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Abstract

The present investigation has been devoted to the modeling of the ice-structure inter-
actions by using the state-of-the-art technique, peridynamics. Peridynamics is a new
continuum mechanics formulation originally developed at Sandia National Laborato-
ries, USA and very suitable for failure analysis of structures due to its mathematical
structure. Structures can vary from thin-walled structures such as ship hulls or airplane
fuselage to bridges and wind-turbines. Furthermore by using peridynamics structural
failure can be observed as compressive, tensile, bending or buckling failure and ma-
terials can be classified as elastic, viscoelastic or plastic. Peridynamic equation is in
integro-differential equation form rather than a partial differential equation as in the
classical continuum mechanics which allows the continuous usage of these equations
without specially treating the discontinuities. Although relatively new, it is success-
fully verified and utilized for modelling both metallic and composite structures. Hence,
it is an excellent candidate to investigate complex problems such as the ice-structure
interaction modelling. Furthermore, in a general sense, it may bring a new dimension
to the analysis of marine structures especially in the area of arctic engineering. Fur-
thermore, peridynamic solver was developed including 2D and 3D geometry definitions
together with peridynamic mesh. Several different solvers were implemented, such as
explicit solver, adaptive dynamic relaxation and direct solver. In order to reduce the
computational time, several family search algorithms (such as brute-force search, region
partitioning algorithm, K-d tree and R-tree algorithms) were tested and implemented
together with parallelization of most time consuming parts of code. Finally, several
numerical studies were considered in order to demonstrate ice-structure interaction via

peridynamic analysis. Where those numerical studies range from 2D and 3D Bond



Based peridynamic models used for analysis of ice splitting loads for in-plane failure
and impact analysis between cylindrical (offshore structures) and conical (ship’s bow)
rigid bodies and ice sheet. Furthermore advanced peridynamic model for Mindlin plate
resting on Winkler foundation was developed in order to test for out-of-plane failure of

an ice sheet.
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Chapter 1

Introduction

Due to predicted oil and gas reserves Arctic is considered to become as important
as Middle East in the near future. Around 30% of the world’s undiscovered gas and
13% of the worlds undiscovered oil are expected to be stored in the North Arctic Circle,
Bird et al. (2008). Furthermore, as the ice-covered region size is decreasing as a result
of the climate change, sailing routes from Western Europe via Arctic to East Asia can
be a reality and reduce the distance of traditional routes by one-third. If this happens,
the Arctic can be one of the world’s busiest sailing areas.

Despite of its advantages, utilization of the Arctic region for sailing brings new
challenges due to its harsh environment. Therefore, ship structures must be designed
to withstand ice loads in case of a collision between a ship and ice takes place. Such
incidents can cause significant damage on the structure which can yield flooding and
sinking of the ship. After the Titanic disaster, collisions between ships and medium or
big size icebergs have been rare due to high-tech radar and satellite systems. However,
it is still difficult to detect small size icebergs and collisions with such small size icebergs
can still cause severe damage. From mid 1800 till late 2000 there have been around
23 ships that sunk as a result of collision with an iceberg, with the last one being MS
Explorer in 2007. On the other hand there have been numerous collisions with smaller
icebergs that usually result in less damage, Hill (2009).

Although experimental studies can give invaluable information about ship-ice inter-

actions, full scale tests are very costly to perform. Therefore, computer simulations can
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be a good alternative. Ice-structure interaction modelling is a very challenging process.
First of all, ice material response depends on many different factors including applied-
stress, strain-rate, temperature, grain-size, salinity, porosity and confining pressure.
Furthermore, macro-scale modeling may not be sufficient to capture the full physical
behaviour because the micro-scale effects may have a significant effect on macroscopic
material behaviour. Hence, it is necessary to utilize a multi-scale methodology.

In order to capture the macro-scale behaviour of ice, well-known Finite Element
Method (FEM) has been used in various previous studies. Within FEM framework,
various techniques can be used to model crack propagation such as cohesive zone models
(CZM) and extended finite element method (XFEM). However, a universally accepted
CZM failure model is not currently available and the crack propagation may have mesh
dependency. Although, the mesh dependency problem can be overcome by XFEM,
enrichment process may lead to an algebraic system with billions of unknowns which
is difficult to solve numerically. This stems from the primary problem that is related
to the need of embedding an initial crack a priory into the FE mesh to trigger crack
propagation. In order to insert cracks at appropriate locations raises the need for an
expert user. This can be solved by determining critical region(s) which are more likely
to fail on which than XFEM nodal enrichment needs to be applied. This means that
without an expert user, enriching nodes of the entire domain of a FE mesh becomes a
standard practice, which in turn results in more run-time and reduced computational
efficiency, Elruby et al. (2018). Furthermore, FEM is based on classical continuum
mechanics which does not have a length scale parameter and is incapable of capturing
phenomenon at the micro-scale. Hence, other techniques should be utilized at the
micro-scale and linked to FEM simulation. However, it is not straightforward to obtain
a smooth transition between different approaches at different scales.

By taking into account all these challenging issues, a state-of-the-art technique,
peridynamics will be utilized for ice-structure interaction modelling. Peridynamics is a
non-local continuum mechanics formulation which is very suitable for failure analysis
of materials due its mathematical structure. Cracks can occur naturally in the formu-

lation and there is no need to impose an external crack growth law, such as McClintock
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equation where an upper limit of crack growth is based on the cyclic crack tip open-
ing displacement or Paris-Erdogan Equation which models the relationship between
the velocity of crack propagation and an abstract quantity called the range of stress
intensity, which describes the magnitude of the stress at the crack tip. Furthermore,
due to its non-local character, it can capture the phenomenon at multiple scales. Since
same type of equations will be used at different scales, a smooth transition is expected.
This means that standard peridynamic multiscale method for analysing defects has the
following procedure where each level is a separate model with its own horizon. Each
level interacts only with levels immediately above and below it. Smallest level /horizon
is defined at the crack tip and other levels occupy bigger and bigger region with larger
horizons. Equation of motion is applied only within each level. Higher levels provide
boundary conditions on lower levels. Lower levels provide coarsened material properties
(including damage) to higher levels. This means that in principle, a large number of
levels can be used, all coupled in the same way.

The main aim of this proposed PhD study is to bring a new dimension contrary to
the existing analytical and numerical modelling tools used for ice-structure interaction
modelling. Specific objectives of the proposed study and the work program can be

listed as:
e Development of a basic peridynamic code suitable for the problem of interest
e Perform a validation study against benchmark problems

e Implement contact analysis capability within the peridynamic code to represent

ice-structure interaction.
e Perform a validation study for the contact analysis

e Compare the results against available data found in the literature including ex-

perimental, analytical and numerical studies

e Investigate ways to reduce the computational time by using shared memory mul-

tiprocessing
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Chapter 2 starts with short overview of crystallographic structure of hexagonal Th
ice which is also called ordinary ice as it is basis for all ice on earth, followed by brief
discussion on formation of land based glacial ice and sea ice. Furthermore, formation
of first-year and multi-year ice is also discussed. This is followed by description of
fundamental mechanical properties and behaviour of both columnar and granular ice.
Subjects discussed are the elastic properties of ice, uniaxial strength, shear strength
and fracture toughness.

Chapter 3 contains a short review of peridynamic theory. In this review strain
energy formulation is explained which leads to development of peridynamic equation of
motion. This is followed by detailed explanation of two basic peridynamic formulations
- bond based and ordinary state based. At the end damage is introduced into the
perdiynamic framework.

Chapter 4 gives an in depth review of VOPDSolver that was developed as a part of
this PhD study. VOPDSolver is an object oriented peridynamic solver that has abil-
ity to define complex geometrical models, apply different loading conditions, perform
spatial searches and conduct impact analysis. First geometry and mesh definitions are
presented. In geometry section overview of classes for 2D and 3D objects are presented.
Mesh Definition section includes explanation of algorithms necessary for mesh defini-
tion, such as ray casting method for 2D and point to plane distance algorithm for 3D
mesh. Furthermore, detailed description of family search algorithms is addressed, such
as brute-force search, region partitioning algorithms and variety of tree data structures.
Different solver methods are explained - dynamic solver and static/quasi-static solver,
together with their parallel execution using openMP. At the end impact algorithms are
introduced.

Chapter 5 contains examples that show the utilization of VOPDSolver in order to
study ice-structure interactions. First study is by |Vazic et al.| (2017) where an in-depth
analysis of interaction between macrocrack and parallel microcracks is presented. Sec-
ond study is on Mindlin plate resting on Winkler foundation (Vazic et al. (2019c))
which shows applicability of Winkler foundation when modeling fluid-structure inter-

actions applied to a peridynamic formulation of a Mindlin plate. Next study is on
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in-plane and out-of-plane failure of an ice floe, where it is shown that peridynamics
can be used to obtain good agreement with experiments for in-plane failure splitting
load and prove Kerr’s relation (Kerr| (1976)) for out-of-plane failure of semi-infinite
plate. Furthermore, study on ice floe fracture patterns for 2D and 3D models was done
(Vazic et al. (2019b)). Next a study on interaction between a lighthouse and an ice
floe was conducted where it was shown that peridynamics can give a good prediction of
ice loads on offshore structures. Finally, a study on family member search algorithms
(Vazic et al. (2019a) was done in order to find most suitable algorithm which will have

the biggest influence on decreasing computational time needed for family search.



Chapter 2

Ice Material Basics

2.1 Introduction

Term that describes parts of Earth’s surface where water is frozen is called cryosphere.
Ice has an important role in the global climate, especially regarding to water cycle. Ice
can be found in the form of ice sheet, ice caps, ice fields or glaciers on land, ice sheets on
lakes and as sea ice in oceans. There are 18 known solid crystalline forms of ice at or-
dinary pressures. The stable phase is called ice I, with two closely related low-pressure
variants: hexagonal ice Ih and cubic ice Ic. Ice Ih is termed ordinary ice and it’s the
basis for all natural snow and ice on Earth. Ih ice has six-fold symmetry reflected in
the shape of snow-flakes. On the other hand ice Ic is a metastable ice crystal that
is made by depositing water vapor at ambient pressure with temperatures lower than
130°C. Throughout this chapter we are only going to deal with hexagonal Th ice as it
is the basis for naturally-occurring morphological forms - snow, firn (multi-year snow),
freshwater ice and sea ice.

When dealing with marine environment, only two different ice types can be found,
that is, sea ice and land based glacier ice in the form of icebergs (Sand (2008)). Sea
ice is formed by cooling and freezing of sea water, whereas icebergs are fragments of
land based glacial ice formed by large accumulation of snow which, through years of
compression and freezing, turns into ice. In-depth discussion on growth, structure, and

properties of sea ice can be found in Weeks and Ackley (1986) and |Schulson and Duval
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(2009). Thermal and mechanical history will determine micro-structure of ice that can
be found in the marine environment. This will then have a strong influence on physical

and mechanical properties of ice.

2.2 Crystallographic Structure of Hexagonal Th Ice

One of the interesting characteristics of Ih ice is its density. Ordinary Ih ice is less
dense than its melt. This means that ice floats on the surface of lakes and seas. If
ice was more dense than its melt it would sank like as most solids do, this would then
create a situation where natural water bodies would completely freeze up to their sea
beds. This situation wouldn’t be conducive to the development of marine life in either
temperate or polar regions.

Molecular structure of ice is based on tetrahedral geometry of water molecule which
leads to a highly ordered but loose structure, where each oxygen atom is surrounded by
four hydrogen atoms. This tetrahedral coordination of the oxygen atoms will produce
a crystal structure with hexagonal symmetry, a fact that will affect many of the large
scale characteristics of ice (Weeks and Ackley| (1986))). Because of a loose structure of
ice, its density is less than in liquid state, where the ordered structure is partially broken
down and the distance between water molecules is smaller on average. Hexagonal ice
crystals form hexagonal plates and columns where the top and bottom faces are called
basal planes see (Figure . The normal to the basal plane is referred to as the c-axis.

Looking at the hexagonal crystal structure of Ih ice one can see that the basic ice
crystal growth form will be the hexagonal prism. Perfectly formed crystal of ice in this
form would be difficult to deform as every possible bond in the crystal lattice have been
made. In practice, however, the crystal lattice is formed with numerous faults, such as,
point defect or line defects. Point defects are atomic-sized features that form within

the ice lattice as:
Vacancies - empty molecular site

Interstitials - formed when a molecule becomes dislocated within the open space

of the Ih crystal lattice
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C axis

Basal face

C axis

a axis
Prism face

Figure 2.1: Left: Crystal structure of hexagonal crystalline Ih ice - red spheres
represent oxygen atoms and black bars represent hydrogen atoms. Right: A schematic
image of hexagonal ice defining main crystal faces and axis.

Solutes - impurities incorporated within the solid matrix, such as, brine pockets

within sea ice

Ionic and Bjerrum Defects - violations of the Bernal-Fowler ice rules results

in protonic defects

Line defects are dislocations within the crystal lattice which are created during the
thermal-mechanical processes of ice crystal growth. These line defects are fundamental
to plasticity and strength of ice. In addition to point and line defects, ice can have
planar and volumetric defects. Planar defects relevant to fracture and creep are grain
boundaries and free surfaces. Most common volumetric defects are pores, which are
formed as the result of rejecting oxygen and nitrogen from water (Schulson and Duval

(2009)).

2.3 Land Based Glacial Ice

Glacier is a persistent body of dense ice that is made up from compressed fallen

snow. Glaciers form where the accumulation of snow and ice exceeds ablation (process
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Figure 2.2: The Margerie Glacier at Glacier Bay National Park in Alaska

*(https://www.nps.gov/glba/learn/kidsyouth/
glaciers-of-glacier-bay-national-park.htm)

opposite to accumulation - melting and sublimation) over many years, often centuries.
What makes glaciers unique is their ability to flow due to stresses induced by their
weight.

Main process behind densification of seasonal snow and its transformation into
glaciers is sintering. Sintering by definition is a process of compacting and forming a
solid mass of material either by heat or pressure without changing its physical phase.
In case of glaciers sintering process is not only driven by excess of surface free energies
in the system (heat) but also through external pressure. There are three distinct

stages of densification of snow at polar glaciers. Those three stages are divided by

two critical densities (Maeno and Ebinuma (1983)). At the beginning (first stage)

snow will mainly densify through mechanical destruction and packing of snow crystals
until the first critical density is reached, p = 500kg/m? (relative density p, = 0.60).

During second stage main mechanisms of densification are plastic deformation and


https://www.nps.gov/glba/learn/kidsyouth/glaciers-of-glacier-bay-national-park.htm
https://www.nps.gov/glba/learn/kidsyouth/glaciers-of-glacier-bay-national-park.htm

Chapter 2. Ice Material Basics

] | A 0 P T 1
00 FINAL STAGE V—
L. ey
C - e e
-~ B00F _
= & |NTERMEDIATE
700} STAGE -
Z 600F o -
- As
n ,,‘q;;@__ e
=z K-l A
w é
O 500} ¢ .
L
g | INITIAL STAGE
aoob o BYRD STATION
f » MIZUHO STATION
[ | “| | . | |
3000 1 2 3 4 5 6 7

PRESSURE DUE TO OVERBURDEN SNOW  x10°Pa

Figure 2.3: Density-pressure relationships at Byrd and Mizuho Stations in Antarctica.
The pressure is the load due to the overburden snow, Maeno and Ebinuma; (1983))

recrystallization until second critical density is reached, p = 820 — 840kg/m3 (p, =
0.89 — 0.92). Third and final stage is characterized by shrinkage of entrapped air
bubbles until final /theoretical density of ice is reached, p = 917kg/m3. These three
stages can be shown on the pressure/density diagram measured in Byrd and Mizuho

Stations in Antarctica, (see Figure [2.3])

2.4 Sea Ice

Sea ice is created when seawater freezes which is approximately at —1.9°C. As
it was mentioned before ice floats because it is one of few substances where the solid
phase is less dense than its liquid phase. About 7% of the Earth’s surface is occupied
by sea ice and about 12% of the world’s oceans. Antarctic and Arctic polar ice packs
encapsulate most of the world’s sea ice. Surface of polar packs will undergo significant

yearly cycling, which extensively affect Arctic ecology, including the ocean’s ecosystems

10
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(Wadhams| (2003))).
Sea ice due to dynamic nature of marine environment (winds, currents and temper-
ature fluctuations) can be found in variety of types and features. Furthermore sea ice

can be classified based on age as:
New ice - recently frozen water
Nilas - sea ice crust up to 0.1 m
Young ice - transition phase between nilas and first-year ice, from 0.1 to 0.3 m

First-year ice - thicker than young ice but has less than one year growth, from

0.3to2m

Multi-year ice - ice that has survived at least one melting season (older than one

year)

2.4.1 First-Year Ice

The way the first-year ice forms depends on the sea state, among other factors. This
means that ice can be formed in calm or rough waters. When in calm sea conditions
first crystals are formed as tiny discs (d < 2 — 3mm) with vertical c-axis that are
growing outwards laterally. As crystals are growing they become unstable and start to
break, creating a mixture of ice crystals called frazil or grease ice. As conditions are
calm frazil ice crystals will freeze together in order to form a continuous thin sheet of
thin nilas ice. As soon as nilas ice is formed, ice growth changes directions and now
water molecules freeze on to the bottom of the existing ice sheet. This process is called
congelation growth, which yields young ice and subsequently first-year ice.

On the other hand if sea conditions are rough, such as Greenland or Bering Seas
where strong sea currents and waves will form a very dense suspension of frazil ice rather
than allow for nilas ice to form. This dense mixture of ice crystals and sea water will go
trough cycles of compression which will in the end create small coherent discs of slush
that become more solid as the freeze continues. At the end those discs become known

as pancake ice, see Figure [2.4] Size of the pancake ice is relatively small at the edge of

11
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Figure 2.4: Pancake ice in the Barents Sea at the onset of winter. The size of the
largest pancakes shown in this figure is roughly one meter, (2005)

the ice field, but grows in diameter and thickness as the distance from the edge becomes
larger. At certain point pancake ice will reach 3-5 m in diameter and up to 0.7 m in
thickness. At larger distances from the edge of the ice field where sea becomes calmer,
individual pancakes will start to coalesce together and form large ice floes that will at
the end become continuous sheet of first-year ice known as consolidated pancake ice.
Major difference between ice formed in calm and rough conditions is that consolidated
pancake ice has very rough and jagged surfaces (bottom and top) compared to relatively
smooth surface of first year ice formed in calm conditions. Schematic representation
of a cross-section of first-year sea ice can be seen in Figure Primary ice in Figure
[2.5] is created when continuous sheet of nilas ice is formed and individual ice crystals
that are in contact with sea water start to grow downwards. It was mentioned before
that individual ice crystals have vertical c-axis when going from frazil to nilas ice, but
now freezing process is easier for crystals with horizontal c-axes, which grow at the
expense of other ice crystals. If growth of ice crystals is highly influenced by variable
sea currents there will be no predominant orientation of c-axis in horizontal plane.
Next layer, transition zone, serves as transition to secondary ice composed of long
vertical columnar crystals. Columnar structure is a key identifier for ice that grows
thermodynamically by freezing onto an ice bottom, which is so called congelation ice.
Inside secondary ice brine drainage channels are visible, which are created as the ice-

water interface - skeleton layer advances downwards and brine is rejected from the

12
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Figure 2.5: Schematic representation of a cross-section of first-year sea ice, Sand
(2008)

growing ice sheet. On top of the primary ice there can be a layer of superimposed ice
that forms by flooding through ice cracks, refreezing of melted ice or compacting and

forming ice from fallen snow.

2.4.2 Multi-Year Ice

Multi-year ice is normally defined as ice which has survived one or more summer
seasons of partial melt. Growth will continue until the ice thickness reaches a critical
point of about 3 metres. At this point thickness will oscillate throughout annual cycles
as the summer melt matches winter growth (Wadhams (2003))). Formation process of
multiyear ice is shown on Figure Once young/first-year ice is formed it starts to
raft caused by dynamic sea conditions - currents and/or waves (Figure and 2.6p).
First-year ice will grow until reaching a thickness of about 2 m. As summer temperature
rises the overlying snow layer begins to melt (in the Arctic this happens during mid-
June until early July) and forms a network of meltwater pools on the surface of the ice.

As the summer progresses melt pools will become bigger and some will eventually drain

13



Chapter 2. Ice Material Basics

rafting

—

Figure 2.6: Forming of multi-year ice, (2008)

off into the sea. This happens either over the side of ice floes, through existing cracks,
or by drilling a thaw hole right through the ice, see Figure 2.6k. What is left over from
first-year ice during the second winter will refreeze and consolidate, see Figure [2.6{d.
This is now called second-year ice. This ice will continue to melt and refreeze over the

years and it will become what is known as multi-year ice, see Figure [2.6p.

2.5 Mechanical Properties of Ice

2.5.1 Introduction

Due to complex environmental conditions (temperature, salinity, sea currents, con-
finement and c-axis orientation among others) sea ice exhibits a wide range of mechani-

cal properties, such as: elasticity, viscoelasticity, viscoplasticity, creep rupture and brit-

tle failure, [Schulson| (2001)). Furthermore sea ice can be described as inhomogeneous,

14
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anisotropic, and nonlinear viscous material. In general properties and behaviour of ice
can be classified into two groups - short and long term behaviour. Short term behaviour
group encompasses ice that exhibits brittle behaviour and long term group represents
ice that displays ductile behaviour. When studying ice properties that are most de-
scriptive of short term behaviour, one needs to examine ice strength characteristics
(compressive, tensile, flexural, shear and adhesive) in conjunction with elastic modulus
and Poisson’s ratio. Long term behaviour is characterized with the same properties
but coupled together with time and stress/strain rate. Above mentioned properties are
to certain extent dependent on ice grain size, temperature, strain rate, volume/size, c-
axis orientation, porosity and brine content and confinement, |Sand| (2008) and Petrovic

(2003).

Temperature - decreasing temperature will increase ice strength in both tension

and compression. Note that effects are more prominent in compression.

Strain rate - compressive strength is dependent on strain rate while tensile strength
is strain rate insensitive. Sea ice under tensile load exhibits ductile behavior at
low strain rates and brittle behavior at intermediate/high strain rates, while un-
der compressive load ice exhibits ductile behavior at low/intermediate strain rates

and brittle behavior at high strain rates

Grain size - tensile strength decreases with increasing ice grain size. This relation-
ship is well defined by Hall-Petch definition oy = og + kd"™. Where o, is the yield
stress, og is a material constant defining resistance of the lattice to dislocation
motion, k is material specific strengthening coefficient and d is the average grain

diameter.
Effect of volume/size - with increase in ice specimen size, tensile strength is
decreasing.

2.5.2 Elastic Properties

Young’s modulus of ice is one of the most studied properties. There are two main

types of tests that can be used to assess the Young’s modulus; static test such as uniaxial
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test under constant strain rate and dynamic test such as high frequency vibrational
methods. Problem with measuring Young’s modulus of ice by uniaxial test under
constant strain rate is that ice shows strong viscoelastic behaviour at temperatures
and strain rates usually used for these types of static tests. This means that when
load is applied, deformation is measured only after adequate time has passed, which
exaggerates viscoelastic effects. Although with good test data, static test should be able
to approximate Young’s modulus, there is still significant scatter of elastic modulus
ranging from 0.3 GPa to 10 GPa. On the other hand a much simpler approach to
studying Young’s modulus together with its variations with temperature, salinity, air
content and so on is to use dynamic tests such as above mentioned high frequency
vibrational methods. In vibrational methods displacements are extremely small so
that inelastic effects can be neglected. Such methods can involve propagation of waves
in small laboratory specimens or large natural ice masses or torsional oscillations of
beams. Use of dynamic methods compared to static methods gives less scatter in
measured elastic modulus, which is ranging from 6 GPa to 10 GPa, |Schulson and
Duval| (2009)) and Mellor| (1986).

One of the main parameters that will influence elastic properties of ice is the ori-
entation of ice crystals. According to [Schulson and Duval (2009) ice elastic properties
can be classified into two main categories; randomly oriented polycrystals and poly-
crystals with growth textures. As the name says, randomly oriented polycrystal ice
has randomly oriented grains that yield isotropic properties. This kind of ice is usually
called fine-grained granular ice and can be made by consolidated snow or in extremely
wind-blown calm waters. According to|Gammon et al.| (1983) four sets of elastic moduli
from four different ice types (artificial, glacial, sea and lake ice) were weigheted and
averaged in order to produce a single set of elastic properties, see Table

As it was mentioned in previous section crystalographic structure of ice sheets below
primary ice (see Figure can take different forms depending on conditions, such as
sea state, temperature, currents and wind. According to classification by [Michel and
Ramseier| (1971)), microstructure of floating ice sheets can be categorized as S1, S2

and S3 class. Sl ice usually develops under calm conditions when small number of
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Table 2.1: Polycrystalline Ih ice (Isotropic) average values at —16°C, |Gammon et al.
(1983)

Property Units Value

Young’s modulus, £ Nm~2  9.33 x 10°
Compressibility, K N~ m? 1124 x 10712
Bulk modulus, B Nm~—2  8.90 x 10°
Shear modulus, G Nm™2  3.52 x 10°
Poisson’s ratio, v n/a 0.325

nucleation sites are available, which results in ice with very large crystals whose c-
axes are predominantly vertical. S2 ice or columnar-grained ice has randomly oriented
c-axes predominantly within the horizontal plane, although as depth increases and
crystal become larger, crystals with vertical c-axis will start to edge out those with a
more horizontal one. S3 ice defines ice whose c-axes are mostly within horizontal plane
of the ice sheet and pointing to a particular direction within that plane (direction can

be influenced by strong sea currents), |Cole (2001)).

Table 2.2: Calculated Young’s and shear modulus of homogeneous orthotropic sheets
of ice at —16°C, [Schulson and Duval (2009)

Young’s modulus, E x10°N/m*  Shear modulus, G x10°N/m?

Eq Es E3 G12 G13 G23
S1 971 971 118 3.42  3.01 3.01
S2  9.58¢ 9.58% 9.71 3.61° 3.21° 3.21°
S3 11.8 971 9.71 3.01 3.01 342

® VoigtReuss average, [Nanthikesan and Sunder| (1994)
b Average shear modulus in X7 — X3 plane, Nanthikesan and Sunder| (1994)

Calculated results for elastic properties of homogeneous orthotropic ice sheet are
given in Table and Table Properties in the tables are given with respect to a
rectangular coordinate system. Here X; and X5 are defined in the horizontal plane of

the sheet and X3 is in line with the vertical direction.

For non-saline ice temperature doesn’t have a strong effect but for saline ice E will

17
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Table 2.3: Calculated Poisson’s ratio of homogeneous orthotropic sheets of ice at
—16°C, |Schulson and Duval (2009)

Poisson’s ratio

V12 V21 V13 U31 V23 V32
S1 0.415 0.415 0.224 0.274 0.224 0.274

S2 0 0.327¢  0.327*  0.344* 0.320* 0.344% 0.320“
S3 0274 0224 0.274  0.224  0.415 0.415

@ Estimated from range of Poisson’s ratio for monocrystal

increase nonlinearly with decrease in temperature. Although temperature dependence
of Young’s modulus is nonlinear, for a limited temperature range (0°C to —50°C) value
of any fundamental constant such as Young’s modulus E can be estimated by the

following relationship, |Gammon et al.| (1983):
E(T) = B(T,)[1 + (T — T,) (2.1)

where T is the reference temperature at which Young modulus was measured, a =

1.42 x 1073K ! and + sign is for compliance and - sign is for stiffness.

Furthermore the value of Young’s modulus varies significantly with porosity in sea
ice. Porosity of sea ice comes from air bubbles and brine cells. Volume of air bubbles
isn’t sensitive to temperature change as is the volume of brine cells, which will adjust
their volume in order not to change phase as temperature changes. Because most of
the studies on mechanical properties of ice take into account only brine volume and
not air bubble volume, brine porosity is used when examining most data sets instead of
total porosity. In general, Young’s modulus of a granular isotropic F, ice has a linear

relation with porosity and can be expressed as follows:

By =Ea(1-22) (22)

where Ej is elastic modulus of ice without any inclusions (value for Table can be
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:
:

Figure 2.7: Standard setup for uniaxial compression test on sea ice, Timco and Weeks|

2010)

used as a reference value), v, is porosity of ice and vy is reference value of the porosity.

2.5.3 Uniaxial Strength

Two most fundamental ice properties are tensile and compressive strength of ice,
which are an integral part of complex processes such as ice bending under ships (failure
under tension scenario) or ice sheets pushed by currents against each other (failure
under compression scenario). In order to better understand such complex processes in
ice-structure interactions or interactions between ice floes, an in-depth understanding
of uniaxial behaviour of sea ice is needed. For uniaxial compression strength analysis,
most common test used is uniaxial unconfined compressive strength test. This test is
usually done on cylindrical and prismatic specimens, see Figure On the other hand

best method for determining uniaxial tensile strength of ice is direct tension testing, as
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Figure 2.8: Saline-ice specimen with end caps, |Cole et al.| 41985[)

it yields data that is easier to interpret. For ductile materials uniaxial tensile testing
is a straightforward process, but for brittle materials (such as ice under high loading
rates) a tiny stress concentration can cause premature failure and give wrong results.
In that case special care is needed when preparing specimens, such as mounting special
end caps on the specimens which will upon freezing become integral part of the sample,

see

2.5.3.1 Uniaxial tensile strength

As it was mentioned above, tensile strength is a fundamental property of sea ice
and in case of mechanistic studies uniaxial strength becomes the main point of interest.
In general sense tensile strength specifies maximum tensile stress that the ice specimen
can endure before complete failure. Ice predominantly breaks in tension while under

bending, such as, bending under ships or bending when interacting with an offshore
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structure, calving of icebergs or buckling when forming pressure ridges, [Schulson and
Duval (2009)).

Polycrystalline granular ice of typical grain size between 1 to 10 mm fails by trans-
granular cleavage at applied stress between 0.5 MPa and 2 MPa. There are several
factors that affect tensile failure, such as temperature, grain size, strain rate and poros-
ity (brine + gas). From all of the mentioned factors the one that has the least impact
on tensile failure is the strain rate. This is at least true for quasi-static strain rates that
range between 1077 s™! and 10~! s~! where strain rate essentially has no impact on
failure. This is however not so true for strain rates in dynamic range where ice seems
to display strain-rate hardening. For example |Lange and Ahrens| (1983) showed that
ice at strain rates of ~ 10* s~! has a tensile strength of ~ 17 MPa. Strain rate will also
affect ductile and brittle failure of ice, this means that granular ice with 1 mm grain
size at —10°C transitions from ductile to brittle failure at strain rate of 1077 s~! .

Temperature compared to strain rate has a larger impact on tensile strength. Com-
pared to fresh-water ice, sea water ice displays greater thermal sensitivity. [Menge and
Jones (1993) have done tensile tests on first-year columnar sea ice over a range of
temperatures from —20°C to —3°C and strain rates between 107 s=! to 1073 s
Furthermore, they have compared their results to research done by |Dykins (1970) and
Kuehn et al.| (1990). What was immediately evident is that temperature has a strong
influence on a cross-column strength of columnar-grained sea ice, infact the increase
was about a factor of four: ~ 0.2 MPa at —2.5°C to ~ 0.9 MPa at —20°C, see Table
24

As it can be seen from the Table 2.4 first-year ice is extremely dependent on tem-
perature, due to the influence of temperature on porosity/brine pockets volume within
salt-water ice. As the temperature decreases, the equilibrium volume fraction of brine
decreases until NaClH2O eutectic is reached at —21.2°C. Dependency on temperature
is further reinforced because the brine inclusions in a platelet-like manner are arranged
along lines that coincide with the plane of failure.

From all above mentioned factors, grain size is the most important factor when it

comes to tensile strength of ice. According to Schulson and Duval (2009)) there is a
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Table 2.4: The tensile strength of columnar-grained first-year sea ice loaded uniaxially
across the columns

Temperature °C  Rate s™!  Tensile Strength MPa

-20 1.073 0.78 £ 0.14
-20 1.07° 0.73 4+ 0.07
-10 1.073 0.63 £0.12
-10 1.07° 0.56 + 0.06
-5 1.073 0.47 £0.13
-5 1.07° 0.45 + 0.06
-3 1.073 0.32 4+ 0.06
-3 1.07° 0.21 +0.09

large body of research that shows a strong inverse correlation between grains size d
and tensile strength o;, which states that increase in d will result in decrease in oy.
Some of the studies that prove this relationship can be found in [Hawkes and Mellor
(1972)) and [Schulson et al.| (1984). In the study by [Schulson et al.| (1984) standardized
measurements on cylindrical-shaped specimens of granular fresh-water ice were done at
—5°C, —10°C and —20°C with the grain size ranging from 0.8 to 9.4 mm. This paper
first proved that by increasing the grain size, tensile strength will decrease. Secondly
it also established that there is a critical grain size marks ductile-to-brittle transition.
Critical grain size was measured between 1.5 and 1.9 mm. For grains larger than critical
size tensile failure are governed by crack nucleation and for grains smaller then critical
size tensile failure are controlled by crack propagation. This means that critical grain
size defines the point where crack nucleation stress becomes equal to crack propagation
stress. According to Schulson et al| (1984) for lower strain rates (10~7 s~!) uniaxial

tensile strength can be expressed as Orwan form:
1

ot = Kd™ 2 (23)

where K is measure of fracture toughness of granular ice and d is the grain size. At

higher strain rates (1072 s~!) the function takes the Hall-Petch form:
1
or =00+ kid™ 2 (2.4)
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where oy and k; are measures of frictional resistance to dislocation glide and the ef-
fectiveness with which grain boundaries impede slip and d is grain size as in Equation
As it was stated by Schulson and Duval (2009) Equations and need to
be used with certain amount of caution. Although these equations should be general,
parameters are probably still affected by the type of ice that was used when obtaining
the values - randomly orientated granular fresh-water ice without cracks. The concept
of critical grain size d. suggests that for finely grained ice (d < d.) nucleated cracks
are more stable so that ice can support stress greater than stress needed to nucleate
the first crack. For more coarsely grained ice (d > d.) nucleated cracks are unstable so

fracture starts immediately. The critical grain size d. is obtained by equating Equations

2.3 and [2.4] as follows: )
K — k
d, = 2.5
( = ) 29

Temperature and porosity are mutually connected parameters, where change in

temperature will affect the equilibrium volume fraction of brine. Furthermore, Menge
and Jones (1993)) showed that there is a nonlinear decrease in tensile strength with
increasing porosity (brine+gas). Figure shows tensile strength as a function of
porosity for horizontally loaded first year sea ice. By neglecting relatively small effect

of strain rate, following function for tensile strength can be extrapolated;
o = 4.278; 0-64%5 (2.6)

where v; is function of total porosity. In general salt-water ice is much more compli-
cated material than fresh-water ice. This is because of its microstructure, since c-axis
orientation and grain size can be controlled, but other factors such as porosity are
much more difficult to regulate. With this in mind alternative conclusions could be
made, such as size and spacing of inclusion could be more important than grain size.
Also crack nucleation could be irrelevant for limiting tensile strength, because brine
pockets may act like cracks. Because of this, providing definite conclusions from sea-
water ice testing is much more difficult than for fresh-water ice. This means that clear

conclusions are difficult to make.
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Figure 2.9: Tensile strength as a function of porosity for horizontally loaded first year
sea ice, [Timco and Weeks| (2010)

2.5.3.2 Uniaxial compressive strength

The compressive strength of sea ice is also one of the fundamental properties. Stud-
ies of both small and large-scale sea ice failure have concluded that ice often fails in
compression. There are variety of scenarios where compressive failure happens, such as
ice floe impacting an offshore structure or formation of large pressure ridges. Because of
its importance, a large body of in-depth studies were done. As it was mentioned before,
one of the most common test used in the studies was uniaxial unconfined compressive
strength test as it is relatively easy to set up and the data is very easy to interpret. As
with tensile strength, compressive strength of ice is also affected to a certain degree by a
variety of factors. These factors can be intrinsic, such as temperature, salinity, density,
ice type, crystal size and orientation or part of test setup, rate of loading, confinement

conditions, sample size, stiffness of the test machine, sample preparation techniques
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and loading direction - which is measured relative to the orientation of columnar grains
(Timco and Weeks| (2010))).

When subjected to the compressive load, ice will exhibit two kinds of inelastic be-
haviour - ductile and brittle behaviour, see Figure 2.10] Transition from ductile to
brittle and vice versa occurs gradually rather than abruptly. Main reason behind grad-
ual transition between ductile and brittle behaviour is because inelastic deformation is
defined by a mixture of creep by dislocation slip and cracking. Moving closer to tran-
sition point ép,p, ratio of creep and cracking is changing from dominant creep rupture
in ductile range to crack nucleation and crack propagation in brittle range.

Ductile behaviour is characterized by strain-rate hardening owned to grain boundary
sliding and dislocation glide and climb within grains - secondary creep, see Figure
According to Michel (1978b)) at lower strain rates stress-strain curve will level
off and at higher strain rates it will reach maximum stress instantly followed by strain
softening. Strain softening is due to internal cracking and dynamic recrystallization,
which is characterized by ice that is initially transparent and then becoming milky-
white in appearance due to non-propagating, grain-sized microcracks. Furthermore,
plastic strain in excess of 0.1 can be reached without macroscopic collapse. Strain-rate

hardening can be expressed by the following expression (Schulson and Duval (2009)):

Un where n~3 (2.7)

o~ €

In addition, ductile behaviour is also characterized by thermal softening (maximum
stress increases with decreasing temperature) and it is sensitive to salinity and porosity
(maximum stress decreases with increasing salinity /porosity). On the other hand stress
values exhibit little dependence on grain size. Compared to ductile behaviour, brittle
behaviour is defined by a stress-strain curve that rises linearly and terminates suddenly
after reaching inelastic strain of < 0.003 due to onset of a mechanical instability. Ice
exhibits brittle behaviour at rates above ~ 1074 —1073 s~. In brittle regime ice will fail
differently depending on level of confinement. If ice is unconfined it will fail via multiple

splitting along the direction of loading and by faulting or spalling if it is confined. The
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Figure 2.10: Transition between ductile and brittle failure of ice under compressive
load, |Sand, (2008)

terminal stress or failure strength is a function of temperature, strain rate, grain size
and confinement. Terminal stress will decrease with increasing temperature by a factor
of ~ 2.5 with temperature going from —50°C to —10°C, with increasing strain rate
by a factor of ~ 1.4 with strain rate going from 1072 to 107! s~! and with increasing
grain size by a factor of ~ 3 with grain sizes from 1 to 10 mm. When compared to
uniaxial tensile strength of ice, brittle compressive strength seems to be unaffected by
the salinity /porosity, at least at —10°C.

Brittle compressive failure is a multi-step process that is controlled by crack nu-
cleation and crack propagation. It begins with crack nucleation at grain boundaries
due to dislocation pile-up. As the stress increases, other cracks nucleated throughout
the body. As soon as the shear traction induced by the far-field stress is great enough
to overcome frictional resistance, most favorably oriented cracks begin to slide which
leads to formation of wing cracks. With further load increase wing cracks start to grow
mostly trans-granularly and start to interact with each other. Final failure generally
occurs as large number of cracks coalesce and wing cracks propagate all the way to the
free edges of the specimen and form a longitudinal split.

As it can be seen form the Figure [2.10] that compressive strength reaches its maxi-
mum value at the ductile-to-brittle transition point. This happens as a consequence of

both strain-rate hardening in the ductile regime and strain-rate softening during the
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Figure 2.11: Beginning stages in the development of wing cracks under compressive
loading. (a) Initial low stress develops tensile zones around the tips of the inclined
cracks. (b) By increasing stress wing cracks initiate at the inclined crack tips. This is
due to frictional sliding across inclined crack. (c) At even bigger stress, the wing
cracks propagate and separate their faces due to further sliding, [Schulson and Duvall

(2009)

brittle regime.

Examining 283 compressive strength test results, Timco and Frederking| (1990, 1991)

have developed a model for determining strength of sea ice sheets. Examined tests
included the following variables: temperature, ice salinity, bulk ice density, grain struc-
ture, loading direction, number of tests and test results. From there they have derived
several equations as a function of grain structure. Uniaxial compressive strength for

horizontally loaded columnar ice was derived as following:

oo = 37(6)"22 [1 — /2”7T0] (2.8)

for vertically loaded columnar ice as:

e = 160(¢)%22 [1 - QU()To] (2.9)
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and for granular ice as:

oo = 49(¢)022 [1 - 2”;0] (2.10)

where vp is the total porosity (sum of brine and air porosity). Above derived equations

are relevant for strain rates between 1077 s71 to 2 x 107% s!

and give an explicit
correlation between grain type, loading direction, loading strain rate and total porosity,

and implicitly to ice salinity, temperature and density.

2.5.4 Shear strength

When analyzing ice-structure interactions, ice is usually subjected to a complex
stress condition. This means that ice cover is often under biaxial stress conditions
composed from tensile and compressive stress or shear stress. Thus, together with
uniaxial compressive and tensile strength of ice, shear strength is also a fundamental
property of ice. Compared to uniaxial tensile and compressive tests, shear testing is
more difficult to setup/execute and interpret due to generating stress fields that cannot
be quantified in a simple manner. When conducting shear testing one is assuming that
the only stress condition generated is uniform shear stress, but in reality additional
normal stress is also generated on the plane of failure, whose value is impossible to be
determined. To this day primary methods for determining shear strength are torsion,
direct shear and punching test.

Throughout the literature there have been relatively few measurements of the shear
strength and the ones that exist show shear strength as a function of temperature,
salinity, density, and for columnar sea ice the shear strength is additionally dependent
on loading direction measured relative to the columnar grains. Although tests have
shown that there is a direct correlation between strain rate and compressive strength,
the same correlation can’t be established with certainty for shear strength. [Butkovich
(1956)) used double shear device on cylindrical specimens made out of firs year ice with
approximately 6% salinity. Specimens were loaded perpendicular to the long axis of
the columnar grains. Obtained average shear strength was 1.6 MPa for temperatures

between —5°C to —7°C and 2.3 MPa for temperatures between —10°C to —13°C. On the
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Figure 2.12: Asymmetric four-point loading apparatus together with shear force and
bending moment diagrams, [Frederking and Timco (1986)

other hand |Paige and Lee| (1967) and (1971) carried single shear experiments on

similar sized cylindrical specimens but with loading oriented in such a way that failure
plane developed along specimens length parallel to the columnar grains. Furthermore,

a relief hole was drilled in the central section in order to reduce confinement effects.

[Paige and Lee| (1967) used specimens from natural sea ice and obtained shear strength

between 0.5 MPa and 1.2 MPa with a significant dependence on brine volume. While
used artificially-grown columnar-grained saline ice and obtained shear
strength between 0.1 MPa and 0.25 MPa. In all three cases experiments show large
discrepancies despite using ice with similar salinity and temperature. This can be
attributed to the normal stresses that develops on the failure plane as a consequence

of single and double shear test devices.
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Table 2.5: Shear strength of columnar-grained sea ice. Grain orientation is measured
relative to shear plane Frederking and Timco| (1986)).

Grain orientation Temperature Density Total porosity Shear Strength

°C kg/m3  ppt MPa
vertical -2 830 136 0.715
horizontal -2 830 136 0.560
vertical -12 850 83 0.645
horizontal -12 850 83 0.760

With this in mind [Frederking and Timco| (1986} [1984) have carried out shear tests
by utilizing an asymmetric 4-point bending system on sea ice specimens as illustrated
in Figure By using asymmetric 4-point bending system loads were applied in a
manner so that a high shear stress state is created in the mid-section of the beam. For
the granular ice they have estimated an average shear strength of 0.55 MPa + 0.12
MPa with test temperatures at —13°C + 2°C and salinity of 4.2% =+ 0.5. [Frederking
and Timco| (1986) measured the shear strength of columnar sea ice for two different
specimen orientations. First test case was horizontal shear where the shear plane is
perpendicular to the long axis of the columnar grains. Second test case was vertical
shear where the shear plane is parallel to long axis of the columnar grains. Results for
the shear strength of columnar grained sea ice is summarized in Table Furthermore,
Frederking and Timco (1986)) used Paige and Lee (1967) results in combination with
their own results in order to extrapolate vertical shear strength o as a function of total

porosity vr as follows:

(% s
=151—4/— 2.11

In general, shear strength isn’t commonly used as it is governed by tensile strength
of sea ice. Furthermore, most engineering scenarios include higher loading rates with
compressive strength being higher than the tensile strength. Hence, ice subjected to

shear condition will fail in tension rather than in shear.
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2.5.5 Fracture Toughness

Basic idea behind fracture mechanics is to establish a quantitative description of
the transition from a virgin material into a fractured and fragmented material via crack
growth. Most basic fracture mechanism occurs in brittle solids, with development of
critical stress at which the crack becomes unstable and propagates. Crack tip stress
field 0;; can be described as a function of the stress intensity factor K - ratio of true

stress at the crack tip and the average applied stress:
oij = f(K,r,0) = K fi;(r,0) (2.12)

where 7 and 6 are polar coordinates with the origin at the tip. By increasing applied
stress, value of K will increase until it reaches critical value K. at which fracture
occurs. Depending on the loading conditions there can be three distinct critical stress
intensity factors that corresponds to three modes of crack propagation, see Figure[2.14
K. refers to stress normal to the crack plane condition (mode I), Kj. where stress
is applied in such manner so that the crack faces move over each other perpendicular
to the crack front (mode II) and K. refers to stress applied parallel to the crack
front (mode III). When considering crack propagation it is also beneficial to consider
energy release rate G - rate of energy release per unit length of crack advance. Under

plane-strain conditions KIQC and G are related as:
1—v?
G = K3, <E) (2.13)

_ K},
- E

or in plane-stress as:

G (2.14)

Griffith! (1921) derived critical stress required for crack propagation by equating

energy release rate G with rate of increase for specific surface energy ~; as:

9F 1/2
o, = ( 75) (2.15)

e
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Mode I: Mode II: Mode III:
Opening In-plane shear Out-of-plane shear

Figure 2.13: Three modes of crack propagation
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Figure 2.14: Left image: Four-point-bend configuration and Right image:
Three-point-bend configuration

or for plane-stress

28 V2
e = (%) (2.16)

where ¢ is crack length. Fracture toughness of ice is usually measured by using 4-
point or 3-point beam configuration, see Figure Beams will have a notch cut
in the centre that has a very small tip (usually created by using a razor). Length of
the notch is approximately one-third of beam’s thickness. In order to calculate the

fracture toughness two values are usually used - load at failure or COD (crack opening

displacement) of the notch, [Timco and Weeks| (2010)).

Fracture toughness of ice mostly depends on the loading rate and crystallographic

structure of ice, with less variation due to temperature, grain size and porosity. In
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Figure 2.15: Plane-strain fracture toughness vs. temperature, Schulson and Duval

(2009)

Figure [2.15] plane-strain fracture toughness vs. temperature is shown from multiple
studies and one can see that most of the data is clustered around K. = 100 kPa m?/?
with considerable scattering. With this in mind it is hard to detect clear effects of

temperature on fracture toughness.

Nixon and Schulson| (1988) found that increase in grain size will decrease the fracture

toughness, through the relationship:
Kie = Ko + ¢d /2 (2.17)

where d is the grain size in mm, K7, = 58.3 kPa m*/2 and ¢ = 42.4 kPa m'/2. In
general porosity will reduce the stiffness of ice, which was observed by |Rist et al.
(1999). Furthermore, [Rist et al. (2002) found the linear relationship between porosity
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p and fracture toughness if one assumes p < 0.4 as:

Kre(p) = Kre(1 —p) (2.18)
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Peridynamic Theory

3.1 Introduction

The peridynamic theory (PD) was introduced by [Silling (2000). PD theory deals
with the motion of a material point that interacts with all points within its range
(see Figure . Peridynamic theory uses displacements rather than displacement
derivatives in its formulation. Hence, as opposed to classical continuum mechanics
formulation which uses partial differential equations, peridynamic theory is based on
integral equations which are valid at fracture surfaces. It is basically the re-formulation
of classical continuum mechanics (CCM) equations using integro-differential equations,
in which derivatives only come into picture with time derivatives of displacements. Both
theories assume that a domain, V, can be discretized into many infinitesimal volumes,
i.e. material points and their interactions. In CCM, the material point at position
x only interacts with its nearest neighbors whereas in PD theory it can interact with
material points x’ which are not only limited to the nearest neighbors of x. The former
local interactions are in the form of traction vectors, T as opposed to the nonlocal force
densities, t and t’ in PD theory. In CCM, the traction vectors are expressed in the

form of stress tensor, o and its equation of motion can be expressed as

p(x)u(x,t) =V -0+ b(x,t) (3.1)
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where V- indicates a divergence, u and b are the displacement and body load vectors,
respectively. Moreover, i stands for acceleration vector, p and ¢ denote the density of
the material and time and, respectively. On the other hand, Peridynamic theory has

the following form of equation of motion

p(x)i(x,t) = / (t(x'—x,u' —u) —t'(x —x',u—1u))dVy + b(x, ) (3.2)

x

where integration region or horizon Hy includes all interactions between the main mate-
rial point x and its family members x’. When comparing first term on RHS of Equation
and Equation we can see that divergence of a stress tensor o which is a vector
valued function is mirrored by an integral over a force density vector t. The range of
interactions, generally called as bonds, are limited with the horizon radius, § around
the material point x. The force density, t arises from the relative displacements of all
material points, x” with respect to material point x within the horizon of the material
point x. In the original form of PD theory, which is named as bond-based PD theory,
it is assumed that the force densities have the same magnitude and this assumption
causes a restriction on material constants which lead to one material constant instead
of two constants for isotropic materials. PD theory has attracted attention of many
researchers from all over the world. The reason for this is mainly the capability of
PD theory for modeling discontinuities over a domain. Many researchers succeeded to
solve many challenging and diverse problems involving discontinuities using peridynam-
ics especially after the publication of successive papers by Silling and Askari (2005) and
Macek and Silling| (2007). The former concentrated on numerical implementation part
of the bond-based PD theory and the latter is its demonstration by using commercial
FE software, Abaqus.

Following the introduction of most general forms of PD theory by [Silling et al.
(2007), which are so called ordinary and non-ordinary state based theories, the inter-
est on PD theory has been dramatically increased, since the limitation on material
constants was removed and it paved the way of modeling more challenging problems

such as plastic deformation |Madenci and Oterkus (2016)). Moreover, the application of
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Figure 3.1: The material point x interacts with other material points inside its
horizon H,

peridynamics has also been extended to other fields such as thermal diffusion |Oterkus
et al. (2014)), electric flow |Oterkus et al.| (2013) and hydrogen diffusion De Meo et al.
(2016). The book by |Madenci and Oterkus| (2014) presents the numerical implementa-
tion areas of PD theory including complex laminated composite materials. Moreover, a
recent book by [Madenci et al.| (2019) brings a new aspect on solving many formidable
differential equations by using PD differential operator.

The Peridynamic equation of motion is usually solved by using meshless discretiza-
tion methods as explained in the Section Furthermore, [Emmrich and Weckner
(2007)) compared all of the solution methods including the finite element (FE) method
for a one-dimensional PD problem which does not contain any discontinuities. In that
case, the FE method has the best accuracy amongst the others. However, it requires
more computational time to solve the matrix equations. Besides, the meshless methods
are the most convenient ones for PD problems with discontinuities. The solution does
not involve any jump terms as in the CCM theory because the governing equation of
PD theory is derivative-free. For this reason, most of the researchers (Madenci and
Oterkus| (2014)); Macek and Silling| (2007))) prefer meshless midpoint rule for numerical
implementation of PD theory. It is simple and easily applicable when discontinuities

exist in the body. Therefore, the peridynamic equation of motion given in Eq. (3.2)
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can be written in a discrete form as

p(xi)ii(x, t) =
N;
(t(x; — x5, uj —uy) — t/(Xi —xj,u; —uj))Vj
j=1

+b(xi,t) (3.3)

where N; is the number of material points inside the horizon of the material point at
x; and Vj is the volume of the material point at x; .

The most general in-house PD code mainly contains the following steps:

15t step - Constructing material points: The body is composed of many small
finite volumes and the center of each volume is represented by a material point
located at the center of the volume. In this step, the material points are created

while determining their locations in a global coordinate system.

27? step - Family member search: Family member points, which reside inside the

horizon of each main material point, are determined and the family member array

is created.

37 step - Surface correction: The horizon is usually truncated near the boundaries
of a surface and this results in reduction of material point stiffness. Hence, the
stiffness of material points near the free surfaces is corrected (see Chapter 4 of
ref. |Madenci and Oterkus (2014)).For more information about different surface

correction approaches available in the literature please see Le and Bobaru| (2018).

4t step - Time integration: The PD equations are solved dynamically or stati-

cally.

3.2 Basics of Peridynamic Theory

In peridynamic theory continuum is defined by infinitely many material points (par-

ticles), where each particle interacts with the surrounding points. In undeformed state
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z

Figure 3.2: The material point x interacts with other material points inside its
horizon H,

each particle is defined with respect to the Cartesian system by: initial position xg
(k = 1,2,..,), incremental volume Vj, and mass density p. The deformed state of the
material point is described by position vector y; that is the result of external loading.
The motion of a material point is the result of forces acting upon the material point.
External loading can be in the form of the body load by, displacement ug, or velocity
vi. According to Silling (2000), motion of the material point zy, is calculated as an
collective contribution from other points within its influence zone. Influence zone or
the horizon can be infinitely large, but is presumed that effects vanish beyond certain
range. Although horizon is a very important parameter, research on how to choose
this parameter has been rather limited and mainly depends on suggestions made in the
influential paper written by Silling and Askari| (2005). They suggested to use a horizon
size equivalent to three times of the grid spacing between material points based on the
experiences of these researchers for their simulations. Influence range or horizon radius
is defined by  and influence region or horizon is denoted by H, (see Figure .

As it can be seen from Figure the material point xy, is influenced by the collective

deformation of all material points inside its horizon H,. The same can be stated for
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the material point x;. The deformed position y; and y; is acquired by applying their
displacements u; and uj, respectively, to the initial position x; and x;. The stretch

between material points x;, and x; is defined as:

_In+él- e

Skj ’£| (3.4)

where € and 1 are the relative position in reference configuration and the relative
displacement. They can be expressed as £ = x; — x; and 7 = u; — u;. In the
deformed configuration each bond between material points will experience a gain in
energy, which is called micropotential. Scalar-valued micropotential wy; depends on
the material properties and the stretch between point x; and other material points
in its family (denoted by m = 1..00), while w;, depends on the material properties
and the stretch between point x; and other material points in its family (denoted by

n = 1..00). This would than mean that wy; # wjs.

Wi = Wi (Y1 — Yks Y2 — Yks - Ym—1 — Yk Ym — Yk) where m =1..00 (35)

Wik = Wik(Y1 — Yj: Y2 — Yjs -Yn—-1 — Y5, Yn — Y;) where n=1...00

where y}. is the deformed position vector of point x; and y,, is the deformed position
vector of the material point that is inside of the horizon of x;. Similarly, y; is the
deformed position vector of point x; and y, is the deformed position vector of the
material point that is inside of the horizon of x;.

The strain energy density, W}, of material point x; can be expressed as a summation
of micropotentials, wy;, arising from the interaction of material point x; and other

material points, x;, within its horizon as

o0

1 1
W, = 2;2(101@‘(}% — Vi) Fwip(yn —¥5))V; (3.6)

where wy; = 0 for £ = j. According to |Silling and Askari| (2005), factor % before the
summation comes from the fact that each endpoint of a bond owns only half the energy

in the bond. Furthermore the factor % under the summation comes from the fact that
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micropotential of a bond can be assumed as the average of wy; and wjy.

Definition of the strain energy density for a point x; was a first step towards defining
equation of motion in peridynamic terms. Equation of motion of x; can be derived
through application of principle of virtual work. This approach can be summarized by
Hamilton’s principle (see Equation which states that the development in time for
a mechanical system is such that the integral of the difference between the kinetic and
the potential energy is stationary. The difference between kinetic and the potential

energy is defined as Lagrangian (L).

t1
5[ Ldt=0 (3.7)

to

Hamilton’s principle is satisfied by Lagrange’s equations of the second kind or the
Euler-Lagrange equations of motion for material point xg
d (0L oL
(=)= =0 (3.8)
dt \ Oug ouy,
As it was mentioned above Lagrangian is defined as difference between total poten-

tial and kinetic energy.

L=T-U (3.9)

In peridynamic case body’s total potential and kinetic energy are defined by sum of
kinetic and potential energies of all material points. Thus, total potential energy can

be defined as:

U= Z Wka — Z(bkuk)Vk (3.10)
k=1 k=1
and total kinetic energy as
T = i L etV (3.11)
2

k=1
Strain energy density, Wj, in Equation [3.10] can be substituted by strain energy

density of material point x; for Equation and thus total potential energy can be
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rewritten in more appropriate form

U= {Z [wij (Ym — Y&) + wik(yn — y5)]Vj — (bkuk)}Vk (3.12)
=1 =

Once total potential and kinetic energy of the body is defined, Lagrangian can be
obtained by substituting Equation and Equation [3.11] into Equation

11
L= Z S Pk Vi — 22{22[wkj<}’m_)’k)+wjk()’n_3’j)]Vj_(bkuk)}Vk (3.13)
k=1 j=1

In order simplify the solution of Euler-Lagrange equation of motion for material point
xr (see Equation , Lagrangian needs to be written in an expanded form by showing

only the terms associated with the material point x
oo

| 1
L=..+ §Pkukukvk — E 3 (Wi (Ym — Yi) + wjk(Yn — ¥5)] Vi — (brug) Vi + ... (3.14)
=1

Using this form of Lagrangian, first term on LHS of Equation can be easily deter-

d (0L .
T (8uk> = prug Vi (3.15)

mined

In contrast to the first term on LHS of Equation second term is slightly harder to
solve as it requires careful application of the chain rule. If more in-depth explanation

is needed, reader can refer to |Madenci and Oterkus| (2014)) book.

o (LD )
Z % < Z . Qwpy, n) 3(}’21;3’1') _ bk] Vi

Yk:_YJ

(3.16)

As it can be seen from the Equation there are additional summation terms » >,
and > 7. These terms come from the fact that wy, and wy; are functions of all
bonds/interactions in their respective families. By substituting LHS terms in Equation

with Equation and Equation and rewriting it in a slightly more under-
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standable form a standard equation of motion can be obtained:

prity = Z (Zaaw’m > Z (Zaaw”’f >+bk (3.17)

(yi —y&) (e — YJ
According to|Madenci and Oterkus| (2014), Y>>, hV represents the force den-
Own

n=1 9(y,— y)
the force density that material point z; exerts on material point x;. By introducing

sity that material point z; exerts on material point zj and » 7 V,, represents

force density vectors, Equation is transformed into a standard nonordinary form

of peridynamic equation of motion, see Figure [3.3]
o0
Xk uk —Z tk] uk,x] Xk,t) —tjk(uk —llj,Xk —Xj,t))Vj—Fbk (3.18)
j=1

where force density vector t;; is expressed as

OWkm
try (W) — wg, X5 — Xp, ) = (Za o m) (3.19)

and force density vector tj; as

dwn,
tjk(uk — 0, X — Xj, = (Z 8 Wnk n) (320)

Yk_YJ

Equations and can be expressed by means of strain energy densities of
material points k and j, which will be of great help when going into ordinary and bond

based peridynamics

1
th = v ‘ = (3.21)

(3.22)
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Figure 3.3: Nonordinary State Based Peridynamics

3.2.1 Ordinary State Based Peridynamics

Ordinary state based peridynamic formulation was first introduced by
(2007) which was preceded by much simpler formulation called bond based (Silling
(2000)) which will be explained in the following Chapter As shown in Figure

the force density vectors have unequal magnitudes while being parallel and opposite to

each other and according to [Madenci and Oterkus (2014) also satisfy the requirement

for balance of angular momentum. Thus, they can be defined as follows

1. yj—Yk
ty = —ASL 25 3.23
AR e— (3.23)
and
ti = EBM — _EBM (3.24)
T2 |y — vyl 2 |y — vl

Parameters A and B in the Equation and are parameters dependent on

material type, deformation field, and the horizon. As it was mentioned above the

term ordinary state based was first introduced by |Silling et al| (2007). Furthermore

according to Silling et al.| (2007) ordinary state based formulation of the force density

vectors permits decoupled distortional and volumetric deformations and it enables the

44



Chapter 3. Peridynamic Theory

Figure 3.4: Ordinary State Based Peridynamics

enforcement of plastic incompressibility. Parameters A and B can be determined by
using the relationship from Equation [3.21] and although now these equations need

to be written in a more appropriate form,

1 oW, Vi — Yk

ty = — (3.25)
’ Vi oly; — yel) ly; — vl
and
b=~ Wi Ye=Y; (3.26)
Vi oy — vil) Iye — il
where ik and Y2Yi represent unit vector or direction of force density vector.

[y;i—ykl [Yr—y;l

Comparing Equation and with Equation and it can bee seen that

parameters A and B can be determined if appropriate form of strain energy density

is defined, W}, and W;. According to Madenci and Oterkus (2014), for isotropic and

elastic material, the explicit form of the strain energy density can be expressed as

N 2
Wk = a@i—CLz@ka—l—ang—l—wakj <(|yj—yk|—|xj—xk|) —OéTk|Xj—Xk|> VJ (327)
J=1
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and

N 2
W; = a®3 —a20;T; +a3Tj2+wajk <(|Yk—y]’|_ %k — ;) _aTj|Xk—Xj|> Vj (3.28)
j=1
In Equation wk; = w(|x; —Xg|) is the nondimensional influence or weight function
that determines the influence of family points on the main material point k. Weight

function w is usually defined as

)

% — x|

wkj = (329)

Furthermore T} and « represent temperature at material point k and coefficient of
thermal expansion. The same can be stated for material point j in Equation O

and ©; are the dilatation terms and they have the following expression

N
Ym — Yk
Or=d W (Skm — oT)) ————— (X, — Xk ) Vi + 30T, 3.30
and
N —_ .
0, =d Y win(sjn - oﬂ})%(xn — i)V + 30T} (3.31)
n=1 n—Jj

where sp,, is the stretch definition of a bond in peridynamic theory and is expressed as

|Ym — Y& — [Xm — Xk
|Xm — Xk

(3.32)

Skm =

Expression for sj, is the same with only different indexes. In above equations
peridynamic parameter d ensures that © and ©; remain nondimensional. Furthermore
peridynamic material parameters, a, ao, asg, and b, in Equations and can be
related to the material constants from classical continuum mechanics by considering
simple loading conditions. In-depth explanation of the procedure can be found in

Madenci and Oterkus (2014)), where material parameters are expressed for 1D, 2D and
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3D structures as

1 5u 9 154 9
a 5( —;), as = 6aa, a3 = 9a‘a, b:ﬁ d:4m54 for 3D
a—l(/ﬁ—2) ap = 4aa, a3z =40’a, b= On d= 2 for 2D (3.33)
2 B G2 = T ’ ~ whot ~ 7hé3 '
E 1
a:agzagzo, b:m d:m fOT 1D

where A is cross-sectional area and h is thickness. After combining Equation [3.25
and and performing differentiation, parameter A in the force density vector

(Equation can be rewritten in terms of peridynamic material parameters as

o L 1

A= 4wkj d Y Yk % Xk <Oé@k — *CLQT]@)
lvi — yil 1% — x| 2

(3.34)

+b((lyj — yel = x5 — xxl) — aTlx; — Xk)]

Exact same procedure can be applied for parameter B by combining Equation [3.26[3.28

and [3.31) and can be expressed as

B = duwy, [d Ye —Yj Xk —Xj (a@j _ 7@2Tj>

Vi — il 1%k — %] 2
(3.35)
+b((lyr — yil =[x — xjl) — aTylxi — le)]
Now force density vectors t;; and t;, can be rewritten as
[ Ay 1 Yi — Yk
ty; = 20 |d——K1 (a@k - fang) +b(sp; — aTy) | =Yk 3.36
! %) — x| 2 (s ) ly; — vl (3.36)
and )
Ay 1 Yi =Yk
ti, =20 |d— 9k <a9~ - faQT‘) Fb(sjp — aTy) | Yk 3.37
J - x [V 27 (55 ) v — Ykl (337)

where parameter Ay;, is defined as
O [P A L I (3.38)
v — Vil % — x|
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Figure 3.5: Bond Based Peridynamics

3.2.2 Bond Based Peridynamics

Bond based peridynamics is a special case formulated by [Silling| (2000)), where force
density vectors are not only parallel to the relative position vector in the deformed state
as in ordinary state based peridynamcs, but are also equal in magnitude (see Figure

3.5). These assumptions mean that force density vector can be expressed in the form

L yj—ye 1
and
1, ye—Yyj 1,y —¥& 1
tgp,=-C—->=—-(C—>—"— = ——1}, 3.40
27 |y — vy 2 lyj — il 2™ (3.40)

similarly to the ordinary state based, parameter C in Equation [3.39| and is a
parameter that depends on the material type, stretch between x; and x;, and the
horizon. Also f}; is known as the pairwise force function.

In order to satisfy above mentioned assumptions for the force density vectors, every
bond needs to be independent from influence of other bonds, meaning that micropo-

tential of a bond only depends on deformation from the family points. This leads to
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the following expression of a micropotential

wyj = Wi (Yj — V) (3.41)

wjk = Wik (Yr = ¥;)
Because definition of micropotentials is different from Equation this means that
new equation of motion needs to be formulated. To do this same procedure as before
needs to be followed. Lagrangian needs to be written in an expanded form by showing

only the terms associated with the material point zy,

o0

1 1
L=..+ ipkilkl:lkvk — Z

5 (Wi (v = ¥ + win(ye = ¥5)] Ve = (brug) Vi + .. (3.42)
=1

Using this form of Lagrangian, first term on LHS of Equation can be easily deter-

d (0L ..

mined

Second term on LHS of Equation [3.8]is now much easier to solve because bond microp-

otentials only depend on deformation from family points

oL 1 3wkj 8(yj — yk)
— — | = V+
[ 2 Nyj—yr) w7
(3.44)

I~ Owjr,  O(yr—y;) }
= Vi — b |V,
2 Z 8(yk — yj) 8uk J k k

After sorting out Equation simplified equation of motion for a material point k

can be expressed as

. 6wk] 8wjk
prily = Z e Z Dyr yj — by, (3.45)

Comparing to the Equation and it’s apparent that force density vectors in

case of bond based peridynamics are equal and opposite to each other and are defined
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as
1 8wkj
th= -
20(y; — yx) (3.46)
¢ 1 Owjy 1 Owj ‘
o= = - _ =
P20y —y;) 200y —yK)
From the Equation [3.46 it can be seen that following equality holds
tkj = _tjk and fkj = 2tkj (347)

and proves the assumption made in Equation [3.39] and [3.40] Substituting Equation
into leads to familiar equation of motion proposed by [Silling (2000J)

o0

prite = £;Vj + by (3.48)

j=1

In order to determine parameter C in Equation [3.39 and [3.40] following comparison
to the parameters A and B from ordinary state based formulation can be made. It is
clear that A and B need to be equal to each other in order to satisfy Equation [3.39
and [3.40] Therefore, the terms associated with © and ©; in Equation and
must vanish, thus requiring that material parameters a and d to become 0. In that

case parameter C will become
C = dbwrs |(ly; — vl = Ixj — x|) — oTk[x; — x| (3.49)

Now pairwise function fj; can be expressed as

Yi — Yk

fkj = 4b5(5kj - OéTk) |Y‘ — Yk|
J

(3.50)

For bond based peridynamics most used parameter is the bond constant, ¢ and it can
be defined as
c=4bs (3.51)

Substituting Equation [3.51] into Equation [3.50| will result in pairwise force function
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) £0s)

Figure 3.6: Bond force as a function of bond stretch

introduced by Silling and Askari (2005])

Yi — Yk

fiej = clowg = 0T f =y ]
Vi

Bond constant ¢ can be obtained by using Equation and

30 1

C:T(;i with U:Z for 3D
24 1

c= Tl'hf;?’ with v = 3 for 2D
2F

C = Ai(p fOI' 1D

3.2.3 Introducing damage into Peridynamics

(3.52)

(3.53)

The most straightforward way to introduce failure into a peridynamic model is to

allow bonds to fail after the stretch s in the bond reaches a critical limit, sg. Once the

bond is broken, it is broken forever which means that the model is history dependent. In

order to illustrate the mechanisms behind peridynamic failure, a prototype microelastic

brittle material (PMB) can be used (Silling and Askari (2005)). PMB is defined as

/

Fly(),x —x) = g(s(t,x —x))u(t,x —x)
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Linear form of force stretch relationship, is shown in Figure where ¢(s) is the linear
scalar-valued function given by

g(s) =cs Vs (3.55)

where c¢ is a constant and g is a history-dependent scalar-valued function that can have

only two values, 1 or 0

, 0 if s(t/,x/—x>>so for all Ogt/gt
p(t,x —x) = (3.56)

1 otherwise

In case of bond based theory, history dependent failure parameter is introduced into

the pairwise force function as
/

y - Y

ly -yl

Similar approach is done for ordinary state based theory, where history dependent

f = pes (3.57)

failure parameter is introduced into the force density vector as

¥ — vk

— ¥y
! ly? — yk|

Ok + by — x1)s1 (3.58)

|xJ — x|

For a more detailed explanation reader can refer to the book by [Madenci and Oterkus
(2014). After defining failure for each bond, next step is to define local damage for
a material point x which will in return indicate crack formation in the body. Local
damage is simply the weighted ratio of the number of broken interactions to the initial

number of interactions and can be expressed as

[ u(x" = x,t)dv’

o(x,t)=1— fH Ve

(3.59)

As it can be inferred from the Equation local damage can range from 0 to 1. If
local damage is 1 it means that all bonds are broken and if it is 0 it means that none
of the bonds are broken.

Until now critical stretch sy wasn’t defined. The way in which critical stretch

is calculated is to equate critical energy release rate Gy and total work required to
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[¢] O O O o
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Fracture surface

Figure 3.7: Interaction between points which cross the fracture surface

eliminate all interactions across the newly created fracture surface, see Figure[3.7] Total

work or total strain energy density for ordinary state based theory can be expressed as

K+ J- K~ Jt
Wo=s2> > |200lx;- = xpee| + a8 (D Vit 3 Vi) Viee V5 (3.60)
k=1 j=1 i=1 i=1

Similar expression can be established for bond based peridynamics, where now b = 5

and ad =0
K+ J-

Wy = s> Z Z (%c|xjf - xk+|)Vk+Vr (3.61)

k=1 j=1

Critical energy release rate G required to break all the bonds is then found from

K+ J-
52D ket =1 (%C|Xj— - Xk+\)Vk+Vj—

.62
Go 1 (3.62)

where A is the fracture area. Integral form of critical energy release rate for bond
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Fracture surface

Figure 3.8: Integration domain of the micropotentials crossing a fracture surface

based peridynamics in three-dimensions was derived by |Silling and Askari (2005) as

) 2w pd  peos—i(
AV
0 0 z JO

In essence this integral represents summation of the work required to break all of the

e

)
@cgs%&?)smmdsde) dz (3.63)

bonds between points xy+ and z;-, as shown in Figure For in depth explanation
reader can refer to Madenci and Oterkus (2014)). After evaluating Equation critical

energy release rate for total separation of the two halves of the body can be expressed
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as
S%igéo for 3D
Go = (3.64)

ﬁ for 2D

Now critical stretch can be easily expressed from Equation as

1060 for 3D
S0 = (3.65)
3155% for 2D
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Peridynamic Solver -

VOPDSolver

4.1 Introduction

One of the reasons behind development of VOPDSolver (Vazic Oterkus Peridy-
namic Solver) was a need for a suitable programing framework in order to develop and
test peridynamic codes. Up to now there are only a few peridynamic solvers (such as
Peridigm or LAMMPS) that are capable of defining and solving complex tasks. Usually
what happens when working on new perdynamic code is development of basic peridy-
namic framework. This basic framework includes simple 2D or 3D geometry and mesh
development, such as a square or rectangular plate, round disc, cube or sphere. Where
all of these geometrical objects are easily represented and mesh is defined by using
basic trigonometry. Also simple brute force family search is usually used, which isn’t
suitable for large problems. Furthermore geometrically simple boundary conditions are
applied and all of the supporting data is hard-coded. All of the above mentioned steps
create on-off codes that aren’t reusable when something is changed or at very least a
lot of reprogramming is needed for code to work properly.

With this in mind VOPDSolver was created using object oriented architecture and

C++ language. All the development was done in Microsoft Visual Studio IDE, target-
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ing Microsoft Windows operating system. VOPDSolver has ability to define complex
geometrical structures and also because it’s object oriented it allows straightforward im-
plementation of new geometrical classes. Each 2D and 3D object can be used to create
peridynamc mesh (cloud of points/particles bounded by the PD body). As compared
to basic peridynamic codes, VOPDSolver implements several family search algorithms:
Brute-force search, Region partitioning algorithm, K-d Tree and Boost R Tree. Fur-
thermore VOPDSolver has are several solvers which are dependant on the peridynamic
theory - Bond Based Solver or Ordinary State Based Solver. Also further solver dis-
tinction is made based on problem definition - Dynamic Solver or Static/Quasi-static
Solvers.

All of the above mentioned parts of VOPDSolver together with class definitions for
different types of materials, boundary/loading conditions and correction factors and
time loop parallelization makes VOPDSolver capable of dealing with complex static,
dynamic or even impact problems. In the following sections more detailed explanation

will be given for geometry and mesh classes, family search algorithms and solver types.

4.2 Geometry and Mesh

Before delving deeper into Geometry Class and Mesh Class definitions, peridynamic
body and mesh definition in context of VOPDSovler needs a closer examination. Peri-
dynamic body is a geometrical object discretised by number of particles, each describing
some amount of volume. On the other hand peridynamic mesh is a cloud of points/par-
ticles bounded by the PD body. This shouldn’t be conflated with finite element mesh or
finite element mesh generation. In finite element case, mesh generation is a procedure
where mesh algorithm generates a polygonal or polyhedral mesh that approximates a
geometric domain.

Currently there are only a few peridynamic solvers (such as Peridigm or LAMMPS)
that are capable of defining and solving complex tasks. One of the problems is geometry
and mesh definition which becomes cumbersome as models move away from simple 2D

& 3D problems (such as plate or cube). In order define, discreticize and solve complex
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a b)

Figure 4.1: Rough peridynamic mesh of a ship hull cross section; a) 2D and b) 3D

peridynamic bodies, such as ship hull cross-section, airplane fuselage etc. (see Figure
, VOPDSolver has variety of geometry classes that are capable of dealing with
such problems. Because of the peculiarities of peridynamic mesh which was mentioned
before, VOPDSolver geometrical objects are acting as bounding boxes. This can be
easily illustrated on a 2D example of a square plate (see Figure . Mesh generation
takes a few simple steps. First step is to generate an initial cloud of points that is larger
than the object being discreticized (in this case a plate Figure ) Second step is to
superimpose the plate on top of the mesh of points (Figure ) and last step is to
determine points that are inside the plate (Figure ) Once that is done the plate is
fully discreticized. Points that are not inside the plate are saved for later use as they

could become a part of boundary condition points.

4.2.1 Geometry Definition

VOPDGeomtry classes contain definitions for variety of 2D & 3D geometric shapes,
such as polygon, polyhedron, sphere, ellipse etc. Furthermore each geometry class
contains mesh and material properties, as this is a common way to organize structural

analysis code.
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a) b) c)

Figure 4.2: 2D peridynamic mesh generation

VOPDGeometry ¥ geomType ¥

Class Enum
public public public public public
| VOPDPolygon ¥ VOPDEllipse ¥ VOPDCircle ¥ VOPDArc ¥ | VOPDLine ¥l |
Class Class Class Class Class
- VOPDGeometry -+ VOPDGeometry - VOPDGeometry - VOPDGeometry -+ VOPDGeomety
public public

VOPDTriangle ¥ | VOPDRectangle ¥
Class Class

= VOPDPolygon = VOPDPolygon

Figure 4.3: VOPDGeometry 2D class diagram

It can be seen from the Figure [4.3] and [£.4] that each geometry class inherits an
abstract class called VOPDGeometry. This class contains all of the shared methods
and properties that each derived geometry class needs to inherit. Those properties and
methods are, for example, ability to add material, mesh, load, cut and paste boolean
operations, definition of crack etc. Each derived class will implement these methods
according to their own needs.

In order to generate peridynamic mesh as it is shown in Figure [£.2] each geometry
class needs to implement a method that will determine the position of the point with
respect to the object boundaries - is the point inside or outside of the body. For 1D
objects such as lines and arcs, a simple line discretization is used as there is no need
to determine if the point is inside or outside of the body. For 2D bodies a ray casting

algorithm is used and for 3D bodies a simple point to plane distance algorithm is
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VOPDGeometry 2 geom Type

Class Enum
public public public
| VOPDSphere ¥ VOPDCylindre ¥ VOPDPolyhedron ¥
Class Class Class

= VOPDGeometry = VOPDGeometry = VOPDGeometry

Figure 4.4: VOPDGeometry 3D class diagram

applied. Specifics of each algorithm will be explained in the following sections.

4.2.2 Mesh Definition

As it was mentioned before, in peridynamic theory a body is discretized by a finite

number of material points/particles and each particle connects to other particles within

a range called a material’s horizon (Freimanis and Paeglitis| (2017))). Those material

points or the peridynamic mesh in VODPSolver is stored in a tree like structure, called
spatial trees, except for the 1D mesh. For 1D peridynamic mesh, material points will
be stored into a simple array in either ascending or descending order. Reason behind
not using spatial trees for one dimensional spatial data is that those algorithms are
developed for higher dimensional objects. Currently in VOPDSolver, K-d Tree and R-
Tree are the spatial tree algorithms that are used for storing and querying peridynamic
points. Main reason behind using spatial tree structures in VOPDSolver is necessity
for fast and efficient family search. Furthermore spatial tree structures can be used
for any other queries that can arise during peridynamic analysis, such as calculating

short-range repulsive forces. Developed and used family search algorithms such as K-d
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Tree and R-Tree are further explained in the following sections.

Currently in VOPDSolver, 1D, 2D, and 3D mesh classes are developed and imple-
mented. As it can be seen from the Figure each mesh class inherits an abstract
class called VOPDMesh. This class contains all of the shared methods and properties
that each derived mesh class needs to inherit. Those properties and methods are, for
example, ability to add constraints, initial conditions, and different types of loads. Each

derived class will implement these methods according to their own needs.

4.2.2.1 2D PD Mesh - Ray Casting Method

Ray casting algorithm for solving Point-in polygon (PIP) problem is known and
used since early-1960s. In computational geometry PIP is a problem where for a given
point in the plane the algorithm needs to find out if the point is inside, outside or on
the boundary of a polygon. Basic idea behind Ray casting algorithm is to test how
many times a ray, starting from an arbitrary point and moving in any fixed direction,

intersects the edges of the polygon. There are three possible outcomes (see Figure |4.6)

e point is outside of the polygon - the ray will intersect its edge an even number of

times

e point is inside of the polygon - the ray will intersect the edge an odd number of

times

e point is on the edge of the polygon - in this case algorithm will fail

When the algorithm is implemented on a computer which has a finite precision
arithmetic, the results may be incorrect due to rounding errors - if the point lies very
close to the boundary or on the boundary (depending on the precision). Usually this
isn’t a concern, as speed is much more important than complete accuracy in most
applications. However, in computational mechanics solver such as in Peridynamics this
can potentially become a large problem. Therefore in order to create formally correct
Peridynamic program, one would have to introduce a numerical tolerance € and test

whether PD material point lies within € of the polygon edge, in which case the algorithm
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| VOPDMesh & surfaceCorFac (¥
Class. Struct
= Fields
constraints : vector<VOPDConstraints*>
d¥: double

horizen @ int

hydrestaticLoad : vector<VOPDHydrostaticLoad™>
1D:int

initCendition : vector<VOPDlnitialCondition™»
initialDamage : vector<double>

loading : vector<VOPDLoad™ >
peolCfBoundaryPeints : vector<std::array <double,3>>
rigidBodylmpac : vector<VOPDRigidBodyLoad*>
ethods

~VOPDMesh()

AddConstraint() : void

AddHydroLead() : veid

AddInitConditien() : void

AddLoading() : veid

AddRigidBody() : void

CentreCfMass() : void

CreateMesh() : bool
CreateMeshForlcadingAndConstraints{) : bool

GO CECEEECEEP S e e e

" VOPDMesh1D
Class
+ VOPDMesh

= Fields

_f’ crossSecArea : double
4% familyMem : vector<vector<ints >
@ treelD: vector<double>

= Methods

GetlD() : int

Run(} : bool

VOPDMesh()

\
public
@) [ VOPDMesh3D ®

Class
—+ VOPDMesh
=l Fields

4¥ faces:vector<VOPDFaces™
g*® fPlanes: vector<VOPDPlane>™
@ treedD: vector<VOPDKDTree™s

= Methods

&" CalculateSurfaceCorrectionFactor() : vector<surfaceCorFac>
* CalculateTimeStep() : double

&7 CentreQfMass() : void

W CreateMesh() : bool

¥ CreateMeshForLoadingAndConstraints() : bool

&" FindFamilyMembers() : void

“ Run(): bool

% VOPDMeshl1D()

% AddFaceAndPlanesForPolyhedrenMesh() : void
4" CalculateSurfaceCorrectionFacter() : vector<surfaceCorFac>
% CalculateTimeStep() : double
2% CentreCfMass() : void
% CreateMesh() : bool
% CreateMeshForLoadingAndCenstraints() : kool
¥ RemoveFamilyMembersAroundCracksAndCalcInitDamage() : void
% Run() : bool
% VOPDMesh3D()

| VOPDMesh2D
Class
=+ VOPDMesh

= Fields

## thickness : double

@ tree2D: vector<VOPDKDTres*>

= Methods

&* CalculateSurfaceCorrectionFactor() : vector <surfaceCorfac>
W CalculateTimeStep() : double
&* CentreQfMass() : void

@ CreateMesh() : bool

% CreateMeshForLoadingAndConstraints() : bool
4" RemoveFamilyMembersAroundCracksAndCalcnitDamage() : void

% Runi) : bool
% VOPDMesh2D()

Figure 4.5: VOPDMesh class diagram
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Figure 4.6: Basic idea behind Ray Casting Algorithm

should consistently include or exclude peridynamic material point from the mesh. This
approach will introduce a certain numerical error that can be mitigated by increasing

peridynamic mesh density.

4.2.2.2 3D PD Mesh - Point To Plane Distance Algorithm

Compared to the 2D Ray casting algorithm 3D Ray casting or Ray tracing algorithm
is several times more complex and represents a monumental effort for implementation.
One could be tempted to use a slightly less complex way, so called Cartesian coordinate
transform, but this approach is usually used for certain special cases, such as, if the
boundary is a perfect cube. This algorithm is also called Axis Aligned Cube where
one can simply check if X, Y, Z coordinates of the point in consideration lie in the
minimum and maximum of the X, Y, Z coordinates of the cube. There are many
commercial libraries that use Ray tracing such as Blender 3D, but this was not an
option as licensing was a limitation, and more simple approach was needed. To this
end, a simple point to plane distance algorithm was used to determine if a the material
point is inside or outside of the object. This kind of algorithm has a certain usage
limitation, on account that can be only used for a convex polyhedron with N faces (see
Figure . If the body is a concave object than this algorithm will not be able to

determine position of the point.
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Figure 4.7: Polyhedron

Logic behind point to plane algorithm can be defined by following steps. First step
is to define a polyhedron; polyhedron is a 3D body that has many faces (see Figure
and each face has a face plane in which the face lies in. For each face plane an
outward normal vector is defined, which points outside of the polygon. A point to
face plane distance defines a geometry vector, if the distance vector has an opposite
direction with the outward normal vector, then the point is in ”inside half space” of
the face plane, otherwise, it is in ”outside half space” of the face plane. A peridynamic
point is determined to be inside of the polyhedron if the point is in ”inside half space”

for all faces of the polyhedron (see Figure [4.8]).

PD material point outside half space: Distance > 0 n=ux*v

Pz (Xz'yz’zz)

Po (Xo’yo’zo)

P, (Xl’yl’zl)

PD material point inside half space: Distance < 0

Figure 4.8: Determining if the PD point is inside or outside the polyhedron

As it was mentioned above, the distance vector is compared to the outward normal
vector that is pointing outside of the polyhedron. Normal vector to the face plane is

defined by the vector product of two vectors that lie in the plane. Next step is to

64



Chapter 4. Peridynamic Solver - VOPDSolver

define that normal vector in such a way so it is pointing outwards from the polyhedron.
In order to define outward normal vector for all the faces of the polyhedron following

algorithm is defined as
e For any 3 vertices from N polyhedron vertices construct a triangle plane

e Generate normal vector n as a vector production of 2 edge vectors u and v from
the 3 vertices PO, P1 and P2 that define the triangle. The vertice Py(zo, Yo, 20)

is the common beginning point of the 2 edge vectors

e Calculate the face plane with equation

Axx+B*xy+Cxz+ D=0 where D=—(Axxog+ Bx*xy0+C=xz) (4.1)

e Next step is to determine if the triangle plane is a face plane by checking if
all other vertice points are in the same half space of the triangle plane. The
downside is that this condition requires the convex assumption, which reduces
usability of this method for only convex polyhedrons. For concave polyhedrons,
using this relatively simple method will make it impossible to distinguish between

a polyhedron’s real face and a polyhedron’s inner triangle

e Find all other vertices that are in the same face plane and append them to the

initial vertices

e Running this schema on all other remaining vertices the algorithm will find all

faces with their outward normal vectors and their complete vertices.

One of the apparent problems with this algorithm is that this approach isnt ex-
tremely fast because in the worst case scenario - PD point is inside the polyhedron,
time complexity will be O(Nf), where Nf is number of faces. Never the less this algo-

rithm is sufficient for generating relatively highly complex 3D polyhedron objects.
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Figure 4.9: Inner triangle vs polyhedron face

4.2.3 Voronoi Tesselation for Peridynamic Mesh

When dealing with structural analysis on a micro level, material structure becomes
important. This means that in peridynamic analysis polycrystalline structure of the
material in question needs to be taken into a consideration. In this case Voronoi
tesselation is used to represent crystallographic structure.

The Voronoi tesselation is named after Ukrainian mathematician Georgy Voronoy.
Voronoi tesselation can be also found under different names, such as, Voronoi diagram,
Voronoi decomposition, Voronoi partition or Dirichlet tessellation. In general Voronoi
diagram is a partition of a plane into regions close to each of a given set of objects. In
the simplest case, these objects are a finite set of points in the plane where for each
point corresponding region consists of all the locations closer to it than to any of the
other points (see Figure [4.10)). These regions are called Voronoi cells, where each cell
can only be a convex polygon. This means that the boundaries are defined by straight
line segments and all corners have internal angles less than 180°.

Distance metric for Voronoi cell definition in engineering application is usually Eu-
clidean distance. But that doesn’t have to be the case for other disciplines, since some
will use for example Manhattan distance when determining Voronoi cells. In case of
VOPDSolver, Euclidean distance is the preferred option. Furthermore, when defin-

ing Voronoi cells in order to represent for example polycrystalline structure, standard
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Figure 4.10: 2D Voronoi tesselation

Voronoi diagram procedure isn’t necessary. This is because peridynamic mesh is com-
posed of material points, which means that only step needed to be done is definition
of random seeds (points representing crystals in a polycrystalline structure) and then
finding closest material points for each seed point via Euclidean distance, see Figure
In essence this means that standard Voronoi cell is defined by a seed, edges
and vertices and in case of peridynamic Voron cell it is defined only by the seed and
closest material points to that seed which is the end result that is needed in order to
simulate polycrystalline structure. In other words we would have the same result if we
created standard Voronoi cells and than tried to find which material points belong to
which Voronoi cell. This way the procedure is less computationally expensive and the

accuracy is the same.
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Figure 4.11: 3D Peridynamic mesh with Voronoi tesselation

4.3 Family Search

When it comes to efficiency of PD codes, apart from the time integration step,
the most time consuming part is the family member search algorithm. The time-
consumption is very dependent on the horizon size, § of a material point. If PD domain
is going to be solved statically, the stiffness matrix must be constructed by considering
family members of each material point. Stiffness matrix created in this manner will
have higher density when compared to finite element (FE) implementation of CCM.
Constructing such a populated global stiffness matrix can be very time-consuming
and this process, if not done in a most possible efficient way, can seriously impede
the in-house PD code’s efficiency. Furthermore, commonly used mesh-free methods in
peridynamics experience serious issues with accuracy and convergence due to rough

approximation of the contribution of family nodes close to the horizon boundary (Sele-

son and Littlewood| (2016])). This means that when creating efficient and accurate PD

codes, one needs to take into account not only family search or surface corrections, but
also accurate computation of volumes near the boundary of the horizon.

The family search is basically a ranged query process where the goal is to find the
members which reside inside the horizon of each material point. Although it may not
be always necessary, family members of a material point need to be updated. This

usually happens if adaptive search is needed.
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Another factor that can influence family search is the way in which surface correction
factors are calculated. As explained in |Le and Bobarul (2018), there are several surface
effect correction methods such as volume method, force density method, energy method,
force normalization method, and fictitious nodes method. Most of these methods don’t
influence the family search process as they don’t add any additional spatial data into
the peridynamic model and mainly modify either the bond stiffness or the force state for
bonds near the boundaries of the surface. Only exception is the fictitious nodes method
where a layer of extra nodes (fictitious nodes) are added around surface boundaries so
that every real node has a full horizon. In order for this approach to work, the size of the
layer of fictitious nodes needs to be at least equal to one horizon size around the original
PD domain. This extra layer of points will naturally increase the number of PD points
that need to be searched and increase the family search time. According to [Le and
Bobaru (2018), although this approach practically eliminates PD surface effects, it has
certain limitations especially when dealing with non-straight boundaries since family
members definition becomes rapidly complex. On the other hand, peridynamic models
with irregular and non-uniform discretized solution domains can also influence family
search process (Chen (2019))). Irregular mesh can have a large impact on gridding
algorithms (Verlet list, cell-linked lists or Partitioning algorithm) as it will increase
unnecessary distance computations between points.

In literature, there are few studies on family member search algorithms related
with Peridynamics. Diyaroglul (2016) introduced an efficient way of searching family
members of each material point by utilizing localized squares for 2-dimensional (2D)
and cubes for 3-dimensional (3D) configurations. |Liu et al.| (2018]) also showed a similar
family search algorithm named Family-member search with link list which utilizes an
equidistant grid of squares holding certain number of points.

On the other hand, there is an extensive body of work on near-neighbour search
algorithms in molecular dynamics. Methods that are predominantly investigated are
Verlet List and cell-linked list. |Dominguez et al| (2011) investigated the efficiency of
these methods and proposed a novel neighbour search algorithm based on a dynamic

updating of the Verlet List. In a study by |Viccione et al.| (2008)), numerical sensitiv-
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ity analysis of Verlet List and cell-linked list efficiency was conducted. In this work,
efficiency was studied as a function of Verlet List size and cell dimensions. Another
interesting study was done by [Howard et al. (2016|) where a novel approach based on
linear bounding volume hierarchies (LBVHs) for near-neighbour search was introduced.
In essence, bounding volume hierarchies (BVHs) are tree structures and mainly used
in collision detection and ray tracing. They are very similar to R-tree structures that
are investigated in this paper. Furthermore, these authors compared the LBVHs to
the state-of- the-art algorithm based on stenciled cell lists and found that LBVHs out-
performed the stenciled cell lists for systems with moderate or large size disparity and
dilute or semi-dilute fractions of large particles (conditions typical in colloidal systems).

The fundamental family search algorithms available in the literature from weak to
robust are investigated in this section including brute-force search, region partitioning
and tree data structures. In the VOPDSolver following algorithms are implemented:
Brute-force search, Region partitioning algorithm, K-d Tree and Boost R Tree. From

these algorithms only K-d tree is regularly used for family search.

4.3.1 Brute-force search

The most straightforward algorithm for family member search is the so called brute-
force search or exhaustive search algorithm in which all possible candidates, so called
material points, are systematically enumerated. Thus, all material points, which are
active in the domain, are looped over and they are checked if they satisfy a certain
criterion. The criterion in this case is whether the member material point is in the
range of horizon size, d, i.e. [x(;) — X(;| < J. As shown in Figure if the reference
length between two material points x(;) and x(;) or the size of a bond is bigger than the
specified horizon size, the material point is skipped and other points inside the domain
are checked for family members of the main material point x;).

It is a very simple search algorithm to implement and it always determines the
correct family members of a material point. Hence, all researchers without any effort
can use it to solve the problems of small size, which does not consume substantial

time in family search part. The computational cost is proportional to the number of
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—for i=1,N
- for j=1,N
I |xg) — x| < 8
count = count + 1

fmem(i)(count) =

Figure 4.12: Brute-force search algorithm for the material points, x(;)

candidate material points and it tends to grow very quickly as the size of the problem
increases, which causes combinatorial explosion. Combinatorial explosion occurs in
computing environment in the following sense; if a system has n Boolean variables,
which gives two possible states (true and false), the system will have 2" possible states.
If the system has n variables that can have M possible states, the system will have
M™ possible states. Thus, the brute-force algorithm has the worst case complexity of
O(n™), where n is the number of material points and O(.) represents amount of time

to run the algorithm or so-called time complexity.

4.3.2 Region Partitioning

The region-partitioning algorithm proposed by Diyaroglu| (2016) is elaborated in
this section. In this technique, the solution domain is divided into square grids as
shown in Figure Instead of searching for the entire solution domain as in brute-
force search algorithm, only the main grid, which keeps the main material point x and
the neighboring grids are searched for its family member points, x’. It is very easy
to implement and the gain in speed is substantial compared to the basic brute search.
However, the oddly shaped bodies would decrease the efficiency of this algorithm. Since

the grid shapes can only be in square or cubic forms, the extra time would be spent

71



Chapter 4. Peridynamic Solver - VOPDSolver

for the points outside the main region. These points, which are outside the problem

domain, must be deactivated later as shown in Figure 4.13

\:| Domain of Interest

—Points to be
De-activated

Figure 4.13: Material points inside the domain of interest with square grids

Note that Mattson and Rice (1999) proposed an approach similar to Diyaroglu
(2016) to deal with near-neighbour calculations for molecular simulation techniques

such as molecular dynamics or Monte Carlo. In their work, they tried to make im-
provement on conventional cell-linked list method as they divide the domain into a
grid of cells populated by atoms and near-neighbour search was done over main cell
and its neighbouring cells. In their work, they proposed a modified cell-linked list
method which should substantially decrease unnecessary internuclear distance compu-
tations (neighbouring cells contain more atoms than necessary).

A rectangular problem domain with PD material points inside the square grids is
shown in Figure The size of square grids, which partition the problem domain,
is determined based on the size of the horizon, § and in this example case § = 3A in
which A denotes the discretization size (distance between the material points). Region
partitioning algorithm can be broken down into two sections including construction
of material points and family member search parts. In the first section, each square
region is constructed with 6 points along x and y directions except for the end regions.
The region numbers are shown in red color. Thus, the family members of each main
material point can only reside in its own and neighboring regions. The following scalars

and arrays can be constructed accordingly;
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ncl: Number of columns along x axis

nrw: Number of rows along y axis

[stncl: Number of points in the last column along x - axis
[stnrw: Number of points in the last row along y - axis
nrgn: Total number of regions

region: An array which gives the first material point’s number at each region.

For a rectangular domain shown in Figure these scalars and arrays are defined as;
ncl = 5, nrw = 4, Istncl = 1, Istnrw = 2, nrgn = 20
region (1) = 1, region (6) = 40, region (11) = 79, region (16) = 118
region (2) = 10, region (7) = 49, region (12) = 88, region (17) = 124
region (3) = 19, region (8) = 58, region (13) = 97, region (18) = 130
region (4) = 28, region (9) = 67, region (14) = 106, region (19) = 136

region (5) = 37, region (10) = 76, region (15) = 115, region (20) = 142

[6 o o|]F o o |]8 o o|]) o <D 4
Jis, | aza, | aso, | ase, | istnrw

13 o &2 o 2913 o 10314 o W45
KR IR P AP LA AL
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y Istncl

Figure 4.14: Partitioned rectangular problem domain
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In the second section, the family members of each main material point are deter-

mined. Thus, the following arrays can be generated;
nfmem: Total number of family members for each main material point
fmem: Family member point numbers for each main material point

indz: Index array which defines the main material point’s location in the fmem

array

In order to create these arrays in a most efficient way and reduce the search time
dramatically, the advantage of region partitioning completed in the first section is
utilized. First, the main region’s number and its neighboring regions numbers are
defined and they are searched for family member points of the main point. For instance,
if the region 14 is chosen as the main region, the search for the family members is only
performed inside the neighboring regions of 8, 9, 10, 13, 15, 18, 19 and 20. Figure
shows the family member material point search for the main material point 109.
The regions are enumerated locally with a blue color. At this level, the following

scalars/arrays can be created;
fpoint: The first point’s number (106) inside the main region.
Ipoint: The last point’s number (114) inside the main region.

neighrw(1:9): The number of material points along x axis at each locally num-

bered region;

neighrw(1) = 3, neighrw(4) = 3, neighrw(6) = 3, neighrw(8) = 1
neighrw(2) = 3, neighrw(5) = 1, neighrw(7) = 3, neighrw(9) = 3
neighrw(3) =1

neighcl(1:9): The number of material points along y - axis at each locally num-

bered region;
neighcl(1) = 2, neighcl(4) = 3, neighcl(6) = 3, neighcl(8) = 3
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neighcl(2) = 2, neighcl(5) = 3, neighcl(7) = 3, neighcl(9) = 3

neighcl(3) = 2
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Figure 4.15: The neighboring regions for the material point 109

Thus, the family members of the main material point 109 inside the main region 14
are determined. This search algorithm can further be improved by using pink colored
rectangle shown in Figure The regions along z- and y-axes are numbered in the
base of three as depicted in pink color. By doing so, the family member search is only
allowed to be done in rectangular region with 7x7 points. Please see Appendix A for
family search algorithm for 3-Dimensional configurations.

Although this approach gives significant amount of boost and speed in family search
process, it is crude and inflexible way to organize and query the spatial data. This
approach works fine for highly symmetrical meshes and straight boundaries, where
the majority of the portioned regions have the optimal number of points defined by
the horizon size. However, it suffers for highly irregular meshes. Furthermore, the
partitioning is dependent on horizon size and any change in horizon size necessitates the
repartitioning of the problem domain. These observations are self-evident when having
a closer look at the algorithm, which divides the solution domain into a square grid and

the family search is only done for the main region that holds the main material point
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and its neighbouring grids. When using this approach, partitioning algorithm works
on the assumption that it needs to search only the immediate neighbouring grids as it
expects that all the family points are contained within them. This assumption comes
from the fact that the mesh has an equidistant spacing between material points which
isn’t the case for irregular meshes. Moreover, as it was mentioned earlier, partitioning
depends on the horizon size, which means that if the horizon size is changed, the
partitioning needs to be updated. Updating could be done by two approaches; either
number of points in each region needs to be changed or if the number of points is kept

constant, then number of neighbouring regions needs to be adjusted.

4.3.3 Tree data structures

The storage and queries of peridynamic points can be achieved with many data
structures. The most basic data structure is a simple array. An array is a static
data structure, which can be randomly accessed and it is easy to implement as in
brute-force search algorithm. On the other hand, the linked-list data structures are in
essence a linear collection of data elements and each element points to the next which
are dynamic in nature and are ideal for frequent operations such as adding, deleting,
and updating. The main drawbacks of linked-list structures compared to static arrays
are the high memory consumption and the sequentially accessed data. Other data
structures including stacks, queues and hash table are specialized for complex problems.

The main disadvantage of using array or linked-list data structures to store material
points is the time necessary to search for a specific point or set of points, i.e. family
members. Since static arrays and linked-list structures are linear, the query time is
proportional to the size of data set. This can be nicely visualized if we imagine the
data set with a size of n. The number of comparisons required to find an item in the
worst case scenario is O(n). Therefore, efficient data structures are needed to store and
search the data.

The evolved form of linked data structure (linked-list, vector, stack and queue) is
a tree (Figure , which represents collection of nodes and their relations (parent-

child relationship). As compared to other linear (sequential) data structures, a tree is
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in non-linear or hierarchical form. A tree is either empty or comprising a root node
with zero or more subtrees called children. A rooted tree form is the main interest of

the current study and it has the following properties:
e One node is distinguished as the root which is node 1.
e Each node may have zero or more children.

e Every node (exterior to root) is connected with directed edge from exactly one

to other node and its direction is parent to children.

® @ O O
5

Figure 4.16: General concept of a tree structure

In Figure node 1 is a parent (root node) and nodes 2, 3, and 4 are its children
or sub-trees. On the other hand, node 2 is a parent to nodes 5, 6, and 7. Each node can
have arbitrary number of children. Nodes with no children are called leaves, or external
nodes. In Figure [£.16] nodes 3, 5, 7, 9, and 10 are the leaves and other nodes are called
as internal nodes. Internal nodes have at least one child. Nodes with the same parent
are called siblings. In Figure nodes 2, 3, and 4 are siblings. The depth of a node
is the length of the path from root to the node. For instance, the depth of node 9 is
3. The height of a node is the length of the path from node to the deepest leaf. The
height of node 1 is 3. The height of a tree is equal to height of a root. The size of a
node is equal to the number of nodes available in the subtree of that node (including

itself). The size of node 2 is 5.
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4.3.3.1 Binary Tree

Binary tree is a specialized case of general tree structure where each node has at
most two children called the left and right child. If each node has exactly zero or two
children, it is named as full binary tree. In a full tree, there are no nodes with exactly
one child. A complete binary tree is completely filled from left to right with a possible
exception of the bottom level. Figure [4.17 shows full- and complete-tree structures. A

complete-tree with a height of & has between 2" and 2(++1) — 1,

Figure 4.18: Balanced versus unbalanced binary tree; a) balanced- and b) unbalanced

Other types of binary tree are the balanced and unbalanced binary tree structures
(Figure . The height of balanced-tree differs at most one from its left to the right.
A balanced binary tree is also known as an AVL (Adelson Velskii Landis) tree which
is developed by Adelson et al. (1962).
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4.3.3.2 Binary Search Trees

A Binary Search Tree (BST) is a data structure which can be traversed/searched
according to an order. A binary tree is actually a binary search tree (BST) if and only
if it is in an ordered sequence. The idea of a BST is the data stored in an order so that
it can be retrieved very efficiently. The nodes can be sorted as shown in (Figure |4.19)

and in the following way:

Each node contains one unique key (value used to compare nodes in case of PD

this would be x,y, z position).

The keys in the left subtree are less than the key in its parent node (L subtree).

The keys in the right subtree are greater than the key in its parent node (R

subtree).

Duplicating node keys are not allowed.

R
subtree

Figure 4.19: Binary Search Tree (BST) with left and right subtrees

If BST is built in a balanced form, log time access is required for each element.
In other words, algorithm needs to do at worst logy(n) comparisons in order to find a
specific node. An arbitrary BST with a height of i has total possible number of nodes
equal to 2t1 — 1. In order to find a particular node only one comparison needs to
be performed at each level, or a maximum of A+1 in total. This is because each node
can only have two children and only one of them satisfies the search condition. If the

number of nodes, n in a tree is known, the number of comparisons to fully traverse the
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tree can be calculated as

ol _1=np (4.2)

which leads to

h = logy(n) — 1 = O(logy(n)) (4.3)

Thus, a balanced binary search tree with n nodes has a maximum order of logy(n)
levels meaning that at most log,(n) comparisons are needed to find a particular node.
The main problem of achieving O(log,(n)) is the necessity of balanced-tree form and it
is not a trivial task. One of the ways to achieve the balanced-tree form is to distribute
the data randomly. The probability of forming balanced-tree structure would be high.
However, if the data has already a pattern (sorted list of peridynamic points), a simple
FIFO (first in first out) insertion into a binary search tree will result in growing tree
either to the right or to the left side of the root node. This kind of unbalanced binary
search tree is no more efficient than the regular linked-list. To this end, a great care
needs to be taken in order to keep the tree as balanced as possible. There are many
techniques for balancing tree structures as given in refs. |Bayer| (1972) and |Guibas and

Sedgewick| (1978).

4.3.3.3 Spatial search trees

Spatial data or geospatial data is the information of a physical object which can be
represented with numerical values in a geographic coordinate system. In peridynamic
sense, this corresponds to material points with their volumes and positions in a coordi-
nate system. The Geographic Information Systems (GIS) or other specialized software
applications can be used to access, visualize, manipulate and analyze geospatial data.

Spatial data has two fundamental query types: nearest neighbors and range queries.
Both serve as a building block for many geometric and GIS problems. Solving both
problems (big data problems within a realistic time span) at a scale requires defining

a spatial index. Spatial indices are used to optimize the spatial queries. Conventional

80



Chapter 4. Peridynamic Solver - VOPDSolver

index types (binary search tree) do not efficiently handle the spatial queries; for in-
stance, the query of the distance between two material points if they reside within the
spatial area of interest. Some of the efficient spatial index methods such as R-tree and
K-d tree searches can overcome this deficiency.

Data changes are usually less frequent than the queries, which means that incurring
an initial time cost of processing data into an index is a fair price to pay for instant
searches afterwards. This is especially true for most of the PD simulations in which

initial family members do not change during the analysis.

Figure 4.20: First two levels of R-tree

Almost all spatial data structures share the same principle to enable efficient search;
branch and bound. This means arranging data in a tree-like structure and discarding
branches if they do not fit our search criteria. The well-known spatial trees are R-

tree and K-d tree. R-tree has tree data structures used for spatial access methods as

proposed by |Guttman| (1984). The R-tree access method organizes any-dimensional

data in a tree-shaped structure called an R-tree index. The index uses a bounding box
which is in a rectilinear shape such that it contains the bounded objects (in case of
PDs, the objects are the material points). Bounding boxes can enclose the data objects
or other bounding boxes. In Figure [£.20] an R-tree with two levels of bounding boxes is
shown. There are nine red boxes at the upper level and each red bounding box contains
nine purple bounding boxes as the lower level. Grey points represent the peridynamic

points sorted into this R-tree.
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On the other hand, introduced K-d tree which is similar to R-tree.
In this method, the points are sorted into two halves (around a median point) either
left and right, or top and bottom, alternating between x and y, or x, y, and z or any
other n-dimensions split at each level. Figure [£.21] shows the two initial splits with a

red line along x-axis and subsequent splits along y-axis depicted as purple line.

Figure 4.21: First two levels of K-d tree

Compared to R-tree, K-d tree search usually only contains points (not the rectan-
gles) and it cannot handle the adding and removing points. However, it is easier to
implement and it is usually very fast. Both R-tree and K-d tree searches share the
principle of partitioning data into axis-aligned tree nodes. Since PD mesh is defined
with material points which are in essence spatial data, selection of K-d or R- trees rep-
resents a logical choice when it comes to family search. In following sections, in-depth
reviews of K-d tree and R-tree algorithms developed in BOOST libraries are provided

and their implementation to PD codes are demonstrated.

4.3.3.4 R-tree search

R-tree is a hierarchical data structure based on B+ tree. B+ tree is a binary
tree but the parent node can have more than two child nodes. R-tree is used for
dynamic organization of a set of d-dimensional geometric objects (PD points can either
be in 2-Dimensional or 3-Dimensional forms) and they can be represented by minimum

bounding d-dimensional rectangles (MBRs). Each node of R-tree corresponds to the
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MBR that bounds its children.

It must be pointed out that the MBRs surrounding different nodes may overlap
with each other. Furthermore, MBR can include (in a geometrical sense) many nodes,
but it can be associated with only one of them. This means that a spatial search
may visit many nodes before confirming the existence of a given MBR. This also can
lead to false alarms when representing geometric object with their MBRs. To avoid
these kinds of mistakes, the candidate objects must be examined. For example, Figure
illustrates the case where two peridynamic material points and their horizons (red
circles) which are not intersecting but their MBRs do. Therefore, R-tree represents a
filtering mechanism for reduction of extremely costly direct examination of geometric

objects.

Figure 4.22: Intersecting MBRs, where peridynamic family member points are only in
MBR A

An R-tree is defined by its order (n, N) and it has the following characteristics:

e Each leaf node (unless it is the root) can host up to N entries (peridynamic
points), whereas the minimum allowed number of entries is n < N/2. Each entry
has the form of (mbrID, oID), where mbrID represents the identifier of MBR that

spatially contains the object and oID is the objects identifier (peridynamic point).

e Each internal node can store between n < N/2 and N entries (MBRs). Each
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entry is of the form (mbrID, p), where p is a pointer to the child of the node and
mbrID is the MBR that spatially contains the MBRs contained by child p.

e The minimum allowed number of entries in the root node is 2, unless it is a leaf.
When the node is a leaf, it can contain zero or single entry because leaf nodes

represent the end of a tree.

o All leaves of the R-tree are at the same level.
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Figure 4.23: MBRs data and their inner nodes

R-tree is a height-balanced tree with all leaves are at the same level. Since, R-trees
are dynamic data structures, the global re-organization does not require to handle
insertions or deletions. It is one of the main advantages of R-tree compared to K-d tree
and AVL tree. Figure shows a set of MBRs with some data geometric objects.
This can represent PD points. The MBRs are from number 1 to 32 and they are stored
at the leaf level of R-tree. Five MBRs (A, B, C, D, and E) organize the aforementioned
rectangles (where each contains 9 peridynamic points) into an internal node of R-tree.

Assuming N = 10 and n = 5, Figure [£.24] depicts corresponding MBRs.

4.3.3.4.1 K-d tree search A K-d tree, or k-dimensional tree, is a binary data
structure, which stores k-dimensional data, for organizing number of points in a space
with k dimensions (Bentley| (1975))). Each level of K-d tree splits all children with spe-

cific dimension. Each level of the tree is compared against one dimension. This means
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Figure 4.24: MBRs data and their inner nodes

that every node has 2 children each corresponding to an outcome of the comparison of
two records based on a certain key which can be chosen as ”discriminator”. In a similar
manner with standard binary tree, the K-d tree subdivides the data at each recursive
level of the tree. Unlike standard binary tree, which uses only one key for all tree levels,
the K-d tree uses k keys and it cycles through these keys for every successive tree level.
In order to build 2 dimensional K-d tree (2-d tree) which comprises (x, y) coordinates,
the keys would be cycled as z, y, =, y and so on for all the successive levels of K-d tree
(Brown! (2014))).

Figure demonstrates the working mechanism of K-d tree. An array of points is
inserted (first node in the array is a root node) to the system which eventually produces
unbalanced tree. The array is given as;

Ar =1(8,9), (5,11), (15,10), (10,7), (5,3), (2,6), (12,4), (1,7)]
The first cutting plane is in the x direction (blue line) and the next cutting plane is
in the y direction (red line) and so on. This process is repeated until the leaf level is

reached meaning that there are no more points to insert.

4.3.3.5 Balanced K-d tree search

When building a K-d tree, due to the use of different keys at successive levels of
the tree it is not possible to employ rebalancing techniques. Building K-d tree data
structure would cause unbalanced structures. The reason of this is the use of different
keys at successive levels of tree data. Moreover, it is not possible to employ rebalancing

techniques. Rebalancing techniques are used to build self-balancing AVL tree (Adelson-
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Figure 4.25: 2-d tree

Velskii and Landis|), where if the height of two child subtrees of any node differ by more
than one. In that case, rebalancing is performed to restore the height. Another self-
balancing tree is the so called the red-black tree (Bayer| (1972), Guibas and Sedgewick
(1978))), where each node of the binary tree has an extra bit. This bit is often interpreted
as the color (red or black) of a node. These color bits are then used to ensure that the
tree remains approximately balanced during the insertions and deletions. Since it’s not
possible to employ rebalancing techniques, the typical approach to building a balanced
K-d tree is to find the median of the data for each recursive subdivision of the data.
Bentley| (1975]) showed that if the median of n elements is found in O(n) time, it would
be possible to build a depth-balanced K-d tree in O(nlog(n)) time. In order to find
the median of n elements, sorting algorithm needs to be applied to the data. Most
widely used sorting algorithms are Quicksort, Merge Sort, and Heapsort. Quicksort
(Hoare| (1962)) is a divide and conquer algorithm. It picks an element as pivot and
partitions the given array around the picked pivot. In the best case scenario, Quicksort
finds the median in O(nlog(n)) time and in the worst case scenario the time increases
up to O(n?). Merge Sort (Goldstine and von Neumann! (1963)) is also a divide and
conquer algorithm. The idea behind the Merge Sort is to divide the unsorted list into
n sub-lists. Each sub-list contains one element and a list of one element is considered
as sorted. Afterwards, Merge Sort repeatedly merges sub-lists to produce a new sorted
sub-lists until there is only one sub-list remaining. On the other hand, Heap sort is a

comparison based sorting technique based on Binary Heap data structure. It is similar
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to selection sort which finds the maximum element. Merge sort and Heapsort find the
median in the best case of O(nlogn), which leads to O(nlog?®n) time for a balanced
K-d tree (Wald and Havran| (2006)).

An alternative approach to building a balanced K-d tree would be the presorting
data prior to building a tree (Brown| (2014)). The algorithms developed by Brown
(2014)) are implemented in our in-house PD solver. The PD points are presorted in each
of k dimension prior to building K-d tree. Thus, it maintains the order of these k sorts
when building a balanced K-d tree. This in return achieves a worst-case complexity of
O(knlogn).

Basic concepts of balanced K-d tree algorithm can be explained with the following
simple example. A small sample of spatial data is considered. This data can be viewed
as a set of PD points from which a K-d Tree is created. The data set consists of 15
(x, y, z) tuples (PD points) which are stored into a list of elements numbered from 0
through 14 as shown in Figure [4.26] First step is to presort the PD points using merge
sort. The points are sorted via super keys; x:y:z, y:z:x, and z:x:y which represent cyclic
permutations of x, y, and z. The points are not sorted independently through x, vy,
and z coordinates but each part of the super key (x, y, and z) has a certain level of
significance. Hence, for example, the super key y:z:x is composed from y as a primary
key, z as a secondary key and x as a tertiary key. This means that during the merge sort,
if the two points have identical primary keys, then they are compared using secondary
key, and if their secondary keys are identical, they are compared using the tertiary key.
In case of all the three keys are the same with two identical points, one of the points
is removed. In order to have initial array of points untouched and to save on memory
consumption, the merge sort does not work with initial array of PD points. Instead, it
reorders three index arrays whose elements point to array indices. The initial order of
indices produced by merge sort is shown in Figure m (see zyz, yzr and zzy columns
under Initial Indices). The next step is to partition the points in x direction, which
is the first splitting dimension, by using z:y:z super key. There, the partition location
is specified by the median element of the zyz-index array under Initial Indices. The

partition results are shown in Figure |4.26] under Initial Indices column in which the
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PD Points Initial Indices After First Split  After Second Split

(x,y.2) XYZ YZX ZXY XYZ YZX ZXY XYZ YZX ZXY
0 |(233) 1113 9 11|13 9 13|13| 9
1 [(5.4,2) 13|46 13(9 |1 09|13
2 (9,67 0|51 00|13 9lofo
3 (4,79 1097 10(1]0
4 |(8,1,5) 3|0 (13 3 (10|10 11|10(10
5 |(7.2,6) 1|60 1(11]|12 10|11 11
6 |(9.4,1) 91|12 933 3|3(3
7 1(84,2) 57|10
8 ((9.7,8) 4|10 4|a 4)ale6
9 |(6.3.1) 7|12
10 | (3.4,5) 14| 2 (14| |14| 7 |12 6|74
11 [(1,6,8) 6|11 2 6 12| 4
12 [(9,5,3) 12|14 (11 12| 2 |14 14| 2 |14
13 [(2,1,3) 2|8|s 2 |14 2 2 |14
14 |(8,7,6) 8|3|3 g|8|s 8|88

Figure 4.26: Data slicing for 3-d tree

partitioning does not reorder the array of PD points. Instead, it reorders the yzz-
and zzry-index arrays. Please note that zyz-index array requires no partitioning as it is
already sorted in x direction and this was done when Initial Indices arrays were created.
However, the yzz- and zzry-index arrays require partitioning in x direction by using the
x:y:z super key defined by median point 7:2:6. The partitioning of yzz index array is

achieved as follows:

1. The elements of yzx-index array are compared to super key (median element of

index array - 7:2:6)

2. They are copied either in upper half if they are less than the z value or in lower

half if they are bigger than the x value from xyz super key.
3. The same procedure is repeated for zzry-index array.

The columns of After First Split reveal that the index value of 5 is absent from the
index arrays since it represents the partitioning value. It also becomes the root of

nascent K-d tree, as shown in Figure 4.27] The same procedure is also repeated for
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Figure 4.27: A K-d tree built from (z, y, z) tuples

y direction, and the partitioned values (see column After Second Split in Figure
are removed and stored as children nodes of the root node. This recursive process is
repeated until index array comprises of only one, two or three elements. In the case of
only one point is left after the final split, it is automatically stored as a new node of
K-d Tree. If there are two or three points left, these points are already sorted in the
index array. So, the determination of which point referencing a new node and which

point referencing from children is trivial.

4.3.3.6 Boost R Tree Algorithm

R-tree is currently the only spatial index implemented in Boost.Geometry.Index
library which is a part of overall Boost library (Libraries| (2009)). The intended use
of Boost.Geometry.Index is to gather data structures defined as spatial indexes which
can be used to accelerate searching for objects in multidimensional spaces. In general,
spatial indexes store representations of geometric objects which allows the end user to
search for objects occupying some space or object close to some point in a space.

R-tree is a tree data structure used for spatial queries and it is first proposed by
Guttman| (1984). Since all objects lie within a bounding rectangle, a query, that doesn’t
intersect the bounding rectangle, also cannot intersect any of the objects contained in
the bounding rectangle. Similar to B-tree, R-tree is also a self-balanced search tree.

The key part of balancing algorithm is the node splitting algorithm (Greene, (1989)
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and Beckmann et al.| (1990)). Each algorithm produces different splits such that the
internal structure of a tree may become different for each one of them. This means that
more complex algorithms can better analyze the elements and produce less overlapping
nodes. The tree with less overlapping nodes is more efficient in a search process because
less nodes must be traversed in order to find desired objects. The downside of higher
complexity algorithms is that analysis takes more time. In general, faster inserting
results in slower querying and vice versa. Performance of R-tree is contingent on
balancing algorithm, parameters and the data inserted into a container.

Most trees with searching algorithms (e.g. intersection, spatial search, nearest
neighbor search) are rather simple. The key idea is to use the bounding boxes to
decide whether or not to search inside a subtree. This means that most of the nodes
in a tree are traversed during the search. R-trees are suitable for large data sets and
databases, where the nodes can be paged to memory as needed and the whole tree

cannot be kept in the main memory.

Table 4.1: Example structures of trees created by different algorithms and their
operations times*

Linear Quadratic R* -tree Packing
algorithm algorithm algorithm
SRS e T I ] 5 ey
el H 3 N rﬂg o
c = — =1 E[: ]
Example structure b o 0 | A 9 o
1M Values inserts 1.76s 2.47s 6.19s 1.67s
100k spatial queries 2.21s 0.51s 0.12s 0.07s
100k knn queries 6.37s 2.09s 0.64s 0.52s

*(https://www.boost.org/doc/libs/1_55_0/1libs/geometry/doc/html/geometry/

spatial_indexes/introduction.html)

The main problem with an R-tree is that the rectangles do not encompass too
much empty space and do not overlap too much (fewer subtrees need to be processed
during the search). On the other hand, they are balanced (leaf nodes have the same

height). Most of the research and improvements of R-trees are aimed at improving
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the tree building process and they are defined by two main objectives; 1- Building an
efficient tree from scratch (bulk-loading) and 2- Performing changes on an existing tree
(insertion and deletion). Boost R-tree implements several building algorithms which
are linear algorithm, quadratic algorithm, R*-tree algorithm and packing algorithm
(bulk loading algorithm). As can be seen from Table packing algorithm is faster
when building the R-tree and also R-trees with better internal structure gives faster

spatial and k nearest neighbors (knn) queries.

4.4 Solver methods

In previous sections initial steps of peridynamic analysis were presented. Geometry
was defined and afterwards mesh was generated. Once that was done, family search
was initiated and additional data was supplied such as material type and boundary
conditions. Next step is to solve the problem. In VOPDSolver there are several solvers
which are dependant on the type of peridynamic theory - Bond Based or Ordinary
State Based. Furthermore solver type also depends on problem definition which can be
dynamic, static or quasi-static.

In Figure [4.28) a simple flowchart for solver selection is described. In this flowchart
it can be seen that first decision is dependant on the type of peridynamic theory.
This is because there are significant differences between these two theories that should
be dealt before proceeding forward, such as, peridynamic constants, surface correction
factors, time step, mass vector, stiffness matrix and time loop structure. After selecting
appropriate peridynamic theory, next step is to define if the problem at hand is of
dynamic nature or static/quasi-static nature. This means that for dynamic problems,
Explicit solver will be applied and for static/quasi-static problems, Direct or ADR
solver will be used. Direct solver will be used for small to medium sized problems and
ADR will be used for extremely large problems. In the following sections each of the

solvers is explained in detail.
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Figure 4.28: Solver selection flowchart

4.4.1 Dynamic Solver

By examining peridynamic equation of motion (Equation it’s obvious that
the equation itself is in dynamic form, thus time integration can be performed by
using explicit forward and backward difference technique (Silling| (2004))). Peridynamic
equation of motion for the explicit time integration scheme can be rewritten for the nth

time step as

pkﬁ;g:z( - ;-‘k)ijLbZ and n=0,1,2,3,.. (4.4)
J
where n is the time steps (n = 0 represents beginning of the analysis). After solving

Equation by summing force density vectors for each family member and finding
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the unknown acceleration term 1y, velocity and displacement of the material point k
for the next time step can be determined by employing explicit forward and backward

difference techniques. First, velocity is calculated with forward difference technique
)t =P AL+ ay (4.5)

Next step is to calculate displacement of the material point k£ at time step n + 1 by

using backward difference technique
w = ap AL 4 uf (4.6)

The same procedure is repeated for every other material point. In explicit time inte-
gration, time step size must be very small otherwise the explicit scheme will become
unstable. Stable time step size for explicit scheme was derived by [Silling and Askari

(2005) and further explained by [Madenci and Oterkus| (2014)) as

2
At < Pk -sFac (4.7)
5 dé( S (et | s v
> |2a o T e | VI

Furthermore safety factor sFac < 1 is recommended in order to make the analysis more

stable when dealing with nonlinearities in the structure.

4.4.2 Static and Quasi-static Solver

As it was mentioned in the previous Section[4.4.1], peridynamic equation of motion
is in dynamic form, but that doesn’t mean it is not possible to solve static or quasi-static
problems. There are two most common ways of solving static problems, one is solving
peridynamic equation of motion by using Adaptive Dynamic Relaxation [Underwood
(1983). Other way is to rewrite equation of motion into a linear system of equations

and solve them directly.
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4.4.2.1 ADR - Adaptive Dynamic Relaxation

Dynamic relaxation (DR) is an explicit iterative method used for obtaining static
solution of discretised continuum mechanics problem. There are several reasons behind
popularity of DR method. First DR method is very useful for solving highly nonlinear
problems (both geometric and material nonlinearities). Second, because the method is
explicitly iterative there is no need for solving large system of equations. Furthermore,
all quantities maybe treated as vectors, which will result in low memory composition
when implementing DR into a computational code.

In order for DR to reach steady state solution an artificial mass dependent damping
term is introduced in the equation of motion. This will in return reduce the oscillations

in the transient response and by doing so converge towards the static solution.

MU (X, t) + CU(X,t) + P(U(X, 1)) = F(t) (4.8)

where M is artificial mass, C is artificial damping and P is a vector of internal forces.

For linear problems P is usually in the form of
P(UX,t)) = KU(X,t) (4.9)

where K is a stiffness matrix and U is vector of displacements. In case of dynamic

relaxation, damping matrix C has the form
C=cM (4.10)

In Equation [£.10] ¢ is the damping coefficient. In order to obtain the static solution
of the equation of motion one needs to select appropriate damping coefficient ¢, time

increment, and mass matrix M such that
P(U)=F or KU=F (4.11)

Unknown vector of displacements U is determined by explicit time integration
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scheme after certain number of iterations. In order not to overshoot the solution,
which can be a large problem for certain problems (snap-trough buckling and plastic
deformation) one needs to find the most effective damping coefficient to obtain the con-
vergence. For this purpose |[Underwood (1983) introduced Adaptive Relaxation Method
(ADR), where adaptive means that damping coefficient is determined at each time step.
When applying ADR to peridynamic equation of motion Madenci and Oterkus) (2014)

rewrote the equation by adding new fictitious inertia and damping terms as follows

DU(X,t) + cDU(X,t) = F(U, U, X, X) (4.12)

where D is the fictitious density matrix and c is the damping coefficient. Values of D
and c are determined through application of the Greschgorin’s theorem. Vector F is

made of peridynamic interactions and body forces, as
N
Fp=)_ (tkj - tjk)Vj + by (4.13)
j=1

For detailed explanation of peridynamic application of ADR methods reader can
refer to Madenci and Oterkus| (2014). Main advantage of ADR is the explicit nature
that requires no need for solving large system of equations (direct solution). But if the
problem at hand isn’t too large, which in peridynamic sense means relatively coarse
discretization and convergence of the static solution takes too many time steps, then
direct solution could be a better option. Furthermore determining minimal number
of iterations needed to reach steady state solution can be a tedious process and also
minimal number of iterations is problem specific variable - it can’t be used for other

problems.

4.4.2.2 Direct Solution

Dealing with static or quasi static loading assumes that there are no inertial forces,
acceleration is equal to zero. In case of quasi-static loading there is some acceleration

when applying the load but it is very small and can be neglected, which means that
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there are dynamic effects but they are extremely small and the system can be assumed
to be static. In peridynamic terms this means acceleration i1 can be omitted from
equation of motion. In case of bond based peridyanmic theory, equation of motions

can be formulated as

Z £,V + b =0 (4.14)
j

In order to solve Equation [£.14] for every point in the body, it needs to be rewritten
in matrix form. This means that the peridynamic force function needs to be expressed

in terms of the second-order micromodulus tensor C as

£ =C() (4.15)
where
C(¢) = gz(O,é) (4.16)

after solving Equation [£.16] and substituting C in Equation [£.15] leads to matrix form

of peridyamic equation of motion

> Crjugj +bp =0 (4.17)
J

where u = [ux,uy,uz,u;,u;u;]T, b = [bs, by, b.]T and C is a local stiffness matrix for
a single bond (for 3 DOF it has a size of 3x6). For an in-depth explanation of above
procedure reader can refer to Silling| (2000) and Bobaru et al.| (2009)). After summation

over the entire body, standard equation of motion in matrix form is obtained
KU=B (4.18)

in which K, U and B are the global stiffness, the displacement and the body load
matrices of a body. Solving the Equation is now a straightforward process by

determining the inverse of stiffness matrix K
U=K'B (4.19)
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Although finding K~! looks like an easy job, it can become an exhausting process
when dealing with complex structures. To this end there are well-known and effective

numerical methods for finding an inverse of a matrix, such as
1. Gaussian elimination
2. LU decomposition
3. Cholesky decomposition
4. QR decomposition
5. Bruhat decomposition

Problem with above numerical methods is that in order for them to work in most
optimal way one needs to spend substantial development time. On the other hand there
are many third party libraries that do this exact job very efficiently. VOPDSolver is
currently using Eigen C++ library for solving inverse problems. Furthermore according
to Bobaru et al.| (2009)) an ill-conditioned stiffness matrix may be created due to the
horizon size and the number of material points which can impede the process. Another
problem that is especially apparent in peridynamics is the density of the stiffness matrix.
In peridynamics stiffness matrix K isn’t as sparse as it is for FEM problems. This is
because each row of stiffness matrix representing one material point has values for every
DOF of every family point. This becomes even more obvious when number of family

points increases due to larger horizon and/or going from 2D to 3D case.

4.4.2.2.1 Eigen C++ Library Eigen is a C++ template library for linear alge-
bra: matrices, vectors, numerical solvers, and related algorithms. It supports all ma-
trix sizes, from small fixed-size matrices to arbitrarily large dense matrices, and even
sparse matrices. Furthermore it supports various matrix decompositions and geometry
features. Eigen is very fast because fixed-size matrices are fully optimized: dynamic
memory allocation is avoided, and the loops are unrolled when that makes sense and

for large matrices, special attention is paid to cache-friendliness.
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#include <Eigen\Sparse>

#include <Eigen/SparseLU>

VectorXd U(n), B(n);

SparseMatrix<double> K;

SparseLU<SparseMatrix<double>, COLAMDOrdering<int> > solver;

// £ill K and U;

// Compute the ordering permutation vector from the structural pattern
of K

solver.analyzePattern(X) ;

// Compute the numerical factorization

solver.factorize(K);

//Use the factors to solve the linear system

U = solver.solve(B);

Figure 4.29: Using Eigen C++ library to solve linear system of equations

In VOPDSolver Eigen SparseLU solver is currently used because it is optimized for
small and large problems with irregular sparsity patterns which suits peridynamics.
Figure shows code snipet that demonstrates how to solve a problem KU = B by

using Eigen C++ library.

4.4.3 Parallel Execution

In order to speed up the codes researchers have long been using parallelization
techniques. Programs can run parallel on standard desktop machines or in high perfor-
mance computing (HPC) facilities. Furthermore parallelization can be done by using
either central processing units (CPUs) or graphical processing units (GPUs). CPU
and GPU parallelization can also be combined in order to solve large and complicated
problems.

Any peridynamic code can be parallelized as long as it’s solution method doesn’t
include matrices. In case of VOPDSolver that means Explicit and ADR solvers are
parallelized. To be more exact SPMD (single program, multiple data) technique is used.
In SPMD tasks are split up and run simultaneously on multiple processors with different
input in order to obtain results faster. This means that in SPMD multiple autonomous
processors simultaneously execute the same program at independent points. Part of

the code that is parallelzied is the calculation and summation of force density vector
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#include <omp.h>

//find number of processors

SYSTEM_INFO sysinfo;

GetSystemInfo( &sysinfo );

int numCPU = sysinfo.dwNumberOfProcessors;

//split the loop into numCP-1 threads
#pragma omp parallel num_threads(numCPU-1)
{
//set thread priority
SetThreadPriority(GetCurrentThread(), THREAD_PRIORITY_HIGHEST) ;
#pragma omp for
for(int iNode = 0; iNode < totalNumOfPoints; iNode++)
{
//run the code for all material points (totalNumOfPoints)
}

Figure 4.30: Example of for loop parallelization with openMP

for each material point.

In VOPDSolver only CPU parallelization is used by implementing openMP (Open
Multi-Processing). OpenMP is an application programming interface (API) that sup-
ports multi-platform shared memory multiprocessing programming in C++ on many
platforms, instruction set architectures and operating systems. Figure [£.30] shows code
snipet that demonstrates how to use openMP to parallelize for loop in the peridynamic
code. It has to be mentioned that speed increase isn’t linear. This means that if the
computer has 4 processors with 2 threads each - 8 threads in total, speed increase want
be 8 times. Code speedup test was done on the a Intel Core i7-3770 CPU @ 3.4GHz
machine with 16 GB of internal memory which has 8 threads and the speedup was

around factor 5.

4.5 Impact Definition

Impact modeling in peridynamics was first introduced by [Silling and Askari (2004)
where they presented multiple impact problems - Charpy V-notch test, accumulated

damage in concrete due to multiple impacts, and crack fragmentation of a glass plate.
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Figure 4.31: Rigid impactor and deformable body interaction (Madenci and Oterkus|

(2014))

Further work on impact modeling was done by |Oterkus et al. (2012) where they pre-

sented impact damage of a reinforced panel under compression after impact due to a

rigid penetrator. Theoretical overview of damage modeling framework was presented

by Madenci and Oterkus (2014) where the impact can be modeled depending on the

type of impactor. Impactors can be either flexible or rigid, where rigid impactors are
not deformable at any instant and flexible impactors are deformable and governed by
the peridynamic equation of motion.

Rigid impactor framework is currently implemented in VOPDSolver and will be
explained in the rest of this section. In rigid framework target body is deformable and
governed by peridynamic equation of motion while impactor is rigid. At first sign of
contact between impactor and target there will be an initial penetration of target body
into the impactor and vice versa. For physical reality to be satisfied material points
from the target body need to be expelled just outside of the impactor. New location
of the material point is always perpendicular to the closest surface of the impactor see
Figure [£.31]

Once the point xi, is expelled outside the impactor new velocity in its new location
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at the next time step, t + At, can be computed as

—t+At t
AN .
v = - 4.20
where ﬁ?m is new displacement vector due to change in location at time step ¢t + At,

with At being time increment value. Displacement before contact at time step ¢ is u‘,i,.
Force experienced by the impactor at t + At exerted from material point x; can be
computed as

itat _ VZ—&—At

Ft"rAt = _1x k
k Pk AL

Vi (4.21)

where vthrAt is velocity before relocating the material point x; at time step ¢t + At, with

pr and Vi being density and volume. In order to calculate overall impact force on the
rigid impactor it is necessary to sum all of the contributions from every material points

as

A A A
Ft+ t — Z F?]f:r t)\l]f:r t (422)
k

where

1 inside impactor
ALFAL — (4.23)

0 outside impactor

4.5.0.1 Impact examples

In this section several examples are presented. First two problems are validation
examples from Madenci and Oterkus| (2014)), where impact of two identical flexible
bars is 3D problem and rigid disk impacting on a rectangular plate is a 2D example.
Both examples are compared to FEA results using ANSYS. Third problem is lighthouse
example from Bjerkas et al.| (2009).

Impact of Two Identical Flexible Bars
Detailed results and problem description can be found in Madenci and Oterkus| (2014),

following is just the basic problem description:
Geometric Parameters
Length of the identical bars: L = 0.05 m
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Figure 4.32: Impact of two identical flexible bars - displacement predictions in the
x-direction at the centers (£0.025,0.0,0.0) of the left and right bars as time
progresses for peridynamics and FEA

Width of the identical bars: W = 0.01 m
Thickness of the identical bars: h = 0.01 m
Material Properties

Youngs modulus: E = 75 GPa

Poissons ratio: = 0.25

Mass density: = 2700 kg/m?

Initial Conditions

Initial condition of the bars: 4, = +10 m/s

As it can be seen from the Figure [4.32| peridynamic results are in good agreement with
FEA analysis. Furthermore, if compared to Figure 10.3 from Madenci and Oterkus
(2014)) it can be seen that results are identical.

A Rigid Disk Impacting on a Rectangular Plate

Detailed results and problem description can be found in Madenci and Oterkus| (2014)),

following is just the basic problem description:
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Geometric Parameters

Length of the identical bars: L = 0.2 m
Width of the identical bars: W = 0.1 m
Thickness of the identical bars: h = 0.009 m
Material Properties

Youngs modulus: E = 191 GPa

Poissons ratio: = 1/3

Mass density: = 8000 kg/m?

Impactor Properties

Diameter of the impactor: D = 0.05 m
Thickness of the impactor: H = 0.009 m
Initial velocity of the impactor: v = 32 m/s

Mass of the impactor: m = 1:57 kg

Peridynamic Solver - VOPDSolver

In Figure|4.33h, deformed peridynamic model is shown which has a good agreement with

physical reality. Furthermore, comparing Figure to Figure 10.7a from [Madenci

and Oterkus (2014) a good agreement between both peridynamic results and FEA anal-

ysis can be observed.
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(a) Deformed periydnamic model
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(b) Peridynamic displacement prediction in the y-direction at a time step of 2000
along the central x-axis

Figure 4.33: A rigid disk impacting on a rectangular plate peridynamic model
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Examples

5.1 Introduction

This chapter contains a detailed overview of problems that were examined in order
to show that peridynamic theory and VOPDSolver that was subsequentially developed
can be utilised to solve complex fracture and impact problems. Most of these exam-
ples will deal with ice structure interactions which are the reason behind this PhD
thesis. Furthermore certain number of problems will be examined in order to give an-
swers related to reduction of computational burden due to complexities of ice structure
interactions and peridynamics itself.

With this in mind first example in this chapter will be Dynamic propagation of a
macrocrack interacting with parallel small cracks. The reason behind this study was
to show that peridynamics can be used to solve complex fracture problems and that
VOPDSolver can model those problems with ease. This was important for future re-
search on ice structure interactions which are both hard to model and complicated to
solve. In this study, the effect of small cracks on the dynamic propagation of a macro-
crack is investigated by using a new continuum mechanics formulation, peridynamics.
Various combinations of small cracks with different number, location and density are
considered. Depending on the location, density and number of small cracks, the propa-
gation speed of macrocrack differs. Some combinations of small cracks slows down the

propagation of a macrocrack by 34%. Presented results show that this analysis can be
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useful for the design of new microstructurally toughened materials.

Next example is Peridynamic Model for a Mindlin Plate Resting on A Winkler
FElastic Foundation which become a cornerstone for future static analysis of ice struc-
ture interactions. In this study, a peridynamic model is presented for a Mindlin plate
resting on a Winkler elastic foundation. Winkler foundation was introduced in or-
der to introduce simplified effects of an ice sheet floating on water. In this study it
will be shown that, although Winkler foundation is relatively coarse simplification of
fluid structure interaction it is still extremely capable in capturing realistic fracture be-
haviour. In order to achieve static and quasi-static loading conditions, direct solution of
the peridynamic equations is utilised by directly assigning inertia terms to zero rather
than using widely adapted adaptive dynamic relaxation approach. The formulation is
verified by comparing against a finite element solution for transverse loading condition
without considering damage and comparing against a previous study for pure bend-
ing of a Mindlin plate with a central crack made of polymethyl methacrylate material
having negligibly small elastic foundation stiffness. Finally, the fracture behaviour of a
pre-cracked Mindlin plate rested on a Winkler foundation subjected to transverse load-
ing representing a floating ice floe interacting with sloping structures. Similar fracture
patterns observed in field observations were successfully captured by peridynamics.

Following two examples are to a certain extent continuation of Peridynamic Model
for a Mindlin Plate Resting on A Winkler Elastic Foundation. First study is In-Plane
and Out-Of Plane Failure of an Ice Sheet Using Peridynamics where ice sheet failure
modes are examined. This is important especially with designs for offshore struc-
tures/icebreakers or predicting ice cover’s bearing capacity for transportation, where it
is essential to determine the most important failure modes of ice. Structural proper-
ties, ice material properties, ice-structure interaction processes, and ice sheet geometries
have significant effect on failure modes. In this paper two most frequently observed
failure modes are studied; splitting failure mode for in-plane failure of finite ice sheet
and out-of-plane failure of semi-infinite ice sheet. Peridynamic theory was used to
determine the load necessary for in-plane failure of a finite ice sheet. Moreover, the

relationship between radial crack initiation load and measured out-of-plane failure load
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for a semi-infinite ice sheet is established. To achieve this, two peridynamic models are
developed. First model is a 2 dimensional bond based peridynamic model of a plate
with initial crack used for the in-plane case. Second model is based on a Mindlin plate
resting on a Winkler elastic foundation formulation for out-of-plane case. Numerical
results obtained using peridynamics are compared against experimental results and a
good agreement between the two approaches is obtained confirming capability of peri-
dynamics for predicting in-plane and out-of-plane failure of ice sheets. Second study
is Peridynamic Approach for Modelling Ice-Structure Interactions where it is going to
be shown that peridynamics can be used to establish correct failure pattern for ice
structure interactions both in 2D and 3D. Furthermore this study will showcase that
VOPDSolver is capable of modelling complex three dimensional impact interactions
and solve large problems within reasonable time due to use of parallelization. Having
said that, ice-structure interaction modelling is still a very challenging process since
ice material response depends on variety of factors including applied load, strain rate,
temperature, and salinity. One of the most significant and widely studied ice problems
from mechanical standpoint is out-of-plane failure of an ice floe. Out-of-plane failure
process is very important since it occurs in different applications including ice covers
bearing capacity for transportation, and bending failure of level ice interacting with a
sloping structure. Therefore, it is important to perform a detailed structural analysis
of ice fracture response under out of plane bending conditions in order to better under-
stand its behaviour. As a new continuum mechanics formulation, peridynamics, can be
very useful when dealing with fractures due to its various advantages with respect to
some other traditional techniques including linear elastic fracture mechanics, cohesive
zone model and extended finite element method. Hence, in this study, peridynamic
analysis of ice plate under out of plane bending load for 2D and 3D cases is studied.
Both models are qualitative in nature as only fracture patterns were observed. For
the 2D analysis, peridynamic Mindlin plate on the elastic foundation was developed
in order to study ice behavior under out of plane loading with the respect to the ice
flow size. By changing the size of the plate, crack propagation patterns should be influ-

enced, which will in return allow us to see if finite ice flow of a certain size can represent
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semi-infinite ice flow. For the 3D example a standard peridynamic structural model
with rudimentary buoyancy body load representing the fluid base which is interacting
with a conical rigid body, was used, in order to recreate real life loading conditions (ice
breaker going through the ice) and subsequently produce fracture patterns that can be
seen in the literature.

Next study is Ice-structure Interaction Applied to the Lighthouse Example where
interaction between vertical cylindric structures and ice sheet is examined. Floating ice
sheets interacting with rigid vertical structures such as oil platforms represent a sig-
nificant problem when designing arctic offshore structures. These structures regularly
experience high ice loads for prolonged periods of time since ice sheets fail by crushing.
Currently estimation of ice loads on vertical structures is still done by utilizing em-
pirical methods derived from case studies in model-scale or by measuring full-scale ice
loading events. As with all estimation methods there is some doubt as to how applica-
ble are those methods when we have varying boundary conditions, ice properties, ice
sheet thickness or drift speed. This means that even today, most reliable way of testing
a new design is to do a model-scale test to verify the exerted ice loads to structures and
that is a time consuming task. With this in mind peridynamic was used to estimate
ice loads and predict failure patters. In this study we will show that simple 2D bond
based peridynamic model is capable not only to predict reasonable loads but also show
realistic fracture behaviour of an ice sheet.

Last example in this PhD thesis will be Family Member Search Algorithms for
Peridynamic Analysis where different family search algorithms that are currently im-
plemented in VOPDSolver will be examined. With that being said, family search
process is one of the most time-consuming parts of a peridynamic analysis. Especially
for problems which require continuous update of family members inside the horizon of a
material point, the time spent to search for family members becomes crucial. Hence, ef-
ficient algorithms are required to reduce the computational time. In this study, various
family member search algorithms suitable for peridynamic simulations are presented
including brute-force search, region partitioning, and tree data structures. By consider-

ing problem cases for different number of material points, computational time between
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different algorithms is compared and the most efficient algorithm is determined.

5.2 Dynamic propagation of a macrocrack interacting with

parallel small cracks

5.2.1 Introduction

Small cracks can have significant effect on the dynamic propagation behaviour of
macrocracks if they are within the range of the macrocrack’s influence domain. The
location of small cracks and their orientation with respect to the tip of a macrocrack
are important, since the stress intensity of the macrocrack tip changes accordingly.
Numerical tools can be useful to investigate such an interesting and important problem.

Numerical prediction of crack growth in computational mechanics has been and
it still is a considerable problem that can’t be easily solved by conventional numer-
ical methods such as cohesive elements (Hillerborg et al.| (1976)), Xu and Needleman
(1994)) and extended finite element method (XFEM) (Sukumar et al. (2000), Moés
and Belytschko| (2002)). XFEM require damage criterion and careful stress tracking
around the crack tip in order to decide if crack is going to branch or not. On the other
hand, mesh dependency is a problem for cohesive elements. All of the above problems
are making it difficult to correctly simulate crack propagation and especially multiple
crack propagation/interaction (Ha and Bobaru| (2010)). Meshfree methods can be a
good alternative to finite element method and has been applied to dynamic fracture and
fragmentation (Benz and Asphaug| (1995)), Rabczuk and Belytschko| (2007)). Moreover,
Cracking Particle Method (CPM) (Rabczuk and Belytschko| (2004)) was introduced for
complex fracture patterns such as crack branching and coalescence. Another promis-
ing approach for fracture modelling is lattice methods which represent a medium as a
connection of interacting nodes or particles (Griffiths and Mustoe| (2001)), O’Brien and
Bean| (2011)), [Pazdniakou and Adler (2012)), Morrison et al.| (2015))).

In this study, it is shown that using a new continuum mechanics formulation, peri-
dynamics, as an alternative method, it is possible to correctly model and simulate

dynamic fracture, in particular multiple small cracks interacting with a macrocrack in
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brittle materials. Peridynamics (Silling (2000), Silling and Askari (2005), [Silling et al.
(2007)) doesn’t need failure criteria for crack propagation as in XFEM or cohesive FEM
methods, it is something that is contained within the peridynamic methodology and is
achieved through a simple bond based failure criterion that is derived from material’s
energy release rate. Moreover, multiple cracks can easily be analysed since cracks are
not treated as special objects in the formulation. Peridynamics has been successfully
used to analyze different material systems and geometrical configurations (Diyaroglu
et al.| (2015)), |Oterkus and Madenci| (2015)), [Perré et al.| (2016), Oterkus and Madenci
(2012)), |Oterkus et al. (2010)). An extensive literature survey on peridynamics is given

in Madenci and Oterkus| (2014)).

5.2.2 Problem Definition

A rectangular plate with dimensions of 0.05 m by 0.05 m is considered as shown in
Figure Material is chosen as PMMA. Plate contains a macrocrack that interacts
with multiple small cracks. In the case of bond based peridynamics, there is a constraint
on Poisson’s ratio as 1/3 for 2-Dimensional problems due to the assumption of pairwise
forces between material points which is slightly lower than the actual Poisson’s ratio of
PMMA. However, for dynamic fracture problems, Poisson’s ratio can have insignificant
influence on speed and direction of crack propagation, Ha and Bobaru| (2010).

In this study, the plate is considered under tension loading and it is subjected to a
high velocity boundary condition of 5 m/s. Several types of small crack configurations
are considered; single small crack collinear to the main crack, two symmetrical small
cracks, horizontal and transverse array of small cracks, to investigate the effect of small

cracks on the macrocrack behaviour by calculating the crack propagation speed.

5.2.3 Numerical Results

Peridynamic model used for this study is defined with a fixed horizon size of § =
3Ax, where Ax is the spacing between material points and it is specified as 0.0001
m. Therefore, a total number of 250000 material points exist in the model. Boundary

region is equal to horizon size, § and thickness of the plate is specified as h = Az (Figure
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Figure 5.1: Problem definition

. Critical stretch is set to sO = 0.030857. The time step is chosen as At = 4 x 1078

s and the number of time steps is 2000.

R o
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Figure 5.2: Peridynamic model and its discretization

Finally, the length of a small crack is defined as

lsmallcrack << Lmacrocrack — lsmallcrack = lmacrocrack/50 (51)

5.2.3.1 Macrocrack Propagation

In the first example, the crack propagation of a macrocrack is investigated without
considering small cracks in the model in order to compare with those cases including

small cracks. It is observed that the macrocrack started to propagate around a time
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step of 500 and reached the end of the plate after 1700 time steps. The crack speed

is calculated by comparing the crack length at 4 x 107° s with the initial crack length

(Figure as

dl
Vep = o = 480 m/s (5.2)

5.2.3.2 One Small Crack Collinear to a Macrocrack

In the second example, a single small crack is aligned with the macrocrack as shown

in Figure (Wang et al. (2016]), Rubinstein| (1985)).

Figure 5.4: Collinear small crack in front of a macrocrack

The macrocrack propagation speed is calculated for different ratios of a/b as given in
Table The minimum crack propogation speed is obtained for the highest a/b ratio
which corresponds to furthest small crack. By comparing with the only macrocrack
case, the collinear small crack causes an increase in macrocrack propagation speed.
However, no effect on initiation time is observed, i.e., all the cases have the same
initiation time as benchmark case - 500 time steps. The effect of a/b ratios on the

crack shapes can be seen in Figure |5.5

Table 5.1: Macrocrack propagation speed at 4 x 107° s

a/b=02 a/b=04 a/b=06 a/b=038
Vep (1/8)  562.5 562.5 557.5 515
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Figure 5.3: Macrocrack propagation without considering small cracks, (a) 4 x 107° s,

(b) 6.8 x 1079 s
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Figure 5.5: Macrocrack propagation for different values of a/b (a) a/b = 0.2, (b) a/b
=04, (c) a/b = 0.6, (d) a/b = 0.8 at 6.4 x 107° s
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5.2.3.3 Two Parallel Small Cracks

In the third example, two symmetric small cracks are positioned on both sides of

the macrocrack (Figure [5.6).

- >
A
=
\J
< - s >

Figure 5.6: Two parallel small cracks

The macrocrack propagation speed is calculated for varying h/l and s/l values. It
is found that for s/l = 2, the influence of the small cracks on the speed of macrocrack
propagation is insignificant and the shape of the crack path is very similar to that of a
single macrocrack (Figure .

Moreover, h/l ratio has the least influence on the overall macrocrack propagation
as shown in Table The minimum crack speed is obtained for h/l = 1.25 and s/l =
0 (Figure[5.8)). It is worth noting that for s/l = 0 and s/l = 2, the crack propagation is
observed in small cracks only. This behaviour is also observed by Wang et al.| (2016).
They observed that for h/l = 0.75 and 1, the influence of the stress intensity factor of
small cracks is greater than the macrocrack. A similar behaviour is also observed for

h/l = 1.25

Table 5.2: Macrocrack propagation speed at 4 x 107° s

s/l=-2 s/1=0 s/l =2

h/l =0.75 480 m/s 356.25 m/s 356.25 m/s
h/l=1  480m/s 356.25m/s 356.25 m/s
h/l =125 480 m/s 356.25 m/s 356.25 m/s

5.2.3.4 Multiple Small Cracks Interacting with the Macrocrack

For the last example, interactions between macrocrack and multiple small cracks

are investigated. First, a set of horizontal cracks (see Figure for h/l = 1 and h/I
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Figure 5.7: Comparison of a single macrocrack and macrocrack with two parallel
small cracks (a) macrocrack without a small crack, (b) h/l = 0.75, s/l = 2, (c) h/l =
1,s/1=2,(d) h/l =1.25 s/l =2at 6x107° s
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Figure 5.8: Crack propagation for h/l = 1.25 (a) s/l = -2, (b) s/l =0 and (c) s/l = 2
at 4 x 1077 s
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Table 5.3: Overall crack propagation length of horizontal small cracks at 4 x 1075 s

s/l=-2 s/l=0 s/l=2
x (m) 0.00975 0.00985 0.01075

= 2.5 are investigated. It is observed that H/l should be greater than 2 in order to

exclude the effect between adjacent columns of small cracks (Wang et al. (2016])).
- > - >
v

Figure 5.9: Set of horizontal small cracks

The crack propagation speed is calculated for different ratios of s/l as given in Table
It is found that the present small crack configuration stopped the macrocrack
propagation. However, the present configuration has no influence on crack initiation

time and a very low influence on the overall crack propagation length (Table and

Figure [5.10)).
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Figure 5.10: Crack propagation of horizontal small cracks (a) s/l = -2, (b) s/l =0

and (c) s/l =2 at 4x107° s

Moreover, the effect of multiple small cracks in the vertical direction is investigated

(Figure [5.11)) for h/l =1 and s/l = 2, 0 and 2.
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Figure 5.11: Set of vertical small cracks

The crack propagation speed is calculated for different ratios of s/l as given in Table
It is found that the crack propagation speed is reduced by 34% for s/l = 0 com-
pared to a single macrocrack case (Table . The results show good correlation with

conclusions from Wang et al.| (2016|) where they observed relatively high amplification
decrease for h/l = 1 (Figure [5.12]).

Table 5.4: Crack propagation speed of vertical small cracks at 4 x 1075 s

s/l=-2 s/l=0 s/l=2
vep (m/s) 480 316.66  333.33
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Figure 5.12: Crack propagation of vertical small cracks (a) s/l = -2, (b) s/l = 0 and
(c) s/l =2at4x1075s

Finally, the superior capability of peridynamics for fracture prediction is demon-
strated by considering a significantly large number of small cracks. In the first case,
thirty-two small cracks are considered as shown in Figure [5.13] The second case in-
cludes eighty small cracks as depicted in Figure Corresponding fracture patterns
for these two cases are presented in Figures[5.14 and [5.16], respectively. In both cases, it
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can be seen that small cracks behind the macrocrack tip does not effect crack propaga-
tion. Furthermore, only small cracks ahead of the macrocrack tip close to the centerline

influences the crack propagation pattern and causes crack branching behavior.
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Figure 5.13: Set of vertical small cracks
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Figure 5.14: (a) Initial configuration and (b) crack propagation in a set with

thirty-two small cracks
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Figure 5.15: Set of eighty small cracks
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Figure 5.16: (a) Initial configuration and (b) crack propagation in a set with eighty
small cracks

125



Chapter 5. Examples

5.2.4 Conclusion

In this study, quantitative comparison of effects of small cracks on dynamic macroc-
rack propagation is obtained by using periydnamics. Several small crack configurations
are considered including single small crack collinear to the main crack, two symmetrical
small cracks, and horizontal and transverse array of small cracks. The results show ex-
pected behaviour when compared to similar cases found in the literature. Which means
that certain combinations of small cracks can slow down the crack propagation trough
the effect of crack shielding and amplification. Finally, two cases including significantly
large number of small cracks are demonstrated. These cases show the good capabilities
of peridynamics in capturing sophisticated fracture patterns where significantly large
number of cracks present. Moreover, presented results also show that this analysis can

be useful for the design of new microstructurally toughened materials.

5.3 Peridynamic Model for a Mindlin Plate Resting on A
Winkler Elastic Foundation

5.3.1 Indroduction

In many engineering applications including marine, civil and transport engineering,
analysis of structures resting on an elastic foundation is an important problem of inter-
est (Attar et al. (2014])). To represent the elastic foundation, Winkler and Pasternak
formulations are widely utilised. In Winkler formulation, the elastic foundation is rep-
resented by distribution of springs to resist the lateral deflection of the structure resting
on the elastic foundation. On the other hand, Pasternak formulation can capture the
shear interaction between springs (Attar et al|(2014)).

Although there are numerous studies in the literature considering elastic foundation
problem, only few of them investigated the behaviour of an existing crack inside a
structure resting on an elastic foundation. Amongst these, Matysiak and Pauk] (2003)
performed stress analysis near a crack tip in an elastic layer resting on a Winkler

foundation by using the method of Fourier transforms and dual integral equations.
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Farjoo et al. (2012) investigated rolling contact fatigue cracks in railway tracks and

used a simplified finite element model (FEM) and extended finite element method
(XFEM). They observed that elastic foundation leads to an additional bending stress
which increases the crack growth rate significantly. In another study,
investigated the free vibration of a shear deformable beam with multiple open

edge cracks using lattice spring model. Finally, Nobili et al| (2014) presented a full-

field solution for the linear elasto-static problem of a homogeneous infinite Kirchhoff
plate with a semi-infinite rectilinear crack resting on a two-parameter elastic foundation.
They calculated stress intensity factors for both symmetric and skew-symmetric loading
conditions.

In this study, an alternative approach, peridynamics ), is used for the
analysis of a Mindlin plate resting on a Winkler type elastic foundation. Peridynamics
was originally introduced to overcome the limitations of classical continuum mechan-
ics. The equations of motion in peridynamics are in the form of integro-differential
equations and they do not contain any spatial derivatives. Therefore, these equations

are valid regardless of discontinuities. Peridynamics has been successfully used to anal-

yse different material systems and geometrical configurations (Madenci and Oterkus|
(2016), Madenci and Oterkus| (2017)), |Oterkus and Madenci| (2012]), Oterkus et al.
(2010)), |Oterkus et al. (2017)), |Oterkus and Madenci| (2017), Ha and Bobaru| (2010)),

[Foster et al.| (2010) and Dipasquale et al.| (2014])). An extensive literature survey on

peridynamics is given in [Madenci and Oterkus| (2014) and Javili et al.| (2019). Afore-

mentioned benefits of peridynamics have attracted interest in solving solid mechanics
problems particularly those involving damage and fracture. Majority of such attempts
deal with full 3D models or 2D plane stress/plane strain models. There are relatively
few peridynamic models considering structures resisting transverse deformation with

one dimension (e.g. the thickness) significantly smaller than the other two (e.g. air-

craft fuselage, ship hull, pressure vessel etc.) including |Silling and Bobaru| (2005) for

2D membranes, Taylor and Steigmann! (2015), |O’Grady and Foster| (2014)), Diyaroglul
(2015) and Reddy et al. (2013)) for plates and flat shells, and |Chowdhury et al.|
(2016) for shells. This study is an extension of Mindlin plate formulation developed by
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Figure 5.17: Initial and deformed configuration of a Mindlin plate (Diyaroglu et al.

(2015))

Diyaroglu et al. (2015)). A similar approach was presented by Di Paola et al. (2009)

for nonlocal modeling of a beam on an elastic foundation. The current formulation
is capable of analysing Mindlin plates resting on an elastic Winkler foundation with
damage prediction capability. Moreover, the direct solution approach
(2009), Breitenfeld et al.| (2014)) is presented to obtain the solution in static conditions
rather than using widely adapted Adaptive Dynamic Relaxation (ADR) scheme

and Madenci| (2010)). Finally, several verification and demonstration cases including

a Mindlin plate with or without an initial crack subjected to transverse loading or
pure bending loading conditions are presented to validate the current formulation and

demonstrate its capabilities.

5.3.2 Peridynamic Mindlin Plate Formulation

Peridynamic formulation presented in the previous section is for material points
having translational degrees of freedom only. If rotational degrees of freedom are desired

to be included to represent Mindlin plate formulation in peridynamics, appropriate

changes to the original PD formulation should be made as explained in [Diyaroglu et al.|

(2015). In Mindlin plate formulation, each material point has three degrees of freedom

including transverse deflection, w and rotation of planes around x-axis, ¢, and y-axis,

¢z (see Figure [5.17)).

As presented in Diyaroglu et al. (2015), the transverse shear angle and curvature
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can be respectively expressed in peridynamic form as:

wj —wg (Da(j)c0s0 + Py(j)sind) + (@ (k) c0S0 + Py (1) sind)
&k 2

g = (22D 7000 ) gy () Z 0w ) g (5.4)
(374 [$74

where 6 is the peridynamic bond orientation with respect to z-axis. Moreover, the

gij = (5.3)

and

peridynamic equations of motion for the material point k£ can be derived using the

principle of virtual work as:

N
phiig = s > or; Vi + bary (5.5)
j=1
h3 . N 1 N ~
pﬁ(bx(k) =q Z KijcosOV; + 5Cs Z €| DrjcosOV + by (5.6)
j=1 j=1
h3 . N 1 N ~
pﬁ¢y(k¢) =y Z /@kjsine‘/}' + 565 Z |£jk|¢kj8in9‘/}' + by(k) (5.7)
j=1 j=1

Using transverse shear angle and curvature equations given in Equation [5.3] and Equa-

tion [5.4] Equations [5.5 - [5.7] can be rewritten as

N
. j — (z)x + ¢m QZ) i) ¢ . ~
phwk = ¢, Z (wjgjkwk ( lgjk’ )6050 _ (y(])|§jk|y(k))31n9> V} + b$(]€) (58)

J=1

he [ (G2 = 0 i) = Syt .
pﬁqbz( =0¢p jz; [( i cosf + T sinb | cosOV;+
1 wj —w,  (Pe) + Par))
abs j - 0— 5.9
2° g . [ & Bl o9

(9y(5) — Py
k]

sind

cosfV; +gm(k)
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N
00 Py() — Py \ . ol
by = cos + | —=——= | sinf|sinfV;+
p12 u(k) b; [( \fgk’ ) ( [S73 ) !
1 wj — wk’ (qbz + ¢x(kz )
—Cs ; cosf— (5.10)
2 ; s [ &k !ijk!

($y5) — Sur)

|fjk| sinb sinOVj —}—Zy(k.)
where
9E
Cs = 47r53k3 (5.11)
E (3n? 27
=== 4+ =2 5.12
% m5<452 * 50 ) (5-12)

and ks represents the shear correction factor. To describe mode-I and mode-III types
of fracture modes, Diyaroglu et al.| (2015) defined critical curvature and critical shear

angle parameters, respectively, as:

4Glc

e (5.13)
4G11c
Pe =1\~ 5i (5.14)

where G . and Gy, represent mode-I and mode-III critical energy release rates, re-

spectively.

5.3.3 Direct Solution of the Peridynamic Mindlin Plate Formulation

In peridynamics, static solution can be obtained by using Adaptive Dynamic Re-
laxation (ADR) (Kilic and Madenci (2010)) or Direct approach (Bobaru et al.| (2009)).
In ADR, an artificial damping is introduced to the system and the solution converges
to static solution after certain number of iterations. In the direct approach, the in-
ertia term is specified to zero and a matrix solution is required. Therefore, the PD
force function can be expressed in terms of the second-order micromodulus tensor C
as (Silling| (2000]))

£=C(©)n (5.15)
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where

C(¢§) = 877(075) (5.16)

In the case of PD Mindlin plate formulation, micromodulus tensor, C can be defined
as Jacobian matrix which is a matrix of all first-order partial derivatives of a vector-
valued function. Therefore, for the force vector function f which is a function of shear

angle ¢ and curvature x, the micromodulus tensor can be defined as:

Of Of

Op Ok

_ | Omg, Omg,
C= |Zon Ome (5.17)

6m¢y 6m¢y

Oy 0K

where f,, mg, and mgy, represent force or moment functions between material points
arising from transverse shear deformation and bending. Utilizing peridynamic equa-

tions given in Equations [5.5]- [5.7] force and moment functions can be obtained as:

[z =csp (5.18)
Mg, = cprcost + C2—S|§|cp6059 (5.19)
mg, = cprsing + C—;|§]gosin0 (5.20)

Therefore, using Equation [5.17] micromodulus tensor C takes the form of

Cs 0
C=|%|¢pcostd  cycost (5.21)

S1€|psind  cpsind

Substituting Equation [5.21] into Equation [5.15| results in

fz Cs 0
2
me, ¢ = | 51€l¢cost  cycosh (5.22)

T

me, S1€lpsind  cpsing
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The force and moment functions between material points 7 and k£ can be rewritten by

substituting Equation [5.3| and Equation [5.4] into Equation [5.22] as:

) cs 0
Mg, (ki) ( — %5|§jk\90605c9 cpcost
My (kj) | S &l psing  cpsing

(5.23)

wjg—wk - (¢2(5)c080+ ¢y (5)5In0) +(P (k) COSO+Py (1) 510
Jk 2

¢x<j>f¢ac<k) cos0 + ¢y<j)f¢y(k>> sinf
‘£]k| ‘é:jk|

After reorganising Equation [5.23] the following matrix expression of force and moment

functions can be obtained as:

[ +(kj)
M, (kj)
My (kj)
[ |€Cj5k‘ 5 cosl 5 sind

S cos <c43]§jk] + é"k|> cos?0 (fjfjk + |£0ka|> cosfsinf

S sinf <C45|§]k| + |£C]bk) cosfsind Skl + |£le|> sin20

Cs Cs ag
— S cost S sind
1€k ] 2 2

s s | €. _Cb 2 Cs | €. S )
— % cost) <C4|£jk| - g]_”k|>cos 0 <C4 &k — |£J_bk|>00595m9

S @9 S . ; s . <2
— % sinf (i\@k\ — |§(;bk) cosfsind (Z\fjk — Iécﬁl) sin“0

(5.24)

132



Chapter 5. Examples

For static and quasi - static problems, the acceleration terms w, gzﬁw and <}5y can be

omitted from the equation of motion as:

N

D £;Vi+br=0 (5.25)
j=1

where f; = [fz(kj)mqu(kj)mgby(kj)]T and b = [Bkgx(k)gy(k)]T Substituting force/mo-

ment functions given in Equation [5.24] into Equation leads to
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P Ly =0

Wy

5.3.4 Peridynamic Mindlin Plate Resting on An Elastic Foundation

In this study, Winkler foundation is considered as the elastic foundation and cou-
pled with PD Mindlin formulation presented in Section Winkler foundation was
originally introduced by [Winkler| for modelling the soil-structure interactions. Winkler
method assumes that vertical translation of the soil, w, at a point depends only upon

the contact pressure, p, acting at that point in the idealized elastic foundation and a
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Figure 5.18: Mindlin plate on a Winkler foundation

proportionality constant, k as

p = kw (5.27)

The proportionality constant, k, is commonly referred to as the modulus of subgrade
reaction or the coefficient of subgrade reaction. This model was first used to analyse the
deflections and resultant stresses in railroad tracks. In the following years, it has been
applied to many different soil/fluid-structure interaction problems, and it is known as
die Winkler model.

In order to combine Winkler foundation with PD Mindlin plate matrix formulation,

Winkler foundation formulation can be written in matrix form as:

( )
W
¢
Bog oo koo o] [
J J ¢(k)
000 0 00/ "7 p+b=0 (5.28)
wj
000 0 00
20
Py(j) )

where k is the spring stiffness and A is thickness of the plate. It is assumed that Winkler

foundation only affects transverse deflection.
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5.3.5 Numerical Results

As part of the numerical results, simple static loading conditions are considered first
to compare the PD predictions with the Finite Element Analysis (FEA) results using
ANSYS, a commercial FEA software. Next, a plate with a central crack under pure
bending resting on a Winkler foundation with very small spring stiffness is considered
as a validation case to compare against results obtained in Diyaroglu et al.| (2015).
Then, fracture behaviour of a pre-cracked ice sheet floating on water under transverse

loading condition is investigated.

5.3.5.1 Mindlin Plate Rested on a Winkler Foundation Subjected to Trans-

verse Loading

In the first example, a Mindlin plate rested on a Winkler foundation under half
circular edge pressure is considered (see Figure. This problem was first introduced
by [Lu et al.| (2015b)) to simulate displacement distribution for a finite size ice floe
interacting with sloping structures.

As it was stated by [Lu et al. (2015b)), there is no analytical closed-form solution to
calculate the deflection and stress distribution of a finite plate with free edges under
evenly distributed edge pressure within a half circular area. Therefore, a numerical
solution is adopted in order to verify PD results. The length of the square plate is L
= 0.43 m with a thickness of ~ = 0.01 m. The radius of the loading area is R = 0.2L.
The Young’s modulus of the plate is specified as £ = 5.5 GPa. Only a single row of
material points (collocation) points in the thickness direction is necessary to discretize
the domain. The distance between material points is Az = 0.00215 m. The loading is
applied to a single row of material points at the half circular area as a resultant body
load of b = 86.12 N/ m? for the transverse loading. The Winkler foundation modulus
to represent the fluid base is k = ppg = 1025(kg/m®) - 9.81(m/s?) = 10055.25 Pa/m,
with p,, and g being the fluid density and gravitational acceleration, respectively.

The peridynamic solutions for transverse displacement and rotations are compared

with finite element solutions obtained by using ANSYS shell element, which is suitable

for thick/thin shell structures. As depicted in Figures and Figures 5.23
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Figure 5.19: Peridynamic discretization of Mindlin plate subjected to the transverse
loading (shaded area)

PD and FE solutions are in good agreement with each other and this verifies that the
PD direct solution correctly captures the deformation behaviour of the Mindlin plate

rested on an elastic foundation.
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Figure 5.20: FEA results for displacement, w

136



Chapter 5. Examples

-.407E-04 -.226E-04 -.452E-05 -136E-04 .316E-04
-.316E-04 -.136E-04 .452E-05 .226E-04 .407E-04

(a)

0 .00609 .00613 .00615 .006164
.00607 .00611 .00614 .00616

(b)
Figure 5.21: FEA results for and rotations (a) ¢, and (b) ¢,
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Figure 5.23: Peridynamic Mindlin plate results for rotations (b) ¢, and (c) ¢,
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5.3.5.2 Pre-cracked Mindlin Plate Rested on a Winkler Foundation Sub-

jected to Pure Bending Conditions

In the second example, a verification study is considered as in|Diyaroglu et al.| (2015))
to investigate the behaviour of a pre-existing crack in a Mindlin plate. A square plate
with an initial central crack aligned with the y-axis is considered as shown in Fig. 8.
The length and width of the square plate are L = W = 1 m with a thickness of h = 0.1
m. Plate thickness to crack length is h/2a = 0.5 where 2a is the initial crack length.

The Young’s modulus of the plate is specified as £ = 3.227 GPa and shear modulus
is G = 1.21 GPa. The distance between material points is Az = 0.01 m. The horizon
size is chosen as § = 3.015 - Ax. The stiffness of the Winkler foundation is set to
be very small value, & = 107 N/m, in order to represent the original example of
Diyaroglu et al.| (2015) which is free from elastic foundation. The material is chosen
as polymethyl-methacrylate (PMMA), which shows brittle fracture behaviour. Mode-
I fracture toughness of this material is given as 1.33 MPa,/m (Ayatollahi and Aliha
(2009)). In order to show simple mode-I crack growth, a bending moment loading is
applied to a single row of points at horizontal boundary regions of the plate. Small
increments of resultant body load of Ab, = 0.05 N /m are induced in order to obtain a
stable crack growth. Crack starts to grow approximately at gx = 284 N/m as shown in

Figure and a similar crack pattern is obtained as in Diyaroglu et al.| (2015)).
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Figure 5.24: (a) Pre-cracked Mindlin plate under pure bending condition, (b)
Peridynamic discretization of pre-cracked Mindlin plate resting on an elastic Winkler
foundation
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Figure 5.25: Crack propagation for PMMA pre-cracked plate resting on a Winkler
foundation

5.3.6 Conclusion

In this study, a new peridynamic model is presented for a Mindlin plate resting on
a Winkler type elastic foundation. The formulation is validated by comparing against
FEA results for a transverse loading condition for a plate without a crack. For a pure
bending loading condition applied to a plate with a central crack free from elastic

foundation provided a similar crack pattern that was obtained in an earlier study.

5.4 In-Plane and Out-Of Plane Failure of an Ice Sheet

Using Peridynamics

5.4.1 Introduction

Modelling ice-structure interaction is a very difficult process. First of all, many
different factors such as strain-rate, temperature, applied-stress, salinity, grain-size,
confining pressure and porosity have significant influence on ice mate-rial response.
Furthermore, macro-scale modeling may not be sufficient to capture the full physical
behavior because the microscale effects may have a significant effect on macroscopic
material behavior. Hence, it is necessary to utilize a multiscale methodology. To repre-
sent the macroscopic ice behavior accurately, Finite Element Method (FEM) has been

widely used in the literature. Within FEM framework, various techniques can be used
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to model crack propagation including extended finite element method (XFEM) and
cohesive zone model (CZM). However, a universally accepted CZM failure model is not
currently available and the crack propagation may have mesh dependency. Although,
the mesh dependency problem can be overcome by XFEM, enrichment process may
lead to an algebraic system with a large number of unknowns which is difficult to solve
numerically. Furthermore, since FEM is based on classical continuum mechanics, its
formulation do not contain a length scale parameter. Hence, FEM is incapable of cap-
turing phenomenon at the micro-scale. Hence, other techniques should be utilized at
the micro-scale and linked to FEM simulation. However, it is not straightforward to
obtain a smooth transition between different approaches at different scales. By tak-
ing into account all these challenging issues, a new continuum mechanics formulation,
peridynamics, can be used for modelling ice failure. Peridynamics is classified as a
non-local continuum mechanics formulation and it does not contain spatial derivatives
in its formulation. Hence, it is very suitable to predict crack initiation and propagation
occurring within the material as the material is subjected to some external loading
condition. Furthermore, due to its non-local character, it can capture the phenomenon
at multiple scales.

There exists significant number of studies in the literature focusing on in-splitting
failure of ice sheets. Moreover, there is a large volume of experimental studies done
in the field or multiple lab tests. [Timco| (1987)) has done a series of indentation and
penetration tests on a floating sheet of ice. During these tests, splitting of an ice sheet
was identified and named as “radial cracks”. Although this was an extensive study,
it still lacked information on the size and geometry of the ice sheet since most of the
effort was focused on indentation rate and aspect ratio. Similarly, |Grape et al.| (1992)
investigated the influence of lateral confinement on failure patterns and indentation
pressure. Most of the aforementioned studies when used for splitting problems were
obscured by many ambiguities, until Dempsey et al. (1999) conducted a series of in-
situ fracture tests on edge-cracked square plates (sized from 0.5-80 m) together with
nonlinear fracture mechanics (NLFM) analysis. This study provides a clear picture on

splitting loads and the scale effect on fracture toughness and ice strength. Another
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paper that is very important is by Lu et al. (2015a) where the authors conducted
an extensive research on splitting failure of an ice sheet together with conducting an
exhaustive overview of different methods used to calculate the splitting loads, such as,
LEFM, Cohesive Zone, and Plastic limit theory.

On the other hand, out-of-plane failure of an ice sheet has also been studied exten-
sively in the literature either experimentally or theoretically including Ashton| (1986)),
Kerr (1976), Langhorne et al.| (1999), Michel (1978a), Sodhi (1995)) and Squire et al.
(2012). The focus of this research has been mainly related to the interaction of sloping
structures and ice in ice infested waters. In arctic marine environment offshore struc-
tures and ships have specific design. For offshore structures those are usually sloped
pylons and for ships/icebreakers specific shape of the bow. The reason behind sloping
geometry is to introduce a vertical load on the edge of the incoming ice floe in order
to force the ice into a bending failure mode. Bending failure mode induced in such a
way can be described as some type of out-of-plane failure mode. For all intents and
purposes, numerical ice sheet models are usually represented as an infinitely long thin
plate resting on a Winkler elastic foundation.

In this study, two specific examples are investigated; in-plane failure and out-of-
plane failure of an ice sheet subjected to an edge load. These two cases can be derived
from the same real life example; an ice sheet interacting with a sloping structure. As
it was described by [Lu et al.| (2015b)) only initial contact between the ice sheet and the
sloping structure is taken into account (see Fig 1). When ship’s hull interacts with an ice
sheet a complex stress condition will develop which can be represented by four different
load components as shown in Figure Loads in y direction are ones inducing the
in-plane failure of an ice sheet. The load component along z-direction is responsible
for the out-of-plane failure of ice sheet. The in-plane compressive stress within the
ice sheet increases due to the load component along x-direction. Although ice failure
condition and the fracture patterns will be affected by loads in all three directions,
interactions between loads are ignored and they are decoupled into an in-plane and
out-of-plane problem. Hence, in this study a simplified decoupling approach is utilized

by constraining the in-plane failure problem to only Fj load and out-of-plane failure
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Figure 5.26: Contact and load description

problem to F, load. For the in-plane failure problem, a 2 dimensional bond based
peridynamic model is implemented and for out-of-plane failure problem, 2 dimensional
plate is modeled as a Mindlin plate resting on a Winkler elastic foundation. The idea
behind this study is to use peridynamic theory to predict ice splitting load for in-plane
fracture of finite ice sheet. Moreover, the relationship between radial crack initiation
load and measured out-of-plane failure load corresponding to the eventual failure of the

ice sheet is established.

5.4.2 2D Bond Based Peridynamic Model for In-Plane Failure of an
Ice Sheet

As mentioned earlier, in-plane splitting failure of an ice sheet has been extensively
studied in the literature. There is a large volume of experimental studies done in
the field or multiple laboratory tests. Amongst these studies, experiments that dealt
directly with splitting of the ice sheet were only done by Dempsey et al.| (1999). In their
in-situ fracture tests, a series of edge-cracked square plates (sized from 0.5-80 m) were
torn apart by using a hydraulically driven flatjack. Moreover, they studied the effect
of ice sheet size on fracture properties (such as the fracture toughness, traction and
separation law for ice, and evolution of the failure process zone) using known histories
of load-displacement information and relevant crack opening displacement. The idea
behind this analysis stems from |Lu et al| (2015a) where the main goal is to obtain the
ice splitting load utilizing analytical and numerical methods and compare the results

with the experimental results of Dempsey et al. (1999)). Difference between |Lu et al.
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(2015a) and this study is in methods used for comparison with the experimental data.
They used several methods, such as CZM + weight function, LEFM + weight function,
Plastic limit theory etc., where in this study 2D Bond Based Peridynamic model was
applied.

A=0.3L

< L > Y
Fy Fy

Figure 5.27: Illustration of the model utilized to study in-plane failure of ice plate

Plate geometry and crack size are defined in Figure Parameters used to
generate peridynamic model for this study is given in Table with a fixed horizon
size of § = 3Ax, where Az is the distance between material points. Ice is modelled as
an isotropic material with Young’s modulus of £ = 5 GPa with ice thickness of h = 1.8
m. For this example sea ice is considered as a brittle material. Mode-I fracture energy

of sea ice is given as 15 J/ m?,

Table 5.5: Test model dimensions and peridynamic inputs

L=3[m| L=10[m] L=30[m] L=280m]

A[m] 0.3 3 9 24
dx[m] 0.015 0.05 0.15 0.4
dt [s] 1 1 1 1
Num. PD points 40000 40000 40000 40000
Oload |k Pa/s] 12.965 7.101 4.1 2.511

Loading rate was obtained the same way as it was done by |Lu et al.| (2015a). In
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this study, point load was assumed as the loading with a loading rate equivalent to the
loading rate of the flatjack. From Figure 6 in paper by [Mulmule and Dempsey| (1999),
the loading rate of the flatjack can be obtained as 0.41 kPa/s for a size of 3030 m?
ice sheet. It is also assumed that as the size of the ice sheet decreases, loading rate
increases. In other words, the smallest ice sheet will have the fastest loading rate (in

our case 3 m). This leads us to the following relationship:

é—testg = dtestgo X 4/ 30/3 = 12965[1(13&/5] (529)

In our case loading rate was increased by a factor of 10 as it can be seen from Table

5.5l This was done in order to decrease computational time.

102 — ‘ —— .
° PD results
I ¢ Experiments |Dempsey et al.| (1999)) | |
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Figure 5.28: Splitting load comparison between PD results and experiments

As it can be seen from the Figure [5.28| results obtained for the splitting load of
the ice plate from the 2D Bond Based Model have a relatively good agreement with
the experimental data. Furthermore, peridynamic results agree well when compared to
LFEM + weight function and CZM + weight function results from |Lu et al.| (2015a),

shown in Figure 14.
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5.4.3 Peridynamic Mindlin Plate on Winkler Foundation Model for
Out-Of-Plane Failure of an Ice Sheet

This out-of-plane failure case was originally considered by |Lu et al.| (2015b), where
the ice plate interacting with the conical body is simplified by representing the ice
sheet with a thin plate resting on an Winkler elastic foundation subjected to an evenly
distributed edge pressure inside a half circular area. In their study, |[Lu et al| (2015b)
tried to determine the size of the ice sheet which can be considered either a finite size
ice sheet or a semi-infinite ice sheet. The distinction between finite and semi-infinite

sheet sizes was classified by following definition:

1. finite size ice floes are broken by radial crack initiation and propagation

2. semi-infinite ice floe is broken by sequentially forming radial and circumferential
cracks where following relationship holds (originally from Equation 77 of |Kerr

(1976)) FEE cemi = 1.6F7 R0 semi-

o F% emi 1s measured breakthrough load corresponding to the eventual out-

of-plane bending failure of a semi-infinite ice floe
® 7 Ro,semi 15 maximum load required to initiate the radial crack in an ice

floe (see Lu et al. (2015b))

Authors were able to establish the difference between size of finite and semi-finite ice
sheet by studying only finite size ice sheet which they theoretically formulated and
then solved it numerically. What they didn’t show were actual fracture patterns for
the different size ice sheets and also didn’t establish the relationship between maximum
load required to initiate the radial crack and measured out-of-plane bending failure load
for a semi-infinite ice sheet. Fracture patterns have been studied in a separate paper,
see Vazic et al.| (2019b). In our work we have tried to capture the relationship described
by [Kerr| (1976) analyzing several different ice sheet sizes.

In Lu et al| (2015b)) the ice plate was modelled by using Kirchhoff’s plate bending
theory and elastic foundation was defined with Winkler foundation model, where the

Kirchhoff’s plate bending theory was solved with Finite Element Method (FEM). For

148



Chapter 5. Examples

Figure 5.29: Model outline for out-of-plain failure of ice sheet

the finite size ice sheet, Lu et al.| (2015b) defined two length scales including the char-

acteristic length [ (given in Equation [5.30) and the physical length L, where physical
length is defined as L = n x [ with n being a non-dimensional factor. Hence, the

characteristic length can be written as:

1:42 5.30
2 (530)

where D is the flexural rigidity of the plate defined as

Et3

and k is the foundation modulus (defined in Equation [5.32)) for the fluid base, with p,,

and ¢ being the fluid density and gravitational acceleration, respectively.

k= pug (5.32)

This study is based on Mindlin plate formulation developed by Diyaroglu et al.|

(2015) and Mindlin plate resting on Winkler foundation developed by
(2019¢|). The formulation is capable of analyzing Mindlin plates resting on an elastic

Winkler foundation with damage prediction capability. Moreover, the direct solution

approach (Bobaru et al.| (2009)) is used to obtain the solution in static conditions
rather than using widely adapted Adaptive Dynamic Relaxation (ADR) scheme (Kilic
and Madenci (2010)).

149



Chapter 5. Examples

According to [Lu et al.| (2015b) and compared to Nevel’s solution (Nevel (1965))
normalized radial crack initiation load is approaching solution of a semi-infinite plate
when the ice sheet size is L > 4. Effectively, this implies that square finite ice sheet
can be approximated as a semi-infinite ice sheet when its physical size is 4 times bigger
than its characteristic length I. For our analysis this means that plates bigger than 4l
should mirror the relationship established by Kerr [6] - F %efgt semi = L.6F 2 Ro semi

Within our example, we have considered several semi-infinite ice sheet lengths. Ice
sheet length is defined by non-dimensional factor n = 5,7,9,12,15 where L = n x [.
Load area radius representing the sloping structure load is set to R = 0.2/ = 0.086 m.
The thickness of the plate is h = 0.01 m (Figure .

Ice is modelled as an isotropic material with Young’s modulus of F = 5.5 GPa
and shear modulus of G = 2.0625 GPa. The distance between material points is
Az = 0.01935 m. The horizon size is chosen as § = 3Az. Winkler foundation stiffness
k is set to £k = 1.0055 N/m which roughly approximates water behavior. For this
example sea ice is considered as a brittle material. Mode-I fracture toughness of sea ice
is given as 0.06 MPay/m (Schulson and Duval| (2009)). To the authors knowledge there
is no available value for Mode-III fracture toughness of sea ice in the current literature.
We assumed Mode-III toughness to be 7 times greater than Mode-I by comparing the
ratios with other brittle materials such as PMMA.

In order to establish initial damage so that crack propagation can occur and also
satisfy “first crack condition” (so that we can measure radial crack initiation load,
F7 Ro,semi) we broke 5% of bonds with the highest Von Mises stress. This percentage
was chosen because if more than 5% of bonds are broken, unstable fracture is observed
and if less than 5% of bonds are broken, crushing behavior is observed, which is followed
by unstable fracture. Initial load is set to 0 and then small increments of resultant body
load Ab, = 0.1 N /m? are induced to obtain a stable crack growth.

It can be clearly seen from the Figure[5.30] that if the ice sheet length increases and
by doing so better approximates semi-infinite behavior, the results are approaching
the relation established by [Kerr| (1976]). This means that peridynamic Mindlin plate

on Winkler foundation model not only captures correct fracture patterns presented in
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Vazic et al.| (2019b)) but also is able show correct relation between measured out-of-

plane bending failure load for a semi-infinite ice sheet Fi5 . and maximum load

needed to initiate the radial crack in an ice sheet F'z ro semi

—— PD results
Kerr] (1976) relation
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Figure 5.30: Comparison between Kerr’s relation and PD results for different size

semi-infinite plates

5.4.4 Conclusion

16

In this study, two different peridynamic models for ice fracture are presented. First

model is a 2 dimensional Bond Based model which is used to calculate in-plane splitting

loads for several differently sized ice plates, where it was shown that the model has a

good agreement with the experimental data. Second model is Mindlin plate resting on
a Winkler type elastic foundation used to prove the relation established by Kerr| (1976).

As it can be seen from the results Mindlin plate model is able to establish such relation

if the plate length approaches semi-infinite ice sheet size.
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5.5 Peridynamic Approach for Modelling Ice-Structure

Interactions

5.5.1 Introduction

Despite of its advantages, utilization of the Arctic region for sailing brings new chal-
lenges due to its harsh environment. Therefore, ship structures must be designed to
withstand ice loads in case of a collision between a ship and ice takes place. Although
experimental studies can give invaluable information about ship-ice interactions, full
scale tests are very costly to perform. Therefore, computer simulations can be a good
alternative. As it was mentioned in the previous Section ice-structure interaction
modelling is a very challenging process, where ice material response depends on many
different factors and micro-scale effects may have a significant effect on macroscopic
material behaviour. Hence, it is necessary to utilize a multi-scale methodology. How-
ever, multi-scale approach is not straightforward process as it is difficult to obtain a
smooth transition between different scales. With this in mind peridynamics will be
utilized for ice fracture modelling as it was done in the previous study.

Out-of-plane failure of an ice floe has been an important research topic for decades.
The main focus of this study is related to the interaction of sloping structures and
ice floe (e.g., icebreakers, fixed and floating offshore structures) in ice infested waters.
When comparing ice floe’s failure processes and failure pattern for different problems,
such as the “ice-sloping structure interaction problem” and “ice cover’s bearing capacity
problem”, many similarities can be observed (Kerr| (1976)). In both cases, a two stage
fracture of an ice floe was observed. The first stage is the so-called radial cracking
of the ice floe (i.e., radial cracks emanating from the vertically loaded area) and the
second stage is the formation of circumferential cracks some distance away from the
vertically loaded area.

In this study, peridynamic modeling of an ice floe interacting with sloping structure
is presented as a 2D and 3D model. The two stage fracture of an ice floe is investigated
by considering a 2D plate modeled as a Mindlin plate on a Winkler foundation and

a 3D model based on a bond based peridynamic model with a rudimentary buoyancy
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represented as a body load. First model was originally considered by Lu et al.| (2015b)),
where the ice plate interacting with the conical body is simplified by representing the
ice floe with a thin plate resting on an elastic foundation under an evenly distributed
edge pressure within a half circular area. The idea behind |Lu et al.| (2015b) paper was
to answer the following question: “how small/large should an ice floe be to be treated
as a finite size/semi-infinite ice floe”. Second model is more similar to the real life
example as the conical rigid boy is a relatively good approximation of the ship’s bow,
but this model is a purely qualitative example as we are only trying to show fracture
patterns that can be found in the literature and to show peridynamic capabilities when
dealing with impact problems. There is no analysis of forces exerted by ice onto the
rigid body nor are there any analyses of stresses with in the ice sheet. The idea behind
these studies is development of in-depth ice structure interaction model that can be
beneficial for future re-search that will better describe mechanisms related to ice failure

and subsequently enable design of the more optimal structures for polar environments.

5.5.2 2D Bond Based Peridynamic Mindlin Plate on Winkler Foun-

dation

This case study is a continuation of the problem from the Section where the ice
plate interacting with the conical body is simplified by representing the ice floe with a
thin plate resting on an elastic foundation under an evenly distributed edge pres-sure
within a half circular area. As it was mentioned in the previous Section, [Lu et al.
(2015b) tried to answer the following question: "how small/large should an ice floe be
to be treated as a finite size/semi-infinite ice floe“. The distinction between finite and

semi-infinite floe sizes can be classified as:
e finite size ice floes are broken by radial crack initiation and propagation

e a semi-infinite ice floe is broken by sequentially forming radial and circumferential

cracks

Authors were able to establish the difference between size of finite and semi-finite

ice floe, by studying only finite size ice flow which they theoretically formulated and
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then solved it numerically. What they didn’t show were actual fracture patterns for the
different size ice floes. In our work we have tried to capture different fracture patterns
depending on the floe size in order to distinguish between the finite and semi-infinite
ice floes.

As in the previous example, we have considered several finite ice floe lengths. Ice
floe length is defined by non-dimensional factor n = 1,4,5,6,7,9 where L = n x [. Load
area radius representing the sloping structure load is set to R = 0.2*] = 0.086 m. The

thickness of the plate is h = 0.01 m (Figure [5.32)).

Figure 5.31: Hlustration of the model utilised to study ice floe failure

Ice is modelled as an isotropic material with Young’s modulus of £ = 5.5 GPa
and shear modulus of G = 2.0625 GPa. The distance between material points is Az =
0.01935 m. The horizon size is chosen as § = 3.015Az. Winkler foundation stiffness k is
set to £ = 1.0055 N/m which roughly approximates water behaviour. For this example
sea ice is considered as a brittle material. Mode-I fracture toughness of sea ice is given

as 0.06 MPa,/m (Schulson and Duval (2009)). We assumed Mode-III toughness to be

7 times greater than Mode-I by comparing the ratios to other brittle materials such as
PMMA.

As in the previous Section 5% of bonds with the highest Von Mises stress were
broken in order to establish initial damage so that crack propagation can occur. Initial
load is set to 0 and then small increments of resultant body load Ab, = 0.1 N/m are
induced in order to obtain a stable crack growth.

According to [Lu et al.| (2015b) and compared Nevel’s (Nevel (1965)) solution to

demonstrate that the normalised radial crack initiation load decreases rapidly towards
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the solutions of a semi-infinite plate when the floe size L < 4[. In practice, this implies
that for a square finite ice floe with its physical size 4 times bigger than its characteristic
length [, it can be approximated as a semi-infinite ice floe. For our analysis this means
that plates bigger than 4 x [ should show fracture behaviour identical to those of a semi-
inifinte plate as it is stated by Kerr| (1976): “Observations in the field indicate that the
failure mechanism of a semi-infinite plate subjected to a force P at the free edge proceeds
as follows: First a radial crack forms, which starts under the load and propagates normal
to the free boundary. This is followed by the formation of a circumferential crack that
causes final failure.” This is clearly shown in Figure [5.32] Furthermore, for a small
size ice floe, in addition to the energy needed to arouse sufficient flexural deformation,
another type of deformation (e.g., rigid body rotation) is also present because of the
free boundaries. This behaviour can be clearly seen in Figure [5.33] where there is no

crack propagation and instead only plate rotation is present.

5.5.3 3D Bond Based Peridynamic Model with Rigid Body Impact
Load

The main idea behind this model is to represent idealised real life ice structure
interaction where the rigid conical body is interacting with a deformable ice plate.
Furthermore, we’ve wanted to test our peridynamic code on very large models in order
to see the effects of parallelization on the computational time. The ice plate is based
on a 3D bond based peridynamic model for isotropic material. The model is solved
by using explicit peridynamic solution. Model parameters for ice, plate and conical
body are shown in Table Lubbad and Lgset| (2011)). The distance between material
points is Az = 0.11 m, time step size is dt = 3.21*10~% s and number of time steps is n
= 100000. Buoyancy is represented by a rudimentary body load that is calculated by
using Archimedes’ law (calculated at the initial time step) and the plate is constrained
in z and y directions at the left and right edges.

As this is a large model with 629265 material points and 47155770 bonds, we had
to use a parallel implementation of our peridynamic code which yields a total run time

of 11 h 54 m or 0.42 s per time step. Comparing to sequential code, we obtained a
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1 02 03

Figure 5.32: Ice failure for n = 4,5,6,7, and 9

total time reduction of a factor of 5. Note that there is no initial damage in the model.

Expected fracture behaviour is given in the experimental study by |[Lubbad and Lgset
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Figure 5.34: 3D Model

(2011) (see Figure |5.35)).

Figure 5.35: Ice fracture behaviour

As shown in Figures [5.36] - [5.38] our model is able to capture the behaviour of
semi-infinite ice plate, observed by (1976) and [Lubbad and Lgset| (2011)). This
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Table 5.6: Problem setup parameters

Problem parameters

Ice thickness 0.33 m
Ice width 50 m
Cone waterline width 6.8 m
Cone angle 61.4°
Cone height 4.54 m

Cone height above water 1.7 m
Interaction speed 1.202 m/s
Young’s modulus of ice 0.35 GPa
Fracture energy 15 J/m?

behaviour can be described as: first a radial crack starts to propagate which is followed

by a circumferential crack that will then lead to complete loss of bearing capacity.

Figure 5.36: Ice fracture at time step of 30000
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Figure 5.38: Ice fracture at time step of 40000

5.5.4 Conclusion

In this study, peridynamic analysis of the out-of-plane failure of ice is presented
with two different models. First model is a 2D model using peridynamic Mindlin plate
formulation with water environment represented by Winkler foundation. Second model
is a 3D model using peridynamic bond based formulation with water environment rep-
resented by a rudimentary body load calculated by Archimedes’ law at initial time step.
Both models provide promising results by capturing experimentally observed phenom-
ena where ice under out of plane loading fails by circumferential crack propagating from
a radial crack. Furthermore, the distinction between finite and semi-infinite floe sizes

are classified by the following definitions:

e finite size ice floes are broken by radial crack initiation and propagation
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e asemi-infinite ice floe is broken by sequentially forming radial and circumfer-ential

cracks

was successfully captured, showing that peridynamic definition of Mindlin plate to-

gether with Winkler foundation representation is good enough for future investigations.

5.6 Ice-structure Interaction Applied to the Lighthouse

Example

5.6.1 Introduction

Floating ice sheets interacting with rigid vertical structures such as oil platforms
represent a significant problem when designing arctic offshore structures. These struc-
tures regularly experience high ice loads for prolonged periods of time since ice sheets
fail by crushing.

Currently estimation of ice loads on vertical structures is still done by utilizing
empirical methods derived from case studies in model-scale or by measuring full-scale ice
loading events. As with all estimation methods there is some doubt as to how applicable
are those methods when we have varying boundary conditions, ice properties, ice sheet
thickness or drift speed. This means that even today, most reliable way of testing a new
design is to do a model-scale test to verify the exerted ice loads to structures and that
is a time consuming task. This lead to the need for the development of novel numerical
methods which could estimate ice loads on structures independent from the boundary
conditions, ice properties, ice thickness etc. (Bjerkas et al.| (2009)).

One of the biggest issues with numerical ice models is that prevailing mode of ice
failure when ice sheet is interacting with a rigid vertical structure is fracture failures.
Fracture occurs not only in the contact zone where the prevailing mechanism is crush-
ing but also globally as spalling, buckling, radial and circumferential cracking (Timco
(1987)). It can be observed that crack development and propagation has a large influ-
ence on the exerted ice forces, which is usually seen as ice load peaks of short duration.

In order to develop model a real life ice-structure interaction model the Norstroms-
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Figure 5.39: Norstrémsgrund lighthouse (]Bjerkas et al.l (]2009[))

grund lighthouse example was used, which is extensively discussed in the literature. In
this study peridynamic method is applied in order to calculate ice forces on vertical
structures. It will be shown that by using peridynamics as an alternative method, it
is possible to produce reliable results alongside a qualitatively comparable crack pat-
terns. There are numerous measured events on the Norstromsgrund lighthouse trough
the Measurements on Structures in Ice project STRICE (2001-2003). Only a single
ice event was considered, which will serve as a basis for comparison to the numerical
method presented in this study. Obtained results show that peridynamic formulation

is able to capture many of the qualitative observations and also shows comparable ice

loads on the lighthouse captured by the real-life measurements (Bjerkas et al.| (2009)).

5.6.2 Problem Description

Ice-structure interaction is an important problem when dealing with structures de-
signed for arctic environment that is especially evident for rigid vertical structures such
as arctic offshore structures.

For the last several decades the lighthouse Norstrémsgrund (Figure , located
in the subarctic Gulf of Bothnia, has served for a full-scale ice load experiment. For

this study data from the project STRICE (2001-2003) was used, obtained from
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Figure 5.40: Lighthouse Norstrmsgrund full-scale measurement set-up (Bjerkas et al.
(2009), Bjerkas) (2006)))

(2009). Figure shows an overview of the experimental setup at Norstrmsgrund

during the STRICE project. The structure is made of reinforced concrete where the
waterline diameter of the basic structure is 7.2 m. The lighthouse had ice load panels
in the waterline, covering 167° of the perimeter from North towards East, where panels
had an area of 1.5 x 1.2 m. Load panel heading towards East was segmented into a

matrix of eight sub-segments. Sampling frequency was from 1 Hz to 100 Hz, where

frequency was varied dependent on the panel coverage (Bjerkas et al|(2009)).

Event from the morning of March 30" 2003 was selected for peridynamic analyses.
The data can be found in Table 1. In this paper the effects of material nonlinearities
and friction between ice/structure and ice/water are not taken into account as this
requires further development of our current numerical model. The ice is treated as a
granular isotropic ice. The effects of loading rate and strain rate on the deformation

characteristics for this kind of ice have shown that for unconfined tests under high

strain rates (¢ > 1073 s7!) ice behaves in a brittle manner (Ralston (1978).
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Table 5.7: Event from the morning of March 30" 2003 (Bjerkas et al. (2009))

Values
Start 08:46:30
Stop 08:48:00
Ice thickness 0.69 m
Drift speed 0.15 m/s
Drift direction (from) East
Air temperature —7.8°C
Max acceleration 0.29 m/s?

Mean inclination 22 m abs 515 urad
Ice condition Level ice

Ice load sampling 30 Hz

5.6.3 2D Bond Based Peridynamic Model of the Ice Sheet and the
Lighthouse

5*D

Level ice

5*D

Lighthouse

Figure 5.41: Parametrization of the lighthouse model
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The lighthouse base diameter is D = 7.2 m and ice speed is set to 0.15 m/s. Because
the vibrations aren’t considered, the lighthouse is modelled as a rigid body. Level ice
is a rectangular ice sheet and its length, width and thickness are L = 36 m, W = 36
m and T = 0.69 m, respectively. The edges of the ice sheet, except the one interacting
with the lighthouse, are fixed. The configuration of the numerical setup is shown in
Figure Ice is considered as isotropic and elastic with the following properties
shown in Table

Table 5.8: Material properties for ice

Values
Elastic modulus, F 10 GPa
Mass density, p 910 kg/m3
Poisson’s ratio, v 0.3

Strain energy release rate 144 J/m?

The ice sheet is based on a 2D bond based peridynamic model. The model is
solved by using explicit peridynamic solution. The horizon size is chosen as § = 3Ax.
The distance between material points is Az = 0.23 m, which gives us 24249 material
points. According to the principle of time stability, the size of the time step is At
= 8.0475 x 107° s. The critical stretch is s9 = 1.707 x 10~%. It was presumed that
the lighthouse is immersed into the level ice sheet in order for the lighthouse to have
maximum contact with the ice shelf. Furthermore, ice shelf was fully constrained from
three sides expect for the edge in contact with the lighthouse.

Figure shows the development of the crushing zone and crack development in
the ice sheet. The coloration shows damage where higher number means more damage
(0 - no damage and 1 - total damage). The cracks are seen to start growing from the
ice-structure contact zone, where after reaching a free surface their progress is arrested.

Figure [5.43] shows the integrated surface load on the Norstrmsgrund lighthouse,
hence, these loads are equivalent to the global ice loads to the lighthouse model con-

veyed from the moving ice sheet. As can be seen, the global loads to the structure
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Figure 5.42: Lighthouse Norstromsgrund full-scale measurement set-up (Bjerkas et al.
(2009), Bjerkas| (2006)))

gradually (establishing the contact) increase with time. The peak load coincides with
the maximum energy that the ice sheet can sustain. After this point global load is seen
to decrease. Furthermore, by comparing results from Figure with results obtained
by |Bjerkas et al.| (2009) in Figure it can be seen that results from peridynamic
simulation have a relatively good agreement with results from FEM analysis for the

first 8 seconds.

5.6.4 Conclusion

A peridynamic model of the Norstromsgrund lighthouse and an approaching level ice
sheet has been developed. A continuous ice crushing event from the Bjerkas et al.[(2009)
was adopted and simulated by peridynamics. This study reveals a very interesting
aspect of the ice-lighthouse interaction behaviour. First chorusing zone in front of the
lighthouse is developed which is then followed by fracture initiation/propagation in the
level ice sheet. Furthermore, results for horizontal global ice force for the first 8 seconds
of interaction when compared to FEM results obtained by [Bjerkas et al.| (2009) show

relatively good agreement.
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Figure 5.43: Simulated horizontal global ice force on the lighthouse
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Figure 5.44: Simulated horizontal global ice force on the lighthouse compared to
measured loads (Bjerkas et al.| (2009))
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5.7 Family Member Search Algorithms for Peridynamic
Analysis

5.7.1 Introduction

Peridynamic equation of motion is usually solved numerically by using meshless
approaches. Family search process is one of the most time consuming parts of a peri-
dynamic analysis. Especially for problems which require continuous update of family
members inside the horizon of a material point, the time spent to search for family
members becomes crucial. Hence, efficient algorithms are required to reduce the com-
putational time. In this study, various family member search algorithms suitable for
peridynamic simulations are presented including brute-force search, region partitioning
and tree data structures. By considering problem cases for different number of mate-
rial points, computational time between different algorithms is compared and the most

efficient algorithm is determined.

5.7.2 Comparative Performance of Search Algorithms

In order to compare performance between Brute force search algorithm, Region par-
titioning search algorithm, Balanced K-d tree, and Boost R-tree with packing algorithm
several example cases were considered. Multiple cubic 3-Dimensional PD meshes were
created, ranging from 27000 to 8000000 points. Maximum number of family points for
the 3D mesh with a horizon of 3A is 122. The configuration of the machine used for
testing is: Intel(R) Core(TM) i7-4510U @ 2.0GHz, 8GB RAM, MS Windows 10 x64.
In Table timings for family search are presented. Figure[5.45| presents the data from
Table [5.9] except the Brute force search since those times aren’t comparable with the
rest of the algorithms. In Table and Figure times for building the K-d&R
tree structure are shown. Because the Brute force and Region partitioning algorithm
don’t require any specific structure except for an array of points, there was no need to
include them in Table and Figure [5.4

As it can be seen from Table Brute Search is the worst performing algorithm

as it would be expected. This should indicate that the Brute Search algorithm should
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Table 5.9: Family search time comparison

Number of Brute force Region partitioning Balanced Boost R-tree with
PD points  search algorithm search algorithm K-d tree  packing algorithm

27000 8.428s 0.156s 0.339s 0.289s
64000 57.561s 0.328s 0.776s 0.648s
125000 218.537s 0.797s 1.58s 1.353s
216000 641.56s 1.094s 2.763s 2.393s
343000 1544.48s 1.531s 4.382s 3.841s
512000 3211.89s 2.016s 6.581s 6.229s
729000 6266.8s 2.348s 9.692s 8.421s
1000000 11460.5s 4.28s 13.507s 11.364s
8000000 590930.51s 80.4s 112.498s  94.343s
[ [ [ [ [
120 |- —o— Region partitioning search algorithm |
Balanced K-d tree
100 —— Boost R-tree with packing algorithm |/

= 80 |-
[}
2 60f
=

40 -

20 |
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0 27 64 125 216 343 512 729 1000 8000

Number of points (x103)

Figure 5.45: Time comparison for different family search algorithms

only be used when doing initial testing of the PD algorithm on relatively small mesh
and not as a strategy for complex problems. Comparing the rest of the algorithms, it
can be seen that Region partitioning search algorithm performed best. This is further
supported when different horizon sizes are used as it can be seen from Figure[5.46| where
all tree algorithms are tested for two different horizon sizes H = 3A and 6A. Number
of family points for horizon sizes 3A and 6A is 122 and 924, respectively. All of these
benefits come with several caveats. First of all, this algorithm is not scalable. As it can

be seen from Table both R and K-d tree have more or less linear increase of family
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search time between 1,000,000 and 8,000,000 point’s but Region partitioning algorithm
doesn’t. Moreover, Region partitioning algorithm is built to fit a specific purpose,
which is family search of very regular meshes, preferably rectangular or cubic shaped.
Secondly, all of the arrays are either statically allocated or dynamically allocated, but
with a purely defined sizes; for example in Region partitioning algorithm size of the
family members array for a 3-Dimensional configuration and horizon size of 3A is
defined as number of points 150 (max size of family members for one point is 122 for
this specific horizon). Although this can be easily changed, we would still allocate more
memory space than necessary as not all points will have max number of family points
(points close to edges of the mesh). Thirdly, if the horizon size changes or horizon shape
is not a circle/sphere, user would need to thoroughly rewrite the algorithm which is
not easy as the code itself is very complex. This algorithm could be also used for initial
testing of the PD algorithm that would require large but symmetrical meshes where

use of third party libraries is not possible.

100 I j \
90 | —e— Region partitioning search algorithm | |
01 Balanced K-d tree i
-0 —o— Boost R-tree with packing algorithm
w60 2
5} - -
£ 50
= 40 i
30 |- 2
20 |- 2
10 // .
0 | | |
3 4 5 6 7

Horizon n

Figure 5.46: Time comparison for different horizon sizes H = nA for 1000000 points

Comparing Balanced K-d tree to the Boost R-tree with packing algorithm, it is
obvious from the timings that Boost R-tree performs better. R-tree performs better in
building the tree structure and family search (Table and Figure[5.47)). Furthermore,

one of the problems with Balanced K-d tree is relatively high memory consumption
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Table 5.10: Times necessary for building the tree structure

Number of Balanced Boost R-tree with
PD points K-d tree  packing algorithm

27000 0.046s 0.014s
64000 0.095s 0.026s
125000 0.186s 0.049s
216000 0.339s 0.1s

343000 0.54s 0.158s
512000 0.782s 0.225s
729000 1.251s 0.327s
1000000 1.62s 0.411s

8000000 17.252s 4.12s

when building the tree structure, compared to the Boost R-tree. The reason behind
this is the need for constant sorting of points after each split in order to keep the
tree balanced. This makes Boost R-tree more memory friendly for extremely large
meshes. Moreover, with the Boost R-tree, it is easy to change the shape of the horizon
as the user can overload the geometry definition of the bounding box with different
shapes when doing spatial queries. Only possible negative side for the Boost R-tree is
dependence on third party development and maintenance of the necessary libraries. In
conclusion, Boost R-tree seems currently the best option if there is a need for highly

scalable, relatively fast and versatile spatial query algorithm.

5.7.3 Conclusion

In this study, four different family search algorithms were considered including
brute-force search, region partitioning search, balanced K-d tree and boost R-tree with
packing algorithm. By varying the number of material points inside the solution do-
main, computational time spent for family member search was determined. According
to the results, brute-force search is the worst performing algorithm and it should be
used for small number of material points and testing purposes. Although region par-
titioning search algorithm performed very well, it is limited to large and symmetrical
meshes. Finally, it was concluded that Boost R-tree is the best option amongst all four

different algorithms considered in this study.
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Figure 5.47: Time comparison for building the tree structure between Balanced K-d
tree and Boost R-tree with packing algorithm

171



Chapter 6

Conclusion

It can be seen from previous chapters that Peridynamic (PD) theory has consider-
able capabilities when it comes to simulating discontinuities, such as cracks, porosity or
material interfaces. The main advantage of PD is non-classical (non-local) continuum
mechanics formulation, which is very suitable for failure analysis of materials due its
mathematical structure. Cracks can occur naturally in the formulation and there is
no need to impose an external crack growth law. Furthermore, due to its non-local
character, it can capture the phenomenon at multiple scales. Since same type of equa-
tions will be used at different scales, a smooth transition is expected. These inherent
properties of PD made it applicable in almost every field of solid mechanics research.
With this in mind, idea behind this study is to introduce PD into the research field
of ice mechanics coupled with marine structures. The main achievements that can be

drawn for the present study are:

e Peridynamic solver was developed by using object oriented architecture that al-
lows for easy implementation of new features. The main aim behind solver de-
velopment was to enable easier modeling of complex ice-structure interaction

problems.

e Within the PD solver complete geometry and mesh libraries were developed that

enable easy modeling and meshing of complex structures.
e Several state of the art family search algorithms were implemented. Together
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with family search algorithms, parallelization of peridynamic code was done in

order to reduce computational time.

e Furthermore, rigid body impact library was developed with the aim to solve

complex ice-structure interaction problems.

e Mindlin plate resting on Winkler foundation model was developed in order to
simulate ice floe in marine environment. The main advantage of this model is
its ability to simulate ice floe that is vertically loaded which in return represents

realistic model of ice-structure interaction, such as ship colliding with ice sheet.

e Multiple studies were published with an aim to prove that peridynamics is a

viable method for solving impact problems

6.0.1 Future Work

Although VOPDSolver was developed within object orientated architecture with
loose structure in order to enable future development it still needs to be upgraded to
a new version. This is because a lot of new parts were added that weren’t taken into
account in the initial development. With this in mind as a future work VOPDSolver
needs an extensive overhaul from logical and architectural point of view. First thing
that needs to be done is to take main parts of the solver, such as geometry, mesh,
solvers, loading and constraints and create separate standalone libraries. This will
enable even easier future development and maintenance. After this rudimentary user
interface needs to be developed. Furthermore, input routines need to be developed to
enable transfer of models from 37¢ party software, such as Ansys, AutoCad or Abaqus
in order to reuse these models for peridynamic analysis.

Winkler’s idealization represents the fluid or soil medium as a system of identical
but mutually independent, closely spaced, discrete, linearly elastic springs. Due to
this idealization, deformation of foundation due to applied load is confined to loaded
regions only. If such a foundation is subjected to a partially distributed surface load-
ing, the springs will not be affected beyond the loaded region. This means that model

essentially suffers from a complete lack of continuity in the supporting medium. With
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this in mind next step should be to extend the formulation to the Pasternak model
which assumes existence of shear interaction among the spring elements. This can be
accomplished by connecting the ends of the springs to a beam or plate that only under-
goes transverse shear deformation. The continuity in this model is characterized by the
consideration of the shear layer. Next step should be development of PD fluid model
and coupling it with the effects of solid PD model. This can be done as an extension of
the work by Demmie and Silling (2007)), where they were able to successfully capture
gas-solid interaction.Gas-solid interaction could then be extended to the fluid-structure
interaction which would be a great improvement from the current Winkler’s foundation
approximation.

Finally, future efforts should be aimed at introducing physics informed neural net-
work (PINN) into peridynamic framework. Idea behind PINN algorithms is to solve
governing partial differential equations (PDE) by minimize its residual (Anitescu et al.
(2019)). Although current PINN approach avoids “classical” discretization methods
such as FEM or PD as it is using a collocation strategy to discretize the domain it is

still a very interesting area that needs further studies.
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