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Abstract

In this thesis, the behaviour and stability of smectic A and smectic C liquid crys-
tals are considered under the application of external influences. The behaviour of
smectic A liquid crystals under oscillatory shear will be modelled using dynamic
continuum theory recently developed by Stewart (2007). The dynamic contin-
uum theory developed by Leslie, Stewart and Nakagawa (1991) is used to model
smectic C liquid crystals under the effects of oscillatory shear flow and electric
fields.

Equilibrium solutions are presented for smectic A liquid crystals in which the
director n and unit normal a are not forced to coincide. The stability of these so-
lutions is then investigated and conclusions are drawn on the effect of changing ge-
ometries. The two experimental geometries studied consist of planar homeotrop-
ically aligned smectic layers and bookshelf aligned layers. The case in which n
and a are allowed to decouple is then considered for the bookshelf aligned layers,
with full nonlinear solutions presented along with a linear stability analysis.

Bookshelf aligned smectic A will be considered subject to an oscillatory shear
in both the finite and semi-infinite domains. Planar aligned smectic C will also
be considered subject to an oscillatory shear in the cases when the director is
aligned parallel and perpendicular to the oscillation.

Smectic C* liquid crystals are analysed under the influence of an electric field.
This is based on work already in the literature which is then extended to include
elastic effects. Finally, the effect of surface anchoring on the behaviour of lipid

bilayers is briefly discussed.
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Chapter 1

Introduction

1.1 Introduction

The study of liquid crystals began in 1888 when Austrian botanist Friedrich
Reinitzer observed during experiments that the substance cholesteryl benzoate
appeared to have two melting points. When heating the substance to 145.5°C it
transformed from a solid to a cloudy liquid, then when heated further to 178.5°C
the liquid turned clear. This observation encouraged further experiments and
research into similar substances which continued up until the second world war.
Interest in liquid crystals decreased greatly after this time until the early 1960’s
when new applications of liquid crystals became evident. For a general history of

liquid crystals we direct the reader to [22, 45].

Liquid crystals are extremely sensitive to outside forces, in particular magnetic
and electric fields, and this sensitivity has been used to great effect for many
purposes. It is possible to alter the orientation of the molecules inside a liquid
crystal simply by applying a field, hence changing the optical properties of the
sample. This opened up the possibility for nematic liquid crystals to be used in
display devices. The first major breakthrough in this application came in 1970
when Leslie [25] theoretically studied the twisted nematic device, which was later
applied by Schadt and Helfrich [17, 43]. This opened up a whole new industry
and today liquid crystals are used on a daily basis in millions of devices. Research

is still ongoing to try and provide better displays with faster switching times in
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Figure 1.1: The amount of order present in solids, liquids and liquid crystals.
Temperature increases from left to right.

an attempt to ever improve the picture quality. However, in the last 20 years
or so there has also been a lot of important research conducted into the role of
liquid crystals in a biological setting. Cell membranes can be thought of as a
type of smectic A liquid crystal [34], and so the study of liquid crystals can also
be applied to membrane problems, including the case of cell ruptures. Some of
the most interesting and cutting edge applications include targeted drug delivery

systems and biosensors.

1.2 Background

Many substances in nature can occur in more than one state of matter, with the
three main states being solid, liquid and gas. The state which a substance is in
depends on many factors, including temperature, pressure, and various attributes
of the substance itself. A simple example to consider is water, which is solid below
0 degrees, is liquid between 0 and 100 degrees, and is a gas above the boiling
point of 100 degrees. There are multiple differences between these three states,
but one of the most important is the amount of order present in the molecules.
When water is in the liquid state it is said to be isotropic, meaning that the
position and orientation of the molecules are uniform in all directions. This is
in stark contrast to when water is in the frozen state, where the molecules are
packed tightly together and form a strict lattice structure. However, there are
more than just these three phases of matter present in nature. There also exist

mesophases that lie between the classic phases, with one such example being the
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liquid crystal phase, see Figure 1.1. Substances that are in the liquid crystal
phase exhibit behaviour and characteristics of both liquids and solids: they flow
like a liquid but have orientational order like a solid. The exact characteristics
are highly dependent on the type of liquid crystal being considered. The point
at which a substance changes from a solid to a liquid crystal is called the melting
point and the point it changes from a liquid crystal to an isotropic liquid is known

as the clearing point.

1.3 Classification

The molecules that make up a liquid crystal have complex structures but, as a
simplified model, can be thought of as being elongated rod-like molecules. These
molecules are free to move within the sample, but they all align in the same
average direction, with this general direction denoted by the unit vector n. Since
we assume that liquid crystals have no polarity, we have that n and —n are

indistinguishable.

In nematics, the molecules can move freely anywhere within the sample, and
the director n, which they orientate along, is often referred to as the anisotropic
axis. In this phase, we say that the molecules posses orientational order but no

positional order.

Smectic liquid crystals are very similar to nematics except they also posses
positional order, meaning that the molecules align themselves in layers. The
molecules can move freely within each layer, and there is even the possibility for
molecules to move between layers, but they always maintain a general layered
structure. There are various types of smectic liquid crystals, but in this thesis we
will focus only on smectic A and smectic C. In smectic A (SmA) liquid crystals,
the average alignment of the molecules is again described by the vector n, but
there is the additional unit vector, a, that denotes the normal to each layer. In
the smectic C (SmC) phase the orientation of the molecules is denoted by the
vector c. This is because, in the SmC phase, the molecules tilt away from a at
a fixed angle 6, called the smectic tilt angle or smectic cone angle, and so the
director n can be seen to lie on a fictitious cone of angle #. The vector c is then

given by the unit orthogonal projection of n onto the smectic planes, and the
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Figure 1.2: Graphical representation of (a) the smectic A phase, and (b) the
smectic C phase. In the SmA phase the director n is perpendicular to the layers,
while in the SmC phase the director makes an angle 6 with the unit layer normal.

unit vector b = a x c is introduced for convenience. The smectic tilt angle is
usually considered to be temperature dependent, but in this thesis we assume
that the temperature is constant in any given sample. The SmA and SmC phases
are shown in Figure 1.2, with a more detailed diagram of the SmC phase shown

in Figure 1.3.

In this thesis we will also consider chiral smectic C (SmC*) liquid crystals. SmC*
liquid crystals have a twist axis which is perpendicular to the usual SmC layers,
and they are known to be ferroelectric, meaning that they posses a spontaneous
polarisation P. This polarisation is always perpendicular to both n and a, and

it rotates relative to the smectic layers.

1.4 Outline of Thesis

Chapter 2 introduces the notation we will be using throughout this thesis and
some preliminary results and equations that will be utilised. Chapter 3 consid-
ers the case of static SmA liquid crystals in two experimental geometries and
investigates the stability of each using the Ritz method. As well as determining
stability, we develop analytical solutions for one of the geometries for which only

numerical results were previously known. The remainder of the thesis then fo-
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Figure 1.3: A schematic diagram of the vectors used the describe the structure
of a SmC liquid crystal. The vector c is given by the unit orthogonal projection
of n onto the smectic planes, and b = a x c is introduced for convenience.

cuses on dynamic problems. Chapters 4 and 5 deal with oscillatory shear flow in
SmA and SmC liquid crystals, respectively, with analytical solutions given for a
SmA sample in finite and semi-infinite domains. An investigation into solutions
for the SmC case is then carried out. Chapter 6 builds on work already published
in relation to the experimentally observed ‘pumping phenomenon’ in SmC* liquid
crystals. The problem proposed in the literature is extended to include more ef-
fects, with a related problem then discussed. We conclude with Chapter 7 which
gives a brief and elementary investigation into the role played by surface tension

on the displacement of lipid bilayers.



Chapter 2

Preliminaries

2.1 Notation

Throughout this thesis we will be using standard index notation and the sum-
mation convention. That is, for any vector a = (a1, a9, a3), with {e, e, es}

representing the usual basis vectors in R?, we write

3
a = a;e; + ases + azez = Zaiei. (21)
=1

Using the summation notation, (2.1) can be written in the more compact form

a = q;e;, (2.2)

where it is assumed that any index that appears twice, and only twice, in a single
term is summed over all possible values of that index. We also assume that an
index preceded by a comma will denote differentiation with respect to that index.
For example, a;; denotes the derivative of the ith component of a with respect
to the jth variable, where the total derivative is defined to be [49, Eqn. (2.123)]
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where f = f(x,u(x), Vu(x)). We will also make use of the Kronecker delta, 0;;,
defined to be

1 ifi=j,
0 ifi#j,

and the alternator €;;;, given by

1 if 7, 7 and k are unequal and in cyclic order,
€k = § —1 if 7, j and k are unequal and in non-cyclic order, (2.5)

0 if any two of 4, j or k are equal.

The scalar product of the vectors a = (ay, as, as) and b = (by, bs, bs) is defined as

a-b= aibi, (26)

and the vector product is defined to be

axb= eijkajbkei, (27)

where e; is a unit vector in the i-direction. The magnitude of the vector a is given
by |a] = /a-a, and a and b are said to be orthogonal if and only if a-b = 0. We

define the scalar triple product of the vectors a, b and c to be

a- (b X C) = aiel-jkbjck. (28)

The gradient of the scalar quantity p is defined to be
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Vp =pei. (2.9)

The divergence of the vector a is given by

V-a= Qs (210)

and its curl is defined as

Vxa= €Ak, €;- (211)
For any second order tensor T;;, we define its divergence to be T;; ;. This is in
line with the notation adopted by Leigh [24].
2.2 Energy Density

The average alignment of molecules in a nematic liquid crystal at a point x is

denoted by the unit vector n. This is written as

n=n(x), nn=1. (2.12)

Liquid crystals have an elastic component to them which, when all outside influ-
ences are removed, allows them to return to a natural, lowest energy configuration.
Therefore, any distortion of a liquid crystal sample has associated with it a free

energy density represented in general by

w = w(n, Vn). (2.13)
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To find the total bulk energy for the system we simply integrate the energy density

over the volume, i.e.

W = / w(n, Vn) dV, (2.14)

where V is the volume of the sample. The total energy is defined up to an additive
constant, and since we will search for solutions that provide the lowest energy
state, we choose this constant such that w = 0 for any natural orientation, that
is the state in which the liquid crystal returns to when all outside influences
are removed. It is then supposed that any state imposed on the sample will
produce an energy that is greater than or equal to the energy of the natural
state. Since liquid crystals lack polarity, it is assumed that the vectors n and —n

are indistinguishable, and so we require that

w =w(n,Vn) = w(—n, —Vn). (2.15)

The free energy per unit volume must also be frame indifferent, that is, it must
be the same when described in any frame of reference. If we consider the proper
orthogonal matrix @) (where det@ = 1), and require that the energy density be

invariant under arbitrary rigid body rotations, then we require

w(n, Vn) = w(Qn, QVnQ’), (2.16)

where Q7 is the transpose of Q. It can be shown [49] that the Frank-Oseen elastic

energy for a general anisotropic medium is given by

1 1 1
w = ékn(v n-— 80)2 -+ ékgg(l'l' V xn+ t0)2 -+ 5]{33(1’1 x V X l’l)

Chs(Ven)(n-V x n) + %(/@2 b))V (- V)n — (Von)y.  (2.17)
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For nematics, it can be shown that sqg = tg = k1o = 0, and it is common to set
K1 = ki1, K9 = koo, K3 = k33 and K4 = koy, where the K; are known as the
Frank elastic constants. Here, sq is a spontaneous splay constant, and g is a twist
constant related to chirality. Hence the free energy density for nematics can be

written as

1 1 1
w = §K1(V n)2+§K2(n V x n)2 + iKg(n X V x n)2

+5(Ky + Ki)V- (- V)n — (V- m)n]. (2.18)

The constants K7, Ky and K3 are the splay, twist and bend constants, respec-

tively, and the combination (Ks + K}) is known as the saddle-splay constant.

In smectics there is an energy density associated with the distortions of a and

c. Similar to the nematic case, the energy density is of the form

w = w(a,c,Va, Vc). (2.19)

The energy density for a smectic must also be frame indifferent, so we require

w(a, ¢, Va, Vc) = w(Qa, Qc, QVaQ", QVeQ"), (2.20)

where @ is a proper orthogonal matrix. From the work of Leslie at el [27], it can

be shown that for a non-chiral SmC liquid crystal, the general energy density is

of the form
1 2, 1 2, 1 2, 1 2
w = éKl(V-a) + §K2(V-c) + §K3(a- V xc)* + §K4(C' V X ¢c)

+ %K5(b~ V x ¢)*+ K¢(V-a)(b-V x ¢) + %m(a- V x ¢)(c-V x c)
+ Ks(V-¢)(b-V x ¢) + Ky(V-a)(V-c), (2.21)
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where the K; are elastic constants and b = axc. Most dynamic contiuum theories
before 2007 supposed that n and a always coincided. However, it was discovered
in experiments that, due to the complex structure of SmA liquid crystals, this was
not always the case. This work is documented by Auernhammer et al. [3] and
Soddemann [47] in the case of a shear applied to a sample of SmA. The paper by
Ribotta and Durand [39] states that combining a tilt of both the molecules and
the layer results in a strain comprising of a compression and dilation contribution.
When the compression term is subjected to a dilative stress, a layer undulation
instability is incurred, and when the dilation term is subjected to a compressive
stress, it is expected that a molecular tilt instability will occur inside the layers.
This tilt inside the layers leads to a buckling of the director, and so it is important
to allow some freedom for the director and layer normal to decouple. Hence, in
Chapters 3-6, we use the energy density based on the initial modelling work of
Auernhammer et al. [3], Ribotta and Durand [39], and Stewart [51], which has

the form

1 1 1 1
w= in(v- n)2+§Kf(V- a)2+§BO(|V<I>\+n- a—2)2+§Bl(1 — (n-a)?). (2.22)
This form of the energy density allows for the decoupling of n and a, while
enabling them to coincide when it is natural to do so. We have introduced the
notation ® as a way of describing the local planar layer structure. The scalar

function @ is related to the unit layer normal through the identity

Vo

In the energy density (2.22), the first term is the traditional splay deformation of
the director n, and the second term is associated with the bending of the smectic
layers. The quantities K7 and K{ are positive elastic constants with units of
newtons (N) and which are generally of a similar size. The third term deals with
the compression of the smectic layers and the fourth term measures the strength

of coupling between the director and layer normal. The constants By and B,
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are both positive constants, with units of Nm~2, and, in general, the magnitude
of By should be comparable to By or smaller [39]. We note that the energy
density is minimised when n-a = 1, that is when the director and unit normal
are parallel, which is what we would expect from a physical interpretation. We
also note that the energy density in (2.22) is invariant to simultaneous changes
in the sign of n and a. The form stated in (2.22) is widely used in the literature
but it is known that the compression term £2(1 — [V®[)? is not entirely suitable
since it is a quadratic approximation. A more appropriate formulation is given
by 20|V®|~2(1 — |[V®|)?, as stated in Capriz and Napoli [5], and is based on
Hooke’s Law. Both terms coincide up to quadratic order, but when dealing with
nonlinear equations the results obtained may differ. In Chapter 7, we use the
second formulation for the compression term due to the nature of the problem
being studied and the work previously carried out in this area. Hence in Chapter

7 we adopt the alternative form [56]

1 n 2 1 a 2 1 BO 2 1 2

2.3 Electric Fields

One of the most interesting aspects of liquid crystals is their response to external
forces, in particular those due to electric and magnetic fields. Even applying a
relatively small voltage to a sample of liquid crystal can hugely alter the structure
of the sample. We consider an electric field E which, as a basic preliminary
approximation, is subject to the constraints of the static field Maxwell’s equations

when the charge density is neglected:

V-E=0, VxE=0. (2.25)

The general dielectric energy density for liquid crystals is given by [49, p28§]
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1
Welec = _§€O€a(n' E)27 (226)

where €, is the permittivity of free space and ¢, is the dielectric anistropy of the
liquid crystal. In ST units, €y ~ 8.854 x 10712 F m~! [49], where the abbreviation
F represents a farad, and ¢, is unitless since it is measured relative to ¢y. The
electric energy density in a SmC* liquid crystal has an additional electrical energy

contribution given by [49]

Wpol = —-P- E, (227)

where P is the spontaneous polarisation of the SmC* liquid crystal, and can be

written as a vector parallel to the unit vector b such that

This is the reason why it is a convenient convention to adopt the vector b such
that b = a x ¢ when considering SmC* liquid crystals. This then defines the
‘positive’ direction of the polarisation of the liquid crystal when Py > 0. There

are also SmC* materials for which P, < 0.

2.4 FEuler-Lagrange Equations

In general, when minimising a functional with respect to n variables, y,, the

Euler-Lagrange equations take the form [42]

d
%f,y;(z>y>y/) - f,yk(zayay/) = Oa k= 17 27 c N (229)

where y = [y1, 2, ...y»]. In Chapter 3, we will be searching for equilibrium solu-

tions that minimise the total energy of a static configuration. To find these equi-
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librium solutions, we must minimise the energy W, given by (2.14), with respect
to the tilt angle of the director, (z). When we consider a sample homeotropically
planar aligned SmA, 6 is defined to be the angle that the director makes with
respect to the z-axis, while in a bookshelf aligned sample, 6 is the angle that
the director makes with respect to the x-axis. In this particular case, we will be
considering only 2d-orientations, with the tilt angle 6 solely dependent on one
variable. A necessary condition for the minimisation of 6(z) is that 0(z) satisfies
the Euler-Lagrange equation [42]. So, in particular, when minimising (2.22) with
respect to 6(z) in Sections 3.1 and 3.2 we must have, for example in the n = 1

case,

d (Ow ow
=) - == 2.
dz (80’) o0 0 (2:30)
while in Section 3.3 we have the additional angle of (z) to incorporate into the

problem, so the angles # and ¢ must satisfy the coupled Euler-Lagrange equations

d (aw) ow_, (2.31)

dz\o0) 00
d (Ow ow

2.5 Dynamic Equations

In the dynamic sections of this thesis, we will make use of the Navier-Stokes
equations in specifically simplified problems, in addition to the equations for the
balance of angular momentum, to derive governing equations. In the case of
the dynamic SmA problem, we will also require the permeation equation. The
Navier-Stokes equations for an incompressible isotropic Newtonian fluid are given
by [2]

e +(v-V)v= —%Vp +vV3iv + g, (2.33)

V.v=0, (2.34)
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where v is the kinematic viscosity, p is the density of the fluid, V? is the Laplacian
operator, g denotes the gravitational force, v(z,y, z,t) = (v1, v2, v3) is the velocity
and the pressure is denoted by p = p(x,y, z,t). The Leslie-Nakagawa dynamic
equations for smectic liquid crystals are derived from the equations for the balance
of angular and linear momentum, and differ depending on the type of liquid

crystal being considered. First let us consider a SmA sample.

2.5.1 Dynamic Smectic A Theory

In a SmA liquid crystal, the vectors n and a are subject to the constraints

nn=1, aa=1 Vxa=0. (2.35)

The third constraint in (2.35), known as the Oseen condition, is satisfied in general
in the absence of defects or singularities in the smectic layer. However, when the
SmA dynamic theory introduced by Stewart [51] is used, this condition need not
necessarily hold, as is frequently the case in dynamics away from equilibrium.
If we consider a sample of SmA liquid crystal, free from defects, with unit layer
normal a and interlayer distance a, then an integral along an arbitrary closed loop
', as shown in Figure 2.1, must vanish [49]. This must be true since the number
of layers crossed in one direction is the same as those crossed in the opposite

direction. We can write this mathematically as

éa- dx = 0. (2.36)

Since a is differentiable in the absence of defects, as in this case, we can use

Stokes’ theorem to write

7{&1- dx = /S(V x a)-vdS =0, (2.37)



CHAPTER 2 16

P
g/ N\
/ \
\ A
N

Figure 2.1: A closed loop I' in a SmA liquid crystal with unit layer normal a and
interlayer distance a. An integral over the arbitrary loop I' must vanish which
leads to the constraint V x a = 0.

where v is the outward unit normal of the area S enclosed by I'. Since S is
arbitrary, it follows from (2.37) that we require V x a = 0.
When we allow this condition to be violated, we have the equation for the

balance of linear momentum given by [51]

p’l}l = pE — ﬁﬂ' + f]jnM + Gjnj,i + |Vq)‘&ijj7j + gij,ja (238)

where p is the density of the fluid, F; is the external body force per unit mass,
p is the pressure, g; is a dynamic contribution, G, is the generalised body force
related to the external body moment per unit mass, J; is the phase flux term,

and t;; is the viscous stress tensor. The dynamic contribution g; takes the form
[51]

Gi = =1 N — 2 Apn, — 2k1 Agpay, (2.39)

where N; = n; —W;;jn; is the co-rotational time flux of n, A4;; = %(Ui,j +wv;;) is the

rate of strain tensor and W;; = %(vm — v;;) is the vorticity tensor, both common

tensors in continuum mechanics. The quantities 73 = a3 — g, 72 = ag + as and
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k1 are viscosity coefficients. The full viscous stress tensor is given by

ti; =1 (g Agpny)ning + aaNin; + azniNj + ag Ay + as(ng Aipny, + niAjpn,)
+ (o0 + as)n;Ajpny, + 11 (akAgpay)aia; + mo(ajAipa, + a;Ajpap)
+ k1(a;N; + a; N; + nAjpa, — njAppay) + ke (ngpAipay) (nia; + aing)
+ Ka[(nEArpnp)aia; + (ap Arpay)nin;]
+ Ka[2(ng Arpay)ning + (ngArpny)(amn; + na;)]
+ 15 [2(nkArpap ) aia; + (arArpap) (nia; + aing)]

+ ke(njAipa, + niAjpa, + a;Ajpn, + ajAipn,). (2.40)

If all terms containing the director n are neglected, this reduces to

fij = 064142‘3‘ + 7 (akAkpap)aiaj + T (CLZ‘AijLp + CLjAZ'pCLp), (241)

which is the form proposed by Martin et al. [31], de Gennes and Prost [7] and E

[11] for an incompressible SmA liquid crystal.

The equation for the balance of angular momentum is given by

ow ow

where w is the energy density, g; is the dynamic contribution given by (2.39),
G, is the generalised body force related to the external body moment per unit
mass, and p is a Lagrange multiplier. In general, the Lagrange multiplier can be
evaluated explicitly or eliminated from the problem.

Starting with the second law of thermodynamics, a dissipation inequality in-
volving the scalar function ®, as defined in equation (2.23), can be derived. To
ensure the positivity of this dissipation function, it can be shown that ® must be
a negative multiple of the divergence of the phase flux term, J; [51]. Hence, the

permeation equation, which describes the amount of flow through the layers, is
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defined to be

d =N\ Jis, (2.43)

where ), is the positive permeation constant [51] based on work originally carried
out by Helfrich [15]. The superposed dot represents the material time derivative,

and so the right hand side of (2.43) can be written explicitly as

. 0P
¢ =— -Vo. 2.44
T +v-V (2.44)

The phase flux term, J;, introduced above is defined to be [51]

Ji:—

ow 1 {(810 )k ow

_ s —aa). 9.4
00, Vol aap]((sp’ ap ;) (2.45)

Oay, i
The first term in (2.45) is related to the permeation in the layers, while the
second term can be thought of as a projection of the Fuler-Lagrange equations
on the smectic layers. The projector term (d,; — apa;) is required since there is no
permeation in an equilibrium state. We note that the phase flux term is solely
dependent on the layer normal, a, since it only contributes to the permeation in
the layers. Now we consider the dynamic equations for a SmC* liquid crystal as
introduced by Leslie et al. [28].

2.5.2 Dynamic Smectic C* Theory

In the case of a SmC* liquid crystal, the vectors a and c are subject to the

constraints

aa=1 cc=1 ac=0, Vxa=0, (2.46)
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with no relaxation of the Oseen condition V x a = 0. The equation for the
balance of linear momentum is given by [49]

pi; = pF; — pi + Grag; + Gicri + Grar + Jicki + Lijj, (2.47)

and the equation for the balance of angular momentum reduces to the coupled

equations [49]

ow ow
(0&@]') j 3az‘ T+ G Gt +6]kﬂkd ( )
0 0
( w) — e+ Gt e+ pa; = 0, (2.49)
801-7]- g aCi

where Fj is the external body force per unit mass, p is a pressure, tNij is the viscous
stress tensor, G and Gf are generalised external body forces related to a and c,
respectively, and the scalar functions p, v and 7 and the vector function 3 are
Lagrange multipliers. The ‘a-equations’ (2.48) are coupled to the ‘c-equations’
(2.49) via the Lagrange multiplier p. The dynamic contributions g and §¢ are
given by

g? = —2()\1D;1 + AgCiCpD; + )\4Az + AﬁCiCpAp + TQDZ-C
-+ TgCiang -+ ’7'4CZ'CpD; -+ T5Ci), (250)
glc = —2()\2DZC + )\501 + TlDZC-l + TSAi)- (251)

The viscous stress tensor #;; for a SmC* liquid crystal is given by

Eij == EZSJ + i’gs

ij

(2.52)

where ffj and ff; are the symmetric and skew-symmetric parts of the viscous

stress, respectively, and are given by [49]
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tij = poDyj + mapDya;a; + po(Dia; + Dias) + pscpDicic; + pa(Diej + Die;)
+ psep Dy (aic; + aje;) + Mi(Asay; + Ajag) + Ao (Cicy + Cjes) + AsepAp(aicy + ajc;)
+ k1(Djcj + Djc; + Diaj + Dja;) + ka(a,Dy(aic; + ajei) + 2a,Dpaiaz)
+ k3(cp Dy(aic; + aje;) + 2a,Dyeicy) + 11(Ciay + Cha;) + mo(Ascy + Ajc)
+ 213c,Apaia; + 2140, Apcicy, (2.53)

and

i’ls]s = Al(D;-’aZ- — Dfaj) + )\Q(D]CCZ — DZ-CC]’) + /\3CpDZ(aiCj — CLjCZ') + )\4(Ajai — Aiaj)
-+ /\5(C’jcz~ — CZ‘Cj) + AﬁCpAp(CLZ'Cj - CLjCZ') + T (D?Cz‘ - D?Cj) + TQ(DJC-CLZ' — Dfaj)
+ Tgang(aiCj - CLjCZ') + T4CPD;(CLZ‘CJ' — CLjCZ') + T5(AjCZ‘ - AZ‘Cj + Cjai - C’iaj).
(2.54)

The viscosity g is independent of a and ¢ and corresponds to the usual isotropic
part of the viscous stress. The viscosities p1, po, A1 and A4 are dependent only on
contributions from a, and so are said to be SmA-like in nature, with the SmC-like
viscosities given by us, 4, Ao and A5. Finally, there are eleven viscosities that are
considered to be coupling terms due to their dependence on both a and c. They
are (15, A3, \g, K1, Ko, K3, T1, To, T3, T4 and 75. The viscosities that are dependent

on the c-director can be related to the smectic tilt angle 6 as follows [49]:

M3 = /1394, pa = fs0%,  ps = f150°,

Do = Nb% A3 =02 M= MOE N = N0

K1 = R0, ko= hol, Kg= k3t

=m0, T="m0, =70, 7,="710° =70,

where the constants fi;, 5\1-, k; and 7; are assumed to be only weakly dependent
on temperature. These classifications can be used to help identify the dominant

viscosities in theoretical investigations of SmC* liquid crystals. It can be shown
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[49] that these viscosities satisfy certain inequalities, in particular

[0 + fta + A5 £ 229 > 0. (2.59)

This inequality comes from the dissipation function, which has restraints placed
upon it to ensure that the liquid crystal loses energy when expected. For a more

in depth discussion we refer the reader to Stewart [49].
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Stability of Static Smectic A
Liquid Crystals

Some particularly novel static solutions of smectic A liquid crystals were found
by Stewart [50] with interesting results involving a parameter B, a dimensionless
measure of the strength of coupling between n and a in relation to the compression
present in the layers. In the case of planar aligned SmA, it was found that the
behaviour of the solutions changed in response to this parameter at a critical
value B*. We investigate the stability of these solutions, paying specific interest
to the parameter B, and we also consider the stability of a bookshelf aligned

sample in the variable layer case.

3.1 Planar Homeotropically Aligned Smectic A

We first consider a sample of planar homeotropically aligned SmA liquid crystal
confined between two parallel plates at z = 0 and z = d, arranged in a fixed layer.
In this geometrical set-up we have the director, unit normal and scalar function
® to be of the form

22
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Figure 3.1: Planar homeotropically aligned SmA liquid crystal confined between
two parallel plates a distance d apart, where 6 denotes the angle that the director
makes with the z-axis.

n = (sinf(z),0, cosb(z)), (3.1)
a=(0,0,1), (3.2)
o=z, (3.3)

where the strong anchoring boundary conditions are given by

0(0) = 0(d) = 6y > 0. (3.4)

We choose the director to be dependent only on z since experimental data show
that the behaviour of the liquid crystal is uniform in the z-y plane, and the only
spatial dependence recorded is in the z-direction. Inserting n, a and & into (2.22)

gives the specific energy density for this problem, namely

1 1 1
w= éKf(Q’)Q sin? 0 + 530(1 —cosf)? + 531 sin’ 6. (3.5)

We can write
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ow

5 = K0 sin® 6, (3.6)
08_7;1 = K}(0)*sinf cos § + By(1 — cos ) sin ) + By sinf cos 0, (3.7)

and so inserting (3.5) into the Euler-Lagrange equation (2.30) yields

K7 [0"sin*6 + (0')?sinf cos ] — Bysinf(1 — cosd) — Bysinfcos = 0. (3.8)

We can non-dimensionlise equation (3.8) by adopting the rescaled variables

Kf’ Bl _ z - d
_ ., B==—, z=2 d=-—, 3.9
"=\ B, B, i " (39)

where p is a typical length scale and B is a dimensionless parameter that plays a
key role in the stability of the sample. Hence we arrive at the non-dimensionalised

second order differential equation

0" sin? 0 + (#')* sin 6 cos @ — sin O(1 — cos ) — Bsinfcosf = 0. (3.10)

3.1.1 Known Equilibrium Solutions

It can be shown that equation (3.10) has the solution given implicitly by [50]

(

= tsin T (9(0,0,)) — sin™ (g(00, 61n)) } if B> 1,
Z = v2{(cos B, — cos0y)'/? — (cos b, — cos0)'/?} if B =1, (3.11)
| =5 1 [0, 0,0)] — In [R(0,0,,) [} if0< B <1,

where
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Figure 3.2: The solutions for 6(z) given by the implicit equations (3.11) for
increasing values of B. For values of B < B* the solutions are smooth and
continuous but as B is increased beyond the value B*, the solutions develop
corner points and the smoothness is lost.

1+ (B—1)cost
14+ (B —1)cosb,,’

1 2 1 A
h(@,@m):{<—1_B—COS«9) —<—1_B—cos0m) } —l——l_B—cosH,
(3.13)

9(0,0m) (3.12)

and 6, is the minimum angle that 0(z) attains in the sample. These solutions
are plotted in Figure 3.2 [50], where we note that there are two types of solution
present. For the values B < B* we have extrema with no ‘corners’ but as soon as
we reach a critical value B* =~ 3.99, corner points are induced into the solution.
This change in behaviour at the point B = B* is of great interest and we will
see later that it proves to be a defining feature of the solutions. The value of B*
given here was found numerically and is dependent on other parameters in the
problem, such as the tilt angle. A full derivation of, and discussion about, these
solutions can be found in Stewart [50], but here we now turn our attention to
their stability.
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3.1.2 Stability of Solutions

We first perturb the known solution by setting

0(2,t) = 0(2) + e(2)e ™ (3.14)

where 0(Z) is a known equilibrium solution given by (3.11), A is an eigenvalue
of the system, and ¢(Z) is a small perturbation such that |e(Z)| < 1. We shall
neglect any flow effects at this small order approximation: we therefore need only
concern ourselves with the angular momentum equations and ignore the linear
momentum (due to the presumed absence of any flow). Hence the director is now

given by

n = (sin(f + ee),0, cos( + ee™)). (3.15)

We use a time dependent perturbation here even though we are considering a
static problem. Although the known solution # is dependent on Z only, the
perturbation is dependent on both z and f. We have chosen the perturbation
to be of the form ee™* because we want to set up an eigenvalue problem and
this form gives us a natural way into the problem via a linear analysis, but more
generally the perturbation is of the form ¢(z,t). To study the stability we must
consider the appropriate dynamic equations for the system which are given by
(2.42), namely,

ow ow
p— . . = . .1

5]

The quantity g; is given in general by (2.39), but in the absence of flow this

simplifies to

(3.17)
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where s and a3 are viscosity coefficients, and satisfy the relation vy = a3 — g >
0, due to constraints of the dissipation function. This is a ‘rotational viscosity’
effect and so is positive. We have set GG; = 0 since we are assuming that there
are no outside forces acting on the sample. Equations (3.16) can be written in

the more compact form [49]

Im" + g = pn, (3.18)

where II' = Kin;;; — Bo(|V®| + n-a — 2)a; + Bi(n-a)a;. Since the second
components of both the director and unit normal are zero we have II5 = 0 and

g2 = 0, hence we can write (3.18) explicitly as

I} + g1 = pna, (3.19)
5 + gs = pns. (3.20)

We can eliminate the Lagrange multiplier from the problem by multiplying equa-

tion (3.19) by ns, multiplying equation (3.20) by n; and subtracting the two

resulting equations. Hence we obtain

n n ~ ~
H1 ng — H3n1 = g3ni1 — gins

on on
oot 2
= —(a3 — ag)[sin®(0 + ee ™) + cos®(0 + ee )| Aee
= —Maz — ag)ee ™. (3.21)

Now, we find II} and IIf explicitly to be
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I =0, (3.22)
I} = — K7 [cos(d +ee ™) (0 + e'e_’\t)Q —sin(@+ee M) (0" +€'e )]
— Bo[cos(§ + ee™™) — 1] + By cos(f + ee ™). (3.23)

Since we are only perturbing the solution by a small amount we assume that

le(Z)| < 1, and so we can linearise each term in € to obtain

2
&.
=
Nl
+
@)
@]
)]
D
ml
%
\f‘h

At
and hence we can write
ing — 180y = K |(07)?sinf cos @ + 20 sin § cos fe'e " 4 0 ?(cos? f — sin® f)ee ™

+0"sin%0 + sin® O’ + 20" sin 0 cos ¢9_€6_Ati|

+ By sin 6 cos d + (cos®f — sin? f)ee ™ — sin 6 — cos 566‘”]

—By sin fcos d + (cos? @ — sin? 0)ee . (3.28)

Equating (3.28) with (3.21) allows the dynamic equation (3.21) to be written as
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—Maz — ag)ee™ = K [25 "sin  cos Oc'e ™ 4 0 ?(cos? § — sin® f)ee
+ sin? @’ e 4 20 " sin 0 cos éee’)‘t]
+By [(cos2 6 — sin® f)ee ™ — cos éee”\t}
—-B [(0082 6 — sin® 0_)6€_>\t:|
—l—{Kf(H_ V2sinfcosd + K" sin® 6 + Bysind cos
—Bysinf — B, sinécosé}. (3.29)
We can simplify equation (3.29) by setting the terms in the curly brackets to
be zero since these terms satisfy the equilibrium equation (3.8). Now, dividing

(3.29) throughout by Bye™**, non-dimensionalising as before, and collecting terms

in powers of ¢, yields the dynamic equation for the system, namely

_ - A
¢’ sin? 0 + 20’ sin f cos O’ — eqy(2) = —g(a:g — an)e, (3.30)
0

where ¢,(2) = cos — (1 — B + (0')?)(cos?§ — sin? ) — 20" cosfsinf, and A is
an eigenvalue of the system. Multiplying equation (3.30) throughout by € then

integrating with respect to z from 0 to d yields

d d
/ [e"e sin @ + 20 sin  cos f’e — 62q1(2)] dz = — / Bi(()ég — ap)e*dz. (3.31)
0 o Do

Taking the first term in (3.31) and integrating by parts gives

a o )
/ "esin? 0 dz = [€'esin?0]F — / ¢ (esin?0 )’ dz
0 0
J —
= —/ e (esin?0)’ dz
0

d
= / [(¢')*sin® 0 + 2€'e § ' sin f cos 0] dz, (3.32)
0
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Figure 3.3: The eigenvalues plotted against the dimensionless parameter B for a
planar aligned SmA liquid crystal.

since we set €(Z) to be zero on the boundaries. Hence (3.31) can be written as

/ (@) s + ay(2) )z = / ' Bi(ag ~ ). (3.33)
0 o bo

Equation (3.33) is then in a suitable form to apply the Ritz method to it. Im-
plementing the Ritz method in MAPLE12 [30] allows us to find the eigenvalues
of the system for different values of B, with the results being shown in Figure
3.3, where we have used the parameters estimates v; = ag — as = 0.0776 Pa s
and By = 8.95 x 10" N m~2, where Pa denotes pascals. We have taken N = 8
in the summation of terms for the unknown function €(z), see Appendix C for
details, which may seem like very few terms, however, having experimented with
various values of N we concluded that increasing N beyond the value of 8 did
not greatly improve the accuracy of the results. For example, increasing N to 20
did not improve the accuracy at all to four significant figures, and increasing N

to 50 increases the accuracy only in the sixth significant figure.
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Figure 3.4: The response time plotted against the dimensionless parameter B for
a planar aligned SmA liquid crystal.

3.1.3 Conclusions

In the case of planar homeotropically aligned SmA, we were able to obtain results
that proved stability for B < B* ~ 3.99, but were unable to generate results for
B > B*. The Ritz method is a well used and researched method that is known
to generate the eigenvalues of a system, so the fact that it does not work for
values of B greater than the critical quantity B* suggests that there is a problem
in the system, most probably an instability. This ties in with the fact that the
extrema in Figure 3.2 undergo a change in behaviour at this point. The fact that
the extrema become broken at B = B*, coupled with the break down of the Ritz
method, strongly suggests an instability. However, this is simply speculation and
is not enough to prove instability, so we would need to employ other methods
to prove or disprove this theory. One possibility would be to use bifurcation
theory. It is possible that there is a bifurcation point at B = B*, in a similar
manner to the case of the Freedericksz transition in nematics where there is a
bifurcation point at a critical magnetic field strength Ho. At this critical point
two things happen: firstly, additional solutions for the director profile come into

existence and, secondly, the original zero solution changes from a stable branch
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Figure 3.5: Finite sample of bookshelf aligned SmA liquid crystal bounded be-
tween two parallel plates a distance d apart, where 6 denotes the angle that the
director makes with the z-axis.

to an unstable one. We may have a similar situation here but more investigation
would be needed before any conclusions are drawn. Another possible explanation
for the breakdown of the Ritz method is the fact that this method uses functions
for € that are smooth and continuous. We can see from Figure 3.2 that after the
point B* the solutions are no longer smooth. They are still continuous at each

point in z € [0, d] but the non-smoothness may be providing a problem that the
Ritz method cannot overcome.

We note that the value for B* was obtained numerically as it is impossible,
using the tools at our disposal, to calculate this critical value analytically. The
value found for B* is specific to the parameter values used in this case, such as
sample depth and tilt angle. It is possible that this critical value will change
depending on which material parameters are chosen, but we surmise that the
numerical changes will be small and the critcal value will always occur in the

analysis.

3.2 Bookshelf Aligned Smectic A

We now consider the case of a bookshelf aligned liquid crystal confined between

two parallel plates a distance d apart. In this geometry we have
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n = (cosf(z),0,siné(z)), (3.34)
a=(1,0,0), (3.35)
o=z, (3.36)

with the boundary conditions again given by

0(0) = 0(d) = 0 > 0. (3.37)

The energy density (2.22) and dynamic equation (3.16) are exactly the same as in
the planar aligned case. We can follow the same procedure as the previous section
by inserting w into the Euler-Lagrange equation (2.30) to obtain the second order

governing equation

0" cos® 6 — (0')*sin 0 cos @ — sin (1 — cos ) — Bsinfcosf = 0, (3.38)

where we have again non-dimensionalised the problem using the same scalings as

(3.9).

3.2.1 Known Equilibrium Solutions

The solution to equation (3.38) is slightly more complicated than (3.11), so we
merely state the solution for B = 1 here, and direct the reader to Stewart [50]
for full details of the cases B < 1 and B > 1. For B = 1 we have the solution to
equation (3.38) given by

— F(y(0), vn) = (cos b, — DIL(v(0), 1, v/n), (3.39)

I
I

DO |

where
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, 2(cos 0, — cos0)
0) = 4
7(0) = arcsin \/(1 + co86,,)(1 — cos6)’ (3.40)
1
n= 5(1 + cosb,,), (3.41)

1\/ (1 +c086,)(B+1+ (B —~1)cosb) (3.42)

kzi (14 (B —1)cosby,)

The functions F' and II are the incomplete elliptic integrals of the first and third
kind, respectively, where k represents the elliptic modulus, and 6,, represents
the minimum angle that 6 attains. From Stewart [50], we have the additional
requirement that 6(z) achieves its minimum value, 6,,, at the point z = d/2, for
O < 0(z) < 6y. Hence, the value of 6, can be found by substituting z = d/2
into equation (3.39) to obtain

= F('Y(eo)a \/ﬁ) - (COS em - 1)H(7(90)a n, \/ﬁ) (343)

Ny

This then provides an impicit equation to solve for 6,,, given the parameters 6,
d and B. The full solutions of equation (3.38) for various values of B are plotted
in Figure 3.6 [50]. In this case we notice immediately that the solutions for all
values of B are smooth and continuous, in stark contrast to the planar aligned

geometry. Now we investigate the stability of these solutions.

3.2.2 Stability of Solutions

We begin again by perturbing the solution by setting

0(z,t) = 0(2) + e(2)e™™, (3.44)

and ignore any flow effects. Then we write equations (3.16) in the compact form
[49]
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Figure 3.6: The solutions for (z), for example given by the implicit equation
(3.39) in the B = 1 case, for increasing values of B. In this geometry, the
solutions are smooth and continuous for all values of B.

II" + g = pn, (3.45)

where II? = Kin; ;i — Bo(|V®| + n-a — 2)a; + Bi(n-a)a;. As in Section 3.1, the
second components of both the director and unit normal are zero and so we have
[ = 0 and g, = 0, hence (3.45) becomes

Iy + g1 = pna, (3.46)

Multiplying equation (3.46) by ns, then multiplying equation (3.47) by n; and
subtracting the two resulting equations yields
ing — Igny = gsni — gins
= AMas — ag)ee™. (3.48)

Now we can compute IIT and II% explicitly to be
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17 = — By(cos(f + ee™™) — 1) + By cos(d + ee ™), (3.49)
Iy = — Kf[cos(é +ee ) (0" + ™) —sin(0 4 ee ) (0" + E'G_At)2]> (3.50)

and hence we can write

Iing — Hgnl = Sin(g_ 4 eefkt) B, Cos(é + 667)‘t) _ Bo(COS(é n 667)‘t) B 1)]
+K7 [ + Sin(é + 667)‘t) COS(é + eef)\t)(é// + 6/67”)2
— cos”(0 + e M) (0" + e ). (3.51)

Linearising (3.51) in € yields

M'ng — yn; = K} |:2(§//€ cos fsin fe M + 20'¢'e * sin 6 cos @ — €” cos? ée’”]
+ By cos fee ™ + (K}(0')* + By — By) (cos® 0 — sin® f)ee
- {Kf(é’)Q sinfcos — K'0" cos® 0 + Bysinf + (B, — By) siné’_cosé’_},
(3.52)
where the term in the curly brackets is zero since it satisfies the equilibrium

equation (3.38). Then equating (3.52) with (3.48) allows the dynamic equation
(3.48) to be written as

Mas — ag)ee™ = K7 |:2¢§”6 cos fsin fe ™ + 20'¢'e M sin § cos § — €” cos® Q_G_M]
+ By cosfee ™ + (K}(0')* + By — By)(cos® § — sin® f)ee .
(3.53)

Dividing equation (3.53) throughout by Bye *!, and non-dimensionalising, pro-

duces the dynamic equation
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_ - A
—¢” cos® 0 + 20 sin § cos O’ + eqy(2) = g(O&g — ), (3.54)
0

where ¢(2) = (B — 1+ (#")?)(cos? § — sin? 0) + 26" cos  sin 6 + cos §. Multiplying
equation (3.54) throughout by e and integrating with respect to z from 0 to d
yields

d d
= = = A
/ [ — €’ cos® 0 + 20’ sin 0 cos O’ e + 62q2(2)] dz = / g(O&g — ap)e*dz. (3.55)
0 o bo
Performing integration by parts on the first term on the right hand side of (3.55),

then simplifying, results in the equation

/d [(e’)2 cos? 0 + quQ(E)} dz = /d i(043 — ap)edz. (3.56)
0 o Bo

The Ritz method was again used on (3.56) to compute the eigenvalues of the
system for varying values of B, with the results being shown in Figure 3.7. We
can see in this case that the eigenvalues are positive for all values of B up to and
including 10. In physical terms, this is bordering on a realistic value for B, but
we advanced the computations to include this case for completeness. We note

here that if we take the linear approximation of @ in (3.56), we obtain

d d
/O ((€)? + Be*)dz = /O Bi(ag — ap)e?dz, (3.57)

0

which is stable for all B > 0 since A > 0, due to the positive nature of the other
terms in (3.57).

3.2.3 Conclusions

We showed that bookshelf aligned SmA is stable for all values of B from zero
up to and including B = 10. For all physical relevance this is more than enough
to prove complete stability. Ribotta and Durand [39] showed that B < 1 is
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10

Eigenvalue A
o

Figure 3.7: The eigenvalues plotted against the dimensionless parameter B for a
bookshelf aligned SmA liquid crystal.

x10°
7 .

Response Time 1/A

Figure 3.8: The response time plotted against the dimensionless parameter B for
a bookshelf aligned SmA liquid crystal.
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a particularly significant case since, in general, the magnitude of B; should be
smaller than or comparable to that of By. However, values of B up to about 10

are physically relevant.

3.3 Bookshelf Aligned Smectic A with Variable

Smectic Layers

Now we consider the nonlinear problem of a bookshelf alignment where the di-
rector n varies as before, but with the smectic layer normal a also being allowed
to vary. This means that n and a can decouple at any point in the sample where
it is energetically favourable for them to do so. We set the orientation angles of
n and a to be # and d, respectively, and we assume that the alignment of the
director and smectic layer normal are uniform in the x and y directions so that
f and ¢ are functions of z only. Strong anchoring of the director is supposed so
we set 0 to be the fixed angle 6, at the lower boundary z = 0, and —#, at the
upper boundary z = d. We also assume that the smectic layer normal is fixed at
an angle o, at z = 0 and —d, at z = d by symmetry. The director n and scalar
function ® take the forms [59]

n = (cosf(z),0,sinfé(z)), (3.58)

B(z,2) = 3+ / tan o(1)dt, (3.59)

20

where zp is an arbitrary constant, and the unit layer normal a is given by

Vo
—_— 3.60
N (3.60)

a

We note that this identification for ® will only be valid if 6 depends on only

one spatial variable. Inserting the form of ® into (3.60) allows a to be written
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z=d

=

a
— » 5
z=0

Figure 3.9: Bookshelf aligned SmA liquid crystal confined between two parallel
plates a distance d apart, where the director and unit normal are allowed to
separate.

explicitly as
a = (cosd(z),0,sind(z)). (3.61)

Also from (3.59) we can write

Vo = (1,0,tand(z)), (3.62)

and hence |V®| = secd(z). Finally we have the inner product of the director
and unit normal given by n-a = cos(6(z) — 6(z)). Inserting n, a and ¢ into the

energy density (2.22) yields

1 1 1 1
w= iK{‘(H/)Q cos® 0 + in(é’)Q cos® § + iBo(seC(S 4 cos( — 0) — 2)* + 531 sin?(0 — 0).
(3.63)
For the functions 6(z) and §(z) to minimise the energy of the system, they need to

satisfy the coupled Euler-Lagrange equations (2.31) and (2.32). Using the energy

density (3.63) we can write
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% = K76 cos® 0, (3.64)
g—;ﬂ = — K"(0')? cos O sin ) — By(sec d + cos(f — &) — 2) sin(f — 9)

+ By sin(f — 6) cos(6 — 9), (3.65)
% = K¢ cos®§, (3.66)
g—? = — K%(8")*cosdsind + By(secd + cos(f — 6) — 2)(secd tand + sin(f — 6))

— By sin( — 0) cos(0 — 9). (3.67)

Hence inserting w into the coupled Euler-Lagrange equations (2.31) and (2.32),
then non-dimensionalising using the scalings adopted in (3.9), yields the equilib-

rium equations

0" cos® 0—(0')*sin ) cos  + [sec & + cos( — §) — 2] sin(f — §)

—Bcos(f — 0)sin(0 — §) =0, (3.68)
k[0 cos® §—(8")?sin § cos §] — [sec § + cos(f — &) — 2][sec § tan d + sin(f — )]
+B cos(f — §) sin(f — ) = 0, (3.69)

where k = K¢/K}' is a measure of the anisotropy in the elastic constants. The
functions 6 and ¢ in (3.68) and (3.69) are now functions of the dimensionless

variable Z.

3.3.1 Known Equilibrium Solutions

A numerical solution has been found for this problem [50] which satisfies the

relations
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Figure 3.10: Full non-linear solution (a) between z = 0 and z = d = 1000, and
(b) between z = 0 and z = 20, where the black dashed line represents the angle
0(z) and the red line represents 0(z). We have set the boundary values to be
0o = 7/6 and &y = 7w/18.

for 0 < z < d. Due to the symmetry of the solutions it was only necessary to
look for solutions for the values 0 < z < d/2 and the solutions for d/2 < z < d
can be obtained by the symmetry requirements stated above. Equations (3.68)
and (3.69) can be solved numerically using a standard differential equation solver
in MAPLE12 [30], with the results shown in Figure 3.10. Although a numerical
solution is known, we are interested in trying to find an analytical solution to
provide more detailed insight into the behaviour of the director. Now we try to
find an approximation to the solutions by the use of a linear approximation and

inner and outer solutions.

3.3.2 Linearised Equations

We can obtain some insight into the behaviour of the solutions for small angles
by linearising the governing equations, hence providing a simpler system to solve

analytically. Linearising equations (3.68) and (3.69) in 6 and § yields

0 = B0 —6), (3.72)
§" = —B(0 — 5). (3.73)
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We can write these equations in the form Ax = x’ by setting 1 = 6, 5 = ¢,

x3 =0 and x4 = ¢, and hence we have the matrix system

0 1 0 Of |x i
B 0 -B 0 :
=" (3.74)
0 0 0 1f |3 xh
-B 0 0] |24 x)

If we label the matrix in this system as A, then the characteristic equation of this
matrix is given by det(A—AI) = 0, i.e. A*(A\2—2B) = 0, and so the eigenvalues are
given by A = 0 (twice) and A = £v/2B. We can find the eigenvectors associated

with each eigenvalue by solving the equation [23]

(A—M)xo =0, (3.75)
for each \, where x( is the unknown eigenvector [a, b, c,d]?. In the case of the
repeated eigenvalue Ao = 0, we find the eigenvector by solving equation (3.75)
for xg, then the second linearly independent solution, x;, associated with the
repeated eigenvalue is found by solving

Solving equations (3.75) and (3.76) for the four vectors yields

Hence the matrix system (3.74) has solution [23]
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X = coe/\ozXO + Clzex\lle + 026)‘25x2 + 036/\32}(3
1 1 1 1
0 1 | V2B | V2B
=y + 1z + coe 2Bz + 636—\/@2 7 (381)
1 1 -1 1
0 1 —v/2B _\/9B

where X = [z1, 12, 23, 247 = [0,6,6,5]". We have boundary conditions 8(0) = 6,
0(d) = —6y, 6(0) = 0, and 6(d) = —4, and so the constants in solution (3.81) can
be found to be

co = %(9,, — &), (3.82)

o = —é(eb 8, (3.83)
o (LgerVEEy

2= 4 sinh(v/2Bd) (6 =), (3:84)

SN 0\ BRI S (3.85)

_4sinh(\/ﬁd)

Hence we can write the angles 6(z) and §(z) as

0(2) = co + c17 + coe¥?P7 — 3¢ V2P?, (3.86)
0z)=co+c1z — coeV2BZ | e V2BE (3.87)
with the constants ¢; as given by (3.82)-(3.85). The characteristic length, or
boundary layer, is given by [. = 1/ V2B, and should be closely related to the
characteristic length scale of the nonlinear problem. Boundary effects of the same
magnitude should occur in the nonlinear problem since all functions involved in

the problem are bounded.
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3.3.3 Outer Solution

When the governing equations of a system are too complex to solve exactly us-
ing analytical techniques, approximation techniques are used to find a solution.
There are many approximation techniques available but here we consider per-
turbation methods [29]. Perturbation methods allow an approximate solution of
the problem to be found when some terms in the equations are small, with these
small terms having a coefficient parameter, in our case A, that is small. Approx-
imations can be made in the bulk of the sample, leading to an outer solution, but
these approximations are often too crude to use close to the boundaries. In this
boundary layer, the equations must often be rescaled to accomodate the small
lengthscales, and in this case we find an inner solution. The inner and outer
solutions are then ‘matched’ at the edge of the boundary layer. Now we aim to

find an inner and outer approximation to the governing equations in this case.

First we look for an outer solution through the use of Taylor expansions. Di-
viding equations (3.68) and (3.69) throughout by B yields

A[0" cos* —(0')*sin 6 cos ] + Afsec § + cos(6 — §) — 2] sin( — )

—cos(f — §)sin(d — 0) = 0, (3.88)
A[6"” cos® 6—(8")? sin § cos §] — Alsec § + cos(f — &) — 2][sec d tan & + sin(f — J)]
+cos(f — ) sin(6 — §) =0, (3.89)

where we have set A = 1/B, and have taken x = 1. Now we set

0(A, 2) =0y(2) + A0, (2) + O(A?), (3.90)
§(A, 2) =60(2) + Ay (2) + O(A?), (3.91)

and use Taylor expansions with respect to A, keeping Zz fixed, to find approx-
imations for each term in the two equilibrium equations. So, for example, we

have
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cos? 0 = cos?(0y(2) + A0 (2)) ~ cos? By — 2 cos b sin Gyf1 A, (3.92)
secd = sec(dg(Z) + Ad1(2)) =~ sec dy + 2 sec §p tan dpdy A. (3.93)

Inserting the Taylor expansions into equilibrium equations (3.88) and (3.89), trun-
cating at the A! term, gives four equations to solve for g, 0, p and 6;. The A°

term from both equilibrium equations yields

cos(fy — dg) sin(fy — dp) = 0, (3.94)

the A! term from (3.88) gives

0 cos? By — (6))? sin By cos Oy + (sec by + cos(by — dg) — 2) sin(Fy — o)
—(COS2(¢90 — 50) — sin2(00 — 50))(‘91 — (51) = 0,
(3.95)

and from the A! term in (3.89) we obtain

8y cos? Gy — ()? sin &g cos do—(sec by + cos(Bg — &) — 2)(sin(fy — do) + sec Jp tan dg
+(COS2(¢90 - 50) — sin2(00 — 50))(‘91 - (51) = 0.
(3.96)

Equation (3.94) implies that the difference between 6, and 4y is equal to nm or
$(2n + 1)m. Taking the simplest case when n = 0 leads to the conclusion that 6,
and dy either coincide or are a /2 multiple apart. Due to the physical constraints
of the liquid crystal, it is unlikely that the director and unit normal would be
at right angles to each other, hence we conclude that 6, = ¢dyg. Inserting this

constraint into equations (3.95) and (3.96) yields



CHAPTER 3 47

0 cos® O — (0))*sinfy cos Oy — (6, — &) =0, (3.97)

0 cos® By — () sin 6y cos By — (sec B — 1) sec by tanfy + (6, — 61) =0, (3.98)
then adding equation (3.98) to (3.97) produces the equation

20 cos® By — 2(0})* sin By cos Oy — (sec By — 1) sec by tan fy = 0. (3.99)

Multiplying (3.99) throughout by 6] allows this equation to be written in the

form

1
% ((06)2 cos” 00> + % ( ~3 sec? O + sec 00) =0, (3.100)

which can be integrated with respect to z to yield

1 1 C1

= — 3.101
2costfy, cos3b, + cos? 6y’ ( )

(05)°

where ¢; is an arbitrary constant of integration. We know that at the midpoint
of the sample 0y(d/2) = 0, and we set 0(d/2) = —0y # 0, where 0 < ) < 1.
Substituting z = d/2 into (3.101) yields

1 .
=3 + 63, (3.102)

Now inserting ¢; back into (3.101) gives

dz 2

where we have taken the negative square root since the function is decreasing (as

b, 1 1 2 14 20,\ V2 (3.103)
cos*f cos3l  cos?f ’ '
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Figure 3.11: Outer solution 6, represented by the black line plotted (a) between
z =0 and z = 500, and (b) between z = 0 and z = 50, where the dashed red line
represents the angle 0(Z), the solid red line represents the angle 6(z).

seen in Figure 3.10). Separating the variables in (3.103) and integrating yields

/1 2 1+20,\ " 2 q
2 — db = dz =—- —Z. 3.104
\/_/0 ((30849 cos? 0 - cos? 0 ) /Z T F ( )

Equation (3.104) provides an implicit equation to solve for the first approximation

to the angles of the director and unit normal. We can evaluate the value of 6o by

inserting z = 0 into equation (3.104), hence we obtain

0y 1 2 1+ 2@0 *1/2 (j
2 - - 3.105
\/_/0 (cos49 cos3 6 + cos? @ ) 2 ( )

Since all the quantities in (3.105) are known except for éo, where we have set the

boundary angle to be 8, = 7/6, we have an implicit equation to solve for this
value. We solved equation (3.105) for 6 using Simpson’s rule in MAPLE12 [30],
then inserted this value into (3.104) to give an equation in z and 6y(z) only. We
also solved this equation using Simpson’s rule and plotted the results in Figure
3.11. A higher order approximation can be obtained by considering equation
(3.97) and the equation arising from the A? term. However, the manipulation
involved is tedious, and the additional term in the expansion does not add to the

accuracy of the solution. Now we consider the inner solution.
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3.3.4 Inner Solution

To find an inner expansion of the solution we first introduce a new stretched
variable ¢ such that [29]

¢ = (3.106)

where y is a function to be determined, then equations (3.88) and (3.89) become

A

3 10700 co? (0100) = (0(6x))sin (6(¢x) cos (0(C)]
2

+A[sec (6(¢x)) + cos (8(¢x) — 6(¢x)) — 2] sin (8(Cx) — d(¢x)
)

% [6”(¢x) cos® (8(¢x)) — ((5'(()())2 sin (6(¢x)) cos (6(¢x))]

~ Afsee (5(Cx) + cos (B(CX) — 6(Cn) — 2 [see (5(Cx) tan(5(Cx) +sin (B(Cx) — 5(Cx)]
+cos (B(Cx) — 8(Cx) sin (B(Cx) — 5(Cx)) =0, (3.108)

We now consider equation (3.107) and look at the behaviour of each coefficient

in the limiting case A — 0 and zZ — 0. Hence the four coefficients behave like

(%) (3.109)
& cos 00 s (00)) = 0(5). 10)

(A), (3.111)
cos (6(0) — 6(0)) sin (6(0) — 6(0)) = O(1), (3.112)
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since #(0) and §(0) are constant and so are of order 1. Matching the first and
second terms allows a free choice of y(A) but since we want to make the other two

terms small in comparison we choose y = A. Hence equation (3.107) becomes

cos? (B(AC))0"(AC) — sin (0(AC)) cos (0(AC)) (6'(AC))”
A2 [sec (8(AC)) + cos (B(AC) — 5(AC)) — 2} sin (0(AC) — 6(AQ))
—Asin (A(AC) — 6(AQ)) cos (0(AC) — 6(AC)) =0, (3.113)

and so from the A° term we obtain

0" cos® 6 — sinf cos H(6')* = 0. (3.114)

Multiplying equation (3.114) throughout by €' allows this equation to be written

in the form

1d
id—c<(0’)2cos2 9) —0, (3.115)

which can be integrated with respect to ¢ to give

&1

(0)? = (3.116)

cos2 0’

From the boundary conditions we have #(0) = 6, and #'(0) = 6, < 0, so the

constant of integration is given by ¢; = O3 cos? 6. Then (3.116) becomes

df Oy cosb,

X oot (3.117)

We have taken the positive square root because we have O, < 0 and we need the

derivative to be negative. Then separating the variables in (3.117) and integrating
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Figure 3.12: Inner solution for §(z), as found in (3.119), plotted against Z.

yields

0(¢) = sin™* (sin 0, + (O, cos Hb). (3.118)

The solution shown in (3.118) is in terms of the stretched variable ¢, so now we

substitute back for the original variable z to attain the solution

0(z) = sin™! <sin 0, + %@b cos Hb), (3.119)

where the unknown constant ©, can be determined by matching the outer and
inner solutions. We take the boundary region to be one tenth of the sample,
i.e. at z = 10. Inserting z = 10 into the outer solution (3.105) and the inner
solution (3.119) then equating these functions gives the unknown constant to be
©p, = —0.028. We have plotted the inner solution (3.118) in Figure 3.12, where we
can clearly see the inaccuracy of the result. The correct general profile is attained
such that the director begins at an angle #, then decreases as z increases, however,
the decrease is not sharp enough and so the outer solution gives quite a poor
representation of the director. The outer solution for the angle § is also obtained
from equation (3.114) but with @ replaced by 4, hence the solution plotted in

Figure 3.12 is even less accurate when describing the unit normal as it doesn’t
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capture the ‘hump’ in the solution. The inaccuracy of the inner solution could be
a result of the method chosen, since the approximations in Sections 3.3.3 and 3.3.4
only work for large values of B. For the solutions found in these two sections,
we choose B = 10 which, as discussed previously, is on the limit of physically
relevant values. These approximations will not be suitable for all values of B,
however, they are the first approximation to a very complex nonlinear problem.

Now we consider the stability of the variable layer case.

3.3.5 Stability of the Variable Layer

To study the stability of the variable layer, we consider the equation of angular

momentum and the permeation equation, viz.

ow ow

5J

d =N\, Jis, (3.121)

where ), is the (positive) permeation constant. At this level of approximation
we have again neglected the effects of flow and concentrate now on permeation.
The director, unit normal and the local planar layer function ® are as given in
(3.58), (3.61) and (3.59), respectively. The quantity J; is the phase flux term and
is defined to be

0 0 0
g - ow 1 {( w>7k w

O s aa), 129
0%, Vol aap]((spl ap ;) (3.122)

8ap7k

Inserting the values for n, a and ® into equations (3.120) yields

K7(cos00"); — Bo(secd + cos(8 — &) — 2)a; + By cos(0 — §)a; = un;,  (3.123)

which can be written explicitly as



CHAPTER 3 53

—By[secd + cos(d — §) — 2] cos § + By cos(f — ) cosd = pcosb,
(3.124)

K](cos88') , — By(secd + cos(f — ) —2)sind + By cos(f — ) sind = psin 6.
(3.125)

Multiplying equation (3.124) by sin§ and multiplying equation (3.125) by cos#,

then subtracting the two resulting equations yields the governing equation

—By[secd + cos(0 — 6) — 2] sin(d — 0) + By cos(f — §) sin(6 — 0)
—K}'[cos 0" —sin0(0)?]cosd =0.  (3.126)

Now we consider the permeation equation. Since the phase flux term J; is only
dependent on z, the derivatives of this term with respect to x and y is zero. Hence

we are only required to find the J3 term, which is given by

J3 = Bylsec d + cos(f — 0) — 2][—sinf cosd — sind + cos(f — J) sin § cos d]
+ Bi[cos dsin 6 cos(f) — &) — cos*(6 — §) sin § cos I
+ K{[cosd 8" — sin §(8")?] cos® 4. (3.127)

Hence the divergence of J is given by
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Jii = J3z
= By [{ —cosfcosd 0 +sinfsind &' — cosdd’ — sin(f — §)(0" — 6’) sin d cos §
+ cos(6 — 8)(cos® 6 — sin® §)d" } (sec & + cos(f — §) — 2)
+ { —sinfcosd —sind + cos(f — 0) sind cosé } (sec § tand &' — sin(6 — 6)(6' — 6’))}
+ By [ — sindsin 6 cos(f — 0)d" + cos d cos @ cos(6 — §)0" — cosdsinfsin(6 — §)(6" — &)
+2cos(f — 6) sin( — §) sin § cos (6 — &) — 2 cos? (0 — &) cos® § & + cos*(0 — 5)(5’]
+ K} [0054 50" —cos§(6")* — 6cos® §sind & 6" 4 3sin® cos? 4 (0)3].
(3.128)

We can write the term on the left hand side of equation (3.121) as

d = %(ZE—F/ tan (5(2,t))d:2) +v-Vo

20

z
:/ sec” (8(2,1))6:(2,t)dz, (3.129)
20

since the velocity is zero due to the static nature of the problem, and where
the subscript t to represents differentiation with respect to time. Hence the

permeation equation can be written as

/ sec” (8(2,1))6:(2,t)d2 = =N, J5.. (3.130)
20

In their current form, governing equations (3.126) and (3.130) are too complicated
to solve analytically so we simplify the problem by linearising in # and ¢ which

yields the more tractable system
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K0" =B, (0 — §), (3.131)

/ 61(2,t)dz = — \(K" + By (0 — &), (3.132)

20

where the superscripts represent differentiation with respect to z. We can obtain
a more precise form for the permeation equation by performing the integration

in (3.132), hence we arrive at the system of governing equations

KT0" =B (60 — §), (3.133)
6 = — M(K&W) + B (8" — ")). (3.134)

We search for non-zero solutions for this system of the form [51]

0 = Oy exp(wt + iqz), (3.135)
0 = dpexp(wt +iqz), (3.136)

where 6y, dg are small constants and ¢ is a wave number. These forms for the
solutions are typical in standard wave perturbation analysis because a disturbance
to a physical system will generally have an oscillatory component in space and a

decaying term in time. The result of inserting these forms into equations (3.133)

80 0
9 e

To obtain non-zero solutions for 6y and dy, we require the determinant of the

and (3.134) can be written in the matrix system

K'¢* + B, —-B
—B1¢*)\,  w+ NK{q* 4+ Bi¢?

matrix on the left hand side of (3.137) to be equal to zero. Taking the determinant

of this matrix and rearranging for w yields
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Mg (KT K g + Bi(k + 1)/ K7
K{ZQQ—FBl ’

Due to the positive nature of the material parameters present in the expression
for w, we can clearly see that w < 0 for all wave numbers q. Hence, the initial
bookshelf alignment of SmA is linearly asymptotically stable to small perturba-

tions.

3.3.6 Conclusions

For the variable layer case, we were able to find an accurate outer solution which
matched the numerical solution almost perfectly in the bulk of the sample. How-
ever this solution, and the inner solution we obtained by rescaling the variable Zz,
were not at all accurate in the boundary region of the sample. We had hoped to
be able to accurately describe the curves for the director and unit normal and,
in the case of the unit normal, be able to pinpoint exactly the location of the
turning point in terms of the material parameters of the liquid crystal. Although
we have so far been unable to accomplish this, we believe it is a worthy future
project as it would give great insight into which of the material parameters drive
most strongly the behaviour of the layer normal in this case. In terms of stabil-
ity, we showed that this geometry is stable for small perturbations around the
steady state for all parameter values. This is not entirely surprising since the
case where a is a constant is always stable, and so it is not too surprising that

small perturbations away from this state are also always stable.

3.4 Discussion

One of the physically relevant aspects of studying liquid crystals is determining
the switching times involved. Clearly if a liquid crystal is being used in an optical
device, for example, a key requirement is the ability to switch from one state to
another as quickly as possible, hence providing a faster switching image on the
device. If we consider the switching times in the case of planar aligned SmA, we

find that as B increases, A decreases, hence increasing the response time. This
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means that as B is becoming larger the system is becoming more sluggish. There
is also a link between response time and stability. If the response time is fast, it
means that the system is settling to an equilibrium quickly after being perturbed,
hence reducing the likelihood of instability. However, if the system is varying a
lot before settling to a equilibrium state, and taking longer and longer to do this
as a parameter is increased, it leads to a greater risk of instability. The fact that
the planar aligned sample exhibits a longer settling period, combined with the
fact that the Ritz method fails to return a solution after the point B*, suggests
that there is an instability in the system.

There are two reasons for B becoming larger: the first is that B; is increasing,
i.e. n and a becoming more strongly coupled, the the second is that By is de-
creasing. If we consider the physical interpretation of the first case we see that as
n and a separate more, the system exhibits more flexibility and so takes longer
to settle. In the second case of By decreasing, the layer compression is decreasing
and so the layers are becoming more flexible, hence increasing the response time.

For the bookshelf alignment we find the opposite is true: as B increases so does
A, hence decreasing the response time. The stark contrast in behaviour is due to
the effect strong anchoring has on the bookshelf geometry. The strong anchoring
encourages less flexibility in the director, so if a is increasingly connected to n
(i.e. B increasing), then n dominates the behaviour and the bookshelf becomes
more rigid. Therefore the response time will become faster in this case.

In regards to the form chosen for ® in (3.59), we made the remark that this
only holds for  dependent on one spatial variable. It is also the case that the

form given in (3.59) is not unique. An equally viable form would be

O =2+ / cot §(z)dz, (3.138)
xo

where x( is an arbitrary constant. These different forms are available due to the

fact the @ is constant, and so = and z are related through (3.59) or (3.138). We

chose to use the form in (3.59) instead of (3.138) because if we had of used the

latter we would have attained V& = (cot 6(z), 0, 1), and so the unit layer normal

would be represented by
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Vo

a= o = (cosd(z),0,sind(x)). (3.139)

Therefore in this formulation we have the layer normal angle ¢ in terms of x, but
due to the way we set up the problem it is more natural for § to be a function of
the height, z. Hence, for the work in this thesis we chose the more natural form
of ® given by (3.59).
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Oscillatory Shear Flow in
Smectic A Liquid Crystals

Motivated by the work of Moir [33], who studied oscillatory shear flow of SmC
liquid crystals, and Stewart [48], who studied oscillatory shear flow of planar
aligned SmA liquid crystals, we study the previously unexamined case of book-
shelf aligned SmA liquid crystals. We consider both finite and semi-infinite do-
mains when one of the plates is oscillated and the other is fixed, and we study this
geometrical set-up using the continuum dynamic theory of Stewart [51]. There
are two possible set-ups in this geometry. The first is somewhat counter-intuitive
but is supported by experimental results [3] and consists of setting the direc-
tor to be n = (1,0,6(z,t)), which allows for the possibility of transverse flow.
Transverse flow is flow which occurs in a direction perpendicular to that of the
induced oscillation. The second option, more intuitively, is to set the director to
be n = (1,6(z,t),0), which assumes that there will be no transverse flow. We set

up the problem for both cases and examine the consequent phenomena.

4.1 Geometrical Set-up — Transverse Flow

Consider a sample of SmA liquid crystal on a glass plate positioned at z = 0. We

consider this sample to be infinite in the x and y directions, and we will consider

29
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Figure 4.1: Bookshelf aligned SmA liquid crystal confined between two parallel
plates a distance d apart. The top plate remains fixed while an oscillatory shear
parallel to the bottom plate, with an amplitude A and frequency w, is applied.

the cases when the sample is finite and semi-infinite in the z-direction. We apply
an oscillatory shear parallel to the bottom plate along the y-axis, with an am-
plitude A and frequency w. The vector x = (0, y(t),0) gives the displacement of
the plate, i.e. at z = 0, where y(t) = Asinwt. Thus the velocity on the bottom
plate is given by

v9(0,t) = % = Aw coswt. (4.1)

We linearise this set-up with respect to the tilt angle 6(z,t), assuming |0| < 1,

to obtain

n=(1,0,0(z1)), (4.2)
a=(1,0,0), (4.3)
v = (0,v2(z,t),v3(2, 1)), (4.4)
¢ =z, (4.5)

where 6 is the orientation of the director n in relation to the z-axis, a is the unit
layer normal, and vy and v3 are the velocities in the y and z directions respectively.
We consider the system to have dependence on z and ¢ only, and we have assumed
zero velocity in the z-direction, i.e. v; = 0. The usual constraints n-n = 1 and

a-a = 1 are both satisfied in the linearised system, and the incompressibility
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condition V - v = 0 induces the constraint vz , = 0 onto the z-direction velocity.
Since v3, = 0 and we set v3(0,¢) = 0, it follows that the z-direction velocity is

always zero. Now we consider the governing equations for the system.

The Balance of Linear Momentum

The equation for the balance of linear momentum is given by

p’UZ = pE — ﬁﬂ' + f]jnj’i + Gjnj,i + ’V@‘&irjj’j + gij,ja (46)

where p is the density of the fluid, F; is the external body force per unit mass, p
is the pressure, ¢g; is the dynamic contribution, GG; is the generalised body force
related to the external body moment per unit mass, J; is the phase flux term, and
fij is the viscous stress tensor. In general, the pressure is of the form p = p + w,
where w is the energy density. However we are only considering the linearised
system, and since w is of quadratic order, we set p = p. We take the viscous
stress to be of the form proposed by Martin et al. [31], de Gennes and Prost [7],

and E [11] for an incompressible SmA liquid crystal, namely

I:Zij = Oé4Aij + T1 (akAkpap)aiaj + T2 (aiAjpap + &inp&p), (47)

where 7,75 are SmA-like viscosities, ay4 is twice the usual Newtonian viscosity,
and A;; = %(Ui,j + v;;) is the rate of strain tensor. This coincides with a re-
stricted version of the viscous stress introduced by Stewart [51]. The individual

components of the stress tensor are given by

t1; = agAyj + T (apArpay)a; + 12(Ajpa, + ajAay), (4.8)
'Egj = auAgj + TaajAspay, (4.9)
t3; = ayAzj + Taa; Aspa,, (4.10)

(4.11)
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and so taking the divergence of the stress tensor yields

by = asdiyy + miak Ay japa; + m2(Ajp ja; + apAip jay), (4.12)
tNQjJ' = 064142]',]' + TQ(ZjAgp,j&p, (413)
7?3]'73' = 064143]',]' + TQ&jAng'&p. (414)

By definition we have A;; = $(v;; + v;;) and so we can write the divergence of

the stress tensor in terms of the velocity components as

- - ay vy
tij; =0, toj; = 5 02 t3j; = 0. (4.15)

Next we consider the dynamic contribution g;, which takes the general form [49]

gi = —’71NZ — ’}/QAipnp - 2I<JZ‘AZ‘pCLp, (416)

and hence we can write

_ 1 3@2

g2 = 5(% - 72)%9, (4-18)
00

(o — —ry — 4.1

g3 4! ot ( 9)

and, after some manipulations, we find that gn; = 0 for the linearised case.

Lastly, we consider the phase flux term J;, which is given by

Ji:—

ow 1 {(81{1 )k ow

O ), 4.9
00, Vol aap]((spl ap ;) (4.20)

8%7;{

To find the divergence of J we need to only consider the term J5. This is because

J is only dependent on z and ¢, and so J;; = Jy2 = 0. For ¢ = 3 we have
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=0, (4.21)

since az = 0. Therefore J3 = 0 and so V -J = 0. Hence we can now write the

balance of linear momentum equations (4.6) explicitly as

0=—p., (4.22)
Ovsy oy vy
et R =4z ¢ 4.23
p at p,y + 2 822 ) ( )
0=—p.. (4.24)

The Balance of Angular Momentum

The equation for the balance of angular momentum is given by

ow ow  _
(am’j)' — an, + g; + G; = un;, (4.25)

and we take the energy density to be of the form stated in (2.22), namely

1 1 1 1
w=K(V- n)’ + SKI(V- a)® + 5Bo(IVe[ +n-a— 2)° + gBill— (0 a)?.
(4.26)

Substituting the energy density (4.26) into equation (4.25) yields

Kin;;; + Bi(n-a)a; — By(|[V®| +n-a—2)a; + §; + pun; =0, (4.27)
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where we have set GG; = 0 since we are not applying any external forces. To find
the Lagrange multiplier u, we simply take the inner product of (4.27) with n,

hence we obtain

Equation (4.28) can be simplified to obtain u = — By, noting that g;n; = 0 and
n;;n; = 0 in the linearised geometry. Hence we have obtained the Lagrange
multiplier explicitly in terms of a material parameter. Equation (4.27) is auto-
matically satisfied for ¢ = 1,2, and so our final governing equation comes from

the i = 3 equation in (4.27), hence we have

00 00

Lg2 Mg~ B0 = 0. (4.29)

Combining the equations from the balance of linear momentum and the balance

of angular momentum yields the system of governing equations

0=—p.a, (4.30)
Ovy oy %0,
275 sz e 4.31
Por = PvT 52 (431)
0=-p., (4.32)
20 o
192 Nyt B 0. (4.33)

This system provides four equations in four unknowns: 6, vy, v, and p. We
note here that the By term is absent from the governing equations. This is not
uncommon in a linearised system since, in this particular context, compression
is of a higher order effect. Now we aim to find the pressure p in a form that will
simplify equations (4.30) — (4.33). From (4.30) and (4.32) we clearly see that p
is independent of = and z, respectively, so we have p = p(y,t). Hence, we can

write the pressure as p = fi1(y,t). If we differentiate this form of the pressure
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with respect to y and substitute into (4.31) we obtain

oh  ay 0%vy vy

oy ~ 2 a2 o

(4.34)

The left hand side of (4.34) is dependent on y and ¢ only, while the right hand
side is dependent on z and ¢, so we have LHS = RHS = ¢(t). Hence we can

write the unknown function fi(y,t) in the form

fily,t) = ey + ea(?), (4.35)

and hence the pressure can be written in the form

p(y,z,t) = Cl(t)y+02(t)> (436)

where ¢;(t) and co(t) are arbitrary functions in time. We note that Vp =
(0,¢1(t),0) and so in the absence of any pressure gradient ¢;(t) = 0. The form
of the pressure given in (4.36) clearly satisfies equation (4.30), and substituting
(4.36) into (4.32) we find that (4.32) is automatically satisfied. The two governing
equations for the system are then given by (4.33) and (4.31), with the general
form of the pressure having been inserted from (4.36) (assuming the absence of

applied pressure gradients). Hence the governing equations are

3@2 iy 821)2

Por T2 022 (4.37)
. 0%0 06
192 N + B16. (4.38)

We note that the equations we have obtained for the velocity and director profile
are an uncoupled set. This is in direct contrast to the work of Stewart [48] where
the velocity played a key role in the behaviour of the director profile. Clearly the

geometry has had a significant impact in allowing the decoupling of the equations.
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Now we solve (4.37) and (4.38) to obtain a solution for the y-direction velocity
v9(z,t) and the director 6(z,t).

4.2 Finite Domain

We now solve the governing equations derived in Section 4.1. First considering
the case where we have a sample of SmA liquid crystal confined between two
parallel plates a distance d apart. As stated above, we oscillate the bottom plate

with a frequency w and amplitude A.

4.2.1 Velocity Profile (Long Time Behaviour)

The velocity in the y-direction is governed by the diffusion equation

81}2 82?}2
e 4.
o o2 (4.39)

where k = ay/2p, with boundary conditions v9(0,t) = Aw coswt, va(d,t) = 0 and
initial condition vy(z,0) = f(z) . We seek a solution of the form [21]

ve(z, 1) = §R<H(2)6M>, (4.40)
where H(z) is an unknown function which we aim to find. Substituting

va(2,t) = H(z2)e™" into (4.39) yields

H"(z) — EH(z) = 0. (4.41)

K

This has the general solution

H(2) = ¢ cpe 247 (4.42)
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where A\ = \/w/2k, and hence we can write (4.40) as

vo = R (Clekzez(wt-k)\z) + CQG—Azez(wt—Az)> )

67

(4.43)

We can obtain expressions for the constants ¢; and ¢y by considering the boundary

conditions. From the bottom plate at z = 0 we find

(c1 + ¢2)(coswt + isinwt) = Aw cos wt,

which, after equating the real parts, implies that

c1+Ccy = Aw,

and from the top plate at z = d we have

1 + cye~220+0d —

Solving equations (4.45) and (4.46) for ¢; and ¢, yields

Awe1+1)d
C eM1ti)d _ o= A(1+i)d’

Awer1+id
AA+i)d _ o—A1+i)d’

C1 =

Cy =

and so H(z) is given by

A+ (d—2) _

—A(144)(d—=2)

H(z) = Aw( A1ti)d _ g-A(1+i)d

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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We would like to eliminate the complex terms in the denominator and we can

achieve this by multiplying H(z) by its complex conjugate. This leads to

A (d—2) _ p=A(1+i)(d—2) A=)d _ o=A(1-i)d
H(z) = Aw( Ati)d _ g-A(1+i)d ) X (eA(li)d _ eA(li)d)
(eA(ZZd)eiz)\ _ eAzei)\(zde) _ efAzefi)\(z72d) 4 6A(z2d)€i)\z)

2(cosh(2Ad) — cos(2Ad))

(4.50)

and hence we can write the velocity vy(z,t) as

vy(z,t) =R(H (2)e™")
B Aw
~ 2(cosh(2Ad) — cos(2Xd))

— e cos(z\ — 2Xd + wt) — 72D cos(2\ + wt)

— e M cos(2A — 2Xd — wt) + e 22D cos(2\ — wt) |

(4.51)

Due to the assumption we made for the form of the solution in (4.40), solution
(4.51) gives no information about the velocity at an initial time ¢ = 0. To obtain
a solution that gives more information for small times we must use a slightly more

subtle method, which we detail next.

4.2.2 Velocity Profile (All Time)

The problem we wish to solve for the unknown velocity vs(z, t) has inhomogeneous
boundary conditions, so we first obtain a problem with homogeneous boundary

conditions by setting a new variable u(z,t) to be

u(z,t) = va(z, 1) — (1 - E)Aw cos(wt). (4.52)
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This will allow us to track any transient behaviour in the problem. The change

of variable in (4.52) allows us to transform the problem to

Uy — KU, = F(z,t), (4.53)
u(0,t) = u(d,t) =0, (4.54)
u(z,0) = g(2), (4.55)

where F(z,t) = (1 — z/d)Aw?sinwt and g(z) = f(z) — (1 — z/d)Aw. Now we

assume a solution of the form [9]

u(z,t) = gun(t) sin (%) (4.56)

where u,(t) is an unknown function that we will solve for, and we write

F(zt) = i F,(t) sin (”%Z) (4.57)

g(z) = niojlfn sin (”%Z) (4.58)

where F,,(t) and f, are the standard Fourier coefficients [9]. Substituting (4.56)
into (4.53) yields

oo

3 [u;(t) + ,{(%”)Q%(t) - Fn(t)} sin (%) =0, (4.59)

n=1

and the initial condition (4.55) becomes

i (40 0) = £, sin (n%z) = 0. (4.60)

n=1
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Since {sin(nmz/d)} is a complete orthogonal family, (4.59) and (4.60) are equiv-

alent to

u, (t) + K(F)Qun(t) = F,(t), (4.61)

forn =1,2,3,...[23]. Taking Laplace Transforms of (4.61) yields

st (s) — un(0) + n(”g) iin(s) — Ep(s) = 0, (4.63)
which can be rearranged to give
Gin(s) = S (n),r (4.64)

+
s+r(E)? s+ k (7)2

where 4, (s) and F,(s) are the Laplacian transforms of u,(t) and F,(t) respec-

tively, and s is the transform variable. Inverting ,(s) yields the solution [37]

t
n(t) = foe O g [0, (4.65)
0

Hence (4.56) becomes

t) = Z ]“ﬂne*"‘t(m/d)2 sin (%)
+Z {/ —r(t=r)(n/d)? pp (T)dT] sin (%) (4.66)

Finally, substituting for the original function vs(z,t) yields the solution
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Parameter | Typical Value
d 10pm
p 1020 kg m ™3
Qy 0.0652 Pa s
A 1075 m
w 1607 Hz

Table 4.1: Parameter estimates.

Zfe o (”ZZ)
&[/ 0 ] (52
d

+ (1 - E)Aw cos(wt), (4.67)

where

F(t) = 2 /Od (1 - a)Aw cos(wt) sin (%)dz, (4.68)

fo= % /Od {fl( ) — (1 - Q)Aw} sin (?)dz. (4.69)

Using the parameter estimates shown in Table 4.1, we can plot the velocity profile,
given by (4.67), as a function of time for various sample depths, as shown in Figure
4.2. We can see that vy(z,t) is periodic in time, with period 27 /w. The highest
velocity is at z = 0 and steadily decreases over the sample before decaying to
zero at z = d. This is as we would expect due to the restrictions we place at the
boundaries. The first sum in (4.67) is transient in nature (and so negligible for

large time) and the ‘true’ response to the driven oscillations is given by
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0.0004
V,(7, 1)
0.0002
—z=0
—z=d/4
0 T T T T T T T T T Z:d/z
0.002 2004 0.006  0.0087//0.010 0.012
t z=3d/4

-0.0002
-0.0004

Figure 4.2: Velocity (all time) vqo(z,t) plotted against time for various sample
depths. The veloctiy ve(z,t) is measured in metres per second (ms™!) and time
is measured in seconds.

va(z, 1) = i { /0 I Fn(T)dT:| <in (%)
+ (1 - §>Aw cos(wt). (4.70)

The transient response time can be calculated from the exponent of the exponen-

tial to yield

1 2
= (g) ~3.17 x 107 7s. (4.71)

Force on the top plate
The reason for studying the oscillating plate is motivated by the experimental
work of Jakli and Saupe [20]. In this paper, the authors discuss the effects of

electric fields on SmA and SmC liquid crystals. By way of a device known as an
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—2-0 z=d/4 — z=d/2 — z=3d/4|
0.0005

0.0004 A

0.0003

vz(z, t)

0.0002

0.0001

T T T T T T T T T
0 2.x10774.x10776.x10778.x10""1.x10~°
t

Figure 4.3: Velocity vy(z,t) plotted against time for various sample depths, com-
paring long time (dashed lines) and all time (solid lines) solutions. The veloctiy
1 and time is measured in seconds.

v9(z,t) is measured in ms™
accelerometer, which is placed on the top plate, one can measure the stress that
these field effects cause on the glass plates that confine the sample, see Figure
4.4. Although we are not studying the effects of fields in this chapter, the same
method for measuring the force on the plates can be used. In an experimental
setting, the energy being put into the system would be known and so if we can
mathematically compute the energy being exerted, then equate that with the
data being produced by the accelerometer, we would theoretically have a way of
measuring the material parameters present in the sample. To obtain the force
exerted on the top plate of the sample we need to take the product of the stress
tensor with the inward unit normal of the plate, i.e. t;;7;. The inward unit normal

is v= (0,0, —1) and the stress tensor is given by

tij = —pdij + by + Ly, (4.72)

where §;; is the standard Kronecker delta, ;; is the viscous stress tensor given by

(4.7) and t}; is given by
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=\
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Figure 4.4: Experimental set-up of an accelerometer- a sensitive device for de-
tecting accelerations (and thereby forces) that is placed on the top plate of a
sample.

ow ow
10 = |V®|a;J; — ==, — L,
%] ‘ |a J 8np,j n}% 8&},7]' &}77
= @i']j — K?(nm)Q. (473)

Obtaining t7; explicitly for i = 1,2, 3, yields

. =1J;, t3,=0, t5,=0. (4.74)

We can calculate the flux term J from equation (4.20) explicitly for this problem,

and so we have

1 ow ow
Ji=——|l=——] —=—10, — )=0 4.75

J |V®‘ |:<8&p,k:)7]€ aap:|( p. &pa]) ) ( )
since d,; — apa; is only non-zero if j = p # 1, but a, = 0 if j = p # 1. Hence
we have shown that t?j =0 for ¢ = 1,2,3. Since v; and 1, are both zero, we only

need to compute the ¢;3 components, which are given by
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0.002 / 0.004 0.006 0.008
t
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-1.57

Figure 4.5: Force per unit area on top plate plotted against time.

- 1 1

l13 = 5044(111,,3 + v3,) + 57'2(113@ +vp,) =0, (4.76)
- 1

toz = 5 l2,2; (4.77)
- 1

t33 = 50(4(U37Z + 1)37Z) = O (478)

We see from (4.76)-(4.78) that the only non-zero component of the stress tensor
is the f53 component, which means that the only force being exerted on the top
plate is in the y-direction. This is not surprising since the oscillations we are
imposing on the bottom plate are in the y-direction only. From (4.67) we have
an expression for ve, and so inserting (4.67) into (4.77) we can obtain the force

explicitly. Hence the only non-zero component of the stress tensor (4.72) is given
by

~ 1 3@2
tog = tog = —ay—. 4.79
23 23 2044 92 ( )
Inserting the parameter values from Table 4.1, we can plot the surface force (4.79)

as a function of time, as shown in Figure 4.5.
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4.2.3 Director Profile

From the equation for the balance of angular momentum we derived equation
(4.29) to model the director profile. Including the boundary and initial conditions

we have

?% -M (33 — B0 =0, (4.80)
0(0,t) = by, (4.81)
0(d,t) = 04, (4.82)
0(z,0) = h(z) (4.83)

We now solve equation (4.80) with boundary conditions (4.81) and (4.82), and
initial condition (4.83), for the angle 6(z,t). We begin by transforming (4.80)-
(4.83) into a problem with homogeneous boundary conditions by setting a new

variable

O(2,t) = 0(z,1) — (1 - g)eo - ged. (4.84)

So the differential equation (4.80) becomes

9%0 o0 X
?@—%E—BﬁZK?F(Z), (4.85)
where
By z z
F) = g ((1 - g)eo + aed). (4.86)

The boundary conditions are now given by é(O,t) = é(d, t) = 0, with initial
condition 6(z,0) = k(z). Making the substitution
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KTL
=1y

T , 4.87
"N ( )
enables equation (4.85) to be written in the form
00 0
- _Z7 0 —=F 4.88
or 022 e () (488)
where we have set ¢ = %. Now using the canonical transformation [49]
0(z,7) = O(z,7)e ", (4.89)

transforms equation (4.88) and its associated boundary and initial conditions to

00 9?6 .
©(0,7) =0(d,7) =0, 4.91
O(z,0) = k(2), (4.92)

O(z,7) = Y _0,(7)sin (—) (4.93)
where 6, () is an unknown function that we will solve for, and we write

Flz,7) = nfjl F,(7) sin <”%Z) (4.94)

i(z) = ifn sin <%) (4.95)
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The functions Fn(T) and f, are again the standard Fourier coefficients. Substi-

tuting (4.93) into (4.90) allows this differential equation to be written as

i [0:1(7') + B0n(T) — Fn(T)] sin (%) =0, (4.96)

n=1

where we have set 3 = (nm/d)?, and the initial condition (4.92) becomes

i 0(0) = £, sin (%) =0. (4.97)

n=1

Since {sin(nmz/d)} is a complete orthogonal family, (4.96) and (4.97) are equiv-
alent to [23], forn =1,2,3,.. .,

(4.100)

where 0, (s) and F,(s) are the Laplacian transforms of 6, () and F,(7) respec-
tively, and s is again the transform variable. Inverting én(s) using standard results

produces the solution [37]

On(7) = fue™"" + / e P [, (w)du. (4.101)
0

Hence (4.93) becomes
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0y {/OT e B0 Fr )du} sin (?) (4.102)

and so from (4.89) we obtain

0(z,7) =O(z,7)e "

—Z foe~BHaT sm( )+Z ~(Bre)r { / ﬁ“ﬁn(u)du] sin (%)

A

= K nmz
— (B+c)r n _ o~ (BT
E fne” sm(d)—i-g ﬁ+cl e )sm(d).

n=1

(4.103)

Finally, substituting back for the original variable ¢ and original function 6(z,t),

we obtain the solution

n=1
it An K! ([ By nm\ 2 nmz
+ — {1—exp<——1(—n+ — )t)] sin (—)
z z
+ (1 — g)Oo + 8961. (4.104)

We can see from Figures 4.6 and 4.7 that the director profile is close to zero in
the bulk of the sample, with some oscillations occuring close to the boundaries as
the director settles from its predetermined angle of 7/6. This is intuitively what
one would expect, with the oscillations settling to zero after a boundary layer of

approximately one tenth of the sample.
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Figure 4.6: Director profile 6(z,t) plotted against sample depth between z = 0
and z =d = 107" at time ¢t = 0.1, with 6, = /6.
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Figure 4.7: Director profile 6(z,t) plotted against sample depth between z = 0
and z = 1079 a tenth of the total sample depth, at time ¢ = 0.1, with 6y = 7/6.



CHAPTER 4 81

4.3 Semi-infinite Domain

Now we consider the same geometrical set-up as before but evaluate the problem
over a semi-infinite domain. This means we are using the same governing equa-
tions as the previous section, given by (4.37) and (4.38), but here the boundary
and initial values for the velocity equation are given simply by v9(0,t) = Aw cos wt
and vy(2,0) = voe %, \; > 0, and 0(0,t) = 6y and 0(2,0) = Gpe 2%, Xy > 0, for
the 6 equation. We have set the boundary and initial conditions on the velocity
to be of these forms since we expect the velocity in the fluid to decrease, and
eventually become zero, as the height, 2z, from the boundary increases. We also
expect the director profile to settle to an equilibrium value far from the oscillating
boundary. In Section 4.3.1, we solve the equations using analytical Fourier Sine

Transforms and in Section 4.3.2 we use Discrete Fourier Transforms.

4.3.1 Analytical Velocity Profile

We consider the diffusion equation

81}2 . 62?}2

for the y-direction velocity, where kK = ay/2p. Multiplying both sides of equation
(4.105) by \/% sin az then integrating with respect to z between 0 and oo yields

2 0o 2 oo 92
\/;/o %sinaz dz:ﬂ\/;/o %sinaz dz. (4.106)

The integral on the left hand side of (4.106) can be written as

/o % sinaz dz = %/0 vo(2,t) sinaz dz, (4.107)

and we can perform integration by parts on the integral on the right hand side
of (4.106) to obtain
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00 82 00
/ 0—1)22 sinaz dz = a vy(0,1) — o / vo(z, 1) sin az dz. (4.108)
0 < 0

When perfoming integration by parts in (4.108), there is also a term involving the
velocity evaluated at infinity. However, we have excluded this term on physical
grounds as we expect the velocity to be finite, and so we assume that the velocity

tends to zero as z tends to infinity. Hence (4.106) becomes

¥% _ 2
%_‘; + ka’V = \/;muozA coswt, (4.109)

where we have set V = V(a,t) to be the Fourier Sine Transform of vy(z, t), which
is defined to be [46]

_ 9 [oo
V(a,t) = \/;/0 v9(2,t) sinaz dz. (4.110)

Applying the Fourier Sine Transform to the initial condition yields

_ 2 o0
V(a,0) = \/;/O v9(2,0) sin az dz
2 o0
= \/i/ e M?sin az dz
™ Jo
2 a
=3\ . 4.111
\/;)\% + a? ( )

Using the integrating factor method, we can solve (4.109) for V(a,t) to obtain

the solution

_ _ 2 t P -
Via,t) = V(a,0)e" + \/imuozA/ e cos wi di. (4.112)
T 0
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From Gradshteyn and Ryzhik [13, Eqn. (2.663.3)] we have

a b bsin(b
/e“’” cos(bz)dz = e (a Cos(afl—; sin( x))7 (4.113)
so the integral in (4.112) becomes
t 9 - 3
/ e 0 cos(wt) di
0
et € (ka2 coswt + wsinwi) | [T
B (ka?)? + w? 0
ooz [€°° (Ra? coswt + wsinwt) — ka?
=e () T 0 : (4.114)

Hence we can write (4.112) explicitly as

V(o t) = V(a,0)e ™" — \/2”20‘3“”46&&%

T KZod 4+ w?
N \/§m2a3wA coswt N \/5%0@214 sin wt (4.115)
T K2a4 4 w? T K2t +w? '

Equation (4.115) provides the transform of the original velocity vy(z,t). To trans-

form back to z and ¢ space we simply multiply V(a,t) by sinaz and integrate

from 0 to oo with respect to «, i.e.

2 [
vo(z, 1) = \/;/ V(a,t)sinaz do. (4.116)
0

Hence the velocity solution is given by

2 [ - 2 2y o’ a _
vo(2,1) = - / V(er,0)e™ """ + By(t)e " + B3(t)a4 . + By(t) v bl dov,
0

at+c
(4.117)
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where Bs(t), Bs(t), and By(t) are functions of time that will be specified further
on in this chapter. There are numerous integration methods that could be used
to obtain a numerical solution for vy(z,t) given by (4.117), however, we would
like to find an analytical solution for v,(z,t) that would give some insight into
key aspects of the solution, such as the phase lag. Due to their simplicity, we first
consider terms three and four before moving onto terms one and two. The third

term in (4.115) is given by

3

2 kK2aBwA coswt a
o) = 2R _ gy (1115

k2ot + w2 ot +c’

where Bj(t) = \/gwA coswt and ¢ = (w/k)? To invert this term we need to
multiply by sin az and integrate from 0 to oo with respect to a. So the integral

we need to consider is

2 [ 3
I; = \/;/0 Bg(t)a4a+csinaz da
s —zcl/* zcl/4
=4/ =Bs(t) ex cos
ames (=5 ) s (5 )
= Aw cos wt exp (— 1/%2) Ccos (, / ;—Kz), (4.119)

where we have evaluated the integral using Gradshteyn and Ryzhik [13, Eqn.
(3.727.10)]. The fourth term is given by

2 .
filont) = \/gfiozw A sinwt B, « (4.120)

K2t + w? ot +c’

where By(t) = \/% “’%A sinwt and ¢ = (w/k)?. For this term the integral we need

to consider is
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2 o0
I4 = \/;\/0 B4(t)oé4i—}—c sin az do
T 1 —zetA\ [zt
N \/;01/234(15) eXp( V2 )Sm( NG )
= Awsinwtexp | — 22 ) sin Y, : (4.121)
2K 2K

where we have evaluated the integral using Gradshteyn and Ryzhik [13, Eqn.
(3.727.4)]. Next we evaluate the first term in (4.115), which is given by

2

fi(a,t) = V(a, 0)e ", (4.122)

From Haberman [14], we have

75| FlriFlal] = 1 [T st 12 a1 2l (@az

where Fg is the Fourier Sine Transform and F is the Fourier Cosine Transform
[46], and we know that

1
Fal |:—2a€_22/4a:| = e_aa27 (4124)
for @ > 0. Now we set f(z) = v3(%,0), g(2) = \/LQ—ae_ZQ/‘la, and a = kt in (4.123),
then inverting fi(«,t) yields

I = J-";l[fl(@, t)] = F§1 {fs [02(2, 0)}}—0 [\/%6QQ/4a}}

_ l /OO U2(§7 0) [67(z72)2/4a . ef(z+2)2/4a] dz. (4'125)
™ Jo V2a

We have previously set vy(2,0) = e 1% s0 (4.125) becomes
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I 1 0 pmMZ
1_7T 0 vV2a

eMa 2\a — 2 2M\a + 2
= —2sinh(\2) — e M erf | Z—=Z ) + eMPerf (7)],
V2 { (r2) ( 2./a ) 2./a

(4.126)

[67(z72)2/4a . 6f(z+2)2/4a] dz

where erf is the error function given by

erf(a) = — / | (4.127)

The second and final term, which is clearly part of the transient response, is given
by

2 K2aSwA coswteF 2y
t)=—¢/= = By(t)e " 4.128
falest) T k2ot + w? 2(t)e at+ ¢’ ( )
where By(t \/7 wA and ¢ = (w/k)?. Unlike the previous three terms, the

inverse transform F Y fo(a, t)) is not in any Fourier transform tables, and there
is no obvious way to simplify it to something that is easily computable. We

tried to use one of the formulae in Gradshteyn and Ryzhik [13] to perform an

integration on the product e~ % sin oz but unfortunately, to the best of our

baiThy
knowledge, no such formula eX1Jsrts for an integral of this type. Since we have been
unable to fully invert V(a,t) analytically we will consider the long time solution
only. When taking the limit as ¢ — oo in (4.117), terms one and two vanish and
we are left with terms three and four only, both of which are invertible. Hence

the long time velocity profile is given by

Voo (2,1) = choswtexp(_ \/:z) cos (\/g )
Ao ( - \/2E ) s (\/% ) (4.129)
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Figure 4.8: The velocity profile vy(z,t) plotted over the period ¢t = 27/w for
various sample depths, where the phase shift present in the solution can clearly
be seen. The veloctiy wvy(z,t) is measured in ms™! and time is measured in
seconds.

Using the trigonometric identity A cos(wt) + Bsin(wt) = A2 + B? cos(wt —
tan!(B/A)), the expression for vy, (z,t) in (4.129) can be simplified to

(i) = dwesp ( - \/25) cos (wt - \/25) (1.130)

From (4.130) we can see the penetration depth is given by d, = @/QW—” and the
phase shift is given by {2 = ,/;-2. The phase shift can be seen very clearly in
Figure 4.8, as well as the decay present in the sample over time. For the values

used in Table 4.1, the penetration depth is given by d, & 2.6 x 10~*m.

4.3.2 Numerically Derived Velocity Profile

Since we have been unable to fully invert the analytical solution for vy(z,t), we
now aim to solve this problem discretely. We now use Discrete Fourier Transforms

(DFTs) and follow the approach used by Le Bail [4] for diffusion problems, as
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described in Appendix B, to approximate our problem in a finite domain, then
we extend it to a semi-infinite domain. Beginning from the system (4.53)-(4.55)

we have

Uy — KU, = F(2,1), (4.131)
u(0,t) = u(d,t) =0, (4.132)
u(z,0) = up(z), (4.133)

where F(z,t) = (1 —z/d)Aw?sin wt and ug(z) = vo(z) — (1 — 2/d) Aw. We impose
a grid split up into M points in the z-direction and N points in the t-direction,
indexed with I and J respectively. The value for M is restricted to discrete values
of the form M = 29, where Q is a positive integer. Now we rescale the z and ¢
variables by setting z = 2d/M and t = {T /N, so equation (4.131) becomes

D*u  Ou .
— = F(z,t 4.134
822 + aat (Z’ )7 ( )
where
R Z T.
F(2,8) = — (1 - %)Auﬂ sin (%t) (4.135)
and
Nd?
a=—— (4.136)

Now we set
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WL, T) = S™ Us(J) sin (%) (4.137)
S=1

F(LJ) =S Fy(J)sin (%) (4.138)
S=1

and following the same method as described in Appendix B, we arrive at the

recurrence relation

Us(J) {2 cos (7;\4—5) + El} T+ Ug(J = 1) {2 cos (7;\4—5) + EQ} = [Fs(J) + Fs(J — 1)](A2)?,

(4.139)
where we have defined E; and E5 to be
Nd? AZ
EFi=—242 ——= )| — |AZ 4.14
1 + (KJTM2)(At) Z, ( 0)
Nd? Az
Ey=—2-2( —— = | AZ. 4.141
=22 (37) 2 @141
We can write equation (4.139) in the form
Us(J) + a1Us(J — 1) = ay[Fs(J) + Fe(J — 1)](A2)?, (4.142)
where
2 ) L F
4 = - <A§) 2 (4.143)
2 cos (ﬂﬁ) + Ey
1
= , 4.144
@2 2 cos (%) + Ey ( )
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and we have set A2 = Af = 1. Solving equation (4.142) for Ug(J), following the
method as described in Appendix B, yields the solution

U(S,J) = c1(S)(—ar)” + Y as(—a))” " F(S, Jo) + Y _ as(—ar)’~PF(S, Jy — 1),
Jo=1 Jo=1
(4.145)

where the function ¢;(.5) is related to the initial condition and is defined to be

M-1
2 wlS
S)=— U(l,0)sin | — |. 4.146
(9) = 37 S U0y (77 ) (4.116)
Substituting U(S, J) from (4.145) into (4.137) provides the solution for the trans-
formed homogeneous solution, so the solution to the original problem (4.39) is

given by

ve(I,J)=u(l,J)+ (1 - é)Aw cos(wt). (4.147)

Figure 4.9 shows the results of the discrete solution for a finite domain plotted
against the exact solution found in Section 4.2.2. We can clearly see that the
results from using the DFTs are remarkably accurate, especially since only 16
grid points were used. This method works perfectly for a finite domain sample
but it is not possible to extend the method to a truly semi-infinite domain due
to the nature of the sum in the solution. However, we can set d to be large,
i,e. d = 5, which, in terms of a SmA liquid crystal sample of average depth
10pm, should be sufficiently large to replicate the behaviour of a semi-infinite
sample. The results of the ‘semi-infinite’ domain are shown in Figure 4.10. We
can see that the solution, for all z values other than zero, is not periodic in the
interval ¢ € [0,27/w], but if we allow the solution to evolve over time it attains
periodicity. This is because the solution is made up of a complementary function

and particular integral which are transient and oscillatory in nature, respectively.
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Figure 4.9: A comparison of the approximate DFT solution (4.147) and the exact
solution (4.67) to the oscillating plate problem as described in (4.39). We have
taken a finite domain of height d = 1075.

For small time, the complementary function dominates the behaviour and, clearly,
it takes longer than one time period to diminish in stature. The particular integral
part of the solution has the same period as the driven oscillation but is phase

lagged: an effect that can clearly be seen in Figure 4.10.

4.3.3 Director Profile

Consider the equation

00 00
with boundary condition 6(0,¢) = 6, and initial condition 6(z,0) = fye 27,
Ao > 0. Multiplying (4.148) throughout by \/g sin oz and integrating from 0 to

oo with respect to z yields
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Figure 4.10: Approximate DFT solution (4.147) of the oscillating plate problem
(4.39) for a ‘semi-infinite’ domain with d = 5.

2 00 92 2 0 2 o0
— [ g% sinaz dz — \/i/ % sinaz dz — —52/ Osinazdz =0,
T Jo 022 T Jo Ot ™ Jo

(4.149)

where 31 = % and (B, = %. Using integration by parts to simplify the first term

in (4.149) allows us to express this equation as

\/gﬁlaﬁo — B1a*Og(a,t) — % — 3,0g(a,t) =0, (4.150)
T

where we have set

Os(a,t) = \/g/ 0(z,t)sin az dz, (4.151)
0
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to be the Fourier Sine transform [46] of 6(z,t), with « as the transform variable.

Using the integrating factor method, equation (4.150) can be written as

;(@5(@ t)elPztho®) ) \[ Brobye P2 tPed)t, (4.152)

which has the solution

_ 2 2 [iaby 7 2
Og(a,t) = Og(a,0 (BatPra)t \/ji 1 — ¢~ (BotBrat)t) 4.153
s(0,1) = O5(a 0)c 2 e e, (w1

To obtain a solution in the original variables z and ¢, we must invert the solu-
tion Og(a,t) by multiplying (4.153) throughout by sin az and integrating with
respect to a from 0 to co. First we consider the second term as this is the most

straightforward to invert. The second term is given by

2 0600
ho =\ ———— 4.154
? \/;042—1—@’ (4.154)

where 3% = % Inverting ho requires us to compute

2
Jo = \/7/ \/7 aby 5 sinaz do = foe ™72, (4.155)

where we have evaluated the integral using Gradshteyn and Ryzhik [13, Eqn.

(3.723.3)]. Next we will invert term 3, which is given by

8] )
h3 == —Ogme v s (4156)
where C5 = \/79 et B2 = ﬁ—f and v = f(t. The integral that we need to

consider is
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J3 = \/7/ a2 mn 52 e 7 sin az da

=3 {2 sinh(3z) + e 7% erf (ﬁf Pz erf <ﬂ\/_+ \/_)]

(4.157)

7))

where erf is the error function as defined in (4.127), and we have computed the
integral in (4.157) from Gradshteyn and Ryzhik [13, Eqn. (3.954.1)]. The square
bracket in (4.157) can be written as

2 (Wit 2 [(WVTem
Ly = 2sinh(fz) — [eﬁz\/—_/ v 6_52d§ — e_ﬂZT/ v e_fgdﬁ].
T Jo T Jo

(4.158)
For large time, v — oo, so we have
2 (VT . 2 (VT .
Ly =~ 2sinh(Bz) — {e’gz—/ e dé — e_’gz—/ et df]

' VT Jo VT Jo
(52) —2sinb(3) 2= [ e (4150
= 2sinh(Bz) — 2sinh(fz)— e . 4.159

VT Jo
The integral in (4.159) can be written as the sum of integrals
ﬁﬁ 2 e 2 o 2
/ e S dé = / e S d¢ — e S d¢
0 0 BV

=1 — erf.(8+/7), (4.160)

where erf.(x) is the complementary error function defined to be

erfo(z) = /Oo e € de. (4.161)
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From Abramowitz and Stegun [1, Eqn. (7.1.23)], we have that for large x the

complementary error function behaves like

1 e

a:Q\/7_T6 ’

and so for large time, i.e. large v, equation (4.160) behaves like

erf (z) ~ (4.162)

ﬁﬂ 2 2
/ e Sdirl— ——e . (4.163)
0

Hence we obtain

Ly = 2sinh(f8z) — 2sinh(f3z2) [1 - Wl\/%e_ﬂ%’]

_ 251nh(ﬂz) 5 (4.164)

BT

For large time, we can write the term J; as

J3 \/g—e%gQLl

\/703 %822smh(ﬂz) g2
22 PPy

_ G sinh(/5z2) (4.165)

329V/2

and so we clearly have J; — 0 as t — oo. Next we consider the first term, which

is given by

hi = Og(a, 0)e e’ (4.166)
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where ©g(a, 0) is the Fourier Sine Transform of the initial condition 6(z,0). We

can treat e ™! as a constant during the a integration in the transform, so we

only need to consider

F 1 (Og(a,0)e 7). (4.167)

From Haberman [14], we have

7ol 2 [7 H0lste - 0) - gt + a)de] = Al (w8

We know that ]_—51[#6_@2/47} = ¢ for ¥ > 0 and real, and we can write
(4.168) as

Fot | Flrenrela| = 2 [Tl -2 - g4 s (109

where f(z) = 6(2,0), g(z) = —=e**/% and v = it in this problem. Using

2y
(4.169) allows us to write

Ty = e PFSFsf(2)] Felg(2)]]

) + 2% erf (Agﬁ - %)] :
(4.170)

VA

assuming 0(z,0) = fye=*2*. We can find the long time behaviour of J; by following

a similar approach to the one considered for .J3, hence we can write for large time
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foe~(P2=23001 sinh (g 2)

Pt

Hence, the full director profile is given by

H(Z,t) :Jl + JQ + Jg

—0 —(ﬂ2—)\§ﬁ1)t|:_2 inh(\z) — e~ 27 f()\ t— i ) A2z f()\ t : )]
he sinh(Agz) — e er 2v/ i NG + e’ er 2/ 1 —1—\/@

ot <ﬂ Bit + 2\/2@)}

+0pe "7 + % {2 sinh(f3z) + e 7% erf <ﬁ it — %\/m>
1

(4.172)

where 3% = %, and Ag is a positive constant. The director profile found in (4.172)

is valid for t > 0 due to the constraint placed on the Fourier Cosine Transform.

We can write the director in the alternative form

o~ (B2-23B)t 1
0(z,t) = Ope ™ + sinh(\z) O (f) + sinh(5z) O (;) (4.173)

Hence, the long time solution is given by

Ooo(2,1) = Bpe™72. (4.174)

Clearly (4.174) satisfies the original differential equation (4.148) and boundary
condition given by 6(z,0) = 6. We can find the penetration depth of this solution

by taking the reciprocal of the exponential exponent, hence the penetration depth
is given by d, = 1/8 = /K'/B; ~ 3.5 x 107'%m.
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4.4 Geometrical Set-up — No Transverse Flow

In the introduction to this section, we discussed the possibility for two different
geometrical set-ups, depending on whether or not there was a chance of transverse
flow. We considered the equations for the first case n = (1,0, 6(z,t)) in Section
4.1, and now we consider the case when no transverse flow is assumed. The
general set-up with the oscillating plate at z = 0 is exactly the same as Section
4.1, as is the orientation of the layer normal, with the only difference being the
assumed orientation of the director. Hence the linearised set-up for this problem

1S

n = (1,0(z1),0), (4.175)
a=(1,0,0), (4.176)
v = (0,va(2,1),v3(2, 1)), (4.177)
b=z, (4.178)

where we have again assumed that there will be no flow through layers of the
sample. Working through the equations for the balance of linear and angular

momentum as before we arrive at the system of governing equations

Ovy ay 0%vy
it —_ =z 4.180
Por = PvT 592 (4.180)
0=—1p.. (4.181)
00

Equations (4.179)—(4.181) are exactly the same as equations (4.30)—(4.32) from
the previous section, and equation (4.182) only differs from (4.33) by a single
term. The term K70 .. is excluded from the director profile equation in this set-
up due to the form chosen for the director. This term comes directly from the

n;; term in the equation for the balance of linear momentum. Since the director
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is only dependent on z and t it is clearly impossible to pick up this term in the

case of no transverse flow. Equation (4.182) can be solved to yield the solution

_Bi,

0(z,t) =c1(z)e m, (4.183)

where ¢;(z) in an arbitrary function in z. The decay rate of this solution is given
by kK =71/B; ~ 2 x 10791, which was a feature that we did not observe in the
case where transverse flow may occur. In that case, we found the penetration
depth to be d, = \/W , but here we have discovered unknown information
about the decay time instead. We note here that the decay rate, x, found in the
assumption of no transverse flow is the same decay rate as found in Stewart [48]
in the case of planar aligned SmA.

We stated at the beginning of this section that both geometrical set-ups are
plausible and now we see that, in the linearised case at least, both set-ups are

governed by almost identical equations of motion.

4.5 Nonlinear Equations

So far in this chapter we have only been concerned with the linear equations of the
system but for completeness we now state the fully nonlinear equations. In the as-
sumption of transverse flow we set the director to be n = (cos6(z,t),0,sin0(z, 1)),
with a, v and ® as before. Working through the equations for the balance of lin-
ear and angular momentum, we arrive at the nonlinear governing equations given

by

0=—p,, (4.184)
Ovy ay %0y
I /= 4.1
Por ~ T Pe Ty g (4.185)
2 2
O0=—-p.— K7 COSQ% COS@% - sin@(%) ] + By(cosf — 1) sin@%
— B sinf cos «9% — %%% (4.186)

0z 0z Oot’
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(B + p) cos — By(cos — 1) 4 v, sin «9% =0, (4.187)

1
Son - yg)% sin 6 = 0, (4.188)

2
,usin@—l—Kf(cosQ% —sin@%) —71%0030:0, (4.189)
where
2

uw=—K¢ sin@(cos2 «9% — sin «9%) — By cos® 0 + By(cos — 1) cosf. (4.190)

From equation (4.187) we require that either % =0 or sinf = 0. Clearly, from

the nature of the oscillating plate problem, we cannot have the velocity purely
as a function of time, it must also depend on the distance from the top plate,
so we need sinf = 0. Hence, in the simplest case, we get § = 0 and therefore
n = (1,0,0). Since n is forced to be of this specific form, it follows that the
equation for the balance of angular momentum vanishes and we have a constant
director profile. This is similar to work carried out by Stewart [49, §5.5.1]. In the
assumption that there is no transverse flow, we obtain the following nonlinear

system of equations

0=—pa, (4.191)
Ovy ay 0*vy

i - 4.192

P at p,y + 9 822 ) ( )

7 0
0=—p.+ By(cosf — 1)sin 0% — B cosfsin «9%, (4.193)
.00
(By + ) cos@ — By(cos — 1) + 71 sin Qa =0, (4.194)
psin @ — ~q cos 0% =0, (4.195)

ot
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where = By(cosf — 1) cosf — By cos?f. In this case we are not forced into
making the director constant since the equation that caused a problem in the

previous case is now automatically satisfied.

4.6 Conclusions and Discussion

When deriving the equations, we found that in the bookshelf geometry the gov-
erning equations for the velocity and director profile were a decoupled system.
This was in direct contrast to the planar aligned geometry in which the velocity
played a role in the director alignment [48]. Clearly the type of geometry being
studied is a key factor on the interactions between the director and velocity in the
liquid crystal. However, there are some similarities between the two geometries.
For example, when considering the case of no transverse flow we obtained the

same decay rate, kK = 7y, /By, as is observed in the planar case.

For the semi-infinite case, we solved the problem using Discrete Fourier Trans-
forms (DFTs) in a pseudo-semi-infinite domain. The difficulty in analytically
inverting the Fourier Transform meant we were unable to obtain a fully analyt-
ical profile, but the DFT approximation showed that as we move further away

from the oscillating plate, the velocity tends to zero as we would expect.
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Oscillatory Shear Flow in
Smectic C Liquid Crystals

We consider the method of the generalised separation of variables, as detailed
in Polyanin [36], to first solve the classical backflow equations in nematics, then
adapt the method to solve an oscillating flow problem for a SmC liquid crystal as
proposed by Moir [33]. We begin by briefly deriving a special case for nematics

before moving on to the smectic case.

5.1 Backflow Equations in Nematics

When considering the dynamics of the the Freedericksz Transition in the splay
geometry, Pierianski et al. [35] found that the case of the planar to homeotropic
transition involves a ‘backflow effect’. Flow in a nematic liquid crystal can have
dramatic effects on the orientation of the director, with the realignment of the
director itself inducing flow in certain cases. In particular, it has been shown
that the flow induced at the onset of the Freedericksz transition in the splay and
bend geometries actually enhances the switch on time since the flow lowers the
effective viscosity of the liquid crystal [49]. This type of flow is called ‘backflow’.
We consider backflow in the planar to homeotropic transition splay geometry, as

described in Stewart [49, pg. 224] which has the geometrical set-up given by
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Figure 5.1: A sample of nematic liquid crystal bounded between two parallel
plates a distance d apart, where 6 denotes the angle that the director makes with
the x-axis.

n = (cosf(z,t),0,sin0(z,t)), (5.1)
v = (v(z,1),0,0), (5.2)

and it can be shown [49] that the linearised governing equations for the problem

are given by

629,,2,2 + 6_)\9,15 - Alv,z = 07 (53)
mov z + 0439,,215 = 07 (54)
where
K o'
2 1 ! 3
5 XaH2 Y XaH2 Y 1 XaH2 ) (5 5)

and 1, = %(043 + ay + ) is a viscosity. Solutions to equations (5.3) and (5.4)
were stated by Pierianski et al. [35] but without a rigorous derivation. Here, for
completeness and to highlight the generalised separation of variables technique,
which is introduced in Appendix A, we will solve these particular backflow equa-
tions from first principles. We find that solving equations (5.3) and (5.4) using
the standard separation of variables technique results in finding the zero solution
for both unknown functions, so we immediately have to adapt our approach to

involve the generalised separation of variables. First we set
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then we can write equations (5.3) and (5.4) in the form

o1 + o1 + x1 — Aprth — M — Mghts = 0, (5.8)
Myt + azpitn = 0, (5.9)
where the dot represents differentiation with respect to time and the dash rep-

resents differentiation with respect to space. Collecting terms in z and ¢ depen-

dencies allows us to write these equations in the bilinear form

D1 (2)Wy (L) + Po(2)Wa(t) + P3(2)Ws(t) + Pa(2)Wy(t) =0, 5.10)
D5(2)W5(t) + Pe(2) W (t) =0, (5.11)
where we have set

D1 (2) = 1+ £, Wy (t) =, (5.12)

CI)Q(Z) = ©1, \Ijg(t) = 77[)1 — /\77[.)1, (513)

D3(2) = b, Ws(t) = —Aia, (5.14)

Dy(2) =1, Wy(t) = x1 — AX1, (5.15)

D5(2) = ¢y, Ws(t) = s, (5.16)

@6(2) = (,0,1, \Ijﬁ(t) = 063772)1. (517)

In general, the bilinear equation

D1 (2) Wi () + Po(2)Wa(t) + -+ - + Pp(2) Vi(t) = 0, (5.18)
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has k — 1 solutions of the form [36]

q)Z(Z) = Oi,lq)m—f—l(z) + Oi’gq)m_f_g(Z) + -t Oi,k—mq)k(z)u (519)
\I’erj(t) - —017j\111(t) - CQJ'\I’Q(t) R CmJ\I’m(t), (520)

fori=1,...,m,5=1,..,k—mand m = 1,2,...,k — 1, and where the C;; are
arbitrary constants. To solve equations (5.10) and (5.11), we choose solutions of

the form

O = A5 + Ay, (5.21)
By = Ay®y + Ay, (5.22)
O5 = AP, (5.23)
Uy = —A Uy — Ay, (5.24)
Uy = — A0y — Ay, (5.25)
W = — A5 Vs, (5.26)

where the A; are arbitrary constants. Substituting the expressions for ®; and U,

into these equations yields the system of ordinary differential equations

p1+ 201 = A1 + A, (5.27)
1 = Az + Ay, (5.28)

Py = Asipy, (5.29)

—Mithy = — Ayt — Ag(Pr — M), (5.30)

X1 — AX1 = —Agthy — Ayg(thy — M), (5.31)
agthy = —Asnitds. (5.32)

Rearranging (5.28) to obtain an expression for ¢}, then substituting into (5.27)
yields
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A
2. n 1 _ .
§°p1 + (1 A3)901 Ay o, (5.33)

This provides an ordinary differential equation which can be solved to find ;.
To find s explicitly, we can substitute ¢; into equation (5.28) to obtain the

differential equation

901—144

= (5.34)

Next, we can obtain an expression for 1y from (5.32), and then substitute this

into (5.30) to obtain a single equation in v, namely

(Ay + As)Asm
MmAAsAs — Mo

Py — Yy = 0. (5.35)
We can solve this equation for 11, then substitute the resulting function into

(5.32) to obtain the following equation for 1

agAsn (A1 + A3)

A — h —
52 = asiy A Az — M\

1. (5.36)

We can also substitute ¢ into (5.31) to obtain an equation in xi, hence we have

to solve

A1 — X1 = (As + Ag)thy — Aghidy. (5.37)

In summary, we reduce the set of equations (5.27)-(5.32) to the following five

equations
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@) + bipr = by, (5.38)
@y = bzpr + by, (5.39)
U1 + bsyyy = 0, (5.40)
Uy = e, (5.41)
X1+ brxa = bsty + boty, (5.42)

where the b; are constants dependent on material parameters and the constants
A;. The unknown functions effectively have now been separated ready for solu-

tion. Solving equations (5.38)-(5.42) yields the general solutions

01(z) =1 cos(\/az) + ¢ sin(\/az) + Z—j, (5.43)

b b babs — b1b
pa(z) = cl\/—% sin(y/b12) — CQ\/—Z_ cos(v/b12) + (%)z +c3,  (5.44)
1 1 1
Pi(t) = cae™™, (5.45)
P(t) = caboe™™, (5.46)
x1(t) = ¢4 (M) et 4 cxe b7 (5.47)
bs — br

where the ¢; are constants of integration. Since equations (5.3) and (5.4) only
contain z derivatives of the velocity, it follows that the arbitrary function yo(%)
has not been determined. So, without loss of generality, we choose to set x2(t) =0

in the absence of any criteria to do otherwise. Now, the director profile is given
by

0(z,t) = @1(2)1(t) + xa(t)

= | cos(\/az) + co sin(\/az) + g | cae™ + c5e b (5.48)

and the velocity profile is represented by
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v(2,t) =pa(2)1ha(t) + x2()

by . b3 babz + b1y bet

=|cp— b1z) — co—— b T bge™

1 N sin(v/b12) — ¢ N cos(v/b12) + ( b, )z + Cg:| cabge™ ",
(5.49)

where we have set
by bsbg — b

= — —_— . 5.50

“ b1+(b5—b7) (5.50)

The boundary conditions are given by 6(+d/2,t) = 0 and v(£d/2,t) = 0. Since
we need these boundary conditions to hold for all time, from (5.48) we deduce that
¢s = 0. We can write the director boundary conditions as ¢ (d=d/2)¢ (t)+x1(t) =

0, for all time, hence we require

clcos<ig\/b71>+62sin<j:g\/a)+66:0, (5.51)

which can be simplified to

d
\/ci + ¢ cos (j: 5\/5 — tan™* (2)) +c6 =0, (5.52)
c

1

using a trigonometric identity. For this relation to hold for both z = d/2 and
z = —d/2 we require tan"!(cy/c;) = 0, which implies that ¢, = 0. Setting ¢y = 0

in the expression for 0(z,t) then inserting the boundary condition again yields

Cg = —C1 COS (gﬂ), (5.53)

which allows us to write the function 6(z,t) in the form
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0(z,t) = c1e4 [cos(\/az) — cos <%R/bj>} e bt (5.54)

Similarly, we have v(£d/2,t) = 0 so we require po(+d/2) = 0. This can be

written explicitly as

b3 d b2b3 — b1b4 d
— b - = = 5.55
c m sin (2\/71) + ( bbn )2 +c3 =0, ( )
by . d bobs — b1bs \ d
_ _ b — - = @ |- = U. .
cl\/a sin ( 5 \ﬁ) ( v ) 5 tes=0 (5.56)

Now, adding (5.55) to (5.56) gives the constant in the solution to be zero, i.e.
c3 = 0. Setting c3 = 0 in the function s (2) then inserting the boundary condition

again yields

boby — b1by b3 2 d

Hence we can write the velocity profile as

v(z,t) = 2054_63 —sin(y/b12) — sm( \/E)z] et (5.58)

Now we relabel the constants in (5.54) and (5.58) by setting

‘90 = C1Cy4, (559)
26164b3
=z , 5.60
Vo d /b, ( )
1
by = ——, (5.61)
T

2
Vo ==, (5.62)
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and so we can write the solutions as

2
0(z,t) = by {cos <qu) — cos q] el (5.63)
d . (2 : .
v(z,t) = v {5 sin <qu) — zsin q] et (5.64)

which are the exact solutions as stated by Pierianski et al. [35]. The values 6,
and vy are constants, and ¢ and 7 are to be determined.

Equations (5.63) and (5.64) have been exploited extensively in the literature
[49] but not established by any means other than ansatzes. Inserting (5.63) and
(5.64) into equation (5.4) yields a relationship between the constants vy and 6y,

namely

90043
QT

vy = (5.65)
It can also be found that the values of ¢ are restricted such that ¢ < ¢ < ¢;

where ¢g and ¢; are the roots of

tan(q) — —— =0, (5.66)

l—«o

tan(q) —q =0, (5.67)

012
’717171
wards can be found in Stewart [49], with a more detailed analysis of the backflow

respectively, where o = 1 — A full derivation from equation (5.63) on-

equations.

5.2 Smectic C Equations

Now we examine work that was originally proposed in the thesis of Moir [33]. We
consider the case of a planar aligned SmC liquid crystal, confined between two

parallel plates a distance d apart, under the influence of an oscillating bound-
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Figure 5.2: Finite sample of SmC liquid crystal with the director prealignment
parallel to the plate oscillations.

ary. We consider the two separate cases of parallel and perpendicular director

alignment on the boundaries.

5.2.1 Parallel Prealignment

We first consider the case of a SmC liquid crystal orientated with parallel prealign-
ment, as shown in Figure 5.2. In the thesis of Moir [33], it was stated, without
proof, that since the y-direction velocity vs(z,t) and director alignment 6(z,t)
were both set to be zero on the top and bottom plate that the solutions in fact
remained zero throughout the sample. The thesis of Stewart [48] used Fourier
Transforms to establish this result. However, this method was complicated to
use and required some very tedious and extensive working. Here we use gener-
alised separation of variables to prove that both the velocity and director fields
are identically zero throughout the sample. These equations have been derived
by Moir and we simply state them here. We begin with the linearised governing

equations of the system which are given by [33]

v,z — PU2t — Tg,zt =0, (5~68)
KO ,.— N+ 710y, =0, (5.69)

where we have set
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K:KQC, )\:2)\5, T =T — T1, (570)

with boundary conditions vy(0,t) = wvy(d,t) = 0 and 0(0,t) = 0(d,t) = 0. We
now apply the technique for the nematic equations from the previous section in

order to derive solutions in the smectic case. First, we set

then substituting these forms into equations (5.68) and (5.69) yields

MPhs — ppaths — pX2 — T =0, (5.73)
Ky — Ap1thy — Ax1 + 7hytby = 0. (5.74)

Collecting terms in z and t dependencies allows us to write these equations in the

bilinear form

where we have set
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©1(2) = ey,
Dy(2) = —pepa,
P3(z) = —p,
Dy(2) = =74,
D5(2) = K¢,
D6(2) = — A,
P7(2) = =,
Ds(2) = T3,

Wy (t) = 1o,
Wy(t) = 1o,
Ws(t) = X2,
Wy(t) = vy,
Ws(t) =1,
Ws(t) = v,
o (t) = xa,
Us(t) = 1o

Equations (5.75) and (5.76) have solutions of the form [36]

Q) = A1 D3 + Ay Py,
Oy = A3D3 + Ay Py,
Q5 = A;P7 + A Ps,
Qg = A7P7 + AgPs,

where the A; are again arbitrary constants.

Uy =AU — A3Uy,
Uy = —A0; — AyWy,
Uy = —A5V5 — A7 W,
Vg = —AgWs5 — AgWs,

113

(5.85)

Substituting the expressions for

®; and ¥; from (5.77)-(5.84) into equations (5.85) yields a system of ordinary

differential equations given by
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My = —A1p — AsTil,

—pps = —Agp — Ayt
K¢ = —As\ + AgTs,

—App = A7\ + AgTh,
Xo = —Avthy — At

Ui = = Aoty — Agths,

X1 = —Asthy — Az,

Wy = —Aghy — Asihn.

Rearranging these equations, and solving in the correct order, provides us with
six ordinary differential equations to solve for the six unknown functions. Hence,

we require to solve

O + byps = by,
pr = bsps + ba,
U+ byt + beyr = 0,
Uy = 571/)1 + [;877[)17
X1 = 591/)1 + 510%7
X2 = bty + oy,

where the 132 are positive constants depending on the A; and material parameters.
In general, the signs of the b; are arbitrary but due to the nature of the boundary
conditions in this case, we have selected them to be positive, without loss of
generality. Solving these equations, and dropping the hats for convenience, yields

the solutions
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v1(z) = cl—sm (Vb12) — \/b_COS fz )+ byz + ¢, (5.100)
wa(z) = ¢ cos(\/az) + eosin(y/b12) + b—l, (5.101)
Ui(t) = cae™ " + cze (5.102)
Uat) = (b7 — bsdy)e " + c5(br — bgdy)e ", (5.103)
xi(t) = (51051 — bg)e™ " + 2—2(51052 — by)e %" + ¢, (5.104)
x2(t) = 5—1[51(1971)12 + bgbio /b2 — 4bg + b11bg) — 2011 b7]e 0 (5.105)

-+ %[62([)71312 + bgblgﬂ b% — 4b6 -+ bllbg) — 2b11b7]€_52t -+ Cr, (5106)
2

where the ¢; are constants of integration, and §; and &y are given by

1

=3 <b5 S - 4b6), (5.107)
1

b= (b5 402 — 4b6). (5.108)

From the boundary conditions we have that 0(0,¢) = 0, and so applying this
condition to the expression for 6(z,t), given in (5.71), yields

bs —o1t —dat -0 t 4 —02t
1 2 bindi — b 1 . 2 —
< \/_ + 63) (cae™" + e ) + 5 ( 1001 — by)e 52 (51052 bg)e " 4+ ¢g = 0,
(5.109)

which can be simplified to

bs bs
Cy |: — Co—— +C3 b1051 — bg):| —out + ¢5 |: — Co—— + C3 b10(52 — bg) —0at + cg = 0.

Vb 51( v 52(

(5.110)
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Since the functions in (5.110) are linearly independent, each coefficient must be

equal to zero, so we have that cg = 0 and

b3
bigdy — b 0, 5.111
\/E +C35 ( 1001 9) ( )
b3
+c b1p0 b 0. 5.112
\/E 352( 1092 — ) ( )

For equations (5.111) and (5.112) to both be simultaneously true, we require
d; = & for all values of by and byg, which further implies that /b? — 4bs = 0.

Setting §; = d5 above reduces the time dependent functions to

U (t) = (cs + cs)e ™, (5.113)

77Z)2 (t) = (C4 + C5)(b7 - b851)e*51t, (5114)
+

xi(t) = w(bm& — by)e ", (5.115)
1

o (C4 + C5) —o1t

Xg(t) = (57[51 (b7b12 + bnbg) — 2b11b7]€ + c7. (5116)

1

Now applying the zero initial condition for the director profile yields

(cs+c5) cl—sm \/72 CQT cos( fz )+ byz + 3+ — (b1051 — bg):| = 0.

01
(5.117)

We require (5.117) to be true for all z and the only way we can guarantee this is if
the first bracketed term equals zero, i.e. ¢4+ c5 = 0. Clearly if we set ¢4 = —c5 in
(5.113)-(5.116) we obtain ve(z,t) = 0 and (z,t) = 0, as stated in Moir [33]. We

have therefore rigorously confirmed the result that was merely stated by Moir.
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Figure 5.3: Finite sample of SmC liquid crystal with the director prealignment
perpendicular to the plate oscillations.

5.2.2 Perpendicular Prealignment

Now we consider the case of perpendicular director prealignment to the oscillating
plate, as shown in Figure 5.3. Here we aim to solve for the director alignment
0(z,t) and the z-direction velocity v;(z,t). This geometrical set-up has been
partially solved for an asymptotic solution in the thesis of Moir [33], but we will
attempt to find a full analytical solution by using the generalised separation of

variables technique.

5.2.2.1 Inhomogeneous Boundary Conditions

The governing equations for this geometry are given by [33]

nlvl,zz - pvl,t + T‘g,zt - 07 (5118)
KO ,.,— N —T1v, =0, (5.119)

where K, A and 7 are as described in (5.70), and the boundary conditions are
given by v1(0,¢) = 0, v1(d, t) = —awsin(wt) and 0(0,t) = 6(d, t) = m/2. Since the
equations for vy(z,t) and 6(z,t) in this set-up are very similar to the equations
for vy(z,t) and 6(z,t) in Section 5.2.1, we obtain the same system of ordinary
differential equations as in the parallel alignment but with different arbitrary

constants given by the b;. Hence, for perpendicular alignment we have to solve
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@1 + bipr = by, (5.120)
h = bapr + by, (5.121)

W+ bsthy + bgtpy =0, (5.122)
Py = byipy + bgiy, (5.123)

X1 = bothy + bothn, (5.124)

(5.125)

X2 = b1ty + brothy, 5.125

with boundary conditions as stated previously. Writing the boundary conditions

in terms of the functions ¢;, ¥; and y;, for i = 1,2, we obtain

©1(0)Ur (t) + x1(t) = /2, (5.126)
pr(d)i(t) + xa(t) = /2, (5.127)
©2(0)¢2(t) + x2(t) = 0, (5.128)
0o (d)a(t) + x2(t) = iwae™" (5.129)

Now solving the system of differential equations, and dropping the bars for con-

venience, yields the same solutions of the previous section, namely

b
01(2) = ¢1 cos(v/b12) + casin(y/by2) + —2, (5.130)
pa(z) = cl—sm (V/b12) — cgﬁ cos(v/b12) + byz + c3, (5.131)
Pi(t) = cqe ‘W + ez, (5.132)
wg(t) = C4(b7 — bg(sl) —out + C5(b7 - 6852) 762t (5133)
X1 (t) (51 (b10(51 — bg) _61t 52 (b10(52 — bg) —02t -+ Cg, (5134)
Xg( ) [51 (b7b12 + bgblg bg — 4b6 + bllbg) — 2b11b7]6761t (5135)
51

5 [52(67[)12 -+ bgbu\ / bg — 4b6 -+ bllbg) — 261167]6762t + c7, (5136)
2
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where the ¢; are arbitrary constants and d; and J, are again given by

1

h=3 (b5 - 4b6), (5.137)
1

5y = (b5 /b2 — 466) (5.138)

Applying the boundary conditions to these solutions allows us to write the direc-

tor profile as

0(z,t) = ce™'\/c3 + c3 {cos <\/az —tan~! (?)) — cos (tan’l (?))] + g
1 1

(5.139)
and the velocity profile in the form

&1 b3
+ < +tan~! <—>) + co——
c1 02 coSs fz an CQ Co \/E

cos( fd

v1(2,t) = iwbgce™! [

\/_

e
+Z<dbg \/_dsm \/7d )+ co——

)]
(5.140)

\/_

Now, in a similar way to Section 5.1, we set new constants ¢; and ¢, to be

d
o= 5\/E, (5.141)

g = tan™! (C—l) (5.142)
Co

which allows us to write y/c? + ¢3 = ca2sec(qz) and
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tan~! C—j) = tan"'(cot(ga)) (5.143)
- g . (5.144)

Hence the solutions for the velocity and director become

wd 4 2
vi(z,t) = ZQLABeM [cos(qg) — cos (% + qQ)}

Uil
aqp 1 . 1 1
+ Z(dAB ~3 sin(2q1) — 3 cos(qz) + 3 cos(2q;) COS(QQ)), (5.145)
; 2
0(z, 1) = Ae™! [sin <% + Q2> — Sin(%)] + g, (5.146)

where we have set A = écq sec(qe) and B = bgbs. Now inserting vy(z,t) and 0(z, t)

into equations (5.118) and (5.119), and collecting terms, yields the compatibility

conditions
2q12 . [ 2q1%
f1 cos <T) + fosin <T) + f3z + facos(gz) = 0, (5.147)
2 2
f5 cos <%) + fosin (%) + frsin(g) = 0, (5.148)

where the f; are complex functions involving material parameters and the un-
known constants in the solutions. For the above equations to hold, we require
each of the functions f; to be equal to zero independently since the z-dependent
functions and constants are all linearly independent. Setting each f; to be zero
and working through the algebra, we return the condition cos(g2) = 0. How-
ever, the constant multiplying both 6 and v; involves the term sec(qz), so clearly
these particular solutions do not satisfy the original differential equations. To try
to overcome this problem, we set w = id + 3. In this case, we determine that
@2 = nm, which is compatible with the solutions since we are no longer dividing
by zero. However, after some manipulation we also find that we require § = 0

to satisfy one of the conditions. Due to the nature of the boundary conditions,
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we cannot have w as a purely imaginary quantity as it leads to an inconsistency.
It is possible that some other constants in the solution are complex. However,
upon inspection, we find that setting b3, bg or ¢; to be a complex constant always
results in the requirement of one of the key constants of the solution being zero.
Even combinations of real and imaginary constants does not seem to overcome
the problem. One possible reason for finding functions 6(z,t) and v(z,t) that
are not solutions to the original system of differential equations is that solutions
(5.85) of the bilinear equation (5.75) are not unique, as the general solutions are
given by (5.19) and (5.20). We therefore deploy the generalised separation of
variables technique again and look at the consequences. It will turn out that
there will be unexpected problems which lead to an unsatisfactory position, and
the problem will not be fully resolved here.

We have three possible solutions to equations (5.19) and (5.20): the first solu-

tion (Solution 1), as we used previously, is

D) = A1 P3 + Ay Dy,

By = Agds + Ay, (5.149)
Uy = —A; W) — AsUy,

Uy =—AU; — Ay,

The second solution (Solution 2) is given by

Oy =—-A1D — Ay Py — A3Ps,

U, = AU, (5.150)
\112 = A2\If4,
\113 = A3qj47

and the third solution (Solution 3) may be represented by
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®1 - Alq)47
@2 - qu)4, (5151)
®3 = A3®4a

\114 - _Al\Ill - AQ\I’Q - qujg.

Using solutions (5.149) or (5.150) to solve both bilinear equations (5.75) and
(5.76) is an option, but we are unable to use solution (5.151) to solve both equa-
tions as we would have only two equations for the four unknown v;(¢) functions.
There are also many variations of how to solve the two bilinear equations using
combinations of the three solutions. Now we use Solutions 2 and 1 to solve the
bilinear equations (5.75) and (5.76), respectively, hence we have the system of

bilinear equations

Oy =—A1D — AydPy — A3Ds,
O5 = A;P7 + AsPs,
q)ﬁ = A7q)7 + Ag(bg,

U, = A0y, (5.152)
\112 - A2\If4,
\113 = A3qj47

U7 = —A;Ws — A7 W,
\118 = —A6‘1/5 — Ag‘llﬁ.

Solving these equations yields the general solutions
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Kb Kb
un(z 1) = [ — c1— sin(b12) + co— cos(by2) + b3z + ¢5 + b4] e’ + cq,
TAg TAg

(5.153)
A
0(z,t) = [c1 cos(brz) + casin(byz) + by] [Z_‘;e& + 05] _ [75 _ A7] 2_426& ~ Asest + o,
(5.154)

To make the solution as general as possible, we set b; = p;+ips, then insert (5.153)

and (5.154) into the original governing equations to obtain the constraints

¢z =0, (5.155)
D1 = —pa, (5.156)
A
Ag= 3 -1, (5.157)
2
2 w T
P 1
o) o159

with ¢; remaining arbitrary. The form of the constant Ag is very similar to that
of a in equation (5.477) in Stewart [49]. In the case of « it is possible to show,
through the implementation of well established inequalities for viscosities, that
0 < a < 1. Due to the viscosities involved in this problem, we cannot conclude
such strict bounds for Ag, however, we can make an estimate about the size of Ag
from experimental measurements on the combination of certain viscosities. From

Stewart [49], we have

A =2\ = 0.0600 Pas, (5.159)
|7| = |15 — 7| = 0.0273 Pas, (5.160)
1
m = 5o+ 2 = 21 + A1) = 00377 Pas (5.161)

and we know that K = K$ ~ 5 x 1071° hence we obtain
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2Xsm

(’7'5 — ’7'1)2

Ag = —1>~0.5175. (5.162)
Although we cannot provide an exact estimate or specific bounds for the constant
Ag, we have shown that it is positive in this specific case and so is in line with the
theory of nematics. Now, if we insert constraints (5.155)-(5.158) into solutions

(5.153) and (5.154), then consider only the real part of the solutions, we obtain

BKp; si h BE inh
o1 (e.t) = (_ P Sin (szzﬁ) cosh (p; 2) n D1 cos (7]_911426) sinh (p, Z)) cos (wt)
_ (BKp; sin (p; z) cosh (p; 2) N BKp,; cos(p; z)sinh (p; z) sin (wt)
TA5 TA6

(5.163)

0(z,t) =B cos (p; z) cosh (p; z) cos (wt) — Bsin (p; z) sinh (p; 2) sin (wt) + ¢7,
(5.164)

where we have set c¢g = 0 due to the condition on v; at the lower boundary. These
solutions look promising as they are of the form we expect, however, if we apply

the boundary condition 6(0,t) = 7/2 as before we obtain

B cos(wt) + g = g, (5.165)

which implies B = 0, again producing the zero solution. We have set ¢; = /2
in the formulation of # above to satisfy the boundary conditions imposed. If,
however, we leave the director free at the boundaries and apply the boundary

condition at z = d to the velocity instead, we find that
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prd w B
3.9266 | 153.3 | —1537«
7.0686 | 496.8 119.6«
10.2102 | 1036.5 | —7.462«
13.3518 | 1772.5 | 0.4217«
16.4934 | 2704.7 | —0.0225«

Table 5.1: The first five positive roots of equation (5.166), with the corresponding
w and B values.

_ BKp; sin (p; d) cosh (p; d) N BKp; cos(p; d)sinh (p; d)

=0 5.166
TAg TAg ’ ( )
BKp; sin (p; d)cosh (p; d)  BKp; cos(p; d)sinh (p; d)
— + = —aw,
TA@ TA5
(5.167)

then (5.166) yields the condition p;d ~ £+3.9266. This presents a problem because
from the constraints given in (5.156) we found p; to be dependent only on w, but
now that we have p; to be a fixed value, we have also fixed w. Inserting the
value of p; obtained from (5.166) into the constraint in (5.156) yields w ~ 153.3
H~z. This is an unwelcome development as we would like to have a solution that
is valid for any oscillation, but for the moment we will continue with a fixed w.
The first five positive roots of equation (5.166) are given in Table 5.1, with the

corresponding w and B values. Now, from equation (5.167) we have

2BKp1
TAg

sin(pyd) cosh(p1d) = —aw, (5.168)

which implies B ~ —1537a. Using a trigonometric identity, we can write the

director profile as
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0(z,t) = B\/cos2 (p12) cosh?(p12) + sin?(p; 2) sinh?(p; 2)

X CoS (wt + tan~* <tan(plz) tanh(plz))) + ¢z, (5.169)

and inserting the boundary values into (5.169) yields

6(0,t) = B cos(wt) + c7, (5.170)
0(d,t) ~ 25.367B cos(wt + 0.7846) + 7. (5.171)

From (5.170) and (5.171) it appears that the director on the lower, stationary
plate is in phase with the oscillations of the upper plate, but that the director at
the top plate is actually out of phase with these oscillations. This is somewhat
counter-intuitive as one would expect the phase lag in the director to be present
at the lower plate. It is also worth noting that since B is dependent on the
amplitude «, it follows that the director profile at the boundaries is also strongly

dependent on this amplitude.

5.2.2.2 Discussion

To gain some insight into the complex structure discussed in Section 5.2.2.1,
consider the special case when the constants in equations (5.118) and (5.119) are

set to unity. Hence we have

Vi,22 — V1 + e,zt = 07 (5172)
Q,zzz - Q,tz — Vlzz = 07 (5173)

with the latter equation being the z-derivative of (5.119). Adding equations
(5.172) and (5.173) yields the single equation
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Vit = ‘97222. (5174)

If we now consider the solutions given by (5.145) and (5.146) and substitute these

solutions into equation (5.174), we obtain

2d » 2 241\ 3 2
e e o (4 )] 0 () o (),

(5.175)

For equation (5.175) to be consistent, we require cos(qz) = 0 which, as we have
seen previously, cannot be true due to the way we have defined the constant
A. This basic analysis of the solutions shows that the ansatz chosen are giving
solutions that lead to an inconsistency. This seems to indicate that the generalised
separation of variables technique may be inappropriate to this particular coupled

system.

5.2.2.3 Homogeneous Boundary Conditions

In Section 5.2.2.1, we found a partial solution for this problem but we would like
a complete solution valid for all parameter values. There is one final option to
make this method tractable for the system of differential equations. For the first
solution we obtained using this method, problems arose with the separation of the
real and imaginary parts of the solution. The imaginary constants in solutions
(5.145) and (5.146) are induced due to the imaginary boundary condition at z = d
for the velocity. In Section 5.1 we used the generalised separation of variables
method to obtain exact, correct solutions for a backflow problem in nematics. In
that case we dealt with zero boundary conditions and since the difficulties are
arising in the problem with the implementation of the boundary conditions, we
try to overcome the difficulties by taking the original problem and transforming

to a problem with homogeneous boundary conditions. First we set
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(z,t) = v1(z,t) + % aw sin(wt), (5.176)

then equations (5.118) and (5.119) become

X R paw?
mi . — pug + Te,zt +z

cos(wt) = 0, (5.177)
KO, — )0, — i, + % sin(wt) = 0. (5.178)
Working through the process as detailed above, first by setting 0(z,t) = 1(2)¢1 (t)+

x1(t) and u(z,t) = wa(2)12(t) + x2(t), then formulating and solving the bilinear

equations similar to (5.75), we arrive at the following system of equations to solve,

Mm@y = —A1p — AsTr + Asz, (5.179)

—ppa = —Aup — AsTr + Agz, (5.180)

Ky = A7 — AgT¢), (5.181)

—Ap = Ag — ArTh, (5.182)

X2 = — A1y — Antly, (5.183)

Wy = —Asthy — Asify, (5.184)

;2 cos(wt) = —Agzthy — Agths, (5.185)
—AX1 + mTw = —Anpy — Agty, (5.186)
Wy = —Agthy — Aty (5.187)

Following similar techniques to the previous examples, these equations have so-

lutions
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5.188
5.189
5.190

@1 = c1biby cos(y/brz) + cabybysin(/byz) + bez — b, ( )
Yy = (1 sinﬁ/bjz) + e cos(\/az) + byz — b3, ( )
wl = Aj cos(wt) + Agsin(wt) + Aze "™, ( )
(5.191)
(5.192)
(5.193)

= Ay cos(wt) + Agsin(wt) + cze " 5.191
= Agcos(wt) + A7 sin(wt) + Age " + b15%t + ¢y, 5.192
= Agcos(wt) + Ajgsin(wt) + Aye” " 4 cs, 5.193

where the A; are dependent on constants of integration and material parameters.

Using the boundary condition 6(0,¢) = 7 implies ¢, = b15 = 5 and enables us to

write

A@ = —(Clb1b4 - b5>A1, (5194)
A7 = —(Clblb4 — b5>A2, (5195)
Ag = —(Clblb4 — b5>A3, (5196)

and the boundary condition @(0,¢) = 0 implies

Ag == _(Cl - b3)A4, (5197)
AlO == _<Cl - b3)A5, (5198)
AH = —<01 - bg)Cg, (5199)

and c¢; = 0. Applying these constraints allows us to write the original solutions

as
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vi(z,t) = cos(\/az) + ¢y sin(\/az) + byz — cl]

X | Aq cos(wt) + As sin(wt) + Cg€_b7t:| - g aw sin(wt), (5.200)

0(z,t) =|c1biby cos(\/az) + Ccobyby sin(\/az) + bgz — 016164}

X | Aj cos(wt) + Ay sin(wt) + A36b7t:| + g, (5.201)

where

o bngéu)Q(b7b10 — bg)

4 ), (5.202)

A, — bgpzc;;%bfgwﬂ;)blo)’ (5.203)
B B 2 _ 2

4, Cabd(by blob7zlb7(l;bfi3j)w by — ey (5.204)

4 _%, (5.205)

4y _%‘ (5.206)

Inserting vy(z,t) and 6(z,t) from (5.200) and (5.201) into governing equation
(5.118) yields the twelve constraints
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2
by Asw — O% 0, 5.207
pb203b7 :0, 5.208
pbyAgw =0, 5.209

—merbi Ay — per Asw + 702523/25414200 =0,
—n1c1bics + peiesbr — TCQb?/Qb4A3b7 =0,
—m b As + per Ayw — TCgbi’/Qb4A1w =0,
—1Mcobi Ay — peg Asw — Tclbi’/Qb4A2w =0,
pcrAsw + Thg Asw =0,
—n1C2bic3 + peacsbr + Tclbi’/264A3b7 =0,
pcresby + Tbg Asbr =0,
—nic2bi As + pea Ayw + 7015?/25414100 =0,
pcrAgw + Tbg Ayw =0.

From condition (5.207), we require byA; = aw/d, and since we are dealing with
a non-zero amplitude and frequency this implies that by # 0 and A; # 0. From
condition (5.208) we have that either by = 0 or ¢3 = 0, but from condition (5.207)
we know by is non-zero, hence ¢z = 0. Similarly from condition (5.208) we have
bpAy = 0, and hence A, = 0. For condition (5.216) to be satisfied we require
Tbeb7 A3 = 0. Since we are diving by b7 in (5.204), we require it to be non-zero,
which implies that b = 0 or A3 = 0. Similarly, from (5.218) we obtain the
condition bg = 0 or A; = 0. If we assume that bg = 0 to fulfil both of these
requirements, then condition (5.214) implies ¢; = 0 (since we have A5 non-zero),
and condition (5.213) further implies that co = 0 (again since A5 # 0). If we follow
this line of reasoning from the condition that bg = 0, then we have to set each of
the main constants, ¢; and co, in the z-dependent part of the solutions to be zero.
This in itself may not be a big issue, however, if weset ¢y = co =c3=bs = A4 =0

in solutions (5.200) and (5.201), we arrive at the solutions
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v1(2,t) = by Asz sinwt — %z sin wt, (5.219)

0(z,t) =

e

(5.220)

However, from condition (5.207) we found that by A5 = aw/d, and so vy(z,t) = 0.
So we have again recovered the zero solution for the velocity. If we now return
to conditions (5.216) and (5.218) and assume that bg is non-zero, then we have
that A; = A3 = 0. In this case, substituting A; = A3 = 0 into condition (5.210)
yields ¢; = 0, and condition (5.217) returns ¢ = 0 or by = 0. Since by is key
to the behaviour of the sinusoidal terms we require it to be non-zero. Hence we
again arrive at the requirement ¢; = co = 0. By substituting these conditions

into (5.200), we obtain the equation

2

{— p<b2A5w - %) cos(wt) + pwbe Ay sin(wt) | z + Twbg Ay cos(wt) = 0,

(5.221)

which must be true for all ¢, and so we require A, = Ay = 0. Setting ¢; = ¢p =
c3 =bg = Ay = Ay = 0 in solutions (5.200) and (5.201) returns the same results
as (5.219) and (5.220).

5.2.3 Conclusions and Discussion

In this chapter we have found it very difficult to obtain exact solutions to the
equations governing shear flow in a SmC liquid crystal. Asymptotic solutions
were already known for this geometry [33], but we had hoped to obtain full solu-
tions. Since the generalised separation of variables technique solved the nematic
backflow equations, we were confident that it would also be appropriate for the
SmC problem. Unfortunately we were only able to obtain partial results. We
note here that in Appendix A, we solved the classical fluid mechanics problems
using two different methods. However, in the case of the SmC equations, only

Method Two is detailed in Section 5.2.2. This is because the algebra involved
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with Method One becomes intractable after only one iteration of the method,

and the differential equations become more complex as we proceed.

We can see from Appendix A that the generalised separation of variables tech-
nique works perfectly in two of the classical cases, and even in the case of the
backflow equations in nematics we can find exact solutions. In the nematic equa-
tions considered in Section 5.1, we were dealing with homogeneous boundary
conditions which made the computations more tractable. When we tried to im-
plement the same method for the SmC equations in Section 5.2.2 we ran into
various difficulties, with the problem appearing to be founded in the non-zero
boundary condition. However, the method worked when applied to the classi-
cal oscillating boundary problem in Appendix A, and even when we transformed
the equations to have homogeneous boundary conditions, we encountered more
problems. To investigate the nature of the solutions further we will look at the so-
lutions given by (5.140) and (5.139) for the inhomogeneous boundary conditions
and solutions (5.200) and (5.201) for the transformed problem.

For a qualitative discussion on the results, we set all the constants in the prob-
lem to unity and plot the solutions for various fixed values of z over the time
interval 0 to 47/w (twice the period). Clearly, we can see from Figure 5.4 and
Figure 5.5 that the solutions are acting in a way that we would expect. They
are periodic in time, with the highest velocity close to the moving boundary, and
the amplitude of the velocity decaying with distance from the boundary. These
graphs by no means prove that the general solution to the problem is correct, but
it certainly is of the anticipated form. It is interesting that the solution is of the
expected form but we have been unable to satisfy the governing equations with

the rigorously correct restrictions on the constants.
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Figure 5.4: Qualitative SmC solutions for (a) the velocity from (5.140) and (b)
for the director profile from (5.139), with all constants set to unity.
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Figure 5.5: Qualitative SmC solutions for (a) the velocity from (5.200) and (b)
for the director profile from (5.201), with all constants set to unity.



Chapter 6

The Pumping Phenomenon in a
Smectic C* Liquid Crystal

Experiments have shown that in the case of an electric field applied to bookshelf
aligned smectic C* liquid crystals a pumping phenomenon can be seen. This
occurs when one plate is fixed with the other free to move in small amounts;
the electric field is instantly reversed to reveal a ‘pumping’ effect. This pumping
phenomenon was shown experimentally in Jakli et al. [18], and Jékli and Saupe
[19], and was investigated theoretically by Stewart [52]. Stewart’s theoretical
work neglected the effect of elasticity, hence in Section 6.1 we first extend the
work carried out by Stewart to include a term dealing with the elasticity of the
SmC* liquid crystal. Then in Section 6.2 we look at a different but related problem

where one plate is fixed and the other has the freedom to move.

6.1 Pumping Phenomenon Adapted to Include
Elastic Effects

To derive the governing equations of this system we will require the equations
for the balance of linear and angular momentum for SmC* liquid crystals given,

respectively, by [49, 52]

135
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Figure 6.1: (a) A sample of bookshelf aligned SmC* liquid crystal where the
short, bold lines represent the angle of the director, and (b) a schematic view
of the structure of the director n, the unit layer normal a, the vector ¢ and the
spontaneous polarisation P.

pv; = pF; — pi + Ghan; + Gicki + Gpari + GiCri + gij,ja (6.1)
ow ow
< ) — + g + G5 + 1¢; + pa; = 0, (6.2)
802-,3- g 802-

where F; is the external body force per unit mass, g and g; are dynamic con-
tributions, p is the pressure and t~z~j is the viscous stress tensor. In general, the
pressure term is given by p = p+w, where w is the energy density. In the paper by
Stewart [52], the term p was reduced to p since the c-director was dependent only
on time, which meant that the gradients of the c-director were zero and hence
w = 0. However, in this adapted problem the director is no longer solely time
dependent and so we must take the full form of the pressure, namely p = p + w.
The term G, is used to account for the effects of the electric field and is defined
to be

v
Gy =2

where W is the potential of the electric field due to spontaneous polarisation and

is given by



CHAPTER 6 137

U =P-E. (6.4)

The dielectric contribution will be neglected because it has magnitude propor-
tional to E2, which can be ignored for small field effects. This is a common
approach in simplified problems [49, p316]. Since the electric field energy has
been considered in the Gf, term, the regular energy density, w, consists solely of
the elastic terms. From Stewart [49, Eqn. (6.13)], we take a simplified model of
the energy density to be

1 1 1
w = 531(3' V x c¢)? + iBQ(V- c)®+ éBg(C' V xc+q)?, (6.5)

where ¢q is the pitch, and we have set By = K3, By = Ky and By = K, in line
with the theory, and have neglected the other elastic terms. For this set-up we

have

= (1,0,0),

c = (0, cos ¢, sin @),

b = (0, — sin ¢, cos ¢),

E = (
= (0

R
© 0 N o

~— — ~— ~— ~—

0,0,1),
Kk (t)y, —k(t)2), (

D~~~

where ¢ = ¢(z,t), a is the unit layer normal, c is the c-director, b is a unit
vector such that b = a x ¢, E is the electric field, v is the velocity and k(t) is
the shear rate. The velocity ansatz is motivated by the review by Leslie [26],
and satisfies the incompressibility condition V-v = 0, as well as obeying the
symmetry requirements that fit with the geometrical description of the model.
For example, the flow in the y-direction is an odd function of y, which is what
you would expect if both vertical boundaries are expanded or contracted at the

same rate. For more information on the velocity ansatz, we direct the reader to
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Figure 6.2: The description of a single layer of SmC* liquid crystal (a) at ¢ = 0
where the initial height and width are represented by hy and wy, respectively, and
(b) under a field reversal at some time ¢ > 0. For the layer to maintain a fixed
volume, any increase in height must correspond to a decrease in width such that
the relation in (6.12) holds true.

Stewart [52]. The spontaneous polarisation, P, is written as a vector parallel to
the vector b such that

P = Fyb, (6.11)
where Py is taken to be positive. Let h(t) be the vertical height displacement

of the upper boundary plate from its initial height hg, and let wy be the initial

width of the sample. From Stewart [52], we have the area preserving relations

w(t) = T T (D)’ (6.12)
k(t) = —%[ho + h(t)] 1, (6.13)

which arise from an assumed incompressibility of the smectic layers such that
(wo — w(t))(ho + h(t)) = wohg. This will enable us to simplify the problem in
order to solve only for the two functions ¢(t) and h(t), then substitute back to find
the width w(t) and shear rate k(t). Now we will use the equation for the balance
of angular momentum to derive the first governing equation of the system. First,
by inserting the expressions for a and ¢ into the energy density (6.5), we obtain

the expression
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w = %(Bl sin? ¢ + B cos® gb)(%)Q, (6.14)

ignoring constant contributions to the energy. To evaluate the first terms in the

equation of angular momentum, we write them in the more compact form

. ow ow
Hi - (aci’q) B - aci7 (615)

which can be written as [49]

II° = B,V(V-c) — BV x {(a-V x ¢)a} — B3(V x {c:V x ¢} + (¢: V x ¢)(V x ¢))
= —Bl(@sinqb—i- <%)200s¢)j —i—Bg(%cosd)— <%)28in¢)k.

0z 0z 0z
(6.16)
Next, we evaluate the dynamic term, which is given by (2.51), i.e.
glc = 2(/\ng + )\502 + TlDZC-l - 7'5142'), (617)

where Ao, A5, 71 and 75 are viscosity coefficients. The quantities A and C are the

co-rotational time fluxes for a and c, respectively, and are defined to be

A = a; — Wigar, C; = ¢ — Wigey, (6.18)

where @; and ¢; are material time derivatives, D;; is the rate of strain tensor, and

Wi; is the vorticity tensor, which are given by

1 1
Dij = 5(vij + i), Wiy = 5(vig = v5)- (6.19)
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We note that for v given by (6.10), W;; = 0 for all ¢ and j. We also require the
quantities D¢ and D{ which are written as
D? = Dijaj, Df = Dijcj‘ (620)

By inserting a, ¢ and v into (6.18), (6.19) and (6.20) we obtain

D=0, D= (0,cos¢,—sin¢)k(t), (6.21)

A=0, C=(0,—sing,cos gf))%, (6.22)

and hence the dynamic contribution (6.17) can be written as

91 =0, (6.23)
0

g5 = —2()\2 cos pk(t) — A5 sin ¢a—f>, (6.24)
0

3 = —2()\2 sin Gk () — A cos %—f). (6.25)

The electric potential is defined in terms of W, where W is defined to be

v=P-E-= PO E- (a X C) = POEieijk&jcka (626)

so the electric term can be written as

ov
GZC = B = PoEEgjiCLj = P0E€312a1. (627)
Ci

From the first of the equations of angular momentum we derive the first Lagrange

multiplier to be p = 0, and from the second and third respectively we obtain
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2
-B (% sin ¢ + <g—f)2 Ccos ¢) + R —2Xgcos d k(t) + 2X5 sind)%
+71cos¢p =0,
(6.28)
By (% Cos ¢ — <%>2 sin ¢) + 2Ag8in ¢ k(t) — 2)5 cos ¢%+T sin¢g = 0.
(6.29)

We can eliminate the Lagrange multiplier 7 by multiplying equation (6.28) by
sin ¢, multiplying equation (6.29) by cos¢ then subtracting the two resulting

equations. Hence we obtain

Pdp o ) AN |
———(B;sin“ ¢ + Bycos” @) — | = | cos¢sinp(B; — By) + PyE'sin ¢
022 0z
+4Xy cos psin g (hg + h(t))” % + 25 gf 0, (6.30)

where we have simplified the expression using equation (6.13). In the case of the

one constant approximation, we set By = By = B to obtain the equation

7 — PyE'sin g — 4y cos ¢sin ¢ (hg + h(t))” C;—]Z (6.31)

8¢B

9
As ot 022

Now we consider the equation for the balance of linear momentum which is defined
to be

pU; = pFy — D + Grag, + Gicri + Grak,; + GiCri + gij,ja (6.32)

which can be written explicitly as
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Do = t1j;, (6.33)
- ~ dk
Dy =t2j5 — Py (kQ(t) + %), (6.34)
N - dk ., 0¢

f— PR p— 2 —_— pR— pR— —_
D. =13, — pz <k (1) dt) pg — PyE sin ¢0z

9¢ 9¢ . d¢
— 2)\5&5 + 4)\2]@(15) Sin d) COS d)& (635)

Now the viscous stress tensor fz-j for the SmC* phase can be written in the form

Eij = gfj + Ef;, (6.36)
where ffj and ff; are the symmetric and skew-symmetric components of the vis-
cous stress given by (2.53) and (2.54), respectively. Since we are taking the
divergence of the stress tensor and all the functions are dependent only on z and

t, we only need to calculate the terms #,3, to3 and #33. After some manipulations
we find

tis = poD13 + (11 + 75)C3 + (72 + K1) D§ + (74 + Hg)CpD;Cg, (6.37)

taz = pioDaz + M3CngczC3 + pa(Dscs + D5ca) + Ao (Cocs + Csea + Do — Dics)
+ A5(C3ey — Cacs), (6.38)

tss = poDs3 + pscp Do + 2uaD5es + 209Cse3 + 2k3a, Dics. (6.39)

Now using the values for ¢, C and D;; allows us to calculate the divergence of

the stress tensor explicitly, which is given by
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tis,. =k(t) cos d)g—f ((FG?) + 74)(cos® ¢ — 5sin® @) — Ky — 7’2)

(4 7) (cos ¢§;§t _ sin 9%%)’ (6.40)
fo3, = — 2/\2k(t)g—f(cos2 ¢ —sin® @) + Ay ((0052 ¢ — sin” ¢) aaj;’t — 4 cos ¢ sin %—f%

+ 3 ((cos2 ¢ — sin® ¢)% — 4 cos? ¢ sin’ ¢%) + )\5%, (6.41)
t33.. =3 sin ¢ cos qﬁ%k(t)@ cos® ¢ — 6sin® ¢) + 2\g(cos® ¢ — sin® ¢)%%

+ 25sin ¢ cos ¢ (AQ% — 2,u4k(t)g—f) : (6.42)

These quantities can then be substituted back into equations (6.33)-(6.35) to give
the complete balance of linear momentum equations. These equations are very
complex and are impossible to solve analytically, however, we will now aim to
find a general form for the pressure. We first write equations (6.33)-(6.35) in the

form

D= fi1(z,1), (6.43)
Py = f2(z,t) — py <k2(t) + %), (6.44)
p.= f3(z,t) — P2<k2(t) - %) — pg. (6.45)

Integrating equation (6.43) with respect to z, equation (6.44) with respect to y
and equation (6.45) with respect to z yields, respectively,

ﬁ:fl(z7t)x+gl(yaz7t)a (646)
dk

p=hle By + gale 21) — o (R0 + ). (6.47)

p= [ B0 gslay,t) — 502 (K0 — ) + ool —2) +po (6.48)

ho
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Hence we can write the pressure in the form

z

p=hzt)r+ folz,t)y + : f3(2,1)dz + pg(ho — 2) + po

—%pr <k2(t) + %) - %sz <k2(t) - %) (6.49)
It can be verified directly that the form of the pressure chosen in (6.49) solves
equations (6.43)—(6.45). However, if we consider equation (6.43) differentiated
with respect to z, and (6.45) differentiated with respect to x, then equate the
two results we find that we are led to the restriction df;/0z = 0. This implies
that the function fi(z,t) = Elg,z is independent of z, which in turn forces the
director angle ¢ to be solely dependent on time. If ¢ is independent of z then we
have collapsed back to the case considered in Stewart [52]. This is an unexpected
development which means that the extension developed in this chapter is not
tractable in its current format: this highlights the need for a more sophisticated
approach. One way of overcoming this problem is to fully extend the director
alignment to be three dimensional. Setting ¢ = ¢(z,v, z,t) allows the equations

for the balance of linear momentum to be written as

ﬁ,ft = fl(xayaz7t)a (650)
ﬁ,y = f2(37,3/,27t), (651)
ﬁ,z = f3(x7yaz7t)a (652)

for some functions fi, fo and f3, and since the functions on the right hand side are
now dependent on z, y, and z, we should not be forced into setting ¢ to be only a
function of time. The work required to obtain corresponding expressions for the
viscous stress tensor fz-j in the case of ¢ = ¢(x,y, z,t) would be extensive, and the
resulting equations for the balance of linear and angular momentum equations
would be impossible to solve without making many simplifications.

It is also possible that in this extended case, the ansatz for the velocity given

by (6.10) is no longer adequate. It is possible that by extending the director
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alignment to include space variables, we must extend the velocity profile to also be
space dependent. For our future work on the pumping phenomenon with elastic
effects, we would first extend the director angle to be fully three dimensional

before studying the applicability of the velocity ansatz in this case.

6.1.1 Discussion

In the paper by Stewart [52], the theoretical investigation into the pumping phe-
nomenon was exceptionally close to the real life effects observed during exper-
iments. The theoretical results almost coincide with the experimental results
with the only discrepancy being the magnitude of the acceleration of the upper
boundary under a field reversal. There is some discussion at the end of this pa-
per as to why this could be the case. An argument is made that the discrepancy
between the theory and experimental results is due to the fact that the elastic
terms have been neglected in the original formulation, which we have looked at
in Section 6.1. There was also the possibility that the model could be extended
by considering the case of a variable layer structure. We considered this case
but, at this moment, have found it intractable. The first problem encountered
involves the form of the c-director. In the original formulation, this quantity was
given by ¢ = (0, cos ¢, sin ¢) when dealing with a fixed layer. If we now allow the
layer normal to vary with an angle §, then the c-director will also rotate in some
way that is related to 6. Hence, the form that the c-director should take is not
obvious.

Another problem that occurs when allowing a to vary is how to satisfy the
constraint a-c = 0. One way to satisfy this constraint would be to keep the
layer normal a constant but allow the scalar function ® to vary. If we allow ¢
to vary then we need to include the permeation equation in our analysis. From

Shalaginov et al. [44], we have that the permeation equation is given by

1
J; = 0 [B<§u2$ — e) Uy — Ku@m] , (6.53)

where u(x, z,t) is the layer displacement, € is a measure of the layer strain, K is
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the bend elastic constant, d;; is the usual dirac delta, and B is a measure of layer
compression. This paper cites J; for SmA liquid crystal but close to the SmA-
SmC boundary. The reason we have cited this and not a form that deals solely
with SmC* liquid crystal is because there are no sources for the quantity J in the
literature for general SmC* equations in the Ericksen-Leslie type of formulation.
It can be seen from (6.53) that when elastic and compression effects are neglected
we get J = 0. Hence we can gain no more information that allows the possibility
for ® to vary when we neglect these two effects.

There is another possibility for allowing the expansion of the layers. Instead of
trying to find ® as an unknown of the problem we could instead build the change
in depth of the layers into the original set up. So we begin with height Ay, width
wo and depth dy, then after a time ¢ the new height, width and depth are given
by ho + h(t), wy — w(t) and dy — d(t), respectively. Then in a similar way to the

derivation of equation (2) in Stewart [52], we have

(ho + h(t)) (wo — w(t))(do — d(t)) = ho wo do, (6.54)

which can be used to eliminate one of the time dependent functions from the
problem. However, it does complicate the nature of the problem as we would
now need to derive an additional equation to solve for the extra unknown func-
tion. This complication on its own would not be too much to handle as it would
simply mean solving three coupled equations for three functions rather than two.
However, the main problem arises when we consider the velocity in this case. For

the original problem, the velocity ansatz was given by

v = (0, k(t)y, —k(t)2), (6.55)

where the velocity in the x-direction was set to be zero. In this case we are
assuming that the layers are compressing and so the velocity in the z-direction
would be non-zero. However, the velocity was chosen in such a way to satisfy the
incompressibility condition V-v = 0. Other than working with the full dynamic

equations with v to be determined, it is not obvious how to adapt the velocity in
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such a way that it keeps the main features of flow from the original problem, but
exhibits non-zero flow in the z-direction while still satisfying the incompressibility
condition. Dealing with the full dynamic equations is a very difficult approach

that would normally require numerical methods.

6.2 Dewetting of an Isotropic Fluid Between Two

Parallel Separating Plates

Now we consider a different but related problem. In the previous section we
looked at the effect of an electric field on a liquid crystal sample without being
fully able to solve the problem. From Stewart [52], we know that when an electric
field is applied, the top plate moves away from the bottom plate in a pumping
fashion. We have searched in the literature and have found it extremely difficult
to find previous work that helps us to better understand this problem and adjust
our approach appropriately to solve the problem in Section 6.1. However, we
did find a research paper [57] that deals with the behaviour of a fluid between
two parallel plates that are then separated. We now consider this problem and

attempt to adapt it to our frame of reference.

6.2.1 Fluid Adhesive Strip

We consider the case of a general viscous adhesive film between two parallel
plates, one stationary and one that is free to move. There is a weight F' attached
to the bottom plate and the instantaneous distance between the two plates is
denoted by h(t). In Section 6.1, we made use of the fact that the surface area
of the smectic layer was constant, but in this case we have a volume conserving

ratio given by

‘/0 = a(t)h(t) == aoho, (656)

where a(t) is the instantaneous area of the film. In the paper by Thamida et al.

[57], Darcy’s Law is used to set up the problem then the governing equations in
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h(t)> Liquid
— z=0

Figure 6.3: Geometrical set-up of a general viscous adhesive film between two
parallel plates initially a distance hg apart. The top plate at z = hyq is fixed while
the bottom plate is free to move. There is a weight F' attached to the bottom
plate and the instantaneous distance between the two plates is denoted by h(t).

the mathematical discussion are stated without any derivation. Here, we neglect
Darcy’s Law and instead derive the governing equations from the full Navier-
Stokes equations. The Navier-Stokes equations for an incompressible isotropic

Newtonian fluid are given by [2]

1
((;—;1 + (u.V)u= —;Vp +vViu + g, (6.57)

V.u=0, (6.58)

where v is the kinematic viscosity, p is the density of the fluid, V? is the Laplacian
operator, g is the gravitational term and p = p(z,y, z,t) is the pressure. To
use the same notation as the original paper by Thaminda et al. [57], we set
the velocity to be u(x,y, z,t) = (u,v,w). For this problem, the left hand side
of (6.57) is assumed to be zero and the term involving gravity is neglected to

simplify these equations to
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1
—;Vp +V2u=0, (6.59)

which are known as the Stokes equations. Due to the geometry of the problem,
it is clear that the length scale in the z-direction is much shorter than in the x
and y directions, which in turn makes the second derivative with respect to z
much larger than the other two second derivatives. Hence, taking the thin film

approximation reduces equations (6.59) to the simpler form

0= —ps+ s, (6.60)
0= —py+ pv., (6.61)
0=—p., (6.62)

where p is the dynamic viscosity and is given by u = vp. Equation (6.62) involves
only a pressure term because the velocity perpendicular to the plane is negligible

and so the w . term can be omitted. Next we define [10]

1 [t

ﬂ:—/ udz, (6.63)
h Jo
1 [t

T):—/ vdz, (6.64)
h Jo
1 [h

w:—/ wdz. (6.65)
h Jo

The governing equations for the system are given by (6.58) and (6.60)-(6.62), and

we have the kinematic condition at the free surface given by [2]

Oh Oh Oh

§+u8_x+va_y =w, at z=h(t), (6.66)

which can be simplified to w = h; on z = h since h is a function of time only.

We also have the boundary conditions u = v = w = 0 on 2z = 0 and z = h.
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Integrating equation (6.60) twice with respect to z gives

w=—L2(hy 22, (6.67)

then substituting for the quantity u yields

(6.68)

=h

2 3., 124

and, similarly, integrating equation (6.61) twice with respect to z and then sub-

stituting for v gives

2
0= —pl’yZh . (6.69)
1

By considering the quantities (6.63)-(6.65) we observe that

@_‘_@_‘_@—g l/hd _‘_2 l/hd _|_2 l/h d
oxr 0Oy 8y_xh0uz 8yhovz 8zh0wz

=0, (6.70)

which shows that if u satisfies the continuity equation, then @ also satisfies this

equation. Also, we can write

@—g l/hwdz
0z  0z\hJ,

1 (" ow

= — —d
h J, Oz :
1

= —w\z_h, (671)
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which, when combined with kinematic condition (6.66), leads to

ow 10h
oo 72
0z hot (6.72)
Now, inserting (6.68), (6.69) and (6.72) into (6.70) yields
_<p,xh2) B (p,yh2) L Ldh (6.73)
124 / o 12u/y hdt ‘

From the conservation of volume principle, we can write h(t) = aghg/a(t) and so
(6.73) simplifies to

p  Pp  12u da

gp_ P _ o %0 6.74
oz  Oy? azh? Car (6.74)

which provides the governing equation of the system. We also observe that the

pressure is constrained by the equation

/ pdx dy = —F, (6.75)
Q)

where () is the time dependent surface area domain of the film. This means
that the net force of separation of the plates is a constant at any given time.
Now we aim to solve equation (6.74) for the pressure p(z,y,t), which we will
then substitute into (6.75) to find an expression for the area. In Thaminda et al.
[57], the problem is solved using polar coordinates, but since we are looking to
extend this work to include liquid crystals we will solve the problem in cartesian

coordinates. We consider the domain to be of the form

Q(t) = {(‘I?y) 0<z < wc(t)vo <y< wc(t)}7 (676)
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where we have taken €(t) to be a perfect square and will assume that the domain
in the x and y directions changes at the same rate. Now we solve the problem by

seeking a Navier-type solution [58].

6.2.2 Navier-type Solution

First we consider equation (6.74) and write

122:2 da _ Z ngn sin (w_”f) sin (”gcy), (6.77)

m=1 n=1
where
We  [te 12 d
By (t) = / ag :2 X sin (”ZT‘”) sin <”£y> dzdy
48,u 1 — (=)™ (1 - (—1)”) da
= —. 6.78
7T2a(2)h0mn “at (6:78)

Now, the pressure can also be written in the form

p(z,y,t) Z Z Apn(t) sin (nzrx) sin (n;y)} (6.79)

m=1 n=1

which is then substituted, along with B,,,(t), into equation (6.74) to return

Pl

) (50) F )+ B0 s ("7 ) i (%22) =
(6.80)

Since sin(mnz/w.) and sin(nmy/w.) are a complete orthogonal set of functions

[23], we can set the bracketed term to zero to obtain the relation
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an(t)(wc)Q
Apn(t) = — L 6.81
() = - (6:31)
Hence we can write the pressure as
* X an(t)(%)2 . /mmTN . /nmy
p(x,y,t) :le;——(mQ—an) SlIl< w. >SlIl <w—c)
2\ = 48pw?a fg(l—(—l)m)(l—(—l)”) . /mmxT\ . /nTy
Sy U (e ()
oot azhimn(m? + n?) W, We
(6.82)

We have that the area is given in terms of width by the relation a(t) = w?(t),
and so substituting this, as well as the pressure p(zx,y,t), into (6.75) yields

= [ s e I s (M i

m=1 n=1

96pwy (1 — (=1)™)*(1 = (=1)")”
= Z Z W4 2h2 . (6.83)

smn(m? + n?)

ngy) dxdy

[

m=1 n=1

Now we write

F= Z Z Conn Sin (7717;:16) sin (n;y)} (6.84)

m=1n=1

where

Con = / F'sin mﬂx) sin <mry)dxdy
We

_ ﬁ‘F <1 (™)1 - (—1)), (6.85)

memn
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Figure 6.4: The first mode approximation of a fluid adhesive strip in a square
domain showing (a) the width w.(t) of the fluid, and (b) the instantaneous sep-
aration of the plates h(t).

for F' independent of x and y. Substituting (6.84) into (6.83) yields

- (96pwi(1 = (=1)™M>P(1 = (=1)")*  4F
Z Z ( 7T4agh2mn(m2 + n?) + 7T2mn(1 - (=" )

m=1 n=1
% sin (m7m> . <TL’/Ty> 0
We

(6.86)

and hence setting the bracketed term to be zero produces a differential equation

for w.(t), namely

N Fr?alh2mn(m? + n?)
well) g = T (—Dm) = (1) (6:587)

Separating the variables in equation (6.87) and then integrating gives the solution

Fr2a2himn(m? +n?) ]"°

2Ap(l— (—™(1 = (—0m)]

and since we know the area in terms of the width we can write

WC(t) = wg -

(6.88)
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3 Fr2aihimn(m? + n?) 1/

0T 21— ()™ (1 = (1))

a.(t) = (6.89)
When analysing these solutions, we find that the first mode approximation to the
solutions is quite accurate and is in line with the solution found in the case of
radial coordinates [57]. However, on closer inspection we see that as m and n are
increased the solution diverges. Clearly this is not correctly capturing the nature
of the solutions since, for large enough m and n, we will attain instantaneous
separation of the plates. The explanation for this could be in the type of solution
chosen. We set the pressure to be a double Fourier series in x and y but this
might not be completely appropriate. The ‘true’ solution could be something
approximating a Fourier Series, but not a true series. Take for example the case
of the Freedericksz transition. In Stewart [49], we see that the full solution is
given by an Elliptic Integral but this solution can be closely approximated by
sin(x) to the first degree. However, if one attempts to approximate to a higher
degree in a series of sinusoidal terms then the solution becomes inaccurate. It is
possible that something similar is happening in this case, but a more intricate
analysis would have to be carried out to make firm conclusions.

The solution obtained in (6.88) is accurate in the first mode approximation but
we would like to have a full, complete solution. Given this impasse to a basic

series solution, we proceed to solve the problem using Green’s functions.

6.2.3 Green’s Function Solution

It can be shown that [41] the general Poisson equation

Viw + ®(z) = 0, (6.90)

with the condition that w = 0 on the boundaries x = 0, and y = 0,3, has a

solution given by
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o« 8
w(z,y) = / / B(€, )Gy, £,1m) di dE. (6.91)
where
2 & sin(p,x) sin(p,€)
G = — Hn s ') :
(2, y,€.m) &; o s (o) (y,7) (6.92)

sinh(p,n) sinh[p, (8 —y)], 0<n<y <3,
sinh(p,y) sinh[p, (8 —1)], 0<y<n < B,

and p, = “F. For simplicity, and due to the nature of the problem to be solved

H,(y,n) = { (6.93)

here, we set ®(£,n) = 1. Now, since the function H,(y,n) is split up depending
on where 7 is in relation to (a fixed) y, we have to split the integral dependent

on 7. Hence the second integral in (6.91) becomes

B Y B
/ Gdn = / G dn+ / G*dn, (6.94)
0 0 Y

where G~ is the Green’s function dependent on H, , i.e. the function in the

region 0 < n <y < f, and G* is the function dependent on H,, i.e. in the

region 0 <y < n < 5. Now we consider each of the integrals in (6.94) separately.

First we have

/Oy G dn = 2 /Oy S:l i n:;hSH;T;‘g) sinh (?) sinh <r;7r (B — y)>d7]
= g 2asin (nm) g%é) [cosh <ﬂ) — 1} sinh <%(ﬁ — y)),

n?7? sinh ( ) o

(6.95)

and similarly
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smh

/ GTdn / Z sm "7”” — f) sinh (%) sinh <%r(ﬂ — n))dn

D) Qaz;jzgjﬁf) e (5500 ) - )i (732).

) (6.96)

Hence we can write

(z,y) / Z QQZIQI;Q:BI?: ,(g) ) [{ cosh <n§(5 - y)) — 1} sinh <%)
o (2) - oo (- )
(6.97)

which, after performing the integration over &, becomes

nmwx

ot =3 O () -1 (2

(6]
n=1

#{cost (M22) = s ("5 - )|,

(6.98)

This is the working for the general case but it is easy to adapt it for our problem

in which we have to solve the equation

12u da

2
VPt ety

=0, (6.99)

in the domain 0 < z < w,(t), 0 < y < w.(t). Mapping from the general solution

we have



CHAPTER 6 158

12p da
O(x,y,t) = T GE’

a =0 =w.t), (6.101)

(6.100)

and so equation (6.99) has a solution given by

we(t)  rwe® 19, dq
et = [ [ el oy g dn i

12,u da Z w(1 - (=1)") <in (mrw)

2hQ dt n373 sinh(n) W,
o {oosh (2 =) — 1} sinn (2

+ { cosh ("Zy) - 1} sinh (”—”(wc - y))] . (6.102)

Cc wC

Now substituting this expression for the pressure into (6.75) yields

—F:/ p dxdy
Q(t)

:12“w3(t)adai =D ),

ath dt n33 sinh(n)

(6.103)

where I1(n) is the integral given by

= [ s () ot (B ) 1o ()
0 0 c c c
—l—{ cosh (n;y) - 1} sinh <%(wc - y))} dxdy

= —(1—(=1)")[—1+2e"" — "™ + nmwe" sinh(nr)]e ", (6.104)
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Now we set a(t) = w?(t) and substitute this, along with I;(n), into equation
(6.103) to obtain the differential equation

24/,6 7 dwc
" - _F 1
23 e ’ (6:109)
where
o  _nr 1—(=1)" 2
g _ Z e ( ( ) ) [26”” _ €2n7r — 14 nre™™ Sinh(n’/T)]' (6106)

n®7 sinh(n)

Separating the variables in (6.105) and integrating yields

F&2h2
7 00
=— | = 1
/wc dw, S 24 dt, (6.107)

which can be integrated to obtain the solution

292 0
(.8 aghg 1/8
we(t) = (wo 305 t) : (6.108)

This solution does not encounter the intrinsic methodological problems that the
previous one did. As m and n are increased, the solution tends to a steady state
and we do not encounter the problem of the plates separating at an instantaneous
time. We can, however, find the critical time at which the solution breaks down,
i.e. at the point where the plates separate, by setting w.(tf) = 0 which gives the

separation time to be

b 6pSw
T 2niF

(6.109)

The separation time found by Thaminda et al. [57] is defined to be
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N 3murg
i ) 6.110
4 8Fh2 (6.110)
Using the parameters stated in Thaminda et al. [57], we set
ro=6cm, hy=022mm, F=137N, pu=0.8Nsm 2, (6.111)

and so the separation time found in this chapter is t; = 0.00024 and the separation
time found by Thaminda et al. is fjl = 0.00021, with both times given to five
decimal places. We believe that the small discrepency in the time is due to the
summation involved in the separation time in this thesis. The terms in (6.106)
should be summed to infinity, but we have taken an approximation of ten terms.
Including more terms in the summation should bring the two separation times

closer together.

In the paper by Thaminda et al. [57], the authors then proceeded to numerically
simulate the phenomenon of the separating plates with an emphasis on looking at
the fractal patterns produced by the fluid adhesive strip. Their main focus was
then the consequent ‘shielding time’ and ‘shielding distance’ associated with the
receding fractal fingers, properties that are highly dependent upon many material
and numerical values. These authors also obtained a theoretical estimate for the
cumulative node number density, which is the number of nodes within a radius
r divided by the total number of nodes, where a node is defined to be the point
at which a finger stops and others continue to expand. Although this part of
the work is interesting and adds an extra dimension to the purely analytical
solution, it is outwith the scope of this thesis, so we mention it here briefly just

for completeness.

6.3 The Liquid Crystal Problem

We can now extend the work done in the previous section to the case of a liquid

crystal. The general set up is the same, except that the viscous stress tensor
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now takes a more complicated form. For the case of an isotropic liquid, equation

(6.59) can be written in the alternative form

—pi+ti; =0, (6.112)

where fij = (v +v;,), p=p+ w and w is an energy density. In the case of a

SmC* liquid crystal, the stress tensor is given by

Eij == EZSJ + i’gs

ij

(6.113)

where ffj and ffj are the symmetric and skew-symmetric parts of the stress tensor,

respectively. The stress tensor we will work with is given by

Efj = poDij + pa(Djcj + Djci) + Aa(Cics + Cjey), (6.114)
t;; = a(Djei — Dicj) + As(Ciei — Cicy). (6.115)

This is not the full stress tensor, which can be found in (2.53) and (2.54), but
in order to make the computations manageable we suppose the problem to be
dependent on only four key viscosities, instead of the full twenty. These key
viscosities have been selected as being physically important; their selection is
based upon known results from other model problems in the SmC* literature [49].
The viscosities we select are pg, A2, A5 and 4. The first viscosity, g, is related
to the usual Newtonian isotropic viscosity, A; is the SmC rotational viscosity
related to the c-director, and Ay and pu4 are two viscosities closely related via
standard inequalities that arise from the positivity of the dissipation function.
The three viscosities Ay, A5 and 4, are all nematic-like in their behaviour. For
more information on these viscosities we direct the reader to Stewart [49]. In this

set-up we have that the unit normal and c-director are given by
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c = (0, cos ¢, sin @), (6.116)
a=(1,0,0), (6.117)

where ¢ = ¢(z), and the velocity is given by u(z,y, z,t) = (u,v,w). We again
make use of the quantities defined in equations (6.18), (6.19) and (6.20), so in-

serting a, ¢ and v into these quantities yields the rate of strain tensor

ou ov ow
Dy = £ Dy = 3y D33 5 (6.118)
1/0u Ov
Dy = Dy = 3 <a_y + %>, (6.119)
1/0u  Ow
D3 =Dy = 3 (5 + %), (6.120)
1/0v  Ow
Dz = Dy = 5 <$ + a_y)’ (6.121)
the vorticity tensor
W11 = WQQ = W33 = 0, (6122)
1/0u 0Ov
Wip = =Wy §<8_y — %), (6.123)
1/0u  Ow
Wig = =Wy B <@ - %> (6.124)
1/0v  Ow
Wi = —Wa3 = 5(@ - a—y), (6.125)
the co-rotational time flux for a
A =0, (6.126)
ou Ov
Ay = - — — — 12
2 <8y 0:15)’ (6.127)

Ay = <% - %), (6.128)
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the co-rotational time flux for ¢

1(//0u Ov Ju Ow\ .
Ol = —5 ((a_y — %> COSQb + <$ - %> S1H¢), (6129)
1/0v  Owy .
CQ = —§<% — a—y) SIHQS7 (6130)
1/0v Ow

and the quantities D{ and DY

e (e 00 e o) o132
DC:%<<2—2+%> cos ¢ + <%+g—:> sin ¢,
Qg—Zcosqﬁ—i— <%+Z—Z) sin ¢,

22—2" sin ¢ + (%+2—Z> cos¢). (6.133)

After extensive manipulations, we find the individual components of the diver-

gence of the symmetric part of the stress tensor to be the following:



CHAPTER 6 164

t31 2 = Hollza, (6.134)

- 1 1
tém = §U,$y (,uo + (pta — A2) cos? ¢) + §U,$$ (,uo + (g + A2) cos® ¢)

+ %u,m(/m — A\y) cos ¢ sin ¢ + %w,m(/m + A2) cos ¢ sin ¢, (6.135)
fgl,x = %uw (,uo + (pg + A2) sin? ¢) + %w,m (,uo + (pg — o) gin? ¢)
+ %vm(/m — A\g) cos ¢ sin ¢ + %u,xy(/u + A2) cos ¢ sin ¢, (6.136)
ﬁly = %uvyy (o + (pa — A2) cos® @) + %’U,xy (110 + (pa + A2) cos® ¢)
- %u,yz(/m — A\p) cos ¢ sin ¢ + %w,ggy(/izl + A\g) cos ¢ sin ¢, (6.137)
£,y = Vyy (o — 114 cOS” @) + v,y (ta — A2) OS P Sin @ + w 4y (14 + X2) cOs P sin @,
(6.138)

£,y = Vyyhta COS GSIN G + W .14 si0 G(COS G + sin @)

1 ) 1 .
+ éw,yy (uo + ptg — Ag(cos® ¢ — sin® ¢)) + ivw (uo + gy + Ag(cos® ¢ — sin® qS)),
(6.139)

. 1 . d 1 . d
tis, = §u7y(u4 — \2)(cos® ¢ — sin® ¢)d_(§ + 51)756(/14 + X2)(cos? ¢ — sin? ¢)d—(§

d d 1
+ . (pg — o) cos ¢ sin ¢d_i) + w4 (pa + A2) cos ¢ sin ¢d_i) + gt (uo + (f4 — Ag) sin? ¢)

1 1 1
+ S Wy (uo + (g + Ag) sin? ¢) + §u,yz(u4 — A2) cos ¢ sin ¢ + §v,m(,u4 + A2) cos ¢ sin @,
(6.140)
do

155, = U yylia COS P SIN G ~+ W 2414 COS P SIN ) + v, p14(cos® ¢ — sin’ gf))@

+ W, p14(cos® ¢ — sin? gb)% — 20, A3 COS ¢ sin gf)% + 2w , A3 cos ¢ sin gb%

1 .
+ v2s (pto + (s — A2) sin® ¢ + (pa + Ao) cos® ¢)

2
1 .
e (o + (i + ) sin? 6+ (= o) cos? ), (6.141)
N d d
o = v+ 22) 005" 6 —sin? 6) 57 4 s — 2 (cos” 6 — sin? 6) 7

d
+ 2w /14 cOS ¢ Sin ¢d—¢ + w . (1o + 2414 sin? })
z

+ V.. (fa + A2) cos psin ¢ + w . (g — A2) cos ¢ sin ¢. (6.142)



CHAPTER 6 165

We also have that the components of the divergence of the skew-symmetric part

of the stress tensor are given by

i =, = . =0 (6.143)

5, = %v,m()\g + \s) cos® ¢ + %u@y()\g — Xs) cos® ¢ + %U,xz()\Q — A5) cos ¢ sin ¢
+ %w,m(/\g + Xs) cos ¢ sin ¢, (6.144)

E:Sﬁx = %www()\Q + As) sin® ¢ + %U,m()a — As)sin” ¢ + %U/@y()\g — A5) cos ¢ sin ¢
+ %vm()\g + A5) cos ¢ sin ¢, (6.145)

- 1 1 1 .
t35, = iu’yy(/\5 — \g) cos® ¢ — §U’$y(/\5 + Ag) cos?® ¢ + §u’yz(/\5 — A\g) cos ¢ sin ¢

1
— §w’xy()\5 + A2) cos ¢ sin ¢, (6.146)
- 1
tg;ﬂy = Uy A2 COS P SIN @ — W, Ag cOS Psin @ + évﬁyz (/\2 (sin2 ¢ — cos? o) — /\5)
1
+ 5 W (A2(sin? ¢ — cos® @) + As), (6.147)

N 1 1 1
t13, = §u7yz(/\5 — Xg) cos psin ¢ — 51)71,3,()\5 + A\o) cos ¢ sin ¢ + §u,zz(/\5 — \g)sin? ¢

- %w,m(A5 + Ag) sin? ¢ + %u,y(Ag, — A\2)(cos? ¢ — sin® ¢)%
- 1v (A5 + A2)(cos® ¢ — sin® qﬁ)@ +u(As — A )(cos¢sin¢)@
9 ,z\\5 2 dz ,2\\b 2 dz
— w4 (A5 + A2)(cos ¢ sin qﬁ)%, (6.148)

. d d d
£55 . = vyAa(sin® ¢ — cos® ¢)d_f — w Ay (sin® ¢ — cos? ¢)d_(j — 20, A9 cOS ¢ sin ¢d_f

d
— 2w 4 Ay cos ¢ sin qﬁd—d) + W ;A9 COS PSIN P — vy, A9 COS P sin ¢
z

1 1
+ 502 ()\g(cos2 ¢ — sin® ¢) + )\5) + 51073,3(/\2(0052 ¢ — sin? ¢) — )\5).

(6.149)

Clearly, if we insert the above evaluated stress tensor into governing equations
(6.112) we obtain a very complex nonlinear system. Even though we simplified

the problem by including only four viscosities, it is still impossible to analytically
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solve the equations in their present form. Hence we simplify further by including
only the first and second derivatives in z. This is a reasonable and justifiable
thing to do since the z-direction is much smaller than the other two directions
and so the z derivatives will be much larger. So, if we include only the terms

. . 2 . . . .
involving % and %, we obtain the simplified expressions

tiie =ty =131, =0, (6.150)
tiay = toy = 2 = 0, (6.151)
~ ., do 1 . 9
t13,, = U, COS ¢ sin ¢E(u4 + A5 —2Xo) + §u,zz (uo + (pa + A5 — 2X9) sin ¢),
(6.152)
~ d d
o3 = W Ao (cos® ¢ — sin® ¢)d—¢ + w ., Ao cOs ¢ sin g — 4v Ay cos ¢ sin ¢d—¢
2 z
1
+ Ve (10 + A5 + (14 — 200) sin® ¢ + (14 + 2X9) cos® ¢), (6.153)

- d d
t33,, = 2W . [14 COS ¢ Sin qbd—i) + w .. (po + 2444 sin? o)+ v (g + )\2)(cos2 ¢ — sin? ¢)d_(j

+ v, (s + A2) cos ¢ sin ¢. (6.154)

The governing equations in (6.112) can now be written explicitly as

—Po+tiz. =0, (6.155)
_ﬁ,y + t~23,z - 07 (6156)
—P.+ 133, =0, (6.157)

with the #;3. as shown in (6.152)-(6.154). Even with the further simplified terms,
this an extremely difficult system of equations to solve. As a first approach,
and to compare with the case of an isotropic fluid adhesive strip, we linearise
equations (6.155)-(6.157) in ¢ but not in the velocity. We also exclude the terms
involving derivatives in w since the velocity in the z-direction is anticipated to
be negligible. Hence, linearising the stress tensor in ¢ produces the governing

equations
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10%u
—Pa + = p1g =0, 1
Pat 555k 0 (6.158)
_ 10%
Doy + 57 (Mot pta + A5+ 2)0) =0, (6.159)
ovdp v
—D.2 )| =——+ =5¢| =0. 1
P+ (pa + 2)[82 T 8224 0 (6.160)
We can write equations (6.158) and (6.159) in the more compact form
Pu 2
gu_ 25 6.161
92~ b (6.161)
Pv 2
5 = =D 6.162
022 Copvy’ ( )

where (o = 1o + f1a + A5 + 2)9, then integrating equation (6.161) with respect to

z twice yields

= 7;— + i,y 0z + folw,y,t), (6.163)
0

u

which, after applying the boundary conditions u = 0 at z = 0 and z = h, reduces
to

u=—""(hz —2?). (6.164)

Similarly, we can integrate equations (6.162) twice with respect to z and apply

the equivalent boundary conditions on v to obtain

v= DYy 22 (6.165)

Now averaging the variables u and v as in equations (6.63)—(6.65) we find
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1 h ~x ~xh’2
= ——/ Pahy = 2yqy = P2 (6.166)
hJo Ho 6110
and similarly
~ 2
5= _Pal” (6.167)
6Co

Equation (6.72) also holds as in the previous section, and inserting this, along
with (6.166) and (6.167), into equation (6.70) yields

9%*p 6 da
—+C1—p = Fo

_ Dk ga 1
oy @R2at’ (6.168)

where the dimensionless anisotropic control parameter (; is defined to be
¢1 = po/C. We know that (; is always positive due to constraint (2.59). If we

consider the term (;, we see that it is given by

_ Ho
BT o+ s+ As + 20

Ho
— 0 __ 6.169
Ho + /1462 + )\592 -+ 2)\292 ( )

where we have included the dependence on the tilt angle (see equations (2.55)—
(2.58) for details). Clearly, this collapses to (; = 1 in the linearised case. Now
we rescale the y variable such that y = /(1Y then equation (6.168) becomes

Pp 0% 6uo da
- — a—
or?  9Y? ath = dt’

(6.170)

and equation (6.75) becomes



CHAPTER 6 169

we(t) we(t)

wc(t)

/f/ VG Bz, Y, t) dz dy. (6.171)

We can obtain the particular solution of equation (6.170) from equation (6.98)
by setting @ = w, and 3 = w./+/(;. Hence the solution of (6.170) is given by

1200 da i w2(1 — (=1)") sin (2£)

:maﬂ n3m3 sinh (%)
X {{ cosh <n7r <f/l% - Y)) — 1} sinh <n£j'>
oot (T5) < thsinn (M (=) @am

Inserting (6.172) into the pressure constraint (6.171) yields

Pz, Y1)

we(t)

- /f/ VG pla, Y, t) dr dY

_ 20V da S
T a2h? it we Z

wcéi) we) npr nw [/ W, . nw
) = [ [ s () [f ot (2 (2 - ) = s (M)
ot (M) < tsinh (7 (= - v) ) ey

LO(1 = (=1)M)e VG
_ w ( )( (2 2 )6 |:_ 1 +2emr/\/§_1 e2n7r/\/_+ SlIlh< )e—mf/\/C_lj|‘
nem \/Cl \/Cl
(6.174)

Hence equation (6.173) becomes
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241107/

e w!(t)S = (6.175)

where we have written a(t) in terms of w.(t) and have defined the sum S, to be

© )2 —nw /1 B
S = — 14 2e" VG 2””/\ﬁ—i——smh< )e VG
nz:l n57r5 smh ( \/C_l) VG VG
(6.176)
Separating the variables in (6.175) and integrating yields the solution
Fa2h2 1/8
w,(t) = (wg _ G t) : (6.177)
3Sp0v/ G

We see that if we linearise in 6, i.e. set ¢; = 1, the function in (6.177) collapses
to the solution we found in (6.108) for the fluid adhesive strip. We can also find
the separation time of the plates in terms of the control parameter (;, which is

given by

~ _ 3#0\/510851

1
T (6:-178)

This, again, collapses to the result found in the anisotropic case when the solu-
tion for 6 is linearised. To obtain a solution for the pressure we used governing
equations (6.158) and (6.159), but so far we have not used equation (6.160). If
we consider this equation now, we find that, since the pressure is defined to be

independent of z, it can be simplified to

(b4 + o) {—Z— + —qb] = 0. (6.179)
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Since the combination of viscosities g + Ao # 0, we can divide throughout by it
and, noting that the bracketed term can be written as the derivative of a product,

equation (6.179) reduces to

(U,z¢),z = 07 (6180)

which can be solved directly to find the solution for ¢(z) given by

c1Qo

¢(z) = -2 (6.181)
when we substitute v(z,y, z,t) from (6.165). From the solution we have obtained
for ¢(z), we can see that is is possible for the solution to become infinite for a
finite value of z. This means that the c-director given by ¢ = (0, cos ¢, sin ¢)
begins to oscillate infinitely at the point z = h/2. We were not expecting to find
a singularity in this problem and the fact that we have suggests that we possibly
omitted too much information when we linearised equation (6.160), so now we

consider a nonlinear approach.

6.3.1 Nonlinear Approach

We now consider equation (6.157) again, but with the nonlinearised term for 533,,3.

Hence we have

d
v (g + A\g)(cos? ¢ — sin® ¢)d—f + V.. (g + A2) cos psin g = 0, (6.182)

where we have again omitted the terms involving w for the reasons stated earlier.
Inserting the known expression for v yields a first order differential equation in ¢

given by
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“Y(cos® ¢ — sin? @) (h — 22)@ — 92 cosgsing = 0, (6.183)
Co dz Co
which can be written as
cos(26) (h — 22)Z—¢ ~ sin(26) = 0. (6.184)
z

Separating the variables in (6.184) gives

cos 2¢ B dz
/ sin 2¢ d¢ = / h—2z (6.185)

and this can be integrated to obtain the solution

6(2) = ~ sin"! (h f222>, (6.186)

where ¢y is a constant of integration. We note here that the series expansion for

the inverse sine function is given by

(2n)!

1 3
a1 2n+1 3 5
n = E =r+ -2+ —a”+--- 6.187
sin”™" () 220 (n1)?(2n + 1)a: ’ 6x 40$ ’ ( )

n=0

as described in Gradshteyn and Ryzhik [13, Eqn. (1.641.1)], and so the solution

(6.186) collapses to the solution in (6.181) when considering the linearised case.

6.3.2 Alternative Approach

We now remark on an alternative approach that uses conventional fluid mechan-
ics methods [6]. This method allows the elimination of the pressure to obtain
equations for ¢, u and v explicitly, with the pressure being identifiable in special
cases. We first eliminate the pressure from equations (6.158)-(6.160) by taking

the curl of these equations. If we write (6.112) in the form
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Vp+V.T =0, (6.188)

where T is a tensor representing the stresses fij, then taking the curl of this

equation yields

0=V x (Vp+V.T)
=V x(Vp)+V x(V-T)
=V x (V-T), (6.189)

since V x (Vp) = 0. In the linearised set-up, the quantity V- T is defined to be

VT = (B S () (0:0).], (6.190)
then taking the curl yields
~ G
V X (v T) - [(,U/4 + /\2)(U,z¢),zy - 5”,2%7
%u,zzz - (,U/4 + /\2)(U,z¢),z$7
%v,m - %u . (6.191)

We require that V x (V- T) = 0, so we must satisfy the three equations

(:u4 + )\2)(U,z¢),zy - %U,zzz = 07 (6192)
(a4 20) (0:0) o = Btz = 0, (6.193)
U (6.194)

2 2
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First we differentiate equation (6.193) with respect to y, differentiate equation

(6.192) with respect to z, and then subtract the resulting equations to obtain

Co Ho
EU7222$ - 7”&72223/ =0. (6195)

Equation (6.194) can be rearranged to give u ., = %v,zw which, when substi-
tuted into (6.195), yields

Co o [ Co Co
2 U7 2 ,U/O /U, » 2 U7 /U, Y ( )

Equation (6.196) has a solution given by

U([E, Y, Z7t) = Gl(xu Y, t)Z2 + GQ(x7y7t)Z + G3(ZE, Y, t) + G4(ZE + Y, Z7t)7 (6197)

where the GG; are arbitrary functions. Applying the boundary condition at z = 0
gives G, = —(G5 and applying the boundary condition at z = h gives G5 = —G1h.

Hence the velocity v can be written as

v(x,y,2,t) = —Gy(z,y,t)(hz — 2°). (6.198)

The form of the solution given in (6.198) is consistent with the solution for v
found in (6.165), however, in the current method it is more difficult to determine
the unknown function (G; since we eliminated the pressure at the beginning of

this section. In a similar way we can also find the velocity u to be

u(z,y, z,t) = —Fi(z,y,t)(hz — 2°). (6.199)

Inserting v from (6.198) into equation (6.192) yields
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(fta + A2)(G1y(h — 22) . + 2G1 ) = 0,

which implies that

do B
—(h=22) =29 =0,

or
0
a_y (Gl(xv Y, t)) =0.

The solution to equation (6.201) is given by

175

(6.200)

(6.201)

(6.202)

(6.203)

where c3 is an arbitrary constant of integration. The form of ¢(z) in (6.203) is
exactly the same as that found in (6.181). If we assume that (6.202) holds true
then this implies that G; = G1(x,t), i.e. the y-direction velocity is independent of

y. Although this seems counter-intuitive, it is a reasonable option. For example,

in the case of a simple shear flow in the z-direction, the velocity profile may

be approximated by v = (kz,0,0), for some constant k, hence the flow in the

x-direction is independent of x. Hence, it is possible to have G; = G;(z,t), but

we are unable to obtain any further information about the exact form of G;.

If we now use this method again but with the nonlinearised forms of t~13,z, t~237z

and 33 ., we have
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1
V-T = |(u_, cos ¢ sin gb dé —i— 2u,zz(uo + (o sin® o),

1
— 4\v , cos ¢ sin ¢—¢ + 51)7”(/10 4 pg + s + 2o (cos? ¢ — sin? @),

v, (ps + Ag)(cos® ¢ — sin ¢) dé + U2 (fta + A2) cos ¢ sin ¢] (6.204)

and so the curl of this expression is given by

V x (V-T) [Uzy(u4+)\2)(008 ¢ — sin” ¢) ¢+Uzzy( 4+ A2) cos gsin g

d 1
+ |40, cos ¢ sin qﬁd—f] ~3 [v,zz(uo + pig + X5 + 2Xo(cos? ¢ — sin® ¢))] )

d
V(s + A2)(cos® ¢ — sin® qb)d—f + U 120 (fa + A2) cOS ¢ sin ¢

., do 1 . 9
_ [@uz cos ¢ sin gf)a] .73 [u,zz(,uo + (o sin gf))] .
dp 1 2 .9
— 490, cOS P sin gf) + 21},%33(,[1,0 + pg + A5 + 2X9(cos” ¢ — sin® @)
1
— Gatt oy COS GSIN G = Tty (pt0 + Gosin’ ¢)]. (6.205)

Equating the three terms of V x (V-T) to be zero yields the three differential

equations
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. d?9 2 PN .
4Av , cos ¢ sin d)@ + 40 . (cos” ¢ — sin” @) <E> + U 42y (14 + A2) cOS @ sing
d 1
+d—f [vvzy(,uz; + Ag)(cos? ¢ — sin® @) + 8\, cos ¢ sin gf)] — 51},%3(#0 + g+ As5) =0,
(6.206)
d? dp\2
C3u ; COs ¢ sin de—j; - C3U,z(0052 ¢ — sin® ¢) <d_f) — U2z (4 + A2) cOs ¢ sing
d 1
0 o s+ Ao) 0 6 — 5in” 6) — 2 oe con D8N 6] + T es(ptg + Gy sin®6) = 0,
(6.207)
d¢ . 1 2 .
@(4/\21},2@ + (3 ,y) cOS P sin ¢ — 51)72213(”0 + g + A5 + 2X2(cos” ¢ — sin® @)

1 .
5 Uzt + Gy sin? 6) = 0.
(6.208)

We had hoped that by considering the nonlinear case we would be able to obtain a
little more information about the director ¢, as we did with the previous method.
However, this set of nonlinear equations is extremely complex and impossible to
solve analytically, hence we simply state them here for completeness. It would be
interesting to solve these equations numerically to see if they provide any more

information about the director profile than has already been obtained.

6.4 Conclusions and Discussion

We extended the theoretical work already carried out into the ‘pumping’ effect
in SmC* liquid crystals to include elastic effects. In this case, we found that the
adjustments led to an inconsistency that meant the extended form of the director
angle ¢ collapsed back to the form given in Stewart [52]. Clearly, the extended
model in its current form is not viable, but could be further extended to overcome
the problems encountered in this chapter.

We then considered the related problem of the separating plates and adapted
work previously carried out in the literature [57] to a liquid crystal framework.

We found a solution to the liquid crystal problem in terms of a dimensionless



CHAPTER 6 178

anisotropic parameter (;. In the linearised case, this parameter is set to be one,

and the solutions reduce to those of the isotropic case.



Chapter 7
Lipid Bilayers

The role of liquid crystals in biological research has become increasingly important
in the last few years. Two subjects that seemed completely unrelated 20 years
ago are now so closely linked that some of the most exciting and most important
breakthroughs in biology are coming from research carried out in the study of
SmA liquid crystals. Two of the most exciting new areas are targeted drug
delivery systems and biosensors. One of the most popular continuum models that
has been introduced to study the behaviour of lipid bilayers is the spontaneous-
curvature model proposed by Helfrich [16]. This model is derived from the Frank
energy for liquid crystals and works on the assumption that the layer normal,
a, and the director, n, coincide, but does not take into account the tilt of the
lipid molecules. The tilt of the molecules was included in a model proposed by
May [32] that extended the original work of Helfrich. Although this updated
model included molecular tilt, as well as different types of energy contributions,
it did not allow for nonlinear contributions in the tilt and layer displacements.
The most recent extension to the Helfrich model was proposed by De Vita and
Stewart [55], which assumes that the tilt and displacement of the lipid bilayers
are fully nonlinear functions. This model also allows for the decoupling of n and
a when it is energetically favourable for them to do so, while taking into account
the effects of bending, compression, splay, and tension of the lipid bilayer. We
further extend the model of De Vita and Stewart [55] to include an additional
anchoring term and briefly examine the role that surface anchoring plays in the

case of circular membranes.
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il':o f'=R

Figure 7.1: (a) The top view and side view of a planar lipid bilayer suspended
across a circular pore , and (b) a single lipid layer with height A and layer normal
a and the proposed coordinate system. The vector ng represents the director
fixed at the boundary at an angle g, np represents the preferred alignment of
the director at the boundary with corresponding angle 6z, and ag represents the
layer normal fixed at the boundary at an angle dg [55].

There are also other continuum models that have been developed to describe the
behaviour of a lipid bilayer. One of these is the bilayer coupling model proposed by
Svetina and Zeks [53, 54 that assumes the layers are coupled at a fixed distance
apart but that there will be no exchange of molecules between layers. This
model represents a Legendre transformation of the spontaneous-curvature model
by Helfrich. We simply mention this alternative model for completeness and
direct the reader to Svetina and Zeks [53] for more information. Now we focus
on the extended Helfrich model as proposed by De Vita and Stewart [55].

7.1 Planar Lipid Bilayers

We look at the work by De Vita and Stewart [55] and expand it by using a weak
anchoring energy density with an additional term. In this set-up with have the

director and unit normal given by
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n(r) = —sin Ot + cos 0z, (7.1)

a(r) = —sin dr + cos 4z, (7.2)

respectively, where 0(r) and d(r) are the angles formed by the director and unit
normal with the z-axis. Then the scalar function ®(r,z), describing the local

planar layer structure, can be found by writing

Vo

a= Vo (7.3)

We note that in the paper by De Vita and Stewart [55], the scalar function is
denoted by n(r, z), but we use ®(r, z) in this chapter to be consistent with the
other chapters. Equation (7.3) provides a linear partial equation to solve for ®
which has solution [59]

O(r, z) = c(z — u(r)), (7.4)

where ¢ is a dimensionless constant and u(r) is the displacement of the layer and

is given by

u&):[TmM&ﬂMt (7.5)

The layer displacement u(r) is a fully nonlinear function since no restrictions were
placed on the magnitude of this displacement when solving equation (7.3). In this

problem, we use the adapted energy density model as given by (2.24), namely

1 By

1 1
=—K"V-n)>+ -K%V-a)’ + - ——
wa =3 1(V-n) +3 1(V-a) +2]V®\2

(V8] ~1)* + 3 Bi(1 ~ (n-a)’).
(7.6)
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In De Vita and Stewart [55], the anchoring energy density used is the one em-

ployed by Rapini and Papoular [38], namely

1 I
Ws = 57'0(1 — (ng'np)?) = 570 sin’(ng — np), (7.7)

where ng = n(R) and np is the preferred alignment of the director at the bound-
ary surface. As a comparison, we now take the energy density used in Yokoyama

and Van Sprang [60], given by

1 1
Ws = 570 sin?(ng — np) + 7 sin(np — np). (7.:8)

The total energy W is then defined to be

W:/wAdl/—i-/ 27d51+/ wyd Sy, (7.9)
v S1 So

where S is the top or bottom circular surface of a lipid bilayer with radius R, S5
is the radial surface, v is the volume and 2h is the thickness of the bilayer. The
energetic contribution of the surface tension is defined to be v and is assumed to
be finite. In equation (7.9), the quantities dS;, dS; and dv are

dS; = |V®| rdr dp = csecd rdr de, (7.10)
dSs = R dz do, (7.11)
dv =rdrde¢dz, (7.12)

where |V®| is used to account for the curvature at the boundaries. Hence, eval-

uating the integral in (7.9) yields the total energy [55]

R
W = 47r{ / (hrwa + cyrsecd)dr + ths}. (7.13)
0
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From De Vita and Stewart [55], we have that for the total energy W to have an

extremum, the Euler-Lagrange equations

Owg d (Owa)

00 dr< o0’ ) =0 1
0w 4 d (0w Y _

55 5( 55 ) + - secd tandr = 0, (7.15)

must be satisfied along with the boundary conditions

8@1;‘/4 + R% =0, atr=R, (7.16)
3@11:;,/4 =0, atr=R, (7.17)
aa“;;“ =0, atr=0, (7.18)
a;:;;“ =0, atr=0, (7.19)

where w4 = rwy and wg = rwg. Since we are only changing the weak anchoring
energy density wg, only boundary condition (7.16) is altered. Inserting n and a

into w, yields

cos o

Wy = g {K?i [%(TSiH@)]Z + Kf% [%(TSiHé)]Z + B0<1 -

(7.20)
and so we can write
0wy

00 K7 cos fg[sin 0 + Rcos Or0'(R)).

We can differentiate the anchoring energy density (7.8) with respect to € to obtain

2
)+ Busin®(6 - 9)|
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% = 1osin(0r — 0p) cos(0r — Op) + 71 sin*(Og — Op) cos(fp — Op)

= %7—0 sin (Q(QR — ep)) — %7’1 sin (4(6}% - ep)) + i’i’l sin (2(9]«2 - QP))

— %(To + %ﬁ) sin (2(9R — Qp)) — %7’1 sin (4(93 — 9P)).

Hence we can write boundary condition (7.16) as

sin 93

2K7 cos 93{ + cos Hpﬁ'(R)] + (Ta + %’Tb> sin (2(6R — Gp)) — in sin (4(93 — Op)) = 0.

(7.21)

Now, in order to obtain solutions for this problem we use the same governing
equations as in de Vita and Stewart [55], but with the altered boundary condi-
tion stated in (7.21). We can non-dimensionalise the equilibrium equations and

boundary conditions by adopting the rescaled variables

K7 Bl K¢ )\T() /\’7'1
A=4/=L B=_- =1 L= = =
By’ By T Ky T Ky T Ky

_ T cyh 7 R h

T = — o= — = — m = —

h’ K1’ h’ A

where ) is a typical lengthscale. Hence, we now need to solve the non-dimensionalised

equilibrium equations given by

1
cos? (70" +0') — = sinf cos O(1 + 720") — m* Br sin(f — ) cos(d — &) = 0,
T
(7.22)

cos? (70" + &) — % sin § cos (1 + 726"%) + m? Br sin(f — §) cos(6 — 9)

cos 0

—m2fsin(5<1— ) —arsecdtand = 0,

(7.23)

Cc
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with boundary conditions

i _ 1
2cosOp SH};R + cos 03«9'(}%)] + m<7'a + §Tb> sin (2(03 — Qp))

—%Tb sin (4(0}2 - Qp)) = 0, (724)
_ 1
§(R) + % tandgp =0, (7.25)

0(0) =0, (7.26)
5(0)=0. (7.27)

Finally, the layer displacement given by (7.5) can be non-dimensionalised by

setting

where 4(7) is now given by

() = /0 Ctama(ht) dt. (7.28)

Equilibrium equations (7.22) and (7.23), with boundary conditions (7.24)-(7.27),
can be solved numerically using a standard differential equation sovlver in MAPLE12
[30], with the results shown in the graphs below. In all the computations we have
set k=m=c=1.

When we consider the effect that the alternative anchoring has on the lipid
bilayer, we see from Figure 7.2 (a) that the only case in which the layer displace-
ment is affected greatly is in the extreme value of 7, = 1. This is an extreme
value and unrealistic in practice, however, it does highlight the possibility that
the layer displacement is susceptible to changes in the surface anchoring. Figure
7.2 (b), showing small values of 7,, reinforces this conclusion. We can see that
there is a slight difference in the layer displacement caused by the addition of

Ty, however, the maximum difference is approximately 0.01. The effect of surface
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tension on the layer displacement can be seen in Figure 7.3 (a). When we employ
the two-term anchoring energy, the change in layer displacement due to surface
tension is very similar to that in De Vita and Stewart [55]. The profile of the
graph is almost identical, with the only difference being a slight increase in the
size of the layer displacement at the starting value of a = 107°. Figure 7.3 (b)
shows the change in boundary values of the director and unit normal as the sur-
face tension is increased. Again, we can see a very similar profile for the change
in contact angles to those in De Vita and Stewart [55]. With the inclusion of the
new anchoring term, the angles 6z and 0y are slightly larger than in the original
case, and the difference between the two angles is greater in this formulation than

that of the single anchoring term formulation in De Vita and Stewart [55].
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Figure 7.2: (a) Layer displacements plotted against 7, between 0 and 1 for various
7, values, and (b) Layer displacements plotted against 7, between 0 and 0.3 for
various 7, values
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layer displacement plotted against surface tension a with Ia=th=2.5*10’1
12 T T T

layer displacement

surface tension a

(a)

Boundary values BR and 5R plotted against surface tension o with 1;1;2.5*10’2
0.14 T T

surface angle (rad)

0 L L L L

10° 10 10° 107 10" 10°
surface tension a

(b)

Figure 7.3: (a) Layer displacements plotted against o with fixed 7, and 7,, and
(b) Surface angles plotted against o with fixed 7, and 7.
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layer displacement plotted against B with Ta=1b=2.5*10_2 and a=7.5*10""
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Figure 7.4: (a) Layer displacements plotted against B with fixed 7, and 7, and
(b) Surface angles plotted against B with fixed 7, and 7.
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Figure 7.4 shows the effect that the dimensionless parameter B has on layer
displacement and surface angles. The profile of the change in layer displacement
is similar to that in De Vita and Stewart [55], however, the magnitude of the
displacement is much greater in this case. For the extreme value of B = 10,
the magnitude of layer displacement in the two term energy is more than double
that of the single term. Figure 7.5 shows the effect that 7, and 7, have on the
surface angles. When 7, is increased by a factor of 10, the surface angles also
increase by a factor of 10. We note that, in the case of small 7, values, there is a
sharper increase in the surface angles as 7, is increased. In a similar comparison,
Figure 7.6 shows the effect that 7, has on layer displacement. From Figure 7.7 we
can see that for small 7, increasing 7, by a factor of 10 also increases the layer
displacement by a factor of 10. However, for larger 7, increasing 7, by a factor of
10 results in the layer displacement approximately doubling in magnitude. Also,
the change is layer displacement is more abrupt when we consider smaller values
of 7,.

For the graphs in this chapter, we have only considered positive values of 7.
However, from Yokoyama and Van Sprang [60] we have the possibility for 7, to
be negative, with the value given in the paper to be 7, = —1.8 x 1075, In Table
7.1, we compare the values obtained for layer displacement and surface angles, Oy
and dp, for various values of 7;,, both negative and positive. We can see from this
table that the layer behaves in a very similar way for the corresponding positive
and negative values of 7, provided 7, is sufficiently small. When the negative
value of 7, becomes too large, the numerical routine breaks down and does not
return an answer, suggesting that large negative values are inadmissable for this
problem.

In conclusion, the graphs we considered in this chapter involving the two term
anchoring energy are very similar to those in De Vita and Stewart [55]. All the
graphs have the same profile in both cases, with only slight variations in extreme
parameter values. Clearly the additional term is influencing the solutions slightly,

but perhaps not enough to warrant inclusion.
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Figure 7.5: (a) Surface angles plotted against 7, with fixed 7, = 5 x 1072, and

surface angle (rad)

surface angle (rad)

Boundary values 6, and 3, plotted against varying t, with ra:s*lo’2 and a=7.5*10"*

0.12 T T T T T
eR
. ,5R
0.1 b
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0 . . . . . . . . .
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(b) Surface angles plotted against 7, with fixed 7, = 5 x 107}
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Layer Displacement plotted against T with Ta:2.5*10_2 and a=7.5*10"*
0.35 T T T T T T
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Layer Displacement plotted against 1, with ra:S*lO’1 and a=7.5*10""
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Figure 7.6: (a) Layer displacement plotted against 7, with fixed 7, = 2.5 x 1072,
and (b) layer displacement plotted against 7, with fixed 7, = 5 x 107!, both with
surface tension given by o = 7.5 x 107!
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Layer displacement plotted against varying T, for different T,
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Figure 7.7: Layer displacements plotted against 7, with various fixed 7, values.

7y | Layer Displacement Or On
1.8 x 107° 0.03867 0.01517 0.00580
—-1.8x107° 0.03865 0.01517 0.00580
1.8 x 1074 0.03872 0.01520 0.00581
~1.8 x 10~* 0.03860 0.01514 0.00580
1.8 x 1073 0.03931 0.01543 0.00590
—-1.8x 1073 0.03801 0.01492 0.00570
1.8 x 1072 0.04506 0.01768 0.00676
—1.8 x 1072 0.03210 0.01260 0.00482
1.8 x 107! 0.09650 0.03787 0.01447
~1.8x 107! undefined undefined | undefined
1 0.26164 0.10278 0.03923
-1 undefined undefined | undefined

Table 7.1: The layer displacement and surface angles, 6z and dg, for various
values of 7, both positive and negative.
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Generalised Separation of

Variables for Classical Problems

We demonstrate the use of the generalised separation of variables technique for
the classical diffusion equation first with zero boundary conditions, as considered
in Stewart [49], and then for the case where the bottom plate is being oscillated
while the top plate is being held stationary, as discussed by Drazin and Riley
[8]. First we consider the case of zero boundary conditions. As described in
Polyanin, once we obtain an equation for the unknown functions in z and ¢, there
are two ways to proceed. Method 1 involves dividing the governing equation
throughout by a function of one variable, and then differentiating with respect
to that variable in order to eliminate one of the terms from the equation. This
process is carried out repeatedly until the n term equation is reduced to a two
term equation, wherein the standard separation of variables technique can be
implemented. Method Two involves organising the differential equation into a

bilinear form then solving for this form using solutions stated in Polyanin [36].

A.1 Background

Separation of variables is a technique for solving partial differential equations
without the need for specifying a particular form of the solution. In the tradition

technique we search for solutions of the form u(z,t) = F(2)G(t), where F' and

194
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G are functions to be determined. This technique can be generalised to include

different forms of function. The generalised separation of variables has the form

u(z,t) = p(2)9(t) + x (). (A1)

We note that the same idea can be generalised further for the functional separa-

tion of variables technique which includes solutions of the form

u(z,t) = p(z) + (1), (A.2)
u(z,t) = F(z), x=1y1(t)z+ (), (A.3)
u(z,t) = F(x), x=11(t)2* + oft). (A4)

In this thesis we will be seeking solutions of the form given by (A.1). We define

a general nonlinear partial differential equation to be of the form

fi(2)gr (O [u] + f2(2)g2(OTafu] + - + fu(2)ga (D) In[u] =0, (A.5)

where the IT;[u] are differential forms of powers of u(z,t) and its derivatives. Then
substituting the general form of the solution u(z, t) from (A.1) into equation (A.5)

produces the functional-differential equation

D1 (Z)W1(T) + o (Z)Wo(T) + - -+ + Pp(Z2)Wi(T) =0, (A.6)

where the ®;(Z) are dependent on z, and the functions ¢; and their derivatives,
and the W;(T") are dependent on ¢, and the functions v; and their derivatives.
Let us first solve equation (A.6) by considering Method One. We divide equation
(A.6) throughout by W, (T) (assuming V(7)) # 0) and then differentiate the
resulting equation with respect to t. This produces another functional-differential
equation of the same form but with fewer terms. This process is repeated until

we arrive at a separable two-term equation given by
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O1(Z)U1(T) + Do(Z)Wo(T) = 0. (A7)

Equation (A.7) is then solved for the functions ®;(Z) and W;(T), and hence for
the functions ¢;(z) and ;(t).
Method Two involves solving the functional-differential equation directly. It

can be shown that equation (A.6) has k — 1 solutions given by [36]

@Z(Z) = Ci71q)m+1 (Z) + Ci72®m+2(z) . Ci,kfmq)k(z)a (A8)

Wiy (t) = =CryWa(t) — CoVa(t) -+ — Oy Uia(t), (A.9)

fori=1,...,m,5=1,..,k—mand m = 1,2,...,k — 1, and where the C;; are
arbitrary constants. For example, the functional equation

@1\111 + @2\1’2 + @3\1’3 = O7 (AIO)

has two solutions given by

®1 = A1q>37 @2 = A2q)3a \113 = _Al\pl - A2q127 (All)

and

\Ijl - Al\pg, \1’2 = qujg, @3 - —A1®1 - AQ@Q. (A12)

Now we highlight the generalised separation of variables method by solving two

classical fluid mechanics problems using Methods One and Two.
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A.2 The Classical Diffusion Problem With Ho-

mogeneous Boundary Conditions

The classical diffusion problem

ou  0%u

5 = 92 (A.13)
u(0,t) = u(d,t) =0, (A.14)
u(z,0) = up(z), (A.15)

has solution [49]

u(z,t) = i A, sin (%) exp {— (7%2)215} , (A.16)

where A, is dependent on the summing index n and is defined to be

9 [d
A, = —/ up(2) sin (w)dz (A.17)
dJ, d

Now we aim to solve this problem using the generalised separation of variables
technique, Method One. First we set u(z,t) = @(2)¥(t) + x(t) and substitute
this into (A.13) to obtain

P — o —x = 0. (A.18)

Differentiating with respect to z and rearranging yields

Y
LA ——1 A.
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which provides two ordinary differential equations to solve for the unknown func-
tions (z) and ¥(t), where A is a positive constant. Once we have found these

solutions we substitute these into (A.18) to find x(¢). Hence we have to solve

0" (2) + A'(2) = 0, (A.20)
$(1) + p(t) =0, (A1)
X =" — v, (A.22)
which have solutions
©(2) = ¢1 cos(VA2) + casin(VAz) + ¢, (A.23)
o(t) = cae™, (A.24)
x(t) = ¢5 — cacue™. (A.25)

Now we can write u(z,t) in the general form

u(z,t) = [c1 cos(VA2) 4 casin(vVA2)]ese ™ + cs. (A.26)

For the boundary condition at z = 0 to be satisfied, we require ¢; = ¢5 = 0 for

non-zero solutions, and the boundary condition at z = d implies that v\ = o

Hence the solution becomes

nmwz n

u(z,t) = cocysin <7)e(7)2t. (A.27)

3

Although we have set ¢y and ¢4 to be simple constants, they are in fact indexed
with n, so we set cjc} = A,, and we have recovered the solution from Stewart
[49]. We can also solve this problem using Method Two. We can write equation
(A.18) in the bilinear form
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10 + DUy + B35 = 0, (A.28)

where ®; = ®,;(z), U, = U,(t), and we write

(I)l - QO/,a \Ill - 77Z)7 (A29)
Q)Z = —¥, \IJZ = &a (A30)

One solution of equation (A.28) is given by

@3 == _Alq)l - qu)g, (A32)
\Ill - Alqjg, (A33)
Uy = Ay V3, (A.34)

where the A; are arbitrary constants. Inserting the expressions for ®; and ¥, into

the above equations yields

1=—-Awy" + Asp, (A.35)
Y =—Aix, (A.36)
) = —Asx. (A.37)

Solving equations (A.36) and (A.37) for ¢(t), and equation (A.35) for ¢(z) yields

the solutions

() = ¢ cos (\/?z) + ¢y sin (@z) _ Ai2’ (A.38)

P(t) = cge” P, (A.39)
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where By = —’j—f. Substituting 1 (t) into (A.37) and solving for x(t) yields

X(t) = Ze=Bit ¢y, (A.40)
Ay

and so we can write

B B By
u(z,t) = {cl cos (\/ 71z) + cosin (\/ fz)} cze” v+ ey (A.41)

Applying the boundary conditions requires ¢; = ¢4 = 0 for non-zero solutions,

and % = ”Tf. Hence we obtain the solution
2
(o) = ey ("5 ) aa
as before.

A.3 Oscillating Boundary

Now we consider the case of the classical diffusion problem where one boundary

is oscillated while the other remains fixed. This is given by

ou  0*u

5= 92 (A.43)
u(0,t) = Aw cos(wt) (A.44)
u(d, t) =0, (A.45)
u(z,0) = up(2). (A.46)

This problem has been solved by Drazin and Riley [8] using the standard sepa-
ration of variables technique. Now we solve this problem using generalised sepa-

ration of variables technique, Method One. From Section A.2, we have that the
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general solution to equation (A.43) is given by

u(z,t) = [c1 cos(VA2) 4 casin(vVA2)]ese ™ + cs. (A.A4T)

—twt

Applying the boundary condition at the bottom plate, i.e. u(0,t) = Awe ™",
yields the constraint
crcge™™ 4 5 = Awe ™1, (A.48)
The only way that condition (A.48) can be satisfied is if A is complex, so we set
A = A1 + Agi. Hence the boundary condition at the lower plate becomes
creale ™ cos(Aat) — ie M sin(Aot)] 4 5 = Awlcos(wt) — isin(wt)],  (A.49)

which implies that

A =0, (A.50)
Ao = w, (A.51)
crey = Aw, (A.52)
cs = 0. (A.53)

Applying the boundary condition at the stationary top plate yields a relationship

between the two unknown constants, ¢; and ¢y, such that

Cy = —(C1 cot ( E d), (A54)

14

and hence we can write
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e = s (22) —eon (E ) (Z)] s

We only require the real part of the solution, and so our final solution is given by

B Aw
~ 2cosh(2Ad) — 2 cos(2)\d)

Rlu(z, )] [e’\(ZQd) cos(wt — A\2) — e cos(wt + 2Ad — \z)
(A.56)
4+ cos(wt + Az) — e cos(wt — 20d + Az2) |,

(A.57)

where A = /5>. This is the exact solution found in Drazin and Riley [8].
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Discrete Fourier Transforms

From work carried out by Le Bail [4], we have that the general partial differential

equation

Al ot %)
b(y) == = B.1
o2 T o) o +b(y) 9 +c(y)e = p(x,y), (B.1)
where ¢ = ¢(z,y), may be approximated by the symmetric nine-point finite

difference formula

1

S {ar DI =1, T+ k) + oI+ 1,0 + )] + B( DI, T + k) b = p(T, 7).
k=-—1

(B.2)

for all interior mesh points (I,J) of a grid split up into M points in the -
direction and NN points in the y-direction, indexed with I and J respectively. The
value for M is restricted to discrete values of the form M = 2%, where Q is a
positive integer. When we are dealing with a parabolic equation, for example
the diffusion equation, we can set a(y) = 0 in (B.1), which simplifies the finite
difference formula we need to use. In the parabolic case, finite difference equation

(B.2) is replaced by the six-point formula
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S {an(Dlp = 1, T+ k) + oI+ 1,J + k)] + Bl )L, T + k)} — p(1, ).

k=—1

(B.3)

When the a4, and fj are independent of J, that is equation (B.1) has constant
coefficients, finite difference equation (B.3) can be written explicitly as the six-

point stencil equation

1| =24 2baAX +c(AX)?* | 1 1
5 o(*,%) = (AX)p(x,%),  (B.4)
1] —2—2baAX +c(AX)? | 1 1

where o = AX/AY. For simplicity in the equations to follow, we write
Ey = =2+ 2baAX +¢(AX)?* and Fy = —2 — 2baAX + ¢(AX)?. Hence equation
(B.4) can be written explicitly as

o(I—1,7)+ Evp(I,J) + oI +1,])+o(I—1,] —1)
Y Bo(I, T — 1)+ (I +1,7 — 1) =(AX)[p(I,J) + p(I, ] —1)]. (B.5)

Now we set

S

-1

o1.0) = Y- ps(sin (57, (B.6)
S=1

T(I,0) = S Tg(J) sin (%) (B.7)
S=1

where Y(I,J) = (AX)?*p(I,J), for 1 < T < M — 1. Substituting (B.6) and (B.7)
into (B.5) yields the equation
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- +s(J — 1) sin (W) + Esps(J — 1) sin (73‘14—5)

+og(J — 1) sin (W) } = MZ_I {FS(J) sin (%) +Tg(J —1)sin (Z\Z—S) }

S=1
(B.8)
which simplifies to
?:11 {¢S(J) [2 oS (%) + El} + ps(J — 1) {2 Ccos (%) + Eg] } sin (%)
_ Szj {FS(J) +Tg(J — 1)} sin (%) (B.9)

by implementing the trigonometric identity

an (15 4 (D9 s () (75), o

Since sin(7w/S/M) is a complete orthonormal set [23], equation (B.9) is equivalent

to the system

0s(J) {2 cos (%) + El} + s(J —1) {2 cos (%) + EQ] =Tg(J) +Ts(J —1),

(B.11)

for 1 <S5 < M — 1. Now we rewrite equation (B.11) in the form

ps(J) +a1ps(J —1) = as[l's(J) + Ls(J — 1)), (B.12)
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where we have set

2 cos (%) + Es
a; = S )

2 cos (ﬁ) + E
a9 !

- 2COS(%) + F

Equation (B.12) provides a recurrence relation to solve for the unknown function

©s(J). From Rade [40], we have for a recurrence relation of the form

z(n+ N)+ay_1z(n+ N —1)+ -+ agzx(n) =0, (B.13)

where N is the order of the equation, the characteristic equation is given by

N+ an_ 1N o 4ap =0, (B.14)

with roots rq, s, .., rp of multiplicity my, ms, .., my, respectively. If all roots are

simple (i.e. not repeated) then we have that the solution x(n) is given by

z(n) =cry + -+ enry, (B.15)

where the c¢; are arbitrary constants. Now let N=1, then recurrence relation
(B.13) becomes

z(n+ 1)+ apz(n) =0, (B.16)

which has characteristic equation 7 + ag = 0. The solution to equation (B.16) is

then given by
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x(n) = e = c1(—ap)"”, (B.17)

which clearly satisfies recurrence relation (B.13). Hence (B.12) can be solved

exactly in terms of a general I'g(J), with the solution given by

p(S, ) = cr(S)(—ar)” + Y az(—a1)” TS, Jo) + Y as(—ar)’PT(S, Jy — 1),
Jo=1 Jo=1

(B.18)

where the function ¢;(5) is related to the initial condition and is given by

M-1
2 wlS
S)=— I1,0)sin { — |. B.19
(9) = 37 2 ety (57 (B.19)
Substituting (B.18) into (B.6) yields the final solution to our original equation.
Now we consider the example of the diffusion equation. From Stewart [49, p220],

we have that the problem

oo 0*°®
D(z,0) = ¢o(2), (B.21)
®(0,t) = (d, t) =0, (B.22)

where 0 < z < d and t > 0, can be solved using the standard separation of

variables technique to yield the solution

2.0 = 3 dusin (M5 Yoo [ - (7). (B.23

where A, is given by
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A, = %/Od ¢o(z) sin <$>dz (B.24)

Now we will solve (B.20) using Discrete Fourier Transforms (DFTs), and compare
the accuracy of the discrete solution to the exact solution given in (B.23). When

using DFT's for this problem there is no forcing term so p = 0. Now we set

IS
oI,J) =" ps(J)sin (”ﬁ) (B.25)
S=1
In the notation of Le Bail [4], we have a = ¢ = 0 and b = —1, which allows us

to explicitly evaluate the terms E; and E,. Substituting (B.25) into (B.5), with
p=0, By =—4 and E5 = 0, gives

3 {estsn (TE22) agutin () sty (L)

B (] — 1) sin (W) fosti <W)

which can be simplified to

]::_11 {SOS(J) {2 o (7;\4_5) B 4} + 2pg(J — 1) cos (%) } sin (%) _0,

using identity (B.10). Equation (B.27) is equivalent to

ps(J) {2 cos (7;\4—5) - 4} + 2p5(J — 1) cos (7;\4—S> =0, (B.28)
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for 1 < S < M — 1, with equation (B.28) providing a recurrence relation to
solve for the unknown function ¢g(J). Rearranging (B.28) allows us to write the

recurrence relation in the form

ps(J) +aops(J — 1) =0, (B.29)

2 cos(mS/M)

Tcos(xS/M)—1 which has the general solution

where ag =

os(J) = e (S) <%) , (B.30)

where the function ¢;(.5) is given by

e1(S) = % = o(1,0) sin (%) (B.31)

Hence we can write the full solution of the diffusion equation as

el . (7IS
o(l,J) = 2 vs(J) sin (W)
Mo ()] eos(zE) \ (IS
— 2 S (2 o (%)) sin (W)’ (B.32)

where we have taken ¢(1,0) = 7/2. We compare the exact solution (B.23) with
the DFT approximation (B.32) in Figure B.1.
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Figure B.1: Approximate DFT solution ¢(z,t) of the diffusion equation (B.20)
compared to exact solution ®(z, ).
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Sturm-Liouville Eigenvalue
Problem

A basic approach to solving a variational problem would be to reduce this problem
to one involving a differential equation, however, this approach is quite complex
and is not always successful [12]. The difficulties in this approach led to the
development of direct methods which are used to calculate a solution from the
variational problem. Here, we introduce the classical Sturm-Liouville problem

and describe one of the most popular direct methods, the Ritz method.

C.1 The Sturm-Liouville Problem

Let us consider the Sturm-Liouville equation

—(P(2)y'(2))" + Q(2)y(2) = My(2), (C.1)

subject to the boundary conditions
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where P(z) > 0 and Q(z) are two known functions, and A is an eigenvalue. It
can be proven that the Sturm-Liouville problem given by (C.1) and (C.2) has
an infinite sequence of eigenvalues \i, As,..., with each eigenvalue, \,, having a
corresponding eigenfunction, y,, which is unique up to a multiplicative constant

[12]. It can be shown that the eigenvalues satisfy

)\1<)\2<"'<)\n, (C?))

for all n. This means that if we can show A; is positive, then all subsequent A, are
also positive, which is of key importance when proving stability. For example, in
Chapter 3 we analyse the stability of different geometrical set-ups through the use
of a linear stability analysis. In this analysis we perturb the equilibrium system

M. For the system to be stable we require

using a perturbation of the form e~
this perturbation to decrease to zero as t tends to infinity, and so we need A > 0.
Hence, if we can prove in Chapter 3 that the smallest eigenvalue, \i, is positive
then we can prove, using condition (C.3), that all eigenvalues are positive, and so
the system is stable. Equation (C.1) is in fact the Euler equation corresponding

to the problem of finding an extremum of the quadratic functional

Tl = [ (PO + Qe ()

subject to boundary conditions (C.2) and the additional constraint

/ y*(2)dz = 1. (C.5)

Hence, if y(z) is a solution of the variational problem, then it is also a solution
to the differential equation. It also follows from condition (C.5) that y(z) is
not identically zero. In practice, it is often more straightforward to solve the
variational problem rather than to find the solution from the differential equation,

which is what led to the development of several direct variational methods. We
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highlight the Ritz method next.

C.2 The Ritz Method

The Ritz method is a direct variational method used to find the eigenvalues and

eigenvectors of a boundary value problem [12]. First we set

N

€(z) = kz:; ay sin <I%Z), (C.6)

and aim to minimise the functional

Je] = /0 {P(2)()” + Q(2)€ — Xe” }dz, (C.7)

with respect to ay, (and ), over the domain z € [0, d], subject to the normalising

condition

d N

k=1
where we have set A to be the smallest eigenvalue \;. We have chosen sinusoidal
test functions for € for the problems solved in Chapter 3 because the functions
P(z) and Q(z) are dependent on trigonometric functions and so in (C.6) they
are natural choices for e. However, in general, other test functions can be used
such as polynomials [12]. Minimising the functional J[e] with respect to each oy
(and \), subject to the constraint (C.8), provides N + 1 equations to solve for the
N + 1 unknowns in the problem. Solving this system of equations provides an
approximation to the eigenvalue of the problem A, and hence allows us to prove
whether or not the geometry is stable. It can be shown that the accuracy of A is
improved monotonically as N increases and that it converges to the actual value
of XA as N— oo [12].
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