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ABSTRACT

In this thesis an investigation into the behaviour of thin
walled lipped channel columns under combined end compression and
bending is reported.

The thesis begins with a short introduction, followed by a

review of the relevant published literature. In the introduction an
outline is given of the different buckling characteristics associated
with Euler, local and coupled Euler-local modes of behaviour. The
scope of the literature review spans from the early development work
on coupled mode buckling through to the wide variety of interaction
problems covered in present day studies. An introduction to the
basic differential equations and elastic strain energy expressions
used in the theoretical approach of the lipped channel problem is
then briefly outlined.

Theoretical analyses of local instability and post-local

buckling interaction behaviour are presented. The local buckling

analysis is undertaken for the section using the Raylei gh-Ritz

method. 1In this, the cross-sectional deflected shape is taken as

a series of algebraic polynomials and each polynomial set in the
series is arranged to satisfy all compatibility and equilibrium boundary
conditions at the plate junctions and at the free edgeé of the lip.

The analysis is carried out for various values of section length, to
obtain that value for which the lowest buckling load is induced.

From this multi-term buckling analysis a very accurate approximation

ls used as the first term in the subsequent semi-energy post-buckling
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analysis, which incorporates also an additional set of algebraic
polynomials to take account of changes in the deflected form in the
post-buckling range. Thus, the deflection functions postulated are

extremely accurate .at the point of buckling and have a built-in

facility to change in the post-buckling range. The numerical work
involved in the analysis was carried out in the University's ICL 1904 S

computer for which a program was written using the FORTRAN IV

programming language,

Detalils are given of an experimental investigation which
was ca;'ried out to obtain information on the interactive buckling
behaviour of lipped channel columns and to provide experimental
results to authenticate the validity of the theoretical solutions., A
description of the loading rig and its operation is presented in

conjunction with a full set of assembly and component design
drawings. In general, the procedure used in the investigation was

to load columns of various section dimensions and with various
loading eccentricities to collapse, recording strain measurements

and overall deflections as loading progressed. A strain investigation
was carried out to obtain knowledge of the stress variations at the

centre of the column at various stages of loading.

A comparison of experimental results with theoretical

predictions is given. The agreement between theory and experiment

is good in general, and in particular for the comparisons of stress

variations with progressive loading.



(iif)

A summary of the Investigation is included, together with
conclusions and suggestions for further research and extension of
the analysis.

The publications discussed in the literature review appear

in a chronological bibliography list at the end of the text.

The thesis is concluded by six short appendices which

supplement the main text and enlarge on some aspects of the

investigation.
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NOMENCLATURE

Fi,Fi1.Fi2

Coefficient in flange deflection function

Arbitrary integer used as exponent
in flange deflection function

Coefficient in flange deflection function

width of flange
Half width of flange

Wwidth of lip

Arbitrary integer used as exponent
in flange deflection function

wWidth of web

E t3

Plate flexural rigidit D= ——
- SN 12 (1 =v2)

Coefficient in the web deflection function

Distance of section neutral axis from lips
prior to local buckling

Distance of section neutral axis from lips
after local buckling

Youngs modulus of elasticity

Eccentricity of applied load

Non dimensional eccentricity ec =-%—'

Stress Function
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G Modulus of elasticity in shear

G, Coefficient in the web deflection function

Lip potential energy integral

Onl *++9n4 Coefficients in the flange deflection function
after local instability

hpy .« hpp Coefficients in the web deflection function
after local instability

I Sécond moment of area
I* Reduced second moment of area
i Suffix relating to particular plate element of section

(flange:1i =1, web:1i =2, lip:i = 3)

Kt Flange buckling coefficient
K, Coefficient in the web d‘.eflection function
kn Arbitrary integer used as exponent

in web deflection function

L ‘ - Column length
M - Moment '.about section lips
Mx Moment per unit width of plate perpendicular

to the x direction

My, Moment per unit width of plate perpendicular
to the y direction

- Twisting moment per unit width of plate
perpendicular to the x direction



(1X)

N, Mid-plane force per unit width of plate

in x direction
N, * Average compressive edge force on flange
NX*crit Critical average compressive edge force

for local instability
Ny Mid-plane force per unit width of plate

in y direction
ny -Mid-plane shearing force per unit width of plate
P Axial load on column
py | - Pb
P Non-dimensional axial load P =

Mép

Porit Critical local buckling load
Perit Non-dimensional critical local buckling load
Pp Euler load
-I-:’-E' Non-dimensional Euler load
PE'?‘ Reduced Euler load

pni « « Png  Coefficients in the lip detlection function
after local instability

Qn Coefficient in the lip deflection function

Qe . Shearing force parallel to the z axis per unit width
of plate perpendicular to the x axis

oA,

Qy . Shearing force parallel to the z axis per unit width
of plate perpendicular to the y axis

R, Coefficient in the lip deflection function



(x)

Half-wavelength of column central buckle

Coefficient in lip deflection function

Web potential energy integral
Plate thickness

Arbitrary integer used as exponent
in lip deflection function

Displacement of a point in the middle plane

of a plate in the x direction

Compressive end displacement of flange at
node of a central_k buckle

Strain ene:rgy of bending and twisting
Strain energy of mid-plane force.s
Total strain energy VT = Vg + VM

Displacement of a point in the middle plane
of a platein the y direction -'

Local deflection coefficient .
Deflection of pléte in z direction
Cartesian éo-ordinate

Local deflection functions for plate i

Cartesian co-ordinate

| Cartesi‘an co-ordinate for plate i 1

Distance of section neutral axis from flange
prior to local buckling



(x1)

Lip bending strain energy integral

Cartesian co-ordinate

Compression eccentricity factor

Coefficient in the web deflection function
after satisfaction of the edge boundary conditions

Membrane strain energy integral for plate 1

Flange potential energy integral

Coefficient in the web deflection function
after satisfaction of the edge boundary conditions

Shear strain in xy plane
Central deflection of column
Direct strain in the x direction
Direct strain in the y direction

Membrane strain energy integral

Summation of potential energy integrals

enm =|“-lm'n m ¥ G

Summation of the bending strain energy integrals

AI'lI'Il1“.-:\’!/1'111'1 +¢)nm +an

Coefficient in the web deflection function
after satisfaction of the edge boundary conditions

Poisson's ratio

Coefficient in the flange deflection function
after satisfaction of the edge boundary conditions



(xii)

Coefficient in the lip deflection function
after satisfaction of the edge boundary conditions

Direct stress in the x direction

Average compressive edge stress on flange

_ Nx*
S =2

Direct stress i'n the y direction
Shear stress in "xy plane

Coefficient in the lip deflection function after
satisfaction of the edge boundary conditions

Membrane strain energy integral for plate i
Web bending strain energy integral
Flange bending strain energy integral

Coefficient in the lip deflection function after
satisfaction of the edge boundary conditions

i
}

Symbols not listed in', the Nomenclature
are defined throughout the text where -

they first appear.
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1.0 INTRODUCTION AND REVIEW OF THE RELEVANT LITERAT URL

1.1 INTRODUCTION

Column flexural buckling is characterised by a lateral

movement of the column cross-section whereby the cross-sectional

shape is substantially unaltered. This type of buckling occurs
when the length of a structural element is much greater than its

cross—~sectional dimensions and is known as Euler, or sometimes

overall, buckling.

when the length of column is of the same order as the cross-
sectional dimensions, local buckling will occur. This type of
buckling is characterised by out of plane deflections of the column
walls, causing a substantial change in shape of the cross-section
and a redistribution of the stress ;ys{em across the widths of its

component plate elements.

In Euler buckling the straiéht form of thé column becomes
unstable at the critical load and the column deflects laterally,
perpendicular to the axis of least siecond moment of :area of the
section. While the magnitude of the column deflection tends to

|

become very large, the maximum load the column cah attain is its
critical buckling load. This behaviour is classified as neutral

buckling.

In local buckling the flat form of the plate elements of the

cross-section become unstable at the critical load and the plates

’



develop out of plane deflections. Unlike Euler buckling, however,
the column can sustain loads greater than the critical buckling load,
i.e. the column has a post local buckling reserve of strength. This

type of behaviour is classified as stable buckling.

Although these two modes of buckling have been described

independently, there are certain combinations of dimensions and
structural forms which provide coupled buckling or interaction
behaviour between the two modes. It is this type of behaviour
which is the subject of examination in this thesis.

The ratio of load carrying capacity to structural weight of a
thin walled member is often denoted as a measure of its practical
structural efficiency. Increasing the structural efficiency, however,
tends to lead to geometrical configurations which, although they
make efficient use of material, become i‘ncreasingly liable to exhibit

complicated buckling behaviour. Since structural forms which

provide high strength to weight ratios are becoming more widely used
in present day practical applications, a knowledge and understanding

of buckling behaviour due to interaction between different buckling

modes has become essential.

The work presented in this thesis describes the mechanics of the
interaction between the local and overal flexural behaviour of a thin

walled lipped channel column when subjected to end compression and

bending. Although much of the published works on interaction

buckling deal extensively with columns whose critical buckling loads

' 4



are relatively close and which are therefore highly susceptible to

geometrical imperfections and unstable post interaction behaviour,
the work in this thesis deals in the main with columns whose
critical loads are sufficiently far apart. that stable post interaction
behaviour is experienced. Columns in this range are not as
sensitive to geometrical imperfections regarding their ultimate loads
as are those which have nearly simglltaneous buckling loadsﬁ.

The characteristic behaviour of a lipped channel column when
loaded through its centroid and designed such that it lies in the
stable interaction range is such that* the column takes load with no
column or local deflections up to the initial local buckling load.
Further increase in load then leads to an elastic interaction phase
whereby column and local deflections grow simultaneously", and the
lpad tends asymptotically towards a reduced Euler load baéed on the

tangent bending stiffness of the locally buckled section. .Since,

however, the locally buckled form does not remain con'stanf during
loading, the reduced Euler load becomes continually smaller as the
loading increases., Finally, the elastic interaction phase:tenninates
when the stresses within the column reach the yield stlj'ess of the
material-. The column then enters an elasto-plastic phase of

behaviour which, although short, results in further loss of section

stiffness and eventual column collapse.



Apart from some isolated works in the early 1950's and
early 1960°'s, knowledge of the problem of non-linear interactive

buckling has come to light and received widespread attention in only
the last ten years or so. This growing interest in non-linear
buckling phenomena is the result of a quest by researchers to gain a
full understanding of the possible catastrophic elastic buckling

failures which can exist in a structure due to the coupling or
interaction of buckling modes. Buckling of this type is characterised

by a structure with close critical loads, which in themselves are

essentially stable, but which interact to produce a highly unstable

non-linear buckling behaviour.

1,2 REVIEW OF THE EARLY DEVELOPMENT WORK

The local instability and post buckling behaviour of plates in

compression under a wide variety of loading and boundary conditions
has been thoroughly investigated over the years by numerous
researchers. The buckling and post~buckling behaviour of systems
of plates forming a wide variety of cross-sectional shapes has also
received a great deal of attention over the years and the findings are
well docunented in the literature. In view of this the author
feels justified in referring the reader to the works of Timnshenko and

Woinowsky-Krieger (1), Bleich (3), Walker (12), Bulson (13) and

"Rhodes (19) in which the main results of such investigations are



presented and to restrict his own attention to the review of literature

pertaining to the interaction of local buckling with other buckling

modes.

One of the earliest publications on interaction buckling was

presented by Bijlaard and Fisher (4) in 1952, In this work

Bijlaard considered theoretically the interaction at buckling of
centroidally loaded box, I, H, T and angle section columns, while
co-author Fisher carried.out tests for a ‘consilderable range of
slenderness ratios of two aluminium all‘oy box sections. For one of
these the local buckling stress was in the plastic domain, and for

the other in the elastic domain. In the introduction to their work
the authors suggest that although buckling is supposed to occur at

the lower of the two critical stresses,column or local for a given
column, in reality there was an interaction of theseitwo modes such '
that the real buckling stress o cr Wwould be smaller fhan eithef of .
the buckling stresses corresponding to column or local 'modes of
behaviour. By his ';nethod of split rigidities Bijlaa-fd then developed
simple formulae which expressed the actual buckling stress d CR
directly in terms of the column and local buckling stresrses. He

found from his analysis that for the box, I and H sections considered, '

stress reduction due to interaction of the buckling modes was non-
existent. ¥ He did find, however, that for sections whlcﬁ have a
tendency to behave in a torsional manner, such as the T and angle

sections analysed, significant interaction effects were predicted.

' 4
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The results by Bijlaard ylelding non-existent interaction effects

-~ are, of course, due to the fact that the sections considered have

minimum buckling stresses for the individual modes of local and

column buckling which require quite different buckle half

wavelengths. For such cases the actual buckling stress is simply
the lower of either the column or local buckling stresses. If,
however, the buckling modes occur at the same stress, or nearly
the same stress, the unstable nature of the post-~buckling interaction
behaviour of the column causes a high sensitivity to imperfections
which can result in failure of the column at a much lower stress.
This, however, is not particularly evident from the experimental
results of Fisher since the columns he tested were manufactured
from 2%:" square (outside dimensions) aluminium drawn tubing which
exhibitéd extremely good accuracy regarding imperfections. The
results;lr as shown in Figure 1.2.1, do indicate however that in the
areé of hear simultaneous buckling stresses the ultimate stress of
the column is in the region of the local buckling stress, which shows
the unsfable post-buckling interaction behaviour in this area.
ﬁarvey (5) in 1952 studied the local instability of various
structural sections when subjected to column and beam loading
respectively. For a detalled descriptiqn of the method used by

Harvey to obtain the section buckling coefficients and corresponding

local buckling loads of plain and lipped channel sections in
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compression the reader is referred to reference (5). In his
treatment of centroidally loaded plain and lipped channel columns

Harvey, after obtaining the local buckling stress, considered failure
of the column to occur when the edge membrane stress of the plate
element initiating section buckling reached the yield stress of the
material, Using an effective width equation which incorporated the
section buckling coefficient he then obtained the average ultimate
stress of this plate element and compared this with the experimental
ultimate stress derived by dividing the ultimate load by the column
cross-sectional area.

Of particular interest té the author is the experimental work
by Harvey on centroidally loaded lipped channel columns whereby the

slenderness ratio of the columns tested was varied with change in

the web dimension by,. The choice of dimensions by Harvey were

such that both stable and unstable post-buckling interaction

behaviour, as well as neutral column buckling, were éxhibited during
test. His results, in the form of an :ulfimate load-slenderness plot,
are presented in Chapter 6 where combarison is made with the
theoretical predictions obtained from thé interaction aﬁalysis presented
in Chapters 3 and 4 of this thesis.

In the light of their previous experimental work (4), Bijlaard
and Fisher (6), in 1953, focussed their attention on the strength of

columns whose component plate elements buckled locally before the



ultimate column load was reached. The first authors method of
split rigidities was used in the theoretical part of this work to

compute the column buckling stress for centroidally loaded box and
H sections which, after buckling locally, remain straight up to the
point of incipient column buckling., In the elastic range a simple
formula was developed expressing the apparent bending stiffness of
the locally buckled section in the form of an equivalent modulus of
elasticity Eeq. The stiffness values obtained from this formula
lay between the secant and tangent stiffnesses of the section and
reduced to Young's modulus E at the local buckling stress. The

ultimate column stress in the elastic range is then given by the

, |
formula O u = —1&—/—5)%9-. In the plastic range Bijlaard accounted

for the influence of plastic deformations by using an appropriate

Johnson parabola depending partly for its location on the empirical

crushing strength of short columns in which only plate buckling and
no column buckling can occur. The ultimate stress curve, by

Bijlaard, is therefore one of a double branched nature,consisting of

a Johnson parabola with its apex at the section crushing strength at

= 0 and which joins tangentially the elastic buckling stress

curve, obtained by the method of split rigidities, at some intermediate
slenderness ratio between zero and that at which the local and Eulér
buckling stresses are equal. This two-part curve is shown in

Figure 1.2,.2 in comparison with the experimental results obtained

by Fisher on 27 " x 2-%- "aluminium box section tubing having a wall

4



thickness of 0.047", The results presented by Fi sher, with the

exception of that at L _ 58, are those obtained in his earlier

I

investigation (4) carried out in 1952 (see Figure 1.2.1). 1In
comparing Figures 1.2.1 and 1.2.2, however, a difference in the
theoretically computed local buckling stress is apparent and since
the ultimate stress curve by Bijlaard depends partly for its location
on the local buckling stress, this would tend to cast some doubt on
the claimed accuracy shown in Figure 1.2.2., In the region of near
simultaneous buckling stresses the theory of Bijlaard predicts

ultimate stress values in excess of the local buckling stress,

indicating that in this area initially stable post-buckling interaction

behaviour is exhibited.
In 1954, Seidenfaden (7) attempted a theoretical analysis of
‘the interaction behaviour of centroidally loaded, pin ended, plain

channel columns. An energy method of solution was employed by

Seidenfaden in which the energy expressions for bending and mid-
surface stretch were utilised in terms of the derivatives of the
displacements u, v and w. By postulating expressions for

u, v and w in terms of both local and overall deflection coefficients
and by subsequent minimisation of the strain energy with respect

to these coefficients, Seidenfaden obtained the behaviour of the
column in the interaction range. His treatment of the problem,
however, can only be described as inadequate, and consequently

his results as inaccurate. One of the main factors contributing to

4
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the Inadequacy of Seidenfaden's solution is that his analysis was
applied to columns whose ends were constrained to remain straight

and the resulting definitive equations were modified to account for
pinned end conditions. The modifications, however, took absolutely

no account of the quite different post local buckling behaviour which
exists between uniformly compressed sections and those whose ends

are allowed to rotate.

Cherry (8) in 1960 investigated the influence of local buckling
on the lateral stability of thin walled beams. The beams investigated

were of T and T section and of such dimensions that local bucklipg
was confined to occur in the compression flange. The loading af)plied
to the beams was that of equal end moments in the plane of the web.

By means of an empirically based effective width equation for the
compression flange, Cherry obtained modified flexural, torsional

and warping stiffness values for the locally buckled section resulting
In an elastic lateral buckling curve which showed good agreement

with experiment. His experiments showed, however, that in the
region of near simultaneous critical moments, the actual moment to
cause failure was less than the theoretical local buckling moment.
This is due, of course, to the sensitivity of the buckling in this
region to initial imperfections. The reason that Cherry obtained
good agreement in this area is due to the fact that his effective
width equation was obtained by trial and development on the basis

of the experimental evidence obtained from the beams tested.

’



11.

From a compression test on a short aluminium alloy square tube,
the result of which is shown in Figure 1.2.3, Jombock and Clark (9),
in 1961, obtained the variation in section tangent stiffness from the

onset of local buckling to final collapse or crippling of the section.
Through a suitable choice of effective width expression which
allowed an approximate simulation of this stiffness variation the
authors then examined the effect of local buckling on longer lengths
of section in which column buckling becomes an increasingly more
influential factor. This was achieved quite simply by replacing

Young's modulus in the Euler column formula with the section tangent
stiffness comresponding to a particular average stress and obtaining
the required slendemess value to initiate column buckling at this
stress. The ultimate stress curve obtained in this way showed
that in the region of nearly simultaneous local and column buckling‘

loads, the capacity of the column was limited to its local buckling

load, This result differed from that of Bijlaard (6) due to the fact
that Jombock and Clark (9) did not consider the effect on section
stiffness of a modification in local mode shape due to interaction
with the overall bending mode.

The following year Koiter and Skaloud (10) contested the
then generally accepted opinion that the optimum design of a
compression member was one in which local buckling and overall

buckling occurred at the same stress. Koliter pointed out, with
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reference to a compressed integrally stiffened panel, that as soon
as the plate buckles locally between the stiffeners its rigidity is

reduced by about half, which means that the bending rigidity of the
entire panel is also considerably reduced, resulting in a structure

whose equilibrium at buckling is unstable and which is exceedingly
sensitive to imperfections.. Koiter showed qualitatively that, for
structures with an unstable bifurcation point, the effect of initial
imperfections was to considerably reduce the ultimate load. These
remarks by Koiter on the questionable validity of the optimality of
simultaneous mode designs were to be corroborated some years
later by several investigators.

Using an exact determinantal method Bulson (13) in 1967

obtained the variation in buckling stress with change in flange width

for uniform thickness T sections loaded in pure compression and

having an imposed hinge support condition along the web-free edge.

In his analysis Bulson conéidefed the effect of mode coupling on the
stability for such a problem and found that , in the area of close
torsionaliand lioc'al modes of beihaviour, a considefable reduction in
buckling Istress, Hue to interaction, was apparent. It should be
pointed out, however, that Bulson's theory is limited to the
evaluation of 1ntéraction in which the mode of local buckling is given
by a single half wave. Figure 1,2.4 shows his results for T
sections whose length to web raﬂo © 1is equal to four-. It is

clearly indicated in this figure that interaction has its strongest

4
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effect in the region of near simultaneous torsional and local

buckling modes.

Bulson used the same method of analysis in his consideration
of the interaction at buckling between the local and overall flexural
modes of behaviour for a uniform thickness I section., For a section
whose cross—-sectional dimensions were of such proportions as to
preclude the occurrence of torsional instability he showed that, for
colump lengths in which overall buckling was predominant, his inter-
action analysis gave values for the buckling stress which were1marginally
smaller than the Euler buckling stress.

In the same year a theory was presented by Graves Smith (14)
for predicting the ultimate strengths in compression of locally

buckled box section columns, the author giving due consideration to

the effects of plasticity and to the interaction of column and plate

behaviour. TIn his compression analysis of short columns free from

bending he obtained, through the use of a relaxation process, an
approximate solution to von Karman's equations whereby displacement
functions for the locally deflected shape were realised in terms of
unknown parameters. After satisfaction of the kinematic boundary

- conditions at the plate junctions the resulting deflected form obtained
was constrained to retain its shape during post local buckling'and

could change in magnitude only by means of a single deflection

parameter.
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When considering plasticity Graves Smith assumed that the
section material behaved in an elastic-perfectly plastic manner and

that the extent of the plastic zones within the section were governed
by the von Mises Criterion. By numerically integrating discrete
expressions for the plastic and elastic components of strain energy
he obtained the total strain energy stored in the section cormresponding
to any partict_:tlar value of applied axial strain and by minimising this

- energy with respect to the unknown deflection parameter achieved an

approximate equilibrium state corresponding to the applied strain

considered.

Results from this analysis are shown in Figure 1.2.5 in the
form of post buckling stiffness curves for various values of material
vield stress, these curves pertaining to a square section with width
to thickness ratio of the plates equa:'I to 58.8. From this figure a

considerable loss in section stiffness due to plasticity is apparent

and the theory is seen to be able to describe the region of load

shedding typically observed in actual tests. Cf. the work of Jombock
and Clark (9), Figure 1.2. 3.

In his interaction analysis, éssociated with longer columns
which have the tendenéy to buckle Euler-wise under axial load,
Graves Smith considered the application of an infinitesimal bending

strain to the column for each value of axial strain considered in his

compressional analysis. By solving modified von Karman equations
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to describe this situation he evaluated the bending stiffness of the
column during the application of this strain. The variation in
bending stiffness with average column stress is shown in Figure

1.2.6 in the form of corresponding apparent Young's Modulus curves

and the bending stiffness 1s seen to drop considerably as the ultimate
load is approached, and in the purely elastic case is seen to level
out at a reduced value as the average column stress is increased.

In support of his theory Graves Smith carried out a fairly
extensive series of tests on model columns cut from thin walled steel
and aluminium drawn tubing. This work is described in another
paper (15). Figure 1.2.7 shows the comparison of his theory with
tests carried out on 2 " square (outside dimensions), 0.04" thick
aluminium specimens and it will be seen that they compare well.

It should be noted, howfvever, that the interaction curve developed by

Graves Smith is similar to that of Bijlaard (6) on the same problem in

that it suggests that in the regioﬁ of near simultaneous local and

Euler buckling stresses the equilibrium at buckling is initially stable.
Although the analysis by Graves Smith has the facility of

allowing for the effects of local imperfections, it is evident from

his work that he did not fully realise the significance of such

imperfections in the range of near simultaneous mode behaviour.

This is indicated in the comparison of his theory, as presented in

reference (15), with tests carried out on steel specimens in which
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his results are generally poorer than those obtained from his
aluminium tests. Graves Smith attributed the scatter in his results

to the initial variation in material vield stress from column to
column where in actual fact his results are poorest in the region of

simultaneous buckling modes where the buckling is entirely elastic.
The ultimate average stress for columns in this region. were as

much as 16% below the local buckling stress.

1.3 THE ONSET OF A GROWING INTEREST IN NON-LINEAR

BUCKLING PHENOMENA

In 1968 van der Neut (17) used a simple two-flange column
mode]l to examine the equilibrium state at bifurcation for columns
subject to the interaction of local and overall buckling. Figure 1.3.1

shows some typical structural forms and.the representative model used
by van der Neut to describe the phenomena under consideration.

The model, as depicted, consists of two load can'ying* flanges of
width b and thickness h connected at a distance 2c¢ by fictitious
webs, the webs having no longitudinal stiffness but being rigid

laterally and considered to provide simple support conditions to the

edges of the load carrying flange elements.
To aid in the solution of his column interaction buckling
problem van der Neut (16) first examined the post local buckling

behaviour of a simply supported imperfect plate in compression, the



plate having stress-free boundary conditions prevailing on the
unloaded edges. Tor the perfect plate he obtained the deflected
form at buckling by solving von Karman's equilibrium equation

corresponding to a uniform longitudinal compressive stress and

subsequently satisfying the relevant equilibrium and compatibility

17.

requirements at the plate boundaries. The post-buckling behaviour

of the plate was then obtained by postulating deflections in this range

‘tohave the same form as that attained at buckling and solving von
Karman's compatibility equation exactly, subject to the relevant
in-plane movement and stress boundary conditions, to obtain
membrane stresses which were in compliance with the assumed
deformations. The final relationships between compressive strain
and out of plane f;leformations and hence between plate load and
compressive strain were then realised by solving the equilibrium

equation approximately using the Ritz-Galerkin technique. For the

imperfect platé vah der Neut assumed the imperfection to have the
same form as the buckling mode for the perfect plate.

Using the relationships developed in his plate analysis (16),
vanider Neut estafalished the elastic buckling capacity K, of his
two iflange columnimodel (17) by evaluating the bending stiffness of
thé column in terms of the local tangent stiffness of the material in
the cross-section. Hence for the load carrying flanges in the
locallly buckled stéte he used the elastic tangent modulus 7LE

in place of the full material stiffness E, which from the bending

’
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stiffness point of view can be interpreted as replacing the actual
plate of width b by one having an effective width al b. The
elastic tangent modulus Ql E is defined as the local slope of the
curve relating the average strain along the length of the load
carrying flanges to the average applied stress.

For the ideal model with perfectly straight axis and perfectly
flat plate elements the buckling load Ky, for a column whose flanges

have undergone local buckling, is given by Ky = % Kgp where Kg

is the classical Euler load for the locally unbuckled column and % ;
as defined previously, is the ratio of the post to pre-local buckling
tangent stiffness of the load carrying flanges. At the local

buckling load K =Kj,, however, the bending stiffness of the section

on the application of an infinitesimal column deflection, is given

24

not as al EI but as 3 +,1 FI due to the fact that as the column

bends at this load one flange gets increased post local buckling

strain whereas the other flange returns to the locally unbuckled
condition. TUsing the value of 0.4083 for 9[ from his plate
analysis van der Neut found that column buckling.occurred at the
local buckling load for the perfect model when 1< % < 2.45
and that the character of the equilibrium at buckling was unstable,
i.e. explosive collapse, when 1<'§-BE< 1,725,

To study the effects of local imperfections in the design

region of near simultaneous buckling modes van der Neut
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considered an equal imperfection parameter o applied to each
flange of the column, X being the ratio of the imperfection

amplitude to the flange thickness. Figure 1.3.2 shows the

relationship obtained between % and -E—E- for several values of &
where it can be seen that the reduction in buckling strength due to
e 1is more severe in the vicinity of -]I%E- = 1, e.g. for X = 0.2

the reduction in strength is 30%. By using a truncated Taylor-
expansion to represent the relation between flange load and strain
in the direct vicinity of the buckling load Kb van der Neut

agcertained the character of the equilibrium at bifurcation for those
columns with initial imperfections, finding that the equilibrium was
unstable, i.e. explosive collapse, over a range of }IEL_E the extent
of which depended on tﬁe degree of imperfection.

~ Although the w6rk by van der Neut deals with a hypothetical

structural form and is basically illustrative, the findings from his

analysis were the first concrete step in confirming the suspicions of

Koiter and Skaloud (10), ‘regarding the imperfection sensitivity of
structurés with an unstable bifurcation point. His work can also be
sald to be ;'esponsible for creating the subsequent interest shown by
a great many researchers'in non-linear buckling behaviour.

Further contributions using the same model have been
~ presented by Meijer and van der Neut (20) in 1970, Koiter and

Kuiken (22) in 1971, Thompson and Lewis (26) in 1972, van der
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Neut (31) in 1973, Gilbert and Calladine (33) in 1974 and in 1975

by Svensson and Croll (42).

Meijer and van der Neut (20) examined the effect of
imposing unequal flange imperfections 0(1 and & o in the load
carrying elements of the model, considering the problem to be again
one of bifurcation by choosing restrained boundary conditions at the
column ends in conjunction with a column length twice that of a
column having the same section and with simply supported ends.
For this situation the point of application of the compressive force

K moves such that the column remains straight during the process of
loading up to the buckling load Kb, Figure 1,3.3 shows some

results from this analysis for &y = 0,05 and 0.4= 9 = 107,

It will be seen from this that _IEK% <1 when I-I%EL- <Z 2 for the values
of & ; and X5 considered and that the unfavowrable effect of

reduction in buckling strength is maximal at %Ef = 1, It is also

interesting to note that when ©X , approaches zero the same kind

of degeneration of the buckling curve appears as with the column

| E
without imperfections, i.e. over a certain range of. ']I'é'f the ratio

Kb has almost constant value, Meijer and van der Neut also

KL
found that over a range of 'I'(K'EE explosive collapse was induced due

to the unstable nature of the equilibrium at bifurcation and that the
instability was more severe with smaller imperfections.
Koitef and Kuiken (22) presented a somewhat more

mathematically elegant treatment of the two flange column problem

’
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with equal flange imperfections. Their energy approach, based
on Koiter's general non~linear theory of elastic stability, provided

almost identi-cal numerical solutions with those of van der Neut (17),
as well as useful asymptotic formulae., Although their analysis

does not yield significant new results the authors point out that it
requires far less numerical work than other available methods and that
the simple and new asymptotic formulae developed enable the effect

of equal imperfections to be readily assessed in individual cases.

Thompson and Lewis (26) investigated the optimality of the

two flange column model with the view to obtaining the highest
possible buckling load subject to the constraint that the structural
weight of the column be held constant. Using the results of van

der Neut (17) the authors showed that a local optimum existed when
the buckling logd Kb = KE = KL but due to imperfection sensitivity

in this region the optimum shifts to some value -IZK% < 1 depending

on the imperfection value ©¢ while the buckling magnitude

diminishes with increasing ©{ .  The optimisation scheme was
such that the column had a prescribed length L, the web width 2C
connecting the load carrying flange elements was set equall to the
flange width b so that the section under consideration woﬁld be
square at all times and the structural weight held constant by

maintaining constant cross-sectional area, 1.e. the area of the

flange elements bh = constant. Using this scheme higher values
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of Kb can be obtained for the perfect model, for the same structural

welght, by making 'EEL— large. It should be noted, however, that

in this region local deformation of the flanges will be increasingly
severe before the onset of column buckling., In such a case the

post buckling stiffness of the flanges will change with load, due to
changes in the locally deflected form, thus leading to a considerable
reduction 1:n Kb from that which would be obtained by approximating
the post buckling stiffness of the flanges to be constant. By

postulating this elastic deterioration in stiffness to be represented
by a relaxed linear relationship with load, Thompson and Lewis found
that the local optimum of the perfect model at Kb = KE = KL
resulted in the complete optimum, while allowing for the possible
erosion of this by initial imperfections. The authors concluded
that it pays to make KE <CKL. This is contrary to the simple
argument that, s‘lincre local buckling does not exhaust the load carrying
capacity, it would be best to ﬁaké.KE > KL,

Although vén der Neut, in his earlier reconnaissance
work (17), considered imperfection sensitivity to both local and column
axis imperfections , 'the effect of the latter was studied only in brief,
As a res:ult, some uhcertainty' in respect of his numerical evaluations
was apparent and consequently only a qualitative picture of the
résponse to imperfectioﬁs in the oVerall mode was presented. To

rectify this van der Neut carried out a more in depth investigation (31)
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pertaining to a column with clamped ends in which the column axis
imperfection was assumed to correspond to the Euler buckling mode.

The required relationship between column strength and imperfection
magnitude was attained by van der Neut through the satisfaction of
the governing non linear differential equations, this being achieved
by postulating column deflections under load to be simulated by a
trigonometric cosine series.

The main findings from this more complete anal ysis are

depicted in Figures 1.3.4 and 1.3.5. Figure 1.3.4 shows the column

strength parameter >\ = 'I'&Kf plotted as a function of the impertection
Co KE
— o= ed
parameter F’> G for various values of R X1, and a fix

value of the local imperfection parameter o = 0.025 ( € o = half

the imperfection magnitude at the column centre and C = half the

web width). From this figure it is seen that for the smaller R

values any imperfection P vields reduction of the failure load

as compared to the buckling load lé-% of the perfectly straight |

column. For larger R values it is seen that there is again
reduction of strength provided Ia exceeds some critical value

]3 crs however, for @ < ECR the maximum load tends to

>\b = Kb as the column deflection tends to oo . This is

KL
analogous, as pointed out by van der Neut, with the behaviour of
rotating shafts whereby, due to initial deflection or eccentric

masses, the shaft experiences a dynamic jump, when accelerated

slowly, as it traverses the critical speed. Figure 1.3.5 shows )\

' 4
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as a function of R for several values of B and two values of

X = 0,0125 and 0.025. The upward sweep of the ultimate load
curves, for constant P , towards the EK-E curve (@= 0) occurs at

the value of R for which [-2; = p CR+ In comparing Figures 1.3.5

and 1.3.2 it can be said that by taking the practical limit of ﬁ to
be in the region of 6 or 7 per cent, local (&) and overall (ﬁ )

Imperfections yield about equal strength reduction in the region of

KE
— = 1 whereas the reduction due to ? is more important when

KL
R >~ 1,

Other Wo;k assoclated with the two flange column model
was carried out by Gilbert and Calladine (33) and Svensson and
Croll (42). The first authors used a graphical method, in conjunction
with the stress~strain relations from the :,elastic plate analysis of van
der Neut (16),to obtain the sensitivity reéponse corresponding to

arbitrary combinations of local and overall imperfections while the
second authors used a combined perturbation/Newton-Raphson

approach to test the reliability of the van der Neut model in
constituting a valid basis for obtaining quantitative strength estimates
of thin walled box columns. In considering ultimate column strength
Svensson and Croll used thé criteria, as is used in this thesis, that
the strength is exceeded when the average flange stress in the
concave flange at the middle of the column reaches a certain value

O/ ult, this being attained when the value of the maximum edge
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stress O/e reaches the yileld stress O/ v To give a more
complete presentation of their work they developed, on the basis of
the van der Neut model and the strength criterion previously
mentioned, a generalised version of the well known Perry~-Robertson
formula, using this to give a realistic estimate of the ultimate
carrying capacity of square box columns, Figure 1,3.6 shows some
results whereby the column strength P 1is plotted as a functiop of
the plate width to thickness ratio >\ such that the structural
weight remains constant for a specific column length. From this

figure it can be seen that the effect on carrying capacity of increasing
length is considerable, especially for the smaller >\ values
encompassing the range which provides near simultaneous mode
behaviour for each peﬁéct structure. It will also be noticed that
increasing length shifts the _optimum geometrical design, in respect

of strength, to cross—-sectional configurations with higher values of
>\ . The theoretical curves presented by Svensson and Croll

are seen to be comparable with those of the earlier work by Kloppel

and Schubert mentioned in the same paper.

1.4 COUPLED BUCKLING BEHAVIOUR OF STIFFENED PANELS

Now that researchers were aware of the possible dangers
associated with coupled mode buckling and the manner in which a

conventional buckling analysis could overestimate structural strength,
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concentrated efforts were made to investigate the interactive

behaviour of more practical structural shapes.

One _such configuration which received widespread
attention was the stiffened plate panel with plain flat outstands.
Panels of this nature are used essentially in situations where high
strength to weight ratio is important, as for example in box girder
bridges or the superstructures of off-shore oil platforms. Figure
1.4.1 shows a typical pa‘nel geometry and Figure 1.4.2 shows
schematically the cross-sectipn geometry of a box girder.

After the Secondl Worid War many of the road bridges built
throughout Europe utilisea the box girder in their construction. A
series of failures, however, occurring in the lafce 1960's, raised
some doubts about t};e ability of existing analyéical methods to
predict the carrying capacity of these bridges. I- Although there is

no single criterion which can b_e used as an overriding factor in the
design of box girdersflr it is not difficult, using present-day

knowledge, to envisage some form of interactive buckling as being

the initiating factor in causing failure.

Tvergaard (30), in 1973 1ﬁvestigated thé initial post
buckling bdaviour of wide integrallly stiffened panels loaded in
compression., The panels 1nvestigated had the geometry and
geometrical notation shown in Figure 1.4.1 and were simply

supported along the edges on which the compressive load acts.
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Although his analysis could account for the torsional behaviour of

the stiffeners, Tvergaard found that this effect could be neglected
for a large range of practical structures having small values of

stiffener eccentricity. Special attention was directed to panel
designs in which the Euler and local buckling modes occur
simultaneously with a view to establishing the imperfection

sensitivity that may be inherent in these designs.
Tvergaard determined the behaviour of the panels by using

the general initial post buckling theor& of elastic structures as
developed by Koiter (11), this being essentially a perturbation

technique which relies for its solution on the principle of stationary
potential energy. The resulting asymptotic equilibrium expx;essions
obtained from his analysis, relating the applied load to local and

overall displacements and local and overall imperfections, demonstrated
that the simultaneous mode design was very sensitive to geometrical

imperfections and that the panel was more sensitive to imperfections in

the shape of the local buckling mode than to imperfections in the shape
of the. Euler buckling mode. It should be emphasised, however, as
mentioned by Tvergaard, that for panels with near simultaneous buckling
modes the single mode initial post bucklmg analysis Is only adequate in
the immediate vicinity of the critical bifurcation point. This is due, of
course, to the presence of the other buckling mode corresponding to a
buckling stress only slightly above the critical stress, with a non-linear

coupling between the two buckling modes.
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Having established that in cases when Euler type
buckling and local buckling occur at the same critical stress, the
stiffened panel structure is particularly imperfection sensitive,
Tvergaard (32) focussed his attention on the influence of post
buckling behaviour on the optimal design of these panels. Since,
however, the asymptotic results of his earlier work (30)are not

applicable for this purpose, as the adequacy of the single mode
initial post buckling analysis is limited to very small deflections,
Tvergaard based his analysis on an approximate solution of the non-

linear differential equations by application of the Galerkin method.
Some of the results obtained by Tvergaard are shown in
Figures 1.4.3and 1.4.4. TFrom these figures it can be seen that
the optimum design, from the point of l.view of post bucl-{:ling
behaviour, often differs significantly from the design with two

simultaneous buckling stresses. Figure 1.4.3 indicates that for
the panel geometry considered, the highest carrying capacities are

predicted in the range where the local buckling stress has been
exceeded, where in fact the ultimate 16ad can be larger than the
critical load of the perfect structure in the simultaneous; buckling
case. In this stable range', however, th:e 1imit load corresponds
to quite large mode deflections and in praétice plastic deformations

may often reduce the maximum load as predicted by Tvergaard's

elastic theory.
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From the point of view of retaining a high section stiffness
at the highest possible load level, Tvergaard points out that the
best design is usually one in which the critical stress for Euler type
buckling is smaller thanfthat for local buckling and that in some
cases the optimum design has a local buckling stress that is more
- than twice the Euler buckling stress. Figure 1.4.4 shows the
ultimate loads attainable for designs in this region. It can be
seen from this figure that local mode imperfections of a given
amplitude have a more serious effect than Euler type imperfections
of the same amplitude and it may be said that if imperfections can
be kept small, the optimum design will correspond to values of the
ratio of local bucklipg stress to Euler buckling stress slightly higher
thar; unity, but for lérger imperfections the ratio for optimum design
increases considerat;ly. Although Tvergaard uses a simplified

structural model in his analysis, in that the stiffeners do not participate

in local buckling' but may buckle torsionally, his work must be
regarded as a useful first reconnaissance in an attempt to establish
the significance of mode interaction in stiffened panels.

It is not surprising that the work by Tve_rgaard caught the
attention of several researchers already working in the field of non-
linear Buckling and induced them to apply some of their efforts to the
stiffened pénel problem., This was apparent from the number of

papers (34,35, 36,37) presented to the IUTAM Symposium on Buckling
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of Structures, held at Harvard University, Cambridge, USA, in June
1974. Van der Neut (34) examined the mode interaction of panels
stiffened by top hat stringers and with rigidly restrained boundary

conditions at the panel ends. Koiter and Pignataro (35) used an

approach similar to that used in Koiter's earlier work (22) to examine
the interactive behaviour of stiffened panels of the type investigated
by Tvergaard (30,32). Thompson, Tulk and Walker (36) made use
of small scale epoxy plastic models in their experimental
investigation of the imperfection sensitivity of stiffened panels,
while Tvergaard and Needleman (37) studied the effect of mode
interaction on the plastic bifurcation of stiffened panels.

Although Van der Neut (34) included the participation of
local buckling of the stiffeners in his analysis, the structural model
employed for the panel overestimates the adverse effect of interaction.

This is due to the fact that the webs of the top hat stiffeners are
neglected in the post buckling range and serve only to maintain the

structural integrity of the assembly. The model employed is
essentially a two:flange column with unequal flanges and with
rotational edge restraints obtained from a linear buckling analysis

of the full panel cross-section. The coefficients of edge restraint
of the flanges are assumed to be constant through the whole range

of applied edge strains and equal to their values obtained at buckling.

On the other hand, the analysis by Koiter and Pignataro (35)

underestimates the adverse interaction behaviour of panels with solid

¢
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integral stiffeners, due to its assumption that the local mode shape
of the cross-section remains unaltered in the post buckling domain,
Of particulér interest in the work by Thompson, Tulk and
Walker (36) was the use of an epoxy plastic in the manufacture of
small scale test models. The low modulus of elasticity of this
material allowed the models to be tested on a simple hand-operated
rig, while the material had the added advantage of remaining elastic
up to large strains so that ylelding was avoided and the models
could be tested repeatedly. Another advantageous property of the
epoxy plastic is that the material suffers froma considerable amount
- of creep at elevated temperatures. Thus, if a panel was loaded to
its local buckling load and then heated, it was possible to induce

local imperfections having a geometric form corresponding precisely

to the loéal buckling mode.

Tvergaard and qudleman (37) investigated the plastic
‘buckling of wide integ:rall;r stiffened panels of the type investigated
in Tvergagrd ‘s earlier worE (30,32). In order to make the panels
bifurcate at plastic stfains} these had‘ been given a relatively larger
plate thickness and stiffeﬁer eccentricity than those in (32). The
initial post bifurcation behaviour in the plastic range was determined
usin'g an assﬁnptotic analysis to obtain approximate results for the
*ultimate panel load and for the corresponding buckling mode
deflections. An interestihg feature of the work by Tvergaard and

Needleman is that in the plastic range the propagation of elastic

’
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unloading zones into the material play an important role in the
subsequent panel behaviour after bifurcation. In a further paper,

Tvergaard and Needleman (43) presented a more detailed description
of their bifurcation and post bifurcation analyses together with details
of their numerical procedure., Some results for the effect of plastic
vielding on imperfect panels designed so that bifurcation of the
perfect. structure occurs in the elastic range were also presented.
Further work on the elastic buckling of panels with heavy

stiffener outstands was carried out by Walker (40) and Walker and
Davies. (41) in 1975 and by Tulk and Walker (45) in 1976.

In the analysis by Walker (40), the behaviour of the plate
between the stiffeners was described by two simple expressions
relating the local deflection amplitude w and the corresponding end
shortening displa;:ement § to the applied stress S on the plate.
From these relationships, however, the resulting reduction in section
flexural rigidity, which is responsible for the adverse non-linear
interaction between local and overall buckling, is found to remain
constant for all values of load in the post critical range of local
buckling. This is due, of course, to the implied assumption in
the simple plate expressions used that the locally deflected form
remains constant during loading, as has also been.the case in the
work of previous researchers. For perfect panels, Walker (40)
shows all load-overall deflection curves tending asymptotically

towards a.constant reduced Euler load based on the tangent bending

s
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rigidity of the section after the occurence of local buckling. The

ultimate elastic load that a panel, designed in the stable range, can
therefore attain is the reduced Euler load and theoretically its post

interaction behaviour will always be stable, 1If, however, his

analysis had the facility of allowing the locally deflected form to change
during loading then the initially stable behaviour of the panels would
evenfually become unstable., Walker's analysis included the effect

on ultimate load of overall imperfections and he compared his
theoretical findings with previous experimental work (36) on small

scale models. The models, however, had imposed local mode
imperfections and the effect of these is clearly indicated in his

comparison.

Walker and Davies (41) used a similar approach to that of

Walker (40) in their elastic buckling analysis of stiffened panels.
This time, however, the simple parametric relationships employed
included terms which took into ac;:ount the effect of local
imperfectims. The local imperfection parameters in the relationships
were based on the assumption that the initial local deflections had

the same form as thé critical mode: shape and the complete expressions
implied that the locélly deflected form altered with increasing load.
The inclusion of local imperfections in their analysis provided good
agreement between theory and experiment (36), Walker and

Davies (41) considered, experimeﬁtally, the behaviour of panels



34,

having torsionally flexible stiffeners (see also reference (36))

and of panels under combined longitudinal and shear displacements.

From this, it was found that the interaction of the stiffener torsion
mode and the panel overall mode gives rise to a very violent type of

buckling and a high degree of imperfection sensitivity and that shear
displacements also considerably reduce the panel ultimate load.

The work presented by Tulk and Walker (45) on the model
elastic studies of stiffened panels gives more details of the
experimental work of reference (36).

Up to this point, studies of the interaction of local
buckling and Euler buckling in stiffened panels have in the main
considered panels which have relatively stocky compact stiffeners,
thereby causing local buckling effects to occur solely in the plate
between the stiffeners which lies parallel to the axis about wl}ich the

panel bends. In the case of thinner and deeper stiffening members,

however, local buckling may have its predominant effects in the
stiffeners which are perpendicular to the bending axis of the panel,
resulting in a substantially different post-buckling interaction
behaviour. A consequence of designs with thinner and deeper
stiffening members is, of course, the introduction of a third mode of
buckliné associated with the local-torsional behaviour of the

stiffeners. The effect of this mode on the overall behaviour of

stiffened panels was investigated in 1976 by Fok, Rhodes and
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Walker (44). A simplified mathematical model, based on a semi-
energy post local buckling analysis of the stiffener in which the
stiffener was considered to be fully rotationally fixed to the plate,
was used to describe the buckling process of the panel. Fok,
Rhodes and Walker (44) considered the effect of overall imperfections
in their analysis and the comparison of their theoretical results with
experiment was ghowh to be good for load deflection behaviour but

less accurate regarding imperfection sensitivity. Although the

mathematical model retains only certain of the physical attributes
of the real structure, their analysis led to a sufficiently accurate
description of thé buckling process and provided a basis for further
investigation. In 1977 Fok, Walker and Rhodes (53) extended their

previous work (44) to include the effect of local imperfections in the

stiffener outstands. From this, more accurate panel sensitivity

curves could be obtained.

Having examined the behaviour of stiffened panels with
solid stiffeners (35), Kpifer and P:lgnatalro (47), in 1977, turmed their
attention to those with thin walled strinéers. To evaluate the
reduction in panel flexurai rigidity ’due to local buckling, Koliter
and Pignataro used a lower bound approach in which the strain energy
due to transverse normal stresses and shear stresses is neglected.
Although the approach used gives an overestimate of the effects of
interaction, their results show that for top hat stiffened panels

interaction i{s much less severe than that predicted by van der

#



Neut (34). The exaggeration of the adverse interaction behaviour
in the work of van der Neut (34) is due to the fact (as previously
implied) that the flanges of his representative two flange model are
elastically uncoupled and therefore behave independently in local

buckling.

Van der Neut (52) in 1977 and, more recently, Koiter and
van der Neut (57) in 1979 have investigated the effect of allowing

changes in the local mode shape after the occurrence of local

instability. To account for the interdependence in local buckling of
the plate elements in real structural forms, van der Neut (52) and
Koiter and van der Neut (57) used a two flange nodel in which the
flgnges were coupled by an elastic medium having a constant stiffness

Pér unit area. The model allowed a rather simple analytical

tréatment, however, in that the flanges were treated as being simply

supported on their unloaded edges with either stress-free or straight
i ed'ge boundary conditions.

From these works (52,57) it followed that changes in the
loc;al .mode pattern were insignificant for the panel with top hat
stiffeners (52), but quite significant for the square tube section (57)
~ in which a modification of the local mode shape due to interaction
with the overall bending mode was apparent. In the region of near
simultaneous local and overall buckling modes, the model predicts

initially stable post-buckling interaction behaviour, indicating that

36,
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in this region the local buckling load is not the ultimate load. The

eventual column buckling load is, however, unstable in this region and
continues to be so over a range of Euler to local buckling stress up to

about two. The results from the model for square tubes (57) are

" indicative of those obtained from the much earlier work of Bijlaard
and Fisher (6) and from the later work of Graves Smith (14) - see

Figures 1.2.2 and 1.2.7.

1.5  LOCAL AND OVERALL BUCKLING OF BEAMS AND COLUMNS

As has been shown in the previous section, a consliderable
amount of work on interactive buckling has been associated with the
stiffened panel structural configuration. In parallel with this,
however, the interactive bucicling behaviour of beams and columns

héving various cross-sectional shapes and under several loading

conditions, have been examined.

Using a unified matrix approach, Ghobarah and Tso (18), in
1969, investigated ;che stabilij:y of uniformly compressed plain channel
columns, their analysis including the interaction of overall flexural
and local buckling modes of behaviour but precluding overall
torsional behaviour. The matrix formﬂaﬂon ;used by these authors,
. however, which expresses the state vector at any particular point

(in terms of deflection, slope, moment and shear) as a linear

combination of the same quantities at another point, was applied, not
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to the channel section, but to a rather crude intuitive structural

model, the critical load of which was assumed to give a realistic

estimate of the buckling stress of the channel. The theoretical
results obtained from their analysis therefore can only be regarded
as approximate.

Skaloud and Zornerova (21), in 1970, carried out an
extensive experimental investigation to study the interaction of the

buckling of compressed columns with the buckling of their plate

elements. The columns tested were fabricated from top hat sections
having very small lips and joined together at the lips to form closed
tubes, as shown in Figure 1.5.1. Due to this method of manufacture
local buckling was initiated by the flange plates, since the small

lips giw;re added buckling strength to the webs. From the results of
their ir;Vestigation the authors confirmed that, due to initial ‘

irregularities of column axis and plate flatness as found in real

structures, the ultimate column stress was lower than either the plate

stress or the Euler stress for columns with nearly simultaneous

buckling modes.

The stability behaviour of plain channels in compression was
examined by Wittrick and Williams (24) in 1971. The authors used
a matrix approach, treating each individual flat wall of the sectlon as
a single element. In thelr analysis the buckling stress was

ascertained from the determinant of the overall stiffness matrix of the

structure, this single equa'tion containing all the possible buckling

’
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modes whether local, Euler or torsional, Due to the exact nature
of their theory Wittrick and Willilams accounted fully for the
possibility of mode interaction. They found, however, that all
buckling modes obtained contained mixtures of local and overall
deformations although one mode may only have been present in
negligible proportion. Figure 1.5.2 shows the results of their
exact solution compared wit}} those of Ghobarah and Tso (18) on the

same problem and although Ghobarah and Tso did not account for

torsional behaviour in their analysis, appreciable differences in the

other two modes are evident.

As an extension of his earlier work (14,15), Craves Smith
(25), in 1971, examined the effect of residual stresses, as well as
geometrical imperfections, on the strengths of thina walled welded
box columns. Using a variational approach in coﬁjunction with
modified elastic stress~strain relaﬂons, which took account of the
residual stresses caused by welding, he found that column strength
reduction due to the welding stresses was of the same order of
magnitude as the residual compreséive stress in the plates.

In 1973 contributions to the icnowledge of 1;1teractive beam
and column behaviour were made by Réjasekaran‘and Murry (27) using
a finite element method, ﬁill (28) using the semli energy method of
analysis as is essentially employed in this thesis, and Wang and

Tien (29) using the concept of effective width in conjunction with a

numerical iteration procedure,

4
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Rajasekaran and Murry (27) studied the interaction of local
plate buckling with overall member buckling for axially loaded

columns and transversely loaded beams of I-shaped cross-section.

Their analysis precluded post local ~buckling interaction behaviour

and consideration was given to the interaction of local and Euler
buckling and of local and lateral buckling at the initial instability
stress only. The inablility of their finite element model, however,
to predict the uncoupled critical local buckling stress of sections

with small flange to web ratios, restricted the authors in their
interaction analysis to sections having wide flanges only. The
reason for this rather unfortunate feature of their work lies in the
fact that the assumed local displacement shape functions used by
them were noﬁ general enough to describe the fundamental local
buckling modé for sections whose buckling is initiated by the web.

Hill (2 8) examined the local-Euler interactive buckling

behaviour.l of lipped channel columns by selecting displacement
functions in the post local b'uckling range to describe the local form
of the column cross-section in terms of one unknown coefficient and
By assuming the form of the column lateral deflection to be sinusoidal.
in his analysis, however, he neglects the complementary function
soluﬂon of von Karman's compatibility equation and, due to the fact
that glocal deflections are controlled by a single coefficient, he
éonstrains the i)uckled form to remain constant throughout all stages

of loading in the post local buckling range. Although the application

4



of the semi~energy method yields, in general, an upper bound
solution for stiffness, the use of a single "guessed" term by Hill

in the post-buckling solution, i.e. the deflected form used, was
not obtained from a Rayleigh-Ritz local buckling analysis or the like,

along with the disregard of the complementary function solution of
von Karman's equation and the assumed form for column lateral

deflection, renders his solution to be of only an approximate upper

bound nature.

Wang and Tien (29) determined the elastic column instablility
stress of locally buckled centroidally loaded rectangular columns
using Winter's effective width expression to account for the post
local buckling strength of the plate elements of the section and a
numerlical iteration procedure to predict the critical column étress.

By careful selection of the geometrical parameters, however:-,

solutions were obtained for columns in which local buckling was

confined to occur theoretically in the wider plate elements of the
cross-section only, the other plate elements remaining flat. As
confirmatory evidence of the reli ability of théir method it woqld
perhaps have been better if they could have obfained results for
centroidally loaded square box sections in which all plate elements
buckle simultaneously and compared these with the well established
experimental work of Bijlaard and Fisher (4) and Graves Smith (15)

whose theoretical work they mention in the introduction of their

paper.

4
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A brief state-of-the-art review of interactive buckling
behaviour in plate structures was presented in 1974 by Maquoi and

Massonnet (38), this being a consequence of a commitment by one
of the authors in the drafting of structural codes at Belgilan and

- European level. The main aim of their paper was to examine the
-validity of the academic criticisms presented in the literature against
the classical naive simultaneous mode approach in design. The
authors concluded that although imperfections reduce considerably
the ultimate strength in this area and in many cases result in an
~optimum shift to designs in which the ratio of overall mode to local
'mode 1is less than one, in the case of box columns the so-called
naive approach still qonstitutes an acceptable tool for selecting
p1at¢ thickness. This conclusion, however, is not surprising since
academic arguments égainst simultaneous mode design, on the basis

of optimum shift caused by imperfections, were set up from either the

consideration of an idéalised two flange model which disregards the
presencé of webs Iand 'their interaction with the other plate elements

of thé cross—section, :Ior on the stiffened panel type of configuration
lin whicﬁ local mode déflections are largely confined to one side of

the crosis-section' leading to substantially different behaviour than that
of the box section in which the primary local mode in compression

displaysﬁ significant deflections on both sides of the neutral axis.
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In the same year De Wolf, Peokoz and Winter (39) tackled
the problem of columns subject to local buckling by means of a
semi-empirical approach utilising the concept of effective width.,

Test columns were manufactured from plain channels connected to

form rectangular and I-shaped cross-sections and due to this local
buckling was confined to occur in the wider plate elements for
rectangular sections and in the unstiffened plate elements for the

I-shaped sections. The analytical approach used by De Wolf et

al was based on the Engesser-Shanley tangent modulus equation for
the bifurcation stress of a corlumn, this equation being suitably
modified to account for the effects of non-uniform material properties
and local buckling, the latter being included by means of the effective
width expressions developed by the third writer in the 1940's., ‘
The authors found that the effective width approach used gave
reasonably good predictions of the ultimate strengths; of the columns

tested.

An interesting comparison was made by Rhodes and Harvey (46)
in 1976, in their analysis of the local and post locél buckl ing
behaviour of plain channel struts in compression. Aithough no
account was taken of other forms of buckling in their analysis, a

reasonable estimate of the effects of Euler buckling was obtained
by evaluating the Euler stresses from simple theory and superposing

these on the local buckling stresses from their energy analysis.

Figure 1.5. 3 compares the results from this simple method with those

4



of the more rigorous interaction approach used by Wittrick and
Williams (24). For the strut length to flange ratios of 7.5 and

15 it can be seen that the Euler, torsional and local buckling modes
act separately with no stress reduction occurring due to mode

interaction. On the other hand, for the length to flange ratio of 2
stress reduction due to interaction of local and Euler buckling is
cllearly indicated, this being due to the buckle half wavelengths of
the two modes being of the same order. The comparison of results
shown is very good and would tend to highlight the approximate nature
of the work by Ghobarah and Tso (18) as shown in the comparison

by Wittrick and Williams (24). The slight differences in the local

buckling curves are due to the different values of Poisson's ratio

used in each analysis. :f

Continued intefest in non-linear coupled buckling behaviour
was apﬁarént from the pgpers (48,49, 50) presented at the Second |
Internatlionjal Colloqijlium';lon the Stability of Steel Structures held in
Liége in 1977, Sk’alou& and Naprstek (48), working at the
Czechosilovak Academy of Sciences in Prague, used the concept of

effective width and a numerical technique combining the methods of

44.

successive approxhnétlorf and Runge-Kutta to determine the equilibrium

state of rectangular box section columns, the authors terminating the

elastic solution at the onset of yielding to obtain an estimate of

column capacity', Figure 1.5.4 shows some results from this simple
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approach, the ultimate load N being plotted as a function of the

column length for columns loaded centroidally and having pinned ends.

L. ]

e
The curve Ncr (el) 1is the classical Euler value and the curve

e
Ner (pl) indicates the onset of yielding, both these curves being

depicted for locally buckled columns without imperfections. The

cuve N 1is the limiting load caused by yielding for columns having

an overall imperfection in the form y, = fg5 sin TIL-_ % and whose

amplitude f, 1is realistically based on statistical observations.

As is shown in Figure 1,5.4, the method used by these authors
predicts substantial strength reductions due to this type of imperfection;
some comparison with experimental work would, however, determine
its reliability.

Reis and Roorda (49) examined the sensitivity of the buckling
load to changes 1n design and imperfection parameters in their study

concerning the interaction of lateral torsional and local plate buckling

in thin walled beams. As a special case of the relevant governing

differential equilibrium equations they obtained the uncoupled non-

linear equilibrium path for a simply supported T-section béam

subjected to.increasing applied end moments in the plane of the web
and having overall lateral torsional imperfections. Along this
uncoupled path the compound bifurcation moment .A.b was determined

by means of a generalised Rayleigh~Ritz analysis which obtained the

local plate stability of a beam element at mid-span of the beam.
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Figure 1.5.5 shows qualitatively the equilibrium behaviour obtained
by Reis and Roorda of a thin walled T-section beam subject to mode
interaction. In this figure the parameter AI is the critical load
parameter associated with torsional buckling of the perfect or ideal
beam, .A. ﬁ the critical local parameter, \ , the compound
parameter and .A. ~ the reduced parameter towards which all
equilibriumf paths are asymptotic. The parameters & and P are

imperfection and design parameters respectively. Figure 1.5.6

shows the local co-ordinate system of the beam element considered
by Reis and Roorda and the assumed local form at instability along
the uncoupled equilibrium path. Comparison of theoretical buckling
moments with experimental results are shown in Figure 1.5.7, where
it is seen that s1multaneous mode designs are highly imperfection

sensitive.

The work by Rhodes and Harvey (50) examined the interactive

behaviour of plain channel coimnﬁs under eccentric loading, their

approach taking into consideration local buckling in all elements of
the section and aiso allowing for variation in the locally deflected
form after buckling.t In their approach the buckling load and shape
of the local buckleszere obtained very accurately using a multi-term
energy analysis and the deflected form so obtained then used in a
semi-energy post buckling analysis. Although the load~defl ection

equilibrium equation develope_d by Rhodes and Harvey for the locally
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buckled column was derived on the basis that only the magnitudes
of the local buckles changed after buckling, the authors, while
still retaining the simple form of this equation, took into account

changes in local form by setting up a large number of such equations

corresponding to the initial compression eccentricity applied and
also for a range of other eccentricities. The authors then chose

the lowest envelope of all such curves as being the most accurate
solution based on the premise that due to the relationship between
load point displacement and column deflection it prescribes

approximately the least value of the potential energy of the system.
Figure 1.5.8 shows some interesting points highlighted from their
results. Figures (a) and (b) indicate the geometrical notation and
positive sense for overall deflections employed in their analysis
while figures (c) and (d) show the reduction in Euler load and neutral
axis shift at buckling. @ Ngpr is the Euler load for locally unbuckled
columns while NC§ and e* are the reduced Euler loads and

new neutral axis position respectively at buckling. In figure (c)
the full line indicates the immediate reduction in NCR at buckling
and the dotted line the asymptotic value well into the post buckling
range., For columns with narrow flanges, h/hy, < 0,325, overall
deflections will develop in the negative direction at the point of
local buckling as is indicated in figure (d) by the neutral axis

moving further away from the web., For columns with wide flanges,
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h/hW > 0. 325, the neutral axis approaches the web after local

buckling and the column buckles in the positive direction.,
Figure (c) shows greater reduction in Euler load for columns which
deflect in the positive direction than thosefornegative direction
- buckling.

The finite element method was used by Wang and Wright
(51) in 1977 to determine the tarsional flexural :behaviour of locally
buckled beams. In their analysis, the resulting determinantal
equation, in which the coefficients of the elastic stiffness matrix

were computed on the basis of the effective cross-section
corresponding to the current moment distribution in the beam, was
solved iteratively to obtain the lateral buckling strength of the
beams. Figure 1.5.9 shows some results for simply supported
continuous beams loaded uniformly along the centre span., A
reduction in lateral buckling strength due to local bﬁckling is

indicated.

Several of the experimental results of this thesis were
published in 1978 in the work by Thomasson (54) for the Swedish
Council for Building Research in Stockholm. Thomasson carried‘
out many tests on lipped channel columns with single aﬁd double vee .
stiffener grooves running along the flange and also withbut
stiffeners. His test rig, however, was limited to the gpplication

of concentric loads only and to supplement his results the test
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work of this thesis was made avallable., Thomasson found that
increasing the section stiffness through the provision of one or two

stiffeners in the flange was not entirely favourable. The
consequence of the higher stiffness was that the column remained
straight up to a load level which was higher than that for a similar
column without stiffeners but which resulted in higher stresses in
the webs and the subsequent introduction of a local torsional

buckling mode. Thomasson found that this type of buckling caused

collapse and in several cases the collapse was of a violent character.
The columns tested without stiffeners were found to have
large local flange imperfections of the order of 2 to 33 times the
flange thickness and this, coupled with the high flange width fo
thickness ratios tested (as high as 475), resulted in very pronounced
local buckling effet,;ts in the flange at reliatively low loads. In his

conclusions Thomasson states that for all the columns tested without

stiffeners collapse occurred as a result of loss of stability and that

a dynamic jump occurred when the stability 1imit was reached.

He did not state, however, the nature of the instability. Preliminary
calculations have shown that even if the whole flange was ineffective
insofar as carrying load is concerned, then the reduced Euler load

would still be in excess of the actual collapse loads occurring

experimentally and therefore some other type of instability must

have taken place. Figure 1.5.10 shows the distribution of axial
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membrane stresses obtained from strain readings for two of the
columns tested by Thomasson from the onset of loading to final

collapse. It can be seen that the highest membrane stresses
occur at the flange web junction and that the magnitude at collapse
is of the order of half the yield stress. It would appear from these
stress distributions that due to the high ineffectiveness of the
flange, coupled with overall column deflections, loading on the
cross-sections 1s concentrated in the main at the flange-web

junctions and it would seem reasonable therefore that some sort of
corner instability could have caused collapse of the columns. In
fact, Thomasson mentions that at collapse the load decreased by
50% in some cases and at the same time a mechanism was formed
at the point of failure, this being due to the increased column
deflections duriné load reduction. From several of the photographic
plates in his report the failure point would appear to be indicated
by Buckled co'mer;‘s of the "crinkly" collapse mode as recently
examined by Gravés Smith and Sridharan (60) whose work will be
disdussed later.

The work I. of this thesis has been presented in two papers
(55,?56), one in 1978 to the Annual Conference of the Stress
Apalysis Group of the Institute of Physics, held at University

College 'in Cardiff (55), and one in 1979 to the International

Cbnf;rence on Thin Walled Structures, held at the University of
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Strathclyde (56), and organised in association with Constrado and
the Institution of Structural Engineers. Both these papers are to
be published in the conference proceedings. The first paper (55)

outlines the theoretical approach used in the thesis and pays

special attention to the study of columns with coincident or nearly
coincident local and Euler buckling loads, while in the second paper
(56) a more deteailed development of the approximate governing
differential equation is presented and results are shown for columns
which retain post-local buckling stiffness.

The International Conference at Strathclyde received several
other contributions (58,59,60,61) on non-linear coupled buckling
behaviour. Wang and Pao (58) examined the stability of locally
buckled plain channel columns, Reis and Branco (59) studied the
lateral=local stability of plain channel section bqams eccentrically

loaded with respect to the shear centre, Graves Smith and Sridharan

(60) analysed the elastic collapse of thin walled box columns in which

failure is initiated through instability of the corners in the post local

buckling range while Konig and Thomasson (61) reviewed some of the

earlier results by Thomasson (54) on lipped channels subjeqt to

axial compression and also some results for pure bending. |
Perhaps the most interesting contribution was that of

Graves Smith and Sridharan (60), the authors using the finite strip

methad to determine the elastic collapse loads of thin walled box
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columns giving due consideration to the geometrical instability of
the section cormers associated with their waviness in the post local

buckling range prior to failure. In order to account for the
instability of the corners, Graves Smith and Sridharan enforced

- compatibility between the in plane and out of plane displacements
at the junctions and included second order terms of the in plane
loca:l displacements in the large deflection strain-displacement
relations' since these terms become important when considering the
effect of the waviness of the corners of the columns, i.e. the
destabilising effects of the transverse in plane displacements. In
their analysis the authors specified series solutions for the in plane
and out of plane local displacements and used these in conjunction
with the more complete forirn of the large deflection strain-displacement
relations to evaluate the ir:';ternal strain energy for a prescribed end

| compression. The eq'uilil?rimn paths of the columns were then found

by the usual 'procedurejof dli.fferentiating the strain energy with
respect to:the global degreés of freedom and equating the resulting
derivatives; to zero. It should be noted, however, that in order to
satisfy in plaine equilibrium at the boundaries many higher harmonics
were needed for the transverse in plane displacement series than for
the out of plane series and due to this the analysis contains some
approximation in fhe form of minor incompatibilities at the comers

due to‘ unmatched harmonics. The post critical behaviour of square
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box section columns with various b/t ratios are shown in Figure
1".5.11-. The effects of corner waviness along the post local
buckling paths is clearly indicated and the ability of the theory to

predict the maxima on these paths clearly demonstrated. Although

Graves Smith and Sridharan use these maxima as the theoretical

prediction of the failure loads of the columns, their experimental
work on collflmns' manufactured from a commercially available curing
silicone rubber suggests that the actual failure is associated with

a further bifurcation involving collapse of the corners in the so