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Abstract 

Additive manufacturing (AM) and welding are transformative technologies 

extensively used across various industries due to their capability to fabricate complex, 

high-performance components. However, challenges such as thermal distortion, 

residual stresses, and defects like cracks and porosity frequently arise due to the 

inherent high thermal gradients and repeated thermal cycles during these processes. 

Traditional numerical methods, such as the Finite Element Method, often encounter 

difficulties in effectively addressing crack discontinuities in AM and welding 

processes due to their reliance on continuity assumptions in classical continuum 

mechanics. 

This thesis has developed a peridynamics-based numerical modelling tool for 

simulating mechanical, thermal, thermo-mechanical, and fluid behaviours, suitable for 

the numerical investigation of AM and welding processes. Peridynamics, a nonlocal 

integral-based continuum theory, is capable of modelling discontinuities such as cracks 

without the need for remeshing, providing a promising alternative to conventional 

numerical methods. 

The research includes systematic investigations into optimal horizon size (a length 

scale parameter determining the level of nonlocal interactions) selection criteria across 

different peridynamic formulations, including bond-based, ordinary state-based, and 

non-ordinary state-based approaches. A dual-horizon peridynamic formulation is 

developed and validated to effectively handle non-uniform discretisation issues, 

improving accuracy and computational efficiency in mechanical and thermal diffusion 

analyses. Furthermore, a coupled thermomechanical peridynamic model incorporating 

phase-change phenomena is formulated to simulate the structural deformation during 

welding and AM processes. To further expand peridynamic capabilities, the 

Peridynamic Differential Operator is utilised for modelling multiphase flow 

behaviours, including wetting dynamics and thermo-capillary (Marangoni) effects, 

which are closely related to AM and welding scenarios involving surface tension-

driven fluid motion in the molten pool. 
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Results demonstrated that the models developed consistently produced reliable and 

accurate predictions of deformation, thermal diffusion characteristics, phase 

transitions, and multiphase flow dynamics when benchmarked against reference data. 

This thesis advances peridynamic modelling capabilities for AM and welding 

applications by offering recommendations for horizon size selection and 

demonstrating the methodôs suitability for simulating mechanical deformation, heat 

conduction with phase change, and multiphase flow interactions. Overall, the work 

contributes to bridging fundamental peridynamic research with industrial practice, 

providing modelling tools and clear methodological guidelines to substantially 

enhance process reliability, component quality, and manufacturing efficiency. 
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Chapter 1 Introduction 

AM and welding technology are rapidly changing the modern engineering landscape, 

allowing the production of complex, customised parts across a wide range of industries. 

However, as adoption expands, the need for robust predictive modelling tools has 

become vital. This chapter introduces the motivations for the research, provides 

background on AM, welding and peridynamic theory, outlines the research objectives, 

and presents an overview of the thesis structure as well as research contributions. 

1.1 Background and Motivations 

AM, commonly known as 3D printing, incorporates a family of technologies that build 

three-dimensional objects directly from digital models (Wong and Hernandez, 2012). 

Unlike traditional subtractive manufacturing, which removes material from a pre-

formed block to achieve the desired shape, AM introduces material only where it is 

needed. This approach allows the production of highly complex geometries, offers 

design freedom with minimal material waste (Adam and Zimmer, 2015). As a tool-

less, data-driven production method, AM supports shorter production cycles, lower 

tooling costs, and greater environmental sustainability, establishing itself as a core 

driver of Industry 4.0 and an attractive solution across diverse industries (Adam and 

Javaid, 2019). 

AM technologies are compatible with a wide range of materials, including polymers, 

metals, ceramics, and composites (Yang et al., 2019), making them applicable across 

diverse sectors. The aerospace (Katz-Demyanetz et al., 2019), automotive, and 

healthcare industries (Mohanavel et al., 2021) have adopted AM for producing highly 

customised, lightweight, or geometrically intricate components, revolutionising both 

product development and supply chain strategies. Although oil & gas and maritime 

applications initially comprised only a small fraction of the global AM market (Bikas 

et al., 2016), the technologyôs maturity is now prompting a steady expansion into these 

fields. 

Within the marine industry, challenges such as lengthy lead times for spare parts, 

complex logistics, and high inventory costs have made AM more attractive. Recent 

developments have shown an industry shift towards decentralised and on-demand 

manufacturing, with 3D-printed spare parts now being produced for ships, and yachts. 
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For example, pilot projects in the U.S. Navy, the deployment of a metal 3D printer 

aboard the USS Essex, have demonstrated the value of producing components directly 

onboard, which increases operational efficiency and reduces dependence on external 

supply chains (Strieby, 2024). In addition, the creation of the worldôs first 3D-printed 

propeller demonstrates the transformative potential of AM in marine manufacturing, 

showcasing new possibilities in design innovation (Taĸdemir and Nohut, 2021). 

Nevertheless, the widespread industrial adoption of AM is constrained by technical 

challenges. High thermal gradients and repeated heating-cooling cycles, inherent in 

metal AM processes, contribute to the development of residual stresses, cracks, and 

porosity, defects that can compromise the integrity and reliability of components in 

safety-critical applications (Abdulhameed et al., 2019; Brennan et al., 2021). 

Alongside the rise of AM, welding continues to play a foundational role in 

manufacturing, serving as an essential technology for joining metals and alloys in 

industries such as shipbuilding, construction, energy, and automotive engineering. 

Welding processes, including arc welding, laser welding, and electron beam welding, 

are inherently characterised by localised, intense heating and rapid solidification, 

leading to complex thermal cycles and steep temperature gradients (Shravan et al., 

2021). Notably, the distinction between AM and welding is increasingly blurred by the 

development of hybrid processes such as Wire Arc Additive Manufacturing and Laser 

Metal Deposition, which leverage welding-based energy sources to build components 

layer by layer (Paskual et al., 2018; Rumman et al., 2019). In both conventional and 

hybrid approaches, the resulting thermal history and the risk of defects such as cracks 

or porosity can have a direct impact on the service life and structural integrity of ship 

hulls and pressure vessels (Gannon, 2011). 

To address these challenges, researchers and engineers have employed a combination 

of experimental and numerical methodologies, each offering advantages and 

limitations. Experimental methods provide empirical data for understanding defect 

formation, validating process parameters (Chen et al., 2019; Sola and Nouri, 2019; 

Brennan, 2021) but can be time-consuming. In response, numerical modelling has 

become popular, allowing researchers and engineers to virtually investigate thermal 

histories, stress evolution, material flow, and defect development under varied 

processing conditions. Finite element analysis (FEA) and computational fluid 
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dynamics (CFD) are the most common simulation tools that allow the systematic 

exploration of process-structure-performance relationships without extensive physical 

experiments (Vastola et al., 2016; Yang et al., 2016; Schoinochoritis et al., 2017; Luo 

and Zhao, 2018; ). 

However, traditional numerical approaches like FEA encounter challenges when 

simulating cracks. Classical Finite Element Method (FEM) is built upon differential 

equations that assume continuity across elements, making it difficult to accurately 

capture crack initiation and propagation without extensive remeshing or specialised 

enrichment techniques (Anderson, 2016), motivating the research for more robust 

computational frameworks. 

 

Fig. 1-1 Schematic drawing of peridynamics and its discretisation. 

To overcome these limitations, peridynamics, a nonlocal, integral-based, continuum 

theory, has emerged as a promising alternative (Silling, 2000). In peridynamics, the 

simulation domain is discretised into a series of material points. As shown in Fig. 1-1, 

peridynamics represents the material response, i.e., the interaction between a material 

point at ● and its surrounding material points at ●ᴂ within a finite distance named the 

horizon ‏. The ñbondsò connecting material points deform as the structure is loaded, 

and a bond-breaking criterion (e.g., critical stretch) naturally controls crack initiation 

and propagation (Silling and Askari, 2005; Foster et al., 2011). As adjacent bonds fail, 

microcracks form and merge into macrocracks, enabling the simulation of complex 

crack patterns and failure modes (Silling and Askari, 2005). The meshless nature of 

peridynamics is ideally suited for studying complex geometries in AM and welding 

processes, making it a promising tool in advanced predictive modelling. 
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1.2 Research Aims and Objectives 

Accordingly, the primary aim of this thesis is to advance and validate peridynamic 

modelling tools, which are suitable for numerical investigation of AM and welding 

processes. This research specifically focuses on improving simulation tools to handle 

deformation, thermal diffusion, phase transformations, and multiphase flow behaviour, 

which are areas where traditional modelling methods face limitations. To achieve this 

aim, the following objectives have been established: 

¶ To investigate the influence of horizon size in peridynamics and provide optimal 

selection guidelines for achieving accurate and efficient numerical simulations. 

¶ To develop and implement a peridynamic formulation with variable horizon sizes 

and non-uniform discretisation, thereby reducing numerical simulation time while 

maintaining accuracy. 

¶ To extend and validate the dual horizon peridynamic formulation for heat transfer 

analysis, addressing the challenges of non-uniform discretisation in thermal 

diffusion problems. 

¶ To develop and validate a coupled thermomechanical peridynamic model 

incorporating phase change, thereby supporting predictive simulation of 

deformation during AM and welding processes. 

¶ To extend the peridynamic modelling framework to simulate multiphase flow 

using a non-local differential operator, thereby improving the analysis of complex 

interfacial behaviours relevant AM and welding. 

1.3 Thesis Structure 

This thesis is organised into nine chapters, each addressing a specific aspect of 

peridynamic modelling techniques for AM and welding processes. The structure is as 

follows. 

Chapter 1 introduces the research by outlining the motivation, context, and 

significance of the study. It articulates the research aims and objectives and presents 

an overview of the thesis structure. 

Chapter 2 provides a comprehensive literature review, tracing the evolution of 

continuum mechanics approaches from classical to nonlocal methods. It discusses 
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recent advances in peridynamics for mechanical, thermal, and multiphysics modelling, 

and identifies current challenges. 

Chapter 3 details the methodology adopted in this work, presenting the theoretical 

foundations of peridynamic theory and the mathematical formulations of peridynamic 

models. 

Chapter 4 investigates the influence of horizon size on the accuracy of peridynamic 

models. It provides a theoretical discussion of horizon size selection and presents 

numerical studies to illustrate its impact on static and dynamic problems, offering 

guidance for effective modelling in various engineering applications. 

Chapter 5 introduces the dual-horizon peridynamic formulation, which extends the 

peridynamic approach to accommodate non-uniform discretisation. This chapter 

presents the mathematical development of the dual-horizon concept and demonstrates 

its capability through a series of numerical examples. 

Chapter 6 extends the dual horizon peridynamic framework to thermal diffusion 

analysis, addressing the need for accurate heat transfer modelling in non-uniform 

discretisation domains. The effectiveness of the method is validated through numerical 

case studies and benchmark simulations. 

Chapter 7 develops a coupled thermomechanical peridynamic framework 

incorporating phase change phenomena, capturing the interactions between thermal 

and mechanical fields in AM and welding processes. The chapter presents the 

theoretical formulation, numerical implementation, and validation through simulation 

results. 

Chapter 8 expands the peridynamic modelling framework into the fluid domain to 

address multiphase flow, wetting, and thermo-capillary (Marangoni) effects in AM and 

welding processes. It introduces the peridynamic differential operator for simulating 

complex interfacial phenomena and demonstrates the frameworkôs capability through 

numerical examples. 

Chapter 9 concludes the thesis by summarising the main findings and contributions. It 

discusses the limitations encountered, provides recommendations for future work, and 

outlines potential directions for further development of peridynamic modelling in AM. 
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1.4 Publications Arising from this Thesis 

The research presented in this thesis has resulted in the following peer-reviewed 

publications 

1. Wang, B., Oterkus, S. and Oterkus, E., 2023. Determination of horizon size in 

state-based peridynamics. Continuum Mechanics and Thermodynamics, 35(3), 

pp.705-728. 

2. Oterkus, S., Wang, B. and Oterkus, E., 2020. Effect of horizon shape in 

peridynamics. Procedia Structural Integrity, 28, pp.418-429. 

3. Wang, B., Oterkus, S. and Oterkus, E., 2020. Closed-form dispersion relationships 

in bond-based peridynamics. Procedia Structural Integrity, 28, pp.482-490. 

4. Wang, B., Oterkus, S. and Oterkus, E., 2024. Closed-form wave dispersion 

relationships for ordinary state-based peridynamics. Journal of Peridynamics and 

Nonlocal Modeling, 6(3), pp.394-407. 

5. Wang, B., Oterkus, S. and Oterkus, E., 2023. Derivation of dual-horizon state-

based peridynamics formulation based on EulerïLagrange equation. Continuum 

Mechanics and Thermodynamics, 35(3), pp.841-861. 

6. Wang, B., Oterkus, S. and Oterkus, E., 2020. Thermal diffusion analysis by using 

dual horizon peridynamics. Journal of Thermal Stresses, 44(1), pp.51-74. 

7. Wang, B., Oterkus, S. and Oterkus, E., 2022. Thermomechanical phase change 

peridynamic model for welding analysis. Engineering Analysis with Boundary 

Elements, 140, pp.371-385. 

8. Wang, B., Oterkus, S. and Oterkus, E., 2024. Non-local modelling of multiphase 

flow wetting and thermo-capillary flow using peridynamic differential 

operator. Engineering with Computers, 40(3), pp.1967-1997. 

Several chapters of this thesis are based on the work presented in the publications listed 

above. The relationship between each chapter and the relevant publications is as 

follows: 

Á Chapter 2: Based on [1, 2, 3, 4, 5, 6, 7, 8]. 

Á Chapter 3: Based on [1, 2, 3, 4]. 

Á Chapter 4: Based on [1]. 

Á Chapter 5: Based on [5]. 
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Á Chapter 6: Based on [6]. 

Á Chapter 7: Based on [7]. 

Á Chapter 8: Based on [8]. 

Where appropriate, material from these publications has been adapted, revised, and 

supplemented with additional context and discussion to ensure coherence and 

completeness within the thesis. 
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Chapter 2 Literature Review 

2.1 Introduction 

The continued advancement of AM and welding processes has highlighted the need 

for predictive modelling frameworks to accurately capture thermomechanical 

behaviour, phase changes, and multiphase flow phenomena. This chapter provides a 

review of the evolution of continuum mechanics approaches, from classical 

formulations to peridynamic nonlocal integral-based methods. The literature review 

addresses the foundations of peridynamic theory, advances in mechanical and thermal 

analysis, multiphysics modelling, and recent progress in applying nonlocal methods to 

complex interfacial phenomena. The chapter concludes by identifying key gaps in the 

literature, thus motivating the research directions pursued in this thesis. 

2.2 Overview of Continuum Mechanics 

Solid mechanics is a fundamental discipline in engineering that focuses on 

understanding the deformation and failure of materials and structures when subjected 

to external loads. Over the past two centuries, Classic Continuum Mechanics (CCM) 

has provided the principal theoretical framework for describing such behaviour, with 

various formulations developed to address different classes of problems. The most 

common continuum mechanics formulation was developed by Cauchy (Reddy, 2013), 

where the equations of motion for the objects of continuum mechanics, "material 

points," are expressed in the form of partial differential equations. 

Owing to the complexity of most engineering problems, analytical solutions are 

generally restricted to idealised cases involving simple geometries, boundary 

conditions, and material properties. To address more engineering scenarios, numerical 

methods such as the FEM have been widely adopted. However, the reliance of classical 

formulations on spatial derivatives poses a challenge: when discontinuities exist in the 

domain (such as cracks or material separation), standard numerical methods become 

inapplicable because spatial derivatives become singularities in the presence of these 

discontinuities (Anderson, 2016). Consequently, traditional FEM requires 

supplementary techniques such as enrichment functions, adaptive mesh refinement, or 

remeshing to model crack propagation and material failure (Anderson, 2016). These 

approaches, however, can increase computational complexity and may compromise 

the accuracy of the simulation because the crack pattern is not naturally defined. 
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2.3 Peridynamics: Theory and Recent Developments 

As an alternative to CCM, Silling (2020) introduced the concept of peridynamics. 

Unlike Cauchyôs continuum mechanics, where the equations of motion are formulated 

using spatial derivatives, peridynamics expresses these equations in an integral form 

that is inherently nonlocal and free from spatial derivatives (Silling and Askari, 2005). 

As a result, peridynamics is not subject to the limitations associated with 

discontinuities such as cracks. 

A key difference between peridynamics and CCM is the nature of material point 

interactions. In CCM, a material point interacts only with its immediate neighbours; 

by contrast, peridynamics allows each material point to interact with all other points 

within a finite distance (Silling, 2000; Silling et al., 2007; Silling, 2017; Gu et al., 

2018). The distance of interactions between material points is denoted as ñhorizonò, 

which is a length scale parameter in peridynamics. Such a parameter does not exist in 

Cauchyôs formulation. CCM does not have a length scale parameter. Hence, it cannot 

represent non-classical material behaviour which usually appears at micro-scale. 

ñHorizonò is a fundamental concept in peridynamics, and the term ñperiò in the name 

corresponds to ñhorizonò in the Greek language (Madenci and Oterkus, 2013). 

Since its introduction, there has been rapid progress in peridynamics research. As a 

generalised continuum theory, it can be applied to a wide range of materials, including 

metals (Madenci and Oterkus, 2013), composites (Oterkus and Madenci, 2012), 

polycrystalline materials (De et al., 2016), concrete (Oterkus et al., 2012), ceramics 

(Guski et al., 2020), ice (Vazic et al., 2020), and graphene (Liu et al., 2018). The 

versatility of peridynamics extends to the simulation of complex phenomena such as 

fatigue (Oterkus et al., 2010), plasticity (Madenci and Oterkus, 2016), and 

viscoelasticity (Madenci and Oterkus, 2017). Furthermore, peridynamics has been 

successfully extended to address multiphysics problems, with formulations available 

for thermal (Oterkus et al., 2014 Gao and Oterkus, 2019), electrical (Oterkus et al., 

2013), and porous flow fields (Oterkus et al., 2017). 

Among the various areas where peridynamics has expanded, thermal process 

modelling has become an active area. There are various studies in the literature focused 

on peridynamic analysis of thermal diffusion. Gerstle et al. (2008) developed a 1-
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dimensional multiphysics model coupling thermal diffusion, electrical, mechanical 

and vacancy diffusion fields to investigate the electromigration phenomenon. Bobaru 

and Duangpanya (2012) introduced a multidimensional bond-based peridynamic 

formulation for transient heat transfer analysis. Oterkus et al. (2014) developed an 

ordinary state-based peridynamic heat conduction equation based on Lagrangian 

formalism. To analyse failure prediction in electronic packages, Oterkus et al. (2014) 

proposed a coupled hygro-thermo-mechanical model. Xue et al. (2018) developed a 

state-based peridynamic formulation for heat transfer analysis by utilising the domain 

decomposition method. Wang et al. (2016) utilised the Greenôs function method to 

develop a peridynamic diffusion model. Liao et al. (2017) performed peridynamic 

simulations for heat conduction analysis of functionally gradient materials by 

considering cracks. 

Despite these wide range of applications for peridynamics developed over the past 

twenty-five years, research on the fundamental length parameter, the horizon size, 

remains relatively limited. The current size selection in numerical simulation mainly 

depends on suggestions made in the influential paper written by Silling and Askari 

(Silling and Askari, 2005). They suggested using a horizon size equivalent to three 

times the grid spacing between material points based on the experiences of these 

researchers for their simulations. However, their conclusion was obtained based on the 

original peridynamic formulation, named bond-based Peridynamics (Silling, 2000). 

Although bond-based peridynamics is an effective approach, it has certain limitations 

in material properties (Madenci and Oterkus, 2017), as Poisson's ratio is not a free 

parameter. To overcome these limitations, advanced peridynamic formulations, such 

as ordinary state-based peridynamics (Silling et al., 2007) and non-ordinary state-

based Peridynamics (Warren et al., 2009; Silling, 2017), were developed.  

In addition to the gaps associated with horizon size selection, the implementation of 

peridynamic models presents further computational considerations. Closed-form 

solutions to peridynamic equations are generally not available; therefore, numerical 

methods are typically employed to obtain solutions (Madenci and Oterkus, 2013). For 

spatial discretization, uniform discretization scheme is widely used. However, for 

some problems, using uniform discretization can unnecessarily increase the 

computational time since only some part of the solution domain can be solved by using 
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fine discretization whereas other parts can be modelled by using coarse discretization. 

Moreover, variable horizon size can also be required to reduce the computational time 

or due to the nature of the problem. To overcome these concerns, Dual-horizon 

Peridynamics was developed by Ren et al. (2016a; 2016b) which allows both non-

uniform discretization and variable horizon for mechanical analysis. 

In summary, the horizon size influences the computational time significantly; it is 

important to determine optimum horizon sizes for ordinary state-based and non-

ordinary state-based peridynamics formulations to provide a decent level of accuracy 

within a reasonable computational time. In addition, a Dual-horizon Peridynamics 

formulation specifically addressing thermal diffusion has not been available in the 

literature. 

2.4 Heat Source Modelling and Thermomechanical Analysis in Welding and AM 

Welding remains a widely utilised fabrication process in the manufacturing industry, 

relying on high temperatures to melt and join metallic components. The resulting 

thermal field not only governs the development of residual stresses but is also closely 

linked to the metallurgical, crystallisation, and phase transformation phenomena that 

occur during solidification. Building upon similar principles of localised melting and 

solidification, AM has emerged as a transformative production technology that enables 

layer-by-layer fabrication of complex components. Its unique advantages, including 

design freedom, customisation, and material efficiency, have led to increasing 

adoption across sectors such as aerospace, healthcare, and automotive. However, the 

widespread industrial application of AM is still limited by the lack of understanding 

of the underlying processes required for accurate process modelling (Tofail et al., 

2018) . 

One of the challenges in both welding and AM is the development of reliable 

mathematical models, which are necessary to minimise dependence on costly and 

time-consuming trial-and-error procedures during process optimisation. An important 

aspect of these modelling approaches is the representation of the heat source, which 

provides a mathematical description of the fraction of input energy absorbed by the 

material and its spatial distribution within the heat-affected zone. In AM modelling, 

heat source models are employed to assess the impact of powder deposition on thermal 
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transport and to inform the optimisation of powder nozzle designs (Arrizubieta et al., 

2014), as well as to characterise the complex interaction between the melt pool and the 

energy input (e.g., laser or electron beam) (Hamahmy and Deiab, 2020). 

Heat source models for AM are, in most cases, adapted from approaches in the welding 

literature (Thompson et al., 2015). Various heat source models have been proposed in 

the past decades to investigate heat transfer mechanisms for welding and AM 

processes. The welding heat source model can be classified as a concentrated heat 

source, a planar distribution heat source, or a volumetric distributed heat source, which 

depends on different welding methods in the manufacturing process (Hamahmy and 

Deiab, 2020). While the part of the workpiece concerned is far away from the weld's 

centreline, the welding heat source can be treated as a centralised heat source model. 

Rosenthal (1941) stated an analytical solution of the temperature field for a semi-

infinite body subjected to a constant heat source. For general arc welding, the welding 

arc's heat flow is distributed in a particular area on the weldment. Hence, a plane 

distribution of the heat source can be considered in the numerical model. Eagar and 

Tsai (1983) applied Rosenthal's theory to a two-dimensional heat source model and 

found the analytical solution of the temperature field. However, for high-energy beam 

welding, due to the large depth-to-width ratio of the weld, it shows that the heat flow 

of the welding heat source has a great influence along the thickness direction of the 

workpiece, and it must be treated according to a certain volumetric distributed heat 

source model. Goldak (1985) proposed a three-dimensional double ellipsoidal model 

to overcome the penetration effect due to the surface heat model, and Nguyen et al. 

(1999) provided the analytical solutions for the transient temperature of the three-

dimensional heat source. 

Moreover, due to the complexity of the heat transfer in welding and AM processes, 

rapid temperature change can induce residual stresses and macro-thermal deformations 

(Bian et al., 2019). Therefore, in the investigation of the welding manufacturing 

process, the thermomechanical coupling effects needs to be considered in thermal and 

structural fields. Goldak et al. (1984) proposed a finite element model (FEM) for 

welding heat sources to investigate the temperature distribution. Van Elsen et al. (2007) 

used a finite difference model (FDM) for moving heat sources in a semi-infinite 

medium. Ning et al. (2019) utilised an analytical model with a moving point heat 
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source in metal AM to predict the temperature field and thermal gradient. Sepe et al. 

(2021) developed an FEM butt welding and performed a sensitivity analysis on 

temperature-dependent material properties such as thermal conductivity, specific heat, 

Youngôs modulus, and thermal expansion coefficient. The results showed that 

temperature-dependent thermal expansion has little effect, whereas 

temperature-dependent Youngôs modulus strongly influences the displacement field. 

In addition, heat transfer during welding is often accompanied by phase change. It is 

considered a moving boundary problem due to the undetermined moving boundary 

between the liquid phase and the solid phase (Jiji, 2009). Due to its non-linear 

characteristic, only a small number of exact solutions exist (Jiji, 2009). When a 

substance undergoes a phase change such as solidification, modelling of the latent heat 

at the solid-liquid interface is crucial in heat transfer analysis. The latent heat can be 

mainly handled by front-tracking methods and fixed grid methods. 

Jiji Latif (2009) applied the front tracking method to explicitly track the moving phase 

boundary during melting or solidification, which sets an additional node at the solid-

liquid interface that splits a single element that contain both solid and liquid regions. 

This can accurately predict the location of the moving interface and precisely handle 

the latent heat. However, it merely can be used for simple geometries, which restricts 

its application in modelling the solidification process (Hu and Argyropoulos, 1996).  

The fixed-grid method treats the entire computational domain as a continuous region 

(Voller et al., 1990), where the Stefan condition is implicitly incorporated into the heat 

conduction equation. The Stefan condition represents the energy balance at the moving 

phase interface, so that the heat conducted to the interface is exactly equal to the energy 

required to melt or solidify the material at that interface (Jiji, 2009). 

In fixed-grid method, the phase boundary is represented indirectly through variables 

such as effective heat capacity, or heat generation, thus latent heat in phase change can 

be applied using standard heat transfer solvers without complex interface tracking. 

However, when applying the effective heat capacity method to account for latent heat 

during phase transitions, the time step needs to be relatively small due to the effective 

heat capacity in the phase-change interval calculated by integrating over the 

temperature range. If the temperature in a control volume jumps from below the 
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solidus to above the liquidus in a single time step, the model will fail to capture the 

latent heat release during the phase change (Hu and Argyropoulos, 1996). 

In summary, the accurate representation of heat source models and the incorporation 

of thermomechanical coupling effects are fundamental for advancing the predictive 

capability of welding and AM simulations. While the development of analytical and 

numerical approaches, such as finite element and finite difference methods, has 

improved our understanding of thermal fields, residual stress, and phase change 

phenomena, many existing models remain limited by their reliance on classical 

continuum mechanics and the challenges of handling complex geometries and 

discontinuities. This has led to growing interest in alternative modelling approaches, 

such as peridynamics, which offer a promising framework for addressing these 

limitations and capturing the complex, multiphysics behaviour intrinsic to advanced 

manufacturing processes. 

2.5 Multiphase Flow and Surface Tension Modelling 

AM and welding processes involve not only heat transfer and mechanical deformation 

but also complex fluid flow and interfacial phenomena within the melt pool. During 

laser or electron beam AM, a molten pool forms where liquid metal interacts with 

surrounding solid and gaseous phases, creating a multiphase system. In such systems, 

surface tension, where the force acting along the interface between two phases, plays 

an important role in stabilising the melt pool and controlling its shape. Furthermore, 

when the characteristic length scale of the system is sufficiently small in AM, the effect 

of surface tension on the flow field is more prominent than the inertial effect. 

When temperature gradients form across the melt pool surface, the molten metal is 

subjected to thermo-capillary effects. Since surface tension generally decreases with 

increasing temperature, a non-uniform temperature distribution along the liquidïgas 

interface produces a surface tension gradient (Wozniak et al., 2001). This gradient 

induces Marangoni forces, which act tangentially along the interface and drive fluid 

motion from hotter regions with lower surface tension toward cooler regions with 

higher surface tension (Ma and Bothe, 2011). The thermo-capillary effects strongly 

influence melt pool dynamics in AM and welding, affecting pool shape, microstructure 

evolution, and eventually the mechanical integrity of manufactured components. 
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Accurate simulation of these multiphase flows and interfacial phenomena is therefore 

important for predictive modelling in AM.  

Over the past few decades, extensive research has been conducted on modelling 

multiphase fluid flows. Based on the NavierïStokes equations, there are two common 

computational fluid dynamics methods for modelling the multiphase fluid flow motion 

from the nanoscale to the macroscale. The first category is Euler methods based on 

grids, such as the volume of fluid (VOF) method (Hirt and Nichols, 1981). Cano-

Lozano et al. (2015) performed a numerical study on rising bubbles in still liquids 

using the VOF method to track the interface between two fluids. Hoang et al. (2013) 

performed numerical simulations of the contact angle and wetted surface properties 

using the fluid volume interface tracking method and the continuum surface force 

method. Ma et al. (2011) developed a numerical method for directly simulating the 

thermal Marangoni effect at the interface in two-phase incompressible fluids and 

quantitatively comparing the numerical results of liquid droplet thermal capillary 

migration with experimental and theoretical results. Another class of numerical 

methods that can be used for multiphase simulations are meshless methods 

(Belytschko et al., 1996). The meshless method is a particle method, such as the 

smoothed particle hydrodynamics method (Morris, 2000) and peridynamics method 

(Gao and Oterkus, 2020). Morris (2020) purposed a technique based on smooth 

particle hydrodynamics for simulating two-phase flow with surface tension. This 

method addresses problems involving fluids of similar density and viscosity. Adami et 

al. (2010) extended the method to higher density and viscosity ratios, using a density-

weighted colour gradient formulation to reflect the asymmetric distribution of surface 

tension. Describing wetting phenomena, in addition to including surface tension 

effects at the interfaces between fluids, the interaction of fluids with solid substrates 

also requires the implementation of appropriate boundary conditions at the solid 

interface. Breinlinger et al. (2013) extended the surface tension model using additional 

boundary conditions to explicitly include interactions with solid walls. Moreover, if 

the temperature or concentration gradient vector is tangent to the interface between the 

two fluids, an additional force known as the Marangoni force develops. Hopp-

Hirschler et al. (2018) proposed a smoothed particle hydrodynamics model of surface 
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tension gradient-driven thermo-capillary flow based on a continuum of surface force 

methods, including Marangoni forces. 

As a promising meshless method, peridynamics is a new formulation of non-local 

continuum mechanics (Silling, 2000; Silling et al., 2017; Madenci and Oterkus, 2013). 

Inspired by peridynamic formulations, Peridynamic Differential Operator (PDDO) 

(Madenci et al., 2016) is developed to transfer the differential equations to their 

integral forms. Various applications of PDDO can be found in the literature (Madenci 

et al., 2017; Madenci et al., 2019; Dorduncu et al., 2023). Gao et al. (2019)  developed 

a non-local Lagrangian model for Newtonian fluids with low Reynolds number 

laminar flow and subsequently extended the model for multiphase fluid flow (Gao and 

Oterkus, 2020). Using PDDOs, Nguyen et al. (2021) modelled a truly incompressible 

fluid based on Eulerôs method, in which the pressure field is no longer calculated by a 

weakly compressible fluid model.  

Despite progress in both grid-based and meshless approaches for modelling 

multiphase flows, accurately capturing the interface interaction remains challenging. 

The PDDO has shown promise in extending peridynamic theory to fluid dynamics; 

however, existing studies reveal a gap in the development of peridynamic models 

capable of addressing multiphase flow problems that involve interfacial wetting and 

coupled thermo-fluid behaviour. 

2.6 Knowledge Gaps and Thesis Contributions 

While peridynamic modelling has seen significant advances in recent years for 

mechanical, thermal, and multiphase fluid systems, several challenges remain only 

partially resolved. For example, approximate guidelines for horizon size selection have 

been suggested, but mainly for bond-based formulations and without systematic 

validation across different peridynamic formulations. Variable discretisation methods 

have been proposed, but their stability and efficiency are still not fully established. 

Similarly, surface-tension-driven multiphase flows, such as those involving 

Marangoni effects, are only beginning to be addressed and require further development. 

This thesis aims to address these gaps through developing, implementing, and 

validating advanced peridynamic models suited for the multiscale, multiphysics 

demands of AM and welding applications.  
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Chapter 3 Methodology 

3.1 Introduction 

The accurate modelling of material deformation is a key challenge in computational 

mechanics, specifically when dealing with complex phenomena such as crack 

initiation, propagation, and coalescence. As previously discussed, traditional 

approaches based on Classical Continuum Mechanics (CCM) are limited by their 

reliance on local partial differential equations, which become invalid at discontinuities 

and require additional treatments to model fractures. 

To address these challenges, the peridynamic theory was introduced as a 

fundamentally nonlocal reformulation of continuum mechanics, replacing classical 

spatial derivatives with integral equations that remain well-defined in the presence of 

discontinuities. This chapter presents the theoretical framework and mathematical 

formulation of peridynamic methods, laying the foundation for the subsequent 

numerical investigations. 

3.2 Peridynamic Theory 

In CCM, the motion of a material body is described by partial differential equations 

based on the local balance of linear momentum. For a body occupying region, the 

equation of motion at position ● is given as (Reddy, 2013) 

”●◊●ȟὸ ​ẗⱭὼȟὸ ╫●ȟὸ ( 3.1 ) 

in which ”  is the mass density, ◊  is the displacement, ὸ  is the time, ​  is the nabla 

operator, Ɑ  is the Cauchy stress tensor, and ╫  is the body force per unit volume. 

Eq.( 3.1 ) presents that internal forces at a point are governed by the spatial gradients 

of stress in its immediate neighbourhood. 

However, this reliance on spatial derivatives introduces inherent limitations when 

modelling problems with discontinuities such as cracks, since derivatives become 

undefined at those locations. This necessitates supplementary mathematical techniques, 

such as remeshing, enrichment to represent fracture processes, thereby complicating 

the simulation framework. 

To overcome the limitations of CCM, Silling (2020) proposed the peridynamic theory, 

which removes the requirement for spatial derivatives by reformulating the equations 
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of motion as nonlocal integral equations. In peridynamics, each material point interacts 

with surrounding material points within a finite spatial domain known as the horizon 

Ὄ, as shown in Fig. 3-1. 

 

Fig. 3-1 Peridynamic horizon and force states. 

Within the horizon, a force density vector acts on the material point ● because of its 

interaction with neighbouring material points ● . The collection of all such force 

density vectors at material point ● constitutes the force state ╣●ȟὸ. 

The concept of state in peridynamics is a mathematical object that generalises the 

concept of a vector or tensor field, and represented by ἂϽἃ, allowing the description of 

interactions between a reference material point and all its neighbours within the 

horizon (Silling et al., 2007). For instance, the force density vectors on material points 

● from ● can be denoted in state notation as ╣●ȟὸἂ● ●ἃ.  

With these definitions, the general peridynamic equation of motion can be expressed 

as (Madenci and Oterkus, 2013) 

”●◊●ȟὸ ╣●ȟὸἂ● ●ἃ ╣●ȟὸἂ● ●ἃὨὠᴂ ╫●ȟὸ 
( 3.2 ) 

where ὠᴂ represents the volume associated with each neighbouring material point ● 

within the horizon. 
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Generally, peridynamics can be classified into three main categories: bond-based 

(Silling, 2000), ordinary state-based (Silling, 2007), and non-ordinary state-based 

(Madenci and Oterkus, 2013) formulations, which are distinguished according to the 

direction and magnitude of the force density vector between a pair of material points 

(Fig. 3-2). 

 

Fig. 3-2 Force states in the peridynamic framework. 

оΦнΦм .ƻƴŘπ.ŀǎŜŘ tŜǊƛŘȅƴŀƳƛŎǎ 

Bond-based peridynamics is the original formulation (Silling, 2000), in which the 

force density vectors acting on a pair of material points are determined only by the 

stretch of the bond connecting them. These forces are assumed to be equal in 

magnitude and opposite in direction.  

The force density vector ╣●ȟὸἂ● ●ἃ in linear elastic isotropic materials at material 

points ● in Eq.( 3.2 ) can be expressed in the form as (Madenci and Oterkus, 2013) 

╣●ȟὸἂ● ●ἃ
ρ

ς
ὧί◊ᴂ ◊ȟ●ᴂ ●

◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
 

( 3.3 ) 

and at material point ● as 

╣●ȟὸἂ● ●ἃ
ρ

ς
ὧί◊ᴂ ◊ȟ●ᴂ ●

◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
 

( 3.4 ) 

where ◊ and ◊ᴂ represent the displacement of material points ● and its neighbouring 

points ● , the term ◐  represent the position of material points in the deformed 

configuration, thus ◐ ● ◊ , and similarly, for its family material point ●ᴂ within 

the horizon, it can be represented as ◐ᴂ ●ᴂ ◊ᴂ.  
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The term ί denotes the stretch of the bond between a pair of material points ● and ●ᴂ 

after deformation, this can be defined as 

ί◊ᴂ ◊ȟ●ᴂ ●
ȿ◐ᴂ ◐ȿ ȿ●ᴂ ●ȿ

ȿ●ᴂ ●ȿ
 

( 3.5 ) 

The bond constant, denoted as ὧ, in Eq.( 3.3 ) and Eq.( 3.4 ) is related to the elastic 

modulus and geometry, derived by equating strain energy densities from peridynamics 

and CCM (Madenci and Oterkus, 2013). 

To establish this relationship, the strain energy density at a material point is calculated 

for a given loading condition using both the peridynamic formulation and CCM. By 

equating these results, a direct correspondence between the peridynamic and classical 

material parameters can be established. 

For a linear elastic isotropic material, the bond constant in the two-dimensional case 

is given by (Madenci and Oterkus, 2013) 

ὧ
ωὉ

“Ὤ‏
 

( 3.6 ) 

and for a three-dimensional structure is given by (Madenci and Oterkus, 2013) 

ὧ
ρςὉ

‏“
 

( 3.7 ) 

in which Ὁ is the elastic modulus, Ὤ is the thickness, and ‏ is the horizon size. 

As can be observed from the expression for the bond constant, bond-based 

formulations incorporate only the elastic modulus, Ὁ, from CCM, while disregarding 

the Poissonôs ratio, ’ . This simplification implies that Poissonôs ratio is not a free 

parameter in bond-based peridynamics; instead, the formulation inherently imposes a 

fixed value of ’ ρȾσ  for two-dimensional geometries and ’ ρȾτ  for three-

dimensional problems (Silling, 2000). 

For materials with Poissonôs ratios different from these fixed values, more general 

peridynamic models, such as the ordinary state-based or non-ordinary state-based 

formulations, are required. 
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3.2.2 hǊŘƛƴŀǊȅ {ǘŀǘŜπōŀǎŜŘ tŜǊƛŘȅƴŀƳƛŎǎ 

The ordinary state-based formulation generalises the bond-based approach by relaxing 

the requirement that the forces between two material points must be equal in 

magnitude and opposite in direction (Silling, 2000). While the direction of the force 

density vectors remains opposed, their magnitudes are no longer required to be equal 

(Fig. 3-2). Furthermore, the force acting on a material point depends not only on its 

own motion and that of its immediate neighbour, but also on the collective motion of 

all family members within their horizons. 

The pairwise force density vector at material point ●  for ordinary state-based 

formulation is given by (Madenci and Oterkus, 2013) 

╣●ȟὸἂ● ●ἃ
ρ

ς
ὃ
◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
 

( 3.8 ) 

and at material point ● as (Madenci and Oterkus, 2013) 

╣●ȟὸἂ● ●ἃ
ρ

ς
ὄ
◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
 

( 3.9 ) 

where ὃ  and ὄ  are auxiliary parameters dependent on the material constants, the 

deformation field, and the horizon. 

For a linear elastic isotropic material, the auxiliary parameter ὃ  can be written as 

(Madenci and Oterkus, 2013) 

ὃ
τὥὨ‏

ȿ●ᴂ ●ȿ
—●ȟὸ τ‏ὦί◊ᴂ ◊ȟ●ᴂ ● 

( 3.10 ) 

while ὄ for the paired material point is (Madenci and Oterkus, 2013) 

ὄ
τὥὨ‏

ȿ●ᴂ ●ȿ
—●ȟὸ τ‏ὦί◊ᴂ ◊ȟ●ᴂ ● 

( 3.11 ) 

The term —●ȟὸ  in the above expressions represents the dilatation, or volumetric 

strain, and is given by (Madenci and Oterkus, 2013) 
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—●ȟὸ Ὠ‏ίὨὠᴂ 
( 3.12 ) 

where ὥȟὦ and Ὠ are the peridynamic parameters. 

As discussed previously, these peridynamic parameters can be derived by considering 

a common parameter in both peridynamics and CCM. For instance, the relationships 

between these parameters can be established by comparing dilatation and  strain energy 

density under isotropic expansion and simple shear conditions in peridynamics and 

CCM. The detailed list of peridynamic parameters in different dimensions is provided 

in Table 3-1 (Madenci and Oterkus, 2013). 

Table 3-1 Peridynamic parameters in different dimensions 

2D ὥ
ρ

ς
‖ ς‘ ὦ

φ‘

“Ὤ‏
 Ὠ

ς

“Ὤ‏
 

3D ὥ
ρ

ς
‖
υ‘

σ
 ὦ

ρυ‘

ς“‏
 Ὠ

ω

τ“‏
 

in which ə is the bulk modulus and ɛ is shear modulus. Table 3-2 provides the 

calculation of the bulk modulus ə and shear modulus ɛ in different dimensions. 

Table 3-2 Bulk modulus and shear modulus in different dimensions 

2D ‖
Ὁ

ςρ  ’
 ‘

Ὁ

ςρ ’
 

3D ‖
Ὁ

σρ  ς’
 ‘

Ὁ

ςρ ’
 

It is noteworthy that, for two-dimensional calculations when the Poissonôs ratio ’

ρȾσ , there has ‖ ς‘; and for three-dimensional calculations when ’ ρȾτ, there 

has ‖ . Under these specific conditions, the peridynamic parameter, ὥ, becomes 

zero, causing the first terms (
ȿ● ●ȿ

—●ȟὸ  and 
ȿ● ●ȿ

—●ȟὸ ) in Eq.( 3.10 ) and 

Eq.( 3.11 ) to vanish.  

Furthermore, substituting these values of ɛ into the peridynamic parameter, ὦ, from 

Table 3-1, the factor óτ‏ὦô in the second term of Eq.( 3.10 ) and Eq.( 3.11 ) becomes 
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equivalent to the factor ὧ given in Eq.( 3.3 ) and Eq.( 3.4 ). As a result, the ordinary 

state-based formulation reduces to the bond-based formulation for these special values 

of Poissonôs ratio (Poissonôs ratio ’ ρȾσ at 2D, and ’ ρȾτ for 3D). 

3.2.3 bƻƴπƻǊŘƛƴŀǊȅ {ǘŀǘŜπōŀǎŜŘ tŜǊƛŘȅƴŀƳƛŎǎ 

The force density vector restriction is further relaxed in the non-ordinary state-based 

formulation, wherein the directions of the forces are permitted to be arbitrary. However, 

once the force direction is no longer constrained to the bond direction, it becomes 

necessary to explicitly ensure conservation of angular momentum, a condition that is 

automatically satisfied in both bond-based and ordinary state-based peridynamics. 

Therefore, the following condition must be met (Madenci and Oterkus, 2013) 

 ◐ᴂ ◐ ╣●ȟὸἂ● ●ἃ Ὠὠ π 
( 3.13 ) 

Within the non-ordinary state-based formulation, the force vector ╣●ȟὸἂ● ●ἃ 

acting on material point ●  may be directly expressed using stress definitions from 

CCM. This approach allows the integration of established material models from CCM 

into the peridynamic framework (Madenci and Oterkus, 2013). 

For example, the force state in non-ordinary state-based peridynamics may be related 

to the first Piola-Kirchhoff stress tensor, ╟, as (Madenci and Oterkus, 2013) 

╣●ȟὸἂ● ●ἃ ύộ● ●Ớ╟╚ ● ● ( 3.14 ) 

where ╚ is the shape tensor, defined as 

╚ ύộ● ●Ớ╧ộ● ●Ớṧ╧ộ● ●ỚὨὠ 
( 3.15 ) 

Here, ύộ● ●Ớ is the influence state, characterising the strength of the interaction 

between material points, ṧ denotes the dyadic product of two vectors, and ╧ộ● ●Ớ 

is the position state, describing the relative position of material points associated with 

a particular bond. 
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The first Piola-Kirchhoff stress tensor ╟ in Eq.( 3.14 ) can be determined using the 

deformation gradient tensor ╕  and the second Piola-Kirchhoff stress tensor ╢  as 

follows 

╟ ╕╢ ( 3.16 ) 

The second PiolaïKirchhoff stress tensor ╢ , can be calculated from the Greenï

Lagrange strain tensor ╔ by (Madenci and Oterkus, 2013) 

╢ ‗ὸὶ╔╘ ς‘╔ ( 3.17 ) 

where ‗ and ‘ are Lam® constants, related to Youngôs modulus and Poissonôs ratio, ὸὶ 

is trace operation, ╘  is identity matrix, and the GreenïLagrange strain tensor ╔  is 

computed as (Madenci and Oterkus, 2013) 

╔
ρ

ς
╕ ╕ ╘ 

( 3.18 ) 

To incorporate CCM-based material models into peridynamics, it is necessary to relate 

the stress and strain components. In peridynamics, the deformation gradient ╕ can be 

defined as (Madenci and Oterkus, 2013) 

╕
᷿ ύộ● ●Ớ╨ộ● ●Ớṧ╧ộ● ●ỚὨὠ

᷿ ύộ● ●Ớ╧ộ● ●Ớṧ╧ộ● ●ỚὨὠ
 

( 3.19 ) 

where the term ╨ộ● ●Ớ denotes the position state in the deformed configuration. 

Although non-ordinary state-based peridynamics allows the direct utilisation of CCM 

material models, typical particle discretisations are prone to zero-energy mode 

instabilities (Gu et al., 2018). To overcome this, the stabilisation method proposed by 

Silling (2017) is employed, whereby a stabilisation term is introduced into the force 

formulation (Madenci and Oterkus, 2013) 

╣●ȟὸἂ● ●ἃ ύộ● ●Ớ╟╚ ● ●
Ὃὧ

‫ ‏
◑ộ● ●Ớ 

( 3.20 ) 
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where Ὃ is a positive constant, and ὧ is the bond constant as given in Eq.( 3.6 ) and 

Eq.( 3.7 ) for two-dimensional and three-dimensional structures, respectively, and 

‫  is given by 

‫ ύộ● ●ỚὨὠ 
( 3.21 ) 

The deformation state ◑ộ● ●Ớ in Eq.( 3.20 ) is defined as (Madenci and Oterkus, 

2013) 

◑ộ● ●Ớ ╨ộ● ●Ớ ╕● ● ( 3.22 ) 

3.3 Peridynamic Differential Operator 

While the peridynamic theory introduced in Section 3.2 reformulates continuum 

mechanics using integral equations to overcome the limitations of classical partial 

differential equations. Building on this non-local concept, the Peridynamic Differential 

Operator (PDDO) has been recently proposed by Madenci et al. (2016), enabling the 

representation of any order of partial differentials within an integral form. The first and 

second order partial differentials of a function Ὢ● in two-dimensional domain can 

be calculated using PDDO as 

ừ
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
ứ
‬Ὢ●

‬ὼ

‬Ὢ●

‬ὼ

‬Ὢ●

‬ὼ

‬Ὢ●

‬ὼ

‬Ὢ●

‬ὼ‬ὼữ
Ử
Ử
Ử
Ử
Ữ

Ử
Ử
Ử
Ử
ử

Ὢ● Ⱪ Ὢ●

ừ
Ử
Ừ

Ử
ứ
Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪữ
Ử
Ữ

Ử
ử

Ὠὠᴂ 

( 3.23 ) 

where ὠᴂ represents the volume associated with each neighbouring material point ● 

within the horizon. The parameters Ὣ Ⱪ , Ὣ Ⱪ , Ὣ Ⱪ , Ὣ Ⱪ  Ὣ Ⱪ  are 

peridynamic functions. 
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Here, Ⱪ ● ● ‚▄ ‚▄ is the relative position vector between material point 

● and its family material points ●ᴂ within its horizon Ὄ with 

‚ ὼᴂ ὼ 

‚ ὼᴂ ὼ 

( 3.24 ) 

where ‚and ‚ represent the projections of the vector Ⱪ with respect to ὼ and ὼ axes, 

and ▄ȟ▄  are the unit vectors in the coordinate directions. 

Peridynamic functions, Ὣ Ⱪ, Ὣ Ⱪ, Ὣ Ⱪ, Ὣ Ⱪ and Ὣ Ⱪ in Eq.( 3.23 ), are 

constructed to satisfy orthogonality properties (Madenci et al., 2016) that ensure the 

peridynamic integral operator correctly recovers the desired derivatives. The 

orthogonality properties for peridynamic functions can be given in the compact form 

as (Madenci et al., 2016) 

ρ

ὲȦὲȦ
‚ ‚ Ὣ ⱩὨ‚Ὠ‚ ‏ ‏  

( 3.25 ) 

where Ὣ Ⱪ is the peridynamic function up to second order, ὲ ρȟς, ὖ ρȟς is 

the order of differentiation with respect to ὼ, and ‏  is the Kronecker delta (‏

ρ if ὲ ὖ, otherwise ‏ π). 

Eq. ( 3.25 ) can also be written in an explicit form as (Madenci et al., 2016) 

ụ
Ụ
Ụ
Ụ
Ụ
ợ
‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ ⱩỨ
ủ
ủ
ủ
ủ
Ủ

Ὠὠᴂ

ụ
Ụ
Ụ
Ụ
ợ
ρ π π π π
π ς π π π
π π ρ π π
π π π ρ π
π π π π ςỨ

ủ
ủ
ủ
Ủ

 

( 3.26 ) 

in which the superscript on relative position vector components represents the power 

of ‚ and ‚. 

Each peridynamic function Ὣ Ⱪ in Eq. ( 3.26 ) at a given material point can be 

constructed as (Madenci et al., 2016) 
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Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚  

( 3.27 ) 

in which ὥ  are the coefficients to be determined, and ‫ȿⱩȿ is a weight function 

that describes the level of nonlocal interaction between material points in PDDO. 

The weight function typically decays with increasing distance; for example, in this 

study, the weight function is chosen as (Madenci et al., 2016) 

‫ȿⱩȿ Ὡὼὴ
ȿⱩȿ

 
( 3.28 ) 

The unknown coefficients ὥ  in Eq.( 3.27 ) can be arranged in matrix form as 

ὥ

ừ
Ử
Ừ

Ử
ứ
ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ ữ
Ử
Ữ

Ử
ử

 

( 3.29 ) 

By substituting these coefficients into the definition of the peridynamic functions 

Ὣ  in Eq.( 3.27 ) the explicit forms up to second order can be represented as 

Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ 

Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ 

( 3.30 ) 
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Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ 

Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ 

Ὣ Ⱪ ὥ ‚‫ȿⱩȿ ‚

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ

ὥ ‚‚‫ȿⱩȿ ὥ ‚‚‫ȿⱩȿ 

Alternatively, these can be concisely written in matrix form as 

ừ
Ử
Ừ

Ử
ứ
Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪ

Ὣ Ⱪữ
Ử
Ữ

Ử
ử

ừ
Ử
Ừ

Ử
ứ
ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ ữ
Ử
Ữ

Ử
ử

ừ
Ử
Ừ

Ử
ứ
‚‚‫ȿⱩȿ

‚‚‫ȿⱩȿ

‚‚‫ȿⱩȿ

‚‚‫ȿⱩȿ

‫ȿⱩȿ‚‚ữ
Ử
Ữ

Ử
ử

 

( 3.31 ) 

To determine the unknown coefficients ὥ , substituting Eq.( 3.31 ) into orthogonal 

condition in Eq.( 3.26 ) resulting in a linear system 

═╪ ╫ ( 3.32 ) 

Here, ═ is the shape matrix with 

═ ‫ȿⱩȿ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚

‚‚ ‚‚ ‚‚ ‚‚ ‚‚Ứ
ủ
ủ
ủ
ủ
Ủ

Ὠὠᴂ 

( 3.33 ) 

╪ is the unknown coefficients matrix with 



29 

 

╪

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ

ὥ ὥ ὥ ὥ ὥ Ứ
ủ
ủ
ủ
ủ
Ủ

 

( 3.34 ) 

and matrix ╫ is presented as 

╫

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ π π π π π
π ρ π π π π
π π ς π π π
π π π ρ π π
π π π π ρ π
π π π π π ςỨ

ủ
ủ
ủ
ủ
Ủ

 

( 3.35 ) 

As a result, in unknown coefficients matrix, ╪, can be obtained by 

╪ ═͵╫ ( 3.36 ) 

Therefore, peridynamic functions Ὣ   can then be constructed using Eq.( 3.31 ). 

Consequently, the derivative of Ὢ● can be obtained through Eq.( 3.23 ). 

The linear system from Eq.( 3.32 ) can be solved either analytically or numerically. 

When the neighbouring material points ●ᴂ of material point ● are distributed 

symmetrically within the horizon, and the weight function from Eq.( 3.28 ) is used, 

analytical integration of Eq.( 3.33 ) leads to a closed-form expression for the shape 

matrix 

═

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‏ υ Ὡ “

σςὩ
π π π π

π
σ‏ ρσὩ “

ςυφὩ
π π

‏ ρσὩ “

ςυφὩ

π π
‏ υ Ὡ “

σςὩ
π π

π π π
‏ ρσὩ “

ςυφὩ
π

π
‏ ρσὩ “

ςυφὩ
π π

σ‏ ρσὩ “

ςυφὩ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

( 3.37 ) 

Accordingly, the unknown coefficients ╪ is obtained by analytical solving Eq.( 3.32 ) 

as 
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╪

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

σςὩ

‏ υ Ὡ “
π π π π

π
ρωςὩ

‏ ρσὩ “
π π

φτὩ

‏ ρσὩ “

π π
σςὩ

‏ υ Ὡ “
π π

π π π
ςυφὩ

‏ ρσὩ “
π

π
φτὩ

‏ ρσὩ “
π π

ρωςὩ

‏ ρσὩ “Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

( 3.38 ) 

Substituting these coefficients, the analytical forms of the peridynamic functions is 

presented as 

Ç
σςÅ

ɿ υ Å ʌ
Å

ȿȿ

ʊʊ 

Ç
ρωςÅ

ɿ ρσÅ ʌ
Å

ȿȿ

ʊʊ
φτÅ

ɿ ρσÅ ʌ
Å

ȿȿ

ʊʊ 

Ç
σςÅ

ɿ υ Å ʌ
Å

ȿȿ

ʊʊ 

Ç
ςυφÅ

ɿ ρσÅ ʌ
Å

ȿȿ

ʊʊ 

Ç
φτÅ

ɿ ρσÅ ʌ
Å

ȿȿ

ʊʊ
ρωςÅ

ɿ ρσÅ ʌ
Å

ȿȿ

ʊʊ 

( 3.39 ) 

For general, non-symmetric distributions or complex geometries, the coefficients are 

determined numerically. The detailed numerical procedure is provided in Chapter 8. 
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Chapter 4 Investigation of Horizon Size in Peridynamics 

4.1 Introduction 

The accuracy of peridynamic simulations is governed by two key numerical 

parameters: the discretisation size and, most importantly, the horizon size, which 

defines the spatial extent of nonlocal interactions between material points. The choice 

of horizon size not only affects the fidelity of simulation results but also has direct 

implications for computational cost. The horizon size selection is based on an early 

recommendation associated with the original bond-based peridynamics (Silling and 

Askari, 2005), which suggests setting the horizon to approximately three times the grid 

spacing. While this rule of thumb has been widely used, it was derived specifically for 

bond-based formulation, whose formulation imposes certain material property 

constraints, such as a fixed Poissonôs ratio. 

With the development of state-based peridynamics, both ordinary and non-ordinary 

formulations, the mathematical structure have evolved (Madenci and Oterkus, 2013). 

These generalised frameworks overcome the limitations of the bond-based approach, 

permitting a broader range of material models. However, whether the selection of 

horizon size for bond-based peridynamics remain valid for state-based formulations is 

not fully understood. The different nature of the interactions and constitutive models 

in state-based peridynamics may require different considerations for determining the 

optimal horizon size. 

This chapter addresses this gap by systematically investigating the influence of horizon 

size in bond-based, ordinary state-based, and non-ordinary state-based peridynamics. 

A range of two- and three-dimensional benchmark problems, including both static and 

dynamic cases, are examined to evaluate how horizon size affects simulation accuracy 

and computational efficiency. The aim is to establish recommendations for selecting 

the horizon size in different peridynamic formulations, thereby improving the 

reliability and predictive capability of peridynamic modelling for applications in 

structural engineering. 

4.2 Numerical Implementation of Peridynamic Formulations 

This section presents the numerical procedures employed for the implementation of 

the peridynamic models. The approach accommodates both static and dynamic 
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problems and covers bond-based, ordinary state-based, and non-ordinary state-based 

formulations. Key aspects include the spatial discretisation of the solution domain, 

numerical integration of the peridynamic equations of motion, imposition of boundary 

conditions, and the incorporation of correction techniques to address nonlocal effects 

at boundaries and interfaces. 

пΦнΦм {Ǉŀǝŀƭ LƴǘŜƎǊŀǝƻƴ 

In numerical implementation, the solution domain is discretised into a finite set of 

material points, each representing a finite volume with assigned material properties. 

The spatial discretisation forms the basis for all subsequent calculations, as each 

material point interacts nonlocally with neighbouring points located within its horizon 

radius. 

As illustrated in Fig. 4-1, material point Ὧ  at location ●  interacts with all 

neighbouring points Ὦ at location ● whose centres fall within a horizon of radius ‏. 

 

Fig. 4-1 Numerical discretisation of the simulation domain and volume correction. 

The peridynamic equation of motion, originally formulated as an integral from 

Eq.( 3.2 ), is approximated numerically by summing the contributions of all family 

members within the horizon as 

”◊ ◄ ◄ ὠ ╫  

( 4.1 ) 
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where ◄ is the force density vector acts on material point ● by ●, ◄ the reciprocal 

force, and ὔ denotes the number of neighbouring material points within the horizon 

of material point Ὧ. 

To reduce numerical integration errors in Eq.( 4.1 ), two correction factors are 

introduced: a volume correction factor and a surface correction factor. 

4.2.1.1 Volume Correction 

For neighbours near the edge of the horizon, only a portion of their volume is contained 

within the horizon. The volume correction factor compensates for this partial overlap 

(Madenci and Oterkus, 2013) 

ὺ
‏ ὶ ● ●

ςὶ
 

( 4.2 ) 

in which and ὶ is defined as  

ὶ
Ўὼ

ς
 

( 4.3 ) 

where Ўὼ  is the discretion size. This correction applies if ● ● ‏ ὶ ; 

otherwise, ὺ ρ. 

4.2.1.2 Surface Correction 

For material points at or near boundaries, horizons are truncated, resulting in 

incomplete nonlocal interactions. To address this, a surface correction factor is 

therefore applied. The necessity and magnitude of this correction depend on the 

presence of free surfaces, which is determined by the specific problem setup.  

The correction is typically computed numerically by integrating both the dilatation and 

the strain energy density at each material point under simple loading conditions and 

comparing these results with those from CCM.  

First, a fictitious uniaxial stretch is applied in the x-, y-, and z-directions before time 

integration. The dilatation in peridynamic framework is then computed as (Madenci 

and Oterkus, 2013) 
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—
●

Ὠ‏ ί ὠ 

( 4.4 ) 

where ί is the stretch between material point ● and ●. The parameter Ὠ is given by 

Table 3-1. The corresponding dilatation in CCM is determined as 

— ‚  ( 4.5 ) 

where ‚  is the applied normal strain in the x-, y-, and z-directions, with ά = 1,2,3. 

Consequently, the surface correction factor for dilatation term is computed as 

ί
—

—
●

 
( 4.6 ) 

Now the dilatation term in Eq.( 3.10 ) and Eq.( 3.11 ) has corrected via Eq.( 4.6 ). 

The strain energy density is used to correct the bond constant, ὧ, in the bond-based 

formulation (see Eq.( 3.3 ) and Eq.( 3.4 )) or parameter, ὦ, in the ordinary state-based 

formulation (see Eq.( 3.10 ) and Eq.( 3.11 )). This surface correction factor is computed 

as 

ί
ὡ

ὡ
●

 
( 4.7 ) 

Here ὡ
●
  is the strain energy density in peridynamic framework. ὡ   denotes 

the strain energy density in CCM and varies according to the dimensionality of the 

problem. Its general form can be written as 

ὡ
ρ

ς
ⱭⱠ 

( 4.8 ) 

where Ɑ and Ⱡ represents the stress and strain, respectively. As a result, the force term 

in ◄ and ◄ in Eq.( 4.1 ) is corrected via Eq.( 4.6 ) for dilatation and Eq.( 4.7 ) for 

peridynamic parameters. The integral volume ὠ in is corrected via volume correction 

factor in Eq.( 4.2 ). Consequently, the equation of motion in Eq.( 4.1 ) is reformed as  
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”◊ ◄Ӷ  ◄Ӷὺ ὠ ╫  

( 4.9 ) 

пΦнΦн ¢ƛƳŜ LƴǘŜƎǊŀǝƻƴ 

4.2.2.1 Dynamic Problems 

For dynamic simulations, either implicit or explicit time integration methods can be 

employed. While implicit schemes are unconditionally stable and permit larger time 

steps, they involve solving large systems of equations at each time step, which can be 

computationally demanding. In this study, an explicit time integration scheme 

(Madenci and Oterkus, 2013) is adopted for its simplicity and computational efficiency. 

The explicit approach updates the displacement and velocity at each time step using 

only information from the previous steps, thereby avoiding the need for solving large 

systems of equations. 

Given the acceleration of a material point at time step ὲ from Eq.( 4.9 ), the velocity 

and displacement at the next time step ὲ ρ can be calculated as  

◊ ◊ Ўὸ ◊  ( 4.10 ) 

and 

◊ ◊ Ўὸ ◊  ( 4.11 ) 

where Ўὸ is the time step size.  

It should be noted that explicit schemes are only conditionally stable. To ensure 

numerical stability, the time step must be chosen according to the critical value 

determined by von Neumann stability analysis as (Lapidus and Pinder, 1999; Madenci 

and Oterkus, 2013) 

Ўὸ

ỹ

ς”
Ὧ

В

ụ
Ụ
Ụ
Ụ
ợ

ςὥὨ‏

Ὠ‏В
ρ

ȿ●■ ●▓ȿ
ρ

●▒ ●▒
ὠ

●▒ ●▓

τὦ‏

●▒ ●▓

Ứ
ủ
ủ
ủ
Ủ

ὺ ὠ

 
( 4.12 ) 
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4.2.2.2 Static Problems 

Static analyses require the system to reach an equilibrium state where both acceleration 

and velocities are zero. Owing to the nonlocal nature and large size of the system, 

directly solving for static equilibrium can be computationally challenging. Here, the 

Adaptive Dynamic Relaxation (ADR) method is used (Underwood, 1983; Kilic and 

Madenci, 2010), in which the equations of motion are integrated in a pseudo-time 

domain with artificial inertia and damping, gradually leading the system to a static 

equilibrium. 

The ADR method introduces fictitious mass and damping terms, leading to the 

following reformulation (Madenci and Oterkus, 2013) 

╓╤╧ȟὸ ὅ╓╤╧ȟὸ ╕╤ȟ╤ȟ╧ȟ╧ᴂ ( 4.13 ) 

where ╓ is fictitious diagonal mass matrix, ὅ is the damping coefficient. The vectors 

╧ and ╤ represent the initial positions and the displacements of all material points, 

respectively, and these are expressed as 

╧╣ ●ȟ●ȟ●ȟȣȟ●  ( 4.14 ) 

and 

╤╣ ◊●ȟὸȟ◊●ȟὸȟ◊●ȟὸȟȣȟ◊●ȟὸ  ( 4.15 ) 

with ὓ denoting the total number of material points. 

The vector ╕ consists of peridynamic interaction forces and external body forces. Its 

ith component can be expressed as 

╕ ◄Ӷ  ◄Ӷὺ ὠ ╫ 

( 4.16 ) 

By applying the central-difference explicit integration scheme, the velocity and 

displacement of each material point at the next time step can be calculated as (Madenci 

and Oterkus, 2013) 
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╤
ς ὅЎὸ╤ ςЎὸ╓░ ╕

ς ὅЎὸ
 

( 4.17 ) 

and 

╤ ╤ ╫Ўὸ╤  
( 4.18 ) 

where Ўὸ  is the time step size and is typically set to unity in ADR scheme. The 

damping coefficient ὅ  is determined at each time step, and it is computed as 

(Underwood, 1983) 

ὅ ς
╤ ╚╤

╤ ╤
 

( 4.19 ) 

with ╚ is the stiffness matrix, which is given as (Madenci and Oterkus, 2013) 

╚

╕░
▪

╓░

╕░
▪

╓░

Ўὸ╤

 

( 4.20 ) 

пΦнΦо .ƻǳƴŘŀǊȅ /ƻƴŘƛǝƻƴǎ 

The imposition of boundary conditions in peridynamics differs from CCM due to the 

nonlocal nature of the formulation. Instead of prescribing values directly at discrete 

nodes or along boundaries, as is standard in finite element methods, peridynamics 

enforces boundary conditions over finite volumes. 

4.2.3.1 Displacement Constraints 

Displacement boundary conditions are implemented by prescribing the displacements 

of material points located within a fictitious region adjacent to the boundary (Madenci 

and Oterkus, 2016). To achieve this, fictitious regions, Ὑ, are introduced adjacent to 

the physical boundaries of the solution domain (see Fig. 4-2). The thickness of this 

region is typically set to twice the horizon size (ς‏). 
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Fig. 4-2 Application of displacement constraints in peridynamics by introducing a 

fictitious region (Madenci and Oterkus, 2016). 

Let Ὗᶻ, ὠᶻ,and ὡᶻ denote the prescribed displacements in the x-, y-, and z-directions, 

respectively . The displacement of a material point within the fictitious region is then 

defined for x direction as (Madenci and Oterkus, 2016) 

ό ὼȟώȟᾀȟὸ Ўὸ ςὟᶻ ὼᶻ ώᶻ ᾀᶻȟὸ Ўὸ όὼȟώȟᾀȟὸ ( 4.21 ) 

for y direction as 

ὺ ὼȟώȟᾀȟὸ Ўὸ ςὠᶻ ὼᶻ ώᶻ ᾀᶻȟὸ Ўὸ ὺὼȟώȟᾀȟὸ ( 4.22 ) 

and for z direction as 

ύ ὼȟώȟᾀȟὸ Ўὸ ςὟᶻ ὼᶻ ώᶻ ᾀᶻȟὸ Ўὸ ύὼȟώȟᾀȟὸ ( 4.23 ) 

where ό, ὺ, and ύ denote the displacement of material points within the fictitious 

region, while ό , ὺ  and ύ  denotes the corresponding material points in the adjacent 

position in the physical domain. By directly specifying the displacement field in the 

fictitious region, the desired boundary behaviour is achieved at the interface. 

4.2.3.2 Traction Boundary Conditions 

Traction boundary conditions are implemented by prescribing the displacements of 

material points within the fictitious region in such a way that the intended stress state 

is reproduced at the boundary (Madenci and Oterkus, 2016). The explicit expression 
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for these imposed displacements depends on both the problemôs dimensionality and 

the orientation of the boundary normal. 

 

Fig. 4-3 Application of traction boundary conditions on a surface with a normal 

vector in x-direction (Madenci and Oterkus, 2016). 

For two-dimensional problems, considering a boundary with a unit normal in the x-

direction, the displacements within the fictitious region are obtained for x direction as 

(Madenci and Oterkus, 2016) 

ό ὼȟώȟὸ Ўὸ

ρ ’ „ᶻ

Ὁ
’
ὺὼȟώȟὸ ὺὼȟώȟὸ

ώ ώ
● ●

όὼȟώȟὸ 

( 4.24 ) 

and for y direction as  

ὺ ὼȟώȟὸ Ўὸ

ςρ ’„ᶻ

Ὁ

όὼȟώȟὸ όὼȟώȟὸ

ώ ώ
● ●

ὺὼȟώȟὸ 

( 4.25 ) 

where „ᶻ  and „ᶻ  are applied stresses normal and tangent to the boundary, 

respectively, Ὁ is Young's modulus, and ’ is Poissonôs ratio. 

For three-dimensional problems, the methodology for imposing traction boundary 

conditions using fictitious regions is readily extended. When the traction boundary 
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possesses a unit normal in the x-direction, the displacement fields are computed for 

the x-direction as 

ό ὼȟώȟᾀȟὸ Ўὸ

ρ

ρ ’

ρ ’ ρ ς’„ᶻ

Ὁ

’
ὺὼȟώȟὸ ὺὼȟώȟὸ

ώ ώ

’
ύὼȟώȟὸ ύὼȟώȟὸ

ᾀ ᾀ
● ● όὼȟώȟὸ 

( 4.26 ) 

for y direction as 

ὺ ὼȟώȟᾀȟὸ Ўὸ

ςρ ’„ᶻ

Ὁ
’
όὼȟώȟὸ όὼȟώȟὸ

ώ ώ
● ●

ὺὼȟώȟὸ 

( 4.27 ) 

and for z direction as 

ύ ὼȟώȟᾀȟὸ Ўὸ

ςρ ’„ᶻ

Ὁ
’
όὼȟώȟὸ όὼȟώȟὸ

ᾀ ᾀ
● ●

ύὼȟώȟὸ 

( 4.28 ) 

Note that this procedure is only valid if the traction boundary region is elastic. 

4.3 Numerical Investigations 

пΦоΦм 5ŜǘŜǊƳƛƴŀǝƻƴ ƻŦ IƻǊƛȊƻƴ {ƛȊŜ 

The horizon size is a decisive numerical parameter in peridynamic theory, as it 

determines the extent of nonlocal interactions between material points. In the context 

of uniform discretisation, each point interacts with neighbouring points within a 

circular (in 2D), or spherical (in 3D) region defined by the horizon radius ‏. The choice 

of ‏  directly affects the accuracy and computational cost of the peridynamic 

simulation. If the horizon is chosen too small, the interaction network becomes sparse, 

which limits the model's ability to capture basic deformation modes (i.e., if a material 
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point interacts only with its nearest neighbours, shear deformation will not be 

captured). Conversely, a larger horizon increases computational expense without 

proportionate gains in accuracy. 

A commonly adopted guideline, originally developed for bond-based peridynamics, is 

to select the horizon size as three times the grid spacing (‏ σῳὼ ). This 

recommendation ensures that each point maintains enough interacting neighbours, 

supporting reliable approximation of both tensile and shear responses. However, with 

the emergence of more general state-based peridynamic formulations, this rule 

requires re-examination. Moreover, it is important to verify whether these guidelines 

are robust for both static and dynamic loading scenarios, as well as for two- and three-

dimensional structures. 

This section systematically investigates horizon size selection through a series of 

uniform discretisation simulations, analysing both 2D and 3D problems in bond-based, 

ordinary state-based, and non-ordinary state-based peridynamics. By considering 

simple benchmark geometries and loading conditions, and by analysing both static and 

dynamic scenarios, this investigation aims to establish guidelines for horizon size 

selection that balance computational efficiency with solution accuracy. For validation, 

peridynamic predictions are compared with FEM by ANSYS simulations under 

equivalent settings. 

FEM simulations were carried out in ANSYS for verification. Plane182 elements 

(four-node quadrilateral) were employed for two-dimensional models, while Solid185 

elements (eight-node hexahedral) were used for three-dimensional cases. The mesh 

configuration was generated to match the nodal spacing of the peridynamic 

discretisation, and identical material properties were applied, including Youngôs 

modulus, Poissonôs ratio, and density as given in each case description. For dynamic 

analyses, the time step size was kept consistent with the peridynamic simulations. 

пΦоΦн ±ƛōǊŀǝƻƴ ƻŦ ŀ tƭŀǘŜ 

In the first simulation case, the dynamic response of a square plate in Fig. 4-4 with 

dimensions ὒ ὡ ρ Í  and thickness πȢπρ Í  is investigated. The plate is 

composed of a linear elastic and homogeneous material, with Youngôs modulus Ὁ

ςππ '0Á and density ” χψυπ ËÇȾÍ . Vibration is initiated by imposing an initial 
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uniaxial strain of 0.001 in the horizontal direction. The left edge of the plate is fully 

constrained using a fictitious region, while all other edges are traction-free, as shown 

in Fig. 4-5. 

Uniform discretisation is adopted, with a grid spacing of ῳὼ πȢπρ Í. Each material 

point interacts with its neighbours within a horizon of radius ‏ , which is varied 

systematically to assess its influence on simulation results.  

The dynamic analysis is performed using an explicit time integration scheme, with a 

time step size of ρ ρπ seconds. 

 

Fig. 4-4 Square plate subjected to initial uniaxial strain condition. 

 

Fig. 4-5 Discretisation of the square plate. 
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4.3.2.1 Bond-based Peridynamics 

The analysis begins with the bond-based formulation. Five different horizon sizes (‏

ὲῳὼ, ὲ ρȟςȟσȟτȟυ) are investigated. Owing to the nature of bond-based formulation 

for two-dimensional structure, Poissonôs ratio is fixed at ’ ρȾσ. 

A monitoring point at (0.255 m, 0.255 m), distant from boundaries, is used to record 

horizontal and vertical displacements. The time histories of both horizontal and 

vertical displacements at this point are recorded throughout the simulation. Results are 

compared with FEM solutions. 

As shown in Fig. 4-6 and Fig. 4-7, a close agreement between peridynamics and FEM 

is observed for ‏ σῳὼ and ‏ τῳὼ, indicating these as optimal choices for bond-

based formulation for this dynamic case (square plate vibration). 

 

Fig. 4-6 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) by using bond-based peridynamics. 
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Fig. 4-7 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time by using bond-based Peridynamics 

4.3.2.2 Ordinary State-based Peridynamics 

For the ordinary state-based formulation, the restriction on Poissonôs ratio is lifted; 

here, ’ πȢςυ  is used to avoid the formulation being reduced to bond-based 

peridynamics as explained in section 3.2.2. The same range of horizon sizes and 

monitoring point are adopted. 

Fig. 4-8 and Fig. 4-9 compare the peridynamic predictions with the FEM. As observed, 

while horizontal displacements are captured closely for all horizon sizes, the vertical 

displacement is most closely predicted with ‏ σῳὼ  and ‏ τῳὼ . For smaller 

horizons, ‏ ρῳὼ  and ‏ ςῳὼ , the model fails to accurately capture the vertical 

displacement response. 

 

Fig. 4-8 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) by using ordinary state-based peridynamics. 



45 

 

 

Fig. 4-9 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time by using ordinary state-based peridynamics. 

4.3.2.2 Non-ordinary State-based Peridynamics 

The non-ordinary state-based analysis uses Poissonôs ratio ’ ρȾσ. As before, five 

horizon sizes are considered, and the same monitoring point is used. As presented in 

Fig. 4-10 and Fig. 4-18, a better agreement with FEM is found for the smaller horizons 

‏ ρῳὼ  and ‏ ςῳὼ , with increasing horizon size not yielding significant 

improvement and, in some cases, reducing accuracy. 

 

Fig. 4-10 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) by using non-ordinary state-based peridynamics. 
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Fig. 4-11 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time by using non-ordinary state-based peridynamics. 

пΦоΦо tƭŀǘŜ ¦ƴŘŜǊ ¢Ŝƴǎƛƻƴ 

In the second case, the square plate described previously is subjected to uniaxial tensile 

loading, with a prescribed stress of „ᶻ ςππ -0Á applied to the right edge, as shown 

in Fig. 4-12. The loading is implemented via a fictitious region at the right boundary 

(Fig. 4-13), following the methodology outlined in Section 4.2.3.2. The steady-state 

solution is obtained using the Adaptive Dynamic Relaxation technique (Underwood, 

1983; Kilic and Madenci, 2010). All geometric, discretisation, and material properties 

remain as specified in the plate vibration case. 

 

Fig. 4-12 Square plate subjected to uniaxial tension loading. 
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Fig. 4-13 Discretisation of the square plate. 

4.3.3.1 Bond-based Peridynamics 

For the uniaxial tension problem, bond-based formulation is first employed. The 

horizontal and vertical displacements along the plateôs central axes are evaluated for 

various horizon sizes and compared to FEM reference solutions. 

As shown in Fig. 4-14 and Fig. 4-15, the closest agreement with FEM is achieved for 

horizon sizes ‏ σῳὼ , ‏ τῳὼ , and ‏ υῳὼ . For smaller horizon sizes, 

discrepancies arise in both displacement components. These results confirm the 

findings from the dynamic vibration analysis; an intermediate horizon size (three to 

four times the grid spacing) optimally balances accuracy and efficiency in bond-based 

simulations. 

 

Fig. 4-14 Horizontal displacement along (x, y=0) by using bond-based 

peridynamics. 
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Fig. 4-15 Vertical displacement along (x=0, y) by using bond-based peridynamics. 

4.3.3.2 Ordinary State-based Peridynamics 

The ordinary state-based formulation is next applied. As shown in Fig. 4-16 and Fig. 

4-17, the simulation results reveal that horizon size values of ‏ σῳὼ, ‏ τῳὼ, and 

‏ υῳὼ  offer a better agreement with the FEM solutions. In contrast, smaller 

horizons ‏ ρῳὼ  and ‏ ςῳὼ  do not sufficiently capture the static vertical 

displacement field, which is consistent with the observations made for the dynamic 

(vibration) case. 

 

Fig. 4-16 Horizontal displacement along (x, y=0) by using ordinary state-based 

peridynamics. 
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Fig. 4-17 Vertical displacement along (x=0, y) by using ordinary state-based 

peridynamics. 

4.3.3.3 Non-ordinary State-based Peridynamics 

Finally, the non-ordinary state-based peridynamic model is assessed. As observed 

previously in the vibration case, this formulation achieves close correspondence with 

FEM solutions for all tested horizon sizes (see Fig. 4-18 and Fig. 4-19). However, the 

best agreement is observed for the smallest horizons ‏ ρῳὼ  and ‏ ςῳὼ , 

suggesting that smaller horizons suffice to accurately capture the static response. 

Larger horizons (‏ σῳὼ , τῳὼ , and υῳὼ ) also yield reliable results, but the best 

match is observed at the lower end of the tested range. 

 

Fig. 4-18 Horizontal displacement along (x, y=0) by using non-ordinary state-based 

peridynamics. 
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Fig. 4-19 Vertical displacement along (x=0, y) by using non-ordinary state-based 

peridynamics. 

пΦоΦп ±ƛōǊŀǝƻƴ ƻŦ ŀ /ǳōƛŎ .ƭƻŎƪ 

The third benchmark investigates the dynamic response of a three-dimensional cubic 

block subjected to uniform discretisation. As represented in Fig. 4-20, the block has 

dimensions ὒ Ὄ ὡ πȢσ Í and is initially loaded with a uniaxial strain of πȢππρ 

in horizontal direction. The left face is fully constrained using a fictitious region, as 

shown in Fig. 4-21, while all remaining faces are traction-free. The block is modelled 

as a linear, elastic, homogeneous material, with Youngôs modulus Ὁ ςππ '0Á and 

density ” χψυπ ËÇȾÍ . Poissonôs ratio is taken as 0.25 for bond-based simulations, 

and non-ordinary state-based simulations, and 1/3 for ordinary state-based simulations. 

 

Fig. 4-20 Three-dimensional block subjected to initial uniaxial strain condition. 
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Fig. 4-21 Discretisation of the block. 

For computational efficiency, the domain is discretised uniformly with a grid size of 

ῳὼ πȢππυ Í, resulting in a computational mesh of φπφπφπ material points.  

Explicit time integration is used with a time step of ρ ρπ s. The effect of horizon 

size is systematically evaluated by expressing ‏ as an integer multiple of ῳὼ. 

4.3.4.1 Bond-based Peridynamics 

In the bond-based simulation, the response at a representative internal material point 

(πȢπχχυ ÍȟπȢπχχυ ÍȟπȢπχχυ Í ) is monitored. The histories of the horizontal, 

transverse, and vertical displacement components ( Fig. 4-22, Fig. 4-23 and Fig. 4-24) 

demonstrate that a horizon size of ‏ σῳὼ  yields a better agreement with FEM 

reference results. 

 

Fig. 4-22 Variation of horizontal displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using bond-based peridynamics. 
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Fig. 4-23 Variation of transverse displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using bond-based peridynamics. 

 

Fig. 4-24 Variation of vertical displacement of the material point located at (0.0775 

m, 0.0775 m, 0.0775 m) with time by using bond-based peridynamics. 

It is noted, that as the time progresses, discrepancies between peridynamic and FEM 

results increase. This accumulation of error over time is primarily attributed to the 

relatively coarse discretisation required to keep the computational cost reasonable in 

three dimensions. With fewer material points, small numerical errors can accumulate 

and affect the later stages of the simulation. As such, early-time simulation results are 

more reliable for determining the optimal horizon size. 

In comparison, this issue is less pronounced in two-dimensional cases where finer 

meshes can be used. Overall, for 3D dynamic simulations using bond-based 
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formulation, a horizon size of ‏ σῳὼ continues to offer a good compromise between 

accuracy and computational cost. 

4.3.4.2 Ordinary State-based Peridynamics 

The ordinary state-based peridynamic formulation produces similar trends. 

Displacement histories at the monitoring point for all three components are shown in 

Fig. 4-25 to Fig. 4-27. The results indicate that a better agreement with FEM is again 

achieved for ‏ σῳὼ. While other horizon sizes can also produce reasonable results, 

the ‏ σῳὼ case consistently shows the close match for both the amplitude and phase 

of the displacement histories.  

As in the bond-based case, the error relative to FEM increases at later simulation times, 

reflecting the influence of the coarser discretisation in three dimensions. These 

findings suggest the recommendation of ‏ σῳὼ for accurate and efficient modelling 

with ordinary state-based peridynamics. 

 

Fig. 4-25 Variation of horizontal displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using ordinary state-based 

peridynamics. 
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Fig. 4-26 Variation of transverse displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using ordinary state-based 

peridynamics. 

 

Fig. 4-27 Variation of vertical displacement of the material point located at (0.0775 

m, 0.0775 m, 0.0775 m) with time by using ordinary state-based peridynamics. 

4.3.4.3 Non-ordinary State-based Peridynamics 

For the non-ordinary state-based formulation, displacement time histories for the 

horizontal, transverse, and vertical components at the monitoring point are shown in 

Fig. 4-38, Fig. 4-39 and Fig. 4-40. The results indicate that all horizon size values 

provide reasonably agreement with the reference FEM solution, capturing both the 

amplitude and phase of the dynamic response across all displacement components. 
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Fig. 4-28 Variation of horizontal displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using non-ordinary state-based 

peridynamics. 

 

Fig. 4-29 Variation of transverse displacement of the material point located at 

(0.0775 m, 0.0775 m, 0.0775 m) with time by using non-ordinary state-based 

peridynamics. 
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Fig. 4-30 Variation of vertical displacement of the material point located at (0.0775 

m, 0.0775 m, 0.0775 m) with time by using non-ordinary state-based peridynamics. 

пΦоΦр /ǳōƛŎ .ƭƻŎƪ ¦ƴŘŜǊ ¢Ŝƴǎƛƻƴ 

For the static analysis, the same three-dimensional block geometry, material properties, 

and uniform discretisation adopted in the vibration study are used. As illustrated in Fig. 

4-31, the block is subjected to a uniaxial tensile loading of „ᶻ ςππ -0Á applied at 

the right face. The loading is implemented through a fictitious region at the boundary 

of the right face, following the procedure outlined in Section 4.3.3.2 and depicted in 

Fig. 4-32. The left face of the block is fully constrained, while all other surfaces are 

traction-free. The steady-state response is obtained using the Adaptive Dynamic 

Relaxation technique (Underwood, 1983; Kilic and Madenci, 2010), with a time step 

size Ўὸ=1 s. 
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Fig. 4-31 A three-dimensional block subjected to uniaxial tension loading. 

 

Fig. 4-32 Discretisation of the block. 

4.3.5.1 Bond-based Peridynamics 

The effect of horizon size on the displacement field is first examined using the bond-

based formulation. The horizontal, transverse, and vertical displacement distributions 

along the respective central axes of the block are computed and compared against FEM 

reference solutions. 

As shown from Fig. 4-33 to Fig. 4-35, the peridynamic predictions exhibit good 

agreement with the FEM results for all displacement components when the horizon 

size is greater than or equal to ςῳὼ. In contrast, the smallest horizon size (‏ ρῳὼ) 

fails to capture the correct displacement behaviour. 

 

Fig. 4-33 Horizontal displacement variations along (x, y=0, z=0) by using bond-

based peridynamics. 
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Fig. 4-34 Transverse displacement variations along (x=0, y, z=0) by using bond-

based peridynamics. 

 

Fig. 4-35 Vertical displacement variations along (x=0, y=0, z) by using bond-based 

peridynamics. 

4.3.5.2 Ordinary State-based Peridynamics 

The ordinary state-based formulation demonstrates a similar trend to the bond-based 

formulation. Displacement distributions for the horizontal, transverse, and vertical 

components are evaluated along the central axes for the same set of horizon sizes. As 

illustrated in from Fig. 4-36 to Fig. 4-38, the peridynamic results show good agreement 

with FEM solutions for all horizon sizes except ‏ ρῳὼ. The best correspondence is 

observed for ‏ σῳὼ  corroborating the findings from the two-dimensional 

simulations. 
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Fig. 4-36 Horizontal displacement variations along (x, y=0, z=0) by using ordinary 

state-based peridynamics. 

 

Fig. 4-37 Transverse displacement variations along (x=0, y, z=0) by using ordinary 

state-based peridynamics. 
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Fig. 4-38 Vertical displacement variations along (x=0, y=0, z) by using ordinary 

state-based peridynamics. 

4.3.5.3 Non-ordinary State-based Peridynamics 

Finally, the non-ordinary state-based formulation is assessed. Displacement profiles 

along the central axes are computed for a range of horizon sizes and compared to FEM 

results. As shown in Fig. 4-39, Fig. 4-40 and Fig. 4-41, all horizon sizes except for 

‏ ρῳὼ exhibit close agreement with the FEM results. Specifically, a horizon size of 

‏ ςῳὼ  provides an optimal solution, accurately capturing the displacement 

behaviour in all directions. 

 

Fig. 4-39 Horizontal displacement variations along (x, y=0, z=0) by using non-

ordinary state-based peridynamics. 
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Fig. 4-40 Transverse displacement variations along (x=0, y, z=0) by using non-

ordinary state-based peridynamics. 

 

Fig. 4-41 Vertical displacement variations along (x=0, y=0, z) by using non-ordinary 

state-based peridynamics. 

пΦоΦс /ƻƳǇŀǊŀǝǾŜ wŜǎǳƭǘǎ ƻŦ hǊŘƛƴŀǊȅ {ǘŀǘŜπōŀǎŜŘ tŜǊƛŘȅƴŀƳƛŎǎΣ bƻƴπƻǊŘƛƴŀǊȅ {ǘŀǘŜπ

ōŀǎŜŘ tŜǊƛŘȅƴŀƳƛŎǎΣ ŀƴŘ C9a 

To provide a direct comparison under identical settings, additional results are presented 

for the 2D plate in vibration and in tension with Poissonôs ratio fixed at ’ ρȾσ for 

both the ordinary state-based and non-ordinary state-based formulations. This choice 

matches the fixed Poissonôs ratio of bond-based peridynamics in 2D, so the bond-based 

elastic response is effectively represented by the ordinary state-based curves at ’

ρȾσ; the bond-based curves are therefore omitted to avoid clutter. 
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The comparisons are performed with the same discretisation and material parameters 

and with the horizon set to the formulation-specific optimum identified earlier: ‏

σῳὼ for ordinary state-based formulations and ‏ ςῳὼ for non-ordinary state-based 

formulations. The same trends were observed in the corresponding 3D studies, so 2D 

comparisons are reported here for brevity. 

4.3.6.1 Vibration of a Plate 

Fig. 4-42 and Fig. 4-43 show the horizontal and vertical displacement time histories 

of the material point located at (0.255 m,0.255 m), obtained using ordinary state-based 

peridynamics, non-ordinary state-based peridynamics, and FEM. Both formulations 

reproduce the FEM results closely in terms of horizontal displacement. In the vertical 

displacement, non-ordinary state-based peridynamics provides slightly improved 

agreement despite employing a smaller horizon. 

 

Fig. 4-42 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) at optimum horizon size for Ordinary State-based Peridynamics and 

Non-ordinary State-Based Peridynamics. 
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Fig. 4-43 Variation of vertical displacement of the material point located at 

(0.255m,0.255m) at optimum horizon size for Ordinary State-based Peridynamics 

and Non-ordinary State-Based Peridynamics. 

4.3.6.1 Plate Under Tension 

Fig. 4-44 and Fig. 4-45 present the horizontal and vertical displacement distributions 

along the midlines of the plate under uniform tension, obtained using ordinary state-

based peridynamics, non-ordinary state-based peridynamics, and FEM at their 

respective optimum horizon sizes. In both cases, the peridynamic predictions are in 

good agreement with FEM, with nearly coincident displacement profiles. 

 

Fig. 4-44 Horizontal displacement along (x, y=0) by using Ordinary State-based 

Peridynamics and Non-ordinary State-Based Peridynamics at their optimum horizon 

sizes. 
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Fig. 4-45Vertical displacement along (x=0, y) by using Ordinary State-based 

Peridynamics and Non-ordinary State-Based Peridynamics at their optimum horizon 

sizes. 

In summary, the choice of peridynamic formulation depends on the balance between 

simplicity, flexibility, and computational cost. The bond-based model is the simplest 

and computationally most efficient, but its limitations include a fixed Poissonôs ratio 

(’ ρȾσ  in 2D and ’ πȢςυ  in 3D) and the inability to capture more complex 

material responses. The ordinary state-based formulation removes this restriction by 

decoupling volumetric and deviatoric contributions, enabling a wider range of 

Poissonôs ratios while retaining moderate efficiency. The non-ordinary state-based 

formulation provides the generality by lifting the requirement that forces act along 

bonds, allowing established constitutive models from classical continuum mechanics 

to be incorporated directly into the peridynamic framework. However, this increased 

versatility comes at a higher computational cost. 

Accordingly, bond-based peridynamics may suitable for simple, proof-of-concept 

studies, ordinary state-based peridynamics for structural problems requiring flexibility 

in Poissonôs ratio, and non-ordinary state-based peridynamics for applications 

involving complex materials. 

4.4 Chapter Summary 

This chapter presented a systematic numerical investigation of horizon size effects in 

peridynamic models, focusing on uniform discretisation for both two- and three-

dimensional structures subjected to static and dynamic loading. Through detailed 

comparison of bond-based, ordinary state-based, and non-ordinary state-based 
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peridynamics with reference FEM solutions, the optimal horizon size for each 

formulation is revealed as in the Table 4-1. 

Table 4-1 Summary of optimal horizon sizes for different peridynamic formulations in 

2D and 3D 

Peridynamic models 2D 3D 

Bond-based Peridynamics ‏ σῳὼ ‏ σῳὼ 

Ordinary State-based Peridynamics ‏ σῳὼ ‏ σῳὼ 

Non-ordinary State-based Peridynamics ‏ ςῳὼ ‏ ςῳὼ 

 

For both the 2D plate and 3D block cases, the analyses demonstrated that bond-based 

and ordinary state-based peridynamics achieve good agreement with FEM solutions 

when the horizon size is set to three times the grid spacing (‏ σῳὼ). By contrast, the 

non-ordinary state-based formulation consistently delivers accurate displacement and 

stress predictions with smaller horizons, with ‏ ςῳὼ identified as optimal for both 

static and dynamic scenarios. It was also observed that increasing the horizon size 

beyond these optimal values does not significantly improve accuracy and can incur 

unnecessary computational cost. 

Another important finding is the increased sensitivity of three-dimensional simulations 

to numerical errors arising from coarse discretisation, mostly in dynamic analyses. 

Consequently, early-time responses provide a more reliable basis for horizon size 

assessment in dynamic problems, whereas static cases are less affected by 

discretisation-induced errors. 

In summary, the findings of this chapter offer practical guidance for horizon size 

selection in peridynamic modelling with uniform discretisation. For most engineering 

applications, a horizon size of three times the grid spacing is recommended for bond-

based and ordinary state-based formulations, while a value of two times the grid 

spacing is sufficient for non-ordinary state-based peridynamics. These insights are 

expected to contribute to more reliable and efficient peridynamic modelling in future 

research. 
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Chapter 5 Derivation of Dual-horizon Peridynamics Formulation 

5.1 Introduction 

While the previous chapter discussed guidelines for horizon size selection in 

peridynamics using uniform discretisation, many engineering problems may require 

non-uniform meshes to capture complex geometries or local features. Although 

uniform discretisation is easy to implement, it increases computational time for some 

applications, as only certain parts of the solution domain require a finer discretisation, 

while other parts can be discretised using a coarser mesh. Non-uniform discretisation, 

therefore, offers benefits in terms of both computational efficiency and modelling 

flexibility. In addition to non-uniform discretisation, the horizon size can also be 

different at different parts of the solution domain, either to reduce the computational 

time or to capture the correct physics of the problem. 

In this chapter, a new derivation of the dual-horizon peridynamics formulation is 

presented, using the Euler-Lagrange equations as a theoretical basis. The effectiveness 

of this approach is demonstrated through numerical verification on two benchmark 

problems: a plate under tension and a plate undergoing vibration, both discretised with 

non-uniform meshes and variable horizon sizes. 

5.2 Dual-horizon Peridynamics Formulation Based on Euler-Lagrange equation 

The equation of motion for a material point Ὧ  at location ●  in the reference 

configuration can be expressed as (Madenci and Oterkus, 2013) 

Ὠ

Ὠὸ

‬ὒ

‬◊

‬ὒ

‬◊
π 

( 5.1 ) 

where ὒ denotes the Lagrangian, defined as the difference between the total kinetic 

energy, Ὕ, and the total potential energy, Ὗ, of the body.  

In the peridynamic framework, the total kinetic energy is evaluated as the sum over all 

material points as 

Ὕ
ρ

ς
”◊Ͻ◊ὠ 

( 5.2 ) 

where ” is the density and ὠ is the volume associated with material point Ὥ. 
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The total potential energy, Ὗ , is defined as the difference between the total strain 

energy and the work done by external forces 

Ὗ ὡὠ ╫Ͻ◊ ὠ 
( 5.3 ) 

where, ╫ is the body force per unit volume acting on material point Ὥ. 

The strain energy density, ὡ , for a given material point Ὧ is defined as (Madenci and 

Oterkus, 2013) 

ὡ
ρ

ς

ρ

ς

 ‫ ◐ ◐ ȟỄȟ◐ ◐

 ‫ ◐ ◐ ȟỄȟ◐ ◐    
ὠ 

( 5.4 ) 

where ὔ and ὔ are the number of family members (i.e., neighbouring material points) 

within the horizon of points Ὧ  and Ὦ , respectively, ◐  denotes the position in the 

deformed configuration, and ‫   is the micropotential arising from the interaction 

between material points Ὧ  and Ὦ . Generally, ‫  and ‫   are not equal, as each is 

evaluated over a different domain of influence (the horizon of material points Ὧ and Ὦ, 

respectively). 

Substituting Eq.( 5.2 ), Eq.( 5.3 ) and Eq.( 5.4 ) into Eq.( 5.1 ), the equation of motion 

for material point Ὧ becomes 

”◊ ◄ ◄ ὠ ╫  

( 5.5 ) 

where the force density vectors ◄ and ◄ are given in terms of the micropotentials 

as (Madenci and Oterkus, 2013) 

◄
ρ

ς

ρ

ὠ

‫

‬◐ ◐
ὠ  

( 5.6 ) 

and 
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◄
ρ

ς

ρ

ὠ

‫

‬◐ ◐
ὠ  

( 5.7 ) 

For the bond-based peridynamic formulation, the force between two material points at 

●  and ●  only depends on their interaction. Therefore, Eq.( 5.6 ) and Eq.( 5.7 ) 

simplify to 

◄
ρ

ς

‫

‬◐ ◐
 

( 5.8 ) 

and 

◄
ρ

ς

‫

‬◐ ◐
 

( 5.9 ) 

For variable horizon sizes, these force density vectors can be rewritten as 

◄ ‌
ρ

ς
ὧί

◐ ◐

◐ ◐
 

( 5.10 ) 

and 

◄ ‌
ρ

ς
ὧί

◐ ◐

◐ ◐
 

( 5.11 ) 

where ‌  and ‌  are defined as 

‌
ρȟ‫ π

πȟ‫ π
 

( 5.12 ) 

and 

‌
ρȟ‫ π

πȟ‫ π
 

( 5.13 ) 

As shown in Fig. 5 1, that due to different horizon sizes, a material point with a smaller 

horizon (e.g., shown in blue) may be within the horizon of another point with a larger 



69 

 

horizon (red), but not vice versa. In such cases, the micropotential in Eq.( 5.12 ) or 

Eq.( 5.13 ) is considered zero if is zero if a point lies outside the other's horizon. 

 

Fig. 5-1 Non-uniform discretization with different horizon sizes. 

The bond constant ὧ in Eq.( 5.10 ) and Eq.( 5.11 ) is as defined previously (Eq.( 3.6 ) 

for two-dimensional structures), and the stretch between material points is given by 

ί
◐ ◐ ● ●

● ●
 

( 5.14 ) 

For the ordinary state-based peridynamics, the force terms can be adapted for the 

variable horizon case as 

◄ ‌
ςὥὨ‏

● ●
— ●ȟὸ ς‏ὦί

◐ ◐

◐ ◐
 

( 5.15 ) 

and 

◄ ‌
ςὥὨ‏

● ●
—●▒ȟὸ ς‏ὦί

◐ ◐

◐ ◐
 

( 5.16 ) 

where ὥ, ὦ and Ὠ are the peridynamic parameters, and these can be obtained through 

Table 3-1. 

The dilatation term in Eq.( 5.15 ) and Eq.( 5.16 ) for material points material points Ὧ 

and Ὦ are defined, respectively, as 
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— Ὠ‏ίὠ 

( 5.17 ) 

and 

— Ὠ‏ίὠ 

( 5.18 ) 

For non-ordinary state-based peridynamics, the force density vector for material points 

Ὧ and Ὦ for variable horizon size can be written as 

◄ ‌ ╟● ╚ ● ● ●  ( 5.19 ) 

and 

◄ ‌ ╟●╚ ● ● ●  ( 5.20 ) 

where the shape tensor, ╚, can be obtained as 

╚● ● ● ṧ ● ● ὠ 

( 5.21 ) 

and 

╚● ● ● ṧ ● ● ὠ 

( 5.22 ) 

where the symbol ṧ  represents dyadic product. It should be noted that the non-

ordinary state-based formulation may exhibit zero-energy modes (Gu et al., 2018); as 

discussed in section 3.2.3, in this study, these are addressed using the approach 

outlined by Silling (2017). 

5.3 Numerical Implementation 

The general procedures for the numerical implementation, including the imposition of 

boundary conditions, application of surface correction techniques, and time integration 
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schemes, are detailed in Chapter 4 (see Sections 4.2). The reader is referred to Chapter 

4 for the description of the underlying algorithms and standard computational 

procedures. 

5.4 Numerical Investigations for Dual-horizon Peridynamic Formulations 

As previously discussed, while uniform discretisation is common in the peridynamic 

literature, the use of variable mesh sizes offers computational advantages and is widely 

adopted in other numerical methods, such as FEM. 

In this section, the effectiveness of the dual-horizon peridynamics approach is 

demonstrated through case studies involving non-uniform discretisation, where both 

the grid size and the horizon radius may vary across the domain. 

For clarity and comparison, each problem divides the solution domain into two regions 

with different grid sizes and corresponding horizon sizes. Two benchmark problems 

are considered: (1) the vibration of a plate (Section 5.4.1), which evaluates the method 

dynamically; and (2) a plate under tension (Section 5.4.2), which assesses static 

performance. Each case is studied using bond-based, ordinary state-based, and non-

ordinary state-based formulations to demonstrate the flexibility and capability of the 

dual-horizon framework with non-uniform discretisation. 

рΦпΦм tƭŀǘŜ ±ƛōǊŀǝƻƴ ƛƴ bƻƴǳƴƛŦƻǊƳ 5ƛǎŎǊŜǝȊŀǝƻƴ 

In the first simulation case, the dynamic response of a square plate (Fig. 4-4) with 

dimensions ὒ ὡ ρ Í and thickness πȢπρ Í is investigated. The plate is modelled 

as a linear elastic and homogeneous material, with Youngôs modulus Ὁ ςππ '0Á and 

density ” χψυπ ËÇȾÍ. Poissonôs ratio is taken as 1/3 for bond-based simulations, 

and non-ordinary state-based simulations, and 0.25 for ordinary state-based 

simulations. 

Vibration is initiated by imposing an initial uniaxial strain of 0.001 in the horizontal 

direction. The left edge of the plate is fully constrained by a fictitious region (see Fig. 

4-5), while all other edges are traction-free. Time integration is carried out using an 

explicit scheme with a time step size of 1Ĭ10-7 sec. 

For clarity and direct comparison, a material point at ØȟÙ πȢςυυ ÍȟπȢςυυ Í is 

selected as a monitoring point. The horizontal and vertical displacements of this point 
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are recorded as functions of time and compared against the finite element solution 

obtained in ANSYS. 

5.4.1.1 Effect of Locally Defined Horizon Size 

In this scenario, as shown in Fig. 5-2, the right half of the plate (Region 2) is discretised 

with a coarse grid of Ўὼ πȢππυ Í, while the left half (Region 1) employs a refined 

grid of Ўὼ πȢπρ Í. The mesh ratio, Ὧ, between these two regions is defined as Ὧ

Ў

Ў
ς. 

For each region, the horizon size is defined as an integer multiple of the local 

discretisation size: ‏ ὲὬέὶЎὼ  for Region 1, and ‏ ὲὬέὶЎὼ  for Region 2, 

where ὲὬέὶ and ὲὬέὶ denote the horizon-to-grid spacing ratios in the two regions. 

In this study, ὲὬέὶ and ὲὬέὶ are varied simultaneously from 1 to 5. ,meaning that 

the horizon size of material points in Region 1 is always half of that in Region 2. 

Although the mesh differs across the two regions, the number of family material points 

remains the same for every material point across the simulation domain. 

 

Fig. 5-2 Discretisation and horizons for refined gridïcoarse grid case. 

5.4.1.1.1 Bond-based Peridynamics 

Fig. 5-3 and Fig. 5-4 show the time histories of the horizontal and vertical 

displacements, respectively, for the selected material point under various combinations 

of locally defined horizon sizes (‏ and ‏) in the bond-based formulation. The results 

indicate that peridynamic predictions become more consistent with the FEM solution 

as the horizon size increases. Configurations with ‏ σЎὼ , ‏ σЎὼ  and ‏
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τЎὼ, ‏ τЎὼ yield the closest agreement with the FEM reference solutions. These 

findings are consistent with those obtained under uniform discretisation, confirming 

that a locally defined horizon size of ‏ σῳὼ remains effective for non-uniform grids. 

 

Fig. 5-3 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in bond-based formulation, locally defined horizon size. 

 

Fig. 5-4 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in bond-based formulation, locally defined horizon size. 

5.4.1.1.2 Ordinary State-based Peridynamics 

Fig. 5-5 and Fig. 5-6 show the time histories of the horizontal and vertical 

displacements at the selected material point for the ordinary state-based formulation. 
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Horizontal displacement predictions (Fig. 5-5) exhibit good agreement with the FEM 

results across all tested horizon sizes. For the vertical displacement (Fig. 5-6), the 

combinations, ‏ σЎὼ , ‏ σЎὼ  and ‏ τЎὼ , ‏ τЎὼ  show the closest 

correspondence with the FEM solution, a trend similar to the bond-based case. 

 

Fig. 5-5 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in ordinary state-based formulation, locally defined horizon 

size. 

 

Fig. 5-6 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in ordinary state-based formulation, locally defined horizon 

size. 
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5.4.1.1.3 Non-ordinary State-based Peridynamics 

For the non-ordinary state-based formulation, the time histories of horizontal and 

vertical displacements at the monitored material point are shown in Fig. 5-7 and Fig. 

5-8. The results demonstrate that non-ordinary state-based formulation provides close 

agreement with the FEM solution for all tested horizon sizes, with specifically accurate 

predictions for smaller horizons (‏ ςЎὼ, ‏ ςЎὼ). 

 

Fig. 5-7 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in non-ordinary state-based formulation, locally defined 

horizon size. 
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Fig. 5-8 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in non-ordinary state-based formulation, locally defined 

horizon size. 

5.4.1.2 Effect of Constant Horizon Size 

In the second set of investigations, the effect of adopting a constant horizon size 

throughout the non-uniformly discretised domain is examined. As shown in Fig. 5-9, 

the left half of the plate (Region 1) is discretised using a refined grid of Ўὼ πȢππυÍ 

while the right half (Region 2) employs a coarser grid of Ўὼ πȢπρÍ. The mesh ratio 

between the two regions is therefore Ὧ
Ў

Ў
ς. 

 

Fig. 5-9 Discretisation and horizons for refined grid-coarse grid case 
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However, in contrast to the previous case, where the horizon radius was defined locally 

for each region, all material points in the current analysis are assigned a constant 

horizon radius irrespective of their underlying mesh size, i.e., ‏ ‏ ὲὬέὶЎὼ, 

with ὲὬέὶ varied from 1 to 5. As before, the dynamic response of the representative 

material point is monitored and compared to the FEM reference.  

Furthermore, for each peridynamic formulation, the optimal results obtained from the 

constant horizon configuration in this section are directly compared to those from the 

locally defined horizon case in section 5.4.1.1. 

5.4.1.2.1 Bond-based Peridynamics 

Fig. 5-10 and Fig. 5-11present the horizontal and vertical displacement time histories 

for the material point at (0.255 m, 0.255 m). The closest agreement with the FEM 

reference is observed for horizon size combinations ‏ φЎὼ ‏ σЎὼ , and 

‏ ψЎὼ ‏ τЎὼ. 

 

Fig. 5-10 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in bond-based formulation, constant horizon size. 
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Fig. 5-11 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in bond-based formulation, constant horizon size. 

A direct comparison between the locally defined and constant horizon approaches is 

provided for ‏ σЎὼ, ‏ σЎὼ and ‏ φЎὼ ‏ σЎὼ. As shown in Fig. 

5-12 and Fig. 5-13, the horizontal displacement predictions are similar for both 

approaches. However, vertical displacement results are improved when a constant 

horizon is used, attributable to the increased number of interacting material points 

within the horizon. 

 

Fig. 5-12 Comparison of horizontal displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the bond-based formulation. 
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Fig. 5-13 Comparison of vertical displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the bond-based formulation. 

5.4.1.2.2 Ordinary State-based Peridynamics 

For the ordinary state-based formulation, the time histories of horizontal and vertical 

displacements for the constant horizon scenario are shown in Fig. 5-14 and Fig. 5-15. 

The horizontal displacement predictions remain consistent with the FEM results for all 

tested horizon sizes, whereas the vertical displacement (Fig. 5-15) shows more 

sensitivity to horizon size. The better agreement with FEM is achieved for ‏

φЎὼ ‏ σЎὼ, and ‏ ψЎὼ ‏ τЎὼ. 
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Fig. 5-14 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in ordinary state-based formulation, constant horizon size. 

 

Fig. 5-15 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in ordinary state-based formulation, constant horizon size. 

Comparison with the locally defined horizon case (Fig. 5-16 and Fig. 5-17) shows very 

similar horizontal displacement predictions for both strategies, with slightly improved 

vertical displacement accuracy for the constant horizon case, again due to a larger 

number of family members within the horizon. 
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Fig. 5-16 Comparison of horizontal displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the ordinary state-based formulation. 

 

Fig. 5-17 Comparison of vertical displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the ordinary state-based formulation. 

5.4.1.2.3 Non-ordinary State-based Peridynamics 

Finally, for the non-ordinary state-based formulation, Fig. 5-18 and Fig. 5-19 show 

that both the horizontal and vertical displacement histories exhibit good agreement 

with the FEM reference for all tested constant horizon sizes. The use of smaller 
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constant horizon values ‏ τЎὼ ‏ ςЎὼ provide the closest match to FEM 

predictions. 

 

Fig. 5-18 Variation of horizontal displacement of the material point located at (0.255 

m,0.255 m) with time in non-ordinary state-based formulation, constant horizon size. 

 

Fig. 5-19 Variation of vertical displacement of the material point located at (0.255 

m,0.255 m) with time in non-ordinary state-based formulation, constant horizon size. 

A direct comparison between locally defined and constant horizon approaches is 

presented in Fig. 5-20 and Fig. 5-21. It is noticed that that both strategies yield nearly 

indistinguishable displacement responses at the monitoring point. 
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Fig. 5-20 Comparison of horizontal displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the non-ordinary state-based formulation. 

 

Fig. 5-21 Comparison of vertical displacement variation with time for the material 

point located at (0.255 m,0.255 m) between locally defined and constant horizon size 

in the non-ordinary state-based formulation. 

рΦпΦн tƭŀǘŜ ¦ƴŘŜǊ ¢Ŝƴǎƛƻƴ ƛƴ bƻƴǳƴƛŦƻǊƳ 5ƛǎŎǊŜǝȊŀǝƻƴ 

In this case study, a square plate of dimensions ὒ  ὡ  ρ Í with thickness of 0.01 

m is subjected to a prescribed uniaxial tensile stress „z   ςππ -0Á applied at the 

right edge, as illustrated in Fig. 4-12. This loading is imposed via a fictitious region at 

the right boundary, following the methodology outlined in Section 4.3.3 (see also Fig. 
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4-13). The left edge of the plate is fully fixed by using a fictitious region. The plate 

material is linear elastic with  Ὁ ςππ '0Á and density ” χψυπ ËÇȾÍ. Poissonôs 

ratio is taken as 1/3 for bond-based simulations, and non-ordinary state-based 

simulations, and 0.25 for ordinary state-based simulations. The steady-state response 

is obtained using the Adaptive Dynamic Relaxation technique (Underwood, 1983; 

Kilic and Madenci, 2010). 

As in the previous plate vibration analysis, both locally defined horizon size and 

constant horizon size approaches are investigated. Each approach is implemented for 

the bond-based, ordinary state-based, and non-ordinary state-based peridynamic 

formulations. The peridynamic results are benchmarked against reference FEM 

solutions computed in Ansys. For each formulation, optimised cases from both horizon 

selection strategies are compared. 

5.4.2.1 Effect of Locally Defined Horizon Size 

In this analysis, the solution domain is divided into two equal regions (Region 1 and 

Region 2), as illustrated in Fig. 5-2. The mesh size in Region 1 Ўὼ πȢππυ Í, which 

is half that of Region 2 (Ўὼ πȢπρ Í), giving a mesh ratio of Ὧ
Ў

Ў
ς.  

In each region, the horizon radius is defined as an integer multiple of the local grid 

size: ‏ ὲὬέὶЎὼ for Region 1 and ‏ ὲὬέὶЎὼ for Region 2 with ὲὬέὶ and 

ὲὬέὶ are varied simultaneously from 1 to 5. 

5.4.2.1.1 Bond-based Peridynamics 

Fig. 5-22 and Fig. 5-23 present the horizontal and vertical displacement profiles along 

the central axes for the bond-based formulation. The results indicate that the better 

agreement with the FEM solution is achieved when horizon sizes are set to ‏ σЎὼ, 

‏ σЎὼ, ‏ τЎὼ, ‏ τЎὼ and ‏ υЎὼ, ‏ υЎὼ. 
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Fig. 5-22 Variation of horizontal displacements along the central axis (x, y = 0) in 

bond-based formulation, locally defined horizon size. 

 

Fig. 5-23 Variation of vertical displacement along the central axis (x = 0, y) in bond-

based formulation, locally defined horizon size. 

5.4.2.1.2 Ordinary State-based Peridynamics 

Fig. 5-24 and Fig. 5-25 show the horizontal and vertical displacements for the ordinary 

state-based formulation. Like the bond-based results, horizon configurations of ‏

σЎὼ , ‏ σЎὼ , ‏ τЎὼ , ‏ τЎὼ  and ‏ υЎὼ , ‏ υЎὼ  yield better 

agreement with the FEM reference. Smaller horizon values are insufficient to capture 

the correct displacement field, as previously observed. 
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Fig. 5-24 Variation of horizontal displacements along the central axis (x, y = 0) in 

ordinary state-based formulation, locally defined horizon size. 

 

Fig. 5-25 Variation of vertical displacement along the central axis (x = 0, y) in 

ordinary state-based formulation, locally defined horizon size. 

5.4.2.1.3 Non-ordinary State-based Peridynamics 

Fig. 5-26 and Fig. 5-27 the horizontal and vertical displacement distributions for the 

non-ordinary state-based formulation. The closest correspondence with FEM is 

obtained for ‏ ςЎὼ , ‏ ςЎὼ . In contrast to bond-based and ordinary state-

based results, the non-ordinary state-based formulation shows increasing horizontal 

displacement error at the interface as the horizon size increases. 
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Fig. 5-26 Variation of horizontal displacements along the central axis (x, y = 0) in 

non-ordinary state-based formulation, locally defined horizon size. 

 

Fig. 5-27 Variation of vertical displacement along the central axis (x = 0, y) in non-

ordinary state-based formulation, locally defined horizon size. 

5.4.2.2 Effect of Constant Horizon Size 

In this set of analyses, all material points across both regions are assigned a constant 

horizon size, irrespective of local grid spacing. Specifically, the horizon size is taken 

as ‏ ‏ ὲὬέὶῳὼ, with ὲὬέὶ varied from 1 to 5. 

5.4.2.2.1 Bond-based Peridynamics 

Fig. 5-28 and Fig. 5-29 present the horizontal and vertical displacement fields for the 

bond-based formulation with constant horizon size. The results demonstrate that 

horizon values of ‏ φЎὼ ‏ σЎὼ , ‏ ψЎὼ ‏ τЎὼ  and ‏
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ρπЎὼ ‏ υЎὼ  provide a better agreement with the FEM solution for both 

horizontal and vertical displacements. 

 

Fig. 5-28 Variation of horizontal displacements along the central axis (x, y = 0) in 

bond-based formulation, constant horizon size. 

 

Fig. 5-29 Variation of vertical displacement along the central axis (x = 0, y) in bond-

based formulation, constant horizon size. 

A direct comparison between the constant and locally defined horizon cases (Fig. 5-30 

and Fig. 5-31) shows that while horizontal displacements are nearly identical, the 

constant horizon approach results in improved vertical displacement accuracy. This 

improvement can be attributed to the increased number of neighbouring points within 

the constant horizon, especially in the refined region. 
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Fig. 5-30 Comparison of horizontal displacements along the central axis (x, y = 0) 

between locally defined and constant horizon size in the bond-based formulation. 

 

Fig. 5-31 Comparison of vertical displacements along the central axis (x = 0, y) 

between locally defined and constant horizon size in the bond-based formulation. 

5.4.2.2.2 Ordinary State-based Peridynamics 

Fig. 5-32 and Fig. 5-33 show the horizontal and vertical displacements for the ordinary 

state-based formulation under the constant horizon strategy. The horizon sizes ‏

φЎὼ ‏ σЎὼ , ‏ ψЎὼ ‏ τЎὼ  and ‏ ρπЎὼ ‏ υЎὼ yield 

better agreement with FEM results. 
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Fig. 5-32Variation of horizontal displacements along the central axis (x, y = 0) in 

ordinary state-based formulation, constant horizon size. 

 

Fig. 5-33Variation of vertical displacement along the central axis (x = 0, y) in 

ordinary state-based formulation, constant horizon size. 

Comparison between locally defined and constant horizon approaches (Fig. 5-34 and 

Fig. 5-35) confirms that horizontal displacement predictions are indistinguishable for 

the optimised horizon sizes, while the constant horizon case yields more accurate 

vertical displacement due to a larger number of material points within the horizon. 
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Fig. 5-34 Comparison of horizontal displacements along the central axis (x, y = 0) 

between locally defined and constant horizon size in ordinary state-based 

formulation. 

 

Fig. 5-35 Comparison of vertical displacements along the central axis (x = 0, y) 

between locally defined and constant horizon size in ordinary state-based 

formulation. 

5.4.2.2.3 Non-ordinary State-based Peridynamics 

Fig. 5-36 and Fig. 5-37 present the horizontal and vertical displacement distributions 

for the non-ordinary state-based formulation. For ‏ τЎὼ ‏ ςЎὼ , the 

peridynamic predictions closely follow the FEM reference. Although increasing the 

horizon size introduces some interface error in the horizontal displacement, the 

magnitude of this error is less significant than that observed in the locally defined 

horizon approach. 
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Fig. 5-36 Variation of horizontal displacements along the central axis (x, y = 0) in 

non-ordinary state-based formulation, constant horizon size. 

 

Fig. 5-37Variation of vertical displacement along the central axis (x = 0, y) in non-

ordinary state-based formulation, constant horizon size. 

Direct comparison (Fig. 5-38 and Fig. 5-39) shows that, for the optimised horizons 

‏) ςЎὼ ,‏ ςЎὼ for locally defined;‏ τЎὼ ‏ ςЎὼ  for constant 

horizon), both strategies yield nearly identical displacement fields. 
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Fig. 5-38 Comparison of horizontal displacements along the central axis (x, y = 0) 

between locally defined and constant horizon size in non-ordinary state-based 

formulation. 

 

Fig. 5-39 Comparison of vertical displacements along the central axis (x = 0, y) 

between locally defined and constant horizon size in non-ordinary state-based 

formulation. 

Since a horizon size of σῳὼ is generally preferred in both bond-based and ordinary 

state-based formulations, the non-ordinary state-based formulation was also tested 

with comparable horizon values. As shown in Fig. 5-40 and Fig. 5-41, adopting the 

same horizon selection in non-ordinary state-based formulation does not result in 

significant loss of accuracy, but interface-related errors in horizontal displacement are 

more pronounced with locally defined horizons. Employing a constant horizon reduces 

the magnitude of such errors while maintaining comparable overall displacement 

predictions. 
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Fig. 5-40 Comparison of horizontal displacements along the central axis (x, y = 0) 

between locally defined and constant horizon size in non-ordinary state-based 

formulation. 

 

Fig. 5-41Comparison of vertical displacements along the central axis (x = 0, y) 

between locally defined and constant horizon size in non-ordinary state-based 

formulation. 

5.5 Chapter Summary 

This chapter has presented a derivation of the dual-horizon peridynamics formulation 

using the Euler-Lagrange equations. Dual-horizon peridynamics provides an effective 

framework for handling non-uniform discretisation and variable horizon sizes, both of 

which may be required for computational efficiency or to capture specific local 

features of complex engineering problems. The methodology has been systematically 

evaluated through numerical experiments involving both dynamic (plate vibration) and 
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static (plate under tension) benchmark problems, using bond-based, ordinary state-

based, and non-ordinary state-based formulations. 

The results demonstrate that, for both bond-based and ordinary state-based 

formulations, optimum accuracy is generally achieved when the horizon size is set to 

three times the local grid spacing (‏  σῳὼ ), in line with findings for uniform 

discretisation. Both locally defined and constant horizon strategies can deliver reliable 

predictions; however, the constant horizon approach tends to yield improved accuracy, 

attributed to the increased number of interacting material points. 

For the non-ordinary state-based formulation, the optimal horizon size under non-

uniform discretisation is found to be smaller (‏  ςῳὼ). In addition, the fluctuations 

observed in Fig. 5-26 occur when larger horizons are combined with locally defined 

strategies, leading to pronounced interface-related errors. At the transition between 

coarse and fine regions, the change in horizon size creates mismatched family sizes, 

which results in oscillatory behaviour. However, as shown in Fig. 5-40, this effect is 

mitigated when a constant horizon is applied across the domain. 

Finally, with the advancement of AM technologies, the fabrication of complex 

materials such as microstructured materials is possible. peridynamic theory can be a 

suitable alternative for the analysis of microstructured materials to some other 

approaches presented in the literature (Placidi, 2016; Placidi and Barchiesi, 2018; 

Spagnuolo et al., 2017). 
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Chapter 6 Thermal Diffusion Analysis by Using Dual-Horizon 

Peridynamics 

6.1 Introduction 

The preceding chapters have systematically developed the theoretical framework and 

numerical implementation of peridynamics for mechanical analysis, with a focus on 

the influence of discretisation and horizon size under both static and dynamic loadings. 

These investigations have established a foundation for the application of peridynamic 

methods to a broad range of mechanical engineering problems. However, AM and 

welding processes are inherently multiphysical, thermal effects are intrinsically 

coupled to the mechanical response, requiring robust modelling strategies that can 

capture the effects of nonlocal thermal diffusion and thermal discontinuities. 

This chapter extends the peridynamic framework and introduces the dual-horizon 

peridynamic formulation to solve thermal diffusion problems. Lagrangian formalism 

is utilised to derive the governing equations. The proposed formulation allows 

utilisation of variable discretisation and horizon sizes inside the solution domain, 

which can result in significant benefits in terms of computational time. To demonstrate 

the capability of the Dual-Horizon Peridynamics formulation, three different example 

problems are considered, including a square plate with temperature and no flux 

boundary conditions, a square plate under thermal shock loading, and a square plate 

with an insulated crack. For all problems that are considered, good agreement is 

obtained between peridynamics predictions and FEM results. 

6.2 Peridynamic Thermal Diffusion Formulation 

The governing equation for peridynamic thermal diffusion can be derived by solving 

for the EulerïLagrange equation (Oterkus et al., 2014) 

Ὠ

Ὠὸ

‬ὒ

‬Ὸ

‬ὒ

‬Ὸ
π 

( 6.1 ) 

where Ὸ is the temperature, and ὒ is the Lagrangian. The Lagrangian may be defined 

as 
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ὒ Ὠὠ 
( 6.2 ) 

where  is the Lagrangian density. In peridynamic framework, the Lagrangian density 

at a material point can be defined as 

ὤ ”ίǶῸ ( 6.3 ) 

in which ὤ is thermal potential, ” is density, and ίǶ represents the heat source per unit 

mass. 

 

Fig. 6-1 Material points and the horizon (Oterkus et al., 2017). 

In peridynamics the interactions between material points are nonlocal. Therefore, a 

material point exchanges heat energy through non-local interactions with its 

surrounding material points within its horizon, Ὄ  with a size of, ‏  (see Fig. 6-1) 

(Oterkus et al., 2014). Each material point possesses a thermal potential, ὤ, which 

depends on the temperatures of all neighbouring points inside its horizon. 

For a given material point Ὧ at ●, the thermal potential ὤ is defined as the sum of 

microthermal potentials associated with its interactions. Specifically, due to the 

bidirectional heat exchange between two material points ● and ●, two microthermal 

potentials ᾀ  and ᾀ  arise. Microthermal potential, ᾀ  depends on the temperature 
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difference between the material point ● and the material points that it is interacting 

with inside its horizon. 

Therefore, the thermal potential ὤ at material point ● can be defined as 

ὤ
ρ

ς

ρ

ς

 ᾀ Ὸ ῸȟỄȟῸ Ὸ

 ᾀ Ὸ ῸȟỄȟῸ Ὸ    
ὠ 

( 6.4 ) 

in which ὔ and ὔ are the number of material points inside the horizon of material 

points ● and ●, respectively, Ὸ is the temperature of material point ●, Ὸ  is the 

temperature of the first material point that interacts with point ●, by the same token 

for Ὦ , and ὠ  is the volume associated with the material point ● . The equation 

represents that the thermal potential at a material point ●  is the sum of all 

microthermal potentials associated with that point. 

Using the EulerïLagrange equation given in Eq.( 6.1 ) for the material point ● yields 

the peridynamic governing equation for the thermal diffusion as 

ὠ ”ίǶ π 

( 6.5 ) 

where 

ρ

ς

ρ

ὠ

‬ᾀ

‬Ὸ Ὸ
ὠ  

( 6.6 ) 

and 

ρ

ς

ρ

ὠ

‬ᾀ

‬Ὸ Ὸ
ὠ  

( 6.7 ) 

The first term in Eq.( 6.5 ) represents the heat flow density, , from ● to ●, while 

the second term, ,corresponds to the reverse interaction. 

Moreover, the heat source ίǶ in Eq.( 6.5 ) can be further defined as 
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ίǶ ‐ȟ ίȟ ( 6.8 ) 

in which ίȟ is the heat source due to volumetric heat generation per unit mass.  

The rate of heat energy stored, ‐ when heat flow varies over a short period can be 

expressed as (Oterkus et al., 2014) 

‐ ὅ
‬Ὸ

‬ὸ
 

( 6.9 ) 

where ὅ is the specific heat capacity.  

Therefore, the peridynamic thermal diffusion equation given in Eq.( 6.5 ) can rewritten 

as 

”ὅῸ  ὠ Ὤȟ 

( 6.10 ) 

where heat source due to volumetric heat generation can expressed as 

Ὤȟ  ”ίȟ ( 6.11 ) 

If bond-based peridynamic thermal diffusion model is considered, the heat flow 

density between two material points is assumed to be a function of the temperature 

difference between only the interacting material points. Thus, 

ρ

ς

‬ᾀ

‬Ὸ Ὸ
 

( 6.12 ) 

and 

ρ

ς

‬ᾀ

‬Ὸ Ὸ
 

( 6.13 ) 

For microthermal potentials, 

‬ᾀ
ρ

ς

ĉ

ς

Ὸ Ὸ

● ●
 

( 6.14 ) 
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and 

ᾀ
ρ

ς

ĉ

ς

Ὸ Ὸ

● ●
 

( 6.15 ) 

As a result, the corresponding heat flow densities in Eq.( 6.12 ) and Eq.( 6.13 ) can be 

re-written as 

ĉ

ς

Ὸ Ὸ

● ●
 

( 6.16 ) 

and 

ĉ

ς

Ὸ Ὸ

● ●
 

( 6.17 ) 

where peridynamic microconductivity, ĉ can be expressed for 2-Dimensional solution 

domains as (Oterkus et al., 2014) 

ĉ
φὯ

“Ὤ‏
 

( 6.18 ) 

in which Ὧ is the heat conductivity, h is the thickness of the geometry, and ‏ is the 

horizon size. 

6.3 Dual-horizon Peridynamics for Thermal Diffusion 

The uniform discretization with constant horizon size is commonly used in 

peridynamic simulations since it is simple to implement for the whole geometry. 

However, for some problems, using finer discretization size at all locations inside the 

solution domain can be computationally time consuming. Thus, it is essential to use 

finer discretization size at locations with high temperature gradient and coarse 

discretization size can be used elsewhere. Moreover, utilizing variable horizon sizes 

can also be required either due to computational or problem specific reasons. 
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Fig. 6-2 Non-uniform discretization with different horizon sizes. 

It should be noted that in Eq.( 6.12 ) and Eq.( 6.13 ), the microthermal potential is zero 

if one material point does not lie within the horizon of the other. As shown in Fig. 6-2, 

although a material point associated with a smaller (blue) horizon may fall within the 

horizon of another point with a larger (red) horizon, the reverse is not necessarily true. 

Accordingly, the heat flow densities between material points ● and ● ,as given in 

Eq.( 6.16 ) and Eq.( 6.17 ) can be reformulated for the variable horizon case as 

‌
ĉ

ς

Ὸ Ὸ

● ●
 

( 6.19 ) 

‌
ĉ

ς

Ὸ Ὸ

● ●
 

( 6.20 ) 

where the indicator functions are defined as 

‌
ρȟᾀ π

πȟᾀ π
 

( 6.21 ) 

‌
ρȟᾀ π

πȟᾀ π
 

( 6.22 ) 

and the peridynamic microconductivities for material points ● and ● are given by 
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ĉ
φὯ

“Ὤ‏
 

( 6.23 ) 

ĉ
φὯ

“Ὤ‏
 

( 6.24 ) 

where ‏ and ‏ are the horizon sizes of the material points ● and ●, respectively. 

6.4 Thermal Diffusion Case Studies 

To demonstrate the capabilities of the current dual-horizon peridynamics thermal 

diffusion formulation, three different problems are considered including a square plate 

with temperature and no flux boundary conditions, a square plate under thermal shock 

with insulated boundaries and a square plate with an insulated crack. Uniform or non-

uniform discretization was utilized with constant or variable horizon size. Peridynamic 

predictions are compared with FEM results obtained by using ANSYS, a commercial 

finite element software. 

6.4.1 Plate with Temperature and No Flux Boundary Conditions 

 

Fig. 6-3 Peridynamic model of the plate. 

For the first example problem, an isotropic square plate with dimensions of length (L) 

= width (W) = 0.01 m is considered (Fig. 6-3). The plate has a thickness of h = 0.001 

m and is subjected to temperature boundary conditions of ῸØ πȢππυȟÙ π ᴈ 

and ῸØ πȢππυȟÙ ρπ ᴈ at the left and right edges, respectively. The upper and 
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bottom boundaries are insulated boundaries. Boundary conditions are applied by 

introducing fictitious regions, Rc and following the approach described in Oterkus et 

al., (2014). Specific heat capacity ὅ, thermal conductivity Ὧ and mass density ” are 

specified as 64 J/kgK, 233 W/mK and 260 kg/m3, respectively. 

The geometry is discretized in various forms in peridynamic model. The solution 

domain is split into two equal regions as Region 1 and Region 2 from the vertical axis, 

y. Mesh ratio Ὧ between these two regions is defined as 

Ὧ
Ў

Ў
 

( 6.25 ) 

where Ў  indicates the spacing between the material points in Region 1 and Ў 

indicates the spacing between the material points in Region 2. 

The cases are evaluated with various horizon size combinations and horizon size ratio 

ά is defined as 

ά
‏

‏
 

( 6.26 ) 

where ‏ is the horizon size in Region 1 and ‏ is the horizon size in Region 2. The 

relationship between horizon size and spacing is given as 

‏ ὲЎ ( 6.27 ) 

where Ὥ = 1, 2 represents Regions 1 and 2, respectively, whereas n = 1,é,5 represents 

the size the horizon. For example, if ‏ σЎ, the horizon in Region2 has a size of 

three material points in radius. 
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6.4.1.1 Plate with Uniform Discretisation and Identical Horizon Sizes 

 

Fig. 6-4 Peridynamic model with uniform discretisation and identical horizon sizes. 

In the first case, as shown in the Fig. 6-4, the plate is discretised uniformly with the 

spacing between material points Ў Ў ρȢπ ρπ Í  in horizontal and vertical 

directions. All material points have an identical horizon size (‏  Therefore, Ὧ .(‏

and ά  parameters defined in Eq.( 6.25 ) and Eq.( 6.26 ) are both equal to 1. The 

peridynamic solution of the temperature variations along the horizontal central axis 

are obtained by using explicit time integration with a time step size of ρȢπ ρπ Ó, 

and compared with the finite element method results by using PLANE55 element in 

ANSYS. 

 

Fig. 6-5 Temperature variations from peridynamic and FEM predictions at ώ  π 

when Ὧ ρ, ά ρ. 

As can be seen in Fig. 6-5, the peridynamic predictions have a good agreement with 

FEM results for all horizon sizes for uniform discretization and identical horizon sizes. 
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6.4.1.2 Plate with Uniform Discretisation and Different Horizon Sizes 

 

Fig. 6-6 Peridynamic model with uniform discretisation but different horizon sizes. 

In order to investigate the capability of the dual-horizon concept, the square plate is 

discretised with the same discretization parameters (Ў Ў ρȢπ ρπ Í) as in the 

former case. However, the horizon sizes in Regions 1 and 2 of the plate are different 

(see Fig. 6-6). The horizon size of Region 1 is set twice big of the horizon size of 

Region 2 (‏ ς‏). Therefore, k and m parameters are equal to 1 and 2, respectively. 

 

Fig. 6-7 Temperature variations from PD and FEM predictions at ώ  π when Ὧ 

ρ, ά ς. 

The peridynamic solution of the temperature variations along horizontal central axis 

are obtained by using explicit time integration with a time step size of ρȢπ ρπ Ó 

and compared with FEM results as shown in Fig. 6-7. The peridynamic predictions 

generally agree well with FEM. However, there is small difference at the interface of 

Regions 1 and 2 for larger horizon sizes and increases as the horizon size increases. 
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6.4.1.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 

 

Fig. 6-8 Peridynamic model with non-uniform discretisation but identical horizon 

sizes. 

In the third case, the square plate has the same geometric parameters, material 

properties and boundary conditions with the first case. Since refined discretisation 

increases the computational cost, in order to examine the non-uniform discretisation 

on heat conduction,  the discretisation size in Region 2 is increased to a size of Ў

ςȢπ ρπ Í in horizontal and vertical directions whereas the discretisation size in 

Region 1 is same as uniform cases which is Ў ρȢπ ρπ Í (Fig. 6-8). The horizon 

sizes remain the same in each region as the first uniform case. Therefore, k and m 

parameters are equal to 0.5 and 1, respectively.  

 

Fig. 6-9 Temperature variations from PD and FEM predictions at ώ  π when Ὧ 

πȢυ, ά ρ. 
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The peridynamic solution of the temperature variations along the horizontal central 

axes are obtained by using explicit time integration with a time step size of 

ρȢπ ρπ Ó. As shown in Fig. 6-9, the PD predictions for the temperature variations 

agree well with the FEM results for various horizon sizes. 

6.4.1.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 

 

Fig. 6-10 Peridynamic model with non-uniform discretisation but different horizon 

sizes. 

In peridynamic numerical simulations computational time depends on not only the 

discretisation size but also the number of material points within its horizon. The third 

case shows a good agreement of peridynamic and FEM predictions for various horizon 

sizes with a non-uniform discretisation. Therefore, this last case inherits the non-

uniform discretisation from the third case and the horizon side in Region 1 is reduced 

to half of the horizon size in Region 2, i.e. ‏ ς‏ (see Fig. 6-10). Since Ў ςЎ 

and ‏ ς‏, horizon in each region contains same number of material points within 

their horizon. Moreover, Ὧ and ά parameters are both equal to 0.5, respectively. 
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Fig. 6-11 Temperature variations from PD and FEM predictions at ώ  π when 

Ὧ πȢυ, ά πȢυ. 

As can be observed in the Fig. 6-11, the peridynamic numerical results mostly agree 

well with the FEM results. However, as the horizon size grows, a slight difference is 

observed at the interface of Regions 1 and 2. 

6.4.2 Plate Under Thermal Shock with Insulated Boundaries 

 

Fig. 6-12 Peridynamic model of the plate under thermal shock loading. 

In the second example problem, an isotropic square plate with insulated boundaries is 

subjected to a thermal shock loading on the left edge. The geometric parameters are 

10 m in length (L) and width (W) with a thickness of (h) 1 m (see Fig. 6-12). The 

specific heat capacity ὅ, thermal conductivity Ὧ and mass density ” are specified as 

ὅ = 1 J/kgK, Ὧ = 1 W/mk, and ” = 1 kg/m3, respectively. The initial condition and 

boundary conditions are stated as 

ῸØȟÙȟὸ π π ᴈ ( 6.28 ) 

and 

ῸȟØØ υȟÙ π ᴈȟ ὸ π ( 6.29 ) 

ῸȟÙØȟÙ υ π ᴈȟ ὸ π ( 6.30 ) 

ῸØ υȟÔ υὸÅ ȟ ὸ π ( 6.31 ) 
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6.4.2.1 Plate with Uniform Discretisation and Identical Horizon Sizes 

In the first case, the peridynamic model has a uniform mesh with spacing Ў Ў= 

0.02 m and identical horizon sizes in each region (‏  Thus, k and m parameters .(‏

are both equal to 1. The peridynamic solution of the temperature variations along 

central horizontal axis are obtained by using explicit time integration with a time step 

size of υȢπ ρπ s. 

 

(a) 

 

(b) 

Fig. 6-13 Temperature variations from PD and FEM predictions when (a) t = 3 s, (b) 

t = 6 s at ώ  π, Ὧ ρ, ά ρ. 

The results are assessed with various horizons and predicted at time ὸ = 3 s and ὸ = 6 

s. Both peridynamic and FEM results are shown in Fig. 6-13. As can be observed, the 

peridynamic model results agree well with FEM results for various horizons with 

uniform discretisation. 

6.4.2.2 Plate with Uniform Discretisation and Different Horizon Sizes 

In the second case, the numerical model has the same mesh configuration with the first 

case. In order to investigate the capability of the dual-horizon concept, horizon size in 

Region 2 is doubled, i.e. ‏ ς‏. Therefore, k and m parameters are equal to 1 and 

2, respectively. The second case adopts the identical time step with the former case 

and the temperature variations along the central horizontal axis are plotted for time ὸ 

= 3 s and ὸ = 6 s for various horizons and compared with FEM results. 
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(a) 

 

(b) 

Fig. 6-14 Temperature variations from PD and FEM predictions when (a) t =3 s, (b) 

t = 6 s at y = 0, k =1, m=2. 

As shown in Fig. 6-14, peridynamic results for various horizon sizes generally agree 

well with FEM results. As the horizon size increases, a slight difference is observed at 

the interface of Regions 1 and 2 at both ὸ = 3 s and ὸ = 6 s. 

6.4.2.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 

In the third case, the geometry is discretized with non-uniform discretisation. The 

spacing between material points in Region 2 is twice the spacing in Region 1, i.e. Ў

πȢπς ÍȟЎ πȢπτ Í. However, the horizon sizes are identical in each region, i.e. ‏

 Therefore, k and m parameters are equal to 0.5 and 1, respectively. The peridynamic .‏

solution of the temperature variations along the horizontal central axis at times ὸ = 3 s 

and ὸ  = 6 s are evaluated with explicit time integration, with a time step size of 

υȢπ ρπ s and compared with FEM results. 

 

(a) 

 

(b) 
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Fig. 6-15 Temperature variations from PD and FEM predictions when (a) t =3 s, (b) 

t = 6 s at y = 0, k =0.5, m=1. 

As can be observed from Fig. 6-15, results from peridynamic and FEM predictions 

for various horizons are in a good agreement. 

6.4.2.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 

The fourth case inherits the same discretisation configuration with the third case, 

i.e.Ў πȢπς ÍȟЎ πȢπτ Í. However, the horizon size in Region 1 reduces to half 

size of the horizon size in Region 2, i.e. ‏ ς‏. Since both k and m parameters are 

equal to 0.5, each horizon has identical number of material points. Same time step size 

υȢπ ρπ  s is adopted to obtain the temperature variations along the horizontal  

central axis when time t = 3 s and t = 6 s. 

 

(a) 

 

(b) 

Fig. 6-16 Temperature variations from PD and FEM predictions when (a) t =3 s, (b) 

t = 6 s at y = 0, k =0.5, m=0.5. 

The peridynamic results mostly agree with FEM results for various horizon sizes (see 

Fig. 6-16). However, with the horizon size increases in each region, a slight difference 

is observed at the interface of Regions 1 and 2 for both t = 3 s and t = 6 s. 
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6.4.3 Square Plate with an Insulated Crack 

 

Fig. 6-17 Peridynamic model of the plate with an insulated crack. 

For the final example problem as shown in Fig. 6-17, the isotropic square plate is 

considered with 2 cm in length (L), 2 cm in width (W) and 0.01 cm in thickness (h). 

The plate has an insulated crack in the middle with a crack length of 2a = 1 cm. The 

specific heat capacity ὅ, thermal conductivity Ὧ and mass density ” are specified as 

ὅ =1 J/kgK , Ὧ = 1.14W/cmK and ” = 1 kg/cm3, respectively. The plate is subjected 

to the following initial and boundary conditions 

ῸØȟÙȟÚȟὸ π π ᴈ           
,

ς
Ø
,

ς
ȟ

7

ς
Ù
7

ς
 

( 6.32 ) 

and 

Ὸ Øȟ
7

ς
ȟὸ ρππ ᴈȟ Ὸ Øȟ

7

ς
ȟὸ ρππ ᴈȟ ὸ π 

( 6.33 ) 

ῸȟØ
,

ς
ȟÙȟÔ π ᴈȟ ῸȟØ

,

ς
ȟÙȟÔ π ᴈȟ ὸ π 

( 6.34 ) 

Since there is an insulated crack in the geometry, in order to evaluate the effect of dual 

horizon concept and non-uniform discretization, the geometry is split into two regions 

in perifynamic model as in the previous two numerical examples. Note that the 

definition of regions (zones) in this numerical example is different than the previous 
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two numerical examples. Moreover, k and m parameters are defined similarly as in the 

previous two examples. 

6.4.3.1 Plate with Uniform Discretisation and Identical Horizon Sizes 

 

Fig. 6-18 PD model with uniform discretisation and identical horizon sizes. 

As shown in Fig. 6-18, in this initial case the plate is uniformly discretised (Ὧ  ρ) 

with 0.01 cm spacing and the same horizon size is used in both zones (ά ρ .The 

peridynamic solution of the temperature variations along the vertical central axis is 

evaluated with a time step size of ρȢπ ρπ s for various horizon sizes and compared 

with FEM results. 

 

Fig. 6-19 Temperature variations from PD and FEA predictions at x = 0 when k =1, 

m=1. 

As can be seen in Fig. 6-19, the numerical results from peridynamic analyses for 

various horizon sizes with uniform discretisation agree well with FEM results. 
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6.4.3.2 Plate with Uniform Discretisation and Different Horizon Sizes 

 

Fig. 6-20 PD model with uniform discretisation and different horizon sizes. 

To investigate the dual-horizon size concept, this second case (see Fig. 6-20) utilizes 

uniform discretization as in the first case (Ὧ ρ, Ў πȢπρ ÃÍȟЎ πȢπρ ÃÍ) and the 

horizon size in Region 2 is doubled due to the existence of insulated crack in this region 

(ά πȢυȟ‏ ς‏). This case adopts the same time step size as the first case. 

 

Fig. 6-21 Temperature variations from PD and FEA predictions at x = 0 when k =1, 

m=0.5. 

As shown in Fig. 6-21, there is a good agreement between peridynamic and FEM 

results obtained along the vertical central axis. However, as the horizon size increases, 

a slight difference is observed at the interface between Region 1 and Region 2. 
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6.4.3.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 

 

Fig. 6-22 PD model with non-uniform discretisation and identical horizon sizes. 

Since coarse mesh requires less computational time, in this third case, the spacing in 

Region 1 is increased by two times compared with the first case (Ὧ ς , Ў

πȢπς ÃÍȟЎ πȢπρ ÃÍ). To evaluate the effect of non-uniform discretization, this third 

case (see Fig. 6-22) utilizes same horizon sizes in all regions (ά ρȟ‏  The .(‏

time step size is the same as the first case. 

 

Fig. 6-23 Temperature variations from PD and FEM predictions at x = 0 when k =2, 

m=1. 

As can be observed in Fig. 6-23, the peridynamic predictions for the temperature 

variations along the vertical central axis agree well with the FEM results for various 

horizon sizes. 
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6.4.3.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 

 

Fig. 6-24 PD model with non-uniform discretisation and different horizon sizes. 

If horizon contains more material points, the computational time will increase. 

Therefore, in the last case, horizon size in Region 2 is reduced to half size compared 

with the horizon size in Region 1 (ά ςȟ‏ ς‏ ) as shown in Fig. 6-24. The 

discretization size is the same as in the third case (k=2, Ў πȢπς ÃÍȟЎ πȢπρ ÃÍ). 

Since both mesh ratio, Ὧ  and horizon size ratio, m have values of 2, horizons in 

Regions 1 and 2 contain identical number of material points. 

 

Fig. 6-25 Temperature variations from PD and FEM predictions at x = 0 when k =2, 

m=2. 

As shown in Fig. 6-25, the perdynamic temperature predictions obtained along the 

vertical central axis agree well with FEM results. As the horizon size increases, a small 

difference is observed at the interface between Regions 1 and 2. 
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6.5 Chapter Summary 

In this chapter, the dual-horizon peridynamic formulation is presented for the analysis 

of thermal diffusion problems. The framework enables the use of variable 

discretisation and horizon sizes within the computational domain, offering significant 

advantages in terms of computational efficiency for peridynamic simulations. To 

illustrate the capabilities of the dual-horizon approach, three representative case 

studies are examined: a square plate with imposed temperature and no-flux boundary 

conditions, a square plate subjected to thermal shock loading, and a square plate 

containing an insulated crack. 

For each example, the solution domain is partitioned into two regions, each potentially 

characterised by distinct discretisation and horizon sizes. A range of five different 

horizon sizes is considered to systematically investigate the effect of horizon size on 

the results. Across all cases, good agreement is observed between peridynamic 

predictions and finite element method (FEM) solutions. However, when different 

discretisation or horizon sizes are employed in separate regions, minor discrepancies 

may arise at the interface, with the magnitude of these differences increasing as the 

horizon size ratio becomes larger. Overall, the findings indicate that the proposed 

Dual-Horizon Peridynamic formulation can be effectively applied to problems 

involving variable discretisation and horizon size, offering a practical balance between 

computational efficiency and accuracy. 
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Chapter 7 Thermomechanical Phase Change Peridynamic Model for 

Welding Analysis 

7.1 Introduction 

AM and welding are increasingly recognised as transformative technologies within 

advanced manufacturing, offering flexibility in fabricating complex geometries. 

However, these processes involve highly complex and transient thermomechanical 

environments, where rapid heating and cooling, strong coupling between thermal and 

mechanical responses, and phase transformations such as melting and solidification 

collectively determine the final microstructure of manufactured components. 

Consequently, the development of accurate and robust numerical models capable of 

simulating these coupled multiphysics phenomena has become essential for optimising 

process parameters and minimising costly trial-and-error experimentation. 

The preceding chapters of this thesis have systematically developed a theoretical and 

computational framework for peridynamic modelling of both mechanical and thermal 

analysis. Building upon these developments, this chapter advances the peridynamic 

approach to address the challenges posed by AM and welding, with focus on the 

modelling of heat transfer and phase change scenarios. Furthermore, a central aspect 

of any numerical model for AM or welding is the representation of the heat source. 

Inaccuracies in the heat source model can lead to errors in predicting the transient 

temperature field, which in turn propagate into mechanical analyses, affecting 

displacement and residual stress predictions. 

In this chapter, a new non-linear transient peridynamic model employing a variety of 

heat source models is developed to predict the temperature distribution and 

displacement variation. More importantly, as an essential physical phenomenon in heat 

conduction, phase transformation is considered in the peridynamic model. The 

importance of how the latent heat in the phase change can affect the temperature 

distribution and displacement field is also emphasised. The simulation results are 

compared with the FEM results. Close agreements are observed, which demonstrates 

the capability of the proposed non-linear transient peridynamic model for 

thermomechanical phase change analysis for AM and welding modelling. 
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7.2 Peridynamic Thermomechanics Theory 

тΦнΦм tŜǊƛŘȅƴŀƳƛŎ ¢ƘŜǊƳƻπaŜŎƘŀƴƛŎŀƭ DƻǾŜǊƴƛƴƎ 9ǉǳŀǝƻƴǎ 

The bond-based thermomechanical heat transfer equation for material point at ●  is 

given by (Oterkus et al., 2014) 

”●ὅῸ●ȟὸ ὪὨὠᴂ Ὤ ●ȟὸ 
( 7.1 ) 

where ” is the density, ὅ is the effective heat capacity, and Ὸ is the temperature. The 

term Ὤ represents the volumetric heat generation. In welding and AM process, Ὤ can 

represent the heat raised from the heat source. 

The heat flow density (Oterkus et al., 2014), Ὢ, in Eq.( 7.1 ) can be expressed as 

Ὢ ĉ
†

ȿⱩȿ
 ( 7.2 ) 

where ĉ  is the micro-thermal conductivity, Ⱪ ȿ● ●ȿ  is the relative position 

between material points ● and ● in the reference configuration. For two-dimensional 

structure, micro-thermal conductivity, ʆ , is provided in Eq.( 6.18 ). For three-

dimensional structures, it is defined as (Oterkus et al., 2014) 

‖
φὯ

‏“
 

( 7.3 ) 

where Ὧ is the thermal conductivity, and ‏ is the horizon size. 

In addition, the natation † in Eq. ( 7.2 ) represents the temperature difference between 

a pair of material points ● and ●, and this can be obtained by 

†●ȟ●ȟὸ Ὸ●ȟὸ Ὸ●ȟὸ ( 7.4 ) 

On the other hand, the general form of the coupled thermo-elasticity in bond-based 

peridynamics is provided by Oterkus et al. (2014). The equation of motion can be 

expressed as 
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”●◊●ȟὸ ὧί◊ᴂ ◊ȟ●ᴂ ● ‌
Ὸ Ὸᴂ

ς

◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
Ὠὠ

╫●ȟὸ 

( 7.5 ) 

where ὧ represents the bond constant and is provided in Eq.( 3.6 ) and Eq.( 3.7 ) for 

two- and three-dimensional structure, respectively, ί represents the stretch between the 

two material points as given in Eq.( 3.5 ), ‌ is the coefficient of thermal expansion, ◊ 

is the displacement of material point ●, and the term ◐ represent its position in the 

deformed configuration, thus ◐ ● ◊. 

7.2.2 Description of Time Dependent Heat Sources 

Heat source modelling can be classified as a point heat source, a planar distribution 

heat source, and a volumetric distributed heat source. These sources are used to act on 

the numerical model depending on the actual manufacturing process model and the 

topographic characteristics of the weld. 

7.2.2.1 Point Heat Source 

In the case of welding arc/laser beam acting on the surface of thick workpieces, the arc 

supplied with power ὗ can be treated as a point heat source. As shown in Fig. 7-1, a 

point heat source, so-called a concentrated source, is considered for thermal analysis 

in the peridynamic welding model. 

 

Fig. 7-1 Point heat source moving on the surface of a thick workpiece. 
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This is a simplified approximation of a physical situation but can provide a good 

temperature prediction under certain conditions. Rosenthal (1941) provides the 

solution for the temperature distribution of a steady state moving point heat source 

acted on a semi-infinite plate as 

Ὸ Ὸ
ὗ

ς“ὯὙ
Ὡ

●    

 
( 7.6 ) 

where Ὸ is the initial temperature of the workpieces, ὗ is the net heat input per unit 

time (heat source power), Ὑ is the distance to the centre of the welding arc, ὺӶ is the 

speed of arc, ὸ is current time and ὥ is the thermal diffusivity. 

As can be observed from Eq.( 7.6 ), the temperature field in the welding arc centre 

tends to approach infinity when R Ū0, which does not have a physical meaning in the 

real welding process. However, the analytical temperature distribution for the point 

heat source model provides a reasonable temperature field prediction at the positions 

of the substance far from the heat source (Christensen, 1965). 

7.2.2.2 Gaussian Distribution Heat Source 

The laser beam arc is a commonly used heat source in the selective laser melting 

technique. The source model can be accurately represented by a Gaussian distribution 

heat source as (Eagar and Tsai, 1983) 

ήὼȟώȟὸ ήὩ
ᶻ

 
( 7.7 ) 

and 

ή
ὗ

ς“„
 

( 7.8 ) 

where ή is the maximum heat density at the welding arc centre ὼ ὺӶzὸȟώ, ὺӶ is 

the speed of the moving heat source, ὗ  is the power of laser beam, and „  is a 

distribution parameter. ήὼȟώȟὸ represents the heat flux at a point (ὼȟώ) at time ὸ. 
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7.2.2.3 Volumetric Distribution Heat Source 

In order to consider high-energy beam welding with heat flow penetration effect in the 

physical manufacturing process, a volumetric distributed model, named as semi-

ellipsoidal heat source model, shown in Fig. 7-2 has been proposed by Goldak (1985). 

 

Fig. 7-2 Semi-ellipsoidal heat source model. 

The mathematical form of heat source is given as (Goldak, 1985) 

ήὼȟώȟᾀȟὸ ή Ὡὼὴ
σὼ ὺz ὸ

ὧ

σώ

ὥ

σᾀ

ὦ
 

( 7.9 ) 

where ὥ, ὦ, and ὧ are ellipsoidal heat source parameters as presented, ήὼȟώȟᾀȟὸ 

is heat flux at a point ὼȟώȟᾀ at time ὸ. ή is the maximum heat density at the centre 

of the welding arc which is given as (Goldak, 1985) 

ή
φ ὗ

ὥὦὧ“Ѝ“
 

( 7.10 ) 

where ὗ is the net heat input per unit time. 

7.3 Peridynamic Thermomechanics Coupled with Phase Change 

Heat transfer scenarios with temperature variation often come with phase change. The 

characteristics of non-linearity, due to the multi-physical nature of the processes, make 

phase transformation challenging. 

Phase change refers to the physical process in which a material transitions between 

different states, such as solid to liquid (melting) or liquid to solid (solidification). The 

energy required for a material to undergo such a transition, without a temperature 

change, is known as latent heat. During phase change, a material can absorb or release 

large amounts of latent heat at the transformation temperature. In the context of 
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welding and AM, where rapid heating and cooling occur, phase changes such as 

melting and solidification are common. Therefore, it is essential to account for the 

effects of latent heat in the peridynamic heat conduction equation to accurately model 

the thermal response of materials exposed to the high-energy heat source. 

In the present work, the latent heat ὒ  is implicitly considered by effective heat 

capacity, in which the specific heat capacity of the material is artificially increased at 

mushy zone. Mushy zone is a temperature interval around the phase change 

temperature that the matter processes the phase transformation. The artificially 

increased specific heat capacity in the mushy zone can be defined as 

ὅ
ὒ 

Ὸ Ὸ
 

( 7.11 ) 

where Ὸ  is the substance solidification temperature and Ὸ  is the substance fusion 

temperature. With the considered latent heat at phase change scenarios, consequently, 

the effective heat capacity ὅ in the bond-based peridynamic heat conduction equation 

at different phases can be written as 

ὅ

ὅ   
ὅ   

ὅ    

Ὸ Ὸ
Ὸ Ὸ Ὸ
Ὸ Ὸ

ÓÏÌÉÄ ÐÈÁÓÅ
 ÓÏÌÉÄȾÌÉÑÕÉÄ ÐÈÁÓÅ
ÌÉÑÕÉÄ ÐÈÁÓÅ

 

( 7.12 ) 

where ὅ, ὅ and ὅ are the specific heat capacities of the substance at solidus, mushy 

zone, and liquidus state, respectively. The effective heat capacity at each material point 

is determined based on its local temperature. If the temperature at a material point is 

below the melting point, the specific heat capacity corresponding to the solid phase is 

used in the heat conduction equation. 

In addition, the mechanical properties of most materials used in welding and 

manufacturing are strongly affected by temperature. Specifically, for most metals, 

increasing temperature leads to a reduction in material stiffness, while lower 

temperatures result in higher stiffness. 

To account for the temperature-dependent variation in material stiffness during arc 

welding scenarios involving phase change, a non-local approach is adopted to model. 

In the conventional bond-based peridynamics, the interaction between two material 
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points ● and ● is linked by a óbondô. The bond constant in terms of Young's Modulus, 

Ὁ for a two- and three-dimensional structure as given by Eq.( 3.6 ) and Eq.( 3.7 ), 

respectively. Without considering the temperature influence in the mechanical analysis, 

the parameter ὧ is a constant value. 

However, in the thermomechanical phase change peridynamic model for welding, 

Youngôs modulus in the mechanical analysis is treated as a temperature-dependent 

property, denoted ὉῸ. As presented in Fig. 7-3, the bonds in the thermomechanical 

formulation are referred to as ñthermo-mechanical bonds,ò in which the effect of 

temperature on material stiffness is explicitly incorporated and can be defined as 

follows 

ὧ●ȟῸ
ωὉῸ

“Ὤ‏
 

( 7.13 ) 

and 

ὧ●ȟῸ
ωὉῸ

“Ὤ‏
 

 

 

Fig. 7-3 Peridynamic horizon and its thermal-mechanical bonds (green line). 

Therefore, the effect of temperature on material stiffness is incorporated through the 

bond constant. As the temperature varies at each material point and its neighbours, the 

bond constant is updated accordingly. Thus, the bond constant between two material 

points can be expressed as 
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ὧ●ȟ●ᴂȟῸȟῸ
ὧ●ȟῸ ὧ●ȟῸ

ς
 

( 7.14 ) 

With the temperature-dependent bond constant, the equation of motion for coupled 

thermo-elasticity in bond-based peridynamics can be re-written as 

”●◊●ȟὸ ὧ●ȟ●ᴂȟῸȟῸ ί◊ᴂ ◊ȟ●ᴂ ●

‌
Ὸ Ὸᴂ

ς

◐ᴂ ◐

ȿ◐ᴂ ◐ȿ
Ὠὠ ╫●ȟὸ 

( 7.15 ) 

where all terms are as previously defined, and the temperature dependence of the bond 

constant directly links the local thermal environment to the mechanical response. 

7.4 Application of Initial and Boundary Conditions 

The initial condition of the temperature distribution can be specified at time ὸ  π 

Ὸ●ȟὸ π Ὸ ● ( 7.16 ) 

where Ὸ  is the initial temperature. If pre-heat treatment is adapted in the 

manufacturing process, Ὸ is defined as pre-heating temperature. 

The boundary conditions in the heat conduction can be specified as temperature, heat 

flux, and the heat generation. 

тΦпΦм ¢ŜƳǇŜǊŀǘǳǊŜ 

In peridynamics, the application of prescribed boundary temperatures differs from the 

approaches used in CCM. Rather than imposing the boundary temperature as a direct 

point load or distributed load on the physical boundary, peridynamics employs a 

fictitious layer, denoted as Ὑ, which is introduced outside the actual material region, 

Ὑ and shown in Fig. 7-4 (Oterkus et al., 2014; Madenci and Oterkus, 2016). 
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Fig. 7-4 Material real domain, Ὑ and its fictitious domain, Ὑ. 

As illustrated in Fig. 7-4, the specified boundary temperature, Ὸ ●╫ȟὸ, along the real 

material surface is imposed within the fictitious layer by assigning temperature values 

to the corresponding material points in Ὑ. Specifically, the temperature at a fictitious 

material point, ●█, is determined using the following relationship (Oterkus et al., 2014), 

Ὸ ●█ȟὸ Ўὸ ςῸ ●╫ȟὸ Ўὸ Ὸ●ȟὸ Ўὸ ( 7.17 ) 

where Ὸ fand Ὸ are the temperature of material points in the fictitious region Ὑ and 

real region Ὑ , respectively. Note that the material points at ●█  and ●  are 

symmetrically located with respect to the location of the boundary ●╫. In the case of 

Ὸ ●╫ȟὸ π, this represents the insulated boundary condition. 

тΦпΦн IŜŀǘ CƭǳȄ 

The implementation of the heat flux from the heat source in the peridynamic heat 

transfer equation can be achieved by evaluating the rate of heat flow into the surface 

area and transforming it into a volumetric heat generation term, Ὤ ●ȟὸ. Therefore, 

the heat flux is applied as a volumetric heat source at the relevant material points and 

can be expressed as (Oterkus et al., 2014) 

Ὤ ●ȟὸ
ή●ȟὸϽ▪

Ўὼ
 

( 7.18 ) 
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where ή●ȟὸ is the heat flux, Ўὼ is the spacing between material points and ▪ is the 

normal vector to the surface. 

тΦпΦо ¢ƛƳŜπŘŜǇŜƴŘŜƴǘ tƻƛƴǘ IŜŀǘ {ƻǳǊŎŜ 

For the numerical implementation of a moving point heat source on the workpiece, a 

birth-and-death procedure for material points is introduced in this work. Specifically, 

the point heat source is represented as a time-dependent volumetric heat generation, 

applied only to selected material points at each time step as the source moves along its 

prescribed path. When the heat source coincides with a particular material point, that 

point is assigned the corresponding volumetric heat generation. As the heat source 

advances and moves away from a given material point, the heat generation at that point 

is set to zero. 

 

Fig. 7-5 Demonstration of implementing moving point heat source in numerical 

model. 

The principle for implementing the moving point heat source in the numerical study is 

illustrated in Fig. 7-5. The total length of the welding track is denoted as ὒ, which is 
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discretised into ὔ material points. The total time required for the welding arc to travel 

the entire welding track is ὸ. Accordingly, the time interval during which the heat 

source remains active on each material point can be obtained as 

Ўὸ
ὸ

ὔ
 

( 7.19 ) 

7.5 Numerical Results 

тΦрΦм {ǘŜŦŀƴϥǎ {ƻƭƛŘƛŬŎŀǝƻƴ tǊƻōƭŜƳ 

Classical Stefan's solidification problem (Jiji, 2009) is considered first. This is a 

moving boundary problem that describes the evolution of the interface ὼ between two 

phases as the material undergoes a phase change. As presented in Fig. 7-6, the scenario 

assumes that the entire substance initially remains at the fusion temperature Ὸ. At time 

ὸ  π Ó , the temperature at the left edge of the material is suddenly reduced and 

maintained at Ὸ Ὸ. initiating the solidification process. As a result, a solidification 

front begins to propagate from the cooled boundary, while the remainder of the 

substance remains in the liquid phase at the fusion temperature. 

 

Fig. 7-6 Physical illustration of Stefan's solidification problem. 

The Stefan solidification problem was reproduced from the ANSYS Verification 

Manual (ANSYS, Inc. 2013). In this scenario, the solidification process of a liquid 

region is examined, as demonstrated in Fig. 7-7(a). The region has a length of ὒ 

 πȢπρ Í and width of ὡ  πȢπρ Í. 
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Initially, the entire liquid field is maintained at the fusion temperature, Ὸ π ᴈ. At 

ὸ  π Ó, the temperature at the left edge (ὼ .) is suddenly subjected to a free 

surface temperature Ὸ υ ᴈ, triggering the onset of solidification. As a result, the 

interface between the solid and liquid phases ὼ begins to move inward from the cooled 

boundary. The thermal conductivity and density of the material are specified as Ὧ

 πȢφ 7ȾÍЈ# and ”  ρπππ ËÇȾÍ, respectively. 

 

Fig. 7-7 Stefan's solidification problem illustration (a) geometry and (b) peridynamic 

discretization. 

In this study, the substance is assumed to undergo phase change within the 

transformation temperature range 

Ὸ ρ ᴈ Ὸ Ὸ π ᴈ ( 7.20 ) 

The latent heat ὒ associated with this phase change is taken as τςπππ *ȾËÇ. Hence, 

the effective heat capacity in the mushy zone is calculated as 

ὅ
ὒ

Ὸ Ὸ
τςπππ *ȾËÇᴈ 

( 7.21 ) 

Consequently, the specific heat capacity at different temperatures is arranged as 
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#

# τςππ *ȾËÇᴈ
# τςπππ *ȾËÇᴈ

# τςππ *ȾËÇᴈ

ɡ ρ ᴈ
    ρ ᴈ ɡ π ᴈ

ɡ π ᴈ
 

( 7.22 ) 

Fig. 7-7(b) presents the numerical setup, the peridynamic discretization uses a spacing 

of ῳὼ  ὒȾρππ , with the horizon chosen as ‏  σῳὼ Ȣ Time step size of ῳὸ 

 σ  ρπ Ó is adopted. 

The initial temperature is set to the fusion temperature, i.e., 

Ὸὼȟώȟὸ π Ὸ π ᴈ ( 7.23 ) 

To implement the temperature boundary condition, a fictitious boundary Ὑ with one 

horizon size is added at (ὼ .), where the temperature is prescribed as 

Ὸ ὼ
ὒ

ς
ȟώȟὸ Ὸ υ ᴈ 

( 7.24 ) 

The evolution of the temperature distribution is computed numerically using the 

peridynamic formulation and compared with finite element results obtained in ANSYS. 

The FEM model employed PLANE55 elements with a uniform mesh size of ῳὼ

πȢππρ Í. The same material properties and boundary conditions as in the peridynamic 

model were applied. The transient analysis was performed up to ὸ ωππ Ó  using 

automatic time stepping. The mesh size was determined following a convergence 

check, which confirmed that further refinement produced negligible changes in the 

thermal field. The case setup follows the ANSYS Verification Manual (ANSYS, Inc. 

2013). 

As shown in Fig. 7-8, the temperature profiles along the central axis ὼȟώ  π at 

selected time intervals ὸ  σππ Óȟὸ  φππ Óȟὸ  ωππ Ó  demonstrate good 

agreement between the peridynamic and FEM solutions. 
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Fig. 7-8 Temperature comparison along axial axis at (ὼȟώ π). 

A comparison of the temperature variation as a function of time at the point (ὼ

ȟώ π) between the peridynamic and FEM models is shown in Fig. 7-9. For the time 

between 787.82 and 797.82 Ó , the temperature at ὼ ȟώ π  reaches Ὸ ρ ᴈ 

which is the time that substance completely solidifies. 

 

Fig. 7-9 Temperature variation at (ὼ ȟώ π). 

Further, the comparison of temperature distributions across the plate at 600 s for both 

the peridynamic and FEM models is illustrated Fig. 7-10, the temperature field across 

the plate predicted by the peridynamic model agrees with the FEM model. 
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Fig. 7-10 Temperature distribution at ὸ φππί (a) peridynamic (b) FEM model. 

To further illustrate the effect of latent heat during phase change, the Stefan 

solidification problem is also solved without accounting for latent heat effects. The 

resulting temperature distribution along the central axis ὼȟώ  π  at ὸ ωππ ί  is 

presented in Fig. 7-11. As observed, the inclusion of latent heat leads to differences in 

the predicted temperature profile. This is because latent heat is the energy absorbed or 

released during a phase change without a corresponding change in temperature. 

Neglecting latent heat results in inaccurate temperature predictions. 

 

Fig. 7-11 Temperature distribution at (ὼȟώ π) at ὸ ωππ ί. 

тΦрΦн bŜǳƳŀƴƴϥǎ {ƻƭƛŘƛŬŎŀǝƻƴ tǊƻōƭŜƳ 

Neumann (Jiji, 2009) extends the classical Stefan problem to cases where the initial 

temperature of the substance, Ὸ, exceeds the fusion temperature, Ὸ. As shown in Fig. 

7-12, the material initially remains at a uniform temperature Ὸ , and then the left 
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boundary at ὼ  is suddenly maintained at Ὸ Ὸ. This abrupt cooling initiates 

solidification at the boundary, and the solid-liquid interface propagates into the liquid 

phase. 

For the numerical study, the geometry and material properties are identical to those in 

the Stefan problem (see Fig. 7-7(a)): a plate of length ὒ  πȢπρ Í and width of ὡ 

 πȢπρ Í, with Ὧ  πȢφ 7ȾÍЈ#, and ”  ρπππ ËÇȾÍ.  

 

Fig. 7-12 Physical illustration of Neumannôs solidification problem. 

The initial temperature throughout the domain is set to Ὸ ς Ј#, , which is above the 

melting point. The left edge is then maintained at Ὸ υ Ј# , causing the phase 

boundary to advance from ὼ . The phase change is accounted for using the same 

latent heat treatment as in the previous section (Eq.( 7.22 )).  

As shown in Fig. 7-7(b), discretization employs a mesh size of ῳὼ  ὒȾρππ with a 

horizon size of ‏  σῳὼ, and a time step ῳὸ  σ  ρπ Ó. 

The initial temperature is applied as 

Ὸὼȟώȟὸ π Ὸ ς ᴈ ( 7.25 ) 

Fictitious boundary Ὑ  with one horizon size is added to apply the temperature 

boundary condition, i.e. 



134 

 

Ὸ ὼ
ὒ

ς
ȟώȟὸ Ὸ υ ᴈ 

( 7.26 ) 

The Neumann solidification problem was also implemented in ANSYS using 

PLANE55 elements. A uniform mesh size of ῳὼ  πȢππρ Í was adopted following 

a convergence test with element sizes of 0.002 m, 0.001 m, and 0.0005 m. The transient 

thermal analysis was performed up to ὸ  ρυππ Ó using automatic time stepping. 

Temperature distributions along the central axis ὼȟώ  π at several time intervals 

ὸ  σππ Óȟὸ  φππ Óȟὸ  ωππ Ó are shown in Fig. 7-13. The results show a linear 

temperature profile between ï 5 ÁC and ï 1 ÁC (the solid region), and a smooth, non-

linear transition in the phase change region between ï 1 ÁC and 0 ÁC, as the latent heat 

is accounted for phase change at this temperature interval. 

 

Fig. 7-13 Temperature comparison along (ὼȟώ  π) at several time intervals. 

Time-dependent temperature responses at two material points, - ὼ ȟώ

π  and . ὼ ȟώ π , are compared in Fig. 7-14. As can be observed, the 

temperature at point M drops sharply at the onset, as it is closer to the cooling boundary 

and is reached by the moving solidification front sooner than point N. 

The temperature at . has a quick drop between 2 and 0 ÁC while the curvature tends 

to smooth between 0 and -1 ÁC due to the latent heat effect. When the temperature is 

below -1 ÁC, the substance completely solidifies. Hence, the temperature variation has 

the similar curvature with the temperature between 2 and 0 ÁC. 
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Fig. 7-14 Temperature variation at ὓ ὼ ȟώ π and ὔ ὼ ȟώ π. 

 

Fig. 7-15 Temperature distribution at ὸ  φππ ί (a) peridynamic (b) FEM model. 

Fig. 7-15 presents the spatial temperature distribution at 600 s as predicted by both the 

peridynamic and FEM models. As seen, the peridynamic predictions closely match the 

FEM results 

тΦрΦо ¢ƘŜǊƳŀƭ !ƴŀƭȅǎƛǎ ŦƻǊ ŀ tƭŀǘŜ ǿƛǘƘ ŀ aƻǾƛƴƎ tƻƛƴǘ IŜŀǘ {ƻǳǊŎŜ 

An isotropic square plate with dimensions ὒ  ὡ  πȢρ Í  and thickness Ὄ 

 πȢπρ Í is presented in Fig. 7-16. The plate is subjected to a traveling point heat source 

with power ὗ  σςππ 7 , which is initially located at the centre of the plate and 

moves towards to the positive ὼ  coordinate direction with a velocity of ὺӶ 

 πȢππυ ÍȾÓȢ The specific heat capacity, thermal conductivity and density are specified 

as ὅ  τφπ *ȾËÇ, Ὧ  υπ 7ȾÍЈ#, and ”  χψςπ ËÇȾÍ, respectively. 














































































































































