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Abstract

Structural integrity is a vitally important field of engineering with fracture and fatigue

causing the vast majority of mechanical failures. This is of particular importance within

the power industry where the consequences of failure can be severe. Power plant compo-

nents may contain complex geometries and critical features which can introduce stress

concentrations, and are often subject to complex cyclic loading histories. Consequently,

fatigue is a dominant failure mechanism which can limit the component life.

This research is targeted towards industrial gas turbines, with a specific application

to nozzle guide vanes, in which, the extreme temperatures involved induce great thermal

loading, compromising their integrity. To this end, extensive development is continually

performed to carefully balance their thermal and structural requirements. However,

there is still a need to improve understanding of these complex stress distributions.

Conventional fatigue life assessment methods can be overly simplistic and tend to

offer a one-size-fits-all approach, potentially providing overly conservative values of

fatigue life. More realistic methods with improved levels of accuracy are therefore

needed. This highlights the requirement for more bespoke techniques that can offer

a greater understanding of the stress distributions in these complex components and

high specification materials. During the development of such bespoke methods, it

is important that they are readily accessible for routine use within engineering, by

providing a user-friendly step-by-step approach. This industrial sponsored research

aims to address these issues and provide a turn-key solution.

Included in this procedure, are two novel methodologies which have been developed

during the course of this work. These are the Reversed Plasticity Domain Method

for the determination of the critical loads to cause low cycle fatigue failure, and the

Modified Monotonic Loading Concept for the calculation of the cyclic J-integral.
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Chapter 1

Introduction

1.1 Introduction

Structural integrity assessments form a core part of product development across a

wide range of engineering disciplines. In such applications, safety critical and high

value components must be designed to exacting standards. To achieve this requires

a thorough understanding of material and component behaviour over the range of

temperatures and structural loads experienced in service and the effects of cyclic loading

on its potential failure mechanism. The continual refinement of component designs and

the development of more advanced analysis tools, combined with rapidly developing

computational ability are driving the need to better understand the failure mechanism

through improved modelling techniques. Crack growth modelling of complex design

features under cyclic loading histories can give rise to localised stress concentrations

and hence this is an important field for further development and as such is closely

aligned with the needs of industrial research.

1.2 Nature of the Project

The nature of the Engineering Doctorate (EngD) programme is to provide an industrial

focussed doctoral project with a consideration of the associated business challenges.

This is incorporated through working directly with an industrial sponsor and in con-

junction with a Post Graduate Diploma in Enterprise Management from the University

2
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of Manchester Alliance Business School. These additional arms augment the doctorate

with relevant business acumen which are directly applicable to large scale, industrial

and commercial engineering.

To address the industrial aspects of this project, it is sponsored by and run in

collaboration with Siemens Industrial Turbomachinery Ltd. This relationship provides

an industrial and commercial focus for the research and development work undertaken

during the project. This research concerns industrial gas turbines, and although not

exclusive to this field, the work presented here is targeted towards this technology.

The Manchester University courses have provided relevant business skills which have

helped approach the technical requirements of the project, with an appreciation of the

financial constraints and commercial challenges of the real world. This has provided a

broad understanding of the commercial aspects of modern engineering and highlighted

the requirements for this research project. The industrial link provides context for this

research in real life applications and current industrial challenges, which have been

particularly relevant in this project with Siemens. Some of the work in this thesis

has already been applied to industrial applications at Siemens, and following company

approval, the final deliverable methodologies are ready for adoption within the business.

1.3 Technical Background

This research is targeted towards industrial gas turbines, with a specific application

to the nozzle guide vanes (NGVs), the precisely designed components which direct hot

gases onto the turbine blades. The extreme gas temperatures involved induce great

thermal loading on the NGVs, compromising their thermal and structural integrity.

To counteract this, they are designed with through thickness cooling holes, enabling

the material to withstand these harsh conditions. However, these cooling holes are

inherently small, and whilst they ensure thermal integrity, they introduce very localised

stress concentrations which can adversely affect the integrity of the structure. Extensive

development is continually performed to carefully balance the thermal and structural

requirements of these components. Since these cooling holes are fundamental to the

design, the stress concentrations cannot be entirely removed, and these components

must be designed to work in the presence of extreme and highly localised stresses.
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There is therefore a requirement for enhanced understanding of these highly complex

stress distributions. As a result, fracture and fatigue life assessment are performed

during the design, development and operation of these components.

Finite element analysis forms a major part of regular integrity assessment of com-

ponents and can provide a detailed prediction of the stress-strain responses under given

loading conditions. However, there are issues concerning the accurate and realistic pre-

diction of fatigue life due to difficulties with crack growth modelling. A number of

pioneering developments have been made in recent years, however, continued work is

still required to ensure the integrity of components and to maintain the highest levels

of safety.

Conventional fatigue life assessment methods can be overly simplistic and tend to

offer a one-size-fits-all approach, potentially providing overly conservative values of

fatigue life. More realistic methods with improved levels of accuracy are therefore

needed. This is particularly important with the current drive for continually improving

efficiency. This can be achieved through weight reduction of components and with the

use of highly specialised materials such as superalloys. With such complex geometries

and high cost materials, these generalised fatigue life assessment methods are becoming

less appropriate. This highlights the requirement for more bespoke techniques that can

offer a greater understanding of the stress distributions in these complex components

and high specification materials. During the development of such bespoke methods,

it is important that they are readily accessible for routine use within engineering, by

providing a user-friendly step-by-step procedurised approach.

This thesis presents novel fracture mechanics and fatigue assessment techniques

that are applicable to highly complex industrial test specimens. While the particular

focus lies within industrial gas turbines, the techniques developed are applicable to any

structural integrity assessment across a range of engineering disciplines, making it very

powerful for use within industrial applications.

These individual techniques are incorporated into a sequential procedure for com-

plete crack growth modelling and fatigue life assessment, from initiation through prop-

agation, to ultimate failure. The procedure comprises a number of independent steps,

offering a great deal of power and flexibility to the user, allowing them to run the
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complete analysis as established in this thesis, or to tailor individual steps to specific

applications and conditions, without the need to fully understand the individual as-

pects and theoretical concepts of the method. This addresses the requirement for an

accessible, user-friendly approach for routine fatigue life assessment.

Due to the nature of the EngD and industrial application, the emphasis of the work

is on the application of theoretical concepts to real life industrial components with an

appreciation of the commercial constraints. This worked comprises three main strands:

� The design of a bespoke industrial test specimen which represents the highly

localised stress concentrations found in the nozzle guide vanes.

� The design of an experimental testing programme to induce low cycle fatigue

failure in this specimen, providing information of the failure modes of the NGVs.

This test programme is designed using the Reversed Plasticity Domain Method

(RPDM) which is developed in this thesis.

� The development of a method for the calculation of the cyclic J-integral, providing

details of the crack propagation rate and growth path. This is performed using the

Modified Monotonic Loading (MML) concept which is developed in this thesis.

1.4 Research Background

High temperature components in nuclear and other power plant applications undergo

cyclic loading due primarily to start-up and shut-down transitions and hence the jus-

tification of component life under these conditions is critical. Existing methods have

been incorporated into design codes [4] and conventionally these are based on material

life data generated using plain specimen fatigue tests together with plasticity and creep

models.

To date, most testing and modelling work has focused on the characterisation of

material response in isothermal standard tests, i.e. creep, tensile and low cycle fatigue

(LCF) tests. This approach produces acceptable component life predictions in many

cases, however, long-term exposure at high temperature can affect the material in

different ways.
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Consequently, thermo-mechanical cyclic testing is now carried out to provide more

accurate information on the cyclic behaviour of these materials and also to present

design curves that can be used with greater confidence for this type of load cycling [5].

An understanding of the type of phasing of the stress and temperature cycles is also

important for accurate life prediction.

Crack initiation in standard fatigue tests is typically defined as a given percentage

load drop towards the end of the test. This may correspond to a crack depth of 0.5mm

or more. This definition of initiation may have a significant impact on life predictions

when dealing with stress concentrations. In reality, microcracks may form relatively

early in life. For a stress concentration region, this can mean that for much of the

cyclic life, a growing crack may develop in a stress field characterised by high stress

gradients, plasticity and creep effects at the surface and complex residual stress fields.

These effects are a major contributor to widely recognised notch sensitivity effects.

The failure process modelling therefore needs to be supplemented with a crack

growth assessment. At the design analysis stage, the majority of fatigue crack growth

assessments are made using standard stress intensity factor solutions and the un-cracked

body stress field. Explicit modelling of cracks in finite element analysis is usually carried

out only under special circumstances due to both the lengthy modelling process and

the need for a validated method, even though the finite element method has previously

been used to solve fracture mechanics problems.

Today, leading codes such as ABAQUS [6] have extensive crack tip parameter solu-

tion capability. Recently, this capability has been enhanced by the introduction of the

eXtended Finite Element Method (XFEM). This has the advantage over conventional

finite element modelling of cracks in that the model geometry does not have to conform

to the crack, leading to significant simplifications, especially with regard to crack prop-

agation simulation. In other words, with XFEM, cracks can propagate in any direction

across a mesh, even through existing elements. Conventional finite element based crack

analysis requires time-consuming crack modelling and updating to simulate a growing

crack. Specialist software packages exist which can help the process of modelling cracks

using the conventional finite element method including Zencrack [7] and Franc3D [8]

and these have been shown to be capable of modelling crack development under a
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number of different conditions. The XFEM capability now offers another route, which

although limited due to the early stage of implementation, does open up the possibility

of more accurate modelling of component failure processes such as thermo-mechanical

fatigue (TMF) crack initiation and crack growth at complex component features.

1.5 Aims and Objectives

The primary aim of this project is to develop a method of life prediction for com-

plex structural features containing highly localised stress concentrations. Building on

existing knowledge of crack behaviour and fatigue life models, this will include crack

propagation modelling, with particular emphasis on early growth out of the local stress

field. Careful consideration is required for the effects of high stress gradients and the

evolution of the initial stress fields prior to crack development.

The measurable objectives for this project are:

1. Develop a new understanding of the crack initiation and propagation processes,

the influence of local high gradient stress fields and the evolution of this due to

cyclic creep and plasticity.

2. Compare crack modelling methods with respect to accuracy of the solution and

practical modelling limitations for both single step analysis and fatigue crack

growth modelling.

3. Assess the theoretical limitations of different crack modelling methods and their

applicability to high temperature problems in turbines, particularly XFEM.

4. Review the definition of crack initiation (or first detectable indications) and the

implications for crack size.

5. Develop a new industrial test specimen for use within Siemens which offers suit-

able representations of real gas turbine components.

6. Define new tests to validate new crack growth modelling methods.

7. Perform crack propagation modelling of complex geometries under the influence

of cyclic plasticity.
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8. Compile developed techniques into a step-by-step procedure, allowing a complete

crack growth assessment in a user-friendly and ergonomic manner.

9. Disseminate the outputs to the UK research community and industrial partners.

1.6 Research Justification

Currently, fatigue life assessment of stress concentration features is limited by the

effects of high stress gradients and local inelastic material behaviour. This can result

in overly conservative predictions of the component life. This is compounded by the

difficulty of accurate crack behaviour modelling in these regions. It is estimated that

the cost of premature retirement of components which may be capable of many more

hours of operation, is considerable, possibly up to £500,000 per year across Siemens

[9]. Therefore, improved methods of life prediction with increased levels of accuracy

are vitally important. This project aims to address this by the development of novel

techniques with the potential to provide greater accuracy of results.

1.7 Research Significance and Importance of Life Exten-

sion

This project has a specific industrial focus on gas turbines, however, the research works

are not exclusive to this industry and are applicable to a number of different fields in

the power and aerospace industries since both of these involve elevated temperatures,

high stresses and extended hold times. This work is also applicable to the nuclear

industry and other traditional fossil fuel power plants, as well as renewable energy

sources such as wind and marine turbines. This work is of particular importance and

relevance within the nuclear industry since the current UK fleet of nuclear reactors is

approaching the end of the intended working life. However, due to the fact that very

few new reactors have been commissioned, the UK is now in a position that it has

no choice but to extend the life of these aging reactors. Nuclear currently contributes

approximately 21% of the UK’s electricity demand, however, up to half of this capacity

is due to be retired by 2025. The next generation of reactors are not estimated to come
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online until 2025 with more entering service in 2030.

This does not allow significant contingency for delays in the manufacturing and

commissioning process and if for some reason, these reactors are unable to generate

power by 2025 and 2030, this would put extensive pressure on the electricity genera-

tion industry. With potentially half of the current fleet retiring in the coming decade,

this would mean a 10% deficit in UK electricity. The use of renewable energy sources

does play its part in UK, and worldwide electricity generation, and there have been

major advancements in recent years. However, despite this, the aging and retiring fleet

of nuclear reactors poses a major challenge for the UK electricity generation industry.

Due to consumer habits and a society that expects a reliable constant electricity re-

source, it is unlikely that a significant reduction in electricity supply could be tolerated.

For this reason, there is growing importance for renewing the UK’s nuclear reactor fleet,

and until these are operational, it is clearly vital that the current capability is extended

as much as possible and other power sources are utilised where possible to make up

this electricity shortfall. Due to the highly inhospitable environment to which power

plant components are subjected, mechanical failures such as fatigue and fracture will

become increasingly likely as the plants approach the end of their intended life. To

ensure the highest levels of safety are maintained, continual inspection of components

is performed and, if possible, parts are replaced as necessary. However, there are a

number of components that due to a variety of reasons such as their size, position or

condition, may not be possible to replace. Such an example is the reactor pressure

vessel in a Pressurised Water Reactor (PWR). This contains the entire reactor and so

its replacement would require the creation of a new reactor which is not a viable option.

When these components were first manufactured, they were issued with a recommended

life which predicted them to be safe to use up to a certain number of hours (or cycles)

of operation. These were defined many years ago based on structural integrity under-

standing at the time and so it is entirely possible that these were overly conservative

and with modern advances in understanding, modelling and inspection techniques and

fatigue life prediction, that these components are in fact safe to use for longer than

was originally believed. In order to gain a better understanding and be able to predict

more accurate values of component life time, extensive study is routinely performed
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into structural integrity, crack initiation and propagation modelling, fatigue cracking,

creep rupture and creep fatigue. This has been a widely investigated area of engi-

neering for many decades, however, due to the reasons explained above, it is arguably

more important now than it has ever been before. This is not only applicable to the

nuclear industry, but is true across all energy sources and power generation industries.

This study is also vitally important and directly applicable to other industries such as

transport, including rail and aviation, space technologies and civil engineering. Hence,

extensive funding is provided, both in academia and industry, for the study of struc-

tural integrity, as advancements in this field directly influence the standard of living

and public safety of societies around the world.

1.8 The Power Industry

As discussed above, the primary driving factors for the research and development of

the field of fatigue and fracture are safety related and originated in the aerospace and

power industries, where the consequences of failure are potentially catastrophic. More

recently, a secondary area of interest has arisen which is more commercially and socially

driven to ensure the maximum return on investment, whilst minimising environmental

impact. A more accurate prediction of component lifetime would optimise the use of

valuable resources and expensive materials, and obviate the need to retire components

prematurely, thus extending their useful working life.

1.9 Industrial Gas Turbines

Currently, the field of fatigue and fracture is applied across a broad spectrum of indus-

tries but the particular application of this investigation is to industrial gas turbines.

A gas turbine is a type of internal combustion engine. They are very similar to

aeroplane engines and the only difference is their intended use; aeroplane engines gen-

erate thrust, whereas gas turbines are used for either mechanical drive or electricity

generation.

The basic principal of a gas turbine is commonly represented by the simple phrase,

”suck, squeeze, bang, blow.” This describes the four distinct stages of a gas turbine.



CHAPTER 1 INTRODUCTION 11

Initially, air is drawn into the engine which is then compressed in the compressor. This

air is then drawn into the combustion chambers, where fuel is injected, and subsequently

ignited, causing an explosive reaction. The exhaust gases are then expelled which pass

across the power turbine, generating rotational motion. The power turbine is connected

to the compressor turbine and so rotation of the shaft causes the compressor turbine

to also rotate, drawing in more air and continuing the process. The rotating shaft

can then either be connected to a gear box for mechanical drive, or to an electrical

generator. This process is illustrated in Figure 1.1, and Figure 1.2 [10] demonstrates

how this process relates to a real turbine.

Figure 1.1: Schematic diagram illustrating the gas turbine process

Figure 1.2: Components of the gas turbine engine [10]
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Gas turbines operate on the principal of the Brayton Cycle. This is a thermody-

namic cycle that consists of 4 individual processes as illustrated in Figure 1.3. The

cycle begins in the inlet and compressor with an adiabatic compression, meaning no

heat is gained or lost by the system (1-2). The fuel and air mixture is then combusted

at a constant pressure (2-3). The gas then undergoes adiabatic expansion in the tur-

bine and exhaust nozzle (3-4). In this stage, work is taken out of the system to drive

the compressor and for power output in the form of electrical generation or mechanical

drive. The gas is then cooled at a constant pressure to its original condition (4-1) where

the cycle repeats.

Figure 1.3: Schematic showing the Brayton cycle

Gas turbines typically operate with a thermal efficiency of 35-40% in a single cycle

format. However, they can also be used in a combined cycle, where, in addition to the

standard operation, a heat recovery system captures the thermal energy of the exhaust

gases to create steam, which is then used to drive a steam turbine, generating additional

electricity. This system is referred to as a Combined Cycle Gas Turbine (CCGT). This

clearly requires additional infrastructure and greater investment. However this system

makes use of otherwise wasted thermal energy in the exhaust gases which has allowed

the overall efficiency of CCGT plants to exceed 60%.
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1.9.1 Gas Turbine Usage

Gas turbines are very compact in size compared to other energy generation methods

such as coal and nuclear and their high levels of power generation result in a very high

energy density. For this reason, they are commonly used in isolated systems which

are not connected to a networked electricity supply, such as oil platforms, for local

electricity generation and for powering pumps for extracting oil and natural gas.

They are also used in developing and emerging countries for small scale, local elec-

tricity generation due to their relatively low cost compared to coal and oil fired power

plants and ease of implementation and operation. Their small, off-the-shelf format also

means that they can be delivered by a single, heavy goods vehicle, reducing delivery

and installation costs.

An additional advantage of gas turbines is their rapid start-up time, being able

to go from cold to full power in a matter of minutes. This makes them ideal for an

emergency electricity supply in the event of power failure in places such as hospitals,

where backup electricity could be required at a moment’s notice. However, this rapid

start-up process can put excessive mechanical and thermal stresses on the components,

meaning that fatigue and fracture can have significant effects on the integrity of the

structure. For this reason, extensive work is routinely performed in the design and

structural assessment of gas turbine components. This gives rise to the requirement

for advanced crack growth modelling assessments for use within gas turbines and the

power industry as a whole.

1.10 Novel Features of the Project

The main objective of the research presented in this thesis contributes to the devel-

opment of a complete crack growth modelling and assessment procedure. Due to the

industrial bias of this project, the research presented in this thesis aims to bridge the

gap between academia and industry. As such, the main novelties lie in the application

of theoretical concepts to real life, highly complex components such as those found in

gas turbines, thus providing state of the art methodologies that are suitable for routine

use within Siemens Industrial Turbomachinery as well other industrial applications.
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The key novel aspects of this project are:

1. The design and creation of a bespoke industrial test specimen to act as a bench-

mark for subsequent analyses (Chapter 4).

2. Development of a user-friendly and efficient technique for the calculation of low

cycle fatigue life through a novel application of the Linear Matching Method,

suitable for highly complex components under extreme loading conditions [1].

(Chapter 5)

3. Creation of the Modified Monotonic Loading Concept (Chapter 6), a user-friendly

finite element approach for the accurate calculation of cyclic J-integral values for

crack growth modelling calculations, that is applicable to highly complex crack

geometries and engineering structures.

4. Implementation of the MML concept through demonstration on a complex notched

specimen, offering a complete cyclic J-integral analysis of a semi-elliptical surface

crack, considering three-dimensional variation and likely crack propagation direc-

tion.

5. Proposal of a complete crack growth modelling procedure (Chapter 7), incorpo-

rating the novel developments presented in this thesis, into a single methodology,

providing a complete assessment of crack initiation and growth, propagation di-

rection and fatigue life of complex industrial components.

1.11 Thesis Overview

This thesis is structured as follows:

Chapter 2 introduces this research project by providing the theoretical back-

ground of the field. This includes an overview of fracture mechanics and fatigue

and introduces the fundamental theories. A brief history of the field is included

for general interest and a number of well known case studies are presented which

highlight the importance of the continued study of this area. This chapter pro-

vides a foundation understanding, forming the basis of the subsequent chapters.
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Chapter 3 expands the basic theory defined in Chapter 2 and introduces some

advanced and highly technical fracture mechanics and fatigue methodologies. A

thorough review is performed and their limitations are identified. This highlights

the requirement for further study, investigating the development of the new tech-

niques introduced in the subsequent chapters.

Chapter 4 proposes the design of a bespoke and highly complex test specimen.

The requirement for a new test specimen is explained with reference to indus-

trial gas turbine components and the rationale and justification of the proposed

design is discussed. A rigorous investigation is performed allowing optimisation

of the design to allow it to meet the required strict specifications. Appropriate

machining techniques are considered and the manufacturing process is evaluated

through an experimental investigation. This component offers a representative

specimen which provides a benchmark for the subsequent analyses.

Chapter 5 proposes a novel technique for the design of an experimental testing

programme suitable for causing low cycle fatigue crack initiation in the bespoke

and highly complex industrial test specimen designed in Chapter 4. A thorough

investigation is performed which identifies a range of suitable applied loads which

are sufficient for causing crack initiation and for each load within this range,

a low cycle fatigue analysis is conducted. This investigation demonstrates the

capabilities of this novel technique for calculating experimental testing design

loads for highly complex industrial test specimens.

Chapter 6 introduces the Modified Monotonic Loading concept as a novel tech-

nique for the calculation of the cyclic J-integral. This proposed method is tested

on a complex industrial specimen in order to calculate the cyclic J-integral, ∆J ,

along a 3D semi-elliptical surface crack under a range of loading conditions, aiding

in the prediction of crack growth rate and direction.

Chapter 7 proposes a procedure for a complete crack modelling assessment. This

method is based on the preceding chapters and is capable of calculating the fatigue

life to crack initiation and likely crack location, as well as total propagation

fatigue life and crack growth direction. An extension to the theory established in
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Chapter 5 is also made to include a creep dwell in the cyclic loading history to

assess the effect of the creep and fatigue interaction on the structural integrity

of a component. This is the key deliverable of the project and provides a user

friendly tool that can be used in industrial applications for the complete analysis

of fatigue and creep fracture.

Chapter 8 presents the conclusions of the study and offers recommendations for

further research.



Chapter 2

Theoretical Background

Chapter Overview

This chapter presents an introduction to the field of fracture mechanics, fatigue and

creep. The basic principles are explained and the history that led to the development of

these fields is included for general interest. These core principles provide a foundation

for the subsequent chapters. A number of fatigue failure case studies are presented,

which highlight the importance of understanding fatigue and fracture. Through learn-

ing from these events, future developments in the field can be made and help to pre-

vent such incidents from occurring again in the future. A number of methods for the

assessment of fatigue failure are explained which demonstrate their use in industrial

applications.

17
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2.1 Fracture Mechanics

2.1.1 Overview of Fracture Mechanics

Fracture mechanics is the study of the initiation and propagation of cracks within a

structure and aims to provide an understanding of how materials fail. This knowl-

edge of how, where, and when a structure will fail allows precautionary measures to

be taken to prevent failure, through maintenance or replacement of the critical com-

ponents. The impact of material fracture varies depending on the specific application

but the results can be catastrophic. Therefore, gaining an understanding of fracture

and the ability to predict when a crack will initiate and propagate must be understood

to ensure the safe design and utilisation of structural components. Fracture mechanics

provides generalised techniques that are widely applied to a number of different indus-

tries and applications, and for this reason, this field of study attracts a large number

of researchers [11–16].

To address the need to understand the failure behaviour, fracture mechanics aims

to answer three main questions:

1. Where - the location of crack initiation and the direction of crack growth

2. When - after how many cycles will the crack initiate and how many additional

cycles can be endured before the crack grows to a critical length at which point,

instantaneous collapse occurs

3. How - the precise load at which crack initiation will occur

The field of fracture mechanics has undergone extensive investigation in recent

decades and as a result, the ability to predict and prevent failures through fracture has

increased considerably. It is a vitally important field of engineering but despite the

recent advances, further understanding is still required to help ensure the highest levels

of safety of engineering structures for years to come.

This section introduces the basic theory of fracture mechanics and provides a foun-

dation for the subsequent chapters.
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2.1.2 History of Fracture Mechanics

Fracture mechanics is a relatively new engineering discipline which has only really come

into mainstream existence since World War II. Before this, there was awareness of the

presence of cracks in structures, but they were considered insignificant and unlikely to

pose any threat to the structural integrity of engineering components. However, as is

now known, this was not the case, with fracture and fatigue being the cause of the vast

majority of structural failures, and it was not until a series of disasters occurred in the

mid-1900s that engineers realised the impact that fracture can have on components.

Examples of these are presented in this chapter, highlighting the severe consequences of

this failure mechanism and the vital importance of gaining a thorough understanding

in order to prevent such incidents from occurring again in the future. The following

sections briefly summarise the development of the field of fracture mechanics.

Alan A. Griffith

Alan Arnold Griffith was an English engineer who lived from 1893 to 1963 and was a pi-

oneer in the field of metal fatigue and stress fracture. His most famous work was on the

theory of brittle fracture [12] but later in life he also worked on the theoretical design

of gas turbines. Griffith’s interest in fracture concerned the relationship between the

predicted and actual strengths of materials, observing that components had a greatly

reduced strength compared to their predicted strength. He postulated that this differ-

ence was due to the presence of micro-cracks and other flaws within the lattice of the

material which reduced their overall strength by acting as a stress concentration, which

could ultimately cause rupture of the component. The effect that the presence of cracks

and sharp corners has on the induced stresses in a structure had previously been stud-

ied by Inglis [17] which provided a basis for Griffith’s hypothesis, however, prior to this,

the presence of internal micro-cracks had not been considered and consequently, the

strength of engineering components had been greatly over-estimated. All subsequent

fracture mechanics investigations were based on his theory and as a result, Griffith is

considered by many to be one of the founding engineers of this field [18]. Following

this investigation, and with the work of Inglis, Griffith developed his own theory of

brittle fracture by considering the first law of thermodynamics, which states that the
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energy of an isolated system is constant and so energy cannot be created or destroyed.

He applied this theory to fracture in an attempt to explain crack propagation with

reference to the energy balance. He proposed that if the strain energy that is released

when a crack grows in size by a set increment, is greater than the surface energy of

the material, then any contained flaws in the material will become unstable and thus

fracture will occur. It can be argued that this work in the 1920s provided a foundation

for modern theories of fracture mechanics. Griffith paved the way for modern fracture

mechanics, and although his work revolutionised structural integrity, his method had

a number of limitations. His approach was relatively generalised and theoretical, and

difficulties were encountered when applying his methodologies to real components. The

two main limitations of Griffith’s theory were that (1) the surface energy was a global

concept and difficulties arose when applying this to finite geometries and (2) that it

was only really applicable for very brittle materials.

George Irwin

George Irwin, an American scientist who lived from 1907 to 1998 extended Griffith’s

work to make it more generally applicable to real life components. He developed Grif-

fith’s theory of brittle fracture by replacing the surface energy with the specific effec-

tive fracture surface energy, incorporating plastic deformation at the crack tip during

growth [19]. This modification greatly improved its usefulness as a solution for engi-

neering problems and became known as the energy release rate concept. Soon after,

Irwin became aware of the work of Westergaard, a Danish engineer, who in the 1930s,

had developed a technique for the analysis of stresses and displacements ahead of a

crack [20]. Irwin took this methodology and demonstrated that these stresses and dis-

placements in the region of the crack tip could be related to the energy release rate

through an additional parameter, which became known as the stress intensity factor

(SIF). Irwin’s work in this field led to the development of the principles of linear elastic

fracture mechanics (LEFM) and for this reason, Irwin is often referred to as the father

of fracture mechanics.
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2.2 Background Theory of Fracture Mechanics

As Griffith found, structures contain many small imperfections and microcracks. A

structure may be able to sustain a number of small cracks, however, as they grow

under loading, they may reach a critical size, at which point the load can no longer be

sustained and the crack propagates throughout the structure. Fracture mechanics aims

to understand the point at which the crack changes from a stable to unstable state.

Fracture mechanics can be broadly split into two main categories depending on

a material’s fracture behaviour and its stress-strain response to a given applied load.

These are linear elastic fracture mechanics (LEFM) and elastic-plastic fracture me-

chanics (EPFM). These categories exhibit different behaviours and occur either side of

the yield point of a material, which is the load where a material begins to deform plas-

tically. Below this load, LEFM occurs, whilst above, the material undergoes EPFM.

From observing a material’s stress-strain curve, these different classifications of fracture

mechanics can easily be visualised and are explained in the following sections.

Linear Elastic Fracture Mechanics

The most simplistic case is linear elastic fracture mechanics in which a material is

assumed to behave linearly and elastically when the applied load is below the yield

stress of a material, denoted by σy. In this case, the relationship between stress and

strain is linear and provided that the yield is not exceeded, the material can be loaded

and unloaded repeatedly with no accumulation of damage. A prime example of this is

an elastic band, which can be pulled and released, and as long as the load is always

below the material’s yield point, the band will return to its original shape and no

deformation or damage will occur.

Non-Linear Elastic Fracture Mechanics

It is possible for some materials to behave in a non-linear elastic manner. In this case,

after an initial linear behaviour, with increasing load, the relationship between stress

and strain becomes non-linear, despite still being below the yield point. As in LEFM,

when the applied load is removed, the accumulated strain is relieved and no damage

occurs.



CHAPTER 2 THEORETICAL BACKGROUND 22

Elastic Plastic Fracture Mechanics

The other main category of fracture mechanics is elastic plastic behaviour. This occurs

when the applied load is above that of the yield point of the material. Here the

relationship between stress and strain becomes non linear and any applied load that is

above the yield will cause permanent deformation. Initially the damage will be small,

however, if the load is maintained, then damage will accumulate and the material will

ultimately fracture. A prime example of this is a paper clip. If it is bent very slightly

with an applied load below the yield, it will behave elastically and return to its original

position once the load is removed. However, if a larger load that is above the yield point

is applied, then the paper clip deforms plastically and will not return to its original

position. In this case, plastic damage has occurred. These different behaviours can be

visualised on a stress-strain curve as shown in Figure 2.1.

Figure 2.1: Generic stress-strain curve showing yield point and elastic and plastic regions

2.3 Strain Hardening

When the yield stress is exceeded and plastic deformation occurs, the material be-

haviour changes greatly. In metallic structures, at stresses above the yield point, strain

hardening can occur, which is a strengthening of the metal caused by inter-granular

movement within the crystal structure.

From observing the stress-strain response, within the plastic region when strain or
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work hardening occurs, the stress in the material increases, thus raising its strength

and its ability to withstand loads. However, with this, the strain also increases, thus

causing additional plastic deformation, reducing its fatigue life. Work hardening in

this way, can provide enhanced strength to a material if applied correctly and to an

acceptable degree.

The way in which the strain hardening occurs can vary widely in different materials

and different relationships have been developed that describe the way the material

behaves post yield. A number of material strain hardening laws exist, but arguably

one of the most commonly used is the Ramberg-Osgood relationship [21]. This describes

the non-linear stress-strain relationship of a material at and above its yield point. The

Ramberg-Osgood relationship states:

ε =
σ

E
+ α0

( σ
E

)n
(2.1)

where ε is strain, σ is stress, E is the Young’s Modulus and α0 and n are material

constants. The first half of the equation describes the linear elastic region, whilst the

second half describes the strain hardening relationship, providing a full description of

the material’s stress-strain behaviour.

It is sometimes appropriate to ignore material hardening when performing engineer-

ing analyses for ease of simulation. In such cases, an elastic perfectly plastic (EPP)

material model can be employed. This is a simplified relationship which offers an ap-

proximation of material properties with a lack of material hardening. It assumes that

with increasing levels of strain, the stress will never exceed the yield stress. This is an

idealistic case and in reality will never occur since some hardening will always take place.

However, within finite element analysis (FEA), this allows plasticity to be modelled in

a simplified manner to approximate the post yield behaviour of the material. Due to

these simplifications, the accuracy of solutions obtained is compromised, however, its

ease of implementation and the computing effort is significantly reduced compared to

that of more complex hardening models. A generic stress-strain plot showing material

hardening and EPP models is illustrated in Figure 2.2.
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Figure 2.2: Generic stress-strain curve showing material hardening

2.4 Ultimate Fracture

If a sufficiently high load is maintained then fracture will ultimately occur. Different

materials exhibit varying stress-strain responses and different fracture characteristics

which impact on the manner in which they fail. Some materials, such as ceramics and

glasses, undergo brittle fracture, in which very little plastic deformation occurs before

fracture. The crack will propagate very rapidly and little or no perceivable damage

will occur prior to failure. The fracture surfaces of this type of failure tend to be very

smooth.

Other materials undergo a different type of fracture, known as ductile fracture. In

this case, considerable plastic deformation can occur prior to fracture. Many metals

behave in this way. In the case of a tensile test, a specimen will begin to stretch and

narrow, known as necking, before ultimately failing. This type of fracture tends to occur

more slowly than brittle fracture and as a result, the fracture surfaces are markedly

different. They are much less smooth and often display a characteristic shape known as

cup-and-cone in which one end is concave in shape, and the other is convex where they

were previously attached. These two types of fracture exhibit very different stress-strain

responses as illustrated in Figure 2.3.
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Figure 2.3: Generic stress-strain responses of ductile and brittle fracture

However, fracture behaviour does not always fit exactly into either of these cate-

gories and different materials can occupy a range of positions on a spectrum between

the two. Temperature can also influence a material’s fracture behaviour. There exists

a critical temperature, known as the ductile-brittle transition temperature, at which

point, the fracture behaviour changes. Below this temperature, brittle fracture will

take place, whilst above it, ductile fracture occurs.

These different types of fracture and the stress-strain responses of materials greatly

affect a material’s properties and its behaviour, and so must be thoroughly understood

when considering the design and material selection of engineering components.

2.4.1 Modes of Fracture

The manner in which a material fractures is commonly split into three distinct cate-

gories known as the modes of fracture. These explain the way in which a crack prop-

agates through a component and relates to the type of loading. Mode I is an opening

mode as a result of tensile loading, Mode II is in-plane shear and Mode III is out of

plane shear. These are illustrated in Figure 2.4.
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Figure 2.4: Modes of Fracture showing (a) Mode I: Opening, (b) Mode II: In-plane Shear, (c)
Mode III: Out-of-plane Shear

2.5 Strain Energy Release Rate

Griffith’s and Irwin’s work gave rise to the strain energy release rate, which, for a

linear elastic material, is defined as the rate of change of potential energy per unit

crack surface area,

G = −
∂(U − Vf )

∂A
(2.2)

where U is the potential energy, Vf is the work done during fracture, and A is the crack

surface area. When fracture occurs, G = Gc, where Gc is the critical energy release

rate [16](p.13). The energy release rate, G, acts as the driving force for fracture whilst

the critical energy release rate, Gc is a material’s resistance to fracture.

2.6 Stress Intensity Factor

The geometry of a component greatly influences its structural integrity. Design features

such as notches or sharp corners, and even minor defects such as scratches and areas

of corrosion can act as stress raisers and limit a structure’s ability to resist fracture by

reducing the limit load, which is the point at which fracture occurs.
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The stress intensity factor (SIF), proposed by George Irwin, as mentioned in Section

2.1.2 offers a measure of a stress raising feature such as a crack and the extent of its

influence on the stress in a component. It is used as a fracture parameter that relates the

stresses in the crack tip region to the energy release rate. In a purely elastic material,

the SIF can completely characterise the conditions at the crack tip.

The stress intensity factor, denoted KI is a function of the stress within a component

and the size of the crack, and is defined as:

KI = Y σ
√
πa (2.3)

Where KI is the stress intensity factor, σ is the remotely applied stress, a is half

of the crack length and Y is a geometrical factor. When KI reaches a critical value

known as the fracture toughness of a material, denoted by KIC , fracture will occur and

thus KIC is a measure of a material’s fracture resistance.

Since the stress intensity factor is geometry specific, for a known geometrical factor,

K can be calculated analytically. Extensive experimental testing has permitted the

development of a set of standardised equations for calculating the stress intensity factor

for a number of different crack and model geometries, and these are openly published

in stress intensity factor handbooks e.g. British Energy Handbook [22]. This allows the

SIF of a wide range of specimen geometries to be calculated with relative ease. However,

these lists are not exhaustive and so may not be able to provide solutions for highly

complex and bespoke geometries. For such cases, K can be calculated numerically

and modern computational analysis tools can perform this with ease. Complete crack

simulation such as this is vitally important and there are a number of methods of

using fracture mechanics to evaluate fracture and fatigue life including the R5 and R6

procedures [4, 23] and stress intensity factor analysis which is discussed in the following

sections.

2.6.1 Relating the Strain Energy Release Rate to the SIF

It is possible to relate the SIF to the strain energy release rate, G:

G =
K2
I

E′
(2.4)
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where E′ is the Modified Young’s Modulus and E′ = E for plane stress and E′ = E
1−ν

for plane strain conditions, and ν is the Poisson’s ratio. This relationship also holds for

the fracture toughness and so the critical strain energy release rate can be given by:

Gc =
K2
IC

E′
(2.5)

For purely linear elastic material behaviour, these two relationships are equivalent.

2.6.2 The J-Integral as a Fracture Parameter

The stress intensity factor only applies for purely linear elastic material behaviour and

with increasing levels of plasticity, the SIF becomes less accurate and so an alternative

parameter is required. The J-integral offers such an alternative that can more accurately

represent increasing levels of plasticity.

The J-Integral was first proposed by Jim Rice in 1968[13] and allows characterisation

of the crack tip area without directly focusing on the crack tip itself[24]. This parameter

depends on the stress-strain field near the crack tip. It has a path independent nature,

meaning that its value can be calculated using an integration path that is sufficiently

far from the crack tip. The J-Integral can be considered as a potential energy difference

between identical bodies with slightly different crack lengths, thus simulating the change

in potential energy as a crack grows. Analytical calculations of the J-Integral have

proven to have a good degree of accuracy and it can also be calculated experimentally

through consideration of the load displacement data. Under LEFM, the J-Integral is

equivalent to the strain energy release rate so that:

J = G =
K2

E′
(2.6)

From this relationship, it can be assumed that for small scale yielding where the

plasticity is localised to the crack tip, the behaviour in the global structure is predom-

inantly elastic and by ignoring the crack tip conditions and considering the SIF away

from the singularity, the J-integral can be given by:

J =
(K ′)2

E′
(2.7)
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where K ′ is the stress intensity factor away from the crack tip. However, when the

plasticity becomes more significant and widespread, the value of the J-integral exceeds

these values and different methods of calculation are required. The use of the J-Integral

allows fracture mechanics concepts to be extended to allow for the inclusion of plastic-

ity, and in essence, provides an alternative to the SIF when considering elastic-plastic

fracture mechanics.

J was initially defined by Rice for two-dimensional problems as:

J =

∫
Γ

(
Wdy − T ′

(
∂u

∂x

)
ds
)

(2.8)

where Γ is the contour path surrounding the crack tip, starting from the lower flat

crack surface and continuing along the path to the upper flat surface, as illustrated in

Figure 2.5. W is the strain energy density, T ′ is the traction vector defined according

to the outward normal along Γ, u is the displacement vector and ds is an element of

arc length along Γ [13].

Figure 2.5: Image showing a contour, Γ surrounding a crack tip

Since J is related to the energy released during fracture, it can also be approximated

experimentally in relation to the load-history data. Integrating the load displacement

curve calculates the total energy released and this is proportional to the J-integral. This

is illustrated in Figure 2.6, where A is the crack, and A′ is the crack at a later time

period once some propagation has occurred and dU is the potential energy released
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during crack opening.

Figure 2.6: Load displacement curve showing energy released during fracture

Once the energy released during crack opening has been determined, the J-integral

can be calculated as follows[25]:

J = − 1

B

dU

da
(2.9)

where B is the body thickness, a is the crack length and U is the potential energy

illustrated by the area underneath the load displacement curve. However, since this

relationship is proportional to a single body thickness parameter, it is only applicable

for constant thickness bodies such as standard compact tension specimens or holed

plates, and as such may not be suitable for highly complex, bespoke geometries.

Sumpter and Turner[26] expanded the concept of the J-Integral and separated the

J-Integral into both elastic and plastic components so that,

J = Je + Jp (2.10)

where, Je and Jp represent the elastic and plastic components of the J-Integral respec-

tively. With consideration of Equation 2.9, they developed an energy form of the J
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integral[27]:

J =
ηeUe

B(w − a)
+

ηpUp
B(w − a)

(2.11)

where Ue and Up are the elastic and plastic components of the energy released during

fracture, ηe and ηp are geometry dependent constants, w is the uncracked ligament and

a is the crack length.

At low levels of plasticity, J is dominated by the elastic component and so the linear

elastic based strain energy release rate, as discussed above, is sufficient for calculating

J. However, when the effect of the plastic zone becomes more substantial, this linear

elastic approximate is no longer valid, highlighting the importance of this parameter.

The development of commercial and bespoke finite element software packages has

made the J-Integral a more promising technique and as a result, its use in fracture

mechanics has increased in recent years[28–30].
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2.7 Fatigue

Fatigue is a failure mechanism in which gradual damage occurs as a component under-

goes cyclic loading. Due to this repeated loading, failure can occur at induced stress

levels significantly lower than the ultimate tensile stress and yield stress limits. For

this reason, fatigue is potentially very dangerous since even small loads over a large

number of cycles can cause catastrophic damage. Structural fatigue is a prominent

failure mechanism in engineering components and it is estimated to be the cause of

up to 90% of all mechanical failures in metals [31, 32] and is also the cause of failure

for many polymers and ceramics. The fatigue life of a component is expressed as the

number of cycles that a component can undergo before critical cracking occurs. Fatigue

damage occurs in three distinct stages; initiation, propagation and failure. The first

stage is crack initiation when small micro-cracks begin to form. While these may be

sustainable up to a certain point, when a crack reaches a critical size, immediate and

rapid crack extension occurs throughout the specimen, potentially causing catastrophic

failure. Since fatigue accounts for so many mechanical failures, the study of fatigue has

attracted many researchers for a number of years [33–38] and is still widely investigated

today [39–48] .

2.7.1 Fatigue & Fracture Failure Case Studies

A number of well-known examples of the impact of fatigue failure exist which highlight

the importance of studying this type of failure. It is vitally important for engineers

to study such cases as learning from these incidents can assist in refining engineering

design, hence minimising the risk of future disasters. There are many examples of

where the fatigue mechanism has caused failure in a structure and three of the most

commonly cited ones are described below.

World War II Liberty Ships

The Liberty ships were a class of warship built by the United States Maritime Comission

in World War II. They were designed for rapid construction, when ships were required

urgently. To increase the speed of production, their components were pre-fabricated

and welded together. This allowed the ship to be constructed very rapidly with the
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average construction time being 42 days and the fastest taking only four and a half days.

A feature that enabled this rapid construction was that many of the rivets were replaced

with welds. At the time, welding on this scale was a relatively new technique and so the

workers were inexperienced and there was very little documentation available to offer

guidance. Many Liberty ships were affected by deck and hull cracks with approximately

1200 of the entire fleet of 2710 suffering cracks, resulting in the complete loss of 200

ships. There were a small number of extreme cases, where the ships suddenly split

entirely in two, as can be seen in Figure 2.7 [49]. A number of factors are believed

to have led to these disasters. It was discovered that the grade of steel used to make

the Liberty ships had low fracture toughness and suffered from embrittlement. This

material became even more brittle in lower temperatures and it was found that the

temperature of the cold waters of the North Atlantic Ocean was below the ductile to

brittle transition temperature and so the failure mechanisms of these steels changed

from ductile to brittle. Fatigue also was a factor in the failures of these ships. In calm

waters, the structural integrity of the ships could have been sufficient, however, in open

seas when conditions were choppier, the motion of the waves caused the hull and deck

of the ships to flex and bend. This cyclic motion of the waves caused repetitive fatigue

loading on the structure. This combination of the brittle material and fatigue loading

caused nucleation of cracks in the welded joints which acted as stress concentrations.

As the hull continued to be flexed and bent, this caused the cracks to propagate [50].

Since the joints were welded rather than riveted, the cracks could propagate across

very large distances with no features present to arrest the crack. Riveted joints could

have prevented this happening on this scale as a crack could not propagate so far

and so fast. Each of these factors played a role in the failures. The impact of an

individual factor may not have been so severe, however the combination of the factors

had catastrophic results and caused one of the greatest recorded maritime disasters in

the 20th Century. These disasters prompted a great interest in fracture mechanics and

they can be attributed to the beginning of this engineering discipline.
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Figure 2.7: Image showing a Liberty ship that had cracked in two [49]

De Havilland Comet

The de Havilland Comet was the first production commercial jet-powered airliner, man-

ufactured by the British aviation company, de Havilland Aircraft Company Limited.

Its first flight was in 1949 and its official launch was in 1952. Unfortunately, the Comet

had a fundamental design flaw which resulted in 3 catastrophic fatigue failures in 1954,

just over one year after entering commercial service. At the time, the fatigue failure

and stress concentrations were not well understood and a fundamental design flaw was

overlooked in that the windows and hatches in the plane were square with sharp cor-

ners. The body around the windows was fixed with rivets, rather than the adhesive

bonding that was used elsewhere in the aircraft. These sharp corners and rivets acted

as stress concentrations, drastically increasing the localised stresses in the proximity

of these features. In the design stage of the aircraft, these stress concentrations had

been overlooked and instead global estimates were made based over a large area. This

resulted in the fracture and fatigue life calculations being performed with values of

stress that were much lower than those that occurred in reality. For the optimum effi-

ciency of the operation of the engines, the Comet had a cruising altitude of 40,000 feet.

Although modern planes regularly cruise at this altitude, at the time of the Comet,

this was the first time that a pressurised aircraft of this size which contained windows
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had been flown at this altitude. To compensate for the low pressure environment, the

cabin was pressurised to an equivalent pressure of 8,000 feet, which induced a pressure

differential across the fuselage wall of 56kPa [32]. This pressure gradient was double

what had previously been experienced by commercial aircraft, inducing great stresses

in the structure. For each flight, an aircraft cabin is pressurised before take-off and

depressurised after landing. This induces a cyclic internal pressure loading on the body

of the aircraft and over the operational life of the plane, this cycle is repeated thousands

of times, causing gradual fatigue damage to the structure. In the case of the Comet,

this fatigue loading of a substantially increased load range, severely compromised the

integrity of the structure, causing cracks to initiate from the sharp corners of the win-

dows and hatches. As the plane continued to operate, this cyclic loading was repeated

until ultimate failure occurred, resulting in the loss of three aircraft. Cracking emanat-

ing from the sharp corners of the square windows is shown in Figure 2.8 [51, 52]. These

disasters brought awareness of stress concentrations in engineering structures and high-

lighted the importance of design for the minimisation of stress and elimination of such

concentrations. This revolutionised aircraft design with round windows to minimise

the stress concentrations.

Figure 2.8: Image showing cracking initiating at window corners of the de Havilland Comet
[51,52]

Aloha Airlines Flight 243

On 28th April 1988, a Boeing 737 operated by Aloha Airlines was subject to an explosive

decompression, resulting in a large section of the fuselage fracturing and separating, as

shown in Figure 2.9 [53]. This plane was operated on an short haul service between
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the Hawaiian islands. The nature of this service was short distance, high frequency,

shuttle flights, resulting in a very high number of flight cycles for a comparatively low

number of flight hours. Although Aloha Flight 243 had only 35,496 flight hours, this

was accumulated over 89,680 flight cycles, which is defined as take-off and landing.

Current Federal Aviation Administration (FAA) regulations state that an airframe

must be permanently withdrawn from service after 34,000 flight cycles or 34,000 hours,

whichever comes first. Therefore, by current standards, this plane had greatly exceeded

its safe working life. This cycling of pressurising and depressurising of the aircraft

induced substantial stresses in the structure. An additional factor was the location of

the flight routes. Since it was flying in an ocean environment, high levels of salt in the

atmosphere had caused corrosion cracking in the aircraft. After the event, it was even

reported that on entering the plane, a passenger had noticed a substantial crack in the

airplane fuselage, however, this was never reported to staff. The mechanical failure

was determined to be due to cracking that had originated from a rivet joint which

acted as a stress raiser, which was perhaps further exacerbated by corrosion cracking

[54]. Signs of this failure would have been apparent prior to the incident, however, the

Aloha Airlines maintenance program had failed to detect the presence of this significant

fatigue damage.

Figure 2.9: Image showing fuselage damage caused to Aloha Airlines flight 243 as a result of
fatigue failure [53]



CHAPTER 2 THEORETICAL BACKGROUND 37

2.7.2 Mechanism of Fatigue

The examination of fatigue failure case studies, highlights the importance of a rigorous

understanding of fatigue failure and stress. Continued investigation into such failures

can hopefully prevent similar incidents from happening again in the future. Real-life

cases such as the ones described above, together with the experimental testing that

has been performed over the years has allowed a much greater understanding of fatigue

failure to be gained through extensive investigation with the result that the mechanism

of fatigue is now much better defined and categorised.

Fatigue is characterised by three main stages, crack initiation, crack propagation

and failure. However it is important to note that fatigue can take place without the

component necessarily failing.

Crack Initiation

During crack initiation, small micro-cracks will form and begin to grow. These cracks

may be sustainable up to a certain point, but if the loading is maintained the micro-

cracks may reach a critical length.

Crack Propagation

If the micro-cracks reach their critical length, immediate and rapid crack extension

occurs throughout the specimen. This is the point at which the crack changes from a

stable to an unstable state.

Failure

If the loading is maintained, the propagating crack will continue throughout the entire

specimen, causing catastrophic failure.

2.7.3 Fatigue Analysis

Analysing the fracture surface of a component that has undergone fatigue failure can

clearly show the three stages of the mechanism. Figure 2.10 shows a scanning electron

microscope (SEM) image of a fractured rectangular wire [55]. The point of crack

initiation can clearly be seen as a point defect, identified by the large red arrow in
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the image. This crack can be seen to propagate away from the initiation point. Once

the crack propagation is established, striations in the material can be seen as bands

radiating away from the initiation point. These striations are referred to as ‘beach

marks’ since they resemble the pattern that an ebbing tide leaves on a sandy beach.

These different bands occur as a result of the cyclic loading that occurs when the crack

surface is repeatedly opened and closed. This continues and the crack propagates up

to a critical point at which the material can no longer sustain the crack. Whereupon

the beach marks cease, as identified by the smaller red arrows, and complete and rapid

fracture occurs. At this point, a single load fractures the specimen and so no beach

marks are produced and the pattern can be seen as homogeneous. This type of analysis

assists in the determination of a degradation mechanism that has occurred. If the reason

for failure is unknown, the fracture surface can be analysed in this way and the failure

mechanism determined, thus allowing future improvements to be made to prevent or

delay fatigue from re-occurring.

Figure 2.10: Fatigue Fracture Surface [55]
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2.7.4 Fatigue Classification

Fatigue is characterised by two different categories, high cycle and low cycle fatigue.

High cycle fatigue (HCF) involves low stresses in which the deformation is primarily

elastic and typically requires more than 104 cycles before failure occurs. Under HCF,

induced fatigue damage is due to local plasticity around a stress raiser such as a crack

tip. Low cycle fatigue (LCF) occurs when the stress is close to, or at the yield limit of

a material and is thus large enough to induce plastic deformation, resulting in a greatly

reduced lifetime, with failure occurring in less than 104 cycles. Under LCF, fatigue

failure can occur either by local plasticity or by global plasticity throughout the entire

specimen. This is characterised by the Coffin-Manson relation [56, 57] whereby the

total number of cycles to failure is proportional to the plastic strain, so that:

∆εp
2

= ε′f (2N)c (2.12)

where
∆εp

2 is the plastic strain amplitude, ε′f is an empirical constant referred to as the

fatigue ductility coefficient, 2N is the number of reversals to failure and c is the fatigue

ductility exponent, a material constant. This offers an efficient method of calculating

the low cycle fatigue life of a structure based on the strain range history data and is

widely used in industrial applications.

Fatigue data can be determined experimentally and is commonly characterised using

an S-N curve [58], where the number of cycles to failure (N) is plotted against applied

stress (S), as shown in Figure 2.11.

It can be seen that for low stresses, the total number of cycles to failure is very high.

As the stress increases, the number of cycles to failure decreases. This relationship is

derived from extensive experimental results. For a given material and an applied cyclic

stress, a fatigue limit can be defined, below which, failure will never occur.
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Figure 2.11: Generalised S-N Curve

2.7.5 Types of Fatigue

Mechanical

The most common form of fatigue is mechanical and occurs when a specimen is sub-

jected to a cyclic variation of structural loading. This can be between tensile and

compressive forces as found in any rotational system or a variation between maximum

and minimum uni-directional forces. This variation in cyclic loading is referred to as

the R-ratio which defines the ratio of minimum peak stress to maximum peak stress,

R = σmin
σmax

.

The mechanical fatigue resistance of a material is generally proportional to its yield

strength, and so materials with a high yield strength will tend to be more resistant to

mechanical fatigue.

Thermal

Thermal stresses arise when varying temperature conditions are applied to a speci-

men causing the component to expand and contract, thus inducing internal stresses.

Thermal fatigue occurs due to the variation in thermal stress concentrations that are

induced through cyclic thermal loading conditions.
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The thermal stress of a material is proportional to the thermal expansion coefficient

and temperature range, such that:

σth = Eα∆T (2.13)

where, σth is the thermal stress, E is Young’s Modulus, α is the coefficient of thermal

expansion and ∆T is the temperature range.

It can therefore be seen that the higher the thermal expansion coefficient, the higher

the stress, and the more the material is susceptible to thermal fatigue.

Thermo-mechanical

Thermo-mechanical fatigue (TMF), as the name suggests, is the combination of both

mechanical and thermal fatigue and occurs when a specimen is subjected to cyclic

structural and thermal loading conditions. The two mechanisms work cumulatively

to further increase crack initiation and propagation rates, thus greatly affecting the

fatigue life. This is commonly found in high temperature, rotational applications such

as gas and steam turbines.

The phase lag between the mechanical and thermal loads can have varying affects

on the stresses induced in the structure. In phase TMF occurs when the mechanical

and thermal load are cycled at exactly the same rate and so maximum mechanical and

thermal loading occur simultaneously. Conversely, out of phase TMF occurs when a

phase lag exists between the two loads so that maximum and minimum values occur at

different times. If the two loads are separated by a 180°phase lag, then the maximum

of one load and the minimum of the other load occur simultaneously. This is referred

to as completely out of phase TMF. These different categories of TMF are illustrated

in Figures 2.12 to 2.14
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Structural Load
Thermal Load

Figure 2.12: In Phase TMF

Structural Load
Thermal Load

Figure 2.13: Out of Phase TMF

Structural Load
Thermal Load

Figure 2.14: Completely Out of Phase TMF
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Corrosion Fatigue

The presence of a corrosive environment can exacerbate fatigue. Corrosion can cause

pitting and other surface damage, introducing stress raisers, as well as increasing the

crack growth rate, thus further limiting the fatigue life of the component. Plotting

corrosion fatigue failure data on the S-N curve clearly demonstrates the drastic effect

that corrosion has on fatigue and this is illustrated in Figure 2.15. The presence of

corrosion dramatically reduces the stress required to cause fatigue failure and thus the

number of cycles to failure is also significantly reduced.

Figure 2.15: Generalised S-N curve with corrosion data

The corrosion fatigue resistance of a material, depends highly on the surface finish

of the material. Smooth, un-notched surfaces will have a greater resistance to fatigue

than those with surface damage such as pitting. This is true of all types of fatigue, but

is of particular importance in corrosion fatigue resistance.

2.7.6 Fatigue Life

Due to the potential consequences of failure, it is clearly vitally important to be able to

predict the fatigue life of a component. A number of different methods for calculating

the fatigue life of a component are described in Section 2.8.

Complete fatigue life comprises two separate components, crack initiation and crack
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propagation. Crack initiation life describes the number of cycles undergone by the

specimen before any notable cracking occurs; the extent of cracking is defined by a

critical crack length, often denoted, ac. Crack initiation is said to have occurred once

the crack reaches the critical length, ac. Crack propagation life describes the number

of additional cycles that can be sustained before the crack grows to the length where

ultimate fracture occurs, or it reaches an additional defined critical crack length. The

critical crack length can be user defined depending on the application and the associated

safety margins.

2.7.7 Factors Affecting Fatigue Life

There are a number of factors that can limit the fatigue life of a component. Crack

initiation will occur at locations where the stress is higher than surrounding regions,

known as a stress raiser. Design features such as notches or sharp corners, and even

minor defects such as scratches and corrosion can introduce stress raisers, reducing the

critical stress at which crack initiation can occur, thus requiring a reduced load or fewer

loading cycles for failure to occur.

Material microstructure can also affect the fatigue life; microscopic anomalies such

as impurities, atomic dislocations or slip planes reduce the force required to cause

cracking, thus greatly increasing the likelihood of failure. These imperfections can arise

from impurities in the crystallographic structure or as a result of the manufacturing

process such as work hardening or residual stresses from heat treatment or welding.

The loading pattern during normal component operation can also have a significant

impact on the fatigue life. If minimum and maximum stress values are both in either

tension or compression, the fatigue life will be longer than for a situation where mini-

mum loading is compressive and maximum loading is tensile which will induce greater

stresses in the component and thus shorten the fatigue life.

2.8 Fatigue Life Assessment Methods

The ability to predict a component’s fatigue life is clearly vitally important and a

number of assessment methods have been developed which offer efficient methods of

estimating the number of cycles to failure of engineering components which are routinely
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used in industry. Different methods are suited to specific applications and must be used

appropriately to ensure the highest level of accuracy is achieved.

There are three sets of life assessment methods, those that calculate the number of

cycles to initiation, those that calculate the crack growth rate per cycle of a propagating

crack and others, called total life approaches, that separate the model into each stage

of the fatigue process to determine the complete life through initiation and propagation

to ultimate failure. Total life approaches have been found to provide a more accurate

representation of the complete fatigue process. Some of these methods are discussed in

greater detail in the following sections.

2.8.1 The Paris Law

In the study of Linear Elastic Fracture Mechanics, the fatigue life of a material is

commonly represented by Paris’ Law, which relates the stress intensity factor range to

the critical crack growth. Paris stated that the crack grown rate da
dN is proportional to

the stress intensity factor range and two material constants by the following relationship

[33].

da

dN
= C∆Km (2.14)

where a is the crack length, N is the number of load cycles, ∆K = Kmax − Kmin is

the stress intensity factor range and C and m are constants. The stress intensity factor

range is the difference between the stress intensity factor at maximum and minimum

loading.

General fatigue crack growth behaviour can be illustrated schematically on a log-

log plot of ∆K against the crack growth rate, da
dN , as shown in Figure 2.16. This

relationship can be broadly split into three separate regions, region 1 where the loading

is below the threshold for fatigue to occur, region 2 where fatigue occurs and region 3

where fracture and failure occurs. The Paris Law is a simplified model which provides

a representation of the fatigue behaviour in region 2, which is assumed to be linear on

a log-log relationship.
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Figure 2.16: Generalised fatigue crack growth behaviour showing the Paris’ Law Relationship

2.8.2 The Neuber Correction Method

The Neuber Correction Method [59–63] is one of the most well known methods and is

widely used in industry for fatigue life assessment [64, 65]. This is a strain-based life

assessment method that is approximated from a purely elastic solution. A linear elastic

analysis is performed and the induced behaviour at a stress concentration is calculated.

The strain life method requires true stresses and strains and so a correction factor

is applied to adjust the elastic solution for local plasticity, to allow the approximate

deformation to be determined. The stress range and strain range can then be predicted

from this modified solution. Since this method is based on the stress concentration and

the induced strain range, it is sensitive to the material properties under investigation.

This method is also very conservative, but is especially relevant in highly technical

industries such as the power industry, where a high degree of conservatism is often

required due to the safety implications.
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2.8.3 The Cyclic J-Integral as a Fatigue Parameter

The SIF models purely elastic behaviour, and so beyond the limit of LEFM, when

significant plasticity occurs, it no longer offers a satisfactory measure of fatigue life,

rendering the Paris Law less accurate for fatigue life assessment. The use of the LEFM

concept to calculate a component’s fatigue life can yield inaccurate, under-conservative

results for cracks growing within a plastic zone. For this reason, an elastic-plastic

fracture mechanics approach is required which can more reliably assess the effect of the

plastic zone. To this end, a different parameter is needed for the accurate prediction

of the fatigue life during plastic deformation.

The cyclic J-integral, denoted ∆J , offers such an alternative, which in essence is an

EPFM equivalent to the stress intensity factor. To address the requirement for a fatigue

life assessment method during plastic deformation, Dowling and Begley[66] developed

an extension to the Paris law which incorporates this cyclic loading version of Rice’s

J-integral fracture parameter, ∆J . They proposed a similar power law behaviour for

fatigue life when levels of plasticity are significant. Just as the stress intensity factor

range is used to calculate linear elastic fatigue life, they proposed that the elastic-plastic

fatigue crack growth rate is a function of the J-integral range, ∆J , and two material

constants, and is given by:

da

dN
= C ′(∆J)m

′
(2.15)

where da
dN is the crack growth per cycle and C ′ and m′ are material constants.

Unfortunately, a number of issues are encountered when calculating the cyclic J-

integral. Unlike the stress intensity factor, which for cyclic loading is simply equal to

Kmax−Kmin, the cyclic J-Integral, is a function of the stress and strain range, ∆σ and

∆ε and as a result, is not simply equal to Jmax − Jmin. For this reason, calculating

the cyclic J-Integral is inherently more difficult than for monotonic loading and no

standard techniques have yet been developed to determine ∆J . In order to allow its

inclusion in the Dowling & Begley law for the calculation of the EPFM fatigue life, the

J-Integral must be reliably extended to allow for cyclic loading conditions, much like

the SIF range is used in LEFM cyclic fatigue.
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The cyclic J-Integral is a measure of the elastic and plastic work performed for

crack growth to occur when subjected to a cyclic loading history. As a result, from

Sumpter and Turner’s theory[67], that the J-integral comprises its elastic and plastic

components, as in Equation 2.10, it can be assumed that the cyclic J-integral also

comprises its elastic and plastic components, so that

∆J = ∆Je + ∆Jp (2.16)

At low levels of plasticity, ∆J is dominated by the elastic component and so the

linear-elastic based strain energy release rate is sufficient for calculating ∆J . However,

when the effect of the plastic zone becomes more substantial, this linear elastic ap-

proximation is no longer valid and thus a reliable method of its calculation is vitally

important.

One approximate method of calculating the ∆J is the energy method. In a similar

manner as for monotonic loading in Section 2.6.2, the cyclic J-integral, ∆J is also related

to the energy released during fracture, meaning it can be calculated experimentally from

load-history data. Considering the entire load history including loading and unloading,

∆J can be approximated experimentally by integrating the load displacement curve

between the minimum load, Pmin, and maximum load, Pmax to calculate the total

energy released during fracture. This is illustrated in Figure 2.17.
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Figure 2.17: Load displacement curve showing energy released during fracture under a cyclic
loading history

Once the potential energy released during fracture is known, the cyclic J-integral can

be approximated in a similar way as proposed by Sumpter and Turner for monotonic

loading (Equation 2.11), through the following relationship as proposed by Webster

and Ainsworth[68](p.193-194):

∆J =
ηpdU

Bb
(2.17)

where dU = AreaOAB is the potential energy released during fracture, ηp is a geomet-

rical factor, B is the body thickness, and b = w − a is the un-cracked ligament where

w is the total body width and a is the crack length.

However, as with the monotonic case, this is only applicable to bodies of constant

thickness, and due to the presence of the geometrical factor, the relationship is geometry

specific and only suitable for a small number of specimens.
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Predefined geometrical factors exist in the literature [68](p.194) only for compact

tension specimens, tension specimens and bend specimens. For compact tension speci-

mens ηp = 2 + 0.52 b
w , for bend specimens ηp = 2.0 and for tension specimens, ηp = 1.0.

However, for any other geometries, the geometrical factors would need to be deter-

mined using other means, adding additional complications in the calculation of the

cyclic J-integral.

For these reasons, this method of calculating the cyclic J-integral is not suitable for

complex and bespoke specimens. This poses a significant issue for the calculation of

the cyclic J-integral and a more widely applicable and reliable method of calculating

∆J is clearly required. This is the topic of investigation in Chapters 3 and 6.

2.9 Testing and Monitoring of Fatigue

Fatigue life assessment methods are not solely sufficient for a complete understanding

and prediction of a component’s lifetime and in addition, extensive fatigue monitoring

and testing is performed in all the life stages of a component, from design, through

operation and retrospective inspection after retirement.

There are a number of different methods of monitoring fatigue fracture, with some

methods causing partial or destructive damage to the material. Whilst such methods

clearly cannot be used during operation of a component, they can give valuable insights

into retired components once operation has completed and the component removed.

However, it is also vital to be able to monitor components whilst they are in operation

and different techniques must be used in order to achieve this without causing any

damage. A valuable range of techniques exist which are non destructive and are referred

to as non-destructive examination (NDE).

Although these methods are outside the scope of this project, they are worth consid-

ering here since they offer vitally important engineering tools which are used routinely

in industry. These techniques can aid the validation and monitoring of fatigue life and

a brief introduction to some of these methods is provided in the following section.
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2.9.1 Non-Destructive Examination

Non-Destructive Examination (NDE) is the process of detecting properties of a ma-

terial without damaging or altering a component in any way. This group of analysis

techniques can be used to detect flaws and cracks in a material, helping to determine

the fatigue and fracture properties. NDE plays an important part in structural health

monitoring for assessing integrity and predicting remaining working life.

Visual inspection

The most fundamental method of NDE is visual inspection. This is merely the naked eye

observation of a component surface to monitor any abnormalities that may be present

including leaks and cracks. This technique does not probe the surface and so cannot

detect anything inside the material. Cameras can be used to monitor inaccessible or

hazardous areas, however, all detection is conducted by the operator. It is the least

sophisticated method of NDE and depends entirely upon an individual’s detection

ability.

Dye Penetrant

Dye penetrant inspection (DPI) is an extension of the scope of visual inspection. A

dye is applied to a surface of a component which then penetrates into any cracks

or imperfections on the surface of the material. The excess dye is removed with a

developing agent that draws the penetrant from the cracks. The dye then clearly shows

the locations of any cracks that are present on the surface. Ultra-violet (UV) light may

be used to assist in the detection of the dye. This technique is only capable of detecting

surface imperfections and is once again dependent on the operator’s detection ability.

Ultrasonic inspection

Ultrasonic Inspection (UT) is a more advanced technique than visual inspection. It

uses short wavelength ultrasonic signals to detect any imperfections inside a material.

It works in the same manner as radar systems in submarines and ultrasound methods

in the medical industry for viewing inside the human body. A signal is transmitted
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from a probe onto the surface of the component, which then travels through the ma-

terial and reflects off any surfaces that it encounters. By monitoring the detection

of reflected signals, any internal features can be detected. This technique offers lit-

tle information regarding the type of feature detected and it relies on the individual

inspector’s experience and ability to identify internal features. It is a highly manual

and laborious technique, undertaken in arduous working conditions for the technician,

thus impacting on the operator’s ability to detect flaws. The possibility of human error

must be factored in and appropriate action taken to ensure that operators are able to

work at their optimal ability and that multiple measurements are taken to increase the

reliability of readings.

Infra-Red Testing

Infra-red (IR) testing, uses infra-red imaging to detect any heat variation in a com-

ponent. Such a variation can indicate cracks or holes in a component where thermal

energy is lost and detected by the IR imaging device. An example of where this tech-

nique may be used is monitoring pipework containing a high temperature fluid. If the

pipe is well insulated, any points of high thermal radiation could indicate a crack in the

pipe or a region of thinner pipe wall. This technique can be very easy to perform, it

does not require any cladding, cover or insulation to be removed and can be performed

simply with an IR camera.

Magnetic Particle Inspection

In magnetic particle inspection (MPI) a magnetic field is first applied to the component

and then the surface is covered in ferrous iron particles. The magnetic field will be

affected by the presence of cracks in such a way that the iron particles will be attracted

to and concentrate around any surface defects. This allows imperfections to be easily

visible, however this technique is only applicable to magnetic materials such as ferritic

steels.
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Eddy Current Testing

In eddy current testing, electromagnetism is applied to a component and the resulting

magnetic field is monitored. Any imperfections or cracks in the specimen will impede

the magnetic flux and thus affect the magnetic field. Monitoring the field with a receiver

can identify the location of defects. This technique is only applicable to magnetic

materials and the conductivity of the material will dictate the depth into the material

that this technique can detect.

Radiography Testing

Cracks and imperfections can be detected with the use of X-Ray and gamma radiation.

Defects have different radiation absorption rates compared to solid material and thus

their location and any other material variation can be detected.

Acoustic Emission (AE) Testing

Acoustic Emission testing is a method of fatigue crack growth monitoring through

analysis of sound waves and acoustic excitation that are generated during propagation

[69]. Sensors are positioned on a specimen that can detect cracks by “listening” for

noises caused during movement of a crack. This technique can provide a great level of

detail of crack growth in complex geometrical specimens and by mapping the detected

signals, the crack growth progression and development can be determined.

Leak Test

Leak testing can be used to detect cracks in pressure containment components such as

pressure vessels and piping, by pumping liquid or gas penetrants into the component

at high pressure. Tests can then be performed to detect the penetrant gas. Typical

examples are helium or radioactive isotopes of xenon. Helium is inert and is therefore

a safe option which can be detected by a mass spectrometer. Xenon isotopes are

radioactive and so may not be suitable for some applications, however, the radiation,

and therefore the location of the crack can easily be detected. As a low cost method,

soapy water can also be used since the presence of a gas leak will produce bubbles on

the component surface, which are easily visible.
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Choice of NDE Test

It can be seen that there are numerous different NDE tests which vary widely in cost

and sophistication. The optimal test to use depends on the specific application in

question. Highly technical and high risk applications such as in the nuclear industry

require highly sophisticated techniques with less concern for the associated cost. For

low-technology applications, a much less sophisticated and cheaper technique may be

deemed sufficient.

2.9.2 Fitness for Service Assessment

Fitness for service (FFS) assessments offer a method of evaluation of the structural

integrity of components. FFS assessments consider crack geometry, material properties

and loading conditions in order to offer a quantitative measure of the structural be-

haviour of a component. This is used to determine the consequences of failure, safety

classification, tolerable likelihood of failure and safety of operation. These standards

offer guidelines on how to assess a structure through its design, manufacture, operation

and life extension, ensuring maximum levels of safety. A number of different procedures

exist which are widely used in the heavily regulated power industries, in particular the

nuclear industry. These include R5[4] & R6[23] and ASME Boiler & Pressure Vessel

Code (BPVC) Section III[70]. These assessment guidelines aid the evaluation of fa-

tigue in nuclear power plant components and help to minimise the risk of failure to

verify safe operation. This is achieved through strict guidelines for optimal design and

manufacture as well as extensive and regular monitoring and inspection routines.

R5 and R6 Procedures

The R5 procedure, developed by British Energy, is a UK standard for the assessment

of the integrity of structures at high temperature. This is used primarily in the nuclear

industry for the assessment of the structural integrity of Advanced Gas-Cool Reactors

(AGRs). The R6 procedure is used for the assessment of structures containing defects

and together with the R5, provides the foundation of the UK’s integrity assessment of

the AGR fleet.

The R5 procedure uses a simplified approach based on elastic stress analysis to assess
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a number of different damage mechanisms including excessive plastic deformation, creep

rupture, cyclic ratchetting, creep deformation, crack initiation and crack growth.

In cases which do not relate completely to the damage mechanisms listed above,

more advanced options are available, leading to less restrictive results. For highly

complex cases, advice is provided to ensure accurate results using a complete, fully

cyclic inelastic computational analysis. This allows a balance to be made between the

simplified and less accurate elastic based analysis and computationally expensive and

time consuming cyclic analysis.

ASME BPVC Section III

The ASME Boiler Pressure Vessel Code Section III is an American standard that offers

a similar procedure to R5 and R6 for the evaluation of fatigue of nuclear power plant

components. It is based upon empirical data obtained from extensive experimental

testing to assess the fatigue endurance of austenitic steel structures in air environ-

ments. Fatigue failure is defined as the number of cycles that is required to cause a

3mm deep crack in the cylindrical specimens that were used in the tests. This poses an

issue when applying the code to different geometries, materials or in different environ-

ments. However, this definition of fatigue failure is widely adopted and is ratified by

the UK Technical Advisory Group on the Structural Integrity of High Integrity Plant

(TAGSI). The results obtained are conservative estimates that have been shown to be

highly reliable. However, due to the nature of the tests on which the fatigue estimates

are based, the procedure has been found to be more restrictive than the R5 and R6

procedures.

2.9.3 Predicting Component Lifetime

Fatigue cracking and impending failure can be inherently difficult to detect but as has

been seen, the consequences if not detected can be severe. Therefore, in order to reduce

the impact of a failure, the fatigue life of a component must be determined during its

design stage. Whilst the component is in operation, adequate safety margins must be

employed. In addition, condition monitoring of the component can be performed to

provide early indication of impending failure. For example, the “leak before break”
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condition, where detection of leakage indicates the onset of failure, allows appropriate

actions to be taken before serious consequences ensue.

2.10 Creep

The final damage mechanism that is presented in this thesis is creep. Creep is a fail-

ure mechanism in which gradual deformation occurs over extended periods of time at

elevated temperatures. Creep generally takes effect at between a third and half of the

melting temperature of the material, and when subjected to continuous loading for ex-

tended periods of time, inter-granular cavitation damage occurs, causing the material to

plastically deform and elongate. However, the extent and rate of deformation is depen-

dent on the material, temperature, applied structural load and dwell time. Since creep

deformation occurs when components at elevated temperatures are exposed to struc-

tural loads for extended time periods, this failure mechanism is particularly prevalent

in the power industry.

Figure 2.18 illustrates a typical material response subjected to an extended time

constant stress load. This type of deformation can be categorised into four distinct

stages. Initially elastic strain occurs immediately upon loading, primary creep then

begins shortly after the load is applied and during this stage, material hardening occurs,

causing the strain rate to decrease with time. Next, secondary creep occurs, at which

point the deformation reaches a steady state and the creep rate becomes constant.

The final stage is tertiary creep, in which the creep strain rate accelerates. During

this damage phase, slip occurs along the grain boundaries of the material, causing the

nucleation of voids. When these voids coalesce, creep rupture occurs and the material

fails.
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Figure 2.18: Generic creep curve showing the three stages of creep followed by rupture

2.10.1 Creep Laws

Describing the evolution of creep is very complex, however, a number of different con-

stitutive relationships exist that have been proposed to describe each stage of the creep

behaviour of a material. Different materials will follow different creep relationships for

each stage and so there exist a large number of creep laws that a material may follow.

The creep strain is commonly separated into its elastic and inelastic components so

that,

ε = εE + εC (2.18)

While the elastic strain can be determined with ease, the creep strain poses additional

complications, but a number of relationships have been developed in an attempt to

model the creep behaviour of materials. The creep strain can be written as a function

of stress, σ, time, t and temperature T , so that,

εC = f(σ, t, T ) (2.19)
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This can be further separated into functions of each component, i.e. stress, f1(σ), time,

f2(t), and temperature, f3(T ), such that,

εC = f1(σ)f2(t)f3(T ) (2.20)

For the stress component, some of the proposed constitutive relationships include the

Norton, Prandtl, Dorn, Garofalo and Friction Stress laws [71](p.12-13):

The Norton law:

f1(σ) = Bnσ
nn (2.21)

The Prandtl law:

f1(σ) = Cp sinh(αpσ) (2.22)

The Dorn law:

f1(σ) = Ddexp(βdσ) (2.23)

The Garofalo law:

f1(σ) = Ag[sinh(γgσ)]ng (2.24)

The friction stress law:

f1(σ) = Bf (σ − σ)nf (2.25)

Where, Bn, nn, Cp, αp, Dd, βd, Ag, γg, ng and Bf are material constants specific to

each respective creep law and σ is stress.

For the time dependence component, the proposed constitutive relationships include

the Secondary creep, Bailey, Andrade, and Graham and Walles laws:

The secondary creep law:

f2(t) = t (2.26)

The Bailey law:

f2(t) = bbt
mb (2.27)

The Andrade law:

f2(t) = (1 + bat
1/3)ekat (2.28)

where bb, mb, ba and ka are material constants specific to each respective time depen-
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dence creep law and t is time.

As can be seen, a number of different creep-fatigue relationships exist for both

the stress and time dependence and a complete creep law can be obtained through

the combination of each of these relationships. Different materials will follow different

relationships and there is no single creep-fatigue law that can be applied to all materials.

As such, these different relationships have been developed in an attempt to describe

standardised creep curves exhibited by a range of different materials.

2.11 Creep-Fatigue Interaction

When a component is subject to a cyclic loading history, the number of cycles to fail-

ure will decrease if an extended hold time is introduced in the loading cycle and this

is known as the creep-fatigue interaction. Creep and fatigue are complex mechanisms

that exhibit different damage processes. Fatigue induces transgranular crack propaga-

tion, whilst creep causes intergranular cavitation damage. The combination of the two

mechanisms and the accumulation of creep damage accelerates the crack growth rate.

Creep-fatigue is a prominent failure mechanism in applications that include elevated

temperatures and high stresses, such as those experienced in power plant applications

and is of particular importance in industrial gas turbines. For this reason, the study

of this failure mechanism and the ability to model the interaction of creep and fatigue

is vitally important in the design of turbine components. This is discussed further in

Chapter 7.

2.12 Chapter Summary

This chapter has introduced the fundamental theories of structural integrity provid-

ing a foundation for the subsequent chapters and the rationale for this project. An

overview of fracture mechanics has been provided including the background theory and

a brief history illustrating the development of the field. Some basic fracture mechanics

principals have been explained, including the modes of fracture, material response and

stress-strain curves, as well as fracture parameters such as the strain energy release

rate, stress intensity factor and the J-integral. Next, the fatigue mechanism was ex-
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plained and a number of case studies were given highlighting the dangers associated

with fatigue and the importance of understanding this mechanism. The fatigue process

was explained and a number of different classifications were introduced. The fatigue life

was discussed and a number of different methods of fatigue life assessment were intro-

duced. This led onto the testing and monitoring of fatigue and the importance of fitness

for service assessment procedures such as the R5 and ASME BPVC within industrial

applications. Finally, the creep mechanism was introduced, covering the definition of a

number of creep laws and the explanation of creep-fatigue.



Chapter 3

Advanced Fracture Mechanics

Methodologies

Chapter Overview

This chapter extends the basic principles introduced in the previous chapter and de-

scribes more advanced fracture mechanics methodologies. A number of novel techniques

are presented that make up some of the latest developments in the field of structural

integrity.

Initially the traditional finite element method is explained, demonstrating how this

technique is used within engineering for structural integrity and lifetime assessment.

Next, a number of techniques for the calculation of the J-integral and cyclic J-integral

that are used in industry are introduced. The eXtended Finite Element Method is

then presented as an extension of the traditional FEM. This relatively new, and revo-

lutionary technique is explained, highlighting its potential in routine structural integrity

assessment for highly complex crack propagation analysis. The core principals are in-

troduced and some computational examples are included to demonstrate the power of

this technique. Finally, the Linear Matching Method is introduced as a highly efficient

numerical tool for the assessment of structural responses to cyclic loading histories.

61
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3.1 Traditional Finite Element Analysis for Fracture Me-

chanics

The Finite Element Method (FEM) is an analysis tool that provides a numerical so-

lution to complex engineering problems including structural mechanics and fracture

mechanics, stress, thermal, vibrational and dynamic analysis.

In the FEM technique, mathematical models are created to describe physical science

and engineering phenomena. Depending on the complexity of the case, these models can

be simple algebraic equations or a series of complex differential or integral relationships.

Once the appropriate mathematical model is defined, it can be solved to describe the

behaviour of the system under a given set of conditions. These mathematical models

can be sub-categorised into two distinct types, analytical and numerical, depending

on how they are solved. Analytical solutions yield a general mathematical expression

which satisfies the model for all conditions, resulting in an exact solution. Due to this

accuracy, these solutions can be very difficult and time consuming to solve and can

even be unsolvable for certain conditions. An alternative approach is to use numerical

solutions. This yields an approximate numerical solution and is not a general equation.

This allows conditions to be modelled that would otherwise be unsolvable through other

means. These solutions are approximate, but increasing the refinement of the analysis

can result in highly accurate results and any discrepancies may be negligible.

The Finite Element Method was first proposed by Courant in 1943 [72] for problems

in vibrational analysis but the technique has undergone extensive development over the

intervening years and is still widely studied today with new developments continually

being made to the technique.

The finite element method is implemented into computational numerical analysis

software, allowing Finite Element Analysis (FEA) to be performed. FEA allows the

user to model structures within a computer interface, discretising a geometry into a

number of elements and nodes, as illustrated in Figure 3.1. A set of simultaneous

algebraic equations are then created for the nodes and through solving each of these

in turn, the process can be repeated for adjacent elements until the equations for all

elements of a structure have been solved. Through repeated modelling on a micro
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scale in this way in a number of small elements, large and complex structures can be

modelled and their responses to a set of conditions simulated. This allows engineers

to model structures and simulate different materials, then apply loads and boundary

conditions and model the structural response, assessing the integrity of the component.

This Finite Element Analysis procedure is demonstrated in Figure 3.2. Image (a) shows

the initial model geometry, (b) shows the meshed model and (c) shows a typical stress

contour result under a particular set of loading and boundary conditions.

Finite Element (FE) modelling is clearly an essential engineering tool, that allows

analyses to be performed which would otherwise not be possible. Its continued devel-

opment allows more complex cases to be studied, making them more akin to real life

applications. Without the use of FE, engineering design and assessment would not be

where it is today.

Nodes

Elements

Figure 3.1: Example finite element mesh showing nodes and elements
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(a) (b) (c)

Figure 3.2: Turbine blade Finite Element Analysis showing (a) geometry model (b) meshed
geometry and (c) stress contour results

A number of different commercially available off the shelf, as well as bespoke, finite

element software packages are available, however, ABAQUS[6], is used for all compu-

tational FE analysis in this thesis.

3.1.1 Finite Element Analysis Crack Simulation

FEA allows the modelling of cracks and the calculation of their associated parameters

such as SIF and J-Integral. Within FEM, this is achieved through contour integration.

This allows the evaluation of integrals along paths encircling a crack front[73]. Whilst

these contour integrals do not themselves directly predict how a crack will propagate,

they can be used to provide valuable information and offer some indication as to how

the crack may behave as well as the estimation of fatigue life.

3.2 Reference Stress Methods (RSM)

Reference stress methods (RSM) are a range of concepts that offer a means of calculat-

ing damage characteristics such as fracture, fatigue and creep, in structures subjected
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to arbitrary load variations. The method suggests that the overall damage behaviour in

the structure is simply related to a reference stress, which is a measure of an averaged

stress state across a structure [74]. This concept offers greatly simplified methods of

calculating damage characteristics of highly complex engineering structures and load

cases. The Reference Stress Methods are widely adopted in industry and are used in

the R5 and R6 procedures.

3.3 Calculation of the J-Integral using the RSM

The Reference Stress concept offers a viable method for the calculation of the J-integral

and cyclic J-integral for fatigue analysis, and is part of the R5 procedure for fatigue

crack growth calculations [4](p.4/5.A3.4). It is based on the work of Miller & Ainsworth

[75], and uses the basis of the work of Sumpter & Turner [67] that separates the J-

integral into elastic and plastic constituents as shown in Equation 2.10. This procedure

is described for both monotonic and cyclic loading histories in the following sections.

3.3.1 J-Integral Under Monotonic Loading Conditions

It has already been established that the elastic component, Je is proportional to the

stress intensity factor and is given by:

Je =
K2

E′
(3.1)

where, K is the stress intensity factor and E′ is a modified Young’s Modulus which,

for plane stress conditions E′ = E and for plane strain conditions, E′ = E
1−ν2 where E

is the Young’s Modulus and ν is the Poisson’s ratio.

The plastic component of the J-integral, Jp is proportional to the reference stress,

reference strain and a geometrical constant:

Jp = σrefε
p
refR

′ (3.2)

Where, σref is the reference stress, εpref is the uniaxial plastic strain at the reference

stress, and R′ is a geometrical constant, referred to as the characteristic length. These
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terms are defined below: The reference stress, σref is in essence the average stress

across a geometry and is a function of the applied load, yield stress and limit load of

the structure

σref =
Pσy
PL

(3.3)

where, P is the applied load, σy is the yield stress of the material, and PL is the limit

load of the specimen.

As presented in [76, 77], the uni-axial plastic strain at the reference stress can be

expressed by :

εpref = 0.002

(
σref
σy

)β
(3.4)

where, β is the Ramberg Osgood parameter, which is the reciprocal of the material

strain hardening exponent, n:

β = 1/n (3.5)

The characteristic length, is a constant that is dependant on the stress intensity factor

and can be calculated by:

R′ =

(
K

σref

)2

(3.6)

Therefore, combining these components, the total J-integral can be calculated using

the Reference Stress Method as:

J =
K2

E′
+ σrefε

p
refR

′ (3.7)

Which, in full, then becomes:

J =
K2

E′
+

(
Pσy
PL

∗ 0.002

(
σref
σy

)β
∗
(
K

σref

)2
)

(3.8)

3.3.2 J-Integral Under Cyclic Loading Conditions

The previous section demonstrates how the Reference Stress Method is capable of calcu-

lating the J-integral under monotonic loading. It is also possible to extend this method

to allow the calculation of the J-integral under cyclic loading conditions, denoted as,
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∆J .

The cyclic stress intensity factor for cyclic loading, ∆K is given by the difference

of K at maximum and minimum loading, so that:

∆K = K2 −K1 (3.9)

where, K2 is the SIF at the maximum load and K1 is the SIF at the minimum load.

As explained in Section 2.8.3, this relationship does not apply for the J-integral when

there is any notable plasticity and so ∆J 6= J2 − J1.

The cyclic J-integral, ∆J can be calculated in a similar manner to that of the

monotonic J-integral as described earlier, however, certain parameters must be modified

to incorporate cyclic loading conditions. This is achieved through the inclusion of cyclic

counterparts of the loading, stress intensity factor, reference stress, uniaxial plastic

strain and limit load into Equation 3.7, to become:

∆J =
∆K2

E′
+

(
∆σref∆εprefR

′
)

(3.10)

where,

∆σref =
∆Pσy
∆PL

(3.11)

∆εpref = 0.002

(
∆σref
σy

)2

(3.12)

∆R′ =

(
∆K

∆σref

)2

(3.13)

Therefore, the complete equation for the calculation of the cyclic J-integral becomes:

∆J =
∆K2

E′
+

(
∆Pσy
∆PL

∗ 0.002

(
∆σref
σy

)β
∗
(

∆K

∆σref

)2
)

(3.14)
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3.3.3 Limitations of Existing Technologies

The GE/EPRI [78] and Reference Stress Method (RSM) [75] offer simplified methods of

approximating the cyclic J-Integral. However, due to the nature of these methods they

exhibit considerable limitations and thus produce overly conservative results. Both of

these methods are based on the limit load analysis and as such do not consider the

crack geometry, and are thus unable to assess three dimensional detail. Consequently,

the ∆J variation along the crack front cannot be determined and hence valuable crack

propagation information is neglected. In addition, these methods are suitable for a

number of documented test cases such as compact tension specimens, however, dif-

ficulties arise when applying these methods to bespoke specimens. These limitations

provide great approximations in the calculation of the cyclic J-Integral, significantly re-

ducing the accuracy of the results. For these reasons, these methods are not considered

appropriate for complex 3D industrial applications. ABAQUS and other FE packages

are capable of calculating the J-Integral under monotonic loading, however, they are

currently unable to automatically determine the cyclic J-Integral from stress and strain

histories. Manually calculating the cyclic J-Integral, would require extensive and very

time consuming post processing of the analysis history data. Manually calculating in

this way is therefore not feasible and so a more automated method is required if the

cyclic J-Integral is to be a viable fatigue life parameter.

3.3.4 Method Summary

It can be seen that these methods offer an adequate method for the approximation of J

and ∆J . However, these calculations are based on an elastic theory by using the SIF,

and so these values are only approximate and do not offer a complete analysis of the

plastic behaviour. If a greater level of accuracy is required for the calculation of J and

∆J , a different method is required that can more reliably consider the impact of the

plastic zone. Such a suitable method is proposed in Chapter 6.



CHAPTER 3 ADVANCED FRACTURE MECHANICS METHODOLOGIES 69

3.4 The Extended Finite Element Method (XFEM)

Fracture is arguably one of the most important failure modes in engineering structures

and the potential consequences can be very severe as has been highlighted in the case

studies of Chapter 2. Therefore, the study of fracture is a vitally important discipline

and one which has been, and is still widely investigated by many researchers. In addition

to fatigue life calculation to predict when a crack will initiate, it is also important to

gain a thorough understanding of how a crack will behave once it has initiated. For

this reason, the study of crack propagation has become critical theory in the field of

fracture mechanics. The rapid increase in computing power in recent years has allowed

highly complex numerical modelling to be performed. Prior to these computational

advancements, such modelling would have been far too intensive and time consuming

and so has not been a viable option. This has allowed the development of many

bespoke computational tools designed for modelling crack initiation and propagation

in complex three-dimensional components. As a result, there now exist a number of

analytical and numerical methods for modelling crack propagation which can be used

to aid engineering design, structural integrity calculations and condition monitoring.

Studying cracks in two-dimensions can provide useful information about their be-

haviour, however, in reality, cracks are usually in three-dimensions and can have a very

complex geometry and propagate along arbitrary paths. Modelling uniform straight

or planar cracks can be performed with relative ease in the conventional finite element

method and has been carried out for a number of years. However, this assumption

that the crack behaves in a linear manner is not typical of real life applications and

so can dramatically compromise the accuracy of the results when comparing to actual

components. For this reason, the modelling of more complex, curved cracks has become

of great interest in recent decades. As a result, a number of new methods have been

developed for the modelling of the crack propagation of curved cracks. Such meth-

ods include the adaptive mesh finite element method [79], nodal force release method

[80, 81], element cohesive model [82] and the embedded discontinuity model [83].

A limitation of these methods as well as classical FEM is the dependence the accu-

racy of the solution has on the mesh refinement of the model. The mesh must conform

to the geometric discontinuity that is being modelled, e.g. a crack, and any crack
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growth must align along the element boundaries. This means that the accuracy of

the result is heavily dependent on the quality of the mesh, and so for reliable results,

a highly refined mesh is required. In addition, the crack propagation can typically

only occur along a predefined path, meaning that some understanding of the crack

behaviour must be obtained before finite element modelling can be performed. For

these reasons, difficulties arise when modelling complex geometries, since modelling a

highly refined mesh in the critical regions of a model, for example at a crack tip, can

vastly increase the computational effort, both in implementation and analysis time.

The limitations of these methods highlight the motivation behind the development

of the eXtended Finite Element Method (XFEM), which, due to its inherent design

strengths, has become a highly efficient numerical method for modelling highly com-

plex fracture problems. The eXtended Finite Element Method is a modification to the

classical finite element method (FEM) that allows mesh independent crack propagation

modelling and was first developed in 1999 by Belytschko and Black [84] and Moës et al

[85]. This allows a geometrical discontinuity such as a crack to be modelled where the

faces do not need to align with the element boundaries, meaning that crack initiation

and propagation can be modelled without adaptive re-meshing as the crack grows along

an arbitrary propagation path and without the need for a prior definition of the crack.

This also greatly reduces the importance of mesh refinement in the region of the crack

front. This is inherently different to the finite element method, in which, the mesh must

match the geometry of any internal defects such as cracks and voids. This can cause

significant mesh distortion as well as the need for extensive mesh refinement in order to

obtain a suitable level of accuracy. Meshing the entire model with a very fine mesh is

not practical since it will be too computationally intensive. The only alternative is to

create a refined mesh in the critical regions surrounding the crack tip, whilst employing

a more coarse mesh in the less critical regions away from the crack. This leads to a

non-uniform mesh distribution which can be very labour intensive and time consuming

for an engineer to model. The strengths of XFEM mean that the mesh dependence on

the accuracy of results is reduced since the mesh does not need to match the geometry

of the discontinuities contained within the specimen and so arbitrary crack propagation

can be modelled without adaptive re-meshing, thus significantly reducing the compu-
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tational effort. XFEM is also capable of calculating crack parameters such as the SIF

and J-integral. However, ABAQUS is currently only capable of calculating these for

stationary cracks, thus limiting its use for industrial applications. Since its conception

in 1999, the method has undergone extensive development and is becoming widely used

for complex fracture mechanics investigations across a wide range of industries includ-

ing materials science, aeronautical and space technologies and civil engineering. Today,

there exist a number of bespoke XFEM software packages and the technique is also

available in a range of commercial finite element software packages such as ABAQUS

and ANSYS, allowing increased ease of use and ergonomic implementation for the user.

3.4.1 XFEM Concept

The XFEM concept is based on the partition of unity method as introduced by Melenk

and Babuska in 1996 [86]. This states that the standard finite element method can be

augmented by the addition of an enrichment function, ψ(x)

ψ(x) =
∑
I

NI(x)φ(x) (3.15)

where, NI(x) satisfies the partition of unity such that, ΣINI(x) = 1 and φ is an

enriched function. Belytschko et al [87] developed this concept in 2000 and introduced

a parameter, cI , allowing the calculation of the enrichment function.

ψ(x) =
∑
I

NI(x)cIφ(x) (3.16)

The basic premise of the XFEM is an extension of the FEM to allow the incorporation

of the discontinuity into the finite element method. This gives rise to its name as the

Extended Finite Element Method.

3.4.2 Calculation of the Discontinuous Displacement Field

In order to allow this inclusion, three main conditions are required, the magnitude of

the discontinuity, i.e. the displacement step change across the crack faces, the location

of the discontinuity and the crack initiation and propagation criteria. The magnitude

of the discontinuity can be determined using cohesive zone modelling or the virtual
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crack closure technique (VCCT) in linear elastic fracture mechanics, the location is

determined by the level set method (LSM) and the initiation and propagation criteria

are predefined by the user. These conditions are incorporated into the XFEM technique

through the inclusion of enrichment terms within the displacement field. The addition

of these terms allows the accurate description of a complex displacement field such as

one containing a discontinuity. The displacement function, uh, can then be described

as:

uh =
∑
I

NI(x)uI + ψ(x) (3.17)

where, NI is the shape function of a standard finite element, uI is the standard degree

of freedom at the element node and ψ(x) is the enrichment term used to calculate the

unknown and complex displacement field. Through the partition of unity as introduced

by Melenk and Babuska, which states that ΣINI(x) = 1, Belytschko and Black [84]

further developed this to:

uh =
∑
I

NI(x)uI +
∑
J

NJ(x)φ(x)qJ (3.18)

The term, ΣINI(x)uI is the standard finite element approximation, and the term

ΣJNJ(x)φ(x)qJ is the enrichment term approximation, where qJ are the degrees of

freedom at the original element node which act as a scaling factor of the enrichment

term in order to achieve the most accurate approximation of the displacement field.

For convenience, this term is defined as the enrichment shape function and is denoted

ψJ(x) = NJ(x)φ(x), thus further simplifying the displacement function to:

uh =
∑
I

NI(x)uI +
∑
J

ψJ(x)qJ (3.19)

This allows the enrichment shape function to represent the discontinuity separately from

the standard finite element solution, meaning that the discontinuity can be described

completely independently of the element mesh. This gives the extended finite element

method a unique advantage over the standard finite element method for the modelling

of discontinuous problems such as cracks, voids and interfaces.
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3.4.3 Heaviside Function

During crack propagation in the XFEM analysis, this enrichment shape function is

further split into two sub-components, the Heaviside enrichment term and the crack

tip enrichment term. The displacement function then becomes:

uh =
∑
I

NI(x)

[
uI +H(x)aI +

4∑
α=1

Fα(x)bαI

]
(3.20)

where H(x)aI is the Heaviside term and Σ4
α=1Fα(x)bαI is the crack tip enrichment term.

This function now allows the description of all elements, including those affected by

the discontinuity. As described above, the NI(x)uI term applies to all nodes in the

model, the Heaviside term, H(x)aI applies to the nodes whose shape function is split

by the crack interior, and the crack tip enrichment term applies to nodes whose shape

function is split by the crack tip. This allows localised enrichment around the crack

and crack tip.

3.4.4 Level Set Method

The displacement functions described above allow a description of the crack, however, it

does not determine the location of the crack. This is achieved with the use of the Level

Set Method (LSM), which together with the displacement function, fully describe the

crack propagation behaviour by defining the geometrical features of the discontinuity

and the movement of the discontinuity through a fixed mesh. Two level set functions

define the complete crack geometry, one defines the crack face and the other the crack

front. A level set function in the spatial and time domain, f(x(t), t) is used to define

the discontinuity in a mesh independent manner. During the computational analysis,

this function must always satisfy the zero condition for points on the crack, such that:

f(x(t), t) = 0 (3.21)

A dataset, γ(t) is then created containing the points that satisfy this condition. The

nodal value of all remaining nodes is calculated and then compared to this function.

Each nodal value indicates the distance of the node from the crack face, where a positive
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value corresponds to one side of the crack face, a negative value to the other and a zero

value at the crack face. This function can describe the crack faces, however, another

level set function is required to define the moving crack tip which is defined as:

g(x(t), t) (3.22)

This was defined by Stolarska et al [88] as a function of position and velocity so that:

gi = (x− xi)
νi
‖νi‖

(3.23)

where xi is a known position and νi is the moving velocity of the crack tip. For a

straight line crack, this function will equate to zero so that gi = 0. This can be

illustrated pictorially as shown in Figure 3.3 for the two-dimensional propagating crack

surface, Γ0
c .

Figure 3.3: Diagram showing Level Set function values relative to a propagating crack

These level set functions can be calculated with the increasing time increment, n +

1, allowing a description of the propagation path of the crack, fn+1 and gn+1
i . For

example, if a crack is stationary during the time step, then,
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fn+1 = fn (3.24)

or for a small propagation, then,

fn+1 = ±
∥∥∥∥(x− xi)

νi
‖νi‖

∥∥∥∥ (3.25)

and,

gn+1
i = gni −∆t‖νni ‖ (3.26)

These functions then allow the precise and complete description of an evolving discon-

tinuity and can be conducted entirely independently of the element mesh.

3.4.5 Computational Implementation

The XFEM concept is implemented into computational analysis through Hansbo and

Hansbo’s theory of the superimposed element formulation [89] and the method for

crack propagation with the use of phantom nodes developed by Song et al [90]. This

allows a convenient implementation of the XFEM technique into the traditional Finite

Element framework in modern software packages such as ABAQUS and ANSYS. When

a structure fractures, new crack faces are created; in order to be able to model this

within the traditional FE framework, new nodes would need to be generated in order

to allow the creation of new elements along the crack faces. Within computational

XFEM, this is achieved with the introduction of phantom nodes. In the enriched

region containing the discontinuity, these phantom nodes are implemented into the

finite element mesh. Although not genuine FE nodes, this has the effect of duplicating

all the nodes in the crack region, allowing new elements to be created as a crack

propagates. Without this modification, the number of nodes would not be conserved

during propagation. The phantom nodes are distributed evenly across the face of the

discontinuity and so the original nodes on the upper face are paired with phantom

nodes on the lower face, which are removed when the crack opens, in order to create

a complete element. This simultaneously occurs on the other side of the crack face,

where the original nodes from the lower face are paired with phantom nodes from the
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top face. This allows the element to split into two whilst still maintaining its integrity.

This is illustrated in Figure 3.4.

Figure 3.4: Diagram showing original and phantom nodes as a crack propagates

3.4.6 Advantages of the XFEM Technique

The key advantages of the eXtended Finite Element Method can be summarised as

following:

1. XFEM is developed under the standard framework of FEM and retains all the

advantages of the conventional FEM method

2. XFEM allows mesh independent modelling of a propagating crack

3. The XFEM technique allows crack initiation and propagation within the element

boundaries, meaning that structured meshes can be implemented for the mod-

elling of complex geometry cracks, significantly reducing the computational cost

4. The crack can propagate throughout the model without the need for adaptive

remeshing as the simulation progresses

5. The elements containing crack faces are enriched with additional degrees of free-

dom, allowing the shape function to accurately calculate the stress field at the

crack tip, permitting an accurate solution to be obtained even with a coarse mesh

6. XFEM has been incorporated into commercial finite element software packages
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allowing very convenient implementation of the technique even for the most com-

plex applications

3.4.7 Limitations with the XFEM Technique

Despite the strengths of the XFEM technique, the technique is still in relative infancy,

having only been developed in the 1990s and it still has a number of limitations, which

are summarised below:

1. The power of XFEM is its ability to predict its own crack path. However, this is

less suitable for cases where crack path is determined a priori such as debonding

or delamination which follows a predefined path. For such a case, other tech-

niques such as the virtual crack closure technique (VCCT) are considered more

appropriate

2. XFEM is only capable of modelling a single crack within a component. Crack

branching or modelling of multiple cracks is not currently supported

3. Extensive fracture material properties are required for an accurate simulation

and these are not always readily available, thus reducing its viability for use in

an industrial application

4. XFEM cannot currently calculate contour integrals for propagating cracks

These limitations may make XFEM currently less suitable for an industrial application

where existing and more well established methods are preferred. Despite this how-

ever, XFEM is still undergoing extensive development and successive new versions of

ABAQUS, and other FE codes, often include progressive enhancements as new concepts

are developed. These advancements will continue to make the XFEM technique more

appropriate for extensive use for fracture mechanics within industry and academia.

3.4.8 XFEM Example

In order to better demonstrate the XFEM technique, a simple example is performed

on a holed plate subject to a uniaxial tension as outlined below. Within ABAQUS

CAE, a half plate of length of 100mm, width of 50mm and centre hole diameter of
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20mm is modelled and subjected to a uniaxial tension at one end, whilst the opposite

end is constrained as illustrated in Figure 3.5. Symmetry boundary conditions are

applied to the left side edge to simulate the entire plate. A mild steel is modelled with

a Youngs Modulus of 200GPa, Poissons ratio of 0.3 and yield stress of 200MPa. For

the fracture analysis, a number of additional damage conditions can be set based on

the induced stresses or strains. In this example, a maximum principal stress damage

criteria is implemented that dictates that crack initiation will occur when the induced

stress reaches the specified critical value.

Figure 3.5: Diagram showing XFEM model geometry

During the XFEM analysis, the crack initiation and propagation are modelled ac-

cording to the specified criteria. As soon as the induced stress reaches the damage

criteria, the crack initiates and propagates along an arbitrary, solution dependent path

throughout the specimen until ultimate fracture occurs. Figure 3.6 is a snapshot taken
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during the crack propagation which clearly shows the crack does not adhere to the

element boundaries and is contained within the elements. This is one of the main

strengths of XFEM.

Figure 3.6: Image showing XFEM crack propagating through an element

Figure 3.7 shows a series of images that clearly demonstrate the crack propagation

with increasing time, starting from crack initiation at the point of highest stress and

propagating throughout the specimen.
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Figure 3.7: Series of images showing the propagation of the crack with increasing time

Figure 3.8 shows a contour plot of the Phi level set method surrounding the crack

which identifies the location of the crack relative to the nodes of the finite element

mesh. The contour shading indicates the proximity of the crack front to the mesh with

orange and red meaning close proximity whilst blue means that the crack face is further

from the boundary. In addition, numerical values of the PhiLSM are printed at the

node locations, further indicating the proximity of the node to the crack, with values

tending to 0 as the crack approaches the node. This is a valuable output which clearly

displays the location of the crack faces.
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Figure 3.8: Phi Level Set Method at nodes surrounding the crack tip

3.4.9 Practical XFEM Example

Building on the successful demonstration of the XFEM technique on a simple geometry,

it is important to apply the technique to a more complex application to assess its

viability for use in the structural analysis of real industrial engineering components.

This example demonstrates the application of XFEM to a practical application of a gas

turbine blade. The complexity is greatly increased relative to the previous example of

a holed plate by the presence of complex geometrical features, the inclusion of curved

surfaces and the lack of specific stress raising features such as notches or pre-assigned

cracks. This means that the most likely location of crack initiation is difficult to predict,

unlike the previous example in which the location could more easily be predicted to

occur at the edge of the centre hole. These features are more akin to those of complex

industrial applications and so this case provides a more thorough benchmark test for

the capabilities of the XFEM technique.

The blade is modelled using a representative nickel-based superalloy subject to

centrifugal loading at 3600rpm as well as pressure forces acting on the leading edge of

the blade. No advanced analysis is included here and instead, this example is used to

demonstrate the model complexity that can be incorporated into the XFEM technique.
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Figure 3.9 includes a series of images showing the propagation of a crack throughout

the blade. The crack can be seen to initiate from the point of highest stress on the

leading edge of the blade which then propagates across the width of the blade before

ultimate failure occurs.

Figure 3.9: Series of images showing the propagation of the XFEM crack through a turbine
blade
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3.4.10 Method Summary

This example has clearly highlighted the power of XFEM for complex applications,

but due to its relative infancy and the current limitations of the technique, its use

in industry is not commonplace. However, the global interest in XFEM is driving

its continued development and it shows a great deal of potential for regular use in the

future within industry and academia for the structural integrity of complex engineering

structures.

3.5 The Cyclic Response of Structures

Chapter 2 introduced the fatigue failure mechanism and the damage that can occur

under a cyclic loading history. However, it is not always this simple and the situation

can become much more complex, with the magnitude of the loads having a significant

effect on the type of damage that occurs. It is therefore vitally important to gain a

thorough understanding of each of these mechanisms and the load at which they occur.

With increasing applied loads, a material can exhibit a range of behaviours including

purely elastic behaviour, elastic shakedown, reversed plasticity and low cycle fatigue,

ratchetting followed by incremental collapse and ultimately, instantaneous collapse. If

a cyclic load that is less than the yield limit is applied to a specimen, then the material

will exhibit purely elastic behaviour and no damage will occur. If the applied load is

greater than the yield limit, but less than a critical value known as the shakedown limit,

then some plastic deformation occurs but after a certain number of cycles, no further

damage accumulates and the response shakes down to purely elastic behaviour but in

the presence of some residual stress [91]. At loads above the shakedown limit, but less

than another critical value, the ratchet limit, reversed plasticity occurs in which a small

amount of incremental plastic deformation occurs within the first few repeated cycles

before reaching a stabilised response, at which point, the material shakes down to form

a closed hysteresis loop. In this steady-state response, yielding occurs during each

cycle, however, no further incremental plastic strain occurs. Crack initiation will occur

when the material is subject to loads within this range and as a result, this region is

associated with low cycle fatigue where the number of cycles to failure is determined by
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the plastic strain range [92]. Above the ratchet limit, the plastic strain incrementally

accumulates during each repeated loading cycle. This response is known as ratchetting

and will lead to ultimate failure if the cycled load range is maintained [93]. Finally,

instantaneous collapse will occur if the applied load is sufficiently large to cause failure

in a single loading step.

These different damage mechanisms are commonly presented and visualised on the

Bree Interaction Diagram [94–96]. This is an efficient tool that plots the primary

and secondary stress ranges, and displays the elastic, plastic cyclic, shakedown and

ratchetting behaviour regions and the boundaries between them. This was originally

developed to address a very simple example problem of a thin walled cylinder, but this

methodology is also applicable to more complex specimens. Each of these regions will

exhibit different damage mechanisms with their own unique stress-strain responses.

Each failure mechanism can be better understood by studying the induced stress-

strain response. These are illustrated within each respective region of the schematic

Bree Interaction diagram as shown in Figure 3.10. This shows the typical responses

that can be obtained at varying uniaxial loads, however, the precise response of differ-

ent materials or specimens may vary. The x-axis represents a static load, whilst the

y-axis represents a cyclic load and so different combinations of x and y coordinates

demonstrate the response at different loading R-ratios.
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Figure 3.10: Bree interaction diagram showing typical stress-strain responses at each region

3.6 Step-by-Step Analysis

The analysis of the steady state response of engineering structures provides invaluable

information about the integrity of components when subject to cyclic loading. Few

analytical methods exist for this type of investigation and numerical Finite Element

modelling can provide much needed information. The steady state response of a struc-

ture can be calculated with the use of extensive FE modelling in which every cycle is

simulated in a separate step of the analysis and this is referred to as a step-by-step anal-

ysis. This can generate high levels of accuracy, however, in order to achieve a steady

state response, a large number of cycles are required and consequently, complete mod-

elling in this way is very computationally expensive and time consuming. Although the

increase in computing power in recent years has made this type of analysis more feasi-

ble, there are significant limitations for routine use. Whilst it is possible to manually

determine the limit boundaries and thus determine the structural response with the

use of this technique, it cannot directly predict the location of the limit boundaries and
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can only indicate the type of structural response that occurs at a given load, whether

it is instantaneous collapse, ratchetting, reversed plasticity or shakedown. Therefore,

since the position of the boundaries is not known, the process is entirely trial and error

and is incredibly time consuming and computationally intensive. Numerous analyses

would need to be run and their strain history responses monitored. The user would

then need to modify the applied loading and rerun the analysis, continually refining

the position of the boundaries in an iterative manner. For this reason, this is clearly

not a viable option for determining the location of the limit boundaries. However,

it can provide a very useful method of verification if the position of the boundary is

already known. Performing a small number of step-by-step analyses above and below

the limit boundary lines and monitoring their strain response can verify the accuracy

of the limits.

3.7 Direct Cyclic Analysis

In the conventional step-by-step approach to model a cyclic structural response, each

individual cycle is simulated until a stabilised response is achieved which is very time

consuming and computationally expensive. Direct cyclic analysis (DCA) methods are

quasi-static analyses that model the stabilised cyclic response directly without the

requirement to model the transition period and is achieved by iteratively performing

a Fourier transform of non-linear material behaviour. This can provide an alternative

method of determining the steady state shakedown and ratchet response of structures.

A key advantage of these techniques over step-by-step analyses is that full details

of the entire load history are not required and instead, only the most dominant loads

acting on the structure are needed. This leads to significantly reduced computational

expense and analysis times, whilst still maintaining a comparable level of accuracy to

step-by-step FE methods [97].

A number of different direct methods exist for the calculation of shakedown lim-

its, including the Mathematical Programming Method [98], Nonlinear Superposition

Method [99] and Repeated Elastic Methods [100]. The shakedown limits can also be

determined through iterative methods such as those proposed by Casciaro and Garcea

[101, 102].
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3.8 The Linear Matching Method

The Linear Matching Method [103, 104] is a direct method for damage assessment and

provides a numerical procedure for the calculation of the shakedown and ratchet limits

[105]. It creates an approximation of a highly complex, non-linear material response

through the modification of a series of linear elastic analyses.

The method comprises a number of steps; it begins by performing a linear elas-

tic analysis, the LMM then modifies the modulus at each node in the structure so

that the induced stress matches the yield stress of the material. An additional linear

elastic analysis is then performed using these modified values of the modulus. This

causes the stresses to redistribute throughout the structure and the process repeats it-

eratively, continually modifying the modulus until the stress throughout the structure

redistributes to match that of an elastic-plastic material response. This series of elastic

analyses mimics the response of a highly complex, inelastic solution in a very efficient

and computationally inexpensive manner. This process of modifying the modulus to

allow stress redistribution is illustrated in Figure 3.11 [106](p.9).

Figure 3.11: Modulus modification and stress redistribution during LMM analysis [106]
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The LMM has far greater flexibility and versatility than the other currently existing

methods, described above in Section 3.7 [107]. The LMM has two main unique features

over other direct methods. Firstly, the equilibrium and compatibility are satisfied at

each stage of the analysis and secondly, it has the capability of performing a detailed

ratchet analysis [92, 108–111]. This ratchet procedure also calculates the plastic strain

range, making it a viable method for the calculation of the low cycle fatigue life [112].

In addition, the LMM allows the incorporation of temperature dependent material

properties and has recently been developed to allow for the inclusion of creep fatigue

interaction [113]. The Linear Matching Method is operated within the commercial finite

element package, ABAQUS [6], through the use of user subroutines. In recent years, the

code has also been incorporated into an ABAQUS plugin with an ergonomic graphical

user interface (GUI), greatly increasing the ease of use for the user [114–116]. Due to

the power of the LMM, it has been part of the R5 research programme for a number

of years [108, 110] and is routinely used by EDF for the structural analysis of many

nuclear power plant components [117, 118]. However, despite the major advantages of

the LMM, its use is not widespread and is still fairly uncommon outside of the work of

EDF.

The Linear Matching Method, is capable of calculating the real stress range and

strain range and is not based on an approximation as in the Neuber Correction Method.

This provides a much more accurate method of life prediction. If a level of conservatism

that is comparable to the Neuber Correction Method is required, a generous a safety

margin can be manually applied. However, the increased accuracy in the life prediction

greatly improves the efficiency and economic implications of engineering components,

since a greater understanding of the fatigue life of the structure is gained.

3.9 Chapter Summary

This chapter has introduced some highly advanced computational techniques in the

field of fracture mechanics. An explanation of the traditional finite element method

was included and its use for modelling highly complex geometries was demonstrated

through a turbine blade example. Next, the reference stress methods were introduced,

their use for the calculation of the J-integral and cyclic J-integral was explained and the
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limitations of the technique were highlighted. The eXtended Finite Element method

was also presented, its fundamental theory was explained and its application demon-

strated through two case studies. The limitations of the technique in its current state

mean that it is not yet widely adopted, however this innovative technique shows a

great deal of potential and with its continued development, it may become an invalu-

able component in routine structural integrity assessment in industrial applications in

the future.

The response of structures to a cyclic loading history was then discussed and the

different damage mechanisms that can occur depending on the applied load were ex-

plained. Different methods of determining these material responses were introduced,

including the step-by-step analysis in which each cycle of the analysis is modelled until

the system reaches a steady state. This is very computationally expensive and time

consuming and cannot always conclusively determine the different mechanisms. Direct

cyclic analysis methods offer a suitable alternative that model the steady state response

directly, without the need to model the transition region. These methods significantly

reduce the computational expense of the complete step-by-step analysis. The Linear

Matching Method is such a direct method and its strengths over other existing methods

clearly demonstrate its power for routine structural integrity assessment.
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Chapter 4

Designing a Bespoke Industrial

Test Specimen

Chapter Overview

This chapter describes the design process of a novel, bespoke industrial test specimen

that was developed during a secondment at Siemens Industrial Turbomachinery Ltd.

The requirement for the specimen is explained, the rationale behind the design is de-

scribed and technical engineering drawings are included. The machining process for

the manufacture of the test specimen is described and the encountered limitations and

potential issues are discussed. A design issue resulting from these limitations in the

machining process is investigated through a dimensional sensitivity study. Finally, an

experimental inspection study is performed to ascertain the impact of the machining

limitations. Based on the successful results and satisfactory outcomes of this study, the

manufacture of the test specimen was authorised and allowed to proceed.
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4.1 Introduction

The nozzle guide vanes (NGVs) of gas turbines are components of particular interest in

this project. These are highly complex aerofoils in the stator component of the turbine

that direct the hot gases from the combustors into the turbine, and as a result, un-

dergo extreme thermal loading. The NGVs are often cast from nickel-based superalloys

that have been specially tailored to suit such environments, with increased mechanical

strength and resistance to thermal fatigue and creep deformation [119]. Despite the

enhanced material properties of the superalloys used in gas turbines, the temperatures

experienced during operation of the engine often exceed their melting points. In order

to be able to work in these conditions without compromising their mechanical strength,

cooling holes are incorporated into the design of the guide vane. These holes are critical

in allowing internal airflow to cool components and prevent overheating during engine

operation [120]. In addition, effective cooling improves the efficiency of the component,

reducing fuel consumption and minimising the production of harmful emissions. The

design and manufacture of the cooling holes must be exceedingly precise and they are

considered a critical feature of the guide vane. A nozzle guide vane is shown in Figure

4.1 [121], showing the trailing edge (downstream side), with an enlarged view of the

cooling holes.

Figure 4.1: Nozzle guide vane with enlarged view of trailing edge [121]
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These holes, although critical for the effective cooling of the NGV and protecting it

from thermal loading, are inherently small with sharp corners, and as such introduce

stress concentrations which can act as points of crack initiation.

Precise details of the geometry and complex stress distributions found in the NGVs

cannot be disclosed due to the commercial sensitivity of this research at Siemens, how-

ever, a schematic diagram of such a component is shown in Figure 4.2 which illustrates

the areas of stress concentrations. These can have a profound effect on the mechani-

cal structural integrity of the component and thus must be carefully considered in the

component design in order to allow a balance to be achieved between sufficient thermal

and structural integrity during operation. For this reason, the design of these cooling

holes is a widely investigated field and is of particular interest to Siemens Industrial

Turbomachinery.

Figure 4.2: Nozzle guide vane trailing edge

4.2 Objectives

Due to the highly complex nature of the design of the cooling holes, extensive exper-

imental testing is required in addition to finite element modelling to allow the most

efficient design to be developed, optimally balancing the thermal and structural in-

tegrity requirements of the component. The nozzle guide vanes are exceedingly costly

to manufacture due to the high level of precision involved, and therefore, direct ex-

perimental testing on the NGV is not viable. To this end, a test specimen is required

that is representative of the nozzle guide vane trailing edge. The overarching aims
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of this investigation are to gain a better understanding of the highly complex geom-

etry of the NGV and the localised stress concentrations that are induced. This will

be achieved through the design and experimental testing of a representative specimen

which is sufficiently cheap and easy to manufacture for it to be a viable option.

4.3 Test Specimen Design

A complex notched specimen is designed that attempts to replicate the stress contours

induced in the region of the cooling holes on the trailing edges of nozzle guide vanes,

whilst still being cheap and simplistic enough to be a viable option for testing. The

proposed design for this notch is a cylindrical specimen with scalloped edges and a

chamfered through hole as shown in Figure 4.3.

Figure 4.3: Proposed notch geometry

The specimen will be made from a suitable nickel-based superalloy, similar to those
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used in industrial turbine applications. Initial finite element testing shows that the

selected geometry introduces localised stress concentrations with homogeneous three-

dimensional stress variation which is of a similar degree to that found in the NGVs

as illustrated in Figure 4.2. The presence of the chamfer on the centre holes allows

even propagation of the stresses throughout the specimen as shown in Figure 4.4.

This geometry is considered to represent the trailing edge of the nozzle guide vanes

as effectively as possible with such a relatively simple test specimen.

(a) (b)

Figure 4.4: Complex notch stress contours under uni-axial loading (a) complete model and (b)
cross-section cut through

4.4 A Consideration of Material Properties - Nickel-Based

Superalloys

Due to the extreme conditions experienced in a gas turbine, highly specialised materials

must be used to ensure the components’ structural integrity is maintained. Superal-

loys are such materials and offer suitable properties for enhanced structural integrity.

Superalloys are a group of alloys that are developed to provide outstanding elevated

temperature and corrosion resistance and as a result are widely used in the power,

chemical and petrochemical industries.

Superalloys are commonly nickel-based, but the additional alloying elements vary

widely, giving differing material characteristics. The chemical composition of nickel-

based superalloys are carefully balanced with additions of a range of elements, but
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principally comprise, cobalt, chromium, aluminium and titanium. The heat treatment

and tempering processes used in their manufacture are also carefully controlled to

ensure an optimum crystal structure for corrosion and heat resistance is obtained.

This can include directional solidification or single crystal arrangements. Due to the

difficulty in manufacturing processes, superalloys can be exceedingly expensive and so

they are only used in the most extreme conditions where other, cheaper materials,

are not suitable. Due to their enhanced properties including strength, hardness and

temperature and corrosion resistance, machining such materials can pose potential

problems and the use of some standard techniques for softer materials may not be

possible. For this reason, advanced techniques may be required for the machining of

complex geometries, further adding to the component cost.

4.5 Proposed Machining Technique

The proposed test specimen is manufactured according to the detailed engineering

drawing shown in Figure 4.3. As discussed above, standard machining techniques are

not suitable for precision machining of such highly complex superalloys and alternative

specialist techniques are required. A commonly used technique for this level of precision

machining is electrical discharge machining, EDM. This process is discussed in further

detail in the following sections.

4.5.1 Electrical Discharge Machining

Electrical discharge machining (EDM) is a process in which material is cut by precisely

controlled sparks between an electrode and the workpiece in the presence of a dielectric

fluid. Electrical sparks are pulsed at very high frequencies, heating the workpiece to

temperatures between 8000−12000 ◦C, causing the material to instantaneously vaporise

at the point of spark contact. Deionised water is used as the dielectric fluid which

continuously flows over the electrode, providing cooling and flushing of the removed

material. This EDM process is illustrated by Jameson [122] in Figures 4.5 to 4.8.

EDM allows exceedingly fine tolerances to be achieved, providing the ability to

machine highly complex shapes with a high level of precision. Since the erosion of the

material is performed by the spark, the electrode and workpiece do not make contact,
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eliminating the tool wear and allowing materials of any hardness to be machined by

this method, provided that they are electrically conductive.

Figure 4.5: Spark occurs within a column of ionized dielectric fluid [122]

Figure 4.6: Spark ON: electrode and workpiece material vaporized [122]
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Figure 4.7: Spark OFF: vaporized cloud suspended in dielectric fluid [122]

Figure 4.8: Spark OFF: vaporized cloud solidifies to form EDM chip [122]
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Following electrical discharge machining, several surface layers can be observed on

the material surrounding the machined regions. The top layer contains particles of

expelled molten material that form spheres when they solidify and spatter the surface.

These particles can be easily removed. The next layer is a recast layer where the

intense heat involved in the EDM process has altered the metallurgical structure of

the workpiece. This is an inevitable consequence of the process, however, it can be

minimised through careful machining and by polishing the surface following machining.

The next layer is a heat affected zone where the high temperature causes the metal to

anneal. These layers are illustrated in Figure 4.9.

Figure 4.9: Observable surface layers formed during EDM process

The recast layer and heat affected zones can alter the mechanical properties and

structural integrity of the component and so careful consideration must be made to

assess whether the structural integrity has been compromised or the working fatigue

life of the part has been affected.

4.6 Complex Notch Centre Hole Size Sensitivity Study

EDM is to be used as the processing technique for the production of the centre hole

in the manufacture of the complex notch specimen. However, potential issues have

been identified due to the small diameter of the hole. The machining process can

introduce a recast layer which can alter the material properties in the critical regions
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of the specimen, potentially impacting on the fatigue life and influencing the results

obtained from experimental testing. The recast layer will be present to some degree in

all EDM machining, however, there is a risk that since the hole diameter is so small, the

recast layer thickness will be relatively very large compared to the dimensions of the

hole, more greatly affecting the integrity of the component. In an attempt to address

this issue, the use of a larger diameter hole is investigated. A centre hole diameter

of 1mm was initially proposed as it provides similar dimensions to that of the nozzle

guide vanes, which this test specimen is attempting to replicate and a larger hole may

not provide such representative information. To determine whether the use of a larger

hole could still accurately represent the stress concentrations of the NGV, a centre hole

size sensitivity study is conducted. Finite element analyses are performed, modelling

the specimen with a 1mm and 2.5mm diameter centre hole under a uniaxial tension of

300MPa. Contour plots of the induced stresses for each hole are shown in Figure 4.10

and 4.11. A front view facing the centre hole and a cross section cut through the centre

line of the hole are shown in figures (a) and (b) respectively.

(a) (b)

Figure 4.10: Stress contour plot of specimen containing a 1mm hole (a) Front View (b) Cross
Section View
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(a) (b)

Figure 4.11: Stress contour plot of specimen containing a 2.5mm hole (a) Front View (b) Cross
Section View

In order to allow easier visualisation of the stress concentrations within the centre

hole, contour plots are produced with a modified scale of 780-800MPa as shown in

Figure 4.12. This more clearly shows the stress concentrations in the critical regions

by removing all other regions of stresses less than 780MPa. In addition, the stress is

plotted on a path along the through thickness direction of the hole as shown in Figure

4.13.

(a) (b)

Figure 4.12: 1mm & 2.5mm hole Stress Concentrations
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Figure 4.13: Von Mises stress distribution along through thickness direction of centre hole for
1mm and 2.5mm diameters

From these modified scale contour plots and the plot of stress distribution along

the hole length, it can be seen that the 1mm hole has clear stress concentrations at the

specimen faces. Whereas, with a 2.5mm hole, the stress concentrations are less localised

with the peak stresses occurring along the entire length of the hole. It is apparent

that increasing the size of the hole makes the stress gradient more uniform across the

thickness of the specimen, removing the stress concentrations at the faces. This may

less accurately represent the stress contours of the trailing edge of the nozzle guide vane.

Therefore, a centre hole diameter of 1mm was chosen for the test specimen as it offered

a balance between manufacturing practicality and representative stress concentrations.

However, a trial specimen will be closely inspected to assess the presence and effect of

any recast layer which could have significant influence on such a small hole.

4.7 Recast Layer Inspection

It has been determined that a 1mm centre hole is desirable and preferable to a larger

diameter hole since it is more representative of the nozzle guide vane trailing edge cool-

ing holes. It is understood that the recast layer induced by the electrical discharge
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machining process can alter the metallurgical structure, potentially affecting the struc-

tural integrity of the component. For this reason, in order to assess the potential risk

caused to the integrity of the specimen, the extent of formed recast layer must be

inspected and compared to an established, in-house, company standard to determine

whether the amount of recast is within tolerance. In order to assess the extent of any

potential recast layer in this investigation, and to predict any effect it may have on the

properties of the specimen, a trial specimen, containing two EDM machined holes of

approximately 1mm diameter was manufactured, as shown in Figure 4.14. This trial

specimen was closely inspected to determine whether the level of recast was within

tolerance. Figure 4.15 shows projections of these holes taken using a Profile Projector,

assessing the roundness of the holes.

Figure 4.14: Sample Test Specimen
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Figure 4.15: EDM Hole Profiles

4.7.1 Inspection and Results

The specimen was mounted in a plastic mould, ground and polished to 1 micron and

etched in hydrofluoric acid. Etching causes corrosion to occur at the grain boundaries,

making them more clearly visible in the optical inspection. The specimen was then

inspected under an optical microscope to examine the presence of a recast layer. Figures

4.16, 4.17 and 4.18 show micrographs of the holes. The recast can be identified as a

lighter coloured layer at the surfaces of the holes. A global image showing the entire

surface of the hole with recast layer is shown in Figure 4.16. Figure 4.17 shows a point

of average thickness of recast layer and locations with peak levels of recast layer are

shown in Figure 4.18. These micrographs demonstrate minimal presence of the recast

layer at the surfaces of the holes. A complete circumferential inspection of the holes

found that the typical thickness of the recast layer varied between 0 and 5 µm with

peak thicknesses in the region of 9 - 10 µm. The maximum observed thickness of recast

layer was 10.99 µm.
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Figure 4.16: Micrograph showing global recast layer

Figure 4.17: Micrograph showing typical levels of recast layer
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Figure 4.18: Micrographs showing maximum levels of recast layer
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The levels of recast layer observed during the circumferential inspection were com-

pared against an established Siemens company standard and were found to be far less

than the maximum tolerable thickness. In addition, no cracking of the recast layers

was observed. This specimen is therefore within tolerance and meets the requirements

of the standard. This study has confirmed that EDM machining is a suitable manu-

facturing process for this specimen and is capable of producing a 1mm diameter centre

hole without generating significant levels of recast layer, thus not adversely affecting

the structural integrity of the component.

4.8 Test Specimen Manufacture

This work has confirmed that the original test specimen design is appropriate. The

specimen was manufactured by a third party machinist using a nickel-based super

alloy similar to those used in industrial gas turbines. The centre hole was machined

using EDM as previously described. The scalloped edges were cut using a computerised

numerical control (CNC) lathe with a single point cutter and the chamfer was machined

using a centre drill following the electrical discharge machining of the centre hole.

Images of the manufactured specimen are shown in Figure 4.19. Following manufacture

of the specimen, the experimental testing programme could be finalised and this is the

focus of the following chapter.

Figure 4.19: Manufactured test specimen
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4.9 Chapter Summary

This investigation has described the design process of a highly complex, notched test

specimen to be used by Siemens Industrial Turbomachinery Ltd that aims to represent

the cooling holes of a gas turbine nozzle guide vane. Through successful design modi-

fications based on finite element analyses, the test specimen was viewed as sufficiently

representative of the NGVs, whilst being cheap and simple enough to manufacture to

make it a viable option for experimental testing. Electrical discharge machining has

been identified as an appropriate machining method to produce a 1mm diameter cen-

tre hole in the specimen. The induced recast layer has been highlighted as a potential

issue with the EDM process and the necessary precautionary measures have been dis-

cussed. The smaller the centre hole, the greater the impact of the recast layer on the

structural integrity of the component. To this end, a sensitivity study was performed

on the diameter of the centre hole which determined that the larger hole was not as

representative of the NGV trailing edge cooling holes and so the 1mm hole was deemed

fundamental to the design. Following this, the impact of the induced recast layer was

investigated through the close inspection of a sample piece that contained small diam-

eter holes machined using EDM. The induced recast layer was closely inspected using

an optical microscope and on comparison with an established company standard, was

determined to be within tolerance and no cracking was found. This allowed the design

of the test specimen to be authorised and subsequently manufactured.
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Note of publication

The work contained in the following chapter has been presented by Beesley et al in the

peer reviewed Elsevier Journal of Computers and Structures [1].
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Chapter Overview

This chapter proposes an innovative concept for the design of an experimental testing

programme suitable for causing Low Cycle Fatigue crack initiation in a bespoke complex

notched specimen. This technique is referred to as the “Reversed Plasticity Domain

Method” and utilises a novel combination of the Linear Matching Method and the Bree

Interaction diagram. This provides a method for calculating the limit boundaries and

allows the necessary loading ranges required to cause a specific damage behaviour to

be determined. This is the first time these techniques have been combined in this way

for the calculation of the design loads in industrial components.

Initially, the background of the technique is introduced; existing methods of design-

ing test loading programmes are described, and the capabilities of the Linear Matching

Method and the way in which it can be used for calculating the limit load, shakedown

and ratchet limits are explained. The proposed technique is then demonstrated on an

industrial application by designing an experimental test programme for the specimen

described in Chapter 4. Load ranges of between 232MPa and 387MPa are identified

as sufficient for causing crack initiation. The accuracy of the Linear Matching Method

for performing this type of analysis on this test specimen is verified through inspection

of the strain range history from a series of step-by-step Finite Element calculations. A

low cycle fatigue analysis is then performed which identified an optimum design load

range of 235MPa which will cause crack initiation in approximately 650 cycles. The

combination of these techniques displays their capabilities for an industrial, experimen-

tal application and demonstrates the key advantages of the technique for calculating

design loads for a highly complex test specimen.

5.1 Introduction

5.1.1 Research Background

It has already been established that fatigue is a prominent failure mechanism in many

industrial engineering applications, with some of the most critical being in the aerospace

and power industries, due to the severe consequences of a structural failure. To this end,

extensive finite element and experimental testing is routinely performed in the design
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and development of engineering components for these applications and also during

their subsequent operation over their normal lifetime. Chapter 2 has highlighted the

importance of accurate fatigue life assessment and Chapter 3 has described the failure

mechanisms that occur as a result of different loading regimes. These mechanisms

have been identified as purely elastic behaviour, elastic shakedown, reversed plasticity,

ratchetting and instantaneous collapse.

In addition to understanding the fatigue life, it is vitally important to be able to

predict the precise load at which each of these failure mechanisms will occur in order

to ensure their integrity during operational life. This is critical both in the component

design stage and also during in-service condition monitoring.

Understanding the load ranges at which these conditions will occur can aid in the

development of engineering components, since damaging behaviour can be avoided

through careful design. Ratchetting and instantaneous collapse must be avoided for

obvious reasons. However, small amounts of plasticity can be tolerated, provided that

it shakes down to fully reversed plasticity or elastic shakedown since, at these loads,

continued incremental plasticity and ultimate failure will not occur under repeated

loading.

In order to gain a better understanding of this, extensive Finite Element (FE) mod-

elling can be performed and these results compared with experimental test data. For

this testing, it is important that the specimen is sufficiently representative of the actual

plant component for the results to be applicable. For this reason, the test specimen

is often designed to fail within a certain lifetime. Fracturing such a specimen during

experimental testing in a safe, controlled environment provides essential information

about the failure mechanisms that can occur in the final component. Its design can then

be adapted if necessary to suit the operating conditions of the engineering structure.

This type of testing is prominent in a number of different industries, but is of particular

importance in the development of industrial gas turbines. This investigation concerns

the prediction of shakedown and ratchetting failure modes within an experimental test

specimen which is representative of gas turbine nozzle guide vanes.
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5.1.2 The Linear Matching Method for Fatigue Life Assessment

The Linear Matching Method, introduced in Section 3.8, will be used in this investi-

gation to assess structural response to a cyclic loading history by generating a Bree

Interaction diagram through a series of shakedown and ratchet analyses.

As explained in Section 3.5, through reference with the Bree-like interaction dia-

gram, shown in Figure 5.1, the LMM method can very efficiently determine the limit

boundaries of each of these damage mechanisms by calculating the precise loads at

which they occur. It also allows the assessment of intermediate loads by ascertaining

what type of behaviour will occur at a given applied load. This makes it a very powerful

technique for the damage assessment of engineering components.

Figure 5.1: Bree interaction diagram showing stress-strain responses at each region

5.1.3 Objectives

The objective of this investigation is to design an experimental testing programme

which is sufficient for causing crack initiation in a complex notched specimen. The

shakedown and ratchet limits will be calculated with reference to the Bree interaction
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diagram, to allow the calculation of the range of loads that will induce crack initiation.

A low cycle fatigue analysis will then be performed to select an appropriate design load

from this suitable range, which best satisfies the fatigue requirements of the test.

The structure of this chapter is organised as follows: Section 5.1 above has explained

the rationale of this investigation, and the importance of careful design of experimental

test specimens has been highlighted. In Section 5.2, a new method is proposed for

the design of an experimental testing programme. In Section 5.3, a description of

the problem is provided and the precise geometry of the bespoke test specimen and

the material properties and loading conditions are described. A description of the

finite element model that is used in the analysis is also included. Section 5.5 presents

the obtained results of the shakedown and ratchet boundary limits which allows the

determination of an appropriate design load range. In order to assess the accuracy of

the results, the analysis convergence is investigated and the results are verified through

a step-by-step analysis. Finally, in Section 5.6, a low cycle fatigue analysis is performed

and an appropriate specific design load is chosen based on the obtained results in Section

5.5, with consideration of the likely location of crack initiation. The investigation

concludes with a discussion of the arrangement of the experimental test that will be

performed as a result of this investigation.

5.2 Numerical Procedure

5.2.1 Reversed Plasticity Domain Method

This investigation proposes a concept that utilises the Linear Matching Method and

the Bree Interaction diagram in a novel combination that allows the design of an exper-

imental testing programme for low cycle fatigue crack initiation. This is the first time

these techniques have been combined in this way for the calculation of the design loads

of industrial components. This method is referred to in this chapter as the “Reversed

Plasticity Domain Method” (RPDM). It comprises a series of Linear Matching Method

analyses, performed at different load points, for the precise calculation of the shake-

down and ratchet limit boundaries in order to identify the reversed plasticity and low

cycle fatigue region, in which crack initiation will occur. A Bree-Interaction diagram
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can then be plotted for visualisation of the critical regions. Identification of this zone

allows the calculation of the range of loads in which reversed plasticity and crack initi-

ation will occur. A low cycle fatigue analysis can then be performed which calculates

the number of cycles to crack initiation for any load within this range. The user may

then select a single specific design load based on the fatigue life requirements of the

component. The Reversed Plasticity Domain Method offers a suite of analysis tools to

provide a very efficient technique that encompasses the identification of load ranges for

causing specific damage mechanisms as well as the calculation of the low cycle fatigue

life for crack initiation. An optional step-by-step analysis can then be performed as

a means of verification if required. This investigation applies this novel technique to

a complex industrial problem, clearly demonstrating its power and efficiency for the

design of experimental testing programmes.

The crack initiation assessment is associated with low cycle fatigue, hence it is

possible to use LCF material data to assess the lifetime from the steady state cycle

strain range data. The calculation of the plastic and total strain range is performed

through the first stage of the ratchet analyses of the LMM Direct Steady Cyclic Analysis

(DSCA). This is a stand-alone component of the Linear Matching Method which obtains

the steady cyclic stresses and strain rates for given combinations of loading through

an iterative procedure which directly locates the ratchet limit [123]. This is explained

further in Section 5.2.3.

It is important to note that this procedure only considers the calculation of the

number of cycles to crack initiation and does not include crack propagation life. Addi-

tional analyses would need to be performed to model crack propagation. However, it is

believed that for this investigation, the initiation fatigue life is sufficient for designing

the experimental testing programme. The aim of this research is to calculate the ap-

propriate cyclic load levels which induce crack initiation within a predefined number of

cycles. The objective is to determine, using the proposed method, the cyclic load level

that causes the crack to initiate.
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5.2.2 Shakedown Theorems

The shakedown and ratchet calculations as part of the RPDM are performed by the

Linear Matching Method DSCA. The precise methodology of this is thoroughly de-

scribed in existing literature. The shakedown theorems are clearly explained by the

work of Ponter [124] and this is briefly outlined below. It states that the shakedown

limit can be described as the range of the load multiplier, λ ≥ λS for a residual stress

change of zero, where λS is the shakedown limit and the residual stress is denoted as

ρrij . Since the shakedown is considered a range, both upper and lower bound limits can

be calculated. The LMM is capable of calculating both this upper and lower bound

of the shakedown limit. The process in which the LMM performs this calculation is

outlined below.

Upper Bound Theorem

The upper bound theorem is based on Koiter’s theorem [125, 126], which states that “a

structure under cyclic loading would shakedown if the external work done by the loads

is less than or equal to the internal work dissipated for all admissible strain rate cycles,

ε̇cij.”

Assuming an isotropic, elastic perfectly plastic material that satisfies the Von Mises

yield condition, the problem comprises a 3D body of volume, V , with a boundary, S,

that experiences a cyclic mechanical loading history λPi(xj , t) on ST and a temperature

load of λθ(xj , t) within volume V , over a cycle time period ∆t. λ is a load parameter

and ui = 0 is the displacement rate that is applied on SU . ST and SU are sections of the

boundary, S. The basis of the method is that the admissible and incompressible strain

rate history, ε̇cij , is associated with a compatible strain increment, ∆εcij such that:

∫ ∆t

0
ε̇cijdt = ∆εcij (5.1)

where the strain increment is associated with a displacement increment field, given by:

∆εcij =
1

2

(
∂∆uci
∂xj

+
∂∆ucj
∂xi

)
(5.2)

from the load history as above, the upper bound shakedown theorem is then given by:
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λUB

∫
V

∫ ∆t

0
(σ̂ij ε̇

c
ij)dtdV =

∫
V

∫ ∆t

0
(σcij ε̇

c
ij)dtdV (5.3)

where σcij is the stress at the yield and is associated with ε̇cij and σ̂ij is a linear solution

associated with the given load history [108, 127]. λUB > λS is an upper bound to the

shakedown load parameter, λS . This can be further simplified to give:

λUB =

∫
V

∆t∫
0

σy ¯̇ε(ε̇cij)dtdV

∫
V

∆t∫
0

(σ̂ij ε̇cij)dtdV

(5.4)

where σy is the temperature-dependent yield stress of the material, ε̇ij is a kinematically

admissible strain rate and ¯̇ε =
√

2
3 ε̇ij ε̇ij is the effective strain rate. This process repeats

iteratively, producing a sequence of upper bound values that converge to the least upper

bound.

Lower Bound Theorem

In the shakedown condition, by definition, no plastic strain will accumulate when the

combination of elastic stresses and residual stress field satisfy the von Mises yield crite-

rion. The lower bound theorem states that shakedown will occur if a time independent

residual stress field exists which satisfies the equilibrium and boundary conditions and

the total stress is less than the yield limit. This is based on Melan’s Theorem [126, 128]

which states that “if a time constant residual stress field, ρ̄ij(x) exists such that superpo-

sition with induced elastic stresses, λLBσ̂ij(x, t) forms a safe state of stress everywhere

in the structure, i.e.

f(λLBσ̂ij(x, t) + ρ̄ij(x)) 6 0 (5.5)

then λLB 6 λs” where λLB is the lower bound parameter. This utilises a similar

iterative process as above in which a convergent lower bound value of the shakedown

limit is calculated.
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5.2.3 Ratchet Theorems

The theorem for the ratchet limit analysis is based on an extension of the shakedown

theorems, where the change of accumulated residual stress field, ρij(tn) at time instance

tn, is included in the linear elastic solution. This is explained by Chen et al [110, 129].

The first step of the analysis involves the evaluation of the changing residual stress

field, ρrij(x, t) and plastic strain ranges. Within the Linear Matching Method frame-

work, this is referred to as the Direct Steady Cycle Analysis (DSCA). This iteratively

calculates the varying residual stress, ∆ρrij(x, tn)m, associated with the elastic solution,

σ̂∆
ij (x, tn), where n is the cycle number. This repeats iteratively from cycle n = 1 until

convergence is reached at cycle n = M . Using the obtained values of the residual stress

history and plastic strain ranges at a time point, tn, the second step of the analysis

then performs the traditional shakedown procedure, as explained above, to assess the

ratchet limit. As previously demonstrated in equations 5.1 and 5.3, the upper bound

shakedown theorem can be given by:

λUB

∫
V

∫ ∆t

0
(σ̂ij ε̇

c
ij)dtdV =

∫
V

∫ ∆t

0
(σcij ε̇

c
ij)dtdV (5.6)

where:

σ̂ij = λσ̂F̄ij + σ̂∆
ij (xk, t) + ρrij(xk, t) (5.7)

Defining the von Mises yield condition with the associated flow rule, gives the upper

bound ratchet limit multiplier, λUB, subject to a cyclic load history, σ̂∆
ij (tn), and an

additional applied constant load, σ̂F̄ij , as:

λUB =

∫
V

∑N
n=1 σy ε̄(∆ε

n
ij)dV−

∫
V

∑N
n=1(σ̂∆

ij (tn) + ρij(tn))∆εnijdV∫
V

σ̂F̄ij(
∑N

n=1 ∆εnij)dV
(5.8)

where ε̄(∆εnij) =
√

2
3∆εnij∆ε

n
ij and ∆εnij is the kinematically admissible plastic strain

rate history. Based on this, the LMM then produces a sequence of monotonically

reducing upper bounds and converges to the least upper bound ratchet limit [129].

The LMM algorithms iteratively compute the shear modulus, Jacobian matrix,

residual stress and modified stress. This allows the user to perform a complete anal-
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ysis to calculate the shakedown and ratchet limits as well as other important cyclic

information such as strain range for use in LCF analysis. These theorems are em-

bedded into the Linear Matching Method code and ABAQUS plugin[114–116]. The

user-friendly environment of the plugin means that these parameters can be calculated

without the need to completely understand the theoretical background. This demon-

strates the power of the LMM ABAQUS plugin as an ergonomically well designed and

user friendly software tool.

5.3 Numerical Application

5.3.1 Description of the Problem

The subject of this experimental test programme is the specimen designed in Chapter

4. This aims to represent gas turbine nozzle guide vanes and is shown in Figure 5.2.

The test requires that crack initiation will occur in the specimen, but for time and

budgetary reasons, it is essential that it occurs within a relatively low number of cycles.

The Reversed Plasticity Domain Method is used to design a suitable programme.
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Figure 5.2: Drawing of test specimen geometry

5.3.2 Material Properties & Loading Conditions

A nickel-based superalloy, similar to those used in gas turbine applications is used

in this investigation with a Young’s Modulus of 178GPa and yield stress of 648MPa.

The Linear Matching Method Direct Steady Cyclic Analysis procedure can accurately

model elastic perfectly plastic materials. However, in addition, it is able to incorporate

material hardening/softening through the inclusion of the Ramberg-Osgood formula.

This matches the inclusion of hardening/softening in the R5 procedure, allowing it to

work harmoniously with this procedure. This allows the LMM DSCA to be used on

a wide range of material models, matching the requirements of real components very

accurately if required, or on more simple cases if elastically perfectly plastic models

are sufficient, which reduces the computational time. For materials that exhibit small

levels of hardening, elastic perfectly plastic properties offer simplified material models
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which can still provide reasonable levels of accuracy. In this investigation, both EPP

and RO material models are analysed and a comparison between the two is offered.

This allows the impact of material hardening on the fatigue life of a component to

be demonstrated. The Ramberg-Osgood model that is adopted in this investigation

follows the relationship:

εT
2

=
∆σ

2Ē
+
( ∆σ

2AR

) 1
β

(5.9)

where, εT is the total strain range, ∆σ is the cyclic stress range, Ē is the multi-axial

Young’s Modulus and AR = 1175MPa and β = 0.068 are material constants. It is

important to note that the LMM employs the RO relationship in a different form to

that described in Equation 2.1 since it is based on the strain amplitude, rather than

the total range.

In the LMM plugin, the user specifies an arbitrary applied reference load and load-

ing history. The LMM then calculates the shakedown or ratchet limit multiplier as a

factor of this reference load, i.e. if a reference load of 100MPa is applied and a shake-

down limit multiplier of 0.5 is yielded, then the shakedown limit would be 50MPa.

In this investigation, a reference load of magnitude 400MPa is applied to one end of

the specimen, whilst the opposite end is pinned in position to prevent movement, as

illustrated in Figure 5.3.

Figure 5.3: Finite element model of test specimen geometry

In Bree’s original case of a thin walled cylinder, a static mechanical load and cyclic

thermal loads were applied. The industrial test in this investigation is to be performed

with cyclic mechanical loading under isothermal conditions. The constant temperature

field means that no thermal stress concentrations will be induced, meaning that there

is no primary thermal load to apply. Therefore, instead of a thermal and mechanical
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load, two separate mechanical loads are applied to the test specimen. Each load will

be of identical magnitude, however, one will be kept static, whilst the other is cycled.

The loading history applied in this investigation is illustrated in Figure 5.4.

(a)

(b)

Figure 5.4: Loading history for (a) cyclic load and (b) static load

The application of independent static and cyclic mechanical loads means that the

generated Bree-like interaction diagram provides information for the entire range of

R-ratios since the cyclic and static loads are plotted independently on separate axes.

Monitoring the response at varying values of the static load (x-axis), allows the material

response at different R-ratios to be ascertained. For this investigation, an R-ratio of

zero is required which corresponds to the Y-axis, at x=0.

5.4 Finite Element Model

The finite element software package, ABAQUS is used for the computational anal-

yses performed in this investigation. Within ABAQUS, the proposed test specimen

as presented in Figure 5.2 is modelled. The central region of the model containing
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the chamfered centre hole is modelled using quadrilateral, hexahedral elements and

the ends of the specimen are modelled with quadrilateral, tetrahedral elements. This

allows the implementation of a refined mesh around the most critical regions of the

specimen, whilst a more coarse mesh is used in the less critical regions, thus reducing

the computational expense of the analyses. The mesh that is used in this investigation

is shown in Figure 5.5 and an enlarged view of the mesh around the centre hole is

shown in Figure 5.6.

The complete geometry was modelled; pinned boundary conditions were applied

at one end of the specimen, and a pressure load was applied at the other. Symmetry

boundary conditions could have been implemented, allowing a half, quarter or eighth

model to be used rather than a full model, reducing the computational effort. However,

in this particular case, due to the efficiency of the Linear Matching Method, running

each analysis for the complete geometry took only a few minutes. It was therefore

deemed unnecessary to invest additional modelling effort to reduce the size of model

and apply symmetry boundary conditions. However, for larger and more complex

models, implementing such a strategy could be beneficial.
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Figure 5.5: Model mesh showing different element types

Figure 5.6: Mesh of the central region of model

5.5 Numerical Results

5.5.1 Shakedown & Ratchet Limit Boundaries

The RPDM is used to perform a number of shakedown and ratchet analyses which

allows the boundary conditions of each analysis to be calculated. These results are
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shown in Table 5.1 and Table 5.2; P and ∆P are the magnitudes of the static and

cyclic loads respectively and P/σy and ∆P/σy are P and ∆P normalised with respect

to the yield stress of the material.

Table 5.1: Shakedown limits calculated by the LMM

Shakedown Limits (Static Load, Cyclic Load)

Static Load, P Cyclic Load, ∆P
Normalised Static

Load, P/σy

Normalised Cyclic

Load, ∆P/σy

0.000 231.084 0.000 0.357

23.108 231.075 0.036 0.357

46.213 231.064 0.071 0.357

69.310 231.035 0.107 0.357

92.300 230.749 0.142 0.356

115.375 230.749 0.178 0.356

145.234 242.057 0.224 0.374

387.302 0.000 0.598 0.000
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Table 5.2: Ratchet limits calculated by the LMM

Ratchet Limits (Static Load, Cyclic Load)

Static Load, P Cyclic Load, ∆P
Normalised Static

Load, P/σy

Normalised Cyclic

Load, ∆P/σy

387.379 0 0.598 0.000

347.439 40 0.536 0.062

307.330 80 0.474 0.123

267.332 120 0.413 0.185

227.312 160 0.351 0.247

187.290 200 0.289 0.309

147.260 240 0.227 0.370

107.231 280 0.165 0.432

67.197 320 0.104 0.494

27.165 360 0.042 0.556

0.000 387 0.000 0.598

The limit load is identified to be 59.8% of the yield stress of the material, which

corresponds to a load of 387.3MPa. This data can be expressed graphically in the form

of the Bree Interaction diagram as shown Figure 5.7. The x-axis shows the static load,

P , and the y-axis shows the cycled load, ∆P , both normalised with respect to the yield

stress. The letters A and B identify the locations of load points that will be used in

the subsequent convergence analysis in section 5.5.2.
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Figure 5.7: Generated Bree-interaction diagram for test specimen

Since the aim of this investigation is to determine the loads required to cause crack

initiation, the area of interest on the shakedown-ratchet Interaction diagram is the

reversed plasticity region, as highlighted in red in Figure 5.7, where the x-axis corre-

sponds to the static load and the y-axis corresponds to the cyclic load. However, in

the experimental test, an R-ratio of zero is required and no static load is to be applied,

meaning that the only region of interest for calculating the required load range is at

x=0. It can be seen that at x=0, the shakedown and ratchet limits are 0.357 and

0.598 respectively. These values are normalised with respect to the yield stress and so

when corrected become 231.336MPa and 387.504MPa. Therefore, the limit loads can

be summarised as given in Table 5.3. A series of step-by-step analyses are performed

as a means of verification for the results generated using the RPDM and these are

presented in Section 5.5.3. Due to the nature of the mechanical load and the fact that

there is no thermal load, the ratchet limit coincides with the limit load and so in this

particular case, there is no visible ratchetting region as any load larger than the ratchet

limit load will cause instantaneous collapse.
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Table 5.3: Shakedown and ratchet limit loads for the load condition of R=0

∆ P / σy Load (MPa)

Shakedown Limit 0.357 231.336

Ratchet Limit 0.598 387.504

5.5.2 Convergence Investigation

In order to ascertain the accuracy of the obtained solution from the RPDM LMM

analysis, it is important to consider the convergence rate. In the LMM plugin for

ABAQUS CAE as part of the RPDM, the desired convergence rate can be specified as

either the difference between consecutive upper bounds, or the percentage difference

between upper bounds and lower bounds. As a general case, the upper bound solution

converges more quickly than the lower bound [108] and so is often the preferred choice of

convergence criteria. During each iteration of the analysis, the upper and lower bounds

of the shakedown or ratchet load multiplier are calculated. The solution is deemed to

have converged once the user-defined convergence criteria have been satisfied. In order

to assess that the convergence is satisfactory, a load condition was selected from both

the shakedown and ratchet regimes as indicated by the letters A and B in Figure 5.7

and the respective load multiplier is plotted at each increment as shown in Figure 5.8.

At load point A, the ratchet analysis reaches convergence fairly quickly, with the

upper bound converging in approximately 20 iterations whilst the lower bound takes

slightly longer, reaching convergence in approximately 47 iterations. However, at load

point B, the shakedown analysis experiences a peculiar phenomenon. The upper bound

reaches an initial steady state in approximately 15 iterations, however, whilst the lower

bound is approaching convergence, at iteration 32, the LMM detected a change in the

failure mechanism and the upper bound started to re-converge on the limit multiplier

of this new failure mechanism. This caused the upper bound shakedown limit multi-

plier to drop below that of the lower bound multiplier. Such a situation would cause

numerical errors and so in response, the LMM automatically changes the convergence

criteria to be based solely on the upper bound. The analysis then continued, reaching
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final convergence in approximately 55 iterations. This highlights the importance of

monitoring both the upper bound and lower bound limit loads since each solution can

be validated against one another, giving greater confidence in their accuracy [130]. If

only one condition is used as a convergence criterion, then it could be possible to miss a

failure mechanism, yielding inaccurate and incomplete results. Monitoring both lower

and upper bounds that tend towards a common solution in this way is one of the major

strengths of the Linear Matching Method and it makes convergence generally faster,

more stable and more accurate than other methods [112].
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Figure 5.8: The convergence condition of iterative processes for shakedown and ratchet analysis

5.5.3 Verification of Results

The accuracy of the RPDM can be verified by performing a series of standard step-

by-step analyses at different regions of the Shakedown-Ratchet Boundary diagram and

monitoring the strain magnitude history data. Each type of damage behaviour exhibits

a different strain response and through monitoring this, the accuracy of the location of

the boundaries can be determined. For a material with elastic-perfectly plastic prop-
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erties, the shakedown strain response increases linearly to a critical value, at which

point it remains constant, producing a bilinear curve. Under reversed plasticity, the

strain again initially increases linearly, but on reaching a critical point, oscillates about

a mean value. Under ratchetting conditions, the strain continuously increases until

eventual collapse occurs. These strain responses are illustrated in Figure 5.9. Obser-

vation of these responses can indicate the location of the boundaries. If at a particular

load point, shakedown occurs but at a slightly increased load, reversed plasticity oc-

curs, then it can be deduced that the limit boundary occurs between these two load

points. To assess this, six analyses of 100 cycles each were performed at points above

and below the shakedown and ratchet boundaries as illustrated by the crosses in Figure

5.10. This demonstrates the Shakedown-Ratchet Boundary plots with the strain mag-

nitude response superimposed. The crosses show the load points at which step-by-step

analyses were performed. It clearly demonstrates that the observed strain response

accurately matches the damage behaviour, thus proving the accuracy of the RPDM

results for the shakedown and ratchet boundaries.
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(a)

(b)

(c)

Figure 5.9: Typical strain response for (a) shakedown, (b) reversed plasticity and (c) ratchetting
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Figure 5.10: Step-by-step analysis verification of shakedown and ratchet boundaries

Following successful verification of the RPDM results by step-by-step analyses, it

can be concluded that a load range of between 231MPa and 387MPa will cause crack

initiation. In order to determine the most appropriate load between these ranges, a

low cycle fatigue analysis is now required.

5.6 Evaluation & Discussion

5.6.1 Low Cycle Fatigue Assessment

From the Shakedown-Ratchet Boundary plot in Figure 5.7, it can be seen that the re-

versed plasticity region only occurs between the loads of 231MPa and 387MPa. Whilst

any load between these magnitudes is sufficient for causing crack initiation, the asso-

ciated number of cycles to failure will vary widely. In order to determine the most

appropriate fatigue life that meets the requirements of the test, a sensitivity study is

performed to calculate the number of cycles to failure for gradually increasing loads

through comparison with the low cycle fatigue data that is adopted in this investigation
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as shown in Table 5.4. These results are presented graphically in the form of number

of cycles to failure against increasing applied load in Figure 5.11.

Table 5.4: Low cycle fatigue data

Number of Cycles to Failure Normalised Strain Range (%)

100 1.400

500 1.016

1000 0.885

2000 0.771

4000 0.672

8000 0.585

16000 0.509

32000 0.444
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Figure 5.11: Number of cycles to failure for increasing applied cyclic load range for R-ratio of 0

The variation of LCF life to crack initiation for varying applied loads can clearly
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be seen for both EPP and RO material models. As the load increases, this fatigue

life decreases until the limit load is reached, where the specimen will instantaneously

collapse on the first load cycle. Below the shakedown limit, the applied load is less

than the low cycle fatigue limit of the specimen and so low cycle crack initiation will

never occur. It can be seen that using the EPP material model, the calculated fatigue

life is lower than that of the RO model, presenting a potentially overly-conservative,

and unrealistic value of the total LCF life.

When performing the experimental testing in this investigation, for time and bud-

getary reasons, the test is required to be as short as possible. However, if the test is

too short there is a possibility that critical data might be missed since the crack growth

will occur too quickly. It is therefore important that the test duration is long enough

to allow successful recording of all the important measurements. For this reason, a

balance is required between the duration of the test and the incurred cost. To this

end, a design load range of 270MPa (indicated by a dark blue star in Figure 5.10)

is considered optimum since it is above the shakedown limit, ensuring that cracking

occurs, yet it has a relatively long low cycle fatigue life of approximately 650 cycles to

crack initiation. This will allow sufficient time to observe the necessary data that will

be obtained during the test. This is summarised in Table 5.5.

Table 5.5: Stress and strain ranges calculated using both Elastic Perfectly Plastic and Ramberg-
Osgood Material Models and corresponding fatigue life calculated by the RPDM

Material Model

EPP RO

Stress Range (MPa) 1296.00 1330.68

Elastic Strain Range (%) 0.7329 0.7483

Plastic Strain Range (%) 0.2436 0.2115

Total Strain Range (%) 0.9764 0.9598

LCF Life (cycles) 603 658
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Both the Ramberg-Osgood and Elastic Perfectly Plastic material models are included

to demonstrate the effect of material hardening on the life. It can clearly be seen that

the elastic strain range for the RO model is larger than EPP, whilst the plastic strain

range for the RO model is smaller than for EPP, resulting in a smaller total strain

range for the RO model, yielding a longer life than for EPP. This matches the typical

response that is expected for such material models, and highlights the importance of

implementing realistic material models which include cyclic hardening for a thorough

and accurate prediction of low cycle fatigue life. However, it can be seen that in this

particular case, the absolute effect on the LCF life is relatively small.

For the chosen load of 270MPa, the steady state hysteresis loops are plotted in

Figure 5.12. These confirm that the mechanism undergoes a reversed plasticity response

at an applied load of this magnitude. The difference in total stress and strain ranges

can also clearly be seen.
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Figure 5.12: Stabilised hysteresis loop at applied load of 270MPa for (a) Elastic Perfectly Plastic
Material Model and (b) Ramberg-Osgood Material Model

5.6.2 Arrangement of Experimental Test Specimen

In addition to predicting the number of cycles to failure, it is important to consider the

point of crack initiation. Figure 5.13 shows the induced total strain range under loading

for both EPP and RO material models. The points of maximum stress are clearly very

localised at the edges of the centre hole and are likely locations of crack initiation. Due
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to the symmetry of the specimen, the strain at each side of the centre hole on each face

is of similar magnitude and so the exact location of initiation is unknown as it could

be at one of four locations. This poses a potential issue for experimental testing and

so in order to ensure that crack initiation is witnessed, each face of the specimen must

be monitored.

A possible alternative would be to redesign the test specimen to create a non-

symmetrical stress distribution, by for example, adding a notch on one side of the

component. This would mean that the location of crack initiation could be prescribed

before testing takes place, avoiding the issue of uncertainty in initiation location. How-

ever, this could also introduce asymmetrical loading and torsional effects meaning that

the specimen could bend under uni-axial loading. Therefore, the geometry would have

to be carefully designed to introduce an obvious stress concentration and therefore

crack initiation location, whilst also ensuring even displacement in the testing rig.

(a) (b)

Figure 5.13: Total strain range induced at stress concentration under cyclic loading for Elastic
Perfectly Plastic (a) and Ramberg-Osgood (b) Material Models

It is important to note that the contour plots shown in Figure 5.13 are calculated

using the nodal values, however, for the LCF analysis above, the stress and strain values

are calculated at the most critical integration point in the most critical element. As a

result, the values calculated by ABAQUS at the node locations are slightly higher than

at the integration point. The total strain ranges calculated in the RPDM analysis using
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the integration point are 0.9764% and 0.9598% for EPP and RO models respectively, as

shown in Table 5.5. Whereas, the total strain range calculated at the most critical node

is 1.254% and 1.214% for EPP and RO models respectively. This figure is intended for

illustrative purposes to demonstrate the location of crack initiation, and not for an in

depth LCF analysis.

5.6.3 Crack Propagation Analysis

In order to gain a greater understanding of the crack propagation direction prior to

experimental testing, an XFEM analysis is performed. This will allow the likely crack

direction to be predicted. Figure 5.14 shows a series of close up images of the centre hole,

showing the progression of a propagating crack modelled using the XFEM technique. It

can be seen to emanate from the points of highest stress at the edges of the centre hole

at the front and back faces of the specimen. The crack then propagates through the

depth of the specimen from the faces towards the centre, where both sides of the crack

meet. This crack then propagates through the width of the specimen and continues to

propagate, un-arrested, until complete failure occurs. This analysis provides valuable

information in the preparation of the experimental testing as it allows a prediction of

the crack initiation location and propagation direction.
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Figure 5.14: Series of images showing propagating crack using the XFEM technique
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Following successful design of the experimental testing programme and calculation

of the low cycle fatigue life as well as the crack initiation location and propagation path,

experimental testing can now be performed. A number of test specimens, as designed

in Chapter 4, have been manufactured and are shown in Figure 5.15.

Figure 5.15: Machined industrial test specimen

The scope of the study is to perform 10 tests, comprising three series:

1. Simple fatigue cycle

2. Initial single tensile overload cycle followed by simple fatigue cycle

3. Initial single compressive overload cycle followed by simple fatigue cycle

Three specimens will be tested for each series of test conditions with the tenth specimen

considered a spare, and will either be tested based on the outcome of the other 9 tests,

or used as a trial run. All tests will be load-controlled and conducted at R=0 under

isothermal conditions at 500°C with an applied load range of 270MPa. For the case of

the overload, this is to be 25% higher than the normal fatigue cycle load, i.e. 337.5MPa.

The purpose of these tensile and compressive overloads is to create a residual stress

field in the notch in order to observe the effect this has on the structural integrity of

the component.

During the tests, crack initiation and propagation will be measured using DC (direct

current) potential drop monitoring. This is a non-destructive examination technique
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that applies a constant direct current to the specimen and measures the induced resis-

tance. Any change in the geometry through cracking will induce a change in resistance.

Through correct calibration, this change in resistance can be related to crack growth

[131]. To allow implementation of this technique during the testing of the specimen,

measurement probes are installed either side of the central hole and a reference probe

is installed away from the stress concentration for comparison purposes. This will allow

the change of resistance induced in the specimen as the crack grows and its initiation

and extension to be measured. These probes will be positioned outside the centre hole

to avoid any impact on the test results.

In an attempt to understand the evolution of the fatigue crack, the test will also

attempt to “beach mark” the specimen. Beach marks are visible macroscopic marks

found on the fracture surface which occur when there is an interruption in the propa-

gation of the crack. This can be performed by intermittently altering the loading cycle.

In this test, a small number of cycles of R ratio of 0.5 will be performed for every 100

standard cycles, allowing the evolution of the crack front with each set of 100 cycles to

be monitored.

At the time of writing, this testing had not commenced, but it is scheduled to take

place over the coming years.

5.7 Chapter Summary

The Reversed Plasticity Domain Method has been proposed as a technique for the

design of an experimental testing programme suitable for causing crack initiation in

a complex notched specimen through the calculation of the shakedown and ratchet

limits. The shakedown limit and ratchet limit loads have been identified as 231MPa

and 387MPa respectively and as such, any load between these values is sufficient to

cause low cycle fatigue crack initiation. The accuracy of the results obtained using

the RPDM has been verified through inspection of the strain range history data of

a series of step-by-step analyses. Following successful verification, a strain-based low

cycle fatigue analysis was performed in order to calculate the number of cycles to crack

initiation for a range of loads between the shakedown and ratchet limits. This allowed

an optimum design load to be determined which meets the requirements of the test
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within the imposed time constraints. Following a complete low cycle fatigue analysis,

a design load of 270MPa has been selected as the optimum load for the experimental

test. This load yields a fatigue life of approximately 658 cycles to crack initiation

for a Ramberg-Osgood material model and 603 cycles for an Elastic Perfectly Plastic

material model. The location of likely crack initiation has also been identified. Finally,

the experimental procedure that will be performed as a result of this investigation has

been discussed with a detailed description of each test provided.

This investigation clearly demonstrates the power and efficiency of the Reversed

Plasticity Domain Method and the Linear Matching Method for the calculation of

the shakedown and ratchet limits as well as the design of an experimental testing

programme and LCF analysis for a highly complex industrial test specimen.



Chapter 6

The Modified Monotonic Loading

Concept for the Calculation of

the Cyclic J-Integral

Note of publication

The work contained in the following chapter has been presented by Beesley et al in the

peer-reviewed ASME Journal of Pressure Vessel Technology [2] and at the ASME Inter-

national Conference of Pressure Vessels & Piping (PVP) 2014 in Anaheim, California,

USA [3].
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Chapter Overview

This chapter introduces the Modified Monotonic Loading (MML) Concept as a method

of calculating the cyclic J-integral. This novel approach is investigated through applica-

tion to a highly complex, bespoke industrial test specimen containing a semi-elliptical

surface crack. Varying loading conditions including uniaxial tension and out-of-plane

shear are applied, and the relationships between the applied loads and the cyclic J-

integral are established. In addition, the variations of the cyclic J-integral along the

crack front are investigated, allowing the critical load that can be applied before crack

propagation occurs to be determined as well as the identification of the critical crack

direction once propagation does occur. These calculations demonstrate the applicabil-

ity of the method to practical examples and illustrate an accurate method of estimating

the cyclic J-integral.

6.1 Introduction

The focus of this chapter is the J-Integral, and how this can be extended to allow the

evaluation of fatigue life. This builds the work on the foundation of elastic plastic frac-

ture introduced in Chapter 2. The theory of the J-Integral is introduced and methods

of the extension of this parameter to allow for cyclic fatigue are investigated through

the application of techniques to an industrial test specimen.

6.2 Objectives

The overarching aim of this investigation is to assess the suitability of an extended

monotonic analysis for approximating the cyclic J-integral (∆J). The limitations with

current methods of determining the cyclic J-Integral have already been discussed in

Chapters 2 and 3. The suitability of the proposed Modified Monotonic Loading (MML)

concept is then assessed. Finally, this technique is applied to an industrial test specimen

in order to calculate the cyclic J-Integral and its variation with increasing load and

crack front location. This chapter is organised as follows: Section 6.3 discusses the

importance of crack modelling in industrial design, Section 6.4 proposes a concept for
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the calculation of the ∆J . Section 6.5 presents the model specific to this application and

the associated material and loading properties are defined. The investigation continues

with Section 6.6 which presents the obtained results for the validation of the MML

technique as well as the calculated cyclic J-Integral variation with increasing load and

crack location.

6.3 Crack Modelling

Simulating a 3D surface crack is much more complicated than simulating a 2D crack.

The variation of ∆K and ∆J along the crack front is dependent on the type and

magnitude of the applied loading and as a result will vary depending upon the location

along the 3D surface crack front. Different locations will result in different values

of ∆K and ∆J and will thus affect the crack propagation direction. It is therefore

vitally important to simulate the ∆J with a high level of detail under different loading

conditions in order to gain a complete understanding of the crack behaviour and thus

predict its propagation.

The eXtended Finite Element Method, as introduced in Section 3.4, is capable of

modelling mesh independent cracking and thus could be used in this investigation.

This method is capable of calculating contour integrals such as the SIF and J-Integral,

however, when a high level of geometrical detail is introduced, the accuracy of contour

integration close to the crack tip is compromised. For this reason, XFEM will not

be used as a technique for calculating contour integrals in this investigation and the

traditional FEM is used instead.

Modelling simplified models such as infinite plates and blocks can provide valuable

insight into crack behaviour. However, these large simplifications can overlook the

complexities of real life applications that are found in industry. Therefore, increasing

the model complexity makes computational models more akin to industrial applications

and thus the results can offer more value than that of greatly simplified cases. This

validates the case for modelling a complex geometry test specimen in this investigation.
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6.4 Modified Monotonic Loading (MML) Concept

A concept is proposed which provides a reasonable approximation for the calculation

of the cyclic J-Integral which addresses the known issues in the existing technologies.

This can be achieved through modification of a monotonic loading analysis by replacing

σy with 2σy and replacing the cyclic load range with a single monotonic load equal to

the range. This allows such a modified monotonic analysis to replicate the conditions

of a cyclic loading analysis. This method is referred to in this chapter as the “Modified

Monotonic Loading” (MML) concept. This follows on from the work of Chen and

Chen [132]. It was discovered that in an un-cracked body subjected to variable loading

conditions, the differences between this MML concept and the equivalent cyclic analysis

were relatively small. Their work indicated the potential for this technique as a method

of determining the cyclic J-Integral. In this investigation, this MML concept will be

investigated and tested further on an industrial test specimen.

The workings of this concept can be explained in reference to the energy method of

Section 2.6.2 and 2.8.3 and Figures 2.6 and 2.17. Considering a cyclic loading condition

between maximum and minimum loading, and the corresponding load displacement

curve, as shown in shown in Figure 6.1 (a), it can be seen that the energy released

during fracture, dU , is equal to that of the MML analysis where the yield stress is

doubled and a single load is applied which is equal to the load range of the cyclic

loading history, shown in Figure 6.1 (b). These modifications simulate a monotonic

equivalent to a cyclic loading history. Since this concept is capable of successfully

replicating a cyclic loading history, the MML offers a viable method of calculating

fracture parameters, such as the J-integral, for a cyclic analysis.
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(a) (b)

Figure 6.1: Load displacement curve of (a) cyclic loading condition and (b) MML condition

As already explained in Section 2.6.2, Rice [13] originally defined the J-Integral in

two dimensions as:

J =

∫
Γ

(
Wdy − T ′

(
∂u

∂x

)
ds
)

(6.1)

where T ′ is the traction vector, u is the displacement vector, ds is an element of arc

length along the contour path, Γ, and W is the strain energy density which is given by:

W =

∫ ε

0
σijdεij (6.2)

where ε is an infinitesimal strain tensor.

Tanaka [133] later extended this for cyclic loading between two states, i and j, as:

∆Jj/i =

∫
Γ

(
∆Wdx2 −∆T ′

∂∆u

∂dx1
ds
)

(6.3)

Altering the terminology to match Rice’s original equation, allows it to be represented

as:

∆J =

∫
Γ

(
∆Wdy −∆T ′

∂∆u

∂dx
ds
)

(6.4)

where δW is the strain energy density range between two states, i and j, which is a
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function of the stress and strain range and is given by:

∆W =

∫ (εmn)j

(εmn)i

[σkl − (σmn)i]dεkl (6.5)

where σkl and εkl are the stress and strain tensors respectively and σmn and εmn denote

relative changes between values corresponding to the load change from one state to an-

other. It can therefore be seen that the J-Integral is a function of stress and strain, and

the cyclic J-Integral is a function of the stress range and strain range as illustrated in

Equations 6.6 and 6.7. Therefore, for this concept to be viable and the hypothesis that

it is capable of accurately replicating a cyclic loading analysis to hold true, then the

stress and strain data from the Modified Monotonic Loading analysis must match the

stress range and strain range data from a cyclic loading analysis (Equations 6.8 and

6.9). Using this assumption will then allow the determination of the cyclic J-Integral

through the MML concept within ABAQUS. Following such a hypothesis, the cyclic

J-Integral values under fatigue loading can be assumed to be equal to the J-Integral val-

ues from the Modified Monotonic Loading analysis (Equation 6.10). It is assumed that:

J = f(σ, ε) (6.6)

∆J = (∆σ,∆ε) (6.7)

therefore, if

σMML = ∆σcyclic (6.8)

and

εMML = ∆εcyclic (6.9)

then,

JMML = ∆Jcyclic (6.10)

Therefore, for a cyclic loading analysis of a particular load range, the cyclic J-Integral

can be approximated by performing a Modified Monotonic Loading analysis with a

single load equal to the cyclic range. The computed J-Integral will depend greatly on

the applied R-Ratio. In this paper, the MML concept has been demonstrated on a case
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of unidirectional stress with R = 0. It is important to note, however, that this technique

was originally devised for the case of fully reversed stress with an R = −1 as described

by Chen and Chen [132]. It is believed that this concept performs adequately for the

case of R = −1 if crack closure is disregarded. However, if crack closure is considered,

some differences exist between the cyclic and the MML analyses and so the concept is

not felt to be as accurate under these conditions.

6.5 Numerical Application

6.5.1 Finite Element Model

The finite element software package, ABAQUS is used for the computational analyses

performed in this investigation. Within ABAQUS, a notched industrial test specimen

as presented by Leidermark [134] and shown in Figure 6.2 is modelled employing ap-

propriate model partitioning. A refined mesh is implemented in the most critical region

of the notch, whilst a more coarse mesh is modelled in the less critical regions. Second

order hexahedral elements are implemented in the model with swept elements in the

crack front region, where 20 nodes are defined around the circumference, and structured

elements are used elsewhere.
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Figure 6.2: The geometry of the investigated test specimen [134]

Within the notch, a 3D semi-elliptical surface crack with a semi-major axis radius

of 1mm and a semi-minor axis radius of 0.75mm is modelled with a focused mesh swept

along the crack front to allow for improved accuracy. Cyclic and Modified Monotonic

Loading analyses are performed and the results of each compared to assess the suitabil-

ity of the method. Once validated, additional MML analyses are performed to calculate

the cyclic J-Integral under uniaxial and out-of-plane shear loading. The finite element

mesh of the test specimen is shown in Figure 6.3 and a close-up of the opened crack

surfaces is shown in Figure 6.4.
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(a) (b) (c)

Figure 6.3: FE mesh of structure showing (a) entire specimen and close-up view of notch (b)
and (c)

Figure 6.4: Open crack surfaces

6.5.2 Material Properties and Loading Conditions

A nickel-based superalloy similar to those in turbine applications is used in this inves-

tigation. An elastic-perfectly plastic material model is implemented with a Young’s

Modulus of 207GPa, Poissons’ Ratio of 0.29 and Yield Stress of 1000MPa. The accu-

racy of the technique is tested under uniaxial tension and out-of-plane shear with both

cyclic loading and Modified Monotonic Loading conditions. This allows the accuracy

of the technique to be determined when applied to an industrial test specimen under
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different loading conditions. Under uniaxial tension tests, pressure forces are applied

to the ends of the specimen. For the cyclic loading analysis, a cyclic load range of

250MPa with a R-Ratio of zero is applied and for the equivalent Modified Monotonic

Loading analysis, a monotonic pressure load of 250MPa is applied. Under out-of-plane

shear loading, pressure forces are applied to the specimen above and below the notch.

For the cyclic loading analysis, a cyclic load range of 600MPa with a R-Ratio of zero is

applied and for the corresponding MML analysis, a monotonic pressure load of 600MPa

is applied. Diagrams showing the location of the applied forces for uniaxial tension and

out-of-plane shear are shown in Figure 6.5 and Figure 6.6 respectively.

Figure 6.5: Location of applied loads under uniaxial tension conditions
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Figure 6.6: Location of applied loads under out-of-plane shear loading conditions

These analyses are merely comparative in order to visualise the differences between

the cyclic loading and MML concept. Following successful validation, additional tensile

tests and out-of-plane shear tests are performed in order to calculate the cyclic J-

Integral using the proposed method.

6.6 Results and Discussion

6.6.1 Validation of MML Concept

The MML results are compared to the cyclic loading analysis to assess the suitability

of the technique as a method of calculating the cyclic J-Integral. The stress range and

strain range data from the cyclic loading analysis are compared to the stress and strain

data of the MML concept. Figures 6.7 to 6.10 show Von Mises stress and Von Mises

stress range and Maximum Principal strain and Maximum Principal strain range data

from the MML and cyclic loading analyses for the uniaxial tension test. Figures 6.11 to

6.14 show Von Mises stress and Von Mises stress range and Maximum Principal strain

and Maximum Principal strain range data from the MML and cyclic loading analyses

for the out-of-plane shear test. From comparing the contour plots of the MML and

cyclic analyses, it can be seen that the differences between the two are minimal as the

contour plots match very closely, generally less than 3%. As is assumed in Equations

6.7 to 6.10, if the stress and strain data of the MML concept matches the stress range

and strain range data of the cyclic analysis, then the MML can be assumed to offer a
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reasonable approximation of the cyclic J-Integral.

From close inspection of the crack front region, it is noticed that a stress concentra-

tion exists at the first contour, where the value is greater than the yield stress. This is

believed to be due to crack tip singularities and caused by numerical errors in the finite

element calculation. In order to maintain the highest level of accuracy, it is important

to greatly refine the mesh in the crack front region. However, due to the complexity

of the geometry of the model, the degree to which the mesh can be refined is limited.

The aim of this investigation is to provide a direct comparison between the stress and

strain solutions of the MML concept and cyclic analyses under two different loading

conditions. Since identical meshes are used in each analysis, the importance of a highly

refined mesh in the critical regions is less crucial. For this reason, it is believed that this

error has little to no effect on the aim of this research and so the meshing rules used

in this investigation are believed to be sufficient. However, it is important to consider

the effect of the mesh refinement at the crack front when performing detailed analyses

for the calculation of the cyclic J-Integral.

It is important to note that a very high pressure load was deliberately applied to

the specimen in this test to give a clear indication of the stress concentrations. Due to

the presence of the crack, the calculated stresses in ABAQUS greatly exceed the yield.

In reality this would not occur since the component would fracture before reaching such

high stresses.

This technique means that a simple monotonic analysis is capable of determining

the cyclic J-Integral, thus offering a quick and computationally inexpensive method

of determining the ∆J, which would otherwise be difficult and time consuming to

calculate. From Equation 2.15, it can provide an invaluable method of predicting the

EPFM fatigue life of a component. Some minor discrepancies exist between the contour

plots of the MML and the cyclic loading analysis, however these differences are small

and the differences generally occur at single node locations, likely as the result of FE

numerical errors, whilst more globally, the differences are much less significant. For

this reason, these results are believed to be reasonable. It is felt that the speed and

ease of implementation and calculation of this technique far outweighs any potential

loss in accuracy.



CHAPTER 6 THE MML CONCEPT FOR THE CALCULATION OF ∆J 153

(a) (b)

Figure 6.7: Contour plots of: (a) stress from MML analysis and (b) stress range from cyclic
loading analysis under uniaxial loading conditions

(a) (b)

Figure 6.8: Enlarged view of contour plots of crack tip of: (a) stress from MML analysis and
(b) stress range from cyclic loading analysis under uniaxial loading conditions

(a) (b)

Figure 6.9: Contour plots of: (a) strain from MML analysis and (b) strain range from cyclic
loading analysis under uniaxial loading conditions
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(a) (b)

Figure 6.10: Enlarged view of contour plots of crack tip of: (a) strain from MML analysis and
(b) strain range from cyclic loading analysis under uniaxial loading conditions

(a) (b)

Figure 6.11: Contour plots of: (a) stress from MML analysis and (b) stress range from cyclic
loading analysis under out-of-plane shear loading conditions

(a) (b)

Figure 6.12: Enlarged view of contour plots of crack front of: (a) stress from MML analysis and
(b) stress range from cyclic loading analysis under out-of-plane shear loading conditions
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(a) (b)

Figure 6.13: Contour plots of: (a) strain from MML analysis and (b) strain range from cyclic
loading analysis under out-of-plane shear loading conditions

(a) (b)

Figure 6.14: Enlarged view of contour plots of crack front of: (a) strain from MML analysis and
(b) strain range from cyclic loading analysis under out-of-plane shear loading conditions

6.6.2 Determination of cyclic J-Integral using the MML

An additional uniaxial tension test and out-of-plane shear test are now performed

on the specimen and the induced cyclic J-Integral is recorded. The ∆J values at

different locations along the crack front are monitored in addition to the variation of

∆J with applied load. The number of nodes that are defined along the crack front are

assigned through the mesh refinement. For this investigation, the employed meshing

rules implement 25 nodes along the circumference of the crack front. Figure 6.15 shows

a schematic diagram of the crack front showing the node locations and numbers.
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Figure 6.15: Schematic diagram showing node numbering

Node 1 is located at the far left crack edge and Node 25 is located at the far right

crack edge when facing the crack opening. These node numbers are referred to in the

results in Table 6.1 and 6.2, and Figures 6.19 and 6.20. For each node along the crack

front, the ∆J is calculated at 5 contours encircling the crack front. This is illustrated

in Figure 6.16.

Figure 6.16: Enlarged view of crack tip showing contour paths

The 5 contours at each node are averaged to give a single mean value at each

node along the crack front. This is believed to be accurate since the J-Integral is a

path-independent parameter [13], meaning that the value is the same, regardless of the

path along which it is calculated. Within ABAQUS, numerical errors due to crack tip

singularities indicate that the values at each contour are not exactly equal, but any
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differences are very small and so mean average values are believed to be sufficiently

accurate. Values of the cyclic J-Integral at each contour path at each load are shown

in Table 6.3 for uniaxial tension and Table 6.4 for out-of-plane shear loading. It can

be seen that the first contour is slightly different to the remaining 4 contours, which

have close agreement. This demonstrates the differences that occur at the crack tip

due to numerical errors are very minor and so the J-Integral can be assumed to be

path independent. The single values at each node are then tabulated and the average

and maximum recorded, as well as far left end of crack, centre of crack and far right

end of crack, shown in Table 6.1 for uniaxial tension, and Table 6.2 for out-of-plane

shear. These values of the J-Integral provided here are obtained by the traditional

elastic plastic fracture mechanics FEA using the MML concept. From the original

hypothesis, the J integral calculated from the MML concept is assumed to be equal to

the cyclic J-Integral of a cyclic loading analysis when the applied load range is equal

to the magnitude of the load in the tables. Therefore these presented values can be

regarded as the cyclic J-Integral.

Table 6.1: Cyclic J-integral variation with increasing uniaxial load

J-Integral (MPa.mm)

Load (MPa) Average Max
Crack Left
(Node 1)

Crack Centre
(Node 13)

Crack Right
(Node 25)

12.5 0.0478 0.1023 0.1022 0.0276 0.1023

25 0.1912 0.4090 0.4088 0.1105 0.4090

50 0.7631 1.6015 1.6008 0.4422 1.6015

75 1.7005 3.3309 3.3298 0.9972 3.3309

100 2.9941 5.5183 5.3354 1.7783 5.3370

125 4.6408 8.3802 7.5034 2.7918 7.5046

150 6.6734 11.8929 9.8692 4.0571 9.8653

175 9.1552 16.5454 12.5029 5.6038 12.4929

200 12.1294 21.9518 15.4460 7.4913 15.4342

225 15.6357 28.1072 18.6470 9.7715 18.6323

250 19.7118 34.9707 22.1816 12.5141 22.1594
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Table 6.2: Cyclic J-integral variation with increasing out-of-plane shear load

J-Integral (MPa.mm)

Load (MPa) Average Max
Crack Left
(Node 1)

Crack Centre
(Node 13)

Crack Right
(Node 25)

30 0.0149 0.0405 0.0405 0.0048 0.0402

60 0.0596 0.1619 0.1619 0.0191 0.1609

120 0.2378 0.6376 0.6376 0.0765 0.6335

180 0.5347 1.4277 1.4277 0.1737 1.4190

240 0.9501 2.4856 2.4856 0.3133 2.4715

300 1.4805 3.7501 3.7501 0.5024 3.7321

360 2.1367 5.1968 5.1968 0.7363 5.1731

420 2.9299 6.8236 6.8236 1.0339 6.7934

480 3.8784 8.6282 8.6282 1.4173 8.5911

540 5.0106 10.6364 10.6364 1.8828 10.5925

600 6.4210 12.9883 12.9883 2.4636 12.9380

Table 6.3: The variation of the cyclic J-integral at each contour path under uniaxial tensile
loading

Uni-axial Tension

Average Cyclic J-Integral at Contours 1 to 5 (Averaged from all 25 Nodes) (MPa.mm)

Load (MPa)

Contour 25 125 250

1 0.184621 4.251451 17.03563

2 0.192854 4.733544 20.19799

3 0.192909 4.740572 20.39367

4 0.192873 4.73978 20.45251

5 0.192776 4.738423 20.47896

Maximum Cyclic J-Integral at Contours 1 to 5 (Maximum of all 25 Nodes) (MPa.mm)

Load (MPa)

Contour 25 125 250

1 0.392916 7.49406 29.666

2 0.414454 8.54818 35.9647

3 0.413202 8.60067 36.4048

4 0.412717 8.62294 36.4568

5 0.411896 8.63546 36.4538
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Table 6.4: The variation of the cyclic J-integral at each contour path under out-of-plane shear
loading

Out-of-plane Shear

Average Cyclic J-Integral at Contours 1 to 5 (Averaged from all 25 Nodes) (MPa.mm)

Load (MPa)

Contour 60 300 600

1 0.057376 1.342511 5.574633

2 0.060203 1.512485 6.611787

3 0.060199 1.51548 6.644833

4 0.060197 1.516003 6.638904

5 0.060185 1.515926 6.634665

Maximum Cyclic J-Integral at Contours 1 to 5 (Maximum of all 25 Nodes) (MPa.mm)

Load (MPa)

Contour 60 300 600

1 0.152483 3.2396 10.9881

2 0.164193 3.8566 13.4225

3 0.164206 3.88042 13.5450

4 0.164372 3.88744 13.5083

5 0.164298 3.88661 13.4778

Figure 6.17 and Figure 6.18 show the cyclic J-Integral variation with increasing

uniaxial and out-of-plane shear load at different locations along the crack front. Under

uniaxial loading (Figure 6.17), it can be seen that the mean average, crack left and

crack right agree closely due to the symmetry of the loading conditions, however, the

maximum value is considerably higher and the crack centre is lower. Upon closer

investigation, it was found that the variation of the ∆J along the crack front varies

widely. Figure 6.19 shows this for applied uniaxial tension monotonic loads of 250MPa

and 125MPa. A maximum ∆J value occurs slightly inside from the end of the crack,

3 nodes from each end and a minimum value occurs in the central region of the crack,

where it is relatively constant. However the maximum and minimum values differ by

a factor of 3. The variation of rate of change of cyclic J-Integral with increasing load
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is not linear across the length of the crack. With increasing load, the maximum ∆J

values increase more rapidly and the minimum values increase more slowly relative to

the values at the centre of the crack. Under out-of-plane shear loading (Figure 6.18),

it can be seen that the J-Integral relationship with increasing load is very different

to that of uniaxial tension. Figure 6.20 shows the variation of ∆J along the crack

front under out-of-plane shear forces of 600MPa and 300MPa. The maximum cyclic

J-Integral coincides with the crack left and crack right positions with the crack centre

being considerably less. This variation of ∆J is due to the asymmetry of the loading

conditions. This implies that the likeliest point of crack initiation under out-of-plane

shear loading is at each side of the crack. The relationship is much more uniform than

that of uniaxial tension with the maximum values occurring at the crack edge. The ∆J

steadily decreases along the crack front to a minimum at the centre with the maximum

and minimum values differing by a factor of 5. The rate of change of ∆J along the

crack front is much more uniform than that of uniaxial tension.
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Figure 6.17: ∆J-Integral variation with increasing uniaxial load
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Figure 6.18: ∆J-integral variation with increasing out-of-plane shear load

0.0

5.0

10.0

15.0

20.0

25.0

30.0

35.0

40.0

0 5 10 15 20 25 30

Cy
cl
ic
 J‐
In
te
gr
al
 (M

Pa
.m

m
)

Crack Location (Node Number)

250MPa
125MPa

Figure 6.19: ∆J-variation along crack front under uniaxial tension loading conditions
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Figure 6.20: ∆J-integral variation along crack front under out-of-plane shear loading conditions

6.7 The use of the ∆J for the calculation of fatigue Life

Once the cyclic J-integral is known, it can be used to determine the crack growth

rate and fatigue life through the Dowling & Begley Law (Equation 2.15). However, a

problem arises when determining the material constants C ′ and m′. The standard Paris

Law parameters C and m exist for a range of materials which have been determined

experimentally through extensive testing. However, due to the relative infancy of the

cyclic J-integral as a fatigue parameter, and the general preference of the SIF within

industrial applications, such extensive testing has not yet been performed to determine

the Dowling & Begley parameters C ′ and m′. This poses an issue when using the cyclic

J-integral for fatigue analysis. Fortunately, it is possible to convert existing Paris Law

parameters into their cyclic J counterparts as explained by McGlung et al. [135](p.66-

67).

As explained in Chapter 2, for a monotonic loading history, the J integral can be

directly related to the stress intensity factor (Equation 2.6), so that:
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J =
K2

E′
(6.11)

where E′ = E for plane stress conditions and E
1−ν2 for plane strain conditions and E

is the Young’s Modulus. A simple extension of this relationship can be made to allow

for a cyclic loading history by considering the stress intensity factor range between

maximum and minimum loading, so that:

∆J =
∆K2

E′
(6.12)

Using this relationship, a convenient conversion between the standard Paris Law con-

stants and their ∆J equivalent can be established, allowing the Dowling and Begley

relationship to offer a viable alternative to the Paris Law for fatigue life assessment

under the presence of plasticity. Considering Equation 6.12 and rearranging for ∆K

gives:

∆K = (∆JE′)
1
2 (6.13)

which can be substituted into the Paris Law (Equation 2.14), so that:

da

dN
= C((∆JE′)

1
2 )m (6.14)

which by simplifying becomes:

da

dN
= CE′

m
2 ∆J

m
2 (6.15)

therefore, letting CE′
m
2 = C ′ and m

2 = m′, then the Paris Law becomes:

da

dN
= C ′∆Jm

′
(6.16)

which is equal to the Dowling & Begley law and thus it can be seen that the Paris Law

constants C and m can be converted to their ∆J counterparts by:

C ′ = C
(
E′
)m

2 (6.17)
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and

m′ =
m

2
(6.18)

With a conversion established, provided that sufficient material data is available,

it is possible to calculate the crack propagation rate of a cracked component in the

presence of plasticity using the MML method, further highlighting its importance for

use in fatigue crack growth assessment.

6.8 Chapter Summary

This study has proposed and validated the Modified Monotonic Loading concept as

a technique for the calculation of the cyclic J-Integral. A cyclic loading analysis was

performed on an industrial test specimen under different loading conditions in order

to establish a benchmark onto which the MML concept can be validated. The MML

concept was then applied to the same test specimen under equivalent monotonic load-

ing. The stress and stress range and strain and strain range data of the MML and

cyclic loading analyses were compared to assess the suitability of the technique for the

calculation of the cyclic J-Integral. Once validated, additional analyses were performed

on the test specimen which facilitated the calculation of the cyclic J-Integral. The

variation with increasing load as well as along the crack front was recorded and the

following observations were made:

1. Under uniaxial tension, the maximum ∆J occurs slightly inside from the crack

edge with the minimum being at the centre.

2. Under out-of-plane shear loading, the maximum ∆J occurs at the crack edges,

with the minimum being located at the crack centre.

This technique allows the three-dimensional crack front detail of the cyclic J-Integral

to be monitored and as a result it is possible to identify the likely points of crack

propagation, allowing the crack growth path to be predicted. This technique can also

be applied to bespoke specimens and is not limited to documented test cases such as

compact tension specimens. These features are the main strengths of this concept,

making it advantageous compared to other existing techniques such as the RSM and



CHAPTER 6 THE MML CONCEPT FOR THE CALCULATION OF ∆J 165

GE/EPRI methods. This concept is inexpensive both in time and computational power

and can be implemented on complex industrial specimens with great ease offering a

viable and preferable method of calculating the cyclic J-Integral.

Finally, a method for the calculation of the crack propagation rate has been estab-

lished through a conversion of Paris law data into their elastic plastic equivalent for

use in the Dowling & Begley law.



Chapter 7

The Proposal of a Complete

Crack Modelling Procedure

7.1 Introduction

This chapter combines all the computational methods that have been developed in

the previous chapters and implements them into a procedure for a complete crack

modelling analysis for complex industrial applications. This includes the calculation of

the crack initiation fatigue life, the location of crack initiation and the loads required to

cause such failure, the crack propagation fatigue life and the crack growth path, thus

addressing the principal components of fracture mechanics as introduced in Section

2.1.1, providing a complete understanding of fatigue crack behaviour, by identifying

the following characteristics of the crack:

1. Where - the location of crack initiation and the direction of crack growth

2. When - the number of cycles required for the crack to initiate and the number of

additional cycles that can be endured before the crack grows to a critical length

at which point, instantaneous collapse occurs

3. How - the precise load at which crack initiation will occur

The proposed procedure allows a full, in depth crack assessment to be performed,

either to model predefined applied loading conditions to replicate a real component, or

166
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to design a prospective test case. The general structure of the procedure comprises 4

steps. Step 1 identifies the likely point of crack initiation, Step 2 determines the precise

loads at which crack initiation occurs and the number of cycles that can be endured

before the crack initiates. Step 3 re-models the crack identified in Step 1 and performs

advanced crack propagation analyses including the R5 procedure and the Modified

Monotonic Loading Concept (MML) to calculate the cyclic J-Integral, ∆J . This allows

an understanding of the crack growth behaviour to be obtained and the crack growth

rate to be calculated. Step 4 reviews and combines Steps 1-3 to determine the complete

fatigue life and fracture behaviour. This results in the prediction of the crack location

and growth direction and fatigue life to crack initiation and propagation. The outline

process is illustrated in Figure 7.1 and greater detail of each step of the procedure is

provided in the following section.

Identify Crack Initiation Location

Identify Loads for Crack Initiation

Calculate LCF Life

Calculate Crack Propagation Parameters

Calculate Crack Propagation Rate

Determine Total Fatigue Life

Output: 
LCF Life, Crack Initiation Location, Crack Growth Path

& Loads Required for Crack Growth

Step 2

Step 3

Step 1

Step 4

Figure 7.1: Crack assessment procedure process flow diagram
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7.1.1 Input Requirements

Before commencing the crack assessment, a number of prerequisites must be established.

The geometry to be analysed must be modelled and meshed to a suitable level of

refinement and a number of material properties are also required. Values of the Young’

Modulus, E, Poisson’s ratio, ν and Yield stress, σy must be assigned to the model.

The Paris law constants C and m (or Dowling & Begley law constants, C ′ and m′) and

strain based LCF data must also be known, however, these are not implemented in the

FE model and are used for post processing purposes.

7.1.2 Step 1 - Determine Crack Initiation Location

This procedure commences with the identification of the location of crack initiation.

This preliminary investigation identifies the most critical regions of the analysis, al-

lowing the appropriate mesh refinement to be implemented in the subsequent analyses.

The crack initiation location can be identified by performing an eXtended Finite Ele-

ment (XFEM) Analysis. This simulates the crack growth direction, but as discussed in

Chapter 3, the extent of the analysis capabilities are currently limited and so XFEM is

used merely for illustrative purposes to identify the critical areas and the crack location.

It is also possible to determine the crack initiation location from a shakedown

assessment for all points in the model or to perform a Neuber correction local strain

based LCF analysis. These results can then be visualised in a contour plot to show the

life locations.

Depending on the specimen geometry, the crack initiation location may be predicted

without the use of such extensive analysis and so if the user is confident that the location

of crack initiation can be accurately predicted, for example on a notched bar, this step

can be skipped and the analysis can proceed directly to Step 2.

7.1.3 Step 2 - Predict Fatigue Life to Crack Initiation

In Step 2, the Reversed Plasticity Domain Method (RPDM), proposed in Chapter 5,

is used to determine the loads required for crack initiation. This can then be used to

design a prospective experimental test and to select a design load, or to assess actual

conditions experienced by a component.
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For the design of a test, as in Chapter 5, an appropriate design load can be selected

from a suitable range. For modelling a real component, the load range required for

causing crack initiation, calculated using the RPDM, can be compared to the actual

load experienced by the component to determine whether or not it is within the range

suitable for causing crack initiation. Once the design load is either chosen, or deter-

mined to be within the range for crack initiation, then a full low cycle fatigue test can

be performed to calculate the number of cycles to crack initiation for the selected load.

Once the design loads and fatigue life are determined, the user can proceed to step 3.

7.1.4 Step 3 - Calculate Crack Propagation Parameters & Growth

Rate

Step 3 considers crack growth and involves the calculation of crack propagation pa-

rameters. There are a number of different parameters that are suitable, depending on

the material properties and conditions of the component in question. This procedure

can consider either the cyclic stress intensity factor, ∆K for purely elastic material

models or the cyclic J-integral, ∆J for material models that include plasticity. Once

the appropriate parameter is determined, the crack growth rate can be calculated using

a suitable crack growth law such as the Paris Law or Dowling & Begley Law. However,

this requires suitable material crack growth behaviour and Paris law or Dowling &

Begley law constants. The method of calculation of these parameters depends on the

particular analysis and set of conditions. For modelling plasticity, the ∆J is the most

suitable, where as for elastic behaviour, the SIF would be appropriate. The MML con-

cept, as proposed in Chapter 6 offers a suitable method for the calculation of the ∆J

parameter. The ∆K can be calculated using the in-built contour integral calculation

capabilities of ABAQUS or from SIF handbooks, if appropriate.

However, there also exist a number of different methods of calculating these param-

eters including the R5 procedure, Reference Stress Method and GE-EPRI method. The

choice of method again depends on the exact conditions of the analysis being performed

but each can be implemented into this procedure. The crack growth rate per cycle can

then be converted to the total crack propagation life.
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7.1.5 Step 4 - Determine Total Fatigue Life

The final step combines the results from Steps 1-3 to perform the full crack assessment.

The fatigue life to crack initiation and number of cycles for crack growth can be summed

to give the total number of cycles to complete failure. The crack initiation location

and crack growth path have also been determined, providing a complete analysis of the

crack.

7.1.6 Procedure Overview

This procedure allows a complete fatigue crack growth assessment to be performed,

providing important crack information with relative ease. The novel techniques pre-

sented in this thesis, allow the assessment to be performed for highly complex cases

and materials properties, in a fast and efficient manner, whilst still maintaining a high

level of accuracy. This makes this procedure more efficient, and less computationally

intensive, than other currently existing techniques.

A process flow diagram illustrating each stage of the procedure as described in

Sections 7.1.2 to 7.1.5 is shown in Figures 7.2 to 7.5.
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Figure 7.2: Crack Assessment Procedure Process Flow
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Perform steady state cycle analysis 

to obtain strain range data

Compare strain range to 

material LCF data

Obtain fatigue life to crack initiation

YES - Load within range

Continue to part 4

Figure 7.3: Crack Assessment Procedure Process Flow - Part 2
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NO - Load outside range

Is operating load smaller or larger 

than identified range?

LARGERSMALLER

Crack does not initiate - component is safe

Component instantaneously collapses - component not safe

Component needs redesigning or load reduced

Figure 7.4: Crack Assessment Procedure Process Flow - Part 3
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Figure 7.5: Crack Assessment Procedure Process Flow - Part 4

7.2 Implementation of Procedure

In order to demonstrate the proposed procedure, a case study is performed in which

the technique is applied to a simple case of a holed plate.

Specimen Geometry & Loading Conditions

A holed square plate of side length 50mm and centre hole radius of 5mm is modelled

as shown in Figure 7.6. It is made of a material with Young’s Modulus of 178GPa,

Poisson’s ratio of 0.33 and yield stress of 648MPa. The plate is subject to a temperature

load of 500 ◦C in the centre hole and 20 ◦C at the outside edges. In addition, a uniaxial
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tensile load of 400MPa is applied to the top edges. Symmetry boundary conditions are

applied on the left and bottom faces to simulate a complete square plate of side length

100mm as shown in Figure 7.7.

50mm

5mm

50mm

5mm

Figure 7.6: Dimensions of holed plate

T=500°C

T=20°C

T=20°C

Symmetry boundary

S
ym

m
et

ry
 b

ou
nd

ar
y

Figure 7.7: Diagram showing applied loads on holed plate
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7.2.1 Step 1 - Identify Crack Initiation Location Using XFEM Anal-

ysis

The XFEM analysis is performed to identify the crack location and the results of this

are given in Figure 7.8, clearly showing the crack path. Figure 7.8 (a) shows the

PHI Level Set Method contour plot, which as explained in Chapter 3, illustrates the

proximity to the crack front. Figure 7.8 (b) is the Status XFEM contour plot which

clearly highlights the elements that are cut by the crack front by highlighting the cut

elements in red. Figure 7.9 shows the stress contour of the crack path, all clearly

highlighting the location of the crack path.

(a) (b)

Figure 7.8: XFEM Crack Growth Path showing (a) PhiLSM contour plot and (b) Status XFEM
contour plot
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Figure 7.9: Closeup view of XFEM crack path showing von Mises stress distribution around the
crack

Following the XFEM analysis, the location of the crack, and therefore the most crit-

ical region of the model, has been identified. This allows appropriate mesh refinement

to be implemented in Step 2 of the procedure.

7.2.2 Step 2 - Identify Loads for Crack Initiation and LCF Life using

the RPDM Analysis

In Step 2, the geometry is remodelled, implementing suitable mesh refinement in the

critical regions as identified in Step 1. The RPDM analysis (Section 5.2.1) is then

performed to determine the location of the shakedown and ratchet boundaries. The

results are presented on the Bree-Interaction diagram in Figure 7.10
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Figure 7.10: Bree interaction diagram showing shakedown and ratchet limits

It can be seen that at cyclic loads below 0.54σy the material undergoes shakedown.

However, for applied cyclic loads of greater than 0.54σy and less than 0.91σy the ma-

terial exhibits reversed plasticity. Above these loads, instantaneous collapse occurs.

For a R-ratio of 0, i.e. loads between 0 and Pmax, this corresponds to the Y-axis at

x = 0, meaning that any cyclic load between 349MPa and 589MPa will cause reversed

plasticity.

Since this investigation is being performed merely to demonstrate the technique

and is not replicating a specific load case, arbitrary loads within the reversed plasticity

region are selected. The chosen structural load is 0.6σy which corresponds to a load of

388MPa, as indicated by the black cross in Figure 7.10.

Once the material response is ascertained, as per the RPDM analysis, an additional

ratchet analysis is performed in order to calculate the LCF life. This is performed for

both an EPP and RO material model and the hysteresis loops of each are shown in

Figure 7.11.
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Figure 7.11: Stabilised hysteresis loop at applied mechanical load of 388MPa for (a) Elastic
Perfectly Plastic Material Model and (b) Ramberg-Osgood Material Model

Through comparison with the material LCF data shown in Table 7.1, the fatigue life

can be obtained and the results are shown in Table 7.2 for both EPP and RO material

models.

Table 7.1: Low cycle fatigue data

Number of Cycles to Failure Normalised Strain Range (%)

100 1.400

500 1.016

1000 0.885

2000 0.771

4000 0.672

8000 0.585

16000 0.509

32000 0.444



CHAPTER 7 PROPOSAL OF A CRACK MODELLING PROCEDURE 180

Table 7.2: Stress and strain ranges calculated using both Elastic Perfectly Plastic and Ramberg-
Osgood Material Models and corresponding fatigue life calculated by the RPDM

Material Model

EPP RO

Stress Range (MPa) 1296.00 1549.209

Elastic Strain Range (%) 0.7303 0.8696

Plastic Strain Range (%) 0.4151 0.0823

Total Strain Range (%) 1.1454 0.9519

LCF Life (cycles) 275 697

7.2.3 Step 3 - Calculate Crack Propagation Parameters

Following calculation of the crack initiation fatigue life, Step 3 then calculates the crack

propagation parameters and the crack growth rate. As has been established, there are

a number of suitable techniques for the calculation of these parameters, depending on

the specific application. However, in this investigation, the MML concept is used for

the calculation of the cyclic J-integral.

The preliminary XFEM analysis in Step 1 has established the location of crack

initiation and this is illustrated in Figure 7.12. The geometry is remodelled containing

a small crack with the appropriate mesh refinement, simulating the initial stages of the

crack. As is established in ASME BPVC, crack initiation failure is deemed to have

occurred once the crack has reached a length of 3mm. For this reason, in this crack

propagation analysis, the predefined crack length is set at 3mm. The MML procedure is

then performed, allowing the calculation of the cyclic J-integral, and crack propagation

rate. The results of this are shown in Table 7.3, and the variation of the cyclic J-integral

along the crack front is shown in Figure 7.13.
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(a) (b)

Figure 7.12: XFEM Analysis showing location of crack initiation in (a) Von Mises stress contour
and (b) PhiLSM contour plot

Table 7.3: Cyclic J-integral variation

Cyclic J-Integral (MPa.mm)

Contour Crack Average Maximum

1 3.0466 3.2051

2 3.2715 3.4533

3 3.2004 3.3791

4 3.1302 3.3049

5 3.0521 3.2198

Contour Average 3.1402 3.3124
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Figure 7.13: ∆J variation along crack front

7.2.4 Step 4 - Calculate Total Fatigue Life

Once the crack growth parameters are determined, they can be used to determine the

crack propagation rate through a suitable law, such as the Paris Law or Dowling &

Begley Law. The Dowling & Begley law is used in this investigation using the values of

the cyclic J-integral calculated in Step 3. For the material in question, the parameters

C ′ and m′ are not available, however, Paris Law constants C and m are known and

so the conversion established in Section 6.7 is employed to calculate the appropriate

parameters. The Paris law constants for this material are as follows: C = 5.6 ∗ 10−12

and m = 3.25.

Therefore, from Equations 6.17 and 6.18, converting these parameters to their ∆J

equivalent, m′, becomes:

m =
3.25

2
= 1.625 (7.1)
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and C ′ becomes:

C ′ = 5.6 ∗ 10−12 ∗ (199.753 ∗ 103)1.625 = 0.002299 (7.2)

Once the material constants and the cyclic J-integral have been established, the

crack propagation rate can be calculated using the Dowling & Begley law. Two crack

propagation analyses will be performed using the average and maximum value of cyclic

J-integral and the results of these are summarised in Table 7.4. For the crack average

value of ∆J :
da

dN
= 0.002299 ∗

(
3.1402

)1.625
= 0.01475mm/cycle (7.3)

For the maximum value of ∆J :

da

dN
= 0.002299 ∗

(
3.3124

)1.625
= 0.01609mm/cycle (7.4)

Table 7.4: Crack Propagation Rate for average and maximum values of ∆J

Average ∆J 0.01475 mm/cycle

Maximum ∆J 0.01609 mm/cycle

Crack Propagation Fatigue Life

Once the rate has been calculated, the crack propagation fatigue life can be determined.

It is important to consider the definition of the point of failure, this could be when the

crack propagates throughout the entire specimen or to a critical length. In reality,

the crack will reach a critical length, at which point, rapid crack extension will occur

throughout the rest of the specimen. Hence, it may not be suitable to assume a linear

crack growth rate throughout the entire specimen. Therefore, in order to calculate the

total propagation life, the critical crack length needs to be determined. In this case, as

is standard for this type of test within Siemens, the critical crack length is assumed to

have occurred once the crack has propagated to 50% of the cross-sectional area.

This specimen is a 100mm square plate with a 5mm radius centre hole and so

the specimen length is 45mm. The initial crack has been set at 3mm, therefore, the
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un-cracked ligament is 42mm. If the critical crack length is assumed to be 50% of

the cross-sectional area, due to the three-dimensional symmetry of this specimen, this

corresponds to a crack length of 21mm.

Therefore, to calculate the number of cycles required to reach a crack of 21mm:

for the crack average value of ∆J ,

dN =
21

0.01475
= 1422.89cycles (7.5)

for the maximum value of ∆J ,

dN =
21

0.01609
= 1304.66cycles (7.6)

It can be observed that since the value of ∆J is raised to the power of m in the calcula-

tion of the crack propagation rate, any variation in the value of the cyclic J-integral will

greatly affect the value of da/dN. This highlights the importance of maintaining the

highest level of accuracy during the entire analysis process. The cyclic J-integral offers

a measure of the driving force for the crack and so it is believed that it is preferable to

use the maximum value of ∆J for crack growth rate calculations since this incorporates

an added level of conservatism in the fatigue life.

Procedure Summary

The proposed procedure has been implemented on a simple geometry specimen in

order to demonstrate the techniques. Although a simple specimen, the techniques are

directly applicable to any geometry or material and loading conditions and so can also

be applied to highly complex industrial applications.

For the geometry and material in question, the procedure has been performed,

identifying the key results that are presented in Table 7.5 and 7.6.
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Table 7.5: Summary of results obtained using proposed procedure using average value of ∆J

EPP RO

Crack initiation fatigue life (cycles) 275 697

∆Javerage(MPa.mm) 3.1402 3.1402

Crack growth rate (mm/cycle) 0.01475 0.01475

Crack propagation fatigue life (cycles) 1422.89 1422.89

Total fatigue life 1697 2119

Table 7.6: Summary of results obtained using proposed procedure using maximum value of ∆J

EPP RO

Crack initiation fatigue life (cycles) 275 697

∆Jmax(MPa.mm) 3.3124 3.3124

Crack growth rate (mm/cycle) 0.01609 0.01609

Crack propagation fatigue life (cycles) 1304.66 1304.66

Total fatigue life 1579 2001

7.3 Limitations of the Procedure

Despite the large number of advantages of the proposed technique as discussed in the

preceding chapters, there are some limitations which are presented below.

In the calculation of the crack growth rate, it has been assumed that the cyclic load

is constant, and therefore the crack propagation rate, da/dN is also constant. This

is an unrealistic assumption since in reality, the ∆J will increase as the crack grows.
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Furthermore, this will only increase until ∆J = ∆Jc, the critical cyclic J-integral,

at which point, unstable crack growth will occur, causing the component to fail. Is is

therefore unlikely that the crack will be able to grow to the full width of the component.

Since the crack growth rate is not linear as the crack grows, performing a single crack

growth rate calculation using a single value of the crack growth parameter could yield

inaccurate results. This issue could be addressed by performing additional calculations

to model the variation in ∆J as the crack grows. This could be done by discretising the

propagation into a number of smaller increments, thus alleviating the dependence on a

single value of ∆J . This could allow the crack growth rate to be calculated iteratively

using a series of small growth steps. The smaller these steps are, the more accurate

the crack growth calculation will be, but it will become much more computationally

intensive to manually model the growing crack. For this reason, a balance must be met

between required accuracy and effort.

A future possibility could lie with the increased use of the XFEM technique, or

similar fatigue damage mechanics methods. As has been stated, this technique is

currently only capable of modelling contour integrals such as K and J on static cracks,

and hence offers no benefit over the standard FEM for the calculation of the crack

growth parameters. However, if the XFEM technique were to be developed to permit

the calculation of these parameters on a propagating crack, this would provide increased

accuracy in crack propagation fatigue life calculations, without the need to employ the

labour intensive, incremental crack growth modelling.

Another limitation lies in the definition of failure during the crack propagation.

The point at which failure is deemed to have occurred can greatly affect the total

calculated fatigue life, and this will depend on the material’s ductility. As mentioned

above, in reality it is unlikely that the crack will be able to propagate across the entire

specimen, since it will become unstable at a critical point. It is therefore unrealistic

to calculate the crack propagation fatigue life based on the full specimen width. In

this case, the crack was assumed to fail once it reaches 50% of the cross-sectional area,

since this approach has previously been used on similar applications within industrial

applications. However, the accuracy and validity of this assumption is very difficult

to ascertain, since it will vary widely depending on the presence of internal defects
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and crystallographic properties across a range of specimens. As suggested, the critical

cyclic J-integral or Stress Intensity Factor can also be used to determine the failure

condition. However, such data may be unavailable if extensive material testing has not

been previously conducted, as was the case in this investigation. This again creates

uncertainty in the calculation of the crack propagation rate. The definition of crack

failure greatly affects the obtained values of the total fatigue life and so the calculation

could potentially yield very inaccurate results. For this reason, this is clearly an area

which requires additional investigation in order to assess the definition of the crack

failure criterion

The MML concept has only currently been implemented for EPP properties. How-

ever, material hardening could have a significant effect on the calculated value of cyclic

J-integral. This could cause significant inaccuracies and unrealistic assumptions in the

calculation of the crack propagation rate and total fatigue life. In order to ensure that

the simulations are as representative as possible of real materials, it is therefore impor-

tant that more complex material hardening relationships are integrated into the MML

concept framework.

The greatest limitation of this procedure is with the limited range of conditions that

the techniques can accurately simulate. The investigation described in Chapter 5 only

considered pure fatigue loading with no consideration of extended hold times. Creep-

fatigue fracture is a prominent failure mechanism in high temperature, high stress

environments, such as those experienced in power plant and aerospace applications.

For this reason, it is vitally important to be able to simulate the interaction of creep

and fatigue during component design. The lack of consideration of creep-fatigue in the

proposed procedure is clearly a limitation, and thus an extension to the technique that

incorporates the creep-fatigue interaction would greatly enhance its power for use in

industrial applications. A method for the extension of this procedure for the inclusion

of a creep dwell in the cyclic loading history is presented in the following section and

a preliminary analysis is included in Appendix A which could provide a starting point

for future work.

This proposed procedure offers a number of valuable techniques for the calculation

of crack growth behaviour. These can be used individually or together in the complete
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procedure. An advantage of this is that it allows the user to pick and choose different

aspects of the procedure that best suit the application in question. However, if the

entire process is to be performed in a single procedure, this can become very labour

intensive. Although the computational analysis time for each component of the pro-

cedure is very small, it can require extensive modelling and remodelling, especially if

incremental crack growth modelling is employed, incurring great computational cost for

implementation. Therefore, an obvious extension of this work would be to offer some

degree of automation, allowing the user to establish the initial geometry and material

definition and then run an automated procedure. These areas of weaknesses are further

addressed in the Future Works section.

7.4 Procedure for the Calculation of Creep-Fatigue Crack

Initiation Damage

The proposed procedure has currently only considered pure fatigue, however, it is

possible to also include the evaluation of creep-fatigue damage. This can be performed

using the Linear Matching Method Extended Direct Steady Cyclic Analysis (eDSCA).

This is an extension to the standard DSCA for pure fatigue loading (described in

Chapter 5) which incorporates the presence of high temperature creep dwell to allow

the assessment of the creep-fatigue interaction [136]. It permits the calculation of four

key parameters: the stress at the start of the creep dwell, the creep strain increment,

the related elastic follow up factor and the total strain range during the load cycle,

allowing it to be used for the creep crack initiation analysis.

The eDSCA is a numerical method based on solid mechanics concepts and so offers

increased accuracy compared to rule based procedures such as R5 and ASME BPVC.

The eDSCA method considers the creep-fatigue interaction of cyclic plasticity and creep

over the entire load cycle using an iterative approach to represent non-linear behaviour

including both plasticity and creep through a series of linear solutions. The loading

history is represented by the most extreme load points which reduce the computational

time, whilst maintaining high levels of accuracy, making it more efficient than other

approximate methods that do not consider the complete creep-fatigue interaction [137,
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138].

The eDSCA has been introduced into the LMM framework through an ABAQUS

user subroutine to allow the evaluation of the steady state cycle of a structure that is

subjected to a cyclic loading history containing a creep dwell. This allows the calcula-

tion of the parameters required to construct a stress-strain hysteresis loop; the elastic

and plastic strains during loading and unloading, the creep strain and related stress

relaxation, the stress at the end of each load instance and the elastic follow up factor

(Z), which describes the rate of relaxation of the residual stress.

This representation of the stress-strain response provides invaluable information

about the damage mechanism considering the interaction between creep and cyclic

plasticity and can be used to assess creep enhanced reversed plasticity, cyclically en-

hanced creep and creep ratchetting. This assessment is vitally important since the

presence of creep can affect the damage mechanism, as for example, a structure which

undergoes shakedown when subject to pure fatigue loading, may undergo ratchetting

when a creep dwell is introduced.

A typical closed-loop, steady state stress-strain hysteresis loop is shown in Figure

7.14, where point 1 is the end of the load step, point 2 is the end of the hold step, point

3 marks the end of the unloading step, Z is the follow-up factor, εcr is the creep strain

and σcr is the stress relaxation. This allows the evaluation of the structural response

to a cyclic loading history at elevated temperature, considering the accumulation of a

residual stress field, cyclic plasticity and its interaction with a creep dwell.

This method allows the solution of a highly complex non-linear problem incorporat-

ing the creep fatigue interaction in a very efficient manner through a series of iterative

linear elastic solutions, offering considerable advantages over other existing methods.
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Figure 7.14: Generic steady state cycle stress-strain response with creep dwell

7.4.1 Creep-Fatigue Analysis Case Study

In order to demonstrate the implementation of the eDSCA technique, an extract is

presented from a paper published by Barbera and Chen of the SILA Research Group

at the University of Strathclyde and Liu of Tsinghua University, entitled “Creep Fa-

tigue Life Assessment of a Pipe Intersection with Dissimilar Material Joint by Linear

Matching Method” [138]. All figures and results in this section are taken from this

publication, merely to demonstrate the implementation and power of this technique.

This example demonstrates a case study which clearly shows significant creep-fatigue

interaction including stress relaxation and the accumulation of creep strain.

The pipework example, presented in [130] is further investigated for the inclusion

of creep-fatigue loading.

The component comprises a section of pipe with a branch pipe attached via a weld.

The main pipe is of radius 120mm with a wall thickness 15mm and is manufactured
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from 316LN stainless steel. The branch pipe is of radius 16.5mm with a wall thickness

of 3.5mm and manufactured from SA508 structural steel as illustrated in Figure 7.15

[130]. The connecting weld material is INCO182 and is 3.5mm thick with a face angle

of 45 ◦ to the main pipe. Details of the specific material constants are provided in [139]

and [140].

Figure 7.15: Geometry of pipe intersection [130]

For this study, two thermal loading conditions are considered:

1. Cyclic high temperature loading applied to the entire component to assess the

impact of thermal stresses arising from the dissimilar materials and coefficients

of thermal expansion

2. Thermal gradient cyclic loading considering the effect of transient thermal gradi-

ents between the inside and outside of the pipe

For this secondary study, the loading profile comprises 4 steps:



CHAPTER 7 PROPOSAL OF A CRACK MODELLING PROCEDURE 192

1. Internal temperature is θ0 + ∆θ and outer temperature is θ0

2. Component reaches thermal equilibrium and global temperature is θ0 + ∆θ

3. Uniform temperature equilibrium of Step 2 is maintained for extended dwell time

4. Global temperature returns to θ0

For this loading profile, three different dwell times are considered of 1, 10 and 100

hours to assess the impact of the creep dwell. Due to the symmetry of the component,

a quarter model is analysed and the ends of the pipe are constrained to allow in-plane

thermal expansion. The finite element mesh is refined in the weld region and this is

shown in Figure 7.16 [130].

Figure 7.16: One quarter model FE mesh of pipe intersection [130]

Case Study Results

For the first loading scenario of the purely cyclic thermal load, the results are shown

in Figure 7.17, where the stress-strain hysteresis loops are plotted for each dwell time.

A pure fatigue loop for a case where creep does not occur which operates within the

plastic shakedown region is also included for comparative purposes. The major con-

tributing factors to fatigue failure in this case are due to thermal stresses induced by

dissimilar metals with different thermal expansion coefficients. It can be observed that

stress relaxation occurs when a creep dwell is introduced which increases the reversed

plasticity, thus further enhancing the damage. It can also be seen that creep-ratchetting
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occurs with longer dwell times, as the reversed plasticity is not fully recovered in each

cycle. In this case, the creep-ratchetting is dominated by the accumulation of plastic

strain during the unloading phase and the damage occurs in the weld material at the

interface to the main pipe.

Figure 7.17: Stress-strain hysteresis loops for pure cyclic homogeneous temperature at varying
dwell times at the most critical location [138]

For the second loading scenario, the effects are markedly different. The effects of

creep can dramatically alter the damage mechanism. The thermal stress relaxation

is considerable across the global structure, allowing the stresses to redistribute. The

extent of this redistribution as a result of the dwell time can cause the damage location

to change.

At a dwell time of 1 hour, the creep strain accumulates at the interface between

the branch pipe and the weld material. However, with increasing dwell time, the creep

strain begins to extend away from the pipe-weld interface and at a dwell time of 100
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hours, significant creep strain accumulates in the main pipe and over a larger area to

that of a shorter dwell time. This occurs as a result of the change in the residual

stress field as the creep dwell increases. At such long dwell times, creep is a major

contributing factor to the failure mechanism and competes with fatigue damage. These

observations are shown in Figure 7.18 and Table 7.7. A step-by-step analysis has also

been performed as a means of verification to confirm the accuracy of the LMM eDSCA

and the results of these are included in Table 7.7.

Figure 7.18: (a) von Mises stress at the end of the creep dwell, and b) equivalent creep strain
magnitude for cyclic temperature with transient stage for different dwell times [138]
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Table 7.7: Comparison of Step by Step analysis and LMM prediction for creep dwell time equal
of 1 hour [138]

Stress thermal

transition

[MPa]

Stress at high

temperature

[MPa]

Stress drop

due to creep

dwell [MPa]

Stress at

unloading

[MPa]

LMM 477 298.13 94.07 279.1

SBS 472 298 98.03 280.4

Plastic strain

thermal

transition

Plastic strain

at high

temperature

Creep strain
Plastic strain

at unloading

LMM 6.144E-02 5.718E-01 5.559E-03 8.557E-03

SBS 6.121E-02 5.733E-02 5.164E-03 8.282E-03

7.4.2 Calculation of Creep Crack Initiation Fatigue Life using eDSCA

Once the complete cyclic response is determined, the creep and fatigue damage can be

calculated and the total damage is determined by an interaction of these two compo-

nents.

For the fatigue damage, Miner’s rule is widely used, and this is implemented in both

the R5 and ASME BPVC procedures. This law considers cumulative damage modelling

for fatigue failure. It states that if there are a value of k different stress levels and the

average number of cycles at the ith stress, Si, is Ni, then the damage fraction, CD, is

given by:

k∑
i=1

ni
Ni

= CD (7.7)

where ni is the number of cycles achieved at stress, Si and Ni is the number of cycles

required to reach failure at the ith stress, Si. As a general case, failure occurs when the
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damage fraction equals 1.

However, for the assessment of creep damage, there are three main techniques which

are routinely used, the time fraction (TF) rule, creep ductility exhaustion (DE) method

[141] and the stress modified ductility exhaustion method and each of these are incor-

porated into the LMM eDSCA.

Time Fraction Approach

The time fraction method is a creep-stress based method which calculates the creep

damage using time to rupture curves according to the time fraction rule, dTFc , which

states:

dTFc =

∫ th

0

dt

tf (σ, T )
(7.8)

where th is the hold time, dt is the time increment and tf is the creep rupture time

expressed as a function of stress and temperature and is obtained by experimental creep

rupture tests. However, this has been found to be under conservative for small strain

ranges and overly conservative for high stress dwell periods [142].

Ductility Exhaustion Approach

The creep ductility exhaustion method uses the creep strain to calculate the creep

damage and states that failure will occur at the point when the accumulated strain

becomes equal to the available ductility and can be expressed as:

dDEc =

∫ th

0

˙̄εc
ε̄f ( ˙̄εc, T )

dt (7.9)

where th is the hold time, ˙̄εc is the instantaneous creep strain rate and ε̄f is the creep

ductility of the material. This method has been found to be more accurate than the

time fraction rule, however, it can yield overly conservative results at low levels of initial

stress.
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Stress Modified Ductility Exhaustion Method

The stress modified ductility exhaustion method was developed by Spindler [143] to

address the issue of overly conservative results at low levels of initial stress of the DE

method by including the effect of stress. This method considers the ductility as function

of both the creep stress and creep strain rate to assess the damage and has been found

to offer a better prediction of the creep damage during the load cycle. This modified

relationship is given by:

dSMc =

∫ th

0

ε̇c
εf (ε̇c, σ, T )

dt (7.10)

where th is the dwell time, ε̇c is the instantaneous creep strain rate and εf (ε̇c, σ, T ) is

the inelastic strain at failure at the appropriate temperature as a function of the creep

strain rate and the stress.

Total Creep and Fatigue Damage

Once each damage component is established, the total damage can then be assessed

using a creep-fatigue interaction diagram. This combines the creep and fatigue com-

ponents to provide the total damage and allows the calculation of the total life. The

damage can be given by:

φf + φc ≤ D (7.11)

where φf and φc are the accumulated fatigue and creep damage components respec-

tively, and D is a material dependent allowable damage factor. When the sum of the

creep and fatigue damage components equals the damage factor, failure occurs.

This interaction between the creep and fatigue components can be plotted on a

graph of the fractional creep and fatigue damage to illustrate the point at which rupture

will occur. For the case where φf + φc = 1 a straight line between φf = 1 and φc = 1

can be plotted, for points below this line, the component is safe, whilst above this line,

rupture will occur. This is a simplified case, however, more complex damage rules exist

which produce bilinear or non-linear curve fits where the locus of the curves marks the

damage factor. For some materials, these more complex rules can better describe the
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creep and fatigue damage components and their interaction. A 45 ◦ line is also added

to highlight the dominant damage mechanism, for points to the left of this line, fatigue

is dominant, where as to the right, creep is the dominant damage mechanism. This is

illustrated in Figure 7.19.

Figure 7.19: Generic creep-fatigue interaction diagram

The components φf = 1 and φc = 1 provide the total fatigue and creep damage

components respectively. However, it is also important to consider the damage per

cycle, which is given by ωf and ωc for fatigue and creep respectively and are related to

the total damage as follows:

φf = ωf ∗Nf (7.12)

and

φc = ωc ∗Nc (7.13)

where Nf and Nc are the number of cycles to failure for each damage component.

Once the creep and fatigue damage per cycle are established, the total damage per

cycle, ωT can be obtained as the sum of the two components, such that:
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ωT = ωf + ωc (7.14)

The total life is then given as the reciprocal of the total damage per cycle:

NT =
1

ωT
(7.15)

where NT is the total life.

Case Study Summary

This case study has included the application of the LMM eDSCA to a highly complex

industrial specimen of a pipe intersection, clearly demonstrating the power and advan-

tages of the technique. The material response for a range of creep dwell times was

determined and plotted for a critical location as a stress-strain hysteresis loop, clearly

illustrating the plastic and creep strain, stress relaxation and reversed plasticity. The

method also allows the damage locations to be predicted and this example has shown

how this can change depending on the creep dwell duration.

The eDSCA has been verified through comparison with a complete step-by-step

(SBS) analysis and the obtained results show close agreement, thus confirming their

accuracy. However, the SBS analysis took a total CPU time of 14680 seconds to

complete, compared to 766 seconds for the LMM analysis. For this reason, and as

demonstrated in Chapter 5, SBS analyses do not offer efficient methods for such complex

simulations, however, they do offer very valuable methods for verification purposes.

Finally, the creep and fatigue damage assessment methods employed by the eDSCA,

and how these can be used to calculate the total component life have been described.

This example has demonstrated the great advantages of the LMM compared to full

inelastic analysis due to its high level of accuracy and efficiency for the assessment of

the steady-state response of structures subjected to a cyclic loading history containing

a creep dwell.
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7.5 Creep Crack Propagation

The eDSCA technique only considers creep crack initiation and creep crack propagation

modelling is not currently supported. Additional future work within the SILA Research

Group [144] will attempt to extend the eDSCA to include crack propagation. However,

in the current form, for the calculation of creep crack propagation within the LMM

framework, the R5 methodologies are implemented which describe the procedures for

the assessment of components containing defects under creep and creep-fatigue loading

histories.

The R5 methodology for the calculation of creep crack growth utilises the C∗ param-

eter, which characterises the stress and strain rates at the crack tip [4] (pp.4/5.20-29).

C∗ provides a creep equivalent to the J-integral. This method assesses the early stages

of creep crack growth based on the evaluation of this crack tip parameter, together with

creep crack experimental data, in a similar manner as K and J are used to describe

crack behaviour in linear elastic conditions and plastic conditions. The C∗ integral can

be calculated using the reference stress methods [145] by:

C∗ = σref ε̇
c
refR

′ (7.16)

where ε̇cref is the creep strain rate at the reference stress, σref , calculated for a crack

size of a, and R′ =
(
K
σref

)2
is the characteristic length where K is the stress intensity

factor.

LMM and the R5 C∗ approach

The R5 C∗ can be used in conjunction with the LMM for improved crack growth

assessment. Performing the LMM to calculate the shakedown and ratchet limits can

allow a more accurate calculation of the reference stress, and thus the C∗ parameter,

to determine the creep crack growth rate. Hence, the LMM offers a very valuable tool

within the R5 procedure for creep fatigue life assessment.
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7.5.1 Calculation of Creep Crack Growth Rate

Once the C∗ parameter is determined, it can be used to calculate the creep crack growth

rate by:

( da
dN

)
c

=

∫ th

0
Ac(C

∗)qcdt (7.17)

where th is the dwell period and Ac and qc are material constants obtained from exper-

imental testing.

Combined Creep and Fatigue Crack Growth Rate

In the presence of combined creep and fatigue, the total crack growth per cycle is split

into its fatigue and creep counterparts and the total life can be calculated as the sum

of the two, such that:

da

dN
=
( da
dN

)
f

+
( da
dN

)
c

(7.18)

where f and c represent the fatigue and creep crack growth rate counterparts.

7.6 Chapter Summary

This chapter has proposed a complete crack growth modelling procedure for fatigue

life assessment of complex engineering structures. It does this by identifying the loca-

tion of crack initiation and the loads and number of cycles required to cause failure,

and the calculation of the crack growth rate and the crack propagation fatigue life.

The proposed procedure has been applied to a simple geometry to demonstrate its

implementation. During the study, the following key results have been obtained:

1. The crack initiation location lies within the centre of the notch

2. For applied loads of 388MPa, the crack will initiate after 275 cycles for EPP

properties, and 697 cycles for RO properties

3. The cycle J integral has been calculated at 3.3124MPa.mm

4. The calculated crack growth rate is 0.01609 mm/cycle
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5. The number of cycles to reach a critical crack length of 50% of the cross sectional

area is 1304 cycles

6. This results in a total fatigue life of 1579 cycles for EPP material properties and

2001 cycles for RO properties

This investigation and its findings clearly demonstrate the power of the techniques

presented in this procedure. However, despite its strengths, it has a number of limita-

tions which have been identified and suggested for further investigation. It is suggested

in the future works section that these limitations are addressed in order to further en-

hance the power, efficiency and efficacy of the proposed procedure for use within highly

complex industrial applications for crack growth modelling and fatigue assessment.

Finally, the Extended Direct Steady Cyclic Analysis was introduced as a method to

calculate the creep crack initiation fatigue life within the LMM framework. A case study

has been included which demonstrates the power of this technique for the evaluation

of creep-fatigue damage. This method currently only supports creep crack initiation

and so the R5 methodology for the assessment of creep crack propagation using the C∗

integral, and how this can be used to calculate the total creep-fatigue life, have been

described.



Chapter 8

Conclusions & Future Work

8.1 Thesis Summary

The key deliverable of this project and resulting thesis is the development of a complete

crack growth assessment procedure combining both crack initiation and propagation

analyses. The thesis comprises 2 parts - Part I providing a foundation for the investiga-

tion and Part II presenting the core research in the development of the crack assessment

procedure.

Chapter 1 provided the rationale behind the project and the requirement for such an

investigation. It introduced basic gas turbine theory as this was the industrial focus of

the project. The project objectives provided focus for the specific areas of research and

these were then presented in Chapters 2 and 3, providing a foundation understanding

for the following chapters. Existing fracture mechanics and fatigue methodologies were

described, highlighting their weaknesses, thus providing a starting point for the novel

techniques developed in this project. Chapter 4 commenced the core research of Part II

by describing the design of a representative industrial test specimen which acted as the

application for subsequent analyses. Chapter 5 developed a novel technique to design

an industrial experimental test programme suitable for causing crack initiation in the

previously established test specimen. Chapter 6 extended this to crack propagation

analysis with the development of a novel technique for the calculation of the cyclic

J-integral to ascertain the crack propagation rate for complex components subjected to

plastic deformation. Finally, Chapter 7 combined the previous techniques to establish

203
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a step-by-step procedure for the complete lifetime assessment of a crack, including

initiation, propagation rate, path direction and ultimate total fatigue life.

8.2 Conclusions

The major conclusions of this work are presented below:

� Existing fracture mechanics and fatigue methodologies were reviewed and their

weaknesses identified to provide focus for the development of an innovative tech-

nique

� A representative industrial test specimen was designed and used for the applica-

tion of the analyses

� Crack initiation was investigated and a novel technique was developed for the

calculation of the low cycle fatigue life in complex industrial components

� This technique also offers a method for designing experimental testing programmes

suitable for inducing crack initiation

� Crack propagation was investigated and a novel technique for the calculation of

the cyclic J-integral was defined

� This technique allows the three-dimensional crack front detail of the cyclic J-

integral to be monitored, enabling the identification of the likely points of crack

propagation and the subsequent crack growth path

� The technique is cost effective both with respect to time and computational power

and can be implemented on complex industrial specimens with great ease offering

a viable and preferable method of calculating the cyclic J-integral

� This technique was successfully used in the calculation of the crack propagation

rate for complex components subjected to plastic deformation

� A robust, step-by-step procedure was defined comprising the previously estab-

lished methodologies, allowing the complete assessment of a crack to include
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crack initiation life and location, crack propagation rate, crack path direction

and ultimate total fatigue life

� The technique is valid for both simple and highly complex structures

� The techniques presented are very flexible and can be used with a range of options

allowing the user to select the most appropriate one for the application, thus

enhancing its practicality for industrial applications

� This technique has the potential to be invaluable in helping to address current

and future engineering challenges within fracture mechanics and fatigue life as-

sessment

8.3 Recommendations for Future Work

The techniques presented in this thesis have been shown to be very powerful and offer

valuable analysis tools for use within industry. However, the procedure, in its current

form has some limitations, which when addressed, would more greatly enhance the

power of the proposed techniques.

The areas that have been identified as requiring further investigation are described

below.

� The main limitations with the ergonomics of the procedure lie with the compu-

tational implementation. Each step can be run with ease, but performing the

entire procedure introduces modelling and meshing issues which can become time

consuming to implement for high levels of geometrical complexity. An obvious

improvement to the technique would therefore be to automate the procedure.

This could be achieved by using a Fortran user-subroutine or Python script to

control an ABAQUS FE anaylsis to perform some or all of the components of

each step with a level of automation. Utilising the established expertise of the

SILA Research Group [144], could allow a robust automated procedure to be

developed, which could then be incorporated into the Linear Matching Method

Framework and ABAQUS user-subroutine and plugin, thus further enhancing the
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ease of implementation for industrial and academic applications for crack growth

assessment.

� The definition of component failure is critical when calculating the crack propaga-

tion fatigue life. A range of definitions exist which vary widely and can depend on

specimen geometry and material. This can give rise to uncertainty in the calcu-

lated fatigue life. To this end, in order to gain a realistic understanding of fatigue

life, an accurate failure criterion must be established. If fracture toughness data

is known, then the critical ∆J can be calculated. However, without such data,

the unambiguous failure criterion cannot be established. For the materials used

in this thesis, such data was not available and so an empirical failure criterion

was used, based on previous experimental tests. It is therefore recommended that

a more thorough investigation into the fracture toughness and failure criteria be

performed for these materials. The continued experimental testing that is being

performed at Siemens Industrial Turbomachinery, based partly on the findings

of this project, should allow advancements to be made in the definition of such

failure criteria. The ongoing testing programme involves some very extensive ex-

periments, and as such has been timetabled for the coming years. Unfortunately,

at the time of writing, the testing had not been completed and so could not be

used to augment the theoretical research contained in this thesis. It is the hope

of the author that suitable data will be available in the near future, enabling the

continuation of this work.

� During crack propagation, the growth rate may not be linear, instead accelerating

as the crack grows. This means that the crack growth calculations based on a

single value of ∆J can become inaccurate. This can be alleviated by discretising

the crack growth into a number of steps, where a different value of ∆J is calculated

for the new crack length and repeated iteratively. This would mean that the

crack growth rate could be calculated for small increments of crack growth, a,

for instance, for a1 ≥ a ≥ a2, a2 ≥ a ≥ a3 until a = ac, the critical crack

length. This could easily be implemented into the MML concept through iterative

crack modelling for incrementally increasing crack lengths. This would allow the

number of cycles for each stage of the crack growth to be calculated, yielding
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more accurate values of total life. It is clear that the accuracy will increase with

greater refinement of the crack growth increment, but this would increase the

computational effort, however, as above, this could be automated with relative

ease through the use of a Python script, controlling an ABAQUS FE analysis to

automatically model, mesh and re-mesh the geometry for each increase in crack

size.

� As discussed in Chapter 7, a limitation with the current procedure is with the

lack consideration of the creep-fatigue interaction. The use of the eDSCA and R5

C∗ parameter for modelling a cyclic loading history containing a creep dwell have

been described and a case study has been presented which demonstrates their

implementation. In addition, a preliminary investigation for the creep-fatigue

interaction of the previously used test specimen is included in Appendix A to

act as a starting point for the future work to extend the RPDM for creep-fatigue

modelling within Siemens.



Appendix A

Preliminary Investigation for

Proposed Future Work

A.1 Appendix Overview

This section provides a preliminary investigation and a foundation for the proposed ex-

tension of the RPDM method for the inclusion of extended hold times, to accommodate

creep-fatigue effects in the analysis.

As explained in Chaper 2, fatigue is a failure mechanism in which gradual damage

accumulates as a result of repeated cyclic loading, whereas creep is the progressive

damage induced in a material when subjected to a constant load for extended periods

of time. This failure mechanism is particularly prominent in high stress and high

temperature applications such as gas turbines as well as other applications with similar

conditions across the power industry.

Across these industries, extensive investment is made for the development of high

performance superalloy materials that are highly creep resistant. Despite this, the loads

and temperatures involved mean that creep-fatigue can still be a prominent failure

mechanism in these materials which emphasises the importance of gaining a thorough

understanding of this mechanism. As a result, continued research in the field of creep

involves a large number of researchers in both academia and industry.

This investigation aims to provide a foundation for further works to assist the under-

standing of creep and the creep-fatigue interaction in complex gas turbine components
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by designing an experimental testing programme through an extension of the RPDM.

A.2 Introduction

The inclusion of extended hold times can result in entirely different damage mechanisms

to that of pure fatigue and this can have a profound effect on the structural integrity

of a component subject to such a load history. A typical creep-fatigue loading profile

is illustrated in Figure A.1, where ∆t represents the time duration of the applied load.

Figure A.1: Generic creep-fatigue load history with extended hold times

This type of loading profile is more representative of real-life applications such as

might be experienced in gas turbines where the engines are ramped up, then operated

at constant load for a period of time before shutdown, with this cycle being repeated

multiple times. In these instances, a pure fatigue LCF analysis may produce overly

optimistic and inaccurate results for fatigue life and it is therefore important to consider

such loading cycles in the design of complex plant components.

A.2.1 Objectives

This proposed extension would allow a complete creep-fatigue analysis to be performed,

and calculation of a component’s lifetime for a given operating temperature. This will

use the established Linear Matching Method eDSCA Creep-Fatigue subroutine [113] to

extend the RPDM technique by incorporating load dwell times, allowing their effect on

a component’s structural integrity to be ascertained.
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A.2.2 Issues of Calculation of Creep-Fatigue

As discussed in Chapter 2, a large number of different constitutive relationships exist

that describe creep behaviour. Different materials can exhibit varying behaviour due to

this complex damage mechanism and a creep-fatigue law which can accurately model

the damage in one material, is unlikely to be applicable to other materials with entirely

different relationships.

Computational tools such as bespoke finite element methods may only employ one

or some of these laws, which may not match the relationship exhibited by the material

in question, in which case, these analysis tools will be inappropriate. As discussed pre-

viously, the Linear Matching Method creep-fatigue subroutine currently only supports

the Norton-Bailey creep law and this limits the current Linear Matching Method for

creep-fatigue analysis. However, the material properties from one creep-fatigue rela-

tionship can be reformulated to simulate Norton-Bailey parameters suitable for input

to the LMM by using an appropriate approximation method.

In the case of the nickel-based superalloy complex notched specimen in Section

5.3, this issue arises. The material in question exhibits a hyperbolic sine creep-fatigue

relationship similar to the Garofalo Law and as such is not compatible with the current

LMM creep-fatigue subroutine. The hyperbolic sine law utilises parameters Ag, γ, ng

and mg which are entirely different to the Bn, nn and mn parameters of the Norton-

Bailey law. However these hyperbolic sine parameters can be reformulated as Norton-

Bailey equivalent parameters using a simple linear interpolation.

A.3 Material Property Analysis

A.3.1 Formulating Hyperbolic Sine parameters for use in the Linear

Matching Method

In order to perform a complete creep-fatigue analysis using the Linear Matching Method,

an extensive set of material properties are required including Young’s Modulus, Pois-

son’s ratio, yield stress and Norton-Bailey creep parameters. Since the only available

material creep data for the superalloy follows a hyperbolic sine relationship, these prop-

erties must be converted to their Norton-Bailey equivalent form.
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A method is given below to convert the parameters for the hyperbolic sine creep law

to the equivalent Norton-Bailey parameters which can be used directly in the current

LMM framework.

Step 1

The equation for the hyperbolic sine creep law is:

ε̇c = Ag[sinh(γσ)ng ]tmg (A.1)

Assuming that only secondary creep in considered, mg = 0, and the equation simplifies

to:

ε̇c = Ag[sinh(γσ)ng ] (A.2)

Step 2

The creep strain rate is calculated using this equation over a range of stress values and

the results plotted in a log-log form as log(ε̇c) versus log(σ) as shown in Figure A.2.

Step 3

Over a limited range of log(σ) this curve can be approximated by a linear function,

log(ε̇c) = m log(σ) + c (A.3)

Step 4

The equation for the Norton-Bailey creep law is:

ε̇c = Bnσ
nntmn (A.4)

which for secondary creep only, simplifies to:

ε̇c = Bnσ
nn (A.5)
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Step 5

Taking logs of both sides of this equation:

log(ε̇c) = log(Bn) + log(σnn) = nn log(σ) + log(Bn) (A.6)

Step 6

Equating these two functions

log(ε̇c) = nn log(σ) + log(Bn) = m log(σ) + c (A.7)

Step 7

Therefore, the equivalent Norton-Bailey parameters are given by:

nn = m (A.8)

and

Bn = 10c (A.9)

where m is the straight line gradient and c is the straight line y-intercept from Figure

A.2.



APPENDIX A PRELIMINARY INVESTIGATION FOR PROPOSED FUTURE WORK 213

Figure A.2: Graphical linear interpolation to calculate Norton-Bailey parameters

A.3.2 Derivation of Creep Rupture Constants

For implementation in the Linear Matching Method, in addition to the creep param-

eters, the time to rupture is also required. This is given by the time fraction rule,

and appropriate parameters can be derived using a similar linear interpolation as used

above.

Step 1

The equation for the time fraction rule is:

t∗ = Btσ
−kt (A.10)

Step 2

Taking logs of both sides of this equation:
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log(t∗) = log(Bt) + log(σ−kt) (A.11)

which can be rearranged as:

log(t∗) = log(Bt)− kt log(σ) (A.12)

Step 3

The time to rupture is calculated using a range of stress values obtained in experimental

testing and the results are plotted in a log-log form as log(t∗) versus log(σ) as shown

in Figure A.3.

Step 4

Over a limited range of log(σ), this curve can be approximated by a linear function:

log(t∗) = m log(σ) + c (A.13)

Step 5

Equating these two functions:

log(t∗) = log(Bt)− kt log(σ) = m log(σ) + c (A.14)

Step 6

Therefore, the time to rupture parameters are given by:

kt = m (A.15)

and

Bt = 10c (A.16)

where m is the straight line gradient and c is the straight line y-intercept from Figure

A.3.
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Figure A.3: Graphical linear interpolation to calculate creep rupture parameters

In both cases, the obtained results are entirely dependent on the applied curve fit which

can be seen to only be appropriate over a limited stress range and thus the size of this

range must be selected to achieve the level of accuracy required.

For the nickel-based superalloy, these calculations shown above allowed the following

material properties to be deduced:

Table A.1: Deduced creep material properties

Creep Parameters

Bn 1.733 ∗ 10−17

nn 4.4705

Creep Rupture

Bt 8.394 ∗ 1020

kt 6.839

These creep properties can be used in addition to the basic material properties described
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in Section 5.3.2, to perform a complete LMM creep-fatigue analysis.

A.4 Creep-Fatigue Analysis

A number of preliminary analyses are performed using the Linear Matching Method

Extended Direct Steady Cyclic Analysis (eDSCA) to provide a foundation for the pro-

posed future work. This is implemented in ABAQUS using the LMM creep-fatigue

subroutine.

Following on from the previous experimental case where the test was designed for

crack initiation only, this extended investigation will only consider creep-fatigue crack

initiation. For crack propagation analysis, additional analyses are required to calculate

the creep crack growth rate, as discussed in Section 7.5, however, this is outside the

scope of this preliminary investigation.

A.4.1 Selection of Operating Temperature

The aim of the experimental test is to induce a level of creep strain that is significant

enough to observe its effect, whilst not excessive enough to cause creep rupture in a

short dwell time. For the material in question, creep does not become significant until

the temperature exceeds 600°C. In order to aid the selection of the most appropriate

operating temperature for investigation, an analytical calculation of the induced creep

strain in the component under a typical design load of 400MPa was performed. The

creep strain was calculated for different dwell times under different ambient tempera-

tures and plotted as shown in Figure A.4.
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Figure A.4: Chart showing creep strain with increasing temperature

It can be seen that at an operating temperature of 600°C, negligible creep strain is

induced, even for a dwell time of 1000 hours. It can also been seen that at a temperature

of 1000°C, the creep strain becomes exceedingly large even for short dwell times. It

was therefore deemed that the optimal operating temperature for demonstrating the

effects of creep-fatigue is 800°C.

A.4.2 Numerical Implementation

The intention of this study is to replicate the conditions experienced by nozzle guide

vanes and so simplified loading profiles are established that represent the engine ramp-

up, extended operation and shutdown. In an attempt to assess the effect that this type

of loading profile has on the structural integrity of the NGVs, creep-fatigue analyses

are performed on the representative test specimen as used previously in Chapter 5 and

shown in Figure 5.2.

The creep-fatigue analyses are performed at an operating temperature of 800°C and

for dwell times of 1, 10 and 100 hours subject to the loading profile illustrated in Figure



APPENDIX A PRELIMINARY INVESTIGATION FOR PROPOSED FUTURE WORK 218

A.1 where the applied load is 400MPa.

Under these conditions, and using the established material properties shown in

Table A.1, the eDSCA was performed in order to calculate the induced creep strain for

each dwell time and to calculate the creep crack initiation fatigue life. The generated

hysteresis of these analyses are shown in Figure A.5, clearly showing the increase in

creep strain with increasing dwell time.
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Figure A.5: Hysteresis loops at 800°C at dwell times of 1, 10 and 100 hours

For each temperature, the number of cycles to failure as calculated by the Linear

Matching Method Creep-Fatigue subroutine was determined and this is shown in Table

A.2 and graphically in Figure A.6.
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Table A.2: Creep fatigue life at different temperatures and hold times

Temperature Dwell Time (hours) Number of cycles to failure, Nf

600°C

1 3113455.45

10 311345.55

100 31134.55

700°C

1 2095.54

10 209.55

100 20.96

800°C

1 103.18

10 10.32

100 1.03

900°C

1 27.62

10 2.28

100 0.52

1000°C

1 16.83

10 1.68

100 0.17
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Figure A.6: Graphical representation of creep-fatigue life for increasing temperature
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This investigation has been performed for Siemens in their routine structural in-

tegrity assessment of gas turbine components and as such the loading conditions were

chosen to match their requirements. This has resulted in the lack of any observable

relaxation, thus not demonstrating the full power of the LMM creep-fatigue subroutine

and the eDSCA. However, for completeness and general interest, a more general case

which shows significant creep-fatigue interaction has been included in Section 7.4.

A.5 Investigation Summary

This is only a very brief demonstration of how the Linear Matching Method eDSCA

could be used for an industrial creep-fatigue analysis and is intended as a starting

point for the proposed future work. A very basic test was performed to demonstrate the

implementation of the hyperbolic sine creep law parameters that have been reformulated

as Norton-Bailey properties for use within the LMM.

This test was performed under constant load controlled conditions to match test

requirements at Siemens and as a result, no stress relaxation was observable. However,

this test should be extended to investigate this phenomena and so the next step for

this analysis would be to devise a test that incorporates stress relaxation.

Due to the nature of the graphical interpolation that was employed to determine the

Norton-Bailey creep parameters from hyperbolic sine properties and the time fraction

rule, the accuracy of the obtained results is compromised. This could make this type

of conversion impractical for industrial applications where high levels of accuracy are

required or a wide stress range is involved.

This also demonstrates a limitation in the current version of the Linear Matching

Method creep-fatigue subroutine which only models materials following Norton-Bailey

relationships and does not allow other creep relationships. This poses a potential issue

for use in industrial applications when material properties may not comply with the

LMM framework. However, the LMM is undergoing continued development and this

limitation could be addressed in the future.

Despite the limitations of this test due to the issues with material data and specific

test conditions, as demonstrated in Chapter 7, this technique has been shown to be

very powerful for creep-fatigue assessment in high technology engineering industries
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and could become routine in industrial gas turbine applications.

However, in this specific application, further verification and validation of the re-

sults would be needed through experimental testing before it could provide useful creep-

fatigue information. This would therefore require further investigation and additional

support from Siemens or other industrial partners in order to establish this test pro-

gramme.

A.6 Method Implementation

The creep-fatigue analysis can very simply be incorporated into the Crack Growth

Assessment Procedure with some small modifications to the procedure logic, as shown

in Figure A.7 and A.8. This then allows the inclusion of creep in the procedure through

a modified RPDM method using the eDSCA for extended hold times as well as creep

crack propagation analysis using the LMM and R5 procedure for the evaluation of

the C∗ integral. These additions then allow a complete creep crack initiation and

propagation life to be obtained using the proposed procedure.
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Calculate creep and fatigue damage components

Calculate creep and fatigue crack initiation life

Figure A.7: Crack Assessment Procedure Process Flow - Part 2 (modified to include creep dwell)
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Figure A.8: Crack Assessment Procedure Process Flow - Part 4 (modified to include creep dwell)
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A.7 Appendix Conclusions

From this preliminary study, the following conclusions have been made:

� This investigation highlights a necessary development for the Linear Matching

Method to include other creep-fatigue laws. This could be implemented through a

user definition of the required creep-fatigue law, in a similar manner that material

hardening laws are currently defined in the LMM ABAQUS plugin

� The present creep-fatigue implementation in the LMM only considers Norton-

Bailey laws and so a method has been developed to reformulate a hyperbolic sine

law for application to nickel-based superalloys

� Following a successful conversion of the hyperbolic sine law to a Norton-Bailey

formulation, a LMM creep fatigue analysis has been successfully performed

� The procedure logic for the proposed crack growth assessment procedure has been

modified to allow for the inclusion of a creep-fatigue analysis including creep crack

initiation and propagation life

A.8 Appendix Summary

This appendix has included some preliminary analyses that were performed in an at-

tempt to extend the RPDM method for the inclusion of extended hold times using the

eDSCA to investigate the effect of creep-fatigue on the structural integrity of turbine

components. The limitations of the technique have been identified which could be ad-

dressed with further investigation and industrial support. It is the hope of the author

that this preliminary analysis will be of some benefit for the future study and help to

pave the way for the continuation of this project.

Once completed, this method could provide a very valuable additional asset to

the proposed crack growth modelling procedure, further enhancing its usefulness for

industrial structural integrity analysis within Siemens and across other engineering

industries.
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ABAQUS A finite element analysis software package produced by Dassault Systemes.

Used for all FE analyses in this thesis.

Advanced Gas-Cooled Reactor A type of nuclear power plant used in the UK that

uses carbon dioxide as the coolant and graphite as the moderator.

ASME Boiler & Pressure Vessel Code (BPVC) An American Society of Mechan-

ical Engineers (ASME) assessment procedure for the evaluation of fatigue of nu-

clear power plant components.

Bree diagram A plot of primary and secondary stress ranges showing the limit load,

shakedown, reversed plasticity and ratchetting regions.

Brittle fracture A type of fracture in which little to no deformation occurs before

failure.

Computer Numeric Control (CNC) A computerised method of automated oper-

ation of machinery.

Contour integral An integral obtained by contour integration along a set path within

a structure. Within ABAQUS, this includes the stress intensity factor and J-

integral.

Contour plot An image produced using FEA which displays the output variable in a

colour coded manner.

Cooling holes Small holes incorporated into turbine components to allow effective

cooling.
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Crack tip singularity An expression for the stress at a crack tip. When approaching

the crack tip, the stress tends to infinity.

Creep The gradual deformation of a material at constant stress and extended time

periods.

Creep-Fatigue The combination of creep and fatigue where deformation occurs under

repeated cyclic loading with extended load hold times at high temperatures.

Cyclic J-integral The J-integral for a cyclic loading history.

Dielectric fluid An ionised fluid medium that permits an electrical spark to travel

between the electrode and workpiece during EDM, whilst also insulating the work-

piece from excess electrical current away from the localised spark path.

Direct cyclic analysis (DCA) A computational numerical technique that directly

calculates the cyclic response of a structure without the need to model the tran-

sition period.

Direct steady cyclic analysis (DSCA) See Direct cyclic analysis.

Dowling and Begley law A relationship for the calculation of crack propagation rate

under elastic-plastic conditions which is proportional to the cyclic J-integral.

Ductile fracture A type of fracture in which a large amount of plastic deformation

occurs before failure.

Extended direct steady cyclic analysis (eDSCA) An extension to the DSCA for

the inclusion of a creep dwell in the loading history.

Elastic Perfectly Plastic (EPP) A simplified relationship which neglects material

hardening.

Elastic plastic fracture mechanics (EPFM) The category of fracture mechanics

that considers loads above the yield stress, causing plastic deformation.

Electrical discharge machining (EDM) A high precision machining technique which

uses electrical sparks to remove material.
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eXtended Finite Element Method (XFEM) An extension to the tradition FEM

allowing crack propagation modelling.

Fatigue Damage caused as a result of repeated cyclic loading.

Fatigue life assessment A structured technique for calculating the fatigue life of a

component.

Finite Element Analysis (FEA) The computational implementation of the finite

element method, allowing complex modelling and analysis of engineering struc-

tures.

Finite Element Method (FEM) A numerical technique for describing physical con-

ditions by creating and solving a series of equations allowing approximate solu-

tions to be obtained.

Elastic follow-up factor A parameter which describes the rate of relaxation of the

residual stress during a creep dwell.

High cycle fatigue (HCF) The category of fatigue in which low levels of stress are

applied and the deformation is primarily elastic, with failure occurring in typically

more than 104 cycles.

J-integral A fracture parameter for conditions when significant plastic deformation

occurs.

Leading edge The up-stream side of the turbine blades and NGVs.

Limit load The load at which a component collapses.

Linear Elastic Fracture Mechanics (LEFM) The category of fracture mechanics

that considers loads below the yield stress where the material behaviour is elastic

and no plastic deformation occurs.

Linear Elastic Material behaviour following LEFM.

Linear Matching Method (LMM) A finite element analysis tool allowing analysis

of a cyclic loading history, generating approximate inelastic solutions.
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Load displacement curve A plot showing the variation of displacement with in-

creasing load.

Low cycle fatigue (LCF) The category of fatigue in which the applied stress is at

or close to the yield stress causing plastic deformation with failure occurring in

typically less than 104 cycles.

Material hardening See strain hardening.

Mesh A way to separate a geometry into a number of small elements, allowing the

implementation of the finite element method.

Non-destructive examination (NDE) A range of techniques for the testing of struc-

tures that do not cause any damage.

Nozzle Guide Vane (NGV) A component in the stator part of a turbine that directs

hot gases onto the turbine blade.

Paris law A relationship for the calculation of crack propagation rate under linear

elastic conditions which is proportional to the stress intensity factor range.

Plain strain conditions A simplified approximation for three dimensional problems

that assumes that the strain along the z-direction is zero.

Plane stress conditions A simplified approximation for three dimensional problems

that assumes that the stress along the z-direction is zero.

Plasticity/Plastic deformation Non-reversible deformation caused when loads in

excess of the yield stress are applied to a structure.

Poisson’s ratio The ratio of lateral strain to axial strain for a uniaxial stress state,

i.e how the shape of a structure changes in one direction when a load is applied

to a normal direction.

R5 A procedure for the assessment of the integrity of structures at high temperature

developed by British Energy.

R6 A procedure for the assessment of the integrity of structures containing defects

developed by British Energy.
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Ramberg Osgood A common law for the description of material hardening.

Ratchet limit The load at which ratchetting occurs.

Ratchetting A damage mechanism in which plastic strain incrementally accumulates

during each repeated loading cycle.

Recast layer A side effect of the EDM process which modifies the metallurgical struc-

ture of the top layers of the work-piece.

Reference Stress Method (RSM) A range of concepts that offer a means of cal-

culating damage characteristics such as the J-integral. Used in the R5 and R6

procedures.

Reference stress A measure of an averaged stress state across a structure.

Reversed plasticity A damage mechanism in which a small amount of incremental

plastic deformation occurs within the first few repeated cycles before reaching a

stabilised response.

Seam crack A way to define crack surfaces within ABAQUS which open upon loading

during an analysis.

Shakedown limit The load at which shakedown occurs.

Shakedown A damage mechanism in which some initial plastic deformation occurs

but then shakes down to an elastic response and no further damage accumulates.

Strain energy release rate The energy released during fracture per unit area of

crack surface.

Strain hardening A strengthening of a material caused by plastic deformation.

Stress concentration A location in a structure where the stress is concentrated

around features such as cracks, sharp corners or holes.

Stress intensity factor (SIF) The measure of the stress raising capability of a par-

ticular feature.
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Superalloys A class of alloys that are designed for high performance with excellent

mechanical strength, temperature and creep resistance.

Surface Energy The work done per unit area that is required to create a new surface

during fracture.

Trailing edge The down-stream side of the turbine blades and NGVs.

Virtual Crack Closure Technique (VCCT) A method to calculate the energy re-

lease rate based on the assumption that the energy required to separate a surface

is equal to the energy required to close the same surface.

Yield point See yield stress.

Yield stress The stress at which material behaviour changes from elastic to plastic

and the onset of deformation occurs.
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[85] N. Moës, J. Dolbow and T. Belytschko. A finite element method for crack growth without

remeshing. International Journal of Numerical Methods in Engineering, 46(1): 131–150,

1999.
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