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Abstract

Laser noise is an unavoidable feature of modern quantum technologies, with lasers
serving as a primary tool for manipulating and controlling quantum matter. Across
all quantum architectures, fluctuations in the phase or amplitude of a laser drive
can degrade performance: in digital platforms, they cause faulty quantum gates
and qubit rotations, while in analogue platforms they disrupt coherent many-body
dynamics. In this work, we use stochastic sampling to simulate laser phase noise
based on experimentally relevant frequency power spectra. The main focus of
the thesis will center around applying this realistic phase noise to simulations
of analogue neutral-atom platforms based on Rydberg excitation. Despite such
dephasing being a dominant source of decoherence in these systems, its effects in
strongly interacting many-body regimes remain less well understood than in the
single-qubit or few-qubit setting. In this context, we present a detailed theoretical
study on the effects of experimentally realistic laser phase noise on adiabatic state

preparation in a one-dimensional Rydberg spin chain.

The core results are presented in two parts. First, we investigate the impact of
phase noise on the fidelity of adiabatically preparing an antiferromagnetic ground
state in the transverse-field Ising model (TFIM) with long-range Rydberg interac-
tions. Using exact diagonalization and matrix product state (MPS) simulations,
we reveal a competition between diabatic and dephasing excitations, leading to
an optimal ramp time that balances these effects. In addition, we find that both
these excitations to respect reflection symmetry, which confines dynamics to a
reduced sector of the Hilbert space. Furthermore, by analyzing matrix elements
between instantaneous eigenstates and performing phase noise evolution under
time-independent Hamiltonians from different stages of the adiabatic protocol, we
show that susceptibility to phase noise is strongly influenced by the system’s in-
tegrability. Second, we examine whether the states produced by noisy adiabatic
preparation exhibit signatures of thermalization. Using the eigenstate thermal-
ization hypothesis (ETH) as a framework, we compare long-time averages of ob-
servables to thermal predictions calculated using the Boltzmann distribution at
the same energy. We choose to study system relevant observables in the inter-
action energy and long-range spin correlation; when phase noise is the dominant
form of excitation we find that in the long-range TFIM both observables approach
thermal values, whereas in a system with only nearest-neighbor interactions, devi-

ations emerge in the case of interaction energy. We also test thermalization in the
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spin correlation observable as a function of system size, where we see consistent
thermalization for small system sizes, but also observe a break down of this effect
for the largest system sizes. Our analysis of these results highlights how interac-
tion range, integrability breaking, and system size affect thermalization in noisy

adiabatic quantum protocols.

Overall, we provide tools to study laser phase noise in spin systems, and a quantita-
tive understanding of how such noise affects the performance of adiabatic protocols
in Rydberg arrays, as well as the mechanisms behind dephasing excitation. The
tools and insights developed here are broadly applicable to diagnosing and miti-
gating noise effects in current and near-term neutral-atom experiments, and can
be readily adapted to study both phase and amplitude noise from any experimen-
tal laser. As such this work contributes to the theoretical foundation for robust

analogue quantum simulation.
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Chapter 1

Introduction

1.1 Background and overview

From its first formulations in the twentieth century, quantum mechanics provided
a gateway to new ways of understanding and manipulating the world around us
from early experiments, which revealed non-classical quantum behaviors including
quantization of energy [1], entanglement [2], and later the superposition of quan-
tum states [3], to modern systems that can not only reproduce but also leverage
such phenomena in semiconductor electronics [4] and emergent quantum technolo-
gies [5]. Today, commercial adoption of quantum technologies has already revolu-
tionized fields such as secure communication and metrology, with recent progress
in quantum control enabling a plethora of architectures for quantum information
processing and simulation [6HI3]. Remarkably, concurrent innovation in digital
software and hardware made such progress possible, not only through experimen-
tal measurement and data processing, but also by direct classical simulations of
quantum mechanics. Despite the inherent computational challenges posed by the
exponential growth in the Hilbert space with system size, ever-growing computa-
tional power along with state-of-the-art simulation tools [T4H19] provide a powerful
way of approximating small many-body quantum systems, enabling model valida-
tion and the testing of new physics [20H25]. These simulation capabilities remain
crucial at a time when quantum hardware is still susceptible to noise and imper-
fect control, and must therefore be benchmarked and supported by predictions

from digital computers. This thesis is situated within that theory landscape. It
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presents a detailed study of the effects of laser phase noise in the context of coher-
ent quantum evolution on neutral atom systems. In doing so, it contributes to the
broader effort of developing robust simulation tools that can diagnose and predict

the behavior of noisy intermediate-scale quantum systems.

Neutral atoms used for quantum information processing have been a topic of bur-
geoning interest since the turn of the century [26H2§]. This architecture offers
strong tuneable inter-atomic interactions via excitation to high-energy Rydberg
states, which can be operated in either dipole-dipole or Van der Waals interaction
regimes. This approach provides several advantages over other quantum plat-
forms, including physically identical qubits that can be dynamically rearranged
while preserving coherence [29], parallel gate implementations, and a compara-
tively straightforward way to scale to hundreds and even thousands of qubits in
arbitrary geometries using optical tweezer arrays [30, [BI]. This is in contrast to
other prominent approaches such as superconducting and trapped-ion platforms,
in which dense packing of qubits typically comes with issues with connectivity
and thermal loss [32-35]. However, the challenge with neutral atoms is the precise
control of individual qubits and their interactions, as well as the relatively slow
speed of read-out protocols [28] 36]. Current work on these limitations includes
maintaining high-fidelity gate operations in the presence of laser noise and atomic
motion [37], mitigating atom loss and dephasing due to environmental factors [3§],
and implementing reliable, scalable read-out and error correction schemes [39] that

can be adequately benchmarked [40].

In addition to digital gate-based computation, neutral atom platforms are par-
ticularly well-suited for analog quantum simulation, where many-body quantum
systems are engineered to directly emulate the Hamiltonians of complex physical
models and solve optimization problems [41]. Dynamics can be introduced into
such systems through the careful tuning of an external excitation laser or mag-
netic field, allowing for adiabatic evolution protocols [42] and annealing processes
relevant for optimization [43] [44]. In this paradigm, strong, controllable interac-
tions between atoms serve as a natural proxy for spin-spin couplings or bosonic
field interactions. Unlike gate-based approaches that realize quantum algorithms
through the compilation of unitary gates, analog simulators allow the system to
evolve naturally under a programmed interaction landscape that mimics a given
Hamiltonian or a particular cost function. Such simulation requires precise con-

trol of laser intensity and phase stability across large arrays of atoms, since spatial
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and temporal fluctuations can lead to non-uniform Rabi frequencies and detun-
ing, thereby disrupting the engineered Hamiltonian [3§]. Additionally, large-scale
analog simulations demand significant laser power to drive coherent Rydberg tran-
sitions uniformly across all atoms, which can be challenging in two-dimensional
arrays, especially at the boundaries. The heating effects from high-power laser
illumination that cause off-resonant scattering and imperfect polarization, further
degrade coherence and fidelity [45]. Another issue arises from finite temperature
and atomic motion, which can cause atoms to drift from their trapping sites, per-
turbing the interaction landscape and creating unwanted disorder in the system.
Finally, unlike digital quantum computing, error mitigation and correction tech-
niques are less developed in the analog setting, making the system more susceptible
to decoherence and requiring meticulous calibration to ensure reliable dynamics.
While analog approaches are inherently less error-correctable than digital ones,
they remain a powerful tool for probing quantum many-body systems that are
classically intractable. As such, while the path to large-scale neutral atom sys-
tems is physically accessible, ensuring robustness and coherence across large arrays

remains a central obstacle.

Given that one of the main limitations of neutral-atom systems is related to er-
ror mitigation and coherent control, understanding how imperfections propagate
through many-body dynamics is essential. This is where classical simulation be-
comes especially valuable, as it allows us to isolate and model specific noise sources
and their effect on the fidelity of operations, the stability of entanglement, and
the overall evolution of quantum states. By incorporating realistic noise into sim-
ulations, we can predict the operational boundaries of near-term devices, guide
experimental calibration, and even suggest new control protocols that are more
resilient to imperfections. The work in this thesis embraces this approach, using
a combination of tensor network and exact diagonalization methods to simulate a
many-body neutral atom spin system under the influence of phase noise. In doing
s0, it aims to clarify the role of decoherence in scalable quantum architectures and

contribute to the design of more robust quantum technologies.

The following sections provide further background on the main topics discussed
in this thesis. We begin with a brief discussion of Rydberg atom platforms, in-
troducing the mechanisms that make quantum computation and simulation pos-
sible. Following this, we briefly discuss state-of-the-art many-body experiments

in both analogue and digital Rydberg platforms, before expanding on adiabatic
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state preparation in particular, as it will be the main process studied in this thesis.
Moreover, we discuss different sources of noise in Rydberg systems, including laser
noise, which will be our main focus. The final section of this chapter provides an

outline for the rest of the thesis.

1.2 Rydberg atoms as a platform for quantum

simulation

When an ultra-cold neutral atom is excited into a high energy Rydberg state it
develops exaggerated properties including long lifetimes of order 100us and strong
polarizability a that scales with the principal quantum number n as a oc n” [46].
The strong polarizability in particular makes a Rydberg excited atom an excep-
tionally precise electromagnetic sensor [47], as well as imposing off-resonance shifts
in the energy states of any nearby atoms, thus prohibiting their excitation. A
schematic diagram of this interaction is shown in Figure |1.1{a). The strong and
tunable long-range interaction between Rydberg atoms is called dipole blockade
[48], and its propagation along atomic arrays allows the production of highly entan-
gled many-body states. Every atom along a chain can thus act as an independent
qubit, responsive to external electromagnetic signals in microwave and tera-hertz
frequency ranges, and connected with other atomic qubits through the blockade
interaction. By carefully selecting the species of atom, a specific Rydberg state,
and spatial geometry, experiments can be operated in either the van der Waals
regime, where the interaction strength Cg decays rapidly with distance R between
atoms as Cg/R% [49-51], or the dipole-dipole regime, where strong resonant in-
teractions of strength Cj scale with R as C3/R? [50, 52 53]. This duality offers
exceptional flexibility for both digital quantum computation, where two-photon
excitation schemes [54] [55] enable single qubit rotations and the blockade inter-
actions are used as a proxy for multi-qubit gates, as well as analog simulation of
complex many-body Hamiltonians. In the regime of digital quantum computing,
the qubit states are often chosen to be hyperfine ground states which are not so
sensitive to external fields but allow for precise gate operations [28| 56], while
the Rydberg interaction is used to enforce multi-qubit operations [57, [58]. In the
analog regime, we typically use the ground-Rydberg coupling, because excitation
is fast and can be run in either the Van der Waals or the dipole-dipole regime for

different interaction dynamics. Atomic arrays with these interactions map directly
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(a) (b)
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Blockade . . . .

radius

Ficure 1.1: Rydberg atom tweezer arrays. (a) Diagrammatic represen-
tation of the Rydberg blockade in a two dimensional array of atoms. A single
Rydberg excited atom (red) in the center imposes a Rydberg blockade on all
nearby ground state atoms (blue) in the blockade radius, shifting the energy
levels of any nearby atoms off-resonance, thus prohibiting their excitation. (b)
Diagram of a one dimensional optical tweezer array of neutral atoms.

to spin systems in the Ising model as sites with a ground state atom represent-
ing ‘spin down’ and a Rydberg excited atom representing ‘spin up’ [41} [59], while
spin-1/2 degree of freedom for more complicated models arises naturally in the
dipole-dipole regime [60], or can be achieved by reintroducing hyperfine ground
states [61] in the Van der Waals regime. A major advantage of Rydberg arrays is
that every atom of a given species is physically identical to the next, which removes
the potential for defects that, for example, could arise in superconducting qubits
where each individual qubit must be independently engineered. Leveraging these
properties of Rydberg atoms allows for the realization of single and multi-atom
quantum gates [62, [63] enabling quantum algorithms and information processing,
as well as precise preparations of many body Hamiltonians that open the door to

simulation [64] and optimization of complex systems [306] [44].

Advances in modern laser technology have enabled the precise trapping and con-
trol of neutral atoms. After undergoing a series of cooling techniques [65] atoms
are first trapped in a magneto-optical trap generated using counter-propagating
laser beams with opposite circular polarization, after which the now ultra-cold
atoms are typically trapped in 2D arrays using a spatial light modulator (SLM)
that is capable of projecting holographic traps in arbitrary geometries [30]. These
traps are loaded at random, but the atoms can be dynamically reconfigured in
the SLM trap into two- or one-dimensional arrays using moving optical tweezer
traps [66]. Figure [1.1(b) shows a schematic diagram of a one-dimensional Ryd-
berg atom tweezer array. The traps discussed here are typically red-detuned, and
have the main drawback of being repulsive to Rydberg-excited atoms, meaning

that traps need to be momentarily switched off to perform Rydberg operations. It



Chapter 1. Introduction 6

is also possible to devise magic wavelength trapping potentials that equalize the
AC Stark shift between the ground and Rydberg levels that causes the repulsion
[67, 68]. Alternatively, blue-detuned traps that hold atoms in intensity minima
have also been developed [66], as well as circular geometry traps that use a cir-
cularly symmetric trapping well [69]. Further improvement can be achieved by
integrating tweezer beams into the SLM that enable the dynamical movement of
atoms between different sites and are typically used to realign atoms into a desired
experimental array after the initial loading which is usually imperfect [29, [70, [71].
State-of-the-art tweezer arrays are now capable of dynamically transporting, im-
proving inter-connectivity between sites and the general versatility of Rydberg
experiments [39, [72, [73]. In addition, recent techniques such as Floquet frequency
modulation have allowed interactions at ranges beyond the typical blockade radius
[74], further boosting connectivity within large arrays. Finally, detection of Ryd-
berg and ground states is done by illuminating atoms with resonant light which
leads to fluorescence that can then be picked up in a high-sensitivity photon detec-
tor [58, [75] [76], as well as incorporating non-destructive readout methods where
Rydberg atoms remain trapped even after measurement [77, [78]. A typical proce-
dure of executing a quantum algorithm on a two-dimensional array and readout
is shown in Figure [1.2] including an initial step for imperfect loading followed
by subsequent rearrangement and initialization of a two-dimensional array in a
square lattice to which an algorithm can then be applied. Algorithms are typi-
cally designed to be much shorter than trapping times such that the same atoms
can be re-used for repeated realizations that allow for statistical evaluation of the

prepared state.

Trap capacities of modern systems of alkali atoms reach over 6000 sites [45], with
smaller demonstrations of arrays with molecules [79] and divalent atoms [80, 1]
also achieved. As the control techniques for single- and multi-atom operations
mature, the Rydberg platform continues to be promising for quantum computing
and programmable quantum simulators, capable of probing strongly correlated
physics and solving classically intractable problems. The following sections will

discuss the current progress and limitations of the technology.
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Random loading Reconfigure RunQuantum @ |0)

& Initialize Algorithm : ||112; Readout

FIGURE 1.2: Schematic workflow for running a quantum algorithm on
a two dimensional Rydberg array. (a) After cooling and trapping atoms
get randomly loaded into a large two dimensional grid defined by the SLM. (b)
Atoms get dynamically reorganized into a square lattice at the center of the two
dimensional grid, and initialized in a hyperfine ground state.(b) A quantum
algorithm is run, using two hyperfine ground states to represent |0) and |1),
and a Rydberg state |R) to introduce interactions between individual atoms
and realize multi-qubit gates. At this stage is also possible to dynamically re-
configure atoms to introduce increased connectivity. (b) Finally, qubit readout
is performed across the grid at the end of the algorithm when all atoms are in
either |0) and |1). After this, atoms are re-initialized into ground states through
optical pumping and the algorithm is re-run for statistical significance.

1.2.1 Analogue and digital many-body experiments

Recent advances in coherent control [28, 62, [71] allowed for proof-of-concept demon-
strations of devices that hold tens and even hundreds of qubits in arbitrary ge-
ometries and with dynamic operations [30], [82H84]. These systems are now large
enough to perform not only proof of concept calculations, but can begin to explore

useful algorithms and optimization and simulate interesting physical models.

Progress in quantum control and error mitigation has had a significant impact on
quantum computation with Rydberg systems, enabling high-fidelity single- and
multi-qubit gate operations in quantum algorithms [26], 85]. Substantial improve-
ments in two-qubit [22, 86HII] and multi-qubit gate fidelities [92] have made it
possible to execute small-scale algorithms on Rydberg atom arrays. A critical
step toward fault tolerance involves error detection and correction, with recent
advances including error mitigation protocols [93] and ancilla assisted error cor-
rection schemes [94], which detect and correct errors without collapsing quantum
information. The large, programmable Rydberg arrays are well-suited for imple-

menting such schemes, as their flexibility allows physical qubits to be efficiently
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arranged around ancilla qubits for measurement and correction cycles. These de-
velopments position Rydberg atom arrays as a strong competitor to trapped ions
and superconducting qubits for scalable quantum computing. While trapped-ion
systems still hold the edge in gate fidelities, Rydberg systems offer comparable gate
speeds and superior native connectivity via strong long-range interactions, along-
side highly reconfigurable qubit geometries. Although superconducting qubits cur-
rently benefit from mature fabrication and control infrastructures [95], Rydberg

platforms are closing the gap in gate fidelity and scalability.

Along with digital quantum computation, the past decades have also seen ex-
tensive experimentation in analogue simulation with Rydberg platforms, focus-
ing on the observation of many-body phenomena rather than the precise single-
and multi-qubit gate operations required for quantum computation. A variety
of Hamiltonian models have been explored, including the transverse-field Ising
model [42, 59 83, 96], as well as XY and XXZ spin models [55, 97, 08]. These
platforms have been used to probe quantum phase transitions, critical phenomena,
and dynamical processes such as thermalization and quantum scars, demonstrating
their versatility in exploring complex quantum matter [41], 60, 99]. Beyond these,
Rydberg-based simulators have enabled studies of topological models [100], 101,
spin liquid phases [102HI04], quantum many-body scars [62], and information
scrambling [39 105, 106]. These analogue approaches have also been extended
toward solving combinatorial optimization problems, such as the maximum inde-
pendent set (MIS) problem [36, [107], where atoms are arranged in programmable
graphs with vertices representing qubits and edges corresponding to constraints
enforced via Rydberg interactions. By tuning interaction ranges and laser detun-
ings, these systems naturally evolve toward low-energy configurations that encode
optimal or near-optimal solutions. Similar techniques have been applied to other

classes of optimization problems as well [44].

1.2.1.1 Adiabatic state preparation

One experimental protocol which we discuss in further detail is adiabatic state
preparation, as it will be used as a testbed for noise simulations presented in
this thesis. Adiabatic state preparation is a widely used technique in many-body
quantum physics, serving as a powerful method for initializing strongly correlated

quantum states that are otherwise difficult to access. By slowly varying system
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parameters, this approach allows for the controlled transformation of an exper-
imentally accessible initial state into a complex target state, provided that the
evolution remains slow enough to satisfy the adiabatic condition and avoid un-
wanted excitations. This technique has been instrumental in quantum simulation,
where it enables the study of exotic phases of matter [41, 42] [108], and quantum
annealing, where it facilitates the search for ground state solutions to complex op-
timization problems [I09-I11]. Furthermore, recent proposals have even explored
how it could be used to improve gate based computation [I12]. In the case of Ry-
dberg atom arrays, adiabatic state preparation provides a robust mechanism for
generating highly ordered states, such as Rydberg crystals [59, [99] and spin liquid
phases [102-104], that can be used for both quantum information processing and

the study of nonequilibrium quantum dynamics.

The work done in this thesis simulates a Rydberg spin system in a transverse field
Ising model (TFIM). The Ising interaction arises from the long-range Van der
Waals or dipole-dipole interactions between individual Rydberg atoms, favoring
specific spin configurations based on blockade effects [27, 113]. Meanwhile, the
transverse-field term can be realized by a coherent Rabi laser drive, which couples
ground and Rydberg states, inducing quantum fluctuations analogous to an ex-
ternal transverse magnetic field. For one-dimensional systems, crystalline ground
states emerge through a competition between detuning in the laser drive and the
blockade interaction forces ordered distribution of Rydberg excitations along the
chain [42]. Such ground states are robust to small changes in detuning and the
transverse-field, leading to small regions in the laser parameter space where the
ground state is fully represented by a single configuration of excitations. The later
chapters of this thesis will study this kind of adiabatic preparation of a ground

state with antiferromagnetic excitation ordering [114].

1.2.2 Noise in Rydberg systems

Understanding sources of noise is a fundamental part of error mitigation in Ryd-
berg platforms, especially in the context of analog quantum simulations and adia-
batic protocols. In Rydberg systems, noise arises from both intrinsic and technical
limitations, with significant consequences for coherence times and error rate, and

ultimately the efficacy of computation and simulation experiments.
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The primary source of intrinsic noise is spontaneous emission from Rydberg states,
which decay on the order of 100us due to blackbody radiation and spontaneous
decay processes [27]. These events cause loss of coherence and population decay
back to the ground state or even ‘dark’ states which lie outside of the computa-
tional basis, and in two-photon excitation schemes this can also happen in the
intermediate state [115]. This spontaneous emission introduces errors during the
evolution of quantum states, particularly in protocols that require long coherence
times. Atomic motion inside optical traps is another source of error, as thermal
movements lead to a Doppler shift with the incoming laser drive that effectively
leads to random detuning proportional to the rms velocity of the particle [38].
This source of noise is especially pronounced in red-detuned optical lattices or
tweezers (that are not adjusted to the magic wavelength), which repel Rydberg
excitations and necessitate trap modulation during gate operations, temporarily
releasing atoms and thus increasing position uncertainty. One method to suppress
Doppler-induced detuning is to use counter-propagating excitation beams, where
two lasers travel in opposite directions so that their wave vectors nearly cancel.
This configuration largely removes the first-order Doppler shifts, reducing motional
dephasing by up to an order of magnitude compared to single-beam setups [38].
Another significant limitation is imperfect atom loading and loss during operation,
particularly when traps are turned off for Rydberg excitation. In analogue quan-
tum simulations, where the goal is to accurately reproduce target Hamiltonians
and observe collective many-body dynamics, such defects distort interactions and
can drive the system away from the desired phase or critical point, reducing the
reliability of state preparation and the fidelity of the simulated dynamics. Experi-
mental efforts using rearrangement protocols, where optical tweezers dynamically
move atoms to fill vacant sites, and real-time feedback, which monitors atom posi-
tions and reloads missing qubits during initialization, have mitigated some of these
issues [39], but imperfections remain a non-negligible source of error in large-scale

implementations.

Finally, Rydberg arrays also suffer from laser-induced noise mechanisms, which in-
clude amplitude and phase fluctuations in the driving fields, effectively modifying
the intended unitary evolution and thus introducing off-resonant transitions [116].
Dephasing can originate from slow drifts in the laser detuning or environmen-
tal fluctuations (like mechanical vibrations or misalignment of optical equipment)

that shift atomic energy levels unpredictably, including stray electric and magnetic
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fields. These shifts modify the effective detuning seen by the atom. Inhomoge-
neous broadening of global control pulses across the array can further compound
this effect, making global control schemes less reliable. In the context of adiabatic
state preparation, these noise sources collectively reduce the fidelity with which
the final ground state is achieved. Dephasing, in particular, plays a critical role in
adiabatic protocols, where the system relies on a coherent tuning of the laser drive
to reach a desired state, and accumulated phase fluctuations lead to unwanted
excitation. However, speeding up preparation to mitigate dephasing is also prob-
lematic as it leads to a loss of adiabaticity which in and of itself causes excitation.
These effects become especially pronounced near critical points in the Hamiltonian
parameter space where the energy gap closes and the adiabatic condition becomes
hard to satisfy. In this thesis, we isolate the effects of laser phase noise in an adi-
abatic protocol for a one-dimensional transverse-field Ising model by introducing
realistic phase noise profiles that modulate the Rabi frequency. This allows us to
systematically study the resilience of a many-body Rydberg protocol under noisy

conditions.

1.3 Outline of thesis

The main work done in this thesis is arranged into four chapters. Chapters [2| and
describe numerical tools used to generate the results in the thesis, including
the stochastic simulation of realistic laser phase noise, and matrix product state
techniques that are employed to scale simulations to larger system sizes. Chapters
[] and [f] contain the central results of the thesis, with Chapter [ introducing the
adiabatic state preparation experiment and the study of the effects of applying
laser phase noise, while Chapter [5| takes a deeper dive with regards to the energy
added into the system, in order to see if the state produced by the noisy experiment

resembles a thermal state and the mechanisms behind such thermalization.

Chapter [2| serves as an introduction to the numerical simulation of stochastic
systems and the generation of independent noise realizations with a target noise
profile. After a brief discussion of the main sources of noise in modern Rydberg
laser drives, we build a mathematical framework of stochastic simulation by defin-
ing two elementary stochastic processes in the Wiener process and the Ornstein-

Uhlenbeck process. Through these probabilistic processes, we also introduce the
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analytical quantities of the power spectral density and the autocorrelation func-
tion that provide the link between the time and frequency content of a given signal
and are therefore pivotal in stochastic numerical simulation. Despite several can-
didates, the algorithm we choose is based on the TK95 algorithm, which takes
the power spectral density of a given signal and employs Gaussian sampling to
create a unique frequency spectrum that can then be changed into an independent
noise realization using the inverse Fourier transform. We also provide a detailed
analysis of the validity of this approach, ensuring that averaged autocorrelation
functions match the autocorrelation of the original power spectrum for a realistic

noise source used in later Rydberg simulations.

Chapter |3| continues to build on the necessary numerical tools for the simulation
of larger quantum system by introducing tensor network techniques and the corre-
sponding matrix product state formalism used to simulate larger quantum mechan-
ical systems. After showing how any arbitrary quantum state can be represented
as a matrix product state and re-expressed in a canonical form that leverages
orthonormality to improve performance, we also introduce matrix product opera-
tors that give us the ability to evaluate observables. Finally, we also incorporate
time evolution using the time-dependent variational principle method, allowing
us to do simulations of dynamical systems. Although these tensor network tools
are all that is necessary to simulate the adiabatic state preparation experiment
described in Chapter [4, for the thermalization discussion in Chapter [f] it is also
necessary to introduce tools for finite-temperature calculations. The key idea is
to express the density operator as a matrix product state by ‘purifying’ it, which
means representing it as a pure quantum state in an enlarged Hilbert space that
includes an auxiliary copy of the system. This approach makes it possible to ap-
ply standard real- and imaginary-time evolution algorithms that are designed for
pure matrix product states. Starting from a maximally entangled state, which
corresponds to infinite temperature, we evolve the system in imaginary time in
small steps of inverse temperature. This procedure effectively cools the state to
the target thermal energy. The resulting thermal state can then be compared with
an adiabatically prepared state to determine how closely the system approaches
true thermal equilibrium. All of the provided tensor network constructs described
in Chapter [3| are also accompanied by a corresponding graph, which provides an
easy to understand pictorial representation of the different elements used in tensor

network calculations.



Chapter 1. Introduction 13

Chapter 4] marks the first result section but also formally introduces the physical
experiment of adiabatic state preparation of an antiferromagnetic ground state
along a one-dimensional Rydberg spin chain, using the noise generation algorithm
from Chapter 2| to apply and study laser phase noise effects. The chapter begins
by introducing the transverse field Ising Hamiltonian as realized on a spin chain
of Rydberg atoms, and the emergent feature of stable ground states with crys-
talline ordering of excitations along the chain. We describe the specific adiabatic
tuning of laser parameters to achieve a three-step protocol for the preparation of
a ground state with antiferromagnetic ordering. Moreover, we provide an analy-
sis of exact diagonalization simulations of the final step of the protocol on an 11
site system with no noise source and a variety of laser parameter variation rates,
illustrating the link between variation rate and diabatic excitation. After this, we
expose the protocol to an external noise source by introducing unique laser phase
noise realizations as a modulation on the Rabi frequency of the transverse field,
measuring its effects on the fidelity of the prepared ground state with the target
anti-ferromagnetic ground state. These final fidelity evaluations are performed us-
ing matrix product state techniques introduced in Chapter [3| The effects of laser
phase noise on adiabatic state preparation are explored further through excitation
dynamics, as we look at matrix elements to identify the available transitions that
facilitate phase noise excitation, as well as noisy evolution in time-independent
Hamiltonians. Performing such an analysis for Hamiltonians that occur at dif-
ferent stages of the ramp provides insight into how the nature of phase noise
excitation changes as the transverse field is reduced throughout the final stage of

the protocol and the system becomes increasingly integrable.

Chapter [5] takes the analysis of phase noise excitation further by looking for po-
tential signs of thermalization in the energy added to the system through phase
noise excitation. We begin by introducing the eigenstate thermalization hypothe-
sis, which is the prevailing approach for understanding thermalization in quantum
systems. Given the relatively low-energy dynamics in adiabatic state preparation,
we choose the canonical ensemble scaled by the Boltzmann distribution to gen-
erate thermal expectation values used to evaluate thermalization. Furthermore,
we motivate the choice of two relevant observables in the interaction energy and
long-range spin correlations for which thermalization is analyzed. We begin the
analysis by evaluating thermalization after exact diagonalization simulations of the
adiabatic state preparation in an 11-site spin chain, looking at how differences in

the thermally predicted canonical ensemble and the diagonal ensemble of the final
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state combine with the energy distribution of a given observable to generate ther-
mal and long-time expectation values. Analyzing expectation values for a variety
of variation rates in the laser parameter provides a picture into how thermal and
long-time expectation values converge. To further test the robustness of emergent
thermalization of laser phase noise in this system, we also analyze simulations for
a system with only nearest-neighbor interactions, as well as employing finite tem-
perature calculations from Chapter |3| to evaluate thermalization in larger systems

of up to 31 sites.

Finally, Chapter [6] concludes the thesis, reflecting on the results achieved and an

outlook for future research.

1.4 Publications and presentations
The work in this thesis is largely based on the following publication:

e Adiabatic state preparation and thermalization of simulated phase
noise in a Rydberg spin Hamiltonian by Tomas Kozlej, Gerard Pelegri,
Jonathan D. Pritchard, et al. Eprint arXiv: 2505.04595 [117].

The manuscript represents the culmination of a four-year doctoral project focused
on understanding the effects of laser phase noise in Rydberg atom systems. The
research draws on extensive theoretical modeling and experimental validation, car-
ried out in close collaboration with Gerard Pelegri and under the guidance and
supervision of Jonathan D. Pritchard and Andrew J. Daley. Furthermore the work

in this thesis has also been presented at two separate conferences:
e Simulating Phase Noise in Rydberg Adiabatic State Preparation, DESOEQ
(2022)

e Phase Noise Thermalization in Simulated Rydberg Adiabatic State Prepara-
tion, IQTN (2024)



Chapter 2

Simulating laser phase noise

Lasers play a pivotal role in neutral-atom experiments, as the long coherence times
and high fidelity needed for quantum computation and simulation with such atoms
require lasers with exceptionally stable frequency and phase characteristics. Any
error in the the output field of these lasers limits the efficiency with which atoms
can be controlled. Reducing error caused by laser noise to levels close to or below
that caused by the fundamental limit of spontaneous emission has therefore been

a crucial goal in improving efficacy [118].

The focus of this work will be on optical control lasers, which have a narrow
linewidth and operate at single frequencies to induce atomic excitations of the
desired energy. Noise in the output of such lasers can come in many forms, such
as power fluctuations in the supply, thermal variations, and misalignment of ex-
perimental apparatus [38, [116]. However, the most prominent sources of noise in
the output of a laser can be defined in terms of amplitude noise, which affects the
strength of the interaction between the atom and the optical field, as well as phase
noise, which limits temporal coherence as well as the linewidth of the laser. Phase
noise emerges as a dephasing error in Rabi oscillations, but can also be interpreted
in terms of frequency where it causes jitter in the waveform of the output laser.
The accumulation of such dephasing over the duration of an experiment leads to

errors in single and many-body operations.

Understanding the effect of these errors on different experimental situations is crit-
ical to realizing the potential of Rydberg-based quantum technologies. Although
such effects have been extensively studied for single atom excitation [38], 116, [1T8],

119], the effects of phase noise on many-body Rydberg experiments remain largely

15
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unexplored. Working towards this, the goal of this chapter is to document a
method of simulating realistic laser phase noise stochastically from experimental

laser data in Rydberg experiments.

Chapter [2| serves as introductory material to the analysis of stochastic systems as
a tool for numerical simulation of realistic noise. Section discusses potential
sources of phase and amplitude noise in modern laser systems used in quantum
experiments. Section introduces methods for numerical simulation of stochas-
tic processes, which provide a mathematical framework for random systems that
proves integral when trying to simulate phase noise. We discuss the Wiener process
in Section [2.2.1] which describes Brownian motion and is made up of independent
Gaussian steps, called Wiener increments, that provide the building block for other
more complex processes. Also, in Section we introduce the Ornstein Uhlen-
beck process which takes the Wiener increment and applies it to an exponential
convergence to a predetermined equilibrium. In both cases we make use of several
spectral analysis tools including the autocorrelation function which allow for the
study of patterns, periodicity, or memory effects, as well as the power spectral den-
sity (PSD) which contains information on what frequencies dominate in a given
process. Section applies background knowledge from to the realization of
realistic phase noise signals. This is done by adapting the Timmer-Koenig (TK95
[120]) algorithm, described in [2.3.1] to the PSDs of phase noise spectra from ex-
perimental Rydberg lasers to simulate unique realizations that can then be used

realistic noise in numerical models of Rydberg experiments.

2.1 The sources of laser phase noise

The two common types of laser sources commonly employed for the control of
neutral atom qubits are diode lasers [121], [122], which use a semiconducting gain
medium, and titanium sapphire (Ti:Sapph) lasers, which instead amplify light
from a diode laser in solid-state cavities made out of titanium-doped sapphire
crystals [123], [124].

In the case of diode lasers, amplitude noise can be caused by irregularities in the
density of the carriers in the semiconducting gain medium, as well as electrical
fluctuations of the power source [125]. In addition, thermal fluctuations in the

gain medium may also contribute to this type of noise [126]. These types of noise
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are more prominent when the laser is operating at lower frequencies. On the
other hand, phase noise in diode lasers arises primarily from quantum fluctuations
in the gain medium, where spontaneous emission events introduce random phase
perturbations [127]. These fluctuations contribute to the linewidth of the laser,
often resulting in spectral broadening on the order of several MHz for standard
diode lasers [I116]. Additional phase noise sources include temperature-induced
changes in the refractive index of the semiconductor gain medium and mechanical
vibrations that perturb the optical path length. Electrical noise in the laser’s
driving current also modulates the refractive index of the gain medium, further
contributing to phase instability. Although diode lasers are compact and efficient,
achieving the narrow linewidths required for high-fidelity quantum control often
necessitates stabilization techniques, such as feedback systems or external cavity
designs. Such external cavity diode laser systems can exhibit enhanced phase
noise, which can be effectively filtered using either a filter cavity [89] or by using
feedforward techniques [128, [129].

Ti:Sapph lasers, which are optically pumped systems, exhibit distinct noise charac-
teristics due to their solid-state gain medium and cavity configuration. Amplitude
noise in these lasers can be significantly influenced by fluctuations in the pump
laser intensity, as well as by thermal effects in the titanium-doped sapphire crys-
tal. Absorption of pump light heats the crystal, leading to thermal lensing effects
that modulate the gain profile and cavity stability [130]. Mechanical vibrations
or misalignments in the optical cavity can further contribute to amplitude noise,
which is more pronounced at lower frequencies [I31], [132]. Phase noise in Ti:Sapph
lasers often stems from mechanical and thermal instabilities in the cavity length,
which directly alter the optical phase and lasing frequency [133]. Fluctuations in
the wavelength or power of the pump laser can also indirectly induce phase noise
in the output [I34]. Although there is spontaneous emission noise in the gain
medium, it is generally less significant than the noise introduced by environmental
and mechanical factors. In continuous-wave operation, phase noise contributes to
linewidths, ranging from tens of kHz to a few MHz, depending on the level of sta-
bilization. In mode-locked Ti:Sapph lasers, phase noise manifests as timing jitter
between successive pulses, requiring advanced stabilization techniques to minimize
[60].
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2.2 Stochastic methods

Since noise is stochastic by nature, simulating it requires an understanding of
stochastic systems and their mathematical properties. We begin by simulating
and studying the behavior of textbook example known as the Wiener process
[135], a random walk with a step given by the sampling Gaussian distribution.
Following this we take a look at the Ornstein-Uhlenbeck process [136], which can
be described as Brownian motion with an underlying trajectory that converges to
an equilibrium. Although simple, these two processes provide a solid foundation

for building a stochastic algorithm that samples generic noise.

For the analysis of the stochastic systems it will also be necessary to evaluate their
power spectral density (PSD), a power distribution in Fourier space across the
frequencies that make up the signal. To derive a PSD A for a particular function
f(t) we make use of the Wiener-Khinchin theorem [137, [138] which states that
PSD of f(t) in frequency space forms a Fourier pair with the auto-correlation
function A(t) = (f(¢)f(t')) in time space

Aw) = FIA®)), (2.1)

where F' denotes the Fourier transform with a frequency step dw. In the case
of numerical simulations where frequency and time are discrete, dw — Aw is
equivalent to the inverse of the total number of data points in the original time
signal 1/N. For a given noise time series, the corresponding frequency spectrum
S(w) = F[f(t)] can be used to calculate a periodogram, which can be seen as
a discrete-time approximation of the PSD for the continuous noise process being

studied. To calculate a periodogram for a particular S(w) simply perform

(2.2)

Both the Wiener process and the Ornstein-Uhlenbeck process have a well-defined

theoretical PSD, and we can compare this to the numerical evaluation.
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2.2.1 The Wiener process

The Wiener process is the simplest stochastic system, describing the behavior of
the position of a Brownian particle [139]. The process is formally defined as the
contributions made by random white noise fluctuations & over a small period of
continuous time ¢, or in the case of discrete time, the sum over all contributions

of a random Gaussian step AW,

W(t) = /0 tg(n)dn ~ VAt Z AW (2.3)

where At is the discreet time step. The Wiener process is a non-differentiable

function and has the probability density from a initial position zy and time ¢, of

(’”_—W} , (2.4)

p(z, o, to) = N [_ 2(t — to)

where x denotes the position of the process W at a time ¢t. This process is thus gov-
erned completely by a Gaussian distribution with mean around the initial position
and variance determined by size of the time difference being evaluated. Further-
more, the probability of finding the Wiener system at a given position z(t) can
be determined just by knowing xy and #y,. Such processes whose future evolu-
tion depends only on its present state and not on its past history are known as

Markovian.

To understand the Wiener process, we can also study individual increments from
one time to the next. Given that the probability distribution for this process is
governed by the Gaussian distribution as seen in Eq. , it is not surprising that
we can model each individual increment as an independent Gaussian impulse. We

define such Wiener increments AW (t), where

AW (t;) = W(ti) = W(ti-1) ~ N(0,\/t; — ti—1), (2.5)

is just a Gaussian value taken from a normal distribution N centered around O,
and with a magnitude governed by v At. Hence every new AW; is independently

drawn out of the Gaussian distribution and is therefore statistically independent.
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FIGURE 2.1: Wiener process sample trajectories. Five unique trajectories
of the Wiener process W (t;) = W (t;_1) + AW, with time step dt = 0.01 and
Wiener increment AW given as a Gaussian variable centered around 0 and
scaled by v/At . The dark blue line shows averaged behavior over 20 unique
trajectories, with error bars showing standard error increasing over time as
average displacement stays close to 0, but individual trajectories diverge.

We can summarize the behavior of the expectation value and variance of the

Wiener increment in the following two properties:

(AW (1)) = /OO xp(z,t]0,0)dx = 0, (2.6)

—00

(AW (t)?) = At. (2.7)

Thus, the expectation value and variance of the Wiener process, which is just a

finite sum of Wiener increments, satisfy the following two relations
(W) = 0, 2.8)
(W(t) —zo]*) =t —to. (2.9)

Both of these properties are evident in Figure [2.1} which depicts five sample tra-
jectories of the Wiener process initialized at xg = 0. Even for a relatively small
number of trajectories, we see that as time increases there is a large deviation of
individual trajectories, with the average path oscillating around x as suggested by
Eq. . This divergence explains the diffusive property of the Wiener process
as standard error eg = \/m (where n is the total number of steps), and
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therefore variance t — ¢y, in the averaged behavior increases linearly with time,

making this a non-stationary process.

In the case of numerical simulation, we work with discrete time (At > 0), with
every time step used to evaluate a new increment. To begin with, we define a
discrete time series of Gaussian variables IW;, starting at a given time ¢. Such a time
series of increments starting from a time 0 is given by Wy = [AW,, AW, AW, ..
where AW; ~ N(0,/dt) is an independent Gaussian variable.

Further insight into the Wiener process is given by calculating the autocorrelation
function of different Wiener increment trajectories, revealing how a this process is
correlated with itself over different time lags, revealing its temporal memory and
characteristic timescales. The algorithm used to generate an autocorrelation A(7)

of a given time series Wy = [AW), .., AWy] in terms of the lag 7 is given as

A(r) —(WolV) — % (2.10)

where W, = [AWoyy,, .., AWn,,] is simply the same discrete array shifted ahead
in time by 7, o(W;) is the standard deviation of time series W;, and the covariance

of two functions cov(W;, W;) is given by

cov(Ws, Wy) = E[(W; = EIW:)(W; — E[W;])] = E[W:;W,], (2.11)

where we have used the fact that an array of Gaussian variables centered around
zo = 0 will always have a mean of 0 and E[W;| = E[W;] = 0. At every individual
lag 7 the autocorrelation function takes a value A(7) € [—1,1], where 1 signifies
absolute correlation (A(0) is always equal to 1), and -1 signifies absolute anticor-
relation. Also note that the initial time series W is finite, and since we require
AW, to be of equal size to evaluate (WyW,), it is often convenient to generate a

larger time series of 2N points, but only evaluate A(7) for lags 7 < .

To observe general autocorrelation properties of the Wiener process, a large num-
ber of independent trajectories must first be generated. After an autocorrelation
has been calculated for every individual trajectory, we proceed to find an averaged

autocorrelation across all trajectories A(7). Figure a) shows that numerical
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FIGURE 2.2: Wiener process autocorrelation and power spectral den-
sity. (a) The averaged autocorrelation function across 500 unique Wiener pro-
cesses. Each Wiener process is of length N = 1000, with each Wiener incre-
ment AW an independent Gaussian variable scaled by v/dt = 0.1. (b) The
corresponding PSD, symmetric around 0 frequency and oscillating around a
normalized value of 1/(N/2). Error bars shown in red provide standard error
for every 100 data points.

calculations of A(7) averaged across 500 unique Wiener processes approaches the
Dirac delta function. Hence, the Wiener process has no temporal autocorrelation,
which is exactly what is expected for a time series with statistically independent

values.

This type of analysis can be take one step further, as A(7) can be used to generate
the PSD for the Wiener process using Eq. (2.1)). To achieve this, we first perform

a discrete Fourier transform

=z

/2
DFTA(r)] = F(w) = Y A(r) exp [ — 2mier].

75 (2.12)

3
Il
o

This function takes a complex time series as input and generates a complex output
in frequency space, corresponding to a spectrum of individual frequencies excited
to create the input signal. The central frequency corresponding to wy = 0 is often
referred to as the DC frequency and is just the sum across the entire time series.
Since A(7) is a real-valued function, the values for positive frequencies w > 0 of the

Fourier transform will always be the complex conjugate of the values of negative
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frequencies w < 0. The PSD for the auto-correlation is then given by
_ 1 9
PSDIA(T)] = | F ()

The resulting spectrum can be seen in Figure (b), oscillating around a nor-
malized value of 1/(N/2) where N = 1000 is the number of data points taken.
Because we are considering a real signal, the PSD is symmetric around the DC
frequency, and the DC frequency itself tends to 0 as it is just the sum across all
points in the Wiener process which will always have an average displacement of 0

for long enough signals.

Although the Wiener process is used as a key building block for defining random
fluctuations in stochastic systems, it is not often used alone. This is because
with a stationary mean displacement as seen in Eq. , and a variance that
diverges as t — oo, this process can only model unconstrained diffusion. More
interesting are physical systems that exhibit random fluctuations but eventually
evolve into a steady state; in such steady state cases the Wiener process commonly
appears in stochastic differential equations as a scaled noise term introducing a
level of random fluctuation to the system. Explicitly we define a general stochastic

process with random fluctuations as

2(t + At) = 2(t) + ala(t), AL+ b[a(t), AW (1), (2.13)

where z(t) describes the position at time ¢, a is the drift rate term that describes
the deterministic change in the trajectory of z(t) (for example, a constant force),
and b is the diffusion term that scales the random fluctuations of the Wiener

process.

2.2.2 The Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck (O-U) process [140] is one of the simplest stochastic pro-
cesses that describes colored noise, meaning that the value of the process at one
time is correlated with its value at a previous time. Unlike the Wiener process,
which has no stationary point and diverging variance as t — oo, the O-U process
is described as stationary and Markovian, meaning that it converges to an equi-

librium about which it fluctuates randomly. This can be achieved by specifying
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an underlying trajectory to the Wiener process through inclusion of a drift term
k, and an equilibrium position p, to which the process converges. The simplest
version of a one-dimensional O-U process, initialized at t; = 0 with unit drift
rate and noise strength chosen so that the stationary variance equals 1, has the

following conditional probability density function (PDF):

12
Po_u(z1,t|z0,0) = M] ; (2.14)

el e

where Po_y(x1,t|xg,0) provides the probability of evaluating the process at posi-
tion x; after an evolution time ¢, given an initial position of zy. The corresponding

stochastic differential equation for this simplified O-U process is then given by

det = —T¢ dt + \/Eth, <215)

where both the drift rate at -1 and the diffusion term at /2 are constant. Note
that Eq. can always be derived from Eq. by solving the Fokker-Planck
equation [I36]. In the long-time limit ¢ — oo, the process converges to its station-

ary Gaussian distribution

I
po,U(x):\/%e 7. (2.16)

This O-U process is Gaussian in nature, fluctuating around x = 0 with random
Wiener increments, and converging to z = 0 as t — oo. The mean and variance

of this process are then given by

<ZL‘>0_U = / xpo_ydxr = 0, (2.17)
<:1:2>0_U = / *po_ydr = 1. (2.18)

A theoretical value for the PSD of this O-U process can be derived using the
autocorrelation function. The autocorrelation function itself can be attained using
the probability density functions in Eq. (2.14]) and Eq. (2.16) for a simplified O-U

process. Assuming a starting position of z(0) = z, at time ¢ = 0, and some final
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position z(7) = x;, after a correlation time 7, the autocorrelation function of the
simplified O-U process is defined in terms of probability distributions Py_;; and

po—u and its solution can be derived as follows

(@()2(0)) oy

= / / oy Po_u (e, T|2p, 0)po_u(Ty)dxday, (2.19)
oo [0 1 (xq — xbeT)2>} 1 <
= Lok ex — e 2dzx,dr
/_oo /_oo b{ 27(1 —e27) P ( 2(1 —e?) V2r ’
1 * > (—2b — zompe™™ — x%))} )
= — T T, €X 4 dx, |dx
27r\/1—e—27/ b(/ p[( 2(1 —e 27 b

)
e [ T (o

_ \/_7T -7 __ —T
= \/%e =e 7, (2.20)

where standard integrals for a Gaussian distribution were used in the penultimate
step, with the resulting autocorrelation behaving like exponential decay in evo-
lution time. Hence, the value of an O-U process at a given time will influence
the subsequent values of the process to an extent that will decay exponentially as
time increases. This ability of a stochastic process to affect its future evolution is
what we refer to as color in a noise signal, and it is absent only in an idealized
Wiener process in which each increment is independent of all others. To get the
corresponding PSD from this simplified O-U process, one only needs to find the

magnitude squared of its Fourier transform

PSDo_y = |Fle ")), (2.21)
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The resulting power spectrum thus takes the shape of a Lorentzian distribution.

In Eq. we defined the simple O-U process that evolves around a constant
value. Building on this, we define a stochastic differential equation for an O-
U process with a non-zero equilibrium position that the system will eventually

evolve to. The resulting stochastic differential equation takes the form

dz(t) = k(p — z(8))dt + VDdW, (2.23)

where k is a term that scales the rate of convergence towards the equilibrium
position j, and the diffusion term v/D which is typically much smaller than k
scales the fluctuations around the mean path. Note that the Lorentzian shape
of the PSD for the simplified O-U process in Eq. is exhibited by all O-U
processes; changing the scales of k and v/D in Eq. will only have an effect on
the width and magnitude of the peak of the distribution. The numerical evolution
of this O-U process is performed by iterative updating of the position at every
individual time step. The differential stochastic equation in Eq. can be

adapted into the following discretized update rule

zln+ 1] = zn] + k(u — z[n])) At + VDAW (dt). (2.24)

Numerical simulations of this process are shown in Figure 2.3, with an initial
position at 0, which eventually stabilizes at ¢ = 1. It can be seen that = continues
to increase at a rate governed by the product of k and the distance from the
equilibrium (g — x[n]), but does so while being constantly nudged off course by the
randomly generated fluctuations of the Wiener increment term at every time step.
It can also be seen that such a numerical O-U process approaches the theoretical
prediction as the number of averaged simulations increases and the effect of the

fluctuations diminishes.

The theoretical solution to the stochastic differential equation in Eq. [2.23| can be

acquired using the technique of variation of parameters by setting the initial ansatz

f(x(t),t) = x(t)er, (2.25)
df (z(t),t) = kxedt + e du. (2.26)
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FicUre 2.3: The O-U process with equilibrium 1. A simulation of the
numerical O-U process with added Wiener increment stochastic noise as defined
in Eq. with parameters k = 0.5, = 1, is shown in orange for (a) the
averaged trajectory over 20 unique realizations and (b) over 100 unique realiza-
tions. The theoretical O-U process with no fluctuations given in Eq. is
shown using the blue line. Absolute error between theory and numerical evolu-
tion (green line), as well as standard error across averaged trajectories (yellow
error bars and red line) are also provided.

Replacing dz in the differentiated ansatz in Eq. [2.26]with the stochastic differential
equation in Eq. leads to a cancellation of terms dependent on z(t). We have
effectively transformed to a ‘co-moving’ coordinate frame where the drift term is
canceled out. Integrating both sides and replacing f(z(t),t) for Eq. yields

the solution
t
2(t) = x(0)e ™ + p(1 — e )+ VD / e = a1, (2.27)
0

where the third term is a stochastic integral that acts as a summation of noise
over a period of the time step. The full derivation of this result is provided in
Appendix [A] The theoretical solution for this process is given simply by (z(t)).
Using the fact that (AW (t)) = 0 the theoretical expression, that also appears in

Figure [2.3] is given by the average expected trajectory

(w(t) = (2(0))e™ + (1 — e, (2.28)

Deriving the autocorrelation function for this type of process is a little more in-
volved than the simplified O-U process described in Eq. (2.19), but can be done
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directly from Eq. (2.27)) as follows

(2(t)2(s)),_p = <(x(0)ekt 4 u(l— e+ VD /O t e'f@t’)dW(ﬂ)) (2.29)
X <x(0)eks +op(l— k) 4 \/5/08 e’“(”")dW(t”)> >

= <$(0)2>6_k(t+s) + <x(0)>u(e‘ks + ekt e_k(s+t))
D

It [e—k‘t—s| _ 6—k(t+8)i| ] <230)

21_ —kt 1— —ks
P (1 e 4 D

This simplifies considerably for the case in which initial time ¢ = 0, and x(0) = 0.
The final form of the autocorrelation function is thus independent of u, and is

written as

<£L‘(0):L‘(S)>O_U = %e_ks. (2.31)

The corresponding PSD is then derived using Eq. by first taking the Fourier

transform of this function

D D o0 .
= —ks - = —(k+iw)s 239
{ke }(w) 2k . e ds (2.32)
D 1
= 2.
21k {/{:—I—iw}’ (2:33)
and finally
D 1 7P D \* 1
PSDo_y = ’—[ , ] = ( 2) 5 (2.34)
2k | k + iw 2k 1+ (E)

Thus, we retain the Lorentzian shape with half width at half maximum k. As
shown in Eq. , the autocorrelation function of the O-U process has an expo-
nentially decaying profile. Figure [2.4] shows the autocorrelation function for the
more complicated stochastic process evaluated in Eq. . The autocorrelation
function depends on both the rate of convergence k and the noise scale v/D, as
was derived in Eq. . The noise level also distorts the individual trajectories
of the simulation and increases standard error, moving the autocorrelation closer
to a Dirac delta function as the Wiener process becomes more dominant. Finally,
Figure also shows the numerically evaluated PSD for this O-U process plotted
against the theoretical prediction of the Lorentzian function in Eq. . We can

see that the width and peak of the Lorentzian shape is scaled by convergence rate
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FIGURE 2.4: Autocorrelation and power spectral density of the O-U
process. Plots show the averaged autocorrelation functions and PSD over 1000
unique realizations of the O-U process as derived in Eq. with parameters
equilibrium set to ;4 = 1 and different parameters. (a) The autocorrelation
function for the process with k& = 0.5 and two noise strengths v/D € [0.1,0.5] in
blue and orange along with the theoretical noiseless process shown in black, with
the corresponding PSDs given in (b). (c) The autocorrelation function for the
process with /D = 0.1 and two convergence rates k € [0.3,0.7] along with the
noiseless processes shown in black and gray, while (d) shows the corresponding
PSDs. Error bars in noisy process show standard error.

k, while the presence of Wiener noise distorts the process leading to a drop in the

peak and a broadening of the full width half maximum as power shifts away from

the central frequency.

2.3 Noise simulation

Sections[2.2.1{and [2.2.2] provided a look at two of the simplest stochastic processes,

their features, and the numerical methods with which they can be modeled. Al-

though basic, these models provide all the necessary tools needed to generate

unique noise signals that can then be applied to quantum simulations. In the

Wiener increment, we have a straightforward way of applying randomness (gov-

erned by the Gaussian distribution) to any given process. In the case of the O-U

process, we apply the v/ D of the Wiener increment to a function that convergences

to a given equilibrium, which leads to increasing deviation from the underlying

path as the randomness is scaled up. The characteristic correlation time of the
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O-U process is well suited for modeling colored noise with an inherent relaxation

mechanism.

Other approaches to simulating special kinds of noise include telegraph noise [141]
in which signals may only occupy two or more discrete values often seen in quantum
systems, as well as a class of autoregressive models which aim to generate noise
signals recursively [142H144]. While these methods can effectively model certain
types of stochastic processes, they are not always well suited for general noise
signals encountered in experimental settings, particularly in the case of laser phase
noise. Telegraph noise is inherently discrete and best suited for systems where noise
switching occurs between well-defined states, such as charge fluctuations in solid-
state qubits. However, laser phase noise is a continuous process with a broadband
PSD, and it often follows a power-law spectrum, characteristics that telegraph
noise fails to capture. Autoregressive models perform better in this case but,
while capable of generating long-range correlated noise, require careful parameter
tuning for different regions of frequency and may not naturally reproduce the
precise spectral properties needed to match experimentally observed laser noise.
In particular, standard autoregressive models are often limited in their ability to
generate noise with an exact frequency v dependence of 1/v”, where 3 is some
fixed constant enforcing a power law. Such a spectral dependence of colored noise
imposes artificial exponential correlations that need to be tweaked at different
frequency ranges to mimic a smooth frequency-dependent structure seen in the

spectral profile of laser phase noise.

The Timmer-Koenig (TK95) algorithm [120] presents a more flexible and physi-
cally motivated approach for generating laser phase noise. Unlike purely stochastic
methods that rely on differential equations or recursive updates, the TK95 method
directly constructs noise in the frequency domain by shaping a predefined PSD
according to random Gaussian fluctuations of the Wiener increment. As opposed
to the O-U method where we apply the Wiener increment to exponential decay in
the time domain, the TK95 method proposes applying the increment to a given
PSD in the frequency domain. This ensures that the generated noise accurately
reproduces the experimental spectral characteristics of a PSD, including both low-
frequency drift and high-frequency fluctuations. Additionally, because the method
operates in Fourier space, it naturally captures correlations over long timescales
without the need for an explicitly defined relaxation mechanism, making it par-

ticularly well suited for simulating phase noise in quantum control applications
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where spectral accuracy is critical.

2.3.1 The TK95 algorithm

The method that will be implemented for noise generation is based on the TK95
algorithm for the generation of unique time signals [120]. This is achieved by
sampling a PSD using a complex Gaussian filter followed by the inverse Fourier
transform. Although originally designed to generate power-law noise, it can be
applied to any well-defined PSD. The algorithm can be distilled into the following
steps:

1. Choose a power spectral density
All that is necessary to begin the procedure is a single-sided PSD Sp(v) of
the desired noise signal. Sp(v) can be any well-defined function on an evenly
spaced frequency grid v € [0, vny,|, where vy, is the Nyquist frequency of

the original signal.

2. Generate a unique frequency spectrum
A unique single-sided frequency spectrum S, can be generated by using the
Wiener increment AW to build real and imaginary components at a given
frequency. To achieve this, draw two separate Wiener increments AW, and

AW, and multiply by /Sp(v)/2 for the real, and i\/Sp(—v)/2 for the

imaginary frequencies as

Sp(—l/) .

SV(V) = AWl 9

+ 1AW,

il P2(”) (2.35)

Note that in the case of an even number of data points S, (Vny,) is fully real
(as it must be equal to its complex conjugate at —vy,, since a real valued
noise signal corresponds to a hermitian symmetric frequency spectrum) and

thus only needs a single Wiener increment.

3. Ensure real valued signal
To ensure that the generated noise signal is real-valued, S, is extended to
a double sided spectrum with frequency grid v € [—vnyq, Vnygjq), simply by

taking the complex conjugate of all values generated in step 2.

S, (v) = S*(—v). (2.36)
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4. Get unique time signal
Finally, to get a unique discrete noise signal ¢(t) we simply apply the inverse

discrete fast Fourier transform to .S,

28 2mivt /N
o) = N> DS, (w)erm N, (2.37)
v=0

where N is the number of frequency bins, and Av is the frequency step in

the frequency grid for on which S, is defined.

Initially, the TK95 algorithm was created to generate colored noise, in which a
given PSD behaves as a function of frequency v as S, = 1/v®, and the value of «
dictates the characteristic behavior of the noise. Figure [2.5( provides a demonstra-
tion of this algorithm, generating white noise with the characteristic parameter
a = 0 and brown noise with the parameter set to a = 2. The two noise models
are generated independently using their respective functions over a frequency grid
of v € [0,1]Hz. After this, we generate one hundred unique frequency spectra for
each PSD using the Wiener increment sampling described in Eq. , and turn
them into unique time signals using the Fourier transform shown in Eq.
that we can then analyze. In the case of white noise we see a highly variable
noise signal with a flat PSD, meaning that power is equally distributed along the
entire frequency spectrum. Brown noise, on the other hand, presents itself with
a 1/v? drop off in power, meaning that it is dominated by long time-scale noise
and individual trajectories resemble a random walk. The standard error is fixed
as the TK95 process is sampling a stationary power spectral density, and for 100
trajectories the error bars are approximately 10 times smaller than the maximum
displacement from the mean. Figure [2.5] also provides averaged periodograms,
calculated as seen in Eq. . In this way, we can check that, on average, the
noise signals generated by the TK95 algorithm are representative of the desired

spectrum.

However, the TK95 algorithm also has several shortcomings that need to be ad-
dressed where possible. The first of these is the fact that the sampled power
spectral densities are defined on a discrete frequency grid, with frequency resolu-
tion limited by total duration of the generated signal that can lead to artifacts,
especially in the low frequency spectrum. To mitigate this, we work with very

small frequency steps, generating time signals that are much longer than typical
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F1GUurE 2.5: Colored noise generated using the TK95 algorithm. The
TKO95 algorithm is used (as shown in Eq. and Eq. (2.37)) to generate 100
unique trajectories from a theoretical PSD of white noise (a) with a frequency
profile of S, = 1/19, as well as brown noise (c) with a frequency profile of
S, = 1/v2, defined over a frequency range of 0 — 1kHz. Averaged behavior is
shown in blue, with four sample noise signals provided in different colors. The
corresponding periodiograms in linear scale for white noise (b) and logarithmic
scale for brown noise (d) averaged over 100 realizations are calculated using
Eq. are also shown in blue with theoretical PSDs shown in yellow. Cyan
error bars shows standard error.

simulation times, but that can be reused for different trajectories. Additionally,
the method operates purely in Fourier space, meaning it does not account for phys-
ical filtering effects, such as those arising from the response function of a laser or
quantum system. Generally, the TK95 algorithm expects a stationary PSD, lead-
ing to noise signals with constant variance. Rectifying this by introducing time-
dependent modulation of the PSD to capture non-stationary processes is beyond
the scope of this thesis. Furthermore, while it can approximate power-law noise,
this algorithm does not always generate long-range memory effects accurately, and
these need to be tested by checking that generated noise has the same averaged
autocorrelation as that of the original spectrum. Finally, because the sampling is
inherently Gaussian and done on a constant spectrum, the TK95 algorithm is not
able to reproduce noise with non-Gaussian statistics or time dependence. Never-
theless, this type of spectral method allows for the generation of uniquely varying

signals that have a consistent and predictable overarching behavior.
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2.3.2 Generating simulated laser phase noise

Having introduced stochastic processes as well as the TK95 algorithm we can now
focus on generating phase noise signals. In the TK95 algorithm we have a spectral
method for noise simulation that can be applied to general spectra, and adapting
this method to experimental laser noise is mainly an exercise in units and scaling

to ensure that the generated noise signal represents the physics correctly.

To begin with, a sample PSD of laser phase noise Sy must be chosen. The PSD
used for all noise generated in this thesis is taken from an experimental diode laser
shown in Figure [2.6[a) with a similar behavior profile to the one described in [38],
originally provided in units of frequency noise S,. S, has a broad peak power
centered around 490kHz, with a linear drop-off for lower frequencies and residual
power in higher frequencies. The frequency spectral density S, can be transformed
into a phase spectral density Sy using the relation S, = 25, [145]. To improve
the performance of the TK95 algorithm, we define a frequency grid with discrete
frequency step of Av = 1kHz, which is small enough to ensure that the PSD is well
represented, while leading to a longer time signal that can be spliced and reused to
save computation time. Furthermore, to ensure that the time step of the generated
noise signal is small enough to capture the effect of noise on dynamical simulations,
we extend the frequency window of S, from 2MHz to 20MHz. Given that our data
is only defined until 2MHz, we first take the naive approach of extending the final
value of S, to the rest of the frequencies, which has a limited effect on generated
noise given the 1/v? drop off on high frequency power when converting S, to Sy.
Finally, given that S, has a low power below 100 kHz, we mitigate low-frequency
artifacts that often affect the performance of the TK95 algorithm for shorter noise
signals by setting all power below 33kHz to 0. Moreover, in the case that the
laser PSD is initially provided is terms of voltage Sy, we refer the reader to [146]
where the conversion to S, is discussed in detail. Viable spectral densities of

experimental lasers can also be found in literature [38], T18].

Once an appropriate Sy has been established, steps 23| and [ of the TK95 al-
gorithm can be applied to generate unique phase noise signals ¢(¢) that can be
readily implemented into time evolutions of a many-body Hamiltonian. Figure
2.6(b) shows three samples ¢(t) generated from S,, where the peak power of 490
kHz shown in Figure [2.6[(a) makes the signals appear dominated by low frequen-

cies when presented on a us time scale. The averaged behavior of the generated
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FIGURE 2.6: PSD of laser noise, and corresponding TK95 noise sig-
nals. (a) The phase noise spectrum Sy (green) has been converted converted
from a frequency spectrum S, (red) that has been taken from experimental
diode laser witha a similar noise profile to one seen in [38]. The relevant con-
version equation is Sy = 125,. (b) Three unique noise signals generated using
the TK95 algorithm. Averaged noise behavior for 100 uniquely generated noise
signals shown in blue.

noise across 100 trajectories shows much less oscillation, with variance that is
fixed over time owing the fact that S, is constant. Figure 2.7(a) also provides
some insight into the general shape of the generated noise in frequency space,
with periodograms of phase an frequency noise maintaining the general shape and
power of the original PSD in Figure [2.6(a) despite wild oscillations caused by the

Wiener increment sampling.

To test the validity of the generated noise signals, we compare the autocorrelation
function taken directly from the sampled spectrum Ag, (7) with the averaged au-
tocorrelation across 100 generated noise signals A,. For this we once again make
use of the Wiener-Kinchin theorem in Eq. , this time in reverse to generate
an autocorrelation fuction for S,. Given that S, is provided as a discrete series in
frequency space, approximating the inverse Fourier transform to a Riemann sum

gives
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FIGURE 2.7: Periodograms of autocorrelation of generated noise. The
frequency (a) and phase (b) periodogram of a single unique noise signal gener-
ated from the PSD in Figure a) using the TK95 algorithm as described in
steps (¢) Comparison of the autocorrelation function of the original power
density spectrum (blue line) and an average of 100 autocorrelations correspond-
ing to uniquely generated noise signals. Error bars represent standard error and
show good agreement in average noise behavior.

NAv ,
As, (1) = — > 8wy, (2.38)

v

where Ag, (7) is the autocorrelation function of the noise at a given time lag 7. In
the case of atocorrelations for the generated phase noise, the autocorrelation of a

given time series can be calculated as was done previously in Eq. (2.10) using

Ag(r) =(dodr) = % (2.39)
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where ¢ and ¢, are the same noise signal starting from t = 0 and a lagof t = 7
respectively. Figure (c) shows the agreement of autocorrelation functions of the
original power spectrum Sy and an average of 100 uniquely generated noise signals,
providing evidence that the long time autocorelation decay is captured correctly for
the specific PSD used. The validation confirms that the method described in this
chapter successfully generates statistically unique noise signals whose ensemble-
averaged behavior faithfully represents the original spectrum. By implementing
these noise signals into the Hamiltonian evolution of many-body quantum systems,
we can systematically explore the effects of phase noise on quantum dynamics
and test the robustness of such systems against realistic noise fluctuations. This
approach provides a powerful tool for investigating noise-induced decoherence and

errors in quantum simulations and quantum information processing.
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FIGURE 2.8: Noise power scaling parameter. (a) Phase noise power
spectra of original laser phase noise seen in Figure (green), along with two
identical spectra (red,blue) that have their power scaled by a factor m = 0.2,5.0
respectively. This factor is thus applied to the power spectrum Sy before the
Gaussian sampling step in the TK95 algorithm shown in equation (b)
The corresponding three unique laser phase noise time signals generated using
the TK95 sampling algorithm are provided with matching colors.
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2.3.3 Noise scaling

The method for noise generation detailed in the previous subsections can, in prin-
ciple, be applied to any continuous power spectrum, assuming that the units are
correctly scaled for the given purpose. This also means that we can generate noise
with different frequency profiles simply by modifying our original spectrum. A
relevant example which will also be used for analysis in the subsequent chapters
is power scaling, which is done by introducing a simple scale factor m to a given
power spectrum before performing the Gaussian sampling in the TK95 algorithm.
Figure shows the phase spectra and corresponding noise signals of the original
laser phase noise from Figure 2.6 and two different power scalings. The change
in power directly translates to the magnitude of fluctuation seen in the generated
noise signals, which are either amplified or suppressed by a factor of \/m_/2 via
Eq. (2.35)).

It is also possible to shift the peak of the noise to higher or lower frequencies,
but since our noise data is defined only for a narrow bandwidth, we choose in our
many body simulations to keep the noise fixed and instead tune the dynamical fre-
quencies of the system that we study (in our case we will tune interaction strength
between sites). This allows us to effectively study the same behavior without

inadvertently introducing spectral artifacts that would need to be suppressed.

2.4 Summary

The main goal of Chapter [2| was to provide an adaptable algorithm for stochastic
noise simulation that can be used to generate realistic phase noise signals with
frequency profiles that resemble those of experimental Rydberg lasers. We be-
gan by providing a foundational understanding of numerical stochastic methods
through the introduction of two textbook examples in the Wiener process [139] and
the Ornstein-Uhlenbeck [140] process, which describe Brownian motion and noisy
convergence to a predetermined equilibrium, respectively. Both of these processes
introduce stochastic fluctuation using the Wiener increment, a Gaussian random
variable with zero mean and variance proportional to the time step At. This term
captures the inherent randomness of the noise and ensures that the fluctuations
scale as v/At, consistent with diffusive behavior. The Wiener increment also plays
a role in the Timmer-Koenig (TK95 [120]) algorithm described in Section [2.3.1]
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chosen for the simulation of laser phase noise for the work in this thesis. The
algorithm takes the Wiener increment and uses it as a Gaussian filter, sampling a
target PSD in frequency space to create unique frequency spectra that can then
be Fourier transformed into independent noise signals that retain the averaged

behavior of the original sampled PSD.

The TK95 algorithm is detailed through its four-step process which involves defin-
ing a target PSD, generating a frequency-domain noise signal using Gaussian ran-
dom fluctuations, symmetrizing the spectrum for real-valued output, and perform-
ing an inverse Fourier transform to produce time-domain noise. Initially used to
create colored noise with varying spectral slopes as shown in Figure [I.2] Section
2.3.2] shows how the TK95 algorithm can be adapted to replicate experimental
laser phase noise by appropriately scaling and converting experimental frequency
noise PSDs into phase noise PSDs. The algorithm generates long-duration noise
signals that match desired spectral profiles, and their validity is verified through
autocorrelation comparisons against the original PSD using the Wiener-Khinchin
theorem as shown in Figure 2.7 Although the method has limitations, such as
its discrete frequency resolution and assumption of Gaussianity, it proves to be an
effective and efficient way to simulate realistic phase noise in many-body quantum
simulations, offering a statistically faithful representation of experimental noise
for studying decoherence and robustness in quantum systems. Noise realizations
such as those shown in Figure [2.6] along with the noise power scale factor shown
in Figure 2.8] are used in Chapter [ to study the effects of realistic laser phase
noise in simulations of adiabatic state preparation in one-dimensional Rydberg
spin chains, and later in Chapter [5|to study if and how the energy added into the

system by such noise can lead to thermalization.
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Numerical methods

3.1 Tensor network techniques

The main problem of numerical simulations of many-body quantum systems is
that the number of state coefficients required to express the entire Hilbert space
grows exponentially with system size. While traditional mean-field approxima-
tions can provide useful insights and even become exact in certain limits, such as
in high-dimensional systems or weakly interacting regimes, they generally fail to
capture quantum entanglement and non-local correlations, limiting their accuracy
in strongly correlated or low-dimensional settings. Hence, despite the growing
importance of quantum mechanics and the growing complexity of quantum ex-
periments, even small-scale numerical simulation often remained out of reach for
general systems. By the end of the last century it became clear that a new approach
was needed, one that could optimize memory usage while accurately preserving
the essential properties of highly entangled quantum systems. This led to the for-
malization of Matrix Product States (MPS), a framework that describes quantum
states through a chain of local tensors. While this structure is mathematically
equivalent to the tensor-train decomposition later popularized in numerical anal-
ysis, its origins lie in the 1990s physics breakthroughs in finitely correlated states
and the Density Matrix Renormalization Group (DMRG) [I47HI50]. Tensors are
generalized arrays of numbers extending the concepts of scalars (rank-0), vectors
(rank-1), and matrices (rank-2) to higher dimensions (rank-3 and beyond). In the
context of quantum mechanics, where a state of a many-body system is defined by

a complex-valued wavefunction with exponentially many coefficients, tensors offer

40
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a structured way to group and manipulate these coefficients. Each rank of a ten-
sor can represent degrees of freedom associated with a physical site, entanglement

bonds to neighboring sites, or time and measurement outcomes.

Importantly, efficient numerical algorithms have been developed to manipulate
tensors in ways that retain only the most significant correlations, thereby greatly
reducing memory demands for certain physically relevant states without sacrificing
accuracy. These insights laid the foundation for tensor network representations of
quantum mechanics that lend themselves to controlled and highly optimized trun-
cation, pushing the boundaries of what can be achieved by numerical simulation.
In fact, since its formalized implementation in 1992 [149], the tensor network ap-
proach of DMRG [I51] and its more modern formalism of MPS calculations [152]
have become the de facto numerical method for dealing with one-dimensional
many-body quantum systems. Over the past decades, research and development
of such MPS techniques, coupled with a rapidly increasing computational power,
have led to the application of this numerical technique in a wide range of many-
body models [I53H158)].

In principle, any quantum state can be expressed as an MPS, though, for highly
entangled states, this representation may become numerically inefficient. The key
advantage of MPS methods lies in its ability to encode and preserve the entan-
glement structure of a system, while identifying and removing the least necessary
information with efficient truncation. This property makes MPS particularly well-
suited for studying low-energy physics, as ground states of local Hamiltonians
typically exhibit an area-law entanglement structure [159], allowing for efficient
simulation. Ultra-cold atom gases in optical lattices are a pertinent example of
quantum systems where these techniques have been shown to be useful [160].
Beyond representing quantum states, the tensor network formalism can be effi-
ciently extended to represent other necessary components in quantum mechanics
including Hamiltonians and time evolution operators. In particular, the density
matrix renormalization group (DMRG) method exploits the MPS structure to ef-
ficiently find ground states of complex many-body Hamiltonians, while techniques
like the time-evolving block decimation (TEBD) [161] and time-dependent varia-
tional principle (TDVP) [162, 163] enable real-time and imaginary-time evolution.
Additionally, MPS allow for efficient computation of expectation values, overlaps,
and correlation functions, further enhancing their utility in quantum simulations.

However, it is important to note that a given quantum state does not have one
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unique MPS representation; different decompositions of the same state are related
through gauge transformations, which can in some cases be leveraged to optimize
numerical stability and algorithmic efficiency [I52]. Extensions of MPS to higher
dimensions are realized through projected entangled pair states (PEPS) [164], pro-
viding powerful methods for exploring correlated quantum systems, particularly
in two-dimensional lattices. These properties collectively establish MPS as an in-
dispensable tool in modern computational quantum physics, enabling simulations

of strongly correlated systems that would otherwise be intractable.

The following sections provide introductory material to the MPS formalism, pre-
senting tools that will become necessary to reproduce the adiabatic state prepa-
ration with laser phase noise in terms of tensor networks, as is done in the later
chapters of this thesis. To begin with, we discuss the MPS representation for a
generalized quantum state, followed by an equivalent representation for a quan-
tum operator, and the overlap needed to reproduce expectation values. Next, we
introduce time evolution of an MPS, which is done using the TDVP method that,
unlike the TEBD method for time evolution, also represents long-range interac-
tions needed for simulating Rydberg systems. Finally, we provide all the tools
necessary for finite-temperature calculations using tensor networks, allowing for
the evaluation of thermal states. For a more exhaustive review of DMRG tech-

niques we refer the reader to the excellent review written by U. Schollwéck [152].

3.2 MPS representation of quantum many body

states

For a system of N spin 1/2 particles, the wavefunction resides in a space of dimen-
sion 2, making direct computation infeasible for large N. The MPS formalism
tries to tackle this issue by representing the coefficients as product of tensors,
which then be decomposed and truncated precisely to retain only the informa-
tion necessary to achieve an adequate approximation. For systems with small
entanglement, where only a few coefficients dominate dynamics, such truncation
can substantially reduce the data that must be saved while still ensuring that the

approximation remains faithful to the exact state (e.g. in terms of state fidelity).

Without truncation, MPS is an exact representation of a quantum many-body

wave function, and for a one dimensional lattice system of N sites it takes the



Chapter 3 Numerical Methods 43

lig) ! lig)
A : A
[ | 1
VWVWWWV
|
1 n in+1l N

FicURE 3.1: Bi-partition of a one dimensional quantum system. A one
dimensional system of spin 1/2 particles partitioned into two blocks A and B
with corresponding block-local orthogonal bases |i4), |jp). Note that ¢ denotes
a list of spins along the chain with iy = 01...0,, and jp = op41...0, given that

age (1 Ih].

form of a product of tensors that hold information on their respective sites and
their entanglement to other sites. To begin with we consider an N dimensional

many-body quantum state |¢)) and its decomposition into state coefficients c,

> oron) ae {1} (3.1)

01...0N

where o; denotes possible states of individual sites with dimension d ( in the
case of spin states {| 1),| })} dimension is d = 2). The first step in a matrix
representation of a quantum many-body state |¢) is the rearrangement of the
state coefficients ¢”*+" into entries of a rectangular matrix ¥ with coefficients 1);;
where 7, j represent coefficient elements of two independent partitions that split
the initial many-body state into two blocks A and B as seen in Figure 3.1l The
second step is applying a singular value decomposition (SVD) [165] [166] to V¥,

meaning that our original state is transformed into

¢> = Zle|Z>A ® ’j B S Z U'LanSanVan] > ® ’j>Ba (32)
1,J

7.] an

where the notation a, represents entanglement between sites along the lattice,
and we refer to these as ‘bonds’. The states |i4) and |jp) represent basis states
in individual subsystems A and B, while the matrices U, S, and V arise from the
singular value decomposition (SVD) of the coefficient matrix W. Assuming that
U is an m x n dimensional matrix, the SVD yields three matrices: U, which has
dimensions m x k, S, a diagonal matrix of size k x k, and VT, an orthonormal

matrix with dimensions k x n, where k = min(m,n).
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The matrix U has orthonormal columns, satisfying the condition UTU = I. The
matrix S is a diagonal matrix containing the singular values s; > 0 along its diag-
onal. These singular values are necessarily real and non-negative, and their total
number defines the Schmidt rank r of ¥, which satisfies r < k. Conventionally,
singular values are arranged in descending order: s; > s9 > s3 > --- > s, all the
way up to the maximal Schmidt rank of r = rank(¥) < min(d™,d"). Lastly, the

matrix VT consists of orthonormal rows, satisfying ViV = 1I.

There is a direct link between the entanglement entropy and singular values found
in the diagonal matrix S. This is derived by rewriting |¢) after SVD decomposition
in Eq. (3.2) in the Schmidt decomposed form

T

) = sala)ala)s, (3.3)

a

where s, are the singular values of S and r is the rank, while

@a= Y Ualita and lahs = " Viili)s (34)
i=1 j=1

represent the states on either side of S that represent the subsystem blocks A and
B, and form two independent orthonormal sets. Using this, we can independently

represent subsystems A and B separately in the form of traced density operators

=Trg [[)(¥]] Zs2|a ala, (3.5)

pp =Tra[|¢)(¢]] Zsa| (alp, (3:6)

The Von Neumann entropy of the joint system system is then given by

Sap(|¥)) = =Tra[paln(pa)] = —Trg[ppln(ps)] = Zs In(s; ), (3.7)
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and measures the entanglement information between a given bond. This link gives
direct physical meaning to the singular values that are accessible after the SVD
decomposition, but given that they are arranged in descending order these values

provide an avenue for controlled truncation of the system.

However, before discussing truncation, it is important to show how the SVD can
be used to represent a general quantum state |¢) in matrix product form. After
the SVD has been applied in Eq. , the joining of matrices U and S by matrix
multiplication produces a matrix Ag", . which consists of all the information
on a given site including the physical index ¢, and the two bond indices of con-
necting sites a,, a,41. Recursively performing SVD on VT over all bonds and the
subsequent reshaping of tensors U and S into tensor A provides an algorithm for
turning an arbitrary quantum state into into a product of single site tensors that

we refer to as an MPS

Whaps = > > ATLAZ, AT [0100..0n), (3.8)

01,-.,0n A1,--,GN —1

Awhere o; represents local basis states on a given site with a total dimension d (in
the case of spins we have o; € {| 1),| {)} and d = 2). From this point onward we
consider only matrix product states, such that |¢) = |¥))yps. Note that up until
the middle of the of the chain of matrices in Eq. the matrix dimensions grow
as (d’ x d"™') where i is the index of the matrix, after which the dimensions shrink
again as (d¥~% x dV~"1). The representation in Eq. is still exact, with an

exponential growth in dimension up until d"/? saving no computational time.

If the entanglement is small, the elements on the diagonal of the matrix S which
corresponds to the squared singular values sin decay rapidly and can thus be trun-
cated without considerable loss of information. We refer to the maximum number
of singular values retained after a decomposing of a quantum state as the maxi-
mum bond dimension D. If D = 1, the MPS is a classical product state with no
entanglement, but as entanglement increases, the value of D necessary to represent
the system faithfully grows too. In one dimensional and low-entanglement systems
this growth in D is polynomial rather than exponential, with precision governed

by the total sum of squared singular values discarded called the truncation weight

_ 2
€= E Sq, -

an>D
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FIGURE 3.2: Building block elements for diagrammatic representation
of a MPS. (a) Top row showing sites on the left and right edge of the chain
for a ket MPS, while bottom row shows bulk sites for a ket (left) and bra
(right) MPS. Vertical indices o represent physical states, while horizontal indices
a represent positions along the chain. (b) Diagram of bra and ket states of
a one dimensional chain of sites. Joining all physical indices of bra and ket
corresponds to a contraction of MPS resulting in a scalar value. The diagrams
shown in this figure have been adapted from previous MPS literature in the
review DMRG: Ground States, Time Evolution, and Spectral Functions written
by U. Schollwéck [152].

Thus, a desired error tolerance for € will set D to some maximum value, truncating

the system and providing an efficient way of compressing information.

3.2.1 Graphical representation of an MPS

The MPS formalism can be expressed with greater readability in a diagrammatic
representation. Figure |3.2] shows the basic representation of the matrix product
state defined in Eq. , where each circle represents a tensor, A7: . In Figure
3.2(a) we see the diagrammatic elements that make up the building blocks of an
arbitrary MPS, with edge sites represented by a single bond to the left or right,
while bulk sites have connections on either side. Indices describing the physical
state of a given site (spin in our case) are represented by a vertical lines pointing
up in the case of a ket state, or down in the case of a bra state. Hence, a full
MPS state resembles a comb, and the inner product of two states (also known as
a contraction of tensors) has a bra and ket MPS joining at each site as seen in
Figure (b) The following sections will build on this graphical representation,
providing diagrams for all the different MPS elements that will be used throughout
the thesis.
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3.2.2 Canonical forms of an MPS

The MPS representation described in Eq. is not unique, and other decom-
positions of the same physical state can be attained using a gauge transformation.
While most such decompositions are not useful, specific representations can play
a crucial role in optimizing numerical performance. One such useful representa-
tion is the so called canonical form of the MPS. In this form we transform bond
indices along a given direction of the tensor product in a given MPS in a way
that enforces orthonormality that can then be exploited by algorithms to improve

efficiency. Redefining a given MPS in this canonical form plays a crucial role in
DMRG and time evolution algorithms [154 [167].

In the left-canonical form, we enforce orthonormality for the left bonds. Referring
back to Eq. (3.8)), the condition for such left normalized tensors is that the left

indices satisfy the equation

o o* -
Z Aaiflai ai_1a;, — 5%&2' (3.9)
o,

To transform a standard MPS into left-canonical form, we perform a QR decom-
position [165] [166] iteratively to tensors across each site of an MPS starting from

the left most site and working to the right. The decomposition of a given tensor

A7, results in an orthonormal matrix Q and an upper triangular matrix R with
indices
QR
Agiflai = Ziflebai' (310)

Next, we replace A7, _ . with Q7 , in the original MPS so that the left orthog-

onality condition is satisfied, and absorb the R matrix into the next site tensor,

105

repeating until the last site is reached. After performing this procedure for all
sites, the MPS is fully left-canonical.

Similarly, a right-canonical MPS is attained by performing a L(Q) decomposition
across all tensors in a given MPS. This procedure is identical to its QR counterpart,

this time ensuring right normalized tensors that satisfy the equation

Z Ag 0 ATy = Oai yal - (3.11)
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FIGURE 3.3: Building block elements for diagrammatic representation
of the canonical form of an MPS. We include bulk sites of a ket and bra
MPS in a left (a) and right (b) canonical form. Also provided is a six-site
MPS in the mixed canonical form with a zero-site center (c), as well as a seven-
site MPS centered around an SVD representation on site four (d). Finally, a
contraction of a left (e) and right (f) edge site in the canonical form, resulting in
an empty line that represents the identity matrix. The diagrams shown in this
figure have been adapted from the review Time-evolution methods for matriz-
product states by S. Paeckel [154].
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Applying this decomposition starting from the right most site and working to the

left results in the indices

A5 B, Q0. (3.12)

ai—1a;
After performing this procedure for all sites, the MPS is fully right-canonical.
Individual right and left canonical sites are represented diagrammatically by arrow
heads pointing in the direction of the canonicalization as can be seen in Figure
B.3] Importantly, right and left canonicalization can also be achieved using the
aforementioned SVD by applying this decomposition from right to left for the right-
canonical MPS and left to right for a left-canonical MPS. This approach is useful
when you want to maintain access to singular values and thus the entanglement

structure and controlled truncation, but is usually more computationally intensive.

However, it is the mixed canonical representation that is particularly useful for
numerical algorithms. A mixed-canonical form MPS is one where tensors are
left-canonical up to a certain site n, while tensors after n are right-canonical. A

standard SVD is applied to the tensor a site n itself such that the MPS on this
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site takes the form

AC =U,, ,sSV . (3.13)

Anp—10an San

Here, U and VT are unitary matrices, and S is a diagonal matrix containing the
singular values obtained via SVD. The singular values in S correspond to the

Schmidt coefficients of the bi-partition at site n.

To construct a mixed-canonical form we convert all tensors before site n into the
left-canonical form using QR decomposition, and convert all tensors after site n
into right-canonical form using L.QQ decomposition. Finally, at site n we apply SVD
directly. We write such a mixed canonical matrix with a one-site center around

site n as

W) = Quait|oin AT L e @ Y en b Y, (3.14)
a,B

where the orthonormal basis states of the right and left canonical state are given by
¢ Ll e 1]> and ‘(b["ﬂ N]> [152), 154]. Similarly, we can also define a mixed canonical

|1} with no central site as

Whon = Y Quaelnen ) QE L o, (3.15)

a’/B

where C'_, , is only a virtual index reference to the center of [1)) where the or-
thonormality changes direction, and has no physical impact. Figure provides
the diagrammatic representation of right and left canonical site matrices, repre-
sented by right and left arrows along the chain. A mixed canonical MPS can be
represented with a single non-canonical circle bipartitioning two opposite canonical
states at a given site, while a zero-site mixed canonical MPS has no non-canonical
site and is defined by a diamond. Due to their orthonormality, contracting in the

canonical form is very simple as every site contraction results in the identity.

Just like any other MPS, a mixed canonical form of the MPS can be truncated
in numerical simulations by retaining only bond indices that correspond to the D
(desired bond dimension) largest singular values in S. Furthermore, the mixed-
canonical form allows for easy access to the eigenvalues of the reduced matrices
that describe the bipartitions, as they are just the squares of the singular values

in S. This is particularly useful for operations involving entanglement entropy
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measurement. Finally, the orthonormality of the canonical form helps preserve
normalization during time evolution algorithms such as TDVP. Such numerical
optimization will prove critical to the work done in the following chapters, in
which we will use mixed-canonical MPS to simulate adiabatic state preparation

and perform finite-temperature analysis.

3.2.3 Matrix product operators

In quantum mechanics, the dynamics of a system are governed by unitary operators
generated by Hermitian Hamiltonian operators, while measurements are described
by other Hermitian operators (observables) whose eigenvalues correspond to pos-
sible outcomes and whose eigenstates determine the post-measurement state. For
the MPS formalism to be useful, it must therefore be extended to include opera-
tors as well. Any given operator O consists of two sets of MPS indices ¢/ and o

and takes the form

O = Z Zcol.,az\r,ai-..dj\;|o—h .. 7UN><J’17 - 7U}V|7 (3.16)
o o’

where o, 0], correspond to the physical basis indices of site n that act on ket and
bra states respectively. The coefficient tensor ¢”*"7%:71% holds the full informa-
tion of the operator in a completely general form. However, similar to the case
of quantum states, storing this tensor explicitly grows exponentially with the sys-
tem size L, making it computationally infeasible. The Matrix Product Operator
(MPO) formalism provides an efficient way to represent such operators in a form

that can be stably truncated.

Just as an MPS represents a quantum state in a factorized tensor product form, an

MPO expresses an operator in a structured manner using local tensor contractions.

. . . . . “ee / cen !
We perform the decomposition by rewriting the operator coefficients ¢ 7L:71%
oi,0"

in terms of a product of local tensors W, %, defined at each site

A 01,01 y1709,0) ON O / /
O = E g E Wi tWaere W, 5 lon, - on) (o, - oyl

(3.17)
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FIGURE 3.4: Building block elements for diagrammatic representation
of a MPO. (a) Horizontal sites of an MPO are identical to MPS (see Figure
, but two separate vertical indices need to be tracked; o; for the incoming
site of a ket MPS, and o/ for the outgoing site of a bra MPS. (b) Diagram of
a contraction of an MPO |¢')(¢| and a MPS [¢) to form a new MPS |¢) =
|¢')(#]1) with physical indices o). The diagrams shown in this figure have been
adapted from previous MPS literature in the review DMRG: Ground States,
Time Evolution, and Spectral Functions written by U. Schollwock [152].

(a)
‘ E
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FIGURE 3.5: Diagrammatic representation of single- and two-body op-
erators for mixed canonical MPS. (a) Expectation value of a generic single
site observable <O> acting on fourth site of a mixed canonical MPS of a seven
site chain, and the corresponding reduced form after all right and left orthonor-
mal sites are contracted to the identity matrix (see Figure 3. B-3(e.f)).(b) Two site

correlation of a generic single site observable (O 0; ;) acting on second and third
site of a mixed canonical MPS with a single site center on site two, along with
the reduced form. The diagrams shown in this figure have been adapted from
previous MPS literature in the review DMRG: Ground States, Time Evolution,
and Spectral Functions written by U. Schollwock [152].

Each tensor carries two physical indices o;, o) representing the input and output
states of the operator, along with two bond indices a;_1, a; that connect neighbor-
ing sites. The leftmost tensor has a single bond index a1, while the rightmost tensor
contracts with a,_1, ensuring that the overall structure forms a one-dimensional

chain.

To apply such an MPO to a given MPS we need only to perform a matrix multi-
plication of every MPS site with its MPO counterpart, ensuring that the correct
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indices are contracted. For each site i, we contract the local MPS tensor A% with

the MPO tensor W77 to create a new contracted MPS

Io} 00, Aoy
Aclie = Z:Wbi—ljbiAai—hai’ (318>
o

with new joined indices ¢;_1 = (a;_1,b;—1) and ¢; = (a;,b;), and the uncontracted
o} physical index replacing o,;. Note that the bond dimension of the newly created
MPS increases as D' = Dy ps X Dypo, and this growth can lead to computational
challenges if left unchecked. Figure [3.4] provides the diagrammatic representation
of an MPO, which takes the form of a chain of squares with identical horizontal
indexing to an MPS, but with two vertical indices above and below to represent
incoming and outgoing physical sites ¢’ and . A diagram of a generic MPO-
MPS contraction is also provided. Finally, Figure 3.5 provides a diagrammatic
demonstration of how the mixed canonical form simplifies calculations of single-
and two-body observables, as all orthonormal sites to the left and right simply

contract to the identity operator which makes operations much more efficient.

3.2.4 Time evolution

Unitary time evolution as represented by the operator e~ i one of the most
fundamental operations in quantum mechanics, enabling the study of dynamical
systems. Standard numerical methods of time evolution can prove to be very
resource-intensive, as they require either diagonalizing large Hamiltonian matrices
or directly simulating the full wavefunction, both of which scale exponentially with
the system size. For example, exact diagonalization is a widely used method [168],
but it becomes computationally infeasible for systems with more than a few dozen
particles, as the Hilbert space grows exponentially. Krylov subspace methods
[169], which provide a more efficient means of approximating matrix exponentials,
but they still face challenges when dealing with large or dense matrices. Moreover,
these methods can be difficult to apply in systems exhibiting strong correlations or
long-range interactions. Tensor network methods for time evolution developed over
the past two decades have managed to leverage the compact memory-optimized

form of the truncated matrix product state, making them the gold standard for

most time evolution applications in one-dimensional systems [154].
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The first tensor network time evolution schemes to be widely adopted made use of a
time Trotterization approach, which decomposed the exponential of a total Hamil-
tonian into a repeating sequence of simpler short-time evolutions of its individual
non-commuting terms. The earliest of these was the so called Time-Evolving
Block Decimation (TEBD) [161), 170], which implemented a Suzuki-Trotter time
step decomposition e—iHAt/h [171l, 172], providing a simple and scalable MPS time
evolution method for low entanglement states. This family was later expanded by
the tDMRG method [173, 174], which extended the DMRG algorithm, typically
used to calculate ground state energy, to time evolution. However, these methods
have the drawback of Trotterization error as well as a fixed bond dimension, which
can lead to truncation errors as entanglement increases during an evolution. One
way this can be mitigated is using a two-site update scheme to adaptively change

the bond dimension the MPS and thus evolve for longer.

Another limitation to TEBD and tDMRG is that they are applied as local opera-
tors, meaning that they are not built to properly capture long range interactions
in a system. The Time-Dependent Variational Principle (TDVP) [162, 163, 175]
has emerged as a powerful alternative for time evolution, and in particular for
systems with long-range interactions. The method projects the Schrodinger equa-
tion onto the MPS manifold, ensuring an optimal variational evolution of the state
while dynamically adapting the bond dimension. This enables TDVP to efficiently
handle non-local interactions by evolving the MPS within its natural variational
subspace. Furthermore, like TEBD the TDVP method can be readily applied to
imaginary time evolution [I76], opening the doors for finite temperature analysis.
All this makes TDVP particularly well-suited for studying the a system such as
the transverse-field Ising Hamiltonian with long-range interactions discussed in
the later chapters of this thesis (see Eq. ), where power-law decaying cou-
plings can introduce significant entanglement growth over time. By allowing for
an adaptive bond dimension and avoiding Trotterization errors, TDVP provides a
accurate and adaptable method for capturing the complex quantum dynamics of

such systems.

3.2.5 Time evolution with TDVP

The TDVP algorithm [162, [163] is a fundamentally different approach to time

evolution than other TEBD based MPS time evolution schemes. Such schemes
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adapt the Lie-Trotter-Suzuki approximation for Hamiltonian exponentiation [I71]
to the MPS formalism, forming Trotter gates that can be applied to a given MPS
to mimic the unitary evolution operator. Instead, the TDVP approach considers
the variational manifold M of a given MPS, or in other words, the set that makes
up the state-space of all possible states that can be occupied by an MPS [ip) with
a given bond dimension D. We also define A as the set of all the site dependent
tensors A7 - that multiply to make the state [¢)p(A)), that exists in the manifold
M 4. Applying time evolution to |¢p(A)) amounts to applying the Schrodinger

equation

Ao _ ittt (). (3.19)
However, because the Hamiltonian H naturally includes all states of the Hilbert
space, applying such a unitary time evolution results in a state that has, at least
partially, left M 4. As opposed to applying a truncated local approximation to
—iH as done in TEBD, TDVP implements a projector operator PTMA that projects

the Schrodinger equation onto the tangent space T, of M4

Olvp(A))

o = —iPr. Hlvp(A), (3.20)

thus forcing the evolved state to remain within M4 at all points of the evolution.
At face value, this approach leads to a complicated set of non-linear equations
that must be solved for all the degrees of freedom represented in [ip), limiting the
system sizes for which this approach was practical [162]. However, a breakthrough
came in the realization that for an MPS in the mixed canonical form the projection

operator can take the form

N N-1
PTMA _ Z]ggzn—u ® —fn ® p}[{n—f—l:N] . Z pg:n] ® p}[%n—I—l:N}’ (3‘21)

where P; and 153 are site dependent projectors for the left and right canonical

tensors of an N site system
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P = Z [oha) {0k (3:22)

Here the canonical states {gb[ln 1> and ‘gb[ N]> are truncated to the bond di-
mension D, and so the application of this operator corresponds to an orthogonal
projection on the reduced density matrix ps of [)p(A)) ensuring the evolved state
remains in M 4. The key advantage of writing the projection operator in this form
is that it is possible to perform an exact integral of both terms in Eq. . The
first term in Eq. can be independently applied to a given |¢)p(A)) arranged
in a one-site mixed canonical form |¢p(A))1, from Eq. (3.14), while the second
term is applied to the same state in the zero canonical form |¢p(A))g, from Eq.
. It is then also necessary to redefine the Hamiltonian MPO appropriately:
centered around n with a one-site center H 1n, and a zero site center ﬁOn such that
the right hand side of Eq. becomes

N
—iPr,, Hlpp(A) =—iY Pl Vel @ P ™ H,lvp(A),  (3.24)

N-1
iy B e PRy, un(A))o,

A diagrammatic representation of this equation is provided in Figure [3.6] If we
collect all the tensors that multiply to make up |¢p(A))1, and [p(A))o, into the
vectors Ay, and Ay,, and make these tensor sets time dependent, the application

of the full operator reduces to the solving of two independent differential equations

Ao (t) = iHon Aoy (1), (3.25)
Ay, (t) = —iHp Av (). (3.26)
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FIGURE 3.6: Diagrammatic representation of a single TDVP operation.
The diagram above illustrates Eq. [154] for a chain of seven sites using a
variety of MPS elements introduced in Figures[3:2][3:3|[3.4] 3.5]. On the left hand
side of the equation we have a mixed canonical MPS of the evolved state. On the
right hand side we see the two terms of the projector operator PTM highlighted
in red, and the corresponding single- and zero-site Hamiltonian applied to the
correct form of the initial state. Subscripts {0,4} and {1,4} denote single- and
zero-site tensor elements centered around the fourth site. The TDVP is applied
with respects to the fourth site only, and the direction of time is from down to

up.

This is effectively a system of N site dependent Schrodinger equations, with the

corresponding solution

Ao, (t) = exp[iHpat] Ao, (0), (3.27)
Ay, (t) = exp| — iH1,| A1,(0). (3.28)

Thus, we have turned our projected time evolution problem into an exponentiation
problem, for which we can implement the standard Suzuki-Trotter decomposition
and Krylov subspace method [I71, [I77] used in TEBD and its variants of time
evolution. Note here that the positive exponential in Eq. can be interpreted

as an evolution back in time.

The TDVP procedure then begins by a right to left sweep for all the sites along
the chain. For a given site n, we first rewrite the MPS into a mixed canonical
form with a one-site center around n to get a tensor vector A;,(0) at time ¢ = 0,
computing also the corresponding Hamiltonian operator Hi,. We then evolve
forward in time according to Eq. by a time step At/2, resulting in a new

set of evolved tensors Ay, (At/2). Next, we perform an orthogonal decomposition
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of the evolved central tensor A, (At/2), resulting in the the left orthonormal tensor
Ar,(At/2) and a tensor C,,(At/2). The tensor Ay (At/2) is now evolved and can
be saved. Following this, we use the evolved tensors Ay, (At/2) construct a zero-
site Hamiltonian operator Hi, (omitting the central site tensor), and use it to
evolve the tensor C,,(At/2) back in time by a time step At/2 according to Eq.
(3-27). Finally, we absorb the de-evolved C,,(0) into the right orthonormal tensor
Aprni1 on the next site, and rewrite the MPS in terms of a one site center at n+ 1
and redo the same steps to proceed with the algorithm. When the final site is
reached, we do not need to perform orthogonal decomposition or backwards time
evolution. To continue evolving we perform the same sweep but starting from
right to left, performing the steps of the procedure in reverse such that they yield

another evolution of At/2, leading to a total evolved time of At after two sweeps.

These steps constitute the TDVP algorithm for a single- site update, but simul-
taneous two-site updating is also possible, and is typically preferred in modern
applications as it is more efficient [I75]. Work is also being done to extend this
algorithm to multiple dimensions [I78]. For a mathematically rigorous derivation
of Pr,,, as well as the derivations and solutions of the differential equations that
arise from applying it to an MPS, the reader is referred to [179], with the corre-
sponding TDVP single- and double-site algorithms outlined in [I75]. Given that
PTM can be constructed for arbitrary Hamiltonians, the TDVP method can be ap-
plied to systems with long range interactions for real and imaginary time, making
it perfect for the Rydberg spin chain simulations performed in this thesis. From
this point onwards, any tensor network time evolution discussed in this thesis can
be assumed to have used the two-site TDVP algorithm implemented in the Julia
ITensor TDVP package [17].

3.3 Finite temperature calculations

Another important capability of the MPS formalism is to perform finite-temperature
calculations [152), 156], 180] [181], studying the thermodynamic properties of quan-
tum many-body systems that are often too large to be represented by exact di-
agonalization. To achieve this, MPS-based methods represent the entanglement
structure of one-dimensional thermal states efficiently as matrix product density
operators (MPDO), which can then be used to represent thermal states of arbi-

trary energy. The standard strategy described in the following chapters involves
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FiGure 3.7: Diagrammatic representation of a single site in a matrix
product density operator (MPDO). Diagram representation of the contrac-
tion of same site tensors of two copies of an arbitrary MPS |¢) = [¢'), written as
a single rank six tensor element of the corresponding MPDO p = |¢)(¢| [156].

representing the thermal density matrix p = e ¥ as a purified state by evolving an
initial infinite-temperature state in imaginary time using the TDVP algorithm dis-
cussed in Section [3.2.5 This approach allows for efficient computation of thermal
expectation values and correlation functions, providing deep insights into quantum
phase transitions, transport properties, and thermalization dynamics in strongly

correlated systems.

3.3.1 Matrix product density operators

While time evolution for MPS is typically defined in terms of pure states, the algo-
rithm can be extended to mixed states. The way this is done is by introducing the
MPDO [180], which, unlike a pure state density matrix p = |¢)(¢|, can represent
a general statistical ensemble. We define the MPDO as a set of tensors where each

site carries two physical indices (bra and ket). The full MPDO can be written as

! !
= Z MU e MY o owd ool (3:29)

0,0 a1 ‘lN
N

ko'k
-1 ak lvalwak

has a dimension d; X d;, and, to ensure the state is mixed and positive semi-definite,

Here, for every individual site k, a given MPDO matrix coefficient M

can be decomposed into

MUkU;c ZAok,wk >< 0k7wk ) )*’ (33())

!
Af—1,0)_1,0k,a) Ak—1,0k ak—l’ak
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where wy, is the ‘purification index’ (or Kraus index). The presence of this index
allows the MPDO to represent a state with a rank higher than 1; specifically, the
state is pure only if the dimension of wy is 1 for all sites. Here, the matrices
Agr,,.., are also seen in Eq. as the building blocks of the original MPS. The
maximum dimension of the Hilbert space at a given site d,, is D, X D, 1, the
product of the maximum bond dimensions of the site and its adjacent site. The
larger the bond dimension D for these tensors the larger the entanglement that
can be represented within the given Hilbert space. This method can be used to

represent both mixed and pure states, and expectation values can be determined

simply by

<O>p = TT(OZ MUHU% / a 1015 7O-N><O-717"’ 70-}\[‘)- (331)

An—1,0n,0, 1,0y
O-O—/ alllN
o aly_
There are also different ways in measuring error between two MPDOs. For example
one can observe fidelity using F(p, p') = Tr(pp’), as well as the maximal overlap
between all possible purifications of p and p', given by P(p,p’) = Tr(\/\/PP'\/P)-

Figure provides a diagrammatic representation of the single site tensor of an
arbitrary MPDO.

3.3.2 Density matrix purification

Having defined MPDO that can represent both mixed and pure states, the next
step is to be able to ‘purify’ the MPDO such that we end up with a pure state on
which standard time evolution methods can be applied. The way to achieve this is
to express the MPDO in terms of a pure MPS defined over a larger Hilbert space.
It suffices to double the physical Hilbert space Hynys — Hpnys @ Hphys = P. Thus,
the MPDO acting on the physical space becomes a pure state in the doubled space
of physical and virtual ancilla sites, giving the procedure the name purification. In
order to obtain single-site tensors for the new purified state the six bond indices

depicted in figure 3.7 will have to be combined into three bond indices by renaming
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The result is a purified state defined on a doubled state space |p)) made up of phys-
ical sites oy and ancilla sites o},. Note that the original density matrix can always
be recovered by tracing out the auxiliary space p = Tr|p))((p|. Diagrammatically

we can describe the purification as

01 0y 0y o', oy 0’y
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FIGURE 3.8: Diagrammatic representation of a purified MPDO, de-
fined on a doubled state space MPS of physical and ancilla sites [150]

The bond dimension is heavily affected by state purification, with the doubling of
the Hilbert space leading to exponential growth in bond dimension D — D? for
the index set {/,} and the SVD without compression causes further increase dD?.
In order to keep the original specified bond dimension D, the purification needs
to be truncated and the spectrum of SVD in the second step needs to be trun-
cated after the D largest singular values. This resulting trade-off makes strongly
entangled states difficult to purify. Either the need for computational resources in-
creases quadratically or the accuracy, measured by the truncation weight, becomes

significantly worse.

3.3.3 Thermal state calculation

The main goal of finite temperature calculations is to numerically evaluate ther-
modynamic properties of a quantum system at a given energy. In practice this
amounts to accurate approximation of a thermal state at a given energy, compar-
ing it to a system at the same energy in order to gauge the level of thermalization

for various observables. For a system with a Hamiltonian H, the thermal state
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must be approximated as an MPDO pz oc e ?# where 8 = 1/T is the ther-
modynamic temperature of the system. To achieve this, we will first define an
infinite-temperature maximally mixed MPDO py, which is simply the identity
operator fph in the physical Hilbert space Hphys. The MPDO pg representing a

thermal equilibrium state at arbitrary temperature 5 can be expressed as

BH

ps = Z(B) e 2 poe”

BH
2

(3.33)

Here, Z(5) = Tr [e‘ﬁH] is the partition function, and the operator e~ can be

reached by successive application of
)%, (3.34)

which we interpret as an imaginary time evolution with S smaller steps of Af.

Since the Hamiltonian of interest in this thesis has long range interaction, imagi-
nary time evolution must be implemented using the TDVP algorithm (see Section
3.2.5)). The method is only defined in terms of an MPS and so it is necessary to
turn our initial infinite temperature MPDO into a MPS by purification py — |po)
shown in Eq. . After this we simply apply the imaginary time evolution
onto |po) in the doubled Hilbert space using TDVP algorithm to evolve to |pg)

using the small temperature step AS,

_AB T _ _ayT
Posas)) = e F HEHED o) o)) = (M2 @ e #HT/2) |g0)), (3.35)

where the original Hamiltonian H is applied to physical sites, and H is applied to
ancilla sites. The energy of the evolved state is tested throughout this imaginary
time evolution to monitor if the target energy for a given 3 has been reached. Also
note that the TDVP method requires two full sweeps along the chain to complete
a single evolution step, and so the implied factor of % is added to the desired time
step to ensure correct imaginary time step size for the physical sites. Once the
evolution has reached |13), thermal expectation values can be calculated directly

in doubled space using
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(0)s = (2(0)/Z(8)){ps|Olps), (3.36)

where Z(0) = d~, and the normalization factor (Z(0)/Z(3)) can be derived from
the expectation value of the identity operator in the doubled Hilbert space

1= (T, ot = Ttlpsln. = (2(0)/Z(8)Tx[|ps) (psl] = (Z(0)/Z(8)){pslps),

1

———— = (pglps). 3.37
ZoZB) - ) 337
Thus any given operator can be evaluated simply by
- pslOlp
(0); = elOles). (3.38)
(pslps)

The only difficulty is numerical, as the calculations must be performed in a dou-
bled Hilbert space after the infinite temperature MPDO is purified. Given that
imaginary time evolution operator is Hermitian, but not unitary, the state must
be normalized after every step of the evolution. We can always recover Z(f3) by
rearranging Eq. , allowing for the calculation of the thermodynamic con-

stants U(B) = (H)g, F(8) = —87'In Z(B) and thus S(8) = B(U(B) — F(B)). The

general procedure for the thermal state approximation thus takes the form:

1. Write down the purified MPS
The first step in the calculation is to reformulate the infinite temperature
temperature density operator as a purified MPS in doubled Hilbert space.
An infinite temperature MPDO ,p,, for a Rydberg chain of length N can be
factorized at every site [I52] giving

) 1

Po = de = (1)®N.

SHNS

This allows us to purify the mixed MPDO on each individual site indepen-
dently, resulting in N physical-ancilla pairs of pure states that can then
simply be multiplied to build up the final infinite temperature MPS in dou-
bled Hilbert space [po) = [po)1]po)2|po)s - - [po) n-

To define a purified state on the i site |pg); we use the fact that the partial
trace of a maximally entangled state is a maximally mixed state. Thus the

maximally mixed identity operator for the infinite temperature MPDO for
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site ¢ can be thought of as the partial trace over a maximally entangled
pure state in the physical-ancilla space. Any of the Bell states satisfy this

constraint, and for our purposes it will suffice to choose the singlet state

1
|p0>i = E |:|]‘pi0ai> - |0pz‘1ai>}’ (339)
where the numbers 1,0 signify spin up and spin down respectively, and the
indices p;, a; signify the " physical and auxiliary site. It is straighforward

to check that the original density operator can be recovered using

~ 1
Ppa = 5 [|1pi0ai><1pi0ai| - |1Pi0ai><0pi1ai| - |0pi1ai><1p¢0ai| + |0Pi1ai><0pi1ai|:|7
1. - ~ N ~ . “
Tra[ppa] = 2 [(Ip ® (0, )/)pa(Ip ® [0q,)) + (Ip ® (1q, )/)pa(Ip ® ’1a¢>)}7
1
= 5 [|Opz><0pz + |1pi><1pz‘ }

Therefore, in the case of spin chains, we can define the infinite temperature
purified MPS as a product state of N physical-ancilla singlet state pairs.
This simplifies the first step by avoiding manual purification to the initial

identity matrix, but does not generally apply in quantum systems.

2. Applying time evolution
The purified infinite temperature MPS |pg) is treated as a standard MPS
when applying time evolution |p4ag)) = exp [—%(H @I+1® HT)]|po) in
steps of AfS. Make sure to normalize the state after every evolution step.
In the case of long ranged interactions choose the TDVP method for time
evolution as detailed in Section B.2.5

3. Evaluating energy
Throughout the time evolution it will be necessary to monitor the energy of
the evolved thermal state and compare it to the final energy of our prepared
system. This can be done by evaluating <p5]ﬁp|p5) as described in Eq.
, where Hp = H®I+1I® HT is the doubled Hilbert space Hamiltonian
and [ is the thermodynamic temperature of the evolved state. If the energies
agree within the desired tolerance, we use our evolved state as a new thermal

state.

Given that we are evolving downward from the infinite temperature state, the total

evolution time is unclear and strongly dependent on the size of the time step, the
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size of the system, and the magnitude of the final 5. If the system size is too big,
the doubled Hilbert space time evolutions will take a long time, especially for a
small time step. Likewise, if the target [ is too close to the ground state energy,
then integrating along the Boltzmann distribution will take exponentially more
time steps. To mitigate these challenges, implementation of a variable time step
scheme is advised, with an adaptive step Af based on the norm of the energy
gradient |V E| that slows down when energy changes for every time step are too
large and stops when they become too small, along with a fixed thresholding
scheme that progressively reduces [ as it approaches the target energy up to a

predefined error tolerance.

Once the evolved state |pg) reaches an energy that is equivalent (up to an error
tolerance) to that of the system being studied, we have attained an approximation
of the theoretical 8 that corresponds to that system being it thermal equilibrium.
Thermalization in the system can be evaluated by comparing both the overlap
of the evolved thermal state with the target state of the studied system, as well
as comparing the difference between evaluating expectation values of different

observables.

3.4 Summary

In Chapter [3| we introduced the tensor network formalism as powerful modern tool
for numerical simulation of quantum systems. In particular, Section introduces
the concept of a matrix product state (MPS), in which the exponentially large ma-
trix of wavefunction coefficients of a quantum state is factorized into a chain of
lower-rank tensors. We discuss how the controlled truncation of such an MPS re-
sults in a numerically efficient approximation that can be used for simulating real
one-dimensional systems. A graphical representation of the MPS is also provided
in Section [3.2.1] improving the readability of tensor network calculations. Section
builds on this understanding by introducing the canonical form of the MPS
which implements an orthonormality constraint on the bonds in the tensor chain
to further improve the efficiency of MPS calculations, while Section discusses
matrix product operators (MPO) the tensor network equivalent of quantum oper-
ators. Both the canonical form of the MPS and the MPDO play a critical role in
the time evolution algorithms for MPS, which are first discussed broadly in Sec-
tion [3.2.4] before the focus is turned to the Time-Dependent Variational Principle
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(TDVP) in Section as the most suitable method for simulating time evolution
for a system with long-range interactions like the chain of Rydberg atoms in this

thesis.

In addition, Section [3.3| provides all the necessary tools to perform finite temper-
ature calculations in the tensor network formalism. In Section [3.3.1] we introduce
the concept of matrix product density operators (MPDO), as rank six tensors
which is the outer product of the bra and ket of an MPS, while Section pro-
vides a method of writing an infinite temperature MPDO in ’purified’ form as an
MPS in a doubled Hilbert space such that standard time evolution algorithms can
be applied to it. Finally, Section [3.3.3| implements imaginary time evolution on
the purified infinite temperature MPDO, providing a straightforward algorithm to
evolve the state from an infinite temperature to a target temperature that matches
the energy of a system of interest, thus approximating a thermal state that can
be used for comparison. This algorithm will play a central role when evaluating

thermalization in Chapter



Chapter 4

Phase noise in adiabatic state

preparation

Adiabatic state preparation can suffer considerable effects from laser phase noise
because it inherently depends on the precise control and tuning of laser parame-
ters over an extended period [38, [1T6] 118, 1T9]. Unlike sudden quenches or di-
rect excitations, which introduce high-energy perturbations, adiabatic ramps are
also sensitive to slow, cumulative errors. This makes adiabatic protocols an ideal
testbed for investigating the long-term impact of phase noise on quantum evolu-
tion. As the system follows a trajectory through parameter space, phase noise acts
as a time-dependent perturbation which causes excitation to higher energies which
over time destroy the adiabatic preparation. Since the energy structure of the sys-
tem evolves dynamically, different stages of a given ramp have varying responses
to the same phase noise, providing insight into the interplay between noise-driven
excitations and the underlying structure of the many-body Hamiltonian. In ad-
dition, the adiabatic framework enables systematic exploration of how different
noise characteristics, such as spectral content and strength, affect excitation dy-
namics. By tuning the ramp duration, transverse field strength, and detuning, it
becomes possible to probe regimes where phase noise leads to significant excita-
tion or, conversely, where its impact is suppressed. Additionally, adiabatic state
preparation offers a natural setting to investigate whether noise-driven excitations
result in thermalization and how deviations from thermal predictions arise due
to integrability constraints or specific noise features as will be discussed in the

following chapter. These factors make adiabatic protocols not only practical tools

66
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for generating complex quantum states but also powerful probes of decoherence in

many-body quantum systems.

The central findings in this thesis involve the simulation of a ground state adiabatic
preparation of a one dimensional Rydberg spin chain, a closed system in which
the effects of phase noise on system dynamics can be tested in isolation. The Ry-
dberg spin chain implements the long-range transverse field Ising model (TFIM),
a well-studied many-body model that leads to the formation of crystalline ground
states in which an increasing number of evenly spaced excitations is favored in
different Hamiltonian parameter sectors [41, 42, 59, 114 182]. These crystalline
ground states occur in the TFIM at a variety of parameter regimes, are robust
against small changes in the transverse field, and can be prepared adiabatically by
tuning the laser parameters in the Hamiltonian. The adiabatic theorem given in
Appendix [B] provides the tools necessary to traverse the Hamiltonian parameter
space and construct the linear adiabatic ramps discussed in this chapter, that allow
for the adiabatic preparation of crystalline ground states. Although more efficient
adiabatic experiments using ramps tailored to reduce timescales while maintaining
fidelity have since been proposed [20)], 183] and even experimentally demonstrated
[59], the relatively simple architecture with linear adiabatic ramps and stronger
long-range interactions discussed here is more conducive to the study of laser phase
noise effects themselves (as opposed to their interplay with a particular optimized

ramp), which is the main focus of this chapter.

The chapter is laid out as follows: after a brief introduction to the TFIM we discuss
how the competition in the Hamiltonian parameters gives rise to the previously
mentioned Rydberg crystals, the ground states that occur in specific parameter
regimes and exhibit long range ordering. Building on this understanding, the sub-
sequent sections of the chapter lay out a three-stage adiabatic state preparation
first introduced in [114], which was devised to prepare the antiferromagnetic (Z)
ordering along the spin chain. We analyze the performance and behavior of this
adiabatic state preparation using numerical exact diagonalization tools. Continu-
ing on, the second half of this chapter introduces laser phase noise into the TFIM,
providing an in-depth analysis of the impact that phase noise has on the final
fidelity of the prepared state for a variety of adiabatic ramp lengths, and phase
noise profiles. Finally, we probe the behavior of phase noise in a TFIM system by
analyzing the excitation dynamics in the energy spectrum. We do this by analyz-

ing excitation spectra of Rydberg spin chains after a time-independent evolution
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of the ground state, followed by a discussion of the dominant matrix elements
that describe the available energy transitions that can be excited with a given
noise source, giving us a broad picture of the different mechanisms that influence

dephasing at different stages along the adiabatic ramp.

4.1 The long-range transverse-field Ising Hamil-

tonian

The TFIM naturally maps to Rydberg atom systems because of the inherent struc-
ture of Rydberg interactions. By tuning the Rabi frequency and detuning, the
competition between interaction-induced spin order and quantum fluctuations can
be precisely controlled, making Rydberg arrays an ideal platform for simulating
quantum magnetism and nonequilibrium dynamics in the TFIM. Due to this map-
ping, the past decade has seen extensive research in the Rydberg generated TFIM
[49, [96], 184 185] and its many interesting features.

All simulations discussed in this thesis will be carried out in a one-dimensional

Rydberg spin Hamiltonian that takes the form

Q(t) ZN ZN ZN o
A A~ kT4l
HR: T s g —(S(t) k nk+Vdd m, (41)

kl>k

where the first term is the transverse field that drives the transitions in the system
at a Rabi frequency Q(t), and the second term incorporates laser detuning with the
prefactor §(t) mediated by the number operator i, = 0% — I. The terms d(¢) and
Q(t) are governed solely by the laser, and are tuneable in an experimental setting.
Finally, we introduce long-range interactions scaled by interaction strength Vg,
that enforce a Rydberg interaction penalty on neighboring excitations. We work
in the dipole-dipole interaction regime in which Rydberg states must maintain a
permanent dipole moment that is typically achieved through strong electric fields
[T8GHIKS], and long range interactions decay as a function of distance between sites
d® = |k—I|?, where k and [ are site indices, and the lattice constant is absorbed into
Viq. To emphasize long-range interactions, we have chosen to work in the dipole-

dipole regime with cubic interaction decay as opposed to the Van Der Waals regime
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with d=% decay. Although the Van der Waals regime is usually easier to realize
experimentally as there is no need to engineer Forster resonances between atoms
[189, [190], both regimes are accessible in modern systems [49] and have pros and
cons that enable the study of different physics [49-53, 98|, [191]. For computational
simplicity, we define all Hamiltonian parameters in units of interaction strength
which for the purpose of this chapter will be kept at an experimentally realizable
value of Vyq/2m = 10MHz, with A = 1 also assumed. This means that both Q
and J are expressed in units of Vj,, while time is given in units of 1/Vy,. In the
following section, we show how the competition between these three Hamiltonian
terms gives rise to ground states with crystalline ordering of Rydberg excitations

along the one-dimensional chain.

4.1.1 Crystalline ground states

Crystalline ground states have been of particular interest in many-body physics
communities over the past decade [192], describing phases of matter that exhibit
self-order into rigid structures that are robust to small changes in the Hamilto-
nian. In the case of trapped Rydberg atom arrays described in Eq. with
no transverse field (2 = 0), such crystalline states arise naturally as the lowest
energy eigenstates, as a result of the competition between laser detuning ¢ and the
interactions Vy,. Figure (a) provides a schematic diagram of this competition
for a one-dimensional array of atoms in optical tweezer arrays. In the absence of
a transverse field (2 = 0), if a far red-detuned (§ < 0) laser illuminates the array
there is little energy transferred into the system, and the ground state has no exci-
tations along the array. However, the energy in the system increases as J is tuned
up and the laser becomes blue-detuned (§ > 0) and gradually begins to overcome
the dipole-dipole blockade, making excitation more energetically favorable. This
leads to an excitation ladder in the ground state as it transitions from having no
Rydberg excitations to having incrementally increasing excitations. One can go up
and down this excitation ladder simply by changing J, as excitations arrange them-
selves uniformly to satisfy the dipole-dipole blockade as much as possible and thus
balance the energy in the system. Since their prediction, such crystalline ground
states have been studied theoretically [20, 114] and also observed experimentally
[42], 59].
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FIGURE 4.1: Crystalline ground states and ground state energy gap in
a one dimensional Rydberg spin chain. (a) Fraction of Rydberg excita-
tions along the spin chain Nr/N on a laser parameter surface plot /4. Also
provided are diagrammatic representations of three regions with stable number
of Rydberg excitations.The central lobe with excitation fraction Np/N = 0.5
corresponds to the Z, crystalline state, which forms for §/Vyy € [0,2], and is
robust against small increases of transverse field up to Q/Vyy ~ 0.4. (b) Surface
plot ground state energy gap AE,, in the parameter region of the Z3 crystalline
state with green to white color gradient.

A given crystalline ground state remains energetically favorable even after quan-
tum superpositions are introduced by increasing the transverse field, leading to
entire regions in the §/€) parameter space where only a single crystalline state is
represented in the ground state. Figure (a) provides the fraction of Rydberg
excitations along chain Ng/N in a parameter space plot /€2, clearly showing the
formation of regions with a uniform number of Rydberg excitation. In the case
of the dipole-dipole interaction regime of Eq. , two distinct lobes remain
stable in non-zero {2 regions; one with a fraction of total Rydberg excitations
Ng/N = 0.5, arranged in an antiferromagnetic (Z;) ordering along the chain; and
one that is filled with Rydberg excitations. If 6 > 0 is much larger than the
dipole-dipole interaction V; then the off-resonance shift that Rydberg atoms im-
pose on neighboring sites is overcome, and the most energetically favorable state
is one fully filled with Rydberg excitations as seen in the high  region of Figure
[4.1] The fragility of these ground states is heavily dependent on the ground state
energy gap AE,,, with a larger energy gap providing insulation from unwanted
excitations when such states are being prepared. Figure b) provides insight on
AFE in the region of the Z, ordered crystalline state in the form of a surface plot
on the same laser parameters. We observe that the Z, ordered crystalline region
is surrounded by a ring of low AF, which then begins to rise towards the center

of the lobe. Care must be taken in any potential preparation of such states that
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involves the tuning of laser parameters, as such experiments may suffer fidelity

loss when crossing regimes with AE that is too low.

It is also important to discuss the boundary conditions when performing numerical
simulations of the Hamiltonian in Eq. . For open boundary conditions, atoms
found on the edges of the chain experience less of the effect of Rydberg interactions
and are therefore more likely to achieve Rydberg excitation than atoms within the
chain. This means that energetically favorable Z5 ordering of Rydberg excitations
can be arranged in chains with odd number of lattice sites, but even number of
lattice sites incur a central domain wall after which ordering flips [41]. Ground
states with such a central domain are no longer represented by a single maximally
ordered state Z,, but rather a superposition of states with opposite orientations.
Hence, for clarity of the main elements of laser phase noise, we will omit discussion
of even chains where the ground state becomes a more complicated superposition of
degenerate states. Instead, the following sections describe a three-stage adiabatic
process that takes a Rydberg spin array with an odd number of atoms and a
ground state with no Rydberg excitations to one with a Z, ordered spin alignment
that has both outer sites excited to the Rydberg state.

4.2 Adiabatic state preparation in the TFIM

In the Hamiltonian defined in Eq. , the transverse drive, €(t), induces Ryd-
berg excitation, while the detuning, §(¢), controls the interaction-induced effective
energy landscape. By starting from a far-detuned, weakly driven regime and adia-
batically tuning both €2 and ¢ independently, the system can remain in the ground
state while being guided from a phase with no Rydberg excitations into a crys-
talline Z, phase, where Rydberg excitations are arranged in an alternating pattern
due to interactions. Numerical simulations of this adiabatic transition to the Z,
phase space, where the competition between the drive and interactions can be
systematically adjusted, provide a well-controlled testbed for studying the effects

of phase noise.

The exact adiabatic protocol we will follow was first proposed in [114], and has also
been designed for the one-dimensional Rydberg spin Hamiltonian in the dipole-

dipole regime. The protocol consists of three linear ramps that tune 2 and o
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FIGURE 4.2: Three-stage adiabatic preparation of a Z; ordered crys-
talline state. (a) Hamiltonian parameters for three stage adiabatic state
preparation of a Zs ordered crystalline state for a 11 atom Rydberg chain. Pa-
rameter {2 (red) is tuned linearly in stages 1 and 3 for periods 77 and T3, while
0 (green) is tuned linearly only in stage 2 for a period of T». (b) Concurrent
fidelity measured as overlap between the ground state [¢)g,) of the instantaneous
Hamiltonian Hg(t) and the evolved state [¢)). (c) Energy gap AEg, between
the instantaneous ground state and the first excited state. (d) Parameter space
plot from Figure with added adiabatic ramps. Also shown is a schematic
diagram of crystalline ordering of excited (red) and non-excited (blue) atoms for
initial and target many-body state. The path for the three-stage adiabatic state
preparation studied is shown with color gradient from white to green tracking
AFE,.. All parameters are provided in units of interaction strength V.

independently. The goal of the procedure is to take a ground state with no Ry-
dberg excitations to a ground state with Z, ordered Rydberg excitations, while
maximizing the ground state energy gap, AE,,, throughout most of the protocol
to mitigate diabatic excitation out of the ground state. The initial Hamiltonian
chosen is thus far detuned at laser parameters Q/Vy; = 0.1 and §/Vyy = —3, where
a non-interacting ground state can be prepared experimentally by optical pump-
ing. The target Hamiltonian occurs at 2/Vyy = 0.1 and §/V,y = 1.1 with a much
smaller AE,, and a ground state with Z, excitation ordering. We choose to start
and finish at ©/V,; = 0.1 as opposed to Q/V;4 = 0 to ensure that the many-body

ground state is well-defined throughout the protocol by avoiding degeneracies.

Figure sketches out how this three-stage adiabatic state preparation looks in
practice. Figure [1.2(a) provides a sketch of typical values for Q(t) and §(¢) at the
three different stages of preparation, with the system reaching a maximum Rabi
frequency of Q/Vy4 = 0.6, and with independent parameter variation rates during
each stage. The adiabatic protocol is also projected onto the 2/ parameter plot
in Figure e) to illustrate the path taken from the initial ground state without
Rydberg excitations to the target ground state with Z5 ordering. Figures (b,c)
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show the concurrent changes in AE,, and ground-state fidelity after a simulation
of such an adiabatic state preparation for an 11 atom chain. Since the evolution
time is finite and thus not perfectly adiabatic, there is a small amount of excitation
away from the ground state and into higher-energy states throughout the process
leading to a drop in the overall fidelity. At the end of stage 2 and beginning
of stage 3 of the protocol there is a critical region where AE,, decreases making
excitation of higher energy many-body states and a drop in fidelity more probable.
Most diabatic excitations occur around this parameter region, with some fidelity
recovering towards the end of stage 3 as the ground state energy gap increases once
again. In the next sections, we will probe this loss in fidelity for different variation
rates to get a more complete understanding of the behavior of our system before

adding and studying laser phase noise.

4.2.1 Energy gap and the variation rate

Unwanted excitations out of the ground state in adiabatic state preparations occur
mainly due to violations of the adiabatic constraint which is provided in Appendix
, Eq. . If the variation rate of a given Hamiltonian parameter is large
in comparison with the instantancous AFE,,, the system can undergo diabatic
transitions as some of the population in the ground state becomes correlated with
the first few excited states, leading to oscillation. If not kept under control, over
time such transitions cause loss of ground-state occupancy and an overall drop in
fidelity. Combating this diabatic loss of fidelity can only be achieved by a decrease

in the variation rate of laser parameters in the critical regions of the ramp.

This dependence between diabatic excitation and the parameter variation rate
can be observed directly in the case of the three-stage adiabatic ramp discussed
in Figure [£.2(a—c), where different variation rates correspond to distinct evolution
times T, Ty, and T3. For stage 1 of the protocol, the evolution time is 11V = 9,
and due to the large ground-state energy gap in this far-detuned regime, even
such a short evolution time is sufficient to preserve 99.8% fidelity. However, it is
evident from Figure (c) that the most critical region with the smallest energy
gap begins at the end of stage 2 and is most dramatic in the first half of stage
3, resulting in increased oscillations in fidelity seen in Figure [4.2b) as diabatic
excitation populates the higher-energy states. Stage 2, with an evolution time

of ToV,;y, = 82, spans the parameter regime where the detuning is swept across
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FIGURE 4.3: Fidelity comparison for different variation rates for stages
2 and 3 of adiabatic state preparation. Ground state fidelity during an
adiabatic preparation of the Z5 ordered state in an 11 site spin chain introduced
in Figure with time and laser parameters scaled by interaction strength V.
Stage 1 preserves high fidelity at an evolution time 77 = 5 and is kept constant.
Each colored line represents a different total evolution time for stage 2 (7) and
stage 3 (T3) of the protocol, corresponding to a different variation rate A5/ AtV
across the change in laser detuning Ad/Vyy = 4.1 in stage 2, and a variation
rate AQ/ tded across a total change in Rabi frequency of AQ/Vyy; = —0.5 in
stage 3. A given variation rate is calculated by dividing the total change in
across the entire ramp of AQq, /Vyq = 0.45, by the total ramp time.

resonance, leading to a moderate drop in fidelity to 98.7%. The lowest energy gap
occurs during stage 3, which has a total evolution time of T3V,; = 50. Despite
this longer evolution time, the system experiences a more pronounced drop in
fidelity followed by a partial recovery as the energy gap rises again, with the final
fidelity stabilizing at 96.37%. It is thus crucial to understand how adjusting these

evolution times impacts the adiabaticity and overall performance of the protocol.

Figure [4.3] shows the drop in ground-state fidelity when using different evolution
times for stages 2 and 3 of the adiabatic protocol. In the case of stage 2, we observe
a rapid degradation of fidelity as the evolution time is reduced below T5V;; = 82
(as seen in Figure [1.2(b)), since faster variation rates lead to larger violations
of the adiabatic condition and make it increasingly difficult to maintain ground-
state fidelity. A fidelity above 99% is achieved only when the evolution time is
increased to ToVy; = 100. Similarly, varying the evolution time in stage 3 affects
both the magnitude of the drop in fidelity when the minimum ground-state energy

gap is crossed, and the system’s ability to recover afterwards. Here, an evolution



Chapter 4 Phase noise in adiabatic state preparation 75

time of T5V;; = 100 is required to provide sufficient diabatic suppression for the
protocol to conclude above 99% fidelity. Given that this simulation is performed
in an idealized closed system—where the loss of adiabaticity is the only source
of error—the total run time of Ti53Vyy = 209, corresponding to approximately
20.9 ps, remains relatively long compared to current experimental realizations
[42, 59]. Modern implementations of such ramps often employ nonlinear ramp
schemes [59] or counterdiabatic driving techniques [193] to further suppress dia-
batic excitations. Nevertheless, the adiabatic state preparation studied here serves
as a controlled and relevant many-body benchmark for investigating the effects of
laser phase noise in later sections. To isolate these effects and avoid unnecessary

complexity, we continue to employ linear ramp protocols throughout this work.

4.3 Introducing phase noise to the TFIM

In Section [1.1} Eq. we introduced the TFIM Hamiltonian for a one di-
mensional chain of Rydberg atoms, and used it in Section to implement an
adiabatic state preparation from a ground state with no Rydberg excitations along
the chain, to one with an antiferromagnetic Rydberg excitation pattern (see Fig-
ure [4.2). This type of many-body experiment is heavily reliant on a stable and
predictable laser drive, with detuning and Rabi frequency that can be dynamically
tuned to mitigate unwanted diabatic excitation. However, what happens to such
an experiment when the laser itself is noisy? The central findings of this thesis
concern exposing this adiabatic state preparation to laser phase noise, measuring
the effect such noise has on the fidelity of the final prepared state, as well as the

nature of the induced excitation out of the ground state.

Adding laser phase noise onto the optical drive of the TFIM amounts to a small
modification of the transverse field term in Eq. (4.1), which will now take the

form

P Q) & .
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where the transverse field ,6%, term has been written explicitly in terms of spin-up
D)k, (to signify a Rydberg excited atom) and spin-down ,|0), (to signify an atom
in the ground state) transition elements of the ,k'i, site, modulated by a phase
term with a uniquely generated noise signal ,¢(t), (see Section [2.3)), with the sign
of the applied phase reversed for the two transition elements to preserve unitarity.
Note that it is sometimes useful to work in the rotating frame in which phase noise
appears not as a phase factor in the transverse drive, but rather as a stochastic
term in detuning 6(f) — (t) — @(t), where ¢(t) is the instantaneous change in
frequency due to noise [194], [195]. We achieve this change of frames by applying
the unitary transformation U, = exp(—i¢(t) > nx), which is shown explicitly in
Appendix . Adding noise to the optical drive ,Q(t), results in dephasing of the
dynamics that accumulates and over time causes unwanted excitation out of the
ground state. We continue to work in the dipole-dipole regime with open boundary
conditions and cubic decay in long range interactions. Moreover, we once again
scale dynamics by a relative interaction strength Vy,/2m = 10 MHz where we
impose h = 1. The choice allows us to study many-body dynamics in a parameter
regime that is near to experimentally realized systems [59, [116], while still being

in reasonable range with the peak frequencies of the used noise signal at 480kHz

(see Figure [2.6).

In the context of adiabatic state preparation, where the dynamics are designed
to follow a carefully controlled path through parameter space, the presence of de-
phasing noise can be particularly disruptive. Even if diabatic errors are suppressed
by a sufficiently slow ramp, accumulated phase fluctuations can introduce latent
energy into the system, driving excitation out of the ground state that does not
respect the adiabatic trajectory. The severity of this impact depends not only on
the noise strength but also on its spectral structure, its resonance with many-body
energy gaps, and the integrability of the underlying Hamiltonian. The following
sections will explore the impact of phase noise on adiabatic state preparation by
evaluating final fidelity with the target ground state, as well as a deeper look into
the nature of the excitation such noise induces by performing a matrix element
analysis of the excitation spectrum. The generation of a realistic laser phase noise
used in the following Sections was the main topic of Chapter [2, and the spectral
profile used along with several example noise realizations can be found in Figure
2.0l
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4.4 Effects of phase noise on fidelity

The first step in analyzing the impact of laser phase noise on adiabatic state prepa-
ration is to look directly at the performance of noisy preparation, by evaluating
fidelity. To this end, the following section focuses on the effects of noise on the
final prepared state after performing the adiabatic state preparation discussed in
Figure 4.3| evaluating stages 2 and 3 independently. We analyze the energy of the
prepared state along with its fidelity with the target Z ordered ground state of the
final Hamiltonian, repeating this analysis for different laser parameter variation

rates, interaction strengths between sites, and noise strengths.

Figure demonstrates the error caused by noise induced dephasing when mea-
suring the fidelity of the final prepared state with the target Z, ordered ground
state for stages 1 and 2 in plot (a), and separately for stage 3 in plot (c) of the adi-
abatic protocol. To generate data for stage 3 we use the prepared state at the end
of stage 2 that corresponds to the highest fidelity. In addition, the energy of the
final prepared state relative to the ground state is also provided, in (b) for stages
1 and 2, and in (d) for stage 3. Each data point in Figure thus represents
a final fidelity or energy, averaged across 100 independent noise realizations of
adiabatic ramps simulated at a given variation rate and system size, with a black
line showing an 11-site system with no laser phase noise for reference. Consistent
with Figure [4.3] when no laser noise is present, we see continued improvement in
fidelity as the evolution time increases and diabatic excitations are suppressed.
This improvement is rapid for short evolution times and more gradual in the case
of longer ramp times. However, the addition of phase noise causes an overall drop
in fidelity for preparation across all evolution times, and in particular for longer
evolution times where the cumulative dephasing leads to prolonged excitation out
of the ground state. This difference in fidelity and energy is present for both stages
and is best observed for the system size of N = 11, with a clear divergence between

realizations with and without noise.

Looking at the final fidelity of the prepared state at the end of stage 2, Figure
[1.4(a) shows the competition between diabatic and dephasing excitations, as both
have very different excitation profiles and opposite relationships to evolution time.
While diabatic excitation involves low energy eigenstates and occurs for short evo-

lution times after loss of adiabaticity during fast €2 and  variation rates, dephasing
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FIGURE 4.4: Fidelity and energy after adiabatic state preparation of
stages 2 and 3 with laser phase noise. Final fidelity of prepared state
|¥(T')) with Zy ordered ground state |1g,(7")) and final energy Er relative to
the ground state energy Eg. = (Ygr|Hp|tgr) after simulations using different
evolution times 75 for stage 2 (a,b), and T3 for stage 3 (c,d) in the adiabatic
state preparation described in Figure |4.3| with added laser phase noise. Colored
lines show results for noisy state preparation with a variety of system sizes, while
the black line provides a reference for 11 sites and no added noise. Optimal
values of T3 resulting in highest fidelity for a given N are highlighted in larger
magenta circles in (a), with their final states used for T3 analysis. Each data
point has error bars showing associated standard error after averaging over 100
preparations with unique laser phase noise signals generated from the same
power spectrum in[2.6] These results have been calculated using tensor network
simulations using the iTensor package in Julia [I7], with time evolution achieved
using the TDVP algorithm described in Section [3.2.5] with a maximum bond
dimension of 100.

excitation can affect higher energy states and occurs after the gradual accumu-
lation of phase errors in the laser drive affecting longer evolution times. This
gradual accumulation is precisely why the standard error across all plots in Figure
[4.4]increases with time and individual trajectories begin to diverge as independent
phase errors build up. The competition between the two excitation mechanisms
leads to the emergence of an optimal time 755, which is long enough to suppress
most diabatic excitation but short enough to allow only small dephasing, thus cor-
responding to the largest achievable fidelity for a given system size. For stage 2 of

the adiabatic state preparation T5o remains roughly consistent between different
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system sizes, as diabatic excitation remains low except for the shortest evolution
times, and the frequency profile of the added noise is the same across all simula-
tions, and the generated noise signals take approximately the same time to begin
affecting dynamics. The transition from mainly diabatic to mainly dephasing exci-
tation occurs at a comparatively short evolution time of T5V,;; &~ 60 for all system
sizes, as the ground state energy gap during this ramp remains large enough to
permit faster variation rates without inducing excessive diabatic excitation (see
Figure [1.2|c)). For stages 1 and 2, in ramps that are longer than 75V = 60 dia-
batic excitation becomes insignificant, and we see a steady degradation of fidelity
as phase error accumulates. In the context of added energy, Figure (b) echoes
the transition between the two noise sources at T5Vy; ~ 60 as we see a clear shift
in the rate of energy added by diabatic excitation and dephasing, with dephasing
noise being a much more gradual process. Interestingly, for short evolution times
energy appears to be lower for larger systems, since they have a higher density of
states and smaller energy gaps, making it easier to excite diabatically out of the
ground state and into states that have less energy with respect to the ground state
than in the case of smaller systems. For longer adiabatic ramps we see energy rise
linearly as a function of the time that phase noise has to accumulate, and this

energy consistent across all system sizes since the same noise profile is being used

Moving on to stage 3 in Figures (c,d), we see that the dynamics become very
different due to the dramatic increase in diabatic excitation as the system passes
through a critical region in the parameter space where the ground state energy
gap becomes very small (see Figures [1.1(b) and [.2{c)). In Figure .4|c) this
increase in diabatic excitation leads to much larger losses in fidelity that are more
acute for larger system sizes, as they exhibit a larger density of states and smaller
energy gaps. The improvements in fidelity from mitigating diabatic excitation
when moving from short to longer evolution times are also much more gradual in
stage 3 than across stages 1 and 2, where only ramps shorter than 75V, = 50
were strongly affected and the optimal ramp time remained consistently around
1oV = 75. Instead, the optimal evolution times in stage 3 increase with system
size, from T3Vy; = 100 for 11 sites, to T3Vyy = 167 for 17 sites, and T3V = 200
for 23 sites, as larger systems sizes are increasingly more susceptible to diabatic
excitations and the variation rate must reduce considerably even at the cost of
more dephasing. This system size susceptibility is echoed by Figure (d) where
increasingly long evolution times are needed to return to the linear slope for which

dephasing noise dominates added energy. This is consistent with recent analysis
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FIGURE 4.5: Final fidelities and energies after adiabatic state prepara-
tion with varying interaction strength V;; and noise strength m. Final
fidelities of the prepared state |¢)(13)) with Zy ordered ground state |14, (73))
along with corresponding energy F(T3) relative to the ground state E,,.(73) for
the adiabatic state preparation described in Figure [4.3| with optimal evolution
times for stage 2 (T5Vyq = 82) and stage 3 (T5Vyq = 83). Results are provided
for a variety of system sizes N, and two varying parameters. Final fidelity (a)
and energy (b) for different values of Vy;/27 ranging from 0.1 — 10MHz. Fi-
nal fidelity (c) and energy (d) for different linear scalings of magnitude m are
applied directly to phase noise ¢(t) — me(t), as was previously demonstrated
in Figure [2.8] Error bars show standard error after averaging 100 preparations
with unique laser phase noise signals. These results have been calculated using
tensor network simulations using the iTensors package in Julia [I7], with time
evolution achieved using the TDVP algorithm from Section [3.2.5] with a maxi-
mum bond dimension of 100.

[20], predicting exceedingly long adiabatic ramps for larger system sizes due to

diabatic losses.

Continuing the analysis, Figure demonstrates the impact that a change in

Viq and noise strength has on the performance of the adiabatic protocol despite

using optimal variation rates. First, Figures (a,b) show the final energies and

fidelities after performing the protocol for a variety of V,; values which, given that

the laser parameters used are expressed in units of V4, shift the energy scaling of

the entire system. Since the frequency profile of the noise remains constant with
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a broad peak in power at 480kHz (see Figure , tuning Vy,; directly shifts the
transitions to higher energy levels in and out of resonance. Phase noise made up
of frequencies that are too high or too low relative to the dynamics of the system
inhibits the transfer of power into the system, thereby causing less excitation out
of the ground state. This is why Figures (a,b) show that the lowest energy
added to the system, and thus the highest fidelity achieved, occurs furthest away
from the peak noise frequency at V;; = 10MHz, with a dramatic degradation in
fidelity as the affected frequencies are approached at Vy; = 0.5MHz, and a visible
improvement as they are surpassed. The result motivates the choice of 10MHz
as a reasonable regime to test the performance of the protocol in Figure [4.4] and
demonstrates that even if phase noise is present in a laser, the effects of phase
noise on many-body experiments can be effectively mitigated by moving dynamics
far away from affected frequencies. A similar conclusion was previously shown for
single atoms and two qubit gates in [38, [116]. Following this, Figures [4.5]c,d) test
how the protocol performs for different noise strengths by introducing a factor m
that linearly scales the phase noise to ¢(t) — m¢(t) (see Figure [2.8). The results
demonstrate the susceptibility of such adiabatic protocols to phase noise, as we
observe an almost complete degradation in fidelity with the target ground state

within a single order of magnitude of amplification.

Studying the effects of phase noise on fidelity provides useful experiment-specific
insight on imperfect adiabatic ramps in many-body systems. However, the measure
considers only the ground state, revealing little about how dephasing distributes
excitations across the energy eigenstates of the system. To get a deeper under-
standing of the mechanisms through which dephasing excitation propagates we
have to analyze the full Hilbert space. The following section provides an anal-
ysis of the excitation dynamics for laser phase noise by studying the full energy

spectrum of a one-dimensional chain of Rydberg atoms.

4.5 Excitation dynamics

To understand how laser phase noise excites a many-body system it is necessary
to look beyond aggregate measures such as fidelity loss and total energy, and
instead analyze how energy is distributed across the full Hilbert space. This section
presents a detailed study of excitation dynamics in a one-dimensional Rydberg spin

chain by examining how phase noise couples the ground state to other eigenstates.
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To make the problem tractable, we consider a smaller system of N = 11 atoms,
which allows for full diagonalization and symmetry-resolved analysis. We first
explore how reflection symmetry splits the Hilbert space into distinct sectors,
constraining the allowed transitions. We then evaluate matrix elements between
instantaneous eigenstates at different points along the adiabatic path to identify
which excitations are most strongly driven by phase noise. Finally, we supplement
the matrix element analysis with a discussion of the excitation spectra of noisy time

evolution under static Hamiltonians at various stages of the adiabatic preparation.

One of the goals of this analysis will be to reveal how integrability and spectral
structure influence the ability of phase noise to spread energy throughout the sys-
tem. However, before beginning the discussion on excitation dynamics is useful
to define what is meant by integrability in the context of the Rydberg chain Ising
Hamiltonian we are simulating in this thesis, as this term may often be used to
cover a wide range of phenomena across different systems. In this work, integrabil-
ity refers to the regime where the system’s dynamics are governed by a complete set
of conserved quantities, resulting in a highly structured and ‘predictable’ energy
spectrum. In the limit of 2 — 0, the Hamiltonian reduces to a Ising model where
the number of Rydberg excitations is conserved, as without the transverse field
there is no mechanism to flip the states of individual sites. Consequently, eigen-
states are simply computational basis states, and the ground state is determined
by the competition between § and Vyy. In this integrable regime, the system is
‘stuck’ in a specific energy sector with different degenerate configurations with the
same number of Rydberg excitations. As the transverse field € is increased, these
conservation laws are broken, and the system transitions into a non-integrable, or
chaotic, regime. While the transition to a non-integrable regime is gradual and
impossible to pinpoint precisely, it is marked by a break-down of degeneracy as
Q) introduces state mixing which makes the degenerate computational states form
superposition states with varying energies. At larger {2 the once isolated energy
sectors merge into one sector with a high density of eigenstates that have dis-
tinct energies, making dynamics in such a system much more complex, as different
couplings between states across the entire energy spectrum become accessible. Dy-
namics in such non-integrable systems becomes much more difficult to calculate
especially at larger system sizes. The following discussions aim to show how this
breakdown of integrability acts as a bridge, allowing phase noise to couple the
ground state to a dense manifold of excited states that would otherwise be inac-

cessible in the highly structured and disconnected energy spectrum of the strictly
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integrable Hamiltonian.

4.5.1 Reflection symmetry

Importantly, the Hamiltonian defined in Eq. (4.2) has a reflection symmetry in
the computational basis. Limiting ourselves once again to odd numbers of sites, a

reflection operator that flips all sites about the center of the chain can be defined

in terms of oy = (0, +i0,)/2 and o_ = (0, — i0,)/2 operators as
(N-1)/2
. { (&_(i)&(_Nerl) 4 60 =) (4.3)
i=1

+ %(1 + &9&9‘””))} ® 1),

where ¢ = (N + 1)/2 is the central site index and we leave it unchanged by
applying the identity. The first two terms in the operator flip sites at either end
of the chain while the third term ensures the preservation of the spin alignment
if both sites are in the same state. The Hamiltonian in Eq. can be shown
to commute with this reflection operator, including the interaction term which
governs diabatic excitation and the transverse field term through which phase
noise is introduced. As a result, both forms of excitation in the system respect this
reflection symmetry, leading to a Hilbert space that is split into two independent
symmetry sectors of eigenstates made up of symmetric (for example: [110)4]011))
and anti-symmetric (for example: |110) — |011)) superpositions of computational
states. Moreover, for open boundary one-dimensional spin chains with an odd
number of sites, there will always be computational states that are invariant under
reflection. The crystalline states discussed in Section that dominate the
ground state for low values of €2 are one such example of reflection invariance. Such
reflection invariant computational states are only represented in the symmetric
energy eigenstates. This means that if the initial state is fully represented by
one of these symmetry sectors, as is the case with the symmetric ground state at
the beginning of the adiabatic state preparation, all dynamics will be confined to
that symmetry sector. This effectively inhibits excitation in approximately half of
the Hilbert space, as the fraction of symmetric and anti-symmetric states remains

roughly 0.5, with minor changes between different Hamiltonian parameter regimes.
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FIGURE 4.6: Energies of symmetric eigenstates as a function of §/Vyy
for stage 2 and Q/V;, for stage 3 of the adiabatic protocol. A plot of
symmetric energy eigenvalues of the Rydberg Hamiltonian defined in Eq.
as a function of (a) detuning ¢/Vyg with constant Rabi frequency ©/Vyq = 0.6
(as seen in stage 2 of the adiabatic protocol), and (b) Rabi frequency /Vyy
for a constant detuning of 0/Vy; = 1.1 (as seen in stage 3 of the adiabatic
protocol). Red lines mark final and initial € throughout stage 3, such that the
set of eigenvalues at 0/Vyy = 1.1 in () is the same as the set of eigenvalues at
/V4q = 0.6 in (b) marking the initial regime in stage 3.

4.5.2 Energy structure and integrability

Figure 4.6|shows the separation of eigenenergies corresponding to symmetric eigen-
states as a function of the laser parameters in stages 2 and 3 of the adiabatic
protocol. In the case of stage 2 in Figure (a), we are working at a constant
Rabi frequency of Q/Vy; = 0.6, and ramping up from a red-detuned regime with
0/Vaa = —3 to a blue detuned regime with §/V,; = 1.1, which gradually lowers
the energy gap between eigenstates and lowers the energy required for many-body
states with Rydberg excitations along the chain to be more favorable. The non-
zero €2 throughout this process ensures there is always a level of state mixing and
the system is in a non-integrable regime. In stage 3, shown by Figure (b), we
instead operate with a constant detuning of §/Vy; = 1.1 and the Rabi frequency
is ramped down from Q/Vy, = 0.6 to Q/Vyy = 0.1. The two red lines indicate
the minimum value for /V,, at the beginning and end of the protocol, as well
as the maximum value that is held constant through stage 2. Tracing the bottom
line, which represents the ground state energy, we see that the minimum ground
state energy gap which corresponds to the critical region of the preparation oc-
curs between Q/Vy, € {0.4 — 0.6}. For low values of Q/Vy, there is an underlying
structure of clustered energy eigenstates that is consistent with what one might
expect in an integrable Ising Hamiltonian. However, as €2/Vy, is increased there is
a rapid breakdown of this structure, as energy clusters merge and the total energy

spanned increases. This merging corresponds to the breaking of integrability that
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occurs when a transverse field is applied to the Ising Hamiltonian. This transition
from an integrable to a non-integrable system is captured within the maximum and
minimum §2/V,,, with the low energy eigenstates that typically dominate dynam-
ics in ground state protocols appearing mixed at the highest values and starting
to segregate after Q2/V,; = 0.2, and will be shown in the following sections to have

direct implications for phase noise excitation.

4.5.3 Matrix element analysis

The anatomy of excitation in a quantum system is governed by transition rates
between different energy eigenstates, and the ability of a given excitation mecha-
nism to transfer energy through those available channels. In terms of laser phase
noise acting on a ground state, the crucial factor is the density of energy eigen-
states both with a high enough transition rate with the ground state and that are
resonant with the frequency components carrying significant power in the noise
spectrum. The relevant operator that mediates excitation along the spin chain
is the many-body number operator n, or equivalently, the many body operator
0, = Z’]j o operator. Thus, working in the rotating frame in which noise acts on
the system as — [5 (t) — (b(t)} SV iy, (see Appendixfor details), we can evaluate
available transition rate to any energy state ,|F,,), by calculating the square of
the off-diagonal matrix elements [{E;|6.|E,,)|?, where [ is an index of all states
along the Hilbert space [ € [0,2V]. As discussed in the previous subsections, we

only consider symmetric eigenstates.

Figure [4.7] shows the distribution of transition rates between different many-body
energy eigenstates for the Hamiltonian defined in Eq. with parameters that
occur at four different points throughout stages 2 and 3 of the adiabatic state
preparation studied in this chapter. Each plot shows transitions for the ground
state | o), along with transitions for the state with the highest transition rate with
respect to | Ep), in addition to states that have the highest transition rates with the
preceding analyzed state. In this way, we trace the most probable excitation path
for a population starting in the ground state, getting insight on how excitation
dynamics changes throughout the protocol. Each analyzed state is marked by a
dashed line of the same color as its transition rates, and we denote higher energy

states as |F,) where the index = represents the order in which they appear in the
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FIGURE 4.7: Transition rates for eigenstates of different Hamiltonians
along stages 2 and 3 of the adiabatic state preparation for 11 sites.
Off-diagonal matrix elements representing transition rates of the many-body
operator 7, = kN 6% between energy eigenstates |E;) of Hamiltonians at dif-
ferent points during stages 2 and 3 of the adiabatic state preparation initialized
in the ground state |Ep). We show results for the initial Hamiltonian of stage 2
(a), with laser parameters /Vgq = 0.6 and 0/V44 = —3, an intermediate stage
2 Hamiltonian with parameters (b) Q/V4q = 0.6 and 6/V4y = —1, the initial
Hamiltonian of stage 3 (c¢) with parameters Q/Vy; = 0.6 and 0/Vgg = 1.1, as
well as the final Hamiltonian of the protocol (d), with parameters 2/V45 = 0.1
and 0/Vgg = 1.1. Dashed lines mark energies analyzed states starting with the
ground state (blue), the state with the highest ground state transition rate (yel-
low), and subsequent states that correspond to the highest transition rates from
the preceding state (green, red). Dots of matching color represent off-diagonal
matrix elements for that state.

energy structure. Note that different eigenstates may occupy the same index at

different stages of the protocol as the energy structure changes dynamically.

We begin in Figure (a) with the Hamiltonian occurring at the start of stage 2,
where there is a single dominant transition from the ground state |Ep) to the sixth
excited eigenstate |Eg) at an energy of Fg/Vyy ~ 3. The remaining non-negligible
transition probabilities are at least an order of magnitude smaller, found at a
similar energy to Fg. As |FEg) becomes excited over time, its transition elements
also become relevant, with two dominant excitation channels that excite upwards
to |Eqg) with energy FEog/Vyq =~ 6 and other nearby states, or de-excite back to
|Ey) leading to an oscillatory behavior between the two states. This behavior
is repeated for |Ey). Comparing with the stage 2 eigenstate distribution plot
in Figures [4.6[a) we see that the large negative detuning 6/Vyy = —3 in this

regime makes higher energy states energetically unfavorable, resulting in lower and
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sparser transition rates that require more noise power to overcome large energy
gaps. Moving on to transition rates in Figure (b), occurring in a parameter
range directly in the middle of stage 2, we see a marked drop in energy gaps
between eigenstates and an increase in their transition rates as detuning becomes
less negative at 0/V;y = —1. The state | Eg) now appearing at an energy Eg/Vyy =~
1.3 remains the preferred transition from |Ey), with small cohorts of higher excited
states also becoming relevant. The increase in ¢ throughout stage 2 decreases the
energy gaps between states (as seen in Figure [4.6(a)), such that diabatic and
dephasing noise require less energy for excitation. Coupled with a high transverse
field of ©Q/Vyy = 0.6 that keeps the Hamiltonian non-integrable by introducing
state mixing that makes delocalized transitions (transitions which are far apart
energetically) more favorable, stage 2 reconfigures the energetic structure not only
to make phase noise excitation out of the ground state more likely, but also to
increase the occurrence of subsequent excitation to disperse added energy across
the entire spectrum. The culmination of these effects can be seen at the transition
point between stages 2 and 3 in Figure [1.7](c) with laser parameters Q/Vyy = 0.6
and 0/Vyg = 1.1, where we see a dramatic increase in both the density of available
state and the magnitude of their respective transition rates. The highlighted
excitation path of |Ey) — |E13) — |Ess) — |Eass) is the most dominant, forming
an array of equidistant peaks that can allow fast transfer of energy from the
ground state to higher energy sectors. Furthermore, the high number of eigenstates
with an elevated transition rate give phase noise a greater scope to excite the
system at a wider range of frequencies than at any other point throughout the
adiabatic process. In the final Hamiltonian of the adiabatic state preparation
with Q/Vye = 0.1 in Figure [4.7(d) we see that the excitation probability from
the ground state as well as the higher energy states becomes strongly suppressed.
For |Ep), the most dominant transition has a probability that is two orders of
magnitude smaller than the one in Figure (C), suggesting that the ground state
is much more robust to noise excitation in the final stages of the ramp. Moreover,
the energy eigenvectors that dominated the excitation dynamics in Figure (c)
appear as higher excited states, and the equidistant transition peaks of the matrix
elements are replaced with transitions for much smaller probabilities that cluster
near their respective eigenstate. This suggests that excitation due to laser phase
noise is much more constrained in the final stages of the experiment, with available

excitation states localized in energy and having smaller transition rates.

The differences between the last two sets of matrix elements can be explained by
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the competition between the two laser parameters in the Hamiltonian in Eq. .
As Q/Vy, is decreases, the integrability of the Hamiltonian changes, which has
strong implications on the transition element spectrum. This change transitions
the system from a non-integrable state with large state mixing to an integrable
state that approaches the Ising model [196], [197]. Higher integrability leads to
underlying structure in the energy levels, which form clusters separated by large
energy gaps (see Figure . Such energy gaps, coupled with the lack of transition
elements that are delocalized in energy that could facilitate excitation to different
energy regions, inhibit the spread of excitation energy throughout the Hilbert
space. Of course, the picture is much more complicated in the dynamical setting
of adiabatic state preparation where a time dependent €(¢) constantly changes
excitation patterns, but Figure 4.7 along with phase noise evolutions of time-
independent Hamiltonians at various stages of the preparation, provides evidence
that phase noise excitation is highly interlinked with the integrability of the system.
As the transverse field that breaks integrability decreases, so does the ability of

the phase noise to excite the system.

4.5.4 Constant Hamiltonian analysis

While it is possible to treat the adiabatic state preparation as a black box and
analyze only the final state, getting a deeper understanding of the complicated
excitation dynamics of laser phase noise in a time-dependent Hamiltonian with
ever changing energy level structure is much harder. The transition rates discussed
in Figure [4.7| provide a road map for a given source of energy to excite the system
to higher many-body states. In order to bring these transition rate snapshots to
life, in this section we perform an analysis of excitation dynamics using the same

time-independent Hamiltonians in the parameter regimes shown in Figure [4.7|

Since this work considers laser phase noise excitation, we want to know exactly
how much energy such noise can transfer to the system at these different stages
of the adiabatic ramp and if the excitation dynamics align with transition rate
predictions. The specific experimentally realistic noise used is shown in Figure [2.6
with a broad power peak at 480kHz, and in this chapter we have predominately
studied it in a regime with interactions scaled at Vy;/2m = 10MHz to mitigate a
majority of the power transfer and make the preparation of the adiabatic state
perform reasonably well. Figure 4.8|shows the diagonal ensembles |(¢(T3)|E;)|* for
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FIGURE 4.8: Excitation spectra after ground state evolution with time-
independent Hamiltonian with 11 sites. The ground state of the Hamil-
tonian from Eq. is evolved with noise for a total time of TV = 300, for
different laser parameters (a) ©/Vy; = 0.6 and §/Vyg = —3.0, (b) Q/Vyq = 0.6
and 5/Vdd = —1.0, (C) Q/Vdd = 0.6 and 5/Vdd = 1.1, (d) Q/Vdd = 0.1 and
0/Vgq = 1.1. In orange we have the diagonal ensemble after noisy evolution
with site interaction strength set to Vy4/2m = 10MHz, while in blue we have the
same simulation reproduced for an interaction strength of Vyy/27m = 0.16MHz.
Error bars plot standard error across 100 time evolutions with independent
laser phase noise signals using the same noise profile from Figure 2.6] but are
too small to be seen on the log scale suggesting a consistent excitation pattern.

state [1(T3)) after a ground state evolution of the time-independent Hamiltonians
with energy eigenstates |F;) and laser parameter regimes studied in Figure ,
averaged across 100 independent noise realizations and for two separate interaction
strength regimes V; /27 = 0.159, 10 MHz. To ensure both regimes have equivalent
dynamics when no phase noise is added, simulations are performed for a fixed total
evolution time of TV, = 300, which corresponds to completing the protocol in
~ 4.8us for the fast 10MHz regime and 300us for the slow 0.159MHz regime.
The resulting diagonal ensembles show occupation probability across all energy
eigenstates averaged over one hundred noise realizations, and are generally in

strong agreement with transition rate predictions of Section [4.5.3|

Figure [4.§(a) shows the noisy evolution of the ground state of a Hamiltonian
that occurs at the beginning of stage 2 of the adiabatic protocol. The resulting
excitation is very low in the Vy;/2m = 10MHz regime with a final ground state
occupation of 98.2% at a standard error of 0.2%, but much larger in the Vy;/27 =
0.16MHz regime in which ground state population dropped to 21.1% with standard
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error of 3%, suggesting that proximity of the dynamical frequency of the system
to the 0.48MHz peak is a key factor for driving excitation even in the far detuned
regime with a low density of states with high transition rates. Figure (b) with
laser parameters from the middle of stage 2 paints a similar picture but with
a modest increase in excitation across the spectrum as the energy gap between
states decreases and more states become viable for excitation. The Vg /27 =
10MHz regime here has a final ground state population 89.4% at a standard error
of 2%, while the ground state of the Vy4/2m = 0.16MHz regime drops further
to 12.1% with a standard error increasing to 4%. In particular, energy in the
Viaa/2m = 0.16MHz regime is much more evenly distributed throughout the energy
spectrum than in the case of the Vy;/2m = 10MHz regime, which has a much higher
drop-off in occupation of higher energy states as most energy is still concentrated
in the ground state and states with the highest ground state transition rate. As
predicted in the matrix element analysis, Figure (c) that uses a parameters from
the transition point between stages 2 and 3 results in the most overall excitation,
with a ground state occupancy of 81.5% at a 3% standard error for the Vg, /27 =
10MHz regime, and an almost fully depleted ground state occupancy of 5.1% at
a 1% standard error for the Vg;/2m = 0.16MHz regime. The evolution of the
Viaa/2m = 10MHz regime results in the formation of well-defined equidistant peaks
as the energy of the phase noise occupancy cascades from one high transition
rate to the next with gradually decreasing probability. While these peaks are
still visible in the Vy;/27m = 0.16MHz regime, the comparatively stronger effect of
phase noise leads to higher energy transfer with occupancy largely equilibrating
across the entire spectrum. All three of these figures with a high transverse field at
Q/V4q = 0.6 have excitation profiles dominated by transitions that are delocalized
in energy, allowing noise to access the entire energy spectrum over time. Moreover,
the rate of energy transfer improves as ¢ becomes increasingly positive and the
energy required for transitions between many-body states with different numbers of
atoms in a Rydberg state drops (see Figure |4.6(a)). However, for the Hamiltonian
that occurs at the end of the protocol seen in Figure 4.8(d), in which ¢ is positive
but the transverse field drops down to £2/V;, = 0.1, there is a dramatic decrease in
excitation across both regimes of 99.4% and 90.0% for the Vy;/2m = 10MHz and
Vaa/2m = 0.16MHz regimes respectively. The main difference is that the system
here is much more integrable, leading to available transition rates that are not
only lower but also highly localized in energy, meaning that phase noise can both

transfer less energy to the system, and also is restricted in how far across the
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spectrum that energy can spread.

4.6 Summary

In this Chapter we introduced adiabatic state preparation as an established tech-
nique for accessing complex many-body ground states in quantum systems, with a
focus on its implementation in one-dimensional Rydberg spin chains. The Chapter
built upon the motivation behind adiabatic ramps and their utility in quantum
simulation and annealing protocols discussed in Section [1.2.1.1] introducing it in
the context of preparation of crystalline phases and spin-ordered ground states in
Rydberg tweezer arrays that are otherwise difficult to access. The numerical sim-
ulation of such an adiabatic experiment was then used for the study of laser phase
noise in a many-body system, with a detailed analysis of the detrimental effect of
dephasing on the adiabatic process, as well as the mechanisms that control the

resulting excitation dynamics.

Section [4.1]introduced the transverse-field Ising model (TFIM) and described how
it arises naturally in Rydberg atom arrays. Section explored the crystalline
ground states of the TFIM in different parameter regimes, explaining how blockade
interactions and detuning lead to self-ordered phases such as the Z; ordered state.
It was shown that such states emerge within well-defined regions of parameter
space and exhibit robustness against small perturbations, making them suitable
targets for state preparation. Building on this understanding, Section detailed
the three-step adiabatic state preparation protocol described in [IT4] that prepared
the Zy ordered phase with high fidelity by slowly tuning the Rabi frequency and
detuning of the laser drive. Numerical results were presented to illustrate how
diabatic errors accumulate, particularly in regions of small energy gap, and how
careful tuning of the ramp speed is necessary to preserve ground-state occupancy.
Finally, Section [4.2.1] provides a discussion on variation rate sensitivity, showing
how fidelity depends critically on the speed of parameter changes near critical

points in the ramp.

After laying the foundations for adiabatic state preparation of crystalline ground
states in the TFIM, Section 4.3|initiates work on the central findings of this thesis

by subjecting these simulations to realistic laser phase noise generated using the
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the TK95 algorithm described in Section [2.3] This is done by modifying the trans-
verse drive to include a fluctuating phase term, allowing the noise to manifest as
an effective time-dependent detuning in the rotating frame. This formulation pro-
vided a natural framework for analyzing the influence of laser noise on many-body
dynamics by inducing excitation. Section [{.4] evaluates final fidelities of ramps
with different durations and noise profiles to assess the performance of the state
preparation with added phase noise. Here, we identified a competition between
diabatic excitation—dominant at short ramp times—and phase noise-induced de-
phasing, which accumulates over longer durations. This competition leads to an
optimal ramp time that balances both effects and maximizes fidelity. In addition
to this, we show that fidelity can be improved significantly by decreasing interac-
tion strength as well as by shifting the noise spectrum away from the frequencies

most relevant to the system’s dynamics.

To gain deeper insight into the excitation dynamics of phase noise, Section
works in a smaller fully diagonalizable system of N = 11 atoms, focusing on how
phase noise distributes energy across the entire Hilbert space. To begin with,
Section explored how reflection symmetry splits the Hilbert space into sym-
metry sectors, constraining excitation dynamics. We showed that, since all dy-
namics originate from the symmetric ground state, transitions are confined to the
symmetric subspace—effectively halving the accessible density of states. In ad-
dition we also discuss integrability in the system in Section [£.5.2] Next, Section
provides matrix element analysis of the number operator n which describes
the available energy transitions for excitation. The analysis reveals that domi-
nant off-diagonal couplings first increase throughout stage 2 of the protocol to a
point where density of states with high transition rates covers a majority of the
energy spectrum, and then diminish in stage 3. The reason for this is the in-
creasing detuning in stage 2 that makes Rydberg excitation more favorable and
lowers energy gaps between states, and a subsequent lowering of the transverse
field in stage 3 that makes the system increasingly integrable, suppressing state
mixing and reduces the system’s susceptibility to noise. Finally, in section
we studied excitation using time-independent simulations with static Hamiltonians
sampled along the adiabatic path. These revealed a clear correspondence between
the strength of off-diagonal couplings and the observed excitation spectra: as de-
tuning increases through stage 2, enhanced state mixing enables broader energy
redistribution, while the reduced transverse field in stage 3 restores integrability,

suppresses off-diagonal transitions, and limits further excitation. This establishes
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a direct link between the evolving Hamiltonian structure and the system’s suscep-

tibility to phase noise throughout the adiabatic protocol.

Overall, the results in this chapter demonstrate the importance of understanding
and mitigating laser phase noise in a given system, demonstrating useful tools for
simulating and analyzing laser phase noise in a given quantum system. We find
that the structure and dynamics of phase noise excitation are intricately linked
to the spectral properties and integrability of the underlying Hamiltonian. The
findings emphasize the importance of both system design and noise engineering in

ensuring robust quantum control in Rydberg-based platforms.



Chapter 5

Thermalization of laser phase

noise

The presence of phase noise introduces energy into the system, and it is natural to
ask if and how this added energy thermalizes. We define thermalization as a re-
laxation to states where the values of macroscopic observables become stationary
over long periods of time, across widely differing initial conditions, that is pre-
dictable by the use of statistical mechanics [197]. The mechanisms underpinning
thermalization in quantum systems vary considerably from classical systems. In
the classical case, we typically discuss thermalization in terms of chaotic dynamics
in the phase space of ergodic systems [198] 199, which, when evolved for a long
time at a given energy, will explore all accessible states such that the statisti-
cal distribution for occupancy resembles the Boltzmann distribution. For a truly
ergodic system, such a statistical distribution across all available states remains
constant in time and is reached independently of initial conditions, thus constitut-
ing a thermal equilibrium to which the system will eventually relax. However, this
understanding of thermalization is incompatible with isolated quantum systems
for which the notion of dynamical chaos is absent due to the linearity of time evo-
lution and discreteness of available states but also because the basic variables of
classical phase space, position and momentum, are incommensurate in quantum
mechanics. This means that no sharp, deterministic path through phase space
exists to support the notion of ergodicity in the classical sense. Instead, thermal-
ization in quantum many-body systems is believed to arise through mechanisms
such as the Eigenstate Thermalization Hypothesis (ETH), which posits that indi-

vidual energy eigenstates already encode thermal behavior when probed by local

94
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observables. Under ETH, a quantum system can appear thermal even while evolv-
ing unitarily, assuming the system in question is sufficiently non-integrable and
the observable being evaluated behaves locally as a smooth function of energy. In
this framework, energy injected by noise may distribute itself across the many-
body Hilbert space in a way that mimics relaxation to a thermal distribution,
not through random trajectories but through excitation dynamics in the complex

structure of energy eigenstates.

Thermalization of the kind described by the ETH has been observed in several iso-
lated quantum systems [23] 200-205], but integrable systems that exhibit a large
number of conserved quantities do not reach thermal equilibrium [204], 206H208],
and instead relax to the generalized Gibbs ensemble [209, 210]. Whether or not
thermalization is observed at the end of the adiabatic state preparation discussed
in Chapter [] depends strongly on the choice of observable and the integrability
of the Hamiltonian. In the case of the Rydberg spin system described in Chapter
(see Sections , the long-range dipole-dipole interactions between Ryd-
berg atoms introduce a layer of complexity beyond conventional nearest-neighbor
models [2T1] which instead resemble the integrable Ising model. These long-range
interactions weaken integrability and lead to emergent many-body phenomena
such as quasi-long-range order [42] 51} 114], frustration [212], and modified criti-
cal behavior [213]. Furthermore, such interactions modify the excitation spectrum,
allowing for nonlocal transitions and collective dynamics that provide phase noise
with additional avenues to propagate through the system. This enhanced sen-
sitivity to noise affects the response of the system to dynamical protocols such
as adiabatic state preparation in nontrivial ways, making them both experimen-
tally relevant and theoretically intriguing. To probe thermalization under noise
for such systems, the operators discussed in this chapter are chosen to quantify
long-range interactions. The o,0, correlation operator and the interaction energy
operator, ﬁmt, are natural choices: the former captures spatial correlations and
emergent ordering, while the latter directly reflects the amount of energy across
all interactions. Importantly, features of the adiabatic state preparation such as
long evolution times and changing integrability in the Hamiltonian also make it a
pertinent testbed for studying thermalization. The discussion in Section [4.5.3[and
reveals that the state preparation traverses regions of differing integrability
as the transverse field is reduced in stage 3, dynamically shifting the system’s
susceptibility to noise. Furthermore, the presence of a reflection symmetry dis-

cussed in Section 4.5.1] constrains the dynamics to a symmetry sector that makes
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up roughly half of all eigenstates in the Hilbert space, not only reducing available
excitation paths for the phase noise but also limiting relaxation processes for any

energy that is added to the system.

This Chapter is organized as follows: we first discuss a change of regime, perform-
ing the simulations in this chapter using an interaction strength of Vg, /27 = 0.16
also seen in Figure [4.8 where the noise has considerably more effect on the exper-
iment and thermalization can be studied more readily. Then, after a brief formal
introduction to the ETH and its connection to statistical ensembles, we begin by
evaluating thermalization of phase noise in simulations of adiabatic state prepara-
tion for a fully diagonalizable system of N = 11 atoms with long-range interactions.
We use diagonal and canonical ensembles to compare long-time expectation values
for thermal predictions of two observables that relate to long-range interactions in
the interaction energy ]:]int and the Z, order parameter OZQ. Building on this, we
isolate the role of long-range interactions by repeating the thermalization analysis
for a modified nearest-neighbor TFIM. Such nearest-neighbor interacting systems
are known to be more integrable and thus display a more structured energy spec-
trum that can suppress excitation. Finally, the last section of the Chapter explores
system size effects by extending the analysis to larger spin chains using matrix
product state (MPS) simulations. In this regime, where exact diagonalization
is no longer feasible, thermal behavior is inferred by comparing the expectation

values of prepared states to thermal predictions at equivalent energy.

5.1 Changing parameter regimes

Before we formally introduce thermalization it is useful to shift our simulations
to a regime in which noise excitation is stronger. In Chapter 4| the focus was
placed on studying the impact of laser phase noise on high-fidelity adiabatic state
preparation. Operating in the Vy;/27 = 10 MHz regime kept the characteristic
system frequencies well above the dominant noise peak near 0.48 MHz (see Chap-
ter 2| Figure , which suppressed excitation and maintained the system close
to its instantaneous ground state. In contrast, the following chapter examines
the dynamics from the opposite perspective; rather than mitigating phase noise,
we exploit its coupling to the system to study how noise can drive energy redis-
tribution and apparent thermalization in an interacting Rydberg chain. For this

purpose, we shift to a lower frequency interaction regime of Vy;/2m = 0.16 MHz
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FIGURE 5.1: Isolating a modified stage 3 of the adiabatic state prepa-
ration for 11 sites with V;;/27 = 0.16 MHz. (a) Plot of fidelity against
decreasing values of 2/Vy, for a modified version of the stage 3 adiabatic ramp
discussed in Chapter 4} now starting from Q/Vyy; = 1.0. Simulations have no
phase noise and colored lines show the fidelity for different evolution times, with
faster ramps incurring more diabatic excitation. (b-d) The ground state evo-
lution of time independent Hamiltonians from Eq. with laser phase noise
for a total time of T'Vyzy = 400. Plots show different laser parameters through-
out stage 3 with detuning set to 0/Vy; = 1.1 and Rabi frequency set to (b)
Q/Vaa = 1.0, (c) Q/Vgqg = 0.6, and (d) ©/Vys = 0.1. Red triangles mark the
ground state fidelity, Fg,, which is also provided in the legend. Error bars plot
standard error across 100 time evolutions with independent laser phase noise
signals using the same noise profile from Figure but are too small to be seen
on the log scale suggesting a consistent excitation pattern.

that was also studied in Figure 4.8, where the characteristic transition energies of

the Hamiltonian become comparable to the spectral components of the laser noise.

In the Vjy/2m = 0.16 MHz regime, preparation of high-fidelity adiabatic states is
no longer feasible, as shown in Figure (a), in which the fidelity of the prepared
state decreased to below 20% even for the smallest system size of 11 sites. Instead,
our analysis in this chapter is isolated to stage 3 of the adiabatic ramp, in which
phase noise dynamics undergo a dramatic change as the system moves from high
to low integrability when the transverse field is reduced. Going further, we also
modify the stage 3 adiabatic ramp to begin from Q/Vy; = 1.0 as opposed to the
starting point of Q/Vy; = 0.6 used in the original protocol throughout Chapter .
Keeping the final value of the Rabi frequency the same at Q/Vy; = 0.1 we thus
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prolong the transition towards a more integrable Hamiltonian to study how this

process affects noise.

Figure demonstrates the key changes in the dynamics of the modified adiabatic
ramp for stage 3. Firstly, Figure[p.I|(a) plots instantaneous fidelity against the full
range of {2/Vy, for simulations with no phase noise, and for a variety of evolution
times. We begin by initializing in the ground state of the initial Hamiltonian of our
modified ramp with laser parameters Q2/Vy; = 1.0 and §/Vyy = 1.1. Simulations
with no laser phase noise reveal that the main loss of fidelity due to diabatic
excitation is now shifted to the middle of stage 3, coinciding with the critical
region in the ground state energy gap that occurs at Q/Vy; =~ 0.55. Following
this, Figures (b—d) provide simulations of ground state evolution with phase
noise for the time independent Hamiltonians occurring at the beginning, middle,
and towards the end stages of the ramp. Unlike diabatic excitation, phase noise
excitation is shown to be strongest in the first half of the adiabatic ramp when
the transverse field is high and the Hamiltonians are most non-integrable. For a
long evolution time of T'Vy; = 400 simulations at 2/Vyy = 1.0 and Q/V,y = 0.6
result in considerable excitation with final ground state fidelities of 55.0%, and
73.3% respectively. Moreover, we once again observe a distinct excitation profile
of equidistant peaks corresponding to states with dominant transition rates and a
high separation in the energy spectrum that allow energy to reach higher energy
sectors. However, as was shown in previous analysis in Figure , below Q/Vyy =
0.6 the energy landscape begins to undergo dramatic changes as energy states begin
to cluster together, and transition rates between them are suppressed, especially
for eigenstates with large energy gaps. As a consequence, the final ground state
fidelity of time independent Hamiltonian with ©/Vz; = 0.1 remains at 90.3%, as

phase noise finds it much harder to excite the system.

The following chapters will use the adiabatic ramp defined in this section to study
if a closed system under environmental noise, such as a Rydberg chain driven by

a noisy laser, can act as an effective thermal bath when absorbing added energy.

5.2 The eigenstate thermalization hypothesis

For systems that relax to a thermal equilibrium, the underlying mechanism is

most robustly described by the eigenstate thermalization hypothesis (ETH) [108|
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200, 214, 215]. The ETH states that nonintegrable systems (that do not exhibit
many-body localization [216] 217]) with non-degenerate energy eigenstates |E,),
have a broad class of operators A for which expectation values Anq = (E|A|E,)
converge in the long time limit to values predicted by thermal ensembles, where
they fluctuate negligibly around |E,) that are close to the energy of the system.
Crucially, the hypothesis also presumes that A is ‘well behaved’, in that A,
behaves smoothly as a function of |E,), with no sudden discontinuities in the
vicinity of the expected energy that would create a sensitivity to slight changes
in relaxation dynamics. In the thermodynamic limit, the resulting state should
be constant in time and be predictable by the total energy of the system. Thus,
the individual eigenstate or cluster of eigenstates to which represent the converged
expectation value can be thought of as an independent thermal state. Given these
conditions, the ETH predicts that the long-time (LT) expectation value of a few-
body operator A with an eigenstate |E,) of a many-body system Hamiltonian H
with corresponding well-defined total energy FE,, is equal to the thermal ensemble

(A>Therm(Ea) of A at a mean energy F,

(Eol Al 11 = (A)pherm(Ea). (5.1)

Hence, the ETH provides a framework for comparing expectation values which
are directly dependent on initial conditions to thermal ensembles which instead
depend only on the total energy of the system. This implies a universal equilibrium

for a thermalizing system across many trajectories of equivalent energy.

It will be necessary to define what is meant by a long-time average in Eq. .
In the Heisenberg picture, the state [1) is time-independent, and the dynamics are
carried by the operator O(t) = ¢'O(0)e~#*. Expanding the expectation value
in the energy eigenbasis {|E,)}, we obtain:

w‘O chn nn Z Cnme i(Bn = Em)tOnm, (52)

n#m

where O, = (E,|O(0)|E,,) are the static matrix elements of the operator at ¢ = 0.
The coefficients ¢, = (V| E,) (En|1Y) are time-independent constants determined
by the initial preparation of the system. The off-diagonal terms (n # m) represent

the dynamical fluctuations of the observable. For non-integrable systems, the
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i(En

phase factors e (Fn=Em)t Jead to dephasing over sufficiently long times. The long-

time average is then formally defined by the diagonal ensemble:

T
O)ir = Jim 7 [ IOt - > e Oun (53)
where the time-averaging procedure eliminates the oscillatory off-diagonal contri-
butions. Any dynamics in a quantum system leads to non-zero values of ¢, that
represent fluctuations in the expectation value as a function of time and energy
difference. The time it takes for the off-diagonal term with values of ¢, to die
down drops with increasing system size, but for small and intermediate systems
with large energy gaps this can be too long to measure or even simulate. Still,
for non-integrable systems with minimal degeneracies in energy states these cor-
relations do die down eventually, and numerically it is straightforward to evaluate
long-time averages directly by considering only the diagonal ensemble at the end

of a simulation.

To fully understand ETH fully it is also important to define the thermal ensem-
ble (A}Therm(Ea). In statistical mechanics the thermal equilibrium of a dynamical
system is defined in terms of the Boltzmann distribution normalized by a partition
function Z = ) exp(—pE,) where [ is the thermodynamic temperature of the
system. An ensemble of available energy states is then scaled by the thermody-
namic temperature 8 which can be calculated using the total energy of the system.

Adapting this to the Dirac notation, we define the canonical ensemble as

(Aeanon = 5 3 exp(~HE) B, A|E,). (54)

where we sum over all the energy eigenstates |E,). Previous work has shown
that for closed systems, such as the one discussed in this thesis, the canonical
ensemble is not always representative of final equilibrium [218]. In such finite
systems thermalization occurs when energy in a small neighborhood of eigenstates
uses the rest of the eigenstates as a thermal reservoir to dissipate into. Since the
reservoir itself is not infinite, we see finite-size effects which become more prevalent
at smaller system sizes. Instead, thermalization in these isolated quantum systems
is typically discussed in terms of the microcanonical ensemble which considers

only a small shell of energies, equally weighted and centered around the expected
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energy. Nevertheless, this approach is highly dependent on the density of states
around the average energy of the system. The exact size of the energy shell should
be small in comparison to the energy scale of the system, but large enough to
include a statistically significant number of energy eigenstates. Relaxation to
the microcanonical ensemble is therefore more readily observed in the middle of
the energy spectrum, and for larger system sizes, where gaps between energies
narrow down and density of states is higher [23]. The lower part of the energy
spectrum, which dominates in adiabatic state preparation, usually exhibits a much
lower density of states, leading to nonsensical microcanonical averages as very
few or even no eigenstates fall within the vicinity of a given energy shell. The
following section will discuss evaluating thermalization in the case of adiabatic
state preparation in a Rydberg spin chain, motivating the choice of the canonical

ensemble as the preferred distribution with which to evaluate the ETH.

5.3 Phase noise thermalization in the adiabatic

state preparation

The main goal of this chapter is to investigate thermalization of laser phase noise
energy in the adiabatic state protocol discussed in Section [5.1] To do this we first
introduce a simple method of estimating the thermodynamic temperature for a
given quantum system, which can then be used to evaluate the canonical ensemble
defined in 5.4} Following this, we also define explicitly the antiferromagnetic (Z5)
order parameter and interaction energy observables, discussing their behavior as
a function of energy by projecting them across the entire energy spectrum. The
resulting spectra will be weighted by the diagonal and microcanonical ensembles
to generate long-time and thermal expectation values that can be compared to
evaluate thermalization directly; performing this calculation for different system
parameters and adiabatic evolution times allows for an in depth analysis of this

phenomenon.

5.3.1 Evaluating thermalization

In the case of adiabatic state preparation with experimentally relevant levels of

phase noise, a comparatively small amount of energy is added to the system. This



Chapter 5 Thermalization of laser phase noise 102

means that the dynamics will be mainly contained in the low energy spectrum
where the microcanonical average is not well defined, limiting the analysis to the
canonical ensemble. A value for thermodynamic temperature g of a quantum

system at a given energy can always be calculated by solving the equation

(IR = 3 exp(~ BB, 55

where |E,) and E, represent the n'" eigenstate and its corresponding energy,
and ) represents the state of the system. The left hand side of the equation
calculates the system energy using the Hamiltonian operator H, leaving (3 as the
only unknown. Once a value for f is determined it can be used in Eq. to
evaluate arbitrary thermal expectation values at the appropriate energy. In the
case of adiabatic state preparation, we consider the final energy by taking [)
at the end of the adiabatic state preparation. Given that phase noise has the
potential for exciting across the full energy spectrum it is important to access the
full Hilbert space, meaning that we limit ourselves to a system size of 11 sites

which can be completely diagonalized.

The next step in evaluating thermalization is choosing the appropriate observables
for the system in question. As was discussed in the beginning of the chapter, the
choice of observables stems around the feature of long-range interaction that is
intrinsic to Rydberg atom systems due to the Rydberg blockade interaction. We
define the interaction operator Hiy explicitly by isolating the interacting term
from the TFIM defined in Eq. as

N

~ nEny

Hine = Vg Y e (5.6)
K>k

in which a dipole-dipole potential V, is mediated by ngn; interactions that enforce
a Rydberg interaction penalty on neighboring excitations, and indices k£ and [ label
interacting sites. Physically, this observable tracks the energy cost of Rydberg
interactions which enforces a long-range constraint on excitation. When appearing
in the full Hamiltonian, ]:Imt sets the ground-state structure, and influences which
configurations are energetically favorable. Another way of quantifying interactions

is by looking at the long-range spin ordering that they induce. Given that the
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adiabatic protocol simulated in Chapter ] performs a ground state preparation of
a one-dimensional spin chain with Z5 ordering, a natural choice for an observable

is the the order parameter observable

N

Oz, = Z ok (1) ot (5.7)

kl£k

Physically, 022 measures how close a given state is to the perfect Z; ordered spin

chain by checking 0,0, anti-alignment over all different lattice sites k and [.

With two relevant observables defined in Eq. and Eq. , as well as a
method of estimating their thermal expectation value provided in Eq. , we
are ready to evaluate thermalization. To do this we first simulate the adiabatic
ramp for a variety of evolution times, measuring the final energy Er of the pre-
pared state |g) after a given adiabatic ramp and using it in Eq. to get a
value for §. The value of 5 can then be used directly in Eq. to generate
thermal expectation values of a given observable corresponding to the energy of
the prepared state. Likewise, the probabilities |c,,|? that make up the diagonal
ensemble of the long-time expectation value can be directly calculated using the
overlap p, = |(E,|¢g)|>. The energy distributions (E,|H;y|E,) and (E,|Oz,|E,)
feature in both expectation value equations, and in the case of a fully diagonaliz-

able Hamiltonian these can be pre-generated to save computational time.

5.3.2 Thermalization in an 11 site spin chain

In this section we analyze thermalization results for a small fully diagonalizable
Rydberg spin chain of 11 sites. The goal is to find out weather thermal and
long-time expectation values, for the two observables introduced in Section [5.3.1],
converge for a variety of evolution times of the adiabatic ramp. The fact that ac-
cessing the full Hilbert space is computationally feasible allows for the calculation
of true canonical and long-time ensembles, which is necessary given that during
the non-integrable stages of the preparation phase noise excitations transfer energy
even to the highest energy eigenstates (see Section. Furthermore, it is possible
to plot energy distributions (En\Hmt|En> and (En\OZQ|En>, providing an idea of
how smoothly the chosen operators vary as a function of energy. This smoothness

in energy is a central requirement for ETH to hold, as non-linear behavior and
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Evaluating thermalization in o,0, correlations and in-

teraction energy. (a) Interaction energy (H;,;) defined in Eq. and
(b) (Oz,) ordering parameter defined in Eq. as a function of low energy
eigenstates of the target Hamiltonian with €2 = 0.1Vyy and § = 1.1V, in a one
dimensional Rydberg spin chain with 11 sites. (c) Energy distributions P(E)
of the prepared state projected onto the long-time ensemble (LT) as defined in
Eq. , and thermal ensemble (Th) as predicted by the canonical ensemble
from Eq. , of the adiabatic ramp introduced in Section with evolu-
tion times T3V = 45,400. Expectation values for (d) interaction energy Hin:
and (e) O 7, ordering for a variety of T3, calculated by averaging over long-time
and canonical energy distributions in (c) weighed by expectation value distribu-
tions in (a) and (b) respectively. A dashed line shows optimal 75 for maximum
ground state fidelity of the prepared state. Energy is defined with respect to
ground state energy and error bars show standard error over 100 preparations
with distinct laser phase noise realizations.

400

sharp discontinuities mean that the observables are very sensitive to small changes

in energy causing canonical and long-time expectation values to diverge.

Figure provides all the distributions required to generate long-time and ther-

mal expectation values as a function of energy relative to the ground state. Figures
b.2(a) and [5.2(b) show the two observables chosen for the comparison to be the
interaction energy H;py as defined in Eq. (5.6)), as well as a OZQ order parameter

defined in Eq. (5.7)) that measures long-range Z5 ordering that is maximally repre-

sented in the ground state. Given the relatively small Rabi frequency €2 = 0.1V,

at the end of the state preparation, we are investigating a Hamiltonian that is
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highly integrable, with structured energy levels that appear as regions of clustered
eigenvalues (see Figure in Section . Although neither of these observ-
ables vary smoothly as a function of energy as prescribed by the ETH, the energy
distribution of H;,; is visibly less scattered compared to that of the 022 order
parameter, meaning that small changes in the excitation energy should affect the
expectation values of the latter more, leading to erratic behavior. The distribu-
tions as a function of eigenstate energy for H;,, and the 0) 7, order parameter are

then weighted by the diagonal and canonical ensembles.

Figure (c) provides example energy distributions of a final state after a short
preparation of T3V, = 45 and a much longer preparation at T5V;; = 400, projected
onto the long-time and canonical ensembles. Practically speaking, the determin-
ing factors of thermalization will be: how well the uniform Boltzmann distribution
with of the canonical ensemble (of an equivalent many-body energy) acts as a ‘line
of best fit’ for the long-time distribution, and, at energies where these distributions
disagree, how does the local behavior of the tested observable exacerbate or lessen
the impact on the averaged expectation value. Moreover, since we are dealing
with ground sate preparation, most of the energy will be held in the low-energy
spectrum even after longer evolution times, meaning that the low-energy eigenval-
ues will have an out-sized impact on the final expectation values. The diagonal
ensemble for the shorter evolution time of T3V,; = 45 is dominated by diabatic
excitation, with most excitation occurring to the first excited state appearing far
above the canonical ensemble, while the majority of higher energy states are left
largely unexcited, thus leaving them with a lower occupancy than is predicted by
the canonical ensemble. This type of excitation is inherently non-thermalizing.
For a much longer preparation of T3V;; = 400 the first excited state drops far
below the occupancy of the Boltzmann distribution, as diabatic excitation is sup-
pressed. Instead, we see a general increase in occupancy across the entire energy
spectrum, with a cohort of low energy eigenstates clustered within £ = 1V, from
the ground state being most prominent. The irregular peaks that appear in the
diagonal ensemble of the T5V;; = 400 preparation form during the initial stages of
the ramp where the non-integrability of the system leads to cascading equidistant
excitation peaks across the entire Hilbert space (see Figures [.7|(b) and [5.1|(b)
for this mechanism). These peaks become distorted as the system changes to
increasingly integrable in the latter half of the ramp, and dynamics become dom-

inated by transition elements that are localized in energy and have much smaller
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transition rates. Notably, we see less excitation out of the ground state as in con-
stant Hamiltonian evolution in Figure 5.1, as in a dynamical ramp with changing
laser parameters the transition rates change dramatically, making excitation more
distributed throughout the spectrum and less potent when the system becomes
integrable. Clearly, in both the long and short ramps, the diagonal ensembles do
not resemble the uniform exponential decay of the Boltzmann distribution, but
given that thermalization is only measured through expectation values, it is their

averaged behavior that matters.

Averaging over the operator distributions of Figures [5.2(a) and [5.2b) weighted
by the long-time and thermal ensembles of a particular 75 results in a single
expectation value. Figures (c,d) provide a comparison between thermal and
long-time expectation values of ﬁmt and the O 7, order parameter for a variety of
T3. The general relationship between both types of expectation value and time
Ty is roughly consistent with the results in Figure [£.4] as the optimal ramp time
for this modified ramp coincides with the lowest interaction energy in the system
and therefore the highest fidelity with the Z, ordered ground state. For durations
shorter than the one corresponding to the optimal fidelity (shown as a dashed line
in Figures , where diabatic excitation dominates, we see a clear divergence be-
tween the long-time and thermal expectation values. The cause of this divergence
can be seen in Figure (c), which shows that for the shorter preparation time of
T3 = 45tV,, a majority of energy eigenstates have occupancy probabilities below
the Boltzmann distribution. The dashed line labeled T¥’ marks the evolution time
corresponding to the lowest energy added to the system, long enough for diabatic
excitation to subside but too short for notable dephasing to occur (see Chapter
Figure . At this point, not enough energy is added to the system to differenti-
ate the thermal and long time expectation values. However, as the duration of T3
passes its optimum, and laser phase noise begins to dominate excitation, we see
convergence of the long-time and thermal expectation values persist. In the case
of H;,; the convergence is strong as soon as T3V,;; = 60 up until T3V, = 400. In
the case of the OZQ order parameter, a similar divergence of the two expectation
values occurs at short 75, along with the expected convergence around the opti-
mal time. For longer T3, the expectation values for this parameter behave more
erratically, as can be expected given the large variance of the operator as a func-
tion of energy seen in (b) Despite this, there is still good convergence between

the thermal and long-time expectation values for the OZQ operator, even though
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expectation values consistently appear above thermal predictions, suggesting dis-
proportionate excitation into states with some Z, ordering. A possible reason for
this is that the ground state throughout the adiabatic ramp is also predominantly
Zy ordered, making excitation into states with some Z5 ordering more probable

than into completely disordered states.

In Sections [4.5.3 and we show that due to a change in integrability,

phase noise excitation is considerably more prominent when €/Vy, is higher. In
such cases when integrability is sufficiently broken, and the phase noise is given
enough time, the transitions that are highly delocalized in energy dominate exci-
tation and form energy peaks across the entire spectrum. However, by the end of
the state preparation when §2/V,, decreases and the Hamiltonian becomes inte-
grable, these excitation peaks become distorted as energy eigenstates shuffle into
tightly packed clusters separated by large energy gaps. There is an overall drop
in transition probability as highly delocalized excitations disappear, limiting the
energy mobility around the system to the local excitation of neighboring eigen-
states shown in Figures [.7)(d), [4.8(d), and [5.1[(d). The combination of delocalized
excitation that facilitates rapid energy transfer in the first half of the ramp and the
suppressed localized excitation of this transferred energy in the latter half seems
to excite the system in a way such that averaged behavior is very close to the
uniform predictions of the Boltzmann distribution, albeit by comparing distribu-
tions that differ considerably. In this way, we can say that the adiabatic state
preparation ‘facilitates’ the convergence of the long-time and thermal ensemble,

and the resulting expectation values appear to thermalize.

The continuous transition from integrable to non-integrable is necessary for the
thermalization observed in Figure [5.2(d,e), as the constant reshuffling of energy
eigenstates and changing behavior of phase noise excitation ensures that there is
no concentration of excitation in any particular energy sector but the energy is
roughly equally distributed. Figure shows the evolution of the H;, expecta-
tion value when phase noise is added to two time independent Hamiltonians that
occur at the beginning and end of the adiabatic ramp. When phase noise is left
uncontrolled in a non-integrable regime, as is the case for the initial Hamiltonian of
the adiabatic ramp shown in Figure [5.3(a), it leads to the formation of excitation
peaks previously shown in Figure [p.1(b,c). As the Hamiltonian is constant, the
phase noise has access to the same excitation profile throughout the whole evo-

lution, exciting dominant transition elements that have large energy gaps. This
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FIGURE 5.3: Long-time and thermal expectation values for ground
state evolution of a constant Hamiltonian with added laser phase
noise. (a) Thermal and long-time expectation values for constant Hamilto-
nian with parameters Q = 1.0Vy; and § = 1.1V, for a total evolution time
T3V4q = 1000. (b) Thermal and long-time expectation values for constant
Hamiltonian with parameters Q2 = 0.1V and § = 1.1V, for a total evolution
time T5V4q = 400. The variable n provides the index across all energy eigen-
values summed in the calculation, weighted by p, which are the probabilities
associated with either the thermal or long time probability distributions. Error
bars show standard error in occupancy after 100 independent noise realizations.

facilitates energy transfer from the ground state to states that would be otherwise
energetically unfavorable with a higher H,,;, representing configurations that are
similar to the ground state but with added blockade violations that phase noise
excitation can overcome. The result is expectation values that do not thermal-
ize with increasing evolution time, but instead have long-time expectation values
that grow faster than predicted by the canonical ensemble as energy flows into
states with high transition rates as opposed to all states uniformly. This process
is slower for the final Hamiltonian of the adiabatic ramp shown in Figure [5.3(b),
where evolving in a regime that is close to integrable leads to much less total en-
ergy transfer, with more localized excitation inhibiting the uniform excitation of
the full energy spectrum. In this case, the divergence is considerably more gradual,
but because the dephasing excitation paths still seem to favor states with higher

H,;,;, the outcome remains the same.

Nevertheless, this interplay between integrability and thermalization is governed
entirely by a complicated dynamical energy structure of the Hamiltonian and its
response to random phase fluctuation, and even though we do observe a persisting
thermal behavior for this 11 site system, just how robust this is to changes in
system parameters is an open question. To explore some potential avenues of this
question the following section s test the fragility of the thermalization observed
in Figure first when long-range interactions are removed, and then for larger

system sizes.
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5.4 Thermalization for nearest neighbor interac-

tions

Long-range interactions play an important role in the non-equilibrium dynam-
ics and thermalization behavior of Rydberg atom arrays, where the presence of
dipole-dipole or van der Waals interactions that decay algebraically with distance
introduce complex many-body correlations that span the entire system. In the con-
text of Rydberg arrays in the TFIM, such long-range couplings further degrade
integrability by increasing available energy configurations and thus the density of
states. Such non-integrability increases the number of resonant transitions and
helps transport noise excitations across the entire system which should improve
thermalization in theory. In Section we demonstrated a relationship between
thermalization and the adiabatic state protocol which dynamically changes both
the energy structure and susceptibility to dephasing, facilitating a more uniform
distribution of energy. However, it is unclear how fragile such a complicated rela-
tionship is, and if long-range interactions play a key role in preserving the balance.
To this end, this Section provides the same analysis done in Section for a

Hamiltonian that is limited to nearest neighbor interactions

N
. Q(t ‘ .
Hp = t) D [T D10) (1] + O]1)4 (0]

2
k=1
N N-1
—6(t) > i+ Vaa Y fnfggr, (5.8)
k=1 k=1

To begin with, Figure provides a comparison for the diagonal ensemble of
the same adiabatic state preparation with a long evolution time, done on systems
with nearest neighbor and long-range interactions (the latter also features in Fig-
ure 5.2)(c)). The model with only nearest neighbor interactions has experienced
slightly less overall excitation, as evidenced by the final ground state fidelity of
F = 0.753 compared to the final fidelity F' = 0.733 for the system with long-range
interactions. The suppressed excitation in the nearest neighbor system leads to less
defined excitation peaks, and slightly less excitation in the highest energy eigen-

states. However, the low energy eigenstates that dominate excitation dynamics
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FIGURE 5.4: Diagonal ensembles for noisy adiabatic state preparations
with and without long-range interactions. Side by side comparison of long
time (LT) and canonical (Th) probability distributions after a noisy adiabatic
state preparation with an evolution time of T35 = 400tVyy with only nearest
neighbor interactions (black, grey) and long-range interactions (red, yellow)
(seen also in Figure [5.2|c)).Error bars show standard error in occupancy after
100 independent noise realizations.

are not dramatically different in the two systems. Given the fact that thermaliza-
tion evaluates only the averaged behavior, the minimal difference between the two
systems when considering the number of eigenstates with occupancy probabilities
above and below the canonical ensemble suggests that thermalization properties

do not vary dramatically.

In Figure we show the energy distributions of observables (E|H;y|E) and
(E|O,|E) weighted by the diagonal and canonical ensembles to generate thermal
and long-time expectation values for adiabatic state preparations with a variety of
ramp times 73 in a system with only nearest neighbor interactions. As an example,
the diagonal ensemble shown in Figure (a) is combined with energy distributions
in Figures[5.5(a,b) to generate the probability distributions in Figures[5.5(c,d) that
are averaged to generate an expectation value in Figures (e,f) corresponding to
the time T3Vyy = 400. Immediately, we can see that the two observables tell
a different story, with thermalization preserved in the OZQ operator, but signs
of divergence in the ﬁmt operator as the long-time expectation value deviates
from the thermal prediction and rises above it. One reason for this is the stark
difference in the behavior of (E|H;,|E) for the nearest neighbor interacting system
in comparison to its long-range counterpart seen in Figure (a). In the absence of

integrability-breaking long-range interactions the energy landscape is much more
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FIGURE 5.5: Generating expectation values for f[mt and 022 in a sys-
tem with nearest neighbor interactions. (a,b) Distributions of (E|H;|E)
and (E|Oz,|E) across all energy eigenstates of a system with only nearest neigh-
bor interactions. (c,d) The same energy distributions as weighted by diagonal
and canonical ensembles after an adiabatic state preparation with a total ramp
duration of T5Vyy = 400. (e,f) Long-time and thermal expectation values for
H;, and O 7, after averaging across weighted energy distributions, and for a va-
riety of ramp times T3V, .All error bars provide standard error after averaging
across 100 unique noise realizations.

structured, with a large number of conserved quantities that lead to degeneracies

and highly segregated clusters of energy states.

The probability distributions in Figure (c,d) are attained by weighting the
highly non-linear energy distribution with the diagonal and canonical ensembles
in Figure p.4|(a). As expected from a system following the ETH, these distribu-
tions reveal that, despite constant total energy and general agreement in the final
expectation values, the energy added into the system with phase noise does not
present itself with exponential decay expected by the canonical ensemble. Instead,
we see disproportionate excitation to states with higher interaction energy that
exhibit a larger number of violations of the Z, ordering. This is possible because
most of the excitation occurs in the initial stages of the ramp, where the ground

state is not a well defined Z; ordered state, but rather a constantly changing mix
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of disordered configurations with an ever increasing Zs ordered component. At
first, the instantaneous ground state is coupled to high energy states with high
transition rates (see Figure [£.7(c)), but by the time we make our measurements
on the final Hamiltonian the system is integrable and all the excitation that oc-
curred in the initial stages appears very energetically unfavorable. Such states
display not only higher occupancy probabilities but also larger standard errors
suggesting considerable variability in the excitation pattern across different noise
realizations. This is in contrast with states with low interaction energy that are
either in consistent agreement with the canonical prediction or are left completely
unexcited. This shows the propensity of dephasing noise to induce excitations
along the chain that would otherwise be energetically unfavorable, underscoring
how noise-induced excitation bypasses the typical energetic constraints of adia-
batic evolution. The corresponding averaged behavior in Figure (C) thus shows
the long-time expectation value skewing towards a higher interaction energy in
comparison with the thermal prediction as the evolution time increases and the

dephasing has more time to accumulate.

In the case of the 022 operator, thermalization seems robust even when long-range
interactions are removed. The first important element to this result is seen in Fig-
ure (b) where (E,|Oy,|E,) is largest for the ground state which is completely
Zy ordered, as well as the first two clusters of low energy eigenstates after which
there is a consistent drop off in Z, ordering and excitation has little impact on the
final expectation value. Thus, the final expectation value will depend on the aver-
age probability distribution across the low energy eigenstates when (En]OZQ\En)
is weighted by the diagonal and canonical ensembles in Figure (c) The largest
discrepancy between the diagonal and canonical probability distributions is seen
in the ground state, which is considerably more occupied in the diagonal ensemble
than in the canonical, which assumes uniform Boltzmann distribution. Given the
sustained agreement of the resulting long-time and thermal expectation values in
Figure [p.5(f), the ground state discrepancy must be compensated by the rest of
the energy eigenstates for which the majority of states have a diagonal ensemble
occupancy that is either similar to or below its canonical counterpart. We conclude
that thermalization is maintained by the competing effects: the first is less overall
excitation due to the absence of long-range interactions, which maintains a dispro-
portionate occupancy in the Z5 ordered ground state, and the second is the fact
that phase noise excitation skews towards eigenstates with a high <En]ﬁmt\En)

that do not exhibit long-range Z5 ordering.
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In summary, the comparison between systems with and without long-range in-
teractions reveals that while long-range couplings increase excitation and may
promote thermalization through enhanced connectivity in Hilbert space, they also
introduce additional pathways for dephasing-induced excitation. The removal of
these interactions leads to reduced overall excitation and a more structured energy
landscape, which limits the spread of noise and may also inhibit full thermalization
of some observables. Interestingly, the OZZ order parameter shows robust thermal-
ization behavior even in the absence of long-range interactions. In contrast, the
interaction energy observable H,. deviates from thermal predictions, reflecting the
highly disordered nature of phase noise excitations. These results demonstrate the
nuanced role of long-range interaction in balancing excitation dynamics, thermal-

ization, and the fidelity of quantum state preparation protocols.

5.5 Thermalization and system size

The final topic addressed in this chapter is the relationship between thermalization,
long-range order, and system size. We again consider the OZQ order parameter for
the final state of an adiabatic state preparation in a one-dimensional Rydberg
chain. Due to the computational complexity arising from the exponential growth
of the Hilbert space with system size, the simulations presented in this section are
performed using matrix product state (MPS) techniques. Thermal state approx-
imations are obtained using the finite-temperature methods described in Section
[3.3l While this approach allows for accurate simulations of significantly larger
systems, full diagonalization remains impossible and techniques such as DMRG
primarily provide access to ground-state properties, rendering much of the Hilbert
space inaccessible. This means that the kind of ensemble analysis performed in
Sections and cannot be performed, and the analysis will be limited to
comparing the expectation value of the final prepared state to the approximate
thermal state of the same energy. Furthermore, given that the diagonal ensemble
and therefore the long-time average can no longer be calculated, we attempt to
mitigate any quantum correlation by allowing the system to evolve at constant en-
ergy for a fixed time of tV;; = 16 after the adiabatic state preparation, averaging

out any oscillatory behavior in the expectation value.

Figure provides a direct comparison of expectation values of the OZQ order

parameter for both adiabatic and thermal states of equivalent energy. Much like
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FIGURE 5.6: Thermalization of OZ2 after adiabatic state preparation
in a Rydberg spin chain as a function of system size. Expectation values
for the 022 order parameter as defined in Eq. for the final prepared state
after an adiabatic state preparation (yellow) and an approximated thermal state
(green) of the same energy. Expectation values are shown for a variety of ramp
times T5Vy4 and for system sizes of N = (a)13, (b)17, (c)21, (d)31 sites. Error
bars show standard error after 100 unique noise realizations.

in the case of the 11 site system analyzed in Sections [5.3] and there is no
thermalization for shorter ramp times, during which phase noise does not have
time to accumulate and energy in the system is primarily added through diabatic
excitation. However, there is an increase in the value of T3 around which thermal
and adiabatic expectation values begin to agree, taking approximately 75V, =
90 in the case of N = 13 sites and approximately T53V;; = 225 in the case of
N = 31. This finding is consistent with final fidelity plots provided in Chapter [4.4
and Figure 4.4(b), where optimal fidelity was found occur at the ramp time that
minimized both diabatic and dephasing excitations. More interesting however
is the comparison after this turning point, when accumulated noise dominates
excitation and leads to a gradual loss of ground state fidelity and therefore a
drop in the 022 order parameter. Despite the erratic behavior in expectation
values of longer ramp times, the energy added into the system by laser phase noise
leads to sustained thermalization for smaller system sizes. However, despite some
remaining within standard error we see a systematic lack of thermalization for the
larger system sizes as N grows. This is most pronounced in the case of N = 31

where thermal and adiabatic predictions decouple.
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A speculative reason for the lack of thermalization in large system sizes could
be that, because of the larger density of states and smaller energy gaps between
states, the larger the system size the less time it takes for a rapid excitation to
states with high transition rates in the initial non-integrable stages of the ramp
(as seen in Figure for 11 sites). Since the latter stages of the ramp are in an
integrable regime where excitation is subdued and excited energy becomes ‘locked’
in place, if this energy transfer is too fast the resulting long-time ensemble will
be much more skewed towards specific resonant high energy sectors which, when
over-excited, ruin the tenuous balance that makes the average behavior agree with
the canonical ensemble. Essentially, there is a window during which the long-time
and canonical ensembles agree, governed by the time it takes to minimize the
inherently non-thermal diabatic excitation on one side and the speed at which the
system gets excited in the non-integrable regime. The larger the system size, the
narrower this window becomes, and by 31 sites we can see that when diabatic
excitation is minimized and phase noise excitation becomes the dominant noise

source the long-time and canonical ensembles begin to diverge once again.

Interestingly, across all system sizes where the adiabatic expectation value follows
the thermal approximation within the given standard error, the long-time expec-
tation value is also consistently the highest of the two expectation values. This
behavior was also observed for the N = 11 sites in Figure |5.4] which was derived
using exact diagonalization, and the agreement between a variety of system sizes
and two different numerical methods suggests that the underlying excitation mech-
anisms remain the same. Although this phenomenon was not studied in depth,
for the 11 site systems in Figure [5.2c) and all have the ground state occu-
pancy appearing above the canonical prediction, as energy is shared between the
ground state and a few energy sectors with high transition rates as opposed to
being equally Boltzmann distribution across all eigenstates. This leads to slightly
more representation in the Z, ordered grounds state that would be expected in a
thermal equilibrium, leading to consistently higher values in (O> for the prepared
state rather than the thermal state.
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5.6 Summary

The focus of this chapter was to investigate thermalization properties of laser
phase noise induced excitation in the context of a well known many-body Ryd-
berg experiment of adiabatic state preparation. We investigate how interaction
range, system size, and observable choice influence long-time behavior and how
this compares with the thermal predictions. Building on the groundwork laid in
Chapter [ where the effect of phase noise on the performance of the adiabatic
protocol was explored, this chapter transitioned from analyzing final state fidelity

to the thermal properties of the energy added to prepared states.

After an introductory discussion on the eigenstate thermalization hypothesis (ETH)
in Section [5.2] we discuss a change of interaction regimes in [5.1] moving the dy-
namics of the system closer to resonance with the generated phase noise, as the
simulations performed in this chapter are geared solely towards measuring noise
rather than adiabatic performance. Section began the analysis using the diag-
onal and canonical ensembles as tools to evaluate whether adiabatic state prepara-
tion with realistic dephasing leads to thermalization. Simulations were performed
on a fully diagonalizable system of N = 11 atoms featuring long-range interac-
tions, where ensemble averaging allowed for direct comparisons of thermal and
long-time expectation values. The two observables chosen for this analysis were
the interaction energy I:Imt and the Z, order parameter 022 due to their close
relationship to long-range interaction. The results demonstrated that, given the
variation rates of the laser parameters are slow enough to minimize diabatic ex-
citation, accumulated phase noise gradually drives the system into a perceived
thermal equilibrium, where expectation values of the long-time ensemble agree
with the statistical mechanical predictions of the canonical ensemble. This was
found to occur despite excitation mechanisms that are highly non-uniform and
depend on the underlying energy structure of the many-body Hamiltonian as well

as the power spectral structure of the noise.

To isolate the role of long-range interactions in this process, Section repeated
the same thermalization analysis for a modified TFIM Hamiltonian constrained to
nearest-neighbor interactions. In contrast to the long-range case, this system ex-
hibited a more structured and degenerate energy spectrum, leading to suppressed
overall excitation. While thermalization of the O 7, order parameter remained ro-

bust, significant deviations were observed for the interaction energy ﬁmt, which
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skewed away from thermal predictions. This was attributed to the structured
nature of the energy eigen-basis, which prevented uniform distribution of noise-
induced excitations. In particular, phase noise preferentially excited states with
high interaction energy and numerous blockade violations, breaking the thermal
equilibrium prediction of uniform energy spreading. The results revealed a nu-
anced interplay: while long-range interactions enhance overall excitation and help
distribute energy and promote thermalization, they also break degeneracy and pro-
vide more pathways for excitation, whereas nearest-neighbor models limit overall

excitation and concentrate it towards states with larger interaction energies.

The final section of this chapter, Section [5.5] explored the impact of system size
on thermalization by extending simulations to larger chains using matrix product
state (MPS) methods. Here, exact diagonalization was no longer feasible, and
thermal behavior was assessed by comparing the expectation value of the final
state to that of a thermal state of equivalent energy. Simulations agreed with
analysis in Section 4.4]in which short ramps result in diabatic excitation and pre-
vent thermalization, while longer ramps dominated by accumulated phase noise
produced expectation values that agreed with thermal predictions. The results
also revealed a size-dependent delay in the onset of thermal behavior, consistent
with the competition between diabatic and dephasing excitation discussed broadly
in Chapter . Notably, the Z5 order parameter éZz again displayed some level of
convergence to thermal values across all system sizes studied except the largest
and N = 31. For smaller system sizes this convergence was consistent with results
from the N = 11 exact diagonalization analysis, suggesting a consistent mecha-
nism underpinning noise-induced thermalization. Although eigenvector analysis is
impossible for the largest system, we reason that clear loss of thermalization could
be caused by increased non-integrability throughout the adiabatic ramp that leads
to an energy spectrum highly delocalized energy peaks that do not approach ther-

malization.

Together, these findings provide insight into many-body thermalization of laser
phase noise in Rydberg quantum systems. Thermalization is studied in the con-
text of adiabatic state preparation which is a foundational protocol in quantum
simulation, with two standard observables which probe long-time equilibration in
interaction energy and long-range ordering. We also compare the effect of remov-
ing long-range interactions, as well as changing system size to see how such system

parameters influence whether and how observables equilibrate. A deviation in the
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thermalization of interaction energy was observed in the absence of long-range
interactions as well as for large system sizes, exposing a close connection between
thermalization and system integrability. For the system size of N = 11, for which
eigenvector analysis was possible, the Z5 order parameter emerged as a robust
indicator of equilibrium behavior across all parameter regimes. On the whole,
these results demonstrate mechanisms by which thermalization can arise in closed
many-body Rydberg systems, providing fundamental insight into how energy from

a realistic source of phase noise distributes and equilibrates.
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Conclusions

This thesis explored the complex behavior of realistic phase noise in the context
of a closed many-body system, specifically a Rydberg spin chain. Through a com-
bination of stochastic noise modeling, exact diagonalization, and tensor network
simulations we develop a comprehensive numerical framework capable of simulat-
ing and analyzing the effects of experimentally relevant phase noise on quantum
many-body dynamics. These tools were implemented in the simulation of an adi-
abatic state preparation of the Z, ordered spin chain in a transverse field Ising
model (TFIM) with noise induced dephasing errors in the transverse field. The
findings attained from these simulations provide a detailed look into the effects of
realistic dephasing on the adiabatic process, showing not only resulting degrada-
tion in the performance of the preparation for a variety of system sizes and noise
profiles, but also the mechanisms that allow for the thermalization of standard
many-body observables. In this final chapter, we provide a broad summary of the
topics and results discussed, as well as an outlook for future directions opened by

this work.

6.1 Summary

In Chapter [2| we laid the foundation for modeling noise by introducing the mathe-
matics of stochastic processes and their use in simulating realistic laser phase fluc-
tuations. By leveraging well known stochastic processes such as the Wiener and

Ornstein-Uhlenbeck processes and implementing the Timmer-Koenig algorithm,

119
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we developed an efficient method for generating long, correlated phase noise se-
quences whose spectral characteristics can be tailored to match experimental power
spectral densities (PSDs). The TK95 algorithm is in essence a Gaussian sampling
model that generates unique instances of a given noise profile in Fourier space,
and is chosen for its versatility and ease of implementation in comparison to other
generative noise models. This approach allowed for the generation and implemen-
tation of realistic dephasing effects into simulations of quantum dynamics as a

phase modulating term on the transverse field of a TFIM.

In Chapter [3, we introduced the tensor network formalism, particularly matrix
product states (MPS), which enabled the efficient numerical treatment of quantum
systems too large for exact diagonalization. The use of MPS and matrix product
operators (MPOs), along with canonical forms and the time-dependent variational
principle (TDVP), equipped us with powerful tools to simulate time evolution of
the TFIM with added phase noise. These methods were critical for extending
simulations to larger system sizes, allowing us to move beyond the constraints
of exact diagonalization while preserving accuracy. Moreover, finite temperature
techniques such as imaginary time evolution and purification made it possible to
construct thermal states for direct comparison with noise-driven dynamics, forming

a crucial part of our thermalization analysis in Chapter [3]

With these tools in hand, Chapter 4| examined the principles of adiabatic state
preparation in the TFIM, highlighting the role of slow, coherent parameter ramps
in accessing non-trivial many-body ground states. The crystalline phases emerg-
ing from the interplay between detuning and blockade effects served as ideal test
cases for understanding state preparation fidelity. This chapter established the
baseline behavior of a clean adiabatic protocol, critical for distinguishing between
diabatic errors intrinsic to the protocol and additional decoherence effects arising
from the later addition of phase noise. The dynamics were shown to be highly
sensitive to variation speed, particularly near critical points where energy gaps
are small, underlining the need for carefully tuned ramp profiles in practical im-
plementations. Following this, we introduced phase noise into the picture and
analyzed its immediate effect on state preparation fidelity. We found that phase
noise, despite being slow and classical in origin, can drive significant excitation
over longer ramp times where decoherence accumulates. This highlighted a key

trade-off: while slow ramps minimize diabatic error, they also expose the system
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to prolonged dephasing, resulting in lowered fidelity as a result of dephasing ex-
citation. Also important was the phase noise profile, with spectral content of a
given PSD resonant with many-body gaps driving particularly strong excitation.
This chapter thus provided an in depth look at the direct effect of noise on state
preparation, and set the stage for the following central inquiry of this thesis: does

phase noise excitation lead to thermalization, and under what conditions?

This question was addressed in Chapter [5, where we moved beyond fidelity and
toward characterizing the equilibrium behavior of noise-perturbed systems. To
achieve this, we define long-time and thermal expectation values as averages over
the diagonal ensemble which provides the true equilibrium state, and the canonical
ensemble which is derived from the Boltzmann distribution for a given thermody-
namic temperature, as weighted by the energy distribution of a given observable.
Comparing these expectation values provides a direct measure of thermalization
that can then be used to study a variety of parameter regimes. We observe how
such thermalization depends on interaction range, system size, and the proper-
ties of a given observable as a function of energy. Our results demonstrated that
realistic phase noise can, in fact, drive thermalization in many-body systems,but
the underlying mechanisms are not trivial and consist of many non-uniform exci-
tation patterns that on average behave according to thermal prediction. We re-
port that the presence of long-range interactions breaks degeneracies and enables
richer excitation pathways, allowing the noise to distribute energy more evenly
and leading to thermal-like equilibrium in both of the studied observables. In
contrast, more integrable systems with only nearest-neighbor interactions showed
suppressed excitation and deviation from thermal predictions when thermalization
over the interaction energy observable was evaluated, since phase noise leads dis-
proportionately to excitation of highly disordered states with larger corresponding
energy. This distinction underscores the role of Hamiltonian structure in deter-
mining how effectively noise can explore the Hilbert space and mimic thermal
equilibration. Notably, thermalization remained robust when evaluated for the
Zy order parameter even after long-range interactions were removed. This was
caused by a combination of disproportionate excitation into specific high energy
states with high transition rates, but with less overall excitation across the spec-
trum such that most occupancy was still in the fully Z, ordered ground state.
This resilient thermalization of the Z, order parameter was also seen in increasing
system sizes, which were calculated using tensor-network methods for time evolu-

tion and thermal state approximation. However, for the largest system size of 31
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sites we see thermalization break down. We believe that although the excitation
dynamics that lead to thermalization remain constant across system size, there is
a window within which the system can appear to behave thermal with increas-
ing system size: the mitigation of diabatic excitation requires longer evolution
times, but over-excitation into energy sectors with high transition rates skews the
expectation spectra away from the uniform distributions predicted by a thermal
equilibrium, and thus requires shorter evolution times. Simulations in 31 sites

appear to have closed this window and no longer thermalize.

6.2 Outlook

The work presented in this thesis provides a solid foundation for the study of
realistic experimental noise in dynamical many-body quantum systems. The tech-
niques developed here offer scalable and faithful approaches for incorporating laser
phase noise into many-body simulations, and can be readily extended to a plethora
of other experimentally relevant noise sources including amplitude and even ther-
mal noise. Such noise generation techniques allow us to bridge the gap between
idealized quantum simulations and the noisy conditions under which current and
near-term experiments operate. What is more, tensor network methods that have
in recent years drastically improved the capabilities of numerical simulation of

quantum mechanics can only benefit from the integration of realistic noise.

Looking towards the physics discussed in this thesis, study of phase noise in adi-
abatic protocols has broad implications for quantum simulation and computation
with Rydberg atom arrays, especially as system sizes increase and noise mitiga-
tion becomes a growing challenge. Future research in this topic could explore a
broader range of phase noise spectra [119], higher-dimensional Rydberg geome-
tries, as well as observing the effects of phase noise on different Rydberg accessible
interacting Hamiltonians to test the generality of our results. Also of interest
is a parallel investigation of phase noise in the Van der Waals Rydberg interac-
tion regime in which interactions scale as 1/r% as opposed to the 1/r® scaling of
dipole-dipole interactions, and has become common in experimental setups in re-
cent years [49, 51| 219, 220]. The study of thermalization in particular can also be
made more rigorous by introducing more observables and testing a variety of adi-
abatic protocols, as well as Rydberg accessible Hamiltonians to get further insight

into phase noise excitation dynamics and the effects of changing integrability. Of
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particular interest would be protocols that are not restrained to ground states,
such that thermalization can be tested higher in the energy spectrum where the
larger density of states makes the use of the microcanonical ensemble possible.
Furthermore, order parameters may stand out as a reliable metric for assessing
equilibrium behavior across system sizes and interaction models, and could play a

role as valuable diagnostic tools in both theoretical and experimental contexts.

In conclusion, this thesis has illuminated the rich and subtle dynamics that emerge
when controlled quantum evolution is perturbed by realistic noise. By combining
advanced numerical methods with physical modeling grounded in experimental
systems, we have contributed a detailed and nuanced understanding of how de-
coherence impacts adiabatic preparation by introducing energy that under some
conditions results in thermalization in many-body quantum systems. These re-
sults not only inform future experimental design but also deepen our theoretical
understanding of quantum thermalization and noise resilience in complex quantum

devices.



Appendix A

Derivation of the theoretical

solution for the O-U process

To derive the analytical solution for the Ornstein-Uhlenbeck (O-U) process, we
start with the stochastic differential equation (SDE)

dz(t) = k(p — z(t))dt + vV DdW. (A1)

We introduce a time-dependent transformation (ansatz) to eliminate the state-

dependent drift term

f(z,t) = e (A.2)

Taking the total differential df using the product rule (noting that the second-order
[to term % is zero)

df = g—{dt + %dm = kxe*dt + eFdx. (A.3)

Substituting the expression for dx from the SDE into the differential df

df = kwettdt + e [k(p — z)dt + \/Edw] (A.4)
df = kxe®dt + kuedt — kaxe®dt + v/ De*tdw. (A.5)
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The terms involving z(t) cancel out, leaving
df = kpe*dt + v/ Dedw. (A.6)
Integrating both sides from 0 to ¢
/ df = / kpesds + / vV DeFdW (s (A7)
Evaluating the left side using f(x,t) = z(t)e*
t
2(B)H — 2(0) = p(e™ — 1) + VD / 51w (s) (A3)
0
Multiplying through by e* to isolate z(t)
z(t) = z(0)e™™ + p(1 — +\/_/ W (s). (A.9)

This confirms the solution presented in Eq. (2.27).
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The adiabatic theorem and

adiabatic approximations

The adiabatic theorem is one of the foundational results in quantum mechanics,
providing a controlled way to dynamically evolve a system from a given initial
state, such as a ground state of a non-interacting Hamiltonian, to a more complex
final state, while suppressing unwanted excitations to higher-energy states. In
this appendix, we describe the adiabatic theorem and adiabatic approximations.
The description of the adiabatic theorem is given, providing the tools necessary to
traverse Hamiltonian parameter space and construct adiabatic ramps that allow

for the adiabatic preparation of states.

The adiabatic theorem states that a quantum system initialized in an eigenstate of
a slowly varying Hamiltonian will remain in its instantaneous eigenstate, provided
the evolution is slow compared to the energy gap between the considered state and
nearby states in the spectrum. If the Hamiltonian parameters are tuned sufficiently
slowly, then the physical properties of the system will adjust dynamically so that
the a system initialized in a given state remains in the same state but for the
instantaneous Hamiltonian. This theorem only holds in the limit of infinite time,
and generally, the smaller the energy gap to the nearest state AE the slower the
change of the parameters needs to be to minimize the loss of adiabaticity. In
practice, where evolution times are finite, this effect is only approximated. The

theorem can be derived explicitly by expanding the initial time dependent state
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into a superposition of eigenstates of the Hamiltonian at a given time ¢,

[bo(t)) = Y enlt)lan(t)). (B.1)

n

This expansion can then be placed into the Schrodinger equation

H(t)|o () = m—Wo( ) (B.2)
;cn(t) {H(t)|an(t))} = ; [m%cn(t)mn(t» +ihcn(t)%|an(t)>}. (B.3)

Now we can take the inner product of this equation with the eigenstate |a,) to

get

ROLICENCINOIEEDS [ (1) (1) +cn<t><am<t>ran<t>>],
! (B.4)
() B (1) = zh{cm + ch ()] en (t )>} (B.5)

This equation gives us a sense of how the average energy expectation values change
with time, but leads to an inner product with a (cuy,(t)]|a,(t)) term which is not
straightforward to evaluate. To move forward with this we instead evaluate the

time derivative of eigenvalue equation for the LHS of Eq. [B.2 to get

o (rolan(®) ) = 5 (Eulan() ). (B.6)
AOlau(t) + HOI,0) = EDlan(t) + Elost).  (B)

Now, using the fact that (o, (t)|H(t) = Epn(t){ou,| we once again take the inner

product with an eigenstate |a,,) leading to

(tm (0) [ H (1) |t (£)) 4+ Bon (8) (@ (1) |0 (£)) = (@i ()| B (1) |0t (6)) 4B (1) {0t (6) | eva (1))
(B.8)
Here we can employ orthonormality (o, (t)|a,(t)) = 0 for n # m, as well as the
fact that F and E are just numbers to eliminate the first term on the RHS. The
case of n # m is of particular interest as we want to get an understanding of the
state mixing that occurs when the initial state |a,) is excited to nearby energy

cigenstates |oy,). We see the inner product (au,(t)|a,(t)) also appear here, and
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we can rearrange for this term as follows

(mOHB|an(t)) -
— B L = (m(t)]|an(t)) for m#n. (B.9)

We can now insert this new expression back into Eq. [B.3] to get an expression for

the dynamics of the coefficients ¢,,(¢) in the form

i (t) = E(t)en(t) — i8S <am(gLH_<tgj"(t>>cn(t). (B.10)

n#m

Since the choice of n and m is arbitrary here, we can instead choose m to represent
our initial state. Thus, we can see that for the change in the ground state coefficient
¢m(t) to remain dependent only on the instantaneous values of ¢,,(t) and a ground
state energy E,,(t) (thus avoiding state mixing), the second term on the RHS must

be minimized. The adiabatic theorem follows

eI an ()] < £1En(t) — B (D) (B.11)

In other words, to minimize the probability of mixing our ground state with any
given higher energy state the change in the Hamiltonian due to the tuning of laser
parameters 2 and ¢ must always remain much smaller than the energy gap AFE

between the two states.

Landau—Zener Approximation

The adiabatic theorem above gives a qualitative condition for remaining in the
instantaneous eigenstate, but does not directly quantify the probability of excita-
tion when the system passes near an avoided crossing, where AFE' is small. A more
precise estimate is provided by the Landau—Zener (LZ) model, which describes a

two-level system with a linearly changing energy bias:

Hyalt) = (”ZQ _i /2> , (B.12)

where v is the rate of change of the diabatic energy levels, and 2A is the mini-

mum energy gap at the avoided crossing. The Landau—Zener formula gives the
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probability of a non-adiabatic transition as:

2w A?
PLZ = exp ( - o ) (Bl?))

In the limit Pz — 0, the evolution is adiabatic, while for larger Py, excitations
are created. In experimental settings such as adiabatic quantum computing or the
Rydberg atom state preparation discussed in this thesis, this expression is widely
used to choose optimal ramp rates for detuning and Rabi frequency, balancing

adiabaticity against finite experimental times.



Appendix C

Rotating frame transformations
in a Rydberg Hamiltonian with

laser phase noise

The standard representation of laser phase noise in a Rydberg Hamiltonian in-
volves a stochastic phase term coupled to the transverse drive. It is often desirable
to transform the system into a frame where the Hamiltonian remains purely real.
We begin with the Hamiltonian for a Rydberg atom array in the fixed-frequency

rotating frame

Q(t) & -
= ; G+ e® ; o + Z Vi, (C.1)

where ;7 = [1),(0]x and &;, = |0)x(1]x are the raising and lowering operators,
N is the number operator counting Rydberg occupation, and ¢(t) is a stochastic
variable representing phase fluctuations. To eliminate the phase factor from the

Rabi term, we define a time-dependent unitary transformation

U(t) = exp (—i(b(t) > nk> : (C.2)

which effectively rotates the basis states to a frame that is in line with the phase

jitter of the laser. Under a time-dependent unitary transformation, the effective
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Hamiltonian in the new frame, H’, is given by the relation

A = UH 0"+ (%f) " (C.3)

Applying the first term in this transformation, we observe that the detuning ()
and the interaction term Vj; commute with U because they are built using only
ny. Consequently, these terms remain invariant in the new frame. However, the
transverse coupling term is modified by the transformation of the raising and
lowering operators, where Us o FUt = =0, i) and Us o Ut = o, € —i4(t) " Substituting
these into the Rabi term of Eq. - yields

N

Q(t) 7 7 7 —1 — Q(t ~k

72(6 (t) ¢()0 4+ i) e—id(t) 5—) — Z% (C.4)
k k

This step effectively “unwinds” the phase noise from the transverse drive. The

second part of the transformation law in Eq. (C.3]) accounts for the “inertial” or

“gauge” term arising from the explicit time-dependence of the unitary operator.

Differentiating U with respect to time gives
aU Ny
5 = —ip(t (Zn > exp (—ub(t) ;nk> : (C.5)

Multiplying by ¢ and UT results in the addition of a longitudinal term (b(t) > g,
to the Hamiltonian. Physically, qb(t) represents the instantaneous frequency fluc-
tuation of the laser, and can thus be understood as a stochastic jitter in phase.

Combining all components, the final transformed Hamiltonian is expressed as

. @ Zk: ok — [o(t) = o(1)] ZI; i+ Vigigi. (C.6)

This result provides a rigorous mathematical justification for treating laser phase
noise as a stochastic fluctuation of the detuning. In the context of numerical
modeling using the TK95 algorithm, this transformation allows the use of purely

real-valued matrices.
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