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Abstract

High–frequency Helmholtz problems remain exceptionally difficult for both direct and iterative
solvers. Finite element discretisations produce large, indefinite and often non-normal linear
systems; standard preconditioners typically lose robustness as the wavenumber and the number of
subdomains increase. Domain Decomposition Methods (DDMs) address these issues by splitting
the global problem into local subproblems solved in parallel by direct methods. While DDMs
may be used as iterative solvers, they have proven to be effective preconditioners within Krylov
methods, where the use of an appropriate coarse space can significantly affect convergence and
scalability.

This thesis develops scalable two–level preconditioners tailored to the Helmholtz problem. Af-
ter establishing the mathematical background, we overview classical DDMs. The core contribu-
tions then focus on spectral coarse spaces. First, we revisit the GenEO coarse space (∆-GenEO)
and introduce an augmented variant, ∆k-GenEO, obtained by modifying the local generalised
eigenproblems to incorporate frequency information. We analyse eigenvalue selection strategies
and the trade–off between coarse dimension and robustness. Second, we propose a new Helmholtz
adapted space, Hk-GenEO, constructed from the indefinite Helmholtz problem. As previous meth-
ods have been based on positive (semi-) definite problems, we first had to develop the underlying
theory to prove the required bounds for the method. We use numerical simulations to demon-
strate the methods’ effectiveness. We finish this work with a systematic comparative numerical
study of newly developed coarse space designs in the GenEO family on various homogeneous and
heterogeneous problems.
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Chapter 1

Introduction

Wave propagation phenomena play a central role in science and engineering, appearing in acous-
tics, electromagnetics, seismology, and elasticity. Their mathematical description often reduces,
under time-harmonic assumptions, to the Helmholtz equation. The numerical approximation
of this equation represents one of the major challenges in scientific computing: the operator is
indefinite, highly oscillatory at large frequencies, and leads to large, poorly conditioned linear
systems when discretised. Throughout this thesis, k > 0 denotes the wavenumber, which quan-
tifies the oscillatory nature of the solution and is proportional to the frequency of the underlying
wave. Classical solvers, including multigrid and sweeping methods, tend to lose robustness as the
wavenumber grows, making the design of scalable iterative solvers a topic of enduring research
interest.

Domain decomposition (DD) methods have emerged as one of the most promising frameworks
to address these challenges. By splitting the global domain into overlapping subdomains, DD
solvers enable parallelism and local adaptivity. We write H for the characteristic diameter of
a subdomain, that is, the typical size of the subdomains in the decomposition. However, for
indefinite problems such as the Helmholtz equation, one-level domain decomposition methods
suffer from a severe lack of scalability: information is exchanged only between neighbouring
subdomains, and convergence deteriorates as the number of subdomains increases or as the
frequency rises. To restore scalability, two-level methods introduce a coarse space that mediates
global coupling across the domain. The design of such coarse spaces—particularly those that
remain robust with respect to the wavenumber k, the subdomain diameter H, and coefficient
heterogeneity—is the central focus of this thesis.

Spectral coarse spaces and the GenEO framework. Over the past decade, spectral coarse
spaces have been recognised as an effective way to achieve robustness in domain decomposition
preconditioners. They are constructed from local generalised eigenvalue problems that capture
low-energy or slowly decaying error components that are otherwise poorly reduced by local
solvers. The Generalised Eigenproblems in the Overlap (GenEO) framework provides a system-
atic and theoretically justified methodology for this construction in symmetric positive definite
(SPD) settings. For elliptic problems, GenEO-based preconditioners yield convergence rates
independent of the number of subdomains and of coefficient contrasts.

Extending these ideas to indefinite and non-self-adjoint problems, such as the Helmholtz
equation, is far from straightforward. Early work introduced the so-called ∆-GenEO coarse
space, which replaces the indefinite operator by a nearby SPD surrogate, allowing one to retain
the existing theory at the price of pessimistic bounds on the subdomain size and eigenvalue
threshold. In spectral coarse space constructions, we denote by τ > 0 the eigenvalue threshold
used to select the local eigenvectors retained in the coarse space. Building on these developments,
the present work introduces a new generation of coarse spaces which comes in two flavours. A
first refinement, named the ∆k-GenEO variant, relaxed these constraints, showing that robust
GMRES convergence can be obtained under much milder k-explicit conditions. These analyses
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clarified the surprising practical efficiency of SPD-based spectral coarse spaces even for indefi-
nite Helmholtz problems. A later addition is called the Hk-GenEO method—and constructs the
coarse basis directly from the indefinite Helmholtz operator, using k-weighted norms and de-
coupled fine and coarse decompositions. This formulation bridges the gap between the heuristic
efficiency of previous SPD-based approaches and the need for truly operator-consistent spectral
constructions.

Throughout this work, we write a ≲ b to mean that there exists a constant C > 0, indepen-
dent of key parameters (e.g., k, H, τ), such that a ≤ Cb. Similarly, a ≳ b means b ≲ a, and
a ∼ b means both a ≲ b and a ≳ b.

Contributions and organisation of the thesis. The thesis is organised into six chapters,
described as follows.

• Chapter 2: Mathematical background. This chapter establishes the theoretical set-
ting of the Helmholtz problem, from its derivation and boundary conditions to its weak
formulation, finite element discretisation, and the numerical difficulties that arise at high
frequency. It reviews key phenomena such as the pollution effect, the loss of coercivity,
and the resulting indefiniteness of the discrete system, providing the analytical basis for
subsequent solver design.

• Chapter 3: Overview of domain decomposition methods. The foundations of
Schwarz methods and their modern additive variants are recalled, followed by an expo-
sition of one-level and two-level domain decomposition preconditioners. The limitations
of classical one-level schemes in terms of scalability and robustness are illustrated, moti-
vating the introduction of coarse spaces. The chapter concludes with a survey of existing
coarse-space families, including geometric, partition-of-unity, and spectral constructions
such as GenEO and ∆-GenEO.

• Chapter 4: The ∆k-GenEO method. This chapter develops and analyses the ∆k-
GenEO coarse space, an SPD-based variant of the GenEO framework tailored to indef-
inite Helmholtz problems. It extends the earlier ∆-GenEO approach by introducing a
wavenumber-dependent right-hand side in the local eigenvalue problems, tightening the
connection between the theoretical analysis and the empirical behaviour of spectral coarse
spaces. The main theoretical contribution establishes sharper k-explicit conditions for
GMRES convergence in two-level additive Schwarz preconditioners, improving the scaling
from H ∼ k−2 to H ∼ k−1 and from τ ∼ k8 to τ ∼ k2. This result clarifies why coarse
spaces built from SPD surrogates of indefinite operators can remain robust for moderate
frequencies, despite their formal limitations.

• Chapter 5: A new coarse space for Helmholtz — the Hk-GenEO method.
This is the central theoretical contribution of the thesis. It defines the Hk-GenEO coarse
space through local generalised eigenvalue problems involving the full indefinite Helmholtz
operator. Rigorous estimates are derived for the dependence of GMRES convergence
on the wavenumber, the subdomain diameter, and the spectral threshold. The main
result proves that robustness is achieved under the sharp conditions Hℓ ≲ k−1 and τ ≳
(1 +Cstab)

2k2, thus improving the previous ∆-GenEO bounds. The chapter also analyses
the influence of using separate decompositions for local and coarse levels, demonstrating
improved flexibility and scalability.

• Chapter 6: Comparison of spectral coarse spaces. A detailed numerical assessment
compares several spectral coarse spaces, including DtN, ∆-GenEO, H-GenEO, and Hk-
GenEO, on homogeneous and heterogeneous Helmholtz test cases. The results confirm
that Hk-GenEO exhibits a robust performance, though this can deteriorate for larger
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complex problems. Applications range from canonical two-dimensional benchmarks to
three-dimensional configurations relevant to medical imaging and geophysical modelling.

Summary. In summary, this thesis advances the theory and practice of spectral coarse spaces for
indefinite Helmholtz-type problems. It clarifies the range of validity of SPD-based constructions
through the ∆k-GenEO analysis and introduces the Hk-GenEO framework, which achieves full
wavenumber robustness within a rigorous theoretical foundation. Together, these results provide
new insights into the spectral mechanisms governing domain decomposition preconditioners for
wave problems and offer practical guidelines for their scalable implementation in large-scale
simulations.

Related works. During the course of this work, we have had three papers submitted for
publication, and one which is currently in preparation.

• In preparation, “Spectral coarse spaces based on indefinite operators: the Hk-GenEO
method”, in collaboration with Victorita Dolean, Matthias Langer, Ivan G. Graham and
Théophile Chaumont-Frelet.

• “Can Symmetric Positive Definite (SPD) coarse spaces perform well for Helmholtz prob-
lems?” in collaboration with Victorita Dolean and Matthias Langer. This has been ac-
cepted for publication in the Journal of Computational and Applied Mathematics [25].

• “Achieving wavenumber robustness in domain decomposition for heterogeneous Helmholtz
equation: an overview of spectral coarse spaces” in collaboration with Victorita Dolean,
Matthias Langer, Pierre-Henri Tournier and Emile Parolin. A preprint [27] can be found
on the arXiv, and it has been submitted for publication in the journal Computers and
Mathematics with Applications.

• “Wavenumber explicit estimates of the Schwarz preconditioner with ∆-GenEO coarse space
for the indefinite Helmholtz problem” in collaboration with Victorita Dolean and Matthias
Langer. This has been accepted for publication in the Proceedings of the 28th International
Conference on Domain Decomposition Methods [26].
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Chapter 2

Mathematical Background

This chapter lays the mathematical foundations for the study of high-frequency wave propa-
gation via the Helmholtz equation. We begin by introducing the Helmholtz problem and its
derivation from the time-harmonic wave equation, highlighting its central role in modelling os-
cillatory physical phenomena. We then discuss key types of boundary conditions—Dirichlet
and impedance—and their implications for both analysis and numerical simulation. With this
context, we define the interior heterogeneous Helmholtz problem and recast it in variational
form, emphasising the challenges posed by its indefinite and non-coercive nature. The chapter
proceeds to discretise the problem using the finite element method (FEM), leading to large, in-
definite linear systems whose solution requires specialised techniques. We analyse the algebraic
structure of the discrete system and describe the phenomena of pollution error and numerical
dispersion, which significantly impact accuracy at high frequencies. Finally, we turn to itera-
tive solvers—especially GMRES—and the vital role of preconditioning. Various preconditioning
strategies are surveyed, including multigrid methods, shifted Laplacian approaches, sweeping
strategies, and domain decomposition methods, setting the stage for the coarse space construc-
tions explored in subsequent chapters.

2.1 The Helmholtz Problem

This section introduces the Helmholtz equation, a fundamental elliptic partial differential equa-
tion (PDE) used to model time-harmonic wave propagation in various physical contexts. The
Helmholtz equation appears in many areas of science and engineering, including acoustics, elec-
tromagnetics, and elasticity, and forms the mathematical core of this work. We consider the
general form of the Helmholtz equation in a domain Ω ⊂ Rd:

−∆u− k2u = f,

where:

• ∆ is the Laplacian operator,

• u is the unknown field (e.g., pressure, electromagnetic potential),

• f is the source term, and

• k is the wavenumber, which may be constant or spatially varying.

Physically, the wavenumber k is related to the angular frequency ω and local wave speed c(x)
by

k(x) =
ω

c(x)
.
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A more general version of the Helmholtz equation accounts for material heterogeneities through
a symmetric positive-definite matrix A(x):

−∇ · (A(x)∇u)− k2u = f.

Here, the matrix A(x) modifies the diffusive behaviour of the operator, and its variation reflects
the local physical properties of the medium.

Derivation from the Wave Equation In order to give some context to the importance of
the Helmholtz equation, and how it can arise naturally, we shall use the wave equation. The wave
equation is used to describe the propagation of waves through a medium. In some situations, the
Helmholtz equation can be considered as a special case of the wave equation. Using a constant
wave speed, c, the wave equation can be given as

∆U(x, t)− 1

c2
∂2

∂t2
U(x, t) = 0,

where U(x, t) is the wave function. Assuming a harmonic time dependence, we then split the
wave function into a spatial and time-dependent component,

U(x, t) = u(x)e−iωt.

Substituting U(x, t) back into the wave equation we obtain

∆U(x, t)− 1

c2
∂2

∂t2
U(x, t) =

(
∆u(x) +

ω2

c2
u(x)

)
e−iωt = 0.

As the exponential term is non-zero, this gives the homogeneous Helmholtz equation,

∆u(x) +
ω2

c2
u(x) = 0.

Under certain circumstances, it is also possible for Maxwell’s equations and the time-harmonic
elastic wave equation (often called the Navier equation) to be reduced to the Helmholtz equation.
Given the central role the Helmholtz equation plays in wave propagation problems, a lot of
research effort has been applied to studying the properties of its solutions, and designing methods
for computing them efficiently.

2.1.1 Boundary Conditions

To ensure that the Helmholtz problem is well posed—that is, it has a unique and stable solution—
appropriate boundary conditions must be specified. These conditions are essential both for
theoretical analysis and numerical simulation.

In this work, we focus on two types of boundary conditions: Dirichlet and impedance. The
selection of appropriate boundary conditions can significantly affect the problem definition and
the results obtained.

Dirichlet Boundary Conditions

Dirichlet boundary conditions prescribe the value of the solution u on the boundary ∂Ω of a
bounded domain Ω ⊂ Rd. For the Helmholtz equation, the inhomogeneous Dirichlet boundary
condition takes the form

u(x) = g(x) ∀x ∈ ∂Ω,

where g ∈ H1/2(∂Ω) is a boundary function specifying the trace of the solution on the boundary.
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The space H1/2(∂Ω) is a Sobolev space defined on the boundary ∂Ω. It arises naturally
from the trace theorem, which states that if u ∈ H1(Ω), then the restriction (or trace) of u to
the boundary ∂Ω is well defined in H1/2(∂Ω). More precisely, there exists a continuous and
surjective linear operator

γ : H1(Ω) → H1/2(∂Ω), γ(u) = u|∂Ω,

such that
∥γ(u)∥H1/2(∂Ω) ≤ C∥u∥H1(Ω).

Thus, H1/2(∂Ω) represents precisely the class of boundary data that can be realized as the
trace of an H1(Ω) function. In particular, requiring g ∈ H1/2(∂Ω) guarantees that the boundary
condition is compatible with the variational formulation of the Helmholtz problem, where the
solution space is H1(Ω). The homogeneous case corresponds to g(x) = 0, enforcing that the
field vanishes on ∂Ω.

Physical interpretation In physical terms, Dirichlet boundary conditions are used to model
scenarios in which the wave field is fixed or externally controlled on the boundary. For in-
stance, in acoustics, specifying u on ∂Ω corresponds to prescribing the acoustic pressure, while
in electromagnetic scattering, it may represent a perfectly conducting boundary in scalar ap-
proximations. This type of boundary condition is essential in the variational formulation, as it
directly constrains the admissible solution space.

Analytical benefits For the majority of the theoretical developments in this work, we im-
pose Dirichlet boundary conditions on the computational domain. This choice is motivated by
several analytical simplifications it affords. In particular, Dirichlet boundary conditions elim-
inate the complex-valued boundary contributions that arise in more general settings, such as
those with impedance or Robin-type conditions. As a result, the solution to the corresponding
boundary value problem remains purely real when the source term is real, and the wave number
is considered in its real-valued, constant form.

This restriction simplifies the analytic treatment of the problem, particularly when deriving
variational formulations, establishing a priori estimates, and studying the spectral properties of
the underlying operators. Moreover, the Dirichlet boundary condition ensures that all complexi-
ties arise from the indefiniteness of the Helmholtz operator itself, rather than from non-selfadjoint
boundary effects. This allows for a more focused investigation of the challenges inherent in indef-
inite, non-coercive partial differential equations without additional complications arising from
complex boundary interactions.

Impedance Boundary Conditions

Impedance boundary conditions are a specific example of the more general Robin boundary con-
ditions. They provide a way to approximate radiation behaviour in wave propagation problems
by imposing a linear relation between the field and its normal derivative on the boundary. For
a finite computational domain, these boundary conditions are typically applied on an artificial
boundary, ∂Ω, that truncates an unbounded physical domain. The inhomogeneous impedance
boundary condition takes the form

∂u(x)

∂n
+ iku(x) = g(x) ∀x ∈ ∂Ω,

where k > 0, ∂/∂n denotes the outward normal derivative on ∂Ω, and g ∈ H−1/2(∂Ω) is a given
boundary function.

The space H−1/2(∂Ω) is the dual space of H1/2(∂Ω). We can recall that H1/2(∂Ω) is the
trace space of H1(Ω) functions, i.e. the space of all boundary values that can arise from interior
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H1 functions. The dual space H−1/2(∂Ω) therefore consists of all continuous linear functionals
acting on H1/2(∂Ω).

Elements ofH−1/2(∂Ω) should be interpreted as generalised boundary data that can be paired
with H1/2(∂Ω) functions through the duality pairing

⟨g, v⟩H−1/2, H1/2 , g ∈ H−1/2(∂Ω), v ∈ H1/2(∂Ω).

This functional-analytic framework is essential for the weak formulation of boundary value
problems. In particular:

• The term u|∂Ω belongs to H1/2(∂Ω) whenever u ∈ H1(Ω) by the trace theorem.

• The normal derivative ∂u/∂n is only well defined in a weak sense for u ∈ H1(Ω); in fact,
∂u/∂n ∈ H−1/2(∂Ω).

Thus, requiring the boundary data g to lie in H−1/2(∂Ω) ensures that the right-hand side of
the impedance condition can be consistently interpreted in the variational formulation. The case
g(x) = 0 corresponds to the homogeneous impedance boundary condition, which is commonly
used as an absorbing boundary condition to simulate outgoing waves.

Physical interpretation Physically, the impedance condition approximates the Sommerfeld
radiation condition at a finite distance and is often interpreted as modelling a partially absorbing
boundary. The inhomogeneous form allows for the incorporation of incoming wave components
or externally imposed sources on the boundary. This type of condition is especially relevant in
scattering problems, where it is used to model the effect of an incident field impinging on the
domain through the artificial boundary.

Numerical advantages Impedance boundary conditions will be employed exclusively in the
numerical experiments presented in this work. This choice reflects their practical significance
in computational wave propagation problems, particularly in simulating open or unbounded
domains. By incorporating an absorbing term on the boundary, impedance conditions approxi-
mate the effect of radiation to infinity, thereby reducing artificial reflections that would otherwise
contaminate the solution due to truncation of the physical domain. From a numerical perspec-
tive, these conditions are preferable in finite-domain simulations of scattering and resonance
problems, where realistic wave behaviour near artificial boundaries is essential.

Analytical challenges However, the boundary conditions introduce additional analytical
complications not present under Dirichlet conditions. In particular, the impedance boundary
condition involves a complex-valued term proportional to the solution on the boundary, render-
ing the problem non-selfadjoint even when the source and wave number are real. This complex
boundary interaction leads to complex-valued solutions and makes the spectral analysis of the
associated operators more intricate. For this reason, we refrain from using impedance boundary
conditions in the theoretical sections of this work. By reserving them for numerical experiments,
we are able to maintain a sharper analytical focus on the indefinite and non-coercive nature of
the Helmholtz operator itself, while still demonstrating the practical computational settings
where realistic boundary modelling is essential.

Perfectly Matched Layer (PML) Boundary Treatment

Perfectly matched layers (PMLs) are a widely used technique for approximating wave propa-
gation in unbounded domains. Strictly speaking, a PML is not a boundary condition on the
physical boundary ∂Ω. Instead, it consists of surrounding the physical domain Ω by an artificial
absorbing layer ΩPML, thereby enlarging the computational domain to

Ω̃ = Ω ∪ ΩPML.
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Within this layer, the Helmholtz equation is modified through a complex coordinate stretching
designed so that outgoing waves are attenuated rapidly without producing reflections at the
interface with the physical domain.

The resulting problem is therefore posed on Ω̃, rather than only on Ω, and takes the form of
a Helmholtz-type equation with complex-valued coefficients,

−∇ ·
(
A(x)∇u(x)

)
− k2B(x)u(x) = f(x) ∀x ∈ Ω̃,

where the coefficients A(x) and B(x) coincide with those of the original problem inside Ω, and
are modified only in the absorbing layer ΩPML. The formulation is then closed by imposing a
simple boundary condition on the outer boundary ∂Ω̃, most commonly

u(x) = 0 ∀x ∈ ∂Ω̃.

Since the PML problem is posed on the enlarged domain, the natural solution space isH1(Ω̃),
or H1

0 (Ω̃) in the homogeneous Dirichlet case on ∂Ω̃. Thus, unlike Dirichlet and impedance
boundary conditions, the PML formulation is not expressed in terms of boundary trace data on
∂Ω, but rather through a modification of the differential operator in an exterior layer.

Physical interpretation Physically, the PML acts as an artificial medium that absorbs out-
going waves. Its defining feature is that, at least in the ideal continuous setting, waves pass
from the physical domain into the absorbing layer without reflection, and then decay exponen-
tially inside the layer. In this way, the PML mimics radiation to infinity while retaining a finite
computational domain.

Numerical advantages PMLs are often more effective than local absorbing boundary condi-
tions when high accuracy is required in finite-domain simulations of open wave problems. They
can significantly reduce spurious reflections from artificial boundaries and are therefore widely
used in scattering, resonance, and exterior propagation problems.

Analytical challenges The PML formulation introduces complex-valued and, in general,
spatially varying coefficients, making the resulting operator non-selfadjoint. In addition, the
quality of the approximation depends on the thickness of the layer and the choice of damping
profile. Consequently, the analysis is more involved than for standard Dirichlet problems, and
the PML should be regarded as a numerical domain truncation strategy rather than as a classical
boundary condition.

2.2 Problem Definition — Interior Helmholtz Problem

Having introduced the Helmholtz equation and discussed the role of boundary conditions, we
are now ready to formally state the model problem that will serve as the foundation for the
analysis and computations in this work. Our focus will be on a heterogeneous interior Helmholtz
problem—a version of the equation posed on a bounded domain, where the medium may have
spatially varying properties. We adopt the strong formulation of the problem as a starting point,
and then transition to its variational (weak) form to enable the use of functional analysis and
finite element discretisation. In doing so, we make precise assumptions on the coefficients and
data that guarantee the existence and uniqueness of the solution under appropriate conditions.
This model problem forms the analytical backbone of the methods and results developed in the
remainder of the thesis.
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Strong Formulation Let Ω ⊂ Rd, with d = 2 or 3, be a bounded Lipschitz domain. The
model boundary value problem is: find a function u : Ω → R such that

−∇ · (A∇u)− k2u = f in Ω, (2.2.1a)

u = 0 on ∂Ω. (2.2.1b)

Here:

• A : Ω → Rd×d is a matrix-valued function modelling spatial heterogeneity,

• k > 0 is the (constant) wavenumber,

• f : Ω → R is a prescribed source term.

The homogeneous Dirichlet condition (2.2.1b) imposes that the field vanishes on the boundary.
Physically, this models a perfectly absorbing or sound-soft interface. Mathematically, it ensures
that the associated differential operator is self-adjoint under suitable assumptions.

Remark 2.2.1. It is also possible to write (2.2.1) as

−∇ · (A∇u)− k2nu = f in Ω,

u = 0 on ∂Ω.

Here, n is an almost everywhere positive L∞(Ω) function. This addition allows for more gener-
alised applications of (2.2.1).

Terminology. In wave propagation and scattering, “Helmholtz” often refers to unbounded-
domain problems with Sommerfeld radiation conditions (or absorbing conditions on truncated
domains). Here the model is posed on a bounded domain with homogeneous Dirichlet boundary
conditions. We retain the Helmholtz terminology to emphasise the indefinite structure and the
associated solver difficulties at high frequency.

Assumption 2.2.2 (Regularity and Ellipticity). The matrix A and the source f satisfy:

(i) A(x) is symmetric and satisfies the uniform ellipticity condition: there exist constants
0 < amin ≤ amax <∞ such that

amin|ξ|2 ≤ A(x)ξ · ξ ≤ amax|ξ|2 for almost every x ∈ Ω, ∀ξ ∈ Rd.

(ii) The source term f ∈ L2(Ω).

(iii) Without loss of generality, we assume amin = 1, and that the domain diameter DΩ :=
supx,y∈Ω |x− y| satisfies DΩ ≤ 1. This can always be achieved via rescaling.

Variational (Weak) Formulation The problem is currently stated in the strong form, and
will need to be recast into a variational formulation, otherwise known as the weak formulation.
To derive the variational form, we introduce the solution space

V = {v ∈ H1(Ω) | v = 0 on ∂Ω} = H1
0 (Ω).

Testing equation (2.2.1) against an arbitrary function v ∈ V , we obtain∫
Ω

(
−∇ · (A∇u)− k2u

)
v dx =

∫
Ω
fv dx.
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Applying integration by parts to the first term and using the boundary condition u = 0 on ∂Ω,
we obtain the variational form:∫

Ω
A∇u · ∇v dx− k2

∫
Ω
uv dx =

∫
Ω
fv dx ∀v ∈ V.

Defining the bilinear form b : V × V → R and linear functional F : V → R as

b(u, v) :=

∫
Ω
A∇u · ∇v − k2uv dx, F (v) :=

∫
Ω
fv dx, (2.2.3)

the variational problem becomes:

Find u ∈ V such that

b(u, v) = F (v) ∀v ∈ V. (2.2.4)

We also introduce the elliptic bilinear form a : V × V → R:

a(u, v) :=

∫
Ω
A∇u · ∇v dx,

and define the k-weighted inner product and norm:

(u, v)1,k := a(u, v) + k2(u, v), ∥u∥1,k :=
√

(u, u)1,k.

Well-Posedness and Spectral Stability When using Dirichlet boundary conditions, the
well-posedness of the boundary value problem depends on the value of k2, and its relation to
the eigenvalues λℓ of a(·, ·). Since the embedding of H1

0 (Ω) in L
2(Ω) is compact, the associated

elliptic eigenvalue problem admits a sequence of eigenpairs {(pℓ, λℓ)}ℓ∈N, with pℓ ∈ H1
0 (Ω),

pℓ ̸= 0, and λℓ ∈ R, satisfying

a(pℓ, v) = λℓ(pℓ, v) ∀v ∈ H1
0 (Ω).

The eigenfunctions {pℓ}ℓ∈N form an orthogonal basis of L2(Ω), and also provide a basis of
H1

0 (Ω) in the usual spectral sense. Moreover, the eigenvalues are of finite multiplicity and
satisfy λℓ → +∞ as ℓ → ∞. The eigenfunctions can be chosen to be orthonormal with respect
to (·, ·) and the eigenvalues ordered such that

λ1 ≤ λ2 ≤ · · · .

Since {pℓ}ℓ∈N is a basis of H1
0 (Ω), equation (2.2.4) is equivalent to

a(u, pℓ)− k2(u, pℓ) = (f, pℓ) for all ℓ ∈ N. (2.2.5)

Let us expand u ∈ H1
0 (Ω):

u =

∞∑
j=1

αjpj with αj ∈ R such that ∥u∥2 =
∞∑
j=1

α2
j <∞. (2.2.6)

Then the left-hand side of (2.2.5) can be rewritten as

a(u, pℓ)− k2(u, pℓ) =
∞∑
j=1

αja(pj , pℓ)− k2
∞∑
j=1

αj(pj , pℓ)

=
∞∑
j=1

αjλj(pj , pℓ)− k2
∞∑
j=1

αj(pj , pℓ) = (λℓ − k2)αℓ.
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Hence (2.2.5) is equivalent to

(λℓ − k2)αℓ = (f, pℓ) for all ℓ ∈ N. (2.2.7)

If k2 = λℓ0 for some ℓ0 ∈ N, then (2.2.7) has no solution if (f, pℓ0) ̸= 0 (the latter is the case,
e.g. when f = pℓ0) and hence (2.2.4) has no solution (moreover, if (f, pℓ0) = 0 and (2.2.4)
has a solution, it is not unique). On the other hand, if k2 ̸= λℓ for all ℓ ∈ N, then we can
solve (2.2.7) uniquely for αℓ, and therefore (2.2.4) has a unique solution. Let us consider this
situation in more detail in the following proposition. This is a common situation, as discussed in
[42, Section 6] and [5]. However, because the required conditions depend on the specific problem
being considered, the constant Cstab > 0 and the associated proof have been adapted to the
present setting.

Proposition 2.2.3 (Stability Estimate). For any f ∈ L2(Ω), assume that k2 /∈ {λℓ : ℓ ∈ N}.
Then

Cstab := sup
ℓ∈N

√
λℓ + k2

|λℓ − k2| <∞, (2.2.8)

and the unique solution u ∈ H1
0 (Ω) to the variational problem (2.2.4) satisfies

∥u∥1,k ≤ Cstab∥f∥. (2.2.9)

Proof. Let ℓ0 ∈ N ∪ {0} be such that k2 ∈ (λℓ0 , λℓ0+1), where we set λ0 := 0 for convenience.
The function

g(x) :=

√
x+ k2

|x− k2| , x ∈ [0,∞) \ {k2},

is increasing on [0, k2) and decreasing on (k2,∞) and hence

Cstab = sup
ℓ∈N

√
λℓ + k2

|λℓ − k2| ≤ sup
x∈[0,λℓ0

]∪[λℓ0+1,∞)
g(x) = max

{
g(λℓ0), g(λℓ0+1)

}
<∞.

Now let u be the solution of (2.2.4) and expand u as in (2.2.6). Then αℓ = (f, pℓ)/(λℓ − k2) by
(2.2.7) and hence

∥u∥21,k = a(u, u) + k2(u, u) = a

( ∞∑
ℓ=1

αℓpℓ,

∞∑
j=1

αjpj

)
+ k2

( ∞∑
ℓ=1

αℓpℓ,

∞∑
j=1

αjpj

)

=
∞∑
ℓ=1

(λℓ + k2)α2
ℓ =

∞∑
ℓ=1

(λℓ + k2)
(f, pℓ)

2

(λℓ − k2)2

≤ sup
j∈N

[
λj + k2

(λj − k2)2

] ∞∑
ℓ=1

(f, pℓ)
2 = C2

stab∥f∥2,

which proves (2.2.9).

We see from (2.2.8) that Cstab → ∞ as k2 approaches an eigenvalue λℓ.
Now that we have the weak formulation of the problem, we are able to derive the finite

element discretisation to carry out the numerical calculations.

2.3 Finite Element Discretisation and Solution Methods

The variational formulation developed in the previous section provides a rigorous mathematical
setting for the Helmholtz equation. However, to approximate solutions in practice, we must
discretise this formulation using numerical methods. Among various options, the finite element
method (FEM) is especially well suited for problems posed on complex geometries and with het-
erogeneous coefficients. This section presents the finite element discretisation of the Helmholtz
problem and discusses the structure and numerical challenges of the resulting linear system.
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2.3.1 Discretisation via Finite Elements

To discretise the variational problem (2.2.4), we first construct a finite-dimensional subspace
V h ⊂ V = H1

0 (Ω) tailored to the geometry of the domain. Let Ω ⊂ Rd be a polygonal (or poly-
hedral) domain, and let Th be a conforming, shape-regular, quasi-uniform mesh of Ω, consisting
of NK elements Ki and N nodes. The mesh parameter h denotes the maximum diameter of the
elements:

h = max
K∈Th

diam(K).

We briefly recall the meaning of the mesh assumptions used above.

• Conforming mesh: The mesh Th is called conforming if the intersection of any two
elements Ki,Kj ∈ Th is either empty, a common vertex, a common edge (in 2D), or a
common face (in 3D). In other words, there are no “hanging nodes” or partial overlaps, so
that the finite element functions are globally continuous, ensuring that V h ⊂ H1

0 (Ω).

• Shape-regular mesh: Shape regularity requires that all elements of Th avoid degeneracy
as h→ 0. Formally, there exists a constant CK > 0, independent of h, such that for every
element K ∈ Th,

ρK
hK

≥ CK ,

where hK = diam(K) and ρK is the diameter of the largest ball contained in K. This
condition prevents elements from becoming arbitrarily thin or flat, which is a requirement
for stability and approximation estimates.

• Quasi-uniform mesh: A mesh Th is quasi-uniform if there exists a constant CQ > 0 such
that

max
K∈Th

hK ≤ CQ min
K∈Th

hK .

In other words, the element sizes are comparable across the mesh, with no extreme varia-
tions.

We define the discrete space V h as:

V h = {vh ∈ C0(Ω) | vh|K ∈ Pp(K) for all K ∈ Th},

where Pp(K) denotes the space of polynomials of degree at most p ≥ 1 on each element K
and C0(Ω) is the space of continuous functions over Ω. To respect the homogeneous Dirichlet
condition imposed in the continuous space V = H1

0 (Ω), the discrete space must also vanish on
the boundary. This is achieved by restricting V h to the subspace V h

0 , defined as

V h
0 = {vh ∈ V h | vh|∂Ω = 0}.

It is then the V h
0 space that is used as the solution and test space.

Let {φi}Ni=1 be a basis of V h
0 . We seek an approximate solution uh ∈ V h

0 of the form:

uh =

N∑
i=1

uiφi,

where the coefficients u = (u1, . . . ,uN )⊤ solve a discrete linear system. The discrete version of
the variational formulation (2.2.4) is: Find uh ∈ V h

0 such that

b(uh, vh) = F (vh), ∀vh ∈ V h
0 . (2.3.1)

The discrete formulation (2.3.1), also known as a Galerkin equation, can be reformulated into a
system of linear equations.
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Matrix Formulation Substituting uh and the test functions vh = φj into the bilinear form
(2.2.3) yields the linear system:

Bu = f , (2.3.2)

where:

• B = A− k2S is the Helmholtz system matrix,

• Aij = a(φj , φi) =
∫
ΩA∇φj · ∇φi dx are the entries of the stiffness matrix,

• Sij = (φj , φi) =
∫
Ω φjφi dx are the entries of the mass matrix,

• fi =
∫
Ω fφi dx denote the entries of the right-hand side vector.

It is also important to note that the matrix B is sparse. The entries

Aij = a(φj , φi) and Sij = (φj , φi)

are non-zero only when the supports of φi and φj overlap. Since standard finite element basis
functions have local support, each basis function interacts with only a small number of neigh-
bouring basis functions. As a result, each row of B contains only a limited number of non-zero
entries. In particular, for a fixed polynomial degree on a shape-regular mesh, the number of
non-zero entries is typically O(N).

The linear system (2.3.2) is difficult to solve because the matrix B is indefinite and has the
potential to be large. In what follows we will discuss each of these properties in turn, outlin-
ing why the linear system has these properties, and how these properties affect the numerical
solution.

2.3.2 Numerical Challenges of Solving the Discrete System

The matrix system (2.3.2) presents two primary challenges: it is both indefinite and potentially
large—issues that are exacerbated at high frequencies.

Indefiniteness. The system matrix B arises from subtracting a scaled mass matrix from
the stiffness matrix. While both A and S are symmetric positive definite, the combination
B = A− k2S may become indefinite or even singular for certain values of k. As k increases, the
positive eigenvalues of A get shifted by the k2 to the left. This shift causes the eigenvalues of B
to become negative or approach zero, reflecting a loss of coercivity in the discrete system—an
echo of the spectral behaviour described in Proposition 2.2.3. The larger the k term, the greater
the shift to the left, the more negative eigenvalues are contained in the spectrum.

System Size and Resolution Requirements. The number of degrees of freedomN depends
on the mesh size h and the desired resolution. Accurately resolving a wave field with wavelength
λ = 2π/k requires a minimum number of points per wavelength, typically nppw ≈ 10:

nppw =
2π

hk
≈ constant.

This implies that h = O(1/k). High-frequency problems therefore require very fine meshes and
lead to very large linear systems.

An illustration demonstrating the importance of having adequate points per wavelength can
be seen in Figure 2.1, where we see the interpolation error grows if the number of degrees of
freedom is not increased with k. For piecewise linear finite elements, the choice nppw = 10 has
been recommended in [8, 63] as a suitable condition. In particular, as k increases, the required
mesh refinement (i.e., decrease in h) leads to a rapidly growing number of degrees of freedom
This leads to the accurate interpolation of an oscillatory function, or to a good approximation
in the finite element space space V h, meaning that the error between the true and approximate
solutions is controlled by nppw. This in itself can lead to large systems for high values of k.
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Figure 2.1: The interpolation error increases if the mesh is not refined with increasing frequency.
The left-hand plot shows the interpolant of sin(x) on a mesh with 8 points per wavelength. The
right-hand plot shows the interpolant of sin(5x) on the same mesh.

The Pollution Effect. When solving the Helmholtz equation numerically, the classical mesh
resolution criterion, requiring a fixed number of points per wavelength, is not sufficient to guar-
antee an accurate finite element approximation as k → ∞. This inadequacy arises from the
so-called pollution effect, which manifests as a phase error that grows with increasing k, even
when the mesh is refined according to the standard resolution condition. The key issue is that
the finite element solution uh ∈ V h must not only be close to the exact solution u, but must also
be close to the best approximation in the finite element space V h. The finite element solution
and the best approximation in the finite element space V h are connected by Céa’s lemma [16].
It provides an estimate of the form

∥u− uh∥ ≤ C inf
vh∈V h

∥u− vh∥

where u is the exact solution, uh is the finite element solution and ∥ · ∥ denotes the standard
L2(Ω) norm. For coercive elliptic problems, such as Poisson’s equation, the constant C is
independent of the mesh size h and of any parameters in the PDE. However, for the indefinite
Helmholtz problem, C depends on the wave number k, and in fact grows with k even if kh is
kept constant. This loss of quasi-optimality was first rigorously analysed in [2], where it was
shown that for standard P1 finite elements, the finite element solution suffers from significant
dispersion error—a discrepancy in the phase velocity of the numerical wave compared to the
exact solution. The total finite element error may be decomposed as:

∥u− uh∥ ≤ ∥u− u∗∥︸ ︷︷ ︸
Approximation error

+ ∥u∗ − uh∥︸ ︷︷ ︸
Pollution error

where u∗ ∈ V h is the best approximation to u in the discrete space. The pollution error is
not controlled solely by mesh resolution (i.e., number of points per wavelength), but by deeper
properties of the discrete operator—most notably, its numerical dispersion relation. In the
one-dimensional setting, a classical result (cf. [2, 63]) shows that the pollution error behaves
like:

∥u− uh∥ ≤ C1kh+ C2k
3h2, for kh < 1

where C1, C2 > 0 independent of k and h. The k3h2 term dominates in the high-frequency
regime and represents the polluting term due to numerical dispersion. To ensure a bounded
total error as k → ∞, it is necessary to enforce:

k3h2 ≤ C,
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for some constant C > 0. In other words, one has to choose h such that h ≲ k−
3
2 , which shows

that the mesh must be refined more aggressively than the standard kh = const condition would
suggest. For higher finite elements, i.e. Pp, we would need hpkp+1 = const as shown in [73]. An
illustration of the pollution effect can be seen in Figure 2.2. The pollution effect is a significant
difference from traditional elliptic error estimates and highlights the special challenges posed by
Helmholtz-type problems.

The pollution effect is fundamentally tied to the dispersive nature of the discrete Helmholtz
operator. The continuous Helmholtz equation admits plane wave solutions with a fixed phase
velocity c = ω/k. However, the discrete system yields solutions with wave numbers kh ̸= k,
which leads to a numerical phase velocity ch = ω/kh differing from the physical one. The error
∥kh−k∥ reflects the numerical dispersion, and this deviation introduces a cumulative phase shift
that grows with k, manifesting as the pollution effect. In higher-dimensional settings (2D, 3D),
the pollution effect persists and often worsens due to more complex geometric dispersion.
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1

Figure 2.2: An example of the pollution effect. The mesh is fine enough to eliminate the
interpolation error, but the phase of the solution is out of sync with the true solution due to the
pollution effect.

Another effect restricting the size of h comes from the fact that, due to the indefiniteness of
(2.3.1), the solvability of the discrete system is not guaranteed unless h is small enough. The
following lemma from [82, Theorem 2] provides a sufficient condition for the solvability of the
discrete system.

Lemma 2.3.1 (Schatz and Wang, 1996). Let Assumption 2.2.2 and (2.2.9) from Proposition
2.2.3 hold. Then there exists an h0 > 0 such that, for each h with 0 < h < h0, the problem
(2.3.1) has a unique solution uh ∈ VH . Moreover, let u be the unique solution of (2.2.4). Then,
for every ε > 0 there exists h1 = h1(ε) > 0 such that, for every h ∈ (0, h1),

∥u− uh∥ ≤ ε∥u− uh∥H1(Ω) (2.3.3)

and
∥u− uh∥H1(Ω) ≤ ε∥f∥. (2.3.4)

In summary, numerically solving the Helmholtz equation with a suitable level of accuracy
requires a large (size at least ∼ kd) linear system, where the size increases as k increases.

2.3.3 Solving the Discrete System

The linear system (2.3.2) must be solved efficiently despite its size and indefiniteness. Two
general classes of solvers are commonly considered:
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Direct Solvers. Methods such as Gaussian elimination, multifrontal solvers, and nested dis-
section [34, 51] provide exact solutions (up to machine precision). However, their cost scales
poorly with system size. For dense matrices, this is typically O(N3). The discrete systems
arising in this work produce sparse matrices, whose storage cost is governed by the number of
non-zero entries rather than by the total number of matrix entries, so depending on the space
dimension this cost can be reduced. Even so, the fill-in generated during factorisation leads
to significant growth in both storage and computational cost. As the problem size increases,
memory requirements can still become prohibitive at high frequencies. Techniques based on hi-
erarchical matrix formats (e.g., H-matrices or HSS) [93, 67] offer improvements but are limited
in scalability and applicability. Moreover, these methods run into difficulties for higher values
of k and have domain specific requirements that need to be met. Therefore, due to the size of
the linear system, direct solvers are not considered feasible for many situations.

Iterative Solvers. In this work, we focus primarily on solving the Helmholtz problem using
iterative methods. An iterative method to solve the N × N linear system (2.3.2) is a method
that generates a sequence of approximations u0,u1,u2, . . . to the solution u, with the aim that
this sequence converges to u. Not all iterative methods converge, however, and even convergent
methods may do so too slowly to be practical. Each ui is obtained from the previous iterate(s)
by some multiplications with B. Since the coefficient matrix is sparse, it is desirable to use
methods that exploit this structure. In particular, sparse matrix–vector multiplication is one
of the least expensive fundamental operations available for such matrices, both in terms of
storage access and arithmetic cost. It would therefore be advantages to utilise methods that
take advantage of such operations. Krylov subspace methods such as GMRES are the best
candidates for the solution of large sparse systems, particularly when the matrix-vector product
can be computed efficiently. However, convergence may be slow or stagnate entirely without
suitable preconditioning—especially for highly indefinite problems like Helmholtz.

In this work, we focus on iterative methods paired with problem-specific preconditioners,
which are essential for practical large-scale simulations. The next section provides a detailed
overview of Krylov methods and preconditioning strategies for the Helmholtz equation.

2.4 Krylov Iterative Methods and Preconditioning

This section is going to briefly outline the general Krylov subspace methods, before moving onto
the GMRES method specifically.

Krylov subspace methods Let C ∈ CN×N be a non-singular matrix, b ∈ CN be a given
vector and x ∈ CN be such that we have the linear system

Cx = b.

Krylov subspace methods are non-stationary iterative methods that aim to construct a sequence
of vectors xℓ that approximate the solution x. The methods start with an initial guess, x0; then
the subsequent approximation vectors are given as xℓ+1 = xℓ+αℓpℓ with search direction pℓ and
constant αℓ > 0. This means that xℓ+1 − x0 ∈ span{p0,p1, . . . ,pℓ}, where span{p0,p1, . . . ,pℓ}
is known as the search space. What differentiates Krylov subspace methods from other iterative
methods, is the way that the search space is defined. Many Krylov methods construct a basis
of this space and then impose an optimality or orthogonality condition to determine the next
iterate; however, not all Krylov methods arise from a residual minimisation principle.

Definition 2.4.1 (Krylov subspace). For the initial guess x0, let the initial residual be given by
r0 = b−Cx0. The Krylov subspace of order ℓ is then defined as

Kℓ(C, r0) = span{r0,Cr0, . . . ,C
ℓ−1r0}.
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The sequence of solution vectors satisfy xℓ ∈ x0 + Kℓ(C, r0). From Definition 2.4.1, it is
possible to characterize each element of the Krylov subspace as a polynomial of C being applied
to r0. Krylov subspace methods may be considered as a method of finding a low-dimensional
(low compared to N) polynomial whose action approximates the action of C−1 on the vector b
(or equivalently on the residual r0).

Consider a polynomial space Pℓ given by

Pℓ = {ϕ(x) = σ0 + σ1x+ . . .+ σℓx
ℓ | σ0, σ1, . . . , σℓ ∈ C};

then the action of C−1 on b can be approximated through

C−1b ≈ ϕ(C)b, where ϕ ∈ Pℓ−1.

The Krylov subspace can be written as

Kℓ(C, r0) = {ϕ(C)r0 | ϕ ∈ Pℓ−1},

giving the solution vector xℓ = x0 + ϕ(C)r0. In the special case where ϕ(C)r0 = C−1r0, the
exact solution is recovered; however, in practice the exact solution may be obtained earlier if
the residual lies in a low-dimensional invariant subspace (for example, if b is a combination of
only a few eigenvectors of C).

To demonstrate how to successfully determine the polynomial ϕ(C), it is beneficial to look
at the operation of the Krylov method in terms of the residual rℓ. If vℓ ∈ Kℓ(C, r0), then vℓ

can be written as vℓ = qℓ−1(C)r0 for a polynomial qℓ−1 ∈ Pℓ−1. This means the ℓ-th residual,
rℓ, can be given by

rℓ = b−Cxℓ = (I −Cqℓ−1(C))r0 = pℓ(C)r0,

with pℓ(x) = 1 − xqℓ−1(x) ∈ Pℓ and pℓ(0) = 1. Some Krylov methods are designed so that
the residual norm is minimised at each iteration, while others enforce alternative projection
or orthogonality conditions. Krylov subspace methods therefore often attempt to construct a
polynomial pℓ which reduces the residual rℓ.

GMRES The Generalized Minimal Residual method (GMRES), introduced by Saad and
Schultz [79], is a widely used Krylov subspace method designed for solving non-symmetric and
indefinite linear systems. This makes it particularly suitable for the Helmholtz equation, where
standard methods often struggle due to indefiniteness and lack of coercivity.

GMRES builds approximate solutions xℓ by searching for the vector in the Krylov subspace
Kℓ(C, r0) that minimizes the residual norm. The algorithm can be conceptually divided into
two main steps:

1. Construction of an orthonormal basis for the Krylov subspace Kℓ(C, r0), using
the Arnoldi process, which is a modified Gram–Schmidt orthogonalisation applied to the
vectors r0,Cr0, . . . .

2. Minimisation of the residual over the affine space x0 +Kℓ(C, r0) at each iteration.

The approximate solution at iteration ℓ+ 1 is given by solving the minimisation problem:

xℓ+1 = x0 + argmin
y∈Kℓ+1(C,r0)

∥b−C(x0 + y)∥ = argmin
x∈x0+Kℓ+1

∥b−Cx∥.

In this formulation, the new residual is

rℓ+1 = b−Cxℓ+1 = pℓ+1(C)r0,

for some polynomial pℓ+1 ∈ Pℓ+1 satisfying pℓ+1(0) = 1.
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Polynomial Interpretation. GMRES can be viewed as searching for a polynomial pℓ+1 of
degree ℓ+ 1 such that

rℓ+1 = pℓ+1(C)r0, where ∥rℓ+1∥ = min
p∈Pℓ+1, p(0)=1

∥p(C)r0∥.

This formulation highlights the close connection between the convergence behaviour and the
spectrum or numerical range of C.

Convergence Analysis. A common way to study GMRES convergence is through the esti-
mate

∥rℓ+1∥
∥r0∥

≤ min
p∈Pℓ+1, p(0)=1

∥p(C)∥,

which provides a bound on the residual reduction and illustrates how convergence is influenced
by the behaviour of the polynomial p(C) on the spectrum or numerical range of C.

The convergence of GMRES depends heavily on the distribution of the eigenvalues and, more
generally, on the field of values of C. For further background and detailed convergence analyses,
we refer the reader to [78, 37].

Given our problem definition, it would also be possible to use alternative Krylov subspace
iteration methods, such as MINRES. However, even though MINRES and GMRES are equivalent
in exact arithmetic for symmetric indefinite matrices, GMRES is more numerically stable as
demonstrated in [84]. On the other hand, note that due to the equivalence of MINRES and
GMRES when using exact arithmetic under a symmetric positive definite preconditioner, the
theory developed here for GMRES is equally applicable to MINRES.

2.4.1 Preconditioning for Krylov Subspace Methods

While Krylov subspace methods such as GMRES are powerful for solving large linear systems,
their convergence can be slow—especially when the system matrix C is ill-conditioned or indef-
inite. This is particularly true in Helmholtz-type problems, where the indefiniteness grows with
the wavenumber k.

To address this, one commonly employs a preconditioner : an auxiliary matrix M that is cho-
sen so that the preconditioned system has more favourable spectral or numerical range properties
and for which the action of M−1 can be applied efficiently.

Given the linear system
Cx = b,

preconditioning may be applied either on the left or on the right. The left-preconditioned system
is

M−1Cx = M−1b,

and a Krylov method applied to this formulation generates approximations from subspaces of
the form

Kℓ(M
−1C,M−1r0),

where r0 = b−Cx0. Alternatively, using right-preconditioning gives the system

CM−1y = b, x = M−1y.

The Krylov method is then applied to the system with coefficient matrix CM−1, generating
iterates in the subspace

Kℓ(CM−1, r0).

The preconditioner M should satisfy two essential properties:
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• The preconditioned system should converge in significantly fewer iterations than the orig-
inal system.

• Applying M−1 (or an approximation thereof) should be computationally inexpensive.

In many situations M is chosen to approximate C, but this is not strictly necessary. In
practice it is often sufficient that the preconditioned operator has favourable spectral properties,
such as clustered eigenvalues or a numerical range bounded away from the origin, even if M
does not resemble C directly.

Preconditioning and the Helmholtz Problem. Specialised preconditioners are required
when solving the Helmholtz equation, especially with high wavenumbers, k. Without them,
the number of iterations and the cost of computation increases significantly to the point where
computing the solution is effectively impossible. There are many subtle reasons why iterative
methods, including GMRES, perform poorly when applied to the Helmholtz problem. A com-
prehensive review of different methods can be found in [40]. One common explanation for the
poor convergence when using standard iterative methods is related to the lack of coercivity in
the standard variational formulation of the Helmholtz problem [22]. When k is sufficiently large,
and taking the bilinear form given by the discretisation of problem (2.3.1), from [44, Lemma 6.2]
it is known that there exists v ∈ H1

0 (Ω) such that b(v, v) = 0. This means that the numerical
range could contain the origin. The aim of the preconditioner is to ensure that the linear system
is altered so that the origin is no longer contained within the numerical range.

2.4.2 Elman Theory for GMRES Convergence

The convergence of GMRES in the preconditioned setting is often analysed using what is known
as Elman’s estimate [35], which has been adapted to Helmholtz-type problems in [89].

Let M be a preconditioner and consider the preconditioned matrix C′ = M−1C. Suppose
there exist constants cp > 0 and Cp > 0 such that, for all x ̸= 0,

cp ≤
ℜ(x∗C′x)

∥x∥2 , and ∥C′x∥ ≤ Cp∥x∥.

These bounds measure how far the field of values of C′ lies from the origin and how spread-out
the spectrum is.

Lemma 2.4.2 (Elman Estimate). Let cp > 0 and Cp > 0 be as defined above. Then after ℓ
GMRES iterations, the residual satisfies

∥rℓ∥ ≤
(
1−

c2p
C2
p

)ℓ/2

∥r0∥.

Interpretation. This estimate implies that convergence improves as c2p/C
2
p increases. In other

words, GMRES converges more rapidly when the numerical range of the preconditioned operator
is bounded away from zero. The main takeaway is that the distance of the numerical range of
M−1C to the origin and the clustering of its spectrum, will determine the effectiveness of the
GMRES methods. Designing preconditioners that achieve this property is central to the robust
and scalable solution of Helmholtz problems.

In the next section, we explore several such solver and preconditioning strategies developed
specifically for the Helmholtz equation, including multigrid-based and domain decomposition
approaches.
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Remark 2.4.3 (Left- and right-preconditioning). In the theoretical analysis, we use left-precon-
ditioning as it is a more natural setting for field-of-values estimates of the type used in Elman’s
estimate, which fits conveniently with the usual domain decomposition framework. In the numer-
ical experiments, however, we use right-preconditioning, since this is often more convenient in
practice: GMRES measures the residual of the original linear system, so the stopping criterion
is easier to interpret and implement.

Although the analysis is written for the left-preconditioned formulation, this does not sub-
stantially change the relevance of the bounds for the right-preconditioned method. For addi-
tive Schwarz preconditioners, the left- and right-preconditioned formulations are closely related,
and the theory developed for the left-preconditioned problem can be transferred to the right-
preconditioned setting, at least in an equivalent weighted norm and, more generally, with the
same asymptotic convergence behaviour up to norm-equivalence constants. For further discus-
sion, see [81, 86].

2.5 Solver Techniques for the Helmholtz Equation

As discussed in the previous section, preconditioning is essential for the efficient and robust
solution of linear systems arising from the Helmholtz equation, especially at high frequencies.
Without preconditioning, Krylov subspace methods such as GMRES often suffer from slow or
stagnating convergence due to the indefiniteness and poor spectral properties of the discretised
operator.

While simple elliptic preconditioners—such as those based on the Laplacian—can offer lim-
ited improvements, they are typically inadequate for Helmholtz problems at moderate or high
wavenumbers. As a result, a range of more sophisticated strategies have been developed to
address the specific challenges of this setting. These approaches aim to balance practical con-
siderations (such as ease of implementation and cost per iteration) with desirable theoretical
properties (such as wavenumber-independent convergence).

In the following subsections, we review several classes of solvers that have been proposed for
Helmholtz problems:

• multigrid-based approaches,

• complex-shifted Laplacians,

• sweeping strategies, and

• domain decomposition methods.

Each method addresses different aspects of the Helmholtz equation’s difficulties and offers dis-
tinct trade-offs in terms of robustness, scalability, and generality.

2.5.1 Multigrid Methods

Multigrid methods are a well-established family of solvers for symmetric positive definite (SPD)
problems. They combine relaxation on a fine grid with correction steps on a hierarchy of coarser
grids. For Helmholtz problems, however, the indefinite and non-Hermitian nature of the operator
causes standard multigrid to fail: certain oscillatory error components are not effectively reduced
and may even be amplified.

The classical multigrid cycle consists of:

1. Smoothing, which dampens high-frequency error components,

2. Coarse grid correction, which handles the smooth components.
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In Helmholtz problems, the distinction between smooth and oscillatory modes depends on
the mesh size h relative to the wavelength λ ∼ 1/k. When kh ∼ 1, smoothing fails to reduce
critical error components, and coarse grids cannot resolve the wave accurately, leading to phase
errors and instability. Moreover, the eigenvalues of the fine- and coarse-grid operators may differ
significantly in magnitude and sign, impairing the accuracy and direction of the correction.

To mitigate these issues, several adaptations have been proposed:

• Modified wavenumbers [41]: Coarse-grid operators use a corrected wavenumber kc to
reduce dispersion.

• GMRES smoothing [36]: GMRES replaces traditional relaxation to enhance robustness
on coarse levels.

These variants improve performance in some cases but still struggle in general, especially in
higher dimensions or for large k.

2.5.2 Shifted Laplacian Preconditioning

A widely used strategy is the shifted Laplacian preconditioner, which modifies the Helmholtz
operator by adding artificial complex damping:

−∆u− (k2 + iε)u = f, ε > 0.

The added imaginary part improves the spectral properties, making the system strongly non-
Hermitian and more amenable to multigrid inversion. The modified operator

Aε := −∆− (k2 + iε)

is typically used as a left or right preconditioner for the original problem.
Choosing ε = O(k) yields nearly k-independent GMRES convergence rates when combined

with appropriate multigrid solvers [47]. However, practical implementation involves trade-offs:

• Larger ε improves solver robustness but reduces the quality of the preconditioner.

• Smaller ε improves spectral similarity but can degrade multigrid performance.

Additionally, each application of the preconditioner requires solving a complex-valued PDE,
which increases memory usage and implementation complexity. Nevertheless, the approach is
conceptually simple and leverages existing multigrid tools.

2.5.3 Sweeping Preconditioners

Sweeping preconditioners fall into the broader class of incomplete factorisation methods. Tra-
ditional techniques like incomplete LU (ILU) are not well-suited to Helmholtz problems due
to their sensitivity to indefiniteness. Instead, directional sweeping has emerged as an effective
alternative.

Originally proposed in [38, 39], sweeping preconditioners factorize the Helmholtz operator in
a block LDLT form by sequentially eliminating variables layer by layer. An absorbing boundary
condition is imposed on one end of the domain, and unknowns are eliminated in a forward or
backward sweep. Key features include:

• Use of hierarchical matrices (H-matrices) to compress Schur complements [4],

• Approximation of Schur complements via localized auxiliary problems with absorbing
boundary layers.

Later developments include:
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• Additive sweeping [69]: Enables parallel computation by decomposing the domain into
thin layers with transmission conditions.

• Multipreconditioned sweeps [15]: Combine sweeps in multiple directions to enhance
robustness and scalability.

These methods offer nearly linear computational complexity and k-independent iteration
counts. However, they remain challenging to implement, particularly in three dimensions, where
the sequential nature of sweeps can limit parallel scalability.

2.5.4 Conclusion and Motivation for Domain Decomposition

Domain decomposition (DD) preconditioners divide the global problem into overlapping or non-
overlapping subdomains and solve local problems in parallel. The subdomain solutions are then
combined using interface conditions and a coarse global correction.

Each of the preconditioning strategies discussed above addresses important aspects of the
numerical challenges posed by the Helmholtz equation. Multigrid methods are fast and ma-
ture but struggle with robustness at high frequencies. Shifted Laplacian preconditioners offer
simplicity and generality but require careful tuning and additional complex solves. Sweeping
preconditioners are highly effective and nearly k-independent but remain difficult to scale and
generalise, particularly in three dimensions.

In contrast, domain decomposition methods offer a compelling combination of theoretical
scalability, flexibility across heterogeneous media, and compatibility with parallel architectures.
They allow localised treatment of high-frequency effects, can be naturally enriched with problem-
adapted coarse spaces, and support modular implementation strategies. Crucially, they can
accommodate a range of boundary conditions and discretisations while still enabling the con-
struction of preconditioners with controlled k-dependence.

For these reasons, domain decomposition serves as the foundation for the preconditioning
strategies developed in this work. The next chapter presents these methods in depth, focusing
on their construction, analysis, and performance in the context of high-frequency Helmholtz
problems.

Outline of what follows. In the next chapter, we present domain decomposition methods
in detail, including their theoretical framework, algorithmic implementation, and adaptation to
high-frequency Helmholtz problems.
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Chapter 3

Overview of Domain Decomposition
Methods

Building upon the solver strategies introduced in the previous chapter, we now turn our attention
to domain decomposition methods—an increasingly vital class of techniques for large-scale PDE
problems. Their inherent parallelism and reduced memory footprint make them particularly
appealing for high-performance computing. However, their success depends critically on the
effectiveness of their design, especially in the context of complex geometries, heterogeneous
media, or high-frequency wave propagation. This chapter begins with a historical and conceptual
overview of classical Schwarz methods and their modern adaptations, which laid the foundation
for iterative substructuring techniques. We then focus on the use of domain decomposition as
preconditioners for Krylov methods, highlighting the limitations of one-level approaches in terms
of scalability and robustness. To overcome these issues, we introduce the two-level framework,
where global coupling is achieved through the construction of a coarse space. The chapter
concludes with a detailed survey of state-of-the-art coarse space designs, including geometric,
spectral, and multiscale approaches, with a particular emphasis on recent developments tailored
to the Helmholtz equation. These developments provide the foundation for the theoretical and
numerical advances that will be presented in the following chapters.

3.1 Classical Domain Decomposition

This section provides historical context and a conceptual foundation for domain decomposition
methods by revisiting their classical roots. A comprehensive historical account is available
in [46], but we briefly recall the original motivations and ideas that underpin many modern
preconditioners and parallel solvers.

The method of domain decomposition was introduced by H. Schwarz to overcome the problem
of irregular domains when attempting to prove existence and uniqueness of the solution of the
homogeneous Poisson problem,

−∆u = f in Ω, (3.1.1a)

u = 0 on ∂Ω, (3.1.1b)

where Ω = Ω1 ∪ Ω2 is decomposed into two overlapping subdomains. In Schwarz’s case, the
domain in question was the configuration of an overlapping circle and rectangle, as shown in
Figure 3.1. Schwarz proposed an iterative procedure that alternately solves the problem on
Ω1 and Ω2, using boundary data from the neighbouring subdomain in the overlap region. This
process ensures global convergence even when classical methods struggle on irregular geometries.

The solution over simple geometric domains, such as circles, rectangles, etc. was known at
the time by using Fourier series, but these tools could not be used for more complex domains.
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Ω1 Ω2Ω1 ∩ Ω2

Figure 3.1: Original irregular domain.

For problem (3.1.1) to be solved on the domain Ω = Ω1∪Ω2, Schwarz constructed an iterative
process. He proposed a procedure that alternately solves the problem on Ω1 and Ω2, using
boundary data from the neighbouring subdomain in the overlap region, ensuring convergence
to a global solution on irregular geometries. The resulting scheme, now known as the classical
Schwarz method, is defined by:


−∆un+1

1 = f in Ω1

un+1
1 = 0 on ∂Ω ∩ ∂Ω1

un+1
1 = un2 on ∂Ω1 \ ∂Ω


−∆un+1

2 = f in Ω2

un+1
2 = 0 on ∂Ω ∩ ∂Ω2

un+1
2 = un+1

1 on ∂Ω2 \ ∂Ω.
(3.1.2)

The iterative method in (3.1.2) demonstrates how the exchange of information is accomplished
between the neighbouring subdomains, and that the solution on Ω2 for iteration n+ 1 depends
on the n solution on Ω1. The alternating nature of this method means that it is not possible to
run this in parallel, causing convergence to be slow. Another limitation of this method is that
it requires an overlap between the domain Ω1 and Ω2; this method will not work if there is no
overlap.

Building on the pioneering work carried out by Schwarz, P.L Lions modified the classical
Schwarz method (3.1.2), developing a method that allowed for solutions to be found in each
domain in parallel,

−∆un+1
1 = f in Ω1

un+1
1 = 0 on ∂Ω ∩ ∂Ω1

un+1
1 = un2 on ∂Ω1 \ ∂Ω


−∆un+1

2 = f in Ω2

un+1
2 = 0 on ∂Ω ∩ ∂Ω2

un+1
2 = un1 on ∂Ω2 \ ∂Ω.

This method starts from the initial guess (u01, u
0
2), solves the problem on domains Ω1 and Ω2

in parallel before moving to the next iteration. This method still exchanges information in the
same manner, and still requires the domains to be overlapping. Although convergence remains
slow, this represents a significant step forward in exploiting parallelisation to solve the problem.
It was also demonstrated that increasing the size of the overlap could improve the convergence.

The alternating Schwarz method has been adapted and developed into fully parallel methods
with far reaching applications, as can be seen in [89, 29]. Whilst the alternating and parallel
Schwarz methods were originally proposed as iterative processes, it was soon established that
these methods had potential as preconditioners to accelerate convergence in iterative methods,
such as the Krylov iterative methods.

The evolution from Schwarz’s original method to parallel formulations marks a key con-
ceptual shift: from a theoretical tool for proving existence on complex domains to a practical
foundation for scalable numerical solvers. Their reinterpretation as preconditioners for Krylov
subspace methods laid the groundwork for more sophisticated domain decomposition approaches.
The next sections build on this legacy, focusing on the formulation of Schwarz methods as pre-
conditioners, and on the challenges of scalability and robustness that arise in modern large-scale
and high-frequency problems.
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3.2 One-Level Additive Schwarz Preconditioner for the Helmholtz
Problem

Building on the classical domain decomposition techniques introduced in the previous section,
we now turn to their practical use as preconditioners for solving large-scale linear systems. In the
context of the Helmholtz problem, achieving fast convergence with Krylov subspace methods,
such as GMRES, often requires an appropriate preconditioner. Domain decomposition methods
offer an attractive framework for designing parallel and scalable preconditioners. One of the
simplest and most widely used among these is the one-level Additive Schwarz (AS) method,
which we introduce in this section, together with its optimised variant, ORAS.

3.2.1 Discretisation and Domain Partitioning

We consider the discretised Helmholtz problem given in the form

Bu = f ,

where B is the discrete Helmholtz system matrix over the global domain Ω, u is the vector of
unknowns, and f is the discrete forcing term.

Ω = [0, 1]2

(a) Example partitioning into 5 subdomains.

Ω = [0, 1]2

(b) Expansion of one subdomain by one layer of
elements

Figure 3.2: Example partitioning of the global domain and expansion by one layer of finite
elements.

Let Th be a conforming triangulation of the global computational domain Ω, and let V h ⊂
H1

0 (Ω) be a conforming finite element space associated with Th. The global domain is then
decomposed into a set of N non-overlapping subdomains, {Ωi

′}Ni=1, which are resolved by the
triangulation Th.

Definition 3.2.1 (Resolved by the triangulation). We say that the subdomain Ω′
i is resolved

by Th if there exists a subcollection

Th(Ω′
i) := {K ∈ Th : K ⊂ Ω′

i}

such that
Ω′
i =

⋃
K∈Th(Ω′

i)

K.
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Equivalently, the interface ∂Ω′
i ∩ Ω is a union of mesh faces/edges; no element of Th is cut by

∂Ω′
i.

In particular, Definition 3.2.1 implies the subdomain interface is aligned with the element
facets of Th. If the decomposition is not resolved (i.e. the interfaces cut elements), one needs
unfitted techniques or element subdivision to obtain a conforming discretization.

The splitting can be obtained by a user-defined method, or by using more automated pro-
cesses based on the geometry of the domain, such as Metis [65] or Scotch [20], as seen in
Figure 3.2a. These methods are based on the connectivity graph of B, returning a labelling
of the graph vertices into N parts, which we interpret as subdomains. From the input system
matrix, B, an undirected connectivity graph G(B) = (N , C) is constructed:

N = {1, . . . , n}, {i, j} ∈ C ⇐⇒ i ̸= j and (Bij ̸= 0 or Bji ̸= 0),

where N is the set of indices and C is the connectivity. If B is nonsymmetric, the graph
is usually symmetrized. Algorithms that determine the partitioning of the vertices are then
utilised. The distribution of vertices achieved must be done so that the number of elements
assigned to each processor is roughly the same, and the number of adjacent elements assigned
to different processors is minimized (graph cuts). The aim is to satisfy two goals:

1. Each partition carries approximately the same work, balancing computational cost and
memory per process.

2. The total number of edges crossing partitions is minimized, since every cut edge indicates
a data dependency between distinct processes.

These goals assist with the parallel implementation of the problem. If partition Ω′
i is assigned

to processor p, the balance constraint spreads the computational work evenly, while the cut
objective reduces the number of neighbouring processes.

In this work we employ mesh-resolved partitions, i.e. Ω′
i = Int

(⋃
K∈Th(Ω′

i)
K
)
, so that the

interface Γ =
⋃

i̸=j(∂Ω
′
i ∩ ∂Ω′

j) is a union of mesh faces. We use the notation Int(·) for the
interior of a domain. This choice simplifies the construction of Boolean restriction/prolongation
operators, the definition of local spaces V h(Ω′

i), and the assembly of subdomain operators, while
retaining good balance and small interfacial cuts.

The subdomains Ωi
′ are then extended by one or more layers of elements, as in Figure 3.2b,

in the following sense,

Definition 3.2.2. Given a subdomain D′ ⊂ Ω, which is resolved by the chosen mesh, the
extension of D′ by a layer of elements is

D = Int

 ⋃
{ℓ|supp(ϕℓ)∩D′ ̸=∅}

supp(ϕℓ)


Extension by multiple layers can then be achieved by applying this recursively.

With the use of Definition 3.2.2, the set of overlapping subdomains {Ωi}Ni=1 can be con-
structed. For the domains Ωi, we define the spaces,

Ṽi :=
{
v|Ωi : v ∈ V h

}
⊂ H1(Ωi) and Vi :=

{
v ∈ Ṽi : v|∂Ωi

= 0
}
⊂ H1

0 (Ωi),

The spaces are well-defined by Definition 3.2.2. Let N be the set of indices of degrees of freedom
of the global finite element space V h, with Ni the set of indices of degrees of freedom of the
local finite element space Vi. We now define the restriction operator, from the global space, V h,
to the local space Ṽi,

Ri : V
h → Ṽi.
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At the discrete level, this is a rectangular |Ni|×|N | matrix such that if v is the vector of degrees
of freedom of v ∈ V h, then Riv is the vector with degrees of freedom of v|Ωi ∈ Ṽi. For any
v ∈ Vi, let Eiv denote its zero extension to the whole of the global domain, Ω. Then,

Ei : Vi → V h, i = 1, . . . , N.

Again, at the discrete level, this is given by a rectangular |N | × |Ni| matrix, Ei. The space Vh
is assumed to decompose

V h =
N∑
i=1

EiVi.

Note that this sum is not necessarily a direct sum. That is, a function in V h may be expressible
as a sum of functions from the local spaces Vi, but the representation may not be unique. This is
due to the fact that the subdomains Ωi typically overlap, which implies that the local spaces Vi
are not mutually orthogonal and do not form subspaces in the algebraic sense. Therefore, while
we can reconstruct global functions from the local contributions, we cannot uniquely attribute
portions of a function in V h to a single Vi. For this reason, the Vi are often called ‘local spaces’
rather than true subspaces of V h.

We also require a partition of unity operator that appropriately handles the unknowns in the
overlapping regions. This operator consists of continuous piecewise linear functions associated
with each subdomain, satisfying the following conditions:

Definition 3.2.3 (Partition of unity). A partition of unity subordinate to the subdomains (Ωi)
N
i=1

is a set of functions (Ξi)
N
i=1 such that:

1. supp(Ξi) ⊂ Ωi, i = 1, . . . , N ,

2. 0 ≤ Ξi(x) ≤ 1, for all x ∈ Ωi,

3.
∑N

i=1 Ξi(x) = 1, for all x ∈ Ω.

These functions ensure that each point in the global domain is represented as a convex
combination of contributions from overlapping subdomains, enabling smooth transitions across
interfaces.

In the discrete setting, the partition of unity is implemented via diagonal matrices Di of size
|Ni| × |Ni|, where Ni denotes the set of degrees of freedom in subdomain Ωi. These matrices
satisfy the identity:

I =

N∑
i=1

EiDiRi,

where Ei and Ri are the extension and restriction matrices associated with subdomain Ωi, and
I is the global identity matrix.

Using the previously defined restriction and extension matrices Ri and Ei, we now define
local approximations of the global matrix B on each subdomain Ωi. Specifically, we introduce
the local discrete Helmholtz system matrix Bi as

Bi = RiBEi, for i = 1, 2, . . . , N.

This matrix represents the discrete Helmholtz operator restricted to the local degrees of freedom
in subdomain Ωi. Conceptually, Bi captures how B acts within Ωi, isolating the local portion
of the global problem. Next, we define the corresponding local solution matrix

Si = EiB
−1
i Ri, for i = 1, 2, . . . , N.
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This matrix represents solving the local problem on Ωi and embedding the result back into the
global space.

With these local operators in hand, the one-level Additive Schwarz (AS) precondi-
tioner is given by the sum

M−1
AS =

N∑
i=1

Si =

N∑
i=1

EiB
−1
i Ri.

This construction was first introduced in [32] and [92]. It can be interpreted as an approxima-
tion to the inverse of B, obtained by solving smaller problems on overlapping subdomains and
combining the solutions.

Although effective and parallelisable, the one-level AS method comes with important limi-
tations:

• Redundant computation in overlaps: Each overlapping region contributes to multiple
subdomain solves, increasing the overall cost.

• Inflexibility in heterogeneous domains: When the domain contains distinct material
regions, a decomposition aligned with material interfaces would be preferable—but this is
often incompatible with overlap-based constructions.

In [18], an alternative to the one-level AS method was introduced that requires fewer com-
munications between subdomains was introduced. This method is known as the one-level Re-
stricted Additive Schwarz (RAS) preconditioner:

M−1
RAS =

N∑
i=1

Ai =
N∑
i=1

E′
iB

−1
i Ri.

We recall that we have previously defined the restriction operator Ri, which restricts from the
global space to the overlapping local spaces, and the corresponding extension operator, Ei that
extends back to the global space. In the RAS preconditioner, we now introduce the the restriction
operator R′

i, which now carries out the restriction associated with the non-overlapping domains,
Ω′
i, whilst also making the information associated with the degrees of freedom in the overlap,

Ωi\Ω′
i, vanish. The associated extension operator, E′

i, will then extend back to the global space.
Thus we have

N∑
i=1

E′
iRi = I.

A simple way to generalise the RAS preconditioner is to replace E′
i, which corresponds to the

non-overlapping partition, with E′
i = EiDi, where Di are the partitions of unity such that

I =
∑N

i=1EiDiRi as defined previously. The effect of the RAS preconditioner is to eliminate
the redundant computation that occurs in the overlaps.

In our numerical experiments, we will also be using another method, namely the Optimised
RAS (ORAS) preconditioner which is based on local boundary value problems with Robin
boundary conditions (impedance boundary conditions). In this case, we let B′

i be the stiffness
matrix associated with the local Robin problem

−∇ · (A∇ui)− k2ui = f in Ωi,

ui = 0 on ∂Ω ∪ ∂Ωi,

∂ui
∂ni

+ ikui = 0 on ∂Ωi\∂Ω.

The ORAS preconditioner is then defined as

M−1
ORAS =

N∑
i=1

Ai =
N∑
i=1

E′
iB

′−1
i Ri.
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A significant drawback of the one-level methods is scalability: as the number of subdomains
increases or the wavenumber grows (as is typical in Helmholtz problems), the convergence of the
preconditioned system can deteriorate markedly. These limitations motivate the introduction of
more robust and scalable strategies, such as two-level methods, which will be the subject of the
next section.

3.2.2 Lack of Scalability and Robustness

One of the key properties desired in a preconditioner is scalability—the ability to maintain fast
convergence even as the problem size or computational resources increase. In the context of
domain decomposition, we adopt the following definition from [89]:

Definition 3.2.4 (Scalability). A domain decomposition iterative method for solving a linear
system is said to be scalable if its rate of convergence does not deteriorate as the number of subdo-
mains increases. Equivalently, convergence should remain stable as the characteristic subdomain
size H becomes small.

It is well known that the convergence of the one-level preconditioner deteriorates with in-
creasing number of subdomains in the decomposition, see [29] and the references therein. An
example of this issue can be seen in Table 3.1, which shows the iteration count over a simple
domain where Ω = (0, 1)2 with Dirichlet boundary conditions for a increasing wavenumber k
and number of subdomains N . Here the iteration count grows as the number of subdomains
increases. This effect is increasingly problematic as k increases.

N
k 16 36 64 100 144

20 56 106 123 136 147
40 115 245 195 384 390
60 153 235 225 451 332
80 224 322 > 500 > 500 > 500
100 257 380 > 500 > 500 > 500

Table 3.1: Iteration count when using the one-level AS preconditioner for different k and number
of subdomains N .

In other words, the method is not scalable with respect to the number of subdomains. A cen-
tral reason for this behaviour is the limited communication between subdomains: information is
only exchanged between adjacent neighbours, and no mechanism exists for global coordination.
To illustrate this issue, consider a decomposition into Nx subdomains along the x-direction. In-
formation originating in one subdomain at the left boundary must propagate iteratively through
Nx neighbors before it can affect the solution at the right boundary, as illustrated by Figure 3.3.
This results in slow information transfer across the domain, making the method poorly suited
as a scalable preconditioner.

Ω1 Ω2 . . . ΩNx

Figure 3.3: Illustration for the lack of communication between domains.

To distinguish between different scaling behaviours, it is helpful to introduce the notions of
weak and strong scalability:
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Definition 3.2.5 (Weak scalability). A domain decomposition method is weakly scalable if its
convergence rate remains constant as both the problem size and the number of subdomains in-
crease proportionally.

Definition 3.2.6 (Strong scalability). An algorithm is strongly scalable if its runtime decreases
proportionally with the number of processors used to solve a fixed-size problem.

Strong scalability aims to reduce solution time through parallelism on a fixed problem.
Ideally, doubling the number of processors halves the computation time, but in practice, overhead
from communication and synchronisation often limits this speedup. Weak scalability, on the
other hand, keeps the computational load per processor constant while increasing both problem
size and resources; it is especially relevant for memory-bound problems where the full problem
cannot fit on a single compute node.

Beyond scalability, robustness is another critical requirement for preconditioners. In the
Helmholtz setting, robustness means that performance should not degrade significantly with
increasing the wavenumber k or in the presence of strong heterogeneities in the medium. The
one-level AS method often fails to meet this standard: both high-frequency oscillations and
material discontinuities can severely hinder convergence.

To address these challenges, more advanced preconditioners are needed. A natural extension
is the two-level method, which augments the one-level approach with a global coarse problem. This
additional component enables communication across the full domain by solving an approximate
problem on a lower-dimensional space, thereby improving both scalability and robustness. The
next section is devoted to the construction and analysis of two-level domain decomposition
preconditioners.

3.3 Two-Level Domain Decomposition Methods

As highlighted in the previous sections, one-level domain decomposition methods suffer from
limited scalability due to the absence of global communication between subdomains. This man-
ifests as a deterioration in convergence as the number of subdomains increases. To overcome
this limitation, a second level of resolution—a coarse space—is introduced, providing a mech-
anism for global information exchange across the entire computational domain. The idea is to
complement the local subdomain solves with a global correction step, in which a coarse prob-
lem, defined over a low-dimensional space, is solved using a direct method. This hierarchical
approach is referred to as a two-level domain decomposition method. Pioneering contributions
in this direction include the BPS preconditioner of Bramble, Pasciak, and Schatz [17], and the
two-level overlapping Schwarz method of Dryja and Widlund [33].

Assume we have a space denoted VH ⊂ Vh, that can be defined later, defined on a global
domain. Then we can define the natural embedding operator, E0,

E0 : VH → Vh,

and let R0 be the L
2-adjoint of E0 (their matrix counterparts are denoted by E0 and R0). Using

the definitions of the one-level preconditioners given in the previous section, a two-level precon-
ditioner is constructed by the addition of a global coarse correction to the local contributions
of the one-level preconditioners. This introduction of the coarse space can effectively eliminate
the dependency of the two-level convergence rate on the number of subdomains.

The two-level preconditioner that forms the basis of the theoretical work in this thesis is the
two-level additive Schwarz (AS) preconditioner, which takes the form

M−1
AS,2 = E0B

−1
0 R0 +

N∑
i=1

EiB
−1
i Ri,
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where B0 is known as the coarse problem, given by B0 = R0BE0. It is also possible to use
the RAS or ORAS one-level preconditioner in combination with the coarse space to get their
respective two-level methods.

Whilst the two-level AS method is one of simpler applications of the coarse space, there are
other methods that can be more suitable. One of these methods, which we will be utilising in the
numerical experiments, is the adapted deflation method, commonly known as ADEF1 [88, 87].
The two-level method using the ADEF1 coarse correction is given as

M−1
2 = M−1(I−BE0B

−1
0 R0) +E0B

−1
0 R0,

where M−1 is a one-level preconditioner of choice.
The inclusion of a well-designed coarse space ensures that the convergence of the method

becomes independent of the number of subdomains, provided that the coarse space captures
the global low-frequency error modes effectively. In what follows, we review early classical
constructions of coarse spaces that motivated further research in this area.

3.3.1 Classical Coarse Space Constructions

The Nicolaides Coarse Space One of the earliest and simplest coarse spaces was proposed
by Nicolaides in [76]. His idea was to construct a space of piecewise constant functions over the
subdomains:

V NICO
H = span {IΩ1 , . . . , IΩN

} ,
where IΩi is the indicator function on subdomain Ωi. This coarse space is appealing due to its
extremely low computational cost and its ability to provide minimal global coupling between
subdomains.

However, due to the piecewise constant nature of its basis functions, the gradients are discon-
tinuous across interfaces, leading to poor energy-norm approximation properties. In particular,
the coarse space norm scales like H/h, where H is the subdomain diameter and h the fine mesh
size. While this scales with respect to the number of subdomains, condition number estimates
often depend on the jumps on the physical parameters of the problem leading to a lack of
robustness with respect to those especially in the case of multiscale problems.

Despite its limitations, the Nicolaides space laid the groundwork for more advanced con-
structions that improve global coupling while preserving computational efficiency.

Partition of Unity Coarse Space Another early example of a coarse space that demon-
strated improved performance over the Nicolaides space is the partition of unity (PoU) coarse
space, introduced in [80]. This construction leverages overlapping domain decomposition and
introduces smooth, continuous functions to mediate the interaction between overlapping subdo-
mains as defined in Definition 3.2.3.

The corresponding coarse space is then constructed as the span of PoU-weighted basis func-
tions. These are typically piecewise constant in the interior of each subdomain and decay linearly
to zero across the overlapping regions, thus enforcing smooth global coupling.

For the Poisson problem, it has been shown [89] that such a coarse space enables convergence
that is independent of both the mesh size and the number of subdomains, under certain geo-
metric constraints on the decomposition. This improved behaviour is a result of the scaling and
quotient space arguments (see [89, Section 3.4]), which justify the necessity of using piecewise
constants in combination with partition of unity weights. Furthermore, the structure of the PoU
functions facilitates the application of Poincaré-type inequalities, which play a critical role in
the convergence analysis.
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Geometric Grid Coarse Space A natural and widely used choice for constructing a coarse
space is to base it on a coarser discretisation of the computational domain—commonly referred
to as a coarse grid. One of the earliest instances of this approach appears in [92]. Since then,
the idea has been extensively developed and adapted to more complex problems, such as the
absorptive Helmholtz equation [56] and Helmholtz problems with impedance (Robin) boundary
conditions [58]. Today, geometric coarse grids form a cornerstone of many robust domain de-
composition preconditioners.

The central idea is straightforward: introduce a coarse mesh Tcoarse over the global domain
Ω, with a mesh size hcoarse. Let V0 ⊂ V denote the associated coarse finite element space.
To couple this coarse space with the fine space V h, one uses a nodal interpolation operator
I0 : V hcoarse → V h, which maps coarse functions onto the fine mesh. This operator has a
corresponding matrix representation E0. The coarse problem matrix is then defined as B0 =
R0BE0. For symmetric positive definite (SPD) problems, geometric coarse spaces have been
shown to yield robust convergence, provided that the coarse mesh adequately resolves variations
in material properties or coefficients [19]. This theory was further generalised in [55], where it
was demonstrated that, under suitable combinations of subdomain decomposition and coarse
basis functions, robust convergence can still be achieved without requiring the heterogeneities
to be mild or slowly varying.

However, most of the existing theoretical results apply to SPD problems. The extension
to indefinite problems, such as the Helmholtz equation, poses additional challenges. Progress
has been made for the absorptive Helmholtz equation, where the addition of a small imaginary
component (representing absorption) renders the problem coercive. In this context, [56, 58]
established explicit convergence bounds for GMRES, expressed in terms of the wavenumber,
absorption coefficient, coarse mesh diameter, subdomain size, and overlap width. Under spe-
cific parameter choices, they even demonstrated conditions under which convergence becomes
independent of the wavenumber.

Numerical experiments presented in [14] confirmed that geometric coarse spaces can be
effective even in highly heterogeneous and high-frequency regimes. Nonetheless, this approach
comes with practical challenges. Since the performance of the coarse grid depends strongly on
problem-specific physical parameters (notably the wavenumber), achieving optimal performance
often requires a priori knowledge of these parameters. Furthermore, when the coarse mesh must
resolve fine-scale physical features, it can become computationally expensive, undermining some
of the original efficiency gains.

3.3.2 Spectral Coarse Spaces

Despite the success of classical coarse space constructions such as the Nicolaides and geometric
grid spaces, designing efficient and robust coarse spaces remains one of the central challenges
in domain decomposition methods. The main difficulty lies in balancing two often competing
objectives: maintaining low computational cost while ensuring rapid convergence of the iterative
method.

Over the past two decades, this challenge has driven a surge of innovation, leading to the
development of increasingly sophisticated approaches to coarse space design. While the construc-
tions introduced so far lay important foundations, they are often insufficient for problems in-
volving strong heterogeneities, high frequencies, or complex geometries—conditions under which
classical methods may fail to deliver scalable performance.

This section provides an overview of some of the most prominent modern strategies for
constructing coarse spaces. Although not exhaustive, this survey highlights key developments
and theoretical ideas that have shaped the current landscape. Particular emphasis is placed on
spectral coarse spaces, which form the theoretical and practical focus of this thesis.

Spectral coarse spaces represent a class of coarse space constructions designed to enhance
the convergence properties of domain decomposition methods—especially for problems involving
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highly heterogeneous coefficients, complex geometries, or indefinite operators.
The central idea is to use spectral information to identify and incorporate global modes that

are not well captured by local subdomain solvers. These typically correspond to low-energy error
modes, which are slow to decay and thus dominate the residual when using one-level methods.
By enriching the coarse space with these critical modes, the resulting preconditioner becomes
more effective at reducing global error components and improving convergence rates.

This is achieved by solving a family of generalised eigenvalue problems, which take the form:

Bx = λCx, with B,C ∈ C|N |×|N |,

where the specific choices of the bilinear forms represented by B and C depend on the problem
and the construction strategy. In this framework, eigenvectors associated with small eigenvalues
are interpreted as global error modes that are poorly handled by the local preconditioners and
must therefore be included in the coarse space.

A direct solution of this eigenproblem on the global domain is computationally prohibitive,
as it is often more expensive than solving the original PDE itself. To mitigate this, modern
spectral coarse space methods formulate and solve local eigenproblems independently on each
subdomain, typically in parallel. This strategy allows the coarse space to capture both local and
global features of the solution without incurring a prohibitive computational cost.

In recent years, significant progress has been made in refining spectral coarse spaces for
a wide variety of problems, particularly those with highly variable material parameters. The
different methods mainly diverge in their choice of the bilinear form used on the right-hand side
of the eigenproblem, reflecting different theoretical motivations and target applications.

GenEO-type Coarse Spaces As discussed above, spectral coarse spaces are built by en-
riching the coarse space with global modes that are responsible for slow convergence in domain
decomposition methods. One of the most influential and practically successful realisations of
this idea is the Generalised Eigenproblems in the Overlap (GenEO) approach, introduced in [85].

Developed for symmetric positive definite (SPD) problems with strong coefficient hetero-
geneities, the GenEO method provides a robust and scalable coarse space framework that has
proven particularly effective for elliptic PDEs arising from variational formulations. Traditional
domain decomposition methods often struggle with heterogeneous coefficients, leading to poor
convergence. GenEO addresses this by explicitly constructing coarse basis functions associated
with low-energy modes that are difficult to eliminate locally. A full description of the original
GenEO-type coarse space can be found in Section 6.4.2.

∆-GenEO Coarse Space With the basic GenEO definition as the base, extending this def-
inition to be used with the Helmholtz equation has proven to be a non-trivial task. This is in
no small part due to the indefiniteness and the lack of self-adjointness found in the Helmholtz
problem. However, significant progress has been made in [13], where it was demonstrated that
convergence in GMRES could be proved given that certain conditions on the size of the subdo-
mains in the decomposition and the eigenvalue threshold value are met. It was argued in [13],
that using a nearby symmetric positive definite variational form, the problems caused by the
indefiniteness and the lack of self-adjointness can be avoided. For the case of the Helmholtz
problem, this is realised by setting the wavenumber k = 0 and using the Laplacian operator.
This new method was called the ∆-GenEO. A full description of the ∆-GenEO method can be
found in Section 6.4.2.

Further GenEO Developments To address the shortcomings of ∆-GenEO at high frequen-
cies, we have developed the ∆k-GenEO, which is an adaptation of the ∆-GenEO to couple the
original nearby SPD problem with a k-weighted norm. The development of the ∆k-GenEO
is a key contribution to later chapters. Whilst we developed the ∆k-GenEO, the authors of
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[14] proposed their own alternative to the ∆-GenEO: the H-GenEO coarse space, in which the
full Helmholtz operator is used in the left-hand side of the eigenproblem. This leads to the
formulation:

bΩi(p, v) = λ aΩi(Ξip,Ξiv) ∀v ∈ Vh(Ωi),

where bΩi(·, ·) is the bilinear form for the Helmholtz operator, and aΩi(·, ·) remains the Laplacian
form. Numerical results from [14, 13] demonstrate improved performance at higher frequencies
compared to ∆-GenEO. However, no rigorous theory exists yet for H-GenEO, and its conver-
gence properties remain an open question.

In this thesis, we develop the theoretical foundations of the H-GenEO method, introducing
the Hk-GenEO variant. This enhanced version couples the full Helmholtz problem with a
k-weighted norm, and employs distinct decompositions for the one-level subdomains and for
the local eigenvalue problems. These refinements aim to combine the robustness of GenEO
with the frequency resolution needed for high-frequency Helmholtz problems, forming a central
contribution of the forthcoming chapters.

Harmonic Coarse Spaces A broad family of modern coarse space methods—including the
MS-GFEM-based approaches and the extended harmonic coarse space—derive their effectiveness
from exploiting harmonic information within local or oversampled subdomains. These methods
solve local generalised eigenvalue problems within carefully defined harmonic spaces to identify
low-energy modes that are challenging to eliminate through standard one-level methods. In
MS-GFEM, this is achieved through the construction of optimal local approximation spaces
defined on generalised harmonic spaces using local spectral problems on oversampled domains.
The extended harmonic coarse space similarly relies on discrete harmonic extensions and the
use of extended subdomains, incorporating spectral filtering based on local Neumann solvers.
Both approaches share the goal of enhancing scalability and robustness, especially for problems
with complex local behaviour or high-frequency content. While promising, these methods often
lead to large coarse spaces due to the inclusion of fine-scale harmonic features. A comparative
evaluation of these harmonic-based strategies with other spectral coarse spaces will be conducted
in Chapter 6.

Conclusion This chapter has presented the foundations and evolution of domain decomposi-
tion solvers, with particular attention to the design and role of coarse spaces in achieving scal-
able and robust performance. From classical constructions such as the Nicolaides and geometric
coarse grid spaces, to advanced spectral approaches like GenEO and its variants, and finally
to harmonic-based formulations including MS-GFEM and extended harmonic coarse spaces, we
have traced the development of strategies that address the critical challenge of global error
reduction. While each method brings its own strengths and trade-offs—ranging from ease of
implementation to spectral accuracy—ongoing research continues to refine these tools to accom-
modate increasingly demanding problems, such as high-frequency wave propagation in hetero-
geneous media. The comparative performance, theoretical guarantees, and computational costs
of these approaches will be further examined in the subsequent chapters, where their practical
implications are assessed through both analysis and large-scale numerical experiments.
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Chapter 4

Can Symmetric Positive Definite
(SPD) Coarse Spaces Perform Well
for Indefinite Helmholtz Problems?

This chapter was developed in collaboration with Victorita Dolean and Matthias Langer. The
corresponding publication appeared in the Journal of Computational and Applied Mathemat-
ics [25]. It represents a further development of the proceedings paper entitled ‘Wavenumber
explicit estimates of the Schwarz preconditioner with ∆-GenEO coarse space for the indefinite
Helmholtz problem” [26].

4.1 Introduction

This chapter studies overlapping two-level domain decomposition preconditioners for the het-
erogeneous Helmholtz problem

−∇ · (A∇u)− k2u = f in Ω,

u = 0 on ∂Ω,
(4.1.1)

where Ω ⊆ Rd (d = 2, 3) is polygonal or polyhedral and Lipschitz, A(x) is symmetric and
uniformly positive definite (possibly high-contrast), f ∈ L2(Ω), and k > 0 is the wavenumber.
We assume (4.1.1) admits a unique weak solution u ∈ H1

0 (Ω) for all f ∈ L2(Ω).

From ∆-GenEO to ∆k-GenEO. A rigorous GenEO-based convergence analysis for indefinite
and non-self-adjoint PDEs was developed in [13] via the ∆-GenEO method, which constructs
the coarse space through local generalised eigenvalue problems derived from a nearby SPD
operator. While this provided the first robust GMRES theory in an indefinite setting, the
resulting sufficient conditions are overly pessimistic for Helmholtz-type problems: Theorem 4.1
of [13] guarantees robustness only if

H ≲ k−2, (1 + Cstab)
2 k8 ≲ τ, (4.1.2)

where Cstab is the stability constant of the adjoint problem and τ is the eigenvalue tolerance
that controls the coarse-space dimension.

In this chapter we introduce the ∆k-GenEO method, a modification of ∆-GenEO in which
the right-hand side of the local generalised eigenvalue problem is replaced by a k-weighted inner
product. This adjustment preserves the computational simplicity of the SPD-based GenEO
construction while aligning the theory more closely with Helmholtz behaviour. Our refined
analysis yields substantially milder sufficient conditions for robust GMRES convergence:

H ≲ k−1, (1 + Cstab)
2 k2 ≲ τ. (4.1.3)
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Compared with (4.1.2), the dependence of H on k improves from quadratic to linear, and the
lower bound on τ improves from order k8 to quadratic. Although still conservative, these bounds
clarify both the practical effectiveness and the intrinsic limitations of SPD-based spectral coarse
spaces for indefinite Helmholtz problems.

Positioning relative to indefinite-operator coarse spaces. Recent Helmholtz-adapted
spectral coarse spaces such as H-GenEO and Hk-GenEO [14, 24] formulate local eigenprob-
lems directly using the indefinite operator and exhibit striking robustness in practice, but their
complete theoretical analysis remains challenging. The ∆k-GenEO framework plays a comple-
mentary role: it tightens the SPD-based analysis, provides a transparent benchmark for what can
be achieved without abandoning SPD surrogates, and thereby helps delineate when genuinely
indefinite-operator coarse spaces become necessary.

Contributions. The main contributions of this chapter are:

• a sharper k-explicit GMRES robustness theory for SPD-based GenEO coarse spaces, es-
tablishing (4.1.3) and thereby substantially improving the known sufficient conditions from
[13];

• a refined stability/projection framework that identifies the structural sources of subopti-
mality in SPD-based coarse constructions for Helmholtz;

• numerical experiments demonstrating that ∆k-GenEO often performs far better in prac-
tice than the conservative bounds predict, with moderate coarse dimensions and iteration
counts over a broad parameter range.

Outline. Section 4.2 introduces the functional framework, weak formulation, discretisation,
and the ∆k-GenEO eigenproblems. Section 4.3 states the main GMRES convergence theorem
and develops the key stability and approximation estimates. Section 4.4 contains the proof.
Section 5.5 reports numerical experiments assessing robustness with respect to frequency, het-
erogeneity, and scalability.

4.2 Functional Framework and Discretisation

We now lay out the functional framework, assumptions, and discretisation strategies that will
underpin our analysis. In particular, we describe the weak formulation of the Helmholtz prob-
lem, introduce the associated bilinear forms, and detail the finite element discretisation used
in constructing and analysing the preconditioners. This section also recalls key regularity and
stability assumptions and highlights analytical tools—such as the Friedrichs inequality—that
play a central role in deriving later estimates.

The model problem is the Helmholtz equation with heterogeneous coefficients as defined in
(4.1.1). In what follows we will state the main assumptions and technical lemmas. For this work,
we will be assuming that Assumption 2.2.2 and (2.2.9) from Proposition 2.2.3 are satisfied. We
will also be utilising the Schatz–Wang lemma, Lemma 2.3.1, throughout.

The weak formulation of (4.1.1) is: find u ∈ H1
0 (Ω) such that

b(u, v) = (f, v) for all v ∈ H1
0 (Ω), (4.2.1)

where the bilinear form b(·, ·) : H1
0 (Ω)×H1

0 (Ω) → R is given by

b(u, v) =

∫
Ω

(
A∇u · ∇v − k2uv

)
dx.
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Notation 4.2.1. For any subdomain Ω′ ⊆ Ω we use (·, ·)Ω′ to denote the L2(Ω′) inner product
and ∥ · ∥Ω′ to denote the corresponding norm. We also introduce the bilinear forms:

aΩ′(u, v) :=

∫
Ω′
A∇u · ∇v dx, bΩ′(u, v) := aΩ′(u, v)− k2(u, v)Ω′ for u, v ∈ H1(Ω′),

and define the semi-norm induced by a, ∥u∥a,Ω′ :=
√
aΩ′(u, u). An important role is played by

the k-weighted inner product:

(u, v)1,k,Ω′ := aΩ′(u, v) + k2(u, v)Ω′ ,

and we denote the induced k-norm by ∥u∥1,k,Ω′. When Ω′ = Ω we abandon the subscript Ω from
these notations.

The form a(·, ·) is symmetric semi-positive definite on H1(Ω), while b(·, ·) is symmetric but
indefinite.

Let Th be a shape-regular triangulation of Ω into simplices of maximal diameter h, and let
V h ⊆ H1

0 (Ω) be a conforming finite element space. The Galerkin discretisation of (4.2.1) is: find
uh ∈ V h such that

b(uh, v) = (f, v) for all v ∈ V h. (4.2.2)

Let {ϕi}ni=1 be a basis for V h. Then (4.2.2) yields the linear system

Bu = f , (4.2.3)

with entries Bij = b(ϕj , ϕi), ui = (uh, ϕi) and fi = (f, ϕi). Analogously, the stiffness matrix A
is defined by Aij = a(ϕj , ϕi).

Remark 4.2.2.

(a) Lemma 2.3.1, the Schatz–Wang lemma, ensures discrete well-posedness despite indefinite-
ness. It will be repeatedly used in our stability and approximation estimates.

(b) Combining (2.3.3) and (2.3.4) we obtain

∥u− uh∥1,k ≤ ε∥f∥

for small enough h.

A key tool in our analysis is the Friedrichs inequality.

Lemma 4.2.3 (Friedrichs inequality [68, Theorem 13.19]). Let Ω′ ⊆ Rd be an open set lying
between two parallel hyperplanes at distance L. Then, for all u ∈ H1

0 (Ω
′),

∥u∥Ω′ ≤ L√
2
∥∇u∥Ω′ .

Remark 4.2.4. Combined with Assumption 2.2.2, Friedrichs’ inequality yields: for any Ω′ ⊆ Ω
of diameter H,

∥u∥Ω′ ≤ H√
2
∥∇u∥Ω′ ≤ H√

2
∥u∥a ≤ H√

2
∥u∥1,k,Ω′ for all u ∈ H1

0 (Ω
′). (4.2.4)

In particular, for Ω′ = Ω we have

∥u∥a ≥
√
2 ∥u∥ ≥ ∥u∥ for all u ∈ H1

0 (Ω) (4.2.5)

since DΩ ≤ 1 by Assumption 2.2.2.
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4.2.1 Domain Decomposition Framework

We now introduce the domain decomposition framework needed for constructing one- and two-
level preconditioners. The core idea is to partition the global domain into overlapping sub-
domains and then build local and global correction operators that accelerate convergence by
improving information transfer across the entire domain.

We first partition Ω into N non-overlapping subdomains {Ω′
i}Ni=1, each resolved by the global

finite element mesh Th. To introduce overlap, each Ω′
i is enlarged by one or more layers of mesh

elements: For each overlapping Ωi, as defined in Definition 3.2.2, we introduce the local finite
element spaces

Ṽi := {v|Ωi : v ∈ V h} ⊆ H1(Ωi), Vi := {v ∈ Ṽi : v|∂Ωi
= 0} ⊆ H1

0 (Ωi).

Moreover, we set Hi := diam(Ωi) and H := maxiHi.

Remark 4.2.5. The form bΩi is generally indefinite. However, for sufficiently small H, coer-
civity is restored locally; see Lemma 4.3.14.

For each i = 1, . . . , N , let Ei : Vi → V h be the zero-extension operator, and let Ri : V
h → Vi

be its L2-adjoint. These operators preserve bilinear forms:

aΩi(u, v) = a(Eiu,Eiv), bΩi(u, v) = b(Eiu,Eiv), (u, v)Ωi = (Eiu,Eiv).

In matrix form, the one-level additive Schwarz preconditioner reads

M−1
AS,1 =

N∑
i=1

EiB
−1
i Ri, Bi = RiBEi,

where Ei,Ri represent Ei, Ri in the global finite element basis.
To improve scalability, a coarse space V0 ⊆ V h is added, with embedding E0 : V0 → V h and

adjoint R0. The two-level preconditioner is then

M−1
AS,2 =

N∑
i=0

EiB
−1
i Ri, Bi = RiBEi. (4.2.6)

The preconditioned system takes the form

M−1
AS,2Bu = M−1

AS,2f .

For analysis, we define local projection-like operators Ti : V
h → Vi by

bΩi(Tiu, v) = b(u,Eiv) for all v ∈ Vi, (4.2.7)

where we set Ω0 := Ω, and the global operator

T :=

N∑
i=0

EiTi.

Proposition 4.2.6 (Bootland et al. [13]). For any u, v ∈ V h, with corresponding nodal vectors
u,v ∈ Rn,

⟨M−1
AS,2Bu,v⟩Dk

= (Tu, v)1,k,

where ⟨·, ·⟩Dk
is the Dk-inner product on Rn and the matrix Dk given by

Dk := A+ k2S,

where Sij = (ϕj , ϕi); the inner product and the corresponding norm are defined by

⟨x,y⟩Dk
:= yTDkx, ∥x∥Dk

:=
√

⟨x,x⟩Dk
. (4.2.8)
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4.2.2 The ∆k-GenEO Coarse Space

We now specify the coarse space V0 in (4.2.6). The ∆k-GenEO method, introduced here as a
variant of the GenEO approach [85], uses local spectral information from the overlap to capture
global low-energy error modes.

Definition 4.2.7 (Degrees of freedom, cf. [85]). For a subdomain Ωi, define

dof(Ωi) := {ℓ : supp(ϕℓ) ∩ Ωi ̸= ∅}, dof(Ωi) := {ℓ : supp(ϕℓ) ⊆ Ωi}.

Definition 4.2.8 (Partition of unity). For each global degree of freedom j, define its multiplicity

µj = #{i : j ∈ dof(Ωi)}.

The local partition of unity operator Ξi : Ṽi → Vi is given by

Ξiv =
∑

j∈dof(Ωi)

1

µj
vjϕ

i
j where v =

∑
j∈dof(Ωi)

vjϕ
i
j .

On each subdomain Ωi we consider the following eigenvalue problem, which is used for the
construction of the coarse space.

Definition 4.2.9 (Local spectral problem). For each i ∈ {1, . . . , N} find either (p, λ) ∈ (Ṽi \
{0})× R such that

aΩi(p, v) = λ
(
Ξip,Ξiv

)
1,k,Ωi

for all v ∈ Ṽi

or (p, λ) ∈ (ker Ξi)× {∞}. We call λ and p eigenvalues and eigenfunctions respectively.

The next lemma shows that the eigenvalue problem in Definition 4.2.9 has sufficiently many
eigenvectors.

Lemma 4.2.10. Let i ∈ {1, . . . , N} and set si := dimVi and ni := Ṽi. There exist eigenvalues

λi1 ≤ · · · ≤ λisi < λisi+1 = · · · = λini
= ∞ (4.2.9)

and corresponding eigenvectors pi1, . . . , p
i
ni

such that {pi1, . . . , pini
} is a basis of Ṽi. The eigen-

vectors pi1, . . . , p
i
si can be normalised such that(

Ξip
i
ℓ,Ξip

i
m

)
= δℓm, ℓ,m ∈ {1, . . . , si}. (4.2.10)

Proof. Set ci(v, w) := (Ξiv,Ξiw)1,k,Ωi
, v, w ∈ Ṽi. We show that

ker aΩi ∩ ker ci = {0}, (4.2.11)

where, e.g. ker aΩi = {v ∈ Ṽi : aΩi(v, w) = 0 for all w ∈ Ṽi}. Any function in ker aΩi must be
constant. Since (·, ·)1,k,Ωi

is positive definite, a function in ker ci must be in ker Ξi. It follows
from the definition of Ξi that

ker Ξi = span{ϕij : j ∈ dof(Ωi) \ dof(Ωi)}, (4.2.12)

and hence a function is in ker Ξi if and only if it vanishes on the interior nodes. As a consequence,
a function in ker aΩi ∩ ker ci must be the zero function. This shows that (4.2.11) holds. It also
follows from (4.2.12) that dimkerΞi = ni − si. The assertions of the lemma now follow from [3,
Lemma 3.14].
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Remark 4.2.11. The local spectral problem defined in [13], known as the ∆-GenEO method, is
defined as,

aΩi(p, v) = λaΩi

(
Ξip,Ξiv

)
∀v ∈ Ṽi

The ∆k-GenEO method that we are introducing differs from this method by utilising the form
(·, ·)1,k,Ωj

on the right-hand side of the problem instead of aΩj (·, ·).

We now introduce the ∆k-GenEO coarse space.

Definition 4.2.12 (∆k-GenEO coarse space). Let the notation be as in Lemma 4.2.10 and let
(piℓ, λ

i
ℓ), ℓ = 1, . . . , ni, be the eigenpairs of the eigenvalue problem in Definition 4.2.9 satisfying

(4.2.9) and (4.2.10), and let mi ∈ {1, . . . , si}. The global coarse space is defined as

V0 := span
{
EiΞip

i
ℓ : ℓ = 1, . . . ,mi, i = 1, . . . , N

}
.

Two quantities will play a central role:

Λ := max
T∈Th

#{Ωi : T ⊆ Ωi}, τ := min
1≤i≤N

λimi+1. (4.2.13)

Here, Λ measures the maximal overlap multiplicity, while τ is the first unused eigenvalue, i.e.
the spectral threshold defining the coarse space.

4.3 Statement of the Main Result and Theoretical Tools

Having introduced the two-level additive Schwarz preconditioner and the construction of the ∆k-
GenEO coarse space, we now state our main GMRES convergence result for the preconditioned
Helmholtz system. Throughout this section we write

Θ :=
1

τ
, (4.3.1)

where τ is the spectral threshold defining the coarse space (see (4.2.13)). We apply GMRES
with the Dk-inner product, defined in (4.2.8), and use Elman’s field-of-values framework.

Theorem 4.3.1 (GMRES convergence for the two-level preconditioned system). Assume that
Assumption 2.2.2 and (2.2.9) from Proposition 2.2.3 hold, and that one has discrete well-
posedness with h < h1 from Lemma 2.3.1. Let H be the maximal subdomain diameter, Λ
the overlap multiplicity, and τ the coarse-space threshold and let k > 0. Suppose that

s := 8Λ
(
2 + 3Λ2Θ

)
(1 + Cstab) kΘ

1/2 < 1,

t := 6
√
2Λ
(
2 + 3Λ2Θ

)
Hk < 1.

(4.3.2)

Then, for GMRES applied in the ⟨·, ·⟩Dk
inner product to M−1

AS,2Bu = M−1
AS,2f , the residuals

satisfy

∥r(m)∥2Dk
≤
(
1− c21

c22

)m
∥r(0)∥2Dk

, (4.3.3)

with

c1 :=
1−max{s, t}
(2 + 3Λ2Θ)

, c2 := 18 + 8Λ2. (4.3.4)

Remark 4.3.2 (On the assumptions in Theorem 4.3.1). The assumptions of Theorem 4.3.1 are
standard in the finite element analysis of Helmholtz problems. Assumption 2.2.2 is the usual
uniform ellipticity and data-regularity hypothesis, while the normalisations amin = 1 and DΩ ≤ 1
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are harmless, since they may be obtained by rescaling. The stability bound (2.2.9) is the key well-
posedness input. Although Cstab is finite whenever k2 /∈ {λℓ : ℓ ∈ N}, it may become large when
k2 lies close to the spectrum. Consequently, the theorem applies in a broad range of non-resonant
situations, but the resulting parameter restrictions become more demanding when the problem is
close to resonance. Finally, Lemma 2.3.1 requires the mesh to be sufficiently fine, which is the
standard discretisation requirement for indefinite Helmholtz problems.

Remark 4.3.3 (On the proof ingredients). The proof follows Elman’s FoV estimate, combining:
(i) a lower bound on (Tu, u)1,k,Ωi

in terms of ∥u∥21,k,Ωi
(via stable decomposition and coarse-space

approximation with constants depending on Λ and Θ), and (ii) an upper bound on ∥Tu∥1,k,Ωi
(via

stability of the local projectors and the coarse projector). The refined local/coarse stability and
approximation estimates—proved in the next subsections—produce the improved k-dependences
reflected in (4.3.2).

Corollary 4.3.4 (Simplified k-explicit conditions). Let k0 > 0 and assume that k ≥ k0. If the
relations in (4.3.2) hold, then

H ≲ k−1, (1 + Cstab)
2 k2 ≲ τ. (4.3.5)

Conversely, if (4.3.5) holds with small enough implicit constants in ≲, then (4.3.2) is satisfied
and the convergence rate constants in (4.3.4) are independent of k, coefficient heterogeneity, and
h (for h < h1); so GMRES is mesh-independent and wavenumber-robust.

Proof. First assume that (4.3.2) holds. Clearly, 2 + 3Λ2Θ ≥ 1 and hence

(1 + Cstab)kτ
−1/2 = (1 + Cstab)kΘ

1/2 ≤ (2 + 3Λ2Θ)Λ(1 + Cstab)kΘ
1/2 < 1

8 ,

which yields the second inequality in (4.3.5). Since Λ ≥ 1, we haveHk ≤
(
2+3Λ2Θ

)
ΛHk < 1

6
√
2
,

which implies H ≲ k−1.
Now assume that

H ≤ C1k
−1, (1 + Cstab)

2 k2 ≤ C2τ

with C1, C2 > 0. The second relation, together with k ≥ k0, implies that Θ = 1
τ ≤ C2k

−2
0 . We

therefore have

s ≤ 8Λ(2 + 3Λ2C2k
−2
0 )C

1/2
2 , (4.3.6)

t ≤ 6
√
2Λ(2 + 3Λ2C2k

−2
0 )ΛC1. (4.3.7)

If C1 and C2 are small enough, then the right-hand sides of (4.3.6) and (4.3.7) are strictly less
than 1, which implies that (4.3.2) holds.

Remark 4.3.5 (Interpretation and scaling). The conditions stated in (4.3.2) are sufficient con-
ditions obtained from a field-of-values analysis and are therefore conservative. Their purpose
is to guarantee k-robust convergence of GMRES in a worst-case theoretical setting, uniformly
with respect to coefficient heterogeneity and mesh size. This behaviour reflects the gap between
sufficient theoretical conditions and observed performance, and is consistent with previous expe-
rience for spectral coarse spaces for indefinite problems. That said, from a practical perspective,
the condition H ≲ k−1 corresponds to resolving each subdomain by a fixed number of points per
wavelength, which is standard for Helmholtz problems (even if this condition can be relaxed in
practice). This is the easier condition to interpret and enforce, since it depends linearly on Hk.
Similarly, the lower bound on the spectral threshold τ ensures that coarse modes associated with
low-energy components in the k-weighted norm are captured.
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Choice of spectral threshold τ The theory depends on the stability constant Cstab and
may require increasing τ , especially when Cstab is large, for example when k2 lies close to the
Dirichlet spectrum. In practice, however, τ should be interpreted as a tuning parameter that
controls the trade-off between coarse-space size and robustness. The local generalised eigenvalue
problems typically exhibit favourable spectral separation, with a small number of low-energy
modes capturing the dominant global components. As a result, robust convergence is often
achieved for values of τ that are significantly smaller than those suggested by the sufficient
theoretical bounds.

Roadmap of the estimates. The remainder of this section develops the stability and approx-
imation tools used in the proof of Theorem 4.3.1:

1. Coarse-space approximation and stable decomposition (Lemmas 2.3.1, 4.2.3 and the ∆k-
GenEO projection bounds): yields the lower FoV distance via (Tu, u)1,k,Ωi

≳ ∥u∥21,k,Ωi
/(1+

Λ2Θ).

2. Local and coarse projector stability : provides ∥Tu∥1,k,Ωi
≲ (1 + Λ2)∥u∥1,k,Ωi

with the k-
dependence isolated in s and t.

3. FoV–GMRES contraction (Elman): combining (1)–(2) gives (4.3.3) with c1, c2 as in (4.3.4).

4.3.1 Coarse Space Approximation and Stable Decomposition

We analyse the accuracy of the local spectral projection that maps v ∈ Ṽi onto the span of the
mi dominant eigenfunctions produced by the ∆k-GenEO construction.

Lemma 4.3.6 (Local spectral projection: stability and spectral tail bound). Let the notation
be as in Lemma 4.2.10 and fix i ∈ {1, . . . , N}. Let (piℓ, λ

i
ℓ), ℓ = 1, . . . , ni, be the eigenpairs of

Definition 4.2.9 satisfying (4.2.9) and (4.2.10). Let mi ∈ {1. . . . , si−1} and define the projector
Πi

mi
: Ṽi → Ṽi by

Πi
mi
v :=

mi∑
ℓ=1

(
Ξiv,Ξip

i
ℓ

)
1,k,Ωi

piℓ.

Then, for w := v −Πi
mi
v, we have

∥w∥2aΩi
≤ ∥v∥21,k,Ωi

, ∥Ξiw∥21,k,Ωi
≤ 1

λimi+1

∥w∥2aΩi
. (4.3.8)

Moreover, Πi
mi

is the (Ξi·,Ξi·)1,k,Ωi
-orthogonal projector onto span{pi1, . . . , pimi

}, hence min-
imises ∥Ξi(v − z)∥1,k,Ωi

over all z in that span.

Proof. The proof of Lemma 4.2.10 shows that we can apply [3, Lemma 3.15], which yields

∥w∥2aΩi
≤ ∥v∥2aΩi

≤ ∥v∥21,k,Ωi

and the second relation in (4.3.8).

We often use the following standard overlap stability relations (see, eg. [58, Lemma 3.6] and
[58, eq:(2.10)]):∥∥∥∥∑

i

Eiqi

∥∥∥∥2
1,k

≤ Λ
∑
i

∥qi∥21,k,Ωi
and

∑
i

∥v|Ωi∥21,k,Ωi
≤ Λ∥v∥21,k. (4.3.9)
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Lemma 4.3.7 (Global approximation by the ∆k-GenEO coarse space). For v ∈ V h define

z0 :=
N∑
i=1

Ei Ξi

(
Πi

mi
(v|Ωi)

)
∈ V0.

Then
inf
z∈V0

∥v − z∥21,k ≤ ∥v − z0∥21,k ≤ Λ2Θ∥v∥21,k, (4.3.10)

where Θ is as in (4.3.1).

Proof. Set wi := v|Ωi −Πi
mi

(v|Ωi) so that

v − z0 =
∑
i

Ei Ξiwi.

It follows from Lemma 4.3.6 that

∥Ξiwi∥21,k,Ωi
≤ 1

λimi+1

∥wi∥2aΩi
≤ Θ∥wi∥2aΩi

≤ Θ∥v|Ωi∥21,k,Ωi
;

note that

Θ := max
1≤i≤N

1

λimi+1

.

Summing over i and using the second overlap stability bound in (4.3.9) we obtain

N∑
i=1

∥Ξiwi∥21,k,Ωi
≤ Θ

N∑
i=1

∥v|Ωi∥21,k,Ωi
≤ ΛΘ∥v∥21,k. (4.3.11)

Using (4.3.9) again we arrive at

∥v − z0∥21,k =

∥∥∥∥ N∑
i=1

EiΞiwi

∥∥∥∥2
1,k

≤ Λ
N∑
i=1

∥Ξiwi∥21,k,Ωi
≤ Λ2Θ∥v∥21,k,

which proves (4.3.10).

Lemma 4.3.8 (Stable decomposition). Let z0 be as in Lemma 4.3.7 and define, for i = 1, . . . , N ,

zi := Ξi

(
v|Ωi −Πi

mi
(v|Ωi)

)
∈ Vi.

Then

v =
N∑
i=0

Eizi, ∥z0∥21,k,Ω0
+

N∑
i=1

∥zi∥21,k,Ωi
≤
(
2 + 3Λ2Θ

)
∥v∥21,k. (4.3.12)

Proof. Let wi be as in the proof of Lemma 4.3.7; then zi = Ξiwi. The first relation in (4.3.12)
follows easily from the definition of zi. Using (x+ y)2 ≤ 2x2 + 2y2 and Lemma 4.3.7 we obtain

∥z0∥21,k ≤
(
∥v∥1,k + ∥v − z0∥1,k

)2 ≤ 2∥v∥21,k + 2∥v − z0∥21,k ≤
(
2 + 2Λ2Θ

)
∥v∥21,k.

Adding
∑N

i=1 ∥zi∥21,k,Ωi
on both sides and using (4.3.11) and Λ ≥ 1 we arrive at the second

relation in (4.3.12).
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Remark 4.3.9 (Why stable decomposition matters). The second inequality of (4.3.12) says that
the energy of v splits stably between coarse and local components. In two-level additive Schwarz
this ensures: (1) the coarse space approximates global modes well (Lemma 4.3.7), and (2) any v
can be represented as a coarse part plus local corrections without blowing up the energy. In the
SPD case these two facts lead to tight condition-number bounds; here, they lead to lower/upper
bounds on the field of values of the preconditioned Helmholtz operator, which drive GMRES
convergence.

Remark 4.3.10 (Classical GenEO estimates). The local spectral projection bounds (Lemma 4.3.6),
the global approximation estimate (Lemma 4.3.7), and the stable decomposition (Lemma 4.3.8)
are classical within the GenEO framework; see [85] and the indefinite extension in [13]. We
re-state them here for completeness and to fix notation in the ∆k-GenEO setting.

4.3.2 Local Projector: Solvability, Basic Identities, and Stability

To facilitate the analysis, we introduce, for each i = 1, . . . , N , the local projector map Pi : V
h →

Vi defined by
(Piu, v)1,k,Ωi

= (u,Eiv)1,k, v ∈ Vi, (4.3.13)

and the coarse projector P0 : V
h → V0 defined by

(P0u, v0)1,k = (u, v0)1,k, v0 ∈ V0. (4.3.14)

The associated global operator is

P :=
N∑
i=0

EiPi : V
h → V h.

Lemma 4.3.11 (Well-posedness and algebraic identities). Under Assumption 2.2.2 and (2.2.9)
from Proposition 2.2.3, the bilinear forms aΩi and a are SPD on Vi and V0, respectively; hence
Pi (i ≥ 1) and P0 are well defined by Lax–Milgram. Moreover, the following statements hold.

1. (Locality) For v ∈ Vi, (u,Eiv)1,k = (u|Ωi , v)1,k,Ωi
; so Piu is a projection of u|Ωi onto Vi.

2. (Orthogonal projector) P0 is the (·, ·)1,k-orthogonal projector onto V0; in particular, ∥P0u∥1,k ≤
∥u∥1,k.

3. (Identity) For all u ∈ V h,

(Pu, u)1,k = ∥P0u∥21,k,Ω0
+

N∑
i=1

∥Piu∥21,k,Ωi
. (4.3.15)

Proof (sketch). SPD and Lax–Milgram are standard. The first statement follows from the zero-
extension property of Ei and the definition of (·, ·)1,k,Ωi

. The second claim is immediate from
(4.3.14) and standard properties of orthogonal projectors in Hilbert spaces. For the third state-
ment, use (4.3.13) and (4.3.14) with v = Piu or v0 = P0u and sum over i = 0, . . . , N .

The next result links the global weighted k-norm of u to the action of P and controls the
size of the local images.

Proposition 4.3.12 (Inequalities for the local operators). Let u ∈ V h. With the stable decom-
position of Lemma 4.3.8 and its constant Csd := 2 + 3Λ2Θ, we have

∥u∥21,k ≤ Csd (Pu, u)1,k (4.3.16)

and
N∑
i=0

∥Piu∥21,k,Ωi
≤ (Λ + 1)∥u∥21,k. (4.3.17)

44



Proof. Let u =
∑N

i=0Eizi be the decomposition from Lemma 4.3.8. Then, by (4.3.13) and
(4.3.14),

∥u∥21,k =

(
u,

N∑
i=0

Eizi

)
1,k

=
N∑
i=0

(u,Eizi)1,k =

N∑
i=0

(Piu, zi)1,k,Ωi
.

Cauchy–Schwarz (applied twice) and Lemma 4.3.8 give

∥u∥21,k ≤
N∑
i=0

∥Piu∥1,k,Ωi
∥zi∥1,k,Ωi

≤
( N∑

i=0

∥Piu∥21,k,Ωi

)1/2(
∥z0∥21,k +

N∑
i=1

∥zi∥21,k,Ωi

)1/2

≤ C
1/2
sd

( N∑
i=0

∥Piu∥21,k,Ωi

)1/2
∥u∥1,k.

Dividing by ∥u∥1,k, using the identity (4.3.15) to replace the sum by (Pu, u)1,k,Ωi
and squaring

the inequality we obtain (4.3.16).
For (4.3.17), we first bound the coarse part by contraction of P0: ∥P0u∥21,k ≤ ∥u∥21,k. For the

overlapping parts we use (4.3.9) to obtain

N∑
i=1

∥Piu∥21,k,Ωi
=

N∑
i=1

(u,EiPiu)1,k =

(
u,

N∑
i=1

EiPiu

)
1,k

≤ ∥u∥1,k
∥∥∥ N∑

i=1

EiPiu
∥∥∥
1,k

≤ Λ1/2∥u∥1,k
(

N∑
i=1

∥Piu∥21,k,Ωi

)1/2

,

which implies
N∑
i=1

∥Piu∥21,k,Ωi
≤ Λ∥u∥21,k. (4.3.18)

Adding the coarse term we arrive at (4.3.17).

Remark 4.3.13 (Classical facts). The definition and properties of Pi and P0 are standard in
domain decomposition; see, e.g. [89, Sec. 2.2]. We include them here to keep the presentation
self-contained and to fix notation.

We now return to the Helmholtz-specific projectors Ti defined by the indefinite form bΩi(·, ·)
in (4.2.7). The next two lemmas give solvability (local coercivity) and a uniform (·, ·)1,k,Ωi

-
stability bound.

Lemma 4.3.14 (Solvability of Ti). If Hk <
√
2, then bΩi is coercive on Vi and the operators

Ti : V
h → Vi defined by

bΩi(Tiu, v) = b(u,Eiv) for all v ∈ Vi

are well posed for i = 1, . . . , N .

Proof. By Friedrichs’ inequality (4.2.4) we have ∥u∥Ωi ≤ H√
2
∥u∥aΩi

and hence

bΩi(u, u) = aΩi(u, u)− k2∥u∥2Ωi
≥
(
1− k2H2

2

)
∥u∥2aΩi

.

Thus bΩi is coercive for Hk <
√
2, and Lax–Milgram applies.

Before we proceed, we state the following boundedness property of bΩ′ , which is a simple
consequence of the Cauchy–Schwarz inequality.
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Lemma 4.3.15.
|bΩ′(u, v)| ≤ ∥u∥1,k,Ω′∥v∥1,k,Ω′ . (4.3.19)

Proof. Using the definitions of aΩ′ and bΩ′ and the Cauchy–Schwarz inequality we obtain

|bΩ′(u, v)| = |aΩ′(u, v)− k2(u, v)Ω′ | ≤ ∥u∥aΩ′∥v∥aΩ′ + k2∥u∥Ω′∥v∥Ω′

≤
√
∥u∥2aΩ′ + k2∥u∥2Ω′

√
∥v∥2aΩ′ + k2∥v∥2Ω′ = ∥u∥1,k,Ω′∥v∥1,k,Ω′ ,

which proves (4.3.19).

Lemma 4.3.16 (Stability of Ti). If Hk ≤ 1/
√
2, then, for all u ∈ V h and i = 1, . . . , N ,

∥Tiu∥1,k,Ωi
≤ 2∥u∥1,k,Ωi

.

Proof. It follows from (4.3.19) and (4.2.4) that

∥Tiu∥21,k,Ωi
= bΩi(Tiu, Tiu) + 2k2∥Tiu∥2Ωi

= b(u,EiTiu) + 2k2∥Tiu∥2Ωi

= bΩi(u|Ωi , Tiu) + 2k2∥Tiu∥2Ωi

≤ ∥u|Ωi∥1,k,Ωi
∥Tiu∥1,k,Ωi

+ k2H2∥Tiu∥21,k,Ωi
.

Rearranging this inequality we obtain(
1− k2H2

)
∥Tiu∥1,k,Ωi

≤ ∥u∥1,k,Ωi
,

which, together with the assumption Hk ≤ 1√
2
, yields (4.3.12).

4.3.3 Coarse Projector T0: Solvability and Stability

We define the coarse (global) Helmholtz projector T0 : V
h → V0 by

b(T0u, v0) = b(u, v0) for all v0 ∈ V0. (4.3.20)

Thus e0 := T0u− u satisfies b(e0, v0) = 0 for all v0 ∈ V0.

Lemma 4.3.17 (Solvability of T0). Suppose that the spectral threshold Θ satisfies
√
2kΛΘ1/2(1 + Cstab) < 1. (4.3.21)

Then there exists h1 > 0 such that, for all h < h1, the problem (4.3.20) is well posed, i.e. T0 is
uniquely defined on V h.

Proof. We argue by contradiction. Assume that there exists w0 ∈ V0 \ {0} with b(w0, z) = 0 for
all z ∈ V0. Let w ∈ H1

0 (Ω) solve b(w, v) = (w0, v) for all v ∈ H1
0 (Ω) (such a w exists by (2.2.9))

and let wh ∈ V h solve b(wh, v) = (w0, v) for all v ∈ V h. Taking v = w0 in the latter relation
and using Lemma 4.3.15 we obtain, for all z ∈ V0,

∥w0∥2 = b(wh, w0) = b(wh − z, w0) ≤ ∥wh − z∥1,k∥w0∥1,k.
Minimising over z ∈ V0 and using the global ∆k-GenEO approximation (Lemma 4.3.7) with
v = wh we get

∥w0∥2 ≤ ΛΘ1/2∥w0∥1,k∥wh∥1,k. (4.3.22)

Pick z = w0 in b(w0, z) = 0 to obtain (w0, w0)1,k = 2k2∥w0∥2, which implies ∥w0∥1,k =
√
2k∥w0∥.

(2.2.9) and Remark 4.2.2 yield

∥wh∥1,k ≤ ∥w∥1,k + ∥w − wh∥1,k ≤ Cstab∥w0∥+ ∥w − wh∥1,k ≤ (1 + Cstab)∥w0∥. (4.3.23)

Altogether, we have
∥w0∥2 ≤

√
2kΛΘ1/2(1 + Cstab)∥w0∥2,

which contradicts (4.3.21) since w0 ̸= 0. Hence T0 is well defined.
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Lemma 4.3.18 (Stability of T0). Assume that (4.3.21) holds and that h < h1 as above. Then,
for all u ∈ V h,

∥T0u− u∥ ≤ ΛΘ1/2(1 + Cstab)∥T0u− u∥1,k. (4.3.24)

Moreover, if
2kΛΘ1/2(1 + Cstab) ≤ 1

2 , (4.3.25)

then
∥T0u− u∥1,k ≤ 2∥u∥1,k. (4.3.26)

Proof. Let e0 := u− T0u. Solve b(wh, v) = (e0, v) for wh ∈ V h. Since b(e0, z) = 0 for z ∈ V0 by
the definition of T0, we have

∥e0∥2 = b(wh, e0) = b(wh − z, e0) for all z ∈ V0.

We proceed exactly as in the proof of Lemma 4.3.17 (with w0 replaced by e0, cf. (4.3.22)) to
obtain

∥e0∥2 ≤ ΛΘ1/2∥wh∥1,k ∥e0∥1,k.
Using (4.3.23) (again with w0 replaced by e0) we find that

∥e0∥ ≤ ΛΘ1/2(1 + Cstab)∥e0∥1,k,

which is (4.3.24).
To prove (4.3.26), let P0 be as in (4.3.14). Since P0u−T0u ∈ V0, we have b(e0, P0u−T0u) = 0,

which, together with the fact that P0 is orthogonal with respect to (·, ·)1,k, yields

∥e0∥21,k = b(e0, e0) + 2k2(e0, e0) = b(e0, u− T0u)− b(e0, P0u− T0u) + 2k2(e0, e0)

= b(e0, u− P0u) + 2k2(e0, u− T0u)

= (e0, u− P0u)1,k − 2k2(e0, u− P0u) + 2k2(e0, u− T0u)

= (e0, u− P0u)1,k + 2k2(e0, P0u− T0u)

≤ ∥e0∥1,k∥u− P0u∥1,k + 2k2∥e0∥ ∥P0u− T0u∥ = ∥e0∥1,k∥u− P0u∥1,k + 2k2∥e0∥ ∥P0e0∥

≤ ∥e0∥1,k∥u− P0u∥1,k + 2k∥e0∥ ∥P0e0∥1,k ≤ ∥e0∥1,k∥u∥1,k + 2k∥e0∥ ∥e0∥1,k.

We can now use (4.3.24) and (4.3.25) to obtain

∥e0∥1,k ≤ ∥u∥1,k + 2kΛΘ1/2(1 + Cstab)∥e0∥1,k ≤ ∥u∥1,k + 1
2∥e0∥1,k,

which, in turn, implies (4.3.26).

Remark 4.3.19 (Comparison and provenance). Conditions (4.3.21) and (4.3.25) strengthen the
coarse-level assumptions in [13] by leveraging the sharper GenEO approximation (Lemma 4.3.7).
The proof strategy is classical: a contradiction argument for solvability (coercivity of b on V0)
and a Petrov–Galerkin stability estimate for (4.3.24).

Corollary 4.3.20 (τ -form of the coarse conditions). Let Θ = 1/τ and Λ ≥ 1. Then condition
(4.3.25) is equivalent to

τ ≥ 16Λ2(1 + Cstab)
2k2.

Remark 4.3.21 (Interpretation of the coarse-level condition). Conditions (4.3.21) and (4.3.25)
arise from the requirement that the coarse-level Helmholtz projector T0 be well defined and stable.
They ensure coercivity of the bilinear form b(·, ·) on the coarse space V0, and are therefore
necessary ingredients in the field-of-values analysis underpinning Theorem 4.3.1.Note that the
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first inequality in (4.3.2) implies (4.3.25), which, in turn, implies (4.3.21). All three conditions
impose constraints on the spectral threshold τ through the quantity Θ = 1/τ and ultimately stem
from the same coarse-space approximation estimate provided by Lemma 4.3.7. Corollary 4.3.20
makes this connection explicit by showing that (4.3.21) is equivalent to a quadratic lower bound
on τ , namely τ ≳ (1 + Cstab)

2k2, which is consistent with the simplified k-explicit conditions
in (4.3.5). From a practical perspective, condition (4.3.21) should again be interpreted as a
sufficient condition. It guarantees that all coarse modes responsible for potential instabilities are
captured, but it does not require that the bound on τ be saturated in practice. As observed in the
numerical experiments, stable and efficient convergence is typically achieved for values of τ that
are significantly smaller than the worst-case theoretical bound suggested by (4.3.21).

On the size of the coarse space and the τ-bound The conditions in Corollary 4.3.20
constrain the threshold τ , not the number of kept local modes mi directly. Translating a bound
on τ into a bound on mi requires information about the spectral density {λiℓ}ℓ≥1 of the local
problems, which depends on geometry, overlap, H, and coefficients. In the absence of such
structure, the sufficient bound τ ≳ (1 +Cstab)

2k2 can be read as ‘include all local modes whose
Rayleigh quotients are ≲ k2’, which may appear to force a rapidly growing coarse space as k
increases. In practice, two points mitigate this pessimism:

• Sufficiency vs. necessity. The k2 scaling is a worst-case sufficient condition for field-
of-values robustness. Empirically, with H ∼ c/k and moderate overlap, the spectrum of
(Ξi·,Ξi·)1,k,Ωi

typically exhibits an early cluster/gap, so only a modest number of modes
per subdomain are needed to stabilise GMRES. Thus, mi often grows much more slowly
than what a literal reading of the τ -inequality would suggest.

• What matters for GMRES. The theory guarantees that unresolved ‘bad’ components
(those with λiℓ ≤ τ) are transferred to the coarse level. Once the coarse space captures
these, further enrichment has diminishing returns. For higher k, local coercivity is already
ensured by H ∼ c/k (cf. Lemma 4.3.14), and the residual high-frequency components are
effectively damped by the local solves.

Remark 4.3.22 (Limits of SPD coarse spaces at very high frequency). The present analysis
deliberately uses an SPD coarse space for an indefinite problem. While our bounds certify ro-
bustness under H ∼ k−1 and τ ≳ (1 + Cstab)

2k2, they are not intended to be tight at very
large k. Beyond some regime, SPD coarse spaces may cease to be the most effective choice;
shifted/indefinite coarse operators or multilevel variants are natural successors. Our results
should therefore be read as clarifying the range over which SPD GenEO-type spaces remain
effective, and as a baseline for future indefinite coarse spaces.

For ease of reference, we summarise in Table 4.1 the sufficient k-explicit conditions on the
subdomain diameter H and the spectral threshold τ required to guarantee robust GMRES con-
vergence for the original ∆-GenEO method and for the proposed ∆k-GenEO variant. The table
highlights the substantial reduction in wavenumber dependence achieved by the k-dependent
formulation, while emphasising that all bounds remain sufficient rather than necessary.

Table 4.1: Comparison of sufficient k-explicit conditions for robust GMRES convergence using
∆-GenEO and ∆k-GenEO coarse spaces.

∆-GenEO ∆k-GenEO

Subdomain diameter H H ≲ k−2 H ≲ k−1

Spectral threshold τ τ ≳ k8 τ ≳ k2
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While our bounds certify robustness under H ∼ k−1 and τ ≳ (1 + Cstab)
2k2, they are not

intended to be tight for very large k. Beyond some regime, SPD coarse spaces may cease to be
the most effective choice; shifted/indefinite coarse operators or multilevel variants are natural
successors. Our results should therefore be read as clarifying the range over which SPD GenEO-
type spaces remain effective, and as a baseline for future indefinite coarse spaces.

4.4 Proof of the Main Result

Before proving the main result we need an additional technical lemma.

Lemma 4.4.1 (FoV lower bound and operator-norm bound). Under the assumptions of The-
orem 4.3.1 and the constraints (4.3.2), the projection operator T =

∑N
i=0EiTi satisfies, for all

u ∈ V h,
c1∥u∥21,k ≤ (Tu, u)1,k (4.4.1)

and
∥Tu∥1,k ≤ √

c2 ∥u∥1,k, (4.4.2)

where c1, c2 are as in (4.3.4).

Proof. Step 1 (FoV template: relate ∥u∥21,k to (Tu, u)1,k plus two error terms). With Csd =

2 + 3Λ2Θ we obtain from Proposition 4.3.12 that

∥u∥21,k ≤ Csd (Pu, u)1,k = Csd

N∑
i=0

(EiPiu, u)1,k.

For each i ∈ {0, . . . , N} we use the relation b(·, ·) = a(·, ·)− k2(·, ·) and the definitions of Ti and
Pi to obtain

(EiPiu, u)1,k = (u,EiPiu)1,k = b(u,EiPiu) + 2k2(u,EiPiu) = bΩi(Tiu, Piu) + 2k2(u,EiPiu)

= (Tiu, Piu)1,k,Ωi
− 2k2(Tiu, Piu)Ωi + 2k2(u,EiPiu)

= (Tiu, Piu)1,k,Ωi
− 2k2(EiTiu,EiPiu) + 2k2(u,EiPiu)

= (EiTiu, u)1,k + 2k2(u− EiTiu,EiPiu),

which yields

∥u∥21,k ≤ Csd

(
(Tu, u)1,k + 2k2(u− T0u, P0u) + 2k2

N∑
i=1

(u− EiTiu,EiPiu)

)
. (4.4.3)

We now bound the two perturbation terms.

Step 2 (Coarse term bound via T0 stability). It follows from Cauchy–Schwarz, (4.2.5) and Lemma
4.3.18 that

|2k2(u− T0u, P0u)| ≤ 2k2∥T0u− u∥ ∥P0u∥ ≤ 2k∥T0u− u∥ ∥P0u∥1,k
≤ 2kΛΘ1/2(1 + Cstab)∥T0u− u∥1,k∥P0u∥1,k.

The first inequality in (4.3.2) implies that (4.3.25) holds. Also we have the fact that P0 is an
orthogonal projection with respect to (·, ·)1,k, and hence (4.3.26) yields

|2k2(u− T0u, P0u)| ≤ 4kΛΘ1/2(1 + Cstab)∥u∥1,k∥P0∥1,k ≤ 4kΛΘ1/2(1 + Cstab)∥u∥21,k. (4.4.4)
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Step 3 (Local terms bound via Ti stability and overlap). For i ≥ 1, we have, by Cauchy–Schwarz,
Friedrichs on Ωi, and Lemma 4.3.16,

|2k2(u− EiTiu,EiPiu)| ≤ 2k2 ∥u− Tiu∥Ωi ∥Piu∥Ωi ≤ 2k ∥u− Tiu∥1,k,Ωi
∥Piu∥Ωi

≤ 2k
(
∥u∥1,k,Ωi

+ ∥Tiu∥1,k,Ωi

)
∥Piu∥Ωi

≤ Hk
√
2
(
∥u∥1,k,Ωi

+ ∥Tiu∥1,k,Ωi

)
∥Piu∥1,k,Ωi

≤ Hk
√
2
(
∥u∥1,k,Ωi

+ 2∥u∥1,k,Ωi

)
∥Piu∥1,k,Ωi

= 3Hk
√
2 ∥u∥1,k,Ωi

∥Piu∥1,k,Ωi
.

Summing over i ∈ {1, . . . , N}, applying Cauchy–Schwarz and using (4.3.9), (4.3.18) we obtain∣∣∣∣∣2k2
N∑
i=1

(u− EiTiu,EiPiu)

∣∣∣∣ ≤ 3Hk
√
2

N∑
i=1

∥u∥1,k,Ωi
∥Piu∥1,k,Ωi

≤ 3Hk
√
2

(
N∑
i=1

∥u∥21,k,Ωi

) 1
2
(

N∑
i=1

∥Piu∥21,k,Ωi

) 1
2

= 3ΛHk
√
2 ∥u∥21,k. (4.4.5)

Step 4 (Combine and absorb). Inserting (4.4.4) and (4.4.5) into (4.4.3) we obtain

∥u∥21,k ≤ Csd

(
(Tu, u)1,k + 4kΛΘ1/2(1 + Cstab)∥u∥21,k + 3ΛHk

√
2 ∥u∥21,k

)
= Csd(Tu, u)1,k +

1
2(s+ t)∥u∥21,k ≤ Csd(Tu, u)1,k +max{s, t}∥u∥21,k.

Since s, t < 1, this implies (4.4.1) with c1 =
1−max{s, t}

Csd
.

Operator-norm bound. We write Tu = T0u +
∑N

i=1EiTiu and use the overlap stability (4.3.9)
to find

∥Tu∥21,k ≤ 2

(
∥T0u∥21,k +

∥∥∥ N∑
i=1

EiTiu
∥∥∥2
1,k

)
≤ 2∥T0u∥21,k + 2Λ

N∑
i=1

∥Tiu∥21,k,Ωi
. (4.4.6)

For the first term on the right-hand side, we use Cauchy–Schwarz and Lemma 4.3.18, which
yield

∥T0u∥21,k = (T0u, T0u)1,k = (T0u− u, T0u)1,k + (u, T0u)1,k

≤ ∥T0u− u∥1,k∥T0u∥1,k + ∥u∥1,k∥T0u∥1,k
≤ 2∥u∥1,k∥T0u∥1,k + ∥u∥1,k∥T0u∥1,k = 3∥u∥1,k∥T0u∥1,k,

and hence
∥T0u∥1,k ≤ 3∥u∥1,k. (4.4.7)

For the second term on the right-hand we use Lemma 4.3.16 to obtain∑
i=1

∥Tiu∥21,k,Ωi
≤
∑
i=1

4
∥∥u|Ωi

∥∥2
1,k,Ωi

≤ 4Λ∥u∥21,k. (4.4.8)

Combining (4.4.7) and (4.4.8) with (4.4.6) we arrive at

∥Tu∥21,k ≤ 2× 9∥u∥21,k + 2× 4Λ2∥u∥21,k = (18 + 8Λ2)∥u∥21,k,

which is (4.4.2).
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We are now able to finish the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. Let M := M−1
AS,2B and endow Rn with the Dk-inner product ⟨·, ·⟩Dk

and norm ∥ · ∥Dk
. By Proposition 4.2.6, for all u, v ∈ V h with coefficient vectors u,v,

(Tu, v)1,k = ⟨Mu,v⟩Dk
.

Taking v = u and using (4.4.1) we obtain the FoV distance (from the origin)

inf
∥u∥Dk

=1
Re ⟨Mu,u⟩Dk

≥ c1.

Next, (4.4.2) gives

∥Mu∥2Dk
= ⟨Mu,Mu⟩Dk

= (Tu, Tu)1,k = ∥Tu∥21,k ≤ c2 ∥u∥21,k = c2∥u∥2Dk
;

hence the operator norm satisfies ∥M∥Dk
≤ √

c2.
By the Elman field-of-values estimate for preconditioned GMRES [35], the residuals satisfy

∥r(m)∥2Dk
≤
(
1−

( δ
β

)2)m

∥r(0)∥2Dk
, δ := inf

∥u∥Dk
=1

Re ⟨Mu,u⟩Dk
, β := ∥M∥Dk

.

Using δ ≥ c1 and β2 ≤ c2 we obtain

∥r(m)∥2Dk
≤
(
1− c21

c2

)m
∥r(0)∥2Dk

,

which is the claimed convergence bound (with the stated c1 and c2).

4.5 Numerical Results

The aim of this section is to provide a comprehensive assessment of the performance and robust-
ness of the ∆k-GenEO coarse space when combined with the two-level additive Schwarz (AS)
preconditioner, and to compare its behaviour with that of the classical one-level AS method.
While theoretical analysis provides insight into the spectral properties of these preconditioners,
the actual performance in practice is influenced by a number of factors that are difficult to quan-
tify a priori, such as the frequency, the domain partitioning, the heterogeneity of the medium,
and the chosen eigenvalue threshold for coarse space construction.

The numerical experiments presented in this section are not designed to strictly enforce the
sufficient conditions obtained in the theoretical results. Instead, they deliberately explore a
range of regimes that extend beyond these conservative bounds in order to assess the practical
robustness of the proposed ∆k-GenEO method. Many experiments intentionally violate one
or more of the theoretical assumptions. The resulting performance illustrates that the method
remains effective well beyond the strict regime guaranteed by the analysis, thereby highlighting
the gap between sufficient theoretical conditions and observed behaviour in practice.

In what follows, we conduct a series of numerical experiments. Our tests are restricted to
two representative cases:

1. Homogeneous test case. A benchmark posed on the unit square with homogeneous
Dirichlet boundary conditions and a single interior point source. This case allows for the
performance of the preconditioners to be tested in a controlled setting.

2. Heterogeneous test case. A layered medium with strong contrasts, designed to probe
the robustness of the method under medium heterogeneity, and to examine how the coarse
space size and convergence are affected in more challenging settings.
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Both test cases allow us to study how iteration counts and coarse space dimension scale
with respect to the number of subdomains and the frequency. The influence of the following
parameters is reported:

• subdomain diameter measured in wavelengths,

• global and per-subdomain coarse space dimension,

• eigenvalue threshold τ for coarse space construction.

4.5.1 Implementation Details

All computations are performed in FreeFEM using the ffddm framework [91], which provides
highly flexible Message Passing Interface (MPI)-parallel scripts for domain decomposition meth-
ods.

Domain partition and overlap The computational domain Ω is partitioned into N non-
overlapping square subdomains {Ω′

i}Ni=1. Unless otherwise stated, an overlap is introduced by
extending each Ω′

i by a minimum number of layers of finite elements, yielding overlapping sub-
domains {Ωi}Ni=1.

Setup: one-level preconditioner In the one-level AS method, we perform the following

1. Assemble the local stiffness and mass matrices on Ωi corresponding to the bilinear forms
aΩi and bΩi .

2. Compute and store a sparse LU factorization of the resulting local system using MUMPS.

Setup: two-level (∆k-GenEO) coarse space The two-level method augments the one-
level setup with a global coarse correction space. On each MPI rank i, that is, on each parallel
process, we:

1. Assemble the local generalised eigenproblem where Ξi is the partition of unity operator.

2. Solve the eigenproblem using SLEPc, and select the first mi eigenmodes according to a
fixed spectral threshold (λiℓ ≤ τ).

3. Form the corresponding coarse basis vectors EiΞi(p
i
ℓ) and contribute to the global coarse

operator B0, defined as the b(·, ·)-form restricted to V0.

Software stack For the numerical linear algebra components, we employ the sparse direct
solver MUMPS [1] to factorise both local and coarse matrices. The local spectral problems arising
in the construction of the ∆k-GenEO coarse space are solved using the SLEPc library [61],
which provides scalable eigensolvers for large sparse eigenvalue problems. Iterative solutions
are obtained with GMRES. Unless otherwise stated, GMRES is not restarted; iterations are
terminated once the relative residual is reduced below 10−6, or the number of iterations reaches
200.

Preconditioner application (solve phase) Each iteration of the preconditioned GMRES
method involves:

1. Local solves: one forward/backward substitution with the stored LU factorization on each
Ωi, executed in parallel across all MPI ranks.
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2. Coarse solve: one forward/backward substitution with the factorised coarse matrix B0,
distributed over the P coarse ranks, accompanied by the necessary global communication
(scatter and gather).

Algorithmic complexity. From a parallel complexity perspective, the implementation natu-
rally separates into a setup phase and an application phase, whose scaling behaviour is qualita-
tively different. During the setup phase, all local tasks—assembly of local matrices, solution of
the local generalised eigenvalue problems, and factorisations—are embarrassingly parallel across
subdomains. The only global communication required at this stage is the assembly of the coarse
operator B0, whose size scales with the coarse space dimension dimV0.

During the application phase, each GMRES iteration consists of fully parallel local solves on
the subdomains and a single coarse-level solve, accompanied by standard global scatter/gather
communication. This structure is typical of two-level additive Schwarz methods. As a result,
the dominant communication costs are associated with the coarse solve and are governed by the
size of the coarse space rather than the fine-grid problem size.

We emphasise that the present implementation is not optimised and does not aim to fully
exploit all available parallelisation, communication, or solver-tuning strategies. Consequently,
wall-clock timings, communication overheads, and strong or weak scaling results would be highly
implementation- and hardware-dependent and would not be representative of the intrinsic capa-
bilities of the method. For this reason, the numerical study focuses on algorithmic complexity
and qualitative scaling behaviour—such as iteration counts, coarse space growth, and robustness
with respect to frequency and heterogeneity—which are the primary indicators of performance
for spectral coarse spaces.

It should be noted that due to hardware limitations, we have not been able to utilise full par-
allelisation. Due to the restricted number of CPU cores available, we enabled oversubscription,
which allows more MPI ranks than physical CPU cores, meaning multiple ranks time-share the
same core. This preserves functionality, but can reduce performance.

Homogeneous Problem

In this part we base the numerical experiments on the model problem (4.1.1) in 2D, defined
on the unit square Ω = (0, 1)2 and with A(x) = 1. We impose Dirichlet boundary conditions
on all sides of the domain. A point source is located in the centre of the domain at (12 ,

1
2)

and provides the forcing function f . The point source is numerically modelled by a Gaussian
function: f(x, y) = 104 exp(−103[(x − 1

2)
2 + (y − 1

2)
2]). A schematic of this model problem is

found in Figure 4.1. We note that the specific choice of a Gaussian approximation for the point
source is made for numerical convenience. Since the construction of the ∆k-GenEO coarse space
and the associated preconditioner are independent of the right-hand side, we do not expect
qualitatively different behaviour for other smooth, localised, or volume source terms.

To discretise the problem, we triangulate Ω using a Cartesian grid with spacing h and
alternating diagonals to form a simplicial mesh. The local wavenumber, k is constant and the
wavelength used to measure geometrical parameters is λ = 2π/k. The discrete problem (4.2.3)
is assembled using a P1 finite element approximation on this mesh. To mitigate the pollution
effect, we choose the wavenumber k and the mesh size h simultaneously so that the dimensionless
quantity kh remains sufficiently small. In practice, this is enforced by fixing a minimum number
of grid points per wavelength λ. Here, we ensure that kh ≲ 0.1, which corresponds to at least
25π points per wavelength λ. This is widely considered a very fine mesh, with most real world
applications accepting 10 points per wave length. However, this value has been chosen to ensure
an accurate solution whilst maintaining a solvable problem size.

In Table 4.2 we show the dimension of the fine mesh (n), the diameter of the domain measured
in wavelengths (L), the diameter of the sub-domains measured in wavelengths (H), the number
of local degrees of freedom (nloc), the GMRES iteration count (It) for the one-level and two level
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Figure 4.1: Schematic of the homogeneous problem with example triangular mesh (left). The
solution for the homogeneous problem with k = 100 (right).

One Level ∆-GenEO ∆k-GenEO
N k h−1 n L H nloc It It CS CSloc It CS CSloc
16 20 240 58081 3.18 0.82 3969 41 36 400 25 22 272 17

40 480 231361 6.37 1.62 15129 107 92 804 50 73 580 36
60 720 519841 9.55 2.41 33489 153 156 1232 77 78 976 61
80 960 923521 12.73 3.21 59049 >200 >200 1640 102 155 1424 89
100 1200 1442401 15.92 4.01 91809 >200 >200 2052 128 170 1932 121

36 20 240 58081 3.18 0.56 1849 79 23 684 19 23 428 12
40 480 231361 6.37 1.09 6889 >200 130 1356 38 112 860 24
60 720 519841 9.55 1.62 15129 >200 >200 2020 56 144 1444 40
80 960 923521 12.73 2.15 26569 >200 >200 2740 76 >200 2028 56
100 1200 1442401 15.92 2.68 41209 >200 >200 3428 95 >200 2752 76

64 20 240 58081 3.18 0.42 1089 92 22 896 14 23 608 10
40 480 231361 6.37 0.82 3969 175 133 1856 29 57 1248 20
60 720 519841 9.55 1.22 8649 >200 >200 2848 44 181 1884 29
80 960 923521 12.73 1.62 15129 >200 >200 3780 59 >200 2692 42
100 1200 1442401 15.92 2.02 23409 >200 >200 4768 74 >200 3488 54

100 20 240 58081 3.18 0.34 729 96 21 1176 12 22 684 7
40 480 231361 6.37 0.66 2601 >200 108 2420 24 105 1472 15
60 720 519841 9.55 0.98 5625 >200 >200 3600 36 124 2360 24
80 960 923521 12.73 1.30 9801 >200 >200 4940 49 192 3440 34
100 1200 1442401 15.92 1.62 15129 >200 >200 6084 61 >200 4324 43

144 20 240 58081 3.18 0.29 529 104 18 1440 10 19 1012 7
40 480 231361 6.37 0.56 1849 >200 67 3024 21 63 1928 13
60 720 519841 9.55 0.82 3969 >200 >200 4368 30 78 2928 20
80 960 923521 12.73 1.09 6889 >200 >200 5952 41 >200 3800 26
100 1200 1442401 15.92 1.35 10609 >200 >200 7392 51 >200 5140 36

Table 4.2: Homogeneous media test case, using τ = 0.7 and τ = 0.5 for ∆-GenEO and ∆k-
GenEO respectively.

methods using the ∆-GenEO and ∆k-GenEO coarse space, the dimension of the coarse space
(CS) and averaged number of contributions to the coarse space per subdomain (CSloc) for the
∆-GenEO and ∆k-GenEO methods.

Heterogenous Problem

We now consider the same experiments as in the homogeneous case, but with a heterogeneous
diffusion coefficient A(x). This aims to study the robustness of the method with respect to
medium heterogeneity. For this purpose, we consider a layered medium within the same unit
square domain. More precisely, we use an alternating layer configuration in which the hetero-
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One Level ∆-GenEO ∆k-GenEO
N k h−1 amax n L H nloc It It CS CSloc It CS CSloc
16 20 240 10 58081 3.18 0.82 3969 134 20 400 25 21 258 16

60 720 10 519841 9.55 2.41 33489 >200 121 1234 77 91 842 53
100 1200 10 1442401 15.92 4.01 91809 >200 >200 2062 129 146 1608 100

16 20 240 100 58081 3.18 0.82 3969 121 19 400 25 21 262 16
60 720 100 519841 9.55 2.41 33489 >200 76 1234 77 61 826 52
100 1200 100 1442401 15.92 4.01 91809 >200 196 2064 129 134 1566 98

16 20 240 1000 58081 3.18 0.82 3969 90 15 400 25 18 262 16
60 720 1000 519841 9.55 2.41 33489 >200 66 1234 77 58 820 51
100 1200 1000 1442401 15.92 4.01 91809 >200 179 2064 129 111 1568 98

36 20 240 10 58081 3.18 0.56 1849 174 19 672 19 20 420 12
60 720 10 519841 9.55 1.62 15129 >200 151 2042 57 125 1328 37
100 1200 10 1442401 15.92 2.68 41209 >200 >200 3426 95 195 2410 67

36 20 240 100 58081 3.18 0.56 1849 147 19 666 18 21 422 12
60 720 100 519841 9.55 1.62 15129 >200 108 2050 57 73 1320 37
100 1200 100 1442401 15.92 2.68 41209 >200 >200 3426 95 194 2356 65

36 20 240 1000 58081 3.18 0.56 1849 107 16 666 18 18 422 12
60 720 1000 519841 9.55 1.62 15129 >200 85 2050 57 67 1320 37
100 1200 1000 1442401 15.92 2.68 41209 >200 >200 3426 95 176 2356 65

64 20 240 10 58081 3.18 0.42 1089 200 18 900 14 20 584 9
60 720 10 519841 9.55 1.22 8649 >200 177 2862 45 129 1804 28
100 1200 10 1442401 15.92 2.02 23409 >200 >200 4778 75 >200 3200 50

64 20 240 100 58081 3.18 0.42 1089 168 19 904 14 21 586 9
60 720 100 519841 9.55 1.22 8649 >200 130 2850 45 84 1794 28
100 1200 100 1442401 15.92 2.02 23409 >200 >200 4768 74 >200 3168 50

64 20 240 1000 58081 3.18 0.42 1089 127 16 904 14 18 586 9
60 720 1000 519841 9.55 1.22 8649 >200 119 2850 45 80 1794 28
100 1200 1000 1442401 15.92 2.02 23409 >200 >200 4768 74 >200 3168 50

100 20 240 10 58081 3.18 0.34 729 179 18 1176 12 19 752 8
60 720 10 519841 9.55 0.98 5625 >200 162 3640 36 112 2388 24
100 1200 10 1442401 15.92 1.62 15129 >200 >200 6134 61 >200 4070 41

100 20 240 100 58081 3.18 0.34 729 109 19 1168 12 19 792 8
60 720 100 519841 9.55 0.98 5625 >200 94 3664 37 64 2390 24
100 1200 100 1442401 15.92 1.62 15129 >200 >200 6174 62 171 4160 42

100 20 240 1000 58081 3.18 0.34 729 68 16 1168 12 17 792 8
60 720 1000 519841 9.55 0.98 5625 >200 68 3664 37 56 2382 24
100 1200 1000 1442401 15.92 1.62 15129 >200 170 6174 62 113 4192 42

144 20 240 10 58081 3.18 0.29 529 >200 17 1436 10 19 938 7
60 720 10 519841 9.55 0.82 3969 >200 174 4424 31 126 2766 19
100 1200 10 1442401 15.92 1.35 10609 >200 >200 7422 52 >200 4838 34

144 20 240 100 58081 3.18 0.29 529 198 19 1412 10 20 934 6
60 720 100 519841 9.55 0.82 3969 >200 135 4428 31 89 2772 19
100 1200 100 1442401 15.92 1.35 10609 >200 >200 7466 52 >200 4834 34

144 20 240 1000 58081 3.18 0.29 529 130 16 1412 10 18 934 6
60 720 1000 519841 9.55 0.82 3969 >200 130 4428 31 90 2772 19
100 1200 1000 1442401 15.92 1.35 10609 >200 >200 7466 52 >200 4810 33

Table 4.3: Results showing the dimension of the fine mesh (n), the diameter of the domain
measured in wavelengths (L), the diameter of the sub-domains measured in wavelengths (H),
the number of local degrees of freedom (nloc), the GMRES iteration count (It) for the one-level
and two level methods using the ∆-GenEO and ∆k-GenEO coarse space, the dimension of the
coarse space (CS) and averaged number of contributions to the coarse space per subdomain
(CSloc) for the ∆-GenEO and ∆k-GenEO methods. These results are for the heterogeneous
media test case, using τ = 0.7 and τ = 0.5 for ∆-GenEO and ∆k-GenEO respectively.
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geneity is introduced through the material parameter a(x) where

a(x) =

{
amax if y ∈ [0, 0.1) ∪ [0.2, 0.3) ∪ [0.4, 0.5) ∪ [0.6, 0.7) ∪ [0.8, 0.9),

amin otherwise,

with amax > 1 and amin = 1; see Figure 4.6. The heterogeneous coefficient is given by

A(x) = a(x)I.
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Figure 4.6: The heterogeneous function a(x) within the alternating layers. The shading gives
the value of a(x) with the darkest shade being a(x) = amax, where amax > 1 is a parameter,
and the white taking the value amin = 1 (left). The solution for the heterogeneous problem with
k = 100 and amax = 50 (right).

4.5.2 Results

In Tables 4.2 and 4.3, we display the results comparing the one-level AS and the two-level AS
with the ∆-GenEO from [13] and the newly proposed ∆k-GenEO. The indefiniteness of the
problem is controlled by changing k with different subdomain decompositions N . The entries
are the number of global degrees of freedom, n, the diameter of the domain, L, measured in
the smallest wavelength λmin, the diameter of the subdomains, H, measured in the smallest
wavelength, the number of local degrees of freedom, nloc, the iterations required to reach the
GMRES tolerance, It, for the one-level, ∆-GenEO and ∆k-GenEO method, the total size of
the ∆-GenEO and ∆k-GenEO coarse space, CS, and the averaged number of contributions to
the coarse space per subdomain, CSloc. For the ∆-GenEO and ∆k-GenEO method τ has been
selected for each to give the nearest iteration counts across the two methods. In Table 4.3 we
also show the effect from changing the amax being used.

Further to this, using the smallest and largest values of k tested, we show the number of
GMRES iterations required to reach the desired tolerance as a function of the total coarse space
size and the threshold value selection in Figures 4.2 and 4.4. The number of GMRES iterations
and coarse space size as a function of the subdomain diameter in wavelengths is shown in
Figures 4.3 and 4.5, with the heterogeneous results in Figures 4.4 and 4.5 having amax = 10.

4.5.3 Analyses and Comparison

We now compare the results for the homogeneous and heterogeneous test cases across the differ-
ent methods. In this study, we deliberately focus on iteration counts and coarse-space dimensions
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rather than reporting CPU timings. While wall-clock times can be informative, they are highly
sensitive to implementation details, solver tolerances, hardware architecture, and the degree of
optimisation of the software stack, and therefore do not provide a robust basis for comparison
across platforms.

For two-level domain decomposition methods, iteration counts and coarse-space size are
widely accepted as reliable proxies for performance. In particular, reduced iteration counts di-
rectly decrease the number of local and coarse solves, while smaller coarse spaces lead to cheaper
coarse-level factorisations and solves, as well as reduced communication overhead. Consequently,
the consistently lower iteration counts and more compact coarse spaces observed for the ∆k-
GenEO method translate into a lower time-to-solution in practical, optimised implementations,
even though explicit timings are not reported here.

From both the Tables 4.2 and 4.3, and Figures 4.2 and 4.4 we can identify several points of
interest:

Two-level is essential. ∆k-GenEO dominates Across all tested N and k, the one-level
method quickly becomes non-viable beyond small k or a large N . As demonstrated when k = 40,
the iteration count exceeds the 200 iteration limit for N ≥ 36. When k ≥ 60, the one-level
method fails for the majority of N being tested. In contrast, both two-level variants are robust
at low to moderate k, with ∆k-GenEO consistently achieving the same or lower iteration count
than the ∆-GenEO for a smaller coarse space (CS).

Frequency sensitivity and thresholding For k ≤ 40, both two-level methods can yield
nearly N independent iteration counts, provided that an adequate sized coarse space is used.
The ∆k-GenEO method is shown to require ≈ 25–35% fewer basis vectors in the coarse space
when compared to the ∆-GenEO method. As k increases, acceptable performance requires
increasing the eigenvalue threshold τ , subsequently increasing the CS. Using a τ ∈ [0.4, 0.7] is
sufficient for k ≲ 40, while τ ≥ 0.6–0.7 is required for k ∈ {80, 100} to bring iterations down
from the iteration limit to 40–80 iterations when using the ∆k-GenEO coarse space. However,
when using the ∆-GenEO coarse space, increasing τ fails to bring the iteration count below the
upper limit for the high k values. Beyond these ranges, further increases in τ let the CS grow
substantially but can start to yield diminishing iteration gains. This effect is more prominent
when using the ∆-GenEO than for ∆k-GenEO. Beyond both methods’ inherent limitations for
higher frequencies, numerical experiments provide insight into how the spectral threshold τ may
be chosen in practice. Across all tested configurations, robust convergence of the ∆k-GenEO
method is obtained for values of τ less than 1 well below the worst-case bounds predicted by
the theory, with only a modest increase in coarse-space dimension as τ is increased.

Scaling with N , H, and k With fixed spectral threshold τ , the global coarse-space dimen-
sion grows approximately linearly with the number of subdomains N and increases with the
wavenumber k. At the subdomain level, the number of local coarse modes, denoted by CSloc,
increases with the subdomain diameter measured in wavelengths, H, since fewer and wider sub-
domains support a larger number of low-energy local modes. While the theory suggests a fairly
conservative restriction on the size subdomain size, we can observe from the results that we are
able to achieve convergence with substantially larger subdomains then suggested.

Consequently, for fixed k and τ , increasing H reduces the number of subdomains and there-
fore decreases the total coarse-space dimension CS, while simultaneously increasing the average
number of local contributions CSloc. For low to moderate frequencies, the GMRES iteration
counts are fairly insensitive to changes in H for both the ∆-GenEO and ∆k-GenEO methods,
indicating that the coarse spaces remain sufficiently rich to capture the relevant global modes.
The total coarse-space size also differs only mildly between the two methods in this regime. At
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higher frequencies, however, the ∆k-GenEO method is more robust, reflecting its ability to re-
tain additional modes required to stabilise the iteration in more indefinite regimes. As a general
rule, achieving scalability with respect to the number of domains and frequency happens at the
expense of a larger coarse space.

Effect of heterogeneity (contrast amax) Introducing heterogeneity produces mild changes
in CS size and, in many cases, slightly improves iterations for the two-level methods. For
example, at k = 60 and fixed N , increasing amax often decreases the iteration counts for both
coarse spaces, with ∆k-GenEO maintaining a clear advantage in both iterations and CS size.
Overall, the behaviours observed in the homogeneous case persist under heterogeneity, with
only weak dependence on amax. The one-level method is adversely effected by the heterogeneity,
obtaining higher iteration counts even with low k and N , where the one-level method performed
more favourably in the homogeneous case.

High-frequency regime At k ≥ 60, ∆k-GenEO remains viable across the tested N provided
τ is large enough (typically ≥ 0.6–0.7). In comparison, ∆-GenEO often reaches the iteration
limit even as τ increases.

One-level baseline The one-level method should be avoided except for very small k and N ,
and with no heterogeneity. Its iteration counts grow with N even at k = 20 and generally hit
the iteration limit for k ≥ 40.

From these results, we can see that for both the homogeneous and heterogeneous tests, the
∆k-GenEO is significantly more robust and scalable than the one-level method. It can remain
effective at high k provided the eigenvalue threshold τ is increased sufficiently. Whilst the ∆-
GenEO is effective for moderate k, it requires a larger coarse space in order to see the same
reduction in iteration counts, and still fails to converge within the iteration limit when k is high.
The one-level method on the other hand, is not competitive except at the very lowest frequencies.
It has also been noticed that with an increase in the heterogeneity, it was possible to obtain fewer
iteration counts. The lower iteration counts for some of the heterogeneous problems may stem
from the fact that in some parts of the domain the heterogeneity in fact reduces the strength of
the indefiniteness. For example, if we let Ωmax be a section of the domain where a(x) is at its
maximum value, amax, then if we restrict problem (4.1.1) to Ωmax, we see that (4.1.1) can be
reduced to

∆u− a−1
maxk

2u = a−1
maxf.

Thus the restriction acts to reduce the effective indefiniteness in this region. If using the ∆k-
GenEO, then the following operational guidance should be followed,

• For low to moderate frequency (k ≲ 40): choose τ ≈ 0.4−0.7 to get ∼ 20−50 iterations
with moderate CS.

• For high frequency (e.g. k ≥ 80): set τ ≈ 0.6−0.7 to keep iterations ≲ 50−80 across N .

• Expect CS ∝ N and CSloc to grow with H and k.

4.5.4 Comparison with Hk-GenEO

To further clarify the positioning of the proposed ∆k-GenEO method, we include a brief numer-
ical comparison with the Hk-GenEO coarse space briefly mentioned in the introduction, where
the local spectral problem involves the full (indefinite) operator. That is, for each i ∈ {1, . . . , N}
we solve the local eigenvalue problem consisting in finding the eigenpairs (p, λ) such that

bΩi(p, v) = λ
(
Ξip,Ξiv

)
1,k,Ωi

for all v ∈ Ṽi
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The discrete versions of eigenfunctions p are added then to the coarse space in the same fashion
as for the ∆k-GenEO method.

The problem being studied for the comparison between the ∆k-GenEO and Hk-GenEO
coarse space is that of the homogeneous problem as outlined in Section 4.5.1. Table 4.4 displays
the results comparing the one-level AS and the two-level AS with the Hk-GenEO and the ∆k-
GenEO. The indefiniteness of the problem is controlled by k, and the number of subdomains
is given by N . All other entries are as previously defined. Figure 4.7 shows the number of
iterations to achieve the required GMRES tolerance as a function of the total coarse space size,
and the selected threshold. Figure 4.8 shows the number of GMRES iterations and coarse space
size as a function of the subdomain diameter in wavelengths.

We notice that for low to moderate frequencies, both approaches exhibit robust two-level
convergence, with iteration counts that depend only weakly on the number of subdomains once
a moderate spectral threshold is used. In this regime, ∆k-GenEO remains comparable to Hk-
GenEO, although it typically requires a slightly larger coarse space to achieve similar iteration
counts. As the frequency increases, however, the behaviour of the two methods diverges more
clearly: while Hk-GenEO maintains fast convergence for moderate thresholds, ∆k-GenEO be-
comes increasingly sensitive to the wavenumber and the subdomain partition, requiring larger
coarse spaces and higher iteration counts to converge.

This highlights an intrinsic limitation of purely SPD-based coarse spaces in the high-frequency,
strongly indefinite regime. Nevertheless, an important advantage of ∆k-GenEO lies in its con-
ceptual and theoretical simplicity: the associated local spectral problems are symmetric positive
definite and admit a relatively complete and transparent analysis. In contrast, the fully indefinite
spectral problems underlying Hk-GenEO are considerably more involved, and a comprehensive
theoretical understanding of their robustness and scalability remains, to date, far from estab-
lished. In Table 4.4 we show the dimension of the fine mesh (n), the diameter of the domain
measured in wavelengths (L), the diameter of the sub-domains measured in wavelengths (H),
the number of local degrees of freedom (nloc), the GMRES iteration count (It.) for the one-level
and two level methods using the Hk-GenEO and ∆k-GenEO coarse space, the dimension of the
coarse space (CS) and averaged number of contributions to the coarse space per subdomain
(CSloc) for the Hk-GenEO and ∆k-GenEO.

4.6 Conclusion and Discussion

In this work, we have introduced the ∆k-GenEO coarse space. We then derived and rigorously
analysed the required conditions to achieve robust convergence of GMRES when applied to the
Helmholtz problem preconditioned by the ∆k-GenEO coarse space. Our main theoretical results
deliver a refinement of the bounds on the subdomain diameter, H, and the eigenvalue tolerance,
τ , when compared to the ∆-GenEO method, reducing the wavenumber dependence from H ≲
k−2 and τ ≳ k−8 to H ≲ k−1 and τ ≳ k−2, respectively. These improvements stem from
strengthened estimates on the projection and stability operators used in the spectral construction
of the coarse space. The theoretical improvements are also reflected in the numerical results. It
has been demonstrated that the ∆k-GenEO method outperforms the ∆-GenEO method across
all tested scenarios. Not only has the ∆k-GenEO shown to have improved robustness with
respect to more indefinite problems, it is also able to achieve convergence in fewer iterations and
using a smaller coarse space over that of the ∆-GenEO method. While the improved conditions
of the ∆k-GenEO are still conservative, they represent a meaningful step towards more practical
and scalable preconditioners for indefinite wave problems.

Beyond the specific bounds obtained, this work provides insight into why GenEO-type
coarse spaces based on symmetric positive definite operators can remain effective for indefi-
nite Helmholtz problems. By introducing a k-dependent modification of the GenEO eigenvalue
problem, we clarify how much of the observed robustness can be explained within an SPD-based
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One Level Hk-GenEO ∆k-GenEO
N k h−1 n L H nloc It It CS CSloc It CS CSloc

16 20 240 58081 3.18 0.82 3969 41 16 240 18 21 340 21
40 480 231361 6.37 1.62 15129 107 20 628 49 29 784 49
60 720 519841 9.55 2.41 33489 153 17 1160 86 31 1312 82
80 960 923521 12.73 3.21 59049 >200 27 1876 132 75 1936 121
100 1200 1442401 15.92 4.01 91809 >200 36 2660 190 68 2672 167

36 20 240 58081 3.18 0.56 1849 79 19 344 12 22 516 14
40 480 231361 6.37 1.09 6889 >200 31 844 28 56 1168 32
60 720 519841 9.55 1.62 15129 >200 18 1528 49 34 1932 54
80 960 923521 12.73 2.15 26569 >200 23 2312 72 68 2740 76
100 1200 1442401 15.92 2.68 41209 >200 51 3260 99 90 3684 102

64 20 240 58081 3.18 0.42 1089 92 19 448 8 23 736 12
40 480 231361 6.37 0.82 3969 175 24 1056 18 56 1604 25
60 720 519841 9.55 1.22 8649 >200 18 1924 34 72 2460 38
80 960 923521 12.73 1.62 15129 >200 23 2820 49 76 3584 56
100 1200 1442401 15.92 2.02 23409 >200 21 3840 65 88 4616 72

100 20 240 58081 3.18 0.34 729 96 18 684 8 21 980 10
40 480 231361 6.37 0.66 2601 >200 24 1440 16 87 1936 19
60 720 519841 9.55 0.98 5625 >200 18 2200 24 104 3020 30
80 960 923521 12.73 1.30 9801 >200 24 3224 34 144 4324 43
100 1200 1442401 15.92 1.62 15129 >200 24 4504 49 80 5740 57

144 20 240 58081 3.18 0.29 529 104 21 672 5 19 1056 7
40 480 231361 6.37 0.56 1849 >200 30 1544 12 64 2256 16
60 720 519841 9.55 0.82 3969 >200 23 2448 18 77 3796 26
80 960 923521 12.73 1.09 6889 >200 45 3700 28 162 5140 36
100 1200 1442401 15.92 1.35 10609 >200 25 5232 39 197 6576 46

Table 4.4: Threshold values for the coarse space are τ = 0.4 and τ = 0.6 for Hk-GenEO and
∆k-GenEO respectively.

framework, and where its fundamental limitations lie. In particular, the analysis helps to nar-
row the long-standing gap between conservative theoretical guarantees and the much milder
coarse-space growth and iteration counts observed in practice.

Several directions for future research naturally follow from these results. These include
the development and rigorous analysis of coarse spaces built directly from indefinite operators,
multilevel extensions of the ∆k-GenEO framework, and optimised implementations suitable for
large-scale parallel simulations. The present work provides a theoretical and numerical baseline
against which such developments can be assessed.
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Figure 4.2: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count for the homogeneous media test case with k = 20 (top) and k = 100 (bottom). The
number in brackets indicates the number of subdomains.
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Figure 4.3: Influence of the subdomain diameter on the coarse space size (left) and iteration
count (right) for the homogeneous media test case k = 20 (top) and k = 100 (bottom). The
number in brackets indicates τ used.
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Figure 4.4: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count for the heterogeneous media test case with k = 20 (top) and k = 100 (bottom), all with
amax(x) = 10. The number in brackets indicates the number of subdomains.
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Figure 4.5: Influence of the subdomain diameter on the coarse space size (left) and iteration
count (right) for the heterogeneous media test case k = 20 (top) and k = 100 (bottom) , all
with amax(x) = 10. The number in brackets indicates τ used.
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Figure 4.7: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count for the homogeneous media test case with k = 20 (top) and k = 100 (bottom). The
number in brackets indicates the number of subdomains.
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number in brackets indicates τ used.
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Chapter 5

Spectral Coarse Spaces Based on
Indefinite Operators: The
Hk-GenEO Method

This chapter has been done in collaboration with Victorita Dolean, Matthias Langer, Ivan G.
Graham and Théophile Chaumont-Frelet. It will form part of a paper in preparation titled
“Spectral coarse spaces based on indefinite operators: the Hk-GenEO method”.

5.1 Introduction

This chapter develops the theory and implementation of two-level overlapping domain decompo-
sition preconditioners for finite element systems arising from indefinite Helmholtz-type boundary
value problems with heterogeneous coefficients:

− div(A∇u)− k2nu = f in Ω, (5.1.1a)

u = 0 on ∂Ω, (5.1.1b)

where Ω ⊂ Rd (d = 2, 3) is polygonal/polyhedral and Lipschitz, A ∈ (L∞(Ω))d×d is uniformly
elliptic, and n ∈ L∞(Ω) is almost everywhere positive. We assume (5.1.1) admits a unique weak
solution for all f ∈ L2(Ω). As k increases the operator becomes more indefinite, and robust
iterative solution requires a preconditioner whose performance degrades minimally with k.

Aim: coarse spaces built from the full indefinite operator. Earlier GenEO extensions to
indefinite/non-self-adjoint problems, notably ∆-GenEO [13] and its k-weighted refinement ∆k-
GenEO (Chapter 4, [25]), still define local eigenvalue problems using SPD surrogate operators.
While effective over a substantial parameter range, their performance becomes suboptimal at
higher frequencies, reflecting limitations inherent in SPD-based coarse constructions.

The goal of this chapter is to develop a GenEO-type coarse space that is defined directly
in terms of the full indefinite Helmholtz operator. We consider the Hk-GenEO construction,
inspired by the H-GenEO approach of [14], in which the local generalised eigenvalue problems
involve localisations of the original indefinite bilinear form (together with a k-weighted norm).
This choice yields local spectra that can contain both positive and negative components, mir-
roring the global operator but invalidating classical SPD spectral arguments. Consequently, the
analysis must proceed by different techniques.

Two decompositions: fine and coarse scales. A further structural feature of the proposed
method is the use of two distinct decompositions: a fine-scale decomposition with characteristic
diameter Hℓ driving the local Schwarz solves, and a coarse-scale decomposition with diameter
Hc defining the assembly of the global coarse correction. Previous GenEO analyses typically
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assume a single scale Hℓ = Hc = H. Decoupling these scales provides additional flexibility
and leads to sharper bounds, in particular by reducing the extent to which the coarse-space
dimension is tied to the coarse mesh diameter. After finite element discretisation, the resulting
system is symmetric but indefinite, so we employ GMRES. The convergence theory relies on
Elman’s field-of-values framework, as discussed in Section 2.4.2.

Main result. Theorem 5.3.1 establishes explicit k-dependent conditions on Hℓ and the eigen-
value tolerance τ that guarantee convergence of GMRES. The behaviour of the method is pri-
marily governed by:

• the fine subdomain size Hℓ, which determines the ability of local solves to capture oscilla-
tory behaviour,

• the eigenvalue tolerance

τ =
N
min
i=1

λimi+1,

where λimi+1 is the first unused eigenvalue in subdomain Ωi, and which controls the di-
mension of the coarse space.

While these parameters are often chosen empirically, we derive rigorous k-dependent bounds,
improving substantially upon previous results. Let Cstab > 0 denote the stability constant from
(2.2.9), which becomes large as k2 approaches a Dirichlet eigenvalue of −div(A∇u).
Table 5.1 provides a side-by-side comparison of the sufficient conditions for GMRES robustness
across three approaches:

Method Subdomain size Eigenvalue tolerance τ

∆-GenEO [13] H ≲ k−2 (1 + Cstab)
2 k8 ≲ τ

∆k-GenEO (Chapter 4) H ≲ k−1 (1 + Cstab)
2 k2 ≲ τ

Hk-GenEO (this chapter) Hℓ ≲ k−1 (1 + Cstab)
2 k2 ≲ τ

Table 5.1: Comparison of robustness conditions for different GenEO-type coarse spaces.

Although these results indicate that Hk-GenEO and ∆k-GenEO satisfy the same theoretical
conditions, the theory developed for Hk-GenEO offers new insight into the treatment of the
purely indefinite Helmholtz problem. Moreover, the numerical results reveal that the two meth-
ods exhibit markedly different practical behavior. Moreover, the separation of fine and coarse
decompositions decouples the coarse space dimension from the coarse mesh diameter Hc, elim-
inating a restrictive assumption of classical GenEO methods. Finally, we remark that the
theoretical conditions in the earlier bounds are likely overly pessimistic in practice. As shown
in the numerical experiments of [13], robust convergence is often achieved with coarse spaces of
moderate dimension.

5.2 Useful Background

In this section we introduce the variational formulation of (5.1.1) and its finite element discreti-
sation. We then present an abstract finite-dimensional framework for variational generalised
eigenvalue problems with indefinite forms. Finally, we define the additive Schwarz domain de-
composition preconditioner whose novel feature is the Hk-GenEO coarse space, constructed from
modes of local indefinite generalised eigenvalue problems.
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5.2.1 Problem Formulation and Finite Element Discretisation

The weak formulation of (5.1.1) is: find u ∈ H1
0 (Ω) such that

b(u, v) = (f, v) for all v ∈ H1
0 (Ω), (5.2.1)

where f ∈ L2(Ω) and b(·, ·) : H1
0 (Ω)×H1

0 (Ω) → R is defined by

b(u, v) =

∫
Ω

(
A∇u · ∇v − k2nuv

)
dx.

The following mild regularity and scaling assumptions will be used throughout.

Assumption 5.2.1. The coefficients A and n and the domain Ω in (5.1.1) satisfy:

(i) A : Ω → Rd×d and n : Ω → R are measurable, A is symmetric, and there exist 0 < amin ≤
amax and 0 < nmin ≤ nmax such that

amin|ξ|2 ≤ A(x)ξ · ξ ≤ amax|ξ|2 for a.e. x ∈ Ω and all ξ ∈ Rd,

and nmin ≤ n(x) ≤ nmax for a.e. x ∈ Ω.

(ii) Since (5.1.1) can be equivalently rewritten as

−∇·
(

A

amin
∇u
)
−
(
k2nmax

amin

)(
n

nmax

)
u =

f

amin
,

we will assume, without loss of generality, that amin = 1 = nmax and that the diameter
DΩ of Ω satisfies DΩ ≤ 1.

These assumptions are extensions of Assumptions 2.2.2 for the more general problem defini-
tion (5.1.1)

Notation 5.2.2. For any subdomain Ω′ ⊆ Ω, let (·, ·)Ω′ denote the L2(Ω′) inner product and
∥ · ∥Ω′ its norm. We introduce the bilinear forms

aΩ′(u, v) :=

∫
Ω′
A∇u · ∇v dx, bΩ′(u, v) := aΩ′(u, v)− k2(nu, v)Ω′ , u, v ∈ H1(Ω′), (5.2.2)

and the seminorm |u|a,Ω′ :=
√
aΩ′(u, u). We also use the k-weighted (A- and n-dependent) inner

product
(u, v)1,k,Ω′ := aΩ′(u, v) + k2(nu, v)Ω′ ,

with induced norm ∥u∥1,k,Ω′. When Ω′ = Ω, subscripts Ω are omitted.

The forms a(·, ·) and (·, ·)1,k are symmetric and positive definite onH1
0 (Ω); b(·, ·) is symmetric

but, in general, indefinite. We assume (2.2.9) for the solvability of (5.2.1). Such a constant Cstab

exists whenever k2 is not a Dirichlet eigenvalue of the operator − 1
n div(A∇·).

Discretisation Let Th be a family of shape-regular simplicial meshes on Ω, parametrised by
the maximum element diameter h. We denote by σTh the shape-regularity parameter of Th. Let
V h ⊂ H1

0 (Ω) be the H1-conforming Lagrange finite element space of degree r ≥ 1 with nodal
basis {ϕj}nj=1 (the indices j are the degrees of freedom). The Galerkin approximation of (5.2.1)

is: find uh ∈ V h such that

b(uh, vh) = (f, vh) for all vh ∈ V h. (5.2.3)

This is equivalent to the linear system
Bu = f , (5.2.4)
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where (B)ij := b(ϕj , ϕi) and (f)i := (f, ϕi). We will also use the matrices A and S corresponding
to a(·, ·) and n(·, ·), namely (A)ij := a(ϕj , ϕi) and (S)ij := (nϕj , ϕi).

The solvability of (5.2.3) for sufficiently fine meshes and/or large degree r is ensured by the
next lemma, proved for r = 1 in [82, Theorem 2]. Since we could not find a reference for general
r ≥ 1, we include a proof.

Lemma 5.2.3. Let Assumptions 5.2.1 and (2.2.9) hold, and set

β := k max
ϕ∈L2(Ω)
∥ϕ∥=1

min
vh∈V h

∥uϕ − vh∥1,k,

where uϕ is the unique element of H1
0 (Ω) such that b(uϕ, w) = (nϕ,w) for all w ∈ H1

0 (Ω). Then
there exists a function θ ∈ C0((0,∞), (0,∞)) depending only on Ω, A, and k, with limτ→0 θ(τ) =
0, such that

β ≤ C(σTh)θ(h/r). (5.2.5)

In addition, if β <
√
2/2, then the linear system (5.2.3) admits a unique solution uh, and

∥u− uh∥1,k ≤ 1√
1− 2β2

min
vh∈V h

∥u− vh∥1,k ≤ β√
1− 2β2

1

k
∥f∥ (5.2.6)

for all f ∈ L2(Ω).

Proof. The definition of β is meaningful by (2.2.9). The uniqueness of uh and the estimates
in (5.2.6) for β <

√
2/2 constitute a standard result often referred to as the “Schatz argument”

[83, 82]. For completeness, we recall the brief proof.
Let f ∈ L2(Ω) and let uh ∈ V h be any solution of (5.2.3). Further, let u ∈ H1

0 (Ω) be
the unique solution of (5.2.1), which exists by (2.2.9). Again by (2.2.9), there exists a unique
ξ ∈ H1

0 (Ω) such that b(ξ, w) = k(u − uh, w) for all w ∈ H1
0 (Ω). By the definition of β, there is

ξh ∈ V h with
∥ξ − ξh∥1,k ≤ β∥u− uh∥.

Taking w = u− uh in the definition of ξ yields

k∥u− uh∥2 = b(u− uh, ξ) = b(u− uh, ξ − ξh) ≤ ∥u− uh∥1,k ∥ξ − ξh∥1,k,

where we used that uh solves (5.2.3). Hence

k∥u− uh∥ ≤ β∥u− uh∥1,k.

Therefore,

(1− 2β2)∥u− uh∥21,k ≤ ∥u− uh∥21,k − 2k2∥u− uh∥2 = b(u− uh, u− uh) = b(u− uh, u− vh)

for all vh ∈ V h. Assuming 2β2 < 1 we obtain the first estimate in (5.2.6); the second follows
from the definition of β.

So far (5.2.6) holds for any solution, but existence is not yet guaranteed. Since uh is defined by
a finite-dimensional linear system, stability implies uniqueness, which in turn implies existence.

We now prove (5.2.5). By the Fredholm alternative, (2.2.9) ensures that the mapping S :
H−1(Ω) → H1

0 (Ω) defined by
b(Sψ, v) = ⟨ψ, v⟩

for all ψ ∈ H−1(Ω) and v ∈ H1
0 (Ω) is linear and continuous. Since the embedding L2(Ω) ↪→

H−1(Ω) is compact, K := S(BL2), where BL2 is the closed unit ball of L2(Ω), is compact in
H1

0 (Ω).
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Observe that
β = kmax

v∈K
min

vh∈V h
∥v − vh∥1,k.

Fix ε > 0. By compactness of K, there exist {vj}Nj=1 ⊂ K such that for all v ∈ K there is

j ∈ {1, . . . , N} with ∥v−vj∥1,k ≤ ε/(3k). By density of C∞
c (Ω) in H1

0 (Ω), for each j there exists

ṽj ∈ C∞
c (Ω) with ∥vj − ṽj∥1,k ≤ ε/(3k). By [72], there exists vjh ∈ V h such that

k∥ṽj − vjh∥1,k ≤ C(σTh)

(
1 +

kh

r

)
kh

r
|ṽj |H2(Ω) ≤ C(σTh)

(
1 +

kh

r

)
kh

r

(
max

1≤j≤N
|ṽj |H2(Ω)

)
for h/r sufficiently small. A triangle inequality then shows that

k min
vh∈V h

∥v − vh∥1,k ≤ 2ε

3
+ C(σTh)M(ε)

(
1 +

kh

r

)
kh

r
,

for all v ∈ K, where M(ε) := max1≤j≤N |ṽj |H2(Ω). Hence β ≤ ε. If kh is small enough so that(
1 +

kh

r

)
kh

r
≤ C(σTh)

−1M(ε)−1 ε

3
,

then β ≤ ε. Since ε > 0 was arbitrary, the existence of θ with the desired properties follows.

Before proceeding, we recall Friedrichs’ inequality (e.g., [68, Theorem 13.19]).

Lemma 5.2.4 (Friedrichs’ inequality). Let Ω′ ⊂ Rd be an open set that lies between two parallel
hyperplanes separated by a distance L. Then, for all u ∈ H1

0 (Ω
′),

∥u∥Ω′ ≤ L√
2
∥∇u∥Ω′ . (5.2.7)

Combining (5.2.7) with Assumption 5.2.1(ii), we obtain that for any subdomain Ω′ ⊂ Ω with
diameter H,

∥u∥Ω′ ≤ H√
2
∥∇u∥Ω′ ≤ H√

2
∥u∥1,k,Ω′ for all u ∈ H1

0 (Ω
′). (5.2.8)

5.2.2 Abstract Spectral Theory for Indefinite Generalised Eigenvalue Prob-
lems

We shall build our coarse space by solving local generalised eigenvalue problems, which may
be indefinite (see (5.2.32)). So in this section we derive, in an abstract setting, the required
properties of such problems. First we derive some properties of a positive semidefinite bilinear
form (such as appears on the right-hand side of (5.2.32)).

Proposition 5.2.5. Suppose Ṽ is a real vector space with dim Ṽ = n. Let c be a positive
semidefinite bilinear form on Ṽ , set ker c := {v ∈ Ṽ : c(v, w) = 0, for all w ∈ Ṽ } and
suppose dimker c = s < n. Further, let V̂ ⊂ Ṽ be an (n − s)-dimensional subspace such that
V̂ ∩ ker c = {0}. Then Ṽ = V̂ ⊕ ker c, where ⊕ denotes a direct sum, and c is positive definite
on V̂ .

Proof. The relation Ṽ = V̂ ⊕ ker c is clear since dim V̂ + dimker c = n and V̂ ∩ ker c = {0}.
The form c|

V̂×V̂
is symmetric and satisfies c(v, v) > 0 for v ∈ V̂ \ {0} by the assumption on V̂ .

Hence c|
V̂×V̂

is positive definite.

The following is our main abstract theorem.
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Theorem 5.2.6. Let Ṽ , c and s be as in Proposition 5.2.5 and suppose also that b is a symmetric
(possibly indefinite) bilinear form on Ṽ . Consider the generalised eigenvalue problem: find λ ∈ R
and p ∈ Ṽ \{0} such that

b(p, v) = λc(p, v) for all v ∈ Ṽ . (5.2.9)

(i) If s ≥ 1, suppose also that b is positive definite on ker c. Then Ṽ has a basis {pj : j =
1, . . . , n}, in which {pj : j = 1, . . . , n− s} are eigenvectors of (5.2.9) which can be chosen
to be orthonormal with respect to c and the corresponding finite eigenvalues can be ordered

−∞ < λ1 ≤ λ2 ≤ . . . ≤ λn−s <∞. (5.2.10)

The remaining basis vectors {pj : j = n− s+1, . . . , n} form a basis of ker c. In this sense
we say that they correspond to infinite eigenvalues of (5.2.9). Moreover,

b(pj , pj′) = λjδj,j′ , j ∈ {1, . . . , n− s}, j′ ∈ {1, . . . , n}; (5.2.11)

c(pj , pj′) = δj,j′ , j ∈ {1, . . . , n− s}, j′ ∈ {1, . . . , n}. (5.2.12)

(ii) If s = 0, the same conclusion holds but the positive definiteness condition on b is not
required, and all eigenvalues are finite.

Proof. Suppose s ≥ 1 and b is positive definite on ker c. If we choose V̂ ⊂ Ṽ so that Ṽ = V̂ ⊕ker c
(as in Proposition 5.2.5), then every p ∈ Ṽ has a unique decomposition p = p̂ + pc with p̂ ∈ V̂
and pc ∈ ker c. Thus the GEVP (5.2.9) is equivalent to seeking λ ∈ R, p̂ ∈ V̂ and pc ∈ ker c,
such that p̂+ pc ̸= 0 and

b(p̂+ pc, v) = λc(p̂, v) for all v ∈ Ṽ .

This, in turn, is equivalent to solving the coupled system

b(p̂, vc) + b(pc, vc) = 0 for all vc ∈ ker c, (5.2.13)

b(p̂, v̂) + b(pc, v̂) = λc(p̂, v̂) for all v̂ ∈ V̂ , (5.2.14)

for λ ∈ R and p̂ ∈ V̂ and pc ∈ ker c, such that p̂+ pc ̸= 0.
Now, by assumption on b, for each ŵ ∈ V̂ , there exists a unique wc ∈ ker c such that

b(wc, vc) = −b(ŵ, vc) for all vc ∈ ker c. (5.2.15)

Denoting the solution to (5.2.15) as wc = Sŵ, this defines a linear map S : V̂ → ker c with the
property

b(Sŵ, vc) = −b(ŵ, vc) for all ŵ ∈ V̂ and vc ∈ ker c,

or, equivalently,

b
(
(I + S)ŵ, vc

)
= 0 for all ŵ ∈ V̂ and vc ∈ ker c. (5.2.16)

We now consider the GEVP: find λ ∈ C and p̂ ∈ V̂ \{0} such that

b̃(p̂, v̂) := b
(
(I + S)p̂, v̂

)
= λc(p̂, v̂) for all v̂ ∈ V̂ . (5.2.17)

(This is the Schur complement of (5.2.13), (5.2.14).)
Note that S is self-adjoint with respect to b. This is because, using the symmetry of b (at

the first and third steps) and the definition of S (at the second and fourth steps),

b(Sp̂, v̂) = b(v̂,Sp̂) = −b(S v̂,Sp̂) = −b(S p̂,S v̂) = b(p̂,S v̂).
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Thus the bilinear form b̃ on the left-hand side of (5.2.17) is symmetric on V̂ . Now c is symmetric
and (by Proposition 5.2.5) positive definite on V̂ ; so the GEVP (5.2.17) has n − s eigenpairs,
which we denote (λj , p̂j), j = 1, . . . , n− s, with real finite eigenvalues λj , which can be ordered

as in (5.2.10). The p̂j ∈ V̂ can be chosen orthonormal with respect to c and form a basis of V̂ .
Now we define

pj = (I + S)p̂j , j = 1, . . . , n− s. (5.2.18)

By (5.2.18), (5.2.17) and since S p̂j ∈ ker c, we have

b(pj , v̂) = b̃(p̂j , v̂) = λjc(p̂j , v̂) = λjc(pj , v̂) for all v̂ ∈ V̂ .

Also, by (5.2.18) and (5.2.16) we have b(pj , vc) = 0, for all vc ∈ ker c and so (see (5.2.13) and
(5.2.14)), (λj , pj), j = 1, . . . , n − s are eigenpairs of the original GEVP (5.2.9). Choosing an

arbitrary basis, {pn−s+1, . . . , pn}, of V̂ we obtain a basis of Ṽ .
For j ∈ {1, . . . , n−s}, relation (5.2.12) follows for j′ ∈ {1, . . . , n−s} because S p̂j ,Sp̂j′ ∈ ker c,

and so c(pj , pj′) = c(p̂j , p̂j′) = δm,m′ since the {p̂j : j = 1, . . . , n − s} were chosen orthonormal
with respect to c. For j′ ∈ {n− s+ 1, . . . , n}, (5.2.12) is trivial because then pj′ ∈ ker c.

Relation (5.2.11) then follows directly from (5.2.12) because, for j ∈ {1, . . . , n− s} and any
j′∈ {1, . . . , n}, b(pj , pj′) = λjc(pj , pj′).

This completes the proof when s ≥ 1, while the case s = 0 is trivial since (5.2.9) can then
be reduced to a standard eigenvalue problem.

Remark 5.2.7. 1. The requirement that b is positive definite on ker c in part (i) of Theo-
rem 5.2.6 could be weakened to simply requiring that problem (5.2.15) has a unique solution
for all ŵ ∈ V̂ , where V̂ is as in Proposition 5.2.5. However, since we shall need the positive
definiteness in Lemma 5.2.9 anyway, we avoid this extra generality.

2. Note that the eigenvectors pj , j = 1, . . . , n − s defined via (5.2.18) are, in general, not

elements of V̂ because S maps into ker c.

The following corollary then follows directly from Theorem 5.2.6.

Corollary 5.2.8. Under the conditions of Theorem 5.2.6, every v ∈ V can be expressed as

v = v0 +
n−s∑
j=1

c(v, pj)pj with v0 ∈ ker c, (5.2.19)

If ker c = {0} then s = 0 and v0 = 0.

We now define a projection operator mapping V onto the span of the first m eigenvectors
of (5.2.9), where m is chosen so that all eigenvectors corresponding to negative eigenvalues are
included (recall the ordering (5.2.10)). This operator is crucial in the analysis of the proposed
preconditioner.

Lemma 5.2.9. Under the conditions of Theorem 5.2.6, suppose that there exists m ∈ {1, . . . , n−
s− 1} such that λm+1 > 0, and define the projector

Πv =
m∑
j=1

c(v, pj)pj .

Then

c(v −Πv, v −Πv) ≤ 1

λm+1
b(v −Πv, v −Πv).
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In order to later apply this lemma we will show (Theorem 5.3.8) that such an m exists, under
a modest assumption.

Proof. Let v ∈ Ṽ be expressed as in (5.2.19) and set αl := c(v, pl), l ∈ {1, . . . , n − s}. We use
the properties from Theorem 5.2.6 to obtain,

b(v −Πv, v −Πv) = b

(
v0 +

n−s∑
j=m+1

αjpj , v0 +

n−s∑
j=m+1

αjpj

)

= b(v0, v0) + 2
n−s∑

j=m+1

αjb(pj , v0) +
n−s∑

j=m+1

λjα
2
j

= b(v0, v0) + 2

n−s∑
j=m+1

αjλjc(pj , v0) +

n−s∑
j=m+1

λjα
2
j

Then we use the the fact that v0 ∈ ker c and the positive definiteness of b on ker c to obtain

b(v −Πv, v −Πv) = b(v0, v0) +

n−s∑
j=m+1

λjα
2
j

≥
n−s∑

j=m+1

λjα
2
j ≥ λm+1

n−s∑
j=m+1

α2
j . (5.2.20)

Using an almost identical argument and the results from Theorem 5.2.6 we obtain

c(v −Πv, v −Πv) =

n−s∑
j=m+1

α2
j . (5.2.21)

The result follows from (5.2.20) and (5.2.21).

This lemma shows that, although the bilinear form b(·, ·) may be indefinite on the full
space, it becomes positive definite on the complement of the subspace spanned by the first m
eigenvectors, provided all discarded eigenvalues λj (for j > m) are strictly positive. In the
context of coarse space construction, this implies that if we retain all eigenfunctions associated
with non-positive or small eigenvalues, then the remainder is well-controlled by b(·, ·), leading
to stability estimates essential for robust preconditioning.

5.2.3 Domain Decomposition

Notation 5.2.10. Let Ω′ be any subdomain of Ω, composed of a union of elements of the mesh
Th. We introduce the finite element spaces:

ṼΩ′ :=
{
v|Ω′ : v ∈ V h

}
⊂ H1(Ω′) and VΩ′ :=

{
v ∈ ṼΩ′ : v|∂Ω′ = 0

}
⊂ H1

0 (Ω
′).

For any vΩ′ ∈ VΩ′, we let EΩ′vΩ′ ∈ V h denote its zero extension to the whole domain Ω, and we
define the restriction operator RΩ′ : V h → VΩ′ to be the L2(Ω) adjoint of EΩ′, i.e.,

(RΩ′v, wΩ′)Ω′ := (v,EΩ′wΩ′) for all v ∈ V h and wΩ′ ∈ VΩ′ .

Remark 5.2.11. Although bΩ′(·, ·) (see Notation 5.2.2) is generally indefinite, for small enough
diameter of D it becomes positive definite. This is discussed in Lemma 5.3.16.
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In order to construct the two-level Schwarz preconditioner, we choose two overlapping covers
of Ω. The first consists of ‘local subdomains’ on which restrictions of (5.2.4) will be solved. The
second consists of ‘coarse-space subdomains’ on which generalised eigenvalue problems will be
solved to build the coarse space. There is no need for these covers to coincide and in practical
algorithms it may be convenient for them to be different. Both covers can be constructed by
first choosing a non-overlapping partition and then expanding each subdomain by adding one
or more layers of elements; see, e.g. [89, Section 3.2].

The local and coarse space subdomains will be denoted {Ωℓ
j}Qj=1 and {Ωc

i}Ni=1 respectively,
with all subdomains consisting of unions of mesh elements T ∈ Th, and such that

Ω =
N⋃
i=1

Ωc
i , Ω =

Q⋃
j=1

Ωℓ
j .

For each, Ωc
i and Ωℓ

j , we denote their diameters by Hc,i, Hℓ,j respectively, and we set Hc :=

maxNi=1Hc,i and Hℓ := maxQj=1Hℓ,j .

We define the corresponding finite element spaces VΩc
i
, ṼΩc

i
and VΩℓ

j
, ṼΩℓ

j
as in Notation 5.2.10.

Standard properties for such overlapping covers are (see, e.g., [58, Eq. (2.10)]):

N∑
i=1

∥v|Ωc
i
∥21,k,Ωc

i
≤ Λc∥v∥21,k,

Q∑
j=1

∥v|Ωℓ
j
∥2
1,k,Ωℓ

j
≤ Λℓ∥v∥21,k for all v ∈ V h, (5.2.22)

where
Λ◦ := max

T∈Th

(
#
{
Ω◦
i | 1 ≤ i ≤ N, T ⊆ Ω◦

i

})
for ◦ ∈ {c, ℓ}.

In addition ([58, Lemma 3.6]), for any set of functions vj ∈ H1
0 (Ω) with supp vj ⊆ Ωℓ

j for
each j = 1, . . . , Q, we have the estimate∥∥∥∥∥∥

Q∑
j=1

vj

∥∥∥∥∥∥
2

1,k

≤ Λℓ

Q∑
j=1

∥vj |Ωℓ
j
∥2
1,k,Ωℓ

j
, (5.2.23)

and, similarly, ∥∥∥∥∥
N∑
i=1

vi

∥∥∥∥∥
2

1,k

≤ Λc

N∑
i=1

∥vi|Ωc
i
∥21,k,Ωc

i
,

for functions vi ∈ H1
0 (Ω) with supp vi ⊆ Ωc

i , for each i = 1, . . . , N .
The one-level additive Schwarz preconditioner can now be given in matrix form as

M−1
AS,1 =

Q∑
j=1

Eℓ
j(B

ℓ
j)

−1Rℓ
j , where Bℓ

j = Rℓ
jBEℓ

j ;

here, Eℓ
j and Rℓ

j denote the matrix representations of

Eℓ
j := EΩℓ

j
and Rℓ

j := RΩℓ
j
,

respectively, with respect to the basis functions {ϕi}ni=1 of V h.
In order to improve the preconditioner, a global coarse space is added.
Let V0 ⊂ V h be such a coarse space, let E0 : V0 → V h be the natural embedding, and let R0

be the L2 adjoint of E0,

(R0w, v0) = (w,E0v0) for all w ∈ V h, v0 ∈ V0.
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The two-level additive Schwarz preconditioner is then

M−1
AS,2 = E0B

−1
0 R0 +M−1

AS,1, where B0 := R0BE0

(with E0 and R0 denoting matrix representations of E0 and R0). The preconditioned version of
(5.2.4) is

M−1
AS,2Bu = M−1

AS,2f . (5.2.24)

For the analysis we need certain projection operators defined as follows. For each j =
1, . . . , Q, we define T ℓ

j : V h → VΩℓ
j
, by,

bΩℓ
j
(T ℓ

j u, v) = b(u,Eℓ
jv) for all u ∈ V h and v ∈ VΩℓ

j
, (5.2.25)

and T0 : V
h → V0, by

b(T0u, v) = b(u,E0v) = b(u, v) for all u ∈ V h and v ∈ V0. (5.2.26)

Sufficient conditions for the existence of T ℓ
j and T0 are given in Lemmas 5.3.16 and 5.3.19. Given

the operators T ℓ
j and T0, we define T : V h → V h by

T = E0T0 +

Q∑
j=1

Eℓ
jT

ℓ
j . (5.2.27)

Then the preconditioned system (5.2.24) is related to T via the following result (see, e.g., [56,
Theorem 5.5]).

Proposition 5.2.12. For any u, v ∈ V h, with corresponding nodal vectors u,v ∈ Rn,

⟨M−1
AS,2Bu,v⟩Dk

= (Tu, v)1,k, (5.2.28)

where ⟨·, ·⟩Dk
is the Dk-weighted inner product on Rn, with Dk given by

Dk := A+ k2S. (5.2.29)

5.2.4 The Hk-GenEO Coarse Space

In order to define the Hk-GenEO coarse space, we need some definitions from [85].

Definition 5.2.13 ([85] Definition 3.2). Given any Ω′ ⊆ Ω, formed from a union of elements
T ∈ Th, let

dof(Ω′) :=
{
j | 1 ≤ j ≤ n and supp(ϕj) ∩ Ω′ ̸= ∅

}
denote the set of degrees of freedom that are active in the subdomain Ω′, including freedoms on
the boundary. In a similar manner, let

dof(Ω′) :=
{
j | 1 ≤ j ≤ n and supp(ϕj) ⊂ Ω′

}
denote the internal degrees of freedom.

Definition 5.2.14 (Multiplicative POU on the local subdomains). We choose a partition
of unity consisting of continuous real-valued functions {Φℓ

j}Qj=1 on Ω with 0 ≤ Φℓ
j ≤ 1 and

supp(Φℓ
j) ⊆ Ωℓ

j, for each j, and, in addition,
∑Q

j=1Φ
ℓ
j(x) = 1 on Ω. Moreover

∥∇Φℓ
j∥L∞(Ω) ≲

1

δ
for all j,

where δ is proportional to the width of the overlap between neighbouring subdomains of the cover
{Ωℓ

j}Qj=1. Such a POU with each Φℓ
j continuous piecewise linear (with respect to the mesh Th) is

explicitly constructed in [89, Section 3.2].
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Remark 5.2.15. By [58, estimate (3.2)], for any v ∈ H1
0 (Ω),

Q∑
j=1

∥Φℓ
jv∥21,k,Ωℓ

j
≲ Λℓ

(
1 +

1

(kδ)2

)
∥v∥21,k, (5.2.30)

We use a different POU on the coarse subdomains.

Definition 5.2.16 (Operator POU on the coarse subdomains). For any l ∈ dof Ω, let µl denote
the number of subdomains for which l is an internal degree of freedom, i.e.

µl := #
{
i | 1 ≤ i ≤ L, l ∈ dof(Ωc

i )
}
.

Then, for each i = 1, . . . , N , we define the coarse space partition of unity operator, Ξi : V →
VΩc

i
as a weighted combination of degrees of freedom vl

Ξc
i (v) :=

∑
l∈dof(Ωc

i )

1

µl
vlϕ

i
l, where ϕil := ϕl|Ωc

i
.

It is easy to verify that this is also a partition of unity, in the sense that

N∑
i=1

Ec
iΞ

c
i (v|Ωc

i
) = v for all v ∈ V h.

Remark 5.2.17 (Why two different partitions of unity?). The smooth partition of unity {Φℓ
j}

on the local subdomains is used in the stable decomposition and analysis of the additive Schwarz
operator, where gradient bounds are essential to control the energy norm of localized compo-
nents. In contrast, the algebraic partition {Ξc

i} defined over the coarse subdomains is used in
constructing the coarse space and assembling local eigenvalue problems. Its role is purely alge-
braic and leverages finite element basis functions; smoothness is not required since it operates
on discrete spaces. Having two distinct partitions provides the necessary flexibility to decouple
the requirements of stability and coarse space construction.

The local generalised eigenvalue problem that is going to form the basis of the coarse space
can now be introduced.

Definition 5.2.18 (Local generalised eigenvalue problem). For each i ∈ {1, . . . , N}, define bΩc
i

as in (5.2.2) and set

cΩc
i
(w, v) :=

(
Ξc
i (w),Ξ

c
i (v)

)
1,k,Ωc

i
for all w, v ∈ ṼΩc

i
. (5.2.31)

The generalised eigenvalue problem is then to find pi ∈ ṼΩc
i
\ {0} and λi ∈ R, such that

bΩc
i
(pi, v) = λi cΩc

i
(pi, v) for all v ∈ ṼΩc

i
. (5.2.32)

Definition 5.2.19 (Hk-GenEO Coarse space). Let (pim, λ
i
m) be eigenpairs for (5.2.32) with

λi1, λ
i
2, . . . chosen in non-decreasing order. For each i = 1, . . . , N , let mi be such that λimi+1 > 0

. (A mild sufficient condition for the existence of such mi is given in Theorem 5.3.8 below.)
The coarse space, V0, is then given by

V0 := span
{
Ec

iΞ
c
i (p

i
m) : m = 1, . . . ,mi and i = 1, . . . , N

}
.

Remark 5.2.20. In contrast to previous works on the GenEO construction (e.g., [85], [13] and
[3]) (where the forms are always at least semi-definite), the left-hand side of (5.2.32) can here
be indefinite and also the right-hand side in (5.2.32) is based on a k-weighted scalar product.
However, as k → 0 the GEVP (5.2.31) approaches the GEVP solved in the classical GenEO
method, e.g. [85].
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In the proof of our main result we also need the following estimates for ∥Ξc
i (v)∥Ωc

i
.

Lemma 5.2.21.

∥Ξc
i (v)∥Ωc

i
≲ ∥v∥Ωc

i
for all v ∈ Ṽi, (5.2.33)

∥Ξc
i (v)∥Ωc

i
≳ Λ−1

c ∥v∥Ωc
i

for all v ∈ Vi. (5.2.34)

Proof. Due to the assumption that we are working with Lagrange elements, for any T ∈ Th,
there is an affine map FT mapping the unit simplex T̂ to T . Then (see, e.g. [21, Theorem
3.1.2])), for any w ∈ V h, setting ŵ = w ◦ FT , we have

∥w∥2T ∼ hdT ∥ŵ∥2T̂ ∼ hdT
∑

j∈dof(T )

w2
j , (5.2.35)

where wj is the value of w at j ∈ dof(T ) and the hidden constants are independent of the mesh
and w. (The second relation in (5.2.35) uses equivalence of norms on the space of polynomials
of degree r.) Hence, by Definition 5.2.16 of Ξc

i (v) and since degrees of freedom of Ξc
i (v) are all

interior to Ωc
i , we have:

∥Ξc
i (v)∥2Ωc

i
=
∑
T⊂Ωc

i

∥Ξc
i (v)∥2T ∼

∑
T⊂Ωc

i

hdT
∑

j∈dof(T )

(Ξc
i (v))

2
j =

∑
T⊂Ωc

i

hdT
∑

j∈dof(T )

µ−2
j v2j

≥ Λ−2
c

∑
T⊂Ωc

i

hdT
∑

j∈dof(T )

v2j ∼ Λ−2
c

∑
T⊂Ωc

i

∥v∥2T = Λ−2
c ∥v∥2Ωc

i
,

proving (5.2.34). The proof of (5.2.33) is analogous but simpler.

5.3 Statement of the Main Result and Theoretical Tools

In this section we state our main result and develop several technical tools needed for its proof.
(The proof of the main result is given in the following section.) Throughout, let Λℓ and Λc

denote the maximal overlap multiplicities of the fine and coarse coverings, respectively.
We introduce the notation

Θ :=
1

min1≤i≤N λimi+1

=
1

τ
, (5.3.1)

where, recalling the definition from the introduction,

τ := min
1≤i≤N

λimi+1,

and λimi+1 is the first discarded local eigenvalue on subdomain Ωi in the Hk-GenEO selection.

Theorem 5.3.1 (GMRES convergence of the two-level preconditioned system). Let Assump-
tions 5.2.1 and (2.2.9) be satisfied and let k > 0. Then there exist h⋆ > 0 and C1 > 0 such
that, for given C2 ∈ (0, C1], there exists C3 > 0 so that the following statements hold for all
h ∈ (0, h⋆) satisfying C2 ≤ (hk)2 ≤ C1. Assume Hℓ and τ are chosen so that

s := 2
(
1 + C3ΛℓΛ

4
cΘ
)(

2k
√
C3Λ

2
cΘ

1
2 (1 + Cstab) + 3kΛℓHℓ

)
< 1. (5.3.2)

Consider GMRES with the ⟨·, ·⟩Dk
inner product (where Dk is defined in (5.2.29)), applied to

the preconditioned system (5.2.24). Then, after m iterations, the residual r(m) satisfies

∥r(m)∥2Dk
≤
(
1− γ2

)m∥r(0)∥2Dk
,

where

γ :=
1− s(

1 + C3ΛℓΛ4
cΘ
)(
18 + 8Λ2

ℓ

) . (5.3.3)
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Corollary 5.3.2. Assume that k ≥ 1. If (5.3.2) holds, then there exists C > 0, independent of
all parameters, such that

kHℓ ≤ C and (1 + Cstab)
2k2Θ ≤ C. (5.3.4)

Conversely, if (5.3.4) holds for C > 0 small enough to satisfy

2
(
1 + C3ΛℓΛ

4
cC
)(
2Λ2

c

√
C3

√
C + 3ΛℓC

)
< 1, (5.3.5)

then (5.3.2) is satisfied and γ from (5.3.3) is bounded below by a positive constant depending
only on Λℓ, Λc, and C (but not on A, n or k). In particular, GMRES convergence is robust with
respect to k and A.

Proof. Assume first that (5.3.2) is satisfied. Since Λℓ ≥ 1 and Λc ≥ 1 we have

2kΘ
1
2

√
C3(1 + Cstab) + 3kHℓ ≤

1

2
,

hence

kHℓ ≤
1

6
and (1 + Cstab)

2k2Θ ≤ 1

C316
,

which proves (5.3.4).
Conversely, assume that (5.3.4) holds with C > 0 such that (5.3.5) is satisfied. Since k ≥ 1,

Θ ≤ C

(1 + Cstab)2k2
≤ C.

Using this bound, together with (5.3.4) and (5.3.5), we obtain

s = 2
(
1+C3ΛℓΛ

4
cΘ
)(

2k
√
C3Λ

2
cΘ

1
2 (1+Cstab)+3kΛℓHℓ

)
≤ 2
(
1+C3ΛℓΛ

4
cC
)(
2
√
C3Λ

2
c

√
C+3ΛℓC

)
< 1,

i.e. (5.3.2) holds. Moreover,

γ =
1− s(

1 + C3ΛℓΛ4
cΘ
)
(18 + 8Λ2

ℓ )
≥ 1− 2

(
1 + C3ΛℓΛ

4
cC
)(
2
√
C3Λ

2
c

√
C + 3ΛℓC

)(
1 + C3ΛℓΛ4

cΘ
)
(18 + 8Λ2

ℓ )
,

which yields the stated lower bound for γ.

In practice, conditions (5.3.4) constrain the fine subdomain diameter Hℓ and the number of
local eigenmodes retained in the coarse space (through τ), both depending on k.

Remark 5.3.3 (Big picture and interpretation).

1. Two levers for robustness. The bound (5.3.4) shows that robustness is controlled by: (i)
a resolution condition kHℓ ≲ 1 (the fine subdomains must resolve a fixed fraction of a
wavelength), and (ii) a spectral separation condition (1 +Cstab)

2k2Θ ≲ 1, i.e. τ is not too
small. Operationally, (ii) means we include in the coarse space all local eigenmodes with
non-positive or small positive eigenvalues.

2. Role of τ (and Θ = 1/τ). The parameter τ = mini λ
i
mi+1 is the first discarded local

eigenvalue. A larger τ (smaller Θ) corresponds to a richer coarse space. Our analysis
shows that choosing τ ≳ (1+Cstab)

2k2 suffices for k-robust convergence; cf. the k4 and k8

requirements in earlier ∆-GenEO bounds.

3. Overlap multiplicities. The factors Λℓ and Λc enter only through mild algebraic prefactors
in s and γ. Thus, for fixed coverings with bounded multiplicities, the iteration count is
independent of k, A, n, and the number of subdomains.
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4. Behaviour near resonances. The stability constant Cstab grows as k2 approaches a Dirichlet
eigenvalue of − 1

n div(A∇·). Accordingly, the requirement on τ becomes more stringent near
such singular points, which matches the expected deterioration for Dirichlet Helmholtz
problems.

5. Decoupling of scales. Note that Hc (the coarse partition diameter) does not appear explicitly
in (5.3.4); its influence is indirect via Λc. This reflects the advantage of the Hk-GenEO
construction: the coarse space dimension is governed by the spectral threshold τ , not by
the coarse mesh size.

5.3.1 Properties of the Hk-GenEO Coarse Space

In this subsection we apply the abstract spectral theory from Section 5.2.2 to the local generalised
eigenvalue problem (5.2.32). We work on a fixed coarse subdomain Ωc

i and (in this subsection
only) simplify notation as follows.

Notation 5.3.4 (Notation used in Section 5.3.1). For a given i we set

Ṽi := ṼΩc
i
, Vi := VΩc

i
, bi := bΩc

i
, ci := cΩc

i
,

and
ni := dim Ṽi, si := dimker ci.

The constants appearing below are independent of Hc
i and h, and (unless explicitly stated)

independent of the coefficients A and n; we write ≲,≳,∼ with the usual meaning.
To apply Theorem 5.2.6 and Lemma 5.2.9, we must verify that bi is positive definite on ker ci.

The next lemma establishes this under a mild resolution condition.

Lemma 5.3.5. We have

ker ci = span
{
ϕil : l ∈ dof(Ωc

i ) \ dof(Ωc
i )
}
, ϕil := ϕl|Ωc

i
, (5.3.6)

where ϕl denotes the global nodal basis function with (ϕl)l′ = δl,l′. Moreover, there exists C1 > 0
such that, whenever (kh)2 ≤ C1,

bi(v, v) ≥
1

4
∥v∥21,k,Ωc

i
for all v ∈ ker ci. (5.3.7)

Proof. Characterisation of ker ci. By Definition 5.2.16, if v ∈ Ṽi satisfies vl = 0 for all l ∈ dof(Ωc
i )

then its local extension Ξi(v) ≡ 0, hence ci(v, w) = 0 for all w ∈ Ṽi, so v ∈ ker ci. Conversely, if
ci(v, w) = 0 for all w ∈ Ṽi, then, using Assumption 5.2.1 (with the scaling amin = 1 = nmax),

0 = ci(v, v) =

∫
Ωc

i

(
∇Ξc

i (v) ·A∇Ξc
i (v) + k2nΞc

i (v)
2
)
dx ⇒ Ξi(v) ≡ 0,

which implies vl = 0 for all l ∈ dof(Ωc
i ). This yields (5.3.6). See also [85, Lemma 3.11].

Positivity of bi on ker ci. For any v ∈ Ṽi,

bi(v, v) =

∫
Ωc

i

(
∇v · (A∇v)− k2n v2

)
dx ≥ ∥∇v∥2Ωc

i
− k2∥v∥2Ωc

i
, (5.3.8)

using amin = 1 and n ≤ nmax = 1.
Let v ∈ ker ci. By (5.3.6), supp v is contained in the union of fine elements touching ∂Ωc

i .
For any T ∈ Th with T ⊆ Ωc

i , define the patch

E(T ) =
⋃

{T ′ : T ′ ∈ Th, T ′ ⊆ Ωc
i , T

′ ∩ T ̸= ∅ }.
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The family {E(T )} covers Ωc
i with uniformly bounded overlap, and diam E(T ) ∼ h (shape-

regularity). Since v vanishes on a portion of ∂E(T ) of measure ≳ hd−1 (because supp v hugs
the subdomain boundary), the generalised Friedrichs’ (or Poincaré–trace) inequality (e.g., [89,
Lemma A.15]) yields

∥v∥E(T ) ≲ h ∥∇v∥E(T ).

Summing over T and using the bounded overlap,

∥v∥2Ωc
i
≲ h2 ∥∇v∥2Ωc

i
⇒ k2∥v∥2Ωc

i
≲ (kh)2 ∥∇v∥2Ωc

i
. (5.3.9)

Combining (5.3.8) and (5.3.9) gives

bi(v, v) ≥
(
1− C ′(kh)2

)
∥∇v∥2Ωc

i
.

Moreover,
∥v∥21,k,Ωc

i
= ∥∇v∥2Ωc

i
+ k2∥v∥2Ωc

i
≤
(
1 + C ′′(kh)2

)
∥∇v∥2Ωc

i
.

Hence, for (kh)2 ≤ min{(2C ′)−1, (2C ′′)−1},

bi(v, v) ≥ 1
2 ∥∇v∥2Ωc

i
≥ 1

4 ∥v∥21,k,Ωc
i
,

which is (5.3.7).

Remark 5.3.6 (Intuition for Lemma 5.3.5). The form ci(·, ·) measures a k-weighted energy
of a local extension Ξi(·); its kernel consists of functions whose interior (subdomain) DOFs
vanish, i.e., traces supported near ∂Ωc

i . On this boundary layer, a patchwise Poincaré/Friedrichs’
inequality shows k2∥v∥2 ≪ ∥∇v∥2 when kh is small. Thus the negative −k2∥v∥2 part in bi(v, v)
cannot outweigh the gradient term, and bi is strictly positive on ker ci. This is precisely the
hypothesis needed to invoke the abstract spectral Lemma 5.2.9.

We now apply the theory in Section 5.2.2 with b := bi (defined in (5.2.2)), c := ci (defined
in (5.2.31)), s := si, n := ni, and m := mi. The corresponding eigenvalues (5.2.10) are denoted

−∞ < λi1 ≤ λi2 ≤ · · · ≤ λini−si <∞, (5.3.10)

and the corresponding eigenfunctions are {pim : m = 1, . . . , ni − si} ⊆ Ṽi.
Our next main result is Theorem 5.3.7, which provides a lower bound for the minimal

(possibly negative) eigenvalue λi1 in (5.3.10). We will use this bound later in the proof of
Lemma 5.3.9.

To prepare for this, choose a complement of ker ci as

V̂i := span
{
ϕil : l ∈ dof(Ωc

i )
}
= Vi ⊆ H1

0 (Ω
c
i ), (5.3.11)

which is (ni − si)-dimensional and satisfies V̂i ∩ ker ci = {0}; hence

Ṽi = V̂i ⊕ ker ci,

so the assumptions of Proposition 5.2.5 hold.
We will also use the standard inverse estimate (e.g., [89, Lemma B.27]): for each i = 1, . . . , N ,

there exists Cinv > 0 (independent of h) such that

∥∇vi∥Ωc
i
≤ Cinvh

−1∥vi∥Ωc
i
, ∀ vi ∈ Ṽi. (5.3.12)
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Theorem 5.3.7 (Estimate of λi1 from below). Let C1 and Cinv be as in Lemma 5.3.5 and
(5.3.12). If λi1 < 0, then

λi1 ≳ Λ2
c

(
2

(Hc
i k)

2
− 1− 4

nmin

(
amaxC

2
inv

(hk)2
+ 1

)2)
. (5.3.13)

Moreover, for any C2 ∈ (0, C1] and for (hk)2 satisfying C2 ≤ (hk)2 ≤ C1, we have the uniform
bound

λi1 ≳ −Λ2
c

(
1 +

4

nmin

(
amaxC

2
inv

C2
+ 1

)2)
. (5.3.14)

Proof. From the proof of Theorem 5.2.6 (see (5.2.17)), λi1 is the minimum eigenvalue of

b̃i(p̂
i, v̂i) := bi

(
(I + Si)p̂

i, v̂i
)
= λi ci(p̂

i, v̂i) ∀ v̂i ∈ V̂i,

where Si : V̂i → ker ci is defined by

bi(Siv̂
i, wci) = −bi(v̂i, wci) ∀wci ∈ ker ci. (5.3.15)

Since ci is positive definite on V̂i (Proposition 5.2.5), Rayleigh’s principle gives

λi1 = min
0̸=v̂i∈V̂i

b̃i(v̂
i, v̂i)

ci(v̂i, v̂i)
. (5.3.16)

Step 1: control of Si. Using Lemma 5.3.5 (coercivity of bi on ker ci), Assumption 5.2.1, the
definition (5.3.15) of Si, and the inverse estimate (5.3.12), for any v̂i ∈ V̂i we obtain

nmin

4
k2∥Siv̂

i∥2Ωc
i
≤ bi(Siv̂

i,Siv̂
i) = − bi(v̂

i,Siv̂
i)

≤ amax∥∇(Siv̂
i)∥Ωc

i
∥∇v̂i∥Ωc

i
+ k2∥Siv̂

i∥Ωc
i
∥v̂i∥Ωc

i

≤ (amaxC
2
invh

−2 + k2)∥Siv̂
i∥Ωc

i
∥v̂i∥Ωc

i
,

and thus

∥Siv̂
i∥Ωc

i
≤ 4

nmin

(
amaxC

2
inv

(hk)2
+ 1

)
∥v̂i∥Ωc

i
. (5.3.17)

Step 2: bounding the cross term. By Cauchy–Schwarz, the inverse estimate, and (5.3.17),∣∣bi(Siv̂
i, v̂i)

∣∣ ≤ amax∥∇(Siv̂
i)∥ ∥∇v̂i∥+ k2∥Siv̂

i∥ ∥v̂i∥
≤
(
amaxC

2
invh

−2 + k2
)
∥Siv̂

i∥ ∥v̂i∥

≤ 4

nmin
k2
(
amaxC

2
inv

(hk)2
+ 1

)2
∥v̂i∥2Ωc

i
. (5.3.18)

Step 3: lower bound for bi(v̂
i, v̂i). Since V̂i ⊂ H1

0 (Ω
c
i ) (by (5.3.11)), Friedrichs’ inequality

(5.2.7) with L ∼ Hc
i yields

∥v̂i∥2Ωc
i
≤ (Hc

i )
2

2
∥∇v̂i∥2Ωc

i
.

Therefore,

bi(v̂
i, v̂i) ≥ ∥∇v̂i∥2Ωc

i
− k2∥v̂i∥2Ωc

i
≥
(
2(Hc

i )
−2 − k2

)
∥v̂i∥2Ωc

i
. (5.3.19)

Step 4: combine to bound b̃i. Using b̃i(v̂
i, v̂i) = bi(v̂

i, v̂i) + bi(Siv̂
i, v̂i), together with (5.3.18)

and (5.3.19),

b̃i(v̂
i, v̂i) ≥

(
2(Hc

i )
−2 − k2 − 4

nmin
k2
(
amaxC

2
inv

(hk)2
+ 1

)2)
∥v̂i∥2Ωc

i
. (5.3.20)
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Step 5: lower bound for ci(v̂
i, v̂i). By Lemma 5.2.21 (stability of the local extension) and

the definition of ci,
ci(v̂

i, v̂i) ≥ k2 ∥Ξi(v̂
i)∥2Ωc

i
≳ k2Λ−2

c ∥v̂i∥2Ωc
i
. (5.3.21)

Step 6: Rayleigh quotient. Assume that λi1 < 0. Then minŵi ̸=0 b̃i(ŵ
i, ŵi) < 0, and we obtain

from (5.3.20) and (5.3.21) that, for every v̂i ∈ V̂i,

b̃i(v̂
i, v̂i)

ci(v̂i, v̂i)
≥

min
0̸=ŵi∈V̂i

b̃i(ŵ
i, ŵi)

ci(v̂i, v̂i)
≥

min
0̸=ŵi∈V̂i

b̃i(ŵ
i, ŵi)

min
0̸=ŵi∈V̂i

ci(ŵi, ŵi)

≥ Λ2
c

(
2

(Hc
i k)

2
− 1− 4

nmin

(
amaxC

2
inv

(hk)2
+ 1

)2)
,

which, together with (5.3.16), proves (5.3.13). The uniform bound (5.3.14) follows by replacing
(hk)2 in the bracket by any value in [C2, C1]; and if λi1 ≥ 0, (5.3.14) holds trivially.

The following theorem shows that, under a very mild assumption, there exist positive eigenvalues
for each subdomain, which implies that we can apply Lemma 5.2.9.

Theorem 5.3.8. For each i ∈ {1, . . . , N}, assume there exists a set Di of si + 1 degrees of
freedom in dof(Ωc

i ) such that suppϕil ∩ suppϕil′ has zero d-dimensional measure for each pair
l ̸= l′ in Di. Then there exists C⋆ > 0 such that, if (hk)2 ≤ C⋆, then for each i there is an index
mi with λ

i
mi+1 > 0.

Proof. Fix i and enumerate Di = {l1, . . . , lsi+1}. Since l ∈ dof(Ωc
i ) implies ϕil ∈ Vi ⊆ Ṽi, each

ϕilj admits the expansion (by (5.2.19))

ϕilj = vi,j0 +

ni−si∑
m=1

αi,j
m p

i
m, vi,j0 ∈ ker ci, αi,j

m ∈ R. (5.3.22)

Since dimker ci = si, there exist coefficients βi1, . . . , β
i
si+1, not all zero, such that

∑si+1
j=1 β

i
jv

i,j
0 =

0. Define

ψi :=

si+1∑
j=1

βij ϕ
i
lj
.

Multiplying (5.3.22) by βij and summing over j gives

ψi =

ni−si∑
m=1

αi
mp

i
m (5.3.23)

for suitable coefficients αi
m (the kernel part cancels by construction).

Step 1 (positivity of b(ψi, ψi)). Let dilj := diam(suppϕilj ). By Friedrichs’ inequality (5.2.8)
on each support patch and amin = 1, nmax = 1, for each j,

bΩc
i
(ϕilj , ϕ

i
lj
) = ∥ϕilj∥

2
a,Ωc

i
− k2∥√nϕilj∥

2
Ωc

i
≥
(

2
(dilj

)2
− k2

)
∥ϕilj∥

2
Ωc

i

=
1

h2

(
2
( h
dilj

)2
− (hk)2

)
∥ϕilj∥

2
Ωc

i
. (5.3.24)

Shape-regular quasi-uniform meshes imply h/dilj ≥ c > 0, so for (hk)2 small enough the right-

hand side of (5.3.24) is positive for all j. Moreover, the pairwise supports of ϕilj have zero

measure overlap by assumption, hence bΩc
i
(ϕilj , ϕ

i
lj′
) = 0 for j ̸= j′. Therefore bΩc

i
(ψi, ψi) > 0.
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Step 2 (contradiction if all eigenvalues are non-positive). If λim ≤ 0 for all m = 1, . . . , ni−si,
then from (5.3.23) and (5.2.11),

bΩc
i
(ψi, ψi) =

ni−si∑
m=1

λim (αi
m)2 ≤ 0,

contradicting Step 1. Hence at least one eigenvalue is strictly positive. If mi is chosen so that
λimi

≤ 0 < λimi+1, the claim follows.

Lemma 5.3.9 below is a generalisation of [13, Lemma 3.1], [85, Lemma 2.11] and [3, Lemma
3.14] to the indefinite generalised eigenvalue problem (5.2.32). It gives an error estimate for a
local projection operator, when it is used to approximate a function v ∈ Ṽi in the space being
spanned by the eigenfunctions from Definition 5.2.18.

Lemma 5.3.9. Let C2 ≤ C1 and Cinv be as in Theorem 5.3.7, and assume:

(i) C2 ≤ (hk)2 ≤ C1;

(ii) mi ∈ {1, . . . , ni − si − 1} is such that λimi+1 > 0.

Define the local projector

Πmiv :=

mi∑
m=1

ci(v, p
i
m) pim, v ∈ Ṽi. (5.3.25)

Then there exists a constant C3 > 0 (depending on C1, C2, Cinv and hidden mesh/overlap con-
stants, and at most cubically on amax and quadratically on n−1

min) such that, with w := v−Πmiv,

0 ≤ bi(w,w) ≤ C3 Λ
2
c ∥v∥21,k,Ωc

i
, (5.3.26)

ci(w,w) ≤ 1

λimi+1

bi(w,w). (5.3.27)

Proof. (a) Decomposition and non-negativity. Write v = v0 +
∑ni−si

m=1 αmp
i
m as in (5.2.19), with

v0 ∈ ker ci. By the definition (5.3.25), Πmi keeps the first mi ci-orthonormal modes, hence

w = v −Πmiv = v0 +

ni−si∑
m=mi+1

αm p
i
m.

Because λimi+1 > 0 by assumption and bi is positive definite on ker ci (Lemma 5.3.5),

bi(w,w) = bi(v0, v0) +

ni−si∑
m=mi+1

λim α
2
m ≥ 0,

which proves the left inequality in (5.3.26).
(b) Upper bound for bi(w,w). To obtain the second inequality in (5.3.26), we have to work

a little harder. Noting that bi(w,Πiv) = 0, we have

bi(w,w) = bi(v, v)− bi(Πmiv,Πmiv) = aΩc
i
(v, v)− k2∥√nv∥2Ωc

i
− bi(Πmiv,Πmiv). (5.3.28)

Now, to estimate the last term in (5.3.28) we use the orthogonality properties (5.2.11), the
ordering (5.3.10), (5.2.12) and finally Theorem 5.3.7 to obtain

−bi(Πmiv,Πmiv) = −
mi∑
m=1

|αi
m|2 λim≤ −λi1

mi∑
m=1

|αi
m|2 ≤ max{−λi1, 0}

mi∑
m=1

|αi
m|2

≤ max{−λi1, 0}
ni−si∑
m=1

|αi
m|2 = max{−λi1, 0}ci(v, v). (5.3.29)
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Hence combining (5.3.28) and (5.3.29) we obtain

bi(w,w) ≤ aΩc
i
(v, v) + max{−λi1, 0}ci(v, v),

and the second inequality in (5.3.26) follows directly if λi1 ≥ 0.
On the other hand if λi1 < 0 we use (5.3.12) and then (5.2.33) to obtain

ci(v, v) ≤ amax∥∇Ξi(v)∥2Ωc
i
+ k2∥Ξi(v)∥2Ωc

i
≤ (amaxC

2
invh

−2 + k2)∥Ξc
i (v)∥2Ωc

i

≤
(
amaxC

2
invC

−1
2 + 1

)
k2∥Ξc

i (v)∥2Ωc
i
≲
(
amaxC

2
invC

−1
2 + 1

)
k2∥v∥2Ωc

i
(5.3.30)

Combining this with (5.3.29), (5.3.28) and the lower bound on λi1 given in (5.3.14) we obtain

bi(w,w) ≤ aΩc
i
(v, v) + Λ2

c

[
1 + 4n−1

min

(
amaxC

2
invC

−1
2 + 1

)2 ]
C∗(amaxC

2
invC

−1
2 + 1

)
k2∥v∥2Ωc

i
,

where C∗ is the hidden constant in (5.3.30). This proves the second inequality in (5.3.27) when
λi1 < 0.

Since bi(u, u) = a(u, u)− k2(nu, u) ≤ a(u, u) ≤ amax ∥∇u∥2Ωc
i
≤ amax ∥u∥21,k,Ωc

i
,

bi(w,w) ≤ amax ∥w∥21,k,Ωc
i
. (5.3.31)

We now control ∥w∥1,k,Ωc
i
in terms of ∥v∥1,k,Ωc

i
. Using the inverse estimate on Ṽi and the lower

bound ci(u, u) ≳ k2Λ−2
c ∥u∥2Ωc

i
(Lemma 5.2.21), for any u ∈ Ṽi and C2 ≤ (hk)2 ≤ C1,

∥u∥21,k,Ωc
i
≤
(
h−2 + k2

)
∥u∥2Ωc

i
≲

(
1 +

1

(hk)2

)
Λ2
c ci(u, u) ≲

Λ2
c

C2
ci(u, u). (5.3.32)

Since Πmi is the ci-orthogonal projector (onto span{pi1, . . . , pimi
}),

ci(w,w) = ci(v −Πmiv, v −Πmiv) ≤ ci(v, v).

Combining this with (5.3.32) for u = w and u = v yields

∥w∥21,k,Ωc
i
≲

Λ2
c

C2
ci(w,w) ≤ Λ2

c

C2
ci(v, v) ≲ Λ2

c ∥v∥21,k,Ωc
i
,

where in the last step we used the stability of the local extension (standard in overlapping
DDM): ci(v, v) = ∥Ξiv ∥21,k,Ωc

i
≲ Λ2

c ∥v∥21,k,Ωc
i
. Substituting this into (5.3.31) proves the right

inequality in (5.3.26) with a constant C3 depending on C1, C2, Cinv (through the hidden constants
in (5.3.32)) and at most linearly on amax.

(c) The estimate (5.3.27). Since λimi+1 > 0, Lemma 5.2.9 (applied with b = bi, c = ci and
m = mi) gives

ci(w,w) ≤ 1

λimi+1

bi(w,w),

which is exactly (5.3.27).

Remark 5.3.10 (What these bounds say).

• Theorem 5.3.8 guarantees a strictly positive spectral gap locally: after including all non-
positive modes into the coarse space (up to mi), the next mode has λimi+1 > 0. This is the
key hypothesis that triggers the abstract projection estimate (Lemma 5.2.9).

• Lemma 5.3.9 then shows the Hk-GenEO local projector discards only a component w whose
bi-energy is controlled by the (1, k)-norm of v (up to Λ2

c), and, crucially, w satisfies a local
inf–sup estimate (5.3.27) with constant λimi+1. Intuitively: we keep all “dangerous” (non-
positive/small) modes; what remains is safely controlled.
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• The existence of strictly positive local eigenvalues required in Assumption (ii) of Lemma 5.3.9
is ensured (under a mild geometric assumption on local DOFs) by Theorem 5.3.8 (proved
in the appendix).

• The projector Πmi collects all “dangerous” local modes—those with non-positive or very
small bi-energy relative to ci. The remainder w therefore lives in a subspace where bi is
coercive (by Lemma 5.3.5 together with λimi+1 > 0), so its ci-energy is controlled by its
bi-energy with constant 1/λimi+1—this is exactly (5.3.27). The upper bound (5.3.26) then
follows by comparing bi to the (1, k)-norm and using the stability of the local extension (the
Λc factor).

From Lemma 5.3.9, we can now pass from a local spectral approximation to a global one by
patching subdomain contributions via stable extensions and a partition of unity. This yields the
central global approximation property of the Hk-GenEO coarse space.

Lemma 5.3.11 (Global approximation property). Under the same conditions as in Lemma 5.3.9,
define Θ as in (5.3.1). Further, let v ∈ V h and set

z0 :=
N∑
i=1

Ec
i Ξ

c
i

(
Πc

mi
v|Ωc

i

)
. (5.3.33)

Then z0 ∈ V0 and
inf
z∈V0

∥v − z∥21,k ≤ ∥v − z0∥21,k ≤ C3 Λ
4
c Θ ∥v∥21,k. (5.3.34)

Proof. By construction, Πc
mi

(v|Ωc
i
) ∈ span{pi1, . . . , pimi

}, hence z0 ∈ V0. Using the partition-of-
unity stability, the overlap bounds, and Lemma 5.3.9, we obtain

∥v − z0∥21,k =

∥∥∥∥∥
N∑
i=1

Ec
iΞ

c
i

(
v|Ωc

i

)
−

N∑
i=1

Ec
iΞ

c
i

(
Πc

mi
v|Ωc

i

)∥∥∥∥∥
2

1,k

≤ Λc

N∑
i=1

∥∥Ξc
i

(
v|Ωc

i
−Πc

mi
v|Ωc

i

)∥∥2
1,k,Ωc

i
(partition-of-unity stability)

= Λc

N∑
i=1

ci
(
v|Ωc

i
−Πc

mi
v|Ωc

i
, v|Ωc

i
−Πc

mi
v|Ωc

i

)
≤ Λc

N∑
i=1

1

λimi+1

bi
(
v|Ωc

i
−Πc

mi
v|Ωc

i
, v|Ωc

i
−Πc

mi
v|Ωc

i

)
(Lemma 5.3.9, (5.3.27))

≤ C3 Λ
3
c

N∑
i=1

1

λimi+1

∥v|Ωc
i
∥21,k,Ωc

i
(Lemma 5.3.9, (5.3.26))

≤ C3Λ
3
cΘ

N∑
i=1

∥v|Ωc
i
∥21,k,Ωc

i
≤ C3Λ

4
cΘ ∥v∥21,k,

which proves the second inequality in (5.3.34). Since z0 ∈ V0, the first inequality follows.

Remark 5.3.12 (Why (5.3.34) matters in domain decomposition). The bound (5.3.34) is the
approximation property of the coarse space: for any fine function v, there is a coarse represen-
tative z0 whose error in the (1, k)-norm is controlled by Θ (the reciprocal of the first discarded
local eigenvalue) and the overlap factor Λc. This is the first pillar of two-level methods: the
coarse space captures the long-range (global) components efficiently.
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The next result shows that the Hk-GenEO coarse space together with the local subdomain
spaces yields a stable decomposition of any v ∈ V h. In the SPD setting, this property is the
cornerstone for condition-number bounds of two-level Schwarz [85]. In our indefinite setting, it
plays the analogous role for bounding the field of values of the preconditioned operator.

Lemma 5.3.13 (Stable decomposition). Under the same conditions as in Lemma 5.3.9, let
v ∈ V h, define z0 ∈ V0 as in (5.3.33), and define, for each j = 1, . . . , Q,

zℓj := Φℓ
j (v − z0)

∣∣
Ωℓ

j
∈ VΩℓ

j
.

Then:

(i) v = z0 +

Q∑
j=1

Eℓ
jz

ℓ
j ,

(ii) ∥z0∥21,k +
Q∑

j=1

∥zℓj∥21,k,Ωℓ
j
≲
(
1 + C3ΛℓΛ

4
cΘ
)
∥v∥21,k.

Proof. (i) Using
∑Q

j=1Φ
ℓ
j ≡ 1 and supp(Φℓ

j) ⊆ Ωℓ
j ,

Q∑
j=1

Eℓ
jz

ℓ
j =

Q∑
j=1

Eℓ
j

(
Φℓ
j(v − z0)

)
= (v − z0)

Q∑
j=1

Φℓ
j = v − z0,

which proves (i).

(ii) By Lemma 5.3.11,

∥z0∥21,k ≤ 2
(
∥z0 − v∥21,k + ∥v∥21,k

)
≤ 2

(
1 + C3Λ

4
cΘ
)
∥v∥21,k.

Moreover, by the multiplicative partition-of-unity estimate (cf. (5.2.30)),

Q∑
j=1

∥zℓj∥21,k,Ωℓ
j
=

Q∑
j=1

∥Φℓ
j(v − z0)∥21,k,Ωℓ

j
≲ Λℓ

(
1 +

1

(kδ)2

)
∥v − z0∥21,k ≲ Λℓ ∥v − z0∥21,k,

where in the last step we used kδ ≳ kh ≥ √
C2. Combining with the bound on z0 yields

∥z0∥21,k +
Q∑

j=1

∥zℓj∥21,k,Ωℓ
j
≲
(
1 + C3ΛℓΛ

4
cΘ
)
∥v∥21,k.

It is convenient to introduce the orthogonal projections onto the local spaces P ℓ
j : V h → VΩℓ

j
,

with respect to the inner product (·, ·)1,k, by requiring that, for each j = 1, . . . , Q,

(P ℓ
j v, w)1,k,Ωℓ

j
= (v,Eℓ

jw)1,k for all w ∈ VΩℓ
j
, v ∈ V h. (5.3.35)

Similarly we define the orthogonal projection onto the coarse space P0 : V
h → V0 by

(P0v, w)1,k = (v, w)1,k= (v,E0w)1,k, for all w ∈ V0. (5.3.36)

Using these we define the operator P : V h → V h by

P := E0P0 +

Q∑
j=1

Eℓ
j P

ℓ
j . (5.3.37)
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The operator P is an easier-to-analyse proxy for the operator T representing the preconditioned
matrix (see (5.2.27) and Proposition 5.2.12): T is defined analogously but with the indefinite
bilinear form b(·, ·) on the left-hand side of (5.3.35)–(5.3.36) instead of the (·, ·)1,k inner product.
In the next result we estimate the field of values of P ; this lifts to an estimate of the field
of values of T (Lemma 5.4.1), which in turn yields our main GMRES convergence theorem
(Theorem 5.3.1).

Proposition 5.3.14 (Energy coercivity of P ). Under the assumptions of Lemma 5.3.9, any
v ∈ V h satisfies

∥v∥21,k ≲
(
1 + C3 Λℓ Λ

4
c Θ
)
(Pv, v)1,k. (5.3.38)

Proof. By Lemma 5.3.13(i) we have the stable splitting v = z0 +
∑Q

j=1E
ℓ
jz

ℓ
j . Therefore,

∥v∥21,k = (v, z0)1,k +

Q∑
j=1

(v, Eℓ
jz

ℓ
j)1,k

= (P0v, z0)1,k +

Q∑
j=1

(
P ℓ
j v, z

ℓ
j

)
1,k,Ωℓ

j
(by the defining relations of P0 and P ℓ

j )

≤ ∥P0v∥1,k ∥z0∥1,k +

Q∑
j=1

∥P ℓ
j v∥1,k,Ωℓ

j
∥zℓj∥1,k,Ωℓ

j
(Cauchy–Schwarz)

≤
(
∥P0v∥21,k +

Q∑
j=1

∥P ℓ
j v∥21,k,Ωℓ

j

)1
2
(
∥z0∥21,k +

Q∑
j=1

∥zℓj∥21,k,Ωℓ
j

)1
2
.

By Lemma 5.3.13(ii),

∥z0∥21,k +
Q∑

j=1

∥zℓj∥21,k,Ωℓ
j
≲
(
1 + C3 Λℓ Λ

4
c Θ
)
∥v∥21,k.

For the first factor, take w = P0v in (5.3.36) and w = P ℓ
j v in (5.3.35) to get

∥P0v∥21,k = (v,E0P0v)1,k, ∥P ℓ
j v∥21,k,Ωℓ

j
= (v,Eℓ

jP
ℓ
j v)1,k.

Hence

∥P0v∥21,k +
Q∑

j=1

∥P ℓ
j v∥21,k,Ωℓ

j
=
(
E0P0v +

Q∑
j=1

Eℓ
jP

ℓ
j v, v

)
1,k

= (Pv, v)1,k.

Combining the two bounds and dividing by ∥v∥1,k yields (5.3.38).

Remark 5.3.15 (Interpretation and role in the two-level framework).

• What (5.3.38) says. The operator P is the SPD “proxy” additive Schwarz operator (built
with the (·, ·)1,k inner product). Inequality (5.3.38) is a coercivity (or energy lower bound):
the quadratic form (Pv, v)1,k controls the full energy ∥v∥21,k up to the factor

(
1+C3ΛℓΛ

4
cΘ
)
.

• Why it holds. The proof uses results from Lemma 5.3.11 and 5.3.13: (a) the coarse space
gives a good global approximation (z0), and (b) the remainder splits into local pieces with
stable energy. Because P0 and P ℓ

j are the (1, k)-orthogonal projections, (Pv, v)1,k is exactly
the squared norm of the projected pieces.

• Dependence on parameters. The only “inflation” in the constant comes from overlap
multiplicities (Λℓ,Λc) and the spectral threshold Θ = 1/τ : better overlap design and a
richer coarse space (larger τ) tighten the bound.
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5.3.2 Existence and Stability of T ℓ
j , j = 1, . . . , Q

The next lemma shows that T ℓ
j is well defined for j = 1, . . . , Q if the subdomains Ωℓ

j are small
enough with respect to k.

Lemma 5.3.16. If Hℓk <
√
2, then, for each j = 1, . . . , Q, bΩℓ

j
(·, ·) is positive definite and the

operators T ℓ
j are well defined.

Proof. Using the definition of bΩℓ
j
(·, ·), Friedrichs’ inequality and the assumption that amin =

1= nmax, we obtain

bΩℓ
j
(u, u) = aΩℓ

j
(u, u)− k2(nu, u)Ωℓ

j
≥ 2

(Hℓ)
2 ∥u∥2Ωℓ

j
− k2∥u∥2

Ωℓ
j
=

2− (Hℓ)
2k2

(Hℓ)
2 ∥u∥2

Ωℓ
j
,

and hence bΩℓ
j
(·, ·) is positive definite. The system (5.2.25) is then positive definite and the result

follows.

Remark 5.3.17. Whilst this is a sufficient condition for T ℓ
j to be well defined, it is not necessary.

In general, the T ℓ
j will be well-defined when the linear system corresponding to (5.2.25) is non-

singular. However, it seems hard to guarantee good stability properties for T ℓ
j unless the above

condition is satisfied.

Before we proceed, we state the following well-known boundedness property of bΩ′ , which is a
simple consequence of the Cauchy–Schwarz inequality.

|bΩ′(u, v)| ≤ ∥u∥1,k,Ω′∥v∥1,k,Ω′ . (5.3.39)

Lemma 5.3.18 (Stability of T ℓ
j , j = 1, . . . , Q). Suppose that

√
2Hℓk ≤ 1. Then

∥T ℓ
j v∥1,k,Ωℓ

j
≤ 2
∥∥v|Ωℓ

j

∥∥
1,k,Ωℓ

j
for all v ∈ V h.

Proof. Using (5.2.25), (5.3.39) and the Friedrichs’ inequality (5.2.8) we obtain

∥T ℓ
j v∥21,k,Ωℓ

j
= bΩℓ

j
(T ℓ

j v, T
ℓ
j v) + 2k2∥√nT ℓ

j v∥2Ωℓ
i
= bΩℓ

i

(
v|Ωℓ

j
, T ℓ

j v
)
+ 2k2∥√nT ℓ

j v∥2Ωℓ
j

≤
∥∥v|Ωℓ

j

∥∥
1,k,Ωℓ

j
∥T ℓ

j v∥1,k,Ωℓ
j
+ 2k2∥√nT ℓ

j v∥2Ωℓ
j

≤
∥∥v|Ωℓ

j

∥∥
1,k,Ωℓ

j
∥T ℓ

j v∥1,k,Ωℓ
j
+ k2(Hℓ)

2∥T ℓ
j v∥21,k,Ωℓ

j
,

which implies (
1− k2(Hℓ)

2
)
∥T ℓ

j v∥1,k,Ωℓ
j
≤
∥∥v|Ωℓ

j

∥∥
1,k,Ωℓ

j
.

Using the condition Hℓk ≤ 1/
√
2, we can deduce the required bound.

5.3.3 Existence and Stability of T0

To ensure that T0 is well defined, a condition on Θ (defined in (5.3.1)) is required.

Lemma 5.3.19 (T0 is well-defined). Suppose that Θ is chosen small enough so that√
2C3 kΛ

2
cΘ

1
2 (1 + Cstab) < 1. (5.3.40)

Then there exists h1 > 0 such that, for all h ∈ (0, h1), the operator T0 is well defined.
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Proof. Assume (for a contradiction) that there exists a w0 ∈ V0\{0}⊆ V h, such that

b(w0, z) = 0 for all z ∈ V0. (5.3.41)

Then let w ∈ H1
0 (Ω) be the solution of

b(w, v) = (w0, v) for all v ∈ H1
0 (Ω),

which exists and is unique by (2.2.9). Then Lemma 5.2.3 implies that, for all ε > 0, there exists
an h1 = h1(ε) > 0 such that, for all h ∈ (0, h1), there is a solution wh ∈ V h of

b(wh, v) = (w0, v) for all v ∈ V h.

This holds, in particular, for v = w0. This, together with (5.3.41) and (5.3.39), yields that, for
all z ∈ V0,

∥w0∥2 = b(wh, w0) = b(wh, w0)− b(z, w0) = b(wh − z, w0) ≤ ∥wh − z∥1,k∥w0∥1,k.

As this is true for all z ∈ V0, we obtain, by Lemma 5.3.11,

∥w0∥2 ≤ ∥w0∥1,k inf
z∈V0

∥wh − z∥1,k ≤ ∥w0∥1,k
√
C3Λ

2
cΘ

1
2 ∥wh∥1,k. (5.3.42)

Equation (5.3.41) with z = w0 implies that

0 = b(w0, w0) = ∥w0∥21,k − 2k2∥w0∥2,

which, together with (5.3.42), yields

∥w0∥2 ≤
√

2C3 k∥w0∥Λ2
cΘ

1
2 ∥wh∥1,k. (5.3.43)

Then we use the triangle inequality, (2.2.9) and (5.2.6) to obtain

∥wh∥1,k ≤ ∥w∥1,k + ∥w − wh∥1,k ≤ (Cstab + ε)∥w0∥ ≤ (Cstab + 1)∥w0∥ (5.3.44)

where ε:= β/(1− 2β2) is chosen small enough. With (5.3.44) used in (5.3.43), we arrive at

∥w0∥2 ≤
√

2C3 kΛ
2
cΘ

1
2 (1 + Cstab)∥w0∥2.

Together with the condition (5.3.40), this leads to a contradiction.

The next lemma obtains a condition for the stability of T0.

Lemma 5.3.20 (Stability of T0). Assume that (5.3.40) is satisfied. Then there exists h1 > 0
such that, for h ∈ (0, h1),

∥T0u− u∥ ≤
√
C3Λ

2
cΘ

1
2 (1 + Cstab)∥T0u− u∥1,k for all u ∈ V h. (5.3.45)

Suppose, in addition that,

2k
√
C3Λ

2
cΘ

1
2 (1 + Cstab) ≤

1

2
; (5.3.46)

then
∥u− T0u∥1,k ≤ 2∥u∥1,k for all u ∈ V h. (5.3.47)
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Proof. Under condition (5.3.40), Lemma 5.3.19 ensures the existence of h1 > 0 such that, for
h ∈ (0, h1), the operator T0 : V h → V0 is well defined. Let u ∈ V h and consider now the
following auxiliary problem:

Find wh ∈ V h such that b(wh, v) =
(
T0u− u, v

)
for all v ∈ V h. (5.3.48)

The proof of Lemma 5.3.19 shows that there is a unique solution wh of (5.3.48) for h ∈ (0, h1)
and that

∥wh∥1,k ≤ (1 + Cstab)∥T0u− u∥. (5.3.49)

Now, by the definition (5.3.36) of T0, we have b(T0u − u, z) = 0 for all z ∈ V0. We can use
v = T0u− u ∈ V h in (5.3.48) and (5.3.39) to obtain, for every z ∈ V0,

∥T0u− u∥2 = b(wh, T0u− u) = b(wh, T0u− u)− b(z, T0u− u)

= b(wh − z, T0u− u) ≤ ∥wh − z∥1,k ∥T0u− u∥1,k.

Combining this with Lemma 5.3.11 we obtain

∥T0u− u∥2 ≤ ∥T0u− u∥1,k inf
z∈V0

∥wh − z∥1,k ≤ ∥T0u− u∥1,k
√
C3Λ

2
cΘ

1
2 ∥wh∥1,k.

which, together with (5.3.49), proves (5.3.45).
We now focus on the proof of (5.3.47). By the definition of P0 in (5.3.36), we have

(P0u− u, v)1,k = 0, for all u ∈ V h, v ∈ V0.

Using v = T0u ∈ V0 in this relation we obtain (T0u, P0u− u)1,k = 0. Since P0u− T0u ∈ V0, the
definition of T0 yields

b(u− T0u, P0u− T0u) = 0. (5.3.50)

Now we can use (5.3.50), the link between the bilinear forms (·, ·)1,k and b, and the Cauchy–
Schwarz inequality to obtain

∥u− T0u∥21,k = (u− T0u, u− T0u)1,k = b(u− T0u, u− T0u) + 2k2(u− T0u, u− T0u)

= b(u− T0u, u− T0u)− b(u− T0u, P0u− T0u) + 2k2(u− T0u, u− T0u)

= b(u− T0u, u− P0u) + 2k2(u− T0u, u− T0u)

= (u− T0u, u− P0u)1,k − 2k2(u− T0u, u− P0u) + 2k2(u− T0u, u− T0u)

= (u− T0u, u− P0u)1,k + 2k2(u− T0u, P0u− T0u)

≤ ∥u− T0u∥1,k∥u− P0u∥1,k + 2k2∥u− T0u∥∥T0u− P0u∥
≤ ∥u− T0u∥1,k∥u− P0u∥1,k + 2k∥u− T0u∥∥T0u− P0u∥1,k
= ∥u− T0u∥1,k∥u− P0u∥1,k + 2k∥u− T0u∥∥P0(T0u− u)∥1,k
≤ ∥u− T0u∥1,k∥u∥1,k + 2k∥u− T0u∥∥T0u− u∥1,k,

where in the last step we used the fact that P0 is the orthogonal projection onto V0 with respect
to (·, ·)1,k. Dividing both sides by ∥u − T0u∥1,k and then using (5.3.45) and the assumption
(5.3.46) we arrive at

∥u− T0u∥1,k ≤ ∥u∥1,k + 2k∥u− T0u∥ ≤ ∥u∥1,k + 2k
√
C3Λ

2
cΘ

1
2 (1 + Cstab)∥u− T0u∥1,k

≤ ∥u∥1,k +
1

2
∥u− T0u∥1,k,

which proves (5.3.47).
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5.4 Proof of the Main Result

Strategy at a glance. The key steps in proving the theoretical results consist in a comparison
of the easy-to-analyse SPD operator P with the true operator T :

(i) relate (Pu, u)1,k to (Tu, u)1,k up to a remainder R;

(ii) bound R using the stability of local/coarse solves and the overlap estimates;

(iii) combine with the coercivity of P (Proposition 5.3.14) to obtain a field-of-values lower
bound for T ; and

(iv) bound ∥Tu∥1,k from above. Elman’s theory then yields GMRES convergence.

These results are stated and shown in the following lemma.

Lemma 5.4.1. Let the assumptions in Theorem 5.3.1 be satisfied and set

c1 :=
1− s

1 + C3ΛℓΛ4
cΘ

, c2 := 18 + 8Λℓ
2.

Then, for all u ∈ V h,
c1∥u∥21,k ≤ (Tu, u)1,k, (5.4.1)

and
∥Tu∥21,k ≤ c2∥u∥21,k. (5.4.2)

Proof. Let u ∈ V h. We proceed in several steps.

Step 1 (Relation between (Tu, u)1,k and (Pu, u)1,k) . We start by employing (5.3.37) and
the definition of b to obtain

(Pu, u)1,k= (u, Pu)1,k =

(
u,E0P0u+

Q∑
j=1

Eℓ
jP

ℓ
j u

)
1,k

= b(u,E0P0u) + 2k2(u,E0P0u) +

Q∑
j=1

[
b(u,Eℓ

jP
ℓ
j u) + 2k2(u,Eℓ

jP
ℓ
j u)
]
.

Then, using (5.2.25) and (5.2.26), we obtain

(Pu, u)1,k = b(T0u, P0u) + 2k2(u,E0P0u) +

Q∑
j=1

[
bΩℓ

j
(T ℓ

j u, P
ℓ
j u) + 2k2(u,Eℓ

jP
ℓ
j u)
]

= (T0u, P0u)1,k − 2k2(T0u, P0u) + 2k2(u,E0P0u)

+

Q∑
j=1

[
(T ℓ

j u, P
ℓ
j u)1,k,Ωℓ

j
− 2k2(T ℓ

j u, P
ℓ
j u)Ωℓ

j
+ 2k2(u,Eℓ

jP
ℓ
j u)
]
.

Now using the definitions (5.3.35) and (5.3.36) of P ℓ
j and P0, we have

(Pu, u)1,k = (E0T0u, u)1,k − 2k2(E0T0u,E0P0u) + 2k2(u,E0P0u)

+

Q∑
j=1

[
(Eℓ

jT
ℓ
j u, u)1,k − 2k2(Eℓ

jT
ℓ
j u,E

ℓ
jP

ℓ
j u) + 2k2(u,Eℓ

jP
ℓ
j u)
]
.
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We now rearrange the right-hand side to obtain:

(Pu, u)1,k = (E0T0u, u)1,k +

Q∑
j=1

(Eℓ
jT

ℓ
j u, u)1,k

− 2k2

(E0T0u− u,E0P0u) +

Q∑
j=1

(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u)


= (Tu, u)1,k −R,

where we used the definition (5.2.27) of T and we have introduced the remainder:

R := 2k2

(E0T0u− u,E0P0u) +

Q∑
j=1

(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u)

, (5.4.3)

Step 2. (Bounding the first term in R.) Recalling that E0w0 = w0 for all w0 ∈ V0, and
noting that the assumption in (5.3.2) implies that (5.3.46) is satisfied, we can use (5.3.45),
(5.3.47) and the fact that P0 is the orthogonal projection with respect to (·, ·)1,k, to obtain

k2(E0T0u− u,E0P0u) ≤ k2∥E0T0u− u∥∥E0P0u∥ = k2∥T0u− u∥∥P0u∥

≤ k∥T0u− u∥∥P0u∥1,k ≤
√
C3kΛ

2
cΘ

1
2 (1 + Cstab)∥T0u− u∥1,k∥P0u∥1,k

≤ 2k
√
C3Λ

2
cΘ

1
2 (1 + Cstab)∥u∥1,k∥P0u∥1,k

≤ 2k
√
C3Λ

2
cΘ

1
2 (1 + Cstab)∥u∥21,k. (5.4.4)

Step 3. (Bounding the second term in R.) Using Friedrichs’ inequality, we obtain, for each
j = 1, . . . , Q,

k2(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u) = k2

(
T ℓ
j u− u|Ωℓ

j
, P ℓ

j u
)
Ωℓ

j
≤ k2

∥∥T ℓ
j u− u|Ωℓ

j

∥∥
Ωℓ

j
∥P ℓ

j u∥Ωℓ
j

≤ k
∥∥T ℓ

j u− u|Ωℓ
j

∥∥
1,k,Ωℓ

j
∥P ℓ

j u∥Ωℓ
j

≤ k
∥∥T ℓ

j u− u|Ωℓ
j

∥∥
1,k,Ωℓ

j

Hℓ√
2
∥P ℓ

j u∥1,k,Ωℓ
j

≤ kHℓ√
2

(
∥T ℓ

j u∥1,k,Ωℓ
j
+
∥∥u|Ωℓ

j

∥∥
1,k,Ωℓ

j

)
∥P ℓ

j u∥1,k,Ωℓ
j
. (5.4.5)

Now, note that the hypothesis (5.3.2) implies that kHℓ < 1/(3Λℓ) ≤ 1/3 <
√
2/2. Hence we

can apply Lemma 5.3.18 to obtain, from (5.4.5),

k2(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u) ≤

3kHℓ√
2

∥∥u|Ωℓ
j

∥∥
1,k,Ωℓ

j
∥P ℓ

j u∥1,k,Ωℓ
j
< 3kHℓ

∥∥u|Ωℓ
j

∥∥
1,k,Ωℓ

j
∥P ℓ

j u∥1,k,Ωℓ
j
.

Taking the sum over j = 1, . . . , Q, applying the Cauchy–Schwarz inequality and the overlap
property (5.2.22), we arrive at

k2
Q∑

j=1

(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u) ≤ 3kHℓ

Q∑
j=1

∥∥u|Ωℓ
j

∥∥
1,k,Ωℓ

j
∥P ℓ

j u∥1,k,Ωℓ
j

≤ 3kHℓ

(
Q∑

j=1

∥∥u|Ωℓ
j

∥∥2
1,k,Ωℓ

j

) 1
2
(

Q∑
j=1

∥P ℓ
j u∥21,k,Ωℓ

j

) 1
2

≤ 3kHℓΛ
1/2
ℓ ∥u∥1,k

(
Q∑

j=1

∥P ℓ
j u∥21,k,Ωℓ

j

) 1
2

. (5.4.6)
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To estimate the sum on the right-hand side of (5.4.6), note that

∥Eℓ
jP

ℓ
j u∥21,k = (Eℓ

jP
ℓ
j u,E

ℓ
jP

ℓ
j u)1,k = (P ℓ

j u, P
ℓ
j u)1,k,Ωℓ

j

= (P ℓ
j u, u)1,k,Ωℓ

j
= (Eℓ

jP
ℓ
j u, u)1,k,

and so, using a standard property of overlapping covers (5.2.23), we have∥∥∥∥∥
Q∑

j=1

Eℓ
jP

ℓ
j u

∥∥∥∥∥
2

1,k

≤ Λℓ

Q∑
j=1

∥Eℓ
jP

ℓ
j u∥21,k = Λℓ

Q∑
j=1

(Eℓ
jP

ℓ
j u, u)1,k

= Λℓ

(
Q∑

j=1

Eℓ
jP

ℓ
j u, u

)
1,k

≤ Λℓ

∥∥∥∥∥
Q∑

j=1

Eℓ
jP

ℓ
j u

∥∥∥∥∥
1,k

∥u∥1,k.

Hence ∥∥∥∥∥
Q∑

j=1

Eℓ
jP

ℓ
j u

∥∥∥∥∥
1,k

≤ Λℓ∥u∥1,k,

which then implies

Q∑
j=1

∥P ℓ
j u∥21,k,Ωℓ

j
=

Q∑
j=1

(Eℓ
jP

ℓ
j u, u)1,k =

(
Q∑

j=1

Eℓ
jP

ℓ
j u, u

)
1,k

≤
∥∥∥∥∥

Q∑
j=1

Eℓ
jP

ℓ
j u

∥∥∥∥∥
1,k

∥u∥1,k ≤ Λℓ∥u∥21,k.

This, together with (5.4.6), leads to

k2
Q∑

j=1

(Eℓ
jT

ℓ
j u− u,Eℓ

jP
ℓ
j u) ≤ 3kHℓΛℓ∥u∥21,k. (5.4.7)

Step 4 (Obtaining (5.4.1).) We can now combine (5.4.3), (5.4.4) and (5.4.7) to obtain

|R| ≤ 2
(
2k
√
C3Λ

2
cΘ

1/2(1 + Cstab) + 3kHℓΛℓ

)
∥u∥21,k =

s

1 + C3ΛℓΛ4
cΘ

∥u∥21,k,

with s as defined in (5.3.2). Hence, using this and Proposition 5.3.14, we obtain

(Tu, u)1,k ≥ (Pu, u)1,k +R ≥ (1 + C3ΛℓΛ
4
cΘ)−1∥u∥21,k − |R|

≥ (1 + C3ΛℓΛ
4
cΘ)−1(1− s)∥u∥21,k,

which yields the result.

Step 5. (Obtaining (5.4.2).) Since E0T0u = T0u, we have

∥Tu∥21,k =

∥∥∥∥∥T0u+

Q∑
j=1

Eℓ
jT

ℓ
j u

∥∥∥∥∥
2

1,k

≤ 2∥T0u∥21,k + 2

∥∥∥∥∥
Q∑

j=1

Eℓ
jT

ℓ
j u

∥∥∥∥∥
2

1,k

. (5.4.8)

For the first term on the right-hand side of (5.4.8), we use Cauchy–Schwarz and (5.3.47) to
obtain

∥T0u∥21,k = (T0u, T0u)1,k = (T0u− u, T0u)1,k + (u, T0u)1,k

≤ ∥T0u− u∥1,k∥T0u∥1,k + ∥u∥1,k∥T0u∥1,k
≤ 2∥u∥1,k∥T0u∥1,k + ∥u∥1,k∥T0u∥1,k = 3∥u∥1,k∥T0u∥1,k,
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and hence
∥T0u∥1,k ≤ 3∥u∥1,k. (5.4.9)

For the second term on the right-hand side of (5.4.8) we use again Lemma 5.3.18 and (5.2.23)
to obtain∥∥∥∥∥

Q∑
j=1

Eℓ
jT

ℓ
j u

∥∥∥∥∥
2

1,k

≤ Λℓ

Q∑
j=1

∥T ℓ
j u∥21,k,Ωℓ

j
≤ Λℓ

Q∑
j=1

4
∥∥u|Ωi

∥∥2
1,k,Ωℓ

j
≤ 4Λ2

ℓ∥u∥21,k. (5.4.10)

Combining (5.4.9) and (5.4.10) with (5.4.8) we arrive at

∥Tu∥21,k ≤ 2× 9∥u∥21,k + 2× 4Λ2
ℓ∥u∥21,k = (18 + 8Λ2

ℓ )∥u∥1,k,

which proves (5.4.2).

We now complete the proof of Theorem 5.3.1.

Proof of Theorem 5.3.1. Using (5.4.1) with (5.2.28) we obtain

c1∥u∥21,k ≤ (Tu, u)1,k =
〈
M−1

AS,2Bu,u
〉
Dk
,

which can be written as

c1 ≤
〈
M−1

AS,2Bu,u
〉
Dk

∥u∥2Dk

.

Also, combining (5.4.2) with (5.2.28), we get

∥M−1
AS,2Bu∥2Dk

= ∥Tu∥21,k ≤ c2∥u∥21,k = c2∥u∥2Dk
,

which implies
∥M−1

AS,2B∥2Dk
≤ c2.

The result on GMRES convergence now follows from the Elman theory [35] with γ = c1
c2
.

Remark 5.4.2 (Takeaways before the numerical results).

• The lower bound (5.4.1) shows that the two-level operator T has its field of values bounded
away from 0 by a constant proportional to (1−s)/(1+C3ΛℓΛ

4
cΘ): the coarse space quality

(via Θ) and the overlaps (Λc,Λℓ) directly govern robustness.

• The upper bound (5.4.2) ensures no blow-up of the preconditioned norm, with a mild de-
pendence on Λℓ.

• Together these yield a k-robust GMRES rate as soon as kHℓ ≲ 1 and (1 +Cstab)
2k2Θ ≲ 1

(Corollary 5.3.2), highlighting the key design levers for Hk-GenEO: (a) pick Hℓ ∼ k−1,
(b) include local modes until τ = mini λ

i
mi+1 reaches τ ≳ (1 + Cstab)

2k2.

These predictions are borne out by the experiments in the next section.

5.5 Numerical Results

This section aims to assess the effectiveness of the two–level overlapping Schwarz preconditioner
equipped with the Hk–GenEO coarse space, using the ∆k–GenEO as a comparison. The ex-
periments are designed to test wavenumber robustness, scalability with respect to the number
of subdomains and sensitivity to the spectral threshold τ , which controls the dimension of the
coarse space. Two representative test cases are being considered.
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1. Homogeneous case. We will solve the Helmholtz equation on the unit square with homo-
geneous Dirichlet boundary conditions and a single interior point source. This controlled
setting isolates frequency and decomposition effects.

2. Heterogeneous case. A layered medium on the same domain, alternating between
amin = 1 and amax > 1.

For many of the numerical experiments in this section, the results are reported using different
values of τ when comparing the Hk-GenEO and ∆k-GenEO. This is an attempt to keep the
coarse space a comparatively similar size in order to highlight the effectiveness of the Hk-GenEO
method.

More extensive test cases are carried out in Chapter 6 in comparison with other spectral
coarse spaces. The numerical tests in this section are solving the problem as defined in the
theory, whereas the numerical tests in Chapter 6 are using variations of the Helmholtz problem
in different settings.

5.5.1 Implementation Details

We refer the reader to Section 4.5.1 for a complete description of the implementation details.
We are using the same methodology with Hk-GenEO used as the coarse space.

5.5.2 Homogeneous Problem

We begin by testing the Hk-GenEO method on a simple yet representative model: the 2D
Helmholtz equation on the unit square Ω = (0, 1)2 with homogeneous Dirichlet boundary con-
ditions on all sides. A point source is located in the centre of the domain at (12 ,

1
2) and pro-

vides the forcing function f . The point source is numerically modelled by a Gaussian function:
f(x, y) = 104 exp(−103[(x − 1

2)
2 + (y − 1

2)
2]). A schematic of this model problem is found in

Figure 4.1.
We discretise the domain using a uniform Cartesian grid with spacing h and use alternating

diagonals to create a conforming simplicial mesh. Unless otherwise stated, the coarse space is
computed on the same decomposition as the local subdomains, i.e., Hℓ = Hc, and the overlap is
one layer of elements. The main goal is to assess the robustness of the Hk-GenEO preconditioner
as the wavenumber k increases and as the number of subdomains N varies. The coarse space is
constructed by including all local eigenfunctions with eigenvalue below a fixed threshold τ , with
three values tested: τ = 0.2.0.4, 0.6. Here we have used the definition τ = minNi=1 λ

i
mi+1, where

λimi+1 is the first unused eigenvalue in subdomain Ωi.
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Hk-GenEO ∆k-GenEO
Max.Num.

N k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 20 240 58081 4.0 -0.324293 18 240 16 29 464 16

40 480 231361 13.0 -0.703879 49 628 20 65 1040 24
60 720 519841 22.0 -0.849475 86 1160 17 110 1768 21
80 960 923521 41.0 -0.910659 132 1876 27 168 2692 38
100 1200 1442401 58.0 -0.941228 190 2660 36 230 3688 52

36 20 240 58081 3.0 -0.178013 12 344 19 20 720 16
40 480 231361 6.0 -0.484958 28 844 31 43 1540 45
60 720 519841 13.0 -0.703879 49 1528 18 71 2544 25
80 960 923521 20.0 -0.815187 72 2312 23 103 3696 42
100 1200 1442401 28.0 -0.875285 99 3260 51 137 4936 78

64 20 240 58081 1.0 -0.125924 8 448 19 14 920 22
40 480 231361 4.0 -0.324293 18 1056 24 34 2144 29
60 720 519841 8.0 -0.553713 34 1924 18 51 3268 32
80 960 923521 13.0 -0.703879 49 2820 23 74 4704 51
100 1200 1442401 17.0 -0.793739 65 3840 21 98 6272 38

100 20 240 58081 1.0 -0.100482 8 684 18 12 1180 21
40 480 231361 3.0 -0.230414 16 1440 24 26 2584 44
60 720 519841 4.0 -0.423257 24 2200 18 40 4004 47
80 960 923521 8.0 -0.590168 34 3224 24 58 5804 55
100 1200 1442401 13.0 -0.703879 49 4504 24 75 7520 44

144 20 240 58081 1.0 -0.0852859 5 672 21 11 1540 18
40 480 231361 3.0 -0.178013 12 1544 30 22 3168 34
60 720 519841 4.0 -0.324293 18 2448 23 35 5040 32
80 960 923521 6.0 -0.484958 28 3700 45 47 6736 101
100 1200 1442401 8.0 -0.612531 39 5232 25 60 8688 55

Table 5.2: Results for the homogeneous problem showing the dimension of the fine mesh
(dim(Fine)), the maximum number of negative eigenvalues per subdomain (Max. Num. Neg),
the minimum eigenvalue (λmin), the maximum number of modes per domain used in the coarse
space (dim(Loc)), the dimension of the coarse space (dim(CS)), and the GMRES iteration count
for a varying k. The threshold value is set to τ = 0.4 for Hk-GenEO, with τ = 0.7 for the ∆-
GenEO.

Hk-GenEO ∆k-GenEO
Max.Num.

N k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 20 240 58081 4.0 -0.324293 12 144 21 21 340 21

40 480 231361 13.0 -0.703879 26 356 27 49 784 29
60 720 519841 22.0 -0.849475 49 668 23 82 1312 31
80 960 923521 41.0 -0.910659 81 1108 65 121 1936 75
100 1200 1442401 58.0 -0.941228 112 1612 52 167 2672 68

36 20 240 58081 3.0 -0.178013 8 220 22 14 516 22
40 480 231361 6.0 -0.484958 14 456 77 32 1168 56
60 720 519841 13.0 -0.703879 26 844 27 54 1932 34
80 960 923521 20.0 -0.815187 41 1288 44 76 2740 68
100 1200 1442401 28.0 -0.875285 58 1876 68 102 3684 90

64 20 240 58081 1.0 -0.125924 4 224 32 12 736 23
40 480 231361 4.0 -0.324293 12 672 32 25 1604 56
60 720 519841 8.0 -0.553713 19 1060 32 38 2460 72
80 960 923521 13.0 -0.703879 26 1540 41 56 3584 76
100 1200 1442401 17.0 -0.793739 39 2276 33 72 4616 88

100 20 240 58081 1.0 -0.100482 4 324 31 10 980 21
40 480 231361 3.0 -0.230414 8 684 60 19 1936 87
60 720 519841 4.0 -0.423257 13 1144 37 30 3020 104
80 960 923521 8.0 -0.590168 19 1744 56 43 4324 144
100 1200 1442401 13.0 -0.703879 26 2444 37 57 5740 80

144 20 240 58081 1.0 -0.0852859 4 484 27 7 1056 19
40 480 231361 3.0 -0.178013 8 1012 37 16 2256 64
60 720 519841 4.0 -0.324293 12 1584 29 26 3796 77
80 960 923521 6.0 -0.484958 14 1920 163 36 5140 162
100 1200 1442401 8.0 -0.612531 19 2632 56 46 6576 197

Table 5.3: Results for the homogeneous problem showing the dimension of the fine mesh
(dim(Fine)), the maximum number of negative eigenvalues per subdomain (Max. Num. Neg),
the minimum eigenvalue (λmin), the maximum number of modes per domain used in the coarse
space (dim(Loc)), the dimension of the coarse space ((dim(CS)), and the GMRES iteration
count for a varying k. The threshold value is set to τ = 0.2 for the Hk-GenEO, with τ = 0.4 for
the ∆k-GenEO. 97



Hk-GenEO ∆k-GenEO
Max.Num.

N k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 20 240 58081 4.0 -0.324293 32 392 14 29 464 16

40 480 231361 13.0 -0.703879 81 1068 17 65 1040 24
60 720 519841 22.0 -0.849475 145 1984 15 110 1768 21
80 960 923521 41.0 -0.910659 225 3152 25 168 2692 38
100 1200 1442401 58.0 -0.941228 321 4572 29 230 3688 52

36 20 240 58081 3.0 -0.178013 20 600 15 20 720 16
40 480 231361 6.0 -0.484958 45 1404 25 43 1540 45
60 720 519841 13.0 -0.703879 81 2576 15 71 2544 25
80 960 923521 20.0 -0.815187 121 3908 18 103 3696 42
100 1200 1442401 28.0 -0.875285 171 5584 56 137 4936 78

64 20 240 58081 1.0 -0.125924 13 740 15 14 920 22
40 480 231361 4.0 -0.324293 32 1800 18 34 2144 29
60 720 519841 8.0 -0.553713 56 3232 15 51 3268 32
80 960 923521 13.0 -0.703879 81 4732 17 74 4704 51
100 1200 1442401 17.0 -0.793739 111 6508 15 98 6272 38

100 20 240 58081 1.0 -0.100482 12 1044 17 12 1180 21
40 480 231361 3.0 -0.230414 26 2360 20 26 2584 44
60 720 519841 4.0 -0.423257 41 3748 16 40 4004 47
80 960 923521 8.0 -0.590168 58 5360 19 58 5804 55
100 1200 1442401 13.0 -0.703879 81 7536 15 75 7520 44

144 20 240 58081 1.0 -0.0852859 8 1096 17 11 1540 18
40 480 231361 3.0 -0.178013 20 2640 20 22 3168 34
60 720 519841 4.0 -0.324293 32 4232 16 35 5040 32
80 960 923521 6.0 -0.484958 45 6048 33 47 6736 101
100 1200 1442401 8.0 -0.612531 63 8500 16 60 8688 55

Table 5.4: Results for the homogeneous problem showing the dimension of the fine mesh
(dim(Fine)), the maximum number of negative eigenvalues per subdomain (Max. Num. Neg),
the minimum eigenvalue (λmin), the maximum number of modes per domain used in the coarse
space (dim(Loc)), the dimension of the coarse space ((dim(CS)), and the GMRES iteration
count for a varying k. The threshold value is set to τ = 0.6 for Hk-GenEO, and τ = 0.7 for
∆k-GenEO.

5.5.3 Heterogenous Problem

We now consider the same experiments as in the homogeneous case, but with the diffusion
coefficient A(x) giving a heterogeneous domain. This aims to study the robustness of the
method with respect to medium heterogeneity. For this purpose, we consider a layered medium
within the same unit square domain. We use an alternating layer configuration in which the
heterogeneity is introduced through the material parameter a(x) with amin(x) = 1 and introduce
heterogeneity through altering amax(x), as shown in Figure 4.6. The heterogeneous coefficient
is given by

A(x) = a(x)I.

Choice of the spectral threshold τ . In all experiments the parameter τ controls the richness
of the coarse space, since all local eigenfunctions with eigenvalue λ ≤ τ are retained. Accord-
ingly, increasing τ improves robustness but also increases cost. The setup phase becomes more
expensive because more local eigenvectors must be computed and assembled into the coarse
basis, while the solve phase becomes more expensive because the coarse matrix is larger, its fac-
torisation is costlier, and each GMRES iteration requires a more expensive coarse correction. For
this reason we report results for τ ∈ {0.2, 0.4, 0.6}: τ = 0.2 represents an aggressive truncation
with a cheap but relatively small coarse space, τ = 0.6 represents a robustness-oriented choice
with a noticeably larger coarse problem, and τ = 0.4 serves as a practical compromise between
these two extremes. This also explains why, when comparing with ∆k-GenEO, we sometimes
use different numerical values of τ : the two methods generate different local spectra, so slightly
different thresholds are required in order to compare methods at broadly similar coarse-space
dimensions rather than at identical threshold values.
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Remark 5.5.1. In this study, we deliberately emphasise iteration counts and coarse-space di-
mensions rather than reported CPU timings. While wall-clock timings can certainly be informa-
tive, they are highly sensitive to implementation details, stopping criteria, hardware architecture
and the extent to which the software has been optimised. They therefore do not provide a suffi-
ciently reproducible or platform-independent basis for comparison.

In the context of two-level domain decomposition methods, iteration counts and coarse-space
dimension are standard and reliable proxies for computational performance. A reduction in iter-
ation count directly decreases the number of preconditioner applications, and hence the number
of local and coarse solves required, while a smaller coarse space lowers the cost of coarse-level
factorisation and solves and can also reduce communication costs. It follows that the consistently
lower iteration counts and smaller coarse spaces observed for Hk-GenEO provide strong evidence
that, in an efficient implementation, the method would also yield a lower overall time-to-solution,
even though such timings are not reported here.

5.5.4 Analyses and Comparison

We can now draw several conclusions from the homogeneous and heterogeneous tests carried
out for the different threshold values used.

Before discussing the individual threshold values, it is useful to compare the numerical ob-
servations with the sufficient conditions from Corollary 5.3.2. The theory identifies two main
requirements for robust convergence: a geometric condition kHℓ ≲ 1, and a spectral condition
(1 + Cstab)

2k2Θ ≲ 1, equivalently that τ is not too small. The numerical results support both
trends qualitatively. When N increases, the subdomain size Hℓ decreases, the local problems
become less indefinite, and the tables show fewer negative eigenvalues together with a generally
flatter iteration history. Likewise, when τ is increased, more negative and weakly positive local
modes are retained in the coarse space, and the iteration counts become substantially more
stable. At the same time, the numerical results are clearly less restrictive than the theorem in a
quantitative sense: acceptable convergence is still observed in several cases where the subdomain
size, measured in wavelengths, is larger than one wavelength. This is not a contradiction, since
the theory gives a sufficient condition rather than a sharp threshold, and in practice a richer
coarse space can partially compensate for a larger value of Hℓ.

Results for τ = 0.4. Table 5.2 and Table 5.5 reports performance metrics for varying k and
number of subdomainsN , while keeping the fine mesh fixed with h−1 = k×12, ensuring adequate
resolution for the homogeneous and heterogenous test cases respectively. The following trends
are evident:

• As k increases, the number of negative eigenvalues per subdomain (Max. Num. Neg)
increases, and the smallest local eigenvalue becomes more negative. This reflects the
increasing indefiniteness of the problem. A feature specific to heterogeneous media is
the contrast-induced reduction of the negative eigenvalues. It is observed that the most
negative eigenvalue becomes less negative for the higher contrast. This coincides with
fewer negative eigenvalues being taken per-subdomain. The effect is less noticeable as the
size of the domains decreases (for the larger N), as the problem is naturally becoming
more positive.

• Despite this, the GMRES iteration count remains relatively stable (between 14 and 25),
demonstrating that the Hk-GenEO coarse space successfully captures the problematic
modes. However, the ∆k-GenEO has a more obvious variation in GMRES iterations,
indicating an instability in the method. Whilst the ∆k-GenEO method is comparable for
the low to moderate k, it is unable to achieve the same low GMRES iteration for higher
k.
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• The coarse space dimension increases with both k and N , as expected, but this growth is
moderate. Even at k = 100, the iteration counts remain acceptable up to N = 144.

Overall, the τ = 0.4 results are the closest to the theoretical design principle in Section 5.3:
the threshold is large enough to recover stable convergence over a wide range of k and N , but
the resulting coarse space is still moderate in size. In this sense, τ = 0.4 acts as a useful baseline
choice, balancing robustness and coarse-level cost.

Results for τ = 0.2. Table 5.3 and Table 5.6 presents the same homogeneous and heteroge-
neous experiments with a lower threshold τ = 0.2. This tighter cutoff includes fewer eigenfunc-
tions in the coarse space, leading to smaller coarse space dimensions but also higher iteration
counts:

• For low k, the Hk-GenEO performance is acceptable, but for higher values (e.g., k = 80
and N = 144), GMRES iteration counts grow significantly. When this is compared to
the ∆k-GenEO results, the GMRES iteration count is comparable for low k, but the
difference becomes more significant with moderate to high k. In the heterogenous test
cases, iteration counts remain acceptable across N and amax, mirroring the homogeneous
case. At moderate and high frequency, the iteration count is affected more significantly
by the heterogeneity. For N = 16, k = 60, iterations drop from 68 with amax = 10 to 32
when amax = 1000. And when N = 64, k = 60, the iteration count drops from 56 to 35.
Whilst the ∆k-GenEO does see a decrease in iteration counts with an increase in amax, it
still remains considerably higher then the Hk-GenEO.

• Compared to τ = 0.4, we observe that reducing the coarse space too aggressively leads to
a loss of robustness, especially as k increases.

• This validates the theoretical prediction: a smaller eigenvalue threshold requires a corre-
spondingly finer decomposition or larger coarse space to maintain stability.

Results for τ = 0.6. Table 5.4 and Table 5.7 reports the homogeneous and heterogenous
results for a higher eigenvalue threshold τ = 0.6, meaning that more eigenfunctions are included
in the coarse space. Compared to the previous results, we see a consistent trend:

• Coarse space dimensions grow substantially, with roughly 1.5–2× more basis functions than
in the τ = 0.4 case, especially for higher k, displaying only a mild dependence on amax.
The corresponding ∆k-GenEO coarse spaces remain typically larger than Hk-GenEO in
order to obtain comparable iteration counts.

• GMRES iteration counts, however, drop significantly—typically to 11–16 iterations, nearly
independent of both k and N . This trend is also noticible in the heterogenous test cases
accross the different amax values, although with a slightly higher range, typically 15–20.
When this is compared to the ∆k-GenEO, with a comparable coarse space dimension,
the iteration count remains higher for the low k, with a steady increase in iterations as k
increases. This demonstrates the benefit of using the Hk-GenEO method, which utilises
the indefiniteness of the problem.

• Even for the most challenging cases (e.g., k = 100, N = 100), convergence is maintained.

Taken together, Tables 5.2–5.7 show that Hk-GenEO maintains scalability and robustness
with respect to both the number of subdomains N and the wavenumber k, remaining effective
even as indefiniteness grows and with an increase in heterogeneity. Across τ ∈ {0.2, 0.4, 0.6}
and in heterogeneous media, the Hk-GenEO method is the more iteration stable choice, while
∆k-GenEO typically requires larger coarse spaces and exhibits higher, more variable iteration
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counts. Increasing τ enlarges the coarse space and improves robustness. At τ = 0.2 the reduced
coarse space size leads to a loss of stability as k and N grow. With τ = 0.4 the trade–off
between coarse space size and GMRES iteration counts is broadly favourable, and then with
τ = 0.6 convergence is nearly k and N independent with only rare outliers. The clear benefit of
a more generous threshold is a preconditioner that is more robust and less sensitive to frequency,
with flattened iteration counts across parameter ranges.

The very large iteration counts that appear for some of the higher-frequency cases are there-
fore not unexpected. When τ is small, some negative and near-zero positive eigenmodes are no
longer represented in the coarse space, so the preconditioner loses the very components needed
to control the global low-energy error. This effect is strongest when k is large and N is small,
since these are precisely the cases where the local problems are most indefinite and the number
of problematic modes is largest. In addition, because the problem has Dirichlet boundary con-
ditions, the stability constant Cstab deteriorates when k2 approaches a Dirichlet eigenvalue of
the continuous operator. Hence one should expect isolated spikes in iteration count for certain
wavenumbers, rather than a perfectly monotone dependence on k. These outliers become par-
ticularly visible for τ = 0.2, because the coarse space then has little redundancy and therefore
less margin to absorb resonance-related deterioration.

From the perspective of the theory, the numerical experiments therefore confirm the qual-
itative role of both parameters: smaller Hℓ and larger τ both improve robustness, while large
iteration counts occur when one or both of these mechanisms are weakened. The agreement is
strongest at the level of trends rather than sharp thresholds. In particular, the computations
suggest that the sufficient conditions from Corollary 5.3.2 are conservative: convergence is of-
ten still acceptable outside the nominal regime kHℓ ≲ 1, provided the spectral enrichment is
strong enough. In Tables 5.5, 5.6 and 5.7 we show the dimension of the fine mesh (dim(Fine)),
the maximum number of negative eigenvalues per subdomain (Max. Num. Neg), the mini-
mum eigenvalue (λmin), the maximum number of modes per domain used in the coarse space
(dim(Loc)), the dimension of the coarse space ((dim(CS)), and the GMRES iteration count for
a varying k for a given threshold τ .

5.5.5 Spectral Complexity of Local Eigenproblems

Table 5.8 presents the number of local eigenvalues per subdomain lying below the threshold τ =
0.4, separated into negative and positive contributions. These values are crucial for determining
the size and effectiveness of the Hk-GenEO coarse space, as all eigenfunctions corresponding to
eigenvalues below τ are retained. The table reveals several key trends:

• Spectral shift with k: For fixed N , both the number of negative eigenvalues (Max.Neg)
and the number of small positive eigenvalues (Max.Pos) increase as k increases. This is
consistent with the growing indefiniteness of the operator and reflects the fact that more
unstable and near-resonant modes emerge locally.

• Effect of domain decomposition size (N): At fixed k, increasing N (i.e., using smaller
subdomains) leads to fewer negative and small positive eigenvalues. For example, at k =
60, the Max.Neg count drops from 22 (for N = 16) to only 4 (for N = 144) for the
homogeneous problem. This aligns with theoretical predictions: when subdomains are
small enough (i.e., Hℓ ≲ k−1), local problems tend to become positive definite or only
weakly indefinite.

In summary, this table provides concrete spectral evidence for the theoretical bounds derived
in Section 5.3: to ensure robustness, the coarse space must include all modes with eigenvalues
≤ τ , including both negative and small positive ones. Moreover, it illustrates the advantage
of fine subdomain resolution (large N): the number of problematic modes per patch decreases
significantly, allowing for more efficient coarse spaces without loss of robustness.
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Hk-GenEO ∆k-GenEO
Max.Num.

N amax k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 10 20 240 58081 2.0 -0.0795278 18 196 19 26 408 20

60 720 519841 15.0 -0.620619 74 866 19 94 1500 24
100 1200 1442401 35.0 -0.840064 155 1860 20 181 2890 38

16 1000 20 240 58081 2.0 -0.0010342 18 190 19 25 404 15
60 720 519841 12.0 -0.523291 73 826 20 90 1446 21
100 1200 1442401 31.0 -0.796087 151 1758 18 174 2780 32

36 10 20 240 58081 2.0 -0.0444599 13 322 19 19 682 19
60 720 519841 7.0 -0.512559 45 1220 19 63 2274 38
100 1200 1442401 17.0 -0.785888 89 2456 19 117 4216 38

36 1000 20 240 58081 2.0 -0.000860171 13 320 19 19 678 16
60 720 519841 7.0 -0.473817 45 1180 20 62 2224 27
100 1200 1442401 15.0 -0.767375 89 2382 49 115 4126 35

64 10 20 240 58081 1.0 -0.0381661 9 446 19 14 912 18
60 720 519841 6.0 -0.437747 33 1580 50 48 3052 76
100 1200 1442401 13.0 -0.738717 65 3100 18 86 5512 60

64 1000 20 240 58081 1.0 -0.00392729 9 458 20 14 916 16
60 720 519841 5.0 -0.417451 34 1578 20 47 3026 26
100 1200 1442401 11.0 -0.730374 66 3012 21 85 5432 55

100 10 20 240 58081 1.0 -0.0364662 8 572 19 12 1178 18
60 720 519841 4.0 -0.37355 29 2094 19 38 3832 42
100 1200 1442401 12.0 -0.689838 55 3882 19 69 6874 45

100 1000 20 240 58081 1.0 -0.000587616 8 548 18 12 1168 16
60 720 519841 3.0 -0.361218 29 2122 18 39 3864 26
100 1200 1442401 10.0 -0.687193 57 3872 19 68 6824 26

144 10 20 240 58081 1.0 -0.0513371 6 646 21 10 1456 17
60 720 519841 4.0 -0.295028 20 2250 23 32 4628 59
100 1200 1442401 8.0 -0.601849 41 4328 21 56 8078 82

144 1000 20 240 58081 1.0 -0.016502 7 660 20 10 1436 16
60 720 519841 3.0 -0.288366 22 2268 21 32 4608 36
100 1200 1442401 8.0 -0.599871 42 4266 119 56 8034 71

Table 5.5: The threshold value: τ = 0.4 for the Hk-GenEO and τ = 0.6 for the ∆k-GenEO.

5.5.6 Threshold Selection

One of the key features for the spectral coarse space, is the selection of an adequate threshold
values, τ , to ensure a suitable coarse space size. This has been identified in the numerical results
as an area that can significantly effect the robustness of the method. In previous spectral coarse
spaces that have been based on positive (semi-)definite eigenvalue problems, the threshold value
has been selected in order to capture the eigenfunctions that correspond to the smallest, and most
problematic, eigenvalues. As the eigenvalue problem (5.2.18) is indefinite, setting a maximum
threshold value means that the entire negative part of the spectrum is also captured. We now
explore the effect of taking a lower bound threshold value. In Table 5.9, we have a comparison
between taking τ = 0.6 as the standard upper threshold limit, and then comparing this with
taking an upper threshold of τ+ = 0.6, and a lower threshold of τ− = −0.6. In Table 5.10, we
have a comparison between τ = 0.2 as the standard upper threshold limit, with τ = +/ − 0.2
as the upper and lower threshold limit. Both Table 5.9 and Table 5.10 are for the homogeneous
test case.

We can see from Table 5.9, that setting the lower threshold limit has little effect on the results.
Whilst there is a reduction in the coarse space dimension, this appears to have little effect on
the iteration counts. For the high N , where the subdomains problem is less indefinite with the
smaller subdomain diameter, the reduction in the number of negative eigenvalues being admitted
to the coarse space is insignificant. With a decrease of at most one eigenvalue per-subdomain for
the largest k. This reduction has little to no effect on the iteration counts obtained. However,
when we look at the results for the lower N , where the problem remains more indefinite, the
effect of having the lower threshold value starts to become more noticeable. When the larger k
values are being used, there is a drop of at most 8 eigenfunctions per-subdomain being admitted
into the coarse space. This causes a mild reduction in the size of the coarse space, but again
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Hk-GenEO ∆k-GenEO
Max.Num.

N amax k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 10 20 240 58081 2.0 -0.0795278 11 112 25 12 188 23

60 720 519841 15.0 -0.620619 42 474 68 40 642 107
100 1200 1442401 35.0 -0.840064 89 1058 35 74 1188 166

16 1000 20 240 58081 2.0 -0.0010342 12 112 25 12 186 19
60 720 519841 12.0 -0.523291 43 452 32 40 638 62
100 1200 1442401 31.0 -0.796087 85 974 26 74 1178 137

36 10 20 240 58081 2.0 -0.0444599 7 180 28 9 316 21
60 720 519841 7.0 -0.512559 25 650 30 28 1002 156
100 1200 1442401 17.0 -0.785888 49 1350 35 50 1806 > 200

36 1000 20 240 58081 2.0 -0.000860171 7 178 26 9 312 19
60 720 519841 7.0 -0.473817 26 640 28 28 1016 85
100 1200 1442401 15.0 -0.767375 49 1288 62 50 1786 > 200

64 10 20 240 58081 1.0 -0.0381661 5 220 31 7 436 22
60 720 519841 6.0 -0.437747 19 854 56 21 1366 167
100 1200 1442401 13.0 -0.738717 37 1658 34 38 2400 > 200

64 1000 20 240 58081 1.0 -0.00392729 7 218 27 7 430 21
60 720 519841 5.0 -0.417451 20 830 35 22 1386 118
100 1200 1442401 11.0 -0.730374 38 1634 34 38 2402 > 200

100 10 20 240 58081 1.0 -0.0364662 4 318 27 6 564 21
60 720 519841 4.0 -0.37355 17 1130 32 19 1904 113
100 1200 1442401 12.0 -0.689838 33 2142 37 32 3210 > 200

100 1000 20 240 58081 1.0 -0.000587616 5 360 23 5 548 19
60 720 519841 3.0 -0.361218 19 1194 28 20 2012 57
100 1200 1442401 10.0 -0.687193 35 2232 25 33 3282 167

144 10 20 240 58081 1.0 -0.0513371 4 410 30 4 614 23
60 720 519841 4.0 -0.295028 13 1202 82 14 2070 168
100 1200 1442401 8.0 -0.601849 23 2198 53 26 3708 > 200

144 1000 20 240 58081 1.0 -0.016502 4 408 25 4 632 20
60 720 519841 3.0 -0.288366 14 1222 68 15 2104 124
100 1200 1442401 8.0 -0.599871 25 2162 114 26 3694 > 200

Table 5.6: The threshold value is set to τ = 0.2.

has little to no effect on the number of iterations.
When the threshold is reduced, Table 5.10 shows that this limitation starts to affect the

robustness of the method. Across all the N and k being tested, we can see a considerable drop
in the number of negative eigenvalues for each sub-domain. This decrease in coarse space size
leads to an increase in the number of iterations, generally showing an increase of 10–30, with
the higher values of k showing the largest increase. This indicates that the lower threshold limit
reduces the number of problematic eigenfunctions admitted into the coarse space, resulting in
slower convergence. Since the purpose of the coarse space is to capture the highly oscillatory
eigenfunctions, lowering the threshold can prevent this. This is indicated by Figure 5.1, which
shows the eigenplots for a floating subdomain (one that shares no edge with the global bound-
ary). When we use τ− = −0.6, we can see that the eigenfunction in Figure 5.2d is still mildly
oscillatory, but the effect becomes less significant as the eigenvalues get smaller, suggesting that
admitting these smaller eigenfunctions into the coarse space would have minimal effect. When
we go to τ− = −0.2, we can see that the eigenfunction in Figure 5.2g is still highly oscillatory,
with the smaller eigenfunctions remaining highly oscillatory. This demonstrates that using an
aggressive lower bound can reduce the number of highly oscillatory eigenfunctions included in
the coarse space, thereby impeding the effectiveness of the coarse space. The same effect can be
seen in the eigenfunctions for the heterogeneous test case in Figure 5.2.
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Hk-GenEO ∆k-GenEO
Max.Num.

N amax k h−1 Dim(Fine) Neg. λmin Dim(Loc) Dim(CS) It. Count Dim(Loc) Dim(CS) It. Count
16 10 20 240 58081 2.0 -0.0795278 29 340 16 26 408 20

60 720 519841 15.0 -0.620619 119 1468 15 94 1500 24
100 1200 1442401 35.0 -0.840064 248 3132 18 181 2890 38

16 1000 20 240 58081 2.0 -0.0010342 29 332 16 25 404 15
60 720 519841 12.0 -0.523291 115 1392 17 90 1446 21
100 1200 1442401 31.0 -0.796087 241 2974 15 174 2780 32

36 10 20 240 58081 2.0 -0.0444599 20 556 16 19 682 19
60 720 519841 7.0 -0.512559 71 2066 15 63 2274 38
100 1200 1442401 17.0 -0.785888 142 4182 16 117 4216 38

36 1000 20 240 58081 2.0 -0.000860171 19 544 17 19 678 16
60 720 519841 7.0 -0.473817 69 2018 16 62 2224 27
100 1200 1442401 15.0 -0.767375 141 4026 22 115 4126 35

64 10 20 240 58081 1.0 -0.0381661 14 732 17 14 912 18
60 720 519841 6.0 -0.437747 52 2660 46 48 3052 76
100 1200 1442401 13.0 -0.738717 103 5160 16 86 5512 60

64 1000 20 240 58081 1.0 -0.00392729 14 736 17 14 916 16
60 720 519841 5.0 -0.417451 52 2638 17 47 3026 26
100 1200 1442401 11.0 -0.730374 103 5000 17 85 5432 55

100 10 20 240 58081 1.0 -0.0364662 12 932 17 12 1178 18
60 720 519841 4.0 -0.37355 44 3392 16 38 3832 42
100 1200 1442401 12.0 -0.689838 84 6242 16 69 6874 45

100 1000 20 240 58081 1.0 -0.000587616 12 932 16 12 1168 16
60 720 519841 3.0 -0.361218 44 3352 16 39 3864 26
100 1200 1442401 10.0 -0.687193 85 6200 16 68 6824 26

144 10 20 240 58081 1.0 -0.0513371 9 1120 17 10 1456 17
60 720 519841 4.0 -0.295028 33 3894 18 32 4628 59
100 1200 1442401 8.0 -0.601849 65 7116 16 56 8078 82

144 1000 20 240 58081 1.0 -0.016502 10 1150 17 10 1436 16
60 720 519841 3.0 -0.288366 32 3856 17 32 4608 36
100 1200 1442401 8.0 -0.599871 65 7032 22 56 8034 71

Table 5.7: The threshold value is set to τ = 0.6.

Homogeneous Heterogenous
N k h−1 Dim(Fine) Max.Neg. Max.Pos Max.Neg. Max.Pos
16 20 240 58081 4.0 14.0 2.0 16.0

40 480 231361 13.0 36.0 7.0 35.0
60 720 519841 22.0 64.0 12.0 61.0
80 960 923521 41.0 91.0 18.0 90.0
100 1200 1442401 58.0 132.0 31.0 120.0

36 20 240 58081 3.0 9.0 2.0 12.0
40 480 231361 6.0 22.0 3.0 24.0
60 720 519841 13.0 36.0 7.0 40.0
80 960 923521 20.0 52.0 9.0 55.0
100 1200 1442401 28.0 71.0 15.0 75.0

64 20 240 58081 1.0 7.0 1.0 8.0
40 480 231361 4.0 14.0 3.0 17.0
60 720 519841 8.0 26.0 5.0 29.0
80 960 923521 13.0 36.0 8.0 40.0
100 1200 1442401 17.0 48.0 11.0 55.0

100 20 240 58081 1.0 7.0 1.0 7.0
40 480 231361 3.0 13.0 2.0 17.0
60 720 519841 4.0 20.0 3.0 26.0
80 960 923521 8.0 26.0 6.0 38.0
100 1200 1442401 13.0 36.0 10.0 47.0

144 20 240 58081 1.0 4.0 1.0 6.0
40 480 231361 3.0 9.0 2.0 11.0
60 720 519841 4.0 14.0 3.0 19.0
80 960 923521 6.0 22.0 6.0 24.0
100 1200 1442401 8.0 31.0 8.0 34.0

Table 5.8: Results showing the dimension of the fine mesh (dim(Fine), the maximum number
of negative eigenvalues per subdomain (Max. Num. Neg) and the maximum number of positive
eigenvalues per subdomain (Max. Num. Pos). The threshold value is set to τ = 0.4, with
amax = 1000 used for the heterogenous results.

104



τ = +\ − 0.6 τ = 0.6
Dim Max.Num. Dim It. Max.Num. Dim It.

N k h−1 (Fine) Neg. λmin (CS) Count Neg. λmin (CS) Count
16 20 240 58081 4 -0.324293 392 14 4.0 -0.324293 392 14

60 720 519841 19 -0.52068 1936 15 22.0 -0.849475 1984 15
100 1200 1442401 50 -0.595937 4444 30 58.0 -0.941228 4572 29

36 20 240 58081 3 -0.178013 600 15 3.0 -0.178013 600 15
60 720 519841 12 -0.419254 2540 15 13.0 -0.703879 2576 15
100 1200 1442401 25 -0.587053 5476 54 28.0 -0.875285 5584 56

64 20 240 58081 1 -0.125924 740 15 1.0 -0.125924 740 15
60 720 519841 8 -0.553713 3232 15 8.0 -0.553713 3232 15
100 1200 1442401 16 -0.562646 6444 15 17.0 -0.793739 6508 15

100 20 240 58081 1 -0.100482 1044 17 1.0 -0.100482 1044 17
60 720 519841 4 -0.423257 3748 16 4.0 -0.423257 3748 16
100 1200 1442401 12 -0.419254 7436 16 13.0 -0.703879 7536 15

144 20 240 58081 1 -0.0852859 1096 17 1.0 -0.0852859 1096 17
60 720 519841 4 -0.324293 4232 16 4.0 -0.324293 4232 16
100 1200 1442401 7 -0.599849 8400 16 8.0 -0.612531 8500 16

Table 5.9: Results for the homogeneous problem showing the dimension of the fine mesh
(dim(Fine)), the maximum number of negative eigenvalues per subdomain (Max. Num. Neg),
the minimum eigenvalue in the coarse space (λmin), the maximum number of modes per domain
used in the coarse space (dim(Loc)), the dimension of the coarse space ((dim(CS)), and the
GMRES iteration count for a varying k. The threshold value is set to τ = +/− 0.6.

τ = +\ − 0.2 τ = 0.2
Dim Max.Num. Dim It. Max.Num. Dim It.

N k h−1 (Fine) Neg. λmin (CS) Count Neg. λmin (CS) Count
16 20 240 58081 3 -0.0956413 128 29 4.0 -0.324293 144 21

60 720 519841 11 -0.199637 512 33 22.0 -0.849475 668 23
100 1200 1442401 28 -0.187746 1132 62 58.0 -0.941228 1612 52

36 20 240 58081 3 -0.178013 220 22 3.0 -0.178013 220 22
60 720 519841 9 -0.176594 700 68 13.0 -0.703879 844 27
100 1200 1442401 15 -0.170618 1408 78 28.0 -0.875285 1876 68

64 20 240 58081 1 -0.125924 224 32 1.0 -0.125924 224 32
60 720 519841 5 -0.194464 900 104 8.0 -0.553713 1060 32
100 1200 1442401 9 -0.187731 1796 62 17.0 -0.793739 2276 33

100 20 240 58081 1 -0.100482 324 31 1.0 -0.100482 324 31
60 720 519841 3 -0.148092 1044 45 4.0 -0.423257 1144 37
100 1200 1442401 9 -0.176594 2044 154 13.0 -0.703879 2444 37

144 20 240 58081 1 -0.0852859 484 27 1.0 -0.0852859 484 27
60 720 519841 3 -0.0956413 1440 125 4.0 -0.324293 1584 29
100 1200 1442401 5 -0.160377 2200 85 8.0 -0.612531 2632 56

Table 5.10: Results for the homogeneous problem showing the dimension of the fine mesh
(dim(Fine)), the maximum number of negative eigenvalues per subdomain (Max. Num. Neg),
the minimum eigenvalue in the coarse space (λmin), the maximum number of modes per domain
used in the coarse space (dim(Loc)), the dimension of the coarse space (dim(CS)), and the
GMRES iteration count for a varying k. The threshold value is set to τ = +/− 0.2.
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(a) λ = −0.941228. (b) λ = −0.738817. (c) λ = −0.674188.

(d) λ = −0.595937. (e) λ = −0.36627. (f) λ = −0.227986.

(g) λ = −0.187746. (h) λ = −0.000630012. (i) λ = 0.00348611.

Figure 5.1: Eigenvector plots for the homogeneous problem for k = 100 and h−1 = 1200.
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(a) λ = −0.796037. (b) λ = −0.726126. (c) λ = −0.622143.

(d) λ = −0.498197. (e) λ = −0.312763. (f) λ = −0.220994.

(g) λ = −0.156157. (h) λ = −0.000110566. (i) λ = 0.000605787.

Figure 5.2: Eigenvector plots for the heterogeneous problem for k = 100 and h−1 = 1200.

We see in Figure 5.3 the number of eigenfunctions being selected per-subdomain for the
homogeneous (top) and heterogeneous (bottom). We can see that the number of eigenfunctions
being selected is influenced by the global boundary conditions and the heterogeneity. This
suggests that there is the potential for dynamically adapting the size of the local coarse space on
each subdomain. However, the additional computational cost in altering the selection criteria
could outweigh the benefits.
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(a) k = 60, N = 16, τ = 0.4.
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(b) k = 60, N = 64, τ = 0.4.
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(c) k = 60, N = 16, τ = 0.4.
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(d) k = 60, N = 64, τ = 0.4.

Figure 5.3: Number of eigenvalues used in the coarse space from each subdomain for the homo-
geneous (top) and heterogenous (bottom) tests.

5.5.7 Decoupled Decomposition

We now analyse the effect of building the coarse space using separate decompositions for the
one level method, using Q decompositions, and the coarse-level using N decompositions. The
results in Table 5.11 show the coarse space size and iteration count when using Q = 144 and
varying the coarse decomposition N ∈ {16, 25, 36, 64, 100, 144} for the homogeneous problem.
It is over these coarse decompositions that the generalised eigenvalue is solved. The following
observations are obtained from the results:

• The iteration counts remain similar across the majority of k values whilst using significantly
smaller coarse spaces. When using the coarsest decompositions, we experience a very mild
increase in iteration counts of 1–4 iterations, but a reduction in coarse space size of 40–60%.

• When k = 80, we see that the method of using a coarser decomposition is not as effective.
This could be an issue with using Q = 144 for the underlying one-level method, as the
iterations are unusually high when N = 144 compared to the other k values. This effect
can be seen in Tables 5.2–5.4 and is more prominent when a lower threshold value is
used. This is believed to be a side effect of using Dirichlet boundary conditions and the
possibility of having a k2 that is approaching an eigenvalue of the negative Laplacian, as
discussed in Chapter 2.
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Reducing the number of subdomains in the coarse decomposition does reduce the size of the
coarse space, but at the cost of a slight increase in iterations. If memory restrictions are a
consideration, then reducing the coarse space size could be an attractive proposition.

N = 144 N = 100 N = 64 N = 36 N = 25 N = 16
k h−1 Dim(Fine) CS It. CS It. CS It. CS It. CS It. CS It.
20 240 58081 1096 17 1044 20 740 24 600 19 530 18 392 20
40 480 231361 2640 20 2360 23 1800 24 1404 25 1230 21 1068 23
60 720 519841 4232 16 3748 23 3232 20 2576 20 2285 17 1984 20
80 960 923521 6048 33 5360 52 4732 45 3908 42 3527 44 3152 41
100 1200 1442401 8500 16 7536 19 6508 20 5584 19 5065 18 4572 19

Table 5.11: Results showing the coarse space size (CS) and iteration count (It.) for a one-level
decomposition of Q = 144 subdomains and varying coarse level decompositions (N) for τ = 0.6
in the homogeneous domain.

We now examine the results in Table 5.12 for the heterogeneous case with amax = 1000. In
contrast to the homogeneous test, using different coarse and one-level decompositions yields less
favourable results. Although the coarse-space dimension is reduced, the GMRES iteration count
increases with both k and the subdomain size. This decrease in performance is attributed to the
interaction between the heterogeneity and the subdomain size and location. Figure 5.2 shows
that the heterogeneity significantly influences the eigenvectors, while Figure 5.3 demonstrates
that the number of selected eigenvectors per subdomain is also effected by the size and position
of the subdomain relative to the heterogeneity. Increasing the subdomain size changes the
portion of heterogeneity contained in each subdomain, thereby altering the spectra of the local
generalized eigenvalue problems. As a consequence, the eigenmodes selected for the coarse space
will no longer correspond with the modes required to accelerate convergence. This effect can
be reduced by careful selection of the coarse decomposition. In Table 5.13, we have altered the
coarse decomposition so it has the same dimension as the one-level decomposition perpendicular
to the layers, with altering dimensions parallel to the layers.

N = 144 N = 100 N = 64 N = 36 N = 25 N = 16
k h−1 Dim(Fine) CS It. CS It. CS It. CS It. CS It. CS It.
20 240 58081 1150 17 932 24 736 27 544 35 437 31 332 42
40 480 231361 2448 16 2104 25 1618 37 1206 49 1032 42 802 60
60 720 519841 3856 17 3352 89 2638 130 2018 62 1757 117 1446 128
80 960 923521 5370 20 4670 44 3774 63 2952 80 2597 78 2144 97
100 1200 1442401 7032 22 6200 79 5000 > 200 4026 193 3563 171 2974 197

Table 5.12: Results showing the coarse space size (CS) and iteration count (It.) for a one-level
decomposition of Q = 144 subdomains and varying coarse level decompositions (N) for τ = 0.6
in the heterogeneous domain.

The results in Table 5.13 show that reducing the size of the coarse domains in one dimension
has allowed for a reduction in the coarse space, whilst retaining acceptable GMRES iteration
counts. Although the iteration counts are higher then if the same subdomain size is used for both
the one-level and coarse decomposition, the trade off for having a smaller coarse space could be
appealing. However, the method starts to lose robustness at the higher values of k, indicating
the significant effect the heterogeneity can have. These results demonstrate that careful selection
of the decompositions that complement the heterogeneities can improve performance.
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N = 144 N = 120 N = 96 N = 72 N = 60 N = 48
k h−1 Dim(Fine) CS It. CS It. CS It. CS It. CS It. CS It.
20 240 58081 1150 17 990 21 908 21 814 22 742 21 712 22
40 480 231361 2448 16 2284 23 2018 25 1818 27 1732 27 1604 27
60 720 519841 3856 17 3552 31 3246 82 2900 33 2772 39 2626 41
80 960 923521 5370 20 5122 34 4540 44 4142 43 3954 43 3724 43
100 1200 1442401 7032 22 6706 52 6022 82 5534 56 5336 71 5002 74

Table 5.13: Results showing the coarse space size (CS) and iteration count (It.) for a one-level
decomposition of Q = 144 subdomains and varying coarse level decompositions (N) for τ = 0.6
in the heterogeneous domain.

5.6 Conclusion

This chapter developed and analysed a two–level domain decomposition preconditioner for in-
definite Helmholtz type problems whose coarse space, Hk-GenEO, is built directly from local
generalised eigenvalue problems involving the full indefinite operator. This is in contrast to the
∆-GenEO and ∆k-GenEO, which rely on nearby SPD problems.

The main development of this chapter has been in the establishment of a theoretical frame-
work for the indefinite eigenvalue problem that is central to the Hk-GenEO method. The key
consequence of this is the establishment of simple, k–explicit sufficient conditions for robustness:

kHℓ ≲ 1, (1 + Cstab)
2 k2Θ ≲ 1,

with constants independent of the subdomain count, coefficient heterogeneity, and mesh size.
Practically, this means:

• the fine subdomain diameter Hℓ should change with the wavelength,

• the spectral threshold τ = mini λ
i
mi+1 should be chosen so that it retains all negative and

sufficiently small positive local modes.

A structural feature of the Hk-GenEO method is the decoupling the decompositions, meaning
the coarse partition diameter Hc does not appear in the robustness conditions. This decoupling
allows for increasing the one-level decomposition, benefiting from having smaller local problems
to solve, whilst being able to use larger coarse decompositions in an attempt to have a smaller
coarse space dimension, while maintaining practical GMRES iterations.

The numerical study on the unit-square for both homogeneous and layered heterogeneous
media, using a range of wavenumbers, k, and decompositions, N , demonstrates that the proposed
Hk-GenEO coarse space is a robust and scalable preconditioner for indefinite problems.

Across all tests, iteration counts remain stable with respect to both k and N once the
eigenvalue threshold τ is chosen to admit a sufficient number of local modes. With the choice of
τ = 0.4, GMRES typically converges in ≈ 14–25 iterations over broad ranges of k and N , and
this behaviour continues in heterogeneous media with only mild sensitivity to amax. Increasing
the threshold to τ = 0.6 enlarges the coarse space but further flattens the iteration counts to
≈ 11–16, giving convergence that is nearly independent of frequency and subdomain count.
In contrast, an aggressive reduction to τ = 0.2 shrinks the coarse space size but noticeably
degrades robustness at higher k and larger N . Throughout, Hk-GenEO outperforms or matches
∆k-GenEO at comparable coarse-space sizes, with the latter generally requiring larger coarse
spaces while exhibiting higher and more variable iteration counts.

Experiments with two-sided thresholds show that imposing a negative lower bound has little
benefit at moderate-to-generous τ (e.g. τ = ±0.6). The coarse space becomes only marginally
smaller and iteration counts are essentially unchanged, especially for larger N where local prob-
lems become more positive, so fewer negative eigenvalues are obtained. However, when the
upper threshold is small (e.g. τ = ±0.2), enforcing a negative lower bound can remove highly
oscillatory negative modes and significantly affect the convergence.
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From the results demonstrating the effect of taking different decompositions, it was shown
that for the homogeneous tests it is possible to gain a reduction in the size of the coarse space
whilst retaining comparative GMRES iterations. However, for heterogenous domains, it is nec-
essary to adjust the decomposition based on the heterogeneity present.

By constructing the coarse space from the indefinite operator itself and proving k–explicit
approximation and decomposition properties, Hk-GenEO delivers a practical and scalable pre-
conditioner for Helmholtz-type systems. The analysis pinpoints two bounds, which can guar-
antee GMRES convergence rates that are stable with respect to frequency, heterogeneity, and
subdomain count.
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Chapter 6

Achieving Wavenumber Robustness
in Domain Decomposition for
Heterogeneous Helmholtz Equation:
An Overview of Spectral Coarse
Spaces

This chapter is the result of a collaboration with Victorita Dolean, Matthias Langer, Pierre-
Henri Tournier and Emile Parolin. The corresponding submitted preprint [27] can be found
on the arXiv. It has also been submitted to the journal Computers and Mathematics with
Applications for publication.

6.1 Introduction

The central challenge addressed in this chapter is the computational complexity of frequency-
domain simulations of wave propagation and scattering in heterogeneous media, as encountered
in acoustics, electromagnetics, and seismic imaging. Finite element discretisations of such models
yield large-scale linear systems that are typically indefinite and poorly conditioned; the diffi-
culty intensifies in high-frequency regimes because accurate resolution requires mesh refinement
at least proportional to the frequency, rendering direct solvers impractical. This motivates the
development of scalable, parallel iterative methods, and in particular two-level domain decom-
position preconditioners.

We consider a heterogeneous Helmholtz model posed on a bounded computational domain
Ω ⊂ Rd (d = 2, 3), where the complex-value field u(x) satisfies

−∇ ·
(
a(x)∇u

)
− ω2m(x)u = f(x) in Ω, (6.1.1)

C(u) = 0 on ∂Ω, (6.1.2)

with C representing the imposed boundary conditions, a(x) > 0 a spatially varying coefficient
associated with material stiffness (or inverse density), m(x) > 0 a spatially varying “mass”
coefficient related to the squared slowness, ω > 0 the angular frequency and f(x) the source
term. The associated local wavenumber is

k(x) = ω

√
m(x)

a(x)
,
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which reduces to the familiar relation k(x) = ω/c(x) when a ≡ 1 and m(x) = c−2(x), with
c(x) being the wave speed. In heterogeneous media, spatial variations in a and m lead to
additional variations in k(x), making the high-frequency regime (large k) particularly challenging
for numerical solvers.

The challenges of designing robust solvers for Helmholtz problems are well documented
[40, 48], and despite substantial progress (theoretical: [57, 58, 52]; numerical: [31, 30, 90, 77]),
no single approach consistently dominates in the high-frequency heterogeneous regime. Domain
decomposition methods are attractive for large-scale settings [29], but their effectiveness depends
critically on the choice of coarse space, which must transmit global information efficiently while
respecting the nonlocal character of wave solutions.

This chapter focuses on spectral coarse spaces constructed from local generalised eigenvalue
problems. Representative families include GenEO-type constructions [85, 59], interface-based
DtN coarse spaces [23], and more recent Helmholtz-harmonic or extended harmonic coarse spaces
inspired by multiscale spectral approximation [71, 62]. Earlier numerical comparisons in a
common software environment were reported in [14], together with controlled studies contrasting
DtN and GenEO-type Helmholtz variants [11]. Building on these foundations, we substantially
broaden the scope to include the most recent coarse-space developments and to evaluate them
across a wide range of controlled and realistic benchmarks.

Contributions. The main contributions of this chapter are:

• a unified and reproducible comparison of the major spectral coarse space families for het-
erogeneous, high-frequency Helmholtz problems, implemented within a common FreeFEM
framework;

• large-scale numerical experiments on both idealised test cases and challenging 2D/3D
benchmarks, providing new evidence on robustness, scalability, and computational cost;

• practical guidance on coarse-space selection, highlighting empirically observed trade-offs
between iteration counts, coarse-space dimension, and setup cost.

Outline. Section 6.2 introduces the heterogeneous Helmholtz model and discretisation. Sec-
tion 6.3 summarises the two-level domain decomposition framework. Section 6.4 describes the
DtN, GenEO-type, and harmonic coarse-space families and their recent variants. Section 6.5
presents the comparative numerical studies, and Section 6.6 concludes.

6.2 Discretisation of the Heterogeneous Helmholtz Problem

We focus here on the interior heterogeneous Helmholtz problem (6.1.1) with suitable boundary
conditions. In practical settings, the domain is truncated to a bounded computational domain
Ω, and the far-field Sommerfeld radiation condition must be approximated on the artificial
boundary of Ω to model wave behaviour appropriately. A widely used approximation is the Robin
(impedance) condition, though alternatives include absorbing boundary conditions (ABCs) [94]
or perfectly matched layers (PML) [60, 6]. We consider Dirichlet conditions on ΓD ⊂ ∂Ω and
Robin conditions on ΓR = ∂Ω \ ΓD, solving the boundary value problem:

−∇ ·
(
a(x)∇u

)
− ω2m(x)u = f(x) in Ω, (6.2.1a)

u = uΓD
on ΓD, (6.2.1b)

a(x)
∂u

∂n
+ i ω Z(x)u = 0 on ΓR, (6.2.1c)

where n is the outward normal, and Z(x) is an impedance coefficient typically chosen as Z(x) =√
a(x)m(x) to approximate the Sommerfeld radiation condition. The problem is well posed
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if ΓR ̸= ∅ but may become ill-posed for certain parameter choices when ΓR = ∅. The local
wavenumber k(x) can vary within Ω and may have discontinuities across material interfaces,
allowing k ∈ L∞(Ω).

For Ω′ ⊂ Ω, the trial and test spaces are defined as

V (Ω′) = {u ∈ H1(Ω′) : u = uΓD
on ΓD ∩ ∂Ω′}, V0(Ω

′) = {u ∈ H1(Ω′) : u = 0 on ΓD ∩ ∂Ω′}.
(6.2.2)

The weak formulation seeks u ∈ V (Ω) satisfying:

aΩ(u, v) = F (v), ∀v ∈ V0(Ω), (6.2.3)

where, for any Ω′ ⊂ Ω, we define:

aΩ′(u, v) =

∫
Ω′

(
a(x)∇u · ∇v̄ − ω2m(x)u v̄

)
dx+

∫
ΓR∩∂Ω′

i ω Z(x)u v̄ ds, F (v) =

∫
Ω
f v̄ dx.

(6.2.4)

Using a simplicial mesh T h of Ω with element diameter h, we use finite elements to discretise
(6.2.3), as outlined in [14]. A Lagrange finite element approximation reduces the problem to
solving the complex linear system:

Au = f , (6.2.5)

where A ∈ Cn×n and f ∈ Cn are respectively derived from the sesquilinear and antilinear
forms, and n denotes the total number of degrees of freedom in Ω. Accurate approximation
requires fine discretisation, particularly as k(x) increases, due to the pollution effect [2]. For
piecewise linear (P1) elements, maintaining accuracy requires k3maxh

2 to remain bounded, where

kmax = supx∈Ω k(x), implying h = O(k
−3/2
max ). Higher-order elements relax this constraint, but

interpolation properties degrade for very high orders. An alternative common strategy is to
fix the number of points per wavelength, nppwl, with h = O(k−1

max), where the wavelength is
λ(x) = 2π/k(x). Practitioners often use 5 or 10 points per wavelength.

6.3 Domain Decomposition Methods

To solve the discrete heterogeneous Helmholtz problem (6.2.5), we employ GMRES with ac-
celeration provided by a two-level overlapping domain decomposition preconditioner. The core
one-level approach used is the optimised restricted additive Schwarz (ORAS) method [29]. To
formulate the domain decomposition preconditioner, we begin by dividing the domain Ω into
a set of N non-overlapping subdomains {Ω′

s}Ns=1, which align with the finite element mesh T h.
Overlapping subdomains {Ωs}Ns=1 are then created by expanding each Ω′

s with neighbouring
mesh elements, defined as:

Ωs = Int

 ⋃
supp(ϕj)∩Ω′

s ̸=∅

supp(ϕj)

 ,

where Int(·) and supp(·) represent the interior and support of a function, respectively, and ϕj
are the nodal basis functions of the finite element space. Additional layers can be recursively
added to increase the overlap as needed.

With the overlapping decomposition, we define the preconditioner components. The restric-
tion operator Rs ∈ Rns×n restricts functions to Ωs where ns denotes the local number of degrees
of freedom in Ωs, while the transpose RT

s extends by zero outside Ωs. A partition of unity is
represented by diagonal matrices Ds ∈ Rns×ns , ensuring

N∑
s=1

RT
s DsRs = I.
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ORAS also requires solving local heterogeneous Helmholtz–Robin problems:

−∇ ·
(
a(x)∇ws

)
− ω2m(x)ws = f in Ωs, (6.3.1a)

a(x)
∂ws

∂ns
+ i ω Z(x)ws = 0 on ∂Ωs \ ∂Ω, (6.3.1b)

C(ws) = 0 on ∂Ωs ∩ ∂Ω, (6.3.1c)

where C applies the boundary conditions (6.2.1b)–(6.2.1c), and Z(x) is the local impedance,
typically chosen as Z(x) =

√
a(x)m(x). The finite element discretisation of (6.3.1) yields a

local stiffness matrix Âs ∈ Cns×ns . The ORAS preconditioner is then assembled as:

M−1
ORAS =

N∑
s=1

RT
s DsÂ

−1
s Rs,

where the local solves Â−1
s are performed in parallel.

To ensure robustness and scalability, particularly for indefinite problems like the Helmholtz
equation, the ORAS method incorporates a coarse space in a two-level framework. The coarse
space, represented by a matrix Z with linearly independent column vectors, plays a key role in
addressing scalability. Using deflation, a coarse operator E = Z†AZ and correction operator
Q = ZE−1Z† are defined, yielding the two-level ORAS method:

M−1
ORAS,2 =M−1

ORAS(I −AQ) +Q.

The choice of coarse space is critical, particularly for indefinite problems where its addition may
not always improve performance [43]. We next discuss the selection of coarse spaces.

6.4 Spectral Coarse Spaces

In this study, we investigate spectral coarse spaces for the discrete Helmholtz problem (6.2.5),
which are constructed by solving local eigenvalue problems on subdomains and assembling the
resulting eigenfunctions into a global coarse space. While a broad family of such spectral coarse
spaces exists, we focus on two representative classes that follow a similar construction philosophy:
GenEO-type spaces and harmonic-type spaces.

We begin by reviewing the DtN coarse space introduced in [23], then present the ∆-GenEO
[13, 26] and Hk-GenEO spaces [24], which are inspired by the GenEO methodology [85]. In
parallel, we consider recently developed Helmholtz-harmonic coarse spaces from [62, 71, 74].
Finally, we establish connections between these approaches.

Although comparative analyses were conducted in [14, 11], our study builds upon and ex-
tends them by incorporating the latest developments in the field, along with a detailed com-
plexity analysis on both model and benchmark problems. Note that in light of the same recent
developments the DtN coarse space can be both considered as an ancestor of GenEO coarse
spaces but also, by construction, falls into the category of harmonic coarse spaces.

Notation: Given a variational problem with system matrix B, we denote by Bs the local
Dirichlet matrix on subdomain Ωs. If Robin boundary conditions are imposed on internal
interfaces, the corresponding local matrix is denoted by B̂s, whereas for Neumann boundary
conditions we write B̃s.

6.4.1 The DtN Coarse Space

We begin with the Dirichlet-to-Neumann (DtN) coarse space, originally introduced in [75] for
elliptic problems and extended to the Helmholtz equation in [23]. This method constructs the
coarse space from the low-frequency eigenmodes of a boundary operator defined via local DtN
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maps, which are then extended harmonically inside each subdomain. From a broader perspective,
the DtN approach can be viewed as an early instance of harmonic-type coarse spaces, and also
as a precursor to GenEO-type constructions that build on similar principles of localised spectral
analysis.

Let Γs = ∂Ωs \ ∂Ω denote the interface between subdomain Ωs and its neighbours. Given
Dirichlet data vΓs on Γs, the local heterogeneous Helmholtz extension is the solution v of the
boundary value problem:

−∇ ·
(
a(x)∇v

)
− ω2m(x) v = 0 in Ωs,

v = vΓs on Γs,

C(v) = 0 on ∂Ωs ∩ ∂Ω,

where C(v) = 0 enforces the original problem boundary conditions. The DtN map then takes
vΓs to its corresponding Neumann data on Γs:

DtNΩs(vΓs) = a(x)
∂v

∂n

∣∣∣∣
Γs

.

The DtN eigenproblem for subdomain Ωs is

DtNΩs(uΓs) = λuΓs , (6.4.2)

where uΓs are eigenfunctions with eigenvalues λ ∈ C. The corresponding coarse space is con-
structed by taking the heterogeneous Helmholtz extension of uΓs in Ωs and extending it by zero
across Ω via the partition of unity [23].

For the discrete setting, we introduce local Neumann matrices Ãs, where C = 0 on ∂Ωs∩∂Ω.
Let Γs and Is denote boundary and interior indices, respectively. Defining the mass matrix on

the interface as MΓs =
(∫

Γs
ϕjϕi

)
i,j∈Γs

the discrete DtN eigenproblem is given by

(
ÃΓs,Γs −AΓs,IsA

−1
Is,Is

AIs,Γs

)
uΓs = λMΓsuΓs , (6.4.3)

where AIs,Γs , AΓs,Is and AIs,Is , AΓs,Γs are obvious notations for sub-blocks of matrix A corre-
sponding to the set of indices in the interior Is and on the boundary Γs. Because of the Robin
boundary condition on ΓR, the left-hand-side matrix in (6.4.3) is a priori non-Hermitian. The
Helmholtz extension to interior degrees of freedom is obtained via uIs = −A−1

Is,Is
AIs,ΓsuΓs , and

the global coarse basis in Z is formed as RT
s Dsus, where us is the full local vector computed

from uΓs and uIs [23]. We see that the discrete counterpart of (6.4.2) is (6.4.3) consisting in a
Schur complement based generalised eigenvalue problem.

A key aspect is the selection of eigenvectors for the coarse space. In [23] a criterion has
been identified empirically consisting in retaining the eigenvalues with the smallest real parts,
imposing the threshold

ℜ(λ) < ηmax.

While ηmax = ks, where ks := supx∈Ωs
k(x), was initially proposed, recent work [10, 11] suggests

that ηmax = k
4/3
s can improve robustness with respect to the wavenumber. Also in [11] this

threshold was systematically studied and empirical k-dependent bounds were derived for the
sizes of the corresponding coarse spaces.

Remark 6.4.1. Unlike for Laplace’s equation with self-adjoint boundary conditions where gen-
eralised eigenvalue problems are self-adjoint and positive definite, the DtN eigenproblems for
Helmholtz are in general non-self-adjoint. As a consequence, there are currently no theoretical
convergence guarantees for the DtN coarse space. Nevertheless, recent studies—including [14]
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and [11]—demonstrate that this approach performs remarkably well in practice, and its complex-
ity can be quantified empirically. A significant advantage of this construction is that its coarse
space dimension is inherently limited by the number of degrees of freedom on the subdomain
interface Γs, as the eigenfunctions are defined on Γs and only extended into the interior. This
allows for global modes with full support to be generated from a relatively compact spectral basis.

6.4.2 GenEO-Type Coarse Spaces: ∆-GenEO and H-GenEO

The Generalised Eigenproblems in the Overlap (GenEO) coarse space, introduced in [85], offers
a robust approach for symmetric positive definite problems, even in heterogeneous settings. Note
that originally, GenEO was formulated variationally under the assumption that the bilinear form
aΩ(·, ·) is symmetric and coercive, an assumption that is not satisfied here. Given a subdomain
Ωs and its overlapping region Ω◦

s, the local eigenproblem is defined as

aΩs(u, v) = λaΩ◦
s
(Ξs(u),Ξs(v)) ∀v ∈ V (Ωs),

where Ξs is the partition of unity operator. Here, aΩs(·, ·) represents the variational problem
restricted to domain Ωs with problem boundary conditions on ∂Ω and natural conditions on
∂Ωs \ ∂Ω. We can also define aΩ◦

s
(·, ·) over the overlap region. The smallest eigenvalue λ

not included in the GenEO space determines the preconditioned operator’s condition number,
making thresholding on λ < λmax a natural choice. Alternatively, a fixed number of eigenvectors
per subdomain can be selected for efficiency. The restriction to Ω◦

s is not necessary, and a more
practical variant replaces it with Ωs, simplifying implementation [29]. This leads to the discrete
eigenproblem

Ãsu = λDsAsDsu, (6.4.4)

where As = RsAR
T
s is the local Dirichlet matrix. The coarse space basis in Z is then constructed

as RT
s Dsu. This formulation will serve as the foundation for a Helmholtz-specific extension.

∆-GenEO Coarse Space

Applying GenEO to the Helmholtz problem is challenging due to the loss of self-adjointness and
definiteness. While theoretical advancements have been made [13, 12], a fully justified spectral
coarse space for Helmholtz remains elusive. One workaround, ∆-GenEO, replaces the Helmholtz
operator with the Laplacian (setting ω = 0 in (6.2.1) and (6.2.4)), yielding the eigenproblem

L̃su = λDsLsDsu,

where Ls and L̃s are the local Laplace Dirichlet and Neumann matrices, respectively. This pro-
vides a well-posed problem with real non-negative eigenvalues, but its effectiveness deteriorates
as k increases since Laplace solutions diverge significantly from those of Helmholtz. For this
coarse space theoretical bounds have been rigorously established in [13] and further improved
in [26]. These bounds show, as expected, that this coarse space cannot perform very effectively
at high frequencies and the size of the coarse space increases dramatically with the frequency.

The Hk-GenEO Coarse Space

To construct a more suitable spectral coarse space for the heterogeneous Helmholtz problem,
it is essential to incorporate the Helmholtz operator itself. However, directly applying (6.4.4)
with the heterogeneous operator leads to a non-self-adjoint problem with complex eigenvalues,
which can cause solver instability. Instead, we propose a hybrid approach that links the in-
definite heterogeneous Helmholtz operator to a positive-definite surrogate operator. The local
eigenproblem is given by

Ãsu = λDs PsDsu, (6.4.5)
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where:

• Ãs is the local Neumann matrix for the heterogeneous Helmholtz operator

−∇ ·
(
a(x)∇u

)
− ω2m(x)u,

• Ds is the local partition-of-unity weighting matrix,

• Ps is a symmetric positive-definite (SPD) matrix chosen to be “close” to As in a suitable
sense.

A natural choice for Ps is Ls, the discretisation of the Laplace operator −∆ with heterogeneous
coefficient a(x). In practice, many SPD choices perform well, but another particularly convenient
choice—allowing for simpler theoretical estimates—is Ps = Bs, where Bs is the discretisation of
the positive heterogeneous Helmholtz operator

−∇ ·
(
a(x)∇u

)
+ ω2m(x)u. (6.4.6)

The corresponding method is called Hk-GenEO, and theoretical estimates have been derived
for the indefinite heterogeneous Helmholtz problem in [24]. When Robin conditions are used,
the eigenvalues of (6.4.5) are complex but tend to cluster near the real axis, enabling a stable
selection criterion based on

ℜ(λ) < ηmax.

A thorough numerical study performed in [11] shows that Hk-GenEO achieves wavenumber-
independent GMRES convergence and empirical frequency scaling formulae were derived. A
robust and commonly used choice is ηmax = 1

2 .

Remark 6.4.2. Unlike the DtN coarse space, where the spectral information is extracted from
the subdomain boundary and then harmonically extended into the interior, the GenEO family
constructs eigenproblems that are defined throughout each subdomain, often including the over-
lap region. This leads to potentially larger coarse spaces since the spectral basis is built over the
full subdomain volume.

Although a full theoretical analysis of the GenEO methodology in the Helmholtz context is
still incomplete, rigorous convergence estimates are available for certain variants. In particular,
for ∆-GenEO, such bounds were established in [13] and later refined in [26]. These results
were recently extended to the Hk-GenEO construction [24]. However, these theoretical results
tend to be conservative, often overestimating the coarse space size required in practice. Numerical
experiments indicate that both GenEO variants exhibit significantly better performance than what
the theory predicts.

6.4.3 Helmholtz-Harmonic Coarse Spaces

We now describe the class of Helmholtz-harmonic coarse spaces, introduced independently in [71,
62] and later in a fully algebraic setting in [74]. These spaces are built from discrete solutions
of the heterogeneous Helmholtz equation on local subdomains and then assembled into a global
conforming approximation space using partition-of-unity weights.

Harmonic GenEO Coarse Space

The underlying philosophy is similar in spirit to the GenEO family : a local spectral decompo-
sition is used to select relevant low-energy modes that define the coarse space. However, there
is a key distinction: while GenEO formulates a spectral problem using the full operator (e.g.
Laplacian or Helmholtz) and searches for dominant directions in the whole local space, harmonic
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coarse spaces restrict the search space to local Helmholtz-harmonic functions. The spectral prob-
lem is then posed over this smaller subspace typically associated with the positive heterogeneous
Helmholtz operator (6.4.6). This restriction makes the underlying spectral theory easier and
the coarse space selection process real-valued, while still encoding the Helmholtz physics through
the choice of constrained subspace.

To introduce the coarse spaces described in [71, 62], we begin by defining the space of local
Helmholtz solutions on a subdomain Ωs:

W (Ωs) := {u ∈ V (Ωs) : aΩs(u, v) = 0, ∀v ∈ V0(Ωs)} ,
where V (Ωs) and V0(Ωs) are defined in (6.2.2). The sesquilinear form aΩs(·, ·) corresponds to
the Helmholtz operator defined in (6.2.4). Thus, W (Ωs) consists of heterogeneous Helmholtz
solutions with the appropriate boundary conditions.

To define a spectral selection on this space, we introduce the positive heterogeneous Helmholtz
sesquilinear form:

bΩs(u, v) =

∫
Ωs

(
a(x)∇u · ∇v̄ + ω2m(x)uv̄

)
dx.

We then solve the following eigenproblem (see [62, eq. (3.6)] and [71, eq. (2.20)]):

find u ∈W (Ωs) such that bΩs(u, v) = λ bΩs(Ξs(u),Ξs(v)) ∀v ∈W (Ωs),

where Ξs is the partition-of-unity operator associated with the subdomain Ωs. This problem is
self-adjoint and coercive, and all eigenvalues λ are real and positive.

To handle the Helmholtz-harmonicity constraint in practice, the eigenvalue problem is recast
as a saddle point problem [71, eq. (2.27)]: find u ∈ V (Ωs), p ∈ V0(Ωs), p = 0 on ∂Ωs \ ∂Ω such
that

bΩs(u, v) + aΩs(v, p) = λbΩs(Ξs(u),Ξs(v)), ∀v ∈ V (Ωs),

aΩs(u, q) = 0, ∀q ∈ V0(Ωs),

p = 0, on ∂Ωs \ ∂Ω.
In matrix notations, the eigenproblem system is: find u and p such that[

B̃s A∗
s,0

As,0 0

] [
u
p

]
= λ

[
DsBsDs 0

0 0

] [
u
p

]
,

where:

• As = RsAR
T
s is the local Dirichlet matrix associated with the heterogeneous Helmholtz

sesquilinear form aΩs ,

• As,0 is the restriction of As to rows not associated with boundary nodes,

• Bs = RsBR
T
s is the local Dirichlet matrix associated with the positive Helmholtz bilinear

form bΩs ,

• B̃s is its Neumann counterpart,

• Ds is the partition of unity diagonal weight matrix.

For simplicity, the system above was written for homogeneous Dirichlet boundary conditions
uΓD

= 0.
After solving the eigenproblem, the coarse space basis is formed by selecting all eigenvectors

u associated with eigenvalues λ < τ , where τ > 0 is a user-defined threshold. These are then
extended to the global space via:

Z =
{
RT

s Dsu
}
.

Each basis function is thus globally supported (via the partition of unity), locally Helmholtz-
harmonic (by construction), and selected through a stable positive definite spectral problem.
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Extended Harmonic GenEO Coarse Space

Building on the construction of Helmholtz-harmonic coarse spaces described above, we now
present a fully algebraic variant introduced in [74]. This approach retains the same core
philosophy—constructing coarse functions from locally Helmholtz-harmonic components—but
introduces an extended overlapping decomposition. Contrary to the previous variant, the discrete
Helmholtz-harmonic constraint is not enforced on the eigenvectors, but rather in the construction
of the coarse space matrix Z thanks to a suitable operator (also present in the eigenproblem).

Specifically, for each original subdomain Ωs, an enlarged subdomain Ω̌s is defined by adding
at least one layer of mesh elements along its interfaces with neighbouring subdomains. This
auxiliary decomposition {Ω̌s}Ns=1 is used solely for the construction of the coarse space and does
not affect the first-level (fine-scale) preconditioner.

All quantities associated with the extended subdomains are denoted with a superscript ·̌.
For example, Řs is the restriction matrix to Ω̌s, and Ǎs = ŘsAŘ

T
s is the local Dirichlet matrix

on Ω̌s.
The local eigenproblem reads: find ǔ such that

˜̌Bsǔ = λ
(
RsŘ

T
s − Â−1

s RsŘ
T
s Ǎs

)†
DsBsDs

(
RsŘ

T
s − Â−1

s RsŘ
T
s Ǎs

)
ǔ,

where:

• Ǎs = ŘsAŘ
T
s is the local Dirichlet matrix associated with the heterogeneous Helmholtz

sesquilinear form aΩ̌s
on the enlarged subdomain Ω̌s,

• Bs = RsBR
T
s is the local Dirichlet matrix associated with the positive Helmholtz bilinear

form bΩs ,

• ˜̌Bs is the local Neumann matrix associated with the positive Helmholtz bilinear form bΩ̌s
,

• Â−1
s corresponds to the local Robin problem on Ωs.

This eigenproblem is written under the assumption of no Dirichlet boundary conditions
(ΓD = ∅) for simplicity, but can accommodate them as long as the action of Â−1

s RsŘ
T
s Ǎs yields

a solution satisfying the problem boundary conditions.
By construction, this eigenproblem is self-adjoint and coercive, so all eigenvalues λ are real

and positive. Moreover, while Bs and ˜̌Bs are typically associated with the positive Helmholtz
matrix, other SPD matrices could also be used in their place. We point out that the matrix on
the right-hand side does not have to be assembled in practice to solve the eigenproblems; it is
enough to know the matrix-vector product.

The coarse space basis is formed by collecting all vectors of the form

Z =
{
RT

s Ds

(
RsŘ

T
s − Â−1

s RsŘ
T
s Ǎs

)
ǔ : λ < τ

}
for some user-defined threshold τ > 0. By construction, each resulting vector lies in the global
finite element space and corresponds to a local discrete Helmholtz solution on Ωs thanks to the
presence of the operator RsŘ

T
s − Â−1

s RsŘ
T
s Ǎs, and multiplied by the partition of unity Ds.

6.4.4 Summary and Comparison of Spectral Coarse Spaces

Having described the main families of spectral coarse spaces—namely the DtN, GenEO-type,
and Helmholtz-harmonic constructions—we now highlight their connections and comparative
features. A summary of this comparison is given in Table 6.1.
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Conceptual links Despite differing technical constructions, all approaches share a common
spectral philosophy: they extract low-energy components via localised eigenproblems, then as-
semble them into globally supported basis functions using a partition of unity.

The DtN coarse space is the most geometrically minimal, using interface-local eigenfunc-
tions extended via Helmholtz harmonic continuation. In this sense, it belongs to the broader
class of Helmholtz-harmonic coarse spaces. It may also be seen as a precursor to the Ge-
nEO family, which replaces boundary-local eigenproblems with volumetric ones defined over
subdomains or overlapping regions. The harmonic GenEO spaces, in turn, reinterpret the
GenEO framework by restricting the usual self-adjoint positive definite eigenproblems to the
subspace of local Helmholtz solutions. The constraint to solve in the Helmholtz-harmonic sub-
space can be imposed using an augmented eigenproblem. Finally, the extended-harmonic
coarse spaces involve self-adjoint positive definite eigenproblems similarly to the GenEO family,
but posed on an extended subdomain and with a suitable operator weighting the matrix in the
eigenproblem. The resulting eigenvectors are projected in the Helmholtz-harmonic subspace of
the (non-extended) subdomain.

Complexity comparison The main costs of two-level domain decomposition precondition-
ers are: (i) construction of the coarse space (local eigenproblems and global assembly), (ii)
factorisation of the coarse operator, and (iii) repeated local and coarse solves during GMRES
iterations.

For discretisations with a fixed number of points per wavelength (hk = O(1)) as often
happens in engineering practice, the number of unknowns per subdomain scales like O(kd) in d
dimensions, while the number of unknowns on the subdomain boundary scales like O(kd−1). As
a result the cost of constructing the coarse space and its dimension differ between the different
methods:

• DtN: the eigenproblem is posed on the interface (although the operator features a local
volume inverse of size O(kd)) and as a result, the number of basis functions is bounded by
the number of interface unknowns in O(kd−1).

• GenEO-type: the eigenproblem is volumetric hence leads to O(kd) candidate functions
per subdomain. To ensure wavenumber-independent convergence, the coarse operator
(although well below this limit in practice) can become large, leading to an important
factorisation cost.

• Harmonic: The saddle-point eigenproblem is twice the number of unknowns in the sub-
domain, hence of size O(kd), but the retained modes need to solve the Helmholtz prob-
lem, hence their number is necessarily bounded by the number of boundary unknowns in
O(kd−1).

• Extended harmonic: The eigenproblem is posed in the extended volume, still in O(kd),
but the elements in the coarse space are Helmholtz solutions by construction (up to the
partition of unity), hence their number is also necessarily bounded by the number of
boundary unknowns in O(kd−1).

At runtime, each GMRES iteration requires local subdomain solves (local matrices are factored
in the setup phase) typically via sparse direct solvers and a global coarse correction (O(N2

c ) after
factorisation). In principle, these scalings suggest coarse space dimensions increase dramatically
with the wavenumber, but in practice our numerical results show milder growth, with iteration
counts nearly independent of k once a suitable coarse space is included.

Rationale for numerical comparison Given the subtle theoretical distinctions and the ab-
sence of definitive complexity bounds in the indefinite Helmholtz regime, it is difficult to draw
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Table 6.1: Comparison of spectral coarse space families for the Helmholtz problem

Property DtN GenEO-type Harmonic Extended harmonic

Eigenfunctions Interface Γs Subdomain Ωs Subdomain Ωs Extended

(or overlap) subdomain Ω̌s

Spectral domain Interface Full volume Helmholtz-harmonic Full extended

subspace volume

Eigenvalues complex complex real positive real positive

Maximum dimension O(|Γs|) O(|Ωs|) O(|Γs|) O(|Γs|)
Theory None Available for Available Available

(empirically) some variants

Adapted to high k Yes Yes (Hk-GenEO) Yes Yes

Notable references [23] [85], [13], [26], [24] [62], [71] [74]

conclusions purely from the analytical form of the coarse spaces. The actual performance de-
pends on practical implementation details, the choice of eigenvalue threshold, and the frequency
regime. Therefore, a numerical comparison is essential to:

• assess the robustness of each coarse space across a range of frequencies and heterogeneous
media;

• quantify the trade-off between coarse space dimension and solver convergence;

• validate whether the observed empirical behaviour aligns with or diverges from existing
theoretical predictions.

In the next section, we provide such a numerical study, focusing on both homogeneous and
heterogeneous Helmholtz problems with increasing complexity.

6.5 Numerical Assessment and Comparison

The purpose of this section is to evaluate the performance and robustness of the spectral coarse
spaces introduced in Section 4 in realistic simulation settings. While these methods differ in their
mathematical formulation and spectral construction, it is often difficult to draw firm conclusions
about their practical efficiency based solely on theoretical arguments. In particular, the coarse
space dimension, conditioning effects, and preconditioner performance depend intricately on the
frequency, domain geometry, heterogeneity, and the choice of eigenvalue threshold.

To overcome this, we conduct a series of numerical experiments designed to probe the be-
haviour of each coarse space under increasing complexity evaluated within a common two-level
ORAS preconditioning framework, using GMRES as the iterative solver. In all cases, the GM-
RES solver is not restarted and the tolerance is 10−6 on the residual, with a right-preconditioning.
The overlap is minimal (unless stated otherwise) with a symmetry constraint with respect to
the interface, implying two layers of cells in the overlap. Each test case is analysed through a
combination of strong and weak scaling experiments, studying the influence of:

• subdomain diameter (in wavelength),

• coarse space size (global and per subdomain),

• eigenvalue threshold τ ,

• and overlap and partition of unity choices.

Our goal is to assess both efficiency (number of GMRES iterations) and scalability (coarse
space dimension and distribution), and to offer a fair comparison between the different coarse
space strategies under practically relevant conditions.
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Implementation details The FreeFEM implementation of the benchmarks is done within the
ffddm framework, a set of parallel FreeFEM scripts implementing Schwarz domain decomposition
methods. The ffddm documentation is available on the FreeFem.org web page (see [91]). The
ffddm framework relies on Message Passing Interface (MPI) parallelism. As is usually done in
domain decomposition methods, we assign one subdomain per MPI process.

The first step is to decompose the computational domain into overlapping subdomains. Un-
less otherwise stated, the automatic graph partitioner Metis [66] is used, which produces a
non-overlapping decomposition of the set of mesh elements while minimising interfaces between
subdomains and conserving good load-balancing. The overlapping decomposition is then ob-
tained by adding successive layers of elements to reach the desired size of overlap. The setup
of the one-level preconditioner then consists in assembling and factorising the local matrices
in each subdomain in parallel. This is done using the sparse direct solver MUMPS [1]. The
two-level preconditioner for each method is then built by first solving the corresponding local
eigenvalue problems in each subdomain with SLEPc [61], and finally assembling and factorising
the coarse space operator in a distributed manner by MUMPS using a few cores (ranging from
1 to 144 depending on the size of the coarse space).

During the solution phase, each application of the preconditioner involves solving linear
systems with local subdomain matrices (first level) and with the coarse space matrix (second
level), which is done by forward-backward substitution using the factorisations computed during
the setup phase.

A FreeFEM script comparing all methods for the homogeneous Helmholtz equation in a
square is available at https://github.com/FreeFem/FreeFem-sources/blob/develop/examples/
ffddm/Helmholtz-2d-all.edp. This was run on an Intel i7-8700 CPU with 64GB RAM run-
ning the Windows 11 operating system.

6.5.1 Numerical Simulations in a Square: Homogeneous and Heterogeneous
Problems

The numerical tests in this section are structured as follows:

1. Homogeneous test case. A baseline benchmark on a unit square domain with Robin
boundary conditions and a single interior point source. This allows us to measure the
scaling of coarse space dimension and iteration count with respect to the number of sub-
domains and frequency, in a basic controlled setting.

2. Heterogeneous test case. A layered medium with strong contrasts in wave speed is
introduced to study robustness under medium heterogeneity and its impact on coarse
space size and convergence.

Homogeneous Problem

In this part we base the numerical experiments on the model problem in 2D, defined on the unit
square Ω = (0, 1)2. We impose Robin boundary conditions on all sides of the domain. A point
source is located in the centre of the domain at (12 ,

1
2) and provides the forcing function f . The

point source is numerically modelled by a Gaussian function: f(x, y) = 104 exp(−103[(x− 1
2)

2+
(y − 1

2)
2]). A schematic of this model problem is found in Figure 6.1.

To discretise the problem, we triangulate Ω using a Cartesian grid with spacing h and
alternating diagonals to form a simplicial mesh. We consider constant coefficients a(x) ≡ 1 and
m(x) ≡ 1. The local wavenumber k = ω

√
m
a = ω is then constant and the wavelength used to

measure geometrical parameters is λm = 2π/k. The discrete problem (6.2.5) is assembled using
a P2 finite element approximation on this mesh. To mitigate the pollution effect, we choose the
angular frequency ω (or equivalently the wavenumber k) and the mesh size h simultaneously
so that the dimensionless quantity kh remains sufficiently small. In practice, this is enforced
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by fixing a minimum number of grid points per wavelength λm; here, we ensure that kh ≲ 0.5,
which corresponds to at least 10 points per wavelength λm.
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Robin
y = 1

y = 0
x = 1x = 0

source f

Figure 6.1: Schematic of the 2D wave guide model problem with example triangular mesh (top
left). Real part (top right) and modulus (bottom) of the total field for the homogeneous media
test case with ω = 100.

Heterogeneous Problem

The next numerical experiments aim to study the robustness of the method with respect to
medium heterogeneity. For this purpose, we consider a layered medium in the unit square. More
precisely, we use an alternating layer configuration (see Figure 6.4) in which the heterogeneity
is introduced through the material parameter m(x). In the present setting, we keep a(x) ≡ 1
everywhere and the mass coefficient is defined as m(x) = c(x)−2, where c(x) is the spatially
varying wave speed. The medium alternates between two constant wave speeds: c(x) ∈ {1, ρ},
where ρ > 1 is a contrast parameter controlling the strength of the heterogeneity. The local

wavenumber is then given by k(x) = ω
√

m(x)
a(x) = ω

c(x) , with ω > 0 the angular frequency. In

our numerical experiments, we vary ω while keeping ρ fixed unless otherwise stated. Geometric
parameters are measured using the minimal wavelength λm = 2π/ω corresponding to c(x) = 1.
An example of a numerical solution for the heterogeneous layered medium is shown in Figure 6.4.

Results

The full results are provided in Tables 6.2 and 6.3. The entries are the diameter of the domain
L measured in the smallest wavelength λm = 2πminx(c(x))/ω present in the problem, the total
number of degrees of freedom n, the averaged diameter of a subdomain H measured in wave-
length λm, the averaged number ns of degrees of freedom in a subdomain, the averaged number
n∂Ωs
s of degrees of freedom on the boundary of a subdomain, the number N of subdomains,

the total size of the coarse space (CS), the averaged number of contributions of a subdomain
to the coarse space (CSs) and the number of GMRES iterations to reach the tolerance (It).
The methods being compared are the baseline one-level method (1lvl): extended (ext) and har-
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Figure 6.2: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in strong scaling for the homogeneous media test case with ω = 20 (top) and ω = 100
(bottom). The number in brackets indicates the number of subdomains.

monic coarse spaces (harm) on one side with the classical the Dirichlet-to-Neumann (DtN) and
Hk-GenEO methods (Hk) on the other side.

Besides, we report, for the smallest and largest frequencies tested, the number of GMRES
iterations to reach the required tolerance as a function of the total coarse space size and choice of
threshold parameter in Figures 6.2 and 6.5. The number of subdomains is provided in brackets
in the legend entries. The results reported in the table correspond to the parameters with the
minimum number of iterations obtained for each method.

The number of iterations of GMRES to reach the required tolerance as a function of the
subdomain diameter (measured in wavelength) is reported Figures 6.3 and 6.6.

Assessment and Comparative Conclusions for the Square Test Cases

We now draw conclusions from the strong scaling tests performed on the 2D square homogeneous
and heterogeneous test cases. From both Tables 6.2–6.3 and Figures 6.2–6.6, several trends
emerge consistently across frequencies and levels of heterogeneity. General comments on one-
level and two-level methods are:

• The performance of the one-level method deteriorates with increasing frequency or with
heterogeneities.

• In contrast, all two-level methods are scalable and very robust with respect to the frequency
or in the presence of heterogeneity. As a result, they dramatically outperform the one-level
baseline.

• These properties are however achieved only for large enough coarse spaces, as the iteration
count of two-level methods correlates strongly with coarse space size.

• In particular, robustness is achieved with a coarse space size that increases with increasing
number of subdomains and increasing frequency.
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1lvl ext harm DtN Hk

L [λm] N n H [λm] ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

4.5 16 231361 1.1 15373 490 34 5 1352 84 6 1148 72 5 1132 71 9 2352 147
4.5 36 231361 0.8 7108 331 47 6 1528 42 6 1904 53 5 2102 58 10 3576 99
4.5 64 231361 0.6 4156 251 63 6 2176 34 6 2690 42 5 2946 46 10 4832 76
4.5 100 231361 0.5 2762 203 77 6 2784 28 6 3504 35 5 3802 38 11 6094 61
4.5 144 231361 0.4 1990 171 93 6 4368 30 6 4366 30 5 4636 32 11 7440 52
9.0 16 519841 2.3 33853 730 36 6 1360 85 6 1724 108 5 1906 119 9 3504 219
9.0 36 519841 1.5 15455 491 48 6 2298 64 6 2864 80 5 3116 87 10 5304 147
9.0 64 519841 1.1 8926 371 63 6 3200 50 6 3996 62 5 4342 68 10 7136 112
9.0 100 519841 0.9 5863 299 73 6 5140 51 6 5140 51 5 5572 56 10 8962 90
9.0 144 519841 0.8 4177 251 92 6 6480 45 6 6478 45 5 6834 47 10 10896 76
13.5 16 1442401 3.4 92413 1210 39 5 3346 209 6 2856 178 5 3156 197 10 3316 207
13.5 36 1442401 2.3 41748 811 52 6 4748 132 7 4768 132 6 4182 116 10 8760 243
13.5 64 1442401 1.7 23866 611 67 6 5316 83 6 6684 104 5 7164 112 10 11744 184
13.5 100 1442401 1.4 15520 491 82 6 6874 69 6 8576 86 5 9148 91 10 14760 148
13.5 144 1442401 1.1 10950 411 97 6 8448 59 6 10460 73 5 11186 78 10 17808 124
18.0 16 2076481 4.5 132493 1450 39 6 3404 213 6 4288 268 7 3782 236 10 6960 435
18.0 36 2076481 3.0 59695 971 51 6 5676 158 7 5728 159 6 5020 139 10 10488 291
18.0 64 2076481 2.3 34036 731 67 6 8000 125 7 8028 125 6 7044 110 9 14048 220
18.0 100 2076481 1.8 22077 587 81 6 8180 82 6 10344 103 5 10950 110 10 17596 176
18.0 144 2076481 1.5 15537 491 98 6 10074 70 6 13992 97 6 13340 93 10 21264 148
22.5 16 3690241 5.6 234253 1930 41 6 3616 226 6 4570 286 5 5042 315 10 6280 392
22.5 36 3690241 3.8 105188 1291 54 6 6036 168 6 7612 211 5 8198 228 9 13944 387
22.5 64 3690241 2.8 59776 971 68 6 8452 132 6 10692 167 5 11358 177 9 18656 292
22.5 100 3690241 2.3 38647 779 84 6 14940 149 7 13778 138 6 14526 145 9 23362 234
22.5 144 3690241 1.9 27110 651 100 6 13344 93 6 16796 117 5 17694 123 9 28176 196

Table 6.2: Strong scaling experiment for the homogeneous media test case.

Comparing the different two-level methods, we remark that:

• The smallest number of iterations is achieved with the DtN coarse spaces, closely followed
by the harmonic and extended-harmonic coarse spaces, and then by the Hk-GenEO coarse
spaces.

• To achieve this, the DtN coarse spaces are however slightly larger than the harmonic and
extended-harmonic ones, while the Hk-GenEO coarse spaces are the largest.

• In a context with a tight coarse space size budget, the DtN and extended-harmonic coarse
spaces are the most efficient, especially at large frequencies.

• A sensible choice for the eigenvalue threshold τ to ensure low iteration count is in the
range 5− 10 for extended-harmonic, around 10 for harmonic, in the range 500− 1000 for
DtN and in the range 0.8− 1 for Hk-GenEO.

6.5.2 A Test Case from Medical Imaging

Description of the problem We consider the problem of plane wave scattering by randomly
positioned, penetrable micro-reflectors in two dimensions. This setting models acoustic wave
interaction with soft biological tissues, as explored in recent quantitative ultrasound imaging
studies [49, 50]. We fix a constant reference medium with coefficients a0 > 0, m0 > 0, and define
the reference wave speed and the corresponding reference wavenumber and reference wavelength

c0 =

√
a0
m0

, k0 = ω

√
m0

a0
=
ω

c0
, λ0 =

2π

k0
.

All geometric parameters in this test case will be expressed in units of λ0.
The incident wave is a plane wave of the form ui(x) = exp(ı k0 d · x) , d ∈ R2, |d| = 1, where

d is the propagation direction. The total field u satisfies the heterogeneous Helmholtz equation

−∇ ·
(
a(x)∇u

)
− ω2m(x)u = 0, in R2,
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Figure 6.3: Influence of the subdomain diameter on the iteration count (left) and coarse space
size (right) in strong scaling for the homogeneous media test case ρ = 10 with ω = 20 (top) and
ω = 100 (bottom).

with an outgoing radiation condition on the scattered field us = u − ui. The coefficients a(x)
and m(x) describe the Nr ∈ N penetrable micro-reflectors:

a(x) = 1
Ω\

⋃Nr
j=1 Bϵ(xj)

+

Nr∑
j=1

aj 1Bϵ(xj), c20m(x) = 1
Ω\

⋃Nr
j=1 Bϵ(xj)

+

Nr∑
j=1

mj 1Bϵ(xj),

where Bϵ(xj) is a disk of radius ϵ = λ0/4 centred at xj , aj and mj are drawn from a normal
distribution with mean 1 and standard deviation σ = 0.1, the disk centres xj are generated by a
Matèrn hardcore spatial process. In the background medium (a0,m0) we have k(x) ≡ k0, while
inside each inclusion k(x) deviates due to the perturbed material parameters.

We truncate the unbounded domain using a perfectly matched layer (PML) following [45].
Let χ ∈ C∞

comp(R2) be a smooth cut-off function supported around the heterogeneous region
that is identically one on an open connected set including the support of (1 −m)(1 − a). We
introduce the compactly supported unknown

ũ := u− (1− χ)ui,

which satisfies

−∇ ·
(
a(x)∇ũ

)
− ω2m(x) ũ = 2∇χ · ∇ui + ui∆χ, in R2.

We use a PML implementation adapted from [7].
A snapshot of the medium and computed fields is shown in Figure 6.7 forNr = 2040 reflectors

in a domain of size 47.8λ0 × 47.8λ0. The presence of the micro-reflectors imposes a strong
constraint on the mesh size corresponding to about 22 points per wavelength λ0. We use P2

Lagrange finite elements.
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Figure 6.4: Piecewise constant layer profiles for the wave speed c(x) (top left). For the darkest
shade, c(x) = 1, while for the lightest shade, c(x) = ρ, with ρ being the contrast factor. Real
part (top right) and modulus (bottom) of the total field for the heterogeneous media test case:
ρ = 10 and ω = 100.

102 103 104
100

101

102

coarse space size

ite
ra

tio
n

co
un

t

ext(16)
ext(64)
ext(144)
harm(16)
harm(64)
harm(144)
DtN(16)
DtN(64)
DtN(144)
Hk(16)
Hk(64)
Hk(144)
One-level(16)
One-level(64)
One-level(144)

10−2 10−1 100 101 102 103
100

101

102

threshold τ

ite
ra

tio
n

co
un

t

ext(16)
ext(64)
ext(144)
harm(16)
harm(64)
harm(144)
DtN(16)
DtN(64)
DtN(144)
Hk(16)
Hk(64)
Hk(144)
One-level(16)
One-level(64)
One-level(144)

102 103 104
100

101

102

coarse space size

ite
ra

tio
n

co
un

t

ext(16)
ext(64)
ext(144)
harm(16)
harm(64)
harm(144)
DtN(16)
DtN(64)
DtN(144)
Hk(16)
Hk(64)
Hk(144)
One-level(16)
One-level(64)
One-level(144)

10−2 10−1 100 101 102 103
100

101

102

threshold τ

ite
ra

tio
n

co
un

t

ext(16)
ext(64)
ext(144)
harm(16)
harm(64)
harm(144)
DtN(16)
DtN(64)
DtN(144)
Hk(16)
Hk(64)
Hk(144)
One-level(16)
One-level(64)
One-level(144)

Figure 6.5: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in strong scaling for the heterogeneous media test case ρ = 10 with ω = 20 (top) and
ω = 100 (bottom).
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1lvl ext harm DtN Hk

L [λm] N n H [λm] ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

4.5 16 231361 1.1 15373 490 58 5 1352 84 6 1148 72 5 1276 80 10 872 54
4.5 36 231361 0.8 7108 331 94 6 1528 42 6 1904 53 5 2100 58 10 3576 99
4.5 64 231361 0.6 4156 251 122 6 2176 34 6 2652 41 5 2946 46 10 4832 76
4.5 100 231361 0.5 2762 203 154 6 3500 35 6 3504 35 5 3802 38 11 6094 61
4.5 144 231361 0.4 1990 171 178 6 4368 30 6 4356 30 6 4636 32 11 7440 52
9.0 16 519841 2.3 33853 730 119 6 1710 107 6 1712 107 5 1906 119 10 3504 219
9.0 36 519841 1.5 15455 491 178 6 2860 79 6 2864 80 6 2538 70 11 5304 147
9.0 64 519841 1.1 8926 371 231 6 4032 63 6 4644 73 6 3572 56 11 7136 112
9.0 100 519841 0.9 5863 299 294 6 5140 51 6 5924 59 6 5572 56 11 8962 90
9.0 144 519841 0.8 4177 251 327 6 6409 45 6 7137 50 6 5764 40 12 10896 76
13.5 16 1442401 3.4 92413 1210 84 5 3345 209 6 2838 177 5 3154 197 10 5808 363
13.5 36 1442401 2.3 41748 811 117 5 5372 149 6 4732 131 6 4177 116 10 8760 243
13.5 64 1442401 1.7 23866 611 157 7 6657 104 8 6660 104 13 3956 62 10 11744 184
13.5 100 1442401 1.4 15520 491 205 6 6848 68 6 8560 86 5 9148 91 10 14760 148
13.5 144 1442401 1.1 10950 411 198 6 8388 58 6 10460 73 5 11186 78 10 17808 124
18.0 16 2076481 4.5 132493 1450 120 6 3395 212 6 3404 213 8 3778 236 10 6960 435
18.0 36 2076481 3.0 59695 971 160 6 5676 158 7 5676 158 9 6165 171 10 10488 291
18.0 64 2076481 2.3 34036 731 218 6 7964 124 7 7946 124 11 8562 134 10 14048 220
18.0 100 2076481 1.8 22077 587 294 6 10180 102 6 10196 102 5 10948 109 10 17596 176
18.0 144 2076481 1.5 15537 491 288 6 12561 87 6 13992 97 6 13340 93 10 21264 148
22.5 16 3690241 5.6 234253 1930 211 6 4520 282 6 4532 283 5 5039 315 10 9264 579
22.5 36 3690241 3.8 105188 1291 306 6 6014 167 6 7544 210 5 8198 228 10 13944 387
22.5 64 3690241 2.8 59776 971 402 6 10592 166 6 10592 166 5 11357 177 11 18656 292
22.5 100 3690241 2.3 38647 779 553 9 10826 108 8 15407 154 7 14526 145 10 23362 234
22.5 144 3690241 1.9 27110 651 618 6 16754 116 6 16704 116 6 17693 123 11 28176 196

Table 6.3: Strong scaling experiment for the heterogeneous media test case ρ = 10.
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Figure 6.6: Influence of the subdomain diameter on the iteration count (left) and coarse space
size (right) in strong scaling for the heterogeneous media test case ρ = 10 with ω = 20 (top)
and ω = 100 (bottom).
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Figure 6.7: Values of the coefficient c20m (left), real part of total field ℜ(u) (middle), and real
part of scattered field ℜ(us) (right).
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1lvl ext harm DtN Hk

L [λ0] N n H [λ0] ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

33.8 8 1213761 11.9 154757 1664 37 6 2073 259 6 2371 296 12 2663 333 24 3894 487
33.8 16 1213761 8.4 78134 1121 46 7 2499 156 8 2907 182 16 1807 113 23 5380 336
33.8 32 1213761 6.0 39751 812 66 7 4456 139 9 5048 158 19 2652 83 21 7791 243
33.8 64 1213761 4.2 20308 568 83 8 6460 101 11 7098 111 24 2245 35 22 10906 170
33.8 128 1213761 3.0 10487 413 112 9 8198 64 13 9874 77 26 3564 28 23 15849 124
33.8 256 1213761 2.1 5454 286 145 10 14222 56 16 14608 57 31 4878 19 24 22005 86

Table 6.4: Strong scaling experiment for the imaging test case.
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Figure 6.8: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in strong scaling for the imaging test case.
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Figure 6.9: Influence of the subdomain diameter on the iteration count in strong scaling for the
imaging test case.

Strong scaling test We first provide results for a strong scaling test, increasing the number
of subdomains for a fixed problem size. The full domain has size 23.9λ0 × 23.9λ0 with 1213761
DOFs. The full results are provided in Table 6.4. The entries are the same as the ones previously
described, except we use the reference wavelength λ0 to measure lengths. Besides, we report
the number of iterations of GMRES to reach the required tolerance as a function of the total
coarse space size and choice of threshold parameter in Figure 6.8. The number of subdomains
is provided in brackets in the legend entries. The results reported in the table correspond
to the parameters with the minimum number of iterations obtained for each method, which
explains the difference for the DtN approach. The number of iterations of GMRES to reach
the required tolerance as a function of the subdomain diameter (measured in wavelength) is
reported Figure 6.9.
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1lvl ext harm DtN Hk

L [λ0] N n H [λ0] ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

16.9 8 292873 6.0 38108 829 37 6 1007 126 6 1206 151 12 1060 132 20 1990 249
23.9 16 587129 6.0 38312 792 42 7 2042 128 7 2406 150 16 924 58 22 3804 238
33.8 32 1213761 6.0 39751 812 66 7 4456 139 9 5048 158 19 2652 83 21 7791 243
47.8 64 2366557 6.0 38856 798 86 8 9443 148 11 9288 145 23 5685 89 23 15327 239
67.5 128 4809133 6.0 39573 817 127 9 17250 135 14 19697 154 23 10340 81 23 31375 245
95.5 256 9520591 6.0 39238 811 187 11 39786 155 20 41337 161 29 13850 54 26 62267 243

Table 6.5: Weak scaling experiment for the imaging test case.
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Figure 6.10: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in weak scaling for the imaging test case.
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Figure 6.11: Influence of the full domain diameter on the iteration count in weak scaling for the
imaging test case.

Weak scaling test We then perform a weak scaling test, increasing the number of subdomains
for a fixed subdomain size. Each subdomain is in average of size 4.2λ0×4.2λ0 with about 39000
DOFs. The mesh size is fixed, so the pollution effect is not taken into account. The full results
are provided in Table 6.5 with the same entries as for the strong scaling test case. The number
of iterations of GMRES to reach the required tolerance as a function of the total coarse space
size and choice of threshold parameter is reported Figure 6.10. The number of iterations of
GMRES to reach the required tolerance as a function of the full domain diameter (measured in
wavelength) is reported Figure 6.11.

Overlap and partition of unity function We turn to the study of the influence of the
width of the overlap. So far the results for this test case are obtained for minimal overlap (with
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a symmetry constraint with respect to the interface). The number of iterations of GMRES to
reach the required tolerance as a function of the total coarse space size is reported in Figure 6.12.
The size of the overlap measured as the number of cell layers from one side of the interface is
indicated in the brackets of the legend entries.

Three different partition of unity functions, all defined as P1 functions hence piecewise affine,
are used. The first one is the steepest, going from 1 to 0 in the smallest number of cells (typically
two) close to the interface. The second one is the smoothest, going from 1 to 0 on the full size
of the overlap. The third one is an intermediate choice, decaying smoothly on the overlap but
vanishing one layer of cells before reaching the boundary, hence ensuring that its first derivative
vanishes on the boundary (which makes sense in our case since we are using optimised boundary
conditions as transmission conditions).
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Figure 6.12: Influence of the overlap and the partition of unity function on the iteration count for
the imaging test case. Steep (top), linearly decaying (middle) and with vanishing first derivative
on the boundary (bottom).

Assessment and comparative conclusions for the medical imaging test case From
these tests we can draw the following conclusions:

• The two-level methods remain robust in both weak and strong scalings, albeit with a
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moderate increase in the iteration count with the number of subdomains, which is well-
controlled by enlarging the coarse space.

• Harmonic and extended-harmonic coarse spaces yield the lowest iteration counts for a
given coarse space size, with a slight advantage for the extended harmonic coarse space
for larger number of subdomains.

• DtN coarse spaces remain competitive and compact, with a slightly worse iteration count
but with the lowest size. We remark however some loss of robustness in the sense that the
decrease in the number of iteration is not always monotonic with the size of the coarse
space.

• Hk-GenEO coarse spaces are robust but more expensive.

• Sensible choices for the threshold τ are comparable to the previous test case, except for
the DtN coarse spaces which required significantly larger values.

• Wider overlaps generally reduce iteration counts, especially for the harmonic and extended-
harmonic coarse spaces.

• Smoother partition of unity functions (especially with vanishing derivative) yield slightly
better convergence.

The imaging test case highlights the necessity of two-level methods heterogeneous for media
with overall performance similar to the simple test on a square domain.

6.5.3 COBRA Cavity Test Case

Description of the problem We now move to a more sophisticated test case for spectral
coarse spaces: the COBRA cavity, a three-dimensional, S-shaped waveguide originally designed
for electromagnetic scattering studies by EADS Aerospatiale Matra Missiles as part of the EM-
JINA 98 workshop (see [64, 70]). This geometry has since been adopted as a benchmark in
domain decomposition research (e.g. [28, 9]) due to its challenging features for mid- to high-
frequency wave propagation.

Unlike previous test cases with simpler geometries, the COBRA cavity introduces geomet-
ric complexity through its curvature, which can lead to wave trapping effects. Although the
wavespeed is constant, the intricate shape of the cavity poses significant numerical challenges
that go beyond those of straight waveguides.

The cross-section of the cavity measures 11 cm × 8.4 cm. The cavity walls are modelled
as sound-soft, imposing Dirichlet boundary conditions. To reduce the unbounded scattering
domain to a finite computational domain, we embed the cavity in a surrounding box. The
material parameters are a(x) ≡ 1 and m(x) ≡ 1 and only the wavenumber k is varied. All
geometrical parameters are measured in terms of the wavelength λ = 2π/k. The sides of the
box are positioned 10 cm from the cavity in all directions, corresponding to between 1.3 and
5.7 wavelength λ depending on the frequency used in the weak scaling study presented below.
Robin (impedance) boundary conditions are applied on all faces of the outer box.

A normally incident plane wave excites the cavity. The problem is discretised using P2 La-
grange finite elements, with a resolution of 8 points per wavelength to ensure adequate accuracy
in the high-frequency regime.

Weak scaling test To assess scalability in more realistic and complex 3D geometries, we
perform a weak scaling test on the COBRA cavity benchmark. In this experiment, the number
of subdomains and total degrees of freedom increase proportionally with the wavenumber k,
while keeping the average subdomain size fixed (approximately 1.6 wavelength λ in diameter
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Figure 6.13: Partitioning of the COBRA cavity domain into 2916 subdomains (left) and real
part of the total field (right) for L = 22.9λ (k = 360m−1).

1lvl ext harm DtN Hk

L[λ] N n ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

5.1 32 473004 22336 2986 51 8 6400 200 8 6400 200 13 6400 200 17 6400 200
7.6 108 1761164 25895 3824 157 10 21600 200 10 21600 200 25 21600 200 38 21600 200
10.2 256 4140366 26525 4144 359 14 51200 200 12 51200 200 44 51200 200 63 51200 200
12.7 500 8431281 27980 4468 432 16 100000 200 14 100000 200 64 100000 200 106 100000 200
15.3 864 13927097 27839 5035 942 34 172800 200 34 172800 200 97 172800 200 > 200 172800 200
17.8 1372 18879654 24589 4676 1055 44 274400 200 46 274400 200 120 274400 200 > 200 274400 200
20.4 2048 32848020 28143 5210 3711 60 409600 200 79 409600 200 162 409600 200 > 200 409600 200
22.9 2916 44520439 27138 5121 3398 74 583200 200 107 583200 200 > 200 583200 200 > 200 583200 200

Table 6.6: Weak scaling experiment for the COBRA cavity test case.

and around 27,000 degrees of freedom per subdomain). The number of subdomains N increases
from 32 for k = 80m−1 to 2916 for k = 360m−1. Correspondingly, the diameter L of the
global domain in wavelength goes from 5.1λ to 22.9λ. As an illustration, Figure 6.13 shows the
partitioning of the domain as well as the real part of the solution for L = 22.9λ.

As shown in Table 6.6, the domain diameter measured in wavelengths increases from L = 5.1λ
(for N = 32) up to L = 22.9λ (for N = 2916), the subdomain size measured in wavelengths is
kept constant with H = 1.6λ. This setup preserves local resolution while increasing the global
problem size, making it ideal to evaluate the robustness of coarse spaces and the scalability of
the two-level ORAS preconditioner in the mid- to high-frequency regime. A constant average
contribution from each subdomain to the coarse-space (CSS) is also maintained, allowing a clear
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Figure 6.14: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in weak scaling for the COBRA cavity test case.
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Figure 6.15: Influence of the full domain diameter on the iteration count in weak scaling for the
COBRA cavity test case.

comparison of iteration counts.
In addition to that, we also report the number of GMRES iterations to reach the required

tolerance as a function of the total coarse space size and choice of threshold parameter in
Figure 6.14. The number of subdomains is provided in brackets in the legend entries.

The number of iterations of GMRES to reach the required tolerance as a function of the full
domain diameter (measured in wavelength) is reported in Figure 6.15.

Assessment and comparative conclusions for the COBRA cavity test case

• GMRES iteration counts show that all two-level methods significantly outperform the
one-level baseline, especially as the global domain size L increases.

• Harmonic and extended harmonic coarse spaces consistently achieve the lowest iteration
counts, with only mild growth across scales.

• The DtN coarse space performs competitively at moderate scales but exhibits a slight
increase in iteration count at higher L, and eventually breaks down for the largest problem.

• Hk-GenEO also performs competitively at moderate scales but breaks down beyond a
certain coarse space size and for larger domains.

6.5.4 The GO 3D OBS Crustal Geomodel

Description of the problem The GO 3D OBS crustal geomodel is a high-resolution, three-
dimensional synthetic model specifically designed to evaluate seismic imaging techniques, par-
ticularly for deep crustal and subduction zone exploration [53]. It represents a continental
margin at a regional scale, incorporating realistic geological heterogeneities and sharp velocity
contrasts that are characteristic of tectonic plate boundaries.

The model features a wide range of acoustic wavespeeds, c(x) varies from 1500ms−1 in
the near-surface sedimentary layers and water column up to 8639ms−1 in the lower crust and
upper mantle. This range captures the physical complexity required to simulate realistic wave
propagation in crustal-scale full-waveform inversion (FWI) settings.

Importantly, the geomodel includes the essential structural features of subduction zones,
such as a dipping slab, accretionary prism, crust-mantle transitions, and bathymetry. It is
inspired by a real-world FWI case study performed in the eastern Nankai Trough [54], and is
designed to stress-test forward and inverse modelling tools in the presence of complex multiscale
heterogeneity.
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For the simulations considered in this work, we extract a target subregion of the full model,
covering 20 km × 102 km × 28.3 km (Figure 6.16). The material coefficients of our model for
this test case are set to a ≡ 1 and m(x) = c−2(x). The geometrical parameters are measured
according to the minimal wavelength λm = 2πminx(c(x))/ω. The domain is discretised with an
unstructured tetrahedral mesh, adapted to the local wavelength to ensure accurate resolution of
the wavefield, with denser refinement near the bathymetry and across high-contrast interfaces.
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Figure 6.16: Target of the regional GO 3D OBS model representing the crust of a subduction
zone [53].

For this simulation, we use an unstructured mesh that complies with the bathymetry. Below
the bathymetry, the size of the elements is set according to the local wavelength such that we have
approximately 4 points per wavelength for the reference angular frequency ω = 3.75π rad s−1

(Figure 6.17).

Figure 6.17: Tetrahedral mesh of the GO 3D OBS model adapted to the local wavelength. Note
that the mesh in the water layer is not shown in the Figure. Instead, the conformal meshing of
the seabed is highlighted. The right panel shows a zoom.

Strong scaling test To further assess scalability in heterogeneous 3D media, we perform a
strong scaling test on the crustal-geomodel benchmark. In this experiment, we consider two
partitions with 1024 and 2048 subdomains, keeping n = 22297073 constant.

The results are reported in Table 6.7 and we also report the number of GMRES iterations to
reach the required tolerance as a function of the total coarse space size and choice of threshold
parameter in Figure 6.18. The number of subdomains is provided in brackets in the legend
entries.
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Figure 6.18: Influence of the coarse space size (left) and threshold choice (right) on the iteration
count in a strong scaling experiment for the GO 3D OBS test case.

1lvl ext harm DtN Hk

L[λ0] N H[λ0] ns n∂Ωs
s It It CS CSs It CS CSs It CS CSs It CS CSs

48.3 1024 4.8 35185 5416 380 122 204800 200 137 204800 200 > 200 204800 200 > 200 204800 200
48.3 2048 3.8 19864 3712 471 77 409600 200 102 409600 200 > 200 409600 200 > 200 409600 200

Table 6.7: Strong scaling experiment for the GO 3D OBS test case.

Assessment and comparative conclusions for the crustal-geomodel test case

• Harmonic and extended-harmonic coarse spaces are able to provide a reduction in the
iteration count compared to the one-level method. The smallest number of iterations is
obtained for the extended-harmonic one, with more compact coarse spaces in the case with
the largest number of subdomains.

• In contrast, both DtN and Hk-GenEO coarse spaces do not provide convergence for this
challenging heterogeneous 3D test case.

• The harmonic coarse space required significantly larger values for the eigenvalue threshold
parameter.

6.6 Conclusions

This study presents a comprehensive evaluation of spectral coarse spaces in two-level overlap-
ping Schwarz methods for solving high-frequency Helmholtz problems in both homogeneous and
heterogeneous media. The analysis spans a wide range of numerical settings, from idealised 2D
test cases to large-scale 3D benchmarks such as the COBRA cavity and the GO 3D OBS crustal
geomodel.

A comparative overview of the key characteristics of each spectral coarse space is provided
in Table 6.8. Our main findings can be summarised as follows:

• Two-level domain decomposition is essential for robust and scalable solvers at mid-
to-high frequencies. All spectral coarse spaces studied outperform the one-level ORAS
baseline by a wide margin.

• Extended harmonic coarse spaces offer the best trade-off between solver efficiency
and coarse space size. They consistently deliver low GMRES iteration counts, even under
weak scaling and in high-frequency 3D heterogeneous settings. We point out however that
the eigenproblem is posed in an enlarged domain.
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Problem d Medium B.C. Scaling Extended Harmonic DtN Hk-GenEO

Square
2D homogeneous Robin strong ✓ ✓ ✓✓ ✓

2D heterogeneous Robin strong ✓ ✓ ✓✓ ✓

Medical imaging
2D heterogeneous PML strong ✓✓ ✓✓ ✓ ✓

2D heterogeneous PML weak ✓✓ ✓✓ ✓ ✓

COBRA cavity 3D homogeneous Robin weak ✓✓ ✓✓ ✓/✗ ✓/✗

Crustal geomodel 3D heterogeneous PML strong ✓✓ ✓✓ ✗ ✗

Table 6.8: An overview of which coarse spaces perform well in the different problem scenarios
tests. A ✓ indicates that the method performs well, with ✓✓ indicating this method was most
favourable in a particular instance. A ✗ indicates that a method provided relatively little to no
gain over the one-level method.

• Harmonic coarse spaces have a performance comparable to that of extended-harmonic
coarse spaces. In some occurrences, in particular with a large number of subdomains,
they require slightly larger coarse space sizes or a few more iterations compared to their
extended counterpart.

• DtN coarse spaces are compact and competitive for moderate problem sizes but become
less effective for larger domains and higher frequency, and breakdown can be observed in
3D. We remark a strong sensitivity with respect to the eigenvalue threshold parameter τ .

• Hk-GenEO exhibits strong robustness in 2D but incurs significantly higher computational
cost due to larger coarse spaces, and breakdown can be observed in 3D. It remains an
attractive choice when memory constraints are less critical.

• Additional implementation aspects—such as overlap width, partition of unity smoothness,
and eigenvalue threshold tuning—affect performance and should be carefully optimised in
practice.

Overall, the results validate the use of physics-informed spectral coarse spaces—especially
harmonic and extended harmonic types—as effective strategies for achieving scalability and
wavenumber robustness in Helmholtz solvers across a wide spectrum of applications.

A comparison of these domain decomposition preconditioners in terms of setup and GMRES
run times in addition to iteration count and coarse space sizes has been left outside of the scope
of this study but is of practical importance and could be a perspective for future work.
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Chapter 7

Conclusions and Future
Development

7.1 Conclusions

A central theme of this thesis is the development of preconditioners for high-frequency Helmholtz
problems that remain effective under increasing wavenumber and heterogeneous coefficients.
Domain decomposition (DD) remains a widely used strategy for its theoretical scalability, the
ease which it can be be run in parallel and flexibility in handling heterogeneous media and
boundary conditions.

The main objective has been to find a coarse space that captures the global features of the
Helmholtz problem which are not captured by the one-level method. While there are trade-offs
to the methods discussed, it has been demonstrated that using a spectral coarse space can bring
improved robustness at moderate coarse space dimensions for a range of k.

We introduced and analysed the ∆k-GenEO coarse space as a refinement of ∆-GenEO. The
main theoretical contribution is a tightening of the k explicit conditions which are sufficient for
robustness. In particular, the wavenumber dependence of the subdomain diameter H and the
eigenvalue threshold τ improves from

H ≲ k−2, τ ≳ k−8

to
H ≲ k−1, τ ≳ k−2.

Numerically, ∆k-GenEO consistently outperforms ∆-GenEO across the tested regimes where it
converges in fewer GMRES iterations and with smaller a coarse space.

We introduced and developed a two-level preconditioner based on the Hk-GenEO coarse
space, constructed directly from local indefinite eigenvalue problems. This contrasts with ∆-
GenEO and ∆k-GenEO, which rely on nearby SPD problems. The core theoretical result is a
clean pair of k explicit conditions for robustness:

kHℓ ≲ 1, (1 + Cstab)
2 k2Θ ≲ 1,

with constants independent of subdomain count, heterogeneity, and mesh size.
On unit-square tests, homogeneous and layered heterogeneous, Hk-GenEO exhibits stable

iteration counts once a sufficient coarse space size is used.
Across the spectral options examined, several conclusions can be drawn:

• Two-level is essential. All spectral coarse spaces decisively outperform a one-level
baseline at mid-to-high frequencies.
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• Extended harmonic coarse spaces deliver the most favourable trade-off between GRM-
RES iterations and coarse space size in challenging settings.

• Harmonic require slightly larger coarse spaces or a few additional iterations relative to
extended-harmonic variants.

• DtN coarse spaces are compact and competitive at moderate sizes but become sensitive
to τ and can degrade in large 3D problems.

• Hk-GenEO is robust in 2D, however, the associated coarse spaces are typically larger,
making memory a primary concern in 3D.

This thesis advances the understanding of spectral coarse spaces in two ways. Firstly, we have
introduced the ∆k-GenEO which has refined the k explicit bounds that previously existed for
the ∆-GenEO. Secondly, we have introduced an indefinite formulation using the Hk-GenEO and
developed the theoretical framework and defined the k explicit bounds. With the comparison
against such methods as the harmonic, extended-harmonic, and DtN spectral spaces, these
developments provide an argument for the use of spectral coarse spaces in order to obtain
robust domain decomposition solvers for Helmholtz problems.

7.2 Future Development

There are a few directions where it could be impactful to expand on the work carried out in this
thesis. Firstly, the theoretical framework of the Hk-GenEO has been established for the real
Helmholtz problem with Dirichlet boundary conditions, allowing the theory to be developed for
the indefinite problem without the further complication of dealing with complex spaces. The
next stage for the development of the Hk-GenEO, or other coarse spaces utilising the underlying
indefinite nature, could be in developing the theory for more general problems, such as using
absorbing boundary conditions. As the theory is using the AS method, future developments
could be done in conjunction with alternative methods, such as ORAS, or with using an adapted
deflation method, such as ADEF1. Given the current state, a suitable τ can only be established
after a number of numerical experiments have been carried out with a level of sensitivity analysis.
An interesting area to develop the theory would be a method of establishing a suitable τ that
would guarantee a good convergence rate.

One observation from the extensive numerical simulations carried out in Chapter 6, is the
improvements in GMRES iteration counts when the Helmholtz-harmonic coarse spaces are used.
The Harmonic GenEO coarse space [71, 62], despite being based on a generalised eigenvalue
problem similar to those used in ∆k-GenEO and ∆-GenEO, performs significantly better than
both and even surpasses Hk-GenEO. One of the noticeable differences between the two methods
is that the generalised eigenvalue problem in the Helmholtz-harmonic coarse spaces is solved
over the Helmholtz-extended space. It would be interesting to see if the Hk-GenEO coarse space
could see the same benefits from using the Helmholtz-extended space, or indeed another space
that could improve the iteration count, whilst minimising the size of the coarse space.
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