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Chapter 1

Introduction and Thesis Outline

There are countless developing health problems in the world. One of the most
crucially overlooked is hepatitis C virus (HCV) which directly affects 3% of the
global population (Akhtar et al.| (2022)) and countless more indirectly. In a span
of two decades after discovery, HCV has evolved to become the number one cause
of liver disease globally (Shepard et al. (2005)). One of the prime examples of this
phenomenon is Scotland. As a result of the abundance in resources, there is an
ever-growing population of individuals that inject themselves with drugs. These in-
dividuals significantly increase the rate of infection and spread of the disease. In 2006
approximately 50,000 native Scottish citizens were positive for the HCV virus, with
the largest group of these individuals being former people who inject drugs (PWIDs)
(Hutchinson et al.| (2006a)). Even with these growing numbers, the services aimed
to reduce infection among PWIDs, with a focus on HCV and Human Immunodefi-
ciency Virus (HIV), have been running since the 1980s. Though the services offered
have very good results in the prevention of HIV, they have proven ineffective in
the prevention of HCV. With this in mind, there are some recommendations within
the Hepatitis C Action Plan courtesy of the Scottish Government (Goldberg et al.
(2008)), that aim at improving intervention coverage among PWIDs alongside the
prevention of further HCV infection. However, the dynamics of PWID populations
alongside other factors associated with the prevalence of HCV in this group will be

difficult to study.
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Nevertheless, there are attempts made through the application of mathemat-
ical modelling techniques to recognize the link between the transmission of HCV
and the risky behaviour witnessed among PWIDs. Additionally, these techniques
are stretched further with the aim to comprehend the effect of strategies such as
intervention plans, diagnostic techniques, treatment options and their combinations
associated with the healthcare options linked to HCV (Corson (2011)).

Therefore, this thesis focuses on the analysis and development of mathemati-
cal models that assess and determine the HCV infection rate among PWIDs. These
models are expected to be capable of being used to obtain real-time HCV prevalence
estimates for Glasgow PWIDs. Moreover, we have changed the PWID needle interac-
tion assumptions made by Corson et al. (2012) to allow needles to progress through
different infectious stages and introduce treatment of infected PWIDs. These models
are used to study how varying intervention measures and parameter estimates affect
the spread of HCV in the population. Particularly, interest lies in determining con-
trol strategies and values of possible control parameters that can make eradication
of HCV in Glasgow a reality. An example of this is using the model to ascertain
the number of syringes and needles that can be distributed by the Glasgow and
Clyde Health Board to mitigate the spread of HCV and continue until HCV is fully

eradicated.

1.1 Thesis outline

In Chapter Two, we develop a model for HCV transmission among PWIDs through
the sharing of needles and syringes. Utilizing analytical techniques, we conclude
that the model behaviour is governed by the basic reproduction number Ry, with
Ry = 1 being a critical threshold dividing two different outcomes. It is noted that if
Ry < 1 only the disease-free equilibrium is present whereas if Ry >1 both the unique
endemic equilibrium and disease-free equilibrium are present. The disease-free equi-
librium of this model remains globally stable if Ry < 1 but becomes unstable when
the value increases above one. Following this step, the focus shifts to an approx-

imate model. This approximation model has the same equilibria as those of the
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full model. Also, we showed that if Ry > 1 then the endemic equilibrium is locally
asymptotically stable for our approximate model.

In Chapter Three, there are discussions on the parameter estimates applied in
our simulations followed by presentations on the conclusions of the data discussed.
Most of these parameter estimates are taken from Corson (2011) and Corson et al.
(2012) which he derived from data and literature sources provided by Health Pro-
tection Scotland (HPS). The baseline estimates applied in the numerical simulations
are subsequently introduced. With the use of these baseline parameter estimates
one can determine the progress made in the elimination of HCV in the population.
The ambiguity of the parameters is then examined and its effect on HCV prevalence
as well as the trend taken by the model selected and making comparison with the
results of Corson (2011).

In Chapter Four, we study the development of a mathematical model that splits
the PWID population into two different groups. These groups are distinguished by
their time since start of self-injecting behaviours and the introduction of different
PWID needle interaction assumptions make the model analysis considerably more
complex than previous work. We have also shown that the behaviour of the model is
again controlled by the basic reproduction number Ry. We have seen that if Ry < 1
and the disease is present in the population, in this case the system will tend toward
the globally stable disease free equilibrium where HCV has been eliminated in all
PWIDs and needles. We also prove that if Ry > 1 then there is a unique non-zero
equilibrium as well as the disease-free one. Lastly, we explore the behaviour of this
model numerically.

In Chapter Five, the mathematical model extends further to incorporate the
HCV transmission that is a result of needle sharing in individuals who inject them-
selves with drugs (Corson (2011) and (Corson et al. (2012)). The main discussion
focuses on the heterogeneity effects of this parameter where the drug injecting in-
dividuals are represented as a community of size n. This group is further split into
p groups based on the frequency at which they share injection equipment where
they share m needles in ¢ shooting galleries. The key parameter of the models be-

ing derived is the Basic Reproduction Number symbolized by Ry. After that we
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focus on the numerical simulations applied to determine how heterogeneity affects
different groups within the PWID populations and the shooting galleries they have
established. The aim is to carry out simulations based on realistic parameter values
derived from sources in the literature.

In the last chapter which is Chapter Six, we summarise our thesis, give a gen-
eral conclusion and also recommend some future works.

Note that we have used the literature review of the thesis of Corson (2011) as
a template for our literature review because we have based our model on Corson’s
model so there is similarity in the background literature. Also, we have added many
new references to reflect more recent work that has been done since Corson submit-
ted his thesis. We have also added a new section on HCV treatment because there
have been big advances in treatment since 2011. Also the next generation matrix
was not discussed in Corson’s thesis. Moreover, we have discussed the epidemic
model, local and global asymptotic stability of rest points of systems of ODEs. We
have mentioned the bifurcation, persistence, Quasi-steady-state-approximation and
fixed point theorem. We also added a subsection on a technical way for computing
Ry. We also discuss in detail the work of Corson and co-workers, heterogeneity

models and the work of Greenhalgh and Al-Fwzan, different to Corson’s thesis.

1.2 Hepatitis C virus

HCV is one of the diseases that affect millions of people globally and it is a blood-
borne pathogen. It is a major worldwide health issue that requires extensive active
interventions to control and stop it (WHO| (2022)). Information about the world-
wide distribution must be specified based on international research. HCV, a blood
borne virus, is commonly transmitted by various practices used in people who in-
ject drugs (PWIDs), such as sharing needles by PWIDs who ignored sterilising of
needles.

HCV is a virus which is a single stranded RNA virus, which flows through
the blood, leading to infection of the liver cells. It was discovered in 1989 and it

is believed that it currently affects 58 million people throughout the world (WHO!
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(2022)). Acute and chronic infections can result from HCV. The former occurs in
the first six months after the patient has been affected, in which spontaneous viral
clearance can develop (Hoofnagle (2002)) and Kamal (2008)). Symptoms which are
displayed include fatigue and jaundice (Muzzi et al.| (2005)). On the other hand, if
HCV RNA is detected after this initial period, it is referred to as chronic HCV in-
fection. Chronic HCV is more prominent as the majority of cases are asymptomatic
and between 50% and 80% of those affected develop chronic HCV which puts them
at the risk of liver disease in later years. Between 4% and 12% will develop cirrhosis
within 20 years. Hepatocellular carcinoma, a form of cancer of the liver, will develop
in up to 7% of those affected by cirrhosis and decompensated cirrhosis, liver failure,
will occur in 6% of cases (Corson (2011)).

Distinct but related viral strains result as the HCV genome is mutable. One
mutation per genome per replication cycle is generated. Six genotypes and a further
six subtypes have been identified (Blackard et al.| (2008)). No vaccine is available
which can protect individuals against infection as the viral replication cycle creates

about ten trillion new virus particles every day (Li et al.| (2015)).

1.2.1 Treatment of HCV infection

Treatment by drugs is not recommended in the early stages of HCV which is known
as acute hepatitis C virus infection (NHS| (2020)). Martin et al. (2011)) consider a
model in which up to 6% of continuing PWIDs were treated annually. This is in line
with observed treatment rates in the UK up to 2015 where at most 3% of PWIDs
were treated annually (Martin et al. (2015))).

There are fewer treatments for those who have acute HCV. The main reason for
this is that those with acute HCV tend to be asymptomatic, meaning the infection is
difficult to diagnose. Moreover, there is the likelihood that acute HCV infection can
clear spontaneously which means that treatment would not be required but could
also be harmful in such instances (Corson (2011)).

Antiviral drugs are a means of treating those patients who are chronically ill.
The most common drugs in use are Interferon (IFN) or a combination of Interferon

and Ribavirin (Rihan et al. (2017))). These should be taken over a period of between
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24 and 48 weeks. Both Pegylated and Non-Pegylated Interferon can be used, the
half life of the former is longer than that of the latter, as well as having a slower rate
of clearance (di Bisceglie and Hoofnagle (2002)). Pegylated Interferon-Ribavirin is
the recommended treatment, however, it has to be taken into consideration that it
is not 100% effective and there are a number of possible side effects. Treatment
is considered as having success when patients have a sustained virological response
(SVR) which means that there is no trace of HCV RNA in serum 24 weeks after the
treatment has been completed (Corson (2011)).

However treatments for HCV have improved dramatically in recent years mov-
ing from relatively expensive and ineffective interferon based treatments to much
more effective and cheaper Directly Acting Antiviral (DAA) treatments (Rihan et al.
(2017)). DAAs are effective on a number of targets in the HCV virus. There are
drugs that are only effective when they are combined with others, but not when
they are used individually. The combination of DA As drugs is always prescribed for
between 12 and 24 weeks, and it is administered orally, specifically once or twice
a day. Patients are not injected with the combination of DAAs drugs. There are
cases where patients are only required to use one tablet because of the effectiveness
of the drug (Mushtaq et al.| (2020])).

So recently there has been a huge increase in the number of PWIDs being
treated (Harris et al.| (2019) and Traeger et al.). Traeger et al. (2020) state that in
Australia DAAs have moved from a cumulative total of less than 1% of RNA tested
PWIDs receiving treatment to a cumulative total of around 45% of RNA tested
PWIDs (note that this is RNA tested PWIDs not all PWIDs). Moreover World
Health Organization forward targets are even more ambitious with 80% of PWIDs
to receive treatment by 2030 (WHO| (2020)). According to the European guideline,
DAAs should mainly be used to treat patients who have severe liver diseases, par-
ticularly with regard to the previous recommendations.

Needle and syringe programmes (NSPs) reduce the sharing of syringes and nee-
dles infected with HCV, while opioid substitution therapy (OST) reduces the fre-
quency of injections thereby reducing the risk of sharing infected needles or syringes.

When combined, these two techniques alongside actual treatment have shown signif-
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icant reduction of HCV infection in the locations implemented (Martin et al. (2011)
and Tod and Hirst (2014)). A larger study conducted by Turner et al. (2011), across
six sites in the UK which analysed the impact of NSPs and OSTs identified that
PWIDs who received OST were 64% less likely to be affected by HCV. Moreover,
when there were high levels of both NSPs and OST the possibility of being affected
by HCV fell by 80%, which identifies the benefits of combining both OST and NSP
to reduce the transmission of HCV in the PWID population (Al-Fwzan (2015)).

1.2.2 Transmission

This section analyses the different ways in which HCV can be transmitted and

identifies the risk of each.

Blood transfusion

In the United States, HCV is transmitted commonly through blood-borne infection
and the studies show that during 2013-2016 there were 2.4 million people who were
living with HCV (Schillie et al. (2020)). However, since the early 1990s blood
products in developed countries have been screened to identify HCV antibodies. This
has led to a significant reduction in the risk of HCV being transmitted (Donahue
et al.[(1992)). As a result, by 2004 the chance of being affected by HCV after a blood
transfusion was thought to be 1 in 2,000,000 (Goldberg and Anderson| (2004)). This
is in stark contrast to those countries where screening does not take place, where

the risk of HCV infection from transfusion is still high (Corson (2011)).

From mothers to children

In children with HCV virus it is not obviously the reason of liver diseases before
adulthood (Leung et al.| (2020)). Moreover much has been written about HCV being
transmitted from mothers to children during pregnancy, however it is not common.
It is believed that transmission can occur in utero but the chance of transmission is
not clear (WHO, (2010)). It has been calculated that the risk of a child born to a
mother infected by HCV, also being affected is between 3% and 7% (Goldberg and
Anderson| (2004))). On the other hand, there is a significant increase of children being
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affected by HCV when the mother is co-infected with HIV. Indeed, it is considered
that the risk increases to between 5% and 36% (Corson (2011)).

Sexual activity

Another risk of being affected with HCV has been identified as unprotected sex with
a partner who has been infected or with multiple partners (Thitipatarakorn et al.
(2022)). Therefore, HCV can also be spread via sex (WHO| (2022))). It is, however,
not considered to be one of the main sources of HCV transmission. In the USA it
has been identified that sexual activity accounts for between 15% and 20% of acute
HCV cases which have been reported (Corson (2011)). Various factors have been
considered as adding to the risk, including whether the male affects the female or
vice versa. Moreover, the risk is considered to be greater when one of the partners
has detectable HCV RNA. In a study conducted in Egypt in 2005, it was found that
the possibility of a female being infected by a male is 3% when there is detectable
HCV RNA (95% CI 0-13%) whereas this was reduced to 0% when there was no
detectable HCV RNA (95% CI 0-9%).

Needle contamination

To reduce HCV infections we need to focus on the sharing of infectious needles
(Villano et al. (1997))). Being infected by needles is a risk that health care workers
take. The risk of being infected by HCV is considered to be between 0% and 10%
(Sulkowski et al. (2002)). On the other hand the risk from a single needle stick
injury is estimated at 0.25% (Corson (2011)). There are several factors which can
contribute to individuals being infected by needles, including how much and the
nature of the tissue affected, the extent of RNA in the source, the kind of needle
used, as well as the nature and application of policies adopted to limit the occurrence

of occupational infections (Kamal, 2008).

Body piercing practices

Needles are also used in body piercing and tattoo practices, therefore there is a risk

of HCV infection, although there is a lack of data on the extent of cases. The risk of
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HCYV infection is greater in unlicensed and unregulated locations, such as prisons,
where unsterilized equipment is used. A meta-analysis of studies, conducted by
Vescio et al.| (2008) which examined the incidence and causes of HCV in prisons, to
identify the risk factors and assess HCV seroprevalence in the prison environment,
identified from 30 studies that tattooing contributes to the incidence of HCV. It was
assessed that prisoners who are tattooed are at a risk of HCV which is three times

greater than those who are not.

People who inject drugs

Transmission amongst PWIDs is a strong reason for increasing transmission of HCV
(Scott et al.|(2018)). In developed countries which have effective screening of blood
products, the main cause of transmission of HCV is injecting drugs, using needles
and syringes which have been shared (Bialek and Terrault (2006)). A report into
HCYV incidence in Scotland identified that drug use is the main risk factor in the
transmission of HCV in Scotland, which is replicated in other developed countries
(McDonald et al.| (2012)). Indeed, it is even higher in England where it has accounted
for 92.5% of cases. In Australia the figure is 80% and in USA 60% (Dore et al.| (2003])
and |Alter (1999)).

PWIDs are at greater risk of being infected by HCV than HIV that because of
environmental and viral factors (Hagan and des Jarlais (2000)). The probability of
being infected by HCV is between 1.5% and 5% when an infected needle is used,
whereas in the same conditions, the risk of being infected with HIV is between
0.34% and 2% (Vickerman et al.| (2009) and Grebely and Dore| (2011)). When
it is considered that it is estimated that there are more than 13 million PWIDs
throughout the world, it can be identified that there is a substantial future health

and economic burden of HCV.

1.2.3 Worldwide prevalence of HCV among PWIDs

In this section, we show the prevalence of HCV among PWIDs globally to see how
this disease is dangerous and try to explain some mathematical models relating

to transmission of HCV through PWIDs. As well as in the next section and for
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the same reason, we will give some information about transmission of HIV among
PWIDs globally and then move on to explain some mathematical models relating
to transmission of HIV among PWIDs.

HCV antibodies detected by enzyme-linked immunosorbent assays (ELISA) in
saliva or serum indicates the prevalence of HCV in a literature review to analyse the
global prevalence of HCV amongst PWIDs (Aceijas and Rhodes| (2007))). Data from
57 countries were examined. A similar study by Nelson et al.| (2011) also examined
peer-reviewed databases and online resources to determine worldwide prevalence
of HCV and hepatitis B virus (HBV) amongst PWIDs. This retrieved data from
77 countries. Furthermore, differences in study design may lead to variances in
characteristics of sample populations and their characteristics. Therefore, estimates

of the prevalence of HCV may not necessarily reflect the true figures (Corson (2011)).

Africa

HCV is increasingly becoming common among people who inject drugs (PWIDs)
(Sambai et al.| (2022)). Studies have shown that there are many different causes
for transmission of HCV through PWIDs in Africa. One of the most important
causes was when the patients were injected by the same needle for a long time and
this needle was used by other patients. Additionally, poor sterilization techniques
increase the likelihood of transmission. delete sentence
In 2008, the highest amount of HCV prevalence in the world was in Egypt (El-
ghitany| (2019)). Additionally more recently, it has been estimated that the number
of chronically infected PWIDs in Egypt is 32,997 (Mahmud et al.| (2020)). Other
African countries with a high risk of prevalence of HCV are Cameroon and Burundi.

Kenya, South Africa, and Zambia are the African countries with the lowest level of

HCV infections.
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Source: Gower ef a/. Global epidemiology and genotype distribution of the hepatitis C virus infection. J Hepatol. 2014 Nov; 61(1 Suppl): 545-57. DOI:
10.1016/j.jhep.2014.07.027. Epub 2014 Jul 30

Hepatitis C prevalence (percent of population)

Figure 1.1: Global distribution and prevalence of HCV. (Adapted from |Jefferies

. Original sourece Gower et a1.| q2014|).)

Moreover, HCV is still under-diagnosed and underreported in Africa except

in Egypt. Moreover, in Africa the data on HCV has in the past been outdated

(Karoney and Siika (2013))). The prevalence of HCV in Africa is estimated to range

between 0.1 and 17.5, additionally that there is no clear or accurate information

about HCV infection in the continent (Karoney and Siika (2013)). Hence, there is

a need to further explore HCV in Africa.

Middle East

The Middle East and North Africa (MENA) is the region that is leading in HCV

infections across the world as it accounts for about 20% of the total number of

patients who suffer from the condition globally (Mahmud et al.|(2020)). A significant

number of people in the MENA are vulnerable to HCV because it is not only the
epicentre of PWIDs but it also leads in drug production.

It is estimated that the numbers of PWIDs in Syria and Lebanon are less than
10,000. In these countries estimates of prevalence of HCV range from 5% to 60.5%.
These estimates are based on studies of about 50 PWIDs (Salem et al| (2003)). The
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prevalence of HCV among PWIDs has been estimated with highest rate in Israel,
67%, and the lowest is in Turkey, 28%, Nelson et al.| (2011)).

Eastern Europe and Central Asia

The highest number of prevalence of HCV is in Eastern Europe and Central Asia by
more than 600,000 diagnoses (Pala and Remien|(2021)). In both reviews it was found
that the prevalence of HCV amongst PWIDs was above 50% in all countries except
Hungary and Slovenia. The largest number of PWIDs was found in Russia where
it was estimated that the number of PWIDs was between 1,500,000 and 6,000,000.
Furthermore, the prevalence of HCVs in the PWID community in Russia was 96%
(Nelson et al.| (2011)) and HCV was most prevalent in the larger cities.

East Asia and South-East Asia

There were diverse estimates of HCV prevalence in this region, ranging from 33.5%
t0 99.3%. This diversity of estimates was most noticeable in China (Corson (2011)).
HCV prevalence was estimated to be highest in Northern Thailand which had almost
50,000 PWIDs, with the highest numbers being found in Bangkok. In countries
which had higher numbers of PWIDs it is estimated that HCV prevalence could be
beyond 90%. In India, it is estimated that the PWID population is about 1,163,000,
HCV prevalence was believed to be 92% (Aceijas and Rhodes| (2007))). Furthermore,
China has the highest number of people who inject drugs at 1,928,000. Japan, Hong
Kong and Taiwan record a high rate of HCV prevalence of more than 50% (Nelson
et al.| (2011))).

Latin America and the Caribbean.

The estimates of HCV prevalence in Brazil varied between 39.5% and 69.7%. How-
ever, in the largest city, Sao Paolo, it was believed that as many as 84% of the PWID
population had HCV (Segurado et al.| (2004)). In this region, the lowest prevalence
of HCV was considered to be in Columbia, where the estimate of HCV in one area of
the country was 1.7%. Information from Mexico suggests that in those areas where

data was available, HCV prevalence was as high as 100% (Corson (2011)).
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North America and Western Europe

The USA, including a number of advanced countries, always has a low prevalence of
chronic hepatitis C, even though this varies based on age and transmission factors
(Jafri and Gordon| (2018)). It is estimated that nearly 7 million people in the USA
are suffering from HCV, which is equivalent to about 1.8% for the country’s total
population. Thus, the estimated prevalence rate in the USA is 1,800 per 100,000
persons. Based on recent estimates, the prevalence rate in the USA is 0.9%, which
is similar to 2,936,000 people. In the USA, people who were born between 1945
and 1965 account for the majority of individuals with chronic HCV, a trend that is
linked to a high rate of previous PWIDs in the age group.

Western European countries have a lower prevalence rate than the USA, even
though they have witnessed some increase in the infection, which is associated with
immigrants from nations where HCV is becoming endemic. However, Southern and

Eastern Europe have a higher prevalence compared to the USA, mainly because of

iatrogenic spread and PWIDs (Jafri and Gordon| (2018))).

Australia and New Zealand

In New Zealand, the prevalence of HCV is unknown, but it is similar to that of
Australia (Aluzaite et al.| (2020)). Hence, estimates of HCV prevalence amongst
the PWID population in Australia, taken from studies conducted between 1990 and
1995, varied from between 40% and 68% (Aceijas and Rhodes| (2007) and Nelson
et al. (2011)). |Aitken et al.| (2008) who conducted a study of 374 PWIDs in Mel-
bourne between 2005 and 2007 found that HCV prevalence of those participants
who contributed two blood samples was 71% (Corson (2011)).

1.2.4 Prevalence of HCV amongst PWIDs in Glasgow

Between 1990 and 1996 the prevalence of HCV amongst PWIDs in Glasgow fell
from 79% in the former to 66% in the latter (Taylor et al. (2000))). However, this

reduction was not observed in the subsequent years (NESI (2010) and Hutchinson

et al.| (2006b)). A study by the Needle Exchange Surveillance Initiative (NESI)
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conducted between 2008 and 2009 of 2,513 PWIDs in Scotland found that HCV
was most prevalent in Glasgow which accounts for an estimated 37% of PWIDs in
Scotland (Hay et al. (2009)). The NESI study showed that the prevalence of HCV
amongst Scottish PWIDs was 70%, 95% CI 67-73% (Corson (2011)).

1.3 HIV and AIDS

As we have concluded in our introduction regarding HCV, we will now provide some
information about HIV and AIDS, especially its transmission and worldwide preva-
lence. The reason for introducing HIV and AIDS is because our mathematical model
is based on previous studies that deal with the spread of HIV and AIDS through
PWIDs. As a result, it is necessary to provide some information about HIV and
AIDS in this section.

AIDS is currently one of the diseases that affect millions of people globally.
AIDS is caused by the human immunodeficiency virus (HIV). There is a contro-
versial debate about the origin and history of the HIV/AIDS pandemic. However,
the history of HIV/AIDS can be traced back to the mid-1970s, even though the
disease was unknown until the early 1980s when scientists started rigorous research
to determine its cause and transmission.

AIDS was discovered in 1981 when gay men were diagnosed with Lymphadenopa-
thy and unknown infection. Gay men in Los Angeles started showing a rare case
of lung infections in 1981, even though they were previously healthy (Mor and Dan
(2012)). Similar cases were reported among gay young men in New York and Cali-
fornia who suffered from severe immune deficiency. Consequently, there was a global
race to identify this strange disease. In 1983, Dr. Luc Montagnier of the Pasteur In-
stitute in Paris identified a suspect virus, which was named LAV (Lymphadenopathy
Associated Virus). He published his results in May 1983, giving the first definition
of HIV.

At the same time, there was another scientific group led by Dr. Anthony Gallo
of the National Cancer Institute in Washington that identified the causes of AIDS

(Passi| (2008)). Specifically, the National Institute of Cancer announced in April
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1984 that they had discovered the cause of AIDS. A lot of studies have been done
by various organizations since then to explore the disease. The biggest danger of
the AIDS virus was that it affected the immune system and once infected with the
virus a person will remain ill forever. Moreover, the associated symptoms vary over

the life of the infection.

1.3.1 Transmission

HIV is transmitted differently in various countries. However, there are two main
types of countries that show different ways in which HIV is transmitted from one
person to another. Type I includes North America and Western Europe while type
IT incorporates Sub-Saharan Africa countries. In North America and Western Eu-
rope, HIV is spread mostly through homosexual men and PWIDs. In the USA for
instance, it is estimated that nearly 50% of people with HIV are men who have sex
with men (MSM) (Moore| (2011)). Specifically, it is estimated MSM account for
about 64% of people with HIV in North America (Moore (2011)). On the other
hand, in North America, less than 28% of people with the disease have heterosexual
orientation (Moore| (2011))).

Therefore, HIV in North America is mainly transmitted through homosexual
practices. Likewise, in Western Europe, MSM and PWIDs account for a significant
majority of people with HIV/AIDS. Even though cases of HIV infections are re-
ducing in many countries in Western Europe, countries like Germany, the United
Kingdom (UK), and Belgium are experiencing a surge in infections due to the in-
creasing number of MSM (Nakagawa et al| (2014)). Hence, homosexuality is the
main cause of HIV infection in North America and Western Europe.

On the other hand, in Sub-Saharan Africa, HIV infections spread through het-
erosexual intercourse (Hay| (1999))). Heterosexual sex is the main mode of transmit-
ting HIV in Sub-Saharan countries in Africa. Consequently, unlike North America
and Western Europe where HIV mainly affects men, in Sub-Saharan Africa, the
majority of people who suffer from HIV/AIDS are women. Women in the region
account for nearly 58% of HIV infections (Kharsany and Karim| (2016])). There-

fore, HIV is mainly transmitted through sexual contacts such as homosexual and
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heterosexual activities.

Homosexual transmission

The cases of AIDs were discovered in North America in homosexuals (Robertson
(2005)). After that, the community of homosexuals was reacting to this new disease
in a different way. As a result, groups of scientists started to study this new unknown
disease by using prediction models that are based on many parameters (McKusick
et al.| (1985a)) and McKusick et al.| (1985b))). In Scotland, there are high-risk sexual
behaviours in homosexual men. HIV infections increased between 1996 and 2002
due to treatment optimism, especially based on the findings of various researchers
(Hart and Williamson, (2005))).

The nature of homosexual activities, including the behaviours and attitudes of
gay people, is increasing the prevalence of HIV/AIDS in many developed countries,
especially North America and Western Europe. MSM, for instance, have liberal
attitudes towards sexual intercourse, which leads to both instantaneous and spon-
taneous behaviour that increases the risks of HIV infection (Mor and Dan| (2012)).
In addition, age-mixing is a common practice in gay sexual relationships, increasing
the risk of exposure to HIV infections. Besides, homosexuality is increasingly being
accepted in many developed countries like the USA, leading to increased tolerance
and acceptance of the gay community. Gay people also have a high number of sexual
partners, resulting in an increased prevalence of infection (Mor and Dan| (2012)).
Therefore, homosexuality is increasingly becoming one of the major factors that are

contributing to HIV infections in North America and Western Europe.

Heterosexual transmission

Despite Europe and North America having a large number of cases of AIDS due to
homosexual transmission, there are other parts of the world such as sub-Saharan
Africa and the Caribbean whose transmissions are mainly through heterosexual
intercourse. There are many different studies that conclude that HIV is transmitted
less through heterosexual partners and these studies indicate the range of infection

between 7% and 68% percent (Fischl et al.| (1987)). In the Caribbean, for instance,
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it is estimated that heterosexual transmissions account for between 60% and 80% of
HIV infections while homosexual transmission only contributes close to 10% of total
transmission in the country (Pape (2011)). The same trend is witnessed in many
African countries. Thus, HIV transmission in some regions like Sub-Saharan Africa

and the Caribbean mainly occurs through heterosexual transmission.

Needle Sharing

In many different parts of the world such as Edinburgh in the UK, New Jersey and
Connecticut in the USA, Thailand and Italy, the large number of AIDS cases is
because of drug injection (Des Jarlais et al. (1992))). There is no obvious reason for
why addicts share needles, but it is possible that lack of access to sterilised needles
is the main cause. The use of drugs is not acceptable from a community viewpoint
for many reasons such as the links to crime. Moreover, the environment makes it
possible for addicts to inject and share needles without cleaning and replacing them.

Consequently, many PWIDs are suffering from AIDS. The recent statistics re-
veal that between 0.9 million and 4.8 million PWIDs have been infected with HIV
globally (Des Jarlais et al.| (2016))). Needle sharing is believed to be the most effi-
cient mode of transmitting HIV, resulting in the increasing cases of infections among

PWIDs across the globe.

1.3.2 Worldwide prevalence of HIV/AIDS

Because we have based our model, in the next chapter, on the previous works which
described the spread of HCV and HIV among PWIDs then as the previous section
described the spread of HCV, we now move on to outline the spread of HIV/AIDS
in some parts of the world. We start with the epidemics in Africa and end with

Europe.

Africa

Heterosexual contacts and mother-to-child transmission account for the majority of
cases of HIV infections in Africa. There were 2 million African deaths by AIDS in

1998. Also, there were more than 21.5 million adults and 1 million children with
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HIV in the same year. As a result, because of the surge in infections and this risk,
the United Nations (UN) set the targets of reducing the spread of HIV by 2015
(Kim and Watts| (2005])). Based on the 2013 report, about 1.5 million Africans are
suffering from HIV infection, indicating a significant reduction since 2005 (Kharsany
and Karim| (2016)). HIV infections in the continent have declined by about 33%,
particularly between 2005 and 2013 (Kharsany and Karim| (2016])). Nonetheless,
the rate of HIV infection in the continent is still higher than in many regions in the

world.

Asia

Because the majority of the world population is based in Asia, the level of risk of
spread HIV/AIDS in the continent is higher than other parts of the world. For
example, India has a population of over 1 billion, and half of them are in the age
group of 15-49. Asia is increasingly becoming the epicentre of HIV infections due
to its large and growing populations. According to the statistics that were released
in 2007, nearly 4.9 million Asians were infected with HIV/AIDS (Rodrigo and Ra-
japakse (2009)).

Although there are many different countries in Asia which have a low rate of
HIV infections, some Asian countries like Pakistan and Nepal have experienced a
significant increase in infections. Some of the main factors that are facilitating the
spread of HIV/AIDS in Asian include a surge in the number of PWIDS, poverty,
and social taboos (Rodrigo and Rajapakse (2009)). Asia is likely to experience a

surge in HIV infections due to its large population.

The Caribbean and Latin America

HIV/AIDS in the Caribbean and Latin America is mainly transmitted through ho-
mosexual contact and intravenous drug use. Over 2 million people are estimated to
be living with HIV in the Caribbean and Latin America (Avert| (2019)).

HIV/AIDS, therefore, is the leading cause of death in many parts of the Caribbean
such as Jamaica and Guyana. In Latin America and the Caribbean, women are

more vulnerable to HIV infections than their male counterparts (Sutherland| (2014)).
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Poverty is one of the main factors that are contributing to the high prevalence of
HIV infections in the two regions as it leads to unhealthy behaviours such as pros-
titution. HIV/AIDS is still a major health challenge in the Caribbean and Latin

America.

Western Europe and North America

In 2005 alone, nearly 65,000 people became infected with HIV, making the number
of people living with HIV/AIDS in North America and Western Europe to increase
to 2 million. The number of people in Western Europe and North America of cases
in either homosexual males or drug users is higher than heterosexual contacts. MSM
and PWIDs are abundant in many countries in Western Europe and North America,

explaining why HIV infections continue to increase in the two regions.

We are now going to introduce the basic reproduction number and simple epi-
demic models then some of the mathematical machinery necessary to analyse these
models, in particular local and global stability of rest points of ODEs, bifurcation,
persistence and Quasi-steady-state-approximation. We need to introduce the ba-
sic reproduction number and the simple epidemic models to illustrate some of the

concepts needed.

1.4 The basic reproduction number

The modelling of infectious diseases is dependent on critical factors, including the
basic reproduction number, Ry, which helps to identify the potential of a disease to
persist within a population. It can also help to determine whether the disease can
be eliminated. The basic reproduction number is the average number of secondary
cases generated by a single susceptible individual entering a completely susceptible

population at equilibrium (Vynnycky and White (2010)).



1.4. The basic reproduction number 20

How a virus with a reproduction number (RO) of

2 spreads i
'i
i
® LAnd they I'
= — each infect
two people '
o i
e:—j- i'
.And they i
— each infect
two people #
Dat[emt O H .
infects two m
people [ #
o -And they
e _— each infect
two people f
[ i
i'
i

Figure 1.2: How a virus spreads when the basic reproductive number Ry = 2.

(Adapted from |Eisenberg| (I2020a|). Original figure in |Eisenberg| (I2020b|).)

In Figure which outlines the effects of an infectious disease when Ry = 2
through different time periods, it can be seen that the number of those infected
doubles in each time period. This signifies that there is an epidemic which continues
to grow until the process abates due to the decreasing number of individuals who

are susceptible to the disease.
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Infection Ry estimate
Measles 12-18
Mumps 7-14
Malaria 5-100
Influenza 2-4
Smallpox 5-7
Diphtheria 6-7

Table 1.1: Basic reproduction numbers for various well known infectious diseases

(taken from (Corson (2011)).

From Table above it can be seen that the reproduction number differs in
different diseases. Factors which contribute to the spread of the disease include those
which relate to the population in question at the time period, including healthcare
available, preventive measures available and level of hygiene. Table provides
the basic reproduction number for various infectious diseases (Vynnycky and White
(2010)).

The basic reproduction (or reproductive) number represented by the symbol
Ry, is a measure for the spread of a disease within a completely susceptible popu-
lation. It measures the expected number of new infections caused by one positive
case in an unexposed population. Therefore, if Ry > 1, the infected individual will
spread the disease to the population and the number of infections will increase, but

not if Ry < 1.

1.5 The epidemic models

The number of individuals changes with time, then the total population size is a

function N(t), defined by

N(t)=95(t)+1(t)+ R(t)
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where S(t) is the number of susceptible individuals, I(t) is the number of infected
individuals and R(t) is the number of recovered individuals at time t. The SIR

(Susceptible-Infective-Removed) epidemic model is given by the system of ODEs

S'(t) = —pIS,
I'tt)y = BIS—al,
R(t) = al,

with given initial conditions S(0), 7(0) and R(0) (Kermack and McKendrick (1927)).
The parameters a and 3 are respectively the recovery rate and the transmission rate
constant. Adding all three equations in the previous system, we have N'(t) = 0, this

mean that the total population size is constant, ie N(t) = N(0) for all .

If we assume that those individuals who recover become immediately susceptible

to be infected again, then the SIR model can be written

S'(t) = —BIS+al,
I'(ty = BIS—al.

This system of ODEs is called the SIS epidemic model, it is a simplification of
the SIR epidemic model. Here N = S + [ and N’ = 0. Since S = N — I, the SIS

epidemic model can be rewritten as

I'(t) = BI(N = I) — al.

As detailed by Kermack and McKendrick (1927)), the basic reproduction number
of the disease can be defined by

1.6 Local and global asymptotic stability of rest
points of systems of ODEs

Let f be a function sufficiently smooth on an open set U C R", consider the ODE

system
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Definition 1.6.1. A point x* is called an equilibrium point or singular point if
f(z*)=0.

An equilibrium point x* is called hyperbolic if none of eigenvalues of the Jacobian

matriz D f(z*) have zero real part (Shubl (2015)).

Near an hyperbolic equilibrium point, the system of ODEs x' = f(x) can be
linearized to the system &' = D f(x*)x. In this case, we can give a classification of

the hyperbolic equilibrium point:

o x* is a sink if all of the eigenvalues of the matriz D f(x*) have negative real

part,

e z* is a source if all of the eigenvalues of the matriz D f(x*) have positive real

part,

e it is called a saddle if at least one eigenvalue has a positive real part and at

least one eigenvalue has a negative real part.

About the local stability, a sink is stable and a source is unstable, a saddle is

always considered unstable (Perko (2013])).

Definition 1.6.2. The system of ODFEs is Lyapunov stable if for every e > 0, there

exist 0 > 0 such that if ||z(0) — z*|| < 0, then for every e > 0 we have
() — 2™ < e

and locally asymptotically stable if it is Lyapunov stable and there exist 6 > 0 such
that if ||x(0) — z*|| < 0 then
lim [|z(t)|]| =0

t—o00

and globally asymptotically stable if for all x(0)

lim ||z(t) —2*|| =0
t—o0
In other words, local stability of an equilibrium point defines as that if we put
the system somewhere nearby the equilibrium point then it will move itself to the

equilibrium point eventually but the global stability means that the system will
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come to the equilibrium point from any possible starting point that means we do
not need to start near the equilibrium point.
Returning to the SIS epidemic model, we have two equilibrium points, that are

solutions of the equation SI(N — I) — ol = 0, the first equilibrium point I§ = 0 is
BN — «

B

called a disease-free equilibrium, and the second equilibrium point I; =
is called an endemic equilibrium.

If the disease-free equilibrium is the unique equilibrium and it is locally stable
it may not be globally stable because if you start from the disease-free equilibrium

limit cycle behaviour or chaotic behaviour may occur.

The stability of the model

The stability of the SIS epidemic model depends of the value of Ry. If Ry < 1, in
this case, there is a unique equilibrium point, namely the disease-free equilibrium

I7. All solutions of the equation
I'(t)=BI(N —I)—al,

approach to I = 0, so I = 0 is globally asymptotically stable. If I(0) = 0 then
I(t) = 0 for all time.

If Ry > 1 then the disease free equilibrium point I7 = 0 is unstable and all
solutions starting with 7(0) > 0 approach I;. In this case I3 is locally asymptotically
stable and globally stable on the set if we consider the domain {I > 0}.

1.7 Bifurcation

Let the dynamical system
o' = f(z,p),

with g is real number called a parameter. When g varies, the dynamical system
produces a topologically equivalent dynamical system, but, there may exists a value
1o of p such that the resulting dynamical system is not topologically equivalent to
the first system. In this case, pq is called bifurcation value. In general we speak of

bifurcation theory (Kuznetsov et al. (1998)).
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1.7.1 The forward and backward bifurcation

The previous models depend on the parameter Ry, there is the critical value of this
reproduction number Ry = 1, in fact, if Ry > 1 there are two equilibrium points,
and the endemic equilibrium exists, and if Ry < 1 there is only the disease-free

equilibrium.

Martchevay (2015a) states that ”the bifurcation diagram is called a forward
bifurcation diagram, since the endemic equilibrium bifurcates forward’ and exists
only for values of the reproduction number greater than one” and ”there are cases in
which the bifurcating endemic equilibrium exists for Ry < 1. It is said that backward
bifurcation occurs”. From the cited definitions we see that the notions of forward
and backward bifurcations are tied to the special notion of the reproduction number
Ry used in epidemiology and related areas. So if we take them as indicators of how
epidemiologists use these terms, we can draw the following epidemiologist-generic

diagrams:

Forward bifurcation

——————— \ Backward bifurcation

=

RO

Figure 1.3: Forward bifurcation and backward bifurcation against R.

Depending on Ry, there is a bifurcation of the model. When the endemic equi-

librium appears, for Ry < 1, the bifurcation is called the backward bifurcation.
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1.8 Persistence and Quasi-steady-state approxi-
mation

There are several definitions of the notion of the persistence, we use the simplest

definition. Consider the dynamical system

with z in the closure of an Euclidean space E, such that OF is not empty (Butler

and Waltman| (1986)).

Definition 1.8.1. The dynamical system &’ = f(x) with the initial condition x(0) =

xg € E, has a unique solution xz(t), the persistence means that

liminfd(z(t),0F) >0, Vx, € E.

t—-+o00

If the disease-free-equilibrium is unstable then we cannot have persistence and
this happens when the solution of the dynamic system is periodic, as in the below

example which is cited from [Martcheval (2015a)) we have

S'(t)y = A=pB(A+vl)IS — uS,
I'ty = pA+vD)IS— (a+ p)l.

This example has an unstable equilibrium at

However it is not persistent (see Figure[1.4)), because the system periodically returns
to it, so

liminf f(t) = 0.
t—o0
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Figure 1.4: The diagram shows fluctuations in the (S, I)-plane the converge to a

periodic orbit (taken from Martcheva| q2015aP).

Definition 1.8.2. The quasi-steady-state approximation (QSSA) is a method
for reducing the number of variables in a dynamical system that includes processes
on different time scales that can be separated into slow and fast. Indeed, a fast pro-

cess 1s always considered in a steady state, by changing the time scale, on slow time

scale, the state of the process changes (Cangelosi et al| (2018)).

The QSSA replaces such variables which vary on much faster time scales than
other variables and tend asymptotically to steady values dependent on the slow
variables by their asymptotic steady values. More specifically, suppose the dynamic

system in standard form has

x:{xlw--axk}a y:{yh"'aym}a
' = F(z,y), (1.8.1)
y = G(z,vy), (1.8.2)
scale(F;) >> scale(Gj). (1.8.3)

Inequality (1.8.3)) is meant to be understood qualitatively as follows:
Given fixed values of y, equation (|1.8.1)) has solutions which reach steady state with
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constant and finite values of x on time scales which are much shorter than the time

scales on which solutions of (1.8.2)) with fixed = vary (Cangelosi et al.| (2018)).

Then a QSSA solution of system (1.8.1))-(1.8.2)) is obtained as follows:
First we solve (1.8.1]) with constant y for y in the range of all possible relevant values

and make sure the solution asymptotically approaches some constant values:

z(t,y) = 27(y).

Then we solve (1.8.2)) with z replaced by z*:

1.9 Fixed point theorem

In this section we shall introduc some information relating to fixed point theorem
which we need to use in Chapter 4. Therefore, let X be a Banach space, K C X a

convex and compact set.

Theorem 1.9.1. FEvery continuous mapping f : K — K has a point x such that
f(z) = x (Elworthy and Trombal (1970)).

Definition 1.9.1. A subset C C X is called a cone if for a € C then we have

ar € C for any positive scalar x.

The operator T'(K) is Fréchet differentiable at K = 0 in the direction of the

cone C' if there is a bounded linear operator 7"(0) such that
T(K) =T(0)+T'(0)(K) + o(| K])

for all K in C' (Greenhalgh| (1993))). 77(0) is called the Fréchet derivative at K = 0
in the direction of the cone C'. A bounded linear operator is an operator that maps

every bounded set into a bounded set (Kreyszigl (1978))).

Theorem 1.9.2. (Theorem 6.2, Corson 2011, Theorem 4.4.3 Gatica and Smith,
1977) 7Considering T : C — C as a compact continuous operator acting on a
Banach space, such that T(0) = 0 and T is Frechet differentiable at K = 0 in the

direction of the cone. After that we assume T satisfies
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1. T'(0), the Frechet derwative of T at K = 0, has an eigenvector k € C
corresponding to an eigenvalue wy > 1 and 1 is not an eigenvalue of T'(0)

with corresponding eigenvector in C: and

2. there exists an R > 0 such that if € € C with |&| = R and Tx = px then
p<1.

Then T' has a non-zero fized point @y € C with |xy| = R.

Note that we will use this theorem in Chapter 4 to prove our Theorem (4.4.2)).

1.10 Technical way to calculate R

Scientists should first understand both the structures and interactions of the model
to accurately estimate and apply the basic reproduction number. Consequently,
there is a need to review or conduct further research on the basic reproduction
number to either simplify the process or reduce the variation of its values that have
been reported by different scientists across the globe. Besides, further research on
the basic reproduction value can reduce misconceptions and confusions that have
been witnessed, particularly during an infectious disease outbreak.

The reproduction number gives a threshold condition under which the disease-
free equilibrium state is stable or unstable. By requiring stability of the disease-free
state, the reproduction number can be expressed in terms of an equation. This can
be done even for higher-dimensional models, but requires the computation of the the
Jacobian, evaluated at the disease-free steady-state. Restricting that all eigenvalues
have negative real part is equivalent to the stability of this equilibrium. In a 2x2
matrix, this is equivalent to TrJ < 0 and det J > 0. In the case of higher-dimensional

systems, see the Routh-Hurwitz Criterion (Martcheva (2015b)).

Despite a representation for the stability of the equilibrium, this expression
for the reproduction number may be written in more than one way. However it is

assumed the expression should satisfy the following criteria:

e The reproduction number is nonnegative
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e Zero transmission implies zero reproduction number
e The reproduction number is interpretable as the secondary infected count

In higher dimensional systems, the stability of the disease-free equilibrium is
determined by the stability of the linearized system, i.e. the Jacobian evaluated at
the equilibrium. Generally, this cannot be reduced to a 2x2 system, and thus stabil-
ity is determined by finding the roots of the characteristic polynomial, of arbitrary
degree. The reproduction number is the constant term in the polynomial, with the
sign determined by whether the reproduction number is greater or less than one.
To determine the stability, the Routh-Hurwitz Criteria give necessary and sufficient
conditions for the roots of the characteristic polynomial to have negative real parts

(Martcheval (2015b))).

1.10.1 Next generation matrix

Calculating the basic reproduction number for the complex models is not easy,
particularly through a heterogeneous population. The basic reproduction number,
which is also known as the basic reproduction ratio, is primarily utilized to describe
the transmissibility of infectious diseases or agents. Besides being affected by a num-
ber of biological, environmental, and socio-behavioral factors, the basic reproduc-
tion number is estimated by different forms of complicated or complex mathematical
models. Consequently, there is a high possibility of misrepresenting or misinterpret-
ing of the basic reproduction number. Besides, it is not always measured directly as
its values are determined by both model structures and assumptions. In addition,
a significant number of the basic reproduction numbers that are reported in the
scholarly literature are outdated or obsolete. Thus, scientists must use or apply the
basic reproduction number with a lot of caution as its basic metrics are complicated
or complex. Nonetheless, Diekmann et al. (1990) helped in improving the theory
that can be used to generate the basic reproduction number for the models.

As detailed by Hurford et al| (2010), despite its potential to significantly sim-
plify the usual linear stability analysis from the theory of dynamical systems, the

next-generation matrix theory of Diekmann, Heesterbeek and Metz (1990) and van
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den Driessche and Watmough (2002) has seen relatively little traction, in particu-
lar, in evolutionary invasion analysis. Principally, it is used to compute the basic
reproduction number, Ry, i.e., the expected number of infections directly resulting
from a single infection in a population of only susceptible individuals; and is pred-
icated primarily on the next-generation theorem (NGT) of van den Driessche and

Watmough (2002):

Theorem 1.10.1. Let

with xg = x(0) # 0 be a linear system of ordinary differential equations for x : R —
R™ and non-singular A € R™", n € N. Let s : R"™"™ — R denote the spectral bound,
i.e., the mazimum real part of all eigenvalues of its argument and p : R"*"™ — R the
spectral radius, i.e., the maximum absolute value of all eigenvalues of its argument.
Then given any F,V € R™" such that F > 0 and V' > 0 (has all nonnegative
entries), s(—V) <0 and A= F — V, then

S(A) S0 <= p(FV)

VIIA
—_

Thus by the NGT, the usual linear stability analysis to confirm that s(A) < 0,
may equivalently be replaced by checking instead p(F V') < 1 for suitable F, V €
R"™*™. In particular, the special case when x lists the number of individuals of each
of n classes in a structured population, F' the nonnegative rate of generation of indi-
viduals in each class j from each class 7, 1 <i,7 < n, and V the migration between
and destruction of these classes; results in the nest-generation matriz F V" listing
the expected (lifetime) number of individuals from class i generated by each class 7,
and p(F V') = Ry.

The latter expression (i.e. Ry) indicates the long-term expected lifetime or gen-
eration (of all classes combined) i.e. the long-term expected birth or reproduction
number. And in particular Ry < 1 indicates by the NGT that s(A) < 0 i.e. the
disease-free equilibrium =0 is globally asymptotically stable meaning that £— 0
as t — oo for all x(, whereas there will be no endemic equilibrium «. In the case
Ro = 1, there may or may not be a disease-free equilibrium and if there is it may

or may not be either locally or globally stable. Additionally if Rg = 1, there may
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or may not be an endemic equilibrium and if there is it may or may not be either
locally or globally asymptotically stable. If Rg > 1 the endemic equilibrium will not
be globally asymptotically stable on the whole space (because the disease-free equi-
librium exists) so neither type of equilibrium will be globally stable the disease-free
equilibrium will not be locally stable and the endemic equilibrium may or may not

be locally stable.

1.10.2 Calculating Rj in our model

The definition of Ry as the expected number of secondary cases caused by a single
newly infected case was around long before the next generation matrix methods were
introduced (Macdonald| (1952)), Kaplan| (1989), [Massad et al.|(2001)). In host-vector
models for diseases such as malaria it was accepted that there were two definitions
for Ry in use, one corresponding to using humans as the only infectious unit and the
second one corresponding to using both humans and mosquitoes as infectious units.
The latter corresponds to the next generation matrix method and if it denoted by
Ry then the value of the basic reproduction number calculated using only humans
as infectious entities is RZ. But both have the same threshold condition.

Diekmann and Heesterbeek (2000) define an h-state as the infectious state of
an individual at the moment of birth and define £;; as the expected number of new
cases that have h-state ¢ at the moment of birth. They define the next generation
matrix to be (k;;). So our use of the term "next generation matrix” in Chapter 4
corresponds to Diekmann and Heesterbeek’s. They define K = (k;;) 4,7 =1,2,...,n
and

Ro = lim ||K"||=

n—oo

and Ry is the dominant eigenvalue of K. If Diekmann and Heesterbeek’s method is
to make sense it must be independent of the choice of what constitutes an infectious
entity at least in the resulting threshold condition.

The idea of the basic reproduction number and its meaning for systems with
potentially more than one infectious state predates the work of Van den Driessche
and Watmough (i.e. malaria Macdonald| (1952))). Hence we would hope that these

two different definitions of Ry would be related and at least give the same threshold
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(similar to the two definitions Ry and R? for malaria). If we consider our method in
Chapter 4 and the method of Van den Driessche and Watmough in context of the Ry
definition of Diekmann and Heesterbeek (1990) we can see that our method attempts
to define an infected entity as a newly infected human, whilst the method of Van
den Driessche and Watmough defines an infected entity as either a human or needle
entering a new infectious state. The intergenerational time will thus be different
for the two cases. But as the next generation matrix for Van den Driessche and
Watmough’s method is irreducible we expect that all infectious classes exponentially
decrease at the same rate the two methods give different definitions of the expected
number of entities infected at each generation and different ways of calculating them
but it seems intuitive that if iterating our next generation matrix gives a discrete
process that does not die out then the same should be true of the process of Van
den Driessche and Watmough and vice-versa. Whilst this is not a rigorous proof it
gives an idea of why we expect the two definitions to give the same threshold value
(as indeed we have shown for the model discussed in Chapter 2) and this could form

the basis of a rigorous proof.

1.11 Mathematical modelling of the spread of HIV
amongst PWIDs

Mathematical modelling techniques have contributed to the understanding of the
epidemiology of HIV, and the various risk factors to those susceptible to infection
within PWID populations. Furthermore they have contributed to the evidence to

support various interventions to tackle the spread of infection in PWID populations.

1.11.1 The model of Kaplan (1989)

One of the earliest mathematical models created to examine the spread of AIDS
and HIV in PWID communities was developed by |Kaplan (1989) who used models

to gain an insight into the impact of PWIDs sharing needles on the transmission of
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HIV. Kaplan’s study identified those factors which were necessary to gain an under-

standing of how HIV was transmitted in such circumstances. Amongst the factors

identified were the rates of needle and syringe sharing, the length of sharing and

whether or not syringes and needles were cleaned. The latter also led to the model

investigating the effectiveness of bleaching and the distribution of clean needles and

syringes. Kaplan made the following assumptions to develop the model.

1.

The number of needles or syringes in the shooting gallery is denoted by m.

The frequency of visits to shooting galleries is represented as a. Each PWID
injects once on each occasion, therefore it is assumed that a represents the

rate of needle and syringe sharing per capita.

It is assumed that once it has been used by one infectious PWID then all
equipment is considered infectious. However, if equipment is used by an non-
infectious PWID, it is the probability of flushing the needle, that is replacing
the infected blood by uninfected blood (with probability #), which means that
the use of infectious needles puts non-infectious PWIDs at risk of HIV, that

risk is removed for the PWIDs who subsequently use the equipment.

a denotes the probability of the transmission of HIV from shared equipment
in each injection. It is assumed therefore that PWIDs can only be infected if

injection is through shared needles and syringes.

As it is assumed that the PWID population n is both large and constant,
whenever the population is reduced whether by a PWID dying, being impris-
oned, hospitalised, or receiving treatment, then that individual is replaced by
another susceptible PWID. The rate (per capita) at which PWIDs enter or
leave the population under study is denoted by p.

Kaplan devised two differential equations to determine the spread of HIV, the first

equation describes how the fraction of infected PWIDs varies over time and the

second equation describes how the fraction of infected needles change over time.
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Therefore, the system of deferential equations was given by:

dm(t)
= L= m(®af(t)a— (1),
%&t) = abr(t) —abp(t)[1 — [1 — = (¢)](1 — 0)],

where m(t) refers to the proportion of PWIDs within the population who are infected
at time t and [3(t) relates to the proportion of infected needles and syringes at time
t, with b representing ratio of PWIDs to needles.

A further equation was devised to represent the basic reproduction number.
Hence, Kaplan derived Rj as the expected number of secondary infections caused
by a single infectious person entering a disease-free population of equilibria. This
individual will visit shooting galleries at rate a per unit time and survive for average
time 1/p. Therefore this infected person will infect a/pu kits of injection equipment.
The distribution of the number of PWIDs who use a needle before it is flushed is
geometric with mean 1/6. Each PWID is infected with probability «. Hence using

this definition of Ry then we have:
_ax
=0

For an epidemic to exist this must result in Ry > 1. The results of the first numerical

Ry

simulation show that when b is a large number, HIV reaches an equilibrium amongst
this PWID population in a short time, whereas the disease spreads more slowly when
b is a low value.

Kaplan also identified that heterogeneity played a role in needle and syringe
rates of sharing and therefore introduced it into the model to determine the impact of
heterogeneity on the results. It was identified, through numerical simulations, that
those PWIDs who used and shared needles most frequently were infected quicker
than those whose needle and syringe sharing could be considered moderate (Corson

(2011)).

1.11.2 The model of Kaplan and O’Keefe (1993)

Following previous studies to identify risk factors of HIV and possible means of
reducing the prevalence of the disease, Kaplan and O’Keefe (1993) continued look-
ing at models to determine how HIV could be prevented from spreading in PWID
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communities. Kaplan and O’Keefe| (1993) developed a mathematical model which

considered various factors listed below.

O~ aft (0]~ 0)B(0a — (1)
B _ 1 Bolavm(t) ~ B0)lp + a6l — 7(2)],
C(r) = /0 1= x(Ola(l - $)B(0)ad.

The rate of needle and syringe sharing is represented by a. « provides the figure for
probability of HIV transmission in each injection. The prevalence of HIV amongst
those participating is denoted by m(t). ¢ relates to the likelihood of the equip-
ment being cleaned before being used. The rate of departure from the program is
represented by p. p relates to frequency of needle exchange. The ratio of those
participating to the number of needles in circulation is denoted by ~. g denotes the
proportion of needles where HIV is identified.

The model provided three equations, the first equation is for the fraction of
infected PWIDs and uses the parameter a which is the probability of a non-infected
PWID being infected from sharing equipment which has not been cleaned before
use. The second equation represents equipment being affected after being used by
a PWID who is infected. In this formula, it is identified that needles and syringes
which are infected are assumed to be non-infectious if they are cleaned or exchanged
prior to use. The final equation provides a calculation of the cumulative incidence
of HIV during the time period. Furthermore the effectiveness of needle exchanges

to prevent transmission of HIV amongst PWIDs had been questioned.

1.11.3 The model of Greenhalgh (1996)

Greenhalgh, a specialist on infectious diseases, (1996) modeled the effects of het-
erogeneity on the spread of HIV/AIDS among self-injecting drug users. This model
let PWIDs vary their rate of visits to shooting galleries and take account of the
cleanliness of the needles they use.

Greenhalgh (1996)) modified the assumption that all PWIDs behave the same
way and all needles and shooting galleries are the same (Kaplan| (1989)). The dif-
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ferential equations which described the spread of the disease are:

dm )
i (1 —m; (Z)\pr — & aﬁ]) — um;, 1<i<p (1.11.4)

dp; .

i=1 i=1
with suitable conditions 1 > 7;(0) > 0 and 1 > 3;(0) > 0. The descriptions of the
model parameters are presented in Table Recall that Ry is the key parameter
which determines the behviour of the disease. Using the method below Greenhalgh

found that Ry is the largest eigenvalue of the ¢ x ¢ matrix @, where:

glj)a/\zpzk
Z P_ 1 <1— 0)(1— &)

5]

p(Q) is the spectral radius of the matrix @ which is ¢ x ¢ with @, > 0 for j, k =
1,2...q. p(Q) is realized to be the largest eigenvalue of the matrix Q.

This was based on directly calculating a matrix similar to the Next Generation
Matrix used in the approach of Diekmnann et al. (1990) corresponding to the
expected number of cases caused in each group by a single newly infected PWID
entering a population of PWIDs and needles at the disease-free equilibrium. Because
this approach considers infectious quantities to be only humans whilst the approach
of Diekmann et al. (1990) considers both humans and needles as infectious entities
two infectious generations in Diekmann et al.’s approach correspond to a single one
in this approach, one would expect this Ry to be the square of the one obtained by
Diekmann et al.’s method.

The result in this model is if Ry < 1 the system of equations and
has a unique equilibrium solution wherever the disease has been eliminated
in each group of PWIDs and in each shooting gallery, and if Ry > 1 and disease is
initially present in either PWIDs or needles then the fractions of infected PWIDs
and the fractions of infected needles tend to their unique equilibrium values.

In another study, Greenhalgh and Hay (1997) factored in an analysis of a version
of Kaplan’s model (1989), that showed that sometimes HIV or HCV infectious drug
users did not always leave a needle infected alongside reduced sharing injecting

equipment behaviour (Al-Fwzan (2015)).
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Parameter Definition
0 Probability that a susceptible PWIDs flushes an infectious needle.
e Fraction of type ¢« PWIDs that are infected.
B Fraction of needles in shooting gallery j.
&ij Probability that PWID of type ¢ effectively bleaches or cleans needle
before use in shooting gallery;.
A Rate PWIDs of type ¢ visit shooting galleries.
Q Probability of HIV transmission via shared needles.
Dij Probability that PWID ¢ chooses shooting gallery j.
1 Rate of joining and leaving sharing, injecting population per PWID.

Table 1.2: Descriptions of parameters in model of |Greenhalgh (1996)).

1.11.4 The model of Greenhalgh and Lewis (2000)

Greenhalgh and Lewis conducted further studies in 2000 in which they developed

the model of Kaplan and O’Keefe| (1993)) to relate it to AIDS and the three stages

of infection which exist prior to its onset. Assuming that the infectivity of the last

PWID to use a needle and syringe affected the infectivity of the needle and the

syringe, using three stages allowed for PWIDs and the needles and syringes to be

investigated at each of the different stages prior to the onset of AIDS. Doing so re-

sulted in more positive predictions than previous models. The differential equations

which described the spread of the disease are:

dm
d—tA:(l—ﬂA—WB—ﬁC)/\
dm

d_tB :(5A7TA—(,U+(SB)7TB,
dm

d_tC = 5B7TB — (,U + 50)7TC7
d

% = \y(ma — Ba) — Bar,
d

% = )\’Y(WB - 53) — BpT,
dfc

7 Ny(me — Be) — Ber.

(Baaa + Bpag + Beac)(l — @) — (1 +0a)7a,
(1.11.6)

(1.11.7)
(1.11.8)
(1.11.9)
(1.11.10)

(1.11.11)
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Equations (1.11.6))-(1.11.8)) represent the behaviour of PWIDs at the stage A, at

the stage B, at the stage C, whereas (1.11.9)-(L.11.11)) represent the behaviour of

infectious needles at the stage A, at the stage B and at the stage C. Moreover the
stages A, B and C are different stages of HIV (Acutely Infectious, Asymptomatic
and Pre-AIDS) which play a similar role to the different stages of HCV through
which PWIDs pass in our model and also the optimistic model of Greenhalgh and
Lewis (2001) was used as a template to build Corson’s model because in both of
them the PWID adopts the infectious stage of the last needle uses. Note that in
this model there is again only one group of PWIDs and one group of needles.

Also A\, aa, ap, ag, ¢, i, 04, 0B, dc, v and 7 refer respectively to a needle
and syringe sharing rate, probability of transmission on the stage A, probability of
transmission on the stage B, probability of transmission on the stage C, probability
that a PWID cleans a needle before use, per capita rate at which PWIDs leave the
sharing, injecting population, per capita rate at which PWIDS move from stage A
infection to stage B infection, per capita rate at which PWIDs move from stage B
infection to stage C infection, per capita rate at which PWIDs move from stage C'
infection to full blown AIDS, the ratio of PWIDs to needles and needle turnover
rate.

Recall that Ry is the key parameter to determine the behaviour of the model
therefore Greenhalgh and Lewis (2000) define Ry by ”the number of secondary in-
fections caused by a single infectious person coming into a disease-free population
at equilibrium”. Greenhalgh and Lewis (2000) used a similar definition as in Ka-
plan| (1989)) and they defined R, as the total of secondary infections caused by one
infectious PWID entering the disease-free population. Therefore, Ry is given by:

A1 —-9) oy acds0p

Ry = ;
Tt o)F D | M s (u+om) (it oc)

where 7 = 7/)\7.

The main results of this model, show that if the basic reproduction number is
less or equal to unity then the model has a unique equilibrium solution where HCV
has died out in both PWIDs and needles. Otherwise, there is the disease-free equi-

librium, but there is additionally a unique endemic equilibrium. The simulations



1.11. Mathematical modelling of the spread of HIV amongst PWIDs 40

provided evidence that in both the model of Kaplan and O’Keefe| (1993)) and |Green-
halgh and Lewis (2000) an endemic equilibrium would be reached after a period of
about 50 years but that in the latter model there was a lower long term prevalence

of HIV than in the former.

1.11.5 The model of Lewis and Greenhalgh (2001)

In 2001, Lewis and Greenhalgh also used the Kaplan and O’Keefe (1993) model to
examine the three stages of infectivity (the same as A, B and C' in the previous
model) from the perspective that it is assumed that rather than it is that last in-
fectious PWID user who has the main impact on the needle and syringe, it is the
most infectious PWID who has the greatest impact on the equipment and there-
fore the predictions were pessimistic. The mathematical analysis followed along
broadly similar steps to the study of Greenhalgh and Lewis (2000). Hence, Lewis
and Greenhalgh (2001) adopted the assumption that the state of a needle after use
is taken to be that of the more infectious of the state of the needle prior to use and
the current PWID state therefore this assumption was a ‘pessimistic assumption’
compared with Greenhalgh and Lewis (2000) who use an ‘optimistic assumption’

(we will consider the same pessimistic assumptions when we deal with our model

in the next chapters). So the system of differential equations (1.11.6)-(1.11.8) still

represent the flow of PWIDs through the different infectious stages and the system

of differential equations which describes the behaviour of infectious needles at each

stage is:
% = X1 = Ba)ma — Ba(l — ma) @Ay — B, (1.11.12)
% = M1 = Ba— B — Bc)m + BampdAy + BomppAy — BpTeAy — Bpmaly
— BpXy¢(1 = ma — 75 —7c) = BpT, (1.11.13)
dc% = Mymc(1 = Ba — Be) + MyoBarc — MyBema — Bedyp(l — ma — o)

— Ber. (1.11.14)
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Lewis and Greenhalgh (2001) used a similar definition and method as in Greenhalgh
and Lewis (2000) and they give Ry as:

)\(1 —(b) OéB(SA a05A53

Bo= oG+ o) |“ v on T it om)uto) |

where 7 = 7/\v. Using analytical techniques, Lewis and Greenhalgh (2001) also
found that the model behaviour is governed by the basic reproduction number Rj.
Again, in comparison with the Kaplan and O’Keefe|(1993) model the analysis showed
that endemic equilibrium was reached sooner using the three stage model which also

provided greater estimates of long term HIV prevalence.

1.12 Mathematical modelling of the spread of HCV
amongst PWIDs

As for HIV mathematical modelling techniques have also been used to understand

the intervention strategies to control the prevalence of the spread of HCV among

PWIDs.

1.12.1 The model of Hutchinson et al. (2006a)

Hutchinson et al. (2006a), adopted a stochastic model which simulated the spread
of HCV in PWIDs in Glasgow who shared needles and syringes. The models were
used to provide an estimate of the prevalence and incidence of HCV in the city for
the period between 1960 and 2000, of these estimates those from between 1988 and
2000 examined the number of infections that had been prevented through the use of
intervention measures. The model also allowed an examination of the impact there
would be if the infectivity of HCV was ten times as high in a period of six weeks
after PWIDs had first been infected.

In the model three distinct infectious stages were employed and examined:
susceptible, acute HCV and chronic HCV. Of these the acute stage was categorised
into a short non-infectious phase and a longer infectious one, covering a period of up

to two years. Those identified as being susceptible passed to the non-infectious acute



1.12. Mathematical modelling of the spread of HCV amongst PWIDs 42

stage once they had been infected, after which they progressed to the infectious stage.
From this point there were two possibilities, either the infection could be resolved
and the PWIDs would return to the susceptible stage or the infection would become
chronic. It was assumed that those who had successfully resolved the infection were
partially immune to reinfection. It was considered that the likelihood of a new
HCV viraemia being developed was halved and the likelihood of chronic infection
developing was reduced twelve-fold. In order to estimate how often PWIDs injected
and shared needles and syringes, surveys conducted in Glasgow in the 1990s were

consulted.

1.12.2 The model of |Vickerman et al.| (2007))

Vickerman et al. (2007)) analysed the transmission of HCV amongst PWIDs in Lon-
don. Similar to the study of Hutchinson et al.| (2006a) the model was used to examine
the impact of intervention measures to reduce the sharing of needles and syringes
amongst PWIDs who had been sharing needles and syringes for more than a year.
The model focussed on those in the class of acute stage of HCV and sub-divided
them into two categories, those who could resolve the infection spontaneously and
those whose infection progressed to the chronic stage. It was assumed that those
in the former group were immune to re-infection, whereas those in the latter group
remain infected for life. Different transmission probabilities were assigned to each
category.

The PWIDs were then further classified into three behavioural subgroups which
related to the frequency of sharing needles: those who do not share, those whose
sharing is infrequent and those whose sharing is frequent. The study determined
that when sharing rates were reduced by more than 50%, HCV seroprevalence would
fall in those PWIDs who had been injecting for more than eight years. Reductions
of less than 25% would lead to a reduction in HCV for those PWIDs who had been
injecting for up to four years. For HCV prevalence to be reduced to less than 10%
there would need to be a reduction in baseline estimates of needle and syringe shar-
ing from 16 events per month to only one or two. The simulations also indicate

that significant decrease in HCV seroprevalence could only occur if interventions
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were directed at the full PWID community. Furthermore, intervention would have
to occur within the first year that PWIDs were injecting. Note that this model was
also discussed deeply in Corson (2011).

1.12.3 The model by Corson et al.| (2012)

A compartmental mathematical model was developed by Corson et al. (2012) to es-
timate HCV transmissions among PWIDs. This model was derived from a previous
one by |Vickerman et al.| (2007). The aim of this model was to determine the level
of needle sharing, cleaning and exchange necessary to promote HCV elimination
among PWIDs in Glasgow. The model also enabled PWIDs progress through the
many stages of HCV infection.

The population of PWIDs was split into individuals susceptible to HCV in-
fection, x to represent those not previously infected, x; to represent those already
infected, those in the acute clase of HCV infection (hq and hs), those in the chronic
stage of HCV infection y and those immune to HCV infection z (see Figure .

Corson et al.| (2012)) divided the infectious PWIDs into ‘Acutely Infected’ and
‘Chronically Infected’ classes corresponding to the observation that the level of virus
in the blood is much higher in ‘Acutely Infected’ and ‘Chronically Infected” PWIDs.
Moreover the Acutely Infected PWIDs are divided into two classes corresponding to
those who will progress to the chronic class (h;) and those who will progress to the
susceptible or immune class (hy). The needles are divided into the same infectious
classes as the PWIDs and again needles are assumed to adopt the infectious state

of the last PWID to use them.
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Figure 1.5: HCV transmission map. The arrows indicate the possible transitions

for PWIDs between classes of HCV infection and the parameters are the per capita

rate of flow between the classes (taken from |Corson et al.l (|2012P).

Moreover (Corson et al. (2012) assumed the size of the PWIDs population to

be n, which is both large and constant. PWIDs who left the population due to a
number of reasons like death or permanently avoiding injecting behaviour at a per
capita rate of p are instantly substituted by other susceptible persons. This simpli-
fying assumption had been made in many other models of the spread of HIV and
HCV amongst PWIDs. They developed this model to assess relevant intervention
measures that were required to stop HCV among PWIDs who lived in Glasgow.
Although the PWIDs population in Glasgow had remained unchanged for many
years. So there was a possibility of expanding their model to give room for variable
population size, mainly by utilizing methods previously employed by
|[Kaplan| (1991)), [Lewis and Greenhalgh| (2001a) and |Lewis and Greenhalgh| (2001b)).

Therefore, the PWIDs population was grouped into three categories. The first cat-
egory involved PWIDs who were susceptible to HCV infection, particularly through
sharing needles and syringes. The category was further subdivided into x to denote

PWIDs who had not initially been infected and z; to stand for those who had been
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infected. The second category comprised PWIDs who were in an acute phase of HCV
infection (hy and hs). The final category involved PWIDs who had proceeded to the
chronic phase of HCV infection (y), including those who could not be infected again
due to immunity (z). Corson’s model enabled two forms of acute HCV infection,
which included the one that results in chronic infection and the other which caused
self-limiting HCV infection. In the latter case the recovered individual re-entered
the susceptible class.

Corson et al. (2012) denoted the mean per capita rate that PWID persons
shared syringes and needles by A while ¢ stands for the probability that a PWID
will succeed in cleaning either their needle or syringe before he or she used it. To
successfully clean needles or syringes, Corson et al (2012) assumed that individual
PWIDs should used alcohol or bleach to eliminate the presence of HCV viral load
before use. On the other hand, they denoted by «; the probability that if a suscep-
tible person injected himself or herself with a syringe in the phase of acute infection
(denoted hy or hg) without sterilizing or cleaning the needle then that person caught
the disease. «,, stands for the corresponding probability of infection, when the sy-
ringe was in the stage of acute infectivity. Based on the data, a; was more than o,
(Vickerman et al.| (2007).

Moreover, they considered the incorporation of probabilities of differential HCV
transmission, which related to both acute and chronic infection, especially based on
Hutchinson et al. (2006al), was the same as assumptions that were anchored on
different blood viral loads, which were linked to the phases of HCV infection sim-
ilar to HIV (Seitz and Muller| (1994)). Furthermore the mathematical models of
Greenhalgh and Lewis (2000)) for HIV considered a high chance of spreading HIV
for acute infection and chronic HCV infection. Thus in a similar way Corson et al
(2012) decided to incorporate similar differential risks of HCV transmission in their
model. Note that both HCV and HIV are blood born viral diseases spread amongst
PWIDs.

Again Corson et al (2012) assumed that susceptible PWIDs who had contracted
HCV will proceed to the chronic phase of infection, which was denoted by either
hy or hy. A percentage of § of PWIDs who had just been infected with HCV were
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allowed to proceed to the acute hy class. Based on [Farci et al. (1992) and Micallef
et al.| (2007), Corson et al.| (2012)) assumed that the newly infected PWIDs were
expected to spontaneously eradicate the virus when they finished their stay in this
class with a proportion a expected to show immunity to HCV re-infection while
the other proportion 1 — o became susceptible again and were capable of being re-
infected with HCV. 1 — 9, which was the remaining percentage of persons who had
just been infected with HCV, were allowed to proceed to the acute hy class. On
leaving the acute h; class the remaining PWID proceeded to the chronic infection
stage where they stayed until they died or departed from the population that shares
injections.

As well as modelling the PWID population, (Corson et al.| (2012) also modelled
the number of needles and syringes by HCV infection status over time (needles can
be uninfected, acutely infected or chronically infected). m denoted the total popu-
lation size of needles and syringes. Only needles and syringes that had been used by
PWIDs who were chronically or acutely infected can spread HCV. The infectivity
of each needle was determined by the last infected PWID that it had come into
contact with. Unused needles were uninfectious.

The force of infection experienced by a single susceptible PWID was given by
f=X1—9¢)(an(Bh, + Bn,) + ayBy). The authors therefore derived a system of nine
differential equations, six of them describe the transmission of HCV among PWIDs
and three describe HCV prevalence in needles.

Hence the system of governing equations that described the spread of HCV
among PWIDs was given by

dmy

;; = p — pumy — My (1 — @) (an(Bh, + Bry) + afBy),
dz;gfcl =0 (1 — a)mp, — pmryy, — Mgy (1= @) (an(Br, + Bry) + oy By),
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Parameter Description
) Probability of needle cleaning
A Needle-and syringe- sharing rate
T Needle turnover rate
v PWIDs to needle ratio
0 Rate PWIDs leave the sharing population
ap, Acute HCV transmission probability
Qv Chronic HCV transmission probability
1/o Period of the acute HCV stage
) Proportion that clears HCV infection
o} Proportion of PWIDs that become immune

Table 1.3: Table of |Corson et al.| (2012) model parameters definition.
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This step was followed by an evaluation of the basic reproduction number
Ry which determines the behaviour of HCV among PWIDs. The total number of
secondary infections caused by an individual infectious PWID entering the DFE is

given by:
_ AM1l-9)
Ry = PRSI S [uozh—l—aya(l—é) ,

where the parameters are defined in Table [1.3| v = n/m is the number of PWIDs

for each needle in the population and 7 = 7/A\y.
This is not deduced directly by the next generation matrix. It is derived

by considering directly a population of needles and PWIDs at equilibrium and a
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single newly infected PWID entering it. Then Corson et al. (2012) consider a direct
calculation of the average number of infectious needles caused directly by that PWID
multiplied by the average number of PWIDs each needle infects. This method is
commonly used for host vector models such as dengue and malaria (Greenhalgh et al.
(2018), Macdonald (1952), Maier et al.|(2017))). For dengue and malaria because the
next generation method considers both PWIDs and syringes as infectious entities
the Ry calculated by this method for those diseases is the square of that calculated
by the next generation method. Hence the threshold value for both models is the
same. For our modified model we shall show how the R, value obtained using the
definition of Ry in Corson et al. (2012) is related to the Ry value obtained by the
next generation matrix method. Although the two values are different they are
related and the threshold value is the same. A similar argument can be applied to
the model of Corson et al. (2012). This result is original and was not obtained by
Corson et al. (2012) even for their original model.

The main proposition of Corson’s model, states that if Ry < 1 the model has a
unique equilibrium solution where HCV has died out in both PWIDs and needles.
If Ry > 1, there is the disease-free equilibrium, but there is a unique endemic
equilibrium. Then, Corson et al. (2012) simulated HCV for the population of
Glasgow PWIDs over time. The model parameters are estimated and they examine
the behaviour of HCV when Ry < 1 and Ry > 1. Simulation has shown that when
realistic parameter values are used the model tends to the endemic equilibrium value
together with realistic parameter values resulting HCV prevalence estimated at 69%
which matches up with observed data. Moreover, the authors examined the impact
of various control measures on Ry. They determined the threshold values of sharing
needle, cleaning and turnover that lead to Ry less than unity and HCV elimination

in PWIDs and needles. Note that this model was also discussed in Al-Fwzan (2015).

1.12.4 The model of Al-Fwzan and Greenhalgh (2015)

Al-Fwzan and Greenhalgh (2015) developed a mathematical model pertaining to
the HCV infection rate among PWIDs sharing needles in shooting galleries. This

model was based on an earlier simple model discussed by |Corson et al.| (2012)), which
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assumed homogeneity in time since onset of injection and needle sharing rates, and a
model of Greenhalgh| (1996) who showed the effects of heterogeneity on the transmis-
sion of AIDS and HIV among a population of injecting drug users. They compared
that with the model by Corson et al. (2012). The model of Al-Fwzan and Green-
halgh (2015) focusses on the impact of heterogeneity in disease sharing rates and
choice of shooting galeery on the prevalence of HCV in this risky group.

Al-Fwzan (2015) assumed that a population of n drug-injecting PWIDs is di-
vided into p group sizes ny,ng,...,n, where n = > ¢ n;, where n is large and
constant for each time ¢. The groups are uniform and distinct from one another
in injection sharing rate, shooting gallery selection probability and needle clean-
ing probability. So there could be groups consisting of individuals sharing needles
frequently or sporadically or never sharing needles. One premise underpinning the
proposed model is that PWIDs do not change groups for the duration of their life
or the duration of drug use. Moreover the groups are of constant size so that when
PWIDs leave the population due to permanent cessation of injecting behaviour or
death at per capita rate p, they will immediately be replaced by other PWIDs
susceptible to HCV infection who inject at the same rate and whose other char-

acteristics are also similar. Furthermore, ¢ shooting galleries are considered, with

q

shooting gallery j comprising m; needles or syringes, where m = » ;_

,m; and m
is large and constant for all time ¢. The shooting gallery visiting rate of every type
1 PWID is \;, with the probability of selection of shooting gallery j on every visit
being P; for j = 1,2...q, where P;; > 0 and 3 °5_, P;; = 1.

Upon visiting a shooting gallery, PWIDs undertake a single drug injection with
a needle selected arbitrarily from the visited shooting gallery. PWIDs of type ¢ are
instantly replaced by other PWIDs at risk of HCV infection when they exit their
group owing to terminating drug use or dying at per capita rate u, they are re-
placed immediately by a susceptible PWID. The arrival rate of type « PWIDs at a
presented needle in shooting gallery j is A;; = (%) Al-Fwzan (2015) divided
the population into p groups labeled 7 = 1,2, ...p.

Al-Fwzan and Greenhalgh (2015) assumed that \; is the average rate that a

type @ PWID shares needles and syringes and ¢;; is the probability that a type i
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PWID in shooting gallery j cleans his or her needle prior to use. «; and o, are re-
spectively the transmission probability relating to acute and chronic HCV by shared
needles and the average duration that a type « PWID remains in the acute stage is
1/0 time units. Also Al-Fwzan and Greenhalgh (2015) considered a needle turnover
rate of the average rate at which PWIDs change their needles for clean needles in
shooting gallery j of 7; per year, PWIDs can be infected through the sharing of nee-
dles utilized by an HCV acutely or chronically infected PWID and that infectious
needles do not lose their infectivity if they are left unused for a period of time. An
infectious needle, when exchanged, is replaced by a non-infectious needle.
Al-Fwzan’s model allowed for dividing the PWIDs population of type i into
those PWIDs susceptible to HCV infection through needle and syringe sharing (de-
noted z; for those not previously infected and xy; for those previously infected),
those in the acute stage of HCV infection (hy; and hy;), those who have progressed
to the chronic stage of HCV infection (y;) and those immune to HCV reinfection
(z;). As in Corson’s model, the model allows for two different types of acute HCV
infection: one which leads to chronic infection, and the other which leads to self-
limiting HCV infection. A susceptible PWID of type i (either x; or xy;) once infected
with HCV will pass to the acute stage of infection (either hy; or hy;). Then those
PWIDs newly infected with HCV will pass to the acute stage hy; with probability
(1 —9). Therefore these PWIDs will either die, leave the sharing injecting popula-
tion, or pass to the chronic infection and stay there until they either die or leave
the sharing injecting population. The lasting proportion ¢ of newly infected type ¢
infected PWIDs pass to the acute hy; stage. So these PWIDs will either die, leave
the sharing injecting population or progress. Of those that progress a fraction «
pass to the immune stage, where they will stay until they either die or leave the
sharing injecting population. The other fraction (1 — «) of those who progress from

the ho; stage return to the susceptible class.

Similarly, the shooting galleries are divided into ¢ groups labeled j = 1,2, ...q.
Each shooting gallery ;7 contains three different types of infectious needles. The only

way that a type ¢ PWID can be infected is through the sharing of needles used by an



1.12. Mathematical modelling of the spread of HCV amongst PWIDs 51

HCV acutely or chronically infected PWID. Moreover, the infectivity of each needle
is determined by the last infected PWID that it had come into contact with. Un-
used needles are uninfectious. Also, in this model Al-Fwzan and Greenhalgh (2015)
assumed that the population of PWIDs is of size n where n is large and constant.
Therefore, when PWIDs leave the population (due to either permanent cessation of
injecting behaviour or death) at a per capita rate pu, they are immediately replaced
by PWIDs susceptible to HCV infection.

Al-Fwzan and Greenhalgh (2015) derived a system of nine differential equations,
six of them describe the transmission of HCV among PWIDs and three describe HCV

prevalence in needles.
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The definitions of the model parameters are presented in Table [I.4 Define
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that Ry is the key parameter to determine the behaviour of the model. Al-Fwzan

and Greenhalgh (2015) derived the matrix @, where:
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Parameter Description

Gij Probability that a PWID in group ¢ cleans a needle
in shooting gallery j before use, i =1,2,...p, 7 =1,2,...q.

Ai Needle and syringe sharing rate in group ¢, 1 = 1,2,...p.
T; Needle turnover rate in shooting gallery j.
1 Per capita rate at which PWIDs leave the sharing,

injecting population.

ap, Acute HCV transmission probability.

Qy Chronic HCV transmission probability.

1/o Duration of the acute HCV phase.

4] Proportion of acutely infected PWIDs who resolve

HCV infection.

o} Proportion of PWIDs that become immune.

P The probability that a PWID in group ¢ chooses

shooting gallery j to share a needle.

m; Number of needles in shooting gallery j.

Table 1.4: Table of Al-Fwzan and Greenhalgh (2015) model parameters definition.

where & = (a0 (1 —60) + app)/p(p + o). They have expected that the basic repro-
duction number Ry to be the largest eigenvalue of the p x p matrix @, with @,, > 0
for i,k =1,2,...,p. Recall that p(@Q) the spectral radius of @ is defined to be

p(Q) = max |\

1<i<p

where A1, g, ..., A\, are the eigenvalues of Q.

The results of this model shown that if Ry < 1 then the disease will always die
out, that is the disease-free equilibrium is globally asymptotically stable. Moreover
it was shown that if Ry > 1 then there is a unique non-zero endemic equilibrium.

Also when Ry > 1 then the disease-free equilibrium is unstable.
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1.12.5 The Model by Pitcher et al.| (2019)

The research article by Pitcher and his colleagues mainly focuses on mathematical
modelling of the spread of HCV, especially based on the World Health Organization
(WHO) targets, which are aimed at reducing HCV infection by 80% by 2030 across
the globe. This article addresses treatment of HCV. Specifically, the article exam-
ines the insights offered by the models in relation to attaining WHO HCV targets,
particularly concerning people who inject drugs (PWIDs). Importantly, based on
the models, Pitcher et al. (2019) found that it is possible to eliminate HCV in var-
ious settings. However, focusing on harm reduction alone is not likely to attain the
elimination target amongst PWIDs. The article also revealed that HCV testing and
treatment that are used in many settings are not sufficient to eliminate the disease.
Also, mathematical models are characterized by some uncertainties. For instance,
they do not clearly indicate how the diagnosis and treatment of HCV impact be-
havioral change of affected persons.

The dynamic equations which describe the transmission of HCV in figure [1.6

are given by:

%}Et):@—w(l—é)c+25+waT—uS,
%}Ew:ﬂ(l—é)c_{—zs—f(c)_ﬂca
ar(t)
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dZ(t)

— =w(l—a)T — puZz,

where S(t) refers to those uninfected, C(t) refers to those chronic with HCV,
T'(t) refers to those successfully treated and Z(t) refers to those who failed treat-

ment. Moreover, the total population is represented by N(t) that means N(t) =
S(t)+Ct)+T(t)+ Z(t).
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Figure 1.6: Simple digram of HCV transmission model among PWIDs (taken from
Pitcher et al.| (I2019|)).

Also 0, u, , 0, @ and 1/w and f(c) refer respectively to a fixed rate for PWIDs
who enter the population, the infection rate, the per capita death rate, the pro-
portion of those infected who self cure and become susceptible again, the period of
time that a PWID who is being treated remains on treatment and a function f(c)
of PWIDs who can be treated.

Even though HCV is one of the main diseases that are killing millions of people
globally, especially the PWID population, the models that examine the elimination
of HCV are lacking in developing countries. The majority of models are utilized in
the developed world like the USA, Europe, and Australia. The developing world,
therefore, is lagging behind in the drive to eliminate HCV. The PWID population
remains to be the group that is highly vulnerable to HCV infections. Pitcher et al.
(2019) estimate that nearly 52% of PWIDs have been infected by HCV. As a result,

the WHO elimination target is most likely to be achieved when it mainly focuses on
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PWIDs. The article concludes that mathematical epidemic modeling plays a major

role in eliminating HCV globally.

1.13 Conclusion

This opening chapter has presented an examination of literature relating to the epi-
demiology and modelling of HCV which is a major health issue transmitted through
blood contact between an infectious individual and someone who is susceptible to
the disease. HCV has a global impact, affecting millions. Up to four million new
cases arise each year, of which the majority of those infected develop chronic HCV
which is linked to severe liver disease (Seef (2002) and Kamal (2008])).

Much of this review and the models under study have looked at forecasting
of the use of intervention methods in reducing the prevalence of HIV and HCV
amongst PWIDs. In Scotland it has been recognised by the Scottish Parliament that
the high levels of HCV which exist amongst PWIDs posed a serious public health
risk which required substantial resources to be allocated in order that intervention
methods could be improved and implemented to prevent HCV being transmitted
(Scottish Executive, (2011))). Resources can be allocated to the development and use
of mathematical models including and similar to those reviewed in this study.

These models provide an insight into how infectious diseases, such as HIV and
HCV spread and allow knowledge to be gained for various intervention measures to
be evaluated as well as highlight the steps that are required for infectious disease
to be eradicated. As has been seen in this review, various model structures exist,
including deterministic, stochastic, SIS and SIR models. As the spread of HCV
replicates that of HIV, those models and techniques which have been developed for
the latter can also be applied to HCV models which examine the spread of disease

amongst PWIDs.



Chapter 2

A Simple Pessimistic Model for
the Spread of HCV Amongst
PWIDs

Mathematical modelling techniques are now being used by health organizations
worldwide to help understand the likely impact that intervention strategies, treat-
ment options and combinations of these have on the prevalence and incidence of the
hepatitis C virus (HCV) in the people who inject drugs (PWIDs) population. In
this chapter, we develop a deterministic compartmental model for HCV transmis-
sion among PWIDs through the sharing of needles and syringes. Using analytical
techniques, the model behaviour is governed by the basic reproduction number Ry,
with Ry=1 being a critical threshold separating two different outcomes. It has been
shown that if Ry< 1 there is only the disease-free equilibrium whereas if Ry >1 there
is the disease-free equilibrium and a unique endemic equilibrium. This model has
a unique disease-free equilibrium which is globally stable if Ry < 1. If Ry > 1 the
disease-free equilibrium is unstable. After that we look at a simplified approximate
model by using the fact that the timescale on which injections take place is much
faster than the timescale of epidemiological change. This approximation model has
the same equilibria as the full model. Also, as [Corson (2011) and Corson et al.

(2012) we showed that if Ry > 1 the endemic equilibrium is locally asymptotically
56
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stable for our approximate model. A brief summary of the main findings concludes

the chapter.

2.1 Model description

We develop a deterministic compartmental model for HCV transmission among
PWIDs through the sharing of needles and syringes. The model was loosely based on
the model previously described by Corson et al (2012). The treatment of chronically
infected PWIDs is considered in the model. Recall that in the ‘Optimistic Model’
HIV transmission model amongst PWIDs studied by |Greenhalgh and Lewis (2000)
PWIDs were divided into ‘Acute’, ‘Asymptomatic’ and ‘Pre-AIDS’ groups according
to their infectious disease status and needles were divided into the same groups
according to the level of virus in the blood in the needle. The needles were supposed
to adopt the infectious characteristics of the last PWID to use them, so a needle
last used by a PWID in the Pre-AIDS stage would be in the Pre-AIDS class and a
needle last used by a susceptible PWID would be left uninfected. This corresponds
to the flushing assumption that PWIDs can rid a syringe of infectious blood made by
Kaplan| (1989). The model is called ‘Optimistic’ because needles adopt the infectious

state of the last PWID to use them. This results in lower levels of HCV infection.

However in the ‘Pessimistic Model” of HIV transmission amongst PWIDs stud-
ied by |Lewis and Greenhalgh! (2001a) the PWIDs and needles are divided into the
same infectious classes but instead it is assumed that a needle used by a PWID
adopts the most infectious state of its previous state and the infectious state of the
PWID who last used it. Thus needles become progressively more infectious over
time. This is based on the observation by Kaplan that HIV can be isolated from

syringes even at great dilutions.

The model of the spread of HCV amongst PWIDs studied by |Corson et al.
(2012) is similar to the ‘Optimistic Model’ of |Greenhalgh and Lewis| (2000). We
shall base our model on the model of Corson (2011) and |Corson et al.| (2012) but
adopt the pessimistic needle mixing assumptions of Lewis and Greenhalghl (2001a)),

namely that needles adopt the most infectious of the current infectious state and



2.1. Model description 58

the state of the last infectious PWID to use them.

For instance, suppose that an acute phase h; infectious needle is also utilized by
a PWID who is in the chronic y phase of infection. In this case, the needle remains
in the acute h; infection phase. Conversely, if a needle that is in the chronic y
phase of infection is utilized by an individual under the category of acute h; stage
of infection then this needle will remain in the acute h; phase of infection. This
assumption agrees with that made by [Lewis and Greenhalgh| (2001a)) and results in
this model being pessimistic in contrast to other possible assumptions and so we
expect that it could be utilized to find a lower bound for the fraction of PWIDs and
needles infected with HCV.

The parameters ¢, A, v, i, ap, oy, 0, 0 and « are still similar to the definition in
Corson’s model (see Table. Also, we suppose a needle turnover rate of 7 per year.
Besides, we assume that infectious needles retain their infectivity even when they
remain unused. Chronically infected individual PWIDs can be treated with antiviral
therapy which is successful over 95% of the time (Chen et al. (2014)) and Cousien
et al. (2018)) although successfully treated individual PWIDs can catch HCV again.
Cousien et al. (2018) used a dynamic agent-based model of transmission amongst
PWIDs to study optimal interventions to best manage HCV amongst PWIDs in
France, in order to eliminate HCV. They take the new DAAs into consideration.
Jia et al. (2019) consider a mathematical model for hepatitis C in China. Infected
individuals are divided into acute and chronically infected. After the acute stage
individuals can progress to the chronic, immune or treated stages (see Figure .
We assume that the per capita rate at which chronically infected individual PWIDs

are successfully treated is .
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YA(m — Mr) 7y, l YA(m — My)m,

’}’Aq&Mhl 71-}3,2

YAMp,

-
VAP My, (1 — 'Jl') + 7Mp, YAM, ),

YAPMy, (1 - 'Jl') + 7Mp,

YA\ My, T, ’Y)\Mymtz YAG M}, Ty

YMm — Mj)m, Needles

(Assumption 1)

YAPM, (1 — ) + TM,

Figure 2.1: Our simple diagrams of our HCV transmission model among PWIDs.

2.1.1 Dynamic equations

We now start by deriving the differential equations which represent the spread of
HCV among PWIDs where PWIDs progress through the different classes of HCV
infection represented in the previous section and HCV infection is caused by sharing
the three types of infectious needle described also in the previous section 2.1 We
derive a total of eleven equations: six equations for PWIDs and five for needles for
two assumptions in stages h; and hy. For needles we have two alternative assump-
tions for how needles in state h; and hsy interact, Assumption 1 and Assumption
2. Assumption 1 means that we regard state h; infectious needles as being slightly

more infectious than state hy infectious needles and after use the level of infectivity
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of a needle originally in state h; or state hsy infectivity is the highest of its state im-
mediately before use and the level of infectivity in the blood of PWID who last used
it (as in Lewis and Greenhalgh| (2001a)). Assumption 2 means that we regard state
hy infectious needles and state ho infectious needles as being equally infectious and
assume that a needle remains uninfectious until first used then adopts the infectious
state of the last PWID to use it (as in Corson (2011) and |Corson et al.| (2012)). For
each assumption we derive a total of nine equations, six for PWIDs and three for
needles. Note that Assumption 1 and Assumption 2 are concerned only with the

interaction of state hy PWIDs and state hy needles and vice-versa.

The flow diagrams for the equations are given in Figure[2.T| where the top part is
for numbers of PWIDs and the bottom part is for needles (Assumption 1). Both are
given in terms of absolute numbers not fractions. In these figures m = m,, +mp, + 7,
is the total fraction of infectious PWIDs, M}, = mpBy,, My, = mfB,, M, = mf3, and
M = My, + My, + M, are the number of infectious needles in infectious stages hy,
hs and y, and the total number of infectious needles respectively. For Assumption 2

the flow from Mjy, to My, is AyMjy, 7, with the other flows remaining unchanged.

Let x(t), z1(t), hi(t), ha(t), y(t) and z(t) denote the number of PWIDs in
respectively the x-susceptible, xi-susceptible, h, acute, hy acute, chronic y and
immune z classes at time ¢. Let M, (t), My,(t) and M, (t) denote respectively the
number of acute state h; infectious needles, acute state h, infectious needles and
chronic state y infectious needles at number ¢. Consider 7, (t), 7., (t), 7, (t), T, (1),
my(t), and 7, () to represent the fraction of PWIDs respectively in the z-susceptible,
x1-susceptible, acute hq, acute hy, chronic y and immune z classes at time t. Also,
By (t), Bry(t) and B, (t) respectively represent the fraction of HCV infectious needles
in the hy, he and y stages at time ¢. As in Corson (2011) and Corson et al.| (2012)), we
denote the constant PWIDs to needle ratio v = n/m to be the number of PWIDs per
needle in the population. Each susceptible PWID injects at rate A\. The probability

that he or she becomes infected at injection is

(1 = @) (an(Bhy + Bry) + vy By).

So the force of infection experienced by a single susceptible PWID is still similar to
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Corson (2011) and (Corson et al. (2012)

f=A1 = &) (an(Bh, + Bny) + yBy).

The change in the number of z-susceptible individuals in the small time interval

[t,t+ At)

x(t + At) — x(t) = new susceptible PWIDs born in [¢,t + At)
— z-susceptible PWIDs who leave the sharing, injecting
population in [¢,t + At)
— z-susceptible PWIDs who become infected in [t,t + At)
after borrowing needles and syringes last used by acute hy
PWIDs in [¢,t + At)
+ the number of y-chronic PWIDs who successfully treat HCV

infection in [t,t + At),

= pnst — pe St — Az (1 — O)At(an(Bn, + Bn,) + oy By) + vyt
+ o(At).
Here writing f(£) = o(§) means % —0as & —0.So

x(t+ At) — x(t)
At

= pun — px — Ax(1 — ¢)(an(Bny + Bny) + ayBy) + Py + o(1).

Letting At — 0 we deduce that

dx
5 = Hn = ke = Azl = @) (an(Buy + Bny) + oy By) + 9y,
- . Ty
Dividing by n, and recalling that m, = = Ty = o
dm,
pTa o= pry — A (1 — @) (an(Bry + Bny) + aBy) + Py

The derivations of the equations for the x;-susceptible, acute h; and acute ho

classes are a similar way to Corson (2011) and Corson et al. (2012). These equations
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are

% = 0(1 = a)mh, — pmay, — Aoy (1= @) (an(Bn, + Bra) + Oéyﬁy),

dgzl = (1 = )AL — @) (an(Buy + Bro) + By (1 — Thy — Thy — Ty — 702)

- (M + O-)ﬂ-hu

d;l;z = A1 = @)0(an(Bn, + Bry) + ayBy) (1 — mhy, — Ty — Ty — ) — (U + 0) 7.

The change in the number of y chronic infected PWIDs individuals in the small
time [t, ¢ 4 At)
y(t + At) — y(t) = new chronic y PWIDs in [¢,t + At) who come from the acute
h, stage
— number of chronic y PWIDs who die in [t,t + At)
— the number of y-chronic PWIDs who successfully treat HCV

infection in [t, ¢ + At).

= ohi At — py At — Yyt + o(At).

So we have that

A _
y(t + Ati y(t) ohy — py — by + o(1).

Letting At — 0 we deduce that

d
d—i{:ahl—uy—l/)y.

Dividing by n then we have

dm
d_ty = 0T}, — WUy — Py,

Similarly for immune z PWIDs we have

dm,
dt

= OQTp, — UT,.
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Note that we assume that all new recruits into the PWID community are sus-
ceptible. This is reasonable as recruits are drawn from the general population where
the level of HCV incidence is low. Similar assumptions are made in Greenhalgh and
Lewis (2000). For needles recall that both stage hy and stage hs infectious needles
are equally infectious. We shall discuss two possible assumptions for how stage hy
and stage ho infectious needles and stage h; and stage hs infectious PWIDs interact.
The first (Assumption 1) corresponds to the pessimistic needle assumptions in Lewis
and Greenhalgh| (2001al) where state hy infectious needles are regarded as more in-
fectious than state ho infectious needles. So needles only move up the spectrum:
uninfectious, state y infectious, state ho infectious, then state hy infectious. Hence,
we assume that a stage h;y PWID will always leave needles in state h; infectivity.
Also, a stage ho PWID will always leave state hs, state y and uncontaminated nee-
dles in state ho infectivity. Moreover, a stage y PWID will always leave state y and

uncontaminated needles in state y infectivity.

The change in the number of acute h; needles and syringes in the small time
interval [t,t + At)
M, (T + At) — My, (t)

= the number of non h; needles and syringes used by h;
infected PWIDs in [t,t + At)

— the number of h; needles and syringes cleaned and then
used by non h; infected PWIDs in [t,t + At)

— the number of h; needles exchanged in [t,t + At).

- M, M,
= nA (%)mnm - m\#(l — T, )OOt — T My, At 4 o(At).

So dividing by At, then letting At — 0, we deduce that

dM, M M
il :n)\(l— hl)whl —n)\i(l — Ty )0 — TMp, + o(1).
dt m m

Dividing by m,

A,

prie YA = Bhy )Ty — YABR (1 — Ty )@ — T B, -
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The change in the number of acute hs needles and syringes in the small time
interval [t,t + At)
My, (t + At) — My, (t)

= the number of non acute h; and non acute hy needles and syringes used
by acute hy infected PWIDs in [t,t + At)
+ the number of acute h; needles and syringes cleaned and then
used by acute hy infected PWIDs in [t,t + At)
— the number of acute hy needles and syringes used by acute
hy infected PWIDs in [t,t + At)
— the number of acute hy needles and syringes cleaned and then
used by non acute h; and non acute hy infected PWIDs in [t,t + At)

— the number of acute hy needles exchanged in [t,t + At).

— M, — M M, M,
= n\ (m M The ) Thy AL+ nA—2 7, AL — nA—2 7, At
m m m

M
— A2 (1 = 7, — g )OO — My, At + o(AL).
m

Dividing by At, and letting At — 0 then we deduce that

dM M, M

dt m  m

M M
)th + n)\imugb — n)\ﬁﬂhl
m m
—nA—=2(1 — 7, — Ty )0 — T M.

Dividing by m,

A,
dt

- ’7/\<1 - Bfu - ﬁfm)ﬂ-hz + ’V)‘Qﬁﬂhlﬂ—hz - 7>\ﬁh277h1

— VAP, (1 — 75y — th) — T Bhy-

The second assumption (Assumption 2) for how infectious state hy, hy needles
interact with infectious stage hy, ho PWIDs corresponds to the Optimistic Model
assumptions in |Greenhalgh and Lewis (2000). Thus whilst they are in the state hy

or hy infectivity state h; and state ho infectious needles adopt the infectious state
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of the last h; or hy infectious state PWID to use them. Hence, we assume that a
stage hy PWID will always leave needles in state hy infectivity. Also, a stage ho
PWID will always leave needles in state hy infectivity. Moreover, a stage y PWID

will always leave state y and uncontaminated needles in state y infectivity.

The change in the number of acute h; needles and syringes individuals in the
small time interval [t, ¢ + At)
My, (t + At) — My, (t)

= the number of non acute h; needles and syringes
used by acute hy infected PWIDs in [t,t + At)

— the number of acute h; needles and syringes
used by acute hy infected PWIDs in [t,t + At)

— the number of acute h; needles and syringes cleaned
and then used by non acute h; and non acute ho
infected PWIDs in [t,t + At)

— the number of acute h; needles exchanged in [t,t + At).

— M, M
m m
M,
—nAp— (1 — mp, — Ty ) At — TM,, At + o(At).
m

Dividing by At, and letting At — 0 then we deduce that

M, M M,
= n)\ (1 - hl)ﬂ—hl - nAiﬂ'hz — n)\¢ h1 (1 - 7Th1 — 7Th2) - TMhl
m m

Dividing by m,

A,
dt

= ,7)\(1 - ﬂhl)ﬂ-/‘u - 7)\/8}1171-]12 - 7)\¢6h1(1 - 7Th1 - 7Th2) - T/Bhl'

The change in the number of acute hy needles and syringes individuals in the

small time interval [t, ¢ + At)
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Mh2 (t + At) - Mh2 (t)

= the number of non acute hy needles and syringes
used by acute hy infected PWIDs in [t,t + At)

— the number of acute hy needles and syringes
used by acute hy infected PWIDs in [t,t + At)

— the number of acute hy needles and syringes cleaned
and then used by non acute h; and non acute ho
infected PWIDs in [t,t + At)

—  the number of acute hy needles exchanged in [t,t + At).

2

M,
i (1 — Thy
m m m

—Thy )Nt — T My, At + o At).

- M M
= n)\(u>ﬂ'hzﬁt —nA hQ?T}UAt — n)\qb

Dividing by At, and letting At — 0 then we deduce that

dM M M M
2 = pA (1 — h2)7rh2 — n/\ﬁﬂhl —nAQ i
dt m m m

2

(1 — Thy —7Th2) —TMh2.

Dividing by m,

d
gzz = YN = Biy)Thy — YABhyThy — YAPBhy (1 — Ty — Thy) — TPy

In both Assumption 1 and Assumption 2 infectious state h; or hs infectious
needles are both more infectious than infectious state y infectious needles so in both
cases the differential equation for infectious state y infectious needles is derived as

follows:

The change in the number of chronic y needles and syringes in [t,t + At) is

M, (t+ At) — M,(t)

= the number of initially uninfected needles and syringes used by stage chronic y

infected PWIDs in [t,t + At)
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+ the number of initially acute h; or acute hy infected needles cleaned and
used by chronic y infected PWIDs in [t,t + At)

— the number of initially chronic y infected needles used by acute h; or acute ho
infected PWIDs in [t,t + At)

— the number of initially chronic y infected needles cleaned and used by
susceptible PWIDs in [t, ¢ + At)

— the number of chronic y needles exchanged in [t,t + At).

VIOWAN

Y

(m—Mhl—MhQ—M
=nA

M, M,
y>ﬂyﬁt+n/\¢(u)
m m

M, M,

— nA=—L (7, + Ty ) At — nAG—2(1 — Ty — Thy — Ty) AL — TM,AE+ o( AL).
m m

Dividing by At, and letting At — 0 then we deduce that

dMy = nA(l_%_%_%>ﬂy+nA¢<Mhl+Mh2>7ry
dt m m m

M M
a2 NG (1 — 7 — 7, — 7)) — TM,,
nA— (Thy + Thy) — NAD - (1 =7y — Ty — my) — TM,

Dividing by m,

By

dt 7)‘(1 - Bhl - 6h2 - ﬁy)ﬂ-y + 7>‘¢<5h1 =+ ﬁh2)7ry - ’Y>‘5y(ﬂ-h1 + 7Th2)

_A7¢By(1 — Thy — Thy — 7Ty) - Tﬁy'

Hence the system of governing equations that describe the spread of HCV
among PWIDs is given by

i;:”—M%—AMU—émmwm+&Q+aﬁw+¢@, (2.1.1)
% = 0(1 = a)mh, — ig, — Aoy (1= 0)(0n(Bry + Bra) + oB,),  (2.1.2)
T — (1= M1 = )@+ o) + 081 = T3, — 7y — 7, — )

(et o), (2.1.3)
Tty \(1= 3B + ) + uBy)(L Ty — Ty — 7y — 7.

— (1 +0)Thy, (2.1.4)
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dm,

= Oy~ [Ty = Yy, (2.1.5)
drm,
; = oamp, — UT,. (2.1.6)

Under Assumption 1 for needles,

dp

dzlfl1 = VAL = B ) — VAL (L= 7, )0 — 7P (2.1.7)
d

g:z - ,YA(l - ﬁhl - Bh2)ﬂ-h2 + 7)‘¢Bh1ﬂ'h2 - ’7)\Bh2ﬂ'h1

- 7)‘¢ﬁh2(1 — Thy — 7Th2> - Tﬁhz' (218)

Under Assumption 2 for needles,

d
g:l = 7)‘(1 - /Bhl)ﬂ'hl - fVAﬁhlﬂ'hQ - 7)‘¢Bh1 (1 — Thy — 7Th2)
— 70, (2.1.9)
dBn,
7 - 7)‘(1 - ﬁh2)7h2 - fy)‘BhQﬂ-fu - 7)‘¢Bh2(1 — Thy — 7Th2)
— 7B, (2.1.10)

For both Assumptions we have that

ds,

i = ’7>\(1 - Bhl - 5h2 - By)ﬂ-y + 7)\¢(5h1 + /th)ﬁy - 7)‘511(71711 + 7Th2)

— MYPBy (1 — Ty — Thy — Ty) — TSy (2.1.11)

Equations — represent how the PWIDs move through the different
stages whereas — represent how the needles move through the different
infectious stages.

For either assumption the initial conditions are 7, (0) > 0, 7., (0) > 0, 7, (0) >
0, T, (0) > 0, 7,(0) > 0 and 7,(0) > 0; 5,(0) > 0, 5,(0) > 0 and £,(0) > 0 with
72(0) 4 7, (0) 4 74, (0) + 74y (0) + 7, (0) + 7.(0) = 1 and By, (0) + B, (0) + 5,(0) < 1.

2.2 Difference to Corson’s model

The model of Corson (2011) also discussed in Corson et al. (2012) assumes that after
use by an infected PWID each needle takes on the infectious state of the last PWID
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to use it. However there is evidence from HIV that once infected needles remain
permanently infected. Hence the assumption that the needle adopts the infectious
state of the last PWID to use it may not be realistic and alternative assumptions
must be explored. Here we have used two alternative assumptions which assume
that the infectious state of the needle can only increase during its lifetime. The
difference between the model discussed in Corson (2011) and Corson et al. (2012)
is similar to the difference between models for the spread of HIV of Greenhalgh
and Lewis (2000) who use an ‘optimistic assumption’ similar to Corson’s model and
that of Lewis and Greenhalgh (2001) who use a ‘pessimistic assumption’ similar to
our model. Thus the PWID-needle interactions are more complicated in our models
than those in Corson (2011) and Corson et al. (2012). As well as the different
PWID needle interaction assumptions in our model addicts can also be treated at
per capita rate 1.

This completes our derivation of the basic model. In the next section we shall

focus on a key epidemiological parameter, the basic reproduction number Ry.

2.3 The basic reproduction number R

The basic reproduction number is defined as the number of secondary infections
caused by a single infectious person coming into a disease-free population at equi-
librium (Corson (2011), (Corson et al.| (2012) and Al-Fwzan (2015)). A secondary
infection is when someone is infected after using an infectious needle, contaminated
by the originally infected PWID. In our model an alternative definition of Ry is
defined as the expected number of secondary needles infected by a single infected
needle entering a disease-free population at equilibrium. A secondary needle infec-
tion is a needle infected by a PWID who was infected from the original infectious
needle. Ry is critically important in epidemiological models with the disease usually
being eliminated when Ry < 1 and an epidemic usually occurring when Ry > 1.
In unusual cases, usually in models with two or more different types of individu-
als, there may be subcritical endemic equilibria so disease can persist if Ry < 1

(Greenhalgh et al.| (2000)). To derive an expression for Ry we note that for a single
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newly infected PWID entering a population containing only susceptible PWIDs and
uninfectious needles at the disease-free equilibrium, the initial infection process can
be broken down into two distinct phases. Firstly the disease passes from our single
infectious PWID to an uninfectious needle, secondly this needle (which is now in-
fectious) passes on the disease to a susceptible PWID. We wish to find the expected
number of needles a single PWID will infect during his or her infectious lifetime and
the expected number of PWIDs each of these needles will infect. The product of
these expected values is Ry. This results in a different value for Ry than using the
next generation matrix method although the threshold value is the same.

PWIDs progress through different infectious stages and during each stage a
PWID will leave needles infectious. Following a similar way as in Corson (2011) and

Corson et al|(2012) then we have on average a PWID generates

A1 —9)
wto
acute h; infectious needles and
A0
wto
acute hy infectious needles and
Ao(1 —0)
(+ ) (p+o)

chronic y infectious needles.

We now want to find F;(PWIDs infected by the single needle), where ¢ =

hi, ho,y classes. Hence, we first define that:

Y = the number of PWIDs infected by a single needle,

X7 = the event that the needle is safe before the next injection
and

X5 = the event that the needle is still infectious before the next injection.

Therefore,

En, (Y) = Ep, (Y[X1)P(X1) + Ep, (V| X5) P(X).
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If the needle is safe before the next injection that means Ej,, (Y|X;) = 0 and if
the needle is still infectious before the next injection then the probability of event

Xy is My(1 —¢)/(Ay + 1) and

(1 -9)

Ehl(Y> - /\’7+T Ehl(Y|X2>‘

We now explore Ej, (Y|X2) by conditioning on the next event, that of a susceptible
PWID injecting with an infectious needle. This event has two outcomes. A PWID
may be infected by the needle or still remain susceptible. (Note that in this situation
the needle is never flushed and this is different to the models discussed in Corson
(2011) and Corson et al. (2012) where the needle is always flushed.) Consider
the event that a susceptible PWID injects with an infectious needle, each of the
two outcomes mentioned previously are possible and each outcome has different
implications for the number of PWIDs infected by this needle. If the PWID becomes
infected then the number of PWIDs infected from the needle before the next injection
is one, if the PWID is not infected then the number of PWIDs infected from the
needle before the next injection is zero. In the case the needle infects the susceptible
PWID then it will infect in total Ej,, +1 PWIDs where Ej,, = Ej, (PWIDs infected
by a single needle), similarly if the PWID was not infected then the needle will infect
in total £}, PWIDs.

Hence, we are assuming that a susceptible PWID always leaves an infectious
needle in the infectious state that means an infectious needle is never flushed by a
susceptible PWID. Namely that the PWID is infected by the needle with probability
ay, or remains susceptible with probability 1 — ay,. Therefore,

)

E
h Ay +T

P(susceptible PWID infected) 4+ P(needle not flushed)Ey, |.
(2.3.12)

Here P(needle not flushed) =1. This is different to the models discussed in Corson
(2011) and Corson et al. (2012) where in this situation P(needle not flushed) = 0.

Hence (2.3.12) is
_ M1 —-9)

E, = Fy).
hy wom (an + Ep,)
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Solving for Ej,, we deduce that

_ (1—¢)Oéh
Ey, _—gb—l—% .

Here 7 = (1/\7).

A second way to derive Fj, is to note that at each stage the needle remains

infectious between PWIDs with probability

M-¢) _1-¢
MY+ T 1+7

and infects a previously susceptible PWID with probability o at each injection.
Hence the probability that the needle remains infectious for PWIDs 1,2,3,...7 — 1

but does not remain infectious for PWID 7 is

i—1 ~ i—1
Tl I (et S (e i=1,2,3,...
1+7|\14+7 1+7\1+7

1-¢
1+7°

in other words a geometric distribution with p =
So the total number of PWIDs to use the needle and become infected before
the needle becomes uninfectious is

il 10-9) 2008 S0t ]

S:E =
T TR 1+7 (1472 " (1+7)3

Multiplying by i—f

1-9¢) (6+7)],, 11—¢)? 201—9¢)7° 3(1—¢)
YT ) {(H +72 (7 (1t +]
Subtracting

(6+7) @+ [1—-0) (1-0)?2 (1-¢)°
Sl—i—% _ahl—i—f' [14_% e (14‘7:)3—’_.”}

G+ —-9)| 1
(14 7)2 R

:ah

Hence
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So

(1-9)
o+ 7

Moreover, this argument is the same in the acute hy and chronic y for Assumption 1

S:Ehlzah

and Assumption 2 because in both assumptions we have assumed that the PWIDs
never flushed needles. Therefore, we use a similar argument to derive the expected
number of PWIDs that are infected by acute hy and chronic y needles in both

assumptions of needles until they are uninfectious. These are

(1—)an
E,, = —"—
}'LQ ¢+7f\_
and
JOR k)
o+T
respectively.

An expression for the total of secondary infections caused by one infectious
PWID entering the disease-free population can be calculated by multiplying the
expected number of infections from each type of infectious needle (in both assump-
tions) with the expected number of needles that a PWID generates during their
infectious lifetime. This gives

A(1—5)(1—¢)othr Ad (1—¢>)ah+ Ao(1—-0) (1-9¢)a,
(nto) (p+7)  (uto) (6+7)  (u+)(ut+o) (9+7)

-9 )
o (M+¢)<M_’_U)(¢+7¢)[<N+¢)O‘h+06y0'(1 ).
Hence, the basic reproduction number is given by
_ -9 i
Ry = PESDITETS IS (1 + V)ap + ayo (1 —6)]. (2.3.13)

Thus, we conclude that Ry is the same for Assumption 1 and Assumption 2. More-
over it is different than Ry in Corson (2011) and Corson et al. (2012) because of the

1 terms and also the factor (¢ + 7) in the denominator.

Another way to derive our Ry is by considering Ry as the number of HCV
cases in PWIDs caused via exactly one infected syringe from a single newly infected

PWID entering the DFE point (Liang et al. (2019), Macdonald| (1952), Maier et al.
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(2017), Massad et al. (2001), Sanches and Massad| (2016) and [Van den Driesschel
(2017)). An alternative approach (Diekmann et al. (1990), Roberts and Heesterbeek|
(2003)), |[Van den Driessche| (2017)), Van den Driessche and Watmough| (2002)), |[Van den|
Driessche and Watmough! (2008) and Wonham and Lewis (2008)) takes the interval

between cases of disease to be between vector (in our case needles) and human
(individual PWID) or human and vector. If this method is applied the new basic
reproduction number, Rj say, is the unique positive real root of a cubic equation.
As Ry > 1 if and only if Ry > 1 and R < 1 if and only if Ry < 1 this R has the
same threshold value as R,.

We work with the equations representing the absolute number of PWIDs and
needles not the proportions. The infectious compartments are hy, hy, y and My,

My, and M,.

dh A
d_tl = —(1-9)(1-9) [an(My, + My,) + ay My (n —hy = hy —y — 2)
—(p+0o)h,
dhs A
E = Eé(l_d))[ah(Mhl+Mh2)+ayMy] (n—hl—hg—y—z) —(M+U)h2,
d
d—z = ohi — (p+ )y,
dM, A A
dthl - E(m - Mhl)hl - EM]H (TL - h1)¢ o TMhl’
dM, A A A A
dth2 = —(m — Mhl — Mh2>h2 + _d)Mhth - _thh’l - _(thQ (n - h’l - h2>
m m m m
—TMhQ,
dM, A A A
dty = E(m — Mh1 - Mh2 - My)y + Egb(Mlu + Mhz)y - EMy(hl + h2)

A
— EqﬁMy(n —hy —hy —y) —TM,.



2.3. The basic reproduction number R, 75

Recall that F} is the rate at which new cases of disease arise in the ¢/th class

A
Fy=(1- 5)E(1 — @) (an(Mp, + My,) + ay M) (n — hy — hy —y — 2),
A
Fy = 5E(1 — ¢) (o (Mp, + Mpy,) + oyM,) (n — hy — hy — y — 2),
F3 =ohy,
Fi= 2 (m— Myu)h
4= E m — hl) 1,

A A
Fs = —(m — My, — My,)ha + —dha My,

m m

A A
Fg = E(m - Mhl - Mh2 - My)y + E¢(Mh1 =+ Mhz)y’

Hence recalling our discussion of the Next Generation Matrix Method in Section

1.4.1

0 0 0 (I1-8)1A—-g)apry (1—=0)(1—¢)anry (1 —=9)(1— p)ay\y

00 0 61—k 5(1 — d)any 5(1— d)ay\y

c 0 0 0 0 0

A0 0 0 0 0 |
0O X O 0 0 0
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(u+ o) 0
0 (u+ o)
0 0
V=
0 0
0 0
0 0

0

(1 +1)

0

0

0 0 0

0 0 0

0 0 0
Yo+ T 0 0

0 Ao+ T 0

0 0 Mo+ T

So calculating FV~! gives the Next Generation Matrix and similarly for Assump-

tion 2. Therefore, using the next generation matrix approach there are six types

of infectious entities hq, hy and y for individual PWIDs and My, , M;, and M, for

needles. The next generation matrix is defined as the matrix M = {M,; : i

1,2,3,4,5,6} where M;; is defined as the expected number

1,2,3,4,5,6,] =

secondary cases in infectious state ¢ caused by a single newly infectious PWID

infectious state j entering a disease free population at equilibrium. Hence

u+o

u+o

n+o

0

o

an(l =0)¢" an(l =0)¢" (1 —0)¢"

apdd* apdo* 00
0 0 0
0 0 0
0 0 0
0 0 0
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where ¢* = ;_T‘f It is straightforward to show that three of the eigenvalues of this

matrix are zero and the remaining three satisfy f(w) = 0 where

s A Aa(1=9)
flw) =w ah¢u+0w 0 (+o)(p+1)

As f(0) < 0 and lim, , f(w) = oo the equation f(w) = 0 has either one or

three strictly positive real roots. By Descartes rule of signs it has either zero or one
strictly positive real roots (Bennett| (1922)), hence has exactly one positive real root.
Moreover as the Next Generation Matrix M is a positive irreducible matrix it has
a real strictly positive eigenvalue corresponding to its spectral radius (Lemma 2.1
in Nold, 1980), which is R, the basic reproduction number by the Next Generation
Matrix method. Moreover f(1) = 1 — Ry. Hence R§ > 1 if and only if Ry > 1,
R;=11itand only if Ry =1, and R < 1 if and only if Ry < 1. So Ry and R} have
the same threshold value.

We now going to see the behaviour of our model analytically. In particular, in

the conditions that allow HCV to die out or persist in the population.

2.4 Analytical results

In this section we are going to analyse the behaviour of our transmission model, cen-
tering on the conditions that result in HCV persistence or elimination. We proceed
with an equilibrium and stability analysis in order to determine the nature of any
equilibrium solutions. Then we shall show that there are two equilibrium solutions;
a zero and an unique non-zero solution. Stability analysis will present that the zero
solution is globally stable when Ry < 1 and unstable when Ry > 1. After that we
will derive an approximation to our differential equation model with the same basic
reproduction number and equilibria. The non-zero solution for our approximation
model is locally asymptotically stable when Ry > 1.

Moreover we will suppose that the probability of successful needle and syringe
cleaning, ¢, lies between zero and one but cannot take the value one. If we allow
¢ = 1 then Ry = 0 and no disease transmission will take place, ¢ = 0 is allowed
since this corresponds to a scenario where PWIDs do not engage in cleaning practices

prior to injecting. In addition, we suppose that the remaining model parameters are
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strictly positive.

2.4.1 Equilibrium solutions

Theorem 2.4.1. In either system -(2.1.8) and (2.1.11) or -(2.1.6)

and - 2.1.11), if Ry < 1 then the system has a unique equilibrium solution
where the disease has died out in both PWIDs and needles and syringes. If Ry > 1

then there is the DFE, moreover there is a unique endemic equilibrium point.

Proof. 1f we are using the similar method which was used in proving of Theorem 3.1
in Corson (2011) and proving of Theorem 4.1 in Corson et al. (2012) and considering
the different PWID needle interaction assumptions in our model addicts can also
be treated at per capita rate ¢ therefore we can write 7; and 5} where 1 = z, @1,

hi, ha, y, z and j = hq, he, y represent to the endemic equilibrium proportions of

PWIDs and needles respectively. Putting % = 0 in equations —2.1.11 and
then defining 7; = (1 — 0)k, which leads to 7; = 0k from (2.1.3) and (2.1.4), we

have that
., o(l=0)k oadk

T=—, W, = .
Y p+ It

For Assumption 1 we have that

(1—0)k

A-0k(l—@)+o+7
ko(¢+ 7)

(k(1=¢) + o+ F)k(L =6)(1—¢) +d+7)

For Assumption 2 we have that

and

B, =

6;‘;2:

. k1-0) . ks
E e e S

For notational simplicity write m, = 7, + Thy, Br = Buy + By T = Thy + Thy + 7y
and 8 = B, + Br, + By. Denote their respective equilibrium values by 7, §;, 7

and *. Then for both Assumption 1 and Assumption 2

D — M1 = B = OB — 1) — 7, (2414)
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and

s

= =21 = B)m —3AGB(L — ) — 7B, (2.4.15)

Hence from the equilibrium versions of these equations

. k
KOs
k

+
0(1—5)
. put
ﬁ =

k<1+"£1+j))(1—¢)+¢+%

)

and

P (6+)%5"

Yk -9)+ o+ )[R+ ) (1 - ¢) + 6+ 7]
Adding the equilibrium versions of equations (2.1.3) and (2.1.4]) we deduce that

A1 —¢)
n+o

k=, = (1= =) ((an — ay)B; + ay 7).

Hence k=
AMI=9) (. o(1-9¢) oad (ap — ay)k
pto (1 k[H ST D(ff(l—d))JraﬁJrf
k%(leg/(:j)) )

k(1 + fﬁw )+ o+ 7
(2.4.16)

k = 0 is always a possible solution of (2.4.16)) corresponding to the disease-free
equilibrium solution which is therefore always possible. Any other non-zero solution

must satisfy

=

o (Lt %)
B+ 222 + 6+ 7
(2.4.17)
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Let g(k) denote the right-hand side of (2.4.17)). g(k) is strictly monotone decreasing
in k with g(0) = Ry. Hence if Ry < 1 there are no strictly positive solutions to
(2.4.17) whereas if Ry > 1 there is a unique strictly positive solution to in
(0, k*) where k* = 1/[1 + (o(1 = 8)/(p+ ¢)) + (oad/u)].

It is straightforward to show that this strictly positive solution corresponds to
an endemic equilibrium for either Assumption 1 or Assumption 2. Hence we have
shown that if Ry > 1 there is a unique feasible endemic equilibrium with all of
Ty Tonys Thys Thys Taps Wy Bry s Br, and B strictly positive and if Ry < 1 there is only

the disease-free equilibrium. O

We conclude that the proof of is different to Corson (2011) and Corson
et al. (2012). It is a more complicated and significantly different proof because
of the needle equations. Also Ry is the same for the Pessimistic Model with both
Assumption 1 and Assumption 2. There is a difference between the results for

Assumption 1 and Assumption 2 in that the 3; and 3} value differs.

2.4.2 Global stability of the disease free equilibrium

We are going now to see what happens when 0 < Ry < 1. In this situation we shall
show that when R, takes the values between 0 and 1 inclusive HCV will die out in

all PWIDs and needles and syringes.

Theorem 2.4.2. If Ry <1 HCV will be eradicated in all PWIDs and needles and

SYTinges.

Proof. Note that the idea of the proof is similar to that of Corson (2011) and
Corson (2012) but the main difference is the needle equations. There is also the
PWID treatment rate ¢. This outcome is proved in several steps. We write
mpe for limy,o SUp s, (t), with similar definitions for the other 7{° and B]OO for
1 = x1, h1, he, y, z and j = hy, ho, y. We start off proving several results that
give upper bounds on the limit suprema of each PWID and needle class in terms
of either 77 or 77, this leads us to express our results in terms of a single limit

supremum. We then show if Ry < 1 this limit supremum is equal to zero. Applying
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this result will complete the proof.
O'7T,<i?

pt

Lemma 2.4.3. 7TZO <

Proof. From equation ([2.1.5)), we have that

dm
d_ty + (u+ )7y, = omp,.

To solve by using an integrating factor, we have

%[ﬂ'y exp((p + ¥)t)] = omn, exp((u + ¥)t).

So given € > 0, there exists t1(€) > 0 such that for ¢t > t;(e)

&y exp((n+0)0)) < (i + €)exp(( + 0)0)

Let t > t1(e) and integrating over [t1(€), t] gives

7y () exp((p + P)t) = my(ta(€)) exp((p + )t (e)) < (mp7 + E)Uu —(exp(( + )1

+ ¢
—exp((p +¢)ti(€))),

my(t) < my(ti(€)) exp(=(p + ¥)(t = ti(e)))

(1 —exp[—(u +¥)(t = t:(e))]),
1
pt

Note there exists ta(€) > t1(€) such that exp(—(u+¥)(t — t1(€))) < e. For t > t5(e)

;L—H/J—i—o)
p+y )

+ (7 +€)o
(775 + o

< exp(=(p +P)(t = 11(€))) + (m] + )

o0
I omy

wy(t)§e+(7r,‘jf+e)au+¢—u+w

+ €1, where ¢, = e(

Suppose that mp° > #Jrhlz. Then take ¢, = 1 (7?00 — hl) > 0. For t > ty(€),

2 Y ptp

—_

aw,ﬁf ~ 0'7T?L<13
7ry(t)§u+¢—l—§ , “ro)

Letting t — o0,
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Re-arranging we deduce that

077}{?

pt

my(t) <

(771'2(1)
p+y

This is a contradiction therefore m,(t) < , completing the proof. O

o _ oamp
Corollary 2.4.1. 77 < —=.
1

Proof.

dm,
dt

+ um, = oamh,.

Using the same method which was used in the proof of Lemma the result
follows. O

We shall next use the same method and equations ([2.1.7)-(2.1.8) and (2.1.11))
for Assumption 1 and equations (2.1.9)-(2.1.11)) for Assumption 2 to find upper

bounds for 3;7, 857 and B;°. Recall that 7 = -. For Assumption 1 from equation

Ay
(2.1.7) we have that

A,
dt

= YATh, — YABp (@ + T) — YATH, By (1 — ).

For Assumption 2 from equation (2.1.9) we have that

A,
dt

= 7>‘7Th1 - ’VAﬁm <¢ + 7A—> - 7)‘<7Th1 + 7Th2>ﬁh1<1 - (b)

So in both cases

dfBn,
dt

< 7)‘77-}11 - ,y)\/Bhl (¢ + 7:)

So multiplying by exp (Ay(gb + ?)t) we have

& B (16 + D] < My, exp( (6 -+ 7))

Proceeding as in the proof of Lemma [2.4.3| we deduce that

h1—¢+7¢
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Similarly for S, for Assumption 1 from equation (2.1.8)) we have that

dBn, R

7 < 7)‘7Th2 - 7>‘6h2 (¢ + T) - 7)‘(7Th1 + ﬂ—hz)BhQ(l - ¢) - A76h17rh2(1 - ¢)7

< YAy = YABhy (@ + 7).

And from equation (2.1.10) we have that

d .

5:2 < 7)‘7Th2 - fVAﬁhz (¢ + T)'
Again proceeding as in the proof of Lemma [2.4.3] we deduce that
Thy
o0 < 2 .
P S 547
For 3, for both Assumption 1 and Assumption 2 we have that
dBy 5
- My = ABy (¢ + 7) — Aymy (B, + Bn,) (1 — @)
—XBymy(1 = @) — By(mn, + mh,) (1 — &),
< My — ABy(¢ + 7).
So once again we have that
7rOO
o0 < Y .
VT o+T
Now for Assumption 1 and Assumption 2, we have that
< < 2 d < . 2.4.18
ﬁhl_gb—i_’f’ /Bh2_¢+%an /By_qb‘i_'f— ( )

Again if we compare this with Corson (2011) and Corson et al. (2012) then we can

see this is different than both Corson (2011) and Corson et al. (2012) because of

the ¢.

The next step in our argument is to derive a relationship between 77 and 77

given by the following Lemma:

Lemma 2.4.4.

(1—6)m,, = omy..

Proof. Following a similar proof of Lemma 3.2 in Corson (2011) and Lemma 4.2 in

Corson et al.| (2012).

]
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Define 7, = 7p,, + mp,. Suppose that 77° > 0. Using the previous lemma it is

straightforward to show that

oo _ T _ Ty
T a=-0) o

We can use Lemma to write the inequalities in Lemma [2.4.3] Corollary
and equations ([2.4.18) in terms of 7;° to obtain:

o(1—9)m°

T, < Yt (2.4.19)
T < Uéiﬂgo , (2.4.20)
By < %, (2.4.21)
Brs < 27_?; and (2.4.22)

o o O0 )T (2.4.23)

YT (et )(o+T)
Adding equations ([2.1.3)) and (2.1.4) together we have

% =M1 —=¢)(1 -7, — Ty — ) (an(Bhy + Bry) + O‘yﬁy) — (p+ o)m,
< ML= @) (L —mn)(en(Byy + Bry) + By + €) — (1 + o),
for e > 0, t > t3(e) for some t3(€) > 0.

Substituting in the upper bounds for 557, 857 and 3;° given by inequalities (2.4.21))-
(2.4.23) yields

dﬂ'h

<= o)1 m) (an

(1 =9)me  dmpe o(l—d)me
o+7 ¢+%> 6+ +€)

— (4 + o),

A1 —¢)

(n+v)(p+o)(o+ f—)«ru +¥)ap

< (n+o) {(1 — 1)

+oay,(1—0))m° + e — 7Th:| ,

where €3 = % Using equation ([2.3.13]) we obtain

A(l - ¢)

o S+ o)l(Rot e — (Rome + Um],  where e = 77—
h
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Following a similar proof as in Corson (2011), so for all £ > #5(¢) and by integrating
over [t3(€),t] and using a similar method to that used in the proof of Lemma
we have that

€37

+¢e5, wherees =€+ —"——
° T T (14 7o Ry,)
such that €4 is an arbitrarily small positive constant. Since if 0 < Ry < 1 then we

deduce that
WZORO
(1 + R[)T('zo)

Because €5 > 0 is arbitrarily then we can write

1 00 7TZOR0
€ ==\7y — 75— = |-
= o\™ T 0+ Rom)

As in Corson (2011) and Corson et al. (2012) this results in a contradiction and

T —

hence we deduced that 77° = 0 provided that 0 < Ry, < 1. So as a result T =
Ty = m,°0 =m0 = Op) = By = B,° = 0. Therefore the DFE is globally stable when
0 < Ry <1 (see Theorem 3.2, Corson 2011).

Thus we have shown that if Ry < 1 the DFE is globally asymptotically stable.
We next turn our attention to the situation where Ry > 1, recall that in this case

there is a unique endemic equilibrium. Our first result is the following lemma which

shows that if Ry > 1 then the DFE is unstable.

Theorem 2.4.5. If Ry > 1 the DFFE is unstable.

Proof. 1If we are using the similar method which was used in proving of Theo-
rem 3.3 in Corson (2011) and proving of Theorem 4.3 in (Corson et al.| (2012)) and
considering the linearised system of equations — which are evaluated
at the DFE. Also, when linearising the population dynamics in the neighbour-
hood of the disease-free equilibrium point then we have that dx/dt = Jx, where
&' = (1= T, Ty, Thys Thys Ty Ty Bhys Bhys By) then this leads us to have one J matrix

for both Assumption 1 and Assumption 2 which is given by
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—u 0 0 0 b 0 AL = d)an AL — d)a AL — @)ay,
0 —u 0 o(l—a) 0 0 0 0 0
0 0 —(u+o) 0 0 0 AM1-9)1=dar AM1—-9¢)A—0d)an A1—@)(1—d)ay,
0 0 0 —(p+0) 0 0 A1 = ¢)day, M1 = ¢)day, A1 — ¢)oay,
0 0 o 0 —(u+¥) 0 0 0 0
0 0 0 o 0 —p 0 0 0
0 0 e 0 0 0 —(My+7) 0 0
0 0 0 Ay 0 0 0 —(pNy +7) 0
L0 0 0 0 Ay 0 0 0 —(dMy +7)

Using the Routh-Hurwitz conditions then we need just to show that for instability
the constant term ag < 0, in the characteristic equation of J. Now the characteristic

equation of the matrix J is a ninth-order polynomial in w, which is in the form:
w? + a1w8 + a2w7 + a3w6 + a4w5 + a5w4 + a6w3 -+ a7w2 + agw + ag = 0.
It is straightforward to show that

ag = p(u+)(p+ o) oAy +1)°
{1 ) ( Mi=6)an AL 9)(1 -~ doda, )]
@Ay +7)(n+0)  (n+¥)(u+o)(ddy+7)/]
= @ (p+ )+ o) (dMy +7)°[1 = Rol.

As in Corson (2011) and Corson et al| (2012), this term is negative when Ry > 1
and the result follows. O

Our main persistence result is Theorem which states that if Ry > 1 then
these terms cannot become arbitrarily small, hence can be bounded away from the
origin.

This shows that if infection is initially present in either PWIDs or needles and

Ry > 1 then infection will persist indefinitely. As with Theorem [2.4.2] we are going
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to prove this in several stages. Hence, we need some preliminary lemmas. Let

Thy.co = li{gglf T, (1),

Thy.co = litrg(i)glf Ty (1),

Ty oo = litrgglf my(t),

T2 oo = liminf 7, (%),
t—o00

Bhioo = ligg}f B, (1),

Bha,c0 = ligioglf B, (1),

Byco = lim inf G, ().
Lemma 2.4.6. If m, o, = lim;_, inf m,(t), then

O'7Th17oo
p

Ty,00 Z

Proof. From equation ([2.1.5) we have, given ¢ > 0 then

%[% exp((p + ¢)t)] = omn, exp((p+¥)1),

> 0(Thy 0o —€)exp((pu+1)t), VYVt > ty(e), for some ty(e) > 0.

Now integrating over [t4(€),t] gives

my (1) exp((p + P)t) = my(ta(€)) exp((p + ¥)ta(€)) + (Thy,00 =€) (exp(p + )t

T
—exp(p + ¥)ta(e)).

Dividing by exp((u + ¥)t),

my(t) 2 7y (ta(e)) exp[—(p+1) (t—ta(€))]+ (T, co—e) [1—exp(—(p+e)(t—ta(e)))].

pty
Now note that exp(—(u+1)(t—t4(€))) — 0 as t — oco. So there exists t5(€) > t4(e€)
such that for ¢ > t5(e),

pL+v+o
pty

As € is arbitrary the result of Lemma follows. ]

— €, where €5 = ¢
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Lemma 2.4.7.
TOThy oo

1

>

T 2,00

Proof. Using equation (2.1.6) and the same method used in the previous lemma

then the result follows.

In order to prove Theorem we needed to find a relationship between mj°
and 7. In a similar way, to prove Theorem we need to find a relationship

between 7, o and mh, oo
Lemma 2.4.8.

(1 - 6)7(/12,00 = 57Th1,oo-

Proof. Following a similar proof of Lemma 3.5 in Corson (2011) and Lemma 4.3 in

Corson et al. (2012).

Using the same method as Lemma and equations (2.1.7)), (2.1.9), (2.4.14)
and (2.4.15)) for both Assumption 1 and Assumption 2 it is straightforward to show
that

Thy 00 Thy,00 Thy,00 0(1 - 5))
0 2 s Phoo 2 Ty =y and fo > — (1 :
P> 45 B > g et e 2 s (14 5
(2.4.24)

So this argument is different than Corson (2011) and Corson et al. (2012) because
we have to combine the ’s.
From Lemmas|2.4.642.4.8 and inequalities ([2.4.24)) we deduce that it is sufficient

to show that 7, o > 0 in order to bound trajectories away from zero.

Lemma 2.4.9. Assume that at least one of m, (0), m,(0), m,(0), Bn, (0), Bry(0),
and (3,(0) is strictly positive then my, (At), mh,(At), m,(At), B, (At), Br,(At), and
By(At) are all bigger than zero for small At > 0.

Proof. Similar to the proof of Lemma 3.6 in Corson (2011) and the proof of the
Lemma 4.4 in Corson et al. (2012) although there are small differences in the
introduction of a 1 term and the fact that the § equations are different and there

are two Assumptions. ]
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Theorem 2.4.10. If Ry > 1 and either w(0) > 0 or B(0) > 0 is strictly positive
then there exists € > 0 and n > 0 such that for t > n, 7, > em, , T, > €m ,

7Ty Z Eﬂ-;; P Z EW:, /Bhl Z 66;;1; ﬁh Z G/B}t and ﬁ Z 6/8*-

Proof. Note that this is again different to Corson (2011) and Corson et al. (2012)
because it is more complicated and we have to work with f35,,, 8, and 3 instead of
Bhy, Br, and B,. Also the bounds for the s are different. However part of the
argument is based on Corson (2011) and Corson et al. (2012).

Assume that € is fixed and small. We have two cases:
1. Thy oo > %m}il or

1 *
2. Thieo < €T, -

1

Starting first by case 1, mp,, oo > gem; , then we have from the definition of mp,

that there exists 7} such that for all ¢t > T}, 7, > tem; . Then using Lemma

we find that
) 1 6 1

_ * *
Tha,co = 1_ 57Th1,00 > 561 _ 57Th1 - §€7Th2'

1

Arguing similarly to the above there exists T5 such that for ¢ > T5 then 7, > gemy .

Recall that under Assumption 1

B;(;l: * * ~ )

and under Assumption 2

6;:1:* %

and also under both assumptions

Bn=— P

and
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Hence using Lemma[2.4.6(and [2.4.7|and inequalities ([2.4.24]) and arguing similarly to

the above we find that there exists a T3 such that for all t > T3, m, > Lem* m, > Len*

4-"y? 4"z
1 7Th1 (1-¢)+o+7

Brny, > e~ —=—0, (under Assumption 1) or 6/7/1 Z %eﬁ#ﬁzl (under

Assumption 2), £, > 1e7rh( : + " 3*. The inequalities

et we

apart from that for g, are true for either assumption. So defining ¢’ = }l T

see that Theorem [2.4.10]is true with € replaced by e.

Now we are dealing with case 2 where 7y, o < %eﬂ,’il, if we assume that 7, o <
semy; then from Lemma we can find time r > At where m,, (r) < jemj; . So
if we define the time to by to = inf{r > At,m, (r) < sem;, } to be the first time
which is located immediately after ¢ = At where m,, starts to go below fem; and
ty = inf{r > to,m, (r) > Lem } to be the first time which is also located immediately
after ¢t = to where 7, increases over sery; . If m,, (At) > fery then by the definition

of tg, we have my, (tog + w) < %Eﬂ'hl for some w small and positive. Hence, t; > t

and by continuity m,, (tg) = zem = 7, (1) and so m,, < fem; in (fo,t1) and
Thy > %67‘(';; . just after £;. We are going now to show that if 7, becomes small then

all other variables must also become also small. O]

Lemma 2.4.11. There exists a time Ty > 0 such that if to + 17 < t1 then for all
te fto+17,t],0 <1y < (%+A)e7r; where T} depends only on the model parameters,
A and e.

Proof. We have that m,, < %6777;,1 in [to, t1]. Using equation (2 then we have

i(ﬂy exp((p+¥)t)) < %Eﬂila exp((p + ¥)t).

Integrating over [to, ],

elutP)t _ 6(u+¢)to>

e e

we deduce that

lem, o B -
Ty < my(to) exp(—(p + ¥)(t — to)) + 5u+—1¢(1 — e~ H)(t=to)),

< expl~ -+ ) (¢ — t0)] + g,

Provided that t is sufficiently large, let ¢t > tq + 77 then the result holds. ]
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In Lemma [2.4.11} we have seen that m;,, becomes small then this leads m, to

become small. We shall now prove similar results for 7, 7., By, On and 5.

Lemma 2.4.12. There exists a time Ty > 0 such that for t € (tg + Ty, t1) then

0<mp, < (% + A) €Ty, , where T3 depends only on the model parameters, A and €.

Proof. From the proof of Lemma we have

T Tha| T, (0)  may (0) Jp——
1-46 0| |1-=96 ) ’
< ef(NJFU)t
= 51—0)

Using the triangle inequality, we have that

577}11 e—(/ﬁ—a)t
< .
e

7Th2

Hence in the interval [ty, ],

1 e~ (uto)t

7Th2§§€7T22+ s

Thus, provided that t is sufficiently large the result follows. ]

Lemma 2.4.13. There exists a time Ty > 0 such that fort € (to+ Ty +T5,t1),0 <

T, < (% + 2A)ent, where T depends only on the model parameters, A and e.

Proof. Using equation (2.1.6)) and Lemma [2.4.12| then we have in (to + T, t1),

d 1 )
E(?TZ exp(ut)) < (5 + A> ooy, exp(ut).

Integrating over [to + T, t] then
—p(t—to—T5) 1 *
T (t) < e HUTROTR2) 4 §+A €y
Thus, provided that ¢ is large enough, the lemma is true. O

Lemma 2.4.14. There exists a time T} > 0 such that for t € (ty + T}, t1), where

Ty depends only on the model parameters A and e then

1
0< B < (5+D)asi,
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where
(m,(L=¢) +7 +¢)
€1 =€ — > €,
T+0¢
for Assumption 1 and
* 1_
(e (75 ( Aqb)—i-T—i—gZﬁ) S e

for Assumption 2.

Proof. We have that for both Assumption 1 and Assumption 2

A5,
dt

S )‘/777}11 - )\’Y/Bhl (¢ + 7:)

Hence,

d
L (B, exp[306 + 7] < dym exp (W96 + 7],
1
< 56)‘7721 exp [(AMyo+7)t]  in [to, 1.
Arguing as in the proof of Lemma [2.4.11

G+4) .,

Bhl(t) S 7A__’_¢ 7Th1€’

*
7Th1

+o

for t sufficiently large, say t > to + 7T,. However we cannot replace by B} since
under Assumption 1

T, < T,
m(l=—¢)+7+¢ = T+¢

B, =

and under Assumption 2

r 7
5, = e <
oyt m ) =)+ T+ T T4
So defining €; as in Lemma [2.4.14] we have the required result. ]

Lemma 2.4.15. There exists a time T > 0 such that for t € (to + Ty + 1%, t1),
where TF depends only on the model parameters A and e then
1 *
0< B < <§ + 2A> €23,
for both Assumption 1 and Assumption 2 where

€2 = (W}t(l _7;]:)_; Tt (b)e > €.
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Proof. Note that for both Assumption 1 and Assumption 2 we have

d .
D < g =26+ 716

So arguing as in the proof of Lemma [2.4.14] we can deduce that there exists 77 > 0
depending only on the model parameters A and e such that for t € [tg+ Ty + T2, 4]

Br < (1—|—2A) T,

Now noting that

the result follows. O]

Lemma 2.4.16. There exists a time T¢ > 0 such that fort € (to+ 71y +15 + 1§, t1),

where T¢ depends only on the model parameters A and € then
1 *
0<p< <§+3A>62ﬁ ,
for both Assumption 1 and Assumption 2 where

€3 = (W*(l _;b_f)_;f—k gb)e > €.

Proof. Similar to the proof of Lemma [2.4.15] as

dp

% < My — )\V(Cb + %)5

[

We have shown that if 7, approaches zero then all components must also
approach zero. Now we show that m,, cannot become arbitrary small. We do this
by showing that ¢; — ¢ty can be bounded above by a fixed finite value and hence, 7,
cannot remain below %671'7;1 long enough to become arbitrary close to zero. We have

either
Lty >to+max|[Ty + 15 + 15,15 + 12,17 + T + 1]  or

2.ty < to+max[T} + Ty + T, Ty + T¢, T; + Ty + Tg).
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Again the basic idea of the proof is similar to Corson (2011) and Corson et al.
(2012). Therefore, if case (2) is true, then our proof is complete. We want to show
case (1) where t; occurs at a time higher than or equal to the time it takes for all
terms to become small. So if we are using the instability of the DFE where Ry > 1

we will see that 7y, cannot stay small indefinitely.

Lemma 2.4.17. Let Fi(w,€) be an nth degree polynomial in w and €. Denote the
(possibly complez) roots of Fi(w,€) = 0 by w; for j = 1,...,n. Then each w; is

defined and continuous in € in a neighbourhood of € = 0.

Proof. See Lewis (2000). O

Lemma 2.4.18. If m,, (t) drops below sem;, at a time to, then y,, (t) returns to this
level by at least t = to+ max[Ty + Ty + Ty, Ty + T, Ty + T + T§, to + to + T2 which

is finite and depends only on the model parameters, A and e.

Proof. Although there are similarities with the proof of Corson (2011) and Cor-
son et al. (2012) there are significant differences. In particular a different co-
ordinate system is used. Consider the model with re-arranged co-ordinate system
' = (7, Ty, T, Bhys Thys Thy, Ty, Br, B) linearised about the disease-free equilib-
rium. We see clearly that the three of the eigenvalues are —j and one is —(A\y¢p+7)

(for both assumptions).

For € > 0 define the matrix J;(€) =

—(n+o) 0 0 AI=9)1 =) =e)lan—ay) Al —=¢)(1-0)(1 =€)y
0 —(n+to) 0 A= )(1 = €)(an — o) A1 =)o(1 - €)ay,
o 0 —(u+) 0 0
Ay Ay 0 —(PAy + M(1 — p)e+7) 0
Y Ay Ay 0 —(OAy + M (L= @)e+7) |
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The linearised stability matrix is

-D X
J(0) =
0 J.(0)
Here D is the matrix

—p 0 0 0
0 —u O 0
0 0 —u 0
0 0 0 —(pAy+71)

Define the matrix

-D X
0 J1<€>

J(e) =

Denote the eigenvalues of J(€) by wi(e), i = 1,2,3,...,9. Five of the eigenvalues,
wi(€e), i =1,2,3,4,5 come from J;(¢), with the other four eigenvalues equal to —p,
—p, —p and —(¢Ay + 7). Arguing as in the proof of Lemma 3.10 in Corson (2011)
and the proof of Lemma 4.8 in Corson et al. (2012) by taking e; sufficiently small
we can ensure that wi(e;) > 0. With this choice of e; we can choose € small enough

so that

3T + (§—|—A>e7rh2 + <§+A)e7ry—|— <§+2A)e7rz < €7.

Hence for t; >t > to + 17 + 15 + T we have 77 (t) = 7+ 7, < €.

Therefore we have for both Assumption 1 and Assumption 2

dg;u > (1—e)(1—O)NL— &) ((an — ay)Bn + aB) — (u+ o)mhy,
d;;zz > (1—67)>\5(1 —¢)((O&h—ay)ﬂh—|—ayﬁ) — (M+U)7Th2,
% > OTh, — (M‘|‘¢)7Ty,
dd_ﬁ: > My = Bu(My(1 = d)er + Ao +7),
L Ay = B — @)er + Ayd + 7).

dt



2.4. Analytical results 96

In matrix form we now have dd% > Ji(e7)x where & = (mp,, Thy, Ty, Br, ). Let
to =1inf{{ > 0: fort; >t >ty +& n(t) < er}. Soif t5 > 0 then by continuity
m(to + t2) = €7 and so ty + ty is the last time before ¢; that 7(¢f) > e;. Note that
to KTV H+T5+T5. If ty <to+T7 +T5 +T5 we have the desired result. Consider the
case where t; > to+ T + Ty + Ty, we have that %2 > J;(e7)m; for (to + to, 1], also
J1(e7) has a strictly positive left eigenvector e = (ey, €9, €3, €4, €5), which corresponds
to its spectral radius wy(e7). Hence

d
e - % Z e- J1(€7)IB1 = w(e7)e- Ii.

Thus for t > ty + to,

e -xi(t) > (e o) (to + ta) explwi(e7(t — tg — t2))], integrating over [tg + ta, ],
> 7(to + t2) min(ey, es, €3) explwi (e7(t — tg — t2))],
= €7 min(el, €2, 63) exp[w1 (67(t — 1y — tg))], if ty > O,

1 1
> 5671';1 min(ey, e, €3) explwy (e7)(t — to)] if t2 = 0, and m,, (At) > 567‘(’;;1,

so that m,, (to) = Lem .

Therefore, if either to > 0 or m, (At) > femy; , after a time ¢ + t5 + T%, we have
e-xz(t) > e 2Ty §+A €T, s §+A €Ty, §+2A €23, §—|—3A e3f” |.

(2.4.25)
Here T depends only on €, A and the model parameters. If ¢, > to + max[T} +
Ty + T5,T5 + T8, TF + T + Tyt + T2] then for ¢ > to + max[T7 + 5 + T35, T3 +
Ty, Ty +T5 + 15 to+ T3] we have mp, < jemy, m, < (5 +A)em,, my < (54+A)en,
Bhythy < (% +2A )625,’;, b < (% +3A )635*. Hence

e-x(t) < e (%ew}il, (%4—&) €T, (%+A> €Ty, (%—F?A)ezﬁ;, <%+3A)635*).
This is a contradiction to and hence t, < to+max[Ty+Ty+T5, Ty+T7, T+
Ty + 1§, te + T5]. Again the argument is modified from Corson (2011) and Corson
et al. (2012) because there are only two [ terms and the basis is different.This
completes the proof of Lemma [2.4.18] O
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We have shown that the first time 7, drops below %ar;:l, it must return to this
level after a duration of at most 7" = max[1} +T5 + 15, Ty + 1%, TF + 15 + 1§, to+T5].
The main persistence result follows as in Corson (2011) and Corson et al. (2012).

This completes the proof of our main persistence result Theorem [2.4.10]

2.4.3 Local stability of the endemic equilibrium

To show local stability of our model then we need to use the quasi-steady-state ap-
proximation (QSSA) and the Routh-Hurwitz conditions and this because the char-
acteristic equation of our model equations is a ninth order polynomial then this
would be impractical due to level of complexity and difficulty. In its place, a similar
approximation model will be used that has five dimensions. The first concept in
reducing the complexity of the system is that individual PWID demographic pro-
cesses are much slower than the timescale on which individual PWIDs inject and the
former are measured in years whilst the latter are measured in days. As a similar
technique which was used in Corson (2011) and Corson et al. (2012) we replace [,
and (3 by their equilibrium values if 7 and 7, are constant

Th

71'h+(1—7'['h)¢—i-7i7
N

T+ (1—mo+7

B =

and B =

As in Corson (2011) and Corson et al. (2012) we can eliminate the 7, equation. It
is known that 1 = 7w, + 7, + mp, + ™, + 7, + 7. and hence if 7,, — 75, ™, —
Thys Thy = Thy, Ty — T, and m, — 77 then 7, — m;. So if everything else is known
it is possible to determine the limiting behaviour of 7,. Therefore our approximate

model can be represented by the following system of differential equations:

dm,,

dt

B ) - - B QT (an — ay)m
=0 (1 = a)mp, — pmz, — A(1 ¢)<7T+(1—7r)¢+%+7Th+(1—7fh)¢+%)7rm,
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dmp,
d: = A1 = @) (1 = 8)(1 — mp, — Tpy, — Ty — 702)
(an — O‘y)ﬂh
_ 2.4.27
( 1—7r¢+7 T+ (1= mh)p+ 7 Uit ), ( )
dm QT (an — ay)m,
2 )\ o(1 — - — Tz 5 -
T =A== = =y =) R
et o (2.4.28)
d
— = om, — (u+ o), (24.29)
and
dm,
e Oy, — UT,. (2.4.30)

Note that these equations have the same equilibrium solutions and R, as the
full model. Again this is different to Corson (2011) and Corson et al. (2012) because
of the ¢ term and the way that the § terms approximate the 7 terms.

Also by using the next generation matrix approach as we have done for the
original model. Therefore, for our approximate model there are three types of infec-
tious entities hq, ho and y for individual PWIDs. Again we work with the equations

representing the absolute number of PWIDs. The infectious compartments are hq,

he and y.
dc?tl ®)(1—=08)(n—hy —hy —y—2)
( (h+y)+ a?;ji;y) Y)¢ +nT i h+((6:1h__ho;zb)im¢) — (p+o)h,
d;t?— P)o(n —hy —hy —y — 2)
: ((h+y) ﬁﬁfiy—)wwm * h+(((j;h__h0)é£in%> — (u+0a)hy,
% =ohi — (n+ )y

Hence we derive the next generation matrix as follows:

Fi=X1-9¢)(1=0)(n—hy —hy—y—2)

> ay(h+y) i (ap — ay)h
(hty)+(n—h—y)d+ni  h+(n—hep+tni)

)
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y ( ay(h+y) (0 — )b )

(h+y)+(n—h—y)p+nt h+(n—h)p+nt

F3 = O'hl.
Vl(x) = (:u + O-)hl’
Va(w) = (1 + 0)he,
Va(x) = (1 +)y.
[ A=) (1=0)ar,  A1=9)(1—)an  A1=¢)(1—d)ay |
H+7 H+7 o+7
F— A(1=¢)dan, A(1=¢)dan, A(1=g)day
P+ ¢+ P+7 ’
o 0 0
(u+0) 0 0
V= 0 (u+o) 0
|0 0 (n+1) |

Hence the next generation matrix is defined as the matrix M = M;; :i=1,2,3,
J = 1,2,3 where M;; is defined as the expected number of secondary cases in infec-
tious state i caused by a single newly infectious PWID in infectious state j entering

a disease free population at equilibrium. So in this case the next generation matrix is
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A1=¢)(1=0)ar,  A1=¢)(1=0)ar  A(1=¢)(1=6)ay |
(ut0) (6 +7) (uto)(@17) (Wt 0)(6+7)
A(1—¢)day A(1—¢)day A1=¢)day
(u+o) (6+7) (ut0) (6+7) o) (6+7)

22 0 0 |

Now it is important to note that for equations (2.4.26))-(2.4.30) the equilibrium

values and R, are the same as in our original model with needles included. Recall
that ¢* = ;—Tf If we denote R** to be the basic reproduction number obtained by

using the Next Generation Matrix it satisfies characteristic equation f(w) = 0 where

R . A B . Ao(l1—9)
Jlw) = = e = e N it o)

and a similar argument as for the original model shows that R, and Rj* have the

same threshold value. Therefore, the characteristic equation of this matrix has

eigenvalues w = 0 or the roots of

f(w):wZ— A(l_gb)ahw _ A(l—(b)O‘Oéy(l—(S) —0
(m+to)o+7) (p+)(pt+o)o+7)

So Ry* is the unique positive root of this equation (R§* denotes the basic repro-

duction number of the approximate model derived by the next generation matrix
method).

Again R§* and R, have the same threshold value as

Ry >1 = f(w) <0in [0, R5"),
= f(1) <0,
— 1—Ry< 0,
— Ro>1.
And conversely
Ry>1 = f(1) <0,
— R;">1 because  f(w) >0 for w > Ry
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Theorem 2.4.19. The endemic equilibrium of this approrimate model is locally

stable when Ry > 1.

Proof. This proof is qualitatively different than the proof in Corson (2011) and the
proof in Corson et al. (2012) because of the way the different a;’s are expressed in
terms of the §’s. To prove local stability we examine the Jacobian of this system
linearised in the endemic equilibrium. In this system there is no 7, term in the other
equations. As a result in calculating the characteristic equation from the stability

matrix we are able to expand by column one giving the negative eigenvalue

o™ (o — o),

We write K = (1 — ¢),
(n —o)(A—7)(0+7) a1 —7™)(¢+7)

N T mA - e+ (—¢) +ot 72 ™ (2.4.31)
_ oy -7)(P+7)
" (ﬂz(l — ) +o+iE (2.4.32)
and
a3 - Lo — 0% (2.4.33)

- _ .
ml=¢)+o+7 ml-—9)+o+7
Similarly to Corson (2011) and Corson et al. (2012) the remaining eigenvalues are

eigenvalues of the matrix

(1-0)Kay—(p+0) (1—-0)Kaz (1-90)Kax —(1—-6)Ka;s
0K ay 0Kay — (p+ o) 0Kay —0Kas
o 0 ~(u+ ) 0
0 oo 0 —

Recall from the equilibrium analysis that

= k(l + 0/51;2) + UZ“S), (2.4.34)
o k(H o+ )

*
™, =k,
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where k satisfies the equation

A=), . ol-8k ocadk B 1

e (1 SR TR )[(O‘h =g o+
n ay(1+al(tl+_zf)) ‘
1+ ) (1 —¢) + 6+ 7

As in Corson (2011) and in Corson et al. (2012), one eigenvalue is w = —(u + o)

and the remaining eigenvalues satisfy the characteristic equation
Wi+ Ajw? 4 Agw + A3 =0, (2.4.35)
where
Ay =3u—Kay + o0+, (2.4.36)

Ay = cadKas +2u(p+ ) + p? — Kay(2u + ) + 2u +¢)o — o(1 — §) Kasy,

(2.4.37)
A3 = (p+vY)oadKas + (u+ o0 — Kay)(p+ ¥)p — poKas (1 — 96). (2.4.38)
From the equilibrium equations we find that
o(l—9¢) aod
u+0:K[l—k(l+ + )}
( ) P+ I
o(1-0
" Oéy(l + ﬁ) . (ah — Oéy)
1+ 2221 —¢)+o+7 Fl—0)+o+7
Therefore,
Al :3M+U+w—KG1
=2+ (p+o0)+v - Ka.
Substituting equation (2.4.31)) into A; we can write
1—

A :2M+Ka3+¢+K{1—k(1+ o(1=9) + aaé)}

Pt @

o(1-0
%(1 + ﬁ) (an — ay)
1+ 21 —¢)+o+7 Fl-0)+o+7
—K[l - k(l NGl 0“75)]
pty I

[ oy(¢+7) S+ (ah—oéy)<¢+%)2
(kO + D)1= g)+0+7)  (kO=-0)+0+7)

X
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Hence,
Ar=2p+ Kazg + 9 + ¢, (2.4.39)
where
Y o(1—9) aad)}
. { ( I
) Vo ayk(1+0=20)(1 - ¢) 2
KGR0 T 07 (k14 D)1 - 6) + 9+ 7)

> 0.

L (on = ay)k(1 = ¢)
(k(1—¢)+¢+7)°

Substituting (2.4.32)) in (2.4.37) we can express Ay in terms of as as

Ay = Kagloao +o(1 = 0)| + p(p+v)+ Cu+ ) (p+o0—Kay) —o(1 —0)K(,

oy (1 = m)(¢ +7)
(m (L= @) +o+17)*

Again from equilibrium equation and equation ([2.4.31)) we have

u+0—Ka1:K[1—k(1+0(1_5) + 0405)}

o(1-96) k(1+a(1 5))(1_¢)
A= ‘”)(1—¢>)+¢+A+ 0(1-5) 2\’
o T (R D) (1) o+ 7)

where G2 =

pt Iz
Yy uTo ptyp

lemagh=0) ]
(k(1—¢)+0¢+7)

Expressing u + 0 — Kay in terms of K and ag, we have

Ay = p(p+ ) + Kas((2p + ) + dao + o(1 = 8)) + 1o, (2.4.40)
where

B B o(l—-0) aod
%_K[l k(H TR >]
[ k(L G-+ v to-0) g a(1-0)
(T O T = TR ReRe

L et v)(an = ay)k(1 —¢)
(k(1—¢)+¢+7)°

> 0.(2.4.41)
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Similarly writing
As = (p+Y)oadKas + p(p+ ) (n+ o0 — Kay) — poKas(1 — 90), (2.4.42)
and substituting for u 4+ o — Ka; and ay in terms of K and a3 we see that
Az = Kas[p(p+v)+oad(p+)+o(1—8)u] +1s, (2.4.43)

where

B B o(1-9) a«aod
w?’_ﬂK{l k<1+ RS )]

) [ a1 = k(L + N (1= 0)  ayhlpu+ ¥+ (1= 6)(1-0)
2 2
<k(1 + ";:/f))(l — )+ ¢+ %) <k(1 + "f:j))(l — )+ o+ %)
oo = ay)k(p )1~ 0)
(k1= @)+ ¢ +7)°
To show stability of the endemic equilibrium we need to show that the Routh-

] > 0.(2.4.44)

Hurwitz conditions are satisfied. These are Ay, Ay, A3 > 0 and A1 Ay > As.

From (2.4.39)), (2.4.40) and (2.4.42) it is clear that A;, Ay and A3 > 0. To show
A1A2 > A3 note that:

A1dy = (2u+ Kaz + ¢+ 1) (e +9)
+Kas((2p + ) + dao + o (1 = 8)) + o)
> (2u+ Kaz + ) (u(p + v) + Kas((2p + ) + dao + o(1 —6)))
+(20 + P)a,

> Kaglp(p+ ) +oad(p+ ) +o(1—=0)u] + 2u+ ). (2.4.45)

Now we shall show that (2u + 1)1, > 1)3. Note that

Cp+ )2+ +o(l=108) > pup+¢+o(l—9)).

Hence if we consider (21 + 1) multiplied by the first term in the second pair of
square brackets in (2.4.41]), it exceeds p multiplied by the second term in the second

pair of square brackets in (2.4.44}). Also as

7
p+

2u+v) > 1,



2.5. Conclusion 105

(2 + 1) multiplied by the second term in the second pair of square brackets in
, exceeds pu multiplied by the first term in the second pair of square brackets
in . Similarly as
(20 +9)* > p(p+ ),
the terms multiplying (o, — ) in (2p + 1)1)e exceed those multiplying (o, — )
in ¥3. So
(20 + P)iha > i3 (2.4.46)

The result that A;As > Aj follows from ([2.4.45)) using (2.4.43|) and (2.4.46)). [

2.5 Conclusion

In this chapter we develop a deterministic compartmental model for HCV trans-
mission among PWIDs through the sharing of needles and syringes, building on the
models developed by Corson (2011) also discussed in (Corson et al. (2012)). Using
analytical techniques, we find that the model behaviour is governed by the basic
reproduction number Ry, with Ry = 1 being a critical threshold separating two
different outcomes. It has been shown that if Ry < 1 there is only the disease-free
equilibrium whereas if Ry > 1 there is the disease-free equilibrium and a unique
endemic equilibrium. This model is globally stable if Ry < 1 otherwise unstable.
After that we look at an approximate model by using the fact that the timescale
on which injections take place is much faster than the timescale of epidemiological
change. This approximation model has the same equilibria as the full model. Also,
we showed that if Ry > 1 the endemic equilibrium is locally asymptotically stable
for our approximate model.

Our model is qualitatively different than the model discussed in Corson (2011)
and Corson et al. (2012) because of the PWID needle interactions and the ¢ term.
In particular the equilibrium analysis and the local stability analysis involve sub-
stantially different arguments. It is useful to understand the behaviour of HCV both
with treatment and with different PWID needle interactions. Although the assump-
tions that the needles take on the stage of the last infectious person to use them is

common it may not be correct and it is useful to consider alternative assumptions
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as we have done particularly as discussed there may be supporting evidence. The
Ry is the same for the Pessimistic Model for both Assumption 1 and Assumption 2
and always greater than the R in Corson’s model with the same parameters. We
have derived Ry using the Next Generation Matrix Method for both the full and
approximate models and also given an alternative derivation to Corson’s model.

In the next chapter we will describe numerical simulations using this simple

HCV transmission model.



Chapter 3

Parameters and Numerical

Simulations

HCV prevalence and incidence are still high and in the past Glasgow had one of the
highest HCV prevalences of injecting drug use and HCV infection among PWIDs
in Europe; of an approximate 9,000 recent PWIDs in the largest city in Scotland
(Glasgow) roughly 70% had been infected with HCV (Corson (2011)). Here, the aim
of this chapter is to use the simulation package Wolfram Mathematica version 11.1
to come up with hepatitis C virus (HCV) prevalence estimates. These estimates will
be used to generate progression of HCV levels for the Glasgow population against
time, according to the model equations in Chapter 2.

Therefore, we need to obtain values for parameters such as the probability of
successful needle cleaning (¢), needle and syringe sharing rate (\), needle turnover
rate (7), PWID to needle ratio (), rate that PWIDs leave the sharing, injecting
PWID population (x), acute and chronic HCV transmission probabilities (o, o),
duration of acute HCV infection (1/0), proportion of PWIDs that develop immunity
to HCV re-infection («), proportion of PWIDs that spontaneously resolve HCV
infection (0) and rate of treatment (¢). The parameter values that are used are
taken from the model of the model of Corson (2011) and Corson et al. (2012)
except the rate of treatment (1) which is found from a literature review. We will

make comparison between our simulation results and the results of Corson (2011).
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3.1 Corson’s model and our model

As we have mentioned in the previous chapter, our model is based on the ‘pessimistic
assumption’ of Lewis and Greenhalgh (2001) and Corson’s model is based on the
‘optimistic assumption’ of Greenhalgh and Lewis (2000). Moreover we have intro-
duced the rate of treatment ) in our model which was not introduced in Corson’s

model. Therefore there are two differences between our model and Corson’s model:
1. The PWID - needle interactions have changed.
2. A treatment term has been introduced.

If we ignore the effect of treatment we expect that disease will spread faster in
our model so more control effort will be needed. Moreover, we have updated the
references to include recent work and included treatment of infected PWIDs in the

model.

3.2 Parameters used

We take our parameters from existing published and unpublished works such as
Traeger et al. Harris et al.| (2019), Fraser et al.| (2018), Noroozi et al.| (2017)), WHO
(2017), Martin et al. (2011), Corson (2011), Corson et al. (2012), Goldberg et al.
(1995), Kaplan and O’Keefe (1993), Greenhalgh and Lewis (2000, 2002), [Murray
et al| (2003), |Greenhalgh and Hay| (1997), Hutchinson et al.| (2006a), |Vickerman
et al.| (2009) and [Vickerman et al.| (2007)).

Estimating the fraction of PWIDs who use of bleach to clean needles is difficult
because of the very varied data available. According to Noroozi et al.| (2017)) the
probability value of ¢ for the HCV model by 0.31 in Kermanshah, Iran. |Goldberg
et al.| (1995) estimated the value of ¢ for the HIV model by 0.442, whereas Ka-
plan and O’Keefe (1993)) estimate it to be 0.84. In addition, Greenhalgh and Lewis
(2000, 2002) arrived at their estimate for ¢ to be 0.64 by averaging the estimates
of Goldberg et al., and Kaplan and O’Keefe. [Murray et al.| (2003) estimate ¢ to be
0.5 modelling HCV and HIV research amongst PWIDs. The data estimated here of
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¢ = 0.255 is from unpublished data HPS observed (1990-1993) also this value was
used by Corson (2011) and |Corson et al.| (2012).

The data from Goldberg et al. (1995) were later used by Greenhalgh and Hay
(1997), who gave an average number of shared injections A = 171 per year after
restricting the data from Goldberg et al. (1995) to those PWIDs that share. It is
suggested by (Goldberg et al. (1995) that the mean sharing injection rate for Glasgow
PWIDs is 72.48 annually. The data estimated here of A = 103 each year is from
unpublished data HPS observed (1990-1993) also Corson (2011) and Corson et al.
(2012) used the same value.

The natural lifetime of a needle estimated by Kaplan (1995) is 23.50 days which
results in a natural needle turnover rate of 7 = 365/23.5 = 15.53 each year. Also,
Greenhalgh and Lewis (2000, 2002) used this estimate when they were modelling
HIV. The data from Corson (2011) and Corson et al.| (2012) is used here of 7 = 133
every year. This is based on a survey in 2007 of 362 recent PWIDs in Greater Glas-
gow and Clyde.

Using information from the New Haven needle program gathered between Novem-
ber 1990 to February 1991, Kaplan and O’Keefe| (1993) estimate that v = 0.1675.
Kaplan| (1995) shows from an infectious needle model that the rate at which uncon-
taminated needles become contaminated with HIV is 0.3675 every day, and the rate
at which contaminated needles will become uncontaminated is 0.1665 every day.
Further, estimation by Corson (2011) and |Corson et al.| (2012) can be used here
where the PWID to needle proportion ~ is 1.002.

In their work on HIV in PWIDs, Greenhalgh and Hay| (1997)) utilise an estima-
tion of p = 0.25 per PWID per year. Moreover, they consider two reasons, AIDS
related reasons and other reasons, why infected PWIDs might cease injecting. The
authors expect that a fraction 0.125 of PWIDs every year will leave the population
for non-HIV related reasons and a separate fraction 0.125 will leave the population
because of AIDS related factors. Information presented by Corson (2011) and (Cor-
son et al.| (2012) is used where the rate that PWIDs leave the PWID population
i = 0.17 per PWID per year which depends on demonstrated evaluations from
Hutchinson et al.| (2006al) applied to Glasgow PWIDs during the 2000s and utilized
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mortality of and cessation of injecting by PWIDs.

The Advisory Council on the Misuse of Drugs (2009) reports that the likeli-
hood of getting contaminated with HCV in the wake of utilizing a infected syringe
ranges from 1.5 —5%. This information can be traced back to research presented by
Vickerman et al. (2009) which accepted one transmission likelihood for both acute
and chronic HCV disease extending from 1.5 — 14%. Vickerman et al. (2007) affirm
an alternate likelihood for the disease transmission for chronic and acute HCV while
demonstrating the spread of HCV among PWIDs in London, UK. The initial trans-
mission likelihood for chronic HCV disease ran from 0.84 — 10% with a multiplier
factor for the transmission likelihood of HCV during the acute stage given by one
to ten. Further, according to Corson (2011) and (Corson et al.| (2012)) we estimate
that oy, = 0.0432 and o, = 0.016.

The acute period of infection was taken to be the initial a half year after dis-
ease was introduced (Vickerman et al. (2007, 2009)). Subsequently, it was evaluated
that (1/0) = 0.5 years or o = 2 per year. While most people clear their acute HCV
disease in this half year time frame, it has been reported that acute disease has
lasted as long as two years after starting infection (Cox et al| (2005) and Larghi
et al. (2002)).

Past work that has modelled an immune state includes Vickerman et al. (2007,
2009). |Vickerman et al. (2007)) expect that a fraction of PWIDs, running from
18-50%, can resolve their underlying HCV disease and after a time of acute HCV
infection these become immune forever. Due to the uncertainty in evaluating this
parameter, Vickerman et al.| (2009) assessed that the extent of PWIDs who become
immune could go from 0 — 100%. In this perspective, we choose a = 0.25 as in
Corson (2011) and Corson et al. (2012).

Since most of acute HCV diseases are asymptomatic and accordingly go undis-
covered it tends to be hard to precisely measure the proportion of PWIDs that
spontaneously resolve HCV infection. Hutchinson et al.| (2006a) accept that this ex-
tent is in the range 15-40%, with a comparable measure of between 18-50% utilised
by Vickerman et al.| (2007). Further, 6 = 0.26 is used here dependent on an efficient

survey of longitudinal examinations including 675 subjects (Micallef et al. 2006).
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Fraser et al.| (2018) estimate that in Scotland if chronic infections were treated
by 2.5% annually therefore the prevalence of HCV will be decreased up to 23.5%.
Martin et al.| (2011)) consider a model in which up to 6% of continuing PWIDs were
treated annually. This is in line with observed treatment rates in the UK up to
2015 where at most 3% of PWIDs were treated annually (Martin et al., 2015). Scott
et al. (2018) discuss a mathematical model to investigate HCV elimination in line
with WHO targets in Iceland, using a complex mathematical model. The model es-
timated that an 80% reduction in domestic HCV incidence was achievable by 2030,
2025, or 2020 if at least 5.5%, 7.5% and 18.8% of PWIDs were treated per year.
However treatments for HCV have improved dramatically in recent years moving
from relatively expensive and ineffective interferon based treatments to much more
effective and cheaper Directly Acting Antiviral (DAA) treatments. So recently there
has been a huge increase in the number of PWIDs being treated (Harris et al.| (2019))
and [Traeger et al.). Traeger et al. (2020) state that in Australia DAAs have moved
from a cumulative total of less than 1% of RNA tested PWIDs receiving treatment
to a cumulative total of around 45% of RNA tested PWIDs (note that this is RNA
tested PWIDs not all PWIDs). Moreover World Health Organization forward tar-
gets are even more ambitious with 80% of PWIDs to receive treatment by 2030
(WHO, 2020). Hence we increase the number of continuing PWIDs treated annu-
ally from the 0-6% used in Martin et al. (2011) to 10% thus taking ¢ = 0.1 per
year.

Note that a needle that was originally infected becomes uninfected due to time
lapsed since injection. But the effect of this would be to have an extra rate at
which infected needles became uninfected therefore could be incorporated in the
needle turnover rate. However as most other models of the spread of HCV amongst
PWIDs do not do this and we do not have data on the rate at which needles become

uninfected we have decided not to do this.
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Table 3.1: Table of parameter estimates (Adapted from Corson (2011)).

Parameter|| Definition Estimate

[0) Probability that a PWID cleans needle 0.255

A Needle and syringe sharing rate 103 per year

T Needle turnover rate 133 per year

v PWIDs to needle ratio 1.002

1 Per capita rate at which PWIDs leave the sharing, | 0.17 per PWID
injecting population. per year

ap, Probability of transmission on the acute stage 0.0432

Qy Probability of transmission on the chronic stage | 0.016

1/o Average duration of the acute stage 0.5 years

) Proportion of PWIDs who resolve HCV infection | 0.26

a Proportion of PWIDs that develop immunity 0.25
Per capita treatment rate 0.1 per year

3.3 Simulation results

3.3.1 Determining R,

We now use Wolfram Mathematica version 11.1 to produce HCV prevalence esti-
mates for the PWID population in Glasgow, Scotland, over time, given by our model
governing equations. The model was comprehensively verified using detailed output
from a large number of runs. We do not possess our own source of data from which
to estimate the parameters in these models. Instead we rely on parameter estimates
from existing published work. Using the baseline set of parameters estimates given in
Table |3.1] we estimated that Ry = 2.9987 > 1 which includes intervention measures
such as needle exchange and needle cleaning. Note that this value of Ry is bigger
than the one obtained for Corson’s model (which was Ry = 2.82). This is because we
have introduced treatment of infected PWIDs needle interaction assumptions from
the optimistic PWID needle interaction assumptions of Corson (2011) and Corson

et al. (2012) to the pessimistic PWID needle interaction assumptions of Lewis and
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Greenhalgh (2001). Changing the PWID needle interaction assumptions increases
Ry and this more than offsets the reduction due to introducing treatment of PWIDs.
The parameters 7, u and v were estimated from Glasgow survey data. ¢ is estimated
to be 0.26 based on a systematic review of longitudinal studies involving 675 sub-
jects (Micallef et al., 2006). We follow Corson (2011) and conservatively estimate
a = 0.25. We use parameter estimates for oy, and o, taken from the literature (Ka-
mal et al. (2001) and |Villano et al.|(1999)). We estimate o = 0.2 per year because
we follow Vickerman et al., (2007, 2009) and take the acute stage of infection to be
the first six months after initial infection. We have increased the number of PWIDs
who are treated annually from the 0-6% used in Martin et al. (2011) to 10% thus
considering ¢ = 0.1 per year.

We estimate the transmission of HCV in our model when Ry = 2.9987 over a
period of 70 years. It was assumed that one percent of the PWID population were
infected with acute HCV (h;) and no different PWIDs or needles are infected. That
is, m,(0) = 0.99, 7,,(0) = 0, 7, (0) = 0.01, m,,(0) = 0, m,(0) = 0, 7,(0) = 0 and
By (0) = B, (0) = 5,(0) = 0 where 7,(0) means the division of PWIDs in the z-
susceptible class at time t=0 and likewise for all other PWID and needles classes for
the two assumptions. The prevalence of HCV in the PWID population (we follow
Corson (2011) and we use the Health Protection Scotland meaning of those testing
HCV antibody positive, which is given by m,, + 74, + mp, + 7, + 7.), as well as the
infectious needles, are illustrated in Figure [3.1] Time is measured in years.

It is obvious from the figure that the division of PWIDs and needles infected
with HCV in the end arrives at a steady state solution. The steady state values for

PWIDs in each phase of disease are

(n, 7t e ) = (0.3497,0.0523,0.0610,0.0214, 0.4524, 0.0631).

y Tz

Similarly, for needles at every phase of disease, the rough steady state values
in Assumption 1 are (35, 5;,, ;) = (0.03843,0.01298,0.22401). Additionally, for
Assumption 2 the quantities are (8}, 5;,,8;) = (0.03799,0.01301,0.22382). This
compares to an endemic HCV prevalence of 7* = (0.5348 for needle and syringe
sharing PWIDs in Glasgow and * = 0.275 for needles in the two assumptions,

where 7 = m,, + T, + 7, and §* = G; + B, + B;. We have given the simulation
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Figure 3.1: HCV prevalence among Glasgow needle and syringe sharing PWIDs
(solid black line) and infectious needles (dashed red line) when R, = 2.9987 for

Assumption one.

results over a long period of time so that we can demonstrate the analytical results
that the system tends to an endemic equilibrium. However practitioners would be

more interested in results over a shorter timescale.

3.4 Threshold parameter values such that R, <1

Analytical determination of critical values

We are following a similar technique in Corson (2011) and Corson et al. (2012) to
calculate ¢erit, Aerit, Terie and Ye.;. Hence using equation (2.3.13)) and Table ,

then we can find values for each of A, ¢, 7 and v, keeping all other parameters

constant, that the outcomes result in Ry = 1 and hence eliminate HCV.

Definition 3.4.1. Similarly to Corson (2011) we define
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Figure 3.2: HCV prevalence among Glasgow needle and syringe sharing PWIDs
(solid black line) and infectious needles (dashed red line) when R, = 2.9987 for

Assumption two.

(1) Aerie efers to the unique critical value of X\ which leads to Ry < 1 when X\ < Aupiy;
(71) Geriz Tefers to the unique critical value of ¢ which leads to Ry < 1 when ¢ > Gepir;
(111) Terir Tefers to the unique critical value of T which leads to Ry < 1 when T > Tepiy;
(1v) Ve Tefers to the unique critical value of 1 which leads to Ry < 1 when v > e

We shall show later that these values A..it, Oerit, Terit and e do exist and are unique.

3.4.1 Determining \..;

From previous chapter we have noted that Ry is a monotone increasing function
of A\. Therefore to set the critical value of A we start with the expression for R,
obtained in Chapter 2 with Ry = 1 and A = A,;;. Following Corson (2011) this
leads to

1= 2l =0 e, taye(1 - 6) (3.4.1)

(n+Y)(p+o)o+17)
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T
>\c7'it’y ’

Re-arranging (3.4.1)), for A, gives

(0.0449416) Ayt
(0.255 + 133266 —

)\c'rit

where 7 =

Solving this equation we have \..;; = 57.4. We summarise that a needle and syringe
sharing rate of A < A..;; = 57.4 per year gives Ry < 1 and therefore eventual HCV
elimination in all PWIDs and needles. To contrast this value with A..;; in Corson’s

model which is less than ours:

Aerit = H4.7 per year, (Corson (2011) and Corson et al. (2012)),
Aerit = 48.1 per year, (our model with ¢» = 0.0 per year),

Aerit = H7.4 per year, (our model with ¢» = 0.1 per year).

Note that the A..;; in Corson’s model is bigger than ours if there is no treatment and
this effect is because that we are changing the PWID needle interaction assumptions
from optimistic to pessimistic. In contrast when we have not introduced treatment
of infected PWIDs, which we would expect to increase \..;, therefore treatment of

infected PWIDs does indeed increase A..; to larger than Corson’s model.

3.4.2 Determining ¢..;

Following Corson (2011) we are now going to calculate the level of successful needle
and syringe cleaning that gives outcomes of Ry < 1 and HCV elimination in all

PWIDs and needles. We again begin with the expression for Ry but with ¢ changed

to ¢crit:
— >‘(1 B ¢crit> o ool —
L= Tt o) 7yt Y)ant ol =9)] (3.4.2)

where 7 = /\i
y

Re-arranging (3.4.2)), again put ¢» = 0.0 per year as Corson (2011), for ¢
gives
(6.213)(1 — Perit)

=1
(1.29384 + derit)
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Solving this equation we have ¢..;; = 0.682. Again by contrasting this value with

¢erip in Corson’s model which is bigger than ours (ignoring treatment):

¢erie = 0.736, (Corson (2011) and Corson et al. (2012)),
Gerie = 0.763,  (our model with ¢ = 0.0 per year),

Gerit = 0.682, (our model with 1) = 0.1 per year).

Note that our value of ¢..;; is less than the value of ¢..;; obtained by Corson (2011)
and Corson et al. (2012) when we have considered treatment this is because we
have also changed the PWID needle interaction assumptions from optimistic to
pessimistic but when we have not introduced treatment of infected PWIDs, which

we would expect to increase ¢..i;, therefore the value of ¢..;; is larger than the value

of ¢erir obtained by Corson (2011) and Corson et al. (2012).

3.4.3 Determining 7.

Again we are now following Corson (2011) to calculate the average needle turnover
rate that gives Ry < 1. We again start with the expression for Ry but with 7 changed

tO Tepit:
A1 -9)
(w+)(p+ o) (P + Terit)

where 7,.;; = Tj\rv“.

1= (1 + V)ay, + ayo(1 —6)] (3.4.3)

After substituting in the necessary parameter values we get that 7..;; = 449.621
per year. Moreover by comparing this value with 7..; in Corson’s model which is

bigger than ours:

Terit = D62 per year, (Corson (2011) and Corson et al. (2012)),
Terit = 637.152 per year, (our model with ¢ = 0.0 per year),

Torit = 449.621 per year, (our model with ¢» = 0.1 per year),

then we summarise that 7..; for Corson’s model is bigger than to 7..; for our model
which is considering treatment. Again note that we have changed the PWID needle
interaction assumptions from optimistic to pessimistic but when we have not con-
sidered treatment then the 7..; for Corson’s model is less than 7..; for our model.

Hence we have summarised these results in Table 3.2
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)\crit (per year) ¢cr‘it Terit (per Year)

Our model estimate with ¢ = 0.0 per year 48.1077 0.763 637.152

Corson’s estimate 54.7 0.736 562.82

Our model estimate with ¢ = 0.1 per year 57.4 0.682 449.621

Table 3.2: Comparison of the critical values for A, ¢ and 7 between Corson’s model

and our model.

3.4.4 Determining v..;

We are now going to calculate the level of rate of treatment that gives outcomes of
Ry <1 and HCV elimination in all PWIDs and needles. We again begin with the
expression for Ry but with 1 changed to ..

A1 - 9)

S RS T

(1 4 Yerit)an + ayo (1 —0)] (3.4.4)

where 7 = %

Solving for Y. then we have .., = 39.296 per year of PWIDs are
treated per year.

We have assumed that these parameters are independent of one another. In
reality these parameters are influenced by both biological factors and sociological
factors and it may be that because of the sociological factors there is some interde-
pendence between some of these parameters. However this would be very compli-
cated to model and it is still useful to focus on one parameter at a time to influence

the relative impact of different control policies which could potentially influence one

factor at a time.

3.5 The effect of treatment on the prevalence es-
timates

In this subsection, we will look at the changed model practises which result from
different ¢y parameters for long term HCV prevalence. We run simulations utilizing

three unique estimations of 1 relating to our present parameter value (¢» = 0.03 per
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year), which was estimated by Martin et al. (2015), (¢ = 0.06 per year) which was
estimated by Martin et al. (2011) and our estimation which is (¢» = 0.1 per year).
As Corson (2011) did not consider treatment this is different to his thesis.

Figures and show the subsequent HCV prevalence levels for both PWIDs
and needles. To show the impacts of these progressions all the more obviously we

have given the endemic equilibrium values in both PWIDs and needles in Table [3.3]
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Figure 3.3: HCV prevalence among sharing PWIDs with ¢ = 0.03,0.06 and 0.1 per

year.

From these simulations we can see that increasing the rate of treatment causes
a decrease in the prevalence but it is relatively small compared with other interven-

tions.
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¥ | Prevalence among sharing PWIDs | Prevalence among shared needles
0.03 0.715 0.324
0.06 0.688 0.312
0.1 0.655 0.297

Table 3.3: Endemic equilibrium HCV prevalence for sharing PWIDs and needles
with ¢ = 0.03,0.06 and 0.1 per year.
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Figure 3.4: HCV prevalence among shared needles with 1) = 0.03,0.06 and 0.1 per

year.

3.6 Comparison between our simulation results

without considering treatment and the results

of Corson (2011)

As we have shown in previous chapter, our model is similar to the ‘Pessimistic Model’

of HIV transmission amongst PWIDs studied by Lewis and Greenhalgh! (2001al) and

Corson’s model is similar to the ‘Optimistic Model’ studied by |Greenhalgh and Lewis
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A (per year) 92.7 | 103 | 113
Our model results with ¢» = 0 per year | 0.689 | 0.738 | 0.776
Results of Corson (2011) 0.629 | 0.689 | 0.735
Difference 6% | 4.9% | 4.1%

Table 3.4: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different A\ between the model of Corson (2011) and our model with

1 = 0 per year.

(2000). Therefore we expect that disease will spread faster in our model so more
control effort will be needed.

Table[3.4]to Table[3.9|respectively give the results under the pessimistic scenario
when each of the different parameters A, ¢, 7, o), a, and ¢ is varied keeping the other
parameters constant. From these tables it is clear that the endemic equilibrium of
HCV prevalence among PWIDs is bigger in our model than in Corson (2011). In
Table where the parameter A is increased from 92.7 per year to 113 per year
then the difference in the endemic equilibrium HCV prevalence amongst PWIDs is
decreased from 6% to 4%. Moreover in Table when the parameter ¢ is increased
from 0.255 to 0.3825 then the difference in the endemic equilibria increases from 4.9%
to 5.5% and in Table when the parameter 7 increases from 133 per year to 199.5
per year then the difference in the endemic equilibria increases from 4.9% to 5.8%.
A similar scenario happens in Tables and which consider the parameters «,
and «y, respectively. The difference in the endemic equilibrium prevalence amongst
PWIDs decreases from 4.9% when a, = 0.0160 to 0.8% when a, = 0.0432 and
from 5.2% when a;, = 0.016 to 3.9% when a;, = 0.14. Also in Table [3.9 when the
difference in endemic equilibria increases from 4% when 6 = 0.15 to 8.1% when

0 =0.5.
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[0) 0.255 | 0.2805 | 0.306 | 0.3825
Our model results with ¢ = 0 per year | 0.738 | 0.727 | 0.716 | 0.675
Results of Corson (2011) 0.689 | 0.678 | 0.665 | 0.620
Difference 4.9% | 4.9% | 5.1% | 5.5%

Table 3.5: Comparison of endemic equilibrium HCV prevalence among sharing

PWIDs for different ¢ between the model of Corson (2011) and our model with

1 = 0 per year.

7 (per year) 133 | 146.35 | 159.6 | 199.5

Our model results with ¢) = 0 per year | 0.738 | 0.721 | 0.704 | 0.652
Results of Corson (2011) 0.689 | 0.671 | 0.652 | 0.594
Difference 49% | 5% | 52% | 5.8%

Table 3.6: Comparison of endemic equilibrium HCV prevalence among sharing

PWIDs for different 7 between the model of Corson (2011) and our model with

1 = 0 per year.
Qy 0.0160 | 0.0296 | 0.0432
Our model results with ¢ = 0 per year | 0.738 | 0.834 | 0.878
Results of Corson (2011) 0.689 | 0.817 | 0.870
Difference 49% | 1.7% | 0.8%

Table 3.7: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different o, between the model of Corson (2011) and our model with

1 = 0 per year.
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and the results of Corson (2011) 123
ap 0.016 | 0.026 | 0.0432 | 0.05 | 0.14
Our model results with ¢ = 0 per year | 0.682 | 0.705 | 0.738 | 0.749 | 0.841
Results of Corson (2011) 0.630 | 0.655 | 0.689 | 0.701 | 0.802
Difference 52% | 5% | 4.9% | 4.8% | 3.9%

Table 3.8: Comparison of endemic equilibrium HCV prevalence among sharing

PWIDs for different «y, between the model of Corson (2011) and our model with

1 = 0 per year.
) 0.15 | 0.26 | 0.5
Our model results with 1) = 0 per year | 0.745 | 0.738 | 0.713
Results of Corson (2011) 0.705 | 0.689 | 0.632
Difference 4% | 4.9% | 81%

Table 3.9: Comparison of endemic equilibrium HCV prevalence among sharing

PWIDs for different ¢ between the model of Corson (2011) and our model with

1 = 0 per year.

3.7 Comparison between our simulation results
with 1) = 0.1 per year and the results of Corson

(2011)

We have seen that disease will spread faster in our model without treatment than
in the model of Corson (2011) but in this section we have introduced treatment so
it is no longer clear whether or not disease will spread faster in our model.

Table to respectively again give the results under the pessimistic sce-
nario when each of the different parameters A, ¢, 7, o, o, and ¢ is varied keeping the
other parameters constant. From these tables it is clear that the endemic equilibria
of HCV prevalence among PWIDs are larger in the model of Corson (2011) than
our model with ¢ = 0.1 per year. In Table where the parameter A is increased

from 92.7 per year to 113 per year then the difference in the endemic equilibrium
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A (per year) 92.7 | 103 | 113
Results of Corson (2011) 0.629 | 0.689 | 0.735
Our model results with ¢ = 0.1 per year | 0.584 | 0.650 | 0.699
Difference 4.5% | 3.9% | 3.6%

Table 3.10: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different A\ between the model of Corson (2011) and our model with

1 = 0.1 per year.

) 0.255 | 0.2805 | 0.306 | 0.3825

Results of Corson (2011) 0.689 | 0.678 | 0.665 | 0.620

Our model results with 1) = 0.1 per year | 0.650 | 0.636 | 0.621 | 0.563
Difference 3.9% | 42% | 4.4% | 5.7%

Table 3.11: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different ¢ between the model of Corson (2011) and our model with
1 = 0.1 per year.

HCV prevalence amongst PWIDs is decreased from 4.5% to 3.6%. Also in Table
when the parameter ¢ is increased from 0.255 to 0.3825 then the difference
in the endemic equilibria increases from 3.9% to 5.7% and in Table when the
parameter 7 increases from 133 per year to 199.5 per year then the difference in
the endemic equilibria increases from 3.9% to 6.2% and a similar scenario happens
in Table when the difference in endemic equilibria increases from 3.9% when
a, = 0.0.0160 to 4.6% when «, = 0.0432. Moreover, in Tables and which
consider the parameters «y, and 0 respectively the difference in the endemic equi-
librium prevalence among PWIDs decreases from 8.2% when «;, = 0.0160 to 0.9%
when «j, = 0.14 and from 5% when § = 0.15 to 0.5% when 6 = 0.5.
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7 (per year) 133 | 146.35 | 159.6 | 199.5
Results of Corson (2011) 0.689 | 0.671 | 0.652 | 0.594
Our model results with ¢ = 0.1 per year | 0.650 | 0.627 | 0.603 | 0.531
Difference 3.9% | 4.4% | 4.9% | 6.2%

Table 3.12: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different 7 between the model of Corson (2011) and our model with

1 = 0.1 per year.

Qy 0.0160 | 0.0296 | 0.0432

Results of Corson (2011) 0.689 | 0.817 | 0.870

Our model results with ¢ = 0.1 per year | 0.650 | 0.766 | 0.824
Difference 39% | 5.1% | 4.6%

Table 3.13: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different «, between the model of Corson (2011) and our model with

1 = 0.1 per year.

ap, 0.016 | 0.026 | 0.0432 | 0.05 | 0.14

Results of Corson (2011) 0.630 | 0.655 | 0.689 | 0.701 | 0.802

Our model results with 1) = 0.1 per year | 0.548 | 0.591 | 0.650 | 0.670 | 0.793
Difference 82% | 6.4% | 3.9% | 3.1% | 0.9%

Table 3.14: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different oy, between the model of Corson (2011) and our model with

1 = 0.1 per year.
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) 0.15 | 0.26 0.5
Results of Corson (2011) 0.705 | 0.689 | 0.632
Our model results with ¢» = 0.1 per year | 0.655 | 0.650 | 0.627
Difference 5% | 3.9% | 0.5%

Table 3.15: Comparison of endemic equilibrium HCV prevalence among sharing
PWIDs for different § between the model of Corson (2011) and our model with

1 = 0.1 per year.

3.7.1 Conclusion and discussion

In this chapter, the consequences of the simulations affirmed analytical results and
permitted us to use the model to gauge the degree of interventions required to
achieve Ry < 1 and in this way wipe out HCV in all PWIDs and needles. Investiga-
tive strategies have led to the inference of the critical values of needle and syringe
sharing rates (\), needle cleaning (¢), needles turnover (7) and rate of treatment
(¢) that are expected to achieve Ry < 1. The examination, which was confirmed
by simulations, shows that given that every single other parameter stays fixed each
separately of A < 48.10 per year, ¢ > 0.76, 7 > 637.152 per year and 1 > 39.296
per year results in Ry < 1 and possible HCV elimination in PWIDs and needles. For
the model with ¢ = 0 per year the pessimistic assumptions make the endemic equi-
librium prevalence higher but introducing treatment brings it down again. However
for realistic parameter values the effects of treatment seem to be small, even if we
increase the treatment levels beyond the values used in previous simulations. This
supports WHO recommendations of very high treatment levels necessary.

In summary, this study has created and explored a numerical model that ap-
proximates the spread of HCV among PWIDs, and in spite of various assumptions
which are capable of being improved, we have acquired sensible prevalence esti-
mates. Moreover, this study has indicated that focused interventions can diminish
HCV prevalence among the Glasgow PWID population. Our model differs from
that of Corson (2011) and Corson et al. (2012) in that we introduce treatment of

infected PWIDs at rate 1) and assume that needles cannot lose infectiousness over
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time. We have compared our results with those of Corson (2011) when we have

introduced treatment and without treatment.



Chapter 4

A Time Since First Injection
Model for the Spread of HCV
Amongst PWIDs

In this chapter, we develop a mathematical model aimed at creating two groups
within the PWID population participating in this research. These two groups will
be named naive and experienced PWIDs. The distinction between the two will be
made by period of time since their first injection (Corson (2011) and Corson et al.
(2013)). The first step requires us to describe the model and the assumptions made
that would allow PWIDs to progress along various stages of HCV infection. This
step is followed by the derivation of a basic reproduction number Ry that pre-empts
the analysis of the model mathematically. The model behaviour is controlled by
the basic reproduction number, we shall demonstrate that when Ry < 1, and HCV
is initially present in the population, the system will tend towards the globally
asymptotically stable DFE where HCV has been eliminated from the population.

After that, we study the behaviour of this model numerically.

128
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4.1 Model description

The model of Corson (2011) and Corson et al. (2013) discussed a mathematical
model which separate a PWID population into two different groups (naive and ex-
perienced) by their time since first injection.

This model description is based on Corson (2011) and Corson et al. (2013)
except that the PWID needle interactions follow the assumptions made in Chapter
2 so every time that a PWID injects with a needle the needle takes on the infectious
disease characteristics of that PWID, also chronically infected PWIDs are treated
at per capita rate 1». However we shall shortly see that some of the mathematics
is very different and much more complicated than that model. For this research, a
modified version of the model in Chapter Two is applied. This model focuses on the
PWID only group of participants and does not overtly focus on needles. It divides
the participant group of the PWID population into two risk groups based on the be-
ginning of injection practice. This work bases its methods and practices on models
by (Greenhalgh and Hay| (1997)), Kretzchmar and Wiessing (2004), Vickerman et al.
(2009), Corson (2011) and (Corson et al.| (2013)).

To explore this issue, the modified model will separate the test PWID partic-
ipants into two risk groups. These groups will be namely naive and experienced
PWIDs. This distinction will be made by their individual injection times and also
incorporate the prevention measures that aim to prevent further HCV infection
(Corson (2011) and |Corson et al.| (2013)). In this model, we consider the outcome
of HCV antiviral treatment on PWIDs.

This model relies on the assumption that is used in Corson (2011) and Corson
et al. (2013) in which the PWID population selected is of size n, where n is a large
number and remains constant. These assumptions therefore imply that PWIDs who
stop injecting drugs due to ceasing injecting drug use or death leave the population
under consideration at an individual rate . This translates to a phenomenon where
each individual to leave is replaced by an individual among the PWID population
susceptible to HCV infection.

Again as assumed in Corson (2011) and Corson et al. (2013) the modified
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model to be applied here also allows for several HCV infection stages. These stages
are individuals susceptible to infection, (represented by x for those not previously
infected and x; for those previously infected), individuals acutely infected with HCV
(denoted hy and hsy), individuals chronically infected (y) and finally individuals who
are immune to HCV re-infection (z). In a later section, the term f;, will be defined
to denote the impact of infection among naive (i = 0) and experienced PWIDs
(1 = 1) accordingly.

While susceptible PWIDs are infected with HCV they then move on to another
level that is acute stage of infection (either hy or hy). A proportion 0 of newly
infected PWIDs move to this acute hs infected level. Eventually, the individuals
in this category either leave the injecting group of participants or clear their infec-
tion. Of those that clear their infection there is however a fraction « that develop
an immunity to HCV re-infection alongside another fraction (1 — «) that remains
susceptible to HCV re-infection (Farci et al. (1992)), Mehta et al. (2002) and Mi-
callef et al.| (2007)). The remaining fraction of (1 — J) of newly infected PWIDs
cross over to the acute h; infected class which leads to either leaving the sharing,
injecting population or the development of chronic HCV. Once chronically infected,
the PWID participants remain infected until death or until they eventually leave
the injecting population.

When separating the PWID population according to infection status, this mod-
ified model further separates the participant PWIDs into two groups. These two
group numbers vary depending on whether the individuals have a short (naive) or
long (experienced) injecting career. Every naive PWID participant moves at an in-
dividual rate n from the novice level to the experienced level which is represented in
a shift from one group to the other. Through this shift, these particular individuals
cross over into an equivalent model category that corresponds to their present HCV

infection condition.
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4.2 Model derivation

We now derive the differential equations which describe the spread of HCV among
PWIDs where PWIDs progress through the stages of infection described in the pre-
vious section. We first use techniques used previously to derive a model where both
PWIDs and needles are modelled explicitly. If we assume that needles can be either
naive or experienced (with two PWID-needle interaction assumptions as in the sim-
ple model) and exist in three infectious classes (acute hy, acute hy and chronic y),
we will derive a total of 18 differential equations: 12 equations for PWIDs and six
for needles for Assumption 1 and 12 equations for PWIDs and six for needles for
Assumption 2. We then derive a PWID only model and show that under certain
conditions these models are equivalent in the sense that by the quasi-steady-state
argument used earlier, the PWID only model would be expected to approximate
the model with PWIDs and needles and also the models have the same basic repro-
duction number and equilibrium values. A total of 12 differential equations will be
derived for the PWID only model.

Consider w.(t), 7 (t), 7}, (t), 7}, (t), m(t) and 7.(t) to represent the fraction
of PWIDs respectively in the naive (i = 0) or experienced (i = 1) x-susceptible,
x1-susceptible, acute hq, acute ho, chronic y, immune z infectious classes at time
t. Also 3, (t), B,(t) and j;(t) respectively represent the fraction of needles and
syringes that were last used by a naive (i = 0) or experienced (i = 1) user.

Furthermore, \; denotes the value of the needle and syringe sharing rates in
the 7’th group of PWIDs. ¢ then indicates the likelihood that a particular PWID
thoroughly disinfects their needles and syringes before use (meaning that PWIDs
disinfect injecting paraphernalia using alcohol or bleach to remove all HCV viral
load before injecting themselves). oy, and «,, denote the transmission of acute and
chronic HCV infection, respectively. s,y and s;; then show the portion of the inject-
ing apparatus a naive (i = 0) or experienced (i = 1) PWID borrows from naive and
experienced injecting PWIDs, respectively.

0

Finally 7 and 7! denote the fractions of naive and experienced PWIDs, re-

spectively. Henceforth, we will assume that this constraint is satisfied. If we are
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consider the fraction of naive 7°(t) and experienced 7!'(¢) drug users at time ¢ we

have

dd—f = p— (p+n)n’ (4.2.1)
and

dd_f S — (42.2)

It is straightforward to show that over time

o) - m=t 4.2.3
(t) 0 " ( )
m(t o o= 4.2.4
(t) 1 7 ( )

Note that we follow Corson (2011) and |Corson et al.| (2013) in order to ensure
that our model is realistic by putting a constraint on sy; and s19 by ensuring that
AoSo1ft = A1S10m- This is necessary to ensure that the number of needles in the two
experience groups remains positive. It ensures that at equilibrium the total number
of needles borrowed by naive users from the experienced group is equal to the total

number of needles borrowed from the naive group by experienced users.

4.2.1 Dynamic equations for PWID and needle model

We now derive the equations which describe the behaviour of our PWID population

over time ¢.

PWID population

Following a similar way as in Corson (2011) and (Corson et al. (2013)) to derive the

PWID equation for naive z-susceptible then we have

The change in the number of naive z-susceptible individuals in the small time

interval [¢,t + At)



4.2. Model derivation 133

20(t + At) — 2°(t)

= new naive z-susceptible PWIDs born in [t,¢ + At) i.e. the number of PWIDs
recruited to sharing intravenous injecting drug use in [t,t + At)

— the number of naive z-susceptible PWIDs who move into the experienced
tier of the model in [t,t + At)

— the number of naive z-susceptible PWIDs who leave the population due
to death or cessation of injecting drug use in [t,t + At)

— the number of naive z-susceptible PWIDs who develop acute HCV infection

after borrowing needles and syringes last used by naive PWIDs in [t,t + At)

— the number of naive z-susceptible PWIDs who develop acute HCV infection
after borrowing needles and syringes last used by experienced PWIDs
in [t,t+ At)

+ the number of naive y-chronic PWIDs who successfully treat HCV infection in

[t,t + At).

= Nt — (e +n)x° At — Athgsoo(1 — ¢)a°(an (B, + By,) + o))
— AtAgsor(1 — qﬁ)xo(ah(ﬁ}ll + 6,%2) + ayﬁé) + Yy’ At + o(At).

Dividing both sides by At then we have

20(t + At) — 2°(t)

= = pin = (p+n)2" = Aosoo(1 — )z (an(Bh, + BR,) + 3Y)

— Xosor(1 — @)x”(an(Bh, + Bh,) + yBy) + 1y° + o(1).

Letting At — 0 we deduce that

B0 i g e = Dgsen (1 — (o, + H5,) + 0 )
— Xosor(1 — @)’ (o (B, + Br,) + aBy) + vy,
Dividing by n, and recalling that 70 = ‘”—;, Ty = %,
dry 0 0 0 0 0
= (et e = Auso(1 = ) (8, + B,) + 0, )

— Xosor(1 — @)y (an(By, + Bi,) + O‘yﬁ;) + wﬂg'
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The change in the number of naive chronic y infected individuals in the small
time interval [¢, ¢ + At) y°(t + At) — 3°(1)
= the number of naive acute h; infected PWIDs that develop chronic HCV
infection in [t,t + At)
— the number of chronic cases that leave the sharing, injecting population in
[t + At)
— the number of chronic cases that move into the experienced tier in [¢,t + At)
— the number of naive y-chronic PWIDs who successfully treat HCV infection after

borrowing needles and syringes last used by naive PWIDs in [t,t + At),

= nAtm, (t)o — n(p+ n)m,) (t) At — ) (Hndt + o( At).

Hence, dividing both sides by At we have that

YOt + AAti -y () =nm, (t)o —n(p+ n)wg(t) — @/)Wg(t)n +o(1).

Letting At — 0 we deduce that

dy”

= 1 (D)0 = nlp ) (8) = nim,(t),

= mh,0 — (n+n)m) — Y.

The derivations of the equations for naive xi-susceptible, naive acute h;, naive

acute hy and naive chronic y are given by

0

dgf = = (4 )7y — Aosoo(1 — @)m(an(By, + Br,) + vy By)
— Xoso1(1 — ¢)7r2(ah(ﬁil + 5;112) + O‘yﬁé) + 1/17;2,

dn®

— = o(l—a)m, — (4 n)m, = dosoo(1 = O)3, (an(By, + B,)
+ayfBy) — Aosor(1 — @)y, (an(By, + Bh,) + ayBy),

T Nason(1— (1 — 8) (2 — ) (an (3, + ) + 0, )
+ Xosor(1 = @)(1 = 8)(x° — Zymp) (n(Bh, + Bi,) + f3,)

— (u+o+n)m.,
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dr?
d;2 = Xosoo(1 — )8 (7" — Tpmy) (en(Bh, + Br,) + ayﬁg)
+ Aosor (1 — ¢)8 (7° — Syp) (an(Bh, + Br,) + oy BY)
— (u+ o +n)mh,,
and
dr0
— = o — () — oy,

Similarly for naive immune z PWIDs we have

dm?
- = oamy, — (p+n)m.

Again by using the similar techniques which are used to derive the behaviour of

naive PWIDs at each stage of infection over time then we can use a similar way to

describe the behaviour of experienced PWIDs at each stage of infection over time.

Therefore, the twelve equations that describe the behaviour of all PWIDs over time

are given by

dn®

o = = (= oy + gy,
dm?
T = o1y, — (ut ), — S,
dﬂ-f?,l 0 0 0
n (1- (5)f0(7r - Zk”k) —(p+o+n)m,,
dr?
d:fm = 0fy (7?0 — Emr,g) —(p+o+ 77)7722,
dr®
d_ty = omy, — (u+mn)m, — Y,
dm?
- = oam, — (p+n)nl,
dr!
L
dm}
dtl — mrgl +o(1-— a)w}u — /miﬂl — fﬂil,
dﬂ-l%u 0 1 1 1
o = +(1-=9)f (7r — Ekﬂk) — (u+ o)y,
dr}
d;” — 777r22 +4f1 (7r1 — kai) — (u+ a)?T,IZZ,
dml
d_ty = 777r2 + amlll — /m; — Wr;,
drl

1
29

— 0 1
= nm, toamy,, — um

(4.2.5)
(4.2.6)
(4.2.7)
(4.2.8)
(4.2.9)
(4.2.10)
(4.2.11)
(4.2.12)
(4.2.13)
(4.2.14)
(4.2.15)

(4.2.16)
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where 7% > 0, ¥y + Xy, = 1 (k= 2,21, ha, ha,y, 2) and fo, f1 are given by
fi = Xisio(1 — ¢)(Oéh(521 + ﬁi%) + %ﬁg) + Nisin (1 — ¢)(04h(5f111 + 5}112) + 04y5;>~

Equations (4.2.5))-(4.2.10|) describe how the behaviour of naive PWIDs at each stage
of HCV infection changes over time while equations (4.2.11))-(4.2.16]) describe how

the behaviour of experienced PWIDs at each infectious stage changes over time.

Needles and syringes

The critical step for this model is the derivation of equations for the change in the
fraction of infectious needles and syringes. These particular equations describe the
change in the fraction of infectious needles in each category. To fully define the
models we need to define my as the number of naive syringes and needles circulating
amongst PWIDs, that is the number of needles and syringes that were either last
used by a naive PWID or are the last of a sequence of non-used needles or syringes,
the first member of which was exchanged for a needle or syringe last used by a
naive PWID. This situation implies that this is the number of naive syringes and
needles in circulation amongst the number of naive PWIDs in the modelled pop-
ulation. Similarly the model defines m; to be the number of experienced needles
and syringes in circulation (Corson (2011) and (Corson et al|(2013)). We therefore
define Aj; = )‘ijl—inj, J,k = 0,1 as the rate which any PWID in group j injects using
a syringe and needle previously used by a group & PWID.

Now as in the first model we have two assumptions. The first (Assumption 1)
corresponds to the pessimistic needle assumptions in Lewis and Greenhalgh (2001a)
where state hy infectious needles are regarded as more infectious than state ho infec-
tious needles. So needles only move up the spectrum: uninfectious, state y infectious,

state ho infectious, then state h; infectious. Under Assumption 1
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mofy, (t + At), the number of naive acute hy infected needles at time ¢ + At

= the number of acute h; infected needles and syringes at time ¢

+  (the number of naive non acute h; infected needles and syringes at time )
X (the fraction used by naive acute hy PWIDs in [t,t + At))

+ the number of experienced needles and syringes at time ¢ used by a naive
acute h; infected PWID in [¢,t + At)

— the number of naive acute h; infected needles and syringes cleaned then
used by a naive non acute hy PWID in [t,t + At)

—  the number of naive acute h; needles and syringes used by experienced
PWIDs in [t,t + At)

+  (the number of experienced acute h; infected needles and syringes at time t)
X (the fraction used without cleaning by naive non acute h; PWIDs in
[t,t+ At))

— the number of naive acute hy needles and syringes exchanged in [t,t 4+ At).

7T0 7'('0
moﬁgl (t + At) = moﬁgl (t) + Aooﬁmo(l — ﬁgl)At + A()l%mlﬁt

7T0 — 7T0
ERNCE NP
0

0 T — Thy 1
= AiomofBy, At + Aoy — mify, (1 — @) At
— mofy, TOL+ o(At).

Subtracting mof3), (t) from both sides, dividing by At then letting At — 0 gives

g’ 70 o
mo d:l = AOO—Whol TTL()(l — ﬁ]gl) + AOI%ml (4217)
— $A ﬂ B9 m
00 pary R 1100

0

0 T — Thy 1
— NiomofBy, + Aoy 0 ma By, (1 — ¢)

0
— Mmofy, T
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Similarly

0

T
moBh, (t) + Aooﬁmo(l — By — B At

0
T
A017T—}Bm1[( — Bflzl) + QW}M]At
7 0
CbAooﬁhl moﬁt — Aoo—lﬁh moAt
A10m05h2 At

0 0

-7 —7
PAoo ( 7};(1) e ) BhymoSt

20 _ 20 0
o (T Yo (1 )
mo By, AL + o( At).

Subtracting mo [y, (t) from both sides, dividing by At then letting At — 0 gives

dsy,
dt

mo

W?Lz 0 0
Aoogmo(l — B, — Bry)
0
A01—77”61[( - 5}111) + ¢5}111]
0
0 7T hi1
¢A005h1 A00 Bhgmo
A10m0522

0_ 0 0
T =Ty, =T
h1 ha 0
¢A00( 0 )5h2m0

20— 70 _ 10
Am( b 'w)mlﬁ}u(l —9)

70

m05227'.

Under Assumption 2 the equations for naive state S, needles are

0 0

s m
mgﬁgl (t + At) = moﬁgl (t) + Aooﬁm()(l — ﬁgl)At + AmﬁmlAt
7722 0
— A00—0<1 - QS)moﬁhlAt
7T0 — 71'21

- czsAoo(

>ﬁh1m0At — Al()moﬁh At

0 0

-7 -7
+A01( ;(1) hQ)mlﬁflu(l - @)At

— moBy, TAE + o(At).

(4.2.18)
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Subtracting mof3), (t) from both sides, dividing by At then letting At — 0 gives

dp;, h 0 T
mo dtl = Aooﬂ_—olmo(l — 5h1) + Amﬂ_—olml (4219)

7722 0
- Aoog(l - ¢)m0ﬁh1

0_ 0
A T Thy 0 A 0
— ¢Aoo 0 Bhlmo— 10m06h1

R s (—
+ A01( l hQ)mlﬁilu(l )

70

— moBy,T.

Similarly

0
T
moBh, (t + At) = mef, (t) + Aooﬁmou — By )Nt

0
s
_ Aooﬁ(l - ¢>m0522At
™,
+ A01—0m1At
s
0 7'('0 — 7'['22
— ¢AooSh, 0 moAt
- A10m0522At
7T0 — 7T0 — 7T0
+ A01 ( 7’;(1) iz > 6227711(1 - gb)At
— moBy, TAL+ o(At).

Subtracting mof3y, (t) from both sides, dividing by At then letting At — 0 gives

s
= Aoow—mo(1 - 522) (4.2.20)
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Now for both Assumptions 1 and 2 in stage chronic y we have that

mof3, (t + At) = mof,(t) + Aooz—mo( — By, — B, — Bt (4.2.21)
+ Rormal(L— B, = B,) + 6(8}, + B1,)]

7r
+ ¢A00W—g(521 + ﬁgz)mOAt

— Agomof3y) (Wﬁ)‘ﬂ%w’g) At (4.2.22)
— Alomoﬁgﬁt

~ A (”0 ~ (7, ;7”0” ) ) oAt

+ Aot (WO ~ 7;%22 — W‘g)mlﬁi(l — )t

— moByT AL + o(At).

Subtracting mof)(t) from both sides, dividing by At then letting At — 0 gives

gy !
mo% = Aoo—mo( ﬁhl 522—ﬁ2) (4.2.23)

O
+ At B, = BL,) + 6(81, + 1)
0
+ ¢A00%(521 + Bhy )Mo

0 0
my,, + T,
- Aoomoﬂg (;>

0
- A10m053
7 — (mp, + 4+ 7T0)
- ¢A0058< hlﬁo b2 )mo
0 — 7y — 7 0
e ) L

0
— mofB,T.
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Similarly for the experienced stage, we have that for Assumption 1
dg! ol ol
my di};l Aqy hl (1= B8y) + A10l11mo (4.2.24)
0
7T - 7Th1
— oAy 6h1m1
R
— Aglmlﬁhl + Ao (T}”)moﬁgl(l - ¢)
- mlﬁilr
For acute hy we have
dp} T
my df = Anﬁml(l — B —BL) (4.2.25)
ﬂ-fllz 0 0
+ AlO?mo [(1—=25)) + 8]
i i
+ ¢A11@;111—h12m1 — A —hfﬂiﬁh
s s
- AOlmlﬁllm
R S D |
- ¢A11( i ’”)ﬁ,;ml
mt—m —
o (T Yo, 1- )
— m By, T
Under Assumption 2 we have
dp;, T 1 s
mq dtl = A117T—11m1(1 — 5}”) + AlOﬂ__llmO (4226)

m = ﬂ-hl

1 1
— oAy (T) ﬁfluml - AOlmlﬁfln
T
- Anﬁ(l - ¢)m1ﬁi111
ml—ml — ol
+ Ay ( s e ) m0621 (1—-9¢)
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mi = AH:—ml(l - 5}112) (4227)

T T 1
+ Aloﬂ_—fmo - All 71__115}12<1 - ¢)

1 1
mw = 7Th
- ¢A115i2 (—1 2)7”1
T
- Ammlﬁflzg

mw — 7Th1 - ﬂ-hQ

1 1 1
+ Ao ( ] >m0522 (1-9)

— 1, .

Now for both assumptions we have

dgt i
mld—: = Allﬁml(l — B, — By, — 5;) (4.2.28)

1
+ Muo~mol(L— B, = 55, + 6(3, + B7,)]

71_1

+ ¢A117ﬁ (B, + Bp,)ma

1 1
T, + 7
— A11m15; (—hl g} hz)
- AOlmlﬁ;
1 1 1 1
= (my, +m, +Ty)
- ¢A115;< - 1 : = Jmy

1 1 1

al—q} —ml -
+A10( h 1 i y)m052(1_¢)

™

— mlﬁ;r

The governing equations for the PWID and needle time since first injection model
are given by equations —. This model contains 18 governing equations
for Assumption 1 and 18 governing equations for Assumption 2 which makes it
very difficult to perform any kind of mathematical analysis. Another way to model
the spread of HCV in our population is to develop a PWID only model. The
approximation argument that was used in the local stability analysis of the endemic
equilibrium of the simple model (Theorem shows that it is possible to have
an approximately valid PWID only model which has the same basic reproduction

number and equilibrium values as the full model. Hence the system of equations



4.2. Model derivation 143

which govern the behaviour of the model is given by

dr? .

o5 = p= () = forg + vy, (4.2.29)
dﬂgl 0 0 F .0
o = o —a)m, = (p+n)mg, — fors,, (4.2.30)
drj, F (0 0 0

o= =0 (7 — Spml) — (p+ o +n)m, (4.2.31)
drj, F (0 0 0
— = 0Jo (7° = Semy) — (n+ o +n)m,,, (4.2.32)
dn®

=0 — () — oy, (4.2.33)
drm? 0 0

o = O0Th, ~ (+mn)m,, (4.2.34)
dr N

" — okt v (4.235)
dm, 0 1 1 7

dtl =nm,, +o(l —a)m,, — pr,, — fim,,, (4.2.36)
dﬂ-fln 0 r 1 1 1
Tt (1=0)fi(m" — Spmy) — (u+ 0)mp (4.2.37)
dﬂllw 0 r 1 1 1
= 1hy H 0N (m! = Zpmp) — (u+ o)mp,,s (4.2.38)
dm}

LS w2
d 1

;‘Z = nmy + oam,, — pm;, (4.2.40)

where 7t > 0, X710 + X7} = 1 (j = 2,21, by, ha, y, 2) and the summation signs over

k are taken over k = hy, ho,y, z and fo, fl are given by

Fo = Nsiol1 = 0)((on = 0,) By, +Bh,) + 0y (B, + By, + By)
+ Asa(1—6) ((an — ) (B, + Bry) + ay(By, + By +5,)), (4.2.41)

such that
0 =0 B
Bhy + By = VG (4.2.42)
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where

70 1

7 + 7 ml o+l
B = Ag a ha (An u - ha (1—9)+ oA + 7'> + Ao1Aoo

0 0 1 1
h1 ha h1 ho
+ Ay (AH

0

CAWA Ml L T T,

10\11 (1—¢)|1— 5
Ty, + 70 T + T
+ ‘/\10/\01—}11 hQ(l—qﬁ)(l——hlwo h2>
and

Ty, + 7

AV = (Aoou(l — @) + ¢Aoo + 7') (An

Th, T T
+ Ao (Aoo—h1 0 "2(1 — @) + ¢Ago + T)

7Th1 + h2

+ Ao (An (1—0)+ oAy + 7'> to

+h2

0 0
Thy T Thy
0

(1 0) 4 o+ 7)

0 0
Ty, + They

) + A10A011T

(1—6)+ oAn +T)

By, + Bn, +3§ = g—z. (4.2.43)
Here
D’ = Aooﬂhl +:§2 o (A 17T}1ll +7T}1L2 i (1—9)+oAn +7')
+ Ao1Aoo T T :’22 o
T R
T AlOAllﬂhl i m}z i (1-¢) (1 B i :,22 - WO) + A1oAor Tt 77:%2 o
b g BT T (1 e +W2>
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and

.+ +7r
= <A00 - W}f (1—¢)+¢A00+T>

Y S &
X (An h 7;112 y(1—¢)‘|‘¢/\11+7)

T+ O
+ A01 (AOO M 71_132 (1— +¢A00+T

T, +mh, + 7, )

+ Ao (An = (1—¢)+ oA+ 7

7 + 70 —|—7T T+l 47l
+ A10A01{1—(1—¢)2<1— ot ) 1t y)}

Moreover
—1 —1 B!
By + Bh, = 1 (4.2.44)
where
Tt 4+l 7 + 79 T+ 7l
B = Ap a = ha (Aoo 2 0 ic (1—¢)+ ¢Aoo + 7’) + /\10/\11—h1 ) e
B | 70 4 g0
+ AOl hlﬂ_l ho (AOO h17r1 h2(1 _¢) +¢AOO —|—T>
ﬂ-hl + h2 7-[-,111 + 7T}112 7T}lll _'_ 71-}112
+ Aohoo——F =1 —¢)| 1 - - + Ao Ao———
70 —|—7r i +7T1
+ /\01/\10—h1 = (1-9) (1 - Tl hQ)
and
+ h2

Al = (An%(l—@%ﬂb/\n%ﬂ') (Aoo (1—¢)+¢A00+7)

1 1
Thy T Thy
1

+ Ao (An (1 —¢)+ oA + T)

_|._
+ o (A0 )+ 6+ 7 )
1 1 0 0
+ Norhao [1 - (1- ¢)2<1 - Ll%) (1 . M)}

T 70

Similarly 1
D
By + By + By = (4.2.45)
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Here
D' = Anmll1 . :]}2 i </\OO7T21 * :}22 * 7T2<1 —¢) + dAoo + 7')
+ AoAnn W%LI hl W}}Q il W;
m

+ Aoy W}Ll - Wfim u W; (AOO ng ! :()22 i WS (1—¢)+ ¢Aoo + T>
L e AR (1 Tt Ty ) Aoy B T T
TR T (1 STt W;)

and

Clz(All il y(1—¢)+¢/\11+7)

AOO ﬂ-O ﬂ-y (1 - Qb) + quoo + 7')

+ Ao At = y(1—¢)+¢A11+7’>

m
+ Ao1 | Moo 0 y(1—¢)+¢A00+7’)

I S ) 4+ 7 470
+A01A10{1—(1—¢)2(1— e y)(l— n _ Tho y)}

We note that this PWID only model is completely different than the analysis of Cor-
son (2011) and Corson et al. (2013). In that case there is a PWID only model but

it is much simpler. The calculations behind deriving these equations are straight-

forward but complicated. We give the explanation of the equation (4.2.42)) in detail.

The other equations (4.2.43)-(4.2.45) are explained similarly. For Assumption 1

we add (4.2.17)) to (4.2.18) to give an equation similar to (4.2.17)) for mO% where

Bi = Bh, +By,- We then add (4.2.24) to (4.2.25) to get a similar equation to (4.2.24)

1
for ml% where 8} = Bil + 6,%2. For Assumption 2 exactly the same equations are

got by adding equations (4.2.19)) and (4.2.20) and (4.2.26) to (4.2.27) we then set

the time derivatives

dpy _ dbh _

dt dt
and solve for the equilibrium values of these equations to get (4.2.42)). We note that

at equilibrium the total number of naive PWIDs who inject with syringes last used
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by experienced PWIDs is equal to the total number of experienced PWIDs who
inject with syringes last used by naive PWIDs and we assume that this equilibrium

has been reached (Corson (2011) and (Corson et al.| (2013)). This implies that
AonoSo1 = A1n1S10 (4.2.46)
or equivalently

Aoimy = Aomy

which was used in the derivation of (4.2.42)).

The model given by (4.2.5)-(4.2.28)) is approximately equivalent to the PWID
only model given by the equations (4.2.29)-(4.2.45)). In deriving this approximately

equivalent model given by equations (4.2.29))-(4.2.45)) we approximated the dynamic

relationship between the PWID and needle stages by observing that a PWID injects
on a time scale that is of the order of days whereas the epidemiological and demo-
graphic changes are much slower and measured in years. A similar approximation
was model in our analysis of the local stability of the endemic equilibrium from the

simple model in Chapter 2.

4.3 The basic reproduction number R

Ry is also defined by a dimensionless number and not time-dependent, and thus is
also referred to as the basic reproduction (or reproductive) ratio. It can be defined
as the ratio of rates or as the secondary cases per infected case.

For notational purposes, each infected individual will be defined by the h-state
at the time of infection, versus the current h-state. An individual has h-state j
means the individual had h-state j when they were infected. This is also called the
"state at birth”, since the individual is created, or born”, from an infectious point
of view. k;; is defined as the expected number of new infections that have h-state ¢
caused by one individual having h-state j, over the time-period of transmissibility
(Diekmann and Heesterbeek! (2000)).

Therefore, our derivation of Ry is based on the derivation in Corson (2011)

and Corson et al. (2013) the difference being that there is an additional treatment
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rate ¢ but the analysis is very different and much more complicated because of
the different needle equations. Therefore, we have had to adapt our model from
that of Corson (2011) and Corson et al. (2013) because of the different needle
equations then we derive our basic reproduction number (Ry). Hence, this method
uses the projected number of secondary cases that develops from every primary case
found within a given ‘virgin’ population (Corson (2011), Corson et al. (2013) and
Diekmann and Heesterbeek (2000)). For this particular case, ‘virgin’ population
refers to the population at the DFE level when the initial infectious case appears.
This number plays a crucial role when it comes to epidemiological models. In these
cases the disease usually dies out if Ry < 1 and spreads if Ry > 1. To best derive
this basic reproduction number, the modified model to be applied considers two

particular cases:
1. The infection chain starts with a single naive PWID.
2. The infection chain starts with a single experienced PWID.

An assumption made for this phenomenon focuses on a scenario where the popula-
tion has reached the DFE. In this situation, both the novice and experienced PWID
numbers alongside naive and experienced syringe and needle numbers all reach equi-
librium values.

In both case 1 or case 2 once he or she catches HCV, this individual will move
to the hy stage with probability 1 — ¢ and the hy stage with probability 6. In both
cases he or she will stay there for an average time 1/(x 4+ o +n). The transition
probabilities through the various infected stages are the same as in Corson (2011)
and Corson et al. (2013) except for (a) leaving the chronic infected naive class where
they stay for time 1/(u + 1 + ¢) and the probabilities of leaving the population,
moving to the chronic infected experienced class or being cured are pu/(p +n + ),
n/(n+n-+) and ¥ /(n + 1+ ) respectively and (b) leaving the chronic infected
naive class where they stay for time 1/(u 4 ¢) and the probabilities of leaving the
population or being cured are p/(p+), n/(pn+n+1) and /(1 + 1)) respectively.
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We define

2% = expected number of naive PWIDs infected by a single needle in infectious

state hy or ho last used by a naive PWID

and

r' = expected number of naive PWIDs infected by a single needle in inf-

ectious state hy or hy last used by an experienced PWID.

If we consider a single needle in infectious state hy or hy last used by a naive PWID
the next event to happen is that it is either used by a naive PWID and not cleaned
with probability Ago(1 — ¢)/(Ago + A1g + 7), or used by an experienced PWID and
not cleaned with probability Ajo(1 — @)/(Ago + A1p + 7) or either cleaned and used
or exchanged with probability ((Aoo + Ao)o + T))/(AOO + Ay + 7). Hence

ZEO — AOO(l — (b) Aoo(l — Qb) :L'O A10<1 — (b) :L.l
"Moo+ Ao+ 7 Ago+ Aro+ 7 Ao+ Ao+ 7

and

xlza AOl(l_(b) A11(1_¢) xl A01<1_¢) :L.O
hA11+A01+T A +Ap +7 Ay +Aogr+7

After some algebraic operations, we deduce that

0 an(l—¢) [Aoo(/\m + Ao+ 7) + Ao Aio(1 — ¢)] (4.3.47)
(Moo + Ao + 7) (A1 + Aot + 7) — AioAoi (1 — ¢)? o

and

o= ap(l — @)Ao1(Ago + Ao+ 7)
(Aoo® + Ao+ 7) (A1 + Ao + 7) — AjoAor (1 — ¢)?

Also let

y° = expected number of experienced PWIDs infected by a single needle

in infectious state h; or hy last used by a naive PWID (state 0),

then we have

0 = ap(l — @)A1o(A11 + Apy +7)
(Aood + Ao + 7) (A1 + Aot + 7) — AoAor (1 — @)%
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Similarly we have

y' = expected number of experienced PWIDs infected by a single needle

in infectious state hy or hs last used by an experienced PWID (state 0).
1 Oéh<1 — gf)) |:A11(A10 + Aoo@b + T) + A01A10(1 — qb)}

(Aoogb —+ A10 + T)(Augb -+ A01 + T) — A10A01<1 — ¢)2 '

If we similarly define

z° = expected number of naive PWIDs infected by a single needle
in infectious state y last used by a naive PWID (state 0),
Z° = expected number of naive PWIDs infected by a single needle
in infectious state y last used by an experienced PWID (state 1),
y = expected number of experienced PWIDs infected by a single needle

in infectious state y last used by a naive PWID (state 0),

y = expected number of experienced PWIDs infected by a single needle

in infectious state y last used by an experienced PWID (state 0),

then it is clear that 20 = 2229 7! = gl 9 = 2290 and ¢! = 2yt
ap ? ap ? ap ap,

Let k;; denote the total number of secondary cases caused in the group j by an
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index case in group ¢. Then

k1o = the expected total number of secondary cases caused in the naive group

by a single experienced individual needle infected entering the disease
free population at equilibrium

= the expected total number of secondary cases caused in the naive group
by a single experienced individual needle infected individual who
progresses through the various stages of infection starting at the acute hy
stage of infection

+ the expected total number of secondary cases caused in the naive group
by a single experienced individual needle infected individual who
progresses through the various stages of infection starting at the acute hy

stage of infection.
Therefore,
k1o = k10h2 + kfloh1
where

k10, = leaving the acute hy infected naive class where they stay for time 1/(u + o)

with probability 9,
and

k10,, = leaving the acute h; infected naive class where they stay for time 1/(n + o)
with probability 1 — ¢, then they move to the experienced chronic class

with probability o/(u + o) where they stay for expected time 1/(u + ).

In both cases there are A\;/(1+ o) expected infected needles from the acute class. In
the second case there are also (1—0)(o/(u+0))(A1/(n+1)) expected infected needles
from the chronic class. In the first case the needle is left in the acute infectious state

and the expected number of PWIDs infected is z'. In the second case the needle is
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left in the chronic infectious state and the expected number of naive PWIDs infected

is 2221, Hence,
Qp

/\1 Oé(f(l-&):| 1
k1o = 14+ 2 : 4.3.48
0= s ) A
and similarly
)\1 040(1—5):| 1
ki = 14 2 . 4.3.49
! u+0{ an(u+ ) ]” 43.49)

Then similarly kg; and kg are given by:

A a,o(1—90)
k°1_u+a+n[l och(u+n+w)]
Ay {n +@< an(1 —9) an(1l —9) >]
pto+nlp+to  ap\(p+Y)(p+n+)  (p+¥)(p+o)/]
(4.3.50)
Ao a,o(l—9)
oo = +o+n[1 ah(wnw)]
At { n +%( on(l —0d) on(l — ) )]
pto+nlpt+o  ap\(p+P)(p+n+v)  (w+)(p+o))]
(4.3.51)

Equations (4.3.51)-(4.3.49) give us the elements of the matrix which is given by

kOO kOl
klO kll

(4.3.52)

This is a "next generation matrix” in the sense of Diekman and Heesterbeek (1990)
and they define Ry to be the spectral radius of £.3.52] As discussed earlier the
values of Ry might be different than the values obtained by Van den Drissche and
Watmough’s method but we would expect it to have the same threshold value. Also

we are following the method of Diekman and Heesterbeek. Hence the spectral radius

of is given by

1 1
Ro = 5 (Koo + ku1) + §\/(k‘oo + k11)? — A(kookn — kaokor), (4.3.53)

with koo, ko1, k10 and kqq are given by (4.3.51)), (4.3.50)), (4.3.48) and (4.3.49) respec-

tively.
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4.4  Analytical results

In this section the focus shifts to the transmission model applied in the modified
model to be used. Similar to Section [2.4.1} an equilibrium and stability analysis will
be carried out to determine the rationale and validity of the equilibrium solutions
developed. These steps aim to verify that when Ry < 1 the only non-negative
solution to the presented system of equations is a disease free state. Additionally,
we aim to prove that when Ry > 1 there is a non-zero endemic equilibrium solution.
Through a global analysis one can ascertain that the DFE is globally asymptotically
stable if Ry < 1.

In this case although the structure of the PWID equations is similar to that of
Corson et al. (2013) the structure of the needle equations is very different. Based on
the previous analysis carried out, the modified model assumes that the probability
of successful syringe and needle cleaning, ¢, is between zero and one but strictly
less than one, so that 0 < ¢ < 1 also 0 < < 1. Let W;*,j = hy, ha,y, z denote the
equilibrium proportions of naive (i = 0) and experienced (i = 1) PWIDs. Setting
d/dt = 0 in equations (4.2.33)), (4.2.34)), (4.2.39) and (4.2.40) we find that

7T2* _ — ;4_ Jﬁ?? (4.4.54)
0 ga o«
T = M—_mﬁhy
e )+ om,
v pt
W;* _ nmo* + Jom,llz '
L

Now using equations (4.2.31) and (4.2.32)), which are the main driving force for
disease amongst naive PWIDs, with d/dt = 0 we obtain

7T0 _ 7T0* _ 7TO* _ 71'0* _ 7.(_0* 5
7% = (1-6) M The v T ) (4.4.55)
' p+o+mn

and

7T0 _ 7T0* _ 7T0* _ 71_0* _ ’/TO* 5
T =5 TR w2 ) (4.4.56)
u+o+n
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where
fi = sl = @) ((an — ) By, +Br,) +ay(Br, +Br, +5))
+ Nisit (1= ) ((an — ) (Bp, + Bry) + 0y (Br, + B, + By).-

Adding these together gives

* . 0x 0% _ 0%
0% To T, 7Ty m, ~
- fo

u+o+n

0% __ 0% 0% * _ k[
where 7" = m," + 7,7, now let Ky = 7 fo then we have

* O o
A% = L(l—ﬂ}; (1+ ol=0) 00‘5». (4.4.57)

p+o+n un ptn+v  ptn

Solving (4.4.57) for 79* and substituting in the equilibrium expression for 7 we

obtain
K3
T = et . (4.4.58)
_Kg [ ptn  o(=8)tn) | cad
1+ #+00+n< Iz - w(ptn+ip) + Iz )

We now use a similar procedure for the equations that make HCV spread amongst

experienced PWIDs. We write 7, = 7, + m,_, so m)* = m)* + m*, and note

that equations (4.2.37) and (4.2.38) imply that 7" = (1 — ¢)m}* and m,* = om,*.

Considering equations (4.2.37)-(4.2.38) and adding them together with d/dt = 0

and substituting in the necessary equilibrium expressions (4.4.54)) then that gives

0% K* ri* o(l—96 oad
pt+o pto T p+ I

(4.4.59)

o < no(l—9) N noad )]

AN+ (p+v+n)  plp+n)
where K = 7t f;. Recall that @ + 7% = 1, w¢ = pu/(u +n) and 7 = n/(u + 7).
Substituting (4.4.58) in this expression for 7] we obtain

__mkKg . Ky Ko (ptn o _(ptn)o(1=8)y
(u+0)(uio+n) + u+1<7 ll + u+00+77( 7 + u(u+¢)(u+n+w))}

(uto)n pty ptotn \ n p(p+n+) Iz

(4.4.60)

14 K7 (p+n) (1+ a(1-9) —i—%"é)l {1+ K (M_Jﬂz+a(1—6)(u+n) +a;~6)}
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If we represent K = (Ky, K;) then recall that

K§ = Wékfo

_ BO DO

+)\1So1(1 _ qb)((Qh —A?y)Bl N aélljl)}

Now note as A%, B%, A', B!, C° D and C', D! are all functions of 79* and 7}*, hence

using (4.2.42))-(4.2.45)) along with expressions (4.4.54)), (4.4.58) and (4.4.60)) they are

functions of K and Kj. Moreover BY, B!, D? and D! can be written in the form
Moo(K") K+ Mo (KK}

where Mo(K*) and Mg (K*) are functions of K*.

Applying a similar argument to K} we deduce that
K'"=M(K")K", (4.4.61)

where M (K) is a strictly positive matrix function. Moreover for K > 0, K # 0
then M;;(K) < M;;(0) i = 0,1, j = 0,1 and M(0)" is the next generation matrix
(4.3.52)) .
To show that if K* > 0, K* # 0 then M;;(K*) < M;;(0),i =0,1,j = 0,1 note
that using and
M (K5 KY) -

= Moo (K")Kj,
To
and
1 * *
T (fjr(iaKl) = Mo(K") K + M (K K]
1
where

(1) if Kg > 0 then Mgo(K*> < MOO(O),
(i) if either K > 0 or K > 0 then M,;(K*) < My;(0),5 =0, 1.

Hence using (4.53) the same is true for

mh (K. K)oy (KG, K)

T ;

i=0,1.
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Note that
—0x* BO
511 = F
7{0*
B (Aoo + Al()) }i 1
B Ty —T ]— -
( 00 T2 h)+Am+r)( a)
Am“%?)(l ) (Anr + M) B 1
* ml* ¥ —nl (]- - Oéh)
+A0+T Allﬂhf—{_¢A M—FAl—i—T
(4.4.62)
where
7'(0* 71—1*
ST (1 — ) (1 — )(1 —¢)?
0 1
Qp = < 1.

(Aoo -+ ¢A00<

£+ h ) (05

Now using (4.4.62)) and (4.4.63))
3 = (Moo + o) Moo(K*) K 1
h = - —
(Cb/\oo + Ago 2D (1—0¢)+ Ao+ 7') (1= an(K7))

Ao (1 — W) ((1 — @) (Any + Aot [Mio( KK + Mn(K*)KT]>

H)r)

(4.4.63)

+
(¢A00 + AOOW?L(I*{*) (1 - gb) + AIO + T) <¢A11 + Anﬂh(K*) (1 — Qb) + A01 + T)
1
(1 —an(K))

(4.4.64)
where ay,(K*) =

-2

<¢A00 —+ Aooﬂg(}f*) (1 —|— A10 -+ 7') (¢A11 + A11 (1 - §b> + AOI + T)

A1oAo1 (1 — ¢)?
(&Aoo + Ao + 7) (@A + Aor +7)°

< ap(0) =
Equation (4.4.64) expresses
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IN

where Fyy and Fpy; are strictly positive functions, Foo(K*) < Fyo(0), Fo1(K")
FOl(O) and if K* > 0 but K* 7é 0 then Foo(K*) < FO()(O) and FOl(K*> < F01(0>
A similar argument using (4.2.43), (4.2.44) and (4.2.45) shows that we can

express
By, = Fio(K") K + Fuu(K7) KT,
Bh+ By = Foo(K")Kj + For (K" K7,
By + Byl = Fio(K")K; + Fu(K')KT,
in a similar format where Fyo(K*), F11(K*), Foo( K*), Fo1(K*), F1o(K*) and ', (K*)
have the same properties as Fyo(K*) and Fp (K").
Now we have
Kj =75 fo(KY), (4.4.65)
Ki =71 fi(K"), (4.4.66)
where for ¢ = 0,1, f; is given by (4.40). Hence for K* > 0, K" # 0 M,;;(K") <
M;;(0).
To show that M(0) is the transpose of the next generation matrix consider

Moyo(0) which is the coefficient of K in the right hand side of the equation (4.4.65))

when we set Kj = K] = 0 in this expression

a,o(1—90) 1
Myo(0) = A Y
w(0) (mﬁ_u+¢+n)u+o+n

—i—B[ n <a +ay0(1—5)> 1
ptao\" pt+y Ju+o+n
N no(l—0)ay, }
(H+)p+n+9)(u+o+n)

where

Aoso0(1 = @) (Moo + A1) (A1 + Aoy + 7)
(&Aoo + Mot + 7) (@A + Ao + 7) — ApiAio(1 — ¢)?
Aoso1(1 — @) (Ago + A1o)Ao1 (1 — @)
(Aoo + No1 + 7) (@A + Ao+ 7) — Mg Aio(1 — )2

+

and
Aosoo(1 — @) (Aqr + Aor)Aso(1 — ¢)%
(¢Aoo + Aot + 7)(pA11 + Aro + 7) — AgrAro(1 — ¢)?
Aoso1(1 — @) (A1r 4 Aor) (¢Aoo + Aor + T):—?
- (@Aoo + Mot + 7) (A1 4 Aro + 7) — A1 Aio(1 — ¢)?
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So
Ay ay [ o(l—=9)
MOO(O)—u+a+n{1+ah((u+n+w)>]
. Ba [n +@( on(l —9)
pto+nlpt+o ap\(p+v)(p+n+1)
onl = 9) )} 4.4.67
RPEETIrEaY) M
Here
e Aos00(1 = @) (Moo + A1) (A1 + Aoy + 7)
(@Aoo + Ao1 + 7)(@A11 + Aig + 7) — A1 A1o(1 — ¢)?
n o501 (1 — @) (Moo + A1g)Aor (1 — &)
(@Ago + Aot + 7)(¢A11 + Ao+ 7) — Ag1Aro(1 — )2
Now

A A
Soo(Aoo + A10> - 300( 010500 + 1n1s10)

mo mo
A0M0500 AomoSo1
= So0 +
mo mo
as A\1m1510 = AoNoSo1
. 500070
mo
as Sop + So1 = 1
Similarly
501 A\0M0 510111
S01(Ago + Avo) = = = Ayo.

mo mo

Hence Xgsoo(1 — ¢)(Aoo + A1o)(@A11 + Ao1 + 7) + Aosor (1 — ¢)2(A00 + Aqo) Ao
= Mo(1 — @) Aoo(dA11 + Aor + 7) + XoAoiAio(1 — ¢)2.

So Aay, = Moz, Now

Aoso0(1 — @) (A11 + Aor)Aro(1 — ¢)z—§

(@Aoo + No1 + 7)(dA11 + Ao + 7) — ApiAio(1 — ¢)?
Moot (1 — @) (A11 + Ao1) (@Ago + Aor + T):—?

" (0Aoo + Aot + 7) (A1 + Ao + 7) — Ao Aro(1 — @)
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Note that )\0800([\11 -+ AOl)A10:_§

niA1511 NoAoSo1 | A171510M0
= )\0800 +
my my mony
A1noAoS00 [ M1A1511 n1A1510
= -+ S10

mo my m1

as noAoSo1 = N1A1S10

n1A1510
= Moo

my
as Si1 + S0 = 1

NoAoS01

= >\1A00 m

as ngAgSe1 = N1A1S10 again

= MAgoAor-
Also
*
s AoS01Mo [ MiALS NnoAoS
0 050110 ( M1A1S11 00501
Aosor (A1 + No)— = < +
Ui ny ma mq
. AoSo17o [ n1A1S11 + n1A1810
ny ma ma

as NgAgSo1 = N1A1810 again
. A0S01M0A1
ma

- )\1A01.

So

Bay, — Ao (1= @)*AgoAor + Aan(dAgo + Ao + 7)Ao (1 — @)
(¢Aoo + Ao1 + 7')<¢A11 + Ay + 7’) — A01A10(1 — ¢)2
Aap(l — @)A1 (Ao + Ao + 7)

(éAgo + Aot + 7)(PA1L + Ao + 7) — A1 Aro(1 — ¢)?

= )\11‘1.

Hence from (4.4.67) and (4.3.51)) we deduce that M yo(0) = koo. The results that the

other entries of M (0) are the other entries of the transpose of the next generation
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matrix follow similarly. All of the above work is completely different than that of

Corson (2011) and Corson et al. (2013).

We need to show what happens when 0 < Ry < 1. In this part we will see that
when Ry takes these values then HCV will be eliminated in all PWIDs. This part

of the proof follows the lines of the corresponding proof in Corson et al. (2013).

Lemma 4.4.1. Suppose that Ry < 1. The only non-negative solution K to
K=M(K)K is K=0.

Proof. Using the method of Lemma 6.1 of Corson (2011) and Lemma 1 of Corson
et al. (2013). O

We are now going to see what happens when Ry > 1. We will now see that when
Ry > 1 there is a positive equilibrium which corresponds to a feasible equilibrium

value for the model.

Theorem 4.4.2. Assume that Ry > 1 then the system given by (4.4.61) has one or

more positive non-zero solution corresponding to a feasible equilibrium.

If we let C' denote the cone of positive vectors:
C= {(Ko,Kl) . K@ Z O, K1 Z 0}

This is obviously a cone since multiplying K = (K, K;) by a scalar £ > 0 results in
a vector belonging to C. We use Theorem 1.6 of |Gatica and Smith| (1977) which is
given in chapter 1 (Theorem applied to the operator T' : C' — C given by
T(K)= MK)K.

In order to apply this theorem exactly as in Corson (2011), we need to show

that
(a) T : C — (' is a continuous compact operator;

(b) T'(0) has an eigenvector k € C' corresponding to an eigenvalue wy > 1 and 1
is not an eigenvalue of 7"(0) with a corresponding eigenvector in C

and

(c) there exists R > 0 such that if z € C' | |z| = R and T'(x) = px then p < 1.7
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Lemma 4.4.3. T(K) is continuous in K for all K > 0.

Proof. Proved in Lemma 6.2 of Corson (2011) and Lemma 2 of Corson et al.| (2013).
[

Note that we can consider a function as bounded if its range is a bounded set

(Kreyszig| (1978)).

Lemma 4.4.4. T(K) : C — C is bounded.

Proof. This proof is significantly different than in Corson (2011) and Corson et al.
(2013). Now we need to prove that each of MoK+ My Ky and MoKy + M1 K is
bounded in C.

Mo Ko+ MyuK; = K
ap —a,)BY  a,D°
= 7TO |i)\0800(1 —Qb)(( h Oy) + éo )

. 1 1
+/\0501(1—q§)((ah Af‘y)B +O‘é€) )}

If we define

A1oAor <1 - :—?'3) < - %) (1—¢)?
ah(ﬂgaﬂilz) = | :
(Aoo o+¢/\00(1——)+1\10+7’)(/\11 +¢A11< —:—?>+Ao1+7>

Then it is straightforward to show that

B < ! < ! and B < ! < L
A0 = 1 —a,(a, 7l) = 1 —a@,(0,0) AV T 1 —ay (), 7)) T 1—a,(0,0)

Similarly defining

A10A01( - —)( - ”ﬂ)(l — )’
0 1 _

ahy(ﬂ-hy? Why) - 0
(AOO + QbAOO (1 - —) + A10 + T>

X

1

(An + ¢A1y (1 — —> + Ao + 7‘>

D° 1 1 D! 1 1
and

0 _ 0, 0 -1 _ 1, -1
where m, = m, + ), T, =T, + 7, then

< < — < < .
CO = 1 —any(my,, m,) ~ 1 —an(0,0) C = 1 —awy(m,,m,) ~ 1 —a(0,0)
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Hence

Ay n A
1 —@,(0,0) 1 —a(0,0)

My Ko + My Ky <

where Al = 7TO/\0(1 — ¢)(ah — Oéy)(S()o + 801) and A2 = 7TO>\0(1 — (b)@y(SOO -+ 801).

In a similar way we have

MyKo+ MK, = K

ap — Qy Qy
< 7t [/\1810(1 — ) (1 —a,(0,0) + 1 —5hy(0a0)>

QOp — Qy Yy
A 1-
1511 ( ¢)<1 —a(0,0) + 1 —ahy(070))]
B . B
L= a@,(0,0) " 1—a,(0,0)

where By = 7\ (1 — ¢)(a, — ) (s10 + s11) and By = 7\ (1 — @)y, (s10 + 511)-
Hence T'(K) : C — C given by T(K) = M(K)K is a bounded continuous operator
in C', which is contained in a finite dimensional vector space. In a finite dimensional
space every bounded operator with finite dimensional range is compact (Oden and

Demkowicz| (2017)). Hence T'(K) is a continuous compact operator. O

We are now going to prove that the operator T'(K) is Fréchet differentiable at
K = 0 in the direction of the cone C.

Lemma 4.4.5. T(K) is Fréchet differentiable at K = 0 in the direction of the cone
C, with Fréchet derivative

Moo (0) Moy (0)
Mlo(O) M11(0)

T'(0) =

Proof. Proved in Lemma 6.4 of Corson (2011) and Lemma 4 of Corson et al.| (2013]).
]

To apply Theorem we need to prove that 7"(0) has an eigenvector corre-
sponding to an eigenvalue wy > 0 and 1 is not an eigenvalue of 77(0) with corre-
sponding eigenvector in C. It is a straightforward conclusion to show the Fréchet

derivative of T" at K = 0 is given by the transpose of the next generation matrix

[1.352).
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Since T7(0) is a matrix with positive entries the modified model uses the Perron-
Frobenius theory of positive matrices (Meyer| (2000))). This theory shows us that
there is a positive real numerical value r such that r is an eigenvalue of 77(0) and
any other eigenvalue is strictly smaller in absolute value. The spectral radius of
T'(0), p(T'(0)) = r and furthermore there is an eigenvector with strictly positive
entries that corresponds to the eigenvalue r.

Hence if p(T7(0)) > 1,T'(0) has an eigenvector v € C' which corresponds to an
eigenvalue wy > 1. The theory also states that there are no other positive eigenvec-
tors. Hence 1 cannot be an eigenvalue of 7'(0) with corresponding eigenvector in
C' and the lemma below follows (c.f. Lemma 6.6 of Corson (2011) and Lemma 6 of
Corson et al. (2013)).

Lemma 4.4.6. If Ry > 1,7"(0) has an eigenvector v € C' and 1 is not eigenvalue

of T'(0) with corresponding eigenvector in C.

We now prove condition (c) of the conditions immediately following Theorem

4.4.21

Lemma 4.4.7. There exists R > 0 such that if € € C with |x| = R and T(x) = px
then pu < 1.

Proof. Again using a similar proof as Lemma 6.6 of Corson (2011) and Lemma 6 of

Corson et al. (2013).

This lemma completes the proof of the three conditions that are needed to
apply Theorem [4.4.2] and we can conclude that when Ry > 1 there exists a non-zero
equilibrium xy € C. O]

Now we need to prove that such an equilibrium value corresponds to a feasible

endemic equilibrium for the full model. If each of the equilibrium values 70*, 70*, 7p*
.. .W}ll:, W;* and 7!* are positive then the endemic equilibrium value is feasible.

Setting d/dt = 0 in equation (4.2.29)) we get

0=p— (u+n)my — ford +¢my".
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Previously we know that K = 7 f(’{, this leads to f(’)‘ = K} /n§. Therefore,

+ 7‘(‘0*
w?:—ﬁ—ﬂlT. (4.4.68)

potn + 2

If we use a similar method as above with equations (4.2.30), (4.2.33)) and (4.2.34)

and using the relationships mp* = (1 — 0)m* and m)* = o7} we get
., o(l—a)drd*
T = —Koh (4.4.69)
70 = & (4.4.70)
Y ptntd
0%
0 — 99T (4.4.71)
Mt

If K* = M(K")K" corresponds to a non-zero equilibrium then it is obvious that both

K} and K7 must be strictly positive. From equation (4.4.58) we conclude that 7p* is

strictly positive. Hence 70, 70%, 70* and 70* given by equations (4.4.68)-(4.4.71)) are

xz ) Mxy y

all strictly positive. Performing similar calculations with equations (4.2.35), (4.2.36]),

(4.2.39) and (4.2.40) and using the relationships mp* = (1 —0)7,* and 7% = dm* we

get the following results:

nret +

wy:———jT— (4.4.72)
0 1_ K} 1%

g +_U( a) T (4.4.73)
7T0*+01—5

ri =1 ;Li-¢ i (4.4.74)

1 _ T 00l (4.4.75)

1L

We know that K7 > 0 and from equation (4.4.60) 7}* > 0. This leads to m*, 7l* ml*

z o Ty Ty

and 71* given by equations (4.4.72)-(4.4.75) are all strictly positive. Also, if we

are adding the equilibrium versions of equations (4.2.29))-(4.2.40) we conclude that

T O s ) T s+t 4wl = 1. Hence each
non-zero equilibrium point of (K, K) corresponds to a feasible endemic equilibrium

value.
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4.5 Global stability

We are now going to show the stability of the DFE when Ry takes values between

0 and 1 inclusive.

Theorem 4.5.1. When Ry <1 the DFE is globally asymptotically stable.

Proof. This result will be shown in several stages using a method similar to that
used in the proof of Theorem . We write 7r2’°° for lim; o sup 7 (t), where

mo(t) = mh (t) + 7}, (t), with similar definitions for the other 79>, w1 and

where 7, (t) = 7, (t) + m,, (). We will start the proof by giving several results that

. L 0,00 1,00 0,00 1,00
give upper bounds on the limit suprema >, 7 >, m,~ and 7, If we use equa-

tions (4.2.31)), (4.2.32), (4.2.37) and (4.2.38]) and derived relationships expressing

07 07 1’ 17 1 0, 17 .
w0 w0 ™ and w0 in terms of 7™ and 7, this allows us to express our
hi 2 "hs " hy ho h h

earlier results in terms of the two limit suprema 7r2’°° and 7r,1l’°°. We then show if
Ry <1 these limit suprema must be equal to zero. The global stability of the DFE
then follows.

0\ o© 0,00
Lemma 4.5.2. (ﬂ) Th )

0 *
T o

IN

Proof. Recall that as pointed out earlier (4.2.3) 7° — 7% as t — oco. Given € > 0

with $mf > € > 0 there exists to such that for all ¢ > ¢ and |7° — 75| < €/2, we have
0 0,00 € *

Therefore, for all t > tg, 7° > 7} —¢/2 > %71’8,

0 0,00 0, % 0,000
T T I S
0 * - 0% ’
T T momg
0 % 0 0/.-0 0,00
< my(my — ) + 7w, — )
< 0
T
€/2
< / +¢/2
o7
0
4
< /242
37

4
S ——
2\ 37
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€1
4

So given €; > 0 choose ¢ = - ( ), then with this value of € for t > t; we have
2

3#62
that
0 0,00
Tp _ Ty
- S tea
T s
Hence

But as €; is arbitrary then

Similarly we conclude that

Lemma 4.5.3. o
Ky
M+U+U+F

T < ,
0
5

N7 0,00 0,00 1,00 1,00
where Ko = ap Am,)™ + OéyAﬂ'y + apBr,” + OéyBﬂ'y ,

~ Aosoo(1 — @) (Ao + Ado) Aosor(1 — @) (Ago + A1g)Aor (1 — @)

(Ao + Ao+ 7)1 =) (¢Ago + Aot + 7) (@A + Ao +7)(1 — @)
AoSo0(1 — @) (A1r + Ag1)Aio(1 — ¢>):—? Aoso1(1 — @)(Ar + A01)%
(@Aoo + Ao1 + 7)(¢A11 + Ao + 7)(1 — @) " (A1 + Ao+ 7)(1 — @)
(4.5.76)

B =

A1 Aio(1 — ¢)?
(0Aoo + Aor + 7) (A1 + Ao +17)°

e
and o) =

Proof. Write ), = 8 + B, and 8, = B, + f,, similarly for ) and m, . Using
equations (4.2.31)) and (4.2.32)) together we have

0
dm,

il P\osoo(1 — ) ((an — ay) By + ayBh,) + Xosor(1 — &) ((an — @) By + By,

X (7 —mp =y — 72) = (u+ o+ ),

= 7'('0 |:)\0800<1 — ¢) ((Oéh - Oéy)ﬂg + Oéyﬁgy) + )\0301(1 - Qb)((Oéh - O‘y)ﬁflL +

1
ayﬁiy)} (1 — (T Ty + wS)) — (p+o+n)mh,
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<7 [/\0500(1 — ¢)((Oéh — ) By + ay52y> + Aoso1(1 — @) ((Oéh — ) + Oéyﬁflby)

(1 — W—z) —(u+ o +n)m. (4.5.77)

Note that by adding (4.2.17)) to (4.2.18]) for Assumption 1 or (4.2.19) to (4.2.20)) for

Assumption 2 and using the relationship AOlZ_(l, = Ay

dﬁh ) 2 0 0 72 1
It Aoo (1 —5h)+/\10— —¢A00< 0)5h—/\105h+/\10<1— F)ﬂh(l_@
—Tﬁg.

Hence 3 ty so that for t > ¢,

0

Cih < (Ago + A10)7T + A1051 (1= ¢)+e— (¢Aoo + Ao + 7).

Hence using Lemma 4.5.2 and a similar argument as in the proof of Lemma 2.3.3

/6’0’00 (Ago + AlO) . W (1= ¢)
o ¢A00 + Ao+ T ’

similarly
B < (A + A01) n (1 - ¢)'

¢A11 +Aon+7

Putting these results together

_ (Moo + Alo)ﬂfr; Ao(1 — @) (A + A01)
oo = (pAgo + Ao+ 7)(1 — 52) (pAoo + A1o + 7)(PA11 + Aoy + 7')(1 —ap)’

Loo o (A1 + A01)Wfr*oo Ao1(1 — @) (Ago + Alo)
P (@A Ao +T)(1 - 5*) (pAoo + A1o + 7)(PA11 + Aot + T)(l —ap)

Similarly, we have that

(Moo + Alo)ﬂf% Aso(1 — @) (Anr + A01)7rhy
(pAgo + Ao+ 7)(1 — 52) (dAoo + Ao + 7)(PA11 + Ao + 7) (1 — @)

07
By <

1,00 0 oo

(A1 + A01)7TZ§E Ao (1 = ¢)(Ago + An)
(gbAH + A01 + 7')(1 — a;;) (QbAoo + A10 + T)(quH + A01 + T)(l — Oéh)

1»
B <
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These last two results are true because Lemma 4.5.2 works equally for 7r2y and 7T}1Ly

as ) and 7}. Recall that my — 75 as ¢ — oco. Hence from (4.5.76) and (4.5.77)

given € > 0 3 t; such that for ¢t > t;

dn) . s 0
d—;éﬂ(](l—ﬂ—g)(ws +6) — (u+o+n)m).

Hence using a similar argument to the proof of Lemma 2.3.3

K *
™, < T
,U+U—|—77+7r69+6

As e > 0 is arbitrary we deduce that
K

0,00
o < =
ptot+nt+ 2

O
Similarly, we have the following result:
Lemma 4.5.4. o .
7T}17,7OO S Kl i nﬂ-hl,:oa
w+o+ 7@3
where
K= Al(a;ﬂrg’oo + ayﬁg’oo) + Bl(ahﬂ}ll’oo + ayW;’oo),
A1s10(1 — @) (Aoo + Alo)% N A1511(1 — @)A1 (Ago + Ao)(1 — 925):—;
T (Ao F A+ ) —a;) | (pAeo + Aso + T) (A + Aoy +7)(1 —aj)
and
_ A1810(1 — @) Aro(Arr + Ao) (1 — @) A1s11(1— @) (A1 + Agr)
! (gbAoo +A10 +T)<¢A11 +A01 —|—T)<1 —a;;) <¢A11 +A01 +T)(l —52)
(4.5.78)

Proof. Taking equations (4.2.37) and (4.2.38]) along with the method used in the
proof of Lemma the result follows. ]

It is useful to use the same techniques used to prove Lemma 2.3.3 to prove
results that give upper bounds on the limit suprema of 7r2 and 7T; in terms of 7r2’1°°

1
and ">,
1
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Lemma 4.5.5.

Proof. Using equation (4.2.33)) we have,

dr?
ngUﬁf—w+n+¢Mﬂ

Given € > 0, we have that

mh ST de, V> ty(e).

d

%[772 exp((p+n+v))] < o(mp® +e)exp((p+n+v)t), V> ts(e).

Integrating over [t3(€),t] gives

() < 4 2m+ ) Ve > t(e) f ta(€) > ta(e) sufficiently 1
T <e —4 - > t4(€) for some t4(€ 3(€) sufficiently large.
ptn -+

Using the lim sup and letting ¢ — oo we have

0,00
om
pooe < T where e, = (W)
ptn+y ptn+y
Since €; > 0 is arbitrary, the result follows. ]

Lemma 4.5.6.
1,00 0,00
oy onmy,

Yot () (et +n)

Proof. Taking equation (4.2.39)) along with the method used in the proof of Lemma
[4.5.5] the result follows. O

We now going to use equations (4.2.31)) and (4.2.32) to find a relationship

between 7r2’1°° and 7T2’2°°.
Lemma 4.5.7. (1 — 5)7?2’200 = 57r2’100.

Proof. As proved in Lemma 6.13 of Corson (2011) and Lemma 13 in Corson (2013).
]

Lemma 4.5.8. (1 — 5)#,1Z;°° = 57r}1L’1°°.
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Proof. From equations (4.2.37)) and (4.2.38))

d 71'}“ W}LQ B 7T21 7T22 W}Ll 7T,1L2
a\i-s "5 )="i-5 %) Wi )

= (D O gl

Hence
d 7.”1“ 7rf1L2 o 7'('21 (0) 7{'22 (0)
a Kl b T expf+ ot = (T - B0 e
Solving
7'('11 7'('12 70 (0) 7.(.02 (0>
1f5_ § (fl5"h5 )U—enwwﬂﬁmﬁ%u+am
7} (0)  m (0)
+ ( 1h1_ 5 o h15 ) eXp[—(u —+ o')t]‘
1 1
T 9" . o
Hence : —15 - 72 — 0 ast — oo. So we deduce that ém, ™ = (1 —0)m,> similarly
to Lemma [4.5.7 -

Write 7)) = m, 4+, . As we have 0w, — (1—0)m) — 0 as t — oo it is straight-
forward to show that 7)™ = 7rh /(1 =9) = 7rh /6. Tt is similarly straightforward

to show that 7, = 7rh /(1 =9) = 7rh /6. We can use these results to define the

inequalities in Lemmas [4.5.5/ and [4.5.6/ in terms of 7, and 7, to get:

o(1—0)my™

0,00 < . 4.5.79
T w ( )
1— &), on(l —6)m)
b < o T ™ . 4.5.80
voo- Y (w+)(p+v+n) ( )
Substituting into equations (4.5.76[) and (4.5.78|)

_ 1- )
Ky < A" a, + L) 45.81
o= (ah R (4.5.81)

1oo o (1 —9) 000 NMo(l—=10)ay
" B(Wh (a” ot >Hh (u+w)(u+n+¢))'

. 1 —0)
K < A (a4 2010 )
b (ah ptn+

1o a,o(l— 5)) 0.00 no(l—0)a, )
- Bl(“ (ah+ itv ) )+
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Recall that

Aosoo(1 — @) (Moo + Avo) MoSo1 (1 — @) (Moo + A1o)Ao1 (1 — @)

A :
(¢A00 —+ A10 —+ T)(l — 52) (¢A11 —+ A01 -+ T)<¢A00 —+ A01 -+ T)(l — 6;)
B _ Aosoo(1 — @) (A1 + Ao1)/\1o:—%(1 —9) Xosor(1 — @) (A1 + A01)Z—%

(éAgo + Aro + 7)(¢A1L + Aoy + 7)(1 — @) - (PA1 + Ao +7)(1 =)

A15s10(1 — @) (Ago + Am)w—% A1s11(1 = @) Aoi (Moo + Aio)(1 — ¢)7r_0

A — s 7T1
' (@Aoo + Ao+ 7)(1 — @) * (AAgo + A1 + 7)(PA11 + Aot +7)(1 — @)
A1s10(1 — @) (A11 + Ao1)Ao(1 — ¢) A1s11(1 = @) (A1 + Aoy)

(pAoo + Aio + 7)(pA11 + Aot +7)(1 — @) (pA + Aot +7)(1 — @)

B, =

Substituting in the upper bounds for 7r2’°° and ’/T}lL’OO given by Lemmas m
and respectively allows us to define this as a set of simultaneous inequalities
satisfied by

K < M"(K)K,
where M (K) is a strictly positive function of K for K > 0 with M} (K) =
M (Ko, K1) > 0. If K > 0 but either Ko > 0 or K; > 0 then M} (K) < M;(0).
Moreover M (0) = M(0), the transpose of the next generation matrix (4.3.52)).

Hence, assuming that either Ky > 0 or K; > 0 we have
K < M(0)K, (4.5.82)

with strict inequality in both components. Since K is a positive vector in (4.5.82)

there exists an € > 0 with

K(l1+¢)<M(0)K.

Hence arguing as in Corson et al. (2013) we deduce
(1+¢€) < || M™(0)||~. (4.5.83)

Again as in Corson et al. (2013) we also use the fact that the spectral radius, p, of a
matrix M is given by limy_,o || M"||+ (Diekmann and Heesterbeek! (2000)), we let

n — oo in (4.5.83) to get
p(M(0)) =1+,
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where p(M (0)) represents to the spectral radius of the matrix M (0). Thus, the
spectral radius of M (0) is equal to the basic reproductive number Ry, this shows
that Ry > 1 + ¢. So this leads us to a contradiction and so Ky = K; = 0 leads to
Ty = my™ =0 when Ry < 1. m,™ = 7, = 0 shows that 7 = m* = 70> =

Ty = mp> = 7> = 0. Also this result shows that 70 (t), 79 (¢), 75, (t),75(t), 72(t),

7y, (t), 3, (t), 73, (1), 7,y (t), w(t) all approach zero, m)(t) approaches p/(u 4 1) and

1

7l(t) approaches n/(u + 1) as t becomes large. This is the completion of our proof

T

for the global stability of the DFE when Ry between 0 and 1.

Note that this proof worked for the original model (4.5)-(4.27) with separate
equations for the PWIDs and the needles and syringes. However it is straightforward

to adapt it to the approximate model (4.28) to (4.44) to give the same result.

4.6 Parameters and numerical simulations

The aim of this section is to use the simulation package Wolfram Mathematica
version 11.1 to come up with hepatitis C virus (HCV) prevalence estimates. These
estimates are meant to assess the Glasgow PWID population over time, according to
the model equations in Chapter 3. We shall base our estimates on those of |Corson
et al.| (2013 and here briefly summarise the values and to achieve this feat, we use the
Glasgow PWID survey data collected between 1990-1993 and 2008-2009. From this
data, through HPS, one is then able to find two sets of parameter approximations.
Each of these approximated figures shows the PWID behaviour as it was between
the years 1990-1993 and 2008-2009, respectively. In order to produce these HCV
prevalence estimates, one selects each parameter set individually and relates it with
the estimated hepatitis C prevalence of the selected people who inject drugs (PWIDs)
surveyed in Glasgow within that particular time frame. This research aims to prove
that although the model created produces positive results based on the earlier data;
it fails miserably when the more recent survey data acquired is applied to find the
similar parameter estimates. Additionally, as PWIDs tend to underrate their syringe
and needle sharing habits (Greenfield et al.| (1995)) further investigations are in order

to determine to what extent this occurrence transpires among Glasgow PWIDs in
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the period between 2008-2009.

4.6.1 Parameters

In Tables and [4.3]the data presented here illustrates the parameter estimates
applied to the simulations in this research. The focus now lies on the estimates used
in our test simulations, not taking into account the values of «, 9, 0,1 and ¢. These
values will remain constant all the way through our simulations. This is a quality
they will possess beginning all the way from our simple model simulations (for fur-
ther clarification on these estimates, see Chapter 2).

From surveillance carried out by a collaboration of HPS and colleagues (Rehm
et al.[(2010))), it was found that PWIDs fall into two experience groups. This separa-
tion is based on the difference witnessed from the period where they start injections
(Corson (2011) and Corson et al. (2013)). The threshold dividing the two sets of
people is 3 to 5 years of time difference. This difference in years helps researchers
to have at least two different levels which are made up of beginners who have been
injecting for five years or less and seasoned PWIDs who have injected for five years
or more. Therefore as in Corson (2011) and Corson et al. (2013), this data set is
represented as 1/n = 5 years.

Corson (2011) and (Corson et al.| (2013) project that 33.33% of the entire Glas-
gow PWID population are relatively recently started and new injectors while at
least 66.67% are much older seasoned injectors especially according to the informa-
tion collected between the years 1990-1993 and 2008-2009. Moreover, the PWID
population in Glasgow has remained relatively constant over the years. With this
assumption in mind, one can, therefore, assume that the estimates for 7° and 7! can
be applied as the equilibrium values for these parameters. That is, 7° = 7 = 0.3333
and m! = 77 = 0.6667.

We follow Corson (2011) and |Corson et al. (2013)) to approximate that for the
time between 1990-1993 soo = 0.6667, sg; = 0.3333, si190 = 0.2026 and sy; = 0.7974
and for the time between 2008-2009 sgg = 0.6667, sg1 = 0.3333, s19 = 0.1276 and
s11 = 0.8724.

Again we follow Corson (2011) and Corson et al. (2013) to estimate the aver-
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age working life of a needle is (365.25/7) during two different periods of time. One
period of time is from 1990 to 1993 and another period is from 2008 to 2009. There-
fore 2,038 Glasgow PWIDs were assessed between the period 1990-1993 and from
this data Corson (2011) and Corson et al. (2013) estimate the working lifespan of a
needle to be around 15.4 days. Another estimation was based on the 704 Glasgow
PWIDs surveyed from June 2008 to June 2009 and from this data Corson (2011)
and Corson et al. (2013) estimate the working lifespan of a needle to be 3.26 days.

According to Corson (2011) and Corson (2013) between the period 1990-1993
the average injection rate for newly started PWIDs (\g) is 45 shared injections for
each PWID every year and for experienced PWIDs () is 37 shared injections for
each PWID. Moreover, between the period 2008-2009 the average injection rate of
recently started PWIDs (o) is 1.96 annually with shared injections for seasoned
PWIDs (A1) at 2.56 annually.

Similar to Corson’s research, we too increased our estimates for a chance for
transmission of chronic infection from a, = 0.016 to a,, = 0.025. This move aimed
to match the change of estimates proposed by Crofts et al. (1999) (0.013-0.049),
Hutchinson et al. (2006a), the Advisory Council on the Misuse of Drugs (2009)
(0.015-0.05) and Bird et al. (2006) (0.02-0.03). As per the assumption, one applies
the 2.7 times higher rate of acute HCV infection over chronic infection to determine
later the value of o, = 0.025 which implies that, «y, as per the injection transmission

chance of acute HCV infection to be 0.0675.

4.6.2 Simulation results

We now use Wolfram Mathematica version 11.1 to produce HCV prevalence esti-
mates for each period provided in the Tables [4.1] and together with the
parameters within and bearing in mind the rate of treatment ¢» = 0.1 per year,
research simulates transmission of HCV to be over a 70 year period. Initially the
assumption is that 50% of the PWID participants already have acute HCV (hq)
and no other PWIDs have the disease. To clarify further, 79(0) = 0.5/3, 72 (0) =
0,75, (0) = 0.5/3,m,(0) = 0,7(0) = 0,72(0) = 0,7,(0) = 1/3, 7, (0) = 0, m,(0) =
1/3,m,,(0) = 0,7,(0) = 0 and 7}(0) = 0 where 7(0) = 0 represents the portion

T
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of PWIDs that are young and inexperienced in the group and z-susceptible at time

t=0.
Parameter| Estimate Source Notes
[0) 0.255 Unpublished data | Observed data on Glasgow
HPS (1990-1993) PWIDs during 1990-1993
Qy 2.5% Hutchinson et al.| Assumption based on observed
(20064al) data on HCV transmission
through needle stick injury
o, 6.75% Conservative estimate | Estimate is 2.7 X «, based on
Vickerman et al. (2007) model
fits
1/o 0.5 Vickerman et  al. | Observed data from studies on
years (2007,2009) acute HCV
« 0.25 Conservative estimate | Limited data available
0.26 Micallef et al.7(2006) Review of longitudinal studies
during 1980-2003
1/n 5 years Assumption based on surveil-
lance reports of PWIDs
1/p 10.002 Calculated estimate Based on assumed equilibrium
years proportion of naive PWIDs and
time since onset of injection
0 0.3333 Unpublished data | Based on observed data of Glas-
HPS (2008-2009) gow PWIDs during 2008-2009
i 0.6667 Unpublished data | Based on observed data of Glas-
HPS (2008-2009) gow PWIDs during 2008-2009
Y 0.1 per | Conservative estimate | No data
year

Table 4.1: Table of baseline parameter estimates for use in the time since onset of

injection model. (Adapted from (Corson et al.| (2013)).
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Parameter|| Estimate Source Notes
Ao 45 per | Unpublished data | Observed data on Glasgow
PWID HPS (1990-1993) PWIDs during 1990-1993
per year
A1 37 per | Unpublished data | Observed data on Glasgow
PWID HPS (1990-1993) PWIDs during 1990-1993
per year
365.25/7 || 15.4 Frischer et 31.7(1993); Based on the estimated number
days Gruer et al| (1993); | of Glasgow PWIDs during 1990
Taylor et al. (2001)) and observational data on needle
and syringe provision in Glasgow
during 1990-1993
S00 0.6667 Conservative estimate | No data
So1 0.3333 Conservative estimate | No data
S10 0.2026 Conservative estimate | No data
S11 0.7974 Conservative estimate | No data

Table 4.2: Table of parameter estimates for the period 1990-1993. (Adapted from
Corson et al|(2013)).

Parallel explanations are available for the other PWID classes. The assumption in
play here is that the section of individuals in the recently started and seasoned groups
begin at their balance values. This ensures that the conditions and values are satisfied.
This value then suggests that the needles and syringes present in each group stays constant.
The overall prevalence of HCV (given by w0, +7T21 +7722 +7r8 +r0 47, —|—7r,ll1 —Hr,l12 +7T; +ml)
is illustrated in Figures [4.1] and These conditions were selected since they allow one
to view the performance of the model under the sets of parameters present. In Figure
one can eventually arrive at a stable state resolution. When one applies the baseline
parameter values used in the year 1990-1993 (Table , Ry = 6.177 > 1 the occurrence
of HCV among Glasgow PWIDs reaches an incidence of roughly 81%. Also, in Figure
it is clear that HCV occurrence reaches a stable state resolution. However, once

the model is applied to the parameter estimates from the year 2008-2009 (Table ,
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Ry = 0.0275 < 1 the results suggest a marked reduction in HCV frequency in Glasgow

PWIDs. This phenomenon results in the elimination of HCV.

Parameter| Estimate Source Notes
Ao 1.96 per | Unpublished data | Observed data on Glasgow
PWID HPS (2008-2009) PWIDs during 2008-2009
per year
A1 2.56 per | Unpublished data | Observed data on Glasgow
PWID HPS (2008-2009) PWIDs during 2008-2009
per year
365.25/7 || 3.26 Hay et al.7(2009); ISD | Based on the estimated number
days Scotland (2010) of Glasgow PWIDs during 2008
and observational data on needle
and syringe provision in Glasgow
during 2008-2009
S00 0.6667 Conservative estimate | No data
So1 0.3333 Conservative estimate | No data
S10 0.1276 Conservative estimate | No data
S11 0.8724 Conservative estimate | No data

Table 4.3: Table of parameter estimates for the period 2008-2009. (Adapted from
Corson et al| (2013))).

4.6.3 Parameter combinations resulting in Ry < 1.

We have seen that the health organisations would need to distribute approximately 3.2

times more needles to PWIDs to get the Ry = 1 target, it is also very important to achieve

Ry < 1. It is possible that a smaller increase in needle turnover combined with another

parameter will result in PWIDs and needles arriving to a disease free state in a shorter

time frame. In this subsection we will focus on combining parameters and finding the

range of values that allow for Ry < 1.

Figures and clearly show the combinations that will result in Ry < 1
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Figure 4.1: HCV prevalence using baseline parameter estimates for 1990-1993.
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Figure 4.2: HCV prevalence using baseline parameter estimates for 2008-2009.
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Figure 4.3: Combinations of ¢ and 7 that result in Ry < 1, grey coloured area.

and that result in HCV elimination in all PWIDs and all needles. These figures clearly
show the parameter combinations that will result in Ry < 1 in the grey coloured area
and the white coloured area means that Ry > 1. Figure shows the values of ¢ and 7
that are needed to achieve an HCV free population or Ry < 1, it is clear from the figure
when these parameters lie in the grey coloured area that means Ry < 1 otherwise Ry > 1.
Similarly, Figure indicates the combinations of 1) and 7, the same as before when these
parameters lie in the grey coloured area that means Ry < 1 otherwise Ry > 1. Moreover,
Figure indicates the combinations of ¢ and ¢ also again as previous parameters when

these parameters lie in the grey coloured area that means Ry < 1 otherwise Ry > 1.

4.6.4 How the proportion of PWIDs that can spontaneously
resolve HCV infection affects model predictions.

During the literature review of parameter values in the simple model, we found that
estimating the proportion of PWIDs that spontaneously resolve HCV infection is most
difficult since the most of cases are asymptomatic and therefore go undiagnosed. The

results of the systematic review into spontaneous viral clearance is § = 26%. Therefore,
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0 | Prevalence among sharing PWIDs

0.15 0.95227
0.26 0.95286
0.5 0.95190

Table 4.4: Endemic equilibrium HCV prevalence for sharing PWIDs and needles
with 6 = 0.015,0.026 and 0.5.
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Figure 4.6: HCV prevalence using baseline parameter estimates for 1990-1993.

other researchers have estimated a range of values with [Hutchinson et al. (2006a) sug-
gesting 15-40%, Vickerman et al.| (2007)) suggesting 18-50% and Kamal| (2008)) suggesting
10-60% before stating that the general rule of thumb is 20%-40%.

In this part we are going to see how these changing assumptions will affect our equilib-
rium estimates of HCV prevalence and proportion of infectious PWIDs in the population.

Our simulations show that decreasing our suggested ¢ to 0.15 results in our long
term HCV prevalence estimates increasing by only 0.05%. In a similar way, we can see
that increasing d from 0.26 to 0.5 will decrease our long term prevalence estimates by just
0.09%. Therefore, it is clear that there is a slight change in our model behaviour when
this parameter is changed. Despite our simple model, we can see in this model the change

in behaviour is very small.
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Qy Prevalence among sharing PWIDs
0.0160 0.944422
0.0296 0.956116
0.0432 0.963448

Table 4.5: Endemic equilibrium HCV prevalence estimates for sharing PWIDs and
needles with chronic HCV transmission probability of a, = 0.0160, 0.0296 and
0.0432.

4.6.5 The influence of the probability of HCV transmission
for chronic infection on model predictions.

We have seen from our literature review that some models of HCV assume that the proba-
bility of chronic HCV transmission is equal to the probability of acute HCV transmission.
On the other hand other models assume that there is a difference between these two prob-
abilities. In the model of |Vickerman et al.| (2009) fits were obtained when they did not
use the same transmission probabilities as well as when transmission probabilities were
assumed to be the same.

In this subsection and the next one we will investigate how these two different as-
sumptions affect our simulations of long term HCV prevalence.

In our next set of simulations (note that we will use the same values of «, which
we estimated for the simple model for purpose of comparison), we will examine the long
term prevalence when «, = 0.0160, 0.0296 and 0.0432. Figure presents how the model
behaviour changes with each parameter estimate. As we expected from previous work
in Chapter 3 a lower estimate for «, similarly to c, in the simple model will reduce the
final equilibrium value and the speed at which the disease spreads through our popula-
tion. Similarly, a higher estimate for this parameter results in faster disease spread and a
greater endemic equilibrium value.

To see how these final estimates for HCV prevalence differ under each assumption
we summarise the equilibrium values in a table (see Table [A.5). From this table we show
that expanding or in other words increasing our estimate of ay, from 0.016 to 0.0432 results
in the long term prevalence estimate increasing by 1.9%. If we compare this result with

that from the simple model which was 14% then there is a big difference of change of
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Figure 4.7: HCV prevalence among shared needles o, = 0.0160, 0.0296 and 0.0432.

behaviour of this model with that change in the simple model.

4.6.6 The influence of the probability of HCV transmission
for acute infection on model predictions.

While searching the literature for parameter estimates we represented a range of estimates
for the probability of acute HCV transmission (see Table . In the following simulations
we examine how the different estimates for this parameter affect the long term estimates
of our transmission model.

In our next set of simulations (note that we will use the same values of «j which we
estimated for the simple model for purpose of comparison) we will examine the long term
prevalence when ap = 0.016, 0.026, 0.05 and 0.14. Figure presents how the model
behaviour changes with each parameter estimate. As expected, a lower estimate for ap
reduces the final equilibrium value and the speed at which the disease spreads through our
population. Similarly, a higher estimate for this parameter results in faster disease spread
and a greater endemic equilibrium value.

To see how these final estimates for HCV prevalence change under each assumption
we have summarised the equilibrium values in a table (see Table . From this table we
show that expanding or in other words increasing our estimate of ay from 0.016 to 0.05
results in the long term prevalence estimate increasing by 1.7%. If we compare this result

with that which we have from the simple model which was 6.7% then it is also a much
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Figure 4.8: HCV prevalence among sharing PWIDs «j, = 0.0160, 0.026, 0.0432, 0.05

and 0.14.

Qap

Prevalence among sharing PWIDs

0.016
0.026
0.0432
0.05
0.14

0.9268
0.9269
0.9413
0.9446
0.9797

Table 4.6: Endemic equilibrium HCV prevalence for sharing PWIDs with acute

HCV transmission probability of aj = 0.016,0.026,0.0432,0.05 and 0.14.
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smaller increase in absolute terms than the corresponding increase for the simple model.

4.7 Comparison between our results and the re-
sults of Corson (2011) when we use the Glas-
gow PWID survey data collected between 1990-
1993 and 2008-2009

Again to understand the difference between our model and Corson’s model then we need to
go back to the previous chapters (Section 3.1), our model is more pessimistic than Corson’s
model because of we have based our model on the assumption of Lewis and Greenhalgh
(2001) and Corson’s model is based on the assumption of Greenhalgh and Lewis (2000).
Also we have introduced the rate of treatment ¢ in our model which was not considered
in Corson’s model. Hence again we expect that disease will spread faster in our model
than Corson’s model.

Note that our two values of Ry for the period 1990-1993 with ¢ = 0 per year and
1 = 0.1 per year both of them are bigger than the one obtained for Corson’s model (we
have summarised these results in Table even though we have introduced treatment of
infected PWIDs into the model. This is because we have changed the PWID needle inter-
action assumptions from the optimistic PWID needle interaction assumptions of Corson
(2011) and Corson et al. (2013) to the pessimistic PWID needle interaction assumptions
of Lewis and Greenhalgh (2001). Changing the PWID needle interaction assumptions
without treatment is decreased Ry from 10.474 (when 1) = 0 per year) to 6.177 when we
have introduced treatment (¢» = 0.1 per year). A similar scenario happened when we used
the data survey for the period 2008-2009 which is Ry decreased from 0.0492 to 0.0275

when we consider treatment.

4.8 Conclusion

In this chapter we have separated the PWID population according to infection status,
this modified model further separates the participant PWIDs into two groups. These two

group numbers vary depending on whether the individuals participating in the research
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Ry 1990-1993 | 2008-2009
Our results with ¢ = 0 per year 10.474 0.049
Our results with ¢ = 0.1 per year 6.177 0.027
Corson (2011) results 3.598 0.009

Table 4.7: Comparison between our Ry results and Corson’s results for two periods

of time 1990-1993 and 2008-2009.

have a short (naive) or long (experienced) injecting career. We have shown analytically
that the behaviour of the model is again governed by the basic reproductive number Ry,
with Ryg = 1 a critical threshold for endemic HCV prevalence. We have shown that if
Ry < 1 and the disease is initially present in the population, then the system will tend
toward the globally stable disease free equilibrium where HCV has been eliminated in all
PWIDs. If Ry > 1 we have shown that there is a endemic equilibrium. Also we have
tried to prove the uniqueness of endemic equilibria analytically and numerically (by using
Wolfram Mathematica) but I have not found any results because it is difficult and very
complicated and it is still the open question and may be can prove in future, in Corson’s
model the uniqueness has been proved analytically but the same method does not carry
over to our model.

Our model is different than the model discussed in Corson (2011) and Corson et al.
(2013) because of the PWID needle interactions and the ¢ term. Particularly the equi-
librium analysis and simulation results. Also we have used the basic parameter estimates
given in Corson (2011) but the model is different and there is treatment which leads to
a differerent and more complex approach to the mathematical analysis than studies in
Corson (2011) and Corson et al. (2013). Moreover we have examined combinations of
the control parameters ¢, ¥ and 7 that give Ry < 1 which was not done for this model
in Corson (2011) and Corson et al. (2013) (additionally this could not have been done
because Corson’s model did not consider ). Also we have examined the sensitivity of the
model predictions to parameter estimates which was not done for this model in Corson
(2011) and Corson et al. (2013).

Lastly, in this chapter we analysed the behaviour of our model over time using the

numerical simulation package Wolfram Mathematica version 11.1. We initially used two
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parameter sets: one from 1990-1993 and one from 2008-2009. We showed that while our
model performed reasonably well when the 1990-1993 parameter set was used, perfor-
mance was poor when the 2008-2009 parameter set was used. We speculated that an
under-estimation in the self-reported needle and syringe sharing rates, which were used to
obtain our parameter estimates, could explain the poor performance of our model.

The results of these simulations confirmed our analytical results and allowed us to use
the model to estimate the level of intervention required to give Ry < 1 and therefore elim-
inate HCV in all PWIDs and needles. Again by using the package Wolfram Mathematica
version 11.1 we further varied all three control parameters (¢, ¢ and 7) simultaneously to
find the combination which gives Ry < 1. Lastly we have compared our Ry results with

those of Corson (2011) when we have introduced treatment and without treatment.



Chapter 5

A Simple Pessimistic Model for
the Effects of Heterogeneity on the
Spread of HCV amongst PWIDs

It is common knowledge that heterogeneity in a population may enhance or in-
hibit the transmission of contagions thereby affecting the effectiveness of strategies
to control infections (Anderson and May| (1992)). Heterogeneity is the main fac-
tor that complicates a model’s structure, both in individuals on infection from the
outside population and in pathogens as well. Active research on infectious disease
epidemiology focuses on a variety of potentially important problems. It is therefore
important to accommodate individual heterogeneity in statistical and mathematical
models in disease research. These models involve specifying contact rates between
individuals (Farrington et al.| (2013)).

Heterogeneity in a population can play a vital role in the outbreak of an epi-
demic. The heterogenous population is divided into subgroups with each group hav-
ing similar characteristics in its members. The subgroups are based on factors, such
as amount of vaccination, infectious period, route of transmission, latent period, so-
cial, geographic, age, cultural and economic factors (Al-Fwzan (2015)). Heterogene-
ity in disease transmission leans heavily on the social behaviour of the population

at risk for the disease. Hence, the question :“Who mixes with whom?’ (Hethcote

188
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(1996)). Many epidemiological models are formulated with multiple groups with
defined contact matrices for the interaction of individuals within the groups. Exam-
ples of such models are those by Lajmanovich and Yorke| (1976)),Nold, (1980),Dushoff:
and Levin (1995)) and |Greenhalgh| (1996)).

The formulation of a deterministic mathematical model regarding the impact of
heterogeneity on HCV dissemination amongst PWIDs and shooting galleries is the
focus of the current chapter. We start off by discussing previous work on the effect
of heterogeneity on the spread of HCV and HIV/AIDS amongst PWIDs. Next the
chapter proceeds by addressing a series of hypotheses considered to underpin the
differential equation system characterising HCV dissemination.

An article on heterogeneity in disease modelling is discussed by Nold (1980)
with a consideration of a heterogeneously mixing epidemic model as a factor in the
application to gonorrhea. This is a pioneering article in mathematical modelling
reflecting heterogeneity in the spread of a disease. The author has provided a link
between the basic reproduction number R, within a heterogeneously mixing popu-
lation and the spectral radius of a given operator to provide a firmer mathematical
basis for the results. The basic reproduction number is given as the spectral radius
of a given matrix. The disease dies out if this spectral radius is less than one but
takes off if the spectral radius exceeds one.

A mathematical model was developed by Greenhalgh (1996) to study how HIV
and AIDS are spread amongst PWIDs in shooting galleries. Additionally the re-
searcher studies how the spread of HIV and AIDS in a population of PWIDs was
changed by heterogeneity effects. Greenhalgh reflected on the variability in shooting
gallery visiting rate exhibited when PWIDs visit shooting galleries, choice of shoot-
ing galleries and whether the needles are cleaned before use.

However Greenhalgh (1996) was concerned with a heterogeneously mixing model
through a mathematical analysis that reflected on the transmission of HIV within the
population of intraveneously injecting PWIDs. |Al-Fwzan| (2015) studied a similar
model for heterogeneity in the spread of HCV amongst a population of PWIDs. Al-
Fwzan was working with the ‘optimistic’ needle-PWID assumption similar to that of

Corson et al.|(2012)) and (Greenhalgh and Lewis (2000). Here a needle automatically
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adapts the infectious state of the last PWID to use it. We shall study a similar
model to |Al-Fwzan (2015) but we shall be working with two assumptions similar to
the needle-PWID interaction assumptions of Lewis and Greenhalgh (2001a)). Here
each time that a needle is used it adopts the most infectious of its previous state and
the infectious state of the last PWID to use it. Additionally unlike Al-Fwzan| (2015)
we take into account the treatment of chronically infected PWIDs with antiviral
therapy.

In the following part the model description is outlined and the model equations
are derived afterwards. We have followed hypotheses similar to those of Al-Fwzan
(2015) except that in Al-Fwzan’s model the PWID-needle interaction assumptions
are different and there is no treatment of infected PWIDs. Then we derive our new
model equations after that an expression for the basic reproduction number of the
model, Ry was derived. Next we show that if Ry < 1 the system of differential
equations has a unique solution where the disease has died out in each group of
PWIDs and each shooting gallery. We show that this unique endemic equilibrium is
globally asymptotically stable if Ry < 1. The numeric solution of the ordinary differ-
ential equation system of our models was made by the use of Wolfram Mathematica

software.

5.1 Model description

We create a deterministic mathematical model of the prevalence of HCV amongst
PWIDs in shooting galleries, basing our model on the simple model that we have
discussed in Chapter 2. This model relies on the assumption that is used in Al-
Fwzan (2015). Therefore the parameters ¢;;, A\i, 7, i, o, oy, 0, 0, o, P;; and
m; are still similar to the definition in Al-Fwzan’s model (see Table [L.4). Also, we
assume that the per capita rate at which chronically infected PWIDs are successfully
treated is 1.

Again as assumed in Al-Fwzan (2015) the modified model to be applied here
also allows for dividing the PWIDs population of type ¢ into x;, x1;, hi;, ho;, y; and

z; which represent respectively to those not previously infected, those previously



5.2. Dynamic equations 191

infected, those in the acute h; stage of HCV infection, those in the acute hy stage
of HCV infection, those who have progressed to the chronic stage of HCV infection
and those immune to HCV reinfection.

Similarly, the shooting galleries are divided into ¢ groups labeled j = 1,2, ...q.
The difference here between our model and Al-Fwzan’s model on the way that a
type ¢« PWID can be infected PWID so the infectivity of each needle is determined
by the highest level of infectiousness that it has previously come into contact with.
For example, suppose that an acute stage hy infectious needle in shooting gallery j
is used by a PWID in the chronic y stage of infection. The needle will remain in
the acute hy infectious state. On the other hand a needle in the chronic y state of
infection used by a PWID in the acute h; infectious stage will be left in the acute hq
infectious state. This assumption agrees with that made by [Lewis and Greenhalgh
(2001a) and makes this model pessimistic compared to other possible assumptions

and so we expect that it could be used to find a lower bound for the fraction of

PWIDs and needles infected with HCV.

5.2 Dynamic equations

We are now going to derive the differential equations which give the spread of HCV
among PWIDs where PWIDs move through the different stages of HCV infection
represented in the previous subsection and HCV infection is caused by sharing the
three types of infectious needle which is again described in the previous subsection.

Let mi(t), Tayi(t), Thyi(t), Thyi(t), myi(t) and m,;(t) denote the fraction of PWIDs
out of PWIDs in group ¢ respectively in the x;-susceptible, x1;-susceptible, acute hq;,
acute ho;, chronic y; and immune z; classes at time t. Note that in our model we
consider the rate of treatment v which was not included in the model of Al-Fwzan
(2015) then we have new different equations for the z;-susceptible and chronic y;
classes. The other PWID equations for the other classes are still the same. In a
similar way, Bp,;(t), Br,j(t) and S,;(t) respectively denote the fractions of HCV in-
fectious needles at time t in shooting gallery j that were last used by an infected

PWID in infectious state hy, ho and y respectively. Also we shall discuss two different



5.2. Dynamic equations 192

possible sets of assumptions than discussed by Al-Fwzan (2015) for how stage hy,
stage hs and stage y infectious needles and stage hq, stage hy and stage y infectious
PWIDs interact. Note that in this model, the parameter p is both the per capita
birth rate and the per capita death rate for all PWIDs.

Using a similar way to the way that we derived our differential equations in
Chapter 2 then we can derive the system of governing equations that describe the

spread of HCV among PWIDs which is given by:

Fori=1,2,...p,and j =1,2,...q.

dm. I
dtz == Ty, — T, Z >\ZPZJ<1 - (bij)(ah(ﬁhlj + /thj) + O‘yﬁyj) + ¢7Ty¢7 (521)
j=1
dmy,, !
d:h - 0(1 - Oz)ﬂ'h% T Mgy T Ty, jzl )‘ZPZJ(l - ¢ZJ) (ah(ﬁhlj + Bh2j) <5'2'2)
+O‘yﬂyj)7
dmy,. I
d};h =Y (1= 0)(ma, + T ) AP (1 = 05 (n(Bns, + Bnay) + By ) (5.2.3)
j=1
—(p+ o)y,
dTl'h I
dtm - Z O(Ta, + Ty )N Py (1 = ig) (an(Bha, + Bhyy) + yBy) (5.24)
j=1
—(p+ 0>7rh2i7
dm,,
% = OThy; — HUTy, — 77D7Tyﬁ <525)
dm,,
dtl = 0QTh,, — T, (5.2.6)

Under Assumption 1 for needles

B, _ p
dtl = ;Aij’”hu(l - 6h1;’) - Bhlj ;Aw(bl](l - Whu) - Tjﬁhlj’ <527)
dﬂhgj

p p p
dt = Z Ai]'ﬂ-hm'(l - Bhu - /8h2j) + 5h1j Z Aijqbijﬂ-hzi - Bth Z Aijwhu (528)
=1 =1 =1

p
~Bhay ¥ Nijig (1 = Tnyy — Tho,) = TiBhay -
i=1
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Under Assumption 2 for needles

d B, & P
dtl - ; Aijﬂ-hli(l B ﬁhlj) - Bhlj ; Aijﬂ-hzi (529)
p
_/Bhlj Z Aij¢ij(1 = Thy — 7rh2i) - Tj/Bhlj‘
=1
dBh,, & i
pT ; NijThy. (1 = Bhay) = Bhay ; Aij Ty, (5.2.10)

p
~Bhay ¥ Nijig (1 = Ty, — Tho,) = TiBhay -
i=1

For both Assumptions we have that

B, & -
d_;/ = ;Aijﬁyi(l - 6}11]- - ﬁhzj - /Byj) + (6’113‘ + 61123') ;Aij¢ijﬁyi (5211)

p p
_Byj Z Aij (ﬂ—hu + ﬂ-hQi) - ﬁyj Z Alj¢lj(1 = Thy; — Thy, — ﬂ—yi) - Tjﬁyw
=1 =1

with suitable initial conditions: m,,(0), 7, (0), m,,(0), s, (0), 7, (0), 7, (0) for
i = 1,2,...p and B,,,(0), Bny,(0), By,(0) > 0 with Zbe{hmh%yj} Br;(0) < 1 for

=12 ...q.

5.3 Difference to Al-Fwzan’s model

The model of Al-Fwzan (2015) assumes that after use by an infected PWID each
needle takes on the infectious state of the last PWID to use it but in our model we
have used two sets of alternative assumptions which assume that the infectious state
of the needle can only increase during its lifetime. Also we are following the structure
of the corresponding chapter in Al-Fwzan’s thesis because we want to compare the
results between the model of Al-Fwzan (2015) and the two sets of models discussed
in this chapter. Moreover, the difference between the model discussed in Al-Fwzan
(2015) and the two sets of models discussed in this thesis is similar to the difference
between the models for the spread of HIV of Greenhalgh and Lewis (2000) who use
an ’optimistic assumption’ similar to Al-Fwzan’s model, and the model of Lewis and
Greenhalgh (2001) who use a "pessimistic’ assumption similar to our model. There-

fore the PWID-needle interactions are more complicated in our models than those
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in Al-Fwzan (2015). As well as the different PWID needle interaction assumptions

in our model PWIDs can also be treated at per capita rate 1.

5.4 The basic reproduction number R

This derivation is similar to that of Section 2.3 of Al-Fwzan (2015) although it
differs in the 1 term and the PWID needle interaction terms. Therefore as with
previous simple model in Chapter 2 we need to derive an expression for the basic
reproduction number for the model defined by equations (5.2.1))-(5.2.11]).

Again consider a single newly infectious PWID in group ¢ entering a totally
susceptible population of PWIDs and needles at equilibrium. Using the methods
outlined in Section 2.2 of this thesis and Section 3.2 of Al-Fwzan (2015) then we
have that the single PWID in group ¢ will infect on average

APy (1 - 0)
wto

acute hi; infectious needles,
NP6
w+o

acute hy; infectious needles and

(n+9)(p+0)

chronic y; infectious needles, in shooting gallery j.

By again dealing with each type of infectious needle which is used by uninfected
PWIDs of different groups k = 1,2, ...p and using the same method and notation in
Section 2.2 then we have that

o (1 — ¢ry) N 1 Nii(1 — ¢uj)

By, = B, 5.4.12
K 11 Ay + 7 Do N+ ( )
Hence solving ((5.4.12)) for Ej, ; gives
Ai(1 — b
By, = — (1= ) PWIDs in group , (5.4.13)

Y N+
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Therefore, we use a similar argument to derive the expected number of PWIDs that
are infected by acute hy; and chronic y; needles in both assumptions of needles until

they are uninfectious. These are

an Ay (1 — dj)
>y Nijdg + 75

By, = PWIDs in group k, (5.4.14)

and
B, — Oéyp/\kj(l — Orj)
Tl N T
Thus, @« is defined to be the total expected number of secondary PWIDs in group

PWIDs in group k. (5.4.15)

k left infected by a single newly infected PWID entering in group ¢ which is the sum
of those infected by hi; needles plus the sum of those infected by hg; needles plus

the sum of those infected via y; needles. So

q
B NP1 —=6) oy (1 — ¢gj)
Qi = Z ( p+o Doy Moyt + 7

j=1

+)\ipij5 oy (1 — o)
p+o Y Ndy+ T
NiPyo(1=0)  ayAki(1 = ) )
(u + )+ 0) 11 Ny + 7

_ ¢ Ak (1~ dks) 5.4.16
Z Zl 1Alj¢lj + 7 ( )

where £ = (ayo(1 —0) + ap(p +v))/(v + ¢)(1v + o). Hence, define Ry as the
spectral radius of @ as in Al-Fwzan (2015) and Greenhalgh (1996) therefore the

basic reproduction number Ry is given by:

p(Q) = max |\ (5.4.17)

1<i<p

where A1, g, ..., A, are the eigenvalues of Q.

Thus, we conclude that Ry is the same for Assumption 1 and Assumption 2.
Moreover it is different than Ry in Al-Fwzan (2015) because of the ¢ terms and
also the factor (37, Ajé; + 75) in the denominator. If we set ¢ = 0 per year
and replace the terms (3], Aij¢; + 7;) in the denominator by (D7, Ay + 75)
then we get the matrix Q discussed in Chapter 2 of Al-Fwzan (2015). Al-Fwzan
(2015) showed that Ry could be expressed as the largest eigenvalue of a matrix er
where @jr =&Y 01 N (1 — drj) Mo Prr /(O 21— Ayj + 75) derived from a matrix M
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corresponding to the expected number of needles resulting from a single infectious
needle entering the disease-free population at equilibrium and we expect the same
corresponding result to be true for our model if we replace £ by its new definition
and (>_)_, Ajj + 7;) in the denominator of the terms in the sum of the right hand
side of Q by (320, Ao + 7).

Epidemiological models accord great significance to Ry because it is a universal
concept applicable to almost if not all epidemic models that usually gives a single key
threshold parameter that determines the overall behaviour of the model. In the above
part we described a completely general model for PWIDs visiting shooting galleries

where PWIDs had a completely general choice of shooting galleries to visit.

5.5 Analytical results

The creation of a deterministic model of heterogeneous populations requires identifi-
cation of the circumstances for equilibria and local and global stability and determi-
nation of how those circumstances (epidemic outbreak and subsidence thresholds)
are correlated. The way in which the proposed transmission model behaves is the
focus of the current part, with emphasis on the circumstances in which HCV can be
eradicated. The type of equilibrium solutions is established based on an equilibrium
and stability analysis, in relation to which the basic reproduction number Ry is a
crucial parameter. Furthermore, it will be demonstrated that a zero solution repre-
senting a disease-free equilibrium exists and is a possibility in all cases. Moreover,
the disease-free equilibrium will be globally asymptotically stable if the value of Ry
is 1 or less than 1, signifying eventual disease elimination in all PWIDs and shooting
galleries.

If we use the PWID-needle interaction assumptions of Corson’s model and
1 = 0 the next theorem translates to Theorem 3.1.1 of Al-Fwzan (2015) adapted to

our model.

Theorem 5.5.1. In either system -(5.2.8) and (5.2.11) or -(5.2.4)
and - 5.2.11), if Ry < 1 then the system has a unique equilibrium solution
where the disease has died out in each group of PWIDs and in each shooting gallery.



5.5. Analytical results 197

Proof. Note that the idea of the proof is similar to that of Al-Fwzan (2015) but the
main difference is the needle equations. There is also the needle exchange rate 1.
Several stages are used to prove the theorem. First, needles and PWIDs equilibrium
proportions are denoted as fj; and 7, where I = hy, hy,y and s = 1, h1, ha,y, 2
respectively. Disease-free equilibrium existence is denoted with 77, = 1, 7%, = 0 and

Bi; = 0. We need to show that there is no other equilibrium solution. From the

equilibrium versions of equations (5.2.7)-(5.2.11]), we have the following:

For Assumption 1 for needles,

D *
Zi:l A’L] ﬂ—hu

- . . , (5.5.18)
" i Nigmhy, 200 Nijdu (L= ) + 75

g - > i1 Mgy, (L= B,,) + Bry, 200 Nijdigm,, (5.5.19)
e i Nij (g + L) 500 ANy oy (1= = mh ) + 75

For Assumption 2 for needles,
g — 2oimt i, (5.5.20)
N i Nij (g, + ) + 200 Ny (L —my = )+ 75
P Al T )
Brnsy = = ol he (5.5.21)

i Nij (s )+ 20 Ao (L— g —mp )+ 75
For both assumptions,
g — Do Ny (L= By = B, ) + (Biy, + Bry,) 2oim Nijdigy,
Y i Nig(mhy, g, )+ 200 Ny (L —my | — g, — 75 ) + 75
(5.5.22)

From equation (5.2.3) we have that: 7 ; = (1 — §)K; such that:

q
LN 4w NP — by on(BL, + Br) + ).

J=1

Also, from equations (5.2.4)), (5.2.5) and (5.2.6) we have that:

K;

7'(';:21_ = 5Kl,
SE L
., OaK;

T, = .

I
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Under Assumption 1 for needles,

. i1 Nij (1 = 0) K
Py = DAL= 0K+ 30 Aoy (1 — (1= 0)K;) + 715
(37 A (1= By )+ B, Doy Nijoig) 0K
o NG + 500 Ny (1= KG) + 75

B =

Under Assumption 2 for needles,

> oy Nij(1 =) K,
g N BG4+ 00 Ny (1 — KG) + 750
>or NijdK;
P NGEG Y N (1 — K) + 750

B =

Bhy; =

For both assumptions

g — P A (T (1= B, = Bi) + (B, + Bi) S Mg (P55)
Yi )
o(1-6)K; o(1-6)K;
> i N (Ki + (" _)) + 20 Mgy (1 - K= (N _)) +7;
(5.5.23)

Writing 7, = 7}, -+ 7, = K; for both assumptions of needles we have that:

i:l Akjﬂ;klk
h1 Mg + 75
D ey Mg (s, 473
1 Mgy + 75

ﬁ;:lj _'_ 5;;% S

/8;;1]' +ﬁ;;2j +/8;] S

These inequalities follow from solving the equilibrium versions of equations %(6;11 +

Bh,) and %(@u + Bh, + 5,) as in Chapter 2 or directly using[5.5.1815.5.22
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We get a bound for 7}, as the following (similar to Al-Fwzan (2015)):

T = T+, = (1—0)K; +K;,

1 q
= Z(W; + 7, NPy (1= ¢i5) (ay (Br, + By, + By

+(an — o) (B, + B7,)))

1 k * * * *
Z(l T Ty T Thyy — Ty, — Trzi))\ipij(l - ¢2J)

<
u—l—ajzl
< [ a ( it A (i, ww) +(on—a) ( b A, )
N D Mg ! et Mijry +75) )
1 o o
- l—mp(1+—(1—0 +—5a)>
N"‘U( " ( ,u—|—¢< ) 1
- ZP Ak'ﬂ-* o
X ¥ NiPii(1 — ¢y hel YT (a +a—1_5)’
jz_; .7( ]) £:1 Aqubkj ‘I‘T] h yu+¢< )
P
< D Qi (5.5.24)
k=1
Here
5)\ RJAk] (bz])
Qi . 5.9.25
" ]Zl =1 Mgy + 7 ( )

We denote the matrix with elements @7, by Q.

Lemma 5.5.2. The matriz @, where

Z 5)\ Plek] ¢zg)
Qi = =1 Nsj®sj + 75

Y

and matriz QF where

Y

@kP kj w — 9ij)
le Z Sj (bs_y + Tj

have the same eigenvalues, see equation :

Proof. The idea of Lemma 3.1.2 within |Al-Fwzan (2015) gives us an overview of the

prevailing proof where we write

Asjbsj + 75

I
vy
[ Mw
I
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Hence,

7

q

ENL PNy (1 — i

QTZE: kL kjy bj( J)’
j=1 J

so arguing as in Lemma 3.1.2 of Al-Fwzan (2015) with a; replaced by b; then we

have

0 N

ik — Q;kkn_z
Therefore as results we have that (e, eq,...,e,) is a left eigenvector of the matrix
QL and (nje;,ngey, . .., nye,) is a left eigenvector of the matrix (. Therefore our
proof is completed. ]

We suppose that there exists a shooting gallery j, for each pair of groups ¢ and
k of PWIDs, \; > 0 with:
Pijo (L = @ijo) gy > 0

and therefore transmission of the infection forwards by every group of PWIDs is

possible.

Again we are following the similar idea which was used in Al-Fwzan (2015)
then the proof of the Theorem needs completion when Ry < 1. We need to
show that there is only the zero equilibrium if Ry is less than or equal to unity. A
contradiction method can be used to prove this. Suppose there is another solution
with some 7, = K;, > 0. Then from the equilibrium solution (5.5.23) we deduce

that each of

*

* * *
Thiigr Thaigr Tyigo and Mg

is strictly deduced as positive. Reflecting on both equivalent versions of equations

(5.2.1) and (5.2.2), it is clear that 7, > 0 and 7 ; > 0. Additionally, at any
J=1,2,...,q as per the equilibrium equation ([5.5.23)), we deduce that

By Bi. and B

are strictly greater than zero.

The proof of Theorem 1.5.1 now follows as the proof of Theorem 3.1.1 of Al-
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Fwzan (2015) to deduce that K; = 0 for each i. The result follows as in Al-
Fwzan (2015) except that there are some minor differences in the PWID and needle

equations so the details are not exactly the same but the idea is the same. So if
1 is another group of PWIDs then considering the equilibrium versions of ,
and , m,, and 7 = are strictly positive. Additionally, 7; =~ and 7 = are
strictly positive from the equilibrium version of and hence so is 77,.
Then using inequality :

p
W2i<ZQ;‘k7T};k for i=1,2,...,p.
k=1
Write mj, = (7,7, .., 7, ). Hence there exists € > 0 such that:
Q' > (1+e)my,

then the proof of Theorem 1.5.1 follows as in the proof of Theorem 3.1.1 of Al-Fwzan
(2015).

We conclude that the proof of is different to Al-Fwzan (2015) particu-
larly at the beginning. We needed to re-express the disease transmission term in
terms of 5* and [} for the proof to work. It is a more complicated and significantly
different proof because of the needle equations. Also Ry is the same for the Pes-
simistic Model with both Assumption 1 and Assumption 2. There is a difference
between the results for Assumption 1 and Assumption 2 in that the B,’;U and 522]-
value differs.

However, the prediction of what happens when 0 < Ry < 1 can be answered
by the following theorem. The theorem reflects on what happens when R; takes
the value between 0 and 1 with the notion that HCV in each group of PWIDs and
needles in each shooting gallery dies out.

For dealing with the PWID needle interaction assumptions of Corson’s model
and 1 = 0 per year the following theorem corresponds to Theorem 3.1.4 of Al-Fwzan
(2015). Our proof is based on the proof of Al-Fwzan (2015) but there are differences
because of the PWID-needle interaction assumptions and the treatment of infected

PWIDs.
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Theorem 5.5.3. The disease will ultimately die out whatever the initial conditions

Proof. Note that the idea of the proof is similar to that of Al-Fwzan (2015) but
the main difference is the needle equations. There is also the treatment rate of
infected PWIDs 1. This outcome is proved in several steps. Recall that the pro-
portion of acutely h; infected PWIDs in group ¢ is referred to by m,, and we define
mpo = limsup, 74, (t),7 = 1,2,...,p. Similarly, we define 77 , o and Bp7

ﬁth and 5;;’ for both assumptions of needles.

We are now going to show that 7 °, 727, B,‘;fj, Bg;’j and B;JO can all be bounded
above with bound involving 7p° and 737 , k =1,2,...,p. We shall start off the proof
by giving an upper bound in terms of 737 and 7> for the upper limit suprema 7,7,
ﬁ,ﬁfj, B;jjj and ﬁ;’;’ in each group of PWIDs ¢ and shooting gallery j. A proof of sev-
eral results that give upper bounds is paramount given that each group ¢ of PWIDs
and shooting gallery j in terms of the limit supremum 7;° or 7;° . From equation
and equation (5 , there is a link between 77° and mj; . Therefore, taking
into consideration the proof of theorem 2.4.2 in Chapter 2 and applying this result
will complete our proof with the following anticipation:

o0
hlz

0
Lemma 5.5.4. 7 ° < PR

Proof. From equation ([5.2.5)), we have that

dtyz + (,u + ¢)7T31i = OThy;-

So given € > 0, there exists t > ty(€) and

Iy exp((-+ )] = 07, expl( + 1),

< o(mp,, +€)exp((u+P)t), Vt > to(e) and € > 0.
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Let t > to(€) and integrating over [to(€),t] gives

Ty, (£) < 7y, (to(€)) exp(—(p + ¢)(t = to(€)))

(1 — exp[—(p + ¥)(t = to(€))]),

o 1
+ (mh, + E)U,u oy

<e+ (m, +e)o Vit > ti(e) > to(e).

1
pA+

Letting ¢ — oo and choosing €; = e(%), we have that:

0 < —O-ﬂ-hli + €
Tty

Therefore the result follows as €; is positive and arbitrary. Using the same method

which was used in the previous proof of Lemma then we have that:

oanse
w2 < i (5.5.26)
7

Under Assumption 1 for needles, from equation ([5.2.7) we have
dﬁhlj ¢
Z NijTthy, — Bhy, ZM% +75 ) = Buy O Ni(1 = o)
' i=1
< Z NijThy, — By, (Z Aijdij + Tj)
i=1 i=1

hence, using a similar argument as in Lemma then we can show that

p .00
zz‘:1 A%ﬂrhh—
= )
1=1 Mty + 7

B <

Now in stage acute hs, from equation ([5.2.8)) we have:
d5h27 -
ZAzﬂhzz Bhs, Z NiTons (1= i) = Bray Y, Nijtns, (1= o)
i=1
P
- Bhay Z AijTny (1 = ¢ij) — B, (Z Aijdiz + T]),
i=1 i=1
p p
< Z NijThy; — Bha; (Z Nijdij + Tj) :
i=1 i=1

Again by using a similar argument on Lemma ({5.5.4)) then we have

p fe’s)
Zi:l Aijﬂ'hgi
> .
=1 Alj¢lj + 75

B <
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Under Assumption 2 for needles, from equation (5 we have
d5h1] -
Z AlJ’/Thu ﬁhl] ZAljﬂhl (le) - /Bhlj Z Aij’ﬂh%(l - ¢1j)
i=1
— B, (Z Nijdij + Tj) ;
i=1
p p
< Z NijThy; — By, (Z Nij¢ij + Tj) :
i=1 i=1

Therefore,

p )
ie1 NigThs,
= .
1=1 Nijou + 7

B <

Similarly in stage acute hgy, from equation ([5.2.10) we have that:

p 00
5o i=1 Aljﬂ-hzi
haj =

= .
11 Nijou + 7

For both Assumptions, from equation ([5.2.11)) we have that:

dﬂ p p
yj Z AijTry, = B, Z Nijry, (1= 6i) = Bhay Y Nigmy, (1= 6i5)
=1

p p
— By, Z Niry, (1= i) = By, > Nigmtny, (1= i) — By, D Nigmny, (1
i=1 i=1 i=1

p
By ( > Aoy + Tj) :
=1
p p
<> Ay, — By, (Z Aijdiz + Tj) :
=1 i=1

Thus,

P A“ﬂ_oo

500 < i=1""1"y;
Yji — D hy - .
=1 Nijdi; + 75

— ¢ij)

Therefore we conclude that for both Assumption 1 and Assumption 2 we have that:

e < i1 NigTis, |
P Ny +
5;2) S > ?:1 Aijﬂ-;iji ’
P Y N+
o i1 Nijmy?

- <
T Y N+ Ty

(5.5.27)
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S0, it is clear that our ﬂ,‘;‘l’j, ﬂ,ijj and ﬁijj are bounded differently than Al-Fwzan

(2015) because of the factor (37, Ajj¢y; + 7;) in the denominator.

]

Define 7, = 7p,, + Thy, - T, refers to the proportion of PWIDs in group k& who

are infected and in the acute stage

Lemma 5.5.5. For eacht=1,2,...,p:

Proof. Following a similar proof of Lemma 3.1.6 in Al-Fwzan (2015).

oo _
Thi = =

00 00
Thy; Thy,

1-06) o

O

Lemma[5.5.5(can be used in writing the inequality in Lemma and inequal-

ities ((5.5.26)) and ([5.5.27)) in terms of 73 to obtain:
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Hence given € > 0, there exists t4 > to such that for t, <t:

d o0
o = (1 —m, Z)‘P” — ¢ij)(n (B, + Biy,) + ayfy; +€) — (u+ o),

1_7Th Z)\Pz] ¢1j

ah(Zkzl Ak’jﬂhlk + Zk:l Akngjk) + oy Zi:l Akjﬂzj:
D +e€ _(M+U)7Thi7
>t N + 75
q
o
<(1—mp, E AP (1 — ¢ (a +a—1—5)
( h>L‘:1 J( j) h y(u+¢)( )

- (:U + U)th

Zi:l Akjﬁgi te
>l M + 7

i T NP (1 — ¢3)E S Ay
_ + 1— ‘ J J k=1 7 hy ey | — }’
et o M(z ST Ao s e | —

= (:u + U) (1 - ﬂ-hi) <2ij7722 + €2i> - ﬂ-hi] )
L k=1

where €1 = ¢/({(u+ 0)), €2 = €1€ D5 \iPi(1 — ¢5), and Q" is a matrix defined
earlier. Recall that Ry is the spectral radius of @" and Ry = p(Q") < 1. Therefore

we have:

d p

E’/Th < (u+o) (Z Qixmh, + 621) — Th, (1 + ; Qixmh, + egi)
Hence,

oo =1 szﬂ-hk + €2;
'_1‘*’2 zkﬂhk+€2%‘
As € is arbitrary then letting ¢ — 0 and e3; — 0 we conclude that:
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T < .
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Now if we assume that for some i, W}Olfo > 0 and following similar way as Al-Fwzan

(2015), then we have that there exists eo > 0 such that:

p
o0 * o0
T (14 €) < E QikThy s
k=1
so we have

T (1+6) < Qmy,
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hence

R0:p<Q*)Zl+€2>1.

As this contradicts the fact that Ry is less than one every m,3° = 0. As in Al-Fwzan
(2015) considering all of the infectious PWID classes and the previously infected
susceptible class the limsups are all zero. Note that the details to show this are
not exactly the same because of the different needle equations and the treatment
of infected PWIDs being included but the underlying principle is the same. Hence,
the proof of the global stability of the disease-free equilibrium solution is complete

when Ry < 1.

5.6 Parameters and numerical simulations

We are following the structure of the chapter four in Al-Fwzan’s thesis because we
want to compare the results between the two models. The primary course of con-
ducting the simulation results is to estimate the impacts of the HCV during the time
interval of 70 years. The estimated production of HCV prevalence simulation results
over time is through the model parameters. In this section, the assumption that the
model portrays similar characteristics in shooting galleries is kept into considera-
tion. This implies that the PWID group share in one shooting gallery (¢ = 1). To
be simple, we use this assumption and discuss the heterogeneous cases of shooting
galleries. The simulation results under the assumption of homogeneity of shooting
galleries are performed to illustrate the prevalence of HCV among different groups
of PWIDs. In addition to our assumption of homogeneity of shooting galleries, we
also have an assumption that all the model parameters are homogeneous, except for

the needle sharing rates.

5.6.1 Al-Fwzan’s model and our model

As we have mentioned in the differences between our model and Corson’s model it is
also the same here, our model is based on the ‘pessimistic assumption’ of Lewis and
Greenhalgh (2001) and Al-Fwzan’s model is based on the ‘optimistic assumption’

of Corson (2011). Moreover we have also introduced the rate of treatment ¢ in
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our model which was not considered in Al-Fwzan’s model. Hence there are two

differences between our model and Al-Fwzan’s model:
1. The PWID - needle interactions have been varied.
2. A treatment term has been considered.

Therefore there are two opposing factors in our model. Because the PWID needle
interaction terms are more pessimistic we expect the disease to spread faster. How-
ever because of the disease treatment term the disease will spread slower. Hence
overall we are not able to say whether or not the disease will spread faster or slower

in our model compared with Al-Fwzan’s model.

5.6.2 Parameters used

This section contains the presentation of the numeric estimations of the parameters
of the model. The use of many of these parameter estimations is evident in Chapter
Three and they have also been used together with other parameters in the study of
the effects of heterogeneity of the HCV prevalence among a variety of PWID groups.
We then proceed to discuss the estimation of the parameters.

Heterogeneity in the rates of sharing is the only heterogeneity of our model in
our simulation in this chapter. We will thus put the parameter under discussion
in a more detailed manner and give an insight into the different rates for each
different group in our simulation. Contrary to what has been observed in the PWID
population, many studies assumed homogeneous sharing rates for simplicity (Kaplan
and O’Keefe| (1993)), Corson (2011) and Corson et al. (2012)). A mean of 72.48 per
year of shared injection rate for Glasgow PWIDs was assumed by |Goldberg et al.
(1995)) in studies of HIV transmission amongst PWIDs. 103 per year was the mean
found by Corson et al. (2012) after obtaining A from survey data of PWIDs from
Glasgow during 1990-1993 and 2007.

Our focus is mainly on the heterogeneity of the rate of sharing needles among
PWIDs in different groups i, for ¢ = 1,3,5 and 9. In this simulation we aim at
discussing how the prevalence of HCV in a population of PWIDs and shooting
galleries is affected by heterogeneity. As in Al-Fwzan (2015), the probability of
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sharing borrowed needles that were previously used by another PWID is presented
by the data of a survey of PWIDs in Glasgow collected by HPS (Hutchinson et al.
(2000)). These sharing rates of borrowed used needles, which were obtained by HPS
during 1990-1993 detailing sharing over the past six months. We simulated data
of sharing rates among people who were PWIDs in Glasgow collected by Goldberg
et al. during six months amongst a sample of 503 PWIDs in 1990 to attempt to
compare a variety of sets of data in sharing needle rates (Goldberg et al.| (1995))).
We first had an assumption that the model is homogeneous. We then proceeded to
separate the PWIDs population into three groups in accordance with their sharing
rates. Following that we separated the PWIDs into five groups and nine groups with
different sharing rates. We follow simulations performed in Al-Fwzan (2015) so that

we can compare the results with Al-Fwzan (2015).

5.6.3 Simulation results

We are following the structure of Al-Fwzan’s thesis so that we can obtain new results
with the pessimistic PWID-needle interaction assumptions and examining the effect
of treatment on those results. Therefore, data from Glasgow assisted us to start our
simulation with different sharing rates of different groups. 9,000 PWIDs that mix
heterogeneously is what makes the population size. The behavior of the disease in
each different group is explored after we have divided the population into groups.
A = 167.39 per year is what we found to be the sharing rate of A in the whole
population of PWIDs in the first group. The values of different sharing rates in
each different group and the number of PWIDs are illustrated in Table [5.3] The
aim of presenting the results of the model simulation is to demonstrate the effect
of heterogeneity of the prevalence of HCV among p groups of PWIDs. We used the
above parameter values for the model for p = 1, 3,5 and 9 and ¢ = 1 shooting gallery
to calculate the model graph. As mentioned earlier, the group sizes and sharing rates
for each group were taken from a survey of PWIDs in 1990. Information from Corson
et al| (2012) provided the estimates of the rest of the model parameters. The set
of parameter estimations and their definitions are shown in Table 5.2l We have the

assumption that every PWID in group ¢ will choose a needle in shooting gallery j
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since j = 1. To simplify, we considered F;; = 1 in this stage of discussion. We
estimated the number of needles to be m = 8,932.03 and the number of PWIDs
at n = 9,000. The information from the model of |Corson et al. (2012), who take

= 1.002 as the ratio of PWIDs to needles, is what was used to provide the figure
for the number of needles (Griesbach et al| (2006) and King et al. (2009)). We
then estimated that A;;, the arrival rate of a single PWID in group ¢ at a needle in

shooting gallery j:

Ay = 20 i=1,3,5 and 9, j=1.
m;

Estimation of the basic reproduction number (Ry)

Some of the parameters on which these numbers depend being difficult, if not impos-
sible, to quantify directly estimate reproduction numbers to be typically a compli-
cated process. This parameter determines a threshold: whenever Ry > 1, a typical
infective gives rise, on average, to more than one secondary infection, leading to
an epidemic. To explore disease behavior, we need to estimate this threshold we
estimate Ry using Table[5.3]and Table[5.2] and our expression of this number, which

1s:
2:1 Aink(l - ¢>
Zhar)

m

Ry=¢ (5.6.33)

where & = (ay0(1 —0) + ap(p+v)) /(e + 1) (e + o). This corresponds to equation
(4.1) of Al-Fwzan (2015) except that the definition of £ and the denominator of the
fraction have been modified. In each stage of our simulation, we estimate Ry using

the sharing rates in the different groups.

5.6.4 Comparison of models with different numbers of groups
of infectious PWIDs
For all the four models, we aim to incorporate the total proportions of infected

PWIDs. Figure 5.1 shows the plots of these proportions of infected PWIDs in

Glasgow using data from 1990 (Hutchinson et al., 2000). The highest equilibrium
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proportion of infectious PWIDs occurs in a single group model (homogeneous), while
the ninth group (heterogeneity model) has the lowest overall equilibrium prevalence.
This is an indication that for this observed data, the reduction of the overall endemic
equilibrium level of disease among PWIDs may be caused by increasing the hetero-
geneity of the PWIDs. The observed distribution of needle sharing rate being very
skew is the reason for this. The prevalence in the smaller groups gets higher with
the increase in heterogeneity while that of higher larger groups gets lower, overall
the endemic prevalence decreases.

It is moreover shown in Figure that the behavior of infectious PWIDs in
the five and nine group models is similar, the total production of infectious PWIDs
in Table 5.5 can also attest to this. The increase of the initial speed of increase of
the epidemic (which is related to Ry) is subsequent to the increase in the number
of groups. So our theoretical results which show that in this situation, the homo-
geneous model has the lowest value of Ry are consistent with our simulations. The
basic reproductive number is shown for each model, and we can see that the five
and nine group models have the highest number for Ry, as presented in Table [5.3]

Furthermore, the endemic equilibrium prevalence values in each stage: suscep-
tible, acute, chronic, and immune, and the number of groups is compared in Table
6.1 We can, therefore, see that the decrease in the endemic equilibrium prevalence
of infectious PWIDs is subsequent to an increase in the number of groups. This
indicates that a reduction in the long term endemic equilibrium proportion of HCV
among this population may be as a result of increasing the heterogeneity in the
PWIDs population.

The Ry, and equilibrium solutions for both PWIDs and needles are evaluated
and calculated in each model. For every seventy years, we calculate the overall
proportions of infectious PWIDs and needles against time. The results for all the
four models are summarized in 5.4l You should note that the value of Ry calculated
is much higher than those generally observed for homogeneous models as in Al-
Fwzan (2015). The simulations results presented in Table indicate that as the
number of groups increases Ry values increase and the overall prevalence of HCV

amongst PWIDs and needles decreases. Also the values of Ry are higher than the
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Figure 5.1:
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corresponding values in the model discussed in Table 4.4 of Al-Fwzan (2015) and

the greater the amount of heterogeneity, i.e. the greater the number of groups, the

bigger the difference gets.

Table 5.1: Comparing the endemic equilibrium proportions of infectious PWIDs for

all four models using data from 1990.

Models T T, T, Th, ™, T

One group 0.1232 0.0231 0.1232 0.0212 0.7098 0.0624
Three group 0.6296 0.0111 0.0367 0.0129 0.2718 0.0379
Five group 0.6845 0.0154 0.0306 0.0108 0.2270 0.0317
Nine group 0.7009 0.0147 0.0290 0.0102 0.2151 0.0300

5.6.5 The effect of treatment on the basic reproduction num-

ber with different numbers of groups

In this subsection, we will see that the changed basic reproduction number values

which result from different v parameters. We run simulations utilizing three unique
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Table 5.2: Table of parameter estimates used in our simulations (Adapted from

Al-Fwzan (2015)).

Parameter| Definition Estimate
Gij Probability that a PWID in group ¢ successful needle || 0.255
cleaning in shooting gallery ;7 before use, ¢+ = 1,3,5
and 9, j = 1.
Ai Needle and syringe sharing rate in group ¢, © = 1,3,5 || Table
and 9.
T; Needle turnover rate in shooting gallery 7, j = 1. 133 per
year
. Rate PWIDs leave the sharing, injecting population. 0.17  per
year
ap Acute HCV transmission probability. 0.0432
Qy Chronic HCV transmission probability. 0.016
1/o Duration of the acute HCV phase. 0.5 years
) Proportion of infected PWIDs that resolve HCV infec- || 0.26
tion.
« Proportion of PWIDs that become immune. 0.25
i The probability that a PWID in group ¢ chooses shoot- || 1
ing gallery j to share a needle.
m; Number of needles in shooting gallery j, 7 = 1. 8,982
(0 Per capita treatment rate. 0.1 per
year

estimations of 1 relating to our present parameter value 1) = 0.1 per year, ¢ = 0.03
per year which was estimated by Martin et al. (2015) and @ = 0.06 per year which
was estimated by Martin et al. (2011).

Table [5.5|shows the increasing on the rate of treatments leads to decrease in the
basic reproduction numbers in all groups model. Also we can see that the largest

decrease in the value of the basic reproduction number occurs in the nine group
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One Group Model
A 167
n 9000

Three Group Model
A1 0.000 Ao 15244 )3 1440.25
ny  5135.08 ny 315725 n3  707.66

Five Group Model
AL 0.000 Ay 3491 A3 364.75 Ay 5509 A; 1996.09
ny 5135.08 ny  2032.25 ng 1125 ng 27218 ns 435.48

Nine Group Model
A1 0.000 A 19.55 A3 91.25 Ay 23143 A5 423.66 A 462.67 A; 651.78 Ag 1629.46 N9 2607.14
ny 5135.08 ne 1596.77 n3 43548 ny 344.75 n; 780.24 ng 145.16 n; 127.01 ng 272.17 ng 163.3

Table 5.3: Shared needles and syringes rate J\;, sizes of group n; of PWIDs for
i=1,3,5,9 using data from 1990. (Adapted from Al-Fwzan (2015)).

Table 5.4: Comparing the four models in the basic reproductive number and equi-
librium percentage of proportion of infectious PWIDs and infectious needles using

data from 1990.

Model Ry Infectious PWIDs Infectious needles
One group 7.15 84% 45%
Three group 43.92 37% 49%
Five group 56.13 32% 50%
Nine group 59.28 31% 51%

model and the smallest decrease value in the one group model.

Therefore, we expect that when we decrease the rate of treatment then the
disease will spread faster in our model and vice-versa. Note also this effect is more
pronounced, at least in absolute values, the greater the amount of heterogeneity in

the model.
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Table 5.5: Comparing the four models in the basic reproduction number values with

1 = 0.03 per year, ¢ = 0.06 per year and ¢ = 0.1 per year.

Model 1 = 0.03 per year || ¥ = 0.06 per year || ¢ = 0.1 per year
One group 8.82 7.98 7.15
Three group 54.21 49.03 43.92
Five group 70.82 64.05 56.13
Nine group 73.17 66.18 59.28

Table 5.6: Comparing the one group model in the basic reproductive number and

equilibrium percentage of proportion of infectious PWIDs and infectious needles

between our model and Al-Fwzan’s (2015) model using data from 1990.

One group model Ry || Infectious PWIDs || Infectious needles
Al-Fwzan’s results 5.8 79% 42%

Our results with ¢» = 0.1 per || 7.1 84% 45%

year

Our results with ¢ = 0.0 per || 9.9 87% 48%

year

Table 5.7: Comparing the three group model in the basic reproductive number and

equilibrium percentage of proportion of infectious PWIDs and infectious needles

between our model and Al-Fwzan’s (2015) model using data from 1990.

Three group model Ry Infectious PWIDs || Infectious needles
Al-Fwzan’s results 35 28% 48%

Our results with ¢ = 0.1 per || 43.9 37% 49%

year

Our results with ¢ = 0.0 per || 61.2 39% 51%

year
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Table 5.8: Comparing the five group model in the basic reproductive number and
equilibrium percentage of proportion of infectious PWIDs and infectious needles

between our model and Al-Fwzan’s (2015) model using data from 1990.

Five group model Ry Infectious PWIDs || Infectious needles
Al-Fwzan’s results 45.7 23% 45%

Our results with ¢ = 0.1 per || 56.1 32% 50%

year

Our results with ¢ = 0.0 per || 78.2 34% 52%

year

Table 5.9: Comparing the nine group model in the basic reproductive number and
equilibrium percentage of proportion of infectious PWIDs and infectious needles

between our model and Al-Fwzan’s (2015) model using data from 1990.

Nine group model Ry Infectious PWIDs || Infectious needles
Al-Fwzan’s results 48.3 27% 44%

Our results with ¢ = 0.1 per || 59.3 31% 51%

year

Our results with ¢ = 0.0 per || 82.6 32% 52%

year

5.6.6 Comparison between our results with ¢ = 0.0 per year
and ¢ = 0.1 per year with different numbers of groups

and the results of Al-Fwzan (2015)

Because our model is based on the 'pessimistic assumption’ of Lewis and Greenhalgh
(2001) and Al-Fwzan’s model is based on the ’optimistic’ assumption of Corson
(2011) therefore we expect that if ) = 0.0 per year then both Ry and the propor-
tions of infectious PWIDs and needles would be higher in our model than ¢» = 0.1 per
year. With ¢ = 0.1 per year these values are lower but still higher than Al-Fwzan’s
model because the effect of changing the PWID-needle assumptions is higher than
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Ry One group | Three group | Five group | Nine group
Our Ry results with ¢ = 0 9.9 61.2 78.2 82.6
per year
Our Ry results with ¢ = 7.1 43.9 56.1 59.3
0.1 per year
Al-Fwzan’s (2015) results 5.8 35 45.7 48.3

Table 5.10: Comparison between our R, results with ¢» = 0 per year and ¢ = 0.1

per year in different numbers of groups and Al-Fwzan’s (2015) results.

the effect of introducing treatment. For the one group model these results are clear
from Table (.6

As for the one group model, when we compare our results with the results of
Al-Fwzan (2015) then it is clear that our Ry value is bigger in our model than the
value of Ry obtained for Al-Fwzan’s model. Moreover, long-term prevalence of HCV
in our model is bigger than long-term prevalence of HCV obtained for Al-Fwzan’s
model (see Table |5.7)).

Also, if we are comparing between our simulation results and Al-Fwzan’s (2015)
results for five group model therefore a similar scenario happens in Tables [5.8| as for
the one group model and the three group model.

Lastly, as one group model, three group model and five group model therefore
it is clear that when we compare our results with Al-Fwzan’s (2015) results then our
Ry value and long-term prevalence of HCV are bigger in our model than the values of

Ry and long-term prevalence of HCV obtained for Al-Fwzan’s model (see Table|5.9)).

5.6.7 Comparison between our R, results with different num-
bers of groups and the results of Al-Fwzan (2015)
As we have shown in a previous chapter, our model is similar to the ‘Pessimistic

Model’ of HIV transmission amongst PWIDs studied by |Lewis and Greenhalgh
(2001a)) and Al-Fwzan’s model is similar to the ‘Optimistic Model” studied by Cor-
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son (2011) and Corson et al. (2012). Therefore we predict that disease will spread
faster in our model so our Ry’s value will be larger than the corresponding Ry in
the results of Al-Fwzan (2015) if ¢» = 0.0 per year.

Note that values of Ry in our model will be larger than the the results of Al-
Fwzan (2015) (see Tables[5.6, 5.7 and even though we have considered
treatment of infected PWIDs into the model. This is because we have changed the
PWID needle interaction assumptions from the optimistic PWID needle interac-
tion assumptions of Al-Fwzan (2015) to the pessimistic PWID needle interaction
assumptions of Lewis and Greenhalgh (2001a). Changing the PWID needle inter-
action assumptions increases Ry and this more than offsets the reduction due to

introducing treatment of PWIDs.

5.7 Conclusion

In this chapter we have formulated a mathematical model of the effect of heterogene-
ity on the prevalence of HCV, building on the models developed by (Corson et al.
(2012), |Al-Fwzan! (2015) and (Greenhalgh (1996). A system of differential equations
has been derived to describe the progress of the disease. Moreover our model is
different than the model discussed in Al-Fwzan (2015) because of the PWID needle
interactions and the ¢ term.

We have investigated analytically the results and behaviour of our basic HCV
transmission model. A key parameter of our model is the basic reproductive number
Ry. Analysis indicates that the model is governed by the basic reproductive number
Ry. It has been shown that if Ry < 1 and the disease is present at the start in the
population, then the system will tend towards the globally stable DFE. We believe
that it is possible to go further i.e. to modify the proof of Theorem 3.1.7, Theorem
3.1.8, Theorem 3.1.15 and Theorem 3.1.16 in Al-Fwzan’s thesis for our model, also
if Rg > 1 there is an endemic equilibrium solution but we have not pursued this
because of lack of space.

Moreover, we have developed numerical simulation on the system of equations

(5.2.1)-(5.2.11)) describing the spread of hepatitis C amongst PWIDs. We started
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with a literature review to identify values for the relevant parameters. Then we
performed some simulation results using data from a survey of PWIDs in 1990.
After that we have assumed that there is one shooting gallery where all PWIDs
share needles. Then we divide the PWID population into different numbers of
groups with different sharing rates. As the number of groups increased also Ry in-
creased. The initial rate of increase of the level of disease also increased with the
number of groups as did the endemic equilibrium prevalence of HCV amongst nee-
dles. Also we have compared our Ry results with different numbers of groups and
those of Al-Fwzan (2015) results when we have introduced treatment and without

treatment.



Chapter 6

Conclusions and Future Work

We started off the thesis with a literature survey and we have added a new section
on the epidemic models and new subsection on the local and global asymptotic sta-
bility of the ODEs. Also, we have discussed in new sections the bifurcation and
persistence and Quasi-steady-state approximation. After that we have introduced
in general that the technical way to calculate Ry then we have presented the special
case how we calculate Ry in our model. Therefore, we have discussed the next gen-
eration matrix method to derive the basic reproduction number. Lastly, we discuss
some heterogeneity models such as the model of Greenhalgh (1996) and the model
of Al- Fwzan and Greenhalgh (2015).

Moreover we have developed a model to approximate HCV transmission among
Glasgow PWIDs, building on the models developed by Corson (2011) and |Corson
et al.[(2012). Our model is different than the model discussed in Corson’s works be-
cause of the PWID needle interactions and the ¢ term. Also we have calculated our
Ry by using the next generation matrix method for both the full and approximate
models and also given an alternative derivation to Corson’s model. A major novel
innovation in our model compared to Corson (2011), Corson et al. (2012) and the
other previous models is that we introduce a different set of needle equations. In
Corson (2011) and Corson et al. (2012) when an infected individual PWID uses a
syringe or needle after use the syringe or needle takes on the infectious state of that

PWID. So once a syringe is infected it remains infected indefinitely. Based on this

220
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we assume that needles and syringes can only move up the levels of infectiousness.
Also a second important novel aspect of our model compared to these models is that
we have also introduced the effect of treatment of chronically infected PWIDs.

Also we formulated some forms of preventive measures to reduce HCV preva-
lence in the general public. To achieve this goal, it was, therefore, crucial to under-
stand how injection prone PWIDs interact among their respective groups. To this
end, the selected PWID population splits into two risk groups based on the differ-
ences in the degree of risk behaviours (Sutton et al. (2006)), [Roy et al.| (2007)), Mehta
et al.| (2011]), Corson (2011) and Corson et al.| (2013])). As the research progresses,
the PWID population is further diversified based on infection status. This form of
diversification creates two distinct groups. The difference between these two groups
is the level of experience that each group of users has. The experience discussed is
on the factor of injecting career or duration, which classified the participants into
naive and experienced injecting PWIDs.

Lastly we showed the formulation of a mathematical model framed on the ef-
fect of heterogeneity on HCV prevalence. This model builds on previous versions
of the models created by |Greenhalgh| (1996), Corson (2011), Corson et al.| (2012])
and |Al-Fwzan (2015)). Moreover our model differs from that of Al-Fwzan (2015) in
that we introduce treatment of infected PWIDs at rate ¢ and assume that needles
cannot lose infectiousness over time. To better explain this phenomenon, we further
came up with differential equations to describe the progress of the disease.

In summary, we have shown both analytically and numerically (through a nu-
merical simulation by using package Wolfram Mathematica version 11.1) that the
behaviour of the models are governed by the basic reproduction number Ry, with
Ry = 1 a critical threshold for endemic HCV prevalence. Also we have shown that
if Ryp <1 and the disease is initially present in the population, then the system will
tend toward the globally stable DFE where HCV has been eliminated in all PWIDs
and needles. Furthermore, we have found that provided that Ry > 1 and HCV is
initially present in the population, our models will tend towards the endemic equi-
librium, provided that certain conditions are satisfied.

Hence this study give us an overview of infectious disease modelling which re-
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lates to how mathematical models can be applied to study and control the spread
of disease. Thus, as we know that the world is currently fighting the COVID-19
pandemic, which continues to affect people globally. Therefore, it can be given us
more motivation to work on creating of SIR or SIS model to predict how to control
the spread of COVID-19 through a community (Cooper et al.| (2020))). The spread
of COVID-19 can be reduced significantly if countries take drastic and necessary in-
terventions when the number of affected individuals is still low. China, for instance,
was able to control and reduce COVID-19 infections because the country took im-
mediate extreme measures such as closures and confinement, leading to a decrease
in the number of affected people. The study by Cooper et al. (2020) shows that
mathematical models can help in the fight against pandemic such as COVID-19.

While on the topic of mathematical models on HCV dynamics and heterogene-
ity of injecting practices, several interests arise. One of the arising interests revolves
around the parameters of social life and their influence on PWIDs. It is, there-
fore, necessary to investigate characteristic parameters among PWIDs like age and
how it affects the HCV dynamics in play today, Kondili et al.| (2022) discusses an
age-structured computational model for HCV and |Ayoub et al| (2018)) discusses an
age-structured model for hepatitis C in Pakistan and it may be possible to explore
a similar model.

Moreover the age parameters should encompass those less than thirty years and
those older than thirty. This issue of age would also assist researchers in determin-
ing the reproduction number of the disease and the conditions that influence the
transmission process along with both age groups (Anderson and May| (1992)).

One more interesting point of review would be investigating the use of injecting
paraphernalia. This research should be on the heterogeneity of how sharing the
injecting apparatus pushes the spread of HCV among injecting drug users. Another
area of interest should be on a combination of HCV treatment and needle and sy-
ringe sharing heterogeneity. This aspect of research should focus on how needle
sharing rates modify HCV prevalence among PWIDs. It would also be of significant
interest to extend the model to go beyond its current scope of drug users. This

move would incorporate two new main groups of drug users. These groups would
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comprise of treated PWIDs and another group of untreated PWIDs. This change
in dimensions would aim at investigating the dynamics of HCV prevalence between
the two groups of participants.

Currently, it is recommending that HCV treatment should as well be offered to
individuals who have a high risk of transmitting the disease to other people, includ-
ing the PWIDs. Based on the recent economic model, it is cost-effective to treat a
patient with a moderate stage of fibrosis instead of treating them at the mild stages.
Pitcher et al. (2019) review the epidemic modeling literature on HCV transmis-
sion and prevention amongst PWIDs and considering treatment. Therefore, there
is scope to expand the changing on model’s behaviour when we change the rate of
treatment.

It is also vital to determine how the emergence of antiviral resistant HCV in-
fections affect the prevalence of HCV amongst PWIDs. To date, there has been no
modeling work carried out on the transmission of antiviral resistant HCV infection
among PWIDs. Also, it would be interesting to extend the model to prove for the
heterogeneous model the existence of a non-zero endemic equilibrium if Ry exceeds
one. The techniques used to prove this are the same ones as discussed in Al-Fwzan

(2015).
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