific heat 

ratio and atmospheric pressure) and chamber geometry (area and height) (Brendmo 

et al., 1996 and Ikoma et al., 2012). This approach was adopted in several studies by 

pioneer researchers. The pneumatic stiffness is calculated as: 

     
        

 

  
                                                                                                  Eq. 6.12 

where, V0 is the average air volume in the pneumatic chamber 

p is the pressure 

γ is the specific heat ratio for air. 

Many researchers ignored the air compressibility problem following the assumption 

that for subsonic air flow especially at Mach number less than 0.3, air may be treated 

as incompressible fluid (Oosthuizen and Carscallen, 1997), or assuming that for full 

scale OWC the influence of the air compressibility will be minor compared to the 

hydrostatic (restoration) force previously discussed (Suleman & Bin Khaleeq 2010). 
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6.4.4. Wave forces 

Once again; in the present study the total vertical wave excitation forces acting on 

the structure, F1TY and/or the water column, F2TY consist of dynamic pressure forces 

(incident) and acceleration forces (Incecik, 1982, Aalbers, 1984 and Sphaier et al., 

2007). The total vertical force acting on the structure includes the forces acting on 

the buoy, tube and collar. 

As mentioned in Chapter 3 the incident wave component is expressed as: 

              
             

         
                                                                   Eq. 6.13 

And the acceleration component is calculated as: 

                    
             

         
                                                      Eq. 6.14 

For floating OWC, phase difference between forces applied on the structure and 

water column should be introduced in the modelling for proper dynamic analysis. 

Stappenbelt & Cooper, 2009 reported that wave forces on the water column, and the 

floating structure, are to be related via a complex parameter allowing for both a 

magnitude and phase difference between the forces. It may be noticed that this 

parameter is real. In the limit of large wavelength, or small wave number, this 

parameter can also be shown to be equivalent to the area ratio, RO, of the OWC 

opening to the total base area of the floating wave energy converter. In this case 

wave forces applied on the water column are multiplied by RO and wave forces 

applied on the structure are multiplied by (1-RO). 

 

6.5. Computer simulation 

A range of computer scripts and functions have been developed to calculate the 

damping coefficients from experiments. Later on; Analytical and numerical 

algorithms have been developed to perform the modelling of captive and floating 

OWC by solving the Ordinary Differential Equations (ODEs) describing the motions. 
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6.5.1. Analytical solutions in frequency domain 

Analytical integration algorithms have been developed to solve the linear equations 

of motions reported in the study (except Szumko model. It was solved numerically 

due to its complexity) based on the solutions of second order linear equations 

provided in  differential equation books such as (Ayres,1952) and mechanical 

vibrations book (Rao, 1991) for both single and two DOF models. 

From the equation of motion used to describe the water column oscillations in 

captive structure assuming viscous damping (Eq.6.1), the water column oscillation 

amplitude is calculated as: 
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√[  (    
⁄ )

 
]
 

 [  (    
⁄ )]

 

                                                                      Eq. 6.15 

where   is the damping ratio and the phase angle between the water column and 

waves  is: 

        [
    (   ⁄ )

  (   ⁄ )
 ]                                                                                   Eq. 6.16 

The water column heave natural frequency is: 

    √
  

  
                                                                                                       Eq. 6.17 

Once again the solution of a standard single DOF equation of motion is presented in 

Appendix D. 

For the two DOF model, the general equations of motion of the system are expressed 

in Eq.6.2 & Eq.6.3. The complete analytical solution of a two DOF model is 

presented in Appendix E. 
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The amplitudes and the phase angles of the two bodies may be written as: 
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Since the system is damped, the masses vibrate with the same frequency with a time 

lag; assuming that: 

      
                                                                                                      Eq. 6.22 

      
                                                                                                      Eq. 6.23 

 ̇                                                                                                        Eq. 6.24 

 ̇                                                                                                        Eq. 6.25 

 ̈      
                                                                                                Eq. 6.26 

 ̈      
                                                                                                Eq. 6.27 

Therefore the relative motion between the water column and the structure may be 

expressed as: 

                                                                            Eq. 6.28 
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6.5.2. Numerical solutions in time domain 

A large number of software packages offer pre-programmed numerical integration 

algorithms. Numerical integration of ODE is provided by the ODE solver package of 

Matlab. It contains both fixed-step and variable-step solvers, suitable for different 

degrees of stiffness and needs for accuracy (Hals, 2010).  

For the models reported herein, the solver named ode23 was selected. ode23 is an 

implementation of an explicit Runge-Kutta, pair of Bogacki and Shampine. It may be 

more efficient than ode45 (In general, ode45 is the best function to apply) at crude 

tolerances and in the presence of moderate stiffness. Like ode45, ode23 is a one-step 

solver.  

Matlab ode23 accepts only first-order differential equations. In order to use the ODE 

solver with higher-order ODEs, one must rewrite each equation as an equivalent 

system of first-order differential equations (Matlab 2008). 

Mathematical manipulations performed to rewrite the equation of motion of water 

column in captive OWC as an equivalent system of first-order differential equations 

is presented in Appendix F. 

Appendix G presents the system of first-order differential equations equivalent to the 

equations of motions of the simplified 2DOF model and Szumko model. 

 

6.6. Special case (one-way coupling) 

The special condition for harmonic excitation treated herein occurs when the mass 

ratio mr (m2/m1) is large (>0.4 in this case) and the natural frequency ratio (ωn2/ωn1) 

is close to 1 with small damping ratio. 

In this case the predicted frequency responses of the masses become very close to 

each other. Both analytical and numerical procedures fail in predicting the spar heave 

and the water column motion.  
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By examining the values of the terms making the equations of motion (Eq.6.1 and 

Eq.6.2) it was found that some terms are relatively very high. These terms were set to 

zero which leaded to the one-way coupling approach. 

One-way coupling between the two masses may be a reasonable assumption in this 

case. This is achieved by treating the structure heave motion as single DOF system 

while keeping the equation of motion of the water column as it is. In other words, 

only single DOF motion of the structure will be taken into account in water column 

oscillations calculation. Therefore the equations of motion for the structure heave 

and the water column oscillations may be re-written as: 

   ̈         ̇             ̇                               Eq. 6.29 

   ̈     ̇          ̇                                                 Eq. 6.30 

 

6.7. Power absorbed and performance measures 

It is important that the numerical tool developed in this research not only simulate 

the OWC motions but be able to measure the performance of the device as well. The 

proper operation of the device is not the scope of the research while the proper 

modelling is. Since the same orifices were used during testing the models without 

being scaled, the effect of the plates is different on the two models. However the 

motions and damping results obtained from the numerical and the experimental 

modelling were used to measure the performance in the scaled environment. It is 

expected that full scale results will be significantly different due to the PTO damping 

used in real conditions.  

The general applicable measures of performance were discussed in section 1.5.2. 

Similarly to those presented and adopted by Falnes, 2002; Stappenbelt & Cooper 

2009; Gomes et al., 2012 and Falcão 2012. The mean captured power from a heaving 

wave energy converter is given by as:  

                  
            Eq. 6.31 
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The theoretical maximum limit for the time-averaged wave power that can be 

absorbed from regular waves in deep water by a heaving wave energy converter with 

a vertical axis of symmetry is to be: 

     
 

      
|    |

                            Eq. 6.32 

Therefore, from Eq.6.31 and Eq.6.32, it is possible to compute the dimensionless 

mean power capture, given by: 

   
    

    
                                  Eq. 6.33 

For regular incident waves, the wave power per unit crest width is obtained From 

Eq.1.1 Then the capture width which represents the equivalent width of incident 

wave power that is completely captured by the device and converted to mechanical 

power is defined by: 

   
    

  
                        Eq. 6.34 

The Capture Factor CF also known as Capture Width Ratio CWR is expressed as: 

   
    

    
 

  

 
                                  Eq. 6.35 

 

6.7. Results and discussions 

In this section captive and floating OWC modelling results obtained by considering 

one and two translational modes in heave direction respectively will be presented. 

The mass of the water column is assumed to be a solid vertical cylinder from the 

bottom of the tube to the internal still water level. Added mass is assumed to be 

frequency independent. The water column total mass results are presented in Table 

6.1. 
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Table 6.1: Water column total mass and added mass in heave 

 OWC Mass (kg) 

Mass Added mass 

Model1 1.1310 0.0360 

Model2 4.5996 0.2953 

 

Water column damping and PTO damping modelled experimentally by orifice plates 

were calculated using logarithmic decrement and half-power bandwidth methods. 

Water column damping results are presented in Table 6.2. 

Table6.2: Water column damping results 

 

The orifices area made about 5.6% and 11.2% of the water column area for 

experimental model1 in case of 2 and 4 orifices respectively. While for the second 

model, orifices area just made 1.2% and 2.4% of the water column area.  

In case of open tube, damping obtained represents the water column damping, while 

damping obtained in case orifice plates are used represents the sum of the water 

column and the PTO damping.  

The determination of damping in case of 2 orifices for experimental model 2 was not 

applicable due to the high damping applied. 

Moreover, it is noticed that damping ratios of experimental model 2 are higher than 

those of experimental model 1.  

We may also notice that damping values obtained from the half-power bandwidth 

method are higher than those obtained from logarithmic decrement method. 

 OWC Damping Ratios 

WC (Open tube) WC + 4 Orifices WC + 2 Orifices 

Log. dec.  Half-power  Log. dec.  Half-power Log. dec. Half-power 

Model1 0.041 0.084 0.043 0.09 0.046 0.096 

Model2 0.043 0.068 0.059 0.095 0.082 NA 
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Results obtained from Eq.6.11 and Eq.6.12 used to calculate the hydrostatic and 

pneumatic stiffness are presented in Table 6.3. 

Table 6.3: Stiffness results 

 

 

 

 OWC Stiffness (N/m) 

WC 

Hydrostatic 

Air 

Compressibility 

Model1 27.7371 1.0875 

Model2 112.8053 4.4227 

 

As mentioned earlier in section 6.4.3 the pneumatic stiffness due to air 

compressibility is small compared to the hydrostatic stiffness of the water column. 

From the above table the pneumatic stiffness makes about 3.7% of the total stiffness. 

It is expected that for a full scale OWC, the pneumatic stiffness be relatively smaller 

compared to the hydrostatic stiffness of the water column. 

In the present study a single degree of freedom oscillatory system was used to model 

the water column oscillations inside captive OWC. 

Fig.6.3 and Fig.6.4 present comparison between experimental and numerical water 

column RAO for experimental models 1&2 respectively. 

The water column RAO is defined as the water column oscillation amplitude divided 

by the wave amplitude. 
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       (a) 

 
               (b) 

 
       (c) 

 
                (d) 

 
       (e) 

 
                (f) 

Fig.6.3. Comparison between numerical and experimental water column oscillations 

RAOs vs. wave frequency for experimental model1; 1DOF model, viscous damping, 

(left) using logarithmic decrement method, (right) using half power bandwidth 

method; (a,b) Open tube, (c,d) 4 orifices, (e,f) 2 orifices, 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 

 

Fig.6.4. Comparison between numerical and experimental water column oscillations 

RAOs vs. wave frequency for experimental model2; 1DOF model, viscous damping, 

(left) using logarithmic decrement method, (right) using half power bandwidth 

method; (a,b) Open tube, (c,d) 4 orifices, (e) 2 orifices. 
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Fig.6.3 and Fig.6.4 showed that the pneumatic stiffness which varies according to the 

number of orifices in the orifice plate has a minor influence on the water column 

response and may be ignored.  Moreover, the increase in PTO damping causes a 

reduction in the oscillations RAO only around the resonance frequency. It is noticed 

that viscous damping model results using both approaches failed to predict the 

response accurately around resonance.  

The phase angles between waves and water column oscillations as calculated from 

Eq.6.16 are presented in Fig.6.5 and Fig.6.6 for experimental models 1 and 2 

respectively. 

 
              (a) 

 
             (b) 

 
           (c) 

 

Fig.6.5. Predicted phase angle between waves and the water column oscillations for 

experimental model1; 1DOF model; (a) Open tube (b) 4 Orifices (c) 2 Orifices  
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           (a) 

 
           (b) 

 
           (c) 

 

Fig.6.6. Predicted phase angle between waves and the water column oscillations for 

experimental model2; (a) Open tube (b) 4 Orifices (c) 2 Orifices  

From the above figures, it is seen that the phase angles are quite similar except in 

case of 2 orifices for experimental model 2, due to the high damping applied by the 

orifices. 
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The two different dynamic models presented in this chapter used to describe floating 

OWC referred to in the text as simplified 2DOF model and Szumko model 

respectively. Simplified 2DOF model was solved analytically due to its simplicity. 

Predicted natural frequencies of the two experimental models are presented in Table 

6.4. 

Table 6.4: Coupled natural frequency results  

 Structure 

Natural 

frequency 

WC 

Natural 

frequency 

Frequency 

ratio 

Model1 8.0642 4.1888 1.9252 

Model2 7.5828 4.1717 1.8177 

Comparison between analytical and experimental results of structure heave, water 

column oscillations and relative RAOs for experimental model1 using simplified 

2DOF model is presented in Fig.6.7. 

 

Fig.6.7. Comparison between analytical and experimental structure heave, water 

oscillations and relative motion RAOs vs. wave frequency for experimental model1, 

open tube; simplified 2DOF model, viscous damping using half power bandwidth 

method. 
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Fig.6.7 showed that the measured relative RAO showed a clear peak at 4.8rad/s 

which is the water column natural frequency in case the structure is captive.  

The predicted relative RAO peaks at 4.1rad/s and 8rad/s corresponding to the water 

column and structure natural frequencies presented in Table 6.4.  

 It is noticed that the structure heave response is better described in chapter 4 when 

the water column was not considered.  

 The predicted frequency responses of the spar and the relative motion become very 

close to each other and failed to match the measured peaks corresponding to the 

structure and water column natural frequencies. In order to validate the analytical 

procedure, Matlab scripts are developed to solve the same equations numerically 

using the procedure discussed earlier. Comparison between analytical, numerical and 

experimental results of structure heave and relative motion RAOs for experimental 

model 1 is presented in Fig.6.8 within the range of frequencies tested experimentally. 

 

Fig.6.8. Comparison between analytical, numerical and experimental structure heave 

and relative motion RAOs vs. wave frequency for experimental model1, open tube; 

simplified 2DOF model, viscous damping using half power bandwidth method. 
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Fig.6.8 showed that both analytical and numerical procedures failed in predicting the 

spar heave and the relative motions responses which raised doubts about the 

suitability of the dynamic model. However, Fig.6.9 and Fig.6.10 present comparison 

between the numerical and experimental spar heave and the relative motions RAOs 

for experimental models 1&2 in case of open tube and different number of orifices.  

                                            
(a)         (a)               (b) 

              
(c)      (c) 

 

Fig.6.9. Comparison between numerical and experimental structure heave and relative motion 

RAOs vs. wave frequency for experimental model1; simplified 2DOF model, viscous damping 

using half power bandwidth method; (a) Open tube, (b) 4 orifices, (c) 2 orifices 
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(a) 

 
(b) 

Fig.6.10. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model2; simplified 2DOF model, 

viscous damping using half power bandwidth method; (a) Open tube, (b) 4 orifices. 
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column oscillations as calculated from Eq.6.19 and Eq.6.21 are presented in Fig.6.11 

and Fig.6.12 for experimental models 1 and 2 respectively. 
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              (a) 

 
             (b) 

 
           (c) 

 

Fig.6.11. Predicted phase angles between waves and structures; and wave and water column 

oscillations for experimental model1; simplified 2DOF model; (a) Open tube (b) 4 Orifices (c) 

2 Orifices  
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              (a) 

 
             (b) 

Fig.6.12. Predicted phase angles between waves and structures; and wave and water column 

oscillations for experimental model2; simplified 2DOF model; (a) Open tube (b) 4 Orifices 
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Fig.6.13. Comparison between numerical structure heave and relative motion RAOs 

vs. wave frequency for simplified 2DOF model, constant structure damping ratio 

(d1=0.05) and different water column damping ratios (d2) 

 

Fig.6.14. Comparison between numerical structure heave and relative motion RAOs 

vs. wave frequency for simplified 2 DOF model, constant water column damping 

ratio (d2=0.05) and different structure damping ratio (d1) 
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Modelling of floating OWC by the simplified 2DOF model using higher damping 

values did not solve the problem since the structure heave and relative motion peak 

frequencies occur at the same frequency as presented in Fig.6.13 and Fig.6.14. which 

does not agree with the experimental results. 

The second approach was to investigate the effect of the mass ratio on the modelling. 

Therefore numerical modelling was performed using lower mass ratios by increasing 

the mass of the structure. Numerical results obtained are presented in Fig.6.15. 

 

Fig.6.15. Comparison between numerical structure heave and relative motion RAOs 

vs. wave frequency for simplified 2 DOF model, constant structure and water column 

damping ratios (d1=d2=0.05) and different mass ratio. 
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motions RAOs. The damping in case of one orifice is assumed to be 15% of the 

critical damping and the spar damping is assumed to be 5%. 

 
(a) 

 
(b) 

Fig.6.16. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model3; simplified 2 DOF model, 

viscous damping using half power bandwidth method; (a) Open tube, (b) 1 orifices. 
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structure heave, water column oscillations and relative RAOs for experimental 

model1 is presented in Fig.6.17. 

 

Fig.6.17. Comparison between numerical and experimental structure heave, water 

oscillations and relative motion RAOs vs. wave frequency for experimental model1, 

open tube; one-way coupling, 2DOF model, viscous damping using half power 

bandwidth method. 
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               (a) 

 
            (b) 

 
           (c) 

 

Fig.6.18. Comparison between numerical and experimental structure heave and relative motion 

RAOs vs. wave frequency for experimental model1; one-way coupling, 2DOF model, viscous 

damping using half power bandwidth method; (a) Open tube, (b) 4 orifices, (c) 2 orifices 
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            (a) 

 

 
               (b) 

Fig.6.19. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model2; one-way coupling, 2DOF 

model, viscous damping using half power bandwidth method; (a) Open tube, (b) 4 orifices. 

 
            (a) 

 
            (b) 

Fig.6.20. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model3; one-way coupling, 2DOF 

model, viscous damping using half power bandwidth method; (a) Open tube, (b) 1 orifice. 
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The second dynamic model used to describe the floating OWC motions is the model 

proposed by Szumko and presented in Fig.6.2. Fig.6.21 presents comparison between 

numerical and experimental results of structure heave, water column oscillations and 

relative RAOs for experimental model1 over a wide range of frequencies. 

 

Fig.6.21. Comparison between numerical and experimental structure heave, water 

oscillations and relative RAOs vs. wave frequency for experimental model1, open 

tube; Szumko model, viscous damping using half power bandwidth method. 

Fig.6.22, Fig.6.23 and Fig.6.24 present comparison between the numerical and 

experimental spar heave and relative motions RAOs for experimental models 1,2&3 

within the experimentally validated range of frequencies using Szumko model. 
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             (a) 

 
            (b) 

 
            (c) 

 

Fig.6.22. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model1; Szumko model, viscous damping 

using logarithmic decrement method; (a) Open tube, (b) 4 orifices, (c) 2 orifices. 
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             (a) 

 
             (b) 

 
            (c) 

 

Fig.6.23. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model2; Szumko model, viscous 

damping using logarithmic decrement method; (a) Open tube, (b) 4 orifices, (c) 2 orifices 
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(a) 

 
(b) 

Fig.6.24. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model3; Szumko model, viscous 

damping using logarithmic decrement method; (a) Open tube, (b) 1 orifice 
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).  Therefore Szumko model has been modified so 

that the pneumatic spring and damper is parallel. The phase caused by the spring in 

the first case has been ignored. However the phase between the forces on the two 

masses is still introduced by the area ratio. 
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Fig.6.25 presents comparison between numerical and experimental results of 

structure heave, water column oscillations and relative RAOs for experimental 

model1 over a wide range of frequencies using the modified Szumko model. 

 

Fig.6.25. Comparison between Numerical and experimental structure heave, water 

oscillations and relative RAOs vs. wave frequency for experimental model1, open 

tube; Modified Szumko model, viscous damping using half power bandwidth method. 
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the same orifice plates for testing both models without any scaling. But it is 

important to figure the power absorption behaviour along frequencies.  It is expected 

that full scale results will be significantly different due to the PTO damping used in 

real conditions. The pneumatic power captured by captive experimental models 1 

and 2 calculated using Eq.6.31 are presented in Fig.6.26 and Fig.6.27 respectively. 

 
            (a) 

 
             (b) 

Fig.6.26. Captured pneumatic power by captive experimental model1; (a) Numerical; 

(b) Experimental 

 
            (a) 

 
             (b) 

Fig.6.27. Captured pneumatic power by captive experimental model2; (a) Numerical; 

(b) Experimental 
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chamber height increases. In addition, as the height increases, the power absorption 

single peak (at the peak frequency) becomes smaller and forms two new peaks, one 

at a higher and other at a lower frequency. As these peaks increase, they move away 

from the central frequency, reducing the power absorption at that frequency. This 

effect reduces the annual average power. From Fig.6.27(b) it is noticed that the 

increase of stiffness due the decrease of orifice area ratio has the same effect.  

The dimensionless mean power capture defined as the ratio of the maximum 

achievable captured power to the power captured by the device. Results obtained 

from Eq.6.33 are plotted in Fig.6.28 and Fig.6.29 for both experimental models.  

 
            (a) 

 
             (b) 

Fig.6.28. Dimensionless mean power capture of captive experimental model 1; (a) 

Numerical; (b) Experimental 

 
             (a) 

 
            (b) 

Fig.6.29. Dimensionless mean power capture of captive experimental model 2; (a) 

Numerical; (b) Experimental 
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It is clear that results obtained from experimental model2 are extremely higher than 

those obtained from experimental model 1. This is due to the use of the same orifice 

plates for testing both models.  

It is also noticed that for experimental model2 the numerical and experimental 

dimensionless mean power capture have the same behaviour for frequencies less than 

5.5rad/s, then the pneumatic stiffness affects the system.  

The same equation used to calculate the capture width and capture factor of a full 

scale OWC (Eq.6.34 and Eq.6.35) were used with the reduced scale models, it is 

important to mention here that wave height of 0.06m was used to calculate the wave 

power per meter width of a wave used to plot both capture width and factor graphs.  

Capture factor of captive device were calculated by dividing the capture width by the 

water column diameter. Capture width results of the two models are presented in 

Fig.6.30 and Fig.6.31 capture factor results are presented in Fig.6.32 and Fig.6.33 

 
             (a) 

 
             (b) 

Fig.6.30. Capture width of captive experimental 1; (a) Numerical; (b) Experimental 
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            (a) 

 
             (b) 

Fig.6.31. Capture width of captive experimental 2; (a) Numerical; (b) Experimental 

  

Fig.6.32. Capture factor of captive experimental 1; (a) Numerical; (b) Experimental 

 
             (a) 

 
               (b) 

Fig.6.33. Capture factor of captive experimental 1; (a) Numerical; (b) Experimental 
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The same procedure adopted to plot the performance measures of captive OWC will 

be used in case of floating OWC. Instead of using the water column oscillations 

amplitudes, the relative motion amplitudes between the structure and the water 

column will be used in calculations. Unfortunately, the water column response 

around the structure natural frequency was not validated experimentally due to time 

limitations. 

The pneumatic power captured by floating experimental models 1 and 2 are 

calculated using Eq.6.31 and presented in Fig.6.34 and Fig.6.35 respectively. 

Wave height of 0.02m were used to calculate the wave power per meter width of a 

wave front used to plot both capture width and factor graphs. The diameter of the 

structure was used to calculate the capture factor from the capture width. 

 

Fig.6.34. Captured pneumatic power by floating experimental 1 
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Fig.6.35. Captured pneumatic power by floating experimental 2 

The peaks corresponding to the OWC and floating structure natural frequencies are 

visible in the power capture plots. This is consistent with the floating OWC 

experimental results from the study by Sykes et al., (2009).  

It is noticed that at high damping, the power captured at the structure natural 

frequency is higher the power captured at the water column natural frequency. This 

implies that a structural natural frequency lower than the water column natural 

frequency is favourable in optimising power capture.  

Moreover, it is evident from these figures that a significant increase in power capture 

is achieved when the natural frequencies of the OWC and floating structure are 

separated compared to the power captured results in case of captive OWC when the 

structure peak didn’t exist and this agrees with Stappenbelt & Cooper (2009). 

Capture width results of the two models are presented in Fig.6.36 and Fig.6.37 

capture factor results are presented in Fig6.38 and Fig.6.39 
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Fig.6.36. Capture width of floating experimental 1 

 

Fig.6.37. Capture width of floating experimental 2; 
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Fig.6.38. Capture factor of floating experimental 1 

 

Fig.6.39. Capture factor of floating experimental 2 
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Chapter 7 

Nonlinear Modelling of Oscillating Water Column 

 

7.1. Introduction 

If nonlinearities can be assumed to be small, frequency domain solutions are 

sufficient. There are, however, nonlinearities which cannot be reproduced at present 

in frequency domain solutions.  If these other nonlinearities are considered 

significant or must be investigated a time domain solution is necessary.  Such 

nonlinearities are associated with the drag forces or the nonlinearity associated with 

the forces in the displaced position of the structure. Second-order diffraction 

formulations allow higher nonlinear effects to be included (Anam and Roesset, 

1994).  

 

7.2. Non-linearity due to large wave forces  

The small amplitude wave theory is adopted to predict the forces and resulting 

responses of the WEC, which is valid for most of the WEC operational life (Cruz, 

2008). However, from the survivability perspective the small amplitude wave theory 

may not be valid. In this section linearized and nonlinear approaches are proposed to 

predict nonlinear effect associated with incident large waves. For simplification 

Froude-Krylov approximation is adopted to calculate the wave forces. Linearized 

approach was adopted to predict nonlinearity in water column oscillations in 

frequency domain. Later on, time domain nonlinear approach is presented. 
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7.2.1. Linearized frequency domain model 

There are several methods to find approximate solutions for nonlinear problems in 

the frequency domain, such as perturbation technique or harmonic balance based 

methods (Nayfeh, 1981). For the model reported herein nonlinear oscillations are 

analysed asymptotically by means of perturbation method. This approach doesn’t 

require the wave force to be calculated in the time domain. In this case the problem 

may be formulated by adding a small (perturbed) term to the mathematical 

description of the linear (auxiliary) problem to represent the nonlinearity and solve 

the coupled equations in the frequency domain (Nayfeh and Mook, 1979). The 

equation of motion of the water column oscillations in captive OWC assuming 

Froude-Krylov approximation is: 

  ̈    ̇                 
    (       )

    (   )
   (  )                              Eq. 7.1 

In order to include the nonlinear effect due to large waves the draft d should vary 

simultaneously with the water column oscillation amplitude y. 

Assume that: 

 ( )      ( )                                                                                               Eq. 7.2 

where; 

d(t) is the instantaneous draft 

d0 is the initial draft 

y(t) is the instantaneous oscillation amplitude 

Therefore the pressure force F becomes: 

             
    ( (    )     )

    (   )
   (  )                                                Eq. 7.3 

Let: 

       [ (     )    ]    (  )                                                      Eq. 7.4 
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where: 

  
           

    (   )
                                                                                                     Eq. 7.5 

If, |    |   , The equation can be linearized and its solution is to be composed 

of 2 solutions in the form of        using classical perturbation technique, so 

that the equation of motion may be written as: 

 ( ̈   ̈ )   ( ̇   ̇ )   (     )       [ (     )    ]    (  )    

Eq .7.6 

Reduced to: 

 ( ̈   ̈ )   ( ̇   ̇ )   (     )   [    ( (     ) )     (  )  

                        ( (     ) )     (  )]    (  )                           Eq. 7.7 

Reduced to 

 ( ̈   ̈ ) ̈   ( ̇   ̇ )   (     )    [    ( (     ) )( )   

     ( (     ) ) (  )]    (  )                                      Eq. 7.8 

Reduced to 

 ( ̈   ̈ )   ( ̇   ̇ )   (     )       ( (     ) )    (  )  

                             ( (     ) )    (  )                                            Eq. 7.9 

Reduced to: 

 ( ̈   ̈ )   ( ̇   ̇ )   (     )  [      ]    (  )                Eq. 7.10 

Reduced to: 

 ( ̈   ̈ )   ( ̇   ̇ )   (     )  [     (     )]    (  )  Eq. 7.11 
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where; 

        ( (     ) )                                                                           Eq. 7.8 

          ( (     ) )                                                                       Eq. 7.9 

From Eq.7.11 – Eq.7.13, we thus have: 

  ̈    ̇           (  )                                                                   Eq. 7.10 

  ̈    ̇        (     )    (  )                                                  Eq. 7.11 

Now the Eq.7.14 & Eq.7.15 are to be solved simultaneously for y0 and y1 using 

Matlab. 

 

7.2.2. Non-linear time domain model 

For more accurate prediction numerical nonlinear approach is adopted. This requires 

the calculation of wave force in time domain, which is obtained by taking into 

account the instantaneous draft. Matlab ode23 allows the solution of the equation in 

this form. 

Therefore the force may be written directly as: 

 ( )             
    ( (   ( ))     )

    (   )
                                                       Eq. 7.12 

 

7.3. Non-linearity due to damping forces 

Damping coefficients relate the floating structures rigid body velocities to the 

hydrodynamic damping forces. Two types of damping forces may be experienced on 

the floating structures which oscillate near or on the free surface. 
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First, wave damping forces due to the dissipation of energy in the form of surface 

waves which are generated as a result of rigid body motion of floating structures 

(radiated waves). 

Second, viscous damping forces which are due to the turbulent flow in the lee of a 

body.in other words it is due to a deviation of the pressure distribution from its ideal 

fluid value (Incecik, 1982). In case of OWC, PTO mechanism adds more damping 

which extracts energy from the system. Equivalent Viscous Damping (EVD) 

methodology based on linear and quadratic damping coefficients will be adopted for 

both frequency and time domain analysis. The linear and quadratic damping 

coefficients bL and bQ can be derived from the decrease in the water elevation for two 

successive cycles from the decay test, and then the equivalent viscous damping 

corresponding to particular water elevation amplitude may be calculated as: 

         
   

  
                                                                                         Eq. 7.13 

where, T is the natural period. bL and bQ are obtained by plotting (the decrease in 

oscillation amplitude /mean amplitude) against (oscillation amplitude). Then the data 

is fitted using the least squared technique to yield a linear equation of the form Y = 

nX + c. The slope, n, is related to the quadratic damping coefficient and its y-axis 

intercept, c, is related to the linear damping coefficient as follow: 

   
 

 
                                                                                                       Eq. 7.18 

     
 

 
                                                                                                          Eq. 7.19 

where, M and T are the mass and natural period of the oscillating body. 

 

7.3.1. Iterative (optimised) frequency domain model 

The analytical solution of the equation of motion of a single DOF system in 

frequency domain gives: 
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  ⁄

√[  (   ⁄ )
 
]
 
 [    (

 
  ⁄ )]

 

                                                                         Eq. 7.20 

Similarly to the method suggested by Blagoveschchensky, 1962 to optimize the 

linear and quadratic coefficients, Matlab script is used to solve Eq. (7.19) with EVD 

Eq. (7.16) as an iterative solver. This is achieved by assuming amplitude of motion, 

the damping coefficients are calculated and then the equation of motion is solved. 

Motion amplitudes obtained from these equations can now be used to determine new 

damping coefficients and the equation of motion is again solved. This iteration 

procedure continues until two successive linear damping coefficients are close 

enough to each other (1% relative error) (Incecik, 1982).  

 

7.3.2. Time domain non-linear model 

In this model numerical nonlinear approach is adopted. This requires the calculation 

of damping force in time domain, which is achieved by taking into account the 

instantaneous oscillation amplitude as in Eq. (6.16). Therefore the EVD is used to 

substitute the viscous damping coefficient in the equation of motion Eq. (6.1). So 

that it can be written as: 

  ̈  (     
   

  
)  ̇         (  )                                                    Eq. 7.21           

The equivalent system of first-order differential equation used for Matlab in this case 

becomes: 

 ̇                                                                                                                 Eq. 7.22 

 ̇   
(     

    
  

)

 
   

 

 
   

 

 
   (  )                                                   Eq. 7.23 

The linear and quadratic damping coefficients are not optimized in this case but 

taken as constants which are obtained experimentally.  
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7.4. Nonlinearity due to air compressibility 

Perturbation techniques previously discussed in section 7.2.1 may be used to 

linearize the air compressibility effects in case analysis is required to be performed in 

frequency domain. In this section nonlinear effect due to air compressibility is 

modelled in time domain by considering the instantaneous pneumatic chamber 

volume in calculations. 

In this case the stiffness due to air compressibility (pneumatic stiffness) is in the form: 

    ( )  
        

 

 ( )
                                                                                                 Eq. 7.24 

where; 

V(t) is the instantaneous volume calculated as: 

 ( )      (   ( ))                                                                                       Eq. 7.25 

Where, h is the pneumatic chamber height. Once again, Matlab ode23 allows the 

solution of the equation of motion in the new form: 

  ̈    ̇  (    
       

 (   )
)      (  )                                               Eq. 7.26 

 

7.5. Results and discussions 

This chapter aimed to investigate nonlinear response of water column inside captive 

OWC-WEC due to large wave and nonlinear damping in both time and frequency 

domains. Time domain representations of linear, perturbed and linearized water 

column oscillation amplitudes obtained originally from frequency domain analysis 

using perturbation theory (section 7.2.1) are presented in Fig.7.1 and Fig.7.2 for 

experimental model1 at different wave frequencies. 
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Fig.7.1. Time domain representation of linear, perturbed and linearized water 

column oscillation amplitude for experimental model1; 1DOF, large wave model;            

HW = 0.06m, ω = 1.8rad/s 

 
Fig.7.2. Time domain representation of linear, perturbed and linearized water 

column oscillation amplitude for experimental model1; 1DOF, large wave model;            

HW = 0.06m, ω = 4.8rad/s 

Fig.7.1 and Fig.7.2 showed that the perturbed term is very small compared to the 

linear one which clarify the similarity between the linear and linearized results. 
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Fig.7.3 shows comparison between linear, linearized and nonlinear water column 

oscillations (nonlinear approach discussed in section 7.2.2).  

 

Fig.7.3. Comparison between linear, linearized and nonlinear water column 

oscillations (due to large waves) vs. time for experimental model1, open tube; 

1DOF model, HW = 0.09m, ω = 4.8rad/s 

Frequency domain representation comparing the experimental water column 

oscillations RAO and the results obtained from linear, linearized and nonlinear 

approaches is presented in Fig.7.4 (using the damping values calculated by the 

logarithmic decrement method). It is clear that results of the three approaches are 

very close. However linear results are the highest followed by the linearized then the 

nonlinear approach results. 

Differences between the results obtained from the three approaches increase as the 

response amplitude increases. Therefore comparison is performed at the water 

column natural frequency and higher wave amplitudes. This comparison is shown in 

Fig.7.5.  Note that the y-axis scale is very small. 
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Fig.7.4. Comparison between numerical (linear, linearized and nonlinear due to 

large waves) and experimental water column oscillations RAOs vs. wave frequency 

for experimental model1; 1DOF model 

 

Fig.7.5. Comparison between linear, linearized and nonlinear water column RAO 

(due to large waves) vs. incident wave height for experimental model1, open tube; 

1DOF model, ω = 4.8rad/s 
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higher heave amplitudes due to the hull shape. Unlike ships, spars have a constant 

diameter, consequently constant stiffness, but the pneumatic stiffness due to air 

compressibility increases in addition to friction losses. Fig.7.5 shows that linearized 

solution is much closer to the linear solution than the nonlinear one, which questions 

the suitability of this approach to this type of nonlinearity.  

The second type of nonlinearity investigated herein is due to nonlinear damping.  

Fig.7.6, presents sample of the water elevation decay test where the oscillations 

peaks and troughs are detected, in order to plot the decrease in water elevation /mean 

water elevation against the water elevation.  

It shows that the linear least squared fitting technique is suitable in this case to yield 

a linear equation of the form Y=nX+c, leading to The linear and quadratic damping 

coefficient. The linear least squared is a technique used to arrive at the regression 

equation by minimizing the sum of the squares of the vertical distances between the 

actual Υ values and the predicted values of Υ. 
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             (a) 

 
             (b) 

 
             (c) 

 

Fig.7.6. Linear least squared fit results, Experimental model1 (a) open tube, (b) 4 

orifices, (c) 2 orifices 

The equivalent damping ratio increases slightly with the increase of the water 

elevation amplitude since the equivalent viscous damping is related to the water 

elevation amplitude. The logarithmic decrement calculated from selected cycles of 

the decay test is presented in (Fig.7.7) 
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             (a) 

 
             (b) 

 
             (c) 

 

Fig.7.7. Equivalent viscous damping ratio vs water elevation and Logarithmic 

decrement vs cycles, (a) open tube, (b) 4 orifices, (c) 2 orifices 

Linear and quadratic damping results obtained from the Matlab program analysing 

the decay are presented in Table 7.1 

Table 7.1: Linear and quadratic damping coefficients 

 Experimental model 1 Experimental model 2 

  Open tube 4 orifices 2 orifices Open tube 4 Orifices 2 Orifices 

Linear coefficient 0.279 0.280 0.285 0.340 0.39 0.42 

Quadratic coefficient 0.0009 0.002 0.003 0.005 0.017 0.067 

 

In order to achieve better agreement with the experimental results the iterative 

procedure discussed in section is applied to optimise the damping coefficients. 
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Optimized damping values for experimental model 1 and 2 in case of open tube, 4 

orifices and 2 orifices are presented in Fig.7.8 and Fig.7.9. 

 

Fig.7.8. Optimized equivalent viscous damping ratios of experimental model 1 

 

Fig.7.9. Optimized equivalent viscous damping ratios of experimental model 2 

Results obtained adopting the two methodologies discussed in sections 7.3.1 and 
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obtained from linear modelling discussed in chapter 6 using the damping values 

calculated by the logarithmic decrement method.  

 
             (a) 

 
             (b) 

 
             (c) 

 

Fig.7.10. Comparison between numerical (viscous, equivalent viscous and optimised 

equivalent viscous damping) and experimental water column oscillations RAOs vs. wave 

frequency for experimental model 1; 1DOF model; (a) Open tube, (b) 4 orifices, (c) 2 orifices. 

The clear disagreement between the experimental results and the EVD approach 

results near resonance in Fig.7.10 is caused by the inaccurate prediction of the linear 

and quadratic damping coefficients from the free oscillation tests of the water 

column.  

In contrast, the adopted iterative procedure used to optimize the damping coefficients 

was very successful leading to a very good agreement with the experimental results 
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and allows the analysis to be performed in frequency domain. Comparison of the 

experimental results of model 2 and the predicted result are presented in Fig 7.11. 

 
              (a) 

 
             (b) 

 
             (c) 

 

 

Fig.7.11. Comparison between numerical (optimised equivalent viscous damping) and 

experimental water column oscillations RAOs vs. wave frequency for experimental model 2; 

1DOF model; (a) Open tube, (b) 4 orifices, (c) 2 orifices 

Once again, the iterative procedure leaded to a very good agreement with the 

experimental results. However, in order to investigate the disagreement between the 

experimental results and the EVD approach results near resonance in Fig.7.10, water 

column decay tests have been modelled numerically using VD and EVD approaches. 

Results are presented in Fig.7.12 and 7.13 respectively. 
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             (a) 

 
             (b) 

 
             (c) 

 

Fig.7.12. Comparison between numerical and experimental water column decay motion: VD 

using logarithmic decrement (a) open tube, (b) 4 orifices, (c) 2 orifices 
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             (a) 

 
             (b) 

 
             (c) 

 

Fig.7.13. Comparison between numerical and experimental water column decay motion: 

EVD using linear and quadratic coefficients (a) open tube, (b) 4 orifices, (c) 2 orifices 

The good quality of fit in Fig.7.13 compared to Fig.7.12 proves that the EVD 

approach describes the physical process accurately. It should be noted that the quality 

of fit in the first part of the decay motion depends mainly on the quadratic damping 

coefficient. The tail of the curve depends mostly on the linear damping coefficient. 

According to the theory, the quadratic damping has a slight influence on the zero-

crossing period, but this effect was very small compared to its influence on the first 

part of the motion decay curve. It is also noted that the water column amplitude in 

the beginning of the decay tests was around 100mm, while oscillations amplitudes in 

case forced oscillations tests did not reach this value. This explains how the VD 

model results showed better agreement with the experimental results the EVD model 

results in Fig.7.10. 
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Results obtained from the time domain model developed to model nonlinear effects 

due to air compressibility in section 7.4 are presented through Fig.7.14 and Fig.7.15 

In this model the stiffness varies instantly according to the water column oscillations 

amplitude inside the OWC. Fig presents comparison between linear water column 

hydrostatic stiffness and max pneumatic stiffness at different oscillations amplitude. 

 

Fig.7.14. Comparison between water column hydrostatic stiffness, and max 

pneumatic stiffness vs. oscillations amplitudes for experimental model1, 4 orifices; 

1DOF model, ω = 4.8rad/s  

Fig.7.14 showed that the max pneumatic stiffness is not just small compared to the 

water column hydrostatic stiffness but the increase in the pneumatic stiffness due to 

the increase in oscillation amplitude is very small.  

Fig.7.15 presents results obtained using nonlinear pneumatic stiffness in comparison 

with the experimental results and those obtained from linear modelling discussed in 

chapter 6. 
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             (a) 

 
             (b) 

Fig.7.15. Comparison between numerical (linear and nonlinear due to air 

compressibility) and experimental water column oscillations RAOs vs. wave 

frequency for experimental model1; 1DOF model (a) 4 orifices (b) 2 orifices 

From the above figure it is noticed that the increase in stiffness due to the introduction 

of the nonlinear pneumatic effects over estimated the total stiffness. Consequently, a 

small shift of peak frequency is noticed in addition to the reduction in water column 

RAO. For this reason reasons we may conclude that linear modelling of air 

compressibility is more suitable in this case. Note that the damping values used are 

calculated by the half-power bandwidth method. 
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Chapter 8 

Renewable Energy Converting Platform 

 

8.1. Introduction 

Offshore renewable energy devices have attracted interest because of the higher 

levels of annual average incident wave and wind power that occur in deeper water 

and the minimal topographical constraints for their deployment (Folley et al., 2007). 

The main challenge for offshore floating renewable energy devices remains to build 

a structure capable of withstanding the challenging ocean environment while 

financially viable in a competitive global energy market. That’s why the pioneer 

wave energy researchers Falnes and Budal, 1978 promoted an idea of wave energy 

power plant consisting of many relatively small units, in contrast to large-scale 

converters reaching several megawatts.  

Muliawan et al., 2013 reported that by the end of 2009, 1.3% of the global installed 

wind power capacity was installed offshore. Since then the number of offshore wind 

farms grew up in water depths of less than 20 m to minimize the initial and running 

costs of the plant. Several floating platform types have been proposed to support 

offshore wind turbines. They include Spar, tension-leg platform, barge and semi-

submersible types, which are similar to the proven offshore floating platforms used 

by the oil and gas industry.  

The concentration of several devices on one platform has both economic and 

operational advantages. Considering a platform equipped with wind and wave energy 

converters, they can share the electrical cable and power transfer equipment to 
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transport the electricity to shore. Capital costs are also reduced overall provided that 

the design of the foundation can be adapted to multiple devices with minimum 

modifications. Access to multiple devices would be simplified, resulting in cost-

saving at the operational level (Aubault et al., 2011). Fig.8.1 provided by (Davies, 

2005) presents the average costs distribution for wave power plant.  

 
Fig.8.1.  Costs distribution for wave power plant 

Moreover, the proposed platform may have other purposes such as navigation and 

communication towers, weather monitoring stations and other purposes in order to 

reduce the economic value of the total project. In addition the platform offers a wide 

area exposed to sun light and it is equipped with the infra-structure required for 

power conditioning and transformation. Therefore mounting photovoltaic solar 

panels on this area would be an option to increase the output power of the platform.    

The main objective of this chapter is to study the feasibility of producing a floating 

platform equipped with multi-OWC-WEC supporting a wind turbine to reduce the 

total costs as mentioned earlier and consequently reduce the cost of electricity. 
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In the present study the wind turbine is completely ignored and experiments have 

been performed to test the behaviour of the platform, assess the wave energy 

converters and validate the numerical work. 

 

8.2. Description of the platform 

The platform proposed herein consists of four similar SparBuoy WECs rigidly 

attached together by trusses forming a square platform where spars are located at the 

corners. Heavy ballast is put at the bottom of each spar, bringing the centre of gravity 

below the centre of buoyancy. This gives the platform sufficient stability to carry a 

wind turbine on top. Fig.8.2 presents a only a conceptual drawing for the platform.  

 
Fig.8.2. 3D view of renewable energy converter platform 
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The platform was originally designed to investigate if the power captured by the 

device would increase by making use of the pitch motion of the whole structure.  

In order to maximise the pitch motion, Therefore the front and rear pairs of spars are 

separated by a distance B that matches the structure pitch and water column 

oscillations natural frequencies. Obviously this distance would be the half of the 

dominant wave length. The following calculations were performed to validate this 

assumption. 

The sum of pressure forces should be equal to zero since the pressure on the front 

and rear parts are equal and have different signs, in this case: 
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At (t=0); Eq.8.3 is reduced to: 
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Therefore; 
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    (
  

 
)                                                                                                      Eq. 8.6 

From the above equation the distance between the front or the rear rows and the 

origin at which the pressure is calculated (centre of the platform) is one quarter of the 

wave length.  

 

8.3. Modelling of the proposed platform 

The global reference system (X, Y, Z) is chosen in such a way that the origin of the 

system is at the centre of gravity of the floating structure. Therefore wave forces on 

front and rear buoys will be calculated differently. And similarly to the wave force 

calculations presented in Chapter 3, Heave forces will be assumed to consist of 

pressure and acceleration components while surge forces will be assumed to consist 

of inertia and drag components. It is important to mention that during the 

experiments buoys were connected to each other by supports above the water level. 

Therefore wave forces on truss connecting the buoys in real case are neglected. 

In order to predict the rigid body motions of the platform, methodology presented in 

chapter 4 will be adopted. Although, some modifications should be applied to the 

calculation procedures since the platform consists of several cylinders.  

Free hanging catenary or multi-catenary moorings (spread mooring) appear to be the 

suitable options at present. Several procedures have been proposed to spread 

mooring system. (Fatlinsen, 1990) stated that the procedures adopted in case of 

single catenary mooring line analysis may be generalized to a spread mooring 

system. In this case the relationship between mean external loads on the structure and 

its position can be found by considering the contributions from each mooring line 

separately. However, the methodology proposed by (Johanning et al., 2006) and 

presented in section 5.7 is more simplified and just require the load excursion and 

reaction curves of four orthogonal lines.  
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8.4. Calculations 

8.4.1. Added mass and inertia 

Considering the structure to be consisted of four spars, the total added mass in heave 

and surge directions will be the sum of added masses of the four spars. Therefore 

added mass in surge and heave will be calculated for each cylinder using Eq.4.6 and 

Eq4.7 respectively. However, added inertia in pitch direction will be calculated 

differently using parallel lines theory since cylinders doesn’t rotate about their centre 

but they rotate about the centre of the whole platform. In this case, the total inertia in 

pitch will be calculated as: 

     ((       (
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)  (  
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))                                        Eq. 8.7 

Where, 

I’ and Iap are the actual and added inertia in pitch direction of one cylinder. mact and 

mavm are the actual and added mass in heave direction of one cylinder. 

  

8.4.2. Wave forces 

Assuming the front and rear parts are at distance B from each other, the pressure 

force on the front two cylinders is: 
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   )                                  Eq. 8.8 

The pressure force acting on the rear buoys are then obtained as: 

                
    (       )

    (   )
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   )                              Eq. 8.11 

The total heave force acting on the structure is simply the sum of forces acting on 

each part while preserving the (+/-) signs. 
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                                                                                                         Eq. 8.14 

For surge forces acting on the front buoys, inertia forces are calculated as: 

                       (
 

 
    (   ))    (

  

 
   )             Eq. 8.15 

And for rear buoys inertia and drag forces are calculated as: 

                       (
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   )            Eq. 8.18 

The total surge force on the whole structure: 

                                                                                                        Eq. 8.21 

 

8.4.3. Stability index and reference heights 

Centre of buoyancy KB 
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Metacentric radius BM 
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Centre of gravity KG 
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8.5. Results 

It is important to evaluate the effect on the OWC on the platform motions, for this 

reason, platform motions were measured in experiments with un-damped and 

damped OWC. Comparison between the platform motion responsse in these cases is 

presented in Fig.8.3. 

 

Fig.8.3. Comparison between the platform motions in case un-damped OWC (open 

tube) and damped OWC (2 orifices) 

The above figure showed that the OWC has negligable effect on the platform 

response which agrees with Aubault et al., 2011. 

The modelling procedure discussed herein predicts the surge, heave and pitch 

motions of the platform ignoring the existance of the OWCs. Fig.8.4 presents 

comparison between measured and predicted RAOs adopting linear wave theory and 

viscous damping approach. 
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Fig.8.4. Comparison between numerical and experimental surge, heave and pitch 

RAOs vs. wave frequency for experimental model 4 

 

Fig.8.5. Comparison between numerical and experimental structure heave and relative 

motion RAOs vs. wave frequency for experimental model4; one-way coupling, 2DOF 

model, viscous damping using half power bandwidth method;  Open tube 

Fig.8.4 showed that the numerical tool modelled the motions accurately, In order to 

model the OWC motions, the ‘one way coupling approach’ discussed previously was 
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applied. Experimental platform heave and relative motion RAO in case of open tubes 

are compared to those obtained from the numerical model (see Fig.8.5).  

In Fig.8.5, FR, FL, RR, RL, stand for Front Right, Front Left, Rear Right and Rear 

Left water columns. 

From Fig.8.5 it is shown that relative motion RAO has two peaks the first 

corresponding to the water column natural frequency at 4.8rad/s. the second minor 

peak at 6rad/s corresponding to the platform heave natural frequency. 

It is noted that the measured relative motion RAO inside the four OWCs are similar 

to each other and similar to the relative motion RAO of a single SparBuoy. The 

difference between the two devices is the peak frequency of the structure.  
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Chapter 9 

Experimental Modelling 

 

9.1. Introduction 

Model testing has been an integral part of the development of offshore structures 

starting with the shallow water structures in the early fifties to the present day. 

Experimental testing of physical models became the traditional way of investigating 

the behaviour of offshore structure/vessels. Model testing involves design and 

construction of scale model, generation of environment in an appropriate facility, 

measuring responses of the model subjected to the scaled environment and scaling up 

of the measured responses to the design values. It is recognized as the most reliable 

tool for reproducing realistic and extreme situations an offshore structure is expected 

to experience in its life time (Chakrabarti, b.2003).  

Most laboratory programs have followed the same course as the parallel theoretical 

studies, in which the initial work has been in two dimensions (2-D) and then 

extended to three dimensions (3-D). The terminology Narrow Tank is usually 

reserved for experiments which investigate genuinely 2-D phenomena and Wide 

Tank refers to the 3-D case, which usually allows for the possibility of directional 

seas. Testing, in both narrow and wide tanks, has played an important role in the 

progress of wave energy studies and is widely agreed to be essential due to the 

common benefits of tank testing involving: 

 Calibration and validation of mathematical and numerical models  

 Validation of design values 

 Determination of empirical coefficients 
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 Verification of offshore operation, and;  

 Evaluation of higher order effects normally ignored in the analysis 

(Chakrabarti, b.2003). 

 

9.2. Similarity laws and scale factor 

One of the most commonly acknowledged difficulties of conducting experiments 

with offshore structures is the presence of scale effects. Modelling and similarity 

laws relate the behaviour of a prototype to that of a scaled model in a prescribed 

manner. The three areas where attention must be given so that the model truly 

represents the prototype behaviour are structure geometry, fluid flow and interaction 

of the two. Therefore the following criteria are required: 

 Geometric similarity – All linear dimensions must have the same scale ratio. 

 Kinematic similarity – The flow and model(s) will have geometrically similar 

motions in model and full scale (fluid streamlines are similar) 

 Dynamic similarity – Ratios between different forces in full scale must be the 

same in model scale. 

In the present study Froude law of similitude has been used to achieve similitude 

between the prototype and reduced scale model, Froude number should be kept the 

same. The Froude number is defined as the fraction between the inertial forces 

divided by gravitational forces. This means that gravity is considered to be 

preponderant over the other forces acting on the structure. The different aspects of 

similitude according to Froude model are defined in Table 9.1. 

(Cruz, 2008) categorised the various fluid-structure interactions which occur and 

suggested suitable scales for experimental investigation of the mechanisms (Table 

9.2). The suggested scales are the minimum values which should be used and larger 

scales are often more desirable, but there is a balance to be drawn between financial 

cost, available facilities and meaningful results. 

 

http://en.wikipedia.org/wiki/Similarity_(geometry)
http://en.wikipedia.org/wiki/Dynamic_similarity_(Reynolds_and_Womersley_numbers)
http://en.wikipedia.org/wiki/William_Froude
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Table 9.1: Froude scaling table (Sarpkaya & Isaacson (1981) 

Parameter Unit Scale factor 

Length [m] S 

Area [m
2
] S

2
 

Volume [m
3
] S

3
 

Time [s] S
½
 

Frequency [s
-1

] S
– ½

 

Force [N] S
3
 

Mass [kg] S
3
 

Velocity [m s
-1

] S
½
 

Acceleration [m s
-2

] 1 

 

Table 9.2: suitable scales for experimental investigation (Cruz, 2008) 

Investigation 

 

Suggested scale 

1
st
 choice 2

nd
 choice 

Offshore device behavior 1:50 1:100 

Validation of numerical models / optimization 1:20 1:33 

Nonlinear and hydrodynamics 1:7 1:5 

Component testing 1:5 1:1 

 

9.3. Experimental Aims & Objectives 

The first aim of the experimental work is to validate the models proposed to predict 

the behaviour and performance of a single Spar Buoy OWC and set of Spar Buoys 

OWCs rigidly connected together forming a platform. 

The second aim is to determine the conditions for maximum wave-pneumatic energy 

conversion. To achieve the experimental aims, the following objectives were 

proposed:  
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 Design and fabrication of the experimental models 

 Select and calibrate the suitable instruments  

 Investigate the six DOF motions of the structure and the water column 

oscillations 

 Investigate the natural frequencies of each model. 

 Measure the damping coefficients. 

 Vary and measure the PTO damping applied on each model. 

 Measure the performance of each model under different damping conditions 

over a suitable range of wave frequencies. 

 Apply some experimental data to the numerical models to measure the overall 

performance over the designed bandwidth of wave frequencies. 

 

9.4. Reduced-scale models 

Four experimental models have been produced to achieve the aims of the research. 

Two models have been used to test single un-moored Spar Buoy OWCs with 

different dimensions. The third model was used to validate the one-way coupling 

model discussed in chapter 6. 

Model 1 is 1:100 reduced scale of the devices presented in (Incecik, 2003). For the 

second model the horizontal dimensions of model 1 were double while the vertical 

dimensions remained the same. Each Spar Buoy OWC model consists of transparent 

acrylic tube for visualization purpose fitted in a cylindrical buoy made of solid foam 

(floater). A brass collar is attached to the bottom of the tube to stabilise the structure 

and to enhance the damping. In order to simulate turbine damping, different sets of 

flat covers with different number of circular orifices of 10mm diameter each are to 

be placed on the top end of each tube. Fig.9.1. presents schematic views of the 

experimental models.  

It is important to mention here that the same orifice dimensions were used for 

different models regardless the chambers volume. In other words the orifices were 

not scaled. 
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The fourth model consists of four similar SparBuoy OWCs rigidly connected 

forming a square platform where spars are located at the corners. 

 
Fig.9.1 Vertical section of experimental model1 

 
Fig.9.2 Photo of experimental model 4 
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Due to the limitation of the available tubes at the workshop, the closest tubes 

dimensions to those provided by (Incecik, 2003) have been selected. The reason for 

increasing the horizontal dimensions only in the second model is to avoid the effect 

of the tank floor on the bottom of the device. The dimensions in cm of the three 

experimental models are presented in Table 9.3. 

Table 9.3: Experimental models dimensions (in cm) 

 Model 1 Model 2 Model 3 

Buoy outer diameter 14 30 40 

Buoy inner diameter 7 12.7 7 

Buoy draft 15 15 15 

Buoy freeboard 10 10 10 

Tube outer diameter 7 12.7 7 

Tube inner diameter 6 12.1 6 

Tube draft 40 40 40 

Tube freeboard 26 26 26 

Collar outer diameter 8.9 16.7 16.9 

Collar inner diameter 7 12.7 7 

Collar draft 4.75 9.5 9.5 

 

9.5. Experimental facilities and measuring instrumentation 

9.5.1. Wave tank  

The tests have been accomplished in the tank located at the Kelvin Hydrodynamics 

Laboratory shown in Fig.9.3.  The tank is commonly used for a wide range of marine 

hydrodynamics tests. 
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Fig.9.3.   The tank located at Kelvin Hydrodynamics Laboratory 

The tank has the dimensions of 76m x 4.6m x 2.5m equipped with a Computer-

controlled digital drive carriage its max speed reaches 5m/s. outfitted with digitally-

controlled sub-carriage. Variable-water-depth computer-controlled four-flap 

absorbing wave maker generating regular or irregular waves over 0.5m height 

(subject to water depth) is installed in this tank. High quality variable-water-depth 

sloping beach, with reflection coefficient typically less than 5% over frequency range 

of interest is available. PC based modular data acquisition/control system. Up to 64 

input and 20 output channels, is used to condition, monitor and record the output data 

with sample rate up to 60 kHz.  

 

9.5.2. Wave probes 

The wave probes used for the measurement of the amplitude of the passing waves 

and the water elevation of the water column inside the tube are a “resistance" type 

probe (see Fig. 9.4.). These probes produce a voltage proportional to the submerged 

length. This voltage can be logged by a computer at a prescribed sampling rate.   As 

waves pass the probe, the computer will display the amplitude of the free surface as a 

function of time. 
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Fig.9.4.   Schematic of resistance type wave probe 

The wave probes were calibrated in terms of wave height by varying the depth of 

immersion of the probe in still water by measured height (50 mm) and noting the 

change in output signal. (Calibration data are presented in Appendix…) 

 

9.5.3. Pressure transducer 

The pressure transducers used are able to measure very low pressure changes. The 

transducers best suited are the Honeywell 163PC01D75 (±622.72Pa) low differential 

pressure transducers. The electrical output of the transducer is in the range 3.5V 

±2.5V. The voltage is directly proportional to the change in pressure with 

atmospheric being 3.5V. 

 
Fig.9.5.   Pressure transducer 
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Fig.9.5 shows the pressure transducer in details. The protruding ports visible are the 

inputs. For gauge measurements, the port 2 should be used with port 1 open to 

atmosphere. If both ports are used the differential pressure is measured. 

 

9.5.4. Motion detection cameras 

The optical tracking systems core product is an advanced infrared camera (Fig.9.6). 

Using data from two or more cameras the system calculate the 3D positions of the 

markers attached to a model (ship or floating structure) the 

surge/sway/heave/roll/pitch/yaw, 6DOF motion is calculated and transferred over a 

TCP-IP connection in real-time. Further can the 6DOF data be output in analogue 

form in real time to be used for real-time control of the carriage. 

 
Fig.9.6.   Motion detection cameras 

The QTM® software provides an easy-to-use Windows™ interface to record and 

calculate real-time 2D, 3D and 6DOF motion data. Optionally, captured data can be 

post-processed and re-tracked if desired. QTM offers a number specially designed 

features for ship hydrodynamic testing and the cameras can be used with a desktop or 

laptop. The cameras are daisy-chained and therefore easy to setup.  

The two alternatives of output data are either regular 3D tracking or a 6DOF tracking 

which in each frame locates the position and orientation of one or more rigid bodies 
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in the measurement volume. The data output is available in real time and may be 

visualised as graphs on the computer monitor in real time. 

 

9.5.5. Spike software 

Spike software capture and analyse waveform, event and marker data and output 

precisely timed pulses and voltages using the familiar and easy to use Windows 

environment. The minimum supported hardware for Spike2 version 6 is a 486 

computer running Windows 98SE with 256 MB of memory. The more powerful the 

processor and the more memory the system has, the better Spike2 runs. During tests 

Spike software was used to fit the experimental data sinusoidal within the steady 

state selected by the cursors on the screen. For better analysis the decay tests output 

was filtered by low pass filter to remove the noise in the signal. 

 

9.6. Experiments 

In order to achieve the objectives highlighted in section 9.2., different types of 

experiments have been performed. Forced oscillation tests in both captive and 

floating modes have been performed with different PTO damping controlled by the 

number of orifices in the top flat cover of the tube (these conditions varied from 

model to another and presented in Table 9.4). All forced oscillation tests readings 

were taken at the steady state.  

Table 9.4: Test matrix 

 Inclining 

test 

Decay test Forced test 

  Structure Water column Captive  Floating 

  Heave Pitch Surge Opentube 4 orifices 2 orifices 1 orifice   

Model1   X X  X X X  X X 

Model2 X X X  X X X  X X 

Model3     Same as M1 Same as M1 Same as M1 X  X 

Model4  X X X Same as M2 Same as M2 Same as M2   X 
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9.6.1. Inclining tests 

The metacentric height (GM position) may be experimentally determined by moving 

weights transversely and/or longitudinally to produce a known overturning moment. 

Knowing the restoring properties (buoyancy) of the structure from its dimensions and 

floating position. By measuring the equilibrium angle of the structure, the GM is 

calculated. The inclining test has been performed for the second experimental model 

only to validate the methodology of calculations. 

 

9.6.2. Decay tests 

Decay tests were performed to determine natural frequencies and damping 

coefficients. It could be performed in all 6 DOF in case of moored models. During 

the tests the models were located in the middle of the tank to avoid the reflected 

waves from the side walls of the tank. Tests were performed in calm water. Nearly 

single DOF motion was achieved during each test to avoid any coupling effect. 

 

9.6.2.1. Water column heave decay 

Free oscillations tests of the water column have been accomplished by exciting the 

water column inside the tube once while the Spar Buoy structure is captive and the 

water oscillations die out freely, in order to identify the water column natural 

frequency and damping coefficients for each orifice plate and in case of open tube. 

Water column decay tests have been performed as presented in Table 9.4. 

 

9.6.2.2. Structure motion decay tests 

Structure decay tests have been performed by exciting the whole structure in a 

particular direction and the motion dies out freely, in order to identify the structure 

heave and pitch natural frequencies and damping coefficients in addition to mooring 

lines stiffness and damping in surge direction). Mooring line tests have been 

performed for models only since models 1, 2 and 3 have been tested un-moored. 
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9.6.3. Forced oscillation tests 

Forced oscillation tests are generally used to establish a transfer functions for all 

measured responses in regular monochromatic wave conditions; and to observe any 

nonlinearity in the response by varying the wave height at few selected frequencies. 

During the experiment the data sampling rate and test duration were chosen so that 

the steady state of the response is obtained accurately. About 10 cycles of steady 

state data are recorded. 

 

9.6.3.1. Captive mode tests 

Captive mode tests were carried by fixing the device in the wave tank at 20m from 

the wave maker. The model was subjected to regular waves of 30mm amplitude and 

the wave frequency varied from 0.3 to 1.3Hz with different steps. Several wave 

probes were used for data collection. One wave probe was fixed at 10 m from the 

wave maker. The second one was fixed in-line with the model at a reasonable 

distance and the third one was located inside the tube. The pressure of the pneumatic 

chamber was measured and recorded as well. Captive test have been done for model 

1and 2 only since the same tubes have been used to contain the OWC.  

 

9.6.3.2. Floating mode tests 

Floating mode tests have been conducted by letting the device floats in the tank 

while it is subjected to regular waves of 10mm amplitude and the frequency varies 

from 0.3 to 1Hz with different steps. In this case the structure 6DOF motions are 

measured in addition to the measured parameters of the captive mode tests. The 

experimental set-up of the forced oscillation tests is illustrated in Fig.9.7. It was 

important to use compliant (elastic) slack mooring during the forced oscillation tests 

of models 4 and 5 due to the significant drift. In this case mooring forces are 

considered negligible once steady state conditions have been established in the tank 

and the transient regime has been completed. 
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Fig.9.7.   Experimental set-up 

 

9.7. Sources of experimental error  

Several sources of error appear with the experimental equipment and procedures and 

include:  

 The calibration of the wave probes used could not be carried out to accuracy 

greater than 5%, given the very small amplitudes of waves or oscillations and 

the size of the tube. 

 The diffraction of waves around the model would be affected by the close 

proximity of the tank walls, and the cross-waves caused by this effect have 

influence on the results obtained. 

 The suspended wires connecting the wave probes to the computer on the 

carriage may apply an additional load on the floating device. 
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Chapter 10 

Conclusions 

 

10.1. Conclusions of chapter 3 

Surge/pitch wave force/moment have been assumed to be consisted of inertia and 

drag components while heave wave forces have been assumed to be consisted of 

pressure and acceleration components.  

In this context, the drag contribution in the total horizontal force and pitch moment is 

very small compared to the inertia contribution. Heave force consists mainly of the 

pressure components and that acceleration component may be neglected. This case 

corresponds to Froude-Krylov approximation.  

Concerning wind force calculations, results obtained following API and ABS 

recommendations are very close.  

In order to validate the wave forces calculations presented above, Keulegan-

Carpenter and the diffraction parameters have been calculated. Results showed that 

KC<1 and D/λ<0.2, therefore viscous forces may be ignored, forces are to be 

calculated in diffraction regime, and Froude-Krylov approximation is valid which 

verify the results obtained. In addition results are compared to (Incecik, 2003) results 

and showed very good agreement.   
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10.2. Conclusions of chapter 4 

The dynamic model adopted to predict the floating structure’s motions produced 

three uncoupled linear second order differential equations describing surge, heave 

and pitch motions. The model did not include interactions between different modes 

of motions or the interaction between the structure and water column. The structure 

heave and pitch numerical results have been validated experimentally by the use of 

two experimental models (models 1 & 1).  

Predicted structure heave RAOs agrees with the measured ones. The disagreement 

between the predicted and measured pitch RAOs around the resonant frequencies is 

due to the inaccuracy of determining the pitch damping coefficient. Better agreement 

has been achieved by adopting the EVD approach based on linear and quadratic 

damping coefficient. 

 

10.3. Conclusions of chapter 5 

Mooring system has been introduced to model the structure surge motion using static 

and quasi-static modelling approaches.  

Load excursion curve and reaction curves have been plotted analytically by applying 

a range of horizontal forces that are to be expected on the WEC at the installation 

location, for specific mooring line length, submerged weight per unit length and 

water depth. 

Finite element multi-static model have been developed to validate the analytical 

results. Comparison between analytical and computational reaction curve showed 

good agreement and agree with (Johanning et al, 2006) results. 

Constant line stiffness has been used for static modelling while reaction curve 

obtained has been used to estimate the instant resultant mooring line tension at 

different offsets. It is fount that surge RAO obtained from quasi-static modelling did 

not show big discrepancies than RAO obtained from static approach. 
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10.4. Conclusions of chapter 6 

One DOF mechanical oscillation model has been presented to simulate the water 

column oscillations inside captive cylindrical OWC where PTO damping and 

stiffness due to air compressibility inside the pneumatic chamber have been taken 

into account linearly. Experiments have been carried out to calculate the damping 

coefficients and to validate the proposed model. 

Predicted water column RAOs agrees with the measured RAOs except around 

resonance. This has been expected due to the adoption of viscous damping approach. 

Damping in this case have been experimentally determined using two different 

techniques. It is noted that modelling using damping obtained from the logarithmic 

decrement method over estimated the water column response at resonance while the 

use of the half power bandwidth method in damping determination resulted in under 

estimation of the water column response at resonance. 

Results also showed that the pneumatic stiffness has a minor influence on the water 

column response and may be ignored. 

Two different dynamic models have been implemented to describe floating OWC. 

Both models considered two translational modes of motions in heave direction. 

Experiments have been carried out again to calculate the new damping coefficients 

and to validate the proposed models 

The simplified two DOF model adopted in the beginning of the research failed to 

predict the structure heave and relative motions RAOs correctly. The predicted 

frequency responses of the spar and the relative motion became very close to each 

other and failed to match the measured peaks corresponding to the structure and 

water column natural frequencies. 

In order to validate the analytical procedure, Matlab scripts have been developed to 

solve the same equations of motions numerically using Matlab ODE toolbox. 
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Comparison between analytical, numerical results showed that this failure is not due 

to calculations error. 

Three different approaches have been adopted to modify the simplified two DOF 

model in order to obtain a satisfactory agreement between the predicted and 

measured results. 

Modelling using higher damping values did not solve the problem since the structure 

heave and relative motion peak frequencies occurred at the same frequency again. 

Modelling using lower mass ratio improved the agreement between the predicted and 

measured results of the experimental model especially developed for the validation.  

Neither modelling using higher damping nor modelling using lower mass ratio 

helped to achieve a satisfactory agreement between the predicted and measured 

results. 

Therefore, One-way coupling approach between the two masses have been proposed 

by treating the structure heave motion as single DOF system while keeping the 

equation of motion of the water column as it is in case of the simplified two DOF 

model. 

The adoption of the one-way coupling approach resulted in good agreement with the 

measured results. The model succeeded to predict the structure heave RAO and 

slightly over estimated the relative motion RAO.   

The results obtained from the former approach questioned the dynamic model 

originally and not the numerical procedures. In other words, the arrangement of the 

mass, springs and dampers does not describe the coupling occurring in reality. That 

is why the model proposed by Szumko has been used. 

Unlike the simplified two DOF model coupling between the two masses in case of 

Szumko model did not include the water column stiffness and damping. The masses 

are assumed to be coupled by the pneumatic chamber only. Coupling between the 
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structure and water column considered the air compressibility stiffness and PTO 

damping. 

Modelling results of szumko model showed better agreement with the experimental 

results. The disagreement between the predicted and measured relative RAO around 

the peak frequency is due to the adoption of viscous damping approach.  

Although, the relative RAO falls between the two peaks, which does not agree with 

the experimental results. This is in addition to the sensitivity of the modelling results 

to the pneumatic stiffness and damping values.  

Therefore Szumko model has been modified so that the pneumatic spring and 

damper be in parallel. The phase caused by the spring in the first case has been 

ignored. However the phase between the forces on the two masses is still introduced 

by the area ratio. 

Results obtained from the modified Szumko model showed that the relative RAO did 

not fall to zero between the two peaks and agreed with the measured RAO. On the 

other hand the structure natural frequency is a little shifted which caused the slight 

deviation between the predicted and measured structure heave RAOs. 

By calculating the power captured by the device it is noticed that as the damping 

increases, it broadens the region over which significant power capture is achieved 

especially at excitation frequencies not coincident with the natural frequency. 

In addition the power absorption response of captive OWC expected to have single 

peak but using the experimental data (in case of high pneumatic damping and 

stiffness) to calculate the power absorption resulted in two smaller new peaks, one at 

a higher and other at a lower frequency.  

Gomes et al., 2012 reported this incident and correlated it to the pneumatic stiffness 

effect on the device which increases as the OWC chamber height increases. In the 

research reported herein, using small orifices in case of the bigger experimental 

model had the same effect. As these peaks increase, they move away from the central 
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frequency, reducing the power absorption at that frequency. This effect reduces the 

annual average power. 

Moreover, it is evident that a significant increase in power capture is achieved when 

the natural frequencies of the OWC and floating structure are separated compared to 

the power captured results in case of captive OWC when the structure peak didn’t 

exist. However the separation between the natural frequencies of the two masses 

should be optimised for maximum power absorption. 

It is also noticed that at high damping, the power captured at the structure natural 

frequency is higher the power captured at the water column natural frequency. This 

implies that a structural natural frequency lower than the water column natural 

frequency is favourable in optimising power capture and this agrees with Stappenbelt 

& Cooper (2009). 

 

10.5. Conclusions of chapter 7 

Nonlinearities in water column oscillations due large waves and due to nonlinear 

damping have been investigated in both frequency and time domains in case of 

captive OWC. 

Linearized model based on classical perturbation theory have been used to predict 

non-linear water column response due to large wave amplitude in frequency domain. 

Results showed that the perturbed term is very small compared to the linear term 

which clarify the similarity between the linear and linearized results. Comparison 

with time domain non-linear model proved that the proposed linearization technique 

is not suitable in this case where higher non-linearity should be considered and 

therefore calculation of wave force in time domain is necessary. 

A mathematical model has been presented to consider equivalent viscous damping 

coefficient calculated in time domain by taking into consideration the instant 

oscillation amplitude. The disagreement between experimental and EVD approach 
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results near resonance is caused due to the inaccurate detection of the linear and 

quadratic damping coefficients from the free oscillation tests of the water column.  

In contrast, the adopted iterative procedure used to optimize the damping coefficients 

was very successful leading to a very good agreement with the experimental results. 

 

10.6. Conclusions of chapter 8 

The idea of concentration of several devices on one platform has been successfully 

accomplished.  

A floating platform consists of four similar SparBuoy OWC WECs rigidly attached 

together by trusses where spars are located at the corners have been tested 

experimentally.  

It is noted that the measured relative RAO inside the four OWCs are similar to each 

other and similar to the relative RAO in case of single SparBuoy. Consequently, the 

power captured by the platform is almost four times the power captured by single 

SparBuoy OWC WEC. In addition to the wind power expected to be captured by 

wind turbine mounted on top of the platform. 

In addition the platform offers a wide area exposed to sun light and it is equipped 

with the infra-structure required for power conditioning and transformation. 

Therefore mounting photo voltaic solar panels on this area would be recommended 

to increase the output power of the platform.  

 

10.7. Recommendations for future work 

In the present study the first power conversion process (wave to pneumatic) has been 

successfully modelled. In the future it is possible to involve the aerodynamic 

problem based on the experimental results collected.  
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The numerical program developed can extend to estimate the responses in irregular 

waves for more accurate annual power prediction.  

A CFD model may be developed to simulate the air flow inside the OWC chamber 

and through the turbine in order to estimate the pneumatic power transferred to the 

electrical generator or for proper selection of the turbine. 

This may be achieved by using the time series water oscillations measured 

experimentally as input data for CFD model.  

The CFD modelling allows the investigation of chamber shape and volume and there 

effects on the system. Moreover the effect of adding water-droplet separator to 

protect the turbine and pressure relief valve may be studied. 

The differences between the exhalation and inhalation processes and there effects on 

the air flow may be examined accurately by combining the CFD and measurements. 

Advanced investigations may be carried out to compare between the performance of 

Well’s turbine and impulse turbine based on experimental measurements and 

performance curves provided by their suppliers. 

It is also important to develop geometrical optimisation procedure to maximise the 

power output of the device. 

Furthermore, study may be developed to couple the renewable energy platform 

6DOF motions and the water column oscillations inside each OWC in addition to the 

investigation considering the wind turbine and the synchronisation between different 

machineries. 
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APPENDIX A: SURGE FORCES CALCULATIONS 

Surge forces are assumed to consist of inertia and drag components. In the following 

Appendices subscripts 1, 2 and 3 denote buoy, water column and collar respectively, 

while subscripts o and i denote outer and inner diameters. 

Surge force on buoy 

Inertia force, F1XI 
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Drag force, F1XD 
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Total surge wave forces on buoy, F1X 
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Surge force on water column 

Inertia force, F2XI 
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Drag force, F2XD 
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Total surge wave forces on water column, F2X 
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Surge force on collar 

Inertia force, F3XI 
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Drag force, F3XD 
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Total surge wave forces on collar, F3X 

    √    
      

                                                                                         Eq. A.9 

Total surge force on the structure, FTX  

                                                                                       Eq. A.10 
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APPENDIX B: HEAVE FORCES CALCULATIONS 

Heave forces are assumed to consist of pressure and acceleration components. 

Heave force on buoy 

Pressure forces, F1YP: 
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Acceleration forces, F1YA: 
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Total heave forces on buoy, F1Y 
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Heave force on water column 

Pressure forces, F2YP: 
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Acceleration forces, F2YA: 
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Total heave forces on water column, F2Y 
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Heave force on collar 

Pressure forces, F3YP: 
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Acceleration forces, F3YA: 
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Total heave forces on collar, F3Y 

    √    
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Total heave force on the structure, F1TY  

                                                                                                                     Eq. B.19 
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Total heave force on the water column, F2TY  

                                                                                                                               Eq. B.20 
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APPENDIX C: PITCH MOMENT CALCULATIONS 

Pitch moment is assumed to consist of inertia and drag components. 

Pitch moment on buoy 

Inertia moment, P1M1 
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Drag moment, P1MD 
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Total pitch moment on buoy, P1M 
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Pitch moment on water column 

Inertia moment, P2M1 
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Eq. C.4 

Drag moment, P2MD 
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Total pitch moment on water column, P2M 

    √    
      

                                                                                       Eq. C.6 

Pitch moment on collar 

Inertia moment, P3M1 
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Drag moment, P3MD 
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Total pitch moment on collar, P3M 
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Total Pitch moment on the structure, PTM 
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The sign for levers is negative 

Levers 
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APPENDIX D: ANALYTICAL SOLUTION OF SINGLE DEGREE OF 

FREEDOM MODEL 

The standard equation of motion of a single DOF model is in the form: 

  ̈    ̇                                                                                              Eq. D.1 

Assuming harmonic excitation force, the forcing function is given by: 

 ( )                                                                                                         Eq. D.2 

The particular solution of the equation of motion is also assumed to be harmonic in 

the form of: 

 ( )        (    )                                                                                    Eq. D.3 

where X and ϕ denote the amplitude and the phase angle of the response 

respectively. By substituting Eq.A.3 in Eq.A.1, we get: 

 [(     )    (    )        (    )]                               Eq. D.4 

Using the trigonometric relations 

    (    )                                                                Eq. D.5 

    (    )                                                                 Eq. D.6 

By equating the coefficient of cos ωt and sin ωt on both sides of the resulting 

equation, we get: 

 [(     )            ]                                               Eq. D.7 

 [(     )            ]                                               Eq. D.8 

Solution of the above equations gives: 
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and, 
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Dividing both the numerator and the denominator of the above equations by k and 

making the following substitutions: 
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where ωn is the undamped natural frequency 
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where   is the damping ratio, the deflection under static force is: 
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we obtain: 
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and; 
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APPENDIX E: ANALYTICAL SOLUTION OF TWO DEGREE OF 

FREEDOM MODEL 

The standard equation of motion of a two DOF model is in the form: 

   ̈  (     ) ̇  (     )      ̇              (  )       Eq. E.1 

   ̈     ̇          ̇              (  )                                Eq. E.2 

The general form of the characteristic equation: 

(             ) 
  (                           ) 

  

    (                                         ) 
  

        (                           )  (             )        Eq. E.3 

It is a fourth order linear equation in S and has four roots; each pair is conjugate and 

represents a mode. They are in the form: 

                                                                                                           Eq. E.4 

                                                                                                           Eq. E.5 

                                                                                                           Eq. E.6 

                                                                                                           Eq. E.7 

where: 
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                                                                                                             Eq. E.9 

The natural frequencies of the two masses are calculated as: 
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Therefore the characteristics equation may be written as follow: 

(             )( 
          

 )(           
 )             Eq. E.12 

The mass, damping, and stiffness matrices from the spar and water column equations 

(Eq.6.2 & Eq.6.3) are: 
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The amplitudes and the phase angles of the two bodies may be written as: 
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Since the system is damped, the masses vibrate with the same frequency with a time 

lag; assuming that: 

      
 (     )                                                                                             Eq. E.27 

      
 (     )                                                                                             Eq. E.28 

 ̇       
 (     )                                                                                        Eq. E.29 

 ̇       
 (     )                                                                                        Eq. E.30 

 ̈      
   (     )                                                                                     Eq. E.31 

 ̈      
   (     )                                                                                     Eq. E.32 

Therefore the relative motion between the water column and the structure may be 

expressed as: 

        (     )       (     )                                               Eq. E.33 
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APPENDIX F: FIRST ORDER EQUATIONS OF CAPTIVE OWC  

In case of captive structure, the water column equation of motion following the linear 

approach (Eq.6.1) can be integrated in a close form using Matlab by decomposing 

the second order equation into 2 coupled first order equations as follow: 

Let; 

                                                                                                                  Eq. F.1 

 ̇                                                                                                                 Eq. F.2 

Therefore Eq.6.1 may be re-written as: 

   ̇                                                                                Eq. F.3 

The 2 coupled first order equations are in term of velocity and acceleration 

derivatives. From Eq.F.1 & Eq.F.2 the first equation is: 

 ̇                                                                                                                 Eq. F.4 

The second equation is formulated from Eq.F.3 in term of acceleration as: 
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APPENDIX G: FIRST ORDER EQUATIONS OF FLOATING OWC  

For the simplified 2DOF model used to describe floating OWC (Fig. 6.1(a)), the 

coupled equations of motion describing the structure and water column motions 

(Eq.6.2 & Eq.6.3) are integrated by decomposing the 2 coupled second order 

equations into 4 coupled first order equations. 

Let; 

                                                                                                                   Eq. G.1 

 ̇                                                                                                                  Eq. G.2 

                                                                                                                   Eq. G.3 

 ̇                                                                                                                  Eq. G.4 

Therefore Eq.6.2 & Eq.6.3 may be re-written as: 

   ̇  (     )   (     )                    (  )      Eq. G.5 

   ̇                             (  )                              Eq. G.6 

Similarly to the analysis performed in case of single DOF model, the 2 second order 

equations have to be reduced into 4 coupled first order equations. From Eq.G.1 – 

Eq.G.4, the first 2 equations are obtained: 

 ̇                                                                                                                  Eq. G.7 

 ̇                                                                                                                 Eq. G.8 

The third and fourth equations are derived from the modified equations of motion 

(Eq.G.5 & Eq.G.6) as: 

 ̇   
  

  
   

  

  
   

  

  
   

  

  
   

    

  
   (  )                                Eq. G.9 
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 ̇   
(     )

  
   

(     )

  
   

  

  
   

  

  
   

    

  
   (  )                 Eq. G.10 

Considering the model proposed by Szumko, illustrated in Fig.6.2 the coupled 

equations of motions have to be treated similarly to the former model, so that the 

coupled equations are reduced to first order equations. 

Let 

                                                                                                                 Eq. G.11 

 ̇                                                                                                                Eq. G.12 

                                                                                                                 Eq. G.13  

 ̇                                                                                                                Eq. G.14 

                                                                                                                 Eq. G.15 

 ̇                                                                                                                 Eq. G.16 

Therefore the coupled equations (Eq.6.4 – Eq.6.6) are to be written as: 

   ̇           (     )              (  )                          Eq. G.17 

    (     )      (     )                                                               Eq. G.18 

   ̇                  (     )         (  )                       Eq. G.19 

In this case 5 first order differential equations have to be formulated. From Eq.G.11 – 

Eq.G.16 the first 3 equations are obtained: 

 ̇                                                                                                               Eq. G.20 

 ̇                                                                                                               Eq. G.21 

 ̇                                                                                                               Eq. G.22 
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The fourth equation is obtained from Eq.G.17: 

 ̇   
  

  
   

    

  
(     )  

  

  
   

       (  )

  
                                  Eq. G.23 

Similarly the fifth equation is obtained from Eq.G.19 as: 

 ̇   
   

  
   

   

  
   

    

  
(     )  

    

  
   (  )                             Eq. G.24 

Now, u6 should be defined.  By multiplying Eq.G.18 by M2 and Eq.G.19 by kair we 

get: 

      (     )        (     )                                                    Eq. G.25 

       ̇                          
 (     )             (  )   

Eq. G.26 

The sum of Eq.G.25 & Eq.G.26 gives: 

                        
 (     )        (     )        (  )  

                                     (  )                                                                    Eq. G.27 

Finally Eq.G.22 may be written as: 

 ̇     
       

      
   

       

      
   

    
 

      
(     )  

      

      
(  )  

 
        

      
   (  )                                                                               Eq. G.28 

 

 


