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Abstract

This thesis investigates probabilistic power flow analysis, stochastic harmonic analysis,
power quality assessment, and optimal configuration of Active Power Filters (APFs)
in distribution networks with high penetration of renewable energy sources. The study
addresses the combined effects of uncertainty, three-phase unbalance, and harmonic

distortion on distribution network operation.

Firstly, a probabilistic power flow model considering uncertainties in distributed
generation and load is developed. Wind power, photovoltaic generation, and load
demand are modelled using appropriate probabilistic distributions, and correlations
among random input variables are handled using the Nataf transformation. A
probabilistic power flow method based on the Three-Point Estimation Method is
implemented and validated on a benchmark distribution system. The results show that
the proposed method provides accurate statistical characteristics of system states with
improved computational efficiency compared to conventional sampling-based

approaches.

Secondly, a three-phase stochastic harmonic power flow analysis and operational risk
assessment are conducted using Monte Carlo simulation, explicitly accounting for the
three-phase unbalance characteristics of distribution networks. System operational risk
indices, including voltage limit violations and branch power overloads, are formulated
to quantify operational risks under uncertainty. In addition, a comprehensive power
quality evaluation index system is established to identify weak points associated with
harmonic distortion and unbalanced operation. Simulation results demonstrate that the
proposed framework can effectively identify critical nodes and operating conditions

with elevated power quality risks.

Thirdly, an optimal configuration strategy for Active Power Filters is proposed based
on an improved Particle Swarm Optimization algorithm. A double-layer economic
optimization model is developed to determine optimal APF placement and capacity.
The improved optimization strategy enhances global search capability and solution
stability. Case studies show that the optimized APF configuration effectively
suppresses harmonic distortion and reduces overall harmonic mitigation costs while

satisfying power quality requirements.



The proposed methodologies provide a systematic framework for uncertainty analysis,
power quality assessment, and harmonic mitigation in renewable-rich distribution

networks.

Keywords: Distributed Generation; Probabilistic Power Flow; Three-Point Estimation
Method; Stochastic Harmonic Analysis; Power Quality Assessment; Risk Assessment;

Active Power Filter; Improved Particle Swarm Optimization
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Chapter 1 Introduction

1.1 Motivation and Research Justification

The rapid integration of renewable energy sources (RES), such as wind turbines and
photovoltaic (PV) systems, into modern power distribution networks represents a
transformative shift toward sustainable energy systems. Driven by global
commitments like the Paris Agreement and the imperative to decarbonize, RES
penetration has escalated. According to the International Energy Agency’s (IEA) Net
Zero by 2050 scenario, renewables could constitute nearly 90% of global electricity

generation by 2050 [1].

However, this paradigm shift introduces significant challenges to distribution networks
historically designed for unidirectional power flows. The intermittent nature of wind
and solar outputs, coupled with stochastic load demands, leads to uncertainties that
manifest as voltage fluctuations, power reversals, and increased operational risks [2].
Compounding these issues are nonlinear loads and power electronic interfaces—
ubiquitous in electric vehicles and RES inverters—which inject harmonic distortions,

compromising power quality and causing equipment degradation [3].

Harmonic distortions arise from the non-sinusoidal currents drawn by nonlinear
devices, propagating through the network and interacting with system impedances to
produce voltage harmonics. In unbalanced three-phase systems, common in
distribution networks due to asymmetric loads and single-phase connections, these
harmonics exacerbate phase unbalances, leading to elevated total harmonic distortion
(THD) and violations of standards such as IEEE Standard 519 [4]. Recent large-scale
disturbance events, including the 2019 UK blackout [5] highlight the importance of
system-level analysis under high renewable penetration. Similarly, recent discussions
following the April 2025 Spanish grid blackout indicate that renewable energy sources
were not the sole cause of the event but likely acted as one of several contributing

factors interacting within a complex system [6].

These developments underline the need for analytical tools capable of modelling

uncertainty, correlation, and three-phase harmonic propagation simultaneously. In this



Chapter 1 Introduction

context, uncertainty primarily arises from the stochastic nature of load demand, PV
generation, and wind power output. Correlations exist both among loads (due to shared
behavioural and environmental drivers), between load and PV generation (e.g.,
daytime demand patterns coinciding with solar availability), and between load and
wind generation (often exhibiting negative or weak correlation depending on temporal

and seasonal characteristics).

Traditional deterministic power flow analyses, such as the Newton-Raphson or
Forward-Backward Sweep methods, fail to capture these stochastic elements, often
resulting in overly conservative or planning decisions without full information [7].
While effective for conventional systems, they cannot represent stochastic variability,
input correlations, or harmonic interactions in unbalanced networks. The stochastic
variability mainly arises from uncertain load demand and renewable generation
outputs, PV and wind power. Input correlations exist among loads (due to shared
consumption patterns), between load and PV generation (driven by daytime demand
and solar availability), and between load and wind generation (which may exhibit
negative or weak correlation depending on temporal characteristics). As a result,

planning decisions may be either overly conservative or insufficiently informed.

Extensive research has advanced probabilistic power flow (PPF) and harmonic
analysis [8], [9]. For fundamental-frequency PPF, Monte Carlo Simulation (MCS) has
been widely applied to incorporate uncertainties from loads, wind, and PV [10], [11].
Whilst MCS provides high statistical accuracy and can represent arbitrary distributions,
particularly when it is applied to three-phase unbalanced systems with harmonic-
inclusive scenarios, nevertheless it demands long computational time. But this method

is still one of the most popular and efficient approaches to analyse large-scale systems.

Point estimation methods (PEM), including the Three-Point Estimation Method
(3PEM), offer computational efficiency by approximating statistical moments with
few deterministic runs [12], [13]. However, PEM-based approaches typically assume
independence among input variables and are often developed under balanced system
assumptions. When applied to unbalanced three-phase networks, phase asymmetry
may amplify uncertainty propagation, reducing the accuracy of moment estimation.

This may be overcome by better selected of initial points as demonstrated in this thesis.
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To address dependency among uncertain inputs, correlation handling has progressed
through Nataf transformation, enabling non-normal dependent variables in PPF [14],
[15], [16]. The interaction between correlation structure and phase coupling is rarely
analyzed in detail in published literature, resulting in potential underestimation of

voltage and loss variability [12], [13], [15], [16], [17].

In harmonic domain, deterministic methods like Newton-Raphson-based harmonic
load flow [18] and frequency-domain approaches [19] solve for individual harmonics.
These approaches assume fixed harmonic injections and ignore uncertainty in
Distributed Energy Resources (DER) outputs and nonlinear loads. Consequently, they
cannot quantify probabilistic THD risk.

Probabilistic extensions based on MCS have been proposed to incorporate DER
variability in harmonic studies [20], [21], [22]. However, many of these studies still
assume balanced systems or aggregate three-phase quantities, neglecting phase-
specific harmonic propagation. This simplification often results in optimistic THD
estimates and insufficient identification of downstream violation risks in radial feeders.
Although recent work [23] considers time-varying uncertainty, the combination of
correlated stochastic inputs with three-phase harmonic modeling remains limited,

leading to incomplete risk characterization.

For power quality assessment, multi-criteria index systems are commonly employed.
The Analytic Hierarchy Process (AHP) provides a structured way to assign weights
based on expert judgment [24]. Nevertheless, AHP heavily depends on subjective
pairwise comparisons, which may introduce bias and inconsistency in the evaluation

process.

Entropy-based weighting methods capture objective data variability but they primarily
rely on dispersion measures and overlook interdependencies among indicators, such
as the coupling between voltage unbalance and harmonic distortion[25]. Existing
hybrid weighting schemes attempt to combine subjective and objective information,
yet few are rigorously integrated with probabilistic outputs for identifying weak nodes

under correlated renewable uncertainty [26], [27].

Active Power Filter (APF) placement and sizing are commonly solved using genetic

optimization algorithms, particularly Particle Swarm Optimization (PSO) and its



Chapter 1 Introduction

variants. Standard PSO performs well in multi-objective trade-offs between harmonic
reduction and cost. However, it is prone to premature convergence to local optima,
especially in high-dimensional, non-convex problems involving both discrete
placement and continuous sizing variables. Such problems typically contain multiple
local optima, making it difficult for algorithms to identify the global optimum. [28],
[29], [30].

Multi-objective and improved PSO variants enhance diversity but still face scalability
challenges when objective functions depend on probabilistic THD distributions rather
than deterministic values [31]. Most existing studies also rely on deterministic worst-
case scenarios, rather than explicitly minimizing stochastic harmonic risk under

correlated uncertainty [32].

The above limitations in existing approaches offer incomplete information gaps for
system and operational planning. The gaps are listed below and the research in this

thesis will try to bridge them.

(1) insufficient integration of correlation-aware, efficient PPF (e.g., 3PEM-Nataf) with

three-phase stochastic harmonic propagation;

(2) lack of granular, phase-specific probabilistic risk metrics that quantify violation

probabilities and severities under correlated uncertainties;

(3) absence of economically optimized APF configuration that explicitly accounts for
stochastic harmonic risks in unbalanced networks, rather than deterministic worst-case

assumptions.

Existing approaches tend to be fragmented: efficient but simplified estimation methods
without unbalance representation, accurate but computationally expensive Monte
Carlo frameworks without efficiency enhancement, or optimization strategies that do
not directly incorporate probabilistic risk measures. Consequently, a unified and
computationally tractable analytical framework for renewable-dominated unbalanced

distribution systems remains necessary.

A detailed critical literature review is contained in Chapter 2.
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1.2 Objectives of research

The overarching goal of this research is to develop and validate a comprehensive
probabilistic framework for analyzing and mitigating power quality issues in
distribution networks with high penetration of Distributed Generation (DG) and
nonlinear loads. This framework aims to accurately quantify operational risks under

uncertainty and optimize mitigation strategies to enhance system reliability.
To achieve this goal, the specific objectives of the thesis are defined as follows:

e To synthesize the theoretical foundation and identify research gaps
through a comprehensive literature review. A detailed review of power flow
algorithms, stochastic modeling techniques, and harmonic propagation
mechanisms is conducted. This establishes the necessity of moving from
deterministic to probabilistic approaches and identifies the limitations of

existing studies in handling correlations and three-phase unbalances.

e To develop an efficient probabilistic power flow model based on the 3PEM
and Nataf transformation. This objective focuses on addressing the
correlation among input random variables (e.g., wind, PV, and load). The
proposed method is designed to improve computational efficiency for
fundamental frequency power flow analysis while using Monte Carlo
Simulation as a benchmark for comparison. The proposed 3PEM—Nataf
framework is solver-agnostic: it can be applied to both balanced and
unbalanced networks, provided that a three-phase power-flow formulation is

used.

o To establish a three-phase stochastic harmonic power flow framework
using MCS. Different from the fundamental frequency analysis, this objective
employs MCS to capture the complex stochastic characteristics of harmonic
propagation in unbalanced networks. It aims to quantify phase-specific risks,
including voltage deviations and Total Harmonic Distortion (THD)

exceedances, under 10,000 stochastic scenarios.

e To construct a multi-criteria power quality assessment and risk evaluation

model. A hybrid weighting scheme combining the Analytic Hierarchy Process
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(AHP) and the Criteria Importance Through Intercriteria Correlation (CRITIC)
method is proposed to evaluate system performance. This objective allows for
the objective identification of "weak nodes" by integrating indices such as
harmonic distortion, voltage deviation, and power losses into a unified risk

metric.

e To design and implement an Improved Particle Swarm Optimization
(IPSO) algorithm for Active Power Filter (APF) configuration. The
algorithm aims to determine the optimal placement and sizing of APFs.
Enhancements such as niche-based subpopulation evolution are introduced to
avoid premature convergence, ensuring a balance between minimizing

network-wide harmonic distortion and reduction of economic costs.

o To validate the proposed models and algorithms via the IEEE 33-bus
distribution system. The final objective is to verify the effectiveness and
robustness of the integrated framework through rigorous case studies, ensuring
the proposed methods are applicable to IEEE 33-bus scenarios involving

renewable integration.

1.3 Original contribution

This thesis makes several original and interlinked contributions to the field of
probabilistic power systems analysis and power quality management in distribution
networks with renewable penetration. These contributions collectively address gaps in
the integrated treatment of correlated uncertainties, three-phase harmonic propagation,
risk quantification, and economically optimal mitigation. The major contributions to

knowledge are listed below:
1. Dependence-Aware Probabilistic Power Flow Framework

The thesis proposes and validates an integrated Three-Point Estimation Method
(3PEM) enhanced by Nataf transformations to explicitly model rank correlations
among uncertain inputs (loads, wind, and PV generation). This dependence-aware
approach significantly improves the fidelity of estimated moments for node voltages,
branch powers, and network losses compared with independent-variable assumptions.

The framework is further extended to probabilistic harmonic power flow, enabling fast
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yet accurate screening of Total Harmonic Distortion (THD) distributions under
correlated uncertainties, representing a novel combination that fills a methodological

gap in existing literature.

2. Comprehensive Three-Phase Stochastic Harmonic Risk Assessment with Hybrid

Weighting

A three-phase Monte Carlo-based stochastic harmonic power flow model (10,000
scenarios) is developed, incorporating realistic harmonic injection spectra and
unbalanced loading conditions. This framework enables a detailed and data-driven
characterisation of how uncertainty and harmonic distortions propagate across phases
in radial distribution networks. In addition, a hybrid weighting scheme combining the
Analytic Hierarchy Process (AHP) with an improved CRITIC method (incorporating
redundancy entropy) is proposed to balance expert judgment with objective data
information, leading to a robust prioritisation of power quality weak points, with
particular emphasis on three-phase harmonic voltage imbalance under renewable
penetration. The results reveal a clear downstream amplification of uncertainty and
systematically higher violation risks in the most heavily loaded phase, highlighting

behaviours that cannot be captured by deterministic or single-phase analyses.
3. Enhanced Optimization Strategy for Active Power Filter Placement and Sizing

An improved Particle Swarm Optimization (PSO) algorithm incorporating niche
division and periodic subpopulation elimination is introduced to solve the multi-
objective APF configuration problem. By strategically allowing controlled over-
compensation at selected buses, the method exploits network topology to achieve
global harmonic suppression more efficiently than conventional local-matching
approaches. Case studies on the IEEE 33-bus system demonstrate that the proposed
approach significantly reduces voltage harmonic distortion while meeting IEEE
Standard 519 requirements, achieving an effective balance between harmonic

mitigation performance and overall investment cost.

These contributions form an end-to-end methodological chain — from fast dependence-
aware probabilistic screening (3PEM), through detailed three-phase risk profiling
(MCS + risk metrics), to structured weak-point identification based on a hybrid AHP-
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CRITIC weighting method, and finally to economically optimized mitigation
(enhanced PSO based on voltage THD). Together, they advance both the theoretical

understanding of uncertainty-harmonic interactions and the practical toolkit available

to distribution network planners and operators.
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As shown in Figure 1-1 presents an integrated workflow linking Chapters 4 to Chapter
6 in this thesis. The proposed research follows a structured progression from stochastic
modelling to optimization-based mitigation. The framework begins with dependence-

aware probabilistic modelling using the 3PEM —Nataf approach, which provides

efficient initial estimates of system uncertainty characteristics. Building upon this, a
detailed three-phase Monte Carlo-based harmonic power flow analysis is conducted to
capture the full probabilistic behaviour of voltages, power flows, and harmonic

distortion under realistic operating conditions.

These probabilistic results are then used to quantify system risk through over-limit

probabilities and severity-based risk indices, followed by a hybrid AHP-CRITIC

evaluation to identify and prioritise power quality weak points. Finally, the identified
weak buses and harmonic characteristics serve as key inputs to the optimization stage,
where an enhanced PSO algorithm determines the optimal placement and sizing of

APFs to achieve cost-effective harmonic mitigation.

This end-to-end workflow highlights the interdependency between modelling, analysis,
risk assessment, and optimization, demonstrating how each contribution builds upon
the previous stage to form a complete and practically applicable solution for power

quality management in distribution networks with high renewable penetration.

1.4 Thesis structure

The thesis is organized into seven chapters, systematically progressing from
theoretical modeling to probabilistic analysis, risk assessment, and mitigation

optimization. The structure is outlined as follows:

e Chapter 1 — Introduction: Presents the research motivation, background, and
the specific challenges posed by renewable integration and harmonic pollution.
It defines the research objectives, summarizes the original contributions, and

outlines the overall organization of the thesis.

o Chapter 2 — Literature Review: Provides a comprehensive review of existing
methodologies in power flow calculation, harmonic modeling, stochastic
analysis techniques (MCS, PEM), and power quality mitigation. It critically

analyzes the limitations of current deterministic and single-phase approaches,
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identifying the specific research gaps this thesis aims to address.

Chapter 3 — Theoretical Modelling and Methodology: Establishes the
mathematical foundations for the study. It details the probabilistic modeling of
uncertain variables (wind, PV, and load), the handling of input correlations
using Nataf transformation, and the fundamental principles of the 3PEM and
MCS. Additionally, it introduces the harmonic source models and network

equations that are later applied in the probabilistic and three-phase analyses.

Chapter 4 — Dependence-Aware Probabilistic Power Flow Analysis:
Proposes and validates a probabilistic power flow framework based on 3PEM
and Nataf transformation. This chapter focuses on quantifying the impact of
input variable correlations on system states (voltages and losses). It compares
the proposed method with Monte Carlo Simulation to demonstrate its
computational efficiency and accuracy in fundamental frequency analysis and

preliminary harmonic screening.

Chapter 5 — Three-Phase Stochastic Harmonic Analysis and Risk
Assessment: Extends the investigation to a three-phase unbalanced framework
using Monte Carlo Simulation. This chapter analyzes the propagation of
harmonics under stochastic conditions and introduces a probabilistic risk
assessment framework based on over-limit indicators. A hybrid weighting
method combining Analytic Hierarchy Process (AHP) and Criteria Importance
Through Intercriteria Correlation (CRITIC) is applied to evaluate power

quality performance and identify weak nodes in the distribution network.

Chapter 6 — Optimization of Active Power Filter Configuration: Focuses
on the mitigation of harmonic distortion and develops an optimization
framework for the placement and sizing of Active Power Filters (APFs),
combining discrete location selection and continuous capacity optimization.
An Improved Particle Swarm Optimization (IPSO) algorithm, incorporating
niche techniques, is proposed and implemented to minimize total investment
costs and harmonic distortion, ensuring compliance with power quality

standards.

Chapter 7 — Conclusion and Future Work: Summarizes the key findings and

10
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methodological contributions of the research, and outlines directions for future

work in power system analysis.

1.5 Publication

J. Ma and K. Lo, “Stochastic Power Flow Calculation in Distribution Networks Based
on the Point Estimation Method and a Comparison with the Monte Carlo Algorithm,”
in Recent Advances in Circuits and Systems, Lecture Notes in Networks and Systems,
Springer, 2026. [Online]. Available: https://link.springer.com/book/10.1007/978-3-
032-20362-5
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Chapter 2 Literature Review on Power Flow

and Harmonic Analysis in Modern Power

Systems

This chapter presents a comprehensive overview and in-depth analysis of three critical

aspects associated with power flow studies in modern power systems: power flow and

harmonic analysis, stochastic power flow with probabilistic methods, and power

quality enhancement strategies.

Section 2.1 reviews the latest developments in power flow calculation models and
methods, focusing on their evolution and the inherent complexities involved. It
further explores various harmonic source models, delineating the mechanisms
through which harmonics propagate within electrical networks. In addition, this
section critically compares several harmonic power flow calculation methods,
highlighting their relative advantages and limitations in practical applications.
Section 2.2 investigates the current state of stochastic power flow and
probabilistic analysis. It emphasizes the significance of incorporating uncertainty
within power system studies by examining different stochastic modelling
approaches for loads, wind power generation, and photovoltaic systems. The
section provides detailed insights into methodologies such as the Monte Carlo
Simulation (MCS) and Three-Point Estimation method, assessing their practical
implications and effectiveness in addressing uncertainty. Moreover, the influence
of correlation modelling among random variables on stochastic power flow results
is discussed, underscoring its relevance for accurate power system planning and
operation.

Section 2.3 addresses methodologies for power quality assessment, specifically
discussing evaluation index systems and various weight selection techniques. This
enables an objective quantification and prioritization of power quality parameters
critical for maintaining system reliability and operational efficiency.

Section 2.4 covers principles and mathematical modelling associated with Active

Power Filters (APFs). It explains the fundamental operation of APFs and their role

12
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in mitigating harmonic distortions. The section also reviews applications of
optimization algorithms in configuring these filters, highlighting their capability
to enhance overall power system quality and performance effectively.
Overall, this chapter lays a foundation by synthesizing theoretical advancements and
practical methodologies necessary for addressing complex issues in power flow
analysis, harmonic mitigation, and quality enhancement within contemporary

electrical power systems.
2.1 Research Progress on Power Flow and Harmonic Flow

2.1.1 Evolution of Power Flow Calculation Models

Power flow calculations are essential for analyzing distribution networks and ensuring
reliable operation. Various methods have been developed to address the inherent non-
linearity of distribution systems while improving computational efficiency and
accuracy. One of the foundational approaches is the Newton-Raphson method, widely
adopted due to its accuracy and robust convergence properties [33]. While the method
can handle both balanced and unbalanced systems, its computational intensity
increases significantly with network size, limiting its applicability in large-scale real-

time simulations and dynamic scenarios [34], [35] .

To address the specific requirements of distribution networks, the Forward-Backward
Substitution Method was introduced, particularly for handling voltage drop
computations in radial systems [36]. This iterative approach, which involves a forward
sweep for voltage updates and a backward sweep for current calculations, has proven
effective for unbalanced and heavily loaded feeders. Expanding on this methodology,
the Forward-Backward Sweep Algorithm improves numerical stability in three-phase
unbalanced network analyses, offering advantages in convergence speed and

computational efficiency [37].

Beyond iterative approaches, matrix-based techniques have gained attention for their
ability to organize and streamline power flow calculations in three-phase networks.
Bus impedance and admittance matrix formulations enable efficient handling of
meshed and interconnected systems, forming the basis for advanced methodologies
such as the Implicit Z-Bus, Forward-Backward Sweep, and current injection

techniques, particularly in the presence of transformers and distributed loads [12], [15],

13
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[38]. Additionally, linear modelling approaches have been explored for multi-energy
systems, integrating electricity-heat interactions and expanding power flow studies to

broader energy domains [39].

Despite these advancements, challenges remain in optimizing power flow models for
emerging power system requirements. The increasing penetration of distributed energy
resources, bidirectional power flows, and the need for real-time operation demand
novel algorithmic formulations that balance accuracy, scalability, and computational
efficiency. Future research directions should explore hybrid methodologies that
combine iterative and direct methods, leverage artificial intelligence for adaptive
convergence strategies, and integrate physics-informed machine learning techniques
to enhance power flow solvers. These innovations could contribute to more efficient
power system analysis, enabling real-time optimization and decision-making in

distribution network [40], [41].

The main characteristics of various power flow calculation methods are summarized
as follows. Various power flow calculation methods used in distribution networks
exhibit distinct characteristics in terms of accuracy, computational efficiency, and
applicability. The Newton—Raphson method offers high accuracy and robust
convergence and is applicable to both balanced and unbalanced systems, although it is
computationally intensive. Forward—backward substitution methods provide moderate
accuracy and efficiency and are particularly suitable for radial systems due to their
simple implementation, but their applicability is limited to such topologies. Similarly,
forward—backward sweep methods achieve medium to high accuracy with high
computational efficiency and are well suited for radial or weakly meshed networks,
especially in unbalanced conditions, although their performance may decline in more
complex network structures. Matrix-based techniques deliver high accuracy and are
flexible enough to handle meshed systems, but they involve relatively high
implementation complexity. Linear modelling approaches, particularly those used in
multi-energy systems, enable fast computation and facilitate coupling between
different energy domains, albeit with reduced accuracy due to linearisation. In addition,
sparse matrix solvers are highly effective for large-scale systems, providing both high
accuracy and efficiency through computational acceleration, although they require

careful structural design. Overall, these methods involve clear trade-offs between
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accuracy, efficiency, and applicability, and no single method is universally optimal.
Therefore, the selection of an appropriate approach should be determined by the

specific network structure and analysis requirements.

2.1.2 Harmonic Sources and Characteristics

The harmonic behaviour in distribution networks arises from both traditional non-
linear loads and emerging inverter-based DG, resulting in increasingly complex and

dynamic spectral characteristics.

Historically, harmonic distortion was primarily attributed to non-linear loads on the
demand side. As established in the seminal work in Ref. [42], these loads draw non-
sinusoidal currents even under sinusoidal voltage supply, thereby introducing
harmonic components into the system. These harmonic currents propagate through the
network and interact with system impedances, leading to voltage distortion. With the
widespread adoption of domestic and commercial power electronic devices, such as
Compact Fluorescent Lamps, the impact of harmonic distortion has extended beyond
industrial environments to general distribution systems. Although individual low-

power devices contribute limited distortion, their aggregated effect—characterised by
diverse phase angles and partial harmonic cancellation or reinforcement—can pose

significant risks to transformer thermal limits and neutral conductor loading [43].

In addition to traditional sources, distribution networks have experienced a significant
transition toward active systems with high penetration of inverter-based distributed
generation. PV systems, while designed to deliver clean energy, introduce harmonic
components due to high-frequency switching operations and control loop dynamics.
These harmonics often exhibit broadband characteristics and may include both low-
order and high-order components, depending on inverter topology and operating
conditions [44], [45]. Moreover, the harmonic emission from PV systems is not
constant but varies with irradiance levels and operating states, leading to time-varying

spectral behaviour.

Wind turbine generators introduce further complexity. In addition to injecting
harmonic currents, they modify the network impedance characteristics, particularly

when multiple units are connected within the same feeder. This interaction can shift
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the natural resonant frequencies of the system, giving rise to harmonic amplification
phenomena, where specific frequency components are significantly magnified [46].
Such resonance-related effects highlight that harmonic distortion is not solely
determined by source magnitude but also by the interaction between sources and

network properties.

The harmonic content observed in distribution networks is therefore inherently
complex and non-stationary. Beyond steady-state harmonic distortion, transient

events—such as switching operations, converter commutations, and load variations—

can generate short-duration but high-magnitude spectral components that exceed
steady-state limits [47]. These transient harmonics are particularly important as they
may contribute to insulation stress and protection malfunctions, even if their duration

is limited.

Furthermore, the spectral characteristics of harmonics are strongly influenced by
converter topology and design. For instance, the transition from conventional two-
level converters to multilevel inverter structures significantly alters the harmonic
profile. Multilevel converters can effectively reduce low-order harmonic distortion by
producing stepped voltage waveforms, thereby shifting harmonic energy toward
higher frequency ranges that are easier to filter [48], [49]. This indicates that harmonic
characteristics are not only dependent on source type but are also intrinsically linked

to the physical and operational structure of power electronic interfaces.

Overall, the harmonic profile of distribution networks is shaped by the combined
influence of diverse sources, time-varying operating conditions, and evolving
converter technologies. This results in a multi-frequency, dynamic distortion
environment, which presents significant challenges for accurate modelling, analysis,

and subsequent mitigation.

Building on the above observations, a key research gap lies in the lack of unified
analytical frameworks that can simultaneously capture the stochastic nature of
harmonic sources, their interactions within unbalanced distribution networks, and the
resulting impact on system-level power quality. Existing studies often treat harmonic
sources, propagation mechanisms, and mitigation strategies in isolation, without fully

accounting for their coupled effects under uncertainty.
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2.1.3 Mechanisms of Harmonic Propagation

Harmonic distortion has become a serious concern in power systems, largely due to
the rise of nonlinear loads and power electronic devices. These devices introduce
current and voltage harmonics that can move through networks and affect equipment

operation, power quality, and system reliability.

Several studies have investigated how harmonics spread in distribution networks with
different types of loads and generation units. For example, in Ref. [20] used the
Electromagnetic Transient Program (EMTP) to model devices that produce harmonics
and to identify parameters affecting harmonic propagation. Their study investigated
how these signals move within a system and identified the main parameters (such as
circuit topology and component ratings) that affect the spread of harmonic content.
The authors provided a systematic approach to gauge the sensitivity of the network to
different load profiles and switching events. In Ref. [13] discussed traction Pulse-
Width Modulation (PWM) converters, highlighting how their operating points can be
seen as single-phase PQ loads for load flow and harmonic penetration studies. Their
results helped illustrate how traction converters, when operating under various speed
and load conditions, can introduce harmonic components that must be managed to
meet power quality requirements. When focusing on renewable energy sources, in Ref.
[50] examined resonance damping in a 400MW wind power plant, aiming to reduce

high-frequency oscillations and maintain stable voltage profiles.

In Ref. [51] studied the effects of multiple distributed energy resources on harmonic
interactions in power distribution systems. Their findings underlined that renewable
generators and power electronics-based units can significantly alter harmonic flow
paths. Research has also targeted harmonic state estimation methods to pinpoint
specific sources of distortion. In marine applications, in Ref. [52] proposed an
inductive filtering method that combines a transformer-integrated reactor with a
voltage-source inverter, aiming to improve power quality in shipboard environments.
By analyzing the impedance seen by the inverter and applying coordinated control
methods, they showed how this combined setup improves power quality and reduces
stress on onboard equipment. In Ref. [53] introduced a non-parametric confidence

interval estimation approach to forecast harmonics produced by high-speed electric
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trains, enabling better planning of railway power supplies.

Beyond power distribution, harmonic source modelling and wave propagation are
studied in diverse areas. In electromagnetic compatibility, in Ref. [54] developed a
near-field analytical model to reduce interference in wireless power transfer systems

using an nth harmonic shielding coil.

Harmonic wave propagation in mechanical structures has been investigated by several
researchers. In Ref. [55] derived an analytical solution for layered asphalt pavement
under a moving harmonic load, offering insights into stress and strain profiles in
complex materials. In Ref. [56] examined how a lubricant film changes the dynamic
response of rotating elements under harmonic excitation, with implications for bearing
design and vibration control. In Ref. [57] studied distinctive resonance features at zero
group velocity frequencies, working to explain special trembling patterns that occur in

certain waveguide modes.

In summary, research on harmonic propagation mechanisms reveals a complex
interplay between network topology and physical media. In electrical systems, the
focus has transitioned toward understanding how circuit parameters and multi-source
interactions define the flow paths and penetration of harmonic currents.
Simultaneously, the integration of insights from mechanical wave analysis and
electromagnetic field theory provides a more holistic view of wave attenuation,
resonance, and energy transfer. This multi-disciplinary understanding of propagation
pathways is essential for developing predictive models that can accurately track the

spatiotemporal evolution of harmonics across diverse and interconnected systems.

2.1.4 Harmonic Mitigation Strategies

Harmonic mitigation in distribution networks has evolved from traditional passive
filtering techniques to advanced, adaptive, and converter-based control strategies. This
subsection reviews the main mitigation approaches, including passive and active

filtering, inverter-based compensation, and emerging intelligent control methods.

The evolution of harmonic mitigation reflects a transition from static hardware
solutions to dynamic, software-defined compensation. While traditional passive filters

were once the mainstay, their limitations—specifically fixed frequency response and
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susceptibility to resonance—have led to the dominance of active topologies.

Active Filtering via Distributed Generation (DG): A landmark paradigm shift, as
proposed in Ref. [58], involves repurposing DGs as distributed active filters. By
utilizing the existing power electronic interfaces of DGs, the system can damp
background harmonic propagation without requiring dedicated compensation
hardware. In Ref. [59] and [60] further elaborate that these active strategies are
essential for radial networks where source impedance fluctuations render passive

filters ineffective.

Hybrid and Multi-Level Control: The literature increasingly favors hybrid solutions
that combine the cost-efficiency of passive filters with the precision of active control.
This is particularly vital in industrial settings where, in Ref. [61] note, high-magnitude
harmonic currents from heavy machinery necessitate a robust, state-of-the-art system

design to prevent equipment derating and failure.

Modern distribution networks are no longer just passive recipients of energy; they are

active ecosystems where converter-interfaced renewables serve a dual role.

Ancillary Services and Microgeneration: In Ref. [62] and [63] explore the prosumer
potential of PV systems. Beyond energy injections, these inverters provide harmonic
compensation as an ancillary service. In Ref. [63] utilize sensitivity analysis to
demonstrate that with optimized control loops, renewable sources can autonomously
mitigate voltage harmonics, effectively transforming a pollution source into a

stabilizing asset.

Industrial vs. Residential Tailoring: The mitigation requirements differ significantly in
Ref. [64] contrast the high-power, low-order harmonic issues of industrial zones with
the high-frequency, stochastic distortion found in urban/residential feeders. They argue
that residential mitigation requires high-resolution monitoring and adaptive filtering

due to the diverse and unpredictable nature of consumer electronics.

The most significant frontier in doctoral research is the application of Artificial

Intelligence (Al) to handle the non-linearities of modern grid harmonics.

Al and Hybrid Control Models: Traditional linear controllers often fail under the
highly dynamic conditions of urban networks. In Ref. [65] propose hybrid Al-based
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models—integrating neural networks or fuzzy logic—to predict harmonic trends and

optimize filter response in real-time. This "intelligent mitigation" allows the system to
preemptively adjust to load changes, a capability far beyond the reach of conventional

PI controllers.

Component-Level Diagnostics: In Ref. [66] introduces a unique correlation between
harmonic pollution and physical asset health, specifically citing transformer oil
degradation as a consequence (and source) of harmonic stress. This suggests that future
mitigation strategies must be integrated into Asset Management System, where
harmonic suppression is linked to extending the operational lifespan of grid

infrastructure.

Despite the significant progress in harmonic mitigation techniques, existing
approaches often face limitations in handling the increasing complexity, uncertainty,
and multi-source interactions in modern distribution networks. In particular,
conventional methods lack coordinated optimisation capabilities for the placement and
sizing of compensation devices under stochastic operating conditions. To address these
challenges, the following chapter investigates an optimisation-based framework for
harmonic mitigation, focusing on the optimal configuration of APF in distribution

networks.

2.1.5 Comparison of Various Harmonic Power Flow Calculation Methods

Harmonic flow calculations are important in several engineering applications,
including electrical power systems, fluid dynamics, and thermal processes. Such
calculations help identify how distortions, oscillations, or oscillatory energy propagate
through systems, allowing researchers and practitioners to improve design, enhance
efficiency, and maintain reliable operation. This review examines different methods
proposed in the literature, focusing on their underlying principles, areas of application,

and potential benefits for both industry and academia.

Several methods have been developed for harmonic load flow calculations, each with

distinct principles and applications:
1. Newton-Raphson Method [18]:

The Newton—Raphson method is an iterative numerical technique used to solve

20



Chapter 2 Literature Review on Power Flow and Harmonic Analysis in Modern Power Systems

nonlinear equations by linearising them around an initial estimate and updating the
solution until convergence is achieved. In the context of harmonic load flow analysis,
it is applied to solve the nonlinear equations arising from harmonic injections and their
impact on system voltages and currents. This method is well suited for complex power
systems with strong harmonic interactions, as it provides high accuracy in calculating
bus voltages and branch currents across multiple harmonic orders. However, its main
drawback lies in its relatively high computational cost, particularly for large-scale
systems or when a wide range of harmonic frequencies is considered. In addition,
convergence performance can be sensitive to the choice of initial conditions and may

deteriorate in systems with severe distortion or strong nonlinearities.
2. Fast Decoupled Load Flow Method [67]:

The fast decoupled method is an approximation of the Newton—Raphson approach that

reduces computational complexity by separating active and reactive power
calculations. This is achieved through simplifying assumptions, such as neglecting line
conductance and assuming voltage magnitudes remain close to unity, which allows the
Jacobian matrix to be decoupled into independent submatrices. As a result, the method
is computationally efficient and is particularly suitable for large-scale systems where
speed is a key concern, such as transmission networks, while still providing acceptable
accuracy for harmonic-related studies [67]. However, this simplification comes at the

cost of reduced accuracy compared to the full Newton—Raphson method, especially in

systems with significant harmonic distortion or strong nonlinear behaviour. In such
cases, the underlying assumptions may not be held, which can lead to convergence

difficulties or less reliable results.
3. Backward/Forward Sweep Method:

The backward/forward sweep method is a two-step iterative technique commonly used
for radial distribution networks. It operates by first performing a backward sweep, in
which branch currents are calculated from downstream nodes toward the upstream
nodes, followed by a forward sweep that updates node voltages from the root node
toward the terminal nodes. This approach avoids matrix inversion and therefore has
low computational cost, making it highly efficient for radial systems such as those

typically found in suburban and rural distribution networks. However, its applicability
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is limited to radial topologies, and it is not suitable for meshed networks. In addition,
convergence performance may degrade under conditions with high harmonic

distortion or strong nonlinearities.
4. Frequency Domain Methods[19]:

Decoupled harmonic analysis methods treat each harmonic frequency independently
by assuming the network behaves linearly at each frequency. Under this assumption,
standard AC load flow techniques can be applied separately for each harmonic order,
which simplifies the overall solution process. This approach is computationally
efficient and is well suited for systems where interactions between different harmonic
components are weak, making it useful for preliminary studies or situations where
quick estimates are required. However, because each harmonic is solved in isolation,
these methods do not capture coupling effects between different harmonic orders. As
a result, they may produce less accurate results in systems with strong nonlinear loads,
where harmonic interactions are significant and can lead to higher levels of distortion

than predicted.
5. Probabilistic Harmonic Load Flow Methods [21]:

Probabilistic harmonic analysis methods extend conventional approaches by
incorporating uncertainties in harmonic sources and loads. They use techniques such
as Monte Carlo Simulation (MCS) or data clustering to evaluate a range of possible
operating conditions and estimate the resulting variation in harmonic distortion. This
allows the analysis to produce statistical descriptions, such as probability distributions
of voltage distortion levels, rather than single deterministic values. Such methods are
particularly useful in planning and design of modern distribution systems, where
renewable generation and load behaviour are inherently variable, as they provide a
more realistic representation of system performance under uncertainty. However, these
approaches are generally more complex and computationally demanding than
deterministic methods, and they require detailed information on the probability

distributions of inputs, which may not always be readily available in practice.

Table 2-1 presents a comparative summary of the main harmonic power flow methods
in terms of accuracy, computational efficiency, applicability, and key limitations,

highlighting the trade-offs between precision and computational cost.
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Table 2-1 Comparison of Each Method

Computational
Method Accuracy Applicability Limitations
Efficiency
. Complex systems, | Intensive computation,
Newton-Raphson High Low o ] ] )
significant interactions convergence 1ssues
Fast Decoupled Load Large systems, acceptable | Less accurate, convergence in
Moderate Moderate o .
Flow approximation distorted systems
Backward/Forward ) S Limited to radial systems,
Moderate High Radial distribution networks )
Sweep convergence issues
Frequency Domain Moderate  to | Minimal interactions, quick | Misses harmonic interactions,
High . . .
Methods Low analysis potential inaccuracies
Probabilistic Harmonic | Variable ) ) Complex, data-intensive,
o Low Uncertain systems, planning _
Load Flow (statistical) computationally heavy
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A variety of studies have explored methods to model and manage harmonic flow in
electrical networks. For example, one approach involves using abstract data types with
complex parameters combined with a backward/forward sweep algorithm to assess
load flow in networks experiencing harmonic pollution [68]. By capturing nonlinear
characteristics introduced by distributed generation units and loads, the algorithm
handles both fundamental and harmonic frequencies in the same framework. This
unified approach allows more accurate predictions of harmonic voltage and current

levels at various nodes and branches in the network.

In a different context, in Ref. [69] investigated the impact of harmonic distortion on
induction motor performance using a slotted semi-analytical harmonic model. The
study demonstrated that harmonic voltages can lead to additional rotor losses, thermal
stress, and mechanical vibrations due to slotting effects. These findings highlight the
practical consequences of harmonic distortion on electrical equipment, reinforcing the
importance of accurate harmonic analysis and effective mitigation strategies in
distribution networks. One study [70] presented a method called compensated carrier
PWM synchronization (CCPS) for power converters exposed to AC unbalances. This
synchronization strategy helps converters operate smoothly when connected to
industrial grids with fluctuating power quality. The proposed method adjusts the phase
and frequency of the carrier signals so that the converter’s switching actions remain
synchronized, even when the grid supply deviates from ideal conditions. By doing so,
the converter can maintain stable operation, mitigate additional harmonic content, and

support industrial grids where supply quality often fluctuates.

In a more recent contribution [22] and [71], the authors presented a harmonic power-
flow algorithm designed for three-phase networks that include converter-interfaced
distributed energy resources. Their formulation adds frequency-dependent terms to
conventional load-flow equations, capturing the dynamic interactions between
converters and the rest of the system. With high penetration of renewable resources,
these converters become significant sources of harmonic injections, making accurate
modelling critical for evaluating system performance and designing harmonic

mitigation measures.

In summary this section compares several harmonic power flow calculation methods,
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including the Newton-Raphson approach, fast decoupled approach, backward/forward
sweep approach, frequency domain methods, and probabilistic harmonic load flow
methods. Each method has different strengths, computational demands, and ranges of
application. For instance, the Newton-Raphson approach offers high accuracy but can
be slow, while the fast decoupled approach is faster but less precise in highly distorted
systems. The backward/forward sweep approach works well for radial networks but is
not suitable for meshed ones, and frequency domain methods handle each harmonic
order separately but ignore possible interactions among them. The probabilistic
approach considers uncertainties in harmonic sources and loads, though it requires

extensive data and can be more time-consuming.

These studies demonstrate the evolving nature of harmonic power flow analysis. Some
focus on improved computational frameworks for distribution systems, while others
address specific components like induction motors and power converters. The
inclusion of frequency-dependent terms in recent research highlights the increasing
role of renewable energy integration, emphasizing the need for more advanced

harmonic mitigation strategies.

2.2 Current Research Status of Stochastic Power Flow and Probabilistic
Analysis

2.2.1 Stochastic Load Models

Stochastic load models provide mathematical methods to capture the variability of
loads in different systems. These loads can vary because of changes in weather, traffic,
or operational conditions, and their fluctuations can significantly affect the
performance and reliability of infrastructures, power grids, and mechanical
components. Stochastic load models incorporate random variations to better estimate
system behaviour, improving reliability in fields like power systems and structural

engineering.

One of the uses of stochastic modelling in power systems was in short-term load
forecasting, where external factors like weather conditions are central to predicting
hourly demands. In Ref. [72] showed how adaptive methods that factor in temperature
or precipitation can improve the accuracy of load forecasts. Accurate forecasts are

important for utilities that need to balance generation and demand, especially under
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changing conditions.

Alongside forecasting, models for dynamic state estimation have been proposed to
assess power system security. In Ref. [73] introduced dynamic state estimators that
integrate uncertain load inputs to improve real-time assessment of system stability and
voltage deviations. This approach allows system operators to anticipate possible
threats to system stability and apply corrective measures ahead of time. Including
stochastic load behaviour helps identify conditions under which a system might
experience voltage collapses, frequency deviations, or other stressors that could disrupt

normal operations.

Researchers also investigated how stochastic load modelling can benefit unit
commitment tasks in power systems. In these tasks, operators decide which generating
units to turn on or off at different time intervals to meet the expected demand. However,
load predictions are never exact, making uncertainty a key factor in planning reserves
and preventing shortages or overloads. One study [74] examined how load uncertainty
influences unit commitment risk and suggested that stochastic approaches improve
rescheduling policies and grid stability. Following this line of work, in Ref. [75]
examined the economic trade-offs in reliability planning by introducing a stochastic
unit commitment framework. This framework weighs the financial cost of meeting
uncertain loads against the need to maintain security margins. The study provided
numerical results showing how probabilistic modelling helps operators balance the

cost of additional generation against the risk of power interruptions.

With the rise of electric vehicles and distribution generation, interest in load modelling
became broader. In Ref. [76] highlighted how plug-in hybrid electric vehicles (PHEVs)
introduce unpredictable load variations due to random charging behaviours, requiring
probabilistic models to capture arrival and departure times. In Ref. [77] proposed a
medium-term feeder model based on actual measurements, thereby capturing real-
world fluctuations in distribution networks. This research emphasized the importance
of reliable stochastic load models for designing transformers and other distribution

assets that can handle sudden demand changes without compromising performance.

Beyond power grids, stochastic modelling has also been applied in transportation

networks. One study in Ref. [78] described a stochastic load model for traction power
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in electrified railways. The intent was to capture random fluctuations related to train
schedules, speeds, and passenger loads, making power demand less predictable. In Ref.
[79] then proposed a two-sided stochastic source-load approach, highlighting

interactive randomness in both generation and consumption within power networks.

In Ref. [80] looked at carbon emission constraints tied to load uncertainty. By
embedding stochastic elements into the optimization of power system dispatch, they
showed that decision-making can account for both environmental goals and load
variability. In Ref. [81] moved this conversation to a longer time scale, employing
Monte Carlo Tree Search to plan for geographically shiftable resources while aiming

for lower carbon footprints.

In Ref. [82] proposed a hybrid approach that combines data-driven and model-based
methods to predict loads and manage the lifespan of wind turbines. By linking
operational data with damage accumulation calculations, their model offers more
robust control strategies for turbine performance. In Ref. [83] employed scenario
reduction and distributed methods for stochastic AC optimal power flow, aiming to

handle load uncertainty in a scalable manner.

These contributions point to a trend where stochastic load modelling is broadening to
include energy markets, carbon accounting, and advanced optimization. By capturing
random variations in all parts of a system—Ioads, sources, and constraints—

researchers are working toward more agile and resilient infrastructures.

Recent research trends suggest that stochastic load models will continue to evolve,
incorporating advanced algorithms for uncertainty quantification and cost-effective

planning to improve system reliability.

2.2.2 Wind Power Stochastic Models

Stochastic modelling of wind power has become increasingly important due to the
intermittent and unpredictable nature of wind resources. Accurate models help system
operators schedule generators, design reliable energy markets, and maintain system
stability. In this context, accuracy refers to the ability of a stochastic model to
reproduce key statistical characteristics of system variables, including expected values,

variances, and probability distributions, typically validated against benchmark
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methods such as MCS. The following review highlights significant developments in
wind power stochastic models, focusing on optimization methods, scenario generation,

and the integration of multiple energy sources.

Initial studies in wind power integration concentrated on the optimal scheduling of
conventional thermal units alongside wind generation. In Ref. [84] introduced a
stochastic cost model that combines wind power forecasts with generator constraints
to determine the best commitment schedule. This approach recognizes that wind
availability can depart from forecasted values and allows for scheduling adjustments
in the thermal units to manage potential shortfalls or oversupply. The same emphasis
on balancing conventional and renewable sources appears in [85], who used a chance-
constrained two-stage approach to handle uncertainties in wind output. These efforts
demonstrated that stochastic optimization can reduce the risk of unmet demand or
wasted wind energy by accounting for fluctuating wind profiles. By modelling the
probability of different wind output scenarios, these frameworks offer a systematic
way to account for changing wind patterns. As a result, system operators are better
positioned to balance generation and demand without missing opportunities to harness

available wind energy.

Beyond generation scheduling, researchers have explored how wind variability affects
other energy systems. In Ref. [86] explored combined heat and power dispatch
strategies with uncertain wind power input, emphasizing that the inherent variability
in wind can disturb the balance of electricity and heat production. Adjusting dispatch
schedules to handle probabilistic wind availability can improve overall system

efficiency and reduce the cost of standby thermal generation.

ARIMA-based models (Auto Regressive Integrated Moving Average), as proposed in
Ref. [87], offered early examples of data-driven approaches that capture temporal
patterns in wind speeds and outputs. These predictive methods were paired with
stochastic optimization to adjust wind turbine power factors. Such models
demonstrated how statistical techniques can enhance both short-term forecast accuracy

and real-time control.

In Ref. [88] investigated the effect of charging patterns for plug-in hybrid electric

vehicles on wind-thermal scheduling. By treating vehicle demand as another source of
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uncertainty, the researchers showed that coordinated charging (and vehicle-to-grid
strategies) could help absorb surplus wind energy. This highlights how uncertainties
from different sectors—renewable generation and electric vehicles—can overlap,

requiring integrated stochastic models.

Several works highlight the role of energy storage in mitigating wind variability. [89]
used stochastic predictive control for battery systems linked to wind farms, relying on
probabilistic wind forecasts. In Ref. [89] explored scheduling approaches for battery-
based energy storage transportation systems, treating forecast errors and random
disturbances as central factors. Both studies underscore that improved modelling of

wind uncertainty expands the set of viable control methods for energy storage.

In Ref. [90] turned attention to voltage stability by focusing on optimal reactive power
dispatch in the presence of uncertain wind generation. Their approach accommodates
multiple objectives—such as loss minimization and system stability—while managing
unpredictable changes in wind farm outputs. This aligns with the industry’s growing
recognition that voltage regulation is essential for grids with high renewable

penetration.

In Ref. [91] introduced a fuzzy stochastic unit commitment model that handles
uncertainties in both wind power generation and demand response. They incorporated
conditional value-at-risk to gauge the potential worst-case scenarios. This type of
combined risk measure is increasingly popular, reflecting a trend toward robust

planning methods that hedge against multiple uncertainties simultaneously.

In Ref. [92] showed how wind power can be matched with pumped-hydro storage for
day-ahead coordination. By targeting multi-objective outcomes—Ilike cost, emissions,
and reliability—these models can produce balanced schedules that leverage

hydropower’s storage ability to buffer wind variations.

In Ref. [93] focused on offshore wind, introducing a spatiotemporal kriging model for
long-term predictions. Because offshore conditions can differ significantly from land-
based wind, refined modelling techniques are needed to capture complex wind flow
patterns. Such advanced geospatial tools help developers decide where to site offshore

turbines and how to schedule maintenance.
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For systems with a high share of variable renewable energy (VRE), in Ref. [94]
considered frequency support from wind power in a stochastic planning framework.
This highlights how wind farms can contribute not only active power but also crucial
frequency regulation. Separately, [95] explored transformer ratings in large wind farms,
using probabilistic methods to decide on appropriate equipment sizes to handle wind

variability.

Studies such as in Ref. [96] present a data-driven approach for sizing energy storage
in nuclear-renewable hybrid systems, showing that wind can be paired with other
energy sources while meeting specific performance or environmental targets. These
examples point to a future where multi-energy systems and advanced computational

models combine to handle the randomness of wind in synergy with other resources.

In Ref. [97] explored distributed load frequency control, indicating how wind
uncertainty can be balanced in a decentralized manner. Distributed methods can
improve scalability and resilience, essential for large-scale adoption of renewables. By
placing control algorithms closer to the source, grids become more adaptive, ensuring

stable operation despite sudden wind power changes.

Stochastic modelling of wind power has evolved from early applications focused on
the scheduling of wind—thermal systems to more advanced frameworks involving
multi-objective and multi-energy optimization. In this context, unit commitment and
economic dispatch problems aim to balance operational cost, system reliability, and
renewable penetration under probabilistic wind forecasts. At the same time, the
integration of energy storage systems—such as batteries, pumped-hydro storage, and
electric vehicles—has become an effective approach to managing wind variability by
absorbing excess energy or supplying power during deficits. In addition, maintaining
voltage and frequency stability is increasingly important in systems with high wind
penetration, which often require advanced reactive power control strategies and
distributed frequency regulation mechanisms. Furthermore, expansion planning must
consider long-term uncertainties in wind availability, weather conditions, and load
growth, often in combination with other uncertain resources such as solar generation

and demand response, to ensure robust and resilient power system development.

Beyond these operational and planning aspects, increasing attention has been given to
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probabilistic modelling of wind generation within distribution networks, particularly
in the context of uncertainty propagation, correlation modelling, and power quality
assessment. The stochastic nature of wind power introduces significant variability in
node voltages and power flows, especially in networks with high renewable
penetration and three-phase unbalance. Moreover, the interaction between wind
generation and nonlinear loads contributes to harmonic distortion, which further
complicates system behaviour. These challenges highlight the need for integrated
probabilistic power flow frameworks that can capture both fundamental and harmonic
characteristics, as well as their associated risks. In this regard, the present research
contributes by combining dependence-aware probabilistic modelling with harmonic
power flow analysis and risk-based evaluation, providing a more comprehensive

understanding of wind-induced uncertainties in modern distribution systems.

Stochastic wind power models have evolved to address a range of operational and
planning challenges, from generation scheduling to system stability and energy storage
integration. Advances in probabilistic forecasting, multi-energy coordination, and
decentralized control are shaping future research. As wind penetration increases,
improving scenario generation techniques, uncertainty quantification, and real-time

optimization will be critical for ensuring reliable and cost-effective wind integration.

2.2.3 Photovoltaic Stochastic Models

The increasing PV systems in electrical networks has prompted extensive research on
stochastic modelling approaches that can account for uncertainty in solar irradiation,
panel performance, and system conditions. Such models are essential for planning,
scheduling, and operational strategies in micro-grids, virtual power plants, and broader
power systems. Early work in the field highlighted the need to consider randomness in
PV power output and battery performance, while more recent research has expanded
to include advanced forecasting methods, sophisticated optimization frameworks, and

integrated energy systems.

One of the references in this domain comes from [98], who developed a stochastic
model for a PV power supply equipped with rechargeable batteries. They examined
how battery life uncertainty affects the reliability of power delivery under different

grid configurations. This research laid the groundwork for subsequent studies that
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target not only the reliability of PV-battery systems but also their economic and

operational aspects.

In residential settings, in Ref. [99] quantified the degree of self-consumption for PV-
powered households with electric vehicle (EV) home charging. Their work suggests
that the variability in both solar output and EV usage patterns benefits from a
probabilistic framework to optimize self-consumption. In Ref. [100] used probabilistic
load flow methods to determine optimal PV placement in distribution networks,
minimizing voltage deviations and power losses. Meanwhile, in Ref. [101] proposed a
method for sizing and scheduling batteries in home energy management systems,

explicitly modelling uncertain solar generation to improve household-level planning.

In Ref. [102] developed a stochastic scheduling model for virtual power plants (VPPs),
incorporating uncertainties in load, PV generation, and demand response. The study
highlights the role of VPPs in enhancing grid flexibility and optimizing energy trading
under uncertain renewable conditions. In Ref. [103] expanded this perspective to
micro-grids with multiple renewable technologies, highlighting how thermal and

electrical systems in PV modules can be managed under probabilistic conditions.

In Ref. [104] introduced novel stochastic techniques for predicting short-term solar
radiation, aiming to refine the accuracy of PV power forecasts. In Ref. [105] compared
a very short-term forecasting model incorporating stochastic factors to a simple
persistence method, finding superior performance under rapid irradiation changes.
These advancements confirm that incorporating detailed probability distributions

yields improved forecasting and dispatch strategies.

Stochastic modelling of PV systems has broadened to encompass large-scale
integration scenarios. In Ref. [106] combined concentrating solar power with other
renewables in a chance-constrained unit commitment framework, targeting reliable
system operation at higher penetration levels. In Ref. [107] proposed a scheduling
approach that leverages the flexible ramping and storage capabilities of hydropower

to mitigate variability in wind and PV generation.

Several studies emphasize multi-objective optimization to handle economic, reliability,
and environmental criteria simultaneously. For example, the work of [101] shows that

battery storage strategies must factor in uncertain solar output to avoid overinvestment
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or underutilization. Scheduling for micro-grids with multiple power sources often
requires advanced algorithms that can balance cost, energy losses, and system stability

under random PV production patterns.

In Ref. [108] investigated internal PV panel faults by combining unsupervised deep-
learning segmentation with real-time monitoring, enabling the identification of
malfunctioning modules. Additional efforts, such as the study reported in Ref. [109],
focused on modelling solar irradiance during extreme weather events (e.g., hurricanes).
By using mixed-effect regression, they were able to capture irradiance decay, which is

crucial for maintaining grid stability in regions prone to severe storms.

Recent work has explored stochastic model predictive control (MPC) for systems with
PV generation. For instance, an alternative control strategy in Ref. [110] evaluated
probabilistic and multivariate forecasts to coordinate battery, load, and PV output.
Economic control strategies, such as those presented in [111], introduced uncertainty
in electricity demand and PV supply to refine scheduling in residential PV-battery
setups. The role of dust accumulation in dynamic PV output power profiles has been
captured via Markov chain approaches [112], providing a clearer perspective on real-

world performance over time.

Studies have also looked at the expansion of charging stations integrated with PV and
battery systems and the use of stochastic techno-economic optimization for hybrid
energy systems [113]. These frameworks typically weigh capital and operational costs
against uncertain solar resources, electricity prices, and policy incentives. Meanwhile,
innovative work in electromagnetic interference (EMI) modelling highlights the
unpredictability of electronic system behaviours in PV installations, indicating a
growing interest in hardware reliability as well as energy management. Research in
combined voltage/frequency control with solar PV inputs [114] shows that robust
stochastic models help maintain stable operation even in grids with high renewable

shares.

Research on stochastic models for PV systems has evolved from early reliability
analyses of simple PV—battery configurations to more advanced and multidimensional
frameworks that integrate forecasting, optimization, and system-level coordination.

Initial studies mainly focused on reliability and system sizing, particularly examining
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how uncertainty in battery performance affects power delivery. More recent
approaches incorporate dynamic factors such as dust accumulation and panel
degradation, enabling more accurate life-cycle-based sizing decisions. In parallel,
forecasting techniques have progressed significantly, with hybrid methods combining
statistical models, machine learning algorithms, and physical modelling to improve

prediction accuracy and robustness.

With the increasing penetration of renewables, PV systems are now commonly
integrated with other energy sources such as wind, hydropower, and energy storage,
which require advanced scheduling and dispatch strategies that explicitly consider
correlated uncertainties among multiple sources. In addition, stochastic modelling
plays an important role in market and policy design, supporting the development of
tariffs, incentives, and operational strategies that balance cost, risk, and system
reliability. Emerging research topics further extend the scope of PV studies to include
the interaction with electric vehicles, the impact of extreme weather conditions, and
the application of advanced control methods such as stochastic model predictive
control. Moreover, considerations related to electromagnetic compatibility and
electromagnetic interference (EMC/EMI) indicate that hardware-level uncertainties

are increasingly relevant in the design of robust and reliable PV-integrated systems.

In the context of distribution networks, the stochastic nature of PV generation
introduces significant variability and uncertainty in power flow behaviour, particularly
when combined with load fluctuations and other renewable sources. These
uncertainties not only affect voltage profiles and power flows but also interact with
nonlinear loads and power electronic interfaces, contributing to harmonic distortion
and time-varying power quality issues. This highlights the need for probabilistic
modelling approaches that can capture both the fundamental and harmonic
characteristics of PV-integrated systems, as well as their correlation with other
uncertain variables. The present research addresses these challenges by incorporating
dependence-aware probabilistic modelling and harmonic power flow analysis to
provide a more comprehensive assessment of PV-related uncertainties in modern

distribution networks.

Future research may need to refine stochastic PV models by leveraging improved
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sensor technology, big data analytics, and computational advances. The integration of
weather forecasting, power electronics, and machine learning will further enhance the

reliability and economic viability of PV systems.

Future developments in stochastic PV modelling will require advances across several
key areas. High-resolution forecasting is expected to improve significantly with the
use of enhanced sensor data and Al-driven prediction methods, enabling more accurate
short-term estimation of solar generation. In addition, co-optimization with energy
storage systems and electric vehicles will become increasingly important, as integrated
models coordinate PV output with flexible resources to enhance system adaptability
and operational efficiency. Another critical direction involves improving resilience
under extreme weather conditions, where stochastic models can be used to assess and
mitigate the impacts of events such as hurricanes and other climate-related disruptions.
Furthermore, economic and market design will play a growing role, with stochastic
modelling supporting the development of tariff structures, investment strategies, and

policy frameworks required for large-scale PV integration.

2.2.4 Monte Carlo Method and its Applications in Power Systems

The MCS method is widely recognized for its capability to analyze complex systems
with inherent randomness. In power systems, this technique enables researchers and
operators to simulate a range of operational conditions by sampling random variables
that represent uncertainties such as load variations, wind speeds, and equipment
failures. MCS methods enable power system operators to simulate a wide range of
uncertainties, including load variations, renewable energy fluctuations, and component
failures. While early studies focused on economic analysis, modern applications

extend to security, reliability, and component aging.

One of the first notable references is [10], who applied a MCS approach to evaluate
the hour-by-hour operation of a power system incorporating wind energy. By
simulating numerous possible wind generation scenarios, the study provided insights
into how different levels of wind penetration may affect system costs and operational
feasibility. This approach allowed for an estimation of the economic benefits of wind
integration under varying levels of uncertainty and system constraints. The findings

highlighted the importance of probabilistic methods in capturing the fluctuating nature
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of wind resources, which deterministic models fail to capture adequately.

Building on this foundation, in Ref. [11] expanded the scope of wind integration
studies by estimating the energy credit of wind energy conversion systems. Their work
focused on quantifying the reliability contributions of wind generation to the power
grid, a key factor in determining how much firm capacity wind power can provide.
They employed time series forecasting methods to predict hourly wind speeds and
incorporated these predictions into MCS. This combined approach enabled a more
accurate assessment of wind power’s ability to contribute to system adequacy and
reduce dependence on conventional generation sources. By generating reliability
indices such as loss-of-load probability (LOLP) and expected energy not served
(EENS), the study offered a comprehensive framework for evaluating the capacity

value of wind energy.

Beyond wind energy applications, MCS methods play a crucial role in power system
security assessments. Recent studies apply probabilistic simulations to evaluate

contingency risks, voltage stability, and infrastructure resilience.

In Ref. [115] developed two synthetic wind speed generation methods to analyze
steady-state security in wind-integrated power systems. Their techniques captured
spatial correlations between multiple wind farms, improving risk assessment under
fluctuating wind conditions. The first relies on statistical correlation matrices, whereas
the second considers conditional probabilities of wind speeds in multiple wind farms.
Such modelling approaches allow system planners to explore how simultaneous wind

variations in different locations might affect power flow and system stability.

In Ref. [116] applied importance sampling—an enhancement to MCS—to compute
expected power loss under protection system failures. Their work extended to
contingency analysis, incorporating probabilistic measures into risk-based security
assessments. These studies highlight that MCS methods are not limited to evaluating
specific components; they are also suitable for broader system-level security

simulations.

In Ref. [117] used MCS to model planning and repair process in power distribution
systems. They combined queueing theory with stochastic processes to assess how

maintenance activities and system failures interplay over time. On the transmission
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side, [118] explored chance-constrained approaches for network expansion planning
under uncertain load growth and wind power forecasts. MCS techniques underpinned
the scenario generation, illustrating that these methods are crucial for planning under

significant data variability.

In Ref. [119] tested a measurement-based mode shape identification method using
MCS simulation data. By subjecting the system to random disturbances, they validated
the approach’s robustness in identifying electromechanical modes. In Ref. [120]
extended such work by investigating small-signal stability under high wind penetration
levels. They employed MCS to capture the range of possible operating points driven
by wind fluctuations, quantifying the likelihood of stability issues in large-scale

systems.

In Ref. [121] introduced an affine arithmetic-based method for voltage stability
assessments, comparing it to MCS in terms of computational efficiency and accuracy.
In affine arithmetic, uncertain variables are expressed as affine combinations of central
values and noise terms, enabling the tracking of dependencies between variables and
reducing overestimation compared to traditional interval methods. While MCS
remains a standard tool, their approach showed that approximate methods can reduce
simulation time while providing reliable results. This demonstrates ongoing research
into complementing or replacing brute-force MCS with less computationally intensive

techniques.

Recent work by [122] applied MCS to assess metallized film capacitor aging under
dynamic stress conditions, which is critical for ensuring long-term reliability in power
converters used in renewable energy systems. Incorporating time-varying mission
profiles into Monte Carlo-based simulations provided more accurate estimates of
component aging. This type of modelling is becoming essential as power systems

evolve to include more fast-switching converters and other sensitive devices.

MCS methods also appear in renewable technology design. In Ref. [123] used MCS
optical modelling and inverse adding-doubling to optimize building-integrated
photovoltaic smart windows. Their approach offered insights into the light
transmittance and heat flow characteristics that affect both energy generation and

occupant comfort.
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In Ref. [124] integrated Gaussian Process learning with probabilistic optimal power
flow, leveraging MC-style uncertainty sampling to enhance computational efficiency
in high-dimensional optimization problems. In Ref. [125] examined how climate
change affects PV systems at multiple hierarchical levels, again leaning on MCS to
capture extreme weather variations. This underlines the relevance of MCS for

addressing future uncertainties linked to climate patterns and extreme events.

MCS methods have evolved considerably in power system applications, demonstrating
strong flexibility in addressing a wide range of challenges. Early studies focused on
economic and reliability assessments, where MCS was used to evaluate the integration
of wind power under uncertain wind speeds and demand patterns by simulating diverse
operating conditions. Subsequently, its application expanded to security and
contingency analysis, with techniques such as importance sampling improving
computational efficiency and enabling more effective evaluation of system risk and
vulnerability. In addition, MCS has been widely applied to small-signal stability and
voltage constraint studies, allowing detailed investigation of how stochastic variations
in renewable generation and load demand may affect system stability. More recently,
research has extended to component-level reliability, where time-varying stress
conditions and device ageing are incorporated to better understand lifecycle
performance in distribution networks. Furthermore, the integration of machine
learning techniques, such as Gaussian Processes, has been explored to complement or
partially replace traditional MCS, particularly in handling high-dimensional

uncertainty and reducing computational burden.

In this thesis, MCS is employed as a benchmark and high-fidelity analysis tool for
probabilistic power flow and harmonic studies in distribution networks. Specifically,
it is used to generate large numbers of stochastic scenarios that capture the combined
uncertainty of loads, photovoltaic systems, and wind generation, including their
correlation structures. This enables the derivation of full probabilistic distributions of
key system variables, such as three-phase node voltages, branch power flows, and total
harmonic distortion (THD). Moreover, the MCS results provide the basis for
calculating risk indices, including over-limit probabilities and associated risk values,
which are essential for subsequent power quality assessment and multi-criteria

evaluation. By offering a detailed and unbiased representation of system behaviour
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under uncertainty, MCS serves both as a validation reference for approximate methods

and as a core tool for risk-based analysis in this research.

Going forward, hybrid approaches that merge MCS sampling with machine learning
or surrogate models are likely to increase in popularity, enabling faster simulations of
large systems. Additionally, as the share of intermittent generation grows and climate
volatility intensifies, accurate representation of uncertain resources, weather events,
and component aging will be even more essential. These developments ensure that
MCS methods will remain a core tool in power system research and operations for the

foreseeable future.

Future advancements in MCS applications are expected to focus on improving
computational efficiency, expanding the modelling of extreme events, and enhancing
component-level reliability analysis. In terms of efficiency, the integration of surrogate
models and machine learning techniques is anticipated to significantly accelerate
large-scale simulations, making MCS more practical for complex power system
studies. At the same time, greater attention will be given to extreme event modelling,
where refined MCS-based approaches can better capture the impacts of climate-related
disturbances on system performance and resilience. In addition, component
degradation analysis will play an increasingly important role, with MCS incorporating
real-world operating conditions and stress factors to support more accurate predictive

maintenance and lifecycle reliability assessments.

2.2.5 Three-Point Estimation Method and Their Applications in Power
Systems

The Three-Point Estimation Method (3PEM) is traditionally known from project
management, where it refines estimates of duration or cost by considering best-case,
most-likely, and worst-case scenarios. This approach can also be adapted to power
systems to manage the high levels of uncertainty found in load forecasts, renewable
energy outputs, and component failures. Modern power grids increasingly rely on data-
driven and probabilistic methods to estimate system variables, highlighting parallels

between Three-Point Estimation and other advanced estimation frameworks.

In power systems, effective estimation methods play a key role in supporting both

operation and planning tasks. They are widely used in short-term load forecasting,
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where accurate demand prediction helps ensure reliable and economical system
operation. In renewable energy applications, estimation techniques are essential for
maximum power point tracking, enabling photovoltaic and wind systems to operate at
optimal efficiency under varying environmental conditions. They are also fundamental
to system state estimation, which provides real-time information on voltages, currents,
and other system variables, including dynamic states under both normal and faulted
conditions. In addition, estimation methods support uncertainty quantification in wind
and solar forecasts, helping operators understand and manage variability in renewable
generation. They are further applied in topology identification and fault location,
improving system observability and enabling faster detection and isolation of faults.
Finally, these methods contribute to efficient energy management across distributed
resources by providing accurate system information that supports coordinated control

and decision-making.

Traditional forecasting models rely on statistical methods like covariance matrix
estimation [126] , while Three-Point Estimation provides an alternative by explicitly
modelling best-case, most-likely, and worst-case scenarios. This enables a structured
assessment of forecast uncertainty, which is crucial for operational planning and cost
control. While they did not specifically rely on the 3PEM, their work set a precedent
for treating uncertainty in system parameters as a critical factor in forecasting

performance.

In Ref. [127] applied neural networks to PV power forecasting by learning from
historical weather patterns. While neural networks predict point estimates, 3PEM can
complement such models by bounding the uncertainty range, ensuring robust decision-
making under fluctuating solar conditions. Neural networks depend on data-driven
training processes, while 3PEM takes a more explicit approach by setting best-case,
most-likely, and worst-case scenarios. Taken together, these studies illustrate how
forecasting and estimation methods must account for inherent variability in power

systems to enhance decision-making and improve reliability.

Dynamic estimation approaches have played a major role in stabilizing power systems
under fluctuating conditions. Kalman filtering [128] , commonly used for real-time

dynamic state estimation, provides continuous updates to power system variables.
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While it differs from 3PEM, which explicitly models scenario-based uncertainties,
combining Kalman filters with 3PEM could improve reliability assessment by
incorporating both real-time updates and predefined uncertainty bounds. Building on
similar principles, in Ref. [129] focused on wind power forecasting through refined
statistical methods. Their methods enabled short-to-medium term predictions that

recognize the stochastic nature of wind speed and generation output.

These foundational studies helped establish the value of robust estimation techniques.
Though they may not apply 3PEM outright, they share the same primary objective:
capturing the uncertainty in system variables and adjusting control strategies to
maintain stability and reliability. This alignment with the key concepts behind
3PEM—namely bounding errors and identifying a range of possible outcomes—
demonstrates how multiple estimation methods can address the same underlying

challenge of unpredictability in power systems.

In Ref. [130] introduced a real-time detection method for voltage disturbances by
merging discrete wavelet transforms with an extended Kalman filter. They showed that
accurate, immediate assessment of power quality events can help system operators
intervene before minor issues grow into large-scale disruptions. Concurrently, in Ref.
[131] refined electromechanical mode shape estimation through transfer function
identification. These algorithms are oriented toward real-time analysis, which is

especially relevant in complex grids subject to rapid load or generation swings.

Although these frameworks do not use 3PEM directly, they benefit from a similar
principle: bounding uncertainty in measurements and parameters to inform quick,
data-driven decisions. In practice, operators may integrate scenario-based analyses,
like 3PEM, to account for best-case and worst-case operating conditions. This
approach can serve as a safeguard when deciding on corrective measures or

reconfiguring system operation to prevent instability.

In Ref. [132] further advanced dynamic state estimation by applying the unscented
Kalman filter, which is capable of handling stronger nonlinearities than the standard
Kalman filter. This focus on accommodating nonlinear system behaviours is important
in power systems that feature distributed generation, power electronics, and other

complex components. While it diverges from 3PEM in method, it addresses a similar
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need: acknowledging and representing random variations in ways that are manageable

for real-time operations.

Growing penetration of renewable sources introduces additional uncertainty into
power systems, making advanced estimation strategies even more vital. In Ref. [133]
developed a mean-variance approach to estimate wind power forecast errors. Their
results underline the value of mapping out a distribution of potential outcomes, similar
to the three-scenario mindset behind 3PEM. Reducing forecast error is critical in grids

where wind generation can fluctuate over short intervals.

Machine learning-based estimation [134], [135] introduces techniques for extracting
structured uncertainty from high-dimensional data. While originally developed for
wireless networks, similar hybrid data-driven approaches are increasingly applied in
power system forecasting and state estimation. Combining such models with 3PEM
could provide structured uncertainty bounds to improve decision reliability. Although
these studies are drawn from wireless communications, the overarching principle of
merging data-based insights with structured uncertainty handling parallels the logic of
3PEM: use multiple scenarios or distributions to represent system unpredictability and

guide decisions.

In integrated energy management, in Ref. [135] proposed an energy-circuit framework
requiring synchronized real-time estimates. By incorporating best-case, most-likely,
and worst-case scenarios, scenario-based methods like 3PEM can enhance dispatch
and scheduling decisions in smart grid environments. Such estimates inform dispatch
decisions and resource scheduling. By comparing real-time measurements with model
predictions, this approach reflects a scenario-driven mindset like that of 3PEM, where
one identifies the best-case, most-likely, and worst-case conditions to plan resource
usage effectively. This approach is especially relevant in smart grids that involve

energy storage, demand response, and other distributed resources.

Many power system studies implicitly adopt scenario-based approaches, such as the
3PEM, particularly in forecasting and contingency planning. While advanced data-
driven models can improve estimation accuracy, the incorporation of structured
uncertainty bounds remains essential to ensure system reliability and resilience. In this

context, different representative scenarios are typically considered. The best-case
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scenario reflects conditions of minimum demand or maximum generation, which is
useful for identifying potential oversupply situations or stress on system components.
The most-likely scenario represents typical operating conditions and is commonly
used to guide routine dispatch and scheduling decisions. In contrast, the worst-case
scenario captures extreme conditions, such as peak demand, component outages, or
low renewable generation, and is critical for reliability assessment and contingency

planning.

By integrating advanced data-driven models (machine learning, neural networks,
Bayesian filters) with scenario-based frameworks, researchers can make robust

decisions despite large uncertainties.

These studies indicate a clear trend that robust and flexible estimation methods are
essential for power systems operating under diverse sources of uncertainty, ranging
from renewable energy variability to fault events and dynamic system conditions. In
this context, the 3PEM, originally developed in project management, provides a simple
yet effective way to bound uncertainty and complements more advanced data-driven
and probabilistic approaches. Scenario-based methods, including 3PEM, play an
important role in uncertainty management for short-term forecasting, system planning,
and real-time operation. At the same time, the integration of data-driven techniques—
such as neural networks, support vector machines, Kalman filtering, and hybrid
models—can further refine these estimates and provide deeper insight into system
behaviour. These estimation strategies are widely applied across power system
applications, including dynamic state estimation, renewable generation forecasting,
topology identification, and resource management in embedded systems, highlighting

their broad relevance in modern grid operation under uncertainty.

Moving forward, the continued integration of classical scenario-based methods with
advanced computational techniques is expected to further improve the reliability,
resilience, and efficiency of modern power systems, particularly as grids incorporate
higher shares of variable renewable energy and evolve into more intelligent and
interconnected networks. In this context, future research should focus on hybrid
uncertainty modelling approaches that combine the 3PEM with machine learning and

probabilistic techniques to enhance forecasting accuracy and support real-time
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decision-making. In addition, scenario-driven energy management strategies based on
3PEM can be developed to optimize demand response, storage utilization, and
renewable integration. Another important direction involves fault and anomaly
detection, where structured scenario estimation can improve the identification of
abnormal operating conditions and support faster system recovery. As power systems
continue to integrate renewable resources and digital control technologies, the
combination of 3PEM with Al-driven estimation methods will play an important role

in maintaining system stability and operational efficiency.

A key gap in existing approaches lies in the lack of computationally efficient methods
that can provide accurate probabilistic analysis without relying on large numbers of
MCS. This is particularly challenging in distribution networks with high uncertainty
and complex interactions. In this work, the focus is placed on addressing this gap
through the proposed 3PEM-based probabilistic framework, which improves
computational efficiency while maintaining acceptable accuracy compared to
conventional MCS. The integration of machine learning or surrogate modelling
techniques is considered as a potential direction for future research building upon this

framework.

2.2.6 Influence of Correlation Modelling on Stochastic Power Flow Results

With the increasing penetration of renewable resources and the inherent variability of
load demand, probabilistic load flow (PLF) studies have taken center stage in power
system research. Traditional deterministic analyses cannot adequately capture
uncertainties arising from fluctuating wind and solar generation, time-varying loads,
and spatial correlations among system components. A robust treatment of these
uncertainties often requires considering the correlation between multiple random

variables.

Various studies highlight the importance of modelling correlation to avoid inaccurate
or overly simplified results. Within this context, the Nataf transformation and other
correlation modelling techniques have demonstrated effectiveness in representing the
joint distributions of uncertain variables, such as load, solar PV, and wind power [17].
By applying these methods, researchers have shown that accurate correlation

modelling can improve both the reliability and the accuracy of power flow simulations.
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Even in the works of probabilistic load flow [136], the distribution of result variables—
such as bus voltages, line flows, and system losses—was recognized as highly
sensitive to how uncertainties are characterized. Ignoring or mishandling correlation
can lead to skewed or unrealistic probability distributions. For instance, two adjacent
wind farms might produce correlated power outputs if subject to similar wind
conditions, while load demand in different regions may show partial synchronicity
based on common economic activities or weather patterns. Ignoring these relationships
can skew probability distributions, making results unrealistic. PLF studies confirm that
poor correlation modelling can misrepresent voltage stability margins, leading to

incorrect estimations of reserve requirements and hosting capacities for renewables.

Authors in Ref. [137] showed that voltage stability assessments depend on accurate
correlation modelling between wind power and load demand. Misrepresenting these
dependencies can lead to incorrect stability margins, affecting grid reliability under
high renewable penetration. Without properly accounting for correlation (e.g., between
local loads and PV generation), the computed stability margins may be misleading.
Similarly, efforts to assess or enhance hosting capacity for renewables, like those in
Ref. [138],[139],[140] confirm that correlated uncertainties require more refined tools

than purely independent or perfect correlation assumptions.

The Nataf transformation maps correlated random variables into a Gaussian space,
where established probability techniques (e.g., convolution) simplify computations in
Ref. [141]. Unlike Copula-based approaches in Ref. [142], which flexibly model
nonlinear dependencies, the Nataf transformation is computationally efficient for
moderate to strong correlations. This allows for the use of well-established techniques
from probability theory, such as convolution in the Gaussian domain, before
transforming the results back to the original space. The method excels in handling
moderate to strong correlations and has been applied to power flow studies with
uncertain wind power and load in Ref. [16]. Its ability to preserve marginal
distributions and correlation structures makes it especially relevant for multi-variable

scenarios.

In Ref. [16], researchers propose combining point estimation methods with the inverse

Nataf transformation to handle correlated uncertainties in distribution networks. Point
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estimation provides an efficient route for approximating the mean and variance of the
output variables. When merged with an inverse Nataf framework, it becomes possible
to propagate correlated input variables consistently, enabling faster analyses than full-
scale MCS methods but retaining an acceptable level of accuracy for operational

planning and risk assessment.

Beyond single-site correlations, some investigators extend correlation modelling to
spatial correlations among geographically connected components. For instance, in Ref.
[143] integrates spatial dependency into new risk analysis methods, acknowledging
that not only are local variables correlated (e.g., wind speeds at neighbouring turbines),
but also that system components can fail in correlated manners based on location and
environment. This deeper level of modelling complexity marks a transition toward

more holistic, system-wide stochastic assessments.

Correlation is equally crucial for stochastic multi-stage joint expansion planning in
Ref. [144]. In this context, correlation between wind power and load demand over time
influences decisions about where and when to invest in new transmission lines or
generation capacity. Failing to capture correlated variations can result in suboptimal

or risk-prone expansion strategies.

Beyond standard onshore networks, in Ref. [145] analyzed space-time correlations in
offshore wind farms using high-resolution Supervisory Control and Data Acquisition
(SCADA) data. Due to stronger wake effects and highly variable marine weather,
offshore wind power fluctuations exhibit more complex correlations than onshore
wind, requiring refined modelling techniques for accurate reserve and balancing needs.
Their approach addresses variable flow conditions in turbine wakes, showing that
modelling correlations is vital to accurately representing the power output distribution

and planning the system’s reserve and balancing needs.

A significant hurdle in correlation modelling is balancing accuracy with computational
tractability. MCS with correlated variables can become computationally expensive as
the number of uncertain factors grows. Techniques like point estimation or advanced
sampling (Latin hypercube, quasi-Monte Carlo) can mitigate computational burden
but may introduce approximation errors. Researchers continue to refine these methods,

seeking a balance between accuracy and efficiency.
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As distribution networks incorporate more diverse energy resources—energy storage,
electric vehicles, demand response—modelling correlation among numerous random
variables becomes even more demanding. Nataf transformation or similar correlation
approaches may need modifications to handle highly nonlinear dependencies or high-
dimensional spaces, pushing research toward new transformations or hybrid data-

driven strategies.

Another emerging trend is the assimilation of real-time measurements (from Phasor
Measurement Unit (PMUs) or SCADA) into correlation-based stochastic models.
Real-time data can help identify shifts in correlation structures, especially for rapidly
changing conditions in renewable-dense systems or offshore wind farms. Adapting
correlation modelling on-the-fly could significantly improve situational awareness and

operational decision-making.

Future research is likely to focus on improving computational efficiency, better
handling nonlinear dependencies, and integrating real-time, data-driven correlation
models to enhance situational awareness in renewable-dominated power systems. In
particular, accurately representing joint uncertainties is essential, as correlated wind,
load, and solar PV profiles can significantly influence bus voltage behaviour, line
power flows, and hosting capacity assessments. Ignoring such correlations may lead
to inaccurate reliability and risk evaluations, including overestimation or
underestimation of system stability margins and reserve requirements. To address these
challenges, increasing attention is being given to the integration of advanced methods,
where point estimation techniques, Monte Carlo simulation, and scenario-based
approaches are combined with correlation modelling frameworks. This enables
researchers to capture complex system interactions while maintaining a reasonable
computational cost, thereby supporting more reliable and realistic power system

analysis.

As the power sector continues to evolve with higher renewable penetration, storage
integration, and real-time data streams, correlation modelling will remain
indispensable for thorough risk assessment, planning, and operation. Advanced

transformation methods, ongoing research into spatial dependencies, and
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computational optimizations all contribute to a more robust, data-driven understanding

of power systems under uncertainty.

Future research should focus on advancing correlation modelling techniques,
improving real-time adaptability, enhancing computational efficiency, and extending
modelling frameworks to multi-sector energy systems. In particular, further
development of advanced correlation transformations—such as improved Nataf and
Copula-based methods—is needed to better capture nonlinear and high-dimensional
dependencies in renewable-dominated power systems. At the same time, real-time
correlation adaptation will become increasingly important, where data from PMUs and
SCADA systems can be used to dynamically update correlation structures and improve
situational awareness under rapidly changing grid conditions. In terms of
computational performance, hybrid approaches that combine techniques such as quasi-
Monte Carlo sampling and deep learning-based surrogate models offer promising
pathways to reduce computational burden in large-scale stochastic simulations.
Additionally, future work should extend correlation modelling beyond the power
sector to include coupled energy systems, such as heating and transportation, enabling
a more comprehensive representation of interdependent uncertainties in integrated

energy networks.

These directions extend beyond the scope of this thesis. This work focuses on
addressing a gap, namely the lack of computationally efficient methods for
representing correlated uncertainties in probabilistic power flow analysis. By
combining the 3PEM with the Nataf transformation, the proposed framework captures
input correlations while significantly reducing computational effort compared to
conventional MCS. Future research may extend this framework toward more advanced
correlation modelling, real-time adaptation using measurement data, and multi-energy

system integration.

2.3 Power Quality Assessment Methods

2.3.1 Evaluation Index System and Weight Selection Methods

Power quality assessment is fundamental to ensuring the reliability, stability, and

performance of contemporary power systems. The increasing integration of renewable
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energy sources and the advent of advanced digital monitoring technologies have
heightened the need for assessment methods that are both comprehensive and
encompassing multiple dimensions such as technical, economic, and environmental
indicators—and precise, grounded in robust weighting and data-driven analysis. This
literature review critically examines existing research on evaluation index systems and
weight selection methods, with a focus on their application to power quality and
broader energy system evaluations. By synthesizing these approaches, this study aims

to highlight its theoretical and methodological contributions to the field.

2.3.2 Evaluation Index Systems

The importance of multi-criteria evaluation is underscored by [146], who developed a
General Sustainability Index to assess biomass-fired power plants, incorporating
environmental and economic metrics. This multi-criteria framework aligns with power
quality assessment by demonstrating how diverse indicators can be systematically
weighted to reflect system performance. Multi-criteria approach naturally align with
power quality assessment, where voltage deviations, frequency stability, and harmonic

distortion, among others, must be captured.

In contrast, in Ref. [147] employed extension evaluation theory to assess wind power
project quality, tailoring the index system to region-specific conditions like wind
variability and infrastructure readiness. While this improves the accuracy and
relevance of the assessment within a specific region, the resulting model is closely tied
to local conditions and assumptions, making it less applicable to other regions with

different wind patterns, grid characteristics, or infrastructure levels.

As the digital transformation accelerates in the power sector, building index systems
that capture both operational and cyber dimensions is gaining traction. In Ref. [148]
emphasize data quality evaluation in power systems by constructing an index system
through a Fuzzy Analytic Hierarchy Process (FAHP). This shift toward data-driven
index systems appears in [149], who addressed power communication network

operation quality by carefully selecting and optimizing relevant indicators.

Meanwhile, in Ref. [24] proposed a digital transformation index system for power

grids, integrating conventional power quality indicators (e.g., reliability and outage
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frequency) with digital metrics (e.g., cybersecurity and data analytics capability). This
approach reflects the evolving role of digital infrastructure in power system assessment.
By merging standard power quality indicators (like reliability, losses, and outage
frequency) with digital readiness (data analytics capacity, cybersecurity posture), they

reflect the evolving nature of power system assessment.

2.3.3 Weight Selection Methods

Selecting proper weights for power quality indicators is important for objective
evaluations in power system studies. Among the well-known techniques, the Analytic
Hierarchy Process (AHP) and the entropy weight method are frequently adopted due

to their distinct approaches to balancing expert input and data-based assessments.

AHP is a decision-making tool that uses pairwise comparisons of different factors to
compute weights. By relying on expert judgments, it can capture complex
interrelationships among power quality indicators. In this study, the expert group
consists of individuals with relevant academic and practical experience in power
systems, particularly in power quality assessment and distribution network operation.
For example, in Ref. [24] employed neural network modules to compute a security
index for power systems, yet the weighting of factors such as line overload or reactive

power margins still relied on AHP-based expertise.

In contrast, the entropy weight method limits subjectivity by focusing on the variability
of data. This approach computes weights based on the degree of dispersion in a dataset
[25]. Although applied in groundwater quality assessments, the entropy weight method
has demonstrated robustness in capturing the relative importance of different
indicators, suggesting its applicability to power system studies. The same approach
can be transferred to power systems, where changes in operating conditions affect the
significance of specific indicators. Further, in Ref. [150] introduced an ambiguity
entropy concept to gauge index weights in evaluating economic benefits of power grid
projects. By considering uncertain or incomplete data, their approach showed how

entropy-based methods can adapt to real-world complexities in power networks.

In summary, AHP and the entropy weight method offer complementary strategies.

AHP incorporates expert judgment, making it useful for interpreting complex
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interrelationships among power quality indicators, while entropy-based weighting
objectively captures variability but lacks domain interpretability. Combining both
techniques enhances robustness by balancing expert insight with data-driven precision.
Both techniques have gained recognition in power system research and combining
them can further improve weight allocation by bridging subjective and objective

perspectives.

In Ref. [151] introduced machine learning (random forest) to refine weighting methods
for power system evaluation. By learning from historical data, machine learning
reduces expert bias, adapts to emerging conditions, and enhances weight selection
efficiency, particularly in cybersecurity and intrusion detection applications. This
advanced approach highlights that weighting may not always be a purely mathematical
or expert-driven process; predictive analytics can also guide which indicators matter

most under real-world threat scenarios.

In the context of distribution network reliability with renewable energy access [26],
weighting must consider both conventional factors (line capacity and voltage level).
Similar synergy emerges in the minimum redundancy maximum relevance (mMRMR) -
based feature selection used in Ref. [27], which effectively assigns importance to
features (i.e., indicators) by balancing relevance and redundancy—akin to weighting

indicators in a multi-criteria environment.

Many methods focus on integrating renewables, which often exacerbate power quality
issues (harmonics, voltage fluctuations, intermittency). In Ref. [152] introduced a
comprehensive evaluation method for low voltage distribution districts specifically
addressing the current level of business digitization. This method underscores the
interplay of operational reliability, policy/regulatory constraints, and digital

monitoring.

In Ref. [153] extended power system evaluation beyond technical parameters by
incorporating social equity metrics, using entropy-based weighting to measure local
grid development. This broader approach acknowledges that power quality
assessments must balance technical performance with accessibility and fairness in
energy distribution. This approach implies a broader societal perspective in weighting,

acknowledging that power quality includes not only technical metrics but also equity
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and access dimensions.

The reviewed literature highlights three main challenges in power quality assessment,
each associated with different methodological approaches. The first challenge lies in
managing multiple indicators, where multi-criteria frameworks are effective in
integrating diverse metrics but often face difficulties in maintaining weighting
consistency and addressing interdependence among indicators. Hybrid methods
provide a potential solution by enabling more adaptive and balanced weighting
strategies. The second challenge involves handling data uncertainty. Entropy-based
methods use data variability to improve objectivity and generally outperform
approaches such as AHP in this regard, although they lack the interpretability offered
by subjective methods. More advanced techniques, such as mRMR, can further
enhance robustness, but this often comes with increased computational complexity.
The third challenge relates to adapting to technological change. Digital-oriented index
systems are designed to address emerging requirements in modern power systems, but
they may suffer from overgeneralization. Machine learning-based weighting methods
offer scalability and flexibility; however, their lack of transparency can reduce

confidence in applications where reliability and interpretability are critical.

A robust evaluation index system, together with an appropriate weight selection
method, is essential for achieving comprehensive and accurate power quality
assessment. In this context, hybrid weighting techniques that combine expert-driven
approaches (such as AHP and Delphi) with data-driven methods (such as entropy and
machine learning) can help balance interpretability and objectivity. At the same time,
the development of dynamic index systems is important to reflect real-time changes in
grid conditions, particularly under increasing renewable penetration and digital
transformation. In addition, uncertainty-aware evaluation frameworks that incorporate
probabilistic weighting strategies can improve robustness under variable operating
conditions. Finally, enhancing computational efficiency is also a key direction, where
Al-based feature selection and high-dimensional optimization techniques can be used

to improve scalability and performance in complex assessment problems.

Contemporary studies continue to advance power quality assessment by integrating

complementary methods—such as Weighted Principal Component Analysis for
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reducing indicator redundancy, Fuzzy Analytic Hierarchy Process (FAHP) for
handling uncertain expert inputs, entropy weighting for objectively deriving weights
from data variability, and machine learning-based feature selection for dynamically
prioritizing key metrics. Together, these techniques empower stakeholders to more
precisely evaluate and uphold the reliability of power systems, particularly under the

strains of renewable integration and digital transformation.

2.4 Active Power Filters for Harmonic Mitigation in Distribution Networks

2.4.1 Operating Principles of Active Power Filters

Active power line conditioners, commonly known as active power filters (APFs), are
advanced solutions designed to address harmonic distortions and power quality
challenges in electrical networks. Introduced conceptually in the 1970s [154], APFs
utilize inverter circuits with semiconductor switches to generate controlled harmonic
currents or voltages. However, limited circuit technology at the time restricted their
development to experimental stages. The development of bipolar junction transistors
and static induction thyristors have revitalized interest in APFs enabling their use in
reactive power and harmonic compensation. A key milestone occurred in 1982 with
the deployment of an 800 kVA shunt active conditioner employing gate turn-off (GTO)
thyristors, marking the first practical application of this technology.

Modern active power line conditioners leverage power electronics and digital signal
processing (DSP) to effectively mitigate nonlinear load effects, including harmonics,
reactive power, and load unbalances [155]. This section provides an overview of
widely adopted APF configurations which are selected based on their prominence in
academic literature and industrial applications.
2.4.1.1 Shunt Active Power Filters

Shunt APFs operate by injecting currents into the network that counteract harmonic
currents produced by nonlinear loads, ensuring a sinusoidal source current [156].
Unlike passive filters, they are less affected by system impedance, reducing resonance
risks. However, their implementation faces several challenges. The design and
construction of high-power pulse-width modulation (PWM) converters with fast
dynamic response and low losses are technically demanding. In addition, the overall

cost of active power filters can be higher than that of traditional passive filtering
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solutions. Furthermore, the injected compensating currents may interact with other

network components, such as capacitors or existing passive filters, which can

introduce additional operational complexity and potential stability issues.
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Figure 2-1 Basic Scheme of Active Filter with Series Connection [157]

These limitations have driven the development of alternative topologies to enhance

efficiency and practicality.
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The shunt active power filter (SAPF) as shown in Figure 2-2 is connected in parallel
with the distribution feeder to suppress harmonic currents generated by nonlinear loads
and to improve power quality at the point of common coupling. In this configuration,
the nonlinear load draws a distorted current from the grid, which contains both
harmonic and reactive components. The SAPF continuously measures the load current
and determines the reference compensating current, representing the harmonic and
reactive parts to be cancelled. A current-tracking control algorithm forces the actual
compensating current produced by the inverter to follow this reference, ensuring that
the grid current remains nearly sinusoidal and in phase with the supply voltage. The
inverter is controlled by a pulse-width modulation (PWM) scheme, which generates
the appropriate switching signals to synthesize the required compensating current. The
drive circuit amplifies and isolates these control signals to operate the power switches
safely and reliably. The current detection unit and control algorithm operate in real
time to minimize the error between the reference and the actual compensating current,
while the DC-link voltage is maintained by a slow outer control loop that balances
converter losses. As a result, the SAPF injects a current equal in magnitude and
opposite in phase to the undesired components of the load current, making the source
current predominantly fundamental and sinusoidal. This closed-loop operation
effectively mitigates current harmonics, compensates reactive power, and enhances the
overall power quality and efficiency of the distribution system.
2.4.1.2 Hybrid Active Filters

Hybrid active filters combine passive and active filtering techniques to optimize
performance and cost-effectiveness [158]. Several configurations have been explored,

with the following being the most notable:

o Parallel Hybrid Configuration: A passive filter and an active filter are
connected in parallel with the load [159]. The passive filter targets major
harmonics, lowering the power demand on the active filter. However, it retains

the resonance vulnerabilities of passive filters.
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Figure 2-3 Parallel Combination of an Active and a Passive Filter [157]

e Series-Parallel Hybrid Configuration: An active filter is placed in series with
the source, paired with a passive filter in parallel with the load [160]. Control
techniques enhance the passive filter’s performance by using the active filter
as a harmonic barrier, minimizing resonance and dependency on source

impedance [161]. This reduces the active filter’s required power rating.
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Figure 2-4 Hybrid Topology with Series Active Filter and Passive Filter in Parallel
with the Load [157]

e Series-Connected Hybrid Configuration: An active and a passive filter are
connected in series, with the pair paralleled to the load [162]. The active filter
produces a voltage proportional to source current harmonics, boosting the
passive filter’s effectiveness with a smaller power capacity compared to

standalone shunt APFs.
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Figure 2-5 Combined Topology of Series Active and Passive Filters, in Parallel with

the Load [157]

These hybrid designs balance cost and performance, making them a focal point in
power quality research.
2.4.1.3 Unified Power Quality Conditioners

Unified Power Quality Conditioners (UPQCs) integrate a series active filter and a
shunt active filter to address both voltage and current disturbances. The series filter
corrects voltage issues (e.g., sags or harmonics), while the shunt filter compensates for
current harmonics and reactive power. Known as universal active filters, UPQCs
provide comprehensive power quality improvement [163]. However, their high cost

limits widespread use
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Figure 2-6 Combined Topology of a Series Active Filter and a Parallel Active Filter
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In Ref. [164] demonstrated the efficacy of shunt APFs in three-phase systems for
harmonic reduction and reactive power compensation. Their reliance on coordinated
control algorithms underscores a strength: adaptability to dynamic loads. However, a
limitation emerges—shunt APFs are less effective against voltage harmonics, while
series APFs struggle with high-current harmonics, necessitating hybrid designs for
comprehensive power quality solutions. The choice of configuration thus drives

modelling complexity and control design.

Modern APFs leverage digital control platforms, typically implemented via digital
signal processor (DSPs) or microcontrollers. MATLAB/Simulink-based framework as
in [165] enable rapid prototyping by modelling switching dynamics, sensor delays, and
reference generation. This approach excels in flexibility and simulation speed, yet
oversimplifications (e.g., neglecting thermal effects or hardware-specific latencies)
limit its real-world applicability, highlighting the need for hardware-in-the-loop

validation to bridge simulation and implementation.

A robust mathematical model often begins with describing the grid-load-inverter
interactions. In a shunt APF, the filter is typically modelled by an inverter bridge, a
DC-link capacitor, and various sensors. Equations are written in the abc or dq reference
frame, enabling the design of controllers that regulate harmonic currents and DC-link

voltage.

Hybrid APFs integrate passive filtering with active compensation, requiring
mathematical models that account for both resonance effects and real-time
current/voltage control. In Ref. [166] developed an average model for a three-phase
series hybrid power filter, combining a series active filter with a tuned passive filter to
enhance harmonic mitigation. Their formulation enables transient and steady-state

performance analysis, crucial for optimizing filter resonance interactions.

In Ref. [167] introduced a novel shunt hybrid APF based on magnetic flux
compensation. By creating a mathematical model that captures flux variations, they

analyzed system stability under different load conditions.

High-Power-Factor Rectifiers: In Ref. [167] proposed a single-phase rectifier with a
two-quadrant shunt APF. Their mathematical model helped verify how the filter

stabilizes input current waveforms to achieve near-unity power factor.
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Aircraft Electric Power Systems: In Ref. [168] examined a cascaded shunt APF with
feedforward load current compensation. They identified how accurate load current
modelling is critical for dynamic performance, especially in harsh aircraft

environments.

DC-Side Ripple Management: In Ref. [169] addressed low-frequency power ripple in
a single-phase quasi-Z-source inverter. Their active filtering approach maintained
constant inductor currents and capacitor voltages, demonstrating how modelling must

capture the DC side’s dynamics to prevent large voltage fluctuations.

These application-specific models highlight a key limitation: tailored solutions often

lack transferability, necessitating broader frameworks.

2.4.2  Active Power Filters Control Strategies

Classical Proportional-Integral (PI) controllers are widely adopted for their simplicity
but falter under nonlinear or variable loads due to fixed parameters, because their fixed
control parameters are tuned for a specific operating point and cannot adapt to
changing system dynamics, resulting in reduced control performance when load

conditions vary.

In Ref. [170] introduced a type-2 fuzzy logic controller for a three-level shunt APF,
leveraging adaptive membership functions to handle nonlinear system uncertainties.
Unlike conventional fuzzy controllers, which rely on fixed fuzzy sets, type-2 fuzzy
logic dynamically adjusts parameters, improving harmonic compensation under
varying load conditions. This method enhances robustness but requires high
computational resources for real-time implementation. Fuzzy logic outperforms PI in
robustness, yet its computational intensity and tuning requirements pose challenges for

real-time deployment, illustrating a trade-off between adaptability and practicality.

Active Disturbance Rejection Control (ADRC), as in Ref. [171], estimates
disturbances (e.g., harmonics) in real-time, enhancing compensation accuracy.
Decoupling control [172], isolates real and reactive power dynamics, improving
response speed. ADRC’s strength is its resilience, but it relies on precise disturbance
estimation, which falters in noisy conditions. Decoupling assumes linearity, limiting

its efficacy under severe nonlinearities. Both methods advance control precision but
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expose methodological gaps in handling complex disturbances.

Hybrid APFs combine active and passive elements, requiring sophisticated resonance
management. Intelligent controllers, such as the probabilistic feature-based approach
in Ref. [173], employ machine learning to adapt to uncertainties. Hybrid designs
reduce costs but complicate stability analysis, while intelligent methods promise
adaptability yet lack transparency and require extensive training data, underscoring a

shift toward data-driven innovation with unresolved implementation hurdles.

Designing an APF involves selecting parameters (e.g., DC-link capacitance, switching
frequency, filter inductance) that align with harmonic mitigation goals and operational
constraints. In Ref. [174] tackled the parameter design of a thyristor-controlled LC-
coupled hybrid APF (TCLC-HAPF), addressing how unbalanced three-phase power
flow complicates compensation. Detailed modelling ensures that the chosen
parameters suppress relevant harmonics without causing overcompensation or

resonance.

Beyond harmonic mitigation, APFs also influence electromagnetic interference (EMI)
due to high-frequency switching. Effective APF designs must consider EMI filter
integration to suppress conducted noise and maintain power system compliance. In
Ref. [175] demonstrated a comprehensive design of an EMI filter for a three-phase
boost power factor correction (PFC) rectifier used in avionics, focusing on conducted
EMI analysis. While EMI filtering is often treated separately from harmonic filtering,
both require thorough modelling of switching noise sources and filter transfer
functions. This interplay highlights that effective APF design also includes

electromagnetic compatibility aspects.

Recent works point toward multi-functional devices that combine active filtering with
other power electronics functions—Ilike DC ripple elimination, high-power-factor
rectification, and unbalanced load compensation. Such integration requires robust

system-level models that unify different control objectives in a single platform.

As power grids increasingly incorporate variable renewable energy sources and
flexible loads, active power filters (APFs) are required to adapt rapidly to changing
operating conditions. In this context, adaptive and predictive control strategies—often

supported by machine learning techniques—have shown significant potential. These
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approaches enable the rapid detection of emerging harmonic components, facilitate
online parameter tuning to maintain dynamic performance, and support seamless

integration of APFs within microgrids and distributed generation systems.

Digital twins, or high-fidelity simulation models that mirror physical APFs in real time,
could accelerate development cycles and reduce testing costs. This approach requires
consistent, validated mathematical models that accurately reflect both the steady-state

and transient behaviour of APFs under diverse load conditions.

The principles and mathematical modelling of active power filters form the foundation
for enhancing power quality in complex power systems. The reviewed literature
highlights several important insights. First, comprehensive modelling—ranging from
system-level representations to detailed component-level descriptions—plays a critical
role in ensuring that control and design strategies meet stringent harmonic standards.
In addition, advanced control strategies, including fuzzy logic, active disturbance
rejection, and other intelligent control methods, enable APFs to effectively handle

nonlinearities, wide load variations, and uncertain operating conditions.

Furthermore, appropriate parameter design and optimisation are essential for
achieving stable and cost-effective harmonic mitigation, with careful selection of
inductors, capacitors, and DC-link components being particularly important. Finally,
the evolution of APFs toward multi-functional power quality devices has opened new
opportunities for integration with related technologies, such as electromagnetic
interference filters, DC ripple suppression, and adaptive microgrid control, thereby

offering further improvements in overall system performance.

Taking together, these studies highlight how mathematical modelling remains pivotal,
guiding the design and implementation of APFs to deliver reliable, efficient power
quality solutions across diverse sectors—from aircraft electric systems to hybrid

renewable setups.

2.4.3 Application of Optimization Algorithms in Filter Configuration

Optimization algorithms, notably Particle Swarm Optimization (PSO), have emerged
as critical tools for solving complex, multi-dimensional engineering problems,

including filter configuration. Inspired by the social dynamics of bird flocks and fish
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schools, PSO leverages swarm intelligence to navigate non-linear, constrained
optimization landscapes effectively. This section critically evaluates the application of
PSO and its variants across filter configuration, and distributed generation (DG) in
power systems. By systematically comparing research methods, system constraints,
and application contexts, this review elucidates the strengths, limitations, and

innovations of these approaches, identifying gaps that future study seeks to bridge.

In Ref. [28] provided an early demonstration of PSO’s utility in designing passive
power filters and hybrid active power filters (HAPFs) to address harmonic distortion
and reactive power compensation in high-voltage systems. Their approach formulated
a multi-objective optimization problem, integrating harmonic attenuation and cost
minimization, and was validated through an industrial case study. The method’s
strength lies in its rapid convergence and ability to manage large-scale, constrained
optimization tasks, making it suitable for industrial applications. However, its reliance
on static system assumptions limits its effectiveness in dynamic environments with
fluctuating harmonic profiles. This highlights a methodological gap: the need for
adaptive PSO variants capable of real-time adjustments, a challenge rooted in the static

nature of the data sources and system models employed.

PSO’s adaptability extends across diverse filter design challenges in power electronics,
including reducing THD, minimizing filter size, and ensuring compliance with grid
standards. Its success derives from its capacity to explore complex, multi-constraint
design spaces efficiently. Nonetheless, limitations emerge in high-dimensional
problems, where premature convergence reduces solution diversity. Research methods
relying on standard PSO implementations often lack mechanisms to maintain
exploration, underscoring the need for enhanced variants or hybrid approaches to

overcome this theoretical weakness.

In Ref. [176] advanced PSO through the Advanced Pareto-front Non-Dominated
Sorting Multi-Objective PSO for optimizing DG placement in radial distribution
networks, tested on the IEEE 33-bus system. This method excels in balancing
conflicting objectives—Iloss reduction, voltage stability, and cost—producing a set of
Pareto-optimal solutions. Its strength lies in its comprehensive multi-objective

framework, grounded in rigorous simulation-based validation. However, its
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computational burden, driven by large population sizes and complex sorting
mechanisms, limits scalability in larger systems, a constraint linked to the method’s

data-intensive nature and system scale.

With the rise of distributed generation and adjustable loads, multi-objective PSO
variants address integrated challenges in filter sizing, placement, and scheduling.
These Pareto-based approaches effectively optimize cost, voltage profiles, power
losses, and harmonic levels concurrently. Yet, their efficacy depends heavily on
accurate system modelling and parameter tuning, often impractical in data-scarce real-
world settings. This methodological limitation emphasizes the need for robust, data-

driven frameworks to enhance practical applicability.

PSO is a population-based optimisation algorithm in which particles iteratively update
their positions and velocities based on their own best-known solution and the global
best solution found by the swarm. Tailored PSO variants—such as Binary Particle
Swarm Optimization (BPSO), multi-objective PSO, and chaotic PSO—extend the
basic framework to address specific problem characteristics. Compared to standard
PSO, BPSO adapts the position update mechanism to handle discrete or binary
decision variables, multi-objective PSO incorporates mechanisms to balance and
explore trade-offs between multiple objectives, and chaotic PSO introduces chaotic
sequences to enhance exploration and avoid premature convergence. While these
adaptations enhance flexibility, they introduce challenges such as increased parameter
sensitivity and slower convergence, reflecting trade-offs in their design and

implementation complexity.

Hybrid PSO-GA models combine PSO’s fast convergence with Genetic Algorithm
(GA)’s mutation-based diversity, preventing premature convergence and improving
solution robustness. This synergy is particularly useful in filter design problems, where
PSO efficiently identifies near-optimal configurations, while GA ensures a broader
search space exploration. However, increased algorithmic complexity complicates
tuning and deployment, a practical limitation that future research must address through

simplified hybrid models.

As power systems evolve into dynamic, data-rich environments, real-time

optimization gains prominence. PSO’s iterative nature holds promise for adaptive filter
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configuration, but its computational demands in high-dimensional spaces remain a
barrier. Integrating machine learning, such as neural networks for predictive heuristics,

could reduce this burden, marking a theoretical frontier for future innovation.

The existing literature consistently demonstrates that PSO and its variants—including
binary, multi-objective, and hybrid formulations—are effective tools for solving
complex engineering optimisation problems. In the context of harmonic mitigation,
PSO has been widely applied to filter configuration, where its multi-objective
capability enables efficient handling of trade-offs among harmonic suppression
performance, cost, and system size in both passive and hybrid active power filter
designs. Furthermore, in distribution network planning and operation, multi-objective
PSO approaches have been successfully employed to optimise the placement of
distributed generation, balancing reliability, economic performance, and

environmental considerations.

Despite these advances, several challenges remain that motivate further research. In
particular, there is a need to develop adaptive PSO variants that incorporate self-
learning mechanisms and online parameter tuning to support real-time optimisation.
In addition, hybrid optimisation frameworks that combine PSO with machine learning
techniques, such as reinforcement learning, may provide improved predictive search
capabilities. Addressing scalability and computational efficiency is also critical,
especially for high-dimensional and large-scale optimisation problems such as
coordinated APF deployment. Finally, the application of PSO can be extended beyond
traditional power system problems to broader domains, including electromagnetic

compatibility filtering, renewable energy integration, and microgrid optimisation.

2.5 Summary

This chapter has provided a thorough literature review on key elements of power flow
studies in power systems, critically examining their theoretical underpinnings,
methodological advancements, and practical challenges. In Section 2.1, the evolution
of power flow models was analyzed, highlighting complexities such as unbalanced
loads and nonlinearities, alongside a comparative evaluation of harmonic source
models and calculation methods (e.g., unified vs. decoupled approaches). The critique

emphasized mathematical limitations, such as convergence issues in iterative solvers
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and assumptions in harmonic propagation equations, which may lead to inaccuracies
in high-distortion scenarios—defended through comparisons of computational

efficiency and error bounds from referenced studies.

Section 2.2 delved into stochastic power flow and probabilistic analysis, underscoring
the necessity of uncertainty modelling for renewable integrations like wind and
photovoltaic systems. Approaches including MCS and the Three-Point Estimation
method were scrutinized for their statistical robustness, with discussions on variance
reduction techniques and the impact of correlation matrices on result accuracy (e.g.,
via covariance modelling). Critically, while MCS offers high fidelity, its computational
demands were contrasted against approximation methods, revealing trade-offs in bias-

variance errors that must be justified in large-scale applications.

In Section 2.3, power quality assessment methodologies were explored, focusing on
index systems and weighting techniques (e.g., analytic hierarchy process vs. entropy
methods). The analysis critically assessed their objectivity in quantifying parameters
like voltage sag and harmonics, noting potential biases in subjective weighting and the

need for empirical validation to ensure reliability in diverse grid conditions.

Finally, Section 2.4 reviewed the principles and optimization of APFs, including
mathematical models for shunt and hybrid configurations. The role of algorithms like
particle swarm optimization was evaluated for harmonic mitigation, with critiques on
convergence rates and local optima traps, supported by published simulation-based

evidence of performance gains in distortion reduction.

Building on this review, Chapter 3 extends these concepts by presenting detailed
theoretical fundamentals and modelling frameworks. It begins with essentials of
probability and statistics (e.g., moments, distributions, and point estimation methods),
progresses to probabilistic modelling of distributed generation and correlations via
Nataf transformations, and covers advanced harmonic power flow calculations, risk
assessment, power quality evaluation models, and optimization techniques for APFs
using bio-inspired algorithms. This chapter thus transits from literature synthesis to the
core analytical tools and proposed models that underpin the thesis's contributions to

power system analysis under uncertainty.
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Chapter 3 Theoretical  Foundations and
Probabilistic Methods for Harmonic Analysis,
Risk Assessment, and Optimal Active Power

Filter Placement in Power Systems

Following the literature review in Chapter 2, which surveyed developments in power
flow models, stochastic analysis, power quality assessment, and active power filter
optimization, this chapter outlines the theoretical principles that underpin the
simulation and modeling of power systems. Chapter 2 identified issues such as
uncertainties in renewable energy sources, harmonic distortions from nonlinear loads,
and computational considerations in methods like Monte Carlo Simulation (MCS) and
point estimation. This chapter builds on those observations by presenting analytical
frameworks for managing uncertainties, nonlinear effects, and the incorporation of
distributed generation and mitigation technologies. These frameworks serve as the

basis for the empirical studies in later chapters.

The chapter is divided into six sections, each focusing on a particular component of

power system analysis:

o Section 3.1 presents probabilistic and statistical concepts, including
mathematical expectation, moments, Gram-Charlier and Cornish-Fisher
expansions, Beta and Weibull distributions, and probabilistic power flow

methods such as three-point estimation and MCS.

o Section 3.2 describes modelling approaches for distributed generation,
utilizing the Newton-Raphson method in polar coordinates, probabilistic
descriptions of input variables (e.g., loads, conventional generators,
photovoltaic, and wind generation), and the Nataf inverse transformation for

handling correlations.

o Section 3.3 examines harmonic power flow calculations, covering harmonic

source models for power electronics and nonlinear loads, simplified models
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(constant current source, Norton equivalent, cross-frequency admittance
matrix, least squares approximation), network equations, and solution methods

including unified, alternating iteration, decoupled, and direct approaches.

o Section 3.4 discusses risk assessment in power systems, including principles
of risk theory, state enumeration and MCS methods, their comparative analysis,
and models for calculating risk indicators related to voltage and branch

overloads.

e Section 3.5 addresses power quality evaluation, reviewing associated
challenges and standards, fundamental requirements and characteristics,

proposed evaluation index systems, and models for identifying weak points.

e Section 3.6 reviews optimization methods for active power filters,
encompassing harmonic mitigation strategies (active and passive),
configurations such as shunt, hybrid, and unified power quality conditioners,
grid configuration models, a double-layer economic optimization framework
(outer layer for placement, inner layer for parameters), and the particle swarm

optimization algorithm with its parameters and modifications.

3.1 Related Fundamentals of Probability and Statistics

3.1.1 Mathematical Expectation and Variance

In probability theory, numerical characteristics are specific values associated with the
distribution of a random variable. These include measures such as central moments,
probability density, mathematical expectation, and variance, which collectively

provide insight into the behaviour and properties of the random variable.

The mathematical expectation, often referred to simply as the expectation or mean, is
a fundamental numerical characteristic that represents the average value of a random

variable over many trials. It is denoted by E(X), where X is the random variable

in question.
1. For a continuous random variable x:

Suppose x has a probability density function f(x). The mathematical expectation

67



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

E (X ) is defined as the integral E(X) = J._m|x| f(x)dx , provided that the absolute

moment J‘_m|x| f(x)dx converges (i.e., is finite). This integral quantifies the central
tendency of x by weighing each possible value x by its likelihood f (x) .
2. For a discrete random variable Xx :

Let x take on values X, (wherei=1,2,3,...) with corresponding probabilities

P(X =x,) = p,. The mathematical expectation is given by E(X)= in D;, provided

i=1

that the infinite series Z I, | p, converges. This sum represents the weighted average
i=1

of all possible outcomes, where each value X, is weighted by its probability p,. If the

series diverges, the expectation does not exist.

The expectation is a crucial measure because it provides a single summary statistic that
captures the "center" of the distribution of X, serving as a baseline for understanding

its typical behaviour.

While the mathematical expectation describes the average value of a random variable,
it alone is insufficient to fully characterize the distribution. To gain a deeper
understanding, which must also consider the extent to which the values of the random
variable fluctuate around this average. This variability, or the degree of deviation from
the expectation, is quantified by the variance. The variance measures how spread out

the values of X are relative to E(X), offering insight into the consistency or

randomness of the variable’s behaviour.
1. For a continuous random variable X :

The variance of X, denoted Var(X), is defined as
Var(X) = E[(X - E(X))*] (3.1)
provided this expectation exists. Expanding this, it can express the variance as

Var(X) = j: (x— E(X))>f (x)dx (3.2)
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This integral calculates the expected value of the squared deviations of X from its
mean, effectively measuring the average "spread" of the distribution. A larger variance

indicates greater dispersion of the random variable’s values.

2. For a discrete random variable X :

Given a probability distribution (P(X =x;)=p,) (wherei =1,2,3,...), the variance

is defined as:
Var(X) = FICX - ECOF] = -~ ECO) (3.3)

Assuming this sum is finite. This expression computes the weighted average of the
squared differences between each possible value X, and the mean E (X ) , with

weights given by the probabilities p;. Like its continuous counterpart, the variance

reflects the extent to which X deviates from its expected value.

The mathematical expectation and variance together provide a more comprehensive
picture of a random variable’s distribution. The expectation serves as a measure of
location, pinpointing the central value around which the random variable oscillates,
while the variance quantifies the degree of dispersion or uncertainty inherent in the
variable’s outcomes. For instance, two random variables might share the same
expectation but differ significantly in variance, indicating different levels of
predictability or stability. These characteristics are foundational in statistical analysis
and are widely applied in fields such as economics, engineering, and the natural

sciences to model and interpret random phenomena.

3.1.2  Origin Moments and Central Moments

In probability theory, moments are numerical characteristics that provide detailed
insights into the shape and properties of a random variable’s distribution. They are
classified into two main types: origin moments and central moments, each serving

distinct purposes in statistical analysis [29].

The origin moment of a random variable refers to the weighted sum of the & -th
powers of the data points relative to the origin (i.e., zero), where the weights are

determined by the probabilities or probability density of the random variable. Here, k
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is a positive integer, typically starting from 1 and increasing sequentially. Origin
moments are essential for computing various statistical measures, such as the mean,
variance, skewness, and kurtosis, which collectively describe the distribution’s

characteristics.

The k -th origin moment of a random variable x is defined as the mathematical

expectation of X g , denoted by V,(X). Mathematically, it is expressed as follows:
1. For a discrete random variable x :

If X takes on values x; with probabilities P(X =x,)=p, (where (i=1,2,3,...), the
k -th origin moment is given by:

V(X)) =E(X") =3 xp, (34)

provided the sum converges.

2. For a continuous random variable x :

If X has a probability density function f(x), the k -th origin moment is defined as:
v (X)=E(X")= j: X f(x)dx (3.5)

assuming the integral is finite.

A special case of particular importance is the first origin moment (k =1), which

corresponds to the mathematical expectation of X :
v, (X)=E(X).

This is simply the mean of the random variable, providing a measure of its central

tendency. Higher-order origin moments (k> 2) offer additional information about

the distribution, such as its spread or shape, though they are less commonly interpreted

directly compared to central moments.

Central moments, in contrast, measure the weighted sum of the K -th powers of the

deviations of the data points from the mean (i.e. £(X) ), with weights again determined

by the probabilities or density function. Here, £ is a positive integer, typically starting
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from 2, as the first central moment (k =1) is always zero by definition. Central
moments are particularly useful for describing the shape and dispersion of a

distribution, including properties like variance, skewness, and kurtosis [177].

The k -th central moment of a random variable X is defined as the expectation of

[X-E(X)], denoted by #,(X), and is given by:
1, (X)=E{[X —E(X)]'} (3.6)
1. For a discrete random variable X :

With a probability distribution P(X =x))=p, (where i=1,2,3,...), the k -th

central moment is:

(X)) =2 [x~E(X)]'p,

3.7
provided the sum exists.
2. For a continuous random variable x :
Given a probability density function f(x), the k -th central moment is:
#(X) = [ [x=EQOY f(x)dx (3.8)

assuming the integral converges.

Notably, the first central moment ( 4 (X)=E[X-E(X )]) is always zero, as the
deviations from the mean cancel out in expectation. The second central moment

(1, (X)) is the variance:
1(X) = E[(X - E(X))’] (3.9)

which measures the spread of the distribution. Higher-order central moments, such as
the third ( 44(X)) and fourth ( £,(X)), are used to compute skewness (which

indicates asymmetry) and kurtosis (which describes the "tailedness" of the

distribution), respectively.

Origin moments and central moments are closely related, as central moments can be
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expressed in terms of origin moments via the binomial expansion of [X —E(X)]". For
example, the variance £, (X) can be rewritten as E(X°)~[E(X)], linking the

second origin moment V,(X) to the expectation. These moments collectively provide

a systematic framework for analyzing the properties of a random variable’s distribution,
making them indispensable tools in statistical modelling, hypothesis testing, and data

interpretation across various disciplines.
Characteristic Functions and Independence

Consider two independent random variables x and ¥y, with characteristic functions
¢X (¢) and ¢Y (), respectively. The characteristic function of a random variable is

defined as the Fourier transform of its probability distribution and provides a powerful
tool for studying sums of independent variables. According to the theorem on the
expectation of the product of independent factors, the characteristic function of the

sum Z=X+Y isgivenby:

¢,(t) = E[¢""™ = E[¢" ] E[e" ] = ¢, (1) ¢, (1) (3.10)

This result stems from the independence of X and Y, which allows the expectation
of the product to be expressed as the product of the expectations. This property can be
generalized to the sum of 7 independent random variables, leading to the conclusion
that the characteristic function of the sum is the product of the individual characteristic

functions.

Cumulative Distribution Functions and Convolution

Let the cumulative distribution functions (CDFs) of X and Y be F,(x)and

F, (), respectively. The CDF of the sum Z = X +Y, denoted I, (Z) , is then [178]:

F)(2)=P(Z<z)=P(X+Y <2) (.11)

From Equation (3.10), it follows that the CDF of the sum of two independent random
variables is the convolution of their individual CDFs. Mathematically, this is expressed

as:
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F(2)=(F *F)(2) = [ Fy(z-y)dF, () (3.12)

This convolution operation reflects the combined effect of the two distributions and is
a direct consequence of the multiplicative property of characteristic functions under

independence.
Semi-Invariants and Their Additivity

From the previous section, it is shown that once the origin moments or central
moments of a random variable are obtained, they can be transformed using specific
relationships to derive the corresponding Vv -th order semi-invariants. With these
semi-invariants in hand, it can leverage their properties to simplify the complexity of
convolution computations, a process that is particularly valuable in probability theory

and statistical analysis [179].

The semi-invariants (or cumulants) of a random variable are derived from the

logarithm of its characteristic function. Specifically, if @, (f) is the characteristic
function of X, the K -th semi-invariantx, (X) is defined via the expansion [30]:

(it)*

T (3.13)

Ing, (0= k,(X)

For the sum Z = X +7, the characteristic function is
#,(6) =9y (1) ¢, (1) (3.14)
So:
Ing,(#)=Ing, (1) +Ing,(¢) (3.15)

By comparing the coefficients of the power series expansions on both sides, it can

obtain a key property of semi-invariants: for two independent random variables X
and Y, the k -th semi-invariant of their sum is the sum of their individual k -th

semi-invariants:
K (Z2)=x,(X)+x,(Y) (3.16)

This additivity property generalizes to 7 independent random variables X, X,,..., X |

73



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

where the K -th semi-invariant of the sum S =X, +X, +---+ X is:
K (8) =K (X)+Kx(X,)++K,(X)) (3.17)

The additivity of semi-invariants offers a significant computational advantage. While
the convolution of 7 CDFs (as required to compute the distribution of the sum) can be
computationally intensive, especially as # increases, Equation (3.17) allows us to
replace this complex operation with a simple summation of semi-invariants. This
transformation not only simplifies the mathematical representation of the random
variable’s characteristics but also reduces the computational burden, markedly

improving efficiency.

For example, the first semi-invariant X, is the mean, the second X, is the variance,

and higher-order semi-invariants relate to skewness and kurtosis. By expressing the
distribution of the sum in terms of these additive quantities, it can efficiently analyze
the properties of composite systems without directly handling convoluted integrals or
sums. This property makes semi-invariants a powerful tool in statistical modelling,
particularly in applications involving sums of independent random processes, such as

signal processing, financial mathematics, and queueing theory.

3.1.3 Gram-Charlier Series and Cornish-Fisher Series

The Gram-Charlier series expansion is frequently utilized in stochastic simulation of
power systems. It enables the approximation of a random variable’s probability density
function and cumulative distribution function using its known moments or cumulants,

combined with the derivatives of a normal random variable [180].

Given a function f(x), where xe(—,+00),and 7 is an interval within (—co,+o0),
it can approximate f(x) using the following method. Let @(x) be a continuous

function such that @(x)>0forx €. If 7 is an infinite interval, it is required that
k
the integral L X" @(x)dx exists for any polynomial 7 . In this thesis, all integrals are

evaluated over 7 .Let 7,(x),7,(x),...be orthogonal polynomials with respect to the

weight function ®:
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L 7T, (xX) 7, (X)o(x)dx = {gk i: i ]; (3.18)

where 7,(X) is a polynomial of degree k , which can be determined recursively

starting from 77,(x) =1, followed by 7,(x), 7,(X),.... Furthermore, define:
C= L[ﬂk ()] o(x)dx,k =0,1,... (3.19)
For a sufficiently well-behaved function f(x), it can be expanded into a series:
f(x)=A4,7my(x)o(x)+ 47 (x)o(x) +... (3.20)

The coefficients A4, 4,,...can be determined by:

jl 7, (x) f (x)dx = 4,C, (3.21)
Thus,
[ 7.0 f(0dx
4, = - (3.22)

Therefore, A, is a linear function of the first K moments of the function f(x). If

f(x) is the density function of a random variable S , then:

Elx (S
Ak = [k—()] (3.23)
C
By truncating the series, to obtain an approximation:
f(xX)= 4my(x)o(x)+...+ 4 7 (x)o(x) (3.24)

From the above process, it is evident that the probability density function f(x) ofa

random variable can be approximately described by its # -th moments.

For any random variable £ , assuming its mean and standard deviation are , and o

respectively, the standardized random variable is:

yooTH (3.25)
o
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Take ] =(—o0,+0) and @(x)=¢@(x),where ¢(x) isthe standard normal probability
density function, and ®(x) is the standard normal cumulative distribution function.
Let F(x) bethe cumulative distribution function of the standardized random variable
x,and f(x)=F'(x) its probability density function. Then, F(x)and f(x) canbe

expressed as:

F(x)= i%Hi (X)D(x)+... (3.26)
n C
f(x)= Z;H (X)(x) +... (3.27)

This is known as the Gram-Charlier series expansion, where:
C, =(-1)f j_“’Hk ) f(X)dx, k=1,2,3,... (3.28)

and H, (x) are the Hermite polynomials, defined as:

4 )
H,(x)=(-1))T—= k=0,1,... 3.29
(x)=(=1) ) (3.29)

The first four Hermite polynomials are:

H,(x)=1

H (x)=x

H,(x)=x"-1 (3.30)
H,(x)=x"-3x

H,(x)=x"-6x"+3

The expressions for the first six C, are given as follows:

C, =1
C=C,=0
C, =-
S (3.31)
Co=my=3
Cs =—p; +104,

Cs=u, 151, +30
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Where , = E[x’] is the third central moment; 4, = E[x*] is the fourth central

moment; /g = E[x’]and U = E[x°].

Since x is standardized (E[x]=0, (E[x’]=1) , C,=1 (total probability),
C, =-E[x]=0, C,=E[x’-1]=1-1=0, and higher C, terms depend on the

central moments £, = E[x"]. The text appears incomplete after listing the first few

terms, but these are derived based on standard Gram-Charlier conventions and the

definition C, = (1) E[H (x)].

The Cornish-Fisher series is closely related to the Gram-Charlier series, as both are
expansions that use the standard normal distribution to approximate the distribution of
a random variable. However, unlike the Gram-Charlier series, which directly
approximates the PDF and CDF, the Cornish-Fisher series focuses on approximating
the quantiles (or percentiles) of the distribution. This makes it particularly suited for
estimating the inverse CDF (i.e., the quantile function) based on the « -level

percentile [181].

The Cornish-Fisher series often provides better fitting accuracy for non-normal
distributions compared to the Gram-Charlier series. This advantage is especially
pronounced for distributions like the Beta distribution, which is commonly used to
model photovoltaic power generation due to its flexibility in capturing skewed and
bounded data. By incorporating semi-invariants up to the fifth order, the Cornish-
Fisher series offers a robust approximation for such cases [182].

. . X - . . .
For a standardized random variable z = =% , the Cornish-Fisher expansion expresses
o

the o -quantile of x in terms of the standard normal quantile z,=®'(a). The

expansion, truncated at the fifth order:

K

2+ (Dt o (E -32,)
X,=Uu+0 (3.32)
- K 2z =5z )+ Xs (z} =622 +3)+---
366° 7 1200° ¢ “
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Where:

X, isthe «-quantile of x,

a

Z, 1isthe «-quantile of the standard normal distribution (i.e., (D(Za) =),

o
K, are the semi-invariants of x , and
o 1is the standard deviation.

Each term in the Cornish-Fisher expansion adjusts the standard normal quantile Zz,

based on the higher-order semi-invariants, accounting for skewness ( K5 ), kurtosis
(K, ), and beyond. For instance, the term involving K5 corrects for asymmetry, while

K, adjusts for the thickness of the tails. This quantile-based approach is particularly

valuable in applications requiring precise estimation of extreme values, such as risk

analysis or renewable energy forecasting.

Compared to the Gram-Charlier series, the Cornish-Fisher series excels in practical
scenarios where direct quantile estimation is preferred over full distribution
approximation. Its effectiveness for Beta-distributed photovoltaic generation
highlights its utility in modelling real-world systems with non-normal characteristics,

offering a balance of accuracy and computational feasibility.

3.1.4 The Beta Distribution and Weibull Distribution [183]

The Beta distribution is a continuous probability distribution defined on the interval
[0,1], widely recognized in Bayesian statistics as a conjugate prior for the Bernoulli

and binomial distributions. Its probability density function is expressed as:

X (1-x)""

f(xa,p)= B p)

(0<x<1) (3.33)

where @ >0 and B >0 are shape parameters, and
1
B(a, B) = jo N (1-1) " dt (3.34)

is the Beta function, which can also be expressed in terms of the Gamma function as
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[(@)I(p)
T(a+p)

A key characteristic of the Beta distribution is its capacity to incorporate prior

B(a,p) = (3.35)

information, making it particularly suitable for modelling random variables—such as
light intensity—that are associated with existing statistical data. This prior information
facilitates the establishment of an initial probability distribution for the random
variable x . When new data becomes available or conditions change, the distribution
can be updated by incorporating additional information, leveraging the conjugate prior
property for efficient computation. The flexibility of the Beta distribution is further
enhanced by its ability to model various shapes of probability densities, such as

uniform, unimodal, or U-shaped, depending on the values of a and f . This

adaptability allows it to capture different patterns of variability in the data.

In the context of this thesis, the probability distribution of photovoltaic power output
is modeled using the Beta distribution. This choice is appropriate because the
parameters o and [ can be estimated from historical statistical data on light
intensity in a specific region, typically employing methods such as maximum
likelihood estimation or the method of moments. By fitting the Beta distribution to
these data, the model effectively captures the variability and patterns inherent in solar

power generation, providing a data-driven representation of photovoltaic power output.

The Weibull distribution is a unimodal, two-parameter family of distribution functions,
originally proposed by Swedish physicist Waloddi Weibull for analyzing component
lifetimes and fatigue. Its probability density function is given by [184]:

F(xAk)= %(%) R, (x> 0) (3.36)

where x is the random variable, A >0is the scale parameter, and k>0 is the

shape parameter.

The Weibull distribution's versatility in modelling various types of failure rates and
degradation processes has made it a valuable tool in reliability engineering and
statistical modelling. In the field of renewable energy, its application has been notably

successful in wind speed modelling. For instance, in 1976, Justus et al. demonstrated
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that the Weibull distribution effectively fits wind speed data [185], establishing its
utility in capturing the probabilistic behaviour of wind speed variations. Consequently,
in this dissertation, the probability distribution of wind power output is modeled using
the Weibull distribution. The parameters 4 and k are determined from statistical
data on wind speeds in a specific region, enabling a realistic and data-driven

representation of wind power generation variability.

Table 3-1 compares parameter estimation methods for Beta and Weibull distributions,

highlighting their applicability:

Table 3-1 Comparison of Parameter Estimation Methods for Beta and Weibull

Distributions
Weibull Distribution
Method Beta Distribution (a,f)
(k,A)

Solve equations using sample Use sample mean and
Method of ' _ _ _ ' '

mean and variance, involving variance, involving
Moments ) .

gamma function for Beta. gamma function.
Maximum Maximize the likelihood Maximize the likelihood
Likelihood function, often requiring function, typically

Estimation (MLE) | numerical optimization. numerical.

3.1.5 Point Estimation Methods for Probabilistic Power Flow

3.1.5.1 Theoretical Foundation of the Point Estimation Method
The point estimation method is a widely adopted approximate computational

technique in probabilistic power flow (PPF) analysis [186]. This method excels in
accounting for correlations among input random perturbations, thereby mitigating
their influence on computational outcomes. By doing so, it reduces errors in the results
while maintaining a relatively short computation time. Among the various
methodologies available for PPF, the point estimation method stands out as one of the
most representative and effective approaches. In this section, this method will be used
to explore approximation techniques in power flow studies, with a focus on its

application to flexible interconnected distribution networks [187].
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The point estimation method is rooted in probability and statistics, offering a
systematic approach to handling uncertainty [188]. When the probability distributions
of input random variables are known, the method enables the calculation of the
statistical moments of these variables up to any desired order. The accuracy of the
estimated output random variables improves as the number of estimation points
increases. However, this enhancement in precision comes at the cost of significantly
increased computational complexity. To strike a balance between accuracy and
computational efficiency, the three-point estimation method emerges as an optimal
choice. It delivers sufficiently precise estimates without excessively complicating the
computation process. This section elaborates on the mechanics and advantages of the

three-point estimation method [189].

In practical power system applications, the probabilistic characteristics of input
variables can be modeled according to their underlying physical behaviour [190]. The
active power demand of conventional loads is typically represented by a normal
distribution, reflecting its relatively stable and predictable variability under aggregated
consumption patterns. In contrast, the active power output of PV systems is commonly
modeled using a Beta distribution, which effectively captures the bounded and

asymmetric nature of solar generation due to irradiance fluctuations.

For wind power generation, wind speed—being the primary driving factor—is
generally described by a two-parameter Weibull distribution, allowing for an accurate
representation of its stochastic and non-uniform characteristics. Based on these active
power models, reactive power is further determined by assuming a constant power
factor, thereby establishing a direct and simplified relationship between active and

reactive components.

To account for the dependencies among these input variables, this study adopts the
Nataf transformation. This method enables the mapping of correlated random variables
into an equivalent uncorrelated standard normal space, thereby facilitating efficient

and accurate probabilistic analysis while preserving the original correlation structure.

Traditional methods such as MCS and alternating iteration techniques are widely
recognised for their robustness; however, they often incur significant computational

costs when applied to AC/DC probabilistic power flow calculations. In this thesis, both
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MCS and the PEM are employed in a complementary manner. Specifically, PEM is
adopted for efficient probabilistic analysis due to its low computational burden and
suitability for repeated evaluations, while MCS is utilised as a benchmark method to
validate the accuracy of the proposed approach and to provide detailed probabilistic
characteristics where computational cost is acceptable. This combined strategy ensures

a balance between computational efficiency and result reliability.

The semi-invariant method struggles to handle systems with multiple random variables
during alternating iterations, limiting its applicability. In contrast, the point estimation
method, when combined with the Newton-Raphson algorithm, offers a more efficient
and suitable solution for probabilistic power flow analysis in flexible interconnected
distribution networks. This hybrid approach leverages the iterative convergence
properties of the Newton-Raphson method alongside the statistical efficiency of point

estimation [191].

3.1.5.2 Mathematical Formulation of the Three-Point Estimation Method
[192]

For a given random variable X, , the three-point estimation method utilizes three

sampling points, defined as:
'xi,k = Ilei + é:x,-,kaxi (k = 19 29 3) (337)
Where:

#, is the expected value (mean) of X,

o, is the standard deviation of X,

éx,,k is the location coefficient for the K -th sampling point.

The location and weight coefficients for the three-point estimation are calculated as

follows:

82



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

A
G == (D A+ 3 K=12)
gxi,S = 0
3k
P = (-1 (h=12) (3.38)
gxi,k (gxi,l - gxi,Z)

R

" m Ao = A5

Where:

Ay and A, are the third and fourth standardized central moments of X, ,

1

respectively,
m is the number of sampling points (here,m =3).

For many practical distributions (e.g., normal or near-normal), 4 (skewness) is
typically set to 0, and 4, , (kurtosis) is set to 3, aligning with the characteristics of a
Gaussian distribution.

Once the sampling points X;, and their corresponding weights p . are

determined, the v -th order raw moment of the output variable z is approximated

through deterministic power flow calculations [193]:

E(Z)=) Y p,  x(Z(i,k)" (v=123,..) (3.39)

i=1 k=1
Where:
n is the total number of input random variables,

m is the number of sampling points per variable (i.e., 3),

Z(i k) represents the output of the deterministic power flow calculation at the K -th

sampling point of the;-th variable.

This formulation enables the efficient estimation of statistical properties (e.g., mean,
variance) of the output variables, such as bus voltages or line flows, in the probabilistic

power flow context.
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The three-point estimation method provides a computationally efficient and accurate
framework for probabilistic power flow analysis. By integrating it with the Newton-
Raphson algorithm and employing Nataf transformation for correlation handling, this
approach is well-suited for analyzing distribution networks with flexible
interconnections and diverse renewable energy sources. The subsequent sections will

further explore its implementation and validation in practical case studies.

3.1.6 Monte Carlo Simulation in Probabilistic Power Flow Analysis

3.1.6.1 Theoretical Foundation of Monte Carlo Simulation
MCS is a computational method that uses repeated random sampling to estimate the

behaviour of complex systems under uncertainty. In essence, the MCS constructs a
model of possible outcomes by drawing random samples for uncertain input variables
from their probability distributions and computing the corresponding outputs. By
performing this experiment, a large number of times (often thousands or more), MCS
builds up an approximate probability distribution of the outcomes. This repeated-trial
approach provides numerical solutions to problems that may be analytically intractable.
The underlying principle is rooted in the Law of Large Numbers: as the number of
independent random trials increases, the empirical distribution of the simulation results

converges to the true probability distribution of the system’s outcomes [194].

In practice, MCS methods yield estimates of statistical measures (means, variances,
quantiles, etc.) with increasing accuracy as more samples are simulated. Each sample
or scenario is typically generated by randomizing inputs according to their uncertainty
distributions, and the collection of many such samples produces a statistical ensemble

from which outcome probabilities can be inferred.

A key strength of MCS is its generality and flexibility. It makes minimal assumptions
about the form of the underlying probability distributions or the linearity of the model.
Any input variable that can be described by a probability distribution can be
incorporated into the simulation, and complex interactions or nonlinear relations are
naturally captured by the repeated evaluation of the actual system model. This means
that MCS can handle highly nonlinear systems and non-Gaussian or correlated random
inputs without requiring simplifying approximations. The trade-off for this generality

is that MCS is a brute-force numerical approach: it relies on the law of averages rather
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than an explicit analytical solution. Consequently, its accuracy is statistical —

controlled by the number of samples — rather than deterministic. There is an inherent

sampling error that decreases only as 1/ \/ﬁ with the number of simulations N (i.e.
to reduce the error by half, one needs roughly four times as many samples) [195]. This
slow convergence rate means that achieving very high precision or estimating
extremely rare event probabilities can demand an extremely large number of trials.
Nonetheless, with sufficient samples, MCS provides an unbiased and asymptotically
exact estimate of the true outcome distribution and has become a standard technique
for probabilistic analysis in many fields.
3.1.6.2 Application of MCS in Probabilistic Power Flow

In power systems analysis, MCS is extensively used for PPF studies. Probabilistic
power flow generalizes the conventional deterministic power flow by treating
generation, load, and other inputs as random variables rather than fixed values.
Uncertainties arise from many sources: fluctuations in consumer demand, random
outages of generators or equipment, and the inherent variability of renewable energy
sources like wind and solar. Modern grids with high penetration of renewables and
distributed generation experience significant variability in both generation and load,
making purely deterministic analysis inadequate. PPF analysis aims to compute not
just one power flow solution, but the entire distribution of possible power flow
outcomes (bus voltage magnitudes, line power flows, generator outputs, etc.) given
probabilistic models of the inputs.This enables engineers and researchers to assess
risks and reliability — for example, to determine the probability that a line might be
overloaded or a bus voltage might exceed acceptable limits under uncertain conditions

[196] [197].

MCS provides a straightforward and rigorous way to perform PPF. The MCS-based
PPF process proceeds as follows: first, probability distributions (or statistical models)
are assigned to all uncertain input parameters — for instance, load demands might be
modeled as normal or log-normal random variables with a certain mean and variance,
and wind farm outputs might be modeled by a Weibull or Beta distribution derived
from wind speed data. Then, the simulation runs a large number of power flow trials
(scenarios). In each trial, a random sample is drawn for every uncertain input

(independently or according to a prescribed correlation structure among inputs), and a
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deterministic power flow calculation (e.g. using the Newton—Raphson method) is

solved for that set of inputs. This yields one possible realization of the system state
(voltage profile, power flows, losses, etc.). By repeating this process N times —each

time with a new random draw of generation and load values — which can obtain N
different outcomes for the power flow. Collectively, these outcomes form an empirical
distribution for each quantity of interest. For example, after many simulations one can
construct a histogram or probability density function for the voltage at a particular bus

or the flow on a particular transmission line.

Through this MCS approach, uncertainties in generation, load, and renewables are
directly translated into uncertainties in system outputs. The method does not linearize
or simplify the power flow equations; it evaluates them in full for each random draw.
Thus, any nonlinear effects (such as the impact of voltage-dependent loads or generator
reactive power limits) are inherently captured. MCS can easily accommodate
correlated inputs as well — for instance, spatially correlated wind speeds at different
wind farms, or correlations between load levels in different regions. These correlations
are handled by sampling from a joint distribution of inputs, preserving statistical
relationships. This capability is particularly important for renewable energy modelling:
e.g., the power outputs of two nearby solar PV plants might rise and fall together under
moving cloud cover, and MCS can account for such correlated behaviour in a

straightforward manner.

The output of an MCS-based probabilistic load flow is rich in information. From the
ensemble of simulation results, one can estimate mean values (expected voltages,
power flows, losses, etc.) as well as higher moments like variance (which indicates the
level of uncertainty or volatility in those quantities). More importantly, one can directly
compute probabilities of specific events or limits being violated. For instance, by
counting the fraction of MCS trials in which a line’s flow exceeds its thermal rating,
one obtains an estimate of the overload probability for that line. Likewise, the fraction
of simulations where a bus voltage falls outside acceptable bounds gives the risk of
voltage violation. These risk metrics are a key output of probabilistic power flow
analysis and are crucial for system planning and reliability assessment. MCS naturally

produces these metrics since it effectively samples the full range of system behaviour

86



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

under uncertainty. In fact, researchers have used MCS PPF results to evaluate rare

event probabilities such as line overloads or bus under-voltage occurrences.

MCS considers all possible combinations of input fluctuations, to the extent covered
by the sampling, and therefore does not miss failure scenarios that deterministic studies
might overlook. This is why MCS is often regarded as a benchmark or reference
method for probabilistic power flow, and any other approximate method is typically

validated against the “ground truth” estimated by a sufficiently large MCS study..

3.1.7 Comparison of Probabilistic Power Flow Methods and Method
Selection

MCS is one of several methodologies available for probabilistic power flow analysis.
Alternative approaches include analytical methods (based on direct probability
calculations) and approximate numerical methods such as point estimation techniques.
Each approach has its own strengths and limitations, and the choice often depends on
the specific needs (accuracy vs. efficiency) of the study. A brief comparison is given

below, highlighting how MCS differs from these other methods [198]:

Analytical methods attempt to derive the output distributions of power flow variables
through analytical computations rather than sampling. Early work on probabilistic load

flow, dating back to Borkowska (1974) [199], adopted analytical techniques.

A common analytical approach is to assume a functional form (probability density
function, PDF) for each random input and then use the power flow equations (often
linearized) to derive the PDF of the outputs. This can involve convolution integrals
(for combining independent random variables’ distributions) or moment-based
expansions (such as the cumulant method with Cornish—Fisher expansion to
approximate the output distribution). Analytical methods are attractive because they
can be computationally fast — instead of many iterative simulations, they solve the
problem with a few mathematical operations or manipulations of distributions.
However, they usually require strong assumptions or approximations. For example,
one analytical technique called Stochastic Load Flow (SLF) assumes that the
distribution of the output variables (e.g. bus voltages or line flows) is normal

(Gaussian), to simplify calculations.

In practice, power flow outputs are not guaranteed to be normal, especially under large
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uncertainties or nonlinear operating conditions, and indeed this normality assumption

has been shown to be unreliable in subsequent research.

More generally, analytical PLF methods often rely on linearizing the power flow
equations (e.g. using a first-order Taylor series around an operating point) so that input
uncertainties can be propagated through a linear mapping. This linearization can
introduce errors if the system operates in a nonlinear region (for instance, if generator
reactive power limits are hit, or voltage control devices switch states, etc.). Analytical
methods also struggle with handling dependent (correlated) inputs and non-standard
distributions; each new complexity requires a custom extension to the mathematical
formulation. As a result, while analytical probabilistic load flow techniques can be
very efficient for simplified or moderately uncertain systems, their accuracy may
degrade when dealing with highly stochastic, nonlinear, or strongly correlated
scenarios. The need for complicated mathematics to account for various grid realities
is another drawback. In summary, analytical methods offer speed but at the possible
cost of modelling fidelity, whereas MCS offers very high modelling fidelity but at the

cost of computational effort.

PEM provides a compromise between full MCS and fully analytical solutions. In a
point estimation method, one does not sample thousands of random scenarios; instead,
one carefully selects a small number of representative scenarios, or points, and uses
them to calculate approximate statistics of the output. In a 2PEM, for each random
input variable, two deterministic values are chosen, often symmetrically around the
mean, such as mean + one standard deviation, appropriately weighted, so that these
two points reproduce the input’s mean and variance. By evaluating the power flow at
these carefully chosen input levels and combining results in a weighted sum, one can

estimate the mean and variance of the outputs without doing many simulations.

In general, a 2m-point estimation method requires exactly 2mdeterministic power
flow evaluations for m uncertain input variables, while a 3PEM requires 3m
evaluations. Therefore, the computational effort of PEM is explicitly determined by
the number of input variables and remains relatively low even for moderately sized

systems.

In contrast, the number of simulations required in MCS is not fixed and depends on
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the desired statistical accuracy and confidence level. According to statistical theory,

the estimation error decreases proportionally to 1/+/N, where Nis the number of
samples. As a result, achieving higher accuracy requires a substantial increase in the
number of simulations. In practical power system applications, this often leads to the

use of thousands or even tens of thousands of power flow evaluations.

For example, for a system with 10 uncertain inputs, a 2PEM requires only 20
deterministic power flow solutions, whereas MCS may require 5,000-10,000
simulations to obtain statistically reliable results, depending on the required accuracy.
This illustrates the fundamental trade-off between computational efficiency and

statistical precision.

The strength of PEM lies in its computational efficiency and simplicity. It is much
faster than MCS while often yielding accurate estimates of the output mean and
variance that closely align with MCS results in many applications, particularly when
the underlying relationships are not highly nonlinear. For many planning studies,
getting the approximate mean and standard deviation of line flows and voltages may

be sufficient, and point estimate methods can deliver that quickly.

However, the limitations of PEM should also be recognized. Because only a few points
are used, PEM inherently cannot capture complex distribution shapes (e.g. multi-
modal distributions or heavy tails) as well as a full distribution obtained from MCS. It
typically provides good estimates for lower-order moments (mean, variance, perhaps
skewness with 3PEM) but might miss nuances in the tails of the distribution. If one
needs the full probability distribution or the exact probability of rare events, MCS is
more reliable. Moreover, point estimate methods may need to be re-derived or adjusted
for each new type of distribution or if input variables are correlated (some extensions
exist for correlated variables, but they add complexity). In summary, point estimation
methods are a valuable tool for fast probabilistic assessment, often used when MCS is
too slow, but they serve as an approximation and may be used in conjunction with

MCS for validation.

MCS’s primary advantage is its accuracy and robustness when a large number of
samplings is used. It will converge with the correct solution for any well-defined

probabilistic power flow problem, regardless of complexity. It does not linearize
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equations or assume normality, so it captures the full nonlinear effects and any
distribution shape of outputs. It is a universal approach — essentially, one can view it
as numerically solving the multidimensional integral that defines the probabilistic
power flow problem. Additionally, MCS is easy to implement using existing
deterministic power flow tools: one can treat it as a black-box that repeatedly calls a
power flow solver, making it straightforward to apply even on very complex system

models (there is no need to derive new equations).

The main drawback of MCS is its computational inefficiency: it requires a very large
number of power flow solutions to obtain results with high confidence. As noted earlier,
the error decreases slowly with more sampling, which means getting even moderately
tight confidence intervals on output statistics, one might need thousands of simulations.
This can be “very time-consuming” and can challenge its practicality to use on large

systems.

Each individual AC power flow solve might take only a fraction of a second, but
thousands of them can add up to significant computation time, especially if the system
is large (e.g., hundreds or thousands of buses) or if the power flow has difficulty
converging for some of the random cases. In contrast, analytical methods (when
applicable) can produce results almost instantaneously (since they involve direct

calculations) but might sacrifice accuracy or require unrealistic assumptions.

Point estimation methods sit in between: they are much faster than MCS and typically
more flexible than purely analytical formulas, but they are approximations whose

accuracy must be verified case by case.

In practice, researchers often use a combination of methods. For example, a point
estimate or analytical method might be used to get quick insights or for online
applications, while MCS is run offline or as a benchmarking tool to validate the
approximate method’s results. MCS is also used when no reliable analytical solution
exists (for instance, with many complicated uncertainty sources and constraints) or
when one needs to evaluate a new control/protection scheme under uncertainty and it
is easier to just simulate it many times. With improvements in computation speed and
parallel processing, larger MCS-based PPF studies have become more tractable, but

the method’s high computational cost remains a consideration and has motivated a lot
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of research into accelerating techniques.

3.2 Distributed Generation Analysis and Modelling

3.2.1 Newton-Raphson Method in Polar Coordinates

The Newton-Raphson method in polar coordinates is an iterative technique that relies
on successive linearization to solve power flow equations in electrical networks. This
approach involves repeatedly formulating and solving correction equations, expressed

in the following iterative format [200]:
AXY =—J ' F(X™) (3.40)
X = x4 Ax® (3.41)

k . . ) )
Here, F(X ( ))represents an 7 -dimensional vector of power mismatch functions at

the k -th iteration, X *)is the state vector comprising the system variables, AX )

is the correction vector, and J denotes the Jacobian matrix[201] .

When employing polar coordinates, the voltage at node ; is expressed as:
V.=V, e (3.42)

Where |V;| is the voltage magnitude and 0 is the voltage angle. The active and

reactive power injections at node ; are given by:

P=Y WV, |(G,cosb, +B,sinb,) (3.43)
Jj=l

0,=> VIV, (G, sing, - B, cos6),) (3.44)
Jj=l

Where 6, =60,—6, is the voltage angle difference between nodes ; and j ,

G, +jB, =Y, is the (i,j) -th element of the bus admittance matrix, and the

summation extends over all # nodes in the system. Note that for j not directly

connected to i, Y, =0, effectively limiting the summation to nodes connected to i,

)

including the self-term (I = j) [202].
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For clarity, PQ nodes refer to load buses where both active power (P) and reactive
power (Q) are specified. PV nodes denote generator buses where active power (P) and
voltage magnitude (V) are specified, while reactive power (Q) is determined during
the solution process. The slack bus (or reference bus) is a special node where both the
voltage magnitude and phase angle are specified, and its active and reactive power

outputs are adjusted to balance the overall system power mismatch.

where P and Q are the specified active and reactive power injections at node i,
respectively. For PQ nodes, both P and Q are computed; for PV nodes, only P is
considered since V is fixed and Q is unspecified; and for the slack bus, neither of its

power injections is specified, as its output adjusts to balance the system.

The power mismatch equations are defined as:

AP = P _P (3.45)

AQ, =0 -0, (3.46)

Where PP and Q™ are the specified active and reactive power injections at

1

nodei, respectively. For PQ nodes, both AP, and AQ, are computed; for PV nodes,

1

only AP is considered since |V;| is fixed and QO is unspecified; and for the

l
slack bus, neither its active nor reactive power injections are specified, no power

mismatch can be calculated.

The correction equations are formulated as:
JAX =-AS (3.47)

Where AS=[AP",AQ']" is the vector of power mismatches, and

AX =[AO",A|V|']" contains the corrections to the voltage angles and magnitudes.

Specifically:

For PQ nodes, Ax includes both A6, andA|V;|,
For PV nodes, Ax includes only AG,,

For the slack bus, no corrections are applied as 491 and | 4 | are fixed.
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The Jacobian matrix J comprises partial derivatives of the mismatch equations with

respect to the state variables, defined as [203]:

_OAR __oF
700, 00,
N, - 2aR__ oF
Coorl
(3.48)
_0AQ, _ 90
700, 00,
L_aAQz — aQI
EARIA

Fori # j, these elements are non-zero only when node j is directly connected to
node ; through a line (i.e., € M, where Nl denotes the set of nodes adjacent to
i ). The diagonal elements (I = j) incorporate contributions from all terms in the
power equations involving 0, or|V].

Alternatively, aligning with standard power flow literature, the Jacobian can be defined

without the negative signs:

or op.

g=| 09 alri (3.49)
o0 00
00 0O|V]

with the correction equation expressed as:

a0
J = (3.50)
AV [AQ

. . . OAP, oP, ]
Both formulations are mathematically equivalent, as ——=——— and the sign

00, 00,
adjustment is absorbed in the equation structure. The latter is adopted here for

consistency with common practice.

® Computational Procedure
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The computational steps for the Newton-Raphson power flow in polar coordinates are

outlined as follows [204]:

1. Initialization: Set the iteration counter k=0 and assign initial values | V,.(O) | and

Q(O) for all nodes based on typical assumptions (e.g., flat start: |V, |=1.0p.u., 6 =0").

2. Calculate Power Mismatches: Using the current estimates |V*)| and 0

compute B(k) and Qi(k) via the power equations, then determine the mismatches

AP® =P — PP and AQ™ = 0" 0" for PQ nodes, and AP for PV nodes.

1

3. Convergence Check: Evaluate the maximum absolute mismatches. If

max |AP" |<e and max|AQ™ [<e (where € is a predefined tolerance, e.g.,

10_4p.u. ), the iteration converges. Proceed to calculate line power flows and slack bus

power, then output results. Otherwise, continue.

4. Compute Jacobian Elements: Calculate HU(.k) , N;k) , Jﬁk) , and Lg‘) (or

L

. oP . .
equivalently, g , etc.) using the current voltage estimates.
j

5. Solve Correction Equations: Solve the linear system J®AX® =—-AS® (or
JAX =AS  in the standard form) to obtain AG" and A|V; .

6. Update Voltages: Adjust the state variables: 6" =60"+A0" |
VS = VO +A |V, 9 for PQ nodes (both) and PV nodes (A, only).

7. Increment Counter: Set k£ =k+1 and return to step 2.

Upon convergence, compute the slack bus power to balance the system and determine

the power flows across all lines using the final voltage solution.
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| Input original data |

‘ Form the node admittance matrix ‘

\ Set the initial voltage values at nodes Ui(0) &,(0) \

| k=0 |

| Calculate AP(k),AQ; (k) |

Yes

»— Max{|AR(K)|AQ, ()} < £
\wo/
Ek +1 | Compute elements of the Jacobian matrix |

|

\ Solve the correction equation to obtain AU, (k) and \

——— Uk+)=U(k) +AU,-(k1,Q,»(k+1) = 0,(k) +20,(k) |

‘ Compute balanced node power and total circuit power F—

| Output results |

Figure 3-1 Flow Chart of Newton-Raphson Power Flow Calculation

3.2.2  Probabilistic Models of Uncertain Input Variables

3.2.2.1 Load Probability Model
Load fluctuations are influenced by a multitude of factors, none of which exert a

singularly decisive impact. These fluctuations exhibit periodic and regular patterns,
aligning with the characteristics of a normal distribution. The load is usually modelled
as arandom variable following a normal distribution. The probability density functions

(PDFs) for the active power ( ) and reactive power ( Q) of the load are expressed as

follows:
__ 1 _(P-w) 35]
f(P) Voo, exp 20 j (3.51)
1 (Q - :UQ)2
= - 3.52
f(O) m% exp 27 J (3.52)
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Where p, and gy represent the expected values (means) of the active power and

reactive power, respectively, and 0, and o, denote their corresponding standard
deviations. These parameters are derived from empirical data or system-specific

characteristics, ensuring the model's applicability to the studied context [205].

3.2.2.2 Probability Model of Conventional Generators
To streamline computations and reduce model complexity, this study simplifies the

operational states of conventional generators to two mutually exclusive conditions:

normal operation and failure outage. Consequently, the probability model adheres to

binomial distribution. The probabilities for the active power (£ ) and reactive power

(0;) are defined as:

P(F; =F; ) = ap, P(F;=0)=1-a, (3.53)
P(QG = QG,rated) = aQa P(QG = 0) = 1 - aQ (354)

Here, dpand a, represent the availability rates (i.e., the probabilities of normal
operation) for active power and reactive power, respectively, while F, ., and

Qs e denote the rated capacities under normal operating conditions. This binary

simplification enhances computational efficiency while maintaining sufficient fidelity
for the purposes of this analysis [206].

3.2.2.3 Probability Model of Photovoltaic Generation
By determining the probability distribution of solar radiation intensity, the PDFs for
the power outputs of PV generation can be derived. Empirical evidence suggests that
solar radiation intensity () follows a Beta distribution over a specified time interval,

characterized by the following PDF:

a-1 p-1
_Ta+p) | r _r
f(r)= ) [ J (1 . J O<r<r, ) (3.53)

max

rmax

Where I is the solar radiation intensity (W/m®), 7, is the maximum solar radiation
intensity, and @ and f are the shape parameters of the Beta distribution, estimated

from historical solar data. The Gamma function (I" ) ensures proper normalization of

96



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

the distribution.
Given the linear relationship between PV output and solar radiation, the active power

output ( By ) for each PV generation unit is modeled as:
By =tnAr (3.56)

Where 7 1is the energy conversion efficiency, 4is the effective area of each PV

component, and r 1is the solar radiation intensity. This formulation assumes
negligible reactive power output, consistent with typical PV system characteristics,

unless otherwise specified by system design [207].

3.2.2.4 Probability Model of Wind Generation
The uncertainty of wind speed itself leads to a certain degree of randomness in the

power output of the wind turbine. Therefore, in order to establish the wind turbine
power output model, the first step is to obtain the probability distribution model of the
wind speed, and the Weibull distribution function is the most widely recognized and

used density function to describe the distribution of wind speed in a certain area.

S =%[%j exp(—(%j ] v=0) (3.57)

Where v is the wind speed (in m/s), k is the dimensionless shape parameter, and

A is the scale parameter. These parameters can be related to the mean wind speed ( 4, )

and standard deviation (o, ) as follows:

-]
oof ]

Where I' denotes the Gamma function, ¢ is the scale parameter of the Weibull

(3.58)

distribution, representing the characteristic wind speed level of the site, and k is the
shape parameter that defines the spread and skewness of the distribution. These

expressions facilitate parameter estimation from empirical wind speed statistics.

The active power output of a wind turbine ( £, ) is predominantly governed by wind
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speed, with their relationship depicted in Figure 3-2. Under stable wind speed

conditions, the power output is modeled as a piecewise function:

0 ifv<y, orv>v,

-V .
— n
P,={P,  ——n— ify <v<v__

(3.59)

rated ~ Vin

v, <v=v,

rated rated —

Where v, and v, are the cut-in and cut-out wind speeds, respectively, beyond

t

which the turbine cannot operate effectively; v,

rate

4 1s the rated wind speed; and P,

is the rated power output. Figure 3-2 illustrates this relationship, highlighting the

operational constraints of wind turbines [208].

Figure 3-2 Wind Turbine Active Output Versus Wind Speed

3.2.3  Nataf Transformation and Its Inverse

3.2.3.1 Correlation Modelling
In power generation systems, light intensity, load demand, and wind speed exhibit
inherent correlations due to shared environmental and operational factors. Compared
to the Spearman rank correlation coefficient, the Kendall rank correlation coefficient
more effectively captures the dependence structure between continuous random

variables.

To model these dependencies, Copula functions are employed due to their flexibility
in representing nonlinear and non-Gaussian correlations. In this study, a multi-
dimensional Copula is used to describe the correlation between PV generation and load
demand as a representative case. It should be noted that this formulation can be
naturally extended to a multivariate Copula framework to capture multi-dimensional

dependencies among multiple uncertain variables.
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In addition to the PV—load correlation, correlations among loads at different nodes,
between load and wind generation, and between PV and wind generation are also
considered through a predefined correlation coefficient matrix. This matrix provides a

unified representation of spatial and cross-source dependencies across the network.

The correlation coefficient matrix 7 is defined as follows [209]:
z, :4( j j E(OJ)C(XI.,Xj)d(xi,xj)j—1 (3.60)

Where:

7, >0 indicates a positive correlation between the two random variables,
7, <0 indicates a negative correlation between the two random variables,
7, =0 suggests that the two random variables are relatively independent,

X, and X, represent the original data samples of the i-th and ; -th random

1

variables, respectively,

x, and x, denote the transformed data of the i-th and ,-th random variables

mapped to the interval [0,1],

C(X;,X;) is the cumulative distribution function, specifically the t-Copula function,

selected in this study for its ability to effectively capture tail dependence characteristics.

3.2.3.2 Nataf Inverse Transformation Process
The Nataf inverse transformation begins with the standardization of marginal

distributions. Consider n random variables denoted as X = (X, X,,..., X ), where
each random variable X, has a probability density function f,(x,) andacumulative
distribution function F;(x,). Using the marginal distribution functions, each random
variable is transformed into a standard normal random vector Y =[Y,,Y,,...,Y,] via

the following expression:

Y =07 (F(X,) (3.61)

Where @'(-) is the inverse cumulative distribution function of the standard normal
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distribution.

Let p, and p represent the linear correlation coefficient matrices of Y and X,
respectively. The Kendall rank correlation coefficient matrix p between multiple PV
systems and loads is computed using the multi-dimensional Copula distribution

function. Due to the nonlinear nature of the transformation ®'(-), the elements Poj
and p, (fori= ;) in the corresponding positions of p, and p are generally
unequal. According to the Nataf transformation, the relationship between p, and

p; 1s given by [210]:

J. rwx —H .x‘ —4 F(x;,x; )dx; dx,

I JMF (CD(y)) u,_F (P-4, 4
o 2

J

(3.62)

(Vs Y > Poi )y, Ay,

Where:

4; and y, are the means of the random variables X; and X, respectively,

o, and o, are the standard deviations of X, and X, respectively,

1

#,(¥:,¥;,P0;) 18 the joint probability density function of the multi-dimensional

standard normal random variables Y, and Y,, with correlation coefficient p, .

The value of p,, can be determined through numerical integration combined with
root-finding algorithms.

Typically, p,is a symmetric positive definite matrix, which permits Cholesky

decomposition to yield a lower triangular matrix B:
0, = BB’ (3.63)

Where the superscript © denotes the matrix transpose.

Having obtained the lower triangular matrix B, independent standard normal random

variables Z can be generated as:
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This process transforms the correlated random variables X into independent
standard normal variables Z, constituting the Nataf transformation. Conversely, the
inverse of this process enables the generation of correlated random variables from

independent standard normal variables, facilitating correlation modelling.

3.3 Harmonic Power Flow Calculation Modelling and Analysis

Harmonic power flow calculation is a cornerstone of harmonic analysis and control
within power systems. This methodology enables the determination of harmonic
voltages at each node and harmonic currents in each branch, providing critical insights
into the presence of harmonic amplification or resonance. Such information is
indispensable for devising effective harmonic mitigation strategies, ensuring system

stability, and maintaining power quality.

Compared to fundamental power flow calculations, which focus on the sinusoidal
steady-state operation at the fundamental frequency, harmonic power flow calculations
are inherently more intricate. A primary source of this complexity lies in the modelling
of harmonic sources—nonlinear devices such as power converters that inject harmonic
currents into the system. The harmonic current produced by a source is a function not
only of the fundamental voltage but also of every harmonic voltage present at its
terminals. This interdependence introduces coupling between the fundamental power

flow and harmonic power flows, as well as among harmonic flows of different orders.

In practical systems, harmonic sources vary widely in type, capacity, and operating
conditions, rendering the construction of precise, individualized models impractical.
Consequently, the development of accurate yet simplified harmonic source models is
essential for effective harmonic analysis and control. To address this challenge,
researchers have proposed various simplified models that balance fidelity with
computational feasibility. Mathematically, harmonic power flow calculation entails
solving a set of harmonic network equations—one for each harmonic order under
consideration—alongside the characteristic equations governing all harmonic sources.
This process demands a robust framework to capture the multifaceted interactions

within the system [211].
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3.3.1 Harmonic Power Flow Calculation Model

In power systems containing harmonic sources, the total power flow comprises both
fundamental and harmonic components. Fundamental power flow originates from
generators and is consumed by loads, following a well-defined path through the
network. In contrast, harmonic power flow is generated by nonlinear devices, such as
power conversion equipment, which produce non-sinusoidal currents. These harmonic
sources effectively transform a portion of the fundamental power into harmonic power,
which then propagates throughout the network, impacting generators, impedances, and

loads alike.

To elucidate the propagation and directionality of harmonic power flow, consider the
simplified circuit depicted in the Figure 3-3. Here, a generator G supplies a

fundamental sinusoidal voltage to a resistive load R,,, controlled by a converter,
through a system impedance Z;, . The equivalent circuits for fundamental and

harmonic power flows are illustrated in Figure 3-3 (a) and Figure 3-3 (b), respectively.

Zs1 | |

" T—

PCC | |

G<\;> Pai
_ v

th[ [ R

(b) Harmonic Power Flow

Figure 3-3 Fundamental and Harmonic Power Flow in the System

102



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

The fundamental and harmonic networks exhibit distinct characteristics, as highlighted
in Figure 3-3. In the fundamental power flow (Figure 3-3 a), the generator G delivers

power F. . A small fraction, P, , is dissipated across the system impedance Z,,,
while the remaining power reaches the point of common coupling (PCC). At the PCC,
the majority of the power, F,,, is consumed by the load, with a smaller portion, F.,

absorbed by the converter. The power balance at the fundamental frequency is thus

expressed as:
Foy=Fy+ P, + I, (3.64)

Due to the nonlinearity of the converter, the absorbed fundamental power F., is

converted into harmonic power (assuming the power dissipated through conduction

losses in the convertor power F., can be ignored). This harmonic power is injected

into the network as a harmonic current source, flowing toward the system’s impedance,
the generator, and the load. These flows contribute to harmonic power components

P, , P,,and P, respectively, satisfying the harmonic power balance:
By =Py + By + 1, (3.65)

The total system power loss encompasses both the fundamental loss £, and the
harmonic losses (P, +F;,) . This analysis underscores that harmonic power flow

originates from the fundamental power flow through the action of nonlinear
components. Harmonic sources do not generate power independently; rather, they
redistribute a portion of the fundamental power into harmonic frequencies, integrating
it into the overall system power flow. Consequently, harmonic power must be
accounted for in the comprehensive power balance of the network to ensure an

accurate representation of system behaviour.

In the fundamental network (Figure 3-3 a), the generator acts as a voltage source, and
the converter behaves as a nonlinear load. Conversely, in the harmonic network (Figure
3-3 b), the generator functions as a harmonic impedance, while the converter operates
as a harmonic current source. This role reversal results in differing flow directions for
fundamental and harmonic power. Furthermore, the parameters of these networks—

such as impedances are frequency-dependent, varying significantly between the
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fundamental frequency and higher harmonic orders. These differences amplify the

analytical complexity, necessitating tailored approaches for each frequency component.

3.3.2 Review of Harmonic Source Models

To effectively characterize the harmonic currents produced by harmonic sources
within power systems, it is imperative to develop suitable models that reflect their
behaviour. Harmonic sources in power systems are broadly categorized into two
distinct groups:

3.3.2.1 Power Electronic Devices
This category encompasses devices incorporating semiconductor-based nonlinear
components, such as inverters and rectifiers. These devices function by switching
circuits on and off in accordance with specific patterns, resulting in the injection of
harmonic currents into the system. The harmonic currents generated can be precisely
determined by considering factors such as the supply voltage waveform, the circuit
structure, the device parameters, and the employed control methods.

3.3.2.2 Nonlinear Loads with Electric Arcs or Ferromagnetic Components
This category includes devices like transformers, electric arc furnaces, and fluorescent
lamps, which exhibit nonlinear voltage-current characteristics due to the presence of
electric arcs or ferromagnetic materials. During steady-state operation, the harmonic
currents produced by these devices can be calculated based on the supply voltage

waveform and the specific voltage-current properties of the load.

For both types of harmonic sources, the harmonic current generated can be
mathematically expressed as a function of the node voltage (comprising both
fundamental and harmonic components) and the load control parameters. This

relationship is given by:
I, =fU,U,,.,U,;C,C,,...,C) (k=1,3,5,...,m) (3.606)

> m

Where:
k denotes the harmonic order,

I, represents the k -th harmonic current produced by the nonlinear load,

U,,U,,...,U, are the fundamental and harmonic voltage components at the node of
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the nonlinear load,

C..C,,...,C, are the load control parameters, which vary by source type.

m

For power electronic devices, these parameters pertain to the circuit structure and
control settings, such as the firing angle and overlap angle of a converter. For nonlinear
loads with electric arcs or ferromagnetic components, they describe the voltage-current

characteristics, such as the re-ignition voltage and extinction voltage of an electric arc.

In a more explicit form, the function f; (-)may be interpreted as the Fourier coefficient

of the nonlinear current waveform over one fundamental period, i.e.,

1 T, — jkant
I =;j0 i(;U,,Us,...,U,, G, Cs,...,C,, ) e dt (3.67)
Where:

T 1is the fundamental period;
w, 1s the fundamental angular frequency;

i(t;*) is the instantaneous nonlinear current response of the load, determined by the

applied voltage waveform and the internal control or physical parameters of the device.

Thus, the k-th harmonic current is obtained by extracting the k-th Fourier component
of the current waveform generated under the combined action of the fundamental and

harmonic voltages and the device parameters.

Theoretically, this functional expression provides a precise model for harmonic
sources. If all voltage waveforms and control parameters at the load node are fully
known, the harmonic currents can be accurately computed using numerical methods.
However, in practical power systems, several challenges arise. First, the wide diversity
of harmonic source types makes it difficult to establish a universal analytical form of
fx(+). Second, comprehensive information on device operating conditions and internal
parameters is often unavailable in real systems. Third, the nonlinear and device-
specific nature of the current-generation mechanism makes the exact function difficult

to derive explicitly, which limits its direct use in routine harmonic analysis.

As a result, obtaining a closed-form analytical expression is generally infeasible in
practical applications. In steady-state analysis, it is therefore commonly assumed that

the control parameters of harmonic source loads remain constant over the period of
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interest. Under this assumption, the harmonic current depends only on the nodal

voltage waveform, and the model can be simplified to:
I, =fU,U,,...,U) (k=13,5,...,m) (3.68)

Correspondingly, the simplified form may also be written as:

1 ¢7. et
I, =?j0 i(t;U,,Us,...,U, e "™ dt (3.69)
Where the current waveform i(t; Uy, Us, ..., Uy,)is now determined only by the nodal

voltage components, while the control parameters are treated as constants embedded

in the function itself.

It indicates that, under steady-state conditions, the k-th harmonic current can be
regarded as a voltage-dependent harmonic source. In other words, the injected
harmonic current is no longer expressed as a function of time-varying control actions,
but as a nonlinear function of the local voltage spectrum. This assumption significantly

reduces modelling complexity and is widely adopted in harmonic power flow analysis.

Nevertheless, even in the simplified form, the exact functional relationship remains
difficult to define explicitly for general nonlinear loads. Therefore, further
simplifications are usually introduced in practice, leading to commonly used
equivalent harmonic source models, such as constant current source models, voltage-
controlled current source models, Norton equivalent models, and other linearized
representations. These simplified models retain the essential dependence of harmonic
current on the nodal voltage while providing more practical tools for harmonic analysis

and numerical computation.

3.3.3 Simplified Harmonic Source Models

Harmonic power flow analysis necessitates the effective modelling of harmonic
sources to predict harmonic currents and voltages in power systems. Due to the
complexity involved in modeling diverse harmonic sources, simplified models are
often employed to balance computational efficiency with the level of detail provided
[212]. The following review examines four key simplified harmonic source models,
detailing their mathematical formulations, underlying assumptions, respective

strengths, and limitations. A comparative analysis is subsequently provided to evaluate

106



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

their applicability and performance in practical scenarios.

3.3.3.1 Constant Current Source Model
The Constant Current Source Model is the simplest and most widely used approach in

harmonic analysis. It assumes that the harmonic current /, at order k& depends
solely on the fundamental voltage U, at the node, ignoring the influence of harmonic

voltages. This simplifies the general harmonic source relationship to:
I, =g, (U)) (3.70)

If U, remains constant over the study period, I, is treated as a fixed value, modelling

the source as an ideal current source with infinite internal impedance. This assumption
holds in systems with low harmonic distortion—common where passive or active
filters reduce total harmonic distortion (THD) below regulatory limits. Here, harmonic

voltages are significantly smaller than U, and their effect on 7, is negligible.

Strengths: Its simplicity and ease of implementation make it ideal for practical

engineering applications where high accuracy is not critical.

Limitations: It overlooks harmonic voltage influences, reducing accuracy in systems

with significant distortion.

3.3.3.2 Norton Model
The Norton Model enhances the Constant Current Source Model by accounting for the

harmonic voltage U, at the same order [213]. It represents the harmonic source as a

parallel combination of a constant current source /,, and a fixed impedance Z,:

(3.71)

Here, 1,, is determined by U,, making the harmonic current a function of both

fundamental and same-order harmonic voltages:
I, =g,U,U)) (3.72)

This model captures the interaction between I, and U, , offering a more refined

representation than the Constant Current Source Model. However, it neglects the

influence of harmonic voltages on other orders, despite evidence that such cross-order

107



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

effects exist.

Strengths: It balances simplicity and improved accuracy, suitable when same-order

voltage effects dominate.
Limitations: Its partial consideration of harmonic interactions limits its completeness.

3.3.3.3 Simplified Model Based on Cross-Frequency Admittance Matrix
This model assumes that the nonlinear characteristics of a harmonic source can be

linearized around an operating point, expressing [/, as a linear combination of

fundamental and harmonic voltages:

I, =Y U~+Y ,U+..+Y,U +..+Y,U, (3.73)
The cross-frequency admittance matrix Y captures couplings between harmonic
orders. Its elements are derived experimentally [214]:
1. Apply a pure fundamental voltage U,, measure /,,and compute Y.
2. Superimpose a harmonic voltage U, with U, constant, measure the new I, , and
calculate:

_L-%U

Y, = 3.74
w =Ty (3.74)

Strengths: It models the influence of multiple harmonic voltages, enhancing accuracy.

Limitations: Linearization lacks theoretical justification, and applying isolated

harmonic voltages in practice is challenging, complicating implementation.

3.3.3.4 Simplified Model Based on Least Squares Approximation
This model expresses/, ’s real (/,) and imaginary ([, ) components as functions of

fundamental and harmonic voltages, plus a constant term [215]:
I a +a,U, + z (arkkUrk +a,Uy )
Ik :|: i-k:| — k:3 (375)
ka + bklUl + z (brkkUrk + bikkUik )
k=3

Where:

I, and I, are the real and imaginary components of the £ -th harmonic current.
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U,and U, are the real and imaginary components of the £ -th harmonic voltage.

Qs bos s by ay, ay, ay, by, by, are parameters that need to be

determined based on multiple measurements in actual operation using the least squares

method.

Strengths: It accounts for multiple voltage interactions and a constant component,

offering high accuracy.

Limitations: Extensive measurements for parameter estimation make it complex and

resource intensive.

Table 3-2 Comparative Evaluation of Harmonic Power Flow Models

Model Complexity Accuracy Practical Use
Constant Current Low Low High
Norton Moderate Medium Medium

Cross-Frequency

High High Low
Matrix

Least Squares Very High Very High Low

These four simplified harmonic source models offer distinct approaches to balancing
accuracy and practicality in harmonic analysis. The Constant Current Source Model
excels in simplicity, the Norton Model adds moderate refinement, while the Cross-
Frequency Admittance Matrix and Least Squares Approximation models provide
greater detail at the cost of complexity. Understanding their assumptions and trade-

offs enables informed model selection tailored to specific power system analysis needs.

3.3.4 Harmonic Network Equations

To perform harmonic power flow calculations in a power system, two essential steps

must be completed:
(1) establishing accurate harmonic source models, as addressed in prior sections,
(2) determining the mathematical model of the harmonic network.

The harmonic network is typically represented by the harmonic node admittance
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matrix, denoted asY,, which describes the interconnections of the k& -th harmonic

network and the harmonic admittance values of its branches. Mathematically,
harmonic power flow calculations involve solving the harmonic network equation
alongside the harmonic source characteristic equations. The harmonic network

equation is expressed as:
I, =YU, (3.76)
Where:

I, : Column vector of injected harmonic currents at each node for the £ -th harmonic.
Y, : Harmonic admittance matrix of the system for the 4 -th harmonic.
U, : Column vector of harmonic voltages at each node for the £ -th harmonic.

To formulateY,, it is necessary to develop harmonic mathematical models for the

relevant power system components, determine their parameters, and understand their

interconnections.
Key Characteristics of Component Harmonic Models

The harmonic models of power system components exhibit several -critical

characteristics, summarized as follows [216]:
1. Frequency Dependence

Harmonic parameters vary with the harmonic order 4 , reflecting their dependence on

frequency. This affects components such as lines, transformers, and loads.
2. Generator Representation

In harmonic studies, generators are no longer treated as voltage sources. Instead, they
are typically modeled as harmonic impedances, which may be resistive, inductive, or

capacitive depending on their construction and control schemes.
3. Skin Effect

The harmonic models for overhead lines, cable lines, transformers, and loads must
incorporate the skin effect, which increases resistance at higher frequencies due to

uneven current distribution.
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4. Distributed Parameter Effects

For overhead and cable lines, long-line effects due to distributed parameters must be
considered. These are accurately modeled using hyperbolic functions to derive the

harmonic parameters of equivalent n-type circuits.
5. Shunt Capacitors and Resonance

Shunt capacitors can amplify harmonics or cause resonance phenomena. Thus, they
must be explicitly included in the harmonic network model to capture their impact on

harmonic behaviour.

These characteristics highlight the complexity of harmonic modelling. Proper
consideration of frequency dependence, component-specific behaviours, and network

interactions ensures that the harmonic admittance matrix Y, accurately represents the

system’s response to harmonic currents. This precision is critical for reliable harmonic
power flow calculations, enabling engineers to assess and mitigate harmonic

distortions effectively.

3.3.5 Harmonic Power Flow Calculation Methods

Harmonic power flow analysis is a critical process for understanding how harmonics
are distributed within a power system. This analysis helps assess harmonic distortion
and develop strategies to mitigate its effects. Depending on how the fundamental
power flow (at the system's base frequency) interacts with the harmonic power flow

(at higher frequencies), four main calculation methods are widely recognized:
1. Unified Method

2. Alternating Iteration Method

3. Decoupled Method

4. Direct Solution Method

Below, each method is explained in detail, including its approach, steps, advantages,

and limitations.

For clarity, the formulations presented here assume a single-phase equivalent model,

which is standard for balanced systems or positive-sequence analysis in power flow
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studies. This simplification focuses on per-phase quantities (e.g., scalar voltage
magnitudes V;and angles 6;) and is widely used when the system is approximately
balanced or when computational efficiency is prioritized. However, these methods can
be extended to full three-phase (e.g., ABC-phase) modeling, where each node voltage
V;comprises three components (V;4, Vg, Vic) with corresponding phase angles, to
account for unbalances introduced by nonlinear loads or asymmetrical network
elements. In such extensions, admittance matrices and injection vectors become 3x3
blocks per node, increasing dimensionality but capturing phase-specific interactions.
The single-phase formulations below are adopted for expository purposes, with three-
phase considerations noted where relevant (e.g., in the Alternating Iteration Method,
where explicit three-phase steps are outlined).
3.3.5.1 Unified Method

The Unified Method, proposed by D. Xia and G. Heydt [217], adapts the Newton-
Raphson (N-R) iterative technique—commonly used for fundamental power flow—to
solve both fundamental and harmonic power flows simultaneously. It combines the
fundamental power flow equations (power balance equations) and harmonic network
equations (current balance equations) into a single system, solved iteratively using the

N-R algorithm.

In the Unified Solution Method, the fundamental power flow equations are formulated
as power balance equations, whereas the harmonic power flow equations for each
harmonic order are expressed as current balance equations. The computational

approach for this method is illustrated in Figure 3-4.

Result

Substitution
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0 =
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Result
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Figure 3-4 Schematic of the Unified Solution Method
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For a power system comprising 7 nodes, where N denotes the number of linear
nodes, the number of nonlinear nodes is given by »n— N . To minimize algorithmic
complexity, the nodes are numbered as follows: Node 1 is designated as the slack node,
linear nodes are assigned numbers from 2 to N, and nonlinear nodes are numbered
from N+1 to n.The unknowns in the harmonic power flow calculation consist of
the magnitudes and phases of both the fundamental voltage and each harmonic voltage

at all nodes.

Drawing from the node power balance equations for the fundamental power flow and
the current balance equations for the harmonic power flow, the harmonic power flow

equations can be represented as follows:

(s)

AP A0 1
AQ {H 0} AV
- (3.77)
ALY 0 JU| Ae®
ALY AV

Where:

AP and AQ are vectors representing the deviations in active and reactive power at
the nodes, encompassing the total power contributions from both the fundamental and
harmonic components. Specifically, AR =F—F.. and AQ =0 —0 . , Where

P and (@, are the measured active and reactive power at nodei, and P and

O, .ac are the corresponding calculated values derived from the node power equations.

ALY and ALY are vectors representing the deviations in the real and imaginary
parts of the k& -th harmonic injection currents at the nonlinear nodes. Specifically,
ALY) =1) 1Y) o and ALY =1 — 1%, where I{) and I{*) denote the real

1,t,calc >

and imaginary parts of the 4 -th harmonic injection current at nonlinear node .

A® and AV are vectors of corrections for the fundamental voltage angles and

magnitudes, respectively.

AB™ and AV are vectors of corrections for the & -th harmonic voltage angles

and magnitudes, respectively.

H is the Jacobian matrix associated with the fundamental power flow equations in
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the Newton-Raphson method.

J® s the Jacobian matrix for the % -th harmonic power flow equations, applicable
only to the nonlinear nodes, comprising partial derivatives of the harmonic injection

currents with respect to the harmonic voltage angles and magnitudes.

In all equations, k=1,2,...,K, where K represents the highest harmonic order

under consideration.

This mathematical formulation facilitates the simultaneous solution of the fundamental
and harmonic power flows through an iterative process, typically employing the
Newton-Raphson method. Iterations proceed until the power and current mismatches

are reduced to within acceptable tolerance levels.

The Unified Solution Method is characterised by its ability to solve the fundamental
and harmonic power flow equations simultaneously within each iteration. In this
approach, all equations are integrated into a single system, allowing both fundamental
and harmonic variables to be updated concurrently until convergence is achieved. This
unified framework enables a consistent treatment of interactions between fundamental
and harmonic components, which can improve modelling accuracy in systems with

strong coupling effects.

However, this method also presents several challenges. The integration of both
fundamental and harmonic equations significantly increases the size of the system
matrix, leading to higher computational demand in terms of memory and processing
time. As a result, the method may experience slower convergence or even divergence,
particularly in large-scale systems. In addition, numerical instability can arise due to
the substantial difference in magnitude between fundamental and harmonic quantities.
Since harmonic components are typically much smaller than their fundamental
counterparts, even minor variations in fundamental voltages can lead to
disproportionately large changes in harmonic currents, thereby affecting convergence

behaviour.

Due to these limitations, the Unified Solution Method is generally more suitable for
small-scale systems or research-oriented studies, where computational resources and

convergence issues are less restrictive. Its application in large practical power systems
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is often limited by its computational intensity and potential instability.

3.3.5.2 Alternating Iteration Method
The Alternating Iteration Method tackles the coupling between fundamental and
harmonic power flows by solving them alternately in an iterative loop, reducing

complexity compared to the Unified Method.

The basic concept of the alternating solution method is based on a sequential and
iterative procedure that decouples the fundamental and harmonic power flow
calculations. Initially, the fundamental power flow is solved under the assumption that
no harmonic voltages are present, providing an initial estimate of the system’s

fundamental voltage profile.

Based on this solution, the harmonic power flow is then calculated using the obtained
fundamental voltages, allowing the corresponding harmonic voltages to be determined.
These harmonic results are subsequently fed back into the fundamental power flow
calculation, where the influence of harmonic distortion on the fundamental operating

point is considered.

This process is repeated iteratively, with fundamental and harmonic solutions being

updated in an alternating manner, until convergence is achieved for both components.

This process is repeated iteratively, with fundamental and harmonic solutions being

updated in an alternating manner, until convergence is achieved for both components,

m
Substitution

as illustrated in Figure 3-5.
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Figure 3-5 Schematic of the Alternating Iteration Method
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Three-Phase Fundamental Power Flow Calculation

The three-phase fundamental power flow is calculated using the PQ decomposition

method, an iterative technique. The computational steps are as follows:

Step 1: Construct the three-phase fundamental admittance matrix and generate the

factor table for efficient matrix operations.
Step 2: Assign initial values to the node voltages.

Step 3: Compute the active power mismatch AP and the normalized active power

mismatch AP/ 'V for each node, where V represents the voltage magnitude.

Step 4: Evaluate whether the active power iteration has converged. If not, proceed to

the next iteration; if converged, advance to Step 7.

Step S: Solve the correction equation to determine the voltage angle corrections for
each node and update the voltage angles accordingly. The correction equation is

expressed as:

AR
vV
A;’ B11 Blz Bl,n—l V1A51
—* le Bzz Bz,;H V2A52
v, |=- ; : (3.78)
APn_l Bn—l,l Bn—l,Z Bn—l,n—l I/n—lAé‘n—l
LV ]

Where
n 1is the number of system nodes;

B represent the corresponding element of the Jacobian matrix, simplified as the

element of the admittance matrix;

V. denote the voltage magnitude at each node;
Ao, denote the phase angle deviation of the node voltages.

Step 6: Adjust the voltage angles of each node based on the computed corrections

SED = 50 L ASH
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Step 7: Calculate the reactive power mismatch AQ and the normalized reactive power

mismatch AQ/V for each node.

Step 8: Assess whether the reactive power iteration has converged. If not, continue to

the next iteration; if converged, proceed to Step 10.

Step 9: Solve the reactive power correction equation to obtain the voltage magnitude

corrections for each node and update the voltage magnitudes. The correction equation

is given by:
_ A0, _
v,
A 1 Bll B12 Bl,m AI/I
Q2 le Bzz o Bz,m AVz
o= D : : (3.79)
AQ, v |
— Vm -
Where:

m be the number of PQ buses;

AV denote the voltage deviation vector to be solved.

Step 10: Determine the updated voltage magnitudes for each node.

Step 11: Compute the branch power flows and the power at the slack node.

The iterative steps for calculating the three-phase harmonic power flow are outlined

below:

Step 1: Form the admittance matrices for each harmonic order and create the

corresponding factor tables.

Step 2: Calculate the harmonic injection currents for each load node using the

following expression:
M =r(r®) (3.80)

Where I{* denotes the & -th harmonic current injected into the system by the load,

and V'® isthe k -th harmonic voltage at the load node.
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Step 3: Solve the node voltage equation to determine the A -th harmonic voltages at

each node:
v =[yO ] ® (3.81)

Where V* is the vector of k -th harmonic node voltages, Y is the k -th
harmonic admittance matrix, and I’ is the vector of k -th harmonic injection

currents.

Step 4: Check if the accuracy requirements are satisfied. If met, terminate the iteration;

otherwise, return to Step 2.
Step 5: Calculate the harmonic currents in each branch.

The alternating iteration method offers several advantages in terms of accuracy,
efficiency, and numerical stability. In terms of accuracy, it is capable of capturing the
coupling effects between fundamental and harmonic components through the use of
precise harmonic source models. From a computational perspective, the method
improves efficiency by separating the fundamental and harmonic calculations within
each iteration, thereby reducing memory requirements and overall computational

burden.

In addition, the method exhibits strong numerical stability. Since the fundamental
voltages, which dominate the behaviour of harmonic currents, are solved first, the

iterative process typically converges rapidly, often within one to three iterations.

Due to these characteristics, the alternating iteration method is particularly suitable for
unbalanced three-phase systems with strong coupling effects, such as distribution
networks with nonlinear loads. The extension to three-phase modelling further ensures
accurate representation of phase unbalance in practical applications.
3.3.5.3 Decoupled Method

The Decoupled Method simplifies the Alternating Iteration Method by fully separating
fundamental and harmonic power flow calculations. It assumes that while fundamental
power flow strongly affects harmonics, the reverse effect is negligible, thus ignoring
harmonic impacts on the fundamental solution [218]. Unlike the Alternating Iteration
Method, which includes a feedback loop to update the fundamental with harmonic

effects, the Decoupled Method solves the fundamental power flow only once (ignoring

118



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

harmonics), then iteratively solves the harmonic power flow using the fixed
fundamental voltages. This eliminates alternation, making it truly "decoupled" without

bidirectional iteration, as illustrated in Figure 3-6.

= 0 Result = o

i Fundamental =5 Substitution ] armonic s 8
-+ o O o

8 = ower flow 8 —
2 power flow 2 ) S p =

Figure 3-6 Schematic of the Decoupled Method

Step 1: Initialize Fundamental Voltage: Set U, =1.0£0".

Step 2: Fundamental Power Flow:
Use given injected power for linear load nodes.

For harmonic source nodes, compute fundamental power: I, =g,(U,), S=U,I, ,

updating injected power as U, changes in N-R iterations.

Step 3: Initialize Harmonic Voltages: Set U, =U, =...=U, =0.0£0".

Step 4: Harmonic Currents: Compute /, using the harmonic source model.
Step 5: Harmonic Voltages: Solve/, =Y, U, .

Step 6: Convergence: Check harmonic solution; repeat from Step 4 if needed.

The Decoupled Method exhibits moderate performance in terms of accuracy,
convergence, efficiency, and applicability. Its accuracy is generally lower than that of
the Alternating Iteration Method, as it neglects the feedback effect of harmonic
components on the fundamental power flow. However, the method demonstrates
strong convergence characteristics, owing to its simplified structure and the absence

of bidirectional coupling between fundamental and harmonic calculations.

From a computational perspective, the Decoupled Method is relatively efficient and is
well suited for medium-sized systems with moderate computational requirements.

Nevertheless, its effectiveness depends on the availability and accuracy of harmonic
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source models, which may limit its applicability in cases where such data are
incomplete or uncertain. Overall, the method is most appropriate for systems in which

the influence of harmonic components on the fundamental power flow is minimal.

/
Solve the fundamental wave
power flow to obtain the |
fundamental voltage U.

Input power network-related
parameters: including topology
and load data, etc.

Combine harmonic source

Form the fundamental and operating conditions or
harmonic admittance matrix. measured results, and input the
injected harmonic current at k=k+1
‘ each node.

Initialize runtime t = 1.

Solve the harmonic power ?
flow to obtain the harmonic Calculate the fundamental
voltage Uk. power at each node.

i

Calculate the harmonic power
at each node.

Initialize the fundamental
voltage values and harmonic
power values at each node.

\4

Initialize iteration k= 1.

Calculate and accumulate
| losses.

No
t=t+1

Yes

Output results.

Figure 3-7 Flowchart of the Decoupled Method for Harmonic Power Flow

Calculation

The Figure 3-7 illustrates the Decoupled Method, where the fundamental power flow
is solved once without harmonic feedback, followed by iterative harmonic calculations.
The outer loop (t) represents multiple operating scenarios, not bidirectional coupling
(distinguishing it from the Alternating Iteration Method). Formulations are shown in
single-phase equivalent for simplicity; extendable to three-phase (ABC) with

vectorized voltages.

While both separate fundamental and harmonic computations, the alternating method
iterates bidirectionally (updating fundamental with harmonics), capturing stronger
couplings at the cost of more iterations. The decoupled method avoids this feedback,
assuming negligible harmonic influence on fundamental, leading to faster but

potentially less accurate results in highly coupled systems.
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3.3.5.4 Direct Solution Method
The Direct Solution Method is a further simplification of the iterative harmonic power

flow component within the Decoupling Method.
It relies on two key matrices:

¢ BIBC (Bus Injection to Branch Current)
¢+ BCBYV (Branch Current to Bus Voltage)

The primary concept involves utilizing the topology and line impedances of the
distribution network to construct the BIBC and BCBV matrices. Specifically, the BIBC
matrix, combined with the harmonic currents injected at load nodes, is used to compute
the harmonic currents in the network branches. These branch harmonic currents, along
with the BCBV matrix, are then used to determine the voltage differences between the
harmonic voltages at the nodes and the source node, ultimately yielding the node
harmonic voltages with ensured precision. This algorithm offers fast computation
speed, reduced time consumption, and low memory usage. Moreover, the BIBC and
BCBV matrices can be modified to accommodate distribution systems with

unbalanced three-phase loads and looped configurations [219].
1) Solution of Incidence Matrices

In the calculation process, it is first necessary to convert the equivalent injected power

at the nodes into equivalent injected currents, as expressed by the following formula:

o :[ij :(P,-ﬂQi] (3.82)

vk vk
Where:
IV is the injected current at node i required for the (k+1)-th iteration,
S, 1is the injected power at node i,

V;*) is the voltage at node i obtained from the £ -th iteration,

* denotes the complex conjugation.
(a) Formation of the BIBC Matrix

For a distribution network with m branches and 7 nodes, the BIBC matrix has
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dimensions m x (n—1) . The formation procedure is as follows:
1. If branch k& connectsnodes i and ;:

¢ Copy the column in the BIBC matrix corresponding to node i to the column

corresponding to node ;.

¢ Set the element in row k& and the column corresponding to node ; to 1.

2. Repeat the above steps for all branches until the BIBC matrix encompasses the entire

network.

The relationship between branch currents and node injected currents can be expressed

in matrix form as:

Bl 12
B
S |=[B1BC]| ) (3.83)
B I

Where:
B is the branch current vector,
I is the node injected current vector,

BIBCis the node injection to branch current incidence matrix, an upper triangular

matrix containing only 0 and 1.
(b) Formation of the BCBV Matrix

For the same distribution network, the BCBV matrix has dimensions (n—1)xm . The

formation procedure is as follows:

1. If branch & connectsnodes i and j;:

¢+ Copy the row in the BCBV matrix corresponding to node i to the row

corresponding to node ;.
¢ Set the element in the row corresponding to node ; and column £ to the

branch impedance Z,.

2. Repeat the above steps for all branches until the BCBV matrix encompasses the
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entire network.

The relationship between node voltages and branch currents can be expressed in matrix

form as:
v B,
A B,
AV = Sl E [BCBV] : (3.84)
AR B,
Where:

AV is the vector of voltage differences between the nodes and the source node,
2) Power Flow Calculation Algorithm Procedure
The steps of the power flow calculation algorithm are as follows:

a) Input Data: Enter the relevant data for the distribution network, including line
topology and parameters, load powers, and parameters of harmonic sources required

for harmonic power flow calculation.

b) Matrix Formation: Construct the incidence matrices BIBC and BCBYV, as well
as the sensitivity matrix M . Initialize the node voltages V' under fundamental

frequency and the injected powers S for PQ nodes. Set the slack bus voltage

V. =1.0£0" for the fundamental power flow.

In this study, the sensitivity matrix M represents the linear relationship between nodal
current injections and voltage variations in the distribution network. It is derived based
on the network topology and line impedance parameters, and can be expressed as:
AV = M AI, where AV is the vector of nodal voltage variations and Alis the vector of

nodal current injections.

For radial distribution networks, the matrix M is typically constructed using the Bus
Injection to Branch Current (BIBC) matrix and the Branch Current to Bus Voltage
(BCBV) matrix, such that: M = BCBV x BIBC . The sensitivity matrix M isused to
efficiently update nodal voltages during the iterative power flow calculation, avoiding
repeated solution of nonlinear equations and thereby improving computational

efficiency.
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c) Parameter Setting: Define the injected active power, reactive power, or injected
currents for PV nodes and PQ nodes. Set the iteration precision € and initialize the

iteration counter k =1.

d) Iterative Calculation: Compute the 7*, AV*'and V"' for each node.

e) Convergence Check: Verify if the iteration has converged by checking if the
maximum voltage deviation satisfies max {Vk+1 - Vk} < &.If convergence is achieved,

terminate the iteration; otherwise, update the node voltages V*"'=V*" —AV*" adjust
the O"'and 7*' based on the node type models, increment the iteration counter
k =k+1, and return to step d) to continue the iteration.

) Output Results: Upon completion of the calculation, output the voltages at each

node.

Input power network-related parameters:
including network topology, line
impedance, load power, and other raw
data., etc.

Form the incidence matrices BIBC,
BCBYV, and the sensitivity matrix M,
while setting initial node voltages and
reference voltage for balance nodes.

'

Set iteration precision € and initialize
iteration count k=1.

'

Calculate each node's:

[k’ AVk+17 Vk+l

A

k=k+1

converged

k+1 k+1
maX{VkH_Vk} Calculate node O, [

Yes

Output the voltage of each node.

Figure 3-8 Flowchart of Direct Solution Method Based on BIBC and BCBV
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As illustrated in Figure 3-8, the direct solution method based on the BIBC and BCBV

matrices follows a systematic iterative process for power flow computation.

The method offers several advantages. It is simple to implement and computationally
efficient, as the use of linear equations eliminates the need for iterative procedures and
avoids convergence issues. In addition, it is widely applied in practice due to its ability

to provide sufficiently accurate results for many engineering cases.

However, certain limitations should also be noted. The accuracy of the method may be

reduced because it neglects the influence of harmonic voltages on harmonic currents.

In terms of applicability, this approach is particularly suitable for large-scale systems

or situations where detailed harmonic source data 1s limited.

Table 3-3 Comparative Evaluation of Methods

Method Pros Cons Best For
Precise, High computational
Small-scale or
Unified Method theoretically load, unstable in large _ '
academic studies
sound systems
Alternating Needs detailed Systems with
Accurate, stable,
Iteration harmonic source significant
efficient
Method models coupling
Stable, . .
Decoupled Less accurate, model- Medium-sized
moderately
Method dependent systems
efficient
Fast, simple, no Large systems
Direct Solution ) )
convergence Slightly less accurate and practical
Method ) . .
issues engineering

Common Challenge: All methods use the harmonic admittance matrix Y, , which

grows large in extensive networks, straining memory and computation. Even the
Direct Solution Method faces efficiency issues in very large systems, highlighting the

need for advanced optimization techniques.
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Selecting a harmonic power flow method depends on system size, data availability,
and accuracy needs. The Unified Method excels in precision but falters in large
systems. The Alternating Iteration Method offers a strong balance of accuracy and
efficiency. The Decoupled Method simplifies calculations with good stability, while
the Direct Solution Method prioritizes speed and practicality, making it the most
common choice in engineering. As power systems evolve, improving computational

efficiency will remain key to managing harmonics effectively.

The choice of harmonic power flow method depends on several key factors, including
the size of the system under study, the required level of accuracy, and the availability
of harmonic source models. Larger systems typically require more computationally
efficient methods, while higher accuracy requirements may necessitate more detailed
or computationally intensive approaches. In addition, the selection of an appropriate
method is influenced by whether accurate and sufficient harmonic source models are

available, as these directly affect the reliability of the analysis.

3.4 Power System Risk Assessment

3.4.1 Basic Principles of Risk Theory

The concept of "risk" has evolved alongside societal progress and found application
across a wide range of scientific disciplines. From the perspective of uncertainty, while
the loss resulting from a risk event is certain should the event occur, the occurrence of
that event remains uncertain. From the perspective of loss, risk constitutes an
evaluation of the magnitude of potential damage to an entity. Within the domain of
power systems, risk is defined as a comprehensive measure that integrates two key
dimensions: the uncertainty of loss and the consequences of that loss. This dual nature
implies that for events with identical probabilities of occurrence, the resulting impacts
may differ, leading to varying risk levels. Conversely, for events producing equivalent
impacts, differences in their probabilities of occurrence similarly yield distinct risk

profiles.

Risk is formally defined as the possibility of disasters capable of causing harm,
coupled with the severity of that harm. Risk assessment entails a systematic process
that employs a series of logical steps, enabling designers and safety engineers to

methodically evaluate potential disasters arising from equipment use. This structured
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approach supports the identification and implementation of appropriate safety
measures. To facilitate this evaluation, risk indicators are employed to quantitatively
capture the factors that determine risk levels—namely, the likelihood of an accident
and the severity of its consequences. These indicators provide a holistic representation
of an accident’s impact on the entire power system. Commonly, risk is quantified as
the product of the probability of an accident and the magnitude of its consequences,

offering a standardized metric for risk analysis.

A key advantage of risk theory lies in its applicability to individual safety concerns,
accidents, or system components. Models constructed based on risk theory exhibit a
clear parallel structure, allowing for flexibility in analysis. This structure permits the
aggregation of risk assessments for individual components or accidents into a
comprehensive evaluation of the system as a whole. Alternatively, it enables the
decomposition of an overall system risk assessment into constituent analyses of
specific components or incidents. Such a framework is particularly conducive to
parallel computation, significantly enhancing the efficiency and speed of the risk

assessment process [220].

3.4.2 Risk Calculation Methods

3.4.2.1 State Enumeration Method [221]
The state enumeration method involves systematically analyzing and calculating risk

indicators by evaluating each possible failure state of the components within a selected
set. As the number of components in the system increases, the number of potential
system states grows exponentially. For systems with a large number of electrical
components, exhaustively enumerating all operational states using current
computational technology is challenging to achieve. Consequently, a common practice
is to truncate the enumeration process at a specified level, typically defined by the

order of failures, such as second- or third-order failures.

Based on the two-state component failure model, each component can exist in one of

two states: operational or failed. Let p, and ¢; represent the probabilities of the i

-th component being operational and failed, respectively. The following expansion

holds:
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(pl+ql)(p2+q2)“'(pn+qn):1 (3.85)

The probability of a specific system state s is determined by:

Ny N,
p.=I1aI1p, (3.86)
=1 =l

Where N, and N, denotethe number of failed and operational components in state

s , respectively, and s may represent either an operational or failed system state.

The frequency of occurrence f; and duration d,of system state s are expressed

as:

£=p3% (3.87)
d =P 3.88
= (3.88)

Where A4, is the transition rate of component k& from the current state s . If the
component is operational, A, denotes the failure rate; if it is failed, 4, denotes the

repair rate. Here, » is the total number of components.

The expected value of the indicator function for all system failure states is calculated

as:

E[C]=2 C(s)p, (3.89)

seF

Where C(s) is the indicator function for failure state s, and F is the set of all

failure states.

3.4.2.2 Monte Carlo Simulation Method
1. Non-Sequential Monte Carlo Simulation
The non-sequential MCS method, also known as the state sampling method,
determines the state of each component by sampling from its respective probability
distribution. For each component, a random number ; , uniformly distributed
between 0 and 1, is generated. Assuming each component has two states—tfailed and

operational—the state s; of component i is assigned as follows [222]:
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0 if0<u, <gq,
s, = (3.90)

1 ifg <u <1
Where 0 represents the failed state, 1 represents the operational state, and ¢g; is the
failure probability of component i.

When the number of samples is sufficiently large, the frequency of a particular state

s in the samples serves as an unbiased estimate of its probability:

N
~—2 3.91
L (3.91)

Where N is the total number of samples, and N, is the number of occurrences of

state s in the samples.

Ensuring the precision of the MCS method depends on appropriate convergence
criteria. The coefficient of variation is commonly employed as a stopping criterion,
although an alternative approach is to predefine a maximum number of samples to

terminate the sampling process.
2. Sequential Monte Carlo Simulation

The sequential MCS simulation method involves randomly simulating the system’s
operational states over a specified time period. Among various approaches, the state
duration sampling method is the most commonly used. This method samples the
duration a component remains in a particular state based on its probability distribution,

typically assumed to follow an exponential distribution. The duration d; that

component i remains in a state is determined by:

d = —%ln(ui) (3.92)

1

Where wu; is arandom number uniformly distributed between 0 and 1, and /4, is the
transition rate of component i from its current state. If the component is operational,
A; 1is the failure rate; if it is failed, A, is the repair rate.

3.4.2.3 Comparison of the Two Calculation Methods
The state enumeration method and the MCS method represent two distinct approaches

to risk analysis, each with its own advantages and limitations. The choice between

129



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

them depends on the specific characteristics of the problem under consideration. Table

3-4 provides a comparison of the strengths and weaknesses of both methods.

Table 3-4 Comparison of State Enumeration and Monte Carlo Simulation Methods

State Enumeration
Aspect Monte Carlo Simulation Method
Method

Suitable for systems with
Suitable for large-scale systems
Applicability fewer components and
. o with higher failure rates.
low failure probabilities.

Can flexibly model any
Cannot effectively o
Computational probability distribution and
compute frequency and . o
Results o provide probabilistic
duration indicators.
characteristics.
Requires less
Computational o Requires more computation time
computation time and
Burden and memory space.

memory space.

Non-sequential Monte Carlo

Capable of risk _ _ '
‘ . applies to any period; sequential
Study Period calculation for any time . . o
_ Monte Carlo is typically limited to
period.

annual simulations.

In summary, the state enumeration method is computationally efficient but limited in
its applicability to smaller systems with simpler failure characteristics. Conversely, the
MCS method offers greater flexibility and is better suited for large, complex systems,

albeit at the cost of increased computational resources.

3.4.3 Risk Indicator Calculation Models

The increasing penetration of renewable energy sources, such as PV systems, into
modern distribution networks introduces significant operational challenges due to their

inherent variability and intermittency. These challenges manifest as uncertainties in
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nodal power injections and the potential for stochastic component failures, which can
precipitate operational risks such as voltage limit violations and branch flow overloads.
To address these issues, this thesis employs Probabilistic Load Flow (PLF) as a
cornerstone methodology for evaluating the behaviour of power systems under
uncertainty. This section presents a PLF model based on the Newton-Raphson method,
followed by the formulation of risk indicators to quantitatively assess the safety and
reliability of distribution networks integrated with power electronic devices and

renewable generation.

Traditional deterministic load flow analysis, which assumes fixed operating conditions,
is not well suited for systems with significant renewable energy integration,
particularly under conditions of large fluctuations caused by intermittent generation.
In contrast, probabilistic load flow (PLF) provides a more appropriate framework by
representing system variables as random quantities, thereby capturing inherent
uncertainties in system operation. In this study, the Newton—Raphson method is
adopted due to its computational efficiency and reliable convergence when solving

nonlinear power flow equations.

The PLF model in this work considers two primary sources of uncertainty. First,
stochastic nodal power injections are considered, where the outputs of PV systems,
influenced by meteorological factors such as solar irradiance, are treated as random
variables. These are typically described using probability distributions, such as normal
or Beta distributions, based on historical data or predictive models. Second, component
failure probabilities are incorporated, recognising that the operational reliability of
network elements, including transmission lines and transformers, is subject to random

failures, with probabilities estimated from historical reliability statistics.

The PLF computation leverages MCS to generate a large set of operational scenarios.
For each scenario, the Newton-Raphson method iteratively solves the power flow
equations, producing probabilistic distributions—characterized by statistical measures
such as mean, variance, and probability density functions (PDFs) for nodal voltages
and branch power flows. These distributions serve as the foundation for the risk

assessment framework detailed below.

131



Chapter 3 Theoretical Foundations and Probabilistic Methods for Harmonic Analysis, Risk Assessment, and
Optimal Active Power Filter Placement in Power Systems

3.4.4 Voltage and Branch Overload Risk Assessment

In the context of power systems, risk is defined as the potential for undesirable
outcomes resulting from uncertainties in operating conditions, such as renewable
output variability or equipment failures, and their consequent impact on system safety

over a specified time horizon. Risk is quantified through two key dimensions [223]:

Probability of Occurrence (P): The likelihood of a risk event, determined from

probabilistic models or empirical data.

Severity of Consequences (S): The magnitude of the impact on system performance

should the event occur.
The risk value R for a given event is expressed as:

R=PxS (3.93)
For a specific risk source & within the distribution network, the cumulative risk R,
across multiple events is calculated as:

N
R =) P-S, (3.94)
i=1

1

Where P and S; represent the probability and severity of the i -th risk event,
respectively, and N is the total number of events associated with the Ak -th risk
source. This formulation underpins the development of specific risk indicators for

voltage and branch flow constraints.
1. Voltage Limit Violation Risk Indicator

The integration of PV systems can induce significant voltage fluctuations across
network nodes, potentially exceeding predefined operational limits (1.05 p.u. for the
upper bound and 0.95 p.u. for the lower bound). Such violations threaten system
stability and equipment integrity. The voltage limit violation risk indicator R gjpge
quantifies this risk by integrating the probability and severity of voltage deviations
beyond acceptable thresholds. For the entire network, it is defined as:

Lgrrs [ Viower
Rpge = Zl [~ B, (v)dv+z1 [ B )-8, (vav (3.95)
i= J=

upper
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Where:

n and m denote the number of nodes exceeding the upper limit and falling below

the lower limit, respectively,

V

wper and Vi, are the upper and lower voltage thresholds,

B,(v) and B, (v) arethe PDFs of nodal voltages atnodes i and ;, derived from

PLF,

Sy, (v) and Sy (v) are severity functions for voltage violations.

The severity functions, rooted in utility theory, measure the impact of voltage

deviations and are defined as:

0, y< Vupper
S = vV .
V; (V) upper , v > Vupper (3 96)
I/max - Klpper
0’ v 2 I/lower
S = - 3.97
Vi (V) I/lower 4 , v < I/lower ( )
I/lower ~ Vmin

Here, V... and V,, represent the absolute maximum and minimum allowable
voltages. The severity ranges from 0 (no violation) to 1 (maximum deviation),

providing a normalized measure of impact.
2.Branch Flow Overload Risk Indicator

PV integration transforms traditional unidirectional power flows into bidirectional
patterns, increasing the likelihood of branch overloads when flows exceed rated

capacities. The branch flow overload risk indicator Ry, for branch i is

formulated as:
R, = L B, (p)-Sp (p)dp (3.98)

Where:

P is the rated branch flow limit adopted in this study, defined as the maximum
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allowable apparent power (or active power, depending on the modelling assumption)

that the branch can safely carry under normal operating conditions.

In this thesis, Bf“’ed is determined based on the thermal limit of the line, which is
derived from the maximum permissible current magnitude and the nominal bus voltage,
ie., P = B V" I;“ for three-phase systems (or its single-phase equivalent where
applicable).

This limit represents the steady-state thermal capacity of the conductor and is used as

the threshold beyond which branch overloading is considered to occur.

P (p) i1s the PDF of the branch power flow, obtained from PLF,
Sp(p) is the severity function for overloads.

The severity function is defined as:

rated
0, J st

S = — pe 3.99
k (p) ]r:ax ’ rated ’ p> })ijrated ( )
5B

Where B™ is the maximum allowable flow, typically set by thermal or safety

constraints. This function similarly ranges from 0 to 1, reflecting the degree of

overload severity.

In this study, the rated branch flow Pl-rjawdrepresents the normal operating limit of the

branch under steady-state conditions, while the maximum allowable flow

P[}Lax denotes an upper bound that the branch can tolerate for a short duration under
emergency or stressed conditions.
Although these two values may be treated as identical in simplified analyses, they are

intentionally distinguished here to enable a graded severity assessment of overload

conditions. Specifically, P; j“tedis used as the threshold for the onset of overload,
whereas P;}'®* defines the upper bound beyond which the operating condition is

considered critical.

This distinction allows the severity function to quantify the extent of overload in a
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continuous manner rather than as a binary condition.

3.5 Power Quality Assessment

3.5.1 Power Quality Challenges and Standards

Power quality has increasingly become an important concern due to its direct impact
on the proper functioning of electrical equipment and the reliability of power systems.
The rapid growth of industrialization and advancements in science and technology
have significantly raised both the capacity and complexity of electrical power systems,
leading to heightened sensitivity among users toward variations in power quality.
Modern electrical equipment often employs high-performance and energy-efficient
technologies, making them particularly susceptible to disturbances caused by voltage
fluctuations and harmonic distortions. Consequently, maintaining stable and high-
quality electricity supply has emerged as an essential requirement for ensuring safe

and reliable operations in industrial processes and economic activities.

Recent developments in computing, networking technologies, and market dynamics
have further complicated the management of power quality. Industrial users now
demand greater customization and flexibility, which has intensified the challenge of
optimizing electrical systems to meet diverse user needs. Issues like voltage sags,
harmonics, and frequency deviations not only pose operational risks but also cause
substantial economic losses annually. Despite significant progress in power quality
management techniques and monitoring methods, ongoing challenges remain, driven
by evolving user demands and technological complexity. Therefore, systematic and
comprehensive approaches to power quality monitoring, evaluation, and control are
necessary. Developing robust theoretical frameworks and advanced technological
solutions is essential for enhancing competitiveness, achieving stable operation of

power networks, and ensuring the provision of reliable, high-quality power services.

The International Electrotechnical Commission (IEC), headquartered in Geneva, is the
leading international authority on electric power quality standards. Its Electromagnetic
Compatibility (EMC) Standards series, which addresses power quality issues, is
structured into the following parts [224]:

1. General (IEC 61000-1-x): Introduces fundamental EMC principles and
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defines essential terms and concepts.

2. Environment (IEC 61000-2-x): Characterizes and classifies operational
environments for equipment, providing guidelines on compatibility levels for

various disturbances.

3. Limits (IEC 61000-3-x): Specifies maximum permissible disturbance levels

from equipment and immunity limits for sensitive devices.

4. Testing and Measurement Techniques (IEC 61000-4-x): Provides guidelines
for designing measurement and monitoring equipment and details testing

procedures to ensure compliance.

5. Installation and Mitigation Guidelines (IEC 61000-5-x): Recommends
installation practices to minimize emissions and enhance immunity and

describes methods for resolving power quality issues.

6. Generic Standards (IEC 61000-6-x): Establishes standards for specific
equipment categories or environments, encompassing both emission and

Immunity requirements.

The evaluation of power quality hinges on several measurable parameters, each

governed by established standards to ensure system reliability:

3.5.2 Fundamental Requirement and Characteristics of Power Quality

It is well known that electrical energy is a widely applicable form of energy that can
be converted into other types of energy and various electrical forms required in
different fields. For example, electrical energy can be directly transformed into thermal,
light, and mechanical energy for consumption. It can also be converted into non-power
frequency and non-sinusoidal waveforms to serve as a fundamental power source for

modern industry, communications, computing, and daily life.

To ensure the safe, economic transmission, distribution, and utilization of electrical
energy, an ideal power supply system should exhibit the following fundamental

characteristics:

1. The system should supply AC power to users at a single, constant nominal grid

frequency (50 Hz or 60 Hz, with 50 Hz adopted in UK) and at specific voltage
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levels (e.g., 110 kV, 35 kV, 10 kV, and 380V/220V in distribution systems).
The waveform of the supplied AC power should follow a sinusoidal function,
and these operational parameters should remain unaffected by the

characteristics of the electrical load.

The three-phase AC voltage and load current should remain balanced at all
times. Electrical equipment should draw power with maximum transmission
efficiency, achieving a unit power factor, while ensuring that different electrical

loads do not interfere with each other.

The power supply should be sufficient, ensuring uninterrupted electricity
delivery to users. The operation of electrical equipment must remain stable,
and at every moment, the power supply and demand in the system should be

balanced.

Electrical energy, often referred to as an electric product, shares fundamental attributes

with other industrial products, such as quality classification, measurement,

standardization, and control. However, due to its singular form and the distinctive

nature of its production, transmission, and consumption, power quality issues differ

significantly from conventional product quality. The key characteristics of power

quality are as follows:

l.

Dynamic Variation: Power quality in an electrical system is continuously
changing. The generation, transmission, and consumption of electrical energy
form an interconnected process, maintaining dynamic equilibrium. Variations
in grid structure and load conditions result in fluctuations in power quality

indicators across different points in the system.

System-Wide Interdependence: Electrical energy cannot be stored efficiently,
and its generation, transmission, and consumption occur simultaneously.
Power quality issues at any stage of the system impact the entire network. If
quality standards are not met, both power providers and consumers may
experience operational risks, and in many cases, entities within the system act

as both contributors to and victims of power quality disturbances.

Propagation and Latent Hazards: While electrical energy has a simple form,

power quality disturbances are complex and may not always cause immediate
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damage. Transmission lines serve as efficient conduits for disturbances,
allowing them to propagate rapidly across the grid, potentially degrading the

performance of connected equipment or even causing damage.

4. User Influence on Power Quality: In some cases, power quality is more
affected by end users than by power producers or suppliers. Electrical loads
determine current magnitude and waveform based on operational needs, often
introducing harmonic distortion. Thus, users play a crucial role in maintaining

power quality.

5. Complexity of Comprehensive Evaluation: Power quality assessment
involves multiple interrelated parameters. While individual indicators can be
compared to standard values, the combined effects of different disturbances on
system performance and equipment reliability are complex. Sensitivity to
voltage fluctuations varies across devices, making comprehensive technical
and economic evaluations challenging. Currently, no universally accepted

quantitative assessment method exists.

6. Power Quality Management as a Systemic Approach: Ensuring high-quality
power supply requires coordinated efforts from equipment manufacturers,
power utilities, consumers, standardization bodies, and regulatory agencies.
Establishing clear, applicable quality standards and agreements tailored to
different user requirements enables effective control and compliance. A
structured approach to power quality management optimizes both technical
performance and economic efficiency, ensuring a stable and reliable electrical

environment.

3.5.3  Analysis of the Proposed Evaluation Index System

This study proposes a comprehensive evaluation index system to identify power
quality weak points in distribution networks, leveraging three-phase harmonic power
flow calculations. The system integrates six indicators assessing node voltage
deviation, three-phase unbalance, harmonic distortion, and overrun risks, reflecting the
complexities introduced by distributed generation. The indicators, their types, and

significance are detailed in Table 3-5.
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Table 3-5 Power Quality Risk Assessment Indicators

Indicator Name Type Significance
Three-Phase Voltage . Reflects fundamental voltage
P1 Negative
Imbalance unbalance
Node Voltage Deviation . Measures deviation from rated
P2 Negative
Rate voltage
Average Harmonic ' Quantifies harmonic impact on
P3 ) ] Negative
Voltage Distortion Rate fundamental voltage

Harmonic Voltage
Assesses harmonic voltage
P4 Three-Phase Imbalance | Negative
unbalance
Degree

Maximum Over-limit

‘ . Evaluates voltage limit
PS Risk Value of Node Negative

violation risk
Voltage

Active Power Over-limit

Assesses branch power limit
P6 Risk Value of Node Negative

o violation risk
Injection Branch

The selected indicators are designed to fully represent the characteristics of a
distribution network system that incorporates three-phase harmonics, ensuring both
representativeness and the ability to capture differentiated impacts. These indicators
are categorized based on their relationship with power quality: those positively
correlated with power quality are classified as positive indicators, those negatively
correlated as negative (reverse) indicators, and those with an optimal intermediate
value as interval indicators. This framework enables a robust and nuanced assessment

of power quality across the network.

In this study, all selected indicators are negatively correlated with power quality,

meaning that higher values indicate poorer performance. Therefore, only negative
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indicators are considered in the proposed evaluation framework. Positive and interval-
type indicators are not included, as the selected metrics are sufficient to capture the

key characteristics of power quality degradation in the studied distribution network.
1. Three-Phase Voltage Imbalance (P1)

This indicator measures the imbalance in three-phase fundamental voltages, noting

that such unbalances increase line and transformer losses, impacting power quality.

Pl maX(| VA _Vvavg |:| VB _I/avg |9| VC _I/avg |)
V

avg

(3.100)

Where V,,, = W, and V,,Vs, V. are the fundamental voltage magnitudes

avg
of phases A, B, and C, respectively.
2. Node Voltage Deviation Rate (P2)

This indicator quantifies the deviation of actual node voltage from the rated voltage,
normalized by the rated voltage. This indicator quantifies the deviation of the actual
node voltage from the rated voltage. In this study, a voltage range of 0.93—-1.07 p.u. is
adopted. This slightly extended range, compared to the typical operational limit of
0.95-1.05 p.u., is used to capture a wider spectrum of probabilistic variations under

uncertainty and to better reflect potential extreme operating conditions.

P2 = Vs =Voedl w10 (3.101)

rated

Where V,, is the actual fundamental voltage magnitude, and V., is the rated

voltage at the node.
3. Average Harmonic Voltage Distortion Rate (P3)

This indicator averages the total harmonic distortion (THD) across the three phases to

assess harmonic pollution.

(3.102)

Where THD, isthe THD for phase x (A, B, C), V,, is the fundamental voltage,
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and V., isthe /4 -th harmonic voltage.
4. Harmonic Voltage Three-Phase Imbalance Degree(P4)

This indicator assesses the imbalance in harmonic voltages across the three phases,

similar to P1.

P4 — maX(l VA,h _I/avg,h |7‘ VB,h _I/avg,h ‘7‘ VC,h _Vavg,h D (3103)
VYavg,h
Van +Vep+Veu

Where V., = ,and Vy,, V4, Ve, are the A -th harmonic voltage

3

magnitudes.
5. Maximum Over-limit Risk Value of Node Voltage (P5)

This indicator evaluates the risk of node voltages exceeding upper or lower limits,

incorporating probability and severity.
P5=max(R, ,,R, R, )

(3.104)
R, =|, £, s,aV+[ £, (7)-5,,(V)dV

Where R;, is the risk for phase x at node i, f,uw and S,u, are the
probability density and severity functions for upper/lower limit overruns, and V.
are the limit thresholds.

6. Active Power Over-limit Risk Value of Node Injection Branch (P6)

This indicator assesses the risk of active power flows in branches exceeding limits,

similar to P5.

P6=max(R ,,R ;R )

1

(3.105)
Ri,x = J.Elp fl:l]? (P) ’ Sup (P)dP + IP[(}W fl‘()w (P) : Sl()w(P)dP

Where R;, is the risk for phase x in the branch connected to nodei, and £, /.
are power limits.

3.5.4  Design of a Comprehensive Evaluation Model for Power Quality Weak
Points

Given the complexity and multiplicity of indicators involved in evaluating power
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quality weak points, this study proposes a hybrid evaluation framework that integrates
the Analytic Hierarchy Process (AHP), Criteria Importance Through Intercriteria
Correlation (CRITIC), and Technique for Order Preference by Similarity to Ideal
Solution (TOPSIS). This approach, termed the AHP-CRITIC-TOPSIS combined
weighting method, is designed to assign higher weights to indicators exhibiting
significant numerical variability, thereby emphasizing their importance in identifying
power quality weak points. The TOPSIS model complements this by providing a multi-
criteria ranking that overcomes the limitations of single-criterion assessments,
ensuring a comprehensive, objective reflection of the actual situation and reducing the

likelihood of identical evaluation outcomes [225].

The methodology is structured into three systematic steps, as illustrated in Figure 3-9.

AHP

Original Indicator Values Expert Group Scoring Y, Subjective Weights >
Comprehensive Evaluation
Weight Results
A J
Normalized Matrix S Transition Matrix ™|  Objective Weighting  —
A
CRITIC
A

»  TOPSIS Evaluation Model

Figure 3-9 Comprehensive Evaluation Model Flowchart
1. Preprocessing of raw data using Grey Relational Analysis (GRA).

2. Determination of comprehensive indicator weights via the AHP-CRITIC combined

weighting method.

3. Construction of a weighted decision matrix and evaluation using the TOPSIS

method.

Each step is detailed below with rigorous explanations, mathematical formulations,

and justifications to ensure clarity, precision, and academic integrity.
Step 1: Preprocessing of Raw Data

The initial step standardizes the raw data to address variations in scales and units across

indicators, employing Grey Relational Analysis (GRA) for normalization and
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transformation into a comparable format.
1. Data Normalization Using GRA

The raw data matrix X =[x;],.., comprises m scenario (evaluation objects, e.g.,

power quality scenarios) and 7 indicators (e.g., voltage deviation, harmonic

distortion). Here, x; represents the original value of the ; -th indicator for the i-th
scheme. A reference value x,; is established for each indicator ; based on its type:

Positive indicators (larger values are preferable, e.g., power supply reliability):

xoj = maX, x,j .
Negative indicators (smaller values are preferable, e.g., power loss): x,;, = min, x; .

Interval indicators (an optimal value within a range is desired, e.g., voltage within a

tolerance band): Xx;is the most favorable value within the specified interval, typically

the midpoint or a predefined optimal value.

The normalized value #;

; 1s calculated using the GRA formula:

_min, |x; — X, [+&-max, | x; — x|

(3.106)

V..
! |xy_x0j|+§.maxi|x[j_x0j|

Where & 1is the distinguishing coefficient, set to 0.5 to balance resolution and
stability. This yields a normalized matrix R =[#;],.,, where r; €[0,1] reflects the

similarity of each indicator value to its ideal reference, with higher values indicating

better performance.
2. Transformation to an Intermediate Matrix

To prepare the data for weighting and ranking, the normalized matrix R is

standardized into an intermediate matrix P =[p;],., using vector normalization:

V..
Py = (3.107)
3
7
i=1

This ensures that each column Euclidean norm equals 1, eliminating unit dependencies

and facilitating multi-criteria analysis.
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Step 2: Determination of Comprehensive Indicator Weights

This step calculates comprehensive weights by integrating subjective weights from
AHP with objective weights from an improved CRITIC method, balancing expert
judgment with data-driven insights [226].

1. Subjective Weighting Using AHP

The AHP method leverages expert knowledge to assign subjective weights. A
hierarchical structure is established, with the evaluation of power quality weak points
as the goal and the » indicators as criteria. Experts perform pairwise comparisons to
assess the relative importance of each indicator, forming a judgment matrix

A=[a;], , Wwhere a; denotes the importance of indicator ; over & ona 1-9

scale (see Table 3-6 for the indicator scale).

Table 3-6 Indicator Scale for AHP Pairwise Comparisons

Scale Description
1.0 Indicators ; and A are equally important
1.2 j 1s slightly more important than &
1.4 j 1is noticeably more important than A&
1.6 j 1s strongly more important than A
1.8 j 1s extremely more important than £

1.1, 1.3, 1.5, 1.7 | Intermediate values between adjacent judgments

The eigenvector corresponding to the maximum eigenvalue A, of A iscomputed

and normalized to yield the subjective weight vector wagp =[Wanp1,--.» Wanp.. ] » Where

ZWAHP, ; =1. Consistency is verified using the Consistency Ratio (CR):
j=1

CR=
P (3.108)
CI: max n
n-1
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Where RI is the random index for # criteria. A CR < 0.1 ensures acceptable
consistency. For multiple experts (e.g., k& experts), individual weights are aggregated

using the weighted arithmetic mean:
k k
Wanp,j = Zﬁe *WaHP, j e Zﬂe =1 (3.109)
e=l e=1

Where wawp ;. 1s the weight from expert e, and f, is their assigned credibility

weight.
2. Objective Weighting Using Improved CRITIC [227]

The CRITIC method is enhanced to account for variability, inter-indicator conflict, and

redundancy. For the intermediate matrix P:

Variability: The coefficient of variation o;/p, (where o; is the standard deviation

J

and p; is the mean of column ;) measures contrast intensity.

Conflict: The absolute Pearson correlation coefficient | p; | between indicators ;

and k quantifies interdependencies, with Z(l—l P |) reflecting conflict.
k=1

. 1 .
Redundancy: Information entropy e; = ——Z piInp; (where p; is adjusted to
i=l1

avoid undefined logarithms) captures dispersion, and the inverse entropy 1-e;

emphasizes variability.

The information content ¢, is:

O-- n
¢, =213 (=] py )-(1-e,) (3.110)
P k=
The objective weight is:
C/ n
Werimic,; = 7 o ZWCRITIC,_/‘ =1 (3.111)
. _]:1

ZC]

J=1

This improvement ensures that indicators with high variability, low correlation, and

significant information content are prioritized.
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3. Comprehensive Weighting

The comprehensive weight vector w=[w,...,w,] integrates subjective and objective

weights:

W, = Wy + (1= Q@) Wegpne (3.112)
Where «a (typically 0.5) balances expert input and data properties, adjustable based
on context-specific needs.
Step 3: Construction of the Weighted Decision Matrix and TOPSIS Evaluation

This step constructs a weighted decision matrix and applies TOPSIS to rank schemes

and identify weak points.
1. Weighted Decision Matrix

The intermediate matrix P is transformed into a weighted decision matrix
V:[vij]mxn:
Vi =W Py (3.113)

2. TOPSIS Evaluation

The positive ideal solution (PIS) »* and negative ideal solution (NIS) V'~ are
defined:

Benefit indicators: v; = max, v;,v, =min, v;.

Cost indicators: v; = min; v;, v, = max; v; .

Interval indicators: v; is the value closest to the interval’s center, v; is the farthest.

Euclidean distances from PIS (S;") and NIS (S;) are:

5= S0 8 = (Y, (.114)

The closeness coefficient C; is:

C=—""_, Ce[0,1] (3.115)
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Schemes are ranked by descending C; , with lower values indicating weaker

performance (i.e., power quality weak points).

This AHP-CRITIC-TOPSIS model provides a robust and systematic framework for
power quality assessment. The GRA stage ensures consistent and standardized
processing of input data, improving comparability across indicators. The combined
AHP-CRITIC weighting method integrates both subjective expert judgement and
objective data characteristics, thereby balancing interpretability with statistical
variability. Finally, the TOPSIS method enables precise ranking of alternatives by
evaluating their relative closeness to the ideal solution, which allows weak points

within the network to be clearly identified and prioritised for improvement.

3.6 Optimization Methods for Active Power Filters [228]

3.6.1 Harmonic Mitigation Strategies: Active and Passive Approaches

Harmonic distortion poses a significant challenge in power systems due to the
proliferation of nonlinear loads, such as power electronic devices and renewable
energy interfaces. These harmonics can degrade power quality, leading to equipment
malfunctions, increased thermal stress, and reduced system efficiency [6].
Consequently, effective harmonic mitigation is imperative to ensure the reliability and
stability of electrical networks. Harmonic governance strategies are broadly classified

into two categories: active mitigation and passive mitigation.

Active harmonic mitigation aims to suppress harmonic generation at its source by
optimizing the operational conditions of harmonic-producing equipment or
redesigning their configurations [229]. One prominent technique is the application of
multi-pulse technology, where the waveforms of multiple harmonic sources are
superimposed to achieve partial cancellation of lower-order harmonic components. For
example, in a multi-pulse rectifier system, phase-shifting transformers can be
employed to align harmonic currents in opposition, effectively reducing the total
harmonic distortion (THD). Additionally, the operational states of harmonic sources
can be strategically managed based on their harmonic characteristics. Devices
exhibiting complementary harmonic cancellation properties—where the harmonic

currents of one source counteract those of another—should be operated concurrently
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to maximize suppression. Conversely, equipment with mutually reinforcing harmonic
profiles, which amplify distortion when operated together, should be spatially
dispersed or scheduled alternately to minimize cumulative harmonic effects. These
proactive measures reduce the harmonic burden on the power system without requiring

additional filtering infrastructure.

In contrast, passive harmonic mitigation involves the deployment of external devices
within the distribution network to filter or compensate for harmonic distortions. These

devices are categorized into three primary types [230]:

Passive Filters (PF): Comprising inductors, capacitors, and resistors, PFs are tuned to
specific harmonic frequencies, providing a low-impedance path that diverts unwanted
currents from the main system. While it is cost-effective and simple to implement, their
fixed tuning limits adaptability, and they may introduce resonance risks under varying

load conditions.

Active Power Filters (APF): APFs leverage power electronics to dynamically inject
compensating currents that neutralize harmonic distortions in real-time. Their ability
to adapt to fluctuating harmonic profiles and mitigate a broad spectrum of frequencies
distinguishes them from PFs. Over the past decades, advancements in control
algorithms and semiconductor technology have enhanced the maturity and efficacy of

APFs, positioning them as a preferred solution for harmonic suppression.

Unified Power Quality Conditioners (UPQC): UPQCs integrate series and shunt
active filters to simultaneously address voltage and current distortions, offering a
holistic approach to power quality enhancement. This dual functionality makes

UPQC:s particularly suitable for complex networks with diverse power quality issues.

The evolution of APF technology, in particular, has been driven by its flexibility and
efficiency, establishing it as a leading method for harmonic mitigation in contemporary
power systems. Its real-time responsiveness and capacity to handle dynamic loads

underscore its growing adoption across industrial and utility applications [231].

3.6.2 Configuration of Shunt Active Power Filters

Shunt APF represent a sophisticated approach to enhancing power quality in electrical

networks, particularly in addressing harmonic distortions. Unlike conventional passive
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inductor/capacitor (LC) filters, which are constrained to absorbing harmonic
components at fixed frequencies, APFs provide dynamic, targeted compensation. By
isolating harmonic and reactive components from the load current and injecting
compensatory currents of precise magnitude and phase, APFs effectively neutralize
distorted current components, thereby improving the overall power quality of the grid.
Owing to their better controllability and adaptability, APFs have become a cornerstone

of power quality management strategies.

Historically, the deployment of active power filters (APFs) has followed the "polluter
pays" principle, leading to decentralized configurations in which each harmonic source
is compensated individually at its point of connection. Although this approach is
suitable for simpler systems, it exhibits notable limitations in microgrids with multiple
harmonic sources. In these complex settings, APF configuration must address two key
and interdependent aspects: optimal placement (i.e., determining suitable locations)
and capacity sizing (i.e., determining appropriate capacities). These considerations are
vital for attaining effective harmonic mitigation while maintaining economic

feasibility and system stability.

The optimal configuration of APFs in multi-harmonic source microgrids hinges on
resolving two key issues: determining the installation location and specifying the
required capacity (capacity sizing). These decisions directly influence the filter

harmonic suppression performance and its interaction with the broader network.

In this study, only shunt APFs are considered. This choice is motivated by their
effectiveness in mitigating current harmonics, which are the dominant source of power
quality issues in distribution networks due to nonlinear loads and inverter-based
generation. By compensating harmonic currents at the point of common coupling,
shunt APFs can indirectly reduce voltage distortion across the network, making them

particularly suitable for system-level harmonic analysis.

In contrast, series APFs are primarily designed for voltage harmonic compensation and
are more applicable in cases where voltage distortion is the dominant concern, which
is not the main focus of this work. Hybrid APFs, while offering improved performance
through combined active and passive compensation, introduce additional modelling

complexity, parameter tuning requirements, and resonance considerations. These
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factors make them less suitable for the large-scale optimization framework developed

in this study.

Therefore, to maintain model tractability while capturing the dominant harmonic
mitigation mechanism, this work focuses exclusively on shunt APFs.
3.6.2.1 APF Placement

The placement of an APF within a power grid is a critical determinant of its ability to
mitigate harmonic currents effectively. Strategic placement enables the filter to absorb
harmonic distortions efficiently, reducing harmonic losses, preventing maloperation of
protective relays, and minimizing the risk of system resonance. Conversely,
suboptimal placement can result in overcompensation at certain nodes, degrading
power quality in areas of the network that were previously stable. In power grid with
a single harmonic source, the ideal placement is straightforward: installing the APF at
the harmonic source node ensures direct elimination of distortions before they
propagate through the network. However, in multi-harmonic source systems, a single
APF must compensate for multiple distortion sources simultaneously, rendering
perfect compensation across all harmonics unfeasible. Consequently, placement must
be optimized to direct the compensation current predominantly toward the primary

harmonic sources while avoiding overcompensation at non-harmonic nodes.

Mathematically, APF placement constitutes a mixed-integer nonlinear programming
problem due to the discrete nature of node selection within the power grid topology.
Current methodologies for addressing this challenge fall into two categories:
theoretical analysis and intelligent optimization algorithms. Theoretical approaches,
such as voltage sensitivity analysis, can identify optimal compensation points but rely
heavily on accurate mathematical models of the power network--models that are often
impractical to derive with precision in real-world power grid. As a result, intelligent
algorithms, including genetic algorithms (GA) and particle swarm optimization (PSO),
have emerged as preferred solutions. These algorithms require adaptation to
accommodate the discrete variables inherent in the placement problem, enhancing
their applicability to power grid configurations.
3.6.2.2 APF Capacity Sizing
The capacity of an APF directly governs its harmonic mitigation capability: larger

capacities provide greater compensation margins, ensuring more robust suppression of
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distortions. However, the cost of an APF is approximately linear with its capacity,
necessitating a careful trade-off between performance and economic feasibility. In
single harmonic source systems, capacity sizing is relatively simple, as the APF
capacity can be matched directly to the harmonic source output. In contrast, multi-
harmonic source systems present a more complex scenario. The compensation current
from a centrally placed APF disperses throughout the network, preventing precise
allocation to individual harmonic sources. As a result, capacity cannot be determined
by simply aggregating the capacities of all harmonic sources. Moreover, oversized
capacities risk overcompensation, which can exacerbate power quality issues rather

than resolve them.

Unlike placement, which involves discrete variables, capacity sizing is a continuous
optimization problem, making it amenable to techniques such as PSO. However, the
high-dimensional and nonlinear nature of this optimization task demands careful
algorithm design to prevent issues such as premature convergence or entrapment in

local optima.

The configuration of APFs in power grid with multiple harmonic sources entails a dual
optimization challenge: determining the optimal placement to balance compensation
across diverse sources and sizing the capacity to achieve effective harmonic mitigation
without incurring excessive costs. Placement requires navigating the discrete topology
of the network, while capacity sizing involves optimizing a continuous variable within
economic constraints. Intelligent optimization algorithms, tailored to handle both
mixed-integer and nonlinear problems, are indispensable for addressing these
challenges. The theoretical foundation for developing a comprehensive methodology
to optimize APF configuration in power grid will be elaborated in subsequent sections

of this thesis.

3.6.3  Configuration Model of Active Power Filters in Power Grids

APFs are essential devices in power systems, categorized based on their connectivity
to the grid into two primary configurations: series and shunt (parallel) structures.
Series APFs are integrated between the power source and the load through a
transformer, primarily designed to suppress harmonic voltages within the grid.

Conversely, shunt APFs, which operate as voltage-source inverters, are connected
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directly in parallel with the power system, functioning as controlled current sources.
Given that harmonic pollution in power grids predominantly originates from harmonic
currents produced by nonlinear devices, APFs are particularly effective in addressing
current distortions, which subsequently mitigate voltage distortions. As a result, APFs

have become the prevailing approach for harmonic mitigation in power systems.

The filter employs circuit to detect harmonic and reactive components within the
distorted load current. Subsequently, a compensation current generation circuit tracks
these components, generating a compensatory current equal in magnitude but opposite
in phase. This current is injected into the grid via an LCL filter, neutralizing the
distorted components and yielding a sinusoidal fundamental active current, thereby

enhancing overall power quality.

Mathematically, the grid current i, comprises the load current i, and the APF

compensation current i :
I, =10, +Ii, (3.116)

In cases where the load includes nonlinear or reactive elements, the load current i,

consists of the fundamental active current i,, harmonic components i,, and reactive

components i, :

ip=i,+i, +1i, (3.117)
The APF injects a compensation current defined as:

i, =—(i,+i,) (3.118)

Substituting this into the grid current equation, we obtain:

Q=i (3.119)

s P
This ensures that only the fundamental active current flows back into the grid,

effectively eliminating harmonic and reactive distortions.

In traditional decentralized harmonic mitigation strategies, each harmonic source is
paired with an individual APF in a "one-to-one" configuration. However, in centralized
compensation approaches for systems with multiple harmonic sources, a single high-

capacity APF is installed at a designated bus, providing compensation to multiple
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harmonic sources in a "one-to-many" arrangement. Here, the APF can be modeled as
a controllable current source that injects "anti-harmonic" currents into the grid. The

compensation current matrix is expressed as:

I =[N I T (3.120)

Where ;"™ =0 if no APF is deployed at node m . The harmonic voltage at the

nodes following compensation is calculated as:
U,=Y'd,-M,,I"™") (3.121)

Where Y represents the admittance matrix, I, is the harmonic current injection
vector from the loads, and M, is the APF placement vector, with elements set to 1

at nodes hosting an APF and 0 otherwise.

In a power grid with a single harmonic source, configuring M eI =1, results in
U, =0, achieving complete harmonic elimination. However, in systems with multiple
harmonic sources, exact compensation across all sources is infeasible due to the
distributed nature of harmonic injections. Nevertheless, optimizing the placement
vector M,y and the capacity vector I,"™ can minimize the harmonic voltage

distortion U, , thereby enhancing power quality across the grid.

This subsection establishes a model for configuring Shunt APF within power grids,
highlighting their critical role in harmonic suppression. By conceptualizing the APF
as a controlled current source, this framework supports the evaluation of both
decentralized and centralized compensation strategies. The mathematical analysis
reveals the limitations of achieving full compensation in multi-harmonic source
systems, laying the groundwork for subsequent optimization techniques to determine

the optimal placement and capacity of APFs in complex power grid environments.

In this study, the APF is modelled primarily for harmonic current compensation.
Although APFs are capable of simultaneously compensating reactive power, reactive

current compensation is not explicitly considered in the proposed model.

This assumption is made for two main reasons. First, the primary focus of this work is
on harmonic distortion and its impact on power quality, particularly in terms of voltage

distortion indices and harmonic-related risks. Including reactive power compensation
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would introduce additional control variables and coupling effects, significantly
increasing model complexity without directly contributing to the core objectives of

harmonic analysis.

Second, in many practical distribution systems, reactive power compensation is
typically addressed by other devices, such as capacitor banks or voltage regulation
equipment, and can therefore be treated as decoupled from harmonic mitigation in

steady-state analysis.

Under this assumption, the APF is simplified as a controllable current source that
injects only harmonic compensation currents, allowing a more tractable formulation

for subsequent optimization of filter placement and capacity.

3.6.4 Double-Layer Economic Optimization Model for APF Harmonic
Governance [232]

To achieve an optimal configuration of APFs in distribution networks for harmonic
mitigation, this study proposes a double-layer optimization framework that balances
economic costs with technical performance. The outer layer focuses on minimizing the
total economic cost of APF deployment, while the inner layer aims to optimize
harmonic suppression across the network. This section outlines the objective functions
and constraints for both layers, ensuring compliance with power quality standards,
operational safety, and economic feasibility.
3.6.4.1 Outer Layer Optimization Model

The outer layer optimization targets the minimization of the total economic cost
associated with APF deployment, encompassing both the initial investment and the
subsequent operation and maintenance expenses. This cost-centric approach ensures
the economic viability of harmonic governance strategies in distribution networks. The

objective function is formulated as:

min Ctotal = Cins + Cinv (3 . 122)
Where:
C.,. : Installation cost of the APFs,

C.. : Equivalent cost of investment, operation, and maintenance.
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In this study, the equivalent cost includes both the initial investment cost and the
operation and maintenance (O&M) cost converted into an annualized form. The O&M
cost is treated as a recurring expense and is aggregated over the lifetime of the APF.
To ensure consistency with the investment cost, both components are expressed as

equivalent annual costs using a capital recovery factor.
These cost components are further detailed as:

Cins =pins .NAPF (3123)

N
C'inv = pinv ' z SAPF,i (3 . 124)
i=1

Where:

P - Installation cost per APF unit (in £),
Piny - Cost per unit capacity of the APF (in monetary units per kVA),
N spr : Total number of APF units installed,

Sapr.: Capacity of the APF at node i (in kVA),

N : Total number of nodes in the distribution network.

This formulation captures both fixed costs (proportional to the number of APF units)
and variable costs (proportional to the installed capacity), providing a holistic

economic evaluation.

The outer layer optimization is subject to constraints that ensure power quality

compliance and practical feasibility:
1. Total Harmonic Voltage Distortion (THD) Constraint:

Post-APF deployment, the total harmonic voltage distortion at each node must meet

national power quality standards:

THD, <THD, (3.125)

Where:

THD,, : Total harmonic voltage distortion at node 72,
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THDy,  : Maximum allowable harmonic voltage distortion per regulatory standards

(e.g., IEEE Standard 519).
2. Individual Harmonic Voltage Content Constraint:

The harmonic ratio for each harmonic order at every node must also comply with

specified limits:

HR, <HR (3.126)

Where:

HRy,, : Harmonic ratio of the /4 -th harmonic at node 7,
HRy, .. : Maximum allowable harmonic ratio for the /4 -th harmonic.

3. APF Capacity Constraint:

The capacity of each APF is determined by the harmonic currents it must compensate.
While larger capacities enhance redundancy and harmonic suppression, they also
increase costs due to the higher expense of components like insulated gate bipolar

transistors (IGBTs) and circuit breakers. The rated capacity is calculated as:
H

Saves =4 2L, ) (3.127)

h=1
Where:

1., ; : Compensation current for the 74 -th harmonic at node i (in A),

H : Highest harmonic order considered for compensation.

This constraint ensures that the APF capacity is sufficient for effective harmonic
mitigation without leading to excessive and uneconomical oversizing.

3.6.4.2 Inner Layer Optimization Model
The inner layer optimization seeks to maximize the harmonic mitigation effectiveness
across the distribution network. The objective is to minimize the root mean square
(RMS) of the total harmonic voltage distortion across all nodes, ensuring a uniform

improvement in power quality. The objective function is defined as:
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N
min \/%Z(THDU” )? (3.128)
n=1

Where:
N : Total number of nodes in the network,

THDy, : Total harmonic voltage distortion at node 72.

This RMS-based metric prioritizes a balanced reduction of harmonic distortion

throughout the network, aiming for an optimal comprehensive compensation effect.

The inner layer incorporates constraints to ensure the safe, stable, and physically

consistent operation of the distribution network:
1.System Operational Safety Constraints:
Voltage and current magnitudes must remain within permissible operational limits:

U,

min

<U <U Vne N
n max (3 129)
I, <1, V branches ij

Where:

U, : Voltage magnitude at node 7z (in kV),

U min » U max - Minimum and maximum allowable voltage magnitudes (in kV),
I; : Current magnitude in branch ij (in A),

I ,.x : Maximum allowable branch current (in A).

2. AC/DC Power Flow Constraints:

Power flow equations must be satisfied for both AC and DC sections of the network:

vy,
P = A cos(g, +6,-9;)

i

(3.130)

v,
9, = Z sin(6; +6,-9;)

p
Where:

P, 0, : Active and reactive power flows in branch ij,
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U,,U,: Voltage magnitudes at nodes i and j (in kV),

Z;,0; : Impedance magnitude and angle of branch ij,

0:,0;: Voltage phase angles at nodes i and j (inradians).
Nodal power balance equations are also enforced:

jeN (@)

Qi = QDG,i _QL,i = Z Qz_]

jeN (i)

(3.131)

Where:

Py, Op.i: Active and reactive power from distributed generation (DG) at node i (in

(kW and kVar),
B ;, 0., : Active and reactive load demands at node i (in (kW and kVar),
N (i): Set of nodes connected to node .

3. Distributed Generation (DG) Operational Constraints:

DG units must operate within their rated capacities, and their total penetration must

not destabilize the network:

0< Sy, <Shet VieNy
Z SDGJ < //{’max l)E (3132)

ieNpg
Where:
She.; - Apparent power output of the DG at node i,
Shed: Rated capacity of the DG at node i,
Nps : Set of nodes with DG installations,
Amax - Maximum allowable DG penetration rate,
F; : Total rated active power of the distribution network.

This double-layer optimization model integrates economic and technical objectives for
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APF harmonic governance in distribution networks. The outer layer minimizes the
total cost of APF deployment, balancing installation and operational expenses, while
adhering to power quality standards. The inner layer optimizes harmonic mitigation by
reducing the RMS of voltage harmonic distortion across all nodes, subject to
operational safety, power flow, and DG constraints. This framework provides a
methodology for achieving cost-effective and high-quality power distribution, suitable

for networks with significant harmonic pollution and distributed generation.

3.6.5 Particle Swarm Optimization: A Bio-Inspired Approach to
Optimization [233]

3.6.5.1 Origins and Conceptual Framework
The evolution of optimization methodologies in the late 20th century marked a
significant departure from conventional computational strategies toward biologically
inspired paradigms. Among these, Swarm Intelligence (SI) emerged as a prominent
field, drawing from the coordinated behaviours observed in natural collectives such as
fish schools and insect societies. Within this domain, Particle Swarm Optimization
(PSO), developed by J. Kennedy and R.C. Eberhart, stands out as a widely adopted
algorithm [234]. PSO emulates the social dynamics of bird flocks foraging for food,
representing potential solutions as particles that traverse a multidimensional search
landscape. These particles iteratively refine their positions by leveraging both
individual insights and shared swarm knowledge, guided by a fitness function that
quantifies solution quality. This section outlines the operational mechanics of the
standard PSO algorithm, its critical parameters, inherent shortcomings, and advanced

modifications aimed at enhancing its efficacy.

In the standard PSO model, a swarm comprises multiple particles, each defined at
iteration k by its velocity v/ and position x/ within a D-dimensional problem
space, where x/ denotes a prospective solution. The algorithm updates these
attributes iteratively using the following equations:

V'k+1:wvik_'_cl.rl'(pllji_xik)_'_CZ'r2.(gf/:_xfk) (3.133)

1

k+

=X (3.134)

Where:
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o : The inertia weight, which moderates the influence of the particle prior velocity.
¢, : The cognitive coefficient, governing the particle attraction to its personal best
position pj; .

¢, : The social coefficient, dictating the particle alignment with the swarm global best
position g .

71 and 7 : Random variables drawn uniformly from [0,1], injecting stochastic

variation into the updates.

These equations integrate three fundamental influences:
1. Inertia Term ( v} ): Maintains the particle’s momentum from its previous trajectory.

2. Cognitive Term (¢, -7 -(pi; —x!)): Drives the particle toward its historically best-

known position.

3. Social Term (¢, -r -(gr —xF)): Pulls the particle toward the swarm’s collectively

optimal solution.

The process repeats until a predefined stopping condition is satisfied, such as reaching
a maximum iteration count or achieving an acceptable fitness threshold.

3.6.5.2 Core Parameters Shaping PSO Performance
The success of PSO hinges on the careful calibration of several parameters, which
collectively determine the algorithm’s balance between exploration (searching new

regions) and exploitation (refining known solutions):
1. Swarm Size (N )

The number of particles influences the algorithm’s capacity to survey the search
domain. A larger swarm bolsters wider exploration but escalates computational cost,
whereas a smaller swarm risks may miss optimal solutions. Common swarm sizes

range between 40 and 100 particles.
2. Inertia Weight (@)

This parameter regulates the persistence of a particle’s prior velocity. A higher @
favors expansive exploration, while a lower value emphasizes localized refinement.

Dynamic adjustment of @ is often employed to optimize this trade-off over time.
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3. Acceleration Coefficients (¢, and c¢,)

The coefficients ¢, and ¢, dictate the weight of individual versus collective
experience. Nullifying ¢, diminishes a particle self-directed search, risking
premature convergence, while setting ¢, =0 isolates particles, undermining swarm

synergy. Typically, values such as ¢, =¢, =2 are adopted for balance.
4. Velocity Constraint (v, )

A cap on velocity limits the magnitude of positional shifts, preventing particles from
overshooting promising areas. An overly high v,, may cause erratic movement,

while a restrictive cap can confine the swarm to suboptimal zones. This parameter is

often scaled to the problem domain’s bounds.

3.6.5.3 Challenges in Standard PSO and Mitigation Strategies
While the standard PSO algorithm is computationally efficient and conceptually

straightforward, it encounters difficulties in complex optimization tasks:

Early Convergence: Particles may coalesce prematurely around local optima,

particularly in problems with multiple peaks.

Search Stagnation: Over time, particle diversity diminishes, stalling progress toward

the global optimum.

To overcome these issues, researchers have introduced refinements, especially for

continuous, nonlinear problems like those in electrical engineering optimization:
1. Time-Varying Inertia Weight (TVIW)
The inertia weight is progressively reduced over iterations to shift from broad

exploration to precise exploitation:

a)(k) = Wyt _(a)start - a)end)'ki (3135)

total

Where:
Wy - Starting inertia weight (e.g., 0.9),
W - Ending inertia weight (e.g., 0.4),

k : Current iteration,
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k.o - Total iterations.

This approach promotes extensive searching initially and focused convergence later.

2. Dynamic Tuning of Acceleration Coefficients

The coefficients €1 and ¢2 are adjusted nonlinearly to enhance adaptability:

c,(k)= Coimit T (Ci,ﬁnal - Ci,im't) : (1 - COS( 7k jj (3.136)
2ktotal

Where:

C;.imi - Initial value of ¢;,
Cimna - F1nal value of ¢;.

This method amplifies early diversity and ensures late-stage convergence.

These adaptations bolster PSO resilience, mitigating early entrapment and stagnation

while expediting the identification of globally optimal solutions.

PSO harnesses the collective behaviour of natural swarms to address intricate
optimization challenges. Though effective in its basic form, the standard algorithm is
prone to premature convergence and reduced effectiveness in prolonged iterations. By
implementing adaptive adjustments to parameters such as inertia weight and
acceleration coefficients, PSO performance is markedly improved, rendering it more
adept for demanding applications, including power system optimization. These
enhancements strike an optimal balance between global exploration and local

refinement, ensuring robust and efficient solution discovery.

3.7 Summary

This chapter outlines the methodological framework for analyzing uncertainties,
harmonics, risks, and optimizations in power systems. It is structured into six sections:
probabilistic and statistical foundations (3.1), distributed generation modeling (3.2),
harmonic power flow analysis (3.3), risk assessment (3.4), power quality evaluation

(3.5), and active power filter optimization (3.6).
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The chapter introduces essential tools, including the three-point estimation method and
MCS for probabilistic power flow; Newton-Raphson and correlation modeling for
distributed generation; harmonic source models and calculation methods; state
enumeration and MCS for risk indicators; a comprehensive index system for power

quality; and particle swarm optimization for active power filters.

The probabilistic and harmonic power flow models developed here form the basis for
Chapter 4, where the three-point estimation method is applied to evaluate uncertainty
propagation in distribution networks. The probabilistic framework is further extended
in Chapter 5 through a three-phase MCS analysis to study stochastic harmonic and risk
characteristics. Finally, the optimization concepts introduced in this chapter support
the design and configuration of active power filters in Chapter 6, improving system

power quality and harmonic mitigation performance.
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Chapter 4 Probabilistic Power Flow
Calculation Using the Three-Point Estimation

Method

4.1 Introduction

This chapter analyses probabilistic power flow in a radial distribution network with
uncertain loads and distributed generation (PV and wind). A three-point estimation
method (3PEM) with Copula/Nataf dependence is used to obtain statistics of voltages,

branch powers, and losses with few deterministic runs.

The objectives of this chapter are to develop and evaluate a probabilistic analysis
framework based on the 3PEM combined with Copula modelling. First, a clear 3PEM—
Copula workflow is established for the IEEE 33-bus distribution system. The accuracy
of the proposed approach is then verified through comparison with Monte Carlo
Simulation (MCS), focusing on key statistical measures such as mean values and

standard deviations.

In addition, the study is extended to probabilistic harmonic power flow analysis by
incorporating harmonic sources at selected nodes (e.g., buses 18, 21, and 33), and by
evaluating total harmonic distortion (THD) statistics across the network. The impact
of input correlations, including load—load, load—PV, and load—wind relationships, on
system performance indicators such as power losses, line flows, and voltage profiles
is also quantified. Finally, an error analysis is conducted to assess the performance of
3PEM, highlighting the conditions under which it aligns closely with MCS results as

well as scenarios where notable discrepancies arise.

The motivation for testing the 3PEM in this chapter is to investigate its effectiveness
in addressing the computational challenges associated with probabilistic power flow
analysis in distribution networks with multiple sources of uncertainty. Although MCS
provides highly accurate results, its computational burden becomes prohibitive when

a large number of uncertain variables and scenarios are involved.
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Therefore, 3PEM is explored as a more efficient alternative that can significantly
reduce the number of required power flow evaluations while still capturing key
statistical characteristics of system outputs. This chapter aims to evaluate the accuracy
and applicability of 3PEM under practical operating conditions, particularly in the
presence of correlated uncertainties. The performance of 3PEM is validated through
comparison with MCS results, ensuring that the proposed method maintains an

acceptable level of accuracy while improving computational efficiency.

All simulations, programming, and numerical analyses in this study were conducted

in MATLAB (R2021b) Update 7 environment.

4.2 Calculation process

Probabilistic power flow (PPF) analysis in distribution networks with uncertain loads
and distributed generation (DG) requires modeling of stochastic inputs to capture their
variability and interdependencies. The three-point estimation method (3PEM)
addresses this by selecting three representative points from the probability
distributions of these inputs, performing a limited number of deterministic power flow
calculations based on those points, and using the results to approximate the probability
distributions of output variables (e.g., node voltages, branch powers). This approach
bridges the modeling of inputs to outputs by leveraging statistical moments to
propagate uncertainty efficiently, without the computational burden of full MCS. This
section details the computational procedure for PPF analysis using the 3PEM,
leveraging statistical moments and dependency modeling via Copula functions. The

method is validated against a flowchart and consists of the following steps:
Step 1: Input the Raw Data of the Distribution Network
The procedure begins with the input of the distribution network’s raw data, including:

1. Network Topology and Line Parameters: The topological structure (nodes and

branches) and electrical parameters (e.g., resistance, reactance) of the network.

2. Load Parameters: Statistical characteristics of nodal loads, represented by mean

values and standard deviations to capture demand uncertainty.
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3. DG Output Characteristics: Statistical distributions of DG outputs (e.g., wind, solar),
including distribution type (e.g., normal, Weibull) and parameters (e.g., mean,

variance).
These establish the foundation for probabilistic analysis.

Step 2: Compute the Spearman Rank Correlation Coefficient Matrix Using
Copula

Dependencies among the m input random variables X, (e.g., loads, DG outputs)
are modeled using a multi-dimensional Copula function. The Spearman rank
correlation coefficient matrix Cy, 1is computed to quantify the monotonic
relationships among X;. Spearman correlation is selected for its robustness over

Kendall correlation, with a Gaussian Copula typically employed for simplicity, though

alternatives may be explored for complex dependencies.

Step 3: Compute the Correlation Coefficient Matrix of Standard Normal

Variables

For each random variable X;, calculate its mean 4; and standard deviation o;.

Transform JX; into independent standard normal variables Z; using the inverse
cumulative distribution function (CDF). Compute the correlation coefficient matrix

C, of Z,, preserving the dependency structure in the standard normal space.
Step 4: Perform Cholesky Decomposition

Decompose C, using Cholesky decomposition to obtain a lower triangular matrix
B such that C, = BB" . This matrix facilitates the generation of correlated standard

normal variables, ensuring adherence to the specified correlation structure.
Step 5: Compute Estimation Points and Transform Back to the Original Space

To handle correlations properly, first work in the independent standard normal space.
Apply the 2m+1 Point Estimate Method (PEM) to compute estimation points and
weights. For each of the m variables, define two off-center points per variable (to
match mean and variance, assuming zero skewness for simplicity) and one central

point. The locations in the independent space Uare set as follows: for the k-th

variable's pair, U, = +v3, U;.;x = 0; for the central point, all U; = 0. Weights are
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Wi+ = 1/(2m)for off-center points and w, = 1 — 1/m for the central weight; in this

formulation, the central weight is always non-negative for m > 1, and the sum of all
weights equals 1. Therefore, no negative weight issue arises in this simplified
implementation. Negative weights may arise in more general point estimation schemes
that incorporate higher-order moments (e.g., skewness or kurtosis), but such effects
are not present under the current zero-skewness assumption. Transform to correlated
normal space: Z, = BU, . Then, transform back to the original space: X, =
FY(®(Z)) (or X, =p+ o+ Z,if normal), yielding the sample matrix X, with

2m + lestimation points.
Step 6: Initialize the Counter

Set the iteration counter j =1 to begin processing the estimation points.

Step 7: Compute Estimation Points for State Variables

For the j-th estimation point in X, , compute three estimation points for each state

variable (e.g., voltages, flows) using the mean, standard deviation, and position
coefficients (0, 1) of the input variables. These points represent the deterministic

scenarios for power flow analysis.
Step 8: Perform Power Flow Calculations for Each Estimation Point

Conduct a deterministic power flow calculation for each estimation point in X, ,

obtaining state variable values (e.g., voltage magnitudes, phase angles, branch flows).

Record these results for all 2m+1 points.
Step 9: Compute the Raw Moments of the Output Variables

Calculate the raw moments of output variables (e.g., mean, variance) using the power

flow results and weights:

2m+1

E[Y*]=Y wY
r=l1

where Y, is the output value at the 7 -th point, and w, is its weight.

Step 10: Fit the Probability Distribution of the Output Variables
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Fit the probability distribution of output variables using the Cornish-Fisher series
expansion, based on the computed raw moments. This method approximates the

cumulative distribution function, capturing the statistical behaviour of outputs.
Step 11: Repeat the Calculations

Increment j=j+1 andrepeat Steps 7-10until j>2m+1 orapredefined accuracy

(e.g., moment convergence) is achieved.
Step 12: Output the Final Results

Summarize the results to derive the final probability distributions of output variables,

providing a comprehensive statistical description of the network under uncertainty.
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Input the original data of the distribution network

v

Describes the correlation between the random variables Xi

v

Compute the Spearman rank correlation coefficient matrix
Cx using multivariate Copula

Y

Compute the correlation coefficient matrix Cz of correlated
standard normal variables

v

Perform Cholesky decomposition on Cz to obtain lower
triangular matrix B

Y

Compute the estimation points in independent standard
normal space and transform to original space to obtain
sample matrix Xr

v

Initialize j=1

Y

Perform deterministic power flow on the j-t/ estimation
point in X7 to compute system state variables

Y

Record state variable values for this point

No Increment

J=i+1

Yes

Compute raw moments of output variables using weighted
sum over all points

v

Fit probability distributions of active/reactive power, node
voltage magnitudes, and angles using Cornish-Fisher
expansion

End

Figure 4-1 Flowchart of the Probabilistic Power Flow Analysis Using Copula and

Nataf Transformation-Based 2m+1 Point Estimate Method
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4.3 Example Illustration, Network Parameters, and Topology

The IEEE 33-node test system is utilized to validate the stochastic power flow model
for distribution networks proposed in this study, which is based on the three-point
estimation method (2m+1 PEM). The node topology is illustrated in the Figure 4-2.
The base voltage V; of the IEEE 33-node radial distribution system is 12.66 kV, and
the base capacity is 100 MWA. Node 1 serves as the slack bus with a voltage of 1.00
per unit (p.u.) (phase angle 0°). Loads are assumed to follow a normal distribution,
with means adopted from standard IEEE data and a standard deviation of 20% of the
mean active power to capture demand uncertainty. A constant lagging power factor of
0.95 is assumed for all loads. The system comprises 32 branches. Detailed branch
impedances and base nodal loads are as per Baran and Wu [235]. To evaluate the
effectiveness of the proposed algorithm, its results are compared with those obtained
from 10,000 MCS, assuming the same input distributions and using mean, variance,

and distribution fits of output variables (e.g., voltages, flows) as metrics. Node loads

and branch impedances are listed in Table AP 4 (adopted from standard datasets).

1981923828 BZl22

Figure 4-2 Topology of IEEE 33-bus System
The parameters of PV cell modules (modeled with Beta-distributed irradiance) and
wind turbines (modeled with Weibull-distributed wind speeds) are presented in Table
4-1 and Table 4-2, respectively. Distributed generation sources are modeled as PQ

nodes, with their output treated as negative load injections.
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Table 4-1 Relevant Parameters of Photovoltaic Cells

Access Total Area | Photoelectric Mean a B
Node (m?) Conversion Output
Efficiency (MW)
(“o)
21 3150 13.44 0.1230 3.1253 7.7432
33 3150 13.44 0.1230 2.7732 6.7782

Table 4-2 Relevant Parameters of Wind Turbines

Access Cut-in | Cut-out Rated Rated K C
Node Wind Wind Wind Output
Speed Speed Speed MW)
(m/s) (m/s) (m/s)

18 4 25 15 0.2000 4.1416 11.8003

The parameters of the Beta and Weibull distributions used in this study are derived
based on representative statistical characteristics of renewable energy sources reported
in the literature, combined with typical operational profiles of photovoltaic generation

and wind speed.

For photovoltaic systems, solar irradiance is commonly modeled using a Beta
distribution due to its bounded nature and asymmetric variability. The shape

parameters (o, [3) are obtained by matching the mean and variance of normalized solar

irradiance data, which are inferred from typical daily irradiance profiles under standard
meteorological conditions. The corresponding PV output is then calculated based on

panel area and conversion efficiency.

For wind power generation, wind speed is modeled using a two-parameter Weibull
distribution, which is widely accepted for representing wind characteristics. The scale
parameter (c) and shape parameter (k) are estimated based on typical wind speed

distributions reported for similar distribution-level studies, ensuring realistic
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representation of variability. These parameters are consistent with commonly used

values in probabilistic power flow and renewable integration studies.

It should be noted that the adopted distributions are not based on a specific measured
dataset, but are selected to represent typical stochastic behaviour of renewable
generation in distribution networks. This approach is widely used in probabilistic

analysis to ensure generality and comparability of results.

4.4 Computational Results and Analysis

The moments of various orders for the output of photovoltaic and wind power sources
are listed in Table 4-3. The first-order moment of each distributed generation source’s
output corresponds to its expected value, while the second-order moment represents

the variance of the output fluctuations.

It should be noted that the first-order moments of PV and wind outputs appear as
negative values because distributed generation 1s modelled as negative power injection
(i.e., negative load) in the power flow formulation. Therefore, the negative sign reflects

the modelling convention rather than negative physical generation.

Table 4-3 Moments of Distributed Generation Sources

Moments of PV1 Moments of PV2 Moments of Wind
Order of Moments
Output Output Power Output
1st Order -0.113715 -0.122872 -0.1202929
2nd Order 0.009102 0.007578 0.006281
3rd Order 0.000844 -0.001059 -0.000649
4th Order 0.000149 0.000171 7.8489¢e-05
5th Order 1.8848e-05 -2.9283e-05 -1.0006e-05

The first-order raw moment ( 24 = E[ X]) is the mean, representing the expected value

or central tendency of the variable.

The second-order raw moment ( 1, = E[(X — E[X])?) is used to derive the variance,

which measures dispersion around the mean.
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The third-order raw moment ( 15 = E[(X — E[X])’) is used to derive the third central

moment, which measures skewness (asymmetry of the distribution; standardized

skewness = third central / 6"3).

The fourth-order raw moment ( u, = E[(X — E[X])*) relates to the fourth central

moment, describing kurtosis (tailedness; excess kurtosis = (fourth central / *4) - 3,
where 0 indicates mesokurtic like normal, positive leptokurtic with heavy tails,

negative platykurtic with light tails).

The fifth-order raw moment ( x5 ) contributes to higher-order asymmetry assessments,

useful for non-Gaussian distributions in Cornish-Fisher approximations.

The statistical moments of network loss are summarized in Table 4-4. The first-order
moment (mean) is 0.166 MW, which is lower than the typical deterministic value of
approximately 0.203 MW for the IEEE 33-bus system without distributed generation.
This reduction (approximately 18%) reflects the impact of PV and wind integration in

reducing network losses through local power injection.

The second-order raw moment corresponds to E[X?], from which the variance is
calculated as Var(X) = E[X?] — (E[X])?. Based on the obtained values, the variance
is approximately 0.00059 MW?2, yielding a standard deviation of about 0.024 MW.
This indicates moderate variability in network losses despite the uncertainty in
distributed generation outputs, which can be attributed to the partial balancing effect

between local generation and load demand.

Higher-order moments are used to characterize the shape of the distribution. The
standardized skewness, derived from the third-order moment, is positive
(approximately 2.8), indicating a right-skewed distribution with a higher probability
of larger loss values under certain operating conditions. The excess kurtosis, derived
from the fourth-order moment, is close to zero (approximately 0.1), suggesting a near-

normal tail behaviour with slight deviation.

The fifth-order moment is small and positive, which is consistent with mild higher-
order asymmetry. Overall, these results indicate that while the loss distribution is
approximately symmetric in terms of tail behaviour, it exhibits noticeable skewness

due to stochastic variations in distributed generation.

173



Chapter 4 Probabilistic Power Flow Calculation Using the Three-Point Estimation Method
Compared with Monte Carlo Simulation (10,000 samples), the moments obtained
using the point estimation method are expected to show close agreement, while
requiring significantly fewer evaluations (2m+1 = 71 for m = 35), demonstrating the

computational efficiency of the proposed approach.

Table 4-4 Moments of Network Loss

1st 2nd 3rd 4th 5th
Order Order Order Order Order

Network Loss
(MW)

0.166344 | 0.028247 | 0.004889 | 0.000861 | 0.000154

2500 -,
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Figure 4-3 Node Voltage Probability Distributions

Figure 4-3 presents the probability density functions (PDFs) of nodal voltages across
the IEEE 33-bus system. The x-axis represents node indices (1-33), the y-axis denotes

voltage magnitude in per unit (p.u.), and the z-axis indicates probability density.

The voltage PDFs at head-end nodes (e.g., Nodes 1-3) exhibit highly concentrated
peaks within the range of approximately 0.95-1.0 p.u., indicating low variability and

strong voltage stability. This behaviour is attributed to the proximity of these nodes to
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the slack bus, where voltage regulation is most effective and less influenced by

downstream uncertainties.

In contrast, nodes located further along the feeder exhibit broader distributions,
reflecting increased sensitivity to stochastic load variations and distributed generation
(DG) fluctuations. At DG-connected nodes (e.g., Node 18 for wind generation and
Nodes 21 and 33 for photovoltaic systems), local power injections partially offset
voltage drops along the feeder. As a result, the voltage distributions at these nodes
remain relatively concentrated, typically centred within the range of 0.92-0.95 p.u.,

although with slightly increased dispersion compared to upstream nodes.

A close agreement is observed between the results obtained using MCS and the Nataf—
3PEM approach, as indicated by the overlap between the blue solid lines MCS and red
dashed lines 3PEM. This confirms the capability of the proposed method to accurately

capture the probabilistic characteristics of nodal voltages.
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20
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10 4

Figure 4-4 Branch Active Power Probability Distributions
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Figure 4-4 illustrates the probability density functions of active power flows across the
branches of the IEEE 33-bus system. The x-axis represents branch indices, the y-axis

denotes active power flow (MW), and the z-axis corresponds to probability density.

Branches located near the source (head-end branches) exhibit relatively wider
distributions of active power flow, reflecting their role in transmitting aggregated
power to downstream nodes. The spread of these distributions indicates higher

variability due to the cumulative effect of stochastic loads and distributed generation.

In contrast, branches located near the end of the feeder (tail-end branches) show more
concentrated distributions with higher probability density peaks. These branches
typically carry lower power levels and are influenced primarily by local load and

generation conditions, resulting in reduced variability.

Overall, the probabilistic behaviour of branch power flows demonstrates the spatial
propagation of uncertainty along the radial network, with variability decreasing toward
the feeder end. The close overlap between MCS and 3PEM results further validates

the accuracy of the proposed probabilistic modelling approach.
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Figure 4-5 System Network Loss Probability Fluctuation Curve

176



Chapter 4 Probabilistic Power Flow Calculation Using the Three-Point Estimation Method
Figure 4-5 presents the probability density function of total system network losses.
The distribution exhibits a positively skewed shape, with a mean value of
approximately 0.167 MW. Compared to the deterministic baseline value of
approximately 0.203 MW (without distributed generation), this represents a reduction
of around 18%, demonstrating the effectiveness of distributed generation in reducing

network losses through localized power supply.

The positive skewness indicates that while most operating conditions result in
moderate loss levels, there remains a non-negligible probability of higher losses under
certain scenarios, such as reduced renewable generation or increased load demand.
This observation is consistent with the higher-order moment analysis presented in

Table 4-4.

The results obtained using the Nataf~3PEM method closely match those from MCS,
with only minor deviations observed in the tails of the distribution. These differences
are primarily due to the approximation of higher-order moments in the point estimation
method. Nevertheless, the overall agreement confirms that the proposed method
provides an accurate and computationally efficient alternative to full Monte Carlo

simulation.

The statistical moments of nodal voltages across the IEEE 33-bus system are
summarized in Table 4-5. The first-order moments, corresponding to the expected
values of nodal voltages, range from approximately 0.997 p.u. at upstream nodes (e.g.,
Node 2) to 0.919 p.u. at downstream nodes (e.g., Node 33). This trend reflects the
typical voltage drop along radial distribution feeders due to line impedance and load

accumulation.

At nodes with DG, such as Node 18 (wind) and Node 21 (photovoltaic), the mean
voltage levels are noticeably higher compared to adjacent nodes, indicating that local
power injection partially compensates for voltage drops. As a result, DG contributes
to voltage support and improves the overall voltage profile, particularly in the

downstream sections of the network.

It is observed that several nodes, particularly in the mid- and end-sections of the feeder
(e.g., Nodes 7-18 and 26-33), exhibit mean voltage values below 0.95 p.u. While these

values do not necessarily indicate voltage limit violations, they suggest increased
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sensitivity to operating conditions and potential risk of undervoltage under adverse
scenarios. These values represent statistical expectations derived from probabilistic

analysis rather than deterministic steady-state operating points.

The second-order raw moments indicate that voltage variability remains relatively low
across the system. The corresponding standard deviations are generally below 0.02
p-u., suggesting that voltage fluctuations are limited despite the presence of stochastic
load and distributed generation. This indicates a relatively stable voltage profile under

uncertainty.

Higher-order moments provide further insight into the distribution characteristics. The
third-order moments indicate predominantly negative skewness, implying a slight bias
toward lower voltage values and a higher likelihood of undervoltage conditions
compared to overvoltage scenarios. The fourth-order moments suggest kurtosis values
close to that of a normal distribution, with slight deviations indicating mildly

platykurtic to near-mesokurtic behaviour.

Overall, the results show that voltage variability tends to increase toward the
downstream nodes, while distributed generation plays a mitigating role by improving
voltage levels and reducing the severity of voltage drops. The consistency of these
statistical characteristics with the physical behaviour of radial distribution systems

further supports the validity of the probabilistic modelling approach.

Table 4-5 Moments of Node Voltage

Node 1st Order | 2nd Order | 3rd Order | 4th Order | Sth Order

Index
2 0.997334 0.994675 | 0.992023 | 0.989378 | 0.986741
3 0.984394 0.969032 | 0.953911 | 0.939027 | 0.924376
4 0.977766 0.956028 | 0.934776 | 0.913997 | 0.893683
5 0.971257 0.943343 | 0.916235 | 0.88991 0.864344
6 0.954999 0.912033 | 0.87101 0.83184 0.794441
7 0.947251 0.897299 | 0.849994 | 0.805197 | 0.762772
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8 0.943253 0.889743 | 0.839284 | 0.7917 0.746829
9 0.938379 0.880573 | 0.826347 | 0.775477 | 0.727754
10 0.93397 0.872323 | 0.814766 | 0.761026 | 0.710849
11 0.933343 0.871152 | 0.813127 | 0.758987 | 0.708471
12 0.932286 0.869182 | 0.810371 | 0.755561 | 0.704478
13 0.928187 0.861561 | 0.799746 | 0.742391 | 0.689175
14 0.926779 0.858953 | 0.796121 | 0.737914 | 0.683989
15 0.926193 0.857869 | 0.794617 | 0.73606 0.681846
16 0.925816 0.857173 | 0.793654 | 0.734876 | 0.680481
17 0.925809 0.857166 | 0.793654 | 0.734886 | 0.680504
18 0.92618 0.857857 | 0.794618 | 0.736081 | 0.681894
19 0.996977 0.993964 | 0.990959 | 0.987964 | 0.984978
20 0.994952 0.989932 | 0.984938 | 0.979971 | 0.97503

21 0.994699 0.989427 | 0.984186 | 0.978975 | 0.973793
22 0.994063 0.988163 | 0.9823 0.976475 | 0.970686
23 0.980812 0.961995 | 0.94354 0.92544 0.90769

24 0.974149 0.948971 | 0.924448 | 0.900563 | 0.877299
25 0.970827 0.942513 | 0.915031 | 0.888357 | 0.862467
26 0.945533 0.894048 | 0.845382 | 0.799379 | 0.755893
27 0.943265 0.889768 | 0.839321 | 0.79175 0.746891
28 0.933095 0.870696 | 0.812498 | 0.758217 | 0.707586
29 0.925838 0.857218 | 0.793723 | 0.734967 | 0.680594
30 0.922812 0.851631 | 0.785984 | 0.725439 | 0.669595
31 0.919866 0.846207 | 0.778498 | 0.716252 | 0.659026
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Figure 4-6 Comparison of Expected Value of Voltage Amplitude at Each Node
The node voltage profile shown in Figure 4-6 reflects the combined effects of network
topology and distributed generation on voltage distribution across the IEEE 33-bus
system. In this study, the primary reference for voltage regulation is the slack bus
(Node 1), which maintains a fixed voltage of 1.0 p.u. Therefore, the voltage magnitude
at each node is strongly influenced by its electrical distance from the slack bus rather

than solely by the presence of local generation.

As expected in radial distribution networks, voltage magnitudes generally decrease
along the feeder due to cumulative line impedance and power flow. Nodes located
further from the slack bus, such as Node 18 and Node 33, exhibit lower voltage levels,
with values of approximately 0.926 p.u. and 0.920 p.u., respectively. This reflects the
significant voltage drop caused by the long electrical distance and accumulated load

demand.
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Although distributed generation is connected at certain nodes (e.g., wind generation at
Node 18 and photovoltaic generation at Node 21), its impact on voltage support is
limited by several factors. First, the magnitude of the injected power may not be
sufficient to fully compensate for upstream voltage drops. Second, the effectiveness of
voltage support depends on the local network impedance and the position of the
generation within the feeder. For example, despite the presence of distributed
generation at Node 18, its relatively distant location from the slack bus and the

surrounding load conditions result in a net voltage level that remains relatively low.

In contrast, nodes such as Node 19 and Node 22 exhibit higher voltage magnitudes
(approximately 0.997 p.u. and 0.994 p.u., respectively). This is primarily because these
nodes are electrically closer to the slack bus and are also influenced by nearby
distributed generation (e.g., the photovoltaic system at Node 21), which provides

localized voltage support and partially offsets voltage drops in adjacent branches.

Overall, the voltage profile demonstrates that nodal voltage levels are governed by a
combination of electrical distance from the slack bus, load distribution, and the
location and capacity of distributed generation. The results highlight that while
distributed generation can improve local voltage conditions, it does not uniformly

eliminate voltage drops across the network.

The statistical moments of branch active power flows are summarized in Table 4-6.
The first-order moments represent the expected values of branch power flows (in MW),
which decrease progressively from upstream to downstream branches. For example,
Branch 2 exhibits a high mean power flow of approximately 3.482 MW, reflecting its
role in supplying the entire downstream network. In contrast, some downstream
branches (e.g., Branch 33) exhibit small negative mean values (approximately —0.063
MW), indicating the occurrence of reverse power flow due to local distributed

generation exceeding local demand.

The second-order raw moments correspond to E[P?](in MW?), from which the
variance can be derived as Var(P) = E[P%] — (E[P])?. Based on these values, the
standard deviation of branch power flows typically lies in the range of approximately

0.1-0.4 MW. This indicates that the relative variability of branch flows is non-
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negligible, particularly for upstream branches where both load aggregation and

distributed generation uncertainties accumulate.

The uncertainty in branch power flows can be interpreted through the magnitude of
the variance and higher-order moments. Branches with larger second-order moments
(e.g., Branches 2—7) exhibit higher variability, reflecting the cumulative effect of
stochastic load fluctuations and distributed generation along the feeder. In contrast,
downstream branches generally show smaller variance, as they are influenced

primarily by localized conditions.

The third-order moments indicate that the distributions of branch power flows are
generally asymmetric. Positive skewness is observed in several heavily loaded
branches, suggesting a higher probability of extreme high-flow events, which may be
associated with potential overload conditions under certain scenarios. Conversely,
near-zero or negative skewness in some downstream branches reflects more balanced

or slightly reverse-flow-dominated behaviour.

The fourth-order moments suggest that the distributions are generally close to
mesokurtic, with kurtosis values near those of a normal distribution, indicating limited
presence of extreme outliers. However, slight deviations in kurtosis imply that tail
behaviour may still be influenced by the interaction between stochastic loads and

distributed generation.

Overall, the results demonstrate that uncertainty in branch power flows is spatially
dependent and propagates along the network. It is highest in upstream branches due to
aggregation effects and gradually decreases toward downstream sections, except in
areas influenced by distributed generation, where local uncertainty may increase due

to intermittent power injections.

Table 4-6 Moments of Branch Active Power

Branch
1st Order | 2nd Order | 3rd Order | 4th Order 5th Order
Index
2 3.481762 12.16975 42.701 150.3981 531.6822105
3 3.137685 9.884337 31.26043 99.24629 316.2658917
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4 2.063883 4.28131 8.925675 18.6989 39.35634385
5 1.92802 3.737725 7.285312 14.27453 28.10913642
6 1.853292 3.454398 6.47504 12.20328 23.11882444
7 1.763338 3.127681 5.579759 10.00999 18.05354917
8 0.735115 0.546703 0.411183 0.312567 0.239953238
9 0.531773 0.287377 0.157741 0.087861 0.049597969
10 0.469217 0.224529 0.109485 0.054329 0.027387274
11 0.407143 0.169911 0.072591 0.031684 0.014092453
12 0.361839 0.134981 0.051812 0.020402 0.008212323
13 0.301385 0.094723 0.030931 0.010439 0.003619914
14 0.240149 0.061356 0.016544 0.00466 0.001357399
15 0.119857 0.017457 0.002878 0.000514 9.67945E-05
16 0.059776 0.006514 0.000787 0.000106 1.51242E-05
17 -0.00026 0.002792 4.5E-05 1.92E-05 6.00331E-07
18 -0.06029 0.006282 -0.00065 7.85E-05 -1.006E-05

19 0.234119 0.06172 0.017391 0.005104 0.001539965
20 0.14404 0.027325 0.005527 0.001177 0.000259884
21 0.053715 0.009103 0.000844 0.00015 1.88484E-05
22 0.090045 0.008433 0.000818 8.19E-05 8.43245E-06
23 0.939804 0.898313 0.87259 0.860365 0.859902682
24 0.846575 0.731243 0.643698 0.576557 0.524511418
25 0.421337 0.184669 0.08383 0.039281 0.018948408
26 0.821724 0.685294 0.57963 0.496681 0.430592733
27 0.759564 0.586762 0.460573 0.366836 0.295964342
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28 0.696818 0.49511 0.358282 0.263573 0.196689622

29 0.627558 0.402813 0.264027 0.176302 0.119597941

30 0.501176 0.25929 0.138034 0.075282 0.041864291

31 0.298059 0.095201 0.032091 0.011243 0.004043117

32 0.147206 0.027067 0.00548 0.001164 0.000254302

33 -0.06287 0.007578 -0.00106 0.000172 -2.9237E-05

The statistical moments of branch reactive power flows are presented in Table 4-7. The
first-order moments, representing the expected reactive power flows (in MVar), show
a clear decreasing trend from upstream to downstream branches. High mean values are
observed in upstream branches (e.g., approximately 2.26 M Var at Branch 2), reflecting
their role in supplying reactive power to the network. In contrast, some downstream
branches (e.g., Branch 33) exhibit small negative mean values, indicating localized

reverse reactive power flow influenced by distributed generation.

The variability of reactive power flows can be assessed through the second-order
moments, from which the variance and standard deviation are derived. Overall, the
standard deviation of reactive power flows remains relatively moderate, typically
within the range of approximately 0.1-0.3 MVar. This suggests that, although
uncertainty is present due to stochastic loads and distributed generation, reactive power
flows are comparatively stable, particularly in downstream sections where flows are

smaller in magnitude.

From an uncertainty perspective, upstream branches exhibit higher variability due to
the aggregation of load demand and reactive power requirements, while downstream
branches are primarily influenced by local conditions. In regions with distributed
generation (e.g., around Branches 18-22), variability may increase due to fluctuations
in power injection and the associated reactive power behaviour, even though a constant

power factor assumption (0.95 lagging) is applied in the model.

Overall, the probabilistic characteristics of reactive power flows closely follow those

of active power flows, with uncertainty propagating along the feeder and being
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partially mitigated by distributed generation. These results confirm that the proposed

probabilistic framework is capable of capturing both the magnitude and variability of

reactive power flows in distribution networks under uncertainty.

Table 4-7 Moments of Branch Reactive Power

Branch
1st Order | 2nd Order | 3rd Order | 4th Order | S5th Order
Index

2 2.261746 5.142538 11.75377 | 27.00224 | 62.34236
3 2.07774 4.342843 | 9.130748 | 19.30736 | 41.05241
4 1.557941 2.44859 3.881546 | 6.204356 | 9.996472
5 1.469863 2.181329 | 3.267575 |4.939113 | 7.530496
6 1.432362 2.072153 | 3.026854 | 4.462839 | 6.639012
7 1.386504 1.941818 | 2.746266 | 3.920772 | 5.648289
8 0.356637 0.128433 | 0.046689 | 0.017125 | 0.006333
9 0.255533 0.066123 | 0.017319 | 0.004588 | 0.001228
10 0.233696 0.055399 | 0.013314 | 0.003241 | 0.000798
11 0.212226 0.045787 | 0.010035 | 0.002231 | 0.000503
12 0.182126 0.033879 | 0.006429 | 0.001242 | 0.000244
13 0.146976 0.02226 0.003466 | 0.000553 | 9E-05

14 0.111003 0.012912 | 0.001565 | 0.000196 | 2.53E-05
15 0.030618 0.001263 | 6.03E-05 | 3.15E-06 | 1.74E-07
16 0.020546 0.000742 | 3.01E-05 | 1.35E-06 | 6.44E-08
17 0.000517 0.000303 | 2.19E-06 | 2.29E-07 | 3.05E-09
18 -0.01952 0.000667 | -2.2E-05 8.88E-07 | -3.7E-08
19 0.118929 0.015017 | 0.001984 | 0.000271 | 3.79E-05
20 0.078854 0.007024 | 0.000671 | 6.69E-05 | 6.84E-06
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21 0.038562 0.002218 | 0.000131 | 8.31E-06 | 5.44E-07
22 0.04006 0.001669 | 7.2E-05 3.21E-06 | 1.47E-07
23 0.457388 0.212738 | 0.100538 | 0.048222 | 0.023442
24 0.405182 0.167539 | 0.070613 | 0.030287 | 0.013196
25 0.201046 0.042052 | 0.009111 | 0.002038 | 0.000469
26 0.908384 0.84205 0.795711 | 0.76567 0.749376
27 0.882284 0.795221 | 0.73137 0.68553 0.654055
28 0.855886 0.749222 | 0.669922 | 0.611043 | 0.567754
29 0.827722 0.701243 | 0.607223 | 0.536661 | 0.483394
30 0.752162 0.581287 | 0.460689 | 0.373726 | 0.309773
31 0.150574 0.023688 | 0.003872 | 0.000653 | 0.000113
32 0.079731 0.007152 | 0.000695 | 7.1E-05 7.49E-06
33 -0.02036 0.000805 | -3.7E-05 1.95E-06 |-1.1E-07
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Figure 4-7 and Figure 4-8 present the expected values of active and reactive power
flows across all branches of the IEEE 33-bus system. The results show that most
branches exhibit positive expected values, corresponding to conventional downstream

power delivery from the slack bus to load points.

However, certain branches located at the network periphery (e.g., Branches 17 and 33)
display negative expected values for both active and reactive power. This indicates the
occurrence of reverse power flow, where locally generated power from distributed
energy sources—such as wind and PV systems—exceeds the local demand and is

injected back toward the upstream network.

This behaviour is consistent with the spatial distribution of distributed generation and
highlights its impact on altering traditional unidirectional power flow patterns in radial
distribution systems. In particular, reverse flow tends to occur in downstream branches
with relatively high local generation and low load demand, leading to a net upstream

power transfer.

A close agreement between the Monte Carlo and Nataf—3PEM results is observed in
Figure 4-6, Figure 4-7 and Figure 4-8, confirming the accuracy of the proposed
probabilistic approach in capturing the expected values of branch power flows. For
completeness, the raw numerical data used to generate in Figure 4-6, Figure 4-7 and

Figure 4-8 are provided in the Table AP 1.
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Figure 4-10 Comparison of Active Power Standard Deviation of Each Branch
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Figure 4-11 Comparison of Reactive Power Standard Deviation of Each Branch
Figure 4-9, Figure 4-10 and Figure 4-11 illustrate the standard deviations of node
voltage magnitudes, as well as the standard deviations of active and reactive power

flows across the distribution network.

A prominent feature observed in the results is that the standard deviation of both active
and reactive power flows reaches its maximum at the initial branch. This is due to the
upstream branch aggregating uncertainties from all downstream nodes in the radial
network. As a result, fluctuations from stochastic loads and distributed generation
accumulate toward the source side, leading to higher variability in the first few

branches.

At the node level, higher voltage standard deviations are observed at nodes 18 and 33.
These nodes are located at electrically distant positions from the slack bus and are
influenced by local distributed generation (wind at node 18 and PV near node 33). The
combination of long feeder distance and stochastic power injection increases voltage

sensitivity, leading to larger fluctuations.
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More importantly, localized discrepancies between the 3PEM and MCS can be
observed, and these differences vary depending on the variable type and network

location.

For voltage standard deviation (Figure 4-9), the differences are mainly concentrated at
nodes 20-22. Referring to the network topology (Figure 4-2), this region corresponds
to the connection point between the main feeder and a lateral branch containing a
photovoltaic source at node 21. At this junction, power flow is influenced
simultaneously by upstream supply, downstream loads, and local DG injection. This
creates a nonlinear interaction between multiple stochastic variables. Since PEM
approximates the system response using a limited number of estimation points, it
cannot fully capture these nonlinear coupling effects, whereas MCS, through extensive
sampling, provides a more accurate estimation. As a result, small deviations in voltage

standard deviation appear in this region.

For active power standard deviation (Figure 4-10), the main differences occur in
branches 18-20. These branches are directly associated with the wind generation
connected at node 18 and the transition region toward the upstream network. In this
area, the direction and magnitude of power flow are highly sensitive to wind power
fluctuations, and reverse power flow may occur under certain scenarios. This
introduces strong variability and nonlinearity in branch power flows. PEM tends to
smooth such variations due to its moment-based approximation, while MCS captures
the full range of stochastic behaviour, leading to noticeable differences in standard

deviation.

For reactive power standard deviation (Figure 4-11), the discrepancies again appear
mainly at nodes 20-22. Reactive power flows are indirectly affected by voltage
magnitude and local load conditions. In this region, the interaction between PV
generation (operating under PQ control assumptions) and local load demand leads to
coupled variations in voltage and reactive power. Any approximation error in voltage
estimation from PEM propagates into reactive power results, amplifying the

differences when compared to MCS.

Overall, the differences between PEM and MCS are localized in regions with strong

interactions between distributed generation, network topology, and power flow
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coupling. Outside these regions, the agreement between the two methods remains very
close, confirming that the proposed PEM approach provides an efficient and
sufficiently accurate approximation for probabilistic analysis in distribution networks.
For completeness and transparency, the raw data corresponding to Figure 4-9, Figure

4-10 and Figure 4-11 are included in the Table AP 2.
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Figure 4-12 to Figure 4-15 present the probability distributions of voltage at Nodes 18
and 33, and active power at Branches 17 and 32. These nodes and branches are
deliberately selected as representative cases to illustrate distinct operating conditions

within the network.

Nodes 18 and 33 are chosen because they correspond to electrically critical locations
with distributed generation integration. Node 18 is directly connected to wind
generation, representing a source-dominated node with strong stochastic injection. In
contrast, Node 33 is located at the feeder end with photovoltaic integration and is
electrically distant from the slack bus, making it more vulnerable to voltage drops and
fluctuations. These two nodes therefore capture two typical but fundamentally
different uncertainty propagation mechanisms: generation-driven variability (Node 18)

and weak-grid sensitivity (Node 33).

Similarly, Branches 17 and 32 are selected to represent different power flow regimes.
Branch 17 is located near the wind generation node and is directly affected by
fluctuations in wind output, often exhibiting reverse power flow behaviour. Branch 32,
on the other hand, is situated near the end of the feeder and reflects the cumulative
effects of upstream uncertainties combined with local photovoltaic injection. These
two branches therefore illustrate the contrasting characteristics of power flow

variability in DG-dominated and downstream-accumulated regions of the network.

From Figure 4-13, it can be observed that the voltage distribution at Node 33 is centred
around a relatively low mean value (approximately 0.92 p.u.) with a certain spread.
Given that typical operational voltage limits in distribution systems are commonly set
within the range of 0.93—1.07 p.u. in this study, this distribution indicates a non-
negligible probability of voltage values falling below the lower acceptable limit. This

suggests a potential risk of undervoltage at Node 33 under certain operating conditions.

This phenomenon can be attributed to the combined effects of electrical distance from
the slack bus, cumulative voltage drops along the feeder, and the variability of local
photovoltaic generation. While PV generation can provide local voltage support, its
intermittent nature may not consistently compensate for voltage drops, especially

during low generation periods. Therefore, Node 33 represents a weak point in the
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network in terms of voltage regulation, which further justifies its selection for detailed

probabilistic analysis.

The results also indicate that the expected active power values for both Branches 17
and 32 are negative, confirming the presence of reverse power flow due to the
integration of distributed renewable generation. In addition, Branch 32 exhibits a wider
probability distribution compared to Branch 17, indicating higher variability. This
reflects the combined influence of upstream uncertainty propagation and local
generation effects at the feeder end, whereas Branch 17 is primarily influenced by local

wind generation variability.

4.5 Analysis of Probabilistic Harmonic Power Flow Results
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Figure 4-16 Topology of System IEEE 33-bus with Harmonic Source
As illustrated in the Figure 4-16, harmonic sources are integrated at nodes 18, 21, and
33 within the distribution network. This figure depicts the topological structure of the
test system, a modified IEEE 33-bus radial distribution network, with PV and wind
power (PW) generation units connected at specific nodes to simulate realistic
renewable energy integration. This setup facilitates the evaluation of harmonic
propagation under uncertain conditions arising from variable renewable outputs and

nonlinear loads.

In this study, the harmonic sources represent the combined effect of harmonics
generated by both nonlinear loads and power-electronic interfaced renewable

generation units. Specifically, nonlinear loads are considered the primary sources of

195



Chapter 4 Probabilistic Power Flow Calculation Using the Three-Point Estimation Method
harmonic currents in the network, while PV and wind power (PW) units contribute
additional harmonic components due to the switching behaviour of their inverter

interfaces.

Therefore, the harmonic injections at nodes 18, 21, and 33 are modelled as equivalent
current sources that aggregate the harmonic contributions from local nonlinear loads
and renewable generation. This modelling approach reflects a practical scenario in
modern distribution networks, where both load-side and generation-side power

electronic devices jointly influence harmonic distortion levels.

Table 4-8 Node Voltage Magnitudes at Different Harmonic Orders

Node 5th 7th 11th 13th 17th
Index
18 0.2001 0.1409 0.0908 0.0706 0.0519
21 0.1978 0.1342 0.0858 0.0686 0.0521
33 0.2002 0.1409 0.0908 0.0706 0.0519
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Figure 4-17 Comparison of Probability Distributions of Total Harmonic Distortion at

Each Node
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The Figure 4-17 presents a comparative 3D surface plot of the probability distributions
of total harmonic distortion (THD) in voltage across all nodes, obtained using two
methodologies: the 3PEM and MCS as the benchmark. The blue solid lines represent
the results obtained from the MCS, while the red dashed lines correspond to the 3PEM
calculations. The THD is defined as the ratio of the root-mean-square (RMS) value of
the harmonic components to the RMS value of the fundamental component, expressed
in per unit (p.u.). Notably, nodes proximate to the harmonic sources (e.g., nodes 18,
21, and 33) exhibit higher expected THD values, accompanied by larger standard
deviations and broader fluctuation ranges. This is attributable to the direct injection of
harmonic currents, which amplify voltage distortions locally. In contrast, nodes
electrically distant from the sources (e.g., nodes 1 and 2 near the root) display lower
expected THD values, with narrower fluctuation intervals, smaller standard deviations,
and higher probability density peaks. Consequently, the probability distributions at
distant nodes appear "tall and narrow," indicating concentrated and less variable
distortions, whereas those at nearer nodes are "short and broad," reflecting greater

uncertainty and spread due to harmonic propagation effects.
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Figure 4-18 Node 21 Voltage Probability Density Functions
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Figure 4-18, Figure 4-19 and Figure 4-20 illustrate the probability density functions
(PDFs) of voltage magnitudes for selected harmonic orders (5th, 7th, 11th, 13th, and
17th) at nodes 21, 33, and 18, respectively, with solid lines representing 3PEM results
and dashed lines denoting MCS outcomes. Across these nodes, the Sth-order harmonic
consistently shows the highest expected voltage magnitude and the largest standard
deviation, while the 17th-order harmonic exhibits the lowest values in both metrics.
This trend aligns with the harmonic current injection characteristics: lower-order
harmonics typically have higher content ratios in the fundamental current waveform,
as dictated by the spectral properties of common nonlinear devices (e.g., rectifiers and
inverters in PV/PW systems). As the harmonic order increases, the injection magnitude

diminishes, leading to reduced distortion levels and variability.

A key observation is the close agreement between 3PEM and MCS results, with
minimal discrepancies in PDF shapes and statistical moments. This validates that
3PEM is an efficient approximation for probabilistic harmonic analysis, offering
reduced computational burden compared to the sampling-intensive MCS while
maintaining accuracy under Gaussian or near-Gaussian uncertainty assumptions.
However, potential limitations include 3PEM's sensitivity to non-Gaussian
distributions in renewable generation uncertainties, which could necessitate hybrid

approaches in more complex scenarios.

4.6 Effect of correlation on calculation results

This section investigates the impact of statistical dependence among uncertain inputs
on probabilistic power flow (PPF) results in the modified IEEE 33-bus distribution
network. The dependencies are modelled simultaneously using a unified correlation
structure within the Nataf transformation framework. Specifically, a Spearman rank
correlation matrix Cy is constructed to describe the joint dependence among all
uncertain variables, including nodal loads, PV generation, and wind turbine outputs.
This multivariate correlation matrix is then mapped into the standard normal space via
a Gaussian Copula, enabling consistent integration within the 2m+1 PEM. Therefore,
the dependence modelling is not pairwise or independent but fully coupled across all

variables.
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In the base modelling assumptions, load—load and load—PV correlations are taken as
positive, reflecting coincident demand patterns and the partial alignment between solar
generation and daytime electricity consumption. In contrast, load—wind correlations
are assumed to be negative, representing the tendency for wind generation to peak
during off-peak demand periods. To evaluate the overall sensitivity of system
performance to correlation strength, a parametric analysis is conducted in which a
uniform correlation magnitude (from 0 to 0.6) is applied. It should be noted that the
parameter shown in Figure 4-21 to Figure 4-24 represents the absolute level of
dependence strength, while the sign of specific relationships (e.g., load—wind turbine
negative correlation) is preserved within the correlation matrix structure. Thus,
increasing the correlation coefficient corresponds to strengthening both positive and
negative dependencies proportionally, rather than implying that all correlations

become positive.
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Figure 4-21 Fluctuation Curve of Expected Value of Network Loss and Standard

Deviation of Network Loss with Correlation Coefficient
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As shown in Figure 4-21, both the expected value and the standard deviation of
network losses increase with the correlation coefficient. This trend reflects the growing
likelihood of simultaneous high-load conditions under stronger positive dependencies
among loads. The variance amplification is mainly driven by covariance terms in the

aggregated power demand.
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Figure 4-22 Fluctuation Curve of Expected Value of Branch Active Power and
Standard Deviation of Branch Active Power with Correlation Coefficient
Figure 4-22 presents the variation of branch active power statistics with correlation
strength. A similar increasing trend is observed for both the expected value and
standard deviation. This indicates that correlated load fluctuations propagate through

the network and intensify power flow variability, particularly in upstream branches.
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Figure 4-23 Fluctuation Curve of Expected Value of Branch Reactive Power and
Standard Deviation of Branch Reactive Power with Correlation Coefficient
As illustrated in Figure 4-23, the expected value and standard deviation of branch
reactive power also increase with correlation. This behaviour is consistent with active
power trends, as reactive demand is directly linked to load levels under the assumed

constant power factor.
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Figure 4-24 Relationship of Expected Voltage between Nodes 18 and 33 and
Correlation Coefficients
Figure 4-24 shows the relationship between correlation strength and node voltage
magnitudes at Nodes 18 and 33. A slight decreasing trend is observed as correlation
increases, indicating that stronger load synchronisation leads to more severe voltage

drops, particularly at downstream nodes.

The effect of wind power requires further clarification. Although wind generation is
negatively correlated with load, its mitigating influence on system stress is relatively
limited in this case study. This is primarily due to its comparatively small installed
capacity (0.2 MW), which is significantly lower than the total system load
(approximately 3.7 MW). As a result, even though the negative correlation tends to
reduce coincident peaks, its impact is dominated by the stronger positive load—load
correlations. Consequently, the overall system behaviour still shows an increasing

trend in both expected values and variability as correlation strength increases.

The results also indicate a slight non-monotonic behaviour at higher correlation levels
(e.g., beyond 0.4-0.5), where some variables begin to stabilise or slightly decrease.
This suggests that the combined effects of positive and negative dependencies

introduce partial balancing mechanisms within the system.

It is acknowledged that the relatively small capacities of PV and WT units in this study

limit the observable impact of their correlations with load. For a more comprehensive
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assessment of renewable-load interaction effects, future studies may consider higher
penetration levels of distributed generation to better capture the influence of negative

correlations, particularly for wind power.

For completeness and transparency, the raw data corresponding to Figure 4-21 to

Figure 4-24 are included in the Table AP 3.

4.7 Algorithm error analysis
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Figure 4-25 Expected Value Error of Node Voltage Magnitude (p.u.)
Figure 4-25 presents the expected value error of node voltage magnitude obtained by
the 3PEM method compared with MCS. It can be observed that the error remains
consistently low across all nodes, generally within the order of 10™*t0 10 3p.u. A
gradual increase in error is observed along the feeder, with higher deviations occurring
at downstream nodes, reflecting the cumulative effect of uncertainty propagation

through the radial network.

A noticeable local variation appears around nodes 18-22, where distributed generation
(PV and wind) is connected. The interaction between stochastic generation and load
introduces additional nonlinearity, which slightly reduces the approximation accuracy
of 3PEM. Nevertheless, the overall error level remains very small, demonstrating that
3PEM provides highly accurate estimates of voltage expected values across the entire

network.
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Figure 4-26 Expected Value Error of Branch Active Power (p.u.)
Figure 4-26 illustrates the expected value error of branch active power. Compared with
voltage, the error in active power is more pronounced, with a significant peak observed
around branch 16, where the error reaches approximately 0.35 p.u. This branch is
located near the junction of multiple feeders and distributed generation units, where

power flow direction and magnitude are highly sensitive to stochastic inputs.

The elevated error in this region can be attributed to stronger nonlinear interactions
between load fluctuations and renewable generation, which are more difficult to
approximate accurately using the limited number of evaluation points in 3PEM. Away
from this critical region, the error rapidly decreases and remains close to zero across
most branches. This indicates that the approximation error is highly localised and

mainly associated with structurally sensitive parts of the network.
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Figure 4-27 Expected Value Error of Branch Reactive Power (p.u.)
Figure 4-27 shows the expected value error of branch reactive power. The overall error
level is lower than that of active power, with the majority of values remaining below

0.1 p.u. Similar to the active power case, a local peak appears around branch 16-20,

corresponding to the region influenced by distributed generation and branching

structure.

Reactive power is inherently linked to voltage magnitude and is less sensitive to
directional changes compared to active power. As a result, its approximation error
remains more stable and exhibits smoother spatial variation. The observed results
indicate that 3PEM is capable of capturing the expected behaviour of reactive power

with satisfactory accuracy, even under uncertain operating conditions.

Overall, the results demonstrate that the 3PEM method achieves high accuracy in
estimating expected values of voltage, active power, and reactive power. The observed
discrepancies are mainly localised around network regions with strong nonlinearity
and high uncertainty, confirming the effectiveness and robustness of the proposed

approach.
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Figure 4-28 Error in the Standard Deviation of Node Voltage Magnitude (p.u.)
Figure 4-28 presents the error in the standard deviation of node voltage magnitude
obtained using the 3PEM method compared with MCS. It can be observed that the
error remains close to zero across most nodes, indicating that 3PEM provides a reliable

estimation of voltage variability.

However, a noticeable peak appears around nodes 18-21, where the error reaches
approximately 0.22 p.u. This region corresponds to the location of distributed
generation and network branching, where uncertainty interactions are more complex.
The increased error can be attributed to the higher-order nonlinear effects introduced

by the combination of stochastic load and renewable generation.

Despite this local deviation, the overall error distribution remains low and well-
contained, demonstrating that 3PEM maintains good accuracy in capturing the

standard deviation of voltage across the network.
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Figure 4-29 Error in the Standard Deviation of Branch Active Power (p.u.)
Figure 4-29 illustrates the error in the standard deviation of branch active power.
Compared with voltage, the error magnitude is significantly higher, with a pronounced

peak observed around branch 18-20, reaching approximately 0.28 p.u.

This behaviour is mainly associated with the strong sensitivity of active power flows
to uncertainty, particularly in regions where power direction and magnitude are
influenced by distributed generation. In these branches, small variations in input
variables can lead to amplified fluctuations in power flow, making it more challenging

for 3PEM to accurately approximate second-order statistics.

Outside this critical region, the error remains very small, indicating that the deviation
is highly localised and primarily driven by network topology and nonlinear

interactions.
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Figure 4-30 Error in the Standard Deviation of Branch Reactive Power (p.u.)
Figure 4-30 shows the error in the standard deviation of branch reactive power. The
overall pattern is similar to that of active power, with a localised peak around branches

18-20, where the error reaches approximately 0.25 p.u.

Reactive power variability is closely related to voltage fluctuations and load
characteristics. Although it exhibits nonlinear behaviour, its sensitivity is generally
lower than that of active power. As a result, the error magnitude is slightly lower and

the variation trend is smoother.

The results indicate that 3PEM is capable of capturing the variability of reactive power
with reasonable accuracy, while minor discrepancies arise in regions with strong

coupling between voltage and power flow uncertainties.

Overall, the results indicate that the 3PEM method provides satisfactory accuracy in
estimating both the expected values and standard deviations of key system variables.
The observed discrepancies are mainly concentrated in regions with strong
nonlinearity and high uncertainty, confirming the effectiveness and robustness of the

proposed method.
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Table 4-9 Relative Error Comparison of Calculation Results with MCS as Reference

Node voltage Branch active Branch active Branch reactive Branch reactive
Branch Node voltage
standard power expected power standard power expected power standard
Index expected value
deviation value deviation value deviation
1 2.95E-06 0.020345 0.001178 0.026179 0.000868 0.003553
2 2.75E-06 0.001758 0.000113 0.007295 0.000252 0.003626
3 2.20E-06 0.001203 0.000232 0.00278 0.000289 0.003003
4 1.19E-06 0.000122 0.000312 0.004356 0.00025 0.004457
5 1.98E-06 0.001778 0.000437 0.004427 0.000185 0.004546
6 1.51E-06 0.002403 0.00038 0.004511 0.000229 0.004393
7 4.76E-06 0.001502 0.000852 0.00407 0.000239 0.001595
8 5.51E-06 9.87E-05 0.000365 0.004424 0.000508 0.000627
9 7.13E-06 0.001385 0.000609 0.006887 0.000426 0.002276
10 7.63E-06 0.001589 0.00093 0.006983 0.000326 0.002466
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11 8.42E-06 0.001965 0.000902 0.00823 0.000569 0.00519

12 1.20E-05 0.003009 0.001281 0.005769 0.000469 0.001944
13 1.40E-05 0.00332 0.002147 0.002549 5.29E-05 0.002427
14 1.97E-05 0.003828 0.008608 0.002832 0.01137 0.002399
15 2.68E-05 0.004201 0.018018 0.002171 0.017294 0.002027
16 4.06E-05 0.004544 0.795477 0.00179 1.892132 0.001944
17 4.67E-05 0.004588 0.014831 0.003656 0.015073 0.003663
18 8.87E-06 0.028403 0.018468 0.252813 0.011717 0.206195
19 6.23E-05 0.224609 0.029538 0.278494 0.017456 0.237779
20 7.82E-05 0.240418 0.076951 0.301104 0.0362 0.269034
21 7.70E-05 0.226735 0.001975 0.013307 0.001976 0.013292
22 3.75E-06 0.00208 0.000264 0.004834 0.000279 0.004604
23 4.91E-06 0.005478 0.000165 0.006296 0.000165 0.006319
24 7.97E-06 0.007574 0.000891 0.012178 0.000891 0.012176
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25 1.64E-06 0.002777 0.000294 0.004582 0.000343 0.005959
26 2.05E-06 0.003286 0.000439 0.006174 0.00031 0.006337
27 1.80E-06 0.004894 0.000326 0.005908 0.000371 0.006089
28 2.34E-06 0.005638 0.000513 0.00647 0.000346 0.00569

29 1.91E-06 0.00626 0.000156 0.010939 0.00057 0.008372
30 4.24E-06 0.007348 0.000817 0.001963 0.000432 0.004345
31 4.38E-06 0.007579 0.000437 0.002818 0.000241 0.004323
32 5.67E-06 0.007455 0.005383 0.001338 0.005474 0.001275
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Table 4-9 presents the relative errors between the Nataf-3PEM and MCS results, with
MCS taken as the reference. Overall, the errors for most nodes and branches remain
very small, particularly for expected values of node voltages and branch powers, which
are generally on the order of 107® to 10~*. This confirms that the 3PEM method
provides accurate estimates of first-order statistical moments under correlated

uncertainties.

However, relatively larger errors are observed in specific regions of the network, most
notably at nodes 18-21 and the corresponding downstream branches. For example, the
relative error of voltage standard deviation reaches approximately 0.24 at node 20, and
the standard deviation errors of branch active and reactive power exceed 0.25 in the

same region. These higher errors can be attributed to the following factors.

First, these nodes are located near the points of renewable integration and branching
structures in the network. As shown in the system topology, nodes 18, 21, and 33 are
associated with distributed generation sources. The combination of renewable output
variability and load uncertainty leads to stronger nonlinear interactions in these areas.
Since 3PEM approximates the system response using a limited number of estimation
points, it may not fully capture these nonlinear effects, resulting in larger deviations

compared to MCS.

Second, the radial topology of the distribution network amplifies uncertainty
propagation. In particular, branches around nodes 18-20 act as transition points
between the main feeder and lateral branches. At these locations, power flows are
influenced by both upstream aggregation and downstream variability, leading to higher
sensitivity of second-order statistics (i.e., standard deviations). This increased

sensitivity makes the approximation error of 3PEM more pronounced.

Third, the errors are significantly larger for standard deviations than for expected
values. This is because standard deviation depends not only on the mean but also on
higher-order moments of the distribution. The 3PEM method, based on a limited
number of deterministic sampling points, is inherently more accurate for estimating
first-order moments than second-order moments, especially when the underlying
distributions deviate from Gaussian behaviour due to nonlinear power flow equations

and correlated inputs.
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Finally, in a few branches (e.g., branch 16), relatively large errors in active and reactive
power expected values are observed. These are mainly associated with localised power
injections or reversals, where the magnitude of the reference value is relatively small
or changes sign. Under such conditions, even small absolute deviations can lead to

large relative errors.

Overall, although higher errors appear at specific nodes and branches, they are
confined to regions with strong nonlinearity and high uncertainty coupling. The results
demonstrate that 3PEM maintains good accuracy across the majority of the network,
while highlighting its limitations in capturing second-order statistics in highly

sensitive areas.

Table 4-10 summarises the maximum relative errors observed for each variable. Most
variables exhibit low maximum errors, particularly for node voltage expected values,
which remain on the order of 107¢, indicating excellent agreement between 3PEM and

MCS.

However, a relatively large maximum error (greater than 1) is observed for the branch
reactive power expected value. This phenomenon is primarily attributed to the nature
of the relative error metric. Specifically, when the reference value obtained from MCS
is close to zero, even a small absolute deviation can result in a disproportionately large
relative error. In such cases, the magnitude of the error is amplified due to the small

denominator, rather than reflecting a significant discrepancy in absolute terms.

This situation typically occurs in branches with low reactive power flow or near power
flow reversal conditions, where the expected value is small or changes sign. Therefore,
the large relative error does not indicate a failure of the 3PEM method, but rather
highlights a limitation of relative error metrics when applied to quantities with small

magnitudes.

Overall, when considering both the relative error distribution and the absolute error
magnitudes presented earlier, the 3PEM method demonstrates good accuracy across
the network, with larger relative errors confined to a small number of low-magnitude

cascs.
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Table 4-10 Maximum Relative Errors for Each Variable

Variable Maximum relative errors (p.u.)
Node Voltage Expected Value 0.0000782
Node Voltage Standard Deviation 0.240418

Branch Active Power Expected Value 0.795477

Branch Active Power Standard Deviation 0.301104

Branch Reactive Power Expected Value 1.892132

Branch Reactive Power Standard Deviation | 0.269034

Table 4-11 Comparison of 3PEM and MCS

Calculation Method Calculation Time (s) Standard Variance (p.u.)
3PEM 8.416725 0.0244
MCS 22.122795 0.0254

Table 4-11 presents a comparative evaluation of the computational efficiency and

statistical consistency of the Nataf-3PEM and MCS methods. The results show that

3PEM requires 8.42 s for computation, whereas MCS requires 22.12 s under the same
simulation settings. This confirms that 3PEM achieves significantly higher
computational efficiency, reducing execution time by approximately 62% compared
to MCS. The improvement is primarily due to the deterministic nature of 3PEM, which

avoids the need for large-scale random sampling and repeated power flow calculations.

In terms of statistical performance, the standard deviations obtained by the two
methods are highly consistent, with values of 0.0244 p.u. for 3PEM and 0.0254 p.u.
for MCS. The difference between the two is less than 4%, indicating that 3PEM
accurately captures the variability of system responses under uncertainty. This

agreement demonstrates that 3PEM is capable of reproducing second-order statistical
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characteristics with high fidelity, despite using a significantly reduced number of

evaluation points.

Overall, the results highlight that 3PEM provides a favourable balance between
computational efficiency and accuracy. While MCS remains a benchmark due to its
robustness, its computational burden becomes significant for large-scale or real-time
applications. In contrast, 3PEM offers a practical and efficient alternative for
probabilistic power flow and harmonic analysis, particularly in scenarios where rapid

evaluation is required.

4.8 Summary

A 3PEM-Copula/Nataf framework for probabilistic studies on the IEEE 33-bus
network was established and systematically evaluated. The method produced results
closely matching MCS in terms of the means and standard deviations of node voltages,
branch active and reactive power, and network losses, while requiring significantly
fewer power flow evaluations. This demonstrates its effectiveness as a computationally

efficient alternative for uncertainty quantification.

In the harmonic setting with sources located at nodes 18, 21, and 33, the THD
distributions across buses were successfully obtained. It was observed that buses closer
to harmonic injection points exhibited higher THD levels and greater variability,

reflecting the spatial propagation characteristics of harmonic distortion.

Correlation analysis further revealed that positive dependence among loads, as well as
between load and PV generation, tends to increase both expected losses and variability,
while potentially reducing voltages at weak-end buses. The magnitude of these effects

depends strongly on the placement and capacity of distributed generation.

Error analysis indicated that the 3PEM—Copula approach maintains high accuracy for
most buses and branches, with relatively larger deviations observed near feeder ends
and at DG or harmonic injection points, where system nonlinearity is more pronounced.
Under well-defined input statistics and dependence structures, the method provides a

reliable and efficient tool for probabilistic assessment, including harmonic scenarios.

Building on the efficient approximation capability demonstrated in this chapter,

Chapter 5 extends the analysis to a more comprehensive MCS-based framework for
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three-phase stochastic harmonic power flow studies on the IEEE 33-bus system. This
allows a more detailed statistical characterisation of uncertainties, including phase
unbalance effects, full probabilistic distributions of voltages, power flows, and THD,
as well as quantitative risk indicators for limit violations. In addition, multi-criteria
weighting methods—combining subjective analytic hierarchy process (AHP) with
objective techniques—are introduced to support comprehensive power quality
evaluation. This provides a solid foundation for identifying system vulnerabilities and

guiding targeted mitigation strategies in renewable-integrated distribution networks.
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Chapter 5 Three-Phase Monte Carlo Analysis
of Stochastic Harmonic and  Risk

Characteristics in Distribution Networks

5.1 Introduction

Following the development and validation of the 3PEM—Nataf framework in Chapter
4, which provided an efficient single-phase probabilistic approximation of power flow
and harmonic behaviour, this chapter advances the analysis toward a more detailed and

realistic representation of distribution networks.

Building upon the probabilistic modelling framework established in the previous
chapter, this chapter focuses on a comprehensive Monte Carlo Simulation (MCS)-
based three-phase stochastic harmonic power flow analysis for the IEEE 33-bus
distribution system. The approach aims to capture the combined effects of
uncertainties in loads, renewable generation, and harmonic injections in an unbalanced
three-phase network, yielding probabilistic distributions of key variables such as node

voltages, branch flows, and total harmonic distortion.

This analysis is important because it quantifies phase-specific behaviours and
harmonic propagation under realistic uncertainty conditions, which are essential for
assessing power quality and operational reliability in distribution networks with high
renewable penetration [236], [237]. The results include probabilistic risk indicators for
voltage and active power limit violations, as well as a multi-criteria weighting scheme

for comprehensive power quality evaluation.

The main objectives of this chapter are to establish a systematic MCS-based
framework for combined fundamental and harmonic power flow analysis under
stochastic conditions. This includes examining the probabilistic distributions of three-
phase node voltages, branch power flows, and total harmonic distortion (THD) across
the network. In addition, the chapter aims to quantify operational reliability by
evaluating voltage and power limit risk indicators, including over-limit probabilities

and associated risk values. Finally, multi-criteria indicator weights are derived and

218



Chapter 5 Three-Phase Monte Carlo Analysis of Stochastic Harmonic and Risk Characteristics in Distribution
Networks

compared using both the subjective Analytic Hierarchy Process (AHP) and the
objective Criteria Importance Through Intercriteria Correlation (CRITIC) methods,

enabling a comprehensive assessment of power quality.

In Chapter 4, the 3PEM combined with the Nataf transformation was developed and
validated as an efficient probabilistic power flow approach, particularly suitable for
rapid estimation of statistical moments in simplified or single-phase scenarios.
However, the scope of this chapter extends beyond moment-based approximation and

requires a more detailed probabilistic characterization of system behaviour.

Specifically, Chapter 5 focuses on three-phase unbalanced distribution networks with
harmonic interactions, where the objectives include obtaining full probabilistic
distributions of both fundamental and harmonic quantities, evaluating voltage and
power flow uncertainties under complex operating conditions, and calculating risk-
based indices for subsequent multi-criteria assessment. In such contexts, the
limitations of 3PEM become more evident, as it primarily captures low-order statistical
moments and may not adequately represent nonlinear coupling effects, distribution
asymmetry, and tail behaviours introduced by harmonic distortion and phase

unbalance.

Therefore, MCS is adopted in this chapter as the primary analysis tool. Although
computationally more intensive, MCS does not rely on moment-based approximations
and is capable of capturing the complete probabilistic characteristics of system
variables, including non-Gaussian distributions and complex dependencies. This
makes it more suitable as a benchmark method for probabilistic harmonic power flow

analysis under unbalanced conditions and for accurate risk quantification.

By incorporating harmonic phenomena into probabilistic power flow and extending to
risk quantification and weighting in unbalanced systems, this chapter provides a
detailed benchmark for evaluating uncertainty impacts in three-phase distribution
networks. The outcomes serve as an analytical basis for identifying vulnerable points

and informing mitigation strategies in renewable-integrated grids.

5.2 Monte Carlo-based three-phase stochastic harmonic power flow progress

This subsection presents a systematic 12-step procedure for conducting a MCS-based
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three-phase stochastic harmonic power flow analysis within the IEEE 33-bus
distribution network. The methodology addresses uncertainties in load demand, wind
power generation, and PV power output, while also accounting for harmonic
distortions introduced by nonlinear devices. By integrating stochastic modelling,
power flow computations, and statistical analysis, this process evaluates the

probabilistic behaviour of the distribution system under diverse operating conditions.
Step 1: Read IEEE 33-Bus System Parameters

The initial step involves obtaining the essential parameters of the IEEE 33-bus

distribution network. These parameters encompass:

Three-phase fundamental parameters: Base voltage, system frequency, and network
topology.

Node load parameters: Active and reactive power demands at each bus, reflecting the

unbalanced characteristics inherent in distribution systems.

Branch impedance parameters: Resistance, reactance, and mutual coupling

coefficients for each line segment, modeled in a three-phase configuration.

Distributed generation (DG) access parameters: Locations, types, and rated capacities

of DG units integrated into the network.

Harmonic source specifications: Locations of nonlinear loads or devices injecting
harmonics, along with their harmonic current spectra, focusing on the 5th, 7th, 11th,
13th and 17th orders, as these are predominant in power systems per IEEE Standard

519.

These parameters are derived from the standard IEEE 33-bus test system dataset and

adjusted to represent the three-phase, unbalanced nature of distribution networks.
Step 2: Sample Load Active and Reactive Power

To capture load demand uncertainty, active and reactive power at each node are
sampled using a normal distribution, justified by its ability to model natural load

variability based on historical data. The sampling is defined as:

B~ N(,UP,DU}%,['): O~ N(,UQJ:O-éJ)
where pp;and i, ;denote the mean active and reactive power demands, and op;and
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0g,irepresent the corresponding standard deviations, estimated from historical data or

forecasting models.

In this study, these sampled values correspond to the total load at each node. The inter-
phase imbalance is modelled by allocating the total nodal load unevenly across the
three phases according to predefined phase distribution ratios, which reflect typical
unbalanced loading conditions in distribution systems. This approach enables the
representation of phase asymmetry without introducing additional stochastic variables

for each phase.

Regarding the relationship between active and reactive power, @ ;is not treated as an
independent random variable. Instead, it is derived from the sampled active power
using a fixed power factor assumption, i.e., Q.; = P ;tan (¢;), where ¢;is the load
power factor angle. As a result, a deterministic dependence between Pand Qis
imposed, and no additional stochastic correlation modelling between active and

reactive power is introduced in this work.
Step 3: Sample Wind Speed and Compute Power Output

For wind farms connected to the network, wind speed is sampled using the Weibull

distribution, widely recognized for its suitability in modelling wind speed variability.
Step 4: Sample Solar Irradiance and Compute Power Output

For PV systems, solar irradiance is sampled using the Beta distribution, which

effectively captures the bounded and skewed nature of irradiance data.
Step 5: Generate Monte Carlo Scenarios

The MCS generates 10,000 scenarios, each comprising a unique combination of
sampled load, wind, and PV power values. These scenarios assume independence
among stochastic variables for computational efficiency. The sample size of 10,000 is
determined through convergence analysis, ensuring statistical stability of output

variables’ moments within acceptable tolerances. The simulation begins with scenario

index m=1.
Step 6: Modify Three-Phase System Parameters for the m -th Scenario

For each scenario m , the three-phase system parameters are updated to incorporate:
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Load injections: Adjusted based on sampled active and reactive power values.

DG injections: Modified according to the computed wind and PV power outputs.
This ensures the system model reflects the specific conditions of the m -th scenario.
Step 7: Calculate Three-Phase Fundamental Power Flow

The fundamental power flow for the m-th scenario is solved using the Newton—
Raphson method in polar coordinates, which is suitable for capturing nonlinear
behaviour and mutual coupling effects in unbalanced systems. In this study, the three-
phase imbalance is explicitly modelled by representing each node with phase-specific
load and generation values. Specifically, the total nodal load obtained from the
stochastic sampling process is distributed across the three phases using predefined

phase allocation factors:
Pi(a)’ Pi(b)’ Pi(c)anin(a), Qi(b)' Qi(C)
b b
RO+ B 47 = g + 0 + 0 = 0,
Where unequal phase allocation ratios are applied to represent realistic load
asymmetry in distribution systems.

In addition, mutual coupling between phases is incorporated into the three-phase
admittance matrix, allowing inter-phase interactions to be captured during the solution
process. Based on this formulation, the three-phase Newton—Raphson power flow
computes phase-wise voltage magnitudes and angles at each node, as well as active

and reactive power flows in each branch.
Step 8: Calculate Harmonic Injection Currents and Solve Harmonic Power Flow

Harmonic distortions from nonlinear devices are modeled by calculating harmonic
injection currents based on the fundamental currents from Step 7 and the specified
harmonic spectra (5th, 7th, 11th, and 13th orders). The harmonic power flow is solved

using the direct method (decoupled harmonic analysis), expressed for each harmonic

order h as:
vy, =1,

Where Y, isthe harmonic admittance matrix, V), isthe harmonic voltage vector, and
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I, 1is the harmonic current injection vector. This approach assumes negligible
harmonic interactions, a valid approximation for distribution systems with moderate
harmonic levels. The solution yields harmonic voltage magnitudes, as well as

harmonic currents for each specified order.
Step 9: Record and Save Results for the m -th Scenario

Results from the fundamental and harmonic power flow calculations for the m-th
scenario are stored, including fundamental voltage magnitudes and branch power
flows, as well as harmonic voltages and currents for each considered harmonic order.
The total harmonic distortion (THD) at each node is also recorded, which is calculated
according to the definition given in Equation (X), where the contribution of all

harmonic components is normalised by the corresponding fundamental voltage.
Step 10: Check Completion and Proceed
After storing results for the m -th scenario, the simulation evaluates:

If m<10,000, increment m by 1 and return to Step 6 for the next scenario.
If m=10,000, proceed to statistical analysis.

Step 11: Statistical Analysis of Monte Carlo Results

Upon completion of all Monte Carlo scenarios, the statistical characteristics of the
output variables (e.g., node voltages, branch power flows, and THD) are obtained
directly from the simulated samples. The mean and standard deviation are calculated
to describe the central tendency and variability of each variable.

For visualisation purposes, probability distributions can be illustrated using smooth
curves (e.g., kernel-based or histogram-based representations) to aid interpretation of
the results. These representations are used only for graphical analysis, while all

quantitative assessments are based on the raw MCS samples.
Step 12: Calculate Risk Indices for Limit Violations
Risk indices are computed to quantify the likelihood of operational limit violations:

Voltage limit violations: Probability of node voltages exceeding the standard range

(0.93-1.07 p.u.), expressed as:

223



Chapter 5 Three-Phase Monte Carlo Analysis of Stochastic Harmonic and Risk Characteristics in Distribution
Networks

PV, >1.07p.u) or P, <0.93p.u)
Branch power limit violations: Probability of branch power flows exceeding thermal

ratings, calculated as:

P(R,>P,

,max )

Where P, is the maximum allowable power flow in branch b . These indices

assess system reliability under stochastic conditions, guiding mitigation strategies.

Additionally, the loads in the IEEE 33-node system are set to be unbalanced: phase C

has the highest load, phase B the lowest, and phase A retains the original load values.

Figure 5-1 shows a flowchart of the 12-step process described above, which provides
a structured framework for Monte Carlo-based three-phase stochastic harmonic power
flow analysis in the IEEE 33-bus distribution network. By combining stochastic
modelling of loads and renewable generation with detailed fundamental and harmonic
power flow calculations, the approach captures the probabilistic behaviour of modern

distribution systems.

Statistical characteristics of the outputs are obtained directly from the Monte Carlo
samples, and risk indices are further evaluated to quantify the likelihood and severity
of operational limit violations. These features enhance the practical relevance of the

results, supporting system planning and operational decision-making.
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Read System Parameters: Extract IEEE 33-bus system parameters, including three-phase line impedance,
node loads, distributed generation parameters, and harmonic source characteristics for each harmonic order.

'

Sample Load Power: Determine the expected values and fluctuation coefficients of loads, then perform
random sampling for active and reactive power Pli.

'

Sample Wind Power: Define wind power field parameters
K and C, as well as rated output power PwWN, and conduct Weibull-distributed random sampling.

'

Calculate Wind Power Output: Compute wind power output Pwi based on sampled wind speed using the wind
power calculation formula.

'

Sample Photovoltaic Power: Define photovoltaic field parameters
a and f3, along with rated output power Pw , and conduct Beta-distributed random sampling.

'

Calculate Photovoltaic Power Output: Compute photovoltaic power output Pvi based on sampled solar
irradiance using the photovoltaic power calculation formula.

'

Generate Monte Carlo Scenarios: Construct 10,000 random scenarios using sampled values of load, wind,
and photovoltaic power, initializing scenario index m=1.

'

Modify System Parameters: Adjust three-phase system parameters according to the values in the m-th
scenario.

Calculate Harmonic Power Flow: Use the fundamental frequency power flow results in combination with
harmonic source characteristics to compute injected harmonic currents and establish an equivalent harmonic
model.

Solve Harmonic Power Flow Using Direct Methods: Apply direct methods to the equivalent harmonic model
to determine voltage and current harmonics for orders 5, 7, 11, 13, and 17, as well as corresponding harmonic
losses.

Store Simulation Results: Retain the fundamental and harmonic power flow results for the m-th scenario.

m<mmax m=m-+1

No

Compute Probability Distributions: Determine the probabilistic distribution of node voltages and active/
reactive power flows in branches.

v

Evaluate Risk of Limit Violations: Assess the probability of node voltage and branch power exceeding
predefined limits.

v

Output Results: Generate and present the final computational results.

End

Figure 5-1 Flowchart of Monte Carlo-Based Three-Phase Stochastic Harmonic

Power Flow Calculation in Distribution Networks
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5.3 Network parameters and topology

The IEEE 33-bus radial distribution test system is employed to validate the Monte
Carlo-based three-phase stochastic harmonic power flow model. This benchmark
system, originally proposed by Baran and Wu (1989), is widely used for distribution

network studies due to its radial topology and representative loading profile [238].

The network consists of 33 buses and 32 branches. Bus 1 is the slack bus with a fixed
voltage of 1.00 p.u. The nominal line voltage is 12.66 kV, and the three-phase base
power is 100 MVA (unless otherwise specified for per-unit calculations). The total

nominal load is 3715 kW + 2300 kVAr.

Node loads and branch impedances are listed in Table AP 4 (adopted from standard

datasets). Impedances are given in ohms (€2), with the base impedance calculated as

12.66 kV)?
base = ﬂ ~1.6028 Q) for per-unit conversion if needed. Note: Load values
100 MVA

represent total three-phase demands; for three-phase unbalanced modeling, loads are
assumed equally distributed across phases unless specified otherwise, consistent with

common extensions of the IEEE 33-bus system for unbalanced studies.

The topology is shown in Figure 5-2, including the placement of distributed generation
(DG) and harmonic sources. A PV farm (rated 200 kW) is connected at bus 18, and a
wind farm (rated 200 kW) at bus 33. Harmonic injections (nonlinear loads) are placed
at buses 12, 22, 25, and 29, with dominant orders of the 5th, 7th, 11th, 13th, and 17th
harmonics (based on typical spectra for power electronic devices and IEEE Standard

519).

Load uncertainty is modeled with a 20% standard deviation on nominal active and
reactive power values (normal distribution). Voltage limits are set to 0.93 p.u. (lower)
and 1.07 p.u. (upper) for compliance assessment. The MCS uses 10,000 scenarios, as

detailed in Section 5.2.
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Figure 5-2 Topology of IEEE 33-bus System

Compared with the case study presented in Chapter 4, the network topology in Chapter
5 has been modified to better support three-phase stochastic harmonic analysis and to
reflect a more realistic and distributed pattern of harmonic injection. In Chapter 4
(Figure 4-16), harmonic sources are primarily assigned to a limited number of nodes
(e.g., nodes 18, 21, and 33), and they are co-located with distributed generation (DG)
units. This configuration is suitable for validating the harmonic power flow model and
analysing localised harmonic effects under correlated uncertainties. However, it
implicitly assumes that harmonic injections originate from DG locations, which may
not fully represent practical distribution systems where harmonics are mainly

introduced by nonlinear loads.

In contrast, the topology in Chapter 5 (Figure 5-2) adopts a more distributed
configuration. Harmonic sources are relocated to multiple nodes (e.g., nodes 12, 22,
25, and 29) along different feeder sections, rather than being concentrated on DG buses.
This modification allows a clearer representation of harmonic propagation and
interaction across the network. Meanwhile, the placement and types of DG units are
adjusted to avoid co-locating all uncertainties at a small number of nodes and to better
reflect diverse generation characteristics. In this study, DG units are not treated as
dominant harmonic sources; instead, harmonic injections are modelled independently
to represent nonlinear load behaviour. This separation enables a clearer distinction

between the effects of renewable generation uncertainty and harmonic distortion.

Furthermore, the feeder structure is reorganised to better align with the requirements
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of three-phase modelling, where phase-wise quantities are explicitly considered. This
supports a more consistent implementation of Monte Carlo simulation under
unbalanced operating conditions and improves the representation of inter-phase

interactions.

Overall, these modifications shift the focus from a relatively localised harmonic
assessment in Chapter 4 to a more system-level investigation in Chapter 5, where
spatial distribution, interaction effects, and stochastic variability can be jointly
analysed. Importantly, this revised topology also provides a suitable foundation for the
subsequent risk indicator analysis, as it enables variations in harmonic distortion,
power flow, and voltage profiles to be evaluated across different parts of the network
under uncertainty, thereby supporting a more comprehensive and meaningful

assessment of system risk.

5.4 Probabilistic fundamental power flow result
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Figure 5-8 Phase-C Branch Active Power (MW) Probability Distribution
Figure 5-3, Figure 5-5 and Figure 5-7 illustrate the PDFs of node voltage magnitudes
for phases A, B, and C, respectively, while Figure 5-4, Figure 5-6 and Figure 5-8 depict
the corresponding PDFs for branch active power flows. These 3D visualizations
illustrate the distribution across nodes/branches (x-axis), power/voltage values (y-axis),

and probability density (z-axis), based on 10,000 MCS scenarios.

The probability distributions of branch reactive power were also computed in this
study but are not presented here for brevity. This is because the reactive power exhibits
similar spatial patterns and statistical characteristics to active power, as both are
derived from the same power flow solutions and are strongly coupled through network
equations. Therefore, including additional 3D plots for reactive power would not
provide substantially new insights but would increase redundancy in the presentation.
Instead, the key statistical properties of reactive power are discussed in subsequent

sections.
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Across all phases, voltage magnitudes exhibit a clear spatial trend: buses proximal to
the slack bus (bus 1) display higher expected values and lower variability, while distant
buses show reduced expectations and increased fluctuations. For phase A, the expected
voltage at bus 2 is 0.9972 p.u. (¢ = 0.0002 p.u.), dropping to 0.9208 p.u. (¢ = 0.0072
p.u.) at bus 33. This drop arises from cumulative line losses and the amplified
sensitivity of downstream voltages to stochastic load perturbations, as voltage drops
are proportional to branch impedances and currents (per the approximate relation AV
~1 - Z). The PDFs transition from narrow peaks near the source (indicating stability
due to slack bus regulation) to broader distributions at the ends, with some tails
extending below 0.93 p.u., contributing to an overall system-wide voltage violation
probability of approximately 61.83% (computed via empirical cumulative distribution

functions integrated over limit bounds).

Figure 5-4 presents the probability distribution of active power flow in each branch for
phase A. Branches close to the source carry higher expected power and exhibit greater
fluctuation, as they must supply the combined power demands of downstream
branches and loads. On the other hand, end branches only transfer local load power,

leading to smaller expected values and reduced variability.

The trends for phases B and C are consistent with those observed in phase A. In both
cases, the voltage profiles show similar spatial characteristics, with head nodes
maintaining more stable and higher voltage levels due to the regulation effect of the
source. Similarly, the branch active power distributions of phases B and C reflect
higher expected power and variability at the source end, while end branches carry

lower power with smaller fluctuations.
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Figure 5-9 shows the probability density function of the voltage magnitude at node 18
(Phase A). The distribution exhibits a clear unimodal and approximately symmetric
shape, indicating that the voltage variations are relatively stable under stochastic inputs.
The peak of the curve corresponds to the most probable operating voltage, while the

spread reflects the level of uncertainty introduced by load and generation variability.

Figure 5-10 presents the probability density function of active power for branch 17
(Phase A). A similar unimodal distribution is observed, with the peak indicating the
most likely power flow value. The wider spread compared to voltage suggests that
branch power is more sensitive to stochastic variations in system conditions. The
distribution also reflects the influence of network topology and nearby sources on

power flow variability.
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Table 5-1 Expected Value and Standard Deviation of Voltage at Each Node

Phase A Node Voltage Phase B Node Voltage Phase C Node Voltage
Node
Ind Expectation Standard Expectation Standard Expectation Standard
ndex
(p.-u.) deviation (p.u.) (p.u.) deviation (p.u.) (p-u.) deviation (p.u.)
1 1.0000 1.0000 1.0000
2 0.9972 0.0002 0.9974 0.0002 0.9967 0.0002
3 0.9840 0.0014 0.9851 0.0013 0.9814 0.0015
4 0.9772 0.0021 0.9788 0.0020 0.9733 0.0023
5 0.9705 0.0029 0.9726 0.0028 0.9653 0.0032
6 0.9537 0.0048 0.9572 0.0046 0.9454 0.0052
7 0.9508 0.0053 0.9546 0.0051 0.9417 0.0057
8 0.9472 0.0064 0.9513 0.0062 0.9373 0.0069
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9 0.9428 0.0082 0.9475 0.0079 0.9321 0.0086
10 0.9389 0.0100 0.9441 0.0097 0.9274 0.0105
11 0.9384 0.0104 0.9436 0.0100 0.9268 0.0108
12 0.9375 0.0110 0.9429 0.0106 0.9258 0.0114
13 0.9341 0.0136 0.9400 0.0132 0.9216 0.0140
14 0.9329 0.0146 0.9390 0.0142 0.9201 0.0151
15 0.9326 0.0157 0.9388 0.0152 0.9196 0.0161
16 0.9326 0.0169 0.9389 0.0165 0.9194 0.0174
17 0.9331 0.0193 0.9395 0.0189 0.9196 0.0199
18 0.9338 0.0206 0.9402 0.0201 0.9202 0.0211
19 0.9967 0.0002 0.9969 0.0002 0.9961 0.0003
20 0.9931 0.0005 0.9934 0.0005 0.9919 0.0006
21 0.9924 0.0006 0.9928 0.0006 0.9911 0.0007
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22 0.9918 0.0007 0.9921 0.0007 0.9904 0.0008
23 0.9804 0.0016 0.9816 0.0016 0.9774 0.0018
24 0.9738 0.0024 0.9752 0.0022 0.9699 0.0026
25 0.9704 0.0028 0.9720 0.0027 0.9662 0.0031
26 0.9518 0.0049 0.9554 0.0047 0.9431 0.0054
27 0.9493 0.0051 0.9530 0.0048 0.9402 0.0056
28 0.9378 0.0059 0.9423 0.0056 0.9269 0.0066
29 0.9297 0.0066 0.9345 0.0062 09174 0.0074
30 0.9261 0.0069 0.9311 0.0065 0.9132 0.0078
31 0.9220 0.0072 0.9272 0.0068 0.9083 0.0081
32 0.9210 0.0072 0.9263 0.0068 0.9072 0.0082
33 0.9208 0.0072 0.9260 0.0068 0.9069 0.0082
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Table 5-2 Expected Value and Standard Deviation of Branch Active Power

Phase A Active Power

Phase B Active Power

Phase C Active Power

l:::;h Expected value Standard Expected value Standard Expected value Standard

(MW) deviation (MW) (MW) deviation (MW) (MW) deviation (MW)
1 3.6536 0.319089 3.39658 0.304087 4.22168 0.339686
2 3.180809 0.315037 2.951699 0.300254 3.675628 0.334171
3 2.105042 0.283127 1.926063 0.27105 2.47884 0.295126
4 1.968041 0.279117 1.799632 0.26728 2.322735 0.289439
5 1.892468 0.275629 1.729572 0.264102 2.233013 0.284867
6 0.848803 0.255492 0.757943 0.247921 1.027944 0.258777
7 0.647298 0.251478 0.578808 0.244856 0.776257 0.25301
8 0.444463 0.247033 0.388902 0.240693 0.521506 0.245771
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9 0.38199 0.245566 0.331886 0.239576 0.45217 0.244009
10 0.320137 0.244509 0.275253 0.23857 0.383411 0.242667
11 0.274951 0.244212 0.23502 0.23828 0.330971 0.242268
12 0.214579 0.243738 0.179348 0.237843 0.26329 0.241681
13 0.153123 0.243177 0.123407 0.237554 0.194109 0.240584
14 0.032598 0.241564 0.013064 0.236989 0.063771 0.23915
15 -0.02773 0.241288 -0.04123 0.236901 -0.0014 0.23904
16 -0.08819 0.241612 -0.09654 0.237378 -0.0678 0.239098
17 -0.14882 0.242567 -0.15222 0.238211 -0.13441 0.239728
18 0.361878 0.036318 0.345317 0.034509 0.421336 0.041944
19 0.271521 0.031255 0.259089 0.029641 0.316686 0.036566
20 0.180687 0.025526 0.172078 0.024119 0.210332 0.029716
21 0.090394 0.018239 0.085964 0.017217 0.105129 0.021182
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22 0.939618 0.122938 0.900155 0.116522 1.037027 0.134764
23 0.846618 0.120896 0.811324 0.114537 0.928027 0.131955
24 0.420584 0.084955 0.403317 0.080521 0.462191 0.091798
25 0.951557 0.078949 0.889956 0.07414 1.093963 0.09243
26 0.889051 0.077409 0.833708 0.072752 1.023511 0.090741
27 0.825756 0.075756 0.776727 0.071336 0.952026 0.088752
28 0.754462 0.072633 0.711662 0.068532 0.870935 0.084695
29 0.626472 0.067067 0.593322 0.063445 0.728619 0.077907
30 0.422447 0.053487 0.403154 0.050173 0.492903 0.062224
31 0.27066 0.043942 0.256812 0.040867 0.310363 0.049952
32 0.059947 0.011971 0.055883 0.011404 0.069878 0.014158
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Figure 5-11 Expected Value of Three-Phase Voltage
Figure 5-11 shows the expected (mean) three-phase node voltage magnitudes across
the IEEE 33-bus system, highlighting the impact of unbalanced PV generation and
loads. The PV system at bus 18 injects 200 kW into phases A and B only (phase C
receives zero PV output), while loads are unbalanced: phase C carries the highest
demand, phase B the lowest, and phase A uses nominal values. In this case, the system
includes a three-phase unbalanced PV generation connected at node 18. The PV unit
injects a total active power of 200 kW, which is equally distributed between phases A

and B, while phase C has no PV output.

Under the combined influence of unbalanced PV generation and phase-dependent load
conditions, clear differences in voltage magnitudes are observed among the three
phases. Phase C consistently exhibits the lowest voltage levels, which can be attributed
to the absence of local generation and relatively higher effective loading. In contrast,

phases A and B show higher voltage magnitudes due to the presence of local PV
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injection.

The voltage rise is most noticeable at node 19, which is electrically downstream of the
PV connection point (node 18). This reflects the radial structure of the network, where
injected power propagates along the feeder and leads to increased voltage levels in

subsequent nodes.

Overall, the results demonstrate that phase imbalance in both generation and loading
conditions leads to uneven voltage profiles across the network, with the magnitude and
location of voltage deviations strongly influenced by feeder topology and power flow

direction.

Under these conditions, phase-specific asymmetries emerge. Phase C, burdened by
higher load without local generation support, exhibits the lowest mean voltages
throughout the feeder (e.g., 1 = 0.9069 p.u. at bus 33). Phase B benefits from lighter
loading and PV injection, resulting in relatively higher voltages (e.g., 1 = 0.9260 p.u.
at bus 33). Phase A shows intermediate values, closer to a balanced baseline. The effect
is most evident near bus 18, where local PV injection causes a modest voltage rise in
phases A and B (up to approximately 0.94 p.u. in some segments), while phase C

remains unaffected by DG.

These phase differences arise from the combined effects of uneven load distribution
and single-phase PV support, which can lead to increased neutral currents, higher

losses, and additional challenges for voltage regulation in unbalanced systems.

Compared with the deterministic load flow results for the standard IEEE 33-bus system
(without DG), where the minimum voltage magnitude is typically around 0.903-0.91

p-u. at bus 33, the stochastic modelling framework introduces variability around the
mean operating point rather than changing only the mean values. This variability is

reflected in the standard deviation of voltage magnitudes.

In particular, nodes that are electrically distant from the slack bus and close to
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uncertain injections exhibit larger standard deviations. For example, node 18 shows a
relatively higher standard deviation (approximately 0.007-0.008 p.u., as reported in

Table 5-2), indicating increased sensitivity to uncertainties in both load demand and
renewable generation. This demonstrates that stochastic effects are not uniform across
the network but are strongly influenced by electrical distance and local operating

conditions.

Limitations of the current analysis include the assumption of fixed PV output (ignoring
solar irradiance variability modeled elsewhere) and independence among stochastic
variables; correlations could be incorporated in future extensions using methods like
the Nataf transformation from Chapter 4. More efficient probabilistic power flow
techniques, such as point estimate methods, may also improve computational

scalability.

In summary, the probabilistic fundamental power flow results demonstrate spatially
dependent and phase-specific variations in voltage and power flow. Proximal buses
remain relatively stable due to slack bus regulation, while distal buses show greater
sensitivity to uncertainties. Phase unbalances from asymmetric generation and loading
further complicate voltage profiles, emphasizing the value of three-phase probabilistic
analysis for reliability assessment in renewable-integrated unbalanced distribution

networks.

5.5 Probabilistic harmonic power flow results

Harmonic power flow analysis was conducted to evaluate the propagation and
probabilistic characteristics of voltage distortions in the IEEE 33-bus system,
incorporating the stochastic load model from Section 5.3. Harmonic sources were
modeled at buses 12, 22, 25, and 29, injecting fixed-magnitude currents for the Sth,
7th, 11th, 13th, and 17th orders.

The total harmonic distortion (THD) of the voltage at node i is defined as:
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THD, == x100%, i=1,2,...,n
A

where V' Is the fundamental voltage and current components, and |V"|is the A-th

order harmonic components. Here, z is the total number of nodes, and m is the total

number of branches; n = 33 buses and m = 32.

The Figure 5-12 shows the probability density function (PDF) of the voltage THD
across all nodes in the IEEE 33-bus system. The nodes with harmonic sources (nodes
12, 22, 25, and 29) exhibit relatively high expected THD values and larger variances.
This is due to the high harmonic current injection at these nodes, which leads to
significant voltage distortion and greater fluctuation. In contrast, nodes farther from
the harmonic sources (e.g., nodes 1 and 19) show lower expected THD and smaller
variation, as the harmonic currents arriving at these locations are attenuated by the
network impedance. As a result, the local harmonic voltage distortion is weaker and

more stable.

Table 5-3 presents the mean and standard deviation of the voltage THD across all three

phases for each node, highlighting the spatial impact of harmonic sources in the system.

The PDFs generally approximate skewed Gaussians, with tails toward higher THD
under heavy load scenarios. System-wide, expected THD remains below IEEE
Standard 519 limits (<5% for voltages <69 kV), but probabilistic tails indicate a ~5—
10% risk of exceeding 3% at source buses (estimated via CDF integration, assuming
lognormal fits for conservatism). Phases B and C show comparable trends (Table 5-3),
with slight asymmetries due to unbalanced fundamental conditions, e.g., phase C's

higher loads yielding marginally elevated THD variances (o up to 0.0030 at bus 25).
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Table 5-3 Expected Value of Harmonic Voltage Distortion Rate at Each Node and

Standard Deviation of Fluctuation

Phase A of Harmonic

Phase B of Harmonic

Phase C of Harmonic

Voltage Distortion Voltage Distortion Voltage Distortion
Node
Ind Expected | Standard | Expected | Standard | Expected | Standard
naex
value deviation value deviation value deviation
(p-u.) (p-u.) (p-u.) (p-u.) (p-u.) (p-u.)
1 0.0012 0.0002 0.0011 0.0001 0.0013 0.0002
2 0.0017 0.0002 0.0016 0.0002 0.0019 0.0002
3 0.0040 0.0006 0.0038 0.0005 0.0045 0.0006
4 0.0046 0.0006 0.0043 0.0006 0.0051 0.0006
5 0.0051 0.0006 0.0049 0.0006 0.0058 0.0007
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6 0.0073 0.0008 0.0068 0.0008 0.0082 0.0010
7 0.0078 0.0009 0.0073 0.0008 0.0089 0.0010
8 0.0081 0.0009 0.0076 0.0009 0.0092 0.0010
9 0.0088 0.0010 0.0083 0.0009 0.0100 0.0012
10 0.0096 0.0011 0.0090 0.0010 0.0109 0.0013
11 0.0097 0.0011 0.0091 0.0010 0.0110 0.0013
12 0.0098 0.0011 0.0092 0.0011 0.0112 0.0013
13 0.0098 0.0011 0.0092 0.0011 0.0111 0.0013
14 0.0097 0.0011 0.0091 0.0011 0.0111 0.0013
15 0.0097 0.0011 0.0091 0.0011 0.0111 0.0013
16 0.0097 0.0011 0.0091 0.0011 0.0111 0.0013
17 0.0097 0.0011 0.0091 0.0011 0.0110 0.0013
18 0.0096 0.0011 0.0091 0.0011 0.0110 0.0013
19 0.0019 0.0002 0.0018 0.0002 0.0021 0.0003
20 0.0037 0.0005 0.0035 0.0005 0.0042 0.0006
21 0.0043 0.0006 0.0041 0.0006 0.0049 0.0007
22 0.0055 0.0008 0.0053 0.0008 0.0064 0.0010
23 0.0060 0.0009 0.0057 0.0009 0.0067 0.0010
24 0.0105 0.0018 0.0101 0.0018 0.0117 0.0020
25 0.0150 0.0028 0.0144 0.0026 0.0168 0.0030
26 0.0075 0.0009 0.0070 0.0008 0.0084 0.0010
27 0.0078 0.0009 0.0073 0.0009 0.0088 0.0010
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28 0.0098 0.0013 0.0091 0.0012 0.0111 0.0014
29 0.0113 0.0015 0.0105 0.0014 0.0128 0.0017
30 0.0113 0.0015 0.0105 0.0014 0.0128 0.0017
31 0.0113 0.0015 0.0105 0.0014 0.0128 0.0017
32 0.0113 0.0015 0.0105 0.0014 0.0128 0.0017
33 0.0113 0.0015 0.0105 0.0014 0.0128 0.0017
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Figure 5-13 Expected Value of Three-Phase Harmonic Voltage Distortion at Each

Node

Figure 5-13 shows the expected values of three-phase voltage THD at all buses. The

overall variation of THD across the network is strongly aftected by the locations of

harmonic sources, the feeder topology, and the underlying fundamental voltage profile.

In general, THD increases along feeder sections that are electrically influenced by

harmonic injections and tends to remain lower in buses that are closer to the slack bus
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or more strongly supported by the upstream network.

A clear phase-dependent pattern can be observed, with Phase C generally exhibiting
the highest THD, followed by Phase A, while Phase B remains the lowest over most
of the network. This reflects the influence of three-phase unbalance in both the
fundamental operating point and the harmonic propagation process. Since THD is
defined as the ratio between the harmonic voltage magnitude and the corresponding
fundamental voltage magnitude, phase differences in both harmonic response and

fundamental voltage contribute to the unequal THD levels.

The THD values rise progressively along the feeder from the upstream section toward
buses 10—18, where they reach a relatively stable elevated level. A sharp reduction is
then observed around bus 19, which marks the transition to another feeder section that
1s more strongly supported by the upstream network. Beyond this point, THD increases
again and reaches its highest value around bus 25. This indicates that the lower lateral
feeder is particularly sensitive to harmonic propagation, most likely due to its electrical

distance from the source and the accumulation of harmonic effects in that section.

A further local peak is observed around bus 25, after which THD decreases and then
rises again toward buses 29-33. The relatively high THD in the downstream buses
does not necessarily imply that the local harmonic injection is strongest there; rather,
it reflects the combined effect of harmonic propagation and the lower fundamental
voltage magnitudes in the weak-end portion of the feeder. In other words, even when
the harmonic voltage component is not maximal, THD can still become relatively large

if the corresponding fundamental voltage is small.

The case of bus 22 is also notable. Although it is defined as a harmonic source bus, its
THD level is only moderate compared with buses such as 25 and the downstream buses
near 29-33. This suggests that the local network conditions at bus 22, including its
stronger upstream support and relatively higher fundamental voltage level, reduce the

resulting THD ratio. Therefore, the distribution of THD across the network is not
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determined solely by whether a bus is a harmonic source, but by the interaction
between source location, feeder impedance, propagation path, and local fundamental

voltage magnitude.

Overall, Figure 5-13 indicates that voltage THD in the network is spatially non-
uniform and phase-dependent. The highest distortion occurs in feeder sections that
combine harmonic injection, weak voltage support, and greater electrical distance from

the slack bus, while buses with stronger upstream support tend to exhibit lower THD

values.
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Figure 5-14 Harmonic Voltage Magnitude

Figure 5-14 presents the harmonic voltage magnitudes for different harmonic orders
across all buses. A consistent ordering of harmonic magnitudes can be observed
throughout most of the network, with the 5th harmonic exhibiting the highest
magnitude, followed by the 7th, 11th, 13th, and 17th harmonics. This indicates that
lower-order harmonics contribute more significantly to the overall harmonic distortion

in the system.
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The spatial variation of harmonic voltages shows a clear dependence on feeder

topology. Harmonic magnitudes increase progressively along the feeder sections,

particularly in the upstream portion (buses 1-12), where the values gradually rise and

then stabilise. A sharp drop is observed around bus 15, which corresponds to a
transition point between feeder sections with different electrical characteristics.
Beyond this point, harmonic voltages increase again and reach a pronounced peak

around bus 25, indicating strong harmonic accumulation in this part of the network.

Downstream of bus 25, the harmonic voltage magnitudes decrease locally and then

increase again toward the end of the feeder (buses 29-33). This pattern suggests that

harmonic propagation is influenced by both network impedance distribution and the
location of harmonic injections. In particular, buses located further from the slack bus
and within weaker feeder sections tend to exhibit higher harmonic voltage magnitudes

due to reduced voltage support and cumulative effects along the line.

Across different harmonic orders, the shapes of the curves are similar, indicating that
the network structure governs the spatial distribution, while the magnitude differences
are mainly determined by the injected harmonic currents at each frequency. The
absence of monotonic behaviour across the network reflects the interaction between

multiple harmonic sources and the non-uniform electrical characteristics of the feeder.

Overall, the results demonstrate that harmonic voltage magnitudes are strongly
dependent on both harmonic order and network location, with lower-order harmonics
dominating and certain feeder sections showing higher susceptibility to harmonic

accumulation.

5.6 Risk indicator calculation results

This section evaluates the probabilistic risks of voltage and active power limit
violations in the IEEE 33-bus distribution network under the stochastic scenarios

defined in Section 5.2. The assessment uses two quantitative indicators—over-limit
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probability and risk value—to measure the likelihood and expected severity of
operational limit violations, enabling identification of vulnerable nodes and branches

for mitigation.

For a variable x (e.g., voltage V; atnode i or apparent power .S; in branch I), the

over-limit probability represents the fraction of MCS samples that exceed predefined

limits. For voltage, the limits are set as V < 0.93 p.u. or V > 1.07 p.u. For branch
loading, the limit is defined in terms of apparent power capacity (.S, > .S ), which

reflects the thermal constraint of the branch.

In this study, the same capacity limit is applied to all branches for consistency, with
S/ derived from the base-case loading level. The violation check is performed for

each branch across all Monte Carlo samples.
The risk value expresses the expected severity of violations:
Risk = E[l X = Xjjm | | X € [Xmins Xmax]] X P (X € [Xmin) X¥max])

Figure 5-15 and Figure 5-16 illustrate the probability density functions (PDFs) for
Node 33 voltage and Branch loading (represented here using active power for
illustration), respectively.. The blue, red, and green curves correspond to Phases A, B,
and C. Table 5-5 and Table 5-6 list the detailed over-limit probabilities and risk values

for each node and branch across all three phases.

5.6.1 Voltage Risk Assessment

Table 5-4 presents the voltage limit-violation probability and corresponding risk index
for each node and each phase, based directly on the Monte Carlo samples. The results
show a clear phase-dependent and location-dependent pattern of voltage vulnerability.
In general, Phase C exhibits the highest violation probabilities and risk indices across
the network, followed by Phase A, while Phase B remains the least vulnerable. This

ranking is consistent with the three-phase voltage profiles reported earlier, where
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Phase C maintains the lowest expected voltage level over much of the feeder and is

therefore more prone to falling below the lower voltage limit of 0.93 p.u.

A strong spatial trend is also evident. For nodes 1-6, and again for nodes 19-25, the
violation probabilities are essentially zero in all three phases, indicating that these parts
of the network remain sufficiently supported under stochastic operating conditions. In
contrast, significant undervoltage risk emerges in the downstream sections. Along the
feeder segment around nodes 1018, the violation probability increases progressively,
particularly in Phase C, where it rises from 0.5105 at node 10 to around 0.6859 at node
18. A similar pattern appears again in the downstream end section around nodes 28—
33, where Phase C reaches very high probabilities, peaking at 0.8613 at node 32 and
remaining at 0.8471 at node 33. These results indicate that the weakest parts of the

network are concentrated in electrically remote sections with lower voltage support.

The risk index follows the same overall trend as the violation probability, but it also
reflects the severity of violations rather than their frequency alone. This distinction is
important. For example, in Phase C, the highest risk index is observed at node 18
(0.01253), although the highest violation probability occurs at node 32 (0.8613). This
indicates that violations at node 18, while slightly less frequent than those at node 32,
are on average more severe when they occur. The same tendency can be observed in
Phases A and B, where node 18 also gives the largest risk indices within each phase.
Therefore, the most critical node is not necessarily the one with the highest violation

probability, but the one where the combined effect of frequency and severity is greatest.
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Table 5-4 Voltage Limit-Violation Probability and Risk Index for Each Node

Phase A Voltage Phase B Voltage Phase C Voltage
Node
Over-Limit Over-Limit Over-Limit
Index Risk Index Risk Index Risk Index
Probability Probability Probability
1 0 0 0 0
2 0 0 0 0
3 0 0 0 0
4 0 0 0 0
5 0 0 0 0
6 0 0 0 0
7 0 0 0.0009 1.82E-06
8 0 0 0.0219 4.63E-05
9 0.0015 1.59E-06 0.2327 0.00083
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10 0.0418 8.9E-05 0.0017 1.86E-06 0.5105 0.003312
11 0.0558 0.000134 0.0029 3.94E-06 0.5386 0.003797
12 0.0944 0.000254 0.0068 1.12E-05 0.5825 0.004678
13 0.3068 0.001479 0.08 0.000217 0.6898 0.00864
14 0.3783 0.002239 0.1375 0.000452 0.7141 0.010172
15 0.411 0.002723 0.1761 0.000652 0.7161 0.010979
16 0.4358 0.003186 0.2097 0.00088 0.7126 0.011653
17 0.4519 0.003834 0.2517 0.001264 0.6992 0.012476
18 0.4474 0.003959 0.2578 0.001368 0.6859 0.012533
19 0 0 0 0 0 0
20 0 0 0 0 0 0
21 0 0 0 0 0 0
22 0 0 0 0 0 0
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23 0 0 0 0 0 0
24 0 0 0 0 0 0
25 0 0 0 0 0 0
26 0 0 0 0 0.0004 3.7E-07
27 0 0 0 0 0.0019 4.04E-06
28 0.0068 1.37E-05 0 0 0.2751 0.001217
29 0.1273 0.000493 0.0269 6.95E-05 0.6767 0.005758
30 0.2305 0.001137 0.0742 0.000251 0.7862 0.008461
31 0.34 0.002066 0.1392 0.000612 0.8549 0.011288
32 0.3565 0.002258 0.1523 0.000703 0.8613 0.01175
33 0.3392 0.002177 0.1446 0.000682 0.8471 0.011434
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Figure 5-15 Voltage Limit-Violation Probability and Risk Index Across Nodes for
Three Phases

The trends of voltage limit-violation probability and corresponding risk index across
all nodes are further illustrated in Figure 5-15, which provides a direct comparison of
the three phases and highlights both spatial variation and phase-dependent differences
in system vulnerability.

From the upper subplot, the violation probability remains negligible in the upstream

region (nodes 1-9) and the middle section around nodes 19-25, indicating that voltage

levels in these areas are consistently maintained within acceptable limits under
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stochastic operating conditions. In contrast, two distinct high-risk regions can be

observed. The first is located around nodes 10-18, where the violation probability

increases progressively along the feeder, reaching peak values at node 18. The second

region appears in the downstream end section (nodes 28 —33), where violation
probabilities rise again and attain their highest levels, particularly in Phase C.

A clear phase-dependent pattern is evident. Phase C consistently shows the highest
violation probability across both high-risk regions, followed by Phase A, while Phase
B remains the least affected. This confirms that Phase C is the most vulnerable phase
in the system, mainly due to its lower voltage profile and lack of sufficient local

support compared to the other phases.

The lower subplot shows the corresponding risk index, which reflects not only the
frequency but also the severity of voltage violations. While the spatial pattern broadly
follows that of the violation probability, the peak risk is observed around node 18 rather
than at the very end nodes. This indicates that although the downstream nodes (e.g.,
node 32) experience very frequent violations, the deviations at node 18 tend to be more
severe when they occur. As a result, node 18 emerges as the most critical location when

both probability and severity are considered.
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Figure 5-16 Empirical Probability Density of Node 33 Voltage
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Figure 5-16 provides a representative example through the empirical probability
density distributions of node 33 voltage in the three phases. The dashed vertical line
marks the lower voltage limit of 0.93 p.u. The distribution of Phase C lies
predominantly to the left of this threshold, which is fully consistent with its very high
under-limit probability of 0.8471 in Table 5-4. Phase A straddles the limit more
substantially, corresponding to a moderate violation probability of 0.3392, while Phase
B is centred further to the right of the threshold and therefore shows the lowest
probability of violation at node 33 (0.1446). This figure clearly illustrates how the
relative position of each phase distribution with respect to the limit determines the

resulting violation probability and risk level.

Overall, the results demonstrate that voltage risk in the system is highly phase-
dependent and spatially non-uniform. The most severe vulnerability is concentrated in
the downstream buses and is dominated by Phase C, confirming that three-phase
stochastic analysis is necessary to identify weak phases and critical locations that

would be masked in single-phase or deterministic studies.

5.6.2 Active Power Risk Assessment

Table 5-5 presents the branch active-power limit-violation probability and the
corresponding risk index for all branches and all three phases. The results show that
non-zero branch violation risk is concentrated almost entirely in the first two upstream
branches, while all remaining branches have zero violation probability and zero risk
index under the adopted branch active-power limits. This indicates that, within the
present case study, branch overload risk is dominated by the heavily loaded source-
side branches, whereas downstream branches remain well below the prescribed

thresholds in all Monte Carlo samples.

This pattern is consistent with the branch power magnitudes obtained from the
simulations. As shown by the maximum sampled branch active power values, the first

two branches reach substantially higher loading levels than the rest of the network,
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while branch power decreases rapidly along the feeder. Consequently, only the
upstream branches are able to exceed the adopted limits, and the remaining branches
exhibit zero overload probability. Therefore, the prevalence of zero values in Table 5-5
does not indicate a computational error, but rather reflects the combined effect of radial

feeder power distribution and the selected branch loading thresholds.

To further interpret the prevalence of zero violation probabilities, reports the maximum
active power observed for each branch across all Monte Carlo scenarios. It can be seen
that only the first two branches reach loading levels close to or exceeding the
prescribed limits, while all remaining branches operate well below these thresholds.
This confirms that the absence of overload risk in downstream branches is a result of

the network loading profile rather than a computational issue.

To further interpret the prevalence of zero violation probabilities in Table 5-6 reports
the maximum active power observed for each branch across all Monte Carlo scenarios.
It can be seen that only the first two branches reach loading levels close to or exceeding
the prescribed limits, while all remaining branches operate well below these thresholds.
This confirms that the absence of overload risk in downstream branches is a result of

the network loading profile rather than a computational issue.
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Table 5-5 Branch Active-Power Limit-Violation Probability and Risk Index for Each Branch

Phase A Branch Active Power

Phase B Branch Active Power

Phase C Branch Active Power

Branch
Over-Limit Over-Limit Over-Limit
Index Risk Index Risk Index Risk Index
Probability Probability Probability
1 0.3573 0.0188 0.0837 0.0026 0.8791 0.1267
2 0.0141 0.0003 0.0003 0.0000 0.3821 0.0221
3 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

260




Chapter 5 Three-Phase Monte Carlo Analysis of Stochastic Harmonic and Risk Characteristics in Distribution Networks

9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
12 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
13 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
14 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
16 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
17 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
18 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
19 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
21 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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22 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
23 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
24 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
25 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
26 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
27 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
28 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
29 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
30 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
31 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
32 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 5-6 Statistical Summary of Branch Active Power (Min, Mean, Max) Across Monte Carlo Scenarios

Branch Minimum Mean Maximum Branch Minimum Mean Maximum
Index (MW) (MW) (MW) Index (MW) (MW) (MW)
1 0 0 4.951935 17 0 0 0.160603
2 0 0 4.397413 18 0 0 0.603454
3 0 0 3.073124 19 0 0 0.459345
4 0 0 2.903333 20 0 0 0.339353
5 0 0 2.794286 21 0 0 0.182418
6 0 0 1.537042 22 0 0 1.547348
7 0 0 1.257334 23 0 0 1.464222
8 0 0 0.926449 24 0 0 0.799919

9 0 0 0.846988 25 0 0 1.34246
10 0 0 0.766048 26 0 0 1.239252
11 0 0 0.708221 27 0 0 1.165775

12 0 0 0.656815 28 0 0 1.0709
13 0 0 0.568423 29 0 0 0.924276
14 0 0 0.385975 30 0 0 0.652295
15 0 0 0.312838 31 0 0 0.444484
16 0 0 0.243097 32 0 0 0.106481
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Figure 5-17 Empirical Probability Density of Branch 1 Active Power for Phases A,
B, and C
Figure 5-17 provides a representative example through the empirical probability
density distributions of Branch 1 active power for the three phases. The dashed vertical
line indicates the branch active-power limit. Phase C is centred furthest to the right
and has the largest fraction of samples above the threshold, which explains its highest
over-limit probability and risk index. Phase A lies closer to the limit and shows
moderate risk, whereas Phase B is mainly located to the left of the threshold and
therefore has the lowest probability of violation. This confirms that the branch risk
level is determined by the relative position and spread of the phase-wise power

distributions with respect to the limit.

Overall, the branch active-power risk assessment reveals a highly localised pattern,

with overload vulnerability concentrated in the upstream part of the network. It also
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shows a clear phase dependence, with Phase C being the most critical phase in the

most heavily loaded branches.

5.6.3  Discussion and implications

The voltage and branch active-power risk assessments reveal different but
complementary aspects of system vulnerability. The voltage risk results show a
strongly phase-dependent and location-dependent pattern, with Phase C consistently
exhibiting the highest violation probabilities and risk indices, particularly in the
downstream sections of the feeder. This indicates that the most critical voltage
weakness is associated with the weakest phase in electrically remote parts of the
network, where voltage support is limited and stochastic variations in load and

generation have a greater impact.

In contrast, the branch active-power risk is highly concentrated in the first two
upstream branches, while all remaining branches show zero violation probability under
the adopted loading thresholds. This suggests that, for the present case study, branch
overload risk is dominated by the heavily loaded source-side branches rather than by
downstream sections. The corresponding probability density distributions further
confirm that the three phases do not contribute equally to this risk, with Phase C again

showing the highest loading vulnerability in the most critical branch.

Taken together, these results demonstrate that different risk indicators highlight
different forms of weakness in the network. Voltage risk is mainly associated with
downstream weak-bus conditions, whereas branch loading risk is concentrated in
upstream high-transfer branches. This distinction is important for practical mitigation.
Measures aimed at improving voltage performance, such as phase balancing, reactive
power compensation, or local voltage support, should be targeted at the most
vulnerable downstream buses and phases. By contrast, measures intended to reduce
branch loading risk should focus on relieving the most heavily loaded upstream

branches through feeder reconfiguration, demand redistribution, or improved
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coordination of distributed generation.

Overall, the probabilistic risk framework provides more informative guidance than
deterministic analysis alone, because it captures not only whether a limit may be
violated, but also how frequently and how severely such violations occur under
uncertainty. This makes the framework useful for supporting risk-aware planning and

operation of unbalanced distribution systems.

5.7 Calculation Results for Indicator Weights
The correspondence between P1-P6 and the six evaluation indicators is as follows:
e P1: Three-phase Voltage Imbalance
e P2: Node Voltage Deviation Rate
e P3: Average Harmonic Voltage Distortion Rate
e P4: Harmonic Voltage Three-phase Imbalance Degree
e P5: Maximum Over-limit Risk Value of Node Voltage
e P6: Active Power Over-limit Risk Value of Node Injection Branch

According to the formulas in Chapter 3 for identifying weak power quality nodes, the
indicator values for each node and branch are obtained as summarized in the Table 5-7.
The calculations focus on four main aspects: three-phase imbalance, harmonic voltage

distortion, over-limit risk, and voltage deviation.
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Table 5-7 Raw Data of Power Quality Indicators for Nodes and Branches

Node
P1 P2 P3 P4 P5 P6
Index

2 0.00063699 | 0.002889 | 0.001226 | 0.162856 0| 82.5793
3 0.00372471 | 0.016509 | 0.00172 | 0.163045 2E-247 | 37.5289
4 0.00558008 | 0.023555 | 0.004094 | 0.162511 | 6.73E-77 | 0.00305
5 0.00745807 | 0.030488 | 0.004659 | 0.168486 | 2.08E-28 | 0.00024
6 0.01229657 | 0.047847 | 0.005258 | 0.173899 | 0.017888 | 4.28E-05
7 0.01335919 | 0.050938 | 0.007424 | 0.187615 | 0.289331 | 1.33E-20
8 0.01459261 | 0.054678 | 0.008015 | 0.190126 | 3.252613 | 1.13E-25
9 0.01606901 | 0.059132 | 0.008279 | 0.192185 | 15.68631 | 3.95E-32
10 0.01744805 | 0.063106 | 0.009056 | 0.196694 | 34.95804 | 4.54E-34
11 0.01764332 | 0.063639 | 0.009842 | 0.200727 | 38.14427 | 6.29E-36
12 0.01797096 | 0.064515 | 0.009916 | 0.201165 | 43.73292 | 3.33E-37
13 0.01933931 | 0.067991 | 0.010057 | 0.201976 | 67.04726 | 6.55E-39
14 0.01984869 | 0.069205 | 0.010019 | 0.200684 | 75.10086 | 7.22E-41
15 0.02013843 | 0.069544 | 0.009989 | 0.199769 78.4067 | 1.68E-44
16 0.02039241 | 0.069593 | 0.009969 | 0.199223 | 80.19781 | 3.76E-46
17 0.02074365 | 0.069145 | 0.009954 | 0.198777 | 80.18604 | 6.95E-48
18 0.0208074 | 0.068453 | 0.009911 | 0.197607 | 78.21247 | 3.67E-49
19 0.00074937 | 0.003438 | 0.009895 | 0.197394 0 0
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20 0.00151218 | 0.007159 | 0.001931 | 0.167223 0 0
21 0.00166392 | 0.007891 | 0.003777 | 0.184399 0 0
22 0.00180137 | 0.008554 | 0.004428 | 0.187206 0 0

23 0.00430677 | 0.020191 | 0.005705 | 0.191115 | 1.6E-149 | 3.64E-54

24 0.00537234 | 0.027029 | 0.006111 0.15691 | 5.85E-52 | 2.27E-62

25 0.00590797 | 0.030442 | 0.010776 | 0.152642 | 1.38E-30 | 1.4E-178

26 0.01278153 | 0.049832 | 0.015456 | 0.151665 | 0.085168 | 1.3E-111

27 0.01341577 | 0.052474 | 0.007651 | 0.188751 | 0.473376 | 7.8E-123

28 0.0161878 | 0.064283 | 0.007971 0.19017 27.5615 | 3.8E-136

29 0.01822387 | 0.072771 | 0.009998 | 0.196921 | 79.75904 | 1.9E-160

30 0.01912997 | 0.076463 | 0.011554 | 0.201316 | 105.5861 | 5.3E-213

31 0.02029602 | 0.080808 | 0.011564 | 0.201418 | 136.8973 0

32 0.02054981 | 0.081761 | 0.011539 | 0.200623 | 143.7549 0

33 0.02063151 | 0.082055 | 0.011532 | 0.200463 | 145.8752 0

Following the preprocessing of the original indicator data through dimensionless and
normalization techniques, the resulting normalized matrix is shown in Table 5-8. All
indicator values are scaled within the range 0 to 1 using the min—max normalization
method for negative indicators (where smaller values indicate better performance),

expressed as:

L max;—x;

[/ .

This transformation assigns 1 to the best (lowest) raw value and 0 to the worst (highest),
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allowing direct comparison across indicators of different types.

Normalization is an essential step in multi-criteria decision-making, especially when
indicators have different units or scales (for example, deviation rates expressed as
percentages versus risk values expressed as absolute numbers). Transforming all
indicators into a common range reduces the effect of unit differences and makes
integration into weighting and ranking models fair and consistent. This process follows
standard practice in operations research and improves the robustness of the following

evaluation.
Interpreting the Normalized Values:

¢ Values closer to 1 indicate superior performance, signifying that the indicator is
closer to its ideal (minimal) state relative to the dataset.
¢ Values closer to 0 denote inferior performance, highlighting areas of potential

weakness where the indicator deviates significantly from the optimal.

This standardized representation not only streamlines the computational process but
also offers an intuitive metric for preliminary assessment, allowing researchers to

identify outliers and trends prior to advanced weighting.

Table 5-8 Normalized Data on Power Quality Indicators for Nodes and Branches

Node
P1 P2 P3 P4 P5 Pé6
Index
2 1 1 1 0.777565 1 0
3 0.846918 | 0.827947 | 0.965316 | 0.773795 1 0.54554
4 0.754933 | 0.738955 | 0.798486 | 0.784421 1 0.999963
5 0.661827 0.65138 0.75872 | 0.665663 1 0.999997
6 0.421946 0.4321 0.716665 0.55807 | 0.999877 | 0.999999
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7 0.369264 | 0.393057 | 0.564456 | 0.285433 | 0.998017 1
8 0.308114 | 0.345823 | 0.522896 | 0.235526 | 0.977703 1
9 0.234918 | 0.289563 | 0.504363 0.1946 | 0.892468 1
10 0.166548 | 0.239359 | 0.449768 | 0.104973 | 0.760356 1
11 0.156867 | 0.232623 | 0.394495 | 0.024813 | 0.738514 1
12 0.140623 | 0.221561 | 0.389295 | 0.016106 | 0.700203 1
13 0.072784 | 0.177658 | 0.379411 0| 0.540379 1
14 0.04753 | 0.162318 | 0.382103 | 0.025677 0.48517 1
15 0.033166 | 0.158034 | 0.384169 | 0.043852 | 0.462508 1
16 0.020574 | 0.157413 | 0.385591 | 0.054716 0.45023 1
17 0.00316 | 0.163082 | 0.386665 | 0.063576 | 0.450311 1
18 0] 0.171817 | 0.389624 | 0.086834 0.46384 1
19 0.994429 | 0.993061 0.39075 | 0.091062 1 1
20 0.95661 | 0.946062 0.95044 0.69075 1 1
21 0.949087 | 0.936815 | 0.820767 | 0.349358 1 1
22 0.942273 | 0.928431 0.775 | 0.293576 1 1
23 0.818061 | 0.781443 | 0.685242 | 0.215877 1 1
24 0.765233 | 0.695073 | 0.656715 | 0.895752 1 1
25 0.738678 | 0.651952 | 0.328841 | 0.980582 1 1
26 0.397903 | 0.407036 0 1] 0.999416 1
27 0.366459 | 0373659 | 0.548485 | 0.262869 | 0.996755 1
28 0.229028 | 0.224498 | 0.526005 | 0.234649 | 0.811061 1
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29 0.128085 | 0.117279 | 0.383518 | 0.100472 | 0.453238 1
30 0.083163 | 0.070638 | 0.274179 | 0.013108 | 0.276188 1
31 0.025353 0.01576 | 0.273469 | 0.011077 | 0.061545 1
32 0.012771 | 0.003721 | 0.275262 | 0.026884 | 0.014535 1
33 0.00872 0| 0.275755| 0.030058 0 1

The information entropy and redundant entropy values, calculated using objective
weighting methods such as the entropy weight method and the improved CRITIC
method, are listed in Table 5-9. These parameters describe the information content of
each indicator by representing data variability, uncertainty, and overlap between

indicators.

Information entropy is defined as:

e = —Zp,-j In p;» where p; = mi,m =32

i=1
Tij

i=1

A lower entropy value means higher information contribution because of greater data
variability. Redundant entropy, introduced in the improved CRITIC method, measures
the shared information between indicators. A smaller redundancy value means the

indicator contributes more uniquely to the overall assessment.

Indicators with high information entropy and low redundant entropy are prioritised
since they offer distinct and meaningful insight into power quality behaviour while

reducing multicollinearity in the model.
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Table 5-9 Information Entropy and Redundant Entropy Values of Each Indicator

Indicator Number Information Entropy Redundant Entropy
P1 2.8255 0.1494
P2 2.9881 0.1005
P3 2.7369 0.1761
P4 2.5898 0.2204
PS5 2.1556 0.3511
P6 0.3998 0.8797

5.7.1 Subjective weight determination based on the analytic hierarchy
process (AHP)

The subjective weights were determined using the Analytic Hierarchy Process (AHP)
based on five independent groups of evaluators (Table 5-10 to Table 5-14). In this study,
the term expert group refers to evaluators with relevant background and experience in
power systems, particularly in power quality analysis and distribution network
operation. Each group independently performed pairwise comparisons of the selected
indicators using the same evaluation criteria, providing one judgement matrix per
group. The use of multiple groups aims to reduce individual bias and reflect variations
in professional judgement rather than relying on a single source of subjective

assessment.

Each pairwise comparison matrix represents the relative importance of the indicators
and was constructed using a modified comparison scale ranging from 1.0 to 1.8. This
restrained scale allows sufficient discrimination between indicators while limiting
extreme judgements that may lead to inconsistency. For each group, the principal

eigenvector associated with the maximum eigenvalue was calculated and normalised
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to obtain the corresponding subjective weight vector. The consistency of each matrix
was evaluated using the Consistency Ratio (CR = CI / RI), and all CR values were

below the commonly accepted threshold of 0.1, indicating acceptable consistency.

The final subjective weights were obtained by taking the arithmetic mean of the weight
vectors from the five groups, assuming equal credibility among groups for simplicity
(Equation 3.107). Although small differences exist among the group assessments, the
overall ranking of indicators remains consistent, indicating a stable perception of
relative importance across groups. This approach provides a balanced and transparent
basis for deriving subjective weights to be combined with objective weighting methods

in the subsequent analysis.

Table 5-10 Suppose the Judgement Matrix Given by Group 1

Group 1 P1 P2 P3 P4 P5 P6
P1 1 0.9 0.9 0.99 0.825 1.32
P2 1.1111 1 1 1.1 0.9167 1.4667
P3 1.1111 1 1 1.1 0.9167 1.4667
P4 1.0101 0.9091 0.9091 1 0.8333 1.3333
PS 1.2121 1.0909 1.0909 1.2 1 1.6
P6 0.7576 0.6818 0.6818 0.75 0.625 1
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Networks

Group 2 P1 P2 P3 P4 PS P6
P1 1 0.8333 0.9167 0.8333 0.641 0.8974
P2 1.2 1 1.1 1 0.7692 1.0769
P3 1.0909 0.9091 1 0.9091 0.6993 0.979
P4 1.2 1 1.1 1 0.7692 1.0769
P5 1.56 1.3 1.43 1.3 1 1.4
P6 1.1143 0.9286 1.0214 0.9286 0.7143 1

Table 5-12 Suppose the Judgement Matrix Given by Group 3

Group 3 P1 P2 P3 P4 P5 P6
P1 1 0.7143 0.7143 0.5952 0.3968 0.4762
P2 1.4 1 1 0.8333 0.5556 0.6667
P3 1.4 1 1 0.8333 0.5556 0.6667
P4 1.68 1.2 1.2 1 0.6667 0.8
PS5 2.52 1.8 1.8 1.5 1 1.2
P6 2.1 1.5 1.5 1.25 0.8333 1
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Group 4 P1 P2 P3 P4 P5 P6
P1 1 0.8333 0.7576 0.7576 0.6313 0.6944
P2 1.2 1 0.9091 0.9091 0.7576 0.8333
P3 1.32 1.1 1 1 0.8333 0.9167
P4 1.32 1.1 1 1 0.8333 0.9167
P5 1.584 1.32 1.2 1.2 1 1.1
P6 1.44 1.2 1.0909 1.0909 0.9091 1

Table 5-14 Suppose the Judgement Matrix Given by Group 5

Group 5 P1 P2 P3 P4 P5 P6
P1 1 1 1.1 1 1 1.1
P2 1 1 1.1 1 1 1.1
P3 0.9091 0.9091 1 0.9091 0.9091 1
P4 1 1 1.1 1 1 1.1
P5 1 1 1.1 1 1 1.1
P6 0.9091 0.9091 1 0.9091 0.9091 1

The subjective weights were determined using the Analytic Hierarchy Process (AHP)

based on five independent groups of evaluators (Table 5-10 to Table 5-14). In this study,

the term expert group refers to individuals with relevant academic or professional

experience in power systems, particularly in power quality assessment, distribution
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network operation, and renewable energy integration. The selection of multiple groups
aimed to ensure diversity in perspectives, including both research-oriented and
practice-oriented viewpoints, thereby reducing the bias associated with relying on a

single source of judgement.

To ensure consistency and comparability across groups, all evaluators were provided
with the same set of indicator definitions, evaluation criteria, and instructions for
pairwise comparison. Each group independently constructed a judgement matrix based
on their understanding of the relative importance of the selected indicators. No
interaction between groups was allowed during this process, ensuring that each matrix

reflects an independent assessment and captures variability in expert judgement.

Each pairwise comparison matrix was constructed using a modified comparison scale
centred around 1.0, where a value of 1 indicates equal importance, and values greater
than 1 indicate increasing relative importance of one indicator over another. The scale
was designed to be restrained to reduce extreme judgements and improve consistency,
typically ranging from 1.0 to 1.8. However, in some cases, values exceeding this
nominal range (e.g., above 2.0) appear in the judgement matrices, reflecting stronger
perceived importance differences by individual expert groups. This flexible scaling
approach allows experts to express relative importance more accurately while

maintaining acceptable consistency levels.

For each group, the principal eigenvector corresponding to the maximum eigenvalue
of the judgement matrix was calculated and normalised to obtain the subjective weight
vector. The consistency of each judgement matrix was evaluated using the consistency
ratio (CR), defined as CR = CI / RI. All calculated CR values were below the
commonly accepted threshold of 0.1, indicating that the pairwise comparisons are

logically consistent and acceptable for further analysis.

The final subjective weights were obtained by taking the arithmetic mean of the weight

vectors from the five expert groups, assuming equal credibility among groups.
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Although minor differences exist among the individual group assessments, the overall
ranking of indicators remains consistent across groups, indicating stability in the

perceived relative importance of the indicators.

This approach ensures that the derived subjective weights reflect both expert
knowledge and variability in professional judgement, providing a transparent and
balanced basis for integration with objective weighting methods in the subsequent

AHP—CRITIC analysis.

5.7.2  Objective and comprehensive weights

Table 5-15 presents the subjective (AHP) and objective weights (Entropy Weight
Method and improved CRITIC) for the six indicators, alongside their combinations
(AHP-Entropy and AHP-CRITIC). The comprehensive weights were determined
using Equation 3.110, w; = awg,, ; + (1 — a)w,,; j,where a = 0.5 is adopted in
this study to assign equal importance to subjective judgement and objective data
characteristics. Other values of a@ may be considered in future work to reflect

different decision preferences.

Under the AHP—CRITIC scheme, indicator P4 (harmonic voltage three-phase
imbalance degree) receives the highest weight (0.2522), indicating that it plays a
particularly influential role in identifying power quality weak points under harmonic
power flow conditions. This prominence is supported by its elevated objective weights
(Entropy: 0.3597; CRITIC: 0.3557), reflecting substantial data variability and low
redundancy, as evidenced by its information entropy (2.5898) and redundant entropy
(0.2204) in Table 5-9. Such metrics indicate that P4 captures unique fluctuations
critical to power quality assessment, potentially due to its sensitivity to asymmetric

harmonic injections in the grid.

In contrast, P6 (active power over-limit risk value of node injection branch) receives
the lowest comprehensive weight (0.1211), consistent with its minimal objective

contributions  (Entropy: 0.0217; CRITIC: 0.0831). This suggests limited
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discriminatory power, possibly arising from skewed data distribution (e.g., many near-
zero values indicating low risk across nodes), as reflected in its low information

entropy (0.3998).

Subjective AHP weighting emphasizes PS5 (maximum over-limit risk value of node
voltage, 0.2071), aligning with expert prioritization of voltage stability risks in
practical grid operations. However, objective methods assign lower weights to P5
(Entropy: 0.0832; CRITIC: 0.1211), revealing a discrepancy where data variability
downplays its role compared to expert intuition. The AHP-CRITIC combination
moderates this to 0.1638, demonstrating the method's ability to reconcile subjective

biases with empirical evidence.

Comparing AHP-Entropy and AHP-CRITIC illuminates methodological nuances.
AHP-Entropy assigns higher weight to P4 (0.2691) than AHP-CRITIC (0.2522), likely
due to Entropy's focus on variance alone, which may amplify indicators with
compressed ranges (e.g., P4's pre-normalized values). This vulnerability can lead to
overemphasis on low-variance indicators, potentially overlooking interdependencies.
Conversely, the improved CRITIC incorporates conflict (via Pearson correlations) and
redundancy (via inverse entropy), yielding a more resilient distribution—e.g.,
tempering P2's weight and mitigating AHP's overreliance on P1 (reducing from 0.1397
to 0.1586 in AHP-CRITIC). This enhancement promotes objectivity, as visualized in
the pie charts (Figure 5-19), where AHP-CRITIC exhibits a balanced allocation,

avoiding the subjective skew toward P1 and P5 in AHP-Entropy.

Overall, the AHP-CRITIC method provides a superior hybrid framework by
integrating human expertise with data-driven metrics, minimizing biases and
enhancing the model's applicability to real-world power systems. Future sensitivity
analyses could explore varying ato optimize for specific grid configurations, further

validating the framework's adaptability.
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Table 5-15 Subjective (AHP) And Objective Weights for the Six Indicators

AHP-
Entropy
Indicator Entropy AHP-
AHP Weight CRITIC
Number Weight CRITIC
Method
Method
P1 0.1397 0.2788 0.1778 0.2165 0.163
P2 0.1619 0.1915 0.1409 0.1932 0.1562
P3 0.1588 0.0647 0.1211 0.1112 0.1434
P4 0.1672 0.3597 0.3557 0.2691 0.2522
P5 0.2071 0.0832 0.1211 0.144 0.1638
P6 0.1649 0.0217 0.0831 0.0657 0.1211

P6, 6.57%, 7%

B p1, 21.65%, 22%
P5, 14.40%, 14% .
P2, 19.32%, 19%
P4, 26.91%, 27%

P3, 11.12%, 11%

Figure 5-18 Weight Distributions Under Combined AHP-Entropy Weighting Method
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P6, 12.11%, 12% P1, 16.30%, 16%

P5, 16.38%, 17%

P2, 15.62%, 16%

P4, 25.22%, 25% P3, 14.34%, 14%

Figure 5-19 Weight Distributions Under Combined AHP-CRITIC Method

Figure 5-18 and Figure 5-19 present two pie charts illustrating the weight distributions
under the combined AHP-Entropy and AHP-CRITIC methods, providing a visual
comparison of how the hybrid approaches allocate importance across the six indicators
(P1 to P6). These visualizations facilitate an intuitive understanding of the

methodological differences and their impact on indicator prioritization.

In Figure 5-18, depicting the AHP-Entropy Weighting Method, the largest slice is
attributed to P4 (harmonic voltage three-phase imbalance degree) at 26.91%,
underscoring its dominant role as per the entropy-based objective weighting, which
emphasizes indicators with higher variability. This is followed by P1 (three-phase
voltage imbalance) at 21.65% and P2 (node voltage deviation rate) at 19.32%,
reflecting a blend where subjective AHP inputs elevate P1 and P2, while entropy
amplifies P4 due to its data dispersion. Smaller allocations include P5 (maximum over-
limit risk value of node voltage) at 14.40%, P3 (average harmonic voltage distortion
rate) at 11.12%, and P6 (active power over-limit risk value of node injection branch)
at 6.57%, indicating lower perceived informational content for these under entropy

metrics. This distribution highlights a potential overemphasis on variance-driven
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indicators, as entropy may disproportionately favour those with narrower but more
uniform data ranges, leading to a skewed allocation that diminishes the role of risk-

related metrics like P6.

In contrast, Figure 5-19 representing the AHP-CRITIC Method, shows a more
balanced distribution, with P4 still prominent at 25.22% but moderated compared to
AHP-Entropy. P5 receives 16.38%, P1 16.30%, P2 15.62%, P3 14.34%, and P6
12.11%, demonstrating CRITIC's incorporation of inter-indicator correlations and
redundancies, which tempers extreme weights and promotes equilibrium. For instance,
P6's weight increases from 6.57% in AHP-Entropy to 12.11%, better accounting for its
unique contributions despite low variance, while P1 decreases from 21.65% to 16.30%,
mitigating subjective overemphasis. This visual comparison affirms the superiority of
AHP-CRITIC in achieving a more robust, less biased weight profile, as the slices are
more evenly distributed, reducing the risk of overlooking interconnected power quality

factors in grid assessments.

5.8 Summary

This chapter presented a detailed Monte Carlo-based three-phase stochastic harmonic
power flow study for the IEEE 33-bus distribution network, integrating uncertainty in
loads, PV and wind generation, and harmonic sources. The proposed framework offers
a statistically complete reference for analysing voltage and power variability as well

as harmonic distortion in complex unbalanced systems.

The simulation results showed that voltage deviations and power fluctuations increase
along the feeder, with the most severe effects observed in the downstream sections and
in the heavily loaded phase. Harmonic analysis revealed that THD peaks at the
injection nodes and decreases with electrical distance, verifying the expected spatial

propagation characteristics.

Risk evaluation results demonstrated that Phase C is the most critical, exhibiting both

the highest under-voltage and overload probabilities due to its heavy load and absence
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of local generation. The derived over-limit probabilities and risk values clearly

outlined the spatial pattern of vulnerability across the feeder.

The multi-indicator weighting analysis, combining AHP and CRITIC methods, further
identified the relative influence of various factors. It was found that three-phase
harmonic voltage imbalance and voltage risk indicators play dominant roles in

determining power quality weakness.

Overall, this chapter provides a complete and data-driven framework for stochastic
and harmonic assessment of distribution systems. The developed MCS-based model
not only validates earlier probabilistic approaches but also delivers a practical
reference for risk-based planning, reliability assessment, and mitigation of power

quality issues in networks with renewable and nonlinear sources.

Building upon the insights from Chapter 5, which identified the locations and severity
of power quality weaknesses, Chapter 6 offers transitions from assessment to active
mitigation of harmonic distortion. It uses an improved Particle Swarm Optimization
(PSO) framework to determine the most effective placement and sizing of Active

Power Filters (APFs).
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Chapter 6 Optimization of Active Power Filter
Configuration Using Improved Particle

Swarm Optimization

6.1 Introduction

Building on the probabilistic and harmonic analysis presented in Chapter 5, which
identified network buses with high voltage distortion and power quality weaknesses,
this chapter moves from system assessment to mitigation planning. The focus is placed
on the configuration optimization of Active Power Filters (APFs) in distribution
networks subject to harmonic distortion from nonlinear loads and distributed

generation.

The objective of this chapter is to determine suitable APF installation locations and
capacities that reduce voltage harmonic distortion while limiting overall compensation
cost, subject to practical system constraints. Compliance with commonly used
harmonic standards, including limits on voltage total harmonic distortion (THDU), is

explicitly considered in the optimization formulation.

To address this problem, a Particle Swarm Optimization (PSO)-based method is
employed and adapted for the APF configuration task. The proposed approach
introduces a subpopulation-based search mechanism intended to improve convergence
behaviour in high-dimensional decision spaces. In this framework, particles are
grouped during the search process to guide exploration, while all candidate solutions
retain a complete encoding of APF locations and capacities. Subpopulation screening
is applied to adjust the search strategy rather than to remove decision variables, and

the final solution is obtained from the global best particle satisfying all constraints.

The optimization procedure is coupled with harmonic power flow analysis to evaluate

system performance under candidate APF configurations. Operational constraints,
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including THDU limits and APF capacity bounds at each bus, are incorporated to
ensure feasible solutions. Simulation studies are carried out on a modified IEEE 33-
bus distribution system with multiple harmonic sources. The following sections
describe the optimization formulation, the PSO-based solution procedure, and the
resulting improvements in harmonic voltage distortion before and after APF

compensation.

In this chapter, voltage THDU is selected as the primary power quality metric in the
APF optimisation model. This choice is motivated by the fact that the main function
of the APF in this study is harmonic compensation, and THDU provides the most direct
and comprehensive indicator of harmonic voltage distortion at the network level.
Although other power quality indices, such as voltage deviation, phase unbalance, and
risk-based indicators, were evaluated in Chapter 5, they are not included as explicit
optimisation objectives here in order to maintain a focused and tractable optimisation
framework. Instead, this chapter concentrates on the dominant harmonic mitigation
objective, while the broader impact of APF deployment on overall power quality is

examined through post-optimisation assessment.

It should also be noted that, although Chapter 5 examined stochastic harmonic
behaviour in a three-phase unbalanced framework, the optimisation model in this
chapter is formulated in a simplified network representation that focuses on system-
level harmonic mitigation rather than detailed phase-specific balancing. This
simplification is adopted to keep the APF placement and sizing problem
computationally tractable, while still preserving the dominant harmonic propagation
characteristics required for optimisation. The effectiveness of the obtained APF

configuration is then evaluated in terms of network-level harmonic voltage reduction.

6.2 Optimization steps for power filter configuration based on improved
particle swarm optimization

This section outlines the proposed improved Particle Swarm Optimization (PSO)
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algorithm for determining the optimal locations and capacities of shunt Active Power
Filters (APFs) in a distribution network to minimize harmonic distortion and
compensation costs while satisfying system constraints (IEEE Standard 519). The
algorithm extends standard PSO [239] by incorporating node-based niche partitioning
(subpopulation division) and periodic performance-based subpopulation elimination
to enhance exploration, mitigate premature convergence, and improve computational

efficiency in high-dimensional, constrained problems [240] [241].

The key enhancement lies in dividing particles into subpopulations (niches)
corresponding to network node clusters, allowing parallel search in different regions
of the solution space. Underperforming subpopulations are dynamically eliminated
after evaluation periods to concentrate resources on promising areas. To ensure the
final solution addresses the full system (not partial sub-configurations), a shared global
best is maintained, and elite particles from eliminated subpopulations are reintegrated
or used to influence remaining groups. This contrasts with independent subproblem
decomposition approaches and aligns with dynamic multi-swarm or niche PSO

variants adapted for engineering optimization [242].
The algorithm proceeds in the following steps.
Step 1: Initialize the Particle Swarm and Divide into Small Niches

Divide the nodes into small niches (referred to as subpopulations) based on node

numbers. For each particle j in subpopulation I, initialize its velocity v, and
position x;.Here, x; represents the position of the particle in the solution space (a

potential configuration of the power filter), and v, represents its velocity, which
directs its movement during optimization.

Step 2: Evaluate Initial Fitness and Determine Individual and Subpopulation

Best Values

Calculate the initial fitness of each particle using a predefined fitness function, which
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integrates both the objective function (e.g., minimizing harmonic distortion) and
constraints. These constraints include harmonic voltage and current distortion rates,
derived from the harmonic analysis algorithm. This ensures that solutions remain

feasible within the power system’s operational limits.

Assign this fitness value as the particle’s individual best value p, . Then, within each

subpopulation, identify the particle with the highest fitness and designate its fitness as

the subpopulation best value s,. Additionally, define w, as the worst fitness value

among the best solutions (s, ) of all subpopulations in each iteration. This step

establishes a baseline for tracking progress throughout the optimization.

Step 3: Update Particle Positions and Velocities, and Recalculate Fitness
Update the position x,; and velocity v, of each particle using its individual best

p, and the subpopulation best s,. Recalculate the fitness for each particle using the

fitness function.

Step 4: Recalculate Individual and Subpopulation Best Values
Based on the updated fitness values, recalculate the individual best value p, for each

particle and the subpopulation best value s, for each subpopulation. This step ensures

that the algorithm continuously tracks the best-known solutions as it iterates.

Step 5: Check Iteration Count for Subpopulation Elimination

After every m iterations (i.e., when the iteration number gen satisfies
mod(gen,m)=0 ), compare the subpopulation best values s, across all
subpopulations. Identify the minimums,, denoted as s, , which represents the worst-

performing subpopulation among the best values. Eliminate subpopulation I,

meaning all particles in this subpopulation are excluded from subsequent iterations.
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This elimination reflects the evolutionary progress of each subpopulation, reducing
redundant computations and enhancing efficiency by focusing on more promising

regions of the solution space.
Step 6: Update the Population by Removing Eliminated Particles

Remove the particles from the eliminated subpopulations and update the overall
population accordingly. This step ensures that only the most effective subpopulations

continue to evolve, aiding convergence toward an optimal solution.

Step 7: Check Termination Condition
Check if the current iteration number g€l exceeds the maximum number of iterations

N . If gen> N , terminate the algorithm and output the optimization results,

including the optimal installation location and capacity of the shunt Active Power
Filter (APF), along with the corresponding optimal fitness value. If the maximum

iteration count has not been reached, return to Step 3 and continue the iterative process.
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Figure 6-1 Flowchart of the Two-Layer Optimization Configuration of the APF
Figure 6-1 illustrates the flowchart of the proposed two-layer PSO-based optimization
process for APF configuration, including particle initialization, sub-colony division,
iterative updating of individual and group best values, periodic elimination of inferior

sub-colonies, and final determination of the global optimal solution.

6.3 APF Optimization Configuration Results

In this section, the results of the proposed optimization framework for active power

filter (APF) configuration in the distribution network are presented. The analysis
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encompasses the harmonic source parameters, system constraints, optimal APF
placement and sizing, improvements in harmonic voltage distortion rates, variations in
individual harmonic voltage contents, and the convergence behaviour of the particle
swarm optimization (PSO) algorithm. All simulations were conducted using the IEEE
33-bus test system adapted for distribution network operation with distributed
harmonic sources. The objective was to minimize the total harmonic governance cost
while ensuring compliance with national grid harmonic standards, such as those
specified in IEEE Standard 519, which limit total harmonic distortion in voltage

(THDU) to below 5% for low-voltage systems.

6.3.1 Harmonic Source Parameters

The harmonic current injection rates at various buses, representing the primary sources
of distortion in the distribution network, are detailed in Table 6-1. These rates are
expressed as percentages of the fundamental current for the dominant harmonic orders
(5th, 7th, 11th, 13th, and 17th), which are typical in systems with nonlinear loads such
as rectifiers and inverters. For instance, bus 22 exhibits the highest 5th harmonic
content at 0.2978%, while bus 33 shows elevated levels across multiple orders,
peaking at 0.3209% for the 11th harmonic. These parameters were derived from load
flow simulations incorporating realistic nonlinear device models, ensuring that the
optimization accounts for the spatial distribution of harmonic pollution. Notably, buses
closer to the substation (e.g., bus 6) display lower distortion rates, reflecting the

attenuating effect of impedance on harmonic propagation.

The case study is based on a modified IEEE 33-bus distribution system in which
multiple harmonic sources are assigned to selected buses to represent the spatially
distributed effects of nonlinear loads and converter-based devices. The injected
harmonic current spectra are specified for the dominant odd harmonic orders, namely
the Sth, 7th, 11th, 13th, and 17th components, which are commonly observed in

practical distribution systems with rectifiers, inverters, and other nonlinear equipment.
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The harmonic source magnitudes used in this chapter are defined as percentages of the
corresponding fundamental current and are derived from representative harmonic
spectra reported in the literature and adapted to the selected buses according to their
load and operating characteristics. This design enables the optimisation study to
capture both the local severity of harmonic injections and their network-wide

propagation effects.

The selected harmonic-injection buses are distributed along the feeder in order to
represent both upstream and downstream harmonic interactions and to create a non-

uniform harmonic distortion profile suitable for APF placement analysis.

Table 6-1 Harmonic Current Content Rates (%) for Selected Orders at Various Buses

Harmonic 5t —th ™ 13 J7h
Injection Node
6 0.0211 0.0136 0.0077 0.0063 0.0047
8 0.233 0.144 0.078 0.06 0.052
9 0.0218 0.0134 0.0082 0.0067 0.0054
10 0.0201 0.0147 0.0081 0.0067 0.0052
11 0.32 0.33 0.21 0.19 0.049
14 0.211 0.126 0.077 0.063 0.047
18 0.2201 0.1309 0.1008 0.0606 0.0419
19 0.0218 0.0134 0.0082 0.0067 0.0054
20 0.0201 0.0147 0.0081 0.0067 0.0052
21 0.0191 0.0147 0.0078 0.0065 0.0049
22 0.2978 0.3042 0.1858 0.1686 0.0521
23 0.0191 0.0147 0.0078 0.0065 0.0049
24 0.0186 0.0131 0.0076 0.0063 0.0053
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25 0.1964 0.3033 0.1858 0.1675 0.0508
26 0.0211 0.0136 0.0077 0.0063 0.0047
29 0.3141 0.3211 0.1898 0.1716 0.0512
33 0.3101 0.3209 0.1932 0.1676 0.0609

Table 6-1 highlights the concentration of harmonic sources at downstream buses,

necessitating targeted APF placement to mitigate propagation effects.

6.3.2  System constraints

To ensure feasible and practical optimization outcomes, system constraints were
imposed on the maximum allowable THDU post-optimization and the maximum APF
capacity per bus. These are summarized in Table 6-2. The THDU threshold was set to
3% for most buses to provide a safety margin below the 5% national standard,
promoting robust power quality. If the optimized THDU exceeds this threshold, the
solution is deemed suboptimal, requiring increased investment for additional
compensation. Similarly, APF capacity limits prevent overloading at any single bus
and demand the necessity of capacity redistribution, potentially elevating overall costs

due to additional devices or infrastructure.

It should be noted that the maximum APF capacity at each bus is not arbitrarily
assigned, but is determined based on practical engineering considerations and system

characteristics.

First, the capacity limits are constrained by realistic equipment ratings of commercially
available APF devices. In practical applications, APFs are typically designed within a
certain capacity range due to limitations in converter ratings, thermal performance, and

installation space.

Second, the capacity limits are scaled according to the local load demand and network
conditions at each bus. In this study, the maximum allowable APF capacity is defined

as a proportion of the nodal load level, ensuring that the allocated compensation
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capacity remains physically meaningful and consistent with the scale of power
consumption at that location. This prevents unrealistically large compensation devices

being assigned to nodes with relatively small loads.

Third, these limits also serve as boundary constraints in the optimization process. By
restricting the search space of APF capacity, the optimization algorithm is guided
toward feasible and economically realistic solutions, avoiding excessive compensation

that would not be practical in real-world deployment.

Therefore, the specified APF capacity limits reflect a combination of equipment
constraints, local system characteristics, and optimization requirements, ensuring that

the obtained solutions are both technically feasible and practically implementable.

Table 6-2 System Constraints on Maximum THDU (p.u.) And APF Capacity (MVA)

Node Number Max THDU (p.u.) Max APF Capacity MVA)
1 0.0250 0
2 0.0250 26
3 0.0250 23
4 0.0250 31
5 0.0300 34
6 0.0300 28
7 0.0300 53
8 0.0300 53
9 0.0300 26
10 0.0330 21
11 0.0330 16
12 0.0330 22
13 0.0330 34
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14 0.0330 44
15 0.0330 16
16 0.0330 33
17 0.0330 34
18 0.0330 21
19 0.0200 24
20 0.0200 31
21 0.0200 28
22 0.0200 24
23 0.0300 30
24 0.0300 110
25 0.0300 113
26 0.0330 27
27 0.0330 27
28 0.0330 23
29 0.0330 33
30 0.0330 58
31 0.0330 45
32 0.0330 54
33 0.0330 22

6.3.3 Optimal APF Configuration

The optimized configuration places APFs at buses 5, 14, 25, and 33, selected from the
IEEE 33-bus system due to their proximity to major harmonic sources and strategic

positions for mitigating upstream and downstream distortions. Table 6-3 summarizes
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the compensation harmonic currents (in per unit, p.u., relative to the fundamental),
capacities (in MVA), and individual compensation costs (in £). The total governance
cost converges to £81,104.15, representing a cost-effective solution that reduces the

number of APFs while ensuring system-wide compliance.

In the proposed APF optimisation framework, the compensation cost reported in Table
6-3 and Figure 6-2 is derived from the objective function of the particle swarm
optimisation (PSO) algorithm. The cost is formulated as a governance cost index that
combines installation expenditure, capacity-related investment, and constraint
enforcement. It is used to compare alternative APF allocation schemes under identical

modelling assumptions, rather than to represent exact market procurement prices.

The total compensation cost is defined as

Ctotal = Cinst + Ccap + Cpenf

where Cing, Ceaps and Cpeqdenote the fixed installation cost, capacity-dependent cost,
and penalty cost associated with harmonic constraint violations, respectively.
® Fixed installation cost

The fixed installation cost represents site-independent expenses associated with
deploying an APF, including equipment installation, commissioning, protection, and
integration with the existing distribution network. This term is expressed as

Cinst = Cinst NAPFI

where Njpris the total number of installed APFs, and c;,q1s the unit installation cost
per device. In this study, c¢;,; = 3000(£/unit) is adopted as a representative constant
value. This term encourages solutions with fewer devices, provided that harmonic

constraints are satisfied.
® Capacity-dependent cost

The capacity-dependent cost reflects the increase in equipment cost with APF rating,
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accounting for converter size, semiconductor devices, thermal design, and filter
components. Let S;denote the rated compensation capacity of the APF installed at bus
I, as obtained from the optimisation process. The capacity-related cost is defined as

NapF

Ccap = Ccap 2 Si
i=1

where ¢, 18 the unit cost coefficient. In the numerical implementation, APF capacities

are converted to an equivalent kVA scale, and a linear cost coefficient of c,, =

360(£/kVA) is applied. This formulation penalises excessive oversizing and promotes

economically balanced capacity allocation across the network.
® Harmonic constraint penalty

To ensure compliance with the post-mitigation harmonic voltage distortion limits
specified in Table 6-2, a penalty term is introduced for any violation of the THDU
constraints. Let THDU, and THDU®* denote the resulting and allowable total
harmonic distortion at bus k, respectively. The number of violating buses is defined
as

Nous
Nyiol = I (THDU, > THDUR®),
k=1

where [(-)is the indicator function. The corresponding penalty cost is
Cpen = Nviol'

with a penalty coefficient 1 =5 X 105. This large penalty ensures that infeasible
solutions with harmonic limit violations are strongly discouraged during optimisation,

effectively enforcing THDU compliance across all buses.

The PSO algorithm minimises Cyy, as the objective function. Figure 6-2 illustrates
the convergence of the global best objective value over successive iterations. Once all

harmonic constraints are satisfied (N,;,; = 0), further reductions in the objective value
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are driven by improved trade-offs between the number of APFs and their allocated
capacities. The final converged cost therefore corresponds to the optimal APF

configuration reported in Table 6-3.

Table 6-3 Optimal APF Allocation Results

Compensation
Compensation (Compensation Cost
APF Node Number | Harmonic Current
Capacity (MVA) (€3]
(p.u.)

25 0.628 0.0855 33763.32

14 0.962 0.0392 17102.25

33 1.183 0.0443 18958.58

5 0.261 0.0230 11280
Total - - 81104.15

It should be noted that the relationship between the compensation current and the
required APF capacity is not strictly proportional. Although the compensation current
reflects the magnitude of harmonic distortion at a given node, the APF capacity is

determined by multiple factors rather than the current magnitude alone.

First, the required APF capacity depends on both the compensation current and the
local voltage level at the installation node. Since APF capacity is essentially related to
the apparent power required for compensation, it is influenced by the product of
voltage and current. In practical distribution networks, node voltages are not uniform
and typically decrease along radial feeders. As a result, a node with a relatively large

compensation current but lower voltage may not require the highest APF capacity.

Second, the compensation current reported in Table 6-3 represents the magnitude of
harmonic components at individual nodes, whereas the APF capacity reflects the
overall compensation requirement from a system perspective. Due to the network
coupling effect, harmonic currents injected at one node can propagate through the

network and influence voltage distortion at multiple locations. Therefore, the
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optimization process determines APF capacities based on their global impact on
system-wide harmonic mitigation, rather than matching local harmonic current

magnitudes directly.

Third, the optimal APF configuration is obtained through a system-level optimization
process that considers both power quality improvement and economic cost. This
introduces a trade-off between minimizing harmonic distortion and limiting
investment and operational costs. As a result, the allocated APF capacity at each node
is not solely driven by the local compensation current, but by its contribution to the

overall objective function.

Therefore, the observed difference between compensation current and APF capacity is
a natural outcome of voltage variation, network interactions, and optimization trade-

offs, rather than an inconsistency in the results.
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Figure 6-2 Compensation Cost by Iteration
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Bus 25 demands the largest capacity (0.0855 MVA) and incurs the highest individual
cost (£33,763.32), attributable to its elevated aggregate harmonic content across
multiple orders (as per Table 6-4), necessitating substantial local filtering. Conversely,
bus 5 handles a smaller load with a compensation current of 0.261 p.u., reflecting its

role in addressing lower-magnitude distortions from upstream propagation.

A key feature of this configuration is the adoption of an over-compensation strategy at
bus 33, where the injected compensation current (1.183 p.u.) exceeds the local
harmonic injection rate. This deliberate over-injection generates counteracting
harmonic currents that propagate through the network, potentially inducing slight
over-compensation at non-critical buses. To quantify this, consider the harmonic

current balance at a generic bus k:

net __ ysource APF prop
Loy =Ly — 1k +z]

h,m—k
m#k

Where I}}is the APF-injected current, and I}, b, represents propagated currents

from adjacent buses m. In over-compensation, Ip}" > L% +| Y17, lat bus 33,

resulting in a net negative (cancelling) current that flows to other buses, reducing their

THDU at the expense of minor local over-correction.

Over-compensation, as implemented here, is a strategic deviation from conventional
one-to-one harmonic cancellation, where APF currents precisely match local injections.
Instead, it leverages the interconnected nature of the distribution network to achieve
global optimization. The rationale stems from multi-objective optimization theory,
balancing cost minimization with constraint satisfaction. Mathematically, this is
incorporated into the PSO fitness function by allowing a tolerance band for individual
bus THDU (e.g., permitting up to 10% over-correction if the system average THDU
decreases by >20%), subject to the binding constraint that all buses remain below 3%

THDU.

298



Chapter 5 Three-Phase Monte Carlo Analysis of Stochastic Harmonic and Risk Characteristics in Distribution
Networks

6.3.4  Variations in harmonic voltage distortion rates

Figure 6-3 illustrate the THDU at all buses before and after APF implementation. Prior
to optimisation, several downstream buses exhibit elevated distortion levels, with
buses 14 and 33 showing the highest THDU values (exceeding 0.08 p.u.), thereby
surpassing the prescribed planning limits and indicating the need for harmonic
mitigation. This non-uniform distribution reflects the cumulative propagation of

harmonic currents from multiple nonlinear sources toward the feeder end.

Following the optimised APF deployment, THDU levels are substantially reduced
across the entire network. All bus voltages comply with the imposed post-mitigation
threshold of 3%, with the maximum residual THDU observed at bus 29 (0.0319 p.u.).
This uniform suppression demonstrates the effectiveness of the proposed APF
configuration in limiting harmonic propagation and reducing the risk of resonance,

insulation stress, and equipment overheating.

A detailed quantitative comparison is provided in Table 6-4. The average THDU across
the system decreases from 0.0476 p.u. to 0.0202 p.u., corresponding to a mean
reduction of 54.11%. In addition, the standard deviation of THDU is reduced from
0.0229 p.u. to 0.0086 p.u., indicating a more homogeneous power quality profile after
compensation. The largest improvement is observed at bus 18, where THDU is reduced
by 71.34% (from 0.0595 p.u. to 0.0171 p.u.). In contrast, the smallest improvement
occurs at bus 22 (20.44%), reflecting its relatively low initial distortion and limited

margin for further reduction.

A moderate positive correlation (r = 0.3745) is observed between the pre-
compensation THDU and the percentage reduction achieved, indicating that the
optimisation strategy prioritises buses with higher initial distortion levels. This effect
is further reinforced by the over-compensation strategy applied at bus 33, where the
injected harmonic current exceeds the local harmonic generation. The resulting surplus

compensating current propagates to neighbouring buses, producing additional THDU
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reductions of approximately 15-20% in buses 29-32, while introducing only marginal
residual distortion variations (<0.008 p.u.) in upstream low-distortion buses. This
trade-off enables system-wide compliance with harmonic limits using a reduced

number of APFs, thereby supporting the overall cost minimisation objective.

Table 6-4 THDU Comparison and Improvement Before and After APF

Compensation
Node Index THDU Before (p.u.) THDU After (p.u.) | Improvement (%)
1 0.005278 0.002576 51.1961
2 0.007401 0.003612 51.1931
3 0.018185 0.008334 54.1693
4 0.021577 0.010043 53.4549
5 0.025219 0.011876 52.9105
6 0.038433 0.018520 51.8122
7 0.049608 0.024070 51.4793
8 0.052421 0.025673 51.0241
9 0.056813 0.026669 53.0575
10 0.061239 0.027567 54.9845
11 0.061706 0.027673 55.1539
12 0.062179 0.027459 55.8383
13 0.065542 0.024992 61.8691
14 0.067639 0.023456 65.3220
15 0.066232 0.022354 66.2493
16 0.064853 0.021269 67.2039
17 0.060687 0.017976 70.3788
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18 0.059492 0.017052 71.3366
19 0.008026 0.004242 47.1451
20 0.013265 0.009510 28.3023
21 0.015016 0.011270 24.9495
22 0.018285 0.014547 20.4412
23 0.026242 0.011504 56.1603
24 0.044938 0.018772 58.2265
25 0.063360 0.025577 59.6327
26 0.050694 0.024521 51.6302
27 0.052201 0.025126 51.8667
28 0.061664 0.028915 53.1091
29 0.069061 0.031886 53.8293
30 0.070433 0.031491 55.2894
31 0.075426 0.029990 60.2389
32 0.077438 0.029473 61.9401
33 0.080635 0.028813 64.2672
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Figure 6-3 THDU Before and After APF Implementation

6.3.5  Variations in individual harmonic voltage components

The wvariations in individual harmonic voltage ratios before and after APF
compensation are summarized in Table 6-5, covering the dominant odd harmonic
orders (5th, 7th, 11th, 13th, and 17th). These results provide granular insight into the
frequency-selective  performance of the proposed optimization strategy,

complementing the aggregate THDu assessment presented previously.

Prior to optimization, the network exhibits distinct downstream amplification of
harmonic voltages. As evidenced in the pre-compensation data, buses near the feeder
end (notably buses 29-33) display the highest HRU values across all considered orders.
Specifically, bus 33 records peak values of 0.0354 p.u. (5th) and 0.0438 p.u. (7th),
reflecting the cumulative interaction between concentrated harmonic injections and
the increasing inductive reactance of the long feeder lines. This spatial trend indicates

a high susceptibility to resonance and localized insulation stress in the absence of
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active mitigation.

)
o
o
[}
[9)]

T

Pre-optimization Harmonic Voltage (p.u.

Optimized Harmonic Voltage Magnitude (p.u.)

o

o

w
T

0.025

0.02

0.015 1

0.01

o

o

o

a
T

Networks

0.04 . . . . .

0 5 10 15 20 25 30
Node Number

Figure 6-4 Pre-Optimization Harmonic Voltage

35

0 5 10 15 20 25 30 35
Node Number

Figure 6-5 Optimized Harmonic Voltage Magnitude

303



Chapter 6 Optimization of Active Power Filter Configuration Using Improved Particle Swarm Optimization

Following the optimized APF deployment, substantial mitigation is achieved across
the entire frequency spectrum. As illustrated in Figure 6-4 and Figure 6-5, the
harmonic voltage profiles are significantly flattened, with peak HRU values
suppressed to below 0.016 p.u. for all orders. The most pronounced reductions are
observed in the lower-order harmonics (5th and 7th), which typically dominate the
distortion spectrum in distribution networks containing power-electronic loads.
System-wide, the average attenuation ranges from 56% to 60% across the five

harmonic orders, confirming the broadband efficacy of the APF configuration.

A comparative analysis reveals that lower-order harmonics exhibit marginally higher
mitigation ratios than higher-order components. This is attributable to the optimization
algorithm prioritizing the dominant low-frequency components which contribute most
heavily to the objective function. Nevertheless, higher-order harmonics (11th—17th)
also experience consistent suppression without evidence of secondary amplification or
control instabilities, verifying that the solution effectively dampens harmonic

propagation without inducing adverse resonance at higher frequencies.

Bus-specific analysis further highlights the "over-compensation" mechanism inherent
in the optimal solution. High-distortion nodes (e.g., buses 22, 25, 29, and 33) benefit
from reductions exceeding 60%. Notably, the strategy involves injecting surplus
canceling currents at key locations (like bus 33), which propagate upstream. This
results in noticeable improvements even in upstream buses (1-10) that have lower
baseline distortions. This propagation effect allows the limited number of APFs to
enforce global compliance effectively, validating the economic efficiency of the

proposed siting and sizing approach.
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Table 6-5 HRU (p.u.) For Harmonic Orders Before and After APF

Node 5th 7t s 13t 17t

Index| Before After Before After Before After Before After Before After
1 0.0011 0.0005 0.0012 0.0005 0.0011 0.0005 0.0011 0.0005 0.0007 0.0003
2 0.0015 0.0006 0.0017 0.0008 0.0015 0.0007 0.0015 0.0007 0.0010 0.0004
3 0.0039 0.0016 0.0044 0.0019 0.0038 0.0017 0.0039 0.0018 0.0024 0.0010
4 0.0058 0.0024 0.0065 0.0028 0.0056 0.0025 0.0058 0.0027 0.0035 0.0014
5 0.0079 0.0032 0.0087 0.0038 0.0076 0.0034 0.0077 0.0036 0.0048 0.0019
6 0.0152 0.0062 0.0169 0.0074 0.0148 0.0065 0.0151 0.0070 0.0093 0.0037
7 0.0212 0.0086 0.0239 0.0103 0.0210 0.0092 0.0215 0.0099 0.0132 0.0052
8 0.0229 0.0093 0.0254 0.0110 0.0222 0.0098 0.0227 0.0105 0.0142 0.0056
9 0.0245 0.0110 0.0270 0.0129 0.0237 0.0114 0.0243 0.0123 0.0152 0.0067
10 | 0.0261 0.0127 0.0287 0.0147 0.0251 0.0130 0.0260 0.0142 0.0161 0.0078
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11 0.0262 0.0129 0.0289 0.0149 0.0252 0.0132 0.0261 0.0143 0.0162 0.0079
12 0.0264 0.0131 0.0290 0.0150 0.0253 0.0133 0.0262 0.0145 0.0163 0.0080
13 0.0274 0.0143 0.0296 0.0159 0.0256 0.0139 0.0268 0.0153 0.0171 0.0089
14 0.0280 0.0150 0.0300 0.0164 0.0258 0.0143 0.0271 0.0158 0.0176 0.0096
15 0.0273 0.0144 0.0294 0.0159 0.0251 0.0137 0.0266 0.0153 0.0171 0.0092
16 0.0266 0.0138 0.0288 0.0154 0.0244 0.0131 0.0260 0.0148 0.0167 0.0088
17 0.0245 0.0119 0.0269 0.0137 0.0223 0.0112 0.0244 0.0134 0.0153 0.0076
18 0.0239 0.0114 0.0264 0.0132 0.0217 0.0107 0.0240 0.0129 0.0149 0.0073
19 0.0015 0.0007 0.0017 0.0008 0.0015 0.0007 0.0016 0.0007 0.0010 0.0004
20 0.0017 0.0008 0.0019 0.0009 0.0017 0.0008 0.0017 0.0009 0.0011 0.0006
21 0.0017 0.0008 0.0019 0.0009 0.0016 0.0008 0.0017 0.0009 0.0011 0.0006
22 0.0017 0.0008 0.0019 0.0009 0.0016 0.0008 0.0017 0.0009 0.0011 0.0005
23 0.0039 0.0016 0.0044 0.0019 0.0038 0.0017 0.0039 0.0018 0.0024 0.0010
24 0.0039 0.0016 0.0043 0.0019 0.0038 0.0017 0.0039 0.0018 0.0024 0.0010
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25 0.0039 0.0016 0.0043 0.0019 0.0038 0.0017 0.0039 0.0018 0.0024 0.0010
26 0.0218 0.0089 0.0246 0.0107 0.0217 0.0095 0.0222 0.0102 0.0135 0.0053
27 0.0225 0.0092 0.0257 0.0111 0.0226 0.0099 0.0232 0.0106 0.0139 0.0055
28 0.0273 0.0111 0.0323 0.0138 0.0287 0.0124 0.0295 0.0132 0.0164 0.0065
29 0.0309 0.0127 0.0375 0.0160 0.0334 0.0143 0.0344 0.0152 0.0184 0.0074
30 0.0315 0.0129 0.0382 0.0163 0.0341 0.0146 0.0351 0.0155 0.0187 0.0075
31 0.0334 0.0137 0.0409 0.0174 0.0366 0.0156 0.0377 0.0165 0.0199 0.0080
32 0.0342 0.0140 0.0420 0.0179 0.0376 0.0161 0.0387 0.0169 0.0204 0.0082
33 0.0354 0.0145 0.0438 0.0186 0.0392 0.0167 0.0404 0.0176 0.0212 0.0085
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6.4 Summary

This chapter developed and validated an optimisation framework for Active Power
Filter (APF) configuration in a distribution network using an enhanced Particle Swarm
Optimisation (PSO) algorithm. By introducing niche-based subpopulation evolution
and periodic elimination, the algorithm improves convergence stability and solution
diversity when solving the mixed discrete—continuous APF placement and sizing

problem.

Using the IEEE 33-bus test system with distributed harmonic sources, the framework
jointly minimises harmonic distortion and a composite governance cost that accounts
for APF installation, capacity allocation, and harmonic constraint enforcement. The
optimal solution places APFs at buses 5, 14, 25, and 33, reducing the average system-
wide THDU from 0.047612 to 0.020206, corresponding to a 54.1% improvement, while

ensuring all buses comply with post-mitigation harmonic limits.

Consistent suppression is achieved across all dominant harmonic orders, with
reductions exceeding 55% for the 5th and 7th components. The over-compensation
strategy applied at bus 33 enhances network-wide mitigation by propagating cancelling

currents to downstream buses, enabling compliance with a reduced number of APFs.

Overall, the results demonstrate that the proposed framework achieves an effective
balance between power quality improvement and economic efficiency, providing a
scalable basis for coordinated and adaptive APF deployment in future distribution

network applications.
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Chapter 7 Conclusion and Future Work

7.1 Conclusion

In an era of accelerating renewable energy integration, modern distribution networks
face unprecedented challenges from stochastic variability, three-phase unbalance, and
harmonic distortion. Traditional deterministic methods are no longer sufficient, as they
often fail to capture the complex interactions between these factors, leading to

suboptimal planning and inadequate mitigation.

This thesis has systematically addressed these gaps by establishing a unified
probabilistic framework that spans from efficient uncertainty quantification and three-
phase stochastic harmonic propagation to economically optimised mitigation. By
integrating advanced probabilistic techniques—specifically dependence-aware point
estimation and hybrid multi-criteria weighting—with bio-inspired global optimisation,
this research provides a comprehensive, uncertainty-respecting toolkit for assessing

operational risks in RES-rich, unbalanced distribution systems.
The achieved outcomes demonstrate that it is possible to:

e Obtain high-fidelity statistical characterizations of system states with

significantly reduced computational cost;

o Quantitatively reveal phase-specific vulnerability patterns that single-phase or

deterministic models overlook;

o Realise cost-effective global harmonic suppression through topology-aware

active filter deployment.

These advancements collectively contribute toward more resilient, reliable, and
economically viable operation of future active distribution networks, providing both the
analytical insight and practical tools necessary to support the transition to high-

renewable, low-carbon power systems.
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7.2 Summary of Original Contributions
1. Dependence-Aware Probabilistic Power Flow Framework

“The thesis proposes and validates an integrated Three-Point Estimation Method
(3PEM) enhanced by Nataf transformations to explicitly model rank correlations
among uncertain inputs (loads, wind, and PV generation). This dependence-aware
approach significantly improves the fidelity of estimated moments for node voltages,
branch powers, and network losses compared with independent-variable assumptions,
while requiring far fewer deterministic power-flow runs than Monte Carlo Simulation
(MCS). The framework is further extended to probabilistic harmonic power flow,
enabling fast yet accurate screening of Total Harmonic Distortion (THD) distributions
under correlated uncertainties, representing a novel combination that fills a

methodological gap in existing literature.”

This thesis developed and validated a systematic probabilistic power flow (PPF)
framework that explicitly accounts for the stochastic dependence among uncertain
system inputs. By integrating the Three-Point Estimation Method (3PEM) with the
Nataf transformation, the proposed approach effectively maps non-Gaussian correlated
variables—including nodal loads, wind power, and PV generation—into an
independent standard normal space via a Gaussian Copula. This enables the explicit
modeling of rank correlations while preserving the marginal distribution characteristics

of each resource (e.g., Weibull for wind and Beta for PV)."

Evaluated on the IEEE 33-bus radial distribution system, the proposed framework

demonstrates high numerical fidelity and computational efficiency:

e Accuracy and Precision: The method characterizes the first five statistical
moments of bus voltages, branch power flows, and total system losses.
Validation against a 10,000-sample MCS benchmark reveals relative errors in
expected values within 0.01% and standard deviations generally below 5%, with
minor discrepancies observed only in high-order moment approximations at the
distribution tails.
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o Computational Superiority: By requiring only 2m+1 deterministic evaluations
(where m denotes the number of correlated uncertain variables), the framework
achieves an orders-of-magnitude reduction in computational burden compared

to MCS, rendering it suitable for real-time uncertainty screening.

A key contribution is the quantification of how inter-variable correlations alter the
system’s physical operating state. The analysis reveals that positive correlations among
load demands and PV generation can significantly exacerbate expected network losses
and broaden voltage variability, particularly at the end-of-feeder nodes (e.g., nodes 18
and 33). Conversely, negative load—wind correlations provide a degree of stochastic

mitigation, though the efficacy is constrained by the installed capacity of the resources.

Furthermore, the framework was extended to probabilistic harmonic power flow,
addressing a significant methodological gap. By incorporating stochastic harmonic
injectors at critical buses, the model provides a fast yet accurate estimation of THD
probability distributions. The results demonstrate that while harmonic distortion
exhibits higher expected values and broader variance near injection points
(predominantly the 5th and 7th harmonics), the impact attenuates and concentrates as

it propagates toward upstream buses.

In summary, this dependence-aware framework provides a robust and computationally
tractable tool for risk-informed planning and operation, enabling distribution system
operators to move beyond the limitations of independence assumptions toward a more

realistic, uncertainty-respecting assessment of modern active networks.

2. Comprehensive Three-Phase Stochastic Harmonic Risk Assessment with Hybrid

Weighting

“A three-phase Monte Carlo-based stochastic harmonic power flow model (10,000
scenarios) is developed, incorporating realistic harmonic injection spectra and
unbalanced loading conditions. This framework enables a detailed and data-driven
characterisation of how uncertainty and harmonic distortions propagate across phases

in radial distribution networks. In addition, a hybrid weighting scheme combining the
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Analytic Hierarchy Process (AHP) with an improved CRITIC method (incorporating
redundancy entropy) is proposed to balance expert judgment with objective data
information, leading to a robust prioritisation of power quality weak points, with
particular emphasis on three-phase harmonic voltage imbalance under renewable
penetration. The results reveal a clear downstream amplification of uncertainty and
systematically higher violation risks in the most heavily loaded phase, highlighting

behaviours that cannot be captured by deterministic or single-phase analyses.”

This contribution is reflected in the establishing of a comprehensive three-phase
stochastic harmonic power flow and operational risk assessment framework to
characterize the multifaceted uncertainties in modern distribution networks. By
integrating large-scale MCS (10,000 scenarios), the framework provides a statistically
complete description of the interaction between three-phase unbalance, stochastic
load/resource variations, and non-linear harmonic injections (specifically the Sth

through 17th orders).

The empirical findings on an unbalanced IEEE 33-bus system yield several critical

insights into system physics:

e Spatial and Phase-Dependent Propagation: Uncertainty and harmonic distortion
propagate unevenly across the network. A pronounced "downstream widening"
effect of voltage uncertainty was observed, where tail-end buses exhibit

significantly higher variance compared to upstream locations.

o Phase-Specific Vulnerability: The framework quantitatively reveals that the
most heavily loaded phase suffers from systematically elevated risks of both
under-voltage and branch overload. These phase-specific patterns—and the
associated "probabilistic tails" of voltage violations—are effectively masked in

traditional deterministic or single-phase analyses.

e *Harmonic Interaction: The analysis shows that THD varies significantly across
the network, with higher values generally observed in feeder sections that are

electrically distant from the slack bus or weakly supported. The spatial
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distribution of THD is influenced by the combined effects of harmonic source
locations, feeder impedance characteristics, and variations in fundamental
voltage magnitude. Differences across phases further highlight that harmonic
distortion is not uniformly distributed, reinforcing the importance of three-phase
modelling for accurately capturing distortion patterns in unbalanced distribution

systems.

To translate these analytical insights into actionable planning, a hybrid subjective—
objective weighting scheme was developed. This scheme synthesizes the Analytic
Hierarchy Process (AHP) with an improved Criteria Importance Through Intercriteria
Correlation (CRITIC) method incorporating redundancy entropy, effectively balancing
domain expertise with the inherent information content of the data. The resulting
assessment identifies three-phase harmonic voltage imbalance as the most influential

factor in weak-point prioritization within renewable-rich systems.

Overall, this contribution provides a granular and mathematically rigorous basis for
identifying critical nodes and vulnerable phases, supporting risk-informed power

quality management in active distribution networks.
3. Enhanced Optimization Strategy for Active Power Filter Placement and Sizing

“An improved Particle Swarm Optimization (PSO) algorithm incorporating niche
division and periodic subpopulation elimination is introduced to solve the multi-
objective APF configuration problem. By strategically allowing controlled over-
compensation at selected buses, the method exploits network topology to achieve global
harmonic suppression more efficiently than conventional local-matching approaches.
Case studies on the IEEE 33-bus system demonstrate that the proposed approach
significantly reduces voltage harmonic distortion while meeting IEEE 519 requirements,
achieving an effective balance between harmonic mitigation performance and overall

investment cost.”

This contribution is reflected in the introduction of an improved PSO algorithm

specifically designed for the multi-objective configuration of shunt APFs in harmonic-
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constrained distribution networks. The enhancement incorporates niche-based
subpopulation division (grouping particles according to network nodes) and periodic
elimination of underperforming subpopulations. These mechanisms promote broader
exploration, reduce the risk of premature convergence, and enhance solution diversity

in the mixed discrete continuous search space of APF locations and capacities.

The optimization employs a double-layer model that simultaneously minimizes a
composite governance cost (installation + capacity + constraint penalties) while strictly
enforcing post-mitigation THDU limits. Harmonic power flow calculations are

embedded to evaluate candidate configurations under operating conditions.

Applied to the IEEE 33-bus system with multiple distributed harmonic sources, the
algorithm identifies an optimal placement at buses 5, 14, 25, and 33. A distinctive
feature is the controlled over-compensation strategy at bus 33, where injected
compensating currents exceed local harmonic levels. This generates propagating
cancellation effects that benefit downstream buses, enabling effective global

compliance with fewer APFs than conventional approaches.

Results demonstrate substantial harmonic mitigation: average system-wide THDU is
reduced from 4.76% to 2.02% (a 54.1% improvement), with all buses satisfying the 3%
threshold. Dominant low-order harmonics (5th and 7th) experience reductions
exceeding 55%, and individual harmonic voltage components are consistently
suppressed across the network. The over-compensation mechanism effectively exploits
feeder topology to achieve more efficient system-wide suppression than local-matching

or standard PSO methods.

This enhanced PSO-based framework provides a practical, cost-effective solution that
balances stringent power quality compliance with investment minimization, serving as
a scalable tool for coordinated harmonic mitigation in renewable-integrated distribution
systems where probabilistic weak-point identification (from Chapter 5) directly informs

targeted APF deployment.
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7.3 Future work

The work presented in this thesis provides a probabilistic foundation for harmonic
analysis and mitigation in distribution networks, but several practical extensions remain

worthwhile:
1. Inclusion of Voltage Phase Angles in Probabilistic Analysis

The current probabilistic models (Chapters 4 and 5) focus primarily on voltage
magnitudes, branch powers, and THD, with limited attention to phase angles. Future
work could extend the 3PEM and MCS frameworks to compute statistical moments and
distributions of fundamental and harmonic phase angles. This would allow evaluation
of angle-dependent effects, such as branch power-angle relationships, maximum angle
differences for stability margins, and their influence on harmonic cancellation across
phases. Such analysis would be particularly useful in unbalanced networks where phase

shifts affect neutral currents and overall distortion patterns.
2. Incorporation of Temporal Dependencies and Seasonal Patterns

The present correlation modeling relies on static rank correlations within individual
scenarios. A natural next step is to account for time-varying dependencies between load,
wind, and PV outputs across hours or seasons. This could be achieved by extending the
Copula framework with simple autoregressive structures or by generating correlated
time-series scenarios using historical data. The resulting multi-period probabilistic
assessment would better capture how harmonic risks evolve over daily cycles or under

seasonal renewable variability.

3. Utilization of Existing Distributed Energy Resources (DER) Inverters for Harmonic

Support

Instead of relying exclusively on dedicated APFs (Chapter 6), future studies could
investigate how grid-tied DER inverters (PV, battery, or EV chargers) can provide
supplementary harmonic compensation using their existing control loops. This would
involve formulating a coordinated allocation problem that balances active/reactive

power delivery with selective harmonic current injection, subject to inverter capacity
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and availability constraints. Building on the weak-point identification of Chapter 5,
such an approach could reduce the need for additional hardware while maintaining

acceptable THDU levels.
4. Transition Toward Online or Adaptive Mitigation Strategies

The current APF optimization is offline and planning oriented. A practical extension
would be to develop adaptive control rules or simple feedback mechanisms that adjust
APF reference currents in real time based on measured THD or voltage distortion levels.
This could start with rule-based or model-predictive approaches before considering
more advanced techniques, enabling better response to sudden changes in load,

generation, or network topology.
5. Advanced Dependency Modelling for Multi-Variable Uncertainty

In this study, the dependencies among uncertain inputs are represented using a Nataf
transformation based on a Gaussian Copula. While this approach provides an efficient
way to model monotonic dependencies, it may have limitations in capturing more

complex or non-linear dependency structures.

Future research could explore the use of alternative Copula models, such as Vine
Copulas or non-Gaussian Copulas, to better characterise high-dimensional and
asymmetric dependencies among loads and renewable sources. This would further
improve the accuracy of probabilistic power flow analysis, particularly in systems with

high renewable penetration and strong non-linear interactions.
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Table AP 1 Expected Value Distribution of the State Variable

Node Node Voltage Branch Active power Branch Reactive
Index Expectation Expectation power Expectation

1 1 3.481762411 2.261745627
2 0.99733388 3.13768454 2.077739516
3 0.984393904 2.063882735 1.557941481
4 0.977765914 1.928019656 1.469862575
5 0.971256834 1.853292213 1.432361669
6 0.954999188 1.763338428 1.386504182
7 0.947250778 0.735115444 0.356637244
8 0.943253219 0.53177295 0.255532643
9 0.938378571 0.469217006 0.233696333
10 | 0.933970274 0.407143244 0.212226413
11 | 0.933343077 0.361839322 0.182125931
12 | 0.932286133 0.301385488 0.146975876
13 | 0.928186702 0.240149339 0.1110033

14 | 0.926779347 0.119856856 0.030618298
15 |0.926192925 0.059775942 0.020546278
16 | 0.92581552 -0.000263828 0.000517233
17 | 0.925808924 -0.060292954 -0.019521659
18 | 0.926180272 0.234118823 0.118929371
19 | 0.996977243 0.144039877 0.078854036
20 | 0.994952491 0.053715474 0.038561723
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21 | 0.994698561 0.090045171 0.040059725
22 | 0.994062667 0.939803669 0.457388434
23 | 0.980812376 0.846574951 0.405182287
24 10974148824 0.421337133 0.201046277
25 ]0.970827413 0.821724017 0.908384044
26 | 0.945532911 0.759564491 0.882284065
27 10.943265468 0.696818428 0.855885922
28 1 0.93309478 0.627558459 0.827721571
29 | 0.92583825 0.501176382 0.752161609
30 |0.92281232 0.298058652 0.150573652
31 | 0919865588 0.147206363 0.079731326
32 | 0.919358804 -0.062872504 -0.020360623
33 | 0.919576794
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Appendix

Branch reactive

Node Nodal voltage Branch active power
Index | standard deviation standard deviation power standard
deviation

1 0.216971 0.164454
2 0.000165 0.198173 0.160752
3 0.000979 0.147304 0.146317
4 0.001402 0.143058 0.144338
5 0.001866 0.140378 0.143154
6 0.003132 0.135345 0.13937

7 0.003804 0.079423 0.035249
8 0.004036 0.067781 0.028738
9 0.004367 0.066063 0.028013
10 | 0.004744 0.064388 0.027335
11 | 0.004809 0.063662 0.026638
12 | 0.004931 0.062365 0.025651
13 | 0.005504 0.060702 0.024294
14 | 0.005753 0.055604 0.018046
15 | 0.005947 0.054225 0.017875
16 | 0.006181 0.052835 0.017388
17 | 0.006649 0.051444 0.016908
18 | 0.006878 0.083119 0.029542
19 | 0.00023 0.081102 0.028395
20 |0.00118 0.07885 0.027033
21 | 0.001455 0.018017 0.008023
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22 10.001492 0.122808 0.059448
23 10.001314 0.12064 0.058024
24 | 0.002153 0.08452 0.040407
25 1 0.002646 0.100317 0.129957
26 | 0.003982 0.099113 0.129601
27 ]0.004235 0.097747 0.129157
28 | 0.005495 0.094782 0.126965
29 | 0.006476 0.090068 0.124658
30 | 0.006939 0.079764 0.031873
31 |0.007399 0.073469 0.028188
32 | 0.007534 0.06021 0.019769
33 |0.007635
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Table AP 3 Impact of Correlation Coefficient on Network Loss, Branch Power Statistics, And Voltage Magnitudes

Correlation | Expected Standard Expected Standard Expected Standard Node 18 Node 33
coefficient value of deviation of value of deviation of value of deviation of voltage voltage
network | network loss branch branch branch branch magnitude magnitude
loss active power | active power reactive reactive
power power

0 0.166344 0.024006 3.481762 0.216971 2.261746 0.164454 0.926180 0.919577

0.1 0.172478 0.048194 3.487896 0.393736 2.266548 0.354774 0.926035 0.919335

0.2 0.175982 0.057660 3.491399 0.468243 2.269285 0.426072 0.925951 0.919200

0.3 0.178009 0.062487 3.493427 0.507514 2.270867 0.461945 0.925901 0.919124

04 0.179012 0.064731 3.494430 0.526753 2.271648 0.478426 0.925876 0.919087

0.5 0.179196 0.065109 3.494614 0.531405 2.271789 0.481027 0.925870 0.919081

0.6 0.178656 0.063874 3.494074 0.523354 2.271364 0.471628 0.925882 0.919104
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Appendix

Table AP 4 Node Load and Branch Impedance Parameters for IEEE 33-bus System

Branch impedance Node j load Branch impedance Node j load
Node i Node j Node i Node j
(p.-u.) (kW + j kVAr) (p.u.) (KW + j kVAr)
0 1 0.0922+;0.047 100+;60 16 17 0.3720+j0.5740 90+j40
1 2 0.4930+j0.2511 90+j40 1 18 0.1640+j0.1565 90+j40
2 3 0.3660+j0.1864 120+80 18 19 1.5042+j1.3554 90+j40
3 4 0.3811+j0.1941 60+j30 19 20 0.4095+j0.4784 90+j40
4 5 0.8190+j0.7070 60+j20 20 21 0.7089+j0.9373 90+j40
5 6 0.1872+j0.6188 200+j100 2 22 0.4512+j0.3083 90+j50
6 7 0.7114+j0.2351 200+j100 22 23 0.8980+j0.7091 420+j200
7 8 1.0300+j0.7400 60+j20 23 24 0.8960+0.7011 420+j200
8 9 1.0440+50.7400 60+j20 5 25 0.2030+j0.1034 60+j25
9 10 0.1966+j0.0650 45+j30 25 26 0.2842+j0.1447 60+j25
10 11 0.3744+j0.1238 60+j35 26 27 1.0590+j0.9337 60+j20
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11 12 1.4680+j1.1550 60+j35 27 28 0.8042+j0.7006 120+j70
12 13 0.5416+j0.7129 120+;80 28 29 0.5075+j0.2585 200+j600
13 14 0.5910+j0.5260 60+j10 29 30 0.9744+j0.9630 150+570
14 15 0.7463+j0.5450 60+j20 30 31 0.3105+j0.3619 210+j100
15 16 1.2890+j1.7210 60+j20 31 32 0.3410+j0.5362 60+j40
7 20 2+j2
The network consists of 32 branches. The reference voltage at the
8 14 242 source end is 12.66 kV. The three-phase power base is set to 100
11 21 2+j2 Note MVA, and the total network load is 5084.26 +j2547.32 kVA. The
17 32 0.5+0.5 line impedance is given in ohms (), with the base impedance
calculated as:Z=(12.66*10"3)"2/100"7=1.6027562
24 28 0.5+j0.5
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