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Abstract

Numerical modelling of induction heating is a challenge for many reasons. For instance,
there are difficulties in defining the functional setting, resolving non-linear material
properties, and capturing steep boundary layers. More specifically, for example, in a
simplified 2D domain, the variational formulation is not necessarily well-defined due to
a term in the heat equation belonging to L'(£2) only.

In this Thesis, we have two main focuses: conducting mathematical analysis on this
2D induction heating problem that deals with the irregular right-hand side, and build-
ing code to simulate realistic induction heating processes. In our analysis, by showing
that the coupling leads to a right-hand side that is more regular than L'(Q), we prove
existence of solutions in a setup that is more general than the existing literature. Under
strict assumptions on the shape of the mesh, we prove convergence of the standard
Galerkin finite element method. The main new result we present is a proof of conver-
gence of a recently developed finite element method to a decoupled problem under no
assumptions on the mesh. The fact that this method has no conditions on the mesh
allows the resolution of boundary layers in more complicated geometries.

We also implement the standard finite element method and this new method using
the Python software FEniCSx. We study two different 2D models, and show that these
codes produce results that are comparable to experimental data, and also improve upon
some results from finite element codes used by industry. We conclude by running the
model of induction heating over an irregular mesh, and explicitly demonstrate the results

we have proven, that the newly developed method is robust over irregular meshes.
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Chapter 1

Introduction

Induction heating is a non-contact method of heating electrically conductive materials.
It is widely used in the metallurgical industry for forging and forming, induction hard-
ening, brazing, welding, heat sealing, and in some cases, melting and mixing. Since it
induces heat directly within the material, it can efficiently produce accurate, localised
heating that is easily controlled through the setup of the system. Induction heating
can be used to control the properties of the material: for example, quenching a billet
above a certain temperature results in crystalline changes to the billet’s microstructure
and an increase in hardness. By calibrating the setup, manufacturers can produce a
workpiece with optimal depth of hardened material and minimal risk of cracking. In
modern times, manufacturers want these materials to be shaped and hardened to a high
accuracy. Therefore, it is important to understand the temperature profile within the
billet for maximum throughput, efficiency, and control, and also to avoid undesirable
overheating.

However, it is difficult, time consuming, and expensive to accurately measure the
evolution of the temperature profile in a billet. This is because high frequency al-
ternating currents are typically used in induction heating, and these generate steep
temperature gradients in the billet. This means that a small deviation in the placement
of a thermocouple could result in a large change in temperature being recorded and,
consequently, these measurements are subject to high experimental errors. Further-

more, a single experiment could take several hours and would need to be repeated if the
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type, shape, or placement of the billet or coils were changed, or if the current intensity
or frequency was changed. These experiments are costly since expensive equipment,
large quantities of materials, and professional expertise are needed to conduct these ex-
periments safely, accurately, and to a high standard. They are also not always possible
to do due to tight production schedules.

Accordingly, engineers are increasingly relying on numerical models to verify that a
given setup produces the desired temperature profile within a billet. This way, different
voltage setups, coil configurations, and types of materials can be accounted for in the
same model. The most popular type of method used is the finite element method
(FEM), since it is easily implemented on non-rectangular domains. Some commercially
available FEM software includes DEFORM (2023), or ANSYS (2025).

Although there is a vast amount of work implementing FEM codes for induction
heating (see, for instance, Clain et al. (1993), Chaboudez et al. (1994), Rappaz and
Swierkosz (1996), Chaboudez et al. (1997), Bay et al. (2003), Hiptmair and Sterz (2005),
Bermudez et al. (2007b), Bermudez et al. (2009), Bermudez et al. (2010), Bermudez et
al. (2011), and Fisk et al. (2022)), there is limited analysis that proves convergence of
these FEMs. Therefore, broadly, the aim of this Thesis is to bridge the gap between the
limited analysis that exists for induction heating and the FEM codes that have been
built.

One explanation for why the analysis is so limited is that the 3D Maxwell’s equations,
which describe the interactions between the magnetic and electric fields, are notoriously
difficult to analyse. This is for a number of reasons, including the fact that the functional
setting prevents the use of standard (nodal) finite element spaces. Hence, most papers
that analyse induction heating simplify the setting by reducing the 3D problem to a 2D
problem.

In this Thesis we consider two different choices of 2D models: the Solenoidal model
and the Axisymmetric model. Details of these models can be found in Chapter 3.
Analysis of the Axisymmetric model is minimal (Bermudez et al. 2007b), for reasons
discussed in Chapter 3, and hence the majority of the analysis focuses on the well-

posedness of the weak form of the simpler Solenoidal model (see, e.g. Parietti and



Chapter 1. Introduction

Rappaz (1998), Clain and Touzani (1997a), and Clain and Touzani (1997b)). However,
proving well-posedness even for this simple model is decidedly non-trivial.

The difficulty in the analysis of the Solenoidal model comes from the observation
that the heat equation has a source term in L'(£2). To see this, let us set all material
properties equal to one, let H, be a positive constant representing the magnetic field
strength in air, let © be an open and bounded domain in R?, and let us impose Dirichlet
boundary conditions for simplicity. Then the stationary Solenoidal Induction Heating

Problem reads: find the magnetic field strength H, and the temperature » such that

~AH +iH =iH, in Q, (1.1)
—Au = |VH|? in Q, (1.2)
H=0 on 09, (1.3)

u=0 on 0N). (1.4)

If we put (1.1) into a standard weak form, we look for H € H}(Q;C). However, this
results in the right-hand side of (1.2) belonging to L'(Q). This means, first of all, that
the methods to prove existence and uniqueness of variational formulations, such as Lax-
Milgram’s Lemma (Theorem 2.4.10) or the Banach-Necas-Babuska Theorem (Theorem
2.4.11), cannot apply to (1.2) since L'() is not a reflexive Banach space (Ern and
Guermond 2021a).

In order to tackle this problem, we take inspiration from some existing work that
has been done on the Thermistor Problem. This problem has the same source term in
L' (2), but differs in that (1.1) is replaced by a real Poisson equation. For the Thermistor
Problem, it has been shown in the literature there is additional regularity in the source
term (Howison, Rodrigues, and Shillor 1993), and this additional regularity is used to
prove convergence of FEMs (Jensen and Malqgvist 2012). It is also seen in the literature
that generally there are two methods to achieve convergence: either by having strong
restrictions on the mesh (Holst et al. 2010), or by imposing some bounds within the

method, i.e., by enforcing a discrete maximum principle (DMP) by using a stabilising
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term (Zhu, Yu, and Loula 2011) or truncation operator (Jensen and Malqvist 2012).
More detail is covered in Chapter 4.

The first goal of this work is to extend some of the results found for the Thermistor
Problem to the Solenoidal Induction Heating Problem. In this Thesis we apply a recently
developed stabilised FEM called the Bound Preserving Method (BPM), first presented
by Barrenechea et al. (2024), to the Solenoidal model. This method hardwires the
bounds of the problem directly into the method so there is no restriction on the shape
of the elements of the mesh, so this is an improvement on the current analysis which
currently has restrictions on the mesh. This goal is achieved by proving a-priors, similar
to the Thermistor Problem, that the source term in (1.2) is more regular than in L!((2).
Proofs of existence and convergence of solutions for the Solenoidal Induction Heating
Problem are contained in Chapter 4.

We also considered an alternative method to prove convergence. If we consider just
(1.2) as a Poisson problem with a right-hand side in L(£), it has been shown by Bénilan
et al. (1995), Dall’Aglio (1996), and Dal Maso et al. (1999) that if the weak form is
defined in a different way, it is possible to obtain well-posedness. This unique solution
under the redefined variational form is called the renormalised solution. It has been
shown that under very strict conditions on the mesh, a standard Py Galerkin FEM for
(1.2) converges to the renormalised solution (Casado-Diaz et al. 2007). We have made
some progress towards proving convergence of the BPM to the renormalised solution of
(1.2) under no conditions on the mesh, and a discussion on this is contained in Appendix
A.1 and remains an open problem.

The second goal of this work is to implement a working numerical code of induction
heating. In Chapter 5, we describe how we construct FEMs using the software FEniCSx
to solve the Solenoidal model and the Axisymmetric model of induction heating. To
properly test these methods, we compared the results from the models to experimental
data and to output from a commercial industrial FEM code. The experiments were done
at the Advanced Forming Research Centre (AFRC) at the University of Strathclyde.
We show that the output from these codes closely matches the experimental data, and

in particular, for the Solenoidal model, we see that the BPM is more accurate than the
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standard FEM for non-Delaunay meshes.

The structure of this Thesis is as follows: in Chapter 2, we introduce mathematical
preliminaries and notation for vector calculus, functional analysis, and partial differen-
tial equations (PDEs). We review some results relating to the maximum principle and
well-posedness of variational forms, and we formally introduce the FEM, the DMP, and
the BPM. In Chapter 3, we derive the Solenoidal model and the Axisymmetric model
from Maxwell’s equations and highlight some of the features of these models. Chapter 4
contains new analysis where we prove well-posedness and additional regularity of a sim-
plified form of the Solenoidal model. Furthermore, we prove convergence of the BPM to
the solution of a coupled system and we verify our results with numerical experiments.
Chapter 5 describes the numerical implementation of the Solenoidal and Axisymmetric
models and the comparison to experimental data. Finally, Chapter 6 reviews this The-
sis and comes to some conclusions and future questions, while the Appendix contains a
discussion on the renormalised solution, an optional voltage calculation, and a copy of

part of the FEniCSx code.



Chapter 2

Preliminaries

2.1 Abstract

In this Chapter we introduce some notation, concepts, and results for later Chapters.
First, we list some notation and identities from vector calculus which will be used to
define the Induction Heating Problem in Chapter 3. We introduce notation for Lebesgue,
Sobolev, and dual spaces, consciously differentiating between the real and the complex
case. We introduce elliptic PDEs and show that under certain conditions, they satisfy
a maximum principle (i.e. the solution is bounded). We then motivate and define the
variational formulation of elliptic PDEs, and discuss conditions for well-posedness in an
abstract setting. In particular, we highlight that having a source term that belongs to
LY(2) generates problems when proving well-posedness.

We also formally introduce the FEM as a triple, define the finite element spaces
used throughout this Thesis, and show how they are used in a variational framework.
We pay particular attention to different types of triangulations, since it is only under
strong conditions on the mesh that the DMP is satisfied. Finally, we consider how to
modify the standard FEM using a stabilising form in order to guarantee satisfaction of
the bounds of the problem without these strict conditions on the mesh, and under this

motivation we officially introduce the BPM.
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2.2 Vector Calculus

In this Section we include some differential operators from vector calculus that will be
used in the derivation of the Induction Heating Problem. Let  be a generic point in
R? d =2,3, and let e;, 1 < i < d denote the Cartesian basis for R%.

In the case where d = 2, let ¢ : R? — C be a continuously differentiable scalar field
and v : R? — C? be a continuously differentiable vector field with v = vie; + vqes.

Then we denote

V= 35161 + gf ez,
. 81)1 87)2
div 87331 D2y’
curl v := % — %
8.731 81’2
curl ¢ := 879061 — a—@eg
81‘1 81‘2

Note that we make a distinction between the curl of a scalar (curl), which produces a
vector, and the curl of a vector (curl), which produces a scalar.

In the case where d = 3, let ¢ : R? — C be a continuously differentiable scalar field
and u : R? — C? be a continuously differentiable vector field with w = uje; + uses +
uzes. Then we denote

_ 99 9¢ 9¢

Vo= —e + ——ey+ ——
(b 8951 e 8562 et 8333 €3

8u1 8u2 aU3

dry ' Oy Oxy’
curl u := %_% e + %_% e, + %_% e-
T 8$2 8$3 ! 8ZE3 8$1 2 6951 8%2 3

2.2.1 Cylindrical Coordinates

divu :=

In order to present the Axisymmetric model of induction heating, we define some nota-
tion for problems in cylindrical coordinate systems. This Section follows the presenta-

tion by Touzani and Rappaz (2014, Chapter 5). In R3, the cylindrical coordinates are
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defined by

®:(r,0,2) e R x [0,27) x R,

®(r,0,z) =rcos(f)e; + rsin(f)es + zes.
The cylindrical basis vectors are

e, = cos(f)ey + sin(f)eq,
ep = —sin(f)e; + cos(f)eq,

€, = e3.

For any scalar field ¢ = qz(r, 0, z) and any vector field @ = @, (r, 0, z)e,+tgy(r, 0, z)eg+

u,(r, 0, z)e, we state the well known vector identities:

;0 109 9
V¢— Eer‘f' %694‘ P €.,
o1 (o(ru,)  Oug O
divua = ; ( or % + 5 > ,
curlu—1 (91?2_ % 4+ &j’”_aﬂz e +1 8(”@)_8% o
r\a0 "o, ) 0z or )Ty or 00 ) %
v 1 8¢ 182¢ 62¢
Aqﬁ_; <8r < 8r> +7ﬁ+ 022 |-

These identities will be used in the definition of the Axisymmetric model. Now we
define an Axisymmetric field, which is a field which is rotationally symmetric around

the z-axis.

Definition 2.2.1 (Axisymmetric Field). A scalar field ¢ (or vector field ) is called

azisymmetric if ¢ (or ) does not depend on #. More specifically,

QVS = é(ﬁ Z)>

Uy (7, 2)er + (1, 2)eg + (1, 2)e..

U

We also define an Axisymmetric domain, which is a domain which is rotationally
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symmetric around the z-axis.

Definition 2.2.2 (Axisymmetric Domain). We say a set Q C R? is azisymmetric if for

any € = ®(r,0,z) € Q we have

9

Q={(r,z) e RT xR; ®(r,&,2) € Q,V £ €10,2m)},

={(r,2) € RT x R; ®(r,0,2) € Q}.

In other words, Q is independent of the choice of 6. Thus, in an axisymmetric
setting, the axisymmetric problem reduces to solving a problem on the half-plane by

setting 8 = 0.

2.3 Functional Analysis

In this Section we introduce notation for Lebesgue, Sobolev, and dual spaces and high-
light relevant results in this topic. Let C°(£2) denote the space of continuous functions
on €, and for an integer k& > 1, let C*(Q) denote the space of functions that are
k-differentiable. In a similar manner, we denote by C°(Q;C) the set of continuous
complex functions, and by C*(; C) the set of k-differentiable complex functions. Let
D(Q) := C5°(£2) be the set of infinitely differentiable real functions that are compactly
supported in €2, and let D(Q; C) := C§°(€2; C) be the set of infinitely differentiable com-
plex functions that are compactly supported in Q. For a general n € N, we write | - |
as the Euclidean norm over R" or C", write (-,-) to be the inner product over R", and
(-,-)c to be the inner product over C". For a complex number z we write Re(z) as the
real part of z and Im(z) as the imaginary part of z.

A fundamental characterisation of continuity is Lipschitz continuity.

Definition 2.3.1 (Lipschitz Continuous). For Banach spaces (V1, ||||v;) and (Va, ||]|vs),
a function A : Vi — Vb is called Lipschitz continuous if there exists a positive constant

Clip such that
[A(v1) = A(v2)llvy < Cipllor —v2llvy YV vr,v9 € V1.

10
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A domain € is said to have Lipschitz boundary if the boundary can be decomposed into
a finite number of open sets that can each be locally expressed as a graph of a Lipschitz
function. In all of the analysis that follows, we assume that our domain has a Lipschitz

boundary.

2.3.1 Lebesgue and Sobolev Spaces

We now introduce notation for Lebesgue spaces, which contain functions that can be

discontinuous while requiring certain integrability properties.

Definition 2.3.2 (Lebesgue Spaces). For every p € [1,00), we define the real Lebesgue

space LP(£2) to be the set of real measurable functions v such that

1/p
1(9) = {o: ollopo < o5bs [ollopo = (/Q |vpdw) |

and the complex Lebesgue space LP(£2; C) to be the set of complex measurable functions

w such that

LP(;C) :={w : |Jw

1/p
lop.0,c < o0}, [wllop.oc == </ Jw[P dw) :
Q

We also define the space L>°(€2) (and L*>(€2; C)) to be the space of real (and complex)

measurable functions v (and w) such that

[v]l0,00,0 := sup [v(z)| < o0, [[wllo,c,0,c = sup [w(z)| < oco.
e z€Q

When equipped with these norms, LP(Q2) and LP(Q;C) are Banach spaces (Brezis
2011, Theorem 4.8). In the special case where p = 2, L?(Q2) and L?(Q;C) are Hilbert

spaces when equipped with the inner products
(u,v)q := / w dx Y u,v e L*(Q), (w,q)ac = / wg de ¥V w,q € L*(Q;C),
Q Q

where § denotes the complex conjugate of ¢q. In these cases, we abbreviate the norms

from || - lo2,0 to [ - [lo,0 and || - [o2..c to [ - [o.0c-

11
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We write the inner product on the boundary 0 as

(u,v)a0 :/ uv dS (w, @)aq.c :/ wq dS
o0 o0

for all u,v € L?(09) and all w,q € L*(98;C).
Since we will be studying PDEs, we define Sobolev spaces where derivatives exist in
a generalised sense and and have suitable integrability. The following classical definition

is by Adams and Fournier (2003, Definition 3.1).

Definition 2.3.3 (Sobolev Spaces). Let p € [1, 00] and let k be a non-negative integer.

Let o = (o, ..., o) € N* be a multi-index, and let
po (DN (O o
' 0x1 Oz, Ozt - Qxp
For a real function v and a complex function w, we can define the Sobolev spaces to be

WsP(Q) :={v e LP(Q) : || Dljop,0 < 00, |a| < s},

WP(Q;C) :={w € LP(;C) : || Dw

0,]379,((: < OO’ ’a’ S S}

These spaces are provided with the norms

1/p
HUHs,p,Q = Z HDQUHIZP(Q) )
|| <s
1/p
[wl]sp,0c = Z HDaw|’I£p(Q) )
|| <s
and seminorms
1/p
[v]spa = Z HDQUHIZp(Q) )
|a|=s
1/p
|w’s,p,Q,(C = Z HDawHip(Q)
|a|=s

12
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With these norms, W*P(Q) and W*P(Q; C) are Banach spaces, and in the special

case where p = 2 these are Hilbert spaces when equipped with the inner products

(w,0)s0 = Y _ (Du, D)oo V¥ u,veW"?(Q),

|| <s

(w,@)sac= Y (D*w,D%)oac V¥ w,qecW?09C).

laf<s

Following standard convention, we denote these Hilbert spaces by
H(Q) := W3(Q),  H*(Q;C) := W**(Q;C),
and abbreviate their norms and seminorms to

[olls.0 = lvlls.2.0, [wllsoc = [wls2ac,

[v]s.a == |v]s2.0. lw|s.0,c = |w|s2.0.c.

We define the space Hj(Q2) as the closure of C§°(2) in H*(Q2), and H*(2; C) as the
closure of C§°(Q2; C) in H*(€2; C). This space is a Hilbert space when equipped with the
norm equal to the seminorm of H*(2), (or H*(£2;C)).

Since we consider time-dependent PDEs in Chapter 5, we mention some notation
for Bochner spaces. Let I C R, where typically I = [0,7] and T is the timescale of the
simulation. Let (X, || -|/x) be a Banach space (e.g. LP(Q) or WkP(Q;C)). We define

the Banach space

IP(LX) ={f: Ix Q=R [[fllpex) < oo},

1/p
£l ze(r;x) = (/1 !f\’)’() .

Also, for p € [1,00], k > 1, we define the space

where

WHP(LX) = {f: I x Q=R : || fllwesrx) < oo},

13
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with

1/p
1l rx) = ( /] || f||g;> |

Using these spaces, we will be able to properly characterise the variational form of
time-dependent PDEs.

Now that we have defined these spaces, we recap some fundamental theorems that
will be referred to in later Chapters. We state the theorems in the complex setting,
since that is the more general case. These first three classical results allows us to obtain
inequalities for functions in LP(Q;C) and H'(2;C), and can be found in the book by
Gilbarg and Trudinger (1998, p.145 and p.164).

Theorem 2.3.4 (Cauchy-Schwarz Inequality). For all u,v € L?(Q;C), the following
holds:

[(uw, v)acl < llulloqacllvlooc:

In a more general setting, we have Holder’s Inequality.

Theorem 2.3.5 (Holder’s Inequality). Let p > 1 and let ¢ be the Holder conjugate of p,
so that ¢ > 1 and 1/p+1/q = 1. Then for all w € LP(Q;C) and all v € L1(;C), the

following holds:

[(u, v)acl < llullopaclvlogoc

Finally, we have the Poincaré Inequality.

Theorem 2.3.6 (Poincaré Inequality). If © is bounded, there exists a positive constant

() depending only on {2, such that

1,0,C Vv e Hy(;C).

[ollo.0.c < Cplv

Corollary 2.3.7. The norms for H'(Q;C) and H}(Q;C) are equivalent. That is, there

exists positive constants Cequ; and Cegqy; such that
Cequi|v|1,Q,(C < ||U||1,Q,(C < Cequi|v|1,ﬂ,(c Vove H&(Q’(C)

Proof. By definition of a seminorm, |[v|10c < ||v|li,0c, so we can take cequi = 1 for

14
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the left inequality. The right inequality is satisfied is using the Poincaré inequality and
taking Cegui = 1 + Cp. O

More generally, Sobolev spaces and Lebesgue spaces are connected by the following

theorem, which is stated by Roubicek (2013, Theorem 1.20).

Theorem 2.3.8 (Sobolev Embedding). Let the exponent p* be defined as

ddfpp, for p < d,
p*={an arbitrarily large real for p =d,
~+00 for p > d.

Then W'P(Q;C) is continuously embedded in LP"(2;C) and compactly embedded in
LP(Q;C), where 1 < p < p*.

In particular, this means that when Q C R? H'(Q;C) can be continuously embed-
ded into any LP(Q2;C) for 1 < p < c0.

The following Lemma is proven using the Sobolev Embedding Theorem, and will
be used when proving convergence of the Induction Heating Problem when there are

coefficients that depend on temperature.

Lemma 2.3.9. Let vy — v be a weakly convergent sequence in Hg(Q;C), and let f €
L>(Q; C) be a Lipschitz continuous and essentially bounded function. Then f(vg) —
f(v) strongly in L?(Q; C) for any 1 < g < p*, where p* is the constant from the Sobolev
Embedding Theorem (Theorem 2.3.8).

Proof. Since vy — v weakly in Hg($; C), it follows from the Sobolev Embedding The-
orem (Theorem 2.3.8) that vy — v strongly in LP(2), where 1 < p < p*. Since Q is
bounded, f € L*(Q;C) = f € L1(Q;C), for 1 < g < oo. Therefore, by definition of

Lipschitz continuity (Definition 2.3.1)

[1f (ox) = f(v)

lo,0,0.¢ < Clipllve — vllopac — 0.

Therefore f(vy) — f(v) strongly in L4(2) for any 1 < ¢ < p*. O

15
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Finally, we formally define a projection from a Hilbert space onto a closed convex set,
which will be essential in order to characterise convergence of the BPM. This definition

is found in the book by (Brezis 2011, p.132).

Definition 2.3.10 (Projection onto a Closed Convex Set). Let H be a Hilbert space
with inner product (-,-)y and norm || - ||g. Let  C H be a non-empty closed convex

subset of H. For every f € H there exists a unique element u € I such that
If —ullz = min |[f — ||z = dist(f, K),
vell
where u is characterised by the property
ueKand (f—u,v—u) <0 Vwvelk.
The unique element w is called the projection of f onto I and is denoted by
u = H}Cf.

2.3.2 Dual Spaces

In order to articulate the challenges posed by having a source term in L!(Q), we state

some notation for dual spaces, following the presentation by Renardy and Rogers (2004).

Definition 2.3.11 (Dual Space). Let X be a real (or complex) Banach space with
norm || -||x. Then a linear functional on X is a bounded linear mapping L from X to
R (or C). The set of all linear functionals on X is the dual space of X and is denoted

by X’. It is equipped with the norm

L L
L= sup 12—y L
lzle=1 1Zllx  jaixs0 1Zllx

In the special case where X is a Hilbert space, the Riesz Representation Theorem
shows that X’ is isomorphic to X (Renardy and Rogers 2004, Theorem 6.2).
Now we consider the case where X is a Lebesgue space LP(2) with 1 < p < co. Let

g be the Holder conjugate of p, so that 1/p+ 1/q = 1. Each element v € LI(Q2) defines

16
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a linear functional L, on LP(2) via

Ly(u) = /Qu(x)v(x) de, u € LP(Q).

It is shown by Adams and Fournier (2003) that (LP(Q2))’ is isomorphic to LI(€2). We

can write the duality product as

(U, V) Loy (Lry 0 = /Qu(x)v(x) de,

(W0, Q) L (1Y .0 = /Q w(z)q(@) dz,

for w € LP(Q2), v € (LP(2)) real, and w € LP(;C), ¢ € (LP(;C))’ complex. The
key point is that taking v € L2(Q) and ¢ € L%(Q;C) is entirely equivalent taking
v e (LP(Q)) and g € (LP(2,C))’ in the duality product. If it is clear from the context,

the spaces where u, v, w and ¢ are from will be omitted.

Remark. Tt is more complicated in the case that p = 1 or p = co. In the case where
p =1, (LY(Q)) is isomorphic to L>(£). However, it is not the case that (L>(Q))’ is
isomorphic to L!(Q). In fact, the dual of L°°(£2) is much larger than L'(Q) (see Adams
and Fournier (2003) for more details). [

The spaces LP(2) that are isomorphic to (L%(Q2))" are characterised more formally

in the following definition, presented by Roubicek (2013, p.5).

Definition 2.3.12 (Reflexive Space). Let X be a Banach space. The space X" := (X')/
is called the bidual of X. For u € X, v € X', space X is embedded into the bidual X"
via the canonical embedding 7 : X — X" defined by (i(v),u) = (u,v). The space X is

called reflexive if i : X — X" is an isomorphism.

Indeed, LP(S?) is reflexive if and only if 1 < p < oo (Adams and Fournier 2003,
Theorem 2.46). We will see in Section 2.4.4 that the relationship between Hilbert
spaces and their duals, and the relationship between LP(Q2) spaces and their Holder
conjugate duals, plays a key role in proving the well-posedness of PDEs. Accordingly,
we can now state a slight modification to Schauder’s Fixed Point Theorem, stated by

Roubicek (2013, p.65).

17
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Theorem 2.3.13 (Tikhonov-type modification of Schauder’s Fixed Point Theorem). Let
V be a reflexive separable Banach space that is compactly embedded into a different
Banach space V!. Then a weakly continuous mapping M : V — V which maps a ball

into V to itself has a fixed point.

This theorem will allow us to prove existence of a fixed point under a weakly con-
tinuous map in a reflexive Banach space.

We also state another fixed-point theorem, which will allow us to prove existence of a
fixed point in finite-dimensional spaces. This is presented by Roubicek (2013, Theorem

1.10), and was first proven by Brouwer (1912).

Theorem 2.3.14 (Brouwer’s Fixed Point Theorem). A continuous mapping on a compact

convex set in R” has a fixed point.

Some careful consideration should be given to the dual space of H3 () (or H§(; C)),
which is denoted by H™*(Q2) with norm || - [|_s o (respectively denoted by H~*(€2;C)
with norm ||-||_s o,c). Although these spaces are Hilbert spaces, and therefore should be
isomorphic to their dual space, the extra derivatives make their analysis more delicate.
However, the essential idea is to redefine the norm on the dual space. For more details

on the definition of this norm, see Adams and Fournier (2003, p.62).

2.4 PDEs

The Induction Heating Problem can be represented as a set of coupled PDEs. In this

Section, we introduce the theory for elliptic PDEs in a more general setting.

2.4.1 Elliptic PDEs

In this Section we consider a linear second order PDE with no convective term i.e. a
reaction-diffusion equation. Let Q be a bounded Lipschitz domain in R?, and consider

the classical reaction-diffusion problem. When equipped with appropriate boundary

conditions, the problem reads: find u(zx) € C?(2;C) N C(;C) such that

L9 ou
_ Z o, <a¢j(:c)awi> +ce(x)u=f(x) =xe€Q, (2.1)

ij=1

18
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where the coefficients a;; € C1(;C), i,j = 1,...,d, c € C(C) and f € C(Q;C).

Here, (2.1) can be written more compactly as
Lu=f (2.2)

where

tim= Y o (aple)p ) +eta)

ij=1
is a linear differential operator.

Definition 2.4.1 (Real Elliptic PDE). The differential operator £ in (2.2) is uniformly

elliptic if a;; € C*(Q) and ¢ € C() are real, and there exists a positive constant Cey

such that
d d o
Y ai&& > Cay & VE=(,.... L) €RY, zeQ
i,j=1 i=1

If f € C(Q) is also real then the PDE (2.1) is called a real elliptic PDE.

When paired with appropriate boundary conditions, a function u € C?(2;C) N
C(Q; C) satisfying (2.1) is called a classical solution. This solution is unique for real
elliptic PDEs provided that a;;, a and f are sufficiently smooth (Siili 2020, p. 15).

Next, we will discuss the maximum principle, which can be used to obtain a-prior:

bounds on the solution.

The Maximum Principle for Classical Elliptic Problems

The maximum principle is an essential tool to prove boundedness of classical solutions to
PDEs. Here, we formally introduce the maximum principle as a way to obtain a-prior:
bounds on the solution.

For real second order elliptic PDEs, the maximum principle is well established and

is stated by Gilbarg and Trudinger (1998, Theorem 3.1).

Theorem 2.4.2 (The Classical Weak Maximum Principle). Let £ from (2.2) be real and

elliptic in the bounded domain €2, and define u™ = max{u,0}, and v~ = min{u,0}.
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Suppose that
Lu>0(<0)in Q, a(x) <0in Q,

with u € C%(Q) N C%(Q). Then the maximum (minimum) of u is achieved on 95, that
is

supu =supu (infu = infu).
Qp as%j (ﬂ o0 )

Further, if Lu =0 in €, then

sup |u| = sup |ul.
Q o0

The complex version of the maximum principle is not quite so well established.
However, it has been shown by Kresin and Maz’ya (1993) that by separating the real
and imaginary parts of the system and viewing the solution u as a vector and the
complex PDE as a system of coupled real PDEs, we can prove the following maximum

principle.

Theorem 2.4.3 (The Complex Weak Maximum Principle). Let £ be the complex oper-

ator defined by
d

Li=—ci(z) Y (,)ij <aij(m)£i) + co(x)

ij=1
where a;; are real functions, ¢ is a complex d x d-matrix-valued function such that
Re ({c1(x)n,n)) > 0 for all n € C4\{0}, and all coefficients are bounded and smooth
enough. Suppose additionally that the operator £ is strongly elliptic, so that for all
xeQaln=(n,...,nq) €C% and all £ = (&,...,&) € RY

d
Re [ () ej(@)&gmmic | > 0.

ij=1

Then, if for all & € Q, and for all uj, u € C4 i = 1,...,d with Re ({;, n)) = 0, the

inequality
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is valid, then the classical maximum modulus principle
pu— 1 f pu— 1 f
sup |ul Sup [ul - (nf ul = inf ful)

is valid, where u € C?(2;C) N C%(Q; C) is the solution.

These maximum principles are important to bear in mind when designing FEMs, as
discrete solutions should also satisfy these bounds. Before defining discrete solutions,

we first need to define weak formulations of PDEs.

2.4.2 Variational Formulation of Elliptic PDEs

The classical solution for (2.1) requires that u € C%(Q;C) N C(Q;C), but this is too
restrictive for discrete solutions. Additionally, (2.1) must have a;j, a and f sufficiently
smooth. Therefore, in order to weaken the regularity requirements on w and the data,
we put (2.1) into its weak form by multiplying by a test function v and integrating over
Q. Then wu is said to be a weak solution if it solves the resulting integral equation for all
test functions v. The weak form of (2.1) equipped with Dirichlet boundary conditions
reads: given f € L?(;C), find u € H(Q;C) such that

d
Z/ aij(m)% L ov dx +/ c(x)uv de = / fv de Vove Hy(C). (2.3)
0 Q 6:1:1 awj ) Q

Searching for w € H{(€;C) allows us to include functions that are continuous and
differentiable almost everywhere (a.e.), so can be discontinuous at a finite number of
points. This significantly extends the space of admissible solutions.

We can write (2.3) more compactly using inner product notation. Let DD denote the
diffusion matrix with entries a;;. Then (2.3) can also read: given f € L%(Q2;C), find
u € HE(Q;C) such that

(DVu, Vo)ac + (cu,v)ac = (f,v)ac Vv e Hy(C). (2.4)

This notation with the inner products is the one that we will use throughout this Thesis.

Next, we recap some results about variational formulations in an abstract setting in

21



Chapter 2. Preliminaries

order to obtain well-posedness results.

2.4.3 Abstract Variational Formulation

In this Section we follow the presentation given in Dautray and Lions (2000), and
present some abstract results relating to the variational formulation. First, we give

some definitions.

Definition 2.4.4 (Bounded Linear Mapping). Let V' and W be real vector spaces with

norms || - ||y and || - [[w. A linear mapping is a map L : V — W such that
L(v1 4+ v2) = L(v1) + L(v2) YV u,v2 €V, (2.5)
L(Av) = AL(v) VAeRandallveV. (2.6)
If, instead, V and W are complex vector spaces with norms || - ||y and || - ||w, and L is

amap L:V — W such that

L(v1 4+ v2) = L(v1) + L(v2) Vv, v €V,

L(\v) = AL(v) VAdeCandallveV,

then L is called an antilinear mapping. An (anti)linear mapping is called bounded if

there exists a positive constant Cj;,, > 0 such that

L) |lw < Clnllv]lv YoveV.

The set of all bounded (anti)linear mappings from V to W is denoted L(V; W).

Definition 2.4.5 ((Anti)linear Form). Let V be a complex vector space. An antilinear
form on V is a bounded antilinear mapping from V to C. If V is a real vector space

and L is a linear mapping from V to R, L is called a linear form.

Definition 2.4.6 (Sesquilinear Form). Let V and W be complex vector spaces. A

sesquilinear form is a map a : V x W — C such that
1. a(v1 + va,w) = a(vi,w) + a(ve,w) for all vi,ve € V and all w € W,
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2. a(v,w; +wz) = a(v,wy) + a(v,ws) for all v € V and all wy,wy € W,
3. a(Av,w) = Aa(v,w) forall \ e C,allv eV, and all w € W,
4. a(v, w) = Aa(v,w) forall \€C,allvecV,andall wec W.

If V and W are real and a(-,-) maps to R, then a(-,-) is called a bilinear form.

The following definitions of bounded, continuous, and coercive sesquilinear forms

also apply when a(-,-) is a bilinear form.

Definition 2.4.7 (Continuous Sesquilinear Form). Let V' and W be complex vector
spaces with norms || - ||y and || - |w, respectively. A sesquilinear form a(-,-) is bounded

if there exists a positive constant Cges > 0 such that for allv € V, w € W,
la(v,w)] < Coeslollv Il 2.7)

A sesquilinear form is continuous if and only if it is bounded.

Definition 2.4.8 (Coercive Sesquilinear Form). Let V' be a complex vector space with
norm || - [|y. A sesquilinear for a(-,-) is coercive if there exists a positive constant o > 0
such that for every v € V,

la(v, v)| > avlf3. (2.8)

If we write (2.4) in a more abstract form by defining

a(u,v) := (DVu, Vu)q c + (cu,v)oc, (2.9)

L(v) := (f,v)ac, (2.10)

then is straightforward to show that (2.9) is a bounded and coercive sesquilinear form
and that (2.10) is a bounded antilinear form.

In addition to having a maximum principle for classical solutions, we also have
a similar maximum principle for variational formulations. Here we state the result

presented by Barrenechea, John, and Knobloch (2025, Theorem 2.21).
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Theorem 2.4.9 (Maximum Principle for Weak Solutions). Let a(-,-) be a real, coercive,
elliptic bilinear form representing the weak form of the reaction diffusion equation (2.9)
and let ¢ > 0 a.e. in Q. If a(+,-) is equipped with Dirichlet boundary conditions, then
for any u € H'(Q), it follows that

a(u,v) <0 YveHI(Q), v>0 = esssupu < esssupu’,
Q 0N

a(u,v) >0 YveHI(Q), v>0 = essQinfu > esg&i)nfu_.
In particular,
alu,v) =0 Vo€ H}(Q) = esssup|u| = esssup |ul.
Q oN
Moreover, if ¢ =0 a.e. in 2, then

a(u,v) <0 Vv HI(Q), v>0 = esssupu = esssupu,
Q o0

alu,v) >0 YoveHI(Q), v>0 = essQinfu = esgé)nfu.
This result will be used in Chapter 4.

2.4.4 Well-Posedness Results

Using the abstract variational definitions from Section 2.4.3, in this Section we state
some well known well-posedness results and discuss their application to problems with
data in L1(€Q).

The most widely used result is the following, whose proof for the real case can be
found in Raviart and Thomas (1992, Theorem 2.2-1, p.37), and for the complex case
can be found in Dautray and Lions (2000, Theorem 7, p.368).

Theorem 2.4.10 (Lax-Milgram). Let H be a Hilbert space over R (or C). Let af(,-)

be a continuous, coercive bilinear (or sesquilinear) form, and let L(-) be a continuous
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(anti)linear form. Then the problem: find v € H such that
a(v,w)=L(w) YweH (2.11)

has a unique solution.

Theorem 2.4.10 guarantees the existence of a unique solution if v and w belong to
a Hilbert space, for example H}(f2), as in (2.4). However, in order for the right-hand
side in (2.4) to be well-defined, we require f € L?(£2). So, in order to possibly consider
the case where f € L'(£) only, we mention an extension of Theorem 2.4.10 to reflexive
Banach spaces, which can be found in the book by Ern and Guermond (2021a, Theorem
25.9).

Theorem 2.4.11 (Banach-Necas-Babuska (BNB) Theorem). Let V be a complex Ba-
nach space and let W be a complex reflexive Banach space. Let a(-,) be a bounded
sesquilinear form on V x W and let L € W’ be a bounded antilinear form. Then the

problem: find v € V such that
a(v,w) = L(w) YweW

is well-posed if and only if, for v, w # 0

ja(v, w)|

inf sup ——————— =:a >0, and 2.12
veV wew [|vllvl|lwllw 212
VweW, [VveV, alv,w)=0] = [w=0]. (2.13)

Condition (2.12) is known as the inf-sup condition. In particular, Theorem 2.4.11
shows that if V' = LP(Q) and W = L%(Q) where ¢ is the Holder conjugate of p, then the
problem is well-posed when 1 < p < oo. Since L'(2) is not a reflexive Banach space,
we cannot use Theorem 2.4.11 to prove well-posedness when f € L'(Q).

One possible solution could be to take test functions w € H}(Q) N L>®(R), as this
would make the term (f,w)q well-defined for f € L'(Q). However, H}(2) N L>()
is not a Banach space under the H&(Q) norm. In order to prove well-posedness, we

would have to prove an inf-sup condition under a different norm, for instance with the
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norm ||w||« = |w|1,0+ ||w]o,00,0, and it is not clear how to justify the inf-sup condition
under this norm. We are not aware of any results on the inf-sup stability of the discrete
problem for this norm. In fact, if such a stability were to hold, then this would imply
that the solution of the discrete problem satisfies bounds in L>°(2), which is known to
only hold under certain mesh conditions.

A reformulation of the weak Poisson problem with a right-hand side in L'(2) has
been proposed in the literature for which well-posedness has been proven (Bénilan et al.
1995; Dall’Aglio 1996; Dal Maso et al. 1999). Details of this reformulation are shown
in Appendix A.1. For the Induction Heating Problem studied in this Thesis, in Section
4.4.3 we prove existence of solutions by showing that there is additional regularity on
the source term.

Once well-posedness has been established, the main focus of this Thesis is to prove
convergence of FEMs to a weak solution. Hence, in the next Section, we introduce the

FEM.

2.5 FEMs

There are actually numerous methods (e.g. finite difference method, finite volume,
spectral method, etc.) that could be used to solve the Induction Heating Problem.
However, the FEM is particularly well suited to general meshes, in comparison to other
methods, that require structured quadrilateral meshes. Hence, we only consider the

FEM.

2.5.1 Triangulations

First, we give some definitions. Let Q C R% be an open, bounded, polygonal or polyhe-

dral domain with Lipschitz boundary 0.

Definition 2.5.1 (Conforming Triangulation). We say that Ty is a simplicial conform-

ing triangulation or a simplicial conforming mesh if it is a finite set such that

1. K € Ty is a open simplex contained in €2,
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2. UK : K € T,,} = Q,
3. for K1, Ko € T, if K1 # Ko then K1 N Ky = @,
4. for Ki,Ky € T, K1 N Ky is either (), a common edge to K; and K», or K| = Kj.

The vertices of the simplices in the triangulation are denoted by x;, i =1,..., N+ M.
The interior nodes are x;, ¢ = 1,..., N, and the boundary nodes are x;, i = N +
,...,N+ M.

For every K € Ty, we define hi := diam(K) and denote pg as the diameter of the
ball inscribed in K. We denote by E; the edge opposite the node x; and denote by ng

the interior angle opposite F; on the element K. An illustration is shown in Figure 2.1.

R

Figure 2.1: Example finite element K with maximum diameter hx and inscribed ball
with diameter pr. Here FEj, is the edge opposite the node x; and 05]_ is the interior
angle opposite E; on the element K.

We set
h =max{hg : K € Tp}.

The prescribed index h in T}, corresponds to this value of h. A family {73}, with h — 0
corresponds to a sequence of meshes becoming increasingly refined. Now we give some

definitions of different types of mesh families.

Definition 2.5.2 (Affine Triangulation). A triangulation 7} is called affine if every

K € T is an affine map from a fixed reference element.
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Definition 2.5.3 (Shape-Regular Triangulation). A family of conforming triangula-
tions {74} is shape-regular if there exists a constant Cyey > 0 independent of h such
that

hk

- S C?“eg7 v K S 777,7 v 771 c {ﬁb}h
OK

The geometric interpretation of a shape-regular triangulation is that the elements
do not get arbitrarily long and thin. This means that a shape-regular mesh also satisfies
a minimum angle condition, i.e. there exists a constant 6, > 0 independent from h that
for any T, € {Th}n and any K € Tj, the minimal dihedral angle 05 of K satisfies
08 > ¢, (Barrenechea, John, and Knobloch 2025, p.113).

Another useful characterisation of families of meshes is the following:

Definition 2.5.4 (Quasi-Uniform Triangulation). A conforming family of triangula-
tions {7x}s is quasi-uniform if there exists a constant Cg, > 0 independent of h such

that
maxge7, MK
minge7;, hi

< Cqp V' Th € {Th}n-
The geometrical interpretation of this condition is that the ratio between the largest
element on the mesh and the smallest element on the mesh cannot get arbitrarily large.
One of the main focuses of this Thesis is on proving results with no conditions on
the mesh. For example, if we wanted to use the maximum principle to prove that a
discrete function is bounded in the L% () norm, the size and shape of the underlying
mesh has to satisfy certain conditions. So, in order to understand these, we define some

common conditions on mesh shapes. Some of the notation varies in the literature, so to

be clear we explicitly say what we mean here.
Definition 2.5.5 (Properties of Meshes). A simplicial triangulation 7y, is said to be

o strongly acute if there exists an € > 0 such that every internal angle in each

element K € Ty, satisfies 0 < § — ¢,
o weakly acute if every internal angle in each element K € 7T}, satisfies 0 < 7,

o of Delaunay type if the interior of the circumscribed sphere of any simplex of the

mesh T, does not contain any node of Tj.
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Generally, a strongly acute mesh is weakly acute, and a weakly acute mesh is Delau-
nay. So strongly acute is the strictest condition, and Delaunay is the weakest condition.
In two dimensions, a triangulation is Delaunay if and only if the sum of the dihedral
angles opposite E is smaller or equal to 7 (Barrenechea, John, and Knobloch 2025,

Theorem 4.8).

(a) Delaunay condition satisfied. (b) Delaunay condition not satisfied.

Figure 2.2: Example of part of a mesh that satisfies the Delaunay condition, and part
of a mesh that does not.

2.5.2 Finite Element Spaces

Now we have defined simplicial triangulations, we can define finite element spaces. The

following definition is by Raviart and Thomas (1992).

Definition 2.5.6 (Finite Element as a Triple). Consider the triple (K, X, P), where
1. K is a closed, connected, compact, non-empty subset of R?,
2. ¥ ={a;}}, is a collection of distinct points in K, called degrees of freedom, and

3. P is afinite dimensional vector space of polynomials composed of functions defined

on K.

We say that the set ¥ is P-unisolvent if and only if for n (complex) scalars o, j =

1,...,n, there exists a unique function P in the space K such that

Plaj)=«a;, j=1,...,n
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If the set X is P-unisolvent, the triple (K, 3, P) is called a Lagrangian Finite Element.

Let us denote P (K) or (Py,c(K)) as the set of real (or complex)-valued polynomials
with degree k defined on K. For example, when K C R? is a simplex, the standard

degrees of freedom defined on K are:

e when P(K) =Py(K), ¥ = {xo}, the centre of the simplex,
e when P(K) =Pi(K), ¥ = {1, 22, x3}, the vertices of the simplex, and

e when P(K) = Py(K), ¥ = {x1, x2, 3, T12, T23, 13}, the vertices and midpoints

of the edges of the simplex.

This is illustrated in Figure 2.3.

T2 2

12

o)

®
T3 T1 w3 T13 T

Figure 2.3: Degrees of freedom for Py, Py and P9, respectively.

Here k is referred to as the degree of the finite element, corresponding to the degree
of the polynomial space. It is possible to obtain finite elements with degree higher than
2, in fact, they can get much higher, and the details of this are in Raviart and Thomas
(1992). However, in this Thesis, we only consider the case where P(K) = P1(K) or
P(K) =P.c(K).

Definition 2.5.7 (P; Finite Element Space). Over the real numbers, the finite element

space is defined as the set of continuous piecewise affine polynomial functions:
Wy, = {v, € C°(Q) : vp|ir € P1(K) for all K € T} N HY(Q), (2.14)

and

Vi = Wi N HY (). (2.15)
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Over the complex numbers as, for P complex,
Wh,(C = {Uh S CO(§> : "Uh‘K € ]P)l;(c(K) for all K € ﬁl} N Hl(Q;(C), (2.16)

and

Ve :=WuenN H& (©;C). (2.17)

We remark here that Vj, and Vj, ¢ are subspaces of H'(2) and H!(; C), respectively,
and functions in V}, or Vj, ¢ are fully determined by their degrees of freedom, that is, in
the case of linear polynomials, their values at the nodes of the mesh. In this case, the
degrees of freedom on for this space correspond to the vertices on the mesh.

Let ¢1,...,0Nn+m be the set of Lagrangian basis functions defined by the unique

element in V}, (or Vj, c) such that

1 ifi=j
pi(xj) =

0 otherwise.

Then

Wh = span{gf)l, ey ¢N+M} over R, Wh,(C = span{gf)l, . 7¢N+]V[} over (C,

Vi, = span{¢1,...,on} over R, Vhc =span{¢1,...,¢n} over C.

Now we can define the Lagrange Interpolant, which is one method of projecting functions

into the finite element space.

Definition 2.5.8 (Lagrange Interpolant). Let V' be a Sobolev space that can be con-
tinuously embedded onto C°(2) (or CY(Q;C)). Then for any v € V, we denote by Z,v

the unique element in Vj, (or Vj, c) such that
N+M
Ihv = Z v(ml)qbl

=1

The function Zyv is called the Lagrange interpolant of v onto V}, (or Vj, c).
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We now show some convergence results for the Lagrange Interpolant on Py.c ele-
ments, presented by Barrenechea, John, and Knobloch (2025, Theorem 5.8) and Ern
and Guermond (2021b, Section 11.5).

Theorem 2.5.9 (Convergence Results for Lagrange Interpolant). Let {7}, be a shape-
regular family of affine meshes. Let p € [1,00], let [ = dif p = 1 and let [ be the smallest
integer such that [ > d/p if p > 1. Then there exists a positive constant Cj,; depending
only on p, , and the shape-regularity of the mesh, such that for all v € W"+1P(Q; C):

[0 = Zpvllmpac < Cinth™ ™" 0lrg1pac

for0<m<r+1,l-1<r<1.

Corollary 2.5.10. If ¢ € D(2;C), then Z,p — ¢ a.e. as h — 0.

Proof. By Theorem 2.5.9,
e — Zrello,0o0c >0 ash—0

and since convergence in L (£2; C) implies convergence a.e., we have the required result.

O

The Lagrange interpolant is useful enough in many cases. However, in Chapter 4
we require convergence results for functions that belong to Hg(£2). For this we use the
Scott-Zhang interpolant, and the full definition can be found in the book by Brenner
and Scott (2008, Section 4.8). For our purposes we simply state the following result,
which comes from Brenner and Scott (2008, Corollary 4.8.15).

Theorem 2.5.11. Let 7 denote the Scott-Zhang interpolant, as presented by Brenner
and Scott (2008, Section 4.8), and first defined by Scott and Zhang (1990). Then, this
interpolant is continuous with respect to the H'(2)-norm. Furthermore, there exists a

positive constant Cgz such that for all v € H()

lv = Invllon < Cszhlvle, (2.18)
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and

lim |lv — Ipv|1.0 =0, (2.19)
h—0

for all v € H'(9).

2.5.3 Finite Element Approximation of PDEs

Consider the variational formulation for the elliptic reaction-diffusion equation defined

in (2.9). The problem reads: given f € L*(Q;C): find u € H}(£2;C), such that
a(u,v) = (f,v)ac Vv e Hi(;C). (2.20)

We seek an approximate solution in the finite dimensional subspace Vi, c C HA(€2;C).

Therefore, in finite dimensions the problem becomes: find u, € Vj, ¢ such that

a(up,vp) = (f,op)ac YV on € Vi (2.21)

In fact, we can show that uy is the best approximation for w in this subspace. Setting

v = vy, in (2.20), and subtracting (2.21) from (2.20) it follows that
a(u —up,vp) =0 Vo, € Vie.

This property is called Galerkin orthogonality; the error between u and uy, is orthogonal
to Vjc. Using the boundedness condition (2.7) and the coercivity condition (2.8), it
follows that

allu—unli o.c < alu—up,u—up) = alu—up,u—vy) < Ceesllu—upll1,0.cllu—villLoc

and dividing through by |lu — upll1,0,c, we get

ses

|u —upllioc < inf

nf |lu —vpl10c-
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This shows that of all vy, € Vj, ¢, up is our best choice for approximating u, and this
result is known as Céa’s lemma (Céa 1964).
Since (2.21) holds for all vy, it also holds for all basis functions ¢;. Since the basis

functions span Vj, (2.21) is equivalent to the problem: find uj, € V} ¢ such that

a(up, ¢i) = (f,¢i)oc  i=1,...,N. (2.22)

We also know that uj, can be expressed as Z;V:1 uj¢j, where u; = up(x;). Hence (2.22)
is equivalent to saying: find u;, j = 1,..., N such that

N

ZG(UJ¢J7¢Z):(f7¢1) Z':]-v"'va

j=1
or equivalently

> a(gj.di)u; = (f.¢:) i=1,...,N.

j=1

We have thus reduced the discrete problem (2.21) to a linear system. Let u be the
vector (ui,...,un), A be the N x N matrix with entries a;; = a(¢;, ¢;), and let f be
the vector f := ((f, ¢i)a.c)Y;. Then the problem (2.22) finally becomes: find u € CV
such that

Au="f.

The matrix A is sometimes called the stiffness matrix. Since the basis functions are
defined locally, this leads to a sparse matrix, which can be easily solved using an ap-

propriate linear solver.

2.6 Stabilised FEMs

We have shown in Section 2.4.1 that certain elliptic PDEs can be shown a-priori to
have solutions that attain their maximum (or minimum) on the boundary. However, it
is not necessarily guaranteed that a numerical solution to a PDE satisfies these bounds.
For example, for solutions with a boundary layer or for PDEs with a dominant reactive

term, spurious oscillations - points that violate the physical bounds - can appear in
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the discrete solution if the mesh is not refined enough, or is not regular enough. This
can lead to physically unrealistic values appearing in the solution, for example: neg-
ative concentrations, negative temperature (Kelvin), or increased mass or momentum.
Additionally, since many problems are systems of two or more coupled problems (such
as the Induction Heating Problem), where the solution of one PDE is used as data for
another, physically inconsistent solutions in one variable can accumulate to large errors
in all variables, and can lead to loss of stability. Therefore, in these scenarios, it is im-
portant to ensure that the numerical solution stays within the bounds of the continuous
problem.

A numerical discretisation of a PDE is bound-preserving if the discrete solution
does not violate the L () bounds of the continuous problem. The way to prove that a
discretisation is bound-preserving is usually by proving a stronger requirement, namely,
by proving that it satisfies the DMP. There are, in general, two ways to guarantee this:
either by ensuring that the triangulation 7 satisfies certain properties, or by including

a stabilising term in the numerical method. We will briefly discuss both here.

Conditions on the Mesh

We show in this Section that a discrete solution satisfies the DMP if the mesh 7 has
certain regularity conditions. These conditions are established from properties of the
problem’s stiffness matrix. Therefore, first, we begin with a definition.

Definition 2.6.1 (Matrix of Non-Negative Type). A matrix (aij);zll”'.‘_'.’,% € RM*N g

of non-negative type if

N
da; =0 V1I<i<M (2.24)
7=1

It was first shown by Ciarlet and Raviart (1973) that for the Poisson problem, if
the stiffness matrix was of non-negative type, then the numerical solution satisfied the
DMP. In particular, for (2.23) to be satisfied, a sufficient condition is that the normal

direction from two different edges on the same element form an obtuse angle. This
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corresponds to the condition that the mesh 7, must be weakly acute. It is explained by
Barrenechea, John, and Knobloch (2024) that for the Poisson problem, these conditions
are sufficient, but not necessary. Indeed, it is shown that a Delaunay mesh is strict
enough for the method to satisfy the DMP.

For the reaction-diffusion equation (2.4), stronger conditions are needed on the mesh.
It was shown by Ciarlet and Raviart (1973) that the mesh 7}, has to be strongly acute
and h has to be small enough. Therefore, the reaction term imposes tighter restrictions

on the meshes T in order to satisfy the DMP.

Stabilised Mass Lumping

We can relax the conditions on the mesh required for (2.4) to satisfy the DMP if we
apply a mass-lumping strategy to the discretisation. Since this method guarantees the
stability of the solution (i.e. guarantees no spurious oscillations), this method is called
a stabilised method.

The stabilised mass-lumping method modifies the mass matrix of the reaction term
(Barrenechea, John, and Knobloch 2024, Section 4.2). For P; finite elements, let the
mass matrix for the reaction term be the N x N matrix M and be defined in the usual

way, with entries m;; defined by

mi; = (coj, di)a-

Then the stabilised mass-lumping form of the mass matrix is the diagonal matrix My

with diagonal entries m;; defined by

N
mij = g M.
i=1

In other words, the lumped mass matrix M is a diagonal matrix with entries equal to
the row sums of the mass matrix M. By writing it in this way, the reaction term does
not contribute positive terms to the off-diagonals of the stiffness matrix, and thus the
stiffness matrix is guaranteed to be of non-negative type under the same conditions as

the Poisson problem. Therefore, this method removes the restriction on the size of h for
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the reaction-diffusion equation, although it converges at a lower rate than the standard

FEM (Barrenechea, John, and Knobloch 2025, Theorem 7.12).

The Bound Preserving Method (BPM)

Here we introduce the main new method that is used in this Thesis: the BPM, first
described by Barrenechea et al. (2024). Chapter 4 presents new FEM analysis of the
BPM for the stationary Solenoidal Induction Heating Problem, and Chapter 5 presents
a novel application of this method to a realistic induction heating problem combined
with external data.

The appeal of this method is that it ensures bound preservation by constraining the
solution a-priori. This is a property needed to obtain results in Chapter 4 that prove
convergence without conditions on the mesh.

This Section follows the presentation by Barrenechea, John, and Knobloch (2025).
Here, the BPM is presented for the reaction-diffusion equation in a real setting with
homogeneous Dirichlet boundary conditions. The weak problem reads: given f € L?(Q),

find u € H}(Q2) such that

a(u,v) = (f,v)q Yove HNQ), (2.25)
where a(-,-) : H () x H}(Q) — R is the bilinear form defined by

a(u,v) := (DVu, Vu)q + (cu,v)q

for D = (di,j)?,j:l € L® ()% and a(-) € L*°(Q). We assume that a(z) > a, > 0 a.e.
in , and that D is symmetric and strictly positive definite.

The main assumption of this method is that the solution of the strong form of (2.25)
satisfies

0 <wu(x) <k for almost all x € Q,

where k is a known positive constant. With this in mind, we define the set V* as

VFi={ve H}Q):0<wv(x) < kae. in Q}, (2.26)
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and the set th as
Vi = {vn € Vi s up(@i) € [0, k] for all & = 1,... N}, (2.27)

If V}, consists of Py Lagrange finite elements, then fo C V¥ and every function
vﬁ € V}f is bounded everywhere by k. However, if V}, consists of Lagrange finite elements
with higher order, then V}f ¢ VF* and UZ is only bounded by k at the nodes. For the
proofs in Chapter 4 we need L () bounds, so we only consider P; Lagrange finite
elements.

Every function v, € V3 can be decomposed as v, = v,li + v;k where v,li S th is

defined as
vk = ZmaX{O, min{vp(x;), k}} i,
=1

and v;k = vup — v,’i. We refer to vﬁ and v;k as the constrained and complementary

parts of vy, respectively.
With these notations, the non-linear method proposed by Barrenechea et al. (2024)

reads: find uy, € V}, such that
a(uy,vy) + s(uy *,vp) = (f,on)q  for all v, € V. (2.28)

We take u¥ to be the solution of (2.28).

In (2.28), the term s(-,-) : C(Q) x C(Q2) — R is a stabilising bilinear mass-lumping
form. In order to formulate it explicitly, we need to introduce the function b, which is a
continuous, piecewise linear function which ‘averages’ the mesh widths of surrounding
elements. More precisely, let w; be the vertex neighbourhood around the node x;, i.e.,
w; 1= UKeTh:Fm?mﬂé@K’ where K, are the elements such that @; € K,,. Then b is
defined as

ZK Cuw; hi

i = 5 :].,,N
l:) card{K : K C w;} !
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Using this mesh function, s(-,-) is defined as

=

(Uha wh Z ( HD)HO oowl (wl)d ? + HC”O (3] wzh(ml)d> Uh(mi)wh(mi)> (2'29)

where « is a non-dimensional positive constant.

The stabilising bilinear mass lumping form (2.29) is designed to be monotone and to
scale with the energy norm in order to guarantee existence and uniqueness of solutions
to the method. However, there are other ways we could define s(-,-). For example, we

could choose

h(x;) := max{hg :x; € K} or b(x;):=min{hg:x; € K},
or even, if the mesh is quasi-uniform, we could choose

h(x;) :=max{hg : K € Tp} or b(x;) :=min{hg : K € T}.

We could also consider a h-independent stabilisation form like

N

s(vn,wp) = @y op(@i)wy (@), (2.30)

=1

but since this does not scale like the energy norm, it is not clear whether existence and
uniqueness of solutions for the BPM can be proven, since this proof relies of the equiv-
alence of these norms. In addition, it has been observed in some numerical experiments
that for certain problems the non-linear solver behaves better with h present.

In a similar vein, the proof of existence and uniqueness of solutions to the BPM
relies on « being a positive constant. Allowing « to be any positive constant gives a
degree of flexibility in the method. We highlight that the constrained part u’fL does not
depend on «, but the choice of « affects the scaling of the complementary part u}:k

More explicitly,

s(up® vp) = as (u;k/a, vh> . (2.31)

Within our numerical experiments, & = 1 has been sufficient in all cases.
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The BPM has also been designed to be monotone in order to guarantee existence
and uniqueness of solutions. More specifically, it has been shown by Barrenechea et al.

(2024) that

k k

s(vﬁ —wp, v, " — wgk) >0 Yo, wy €V,

s(u, " wn —vg) <0V vy € Vi, wp, € V.

The key argument used to prove well-posedness is that, crucially, since s(-,-) is mono-

tone, (2.28) implies the variational inequality
a(uf, v —uf) > (f,on —uf)a Vo, € V. (2.32)

This can be shown to have a unique solution due to Stampacchia’s Theorem (see
(Kinderlehrer and Stampacchia 2000, Theorem 2.1), quoted by Barrenechea, John, and
Knobloch (2025, p.219)). In particular, (2.32) directly implies that u’,’j is the projection
of u onto V}f‘ using the inner product a(-,-). This shows that u’fL is the best approxi-
mation of u in the space th in the energy norm. This, in particular, implies that u’,fL
converges to u regardless of the geometry of the mesh.

We could also solve (2.32) using a variational inequality solver (see, e.g., Facchinei
(2003)). However, posing the problem as an equation opens the door to solving more
general problems where there is no underlying variational inequality at the discrete level.
For example, the recent work by Amiri et al. (2025) solves elliptic problems on polytopic
meshes, where the discrete form cannot be formulated as an inequality. Additionally,
the BPM was chosen for the Induction Heating Problem since it has all the desirable
properties needed for the theoretical results in Chapter 4 (such as monotonicity, well-
posedness, boundedness in L>°(Q), and no mesh conditions), whilst at the same time
also being straightforward to implement in a time-dependent and realistic simulation of

induction heating in Chapter 5.

Remark. At first, it is unclear what limy_, uﬁ corresponds to when k is not assumed
to be the physical bound of the problem. We might be interested in this problem

if the physical bounds are a-priori unknown, or if we want to artificially constrain
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the solution space, for example in an optimal control problem. However, we prove in
Chapter 4, Lemma 4.6.1 that if k£ is smaller than the physical bound of the problem, then
uf — Hyx(u) as b — 0, where IIy« is the projection from V onto V¥, as characterised
in Definition 2.3.10. This new result might have applications that extend beyond the
scope of this Thesis. [ |
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Chapter 3

Description of the Induction

Heating Problem

3.1 Abstract

In this Chapter we derive the Solenoidal model and the Axisymmetric model for in-
duction heating directly from Maxwell’s equations. We highlight the assumptions and

considerations that we have made in these derivations.

3.2 Physical Interpretation and Full 3D Problem

Induction heating is a process commonly used in industrial settings to heat conductive
materials using a magnetic field. The magnetic field is produced by passing an alternat-
ing current through an inductor. Generally, these currents have a very high frequency in
order to maximise the heat transferred into the material. When a conductive material,
such as a billet, is placed within the coil, the magnetic field induces eddy currents near
the surface of the billet, and these currents generate heat due to the Joule effect. For
more details on the setup see the book by Rudnev et al. (1997).

Let us consider a 3D model of an induction heating system. Let 3y denote an open
and bounded subset of R? representing the billet, and let ¥; be a open, bounded, simply

connected, non-convex subset of R3, disjoint from Y, representing the inductor, which
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is usually a copper wire coil. Note that in industrial applications, this wire can be
hollow, but for simplicity we assume that it is solid. Let ¥, = R3\(Xo U %) be the air
domain so that ¥ = ¥y U X; UY, = R3. The boundaries of ¥ and ¥ are assumed to

be Lipschitz continuous. An example configuration is illustrated in Figure 3.1.

Inductor

¥

Yo

T3 / Air Ea

Conductor

Figure 3.1: Illustration of the three dimensional induction heating domain.

The process of induction heating can be fully described by Maxwell’s equations
coupled with the heat equation. We now show how this is done by deriving the Eddy
Current approximation of Maxwell’s equations, which is the used to define the Induction

Heating Problem.

3.2.1 Eddy Current Approximation of Maxwell’s Equations

Let B(x,t), H(x,t), D(x,t), E(x,t), and J(x,t) denote the magnetic induction field,
magnetic field, electric displacement current field, electric field, and electric current
density field, respectively. Additionally, let p, denote the charge density, and po ~
21 x 107"Hm™! and €y ~ 8.854 x 1072 Fm~"! denote the physical constants for the

permeability and permittivity of free space, respectively. Then Maxwell’s equations
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read as follows:

Lo <j + 60%:> = curl H, (Ampere’s circuital law)
oB . .
N +curl £ =0, (Faraday’s law of induction)

div B =0, (Gauss’s law for magnetism )
div & = f—s. (Gauss’s law)

We introduce the functions p and e that stand for magnetic permeability and elec-
trical permittivity, respectively, in order to be able to characterise the behaviour of the
magnetic and electric fields. Assuming that all materials are linear and isotropic, we

can write the constitutive equations

B = uH, (3.1)

D =¢€€. (3.2)

In (3.1) - (3.2), B and D are fields that describe the magnetic and electric behaviour
observed in the system, whereas H and D are auxiliary fields that only account for free
charges or currents. Any changes due to the material properties are described by p and
€.

In general, u and € are functions depending on temperature, and u can also depend
on |H| to account for magnetic saturation. The function p can also depend on the
history of the system as some materials experience magnetic hysteresis. However, in
this work we neglect hysteresis since the associated heat losses are only ~ 7% of the
total eddy current losses (Rudnev et al. 1997).

An essential component to complete the system is Ohm’s law. If we denote by o

the electrical conductivity, which is a function depending on temperature, then

o€ in XgU X4,
J= (3.3)
0 in X,.
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In the materials that we study, o is relatively high over a range of temperatures, i.e.
~ 10Sm~!. For a constant temperature, a reasonable approximation to Ampére’s

circuital law is the following:

o <j + ega_laa‘t7> =curl H.

Since €y and o~ ! are small, the second term in Ampére’s circuital law is negligible unless
the current has an extremely high frequency, e.g. 10MHz (see Develey (2000)), which
is not the case in induction heating applications. Therefore, we neglect this term; this
is called the Low Frequency Approximation of Maxwell’s equations.

Additionally, if we assume that the alternating current is sinusoidal, we can decouple
the time dependence from the spatial dependence and write all fields in Maxwell’s
equations in the form

F(zx,t) = Re(F(x)e™).

Here w > 0 is the angular frequency of the current and F(x) = F(x)e® is a phasor:
F(a:) is a real function representing the maximum amplitude of the field and ¢ is the
phase. Therefore, we can distinguish between F(x, t), which is a real function depending
on time that fully describes the evolution of the system; and F(x), which is a complex
function independent of time that describes the amplitude of the field over the spatial
domain, taking into account the phase of the system. In this case, we can rewrite
Maxwell’s equations to be in terms of these complex functions, which is called the Eddy

Current approximation of Maxwell’s equations. So, the Eddy Current equations are:

curl H=J, (3.4)
—iwB + curl E =0, (3.5)
div B = 0, (3.6)
divE="2, (3.7)

€0

Note that these equations are now quasi-static in time, since we removed the time-

dependency. If p is a function the justification of this approximation is more subtle
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than if p is a constant (see Chapter 4.2.1 for a detailed discussion on this topic), but
for now we consider it justified.

It is a well understood electromagnetic phenomenon that alternating currents in a
wire are concentrated near the surface of the wire, and that this effect is more pro-
nounced for higher frequencies. As might be expected, eddy currents induced in the
billet exhibit the same behaviour: the eddy currents are concentrated near the surface
of the billet and the current density decreases exponentially towards the centre. This is
known as the skin-effect. We define the skin-depth § to be the perpendicular distance
between the boundary of the billet and the point where the current density is equal
to ‘1/¢€’, of its value at the boundary, where e is Euler’s number. The power density
decreases to ‘1/e?’ of its value at the boundary. This means that 63% of the current
and 86% of the power is concentrated within this layer. For a constant temperature,
using the formula by Develey (2000), the skin-depth can be approximated by

5= 5031, 2"

O lrw

where p, = u/po is the relative magnetic permeability. Crucially, this implies that
a current with a very high frequency induces an extremely small skin-depth, e.g., in
common steels, a typical alternating current of 100 kHz induces a skin-depth 6 ~ 5 x
1075 m. See Figure 3.2 for magnetic field intensity for different frequencies.

As we will see in Section 3.2.2, heat is generated by the equivalent of the gradient
of the magnetic field in the billet, so a smaller skin-depth induces more heat. Thus, to
maximise the heating in the billet, the skin-effect is unavoidable. Rather, in many in-
dustrial applications the skin-effect is a desirable consequence, for example in induction
hardening, it is used to create a very thin hot layer which is rapidly quenched to induce
crystalline changes near the surface of the billet. This creates a very hard surface layer
(i.e. martensite) but does not modify the inner material, minimising the risk of cracking
(Rudnev et al. 1997).

However, the skin-effect means that there is a boundary layer in the magnetic field
term H. This is challenging to model with a FEM due to the computational cost of

requiring a fine mesh refinement near the boundary in order to both avoid instabilities
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300001 e f=1kHz
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Billet domain (m)

Figure 3.2: Calculation of the magnetic field strength along the z;-axis of a 15mm
C42-MOD micro-alloyed steel billet, for different frequencies. A frequency of 100 kHz is
within the range of frequencies commonly used in induction heating processes.

in the method and to accurately capture the behaviour of H.

The skin-depth can also vary throughout the induction heating process. In most
magnetic materials, there is a temperature where the material becomes completely
demagnetised. This is called the Curie point. At this point, u decreases sharply and
thus § increases. As we will see more clearly in (3.15), larger skin-depths lead to a
weaker heat source, so we can expect a sharp decrease in power to the source term in
the heat equation (3.15) when the Curie point is reached. This perhaps presents an
opportunity to use an adaptive algorithm to optimise an FEM.

The well-posedness of some variational formulations of the 3D Eddy Current Prob-
lem are discussed in detail by Touzani and Rappaz (2014, Chapter 4). Since the problem
is posed in an infinite domain, all of these formulations involve boundary integrals. Nu-
merical approximation of these formulations leads to non-local problems in the whole
domain resulting in a dense matrix, and so solving the numerical approximation is
exceedingly restrictive in terms of computational time.

The use of integral equations is avoided by Bermudez, Rodriguez, and Salgado

(2002), who prove well-posedness of the 3D Eddy Current problem in a bounded do-
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main. Moreover, they propose and construct a finite element scheme using Nédélec
edge finite element. However, for the analysis and the numerics, there are many extra
conditions needed for this model, such as: a curl-free magnetic field in the air domain,
cuts on the domain to make it simply connected, jump conditions on the cuts, and
boundary conditions satisfying a curl condition. These additional constraints lead to
very complicated variational formulations. So, even without considering temperature,
the Eddy Current problem is challenging to solve.

Now we consider the heat equation, which will complete the Induction Heating

Problem.

3.2.2 Heat Equation

The heat equation in induction heating reads: find the temperature u such that

p(u)Cp(u)gltL — div(k(u)V(u)) = fioule in Q,

where p(-) is the material density, Cy(-) is the specific heat capacity, k(-) is the thermal
conductivity, and fjoule is the source term due to Joule heating. Joule heating is defined

mathematically, as shown by Touzani and Rappaz (2014), as

fjoule = j(w,t) -E(x,t).

Physically, this corresponds to heating a conductive material due to the flow of a current.

When w is large, the time frequency domain of J(x,t) is much smaller than the
rate of change of the temperature. For example, a typical frequency of 100 kHz has a
period of 1070 s but this only induces noticeable temperature change after about 1072 s.
Thus, if we were to model this using an FEM, even using two different time-scales, this
would require computing the current density thousands of times for each temperature
step, which is rather inefficient.

We can avoid the restrictive time-step by noticing that the heat source does not
depend on the the direction of the current, only its magnitude. Therefore, we can take

an average to get an approximation of the Joule heating power. Under the assumption
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that J and & are sinusoidal, it is common to take an averaged approximation fj*;ule of

fioule (see Touzani and Rappaz (2014, Section 8.1)). This can be defined as

Fioute = = % /O " Re(e™'J(-,1)) - Re(e™'&(-, 1)) dt

1 _

1 —
= 2U(u)curl H - curl H. (3.8)

Therefore, the heat equation in three dimensions with the averaged source term is

p(u)Cp(u)% —div(k(u)V(u)) =

T curl H - curl H in Q. (3.9)

1
20 (u)

The ambient air uamp is assumed to be constant at 298.15K (25°C). Physically,
this can be justified by using water-cooling agents in the coils and allowing air flow over
the billet. The temperature difference between the billet and the surrounding ambient
air induces convective heat loss, which is written as a Robin boundary condition. Addi-
tionally, at higher temperatures (say 700 °C or ~ 950 K) heat loss due to radiation must
also be considered, and so the Stefan Boltzmann law should be included. Combining
both terms, the boundary condition for (3.9) is

9
—m(u)£ = a(juPu—ul )+ Bu— uamp)  on 0L, (3.10)

where [ is the convective heat transfer coefficient, a = €0 is the radiative heat transfer
coefficient, ¢ is the material emissivity coefficient, and o4 ~ 5.67 x 1078 Wm 2K~ is
the Stefan-Boltzmann constant. Since « is usually small, radiative heat loss is relatively
small for lower temperatures, but will come to dominate as w increases.

The exact value of « can differ between billets made from the same material, and can
depend on the shape of the billet, whether the surface has been polished, or if the surface
has been oxidised from a previous heat treatment. In particular, if ¥ is non-convex,
and the normal vector to the surface intersects with the 3, then we can have non-local
heat transfer due to radiative heat loss (see, for instance, Tiithonen (1997) for analysis

of the heat equation with radiation boundary conditions in non-convex domains). For
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modelling purposes we assume that X is allowed to be non-convex, but that the normal

vector on every surface does not intersect with X.

3.3 The 2D Solenoidal Induction Heating Problem

In order to simplify the 3D problem, we can assume that the billet is symmetric in
the z3 direction. This way, the 3D problem can be reduced to a 2D problem. To
this end, we assume that the billet domain ¥ is an infinite cylinder, in the sense that
Yo = Qo x R, where € is a bounded open subset in R? representing a perpendicular
cross-section of the billet. The domain g is surrounded by an annulus {21, representing
the induction coil, which is is also assumed to be an infinite cylinder in the x3 direction.
The assumption here is that the coil can be accurately represented as an infinitely long
coil with no air gaps between each turn. The annulus splits the air domain into two

disjoint subsets: €2

-, which lies between the billet and the coil, and €2, which is an

a?

infinite domain outside the inductor. Let the boundary between g and Q} be denoted
by 70, and let the inside and outside boundaries of 21 be respectively be noted by vf
and ’ya“ . We call this the Solenoidal domain; illustration of an example configuration is

shown in Figure 3.3.

0

1 7;
Figure 3.3: Nlustration of the Solenoidal domain.
The Solenoidal configuration is a useful approximation when modelling a very long
billet and a tightly wound coil, and we are interested in the general temperature profile

in a cross-section of the centre of the billet. It is not so useful if we are interested in

temperature distributions within short billets, around corners, or if there are air gaps
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in the coils. For these interests, an Axisymmetric model is better suited. For us, the
Solenoidal model is useful as it provides the simplest realistic model of induction heating

that can be analysed within a numerical analysis framework.

3.3.1 The Magnetic Field Equations

With this in mind, we can now simplify the Eddy Current equations by searching for
solutions in the Solenoidal domain. Following Touzani and Rappaz (2014, Chapter 3.2),
the current density in the coil J(x) does not depend on z3 and is a vector field in the

x1 — 22 plane. It follows that we can define

J(z1, 22, 23) = J1(21, 22)€1 + J2(71,22)E0 =: J.
Under this assumption, then by (3.4), it follows that
H(m) = H(ZE1,$2)63 =: H.

Therefore, the magnetic field can be fully described by a scalar field. By rewriting (3.4)
as

curl H=1J, (3.11)

we can use (3.5), some vector calculus identities, and the fact that div H = 0 to get

iwpH + curl(c " teurl H) =0

= iwpH — div(e"'VH) = 0. (3.12)

We have now arrived at the magnetic field equation for the Solenoidal model. The
full behaviour of the Eddy Current Problem has been condensed into a PDE of a single
variable. We remark that when w is large, we can see the skin-effect at the PDE level.

Since air is a dielectric, (3.11) implies that J = 0 in the air domain, so curl H = 0 in
the air domain. This implies that VH = 0 in the air domain, hence the magnetic field
has a constant value which we denote H,. If we assume there are no surface currents,

then (3.11) also implies that H is continuous across the boundaries between the coil,
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air, and billet domains.

To complete the model, we need to prescribe the data for the current within the
model. Here we consider two models commonly used in the literature. In reality, the
transfer of current intensity to numerical input data is one of the most complex tasks
in induction heating numerical modelling (Bay et al. 2003, Section 2.1.3), so it is worth

mentioning.

Total Current Data

By applying Ampeére’s Law to the coil, we can calculate

Hy ==, (3.13)

where n is the number of turns in the coil, I is the total current flowing in the coil, and
L is the working length of the coil. Therefore, if we know the total current I, we can
calculate H, directly. This way, we can reduce the domain of the problem to the billet
domain g, and prescribe H, as a Dirichlet boundary condition. We write € := g
as the billet domain, and we write the boundary as 99 := 7. See Figure 3.4 for the

simplified domain.

Figure 3.4: Illustration of the simplified Solenoidal domain when using total current
data.

In practice, it is difficult to measure the total current I, as it requires breaking the
circuit to measure the current flow. It is much easier to measure the voltage, which
does not require breaking the circuit, so another approach is to incorporate the voltage

data into the PDE.
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Voltage Data

The voltage data is incorporated to a weak formulation of (3.12) over a modified Hilbert
space. To define this, let Q := Qy U Q; be the union of the billet and the coil domain,
and Q) = QoU O U ﬁ; be the union of the billet, coil and inner air domain. Then we

define the Hilbert space as
H = {ve HYQ;C) : v|g+ = constant}. (3.14)

Then the variational form of the magnetic field equation reads: given a voltage v € C,

find H € H such that

(ail(u)VH, VQ)Q,C + (iwp(u)H, Q)Q,C = v@\ﬂg VQeH.

This formulation has a unique solution (Touzani and Rappaz 2014, Theorem 3.2.4).
Since this model needs to include the coil and the air domain (Chaboudez et al. 1994;
Clain 1994), and needs to use a specially designed Hilbert space, for simplicity, we
elect to use the total current model for the purposes of our analysis. That being said,
voltage measurements can still be incorporated into the total current model by manu-
ally calculating the current from the voltage (see Chapter A.2 for an example of this

calculation).

3.3.2 The Heat Equation

The source term for the heat equation for the Solenoidal model can be further reduced

from (3.8). We can calculate

fioute = 201(U)Re (curl H - curl H)
1

20(u)
1

-~ 20(u)

VH-VH

|VH|?.
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Therefore, the Solenoidal heat equation reads: given H, find u such that

p(u)Cp(u)?;: _ div(s(u)V(u) = 201(U)WH]2 nQ,  (3.15)

)
—K(u)ﬁ = a(juPu—ul )+ Bu— tuamp)  on O (3.16)

Note that in this framework we can clearly see how the source term depends on the

gradient of H, and thus shallower skin-depths produce more heat.

3.3.3 Weak Formulation

We can now state a formal ‘naive’ weak formulation for the Solenoidal Induction Heating
Problem using (3.12), (3.13), (3.15), and (3.16). We call it ‘naive’ because it is not clear
exactly which Sobolev spaces are needed to make the formulation well-posed, so for now
we just assumne that they are ‘regular enough’. Therefore, we state the weak formulation
of the Solenoidal Induction Heating Problem as the following:

Problem. Let ug be a sufficiently regular initial temperature, and let [0,7] C R be a
time interval. The problem reads: find (H,u) ‘regular enough’ such that H = H — H,,
H|pq = 0 and for all t € (0,T),

(0" (w)VH,VQ)ac + (iwn(u, |H)H,Q)o,c = (iwp(u, |H)Ho, Q)ac,  (3.17a)

and

(p(u)Cp(u)ug, v)g + (K(u)Vu, Vo)g + (aful*u + Bu,v)

IV H|? \
- <20‘(u) ) + (QUypp, + BUlamb, v) g 5 (3.17D)

and

(u(0), 2)a = (uo, 2)q, (3.17¢)

for all (Q,v) and z ‘regular enough’.

If we search for a solution to (3.17a) in H'(£;C), as is standard in the weak for-

mulation, a-priori we have |[VH|? € L'(Q) only, and thus (3.17b) is not fully justified.
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Indeed, if this is this case, the heat equation cannot be analysed using Lax-Milgram’s
Lemma (Theorem 2.4.10), or the BNB Theorem (Theorem 2.4.11) and we are not guar-
anteed a unique solution to the heat equation. A rigorous justification of the weak
formulation of the Solenoidal Induction Heating Problem with Dirichlet boundary con-
dition is contained in Chapter 4. Note that we call this problem the ‘Solenoidal Induc-
tion Heating Problem’ when in the context of numerical analysis, but shorten this to
the ‘Solenoidal model’ when in the context of numerical modelling.

It is worth remarking that the non-linearity in the radiation boundary term adds
additional constraints on the solution space. Since |u|?>u appears in the boundary con-

ditions, in order for the weak form to be well-defined, we must have
/ Ju[Puv dS < oo Voo.
o0

Taking v = u it follows that we must have u € L3(9Q). Therefore, in order to define a

well-posed problem, we would need to look for solutions in the space
Vi={ve HY(Q) :v|pq € L°(0Q)}.

However, this is outwith the scope of this Thesis. For the analysis presented in Chapter
4, for simplicity we choose to equip the problem Dirichlet boundary conditions, and we

mention the radiation boundary conditions as a possible extension.

3.4 The 2D Axisymmetric Induction Heating Problem

If the induction heating setup has a symmetry of rotation around the z3 axis, then
another possible reduction of the 3D model is the 2D Axisymmetric model. This way,
we can reduce the model to a two dimensional of cylindrical system in the (r, z) half
plane. Axisymmetric models are sometimes preferred in industrial settings because they
can capture temperature differences at corners and due to air gaps between the coils.
In this Section, we follow the presentation by Bermudez et al. (2007b). Let us

represent the billet Qo as an open, bounded and convex domain in Q=R x R, with
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one boundary I'% on the z axis, and the second boundary I'” within the domain. Let the
m induction coils O, ...,y be represented by disjoint, open, bounded convex subsets
of 0. Finally let the air domain Qa = Q\(ﬁo U...u ﬁm) An example configuration of
the Axisymmetric domain is shown in Figure 3.5.

z

¢
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¢
3
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Figure 3.5: Example unbounded Axisymmetric domain.

Notice that in the 3D representation of the Axisymmetric domain, the coil is mod-
elled as disjoint rings around the billet. Additionally, the Axisymmetric air domain is

not simply connected.

3.4.1 The Magnetic Potential Equations

As an analogue of Section 3.3, we seek solutions where the current in the coils has a
non-zero component only in the ey direction (Touzani and Rappaz 2014, Chapter 5.1).
We can therefore write

j(r, z) = Jo(r, 2)ey,

which means that current density can be represented as a scalar field. It follows from
Ohm’s law (3.3) and the Eddy Current equations (3.4)-(3.7) that the electric field can

also be represented as a scalar field, and the magnetic field can be fully described by a
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vector field lying within the (7, z) plane; that is,

E(T7 Z) - EQ(Tv z)697 (318)
H(r, z) = H.(r, 2)e, + H,(r, 2)e., (3.19)
B(r, z) = B,.(r, 2)e, + B.(r, 2)e.. (3.20)

It is possible to design a well-posed model where the solution variable is the vector
field H, as shown by Touzani and Rappaz (2014, Theorem 5.2.2). However, similar
to the 3D case, this method involves boundary integral methods, requiring that H
satisfies a curl condition, and creating ‘cuts’ in the domain to make the air domain
simply connected. Therefore, we choose to formulate the problem in terms of a vector
potential, as under axisymmetric assumptions, this problem is scalar. This is a fairly
popular formulation due to these simplifications (see, e.g. Chaboudez et al. (1997),
Bermudez et al. (2007b), and Fisk et al. (2022)).

The vector potential A is a vector field satisfying

%

B = curl A. (3.21)

This is only unique up to a constant, so for uniqueness we take A to be divergence free
(also called taking the Coloumb gauge). It has been shown by Touzani and Rappaz

(2014, Theorem 5.3.1) that A is a scalar in an Axisymmetric domain, so
A(r,0,z) = Ag(r, z)eqp. (3.22)

We call Ay the scalar potential, and to simplify the notation we write A := Ay. With
the same spirit as the Solenoidal model in Section 3.3, we reduce the Eddy Current
equations to be formulated entirely in terms of A. Then, the magnetic vector field H

can be recovered from A. By definition of the axisymmetric curl, it follows that

9A 10(rA)
92’ Bz(r,z)f; or

B,(r,z) = —
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Substituting (3.21) into (3.5), we get

curl(iwA + E) = 0,

= curl(iwA+ o 1Jy)ey = 0,
which implies that

0 . _ 0 . _
a(zwA—Fo 1Js) =0 and 5{7‘(@(»/1—#0 Yo)} .

Therefore, there exist constants Cy, € C, £k =0,...,m, and Cy; € C such that

C
iwA+ o1y = 7’“ inQ, k=0,...,m, (3.23)
. -1 Cair .
WwWA+o " Jyp= in Quir. (3.24)
r

In particular, it is shown by Bermudez et al. (2007b) that Cp = 0 in the billet domain
Qo is necessary to avoid a singularity when 7 = 0. Finally, combining (3.4), and (3.23),
over the entire domain A satisfies

curl —l%eT—l—i%ez =0 —iwA—i—% ey. (3.25)
w0z wr or r

Using the expression for curl in cylindrical coordinates from Section 2.2.1, we get for

k=0,....,m,

_ (a (18(”1)) A (1&4)) biwoA = %Ck in Q.

or \ur Or 0z ; 0z

Since o0 = 0 in air, it follows that

d (1 0(rA) 0 (10A\\ . . o
(7 (o) 2 () ) =0 mo

The constants Cy depend on the current intensity and can be thought of as Lagrange

multipliers. A method to determine these constants explicitly is shown in Section 5.4.1.
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Boundary Conditions

In order to apply a standard FEM to this problem, we take a sufficiently large rectan-
gular box in the (r, z) plane and impose conditions on the boundary of this box. The
bounded geometry is shown in Figure 3.6. We now set Q= 6a U 60 U...u ﬁm to be

this box rather than the entire half-plane.

o

re |

O 00O
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Figure 3.6: Example bounded Axisymmetric domain.

The Biot-Savart law implies that the field B behaves like 1/(r3 + 23) far from the
conductors (see Chaboudez et al. (1997)). For large values of r, the behaviour of A can
be considered to be similar to 1/72. Therefore, on the boundary f;f parallel to the axis
of symmetry, we impose the Robin boundary condition

d(rA)
or

+A=0. (3.26)

For the boundaries perpendicular to the symmetry axis, by assuming that the radial
component of the magnetic field is close to zero, we set homogeneous Neumann boundary

conditions on I'?

= 0. (3.27)
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On the axis of symmetry % we set the natural symmetry condition
A=0. (3.28)

For these boundary conditions, the box has to be ‘large enough’. In most practical
applications, setting the air domain to be four times the billet length in the z direction
and four times the distance from the axis of symmetry to the outer edges of the coils is
considered enough.

We should also consider interface conditions on the conduction. Following the pre-
sentation by Rappaz and Swierkosz (1996), let [f] denote the jump of a function f, and
let n = n,e, + n.e, denote the unit vector normal to the boundary of the conductors.

We assume there are no surface currents so

on the boundary between domains. As Hxn= (H.n, — H,n,)ey, this implies that
[H-n, — Hyn,| =0,

and it follows that

(5 50

and hence

] — [18(7~A)] .

r on
We will enforce this continuity across the boundary by using a piecewise continuous

Galerkin method.
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3.4.2 The Heat Equation

In a similar manner to the Solenoidal model in Section 3.3.2, the heat equation can be

written as

u ru u 2
oy — 15 (e 25 ) = 2 (gt ) = 40 )

where the source term |.Jp|? /20 (u) has been calculated using the same averaging process

as (3.8). It follows from (3.23) that
Jg = —iwo(u)A  in Qy,

since Cp = 0 in Q.
Along f‘}f, the boundary condition for (3.29) describing radiative heat loss into the
air domain is

@
on

—k(u) = a(|u|3u — ugmb) + B(u — uamb) on fjf

Along the axis of symmetry fg, we set the homogeneous Neumann condition

o _
on

K(w) 0 on 'Y,

which specifies that there is to be no heat flux across the axis of symmetry.

3.4.3 Weak Formulation

In order to define a variational formulation for the Axisymmetric model, we need to
introduce weighted Sobolev spaces in order to resolve the singularity around the axis of
symmetry. Here, we follow the presentation given by Bermudez et al. (2010).

We define the weighted Lebesgue space L%(Q) as the space of all measurable func-

tions v such that

2 2
v o= v[“rdrdz < oo.
91250y = | 1o

The space H!(£) consists of all functions in L2(€2) with finite derivatives in the
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L2(Q) norm. We define H!(Q) := HY(Q) N L?

l/r(fl), which is a Hilbert space when

equipped with the norm

1/2
1oll 33y = (’U”?ﬁ(fl) + ””@%’/T(fﬁ) '

The spaces L2(€;C), H}(€;C), and H}(;C) are defined analogously for complex
functions. Here we state a ‘naive’ weak formulation of the Axisymmetric model, which
has not yet been rigorously justified. However, since the source term of (3.29) is more
regular than Ll(ﬁ), we do not have the difficulty with the regularity that we see in the
Solenoidal Induction Heating Problem. This is because A is related to the gradient of
H by

pH = curl A. (3.30)

Therefore, a right-hand side of |A|? with A € HX(Q) gives |A]2 € W, (), which by
Sobolov embedding is contained in L2(£2).
Therefore, we state the weak formulation of the Axisymmetric Induction Heating

Problem as the following, which is well-defined:

Problem. Given constants Cy, € C, an initial condition ug € L2(Q), and a time interval
0,7] C R, find (A,u) € L2([0,T]; H'(;C)) x L2([0,T); H(Q) N L>(T'%)) such that
A=0o0nTY and for all t € (0,77:

/ 1 8(7”14)}8(7“@) 1 %@ dr ds
g \p(u, A,ry2)r Or r Or w(u, Ayr,z) 0z 0z
. — 1 _
—i—/ﬁzwa(u,r, 2)AQrdrdz + /f? WAQ dz

m

:Z/ﬁ o(u,r, 2)CrQzdrdz, (3.31)
k=1
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for all Q € H}(Q;C), and

/ p(u)C’p(u)auvrdrdz—l—/ /@(u)Vu~erdrdz—|—/ (a|uPu+ Bu)vrdz
Qo ot Q fu

2
:[ %vrdrdz—k/ (qul .y, + Buamp)vrdz (3.32)
Q u

T

(3.33)
for all v € H}(Q) N L5(I¥) , and

/u(O)wrdrdz:/ uow r dr dz,
Qo Q0

for all w € L2(9).

It has been proven by Bermudez et al. (2010) that (3.31) is well-posed when u
is constant in each subdomain. We also briefly mention some extensions by the same
authors proving well-posedness for transient magnetic potential formulations (Bermudez
et al. 2013; Bermudez et al. 2015). However, it is not clear that that the coupling of
(3.31) with (3.32) constitutes a well-defined or well-posed problem. Indeed, analysis of
the Axisymmetric Induction Heating Problem seems to be minimal, perhaps due to the
compounded complications from the magnetic potential formulation and coupling with a
heat equation. We therefore only concern ourselves with the numerical implementation

of the Axisymmetric model, and focus our analysis on the Solenoidal Induction Heating

Problem.
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Chapter 4

A FEM for the 2D Steady-State
Problem

4.1 Abstract

In this Chapter, we analyse a steady-state version of the Solenoidal Induction Heating
Problem, where we impose Dirichlet boundary conditions and simplify some coefficients.
By showing that the source term is more regular than L!(Q), we rigorously prove exis-
tence of solutions using a fixed-point argument, and improve on the current literature
by allowing a non-convex domain. Then, we study the finite element approximation and
prove that the standard Galerkin FEM converges in convex domains and under strict
conditions on the mesh. We improve on this result by applying the BPM to the heat
equation, and show that this method converges to a solution of a one-directional cou-
pled problem under no conditions on the domain or the mesh. Additionally, we prove
that when imposing non-physical bounds on the discrete heat solution in the BPM, the
method converges to a projection of the continuous solution onto a constrained convex

set. This result allows us to prove convergence of the one-directional system.

4.1.1 Statement of Problem

Let us define the steady-state Solenoidal Induction Heating Problem. Let Q € R? be

an open, bounded, and potentially non-convex polygon with boundary 9€2. Then the
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steady-state Solenoidal Induction Heating Problem reads: find the magnetic field H

and temperature u such that

—AH + iwp(u)H =0 in Q,

H=H, on 012,

H
—
=3

—Au=|VH? in Q

—
e~
—
o

u=0 on ON. (4.1d

Here:

e w is a positive constant representing the angular frequency of the alternating

current,

e H, is a positive constant representing the magnetic field strength in the surround-

ing air, and

e 4u(-) is a function depending on temperature representing the magnetic permeabil-
ity of the material. We assume that p(-) is Lipschitz continuous and that there

exist positive constants uo, and u° such that

0 < po < pfs) < p’ VseR.

The main difficulty with the Solenoidal Induction Heating Problem is the source
term in (4.1c). Following standard practices, if we assume that the weak form of (4.1a)
is imposed in H!(§2; C), then the source term of (4.1c) appears to belong only to L(2).
If this is the case, (4.1c) cannot be written as a weak problem with the trial and
test functions belonging only to H}(f2), so we cannot apply Lax-Milgram’s Lemma
(Theorem 2.4.10). Additionally, since L1(£2) is not reflexive, we cannot apply the BNB
Theorem (Theorem 2.4.11) either. In this Chapter, we resolve this issue by showing
that [VH|? € L?(f2), and thus has additional regularity that allows the application of
Lax-Milgram’s Lemma.

We have chosen to consider a simplified coupled system by setting the electrical
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conductivity o(+) from (3.12) and thermal conductivity x(-) from (3.15) equal to one.
This is because including o(-) and () will not qualitatively change our argument but
will make the calculations more involved, and these cases have already been considered
in the literature, see, e.g., the work by Clain and Touzani (1997a) and Clain and Touzani
(1997b) where they use a Kirchoff transformation to prove existence of solutions where
k(-) and o(-) are allowed to be functions, but u(-) is set to be a constant and €2 is
required to be convex and smooth. Indeed, pu(-) requires careful consideration; a detailed
discussion of p(-) and how we choose to handle it is presented in Section 4.2.1.

Other technical aspects of the analysis of the full system (3.17), such as the non-
linear boundary term |u|?>u from (3.10) are considered to be beyond the scope of this
research: for the analysis of a scalar problem with radiation boundary conditions, in-
terested readers are directed to the book by Roubicek (2013). For simplicity we take

homogeneous Dirichlet boundary conditions.

4.2 Literature Review

In this Section, we give an overview of the literature relevant to the Solenoidal Induction
Heating Problem. We discuss some different methods to handle the term p(-), how these
can affect the validity and efficiency of the model, and justify our choice of method. We
outline the literature that exists on the Solenoidal Induction Heating Problem, of which
there is surprisingly little due to the challenges arising from the irregular heat source
term. Accordingly, we mention some work that has been done on elliptic problems with
a right-hand side in L!(Q2). We also discuss some existing results for the Thermistor
Problem, which is a simpler, related problem containing the same irregular right-hand
side. In this problem, it has been shown that the coupled system implies that, in
fact, there is additional regularity on the irregular source term. There is a wealth of
literature on this problem, so we discuss how the methods used could be extended to

the Solenoidal Induction Heating Problem.
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4.2.1 The Coupling Term

The first aspect of the Solenoidal Induction Heating Problem we discuss is the term
w(+). In practical applications, this term depends on both v and |H|, so (4.1a) becomes
a non-linear equation. Furthermore, as is commonly seen in magnetic systems, u(-) also
depends on the history of the system. This is a phenomenon known as hysteresis, where
there is a lag between the H and the corresponding output u(-). However, it is rather
complicated to model (see, e.g., Jiles and Atherton (1986)) and in any case, variations
due to hysteresis in most applications can be regarded as negligible (Rudnev et al. 1997,
p.782). Therefore, like the majority of models, we choose to neglect hysteresis. We also
choose to let () only depend on u, not on H, because this is beyond the scope of the
analysis. Dependence on H will be included in the numerical modelling in Chapter 5.

However, even if p(-) depends only on temperature, some subtleties still remain to
be considered. Specifically, if u(-) is not constant, then even if the alternating current
is a sine wave, the magnetic field is not necessarily also a sine wave. More specifically,
notice that since u depends on time, this implies that

O (w(u)He™")

. iwt
o # dwp(u)He™".

One solution is to skip the Eddy Current approximation and consider an evolutive
magnetic field equation. In this case, we solve for H, where H(x,t) depends on = and
t, and (4.1a) is replaced by

—AH + waat(,u(u)?-[). (4.2)

Thus, instead of solving a complex quasi-static equation, we solve a real parabolic
equation for H(x,t).

The time-dependent formulation was studied in the Thesis of Clain (1994), where
existence and uniqueness of continuous solutions was proven when o(-) and k(-) were
Lipschitz functions and when p(-) was a constant. Convergence of finite element solu-
tions was proven by imposing an L®°(£2) bound on the discrete source term in the heat
equation. This FEM was implemented by Clain et al. (1993) and obtained moderately

good results when compared to experimental data. However, since the time-step for
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the model needs be small enough to capture the sinusoidal behaviour of the oscillating
magnetic field, the authors noted that the model was prohibitively computationally ex-
pensive. More recent time-dependent formulations that exhibit the same restriction on
the time-step are primarily focused on the Axisymmetric model due to its relevance in
industry (see, e.g., Fisk et al. (2022)). For high frequencies, an extremely small time-
step was needed to solve (4.2) e.g. At < 1076, Therefore, it would be desirable not to
have such a strict restriction on the time-step.

In the quasi-static approximation, H in (4.1a) is a complex function representing the
amplitude of the oscillating magnetic field that does not depend on time. Thus, there is
no restriction on the time-step when numerically solving a quasi-static approximation.
If 44(-) is a constant, it is clear that the time-dependent formulation and the quasi-static
formulation are equivalent.

If (+) is not constant, then the argument for the quasi-static approximation is more

subtle. Notice that since

0

= (e H () = (opa(u(t)) + 4 (u(t))d (1)) € (),

if pu(-) is ‘relatively smooth’, and w is large, the first term will dominate and the second
term can be neglected. In practice, u(-) has a boundary layer at the Curie point, so p/(+)
will be very large. However, for the sake of the analysis, we assume that p(-) is ‘smooth
enough’ for the quasi-static approximation to be valid, so we take u(-) to be Lipschitz
continuous. This is similar to arguments made by Chaboudez et al. (1997), who make
the case that including u/(u(t))u'(¢) has limited effect on the size of the source term
in (4.1c), while the savings in computational cost are significant compared to solving a

time-dependent magnetic field equation.

4.2.2 Analysis of the Solenoidal Induction Heating Problem

Now that we have justified the quasi-static approximation, we discuss the available liter-
ature on this problem, bearing in mind that, we found that there was a limited amount

of analysis on the steady-state quasi-static Solenoidal Induction Heating Problem, pos-
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sibly due to the irregular source term in the heat equation.

In all papers mentioned here, pu(-) is assumed to be a positive constant, the coeffi-
cients k(-) and o(-) are assumed to be Lipschitz continuous, and the problem is rewritten
using a Kirchoff transformation.

The main paper that analyses the steady-state quasi-static Solenoidal Induction
Heating Problem is by Clain and Touzani (1997a), where they prove existence of so-
lutions in W1P(Q) Sobolev spaces, for 2 < p < oo. In Section 4.4, we obtain similar
results to Clain and Touzani (1997a), however, their proof is formulated slightly differ-
ently to ours, as they argue using the compactness of mappings while we argue using
weak convergence of subsequences. Additionally, they use a regularity lemma by Meyers
(Bensoussan, Lions, and Papanicolau 1978), which requires that Q has a C? boundary,
whereas we prove existence for polygonal non-convex domains.

The analysis by Clain and Touzani (1997a) was extended to the case of unbounded
material coefficients by Clain and Touzani (1997b). The analysis with a time-dependent
heat equation was considered by Parietti and Rappaz (1998), which also required a
smooth boundary. Under additional regularity assumptions, uniqueness of solutions
was also found. The paper by Parietti and Rappaz (1999) extended the results from
Parietti and Rappaz (1998) and showed that under even stronger regularity assumptions,
there exists a unique Galerkin finite element solution that converges to the continuous
solution, assuming that the mesh is quasi-uniform and shape-regular. To our knowledge,
the work by Parietti and Rappaz (1999) is the only paper analysing the FEM for this
quasi-static Solenoidal Induction Heating Problem.

All of these papers discuss the difficulties of having a term belonging only to L' (£2).
This term can probably explain the noticeable absence of analysis on the steady-state
quasi-static Solenoidal Induction Heating Problem. Therefore, we mention some work
that considers the heat equation alone with a right-hand side that belongs to L!(Q2),
to see where the difficulties lie. Note from now on, the Solenoidal Induction Heating

Problem refers to the steady-state quasi-static problem.
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4.2.3 Elliptic Problems

In the literature, elliptic problems with right-hand sides in L!(Q) do not have well-
defined weak formulations when posed in standard Sobolev spaces. Therefore, a solution
suggested in the literature is to completely redefine the weak formulation, and look for
a so-called renormalised solution to the problem. This formulation is more complicated
than a standard variational formulation, as it involves a limiting sequence of truncated
test functions to ensure that the formulation is well-defined. More information about
the formulation can be found in Appendix A.1. Some results for existence, uniqueness,
and continuity of renormalised solutions are found by Boccardo and Gallouét (1989),
Gallouét and Herbin (1994), and Bénilan et al. (1995).

It should be noted that in standard finite element spaces, a discrete problem with
a right-hand side in L(€2) is well-defined, since each element in the test function space
belongs to L*°(€2). Therefore, the difficulty lies in proving that the discrete FEM
solution converges to the renormalised solution. For a Poisson problem, under very
strict conditions on the mesh, convergence of the standard Galerkin approximation to
the renormalised solution has been proven by Casado-Diaz et al. (2007). Unfortunately,
these conditions are too restrictive for the Solenoidal Induction Heating Problem, where
ideally, we want no conditions on the mesh, to allow for anisotropic meshes on compli-
cated domains in order to capture the skin-effect. One idea that we had was to prove
convergence of the BPM to the renormalised solution, and thus avoid strict conditions
on the mesh since the BPM is mesh-independent. This remains an open problem, but
some comments and numerical experiments are detailed in Appendix A.1.

For now, we turn our attention to a problem that is similar to the Solenoidal In-
duction Heating Problem and show another way in which the complications due to the

irregular source term can be resolved.

4.2.4 The Thermistor Problem

The Thermistor Problem (also called the Joule Heating Problem) models a simpler
physical system that contains the same L'() term in the heat equation. It models

the temperature and electric potential generated by a current in a conductive material,
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where heat is generated via Joule heating in proportion to the resistivity of the material.
Let u be the temperature, ¢ be the electric potential, p(-) be the electrical resistivity,
and (-) be the thermal conductivity. Then the Thermistor Problem, coupled with

Dirichlet boundary conditions, reads: find v and ¢ such that

div(p(u)Ve) = 0 in Q, (4.3a)

% — div(k(u)Vu) = p(u)|Ve|? in Q, (4.3b)
b = o on 9Q, (4.3¢)

U= U, on 9. (4.3d)

The main difference between the Thermistor Problem and the Solenoidal Induction
Heating Problem is that the electric potential is represented by a real (non-linear)
Poisson equation rather than a complex quasi-static equation. The key argument used
in the analysis of the Thermistor Problem is to show explicitly that |[V¢|? is more regular
than only L'(2). Our aim in later Sections of this Chapter is to extend some of the
arguments used for this problem to the Solenoidal Induction Heating Problem.

Crucially for the Thermistor Problem, the irregular heat source term in (4.3b) can
be rewritten using a vector identity that uses (4.3a). Let v € C§°(2) be a test function.
An identity by Howison, Rodrigues, and Shillor (1993) shows us that, taking a test
function (¢ — ¢o)v in the weak form of (4.3a),

(p(W) Ve,V ((¢ — do)v))o =0
= (p(W)|V*,v)e = (p(u)(¢o — $)V, V)a. (4.4)

By substituting (4.4) into the right-hand side of (4.3b), it is evident that this term is
more regular than in L' (£2), and thus the problem becomes much easier to analyse. This
method was employed by Howison, Rodrigues, and Shillor (1993) to prove existence of
solutions to the steady-state problem for general boundary conditions. Additionally,
uniqueness was proven by assuming that the data |V¢| was sufficiently small and that

it was bounded in LP(Q) for some p > 2.
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There are also older results proving existence of solutions for the Thermistor Problem
using different methods. Under strict assumptions on the smoothness of the domain, and
smoothness and boundedness of coefficients, Cimatti and Prodi (1987) proved existence
of solutions using a maximum principle. This was extended to the case including a non-
constant heat diffusion coefficient by Cimatti (1988), and then further extended to mixed
boundary conditions by Cimatti (1989), where even stricter smoothness conditions for
uniqueness were found. A paper by Gallouét and Herbin (1994) proved existence of
solutions using an equivalent definition of renormalised solutions for L!(£2) problems
(see Boccardo and Gallouét (1989) for this formulation). The Meyers Lemma used
by Clain and Touzani (1997a) for the Solenoidal Induction Heating Problem was used
by Cimatti (1992) to prove existence of solutions to the time-dependent Thermistor
Problem. It was also used by Loula and Zhu (2001) to prove existence and uniqueness
of solutions for a problem where (4.3a) had non-zero right-hand side.

An argument that has been used in some of the above works is that a solution
of (4.3a) belongs to H?(f2), and thus is bounded in L>(2). However, although we
have some additional regularity in the continuous solution, this does not necessarily
imply that there is more regularity in the discrete solution. Indeed, if we take the
standard piecewise linear finite element space, by definition, this is a subspace of H'(Q)
and not of H2(Q)). This means, ideally, we would like to somehow guarantee that the
discrete solution ¢y, has uniform bounds and hence satisfies the bounds of the continuous
problem.

Indeed, this is what we see in the literature for FEMs for the Thermistor Problem:;
FEMs are designed to respect the bounds of the solution. One way this is done is by
having strict conditions on the mesh so that the discrete problem satisfies the DMP.
This is done by Akrivis and Larsson (2005), where convergence of a discrete solution to
a solution of a time-dependent problem was proven, assuming quasi-uniformity of the
mesh and additional regularity on the solutions. This was extended to three dimensions
by Holst et al. (2010) with similar strict conditions on the mesh discretisation. Con-
vergence estimates for the 3D viscoelastic case were found by Malqvist and Stillfjord

(2017) with quasi-uniform meshes. Convergence with non-linear thermal conductivity
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was proven with regular meshes in 3D by Mbehou (2018). Convergence of a finite el-
ement solution of a mixed method was studied by Loula and Zhu (2006) assuming a
regular mesh, and similar results for a stabilised mixed discontinuous Galerkin method
were found by Zhu, Yu, and Loula (2011) under the same assumptions.

Another method of guaranteeing that bounds of the solution are satisfied is to in-
corporate the bound into the method. This technique was showcased by Jensen and
Malqvist (2012), where the bound was explicitly hardwired in the FEM through a
truncation operator, and so restrictions on the mesh were avoided. This was neces-
sary to ensure that the triple product in (4.4) had a term in L°°(£2). They proved
strong convergence of conforming finite element approximations to a weak solution in
three dimensions with mixed boundary conditions. This study was extended to a time
dependent case by Jensen, Malqvist, and Persson (2022).

It is worth highlighting that the homogeneous Poisson equation (4.3a) implies that
¢ satisfies a maximum principle, and this fact is used in all the proofs of existence and
uniqueness for the Thermistor Problem. For the Solenoidal Induction Heating Problem,
it is less straightforward to show that H satisfies a maximum principle, although it can
be shown by adapting arguments from Kresin and Maz’ya (1993). However, we did not
need to use the maximum principle in order to obtain our results, so we do not expand
on this further.

In this Chapter, we propose to solve the Solenoidal Induction Heating Problem
using the BPM as described in Section 2.6. This method is designed to have the bounds
hardwired explicitly into the method, and so it will always respect bounds with no
restriction on the shape of the mesh. This means, in particular, that this method can
be used for meshes that are potentially non-Delaunay, such as anisotropic meshes on
complex geometries that are needed to resolve the skin-effect in induction heating. First,
we prove that there is additional regularity on the source term, similar to the Thermistor
Problem, which means that the heat equation satisfies Lax-Milgram’s Lemma (Theorem
2.4.10) and so there exists a unique solution. For a fixed bound, we prove convergence
of the BPM to an orthogonal projection of the solution of the bounded space, and thus

if we choose a bound large enough, we show that the BPM solution converges to the
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exact solution.

The rest of the Chapter is as follows: In Section 4.3 we introduce some bounded
spaces and prove their closure. In Section 4.4, we prove existence of solutions of the
weak form of (4.1) by applying Schauder’s fixed-point lemma. In Section 4.5, we prove
existence and convergence of solutions of the standard Galerkin FEM to a solution of the
Solenoidal Induction Heating Problem under strict conditions on the domain and the
mesh. Then, in Section 4.6 we introduce the BPM obtain some preliminary lemmas, and
state and prove our main convergence result for the one-directional coupled problem.

Finally, in Section 4.7 we demonstrate some numerical experiments.

4.3 General Setting

Let 2 be an open, bounded, polyhedral, Lipschitz, and potentially non-convex domain.
We use notation for Sobolev spaces as presented in Section 2.3.1. In addition, we

explicitly define the sets that are bounded a.e. by a positive real number k. We define
Dr(Q):={feDQ):0< f(x) <kae inQ},
and
VFi={ve H}Q):0 <wv(x) <k ae. in Q}.

These closed convex sets will be used to prove convergence of the BPM to a solution
of the Solenoidal Induction Heating Problem.
First, we show that V* is closed in H{(Q), in order to show that a sequence in V*

converges to a limit in V*.

Lemma 4.3.1. The closure of Dy(Q) with respect to the H}(Q2) norm is V.

Proof. Let v € VF and let p: R? — R be a mollifier such that p € C*°(R?), and

p=0,plx)=0, |z|=1,

Jop(x) dx=1.
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For all € > 0, let p. be the function defined by

Consider the regularised function ve = pe * v, i.e.,

voim [ eyl dy = [ plwla-y) dy =0
Q Q

Since 2 is open and bounded, it is immediate that v € D(£2), and it has been proven by
Raviart and Thomas (1992, Lemma 1.2-1) that v — v strongly in H}(€2). Furthermore,

/Qpe(y)v(w -y) dy“

velloos = \
00,02

/ pe(y) dyH
Q 00,82

< [v]loo,0

= [[vllc.02-

It follows that since ||v||s0,0 < k, ve € Dg(12). Since v was arbitrary, we have shown

that the closure of Dy(Q) is V*. O

4.4 Existence Results

In this Section we prove existence of solutions to the coupled Solenoidal Induction Heat-
ing Problem (4.1) by applying a modified version of Schauder’s Fixed-Point Theorem.
In order to do this, we first show that the solutions H and u are bounded in appropriate

Sobolev spaces.

4.4.1 Bounds on H

Let us first consider the magnetic field equation (4.1a)-(4.1b). Let u € H(Q) be
arbitrary and fixed, and let pu(-) be positive and Lipschitz with upper bound u°. We
define the change of variables H=H- H,. Then the weak problem reads: find H such
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that H = H + H,, H € H}(?;C), and

(Vﬁ, VQ) o + (iwu(u)H, Q)Q o= (iwp(u)Ho, Q) ¢ » (4.5)

)

for all Q € H}(€;C). This weak formulation has a unique solution thanks to Lax-
Milgram’s Lemma (Theorem 2.4.10). We now show that any solution of (4.5) in uni-

formly bounded in H'(f2) independent from the choice of w.

Lemma 4.4.1 (Bound of H in HY(Q)). Let u € H}(Q) be arbitrary and let H solve
(4.5). Then there exists a positive constant C; depending only on 2, w, and p°, and
H, such that

[H|l1,0c <Ch (4.6)

Proof. Fix u € H}(Q). Taking Q = H as a test function in (4.5), writing C), as
the Poincaré inequality constant from Theorem 2.3.6, writing Ceqy; as the equivalence
constant between HE(Q) and H* () from Corollary 2.3.7, and using the Cauchy-Schwarz

inequality from Theorem 2.3.4, it follows that

L ~
IVH R o+ (iwn( i) | = (iwp(wHo. 1) |

= Re(IVAR e + wlVE@ AR ac) = Re ( (tnwi i) )

= IR ae = Re ( () )

< wp’||Holloscll H

0,0,C

<wp’Cyl||Ho \O,Q,CHV-FNIHO,Q,C
= IVH |lo,0,c <wp®CylHsllo0,c
= HﬁHLQ,C < wp®CequiCypl| Ho lo,0,c-
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Finally, notice that since H, is a constant, ||Hs||1.0.c = ||[Hollo,0,c, and so

|H|1.0c = |H + Holl1,0,c

< | H]|

10.c + [[Holl1,0,c
< wp’CequiChl||Hollo,0,c + [ Hollo,0,c
= (Wit CequiCyp + 1)|Q"/?|Ho |
=: ("4,
which proves the result. O

We will use this result to construct a fixed-point mapping to prove existence. How-
ever, in order to prove that the right-hand side of the heat equation (4.1c) is well defined,
we require a stronger result, and so next we will prove that the solution of (4.5) belongs

to W14(Q; C).

Lemma 4.4.2 (Regularity of H). Let u € HZ () be arbitrary and let H be the corre-
sponding unique solution of (4.5). Then H € WH4(Q;C). Additionally, there exists a

constant Cs depending only on Q, w, u°, and H, such that
IHl[140c < Ca.

Proof. We first split equation (4.1a) into real and complex parts. Writing H = H — H,
and H = H, + iH,, where H, H. € H&(Q) are real functions, and writing H, =
H,, +iH, it follows that

—AH, —wp(u)He +i(—=AHe + wp(u)Hy) = —wp(u)Ho e + iwpi(u) Ho,r,
which implies that the following system of equations is satisfied:

—AH, =wp(u)(He. — Ho ¢), (4.7)

—AH, = —wp(u)(Hy — Ho ). (4.8)
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Additionally, since H € H}(Q;C), it follows that
H.,=H.=0 on 0f). (4.9)

For a fixed u € HE(Q) there exists a unique solution for (4.5), and so there exists a
unique solution for the system (4.7) - (4.9). Since pu(-) € L*(£2), it follows from Lemma
4.4.1 that

lwp(u)(He = Hoc)llo.o < wp*([Hellno + [ Hocllr0) < wp®(Cr+ [[Hollog),  (4.10)

hence wp(u)(H. — Ho) € L*(2). Using analogous arguments, it can be shown that
—wp(u)(H, — Ho ) € L*(2). Hence (4.7) and (4.8) are two real Poisson problems with
right-hand sides in L?(2); these right-hand sides are regarded as given data.

Consider just (4.7): the argument for (4.8) follows in an identical manner. Since
) is Lipschitz and bounded, and (4.7) is a Poisson equation with a right-hand side in
L?(2), we can apply Theorem 0.5 from Jerison and Kenig (1995), which allows us to

state that there exists a positive constant C; depending on €2 such that
[Hr 140 < Cjllwp(u)(He = Ho )l -1.4,0-

Now, since L?(2) ¢ W—14(Q) and this injection is continuous (see Brezis, p.291), there

exists a constant C; such that for every v € L%(Q2), we have that |[v]_140 < Ci||v|

0,Q2-

Therefore, using (4.10), we have that

|| Hy |

1,4,0 < CjC'in,u(u)(Hc — Ho,c)”O,Q =: CT(Q,LU,/LO,HO). (4.11)

An identical argument shows that there exists a positive constant C, such that

|Hell1a.0 < Co(Q,w, 1%, Hy). Finally, using the triangle inequality, it follows that

IH|1400c < |Hl1a0c + [Holl1a0c

< [|Hrll1a0 + [[He

l1,4,0 + [[Holl1a0c < Cr + Co+ ||Ho||1,4,0,c =: Co,
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which finishes the proof. O

More specifically, Lemma 4.4.2 implies that VH € L*(Q; C)? and that ||VH|jp40.c <
C5. This is the key step used to prove that the right-hand side of the heat equation
(4.1c) belongs to L?(9).

Remark. An alternative way to prove that VH € L*(€;C)? is to use a version of
the Sobolev Embedding Theorem. By splitting H into H, + iH, again, we can apply

Corollary 4.4.4.14 from the book by Grisvard (2011), which shows that for a constant

e € (0, 3] depending on the interior angles of the domain,
H, € H2T<(Q).

This implies that VH,. € H %‘“(Q)Q. The Sobolev Embedding Theorem from Grisvard
(2011, Theorem 1.4.4.1) shows that H%“'E(Q) is continuously embedded in L*(Q2), and
hence VH, € L*(2)2. Identical arguments show that VH,. € L*(Q)?, and hence by the
triangle inequality again, VH € L*(Q;C)2. |

Now we show that this additional regularity on VH is enough to prove that the
right-hand side of (4.1c) is in L?(£2) independent from the choice of u. This will enable
us to prove existence of solutions of the heat equation for a fixed H € WhH*(Q;C) via

Lax-Milgram’s Lemma.

Lemma 4.4.3 (Source term of (4.1c) belongs to L?(2)). Let H be the unique solution
of (4.5) for any fixed u € H}(Q2). Then |VH|? € L?().

Proof. Since |H|}1 40,c < Co by Lemma 4.4.2, by definition of Lebesgue and Sobolev
norms it follows that

IIVH[*[lo.0 = HVHH%A,Q,(C < C3.
Hence |VH|? € L*(Q) and |||[VH|?|lo.o < C3. O

As a consequence, we can now consider the heat equation (4.1c), and prove a-priori

estimates with the right-hand side in L?(Q).
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4.4.2 Bounds on u

Due to Lemma 4.4.3, any solution of (4.1a) - (4.1b) satisfies [VH|?> € L?(Q2). Then
the standard weak formulation for (4.1c) - (4.1d) with test functions in H}(€2) is well-
defined. For a fixed H € WH4(Q; C), the weak form of (4.1c) reads: find u € H}(2)
such that

(Vu,Vo)g = (|[VH*,v),  Vve H(Q). (4.12)

By Lax-Milgram’s Lemma (Theorem 2.4.10), this weak formulation has a unique solu-
tion.

In this analysis we consider (4.1c) equipped with homogeneous Dirichlet boundary
conditions. We anticipate that extending this analysis to inhomogeneous Dirichlet,
Neumann or mixed boundary conditions will be fairly straightforward. However, we
also anticipate that extending this analysis to realistic boundary conditions for induction
heating, such as the Robin and radiation boundary conditions, will be decidedly non-
trivial due to singularities at the corners of the domain and due to the need to use more
specialised Sobolev spaces, as discussed at the end of Section 3.3.3. For now, we focus
on the Dirichlet problem.

As was done with H in Lemma 4.4.1, we now find some a-priori bounds for u, which

will be used to prove existence of solutions using a fixed-point method.

Lemma 4.4.4. Let u be the unique solution to (4.12) for a fixed H € W14(Q; C) with
the condition that || H||; 4.0,c < Ca. Then there exists a constant C3 depending only on
Q, w, u°, and H,, such that

lul1,0 < Cs. (4.13)

Proof. Taking u as a test function in (4.12), using the Cauchy-Schwarz inequality from

Theorem 2.3.4, the equivalence of the H'(Q2) and H}(Q2) norms from Corollary 2.3.7,
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and the constant C3 from Lemma 4.4.3, it follows that

ulf o = (IVHI* u)o
<IVHP[lollulloq
< C%Cequi’u‘l,ﬂ

= |u’17Q < C%Ceqm' =: (5.

Therefore, u is uniformly bounded in H}(f2), as required. O

In particular, we have established that H is uniformly bounded in H!(Q;C) and in
W14(Q; C) independently from the choice of u € H} (). Additionally, we have shown

that u is uniformly bounded in H}(Q) as long as ||H |1 40,c < Co.

4.4.3 Existence Theorem

Now that we have established these a-priori bounds we will use them to prove existence
of weak solutions to the Solenoidal Induction Heating Problem (4.1). Consider the full
weak form: find (H,u) € H'(Q;C) x H}(Q) such that H = H + H,, H € H}(€;C),

and

(VH, VQ)ac + (iw,u(u)f[, Q)Q - (twp(u)Hs, Q)a.c, (4.14a)

(Vau, Vo) = (\Vﬁ\Q,v)Q, (4.14b)

for every (Q,v) € H}(Q;C) x HF (D).

Theorem 4.4.5. There exists a solution to (4.14).

Proof. For this proof we use a Tikhonov-type modification of Schauder’s Fixed Point
Theorem, stated in Theorem 2.3.13, where V = H&(Q) is our reflexive separable Banach

space that is compactly embedded in V! = L?(Q). This Theorem allows us to prove

existence of a fixed point under a weakly continuous map. We follow the strategy
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presented by Roubicek (2013, p. 189). Let B be the closed ball in H} () defined by
B:={ve H}Q) : |v1q < C3},

where C3 is the constant from Lemma 4.4.4. Now, given w € B, consider the following

problem: find (p,w) € H(Q;C) x H}() such that p = p — Ho, p € H}(2;C), and

(V@, V)ac + (iwp()p, ¥)ac = (iwp(w)Hs, ¥)ac, (4.15)

(Vw, Vv)g = (V] v),, (4.16)
for all (1,v) € HE(Q;C) x H}(2). Then we can define the mapping
M := Mso My : w— w, where M w— g, My — w.

For a fixed @ € H}(Q), ¢ is a solution of (4.15), and for a fixed ¢ € W14(Q,C)
with |¢|l14,0,c < C2, w is a solution of (4.16). These types of decoupled equations,
considered on their own, are well known to have unique solutions by Lax-Milgram’s
Lemma (Theorem 2.4.10).

From Lemma 4.4.2, for any @ € HE(Q), the solution ¢ of (4.15) is bounded by Cs
in Wh4(Q; C), and so || My ()140,c < Cs. Additionally, from Lemma 4.4.4, it follows
that since p € WH4(Q; C) with [|¢|140c < C2, w is bounded by Cs in H}(2) and
|Ma(p)|1,0 < Cs. It follows that M(B) C B. Hence, to prove that M has a fixed point,
it suffices to show that M is weakly continuous.

By the Sobolev Embedding Theorem shown in Theorem 2.3.8, H () is compactly
embedded in L%(Q), so weak convergence in Hg () implies strong convergence in L?((2).
First, suppose that {0y} is a sequence in B such that 1y — @ weakly in Hg (). Then
Wy, — W strongly in L2(Q). For each iy, we define the image under the mapping M;
to be My () =: ¢, € H(€;C), and define ¢y = ¢ — H,. We have established that
the sequence {@y}x is uniformly bounded in H'(£2;C) by Lemma 4.4.1, and therefore,
up to a subsequence ¢y, — ¢ weakly in H!(Q;C). It follows that the sequence {@y }x is

uniformly bounded in H{(Q;C), and therefore, up to a subsequence @ — @ weakly in
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H}(9;C), and ¢ = ¢ + H..

Next, since @ — @ weakly in H}(;C), hence @, — @ strongly in L?(©2;C) and
since we can apply Lemma 2.3.9 because p(-) is Lipschitz, it follows that for all ¢ €
D(;C),

(Vor, Vi)ac — (VE, Vi)ac,
(iwp (i) Pr, ¥)o,c — (twp(W)g, ¥)o.c,

(iwp(wg)Hs, ¥)a,c — (twp(w)Hs, ¥)ac.

So, ¢ = ¢ — H, and ¢ € Hi(£; C) satisfies

(V@, Vi)ac + (iwp(@) @, Y)ac = (iwu(w)Ho, ¢). (4.17)

This problem has a unique solution thanks to Lax-Milgram’s lemma from Theorem
2.4.10, so the whole sequence . converges weakly to ¢ in H'(2;C). Hence, ¢ = M ()
and this mapping is weakly continuous. Since ¢ is a solution of (4.15), ¢ also belongs
to Wh4(Q; C) and ||¢|14.0.c < Co.

In a similar way, define the image of ¢y, under the mapping My to be My (¢r) =: wy, €
H} (). This sequence {wy} is bounded in H}(Q2) by Lemma 4.4.4 and consequently
wy, € B for any ¢, € Wh4(Q;C) with ||og|140c < C2. It follows that there is a
subsequence of {wy}r such that wy — w weakly in H}(Q). Now, for all v € D(Q), it

follows from the definition of weak convergence in Hg () that
(Vwk, VU)Q — (Vw, VU)Q.

It remains to prove that (|[Ver|?, v)a — (]V¢|?, v)q. In order to do this, it is enough
to show that (|V@r|?,v)q — ([V@|?, v)q, since Vi = V@ and Vi, = V@i We use the
fact that @y — ¢ weakly in H}(€;C), and that @ — @ strongly in L?(; C).

First, note that taking @v as a test function in (4.15), ¢ satisfies the identity
(Ve v)ac = (iwn(w) Ho, pv)a,c — (iwn(w)|3*, v)a,c — (VG Vo)ac.
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In a similar way, taking @k as a test function, every @y in the sequence {Qx }x solving

(4.15) satisfies that identity

(IV@k|*, v)ac = (iwp(ir) Ho, Grv)ac — (iwp(dn)|@rl®, v)ac — (B VEr Vo)ac
= (A) +(B) + (O).

Now we prove convergence of the individual terms. Since @, — @ strongly in L?(2;C),

and since p(wy) converges a.e. to u(w),
(A) = (iwp(w)Ho, pv)ac as k — oo.

Next, since @y — ¢ weakly in W14(Q; C) and is uniformly bounded in W4(2; C), and

since p(wy) converges a.e. to pu(w),
(B) > (iwp(@) 3 v)oc  as k- oo
Finally, since @), — @ strongly in L*(Q;C) and @), — @ weakly in HE(Q;C)
(C) = (¢V@, Vu)ac as k — oo.
Putting this all together, we get that

(9342, v)ac = lim ((4)+(B)+(C))

lim
k—o0

— (Vo2 v)ac.
Therefore, since Vo = V@ and Vo, = V@i, it holds for all v € D(Q) that
0= (Vwg, Vo)q — (|V<pk]2,v)g — (Vw, Vv)q — (\V@]Q,U)Q =0.
Then, it follows that the limit of the sequence is w € H}(Q) and this limit satisfies
(Vw, Vo)a = (|Ve|?,v)a,
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for all v € D(Q2). But, again, this problem has a unique solution thanks to Lax-
Milgram’s Lemma (Theorem 2.4.10) so the whole sequence wy — w converges weakly
in H}(Q). Hence w = M(¢) and this mapping is weakly continuous.

Therefore, M = Ms o My : B — B, W — w, is a weakly continuous mapping, so by
Schauder’s Fixed Point Theorem for weakly continuous mappings (Theorem 2.3.13), M
has a fixed point. Hence, a weak solution to the system (4.1) exists and is defined by

the fixed point (u, H), where H = Mj (u). O

4.5 The Standard FEM

In this Section we show that under strict conditions on the domain and the mesh, we
can prove existence of standard Galerkin finite element solutions and convergence of
these solutions to that of the coupled problem (4.14).

We use the finite element notation introduced in Chapter 2.5. Let {75}, be a family
of simplicial triangulations of €2, and for each triangulation T, let W} and V}, denote
the real Py finite element subspaces of H'(Q) and H}(Q), respectively, as defined in
(2.14) and (2.15). Similarly, let W), c and Vj, ¢ denote the complex Py.c finite element
subspaces of H(Q;C) and H}(Q; C), respectively, as defined in (2.17) and (2.16).

The standard Galerkin approximation of (4.14) reads: find (Hp,up) € Wic x Vi
such that Hy = Hy, — Ho € Vj, ¢ and

(VH, VQn)ac + (iwp(un) Hy, Qn)ac = (iwp(un)Ho, Qn)o.c, (4.182)

(Vun, Vop)a = ([VHp|?, vp) (4.18b)

Q )
for all (Qp,vp) € Vi x V. First, we prove some a-priori bounds on Hj, and wy,.

4.5.1 Bounds on H,

Lemma 4.5.1. Let uj, € V}, be fixed. Consider the problem: find Hj, € W, ¢ such that
H;, — H, = E[h € V}«h(c, and

(VHL, VQn)ac + (iwp(up) Hy, Qn)ac = (iwp(un)He, Qn)o.c,
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for all @y € V. Then ||Hpll1,0c < Ci, where Cy is the constant from Lemma 4.4.1

that depends only on Q,w, u°, and Ho.

Proof. This proof is identical to the proof of Lemma 4.4.1, except we take Hj, as a test

function instead of H. O

Now, we show that VH}, is bounded in L*(£2;C), which is needed to show that the

right-hand side of the heat equation is well-defined.

Lemma 4.5.2. Assume that €2 is convex with a smooth boundary, the family of meshes
{Tr}n is quasi-uniform, and h is small enough. Let u;, € V}, be fixed, and let Hy, be the
solution of (4.18a). Then there exists a constant Cy depending only on Q,w, u, and H,
such that

IVHplo4.0c < Ca. (4.19)

Proof. First, note that writing Hy, = ﬁh7r+iﬁh7c and H, = H, ,+iH, ., (4.18a) satisfies

(VHpr, Vop)a — (wp(un)Hpeovn)a = —(wp(un) Ho ey Un)w,

i [(vﬂh,c, Von)a + (wilun) By vn)a| = i [(Wi(un) Hor, vn)o]

for all v, € V. By definition of the Dual norm in for Lebesgue spaces on bounded

domains, there there exists an a; such that

VH,,, Vw
07479 S Sup M

aq HVFI}Z7 .
' weW 3 (@) IVwllo,a/3.0

(4.20)

By definition of the Ritz projection from Rannacher and Scott (1982), (VHy, ., Vw)g =
(VHp, -, VRyw)q. Additionally, another result from Rannacher and Scott (1982) states
that under the assumption that Q is convex, the family of triangulations {7} is quasi-
uniform, A is small enough, and the boundary 02 is smooth, there exists a positive

constant C,.;;, such that for all 1 < p < oo, and all w € WP(Q),

IVRpwljopo < Crir=[| Vw

l0.p.02 (4.21)
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Therefore, including (4.21) and the definition of Ritz projection in (4.20), we get

1 (VH,, VRyw)q

. 4.22
Critz IVRrw|lo4/3,0 (4.22)

alHVﬁh,r’

04,0 < sup
wew*3(Q)

Since Rw € Vj,, it follows that (4.22) is equivalent to

1 (VH,,V
04,0 < sup VHnr, VenJo

(03] VIjIh’ .
| ' vneVy, Critz ||Vvh||0,4/3,9

Finally, using (4.18a), Holder’s Inequality, and the Poincaré Inequality, it follows that

5 VHy,, Vo)
a1Critz||VHprlog,0c < sup g
0£vneVi, IV URl0,4/3.0

(wp(up) Hpeovn)o — (wp(up) Ho e, vp)0

= o;ﬁil,?e)vh 1Vunllo.a/3,0

< sup wp® (| Hpelloallvnlloassa + |1 Hoclloanllvnlloass.a)
020,V 1Vunllo.a/3,0

< sup wiCy(|Hpelloa0 + | Hoclloao) | Vorlloassa
00, EVi [Vonllo,a/s.0,

< wp®Cp([|Hpclloae + |1 Holloag,)-

By the Sobolev Embedding Theorem, H}(€) is continuously embedded in L*(), and
so there exists a positive constant Cl,,; such that ||ﬁh7c||07479 < CembHﬁh,cHLQ. It has
been shown in Lemma 4.5.1 that ||Hyp|l1.0.c < C1, and since ||Hpc|l1.0 < |[Hnll1oc it
follows that

Critza1 [|[VHp clloa0 < wp®Cy(|[Holloa.0,c + CempCh)- (4.23)

It can be shown in an identical manner that for some ag > 0,

O‘QCritszgh,cHOA,Q < WMOCp(HHoHOA,Q,C + Cembcl)-
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It follows that

1

04,0, < - (mHVf:Ih,c! 04,0 + OézHVﬁh,cHoA,Q)
ritz 111111 (ah a2)

< 2wp°Cy (|| Ho l|0,4,0,c + CempCh)

|V Hy,|

; =. 04.
Crit> min (0417 042)

This shows that VHj, is bounded in L4(Q, C) by a positive constant Cy depending only
on , w, u°, and H,. O

Remark. It should be highlighted that Lemma 4.5.2 only holds if A is small enough. In
practice, this is very difficult to quantify as it depends on various embedding constants.

Therefore, this is quite a restrictive assumption. [

Lemma 4.5.2 immediately shows that |VHj|? is uniformly bounded in L?(Q2), so
next we apply Brouwer’s Fixed Point Theorem (Theorem 2.3.14) to prove existence of

solutions. However, first, we prove an a-priori bound for uy,.

4.5.2 Bounds on u

Lemma 4.5.3. There exists a positive constant C5 independent of h such that for any

Hy, € Vh@ with ”VH}L’

0,4,0,c < Cy, the solution to uy to (4.18b) satisfies

lun|1.0 < Cs. (4.24)

Proof. This analogous to the proof of Lemma 4.4.4 using Cy from Lemma 4.5.2. 0

Now we prove existence of discrete solutions using a fixed-point argument.

4.5.3 Existence and Convergence of Solutions

Theorem 4.5.4. There exist a solution (Hp,up) to (4.18).

Proof. Since V}, is a finite-dimensional subspace, we can apply Brouwer’s Fixed Point
Theorem (Theorem 2.3.14) to prove existence of solutions of (4.18). Consider the de-
coupled problem: given W, € V3, find (¢p, wp) € Wy, c x V}, such that ¢, = ¢p — Ho,
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o € Vh,(C and

(Vén, VQn)ac + (iwp(n)dn, Qn)oc = (iwp(wn)Hs, Qn)a,c, (4.25)

(Vwn, Vor)a = (IVenl*,vn)g » (4.26)
for all (Qp,vp) € Vi X V. These define the mapping
My, Vi, — Vi g, — wy, where M p, : Wy, — @y, Msp, : pp = wp,.
As it was proven in Theorem 4.4.5, we can show using Lemma 4.5.2 that
|V (Map o Myp)(wn)loo <My, Y w, € V.

Let {wy}r be a sequence in Vj,. Define ¢ =: M (W), which defines another se-
quence {¢g }x, which is uniformly bounded by a constant C7 in H*(£2; C). Tt follows that
the sequence {@y }, where ¢ = p— H, is also uniformly bounded in Hg(Q; C). Similarly,
the map the wy, =: My j,(pr) defines a sequence {wy, }x, which is uniformly bounded by
a constant Cs in H{(Q). Therefore if we show that the map M), is continuous, we can
apply Brouwer’s Fixed Point Theorem (Theorem 2.3.14) and show that there exists a
solution to the discrete problem. Let ¢ and ¢; be elements of the sequence {Qy}.

Then for all test functions @, € V}, ¢,

(Vér, VQn)a,c + (twp(wr)@r, Qn)a.c = (iwu(wy)Hs, Qn)a,c,

(V;,VQn)ac + (iwp(;)@;, Qn)ac = (iwu(wj)Ho, Qn)a,c,

which implies that

(V(&r — ¢5), VQn)ac = (iwp(ig)Ho — iwp(wj)Hs, Qn)a,c

— (twp(y)Pr, — iwp(w;)Ps, Qn)a,c-
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Taking ¢, — ¢; as a test function, it follows that

V(@ — @) l5.0.c = (iwHo(u(dy) — p(5)), Px — B5)a,c

— (iwp(r) P — iwp(;) @5, Gk — $j)a,c-
Now, it follows that

(iwp(ig)Pr — dwp ()P, P — Pi)a.c
= (iwp(wg)@r — twp(W;)@r + twp(w;)@r — iwp(w;)@j, Pk — @j)a,c
= (iw(p(y) — p(wy))@r, Pr — $j)o,c

+ (iwp () (Pr — ), Pe — Pj)a,c -

purely imaginary

It also follows that from the Cauchy-Schwarz inequality, the Poincaré inequality, and

the definition of a Lipschitz function, that

|(iwHo(pu(wr) = (), P — @j)a.cl < wlHoll|u(wr) — p(@j)lloaclor — illoac

< WHo|CipCylliwg — wjllo.lV(er = &5)llo.0c-

Therefore, since ||V (@ — @;)[lo,o,c is real, and using the embedding constant Cyy,p from

(4.23), it follows that

V(@ — 85)I[5.0.c = Re ((iwHs (k) — p(idy)), @r — @j)a.c
+(iw(p(r) — p(w5)) Pk, P — ¢5).c)
< w[Ho|ClipCyl|g — w;llo.0ll V(K — &5)lloac
+ wCiipCpCal|toy, — wjllo.cllek — ¢illoa0c
< wClipCy(|Ho| + CaClmpCequi) |k — wjllo.allV(er — &5)lloa.c

= [V(@r — @5)llo.0.c < wClipCp([Ho| + CaClempCoequi) lor: — wjllo.o-

By the equivalence of the H}(2;C) and H'(;C) norms, and since ¢ — ¢ = (P +
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H,) — (¢; + Ho) = &1, — @5, it follows that
lor — @illi0.c € WCequiClipCa(|Ho| + CaClmp) |V (0 — 5) 0,0,

which proves that M j, is continuous.
Now to prove that My, is continuous, let w; and wy be the results from the maps

My 1 (¢;) and My (¢r) respectively. Then for all vy, € Vj,
(V(wi — wj), Vup)a = ([Ver> = [Ve; >, vn)a.
Taking wy — w; as a test function in the above equality, we have that

IV (wy, = w;)

6.0 = (IVerl” = [Vo;* we — w))a
= (Veor - Vor = Vi - Vo + Vi - Vi — Vi - Vi, wg, — wj)a
= (Vo - (Vor, — V), wi — wi)a + (Ver — Vij) - Vi, wp — wj)a
< Vx|

0,4,0.c|IVer — Vojiloocllwr —w;lloanc

+1IVor = VojlloaclVeilloacllwr —wjillosnc

< 2C4CempCequillor — @jll10.cl|V(wr — wj)llo.0

= ||V(wg — w;)]o,0 < 2C4CempCequillvr — ¢jll1,0,c-

Therefore M; ; and My, are continuous, so My = My j o My, is also continuous
and it follows that the mapping Mj has a fixed point. By Brouwer’s Fixed Point
Theorem (Theorem 2.3.14), there exists a solution for (4.18), and we denote this solution

(Hp, un). O
Remark. We can apply Brouwer’s Fixed Point Theorem (Theorem 2.3.14) here because
Vi, and Vj, . are finite dimensional spaces. [

Now that we have proven the existence of a discrete solution, we prove that the

discrete solution converges to a continuous solution.

Theorem 4.5.5. Let {(Hp,un)}n be a sequence of solutions of (4.18). Then, up to a
subsequence, Hy, — H weakly in H'(Q;C) and uj, — u weakly in H}(Q2) and (H,u) is
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a solution of (4.14).

Proof. Convergence of solutions can be shown using a method similar to the proof of
existence in Theorem 4.4.5. The sequence {H},}, is uniformly bounded in H'(£2, C) and
therefore Hj, — H weakly in H'(Q,C). Additionally, there is a subsequence such that
VH;, — VH weakly in L*(Q; C)2. Since we have shown that V H, is uniformly bounded
in L*(Q; C), we also have a subsequence {uy,};, such that u, — u weakly in H{ () since
{up}p is uniformly bounded in H{ (). Let @ € D(Q;C) and let Qy, := Z1(Q) € Vi,
where 7y is the Lagrange interpolant from Definition 2.5.8. Since Qp — @ strongly in
Whee(€;C) as h — 0, as shown in Theorem 2.5.9, and defining H), = H;, — H, and
H = H — H,, it follows that

(VHL, VQn)ac = (VHL V(Qn — Q)ac + (VHy, VQ)ac

— (VE[, VQ)Q@ as h — 0.

Since p(-) is Lipschitz, and since uj, — u strongly in L2(Q), u(up) — pu(u) a.e., and

therefore

(iwp(up) Hy, Qn)ac — (iwp(u)H, Q)ac,

and

(twp(un)Ho, Qn)a,c — (iwp(u)Hs, Q)o,c-

This shows that (H,u) satisfies (4.18a).

Now let v € D(2), and let v, =: Zp,(v) be the Scott-Zhang interpolant of v (see The-
orem 2.5.11) so that v, — v strongly in H} (). Then by definition of weak convergence
in HJ(9),

(Vup, Vop)a — (Vu, Vou)q as h — 0.

Now, we can write the right-hand side as
(IVHR?, vn)e = (IVHw?, vn — v)a + (IVH [, v) = (1) + (2).
Since |V Hy|? is bounded in L?(f2) for all k, (1) — 0, so it remains to consider (2). First
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note that if we take Huv as a test function in (4.14a), the exact solution (H,u) satisfies

for all v € D(Q), H — H, = H € H}(Q,C), and
(IVH|% v)a.c = (iwp(u)HoH, v)a.c — (iwp(u)| H|% v)ac — (HVH, Vo)oc.  (4.27)

Now, take the discrete form (4.18a) with Qp = Ih(ﬁhv) € Vi c. Then we get

(VHp, V(Zn(Hpv))o,c + (iwp(un) Hy, Tn(Hpv)o,c = (iwp(un)Ho, Tn(Hpv))a.c

Now,
(4) = (iwu(uh)ﬁh,l'h(ﬁhv) — ]:NI}L’U)Q,(C + (iwu(uh)ﬁh, E[}{U)Q’C = (4@) + (4())

and (4a) — 0 as h — 0 by the discrete commutator property (see Ern and Guermond

(2004, Lemma 1.137)), and
(4b) = (iwp(uw)|H|*,v)ac.
We also have that

(5) = (iwp(un)Ho, Tn(Hpv) — Hyv)oc + (iwp(up) Ho, Hyv)o,c

— ('L'CU[L(U)HOE,U)Q7(C as h — 0,
by, again, using the discrete commutator property. Finally, we have
(3) = (VH, V(Tp(Hpv) — Hpo))oc + (VHp, V(Hpv))ac = (3a) + (3b).

Again, (3a) — 0 as h — 0 by the discrete commutator property. It follows by the

product rule that

(3b) = (IVHp % v)ac + (HyVHy, Vo)a.c = (3bi) + (3bii)
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and

(3bii) — (HVH,Vo)oc as h — 0.

Therefore, using the the fact that the exact solution satisfies (4.27), it follows that

lim (VA v)a,c) = lim (—(3bid) + (5) = (4))

= —(EVI:I, Vo)a.c + (iwp(u) HoH,v)o.c — (iwp(w)| H|? v)a.c

= (IVH],v)ac
and hence, since |VH|? = |[VH|?,
(Vun, VIh(v))a — (VH[*, Zn(v)o = (Vu, Vo) — ([VH[?,v)q as h — 0,

which shows that (Hp,up) — (H,u) as h — 0 if there are strict conditions on the mesh.

This shows that the limits (H,u) satisfies the continuous problem. O

4.6 The Bound Preserving Method

In this Section, for a simplified problem, we circumvent the restrictions on the mesh
and the assumption of convexity on the domain by using the Bound Preserving Method
(BPM).

For this Section we consider the finite element approximation of a simplified problem,
which reads: find (H,u) € H'(Q;C) x H}(Q) such that H = H — H,, H € H}(Q;C)

and

(VH,VQ)ac + (iwH,Q)ac = (iwHs, Q)a.c, (4.28a)
(Vu, Vo)g = (|VFI|2,U)Q, (4.28b)

for all (Q,v) € HE(Q;C) x H(Q). In particular, this is (4.5) but with u(-) = 1.

The FEM considered here reads: given a positive real constant k, find (Hp,up) €
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Wi, c x Vi, such that H), = H,, — Ho, Hy, € Vh,c and

(VH, VQu)ac + (iwHy, Qn)ac = (iwHs, Qn)a,c, (4.29a)

(Vuﬁ, Vop)a + S(u,:k, vp) = (‘Vf{h|2, VR)Q, (4.29b)

for all (Qn,vn) € Vo X Vi, Here, (4.29a) is solved using the standard Galerkin FEM,
and (4.29b) is solved using the BPM posed by Barrenechea et al. (2024), presented in
Section 2.6. Here, UZ is the constrained part of uy, in the sense that uﬁ € th, where

V;F is the finite element subset of V¥ defined in (2.27), and

uf = Z max{0, min{up(x;), k} } ;.

i=1

ke oy, _UZ is the complementary part of uj,. This method guarantees that

The term u,
the bounds of the solution (here taken to be [0, k]) are satisfied by explicitly hardwiring
the bounds into the method and searching for a solution in th— Thus, we will show
that we can prove convergence for non-convex domains and with no restrictions on the
mesh.

Following the definition for the stabilising mass lumping term (2.29), the term s(-,-)
for (4.29b) is defined as
N
s(vp, wp) ==« Z vp (x)wn (),
i=1

where o is a non-dimensional constant.

Remark. Since the weak systems (4.28) and (4.28) are only coupled in one direction,

these systems have unique solutions. |
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4.6.1 Convergence Results for H,

Since (4.29a) does not depend on wuy, we can use standard convergence results for the

standard Galerkin FEM. It it follows that
H, - H strongly in H'(£2;C). (4.30)
This implies from the Sobolev Embedding Theorem (Theorem 2.3.8) that
|\VHy| — |VH| strongly in L?(9),
and also that

\VH|? — |[VH|? strongly in L'(€). (4.31)

Finally, it can be shown in an identical manner to Lemma 4.4.1 that the solution Hj

satisfies

[ Hnll1,0c < Ch, (4.32)

where C] is the same constant form Lemma 4.4.1 that depends only on €2, w, u°, and

H,. In particular, it does not depend on h.

4.6.2 Convergence Results for uf

Here, we find some convergence results for uz for a fixed k. Taking the test function
v, = uf in (4.29b), using the bound in (4.32), and the fact that s(-,-) is monotone as
shown in Chapter 2.6, we can obtain a bound for ufl in H}(Q). Using Hélder’s inequality

and the fact that ||[uf|lo,co0 < k, it follows that
k —k K k
Vb 3.0+ s, uf) = (IVHA, uf)
~—— Q

>0

= ’Uiﬁ,g < k|Hh|%,Q,(C < Ctk. (4.33)
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Therefore, there exists a subsequence (still denoted uﬁ) depending on k such that
uf — af weakly in H3 (). (4.34)
By Sobolev Embedding (Theorem 2.3.8), this implies that
uf — " strongly in L?(€). (4.35)
Moreover, using Sobolev Embedding again, the following stronger result holds:
uf — " in LP(Q2) forall 1 <p < oc.
As a consequence, there exists a subsequence still denoted by “Z such that
uf — af a.e. in Q. (4.36)
Finally, convergence a.e. and the fact that ||uf||o..c < k for all h, implies that
18* 0,000 < . (4.37)

and so u* € V*.
In the following Section we use these results to take the limit as h — 0 in the term
u’,"i This way, we show that the limit 4" defined in (4.34) is the projection of the exact

solution u onto the space V*.

4.6.3 Convergence of Solutions

In this Section we prove convergence of a subsequence of the finite element solutions
(Hp, uf) to an exact solution (H,u) as h — 0 and k — oo. First, we prove a variational
inequality for the heat equation, which shows that if we take h — 0, the resulting limit
@* defined in (4.34) is the projection of the exact solution u into the space V¥ with

respect to the Hg(Q) norm.
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Lemma 4.6.1. The function 4* satisfies the inequality
(Vi V(p — ") > ([VHX o —iF)g  YepeVF

Proof. Let ¢ € Dy(2) and let ¢y, := Tp,(p) € Vi, where 7y, is the Lagrange interpolant
from Definition 2.5.8. It is well known that ¢, — ¢ a.e. in Q (see Corollary 2.5.10).

Taking ¢ — uf as a test function in (4.29b) and using the monotonicity of s(-,), we
get
(Vug, V(pn —up))a + s(u,*, on — uf) = (IVHu|*, on — up)o
—_—

<0

= (Vuy, V(en — uf))a = (IVHu|?, on — uf)o.

Now let us consider the limit as h — 0 for the right-hand side (RHS) and left-hand side
(LHS) above in turn.

RHS

The sum of two sequences converging a.e. is also converging a.e.. Therefore, using

k

(4.36) we have @y, —uf — ¢ —a*

a.e.. The product of a sequence that converges weakly
in L'(Q) and a bounded sequence that converges pointwise a.e. also converges weakly
in L1(Q) (Fonseca and Leoni 2007, Proposition 2.61). Since |¢n — uf|locon < 2k is
bounded and converges pointwise a.e., and (4.31) shows strong convergence in L*(2),
it follows that

(IVHw, on — up)o — (VH, ¢ — i*)q. (4.38)
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LHS

We split the LHS into three parts,

(Vuf, Vien — up))a = (Vuy, Vien — ) + (Vuf, V(e — i%))q
+ (Vuf, V(i — uf))q

=(A) + (B) + (C).

We consider each of these parts separately.

(A) Using (4.33) and the fact that o5, — ¢ strongly in H(Q2), we apply the Cauchy-

Schwarz Inequality from Theorem 2.3.4, and get for a fixed k,
(Vug, Vien — 9))a| < [Vuilloallen — ellog — 0 as b — 0.

Therefore,
(A) = 0as h — 0.

(B) Since ¢ — ¥ is a fixed test function in HE(€2), and since uf — @* weakly in HZ ()

by (4.34), we have

(B) = (Vi*, V(g —i*)q ash—0.

(C) For the final term, by splitting the inner product again, we get

(C) = (Vuy, V(¥ — up))g
= (V(uf — @¥), V(0" —up))a + (ViF, V(@* — u}))o
= —[|V(uj — @")|§ o + (VEF, V(i@F — uf))o

< (ViF, V(iF —uf))g =: ().

Since uf — @* weakly in H{(Q), it follows that C' — 0 as h — 0.
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Therefore,

(4) +(B) + (C) = (IVHi?, on — uj)e

= (A)+(B)+(C) 2 (IVHw*, o1, — up)a.
Taking the limit as h — 0, we have shown that @* satisfies

(Va*, V(e —a"))a > (IVH?, ¢ — @")a,

for all ¢ € Dy(f2). Since Dy (Q) = V¥ from Lemma 4.3.1, then 4% € V¥ satisfies
(Vik, V(v — k) > ([VH2 v —i¥)q VYeeVF
It follows from Definition 2.3.10 that
= Iy k (u)

where Iy (u) is the projection of u, the solution of (4.28b), from H{ () onto V* with
respect to the Hg () norm. O

Lemma 4.6.1 has significant implications as, most importantly, it shows that if we
choose k large enough, and u is bounded, then 4* and u coincide.

The following result is used to show strong convergence of u’,fi to k.

Lemma 4.6.2. Let f € L*(Q) and and f;, be a sequence such that f, — f strongly in
LY(9). Let wy, € V¥ be a sequence such that w;, — w weakly in H(Q) as h — 0 and

w € V*. Suppose wy, € V,f and w € V* satisfy the variational inequalities:

(Vwp, V(vy, —wp))a > (fr,vn — wh)a Y vy, € VI,

(Vu, V(v —w))a > (f,v—w)a VoueVEk

Then |wp, —w|1.0 — 0ash — 0.
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Proof. First note that the inequalities imply that:

—(Vwp, V(v —wp))a < —=(fn,vn — wp)o Yoo, € ViF

—(Vwu, V(v —w))a < —(f,v—w)q YoeVk

For this proof, let Z;, be the Scott-Zhang interpolant (see Theorem 2.5.11). It follows
that

0 < (V(w —wa), V(w —wh))a
= (Vw, V(w = wp))a — (Vwp, V(w — wh)))e
= (Vw, V(w = wp))o — (Vwy, V(w = Ty(w) + n(w) — wp))a
= —(Vw, V(wy — w))a = (Vwp, V(Zn(w) = wp)))o — (Vwp, V(w = Zy(w))o
(

—(f,wn — w)a — (fr. Zn(w) —wp)a — (Vwp, V(w — Zy(w)))a.
Now, notice that

—(fywn — w)a = (fn, Zn(w) — wp)o = —(f,wa)o + (f,0)e = (fo. Zn(w))a + (fr wh)o
= (fn— frwn)o+ (f = fr+ frow)a — (fa, Zn(w))g
= (frn — f,wn)o+ (f = frow)a + (fo,w — Tn(w))o.

The first two terms converge to zero as h — 0 since f; — f strongly in L'(2). Since

Zn(w) — w strongly in H}(Q) and wy, — w weakly, it follows that
0 < lim |w — wp|1.0 < lim —(Vwy, V(w — Z,(w)))q = 0.
h—0 h—0

Hence |w —wp|1,0 — 0 as h — 0. O

Now we present the main result of this Section, which proves convergence of discrete
BPM system (4.29) to the exact solution (4.28). Note that this exact solution is unique,

which follows from the one-directional coupling of the equations.

Theorem 4.6.3. Let (H,u) € H'(Q;C) x H}(2) be the unique solution of the simplified

101



Chapter 4. A FEM for the 2D Steady-State Problem

Induction Heating Problem (4.28), and let (Hp,uf) € Wy, ¢ x V4 be the solution of the
BPM (4.29). Then

(Hp,u¥) — (H,u) strongly in H'(Q;C) x Hi(),

as h — 0 and k — oo.

Proof. Since (4.29a) has no dependence on uy, it has already been established in (4.30)
that Hy, — H strongly in H'(£2; C). Therefore, it remains to show that uf — u strongly
in H}(Q) as h — 0 and k — oo.

First, taking the limit as h — 0, we have established that uﬁ — ¥ weakly in HZ(Q)
in (4.34). We have shown in Lemma 4.6.1 that 4" satisfies

(Vi*, V(v — i) > ([VH> v —i")q VYoeVr

By definition of the BPM, and using the fact that s(-,-) is monotone, the BPM solution

uZ satisfies
(Vuk V(v —uf))a > ([VHy 2 on —uf)g Yo, € Vi

Since |VHy|? — |VH|? strongly in L!(f2), as established in (4.31), we can apply Lemma
4.6.2 with w = 4% and wy, = uz This gives us that uﬁ — 0¥ strongly in H(Q) as h — 0.

Since (4.28b) is a Poisson problem, the Maximum Principle for Weak solutions in
Theorem 2.4.9 implies that if €2 is bounded, there exists a positive constant C,,, such
that |u(x)| < Cp, for all € 2. Therefore, for k > C,,),, the projection operator from
HZ(Q) onto V¥ defined by Iy« (-) is simply the identity mapping. In Lemma 4.6.1, we
showed that @* = IIyx (u), so for k > G, we have 4% = Iy« (u) = u. Taking the limit
as k — oo we eventually have k > Cp,;,, and so

lim <lim uZ) = lim (IIyx(u)) = u.
k—ro00

k—oo \ h—0
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Thus
(Hp,uf) — (H,u) strongly in H(Q;C) x H3(Q),

as h — 0 and k — oo. O

4.7 Numerical Experiments

In this Section we describe some numerical experiments that showcase orders of conver-
gence for the BPM for certain problems. We illustrate the main result found in Lemma
4.6.1, and show that when truncating at a non-physical height, the BPM converges to
the H&(Q) projection of the unique solution into the closed convex set V*. We also
show that the BPM is more accurate than the standard Galerkin method when resolv-
ing boundary layers on coarse non-Delaunay meshes. This is particularly relevant to
induction heating as boundary layers are present, and the use of Delaunay meshes is not
always optimal in complicated domains. Finally, we implement the BPM for the fully
coupled non-linear Solenoidal Induction Heating Problem (4.14) and show convergence
numerically.

We implement the BPM by using a Richardson style iteration: given an initial guess

u) € Vi, and w;, € (0, 1], we iteratively solve

(VUZH, Vup)a = (V(uﬁ)k, Vup)a

+wr((fron)e = (V (i), Von)a = s((uf) 7", 0n)),  (4.39)

for all vy, € Vj,. The algorithm is terminated when |u}™ — u}'|loq < 1072, and we
say uf = (u}™)¥ is the resulting numerical solution. We take the initial condition

u% = u}(l;AL to be the solution of the standard Galerkin problem:
(Vug ™", Von)a = (f,on)a- (4.40)

The BPM has been implemented using Python code with the software package
FEniCSx v.0.9.0 (Baratta et al. 2023). The resulting linear systems are solved us-

ing an LU solver within the petsc module of FEniCSx. In all tests we take o« = 1 and
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wyr = 0.5. The full code for the BPM and these experiments can be found in the GitHub

repository by MacKenzie (2025).

4.7.1 Convergence when Truncating at a Non-Physical Bound

Let € be the unit square, and consider the problem

—Au=f in €,
(4.41)
u=0 on JN.

The function u = sin(7z) sin(7y) is a known analytical solution for (4.41) when f =
272 sin(mx) sin(my). Additionally, u(z,y) € (0, 1] for all (z,y) € Q. For this experiment,
we truncate at k = 1/2, and show that the numerical solution converges to the best

approximation of the H} () projection onto the subset
V2= {ve H}(Q) : |v(z)| < 1/2}.

This is done by comparing to a numerical solution computed on an extremely fine mesh
(= 2.88 x 10% elements). A visualisation of the numerical solution uf for h = 0.00625,
and corresponding convergence results over a sequence of uniformly refined meshes are

shown in Figure 4.1a and 4.1b respectively.

hsize  N.elements |uf —ulloq [|uf —uliq Time (s) Iterations
0.10000 200 0.004408 0.066594 2.943357 7

0.05000 800 0.001223 0.023105 2.892834 7

0.02500 3200 0.000313 0.008143 3.271738 24
0.01250 12800 0.000079 0.002824 3.778616 26
0.00625 51200 0.000021 0.003189 4.850676 26

Table 4.1: Numerical results when solving for u} using (4.39).

The results support the findings in Lemma 4.6.1, which states that qu is the best
approximation of u in the space Vhl / 2, and as h — 0, uﬁ converges to the projection of
u onto V1/2. We see in Table 4.1 that the algorithm seems fairly robust in time, and

the number of iterations in the Richardson algorithm seems consistent once the mesh
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(a) Plot of uf over a uniform mesh with (b) Convergence in the L? and H! norms.
h = 0.00625.

Figure 4.1: The numerical solution uﬁ over a sequence of increasingly refined uniform

meshes.

is refined enough.

4.7.2 Convergence on a Non-Delaunay Mesh for Solutions with a

Boundary Layer

In this experiment, we consider a problem where the solution has a boundary layer. We
compare convergence rates over a sequence of non-Delaunay meshes for the BPM and
the standard Galerkin method. The meshes are generated using GMSH (Geuzaine and
Remacle 2009) and then manually edited. These meshes are designed to have severely
obtuse angles to generate numerical solutions of the standard FEM that violate the
DMP.

Let Q be the unit square. We choose our exact solution to be ue,(x,y) = e~ fe~W
where d > 0 (see Figure 4.3). For d large enough, u(x,y) will have a boundary layer.
Indeed, the magnetic field distribution in a Solenoidal Induction Heating Problem will

typically contain an exponential boundary layer, so this type of problem is expected in
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(a) Iteration 1. (b) Iteration 2. (¢) Iteration 3.

Figure 4.2: A sequence of increasingly refined non-Delaunay meshes.
realistic applications. Letting f = —d?(e~% + e~%), we solve the problem

—Au=f in £,
(4.42)

U= Ueglgn on 08,

using the BPM with the Richardson iteration (4.39). We denote our solution by u’fL,
where k = 2 is the natural bound for this problem. We compare to the solution of the
standard Galerkin method ugAL. Figure 4.4 shows the convergence rates for different

values of d.

2.0e+00
[ 1.8
1.6

— 14
—1.2

|
real_f

—08
— 0.6

0.4
I
-5.5e-04

Figure 4.3: The function u(x,y) = e~ 4 e~% for d = 20.

The results from Figure 4.4 show that u’,’i is more accurate or equivalent to ugAL in
all cases. However, the advantage of the BPM is most clearly seen when the mesh is

coarse, or the boundary layer is more prominent. In the most extreme case, with d = 40
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(a) d =10 (b) d = 20 (c) d = 40
Figure 4.4: Comparison between L2(Q) errors of u¥ and u{4L for different values of d

over a sequence of increasingly refined non-Delaunay meshes.

on the coarsest grid, u’fL is significantly more accurate than ugAL . The reason for this is
illustrated in Figure 4.5. Since the mesh does not guarantee that the DMP holds for the
Galerkin solution, we obtain undershoots in the solution. These undershoots are most
significant in the coarsest mesh, where the numerical solution obtains a minimum of
-3.3, and a maximum of 2, where the solution should be strictly positive. This illustrates
a significant advantage of the BPM over the Galerkin solution for coarse non-Delaunay

meshes, as it preserves positivity.

4.7.3 Convergence of the Non-Linear Solenoidal Induction Heating

Problem

Finally, we test for convergence for the fully coupled Solenoidal Induction Heating Prob-
lem (4.1). We let the domain © be the unit square and we choose the exact solution

(Hey, uer) and the non-linear, strictly positive function pu(-) to be
& U, = sin(mx) sin(y),
e H., := 2+ sin(mx) sin(ny),
o p(u) :=u?+1.

Thus, ez (x,y) € (0,1] for all (z,y) € Q, so we set k =1 in the BPM. Then, we create

a manufactured solution by defining the source terms to be
o fui=—AHe + iw,u/(uex)Hexy
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u$AL with n =9 u$AL with n = 17 u$AL with n = 65
uh withn =9 uh with n =17 uh with n = 65
GAL

Figure 4.5: Visualisation of u; " and uh for different non-Delaunay meshes for d = 40.

o fu = —Ale; — |vHex|2-

The Richardson iteration in (4.39) is used to solve the heat equation (4.1c), then the
coupled system (4.1) is solved using Algorithm 1. We denote the output from Algorithm
1 by (H™, u).

Convergence results for Algorithm 1 are shown in Figure 4.6, where we tested the
convergence rates over a sequence of uniform meshes and a sequence of non-Delaunay
meshes, where we use non-Delaunay sequence of meshes illustrated in Figure 4.2. The
results show that we have second order L?(€2) convergence and first order H'(Q) con-
vergence in both the magnetic field H and the temperature v when using the BPM
within the coupled fixed point method, regardless of the shape of the mesh. This result
presents numerical evidence that the BPM could be could be used to solve the coupled
system.

More detailed results about Algorithm 1 are shown in Table 4.2. We can see that

the time increases because the mesh gets refined, but M stays fairly consistent, and so
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Algorithm 1 A fixed-point algorithm to solve the coupled Solenoidal Induction Heating
Problem.
Require: 6 = 107%, M = 100, wy € (0,1].

Step 1: Find the initial guess Hp € Vi, ¢ by solving the linear system:

(VH, VQn)ac + (iwH, Qn)ac = (fi,Qn)a.c, vV Q€ Vi

Set H™ = HJ.
Step 2: Find the initial guess ug € V,f using the Richardson iteration to solve:

(V(u)k, Vo) + s((u)) 7%, o) = (VH™? + fu,on)a Vo, € V.
Set upt = u%.

while (||u}® — UZj—i_lHO’Q > ¢ or |[HM™ — H"|
Step 3: Find H;" € Vj ¢ such that:

0,0c >6)and m < M do

(VH", VQn)ac + (iwp(up ) H, Qn)ac = (fi, Qn)a,c, vV Qn € Ve

Step 4: Set H;"™ = HI" + wy(H — H")
Step 5: Find uj' € th by using the Richardson iteration to solve:

(V(@m*, Vop)a + s((@) ™, o) = ((VHPT 2 + fuon)a Voo € Vi

Step 6: Set u"™! = w4+ wy (@ — ul)
Step 7: Check the tolerance criteria, then set u}' = u}?“ and H}" = H,TH.

end while
return (H}L”Jrl7 uZ“Ll) as (H™ , uf™) .
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Figure 4.6: Convergence plot comparing the output of Algorithm 1 (H/™ ,u"") to the
exact solution (Hey,ue,) over a sequence of increasingly refined uniform meshes and
also over non-Delaunay meshes. Plot contains the L?(2) and H'(f2) errors.

do the number of Richardson iterations N in the inner BPM algorithm.

hsize  N.elems [[ul' —uello [[H — Heslloo Time(s) M N
0.10000 200 0.010496 0.013608 0.629598 19 1
0.05000 800 0.002646 0.003440 0.766960 19 1
0.02500 3200 0.000664 0.000862 1.245891 19 1
0.01250 12800 0.000167 0.000216 3.424925 19 1
0.00625 51200 0.000042 0.000054 16.220433 19 1

Table 4.2: Results from Algorithm 1 for uniform meshes. Here M is the number of
outer iterations of the fixed point method and N is the number of iterations of the
inner Richardson algorithm.

4.8 Conclusions and Discussion

In this Chapter we analysed the stationary Solenoidal Induction Heating Problem with
Dirichlet boundary conditions on non-convex polygonal domains. By proving that H
and u were bounded in appropriate Sobolev norms, and in particular that |V H|? belongs
to L?(Q2), we were able to prove, using a fixed-point argument, that a solution of (4.14)

exists when (2 is non-convex. We proved that under strict conditions on the mesh, the
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coupled problem (Hp,uy) converged (H,u) as h — 0 when uy, is the standard Galerkin
solution. We then proved that without any conditions on the mesh, the one-directional
coupled system (Hp,uf) converged to (H,u) as h — 0 and k — oo, where u} was
the BPM solution of the heat equation. Moreover, we proved that for a fixed k, u’fL
converged to a projection of u onto the closed convex subset V*. These results were
verified using numerical experiments on convergence when truncating at a non-physical
bound, convergence on non-Delaunay meshes with boundary layers, and convergence of
the coupled system.

These results present a development from the current literature. The existence
results presented in Section 4.4 extend results by Clain and Touzani (1997a) by allowing
non-convex and polygonal domains. Convergence of FEMs for this problem is similarly
limited to convex domains in the paper by Parietti and Rappaz (1999) for the time-
dependent problem. Therefore, by applying the BPM, and removing the requirements
on the mesh and on the domain, we have presented a relaxation on the requirements
for convergence for the one-directional coupled problem. We would hope, in the future,
to extend this to the coupled problem.

Furthermore, we proved that the solution of the BPM satisfied a variational inequal-
ity for any k in Lemma 4.6.1. This proved that ufl converged @*, which is a projection
of u onto the closed convex subset V* in the H}(€2) norm. We used this result to prove
convergence of the simplified one-directional coupled problem, but this result might also
have applications in cases not covered in this Thesis. For example, if we were inter-
ested in a problem where the physical bounds are a-priori unknown, or if we want to
artificially constrain the solution as is often required in optimal control problems. This

presents another potential useful application of the BPM.
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Chapter 5

Numerical Results and

Experimental Validation

5.1 Abstract

In this final Chapter, we discuss the numerical implementation of the Solenoidal model
and the Axisymmetric model for realistic scenarios. We have built three different codes
using FEM software FEniCSx: a standard Galerkin code for the Solenoidal model, a new
BPM code for the Solenoidal model, and a standard Galerkin code for the Axisymmetric
model. Numerical tests for all of these variants have been implemented and show
convergence to manufactured and analytical solutions. The culmination of this Chapter
is a comparison to experimental data and to industrial software. The results show that
the implementation here produces accurate results compared to experimental data and

that the BPM is more accurate over non-Delaunay meshes.

5.2 Introduction and Literature Review

First, we restate the PDEs for the Solenoidal model and the Axisymmetric model and
give a brief overview of the current literature on numerical implementation of these

models.
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5.2.1 Solenoidal 2D Model

First, we consider the numerical approximation of the Solenoidal model. As already
discussed in Chapter 3, this model is well suited to problems where we are interested
in the average temperature distribution in the centre of a long workpiece with a long
tightly wound coil.

To define the Solenoidal model, let © be an open and bounded domain in R? repre-
senting a two-dimensional cross-section of the billet. Let H : Q x [0,7] — C denote the
magnetic field strength in the billet, and let u : Q x [0, 7] — R denote the temperature
in the billet. The 2D Solenoidal model reads: find (H,u) such that

—~div(o™ (u)VH) + iwp(u, HYH = 0 inQx(0,7), (5.1a)

H = H on 90 x (0,T), (5.1b)

p(u)Cp(u)% — div(k(u)V(u)) = 201(u) IVH? inQx(0,T), (51c)

H(u)% + a(juPu —ut 1) + B(u — uamp) = 0 on 0Q x (0,7), (5.1d)
u(-,0) = ug in Q. (5.1¢)

Here, as introduced in Chapter 3, o(-), u(-,-), &(-), p(+), and Cp(-) are strictly posi-
tive, bounded, and Lipschitz functions representing the electrical conductivity, magnetic
permeability, thermal conductivity, material density, and specific heat capacity, respec-
tively. The positive constants w, uamp, o, and [ represent the angular frequency of the
current, the ambient temperature, the radiation coefficient, and the convective coeffi-
cient, respectively. Note that in realistic scenarios, w, tampb, @, and 5 could be functions
rather than constants.

In this model, (5.1a) is a complex quasi-static approximation for the magnetic field
H, we have prescribed the total current data via the Dirichlet boundary condition
(5.1b), and we assume that hysteresis is negligible. See Section 4.2.1 for a more detailed
discussion on these assumptions.

In the literature, some numerical approximations for the Solenoidal model were

implemented when (5.1a) was instead a time-dependant parabolic equation. One such
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approximation was implemented by Clain et al. (1993), who approximated in space using
P; elements and approximated in time using a Crank-Nicholson scheme. However, in
order to accurately capture the magnetic frequency, very small time-steps were needed
(At < 107%s), which is an exceedingly small time-step. The authors resolved the model
on two time levels for the magnetic field and the temperature to save some computational
cost, but nevertheless it was prohibitively expensive.

A similar implementation was studied by Chaboudez et al. (1994), where voltage
was prescribed instead of current. This was generally easier to measure but more diffi-
cult to implement in the code (see Section 3.3.1). They extended the results from Clain
et al. (1993) by allowing the temperature to exceeded the Curie point. Generally, the
steep discontinuity in u(-,-) at Curie point causes issues with convergence in numerical
schemes. To resolve this, the authors used a ‘smoothed’ u(-,-) to help with conver-
gence and, again, used very small time-steps. Additionally, they also used a fitting
algorithm to find the optimal parameters «, 8, and voltage to match the experimental
data. Other authors proposed a predictor-corrector time-stepping scheme to accurately
capture the model’s behaviour around the Curie point (see, e.g. Massé, Morel, and
Breville (1985)). It is noticeable that not many recent references are available for the
Solenoidal model. This might be because, in more recent years, there has been more

interest in the Axisymmetric model.

5.2.2 Axisymmetric 2D Model

The Axisymmetric model is well suited for configurations that are rotationally sym-
metric, and can capture temperature differences due to gaps in the coils, can resolve
short billets, and can capture behaviour at corners. Therefore, it is considered more
useful in industrial settings and thus attention has been given to implementing realistic

axisymmetric approximations.

To define the Axisymmetric model, let Q be the axisymmetric domain defined in
Section 3.4, with Qo, QaiT and Ql, ... ,flm denoting the billet, air, and coil subdomains,
respectively. Let A : Q x [0, 7] — C denote the magnetic potential in the whole domain,
and let u : Qg x [0,7] — R denote the temperature in the billet. Then the problem
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reads: find (A, u) such that, for k =0,...,m,

0 1 orA)\ 9 1 0A
or \u(u, A,r,2)r Or 0z \u(u, A,r,z) 0z

+iwo (u, 1, 2)A = ol 2) Ck in Qi x (0,7), (5.2a)

3} 1 a(rA) 7] 1 0AN .
or (u(u,A,T,z)r or ) + 0z (,u(u7 Ar, 2) 82') =0 in Qair x (0,7),  (5.2b)
8(5;4) +A=0 on I'? x (0,T), (5.2¢)

o(rA) o
=0 on T% x (0,7),  (5.2d)
A=0 on I'§ x (0,T), (5.2¢)

du 19 o(ru)\ 0 ou\  wo(u)|Al? .

p(u)C’p(u)a o (rm(u) o ) 2 (m(u)@> S in Qo x (0,7), (5.2f)
n(u)% + a(\u\3u - uimb) + B(U - uamb) =0 on fg X (O,T), (52g)
H(u)% =0 on I'? x (0,T),  (5.2h)
u(+,0) = uo in Qo. (5.2i)

The material properties k(-), p(-), and Cp(+) are the thermal conductivity, material
density, and specific heat capacity and, since these material properties are defined in
the billet domain only, they are exactly the same as the Solenoidal model. The material
properties pu(-,-,-,-) and o(-,-,-) are the magnetic permeability and electrical conduc-
tivity and are defined over the whole domain. Therefore, these functions depend on
(r,z).

Using a prescribed voltage, Chaboudez et al. (1997) built an axisymmetric approxi-
mation for (5.2). They showed that for a non-ferromagnetic material (i.e. when pu(-,-,-,-)
is a constant in each domain), a finite element approximation with an implicit time-
scheme could produce result that were within an acceptable tolerance of experimental
data.

As with the Solenoidal model, we could also use a time-dependent parabolic ap-
proximation for A. This was done so by Fisk et al. (2022), where, similar to Clain
et al. (1993), they used two different time scales for the magnetic potential and the
temperature. A similar case was studied by Drobenko, Hachkevych, and Kournyts’kyi
(2007), where displacement currents were not neglected and a time-dependent parabolic

equation was used to solve a magnetic field vector equation.
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The model (5.2) has also been extended to include more realistic physical effects.
For example, Bay et al. (2003) solved an time-dependent parabolic problem in an ax-
isymmetric domain, and included mechanical thermal effects (i.e. heat expansion), and
a moving domain. They also included non-linear effects of u, although the experiments
stayed below the Curie point.

The numerical model by Chaboudez et al. (1997) was extended by Bermudez et
al. (2007b) to allow a phase change within the magnetic material which was held by
a crucible. This phase change is important in induction heating applications where
melting plays a key role, for example, in silicone purification. This work was extended
by Bermtdez et al. (2009) to include a coupling with a hydrodynamic model to account
for melting and mixing due to Lorentz forces generated within the molten material.
This was extended further by Bermudez et al. (2011), where they included a non-local
radiation boundary condition from non-convex domains, and also allowed the possibility
of a moving mesh.

An alternative method to solve the Axisymmetric model is to use a hybrid method
that uses the Boundary Element Method (BEM) and the FEM. This method involves
solving the PDEs on the boundary of the domain instead of over the whole domain.
This method was implemented for the axisymmetric model by Bermudez et al. (2007a),
where they used a setup with a crucible and a phase change like in Bermudez et al.
(2007b). They argued that the absence of a mesh makes an extension to moving con-
ductors more feasible, however, they found that the CPU time for this method was
several orders of magnitude larger than an equivalent FEM that produced the same re-
sults. The mixed BEM/FEM method was also implemented for the 3D case by Wanser,
Krahendbuhl, and Nicolas (1994), where they also found it to be prohibitively expen-
sive. The BEM formulation, including hysteresis and a model for the microstructure of
the ferromagnetic material, was studied by Rappaz and Swierkosz (1996), which they
showed produced accurate results but led to multi-dimensional singular integrals and
was extremely challenging to evaluate numerically. For these reasons, we choose to use
a full FEM in our code.

In this Chapter, we describe, implement, and discuss results for the FEM code
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for the Solenoidal model and the Axisymmetric model. For the Solenoidal model we
implement the BPM, which we proved in Chapter 4 is well-posed in convex domains
and for non-Delaunay meshes. We compare the results from the codes to experimental
data and an industrial software, and then show that the BPM produces more accurate

results over non-Delaunay meshes.

5.3 Solenoidal Model

In order to define the FEM for the Solenoidal model we need to put (5.1) into its
weak formulation. However, as discussed in detail in Section 3.3.3, taking the weak
form of (5.1) in standard Sobolev spaces leads to an ill-posed problem. Therefore, we
build our numerical scheme from the following weak form, restated from Section 3.3.3

for convenience, where we assume that all functions are ‘regular enough’ to make it

well-defined:

Problem. Let ug be a sufficiently regular initial temperature, and let [0,7] C R be a
time interval. The problem reads: find (H,u) ‘regular enough’ such that H = H — H,,
H|pq = 0 and for all t € (0,T),

(afl(u)Vﬁ, VQ)a,c + (iwp(u, \H])ﬁ, Q)ac = (iwp(u, |H|)Hs, Q)a,c, (5.3a)

and

(p(u)Cp(w)ug, v) g + (K(u)Vu, Vo)g + (aful*u + Bu,v) 5,

IVH|? ,
- < 20‘(u) » U Q + (auamb + Buamby U)ag 9 (53b)

and

(u(0), 2)a = (uo, 2)a (5.3¢)

for all (Q,v) and z ‘regular enough’.

Note that (5.3a) and (5.3b) are both non-linear equations, thus an iterative algorithm

is needed to solve (5.3a) and (5.3b).
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5.3.1 Total Current Data

We assume that the current going through the coil of wire is a given data. If this is
known, then it is straightforward to incorporate this data into the Solenoidal model via

the boundary condition for the magnetic field H,. We find H, by calculating

where n is the number of turns in the coil and L is the working length of the coil. In
practice, it is difficult to measure the current I, as it requires breaking the circuit to
measure the current flow. For this reason, in the experiments we use an Rogowski coil to
calculate the voltage and frequency of the current, and manually calculate the current
from this data. See Appendix A.2 for an example of this calculation. Another option
is to use the voltage as the data in the weak formulation, but this is more difficult to
implement numerically (see Section 3.3.1 for more details). For this reason, we choose

to use the total current model.

5.3.2 Discretisation

Here we describe the FEM used to solve the Induction Heating Problem. We define two
different methods to solve the heat equation: the standard Galerkin method and the
BPM.

Let V}, be the piecewise linear real finite element space over 2 as defined in (2.15),
and V}, ¢ be the piecewise linear complex finite element space over {2 as defined in (2.16).
Let the time interval be I = [0,7]. We subdivide the time interval into N partitions
0=ty <t <..<ty =T, denoting the subintervals I,, := (t,_1,t,]. Here we assume
that the partition is uniform, that is we assume that ¢, — t,_1 = At for all n, where n

=1,..., N. Define the function space

Xy ={Q(x,t) : YV n,3Qn € Vic: Q(-,t) = Qn,t € I}

x {v(z,t) :V n,Jvy, € Wy, (-, t) = vp,t € I}
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This means that on each time interval X}, is equivalent to Vj, ¢ x V. Indeed, X}, is piece-
wise constant in time and hence discontinuous. Let H}' := Hj(t,) and u} := up(t,). Us-
ing this finite element space, we propose the following implicit-explicit (IMEX) scheme
for the Solenoidal model. We elect to use this scheme because it is cheaper, faster and
more accurate than a fully implicit one. First, we propose iterative schemes to solve

the non-linear equations (5.3a) and (5.3b).

Magnetic Field Discretisation

We use a fixed-point iteration to solve the magnetic field equation, as detailed in Algo-

rithm 1 below.

Algorithm 1 (Non-Linear Magnetic Field). Let u}~' and H;'"' be given. Set H} =

HP~'. Set wy € (0,1] and set tol to be the error tolerance. Then the algorithm reads:

1. Find Hj, such that H, — Hy, = H,, Hy € Vj,c and

(o~ (uy YV Hp, VQn)ac + (iwp(uyy ', Hj) Hy, Qn)oc
= (iwu(uz_lv H}iL)ﬁhﬂ Qh)Q,C (54)
for all Qp, € Vh@.
2. Calculate Hj™ = H} + wq(Hy, — H}).
3. Repeat steps 1-2 until ||[H — Hit'|joo,c < tol.

If p(-,-) does not depend on H, then (5.4) becomes a linear equation, and thus can

be solved with one iteration.

Temperature Discretisation with Standard Galerkin

We also use a fixed-point method to solve the temperature equation using the standard

Galerkin method, detailed below in Algorithm 2.

Algorithm 2 (Non-Linear Temperature). Let uzfl and H}' be fixed and known, set

wq € (0,1] and set tol to be the error tolerance. Set uf = u}~'. The algorithm reads:
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1. Find uy € W}, such that

(p(uZ*l)Cp(uZ*l)ah’ Uh)Q + At (/{(UZ)V&h, VUh)Q

+ At (ol Pan + Biin, vn) o

n— n— n— |an‘2
= (p(uh 1)C'p(uh 1)Uh 1,Uh)Q+At <20-(u2h_1)71)h 0

+ At (augmb + Buamb, vh)aﬁ , (5.5)

for all vy, € Wy,

2. Calculate uj™ = ul + wq(iy, — ul).

3. Repeat steps 1-2 until |juf — UZHHQQ < tol. Return u}! := u},"" as the solution.

We have elected to use the fixed-point method and a Backward Euler (BE) method

since we have multiple non-linear terms.

Temperature Discretisation with BPM

In this Section we describe the algorithm that solves the time-dependent heat equation
using the BPM. To define this, we first need to write a different discrete problem for
the heat equation. First, recall that for a function v, € Wy, we define (vj,)* € W/f to

be u
(vn)" :=") ~ max{0, min{vp(z;), k}},
=1

and v,:k = vy, — (vp)*. Given uz_l, we solve the problem: find uj € W), such that

n—1 n—1 (“Z)k — “Z_l n\k n\k
plu )Gyl ) oy |+ (@) V() Ven )
Q

+ (alur (i) + Blup)*, vn)

o0

ny\— 1 n
+ s((up) k,vh) = <2a(un_1) th|2,Uh> + (auimb + ﬁuamb,vh)8Q (5.6)
h Q
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for all v, € W},. We take (uﬁ)k as the solution for the problem. Here, £ is chosen to be
appropriately high, and will be explicitly stated in the examples of applications of the
BPM that follow in this Chapter.

Following the work by Amiri, Barrenechea, and Pryer (2025), we adapt the BPM
presented in Section 2.6 for a time-dependent problem. We define the stabilised mass-
lumping term s(-,-) as

N T 2
ston ) i= 0 3 (Il + 250 ) ni)un(a).
=1

Since (5.6) is non-linear we use a modified Richardson iteration to solve for uy. We
follow the approach by Amiri, Barrenechea, and Pryer (2025), and design the algorithm
to solve (5.6) as the following.

Algorithm 3 (BPM temperature). Let u}~ ' and H}' be known and fixed. Choose w, €
(0,1] and set tol to be the error tolerance. Initialise the algorithm with u} = u}. Then

the algorithm reads:

1. Find uj"™" € W), such that

(p(uf 1) Cp(uf Nultt v )+ At (k(uh) Vai T, Vo, ) o+ At (auf, Pult 4 Buit vg) a0
= (p(up ™) Cpu™ Yy, o) + At(r(uf) Vauh, Von ) + At(alufPul, + Bul, vn)an
o wa (B (on) = (o) Cplup ™)), 0n)e + At((uh) ¥ (uh), Ton)o

+ At(afuf P (uf)* + Buh)*,vn)on + Ats((uh) o) ). (5.7)

where

F™(vn) = (p(up ™ )Cp(ug, ™ up ™" vn)
VH" 2
+ %, v |+ (augmb + Buamb, vh)m . (5.8)
20 (up )
Q
2. Repeat step 1 until [Jul — ul™ oo < tol.
3. Return uy := (u’;rl)k as the solution.
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In cases where the mesh satisfies the appropriate conditions, then the Galerkin
method provides a solution that respects the bounds of the problem, thanks to the

DMP. In such a case, the BPM stops after one iteration and both methods coincide.

Coupled loop

Finally, we define a coupled loop that gives us a solution (Hp,up) that numerically
solves (5.3) within a given tolerance.

Algorithm 4 (Coupled Galerkin/BPM). Let uf) and HY be given, and set “?1 =up!
and H,j1 = H}?_l. Set wyg € (0,1] and set tol to be the error tolerance. For every

n=1,...,N:
1. Using Hfl and u{l find H;LH using Algorithm 1.
2. Using H ,ZH and “?1 find u;'fl using Algorithm 2 or 3, accordingly.
3. Repeat 1-2 until ||H,];Jrl — Hng}QC < tol and Hu?fl — U;LH(LQ < tol.
4. Return the solutions as H;' and uj.

The final solution is (Hp,us) € Xp where on every time interval Hy(t,) = H;' and
up(tn) = up.

We choose to implement an adaptive scheme that takes into account changes in
material properties. On one hand, if changes in the material properties only incur a
small change in H, Algorithm 4 can be skipped as the right-hand side of (5.3b) does not
significantly change. On the other hand, near the start of the induction heating process,
the temperature changes significantly in a short space of time, and near the Curie point
the material properties are very sensitive to small changes in temperature. Thus, we
only invoke the coupled algorithm (Algorithm 4) if the change in the material properties

is large enough. More specifically, for a given p percentage, we invoke Algorithm 4 if

o) — ol @)
oy (@) -r
(o), B Geo)) = e (o) 1 M)
(= (), HP (7)) or
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for all nodes x;.

A flowchart of the algorithm is shown in Figure 5.1.

Input of initial data
Intialise all fields

[ Generate the mesh ]

A

4

Variations of material parameters

less than p%?

Loop until convergence
(non-linear coupled problem)

YES
A 4 A

Loop until convergence
(non-linear magnetic problem)

[ Solve the magnetic problem ]<

v

A

Time-step loop:
Sett =t + At

A
I
I
|
I

Loop until convergence
(non-linear thermal problem)

[ Solve the thermal problem }

[ Record results ]

v

Finish

<
<

Figure 5.1: Flowchart of algorithm for the Solenoidal model.

It is worth highlighting that in order to accurately capture the skin-effect, in the

majority of numerical models, an anisotropic mesh is used to conserve the number of ele-

ments needed. Now, if the domain is not rectangular or circular, imposing an anisotropic

mesh can generate non-Delaunay elements, which we have seen can cause problems with

the accuracy of the standard Galerkin FEM. We propose that one solution to this prob-

lem is to use the BPM, which we will explicitly show is more accurate than the standard

Galerkin FEM under these mesh conditions in Section 5.6, and discuss a realistic set-

ting with non-Delaunay meshes in Section 5.8. An alternative method to resolve this

problem could be to implement an adaptive mesh algorithm on a standard Delaunay

meshes. This would still require an extremely refined mesh around the boundary when

the skin-effect is most severe, but an adaptive mesh could help to minimise the cost.
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5.4 Axisymmetric Model

In this Section we discuss the numerical implementation of the Axisymmetric model
(5.2). For reasons we discuss later, we set u(-,-,-) to only depend on u, r, and z, so
that it does not depend on A. The weak formulation is as follows, restated from Section

3.4.3 for convenience:

Problem. Given constants Cy, € C, an initial condition ug € L(f2), and a time interval
0,7] C R, find (A,u) € L2([0,T); H}(Q;C)) x L2([0,T); H*(Q) N L>(I'*)) such that
A=0onTY%and forall t € (0,T]:

1 d(rA)19(rQ) 1 0A0Q
/Q(u(u,r, 2)r Or r Or * w(u,r, z) 0z 0z rdrdz
+/iw0(u,r,z)AQrdrdz+/ AQ dz
Q f‘gf AUJ(U’ T Z)
:Z[ o(u,r,2)CrQzdrdz, (5.9a)
k=174

for all Q € H}(Q;C), and

Ou

/p(u)Cp(u) vrdrdz+/ /ﬁ(u)Vu-erdrdz—i-/ (aul*u + Bu)vrdz
0 ot 9o fou

A 2
:/Q %deTdZ-i-/fu(OéU;lmb+5Uamb)U7“dZ (5.9b)

T

/u(O)wrdrdz:/ wow r dr dz
Q Qo

for all v € H}(Q) N L5(T%) and w € L2(1).

The different subdomains consisting of the billet, the coils, and the air are distin-

guished in the model by the functions o(-,-,-) and u(-, -, ), which vary over the domain

v

Q.

5.4.1 Total Current Data

In order for (5.9) to be physically meaningful we need to prescribe the state of the current

flowing through the wire into the variational form. In this case, as in the Solenoidal
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model, we assume that we know the current intensity, rather than the voltage, as this
is slightly more straightforward to include into the model.

The current data is incorporated in the model via the constants Cy, which can
be thought of as Lagrange multipliers. The idea is to make the computed current
intensities coincide with the prescribed ones. To compute the constants C}, we use
the same method as Bermudez et al. (2007b), who cite Klein and Philip (2002). The

method to compute these constants is shown in Algorithm 5 below.

Algorithm 5 (Calculating the constants (Cy)). Set Cj, = 6; k.-

1. Set Cp = 0 (in the conductor).
2. For every i = 1,...,k (iterate over the coils):

(a) Set Cz = 04k, k= 1,...,m.
(b) Solve equation (5.3a) to obtain A’.

(¢) Compute

f,i:/ U(Ck—iwAj>drdz, k=1,...,m,
Qe r

3. Compute the constants Cj as the solution of the linear system

3

fﬁﬁz:h, k=1,...
=1

where [, is the intensity going through the connected component ().

4. Compute A by solving (5.3a) with these constants Cf.

We also introduce a scale factor to the Lagrange multiplier constants C in order for
the model to accurately match the experiments (similar to work by Chaboudez et al.

(1997)).

5.4.2 Discretisation

Similar to the Solenoidal model, we use a Backward Euler method to discretise in time.

We denote by VMC and V, the complex and real piecewise linear polynomial spaces over
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fl, respectively, and by Vj, ¢ and V}, the complex and real piecewise linear polynomial
spaces over Qo, respectively.

We define A; := A|ru. This will be the Dirichlet boundary condition for the mag-
netic potential. For the heat equation we solve the problem in SVZO. We define the

function space

Xh = {Q(CL‘,t) v n, HQh € Vh,@ : Q(at) = Qhat € In}

x {v(z,t) : ¥ n, v, € Vi s 0(-,t) = vp, t € I,},

where I, is the same temporal discretisation as in the Solenoidal Section. The discrete

formulation is as follows:

Problem. Given complex constants Cy, k = 1,...,m, and an initial magnetic potential
AY and initial temperature u), find a pair (A%, u?) € X such that A = 0 on T'%,

Ap =Agon Iy, and forn=1,...N,

[ n,} Or4j) 190rQy) | ! 043 0@ ) | 4 ds
o \ plup=,r 2)r

or r Or p(uptr 2) 0z 0z

+/ iwa(uzfl, T, z)AZ@hrdr dz +[ Zéh dz

Q g /L(’U,Z_I,T, z)

_Z/ o(uf =t r, 2)CrQ), dr dz (5.10)
k=1

and

n__ ,n—1
/ pu N Cp () gy drdz + / (W)Ul - Vo rdr dz
o At o

1
Jr/ (a|u213uz+ﬂu2)vhrdz:[ §w0(u271)\A2]2vhrdrdz
Iy Qo

+/ (ul  + Buamp)vrdz (5.11)
P

for all (Qh,vh) S ‘V/h@ X Vp,.

Since (5.10) is linear in A}, it can be solved directly. The temperature equation
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(5.11) is non-linear and hence it is solved using Algorithm 6, detailed below.

Algorithm 6 (Non-Linear Temperature). Let uzfl and A} be fixed and known, set

wq € (0,1] and set tol to be the error tolerance. Set uf = u}~'. The algorithm reads:

1. Find @y, € Vj, such that

ﬁ p(uz_l)Cp(uZ_l)ﬂhvh rdrdz + At[ w(ul ) Vi, - Vo rdr dz
Q o

+ A75/V (aluly PP, + Buip)op 7 dz = / p(ur Oy (u ) o v dr dz
I Qo

1 _
+ At/ﬁ §U(uz 1)|AZ|2Uhrdr dz + At /ﬁu(augmb + Bugmp)vp rdz, (5.12)
0 I3
for all vy, € Tu/h.
2. Calculate u’,fl = ul + wa(in — ul).
3. Repeat steps 1-2 until |juf — UZHHOQO < tol.

4. Return uy := ufl as the solution.

Then the coupled algorithm is shown in Algorithm 7.

Algorithm 7 (Axisymmetric Coupled Galerkin). Let u) and AY be given, and set ui =
up ™! and Ai = A7, Set wy € (0,1] and set tol to be the error tolerance. For every

n=1,...,N:

1. Find A} by directly solving (5.10).

[N]

. Using A{ZH and ufl find uﬁfl using Algorithm 6.

w

. Repeat 1-2 until ||Afrl - Ai”oi}‘c < tol and ||uf;rl - ’UJ%HO’Q < tol.

4. Return the solutions as A} and uj.
The final solution is (Ap,up) € X, where on every time interval Aj(t,) = A} and
up(tn) = up.

A flowchart of the algorithm is shown in Figure 5.2. Note that similar to the

Solenoidal code, we also implement a method that is adaptive with the material prop-

erties.
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Input of initial data
Intialise all fields
v
[ Generate the mesh ]

v

[ Calculate Cj ]

A

Variations of material parameters
less than p%?

r—————-——--: NO YES
: v A
A ! [ Solve the potential problem ]
Loop until convergence i
(non-linear coupled problem) I L Loop until convergence
A v A (non-linear thermal problem)

[ Solve the thermal problem 14
Time-step loop: J
Sett =t + At

[ Record results ]

v
Finish

Figure 5.2: Flowchart algorithm for the Axisymmetric model.

5.5 Numerical Implementation with FEniCSx

We have chosen to build the code using the open-source computing platform FEniCSx
(Baratta et al. 2023; Scroggs et al. 2022b; Scroggs et al. 2022a; Alnaes et al. 2014) as
it offers a high-level Python interface to write efficient FEM code. FEniCSx cousists of
four core internal components, which are: the overarching Python/C*™* finite element
package DOLFINx; UFL (Unified Form Language), the language for writing variational
forms; FFCx (FEniCSx Form Compiler), an intermediary code translating UFL forms into
C code; and Basix, a library for evaluating finite element basis functions. FEniCSx also
natively supports geometry and mesh generations through the open source library GMSH

(Geuzaine and Remacle 2009) through GMSH’s Python API, which is used to generate
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the geometries and meshes in this project. It also provides an interface for PETSc
(Abhyankar et al. 2020; Abhyankar et al. 2021; Balay et al. 1997) via petsc4py (Dalcin
et al. 2011), which is a suite of linear algebra structures and solvers.

The UFL package used in FEniCSx is a language for defining discrete variational
formulations that are similar to the pen-and-paper notation. This way, the user has full
control over the variational form, function spaces, and solver methods used in the code.
A snippet of the code written for Algorithm 2 is shown in Listing 5.1, which illustrates
the FEniCSx code with the UFL.

Listing 5.1: Example section of FEniCSx code solving one time-step of the heat equation.
Note that this has been slightly modified for clarity as in the code this is a method in

the TemperatureSolver Python Class.

V = functionspace (domain, ("CG", 1)) # P1 Continuous Galerkin
u_k = Function(V, name="u_k") # new function
u_k.x.array[:] = u_old.x.array # dofs equal to previous timestep

u_kplus = Function(V, name="u_kplus") # new function

max_iterations = 100

tol = 1e-6 # tolerance

w = 0.5 # damping paramter
u = TrialFunction(V) # trial function object
v = TestFunction(V) # test function object

for j in range (max_iterations):

a = (rho(u_old, V) * Cp(u_old, V) * inner(u, v) * dx
+ dt * inner(kappa(u_k, V) * grad(u), grad(v)) * dx
+ dt * alpha * inner(u_k*x3 * u, v) * ds

+ dt * beta * inner(u, v) * ds) # bilinear form

L = (rho(u_old, V) * Cp(u_old, V) * inner(u_old, v) * dx
+ dt * alpha * inner(u_amb#**4, self.v) x ds
+ dt * beta * inner(u_amb, self.v) * ds

+ dt * inner(f, v) * dx) # linear form

problem = petsc.LinearProblem(a, L, petsc_options={"ksp_type": "preonly", "pc_type": "lu"})
u_tilde = problem.solve() # solve linear system

u_kplus.x.array[:] = u_k.x.array + w * (u_tilde.x.array - u_k.x.array) # fixed point

error = my_errors(domain, u_kplus - u_k)[0] # calculate L2 error

if error < self.tol:
print (£"The Backward Euler fixed point solver has converged after {j+1} iterations")
break

elif j == max_iteratioms - 1:

print (’Fixed point solver has not converged’)

u_k.x.array[:] = u_kplus.x.array # update

u_n.x.array[:] = u_ k.x.array[:] # update for new time-step
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All simulations of the FEniCSx code were run on a Lenovo X13 Thinkpad, which
was equipped with an AMD Ryzen 7 PRO processor, a Radeon 780M Graphics card,
32 GB RAM, and 447 GB memory. We installed FEniCSx version 0.9.0 with complex
number support, which was accessed through a WSL. Post-processing and visualisation
was done in Paraview version 6.0.0 (Ahrens, Geveci, and Law 2005).

The overall structure of the code to solve both Induction Heating Problems is shown

in Figure 5.3. First, all external modules are imported in, which includes native FEniCSx

external modules
e.g. dolfinx

meshbuilders

solvers

. . < | TOML file
main Script

<~ [ material properties ]

BPM solvers - >

functions

plotters

[ xdmf ﬁles] [ csv files ]

Figure 5.3: The structure of the FEniCSx code.

modules such as DOLFINx, the mesh generation software GMSH, and the linear algebra

library petscé4y. We also import 5 modules that have been locally written by the author:

e meshbuilders: classes of meshes for induction heating simulation built using

GMSH,

e solvers: variational forms and solvers for the PDEs representing induction heat-
ing,

e BPM solvers: variational forms and solvers using the BPM for the PDEs repre-

senting induction heating,

e functions: miscellaneous functions such as finding nodes in a mesh, writing

functions to file, and calculating percentage change of material properties,
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e plotters: functions for plotting results using matplotlib.

We use a TOML (Tom’s Obvious Minimal Language) file to set configuration param-
eters for the code, e.g.: billet geometry, mesh parameters, solver methods, etc. The
code is designed so that only the TOML file should need to be modified to run a new
simulation. We also import material properties, which are piecewise polynomial func-
tions that have been derived offline from CSV data. More details about the material
properties are in Section 5.7.2. Finally, the code outputs some XDMF files that can be
used for post-processing in Paraview and some CSV files for the temperature of the
billet at points with coordinates specified in the TOML file. An example TOML file can be
found in Appendix A.3, and the full induction heating code can be found in the Github
Repository by MacKenzie (2025).

For all simulations, unless otherwise stated, we choose to solve the linear systems
using a LU factorisation. We set all damping parameters to 0.5, the magnetic field
tolerance to 10~ and temperature and coupled tolerances to 1076, However, first we
verify that the FEniCSx code behaves as expected by checking that it converges to a

known solution.

5.6 Manufactured Solutions

In this Section we numerically verify the that Solenoidal FEniCSx code converges to
a manufactured solution and that the Axisymmetric FEniCSx code converges to an

analytic solution.

5.6.1 Solenoidal FEniCSx Code Manufactured Solution

For the manufactured solutions test, we artificially generate right-hand sides for (5.1)
by plugging in a known solution. Then, any algorithm that solves (5.1) should recover
an approximation to the known solution. This way, we can verify that the algorithm
converges by finding convergence rates under successively refined approximations. Using
this method, we validate the FEniCSx code for the Solenoidal model.

We consider a simplified case where the material properties x(-), o(+), u(-,-), «a, 53,
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and w are set equal to 1. Let © = (0,1) x (0,1) be the unit square with boundary 9.
The simplified problem reads: find H and w such that

—AH +iH = fy in Q, (5.13)
% —Au=|VHP + f, in Q. (5.14)

Setting uamp = 0, the boundary conditions are

H=H, onof,
ou

8—+u—|—u4:gon8§2.
n

For this manufactured solution, we set He, = 2 + sin(nx)sin(ny), Ho = 2, Uer =

ele? sin(my), and g = ag;z + Uey +ul,. We generate artificial right-hand sides by setting

fH =—-AH., + twHeg,

and
. OUey

fu=—;

— Aty — |VHep |2

Using this data, we expect that the FEniCSx code converges to the exact solutions He,
and Ueg.

Since (5.13) is independent of u, we use can Algorithm 1 to solve for H directly.
Therefore, convergence of the numerical solution to the exact solution will verify Algo-
rithm 1. We also verify convergence rates for (5.14), and consider both Algorithm 2,
for the standard Galerkin method, and Algorithm 3, for the BPM. We test for spatial
convergence over a sequence of increasingly refined uniform meshes and also test for
temporal convergence over a sequence of increasingly small time-steps. We repeat this
test over non-Delaunay meshes. Let us call the numerical magnetic field solution Hj,
the numerical standard Galerkin temperature solution ugAL , and the numerical BPM
solution u,{LBPM. For the BPM, we chose k = 50, so that the solution u., is within the

bounds for all ¢ that we considered.
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For the first test we verify spatial convergence. In order to minimise the errors due
to the temporal discretisation, we use a small time-step of At = 1075 and run Algorithm
2 and 3 for 10 time-steps with a final time of T = 10~%. We calculate the error at T
over a sequence of uniform meshes with h = 0.1, 0.05, 0.025, 0.0125 and 0.00625. For
the second test, to verify rates for the temporal convergence, we fix a uniform mesh
with h = 0.0125, then compare the error after a longer length of time T'= 5 for 1, 2, 4,

8, and 16 time-steps. The results for both tests are shown in Figure 5.4.

Convergence results for uniform meshes

Spatial convergence Temporal convergence

== |Hp = Hexlla, e —a— U — Uerlla

= Jugt [UEP = Uexlln

---- O(At)

= Uexlla

g™

- o(h)

—Uella

Error
Error

Element size h Time step At

Figure 5.4: (a) L?(Q) errors between Hj, and H.,, and u$AL, uf and wu,, at final time
T = 10~* after 10 time-steps over a sequence of uniform meshes. (b) L?(f) errors

between quL, ufp M and wue, for a fixed uniform mesh with A = 0.0125 at final time

T =5 for increasingly small time-steps.

We can see that in Figure 5.4 (a), Hj, converges to H, at a second order rate, which

is the expected spatial convergence rate for P finite elements. It seems that both quL

and uf PM converge at a first order rate in space, which is possibly due to the non-linear
radiation boundary condition leading to a sub-optimal convergence. Additionally, the
BPM provides, for this example, solutions that are closer to the exact solution than the
standard Galerkin method. In Figure 5.4 (b) we see that u$L and uPPM converge to
Uz at a first order rate in time which is the expected rate for a Backward Euler scheme,
and again we see a slightly lower error for the ufp M

We also compare convergence rates when we use non-Delaunay meshes. We use the

same meshes that are used in Section 4.7.2 and are illustrated in Figure 4.2. Here, we

take a sequence of meshes with 9, 17, 33, 65, and 129 elements on each side of the unit
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square, which has corresponding h = 0.1111, 0.05882, 0.03030, 0.01539 and 0.007752 (4
sig.fig.). For the temporal discretisation we use the mesh with h = 0.01539. The results

are shown in Figure 5.5

Convergence results for non-Delaunay meshes

Spatial convergence Temporal convergence

== |Hh = Hexlla.c —— U~ ueo

= Jug* [UEP" = Uexlln

---- O(At)

= Uexlla

g™

-- o(h)

—Uella

Error

Element size h Time step At

Figure 5.5: (a) L?(Q) errors between Hj, and H.,, and u$A%, uf and wu,, at final time
T = 10~% after 10 time-steps over a sequence of non-Delaunay meshes. (b) L?(Q) errors

between quL, uEPM and ue, for a fixed non-Delaunay mesh with h = 0.01539 at final

time T' = 5 for increasingly small time-steps.

First of all, we see in Figure 5.5 (a) that a non-Delaunay mesh causes Hy, and ugAL

to have much higher errors than a uniform mesh. We also see that uf PM s significantly

more accurate than ugAL: indeed, for the finest mesh, ufp M is an order of magnitude

more accurate than uﬁAL . This advantage is also seen in Figure 5.5 (b). This suggests
that even for smooth solutions, applying the BPM to (5.14) leads to more accurate
solutions than the standard Galerkin method, which is promising when we consider

extending to more complicated problems.

5.6.2 Axisymmetric FEniCSx Code Analytical 1D Solution

Here we consider a 1D problem to verify the Axisymmetric FEniCSx code for the mag-
netic potential A by solving (5.10). We follow the example by Bermudez et al. (2007b),
and refer the reader to that paper for more details on the derivation.

Let us consider an infinite cylinder surrounded by an extremely thin coil, which is
modelled as a continuous single coil with uniform current intensity. A diagram of the

setup in 2D is shown in Figure 5.6. Here, 1 is the radius of the billet, r9 is the position

134



Chapter 5. Numerical Results and Experimental Validation

of the infinitely thin coil, and r3 is the boundary of the air domain.

Coil

Billet Air Air

0 T1 2 3

Figure 5.6: Diagram of the 1D simplification of the Axisymmetric domain. Here, rq
is the radius of the billet, 7o is the position of the infinitely thin coil, and r3 is the
boundary of the air domain.

In this test, we assume that the material properties are constant, and in the billet
we take typical values for C42-MOD micro-alloyed steel. So in the air domain, we set
o =0and = pg = 27 x 1077, which is the magnetic permeability of free space. In
the billet domain, we set o = 5.91 x 105, and set pu = 259.47 .

Let the solution be denoted as A, and let us denote

A1 = A‘(ro,rl)y
AQ = A‘('I‘1,T2)7
Aeat = A‘(?'Q,?'g)‘

Then the Axisymmetric equations reduce to the problem: find A such that

1d (1d(rA
—— | - (rdy) +iwocA; =0 if rg <7 <y,
wdr \r dr
1 1d(rA
1d 7d(r 2) =0 ifry <r<re,
podr \r dr
1 d ]-d(rAext) .
oz et ) f .
1o dr (r I 0 ifro<r
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This is equipped with the boundary conditions

Aq(r) is bounded as r — 0,

1
Aeat(r) =0 (r) as r — oo,
and the interface conditions
Ax(r1) = Aa(r),
AQ(TQ) = Aezt(TZ)a

lld(T‘Al)(T ) _ ild(’l“AQ) (7‘ )
wr dr VT e dr 1
11 /d(rd;) d(rAs) B
M07"< dr  dr >(T2)_I’

where [ is the current intensity per unit length in the induction coil. Tt was shown by

Bermudez et al. (2007b) that this has an exact solution, namely

a1 Zy(r) 0<r<mr,
Aex = § Spoaar + Bo/r 11 <1 <1y,
/Bea:t/r r9 <7,

where 7; = \/W , 77 and Ky are modified Bessel functions of the first kind and

second kind, respectively, and

n = \iwop,

az =1,

a1 = poriaz/Iy(yir1) + riyKi(yr),
B2 = ri(arZy(nrl) — %,uoﬁaz),

1
Beat = T2(§u07“2042 + Ba2/r2).

Since the solution is not ‘smooth’ we do not expect optimal convergence for this
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problem. We set 79 = 0.00001 to avoid complications due to the singularity. The

results are shown in Figure 5.7.

6x1075

Error

4x1075

3x107°
== |[Aex — Anllo,a

----- (1)

1072 1071

Figure 5.7: Convergence results for the Axisymmetric code for the magnetic potential

A.

As we can see, we do not have optimal convergence. Indeed, the results show that
when h gets smaller than ~ 0.025, the error increases. This is possibly due to the fact
that the solution is not smooth, or because the Bessel function is extremely sensitive

near r = 0.

5.7 Comparison to Experimental Data

In this Section, we compare experimental data to output from the Solenoidal FEniCSx
code, the Axisymmetric FEniCSx code, and a popular engineering FEM software, DEFORM
(2023). We find that Solenoidal and Axisymmetric FEniCSx codes both produce favourable

results within an acceptable tolerance.

5.7.1 Experiment Setup

In order to verify and compare the Solenoidal and Axisymmetric FEniCSx codes, a series
of experiments were conducted by me at the AFRC. For these experiments, a small billet
was subjected to heating by induction and the temperature of the billet was recorded
during the heating process. Two different coil sizes were used: a large one and a small

one. A photograph of the setup using the large coil can be seen in Figure 5.8.
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| \Fal

Figure 5.8: Setup of the induction heating experiment with the large coil: a small
workpiece is supported by a refractory material at the centre of a coil of copper wire,
which was encased in refractory cement.

As seen in Figure 5.8, the copper coil was encased in a non-conductive refractory ce-
ment that could withstand high temperatures. The billet was supported by a refractory
material so that it was situated at the centre of the copper coils. The coil was connected
to an Ambrell Ekoheat 15 kW induction heating system, which was the appliance for
configuring the voltage and frequency of the alternating current in the coils. The tem-
perature was measured at two positions using thermocouples that were inserted into
small holes in the billet (see Figure 5.9). The temperature of the thermocouples were
logged on a TC-08 Picolog, and the voltage and frequency of the alternating current
were recorded using a Rogowski coil and a passive amplifier. The data from the Picolog

and the Rogowski coil were logged onto a laptop.

20mm

Figure 5.9: Geometry of the C42-MOD micro-alloyed steel billet.

The first experiment was carried out using the inductor with the smaller diameter.
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An axisymmetric diagram of the induction heating setup is shown in Figure 5.10, where
the measurements of the coil are shown. We have also highlighted four points on the
billet: A, on the upper surface; B in a corner; C, at the centre; and D, at the surface.
In the experiments, only the temperature at points A and B were measured using
thermocouples, but we will use temperature profiles at points C and D when we compare

the Axisymmetric FEniCSx code to output from the DEFORM software.

B: Corner
C: Centre
D: Right Surface

z
: A: Upper Centre
|
|
|
I
I
I

25 mm
¢ of -

A

Cd D° 57 mm

8 mm

8mm

10 mm 7 mm

. 2425 mm .

Figure 5.10: Axisymmetric diagram of the induction heating experimental setup. The
temperature at points A and B are measured in the experiment, and we highlight points
C and D to compare with the software DEFORM.

Table 5.1 shows the geometrical properties of the induction heating setup.

In this experiment, the voltage was set to 200V and was configured to generate a
417 A current inside the inductor. The system was switched on for 60 seconds, and then
switched off. We modelled the current as a step function which is shown in Figure 5.11.

The total current in the coil can be calculated from the frequency and voltage data

logged by the Rogowski coil. In general, even if the system is configured to have a
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Geometrical data for the experiment.
Billet length: 57 mm
Billet radius: 10 mm

Air length: 400 mm
Air radius: 200 mm
Coil 1D: 24.25 mm

Coil separation: 15 mm

Coil diameter: 8 mm

Table 5.1: Geometrical properties for the experiment.

Total current for experiment
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Figure 5.11: The current is set to 471 A if 2 < t < 62, and the current is zero otherwise.

constant total current, there will still be some variation in the current. Therefore,
ideally, the total current should be calculated directly from the measured frequency and
voltage. An example of this calculation this is shown in Appendix A.2. However, for

simplicity, we assume a step function is a good approximation for this simulation.

5.7.2 Material Properties

The cylindrical billet that we used in the setup was made from C42-MOD micro-alloyed
steel. The data for the material properties used in this code comes from the software
JMatPro (Saunders et al. 2003). To build functions that represent the material prop-
erties that change with temperature, we import the data from JMatPro as a CSV file,

where each data-point represents the value of the property at a specific temperature.

140



Chapter 5. Numerical Results and Experimental Validation

The goal is to build analytical functions that accurately represent the data using the
fewest conditions possible in order to maximise computational efficiency, since analytical
expressions are much faster to evaluate than calculating a piecewise linear interpolant
at every node and every time-step.

Using the data we use the Python module sklearn to build a piecewise polynomial
function that approximates the data. First, we split the data into groups with the
same trend. We then use a function from sklearn to find the optimal polynomial
approximation using least-squares regression for all polynomial degrees up to 5. We
choose the lowest degree polynomial approximation that has a maximum pointwise
error of 1.2%, and an average error of 0.2%. If none of these approximations come
within our chosen error tolerance, we split that group again, and repeat. We do this for
all groups in the data. For example, the function used to approximate u(-) uses three

groups and is written as follows:

0.017328u + 0.000326u2 + 6.059843 x 10~8u3 + 259.831175  if u < 720,
pw(w) =< —10.744186u + 8198.813953 if 720 < u < 763,

1 it 763 < u.

By constructing the functions in this way, we avoid using an expensive linear inter-
polation since there are many data-points. A graph of all material properties data and
their corresponding approximated functions is shown in Figure 5.12.

We should take note of the steep discontinuities in the data, especially for the
magnetic permeability p(-), as we can see in the graph of magnetic permeability in
Figure 5.12. This discontinuity occurs when the material reaches the Curie point at ~
730°C, when the material becomes demagnetised. We also see a couple of discontinuities
in the specific heat capacity Cy(-). The first spike is at the Curie point, and the second
spike occurs at the melting point of the material at ~ 1350°C. At these spikes, the
term p(-)Cp(-), which is the coefficient of the time derivative of the heat equation, is
large in comparison to other terms and generates a decrease in the rate of change of

temperature. Physically, this corresponds to the energy being used for magnetic or
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Material properties of C42 mod microalloyed steel

Thermal conductivity W/(m - K) Magnetic permeability Density (kg/im?)
p 7800 1
>
a5 4 400
7600 4
04 300 4
7400 4
3 e 3
= ES T
35 200 ‘
7200
100 q
307 7000
0 ————
25 T T T T T T T T T T T T T v T T T 6800 T T T T T T T T
0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600

Specific heat capacity x density kg2/(s2- K- m)

1e6 Electrical conductivity 1/(Ohm -m) Specific heat capacity J/(kg * K) le7
7
61 . .
8000 &1
54
54
4 6000 -
3 49
s 3 5
S T
5 © 3
4000 o 2 39
2 2
2000 -
_ "
1 —_—
0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600
Temperature (C) Temperature (C) Temperature (C)

Figure 5.12: Material properties for C42-MOD micro-alloyed steel. The red dots rep-
resent the data imported from JMatPro, and the blue line represents the piecewise
polynomial approximation.

structural phase-change, as opposed to heating the material. In our simulation we will
not go above the melting point of the material, but we will go above the Curie point.

We also have the option of using a magnetic permeability that depends on the
magnetic field H as well as the temperature u. The data for this function also comes
from JMatPro. Since there are relatively fewer datapoints than in the 1D magnetic
permeability data, for simplicity we use a linear interpolator from the Python library
scipy to construct a 2D function. The function can be seen in Figure 5.13. We can
still see a steep discontinuity when the temperature reaches the Curie point, and pu(-,0)
corresponds to yu(-) in Figure 5.12.

Note that alloys are difficult to find material properties for, since slight variations
in material composition can correspond to large changes in properties. This can be

another source of error between the model output and experimental data.
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Magnetic permeability
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Figure 5.13: The non-linear property p(u, H) for C42-MOD micro-alloyed steel. The
blue dots are the data imported from JMatPro, and the mesh is the corresponding
piecewise linear function that approximates the data.

5.7.3 Solenoidal FEniCSx Code

In order to run the Solenoidal FEniCSx code, we first need to construct a mesh. We
design an anisotropic mesh that is refined such that the length of an element on the
boundary is 1/4 of the skin-depth, so that the model can accurately capture the bound-
ary layer in the magnetic field. The mesh that we use is shown in Figure 5.14, which has
a skin-depth of 16.6 pm. This mesh has 9120 elements and 4561 degrees of freedom. For
the time dependent model, a comparison is made between the temperature evolution at
point A and point B. Note that since the Solenoidal FEniCSx code approximates the
induction heating setup as an infinitely long element and coil, the model output would
more likely correspond to the temperature at points C and D.

The results comparing the experimental data to the standard Galerkin FEM and
the BPM are shown in Figure 5.15 and Figure 5.16, respectively. We take k = 1700 K(~
1427°C) to be higher than the melting point of C42-MOD micro-alloyed steel, as the

temperature in the experiments do not go above the melting point and we want to
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Figure 5.14: Mesh for the Solenoidal model.

Parameter Value Parameter Value
Time-step At 0.1s Percentage tolerance p 5%
Final time T’ 100s Coupled tolerance ctol 1076
Time current active 8s Magnetic tolerance mtol 10°8
Current [ 471 A || Temperature tolerance ttol 1076
Coupled max iterations cmax 20 Coupled damping w, 0.5
Magnetic max iterations mmax 20 Magnetic damping w,, 0.5
Temperature max iterations tmax 50 Temperature damping w; 0.5

Convective coefficient 3 10 Radiation coefficient « 454 %1078

Table 5.2: Configuration parameters for the Solenoidal FEniCSx code for comparing the
model to experimental data with a C42-MOD micro-alloyed steel billet.

guarantee that k is high enough. We choose to allow u(-,-) to depend on H as well
as u. Both models take 1h 20min to run on the laptop. The configurations for the
fixed-point algorithms, and the values for o and 8, are shown in Table 5.2.

Overall, the results produced by the standard Galerkin method and the BPM exhibit
very similar qualitative behaviours to the experimental result, and produce results which
are within acceptable tolerance (10-15% error) of the experimental results.

Indeed, the conductor heats up faster on the boundary than in the interior due to
the skin-effect. Once the temperature reaches approximately 1050 K, there is a large
decrease in the rate of change of temperature in both the experimental and model
results, due to the Curie point being reached. See Figure 5.17 for the temperature
distribution and magnetic field strength before and after the Curie point. Additionally,

once the voltage is switched off at ¢ = 60, there is a decrease in the temperature at the
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boundary which is seen in both the experimental data and in the simulation. Finally,
both the model and experimental data temperature decay slowly, and point A becomes

hotter than point B.

Experimental results vs Galerkin FEM
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Figure 5.15: Comparison between the standard Galerkin model and the experimental
data at points A and B.

Experimental results vs BPM

--=- Experiment center
10004 --»-- Experiment surface
—<— BPM center
—— BPM surface

800 -

600 -

400+

Temperature (C)

200

Time (s)

Figure 5.16: Comparison between the BPM and the experimental data at points A and
B.

The errors between the experimental data and the model can be explained by the fact
that the Solenoidal FEniCSx code is best suited to modelling the temperature in a long
billet, and the temperature at the thermocouples was measured 5 mm from the end of the

billet. Mismeasurements within the physical experiment itself can also be a major source
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Figure 5.17: Temperature and magnetic field strength for the Solenoidal model at t = 0.4
in (a) and (b), respectively, and at ¢ = 60 in (c) and (d), respectively. Note the marked
increase in skin-depth at from (b) to (d).

of errors. As for errors within the model, we note that the code is very sensitive to u(-, -
and perhaps the approximation of p(-,-) is too coarse. Additionally, the model struggles
to converge near the Curie point. This is a common problem that is highlighted in the
literature, for example Clain (1994), Chaboudez et al. (1997), and Bay et al. (2003) do
not go beyond the Curie point for this reason. Other methods to improve convergence

at the Curie point include using a specialist algorithm (Chaboudez et al. 1994), or
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by using extremely small time-steps in a parabolic magnetic field equation (Drobenko,
Hachkevych, and Kournyts’kyi 2007; Fisk et al. 2022). Additionally, Chaboudez et al.
(1994) note that the behaviour of the model is highly sensitive to the radiation coefficient
« so that could be another source of error.

Nevertheless, these results demonstrate that, despite being a relatively simple model,
an implementation of the Solenoidal FEniCSx code using the standard Galerkin method
or the BPM is capable of producing accurate and reliable results for induction heating

that extend beyond the Curie point.

5.7.4 Axisymmetric FEniCSx Code and Industrial Software

In this Section we compare experimental data to the Axisymmetric FEniCSx code and
an engineering FEM software: DEFORM (2023). This is one of the FEM software most
widely used in industrial settings to analyse metal forming and heat treatment, and has
been used by researchers and companies for over 20 years. In particular, DEFORM is one
of the primary software used at the AFRC for the simulation of heat treatment and
forging, and has been used in multiple projects for AFRC industrial members such as
Bifrangi, Rolls-Royce, and Aubert & Duval. Here we use DEFORM Multiple Operation
v14.0.2.

First, we design a mesh for the Axisymmetric FEniCSx code. For a fair comparison,
we design a mesh that is comparable in size to the mesh constructed in DEFORM (see
Figure 5.18 for the full mesh, and Figure 5.19 for a closer view of the mesh around
the billet). Since DEFORM can only use quadrilateral meshes in 2D, we elect to do the
same for the Axisymmetric mesh. The local size of the elements are specified to be the
same in each mesh, with a larger size in the air domain, and a smaller size within a box
around the coils and billet. Similar to the Solenoidal FEniCSx code, the mesh in the
billet has a boundary layer in order to capture the skin-effect (see Figure 5.19).

We highlight that the DEFORM mesh actually consists of four different meshes (for
the billet, coils, air around the billet, and air around the coils). As such there are
hanging nodes in the DEFORM mesh, which can be seen more readily in Figure 5.19(a).

The data and flux transfer over the mesh boundaries is dealt with internally in DEFORM
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(a) DEFORM mesh. (b) FEniCsx mesh.

Figure 5.18: Comparison between DEFORM mesh and FEniCSx mesh. Quadrilateral ele-
ments are used and the FEniCSx mesh is explicitly configured to have elements the same
size as the DEFORM mesh.

through a specific ‘contact tab’. We investigated the possibility of importing the DEFORM
mesh into FEniCSx, but since FEniCSx does not allow hanging nodes, this would require
re-interpolating nodal values to create a mesh with no hanging nodes, or manually
constructing a function that allows data transfer onto separate meshes. Therefore, we
thought it was reasonable to simply define a new mesh with the same element properties
as the DEFORM mesh.

For this test we use u(-) that only depends on temperature. The main reason is that

we do not have any data for the magnetic permeability function p4(-,-) that depends
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(a) DEFORM mesh close up. (b) FEniCSx mesh close up.

Figure 5.19: Comparison between DEFORM mesh and the FEniCSx mesh. A boundary
layer is present at the edge of the billet. Note that DEFORM meshes contain hanging
nodes at the edges of different subdomains: this is why we could not use this mesh in
the FEniCSx code.

on the magnetic potential A. It is possible to construct this function pa(-,-) from u(-,-)

depending on H. However, recall that since

A=curl B = A=curl {u(u, H))H}.

This implies that

pa(u, A) = pa (u, curl {u(u, [H|)[H]}),

so pA(,-) depends on the curl of the scalar field pu(u, |H|)H. If u(u,|H]) is already
a coarse approximation, then this will likely induce large errors in the approximation.
Indeed, we implemented this in Axisymmetric FEniCSx code but found that the code
struggled to converge. Furthermore, the same behaviour also occurs in DEFORM, so in
this software they recommend using pu(-) for this reason. Therefore, we choose to use
u(+) to depend only on temperature.

A visualisation of the output of the code for the initial values of magnetic potential
and the magnetic field in the whole domain is shown in Figure 5.20. This shows what

we would expect: the magnetic potential is highly concentrated around the coils and
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Figure 5.20: Initial magnetic potential and corresponding streamlines for the Axisym-
metric FEniCSx code.

penetrates only a small amount into the billet (equal to the skin-depth), so the billet
can be readily seen in Figure 5.20 (a) and Figure 5.20 (b). The square coils produce
streamlines that are tightly concentrated between the coils and the billet. Note that
unlike the Solenoidal model, the magnetic potential will not be constant on the boundary
of the billet but will vary in the geometry. It also seems that square coils produce large
variation of magnetic potential concentration along the billet boundary, so we expect
that the temperature distribution will not be even along the boundary.

The code was run using the same configuration as the Solenoidal FEniCSx code,
detailed in Table 5.2. We take 471 A as the current for the model, which in DEFORM
translates to a current density of 7.36 A/mm?. DEFORM takes 1 min 41s to run and uses

217 adaptive time-steps, and the Axisymmetric FEniCSx code takes about 2h 12 min
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to run and uses 1000 uniform time-steps. Evidently, the Axisymmetric FEniCSx code
could be made more efficient, so some potential ways of doing this are to move the mesh
generation offline, to use adaptive time-stepping schemes, adaptive meshing, adaptive
damping parameters, or to simply run it on a more powerful machine. We should note
that when temperature in DEFORM reaches the Curie point, the solver does not converge,
and it stops after a maximum of 200 iterations.

The results comparing the temperature evolution at point A and point B in the
Axisymmetric FEniCSx code to the temperature measured in the experiment are shown
in Figure 5.21. The results show the correct qualitative behaviour with the temperature
overestimated with an error of about 15%. Indeed, if we compare the experimental
results to the same result run in DEFORM (see Figure 5.22), we see that DEFORM actually

underestimates the temperature at a slightly higher error rate.
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Figure 5.21: Experimental results compared to output from the Axisymmetric FEniCSx
code.

In Figure 5.23, we compare the output of the FEniCSx code and DEFORM at the four
separate points. The overall behaviour matches very well, although the rate of change
at the start of the simulation for the DEFORM code is higher. In both sets of results, we
see that the surface temperature sharply increases once it reaches about 650 °C, which
is due to the Curie point being reached. However, we see in the FEniCSx code that at
high temperatures, the corner is the hottest part of the billet.

The comparison between the FEniCSx code and the DEFORM software can be more
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Experimental results vs DEFORM model
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Figure 5.22: Experimental results compared to output from the DEFORM software.

readily seen in Figure 5.24 and Figure 5.25. Comparing these two sets of results, it
seems that they are an excellent match. In Figure 5.24 (a) and 5.25 (a), the skin-effect
is easily seen, and both models have reached a maximum temperature of about 100 °C.
We can see in (b) that after about 5 seconds, the temperature had increased by about
500°C, so both models were able to accurately capture the magnitude of the rapid
temperature increase near the surface of the billet. In (c) a hotspot has been generated
due to the temperature at that part of the billet reaching the Curie point. Both models
have produced this hotspot within 2 seconds of each other. At 14.4 seconds in (d), both
simulations have produced three hotspots due to variations of the magnetic potential
along the boundary of the billet. In (e), at ¢ = 60 we have reached the end of the heating
process and the billet has reached its maximum temperature. Finally, at ¢ = 100 in (f),
the billet has been allowed to cool for 40 seconds and so we can see the heat loss on the
surface of the billet.

We need to mention the heating at the corners in Figure 5.25 (e). It is well known
that Maxwell’s equations solved in domains with corners produce results that are not
in the correct function spaces, so one might assume that the heating at the corners is a
numerical artefact. However, it has been observed that spurious heating at the corners
is a physical occurrence in induction heating simulations. Therefore, the results from

the Axisymmetric FEniCSx code correspond better to the physical process of induction
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FEniCSx vs DEFORM model
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Figure 5.23: Temperature at points A, B, C and D for the Axisymmetric FEniCSx code
and DEFORM software. There is a large difference in temperature between the two codes
after the Curie point.

heating than the results in DEFORM (Figure 5.24).

5.8 Non-Convex Domain with Non-Delaunay Anisotropic

Mesh

In this final Section, we consider the Solenoidal model where the billet is non-convex
and is solved over a non-Delaunay anisotropic mesh. See Figure 5.26 for measurements
of the domain and the corresponding mesh. The purpose of this Section is to illustrate

the new results from Chapter 4 in a real-world application, namely, that the BPM works
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Figure 5.24: Results from DEFORM at 6 different times.

for non-Delaunay meshes on non-convex domains with realistic industrial parameters.
We note that the results in Chapter 4 apply to the Dirichlet problem: the results in this

Section suggest that these convergence proofs might extend to the temporal problem
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Figure 5.25: Results from the FEniCSx code at 6 different times.

with radiation boundary conditions with data relating to natural coefficients.
In this Section, we also show that the BPM can provide better results than the

standard Galerkin method in certain scenarios when the standard Galerkin method
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Figure 5.26: Illustration of non-convex domain and corresponding non-Delaunay mesh.
This mesh has 4761 nodes and 9248 elements.

Parameter Value Parameter Value
Time-step At 1s Percentage tolerance p 5%

Final time T’ 15s Coupled tolerance ctol 1076

Time current active 8s Magnetic tolerance mtol 108
Current [ 471 A || Temperature tolerance ttol 1076
Coupled max iterations cmax 10 Coupled damping w, 0.9
Magnetic max iterations mmax 10 Magnetic damping wy, 0.5
Temperature max iterations tmax 10 Temperature damping w; 0.9

Convective coefficient 10 Radiation coefficient « 454 %1078

Table 5.3: Configuration parameters for the non-convex experiment with C42-MOD
micro-alloyed steel.

produces spurious oscillations in the solution.

For this artificial experiment, we use C42-MOD micro-alloyed steel and correspond-
ing material properties. We use the same coil and current intensity as in Section 5.7,
but the current is switched off after 10 seconds of the runtime. See Table 5.3 for all the
properties used in the setup. We elect to use a large time-step to try to generate insta-
bilities in the method. We also set the maximum iterations to be 10 for all fixed-point
loops, and set the coupled and temperature damping parameter to be 0.9, in order to
converge at a faster rate but also to amplify the non-convergence of the algorithm.

The temperature at points A and B at each time-step are plotted in Figure 5.27 for
both the standard Galerkin method and for the BPM. We can see that the standard
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Standard Galerkin and BPM for non-convex mesh
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Figure 5.27: Results comparing the standard Galerkin method and the BPM on a non-
convex domain. Here we set & = 736.85°C in the BPM.

Galerkin method exhibits some instability near the Curie point, and we get some spuri-
ous oscillations at the corner of the billet. However, by choosing £ = 1010 K (736.85°C)
in the BPM we can avoid these spurious oscillations, and obtain a much smoother and
realistic solution. For the parts of the simulation where there are no numerical oscil-
lations, the BPM and the standard Galerkin solution produce the same results. The
choice of k was found by running the standard Galerkin method with a more refined
time-step, finding the maximum value of temperature in the simulation, and setting k
equal to that maximum.

Figure 5.28 illustrates the difference between the temperature distributions of the
standard Galerkin solution and the BPM at the point of highest instability. We can
see that the standard Galerkin solution has much higher temperatures at the corners,
whereas the BPM is constrained. However, looking at Figure 5.29, a few seconds later,
after the current has been switched off, we can see that the BPM produces a temperature
distribution that is higher. This suggests that the standard Galerkin solution with
higher temperature at ¢ = 8 was indeed a numerical artefact, and is causing undershoots
in the temperature distribution at later times.

We finish by commenting that although it is clear from this experiment that un-
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Figure 5.28: Comparison between the standard Galerkin method and the BPM at ¢t = 8.

A

Temperature (C)
711,

705.
700.
— 695,
— 690.
685.
680.

(a) Galerkin solution ¢ = 11. (b) BPM solution at ¢ = 11. (¢) Temperature
scale.

673.

Figure 5.29: Comparison between the standard Galerkin method and the BPM at
t=11.

wanted numerical oscillations can be suppressed by the BPM, it is heavily dependent
on the choice of the parameter k, the point where the solution is truncated. Too low a
choice of k, and the entire solution would be suppressed and this would induce a non-
physical solution. Therefore, in order to use the BPM effectively, we need to know how
to make an educated choice for k. Nevertheless, this experiment is a proof of concept
that the BPM could be used in realistic induction heating applications in cases where

there are spurious oscillations due to irregular meshes.
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5.9 Discussion

In this Chapter we considered the numerical implementation of the Induction Heating
Problem using three different FEniCSx codes. We considered the standard Galerkin
FEM and the new BPM for the Solenoidal model, and a standard Galerkin FEM for
the Axisymmetric model. We numerically verified convergence rates for the Solenoidal
codes, and found that for domains with irregular (non-Delaunay) meshes, the BPM is
much more accurate than the standard Galerkin FEM. We also compared these codes
to experimental data and compared the Axisymmetric FEniCSx code to output from
DEFORM, a popular FEM software used in engineering modelling. We found that all
codes produced results that were within an acceptable tolerance to the experimental
data, and that the Axisymmetric FEniCSx code produced results that were closer to
the experiments than DEFORM. We also found that FEniCSx and DEFORM produced very
similar temperature distributions throughout the simulation. Furthermore, the Axisym-
metric FEniCSx code managed to produce heating at the corners, which is what is seen
in practice, but is not seen in the industrial software.

Fundamentally, for the Solenoidal model, we have shown that the BPM is just as
accurate as the standard Galerkin FEM for realistic induction heating setups, and we
have shown that it is more accurate when the mesh is non-Delaunay. Therefore, the
BPM should be considered as a serious option to solve the Solenoidal model, due to the
fact that it is robust over the shape of the mesh. This is one key takeaway from this
Chapter.

For the Axisymmetric model, we have built a code in FEniCSx which is able to
produce results that are comparable to, and even improve upon, results produced by
the industrial software DEFORM. Although the scope of DEFORM is much larger, as it
can simulate many different engineering scenarios, the internal workings of DEFORM
are inaccessible to the user, as the software is accessed via a graphical interface. In
the specific case of axisymmetric induction heating that we have studied here, the
Axisymmetric FEniCSx code could be used by engineers alongside DEFORM as an open-

source option that allows access to the numerical methods used in the code.
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Chapter 6

Conclusions, Discussion, and Future

Work

In this Thesis, we explored the analysis and implementation of FEMs for 2D Induction
Heating Problems. In this short chapter, we summarise the main results and discuss
possible future directions for the work in this Thesis.

Following a short introduction in Chapter 1, the background material was presented
in Chapter 2. In particular, we highlighted the issue of posing a weak form of a PDE
with a right-hand side in L'(Q)). We also introduced BPM and justified why this
method is well suited to this problem. Chapter 3 described the physics of induction
heating and derived the 3D problem from Maxwell’s equations. The assumptions and
simplifications leading to the Solenoidal Induction Heating Problem and Axisymmetric
Induction Heating Problem were also discussed.

The first new results appeared in Chapter 4, where we analysed a simplified sta-
tionary Solenoidal Induction Heating Problem with Dirichlet boundary conditions. We
proved existence of solutions to the coupled problem, extending results by Clain and
Touzani (1997a) by allowing non-convex polygonal domains. This proof of existence re-
lied on showing that the right-hand side of the heat equation was more regular than in
L' () and using methods inspired from existing literature on the Thermistor Problem
(Holst et al. 2010; Jensen and Méalqvist 2012). We proved that the standard Galerkin

FEM converged to an exact solution under the assumption that the family of meshes

160



Chapter 6. Conclusions, Discussion, and Future Work

was quasi-uniform. A first, partial result on how to avoid this condition on the mesh was
to use the BPM. In fact, we proved convergence for the decoupled problem where, fun-
damentally, we have avoided the need to use the discrete inf-sup condition (4.20), which
is valid only if the mesh is quasi-uniform. This proof relied on the fact that the BPM
solution satisfied a variational inequality, and thus corresponded to the projection of the
exact solution onto a closed convex subset of the solution space. Numerical experiments
verified these results, and showed: that a BPM for a heat equation with a non-physical
bound converged to a projection of the exact solution onto the closed convex subset; that
the BPM produced results that were superior to the standard Galerkin method for so-
lutions with boundary layers on non-Delaunay meshes; and that the method converged
to a solution of the full coupled Induction Heating Problem.

A first clear extension could be to try to prove convergence of the BPM for the
coupled Dirichlet problem. We have seen numerical evidence in Section 4.7 that supports
the idea of convergence of the BPM for the coupled system, and the case for the BPM
could be enhanced if there was a proof for this result. Additionally, we have proven
existence of solutions to the coupled Dirichlet problem, so another extension to this
work could be to prove similar results with a Neumann boundary condition, a Robin
boundary condition, or a radiation boundary condition.

Going further, another development could be to study non-convex domains where
there is non-localised radiative heating, i.e., where there is radiative heat transfer be-
tween different parts of the surface. This is a situation commonly seen in industry, for
example, when heating a hollow cylindrical billet. There has been some analysis consid-
ered for the heat equation (e.g. Druet (2009) and Druet (2010)), but to our knowledge
no analysis has been attempted for the coupled problem.

For the sake of completeness, it would be desirable to prove uniqueness of solutions
to the coupled Induction Heating Problem. However, we have seen in the literature that
even the simpler Thermistor Problem does not have a proof for uniqueness of solution
unless strict a-priori assumptions are made on the data, coefficients for the PDE, and
regularity of the solution. Therefore, we expect that this would be quite a difficult

extension to investigate.
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Another ambitious extension could be to try to prove results without using the
additional regularity due to the coupling, and instead to write the weak formulation as
the renormalised solution, seen for a Poisson problem with L!(f2) data in Casado-Diaz
et al. (2007). This was a possibility that was considered during this project, and more
details and discussions about this method can be found in the Appendix A.1.

In Chapter 5 we implemented a realistic finite element code for the Solenoidal model
and the Axisymmetric model using the FEM software FEniCSx. In this Chapter, we
described three numerical codes in detail: the standard Galerkin FEniCSx code for the
Solenoidal model, the BPM FEniCSx code for the Solenoidal model, and the Axisym-
metric FEniCSx code for the Axisymmetric model. We numerically verified convergence
rates for these codes using a method of manufactured solutions and by comparing to an
analytical solution. We showed in these tests that the BPM is more accurate then the
standard Galerkin method for non-Delaunay meshes.

We found that the Solenoidal codes produced results that were close to experi-
mental data. Crucially, we found that the BPM produces more accurate results for a
non-convex domain with non-Delaunay meshes. This is the main contribution of the
numerical part of this Thesis: the BPM is a relatively new method and we were able to
implement it to such a level that it produced results close to experimental data. The
Axisymmetric FEniCSx code produces results that are also comparable to experimental
data, and when comparing the results to the industrial software DEFORM, we found that
it was extremely close to the results from DEFORM and exhibited similar temperature
distributions. Moreover, the FEniCSx code captured the heating at the corners that is
seen in the physical setting, but is not seen in DEFORM.

There are also a range of improvements that the code could be given. First, the
code could be made more efficient by using an adaptive time-stepping scheme, or even
an adaptive damping parameter. We could also employ an adaptive meshing, which
would be particularly useful once the skin-depth increases as fewer elements would be
needed to accurately resolve the skin-effect. Another option to look into is to consider
how to adapt the code so it can be run on parallel processors - something that FEniCSx

is capable of doing.
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Finally, the current plan, as requested by the industrial partners, is to publish the
code to make it available for engineers to use. Therefore, future work will include:
updating the code to make it more user friendly, making sure it is robust under testing,
and writing a user manual. If this is done, then the new results for this recently

developed BPM will be used in an industrial setting.
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Appendix

In this Appendix we present the concept of renormalised solutions, describe on how to

incorporate voltage input into the code, and present an example TOML file code.

A.1 Renormalised Solutions

As a part of this Thesis, we investigated the possibility of applying the BPM to a
renormalised solution of a Poisson problem. The idea was to extend results by Casado-
Diaz et al. (2007), who prove that the standard Galerkin method converges to the
renormalised solution under wvery strict conditions on the mesh, and use the BPM to
prove convergence without any conditions on the mesh. If this could be proven for the
Poisson problem, then this could pave the way to apply it to an Induction Heating
Problem in the future.

Now let us introduce the renormalised solution. Consider the Poisson problem:

given an open and bounded domain Q@ C R?, d > 2, find u such that for f € L*(Q):

—Au=f in €,

(A.1)
u=20 on Of.
The weak formulation is: find u in Hg () such that for all v in H}(€):
/ Vu- Vv dx = / fu de. (A.2)
Q Q
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Since f € L'(Q) this formulation is not well-defined. To get around this, a naive
approach could be to simply require u € C*>(£2), v € C*°(2). Since V}, is not contained
in C°°(Q2), we cannot use a FEM. Another naive approach could be to take u € L'(Q),
v € L>®(Q). This would make the right-hand side of (A.2) well-defined, and the FEM
would also be contained within this space. However, since neither L'(Q) nor L°°(f2)
are Hilbert spaces, existence and uniqueness cannot be guaranteed by the Lax-Milgram
Lemma (Theorem 2.4.10) or by the BNB Theorem (Theorem 2.4.11).

A solution suggested by Casado-Diaz et al. (2007) is to redefine the weak formulation
of (A.1) completely using the definition by Bénilan et al. (1995). First, define the

truncation function Tx(s), k > 0 as

s if [s| <k

Sk if |s| >

and recall the standard Galerkin solution uy is the unique element in V} such that for
all vy, € Vp,

/ VU}L . VU}L dx = / fvh dex. (A4)
Q Q

Then the new weak formulation is as follows:

Definition A.1.1 (Renormalised solution). Let S(-) € C}(R) with supp S C [k, k]. A
function u € LY(Q) is called a renormalised solution of (A.1) if Vk > 0, Tj,(u) € HE(Q),

limp_yo0 %fQ |VT}(u)|? dz = 0, and u is the solution to

/ VTi(u) - V(vS(u)) de = / fvS(u) de,
Q Q

for all v € L>®(Q) N H} ().

Now consider the FEM discretisation. It has been shown by Casado-Diaz et al.

(2007) that if every inner angle of every element is acute (i.e. not larger than 7/2),
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then for 1 < p < 2,

up — U strongly in Wy P(Q) as h — 0

Vk >0, T,(Tg(up)) — Tp(u) strongly in HY(Q)  as h — 0.

We aimed to get a similar result but without any restrictions on the shape of the
elements in the triangulation. A potential solution we suggested was to use the BPM,
since this method does not depend on the shape of the mesh. This method assumes

a-priori that u is bounded by [0, k] for some k£ > 0 and we define

N
uf = Zmax((), min(up(x;), k)i
=1
and
u,:k = up — uﬁ

Then our solution is ufl, where uy, is the unique solution of

/ Vul - Vo, dz + S(“ﬁkw}z) = / fop, de. (A.5)
Q Q

for all vy € V3, where s(-,-) is defined in Section 4.6. We attempted to show that for
all1 <p <2,

uf — u strongly in W, () as h — 0 and k — oc.
This is similar to the result we proved in Theorem 4.6.3. Unfortunately, we were not able
to prove this, but we were able to gather some numerical evidence, and we demonstrate
the results from one test here.

Let Q be the unit square. By taking a logarithmic function that is only in H'(1),

computing its gradient, and squaring it, we obtain a function that is only in L'(Q). For
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this experiment we choose

2
f= (d log v/(x — 0.5)2 + (y — 0.5)2>

dx
_ (x —0.5)?
~ ((x—0.5)2 4+ (y — 0.5)2)2°

Note that this function has a singularity at (0.5, 0.5).

Then, we solve the Poisson problem with the right-hand side f defined as above. To
test for convergence, we find the exact solution by truncating the singularity in f very
high (at 10%), and set the exact solution to be the Galerkin solution on an extremely
refined mesh (=~ 2x 105 elements), and we truncate the solution at k& = 10. We compared
the solution of a truncated standard Galerkin method with the solution of the BPM
over a non-Delaunay mesh.

k

In Figure A.1 we see the results from the comparison between BPM solution uy,

and the truncated standard Galerkin solution T} (up,), where in both cases k = 10. This
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Figure A.1: Comparison between BPM solution and truncated standard Galerkin solu-
tion with right-hand side in L'(Q) over non-Delaunay meshes.

test provides some numerical evidence that perhaps the BPM converges to a truncated
solution when imposing non-physical bounds. In particular, it shows that for this prob-
lem with a right-hand side in L!(Q) only, and when solving over non-Delaunay meshes,

the BPM provides a more accurate approximation than a truncated standard Galerkin
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solution.

A.2 Incorporating Voltage Input

While performing the experiments at the AFRC, we recorded the voltage data using
a Rogowski coil. In Section 5.7 we assumed that the current data could be accurately
represented by a step function, but another way to obtain the current data is to process
the voltage data directly within the code. This can lead to a more accurate representa-
tion of the current over the length of the experiment. In this Section, we use the data
gathered from one of our experiments to explain how we processed the voltage data
within the FEniCSx code.

To account for the high frequency of the current, the voltage was recorded every
0.000001 s by the Rogowski coil and the output was stored in a CSV file. The resulting
CSV file was extremely large in size (> 1GB), and was so large that it could not be
opened on the laptop. Clearly, this needed to be modified to be more accessible and to
extract the data about the frequency and current from the data.

First, the data was split into ‘chunks’ of 10 CSV rows. The first chunk was split into
1000 rows, and we used the scipy module signal to construct a dataframe with the
peak and frequency for this small section. The mean of the peaks and frequency were
calculated and appended to a numpy array. This process was repeated for the whole
chunk and then successively for each chunk after until the whole data file had been
processed. The result was a dataset of the averaged voltage and the frequency which is
significantly smaller in size than the original CSV file. See Figures A.2 and A.3 for the
pre-processed averaged voltage output of the experiment.

There is not a straightforward linear relationship between the voltage, frequency,
and the current. In order to obtain the current from the voltage and frequency, we use
a conversion table which is shown in Table A.1 (courtesy of the AFRC).

Therefore, using Table A.1, we can find the current I by calculating

I =1000C;V.
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Figure A.2: Averaged voltage for non-zero current.
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Figure A.3: Averaged voltage for the full simulation.

H Frequency f Hz ‘ Ratio kKAV—1 (Cy) H

60 0.113
100 0.177
200 0.346
500 0.681

1,000 0.890
2,000 0.976
5,000 1.011
10,000 1.011
20,000 1.013
50,000 1.019
100,000 1.009
150,000 1.003
200,000 1.000
500,000 0.807
1,000,000 0.397

Table A.1: Table of ratio factors for calculating current from voltage and frequency.
This table comes from calibration of the Rogowski coil directly from the manufacturer.
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The resulting current for the experiment is shown in Figure A.4. Note, in particular,

that the output is similar to a step function, which justifies out approximation in Section

9.7.
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Figure A.4: Current for the full simulation.
A.3 Example TOML file
Listing A.1: The TOML file used in Section 5.7.
[geometryl
billet_radius = 0.01 # 10mm billet radius
billet_length = 0.057 # 57mm billet length
coil_radius = 0.02425 ##24.25 inner diameter
coil_center_separation = 0.015 # 15mm between coil centres
working_length = 0.09 # 90mm working length
wire_radius = 0.004 # 4mm wire radius for square
air_radius = 0.2 # 200mm air radius
air_length = 0.4 # 400mm air length
no_turns = 6 # number of turns in the coil
[mesh]
mesh_name = "DEFORM_mesh"
type = "quad" # triangle or quad
lc = 0.009 # 9mm max diameter of mesh size
lc_in_box = 0.0018 # 1/5 lc max
lc_in_coil = 0.0024 # 1/5 wire diameter
lc_in_billet = 0.001 # imm max diameter in billet
box_radius = 0.05 # refined box radius around billet and coil
box_length = 0.11 # refined box length around billet and coil
boundary_layer_thickness = 0.0005 # thickness of boundary layer
boundary_layer_ratio = 2 # ratio between two consecutive mesh sizes perpendicular to boundary

nx = 31 # number of nodes on side of Solenoidal model

ratio = 0.90

mesh_builder

[materiall
properties

emmisivity

#

"M1_PROPERTIES"

ratio of square within circle in Solenoidal model

"generate_circular_mesh"

# function to generate the mesh

# C42 Mod microalloyed steel properties

0.8 # material emmisivity used to calculate alpha
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30 beta = 10 # convective coefficient

31

32 [setupl

33 experiment_name = "DEFORM_experiment"

34 £ = 95294 # frequency of alternating current (Hz)
35 coords_rz = {centre = [0.0001, 0.0], upper_surface = [0.0001, 0.0235], right_surface = [0.0085, 0.0]1,
corner = [0.0085, 0.02351}

36 coords_xy = {centre = [0, 0], surface = [0, 0.085]} # coordinates of the points

37 n_points_rz = 4 # number of points for Axisymmetric model

38 n_points_xy = 2 # number of points for Solenoidal model

39

40 [datal

41 temperature_data_file = "../data/csv_files/temperature_experiment_3_modified.csv"
42 #voltage_data_file = "../data/csv_files/20240313-0003.csv" # optional

43

44 [timel

45 t = 0 # start time
46 dt = 0.1 # timestep
47 nt = 1000 # number of steps

48 tol = 1e-6 # tolerance criteria for the coupled loop

49 utol = 1e-6 # tolerance criteria for inner temperature loop

50 mtol = 1e-8 # tolerance criteria for inner magnetic field loop

51 ptol = 0.05 # percentage tolerance allowed for changes in parameters sigma and mu
52 max_iterations_coup = 20 # maximum iterations allowed for the coupled loop

53 max_iterations_temp = 50 # maximum iterations allowed for the temperature loop

54 max_iterations_magn = 20 # maximum iterations allowed for the magnetic field loop
55 w_coup = 0.5 # damping coefficient for the coupled loop

w_temp = 0.5 # damping coefficient for the temperature loop

6
57 w_magn = 0.5 # damping coefficient for the magnetic field loop
8

60 [solvers]

61 u_solver_method_xy = "solve_be" # temperature solver for Solenoidal model

62 u_solver_method_rz = "solve_be_rz'" # temperature solver for Axisymmetric model

63 H_solver_method = "solve_nonlinear" # nonlinear magnetic field solver for Solenoidal model

64 H_solver_temp = "solve" # linear magnetic field solver for Solenoidal model

65 A_solver_method = "solve_nonlinear_wholedomain" # nonlinear magnetic potential solver for Axisymmetric
model

66 using_bpm = false # if set to true, use BPM in temperature for Solenoidal model

67

68 [constants]

69 T_AMB = 300.15 # ambient room temperature (K) - 25 degrees C
70 T_INIT = 319.15 # initial temperature (K) - 44 degrees C

1 SB_CONSTANT = 5.67e-8 # Stefan-Boltzman constant

72 SIGMA = 5.911563017e6 # electrical condunctivity

73 MUR = 259.47 # relative magnetic permeability
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