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ABSTRACT

A comparison of boundary approximations used in numerical solution
of one-dimensional hyperbolic systems of partial differential equations
is undertaken. Stability and accuracy studies of the boundary
approximations are conducted for a variety of interior schemes. A new

fourth order accurate finite-element scheme is proposed.



0.1 INTRODUCTION

In this thesis we examine some of the difficulties inherent in
the construction of a numerical approximation to the solution of one-
dimensional initial-boundary value hyperbolic problems. The governing

system of partial differential equations may be written as

9 9
3T 8068 = A%, 0) o—uGx,t) , (x,t) € D x [0,1]

%(X,O) = g(x) , X €D (0.1)
B(x, )y (x,t) = g(x,t) , (x,£) € 3D x [0,T]

where D is some bounded interval of IR and B is a matrix operator of
appropriate dimensions. Multi-dimensional analogues of (0.1) occur
frequently in the equations of fluid dynamics, and by studying system
(0.1) we seek to develop results that may be extended to practical
situations.

We are primarily concerned with the construction and comparison
of the approximate boundary values required to obtain the numerical
solution of system (0.1) when D is a bounded region. In particular
we examine those systems (0.1) that exhibit differing time scales.
The physical problems we are concerned with are therefore those which
exhibit solution waves, travelling through the physical domain with
different speeds and directions and are identified by the matrix A
possessing non—-equal eigenvalues. A typical example being the
equations of the atmosphere in meteorology where there are relatively
high speed gravity waves. These waves have a negligible effect on

the solution of the governing differential equations but can have a
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crucial effect on any numerical method of solution. 1In this thesis
we consider the effect the nature of the incident waves on any
boundary has on any required boundary approximation.

Many numerical difference schemes can be shown to provide an
unstable approximation to the pure initial-value problem given by a
linearised version of (0.1) unless an inequality involving the mesh
ratio and largest eigenvalue, in modulus , of A is satisfied. This
1s commonly termed the Courant, Fredrichs, Lewy (CFL) condition. The
importance of the concept of stability is encapsulated in the Lax
equivalence theorem which guarantees that any numerical solution
obtained from a consistent, stable approximation to a linear, constant
coefficient difference scheme will converge to the exact differential
solution. It should be emphasized that the use of a finite difference
scheme that is stable for the pure initial-value problem in no way
ensures that the approximation, to a problem defined on a bounded
domain, will be stable. Instabilities may be introduced, through the
boundary representation, which will be transported along the
characteristics and destroy the entire approximation. To ascertain the
stability properties of any formulation used on 9D we invoke the results
of Gustafsson, Kreiss and Sundstrom [1972] when A has distinct real
eigenvalues. In this case the stability condition reduces to an
algebraic determinant equation, the roots of which may be analysed
according to various stability criteria.

In Chapter 1 we review the requirements necessary to guarantee
the existence and uniqueness of the solution %(x,t) of (0.1). The
primary pursuit of this thesis is the study of numerical boundary

approximations used in the solution of hyperbolic problems exhibiting
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differing time-scales and to this end the determinant condition of
Gustafsson et al [1972] for finite difference approximations is
derived. The extension of this result (Strikwerda [198@]) to a
method-of-lines approximation is also given. A further approach uses
the results of Cronin [1980] and provides a partial stability analysis
by examining the eigenvalues of the amplification matrix.

The roots of the algebraic determinant equation derived in
Chapter 1 can be obtained analytically only in the simplest of cases.
In the majority of situations numerical methods are required and in
Chapter 2 a variety of new and existing techniques are presented.

As a test problem for the remaining chapters of this thesis we

consider the initial-value problem

3 2[q+l q-1} 9x R (x,£) ¢ D x [0,1]

(0.2)
u(x,0) = £(x), q(>1) € R
A%

R(x,t) = (uCx,£),v(x, )"

which has characteristic velocities 1 and -q and so exhibits differing
time-scales, as required. Any two variable constant-coefficient linear
hyperbolic problem (0.1) can be reduced to this form by an appropriate
rescaling. We examine the model left boundary problem, where

D={x¢€e R: x » 0} and where the fast wave is incident at x = O,
separately from the model right boundary problem given by

D={xe R: x ¢ 1} which has the slow wave incident at x = 1. This
separation is performed to allow the computational significance or

the fast wave being incident or reflected to be determined. Along

. s dx . ..
the characteristics T - 1 and 3T - 4 the respective quantities
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u(x,t) - v(x,t) and u(x,t) + v(x,t) are conserved. These define the
so-called Riemann Invariants.

In Chapfer 3 the results of Chapters 1 and 2 are invoked when
the interior difference scheme applied to (0.2) is that devised by
Lax and Wendroff [1960]. A variety of boundary approximations are
examined and those that are based on the Riemann Invariants are shown
to be the most desirable. For a particular class of boundary
approximations describing the extrapolation of a linear combination
of u(x,t) and v(x,t) the right boundary is shown to be more sensitive
to the choice of the extrapolated quantity. The results of this
chapter may be considered as an extension of the work of Sloan [}980].

Whilst the Lax-Wendroff method is simple to apply and provides
accurate results its use may, as a result of the associated CFL
condition, be computationally expensive. This is due to the
restriction on the time increment At, especially when q >> 1. This
drawback may be avoided by filtering the quantity transported along
the fast characteristic out of the initial data using the Bounded
Derivative method of Kreiss [l979]. This approach has been applied
successfully in meteorological problems by Browning, Kreiss and
Kasahara [1980]. For such suitably initialised problems numerical
solutions may be obtained using the asymptotic expansion of
Gustafsson [19801. To solve the problem in the original, non-
filtered, form the split-explicit approach of Ookochi and Matsumura
[1980] could be adopted. This technique involves the partitioning
of the differential equations into separate fast and slow wave
components. The resulting numerical integration is periormed

separately on each partition for a different value of At. The authors



demonstrate that accurate results can be obtained with a significant
reduction in computational cost. We, however, adopt the semi-

implicit approach of Kwizak and Robert [19711 where that part of the
differential equations contributing the fast wave component is
approximated by an implicit technique and all others treated explicitly.
In Chapter 4 the standard Leap-frog method is modified using the above
approach and is enhanced further through the use of a staggered mesh.
Stable and accurate boundary approximaticns are developed with those
relating to the characteristic formulation being among the most
appropriate.

In Chapter 5 we present a new finite element method which is
designed specially for problems of the form (0.2). A fourth order
approximation in both space and time to the solution of the scalar
advection equation is developed first. For the appropriate extension
to (0.2) accurate and stable boundary techniques are constructed.

For symmetric problems, boundary approximations based on a finite
element reasoning are the most accurate, however as q increases we
again show the desirability of characteristic formulations.

In Chapter 6 we apply the results of the three previous chapters

to a simple non-linear system.
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0.2 Notation and Definitions.

In this thesis we consider various problems defined on the sets
of integer, real or complex numbers, denoted by Z, R and C
respectively, or multidimensional extensions thereof. A vector
function u, defined on such a space, will have the specific domain of
dependence defined in the text and will be denoted by u.

Consider now the continuous differential problem. To develop

the theory in Chapter 1 we require the Lp(D) norm defined by

el 5.p = EJ lueo [Pax] VP, 1ep < (0.3)
i D

where D is some set of real numbers. Unless stated otherwise we will
consider p = 2 and will drop the first subscript in the left side of
(0.3). The continuous Fourier transform of a function u € Lq(ﬂgb

is defined by

Q(w) = (E%_m/Z { - u(x)e_iwxdx
R

with the associated inverse defined by

., 1.m/2 ~ iwx
%(x) = (EF Jﬁfl %(x)e dw.

m
It is of interest to note that for u e Lz(E{) we have that

é € Lz(Eg5 and Parseval's equality

80 g = el g

holds.

We also require the Laplace transform of u, defined by

=>

= [ e-Stu(t)dt, Re(s) > some constant c,
0
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to remove the time variable in several situations. We use the symbol
" arbitrarily to denote a transformed variable. The precise transform
being applied will be made clear in the text.

A system of the form (0.1) is said to be hyperbolic if all the
eigenvalues of A are real and there exists a continuous transformation

S such that S_lAS is diagonal and for some constant k, we have

-1
I

Is]] <k and ||s < k.

System (0.1l) is strictly hyperbolic if it is hyperbolic with distinct
eigenvalues. The definition of hyperbolicity extends to multi-
dimensional problems by effectively requiring that the problem is
hyperbolic in each one-dimensional direction. The results reproduced
in Chapter 1 are given for such multidimensional problems.

Consider now the discrete problem defined on R X [Q,T]. We
construct a two-dimensional mesh with increments Ax and At upon which
we approximate %(x,t) by the grid function RA‘ The discrete L2 norm

denoted by Lz(Ax) is defined
2 2
I, Il = § ax|P(x,) |

.|2 is the Euclidean norm of a vector. We reserve the

and where
subscript h and the argument Ax for discrete norms.
In Chapter 1 we require the one-dimensional discrete Fourier
transform defined by
1 -1lwX .

(w) = —— ¢ AX%A(X-)e J, w € R
(2m 2 j ]

where the summation is performed over the spatial grid points.
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. D
For convenience we denote by Qj the value of RA at x = xj,

t = tn (J ez t-= Z+) and we define the shift operator g by

U. = E*. (a e Z). We also define the centred difference operators

b
] Ax

O
il

( - 2U. + U ),

I’\Jlj+]_ ] 'bj—l

_ 1 -
BRs = T Rie1 ~ N5-1)-



CHAPTER 1

THEORETICAL RESULTS FOR THE CONTINUOUS AND DISCRETE PROBLEMS

1.1 The Differential Problem

In this section we consider what requirements are necessary for

the solution of the linear hyperbolic system of partial differential

equations
m
g, = j§1 Aj(;\g,t)ng *EGowt),  (5,t) €D x [0,T]
(1.1
u(x,0) = £(x), xeD
T
where %(%,t) = (ul(%,t),...,un(é,t)) and £ = (xl,...,xm), each

Aj(é,t) is a square matrix of order n and D is some arbitrary real
smooth bounded region, to exist and be uniquely determined. In other
words, what additional information do we require, including boundary
conditions on 3D, so that (l1.1) defines a well-posed problem. If

the problem (1.1) is not well-posed then it will not be possible to
obtain a meaningful well-behaved numerical solution to (1.1). The

vague adjectives will be given precise definitions later.
1.1.1 The Cauchy Problem

Initially we consider D to be the infinite domain R™ and (1.1)
is said to be a pure Cauchy problem. This type of problem is said
to be well-posed if the solution, for all time, can be estimated in
terms of the initial data. This may be expressed as

Definition 1.1. The Cauchy problem of (1l.1) with F=0 1s well-posed

for all bounded initial values, if there exists a constant K such that



for all solutions %(%,t) and all time, the estimate

m

leGeo) | o § K 1£Go) | . (1.2)

holds.

The theory necessary to verify (1.2) is only well developed
for constant coefficient systems, symmetric or strictly hyper-
bolic variable coefficient systems. Cne possible approach is
through the method of characteristics. For m > 1 however this 1is
not straightforward and it is easier to use Fourier analysis.

The constant coefficient homogeneous form of (l.1) written as
u, = P(%%)% R (%,t) e R x [O,T]

(1.3)

A. %;— , is well-posed. This may be seen by

3
where P(+—) =
90X 1 ] ;

R

J

Fourier transforming with respect to the spatial variables x, using
the real dual variable P and verifying that there are constants K

and o such that

max |eP(i%)t| S Ke®C. (1.4)
W

~e

Inequality (l.4) is a necessary and sufficient algebraic condition
. . 7
for well-posedness of the Cauchy problem (Kreiss and Oliger [1973;).

For symmetric or strictly hyperbolic variable coefficient



problems we have

Theorem 1.1 (Kreiss [1979]). Assume for each j that

P . P ) .
Aj(é’t) e C (§,t) and £(§) € C*(§) then (1.1) has a unique solution
%(%,t) and it can, with its first p derivatives, be estimated, in
the L2 norm, by Aj’ f and its derivatives up to order p.

Therefore the continuous dependence of %(§,t) on the initial

data 1s assured.

1.1.2 The Initial Boundary Value Problem
We now consider the initial boundary value problem form of (1.1)
where some or all of the spatial variables X: lie in bounded domains.
The appropriate Cauchy problem is always assumed to be well-posed.
Specifically we consider the constant coefficient quarter-plane
m-1

problem defined in D = [O,m) x R . In other words X, ¥ 0 and

X, € R i=2,3,...,m. Since the problem is hyperbolic the matrix

A1 can be diagonalised to

where AI = diag(kl,...,Al) and AII = diag(kl+l,...,kn) are positive

definite matrices and each diagonal element of A is an eigenvalue of A The

1
boundary conditions along X = O are arbitrary and each set of

conditions will define a different solution %(ﬁ,t). From the theory
of characteristics we have that the number of solution waves enter-

ing the domain at the hyperplane X; = 0 is given by the number of

negative eigenvalues of Ay- The boundary conditions define the
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ingoing solutions in terms of the outgoing solutions and they take

the form

II
g (0,x_,t) = Su""(0,x_,t) + glx_»t), (x,t) € 6D x [0,T] (1.5)

1T T

— T ——
= (ul,...,ug) » U = (u£+1,...,un)

X = (xz,x3,...,xm)T and &D = (x1 = 0) x Bfn_l.
S is an & x (n-%) matrix and can be thought of as the operator
defining the reflection of the incident waves against X, = 0. It is
assumed that no discontinuities are introduced at the intersection
of the initial and boundary domains.

The strictly hyperbolic problem given above by (1.5),(1.1) 1is

well-posed if for some constant K, possibly dependent on T, we have

the estimate

T

T 2 2
[O lgo,x, 0] 2 ae + fo laGe o |l 2 a
(1.6)

3

B 2 T 2!

o] ol e | il g
0 )

For the one-dimensional case well-posedness is assured if all
the boundary expressions are disjoint from the reflected waves
(Hersh [1963]). This means that i1f the boundary conditions at x =
are written as B% = g then well-posedness follows from the

N

disjointness of the null space of B and the negative eigenspace of

Al' For higher dimensional problems we can introduce Fourier

0



transforms with respect to x_ and a Laplace transform with respect
. . m-1
to time (dual variables £ e R and s € € respectively). If we

denote by a the transform of a then from (1.1) and (1.5)

A dy m .
su = A1 = 71 .Z Ajgj% + ¥, X > 0 (1.7)
1 j=2
AT WII .~
go= Sy o+ % . 0. (1.8)

+ . . .
If we denote by ¢ ¢ L2(E() an eigenfunction corresponding to
the eigenvalue s then ¢ and s necessarily satisfy the linear

differential eigenvalue problem
>0 (1.9)

(1.10)

©
]

9]

<

)hand 67T = (6, 10eee0)

with ¢I = (¢1"°"¢2 n

Note that we are able to drop the inhomogeneous terms é and %
(Kreiss [1970]).

Hersh [1963] quotes an example to indicate that no well-
posedness estimate (1.6) can hold if there exists an eigensolution
¢ associated with an s : Re(s) > 0. He also shows that for

Re(s) > O there are exactly 2 solutions ¢ ¢ LZ(K() . Therefore the

general solution of (1.9) can be written

2
6= T B.o. . (1.11)



Clearly then, if there exists a non-trivial set of constants
L . o
{Bj}j=l so that (1.11) satisfies (1.10), the problem is not well-

posed. This may be expressed algebraically by constructing the

order % linear system

M(s)% = %

by inserting (1.11) into (1.10). Well-posedness then requires that
det M(s) # O for any s such that Re(s) > 0. If ¢ and s satisfy

(1.9) and (1.10) with Re(s) = O (we assume lim ¢(s+e) € L2(IR+))
e>07

then s is said to be a generalised eigenvalue. We then have the
main result

Theorem 1.2 (Kreiss [1970]). The problem defined by (1.1) and (1.5)

is well-posed if and only if the eigenvalue problem (1.9) ‘and (1.10)
has no eigenvalues or generalised eigenvalues with Re(s) > O.

The above result was extended to the case of variable complex
strictly hyperbolic operators by Ralston [1971]. The variable
coefficient problem can be considered by examining all of the
linearized constant coefficient problems at every point on the
boundary (Coughran [1980]). Non-strictly hyperbolic problems have
been considered by Majda and Osher [1975}.

Although problems in general will not be of the semi-infinite
form considered above, at any particular boundary we can locally
consider the domain of definition to be so (Kreiss [1979]),

(Oliger and Sundstr8m [1978]).
An older technique for determining well-posedness is the energy

method (Richtmyer and Morton [1967]). Although this method requires



skill in its use to provide sufficient ccnditions it can also handle
non-linear problems. Elvius and Sundstrom [}97}} proved well-
posedness for the shallow-water equations and Oliger and Sundstrom
[1978] handled some complicated systems in fluid dymamics. Griifin

and Anderson [1977] studied the influence of boundary conditions on

one-dimensional fluid flows through a nozzle.
1.2 The Discrete Problem.

1.2.1 The Cauchy Problem.

We first approximate the strictly hyperbolic one-dimensional

problem

u = Ag o+ F(x,t) , (x,£) e R x [0,=) (1.12)

%(X,O) = g(x) , xe R (1.13)

with A a constant, square matrix of order n and
T
%(x,t) = (ul(x,t),...,un(x,t)) .

We cover the domain with a rectangular mesh or grid where the
spatial grid spacing is denoted by 4x > O and the time step by
At > O, assuming a constant mesh ratio of A = At/Ax. At each knot
we define H? to be the finite difference approximation of
%(jdx, nAt), j € Z, n € z'. In practice the H? will be defined by

the multi-step method



r
n+l _ n-o n .
Q—lHj = gio Qggj + At Ej’ V] e Z; n=r,r+l,... (1.14)
P i}
where Q0 = ai—P AaO(Ax,At)E : EHj = Hj+l are difference operators
2

and Q_1 is non-singular.
To initialise the method the following (r+l) levels of data

are required

Ej = £j o =0,1,...,r; Vje?Z (1.15)

The values in (1.15) will usually be supplied by Taylor
expansions about Ho, or by using other finite difference schemes
that involve fewer time levels. We assume that the initial data will
not introduce any loss of accuracy or instability.

As in the previous section we consider first the Cauchy problem
approximation (1.14). It will become clear that many of the stability
results and methods for the finite difference approximations are
synonymous with those of well-posedness in the differential problem.

We initially make clear definitions of some of the properties
of a difference approximation.

Definition 1.2. The difference scheme given by (1.14),(1.15) 1is

accurate of order (ql,qz) for the particular solution u(x,t) if there
is a function c(t) and constants cy = O, bounded on every finite

interval[o,f], such that for all sufficiently small Ax, At

q q
1 <8t C() {0 T+ (o)

r
n+
lopg5™ - = Q¥ b, (1.16)

q q
1£9-0°1] € e (%) Ly oy, o0=0,1,...,r.



In many cases we say that the order of accuracy is given
by min (q;,q,).

Whilst it may seem desirable to maximise the order of accuracy
possible, in practice methods more than sixth order accurate become
computationally too expensive (Kreiss and Oliger [1972]).

Using (1.16) we say

Definition 1.3. The difference scheme (1.14), (1.15) is said to be

consistent if it is accurate at least of order (1,1). We assume all
methods considered here are consistent.

An essential property of any approximation to a well-posed
problem is that it be stable, that is, it does not grow unboundedly
in time. The importance of stability is illustrated by

Theorem 1.3 (Lax's Equivalence Theorem). Given a well-posed linear

differential problem and a finite difference approximation to it that
is consistent then the approximation is convergent if and only if it
is stable.

Accordingly we make the following

Definition 1.4. A finite difference method is stable for the Cauchy

+
problem if there are constants K > O and o« € R such that the

following estimate holds

(1.17)

Therefore the numerical solution at any point in time must remain

bounded in terms of the initial data.
As before we require implementable algebraic conditioms for

the estimate(1,17) to hold. To do this we first Laplace transform the
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time variable using the dual variable s, which is akin to seeking a

solution of the form

£
n At

Ry = 2

. SAt "
50 Vi e Z, z =c¢ €C, Je LZ(AX), t = nAt. (1.18)

o>

Inserting this in the homogeneous form of (1.14) yields the resolvent

equation

zQ ,U. -

—1r\"J = O) vj € Z. (1.19)

1
N
LD

U.
o]

Equation (1.19) has the associated eigenvalue problem

N 1

[zQ_l -

] z—OQOJ:R =0, ¢eL,(a%). (1.20)

v

0

Again it is clear that there cannot be any eigenvalues z with [z| > 1
associated with an eigenfunction $ € LZ(AX). If this were so then a
solution (1.18) would grow unboundedly in time. We have

Lemma 1.1 (Gustafsson et al [}972]). For |z| > 1 the number of

linearly independent solutions ¢ in (1.20) is np We shall see later

v ’Q’.

that this lemma is important when dealing with the stability of the
initial and boundary value problem .

If we seek a solution in (1.19) of the form Qj = KJi ke € (1.21)

we obtain the characteristic polynomial

det[zQ_lKj - z_oQOKJ] = 0. (1.22)

o]

N 1

0
Polynomial equation (1.22) is the requirement for the existence of
non-trivial ¢ in (1.21) and will invariably decouple into separate

v
characteristic equations involving z and x. From this we get
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Theorem 13a (Von-Neumann Theorem). The difference scheme (1.14),

(1.15) has no exponentially growing solutions if all the solutions
in (1.22) satisfy |z| < 1.

Although this 1s a necessary condition it happens also to be
sufficient in the case of two-level schemes where the amplification
matrix Q:}QO is normal. As all multi-level schemes can be written
as two—level schemes this result is important however Q:iQO may not
always be normal (Richtmyer and Morton [1967]).

Difference schemes can be classified by

Definition 1.5. The approximation (1.14) is said to be dissipative of

order 2o if there exists, for the solutioms z of (1.22), an estimate

lz| <1 - leAx|2u s Vz, |wAx| <

for some positive constant § and whole number a.

The solution of a dissipative scheme will tend to zero as t + <
whereas for a non-dissipative method each mode in the initial data
will be transported, through time, with its amplitude conserved.
Clearly the choice of difference method, in any particular case will
depend on apriori knowledge of the unknown analytic solution. A
dissipative method for example, will not provide an acceptable
approximation to a long term steady state solution. A non-dissipative
method on the other hand would be expected to do so, however round-
ing errors may cause some of the eigenvalues z to exceed one in
modulus. Thus, at best, non-dissipative methods are marginally

stable in practice.

The physical interpretation of dissipation is that the high



frequency Fourier components associated with large values of 4:'x

are damped and the difference solutions will compose mainly of smooth
low frequency components. See Plot 2, (page 158) where the dissipative
Lax Wendroff method is used in conjunction with an unstable boundaryv
approximation. Although serious inaccuracies are occurring at the
boundaries the interior method prevents this transfer of energy
throughout the domain. We have

Theorem 1.4. If A in (1.12) is hermitian and the approximation 1is

also dissipative of order 2a and accurate of order 2a-1, (or order
2(a=1) for strictly hyperbolic problems) then the difference method
is stable.

Theorem 1.4 still applies if the operator A is uniformly bounded
and Lipschitz continuous in x.

Dissipation is important when solving non-linear problems in that
non-dissipative methods invariably suffer from nmon-linear instabilities.
Fornberg [1973] displayed this behaviour with the Leap-Frog scheme.
Garp [1977] gives similar examples with the method-of-lines and
Galerkin approximations. Majda and Osher [1978] proposed a method of
introducing non-linear dissipation to the standard Lax Wendroff method
to avoid this type of instability. As an alternative, it is known
that solving the governing equations in their conservation form is
less likely to produce non-linear instabilities (Garp [1971]), however
they do not guarantee its non-occurrence. The addition of dissipation
to a non-dissipative method is popular (Kreiss and Oliger [197}1).

The ability to control the degree of dissipation being regarded as
more favourable than using a dissipative method initially.

Alternative sufficient stability definitions for the Cauchy
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problem are given by Richtmyer and Morton [l96i] and Kreiss and

Oliger [1973].
1.2.2 The Initial Boundary Value Problem.

Consider the mixed initial boundary value quarter-plane problem

_ + +
Y = A%X + g(x,t) » (x,t£) e R x R ,
+
}\1}(}{,0) = g(x) , X € R (1.23)
1

I1
X (0,t) = S% (0,t) + g(t), te ]R+
v

where
‘AI 0
A= ,
0 AII
I .
A = dlag(ll,...,kg) > 0,
II .
A = d1ag(k2+1,...,kn) > 0,

%I(x,t) = [ul(x,t),...,uz(x,t)]T,
%Il(x,t) = [u2+1(x,t),...,un(x,t)]T,

S an 2 x (n-2) real reflection matrix.

We solve using finite differences by choosing a scheme that is
stable, albeit possibly under certain grid size restrictions, for
the Cauchy problem. The introduction of boundary approximations
may cause the overall difference scheme to be unconditionally stable,
conditionally stable or unstable. We assume homogeneous initial data.

We make the

Definition 1.6. A boundary condition is an expression along the

boundary required by the differential problem to ensure well-posedness.
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A boundary approximation is an additional equation required only by

the numerical method.

To solve (1.23) we use the multi-step method (1.14), (1.153)

with the boundary information

r

n+1 (3),n-c n .
U, = I S0 +g., 31 =1-p,...,0 (1.24)
] g=-1 o ~l o 2
. G P
with S = ¢ c'IgH, (1.25)
o 1=0 uo

Notice that (1.24) incorporates % boundary conditions and (n-2)
boundary approximations on x = O as well as any approximations
required at interior points.

A heuristic stability analysis of (1.14), (1.15) and (1.24)
was given by Trapp and Ramshaw [1976] by taking the necessary
stability restriction to be the minimum Von-Neumann restriction for
each separate difference expression. That is, treating the interior
method and each boundary approximation as though they were applied
to a separate Cauchy problem. More rigourously we shall consider
three methods of analysing the effect of any boundary approximation
on stability. Namely
(a) The Normal Mode Analysis of Kreiss;
and if a method of lines approximation is used, then
(b) The approach of Strikwerda, and lastly the

(c) The Matrix Eigenvalue method.



1.2.2a Normal Mode Analysis

In 1968 Kreiss gave a stability theory for dissipative
approximations to the quarter-plane problem by extending the work of
Godunov and Ryabenkii [1963]. This theory was then extended by
Gustafsson et al [1972] to either fully dissipative or fully non-
dissipative approximations to the twin boundary problem in one
dimension. The definition of stability that they based their results
upon allows, in certain cases, exponentially growing solutions when
Ax and At are not sufficiently small. By modifying the ideas of
Gustafsson et al [1972] into a definition of so-called P-stability
Beam, Warming and Yee [1981] were able to exclude this possibility.

As in the well-posedness discussion the idea behind the theory
is to consider all solutions belonging to LZ(AX) but which are
unbounded in time. If any of these unacceptable solutions satisfies
the boundary approximations then the overall approximation will be
unstable.

Therefore we Laplace transform in time which, as stated before,
is akin to seeking a solution of the form Q? = znﬁj in equations

(1.14) and (1.24). Accordingly we obtain the resolvent equations

r
A —0 ~ A .
- .= F. 1.26
ZQ-ll“{J' ozo 2 9k EJ’ izl ( )
-1 2o - j = 1- 0 (1.27)
and zgj . z 5 QJ %j’ ] pl,..., . .
g=-

~

Assuming a solution gj = K32 € LZ(AX), x € C of the difference

equations (1.26) and (1.27) we find that H? = anJi is a solution
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of (1.14) and (1.24) if the following equalities

. r
J _ ~0 j _ X ;
[zQ_lK E z QOK ]i = Ej’ vy > 1 (1.28)
g=0
i_T =0 () -
VA - Z S = . 1 = - PR
[z« z z S, K]i)’ gi2 1= 17p,,..50, (1.29)

are satisfied.
We are interested in solutions of (1.28) for which |z]| >1,

~

Hj € LZ(AX) and the general solution will then be of the form

n n . ] .
HJ = z ?Pi(_]) [Ki]J,?,i’ vi : [Ki] <1 (1.30)

where the polynomial coefficient will reflect the multiplicity of
any K. . Note that stability of the associated Cauchy problem
ensures that there are no solutions Hj such that lKi| =1 for ‘z| > 1.

From Lemma 1.1 solution (1.30) becomes
np,
n

_.n . j
Hj z iilPi(J)[Ki] %i (1.31)

We have now determined all the unacceptable solutions of the interior

difference scheme. This leads to

Theorem 1.5 (Godunov-Ryabenkii). If solution (1.31) for |z| > 1 while

|K.| < 1 satisfies equations (1.28) and (1.29) for some non-trivial
1
vector ¢. then the approximation (l.14) and (1.24) is unstable for

av

the quarter—-plane problem. Such a z is said to be an eigenvalue.

This result is only a necessary stability condition as we have

yet to consider the possibility of z lying on the unit circle. This



extension was performed by Kreiss [1968] and Gustafsson et al [}972}.

The latter authors base their resul:s on

Definition 1.7. The difference approximation to the initial-boundary

value problem (1.23) is stable if there are constants K > 0 and

+
ao € IR such that for all At > O and o > a there exists the estimate

(a-a ) 0 (a=a )
0 -at 2 o) ~at. 2
razey | B e Tl s e x,t.I
= pQ, 4
(1.32)
La=a ) 0
) o -a (t+At) 2 —o(t+AtL) 2 1
B e I Cat e N B (5
')

, In general (1.32) allows for the existence of exponentially
growing solutions unless a = 0. The form of (1.32) allowed the
authors to construct a straightforward algebraic stability condition

for all Izl > 1.

Definition 1.8. If |z| = 1 and there is an associated value of K3
such that [Ki| =1 and z = (1+6)eie implies that lKi| < 1 for some §,
O < § << 1, and (Z,Ki) satisfy (1.28) and (1.29) then z is said to
be a generalised eigenvalue. We then have

Theorem 1.6 (Gustafsson et al [1972]). The difference scheme (1.14)

and (1.24) 1is a stable approximation of the quarter plane problem
(1.23) if and only if (1.28) and (1.29) have no eigenvalues or

generalised eigenvalues for |z| > 1.

The familiar algebraic condition is obtained, by inserting (1.21)

in the homogeneous form of (1.28) to form the linear system

M{z,k)d = O. (1.33)
n
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Theorem 1.6 is satisfied if no eigenvalue or generalised eigenvalue
satisfies det M(z,k) = O for |z| > 1.

This linear system (1.33) is simple in practice to comstruct
however it often proves difficult to check Theorem 1.6 . Possible
procedures for doing so are given in Chapter 2.

Kreiss [1968] proved that it was sufficient, when the interior
approximation is dissipative, to consider the possible existence of
a generalised eigenvalue at z = 1. However for non-dissipative
methods the entire unit circle has to be examined (see for example
the SILF method at z = i as described in Chapter 4 of this thesis).

Gustafsson et al [1972] prove that the two-boundary problem is
stable if each separate quarter-plane problem, obtained by extending
the other boundary to + = as applicable, is stable. In practice it
1s necessary to check both quarter-plane problems (Jamieson and
Sloan [1983] and Chapter 3).

For scalar equations it is usually possible to verify the
conditions of Theorem 1.6 easily. This is particularly relevant if,
in the constant coefficient case of (l1l.14), the equations and boundary
approximations can be written in characteristic form. Gottlieb et
al [1978] proved that the stability of each separate scalar
characteristic problem was sufficient to ensure stability of the
complete problem. This, however, is only relevant in the constant
coefficient case, although (linearised) characteristics can play an
important role in the conmstruction of boundary approximations.

Trefethen [1983] interpreted instability, as defined above, as
amounting to the spontaneous radiation of energy from the boundary

into the interior. In an unstable situation a rounding error may be
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transported back into the computational domain subject to an
unbounded amplification factor. The possibility of a generalised
eigenvalue is shown to be equivalent to a positive group velocity
directed from the boundary into the domain. Using this analogy
Trefethen [1983] was able to verify the instability of many well-
known difference approximations. This interpretation holds for both
dissipative and non-dissipative schemes. It is not, however, able
to guarantee stability in the sense of Definition 1.7.

When applied to boundary approximatioms, used in conjunction
with some implicit schemes, Theorem 1.6 has been shown to allow
exponentially growing solutions when Ax and At are not sufficiently
small (Beam, Warming and Yee [19811). These authors introduce the
more restrictive

Definition 1.9. The difference scheme for an initial-boundary value

problem is said to be P-stable if

(a) it is stable for the Cauchy problem,

(b) it is stable for the left and right quarter-plane problems (in
the sense of definition 1.7), and

(c) all the eigenvalues of the characteristic equation, for a finite

number of spatial mesh intervals, lie in or on the unit circle.

For definition 1.9 (c¢) the characteristic equation is constructed
from the characteristic polynomial equation (l1.22) and from all
boundary approximations, both at the left and right spatial boundaries.
The analysis involved in including both boundaries is only straight-
forward for scalar equations and may be very complicated for systems.

The possible existence of growing solutions has been considered



by Gustafsson [1981}. He examined the relation between stability,
as defined in Definition 1.7, and the eigenvalues of the operator Q
in the initial and boundary-value difference scheme Rn+1 = QHn.
If all the eigenvalues of Q are strictly inside the unit circle the
problem is said to have only decreasing modes. He examined the
various conclusions which may be formed concerning decreasing modes
from an analysis of the two quarter-plane problems.

In order to introduce Gustafsson's result we return to the
resolvent equation (1.26) and we write the homogeneous form as the

one-step equation 1in space

Un = n

Uier = O (1.34)

It is possible to transform G to the block diagonal form

diag(LysLy,N sNy) (1.35)

(Gustafsson et al [}972]). The blocks in (1.35) may satisfy

=
A

J (1_6)1 ’

t—d

2
(NF S S T S N e
= o
A

N

< (1-8) (|z|-D1,
(1.36)
> (1+8) 1 ,

—

> (l+6)(lz|-1)1,

for some § > O and identity operator I, in some neighbourhood of z
on the unit circle. We then have

Theorem 1.7 (Gustafsson [}981]). If both quarter—plane problems are

stable (in the sense of (1.32)) and inequalities (1.36) are satisfied

. . =
then if either L2 or Nz are empty then there are only decreasing
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solutions to the twin boundary problem for a sufficiently fine mesn.

The theory of Gustafsson et al [1972] can be applied to
variable coefficient problems by invoking the results of Lax and
Nirenberg [}966]. For sufficiently smooth variable coefficient
problems then stability of the associated left and right quarter
plane problems linearized about the boundaries implies stability of
the original problem (Kreiss and Oliger [1973]).

The extension of this theory to multi-dimensional problems is
not clear although for the Leap-Frog method in two dimensions
Abarbanel and Gottlieb [}979] considered the stability of various
boundary approximations. For the strictly hyperbolic case Coughran
[198@ and Michelson [1981] considered a dissipative multi-dimensional
interior difference scheme.
1.2.2b The method of Strikwerda.

Consider the quarter-plane constant coefficient problem

+ +
B T ALt F(x,t) , (x,£) ¢ R x R
+
%(X,O) = %(x) , x € R (1.37)
= t e R
%(O’t) - %(t) ’ €

If uj(t), regarded as a semi-discrete approximation to %(ij,t),
n

satisfies the differential difference method

d_yu. = ADU. + F(jax,t), V¥ zr (1.38)

dt ] "] N

d ) )

—— = 7 = O 1,... 1039

= gj A%kj + E(JAX,C), 3 , T ( )

d — ™ 1 = 3 1.40
and T P h(t) with U 0, Vj ( )
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it is said to be a method-of-lines approximation to u(jx,t).

In the above

r 2r-]

DU. = z d U. and D.U. = ¢

] 0 j+o I o jon+0’

where dO and djo are constants. Equation (1.40) incorporates the
boundary conditions and boundary approximations in differential form.

We have

Definition 1.10. If there is a function %(x,s) such that

(a) su = A%x on x >0 R
(b) Re s >0 ,

(c) for Re s > 0, u(x,s) is bounded as x - o,
V)

(d) for Re s = 0, %(x,s) = 1lim %(x,s+e) satisfying (a) and (c),

+
g0

(e) u(0,s) =0

then %(x,s) is said to be an eigensolution of (1.37).

The definition corresponds to the construction of eigenvalues
and generalised eigenvalues of the previous well-posedness analysis.
Parts (c) and (d) define what may be regarded as unacceptable
solutions and (e) verifies that the boundary conditions are satisfied
by such solutions. This leads to

Theorem 1.8 (Strikwerda [198@]). The quarter-plane initial-boundary

value problem is well-posed if and only if it has no eigensolutionms.

An analogous approach allows us to determine the conditions
necessary for stability of the method-of-lines approximation. We seek

to construct all solutions which are bounded in space but allow



unbounded temporal growth. If any such solution satisfies the

boundary approximations then instability follows.

Laplace transformation in time yields the resolvent equations

sgj = ADQJ. (1.41)

and if any root gj € LZ(Ax) satisfies, for Re s > O, the transformed
boundary equations then the approximation is unstable. This result

can be compared with Theorem 1.5. We also consider the existence

of generalised eigensolutions (Strikwerda [}98@]).

Definition 1.11. A generalised eigensolution, Hj(ia) with a € R,

is a solution given by Hj(la) = llm+ Hj(e+1a) where gj(e+1a) € Lz(Ax)
g0

and satisfies (1.41).

Theorem 1.9 (Strikwerda [1980]). The method of lines approximation

to the quarter-plane initial-boundary value problem is stable, if and
only if it has no eigensolutions or generalised eigensolutions.

A determinant condition, synonymous with that of Theorem 1.6,
can be constructed as an algebraic condition for stability. The
characteristic equations and the secular equation for the boundary
approximations will involve fewer terms but they are not necessarily
any easier to solve.

The application of the method-of-lines approximation requires
the use of a stable ordinary differential equation solver or a
stable time-stepping rule (Vichmevetsky and Bowles [1982]). The
previous results concerning sufficiently smooth variable coefficient
problems and twin boundary problems still apply.

The final method of analysing stability is given as



1.2.2c The Eigenvalue Method on the Method-Of-Lines.

This approach has been used frequently (see, for example,
Gunzburger [1977], Yee [1981], Gustafsson [1981]) and studies the
method-of-lines approximation (1.38)-(1.40). We use the following

Definition 1.12 (Cronin [198@]). For the system

v = f(t,x) (1.42)

n1m
(]

in some real domain that includes positive time, let v(t) denote the
V]
solution vVt > v > 0. Then v(t) is stable if there exists a to > T

and positive real constant b and e such that, if X(to) = XO and where

X(t) = X(t,to,xo), the following hold

(a) If Ix'—xol < b then X(t,to,x') is a solution of (1.42) and 1is
defined for all t >t
(b) There exists § = d(e,g,to,xo) > 0 such that § ¢ b and if

1_..0 "o o
lX v I < § then lx(t,to,x ) X(t,to,x )l < g for all t 3,to.

If (a) and (b) hold and if
(c) there exists o = a(f,toxq)such that a < b and IX"XOI < a

then

) oL oy| -
lim |y(t,t ,y") - y(t,t .y )| =0
toroo

and X(t) is asymptotically stable.

Definition 1.12 states that given an initial solution X(to) the
general solution X(t) will be stable if, once in a neighbourhood of
X(to)’ it stays in that neighbourhood and will be well-defined. The
solution X(t) will be asymptotically stable if it is convergent in

that neighbourhood. In comparison with the theory of Gustafsson et al



[1972] stability, in terms of Definition 1.12, is equivalent to
large-time or asymptotic stability as implied by Definition 1.7. The
above definition therefore places a less stringent restriction upon

the numerical approximation.

In general the differential-difference system will be of the form
dv-a 1.
TV =AY (1.43)

where, for constant coefficient hyperbolic problems, A is a constant

square matrix. If A denotes an eigenvalue of A then we have

Theorem 1.10 (Cronin [1980]). Let v denote the solution of the
homogeneous system (1.43). Then v is sﬁable if, for all X,

Re()) < 0 and all imaginary eigenvalues are distinct. Furthermore,
Y is asymptotically stable if all the eigenvalues have real parts
that are negative.

Theorem 1.10 is readily applicable although the evaluation of

the eigenvalues, for large systems, can be computationally expensive.
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CHAPTER 2

METHODS FOR VERIFYING STABILITY RESULTS

In the previous chapter algebraic stability conditions were
derived that involved the roots of a system of non-linear complex
polynomial equations. Whilst it may be possible to solve this system
analytically (see Chapter 3), in general, numerical solution
techniques are required. Problems of this type have been examined
by Allgower and Georg [1980], Ypma [1982] and Hirsch and Smale [1979].
Allgower and Georg reviewed various simplicial and continuation
techniques. Ypma considered the use of Newton methods where the
Jacobian is replaced by a difference approximation. This modified Newton
method is then incorporated into a continuation algorithm. Hirsch
and Smale proposed several algorithms based on Newton's method,
including a "sure-fire'" method. This method is, however, slow to
converge and very costly computationally. Practical élgorithms are
also presented which are easier to apply though not guaranteed to
converge. In this chapter we shall consider the use of polynomial
resultants and various forms of continuation. Both methods work well
in practice and are used to analyse all the boundary approximations
considered in Chapters 3,4 and 5. Since all applications in those

chapters involve systems of the form F : ¢ 5 C where
v

F (z 1,2,...,n (2.1)

v 1,22,-..,Zn) =0 Vv

we will assume that the numerical methods are to be applied to systems

of the form (2.1). In the later chapters n = 3 and the
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variables 2112, and z5 may be written as <12K3 and z. S| and k3 are
the only roots of the homogeneous form of (1.28) which we need to
consider. The equations Fl(kl,KB,z) = 0 and F2(K1,K3,Z) = 0 are the
characteristic equations associated with the interior method of
integration and F3(K1,K3,Z) = 0 is thedeterminant condition obtained

from (1.33). The expressions Fi’ i=1,2,3, may be written as

polynomials in z with coefficients which are polynomials in <1 and K3.

2.1 Polynomial Resultant Approach

This method was described by Collins [19711 and involves the

evaluation of a succession of matrix determinants.
m )

Definition 2.1. Let A(x) = I aixl and B(x) =
1=0 i

b.x* be
1

W13

0

polynomials in x of degree m and n respectively. The Sylvester matrix

of A and B is the square matrix of order (m+n)

a A L eceenns a Oceven ee0
m m—-1 o) N
Q am ........ a1 ?o .
S0 : . 0
0...0 ‘a é :a
m m-1 o)
S = bn bn-l .......... bo 0 0
9 bn Pl bOO 0
] O é . :
Do - 0
[0 R 0 bn bn—l bo

The resultant of A and B, res(A,B), is the determinant of S.
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Clearly res(A,B) involves only the coefficients of A and B. The
method suggested by Collins [1971] to solve (2.1) is to construct

polynomials

Pl(Kl’KB) = res(Fl,F3) = 03 P2(K1,K3) = res(Fz,F3) = 0

thus eliminating z. If now P1 and P2 are written as polynomials in

K3 with coefficients which are polynomials in €1 then

P3(K1) = res(Pl,Pz) = 0 defines one polynomial,albeit of high degree,

in one complex unknown, Kl. The solution of P, = 0 using a standard

3

library routine and subsequent solution for <3 and z in Pl = 0 and
F3 = 0, respectively, will yield a collection of triples (Kl,KB,z).
The evaluation of Fl’FZ’FB for each triple will identify the true

roots of (2.1). We illustrate by the example:

Find the roots x,y,z € € satisfying

F1 Xz -y =0 » (2.2)
F,:xy -1 =0 , (2.3)
Fy i x+y+2=0 ) (2.4)

We then have Pl(x,z) = res(Fl,FZ) = l-xzz and Pz(x,z) = res(Fl,F3)

= —(x+z+x2). Combining P1 and P2 we have
P.(x) = res(P,,P,) = x3+x+l =0
3 1°°2

Using the roots of Py = O we obtain three values of y from (2.3) and

then three values of z from (2.4). Only those triples (x,y,z) which
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satisfy (2.2) are roots of the system.

This example is trivial. 1In practice the construction of Pi
i =1,2,3, requires the construction of polynomial multiplication
and determinant routines. In all applications in this thesis the
highest degree of P3 = 0 was eight, A more detailed example is
given in Appendix I.
2.2 Continuation

The basis of continuation is to split the polynomial system
(2.1) into a simple part and a remainder. The simple part is
constructed in such a way that the problem it defines on its own may
be solved analytically and then numerical solutions are obtained for
a sequence of problems by successively adding increments of the
aforementioned remainder to the simple part. When the complete
remainder has been added a solution of (2.1) is then obtained. To be
precise, system (2.1) is imbedded into a family of equations given by

n+l

Hv : C -+ € where

Hv(%’t) = nv(%) + tev(%) v=1,2,...,0n (2.6)

with z = (Zl""’zn)T’ t € €, such that HV(%,O) nv(%) = 0 has
simple roots that are readily found and Hv(%,l) = Fv(%)' In order that
no roots be lost it is necessary that the degree of n, should not be
less than that of Fv.

There are various ways of continuing t in (2.6). Firstly, in
"Standard Continuation', t may be regarded as an independent variable

and moved from O to 1 along a path in the complex plane. This

approach has been used by Wasserstrom [1973] and more extensivelv by
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Drexler [1978]. Secondly we can introduce a real parameter s so that
z = %(s) and t = t(s). The path in c" x R defined by (%(s),t(s))
is the so-called homotopy path. If system (2.6) is differentiated
with respect to s an initial-value problem is formed which may be
integrated from the initial roots of nv(%) = 0 to the required solution
triple at t = 1. This has been the more recent approach examined by
Garcia and Zangwill [1980] in connection with polynomial systems and
by Watson [1979, 1980a,b,c, 1981] in a variety of situations.

Finally we shall consider a hybrid method of the above techniques.
Faced with the problem of solving system (2.1), extensive
numerical experiments were performed in order that some insight might

be obtained into the relative merits and demerits of the different
approaches. For the purpose of comparison the following two problems
were used,
(a) Drexler's First Problem:
x2-1+xy = 03 yz-l—yz = 0 zz—l+2xz = 0 X,¥y,z € € (2.7)
which has six real and two complex roots, and
(b) Drexler's Second Problem:

x2+xy+y2+1 = 0; y3+xy(x+y)+1 =0 X,y € C (2.8)
where there are two complex roots only.

Experience gained on the above problems led to changes in

existing algorithms. Extensions were made to the analysis which

permitted simplifications to be introduced.

2.2.1 Standard Continuation

The basic algorithm for this approach has been described by

Wasserstrom [1973] and developed and implemented by Drexler [1978]
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and is of a predicror-corrector type.
Differentiation of H(%,t) = 0 with respect to t, together with
the roots of H(%,O) = 0, forms an initial-value problem, which when
integrated from t = 0 to t = 1, yields the desired roots. To perform
this integration the interval [0,1] 1s subdivided and in each sub-
division the integral is evaluated numerically. In [ti’ti+1]
typically we have the solution %(ti) to H(%’ti) = 0. The crudest
predictor delivers %(ti) as an initial estimate of %(t) at t = t.

1+1°

).

Newton's method is then used to find an accurate value of %(ti+l
The union of all such subintervals forms the solution curve W
associated with the given initial vector. To justify the use of this
method Drexler proves that the solution curve W-{1} may always be
chosen such that the solutions along the curve are unique, bounded,
continuous and many times differentiable. He does so by showing
that there are only a finite number of points where these properties
do not hold. The point t = 1 is excluded since, if this solution
path does not correspond to a zero of H(%,l) = 0, then a pole will
occur. Also the presence of multiple roots will be indicated by
two solution curves coalescing at t = 1. As stated above, it is the
choice of W in practice which dictates the effectiveness of the
technique.

A program was written which used standard continuation to
produce the curve W for a system such as (2.1). The program which

emerged from the numerical experiments is represented by the following

flow chart. This chart describes a method for finding 2: 01 in the

interval [ti’ti+l]'
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To explain the previous flow chart, assume a point of success
73 has been reached at t = t. along W. The next point i1 is
estimated by advancing t in a straight line to t = 1 a distance At,
performed by the function F(ul,uz) with My and My representing
movements in the real and imaginary directions respectively. Using
Z; as the predicted solution at t = t;,q We correct it by using
repeated application of Newton's Method. If, in the iteration process,
a point of difficulty is encountered then several approaches to adjust
ti+1 are used. Moving back to the previous solution at t = t, we adopt
the following successive procedure:
(a) divide At by 2 a maximum number of four times,
(b) move t in the positive imaginary direction a distance At and
reapply (a) if necessary,
(c) move t in the negative imaginary direction a distance At and

reapply (a) if necessary,

(d) move t towards t = 1 distance At and rotate by %-and rotate

further in multiples of %-if necessary after reapplying (a).

If a solution point il cannot be found then go back to t = 0 and
try moving t around the unit circle until t = 1 is reached. A change
of direction for W is sought when any of the following occur

(Drexler [1978]):

(1) Newton's method fails to converge in a given number of iteratioms,
(2) the determinant of the Jacobian matrix overflows,

(3) the determinant of the Jacobian matrix increases five—fold from
step (k) to (k+1) of the iteration, decreases by half and then

oscillates.

As should be apparent, the above listing of decision criteria
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and responses is far from exhaustive. Clearly the major problem
with this method is that it is not possible to even remotely guarantee
that a correct solution curve for each set of initial data can be
found numerically.

When used on both test problems all the roots were found.
However, while the W-curves remained bounded, the decision criteria
could not guarantee uniqueness. For this reason, and due to the

complexity of the algorithm, another approach was sought.
2.2.2 Parameterized Continuation

In the previous section the continuation parameter t was moved
along the solution curve by a set of decision criteria that responded
to the behaviour of the variables as the curve moved through €n+1.

The philosophy behind parameterized continuation is to let t move
freely with the other variables by introducing a real parameter s

upon which all the variables are assumed to be dependent. As a

result it will be seen that many of the problems encountered
previously do not occur (Watson [198@}). The parameter t is now
constrained to be real and in this case the homotopy path, or solution

2o+l . The success of the method

curve, is a path in ¢ xR or R
relies on the assumption that the solution curve is regular and so
the difficulties in dealing with bifurcation points are avoided. In
the solution of many systems of the form (2.1) this assumption has
never been violated.

As before an initial value problem is constructed in which s

is increased from its arbitrary initial value that corresponds to

t = O until the unknown zero of E(ZL = Q is obtained at t = 1. It
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should be noted that the initial and final t points may be inter-
changed. In other words we may decrease s from t = 1 until t = 0.
This of course requires a change in the definition of H.

Y]

Consider w(%(s),t(s)) : IRznx [0,1] - IR2n to be the regular

solution curve for a given set of initial data %(j) with t(0) = O,
%(O) = %(j). Notice that we refer toany o € € as being equivalent to
a pair of real numbers. The first defines the real part of o the
latter the imaginary part. Thus the solution curve W represents

the solution of the system

S H(z(s),t(s)) = H'(W(s))W(s) = O, (2.9a)
o o
t(0) = 0; z(0) =z, (2.9b)

where %' denotes the Fréchet derivative of H with respect to . Thus
the integration of (2.9) with respect to s until t = 1 1is reached will
yield the required zero point. In many cases (Watson and Wang [1982],
and Chow, Mallet-Parret and Yorke [1978]) the parameter s can be
scaled to correspond to the arc length of W by normalising the vector
r:,6]°.

This approach was first proposed by Kellog, Li and Yorke [1976]
for proving Brouwer's theorem and was adapted by Chow et al [}978]
into a root or fixed point finding algorithm. It has subsequently
been widely implemented in fixed-point, zero-finding, two point
boundary value, optimization and continuum mechanics problems by
Watson and co-workers. The method seems particularly suited to fixed

point problems where Chow et al [1978] have proved that, under modest
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assumptions of regularity, it has probability one of being successful.
Though for the location of zeros the authors advise caution.
Specifically for root-finding in systems of polynomials Garcia and
Zangwill [l980] have constructed a system of ordinary differential
equations that correspnd to a solution of (2.9a). Garcia and Zangwill
do not scale the parameter s.

Due to the nature of system (2.1) the next method adopted will
be that of Garcia and Zangwill with s being the arc length of W.
Notice the domain of definition of W. In the majority of the papers
referenced, the z, v=1,...,01 are treated as real variables and even
when z € ¢ (2.9a) 1is separated into real and imaginary components
as stated earlier (Garcia and Zangwill [}980]). Below we show thét
z may be retained as a vector in ¢®. A transformation may be
introduced which enables the system for W(s) to be treated in complex
form and a proof is given in this chapter that t remains real and
strictly monotonic in s. This change to complex form gives an

improvement on the Garcia and Zangwill algorithm.
Garcia and Zangwill Algorithm:

To aid the description the following is of use

Definition 2.1. A polynomial £f(z), Z e Cn, is said to be in maximal

degree form if integers y and y such that

1 2 n
r, r r,
£(z) = z" + g z kz K z ¢
DA tIat
. n s
where a € R, r; € Z+ and where p > max I I . In other words the
k o=1

polynomial f(z) has a dominant term ZS'
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In all applications in connection with this thesis n is at most
three and so, for notational simplicity, all the following results

will be proven for n = 3. Generalisation to arbitrary n is

immediate. Consequently the variable z, will be identified with the

variable t. Garcia and Zangwill differ from Watson, and others, in
that their homotopies have the initial point at t = 1.
Consider the original system(2.1)imbedded in the homotopies

H C3 X [O,l] - € where
Hv = Hv(zl(s)’ZZ(S)’ZB(S)’ZA(S))' v=1,2,3 (2.10)

It is at this point that Garcia and Zangwill would have formed the

real system G, ::m§ X [0,1] - R v=1,2,...,6 by defining

= Re(H ), = Im(H v=1,2,3
G2\)—1(f€) e( \)) G2\)($) ( \))

= = = . = t.
and Wy o1 Re(zv), Wy, Im(zv) v 1,2,3 w5
However, for ease of explanation we shall remain in complex form for
the present and return to the system G to show compatibility of

results later.

d . ;
Clearly, if (2.10) holds for all s then ——-Hv = 0 yielding

ds
4 9 d
y —H .=5—12z =0 v = 1,2,3. (2.11)
0z v ds o
o=1 g
, . . d 4 _ 9 ’
Introducing the notation a = 3= H = ———-Hv system (2.11) may

be written



38.

Hllzl + lez2 + Hl3z3 + H147L4 = 0, (2.12a)
H21z1 + H2222 + H2323 + H2424 = 0, (2.12b)
H3lz1 + H3222 + H3323 + H3424 = 0, (2.12¢)
or
1y
B4 =0

A solution of (2.12) is readily shown to be

f12 B3 Hy 1 s By
2) = |Hyp  Hyg Hyuls 2, = (F1) Hy  Hyy Hy
Hy, Hyy Hy, Hyp  Hy3 By
(2.13)
B0 Hyp Hyy B0 Hyp By
2y = By Hyy  Hyuls 2, = (FD (H) Hyy  Hogl.
iy Hyp  Hyy Hyp Hyp Hyy

If the solutions (2.13) are inserted into the left hand side of
(2.12a) then the result is equivalent to evaluating the determinant
of a matrix having linearly dependent rows. The solutions (2.13)

may be written as

5 = (D" det H' v =1,2,3,4 (2.14)
v AV
where H' is the 3 x 3 matrix obtained by removing column v from %'.
v
Since rank(H') = 3, from the regurality assumption, % is an element
Y]
of the null space N(E') having rank unity. Therefore the % in

(2.13) are determined to within a constant.
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Reconsidering the real representation of Garcia and Zangwill,

their determinant in the expression of t =

7 would be
G11 G12""G16
G GaneesoG
721 22 726 9 -
N . where G\)O’ = W G\) (2.13)
G61 G62....G66

Using the Cauchy-Riemann equations and some matrix manipulation,

determinant (2.15) may be reduced to the block determinant

- (2.16)

12 %14 C16 11 %13 S5
G32 G34 G36 and G31 G33 G35 , Trespectively.
G5y G54 Csel G571 G53  Css

We may also write (2.16) as

_ iB ¢
YT e s
0O C+iB

T C-iB 1B

= det(C+iB)det (C-1B) (2.17)
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It is readily shown that C-iB = HL, and if the determinant of this

complex matrix is denoted by J, then (2.17) takes the form
t =3 det u! = |J|?
4 .

Note that this solution for t is obtained from (2.14) 1if (2.14) 1is
multiplied by -J. If the real solutions of Garcia and Zangwill are
2v-1 * ¥y

that, using analysis similar to that above, the solutions of (2.14)

combined in the form (v =1,2,3) it is readily shown

are obtained in the modified form’

2,= (-7 T det B! v =1,2,3,4 . (2.18)
This is a more convenient form than that used by Garcia and Zangwill
and the dimensions of all the determinants have been halved. All
computations were performed using the complex arithmetic facility of
ALGOL 68, so the change to complex form causes no inconvenience.
Garcia and Zangwill [1980] proved that, using their determinants,

the variable t behaved monotonically between t = 1 and t = 0. This
result follows immediately from the complex formulation (2.18).

Note that from the form of (2.18) the occurrence t = é4 =0
necessarily implies that év =0 (v =1,2,3). This being the case,
then all (3 x 3) minors of the matrix E' are zero, thus contradicting
the regularity assumption that rank (E') = 3. It then follows that
at all points on the path t the initial sign adopted at t = O or 1

is maintained. If the initial point is t = O then solution (2.18)

1s used and t sO0Vs ¢ R and if the initial point is t = 1 then



(2.18) is negated and t <O Vs € R.

The above result therefore ensures that as we move along the
path W the value of t cannot oscillate or turn back. Hence two
possibilities remain. The curve can either remain bounded at the
final point or diverge to infinity as the final t-point is approached.
The latter event indicates that there is no solution vector correspond-
ing to the given initial data. Garcia and Zangwill prove that the
number of spurious paths will reduce if more of the Fv(%) (v=1,...,n)
are written in maximal degree form. Since it is not always
possible to obtain such a form spurious paths will always exist.

The problem is then to construct the homotopies to yield all the
desired roots.

Practical experience suggests that the Hv should be written in
maximal degree form thus greatly increasing the required number of
initial vectors. This form proved completely successful for the
test problems whereas a reduced degree form, equivalent to the degree
of Fv’ missed several vector zeros.

When integrating the differential system it is desirable to
avoid standard packages which do not allow the progress to be
monitored. Successful curve following involves the implementation
of certain test criteria after each integration step from s to s+As.
Such criteria will be discussed in detail for the next continuation
method.

A third approach to the continuation problem combines features
of the two previous methods. Again an independent parameter s 1is
introduced upon which all the other variables are assumed to be

dependent. An initial value problem is constructed in a manner
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similar to that of Garcia and Zangwill and is solved by a predictor-
corrector technique. The predictor used is an r-th order Runge-
Kutta approximation. Numerical experiments were performed on
Drexler's test problems with r = 0,2 and 4. The value r = 4 produces
an accurate prediction and reduces the CPU time required by the
corrector. For most of the experiments accurate results were
obtained most efficiently using r = 0 and r = 2. This accords with
the experience of Rheinboldt [1981]. Newton's method was used to
correct the initial approximation. To minimise the computational
effort complex arithmetic was used as far as possible throughout

the algorithm.

The above predictor—-corrector method was discussed, among others,
by Allgower and Georg [1980]. Garcia and Li [1979] describe the
algorithm in detail for a general predictor and also prove that the
method will converge to a solution point. Li and Yorke [1979]
discuss the practical implementation with reference to the decision
criteria required to ensure uniqueness of the solution curve. The
authors demonstrate the performance of the algorithm by solving

Wilkinson's classic unstable polynomial.

2.2.3 A Composite Continuation Method

As before we construct the system of homotopies

H(z(s), t(s)) =0 (2.19)
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n
where H : € x [O,l] > C" and define W € ¢ x [O,l] to represent
the solution curve to (2.19) for any s ¢ R. The path W 1is

generated as the solution of

H' W)W = 0 (2.20)

. W . . . .
where W Eg-and H' is the matrix of complex partial derivatives.

The parameter s corresponds to arc length on the homotopy path so
the normalising condition lelz = 1 must be used. Here HWEIZ
denotes the squared Euclidean norm I%lz + éz. Assume we have
reached a point W(i) along the solution curve. To advance to
w(i+1) we proceed as follows: calculate the unit tangent vector
e C" x R such that

R

H'(

w(i))R(i) =0 and ”R(i)i! =1

by forming the determinants (2.18) and normalising.

Advancing along this vector a distance As froan%i) we obtain the
initial approximation, %o = W(i) + As R(i) to w(i+1)' We now use

%0 to initiate a Newton iteration for solving equation (2.19).

Since (2.19) represents n complex equations in n+l unknowns we
require an additional constraint. This is provided by insisting that
all subsequent approximations lie in the hyperplane 6, through §°,

perpendicular to R(i)'
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Figure 2.1 : Advancement of W,.. to W(i+1) in continuation method.

(1)

This is illustrated in Figure 2.1.

The Newtonian system is therefore

k k k+1 k
H'(x)(E-x ) =HE) , (2.21a)
k = 0,1,
T k k+l, _
bay®x D=0 . (2.21b)

The above explanation has invoked the predictor r = 0. However R(i)
could have been improved to an r-th order Runge-Kutta approximation
by evaluating the required number of unit vectors. Clearly the more
accurate the prediction the more efficient the Newton iteration
becomes. The cost, however, in obtaining even R(i)(r = 0) 1is high.

To solve system (2.21) without recourse to a formulation in real

arithmetic define gk (v =1,2,...,n) to be the complex increment
v
. + k .
(xi+l-xt) and 5E+1 the real increment (xﬁ+i-x ). Insertion of

gk in (2.21a) results in
n

H' (x5 = - H(x5). (2.22)
V) V)



If we now remove from H' the last column representing %%3 denoted

n+1 k k

by = H , and if we also let Yo = {gi :1=1,...,n}
becomes, with Hl(n+l) = H' less the colum %n+l’
ey B = -
or,
Ik =M * &gi+l
where M= -H Ly GO TGS,
and N = —[Hl(n+l)(mk)1—l %n+l

Consider equation (2.21b).

then (2.22)

(2.23)

Transformation of the unit tangent

vector R(i) into a real (2n+l) array %1 and solving for the real

variable £§+1 yields

Therefore solving for Ss (v =1,..

At k+1  k . k
new approximation X =X é .

.,n) in (2.23) we obtain the

For small systems (2.1) it is advantageous to calculate the

inverse in }f and N analytically making use of the location orf zeros
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in H'. The use, otherwise, of standard routines greatly increases
the cost of each iteration. In practice this increase is of order
three. Thus for large systems this method may not be the most
appropriate.

The crucial factor in the implementation lies in the choice
of As. The homotopy path is guaranteed to be monotonic in t but
may turn sharply in any of the other variables. Such erratic
behaviour may require As to be significantly reduced in order that
the hyperplane 6 still intersects the intended solution curve and
not into the domain of convergence of another path. All experiments
undertaken used an upper bound on As of one. To help follow the
path around a bend Li and Yorke [1979] suggest an "angle test'". This
involves checking the angle between any two tangent vectors at

successive points on W. 1If at W, .

W .
(G +1) the tangent vectors at G +1)

and W are greater than ¢° apart then the point w(i&l) should be

(1)
rejected, As halved and the process started again at w(i). Li and
Yorke suggest ¢ = 18. If, during the Newton iteration, the
inequality

k_
2G5 11 < 0.01 [[HGE ™D ]

for some norm H.ll, is violated then Li and Yorke consider that %k
lies outside the domain of quadratic convergence of Newton's method
for the path W. Therefore the iteration is stopped, As halved and

the process repeated at the previous point on W. If, in some interval,
the curve is smoothly behaved, indicated by three successively equal

values of As, then As may be multiplied by an arbitrary factor to



increase the efficiency of the method. 1In practice a factor 5 was
used.

The above decision criteria are identical to those mentioned in
the discussion of Garcia and Zangwill approach.

Recently Zirilli (1982) has extended the parameterised approach
by constructing the initial-value problem as a second order ordinary
differential equation. A continuation algorithm similar to that of
this_section has been developed by Ypma [1980], where the Jacobian
is approximated by a difference method. The author considers the
use of highly accurate predictors and adaptive steplength techniques.

In practice the parameterized methods fail when the increment
As falls below the machine accuracy and so a possible solution point
is lost. For this reason maximal degree homotopies are more success-
ful since a large number of initial vectors are created. All the
zeros of the test problems were found. Examining the different
approaches of standard and parameterized continuation we consider
the parameterized approach to be superior. This conclusion is
reinforced through its widespread application by Watson. The
parameterized method has a real and monotonic parameter t and avoids
the problems of a zero Jacobian that would cause Drexler's method
to fail. The decision criteria are also much more problem
dependent for the standard approach. There seems little to choose
between the second and third methods though for small systems (2.1)
the composite method is more efficient.

The resultant method is guaranteed to work and will find all
the zeros simultaneously though the method is algebraically complex.

Both the composite continuation and the resultant methods are used
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successfully to find stability triples (k 3,z) in connection with

1A
various boundary approximations in later chapters. Sloan [1982] has

used the above algorithm to this end when the interior method is a

fourth order leap-frog scheme.
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CHAPTER 3

BOUNDARY TECHNIQUES FOR THE LAX-WENDROFF METHOD

The first interior approximation we shall consider is that
proposed by Lax and Wendroff [1960]. Their scheme is widely used
and, together with the Leap-Frog method (4.1), has probably become
the most frequently analysed of all finite difference schemes; see
for example Richtmyer [1963], Richtmyer and Morton [1967], Morton
[1971].

The test problems, described earlier, have related Cauchy

problems of the form

%t(x,t) = A%x(x,t) Xx € R, t >0 (3.1)
u(x,0) = £(x) x € R,
where %(x,t) = (u(x,t)v(x,t))T and u and £ are real vector functions,
with A a constant real square matrix of appropriate dimensions.

Approximating uon a mesh with spacing Ax and At by a mesh function

n n .nT .
] . = (U.,V. denote the value of U, at x. = jJAX
HA and letting EJ ( i J) o) Uy ; JAX,

t = nAt, the Lax-Wendroff (L-W) approximation to the solution
n
%(ij,(n+l)At) is given by

n .
U = (A ;E =+ AO + AlE)Hj, j e 2 (3.2)

with initial data U? = {(jAX), j € Z. 1In standard notation E 1is
V]
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. V.. n
the shift operator E Hj = Hj+v and, for constant mesh ratio

A = At/Ax, and the identity matrix I,

ALy = PAGAD), A = 1222, A = DAOAST)

The L-W method has second order truncation error in both space and
time, is also explicit, dissipative of order 4 and stable if Ap(A) < 1,
where p(A) denotes the spectral radius of A.

Gadd [}978] defended approximation (3.2) against "unfavourable
appraisals" and attempted to correct the problem of large phase
errors by devising a third order variant. Fromm [1968] has also
produced an adaptation with very little dispersion. These extensions,
and the others that produce fourth order modifications, invariably
increase the support of the scheme to at least five points at the
lower time level. When solving bounded domain problems these methods
then require intermediate boundary approximations in addition to the
usual boundary approximations. The construction of these intermediate
expressions presents no difficulty (Strang [19801) and their resulting
stability analyses are no more complicated than those of the standard
boundary approximations themselves. For simplicity, however, we
proceed by considering boundary approximations for the standard Lax-
Wendroff method (3.2). A compact fourth order interior approximation
is considered in Chapter 5.

Chu and Sereny [1974] considered various boundary approximations
in conjunction with the L-W method applied to the one-dimensional
equations of gas dynamics. Their numerical experiments suggest

that the 'best' boundary approximation would be based on the
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characteristic variables of the system. Sundstrom [1973] clarified

some errors and misunderstandings on the part of Chu and Sereny and

established the stability of all the approximations considered using
the theory of Gustafsson et al [1972}.

The matrix in (3.1) is of the form

1(q-1)  i(q+1)

3 (q+1)  1(q-D)

and so we shall be extending the results of Sloan [1980] who considered
the symmetric case q = 1. We are particularly interested 1in the
effect that the uneven wave speeds have on the stability and accuracy
of the boundary approximations. The selection of boundary
approximations which we consider is different from that of Sloan;
however we include his most successful method which was based on the
characteristic variables. May and Morton [1976] considered the

same problem as Sloan and, with (3.2), the most successful boundary
approximation which they examined was that proposed by Matsuno [1966].
This approximation was also studied by Sloan [1980] and found to be
competitive with the best characteristic-based technique and when
applied, with (3.2), to system (3.1) a stable approximation resulted.
However the approximation of Matsuno is not considered in detail here.
Gottlieb and Turkel [1978] studied the differential system

g + A%x = 0 with q = 3. The authors transformed the system into
characteristic form and, of all the boundary approximations studied,

recommended a one-sided Euler treatment of the outgoing characteristic

equation, Coughran [1980] examined the off-diagonally dominant



problem given by (3.1) and A = (a 1), a € [-%,%}. When using the
1o

L-W scheme in the interior, Coughran concluded that second order
extrapolation at the boundary attained the best accuracy. Bramley
and Sloan [1977] have considered the two-dimensional analogue of the
problem im Sloan [198Q]. The results again recommended the

incorporation of characteristics into the boundary approximations.
3.1 Boundary approximations and Stability Analysis.

In this chapter we consider a variety of boundary approximations
required in the implementation of the L-W method to the left and
right quarter plane problems of (3.1). Unlike the results of
Chaﬁter 4 and Chapter 5 the stability of many of the approximations
will be established analytically. This simplicity is due, in part,
to the characteristic formulation of some of the approximations and,
in part, to the dissipative nature of the L-W scheme. Section [}.3]
involves the extrapolation of a quantity intermediate between the
ingoing and outgoing characteristic variables and is taken from

Jamieson and Sloan [1983].

3.1.1 The Left Boundary problem.

We consider first the left quarter-plane problem

a b +
= t >0
g [b a} g x e R, s

(3.3)
u(x,0) = £(x), u(0,t) = g(t),

w(x,t) = [ulx,0),v(x, 0], a= @D, b= k).
v



We approximate the solution %(ij, nit) by R? for n 20, j > 1 using

the L-W scheme (3.2). Following the theory of Gustafsson et al F19722
we analyse stability by seeking a solution to (3.2) of the form

n

_ 0] -
Hj = zK Q, where % 1s a vector of complex constants and z,cx € C.

Substitution of the desired solution in (3.2) yields

-1
[21 -« "a_; - A& -xa/]d = 0. (3.4)

The condition for a non-trivial solution % is that « and z satisfy

-1 _
det[zl -« "A - A -xA] =0,

which reduces to the characteristic equations
c(z-1) + kD - pRPe-D?=0; w=1,-¢  (3.53,b).

To construct a general solution we require the eigenvectors d
associated with (3.5a,b). It is readily shown that if ¥ and z satisfy
(3.5a) then %T = [1,-1], and if « and z satisfy (3.5b) then

%T = [1,1]. Denoting by Kl(z;k) and Kz(z;k) the roots of (3.5a) and
by K3(z;kq) and KA(z;Aq) the roots of (3.5b), for a given z, the

general solution is given by

n_n j NI j .
By = 2 [(an 1 NK) {_J Ny + ne)

m] (3.6)

where n: (i = 1,2,3,4) is an arbitrary scalar. We have dropped the

dependence of k. in (3.6) and will continue to do so when the
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parameter dependence is clear. It is essential that, for lz| > 1,

the general solution (3.6) decays as j increases and to this end we

quote

Lemma 3.1. (Gustafsson et al [19721). There is a § > 0 such that

(a) |K1| <1 for |z[ >1, z #1 and Kl(l;A) =1,

|K2| > 1+8§ for |z| > 1, and

(b) |K3|<:1—6 for [zl > 1,

lk,] > 1 for [z > 1, z# 1 and <, (133q) = 1.

The results of Lemma 3.1 then yield the desired general solution

in the space LZ(AX) as

n_ .n jl 1 jll
J5 =2 [”1K1{-1} * ”3'%[1]]' (3.7)

This is a particular example of equation (1.31).

The roots 1 and <3 will be termed the inner roots and K2 and <4 the
outer roots. With (3.5a,b), (3.7) and Lemma 3.1 available we are now
at liberty to analyse any boundary approximation inveclved in the L-W
integration of the left boundary problem (3.3). The necessity of
prescribing Vz+1 is a feature of the numerical problem and not of the
differential problem - (3.3) being well-posed. The boundary
approximations to V(0, (n+l)At) to be considered are

th s+1_n+1

s =—order extrapolation (EXS) A Vo = 0, with AVj = Vj+l-vj' (3.8)
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Characteristics (C):

(ol oyl n
Ry = 109D QDR+ Aq(2-0)R] + 1Aq(Aq-D)RY,  (3.9)
where R = V + U is the outgoing characteristic variable,

1-Int Comservation (1IC):

n+1 n n.n n .n n+i 2 n
v o= v - 2 -u"
o VO + Ab(UO+U1) + Aa(V1 VO) 2b>\UO + A ab(U1 UO)
2,2, n .n
+ A°b (Vl—vo)’ (3.10)
Box (B):

n+1l

+1
(1+aA)V2 + (1ma)v] = (l—aA)Vg + (l+aA)V?

n+tl n+l n _n
+ kb(U1 Uo +Ul UO), (3.11)
Characteristic Euler (CE):
n+tl n n_p,n
R~ = R+ Aq(R]-RD). (3.12)

Sloan [198@1 analysed, for q = 1, the boundary approximations EXO,

C and }IC.

Approximation C is obtained by using quadratic interpolation

to estimate the intersection of the line t t and the outgoing

characteristic ax _ -q through the point x = 0, t = (n+l)at. }IC

dt

is constructed so that the conservation property of (3.1) is
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maintained. B is the usual box integration of the second physical
equation and approximation CE is derived from a one sided Euler
treatment of the characteristic equation r_ = qr where
r(x,t) = u(x,t) + v(x,t).

The approximation to u(0,(n+l)At) is given exactly by setting
U "= g((n+l)At) and the value of V2+l is given by any one of the
approximations (3.8)-(3.12). Prescribing the values of U2+1 and
V2+1 is in keeping with the result of Lemma 1.1 in Chapter 1 where
it was proved that np, boundary values were required at the boundary.
For Lax-Wendroff interior method np, is equal to 2. Suppose V2+1
1s obtained from the extrapolation condition EX . In this case we
substitute the general solution (3.7) into the boundary conditions
n+l 1 n+l

UO = g((n+1l)At) and V2+ = V1 to obtailn

g((n+1)At)/zn+l,

i N3

(1-K1)nl + (K3-1)n3 =0

This is the algebraic system to which Theorem 1.6 applies. There-
fore we may state, using Theorem 1.6, that EXO is a stable approximation 1if
v|z| > 1 the determinant condition

+

-2#0 (3.13)

K1 7 K3

holds. For all the above boundary approximations an assoclated
determinant equation, given by equality in (3.13) can be constructed

in a similar manner. These equations are contained in Table 3.1.



Boundary Approximation Determinant Equation ]
EX (e -1 5" (e -1y 57T - 1

; 1 3 =0 I (3.14)

C z=c¢c + c,k, *c Kz (3.15)

o 173 273 | )

$IC z = h ok +hjcg +hy | (3.16)

B boz = b1 | (3.17)

CE z = 1+kq(n3—l) (3.18)
1

Table

In Table 3.

.1l: Determinant equation of Boundary Approximations

(3.8) - (3.12).

we have used the notation

$(Aq-1) (A\q=2); ¢ = 2q(2-Aq); ¢, = zAa(Aq-1);

Ia(xb-1); h1 = Ixq(Ab+1); h2 = 2(1l-a)) - szbz

2(1+a)) + (1+A)K1 + (1-Aq)K3, and

2(1l-a)) + (1-A)K1 + (1+Aq)K3.

To illustrate the stability analysis consider the EXs

approximation. Stability of the initial-boundary value quarter-

plane difference problem will be assured if there are no solution

triples (Kl,K3,Z), of the system

2
U I LV .
€p(z=D) + (D = a0 7D

A 2 )
K.3(Z"1) - *2- q(KB—l) - %)\zq"(KB—l)z

I
O

(-1 + (e, - o,
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for which z is an eigenvalue or generalised eigenvalue. If such a
triple did exist then there wouid be a general solution (3.7) which
was bounded in space but unbounded in time, and this is an unstable
solution. The above equations constitute the system referred to

as (2.1) in Chapter 2. We have

Lemma 3.2. The L-W method and the EXs boundary approximation define
a stable approximation for the left quarter plane problem if Aq s 1
and s < 2 for q =1o0or s < 2 for q > 1.
Proof. The restriction Aq ¢ 1 is the necessary stability condition
for the L-W approximation of the pure Cauchy problem. For the
remainder of this chapter we assume that this inequality is satisfied.
The result for q = 1 can be established analytically, whereas, for
general q, numerical methods must be used on a discrete data set
(A,q). The details are given in section E3.3] where the EXS
approximation is a special case of the boundary approximation
considered therein.

Similarly,

Lemma 3.3. The L-W method together with either the C or the CE

boundary approximations define a stable approximation to the left

quarter plane problem if Aq < 1.

Proof. Substitution of the appropriate determinant equation into

the characteristic equation (3.5b) produces a polynomial in Ko In

both cases the roots of the polynomial are multiples of the root Kq

and this has the value unity. Lemma 3.1 establishes stability.
Finally we can establish

Result 3.1. For the discrete set {(A,q) ; q = 1,2,...,10; Aq = 0.95}

the L-W method with either the }IC or the B approximation defines a

stable approximation of the left quarter plane problem.



For the }IC approximation the result for q = 1 was established
analytically by Sloan [198@&. The remaining conclusions of Result
3.1 were obtained by reducing the corresponding multivariate system
to a single polynomial in one complex unknown. Using the algorithm of
Grant and Hitchins all the roots that were obtained indicated stability.
For the }IC approximation the reduction to one polynomial was
straightforward. However the B technique required the use of the
Resultant method of Chapter 2 (an analogous application is given in
Appendix I).

In summary, we have established, using the stability theory of
Gustafsson et al given in Chapter 1, the stability of the boundary
approximations (3.8) - (3.12) when used in conjunction with the L-W
method to approximate the left boundary problem of (3.1). For the
extrapolation approximations stability was shown to be directly
related to the value of q. Whilst stability of the i{IC and B
approximations can only be guaranteed for the above data set we have
no evidence to suggest that there exist values of A and q that would

produce instabilities.
3.1.2 The Right Boundary Problem

We now consider the potentially less stable right boundary
version of (3.3). The domain is now {(x,t) : x ¢ 1, t > 0} and we
specify u(l,t) = h(t). If the right boundary is at x=1=J&x then
approximation (3.2) is applied for all integers j < J-1. The right
boundary problem is synonymous with a left boundary problem where
the inward and outward characteristics have been interchanged.

. n n -
Therefore, if we seek a general solution of the form HJ—j AN J%
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in (3.3), the characteristic equations are those of (3.5) with A

negated, namely

2 2
k(z=1) = 3xu(k™=1) = ix u2(<—l)2 = 0, u=1o0r -q. (3.19a,b)

If we denote by KZ(Z;X) and Ka(z;Aq) the exterior roots of (3.19a)

and (3.19b) respectively, then the general solution which decays as

j lncreases is
n _ n -j| 1 -3l
Yj-j = 2 [d,<, [_} + 4K, H] (3.20)
Examination of (3.19) and (3.5) will show that
b<—1(Z’>\) = K_(z3-)\) K-l(Z'A ) = K_(z;-1q) (3.21)
9 ’ 1 ’ ’ 4 s Aq 3 s ~AQ) .

where Kl(z;-x) and K3(z;—xq) are the respective inner roots of

(3.19a,b). Solution (3.20) then becomes
n _ n j| 1 jil
U._. =z {dZKl[—l] + dAKB[ }} . (3.22)

We then require

Lemma 3.4. (Gustafsson et al [1972]). There is a § > 0 such that,

1f <1 and K.g are the interior roots of (3.19) then,

< 1-5§ for |z| » 1 and |k, | <1 for lz| 21, z #1

51
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The boundary approximations, applied to the right boundary

problem, take the form

EX_ vS+1V§+1 = 0, with ¥V, - Vo=V, (3.23)

c w3+1 = %(A—lXA-z)wg + x(z-x)wg_l + gx(x—l)wg_z; W = U-V, (3.24)

JIC : v§+l = V] - ) - ah(V]_ =V + 2be§+% B Azab(Ug_l-Ug)
. xzbz(vg_l-vg), (3.25)

Bt (1-av) e (Lran) vl - (1+a) V] + (1-a))Vv}_

+
n l_Un+l+Un

n
721795 7-17Y }, (3.26)

- Ab{U

n+l n n
E : = + - .
C W W+ AW WD) (3.27)
The determinant equation may be constructed as before and stability
analysed analogously. The only result that differs from the left

boundary problem is contained in

Lemma 3.5. The L-W method and EXS boundary approximation define a

stable approximation for the right quarter-plane problem if Aq < 1
and s < 2 for all q.

Proof. See section[B.jJ.

Lemma 3.5 illustrates the greater sensitivity, in terms of
stability, of approximations applied on the boundary at which the
faster wave is entering the computational domain. The other boundary
approximations, (3.24)-(3.27), can be shown to define a stable

approximation, to the right boundary situation, using similar techniques
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to those used in Lemma 3.3 and Result 3.1.

Again we have established the effect that the value of q has on
the stability properties of the boundary approximations (3.23) -
(3.27). Lemma 3.5 illustrates that it 1s insufficient to consider
only one boundary of twin boundary problems of the form (3.1). We
have shown that the numerical treatment of the boundary at which the
slower wave is incident is more likely to induce computational
instabilities than that which reflects the faster wave.

In the next section we illustrate the practical application of

the above results.
3.2 Numerical Results

To illustrate the stability results of the previous section we

consider the numerical solutiom of
= u , X € [Q,l], t >0,
(3.28)
a6, t) = (u(x,0),vE,0) 0, a = e, b= D).

In this thesis we are considering the effect that differing wave
speeds have on boundary approximations. It is clear that the fastest
wave speed has a crucial role to play on the stability of many
interior difference schemes, including the Lax-Wendroff method. To
control the existence and strength of the faster characteristic

waves we introduce the parameter ¢ € R and define the initial data
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€ 2m sin 2mx + 27 cos 27X

u(x,0) =

. (3.28a)

€ 27 sin 2mx - 27 cos 27X

If € = 0 then the effect of the faster wave

problem (3.28). The general solution of (3.

given by

u(x,t) = € 21 sin 2w(x+qt) + 27
and

v(x,t) = € 27 sin 2w(x+qt) - 2w

is filtered out of

28) and (3.28a) 1is

cos 2m(x~-t)
(3.29)

cos 2m(x-t)

from which we obtain the boundary conditions u(O,t) and u(l,t).

To analyse the effect of the left boundary, v(0,t) is approximated by

any of (3.8) - (3.12) and v(1l,t) is given by (3.29). The treatment

i1s reversed for the right problem. We use the following error

measurements

a) The maximum norm, max I%(ij’tn) - g?l ,
]

at any given time level t = nAt.

b) If we define, for the exact solution %(x,

1
2 T
luCoe Dl = Jo [ux,t_] B,

q,¢€

b
where Eq is the positive definite matrix [—a

d

t
) ds¢c

: 2
the value of (3.30) will be [[u(.,0)]| ¢
95¢

denoted by IQAHw,

tn)’ the quantity

[ux,t ) ]dx (3.30)

—a

é} , then we can show

— ||u(.,t )||§ = 0. Therefore (3.30) is invariant in time and
v n

for all time.
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For the initial data (3.28)

H‘ql,('ao)” é = 4‘"2(q+82).
g,¢t

The analogous norm for the discrete problem is denoted by ”UAIIE
v
q,¢€
at any given time level and is given by a trapezoidal integration of

right side of (3.30). This norm could have been constructed via
the results of Gunzburger and Plemons [1979]. The results are

summarized in Tables 3.2 - 3.6.

q=1 q=2 q=>5

e = 0.01 39.482 78.960 | 197.39

e = 0.5 49.349 88.826 207.26

—

Table 3.2: ”%(x,0)||§ for various q,e¢.
g€

All the integrations were performed over three fast wave cycles.
The numerical results indicate a degree of insensitivity of
approximation EXZ’ with q = 1, for smooth initial data. Even when
the initial data were corrupted by a random number generator, adding
a 257 variation, stability remained.

It is clear that there is a degree of choice available among
both the left and right boundary approximations. Also the 'good'
boundary approximations are, for this smooth problem at least,
insensitive to whether the fast characteristic is ingoing or not.
The tables also illustrate the results of Lemmas 3.2 and 3.5. Tables

3.3 and 3.4 indicate the increased sensitivity of the right boundary



Boundary q=2 q=>5
mati 1 . !
Approximation Left Right Left Right _;
Exact 39.485 | 0.003 | 79.011 | 0.023 | 79.011 | 0.023 197.41 | 0.023 | 197.41 | 0.023 |
EX 38.995 | 0.481 | 78.013 | 0.496 | 79.121 | 0.338 197.28 | 0.490 | 197.41 | 0.348
EX, 39.954 | 0.071 | 79.939 | 0.073 | 79.015 | 0.044 198.96 | 0.064 | 197.41 | 0.046
EX, 39.490 | 0.002 | 79.020 | 0.021 1.2(16)| 5.8(8) 197.41 | 0.023 | 1.1(6) | 5.5(3)
C 39.485 .003 | 79.012 | 0.023 | 79.013 | 0.047 197.41 | 0.023 | 197.41 | 0.032
Pi[C 39.551 .010 | 79.094 | 0.025 | 79.013 | 0.053 197.41 | 0.023 | 197.41 | 0.027
B 39.486 .003 | 79.013 | 0.023 | 79.013 | 0.047 197.41 | 0.023 | 197.41 | 0.032
CL 39.485 .003 | 79.012 | 0.024 | 79.013 | 0.052 197.41 | 0.023 | 197.41 | 0.027
EX,(a = 1.0) ||39.486 .003 | 79.012 | 0.024 | 79.013 | 0.048 197.41 | 0.023 | 197.41 | 0.033 h
S
Table 3.3:  |[U, |l | g, Il for 1q = 0.95, & = o5, € = 0.0l

"BY9



Boundary q =5
q=1

Approximation Left Right Left Right
Exact 49.349 | 0.003| 88.877 | 0.024 | 88.877 | 0.024 | 207.27 | 0.024 | 207.27 | 0.024
EX_ 46.038 | 0.625| 88.082 | 0.718 | 89.037 | 0.518 | 207.12 | 0.854 | 208.02 | 0.042
i |
iEXl 49.815 | 0.076| 89.804 | 0.071 | 88.841 | 0.044 | 208.70 | 0.057 | 207.28 | 0.049
| EX, 49.395 | 0.008| 88.885 | 0.024 | 1.1(17) | 2.2(9)| 207.27 | 0.023 1.2(7) | 1.8(4)
f
c 49.373 | 0.004| 88.876 | 0.026 | 88.883 | 0.047 | 207.27 | 0.024 | 207.23 | 0.032

j1C 49.438 | 0.014| 88.958 | 0.026 | 88.977 | 0.060 | 207.34 | 0.024 | 207.36 | 0.045
"B 49.373 | 0.004| 88.877 | 0.025 | 88.883 | 0.047 | 207.27 | 0.024 | 207.23 | 0.032

CE 39.373 | 0.004| 88.876 | 0.026 | 88.922 | 0.052 | 207.27 | 0.024 | 207.23 | 0.026

EX,(a = 1.0) 49.391 | 0.007| 88.876 | 0.027 | 88.882 | 0.048 | 207.27 | 0.024 | 207.22 | 0.033

1
Table 3.4: ||y, ] £ | lu,ll ., for Aq = 0.95, &x = g5, € = 0.5

"qvg



problem. On pages 158-160 the evolution of the initial data is
depicted using the graphic facilities of an ICL 1904S. Plot 2
illustrates the dissipative effect of the Lax-Wendroff interior
method when an unstable boundary approximation is applied.

Typical exact solutions are shown in Plots 3 and 4.

3.3 Extrapolation of Characteristic Variables

The work in this section has published in the Internatioanl
Journal for Numerical Methods in Engineering (Jamieson and Sloan

[1983])).

In this section we consider the boundary approximations

s+l , n+l n+l
ATV +aU ") =0, a e [F1,1], (3.31)
+
and v 1(V§+1 ~ avgﬂ) =0, ae [-1,1]. (3.32)

Whena= 1 it can be seen that the extrapolated quantity in (3.31) and

-1

(3.32) corresponds to the outgoing Riemann invariant and o

corresponds to the ingoing Riemann invariant. The value a = O reduces

(3.31) and (3.32) to (3.8) and (3.23), respectively.

Gottlieb and Turkel [1978] show that the zero-order extrapolation
of a linear combination of U and V may be unstable when the variables
involved in boundary conditions and boundary approximations are nearly
linearly dependent. Sloan [198d] has shown that, for q = 1, (3.31)
and (3.32) are stable for all s > 0 if a = 1 and unstable for all s > 0
if a = -1. In this section we wish to make precise the relationship

between q,o and s that guarantees stability. Clearly a =1 is the

optimal choice, however the nature of the physical problem may, in some

cases, require a different quantity to be extrapolated.
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Following the earlier approach we construct the determinant

equations associated with the left and right quarter plane problems

as

(1-o) (< (20 -13"" & (Lro) (< (za)-115 =0 (3.33)
and

(1+a) {x; (z3=0 11" + (-0 (5, (z3m00)-13%* =0 (3.30)
respectively.

For the symmetric problem q = 1, we have Kl(z;-x) = K3(z;x) and
K3(z;-k) = Kl(z;k) and so (3.33) and (3.34) are, in fact, the same
equations. Hence it is sufficient to consider only the left
boundary problem with approximation (3.31). For q > 1, however,

this symmetry is lost and both problems must be examined separately.
q = 1 Stability Analysis:

As before we seek to determine whether or not there are any

solution triples (Kl,KB,z) of the system

K.l(z-l) +% (K'_%—l) - %AZ(K_I—l)Z = 0, (3.35)
<4 (z-1) —-2- (K%—l) - 5x2(w<.3-1)2 - 0, (3.36)
(1-0) (< ,-D %+ (140) (oD = 0 (3.33)

for which z is an eigenvalue or generalised eigenvalue. The

determinant equation (3.33) can be written as



ws(nl-l) = ps(n3-1), (2.37)
1/s+
where Py = ((1+a) / (1=a)) /s+1 and W is any root of the equation
s+1 . .
W = -1. Examination of (3.35) and (3.36) yields the relation
K3 = gy, 8 S (A-1)/(x+1) € (-1,0). (3.38)

We may combine (3.38) and (3.37) to obtain

Vs Py
Kl = V,—J—'_. (3.39)
s 8P
which involves only the inner root of the characteristic equation
(3.35) for any prescribed a, X and s. The difference approximation
involving (3.31) will be stable if the right hand side of (3.39) cannot

be identified with the inner root of (3.35). Recourse to Lemma 3.1

indicates that X, = 1 at z = 1 and lK

1 <1 for all |z| > 1. Since

1

g # 1 for A € (0,1) we can therefore dispense with the unit circle

and conclude the sufficient stability requirement of

W—
SpS

—_— > 1 for all w . (3.40)
W T8P s

If we use the notation Bs = wsp;l then (3.40) may be expressed as

|Bs‘1| > IBS-gI, for all W (3.41)
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N N
2 (1+g) 1 SRe(3g)

g I\

The above diagram illustrates that (3.41) will be satisfied if the

distance, in the complex plane, from BS to 1 exceeds that from8 to ¢
s

This is equivalent to requiring that

A
Re(BS) < 3 (l+g) = T for all BS. (3.42)
Examination of the roots W reveals that the largest value of Re(BS)
will be associated with w, = exp[i iw/(s+1)] and so (3.42) will be

satisfied if and only if

Aps

O D) (3.43)

cos[m/(s+1)] <

For s = 0 or s = 1 (3.43) is satisfied for any a € (-1,1) and A € (0,1).
As we observed previously the limit values ¢ = -1 and o = 1 yield
unstable and stable difference approximations, respectively, regardless
of the value of s. For all s > 2 the sufficient stability condition

(3.43) may be rearranged to yield the restriction

Ly 0D - Dsee(n/ ()] (3.44)
(A+1)S+1 + [A sec(rr/(s+l))]S+1
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We therefore obtain

Lemma 3.6. For X € (0,1) and s > 2 then a sufficient condition for

stability of the L-W and (3.31) difference scheme is that o satisfies
(3.44) . 1If we denote the right~hand side of (3.44) by a(l) for s > 2
s

(1) _ (1) _
o A1

and let o = =1, then the difference scheme is stable if

(1)
a € (as ,1].
It can be seen that for s > O and for any A € (0,1), the sequence
(1) . : ) ,
{as }s=1 1s monotonic, strictly increasing.

We have therefore obtained, by requiring that |K| <1, a
sufficient interval relating to the degree of extrapolation in
approximation (3.31) for any a € (—l,l]. However numerical experiments
indicate that Lemma 3.6 is over-restrictive. Namely, solution triples
(KI,K3,Z) were found which suggested that the true stability interval

(L _ (1)
s s -

is of the form (o 68,1] for some 68 > 0. We calculated the «a
as the point corresponding to k moving inside the unit circle.
Violation of the interval in Lemma 3.6 therefore allows the possibility
of ‘K1 < 1; however, the approximation will only be unstable if

|z| > 1. We proceed by obtaining the a-interval such that for all Wes

the inequality |zl < 1 be satisfied. From (3.35) we have

2
2 = {3—(K.1—1)2 - %(K.i-—l) e}, (3.45)

“1

where <1 is given by (3.39). Equation (3.45) may be reduced to
82 + g
z = > (3.46)




~J
O

g

- S
£ - (l+g) °

where ES = BS + aB;I.

Following the previous geometric argument in the complex plane, we

obtain that |z| < 1 is equivalent to

Re(&s) < 3 (l+g) = ﬁ . (3.47)

From lemma 3.6 ail):>-1 for any s, so we need only consider s > 2 in
(3.47). 1If we consider o = O and W, o= exp(in/(s+1)) in (3.47) we find
that |z| < 1 reduces to cos(w/(s+1l)) < i. This condition is violated
if s > 2. Since (3.43) also fails we have that extrapolation of order
s >2 when a = O is unstable for the model problem with q = 1. This
proves the first part of Lemma 3.2 and confirms the result of Sloan
[198@]. The search for an extension of the stability interval

(aél)

,1| (s > 2) may therefore be terminated on the left at o = O.

If (3.47) 1s written as

-1 B
(gog*to )Ty <557 » Tg = Re(w),

we obtain the equivalent inequality

(os-ws)(os-ys) > 0, (3.48)
where
= -1 T /2 3,49)
bssYs T T 7§'[—Ls * /{LS—&g}] (3.4



and LS = X/(rs(1+k)).

Since pSI>O, Yo > O and ws < 0 inequality (3.48) will be satisfied

if Pg > Y+ This is represented as a condition on a as
1+
Yq S -1
o > —1—+S———- (3.50)
. + 1

In (3.50) we need only consider those roots W for which the inequality
(3.47) is violated. Denote the quotient in (3.50) by a . From this

we obtain

3, = 2_, N1
ag = "y (L -4g) * <0

oL
S

and so o is a monotonic, strictly decreasing function of Ls'
Therefore we need only consider that root W in (3.49), corresponding

to the largest value of r_. This implies that r = cos(m/(s+l)) = k.
If u(z) = max o _, then a(z)
s s s

w
S

defining relations (3.49). If o € (a

is obtained from (3.50) with r, = rg in

(2)

s ? 1], then |z| < 1 for all W

and the difference approximation is stable. If a ¢ aéz) then |z| > 1

(2), (D
S S

then [K

and since a <1, for w, = exp(in/(s+1)), and the

1

system is unstable. Defining o we have proved

Lemma 3.7. If q =1, A € (0,1) and a confined to the interval [fl,l]

then a necessary and sufficient condition for the approximation,
defined by the L-W method and (3.31), to the left quarter-plane
problem to be stable is that a € (aéz), 1].

For any A € (0,1) we have a§2)= O and, for A = 0.95, the values

of a§2) and aiz) are 0.568 and 0.803, respectively, to three decimal

places.
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q >1 Stability Analysis:

The previous results were established analytically due to the
symmetry inherent in the problem. For general q however, the
solution triples of the system composed of the two characteristic and
the determinant equations must be found explicitly, and stability
results obtained thereafter. Whilst the triples must be found using
numerical techniques, recourse need not be made to the methods of
Chapter 2. 1In fact, for both the left and right quarter plane
problems the appropriate 'stability' system may be reduced to a single
polynomial equation in one complex variable. We consider first the
left-hand boundary at x = O.

The analysis of the left quarter-plane problem involves the
simultaneous solution of (3.5a,b) and (3.33) for the triple
(Kl(z;k), K3(z;kq),z). By combining (3.5a) and (3.5b) to eliminate
z and using the equivalent form of (3.33), equation (3.37), we obtain
a real coefficient cubic in K3. For any A,q,a and s the cubic has a
root K3 = 1 leading to, after back substitution, K1 = l and z = 1.
Lemma 3.1 indicates that the root Ky = 1 is actually the limit point,
as z - 1, of the outer root Ka(z;xq), and thus the (1,1,1) triple may

be regarded as 'stable'. Removing, from the cubic, the root Ky =1

by deflation we obtain the quadratic

{Kz +Be. v+ k=0 (3.51)
v 3 3
where

A =1-2 +qs,(1020)

0
i

2
Al o+ ZBS(l'qu) + qss(1+xq), and

S
I

a8 (xq-1) + qei(l—xq)
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For any values of A,q,s and a, equation (3.51) is solved for
Ky and S| and z are obtained by back substitution. We note that
if Kq 1s a root corresponding to W then 23 is a root associated with
Gs' Thus we need only consider W such that Im(ws) > 0. As before,
we consider the roots of (3.51) associated with w, = exp(in/(s+1)).
The stability boundary is then the least value of o for which the

solution triple satisfies |n1| <1, |m3| <1, |z|] > 1. Notice that

any lower bound will only be approximate, however it is not expected

(2)

S

that the value of a would be required to more than one decimal
place.

As discussed earlier the right quarter plane problem may be
analysed by negating A in the system of equations. If we denote the

roots Kl(z;-x) and n3(z;—kq) by <1 and K4 respectively and we modify

the determinant equation to

~

K-3_1 = BS(K:—l)a (3052)

where és =W P then the system (3.5a,b), (3.31) inn<1,b3 and z
transforms to the system (3.19a,b), (3.52) in ;1,;3 and z if X 1is
replaced by -A and a by -a. The left and right boundary problems
may therefore be handled by the previously described algorithm.

The stability intervals are given in Table 3.5 for ¢ = 1,2 and

s and s = 0,1,2,3 such that \q = 0.95.
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q=1 q =2 q =5
Left and Right Left Right Left Right
s =0 (-1,1] (-1,1] (-1,1] | ¢-1,1]  (-1,1]
s 1 (-1,1] (-1,1] (-0.7,1]} (-1,1] (-0.7,1]
E s =2 (0,1] (-0.2,1] (0.3,1]{(-0.1,1] (0.2,1]
s =3 (0.6,1] (0.2,1] (0.7,1]| (0.2,1] (0.6,1]

Table 3.5: Stability intervals with Aq = 0.95.

Examination of the intervals will show that the boundary which has
the fast wave outgoing has the wider stability intervals. For q > 1
quadratic extrapolation may be stable at x = 0. This concludes the
proof of Lemma 3.2. Table 3.5 also verifies the result of Lemma
3.5 for the right boundary problem.

To illustrate the results of Table 3.5 we apply the bounday
approximations (3.31) and (3.32) to the model problem integrated

earlier. The results are given below.

s, || gy llgl N8l s, || gl gl 15,1l
(2, 0.1) |[39.489 | 0.0016 1 (2, -0.1) || 79.022 | 0.021
(2, -0.1) |[39.380 | 0.530 (2, -0.4 || 78.825 | 0.632

n
Table 3.6 a: q = 1,v3 = v(1,t) Table 3.6 b: q = 2,Vy = v(l,t)
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(ssa) N a0l gl gyl (s,a) 1B gl 5l
1
- (1, -0.6)||79.014 | 0.046 (1, -0.6) [|197.41 | 0.046
| 4
| (1, -0.8)||79.028 | 0.105 | (1, -0.8) ||226.48 | 20.501

n
Table 3.6 c: q = 2,V = v(0,t ) Table 3.6 d: q = s,vﬁ = v(0,t)

All the above results were obtained for Aq = 0.95, Ax = §%-and

e = 0.01. The loss of accuracy is clear if a is outwith the
stability interval. If random 'noise' is introduced into the
initial data then instability in the E-norm becomes obvious. Tables
3.3 and 3.4 illustrate the desirability of setting o = 1 in the

boundary approximation. The overall accuracy attained being

comparable with the best alternatives.in section 3.2.
3.4 Accuracy Analysis

Skollermo [1975,1978] presented a partial insight into the
measurement of the relative effect that any boundary approximation has
on oveééll solution accuracy. In her analysis Skollermo identified
three separate components of the total error. The partition consisted
of the error associated with the pure Cauchy problem, that associated
with the boundary approximations and a third residual error function.
It is the second component we consider here. The results of Skollermo
have been applied by Gottlieb and Turkel [1978] and Coughran [1980] to
rank various boundary approximations in terms of the minimum number of
mesh intervals per wavelength to attain a prescribed accuracy. Sloan
[1980] used both this technique and that of the wave reflection
analysis of Chu and Sereny [1974] to a similar end. For the boundary

schemes applied by Sloan to the case q = 1, there was no appreciable
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difference in either approach and broad agreement was found with the
numerical integrations. In this thesis we use the method of
Skollermo since the wave reflection analysis cannot be applied to
implicit boundary approximations used in conjunction with implicit
difference equations. Whilst this does not effect the methods in
this chapter, the difference methods of chapters 4 and 5 are both
implicit.

We proceed by defining error functions %? = (e?, 6?), where

J

e = u-U, 6 = v-V represent the approximation error in U and V at the

point (jAx, nAt). If the difference scheme is of the form

U?+1 = GU?, then it follows that €?+1 = GeY. 1If the time domain is
Vj Nj %j N

extended to -» and 1f %(Xj,w) denotes the Fourier transform of Ej

then we have

z%(xj,w) = G%(xj,w) (3.53)

where z = exp(2mwAti). By assuming a solution ﬁ(xj,m) = Kjéfw) of
the difference equation (3.53) we obtain two characteristic equations
whose inner roots andk%xand'KB' Therefore, for related eigenvectors
Yo XB the general solution of (3.53) which is bounded as j + « 1s

~

) = dx J .54
g(xow) = dkoyy * dgRae (3.54)

where d and d8 are constants. The above characteristic equations

a
will usually be the same equations as arise in the stability analysis.
The differential equations can be treated in an analogous manner to

yield general expressions for %(x,w), the Fourier transform of %(x,t).
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By rewriting any boundary approximation in terns of % and u, after

Fourier transformation, we obtain the Skollermo error function

A V)
3<Z,K 1,K 2)

3(2"<a"‘3) ’

e(w) =

(3.55)

where

K exp (2mwAx1) and 21 and v, are the negative characteristic

gradients of A. The function 3(z,Ka,KB) is the determinant equation
arising in Table 3.1, and e(w) is the relative error in the Fourier
coefficient with frequency w. We consider (3.55) as At approaches
zero, A held constant, and so we expand the numerator and denominator
in powers of Ax. We need only consider the smallest power of AX in

the expansion so we may replace z,ma and ., in the denominator by

8

their respective limits as At approaches zero. These quantities will
be determined from the characteristic equations using lim 2z = 1.
At->0
For the L-W interior approximation a detailed comstruction of
e(w), for g = 1, is given by Sloan r198d]. For general q a similar
analysis yields

B(Z,K—I,Kl/q)

cw) - Ty (3.56)

Using lemma 3.1, we have &1(1;x) = 1 and K3(1;Aq) = (Aq-1)/(xq+1l) =y.

The relative error is then

3(emk,e-m,em/q)

T GURD , m = 2mwAxi (3.57)

e(w) =

which we expand in powers of AX.

Consider the EXS boundary approximation. From Table 3.1
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~ _ _1yS+1 s+l
\—}‘(ZQKIQK-3) - (K]. l) + (K'-3-1) .

By expanding e(w) and evaluating (1,1,y) as {-2/(1+Aq)11+s ve

obtain

s+1
T

e(w) = 7 [qS+1 + (—1)S+1](xq+1)s+1, (3.58)
M

where M = 1/wAX measures the numbers of spatial intervals per wave-

length. In the symmetric problem, q = 1, the expression (3.58) is,

for even powers of extrapolation, given by

s+2
elw) = 2T (1+n)s*L | (3.59)
Ms+2

A similar procedure yields the expressions in Table 3.10.

Boundary Approx. e(w)
EX l+s
+1 1+ 1+
° — s [+ (DT
(ar) 2 5+2 s+1
(E—(1+2) when q = 1)
Ms+2
n3 2
C 73 (Aq-1) (Aq=2) (1+Aq)
3M7q
o2 2
J1c —%-7 (1+1q) (Aq=Ab“+a) / (1+Ab)
M™q
b 2.3 .
(§—— (1-1°) /M~ when q = 1)
3
2 2
B ——%—§(I+Aq)(q2+1—2x q%)
3M7q
2
2 2
CE T (\“g“-1)
2.2
q M
l+s _
1+ 1+s _ (1=a)
(3.31) —EF—T;; (1+xq@) ~ “(pq+(-1) " ); o = (133)
(qM) ‘

Table 3.7 : e(w) for boundary approximations (3.8)-(3.12), (3.31).



Boundary Approx. e(w) 1
1
EX nS+ s+1 +
S — [q + (_1)5 l] (1+A)S+1
(qM) |
w3 2 }
C T (A1) (1=2) (1+)) }
2M %
i
| 2'rr2 2 5
11C — (1+X) (Aq=Ab"=-2a) / (1+b)) |
qM ;
1+ ]’
B -( ; )3 Tr3q(q2+l-2A2q2) ‘
2M7q
2 |
CE 5 21 |
M |
. !
s+

(3.32) L L M I G DR e et

(qM) ,

Table 3.8 : e(w) for boundary approximations (3.23)-(3.27),(3.32)

The above expressions for e(w) can be used to predict the number
of points per wavelength that will be required to maintain a preset
error tolerance. For Aq = 0.95 and a tolerance of 0.0l the necessary

number of intervals is given in table 3.9.
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|
Boundary Approximation q=1 1t 1T
Left| Right| Left| Right
EXo 63 307 232 491 299
EXy 87 69 52 63 39
EX2 - 28 - 29 -
C 6 3 13 2 13
J1C 8 15| 23 12| 29
B 6 10 11 8 11
CE 10 5 28 2 31

Table 3.9 : Minimum value of M = 1/wAx to achieve a tolerance of

0.01.

Boundary approximations that were previously shown to be unstable
are omitted from Table 3.9. To provide a more meaningful illustration
of the results of Table 3.9 we integrate, using the L-W scheme, the

differential problem

g = A%x’ O<sgxgl, >0,
G ) = (0, vix0), (3.60)

u(x,0) = 0, v(x,0) = f£(x) = 2wcos2nx,

0.5(f(qt)-£(-t))

with the u(0,t)

u(l,t) 0.5(f(l+qt)-£(1-t)).

The boundary conditions are homogeneous for ¢ = 1. The results are
contained in Table 3.10. For the symmetric problem the superior

performance of EXO over EXl, as predicted by Skollermo, is verified
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Boundary q =2 q =5
Approximation a=1 )
Left Right Left| Right
Exact 0.008 (0.049 - 0.049 -
EX_ (a=}) 0.317 {0.608 0.388 | 0.451| 0.387 |
EX_ (0=0) 0.147 |0.832 | 0.614 | 0.630| 0.422 |
| Exo (a=1) 0.477 {0.499 0.308 0.448 0.347;
EX; (0=0) 0.295 |0.156 | 0.096 | 0.159| 0.083 |
£x, (a=1) 0.143 |0.143 | 0.089 | 0.143| 0.090
EX2 0.019 {0.045 3951.0 0.050 23.5591
B 0.015 [0.047 0.094 0.049 0.063
C 0.015 |0.048 0.094 0.048 0.064
11C 0.015 |0.039 0.108 0.049 0.178
CE 0.015 {0.046 0.103 0.049 0.058

1/40

Table 3.10: ||U Hoo for A\q = 0.95, Ax

together with high accuracy non-extrapolation boundary approximations.
Despite non-homogeneous boundary conditions for q = 2 and 5 the rank-
ing of Skollermo is seen still to hold, although the superiority of
the characteristic formulations is not as obvious. The relative
accuracy of the left and right boundary approximations is also
illustrated including the improved performance of extrapolation
approximations when the fast wave is ingoing.

For variable extrapolation boundary approximations an examination
of the Tables 3.7. 3.8 suggests that for q = 1 e(w) 1is minimised
for s = 0, if a = O and for s = 1 when o = 1. This result 1s

illustrated by the numerical results of Tables 3.6a and 3.10.
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The instability of the EX2 approximation when q = 1 can be

established analytically however it is very difficult to induce

numerically even when large random errors are introduced into the

initial data.

In this chapter we have considered various boundary approximations
in conjunction with the Lax-Wendroff and the effects, thereon, of
different time-scales. For twin boundary problems we have shown that
both boundaries must be examined. Whilst there are many possible
boundary approximations to choose from, we recommend that any choice
must incorporate the characteristi: variables of the differential
system. This conclusion is based on both stability and accuracy

results.
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CHAPTER 4

A SEMI-IMPLICIT METHOD AND BOUNDARY APPROXIMATIONS

In the previous chapter the model fast wave problem,

s T AL 30660 = [u0),v(,0]7 x,0 ¢ [0,1] x lo,T],
u(x,0) = £(x) xe [0, 1] , (4.1)
u(0,t) = g(t), u(l,t) = h(t) t e [0,T]
where

q-1 g+l .
A = % » 9 € R ’
q+l q-1

was solved numerically using the second order explicit, dissipative,
Lax-Wendroff method with a variety of boundary approximations for
v(0,t) and v(1l,t). Acceptable accuracy was obtained for several
approximations when (4.1) displayed differing time-scales. However,
for large q the Cauchy stability requirement Aq < 1 resulted in
progress in the temporal domain being very slow. As an alternative
a less restrictive interior method may be used to obtain greater
efficiency. This was discussed in the introduction.

Difference schemes which have weaker stability requirements
include the implicit second-order accurate Crank-Nicolson scheme.
This popular method has been applied to parabolic equations (Hopkins
and Wait [1978]), barotropic equations (Sasky and Reddy [1979]) and
biophysics (Joyner et al [1978]). For problems like (4.1),
Skollermo [1975] examined the effect on the accuracy of the Crank-
Nicolson method produced by various boundary approximations. The

interior approximation can be readily shown to be unconditionally
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stable for the pure Cauchy problem of (4.1) for any q. Implementation
of the implicit method requires the inversion of a block tri-diagonal
matrix at every time step and this increases the computational

effort by a factor four over that of the Lax-Wendroff method. A
feature of the Crank-Nicolson scheme is that all approximations of

the spatial derivatives are averaged over time. This can result in a
loss of accuracy when there is a significant signal travelling on

the fast time-scale. For fast waves that are relatively weak the
method represents a considerable improvement over the Lax-Wendroff
scheme (Turkel [1981]).

An alternative approach is that of the semi-implicit method
suggested by Kwizak and Robert [1971] in connection with the primitive
equations in atmospherics. The basis of the method is to identify
the elements of the physical equations that would normally be
responsible for the conditional stability restriction and use a
different method of approximation from that used on the remaining
elements. Kwizak and Robert [1971] applied an implicit time averaging
technique to the components of the spatial derivatives that involve
the gravity waves and a centred differencing approach elsewhere.
Elvius and Sundstrom [1973] applied this idea to a barotropic model
based on the shallow-water equations, enhancing the scheme by basing
the approximation on a staggered grid. This improvement reduces, by
half, the computational time for problems of the form (4.1). Gauntlett,
Leslie and Hicksman [1976] used a semi-implicit time differencing
method to improve the efficiency of a six-level primitive equation
model. The authors obtained . an improvement of 2.5 in terms of

computational cost over an explicit model for comparable accuracy.
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In petroleum engineering, Nolen and Berry [1972] examined the problems

relevant to the construction of a semi-implicit technique for use in
reservoir simulation. Their simulator was found to be a competitive
alternative to an explicit method being both stable and convergent
in its linear and non-linear forms. Chappelear and Rogers [}974]
presented practical guidelines for monitoring the time-step to
control mathematical errors. When the semi-implicit approach is
based on the Leap-Frog scheme the resulting method is unconditionally
stable for the pure Cauchy problem of (4.1). Compared with the Crank-
Nicolson scheme the Semi-Implicit Leap Frog (SILF) method should, as
a result of the decreased degree of time-averaging, be able to deal
more successfully with strong fast waves. This is bornme out by
numerical experiments, however for very weak fast waves the Crank-
Nicolson approximation is still preferable.

As a consequence of the work already done on boundary approximations
by Skollermo [1975] and Coughran [198Q] for use with the Crank-

Nicolson method, together with the limitations as described above, we

continue by investigating the SILF approximation.
4.1 Description and Application of the SILF method.

The standard explicit leap frog approximation to B = Au_ is
given by

n+l _ _n-1 n _,n
A R RN AP

Vi, n 21, (4.2)
where, as usual, we consider H? to be the finite difference
approximation to %(jgx, nAt). By using a mid-point time averaging

. n n . . ..
rule for the terms 1n A(Hj+1_Hj—1) involving the coefficient (q+l) we

obtain the SILF method
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U, T =U, o+ aK(U RE SoAT (2 l_yo+l ol m

"] J 1 ‘J+1 V- 1 f\JJ+1 ,\JJ 1) VJ- n>1

(4.3)

where a = }(q-1), b = 3(q+1) and 1I' = [0 1}

As in the Crank-Nicolson scheme, determination of Hn+1 from the two
previous time levels involves the inversion of the matrix operating
on Qn+l. This matrix, when a full grid is used, may be treated as
gither a block tridiagonal matrix, where each block is a (2 x 2)
matrix, or as a septa-diagonal matrix. Numerical experiments, on an
ICL 1904S, indicate that, using either approach, the CPU time to
update Hn is approximately 0.3 seconds. Notice that the evaluation
of each component of H?+1 requires only one value per grid point and
thus permits the use of a staggered mesh. The block representation
is no longer appropriate.in this situation.

Staggered or misaligned meshes have been used widely in
meteorology (Elvius and Sundstrom [1973], Johns et al [19811)
Nickovic [1981] suggests that solving the primitive equations in
meteorology on a full grid, when there are severe wind changes in
the meridional direction, may result in computational instabilities.
Staggered grids have also been used to obtain the solution of Poisson's
equation (Sweet, Schuman [}976]). May and Morton [1976] used
a method of staggering which, for (4.1) with q = 1, required no
boundary approximations. Due to the popularity of such meshes,
especially on large domain problems, we consider the SILF method on
a staggered mesh together with a variety of boundary approximations.
With the exception of Gustafsson et al [}972], very little analysis

appears to have been performed on this type of problem in connection



with the choice of boundary approximations.

The grid used throughout this chapter is of the form

(n+l) At U \Y U Vv .... U v U vV ... V
nAt \ U \ U . \ U \Y U . U
(n=1)At U \ U vV ... U \ U vV ... V
0 Ax 20 L., . JAx 0 Ax 2Ax ..., JBx
odd time steps even time steps

and is such that, for J even, we only require boundary approximations
for v(0,t), v(l,t) at every other time level. If non-linear terms
are involved then any undefined values on the grid may be supplied
through space and/or time averaging. Initiation of the scheme
requires Ho and Ql where Ql will be given by Taylor expansions, or

by one sweep with a suitably accurate two—level scheme on go. Given
these initial values the difference equations are defined as follows.
Even time steps:

bA n+l n+1l

S AV T U =R, 5 5= 1,305,000,
(4.4)
- E% AkUn+1 + V§+1 = F,(n,k) ; k = 2,4,6,...,3-2,
where byo® = Gafyy T i)
Fl(n,j) = U?_l + axA. U™ + E% AJVn—l and
F,(n,k) = Vi—l - a)\AkVn - E% AkUn-l

Two further equations of the form

Vd = fa(XnaXn—l)s a = 0,J,

representing the left and right boundary approximations complete the
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system.
0dd-Time steps:

E& n+l n+1
2

AjU + vj = Fz(nsj) ’ J = 192" ,J_].,
bA 1 1 -3)
n+ n+

5 AkV + Uk = Fl(n,k) s k= 2,4,...,3-2,

together with the exact boundary values U2+1 = g((n+1)At) and
+1 . .
gttt = h((n+1)At) form the approximation on ocdd time levels.
To aid further description we introduce the following notation.
. ~ - . A") -

Along time step t = 2nAt let Vg? 1 (3 = 0,1,...) and UE?_} (3 = 1,2,..)

represent the finite difference approximations to v(2jAx,2nAt) and

u((2j-1)Ax,2nAt) respectively. Similarly along t = (2n+l)At we

2n+l 2n+l
2j-1 2j

We now invoke the stability theory of Gustafsson et al [19721

have the approximations V (3 = 1,2,..) and U (3 = 0,1,...).

by considering two successive time levels. Using the transforms

n n ~N n+l-
W, = 2 W. 5, W. =2 W.
] ] ] ]

2]

_ _ 2j-1 - ~ 23171 =& - 2
U2j = QK ", V2j—1 Bk , UZj—l aK , V

= 23

where o,B,a and B are arbitrary constants.

The condition for non-trivial o,B8,a and B gives rise to the determinant

condition

L -N -M 0]
=N L 0 -M
= 0,
-M 0 L =N
0] -M -N L

where
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L = (22—1),

M = akz(K—K—l),

bA, 2

- DA 1
N 2(z

+1) (k= ).

The determinant reduces to equations defining four values of «
for a prescribed value of z. These equations may be written as

-1 . 2(z%-
bk(z2+1) + 2a)z

K=K (4.64)
Stability of the Cauchy problem requires that there exists no

root (k,z) of (4.6+) such that |«| =1 for |z| > 1. Substituting

K = eie into (4.6+) we obtain that |k| = 1 = |z| = 1 and hence

unconditional stability. For given z the two roots x of each

equation in (4.6) are such that their product is -1. Therefore for

|z| > 1 we denote by <, and k, the respective inner and outer roots

of (4.6-) and by «., and Ky, the corresponding roots of (4.6+).

3
Returning to the assumed solutions we find that the contribution to

the general solution for

- - T

= WypVp5-10005-10V25)

82

associated with SE 1s given by
2] 2j-1 ~ 23-1 , 23.T

(aKl , BKl » QK , Brg ) (4.7)
The vector (a,B,&,é)T is the eigenvector of the secular matrix
associated with Ky To obtain the general solution for sz, in the
grid function space LZ(AX), we linearly combine all the vectors of
the form (4.7) defined by each of the inner roots * Ky and + Kg It

may be shown that the associated eigenvectors are



T -
(1, #1, 1, #1)°  and (1, ¥1, -1, +1)7, respectively.

This completes the general solution as

.20+l _ 23 23y _2n+1 .
U2j = (dlKl + d3K3J)Z s j =0,1,2
2n+1 23-1 23-1, 2n+1
v,. = (d + d ] =
25-1 = (d9%q 33~ Dz, i =12, (4.8)
~2n+l _ 23-1 2j-1, 2n+2 .
U2j—1 - ( dlKl + d3K3 )Z [y J = 1,2,...,
~2n+1 2] 2j, 2n+ .
Y g—dlle + d3K3J)Z n+2 j=0,1,2,..., 031
with d1 = o + a and d3 =g + B .

We may now use the general solution (4.8) to examine the
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stability of any boundary approximation used in conjunction with the

SILF method. To aid any such examination, information concerning

the behaviour of KisKqy and z through the characteristic equations

(4.61_) is essential.

Lemma 4.1. If x,z € C are related through (4.6) then k(z) = k(z),

thus implying that in any stability analysis we need only consider

the half plane Im(z) > O.

Proof. Consider equation (4.6). By forming its conjugate as

-2 2(52—1)E
-1 = —2
Ab(z"+1) + 2aliz

we obtain the result.

Since the SILF method is non-dissipative it is essential to
determine the behaviour of the eigenvalue K, as z is moved around

the unit circle in accordance with the following diagram
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n Im(z)
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z-plane
-1 7Re(z)
i6 i6
The point B is given by e and C by e C, where
s1in GB s
cos B = (q-1) /(g+1) ’
and cos 6, = a/b.
The relationship between SELY, and z yields the following lemma.
Lemma 4.2.If k, and Ko are the respective inner and outer roots of

1

the characteristic equation

2(z%-1)«
2—1 = 2
< bA(z +1) - 2a)z
then as z = ele is moved around the unit circle
follows:
(1) when 6 = O : Kl = -1, Ky = 1
(ii) 066, : k; moves around ] =1
moves around IKI =1 to
arg(Kz) =7 - arg(Kl)
(111) 6B+8+6C PRy
K2
T

(IV) 8C~e-> 5

. and k. behave as

to Kk, = 1, and «

1 2

K =

5 i noting that

moves down the imaginary axis to « = O.
moves up the imaginary axis towards iw,

there are two cases to consider



(a) 0 <ax <1

(b) ax > 1

(v) 5>8 >,

(a) ax ¢ 1

(b) ax > 1

i{n = /(n®-1)}. Whem ax = 1 «

v@l-nz) + in , where n = -

92.

¢+ K, moves down the imaginary axis to

i{n + /(nz-l) }

K, moves from ~ie up the lmaginary axis to

1 and K2

coalesce at -i.

: having combined at -i when sin 8 = A(b cos 9-a)
K1 then moves around the unit circle to

2 .
-/(1-n“) + in and K, moves around to

1
ai’

S and K, move on the imaginary axis coalescing

at -i when sin 8 = —X[b cos 6 —q], noting
that for al = 1 the merging occurs at 6 =-% .
and K, then move around the unit circle to
-1 and +1, respectively.

and K, move, from their respective points

. . . . . i
on the unit circle in (iv) with 8 = = , around

2

the unit circle to -1 and +1, respectively.

) +
In the above we have used the notation for o,B8,y € IR that

a>B->y represents the monotonic increasing variation of B between the

fixed constants a and vy (a < v).

Proof: Part (1) follows immediately from a perturbation analysis.

sin B

Therefore for 8 € [o,eﬁ] we have, with n(8) = A[b o5 9‘#] , that

< ,(8) = in(®) * /(1-n’(8)) (4.9)
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Clearly |K1’2| = 1 and n(eB) = 1 thus implying that Kl,z(eB) =1,
proving (ii), TFor 6 € [GB,GC] we have
- .r T /(nliay - ;
K iin(e) + Y(n“(8)-1)] (4.10)
1,2 <

and since n(8) rises from unity to infinity part (iii) follows.
Now consider aA < 1. When 6 > 8-> n(8) is negative and so the signs

in (4.10) are reversed. For ec > 6 - %3 n(8) increases from — to

1 . . .
T thus we have part(iv)(a). As 6 increases monotically to =

Kq and Ko continue their respective downwards and upwards movements
on the imaginary axis until they coalesce at - i. Notice that for

al = 1 the coalescing occurs at 6 = %-. This happens when

sin 6 = —AEpcos 8 —a], that is when n(8) = -1, For all remaining 8,

the roots Kq and Ko diverge around the unit circle to -1 and +1

respectively at which point 6 = .

Now consider aA > 1. The roots are represented by

€y 5 = in(®) *+ /(n*(8)-1)

For ec >0 - m, n(8) increases from -», and so. K, moves down and Ko

up the imaginary axis until they coalesce at -i when n(8) =1, at

which point 6 < %-. For all remaining O they diverge as before to

-1 and +1 respectively.
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This lemma may be usefully expressed pictorially as
S l<2(ec)
i-
Kl(SB) |<2(9B) ~
N k=plane
K
Kl(e) path
\
. - - —Kz(e) path
ﬁ\\ \
........................... o ). 2
-1 Kz(e)} 1
/ (a),(b),(c) correspond
=T i
§ / to © 5 with
/ ax <1, =1, »>1
bl
L s respectively in the
X d lemma.
(c) (c)
+
(a)
A +
|
Kz(ec)
Lemma 4.3. The respective inner and outer roots Ky and <, of the
characteristic equation
2 2(2%-1)«
K=l = ——2 (4.11)
ALb(z +1)+2a{]
are given by
= +
K3,4(6) Kl’z(ﬂ 8)
when z = ele.
Proof. As seen earlier

“1,2

with n(86)

(8) = in * /(1-n%),

sin e/D\(bcos 6 - a):] .



Now n(m+6) = sin 6/[A(bcos 6 + a)] = n,(8)

- 2
therefore K1,2(9+ﬂ) = in, + I(l-n+) = K3,4(8). All other expressions

in Lemma 4.2 relate similarly.

Lemmas 4.1, 4.2 and 4.3 together provide a complete insight into

the behaviour of k(z) with z = ele.

4.2 Description and Stability Analysis of Some Boundary Approximations,

The boundary approximations to be used in conjunction with the

SILF interior difference method are, at the left boundary,

62n+1 _ o2n+l

Horizontal Extrapolation (HE): o = V2 ’ (4.12)
S=0 Space Time Extrapolation (STO): §§n+1 = V§n+l . (4.13)
S=1 Space Time Extrapolation (STl): V§n+1 = 2Vin+1 - Vgn_l.(A.la)

Zeroth order characteristic Space-Time Extrapolation (CST):

The staggered mesh requires that space averaging be used on

2n+1
U1 R
22n+l _ . 2n+l _Z2n+l 2n+l _ 2n+l
VO = 2(UO +U2 ) + Vl UO . (4.15)
Linear Characteristics (LC):
" 2n+l 2n+1
(W) 2 = (1) () 2P 4 aquen 1
. . . 2n+l _2n+1
using space and time averaging respectively on U1 ,Vo .
We obtain
~2n+1 2n+1 . 2n+l ~2n-1 2n+l ;.. 2n+l ,
5(1+Aq)von = (I=RQU.T =UT T (LA VT AV T ) - (4.16)
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Boundary approximation of Gustafsson et al r1972] (K):

~2n+1 _ ~2n-1 2n+1 ~2n+1 ~2n-1
v, =V + 2ar{v] —%(Vo +V )

~2n+l "2n-=1 2n+1
+ 2bx{%§ul w70 - Uon }, (4.17)

which is obtained by differencing the second differential
equation and allowing for the staggered mesh.
We also include the crude

~2n+1 “2n+l__ 2n+1 V2n+1

b
Box (B): Vo = EA(UI Uo ) + 1 (4.18)

The box approximation is obtained from the expression

/\2 +1 ~
(1+an) Vot o (1-aA)V§n+l - (1—ax)v§n+1+(1+ax)vfn+l
~2n+l1 22n+l1 _2n+l1 _2n+1
+Ab[Uy U U]

by ignoring all quantities that are not defined on the grid and
setting 1 + al = 2. The fact that this approximation excels for
very large values of q illustrates the possible success of boundary
approximations constructed in an arbitrary manner. Such an
approach is not recommended as it is felt that in realistic
differential applications problems in ensuring the consistency and
stability of the approximation will inevitably result.

Consider the HE approximation. Substitution of the general

solution (4.8) into (4.12) yields

2 2 _
-(Kl-l)dl + (K3-1)d3 =0 (4.19)

and, from the analytic boundary condition we obtain

d1 + d3 = g((2n+1)At)/zn+1 . (4.20)
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Equations (4.19) and (4,20) together form the system
Md = g, (4.21)

According to the stability theory we require that there be no non-
trivial solutions d of the homogeneous form of (4.21) for lKll <1,

|K3| < 1 when |z| > 1 (or no generalised eigenvalues). Equivalently
we want no such roots of det M = 0, This condition is that required

in Theorem 1.6 of Chapter 1 to ensure stability. Hence the deter-

minant equation for the HE approximation is
K1 -2=0 (4.22)

Lemma 4.4. The SILF method with the HE boundary approximation is an

unstable approximation to the left boundary problem.

Proof. Equality in (4.22) requires that K% = K§ = 1 and thus, from
the characteristic equations, z2 = 1. Instability follows from
Lemmas (4.2) and (4.3).

This result holds for any degree of horizontal extrapolaticn and
is an extension of the result of Gustafsson et al £197i] for the
explicit Leap-Frog method (4.2).

Following the previous discussion we can construct the determinant

equation (4.22) for each of the boundary approximations considered.

These are given in Table 4.1,
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Boundary Approx Determinant Equation
j+1 j+1
STJ. (Z+K1)J + (z-K3)J =0 :
CST bz + (k +1)2 - (k,+1 L |
; 1 K3tD)" = 0
| 2 =
i LC (1+2q) 2" +rqz (k) = ) [1+} (ky +c ] =(1-xq) = 0 ‘
| 2
i K 2(z —l)+2akz(K1—K3)+Zak(zz+1)—Xb(zz+1)(K1+K3) =0
B bz - Abz(K1+K3) + Z(Kl—K3) =0

Table 4.1: Boundary approximation determinant equations.

When g = 1 we have

Lemma 4.5. The approximation to the symmetric problem given by the

SILF interior method is stable for the STO,ST CST,LC,K or B boundary

1,

approximations.

Proof. From (4.6+) we have that, for q = 1, both K1 and Ky are
equivalent to «, say. For each boundary approximation we can
construct a system of two equations in z and «, from the characteristic
and boundary determinant equations. Consider the ST1 approximation.
The associated determinant equation reduces to z = + ik and so we must
consider the possible existence of a generalised eigenvalue. From
Lemma 4.2 we can see that there exists no 9 such that z(8) = ix(8)

thus establishing stability. The other proofs of stability follow

analogously.

The above results were relatively easy to obtain. For general q,
however, the stability problem reverts to the evaluation of the roots

of a multivariate system formed by the characteristic equations (4.6+)
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and the appropriate equation of Table 4,1. To obtain the roots we

must resort to the continuation method of Chapter 2. Using these
techniques we can establish whether or not a boundary approximation
will produce an unstable approximation to the left boundary problem

by being associated with a solutiom triple (Kl,KZ,Z) for which z is

an eigenvalue or generalised eigenvalue, Unfortunately any conclusions
will hold only for a discrete set of A and q.

The results may be summarized as

Result 4.1, TFor the discrete set {(A,q) : A = 0.5. q = 2, 5. 30} the

SILF method and any one of the STO, STl’ CST, K or B boundary

approximations produced a stable approximation to the left boundary

problem if q = 2 or 30 and an unstable approximation for q = 5.

For q = 2 and q = 30 Result 4.1 reflects a wide series of
continuation experiments which yielded no solution triples to indicate
instability. When q = 5 we have that al = 1 and it is clear that the
solution triple (-i,i,i) satisfies the determinant equations associated
with all but the LC approximation. From Lemmas 4.2 and 4.3 this triple
corresponds to a generalised eigenvalue, thus indicating instability.
With the LC approximation we found, using the continuation algorithm,
the roots z = 1.091, and S 23 = -0,258-0.6591, again indicating
instability. Formulating (4.3) as a one-step method it is possible
to determine the spectral radius of the coefficient matrix involving
each boundary approximation. For q > 1 (q # 5) the STy method induced
exponentially growing solutions allowed by the theory of Chapter 1
(see (1.32)). This type of phenomenon is not allowed by the P-stability

theory of Warming, Beam and Yee [1982] and is also evident in Chapter 5.

This topic is not investigated any further here. Over the chosen data
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set (q # 5) for a discrete choice of Ax, each of the ST , CST and LC
o

approximations produced non-dissipative, and B a dissipative overall
approximation to the left boundary problem where, for the latter
boundary technique, the degree of dissipation increased with q. The
Kreiss approximation was non-dissipative for q = 1 and dissipative
for ¢ = 2 and q = 30, the dissipation again increasing with q.
Clearly the data set {(X,q)} chosen does not provide any definitive
comment regarding the overall stability induced by any boundary
approximation. To examine an exhaustive set of X and q is beyond

the scope of this study, however we have illustrated that for any fixed
choice of parameters, we have developed an algorithm which can be
used to examine the stability properties of any approximation.

As has been emphasized earlier it is essential to consider
separately the potentially less stable right boundary. For an even
number of mesh intervals the right boundary problem is associated
with the previous left boundary problem treated earlier, where the
inward and outward characteristic speeds have been interchanged. The
associated characteristic equations are

2
<2-1 = 2(;"2 )x : (4.24%)
A[b(z +1) + Zai]

Deriving the general solution as in (4.8), we require the inner roots

K 4K of (4.24;). If satisfies (4.24-) then it is clear that
1 %2 %1

1 ] .. -1 . .
K is equivalent to K2, and similarly Ka is equivalent to K, o
@ 2
1

- -1
Lemma 4.6. KOI(A,q,Z) = -, (0 a,2) 5k, (Mhq,2) = —«3(X,q,2) .

Proof. Kzl(x,q,z) satisfies (4.24-). Since the interior root of
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24-)is k(- ! =
(4.24-)isk(-),q,z) then K, (Aq,2) = k1(=X,q,2) = —<;(X,q,2).

Therefore we can derive all information concerning the roots

k; and <q in the general solution

2n+l _ _2n+l 2] 2] .
UJ-2j z (clK1 * cyKg ), j =0,1,2,.

2n+1 2n+1 2j-1 23-1

v = - - J f =

3-23+1 z ( 1%y CqK4 )s 3 =1,2,...

(4.26)

~2n+l  _  2n+2 2i-1 _ 23-1 .

UJ—2j+1 =z (clK1 CqyK 4 ), j =1,2,...

~on+l  _ 2n+2 2 2 .

VJ-Zj =z ( CiK1~ * C3Kg ). j =0,1,2,...3n > 1.

ci» Cg3 € R, from lemmas 4.1, 4.2 and 4.3. General solution (4.26)

is obtained in a manner analogous to that of (4.8) for the roots

and KZl and then by applying Lemma 4.6.

“2
The right boundary approximations are
~2n+1 2n+1
. = 4.27
ST : V] Vi1 (4.27)
~2n+1 2n+l ~2n-1
. = - 4.28
ST, & V7 A Vi, ( )
Ca2n+l _ ~2n+1 . Z2n+l 2n+l 2n+l \ 29
CST : V" = = U U0 + VD (4.29)
~2n+l _ A 2n+l ~2n+1 . . 52n-1 2n+l_, 2n+1
LC @ $(1+0)V] = (F-DUST T (-] AV T,
(4.30)
~2n+l ~2n-1 | ,o2n+l ~2n-1 2n+1
K Vv =V + 2ax|3(V +V )- V.
J J ENEIIAE J-1 (4.31), and
2n+l | ,#2n+l “2n-1
+ 2bAfUT T HH U U )]
~2n+1 _ _2n+1 | bA . 2n+l "2n+l (4.32)
B vy o=V (U U ) .

For the above boundarv approximations, with q > 1, no instability

triples were found, The triple (-i,i,1) which produced instability
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conclusions for the left boundary problem fails to satisfy the right
boundary determinantal equations for a value of q such that aXx =1
(note: X = 0.5). An investigation of the spectral radius of each
right boundary approximation revealed that Box was a dissipative
approximation, STO, CST and LC were non-dissipative and ST1 and K
had eigenvalues exceeding unity. For both the latter boundary
methods the spectral radius reduced with A and so the method was
exhibiting exponentially growing solutions (1.32). When we

examine the twin boundary problem the K boundary scheme produces a
non-dissipative approximation. Therefore the left boundary
dissipation is, in some sense, negating the growth introduced at the
right. This behaviour is also evident in Chapter 5. The twin ST,

approximation still has a spectral radius exceeding unity that

decreases with A.

4.3 Numerical Results.

We illustrate the results of the previous section by integrating
numerically the problem defined by (3.28). We consider ¢ = 0.01 and
e = 0.5 and q = 1,2,5 and 30. The extreme value of q = 30 was
chosen to illustrate the exceptional accuracy of the B boundary
approximation when q is large. The results are contained in Tables

4.2 and 4.3. The initial E norm values at q = 30 are 1184 and 1194

for ¢ = 0.01 and e= 0.5, respectively.



q =2 q=2>5 q = 30
Boundary q=1
Approximations Left Right Left Right Left Right
Exact 38.931|0.213| 77.595|0.133 197.74|0.097 1159]0.431
ST, 41.126]2.674| 81.836|0.821| 77.205|0.546( 204.75|1.025 |196.43|0.397 1091|1.016 |1.3(4)|42.8
ST, 40.331{0.461| 78.020|0.135| 79.660|4.484| 195.76|0.221 |194.74]0.179| 3.9(5)|196.97(3.9(4)|142.4
CST 39.397|0.438{ 77.836]0.132| 76.370|1.173| 194.69|0.098 [197.52|0.759| 1096.9]|0.597 | 67151|102.9
LC 39.335|0.439| 77.836|0.132| 78.515|0.222| 238.93|30.158|194.87|0.114| 10364|20.86 3070|16.75
K 38.969|0.102| 77.597|0.137| 78.447|0.413| 194.81]0.098 |194.90|0.255 1429]3.186 | 9(21)|9(10)
B 39.738|1.765| 80.182|0.536| 76.594]0.723{ 199.15|0.458 |197.47|0.577 1178|0.468 1157|0.474
1
Table 4.2: ”HA"E | HHAll for x = 0.5, Ax = 80’ € 0.01.
q,0.01

"E01




q = 2 q = 5 q = 30
Boundary -1
Approximation 4 Left Right Left Right Left Right
Exact 48.767|0.212| 88.615]0.177 212.99|0.464 847.79]3.701
ST, 54.482(2.696| 90.335|0.825| 94.721|1.648| 207.21]0.862 |244.74|3.391| 16143|49.39 | 2.6(5) |158.58
IsT, 51.998|0.458| 87.317]0.150| 94.804|6.424| 204.51]0.280 [220.86|0.863| 4(10)|7(4) 1.7(7)]3.3(3)
CST 45.528|0.624| 87,199|0.146| 86.532|1.204| 186.02|0.826 {217.56|1.202| 10845]39.082| 1.7(5)|150.4
LC 51.113/0.509| 87.199]0.146| 90.860|0.344| 214.46|14.718|213.28|0.719| 1.4(7)]1035 19298(67.36
K 49.261]0.118| 86.954]0.157| 88.945|0.232| 204.97]0.238 {201.73|1.572| 2.5(5) |166.77|1.7(24) |2.5(12)
%B 51.282|1.792| 90.581]0.550| 91.641|1.104| 213.87]0.571 |234.74|2.233| 2067 |8.106 1478|11.87
Table 4.3: ||y, |] | v, |l = for a= 0.5, Ax - L e=-o0.s
S 1Ry Bl 0.5 Ealle o 80’ 2

"%01
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The poor performance of the interior method is due to some
form of error oscillation having the same period as the fast g-wave

For problem (3.28) with the non-oscillating general solution
u(x,t) = x - t + 5 gn(x+qt+l), v(x,t) =x -t -5 n(x+qt+1)

the maximum norms corresponding to a SILF integration with exact
boundary values and X = 0.5 are, for Ax = 1/40 and ax = 1/80, 0.00044
and 0.00011, respectively. This illustrates the acceptable accuracy
and second order rate of convergence. The presence of the above error
oscillation in the SILF approximation to the original problem warrants
further investigation. No oscillation was observed with the methods
of Chapters 3 and 5. Despite the poor accuracy it is still possible
to compare the relative performance of each boundary approximation.
The improved accuracy of the K approximation over the exact boundary
data 1s caused by the overall approximation being dissipative, thus
damping the error oscillation. This behaviour is especially evident
when there is a strong fast wave. The instability at q = 5 for the
left LC approximation is evident (for Ax = 1/40, ¢ = 0.0l the maximum
norm is 1.935).

The loss of accuracy when the CFL number, \q, exceeds unity 1s
clear when the fast wave is strengthened to 507. Therefore whilst
the SILF method is stable for any choice of X and q, accuracy
considerations become the dominant criteria for large Aq. In other

words it is not sufficient to merely ensure unconditional stability

for even consistent approximations.
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4.4 Skollermo Accuracy

We repeat the method of Section [3.4] to attempt order, in terms

of accuracy, the boundary approximations of this chapter. 1In this

case the Fourier transformed error functions have the form

é(xj,w) (Ké—Ki)¢(“)

(4.33)

é(xj,w) (K%+Ki)¢@») ,

where a full grid is used, e(xo,w) = 0 and «_ and Kg are the inner

roots of the characteristic equations

2 . (22—1)K
K =1 = - 5
alz + (z"+1)bA

(4.34)

As the grid size Ax tends to zero z,pﬂxand k, approach 1, -1 and -1

B
respectively. We can then construct the second error function e(w),
of Skollermo, for homogeneous boundary data, as in Table 4.4. The
right boundary is transformed to a left boundary problem. As in
Chapter 3 we determine the minimum number of points, M, per wave-
length to achieve an error tolerance of 17. These results are given,
for » = 0.5, in Table 4.5. For the K and B approximations at q = 1,

42 ,
the functions e(w) are %(%)3 (1+2A2) and'——Ql——z, respectively. When

(2+0)M

A =0.5 and q = 2 the expression associated with the CST approximation

. 3
at the left boundary is (g?z (2>\2 + 1 - —39-
q
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Boundary

Approximation Left Right |
|
ST T2a+l - ) m 1 '
|
|
2 ) |
ST Toeaa?+ ook 1 2 1 1 |
1 2 )] — 2AF—=+1+20(=-1)7
M q2 q p) [ qz 3 XA!
|
27 1 2 1
CST — (A - = 1 - ;
w G- H(1 - ) |
2
T 2 2 2_ T 2 2 2
LC 55 [22q" + q°-3] >5121°q"+1 - 3q7]
q M q M
21 - 2T 2
B Mq[zxq b“A+2a]/(2+b)) ECIl:zxq—b A=2a] / (2+bA)
i 2 Wz 2
K [2ar°q + q-1] —[1 - q - 2ax%q]
2.2 2
M qM
Table 4.4: e(w) for the SILF interior approximation.
=2 = = 30
Boundary -1 d 1 ° 1
Approximation Left | Right | Left | Right | Left | Right
STO 315 472 157 - 63 618 11
STy 45 48 36 - 28 50 8
CST 315 28 315 - 315 294 315
LC 39 28 48 - 50 39 50
B 140 . 215 15 - 126 132 256
K 19 39 28 - 43 17 90

Table 4.5:

Minimum value of M for A =

0.5, and a tolerance 0.01l.
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Th o .
e method of Skollermo predicts that the STl’ LC and K approximations

should be the most accurate., To provide an additional check on this

prediction we repeat the results of Table 4.2 for the differential

problem (3.57), in Table 4.6.

Boundary ¢ =1 q =2 q =5 q = 30
Approximation Left | Right | Left | Right | Left Right
Exact 0.140 |0.807 - |1.558 - 11.408 - ;
ST 2.468 (1.229 | 3.583 | 1.109 | 7.439 | 23.805 | 65.670 ?
ST1 1.220 ]0.488 {6.919 | 1.005 | 17.760 20861 5906 ;
CST 0.457 {0.520 | 1.687 | 1.500 | 2.257 | 25.796 { 86.617 |
LC 1.084 10.520 | 1.127 | 5.357 1.744 7773 | 39.987 ;
B 2.676 {0.378 | 1.844 | 0.861 | 4.028 | 10.174 | 14.344 j
:K 0.203 |0.425 | 0.729 | 0.438 | 4.020 | 474.78 | 1(12) ;

: 1
Table 4.6: ||y, ll, with ax = 750 } = 0.5, problem (3.57)

/

According to the theory of Skollermo the results of Table 4.6
should be in broad agreement with those of Table 4.5, and should be
expecially so for q = 1. However the observed accuracy of the CST
approximation is much greater than predicted although the superiority
of the approximation suggested by Kreiss is substantiated. Overall,
the theory of the section provides umsatisfactory ranking predictions.

The discrepancies may have occurred as a result of the Skollermo

analysis being applied on a full grid. This is felt to be unlikely

and may be more related to the error oscillation induced by the

analytic solution on the numerical approximation. The error results

of Table 4.6 do, however, serve to reinforce the conclusions o:
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Chapter 3 that any boundary approximation must incorporate the
characteristic variables or physical equations. We were only able to
induce instability, for a\ = 1, with the LC approximation; the other
boundary schemes exhibiting more 'robust'’ instabilities. The very
small data set covered in this chapter reflects the computational
cost required to establish the stability of approximations that are

based on three or more time levels.

In this chapter we have modified the popular Leap-Frog method
to obtain a semi-implicit scheme that is unconditionally stable in
approximating the solution of the pure Cauchy problem. This method
was, for the test problem chosen, beset by a significant error
oscillation and did not provide a viable alternative to either of the
other interior schemes studied in this thesis. General 'semi-
implicit' methods are frequently used by many practitiomers, especially
those working in meteorology, and this popularity was substantiated
by the example of Section 4.3 where, for a non-oscillating analytic
solution, an acceptably accurate numerical solution was obtained.

Despite the reduced accuracy of the interior method (for the
test problem chosen) we were able to illustrate some of the stability
results concerning the choice of boundary approximations. Note that

as a result of the staggered mesh used we only required boundary

approximations at every other time level. Implementation of the

boundary approximations was complicated by the use of this staggered

mesh however the successful techniques were those that were based
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on the physical properties of the differential systen.

The SILF method is straightforward to apply and may be enhanced

by basing the approximation on a staggered grid. This results in a

significant reduction in computational cost. The economy attainable

is illustrated in Chapter 6.
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CHAPTER 5

A FINITE ELEMENT METHOD AND BOUNDARY APPROXIMATIONS

5.1 The Advection Equation

In this chapter we develop a new finite element method suitable
for systems with differing time scales. The test problem may be
written in diagonalised characteristic form so, for simplicity, we

first derive a finite element method for the scalar advection equation
ut(x,t) = quX(x,t), Ogxg1l, t >0, qe R. (5.1)

Any method developed to approximate the solution of equation (5.1)
can readily be generalised to the system Re = AHX (Morton and Parrot
[1980]). Therefore we consider equation (5.1) with appropriate
initial data u(x,0) and with a prescribed boundary condition that
ensures well-posedness.,

To obtain a method which is q-dependent and which maintains the
improvements in accuracy over a standard Galerkin scheme, we consider
a Petrov-Galerkin approximation to the solution of (5.1). The approach
adopted will be related to that developed by Morton and Parrot [198@ .

We therefore seek an approximation to the solution of the weak form

of (5.1)

<u ~qu 9> = 0 (5.2)

where <.,.> is the usual L2 inner product and y(x) is defined over

the domain of the problem. The Petrov-Galerkin approximation to the

weak solution u(x,t) 1is

o
.

UG, t) = g U (00,(0, Ve () € 5% (5.3)
]
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Ax .
where U € 577, some trial space, and where the trial functions >

-~

. Ax
form a basis for S ©. The standard Galerkin approximation is defined

by the special case § = ¢. 1In the discretized problem we shall divide

the region [Q,l] into J elements of equal width Ax, and the functions

¢j and wj will generally be simple polynomials defined in the region

of the nodal point xj = jAX.

Petrov-Galerkin approximations have been studied by Duncan
[1982] and Morton and Parrot [1980] for the advection equation. Sanz-
Serna and Christie [1981] and Alexander and Morris [1979] considered
the non-linear dispersive waves of the Korteweg-de Vries equation
demonstrating the increased accuracy of a Petrov-Galerkin approximation.
For elliptic equations, test and trial function pairings for particular
classes of problems have been suggested by Anderssen and Mitchell
[1979] where the polynomial functions ¢(x) and ¢(x) vary from piece-
wise linears to Hermite cubics. Whilst it is true that the higher
the degree of Y, or ¢, then the better will be the resulting
approximation, the computational cost and complexity increases
accordingly. In this chapter the trial function ¢j will be defined
as a translation of a function ¢ and the test function wj will be
defined as a translation of a function Y. To minimise the
computational effort further, reduce the number of additional boundary
approximations and to simplify the generalisation to more complicated
problems we constrain y(x) to have compact support over two elements

and the function ¢(x) is the familiar 'hat' function

1-|55:|S|\<l

¢(s) =
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.(x) and v, 1 1
¢J( ) an wJ(x) are defined in terms of ¢(x) and V(x), respectively

_ X, _ X .
by ¢j(X) ¢(Ax i), ¢j(x) = W(X§ = J) and the functions % and

Y are normalised so that

[~} 1 1
f_m P(x)dx = f—l Y(s)ds J-l ¢(s)ds = 1. (5.4)

The functions Uj(t) in (5.3) are given by approximating

u(x,t) in (5.2) by (5.3). We require , for any i, the inner products

1
<¢i,¢i> Ax {1 - j sign(s)s.y(s)ds},
-1

1
<¢i+1’wi> = AX Io sp(s)ds,

0
<. _1o¥;> = ~Ax f sy(s)ds,
-1

0
<¢i-1’wi> = —j . y(s)ds,

1
<¢£,¢i> 1 -2 J Y(s)ds, and

0

1
<¢£+1,wi> = j Y(s)ds, where the dash denotes differentiation
0

with respect to the argument.
Using the notation
1 1 0
A= J Y(s)ds, B = f sy(s)ds, C = -f sy(s)ds, (5.5)
0 0 -1
the above inner products and (5.2) yield the following differential-

difference approximation to the Cauchy problem (5.1)

cu. . + (1—B-C)1'Jj + BU

=42 - + (1- . . :
. - -3 {(A 1)Uj-1 (1 zA)UJ + AUj+1} (5.6)

j*l



We have abused our notation by using the letter A. This integral

quantity is only of a local relevance and no confusion with the

matrix in the test problems should occur, Construction of finite

element methods by using arbitrary constants like (5.5) has also been
done by Duncan [1982] and Mitchell, Griffiths and Pen-Yu [1982].
Approximations of the derivatives in (5.6) by a stable time-
stepping rule (Vichnevetsky and Bowles [1982]) will result in a
difference scheme involving the constants A, B and C. Here application

of the trapezoidal rule yields

—
(@]
+
NI—

_ n+l +1 1
Aq(1 A)]Uj_l + [1-B-C + %Aq(ZA—l)]U? * I-_B—iqu]U?:l

(5.7)

Il
—
@)
|
b=

Aq(l—A)]U?_l + [1-B-C + %Aq(l-ZA)]U? + [:B+%>\qA:|U3.1+1,

where A = At/Ax. The choice of the constants in the "ABC" method
(5.7) will be influenced by stability and accuracy requirements.
To analyse the stability of (5.7) when applied to the pure

Cauchy problem (5.1) we introduce into (5.7) the Fourier component

iwx.
U? = Ene J, £ € C, w e R. This defines the amplification factor
as
£ = 1-y[B+C+irq(2a-1)] * i[B-C+%Aqlﬁ /z2y—y2) (5.8)

1-y [B+C-4Aq(24-1)] + i[B-C-}iq] V(2y-y°)

where y = l-cos(wAx) and the sign is + or - according as wae[O,ﬁ]
or wae[w,Zn] , respectively.
In order that (5.7) be a stable approximation we require

|| < 1 or, equivalently, with q > O,

y(2B-2C-2A+1) + y° ((2A-1) (B+C)-B+C) < O. (5.9)



Clearly the product Aq plays no explicit role in the stability of

(5.7). Stability requirement (5.9) is equivalent to the restriction

(24-1) (2B+2C-1) < 0 if [(2a-1) (B+C)-B+C] > o, (5.10a)

(B-C-A+3) ¢ 0 if [(24-1)(B+C)-B+C] ¢ o. (5.10b)

Any subsequent choice of A, B and C must satisfy either (5.10a) or
(5.10b) to ensure stability of the pure Cauchy problem.

Morton and Parrot [1980] developed a test function for (5.2) by
requiring that the resulting difference scheme should satisfy the
unit CFL condition, that is, for Aq = 1 their scheme represented
exactly the movement of U" through one time step. Altermatively one
could say that the unit CFL condition is the condition that
g = e;iAxw according as Aq = + 1. Due to the implicit nature of
(5.7) one might hope to use values of q greater than unity to
achieve the efficiency of the Lax-Wendroff method. The unit CFL
condition might therefore be generalised to the condition that gt
should represent the shift of U" through one mesh length for Aq > 1.
However to achieve this, the number of elements in the compact
support of Y(x) becomes q dependent and violates the previous
constraint of simplicity on the test function. We adopt the criterion
of maximising the order of spatial accuracy of (5.7) in 1its
approximation to the solution of (5.1). High spatial accuracy is

more desirable than high temporal accuracy as the computational cost

is greater to reduce Ax than At to achieve the desired accuracy.

we

Centring the difference approximation about x = Xj’ t=t,
2

!
N

. 4 - 4. .
obtain a truncation error 0(Ax ) + 0O(\ At ) if
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A:l = =—1. 22
35 and B = C l2(2+>\ q7). (5.11)

Notice that, for (5.11) the ABC finite element is fourth order in both
space and time and the method should be extremely accurate. For the
constants (5.11) we see that, on returning to the stability conditions
(5.10), that (5.10a) is not relevant and equality holds in (5.10b).

Thus the ABC method is marginally stable for any choice of \q, and is

defined by
n+1l n+1 n+1l n
c, U, + b, U, + : = n n
175-1 7 P13 P AU T Ui b U eqUL (5.12)
where
a, = (Aq-1) (A q-2),
_q L 5122
b1 =8 - 2\"q R
and ¢, = (Agq+1) (Ag+2).
Finally, using (5.11), we construct the test function as
_ 1,2 2
b(s) = ¢(s) - §17q7a(s), (5.13)
where
1 - s|] ¢ |s] <1, 1 -2|s| : |s] ¢1
$(s) = a(s) =
0 else 0 else

Returning to (5.8), the amplification factor takes the form

4-3%q%+ (2+22¢%) cos (wax) +i 3Aq sin(wlx) (5.12)

&(whx) = ——= 7 2
4-A"q"+(2+17q ) cos(wAx) -1 3Xq sin(wAx)
From (5.14) it follows that [i[ = 1, an indication that the method 1is
marginal stable and non-dissipative. The phase deviation of (5.12)

from the exact solution over one time step is given by arg(g)-wqAt.

Plot 1 illustrates the phase errors of the ABC, Crank-Nicolson Galerkin
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and CNPG (Morton and Parrot ]}980]) finite element methods for wave

numbers less than 7 and a given value of AqQ = 0.95. A value o-

Aq = 1 would yield the exact solution from the ARC and CNPG methods
when used to approximate sufficiently smooth problems. As the CNPGC
and ABC methods are marginally stable at AqQ = 1 in practice a value
of Aq different from unity would be used. Plot 1 shows that from a
dispersion viewpoint the ABC method is clearly superior and it is

worthy of further investigation.
5.1.1 Stability Analysis and Boundary Approximations

As an alternative to the approach adopted for the L-W and
SILF methods, we write equation (5.12) in the differential difference

form

’ . _ 3q _
Wiy * B0+ alipy = 5% Wia7Us20) (5.13)
2 2 2 2 : .
where o = 1+iA"q", B = 4-1“°q" and Uj denotes the method of lines

approximation to gE-u(ij,t). Equation (5.15) may now be analysed
for stability by the method of Strikwerda (Section [1.2.2]). It is
clear that the stable time-stepping method to be applied to the

differential difference approximation, will be the trapezoidal rule.

Laplace transformation of equation (5.15) in time with the dual

variable s € C yields the associated resolvent equation
(za+3q)Uj_l + zBUj + (zoz-3q)UJ.+1 = 0, (5.16)
where z = sAx. Assuming a solution of the difference equation of
the form U. = dKj, k € €, the characteristic equation of (5.16) 1is
J

(za-3q)K2 + zRk + za + 3q =0 (5.17)
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Lemma 5.1. If Kl(z), KZ(Z) and z satisfy (5.17) then

(@) [Aq] <1 : (i) |K1| <1, 'Kzl > 1 when Re(z) > 0,

(i1) S -1, Ky = 1 for z =0

(b) Aq > 1 >1 for Re(z) > O,

|K1’2|

(c) k(z) = x(2)

Before we prove Lemma 5.1 we consider the case Aq = 1. The
amplification factor of the ABC method is, in this case,

1+ eiwa
1+ e—iwa

E:

and this models exactly the differential factor elmAX unless

-wiAx | . : :
1l + e = 0. Thus the method is singular if wAx = (2n+l)m, n € Z.
On a grid of size Ax, the representable Fourier modes of the true
solution are those whose wave numbers satisfy wAx - m. Therefore, if
the initial data involves modes corresponding to the shortest
representable wavelength then the ABC method, with Aq = 1, cannot be

used. As a further illustration of the unsuitability of prescribing

1 consider the characteristic equation (5.17). For \q = 1,

Aq

3 -1 and |K2| > 1 for any z : Re(z) > 0. This violates the Von-
Neumann necessary condition for stability. Another point of interest

is A\q = 2. In this case the ABC method simplifies to

Ui T e

and so one boundary condition and one boundary approximation are

needed at x = 1. The characteristic equation (5.17) reduces to

(Z—q),(z + z + q = 0 (5.15)
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For Re(z) > O it may be shown that |K1,2| > 1 and so, in agreement with

Lemma 5.1(b), there is no general solution of (5.15) belonging to

LZ(AX).
.Proof of Lemma 5.1:

If K1 and K, are the roots of (5.17) for a given value of t,

then their inverses satisfy

(za+3q)K-2 + ZBK_l +2za - 3g =0

As z approaches 3q/a in the right half complex plane then Ky >0

and

s 28 /(zar30) v 00/ 0%%) = [fa] L

“1

Thus k, and k, tend to f(Aq) and », respectively. From Lemma 5.2 of

1 2
Gustafsson et al [1972] we require |K1| & 1 for Re(z) > 0. From

figure (5.1) we see that

fa
! I
I I
| |
! I
l I
______ - — — — U
I I
I i ! ' Aq
-2 -1 1 2
| / |
______ [ — — _ - — e m o — -
I -1 |
| |
I I
I .

Figure 5.1: f£(Xq).
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|f| < 1 if and only if lAq| < 1. Therefore we have proved (a)(1)

and (b), if Aq in modulus is less than unity. When z = 0 we have
k =+ 1., To determine the exact nature of ¢ consider z = § > O and
k = l+¢ > 1. From (5.17), ge ~ 8 and so when z = O the root of v = 1
is an outer root. A similar process reveals « = -1 as an inner root.

Part (c) is readily established.

The significant result of Lemma 5.1 is part (b). According to
Gustafsson et al [1972] the difference method (5.12) should have,
for Re(z) > O, one solution of the form Uj = dKj where |K(z)| < 1.
Thus when Aq > 1, this result is violated and the ABC method is no
longer well-defined. The additional constraints on Aq are related
to the invertibility constraints mentioned by Iserles [1983] in his
order-star treatment of stability.

With the above results available we consider, for q > O, the

following approximations at x = O,

Truncated Element (TE):

. . 3
1 = = - .
180 + ol = 55 (U;-U ), (5.19)
Box (B):
. . 2
= - .20
Go + U = 5200705 (5.20)
Characteristics (C):
J =2 (- - -3y,). 5.21
UO = 9% ( 25UO+48U1 36U2+16U3 3U4) ( )

‘Approximation (5.19) is the so-called 'natural' boundary approximation
of finite element methods. It is derived by evaluating the inner

product (5.2) with ¢(x) and g(x) set to zero when x < O. Approximation
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(5.20) is the method of lines analogue of the 'box' integration of

(5.1) at x = 0. Turkel [1980] used this approximation in conjunction

with the standard Galerkin scheme. The C approximation is a

representation of the outgoing (the only in this case) characteristic

equation centred about, in the full difference form, x = 0, t = tn+£.
This approach is analogous to the semi-characteristic boundary
approximations of Bramley and Sloan [1977] and Sloan [198@]. Apart
from approximation C the boundary approximations are sufficiently
inaccurate (the truncation errors of TE and B are O(Atz) + 0(2x) and
O(Atz) + O(sz)) to adversely affect the overall accuracy of the
integration (Gustafsson [1975]). The truncation error of C is
O(Ax4) + O(Atz). In practice, however, the box boundary method
performs well, and being more compact than C, will be easier to apply
to more complex situations than (5.1).

After Laplace transforming each boundary approximation and

seeking the solution Uj = ded we obtain, in the now familiar way,

the boundary determinant equation given in Table 5.1.

Boundary Approximation Determinant Equation
TE <+ (3q+iBz)/(az=-3q) = O
B k+ (z+2q)/(z-2q) = Q |
c 2 + 2 3(25-48c+36c 216426 = 0

Table 5.1: Determinant equations of (5.19)-(5.21).

According to section 2.2.2 , the ABC method (5.15), and any of
(5.19) - (5.21), provide a stable approximation to (5.1) if there
are no solution pairs (k ,z) of (5.17), and the appropriate equation

from Table 5.1, such that IK | < 1 for Re(z) > O or |K| =1 for
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Re(z) = O.

Lemma 5.2. The approximation to the advection equation (5.1), with

q > 0, given by (5.15) and any choice of (5.19) - (5.21) is a stable

approximation.

Proof. Consider approximation TE. Substitution of the determinant

equation into (5.17) yields the quadratic

(%Bz-az)z2 + 6qBz + 9q2 =0

whose roots are given by

Z _ —6(4—A2q2).i 3/(X4q4—4kzq2+20)
q (22-1412% 2%

For any Aq € (0,1) it is readily shown that Re(z/q) < O establishes
stability. The approximations defined by (5.15) and (5.20) can be
treated similarly. To resolve the approximation involving (5.21)
the roots of a hexic polynomial in SE arising through the
combination of (5.17) and the determinant equation, have to be
evaluated numerically. For the data set Aq = 0.05(0.05)0.95 no

instability pairs (Kl,Z) were found.

5.1.2 Numerical Results

Equation (5.1) together with the initial data u(x,0) = 2mcos2mx
and exact boundary data at x = 1 was solved numerically using the
ABC method and each of the previous boundary approximation. The
results are given for Aq = 0.95 in Table 5.2 where the errors were
measured by the maximum norm I|HA||m' The error results found for

q =1, 2 and 5 over three wave cycles, were identical over 4 decimal

places.
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lﬁBoundary Approximation || Ax = 1/10 Ax = 1/20
% Exact 0.0077 0.00051
' TE 0.0398 0.0105
B 0.0109 0.0011 |
C 0.0285 0.0010
Table 5.2: HUA|Lb for Aq = 0.95.

The numerical results indicate the high order accuracy of the ABC
method. To achieve accuracy comparable with the ABC method at

Ax = 1/10 the Lax Wendroff method required Ax = 1/52. The respective
CPU times were 0.44 seconds and 1.08 seconds. Clearly the ABC method
represents a significant improvement. The C boundary approximation
results indicate the high convergence rate however the more compact

B approximation performs very well.

Kreiss [1980] has shown that by prescribing 'wrong' boundary
data at x = 0 we can introduce, into the general solution, a wave
travelling against the characteristic direction. We show now that,
by corrupting the analytic boundary data at x = 1, we can induce
instability.

Lesaint [1973] has described an alternative "weak' formulation
of the analytic boundary condition. In this context we interpret
this formulation as a combination of the ABC method truncated at
x = 1, as in the TE approximation, and the analytic boundary condition.

If ¢ € R then the weak boundary condition considered 1is

. X .
- — - - t) = 0. 5.22
C(aUJ_1+%BUJ) 3q (U5 U, ) - Uy g(1,t) ( )

Wwhen ¢ = 0, condition (5.22) reduces to the analytic boundary condition

UJ = g(1l,t) where u(x,t) = g(x,t) is the solution of (5.1) for given
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initial data. In (5.22) the analytic boundary condition has been

perturbed by a proportion ¢ of the residual involved in a finite-

element formulation. We prove

Lemma 5.3. For the right boundary problem of the advection equation,

q > 0, the ABC method together with (5.22) will produce an unstable

. . Ax . ..
approximation for c ¢ [f‘ga, O] . In practice this interval is very

small.

Proof: The general solution of the right boundary problem given by

(5.15) and (5.22) will, after Laplace transforming in time, be of

the form UJ-j = dc 7 where K_l is an inner root of

(za+3)k 2 + z8¢ * + za - 3q = O. (5.23)
The determinant equation of (5.22) is
-]. 1 7,
c(za+3q)xk =~ + 3Bcz — 3qc + 1 =0 (5.24)

For stability we require no roots (K—l,z) of (5.23) and (5.24) such
that Re(z) > O with lK(Z)l > 1. Therefore we consider the pair of

equations

(za—3q)K2 + zBk +za+ 3q = 0, (5.25)

za + 3q + (48z-3q-c')xk = 0; ce' =h (5.26)

From (5.27),

k = (az+3q)/(3q+c'-}32) (5.27)

which, when substituted into (5.25), yields

o [c'(6q+c')] (5.28)

3(1—x2q2)



Consider

(a) c'€[0,w): z = z, produces, from (5.26), l«|] >1 for ¢' > 0 and

] - . .
K 1 for ¢' = 0. Thus since ¥ = 1 1s an outer root

(5.22) provides an unstable approximation for c¢' > 0

s b

(b) c'e[-6q,0): z, € C and from (5.26) IKI =1, Ifc¢' =-§ <0

S
and n = /Eg(ﬁq-a)/(l—Azqz)] then z = ¢ + in (e > 0)

implies that || > 1 and so c'e(-6q,0) yields a

generalised eigenfunction. For c¢' = -6q we have z = 0
and from (5.26) k = -1, an inner root, so stability
follows for c¢' = -6q.

(c) c¢' < -6q: z = z, yields from (5.26), with c¢' = -6q-§ (§ > 0)

that [k| = (3q+az)/(3q+6+iBz) < 1 V&. Thus (5.22)

provides a stable approximation.

Stability for ¢ = O is immediate from the Cauchy stability of the

ABC method.

Gustafsson et al [1972] have shown for systems of equations that
distortion of the analytic boundary condition can render an otherwise
unstable boundary approximation, used for the appropriate quarter-
plane problem, stable. The possibility remains for a boundary
condition of the form (5.22) being of use if and when we consider an
unstable boundary approximation in conjunction with the ABC
approximation of our test problems.

To illustrate Lemma 5.3 we apply (5.22) to the previous
advection problem with Ug = g(0,nAt). The results are given in

Table 5.3 where the initial data was corrupted
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c q=1|q=2|q=5"
. =h/q 6.095 | 6.090 | 5.680

t -h/6q 0.042 | 0.042 | 0.042
-h/600q || 0.017 | 0.018 | 0.014
0 0.016 | 0.012 | 0.017
l 0.01 3.382 | 412.6 | 5.6(6)

Table 5.3: HUAHco results with Aq = 0.95, Ax = 15° rough data.
by a random number of magnitude 10—3. The result of Lemma 5.3

indicates that rounding errors induced by the interior finite-
element approximation may not only cause inaccuries but lead quickly
to instability. Since, if q is large and a fine mesh is used, the
allowable proportion c that corrupts the boundary data must be very
small.

We conclude this section by noting that the ABC method assumes
the use of the trapezoidal time-step rule. Any stable method could
have been used (Vichnevetsky and Bowles [1982]). If we were to use

the Leap-frog method then the test function would have been
2 2
Y(s) = ¢(s) + $A7q"a(s).
5.2 The Fast-Wave Problem

Having determined an accurate and stable difference method for

the advection equation we can now generalise the ABC method to

approximate the solution of systems of hyperbolic equations. The
fast wave test problems are of the form
u_ = Au 0¢<xg<l, t>0. (5.29)
f\'t ,\Jx’ w ~



Associated with a symmetric A, there exists the orthogonal matrix

11
1
Szﬁ[l -1}

which diagonalizes (5.29) to

¥t=A¥,x’ O<gxgl1l, t>0, (5.30)

. _ T T T .
with v(x,t) = (vl(x,t), vz(x,t)) , ¥y =Suand A=SAS-= dlag(ul,uz),

w; an eigenvalue of A. Equation (5.31) is two scalar equations in
the characteristic variables VisVy associated with each eigenvalue My
We treat each equation of (5.30) in a manner similar to (5.1), that

is we consider the approximate solution of the weak problem
<Xt - AXx’*> =0 (5.31)

where the test function, vector Y = (wl,wz)T is given by
"

0. () = ofs) - Wiula(s), i=1,2. (5.32)
1 2 1

The Petrov-Galerkin approximation to X(x,t) is the solution X of

7 - = = 1 5.33
<X AdXX’ (I¢i+B0i)%(r)> Os r 1,2,VI9 ( )

; 2 ;
where e( ) denotes the rth unit vector of R and the matrix
V(T

2

A 22 . . T .
B = - 5 dlag(ul,uz). Since S is orthogonal and X S H we obtain
from (5.33)
V] /
J - . =0:; r=1,2; vi (5.34)
<y Aéxg, (I¢i+Bol)%(r)> S ¢
i T

with B = SBS . The derivation of (5.34) depended upon S being

orthogonal and A being symmetric.
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Letting U = § Hj¢j in (5.34) then evaluation of the inner products
and use of the trapezoidal rule yields the ABC approximation to

the Cauchy problem of (5.29) as

2 2
1
{6+[1 +-——(q +1)]6 + —w(q -1)6 I’ }(Un vy = 3XAA0(QQ+1+E?>V1

’\Jl

(5.36)

o 1 2
where 1I' = [l él and §  and AO are the usual difference operators.

To utilise the results of the previous section we consider the

differential-difference form of (5.36)

2 2
A 2 A 2 .\ <2 6 s
{6+[1 + 77(q +1)]62+-7r(q 1§ I'}Hi = 1% AAoHi’ vi. (5.37)

5.2.1 Stability Analysis and Boundary Approximations

The imposition of a boundary at x = O creates the left quarter-
plane problem the integration of which, using (5.37), requires a
differential-difference boundary approximation to %f v(0,t). We

consider the following approximations

2 2 2
A2, 00T AT 2 s AT 2 e oo 3oy 330
(TE): [2 - 7—(a“+ )]V +[1 +7—(q +1)] V¥ 7=(a7-1) (U0 = 35Uy U )+ (W =V )

(5.38)

2 : 2 : 2
(6):-[2a +-2— q(q-1)]JU_ + [2b --Z—-q(q+l)JVo+[-a - (q 1)]U +[b +2—q(q+1)] v

- v (5.39)
(B): V_ + \}1 = -E%(vl-vo) + %E(UI-UO). (5.40)
(C):RO = Tz‘—( -25R _+48R, - 36R,+16R,~3R,); R = U+V. (5.41)
(BC):RO + f{l =4 — (R;"R ). (5.42)
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The TE, B and C boundary approximations are analogues of (5.19)-
(5.21) for the system (5.29). The BC approximation is a 'box'
integration of the outgoing characteristic equation considered in
(5.41). Whilst not as accurate as (5.41) the BC approximation may
be used without destroying the compact seven-band nature of the
implicit matrix in (5.37). Approximation (5.39) is developed by
applying the energy conserving matrix E, associated with (5.29), to
the test functions at the boundaries (Gunzburger [1977]). That is,

it arises from the evaluation of

. o
<H - AGXR, (I¢i+BGi)E% =0, 1 =0, (5.43)

(2)”

where ¢o’oo have been truncated as in (5.38) and

E = [_: "b].

In his paper, Gunzburger considered an off-diagonal problem of the
form (5.29) and used (5.43) to stabilise an otherwise unstable
Galerkin method. However (5.39) is only first-order accurate and is
included for interest only as it is not expected to be able to compete
with any of (5.40)-(5.42). For q = 1 the G and TE approximations are
identical.

Returning to (5.37), Laplace transforming in time and seeking a
solution of the difference equations of the form Hj = %Kj we obtain
the characteristic equations, associated with the left boundary

problem, as

(za—3u)K2 + zBk + za + 3u = 0, (5.44%a,b)
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with o =1 + $A"u%, B8 = 4-A"y" and y = d,~1. Evaluation of the

respective eigenvectors yields the general solution which decavs as

j increases

2) = nd
Uj(Z) K]t NgKy
. (5.45)
= J_ J
Vj(Z) Nk T N3Ky

where Kl(z;q) and K3(z;-l) are the inner roots of (5.44a) and (5.44b)
respectively. We denote the outer roots by K3(z;q) and Kh(z;-l).
Therefore, Laplace transforming any boundary approximation and using
(5.45) will yield a determinant equation D(Z,Kl,K3) = 0. If there
are no eigenfunctions or generalised eigenfunctions of (5.44) and
D(Z,Kl,K3) = 0 then the approximation may be regarded as stable. This

is an application of Theorem 1.9.

Result 5.1. The approximation to the left quarter-plane problem

given by (5.37) and any one of (5.38)-(5.42) is a stable approximation
for a wide choice of ) and q such that Aq < 1.

Result 5.1 was established numerically for q = 1,2 and 5 using
a variety of techniques. Consider (5.41). The determinant condition

is
-'—3(—25+48K '36K2+16K3‘3K4)
V) 1771 T

which, when used to replace t in (5.44a), produces a real coefficient

1, 0.95

polynomial in k, of degree 6. For A = O(ZOq) 1 no unstable roots

were found. Approximation (5.42) was treated similarly. For the

same data set, approximations (5.38) and (5.40) were treated using

the resultant approach of Section 2.1. An example of the application of
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the resultants is given in Appendix I. Approximation (5.39) was

resolved by using Theorem 1.10 with exact boundary values at x = 1

and A\q = 0.95.

For the approximation of the right boundary problem we develop
the characteristic equations and general solution in a manner akin
to 3.2 .

The general solution of the form HJ-j = dK-j of the right

"
boundary resolvent equations which decreases as j increases is

_ -, 1 =i, 1
HJ-j = N,K, (-l) + n4K4J(-1)’ where Kz(z;q) and K4(z;-1) are the

outer roots of (5.44a) and (5.44b), respectively. If the equivalent
left boundary problem were being analysed then the characteristic

equations would be
(za+3u)K2 + zBk + za - 3y =0; u=gq,-1 (5.46)

and we would require the inner roots of (5.47). However these inner
roots are Kl(Z;-Q) and K3(z;1) respectively and must therefore be
respectively equivalent to Kgl(z;q) and Kzl(z;-l). The general
solution of the resolvent equations for the right boundary problem
is
o -yl L Je,.1y |t

’[\JJJ‘j - leKl(Zs q) [_1] + n4K3(Z,1) [1}'
A perturbation analysis similar to Lemma 5.1 shows that Kl(O;-q) =1
and K3(0;1) = -1.

The analogues of the left boundary approximations are



2 2
, A, 2 . A 2 - 2
(TE): [2 - S-(q“+1)]v, + [1 + A 2 a1y (-1
I: 4 9 )] J [ + 4(q +1)]VJ_1 - JA (q -1) (UJ—UJ—I)
= éi(V V. ) + 3b
pxc g a1t ), (5.47)
2 2
A . 2
©): -[2a + 2— q(q-1)]0 - A : A 0
22 + 7= al@-D]uy + [2p - 2 Q@+ D]V; + [-a + A a(q-DT0,
A° : 3
+ [b + =29y - ,
[ 7~ ale+D]v (U U, (5.48)
o 2b 2a
B): V =22 (y - 22 (v.- '
(B): Vy # Voo = Uy Up ) + 55 (Vv ) (5.49)
N S S - .
(©): W, 12AX[3WJ_4 LOW; 5 + 36W; ) = 48W,_, + 25W ] W = U-v,
(5.50)
. ) . 2
(BC): W_ + W_ . = —=(W

J J-1 Ax

J-l_wJ)' | (5.51)

Result 5.2. The approximation to the right quarter plane problem

given by (5.37) and any one of (5.47)(5.51) is a stable approximation
for the data set (\,q) given in Result 5.1.

Result 5.2 was established in the manner of Result 5.1.

5.2.2 Numerical Results

Tables 5.4 and 5.5 below present the error results for the ABC
integration of the test problems of Chapters 3 and 4 (cf Tables 4.2,
4.3). The high accuracy attained with the ABC method is clear, with
the characteristic based boundary approximations proving to be the
most competitive. The results also indicate a high loss of accuracy

for the application of the TE and B approximations to the right

boundary problem. In this case greater accuracy could be obtained by

using the characteristic correction of Gottlieb, Gunzburger and Turkel
[1982]. This behaviour may be explained by examining the eigen-

values of the coefficient matrix of the ABC finite difference method



B 2 q 5
oundary q=1 q
Approximations Left Right Left Right
Exact 39.481 | 0.0005 | 78.935 | 0.0031| 87.935 | 0.0031| 197.39 | 0.0017 | 197.39 | 0.0017
TE 39.539 | 0.0141 | 79.924 | 0.106 | 78.031 | 0.0453| 197.80 | 0.0280 | 205.72 | 2.205
(0.0037) (198.14)  (0.659)
G 39.539 | 0.0141 | 81.036 | 0.218 | 78.666 | 0.164 | 199.50 | 0.1831 | 197.05 | 0.188
' B 39.485 | 0.0019 | 78.997 | 0.0092| 78.482 | 0.065 | 197.35 | 0.0035 | 197.60 | 0.357
| C 39.481 | 0.0005 | 78.935 | 0.0031| 78.980 | 0.0023| 197.39 | 0.0017 | 197.41 | 0.0034
. BC 39.481 | 0.0005 | 78.935 | 0.0031| 78.806 | 0.0156| 197.39 | 0.0017 | 197.20 | 0.0349
: 1
fable 5.4: HgA||E E | g1l , for Aq =0.95, &x = 55> € = 0.01
Figures in parenthesis were evaluated with x = Z%—.



Boundary q =1 q =2 q=2>5
Approximations Left Right Left Right
Exact 49.346 | 0.0008 | 88.800 | 0.0035 | 88.800 | 0.0035 | 207.25 | 0.0021 | 207.25 | 0.0021
TE 49.423 | 0.0140 | 89.936 | 0.107 88.683 | 0.456 207.69 | 0.030 219.71 | 2.639
G 49.423 | 0.0140 | 91.252 | 0.219 | 88.885 | 0.166 209.34 | 0.181 206.88 | 0.186
B 49.341 | 0.0015 | 88.868 | 0.0086 | 88.868 | 0.0086 | 207.21 | 0.0037 | 208.40 | 0.902
C 49.360 | 0.0036 | 88.803 | 0.0041 | 88.842 | 0.0027 | 207.25 | 0.0033 | 207.27 | 0.0033
BC 49.344 | 0.0015 | 88.800 | 0.0047 | 88.691 | 0.0153 | 207.25 | 0.0025 | 207.08 | 0.0344
Table 5.5: ”HA||Eq ] 1y, Il for A =0.95, ax = 5% , € =0.5

el
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in each case. Comsider the TE approximation (the box approximation

exhibits similar results). The eigenvalues suggest that application

of the left TE approximation results in a dissipative approximation
while, at the right boundary, eigenvalues exist that exceed unity;
for example, with q = 2, A = 0.475 the spectral radii for x = 1/5
and x = 1/10 are respectively 1.13 and 1.06. Therefore exponentiallv
growing solutions allowed by the stability theory exist. If we
consider the coefficient matrix of the twin boundary problem we see
that all eigenvalues lie on the unit circle regaining the non-
dissipative approximation. Therefore, in some sense, the dissipation
from the left boundary is controlling the solution growth introduced
at x = 1.

For interest we give the integration results using the Crank-

Nicolson Galerkin and CNPG interior methods on the problem (3.27).

Interior Method e = 0.01 e = 0.5

q=1 q=2 q=5|q=1 q¢=2 qg=5 .

1

C-N Galerkin 0.344 0.131 0.016 |0.511 0.265 0.271 |
CNPG 0.0040 0.0129 0.0022 | 0.0040 0.0129 0.0022

|
ABC 0.0005 0.003 0.0017 | 0.0008 0.004 0.002

, exact boundaries.

S|
Ol

Table 5.6: ”HAllm for Aq = 0.95, Ax =

The superiority of the Petrov-Galerkin methods is evident, and
they are much less sensitive to the strength of the fast wave. For

small values of q the ABC method is the most accurate method .
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5.2.3 Skollermo Accuracy Analysis:

To construct accuracy predictions based on the analysis or
Sk511ermo as in Chapter 3 we consider the difference method (5.36).
Constructing the relevant determinant equations and determining the
limits points of the inner roots as z > 1 (see equation (3.54)) we can

compute the error functions e(w) associated with the left and right

boundaries i1n Table 5.7..

Boundary Approximation Left e(w) Right e(w)
2 2
TE % 5 a(1+2%q) %1—‘;‘- (1+2%Q)
q M qM
2 2
2 !
c I (%) T (%) |
3g'M 3qM |
! 3 . 3
| B T axta-n?) | T @fa-ah «p
| 3™ 3¢°M
! .
i C _EE.AE Ei.li :
? 16q M3 16 M3 ;
|
| 3 3
| BC — (1%q%-1) s (A2-1)
| 3¢™M 3M
Table 5.7 : e(w) for left and right boundary approximations.

The expression for the TE and G boundary approximatioms at q = 1 1s

2 ns 2

4
— — (A =5)17+4).
45 MS

The minimum number of mesh points per wavelength required to

achieve an error of 0.0l for each boundary approximation 1§ given 1n

Table 5. 3.
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Boundary Approximation q=1 1°2 1->

| Left |Right| Left| Rigzht
TE | 4 11 16 8 9
G 4 16 23 18 40 é
3 B 6 8 10 6 1
E C 6 3 4 2 2 ;
BC 5 3 10 1 10 {

Table 5.8 : Minimum value of M = for tolerance 0.01

wAxX

According to the above results the Skollermo analysis predicts
that the finite element approximations are desirable only in the
symmetric problem. The characteristic formulations are exceptional
for an asymmetric situation. Kreiss and Oliger [1973] have shown
that we must have two points per wavelength and so the C approximation
is, overall, the best choice. The results of Table 5.8 are, in
general, not supported by Table 5.4 and 5.5. The analysis pertaining
to Table 5.8 related to a differential problem with homogeneous
boundary conditions. An example is that of problem (3.57). The
maximum norm results of the ABC integration of (3.57) are contained

in Table 5.9.
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—
. q =2 q=>5
ﬁ Boundary Approximation q=1
| Left Right Left Right
Exact 0.0005 [0.0016 - 0.0010 -
TE 0.0005 |0.0623 |0.2412 10.0169 {1.3112
G 00,0005 {0.1204 |0.,0836 [0.0904 }0.0987
B 0.0006 |{0.0043 {0.0338 |0.0018 |0.2264 .
|
C 0.0021 |0.0025 |0.0014 |0.0015 |0.0019 ;
BC 0.0008 {0.0019 0;0076 0.0011 |{0.0174
. _ 1
Table 5.9.: HHA||°° for Xqg = 0.95, Ax = 30

For the symmetric problem the high accuracy of the TE (or G)
approximation is substantiated by Table 5.9. For the B, C and BC
boundary approximations the performance at q = 2 and q = 5 is also
verified, however for the TE and G techniques the Skollermo analysis

provides a less reliable guide to accuracy.

In summary, for problem (5.29) with q > 1, the best boundary
approximations are those derived from the associated characteristics.
Whilst the approximation C is clearly superior the generalisation to
non-linear problems extends the band number of the implicit matrix
of the ABC method, akin to (5.36), beyond that required for the Cauchy
problem. We may therefore have increased the compact support of d(x)
and Y(x). The BC boundary approximation provides an accurate, stable
and applicable alternative.

It would be of value to extend the ABC method to multidimensional
problems. However, the method defined in this chapter is dependent

on the eigenvalues of the one-dimensional situation. Therefore any

extension of the scheme, in its present form, will necessitate a
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splitting of the differential equations. Further investigation is

required.

In this chapter we have developed a highly accurate finite
element approximation to the solution of the linear fast wave test
problems. This ABC method is superior to the standard Galerkin
and the Petrov-Galerkin CNPG (Morton and Parrot [198@]) methods. For
q > 1 we found that the most suitable boundary approximatioms, for

~
use in the twin boundary situation, where those that involved the

\
characteristic variables and equations. These are similar conclusions

to those of Chapters 3 and 4.
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CHAPTER 6

NON-LINEAR PROBLEMS

In this chapter we consider the one-dimensional shallow water

equations

Ju Ju

ou _ du X.3V
t v 9% 2 93X
» 0 <x<1, t>0, (6.1)
v _ _Y3du _ v
5t 2 3x 3%

where u(x,t) is the fluid velocity and v(x,t) is the scaled potential

with v > 2[u| for all x and t in the problem domain. We specify the

solid wall boundary conditions
u(0,t) = u(l,t) = 0. (6.2)

:System (6.1) is a non-linear example of system (3.1) to which the
stability results of Chapter 3, 4 and 5 may be applied if the
derivative coefficients are regarded as the constants u and v, obtained
from the computed values for the boundary node at t = nAt. The
characteristic speeds of this linearised system are + %vo *ou. By
scaling the independent variables we can show that the fast speed of
(3.1) can be expressed as

(vo + 2uo)/(vO - 2uo) :u_ >0

q = (6.3)

(VO - 2uo)/(vO + ZuO) tu <0

This problem was considered by Coughran (1980) where the error
measurement was expressed in terms of the maximum nodal value or the
sharpest gradient appearing in the solution. This latter quantity

was determined by approximating the derivative by a forward dirzerence
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formula. In this chapter we determine the unknown 'exact' solution
by performing a Lax-Wendroff integration over a fine mesh and the
boundary approximations are supplied by second order accurate

extrapolation on the appropriate characteristic variable. This

boundary approximation avoids the problem of approximating the quantity

q. It can be shown that the integral

1 2
Et = J (u+v7)dx (6.4
0

is invariant with time for R(O,t) = 5(1’t) and so we will use a
trapezoidal approximation to Et as another error measurement. This 1is
denoted by HEt||.

For the L-W and ABC numerical methods we consider the

conservation form of (6.1)

du 9 2 2
3¢ T xRy t v =0,
2 6.5)
3 (v") d 2y _ (6.
ot + 5—-(uv ) 0.

The SILF method is best applied to (6.1) itself.

The application of the L-W to (6.5) is immediate using the
conservation form of the L-W difference equations (Richtmyer [1963]).
We obtain the required boundary values by applying C and CE boundary
approximations of Chapter 3. We also consider s = 2 variable extra-
polation with a stable and unstable extrapolated quantity.

The SILF method is applied to (6.1) where the implicit
approximations are applied to the spatial derivatives associated with
the coefficient Y. The approximation 1is based on the staggered grid

2

of Chapter 4 where the missing coefficient variables are supplied by
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spatial averages. We apply the LC and CST boundary approximatiocns.
The ABC approximation is constructed in a manner similar to t-c feri-

vation of (5.34). The resulting difference method uses the product

approximation technique of Christie, Griffiths, Mitchell and Sanz-

Serna [198i] and is developed in Appendix II. For the linearised

version of (6.1) the ABC method used exhibited the same degree of

accuracy as obtained in Chapter 5. Ideally we would implement the C

boundary approximation; however, its use would destroy the compact

nature of the implicit matrix in the difference method. This

difficulty was avoided for the linear problem of Chapter 5 by some

algebraic manipulation between the C approximation and the interior

equations. We therefore consider the compact BC boundary equatioms.

The resulting method still requires an iterative method to obtain

the solution of the non-linear implicit system of difference equations.

This was effected using a Newton-Raphson method with the initial

estimate at any time step given by the converged solution at the

previous time step updated by the first step of a two-step Lax-

Wendroff integration. In practice four iterative steps were sufficient

. -6
for convergence to within a tolerance of 10 .

Below we present the numerical results up to t = 2 for the

initial data u(x,0) = 0, v(x,0) = exp[—(x—i)z].
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Interior Boundary t =1 t =2
Method Approximation
L-W C 0.844 |
) ! . 0.020 | 0.828 | 0.068
(Aq=0.95, Ax = 35)
EX,(a = -0.2) | 0.840 | 0.019 | 0.822 | 0.080

EX,(a = 0.2) | 0.825 | 0.120 | 0.760 | 0.163

SILF CST 0.853 | 0.021 | 0.844 |

(1=0.9, Ax = == | | 0.048]
20

K 0.812 | 0.046 | 0.833 | 0.069

| ABC 1 BC 0.923 | 0.004 | 0.923 | 0.023
' @Qq=0.7, Ax = ==)
f 10

Table 6.1: [|E_|| | “HA'L» for problem (6.1)

The 'exact' solution was calculated by a Lax-Wendroff

L
80 ’

extrapolation on the Riemann Invariants. For the problem (6.1) the

integration with Ax = Aq = 0.5 and second order accurate boundary
time scales are not widely different and so for second order variable
extrapolation the critical value of o is in the interval (-0.2,0.2) as
illustrated by Table 6.1. The high accuracy of the ABC integration

is also supported above. The desirability of characteristic

formulated boundary approximations is clear. Any linearisation required
in the boundary approximations was done on the boundary at the previous
time step. Any alternative point in the interior caused a minimal

decrease in accuracy. The CPU times were 5.94, 3.5 and 10.0 seconds

for the L-W, SILF and ABC approximations respectively.  The SILF

method is the most economic method implemented however the greatest

accuracy is attained from the ABC approximation.  The exact solution

is illustrated in plots 5 and 6.



In Chapter 5 the ABC method was constructed to yield a fourth

order truncation error in its approximation to a linear Cauchy

problem. Consider the following non-linear problem of Abardanel and

Gottlieb [1973],

Ju _ 3 u
3t - ax (TP
3v
oV ) 1
3% "% (P 0stsl,lgxg2

N~

with u(x,0) = x%, v(x,0) = x and exact boundary conditions. The
ABC approximation, given by (5.36), may be shown, using the Taylor
series expansions, to have a fourth order truncation error in both
space and time. However the respective maximum norm results for

X = Ta-and X = E%-are 2(-5) and 5(=-6) which indicates second order
convergence. Clearly then, care must be taken in attempting to
apply the techniques in determining accuracy, which are successful for
linear problems, to non-linear situations. Despite the reduction in

order of convergence the ABC method still provides a compact, accurate

method.



SUMMARY

Crucial to arriving at many of the conclusions of this thesis
was the ability to obtain the roots of a multivariate polynominal
system of equations. Both new and existing algorithms for doing so
were discussed in Chapter 2. The best were the Polynomial Resultant
method of Collins and the new composite continuation approach. Given
the availability of an algebraic manipulator the resultant technique
would have been the first choice for our purpose. The method is
however applicable only to polynominal systems unlike the latter
algorithm which has widespread applications throughout applied
mathematics. Both methods were used successfully in this thesis.

The main object of this work was the comparison of many boundary
approximations used in the numerical solution of one-dimensional
hyperbolic systems. This was achieved in Chapters 3,4 and 5 for
three different interior methods of approximation. We considered the
well-known explicit Lax-Wendroff method, a semi-implicit adaptation of
the Leap-Frog method, and a new finite element scheme. We were
particularly concerned with the implications on the boundary
approximations of the physical system exhibiting differing time-scales.
We were able to show that the stability of many boundary approximations
was dependent upon the speed of the wave incident on the boundary. In
general it was clear that the faster the reflected wave the more
restrictive were the stability constraints.

For the Lax-Wendroff interior approximation there are many stable

boundary approximations available among them the comservation and box

integration conditions. However to achieve the best stability and

1 . ' rate
accuracy properties those boundary approxlmations that lncorpo
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the characteristic variables should be chosen. For the test problen

considered, we examined intensively the extrapolation of a linear
quantity intermediate between the ingoing and outgoing characteristic
variables. The optimal choice at any boundary would be the extra-
polation, to infinite order, of the outgoing variable. We were able
to show that, for an equivalent linear combination of the physical
variables, stability was retained for a higher degree of extra-
polation at the boundary where the fast wave was incident.

The choice of boundary approximations for the semi-implicit Leap-
Frog method was restricted by use of a staggered mesh for the interior
approximation. The method as a whole was beset, for the physical
problem choéen, by error oscillation which reduced the overall accuracy
of the approximation. Nevertheless comparison of the boundary methods
was possible, those derived from the characteristics or physical
equations performing well. For the small data set chosen points of
instability were found for all the boundary approximations but could
only be verified by numerical integration in a few cases. This was
also observed in Chapter 3 and illustrates the unreliability of a
stability analysis through observation only. As with previous
modifications of the Leap-Frog method we were able to prove that
horizontal extrapolation to any degree was unstable. The SILF method
is very efficient in non-linear applications (see Chapter 6) when
based on a staggered mesh and those boundary approximations that
involve the minimum degree of spatial averaging should be used
(consider for example the CST scheme).

In Chapter 5 we developed a new finite element method specificallx

for problems of the form (0.1). The ABC method is compact, lmplicilt,
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unconditionally stable and fourth order accurate in both space and

time for a constant coefficient linear problem. The restriction
Aq < 1 must apply, however, to maintain a well-posed problem. 3v
considering the scalar advection equation we were able to show the
relatively small degree of rounding error required along the boundarv
to induce instability. We were concerned only with the ABC interior
scheme however we conjecture that the same may also be true for many
other implicit schemes. For the symmetric problem the boundarv
approximation obtained from the extension of the interior method
proved the most accurate of all the stable methods considered
however this property was lost for q > 1. For general q it was not
possible to develop boundary approximations that did not destroy the
compact nature or the interior accuracy of the ABC method. However
a box integration of the outgoing characteristic equation performed
well both in linear and non-linear applicatioms.

In conclusion it is hoped that the results of this thesis will

provide an insight into the treatment of realistic physical problems

in that any boundary scheme chosen must reflect the properties of the

analytic solution.

The Next Step:

Clearly an infinite amount of time could be spent examining

larger data sets {(A,q)} than are considered here. Of greater value

would be the application of the theory of Warming Beam and Yee _1982]

to the SILF and ABC schemes. Such an analysis would be more complicated

Mag-n .
than that arising from the theory of Gustafsson et al '19.2 but the

1 to sk.
continuation and resultant methods should still be equal the ta

This being done the possibility of exponentially growing solutions
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would be eliminated. Of greater practical value would be the multi-

dimensional studies proposed by Coughran [1980].

The ABC method is worthy of further study to determine the
optimal multi-dimensional extension of the one-dimensional scheme
proposed in Appendix II. This may require an ADI-type integration
of a succession of one-dimensional problems in conjunction with a

time-averaging treatment of the remaining spatial dimensions.
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Appendix I - The Resultant Method

To illustrate the use of the resultant method of Collins (1971
we consider the approximation to the solution of the left bound‘-arv.~
problem given by the ABC method and the Box boundary approximation.
According to Theorem 1.10 it is essential to the stability analysis

of the above approximation that we determine the solution triples

of the system

2 2
F, = (aKl+BK1+a)z - 3q(K1-1) = 0,
F, = (o K2+8 Kyta,)z + 3(K2—1) =0 I.1
2 173 "1°3 71 3 ’ (I.1
Fqy = (2+K1+K3)Z - Zqu + 2K3 + 2(q-1) = 0,

where o = 1 + 5A2q2, 4 = 1+%A2, B = 4-K2q2 and B8y = 122

System (I.l) is constructed from the characteristic equations (5.44a)
and (5.44b) and the determinant equation of (5.38) and is an example of
system (2.1) in Chapter 2. Denoting the resultant of the polynomials

h(x) and g(x) by Res(h,g) we define

3 2 p

B1 = ReS(Fl’F3) = fOK1 + (f1+f2»<3);<1 + (f3+f4K3)K1 v Eo f6'<3

- ek I.2

= c K] * c¥] * cokq * Cg (1.2)
and

2 + 3 + Kz + K + 2

B, = Res(F,,Fq) = (gx3*83%8))¥ * 83%3 7 B4%3 853 7 6

_ (1.3)

= dOK1 + d1 R

where
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f = q(3-2a)

o s g, = -3 -2a,q, ,
f1 = 6q = 20 + 2q(a-B) , g = -2q81 ‘
f2 = 3q + 2a R gy =3 - anl .
£5 = 28(q-1) - q(3+2a) , 83 = 2a; - 3

£, = 28 , 8, = 2ay(q-1) + 28, =6
f5 = 20(q-1) - 6q , g5 = 281(q—1) + 211 + 3
f6 = 20 - 3q and 8¢ = Zal(q—l) + 6

Polynomials (I.2) and (I.3) are independent of z and we eliminate

another complex variable by conmstructing

c, S Cy C4
dO d1 0 0
B3 = Res(Bl,Bz) = det
0 d d 0
o) 1
10 0 do dl-
B 3 2 2_ 3
= cod1 cldod1+c2d1dO c3do . (I1.4)

A routine was written which reduced (I.4) to a single polynomial
in kg The roots of B3 = 0 can be obtained using the algorithm ot
Grant and Hitchins mentioned in Chapter 3. For each root K, we can
find the associated value of z from Fy = 0 and then that or «; Trom

F3 = 0. Only those solution triples (Kl,K3,Z) which satisfyv Fl =0
are roots of the system (I.1l) to which the stability criteria ot
Theorem 1.10 may be applied. Using the above method we can determine
all the solution triples of (I.1l) for given values of X and q

(Collins [1971]).

To apply the resultant algorithm to equations of higher degree
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than those of system (I.1l) would require the use of an Algebraic
Manipulator to construct the corresponding equation to (I.4). This
being available, the method of Collins [1971] is then the optimal

choice of the algorithms in Chapter 2.



Appendix II : The Differential-Difference Equations of the ABC

Method Applied to a Non-Linear Problem

In this appendix we derive the differential-difference equations
that define the ABC approximation to the solution of the non-linear
problem considered in Chapter 6. As with all the differential

problems of this thesis the governing equations are of the form

. + A(%)%x =0, x€ R, t>0. (I1.1)

Recall that, for the linear problem of Chapter 5, the matrix in
(II.1) reduced to the constant matrix Ao. Therein we defined the
semi-discrete ABC approximation Hj(t), to the solution %(ij,t), as

the vector function that satisfied the inner product

3

0+ AU, (I$.+Ba.)e, \> =0, r =1,2,.. Vi  (IL.2)
"] " 1 1 4,

9xX

(r)

where B = SBST. The matrix A(%) is symmetric (c.f. (6.1)) and so,

in seeking an approximate solution of (II.1), it 1s possible to

follow the procedure that led to (II.2).

v 2.2 . .
In (II.2) the matrix B denotes 3A A" where 1 1s the diagonal

matrix composed of the eigenvalues of A and 1s a constant matrix.

For the non-linear situation this simplicity is lost. However for

1 1 = ] 1 1 A t X.
the approximation centred at Xj = jAx we may linearise A(%) abou ;

. . d
and thus regain the constant form of the test functions. If u, an

C .o L1
v denote the computed values at xj = jox then the ditftrerentla
o

] 2
difference equations, obtained from the non-linear form of (11.2),

are



2 . 2

A 2 A 2. 1
[6+(1+—5)<S U. +—ns°V. +=[y? 2
4 :] ] 4 ] Ax[ 3+1 Uj-1+Uj (U.+1-Uj_1)]
1 2 2 2
+ =V 51V VL v T - A 2 :
2% - 341 51" 17 3-1)- M‘E[Uj-l_wj (Uj‘l—L4+l)‘L'?+wJ
y) J JjTiL
- if[vz =2V, (V, 22
84x J- - -1 J+1 J+1] 8Axn[v J l-Uj)—VJ. (Uj‘l-tj+l)
2

A
+ V., (U.-U., )] -—2_
#1505 4Ax”[vj—1( 5-195) * V. 5V 410570, 00 = 0

and (I1.3)
2 . .

[6+ a+ 7067y, *2‘2”‘32% gLl 0 v, Vi1 050 * V50 )
+ [UJ 1V, Vip) 205, +1—Vj-1) + Uj+1(Vj+1-Vj)]

2
'ﬁ”[UJ?—l'ZUj(Uj—l—Ujﬂ J+1] - [v £2V. (V. 1'Vj+1)'V§+1]
- SAXA g[v j 17U+ (UJ.+1-UJ._1) +VJ.+1(UJ.—UJ.+1)] =0, Vj € Z,
where £ = %vg + 2u§ and n = —%uovo. Approximation of the time

derivative using the trapezoidal rule results in an implicit system of
difference equations defines the ABC approximation to the solution of
the Cauchy problem (II.1l).

It is clear the integration of (II.3) would require . a very
complicated piece of coding. The construction of (II.3) required the

evaluation of inner products that involved three basis functions; for

0.2 The approximation

b

example

U(x,t) 1s defined by U(x,t) = Z Uj(t)¢j(x) to obtain the equivalent
j

inner product

(S U.b)(CU. 2 5, 0>
j J J k J ax N



It was the approach of treating each term in a product of terms as a

separate variable that caused the complexity of (II.3).

. 2
= ! .
noting that uu = 5;-(§u ) and by defining the approximation to

However,

uz(x,t) as
2 2
US(x,t) = T US(8)é.(x), vo.(x) ¢ S°X, (I1.4)
j ] J ]
we obtain
) P 2 2
<U 3§'U’Gi> = %<§§-U »0.> = %<§ Uj¢j,ci> . (I1.5)

The second approach is the basis of the product approximation
technique of Christie, Griffiths, Mitchell and Sanz-Serna [1981] who
demonstrate the desirability and accuracy of the technique. Clearly
to take advantage of the method we require the conservation equivalent

of (II.1) namely,

3
= T 37 I1.6
nt X E(X) ( a)
xe R, t >0
)
= - A(Wy (I1.6Db)
AVERAY) 4

AV
where XT = (u,w = v2) and ET = ($u” + lw, uw). The matrix A(x)
denotes the Jacobian of F which has eigenvalues equivalent to those
"
of A(u) and so A(w) = A(u). If S(a) denotes the similarity matrix
N Y v N

. T

composed of the eigenvectors of a matrix A(%) then A(%) =S (E)A(R)S(%)

-1, N . . .
whereas A(w) =S ~(w)A(w)S(w) as S(u) is orthogonal and S(X) is not.
N n N n n

Therefore the procedure adopted for the construction of (II.2) has to

be modified for the situation of a non-orthogonal similarity transform.

.. .. vlx.t
Denoting S(w) by S we define the characteristic vector m( ,t)
n

= S_lw(x t) and by invoking the scalar results of Chapter 5 we obtaln

V)



the semi-discrete approximati :
PP on X(t) as the solution of

. 3
<V + A — V ) = :
v (W) 3% v, (I¢1+Boi)$(r)> =0, r=1,2,vi (I1.7)
Z2 5
where B = - E—-Ao and Ao denotes the linearisation of A(X) at point,

about which, the approximation is centred. To relate the diagonal
result (I1.7) to the full system (II.4) we define W(t) = SV(t) as
", v

the semi—-discrete approximation to w(x,t). Equation (II.7) becomes
AV}

(W+A(w)——ﬂ), (I¢ +Bo. )e( ) =0, r=1,2,v1

. ) T
=2 <H + 5;-5 , (S ) (I¢ +Bo. )e( ) =0 r=1,2,v1 (1I1.3)
. )
=> <W +-f; E . (I¢ +Bc )e( ) =0 r =1,2,V] (1I1.9)
v 2 T.-1 2 T
where B = - ——-(S ) S
Evaluation of (II.9) yields
2 2. 3 2 3,
(1+a) 8 Uj + on + RS wj TAn AOUJ. + = _Owj
and (I1.10)
R 2- - 2. 3
+ J. + oW. + y8U. = — A (U.W
(1+a) § IJ o ; Y87, o ( ; )
where
2
o = %)\z(uo + zl;WO),
: 2
B = quO >
2
v = 74

The differential difference equations (II.10) are clearly easier

to handle than those of (11.3). Approximation of the time derivative

in (I1.10) by the trapezoidal rule produces a difrerence approximation

.. ,
that, for the 1inearised constant, coefficient problem of (11.3%),



exhibits the same high degree of accuracy as found in Chapter 5.

For general systems of the form (II.4) we present the ABC finite

element approximation, H, as the solution of the weak problem

<W - F , (I¢.-§X2(X2)To.)e >=0 Vv
N X i o° "1'~(x) i,r

where’\Ao is the linearised form of K(w).
n



—— Exact
— — — ABC Method

-=------  Galerkin Xethod

— -— - Fetrov-Galerkin Method

Aq = 0.95

Plot 1

Phase Comparison on Advection Equation



Plot 2

U solution using EX3 boundary extrapolation;

L
q=2, ¢ =0.01, &x = 35° T = 5.



O
"
r—t

Plot 3

Exact u solution; q = ]






Plot 5

T = 5.

1
20’

problem; iAx =

U solution of the non-linear



Plot 6

. 1 -
V solution of the non-linear problem; iMx = 35" T = 5.
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