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Abstract

In this thesis we use bifibrations in order to study relational parametricity. There are three
main contributions in this thesis. First, through the lenses of bifibrations, we give a new
framework for models of parametricity. This allows us to make some of the underlying

categorical structure in Reynolds’ original work clearer.

Using the same approach we then give a universal property for the interpretation of forall
types: they are characterized as terminal objects in a certain category. The universal
property permits us to prove both Reynolds’ Identity Extension Lemma and Abstraction

Theorem.

The third contribution consists in defining two-dimensional parametricity. The insight
derived from the bifibrational approach leads to a generalization of parametricity to proof-
relevant relations, incorporating higher-dimensional relations between relations. We call

the resulting theory two-dimensional parametricity.
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Chapter 1

Introduction

In this work, we start by introducing the notion of parametricity. We then recall and
abstract Reynolds’ fibrational model using bifibrations, which yields a framework for models
of System F. Finally, we reach two dimensions by defining two-dimensional parametricity.

In this chapter we give an introduction and an overview on the contents of this thesis.

1.1 Polymorphic functions

Polymorphic functions are functions defined for all types. The idea is that a polymorphic
function computes terms whose types depend on the types given as input, e.g. for every
input type they compute a term. We write f: VX.T'(X) for a polymorphic function. If A
is a type, we have that fA: T[X — A], e.g. fA is a term of type T[X +— A] obtained by

substituting the type A for the free occurrences of X.

Polymorphic functions can be divided into two families: ad hoc and parametric. The ad hoc
polymorphic functions behave differently according to the input type, while the behaviour

of the parametric ones is uniform in the input type.

Consider for example a function sum: VX.X — X — X which is defined for natu-
ral numbers by sum(nat)(n,m) = n + m and for lists by the concatenation of lists
sum(list(A4))([zo, ..., xnl, [Y0,-- -+ Ym]) = [T0,-- -+ Tn, Yo, - - -, Ym). This function is ad hoc,
because it inspects the input type in order to return the result: the sum for natural numbers

or concatenation for lists.

On the other hand consider the polymorphic function reverse: VX.1list(X) — list(X)

which reverses the elements of a list. It is clear that the function does not depend on
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the input type: the function “reverse a list of natural numbers” behaves the same as the
function “reverse a list of characters” or “reverse a list” of every other type. This is the

characteristic of parametric polymorphic functions.

In this thesis we focus on parametric polymorphic functions, or just parametric functions.
If the intuitive distinction between ad hoc and parametric functions is clear, it is not
evident how to formalise it. Reynolds had the great intuition to use relations in order
to characterise parametric functions. The idea is to use relations in order to identify

parametric functions: they are the ones preserving all the relations.

Relational parametricity has proven to be one of the key techniques for formally establishing
properties of software systems, such as representation independence [ADR09, DNB12],
equivalences between programs [HD11], or deriving useful theorems about programs from

their type alone [Wad&9).

There are several motivations at the basis of the work presented in this thesis. First of all
we wanted to give a neat, simple and minimal framework for models of System F which
allows us to enjoy the consequences of parametricity, something which we think was missing
in the literature on parametricity. In this way we can reach the core of the theory and this
clear vision simplifies the second part of our work: the definition of higher dimensional

parametricity.

An additional advantage of this approach is the strength given by the possibility to use

both fibrational and opfibrational properties. This will be central in some of the results.

1.2 Attention! Impredicativity!

We have to warn the readers that in this thesis we will use impredicativity. Impredicativity
means the possibility to define objects by quantifying over a range which includes the
object to be defined itself. This operation is delicate and it can lead to paradoxes. One of
the most well-known paradoxes deriving from impredicativity is Russell’s paradox from set
theory. The paradox arises when we try to define the set R = {x € Set|x ¢ z}, e.g. the
set of sets which are not elements of themselves. It follows that if R ¢ R, then actually R

should be an element of itself, and if R € R, it should not be an element of itself.
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Another well known paradox based on impredicativity is the liar paradox deriving from the
sentence “this sentence is false”. If this sentence was true, then it affirms that the sentence

is false and vice versa.

There are situations in which is possible to use impredicativity safely. For example consider
a group G and a subset S C G of elements of G. A priori this is not a subgroup and if we
want to find the smallest subgroup generated by S we can take the intersection of all the

subgroups G’ C G such that S C G'.

The impredicativity of polymorphic functions is due to the fact that polymorphic functions
quantify over types living at the same level where they live. Reynolds proved in [Rey84]

that parametrric polymorphism is incompatible with classical set theory.

Further work showed how to deal with this. The material presented in this thesis makes
sense in the (intuitionistic) internal language of a topos [Pit87], or in the Calculus of
Constructions with impredicative Set. A fully formalised relational model of System F in
this last setting has been constructed in [Atk09]. For this reason every time that we use

set-theoretic notation, we are actually working with the latter meta theory.

1.3 Structure of the thesis

The thesis is divided into three parts: in the first one we present some background material
and some preliminary results. In the second part we present the work on parametricity: the
model and a characterisation of the interpretation of forall types via universal properties.

Finally in the third part we present the work on two-dimensional parametricity.

Part I: Background, Notation and Preliminaries

In Chapter 2 we introduce a notion central to this work: bifibrations. We start the chapter
by recalling the basics of category theory. This is also useful in order to fix the notation.
We continue with the definition of bifibrations and some of their properties. This is all

well-known from the literature.
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Chapter 3 is devoted to the notion of fibrations of relations. We use this fibrational
definition of relations in order to construct relational models of parametricity. We see that
relations over sets (where a relation is a subset R C A x B) is a particular instantiation
of fibration of relations. When we have full comprehension, we can recover some of the
usual intuitive behaviours of relations from the fibrational notion. Moreover the fibrational
structure permits us to define two particular classes of relations: equality relations and
graph relations. They correspond, in the case of relations over sets, to the relations
{(a,b) € A x Asuch that @ = b} and {(a,b) € A x B such that fa = b} for a map

f: A — B respectively.

In Chapter 4 we focus on the type theory. We start by recalling how cartesian closed
categories are models of simply typed lambda calculus. We need this result because System
F is an extension of the simply typed lambda calculus, and, similarly, the framework of
models of System F we define extends the one for the simply typed lambda calculus. We
then introduce System F and recall a way to model it using category theory: A2-fibrations.
We use the A2-fibrational structure in order to construct our framework of models of
System F based on bifibrations. The internal language in a A2-fibration provides a powerful
tool to reason about categories and we use it to prove some properties which follow from
our framework of models of System F. For this reason we recall the internal language for

System F in a A2-fibration at the end of the chapter.

Part II: Bifibrational Parametricity

We present our framework of models of System F in Chapter 5. We first give the model
based on bifibrations. We show how to interpret types and terms, we prove that they satisfy
Identity Extension Lemma and Abstraction Theorem, and that all the given structure

forms a A2-fibration, i.e., a model of polymorphism.

Chapter 6 is a sanity check: we show that some of the well known consequences of
parametricity follow from the model we define: existence of initial algebras and final

coalgebras and dinaturality.

In Chapter 7 we focus on the most delicate point in parametric models: the interpretation
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of forall types. We present a way to interpret forall types using universal properties.
This approach distinguishes itself from others because it allows us to prove the Identity
Extension Lemma and the Abstraction Theorem as a consequence of the axioms. In many
other frameworks interpretation of forall types comes with strong conditions which “bake-in”

the Identity Extension Lemma.

Part III: Two-Dimensional Parametricity

Part III is devoted to the study of two-dimensional parametricity: not only there are
parametric terms, but also the proofs can be parametric. We start with Chapter 8 in which
we present intensional Martin-Lof type theory. In fact Martin-Lof type theory provides a
suitable meta language for studying two-dimensional parametricity, and in particular it

allows us to speak about two-dimensional equalities.

In Chapter 9, using the machinery introduced in Chapter 8, we define two-dimensional
parametricity. The critical point is to interpret forall types and write the right logical
relation which allow us to prove the Identity Extension Lemma and the Abstraction

Theorem.

We conclude this part with Chapter 10 in which we show two applications of two-dimensional
parametricity. First we use two-dimensional parametricity to prove coherence of proofs,
in particular the coherence of the naturality proofs used in Chapter 5 to show that
parametricity implies dinaturality. The second result is that two-dimensional parametricity

implies 2-naturality.

1.4 Related literature

There is a rich literature on relational parametricity. Hermida, Reddy, and Robin-

son [HRR14] give a good introduction.

Since category theory underpins and informs many of the key ideas underlying modern
programming languages, it is natural to ask whether it can provide a useful perspective on

parametricity as well. Ma and Reynolds [MR92] developed the first categorical formulation
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of relational parametricity using the framework of PL-categories (see [See87]). Their
models allow to show isomorphisms involving closed types, but nothing can be said about
types containing free variables. Moreover, Birkedal and Mggelberg discovered that not
all expected consequences of parametricity necessarily hold in their models (see [BMO05]

and [RR94]).

Another line of work, which was begun by O’Hearn and Tennent [OT95] and Robinson
and Rosolini [RR94], and later refined by Dunphy and Reddy [DR04], uses reflexive graphs
to model relations and functors between reflexive graph categories to model types. This is
the state of the art for functorial semantics for parametric polymorphism. Interpreting
types as functors is conceptually elegant and Dunphy and Reddy show that this framework
is powerful enough to prove expected results, such as the existence of initial algebras for
strictly positive type expressions [BB85]. However, working with reflexive graph categories
means to work with internal categories in a particular presheaf category, so that all
of the internal category theory applies automatically. We propose to instead to avoid
internalisation by taking the fibrational view of logic from the outset, and thus to analyse

parametricity through the powerful lens of categorical type theory [Jac99].

In doing so, we follow an extensive line of work by Hermida [Her93, Her06] and Birkedal and
Mggelberg [BMO05], who use fibrations to construct sophisticated categorical models not
only of parametricity, but also of its logical structure in terms of Abadi-Plotkin logic [PA93].
Abadi-Plotkin logic is a formal logic for parametric polymorphism that includes predicate
logic and a polymorphic lambda calculus, and thus requires significant machinery to handle.
Using this machinery, Birkedal and Mggelberg are able to go beyond Dunphy and Reddy’s
results and, for instance, prove that all positive type expressions — not just the strictly
positive ones as for Dunphy and Reddy — have initial algebras. However, these impressive
results come at the price of the complexity of the notions involved. Our aim is to achieve
the same results in a simpler setting, closer to Dunphy and Reddy’s functorial semantics,
where with functorial semantics we mean that the interpretation of types is given by
functors. We end up with a notion of model in which each type is interpreted as an equality
preserving fibred functor and each term is interpreted as a fibred natural transformation.

This is quite similar to the models produced by the parametric completion process of
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Robinson and Rosolini [RR94] (see also Birkedal and Mggelberg [BMO05]) and to Mitchell
and Scedrov’s relator model [MS93], but with a more general notion of relation given by a
fibration. We thus combine the generality of Birkedal and Mggelberg’s fibrational models

with the simplicity of Dunphy and Reddy’s functorial semantics.

In our work is central the use of bifibrations to achieve this goal in the study of parametricity.
This is not necessary for the definition of our framework, for which Lawvere equality [Law70]
(i.e., opreindexing along diagonals only) suffices, but it helps considerably with both the
concrete interpretation of V-types in Chapter 7 and the handling of graph relations. At
a technical level, our strongest result is to use our simpler framework to recover all the
expected consequences of parametricity that Birkedal and Mggelberg [BMO05] prove using
Abadi-Plotkin logic. In particular, we go beyond Dunphy and Reddy’s result by deriving
initial algebras for all positive type expressions, rather than just for strictly positive ones.
Note that in a recent work Ghani, Nordvall Forsberg and Simpson (see [GNFS16]) achieved
initial algebras (and final coalgebras) for all positive type expressions by using a fibrational

generalisation of reflexive-graph categories.

Our approach to parametricity by universal property differs from the ones present in the
literature. In fact none of the cited papers tackles the question we tackle in our work.
Indeed, many follow the modern trend to bake in Identity Extension into their framework.
In contrast, we prove the identity extension property from more primitive assumptions.
Since our work on universal parametricity requires bifibrations, this part builds on the

bifibrational model presented in Chapter 5.

The work on two-dimensional parametricity complements the more proof-theoretic work
on internal parametricity in proof-relevant frameworks [BCM15,BJP12, Pol15]. Relevant is
also the work on parametricity for dependent types in general [AGJ14,KD13], assuming

proof-irrelevance.

This part requires to work with cubical structures [BHS11]. Cubical relations, but in a
proof-irrelevant presentation, appear in [Gra09]. We adapt such definition for proof-relevant
relations. Interestingly cubical techniques also arises in the semantics of Homotopy Type

Theory [BCH14].
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1.5 Contributions

The contributions appearing in this document are based on the papers that I wrote:
[GINFT15] with Neil Ghani, Patricia Johann, Fredrik Nordvall Forsberg and Tim Revell,
[GNFO15] with Neil Ghani and Fredrik Nordvall Forsberg and [GNFO16] with Neil Ghani
and Fredrik Nordvall Forsberg. I collaborated to the general development of all the material

present in these papers. In particular my specific tasks were the following:

Proof of the Graph Lemma 3.12.

I developed the categorical formulation of Reynolds’ relational parametricity presented

in Chapter 5.

I proved that the proposed interpretation of System F via bifibrations forms a

A2-fibration (Theorem 5.24).

I reformulated and proved that parametricity implies dinaturality using our model.

I proved all the results in Chapter 7 on universal parametricity.

I gave the interpretation of types in the 2 dimensional parametricity (Subsection 9.1

with proofs).

I defined the graph functor for 2 dimensional parametricity and I proved the results

in Section 10.2.

1.6 Notation

We use the notation C, D, &, ... for categories.

Given a category C, we denote by |C| the discrete category of C, e.g. the class (or set) of

objects in C.

Given two objects A and B in a category C, Hom¢ (A, B) is the collection of morphisms
from A to B in C, possibly avoiding the subscript C when the category is clear from the

context.
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With C°P we denote the opposite category of C, e.g. the category whose objects are the
objects of C and Homgop (A, B) = Home (B, A).

The category of sets and morphisms between them will be denoted Set, while Cat consists

in the category of small categories and functors between them.

Composition of morphisms, functors and natural transformations is expressed by o or
juxtaposition, so that, given two morphisms f: A — B and g: B — C, go f or gf denote

their composite A — C.

Given two parallel functors F,G: C — D, a natural transformation « from F' to G will be

denoted as a: F = G: C — D.

For A and B objects in a category C, we denote by A x B their product, and the projections
are m;: AX B — Aand m: Ax B — B. Given f: C — A and g: C — B, we denote
by (f,g): C — A x B the unique morphism identified by the universal property of the

product.

Dually A + B denotes their sum (coproduct), with i1: A - A+ B and i9s: B —+ A+ B

representing the structure maps of the sum.

Finally, given two morphisms f: A — C and ¢g: B — C, their pullback is represented by

the diagram

AfXgB&B

il
f*(g)l J{g

A C.

Given s: D — A and t: D — B such that fos = got, we denote (s,t): D — A x4 B

the unique mediating morphism.



Part 1

Background, Notation and

Preliminaries

10



Chapter 2

Bifibrations

In this section we recall some results from category theory, and we introduce bifibrations and
their properties. We assume the reader is familiar with the basic notions of category theory
in particular the definition of categories, functors, natural transformations, adjunctions.
limits and colimits. The classical reference for the subject is Mac Lane [ML98]. Another nice

book, in which there are examples also from logic and computer science is Awodey [Awo10].

The subject of fibrations and opfibrations is well treated in Jacobs [Jac99]. The book,
beside giving a great introduction to the subject, shows how fibrations can be used to give
categorical semantics for different type theories. Unless explicitly specified, we refer to it
for the definitions and theorems in this chapter. Most of the fibrational theory that we use
in this thesis can be found also in Hermida [Her93] and his work is strictly related to the

one presented here.

Note that by (op)fibration we refer to what is sometimes called (op)cartesian (op)fibration
or Grothendieck (op)fibration in literature. Since we will only refer to these kind of

(op)fibrations, we will drop the adjective (op)cartesian.

2.1 Categorical notions

We first fix some terminology. Given a functor U: £ — B we say that an object X in £ is
over or above an object I in B if UX = I. Similarly a morphism f in £ is over or above
a morphism v in B if U f = u. A morphism in £ is called vertical if it is above an identity

morphism in B.

We now recall some notions and properties we need.

11
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2.1.1 Properties of adjoint functors

We assume the reader is familiar with the definition of adjoint functors, the unit and counit,
triangular identities and natural isomorphism between Hom-sets. It is well known that

every left adjoint preserves colimits, while every right adjoint preserves limits.

We will often use the following result.

Lemma 2.1. Let L 4 R be a pair of adjoint functors

e R is full and faithful if and only if the counit of the adjunction is a natural isomor-

phism;

e [ is full and faithful if and only if the unit of the adjunction is a natural isomorphism.

2.1.2 The Frobenius and Beck-Chevalley conditions

We recall two conditions on adjoint functors: the Frobenius condition and the Beck-

Chevalley condition.

Consider a pair of adjoint functors L 4 R. The Frobenius condition, which sometimes is

also called Frobenius reciprocity, is about the canonical morphism

idXEB

LT ) x L(R(B)) X2, 1(C) x B

L(C x R(B))

where €: L o R — Id is the counit of the adjunction L - R.

Definition 2.2. We say that a pair of adjoint functors L 4 R satisfies the Frobenius
condition (Frobenius reciprocity) if the canonical morphism L(C x R(B)) — L(C) x B

is an isomorphism.

If both the domain and codomain categories are cartesian closed, this condition is equivalent
to requiring that the right adjoint preserves exponentiation. In fact, consider a pair of
adjoint functors L 4 R, with L: C — D, and C and D are cartesian closed. Let C be an

object in C, A and B be two objects in D. If the Frobenius condition holds for L 4 R, then
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we have the series of isomorphisms

Home (C, R(A)™P)

12

Home(C' x R(B), R(A))

1

Homp (L(C x R(B)), A)

1

Homp(L(C) x B, A)

I

Homp(L(C), AB)

I

Home (C, R(AP))

and by Yoneda R(A)R(P) = R(AP).
For the Beck-Chevalley condition consider a commutative (up to isomorphism) square of
functors
¢
G*J{ iK* (2.3)
D——-7D
H*

where F* and H* have left adjoints Fi and H\, respectively. In this situation there is a

canonical morphism

HyoK*ng egG*oF
= e halha

HoK* H;oK*oF*oF!oi)HgoH*oG*oF! G*o I, (2.4)

where ng is the unit of the adjunction Fi 4 F* and ey is the counit of the adjunction

H 4 H*.

Definition 2.5. We say that (2.3) satisfies the Beck-Chevalley condition if the canon-

ical morphism (2.4) Hyo K* — G* o F} is an isomorphism.

Analogous conditions arise when G* and K* have left adjoints or considering the dual

notion where the functors have right adjoints instead of the left ones.

Example 2.6. The diagonal functor A: C — C x C acts on objects by X +— (X, X) and on
morphisms by f +— (f, f). If C is a category with products, the product functor x: C x C
is defined on objects by (X,Y) — X x Y, and on morphisms by (f,g) — f x g. It is well

known that A is the left adjoint of x. For every functor F': C — D, the following diagram
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comimutes

c—2.cxc

| e

DTDXD.

For such a square, requiring that the Beck-Chevalley condition holds is equivalent to asking
that I preserves products: the Beck-Chevalley condition translates into the isomorphism
F o (x) = (x) o (F x F), which, when applied to any pair of objects (X,Y), gives
F(XxY)2F(X)x F(Y).

2.2 Fibrations and opfibrations

There are two structures captured by the notion of fibration. The first one is that fibrations
generalise collections of sets (X );cs indexed over a set I, and the second one is substitution:
given a function f: I — J and a J-indexed collection (X);e.s, we can form an /-indexed

collection whose i-th component is X;.

(I) Collection. There are two equivalent way to present collections of sets. They are

represented in Figure 2.1.

(4) (i)

Figure 2.1: Different representations of a family of sets
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(i) Pointwise (or split) indexing: (X;);cs is thought as a collection where each Xj is a

set. We can think it as a function I — Set which maps i — Xj.
(ii) Display indexing: a family is a map ¢: X — I. The sets in the family are identified
as the pre-image sets ¢ 1(i) = {z € X |p(x) =i} for i € I.

It is not difficult to see that these notions are equivalent (see [Jac99]). Similarly there
are two representations also for fibrations, and there is a standard method, called the

Grothendieck construction, to go from the pointwise representation to the display one.

(IT) Reindexing. Substitution along a function between indexes as seen above is modeled
abstractly by reindexing. We see the example of the codomain functor cod: Set™ — Set,

but we first need some terminology.

Definition 2.7. Let F': C — D be a functor and let D be an object in D. The fibre or

fibre category over D is the category Cp with

Cp objects C in C such that F(C) = D.

morphisms f: C1 — Cq such that F(f) =idp.
For every category C, there is the arrow category C~ which consists of

c~ objects morphisms f: X — I in C.

morphisms (,B): (f: X = I) = (¢g: Y — J) is a pair of mor-
phisms a: X — Y, 8: I — J in C such that the following

diagram commutes

X2V
|
I

—J.

B
In the case of C = Set, the objects of Set™ are families of sets, presented by display

indexing, which are indexed over every possible set.

The codomain functor cod: Set™” — Set is defined by cod(f: X — I) = I and
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cod(a, 5) = B. The fibres of this functor are the slice categories C/I, where [ is an

object in C. The slice category is defined as follows:

C/1 objects morphisms f: X — I with fixed codomain I.

morphisms a: (f: X —=1)—(¢9: Y —1I)isamorphism a: X - Y

in C such that the following diagram commutes

X e Y

N A

1.

The objects of Set/I are families of sets indexed over I.

For a morphism u: I — J in Set, substitution along u consists of an operation which
takes a family indexed over J and returns a family over I. In terms of cod, this operation
is a map from the fibre over J to the fibre over I. Specifically, consider a family of sets
¥:Y — J indexed over J and let u: I — J be a morphism in Set. By substitution one
obtains the family (Yu(i))ie 7- The corresponding display representation can be obtained by

pullback
Y™ (u)
4

X

u*(iﬁ):@l
I

Y

¥
J.

u
The set X is of the form X = {(i,y) € I x Y |u(i) = ¢(y)} with obvious projection
morphisms. The family ¢: X — I corresponds exactly to (Y,))ier as shown by the
equalities

Xi=¢ '(i) = {y e Y [¥(y) = u(i)} = ¥ (u(i)) = Yy

By construction it is clear that it satisfies a universal property which is captured by the

categorical notion of cartesian morphism.

Definition 2.8. Let U: £ — B be a functor. A morphism f: X — Y in £ is cartesian
over u: I — J in Bif Uf = w and if for every g: Z — Y in £ whose image factorises as

U(g) = uow for some w: U(Z) — I, there exists a unique h: Z — X in £ over w such
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that f o h = g. The condition is expressed by the diagram

™

If f is cartesian over u we also say that f is a cartesian lifting of u.

When every map has a cartesian lifting we have a fibration.

Definition 2.9. A functor U: £ — B is a fibration if for every Y in £ and u: I — UY

in B, there is a cartesian morphism f: X — Y above u.

The dual notion of fibration is that of an opfibration. A functor U: £ — B is an opfibration
if the opposite functor U : £°P — B°P between the opposite categories is a fibration. It is

useful to unwind this definition, showing the universal lifting property for opfibrations.

Definition 2.10. Let U: £ — B be a functor. A morphism f: X — Y in £ is opcartesian
over u: I — Jin B if Uf = u and if for every g: X — Z in £ whose image factorises as
Ug =vowu for some v: J — UZ, there exists a unique h: Y — Z in £ over v such that

ho f = g. The condition is expressed by the diagram

Qo)

If f is opcartesian over u we also say that f is an opcartesian lifting of u.
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Definition 2.11. A functor U: £ — B is an opfibration if UP: £°° — B is a fibration.
Equivalently, if above every morphism UX — J in B, there is an opcartesian morphism

X =Y iné€.

Finally we can define bifibrations.

Definition 2.12. A bifibration is a functor which is at the same time a fibration and an

opfibration.

If U: £ — B is a fibration or opfibration, the category & is called the total category and

B is called the base category.

Given two cartesian liftings f: X — Y and f': X’ — Y of u with the same codomain, there
exists a unique vertical isomorphism ¢: X = X’ with f' o ¢ = f. The isomorphism and
its inverse can be found using the universal property of the cartesian morphisms applied to
the commuting diagrams U f oid = Uf’ and Uf = Uf’ oid in the base category. Dually,
for two opcartesian liftings g: X — Y and ¢’: X — Y’ of u with the same domain, there

exists a unique vertical isomorphism ¢: Y = Y’ with ) o g = ¢’. In fact, it holds:

Proposition 2.13. Cartesian (opcartesian) liftings over the same morphism and with the

same codomain (domain) are unique up to unique vertical isomorphism.

Given Proposition 2.13 it is useful to be able to speak about the cartesian lifting and the
opcartesian lifting. In order to do that we need to fix cartesian and opcartesian morphisms

for fixed codomain and domain and this often requires the use of the axiom of choice.

Definition 2.14. A fibration U: £ — B is called cloven if it comes equipped with a

choice of cartesian lifting for each object Y of £ and map f: I — UY.

Dually there is the notion of cloven opfibration.

Definition 2.15. An opfibration U: £ — B is called cloven if it comes equipped with a

choice of opcartesian lifting for each object X of £ and map f: UX — J.

In the rest of this thesis all the (op)fibrations that we consider will be assumed to be cloven.

We call the choice of (op)cartesian morphisms in a cloven (op)fibration a cleavage .
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Consider a cloven bifibration U: £ — B. We fix the notation for the cartesian and
opcartesian morphisms in the cleavage. Given u: I — J in B, we denote the cartesian
lifting of v with codomain Y as u%: u*Y — Y and we say that «*Y is the reindexing of
Y along u. We denote the opcartesian lifting of u with domain X as ugf X = 3, X and

we say that >, X is the opreindexing of X along u. When clear from the context we

drop the Y in u% or the X in u?

We conclude this section with some properties of cartesian morphisms, but we first need
some more notation for the statement of the lemma. Given a fibration U: £ — B, a
morphism u: I — J in B and two objects X,Y in & over, respectively, I and J, we denote

by £,(X,Y) the morphisms from X to Y over u.

We express the following properties for cartesian morphisms: the dual properties hold for

opcartesian morphisms.

Lemma 2.16. Let U: £ — B be a fibration.

e the cartesian lifting of an isomorphism is an isomorphism;
e all isomorphisms in £ are cartesian;

e for every u: I — J in B and X,Y in £ over, respectively, I and J, &,(X,Y) =
Homg, (X, u*Y);

o for f: X Y and g: Y — Z in &, if f and g are cartesian, sois go f. If g and go f

are cartesian, so is f.

2.3 Examples of fibrations

In this section we give some important examples of fibrations, opfibrations and bifibrations

with some of their properties.

Example 2.17. The identity fibration Id: B — B.

For every category B, the identity functor over itself is a fibration. Every fibre has only

one object |Br| = {I}, and the cartesian lifting of any morphism f in the base is f itself. It
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is also an opfibration with the opcartesian lifting of f given, again, by f itself, and hence

it is a bifibration.

Example 2.18. The codomain fibration cod: C™ — C.

When the category C has pullbacks, the codomain functor is a fibration. To see this,

consider the diagram

representing the universal property for the cartesian morphism which is formed by pullback.
The bottom row of the diagram can be thought of as living in the base category C. The
morphism g: Y — J is an object in C™ living over J, and the cartesian morphism over « is
given by (¢/, «). In fact, given a morphism (3, 3): h — g for which, in the base category,
there is a morphism ~: K — I such that 8 = « o+, there is a unique (v/,7v): h — f such
that (8, 8) = (o/,a) o (/,7). The universal property of cartesian morphisms is exactly

the universal property of the pullback since go 8/ = aoyoh.

In general every functor cod: C — C is an opfibration. In fact it is not difficult to check
that given f: X — I, the morphism (id,«): f — « o f is opcartesian over a: I — J.
Example 2.19. The domain opfibration dom: C~ — C.

This example is the dual of the codomain fibration. Consider the functor which projects on
the domain. It is defined as dom(f: X — I) = X and dom(a/, ) = «’. If the base category

has pushouts, the following diagram describes how to find the opcartesian morphisms
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where (7/,7) is opcartesian over . It is similar to the case of the codomain fibration, with

the difference that, in this case, the upper row lives in the base category.

In general every functor dom: C~ — C is a fibration. In fact it is not difficult to check that

given g: Y — J, the morphism («,id): g o a — g is cartesian over a: X — Y.
Example 2.20. The subset fibration sub: Sub(Set) — Set.

We denote by Sub(Set) the category

Sub(Set) objects subsets X C I.

morphisms f: (X CI)— (Y CJ)isamorphism f: I — J in Set
such that for every z € X, f(x) € Y, e.g. morphisms

preserving subsets.
The functor sub: Sub(Set) — Set which sends an object (X C I) +— I and a morphism
f— f,is a fibration. Given a morphism w: I — J in Set, the reindexing along v of Y C J
is given by the object ©*Y C I defined by v*Y = {i € I'|u(i) € Y}. The cartesian lifting u

with codomain Y C J is u itself. It is obvious that w preserves the subset ©*Y.

The subset functor is also an opfibration. Given u: I — J in Set, the opreindexing
along u of X C I consists of the object ¥,X C J defined by ¥,X = {j € J|3z €

X such that ux = j}. The opcartesian lifting of v with domain X C [ is again u itself.

The subset fibration is a particular case of the following more general fibration.

Example 2.21. The subobject fibration sub: Sub(C) — C.

Let C be a category. There is an equivalence relation ~gy, over monomorphisms defined by
(m: X — I) ~gu (Mm': Y — J) if and only if I = J and there is an isomorphism ¢: X — Y

such that m’ o ¢ = m. We denote by Sub(C) the category

Sub(C) objects equivalence classes [m| of monomorphisms with respect

to ~sub-
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morphisms a:[m: X = I] - [n:Y — J] is a morphism a: [ — J

for which it exists a morphism o/: X — Y in C such

that the following diagram commutes
x_ o

Note that morphisms are well defined. In fact, if o/ exists it is unique since n is a

P
«

monomorphism.

The subobject functor sub: Sub(C) — C sends sub([m: X — I]) = I and sub(a) = . It is
well defined since I and « are independent of the choice of the representative. A morphism
a: [m] — [n] as in the diagram x_ oy

1)

I J

|

«
is cartesian if and only if the diagram is a pullback square

XYy

f} Is

J
N
i.e. sub: Sub(C) — C is a fibration if and only if C has pullbacks of monomorphisms along

o )

arbitrary maps.

When C has an epi-mono factorisation system (E, M) (see [Jac99] for the definition of
factorisation systems), the functor sub: Sub(C) — C is also an opfibration. In fact consider
a morphism u: I — J in C. For every object ¢: X »— I in the fibre over I, the composition
u o ¢ factorises as m o e with m mono and e epi. The opreindexing of 7 along u is Xt = m

and the cartesian lifting of u is (e, u)

XS5V
I

—J

The universal property of opcartesian morphisms follows from uniqueness of the diagonal
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morphism in the left lifting property.

Example 2.22. The families of sets fibration fam: Fam(Set) — Set.

The category Fam(Set) consists of

Fam(Set) objects pairs (I, P) with [ in Set and P: I — Set a function which

associates a set to every element of I.
morphisms (u,a): (I,P) — (J,Q) is a function u: I — J in Set and a
family of morphisms «,: Px — Q(ux) in Set for x € I.
The functor fam sends fam(Z, P) = I and fam(u, «) = u.
If w: I — J is a morphism in Set, the reindexing of (J, Q) along u is defined by u*(J, Q) =
(I,Q ow). The cartesian lifting u§J7Q) is given by the morphism (u,id).

This functor is also an opfibration and thus a bifibration. Given u: I — J in Set, the
opreindexing of (I, P) along u is given by Xy(I, P) = (J,y = [li,crjupeyy Pz), Where
I is the disjoint union of sets. The opcartesian lifting uéI’P) is given by the morphism
(u, @), where az(p) = (z,p) is well defined since (z,p) € ZuP(uz) = [{{yerjup—uay P2

Categorically it is the structure map of the coproduct ip,: Pr — ]_[{ZGI‘M:W} Pz.

Example 2.22 generalises.

Example 2.23. The family fibration fam: Fam(C) — Set.

For every category C we define the category Fam(C) as follows:

Fam(C) objects pairs (I, P) with [ in Set is a set of indices and P: [ — C a
function which associates an object of C to every element of I.
morphisms (u,a): (I,P) — (J,Q) is a function u: I — J in Set and a
family of morphisms a,: Pxr — Q(ux) in C for z € 1.
The functor fam: Fam(C) — Set acting on objects as fam(/, P) = I and on morphisms as

fam(u,a) = u is a fibration.

For every morphism u: I — J in Set, the the reindexing of (J, Q) along u gives u*(J, Q) =

(I,Q ou). The cartesian lifting fu%J Q) u*(J,Q) — (J,Q) is defined by the pair (u,id).
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In the case that C has set-indexed coproducts | [, the family fibration of C is an opfibration,
and hence a bifibration. Given w: I — J morphism in the base category Set, the
reindexing of (I, P) along u gives Xy (I, P) = (J,y = [lserjusey) P2)- The opcartesian
lifting uéI’P): (I,P) — X,(I,P) is defined by the pair (u,«) where « is given by the

injections of the components Pz in the coproduct H{xe[‘w&:uz} Pz, for every z € I.

Example 2.24. The fibration of relations over Set rel: Rel — Set x Set.

We consider the category Rel of relations over sets, and morphisms between them preserving

relations.

Rel objects triples (A, B,R C A x B) with A and B in Set, while R C
A x B is an object in Sub(Set). We write (A, B, R) for
(A,B,RC A x B).

morphisms pairs (f,g): (A,B,R) — (A',B',R') with f: A — A’ and

g: B — B’ in Set, such that f x g(R) C R’ in Sub(Set).
The functor rel: Rel — Set x Set which sends an object (A, B,R) — (A, B) and a
morphism (f,g,) — (f,g) is a fibration. Given (f,g): (A, B) — (A, B’) in Set x Set,
the reindexing of (A’, B', R') along (f,g) is (A, B, (f,g)*R’) where (f,g)*R' = {(a,b) €
A x B|(fa,gb) € R'}. This coincides with the reindexing along f x g for the subobject

fibration sub: Sub(Set) — Set.

The functor rel is also an opfibration. The opreindexing along (f,g): (A, B) — (A’, B)
maps (A, B, R) — (A', B', ¥4 4 R) where

YirgR= {(d',V) € A" x B"|3(a,b) € R such that (fa,gb) = (a’,V')}.

2.4 Reindexing and opreindexing functorially

If a fibration U: & — B has a cloven structure, cartesian and opcartesian morphisms induce

functors between fibres.

Definition 2.25. Given a cloven bifibration U: £ — B, every morphism u: I — J in B

induces a functor u*: £; — & and a functor X, : & — £ defined as
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u*: &5 — & objects

morphisms

Yu:lr— &g objects

morphisms

§

u*Y is the domain of the cartesian morphism wus,.

the morphism f:Y — Y’ in £; is mapped to the unique

morphism

uy
wY =Y
I

u*f | J{f
¥
Y ——=Y’
ul,,
which exists and is unique over id by the universal property

of u%,, )

Y, X is the codomain of the opcartesian morphism ug( .

the morphism f: X — X’ in &7 is mapped to the unique

morphism

X

Uy
X—=3,X

I
fJ/ I S f
A
X —— %, X’
X

Uy

which exists and is unique over id by the universal property

X
ofu§.

We call u* the reindexing functor along u and ¥, the opreindexing functor along u.

Note that, in general, the operation mapping a morphism u to u* is only (contravariantly)

pseudofunctorial. We have indeed the following commuting diagrams

=t \% (2.26)

where the isomorphism X 2 id* X follows from the fact that idi( is the cartesian morphism

over the isomorphism id, hence an isomorphism by Lemma 2.16 and the isomorphism

w v*(X) = (vou)*(X) arises from the following standard argument for fibrations. Both

§ §

(vowu)i and vi* O u% are cartesian morphisms (composition of cartesian morphisms is a
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cartesian morphism, again Lemma 2.16) and both of them are over v o u. Of course, the

following diagram in the base commutes:
1

I ——J.

\v\iu
vou

Using the universal property of (vo u)?x first, and vg* % © ui after, there are two morphisms
fruv*(X) = (vouw)*(X) and g: (vou)*(X) — w*v*(X) which are unique over id and
make the diagram commute. We have that fog: (vou)*(X) = (vou)*(X) is the unique
morphism over the identity such that (v o u)% ofog=(vo u)g( and since id satisfies such
property, using uniqueness f o g = id. The symmetric reasoning holds for the proof of
go f =id and it is not hard to check that the isomorphisms in diagram (2.26) yield natural
isomorphisms id = id* and u*v* = (vou)*.

oY

In some cases the isomorphisms u*v*(X) =N (vowu)* and X — id * (X) are identities.

Definition 2.27. A split fibration is a cloven fibration for which the isomorphisms in
diagram (2.26) are identities id — id* and u*v* — (v ou)*. The cleavage involved is then
called a splitting.

We finish this section with the definition of the Beck-Chevalley condition for bifibrations.

We first show that, in a bifibration, reindexing and opreindexing are adjoint functors. It is

known (see [Jac99]) that this adjunction characterises bifibrations as follows:

Lemma 2.28. Let U: £ — B be a fibration. Then U is a bifibration if and only if for

every morphism f: I — J in B, f* has left adjoint X .

The Beck-Chevalley condition in the case of bifibrations assumes the following form.

Definition 2.29. Let U: £ — B be a bifibration. We say that U satisfies the Beck-
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Chevalley condition if, for every pullback square

A—t-B
|

si f

C g

D

in B, the canonical natural transformation ¥, ot* — g* o ¥t defined as

S %

ot*nf o~ >
Ygot Z:S—tE—>Zsot*o]“"‘oﬂf — Ys08 0g 0¥y ﬂ)g*zf
is an isomorphism, with 1/ the unit of the adjunction ¥ ¢ f*, and €° the counit of the
adjunction X5 4 s*. Note that the isomorphism X o0t* o f*o X = Ys0s 0g*oX; derives

from the fact that reindexing and opreindexing are defined up to isomorphism.

We are interested in the following consequence of the Beck-Chevalley condition.

Lemma 2.30. Let U: £ — B be a bifibration that satisfies the Beck-Chevalley condition.
For every monomorphism f: I — J in B and every object X over I, the unit nx: X —
f*¥;X is an isomorphism. Equivalently, for every monomorphism f: I — J in B, the
functor X;: & — & is full and faithful.

Ry,
Proof. The square YV s a pullback since f: I — J is a monomorphism. The
I —

Beck-Chevalley condition implies that the composition

e Zigid*nf . = . ey
Eidld>k M) E;dud*f*Ef — Eidld*f*Zf i—f% f*Ef
is an isomorphism. Using the fact that the (op)cartesian lifting of an isomorphism is
an isomorphism, the functors id* and iy are full and faithful, hence the counit €9 is an
isomorphism. By the two-out-of-three for composition of isomorphisms, we have that

Yiqid*nf is an isomorphism, and since Xiq and id* are full and faithful, the unit n/ is an

isomorphism, making ¥ full and faithful. O



2.5. Constructing new fibrations from old 28

2.5 Constructing new fibrations from old

We now study how to obtain new fibrations starting from given ones.

Lemma 2.31. Let U: £ — B be a fibration and F': B’ — B a functor. The pullback of U

along F' in Cat

Boxy&——8) ¢

J
F*(U)i lU

B B

F
defines a new fibration F*(U): B pxy € — B'. We say that F*(U) is obtained via change

of base from U along F.

It is possible to describe concretely the fibration F*(U) as follows. The objects of B/ pxy €
are pairs (I, X), where I is an object in B’, while X is an object in &, and such that
F(I) = U(X). The morphisms are pairs (u, f), with w in B, f in £, and such that
F(u) = U(f). The functor F*(U) projects out the first component. The cartesian lifting of
w: I — J in B’ with codomain (J,Y), is given by (u, (Fu)%,) (I, (Fu)*Y) — (J,Y), where
the second component is cartesian with respect to the fibration U. This is well defined
since F(J) = U(Y) and then F(u): F(I) — U(Y). It is immediate to verify that this

satisfies the universal property of cartesian morphisms.

Example 2.32. The fibration of relations over sets in Example 2.24 arises from the subset

fibration via change of base along the product functor

Rel Sub(Set)
|
rell lsub
Set X Set T‘ Set,

where the product functor sends the pair of objects (A, B) to A x B and the pair of
morphisms (f,g) to f x g.
By duality it also holds

Lemma 2.33. Change of base preserves opfibrations, i.e. if U: £ — B is an opfibration

and F: B’ — B a functor, then F*(U) is an opfibration.



2.5. Constructing new fibrations from old 29

Combining Lemmas 2.31 and 2.33 it follows

Corollary 2.34. Change of base preserves bifibrations, i.e. if U: £ — B is a bifibration
and F': B' — B a functor, then F*(U) is a bifibration.

Composition of fibrations is a fibration:

Lemma 2.35. If U: £ — B and U': & — & are fibrations, then so is the composite
UoU': & — B.

Proof. The cartesian lifting is obtained by iterating the lifting along the two fibrations. In
detail, consider a morphism u: I — J in B and let Y be an object in £ over J respect to
UoU' ie. (UoU")Y = J. We first compute the cartesian morphism u%y with codomain
UY with respect to the fibration U. Then we iterate and compute the cartesian lifting
(u%y)% with respect to the fibration U’ which corresponds to the cartesian lifting of u with

codomain Y with respect to the fibration U o U’. O
It is not difficult to see that the dual holds for opfibrations

Lemma 2.36. If U: £ — B and U’: £ — &£ are opfibrations, then so is the composite
UoU': & — B.

As a direct consequence of Lemmas 2.35 and 2.36 it follows:

Corollary 2.37. If U: £ — B and U’: & — £ are bifibrations, then so is the composite

UoU': & — B.

There is a trivial way to obtain a bifibration from every functor F': £ — B. This consists of
the construction of the discrete functor |F|: |E] — |B|, where we write |€| for the discrete
category of £. The discrete functor |F| acts like F' on the objects and trivially on the

morphisms.

Lemma 2.38. For every functor F': &€ — B, the discrete functor |F|: || — |B] is a

bifibration.
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Proof. This is obvious since the only morphisms in the base and in the total category are
identities and the identities in the total category over the identities in the base category

are the (op)cartesian lifting satisfying, in this case, a vacuous universal property. O

Lemma 2.39. Let Uy: & — By, ..., U,: &, — By, be (op/bi)fibrations. Then Uy x...xU,

is a (op/bi)fibration.
Proof. The cartesian and opcartesian morphisms are obtained componentwise. O

In particular, from the above Lemma follows that if U: £ — B is a (op/bi)fibration, so is

the n-fold product U™.

2.6 Fibred category theory
We now consider the fibred structure. We start with the notion of fibred functors.

Definition 2.40. Let U: £ — B and U’: £ — B’ be two fibrations. A fibred functor
from U to U’ consists of a pair of functors G: B — B’ and F': £ — £’ such that U'oF = GoU

and F' maps cartesian morphisms to cartesian morphisms.

A fibred functor will be denoted (F,G): U — U’, and often represented as a commuting

square
g F g

| e

/
Example 2.41. For every fibration U: £ — B and every functor F': B’ — B, the pair of

functors (U*(F), F') obtained via change of base

B/FXU B%(‘:

J
F*(U)l lU

B B

defines a fibred functor (U*(F), F): F*(U) = U.
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Every fibred functor induces functors between fibres

Lemma 2.42. Let U: &€ — B and U': & — B’ be two fibrations and let I be an object
in B. Every fibred functor (F,G): U — U’ induces a functor Fr: & — &f;; between the

fibres.

The functor F7 is the restriction of F' to the fibre — this is well defined, since U'o F' = GoU.

If H: £ - Band H': & — B’ are two functors, then every commuting diagram

| -~ 1&|

Hli iH’I

B —~ |5

defines a fibred functor (F, G): |H| — |H'| because the preservation of cartesian morphisms
is trivially satisfied. When the preservation of cartesian morphisms is vacuous, we can also

call such functors lifted functors.

The next step is to define fibred natural transformations.

Definition 2.43. Given two parallel fibred functors (F,G), (H,L): U — U’, where U: & —
B and U': & — B, a fibred natural transformation consists of a pair of natural
transformations a: F' = H and §: G = L such that every component ax is over the

component By x.

Given two parallel fibred functors (F,G),(H,L): U — U’, we write the fibred natural

transformation as (o, 8): (F,G) = (H, L), and the data is represented in the diagram

F
LT oy
A
H
|7 )

G

/\/
B\%B/"g'

The composite of fibred functors is a fibred functor and it is easy to see that the identity

functor is a fibred functor. In this way fibrations and fibred functors form a category.
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Definition 2.44. The category Fib has

Fib objects small fibrations U: & — B.
morphisms fibred functors (F,G): U — U’
LY
1l
/

Example 2.45. We call fib: Fib — Cat the functor which forgets the fibrational structure.
In particular it sends a fibration U: & — B to the base category B and a fibred functor
(F,G): U = U’ to G.

The functor fib is a large fibration, where the reindexing of U: £ — B along G: B’ — B

consists of the fibration G*(U) obtained via change of base

Bpxp & e

J
G*(U)\L lU

B B

and the cartesian lifting of G is (U*(G), G).

We have now all the ingredients to introduce the notion of fibred adjunction.

Definition 2.46. Given two fibred functors (F,G): U — U’ and (H,L): U — U, we say
that (F,G) is fibred left adjoint of (H, L) if F is left adjoint to H, G is left adjoint to L
and the unit and the counit of the adjunction F' 4 H are over the unit and the counit of

the adjunction G - L.

A particular class of fibred functors is given by fibred functors of the form (F,Id): U — U’,
where U: £ — B and U’: £& — B are over the same base B. In this case a fibred functor

from U to U’ is simply a functor F': £ — £’ such that the following diagram commutes
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and F' preserves cartesian morphisms

We say that the functor F' is fibred above B, or simply fibred if B is clear from the context.

This construction determines the category Fibg of fibrations with base category B and
fibred functors above the identity on B. In fact Fibg is the fibre above B with respect to
the fibration fib: Fib — Cat described in Example 2.45. Notice then that every fibration

U: £ — B is also a fibred functor

£

v B
N
B

and this makes the identity on B the terminal object in Fibg.

If we restrict ourselves to the fibred functors in Fibg, the notions of fibred natural
transformations and fibred adjunctions simplify. Thus a fibred natural transformation
over B is a natural transformation between fibred functors above B whose components are
vertical. A fibred adjunction above B is an adjunction between fibred functors above B

such that the unit and the counit are vertical.

2.7 Fibrewise structure

In this section we study the structure inside the fibres. In ordinary categories it is possible
to define notions like product or coproduct via, for example, universal properties. In the
case of fibrations and opfibrations we want that every fibre has some distinguished property,
and we want it to behave well with respect to the fibrational structure, e.g. that reindexing

and opreindexing preserve it.

Definition 2.47. Let # be some categorical property or structure (for example some limit

or colimit). We say that a fibration has fibred #’s if all the fibres have #’s and reindexing
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functors preserve #’s.
p

It is useful to distinguish between two strengths for the structure #. Such structure can be
specified. An example is the specified binary product which assigns to every pair of objects
X,Y a specified product cone (X x Y, 71, m2). In this case, for definition 2.47, we ask that
the reindexing functor preserves the specified structure on the nose. On the other side,
the weaker version is given when the structures are simply preserved up to isomorphism.
For example, in the case of products, a product cone is mapped to a product cone. When
we work with split fibrations we will implicitly use the stronger version, while the weaker

version is the natural one in a non-split context.

Sometimes, when it is clear from the context that we are speaking about fibred properties,

we drop the adjective fibred.

Definition 2.48. Let (F,G): U — U’ be a fibred functor. We say that (F,G) preserves
fibred #’s if for each object I in B the functor F;: &5 — 5&1 preserves #’s.

A notion which we will often use is the following

Definition 2.49. A fibred CC fibration or fibred cartesian closed fibration is a
fibration with fibred finite products and fibred exponential objects.

Change of base preserves fibred structures.

Lemma 2.50. Let & be as in Definition 2.47. If a fibration U: £ — B has fibred #’s,
then so has the fibration F*(U) obtained via change of base along a functor F': B/ — B.

Moreover the associated morphism of fibrations F*(U) — U preserves #’s.

Proof. The fibre of F*(U) over [ is isomorphic to the fibre of U over FI. If one of them has
&’s then so does the other one. They are preserved under reindexing, since the reindexing

functors of F*(U) are obtained from those of U. O

2.8 The truth functor

The truth functor is defined as follows



2.8. The truth functor 35

Definition 2.51. Let U: £ — B be a fibration. If the fibred functor (U, Id) has a fibred

right adjoint (K, Id), then we call K: B — £ the truth functor.

The truth functor can be characterised by fibred terminal objects as shown by the following

result (see [Jac99)).

Lemma 2.52. A fibration U: & — B has fibred terminal objects if and only if the fibred

functor (U,Id): U — Id has a fibred right adjoint (K, Id): Id — U

This functor will play an important role in this thesis. It is evident from the commuting

diagram that U o K = Id.

Given a fibration U: £ — B, when K exists, it sends every object I in the base to the
fibred terminal object in £;. Given a morphism u: I — J in the base category, there is
an isomorphism u*KJ =, KT since fibred terminal objects are preserved by reindexing

N 5
functors. We then obtain Ku: KI — K.J as the composite K1 — u*K.J RCNy '

Lemma 2.53. Let U: £ — B be a fibration with truth functor K: B — £. The truth

functor is full and faithful.

Proof. The vertical morphisms in the fibration id are only the identities. It follows that
the components of the counit of the adjunction U 4 K are identities. Using Lemma 2.1 we

can conclude that K is full and faithful. O

The following examples justify the terminology.

Example 2.54. Given a category C with pullbacks, the codomain fibration, see Example
2.18, has a truth functor. It sends an object I in C to the identity morphism id; which

represents the constantly true predicate.
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Example 2.55. The truth functor for the identity fibration Id: B — B is given by the
identity functor again. In fact the fibre over every object X in B consists of in the object
X itself and the identity for X. The object X is trivially terminal and reindexing trivially

preserves terminal objects in the fibres.

Example 2.56. In the subset fibration, see Example 2.20, there is a truth functor and
it sends a set I to I C I. In general every subobject fibration, see Example 2.21,
sub: Sub(C) — C has a truth functor which sends an object I in C to the class of monomor-

phisms of the identity monomorphism id; which represent the constantly true predicates.

Example 2.57. In the families of sets fibration, see Example 2.22, the truth functor K

sends a set I to (I,i+ 1), where 1 is the set with only one element.

Example 2.58. In the family fibration over C, see Example 2.23, if C has terminal object

1, the truth functor exists and it sends a set [ to KI = (I,i+ 1).

Example 2.59. In the fibration of relations over sets, see Example 2.24, the truth functor
sends (A, B) to (A,B,Ax B C A X B), e.g. the truth relation where every element is

related with every other element.

Example 2.60. The fibration fib, see example 2.45, has truth functor which sends a

category B to the identity functor Idg.

2.9 Structure between fibres
We now focus on the structure between fibres. We start by defining the weakening functor.

Definition 2.61. Let U: £ — B be a fibration where B has cartesian products. For
every projection 7y y: I x J — I, the reindexing functors 773,: Er — Erxy are called the

weakening functors.
Definition 2.62. Let U: £ — B be a fibration, I an object in B, and B has cartesian

products. We say that U has simple I-products if

e for every object J in B, every weakening functor 7 ;: £ — €1 has a right adjoint

H(J,j);
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e the adjunction satisfies the Beck-Chevalley condition: for every morphism u: K — J
in B and I in B, the canonical natural transformation u* o [T ; y = Ik r)o(u x id)*

is an isomorphism.

*

Ey Ex

T < > I TRI < > [Tk,

Eixi —————=EKxI

(uxid)*

We say that U has simple products if it has simple I-products for every object I in B.



Chapter 3

Fibrations of relations

Relations play a central role in this thesis. We saw in Example 2.24 that relations over sets
are fibred over Set x Set. In this chapter we describe a general notion of relations arising
via change of base along the product functor. We call the fibrations obtained in this way
fibrations of relations. The fibrational structure lets us define some fundamental relations:
truth relations (every element is related to every other element), equality relations (every
element is related only with itself) and graph relations (the ones arising from the graph of
a function). We prove properties of such relations which justify their names. Finally we
show a link between relations thought of as subobjects and the fibrations of relations. This
is obtained by using the comprehension functor and motivates the name of the fibrations

of relations.

3.1 Relations fibrationally

In Example 2.32 we saw that the fibration rel: Rel — Set x Set arises via change of base
along the functor — x —. More generally, a binary relation can be thought as a triple
(A, B, R), where R represents a relation between A and B. This point of view underlies

the following definition.

Definition 3.1 (see [Jac99]). Given a fibration U: £ — B, where B has binary products,
the fibration rel(U): Rel(€) — B x B obtained via change of base along the product functor

_><_

Rel(&) L~

&
rel(U)i . lu (3.2)

B x B B

—X—

38
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is called fibration of relations obtained from U.

The objects in the category Rel(£) consist of triples (A4, B, R) where A and B are objects
in B, while R is an object in £ such that UR = A x B, i.e. R is over A x B. Note that
there are two closely related fibrations rel(U) and U involved: objects (A, B, R) in the
total category of rel(U) over (A, B) and objects R in the total category of U over A x B.
For this reason we will sometimes say that an object R is over A and B. We can abstractly
think of the objects of the total category as predicates over the objects in the base category,
and binary relations are predicates over a product. Clearly this can be generalised to n-ary

relations considering n-ary products.

Example 3.3. If we start from a subobject fibration sub: Sub(C) — C, where C has binary
products and pullbacks, the fibration of relations rel(sub): Rel(Sub(C)) — C x C consists
of the category Rel(Sub(C)) whose objects are triples (A, B,[m: R — A x B]) and the
functor rel(sub) which sends (A, B, [m]) to (A, B). This represents the intuitive notion of a

binary relation R over A and B as a subset of the product A x B.

Example 3.4. Consider the codomain fibration cod: B~ — B, where B has pullbacks
and binary products. The fibration of relations rel(cod): Rel(B~) — B x B consists of the
category Rel(B™) whose objects are (A, B, f: R — A x B) and the functor rel(cod) sends
(A, B, f) to (A, B).

Example 3.5. Consider the families of sets fibration fam: Fam(Set) — Set. The fibration
of relations rel(fam): Rel(Fam(Set)) — Set x Set obtained from it consists of the category
Rel(Fam(Set)) whose objects are triples (A, B, P), where P: Ax B — Set, and the functor
rel(fam) sends (A, B, P) to (A, B).

The relations in Example 3.3 are proof-irrelevant relations, i.e. they are relations which
only say whether there exists a proof relating two elements. In fact, in the case of Rel,
given a relation (A, B, R C A x B) the only thing we can say is that a € A and b € B are
related in R or not. Note that the proof-irrelevant notion is strictly related to the fact that
the associated fibration is faithful. In order to see this consider the Example 3.3. Given a

morphism (f,g): (4, B) — (A, B’) in the base category B x B, and given two relations
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(A,B,Im: R— A x B]) and (A, B’,[m': R" — A’ x B']) above, respectively, (A, B) and
(A’, B"), there is at most one morphism (f, g,a): (A, B,[m]) — (4', B',[m/]) above (f, g).
In fact morphisms preserve relations by sending related elements to related elements and if

there is no choice on the proofs relating two elements, we have faithfulness.

The relations in the Examples 3.4 and 3.5 are proof-relevant relations, i.e. they admit
possibly more than one proof relating two elements. In fact, consider Example 3.4 with the
category C = Set and a relation (A4, B, f: R — Ax B) in Rel(Set™). Two elements a € A
and b € B are related if there is an element r € R such that f(r) = (a,b), and in general
there could be more than one such element. We can write the set of elements relating
a and b as R(a,b) = f~1(a,b) = {r € R| fr = (a,b)}. More generally, if the morphism
f: R — A X B is not a monomorphism, it can be thought of as a proof-relevant relation.
Similarly, in Example 3.5, consider a relation (4, B, (A x B, P)) in rel(Fam(Set)). Two
elements a € A and b € B are related if there is an element in P(a,b). More generally, the
set P(a,b) is the set of proofs relating a and b. Note that these possibilities of multiple

proofs mean that the previous two fibrations are not faithful.

3.2 The equality functor

For each set A it is possible to define the equality relation over it by Eq A = {(a,a) | a €
A} = A. Formally EqA = (A, A,{(a,a) | a € A} C A x A) or, thinking of subsets as
equivalence classes of monomorphisms, EqA = (A4, A,[0: A — A x A]), where ¢ is the
diagonal morphism (id4,id4): A — A x A. This map, in the case of fibration of relations

over sets (Example 2.24), extends to a functor Eq: Set — Rel by sending every morphism
f+A— BtoEq(f) = (f, [, f): Eq(4) — Eq(B).

The construction of equality functors is standard in any bifibration with the necessary
infrastructure [Jac99]. We first describe the process for the bifibration in Example 2.24
and then generalise it. As we noted in Example 2.32, the bifibration rel arises via change of
base from the subset bifibration sub. We first consider the truth functor K with respect to
sub, which sends a set A to A C A. We then opreindex K A along the diagonal morphism

da: A— Ax A. In this way we obtain X5, KA = {(a,a) | a € A} C A x A which is exactly



3.3. The graph functor 41

the equality relation. This leads us to the general definition of the equality functor for a

bifibration of relations rel(U): Rel(§) — B x B.

Definition 3.6. Let U : £ — B be a bifibration with fibred terminal objects. If B has
products, the equality functor Eq: B — Rel(€) for rel(U) is the functor induced by the

map X — X5, KX, where 0x is the diagonal morphism dx : X — X x X.

The action of Eq on the morphisms is given by universal property of opcartesian morphisms

as shown by the following diagram:

)
KX Egx KX — % L xxXx
|
Kf :Eq(f) over f lfxf
\
KY EqY Y Y xY
0y )s %

For this definition, it is enough to ask for opreindexing along diagonals dx only (see e.g.
Birkedal and Mggelberg [BMO05]). Graph relations (Section 3.3), will require the use of all

the opfibrational structure to opreindex along arbitrary morphisms.

Lemma 3.7. The equality functor Eq: B — Rel(€) is faithful.

Proof. Given two morphisms f,g: X — Y in B with Eq(f) = Eq(g), we have (f, f) =
rel(U)(Eq(f)) = rel(U)(Ea(g)) = (9,9) and then f =g. O
In general the truth functor is not full as shown by the following counterexample.

Non-example 3.8. In the identity fibration Id: B — B, the equality functor sends an
object X to X x X and a morphism f: X - Y to f x f: X x X — Y x Y. The functor

is not full, since morphisms from X x X to Y x Y are not always of the form f x f.

3.3 The graph functor

Every morphism f : A — B in Set defines a graph relation (f) = {(a,b) | fa =b} C Ax B.

These relations can be characterised by using the fibrational structure. In fact consider
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the fibration rel: Rel — Set x Set and a morphism (f,id): (4, B) — (B, B) in Set x Set.
The reindexing of Eq(B) along (f,id) results in (A, B, (f,id)*Eq(B)) where (f,id)*Eq(B) =
{(a,b) | fa = b} which is exactly the graph relation resulting from f. Clearly this operation

can be reproduced in any fibration of relations with an equality functor.

Definition 3.9. Let U : £ — B be a bifibration with fibred terminal objects and products
in B. The graph of f: X — Y in Bis (f) = (f,idy)*(EqY) in Rel(&).

It is not difficult to show that the graph of the identity morphism is the equality relation, as
one would expect. In fact, since reindexing preserves identities, (idx) = (idx,idx)*(Eq X) =

Eq X for every object X of B.

Recall that rel is also an opfibration. It is possible to characterise the graph relations in
Rel using the opcartesian structure as well. Let f: A — B be a morphism in Set, and
consider the morphism (id, f): (A, A) — (A, B) in Set x Set. The opreindexing of Eq(A)
along (id, f) is (A, B, ¥(iq,5)Eq(A)) where Xy 1\Eq(A) = {(a,b) | fa = b} which, again, is
the graph relation associated to f. In the general case of bifibrations, the two constructions

are equivalent if the fibration satisfies the Beck-Chevalley condition.

Lemma 3.10 (Lawvere [Law70]). Let U : £ — B be a bifibration with fibred terminal
objects and products in B. If U satisfies the Beck-Chevalley condition, then the graph of
f:X =Y can also be described by (f) = Xiq,. f)(Eq X).

Proof. For every morphism f: X — Y in B the following diagram is a pullback

x—71 .y
N
X x X Sy

mei

X xY—Y xY.
fxid

In fact consider an object Z and two morphisms h: Z — Y and t: Z — X x Y such
that dy o h = (f x id) o t. By universal property of the product ¢t = (¢1,t2) and we have

(foty,ta) = (f xid)ot = dy oh = (h, h). We then have that to = h = fot; and the unique
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morphism satisfying the pullback condition is t;: Z — X. In fact if there was another
t': Z — X satisfying pullback condition, we would have (id x f)odxot’ = (¢, fot') = (t1,t2)

and then ¢/ = t;.

By using the Beck-Chevalley condition for the above pullback we have

(f xid)* 035, = Yigxf o sy o f.

Using this equivalence, and that fibred terminal objects are preserved by reindexing, we

have:
(f xid)"(EqY) = ((f xid)" o L5, )(KY)
= (Bidaxf o Xsy o f)KY)
= Bigxs (Bsy (KX))
= Eid><f(EqAX)
which proves that the two definitions of the graph relations are equivalent. O

Being able to describe graph relations in terms of either reindexing or opreindexing lets us

use both of their universal properties when proving theorems about them.

The graph functor for Rel(U) : Rel(§) — B x B is the functor (_) : B7 — Rel(€)
mapping f: X — Y in B to (f) in Rel(£). To see how (_) acts on morphisms, recall that
if f: X =Y and f’: X’ — Y’ are objects of B, then a morphism from f to f’ is a pair

of morphisms g : X —+ X’ and h: Y — Y’ such that ffog=ho f

The universal property of cartesian morphisms in Rel(U) guarantees the existence of a
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unique morphism (g, h) : (f) — (f’) over (g, h) such that the following diagram commutes:

(f.id)®
(fy —=EqY
|
I Ng,h) | lEq h

! /
(f" G EqY

over

(x,v) L (v, v)

(gah)l l(hah)

(X/, Y/) W (Y/, Y/)

It is possible to define a similar action on the morphisms also for the equivalent definition
of for the graph relations based on the opcartesian morphisms. Naturally in this case we
use the opcartesian property

Eq X M

I
Eq gl ‘E”<g7h>

E Y/ N !
AV e )
over

(x, x) 2 (x v

(979)i J{(gvh)

(X,,X,) W (X/7Y,).

The two actions on the morphisms are equivalent. In fact consider the diagram

(id, f)g (£,id)®

Eq X (f) EqY
|
Eq gl 1 3g,h) lEq h
\
Eq Y’ 4 Eq Y,
VY i e

where the outer diagram commutes. If (g, h) is found using the cartesian property of (f’,id)8,
using again the cartesian property of (f’,id)? we derive that (g, h) o (id, f)s = (id, f')soEq g,
and then (g, h) is the unique morphism which can be found using the opcartesian property

of (id, f)s as well. The dual argument holds applied to the opcartesian morphism (id, f)s.



3.3. The graph functor 45

Lemma 3.11. If the underlying bifibration satisfies the Beck-Chevalley condition, then
(0) : B7 — Rel(€) is full and faithful if and only if Eq : B — Rel(€) is.

Proof. If the graph functor is full and faithful, the equality functor is full and faithful

because it is a particular instantiation of the graph functor.

Let f: X =Y and f': X’ = Y’ be two objects in B~. Given a morphism (g, h) : f — f’
in B, the morphism (g,h) : (f) — (f’) is defined via the universal property of (f) =
(f,id)*EqB. This ensures that (g, h) is over (g, h), and thus that the graph functor is
faithful. For fullness, consider « : (f) — (f’) over (a1, as). The opcartesian definition of
(f) — given by Lemma 3.10 since the Beck-Chevalley condition is satisfied by assumption —
and the cartesian definition of (f’) give a map 3: EqX — EqY” as shown in the following

diagram

(id,f)s (f,id)8

EqX (f) —={f" Eqv”.

By fullness of Eq, we get a map ¢: X — Y’ such that Eqt = 8 and thus (¢,t) = U(Eqt) =
U(B) = (f' oai,azo0 f) from which we can derive that Ua: f — f' in B~ since f' ooy =
t = ag o f. The cartesian morphism over (g,id) can then be used to show that « satisfies

the universal property defining (U«) and thus o = (Ua) proving fullness. O

The proof uses the opfibrational characterisation of the graph functor from Lemma 3.10.
The main tool we will use for deriving consequences of parametricity in Chapter 5 is the
Graph Lemma, which relates the graph of the action of a functor on a morphism with the
relational action of the functor on the graph of the morphism. Note that in the statement
of the lemma we restrict to functors which preserve equality. We will see that this is a
central feature in Reynolds’ relational model which corresponds to the Identity Extension

Lemma.

Theorem 3.12 (Graph Lemma). Let U: &€ — B be a bifibration satisfying the Beck-
Chevalley condition and let F;: Rel(£) — Rel(€) and Fy: B — B be two functors such
that Rel(U) o F} = (Fy x Fy) o Rel(U) and Fy o Eq = Eq o Fy. For every morphism
h: X — Y in B, there are vertical morphisms ¢y, : (Fph) — Fi(h) and 9y, : F1(h) — (Foh)
in Rel(&).



3.4. Comprehension 46

Proof. The definitions of (Fyh) and (h) give morphisms (idg,, Foh)s : Eq (FoX) — (Foh)
and Fi((idx,h)g) : Fi1(Eq X) — Fi(h). The following diagram commutes:

(idp, x ,Foh)

(Fo X, FoX) (Fo X, FoY)
(idFoX,idFox)T T(idpo,idpo)
idg . Foh
(FoX, FoX) (X RyY)

Thus, by the universal property of the opcartesian map (idg, x, Foh)g, there is a unique

morphism ¢y, : (Fph) — F1(h) such that the following diagram commutes:

Fi((idx,h
Fy (Eq X) 0 gy gy

A

idr, x,Foh !
Eq (FoX (idry x,Foh)s (Foh)

Moreover, ¢y, is over (idp,x,idgy) and thus vertical. A similar argument using the

universal property of (idg, x, Foh)¥ gives the existence of a unique vertical morphism

¢h : F1<h> — <F0h> O

3.4 Comprehension

We have seen how relations can be treated abstractly as objects (A, B, R) in the total
category of a fibration of relations. A more concrete — but less general — approach to

relations is to consider them to be spans.

Definition 3.13. Let B be a category. The category Span(B) of spans in B has as objects

pairs of morphisms with the same domain

"

A B.

A morphism between two spans consists of a triple

(f:g? h) : (X7 slvAa SQ,B) — (X,78/17A/73/27B,)
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where f: X — X' g: A— A’ and h: B — B’ are morphisms in B such that sj o f = gos;
and sho f =hosy

N

A f B

g X' h
A B’

A natural question is whether the abstract, fibrational notion of relation behaves sufficiently
like the concrete, span-based relations so that theorems concerning the latter can be
generalised to the former. The answer is that, yes, this is possible if more structure is
present. This structure is known as comprehension and is used widely in categorical
logic [Jac99]. In particular, it guarantees the existence of the functor rel(P) below — if
furthermore the comprehension is full, then rel(P) has a fibred left adjoint L:

rel(P)
rel(€) T Span(B)

£ (3.14)
rel(U) (m1,m2)

BxB

where (m,m2) is the obvious functor (mi,m2): Span(B) — B x B sending an object
(X,s1,4A,s92,B) — (A, B) and a morphism (f,g,h) — (f,g). This adjunction between
rel(£) and Span(B) allows the transfer of results mentioned above. We note in passing
that much of this structure arises from applying rel : Fibg — Fibgyp (defined by pullback

along _ x _) to the diagram

E/NB*

RN

up to the isomorphism rel(B7) = Span(B). Here, comprehension again guarantees the
existence of P, and full comprehension implies that P has a left adjoint B~ — £. In the

remainder of this section, we introduce comprehension and full comprehension, and show
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that the above relationship (3.14) between relations and spans holds in this setting.

Definition 3.15 ([Ehr88]). Let U: & — B be a fibration with truth functor K. The
fibration U admits comprehension if K has a right adjoint {_}: £ — B, called the

comprehension functor.

The following well-known result shows how comprehension allows objects in the total
category of a fibration to be seen as morphisms in the base category. We will use this
technique in Chapter 7 in order to show how objects in the total category of a fibration of

relations can be seen as spans in the base category.

Lemma 3.16 ([Jac93]). Let U : £ — B be a fibration with K 4 {_}. Comprehension
induces a functor P : & — B~ defined by P(X) = U(ex) where € is the unit of the
adjunction K 4 {}. For f: X — Y in &, P is defined by P(f) = ({f},U(f)). Furthermore,

the assignment mx = U(ex) is a natural transformation 7: {_} — U.

Proof. Note that the construction of m and P relies on U o K = Id. In fact the naturality
of 7 follows by applying U to the naturality condition of €. Using the same argument we

define P as shown in the diagram

X i Y
vk {xh) L vy
U(EX)J( lU(EY)

UX — = U(Y).

We can adapt the above lemma to the setting of relations and spans as follows:
Lemma 3.17. Let U: £ — B be a fibration with K 4 {_}. The map sending an object

(A, B,R) of rel(€) to mr: {R} — A x B extends to a functor rel(P) : rel(£) — Span(B).

Proof. The component R of an object (A, B, R) of rel(£) is by definition an object R of

Eaxp- The action of P gives a morphism 7g : {R} — A x B which is an object of Span(B).
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The action of rel(P) on morphisms is defined similarly recalling that all the morphisms in
Rel(€) are of the form (f, g, h) with U(h) = f x g and we can isolate the two components
obtaining ({h}, f,9). O

We now construct the candidate left adjoint £ : Span(B) — rel(€). In order to do so we

need opfibrational structure.

Lemma 3.18. Let U: £ — B be an opfibration with truth functor K. The map which
sends (X, s1,4,s2,B) in Span(B) to (A, B, ¥, .,)KX) in Rel(£) extends to a functor
L : Span(B) — Rel(&).

Proof. Given a morphism (f,g,h) : (X,s1,4,s9,B) — (X', s}, A, s5,B’) in Span(B),

L(f,g,h) is defined using the universal property of (si, 32>§(  in the following diagram

L(f.g9,h)
Doy, eo) X = === = = Ds) ) KX
<51:32>KX ‘<sll’82>§<X’
KX KX'
Kf
over the diagram
Ax B el A’ x B
(s1,52) (s1,55)
X X'
f
in B, which commutes since (f, g, h) is a morphism in Span(B5). O

We need the following result in order to prove that £ and rel(P) are adjoint functors.

Lemma 3.19. Let U: £ — B be a fibration with K 4 {_}. For every object A in B, the

morphism 7x 4 is an isomorphism g 4: {KA} = A.

Proof. Since K is full and faithful, the unit 7 of the adjunction K - {_} is a natural
isomorphism. Using the triangle identity exa o K(n4) = id we have ex4 = K(na)~ L.

Finally mga = Ulera): {KA} = A. O
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In order to show that £ is actually left adjoint to rel(P), a little extra structure is required:

Definition 3.20 ([Jac93]). We say that a fibration U: £ — B admits full comprehension
if U admits comprehension, and the functor P : £ — B~ induced by {_} from Lemma 3.16

is full and faithful.

Note that, just like [Jac93], we require P to be both full and faithful in order for U to
admit full comprehension.
Lemma 3.21. Let U: £ — B be a faithful bifibration with truth functor K and full

comprehension. Then £ — rel(P).

Proof. We describe a natural isomorphism

Homre|(g)(£(X,S]_,A,SQ,B),(A,,B/,R,)) =

Homspan (B)((X, 51, A, 52, B), rel(P)(A’, B', R')).

Given (f,g,a): (A, B, X, s, KX) — (A", B, R') in rel(£), consider the composition « o

(s1,89)%: KX — R'in £. By applying P, we obtain the commuting diagram

{(s1,52)8} {a}
(KX} 2 {5, o KX} {R'}
TKX T (g, ,50) KX TR
X Ax B A x B,
(s1,82) fxg

and since mxx is an isomorphism by Lemma 3.19, we can send the morphism (f, g, «)
to ({ao (s1,52)%} o Ty, f, 9) which is a morphism from (sq,s2) : X — A x B to mp :

{R'} = A’ x B’ in Span(B).

In the other direction, consider (f, fo, f1): (s1,s2) — mr/ in Span(B). Using the universal
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property of (s1, s2)5 we obtain

Kx =~

K{R)} % - R

e
e

(s1,52)5 I
Z( >KX

51,52

over the diagram

TR

x o my oA

(s1,82) fox f1
Ax B

in B, which commutes since (f, fo, f1) is a morphism in Span(B). We map (f, fo, f1) to

(fos f1, f7).

Direct calculation using faithfulness of the fibration and fullness of P proves that these

maps are inverse of the one another, as well as naturality. ]



Chapter 4

System F and categorical models

In this chapter we introduce System F and the notion of the A2-fibration and we show how

a A2-fibration constitutes a model of System F.

System F, also known as the (Girard—Reynolds) polymorphic lambda calculus or the
second-order lambda calculus, is an extension of the simply typed lambda calculus which
has quantification over types. It was introduced independently by Girard [Gir71] as a
logical system and by Reynolds [Rey74] in computer science. A good reference available

online is given by Girard, Taylor and Lafont [GTL89].

We start by introducing the simply typed lambda calculus and then we extend it to System
F. At the same time we present categorical interpretations for the two systems. We conclude

the chapter by recalling the notion of the internal language of a model.

We recall some definitions and properties of type theory in order to fix the notation, but in
general we assume that the reader is familiar with the basic notions of type theory like
terms, types, contexts, free variables, type substitution, «, 8 and n-equivalences and so on.
The reader less familiar with type theory can find a good introduction to the subject in

Pierce [Pie02].

4.1 Type theory

In this section we introduce the notion of type theory with the terminology and the notation
we use. Type theory is a class of formal systems. At the basis of each of these formal
systems there are different rules. The choice of different rules results in systems with very

different features.

52
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In a type system there are terms and types. We use (possibly indexed) lower case latin
letters a,t,x,t1, x, ... for terms, where the x and indexed z’s are for term variables, and
we use (possibly indexed) capital latin letters A, T, Ay, T,, ... for types. We write a: A for
a has type A. Often types are thought of as propositions. From this point of view, a term

a: A is a proof of A.

A context consists of a collection of given data (usually terms or type variables). We use

Greek capital letters I', A, ... for contexts.

In a type system, in order to state what is well defined, we have judgments. In this work

we use four different judgments:

e context judgments: I' ctx meaning “the context I' is well formed”;
e type judgments: I' - A type meaning “the type A is well formed in the context I'”;
e term judgments: I' - a: A meaning “the term a has type A in the context I'”;

e equality judgments: I' - a = a’: A meaning “the terms a and a’ of type A are
equal in the context I'”. We call these equalities judgmental equalities in order

to differentiate them from a different notion of equality we will introduce later.

Judgments are specified by providing inference rules. A typical inference rule has the
form
i ... I,
T

It says that we may derive the conclusion Z, provided that we have already derived the
hypothesis 71, ...,Z,. There may be extra side conditions that need to be checked before
the rule is applicable. A derivation of a judgment is a tree constructed from such inference
rules with the judgment at the root of the tree. It has shape of the form

;Cl Co ;03 ;C4
T v I Ty o Ly

T, Z;
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4.2 The simply typed lambda calculus

Traditionally the simply typed lambda calculus, denoted by A7, is presented as a type
theory with only one type constructor — for arrow types. We extend the system with the
constructor _ X _ for products. This is justified by the fact that we model the calculus in
cartesian closed categories which naturally come with products. For the same reason we
could also add the unit type. However, in this work, we will only need the product types

and then, for simplicity, we will consider only them.

A context I' in the simply typed lambda calculus consists of a list x1 : 11, ..., Ty, : Tppy of
distinct term variables z; with type T;. Term constants A F ¢ : T and base types can be
added if desired. We have term variables for which there is the following rule:

z; el
I'tx;:T;

This says that if z; : T; is a term variable in context I', then we can form the term z; : T;

in context I'.

Given two types 17 and T5, we can form the type 77 x T5 which consists of the product of

T1 and T5. We can introduce terms of product type using the following rule

AFt1:T1 AFtQZTQ
A}—(tl,tg):TIXTQ.

This says that given two terms ¢;: 77 and to: Th we can form the pair (¢1,t2). Dually we
have projections

Al_t:TleQ Al—tiTleQ

AI‘TFlt:Tl A}_ﬂ_Qt:TQ

There are additional rules describing the behaviour of terms of product type:

e First projection of a pair: if we project out the first component of a pair (¢1,t2)

we obtain tq:
AF (tl,tg)i T1 X T2

A }—71'1 (tl,tg) Etl ZTl
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e Second projection of a pair: if we project out the second component of a pair

(t1,t2) we obtain to:
A (tl,tQ)Z T1 X T2

A o (tl,tg) =ty: Ty

e Surjective pairing: a term t: 17 x T3 is equal to the pairing of its projections:

Al_t:TleQ
A"tE(Trlt,ﬂ'Qt)ZTleQ

e Congruence of pairing: if we pair equal terms the pairs are equal

Arbti=s1:Ty AbFty=59:Th
A}—(tl,tz)E(Sl,Sg):Tl ><T2

e Congruence of projections: the projections of equal pairs give equal terms

Al—tES:T1><T2
AFmt=ms:T)

AFt=s:T) xTh
AFmt=ms:Th

Next we focus on arrow types. Given two types 17 and 715, we can form the type 71 — 15
which consists of the functions from 73 to T5. The rule used to introduce terms for arrow
types is called A-abstraction:

Ax:TiHt: T
Al—)\$.t2T1—>T2.

This says that given ¢: Ty where ¢ might depend on x: T}, we can abstract over x (or bind
x in t), obtaining the function A\z.t. The A notation explicitly emphasises that the function

depends on x: Tj.

We call term application, or A-application the rule used to eliminate terms of arrow

types given by the rule
Al—f:Tl—>T2 Al—t:Tl

Al_ft:TQ
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This says that if ¢5 is a function from 77 to 75 and ¢; is a term of type T3, the application

of to to t; gives, as a result, a term of type T5.

Let I'z: AF ¢t: T and T' F a: A be two term judgments. We denote by t[x — a] the
term obtained by substituting @ in every free occurrence of = (see [Pie02]). Substitution
can be iterated: if we have the term judgment I',x: A,y: B+ t: T, the term judgment
[ z: At b: B and the term judgment I' F a: A, we can derive I' - t[y — b][z — a]: T
We write o = ([y — b], [z — a]) and we denote the substitution as o: (I',z: A,y: B) — I

Moreover we use the notation I' - t[o]: T for the result of the substitution.

Finally, in the simply typed lambda calculus there are additional rules describing the

behaviour of terms of arrow type:

e a-equivalence: terms are the same up to renaming of bound variables

AFXrt=My.tlx =yl T = Ty

e (-equivalence: term application of a A-term is given by substituting the argument

into the body of the term:

AF Az.t)s=tx s s|:Th

e n-equivalence: abstracting and immediately applying has no effect:

x & FV(t)
ArFt=dz.tz: T — 15

where FV(t) is the set of free variables in .

e Congruence of term application: if we apply two equal functions ¢; and to to

two equal terms s; and ss, the results are the same

Al—tlEtQZTl—>T2 A|—815822T1
AFtlletQSQ:TQ
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e Congruence of M-abstraction: two A-terms are equal if their bodies are equal:

A,$:T1|_t1£t22T2
AFXz.t1 =Xz ty: Ty — Ty

This rule is also called the &-rule.

Moreover there are three more rules which assures that the judgmental equality = is an

equivalence relation

o Reflexivity:

A-t=t:T
e Symmetry: A

Abs=t:T

Abt=s:T

e Transitivity: A A
Ft=s:T Fs=u:T
AFt=u:T

4.3 Interpreting the simply typed lambda calculus in a CCC

We now give the details of the interpretation of the simply typed lambda calculus in a
cartesian closed category. In order to settle the notation, recall that a category C with
finite products is cartesian closed if the functor — x A : C — C has a right adjoint A = _

for each object A, i.e., for each A, B, there is an object A = B and an isomorphism
0 : Homc(A X A, B) = Homc(A,A = B)
natural in A and B. We denote the evaluation map of the exponential objects by

evap: (A= B)x A— B.

The simply typed A-calculus is interpreted in a cartesian closed category by interpreting
each type A as an object [A], contexts A = x1 : Ay, ..., 2, : A, as [A] = [A1] x ... x [4,],

and each term z7 : Ay, ..., 2, : Ay Ft: B as a morphism [z; : Ay,...,2,: Ayt : B]:
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[A1] x ... x[A,] — [B], which, when 1 : Ay,...,z, : A, and B are clear from the context

or they are not relevant, we denote just by [t] for brevity.

We interpret types inductively by mapping every base type A to an object [A] in the
category, and then, using the cartesian closed structure, we interpret [A; x Ao] = [A1] x[A2]

and [[Al — A2]] = [[Al]] = [[AQ]]

The term interpretation is given inductively as follows:

[21: Avyvo s AnFag s A =m0 AL % .. x Ay — A
[AF (t, )t Ay x Ao = ([A b t1: Ay, [AF ta: Ag])
[AFmt: Aj] =mo[AFt: Ay x Ao
[AF mot: As] =m0 [AF t: Ay x Ag]
[AFAz.t:A— Bl =0([A,z: AFt:B])

[AF ft:B]l=evapo([AF f:A— B],[AFt:A])

Each substitution o : A — I' gives rise to a morphism [o] : [I'] — [A], and one can
prove that [I' - t[o]] = [A F t] o [o]. In particular [z — a] : (T',z : A) — T is given by
(id,[a]) : T — T x A. Tt is easily checked that [(Az.t)a] = [t[x — al].

This model is sound:

Theorem 4.1. If A -t = s: A insimply typed lambda calculus, then [t] = [s]: [A] — [4]

in the cartesian closed category. O

We will often implicitly use the following lemma:

Lemma 4.2. We have the following:

L o7 ([F Az : A x]) = idu).

2. Forall Al f:B—Cand Al g: A— B, wehave 0~ ([~ \z. f(g(x))]) = 0~ ([A F
) o {m, 071 ([A + g])-

3. In particular, if A is empty then 0= ([~ Az. f(g(x))]) = 071 ([F £]) o 071 ([F g]) up

to the isomorphism 1 x B & B.
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Proof. 1. 07N[F Az :A.z]) =0"1(0([z: A+ 2])) = idpay.

2. For simplicity we write [f] and [g] instead of, respectively, [A F f] and [A F g]. We

have

I ([AF Az, f(g(z)): A= C]) =07 (0([A, z : A+ f(g(z)) : C]))
= evo ([f]om,evo(lg]om,m2))
=evo ([fom,evo([g] xid))
=evo ([f]om, 07 ([g]))
—evo ([f] xid) o (m1,0~"([g]))
=67 ([f1) o (1,0~ ([9]))

3. One part of the isomorphism 1 x B = B is given by (!p,id), where !p : B — 1
is the unique morphism from B into 1. By uniqueness of this morphism, we have
lixa =m = 5ol ([g]), so that 0~ ([- Az f(g(2))]) = 0~ ([ f])o('B,id) o ([
gl) = 071 f]) o 6~ ([- g]) simply by instantiating (2).

4.4 System F

System F extends the simply typed lambda calculus by permitting abstraction not only

over terms, but also over types. For this reason there are two different classes of variables:
e type variables of the form Xj,..., X},
e term variables of the form xq : 11, ..., Ty, : Ty

The two different classes of variables form two different contexts:

e the type context consists of a list of type variables Xy, ..., X,,, and we typically

denote it by T,

e the term context consists of a list of term variables x : 11, ..., T, : Ty, which we

typically denote by A.
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Type judgments

X; el I'FTy type T'F T, type I'FT) type I'FT5 type
I' = X; type I'=1Ty — Ts type I'+1T) x Ts type

Term judgments

T, € A ARt Ty x Ty ARt Ty x Ty
ARz T; CAFmt:Th ARt Ty

ARt Ty Abty: Ty ATt T,
F;A'_(tl,tz):TIXTQ F;Af‘)\.%.t:Tl—)TQ

AR f:Ty =Ty TARE:TY
AR ft: 1o

Figure 4.1: The simply typed lambda calculus with type variables

A context in system F consists of both a type context I' and a term context A such
that every type T; in A is well formed according to I', i.e. there are type judgments
I' - T; type for every T; in A = x1 : 11, ..., xm, : T;n. When we write I' = A it means that
the previous condition is satisfied for every type T; in A and we can form the context

A=Xq, .., Xz T, oy - T

Traditionally there are three classes of types: type variables, arrow types and forall types,
but, like in the case of simply typed lambda calculus, we also add product types. We
consider a-convertible types equivalent. If desired, base types or other type constants
I' = C type can also be added to the system. It is possible to add term constants ['; A - ¢ : T
as well. We still have term substitution as in the simply typed lambda calculus, and there

is also substitution for types.

System F is an extension of the simply typed lambda calculus. We recall the rules for
the simply typed lambda calculus with type variables in Figure 4.1, where we omit the
congruence relations and the rules making = an equivalence relation. Compared to section

4.2 the only difference is that we also have a context of type variables.
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The crucial type judgment for system F is the one which forms forall types:

X FT type
I'FVX.T type

This says that if a type T is formed assuming a type variable X, it is possible to abstract
over X obtaining the type VX.T'. Note that, once X is bound in VX.T, the type variable X
does not appear anymore in the type context. This structure corresponds to the structure

of second-order logic, where one can quantify over properties (see Girard [Gir71]).
The introduction rule is given by A-abstraction:

I X:Art:T
'ARAXGE:VX.T

(X ¢ FTV(A))

where X is not a free type variable in A. This rule permits to abstract over types.
The elimination rule is type application:

T'AFt:YX.T T+ AType
DARtA:TIX — A

which says that applying a type A to a term ¢ of type VX.T, we obtain a term ¢ A of type
T[X — A], where T[X — A] denotes the capture-free substitution of the type A for the

free occurrences of X in the type T.

The judgmental equalities for terms of forall type are:

e a-equivalence:

;AR AX. t=AY.4[X — Y] : VX.T

e [-equivalence:

AR (AX.)A=t:T[X — A

e 7-equivalence:
X ¢ FTV(t)
AFt=AXt X :VX.T
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e Congruence of type application:

ARt =t : VX.T
AR A=t A:TIX — A

e Congruence of A-abstraction (or &-rule):

F,X;Al—tlEtQ:T
T'AFAX 6 = AX 6y : VX.T

Extensionality Because of the n-equivalence and the congruence of A and A abstraction,

it is easy to derive extensionality for both functions and type abstractions:

Proposition 4.3.

1. )ARt=s: Ty > THhif Ao Tibte=sx: Th.
2. T AFt=s: VXTI T, X; ARt X =sX . T.
Proof. The left-to-right directions are just the congruence rules. For the other direction,

we have

t%)\x.txé )\a:.sx% s

and similarly for type abstractions. O

4.5 Categorical models of System F — \2-fibrations

A2-fibrations are standard categorical models of System F (see [See87,Jac99]). The point of

Chapter 5 is to construct a A2-fibration based on bifibrations for modelling parametricity.

We start with some definitions which will lead to the notion of A2-fibration as given

in [Jac99).

Definition 4.4. Consider a fibration p: £ — B and an object T in £. We say that T is
a generic object if for every object X in &£ there exists a morphism w: pX — pT and a

cartesian morphism f: X — T over u.
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Equivalently T is a generic object if for every object X in £ there exists a unique morphism

u: pX — pT and a vertical isomorphism f: v*(T) — X.

In the case of split fibrations, the definition simplifies to the notion of split generic object.

Definition 4.5. A split fibration p: £ — B has a split generic object if there is an
object €2 in B together with a collection of isomorphisms &r: B(1,2) = |€1| natural in 1

with respect to reindexing; that is, for v: J — I, the following diagram commutes

B(I,Q) L |&)|

B(J,Q) —— |&1l.

Definitions 4.4 and 4.5 are linked by the following lemma (see [Jac99]).

Lemma 4.6. A split fibration p: £ — B has a split generic object if and only if there is
an object T in & with the property that for every object X in £, there exists a unique

morphism u: pX — pT such that v*T = X.

Proof. If there is a split generic object (€, &), take T' = £q(idg). Then for every X € & we
have that £, 1(X): T — Q satisfies

N X)N(T) = &71(X)* (€alidn)) = &r(ido o &7 1(X)) = X,

where the second equality holds because of the naturality of £. It is easy to see that 5;1()( )
is the unique morphism u satisfying this property: we have X = «*T = £;(u) where we use
again naturality of £ for the second equality. Since £; is an isomorphism, we can conclude

that &7(¢; (X)) = X = &7(u), hence &'(X) = u.

In the reverse direction assume 7" in £ as in the statement of the lemma, and write 2 = pT’
in B. For every I in B and u: I — Q let {;(u) = w*T. This is clearly a bijection. Moreover

&r(uov) = (wov)* T = v*(u*T) = v*(§;(T)), for every v: J — I. O

Definition 4.7. We say that a fibration p: £ — B is
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e a A\ — -fibration if it is a fibred CC fibration with a generic object T' (we write

Q = pT') and B has finite products;

e a A2-fibration if it is a A\ — -fibration with simple Q-products, where Q = pT'.

A )\ — -fibration is split when the fibration itself is split, the cartesian closed structure in the
fibres is preserved on the nose by reindexing and the generic object is split. A A2-fibration
is split, if the underlying A — -fibration is split and moreover the Beck-Chevalley condition

for simple products holds in the form that the canonical isomorphism is the identity.

We can now interpret simply typed lambda calculus with type variables in a A — -fibration
p: &€ — B which we can assume to be split (see [See87]). We use the objects in the base
category of the A — -fibration to model type contexts. The cartesian closed structure in
the fibres allows us to interpret arrow types and term contexts exactly as for the case of

simply typed lambda calculus with cartesian closed categories.

We start from a type judgment I' - T' type. We interpret [I'] as an object in B and [T7]
is an object in &y, i.e. an object in & which lives in the fibre over [I']. Every type

context I' is of the form I' = X;,..., X,, and we interpret it as [I'] = Q x ... x Q. The
———

m-times

interpretation of types is done by induction on type judgments. A base type - A type
is interpreted as an object [A] in & living over the terminal object 1 of B (the terminal
object exists since it is the empty product and in B there are finite products). A type
variable X F X type is interpreted as o (idg). When we have a judgment for type variables
like X1,..., X, F X, type, with i € {1,...,n}, the interpretation is given by 7/¢q(idn),
where m;: 2 x ... x 2 — Qin B is the projection on the i-th component. This operation

N-times

corresponds to the weakening of the context. Note that, by the definition of the generic
object, we have 7} ¢q(idq) # 7;&a(ida) if i # j.

The interpretation of product types I' - U x V type and arrow types I' - U — V type is
given by the cartesian closed structure in the fibres. In fact both [U] and [V] live in the
fibre over [I'], and we can define [U x V] := [U] x [V] and [U — V] = [U] = [V] in the
fibre over [I'].

If we want to model System F we need to add another feature: the interpretation of forall
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types. A2-fibrations allow us to interpret forall types by using simple 2-products, where €2
is the generic object. Given I' - VX.T', we define [VX.T] = V[rj([T]), where Vrj is the
right adjoint to the reindexing functor 7 : &y — Eryxq which exists because there are
simple Q-products. When [I'] is clear from the context, we write only V. Note that this is
well defined since [77] lives in the fibre over [I', X, which, by definition, is [I'] x Q.

The next step is the interpretation of term contexts and terms. Given a term context
A=xy:Ty,...,2,: Ty, its interpretation is given by the product [A] = [T1] x...x[T3,]. A
term judgment I'; A = ¢: T is interpreted as a vertical morphism [¢]: [A] — [T7]. Since the
morphism is vertical it lives in the fibre over [I']. In order to show how to interpret terms,
we first need to model type substitution, which is fundamental in the interpretation of terms
of forall types. Each substitution o: I — I" gives rise to a morphisms [o]: [I'] — [I']. In
particular consider the substitution o = [X — A]: I, X — T, we saw that by iterating we
can cover also substitutions of the form [X; — Ay,..., X, — A,]. It is possible to prove
that [o]: [T] — [I] x Q in B is given by [o] = (id, &1 ([A])). The following lemma shows

that substitution is given by reindexing:

Lemma 4.8. Let I', X - T type and I' - A type be two type judgments. The interpretation
of T - T[X + A] type is given by [T[X +— A]] = (id, &1 ([A])*([T]).

Proof. The proof is done by induction on type judgments.

Type variables. Let I', X I X type be a type judgment for a type variable X. Recall
that X[X — A] = A and X[Y — A] = X if Y # X. For the first case we simplify and

consider the judgment X F X type, the general case follows by weakening. We have that

&HIADM(IXD) = &M([AD* (Galida))
= [4]

where the second equality uses the same argument as in the proof of Lemma 4.6. In the
other case note that 7xj o (id, & H([A])): T — Q is equal to m[x], Where, by abuse of

notation, we denote by 7[x] the morphisms projecting the component related to X both
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with domain I' and I" x €, since it is clear from the context to which one we refer. Since

the fibration is split, we have

(id, & ([AD) oy = (mpag o (id, & ([AD))*

= Tx]

and, by definition of weakening, we conclude (Ca(idq)) = [X].

Product types. Let I') X F U x V type and I' - A type be two type judgments. Using
the induction hypothesis and the fact that reindexing preserves fibred products we have

the following derivation:

[(UxV)X = A]] = [UXw—AxV[X— A
= [UX = Al x [V[X = A]]
= (id, & ([AD)*[UT x (id, & ([A])*[V]
= (i & ([AD)*([U x V)

Arrow types. Let ', X FU — V type and I'" - A type be two type judgments. Using
inductive hypothesis and the fact that reindexing preserves fibred exponentials we have

the following derivation:

[(U—=V)X—A]] = [UX—A —-V[X~— A]]
= [UX—A]]=[V[X — A]]
= (i, & ([AD) [U] = (id, & ([AD) " [V]

= (id, & ([AD) (U = V])

Forall types. Let I'; X - VY. T type and I' - A type be two type judgments. If we have
(VY.T)[Y — A] = VY.T, this formula come from some weakening and then the thesis follows
similarly to the case of type variables X[Y — A] = X. Otherwise consider the following

derivation in which we use Beck-Chevalley condition to swap V with reindexing and the



4.5. Categorical models of System F — A\2-fibrations 67

induction hypothesis:

[(VY.T)[Z — A]] = [WW.(T[Z+— A])]
= Vrp(({id, & ([AD) x id)*[T])
= (id, & ([AD) (Ve (IT]))-

Note that the second equality holds because [T] lives over the object [I'] x © x £, but we
have that (id, &7 1(A))*: Erpxa — &rp- We are then in a weaken case and it holds that
((id, 671 (A)) om)* = (w0 ({id, £ 1(A)) x id))*.

O]

We now describe how to interpret terms, by induction on the term. Let |I'| = n and

A:$1:T1,...,$m:Tm.

Term wvariables. The interpretation of a term variable I'y A - x;: T; is given by the

projection: [z;] == m;: [Th] x ... [Twn] — [T3].

Product pairing. Consider I'; A+ (u,v): U x V. By the induction hypothesis, we have
that [u]: [A] — [U] and [v]: [A] — [V]. We define [(u,v)]: [A] — [U x V] as ([u], [v])-

Product projections. Consider I'; A F m;t: U;, where ¢ € {1,2}. By the induction
hypothesis we have that [¢t]: [A] — [U1] x [Uz], and we define [r; t]: [A] — [U;] as m; o [t]

where m; is the projection morphism in the category.

Function terms. Consider I'; A+ Ax.v: U — V. By the induction hypothesis, we have
that [v]: [A] x [U] — [V]. We define [Ax.v]: [A] — [U — V] by 0([v]).

Term application. Consider ' AF¢: U — V and I A - w: U, we want to interpret
[ A F tu: V. Its interpretation is given by postcomposing with ev (the evaluation map for
exponential objects). In detail we define [tu]: = evo ([t], [u]), where [t] and [u] are given

by the induction hypothesis.
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Type abstraction. Given I') X; A Ft¢: T we want to interpret I'; A+ AX.t: VX.T. We
denote by v: HOHI(WEF]LQ [A][T]) = Hom([A], [VX.T]) the isomorphism given by the
adjunction. Using the induction hypothesis we have [t]: [A] — [7] and we consider
[1] o mjry Ty o[A] = [T]. We then define [AX.£] = v([t] o ).

Type application. The last term judgment we want to interpret is T'; A - tA: T[X — A
assuming A F ¢: VX.T and T' = A type. We use the universal property of cartesian
morphisms in order to interpret tA. First, using the universal property of W%, we find the

following morphism

[[%]] [T]
ol X over <id7§[r]]([[Aﬂ)>i \
WT[[A]]T'[[A]] [T, X] ——[I']

Next, using the universal property of (id, &7*([A]))?, we can find [tA] as follows

[A] [T]
‘ v! oa i
[tA] 1 (D over idl W»
y
TX — Al]| —— [T I'—— [T, X].
[T1X = Al (id,&x ([A]))* 7] ] (id,£([AD) [T, X]
This model is sound:
Theorem 4.9. If A+t =s: Ain System F, then [t] = [s]: [A] — [A]- O

As a consequence of soundness we have that, given two term judgments I'; A+ f: A — B
and A F g: A — B, if [IA,2: AF fz] = [[5A,2: A b gz], then [ITA F f] =
[T; A F g]. Similarly, given two term judgments I'; A+ ¢: VX.A and T; A F s: VXA, if
I, X;AFtX] =1, X; At sX] then [IAF¢] = [T A F s].

4.6 Internal language

The internal language allows us to use type theory to reason about categories. In Chapter

5 the use of internal language will allow us to prove properties of the categorical model. We
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reach the internal language of a A\2-fibration in two steps: we first focus on the cartesian
closed structure in the fibres and present the internal language given by the simply typed
lambda calculus, and then we extend it to the A2-fibration as System F. There is a

comprehensive presentation of internal language in Taylor [Tay99].

4.6.1 Cartesian closed categories

Let C be a cartesian closed category. In this subsection we show that we can use simply

typed lambda calculus in order to reason about C.

The idea is to use the fact that if we specify all the type constants and term constants of a
particular simply typed lambda calculus, then we completely identify it. What we do is
taking a cartesian closed category C and from this category we derive the type and term
constants which form a simply typed lambda calculus. In this way, we can reason about
the category using expressions in simply typed lambda calculus. In order to make this
useful we will need to add some morphisms which will allow us to work with the internal
language, like for example to treat exponential objects of C as arrow types in the type

system or products in C as products of types in the type system.

We describe a map internal: |[CCC| — {A\-calculi} where CCC is the category of cartesian
closed categories (small cartesian closed categories with specified structure and functors
preserving the structure on the nose), while the codomain is the collection of all the different

simply typed lambda calculi.

Type constants

Every object A in C defines a type constant - A type.

Term constants

Every morphism f: A — B defines a term constant - f: A — B.

Duplication isomorphisms: we need terms in order to identify 1 with the unit type,

A1 x Ag with 4 x Ay and Ay — Ay with Ay = Ay. These terms are:
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e unit type:

e product types:
Fprody p: (AxB)— AxB

e arrow types:

I—IamA7B:(A—>§)—>A:>B

Term equalities

First of all we want to think of morphisms f: 1 — A as terms of type A. In order to do

that we add an equality making 1 the unit type:

z:1Fz=x%:1.

In this way, given f: 1 — A in the category, we have f*: A in the syntax.

We add another rule which identifies term application and substitution in the following

way: for every pair of morphisms f: 1 — A and ¢g: A — B in the category we have

Fg(fx)=(gof)x: B

For the product types we add the equations

t: AX Bt prody g(mt,mat) =t: Ax B

t: AX B (m(prody pt), me(prody gt)) =t: Ax B

Here m1: Ax B —+ A and m: A X B — B are the internal terms corresponding to the
external projections m1: A X B — A and m: A x B — B. The equations above thus state
that A x B = (A x B). Semantically, we interpret prod, 5 as the identity morphism. We

will often abuse notation and treat A X B and (A x B) as identical.
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Next we add the following equations for function types:

x: A= BlFlamgp(Aa.evyp(z,a)) =2: A= B

y:A—BFXa.evap(lamypy,a)=y: A— B

Here, evy B! (A = B)xA — B is the internal term corresponding to the external evaluation
map evap : (A = B) x A — B (up to the isomorphism (A= B) x A= (A= B) x A).
The equations above thus state that A = B = (A — B). Semantically, we interpret lam4 p
as the identity morphism. We will often abuse notation and treat A = B and (A — B) as

identical.

We now extend this internal language to A2-fibrations.

4.6.2 \2-fibrations

Let p: &€ — B be a A2-fibration. In this subsection we show that we can use polymorphic

lambda calculus in order to reason about p.

We use the same idea as in the case of cartesian closed categories and simply typed lambda
calculi: we specify all the type constants and term constants of a particular polymorphic

lambda calculus.

We describe a map internal: {\2-fibrations} — {A2-calculi} where {\2-fibrations} is the
collection of A2-fibrations, while the codomain is the collection of all the different poly-
morphic lambda calculi. Recall that a type context is of the form I' = X4,...,X,, and

we interpreted it as [I'] = 2 x ... x Q. In a A2-fibration the interpretation lives in the

T-times

base category, but, thanks the previous observation, only objects of the form Q x ... x Q
—_———

TN-times

correspond to type contexts.

Type constants

For every type context I' and object A in &y, add a constant I' = A(T') type, where

I'=Xy,...,X, and A(T") = A(Xy,...,X,) is given with its type variables as arguments.
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Term constants

For every context I' and vertical morphism f: A — B in &rp, add a term constant

Tk f: AT) - B(I).

Duplication isomorphisms: in this case we need to identify also VA(T") and VX.A(T', X),

so that we have the following terms:

unit type:
Fx: 1()

product types:
[t prody g : (A(T) x B(I")) = A x B(T)

arrow types:

I'-lamag : (AT) = B(I')) = A= B(T)

forall types:
I'F Lama : (VX.A(T, X)) — YA(T)

Term equalities

We add an equality making 1 the unit type:

Az: 1) Fz=*: 1(),

and again we identify term application and substitution: for every pair of morphisms

f:1— Aand g: A — B in the category we have
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We have the following equations for product and arrow types:

[5t: Ax B(T') Fprodg g((m1)a,Bt, (m2)apt) =t: Ax B(I)
Pits A(T) x B(T) b ((x0) a(prod s s ), ((m2)am(prod s ) = t: AT) x B(T)
Iiz: A= B(I') Flama g (Aa.evap (2,a)) =2 : A= B(I')

Iiy: AT) = BI') F Xa.eva g (lamapy,a) =y : AT') — B(I)

For every object A in the total category of a A2-fibration and substitution o : I' — I in

the type system, we define A(T)[o] = [o]*A(T).

Finally for forall types we have the equations

e : YAT) F Lamg (AX.eq2) = o : VA(I)

Iy : VXA, X) F (AX.ea (Lamay)) =y : VXA, X)

Here €4 is the term corresponding to the counit € : 7%V — Id of the adjunction 7* 4 V. The
equations above thus state that YA(I') = VX.A(T', X). Semantically, we interpret Lam4 as
the identity morphism. We will often abuse notation and treat YA(I") and (VX.A)(T', X)

as identical.



Part 11

Bifibrational Parametricity

74



Chapter 5

Bifibrational parametricity

In this chapter we recall Reynolds’ relational model for System F and in particular the
two properties which permit to restrict to parametric polymorphic functions: the Identity
Extension Lemma and the Abstraction Theorem. We show that Reynolds’ model forms
a A2-fibration where the objects in the total category have a fibrational structure. The
A2-fibration constructed in this way is part of a more general framework of models of System
F in which we can express the Identity Extension Lemma and the Abstraction Theorem.
As a sanity check we conclude this chapter by showing that the expected properties of

parametricity follow. This chapter is based on our work [GJNF*15].

Note that since we want to cast everything within the unifying framework of fibrations,
we will use the language of fibrations also if, in some case like Theorem 5.3 or Theorem
5.6, the fibrational properties are unnecessary. In any case the fibrational structure will be

essential in Chapter 6.

We fix some notation for this chapter. Consider a bifibration U: & — B and the associated
fibration of relations rel(U): Rel(£) — B x B. Objects in the base category B will be
denoted by A and B, possibly indexed like for example A; and B;, and relations by R
and indexed R;, where R is a relation between A and B, and R; is a relation between A;
and B;. With A and B we denote n-tuples of objects (A1,...A,) and (By,...,B,) in B,
while R is an n-tuple (Ry, ..., R,) of relations between A and B living in Rel(£). Note
that an alternative way to say that R is a relation between A and B, is to say that R is in

Rel(€)a,p), i-e. the fibre over (A, B) with respect to rel: Rel(£) — B x B.

75
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5.1 Reynolds’ relational model

In this section we recall Reynolds’ set-theoretic model based on [Rey83]. We remind that,
in order to have a set theoretical model, we need to work in the (intuitionistic) internal
language of a topos [Pit87], or in the Calculus of Constructions with impredicative Set
because, as Reynolds discovered, there are no set-theoretic models if the meta-theory is

classical logic [Rey84].

We skip most of the proofs in this section because the results are a particular instantiation

of more general statements appearing later in this chapter.

In this section and the following we restrict to the case of the fibration of relation rel: Rel —
Set x Set. For this reason A or B will be n-tuples of sets, R will be an n-tuple of relations

over sets, and so on.

5.1.1 Semantics of types

Reynolds presents two “parallel” semantics for System F: a standard set-based semantics
[—]o, and a relational semantics [—];. Types are interpreted as maps which take (respec-
tively) an n-tuple of sets (relations) to a set (relation). We represent such maps as functors
with discrete domain since, in these cases, a functor is just a map between objects. Given
'+ T type, where the type context I' contains |I'| = n type variables, Reynolds defines
interpretations [To : |Set|" — Set and [T7]; : |Rel|?A,B) — Relpry,4,p17,3) by structural

induction on type judgments as follows:

Type variables. The interpretation of type variables is given by projection maps:

[[XzﬂOA = Az and [[XzﬂlR = Rz
Product types. The interpretation of product types is given by using cartesian products:

[[U X V]]OA = [[U]]QA X [[V]]()A

[[U X VﬂlR = [[U]]lR X [[V]]lR
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Arrow types. The interpretation of arrow types is given by using exponential objects:

[[U — V]]of_l = [[U]]of_l = [[V]][)A

[[U — V]]lR = [[U]]lRZ> [[V]hR

where the exponentiation in the category of relations is defined by R = S = {(f,9) | (a,b) €

R implies (fa, gb) € S}, i.e. the set of pairs of maps preserving the relations.

Forall types. The interpretation of forall types is based on maps f: [[g.g0¢[Z770(4, S)

which take a set S as input and compute an element of the set [T]o(4, S):

MXTI0A = {f: [[ IT10(A.S) | VR € Reliuz). (FA" FB') € [T](Eq" A, R}
S:Set

VX.ThR ={(f,g) | VR € Relu p.(fA,gB) € [Ti(R, R')}

We call the condition YR’ € Rel 4 gy . (fA', fB') € [T]1(Eq" A, R') the parametricity
condition because it is the condition which cuts down all the polymorphic functions to

the parametric ones.

The definitions of [VX.T]p and [VX.T]; depend crucially on one another. Thus, there are
not really two semantics — one based on Set and one based on Rel — but rather a single

semantics based on the fibration rel : Rel — Set x Set.

The two level semantics is such that the relational interpretation of every type preserves

equality relations' as stated by the Identity Extension Lemma:

Lemma 5.1 (Identity Extension Lemma). If T' - T type then [T];0|Eq|"l = Eqo[T]o. O

The Identity Extension Lemma is key for many applications of parametricity.

'Reynolds’ approach also handles “identity relations” that are not equality relations, such as the
information order on domains. In this work, like many others [BFSS90, BM05, Her06, PA93], we only treat
equality relations.
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5.1.2 Semantics of terms

Reynolds’ main result is his Abstraction Theorem, stating that all terms send related
environments to related values. Reynolds first gives set-valued and relational interpretations
of term contexts A = x1 : Th,...,x, : T, by defining [A]og = [T1]o X -+ x [T]o and
[A]1 = [Th]1 x -+ x [T,]1. He then interprets each judgment I'; A - ¢ : T' as a family
of functions [t]oA : [AJoA — [T]oA by induction on term structure. We denote by

(ai,...,a,) an n-tuple of elements in [A]oA where n = |A].

Term variables. The interpretation of a term variable I',x1: Th, ..., xm: T b xi: T;
with 1 <147 < 'm, is given by

[z:]oA(a1, ... an) = a;.

Product pairing. Consider I'; A F (u,v): U x V. By the induction hypothesis, we have
the two families of morphisms [u]o: [AJo — [UJo and [v]o: [AJo — [V]o. For every A in
ISet|I'l and every element t € [A]oA, we define [(u,v)]oAt == ([u] A, [v]A) t

[UloA x [V]oA

[U]oA (IuloA oo ) [V]oA

[uloA | M

[A]oA.

Product projections. Consider I'; A + m;t: U;, where ¢ € {1,2}. By the induction
hypothesis we have the family of morphisms [t]o: [A]o — [Ui]o % [Uz]o, and we define

[ t]o :== m; o [t]o where 7; is the projection morphism in Set.

Function terms. Assume ;A F Az.v: U — V and let u be an element in [UoA. The

interpretation [Az.v]oA(ay,...,a,) is the map [UJoA — [V]oA given by
Mz.v]oA(ar,. .., an)u = [v]o(al,...,an,u).

It is well defined since, by induction, [v]o: [AJo x [UJo — [V]o-
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Term application. Let I';AFt: U =V and I'; AF w: U be two term judgments. By

induction

[[t]]ozi(al, R ,an): [[U]]ozzl — [[V]]()le and [[u]]ofl(al, e ,an) S [[U]]()A

and then we can define

[tu]oA(as, ..., a,) = [tloA(a1,...,a.)([u]oAlas,. .., a,)).

Type abstraction. Consider ' A - AX.t: VX.T. By the induction hypothesis we have
a family of morphisms [t]o: [AJo — [T]o. We use this family to define the element
[AX t]oA(a1,. .. an): Ils. set[T]o(A, S) as follows

[AX .t]oA(ay,...,a,)S = [t]o(A, S)(ai,...,a,).

It is well defined since, in the type abstraction rule, X does not appear in A and for
this reason (ay,...,a,) € [AJoA = [A]o(4, S). Note that, a priori, this element does not
satisfy the parametricity conditions. The parametricity conditions will follow from the
Abstraction Theorem as we will show in the proof of Theorem 5.2. Formally, this means
that we have to define the interpretation of terms and prove the Abstraction Theorem

simultaneously.

Type application. Consider the term judgment I'; A F tV': T[X — V]. By the induction

hypothesis [t]oA(a1,...,a,) € [VX.T]oA. The interpretation is given by

[tV]oA(as,...,a,) = [toA(a1,...,a,)[V]oA.

The Abstraction Theorem shows how to interpret terms at the relational level: it states

that the set level interpretation of terms naturally extends to the relational level.

Theorem 5.2 (Abstraction Theorem). Consider the term judgment I'y A - ¢: T'. For every

n-tuple of relations R, if (a,b) are related in [A]1 R, then ([t]oAa, [t]oBb) are related in
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[T]1R.

Proof. This result is a particular case of the more general Theorem 5.26. Anyway, it is
interesting to see the case of type abstraction because it shows how this theorem is related

to the parametricity condition.

The interpretation for type abstraction is given by
[[AX.t]]()A(CLh oo ,an)S == [[t]]o(z‘_l, S)(al, e ,an).

Note that ([AX.tJoAa A, [AX .t]oB b B) are related in [T];(R, R) for every relation R. In
fact, by definition of [AX.t]o, it is equivalent to prove that ([t]o(A, A) a, [t]o(B, B) b) are
related in [T]1(R, R) for every relation R, which follows by the induction hypothesis and
the observation that, since X does not appear in A, we have [A];(R) = [A]1(R, R) for

every relation R and in particular (a,b) € [A]1(R) = [A]1(R, R).

It follows that if [AX.t]JoAa is in [VX.T]pA for every A and a € [AJoA, then the Ab-
straction Theorem holds for [AX.t]o. Note that using the Identity Extension Lemma we
have (a,a) € [A]1Eq(A) = Eq([A]oA) and then ([AX.t]JpAa A, [AX.t]oAa B) are related
in [T]1(Eq(A), R) for every R. This latter condition is in particular the parametricity

condition and then we have the thesis. O

5.2 Reynolds’ model as a \2-fibration

In this section we restructure Reynolds’ model presented in Section 5.1 in order to produce

a A\2-fibration.

5.2.1 Reynolds’ model, restructured

The interpretation of types in Subsection 5.1.1 comes with the fibrational structure

rel: Rel — Set x Set. Reynolds’ definitions of [—]o and [—]; entail the following theorem:

Theorem 5.3 (Fibrational Semantics of Types). Every judgment I' - 7" induces a fibred
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functor [T7 : |rel|Fl — rel.

IRel|/! [ Rel
|re|r‘l rel
T T
|Set|* | x |Set| ol Set x Set

Reynolds does not give a functorial action of types on morphisms. This is reflected in
the appearance of discrete categories in Theorem 5.3. As a result, Reynolds’ pointwise
interpretation of function spaces is the exponential in the functor category |reIUF‘ —
rel [Rob94]. In fact instead of acting on morphisms, the interpretation of types acts on
graph relations induced by morphisms. For now, we simply note that the use of discrete
domains does not take us out of the fibrational framework; Lemmas 2.38 and 2.39 ensures

that [T7] is a functor between fibrations.

We use the following definition to restate the Identity Extension Lemma from a fibrational

perspective.

Definition 5.4. We say that a fibred functor (Fi,Fy x Fp): |rel|” — rel is equality

preserving if F} o |[Eq|” = Eq o Fy.

Within fibrational language it is possible to state the Identity Extension Lemma exactly as

Theorem 5.5 (Identity Extension Lemma). Let I' - T type be a type judgment. Then

[T] is equality preserving, i.e. the following diagram commutes

|Rel|!" [ Rel

|Eq|'F'T TEq

D

Note that when we say equality reserving, we mean to map the discretisation |Eq|‘FI of
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equality on the left to equality on the right. The left-hand discretisation is not the equality

functor in the discrete fibration.

Using fibrational language we can restate the Abstraction Theorem in the following way:

Theorem 5.6 (Abstraction Theorem). Let A, B € Set"l and R € Rell(4, B). We can
interpret every judgment I'; A ¢ : T' as a fibred natural transformation ([t]1, [t]o % [t]o) :
[A] = [T].

[Al:

/—\
IRel|" — Ym ZRel
[T

[rel] T rel
[AJox[Alo
_Bloxl2b
|Set |l x |Set|!T J [tlox[tlo  Set x Set
-
[TTox[TTo
Proof. We have that ([t]1, [t]o % [t]o) is a fibred natural transformation if and only if [¢];
and [t]o are families of morphisms with [¢]; living over [t]o x [t]o. In fact the condition

to be fibred, i.e. preservation of (op)cartesian morphisms, is trivially satisfied since the

domain is discrete. Using Theorem 5.2 we can interpret [t]1 = ([t]o, [t]o, [t]o % [t]o). O

The fibrational version makes it clear that the Abstraction Theorem states the existence of
additional algebraic structure to [t]o given by [t]1 and, more generally, the interpretation

of terms as fibred natural transformations.

5.2.2 The \2-fibration

We can now present the A\2-fibration associated to Reynolds’ model based on the fibrational

presentation just given. The base category A9 is defined as

NEd objects natural numbers n € N.

morphisms a morphism from n to m consists of m-tuples of equality

preserving fibred functors H; : |rel|™ — rel.
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Note that a morphism h = (Hi,..., H;): n — m in N'E9 gives rise to a functor

(Hi(=),...,Hpn(—)): |rel(U)|™ — |rel(U)|™

defined by

(Hi(=),. ., Hn(—)); (X1, .., X)) = (H1) (X1, -, X))y oo (H1) (X1, -0, X))

where j € {1,0} and every X, lives in the correct category.

The total category FE9 is defined as

FEd objects equality preserving fibred functors from [rel|™ to rel for

some n € N.

morphisms a morphism (h,n): F — G, where F': |rel|” — rel
and G: |rel|™ — rel, consists of a morphism h =
(Hy,...,Hy) : n — m in NF9 and a natural transfor-
mation n: F' — Go (Hi(—),...,Hn(—)).

The \2-fibration is given by the functor p: FE9 — N9 defined by

p: FEa 5 \Ea objects p(F': |rel|™ — rel) = n.
morphisms p(h,n) = h.

That p is a A2-fibration will follow as an instantiation of the general framework we present

in the next section.

5.3 Bifibrational relational parametricity

In this section we want to show that the A2-fibration p: FF9 — N9 is a particular
instantiation of a more general framework for parametric models of System F. For the rest of
the chapter we consider a fibration of relations rel(U): Rel(€) — B x B arising via change of

base from a fibration U: & — B. For brevity we denote by T = (11, Tp): |rel(U)|™ — rel(U)
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a fibred functor (71, 7y x Tp) as shown in the following diagram

Irel (&) —1—~ rel(€)
|re|(U)|”l lrel(U)
|B|n X |B|n W‘B X B

We generalise Definition 5.4 to a general fibration of relations rel(U): Rel(€) — B x B.

Definition 5.7. Let rel(U): rel(€) — B x B be a fibration of relations with equality functor
Eq: B — rel(£). We say that a fibred functor (Fi, Fp): |rel(U)|™ — rel(U) is equality

preserving if F o |Eq|™ = Eq o Fy.

We generalise NE9 in the following way

Definition 5.8. We define the category ./\/;EIq(U) as

N, EIq(U) objects natural numbers n € N,
morphisms a morphism h: n — m consists of m-tuples of equality
preserving fibred functors H; : |rel(U)|" — rel(U).
Again every morphism h = (Hy,...,Hp):n — min MET‘(U) gives rise to a functor
(Hi(=)y..., Hp(=)): |rel(U)|™* — |rel(U)|™
defined by

(Hi(=), - Hn(=)); (X1, o, X)) = (H1)j (X150, X)), - (HL) (X X))

where j € {1,0} and every X, lives in the correct category.
The generalisation of FF9 is the following one:

Definition 5.9. The category F-2

rel(U) is given by

F E?(U) objects equality preserving fibred functors from |rel(U)|" to rel(U)

re

for some n € N.
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morphisms a morphism (h,n): F' — G, where F': |rel(U)|" — rel(U)
and G: |rel(U)|™ — rel(U), consists of a morphism h =
(Hy,...,Hy,) :n — min /\/'rEelq(U) and a fibred natural

transformation n:F — Go (H1(—), cen ,Hm(—))~

Definition 5.10. We define the functor p: ]-'re?(U — '/vreI(U)

p: ]: 'N’rEIq(U objects p(F: |rel(U)|™ — rel(U)) =n
morphisms  p(f,n) = f
In the rest of this section we are going to prove that p: f )y~ N, EI is a A2-fibration.

5.3.1 The functor p is a fibration with generic object

We start by showing that the functor p is a fibration, actually a split one.

Proposition 5.11. The functor p: ]:rel(U) — NE

el(U is a split fibration.

Proof. Let h = (Hy, ..., Hpy): n — m be a morphism in AN/5 ) and G [rel(U)|™ — rel(U)

rel(U

be an object in fi?(U) over m. We denote by H = (Hy(—),...,Hpn(—)). The domain of

the cartesian morphism over h is given by G o H and the cartesian morphism is (h,id).
Let F: |rel(U)|" — rel(U) be an equality preserving fibred functor and (¢,n): F — G be a

morphism in FE9  for which there is a morphism k: [ — n in NEY - such that hok = q.

rel(U) rel(U)

We want to show that (h,id) has the cartesian property. The unique morphism from F'
to H o G over k is given by (k,n), where n: F = Go@Q = Go H o K. It is clear that
(¢,m) = (h,id) o (k,n). For the uniqueness notice that the first component & is fixed, and if

there was another 1’ such that id o' =7, then ' = 7. O

The fibration p has a split generic object.

Lemma 5.12. The split fibration p: F=9 y = NEd

rel(U rel(U

has split generic object 2 = 1.

Proof. Since it is a split fibration for the generic object we need an object €2 in NEa rel(U)

)n| for every object n in N, Elq . It is immediate

(n,Q) = |(Fo

rel(U)

such that Hom
Niﬁ(u)
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to see that the morphisms from n to 1 in N Eq are equality preserving fibred functors

F: |rel(U)|" — rel(U) which are exactly the obJects in |(FE rel( )) |. O

The next step is to prove that p is fibred cartesian closed.

5.3.2 The fibration p is fibred cartesian closed

The fibres (Fi?w))n are given by

(‘Fi?(U))n objects equality preserving fibred functors from |rel(U)|" to

rel(U).

morphisms  if F: [rel(U)|" — rel(U) and G: |rel(U)|" — rel(U), a
morphism (id,n): F' — G consists of a fibred natural

transformation n : F — G.

We first study the general case in which the objects of ]-"rEe?(U) are fibred functors, not

necessarily equality preserving. In detail let J ) be the category

Frel(U) objects fibred functors from |rel(U)|™ to rel(U) for some n € N.

morphisms if F: |rel(U)|" — rel(U) and G: |rel(U)[™ — rel(U), a
morphism (h,n): F' — G consists of a morphism h =

(Hy,...,Hp) :n — m in N9 ) and a fibred natural

rel(U

transformation n: F — G o (Hl(—), oo Hp ().

Clearly p: .7-"r ) = MEI(U extends to a functor p: Frer) — ./\/’rEIq(U) defined as

p: Freiu) — ./\/'rEIq(U objects p(F: [rel(D)|™ — rel(U)) =n
morphisms  p(f,n) = f

The fibres for Fi (1) are given by

(Frei))n objects fibred functors from |rel(U)|™ to rel(U).
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morphisms  if F: |rel(U)|" — rel(U) and G: |rel(U)|" — rel(U) a
morphism (id,n): F' — G consists of a fibred natural

transformation n : F — G.
Then we use the following lemma in order to restrict to the case of (FrEe?(U))n:

Lemma 5.13. Let D be a cartesian closed category and C be a full subcategory of D. If C
is closed under the cartesian closed structure from D, i.e. 1 € C, and if X,Y are objects in
C then X xY, X = Y are in C, then C is cartesian closed, inheriting the cartesian closed

structure from D.

Proof. Using full and faithfulness it is clear that 1 is terminal in C and that if X and Y

are objects of C then X x Y in D is also the product in C.

For the exponential we have that

Home(X x Y,Z) = Homp(X x Y, Z)
= Homp(X,Y = Z2)

= Hom¢(X,Y = 2)
which is the natural isomorphism of the adjunction - x Y 4Y = _. O

Lemma 5.13 applies for (IZT(U))" which trivially injects into (Fiei(r))n for every n € N and

the injection is full.

Note that we are in the situation where the objects in the fibres are fibred functors

T: |rel(U)|™ — rel(U) like in the case of Reynolds’ model

IRel(€)]" — > Rel(€)
rel(U)I"l lwewn"
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and the morphisms are fibred natural transformations n: T'— G

T
Rel(&)” §m  Rel&)
\G_l/
[rel(U)|™ rel(U)
ToxTo
BIT % B* § noxm B xB.

The condition that p is fibred cartesian closed is essential for interpreting term contexts
A=x1:Th,...,xn: T, as [A] = [T1] x ... x [T},], the product types using the cartesian
product and the arrow types U — V as exponential objects [U] = [V]. In order to see how
it works fibrationally, we first start by studying the simpler case of the category |C|” — C
whose objects are functors F': |[C|" — C for some fixed n, and a morphism 7: F — G is a

natural transformation. We will then extend the result to fibred functors.

Lemma 5.14. If C is cartesian closed, then |C|" — C is cartesian closed.

Proof. Limits are computed pointwise. Moreover, since the domain of the functors are
discrete categories, in order to have a natural transformation it is enough to provide a

family of morphisms since the condition to be natural is trivially satisfied.

The terminal object in |C|"* — C is the constant functor K7 sending every object to 1, the
terminal object in C. Note in fact that for every object F' in |C|™ — C there is a unique

natural transformation !: F' — K7 whose components are the unique maps !4: F(A) — 1.

The product of two functors F,G: |C|™ — C is given componentwise by the formula
(F x G)(A) = F(A) x G(A). In fact, given a third functor H: |C|* — C, and two

natural transformations n: H — F and n': H — G, the unique natural transformation
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e€: H — F x G has components

|
F(A) ea G(A)
x -
H(A)

identified by the universal property of the product F'(4) x G(A).

Finally also the exponentiation is given componentwise. Let F, G, H: |C|™ — C be three
functors and consider a natural transformation n: H x F' — G. The exponentiation F = G
is given by the formula (F' = G)(A) = F(A) = G(A), and the universal property is given

pointwise by

H(A) x F(A)
\
|
Jlexid | 4
|
Y
(F(A) = G(A)) x F(A) o G(A)
which is the universal property for the exponential object F(A) = G(A) in C. O

In the fibre (Fiei1r))n objects are fibred functors from [rel(U)|" to rel(U). If Rel(£) and B
are cartesian closed, then both |Rel(£)|™ — Rel(€) and |B|™ x |B|"* — B x B are cartesian
closed. This is not enough for two reasons. First in order to have a A\2-fibration we want
that reindexing functors preserve structure in the fibres. We will see that reindexing
functors are given by precomposition and it is not difficult to check that precomposition
preserves the needed structure on the nose. The second reason is that we want fibred

functors, which means that we want the following diagrams to commute

F1 xGq Fi=G

IRel(€)|" Rel(€) IRel(€)|" Rel(€)

[rel(U)|™ rel(U) [rel(U)|™ rel(U)

|C| 8 ’C| (FoxGo)x(FoxGo) CxC ‘C’ % |C‘ (Fo=Go)x (Fo=Go) €xc
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for every two fibred functors F,G: |rel(U)|™ — rel(U), i.e. the cartesian closed structure

should be preserved by the fibration. For this reason we introduce the following definition:

Definition 5.15. A fibration U : £ — B is an arrow fibration if it admits truth functor,

both £ and B are CCCs, and U preserves the cartesian closed structure.

Change of base preserves arrow fibrations.

Lemma 5.16. If U: £ — B is an arrow fibration, so it is rel(U): Rel(£) — B x B.
Proof. This is straightforward to check. O

As a direct consequence of Lemma 5.14 and Lemma 5.16 we have the two following results:

Lemma 5.17. If U: £ — B is an arrow fibration and F,G: |rel(U)|" — rel(U) are two
fibred functors, then F' x G = (F1 x G1, Fy x Gp) and F' = G = (F} = Gy, Fy = Gj) are

fibred functors.

Proof. Tt follows from Lemma 5.14, Lemma 5.16 and the definition of arrow fibrations. [

Corollary 5.18. If U: & — B is an arrow fibration, then p: Fr@) — ME?(U) is fibred

cartesian closed.

Proof. By Lemma 5.17, we have exponential objects and products. The terminal fibred
functor is given by K3 sending every relation R to (1,1,1) and every object A in B to 1.
Since U: € — B is an arrow fibration, so it is rel(U): Rel(€) — B x B which means that

terminal object is preserved and K is a fibred functor. O

The following results from [Jac99] can be used to find arrow fibrations.

Lemma 5.19. Let U : £ — B be a bifibration with fibred terminal objects and B be a

CCC. If U : £ — B is a fibred CCC and has simple products, then £ is a CCC and U

preserves the cartesian closed structure. ]
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Change of base preserves simple products and fibred structure, so rel(U) is a fibred CCC
with simple products if U is. Moreover, B x B is a CCC if B is. Lemma 5.19 thus derives
structure in rel(U) from structure in U.

Finally we restrict to Fi?(U) and prove that also p: fi?(U) — /\/r EIq(U)

is fibred cartesian
closed. As shown by Reynolds in [Rey83], exponential objects in the case of rel preserve

equality. In general we need the following definition:

Definition 5.20. A fibration of relations Rel(U) is an equality preserving arrow
fibration if it is an arrow fibration and Eq : B — Rel(£) preserves exponentials and

products.

Lemma 5.21. Let U: £ — B be an equality preserving arrow fibration, then the fibration

)—>NEq

. rEa
p: 7 rel(U

rel(U ) is fibred cartesian closed.

Proof. By Lemma 5.13 and Lemma 5.14, we need only to prove that every fibre (fi?(U))n
is closed under products, exponentials and has terminal object. This means that we need
to prove that if F,G: |rel(U)|" — rel(U) are two equality preserving fibred functors, then

F x G, F = G, and K7 are equality preserving.

For the equality preservation of K7 note that, by definition, the truth functor K is a right
adjoint. In particular, it preserves the terminal object. By definition Eq(1) = 35, K (1)
and d1: 1 — 1 x 1 is an isomorphism. Hence (d1)5: 1 = K (1) — Eq(1) is an isomorphism

by Lemma 2.16.

Using the fact that we are in a equality preserving arrow fibration and that both F' and G

are equality preserving, we have the following derivations:

Eq(Fo(A) x Go(4)) = Eq(Fo(A)) x Eq(Fo(A))

I

F1(Eq"(A)) x G1(Eq"(4)),
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and

) = Ea(Fo(A))

) = Gi(Eq"(A)).

S
S
b

Eq(Fo(A) = Go(4)) = Eq(Fo(

F1(Eq™(

1%
|

2

This gives the thesis. O

The following result helps in determining when a fibration of relations is an equality

preserving arrow fibration:

Lemma 5.22. Let U : £ — B be a bifibration with fibred terminal objects and B be a
CCC. If Eq : B — Rel(€) has a left adjoint @, then Eq preserves products. Moreover Eq
preserves exponentials iff ) satisfies the Frobenius property. Such a @Q exists if U : &€ = B

has full comprehension, Eq : B — Rel(£) is full and B has pushouts.

Proof. We have that Eq preserves products because it is a right adjoint. The part on the
preservation of exponentials is Proposition 6.2 in Hermida and Jacobs [HJ98|. They study
the case of homogeneous relations (relations on one set), but the same proof is applicable
here because the proof’s structure uses only functorial arguments. For the last part, if we
have comprehension and pushouts, then ) can be defined as mapping a relation R over

(A, B) to the pushout of m and ma, where (71, m2) : {R} — A X B is the canonical map:

(R}~ A
|
B——=Q(R)

To see that @ is left adjoint to Eq = Y50 K, first note that Eq 4 {_}oJ, where J : Rel(£) — &

arises from the pullback construction of Rel(€):

J
Rel(€) L &
s
Rel(U)i U( - KH l{}

BxB
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Since Eq is always faithful and is full by assumption, the unit of the adjunction Eq 4 {_} o .J
is a natural isomorphism, i.e., {Eq(A)} = A for all A. By the universal property of the
pushout, morphisms f : Q(R) — C are in bijective correspondence with pairs of morphisms
fi:A— Cand fo : B — C such that f; om = fy omy. This is only the case if the

following diagram commutes:

(R} 2 {Eq(0))

<W1,7T2>i lé

AXBWCXC

But this is exactly the diagram from the definition of full comprehension. Thus, by full and
faithfulness of Eq, this diagram commutes iff there is a morphism g : R — Eq(C') such that
71 o f1 = {g}. In other words, morphisms from Q(R) to C are in bijective correspondence

with morphisms from R to Eq(C), as required.

For the Frobenius property, we need to show that Q(R x EqC) = Q(R) x C, i.e., that
Q(R) x C is the pushout

7r1><id

{R} xC——=AXxC

=

BxC——Q(R)xC

Here, we have used the facts that {Eq(C)} = C and that {} is a right adjoint and thus
preserves products. However, since B is a CCC, we have that _ x C is a left adjoint and

thus preserves colimits. O

5.3.3 Simple Q-products

In order to interpret forall types we need simple 2-products.

We saw that the fibres (F=9

el (U))" have equality preserving fibred functors |rel(U)|" — rel(U)

as objects and fibred natural transformations as morphisms. Recall that the generic object

Q is given by 1 in /\fr E?(U), and the product is the sum of natural numbers.

The projection m,: n + 1 — n consists of the family of functors (m,);: |[Rel(U)|""! —

Rel(U) for 1 <i < n, where (7,); projects out the i-th component. We denote with the



5.3. Bifibrational relational parametricity 94

same notation 7, the functor 7, : [Rel(U)|"*! — |Rel(U)|™ which projects out the first n
components. In the proof of Lemma 5.11 we saw that reindexing is given by precomposition
and that weakening 7:: (|Rel(U)|" —gq Rel(U)) — (|Rel(U)["™! —g, Rel(U)) is given

by precomposition _o m,.

The previous observations lead us to the following definition:

Definition 5.23. Rel(U) is a V-fibration if, for every projection m, : [Rel(U)|"t! —
IRel(U)|™, the functor _om, : (|[Rel(U)|" —gq Rel(U)) — (|Rel(U)|" ! —gq Rel(U)) has

a right adjoint V,, and this family of adjunctions is natural in n.

Definition 5.23 is equivalent to asking that p has simple Q-products. We write V for V,,
when n can be inferred. This definition follows, e.g., Dunphy and Reddy [DR04] by “baking”
the Identity Extension Lemma into the definition of forall types — in the sense that the
very existence of V requires that if F' is equality preserving then so is VF — rather than
relegating it to a result to be proved post facto. If U is faithful, then Definition 5.23 can
be reformulated in terms of more basic concepts using its opfibrational structure. The
Identity Extension Lemma then becomes a consequence of the definition, rather than an

intrinsic part of it. We will come back later to this in Chapter 7.

5.3.4 Fibred functors with discrete domains form a parametric model

All the structure considered in this section is assumed to be split. We sum up the results

obtained so far in the following theorem:

Theorem 5.24. If Rel(U) is an equality preserving arrow fibration and a V-fibration, then
p: ]:E?(U) — /\/Elq(U) as in Proposition 5.11 is a A2-fibration in which types I' = T type are
interpreted as equality preserving fibred functors [T : |[Rel(U)|I'! — Rel(U) and terms

[ AEt: T are interpreted as fibred natural transformations [t] : [A] — [T7].

Proof. By showing that p is a A2-fibration we can model System F as we described in
Section 4.5. It naturally follows that we interpret types as equality preserving fibred
functors and terms as fibred natural transformations since they are the objects and the

morphisms in the fibres of p. By Proposition 5.11, the functor p a fibration. The base
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category /\fr Eﬁ(U) has finite products given by natural number addition, and 1 is a generic

object € for NEa

rel(1) 2 shown in Section 5.3.1. By Corollary 5.18 the fibres are cartesian

closed. Finally, p has simple Q-products since Rel(U) is a V-fibration. Thus, p is a
A2-fibration. O

It easily follows that Identity Extension Lemma and Abstraction Theorem hold:

Corollary 5.25 (Identity Extension Lemma). Let rel(U): Rel(€) — B x B be an equality
preserving arrow fibration and V-fibration, and let I' - T type be a type judgment. Then

[T]1 o |Eq|I'l = Eq o [T]o, i.e. the following diagram commutes

|Rel|/T! [ Rel

|Eq|'F'T TEq

Set|!"" e Set

O]

Corollary 5.26 (Abstraction Theorem). Let rel(U): Rel(£) — B x B be an equality
preserving arrow fibration and a V-fibration. We can interpret every term judgment
AR t: T as a fibred natural transformation ([t]1, [t]o) : [A] — [T7].

Al

//—\
IRel(E)|T | it Rel(€)
\_/
[T]
[rel(U)| 1" rel(U)
[AJox[AJo
/x
1B|IT! x| BT U Itloxtlo _ B x B
v/
[TTox[TTo

Unwinding the interpretation of System F in A\2-fibrations as shown in Section 4.5, we see
that, for every fibration U : £ — B satisfying the hypotheses of the theorem, we get the

following: for every System F type I' =T and term I'; ARt : T, we get

1. a standard interpretation of I' F T" as a functor [T : |B|Fl — B;

2. a relational interpretation of I' - T as a functor [T7]; : [Rel(£)|'l — Rel(€);
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3. the standard and relational interpretation of I' = T" form a fibred functor ([T]1, [T]o) :
rel(U)|IT) — rel(U);

4. the Identity Extension Lemma in the form of Corollary 5.25, i.e., a proof that [T7] is

equality preserving;

5. a standard interpretation of I'; A ¢ : T as a natural transformation [t]o : [AJo —

[T]o; and

6. the Abstraction Theorem in the form of Corollary 5.26, i.e., a proof that I A+ t¢: 7T

has a relational interpretation as a natural transformation [t]; : [A]1 — [T7]1 over

[[t]]o X [[t]]o.

Theorem 5.24 also gives a powerful internal language [Jac99], where base types in type
context T are given by fibred functors [Rel(U)|I"l =g, Rel(U), and base term constants
in term context A are given by fibred natural transformations [A] — [T']. Thus, we can
use this language to reason about our models using System F. This will be used in the

proofs of Theorems 6.3 and 6.7 below.



Chapter 6

Consequences of parametricity

In this chapter we use the framework that we introduced in Chapter 5 in order to derive
expected consequences of parametricity: existence of initial algebras, existence of final

coalgebras and dinaturality.

6.1 Existence of initial algebras

Let F : C — C be an endofunctor. An F-algebra is a pair (A4,k4) with A an object
of C and kg : FA — A a morphism. We call A the carrier of the F-algebra and ka
its structure map. A morphism h : A — B in C is an F-algebra homomorphism
h: (A kys) — (B,kp) if kgo F(h) = hoks. An F-algebra (Z,in) is weakly initial if,
for any F-algebra (A, k4), there exists a mediating F-algebra homomorphism fold[A, k4] :

(Z,in) — (A, k). It is an initial F-algebra if fold[A, k4] is unique.

Let F = (Fy, Fy) : rel(U) — rel(U) be an equality preserving lifted functor (note that
the domain of F' is not discrete and that F' need not preserve cartesian morphisms) with
a strength t = (t1,tp), i.e., a family of morphisms (tg)ap : A = B — FyA = FyB
and (t1)rs : R = S — 1R = F\S with (t1)r,s over ((to)a,B, (to)c,p) if R is over
(A, B) and S is over (C, D), such that ¢ preserves identity and composition. A functor
with a strength is said to be strong. Because of the discrete domains, ¢ is a natural
transformation from - = _to F_ = F_ in [rel(U)|*> —gq rel(U), which is the full subcategory
of |rel(U)|> — rel(U) whose objects are the equality preserving fibred functors, and thus
a,B;-Ft: (o — B) — (Fla] — F[B]) represents the action of F on morphisms in the
internal language (see Section 4.6), and where I’ acts on the objects as F((A) = F(A). All

type expressions with one free type variable occurring only positively give rise to strong
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functors, but there are further examples of such functors, for instance if the model contains
non-System F type constructions with natural functorial (and relational) interpretations —
for example, those of dependent types in Set. We will show that an initial Fyp-algebra exists.
For this, we first construct a weak initial Fp-algebra, which can be done in any A2-fibration.

Using the internal language, we define Z by (21, Zp) = [VX.(FX — X) — X].

Lemma 6.1. Z; is the carrier of a weak initial Fy-algebra (Zy,ing) with mediating
morphism foldy[A, k] and Z; is the carrier of a weak initial Fj-algebra (Z1,in;) with

mediating morphism fold,[A, k].

Proof. Using the internal language, we first define the term fold = AA ANk : FA —
A)Xz.z Ak. We then define fold;[A, k] = 0~ 1([fold Ak];), where 6 is the natural bijection
0 : Home(I" x A, B) =2 Hom¢(I', A = B) of the adjunction — x A 4 A = —, and A and k
are the internal expressions corresponding to the components of another Fy- or Fi-algebra
(A, k), as appropriate. We further define (iny,ing) = 0~ ([A\z. AX. \k. k (¢ (fold X k) x)]),
where t is the internal representation of the strength of F. By equational reasoning in

System F, fold, and fold, are algebra homomorphisms:

fold[A, k] oin = 0 ([Az. 2 AK]) 0 0 ([A\z. AX. Nk k (£ (fold X k) x)])
=0 ([Me.(\2. 2 AR)(AX. Mk k (L (fold X k) x)))])
= 07" ([Ma(k (¢ (fold Ak) x))])
=07 ([K]) 0 07 ([t (fold AK)])

= ko F(fold[A, k]) -

To show that fold, is unique, we use the graph relations from Section 3.3. Recall that
a category with a terminal object 1 is well-pointed if, for any f,g : A — B, we have
f=giff foe=goeforalle:1— A. We only consider well-pointed base categories;
well-pointedness is used to convert internal language reasoning in non-empty contexts
to closed contexts, so that we can apply semantic techniques such as Theorem 3.12. In
detail, if we have a term judgment I'; A F ¢: T, its interpretation is given by the fibred

natural transformation [t]: [A] — [77] and we compose it with a natural transformation
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k:1 — [A] obtaining [t]ok: 1 — [T]. We will often only say that we use well pointedness

and leave implicit the morphism k writing only [¢].

The next results use the map ¢y, : F1(h) — (Foh) given in the Graph Lemma 3.12.

Lemma 6.2. Assume that the underlying bifibration satisfies the Beck-Chevalley condition,

and that Eq is full.

1. If B is well-pointed, then foldy[Zy, ing] = idz.

2. For every Fy-algebra homomorphism h : (Zy,ing) — (A,ka), we have that h o
foldy[Zy, ing] = foldy[A, kal.

Proof. 1. We want to show [ fold Zy ingllo = [F Az.2]o. By the &- and n-rules, which

are valid in all A2-fibrations by soundness Theorem 4.9, it suffices to show that

[X:;k: FoX = X F Az (fold Zy ing) 2 X ko = [ X5k : FoX = X F Az, 2 X k]o

By well-pointedness, this reduces to showing [Az. (fold Zg ing) z Akallo = [Az. 2 Aka]o
for any natural transformation k : Fy — Id. We first prove foldy[A, k4] o foldy[Zo, ino] =

foldy[A, k4]. The following diagram commutes by weak initiality:

Fy (foldy[A,kal)

FoZy FyA
inoi ikA
Z A
Foldy[ Ak a]

so (ing, ka) : Fo (foldy[A, ka]) — foldy|A, k4] is a morphism in B~. The graph functor
then gives a morphism (ing, ka) : (Fo (foldy[A, ka])) — (foldy|A, kal), and thus a
Fy-algebra ky defined by (ino, ka) o Vsoiq,(aka) @ F1(foldg[A, ka]) — (foldg[A, ka]).

By weak initiality of Z;, the following diagram commutes:

N B

g A
! fOld1[<fOld()[A,kA]>7k1] <fold() 5 kA]>
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By the Identity Extension Lemma, Z; = Eq Zy = (idz,), so fold,[(foldy[A, ka]), k1]
is actually a morphism from (idz,) to (foldy[A, ka]). Since fold,[(foldy[A, kal), k1] is
over (foldy[Zp, ino), foldy[A, ka]), and Eq is always faithful and is full by assumption,
Lemma 3.11 gives that fold,[(foldy[A, k), k1] = (foldy[Zv, ino], foldy[A, k4]) and the

following diagram commutes:

foldy|Zg,ino)
0 > 0

idz, l ifoldo[A,kA]
0 _—
foldo[A,k 4]

By the definition of fold,

[Az. (fold Zo ing) z A kalo = [Az. (fold A ka) ((fold Zo ino) 2)]o
= [Az. (foldA k) 2]o

= [Az.zAkalo

Thus foldy[Zy, ing] = idz, as required.

2. Let h : (Zp,ing) — (A,ka). The definition of () and the Graph Lemma give a
unique morphism ky = (ing, ka) o ¢ : Fi(h) — (h), and by weak initiality of Z;
we have iny o fold,[(h), k1] = k1 o Fi (fold,[(h),k1]). By the Identity Extension
Lemma, Z; = EqZy = (idg,), so that fold,[(h), k1] is a morphism from (idz,) to
(h). Since fold,[(h), k1] is over (foldy[Zy, ing], foldy[A, ka]), Lemma 3.11 gives that
fold[(h), k1] = (foldy[Zy, ing], foldy[A, k4]) and the following diagram also commutes

by fullness of the graph functor:

ZO foldy|Zg,ino) ZO

adZOl ih

2y —————F—
foldo[A k]

Thus, h o foldy[Zy, ing] = foldy[A, ka,]. O
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The proofs of the two parts of Lemma 6.2 are similar: both use the graph functor to
map commuting diagrams in B to morphisms in Rel(U), and then use the Graph Lemma
to see that these morphisms are Fj-algebras. Lemma 6.1 and Lemma 6.2 together now

immediately imply the main result.

Theorem 6.3. If the underlying bifibration satisfies the Beck-Chevalley condition, Eq is

full, and B is well-pointed, then (Zy, ing) is an initial Fy-algebra.

Proof. By Lemma 6.1, we know that (Zp, ing) is a weak initial Fy-algebra. We must show
that h = foldy[A, k] for any k4 : FoA — A and any Fp-algebra morphism h : (Zp, ing) —
(A, ka). By Lemma 6.2(2), foldy[A, ka] = h o foldy[Zy, ino] and since foldy[Zy, ing] = idg,
by Lemma 6.2(1), we have h = foldy[A, k4], as required. O

One may wonder if the above result can be strengthened to get not only an initial Fp-
algebra, but also an initial Fj-algebra. Certainly this is possible for the relations fibration
rel: Rel — Set, since relations in Rel are proof irrelevant: maps either preserve relatedness
or not. This translates in the axiomatic bifibrational setting to requiring the fibration
Rel(£) — B x B to be faithful. When it is, the weak initial Fij-algebra is, in fact, initial:

faithfulness implies the required uniqueness.

6.2 Existence of final coalgebras

We can also dualise the proof from the previous section to show the existence of final
coalgebras in the usual manner [Has94]. This requires us to first encode existential types

in System F.
We encode existential types by 3X. T = VY.(VX.(T — Y)) — Y. We can support the

introduction and elimination rules and they are the following

' Atype T7AFw:T[X — A ARG 3XT T, Z;Ay:TX — Z]Fs: S
AR (A 3X.T(X) I';AF (opentas(Z,y)ins) : S

with the conversion open (A,t)as(Z,y)ins = s[X — A,y — t] by defining (A, t) =

AYAf.f At and opentas(Z,y)ins =t S (AZ.\y.s). Using parametricity we can prove the
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following commutation property and n-rule for existential types:

Lemma 6.4. Assume the underlying bifibration satisfies the Beck-Chevalley condition,

and that Eq is full.

1. Let T; AR ¢ : 3X. T, let T, Z; A u : T[X — Z]Fs: Sandlet T;AF f: S — 5
with A being empty and for a closed type S’. Then [f(opentas(Z,u)ins)]o =

[opentas(Z,u)in f(s)]o.

2. IT;AF¢:3X.T with A empty, then [opentas (Z,u)in{(Z, u)]o = [t]o-

Proof. 1. We first define a morphism « : Eq(1) — Y([T]: = ([f]o)) in Rel(&)!"!
over (h,h'), where h = [AX.\y.s]p and A’ = [AX.\y.f(s)]o. By adjointness of
V and exponentials, this is equivalent to a morphism Eq(1) x [T]1 — ([f]o) over
h = [s]o and & = [f(s)]o. Since S’ is closed, [S']; = Eq([S]o) by the Identity
Extension Lemma, and [f(s)]1 : Eq(1) x [T]1 — Eq([S"]o) is over (W, h') (recall that

Eq(1) x [T]1 = [T]1)- The following triangle commutes:

(1 x [T]o,1 % [T]o)

(h,h") (B

(1% [S]o, [5"To0) (15'T0, [5"To0)

(IfTo,id)

Thus, the cartesian property of ([f]o) gives a unique « : Eq(1) x [T]1 — ([f]o) over
(h,R'), or equivalently, & : Eq(1) — V([T]: = ([f]o)) over (h,k’). From this, we
construct the morphism ev o ([t](s), @) : [A]1 — ([f]o) over ([t S hJo, [t S" h']o). This
is in fact a morphism between graph relations, and fullness of the graph functor gives

that the following diagram commutes:

[[A]]O [[L‘Shﬂo S
id [fTo
[Alo S’

|I7f S’ h/]]o
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By unfolding our encoding of opentas(Z,u)ins =tS (AZ. \u.s), this exactly says
that [f(opentas(Z,u)ins)]o = [opentas(Z,u)in f(s)]o-

2. By function extensionality, it is enough to show that for every type variable Z and
term variable y, we have [Z;y : VX.T — Z I (opentas (X, u)in (X, u)) Zy] = [Z;y :
VX.T — Z F tZy]. In this context, define f : 3IX.T — IX.T by fp=pZy. We

have

[(opentas (X, u)in (X, u)) Zy]o = [f(opentas(X,u)in (X, u))]o
= [opentas (X, u)in f({X,u))]o

= [t Zylo

Here, the first equality is by the definition of f, the second by (1), and the last one

by the definition of open and (_, _). ]

If FF:C — C is an endofunctor, an F-coalgebra is a pair (A, k4) with A an object of
C and kg : A —» FA a morphism. We call A the carrier of the F-coalgebra and kjx
its structure map. A morphism h : A — B in C is an F-coalgebra homomorphism
h:(Aka) — (B,kp) if kpoh = Fhoky. An F-coalgebra (W, out) is weakly final
if, for any F-coalgebra (A, k,), there exists a mediating F-coalgebra homomorphism

unfold[A, ka) : (A ka) — (W, out). It is a final F-coalgebra if unfold[A, k4] is unique.

Let FF = (F1,Fp): Rel(U) — Rel(U) be an equality preserving lifted functor with a
strength ¢. We show that the final Fy-coalgebra exists. Again, we first construct a weakly
final coalgebra by defining W = (W1, W) = [3X.(X — F(X)) x X].

Lemma 6.5. W is the carrier of a weakly final Fy-coalgebra (Wy, outy) with mediating
morphism unfoldy[A, k] and W7 is the carrier of a weakly final Fj-coalgebra (W7, outy)

with mediating morphism unfold,[A, k].

Proof. The structure of the proof is similar to the proof of Lemma 6.1. We first con-
struct the term unfold = AAXw : A — FAXx.(A,(w,z)), and define unfold;[A, k] =

0~ [unfold Ak];, where @ is the bijection corresponding to the adjunction — x X 4 X = —,
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and (A, k) are the internal expressions corresponding to the Fy- or Fj-coalgebra (A, k), as

appropriate. We define the structure maps (outy, outg) by
out; = 0~ [Az.open zas (Z,v) in (t (unfold Z (m1v))) (71 v (w2 v))];,

where ¢ is the strength of F'. By equational reasoning in System F, unfold, and unfold,

are coalgebra morphisms:

out o unfold[A, k] = 0~ [Az.open (A, (k, x)) as (Z,u) in (t(unfold Z () w)) (m1 u (72 u)))]
= 0 [ \at(unfold Ak) (k)]
= 0" Mt(unfold AE)] o 6 k]

= F(unfold[A,k]) o k
which proves the thesis. ]

We proceed similarly to Lemma 6.2. This time, we use the opfibrational part of the Graph

Lemma which gives the map ¢p,: (Foh) — Fi(h) to construct Fj-coalgebras.

Lemma 6.6. Assume the underlying bifibration satisfies the Beck-Chevalley condition,

wellpointedness and that Eq is full.

1. For every Fy-coalgebra morphism h : (A, ka) — (B, kp) we have unfoldy[B, kg|oh =
unfoldy[A, k4.

2. unfoldy[Wy, outo] = idwy,.

Proof. 1. Since h is a coalgebra morphism, kg o h = Fyh o ky. Applying the graph
functor, we obtain the morphism (k4, kp) : (h) — (Foh), which by composing with
the morphism of the Graph Lemma gives an Fj-coalgebra ¢y, 0 (ka, kg) : (h) — Fi(h).
By weak finality, we have a Fj-coalgebra morphism unfold,[(h), v o (ka,kp)] :
((h), Yno((ka,kB))) — (Wi, outy). Since W1 = Eq(Wp) = (idw, ), and since the graph
functor is full by Lemma 3.11, we see that (unfoldy[A, kal, unfoldy[B,kg]) : h — id

in B, i.e., unfoldy[A, ka] = unfoldy[B, kg] o h.
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2. By function extensionality, it is enough to prove [unfold Wy out z]lo = [z]o for a
fresh variable « : Wy. We first note that by (1), unfoldy[A, k] = unfoldy[Wy, out] o
unfoldy[A, k] for any A, k : A — F(A), i.e., by the definition of unfoldy[A, k],
for any type X, and terms h : X — F(X), and y : X we have [(X, (h,y))] =
[unfold Wy out (X, (h,y))].

[2] = [open z as (Z, u)in (Z,u)]
— [openzas (Z, u)in (Z, (m1 u, )]
— [open = as (Z, u) in (unfold Wy out (Z, (1 u, w2 u)))]
— [unfold Wo out (open z as (Z, ) in (Z, (m1 u, m2u)))]
— [unfold Wy out (open x as (Z, u) in (Z,u))]

= [unfold Wy out ]

Here, the first equality comes from Lemma 6.4(2), the second one from surjective
pairing, the third from the observation above, the fourth from Lemma 6.4(1), and

the fifth and sixth respectively from surjective pairing and Lemma 6.4(2) again. [

Putting things together, we have constructed a final coalgebra.

Theorem 6.7. If the underlying bifibration satisfies the Beck-Chevalley condition, and if

Eq is full, then (Wy, outp) is a final Fy-coalgebra.

Proof. By Lemma 6.5, (Wp, outy) is weakly final. We must show that h = unfoldy[A, k4]
for any k4 : A — FyA and any Fy-coalgebra morphism h : (A, k4) — (Wp, outp). By
Lemma 6.6(1), unfoldy[A, ka] = unfold,[Wy, outo] o h and since unfoldy[Wo, outo] = idyy,,

by Lemma 6.6(2), we have h = unfoldy[A, k4], as required. O

6.3 Parametricity implies dinaturality

We show that the axiomatic foundations for parametricity can be used to prove that

dinaturality can be deduced from parametricity. First, the definition of dinaturality:
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Definition 6.8. If F,G : B’ x B — B are mixed variant functors, then a dinatural
transformation ¢ : F' — G is a collection of morphisms tx : FXX — GXX indexed by
objects X of B such that, for every morphism g : X — Y of B, the following hexagonal

diagram commutes:

FXX—-2X.60XX

F(g,idx) G(idx,g)
FY X GXY
F(idy,9) G(g,idy)
FYY - GYY
Y

We note that the proof applies to all mixed variant functors with equality preserving

liftings, not just strong such functors.

Theorem 6.9. Let (F1, Fy), (G1,Go) : rel(U)° x rel(U) — rel(U) be equality preserving
lifted functors. Further, let t% : FpAA — GoAA be a family indexed by objects A of B,
and t}% : F1RR — G1RR be a family indexed by objects R of Rel(£) such that if R is over

(A, B), then t}z is over (t%,t%). Then t° is a dinatural transformation from Fy to Gp.

Proof. Let g : A — B be a morphism in B. Let ¢ : EQ A — (g) and ¥ : (g) — Eq B be the

maps associated to the opreindexing and reindexing definitions of (g). The morphism

Fiyg t%a) G199
—_—

F1(Eq B)(Eq A) Fi(g){g)

G1{g)(9) G1(Eq A)(Eq B)

is such that Fy v ¢ is over (Fy(g,ida), Fo(idp, g)), t%g> is over (t9,t%), and Gy ¢4 is over
(Go(ida, 9),Go(g,idp)). Since F; and G; are equality preserving, F;(EqB)(EqA) =
Eq(FyBA) = (idg,pa) and G1(EqA)(EqB) = Eq(GoAB) = (idg,ap). Finally, by the

fullness and faithfulness of the graph functor we have

i 0 i
FoBA_ON) paa B gAY  aap
idi iid
FoBA— F BB GoBB L GuAB

o(idp,g t9 Go(g,idp)
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This proves the required hexagon commutes. ]

Theorem 6.9 applies in particular to the interpretation of terms ¢ : VX.F XX — GXX
where F' and G are type expressions with one free type variable. As is well known,

dinaturality reduces to naturality when F' and G are covariant.

Note that the results on naturality are possible because System F has limited expressiveness.
If one moves to dependent types, not every function of type VX.FX— > GX is natural

anymore (see [ml15]).



Chapter 7

Universal parametricity

We saw in the previous chapter that the interpretation of product types and arrow types
is supported by universal properties in our framework. For example the arrow types
are interpreted, both at the relational and the base level, as exponential objects in their
respective categories. Using this universal property we saw that it is possible to derive
the Identity Extension Lemma and the Abstraction Theorem. The situation is less clear
for forall types. For example, the solution adopted in the previous bifibrational model
has baked the Identity Extension Lemma into the definition. In this section we study a
universal property underpinning the interpretation of forall types which permits to prove
the Identity Extension Lemma and the Abstraction Theorem in an axiomatic manner. The
result holds for a large class of models axiomatically built from faithful bifibrations which

admit full comprehension — this includes, for instance, subobject bifibrations.

The material presented in this chapter is based on [GNFO15], and we use the same notation
as in Chapter 5 for objects in the base and total category of a fibration of relations

rel(U): Rel(€) — B x B.
7.1 Reynolds’ parametrically polymorphic functions

In this first section we analyze the universal property behind Reynolds’ set theoreti-

cal interpretation of parametric forall types in the setting of the relations of fibrations

108
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rel: Rel — Set x Set, which we recall is given by

VX.TloA={f: [] [T1o(A, X) | VR € Rel(ap). (fA, fB) € [T]1(Eq A, R)}
X:Set

(f,9) € [VX.T] R iff VR € Rel 4 p). (fA, gB) € [T]1(R, R). (7.1)

Note that if we were only to consider ad-hoc polymorphic functions, i.e. the collection

IT 1710(A, 4)

A:Set

then we could characterise this collection as the product of the functor [T]o(4,—) :
Set — Set (naively assuming the product exists), that is, as the terminal [T]o(A, —)-
cone. Including Reynolds’ condition that a parametrically polymorphic function f :
[Ts.set[T10(A, S) is one where for every relation R € Reli4 ) we have that (fA, fB) €
[T]1(EqA, R) cuts down the the number of ad-hoc polymorphic functions. Now the
key bit. Define v4 : [VX.T]oA — [T]o(A, A) to be type application, i.e. vaf = fA.
Then Reynolds’ parametricity condition that for all R € Rel(s gy, if [ : [VX.T]oA, then
(fA, fB) € [T]1(EqA, R) is equivalent to a morphism Eq ([VX.TJoA) — [T]1(Eq4, R)

over v4 and vg. Generalizing, we have:

Definition 7.2. Let F' = (Fy, Fy) be a pair of functors with Fy : [Set| — Set and
F; : |Rel| — Rel such that F} is over Fjy x Fy. An F-eqcone is an Fy-cone (A, v) such that
there is a (necessarily unique since rel is faithful) Fj-cone with vertex EqA over (v,v). The

category of such cones is the full subcategory of Fy-cones whose objects are F-eqcones.

Our axiomatic definition is linked to Reynolds’ definition in the following way:

Theorem 7.3. Assume I', X T type. For every tuple A, Reynolds’ set of parametrically

polymorphic functions [VX.T]oA from (7.1) is the terminal F-eqcone for the pair of functors

F = ([T (Eq4, -, [TTo(4, -).

Proof. Application at A, defined by vaf = fA, makes [VX.T]oA a vertex of a [T]o(4, —)-

cone. The uniformity condition on elements of [VX.T]oA ensures this cone is an F-eqcone.
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To see that this is the terminal such, consider any other F-eqcone (A,7). As this is a
[T]0(A, —)-cone, there is a unique map 7 of such cones into [] 4.ge[7T0(A, A). However,
the fact that (A,n) is an F-eqcone means the image of this mediating map lies within
[VX.T]oA. Hence we have a morphism of F-eqcones A — [VX.T]pA. The uniqueness of

this mediating morphism follows from the uniqueness of 7. O

We can also give a universal property to characterise [VX.T];R.

Definition 7.4. Let F' = (F}, Fy) and G = (G, Go) be pairs of functors |Set| — Set and
|Rel| — Rel with F} over Fy x Fy, G over Gy X Gy, and let H : |Rel| — Rel with H over
Fy x Go. A fibred (F, G, H)-eqcone consists of an F-eqcone (A,v), a G-eqcone (B, ) and
a H-cone (Q,~) over (v, ). The category of such cones has as morphisms triples (f, g, h),
where f is a morphism between the underlying F-eqcones, g is a morphism between the

underlying G-eqcones and h is a (again necessarily unique) morphism of H-cones above

(f:9)-

The above definition can be understood as follows. For every relation R € Rel 4 p) we
need two things to be related, which is forced by . That the related things are instances
of polymorphic functions is reflected by the fact that g is over (v4, up). This intuition
can be formalised via the following theorem:

ol
(4,B)
the relation [VX.T]1 R from (7.1) is the terminal fibred (F, G, H)-eqcone for the functors

F = ([T]1(Eq4, -), [T]o(A, -)), G = (IT]1(EqB, -), [T]o(B, -)) and H = [T]1(R, -).

Theorem 7.5. Assume I', X + T type. For every relation R € Rel we have that

Proof. We have the F-eqcone ([VX.T]oA,v) and the G-eqcone ([VX.T]oB, i), where
vaf = fA and pag = gA are given by type application. The object [VX.T]i R lives
over ([VX.T]oA, [VX.T]oB), and ([VX.T]1R, (v, 1)) is an H-cone over (v, ). Given any
other fibred (F, G, H)-eqcone (A, p), (B, 1), (Q, (p, 7)), by terminality there are two unique
morphisms hg: A — [VX.T]oA and hy: B — [VX.T]oB. The pair of morphisms (hg, h1)

defines a morphism @ — [VX.T]; R which is unique by faithfulness of the fibration. [

In Theorems 7.9 and 7.17 below, we will see that this gives another proof that Reynolds

concrete model satisfies the Identity Extension Lemma and the Abstraction Theorem.
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Next step is to turn to the universal property we will use to define the object of paramet-
rically polymorphic functions in our axiomatic framework. We carefully formulated the
definitions of this section so that they seamlessly generalise to the fibrational setting. We

assume for the rest of the chapter that U: £ — B is faithful fibration.

7.2 Eqcones and fibred eqcones

We start by generalizing the definition of eqcones for a faithful fibration U: £ — B and

the fibration of relations rel(U): Rel(€) — B x B obtained via change of base from U.

Definition 7.6. Let F' = (Fy, Fp) : |rel(U)| — rel(U) be a fibred functor. An F-eqcone
is an Fy-cone (A, v) such that there is a (necessarily unique since U is faithful) Fij-cone
with vertex EqA over (v,v). The category of such cones is the full subcategory of Fy-cones
whose objects are F-eqcones. We denote by Vo F' the terminal object of this category, if it
exists. We denote by Vg F also the vertex of the terminal cone, when it exists. It will be

clear from the context to which one we refer.

The universal property defining the relational interpretation of parametrically polymorphic

functions smoothly generalises also to the fibrational setting:

Definition 7.7. Let F' = (Fy, Fy) and G = (G1, Gy) be fibred functors |rel(U)| — rel(U)
and let H : |Rel(€)| — Rel(€) be over Fy x Gy. A fibred (F, G, H)-eqcone consists of an
F-eqcone (A,v), a G-eqcone (B, ) and an H-cone (Q, ) such that @ is over A x B, and
v is over (v,u). A morphism (A,v, B,u, Q,v) — (A,V,B',i/,Q,7') in the category of
such cones consists of triples (f, g, h) where f : (A,v) — (A,V), g : (B,un) — (B, 1),
and h is a (again necessarily unique) morphism of H-cones above (f,g). We denote the
terminal object of this category by Vi (F,G, H), if it exists. By abuse of notation, we
denote by V1 (F, G, H) also the vertex of the H-cone in Vi(F,G, H); it will always be clear

from context to which one we refer.

We next show how to interpret forall types using our axiomatic definition. We show that

they support:
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1. A fibred semantics: our axiomatic definitions do not by definition guarantee that
if Re Rel(U)?A B)’ then [VX.T]; R is a relation between [VX.T]oA and [VX.T]oB,

so we prove this axiomatically.

2. Equality preservation: since we do not restrict to the case of equality preserving
fibred functors, the preservation of equalities does not come for free. Again, we prove

it from the axiomatic definition.

3. The interpretation of terms: we need to prove that, in the axiomatic setting, we
can interpret terms of forall types as fibred natural transformations. In order to do

so we again construct a model of System F in the form of a A2-fibration.

We prove equality preservation (item 2) for subobject fibrations first, and then generalise
it to the case of faithful fibrations which admit full comprehension. The proofs of the
fibred semantics (item 1) and of the interpretation of terms (item 3) do not require an
instantiation to any particular fibration. These proofs are general enough that they can be

derived uniformly from Definitions 7.6 and 7.7.

7.3 A fibred semantics

The proof that if R € Rel?A 5)» then [VX.T]1 R is a relation between [VX.T]oA and

[VX.T]oB crucially requires opfibrational structure.
Lemma 7.8. Consider an opfibration rel(U): Rel(§) — B x B. Let F' = (F1, Fp) and

G = (G1,Gy) be fibred functors |rel(U)| — rel(U) and assume H is over Fy x Gy. Then
Y1 (F,G, H) is over Yo F x YG.

Proof. The forgetful functor which maps a fibred (F, G, H)-eqcone to its pair of underlying
F-eqcones and G-eqcones is an opfibration, since it inherits the opfibrational structure of
rel(U) : Rel(€) — B x B. Any opfibration V : D — C which has terminal objects 1¢ in the
base and 1p in the total category, also has a terminal object ¥1p in the total category

over the terminal object 1¢ in the base, where | : V(1p) — 1¢ is the unique morphism from
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V(1p) to the terminal object. Since terminal objects are defined up to isomorphism, we

can take Vi (F, G, H) to be over VoF x VoG. O

This lemma, when taken with the usual treatment of function spaces (and assuming ¥ and
Yy exist), ensures that we have replicated Reynolds’ original fibred semantics within our
axiomatic framework. That is, for all judgments I' - T type, ([T]1, [T]o) forms a fibred
functor |Rel(U)|™ — Rel(U).

7.4 Equality preservation

We saw in Section 7.1 that the axiomatisation gives the right interpretation of forall types
for relations over sets. We now show that the Identity Extension Lemma can be proven
instantiating the axiomatisation with any subobject bifibration in Section 7.4.1. We then

generalise this further to bifibrations with full comprehension in Section 7.4.2.

7.4.1 Subobject fibrations

In a subobject fibration, the functor Eq : B — Rel(£) maps an object X to the mono
(idx,idx) : X — X x X. Thus to show Eq(VoF(A)) = Vi (F, F,F1)(EqA), we need to

show:

Lemma 7.9. Let U be a subobject bifibration and F' = (Fy, Fy) : |rel(U)| — rel(U) be a
fibred functor which is equality preserving. If the terminal fibred (F, F, F})-eqcone exists
and it is given by the monomorphism (v1,ve) : V1(F, F, F1) < Vo F x Yo F, then we have
(v1,v2) = (id,id) : VoF < Vo F x Yo F.

Proof. The heart of the proof is to show that v; = vy. To see this, let 7x : VoF — FyX be
the natural transformation of the terminal F-eqcone VoF', and let yg : V1 (F, F, F}) — F1R
be the natural transformation of the Fj-cone in Vi (F, F, F}). By Lemma 7.8, for every X,
VEqx : Vi(F, F, F1) = F1(EqX) = Eq(FpX) = FoX is over (mx x mx). By the definition of
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the equality functor in a subobject fibration, we have

YEqX

\V/l(F,F,Fl) Fl(EqX) :Eq(FoX):FOX
<v1702)i i(id,id)
VOF X V()F —v— F()X X F()X

Thus mxv1 = Veq(x) = Txve and (V1(F, F, F1),7gq(—)) is a F-eqcone with Fj-cone given
by vr. Hence both v; and vs are mediating morphisms into the terminal F-eqcone, and
thus v; = ve. Furthermore, they are vertical since (id,id) o v; = (v, v2). We can now show
that Eq(VoF') is isomorphic to Vi (F, F, Fy). In one direction, Eq(VoF') is easily seen to be
a fibred (F, F, F})-eqcone and hence there is a map of subobjects Eq(VoF') — V1 (F, F, Fy).
In the other direction, vy is a map of subobjects since v; = vo. These maps are mutually

inverse, as they are both vertical and the fibration is faithful. O

The Identity Extension Lemma for fibred functors (T3, Tp) : |rel(U)|" ! — rel(U) immedi-

ately follows by instantiating Fy = Tp(A, —) and Fy = T1(EqA, —).

Corollary 7.10. Let U be a subobject bifibration and (T1,Tp): |rel(U)|* ™! — rel(U) be

an equality preserving fibred functor. Then

Eq (VOT(;L *)) = vl((TO(A’ *)’ Tl(EqA’ *))7 (TO(A’ *)’ Tl(EqA7 *))a Tl(EqAa *))

for every n-tuple A of objects in the base category B.

This lemma shows that in the axiomatic setting instantiated to subobject fibrations, all
type expressions are interpreted not just as fibred functors |rel(U)|[* — rel(U), but as

equality preserving fibred functors.

7.4.2 Faithful bifibrations which admit full comprehension

We now generalise the previous section to faithful bifibrations which admit full compre-
hension. In order to do so, we first prove some properties of the comprehension functor.
Consider an opfibration rel(U): Rel(£) — B x B obtained via change of base as in (2.31).
We define the functor S: &€ — Rel(€) as follows:
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Lemma 7.11. Let rel(U): Rel(£) — B x B be an opfibration. The map on objects

P — %5, , P extends to a functor S: £ — Rel(£).

Proof. The functor S acts on a morphism f: P — @ in £ via the universal property of

(0x)g as follows:

P S5, P
|

f 1S(f)
y

Q Y5y Q@

over the diagram
X2 L xxX

U(f)l lU(f)XU(f)
Y Y xY.

oy

in B which obviously commutes. O

Lemma 7.12. The functor S : & — Rel(€) is left adjoint to the projection functor
J : Rel(£) — £ defined as in Diagram (3.2).

Proof. We explicitly give the unit n and counit e of the adjunction since we will use
them later. The unit component np: P — X5, P, is given by np = (dyp)s. The
counit component €4 g ry: (A x B,Ax B,Ys, .R)— (A, B,R), is given by €4 p r) =
(m1,m2,pA,B), where m and my are, respectively, the first and second projections, while

pA,B is given by the universal property of (64xp)s with respect to the diagrams

(0axB)g

E‘SA><BR

R
-
id -7
~ PA,B
-~
R

A

over the commuting diagram

AXBM—XB>(A><B)><(A><B)

1 X7

A x B.
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in B. Naturality and triangle identities follow from direct calculation and opfibrational

properties. ]

Hence we have a string of adjunctions

Relle) L e L s
J {}

Note that Eq = S o K. By composing the adjunctions, we obtain Eq - {J(_)}. From now
on, we will assume that the equality functor is full and faithful. As we saw in Chapter 5,
this assumption is essential in order to derive the usual consequences of parametricity in

the bifibrational axiomatisation.

Before proving the Identity Extension Lemma, we need one more result about the compre-

hension functor.

Lemma 7.13. Let m: {_} — U be a natural transformation as in Lemma 3.16 and
Eq be full and faithful. The unit of the adjunction Eq 4 {J(.)} is an isomorphism
niq’{‘]}: A = {¥sK A} since Eq is full and faithful and it holds 7gq4) = 6 0 nEat/},

Proof. Consider the following diagram:

K{-}
A Na (KA} {(6a)s} (25K A)
idl iWKA iﬂz(ﬂm
A _ A A x A.
id é

The left square commutes since it arises as the application of U to the triangle identity
e?j’} oK nf’{’} = id. The right square commutes since it is given by P((d4)s) (where P is
defined in Lemma 3.16). The morphism (d4)g is the unit of the adjunction S 4 J, and the
composition {(d4)s} o nf’{’} is the unit niq’{‘]} of the adjunction Eq 4 {J(—)}, which is an

isomorphism since Eq is full and faithful by assumption. Hence Tgq(4) = 00 (niq’{‘]})_l. O

Again, the key point in the proof of the Identity Extension Lemma is in showing that,

given T Fy, = <U1,U2>Z {Vl(F, F, Fl)} — VQF X VQF, we have v1 = vq.
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Lemma 7.14. Let U be a faithful bifibration which admits full comprehension and
F = (Fy, Fy) : |rel(U)] — rel(U) be a fibred functor which is equality preserving. Then the

morphism my, g, = (vi,v2): {Vi(F, F, F1)} = YoF X Yo F is such that v; = vs.

Proof. The terminal fibred eqcone comes, for every object A in B, with a morphism vgq(4)

over v4 X V4, which, by Lemma 7.13, is sent, up to isomorphism, by P to the commuting

diagram
{7Eqcay }
{Mi(F F, F1)} Fy(A)
(v1,v2) 4
V()F X V()F ARVA F()(A) X F()(A)

from which we conclude v o vy = v o vs.

The system ({V1(F, F, F1)},vov;) defines an F-eqcone, where the equality cone part is given
by precomposing the terminal F-eqcone (VoFp,v) with Eq(vi): Eq({V1F1}) — Eq(VoF).
It follows that both v; and vy define an eqcone morphism from ({V1F;},v o v1) to the

terminal eqcone (Vo F,v), hence v; = vy by uniqueness. O

Lemma 7.15. Let U be a faithful bifibration which admits full comprehension and
F = (F1, Fy) : |rel(U)| — rel(U) be an equality preserving fibred functor. The vertex of the

Fi-cone in V1 (F, F, F) is isomorphic to Eq(VoF), if it exists.

Proof. We give two vertical morphisms h: Eq(VoF) — V1 (F, F, F1) and s: V1(F, F, F1) —
Eq(VoFp) and since the fibration is faithful, their compositions are necessarily identity

morphisms.

The terminal F-eqcone (VoF,v) defines a fibred (F, F, F})-eqcone whose Fj-cone vertex
is Eq(VoF') and the vertices of the F-eqcones are VoF. There is a unique morphism h
from this cone to V1 (F, F, F1) and it is vertical since both the fibred (F, F, F})-eqcones are
over (VoF,VoF). In fact, being (VoF,VoF) terminal, the unique morphism (Yo F,VoF') —
(VoF,YoF) is the identity.
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For the other morphism, by Lemma 7.14, we have a commuting diagram

U1

{V1F1} YoF
(v1,01) é
V()F X VoF \V/DF X VOF-

id

and using fullness and faithfulness of P, there is a unique morphism s: V1 F; — Eq(VoF)

such that {s} =v; and U(s) = id. O

Again, the Identity Extension Lemma for fibred functors (11,7p) : rel(U)|" ™ — rel(U)

immediately follows by instantiating Lemma 7.15 with Fy = Ty(A4, —) and F} = Ty (Eq4, —).

Corollary 7.16. Let U be a subobject bifibration and (77, Tp): |rel(U)|" ™! — rel(U) be

an equality preserving fibred functor. Then
Eq (VOT(A7 7)) = \Vll((TO(A, *)7 Tl(EqA7 *))7 (TO(Au *)7 Tl(EqA7 *))7 Tl(EqAa *))
for every n-tuple of objects in the base category £.

These lemmas show that once again in our axiomatic setting, all type expressions are
interpreted not just as fibred functors |rel(U)|™ — rel(U), but as equality preserving fibred

functors. We now turn to the construction of a model exploiting this fact.

7.5 V-fibrational structure

Consider the functor p: F Eq

() N Eq(U) as in Definition 5.10. In this section we finally show

rel

that if the fibre (F:9

el (U))Q over the generic object € has terminal fibred (F, G, H)-eqcones

then p has simple Q-products. In this way, we find a condition for being a V-fibration. If p
is also an equality preserving arrow fibration, we get a A2-fibration where we can interpret

terms of System F.

Lemma 7.17. Let p: frE?(U) — NEd

el(try D€ the functor as in Definition 5.10. If (]:i?(U))Q

has terminal fibred (F,G, H)-eqcones for every pair of fibred functors F,G: |rel(U)| —
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rel(U) and H: Rel(§) — Rel(£) over Fy x Gy, then p has simple Q-products. In
particular the right adjoint to 7*: (fri?(U))" — (‘Fi?(U))”+1 is given by the functor
IT = (Tp, II4): (]-"i?(U))nH — (fi?(U))" which sends an equality preserving fibred functor

F: |rel(U)["*! — rel(U) to the fibred functor whose components are
(HoF)/_l = Vo(F{)(/—l, *), Fl(Eq/_l, *))

and

(ILF)R = Y1((Fo(4, -), Fi(Eq4, -)), (Fo(B, —), Fi(EqB, —)), F1(R, —)).

Proof. We show that there is a natural isomorphism between 7*G — F and G — IIF,

L. E C e E
where F'is in (fre?(U))TH-l and G s in in (]:re?(U)

(7,€) : G — F. Note that (7*G)o(A, X) = Go(A) for every X. Hence 74— and &gqoa),—

)n. Consider a fibred natural transformation

define an (Fy(A, —), F1(Eq(A), —))-eqcone with vertex Go(A), so that there is a a map

po : Go(A) = (IIpF)A into the terminal such. Similarly £z over (T4,_,7p,—) defines
a fibred ((Fy(4, ), F1(Eq(A),.)), (Fo(B,-), F1(Eq(B),—), F1(R, ))-eqcone and there is a
unique morphism p; : G1(R) — (II;F)R which together with pg makes up a fibred
natural transformation G — IIF'. In the other direction, composition with the projections
(va,vB,yRr) turns natural transformations G — IIF' into natural transformations 7*G — F.
By the universal property of terminal fibred eqcones, these correspondences are mutually

inverse. The Beck-Chevalley condition boils down to the fact that both (f* o Il,,)F A and

(I, o (f xid)*)F A are defined to be the terminal eqcone for the same functor F(fA, —). O

Recall that using Lemma 5.22 we showed how the equality preserving arrow fibration
structure arises from standard structure, e.g. that our original fibration U : & — B
is cartesian closed, and that the functor Eq has a left adjoint satisfying Frobenius. To

summarise, in this section we have proven:

Theorem 7.18. Let U: £ — B be a faithful bifibration which admits full comprehension

and U is cartesian closed. Assume that the functor Eq has a left adjoint satisfying Frobenius,

)%NEq

rel(U) in Definition

and the terminal fibred eqcones exist. Then the functor p: ]-'E?(U



7.5. V-fibrational structure 120

5.10 is a A2-fibration and thus a model of System F where the Identity Extension Lemma

and the Abstraction Theorem hold in the sense of Corollaries 5.25 and 5.26. |

From this theorem it follows that we have the same model as in Chapter 5. Hence all the

usual expected consequences of parametricity shown in Chapter 5 follow.
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Two-Dimensional Parametricity

121



Chapter 8

Proof-relevant relations

Throughout the previous part of the thesis, we worked with faithful fibrations. Faithfulness
is a reasonable assumption, as it corresponds to proof-irrelevant relations, which is a standing
assumption in the literature. In this part of the thesis, based on the paper [GNFO16], we
start to study what happens when we remove the faithfulness assumption and we work
with proof-relevant relations. We will see that, in order to recover parametricity, we need

another layer of relations: relations between relations which we call 2-relations.

The work that we present here is only the first step of a wider project. We introduce
two-dimensional parametricity in a concrete way, like Reynolds’ set theoretical model that

we presented in Section 5.1.

Since we are working with proof relevant relations, we need a notion of proof relevant
equality and this is provided by intensional Martin-Lof type theory. Note that we are still
studying System F: the use of Martin-Lof type theory is to provide a meta-mathematics
that we need for the proof relevant framework. A standard reference for Martin-Lof type
theory, also if not in its intensional form, is [ML84], but also [Unil3] has good introductory

chapters.

In this chapter we introduce intensional Martin-Lof type theory and we give the definition

of two-dimensional relations in intensional Martin-Lof type theory.

8.1 Intensional Martin-Lof type theory

Intensional Martin-Lof type theory is an extension of the simply typed lambda calculus,

different from System F, where the two important features are the dependent types and

122



8.1. Intensional Martin-Lof type theory 123

the identity types. We refer to the intensional Martin-Lof type theory as MLTT, since we

will only use the intensional version.

8.1.1 Dependent types

So far we did not give an environment in which types live: we just assumed as primitive

the notion of types. We want now to collect together types, like in a type of types.

Every type A lives in the universe of (small) types, and we formally express it by writing
A: Type, where Type is the universe of (small) types. Note that we need that Type ¢ Type,

in order to avoid situations similar to Russel’s paradox for set theory.

A dependent type is a type which depends on a term variable. We write x: A+ B type
for a type B which depends on the term variable z: A. A dependent type is sometimes
called family of types and denoted by B: A — Type. In fact a dependent type consists

of a collection of types B(a): Type indexed over terms a: A.

Example 8.1. An example of a dependent type is given by the type of vectors Vecy(n)
parametrised by their length, i.e. Vecp(n) is the type of vectors with n components.

Equivalently, we may write n: nat - Vecr type.

The dependence of types from terms requires new rules to construct contexts. A context in
Martin-Lof type theory consists of a list of term variables z1: Ay, ...z, A, where z; # z;
if ¢ # j. The list may be empty. We use the Greek letters I' or A for the context. In a
context each type must be well-formed in the context composed of the previous variables
of the list. The judgment I' ctx formally expresses the fact that I' is a well-formed context.
The formal rules for the context are the following

x1: Ay, ..o Tt An1 B A, type
_ctx (x1: A1, ... 2 Ap) cix

where, in the second rule, the variable x, must be distinct from the variables z1,...,T,_1.

We have the usual rule for term variables

Tit Ai. .., T Ay CEX
xI1: Al,...,fL’ni An'_xz Az

ie{l,...,n}
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8.1.2 Dependent functions (II-types)

Dependent functions, sometimes called dependent products or II-types, are a more
general version of arrow types. The elements of a dependent product are functions whose
codomain type changes depending on the input term. The following rule shows how to

form dependent function types:

I'FAtype I',z: AF B type
'+ (Ix: A)B(z) type

Example 8.2. Consider Vecy,t as in Example 8.1. The dependent function vec,ero mapping
n to the vector [0, ..., 0] of length n has type vecsero: (IIn: nat)Vecnpat(n).
We can introduce terms of dependent function type using the following rule

I''z: A-b: B
C'EMNax: A).b: (Ilz: A)B

This is clearly reminiscent of the introduction rule for arrow types, but with dependencies
taken into account. Similarly we have the other rules:

e Term application
'k f:(Ilz: AAB T'Fa: A

'+ f(a): Bla/x]

e [-equivalence
I'z: AFb:B T'kFa: A

'+ (Maz: A).b)(a) = bla/z]: Bla/x]

e 7-equivalence
'k f:(Ilz: A)B

't f=Mz.f(x)): (z: A)B

where Bla/z] is the type obtained by substituting a in z.

When x: A does not occur freely in B, this means that B does not depend on terms of

type A, and, as a special case, we obtain the ordinary arrow types A — B = (Ilz: A)B.

We will abbreviate the expression A(z: A).b as A\z.b, with the understanding that the

omitted type A should be filled in appropriately before type-checking.
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8.1.3 Dependent pair types (X-types)

Just as dependent functions generalise arrow types, dependent pairs generalise products.

Dependent pairs are also known as dependent sums or X-types.
We can form a dependent pair type using the following rule:

'k Atype T,x: AF B type
' (Xz: A)B: type

Example 8.3. Consider again Vecy as in Example 8.1. The terms of type (Xn: nat)Vecy
consist of pairs (n, [z1,...,x,]) where n is a natural number and [z, ...,2,] is a vector of

length n, with x;: T for every i € {1,...,n}.

The way to introduce terms of dependent pair type is by pairing, as shown by the following

rule:
Ix: AF Btype T'ta: A T'Fb: Bla/x]

'k (a,b): (Xz: A)B

We can eliminate terms of dependent pair type using the following rule:

I'z: (B2: A) BFCtype T',z: A,y: Bk g: Cl(z,y)/2] TkFp: (Zz: A)B
Yk ind(ZJ}: A)B(C>gap): C[p/Z]

The computation rule is a judgmental equality explaining what happens when elimination
rules are applied to results of introduction rules. In the case of dependent pair types the

computational rule is

I'z: (Xz: A)BF C type Iz: Ayy: Bt g: Cl(z,y)/7]
T'ha:A T+ b: Bla/x]
T indie: 05(Cr9, (@ ) = gl(a/z, /3] Cl(a,b)/7

which says that elimination applied to a pair (a,b) reduces exactly to g(a,b).

When B does not contain free occurrences of x: A, as a special case we obtain the cartesian

product A x B = (¥z: A)B.
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8.1.4 The identity type

The way MLTT handles with identities is the second distinguishing feature of the system.
Given a type A and two terms a,b: A, we have the identity type ld4(a,b). Terms
p: Id4(a,b) are proofs that a is equal to b. Given a type A: Type, we have the family
of types Id4: A — A — Type. It is convenient to use the standard symbol of equality
a = b for Id4(a,b), and, for clarity, we may also write a =4 b. If we have a term of type
a =4 b we say that a and b are equal, or sometimes propositionally equal if we want to

emphasise that this is different from the judgmental equality a = b.
The following rule shows how to form identity types:

I'FA: Type T'Fa: A THbBH: A
I'Fa=4b: Type

We expect that there should be a way to construct a term of type a =4 a for every term a

of type A. In fact there is the following rule

'FA: Type T'kFa: A
T'Frefl,: a=4a

Thus, we have a dependent function

refl: (Tla: A)(a =4 a)

which is called reflexivity, and it introduces a term of identity type which is a proof that
every term of type A is equal to itself (in a specific way). In particular, this means that if
a and b are judgmentally equal (a = b) then we also have an element refl,: a =4 b. This is
well typed because a = b means that also the type a =4 b is judgmentally equal to a =4 a,

which is the type of refl,.

The induction rule for identity types is very important. It can be seen as stating that the
family of identity types is freely generated by the elements of the form refl,: x = x. Due

to its importance, we first analyze the induction rule which is as follows: given a family of
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types
C: (Ilx,y: A)(x =4 y) — Type

and a function

c: (Ilx: A)C(z, z, refly),

then there is a function

f:(Izyy: A)(p: =4 y)C(z,y,p)

which satisfies the computation rule

f(x,z,refly) = c(x).

Formally the rule is

Dz: Ajy: Ajp:x =4 yE C: Type
[z: Abc: Clz,z,refl,) Tha:A THEb:A ThEp:a=4b
I'kind=,(C,c,a,b,p'): C(a,b,p’)

and the computation rule is

Dox: Ajy: Aiprxe =2yt C: Type T,z: Abc: C(z,z,refl,) T'ka: A
I'Find=,(C,c,a,a,refl,) = cla/z]: C(a,a,refl,)

We use the same notation as in [Unil3] and we write ind—,, but traditionally ind—, is

known as J.

For the identity on function types we rely on the following axiom:

Axiom 8.4 (Function extensionality). The function

happly : Id(Hx:A)B(:L“) (fag) - (HZ‘ : A)ldB(z) (f(x)vg(x))

defined using path induction in the obvious way (see [Unil3]) is an equivalence in the sense
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that there exists an inverse function and the two compositions are identities. In particular,

we have an inverse

ext : (HJE : A)IdB(z) (f(.f),g(ib)) - Id(Haz:A)B(z) (f>g)

This axiom is justified by models of Type Theory in intuitionistic set theory. It also follows
from Voevodsky’s Univalence Axiom [Voel0], which we do not assume in this thesis. We
will use function extensionality in order to derive the Identity Extension Lemma for arrow

types, as in e.g. [Wad07].

The corresponding statement for sigma types requires more tools. In fact given two terms
(a,p) and (b, q) of type (Xa: A)B(a), one would expect them to be equal if they are equal
componentwise. This is not possible to do straightforward because p: B(a) and q: B(b)

live in different types. We will see in Section 8.2.4 how to do that.

8.2 Homotopy interpretation of MLTT

In this section we show some properties of MLTT and sketch how one can think of MLTT

from the point of view of homotopy theory.

The key idea in homotopy type theory is that an identity type Id4(a,b) can be thought of
as the type of paths from a to b. In the rest of this thesis, we will use terminology and
intuitions of homotopy type theory. For example, we follow the practice of calling the

induction on identity types path induction.

The rest of this section develops the algebra of the identity types. We first construct a

map which sends every path to its inverse.

Lemma 8.5. For every type A and every x,y: A there is a function

(r=ay) > (Y=a2)

such that reﬂ;1 = refl, for every z: A. We call p~! the inverse of p.
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Proof. By path induction it is enough to define the map for every = and refl,. We define

refl 1 = refl,. O

The composition of paths corresponds to transitivity of equality.

Lemma 8.6. For every type A and every x,vy, z: A there is a function
ri(@=ay) 2 (y=az2) > (2=4a2)

such that refl, - refl, = refl, for every x: A. We call p- ¢ the concatenation or composite

of p and gq.

Proof. We apply path induction two times: The first to p and the second to ¢ and we

reduce to the case in which we have only x and refl,. We define refl,, = refl, = refl,. O

The following lemma shows the behaviour of refl, inverses and composition.

Lemma 8.7. Suppose A: Type, x,y,z,w: A, p: x =4y, q: Yy =4 zand r: z =4 w. We

have the following:

1. p=p-rrefl, and p = refl, - p

L= refl,

2. plep=refl,and prp~
3. (p )t =p
4. pr(grr)=(prq)rr

Proof. The proof of each of the points uses induction on paths.

1. By induction on p it reduces to refl, = refl, = refl,.
2. By induction on p it reduces to refl ! « refl, = refl,.

3. By induction on p it reduces to refl, 17 refl,

o

. By induction on p, ¢ and r it reduces to refl, » (refl, = refl,) = refl, = (refl, = refl,) = refl,.
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Recall that a groupoid is a category where every morphism is invertible. Thus, so far in
this section, we proved that the identity types Id4(a,b) have the structure of a groupoid,
up to propositional equality. In fact, by considering Idi4 , one can show that each type

comes equipped with the structure of an co-groupoid (see [LL10,vdBG12]).

8.2.1 Functions are functors

Since types are groupoids, it is natural to study if functions between types have functorial

behaviour.

Lemma 8.8. Suppose f: A — B is a function. Then for any x,y: A there is an operation

ap(f): (z=ay) = (f(x) =B f(y)).
Moreover, for every x: A we have ap(f)(refl;) = refly (.

Proof. By induction, it suffices to assume p is refl,. In this case we can define ap(f)(refl,) =

O

The map ap(_) behaves functorially.

Lemma 8.9. For functions f: A — B and g: B — C, and for paths p: z =4 y and

q: Yy =4 z we have

e ap(f)(p+q) = ap(f)(p) = ap(f)(q).
e ap(f)(p~") = ap(f)(p)~"
e ap(g)(ap(f)(p)) = ap(go f)(p)

e ap(ida)(p) = p.

Proof. By path induction. O
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8.2.2 Homotopies and equivalences

We define a homotopy between functions as follows:

Definition 8.10. Let f,g: (Ilxz: A)P(x) be two dependent functions with codomains the

type family P: A — Type. A homotopy from f to g is a dependent function of type

(f ~g) = z: A)(f(2) =p() 9(x)).

Lemma 8.11. Homotopy is an equivalence relation. That is, we have terms of types

(ILf: (M= A)P())(f ~ f)

(If,g: (a: A)P(x))(f ~ g) = (9~ f)

(ILf,g,h: (Iz: A)P(z))(f ~ g) = (g~ h) = (f ~h)

The following lemma expresses a naturality condition for homotopies:

Lemma 8.12. Suppose H: f ~ g is an homotopy between two functions f,g: A — B and
let p: 2 =4 y. Then we have H () *ap(g)(p) =f(x)=pq(y) 2P(f)(P) * H(y) and we can draw

this condition as a commutative diagram:

ap(f)(p)

f(z) f(y)
H(z) H(y)
(z) pT 9(y)-

A function f : A — B is said to be an equivalence if it has homotopy left and right

inverses and we write

isequiv(f) = (Sg: B — A)(fog ~idp)) x (Sh: B — A)(ho f ~ida)).

If there exists an equivalence between two types A and B, we write A = B and the type of
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equivalences between two types is denoted by

(A= B):=(2f: A— B)(isequiv(f)).

8.2.3 n-Types

In this thesis we restrict the attention to types where identity proofs of identity proofs are
unique, i.e. to types A where Idiga(z,) (P, ) is trivial. Garner in [Gar09] has investigated
the semantics of Type Theory where all types are of this form. They are particular cases

of n-types which are defined inductively as follows:

isContr(A) = (Sa: A)(Iz : A)lda(a,z) Contr == (£X : Type)(isContr(X))
isProp(A) == (ILz,y : A)isContr(lda(z, 1)) Prop := (XX : Type)(isProp(X))
isSet(A) = (Ilz,y : A)isProp(lda(z, y)) Set := (DX : Type)(isSet(X))
is-1-Type(A) := (Ilz,y : A)isSet(lda(z,y)) 1-Type := (2X : Type)(is-1-Type(X))

issn-Type(A) = (Ilx,y : A)is-(n-1)-Type(ldA(z,y)) n-Type := (XX : Type)(is-n-Type(X))

The types isContr, isProp and isSet are also called, respectively, is-(-2)-Type, is-(-1)-Type
and is-0-Type. For our purposes, it is enough to restrict to the first four levels. Here Prop
is the collection of propositions, i.e. types with at most one inhabitant up to identity,
while Set is the collection of sets, i.e. types whose identity types in turn are propositional.
Finally, we are interested in 1-Type which is the collection of 1-types, i.e. types whose
identity types are sets. Furthermore, all three of Prop, Set and 1-Type are closed under
II- and Y-types. The witness that a type is in some of these classes is itself a proposition,
and so we will abuse notation and leave it implicit — if there is a proof, it is unique up to

identity.

If P: A — Prop, then we write {x : A| P(z)} for (Xx : A)P(x). Since P(x) is a proposition

for each x : A, we have that Idg,.4| p)}((a,p), (b,q)) = 1da(a,b). For this reason, we will
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often leave the proof p : P(a) implicit when talking about an element (a, p) of {z : A| P(x)}.

We also suggestively write a € P for P(a).

We recall some of the properties of n-types. We refer to [Unil3] for the proofs.

Lemma 8.13. For every type A, the following are equivalent:

e A is contractible;
e A is equivalent to the singleton 1.
Lemma 8.14. For any type A and any a: A, the type (Xx: A)ld4(a, ) is contractible.

Lemma 8.15. The hierarchy of n-types is cumulative in the following sense: given a

number n > —2, if X is an n-type, then it is also an (n + 1)-type.

Lemma 8.16. Let n > —2, and let A: Type and B: A — Type. If A is an n-type and for
all a: A, B(a) is an n-type, then so is (Xx: A)B(z).

Lemma 8.17. Let n > —2, and let A: Type and B: A — Type. If A is an n-type and for
all a: A, B(a) is an n-type, then so is (Ilz: A)B(x).

8.2.4 Transport

Let P: A — Type be a family of types and p: a =4 b be a path. Intuitively, we would
expect that if a and b are the same, then P(a) and P(b) should be related. This is the

case and the following lemma shows how they are related:

Lemma 8.18. Suppose P is a family of types over A and that p: x =4 y. Then there is a

function p,: P(z) — P(y).

Proof. By induction we can assume p is refl,.. In this case we can take (refl,).: P(z) — P(x)

to be the identity function. O

This operation gives rise to a transport term of type

tr: (P: A— Type) = Ilda(z,y) = P(x) — P(y)
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where tr(P,p) = p.. Given a type family P: A — Type, two terms z,y: A, a path
p:lda(z,y), and a term u: P(x) when convenient we use the more concise notation tr(p)u

instead of tr(P, p)u when it is possible to infer P.

Using transport we have the following characterisation of equality in 3-types (see [Unil3]):
Lemma 8.19. Id(Ex:A)B(:c)((xa y)v (.Z'/, y/)) = (Zp : |C|A(ilf, ':U/))IdB($/) (tl’(B,p)y, yl)‘

Some useful results on transport are the following:

Lemma 8.20. Given P: A — Type, p: x =4y, ¢: y =4 z and u: P(z), we have

gx(p«(u)) = (p* q)«(u).

Lemma 8.21. Let f: A — B be a function and consider a type family P: B — Type,
p:x =4y and u: P(f(z)). We have

tr(P o f,p)u = tr(P,ap(f)p)u.

Lemma 8.22. Let P,Q: A — Type be two families of types and f: (Ilz: A)P(z) — Q(x)

a family of functions. If p: x =4 y and u: P(x), then we have

tr(Q,p) f(z,u) = f(y,tr(P,p)u).

When P: A — Type is a family of types of the form P(z) = Id4(a,z), P(x) = Id4(z,a) or
P(x) = ld(z, x) where a: A, the transport is given by composition of paths as specified by

the following lemma:

Lemma 8.23. For any type A, P: A — Type and p: ld4(x1,x2), we have
o if P(z) =Ids(a,z) and q: Id4(a,x1), then tr(P,p)qg = q* p;

o if P(x) = Id4(z,a) and q: Ids(z1,a), then tr(P,p)g = p~ ' ¢;

o if P(x) =Ida(z, ) and q: Ids(z1,21), then tr(P,p)g =p '+ q-p.
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Thanks to the transport we can generalise the functorial behaviour of functions to dependent
functions. In general, given a dependent function f: (Ilz: A)P(x), if p: = y, it makes no
sense to ask if fz is equal to fy because they live in two different types P(z) and P(y).

Using the transport we can move between the two types and we have:

Lemma 8.24. Suppose f: (Ilz: A)P(z) is a dependent function. Then we have a map

apd(f): (Ilp: x =4 y)(p«(f(2)) =p(y) f(¥))-

Proof. By induction, it suffices to assume p is refl,. It follows that the desired equation is

(refly)«(f(z)) = f(z) which clearly holds. O

8.3 Impredicativity and MLTT

In order to make proof-relevant relations precise, we work in the constructive framework of
impredicative intensional Martin-L6f Type Theory [ML72]. Impredicativity allows us to
quantify with II-types over all types of sort Type in order to construct a new object of sort
Type. Following [Atk12], we will use impredicative quantification in the meta-theory to
interpret impredicative quantification in the object theory:

X: Type - B type
F (IIX : Type)B type

This simplifies the presentation, and allows us to focus on the proof-relevant aspects of the

logical relations.

We stress that we are not assuming Uniqueness of Identity Proofs, as that would in effect
result in proof-irrelevance once again. From now on, we will however restrict attention to
types where identity proofs of identity proofs are unique, i.e. to types A where Idig , (24 (P, @)

is trivial. We work with Prop, Set and 1-Type as defined in Subsection 8.2.3.

8.4 Proof-relevant relations

We now define proof-relevant relations:
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Definition 8.25. The collection of proof-relevant relations is denoted PrRel and consists
of triples (Ry, R1, R), where Ry, R; : 1-Type and R : Ry x Ry — Set. The l-type of

morphisms from (Ry, Ry, R) to (R, R}, R') is

(Efo : R() — R{))(Efl Ry — R’l)(Ha : R[), b: Rl)R(a, b) — R’(fa,gb).

Note that PrRel has a natural categorical structure. In the rest of this chapter we take
relation to mean proof-relevant relation. The above definition means that morphisms
between relations have a proof-relevant equality and, thus, showing morphisms are equal
involves constructing explicit proofs to that effect. Indeed, the equality of morphisms is

given by

ld((fo, f1. f), (fos f1, £1) = (B¢  1d(fo, fo), % : 1d(f1, £1)) ld(tr(d,9) f, f).

However, since R : Ry x Ry — Set has codomain Set, while Ry and Ry are 1-types, the
complexity of R compared to Ry and R; has decreased. This means relations between

proof-relevant relations are in fact proof-irrelevant (see Section 8.5).

When not differently specified, when we say “consider a relation R” we mean the triple
(Ro, R1, R), and we write R : PrRel(Ry, R1), or R : Ry <> Rj, and call R a relation
between Ry and R;. Similarly, a morphism f: R — R’ consists of a triple (fo, f1, f). Given
f: R — R and r: R(a,b), formally we should write fabr for the application of f to r.
However, when a and b can be inferred, we simply write fr. If we still want to emphasise

the elements a and b, we may write f, ) 7.

If R : PrRel(Ry, R1) and P : PrRel(Fy, P1), then we have 1 : PrRel(1,1), P x R :
PrRel(Py x Ry, Pi X R1) and R = P : PrRel(Ry — Py, Ry — P;) defined by

1(z,y) = 1
(R x P)((z,y). (")) = R(z,2')x P(y,y)

(R=P)(f,9) = (Uz:Ro,y: R)(R(z,y) = P(fz,gy))
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These exponentials have the right universal property:

Lemma 8.26. Let R : PrRel(Ry, R1), R’ : PrRel(R{, R}), and R” : PrRel(R], R).
There is an equivalence abs: (R x R' — R") — (R — (R’ = R")) with inverse app : (R —

(R'= R")) = (Rx R — R").

Proof. The function abs is defined as

abs = At.(Aa.\b.to(a,b), \a' b .t1(a’, b)), Aa.Ab.Ap Xa’ N/ \p t(a,a’) (b, V) (p, D))

and the function app is defined as

app = )\t.()\a.to(ma) (7T2a), )\b.tl(ﬂlb) (7T2b),

Aa.Ab Ap-t(mra)(mib) (mip)(to(mra), b1 (1)) (wea) (mab) (m2p)).

By using function extensionality it is not difficult to show that absoapp = id and appoabs =
id. O
We will also make use of the equality relation Eq(A) for each 1-type A:

Definition 8.27. Equality Eq : 1-Type — PrRel is defined by Eq(A) = (A, A,ld4) on
objects and Eq(f) = (f, f,ap(f)) on morphisms.

Proposition 8.28. Eq is full and faithful in that (EqX — EqY) =2 X —» Y.

Proof. By function extensionality and Lemmas 8.14 and 8.13, we have

(EqX - EqY) = (Bf : X = YV)(Zg: X — Y)(Ilza')ldx (x,2") — ldy (fx, g2’)
=Ef X 2Y)(Eg: X = Y)ldxoy(f9)

=X X->Y)1I=X Y . O

Similarly, the exponential of equality relations is an equality relation. Here, we abuse

notation and use the same symbol for equivalence of types and isomorphisms of relations:
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Proposition 8.29. For all X,Y : 1-Type, we have (EqX = EqY) 2 Eq(X — Y).

Proof. By extensionality it is enough to show
(M, 2" : X)d(z,2") = d(fz,g2")) = (Hx : X)Id(fz, gx)

for every f,g: X — Y. Functions can easily be constructed in both directions and proved

inverse using extensionality and path induction. O

8.5 Relations between relations

Intuitively, 2-relations should relate proofs of relatedness in proof-relevant relations. Al-
though conceptually simple, formalizing 2-relations is non-trivial as various choices arise.
For instance, if R and R’ are proof-relevant relations, one may consider 2-relations between

them as being given by functions
Q: (la: Ry,a : Ry,b: Ry, b : R)) (R(a,b) x R'(d’,b")) — Prop

with the intuition of (p,p’) € Q(a,d’,b,b") being that @ relates the proof p to the proof
p’. However, the natural arrow type of such 2-relations does not preserve equality. The
problem is that, while a is related to b, and @’ is related to ¥/, there is no relationship
between a and @’ and b and o’. Thus, we were led to the following definition which seems

to originate with Grandis (see e.g. [Gra09]):

Definition 8.30. A 2-relation consists of the following 1-types and proof-relevant relations
between them

Qr
Qoo <> Qo

QO’I‘ er

QOI TQH
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together with a predicate

Q (Ha 1 Qoos b : Qro,¢: Qo1,d : Qll)

QTO(G) b) X Q()r(@a C) X Q’r‘l (C, d) X Ql’/‘(b7 d) — Prop

A morphism of 2-relations consists of 4 functions between each corresponding node, 4 maps
of relations such that each is over the appropriate pair of morphisms of 1-types, and a
predicate stating that proofs related in one 2-relation are mapped to proofs which are

related in the other 2-relation.

Thus a 2-relation is a 9-tuple and, even worse, a morphism of 2-relations is a 27-tuple! This
combinatorial complexity is enough to scupper any noble mathematical intentions. We
therefore develop a more abstract treatment beginning with the indices in a 2-relation. This
extends the notion of reflexive graphs [RR94, 0T95, DR04] to a second level of 2-relations;

this notion, in turn, is just the first few levels of the notion of a cubical set [BH81].

Definition 8.31. Let I be the type with elements {00,01, 10,11} of indices for 1-types,
and I; the type with elements {Or, 70, 17,71} of indices for proof-relevant relations. Define
the source and target function @ : I; x Bool — Iy where w@i replaces the occurrence of r

in w by i. We write wQi as ws.

8.5.1 I[)-types

Next we develop algebra for the types contained in 2-relations.

Definition 8.32. An Iy-type is a function X : Iy — 1-Type. To increase legibility we write

X, for Xw. The collection of maps between two Ip-types is defined by

X = X'=(Mw: I)) X, — X,
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We define the following operations on Ip-types:

1 = w1l
X x X' = lwXy, X X{U
X=X = \wX,— X{U

If X is an Ip-type, define its elements EIX = (ITw : Iy) X,,. The natural extension of this

action to morphisms f : X — X’ is denoted El f : EIX — EIX’.

Note that elements deserve that name as EIX = 1 — X. The construction of elements

preserves structure as the following lemma shows:

Lemma 8.33. Let X and X’ be Ip-types. Then

1%

Ell 1

EI(X x X') & EIX x EIX’

E(X = X) = (Mw: )X, — X/,

Proof. For the first equivalence it is clear that there is only one map of type (ITw: Ij)1.

For the second equivalence, on one side we use the universal property of the product and

we have

(Hw: I())(Xw X X{U) = (X()() X X(/]O) X (X01 X X(l)l) X (X10 X X{O) X (Xll X Xil)

On the other side we have

(Hw: Io)Xw X (Hw Io)X;U = (XOO X X01 X X10 X XH) X (X(/)O X X(,)l X XiO X X{l)

The two are equivalent up to reordering.

The third equality holds by the definition of El. O

Finally, we show how to interpret abstraction and application over Iy-types:
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Lemma 8.34. Let X, X’ and X" be Iy-types. The function
abs = Af. dw. Az A\ fw (z,2) (X x X' = X") - (X = (X' = X"))
is an equivalence with inverse

app = Af. dw. Ay. fw (m1y) (m2y).

Proof. The proof is just straightforward calculation using function extensionality. O

8.5.2 I[;-Relations

Next we develop algebra for the relations contained in 2-relations.

Definition 8.35. An [;j-relation is a pair (X, R) where X is a Ip-type and R is a function
of type R : (ITw : I )PrRel(X,0, Xw1). The collection of maps between two I;-relations is
defined by

(X,R) = (X' 'R)=f: X - X")Mw : [;)(Ry = R,)(fuwo, fwl)

We can represent a I1-relation (X, R) using the following picture:

Rro
Xoo <=— X10

RO'r i 1R1'r

Xo1 <= Xu1.
rl

We define the following operations on I;-relations:

1 = (1, \w.l)
(X,R) x (X',R) = (X x X, \w.Ryx R.)

(X,R)= (X'R) = (X=X  R,=R,)
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If (X, R) is an I;-relation, define its elements
El(X,R) = (Xz : EIX)(Iw : I1) Ry(wo, Twi)

The natural extension of El to morphisms (f,g) : (X, R) — (X', R) is denoted EI(f,g) :

EI(X, R) — EI(X", R").
We can represent an element (z,p) of an Ij-relation (X, R) using the following picture

Pro
Zoo == Z10

Por 1 1[717“

Lo1 =5 7 11

where pro: Rro(200, Z10), por: Ror (200, Zo1), Pri: Br1(zo1, z11) and pir: Rir(z10, 211).
Note that elements deserve that name as EI(X,R) =1 — (X, R). The construction of

elements preserves structure as the following lemma shows:

Lemma 8.36. Let (X, R) and (X', R') be I;-relations. Then

Ell =@ 1
EI((X,R) x (X',R')) = EI(X,R)xEI(X',R)

E(X,R) = (X',R")) = (Ef:E(X = X")(Tw: I)(Ry = R.)(fwo, fuw1)

Proof. For the first equivalence we have that, by definition, EI1 = (Xz: EI1)(ITw: I1)1(*, )

which is clearly equivalent to 1.

By definition of El, for the second equivalence we have that

EI(X,R) x (X',R)) = EIX x X', \w.Ry x R,,)

= (Bz: E(X x X)) (TTw: [1)( Ry X RL) (200, Tw, )-
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Using Lemma 8.33 we can consider  being a pair (z, z’) and rewrite

(Bz: EX x X)) Mw: I))(Ry X R (w0, Tw,) =
(B(2,2"): EI(X) x EI(X"))(Rr0(200, 210) X Ryo(2005 210) X
Ror (200, 201) % Ry (2005 201) X
Ry1 (201, 211) X Ryq (2015 211) %

Rir (210, 211) % R, (210, 211))-

We can be reorder the above equation obtaining

(Xz: E(X))(Rro(200, 210) % Ror(200, 201)Rr1 (201, 211) X Rip(210, 211)) X
(32" BIX")) (R0 (2005 210) % Rop (200, 201) % Bra (201, 211) X Rip (210, 211))
which, by unwinding the definition, is exactly EI(X, R) x EI(X', R’).

The last point holds by definition. O

Finally, we show how to interpret abstraction and application over Ip-types:

Lemma 8.37. Let (X, R), (X', R') and (X", R") be I;-relations. There is an equivalence
abs: ((X,R) x (X,R') - (X",R")) - (X,R) — (X',R') = (X", R"))) with inverse
given by app: ((X,R) — (X', R") = (X", R"))) = ((X,R) x (X", R') — (X", R")).

Proof. The proof is similar to the proof of Lemma 8.26, but rests crucially on the fact that
R:>P2PI‘R61(R0—>PQ,R1 —)Pl). ]

8.5.3 2-Relations

Finally, we develop the same algebra for 2-relations.

Definition 8.38. The collection of 2-relations is denoted 2Rel and consists of pairs

((X,R),Q) where (X, R) is an [;-relation and @ is a function @ : EI(X, R) — Prop. The
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collection of maps between two 2-relations is defined by

(X, R),Q) = (X", R),Q) = (B(f,9): (X,R) = (X", R))

(I(z,p) : E(X, R))(p € Q(x) — (El g p) € Q'(EI f x))

Note that 2Rel has a natural categorical structure with 2-relations ((X, R), Q) as objects
and a morphism (f, g): (X, R),Q) — (X', R"),Q’) is amorphism (f,g): (X,R) — (X', R')

of I;-relations satisfying the condition in Definition 8.38.

We write @ for ((X, R),Q) and given (z,p): EI(X, R) such that p € Q(z), we just write
p € Q(z) leaving implicit that (z,p): EI(X, R). We represent p € Q(x) using the following
picture:

Pro
oo <=—> 10

p07¢ Q iplr

<~
To1 <5 > %11

where p,o € Ryo(z00, Z10), Por € Ror(x00,Z01), Pr1 € Rr1(zo1,211) and p1, € Riy(x10,211).

We use this graphical representation when convenient.

Similarly we can picture a 2-relation @) as

Qr
Qoo <> Q1o

QOTi Q inr

Qo1 <H>QH

and we say that @ is indexed by the above diagram. Note that the subscript by convention

determines that e.g. Qo is in 1-Type, Q¢ is in PrRel and @ in 2Rel.

Finally we write f: Q — @' for a morphism between two 2-relations @ and Q' with
components f = (foo, fi0, fo1, f11, fro, for, fr1, fir, f), where fi;j: Qij — Qj; in 1-Type or
PrRel depending on the index, and f is a proof that if (p,q,p’,¢") € Q(a,b,c,d) then
(frop, for ¢, fr1 Vs f1rd) € Q' (foo a, f10b, fo1 ¢, f11 d). Note that f, when it exists, is unique
because it is a condition on propositions. For this reason when we need to specify a

morphism between two 2-relations sometimes we leave f implicit and we do not write it if
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we know that it exists.

We define the following operations on 2-relations

1 = (1,A.1)
(X,R),Q) x (X, R),Q) = ((X,R)x (X R),
Az, y)A(p,q)-p € Q) N g € Q'(y))
(X,R),Q) = (X" R),Q) = (X,R)= (X" R),

A(f,9)-(I(z,p) : EX, R))p € Q(z) = (El g p) € Q'(El f 2))

Lemma 8.39. Let ((X,R),Q), ((X',R"),Q") and (X", R"),Q") be 2-relations. There is

an equivalence

abs : (X, R),Q) x (X", ), Q") — (X", R"),Q")) =

(X, R),Q) = (X", ), Q") = (X", R"),Q")))

with inverse app.

Proof. Note that if X, X’ and X" are Iy-types, and if f : X x X’ — X" then absf : X —
(X' = X"), and for any = : EIX, 2/ : EIX’, and w : Ij

(Elf) (z,2") w = (El (absf) x w)(z" w)

Similar results hold for app and for the analogous lemmas for I;-sets. This, together with

Lemma 8.37, extensionality and direct calculation gives the result. O

As in cubical and simplicial settings, there is more than one “degenerate” relation in two-
dimensional relations. For example, we can duplicate a relation vertically or horizontally.

These operations induce two functors defined by the following lemmas:
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Lemma 8.40. The map sending a relation R to the 2-relation Eq(R) indexed by

Ro Eq(Ro) R

Ri Eq)(R) iR

Ri=——HR

Eq(R1)

and defined by (p,q,p',q') € Eq(R)(a,b,c,d) if and only if tr(p,p')qg =r,a) ¢’ extends to

a functor Eq” : PrRel — 2Rel.

Proof. Consider a morphism (f,g,t): (A, B,R) — (A', B', R'). The functor Eq| sends
(f,9:t) to (f, f,9,9,ap(f),t,ap(g),t). Weneed to check that if (p, ¢,p’, ¢') € Eq)(R)(a, b, ¢, d)
then (ap(f)p,tq,ap(g)p',tq’) € Eq(R)(fa,fb,gc,gd), and, by definition, this is true
if and only if tr(ap(f)p,ap(9)p')t ¢ =pr(sb,gq) tq'- We know that tr(p,p')qg =grp.a) ¢'- We
use path induction and we can assume a = b and ¢ = d, while p = refl, and p’ = refl..

We then have tr(refly, refl.)q =grp.q) ¢'; that is ¢ =gp.q) ¢ and then we can conclude

tr(refly o, refly )t g =p(roga) 4 O

Lemma 8.41. The map sending a relation R to the 2-relation Eq_(R) indexed by

EQ(Ro)i Eq_(R) iEq(Ro)

R0<T>R1

and defined by (p,q,p’,¢') € Eq_(R)(a,b,c,d) if and only if tr(q,q')p =pg(c,a) P’ extends to

a functor Eq_: PrRel — 2Rel.

Proof. Consider a morphism (f,g,t): (A,B,R) — (A, B',R’). The functor Eq_ sends

(f,g9.t) to (f,g,f,g,t,ap(f),t,ap(g)). The proof that if (p,q,p’,q") € Eq_(R)(a,b,c,d)

then (tp,ap(f)q,tp’,ap(9)¢’) € Eq_(R')(fa,gb, f ¢,gd) uses the same argument used in

the proof of Lemma 8.40. O

There is another different kind of degeneracy, which in the cubical set context is called

connection [BHS11], and it is defined as follows:
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Lemma 8.42. The map sending a relation R to the 2-relation CR indexed by

Ro Eq(Ro) R

Eq(Ro)i CR 11«2

and defined by (p,q,p,q¢') € C(R)(a,b,c,d) if and only if tr(g~! = p)p’ =R(bd) ¢ extends to
a functor C: PrRel — 2Rel.

Proof. Consider a morphism (f,g,t): (4,B,R) — (A’,B’,R’). The functor C sends
(f,g,t) to (f, f, fyg,ap(f),ap(f),t,t). The proof that if (p,q,p’,q¢) € C(R)(a,b,c,d) then
(ap(f)p,ap(f) q,tp',tq) € C(R)(fa,fb,fec,gd) uses the same argument used in the
proof of Lemma 8.40. O

There is of course also a symmetric version which swaps the role of Eq(Rp) and R, but we

will not make us of this in the current thesis.

Note that all the compositions Eq) o Eq, Eq_ o Eq and C o Eq give the same functor.

Lemma 8.43. We have that EqH oEq=Eq_oEq=CoEq.

Proof. All the three functors goes from 1-Type to 2Rel and if we apply them to a 1-type

A all the three resulting 2-relations are indexed by the same diagram

Eq(A)

A
Eq(A) JtEq(A)

MA‘

Eq(A)

A <>

Given the elements p € Eq(A)(a,b), g € Eq(A)(a,c), p' € Eq(A)(¢,d) and ¢’ € Eq(A)(b, d),
we have that (p,q,p’,q') € Eq o Eq(A)(a,d,c,d) if and only if tr(p,p')q =eq(a)p,a) 45
(p,¢:9',q') € Eq_ o Eq(A)(a, b, c,d) if and only if tr(q, ¢')p =gq(a)(c,q) P and (p,q,p’,q') €
CoEq(A)(a,b,c,d) or if and only if tr(g~! = p)p/ =Eq(A)(b,d) ¢+ These three conditions are
equivalent. In fact all the elements p, q,p’, ¢’ are identity proofs between terms of the same

type, and, in this case, transport is given by composition of paths as shown by Lemma
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1

8.23. Unwinding the first condition tr(p, p’)q =gq(a)(s,a) ¢ We obtain p~" +q*p" =gq(a)p,a) ¢

which corresponds also to the condition tr(g~! = p)p/ =Eq(A)(b,d) q'. By precomposing with

1

inverses we obtain ¢! *p* ¢’ =gq(a)(c,q) P’ Which is exactly tr(q, ¢')p =gq(a)(c,a) P'-

For the action on the morphisms note that all the three compositions send a morphism

f+ A— A to the morphism (f, f, f, f,ap(f),ap(f),ap(f),ap(f)). L

Definition 8.44. We call Eq, the functor resulting from the composite Eq” o Eq, which,

by Lemma 8.43, is the same as the composites Eq_ o Eq and C o Eq.

Proposition 8.45. The functor Eq) is full and faithtul.

Proof. Let (fo, f1,f), (90,91,9): (A, B,R) — (A’, B, R") be two morphisms in PrRel such

that Eq||(f0,f1,f) = Eq||(go,g1,g), which, by unwinding the definition of Eq), means

that (ananflaflaap(f(])vaap(fl)af) = (907907glaglaap(go)mgaap(gl)ag)' It immediately

follows that (fo, f1, f) = (90, 91,9) and we have the faithfulness.

For fullness, consider a morphism f: Eq”(R) — Eq”(R’ ). Using the fullness of Eq, we
have that the morphism (foo, fi0, fro): Eq(Ro) — Eq(R{)) has components foo = fi0 and
fro = ap(foo). Similarly the morphism (fo1, f11, fr1): Eq(R1) — Eq(R}) has components
for = f11 and fr1 = ap(fo1). Finally, in order to prove that fo, = fi,, consider the

elements (a,b) € Ry x Ry and r € R(a,b). Clearly (refly,r, refly,r) € Eq)(R) and then its

image (ap(foo)refla, (fOr)a,b'm ap( for)refly, (flr)a,br) = (reﬂfooa7 (fOr)a,bT: refl o0, (flr)a,br) €

EqH(R’) which, by definition of Eq), means that tr(refl jo0a, refl.0) (for)apr = (fir)apr, i-e.

for = fir. We then have f = Eq(foo, fo1, for)- O

Again, we can prove that exponentiation preserves all the degeneracies and the connection:

Proposition 8.46. For all R, R’ : PrRel, we have

1. an equivalence Eq R = Eq R = Eq(R = R)
2. an equivalence Eq_R = Eq_R' 2 Eq_(R = R/)

3. an equivalence CR = CR' = C(R = R).
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Proof. For the point (1) note that EqiR = Eq”R’ is indexed over

EqRo=EqR/
(Ro — RY) =" _ (Ry — RY)
RéR’I EqR=Eq R’ iRéR’
/ /
while Eq (R = R') is indexed over
Eq(Ro—R!
(Ry — Ry~ o Rr)
R:R’i Eq(R=FR) iR:ﬂ%’
/ /

and the two are equivalent up to the equivalences ¢: EqRy = EqR{, = Eq(Ry — Rj{;) and
¢': EqR1 = EqR] 2 Eq(R1 — R)).

The proof consists in first proving that

if (pa q7p/7q/) € (EqHR = EC]HR/)(f,g,f/,g,)

then (pr, q, ¢/p/7 q,) € EqH (R = R/)(fa 9, flv gl)v

and it follows by unwinding the definition of the 2-relations and the definition of the

equivalence ¢.

Next we need to prove the opposite direction of the implication:

if (ta Q7t/> q,) € EqH(R = R/)(f>ga flag,)

then (¢_1t’ q, ¢,_1t/7 q,) € (Eq”R = Eq||R,)(fa g, flv g/)’

which, in this case, follows by unwinding the definitions and by path induction. Since
the 2-relations have values in Prop, the maps back and forth are enough to define an

equivalence.

The proofs of item (2) and item (3) follow the same structure of the proof of item (1). The

difference is that the permutation in the shape over the 2-relations are indexed requires to
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adjust the argument. O



Chapter 9

Two-dimensional parametricity

We now have the structure needed to define a two-dimensional, proof-relevant model
of System F. Each type judgment I' - T type, with || = n, will be interpreted in the

semantics as

[T]o : |1-Type|® — 1-Type
[T]: : |PrRel|” — PrRel

[T]2 : |2Rel]” — 2Rel

by induction on type judgments with [7]; over [T]o x [T]o, and [T]2 over [T]1 x [T]1 x
[T]:1 x [T]:. This is similar to the previous work on bifibrational functorial models of
(proof-irrelevant) parametricity presented in Chapter 5, but with an additional 2-relational
level. To give an idea, the picture of bifibrational parametricity presented in Theorem 5.6

generalises in the two-dimensional setting to the following

[[Aﬂz
]2Rel|" ﬂ,[[t}]z 2Rel
T]]Q
[o1]™ \32|" |<93|" |04]™ 5
[[A]]1
\PrRel[" [[t]h PrRel
[[T]]l
|01]™ |02]™ 01 02
[Alo
/\
[1-Type[* _ JiMo  ~1-Type
[770

151
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[Xo,..., Xn F X type];Y =Y, [S = T)Y = [S]:Y = [T]:Y

[VX.TJoA = { fo : (IIA : 1-Type)[T]o(A, 4),
J1: (IIR : PrRel)[T]1(Eq(A), R)(foRo, foR1) |
(VQ: 2Rel) (leTO’le_O’r‘alerlulelr) €

[TT2(Eax(A), @)(foQo0, foQ10, foQo1, foQ11)  (A0.1)
A (VA: 1-Type) Oro(f1Eq(A)) = refly a}. (A0.2)

(IVX.T]1R)((fo, f1), (90, 91)) = { ¢ : (IR : PrRel)[T]1(R, R)(foRo,goR1) |
(VQ: 2Rel)
((f1Qr0, 9Qor, 91Qr1, 9Q1,) €

[T]2(Eqy (), Q)(foQoo, foQ10, 90Qo1, goQ11)
(A1.1)

A (qerOa leOra ¢Qr17 nglr) S

[TT2(Eqa—(R), Q)(foQoo0 foQ10, 90Q01, g0Q11)
(AL.2)

A (f1Qro, f1Qor, #Qr1, 9Q1r) €

[T]2(CR, Q)(foQoo, foQ10, foQo1, 90Q11))}
(A1.3)

(¢o, D1, b2, 03) € (VX.T]2Q)(f, g, h, 1) iff
(VQ: 2Rel) (¢oQro; $1Qor, 92Qr1, P3Q1r) €
[T72(Q, Q)(foQo0s 90Q10, hoQo1, loQ11)

Figure 9.1: Interpretation of types

where the 9’s from 2Rel to PrRel are the maps projecting out the proof-relevant compo-
nents of the 2-relations, while the ones from PrRel to 1-Type project out the 1-types of
the proof-relevant relations. Finally in this chapter we consider System F without product
types which, in any case, can be added since there are products at every level and products

at one level live over products at the level below.
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9.1 Interpretation of System F types in two-dimensional para-
metricity

The full interpretation of types can be found in Fig. 9.1. For type variables and arrow
types, we just use projections and exponentials at each level. Elements of [VX.T]oA consist
of an ad-hoc polymorphic function fy, a proof f; that fy is suitably uniform, and finally
(unique) proofs (A0.1) and (A0.2) that also the proof f; is uniform. The O appearing
in condition (A0.2) derives from the Identity Extension Lemma 9.2, which means that this
lemma needs to be proven simultaneously with the definition of the interpretation. In
other words, this is an inductive-recursive definition (see [DS99]). Condition (A0.2) says
that, assuming the Identity Extension Lemma i.e. ©7: [T]1 0 Eq = Eqo [T, the only
way to define f1Eq(A) without looking at the type — i.e. in a uniform way — is to pick

refl. We do not know if condition (A0.2) follows from the others or not.

Elements of ([VX.T]1R)(f,g) are proofs ¢ that are suitably uniform in relation to f and
g, both with respect to equalities (conditions Al.1 and A1.2) and connections (condition
A1.3). The presence of connections might surprise. The idea behind the use of connections

is the following. Let T5 be a polymorphic 2-relations indexed by

To <L>T0

Ty i T 1T1

Th <—=T;
0 T 0

and consider (p,q,p',q¢') € To(f,g,1,h). For Ty being polymorphic means that for every

2-relation @@ we have the 2-relation 75(Q) indexed by

T Q.
To Qoo <> Ty Q1o

T QO’I‘I T2(Q) ITl Q1r

To Qo1 o To Q11,
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and the following elements are related in 75(Q)

Qr
f Qoo DEA LI g Q10
qQO’I‘I T2(Q) IQ'QM

h ~ .
QOl p/ Q'rl Qll

We want to prove that p,q,p’ and ¢’ are the same (up to transport) and we try to apply
the same technique used in relational parametricity: we use the Identity Extension Lemma.
We expect that the two-dimensional generalisation of the Identity Extension Lemma is
given by T5(Eq)) = Eq)(11) and T2(Eq_) = Eq_(T1), from which we can derive that for

every relation R we have the following related elements:

pEq(Ro) PR

fRy<=—>gRy f Ro g R

qRI Eq(T1R) IQ'R qEQ(RO)I Eq_(T1R) IQ' Eq(R1)

h l h I R;.
TR Bo—rz !

The left square proves that tr(AX.pEq(X), A\Y.p'Eq(Y))q = ¢/, while the right one that
tr(Az.q Eq(X), \Y.¢' Eq(Y))p = p/, but we cannot find any relation between p and ¢ or p’
and ¢’ and so on. For this reason we use the connection C and we extend the Identity

Extension Lemma to connections as well: T»(C) = C(T1). In this way we obtain

pEq(Ro)

[ Ro g Ro
QEQ(RO)I C(T1R) Iq’R
h Ry R IRy

and we can relate all the four edges together. Note that the two kinds of equalities and the
one kind of connection are enough to link together all the four edges, and since we want to

keep the logical relation minimal, we do not include the “symmetric” connection.

We want to prove the two-dimensional version of the Identity Extension Lemma in the
setting of two-dimensional parametricity for Eq), Eq_ and C. In order to do so we first

characterise equality in the interpretation of V-types in the following way (note that
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ld(vx.17,0) f(gg, 1) is trivial by assumption, since ([VX.T]2Q)f is a proposition):

Lemma 9.1. For all f,g: [VX.T]oA, we have the equivalence

Q! IdlIVXT]]OA(f7 g) &~ {T : (HA : 1-Type)|d[[T}]0(A7A) (foA,goA) ‘

(VR : PrRel) (flR, TRy, g1 R, TRl) €

Eq_([T]1(Eq(A), R))(foRo, foR1, goRo, goR1)}

Proof. Tt follows by unwinding the definition of identity types and using Lemma 8.19 and

function extensionality. O

From now on when we write 7: Idpyx 77,4(f, ), we actually think it living in the image
of p. One last step before proving the two-dimensional Identity Extension Lemma: we
introduce a notation which will make it easier to read the proofs in the rest of this chapter.

Let Q be a 2-relation and consider the following elements which are related in Q:

QL Q r q Q !
cﬁd c/<—,>d/

The type of the 8-tuples (a,b, ¢, d,p,q,r,s) and (a', 0, ,d',p',q' 1", ') is the X-type

(E(CL, b) c, d) : QOO X QIO X QOI X Qll)(pv q,T, S) : QTO(av b) X QOT(CL7 C) X er (C, d) X QTl (ba d))

and for this reason if we want to prove that (a,b,c,d,p,q,r,s) = (', 0, d',p', ¢ 1", ¢)

we first need four proofs

aa=d B:b=1 vie=/c S:d=d,

and then transport (p,q,r,s) along («,f,7,d) and prove that the result is equal to

', q,r", s, ie tr(a,8,7,90)(p,q,7,8) = (p/,q¢',7",s"). In order to do that we need four
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more proofs

/

z:tr(a, B)p=p y:tr(a,y)qg=¢ zitr(y, 0)r =1/ w: tr(B,6)s = 5.

An efficient way to represent all these data is by using the following picture

/ p b
S
N p A
a<—->b
q Y fI$ $S w s’
c<——>d
N

We will often use the following argument: if (p, q,r, s) € Q(a,b,c,d) and (a,b,c,d,p,q,r,s) =
(a0, dp ¢ 1, s, then (p',¢,7",s") € Q(a',V,,d"). We represent this argument in

a similar picture as before, but we fill the middle of the inner square:

/ p %
S 2 P
N p A
a<—>b
q’ Yy Q$ Q $5 w s’
c<——>d
N

We can now prove the two-dimensional Identity Extension Lemma (note that since in this
chapter we only use the two-dimensional version of the Identity Extension Lemma, we

drop the adjective “two-dimensional”)

Theorem 9.2 (Identity Extension Lemma). For every type judgment I' = T type, we have
1. an equivalence Org : [T]1 o Eq = Eq o [T,
2. an equivalence Op | : [T]2 0 Eq = Eqjo [T]: over Ory,
3. an equivalence O7 — : [T]2 0o Eq_ = Eq_ o [T]; over O7, and

4. an equivalence Op ¢ : [Tz 0 C = Co [T]; over Ory.
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Proof. The proof is done by induction on type judgments. For type variables, all statements
are trivial. For arrow types, this is Propositions 8.29 and 8.46. It is left to prove it for

forall types.

For the point 1 we define the maps

Ovx.1o : [VX.T]1Eq(A)(f,9) = Eq([VX.T]oA)(f, 9)

Ovxro  EA([VX.TToA)(f.9) — [VX.T]Eq(A)(f.9)

for all f, g and show that they are inverses. Using the induction hypothesis, we first define
Ovx10(¢) = AA:1-Type). O1 (¢ Eq(A))

where ©7,0(¢Eq(A)) goes from [T]1(Eq(A, 4))(fo A, go A) — Eq([T]o(A, A))(fo A, g0 A).
The condition from Lemma 9.1 is satisfied by (A1.1) together with the induction hypothesis.

In fact the axiom (Al.1) instantiated with Eq_(R) gives

iR

foRo fo Ry
¢ Eq(Ro) [T12(Eq)(Ea(A)),Ea_(R))  |¢Eq(R1)

go Iy.

go Ro -

Using the induction hypothesis plus the fact that Eq o Eq = Eq_ o Eq we have that
[T12(Eqy(Ea(A)), Eq_(R)) = Eq_([T]:(Eq(A), R))

and we obtain

fiR

Jo Ro fo Ri
O71,0(¢Eq(Ro)) Eq_([T]1(Eq(A),R)) Or,0(¢ Ea(R1))
go Ro go R1

a R
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and hence AA.O7,0(¢ Eq(A)) is a proof that f = g by Lemma 9.1.

We define the inverse morphism as Oyy 1,(7) = AR: PrRel. tr(refl, 7 R1) fi R. We need to
check that conditions (A1.1), (A1.2) and (A1.3) are satisfied. We verify (A1.1) in detail,
(A1.2) and (A1.3) follow analogously and we only sketch their proof. If @) : 2Rel, using

axiom (A0.1) we obtain

(f1Qro0, f1Qor, [1Qr1, f1Q1r) € [T]2(Eqa(A), Q) (foQoo, foQ10, foQo1, foQ11)

while we want to prove

(f1Qro, 9@1{10(7)@07«, 91Qr1, @Q}(,T,o(T)Qu)

€ [T]2(Eqy(Ea(A)), Q)(foQoo; foRQ10, g0Qo1, goQ11)

and in order to do that, we prove that

(foQoo, foQ10, foQo1, foQ11, f1Qro, f1Qors [1Qr1, f1Q1r) =

= (f0Qoo, foQ10, 90Qo1, 90Q11, f1Qro, @Q}(,T@(T)Qoﬂngrl, @Q;I(‘T,O(T)er)

by considering the following picture:

foQoo N9 foQ10
re |fOQ 0 ( ) I’eﬂfleO
\ le'rO /
foQoo foQ10
eg)l(ATﬂO(T)QOT‘ () f1Q07-I (A0.1) Ilelr () @\;;?T’O(T)er
/fOQOl W fOQll
o S
/ Lemma 9.1 ’\
90Qo1 e goQ11

where the squares (x) follow from the definition of Oy 1 ,(7), the top condition (A)

trivially follows from transporting along refl, and the last square derives from Lemma 9.1.
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Similarly condition (A1.2) follows from the picture

@g)l(.T,o(T)QTO

foQoo 9o@10
Eﬂfo(? 0 *) TQIO/
\ le'rO /
JoQoo foQ1o0
F1Qor (&) leoTI (A0.1) Ileh« 91 71Q1r
fOQOl W fOQll
reflf Q/ \TQI
/ 0«01 (*) \
foQo1 ouL a1 90Q11
and condition (A1.3) from
foQoo f18n0 foQ1o
S (L) =
re IfOQ 0 reﬂfOQlO
\ f1Qro /
JoQoo foQ1o
f1Qor (&) leO'r1 (A0.1) Ilen (%) Oyx.1.0(T)Q1r
fOQOl W fOQll
reﬂf Q/ \Ql
0Qo1 * T
/ *) \
foQo1 goQ11

@\;)l(.T,o(T)Q“
We now check that ©yx 7o 6;)1(1,0 = id and @;)li'.TO 0 Oyx .1, = id. One way round

Ovx.1,0(05x.10(T))(A) = Opg(tr(refl, T A) f1Eq(A)).

If we consider the related elements

fo A f1Eq(A)

foA

refll Ea_([7]1(Ea(4,A))) \(T A

A A
fo A < e
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and we apply the induction hypothesis Eq_ ([T]1(Eq(4, A))) = Eqs([T]o(A, A)), we obtain
O1,0(05x.10(T) Ea(A)) = tr(refl, 7 A)Or,0(f1 Eq(A)).
In this way we obtain the thesis from the following equalities

O1.0(05x.10(7) Ea(A)) = (tr(refl, 7 A)O1,0(f1 Eq(A)))
=0Oro(fiEq(4)) T A

=TA,

where for the last equality we used condition (A0.2).

The other way round is

Oy x1.0(Ovx.10(¢))(R) = tr(refl, Or,0(¢ Eq(R1))) L R.

Instantiating condition A1.3 with Eq_(R) we have the related elements

AR
foRo : fo Ry
f1 Eq(Ro) [T72(Eqs(A),Eq_(R)) ¢ Eq(R1)
foRo v go 1

1%

and using the induction hypothesis [T]2(Eqy(A), Eq_(R)) = Eq_([T]1(Eq(A), R)), we

obtain

tr(O71,0(f1Eq(Ro)), Or0(¢ Eq(R1))) i R = ¢ R,

which is the thesis.

The proofs of item 2 and item 3 are similar. They require just to adjust the argument to

the permutation of the orientation of the 2-relations Eq) and Eq_. We see in detail the
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proof of item 2. We first show that if

(¢a pvgaX) € [[VXT]]QEqH(R)(fagvha l) then

(Ovx.10(¢), p, Ovx.1.0(€), X) € Eq([YX.ThR)(f, 9, R, 1),

which means to prove that tr(©yx.1,0(¢)Ro, Ovx.10(§)R1)p R = x R for every relation R.

By unfolding the definition of ©yx 1,9, we obtain

tr(Ovx.7,0(#) Ro, Ovx.1,0(§)R1)p R = tr(O10(# Eq(Ro)), O1,0(£ Eq(R1)))p R.

By definition, if we instantiate [VX.T2Eq) () with Eq)(R?) we obtain the following related

elements

¢ Ea(Ro)
foRo e 9o Ro

pR| [T]2(Eqy(R).Eq(R)) |xR

o €Eq(R1) lo B

and using the induction hypothesis [[T]]Q(EC]H(R, R)) = Eq”([[T]]l(R, R)), we obtain the

thesis: tr(@@o(gb Eq(Ro)), @Tp(f Eq(Rl)))pR =x R.

In the opposite direction we want to prove that if

(0.0,6,X) € Eqy([VX.T]1R)(f.g,h,1)  then

(Oyx.1.0(9): P, Oy 10(€): X) € [VX.T2(EqyR)(f, g, h,1),

which, by definition of [VX.772(Eq (1)), means to prove that for every 2-relation () we have
(9\;)1<.T,0(¢)Qr0, p Qor, 99)1(,110(5)@7«1, X Q1r) € [T]2(Eqy(R), Q)(f Qoo, g Q10, h Qo1,1 Q11).
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The thesis follows from the following picture:

Oy x.1.0(¢)Qr
foQoo = ’ 90Q@10
Efo% (*) ¢Q10/
\ f1Qro /
foQoo foQ1o0
PQOr (A) PQOT (A].l) 1PQ17‘ (I) Xer
hoQo1 O hoQ11
/ \
refIhOQ01 (%) Q1
7 N

h l
0Qo1 P 0Q11

where the middle square A1.1 is the axiom applied to p € [VX.T]1(R)(f,h), the top and
bottom squares (x) are the definition of @;)l(.T,oa (A\) is given by transport along refl and
(I) is the hypothesis (¢, p, &, x) € Eq||(ﬂVX.T]]1R)(f,g, h,1) which, applied to @Q;,, implies

that tr(¢ Q10,£ Q11)p Q1r = X Q1r. As we said the proof of item 3 is similar.

What is left to prove is item 4. First we show that if

(¢7p7§7X) € [[VXT]]2C(R)(f,g,h,l) then

(Ovx.1,0(8), Ovx.10(p). & x) € C(IVX.T]LR)(f, g, h, 1),

which, by unfolding the definition of Oyx 7, means to prove that for every relation R we
have that (97,0(¢ Eq(Ro)), ©1,0(pEq(Ro)),& R, x R) € C([VX.T]1R)(f, g, h,1). We obtain
the thesis by instantiating [VX.T]2C(R) with C(R) and using the induction hypothesis
[T]2C(R, R) = C([T]:(R, R)):

O Eq(R,
foRRo 7,0(¢ Eq(Ro)) 9o Ro
©71,0(pEq(Ro)) C([TT1(R,R)) xR
ho Ry loRy

R
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Finally we want to prove the other direction: if

(¢, p,&,%x) € C(IVX.T]1R)(f,g,h,l)  then

(Oyx1(0), Ogx 7(p), &, X) € [VX.T]2(CR)(f, 9., 1),

which means that we need to prove that (@;}(.T(QZ)) Qro,@g)lf_T(p) Qor,§EQr1, x Q1) €
[T]2(CR, Q)(f Qoo, 9 Q10,h Qo1,1 Q11) for every 2-relation Q. In order to do that we

consider the following picture

@;)1(.T,0 (#)Qro

foQoo\ /gleo
}ﬂfoQ[{ (*) /(le()/
\ le’V‘O /
f oQoo\ /fleo
p\(Qoo)_1 9.1 P(QIO)(
\ thrO /
hoQoo <=—— hoQ10
6;}1(]1“’0(/))@01“ (*) leOr 91 h1Q0r$ [[T]]Q(C(R)yQ) nglr (IV) Xer
hoQo1 <—— hoQ11

/ £Q'r1
ﬁQm)% \
=
/foQ(n N refligQyy
/Q()l/ \

hoQo1 o loQ11

where it should be at this point clear where every square comes from but (IV), which comes

from the hypothesis (¢, p, &, x) € C([VX.T]1R)(f, g, h,1) applied to the relation Q1,. [

9.2 Interpretation of terms

We next show how to interpret terms. A term I'; A ¢ : T, with |T'| = n, will give a
“standard” interpretation

[t]oA: [AJoA — [T]oA,

for every A : 1-Type”, a relational interpretation

([tToRo, [t]o Ry, [th R): [AlLR — [ThR,
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for every R : PrRel”, and finally a 2-relational interpretation

(([t1o@-, [thQ-), [t]2Q) : [A]2Q — [T]2Q

for every @ : 2Rel”, where we have written e.g. [tJoQ_ for the map of Ip-types with
components ([t]oQ_)w = [t]oQw : [A]oQw — [T]oQw and similarly for [t];Q_. At each

level, A = x1 : 14,...,Zm : Ty is interpreted as the product

[[1'1 :Tla--wxm:Tm]]i:[[Tl]]i X ... X [[Tm]]z .

The full interpretation is given in Fig. 9.2. Variables, term abstraction and term application
are again given by projections and the exponential structure at each level. For type
abstraction and type application, we use the same concepts at the meta-level, but in
the case of type abstraction we also have to prove that the resulting term satisfies the

uniformity conditions (A0.1), (Al1.1), (A1.2) and (A1.3).

Lemma 9.3. The interpretation in Fig. 9.2 is well-defined.

Proof. The interpretation of I'; A - AX.t : VX.T is type-correct, since A is weakened with
respect to X in T', X; A + ¢ : T which means that [I', X - A] = [I' - AJom;. For this reason
we write just [A], and it will be clear from the arity of the input to which one we refer. The
uniformity conditions (A0.1), (A1.1), (A1.2) and (A1.3) can all be proven using [t]2. In fact,
in order to prove (A0.1), we apply [t]2(Eqy(A),Q): [A]2(Eay(A), Q) — [T]2(Eay(A), Q)

to the following related elements

O, (refla)
a a

Oxl(refla) | [Al2(Eay(A),Q) | Ox(refla)

a 1 a
O4 o(refla)

which are related because they are obtained by applying the string of equivalences

Eqs([A]0A) = Eq”([[A]h(Eq(A))) >~ [A]2(Eqy(A)) which derives from the Identity Ex-
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[[xoiTo,...,xn:Tnl_ivkZTk]]iX:Wk [[A,.%‘ZT"tIT]]Z':[[A}_t:T]]Z’OTFl

[AFXz.t:S — TJoA(y) = As. [A,z: S Ft:T)oA(r,s)

[AFXz.t:S = T R®) = Asp. As1. As. [A, 2 : St : T R((70, 50), (71, 81), (7, 8))
[A FAr.t: S — T]]QQ((§>p)77) = )\((l’,p),’}/)- [[A,l‘ Skt THQQ((f’ l’), (ﬁ,p))(i,'ﬂ

[f ToA() = [fToA(y) ([tloA())

L tliR(v0,71,7) = [f1iR(y0, 71,7, [E]oRo(Y0), [tloR1 (M), [t R(Y0, 71, 7))
[ t12:Q((®,P),7) = [f1:Q((Z, ), 7, [t]oQ;(@), [t]:Q;(P), [1]:Q((=, D), 7))

[AX.LoA() = (M. [tlo(4, A)y, AR. [£]1 (Eq(A), R)O S (refl,))

[AX.t]1R(v0,71,7) = AR. ([t]1(R, R)) (70, 71,7)
[AFAX4:VX.TQ((,0),7) = AQ. [t]2(Q, Q)((Z,D),7)

[A ¢S] T[S = X][oA(v) = fst([t]oA(7))([SToA)

[A+tS]: T[S — X R(v0,71,7) = [tliR(v0, 71, V) ([ST1 R)
[A F ¢S] : T[S = X]]2Q((@,D),7) = [t]2Q((Z, 5), 7)([S]=Q)

Figure 9.2: Interpretation of terms

tension Lemma, to the related elements

refl,

a a
reflg Ed,([A]0A) refly
a a
refly

and using the fact that [A]2(Eqy(A4), Q) = [A]2Eqy(A). The image of [t]2(Eqy(A), Q)



9.2. Interpretation of terms 166

applied to the previous related elements is exactly the Axiom (A0.1):

[]1(Ea(A),Qr0)0 y (refla

[t]o(A, Qoo)a ) [tlo(A, Q10)a

[]1 (Ea(A),Qr0)0 3 (refla) [772(Eqy (4),Q) [£]1.(Eq(A4),Q0)03 ), (refla)

[t]o(4, Qor)a : [t]o(A, Q11)a.

[t]1(Ea(A),Qr0)©3 y (refla

For conditions (A1.1), (A1.2) and (A1.3) we use the same argument but applied to different

elements and two-relations. In order we use

OxL (refly)
a A0 a a r b
r] [A]2(Eq)(4),Q) Jr O l(refla) | [Al2(Eq—(A)Q) | Oxl(refly)
b 1 b a p b
egyo(reflb)
O o(refla)
a a
Oaplrefla) | [Al2(C(A),Q) |7
a - b =

In order to prove soundness we need the following lemma:

Lemma 9.4. Let I'; A ¢: T be a term judgment. Consider
O © [t]hEq(A) 0 ©4'(a,b): Idjag,4(a,b) = Idjrp, 4([tloA a, [tloAb).
We have that O o [t]1Eq(A) o @&10 = ap([t]oA).

Proof. By induction on terms and unwinding the definition of ©7 . O

Theorem 9.5. The interpretation defined in Fig. 9.2 is sound, i.e. if A F s=1t:T,

then there is p 5 : Idpry,a([s]os [t]o) and gg = 1dry, g(tr(pg,) ([s]1), [t]1). (We automatically

have tr(p, q)[s]2 = [t]2 by proof-irrelevance of 2-relations.)



9.2. Interpretation of terms 167

Proof. We need to check that the - and n-rules for both term and type abstraction are

respected. For term abstraction, this follows from Lemmas 8.34 and 8.37.

That the S-rule for type abstraction is respected follows from direct calculation, while we
need a little work in the case of the n-rule for type abstraction. Let A;T'F ¢ : VX.T be given
and let [t]oAy = (fo, f1). Showing [AX.t[X]]o = [t]o means giving po : Id(AA.fo A, fo) and
p1: Id(/\R.([[t]]l(Eq(fl),R)@g,lo(refly)),snd([[t]]oﬁ'y)). For pg, we choose py = refl. In order

to give p1, note first that we have the following morphism

Ap: Eq([AoA)(a,b)-Bvx 1,0 AR-([t]1(Ea(A), R)O1p)):

Eq([AJoA) — Eq([VX.T]oA)

between two equality relations. Such morphism satisfies the hypothesis of Lemma 9.4 and
then using Lemma we have: Oyx 1.0(AR.([t]1(Eq(A), R)OL} (refl,)) = refly, 1~ For this

reason, if we instantiate the above equation with a relation R, we obtain:

[t]1(Eq(A), R)@Z}O(reflv) = @;)%.T,O(refl[[t]]o iR
= tr(refl, refl) 1 R
=fiR

= snd([t]o 7).

Finally things are exactly lined up to make tr((po, p1))([AX.t[X]]1) = [t]1 trivial. O

This model reveals hidden uniformity not only in the “standard” interpretation of terms
as functions, but also in the canonical proofs of this uniformity via Reynolds relational
interpretation of terms. In more detail: consider a term I'; A F ¢t : T with || = n.
By construction, our model shows that if R : PrRel”, a : [A]oRo, b : [AJoR; and p :
[A]1R(a,b), then [t]i R p: [T]1 R([t]oRo a, [t]oR1 b), i-e. [t]1R p is a proof that [t]oRo a
and [t]oR1 b are related at [T]1R. This is a proof-relevant version of Reynolds’ Abstraction
Theorem. Furthermore, if Q : 2Rel", (a,b, ¢, d) : [A]oQoo % [AJoQ10 X [A]oQo1 x [A]oQ11
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and (p,q,7,5) € [A]2Q(a, b, ¢, d), then

([t1:Qro p, [t]1Qor 4, [t]1Qr1 7, [t]1Q1r 5) €
[T12Q([t]0Qoo a, [t]oQ10 b, [toQ10 ¢, [t]oQ11 d)

This is the Abstraction Theorem “one level up” for the proofs [t]1, which we will put to

use in the next chapter.



Chapter 10

Applications

of two-dimensional parametricity

In this chapter we show applications of two-dimensional parametricity. We generalise some
of the techniques and results obtained in Chapter 6. In order to do that we work in a

2-categorical setting.

We start the chapter by recalling the two-dimensional categorical notions that we need.
We then equip 1-Type, PrRel and 2Rel with a 2-categorical structure which allows us to
define the graph functor for proof-relevant relations. In particular we need a notion of
fibration between 2-categories in order to supply the proof relevant version of the graph
lemma. The graph lemma is essential in order to give the applications of two-dimensional
parametricity, but it is not enough. In fact we need to generalise the graph functor and the
graph lemma to 2-relations. This operation leads to the definition of the 2-graph functor

and to the 2-relational graph lemma.

At this point we will have all the tools that we need in order to give some applications.
We first show a coherence condition for the naturality proofs defined in Section 6.3. We

then conclude the chapter by showing that two-dimensional naturality implies 2-naturality.

10.1 Two-dimensional categorical structure

In order to define the graph relations and graph 2-relations for, respectively, PrRel and
2Rel we need the higher dimensional structure of such categories and the right definition

of cartesian morphisms in this setting.

169
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We start by recalling the definition of a 2-category as in [Bor94]:

Definition 10.1. A 2-category C consists of

e a class of objects C,
e for each pair A, B of elements of C, a small category C(A, B),

e for each triple A, B, C of elements of C, a bifunctor

capc:C(A B)xC(B,C)—C(AQC),

e for each element A of C, a functor

ua:1— C(A, A)

where 1 is the discrete category with just one object.
Such a system should satisfy the following axioms

e associativity axiom: for A, B,C and D elements in C, the following equality holds:

cac,po(capc xid)=cappo(idxcpceDp),

e unit axiom: for A and B objects in C, the following equalities hold:

caaBo(uaxid)oi, =id=cappo(idxug)oi,

where i,: C(A,B) =1 xC(A,B) and i;: C(A,B) = C(A,B) x 1.

The elements of C are called objects or 0-cells, the objects in the category C(A, B) are
called 1-cells or morphisms and we denote them as f: A — B, and finally we call 2-cells

the morphisms in C(A, B) and we denote them by a: f = g¢.

The bifunctor ¢ gives the composition of morphisms. Given f € C(A, B) and g € C(B,C),

we denote the composition ¢(f,g) = g o f. With this composition, objects and 1-cells
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form a category where unit and associativity of composition are given by the unit and

associativity axiom in Definition 10.1. We denote the category of objects and 1-cells by Cy.

Note that the functor ¢ equips also the 2-cells with a composition structure which we
call horizontal composition (of 2-cells). Given two 2-cells a: f = g and f: h = k,
where f,g: A — B and h,k: B — C, we denote the horizontal composition g * o =

cla,B): ho f = kog.

The 2-cells inherit another composition, which we call vertical composition (of 2-cells),
from the categorical structure of C(A, B). Given a: f = g and 8: g = h, the vertical

composition is denoted by So«a: f = h.

All these compositions have identity. The functor ug : 1 — C(A, A) identifies the identity
morphism for the object A respect to the compositions defined by c¢. The categorical struc-

ture on C(A, B) furnishes the identity for 1-cells with respect to the vertical composition.

Example 10.2. A standard example of a 2-category is obtained by choosing small cate-

gories as objects, functors as 1-cells and natural transformations as 2-cells.

Example 10.3. Every ordinary category C can be viewed as a 2-category with the trivial

2-cells, i.e. each category C(A, B) is discrete.

The notion of functors generalises to 2-functors:

Definition 10.4. Given two 2-categories C and D, a 2-functor F': C — D consists of

e for every object A in C, an object F'(A) in D;

e for every two objects A, A’ in C, a functor

Faa:C(A A — D(F(A), F(A")),

which satisfy the axioms

e compatibility for composition: for A, A’ and A” objects in C

Fyar0caaar = crayran,rar © (Faa X Farar),
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e unit: for every object A in C

FAAOUA :’LLF(A).

For the sake of brevity we will often write F' instead of F4 4. Any 2-functor F': C — D

induces a functor on the category of objects and 1-cells which we denote by Fy: Co — Dy.

There is also the notion of 2-natural transformations. In order to define it, we first need
two functors. Let A and f: A" — A” be, respectively, an object and a 1-cell in a 2-category

C. We define the functor C(A, f): C(4,A’) — C(A, A”) as

C(A, f)lg)=fog C(A, f)(a) =idf * o

Similarly, the functor C(f, A): C(A”, A) — A(A’, A) is defined as

C(f,A)g)=gof C(f, A)(a) = axidy.

A 2-natural transformation between two parallel 2-functors is defined as follows:

Definition 10.5. Let C and D be two 2-categories and F,G: C — D be two 2-functors. A
2-natural transformation §: F' = G consists of a morphism 04: F(A) — G(A) for every

objects A in C which, for every two elements A, A’ in C, satisfies

D(F(A), 9Ar) o FA,A’ = D(@A, G(A/)) o GA,A’-

In order to understand better the definition, we unwind the equality. Let a: f = g be
a 2-cell, with f,g: A — A’. The left hand side gives D(F(A),04/) 0 Fg /() = idg,, *
F(a): 04 0 F(f) = 64 0 F(g). The other side, similarly, gives D(64,G(A")) 0 Ga a () =
G(a) xidg,: G(f) 004 = G(g) 0 04. From the equality of these two 2-cells we obtain

040 F(f) = G(f) o604, which is the usual naturality condition, and idgar * @ = ar* idg,, .

We now show that 1-Type, PrRel and 2Rel have a 2-categorical structure:

1-Type objects 1-types A.
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1-cells

2-cells

PrRel objects
1-cells

2-cells

2Rel objects

1-cells

2-cells

f: A — B morphism of 1-types.

u: f = gisaproofu: f=g.

proof-relevant relations R = (Ry, R1, R).
f=(fo, f1,f): R— R’ is a morphism of relations.

u = (up,uy,u): f = gisa proof that f =g, i.e. ug: fo = go,

ui: f1 = g1 and w: tr(ug,u1) f = g.

2-relations Q = (Qoo, Q10, Qo1, Q11, @ro, Qor, @r1, Q1r, Q).
I = (foo, f10, fo1, fi1, fro, for, fris fir, f): @ = Q' is a mor-

phism of 2-relations.
u = (Uoo,ulo,U01,U117Ur0,UOT,UrhUlmU)1 f =g, where
e u;: f; = g; with j € ({0,1} x {0,1}),

o Uu;: tr(uio,uﬂ)fi = g; with ¢ € ({T}X{O, 1}U{0, I}X{T})

and 70 substitutes r with 0 and ¢1 substitutes r with 1,

o u: tr(ugo, w10, Uot, UL1, Ur0, Uor, Url, Uir) f = g, which is

trivial because it acts on propositions.

For each one of the above data is clear that objects and 1-cells form a category. We

need to define the horizontal and vertical composition of 2-cells. Note that, also if the

2-cells are given by equalities, the 2-categorical structure is not trivial since equalities are

proof-relevant.

We start from the horizontal composition of 2-cells. We define the horizontal composition

vxu:hof=kogwhereu: f = g,andv: h=k, f,g: X - Y and h,k: Y — Z are,

respectively, two 2-cells and two 1-cells in

e 1-Type: v*u: ho f = kogis defined by the composition of paths

ap(h)ua=v(ga): (ho fla=(kog)a
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e PrRel: v wu: tr(vg * ug,v1 xuj)h o f = ko g is defined by first using

apd(h) u: tr(ap(ho)ug,ap(hi)ur)(ho f) =hog

and then by composing with

v(g-): tr(vo,v1)(hog) =kog.

e 2Rel: in this case v *x u has 9 components: 4 living in 1-Type, 4 living in PrRel, and
for these 8 we have already defined the horizontal composition, and the last one has
trivial composition because it is a proof that two maps between two propositions are

equal.

Next we define the vertical composition v o u: f = h where f,g,h: A — B, u: f = g and

v: g = h are 1-cells and 2-cells in
o 1-Type: vou: f = his defined by u+wv.

e PrRel: vou: f = his defined by apd(tr(vg,v1))u=v: tr(vo, v1)(tr(ug,u1) f) = h.

e 2Rel: again u has 9 components: the first 8 live in 1-Type and PrRel and we have
already defined the composition for them, while the last one has trivial composition

because it is a proof that two maps between two propositions are equal.

It is straightforward to check that both vertical and horizontal composition have unit given
by refl and the associativity of the compositions derives from the associativity of path

composition.

There are two 2-functors in which we are interested:

pr-rel: PrRel — 1-Type x 1-Type objects R — (Ry, Ry).

1-cells (fo, f1, f) = (fo, f1)-

2-cells (up, u1,u) — (ug,uq).
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2rel: 2Rel — PrRel x PrRel objects Q — (Qor, Q1r)-
1-cells f = ((foo, fo1, for), (f10, fi1, fir))-
2-cells u — ((uo0, uo1, Uor), (W10, UL1, U1r))-

Since they are projections, it is clear that they are both functorial. Moreover the domains
are well defined: the product of two 2-categories has a 2-categorical structure which is

given componentwise.

We conclude this section with the notion of proof-relevant cartesian morphisms. There are
different definitions of cartesian morphisms with respect to higher dimensional functors, see
for example Hermida [Her99], Street [Str80] or Lurie [Lur09]. The proof-relevant cartesian
morphisms that we use are, in particular, cartesian morphisms in the sense of the definition

presented in [Lur09].

Definition 10.6. Let U: £ — B be a 2-functor. We say that a morphism f: X — Y in £
is proof-relevant cartesian over [: I — J in B with respect to the functor U if Uf =
and if for every g: Z — Y in £ and 2-cell u: l om = U(g) for some m: U(Z) — I, there
exists a morphism h: Z — X in £ over m and a 2-cell v: foh = g in £ over u such that
h is unique up to 2-cells. That is if there is another morphism A’: Z — X in £ over m and
another 2-cell v': foh’ = g in &€ over u, then there is a 2-cell w: h = h’. The condition is

expressed by the diagram

tn
/
S

X
f
Uz Ug
— 2
!

Dually we have the definition of proof-relevant opcartesian morphisms:

Y

Definition 10.7. Let U: & — B be a 2-functor. We say that a morphism f: X — Y in
£ is proof-relevant opcartesian over [: I — J in B with respect to the functor U if

Uf =1 and if for every g: X — Z in £ and 2-cell u: mol = U(g) for some m: J — UZ,
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there exists a morphism h: Y — Z in £ over m and a 2-cell v: ho f = g in € over u such
that A is unique up to 2-cells. That is if there is another morphism A': Y — Z in £ over
m and another 2-cell v': b/ o f = ¢ in £ over u, then there is a 2-cell w: h = h'. The

condition is expressed by the diagram

9 /1Z
& v///h
X Y
U !
Ug Uz
I l

Clearly the above definitions are a generalisation of the cartesian and opcartesian morphisms
defined in Chapter 2, taking in consideration that we want to lift also the 2-cells. In fact,
since we are working in a proof-relevant framework, it is not enough to say that some
diagram commutes, but we need to provide the proof that it commutes, i.e. we need a

2-cell filling the diagram.

We will just write cartesian and opcartesian morphism since we are working in a proof-
relevant framework and it will be clear that we refer to Definition 10.6 and Definition

10.7.

10.2 Graph relations and graph 2-relations
Relations representing graphs of functions are key to many applications of parametricity.
Definition 10.8. Let f : A — B in 1-Type. We define the graph of f as the relation

(f) = (A, B, a. \b.1dg(fa,b)) in PrRel.

The following result shows that, similarly to the proof-irrelevant case in Section 3.3, it
is possible to characterise graph relations using proof-relevant cartesian and opcartesian

morphisms:

Lemma 10.9. Let f: A — B be a morphism in 1-Type. We have that:
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1. the morphism (f,id,id): (f) — Eq(B) in PrRel is proof-relevant cartesian over (f,id)

with respect to the 2-functor pr-rel;

2. the morphism (id, f,ap(f)): Eq(A) — (f) in PrRel is proof-relevant opcartesian over

(id, f) with respect to the 2-functor pr-rel.

Proof. 1t is not difficult to see that the morphisms (f,id,id) and (id, f,ap(f)) are well

defined. For the cartesian property consider the following diagram:

1? (Ro, R1)

L : g over  (hohi) (g0,91)

v u (UO,Ul)
- -~ Eq(B A B B, B

—— (4 B) (3.8

(f,id)

where the 2-cell (ug,u1) of the right diagram is given by hypothesis. In order to define h
we need to define a term h, )7 Id((f © ho)ro, h171) for every r € R(ro,r1). We define
it as gy = (u070) * (grou 7) * (w1 1) 1. The 2-cell u: tr(ug, u1) h = g is defined using
Lemma 8.7. In fact, by unwinding the definition of A and transport, u should be a proof
that (uoro) ™ (uo70) * (Gro.ry ) * (wr 1) L= (U1 71) = grgry 7 for every r € R(ro,r1).

The morphism A is unique up to 2-cells since, if there was another morphism ' over (hg, h1)
and u': (f,id,id) o i’ = g over (ug,u1), we would have tr(ug,u1)h = g = tr(ug,u1) k' and
then, by composing with tr(ug,u1) ™!, we obtain h = h’. Note that the first two components

are fixed because of the condition of living over (hg, hy).

For the opcartesian morphism we consider this other diagram

R‘ (R(]aRl)
g TS E (90,91)T (Bo.hn)
u \\ (u07u1)
Eq(A) — = A A A, B
q(4) 7)) (f) (4, 4) G (A, B)

where the right 2-cells is given by hypothesis, and h is defined for every r: fa = b by

hr =tr((uga)™t, (uya)~t « (ap(hy)r)) g refl,.
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In order to define u we use path induction obtaining the equality:

9(a,a)refla = tr(ug a, uy a)(tr((uo a)_l, (ug a)_1 * (ap(h1)refly)) g(a,q) refla

Finally we want to prove that if there is another h': (f) — R over (hg,h1) and u’: h' o

-1

(id, f,ap(f)) = g over u, then h = h'. By composing u and (u’)~" we obtain the equality

tr(ug, uy)(hoap(f)) = g = tr(ug,u1)(h' cap(f)) and then we can derive hoap(f) = h'oap(f)
which is not enough because what we need to prove is that for every p: fa = b we have
hifapp = h’(fa byP- In order to do so consider (refl,,p): (a, fa) = (a,b), and using Lemma

8.22 we have:

Pap)P = hiap) (tr(reflq, p)refly )
= h(a,p)(tr(reflsq, p)(ap(f)refly))
= tr(refla, p) (R(a,fa) (@P(f)refla))
= tr(refla, p) (Ao, fa) (@P(f)refla))
— h/(a,b) (tr(reflq, p)reflyq)

= hapP
which proves the thesis. ]

The map (—) extends to a functor (—): 1-Type” — PrRel where 1-Type™ has morphisms
f: A — B in 1-Type as objects and a morphism (o, 3,p): f — g, where f: A — B and
g: A" — B’, consists of two morphisms a: A — A" and §: B — B’ in 1-Type, and a proof

p: (Ilz : A)ldp/(g(a(a)), B(f(a))) that the following square commutes

We define the action of (—) on the morphisms in the following way:

{a, 8,p) = (a, 8, a. Ab. A(r: fa = b). p(a) =ap(B)(r)) : (f) = (9)-
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It is straightforward to see that the morphism («, 5, p) completes the following diagram

(f,id,id) (f,id)
(f) ———Ea(B) (4,B) (B, B)
I
(e,8p) | Ea(8) over (a,mt (porefl) (8.6)
Y
— ~Eq(B A B B',B)).
(9) — e EA(B) (4, B) — 5 (B, B))

which represents the universal property of the cartesian morphism (g, id,id): (g) — Eq(B’).

Just like Eq is full and faithful, so is (—) : 1-Type” — PrRel:

Lemma 10.10. The graph functor (—): 1-Type™ — PrRel is full and faithful.

Proof. For the faithfulness consider («a, 8,p) = (¢/, 8/, p'). It is immediate to derive that
a=a' and B = /. The equality of the third component gives that for every r: fa = b it
holds p(a) *ap(B)(r) = p'(a) »ap(B’')(r). Since B and B’ are equal, we can compose both

the sides with ap(3)(r)~! and obtain p(a) = p/(a) for every a.

For the fullness note that, by Proposition 8.28, Eq is full and faithful and we have both
the cartesian and opcartesian properties for the graph functor. For this reason we can use

the same argument that we used in the proof of Lemma 3.11. O

The main tool for deriving consequences of parametricity is the Graph Lemma, which
relates the graph of the action of a functor on a morphism with its relational action on the

graph of the morphism.

Theorem 10.11. Let Fy : 1-Type — 1-Type and F; : PrRel — PrRel over Fj x Fj be
functorial. If F1(Eq(A)) = Eq(FpA) for all A, then for any f : A — B, there are morphisms

(Id, Id,qbpj) : <F0f> — F1<f> and (Id,ld,@ZJRf) : F1<f> — <F0f>

Proof. Using the cartesian and opcartesian property of the graph functor, we can reproduce

the same argument that we used in the proof of Theorem 3.12. O

Note that in our proof-relevant setting, this theorem does not construct an equivalence

(Fof) = F1(f). Instead, we only have a logical equivalence, i.e. maps in both directions, and



10.2. Graph relations and graph 2-relations 180

that seems to be enough for all known consequences of parametricity. (In a proof-irrelevant

setting, the constructed logical equivalence would automatically be an equivalence.)

Next, we consider also graph 2-relations. Since we have multiple “equality 2-relations”,
one could expect also multiple graph 2-relations, but for the application we have in mind,
one suffices. Given functions f, g, [ and h, we write O(f, g,l, h) for the 1-type of proofs
that the square

A-t.pB

h g

commutes, i.e. O(f,g,l,h) = (Ilz : A)ldp(g(fz),l(hx)). We define the category (1-Type ™)~

as the one with commuting squares (f, g,l, h,p) as objects and a morphism

(o, 8,7, 8,q,m,4' ", t): (f,9,L,h,p) — (f, g, U1, p')

in (1-Type™)™ consists of four morphisms v : A — A’, 3 : B —» B, v: C — C’ and
0 : D — D', and four proofs ¢ : O(a, f', 8, f), » : O(B8,¢',9,9), ¢ : O(v,0',6,1) and

r’: O(a, ', v, h) such that they form a “commuting cube”

f B - B’
Ay T
A = A’ g

h \L h'
/ DT %D/
74
C 5 c’

i.e. such that t: p'xr'xq¢ = gxr*p, where p' 1’ x¢’ and g+ r*p are pastings of the squares

that proves that both ways from one corner of the cube to the opposite one commutes.

We unwind the previous condition and formally explain what we mean by a “commuting
cube”. We start first from I’ o b/ o . The pasting ' x¢': ' oh’ oa = § ol o h is formally

represented by

ap(!)r’ 7 (h(-))

I'oh o« l'!'oyoh=——=—=4§0loh,
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and the pasting gxr: g’ o f'oa=dogo f is defined in a similar way:

/

ap(g')q

gofoa=200 yogorYD 5407

They form two 2-cells, but in order to compare the two of them we need that they agree

on the boundary, and we can use p’ and p to fill the gap:

ap(8)(p~*

Ml/oh/oaééoloh:)

gofoa dogo f.

The “commuting cube” condition p’ x 1’ x ¢ = ¢ x r x p follows by composing with p both

1

the sides of the equality p’ 7’ ¢’ x p~! = g% r, and explicitly is a proof of type

Aa.p'(eca) =ap(l')(r' a) = ¢'(ha) = Xa.ap(g')(qa) = v(f a) »ap(d)(pa).

Naturally the commuting cube condition can be expressed using the 2-categorical structure

of 1-Type as well. For example the pasting p’ xr’x¢’ is represented by the following diagram:
o A’
/ r!

and using the 2-categorical notation we have p’ xid,: ¢’ o ffoa=1Uoh oa, idy xr': ' o

Woa=1o0o~voh,and ¢ xidp:l'"oyoh = doloh. It is not difficult to check that
P *xr'xq = (¢ *idp) o (idy x ") o (p' xidy). Similarly we can rewrite also g x 7 * p using the

2-categorical notation.

Lemma 10.12. Let p’ and ' be two 2-cells as in the above picture. If h = id, h’ = id, and

¢ = id, we have that p’ x1r’ = p/ xr'.

Proof. The equality follows from straightforward calculation and Lemma 8.12. 0
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We can now define

Definition 10.13. Let (f,g,l, h,p) be an object in (1-Type™)~. We define the 2-graph

of (f,g,l,h,p) as the 2-relation

<f7gv L h7p>2 = (<f>1 <h>7 <l>7 <g>7 )‘(a7 b, c, d) )‘((Lra S>t)' ap(g)q b= p(a) ' ap(l)r b S)'

The 2-graph 2-relation (f, g, 1, h,p)2 says that the two ways to prove h(l(a)) = d using p, q,

r, s, t are in fact equal.

Again, more abstractly, we can see the 2-graph relations being domains of proof-relevant
cartesian morphisms or codomains of proof-relevant opcartesian morphisms with respect

to the 2-functor 2rel: 2Rel — PrRel x PrRel.

Lemma 10.14. Let (f, g,l, h,p) be a commuting square

A—f>B

h g

i.e. an object in (1-Type™)~. We have that

1. (f,id,l,id,id, (f,1,p),id,id): (f,g,l, h,p)2 — EqH(<g>) in 2Rel is proof-relevant carte-

sian over ((f,1,(f,l,p)),(id,id,id)): ((h),(g)) — ({g),{g)) with respect to the 2-

functor 2rel.

—~
~
~
—~
s
<
m
0
=~
\\w
-

A 7 B (9)
(h) (9)
D . —D
id
o
Eq(D)
C D

2. (id, f,id. L, ap(f), id, ap(1), (.1, p)): Eqy((h)) = (f. gL, h, )2 in 2Rel is proof-relevant
opcartesian over ((id,id,id), (f,1, (f,1,p))): ((h),(h)) — ((h), (g)) with respect to the
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2-functor 2rel.

A ! B
Eq(A) (f)
(h)
A o A (9)
(h) (h)

Eq(C) ¢ l D

/ 0
C - C

Proof. We first need to check that the two morphisms are well defined. In the first case
consider the related elements (q,7',¢',r) € (f,g,1,h,p)2(a,b,c,d) and we want to show

that their images

fa<q—>b

p(a)-ap(l)r’1 Ir

le<——>d
q

are related in Eq)((9))(fa,b,lc,d), i.e. tr(q,q')(p(a)+ap(l)r’) = r. By definition of transport

and Lemma 8.21 first and then by composing both sides with ap(f)g, this is equivalent to:

tr(q,q)(p(a) * ap(D)r') = r
= (ap(f)(q)) " *p(a) =ap(l)r' = ¢’ =7

pla)=ap(l)r'+q = ap(f)(q) v

which is exactly the hypothesis condition for (q,7’,¢’,r) being in (f, g,1, h,p)a(a,b, ¢, d).

For the second morphism consider the related elements (q,7’,¢',r) € EqH(<h>)(a, a,e,d),
that is tr(q,¢")r’ = r and, by definition of transport plus Lemma 8.21, we rewrite it as

(ap(h)q)~t 7"+ ¢ = r. We want to show that their images

ap(f)q fa

a
r'}[ Ip(a’)-ap(l)r
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are related in (f, g,, h, p)a, i.e. that ap(g)(ap(f)q) - p(a’) »ap(l)r = p(a) - ap(!)r’ - ap(l)q".
Using Lemma 8.12, we have ap(go f)q*p(a’) = p(a)+ap(loh)q, and from (ap(h)q) " t+r'+¢' =r

/

we derive ap(h)q = 7"+ ¢ = r~1. Using these equalities we can rewrite

ap(9)(ap(f)q) - p(a’) »ap(l)r = p(a) = ap(1)r" ~ ap(l)q’
p(a) +ap(l)(ap(h)q) =ap(l)r = p(a) =ap(l)r’ = ap(l)q

/

pla) =ap(l)(r' = q"=r~") ~ap()r = p(a) - ap(l)r' - ap(l)q

and we can simplify everything obtaining refl = refl.

We now prove that (f,id,1,id,id, (f,1,p),id,id), which we denote by ({f,l,p),id)}, is carte-
sian over ((f,l,p),id): ((h),{g)) — ({g),(g)). In order to do that consider the following

diagram:
Q (QOra er)
S: \ over (SOmSlr)L . )(tOr,tw)
. UL
(f,9,1, h,p)a —————Eq({9)) ((R). (9)) ((9), (9))-

({f.Lp),id)® ((f:4,p),id)

In order to complete the triangle on the left we need to find s.q, Sr1, S, Urg, ur1 and u
because the other components are given since they live over the 2-cell on the right hand

side.

The components s,q, Sr1, Urg and u,; are defined using the universal property of the cartesian
morphism (f,id,id): (f) — Eq(B) with t,¢: Q.0 — Eq(B) over the 2-cell (ugp, u19) and the
cartesian morphism (I, id,id): (I) — Eq(D) with t,1: Q,, — Eq(D) over the 2-cell (ug1,u11).
In particular we recall the definitions of s.q and s,1: if m € Qyo(a,b), then (s,0)(qpm =
00 * (tr0) (a,b)M " (u10b) ™1, and if 0 € Q1(c,d), then (8r1) (c,0)0 = wo1¢* (tr1) (c,a)0 (u11b)7 L.
The components s and u act on propositions and then it is enough to prove that if

(m,j,0,n) € Q(a,b,c,d) then their images

Srom
Soodh <—> 810b

307‘.7‘1/ Ish’n

501C 510 511d
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are related in (f, g,l, h,p)2, that is we need to show that

ap(g) (uo0a * (t0) (a,pym * (u10b) ™) * (51r) p,ay =

p(s00a) * ap(1) (Sor ) (a,e)J * wo1c* (tr1) (pey0 * (ua1d) ™"

Since t is a morphism between 2-relations, the following elements are related

(tro) (a,pym
tooa <——t10b

(tor) (a,c)d Ea) ((9)) (t1r) v, ayn

t()lC <> tud
(tr1)(c,a)0

which means that tr((.0)(a,p)m; (tr1)(c,d)0) (for) (a,c)d = (t1r)(p,a)7- By using the proofs u;;

we can rewrite the previous equality as

(510) p,ayn =

tr(uooa * (tr0)(a,pym * (u10b) ™", uore* (tr1) p.e)0 * (u11d) " )p(so0a) * ap(1) (sor) (a,c)d

which, by definition of transport together with Lemma 8.21 and moving elements between

the two sides, gives the equality that we wanted to prove.

For the uniqueness note that most of the components are fixed by living over (so,, $1+), Sro
and s, are unique up to 2-cells since they are defined using the cartesian property of the

graph functor, and s is unique because it is a map between propositions.

It is left to prove that (id, f,id,l,ap(f),id,ap(l), (f,1,p)), which we denote by (id, (f,1,p))s.

is opcartesian over (id, (f,l,p)). In order to do that, consider the following diagram:

Q ~ (QOT‘? er)

over (307"7517')
- (tO’V' 7t17') (UOT 7u17‘)

~

Eq) ((h)) (f.9:1,h,p)2 ((h), (h)) ((h), (9))-

(id,(f,l,p>)§ (id,<f,l,p>)
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We define s,q, sr1, uro and u,1; using the universal property of the opcartesian morphism
(id, f,ap(f)): Eq(A) — (f) with ¢.9: Eq(A) — Qo over the 2-cell (ug,u1p) and the
opcartesian morphism (id,,ap(l)): Eq(C) — (I) with ¢,1: Eq(C) — @, over the 2-cell
(uo1,u11). In particular we recall the definitions of s, and s,1: if m € (f)(a,b), (5r0)(ap)m =
tr((ugo a) ™, (u100) ™ = (ap(s10)m)) (tr0) (a,0) refla and if o € (I)(c,d), then (sy1)( a0 =
tr((uo1 ¢) ', (w11 d) ™" = (ap(s11)0)) (tr1) c,c) refle.

Since s and u act at on propositions, in order to define them it is enough to prove that for

every (ma ja 0, TL) S <f7 9, la ha p>2(aa ba ) d)a their images

Srom
5000 <— > S10b

so0rJ S1rM

S01€ s11d

Sr10

are related in (). Consider the following picture:

S00Q Srom / s10b
ool
/
(uoo(l)_l (*) Slofa
\ ( )/
uipa
(D @ayela =
topa <—t10a (D)
S0rj (A) (tor)(a,c)jI Q I(tlr)(a,c)j slr(p(a).ap(l)j) (-) S1rn
top1c <———111C
(tr1)cerefle \( -
ui1e
IS

(up10)~* (%) snle ~
/ \ap(sllK
AN

So1€C 5110 811d

where the middle square is the image of ¢ applied to (refl, j, refl., j) € Eq)((h))(a,a,c, ),
the two squares with (x) are given by definition of s, and s,1, and the two squares with
(A) are given by wug,: tr(ugo, uo1)Sor = tor and wuy,: tr(uio, u11)s1, = ti, up to moving the

transport on the other side of the equality. The square (M) requires a little more work.
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Consider the following picture

a m b
\refl (*) /'n/
\ ap(f)refla /
a<— fa
J (&) j[ (f.9:4,h,p)2 Ip(a)-ap(l)j n

ap()refl. lc\
refl. (%) o)
c \ d

where the middle square is the application of (id, (f, 1, p))s to (refly, j, refle, j), the two squares
with (%) are given by path composition, the (A) is trivially obtained by transporting along
refl, and the remaining one derives from the fact that n is the unique element which
completes the outer square. In fact, by definition of (f, g,, h,p)2, the right most element
should be equal to (ap(g)m)~! = p(a) *ap(l)j * o which, using the fact that (m,j,0,n) €
(f,9,1,h,p)2(a,b,c,d), is n. We then have tr(m,o0)(p(a) *ap(l)j) = n, and using apd(si,)

we obtain exactly tr(ap(si0)m,ap(si1)o)(si-(p(a)=ap(l)j)) = si»n which is (H).

Finally the uniqueness of the morphism follows like before: most of the components are
fixed because they live over (s, s1,), the morphisms s,9 and s,; are unique up to 2-cells
because of the opcartesian property of the graph functor, and the remaining component is

unique because it acts on propositions. ]

The 2-graph map extends to a functor (—)y: (1-Type )™ — 2Rel by sending a mor-
phism («, 8,7,0,q,7,¢,7",t): (f, 9,1, h,p) — (f', ¢, I';),p’) in (1-Type™)™ to the mor-
phism (a, 3,7,0,¢,7,¢',7',t)2 = (a,8,7,6,(, B, q), (2,7, 7). (7,6,¢), (B, 0,7), x), where
we have already seen how each component is defined but x. Since the component x acts on
propositions, we only need to show that given (m,j,0,n) € (f,g,l, h,p)2(a,b,c,d), their

images

(o, B,9)m
B
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are related in (f’, ¢', ', ', p')2. By unwinding the definition of (—) and (—), we need to

show that

ap(¢')(q(a) ~ap(B)m) = (b) ~ap(d)n =

= p'(ca) »ap(l')(r'(a) » ap(7)j) - ¢'(c) * ap(d)o.

Using Lemma 8.12 and Lemma 8.9 we can rewrite the left hand side as

ap(g')(g(a) *ap(B)m) * r(b) *ap(6)n =

ap(g')(qa) =7 (f a)~ap(9)((ap(g)m) - n)

and the right hand side as

p'(aa)=ap(l')(r'(a) »ap(v)j) * ¢'(c) ~ap(6)o =

p'(ca)-ap(l')(r"a) - ¢'(ha) - ap(d)((ap(1)j) - o).

Since (maj> Oan) € <fvg7l7 h7p>2(a'>b> Gy d): we have

ap(6)((ap(g)m) * n) = ap()(p(a) * (ap(1)j) * 0).

When then reduced to prove

ap(g')(ga) 7 (f a) ap(d)(p(a)) » ap(9)((ap(1)j) * 0) =

=p'(aa)-ap(l')(r'a) = ¢'(ha) - ap(6)((ap(1)j) * 0)

and we see that the last part ap(d)((ap(l)j) * o) is the same, the first part of the left hand
side is g x 7 x p, while the first part of the right hand side is p’ x ' x ¢/, and we have ¢ which

proves that they are the same.
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The morphism (f, g,, h,p)2 completes the following diagram

({f,1,p),id)¢
(f:9,0,h,p)2 3 Eq({9))
<a7577»§7q¢ir7q/7r/7t>2 lEq“Bvévr»
/’ /,l,7h/7 / E /
(f', g P')2 T q;({g"))
over
((f:l,p),id)
((h), (9)) ((9), (9))

(<a7777ﬂ/>7<ﬁ767’r>)l ((q71,q/7176),(ref|,l’ef|,reﬂ)) \L(<6757r>7<5767r>)
((r"),{g")) ({g"),(d"))

((f"1p"),id)

which represents the cartesian property of the morphism ((f',1,p'),id)%: (f',¢',I',h,p')o —
Eq|({¢)). Every component in the diagram has already been defined but €. The component
€ should be a proof that tr(g=1, ¢/~ ((B,6, 7)o (f,1,p)) = (f',I',p')o(c,y,7'). By unwinding
the previous equality and using the same techniques that we used so far, we obtain that

we need to prove

ap(g')(qa) = (f a) = ap(8)(p(a) - ap(w) - ¢'~*(c) =

p'(eva) = ap(l')(r'(a) = ap(v)w)

for every w: ha = ¢ in (h). By composing both sides with ¢’(¢) and using Lemma 8.9 we

can rewrite the previous equality as

ap(g')(ga) = v(f a) *ap(d)(pa) - ap(d)(ap(l)w) =

p'(eva) = ap(l')(r" a) = ap(l')(ap(v) w) * ' (c).

Using Lemma 8.12 we obtain the equality ap(!)(ap(y)w) * ¢'(¢) = ¢/(ha) = ap(d)(ap(l)w)

and then

ap(g')(qa) *r(f a)-ap(d)(pa) - ap(d)(ap(w) =

p'(ea)~ap(l')(r'a) - ¢'(ha) - ap(6) (ap()w)
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and simplifying both sides finally we have

ap(g')(qa) *r(f a)-ap(0)(pa) =

p(aa)-ap(l')(r'a) - ¢'(ha)

and t is exactly a proof of such equality. Finally it is straightforward to check that
(f, 9,1, h,p)2 satisfies the cartesian property using that most of the components are fixed,
two of them are defined using the cartesian characterisation of the graph functor, and the

last component is unique because it acts on propositions.

Lemma 10.15. The 2-graph functor (—)2: (1-Type”)™ — 2Rel is full and faithful.

Proof. The faithfulness can be derived componentwise from the faithfulness of the graph

functor.

We have that Eq is full and faithful by Proposition 8.45, and we have both the cartesian
and opcartesian properties for the 2-graph functor. For this reason we can use the same

argument that we used in the proof of Lemma 3.11. O

This lemma can be used to prove a 2-relational version of the Graph Lemma:

Theorem 10.16 (2-relational Graph Lemma). Let F5 : 2Rel — 2Rel be functorial, and
over (Fy, I1) where Fy and Fy are as in Theorem 10.11. If Fy(EqR) = Eq)(F1 R) for all R,

then for any (f,g,h,l,p) in (1-Type™)™, there are two morphisms

o2 : (Fof, Fog, Foh, Fol,ap(Fo)p)2 — Fa(f, 9. h,1,p)2

Yot Fo(f,g,h,l,p)2 = (Fof, Fog, Foh, Fol,ap(Fo)p)

in 2Rel over (¢, ¢) and (¢,v) from Theorem 10.11.

Proof. We can use the same argument that we used in the proof of Theorem 3.12. O
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10.3 Two dimensional naturality

As we showed in Chapter 6, a very well known result about parametricity is that all System
F terms of the right type are natural (see e.g. [Rey83,PA93]). We can extend this result to
2-naturality thanks to two-dimensional parametricity. We start by recalling the standard
theorem that holds also with proof-irrelevant parametricity and show that we need a

coherence condition for naturality proofs in the case of two-dimensional parametricity.

Theorem 10.17 (Parametric terms are natural). Let F(X) and G(X) be functorial type
expressions in the free type variable X in some type context I'. Every term I';— F ¢ :

VX.F(X) — G(X) gives rise to a natural transformation [F]o — [G]o, i.e. if f: A — B
then there is nat(f) : [d([G]o(f) o [tlo A, [t]o B o [Fo(f))-

Proof. We construct nat(f) using the relational interpretation of ¢: by construction,

[t]: (f) : [FIL((f)) = [G]1({f)), hence using Theorem 10.11,

Ya.p o [th () o dr s - (Mxy) ([Flof)(x,y) = ([Glof)([tlo Az, [t]o By)

and since refl : ([F]of)(a, ([F]of)a) for each a : [F]oA, we can define

nat(f) == ext(Aa. (g o [t]1 (f) o ¢r ) a ([Flof)a) refl). =

In two-dimensional parametricity naturality alone is not enough anymore. In order to
see that, consider the equivalence (see [Rey83]) [A] = [VX.(A — X) — X] which holds
for all types A. From a categorical perspective this as an instance of the Yoneda Lemma
(see e.g. [ML9I8]) for the identity functor. The right hand side of the equation consists of

natural transformations from the Hom functor A — X to the identity functor X.

In a more expressive theory such as (impredicative) Martin-Lof Type Theory with proof-
irrelevant identity types and function extensionality, we can go further even without
a relational interpretation, as pointed out by Steve Awodey (personal communication).

Taking inspiration from the Yoneda Lemma once again, we can show

A2 (St (ILX : Set)(A — X) — X) isNat(t) (10.18)
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where

isNat(t) :== (ILX, Y : Set)(ILf : X — Y)ld(a,x)—y(fotx,ty o(fo.))

expresses that t is a natural transformation.

The above isomorphism (10.18) relies on A being a set, i.e. that A has no non-trivial higher

structure. If we instead consider A : 1-Type, the isomorphism (10.18) fails; instead we have

A (Xt (IIX : 1-Type)(A — X) — X)(Zp : isNat(t)) isCoh(p) (10.19)

where

isCoh(p) == (IIX,Y, Z : 1-Type)(IIf : X - Y)(Ilg: Y — 2)

(PXZ(gof)=@YZg)x(pXYf)

expresses that the proof p is suitably coherent. Proof-irrelevant parametricity can not ensure
this coherence conditionan extension of the usual naturality argument to proof-relevant

parametricity guarantees this extra uniformity of the proof as well:

Theorem 10.20 (Naturality proofs are coherent). Let F', G and ¢ be as in Theorem 10.17.

The proof nat : isNat([¢t]o) is coherent, i.e. for all f: A — B and ¢g : B — C, there is a

proof coh(f,g) : Id(nat(g o f),nat(g) * nat(f)).

Proof. We construct coh(f, g) using the 2-relational interpretation of ¢. By construction,

[[tl]2<fagag © f> 'da reﬂ>2 : [[F]]2<f7gvg © fa |d7 ref|>2 - [[G]]2<f>gvg © fa |d7 I’ef|>2, hence using
Theorem 10.16,

¢2 o [[t]]2<f7gvg o f7 Ida ref|)2 o ¢2 :
(IL(z, 7)) (F € (Fof, Fog, Fo(g o f),id,ap(Fy)p)2Z

= ([t]17) € (Gof, Gog, Go(g o f),id, ap(Go)p)2([t]o7))
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We define

coh(f, g) == ext(Aa. (o2 o [t]2(f, g, g o f,id, refl)s 0 ¥) (a, (Fo f)a, Fo(g o f)a, a) refl)

— this works, since ¢9 and 19 are over (¢, ¢) and (1), 1)) respectively, since nat(h) is defined
to be (¢ o [[t]1 o )refl, and since the 2-relation (Gof, Gog, Go(g o f),id,ap(Go)p)2 exactly

says that pasting the two diagrams produces the third in this case. O

Finally we can prove that we have 2-naturality:

Theorem 10.21 (2-naturality). Let F(X), G(X) be 2-functorial type expressions in the
free type variable X in some context I'. Every term I'; — - ¢ : VX.F(X) — G(X) gives rise
to a 2-natural transformation [F]o = [G]o, i.e. if f,g: A — B and a: f = g, then there

is a proof

(nat(f),nat(g),nata(f, g)): reflyy, g * F(a) = G(a) * reflyy, 4

Proof. Note that since reflyy, p*F'(): [tJoBoF(f) = [tJoBoF(g) and G(a)xreflpg,4: G(f)o
[tJoA = G(g) o [t]oA, we need to use nat(f) and nat(g) in order to identify the boundaries
of the two 2-cells. For this reason what we prove is that tr(nat(f), nat(g))(G(«a)*reflpg,4) =

reflpg, 5 * F'(«), which, by unwinding the definition of transport, is

nat(f)~!+ (G(a) * reflpg,4) * nat(g) = reflyy g * F(a).

We can think to the proofs G(a), F'(a), reflyy, 4 and reflyg, p as squares by adding identities:
for example G(«): ido f = goid. In this way we can use Lemma 10.12 and by definition

of x, we can rewrite the previous equality as
nat(f) !« G(a) % reflpg,4 * nat(g) = reflyg,p * F()
and by composing both the sides with nat(f) we find that the lemma holds if we can prove

G(a) * reflpg, 4 x nat(g) = nat(f) * refly, g * F().
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In order to show that the above equality holds, we use the same technique that we used in

the proof of Theorem 10.20, but in this case we consider the morphism [t]2(f,id, g,id, a)2 :

[[F]]2<f7 id, g, id,Ck>2 — [[G]]2<fv idag7idaa>2' O



Chapter 11

Conclusion and future work

This thesis is just the first step towards the study of higher dimensional parametricity. The
work presented in Chapters 5 and 7 allowed us to grab the essence of parametricity and
present it in a suitable way for the generalisation to higher dimensions. The results presented
in those two chapters suggest that, in order to study higher dimensional parametricity, we
should leave the world of faithful fibrations and for this reason we worked with proof-relevant

relations in Chapter 9.

The first difficulty we met was in the choice of the shape of higher dimensional relations.
The cubical definition of higher dimensional relations in Grandis [Gra09] worked well for
us. It might be interesting to study two-dimensional parametricity using other different
shapes for 2-relations: globular (see [Lei04]), simplicial (see [Rie08] or [Fri08]), etc. We
have pointed out that our first approach using globular relations does not work, but this
might be due to the fact that we related proofs p and p’ defined over different elements,
i.e. p € R(a,b) and p’ € R(a’,V’). Nonetheless, this approach might work defining globular
2-relations only for proofs with fixed boundaries. Papers from topological algebra show
that there is a link between the different approaches (see for example [AABS02]) which
bring different advantages (see discussions [0f09] and [0f17], or the comparision of the
simplicial and cubical sets models of Martin-Lof Type Theory in Bezem, Coquand and

Huber [BCH14]).

Another observation on Chapter 9 is that we presented a concrete model and not a general
framework. We tried to introduce the material in such a way that it exposes the categorical
structure underlying it. We expect that it is possible to prove that the model we defined

forms a A2-fibration p, and generalises the work of Chapter 5. In particular, the objects

195
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in the total category of p should be fibred functors on three layers corresponding to
2Rel, PrRel and 1-Type. This is work in progress and there are two big questions which
immediately arise. First we need to find the right definition of fibrations for proof-relevant
relations. In this thesis we saw 1-Type, PrRel and 2Rel as 2-categories and defined
proof-relevant cartesian morphisms. This definition worked well for the concrete case that
we studied, but for the generalisation we might need a stricter definition. For example
it is possible to strengthen the notion of proof-relevant cartesian morphisms by asking
uniqueness also for 2-cells. There are papers on parametricity which do not require the
opfibrational structure, but only some opcartesian liftings (see [HRR14]). In this thesis we
took a similar approach by asking only for the needed cartesian and opcartesian liftings.
In Chapters 5, 6 and 7 we showed clear advantages of having both the fibrational and

opfibrational structure, for this reason it would be nice to have them.

There is a second question on the nature of 2-relations. If we want to keep track of all the
four relations, considering 2Rel over PrRel? is the most natural choice. On the other
hand we can think of a 2-relation as a relation between two other relations, i.e. considering
2Rel over PrRel?. In this case we must choose an orientation: we can display relations
vertically and 2-relations horizontally or vice-versa. One would expect the two orientations

to be equivalent.

These two questions assume more relevance if we think of the natural evolution of two-
dimensional parametricity into w-parametricity, i.e. infinite-dimensional parametricity. In
fact, in the infinite-dimensional case where the complexity increases exponentially, it is
important to use the best approach. We have some work in progress on logical relations
for w-parametricity which assume that, also if relations are proof-relevant, the equality
relations are proof-irrelevant at each level. We use a cubical approach which extends the
work on two-dimensional parametricity presented in Chapter 9 and we managed to prove
the Identity Extension Lemma at each level. We expect that, using techniques similar to
the ones used in Chapter 9, the Identity Extension Lemma generalises to the case where
equalities are proof-relevant. The next step will be to prove that the Abstraction Theorem

holds and that we have a model of System F.
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Another interesting point to study is the generalisation of the results of Chapter 7 to
two-dimensional parametricity. Since the world of parametricity is relational, the universal
property was based on cones living at two different levels: one at the set level and one at
the relational level. We then expect that the generalisation uses three different levels of

cones: one for sets, one for relations and one for 2-relations.

Finally, since this work is only the first step, there is plenty of work to do in showing the
behaviour of two-dimensional parametricity — the applications presented in Chapter 10

are only the tip of the iceberg.
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Equality functor, 41
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Equivalence, 131

Eta equivalence, 56
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of Set, 23
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Fibration, 17
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see also Fibre category
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Polymorphic lambda calculus, 59
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fibration, 21
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fibration, 21
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Term application, 55
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