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Abstract

The high degree of control that exists in experiments with cold atoms, and Bose-Einstein
condensates, in particular, allows us to design systems with chosen geometries. These
provide us with simple model systems that are well understood from first principles
microscopically, and with parameters controlled by external fields, as tools to explore
new frontiers in the context of non-equilibrium dynamics. These possibilities can be
used for a wide variety of applications, ranging from quantum simulations to quantum
metrology. In this thesis, we investigate designing the confinement of tightly trapped
impurities in a BEC reservoir to study their dissipative dynamics, and to study non-
equilibrium dynamics of BECs confined in a tilted ring trap (both with ultracold atoms
and polaritons).

In the first part we explore tightly confined impurities, immersed in a weakly trapped
BEC and initially excited in the strongly confined direction, to study cooling of the im-
purities to low-temperature states under realistic experimental conditions. This scheme,
combined with dissipative state engineering, sets the basis for adaption of laser cooling
techniques for the production of low-entropy states in quantum simulators. We can also
use this system to access non-Markovian dynamics by changing the ratios of relevant
timescales using control over the trapping of the impurities and the reservoir.

In the second part we study the dynamics of a BEC confined in a 1D tilted ring trap,
both with ultracold atoms and long-lifetime polaritons. We study the collective oscilla-
tions of a BEC in a tilted ring trap to characterise the effects generated by the interplay
between non-linearities due to anharmonicity and non-linearities due to interactions.
In the case of polaritons, we make comparison with experimentally observed features,

and gain an understanding of the thermalisation process in such systems.
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Chapter 1

Introduction

The Bose-Einstein Condensate (BEC) phase, a macroscopic quantum state of matter,
was theorised by Bose and Einstein in 1924 [1, 2]. This consists of the prediction
that, when the thermal de Broglie wavelength of a gas of bosons is comparable to the
interparticle spacing, the gas undergoes a transition where a large fraction of bosons
occupy the lowest-energy single-particle state, forming a matter wave. This allows the
observation of microscopic quantum phenomena, such as wavefunction interference, on
a macroscopic scale.

The formation of Bose-Einstein Condensation of weakly interacting dilute gases of alkali
atoms was achieved in 1995 with 8"Rb [3], 23Na [4] and 7Li [5, 6], obtaining densities of
~10'3 — 10' cm™2 and temperatures of the order of nK. This was possible thanks to
the progress in both theoretical studies and experimental techniques for trapping and
cooling of atoms [7], with methods such as laser cooling [8-10], evaporative cooling [11]
and later on sympathetic cooling for BEC mixtures [12-14]. Following experimental
realisations of BECs, besides alkali atoms, now include a wide variety of alkaline-earth
and lanthanide atoms.

In the last few decades we have witnessed remarkable progress in the field of ultracold
many-body quantum systems, strongly motivated by the fact that, because of the
exceptional control over their implementation, these experimental platforms can be
used as quantum simulators [15-17]. This means that a wide range of Hamiltonians

can be engineered using ultracold atoms, to simulate other more complex quantum
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and many-body models, such as systems related to strongly interacting electrons in
condensed matter physics [18].

This progress was made possible also thanks to the available experimental tools for
probing and manipulating cold atoms, which offer unique opportunities in the study
of the time dependent out-of-equilibrium dynamics. In fact, appropriate engineering of
optical and magnetic fields leads to the possibility to create a wide variety of configu-
rations and geometries for the motion and trapping potentials of the atoms, accessing
different dimensionalities, and it also makes it possible to tune and control relevant
parameters such as the interaction strength between the atoms, via either optical or
magnetic Feshbach resonances [19, 20].

This high tunability, both for the engineering of the trapping potentials and the in-
teraction strength, relies on the fact that we can build microscopic models from first
principles. The diluteness of cold atoms allows to model their interaction with scat-
tering theory, based on an effective interaction that we can describe, in the low energy
limit, with s-wave scattering. This makes it possible to control the interaction strength,
either attractive or repulsive, by changing a single parameter, the scattering length. The
realisation of traps for neutral atoms, on the other side, is achieved with magnetic fields
and with laser beams that generate a spatial dependent intensity profile for the poten-
tial. The physical origin of the neutral atoms confinement by laser fields is determined
by the AC-Stark shift that the atoms experience in the off-resonant laser field having a
frequency larger than the recoil energy of the atoms. Changing the detuning between
the laser frequency and the atomic frequency (determined by the difference in energy
between its ground and excited state), we can create potentials that are attractive (for
red detuning) or repulsive (for blue detuning) for atoms, so they sit respectively on the
maxima or minima of the intensity profile. With this possibility, combining lasers with
different orientations, allows to construct a rich variety of trapping potentials.

These experimental opportunities have made it possible to realise different trapping
potentials where the dynamics of cold atoms can be restricted to desired dimensions,
by engineering the trapping frequencies along the different directions. Disk shaped

trapping potentials can be obtained by tightening the confinement in one dimension,
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resulting in an effective dynamics in 2D. Similarly, cigar shaped configurations, realised
with tight confinement along two directions, lead to the realisation of an effective 1D
system. Other potentials inlcude toroidal traps [21-23] and optical lattices, which allow
to study many-body physics and can be used to probe the Mott insulator to superfluid
phase transition [24], but also to realise bosonic Josephson junctions with double-well
potentials [25, 26].

On top of that, recently, the development of quantum gas microscopes [27, 28] have
made it possible to achieve an improved single-atom resolution in cold atom exper-
iments. This provides further control of the trapping and addressing of individual
atoms in lattice sites.

Being able to control the dimensionality of the system, under appropriate conditions,
also makes it possible to explore different phases of the BEC. For instance, this allows
us to observe long-range order features in weakly interacting BEC in 3D geometrical
confinements, but also leads to the possibility to observe other exotic states beyond
the mean-field regime in lower dimensions, such as the Berezinskii-Kosterlitz-Thouless
(BKT) superfluid in 2D [29] and bosonic Luttinger Liquids in 1D with Tonks-Girardeau
gases [30], achieved with strong interactions between the atoms.

On the other side, tuning atom-atom interactions and engineering particular geometries
for trapping atoms is of interest in the context of “atomtronics” [31, 32] for the devel-
opment of quantum technologies and quantum devices for measurement and sensing,
as well as quantum computation. The idea behind this is to use the coherent flow of a
trapped Bose gas and its analogy to solid-state platforms to obtain cold atom analogues
of electronic devices, such as diodes and transistors, using the transport properties of
ultracold atoms instead of electrons. It has been shown for example, how atom tran-
sistors can be engineered using ultracold atoms in double-well [33, 34] and triple-well
potentials [35], or in few lattice sites coupled to multiple reservoirs, for which open
quantum system descriptions can be used to study the transport properties [33, 36]. In
this context, spin impurities have also been shown to be powerful tools in the control
of the transport between different subsystems [37, 38]. Other examples of atomtronics

systems consist in the realization of analogues of diodes [39, 40] and atomtronic cir-
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cuits using ring shaped trapping potentials [41-43]. Ring traps interrupted by weak
links offer also valid platforms for the realisation of atomtronics analogues of SQUIDs
(Superconducting Quantum Interference Devices) [42, 44-48].

Motivated by all these possibilities in the progress of quantum technologies, in this
thesis we dedicate particular attention to the study of impurities in superfluid reser-
voirs and the dynamics of BEC in ring potentials, both with cold atoms and with
exciton-polariton condensates, which offer another possible platform for the study of
superfluidity and condensation in solid state systems [49], complementing ultracold

gases.

Neutral impurities in Bose-Einstein Condensates

Since the first experimental realisation of a BEC mixture with two different spin states
of 8"Rb [12], obtained through sympathetic cooling of one hyperfine state in contact
with another cooled state, there has been significant progress in the realisation of other
two-component BECs, including mixtures of dual atomic species. Examples of these
include Bose-Bose [13, 50], Fermi-Fermi [51, 52] and Bose-Fermi mixtures [53-56]. One
of the interesting features in the study of two-component BECs is given by the phase
separation determined by the inter-species interaction strength, with the possibility to
observe miscibility and immiscibility of the two species [57, 58], with spatial overlap or
separation.

Among the mixtures, the Bose-Fermi case is particularly interesting because it merges
systems with different statistics, giving rise to new physics that is not accessible in the
case of Bose-Bose and Fermi-Fermi gases, such as new phases for mixtures in optical
lattices [59]. In these systems, different interesting scenarios can be explored by tuning
the interaction strength of the fermionic part from the non-interacting limit, where
the Pauli exclusion principle dominates the behaviour of the dynamics, to the strongly
correlated regime, where the crossover to the BCS-like superfluid can be accessed, and
study the effects that its statistics have on the dynamics.

The realisation of mixtures with Fermi atoms trapped in optical lattices [60, 61] offered
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new possibilities also for the achievement of individually trapped impurities [62-65].
The study of single impurity dynamics mediated by the interaction with a many-body
reservoir is a central problem in condensed matter physics, therefore the study of this,
especially with fermionic species, in a superfluid reservoir, is interesting with both
coherent and dissipative dynamics. From the study of the dynamics of impurities in a
lattice in contact with a superfluid reservoir, it was shown how the phononic bath can
induce decoherence [66, 67] and mediate the interaction between two or more impurities
[68].

For strong interactions between the BEC and the impurity, studies of polarons (im-
purities strongly interacting with the superfluid reservoir and therefore dressed by the
phonon modes) have been conducted for both coherent and incoherent dynamics, in
the weakly interacting limit, using a Frohlich’s polaron Hamiltonian [69, 70], and also
in the strong coupling limit, beyond the mean-field regime [71, 72].

On the other side, the study of dissipative dynamics for atoms in optical lattices has
led to developments in cooling techniques, providing possibilities to control unwanted
heating [73-78]. In the case of a single trapped impurity, dissipative dynamics can
be used to reach cooling to its motional ground state [79] with a sympathetic cooling
mechanism, without affecting the internal degrees of freedom under appropriate con-
ditions. This mechanism is analogous to the spontaneous emission of a two-level atom
coupled to the vacuum mode of the light field, but relies instead on the coupling to the
quasi-particles of the BEC that leads to the relaxation of the motional states of the
impurity through the spontaneous emission of Bogoliubov excitations [64, 79, 80]. Be-
yond that, for atoms in a lattice, cooling within a Bloch band can be obtained through
the application of dark-state laser cooling, which can be achieved combining this dis-
sipative dynamics with dissipative state engineering of dark-states [81, 82]. In dual
species experiments with bialkali atoms, these cooling processes are contrasted by the
collisions between atoms in the higher Bloch band. However, the realisation of mix-
tures with Alkali atoms and Alkaline-Earth-Metal [54, 63, 83, 84], in particular with
spin-polarised fermions, allows the suppression of collisions within the lattice, leading

to a preservation of coherence and to dissipative processes induced by the coupling of



Chapter 1. Introduction

the atoms between the Bloch bands. This offers new perspectives in the development
of novel cooling methods, and motivated us to study the dissipative dynamics of im-
purities with trapping confinements in different dimensions, extending the single atom
cooling scheme considered for an impurity trapped in a 1D harmonic potential and
immersed in a reservoir [79]. In Chapter 4 we will discuss the case of harmonically
trapped impurities in a 3D configuration with tight confinement along one direction
and in a harmonic trap with anisotropic tight confinement along two directions, giving
an effective 2D configuration with weak confinement in one direction, analogous to a
cigar shaped trap. We extend these studies also to the case of a cluster of impurities
in a harmonic trap. These calculations, especially for the 2D configuration with tight
trapping along one direction, are relevant in the perspective of achieving dark-state
cooling within a Bloch band, as the transitions between motional states in the tightly
confined directions can be mapped into the coupling to different Bloch bands.

Other possibilities for the study of this kind of system come from investigating im-
purities in a BEC reservoir, in the context of reservoir engineering [85]. It has been
shown, for instance, how a non-Markovian superfluid reservoir can be used to con-
trol the entanglement between two impurities [86]. This has applications in quantum
information protocols and quantum computing, involving preparation of qubits and en-
tanglement [87], but the study of impurities has also shown to be a potentially valuable
tool for probing the BEC [88, 89], for instance with non-demolition thermometry [90—
92]. Due to the high control that we have on the trapping geometry of the reservoir,
non-Markovian dynamics can be studied by tweaking the interaction strength of the
impurity with the BEC, going to the strong coupling limit, by changing the trapping
confinement of the impurity, as we show in Chapter 5, or changing the size of the
reservoir, which can have implications such as coupling to few modes and backflows of
information due to edge effects.

Motivated by these possibilities, and by experimental success in creating two-component
Bose gases in particular structured geometries, such as in ring potentials [93], a study of
impurities immersed in BEC with particular confinements that go beyond the case of a

homogeneous gas, or harmonic trapping, can be a very powerful resource in the context
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of reservoir engineering, to explore new physics determined by the specific confinement
of the BEC. In fact, as the excitation spectrum of the Bogoliubov excitations depends
on the form of the trapping potential, the dynamics of impurity atoms, as well as the
memory effects of the reservoir [94], are affected by different confinements [95, 96]. From
this perspective, studying the collective excitations of a BEC in anharmonic traps and
tilted ring traps, to understand the features determined by the particular geometry, is
essential to understand how these can affect the dynamics of impurities and lead to

observations of new physics.

Dynamics of trapped BEC

As discussed in the previous section, the study of BECs in different trapping poten-
tials offers a plethora of possibilities for the study of many-body physics and out-of-
equilibrium dynamics with useful applications for quantum computing and the devel-
opment of quantum technologies. From this perspective, the study of the elementary
excitations of a trapped BEC is important to develop an understanding of the effects
that both the interactions and the confinement in different configurations have on the
dynamics of the system.

Since the observation of BEC, the study of low-lying collective excitations, both theo-
retically [97-104] and experimentally [105-107] has been one of the most natural ways
to characterise the superfluidity and the effects that the interaction between the atoms
have on the dynamics and on the thermodynamic properties of the BEC.
Experimentally, the observation of the dynamics of the system in real time is made
possible by the fact that the trapping frequencies are in the range of ~Hz-kHz, corre-
sponding to dynamical time scales below the typical lifetimes (of the order of seconds)
of the trapped atomic gases.

From a theoretical point of view, the static and dynamical proprerties of weakly-
interacting trapped BECs can be described with a mean-field description provided
by the Gross-Pitaevskii Equation [108].

The ability to change the confinement in different directions allowed these studies in

both spherically symmetric harmonic traps [97] and in axially symmetric harmonic po-
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tentials, In the latter case it was observed how the trap anisotropy, the symmetry of
the system and the interaction strength change the excitation modes of a perturbed
condensate [105, 107]. Probing the dynamics of the system in axially symmetric har-
monic trap is particularly interesting especially in the cigar-shaped configuration. Here
in fact, by changing parameters such as the anisotropy, the density and the interaction
strength, one can explore transitions between different phases, such as a 3D cigar shape
(with a wavepacket in the Thomas-Fermi approximation radially), 1D mean-field, and
a Tonks-Girardeau gas. One of the ways used to characterise the frequency of the
low-lying modes experimentally consists of driving the condensate out of equilibrium,
for instance shaking it via modulation of the trapping magnetic fields, then letting it
evolve for a variable time and finally switching the potential off to obtain the image of
the condensate after a given time [105].

Among the most important features observed in the probing of the collective exci-
tations of trapped BECs is the shift of their frequency modes, determined by the
interaction that gives rise to non-linearity and by the geometry of the system [97—
99, 103, 105, 106, 109-112]. Theoretically, however, finding analytical solutions for
these is not an easy task and most of the approaches used consist in solving the hy-
drodynamic equations [97, 103, 109-111]. The limitation of this approach, however, is
that the hydrodynamic approximation considered in these works is valid in the local
density approximation and therefore for a large number of atoms. Other possibilities
are offered by numerical methods, either for the solution of the equations obtained
from the Bogoliubov-Hartree theory [102], or for the simulation of the dynamics with
a time-dependent Gross-Pitaevskii Equation.

Previous studies of collective excitations were mainly conducted for harmonic trap-
ping potentials in both isotropic and anisotropic conditions, and less attention has
been given to the characterisation of collective oscillations in anharmonic trapping po-
tentials. However, the interest in these is now increasing, motivated for instance by
experiments that use tilted ring traps [22, 113], both with cold atoms and with exciton-
polariton BEC [114]. The attention directed to the study of BEC in toroidal geometric

potentials (both flat and tilted) increased drastically in the last two decades, leading to
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the achievement of neutral atom storage in ring traps [21-23, 115, 116]. These consti-
tute promising platforms for applications in quantum metrology and sensing, because
of the possibility to use them for Sagnac atom interferometry [117-119], but also in
quantum computing. As previously mentioned, the achievement of stable persistent
flow in the rings [23, 45] makes these platforms good candidates for atomic circuits in
the context of atomtronics and for possible implementations of qubits [120].

For the study of the dynamics of BEC in tilted ring potentials, and more generally in
anharmonic traps, more fundamental questions on the investigation of the non-linear
dynamics arise, as a result of the mixing between two kind of non-linearities having
different origins: one is given by the anharmonic part of the potential, as in the case
of the quantum pendulum for a single particle, and the other one is determined by the
interaction between the particles. Furthermore, the presence of periodic boundary con-
ditions in the ring gives rise to other features, such as interference, when the rotational
motion around the ring leads to interaction between the tails of the condensate.

It is therefore important to gain a detailed understanding of the aforementioned contri-
bution to the non-linearity, studying the induced dynamics of BECs in this geometry,
and individuating features that do not appear for the harmonic potential trapped dy-
namics. These include, for instance, the frequency shift of the dipole mode (unaffected
by the interaction within the BEC in the harmonic potential case, where the center of
mass motion is decoupled from the internal excitations), and changes in the collapse
and revivals of the density in time [121, 122]. All these features will be subject of
further discussions in Chapter 6.

These studies allow us also to have insights on the excitation spectrum in this kind
of geometry, which, as mentioned in the previous section, is needed for the possibility
to study impurity atoms in BECs confined in ring traps, as we have stressed how the

geometry and dimensionality of the system affect these.
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1.1 Thesis Outline

In this section we present an overview of this thesis, which is divided into three parts.
In the first part, Chapters 2-3, we discuss some background concepts on cold atoms and
open quantum systems, which provide a basis for the research presented here. In the
second part (Chapter 4-5) we study a system of impurities in a BEC, for two different
purposes: to study the cooling rates induced by dissipative dynamics of the impurities
trapped in different geometries, and to investigate the effects of a non-Markovian en-
vironment on it. In the third part (Chapter 6 and 7) we study the dynamics of BECs
in a tilted ring potential, motivated by current experiments in both exciton-polariton
and cold-atom platforms. Finally, in Chapter 8 we summarise the main conclusions of
the research presented in this thesis, as well as some final remarks on the outlook and
future possible work. In the following we give more specific details about the content

of each chapter.

In Chapter 2 we give an overview of the background in the field of weakly interact-
ing Bose-Einstein condensates, focusing on a mean-field description that we used for
the studies reported in this thesis. In particular, we derive the Bogoliubov excitation
spectrum, which we use in the context of trapped impurities to describe the super-
fluid reservoir. Depending on their momentum, Bogoliubov excitations can have the
character of phonon-like or particle-like excitations. The other topic we cover is the
Gross-Pitaevskii equation and its derivation, as we use it in the description of the dy-
namics of a BEC in the harmonic oscillator and ring potentials. Based on the mean-field
approximation, this can be thought of as a Schrodinger equation with a non-linear term
consisting of the interaction term generated by the scattering between the atoms in the

BEC.

In Chapter 3 we introduce some concepts in the theory of open quantum systems, such
as the master equation in the Lindblad form, giving an overview of its derivation in

order to explain the main approximations, used to describe the system of impurities
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coupled to the superfluid reservoir in the following chapter. We also give a brief descrip-
tion of the Monte-Carlo wavefunction method, as this is used in Chapter 4 to describe
the induced dissipative dynamics of a cluster of impurities with stochastic methods

using trajectories.

In Chapter 4 we present results published in [123]. Here, motivated by the possibilities
provided by sympathetic cooling techniques discussed above, together with opportu-
nities to achieve dark-state cooling of impurities in an optical lattice, we study the
dissipative dynamics of neutral atoms in different trap geometries, and immersed in a
3D superfluid gas. We extend previous studies [79] that considered the sympathetic
cooling of a single impurity trapped in a 1D harmonic potential, and study the cool-
ing and reheating rates for the cases of impurities trapped in a 3D harmonic potential
tightly confined in one direction, and in a harmonic trap tightly confined in two di-
rections, with a quasi-one dimensional cigar shape geometry where we consider two
available modes in the radial direction. The latter case is of particular relevance in the
context of laser dark-state cooling for atoms in an optical lattice, as the coupling with
the tight confined direction can be mapped to the coupling between different Bloch
bands.

In Chapter 5 we consider the system of an impurity in a BEC and the ability to tune the
trapping parameters of both the impurity and the BEC potentials, in order to access
non-Markovian regimes by changing the trapping frequency of the impurity immersed
in a one-dimensional BEC. This produces different ratios between the timescales of
the system relaxation and of the bath correlations, which leads to the emergence of
non-Markovian effects with backflow of information to the system. Preliminary results
shown in this chapter pave the way to a variety of studies where reservoir engineering

can be used to access non-Markovian dynamics.

In Chapter 6 we study the dynamics of a wavepacket in a one-dimensional anharmonic

tilted ring trap, characterising the frequencies of the low-lying modes by looking at the

11
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oscillations of the BEC density for small angles around the bottom of the ring, and
comparing them with those obtained for the same kind of dynamics in harmonic po-
tentials, for different values of the interaction strength. We characterise the difference
between the dynamics in the two kinds of potentials in different initial configurations
and compare, for each of them, results obtained from both numerical and analytical or

semi-analytical approaches for the frequency shifts generated by the non-linearities.

In Chapter 7 we describe the dynamics of exciton-polariton condensates in a tilted
microcavity ring, motivated by recent experiments in the group of David Snoke at the
University of Pittsburgh [124], where particularly long polariton lifetimes have been
achieved. Aiming to describe the features observed experimentally, we simulate the
out-of-equilibrium dynamics of the condensate with a modified GPE that includes a
generation and a dissipation term, accounting for the creation of polaritons and their
finite lifetime. Furthermore, we consider the effect of interactions with an excitonic
reservoir on the dynamics of the polaritons, and account for the relaxation due to this

with the introduction of a phenomenological term in the GPE.

We conclude in Chapter 8 with an overview of the key findings discussed in this thesis,

together with some possible interesting future directions of these studies.
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Chapter 2

Weakly interacting Bose gas

2.1 Introduction

In this chapter we aim to introduce some of the main concepts that we use in the
following chapters, in the context of superfluid reservoirs with trapped impurities in
Chapter 4-5 and out-of-equilibrium dynamics of BECs in trapping potentials, in Chap-
ter 6-7. For a broader overview of BECs, see [108, 125].

This chapter is organised as follows. We start by giving some general background about
Bose-Einstein condensates, introducing their properties to give a brief overview on how
the scales of the physical quantities compare in these systems, treating the most simple
case of a 3D homogeneous weakly interacting dilute gas. We then derive the Bogoliubov
excitation spectrum of a homogeneous BEC in a box potential and the Gross-Pitaevskii

equation, which we use to describe the dynamics of weakly interacting trapped gases.

2.2 Bose-Einstein Condensation

Bose-Einstein Condensation is a macroscopic phase transition a system of bosons un-
dergoes when the interparticle distance d = n~1/3 (where n = N/V is the average
density of N atoms in a volume V') is of the same order of magnitude as the de Broglie

wavelength
27h?

Aig = 4] —— 2.1
B kaT’ ( )
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Chapter 2. Weakly interacting Bose gas

where m is the mass of the atom, kpg is the Boltzmann constant and T is the temperature
of the system. This condition, for a very weakly interacting gas of identical bosons in

a 3D box potential, is found for temperatures below

B 27rh2< n )2/3

T
¢ 2.612

~ 2.2
T (2.2)

which is the critical temperature, below which the lowest single-particle energy state
is macroscopically occupied and Bose-FEinstein Condensation occurs. The number of

particles in the condensate, for this, is given by

No(T) = N [1 - (;;)3/2

with N the total number of particles. This result is valid for a 3D box potential but

, (2.3)

varies for different trapping geometries and dimensions. For a 3D harmonic potential,
3

for example, this is No(T') = N [1 - (%) ] [126].

In this chapter we discuss weakly interacting BECs. By this we mean that the range

of atom-atom interaction force r, satisfies the relation
rq < 3 (2.4)

which also implies that interactions of three or more particles can be neglected. Fur-
thermore, as the distance between the atoms is much larger than the effective range
of the interparticle potential, the interactions of the atoms can be described by their
scattering amplitude. The condition of condensation is that the temperature of the
gas is below T,. As this is achieved for \gg ~ n~1/3, from Eq. (2.4) we obtain the
inequality 7, < A\gp, which in terms of the momentum of the atoms p = 27h/A\gp can

be rewritten as

TaPp
21h

<1 (2.5)

The consequence of this relation is that the energy of the particles is so low that it
is sufficient to consider an s-wave scattering potential, with the advantage that the

interaction strength can be defined by the a single parameter, the scattering length a,
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Chapter 2. Weakly interacting Bose gas

which determines the interaction range r, defined here. Therefore Eq. (2.4) reduces to
the diluteness condition®

nlal® <1, (2.6)

where n|al? is often referred to as the gas parameter.

2.3 Bogoliubov excitation spectrum

We use now the field operators 1& to describe the many-body Hamiltonian

i= [ [—Zv? SVl ] [ [ @i i e e-r)imie),
(2.7)
where Vez: is the external potential, which in the following of this section we can neglect
(but we use it in the next section for the Gross-Pitaevskii Equation), as we are con-
sidering the case of a box trap, where the condensate can be considered homogeneous,
and V(r —r’) is the interaction potential between the atoms. In order to be able to
use perturbation theory to describe the interaction with the s-wave, it is convenient
to substitute V(r — r’) with an effective pseudopotential Vg, due to the fact that the
form of the real potential at short distances does not allow it to be treated perturba-
tively. The idea to use a pseudopotential, introduced by Fermi [127], is that if we are
interested in the long-range behaviour of the wavefunction, we do not need to get the
correct details of the potential in the short-range. Therefore we can simplify the model
by considering a simple pseudopotential that has the same behaviour at long range and
the specific form of the potential does not really matter, as long as it gives rise to the
same scattering amplitude, described by the scattering length a.
Moving to momentum operators description by means of the Fourier transform, we can

write the field operator as
. 1 .
h(r) = —=> Py, (2.8)
VV S

where ap are the bosonic annihilation operators for a particle with momentum p. For

the Fourier transform of the effective potential, considering only the p = 0 momentum

I This is however not true near Feshbach resonances.
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Chapter 2. Weakly interacting Bose gas

justified by the fact that only small momenta are involved, we have

Vo = / d3rVeg(r). (2.9)
Eq. (2.7) then reduces to
P’ N
= Z ptp + 2V Z ip, +qf P2 altp, dp,- (2.10)
Pi1,P2,9

We apply now the Bogoliubov approximation

io = /No, (2.11)

which captures the assumption that the ground state is macroscopically occupied and
the occupation of other states can be treated perturbatively, describing it as fluctuations
to the mean-field. This approximation is valid under the condition that the average
range of the the real and effective potentials is much smaller than the interparticle
average distance n~'/3 (i.e. for a dilute gas). In this case we can use the effective
potential and remove the potential problems for the applicability of the perturbation
theory.

Starting from Eq. (2.10), we now calculate the ground state energy and then con-
sider corrections to this, determined by a perturbation theory to the first order in the
fluctuations. When considering only the contribution coming from the ground state
occupation (p = 0) in Eq. (2.10), using the Bogoliubov approximation Eq. (2.11), we
find the ground state energy

S A\

H= W‘IO%GOGO Y (2.12)
N2V, N?g  Anh*a ., 1
T T v T omv 2" (2:13)
where n = N/V is the density, and where we defined the interaction as
Vo = g = 4rh*a/m, (2.14)
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Chapter 2. Weakly interacting Bose gas

as a result of the Born approximation on the effective potential, which holds for weak
interactions and when we assume the macroscopic occupation of the ground state.
When considering occupation beyond the mean-field approximation, however, this term

has corrections that depend on p and takes the form

Vo=g 1+%Zg . (2.15)
p#0
The divergence for large momentum of this term comes from the fact that in the Fourier
transform of the effective potential (Eq. (2.9)) we considered only the contributions with
zero momentum. The correction of Eq. (2.15) is however important as it changes the
ground state energy and ensures this is a convergent quantity.

Including fluctuations in Eq. (2.10), and therefore the terms with p # 0, we obtain

p % \% T T ot
H = ﬁagaoaoao + Z p—m ap + ﬁ Z(4a$a£aoag + aI)aT_paoag + aga;r)a;f,aT_p),
p p#0

(2.16)
where the terms containing only one particle having non zero momentum have been
neglected as they do not guarantee the conservation of momentum.

Here we can still use the Bogoliubov approximation of Eq. (2.11), implying N &~ Nj,
however, in the first term we have to take particular care as the this approximation
does not include the terms that are second order in dI) and ap, with p # 0. Therefore,

we have to renormalize the population by imposing the condition

d& +Za ap—N0+Za ap. (2.17)

p#0 p#0

Neglecting higher order terms, this gives
ahabaoao = N* —2N > afap. (2.18)

Replacing this result, together with Eq. (2.15) in Eq. (2.16), we obtain the Hamiltonian
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Chapter 2. Weakly interacting Bose gas

in the form

. gN? P an o R A mgn
H = e + Z %a};ap + 5 Z <2aLap + aLaT_p + apl—p + ]72> . (2.19)
P p#0

This Hamiltonian can be diagonalised by using the Bogoliubov transformations

~ ~

dp = upbp + vpb (2.20)

al, = upbl, + vpb_p, (2.21)

where the bosonic creation operator Z;I) describes the creation of a quasiparticle (Bogoli-
ubov excitation) with momentum p. The coefficients up and vy are called Bogoliubov
coeflicients and, imposing the bosonic commutation relations for both the operators l;p

and ap, it can be shown that they must satisfy the relation
u? —v? = 1. (2.22)

It is useful at this point to introduce some functions that depend on one parameter and
satisfy this condition, so that we can reduce the number of variables. For instance, we
consider

up = cosh b, vp = sinh 6. (2.23)

Using the Bogoliubov transformations in Eq. (2.19), we obtain a Hamiltonian containing
a term proportional to the non-diagonal elements IA)I,IA)T_p + I;pZA)_p, so we need to impose
the condition for their coefficient to be null in order to have a diagonal Hamiltonian.

Therefore we impose

2

p gn
(Zm + gn> UpUp + ?( f) + vf,) =0, (2.24)

and by using Eq. (2.23), this can be turned into an equation for a single variable 6.

Using the relations cosh(26,) = cosh? 6, + sinh? f, and sinh(26,) = 2 cosh 6, sinh 6,
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Chapter 2. Weakly interacting Bose gas

we can rewrite Eq. (2.24) as

2
2
coth(20,) — —L/2mF9m (2.25)
gn
and obtain the Bogoliubov coefficients in the form
1 [p?/2m + ng ]
2 2
ug=1—vg = - |—/———+1]. 2.26
i P2 [ ¢(p) (2:26)

Here,

5\ 2 5 71/2
e(p) = [(;ﬂ) +2ngp] : (2.27)

2m

is the Bogoliubov dispersion relation, corresponding to the eigenvalues of the Hamilto-

nian (2.16) obtained in the diagonal form

H=Ey+) elp)blbp, (2.28)
P
with
gN? 1 P> mg*n?

Fn — - —agn — 2 2.2

o=+ 5 |0 - L M (2.29)
p#0

= 1 2.

2V [ tEme) (2:30)

where in the last line we carried the integration over the momentum.

These results mean that the superfluid, initially described as a system of interacting
particles in Eq. (2.16), can be thought as an ensemble of non-interacting quasiparticles
(Eq. (2.28)), the Bogoliubov excitations, whose creation and annihilation operators are
given by BL and l;p, and with energy €(p), given by their dispersion relation Eq. (2.27).
For small momenta p < mc, where ¢ = \/W is the velocity of sound in the super-

fluid, the dispersion relation is linear with p and takes the form

e(p) ~ cp, (2.31)
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and the quasi-particles have a phonon nature. In this case the Bogoliubov coefficients
diverge, as up — —vp — /mc/2p. In the opposite limit, for p > me, the quasi-

particles are particle-like and have the dispersion relation

p? p*
~ 2 . 2.32
e(p) U T (2.32)

where we defined the chemical potential u = gn = mc?, and in this case vp K up ~ 1.

2.4 Gross-Pitaevskii equation

In this section we derive the Gross-Pitaevskii Equation (GPE), which is a mean-field
theory used to describe the dynamics of a weakly interacting gas. We use the Hamil-
tonian of Eq. (2.7) as a starting point and, as we are dealing with field operators, we

describe the evolution of the system using the Heisenberg equation

i (e, t) = e, 1), 21
h2V?

= |[—5 + Vext(r) + / 'yt (e, OV (e =), )| ¥(r,t), (2.33)

where the last term was obtained using the commutation relations for the bosonic field
operators.

Under the considerations made in the previous section, we substitute V(r — r’) with
the pseudo potential Veg(r — r’). As discussed, the important thing is that both these
potentials define the same scattering amplitude in the dilute gas, where the condition
a < |r —r’| is satisfied. In the mean-field approximation, we can replace the field
operator zﬁ(r) with a wavefunction y(r), and the soft pseudo potential introduced
ensures that the wavefunction varies slowly on the range of the interparticle interaction,
therefore we can substitute r’ with r in ¢y(r’). The Born approximation is valid in
the weakly interacting limit (for ka < 1, where k is the relative wave vector of the
particles approaching each other) and, as seen in the previous section, the interaction
in this regime can be described by the interaction strength g, as defined in Eq. (2.14).

Under these assumptions, from Eq. (2.33) we derive the Gross-Pitaevskii Equation, of
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the form
I RAVE

om + ‘/ext(r) + QWO(I‘, t)|2 %(I‘, t)? (234)

L0
Zhaw()(ra t) =

where, for interactions in 3D, g = 47h%a/m, as defined previously.

The GPE is therefore a Schrédinger equation with a non-linear term determined by the
scattering between two particles. It is important to stress that this derivation relies on
the macroscopic occupation of the ground state, which is described by a wavefunction,
while any perturbations populating higher moments are neglected. This is typically
valid for large, weakly interacting gases, and for T' < T..

In Eq. (2.34) the only interaction process is the scattering between pairs of atoms, so

the number of particles is conserved and given by

N = /n(r,t)dr :/Wo(r,t)\zdr, (2.35)

where n = |g|? is the density of the gas.

In the previous section we discussed the conditions needed to have a dilute gas and a
weakly interacting condensate. It is important to remark that the diluteness condition
na® < 1 does not necessarily imply weak interactions, when comparing the different
energy scales. In fact, in order to understand if a gas is weakly interacting, we would
need to compare the kinetic and the interaction energy.

The energy functional of the system, for the ground state g, is given by the equation

h2
B = [ (700 + Vo)l + Slunto) (2.36)

- / <2’iv\/ﬁ\2 + Vgt (£)n? + gn4> (2.37)

= Ekin + Epot + Eint, (238)

where the first term, which is zero in uniform gases, is the “quantum pressure” and is
a consequence of the Heisenberg ucertainty principle, the second term is the potential

energy and the last one is the interaction energy. Using this, from the definition of the
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chemical potential p = g—f,, we obtain the time-independent GPE

h2v2
2m

+ Vet (r) + glebo(r, 1) [*| o (r) = pabo(x). (2.39)

In a 3D isotropic harmonic potential of frequency hwpo, Erin &~ Nhwp, < N /a%w,
and the interaction energy evaluated on the ground state is Ej; = gNn o< N2a/ a‘zo.

Comparing the two terms, we have

(2.40)

This term can be larger than one even in the case of a dilute gas, so the word “weakly
interacting” can be misleading. When the kinetic energy is much smaller than the
interaction energy, we are in the so called Thomas-Fermi limit. If we neglect the

kinetic term in Eq. (2.39), we obtain

1=V (r) + gl(r) . (2.41)

which results in the form of the stationary wavefunction determined by

V()

2_ M
()" = ; (2.42)

The Gross-Pitaevskii equation (2.34) derived here will be used to simulate the dynamics

of a BEC in Chapters 6-7, following the numerical method illustrated in Appendix 6.3.2.
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Chapter 3

Open quantum system dynamics

Despite the advanced progress in experiments to create platforms with single atoms
or photons coherently prepared in a well defined state, quantum systems cannot be
considered completely isolated from an environment, as there are always sources of
decoherence and dissipation present. For a complete description of the system, inter-
actions with the environment must be considered.

Theories of open quantum systems (OQS) provide toolboxes for the study of a system
interacting with an environment, where the environment degrees of freedom are traced
out in order to retain only the information about the system dynamics after the inter-
action. These methods, broadly used in quantum optics and atomic physics [128-130]
to describe, for instance, the interaction of atoms with light, have found applications in
other different fields, such as molecular physics [131, 132], solid state physics, quantum
information [133], biophysics [134], quantum chemistry [135], and nuclear physics [136].
In the context of quantum optics and solid state physics systems, the coupling is com-
monly with bosonic (or fermionic) environments, such as photons in the description of
an atom interacting with the light field, or phonons, for instance for atoms in crystals,
while in the context of atomic physics some environments can be represented by spins.
A complete description of a system coupled to an environment is difficult to give in
some cases, due to the fact that the size of the Hilbert space for an environment
with N degrees of freedom increases exponentially as 2. Therefore describing the

dynamics of both system and reservoir with the Schrodinger equation, in such cases,
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Chapter 3. Open quantum system dynamics

becomes prohibitive. However, depending on the characteristics of both system and
environment, for appropriate separation of time or frequency scales, we can use some
approximations to facilitate the evaluation of the dynamics of the total system. The
idea is that, instead of studying the joint closed dynamics of system and environment,
we can study the non-unitary dynamics of the system alone, using a dynamical equation
that accounts for the influence of the reservoir on the system state, but where we do
not need to keep track of the evolution of the environment.

These dynamical methods describing the evolution of the density operator for the sys-
tem are called master equations. Under certain assumptions, we can have some sim-
plified versions of these, called Markovian master equations, where we neglect the cor-
relations between system and reservoir and, under the assumption that the correlation
time of the reservoir is much smaller than the typical timescales of the system, we can
treat the environment as being static. In the following we present the derivation of
the master equation in the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) [137, 138]
form (commonly known as the Lindblad equation), to describe the evolution of the
system under the aforementioned approximations, and describe the Monte Carlo meth-
ods, as these methods have been used in the results presented in Chapter 4, where we

consider a neutral atom immersed in a superfluid reservoir.

3.1 Master equation

There are different methods to derive the GKSL master equation, using various ap-
proaches and mathematical descriptions that lead to the same results [130, 139-141],
based on some assumptions that will be discussed in this section. Here we report the
derivation of the GKSL master equation using a microscopic approach. Although we
are aware that the word “reservoir” is used by some authors to describe environments
with an infinite number of degrees of freedom, and therefore with a continuum of fre-
quency modes, we interchange it with the term “environment” without any distinction.

The Hamiltonian of a system interacting with the environment is

H = Hg + Hy + Hi, (3.1)
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Chapter 3. Open quantum system dynamics

defined by the sums of the Hamiltonians respectively for the system, the environment
and their interaction. We define, in the Hilbert space of system and reservoir Hg ® Hr,
the density operator p that describes both the system and the environment, which in

the Schrédinger picture, evolves according to the equation

_ t

p h[H’ P]‘ (32)

Moving to the interaction picture, an operator (generally described by the symbol O)

acquire a time dependence according to
0D (t) = U (t)OU(t) = er HsTHRII Q7 (HsTHr)E (3.3)
This definition applies also to the density operator, therefore Eq. (3.2) takes the form
P =~ 100, 00 1), (3.4)

which is the von Neumann equation. As in the following we keep working in the
interaction picture, to lighten the notation, we remove the superindex “(I)” in the

operators. Eq. (3.4) can be rewritten in the integro-differential form

pl1) = p(0) — 5 [ de (0.0 (35)

and after inserting this into Eq. (3.4), we obtain

pe) = ~5E(0). (0] = 55 [ e (0. LR, (4] (36)

It is important to remark that up to this point we did not make any assumptions.
The first approximation that we make now consists of considering the system and the
reservoir not entangled at the initial time ¢ = 0, so that the total density operator can

be factorised into one part for the system and one for the environment, as
p(0) = ps(0) ® pr(0). (3.7)
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However, this is not generally true at ¢ > 0, after the system and environment start
interacting and correlations between them set in. This can be accounted for, in the

total density operator at later times

p(t) = ps(t) @ pr(t) + dp(t), (3-8)

with the addition of a term dp(t) o< O(Hy) that defines the correlations between the
system and the reservoir, at the second order in Hy. At this stage we use the first
approximation, namely the Born approximation, where we stop at the lowest order of
the perturbation neglecting the correlations term dp(t). This approximation is justified
by the condition of weak coupling between system and reservoir. Furthermore, under
the assumption that the reservoir contains a large number of degrees of freedom and
interacts weakly with the system, we can consider the density matrix of the reservoir
to be only slightly affected by the interactions with the system. More precisely, the
correlation functions in the equation of motion that are relevant to the time evolution
of the system involve the same bath contribution at the time ¢ as they do at time zero,
and we can consider, for simplicity pgr(t) = pr(0) = pr.

As we are interested in the dynamics of the system, Eq. (3.6) can be traced over the
environment to obtain an equation of motion for the density operator of the system
only, and based on the Born approximation, keeping only the lowest order terms, we

obtain

ps(t) =~ Trn{[F (1), ps(0) @ pr]} — 3y /O dt T {[H (1), [HL (1), ps (1)) @ pr]l}- (3.9)

The other assumption that we make is —£Trg[Hi(t), p(0)] = 0 in Eq. (3.6). This is true
given Trg[Hi(t), pr] = 0, which can be satisfied by considering an effective Hamiltonian

for the system that includes the term Trr{Hi(¢)pr}. Eq. (3.9) can then be written as

ps(t) =~ /0 dt' Te {[Hi (8), [EL (#), ps(#) @ pr]]}- (3.10)

This form is clearly non-local in time, as the density operator of the system at the time
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t depends on its past history (denoted by the integration over the times ¢’ in an interval
t). We now make the third approximation, consisting in making this local in time by
replacing ps(t') with pg(t), so that the system evolution pg(t) does not depend on its
past dynamics anymore, but only on its state at the time ¢. This is called Markov
approzimation and in order to justify it we need to introduce two distinct timescales

involved in our assumptions:

1. the correlation time of the reservoir 7¢, defined as the interval of time needed
for the reservoir to restore its initial conditions. More formally, given a set of
operators b, of the reservoir, 7¢ is that time needed for the correlation function,
defined as (bL(t)bg(t —t)) = TrR{bL(t)bg(t — t")pr}, to go to zero. Assuming
that the environment covers an energy range hdw, then the correlation time is of

the order 7¢ = h/dw;

2. the typical relaxation timescales of the system 7, which can be defined as the
timescale over which the density matrix of the system changes appreciably, e.g.

for an excited atom, this is the decay time 7 ~ 1/T.

The Markov approximation consists of the assumption that 7 < 7, meaning that the
system can not resolve any changes in the environment as the correlations in this decay
in a time smaller than the timescale of the system. Under this condition, Eq. (3.10)

becomes

pslt) =~ /0 0 Ten [ (2), [F (1), ps (1) © pr]]. (3.11)

This equation is called the Redfield equation, and although it is now local in time, it
is still not Markovian, as the dynamics of the system still depend on the choice of the
initial condition at ¢ = 0 [139]. A second step then consists of applying the substitution
t' — (t —t') and extending the integral limit to infinity, under the assumption that cor-
relations in the environment decay rapidly on a timescale corresponding to the system
dynamics, which implies [ dt' Trr {[H1(t), [Hi(t), ps(t) @ pr]]} ~ 0. This corresponds
to the assumption that the system density matrix does not change significantly within

the environment correlation time 7¢. From the Redfield equation we therefore obtain
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the master equation in the Markovian form

() =3z | " AT [Hy (1), [t — 1), ps(t) © p]). (3.12)

However, this equation does not guarantee the definition of a dynamical semigroup
[139]. For this purpose, we need to do the secular approximation, which is fulfilled by the
condition 7§ < TR, where 7g is the characteristic evolution time of the system and 75 is
the relaxation time, as previously discussed. In order to have a better understanding of
the motivation and implications of this approximation, we now proceed to the derivation
of the Lindblad master equation. Decomposing the interaction Hamiltonian in a part
given by operators of the system and one by operators of the reservoir, respectively s,

and b,, we can write

Hi=h)_ 56®ba. (3.13)

Under the assumption that the spectrum of the system is discrete with eigenvalues e
[139], we can define projectors II(e) in this eigenspace, so that the eigenoperators of

the system are given by

sa(w) = > M(e)sII(¢), (3.14)

therefore fulfilling the condition [Hg,sq(w)] = —wsq(w), [HS,SL(w)] = wsh(w), and
having the properties

sa(w) = sh(-w), (3.15)

D salw) =D shw) = sa, (3.16)

where the last equation follows from the completeness relation. We transform the
operators of the system and the reservoir into the interaction picture, where according
to Eq. (3.3) we obtain bg) (t) = efIrtp, e =Rt and use the property of the eigenoperators

() (1)

of the system s (w) = e~ s, (w), sk’ (w) = €™!s],(w). Removing, for convenience of

notation, the superindex (I) in the operators above, the interaction Hamiltonian can
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then be written in the form
Hy(t) =1 e ™sq(w) @ ba(t) = h* Y e™is](w) @ bl (1). (3.17)

Going back to Eq. (3.12), after expanding the commutators and using the cyclic prop-

erty of the trace, we can write

) I
ps(t) = 5 / ' Trr { Hi(t — ) psprHi(t) — Hi(t)Hi(t — ¢')ps(t)pr + hc.}.  (3.18)
0
where h.c. denotes the Hermitian conjugate, and after replacing in Eq. (3.18) the inter-
action Hamiltonian with the form derived in Eq. (3.17), we obtain the master equation

in the form

ps0) = 32 3 e [Ds(w) (s5(w)ps ()L () — sh(w)sp(@)ps(0) +he]
a,fB ww’

(3.19)

where we have defined

Top(w) = /0 et 0 ()bt — 1)), (3.20)

corresponding to the one-sided Fourier transform of the reservoir correlation functions

(0L (£)bs(t — 1)) = Trr{bL (t)bs(t — t')pR}. (3.21)

Here we want to make some remarks about the properties of the reservoir and its
correlation function. If the environment is stationary, as we assumed so far, then
[Hg,pr] = 0, implying that (b (£)bg(t — ) = (bh(#')bs(0)). This means that the
correlation functions are homogeneous, as they do not depend on the particular time
t, but only on the interval ¢'.

Going back to the motivation behind the secular approximation, Eq. (3.19) gives now
a more solid ground for further discussions. The typical evolution timescale of the

system, 7g, should be considered of the order 1/(Jw’ — w|) with &’ # w. However,
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under the assumption that 7z > 79, where 75 is the relaxation time of the system, the
frequencies |w' — w| with w’ # w will be highly oscillating and average out to zero in
the timescale 7r. We therefore keep only the energy conserving terms with w’ = w, so

that we can write the master equation as

ps(t) = 3 [Pas(@)(s(@)ps(t)shw) — sh@)sa@lps(t) +he ], (3.22)

Q’,ﬁ w
with I'y g(w) defined as in Eq. (3.20). We do not report the next passages here, but
it can be shown [139] that this master equation can be rewritten in the GKSL form

137, 138]
. o Vi t t
— Lps = —L1H, S X 2Lips Ll — {LILi, ps}). 2
Ps Eps FL[ SapS]+ i 2( PSSy { 7 pS}) (3 3)

where L; are jump (or Lindblad) operators and ~; > 0 are decay rates associated with

the dissipative part of the dynamics.

3.2 Monte-Carlo Wavefunction method

In the previous section we derived the GKSL master equation. This can be used to
describe the evolution of the system interacting with an environment in a wide variety
of problems, as mentioned at the beginning of this chapter. However, in the numerical
implementation of the Lindblad equation, a direct propagation of the density matrix
ps can be challenging due to the fact that its matrix representation has dimension
dim(Hs)? and the Hilbert space dimension Hg grows exponentially with the size of the
system. Some other approaches alternative to the direct propagation of the reduced
density matrix have therefore been developed to circumvent this problem. One of
these is the quantum Monte-Carlo Wavefunction method (also known as the Quantum
Trajectories method) [142, 143] (see [144] for a review), where a pure state of the
system (that can be represented with dim(#g) variables), randomly sampled from the
initial density matrix of the system, is subject to a stochastic evolution that combines
quantum jumps and the evolution under an effective Hamiltonian. The density matrix is

therefore reconstructed after averaging over many realisations (trajectories). From the

31



Chapter 3. Open quantum system dynamics

Lindblad master equation Eq. (3.23) we have seen that the dissipation is determined by
the action of jump operators L; that occur at rates v;. We expand the anti-commutator

in the Lindblad equation and define the effective Hamiltonian
ih t
Heg = Hs — > L, (3.24)
J
to write Eq. (3.23) in the more convenient form

ps = —7[Hs, ps] + > %[QLWSLZ — L{Lips — psL{Li] (3.25)
7

1
= _ﬁ[Heffva} + Z'YiLiPSLI~ (3.26)

7

These two terms can be interpreted as follows: the first term determines the system
evolution under the non-Hermitian Hamiltonian H.g, therefore removing amplitude
from a certain state, and the last term of Eq. (3.26) restores the population into other
states. We can imagine this as the effect of an environment acting on the system with
measurements after time intervals 6t, and instead of tracing over the environment,
the outcomes of the measurements are recorded, so the system at the time ¢ 4 §t is
projected into a new state', which becomes the initial condition for the next time
step. At this point the memory of the environment simulator is reset (reflecting the
Markovian approximation) and the system is in a new pure state. After repeating this
procedure for the entire evolution and for many trajectories, the density matrix of the
system can be restored by averaging the projector on the state of the system, over all
the number of trajectories.

In the following we describe more precisely how to implement the first-order Monte
Carlo wavefunction method, used in Chapter 4.

For each trajectory we start with the system initially in the pure state |¢(t = 0)),

sampled from the density matrix ps(0). We can expand the master equation to the

in the numerical implementation, the state at t+6¢ is sampled from the distribution of the transition
probabilities
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Chapter 3. Open quantum system dynamics

first order in a time step d0t, and this gives a time evolution determined by

6 (e-+00) = (1= Handt ) o10). (3.27)

where t is the initial time at each time step. As the evolution of the system is non-

unitary, it does not preserve the norm and this decreases by a quantity dp:
(6D (t 4 5t)| oW (& + 6t)) = 1 — dp, (3.28)

with 6p = 6t ($(1)| (Heg — Hlg)6(1)) + O(61%) = 6t 32,7 (#(D)|LILsl6 (1)) = 3 6pj,
determined by the total decay probability given by the sum over the probabilities to
decay to the other states determined by the channels allowed by the dissipator. Based
on this observation, for the next step we have to determine if the jump happens or not.
Numerically, this is done by randomly generating a number r; € [0,1], and based on

this outcome we propagate the state as follows:

1. r1 > dp: no jump occurs. The probability that this happens is given by 1 — dp,

as we have just seen, and in this case we simply renormalise the state:

_ 16t + 6t)

¢+ 8(0)) =

(3.29)

2. r1 < dp: a jump occurs. With probability dp, the system jumps to another state

and the population is removed from the initial state

V3iLilo(t))
Vop; /ot

The new state occupied is sampled from the probability distribution of all the

|6(t + t)) = (3.30)

possible states II; = 0p;/dp, by generating a random number rp weighted over

this.

After iterating this method for the whole evolution, we can determine the stochastic
average over different trajectories and reconstruct the density matrix evolution, as

explained below.
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Chapter 3. Open quantum system dynamics

We follow the previous steps explained for the evolution of the pure state, mapping that
to a density matrix formulation. The pure state at each initial time step ¢ corresponds

to a density operator given by

o(t) = [o(t)) {e(t)] . (3.31)
After propagating in a time dt, this can be written in the form

160 (¢ + 81)) (6D(t + 61)| Z L, L o) (940 o(1)| L]

ottt == = A= A=y, /003 /0L \/0p; /ot

(3.32)

to be interpreted as the statistical average of o(t + dt) over all the trajectories. Substi-

tuting Eq. (3.27) here, at the first order in ¢, the above equation is
o(t+6t) = o(t) — %&( Hego(t) — o(t)Hlg) + &Z viLio () LT+ O0(6t?),  (3.33)
J
that can be rewritten, neglecting higher order terms, as

o(t+ 62 —at) _ —%(Heﬁ(f(t) — o(t)Hlg) + Z%Lja(t)L} (3.34)

which can be generalised to the case of a mixed operator o(t). Taking a statistical
average over the different trajectories is therefore equivalent to evaluating the evolution
by means of the master equation (Eq. (3.26)).

It is worthwhile noting that in general we sample the observables that interest us from
the trajectories, rather than directly reconstructing the density operator. Furthermore,
these are independent samples, so that the statistical error scales as o/ V/N, with o the
standard deviation of the observable across the trajectories, and N the number of

samples.
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Chapter 4

Cooling of neutral impurity

atoms immersed in a BEC

4.1 Introduction

The achievement of dual-species mixtures in the last years [53, 54, 145] has paved the
way to the study of individually trapped impurities in a BEC [62-64, 68] exploring both
coherent many-body dynamics and dissipative dynamics. In particular, the study of
dissipative dynamics [146, 147] has led to progress in the cooling of atoms, improving
the control over unwanted dissipation of trapped atoms in optical lattices [73-78], and
also applications in the context of many-body state engineering by means of dissipative
driving [148-151]. The study of dissipative dynamics of a single neutral impurity atom
immersed in a BEC, in particular, has been shown to be useful for its cooling to the
motional ground state, without affecting its internal states under certain conditions
[79].

This process relies on the relaxation of the motional excitations when coupled to the
BEC, determined by the spontaneous emission of excitations in the reservoir, analo-
gously to the case of an atom in an excited electronic state that decays by emitting
a photon. In a lattice, this spontaneous emission process, combined with engineered
excitations of the motional state can find applications in dark-state laser cooling, aim-

ing to achieve cooling within a Bloch band [81, 82]. This is motivated in particular
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Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

by recent dual-species experiments with alkaline-earth-metal atoms and alkali atoms
[54, 63, 152], especially with spin-polarised fermions, where the collisions within the
same band are suppressed, so that coherence is preserved and the dissipative dynamics
is related to the coupling between different bands.

Sympathetic cooling by a gas of neutral atoms has also been studied for single ion
impurities, motivated also by recent experiments with hybrid traps for ions and neutral
atoms [153, 154]. In contrast to the neutral impurity case, the radio-frequency field of
the ion trap induces micromotion, on top of the harmonic oscillations, as a consequence
of the oscillating electrical forces. The presence of this time-dependent trapping po-
tential leads to injection and loss of energy in the system over a single trapping cycle,
with limitations in cooling and heating that are still argument of discussion [155, 156].
Given the above motivations, we study the dissipative dynamics of neutral spin-polarised
fermionic impurities trapped in anisotropic traps in different geometrical configurations,
going beyond the 1D trapping potential models of previous studies [79, 82], and im-
mersed in a 3D bosonic reservoir gas.

Experimentally the confinements of the two species in different dimensions is obtained
using, for instance, the technique of species-selective dipole potential [64, 157]. The
dynamics of impurities, in this setup, can be observed experimentally using fermions
in an optical lattice in the Mott insulator regime where the tunneling is tuned to
zero, so that the harmonic oscillators are independent [64]. Besides that, experiments
that use trapping of a single impurity were realised, for example, preparing separately
the reservoir atoms and the impurity and then transferring the impurity in the bath
[158, 159].

Here, for the impurities, we consider a range of trapping conditions in the transverse
direction with respect to the direction along which an atom is initially excited. This
sets the basis for experimental applications in 1D or 2D optical lattices, and also offers

a possible method for cooling distributions of fermions on single sites of a lattice.

This chapter contains results published in [123]! and is organised as follows. In Sec. 4.2

The author of this thesis performed all of the calculations and produced all of the figures in Ref.
[123]
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Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

we introduce the model, describing the Hamiltonian and the approximations made in
our study, where we use an open quantum system approach. In Sec. 4.3 we start by
considering the case of a single impurity in a pancake-shaped trapping potential, and
coupled to a BEC, which acts as a reservoir for the impurity atoms. We evaluate the
decay rates associated with the spontaneous emission process for excitations in the
reservoir, for the case of the impurity initially excited in the axial (tightly confined)
direction. We see how these rates depend on the geometry of the system and the
trapping frequencies, as well as the properties of the reservoir, such as the chemical
potential. Setting parameters used in current experiments, we estimate realistic decay
times. In Sec. 4.4 we estimate the decay rates for a different geometrical trapping
potential weakly confined in the radial direction, effectively studying a 2D harmonic
trap. Furthermore, we consider finite temperature reservoir effects and in Sec. 4.5 we
extend these results to study the dynamics of spin-polarised fermions in a cigar-shaped
trapping potential. In Sec. 4.6 we summarise this work and discuss future interesting

perspectives.

4.2 Introduction to the model and derivation of the mas-

ter equation

The system we study is an impurity neutral atom trapped in a harmonic potential,
immersed in a 3D superfluid gas of bosons. For simplicity, we consider the reservoir
to be confined in a square well potential of volume V' (we assume that the size of
the reservoir is much larger than the oscillation length of the impurity in different
directions), and the fermionic impurity in a well-defined internal state during the whole
investigated dynamics. This choice is justified by the fact that the internal states are
not be affected by the cooling process if there are no spin-changing collisions and if
the atoms are prepared in a single internal state, or in a superposition of states with

the same scattering lengths for collisions with the reservoir atoms [79]. This model is
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Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

described by the total Hamiltonian

ﬁ:ﬁa—l-f{b—i-ﬁint, (4.1)
where
. 1
H,=h (wxﬁx + wyhy + wzh; + i(wx + wy + ww)> , (4.2)

is the Hamiltonian describing the vibrational motion of the impurity, approximated by
a 3D quantum harmonic oscillator of frequency w; along the i-direction (i = z,y, 2).

The Hamiltonian describing the superfluid reservoir is

Hy,=Ey+ Y e(k)blby, (4.3)

k#0
which is obtained from the Bogoliubov diagonalisation as described in Chapter 3, where
we introduced the creation and annihilation operators BL and by for Bogoliubov exci-
tations with energy e(k) = €; and momentum hk. Here, Ej is the ground state energy
of the superfluid. The interaction between the reservoir and the system is described by

a contact interaction term, given by the Hamiltonian

Hint = YGab / 5ﬁ(rb)5(r - rb)drb = gabéﬁ(r)a (44)

where r is the position operator of the atom, and rj and §p are respectively the position
and the density fluctuation operator of the reservoir. The coupling constant between
the atom in the lattice (with mass m,) and the atoms of the BEC (with mass m;) is

given by the interaction strength go, = 47h%aq /2m , where ag is the scattering length

MagMy
Mg +mMyp

between the impurity and the superfluid, and m = is the reduced mass.

By using the mean field description, the field operator for the superfluid can be written

as

U= \/po+ 07, (4.5)

where pg is the mean condensate density and the density fluctuation operator is there-
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fore given by

6p =W — py = /po (60 + 6TT) + 50150, (4.6)

determined by the fluctuations of the field operator, which can be rewritten in terms

of Bogoliubov operators as
. 1 . .
oV = Nid Z(ukbke“"r + vkbLe_’k‘r), (4.7)
Kk

where V is the normalisation volume and u; and v the coefficients obtained moving
to the momentum space using Eq. (2.8) and using the Bogoliubov transformations of
Eq. (2.20)-(2.21). The Bogoliubov coefficients of Eq. (2.26) can be rewritten in the

form

1
1—-RY’

R}

4.8
1—-RY’ (4.8)

up = v =

where we defined Ry, = (k)22 oo ) — \/gupo/my is the speed of sound

mpu?

in the condensate (with gy, = 4wh%ay,/m; the interaction within the BEC) and ¢, the

energy of the Bogoliubov excitations, given by

2
oo (22 19

Using the definition of the chemical potential of the reservoir

[ = gubpo = Mpu?, (4.10)

we observe that, depending on the momentum of the excitations, the Bogoliubov exci-
tations can either have a particle-like spectrum in the supersonic regime (when eg > py,
therefore k > myu), or a phonon-like one in the subsonic regime (for € < pp, implying

k < mpu). The energy spectra in the two cases are respectively given by

21.2
(sup) _ IR 411
€L me + Wb, ( . )
e — hut, (4.12)
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and are shown in Fig. 4.1.

€(K)/ up
61

0.5 1.0 1.5 2.0 2.5 3.0 mpulh

Figure 4.1: Bogoliubov excitation spectrum, as given by Eq. (4.9) (solid black line).
The dashed grey line determines the value of the chemical potential py, while the blue
and green dotted lines represent the excitation spectrum respectively in the supersonic
limit (Eq. (4.11)) and in the subsonic limit (Eq. (4.12)).

The different dispersion relations in the two regimes imply a change also in the structure
hk

2mpu

the subsonic limit, as shown in Fig. 4.2. In the following we will see that this quantity

factor S(k) = (uy + vx)?, with S(k) ~ 1 in the supersonic limit and S(k) ~ in
represents an important role in the evaluation of the transition rates, and therefore in
the dynamics of the system.
S(k)
1.0f == =====mmmmmmmmmmmmmooomeooeooooooon

0.8
0.6
04

02

5 10 15 0

Figure 4.2: Structure factor S(k) = (ug + vx)>.
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Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

Under the assumption of low temperatures, the term SUTSW of Eq. (4.6) can be ne-
glected [79], and using the definition in Eq. (4.7), the density fluctuation operator takes

the form

5p = /po (00T + 50) 1/po Z (up, + vg) (bree™ ™ + bl e =), (4.13)

The interaction Hamiltonian of Eq. (4.4) therefore reduces to
Hint = gap/po[0WT (7) + 60 (7)] = gap /&‘f > (g + ve) (bie™F + ble ™)) (4.14)
k

We consider the impurity atom initially in an excited state, and in order to consider
its dynamics we use an open quantum system description (see Chapter 3), where the
impurity is the system, interacting with the BEC reservoir. In the following we present
the derivation of the master equation describing the dynamics of the system. We move
to the interaction picture and use the Born-Markov approximation, motivated by the
fact that, in addition to weak coupling, we assume that the correlation time of the
reservoir is much smaller than the relaxation time of the system (further discussions

on this are presented in the next chapter). We start with the Redfield equation

/ At TR [Hine (8), [Hint (t'), ps(t) @ prll, (4.15)
where the density matrix of the system, factorised in the different directions, is

hatps = p& @ p¥ @ p&?, (4.16)
and where we assume that the coherences can be neglected, under the assumption
that the oscillation frequency w; is much larger than the frequency associated to the
characteristic interaction timescale, so that, along every direction we can project the
density operator on the diagonal and consider p ps = >, Pn; [n4) (ni], where i = z,y, 2 is
the index for the different spatial directions, which can be factorised. In the interaction

picture, the operators by and 7; of Eq. (4.14) are now by(t) = e #!hy and 7i(t) =
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h_a;(t) + a) ()], with a;(t) = e~™ia,.

2maw;

Defining gr = gaby/ P (ur + vr), Tiea(t) = bi(t), Tia(t) = b(0), sica(t) = ™0,

ska(t) = e~ () the interaction Hamiltonian can be rewritten in the more compact
form
Hipy = Z gk(Tk1561 + Tk 2sk2) = Z Ik Z 'k oSk a- (4.17)
k k a

By expanding the commutator in the master equation and using the cyclic property of

the trace, TrR{ABC} = Trr{CAB} = Trg{ BCA}, Eq. (4.15) can be written as

ps(t) == g Z/O dt'[(sa(t)s(t)ps(t) = s5(t")ps(t)sa(t) (Ta(t)ls())g

k 0475

+ (ps(t)s(t)sa(t) = sa(t)ps(t)ss(t) (Ca(t)Ta(t))g]; (4.18)

where we removed the index k in the operators, after using the property

(Cra(OTw,8(t")g = Okp (Ca(t)Ts(t))g - (4.19)
Furthermore, using the relations

(bbr)g = (bIb1), = 0, (4.20)

br(t)bL (1) = e ekter s bl — emhert=ppl (4.21)

and changing the integration variable from ¢’ to 7 = t — t/, after considering also the

secular approximation, the master equation takes the form

! ik;iTs ik;r; iw; T(mg—mny;
== [ df[ I > (rm» (male™7 ) (il 7 ) (i p 7 1>)
k

1=x,Y,2 N, M

- 11 > (lmi> (male™®7 ng) (ngle %7 mg) <mrp(m))]

1=T,Y,2 Ni,M;
—i€,T 77 i€, T I 29200
o (7 bl + € (b)) TS wn + ). (4.22)

Under the assumption that the correlation time of the reservoir is much smaller than
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the typical times of the system’s dynamics, the Markov approximation allows us to

extend the integration limit ¢ — oo, hence we obtain

ood7'€ T[>, wj(nj—mj)—ex/H] —whé[ Wi ) —ex| +i p-v. ,
/O ; / / hzjwj(nj—mj)—ek

(4.23)
where, as before, j runs on the components in the different directions and where p.v. in
the second term indicates the Cauchy principal value [160] and it only gives an energy
shift (the counterpart to the Lamb shift in electrodynamics), so it can be discarded by
means of a renormalisation of the system frequencies w;. The occupation probability

Ping,my,m. of the impurity in the state [m,,m,, m.) is given by

T 2
i =20 S+ 3 ([T e ) (1.20

k Nz,y,z

{ { (Z wi(n; —m;) — 6k> Pn =90 <Z wi(m; —n;) — 5k> pm] (bichi)

HZ% m; —n —6k>pn—5<2wz ni —ek>pm] <BLEk>R},

where we used the notation p,, = pp, .. The terms in the trace over the bath give
<lA)lT(lA)k>R = N(k) and <i’k61T<>R = N(k) + 1, describing respectively the processes of
absorption of Bogoliubov thermal excitations from the reservoir and stimulated and
spontaneous emission, where the distribution of excitations with momentum k is given

by the Bose distribution N (k) = which is taken into account when considering

_1
efer—17
a finite temperature reservoir.

Considering the matrix elements given by the term

Tom(K) = Gaby /%(uk + vg) (M, My, mz]e” 8T ng, ny, n.) (4.25)

we can define the decay rates, given by the Fermi’s golden rule, as

2
Tigy sy, = % S [T (k)82 — exc), (4.26)
k
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where € = 1) w;j(n; —m;) is the difference of energy between initial and final states
of the impurity. Analogously, for a finite temperature reservoir, the transition rates for

absorption and stimulated emission processes, are given by
. = 2T N T (9506 ) (1.27)
Ng,y,z;Mz,y,z ~ h - n,m k)- .

We can therefore rewrite the form of Eq. (4.24) for the evolution of the occupation

probabilities of an impurity in the state |mg, my, m.) as

Pmyy. = § : F”x,y,z_”nx,y,zpnw,y,z - 2 : Fm-r,y,zﬁmfx,y,zpm%yyz
Ng,y,z: m;: :
. L . sY,Z
Ziwz(nz mz)>0 Ziwi(mi*mé)>0
+ E an,y,z§mz,y,z(pnz,y,z—pmz,y,z)' (428)
Na,y,z

As illustrated in Fig. 4.3, the first two terms in Eq. (4.28) define the decay with the
spontaneous emission of a Bogoliubov excitation, while the third term describes stimu-
lated emission and absorption of thermal excitations that can bring the atom to higher
motional states, as defined in Eq. (4.26) and Eq. (4.27).

Depending on the temperature of the environment compared to the separation of the
system energy levels, the absorption of thermal excitations can in principle be neglected
if kpTp < hw for all relevant trapping frequencies w, so that the reservoir at this extent
could be considered as an effective zero temperature gas. However, depending on the
geometry of the system, this condition may not be fulfilled. In Sec. 4.4 we study how
finite temperature effects modify the dynamics of the system and what conditions must
be fulfilled in order to be able to minimise or neglect them.

Aiming to study the evolution of the state of the impurity in different geometrical
confinements, in the following we focus our attention on the derivation of the transition
rates, for the specific case of impurities initially excited in the first excited state along

a tightly confined direction.
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0,0,1)
', 0)
Hm,n,O;m/,n/,O
i, m, 0) *oo. To0,15mn,0
T N
. 4 BEC

Figure 4.3: Schematic representation of level transition mechanisms for an atom initially
excited along one direction in a 3D harmonic trap immersed in a superfluid. At T =0
the only possible transitions are given by the decay from the state 0,0, 1) to the state
|m, n,0) with the creation of Bogoliubov excitations and are described by the coefficients
T001—mno in the equations of motion. At finite temperature, an additional contribution
due to the interaction with thermal excitations can induce stimulated transitions and
excite the atoms to higher motional states either radially or axially. This contribution
is represented by the coefficients H,, », a:m’ n/.o-

4.3 Single atom cooling in a 3D harmonic potential tightly

confined in one direction

In this section we study the case of an impurity trapped in a 3D harmonic potential
tightly confined in the axial direction z and weakly confined isotropically in the other
directions, so that w, > w, = w,; = w,. Referring to the symmetry of a pancake shaped
potential, we will refer to the tightly confined direction as the axial direction, and to
the others as the radial directions. We consider the atom initially excited in the first
state along the axial direction, and we study the spontaneous emission of the atom
decaying towards the radial directions.

For this purpose, we confine our study to the case where the chemical potential of
the BEC is much smaller than the separation of the energy levels in the different
directions. This allows us to consider the dynamics of the system in the supersonic
regime (€x > up), where the Bogoliubov excitations, emitted after the decay of the
excited impurities, are particle-like having energy €, = h?k?/(2my) (neglecting the
shift given by the chemical potential). As seen in Fig. 4.2, this allows us to consider

the structure factor in the simplified form S(k) = |ug + vi|? =~ 1.
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The spontaneous decay rates are found from Eq. (4.26) after evaluating the matrix

elements in Eq. (4.25). For this purpose, we note that the term e~%s% is the displace-
T

ikt h
L o*G;], with a = ——22% and r; = is the
J J]’ \/§ Jo Maw;

oscillation length in the j direction. By using the identity [161]

ment operator D(a) = explad

(WID(@)ln) =4[ Ze 2 alnILim(af?), (4.29)
we therefore obtain
ik Inj—n|
Jo ") .. n;j—n' 2 1.2
Iy o—ikij _n<d - ijoky \'" " ng—ni| (15, K5
with ne = min(n;, n;) and ns = max(n;, n;), and where Lflnj_nj)(:c) is the generalised

Laguerre polynomial, defined as

Lo(x) = i(—nm(”*a)“”m. (4.31)

n—m/) m!

After transforming the momentum components from cartesian to spherical coordinates,
and after using the delta distribution property to integrate over the momentum, we
obtain that the dimensionless decay rates of Eq. (4.26) for the transitions |0,,0,,1,) —

|mg, ny,0;) are given by

Coo1 0 2¢%p0yMamy My mnts
—mnl) _ “Jab a ((w —(m + n))) Ap(m,n)
Mg

Vwrwo  (2m)?2R3um!nlw
> / d6 cos? 0(5in2 9)m+n+1/26—:Z—Z(w—(m-i—n))(sin2 9-{—% cos? 9)’ (4.32)
0

where Ag(m,n) = f027r de¢ cos®™ ¢sin®® ¢. We write them in units of Vwrwo, with
wo = pp/2h, to give them an explicit dependence on the ratio w = w, /wy.

In Fig. 4.4 we show how these decay rates depend on the final radial states n and
m for realistic parameter values, and we observe that the main contributions come

from transitions towards low energy states, where the overlap between initial and final
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wavefunctions is larger. The transition coefficients are symmetric for n and m, but not
radially symmetric in n — m space. This is due to the fact that, with the conservation
of the energy, conservation of momentum is also imposed. As a consequence, there is a
non-trivial dependence on n+m and n —m, since for a fixed value n 4+ m, the different
projections of the momentum on the two possible directions change significantly the

matrix elements.

0.004

0.003
F001->mno

'\’ Wy Wo

0.002

0.001

Figure 4.4: Transition coefficients T'gg1—mno in units of ,/w,wy, for w,/w, = 25. The
transitions contributing the most are the ones to low energy radial states.

The estimation of these transition coefficients is necessary to determine the decay time

T = 1/T'1o from the initial state |0,0, 1), as this depends on the sum of the transition
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rates for all the possible final states, which gives the total decay rate

T'rot =T =Y To01mno- (4.33)
n,m

In Fig. 4.5 we observe the variation of the total decay rate with the ratio between
the two trapping frequencies w = w, /w, for different configurations, ranging from 1D
(w < 1), 3D isotropic (w = 1) and 3D anisotropic (w > 1). We observe that when
increasing the ratio w in the 1D limit, the total decay rate (that in this case is given the
only possible transition I'1_,() increases, as a consequence of the fact that an increase
of the trapping frequency along z (keeping w, fixed) increases the number of collisions
with the reservoir in a given time interval.

In this limit (w < 1) the decay rate can be written in the simplified form [79]

oo o ggbp(]\/mamb Wz Ve /ma —£2 42
= 3 — e > £hdS
WrWo mh3u Wr J—\/my/ma
_ Gy [ (Vg fme) e ]y
h3u wp | 2 Ma Mg
In the 3D isotropic case (w = 1), the analytical solution obtained from Eq. (4.32) (for

m =n = 0) takes the form

1 — a A2 2
Ti o0 2™/ Meg2m2pg

/oty 3muhdm,

(4.35)

In the 3D limit, going towards higher values of w > 1, although the single values of the
allowed transitions I'gg1_mno decrease for increasing w, the total decay rate increases,
since the number of available final states contributing to that is given by w(w + 1)/2.
From Fig. 4.5 we see how the decay time 7 = 1/I" varies in the different limits: the
1D asymptotic behaviour obtained from Eq. (4.34) is represented with the dotted line
and the value obtained with the 3D isotropic analytical case of Eq. (4.35) is shown for
w = 1 by the dashed horizontal line. From the decay time plot in Fig. 4.5 we see that,
analogously to the 1D case, for the 3D scenario the behaviour of I'pot //wrwg o \/m

is preserved, but with a different coefficient.
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Figure 4.5: (Top) Total decay rate from the initial state [001) (blue dots) and decay
rate for the transition |001) — |000) (orange squares), versus the ratio between the
frequencies. (Bottom) Decay time versus the ratio between the frequencies (blue solid
line). In the 1D limit and 3D isotropic limit, respectively for w = w,/w, < 1 and w = 1,
the only transition available is the one given by the decay rate 'gg1—000, for which we
have analytical solutions determined by Eq. (4.34) and Eq. (4.35). The corresponding
decay times are illustrated in the bottom figure respectively with a dotted and a dashed
line. In the 3D limit, for w > 1, the number of transitions contributing to the total
decay rate is w(w + 1)/2, giving an increasing total decay rate also in this limit. The
value of w, used here is always larger than the reference frequency wy = u/(2h), so that
we are in the supersonic regime even in the low frequency 1D limit.
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4.3.1 Experimental parameters

In this section we make use of the above results to give an estimation of the real
timescales of the dynamics by using numerical parameters realistically used in dual
species experiments. In particular, we consider the case of 17'Yb impurities immersed
in a 8"Rb superfluid (as realised in [84]) with a density py ~ 10'* cm~3. Considering
a scattering length ayp, = 105ag, with ag being the Bohr radius, we obtain that the
chemical potential is pp = gpppo = %po ~ 3 x 107 "eV. This value of the chemical
potential determines a speed of sound in the superfluid of u = \/7’% ~ 0.5 cm/s, and
we define the reference frequency as wg = % ~ 271 x 4 kHz. By considering values for
the trapping frequencies w, = 27 x 60 kHz ~ 15wy and w, = 27 x 200 Hz ~ 0.05wy,
from the results obtained in the previous section, we estimate a decay time of 7 ~ 2

ms, shorter than the typical coherence times.

4.4 Single atom cooling in a 2D harmonic trap tightly

confined in one direction

In this section we adapt the results derived in the previous section to study the case
where one of the previous radial directions is tightly confined, so that the 3D harmonic
oscillator is tightly confined in two directions, and the trapping frequencies satisfy the
hierarchy w, > w. > w,. In this case we can neglect the dynamics along the tightest
direction y and we effectively consider a 2D harmonic trap where in the z direction,
as in the previous case, we have only two available modes. Reflecting the geometry of
this potential, we now call the direction along z the radial one and we refer to the one
along x as the axial direction.

For our purposes, as we excite the atom to the first excited state along z, considering
only the two accessible states |0), and [1), in this direction, we can neglect for the
direction y the states at those energies will not be populated during the dynamics.
Therefore, we effectively study a 2D harmonic trap with tight confinement in the di-
rection z. We now consider the case where the atom can initially be excited also along

the axial direction, therefore taking into account transitions |ng, 1,) — |mg,0;). In the
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following we see how this complicates the estimation of the transition rates and discuss
some useful approximations. Furthermore, we study the case of a finite temperature
reservoir and see how this affects the dynamics of the impurity, depending on the choice

of the parameters. From now on we remove the indices  and z to simplify the notation.

4.4.1 Estimation of the transition coefficients
In this case the transitions contributing to the dynamics are:

1. a decay rate I', 1m0 due to the decay from the radially excited state;

2. transitions from and to axial states of the same radial one, given by I'y, o—sm.a,

with « either 0 or 1, where transitions occur effectively in 1D.

As we still focus on the case Aiw, > 3, for the transitions from the excited radial
state we can still consider the system to be in the supersonic regime. However, for the
transitions between axial states, this assumption is not necessarily valid as the energy
spacing fuw, in this direction can now be of the same order of the chemical potential .
We therefore need to use the most general form of the structure factor in the estimation

of the transition rates, and we will see the effect of this in the different regimes.

Decay rates I';, 1,0 In Appendix A we present the derivation of the decay rates
'y 1—m,0 with a procedure analogous to the one presented in the previous section.
However, the numerical evaluation of the matrix elements obtained here turns out to
be non-trivial and to give convergence problems, due to rapidly oscillating integrands
for large values of m and n. Therefore, to evaluate them, we used a semi-classical
approximation [162], discussed in more detail in Appendix A, where we compare the
results to the full quantum expression.

The decay rates between the states |n,1) — |m,0) obtained with this method, in the

supersonic regime, are given by the equation

292,00/ Mainy [y

I‘n,l—n’n,O = W E(w +n — m) WaWo
X / dfsin By(n, m,0)J2_,, <\/§$Zja“§(9)> : (4.36)
0 0
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are plotted in Fig. 4.6. Here J,_,,(z) are the Bessel functions of the first kind, as
defined in Eq.(A.7),

(4.37)

V2n+1++2m+1
Tmaxr = L0 2 ’

is the average between the initial and final maximum position of the impurity and we

have defined

l’% k2 cos? 0 my

£2(0) = - = (w +n —m) cos? 6, (4.38)
272 (2

9 2yk* sin* 0 myp . 9

pu— = _— 4.
¢°(0) 5 maw(w—i—n m) sin® 6, (4.39)
and
2m 5 5
By(n,m,0) = / dgpe¢ 005" 92(0) cos? ¢ (4.40)

0

e 4) ()]

with Iy and I the modified Bessel functions of the first kind, as defined in Eq.(A.5).
Despite the small difference, the matrix elements of Fig. 4.6 are not exactly symmetric
for n and m around the diagonal n = m, as a consequence of the energy and momentum

conservation.

Decay rates I';, o—m,o The other contribution to the dynamics is effectively in 1D
and it comes from the decay between axial states I'y, om0 = I'nism,1 = Inosm. As
going to high m, as mentioned already, makes the numerical estimation of the matrix
elements difficult, like in the case of the transitions in 2D, we use the semiclassical
approximation, further discussed in Appendix A. The general form, without an as-

sumption that we are in the supersonic limit, as before, is given by the expression

[ kS (k 4
Lpom = ‘g‘;f;;) ek S(k) / J2_ (kcos 02 mqy) sin Od6,
\/~2+u 62+M — )"

(4.41)
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with € = fw,(n —m) and where from the integration over k of the delta distribution

V2
we obtained k = hmb ,/ei + ,ug — .

We plot in Fig. 4.7 the results obtained from this solution, in the semi-classical approx-

imation, for two different values of the frequency w,. In Appendix A we investigate
in more detail the validity of the semi-classical approximation used here by compar-
ing these results with the ones obtained in the fully quantum limit (Eq. (A.1) and
Eq. (A.11). We find that the approximation works reasonably well even beyond the
condition |[n—m| < n, with a relative difference between the values obtained via the two
methods below 18% for |n —m|/n < 0.9 and lying in the range 0 —38% for |[n—m/| ~ n.
In the following we consider the case of a finite temperature reservoir, and in order to
determine the effects that this has on the dynamics, we compare the spontaneous decay
rates obtained in this section with the absorption and stimulated emission coefficients

H

Nz, z,

ma..» introduced in Eq. (4.28).

1—‘n 1—m0

W/ Wx Wo
0015

0.010

Figure 4.6: Decay rates in 2D in units of ,/wzwy, for w,/w, = 100, obtained from
Eq. (4.36). The transition coefficients have a maximum for n = m.
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Figure 4.7: Transition coefficients I',_,p, in units of |/w,wo, with w, = 0.1wg (a) and
wy = wp (b), evaluated from the expression Eq. (4.41) in the semiclassical approxima-
tion. The dotted black lines define the zones where €; = pup, i.e. in the limit between
the supersonic and subsonic regimes, corresponding respectively to the areas far above
and below the line.

4.4.2 Finite temperature reservoir

Here we study the transitions associated to the interaction of the impurity with a BEC
at finite temperature, where stimulated emission takes place, and the absorption of
thermal excitations can lead to a difference in the dynamics of the system exciting
the atoms radially or axially. In order to estimate these effects, we consider different
parameters not only for the temperature of the reservoir, but also for its chemical
potential, aiming to find in which regimes the reheating effects can be minimised. For

this purpose, we calculate the transition rates H, of stimulated emission and

2,25 M2
absorption (see Eq. (4.28)) and compare them with the spontaneous decay rates that
we already discussed.

We can neglect reheating in the radial direction as we consider the case kT, < hw,. We
therefore study the effects of the finite temperature reservoir for two possible scenarios
in the regime hAw, < kpTp < pp < hw,: kpTy = hw, < pp < hw, and hw, < pp =
kT, < hw,. The thermal reservoir effects depend on both the temperature and the
chemical potential. We therefore change these parameters to see in which of the above

regimes the reheating is minimised. As we used the frequency wy = pup/(2h) related to

the chemical potential u; as a reference, we do not directly change this parameter, but
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we equivalently change it by tweaking both the axial frequency w, and the temperature
of the reservoir, while keeping fixed the values of w, /w, and the chemical potential py.
Following the same approach used for the estimation of the axial decay rates in Eq. (4.41),
we use the semi-classical approximation to evaluate the transition rates for stimulated
emission and absorption of excitations. In the most general case, without any assump-

tions on the structure factor, these have the form

_9appo [myp ek*S (k) 1 /” 2 .
Hy = 2 \/ 1 ), Ja o (kcos 04, ) sin 0d6,

&+ up)( 62+ub 1)

(4.42)

having defined é = hw,;|n — m| and where by using the integration with the delta
distribution we obtained k = @(\ [& + p2 — Mb)%-

We need to compare these transition rates, represented in Fig. 4.8 for different values
of chemical potential and temperature, with the ones obtained in the previous section
for the spontaneous decay (shown in Fig. 4.7) in order to determine to which extent
and in what regime reheating can be neglected and how stimulated processes would
influence the final distribution at the steady state.

For the case fw, = kT, < pup < hw, [Fig. 4.8(a)], we see that, although the thermal
energy and the spacing between the axial energy are of the same order of magnitude,
the transition rates of the stimulated emission and absorption are at least two orders of
magnitude smaller than the decay rates of Fig. 4.7(a), so reheating effects in this regime
can be neglected. We therefore study how increasing the temperature [Fig. 4.8(b)] and
decreasing the chemical potential [Fig. 4.8(c)] changes the transition coefficients, in the
limit hw, < up = kT < hw,.

From Fig. 4.8(b) we can observe that an increase in the temperature of the reservoir
increases the values of the stimulated transition rates. By comparing these transition
coefficients with the decay rates of Fig. 4.7(a), we now notice that they are of the
same order of magnitude, and in particular absorption transitions from lower energy
states (n > 30 in this case) cannot be neglected. Furthermore, with the increase of

the temperature, we notice that the transition coefficients for stimulated processes are
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Figure 4.8: Transition coefficients H,, ;,, in units of ,/w,wo, for different values of the
trapping frequency in the axial direction w, and the reservoir temperature 7j, in the
different limits hw, = kg1 < pp < hw, (a), hwy < ppy = kpTy < hw, (b) and
fwy = KTy ~ pup < hw, (c). The parameters values are T = 0.17uwg/kp,w; = 0.1wg
(a), T, = hLU()/kB,wx = 0.1wg (b) and T}, = th/kB,wx = wp (C) The white dashed
lines set the limit between supersonic regime (far above it) and the subsonic one (below
it).

more spread towards farther states. This can be seen from the broadening around
the diagonal n = m of the transition coefficients in Fig. 4.8(b). As a consequence,
considering transitions from a given initial state |n), absorption will dominate over

stimulated emission. This is better shown in Fig. 4.9(a-b), where we compare the rates

56



Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

I'y—m and H,, ., for some chosen transitions, both at low (n = 10) and higher (n = 50)
energy levels, for different values of the gas temperature. Here the transitions with
m < n represent both spontaneous and stimulated decay, while the absorption rates are
represented for m > n. We observe that for transitions involving higher energy states
(n =50 in Fig. 4.9(a)), the absorption effects are balanced by the stimulated emission,
with a symmetric distribution of the rates values around n = m, and moreover, they
are dominated by the spontaneous emission rates. We can therefore neglect reheating
effects for higher states. In contrast, in the same regime of parameters, transitions
involving lower energy states (e.g. n = 10 in Fig. 4.9(b)) show a more asymmetric
distribution around the value n = m of the rates related to the stimulated processes,
with absorption effects being larger than both the spontaneous and stimulated decay,
and therefore inducing reheating.

Conversely, in Fig. 4.8(c) we show the results obtained for the transition rates for a
smaller value of the chemical potential (this is equivalently obtained by increasing both
the temperature and frequency w, as we expressed them in units of wg = pp/2h), and
see how these values increase respect to the case in Fig. 4.8(a). However, here it can be
seen that the transitions involve less states, determining a narrowing of the transition
rates values around the diagonal n = m.

A first comparison with the spontaneous emission coefficients estimated for these pa-
rameters in Fig. 4.7(b) shows that the absorption can be neglected for states n 2 5.
The increased decay rates can be explained as a consequence of the fact that decreas-
ing the chemical potential has moved the transitions towards the supersonic regime,
where a higher value of the structure factor enhances them. In addition to this, as can
be seen from Fig. 4.9(c), the fact that the transition coefficients are more symmetric
around n = m means that the stimulated decay compensates the absorption, being a
symmetric counterpart at even lower energy states. In Fig. 4.9(c) the stimulated tran-
sition coefficients already compensate the absorption rates until lower energies states
at n = 5 for the given values. The combination of these factors when comparing the
absorption rates to the two different decay rates, makes the reheating effects much

smaller compared to the case of Fig. 4.8(a).
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Figure 4.9: Comparison between the decay rates along the axial direction I, (dashed
black lines) and axial stimulated transition rates H, ,, between the states having quan-
tum numbers n and m, with n as shown in legends, for different values of the axial

frequency w, and of the temperature kgTy/(hwy) = 0.5,1,2. The values of the fre-
quency used here are w,/wy = 0.1 (a, b) and w,/wp =1 (c).
From the results reported in Fig. 4.8 and Fig. 4.9, as shown, we want to stress the fact
that, besides the temperature, the chemical potential plays an important role when
considering reheating effects. As seen in Fig. 4.8(b), for instance, the radial reheating
terms can not be neglected, especially for transitions involving the lower states, and can
as a consequence affect the final configuration. We therefore used the detailed balance

condition to study how finite temperature effects change the steady state distribution

of the system, considering transitions over changes of one unit, obtaining

_ Hn+1 n _
Pprl = : D 4.43
mr Fn+1~>n + Hn+1,n " ( )
- HLO anl,nf2 _
= X ..X Do,
oo+ Hip Ip1sn—o+Hpy 1pn-2
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with pg = 1 — e #™r which results in a Boltzmann distribution.

4.5 Induced dynamics of fermions in a 2D anisotropic trap

In this section we now consider the impurity system to consist of an ensemble of spin-
polarised non-interacting fermions in an anisotropic harmonic trap, again in the cigar-
shaped configuration in 2D, for z and x, with w, > w, > w,, still immersed in a
3D reservoir. This is motivated by experiments with fermionic atoms in an optical
lattice produced by a single standing wave along one direction [64]. We start with
a Fermi distribution of particles in the ground state of the harmonic oscillator along
the tightly confined radial direction z (i.e. single particles in the states |n,,0,)), we
then appropriately excite them to the first excited state along z (to the states |ng, 1,))
and study the decay back to the ground state of z and towards other states along x
(|mg,0)). Since only the dynamics in two directions is involved in these processes, we
treat the system in an effective 2D harmonic trap.

We determine the initial distribution of NV atoms at temperature T, in the axial direction

given by the Fermi distribution [163]
1

n(ey) = oplBalen— g+ 1 (4.44)

where 8, = (kT,) ™!, €, = hwyn, is the energy of the n-th excited state of the quantum
harmonic oscillator (having set the zero of the energy at fiw, /2) along the axial direction

and in the radial ground state, and

_ log[efacr — 1]

Ha T’ (4.45)

is the chemical potential, derived by imposing the identity

N = /O g(e)de = /0 A()g(e)de, (4.46)

where e = Nhw, is the Fermi energy and g(e) = (Aw,)~! is the density of states.

Considering some typical experimental values, such as N = 10%, w, = 27 x 200 Hz and
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T, ~ 1078 K, used for optical lattices in one dimension, we obtain Tp = NTuu, Jkp ~
2 x 1076 K>> T,. This means that we can still limit our analysis to the case where, for
N particles, all the lower N states are initially occupied, so where p, — €. Under the
assumption that we can excite the particles only along the radial direction resonantly
with energy hw,, the distribution of the particles in the axial states will be left invariant.
The equations of motion for the occupation probabilities derived in Eq. (4.28) can again

be used in this case, after readapting them for the 2D scenario, so that

Pmym, = § Fnz,nzﬁmz,mzpnz,nz - § sz,mzﬁm;,m;pmz,mz

Ng >0 ml<a’
ey

ny>m, mh<m.

+ Z Hipyinzimeme (Prgne — Pmgms.)- (4.47)
Nz, Nz

with o = m, — :’—;(nz —m,), o/ =my; + Zf(mz —m’,). Since we are dealing with non-
interacting fermions, we used a stochastic description given by the Quantum Boltzmann
Master Equation (QBME) [164], derived by neglecting the coherences in the density

matrix, which leads to the following forms of the transition rates:

2

Lrpnz—mgm. = ’Tnmnz;mx,mz (k)‘Q(S(ff — €& — ek)ﬁ(fi)(l - ﬁ(q)) (4~48)
h
k

2 - -
Hn;mnz?mtac,mz :f ZN(k)‘Tnxynz§mx7mz (k)’26(’67f - €f’ - €]€)n<€1)(1 - n(€f>)7 (449)
k

where T),., are the matrix elements, as defined in Eq. (4.25). Here the statistics of
the particles (fermions in our case) is explicitly accounted for in the terms (1 — n(ey)),
with 71(¢;) and f(ey) the occupation numbers of initial and final state respectively. We
simulated the dynamics of the particles using Monte Carlo wavefunction methods with
jump operators [144] to reconstruct the final distribution, where the advantage given by
the QBME is to automatically forbid the transitions from single-particle non-occupied
states and towards already occupied ones.

Given an initial distribution with a defined number of particles in the first excited
state along z, we averaged over different repetitions the number of jumps towards the

ground radial state in time. This allowed us to evaluate the decay rates in time, for
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the dynamics in the two different directions.
The decay rates for the transitions from the particles excited along z were obtained by

summing over all the initially occupied and possible final states as
TGP =3 "Th1mo, (4.50)
n,m
while the one for axial transitions is given by

TP =N T (4.51)

Even though the total decay rate is given by the sum of these two contributions, so
that the decay time is 7 = (I'?P) 4 T(1P))=1 " we observed them separately to see the
contribution given by each of them in the dynamics. As shown in Fig. 4.10, the decay
rate I'?P) given by the spontaneous emission of particles initially in the excited states
In,1) is maximum at + = 0 when all the particles are excited (while T(!") = 0) and
decreases in time whilst the particles decay to |m,0). During this time, on the other

(D) starts increasing as a result of

side, because states |m,0) start being occupied, T’
the fact that more transitions between axial states become available. It then starts
decreasing when the atoms are mostly in the radial ground state, and less lower energy
states in the axial direction become available.

We observe that while the radial dynamics is fast, with T(2?) going to zero in the scale
of 7\/wzwy ~ 80 for w,/w, = 100 and N = 8§ particles, the axial dynamics is much
slower, so the steady state is approached in a much longer time. This is due to the fact
that while the radial decay happens in the supersonic regime where the structure factor
has its maximum value (S(k) = 1), the decay rates for the axial transitions are smaller
even as a consequence of the lower structure factor that tends to suppress them. From
Fig. 4.10 it can be observed that the time for all the particles to decay from the excited
axial state increases when going to lower ratios w,/w,, as a consequence of the fact
that the total decay rate in 2D decreases with the ratio between the axial and radial

frequencies. While the decay rate in 2D, IT'®P) [Eq. (4.50)] in these units does not

depend on the choice of w, but only on the ratio w, the whole dynamics does depend
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Figure 4.10: Total decay rates from the excited radial state I'®P) (solid lines) for differ-
ent values of the frequency ratio w,/w, and total decay rate between axial states from
the ground radial direction TP) (dashed line) and for N = 8 atoms. The emergence
of a fast and a slow decay in the two different dimensions can be seen clearly.

on the choice of the axial frequency because this will be determined at longer times
by the transitions to other axial states in 1D. For the values of the parameters used
here, the 1D dynamics in the axial direction becomes dominant from 7,/w,wo =~ 20,
where the transition coefficients of the decays in the two different dimensions become
comparable.

As a consequence of this, for the same parameters used in Fig. 4.10, in Fig. 4.11 we
show the effect that the two kinds of dynamics have on the distribution of the atoms
along the axial states |m,0). In particular, it is possible to see that for earlier times
(e.g. T\/wzwo, when the slow dynamics along the axial direction is not dominant yet,
as compared to Fig. 4.10), there is no significant effect of Pauli blocking given by the
statistics of the impurities, as this starts appearing only at later times when the slower

axial dynamics brings the system to the lowest energy state.

4.6 Summary and outlook

We studied the dynamics of spin-polarised fermions harmonically trapped in different

configurations of tight confinement along one and two directions, and immersed in
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Figure 4.11: Occupation number of the axial modes m, averaged over Ny = 1000
runs of 8 atoms, at different times as shown in the legend, having set w = 100 and
w; = wp. No Pauli blockade is observed initially while the dynamics in 1D is still not
dominant (see Fig. 4.10), but it starts appearing when the decay between axial modes
become more significant. The stationary state is reached for longer times than the one
shown in the plot, as the decay rate in 1D approaches the zero more slowly.

a BEC, evaluating the decay rates of their motional states. We observed how the
geometry of the trapping potential and the chemical potential strongly affect the decay
rates and we estimated the decay rates for the anisotropic 3D trapping. Using the
typical experimental parameters reported in Section 4.3.1, we found that the decay
times are of the order of ms in the 3D limit, much shorter than typical coherence
timescales in experiments and comparable to other dynamical timescales in optical
lattices.

Furthermore, we considered a finite temperature reservoir to study reheating effects
in different limits given by certain parameters for the temperature and the chemical
potential with respect to the energy scales of the system. We showed how conveniently
choosing the chemical potential can minimise the absorption of the thermal excitations
and how this is not due only to the temperature. We observed that in the limit of
trapping frequencies smaller than the chemical potential, reheating effects are relevant

and change the steady state distribution, even though the dynamics is much slower
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Chapter 4. Cooling of neutral impurity atoms immersed in a BEC

compared to the decay from the axial excited state.

In order to be able to estimate decay and absorption rates of transitions to and from
higher levels, we resorted to a semi-classical approach, where the matrix elements were
evaluated considering classical trajectories for the motion of the atoms. This provided
numerical advantages as, in addition to making possible the evaluation of matrix ele-
ments that in their fully quantum form could not be estimated efficiently due to highly
oscillating terms, it decreased the time needed for their estimation.

Additionally, we studied the decay of a cluster of non-interacting impurities in a cigar-
shaped potential, immersed in the BEC, aiming to export this study to experiments
in a one-dimensional lattice of pancakes. In order to derive the dynamics, we used the
QBME and the Monte Carlo methods. We observed that this is determined by a fast
and a slow decay, respectively in the radial and the axial directions, as a consequence
of the change in the structure factor given by the difference in the energy scales along
the two directions.

This study offers some useful tools for both numerical and analytical solutions of spon-
taneous emission of a trapped impurity in a BEC, but also for the implementation of
sympathetic cooling of impurity atoms in the context of dual species experiments.
This systems opens interesting possibilities in the context of reservoir engineering and
dissipative state preparation [148-151], where by changing the properties of the reser-
voir and its interaction with the system, we can control the dynamics of the system
such that the stationary state is a desired target state (i.e. cooling an atom to the
ground state with sympathetic cooling through a reservoir).

Furthermore, because of the high control of the parameters of the reservoir, we can
have access to other regimes that go beyond the one treated so far, such as the non-

Markovian regime, which we briefly discuss in the next chapter.
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Chapter 5

Impurities in a non-Markovian

bath

5.1 Introduction

In Chapter 3 we gave an overview of the derivation of a master equation under the Born-
Markov approximation, which we then used in Chapter 4 to describe the spontaneous
emission of excited impurities immersed in a superfluid gas. There we assumed (within
the Markov approximation) that the correlation time of the reservoir was much smaller
than the relaxation time of the system, so that we could consider the state of the
reservoir to be unaffected by the excitations emitted by the system at any time, with a
flow of information going exclusively from the system to the environment and not vice
versa. However, this is not generally the case for open quantum systems, and even in
systems like our impurity immersed in a reservoir gas, where the Markov approximation
is valid in realisable parameter regimes, under certain conditions that we will discuss
in the following, the Markov approximation is no longer valid, and the environment
can induce backflow of information. The emergence of non-Markovian effects can be
found in a plethora of contexts, ranging from AMO (Atomic, Molecular and Optical
physics) [130, 165, 166], to solid state physics [167, 168] and quantum biology [169]. The
interest in the study of systems coupled to non-Markovian environments is motivated

not only by fundamental questions on how to describe the dynamics of open quantum
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system in more general terms, without relying on specific approximations, but also on
the fact that non-Markovian reservoirs can be used as a powerful resource to combat
the detrimental effect of decoherence induced by the interaction of the system with the
reservoir, in both pure dephasing and dissipative dynamics regimes. In this context, it
was observed that two qubits interacting with a bipartite Markovian reservoir present
a phenomen termed “entanglement sudden death” [170, 171] where the entanglement
between the qubits disappears after some time, due to the decoherence induced by the
coupling to the reservoir. However, the study of the dynamics of systems coupled to
non-Markovian reservoirs showed how backflow of information to the system can be
used to protect and restore entanglement, via entanglement revivals and oscillations
induced by long-memory reservoirs and the quantum Zeno effect [172, 173].

The system of an impurity immersed in a BEC studied in the previous chapter offers an
invaluable toolbox for the study of non-Markovian dynamics. In fact, the high degree
of control over the parameters of the reservoir allows us to access both Markovian
and Non-Markovian regimes in different ways. Non-Markovianity can be accessed,
by instance, changing the size of the reservoir, so that boundary effects can lead to
backflow of information. Besides that, a non-Markovian dynamics can be accessed
also changing the interaction strength between the impurities and the reservoir via
Feshbach resonance, where possible, in order to access strong interactions where the
Born-Markov approximation is no longer valid, or by changing the confinement of the
impurity, as we show in the following. Hence, this system is a promising candidate for
the freedom that it gives on the possible parameters that can be changed in order to
study non-Markovian environments.

In this chapter, we show preliminary results on the non-Markovian dynamics of an

impurity immersed in a bosonic BEC that pave the way for future studies.

5.2 Model

We start by considering, in analogy to the system discussed in Chapter 4, a neutral
impurity trapped in a harmonic potential with tight confinement along two directions,

so that we can effectively describe the system using the states along one direction
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only, and we assume that the bosonic reservoir does not have any excitations at the
initial time. This latter approximation is valid under the assumption that thermal
excitations can be neglected, satisfied by the condition kpTp < hw, where w is the
radial frequency of the impurity trap and T is the temperature of the bath, so we are
effectively considering a zero temperature reservoir. Here we consider the most simple
case where the superfluid gas is trapped in a box trap of volume V. Due to the fact
that the potential inside the box is flat, the Bogoliubov parameters u; and v can be

considered to be the same as those of a homogeneous gas already considered for the
RZ ) 1

I~ R and vy = R

Here Ry, = (e — (hk)?/2my, — mpu?) /myu?, where we recall that m; is the mass of the

studies in Chapter 4, where in Eq. (4.8) we defined u} =

atoms in the reservoir and u is the speed of sound in the superfluid.
The Hamiltonian describing the neutral impurity immersed in a superfluid gas is anal-

ogous to the one of Eqgs. (4.1)-(4.4) and is given by

ﬂ:ﬁa—{—ﬁb—FﬁI, (5.1)
where
ﬁa_hw<&fa+> (5.2)
Hy=Eo+ Y e(k)blby (5.3)
k+#£0
f[[ = Gaby/ % Z(uk + Uk)(i)keik'f. + i)lte_ik'i‘) = Z gk(i)keik'i‘ + lA)Le_ik'f‘), (5.4)
k k

are the Hamiltonians of the impurity, the superfluid bath and the contact interaction
between the impurity and the bath, respectively. Here a and by, are the bosonic an-
nihilation operators for the impurity harmonic oscillator states and the Bogoliubov
excitations of the bath, g, is the interaction between the impurity and the BEC, pg is
the density of reservoir and r is the position operator of the impurity. As we consider
the dynamics of the impurity only along one direction, here we consider the harmonic
oscillator Hamiltonian H, in 1D, different to the one used in Eq. (4.2) in Chapter 4.

We start by considering the impurity initially in the first excited state, while no exci-
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tations are in the reservoir, so that the total state at the initial time is [¢(0)) = |1, 0).

Moving to the interaction picture, the operators take the time dependent forms

at(t) =e“tal,  a(t) = e “'a, (5.5)
BL(t) = en bl by(t) = e D, (5.6)
~ _ h iwt AT —iwt A
7(t) = m(e a'+e "a), (5.7)

so that the interaction Hamiltonian is now given by

Hy(t) = gicl(bic()e™ ™0 + b (t)e = F0), (5.8)
k

where gk = gup \/é (ux + vy ) and we limit our analysis to the case where the excitations
are in the supersonic regime, so that the structure factor is S(k) = |ux + vk| ~ 1. We
consider the impurity in a 1D trap where the non-tightly confined direction is along z
(W = w, K wyg,wy), so that we can restrict the study of the motion of the atom to that
along the direction z and k - r = k.7 = k cos(f)7. Making use of the Baker-Campbell-

Hausdorff relation eA+B — eAeBe_[A’BW, the term e®T(t) = ¢ik=7(t) can be rewritten

as
- il 7O (piwt gt 4wty K208 L TO giwtgt . 7O e—iwty
eZsz’(t) _ ezkzﬁ(e“" al+e ta) _ B_TQGZkZ \/Qe“" a ezkz /3¢ wtg (59)
where we defined the oscillation length rg = mﬁw and used the commutator relation
. ot At it~ k2r2 o .
zk:z%e“"taT, zkz%e wig| = =50, So far, the description of the system is analogous

to the one considered in Chapter 4 for an impurity tightly confined in two directions.
However, we will consider here situations where the correlation time of the reservoir
can be comparable to the relaxation time of the impurity. Under this condition the
system can no longer be considered in the weak coupling regime, hampering the use of a
Born-Markov master equation. We therefore use a different approach that allows us to
keep track of the state of the environment into the global state |¢). This is done using

the Wigner-Weisskopf approach. With this representation, in the interaction picture,
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the state of the system at the time ¢ can be written in the form

[(1)) = c10(t)e™” |1, 00) + Y con(t)er ™" [0, 1) , (5.10)

Kk
where ¢;;(t) describe the probability amplitudes of the system to be in the configuration
|i, jk), with 7 excitations for the impurity and j in the mode k of the superfluid. In
order to use this we used the secular approximation and therefore assumed that the

number of excitations in the system is conserved. By using the Schrodinger equation

d

190 = —1 i) [9(0), (5.11)

and inserting into it the definition from Eq. (5.10), the left side gives

d

11900 = o) i) 1,00+ (2t + acan()) b 0.14), (512

while from the right side we obtain

_%Hf(t) [Y(t)) = _% (Clo(t)emHl(t) [1,06) + Y con(t)er ™ Hy (1) |0, 1k>> (5.13)

K
i . Py "y
=-3 (Clo(t)ewtzgkeﬁekte O 1) + ) giccon(t)e= 0 |0,0k>> :
K K

(5.14)

Projecting these onto the states |0, 1x) and |1,0;) and using the Schrédinger equation,

we obtain

2 ; i w —ik, 7

con(t) = —iwrccon(t) — peo(t)e bar (0, 15] e =70 |1, 1;) (5.15)

: : i —iw —ik, T

éro(t) = —iwer(t) - 5 > grcor(t)e ™ (1,06 e 10, 04), (5.16)
k

where we defined wy = ex/A.
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We solve the first differential equation

. t
—iw ? iws  —iwk(t—s —ik,7(s
cor(t) = e ktcok(O)—hgk/ cro(s)e™s ek (t=9) (0] ¢7=T(8) |1) ds (5.17)
0

7

t
= 30K / cro(s)e™s e kt=5) (| e7R=T(5) 1) ds, (5.18)
0

where we used the initial condition cg(0) = 0, and we insert this into the second

differential equation (5.16), obtaining
2 t . . ~ . ~
¢10(t) = —iwerp(t) — Z i&l;/ Clo(s)efz(wk+w)(tfs) (0| e~ ik=7(s) 1) (1] e~ th=7(t) 10) ds.
k 0
(5.19)

It is convenient to define ¢1o(t) = e & 1o(t), so that éio(t)e™ ™t = é10(t) 4 iweg(t),

and by using the result derived from Eq. (5.9), and the relation

k270 o —iwty "1 LRz it )
e |n) = mz::()m! (zk\/g)e “"ta> |n)
"1 < koro t>m n!
= — (=i e ———|n—m), (5.20)
| — |
= ml V2 (n—m)!
we obtain
—ikai(s) ik () K218 k2279 ju(i—s)
(0] e™*=" 1) (1] e =" |0) = —5 € % . (5.21)
Therefore Eq. (5.19) reduces to
2t . 2.2
cio(t) = — Zk: %‘; /0 510(s)e—2(“k—w)<t—s)%e—kirﬁﬂd& (5.22)

After changing the notation ¢1g to ¢19 and defining the correlation function

2 k272
alt —s) = %eﬂ(wk*w)(hs)ZTTOe*kgrg/z, (5.23)
K

we have the equation of motion for the amplitude probability c1o(¢) in the more compact
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form

érot) = — /0  crols)alt — s)ds. (5.24)

This can be computed numerically using different methods, including the finite differ-
ence method and the inverse Laplace transform evaluated with the Stehfest algorithm

[174].

5.2.1 Finite difference method

In the finite difference method, we have two time steps: ds and 6t (with ds < dt), where
the first time step ds = §t/Nj is used for the integration sampling (with N, the number
of subintervals) over a time interval [¢,t + dt], and dt is the time that we consider for
the increments of the probability amplitude cio(t). Using the finite difference method
(Euler forward to the first order in dt), starting with an initial time ¢ = 0, the evolution
of Eq. (5.24) after the first time step at ¢; = d¢, can be written as

N

~ —c10(0) Y | (St — s;)ds, (5.25)
1=0

610(5t) — 010(0)
ot

where s; = ids, and in the sum over i we approximated c19(s;) = ¢19(s0) = ¢10(0). We

can rewrite this in the form

ot

c10(5t) & c10(0) — c10(0) > (8t — )5 bt. (5.26)
=0

Following the same rule, at the next time to = 20t we have

2N,
c10(20t) — c10(6t) ~
5 =— Zz; c1o0(si)a(20t — s;)ds
Ns 2N
= —c10(0) Y _ (6t — 5;)05 — c10(5t) > (26t — 5;)s,  (5.27)
=0 i=Ng
which returns
N 2N,
c10(26t) = c10(0t) — €10(0) Y (0t — ;)05 5t — c10(5t) > (20t — ;)05 5t (5.28)
=0 i=Ng
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By iterating this process for all the successive time steps, we can see that the occupation
probability of the system at a time ¢ does not depend only on the previous time step,
but also all the previous ones. This is the signature of a memory process that was
not considered in the previous chapter, due to the fact that we do not use a Markov

approximation.

5.2.2 Laplace transform

The approach used in the following uses the Laplace transform to obtain, from the
integro-differential equation (5.19), an algebraic equation that can be solved analyti-

cally. We can rewrite Eq. (5.24) as the convolution product

éro(t) = _/0 cro(s)a(t — s)ds = —/0 cro(s)a(t — s)ds = —(c1o * a)(t). (5.29)

The Laplace transform of a function f(¢) is defined as

F(s) = LLF(D)} = /0 T ety (5.30)

and using the convolution property L{cio*a} = L{ci0}L{a}, Eq. (5.29) can be rewrit-

ten as an algebraic equation in the Laplace space, of the form
s¢10(s) — c10(0) = —a(s)cio(s). (5.31)

Using the fact that ¢10(0) = 1, from Eq. (5.31) we obtain the solution

510(8) = S—i—ld(s) (5.32)

By calculating the inverse Laplace transform of Eq. (5.32), defined as

1 y+ioco

f(t) = £ f(s)} = / F(s)estds, (5.33)
8l

278 Jo oo

where, in the complex plane, the integration is done along the vertical line Re(s) = -,

so that v > R(sp), with so the singularities of F'(s), one can thus obtain the time-
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evolution of cjo(¢). In general, however, the inverse Laplace transform cannot be done
analytically, and one has to use numerical methods. In this thesis we used the Stehfest

algorithm [174], which approximates the inverse Laplace transform with the expansion

f(t) ~ f(t) (”In )>, (5.34)
where
N min(n,N/2) kN/2(2k)!
K = (=1) k:%;m (N/2 = k)k!l(k — 1)l(n — k)!(2k — n)! (5-35)

with N even.

The Stehfest method is significantly faster than the finite difference method, however
it is more unstable and one must be careful to the choice of N, which gives inaccurate
results beyond certain values. We computed and compared both the methods intro-
duced here, finding an excellent agreement between the two for the range of parameters
that we use in the next section. Therefore, in the following we report the results ob-
tained with the Laplace method, which is computationally less expensive than the finite

difference method.

5.3 1D reservoir

We consider the results of Eq. (5.23) and Eq. (5.24) as a starting point and study the

case of the impurity trapped in a 1D reservoir with [, > [,., so that u, = % =

gpo K hw,, where we introduced the healing length £ = \/W > f We assume
the system to be in the limit I, > a, where a is the scattering length of the atoms in

the reservoir, so that the interaction strength in 1D is given by

(1D) _ gc(l?,D) :47Th2aab 1 :h2aab
Yoo "= (a2 2m 2mlZ | i2

(5.36)

where m = g‘fxb is the reduced mass. Converting the density to one direction from
p(()?’D) = N/I,I? = polD)/l we obtain that g7/Ah? in the 1D limit can be rewritten
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(omitting the superindex “(1D)”) as

2 2 2.2
9 _ (21) dapo, (5.37)
h2 12,

Extending the sum over k£ to the continuum, we obtain the 1D correlation function
2 2,.2
Ik —iwp—w)(t—s) K10 k222
ot —s) = e —e 0

_ (zﬂl)ig;bpolz > k*rg k2122 i) (t-5) g,
z 27T 0 2

27rg2bp0 © k22 o 279 i(wp—w)(t—
— a TG t(wi—w)(t—s)
72 /0 5 € e dk. (5.38)

Considering the supersonic limit (which is typical for optically trapped impurities in a
R2k?

BEC), i.e., coupling to the particle branch of the dispersion relation, where ¢ = Dy
mp

the integration over k of the equation above leads to

2 B 3/2 iw(t—s)
aft — 5) = T2 \/? My © — (5.39)
2h 2 hmy | k(e /
2mew ( oL +ih(t — s)

The power law in the time dependence is typical of non-Markovian systems. In order to
understand in what regime the environment is non-Markovian, we need to compare the
timescales of the system with the correlation time of the reservoir, that we can obtain
from the correlation function.

As discussed in Chapter 3, the Born-Markov approximation relies on the assumption
that the correlation time of the bath is much smaller than the relaxation time of the
system, so that the contributions of the environment to the dynamics of the system at
all times would be the same. However, the the power law dependence in the correlation
function obtained in Eq. (5.39) suggests that the correlation times can be large com-
pared to the system timescale, and as the correlation function acts as a the kernel of
the bath, the environment can have memory and induce a non-Markovian dynamics.
Aiming to explore the non-Markovian dynamics, in the following we estimate the rel-

evant timescales (correlation time of the bath and relaxation time of the system) to
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characterise the regime of the dynamics.
We estimate the correlation time of the reservoir as the time 75 at which a(rg) =

a(0)/e, as shown in Fig. 5.1 obtaining

Tew = —2\/ed/8 1 = 1672, (5.40)

a Mg

In the units used, this result depends only on the ratio between the masses, since the

other parameters are included in the maximum value of the correlation function

2
__ Y9apP0
a(0) = 74mh5/2\/maw. (5.41)

For the case m, = my, we obtain the correlation time of the reservoir 7pw = 1.67.

a(r)
0.0015"
0.0010 -

0.0005

‘ T
2 4 6 8 10

w0

Figure 5.1: Correlation function (solid line) obtained from Eq. (5.39) as a func-
tion of 7 (in units of the trapping frequency of the impurity w), obtained for a
value of w = 0.5. The constant value «(0)/e defined by the dashed line was used
to estimate the correlation time of the bath, defined from a(rg) = «(0)/e, giving

W = Mmy/ma\/ e*/3 — 1 = 1.67 with the parameters used here (my = my).

In order to estimate the relaxation time of the system, we consider the dynamics in the
Markovian regime, as in this limit the correlation function is delta-correlated and gives
rise to an exponential decay with a rate that determines the relaxation time.

In the Markovian limit, the probability amplitude ¢19(¢) can be estimated from the
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relation
00 t 00 2 3/2 —mp/Ma
¢ro(t) = —61o(t)/ at—s)ds = _cw(t) / a(t—s)ds = —JabPO_© c1o(t),
0 2 ) (2m)2V2whdm,
(5.42)
which gives an exponential decay of the form
Clo(t) = Clo(O)C_Ft, (5.43)
with the decay rate
2 3/2 —mp/Ma
[ = JabP0Ty © (5.44)

2(2m)2V2whPm,

from which we can define the relaxation time of the impurity as 7p = 1/T".
From Eq. (5.39) we can see that the information on the spatial confinement given by the
width [, disappeared as a result of the integration over the continuum in the k space.
We could look at the effect that changing different parameters has on the dynamics
of the system, but here we limit our study to the changes of the impurity trapping
frequency w. This allows us to explore, within the secular approximation, different
regimes depending on the ratio 75 /7 between the correlation time of the reservoir and
the relaxation time of the system. As previously discussed in Chapter 3, the Markov
approximation is valid in the limit 75/7r < 1, therefore we expect that going beyond
this condition, to the limit 75/7r 2 1, we would observe features of non-Markovian
dynamics.

From the decay rate in Eq. (5.44), obtained with the Markov approximation, we see
that this decreases for increasing trapping frequency w, so the exponential decay of the
occupation probability of the excited state is determined by longer relaxation times.
It is convenient to write this in units of the oscillation period for a better comparison
with the correlation time of the reservoir in Eq. (5.40). We expect that when the
relaxation time 7 and the correlation time 7p become comparable, non-Markovian
features arise, therefore in the following we compare the dynamics obtained within the
Markov approximation with the dynamics generated by Eq. (5.24), for different values

of the impurity trapping frequency w.
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From Fig. 5.2 we observe that an increase of the frequency implies a longer decay time
TR, consistently with the prediction given by the decay rate of Eq. (5.44).

Comparing this to the value of the correlation time of the bath 7w &~ 1.67 obtained
in Eq. (5.40), we can explain the non-Markovian features observed in Fig. 5.2. The
dynamics is Markovian for higher values of the frequency w = 0.5, corresponding to a
relaxation time Trw ~ 54, implying 75/7r ~ 0.03. In the intermediate case w = 0.1,
the relaxation time Trw = 5 starts becoming comparable to the correlation time of
the bath (75/7r =~ 0.33) and we can see that at earlier times the decay is not exactly
exponential and presents some deviations from the Markovian limit. Finally, when
w = 0.01, corresponding to a relaxation time Tprw =~ 0.15 (75/7r ~ 11), we clearly
see a non-Markovian dynamics with oscillations of the probability amplitude. These
oscillations characterise the backflow of information induced by the environment, which

can happen only if memory effects are taken into account.

w=0.5, =003
R
— w=0.1, £=035

— w=004, =138
R

tw

10 20 30 40 50

Figure 5.2: Occupation probability obtained with the Markov approximation (solid
lines) and non-Markovian case (dotted lines) for different values of w, as a function of
time in units of w. Increasing the oscillation length gives rise to non-Markovianity as a
consequence of the fact that the relaxation and the bath correlation time respectively
decreases and increases, yielding an overall increase of 75/7r. Non-Markovian effects
appear when 75/7r > 1. The non-Markovian case was computed by using the inverse
Laplace transform method with Stehfest algorithm from Eq. (5.34), with N = 16.
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5.4 Conclusions

We presented some preliminary calculations identifying non-Markovian effects induced
by a superfluid reservoir on an impurity, modeled as a two-level atom initially excited.
In particular we observed how changing the trapping of the impurity can lead to changes
in the dynamics from Markovian to non-Markovian, as a result of the ratio between the
correlation time of the bath and the relaxation time of the system. These calculations
are a good starting point to study non-Markovian dynamics induced by changes in
other physical parameters, such as the coupling strength between the impurity and the
superfluid. Another possibility to study non-Markovian behaviours is given by changes
in the size of the reservoir, where considering coupling to a finite number of modes
allows us to reach the limit of a system analogous to an atom in a multimode cavity,
but with the possibility to observe regimes where the environment can have either a
linear or quadratic dispersion relation. Other future perspectives include the study of
the impurity trapped in 2D and 3D reservoirs, as well as the study of more impurities
in the reservoir.

Non-Markovian dynamics has been experimentally observed, in the context of dual
species experiments and in particular polaron physics [157, 175], showing that different
dimensional confinements and strong interactions can induce features of non-Markovian
dynamics, such as Rabi oscillations.

Overall, this system provides an incredibly useful platform, even with experimental
perspectives, to conduct a plethora of studies on non-Markovian dynamics. This is due
to the fine control that we have, even experimentally, over different parameters, which

allows us to explore different regimes relevant to reservoirs with memory effects.
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Chapter 6

Collective oscillations of a
trapped BEC in tilted ring

potentials

6.1 Introduction

Since the realisation of BEC in cold atoms, lots of attention has been oriented towards
the study of the collective amplitude oscillations of trapped condensates, both theoreti-
cally [97-104] and experimentally [105-107] in order to explore different novel collective
properties of this system. In particular, the interaction between the atoms generating
nonlinear dynamics has been observed to give rise to phenomena such as frequency
shifts of the oscillations [97-101, 103, 176], collapse and revivals of the density oscil-
lations [103, 176] and mode coupling inducing harmonic generation due to transfer of
population to higher modes[109, 177].

The study of collective oscillations gives us tools to understand how the dynamics and
the thermodynamics of a BEC are affected by the interactions, for different geometrical
configurations and different regimes determined by the interaction strength. Most of
the studies of collective excitations, both experimentally and theoretically, were done
for dynamics of BECs trapped in harmonic potentials in different configurations, from

spherically symmetric isotropic traps [97] to anisotropic axially symmetric potentials
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[98, 99, 103, 109, 110].

Different approaches were used for these theoretical studies, which include numerical
solutions of the Bogoliubov-Hartree theory [102], solving the wave equation obtained
from the hydrodynamic equations [97], or using a variational method to study the
lowest modes of the system’s dynamics through minimisation of the action, given the
Lagrangian of the system and an ansatz [98]. In all of these cases the main feature
observed is that the frequencies of oscillations are shifted due to the interaction between
the particles of the condensate, and these shifts vary depending on the interaction
strength, the geometry of the potential and the symmetry of the system.

Finite temperature models have also been studied, both theoretically, and explicitly in
experiments as a function of temperature [106, 178-180], to understand how thermal
excitations affect damping and frequency shifts of the collective excitations. Different
theories were provided, using a mean-field collisionless description in the Popov ap-
proximation [181] where the thermal cloud is considered static [182-184], as well as
considering the coupled dynamics of both the BEC and the thermal cloud [185, 186],
showing how the symmetry of the trapping potential has a strong influence on the
damping of the collective excitations [187].

Collective oscillations of trapped BEC were mainly studied for harmonic trapping po-
tentials, in both isotropic and anisotropic configurations, but not as much attention
has been devoted towards the case of anharmonic trapping potentials. In the latter
case however, the interplay between two non-linear terms with different origins (one
related to the anharmonicity of the potential, and one due to the interaction within the
BEC) gives rise to a different kind of dynamics compared to the harmonic potential
case, affecting frequency shifts, coupling between the modes and collapse and revivals
of the wavepackets [121, 122]. These effects will be subject of the investigations in this
chapter.

The study of Bose-Einstein Condensates dynamics in anharmonic traps is gaining more
attention, in particular after the achievement of neutral atom storage in tilted ring traps
[21-23, 115, 116], as well as the realisation of exciton-polariton condensates in microcav-

ity rings [114], which we discuss in Chapter 7 and played a large part in the motivation
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of this study. Ring potentials have been shown to be a powerful platform for devel-
opments in the field of atomtronics, with the realisation of atom “circuits” [45] due to
the achievement of stable persistent flow [23] and in the context of atom interferometry
[118, 119], in particular for the study of Sagnac interferometry [117]. Motivated by
these opportunities, a detailed understanding of the Bose-Einstein Condensate induced
dynamics in this geometry is therefore particularly important. In this chapter we ex-
tend the study of collective oscillations to the case of a tilted ring potential of the form
Vying(0) = %2 (1—cos(6)), for oscillations at small angles around the bottom of the ring.
Using the Gross-Pitaevskii Equation (GPE) to simulate the dynamics of the out-of-
equilibrium BEC in the ring, we study the collective oscillations analysing the Fourier
frequency spectra of the density in time, at different points in the ring. This allows us
to study the oscillation frequency of the center of mass and the width of the wavepacket,
related respectively to the dipole and monopole mode. We observe how the non-linearity
intrinsically included in the anharmonic potential, combined with the one given by the
repulsive interaction within the BEC, affects the dynamics of the dipole mode, which
in the harmonic trapping configuration is left invariant, and of the monopole mode.
For the latter, we find an empirical relation between the frequency shift of the width
oscillation and its revival frequency.

This chapter is organised as follows. In Section 6.2 we introduce the model for the trap
geometry examined, and considering a quartic anharmonic potential as perturbation
of the harmonic oscillator for a single particle system, we use a perturbation theory
approach to the first order in the anharmonic parameter, seeing how this gives rise to
a revival of the density oscillations in the dynamics of a single particle wavefunction.
We use this approach to define the revival frequencies of the center of mass and width
of the wavepacket determined exclusively by the anharmonicity of the potential.

In Section 6.3 we introduce the methods used to study the lower-frequency modes,
which include analytical, semi-analytical and numerical approaches. In particular, we
simulate numerically the dynamics of a wavepacket in the harmonic oscillator and ring
potential using the Gross-Pitaevskii Equation, and introduce an analytical method that

relies on the use of a variational approach for the Lagrangian of the system, based on
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a Gaussian ansatz [98]. We discuss the calculations for the 1D harmonic potential
and extend these to the case of the quartic anharmonic potential. We furthermore
present the Fourier transform scheme used to study the frequency modes of the density
oscillations.

In Section 6.4 we introduce the central and non-central configurations that we use in
our study, and simulate the dynamics in the two cases for both the ring and the HO
potentials, observing, from the GPE simulations, how the kind of potential changes the
dynamics and has effect on phenomena such as collapse and revivals in the oscillations.
In Section 6.5 and Section 6.6 we discuss, separately, some features identified by
the analysis of the frequency spectra obtained from the density oscillations of the
wavepacket in the different potentials and configurations. These include the obser-
vation of sidebands, frequency shifts of the modes and changes in the revival frequency
with increasing interaction strength. For this analysis, we compare the numerical re-
sults obtained with the GPE and the analytical results provided by an approach that

uses perturbation theory and the variational method.

6.2 Model

The ring potential that we consider is given by
1%
Veing(0) = % (1 = cos(9)), (6.1)

where 1} is fixed and it is the potential energy at the top of the ring (0 = 7).
If the motion is confined to small angles around the bottom of the ring (# = 0), then

the above potential can be expanded in a Taylor series as

Vo
Vring(G):Q(l— <1_2!+4!_6!+‘”)>' (6.2)
Retaining the terms up to the second order, we obtain the potential of a harmonic
oscillator

1 1
Vio = 1%92 = §mw,§03292, (6.3)
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where

Vo = 2mwi R, (6.4)
with m being the mass of the BEC atoms, R the radius of the ring and

Vo
2mR?’

Who =

the trapping frequency of the harmonic oscillator potential.
Going to the next order in the Taylor expansion, we obtain the Quartic Anharmonic

Oscillator (QAO) potential of the form

Vo (62 60\ 1 5 [ 5, RWY 1 5 (5, 1
VQAO:2(2_4! = gMho \ 0"~ oqa ) = gk \ 7~ ™ )+ (60)

The form of the ring potential and its approximations to the HO and QAO are rep-

resented in Figure 6.1. For the numerical simulations we use the full form of the ring
potential, but as presented in the next sections, we use the quartic approximation to
find the correction to the energy of the harmonic oscillator. This is a good approxi-
mation for the case analysed, as we do not consider rotational dynamics of the BEC
around the whole ring and we only study cases where the BEC expands in the region

0 < 2 and 6 > 4, where the quartic potential is still a good approximation of the ring.

6.2.1 First order perturbation theory for the quartic potential

We make use of time-independent perturbation theory to the first order to study the
energy spectrum of the quartic anharmonic oscillator for a single particle and we show
how this implies a shift of the unperturbed harmonic oscillation energy spectrum, and
also how from this we can obtain the emergence of phenomena such as revivals (and
similarly super-revivals going to higher orders of the expansion in Eq. (6.2)). Noticing

that Eq. (6.6) has the form

Voo = Veo+ Vi = 2mus? (r2 ~ FE0) _ 1 (2% +¢2Y) (6.7)
QA0 = Vho 4= 5mw R = gmw” (2 Cz%), .
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Figure 6.1: Comparison between ring potential, harmonic and quartic approximations
for small values of the angle around the center. The values used are Vp = 0.1 eV and R =
2 pm. Although these parameters are not typical of experiments (for experiments on
polaritons, as discussed in the next chapter, experimental parameters for potential and
radius are Vy = 1 eV and R = 40 — 60 pm), we used them to access a regime where we
could observe revivals at convenient timescales. To be consistent with the applications
to polariton BECs covered in Chapter 7, we consider the mass m = 8.3 x 10™°m,,
where mec? = 0.51 MeV is the electron rest-mass energy.

with ( = — we can consider the quartic term Vj as a perturbation to the harmonic

1
12R?’
oscillator Hamiltonian (we neglect the interaction between the atoms of the BEC for

the moment and consider the case of a single particle in the harmonic potential),

2

1 1
Hoao = 2an R, + Smu, et (6.8)

Using the definition of the position operator Z in terms of the construction and anni-

hilation operators @, a’ on number states,

N>
Il
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the correction to the first order of the energy is given by

W
48 R*

1) 4 W o
B = (alVifn) = — 0o}ty = — Vo
ho

(n|(a+ a")n) . (6.10)

The only non-zero terms in the matrix element are the ones that conserve the number

of excitations, giving (n|(a + a")*|n) = 3(2n? + 2n + 1), hence

Vo B2 02
M0 30902 190 1 ]) = —
T IR A T T = e

(2n? +2n + 1), (6.11)

where in the last equality the definition of V) from Eq. (6.4) was used.

The energy spectrum of Eq. (6.8) corrected to the first order is then

1 K2 1
_ (0 (1 _ S 2 -
E,=EY + E| Fwne <n—|— 2) T (n +n+ 2). (6.12)

In Figure 6.2 we show the eigenvalues of the Hamiltonians with the different potentials
discussed so far.

As previously mentioned, the particularity of the ring potential that we analyse here is
that, even in absence of a non-linear term given by the interactions, it exhibits revivals
and super revivals due to the higher order terms in Eq. (6.2). The timescales associated
with these can be estimated by expanding the eigenvalues of the harmonic oscillator
corrected with higher order terms around a quantum number ny > 1 (defining the

average occupied state), so that

El/l (n(])

E(n) = E(ng) + E'(no)(n — ng) + (n —ng)®+ ..., (6.13)

where EP(ng) = (dPE,/dn?)p—n,. The classical, revival and super-revival periods are

respectively defined as

2mh 2mh 2mh

To=—r—; Tev=rr—7= Toup=r1m—
o B (ng)[/27 T [E7(no)]/6

[ (no)] (6.14)

For the unperturbed harmonic oscillator, since the energy spectrum has the form F,, =

Fuono(n + 1/2), we recover, from the term E’'(ng) = hwpe in Eq. (6.13), the classical
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Figure 6.2: Eigenenergies in units of the harmonic oscillator energy spacing for har-
monic oscillator, ring, and quartic anharmonic oscillator, the latter being estimated
both numerically and from the first order perturbation theory as in Eq. (6.12). The
parameters used here are Vy = 0.1 and R = 2, and the number of bound states with
these is Vj/hwp, ~ 29 (black solid line) if we consider equally separated energy levels.
The steps in the eigenvalues of the QAQO potential are due to the fact that the peak
of the potential, as seen in Fig. 6.1 is lower, so the number of bound states in these
cases is 3V /4hwp, ~ 22. In the following we will limit our study to the case where the
system does not reach such excited states, staying in the regime n < 18, where we can
see that the eigenvalues of the QAQO, evaluated with both methods, are very close to
the ones of the ring.

2
oscillation period TC(Ih 9 — “T I we consider the energy spectrum of the quartic

Who
anharmonic oscillator as in Eq. (6.12), we find, however, that
2

E'(ng) = hwng — ——
(no) o T 16mR?

(2no + 1). (6.15)
From Eq. (6.13) we obtain the corrected classical frequency of the quartic harmonic
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oscillator

(QA0) _ h
wd — Who — m(2n0 + 1), (616)

which is then shifted compared to the harmonic potential case, with a shift that depends
on the average occupied state ng.

From Eq. (6.13) the term at the second order then corresponds to

E" d*E h?
(n0) = ~ =——, (6.17)
2 2dn? |, _,. 16mR?
giving the revival frequency
h
Wrev = 16mR2’ (618)
and the revival period
32rmR?
Thoy = 00 (6.19)
h
By substituting (6.18) in (6.12), this can be rewritten as
1 9 1
E, = hwye n—|—§ — hwrey [ 1 +n—|—§ , (6.20)
and we observe that the classical frequency (6.16) can then be rewritten as
wg‘QAO) = Who — Wrev(2n9 + 1), (6.21)

depending on the average occupied state ng. The revival period, in units of the classical
oscillation period, is then given by
Tew 2B w9 wy

cl
Ta |E ”| Wrev Wrev ( 0 ) ( )

Analogously, if we had to consider the next order in Eq. (6.2) for the sixth power, we
would obtain another shift in the harmonic oscillator frequency, giving a classical and
a revival frequency dependent on ng and ng respectively, and a super-revival frequency

not dependent on ny.
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6.3 Methods

6.3.1 Variational method for the evaluation of the lowest mode fre-

quencies

The problem of finding analytical forms for the collective excitations of a BEC in
different potentials and geometries has been of vast interest since the achievement of
Bose-Einstein Condensation of alkali atoms. Some analytical solutions have been found
in certain limits and have shown good agreement with the experimental observations.
Different approaches have been used to study collective modes theoretically, mostly us-
ing the hydrodynamic equations [97, 101, 103, 110, 188] to derive analytical expressions
for spherical and anisotropic harmonic traps, or using the linear-response theory for a
condensate with an oscillatory perturbation and solving the equations numerically [99],
or by using a variational approach [98]. We use the latter method to find the lowest
modes in the case of quartic (anharmonic) trapping potential, so that we can compare
these results with the ones obtained from the full dynamics in the ring. The variational
approach method consists minimizing the action, given the Lagrangian and an ansatz

that takes the form of a Gaussian,

N 2 2 ; ; 2
1) = Y —(z—20(t)?)/20° (t)+ia(t) z+iB(t) = 6.23
where the imaginary components of the slope (a) and of the curvature (8~1/2) have
been shown to be necessary for more precise predictions [189]. After inserting this into

the Lagrangian of the form

a *
L:/ [h (w 5 aﬁ) ‘VW?JFV P+ 2l (6.24)

we use the Euler-Lagrange equation

OL(t,qi(t),qi(t)) d OL(t,qi(t),di(t)
o -= 5 —0, (6.25)
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for all the variables of the Gaussian in order to obtain the equations of motion for those.
The differential equations obtained for the width o and the center of the Gaussian zg
(corresponding to the center of mass), will then give respectively the breathing and
the dipole frequencies. We summarise the results obtained with this procedure for the
QHO and compare them to the ones obtained for the anharmonic oscillator with a

quartic term.

Variational method for the 1D mean-field case in a harmonic potential

Since we extend the the approach used for the anisotropic harmonic oscillator [98] to
the anharmonic potential, we start by summarising the results obtained for the case of
an anisotropic harmonic potential in the 1D limit A = w,/w < 1, where w| = w, = wy
is the radial frequency and w, = wyp,. We assume that the system is in the 1D mean

field approximation, determined by the condition
Nla/l; <1, (6.26)

where [} = \/W is the radial oscillation length and a is the scattering length. In
the 1D mean field approximation we assume that only one mode (the ground state) in
the radial direction is populated, so that we can describe the wavefunction in the radial
direction as a Gaussian whose widths and centers are always at equilibrium radially,
assuming that the radial potential is harmonic. Conversely, for the axial direction z, we
will use the ansatz of Eq. (6.23). We therefore consider the Lagrangian as in Eq. (6.24)
for the dynamics in one direction only, using the value of the interaction strength in
1D, defined as g1p = 93D and the potential has the form

27
29

1
V(z) = 5mw§z2. (6.27)

By using the Euler-Lagrange equations for the variables «(t) and 5(t) of Eq. (6.23), we
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obtain
alt) = —mz;/;(t) —28(t), (6.28)
B(t) = _ma(t)o’(t) + 2mzo(t) 2 () + 2ha(t)zo(t)’ (6.29)

2ho(t)? + 4hzo(t)?
which can be rearranged in the form

_ mzo(t)o'(t) — mo(t)z)(t)
ho(t) ’

Bt) = — Sho(l)’ (6.31)

(6.30)

For the Euler-Lagrange equations of the two remaining variables ¢ and zg, we insert in

these the forms of a(t) and S(t) and obtain the two differential equations

ney o g1ipN K2
o (t) = —wlo(t) + Trmo (0 T mPo (6.32)
20 (t) = —w2zo(t), (6.33)

consistent with the 1D limit of the results reported in [98]. It can be immediately seen
that the center of mass zg will still oscillate with the same frequency w, and therefore
the dipole mode has a frequency

Wp = Wy, (6.34)

which is unaffected by interactions in this limit. Conversely, the oscillations of the width
of the Gaussian, which describe monopole oscillations, are affected by the interaction
strength and by the number of particles. The correct dynamics of these two quanti-
ties can be computed using numerical methods for the solution of differential equations
(e.g. Runge-Kutta), which we will use in the next sections for the anharmonic potential.
More approximate analytical solutions can also be found by linearising the equations
around the stationary points. In particular, after seeing that the dipole frequency is not
affected by finite interactions, in order to find an analytical form of the monopole fre-

quency, from Eq. (6.32), imposing ¢”(t) = 0, we find the stationary points o, (including
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both stable and unstable solutions)

2

2 gipN I
Wz 2mrmo?
e

= 0. (6.35)

T 2.3
meog

From the expansion around these points we can proceed with the linearisation of the

differential equations of the kind

d*c  d*(o —o.)

T =g = 10) = o) + ['(0e) (o — 00, (6.36)

where, since f(o.) = 0 by definition, we obtain

(6.37)

201 pN K2
a"(t):—w§<1+ LD 3 >(t).

V2rmw?e3  mlwlo}

It is then straightforward to see that solving this gives a monopole frequency of the

2910 N 312
ny :wz\/<1—|— AR > (6.38)

V2rmw?e3  mlwlo}

form

where we see that in the zero interaction limit, as the equilibrium width of the Gaussian

is the harmonic oscillator length [, = miwz defining the ground state, we obtain

Whr = 2wz 1.

Variational method for the 1D mean field anharmonic (quartic) potential

Let us add now a quartic term to the harmonic potential, consistent with the expansion
of the ring potential for small angles, where we neglect higher orders. We define this

potential as
mw,

V() ="

(2% + (2%, (6.39)

where ¢ = and R is the radius of the ring. We use the same approach we used

12R?
in the previous section, again considering a Gaussian ansatz of the form Eq. (6.23).
Adding the extra quartic term in the Lagrangian Eq. (6.24) and using again the Euler-

Lagrange equations to find the equations of motion for the variables, we find that,

In the opposite limit, when the interaction strength dominates over the kinetic energy, we should
get wy = \/ng.
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while the expressions for a(t) and 3(t) are still given by Eq. (6.30) and Eq. (6.31), the

equations of motion for the width and the center of the Gaussian are now given by

2
" (t) = —w?a(t) (1 4 6¢20(t)? + 3Ca>(t)) + 2571:771;17\; o m2Z3(t) (6.40)
2 (t) = —w2zo(t) (14 3¢o?(t) +2¢z5(t)) - (6.41)

By comparing these equations with Eq. (6.32) and Eq. (6.33) we notice the appearance
of additional terms with respect to the previous case. In particular we observe that,
while in the harmonic oscillator case the dipole mode is not affected by the interactions,
now the anharmonicity of the potential affects the dynamics of the center of mass and
couples the two differential equations for the width and center of the Gaussian.

As in the harmonic case, we followed the same linearisation approach, based on the
expansion in Eq. (6.36), to expand the above differential equations around the equilib-
rium solutions. This derivation and the results obtained with this approach are shown
in Appendix C (Fig. C.1). By comparing these analytical solutions with numerical so-
lutions, we found significant disagreement between the results, which suggests that the
order at which we consider the approximation of these solutions, with simple linearisa-
tion (as in Eq. (6.36)), is not sufficient. The coupling between the differential equations
in this case makes them more sensitive to higher orders in (0 — o) and (zp — z0,) (see
Eq. (6.36)).

We can improve the analytical results obtained with a linearisation of both the dif-
ferential equations for o(t) and zy(t) around the equilibrium points, presented in Ap-
pendix C, by using the linearisation around the equilibrium point to solve only the
differential equation ¢”(t), while we use a more precise solution for z{j(t), with a dif-
ferent method that we discuss in the following. We refer to this approach as the
semi-linearised variational method.

In order to solve Eq. (6.41), instead of expanding this around the equilibrium point

20, = 0, we consider a differential equation of the same form:
2" (t) + wiz(t) = —ya(t)3. (6.42)
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It can be shown [190], using perturbation theory or the method of averaging [191], that

this has solutions with a leading term of the form z = a cos(wt), with

3va?

w=wy+ Aw = wp + (6.43)

8w0 ’

and a = x(0). In our case, following the mappings x(t) — 2o(t), v — 2¢w? and
wg — w?(1 + 3¢0?), we obtain solutions of the form 2q(t) = zy(0) cos(wpt), with the

initial condition zp, = 20(0) and a dipole frequency given by

3¢5,
wp = w1+ 3¢o? (1 + 4%> . (6.44)

(14 3¢02)

Comparing this result to the harmonic oscillator case wp = w,, it can be seen that,
because of the anharmonicity given by ¢ that couples this to o, the dipole frequency
is now affected by changes of the interaction strength. Different to the linearised case
of Eq. (C.5), the dipole mode here shows a dependence on the initial position zp,, and
the existence condition of the solutions is discussed in Appendix C. The monopole

frequency, on the other side, is the same as the linearised case:

3h2 \/igle
= 14622 +9¢o? : 6.45
WM wz\/ 6620, 9607 + m2oiw? + Vrmodw? (6.45)

After deriving these analytical results for the dipole and monopole frequencies, we
can have better comparisons with the ones obtained for the dynamics in the harmonic
potential, and see how the anharmonicity affects them. However, as these analytical
methods for the solutions of the differential methods rely on approximations, in the
following we use numerical methods to solve the coupled differential equations Eq. (6.40)

and Eq. (6.41).
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6.3.2 GPE dynamics of a BEC in the 1D HO and ring potentials

We simulate the dynamics of a Bose-Einstein Condensate in the two trapping potentials

discussed, by means of the Gross-Pitaevskii equation in one dimension

#2001 _ (—h2v2 Veat6) + V0.0 ) 00,1, (6.46)

ot 2m

where we will use the potentials Vext = Viing as in Eq. (6.1) and Ve, = Vio (Eq. (6.3))
respectively for the case of the tilted ring and the harmonic oscillator. The one di-

mensional description is motivated by the fact that the oscillation length in the radial

direction I; = /h/mw, is much smaller than the healing length £ =

, OT equiv-

1
V8mnga
alently, that u = % & hw;. Furthermore, as previously mentioned, we limit our

study to the 1D mean field case, given by the the condition

NgipA
NXaja) = %ilﬁL <1, (6.47)

where we used the definition of the one dimensional interaction strength g1p = gsp/(2712).
In the following we will use A = w,/w; = 0.1, so that the condition Eq. (6.47) is sat-
isfied for g = g1p/(2hw, 1) < 10. For the numerical simulation of the GPE we used
the split-step Fourier transform method, which is discussed in Appendix B.

As discussed at the beginning of this chapter, we aim to characterise the collective oscil-
lations by means of the frequency spectra obtained by Fourier transforming the density
in time. We therefore simulate the dynamics for different initial configurations in both
the ring and harmonic oscillator potential and compare the characteristic features.
Different to previous studies of collective excitations where the wavepacket was sub-
jected to a driving at a determined frequency, here we simply start with a wavepacket
out of equilibrium by using an initial Gaussian wavefunction normalised to the number
of atoms N,

N - o
V() = [ e OTIE, (6.48)

centered at 0y and having a width ¢ = wly,, where [, = mgho is the oscillation

length associated with the harmonic potential and w is a factor. In the following we
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set w = 2, so that we do not start with the ground state of the system (in absence of
interaction).

Because of the normalisation of the wavefunction, the interaction term depends on
the product Ng, so for simplicity we set N = 1 and vary only the values of g. As
already mentioned, in order to find a regime where we can more easily observe revival
frequencies for the values of g used here with convenient computational times, we

consider the 1D dynamics in a ring potential with parameters V5 = 0.1 and R = 2.

6.3.3 Evaluation of frequency spectra of the density evaluated at par-

ticular points around the ring

In our study we characterise the frequencies at which the condensate oscillates in the
trap by analysing the frequency spectra obtained from the evolution of the density
at particular points around the ring. Here we describe how the frequency spectra
n(,v) are obtained from the density n(6,t) = [¢(0,t)|>. We use a Suzuki-Trotter
decomposition with time steps dt for the numerical evolution of a wavepacket (see
Appendix B) in a time T, = nt. In the frequency space the frequency interval is
dv = 1/Thy, and the final frequency for the sampling is given by vy, = 1/0t = n,dv.
The frequency spectrum of the density n(6, t) is given by the discrete Fourier Transform,

defined as

ne—1

n(f,v) = Z n(&,jt)efi%jw. (6.49)

§¢=0
The frequency spectrum obtained is symmetric around the Nyquist frequency defined
as UNyq = Vfin/2, and in order to avoid “aliasing” phenomena in the data, we make
sure that the time samples are small enough to satisfy the relation dt < 1/(2vimaz),

where vp,q; is the highest occupied frequency, so that Ve < Vnyg-
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6.4 Density oscillations in central and non-central config-

urations

We simulate the dynamics of the wavefunction in two different configurations, depend-
ing on the position of the initial Gaussian wavepacket 1y, (6), as pictured in Fig. 6.3,

in order to capture the main features of the oscillations and study different modes.

Vo
Vo

0=0 L Y 0=rn/4
(a) (b)

Figure 6.3: Different configurations of the initial wavepackets ¢ (0) (a) and 1 /4(6) (b)
used to study central and non-central dynamics in the ring, respectively.

In particular, at first we study the dynamics of a BEC at the bottom of the trap
(o = 0), which we indicate with the notation vg,(0) = 10(f), aiming to characterise
the effect of the interaction on the modes with an odd number of nodes (breathing
mode and its harmonics) that do not involve the motion of the center of mass (see
Fig. 6.3(a)).

Secondly, we study the out of equilibrium dynamics of a wavepacket initially placed at
o = /4, indicated with the notation 1 /4(0), for different values of the interaction
strength, in both the harmonic oscillator case and the tilted ring potential (Fig. 6.3(b)).
The density of the condensate in time and space, obtained with simulation of the
dynamics via the GPE, for different values of the interaction strength, is shown in
Fig.6.4 and Fig.6.5 for the two initial conditions 1o(#) and 1 /4(¢), respectively.

The results presented in both figures have been averaged in space over a grid having
a size of ~ 1% the length of the ring, making the round profile obtained from the

sinusoidal oscillations more sharp and triangular. This is however only an effect of

96



Chapter 6. Collective oscillations of a trapped BEC in tilted ring potentials

averaging in both position and momentum space.

(a) (b)
14 2 14
18 12
12 12
16
1
10 14 10
12 0.8
1
06
08
06 04
04
02
02
0
2 4 6 0 2 4 6
0 o
(d) 14 ey,
0.022 0.022
12 0.02 12 0.02
0.018 0.018
10 0.016 10 0.016
0.014 0.014
8
0012 @ 0012
6 0.01 6 001
0.008 0.008
4 0.006 4 0.006
0.004
2 ) 0.004
0.002 0.002
0 0
0 10 0 5 10
kR

kR

- 8 8 _ 03
Q ) )
= a o
o P = 025
6 6
02
4 4 015
04
2 2
005
0
(
0025
002

[e+]

0.015

t (ps)

0.005

Figure 6.4: Density in position (a-c) and momentum space (d-f) obtained simulating
the dynamics with the GPE, for an initial wavepacket 1(6) and for different values of
the interaction strength ¢g1p/(2hw 1)) = 0,0.54,4.5 (from left to right).

In the case shown in Figure 6.4, where the initial Gaussian is at the bottom of the
ring, only the central moments are involved in the dynamics, and we can see how,
while at ¢ = 0 the Gaussian wavepacket presents breathing but mantains its shape, for
increasing values of the interaction strength, interference effects can be observed and

the wavepacket form is no longer Gaussian. Although the dynamics here are simulated
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using the ring potential in the GPE evolution, we remark that, as the motion is confined
at the bottom of the ring for sufficiently small oscillations, we can still treat the system
in the harmonic oscillator approximation. Because of the central symmetry, in the
following we will refer to this configuration where the wavepacket is initially at 6 = 0
as the central harmonic oscillator case.

Conversely, for the case of a wavepacket initially placed at § = 7/4, where the anhar-
monicity becomes relevant in the ring potential, we observe, by comparing the dynamics
in the HO and in the ring potentials (Figure 6.5) that this is affected by non-linearity
due to the potential itself, in addition to the interaction. More specifically, we see
that the dynamics between the two cases is visibly different for lower (panels b-e) and
zero (panels a~-d) values of the interaction strength, where the wavepacket in the ring
potential presents dephasing and loses the Gaussian shape, in contrast to the harmonic
potential, where it is preserved. For higher values of the interaction strength however
(panel f), the wavepacket starts becoming more stable due to the repulsive interaction
energy becoming more relevant, bringing to a dynamics significantly closer to the one
observed for the harmonic oscillator. This will be further discussed in the next sections,
investigating the first four moments of the distribution in time.

More insights on these effects in the configurations presented here can be obtained by
looking at the frequency spectra of the density in the two cases, and we will see how
this can be helpful to provide deeper understanding of effects such as frequency shifts

of collective modes.

6.4.1 Observation and definition of the revival frequencies in the ring

potential

In Section 6.2.1 we discussed the effect of anharmonic corrections to the harmonic
potential and showed how the dynamics of a single particle in the quartic potential
leads to revivals of the wavefunction at timescales larger than the classical oscillation
period, Tyey > T¢1. The revival frequency in Eq. (6.18) was estimated with perturbation
theory to the first order in the anharmonicity parameter (. With the values used in

this chapter, reported in the caption of Fig. 6.1, Eq. (6.18) gives a prediction of the
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(d) Ring, g =0 (e) Ring, g = 0.1 (f) Ring, g = 0.45

Figure 6.5: Density in position space obtained simulating the dynamics with the GPE,
for an initial wavepacket 1, /4(6), for different values of the interaction strength g =
91p/(2hw 1)) in the harmonic and ring potential, as captioned.

revival frequency wyey = 0.0042 wy,, corresponding to a revival period Tiey = 236710.
As we will frequently talk about the revival frequency in the rest of the chapter, it is

important to clarify here some definitions related to revivals.
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Here we compare the revival period of the center of mass obtained from the numerical
simulation of a wavepacket in the ring with the revival time predicted in Section 6.2.1
using a perturbation theory approach. After simulating the dynamics of a Gaussian
wavepacket 1. /4(0), as was seen in the previous section (Fig. 6.5(b)), we evaluate the

motion of the center of mass from the expectation value

0(t)) = <ZOI§)> _ / " 1(0, )20 Rde. (6.50)

The dynamics of the center of mass is shown in Fig. 6.6. The revival period obtained
numerically is Tr_p =~ 107 T}, which has a 10% discrepancy from Tie,/2 = 118 Ty,
predicted from perturbation theory?. The reason why we compare this to Tye, /2 and not
Trev is that the revival observed from the center of mass dynamics is a “mirror revival”
[192], determined by the fact that the wavepacket, after that time Tr_p ~ Tyev/2 has
reassembled on the other side of the potential, mirroring its initial condition.

As we will not limit our studies to the dipole mode, related to the oscillations of the
center of mass, we also introduce the revival frequency relative to the monopole mode,
determined by the oscillations of the amplitude of the wavepacket. In order to determine

it, we estimate the variance from the equation

o (t) = RE((6(1)) — (6(t))"), (6.51)

where (0(t)) was defined in Eq. (6.50) and analogously

(62(t)) = <Zif§)> _ /_ " 100, 1) 202 R2do. (6.52)

The width o of the wavepacket in time, describing the breathing oscillations during the
dynamics, is shown in Fig. 6.7(a). In contrast to the center of mass oscillations, here
the first revival is observed at Tr_wm ~ 527}. It can be shown [121] that for terms of

mIr_p

the form (z}(t)), revivals occur at times ¢ ~ , where m > 1 is an integer and

2Going to the second order in the perturbation, the revival frequency would take the form w£§3 =

161-ZR2 + 216m32ﬁi oz (2no + 1). With the numerical values used, this would be wg\), = 0.0049 who,

corresponding to Tr@ = 202Tho, having a 5% discrepancy with 2Tr_p observed numerically.
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Figure 6.6: Oscillations of the center of mass of the initial Gaussian wavepacket ¥ /4(0),
centered in 0y = 7/4 and with width o = 2l,, obtained from Eq. (6.50) after simulating
the evolution with the GPE. The revivals appear after a time Tg_p ~ 1077T},-

j=2,4,...,pfor even p and j =1,3,...,p for odd p. As a consequence, the oscillations

of the width of the wavepacket, according to the definition of Eq. (6.51), will present

TR-D _ Trev

revivals at the times Tr M = =5 i

and integer multiples of this. It is therefore
important to stress the fact that we refer to different revival frequencies Tg _p and Tg_m
when talking respectively about dipole and monopole mode oscillations. The revivals
in the oscillations of ¢ are captured by the frequency spectrum of its dynamics, as
shown in Fig. 6.7(b), with the emergence of a peak at frequencies close to 0. In the
following, the frequency spectra of the moments of the wavefunction will be analysed
to determine, from the position of the peaks, the frequencies associated with the dipole
and monopole modes, as well as the revival frequencies.

In addition to evaluating the dynamics from the GPE, we simulated the oscillations

of the center of mass and the width of a Gaussian wavepacket by solving numerically?

3We used the library “ode5” on Matlab, which is the fifth order Dormand-Prince method (similar

101



Chapter 6. Collective oscillations of a trapped BEC in tilted ring potentials

0.9
0.014 X: 0.02439
08 | ] Y: 001417
0.012 X: 1.89
07l . Y: 001042
0.01 1
0.6 S
. < 0.008
t‘g 0.5H T “ )
0.006 ]
0.4 |
[
|
0.3 | 0.004 \
0.2 1 . \\\ / ¢ g-.gggoesg
0.1 0 Y W
0 50 100 150 200 250 0 1 2 3 4
UTho I//I/ho
(a) (b)

Figure 6.7: (a) Oscillations of the width of an initial Gaussian wavepacket 1 /4(0),
centered in 0y = 7/4 and with width o = 21, obtained from Eq. (6.51) after simulating
the evolution with the GPE without interaction. The revival time observed is Tr_n ~
52T}0. (b) Frequency spectrum of o(t), obtained from Eq. (6.49), with a final time
Tn/Tho =~ 82, and a sampling frequency dv/vpo ~ 0.012.

the differential equations of Eq. (6.41) and Eq. (6.40). The results are shown in Ap-
pendix C.2.

6.5 Characterization of the frequency spectra and obser-

vation of sidebands

6.5.1 Dynamics of a central wavepacket at the bottom of the ring

Using the GPE (Eq. (6.46)), we simulate the dynamics of a Gaussian wavepacket
(Eq. (6.48)) initially centered at 6y = 0, as shown in Fig. 6.3(a), and we numerically
evaluate the Fourier transform of the density observed (as a function of time) at the bot-
tom of the ring, n(0,t) = |(0,t)|?, to obtain its frequency spectrum n (0, v) = |1(0, v)|*.
We show this in Fig. 6.8, for different values of the interaction strength.

As stressed in Section 6.3.3, for the evaluation of the frequency spectra it is important

to Runge-Kutta).
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to pay attention to use long enough time for the dynamics in order to reduce the grid

size in frequency space.
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Figure 6.8: Frequency spectra of the density at 8 = 0 for different interaction strengths
g = g1p/(2hw 1)) as in legend, obtained from the Fourier transform (Eq. (6.49)) of
the density n(0,t), simulated with a GPE from an initial Gaussian wavepacket 1y(6)
centered at g = 0. The final time for the simulation Ty, = 827}, gives a frequency
interval dv ~ 0.0121,,.

The frequency spectra present harmonics (at multiples of the breathing frequency) al-
ready for zero interaction, consistently with the occupation distribution | (¢, (8)[v0(8,0)) |?
of the initial wavefunction (6, 0), evaluated projecting this on the eigenstates ¢,, of
the harmonic oscillator Hamiltonian, and shown in Fig. 6.9.

As pointed out in the previous section from Fig. 6.4, in the absence of interaction

(for g = 0) the wavepacket starts shrinking and expanding and in this compressional

oscillations we observe the fundamental frequency, given by the breathing mode at

20he . 2 Vo
2r  — 27'\/ 2mR?>

vy =20 = followed by smaller peaks at multiples of this frequency,

corresponding to the harmonics. From the definition of wy, we see that, in the absence
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Figure 6.9: Distribution of the occupation number of the initial wavefunction (),
centered at & = 0 having a width o = 2l;,,. ¢, are the eigenstates of the harmonic
oscillator, evaluated numerically from the harmonic oscillator Hamiltonian.

of interaction, the frequencies of the modes here do not depend on the choice of the
width o (as long as the dynamics is still within the harmonic oscillator limit). In fact,
this would affect only the amplitude of the oscillations, which would be 0 in the case
of 0 = ly,.

As already mentioned, increasing the interaction strength, and consequently the in-
teraction energy, leads to a change in the form of the wavepacket that becomes less
Gaussian, hence losing its coherence. This can be observed in the frequency spectrum of
Fig. 6.11 from the redistribution of the occupied modes to higher frequency components
at higher interactions.

Other interesting features can be observed from the frequency spectrum, such as the
broadening of the peaks for finite interactions due to collisions within the BEC, and
their progressive shift to lower frequencies, already discussed in Chapter 2 for the case
of harmonic oscillator potentials. The study of the latter effect, with comparison to the

case of the tilted ring potential, will be further discussed in the next section.
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As the wavepacket is centered at zero potential here, and therefore (6(¢)) = 0, the
dynamics is given only by the even moments, e.g. the variance o2(t) = R?({0?(t)) —
(0(t))?). We therefore evaluate the width of the wavepacket o(t) for different values of
g and its Fourier transform in the frequency space.

We observe that, due to dephasing, for finite values of the interaction strength, the
modulation of the oscillations results in collapse and (fractional) revivals, as evident
from the evolution of the variance in Fig. 6.10c. This is a purely quantum feature that
can be explained if we consider the wavepacket as a superposition of stationary states
of different quantum numbers n [122, 176, 193]. Let us consider the evolution of the

wavefunction, given by

Q;Z)(ea t) = Z Cnﬁi)n(a)e_iwnt) (6'53)

n
where ¢, are the eigenstates of the harmonic oscillator Hamiltonian, w, = E, /h are

the frequencies of the energy spectrum and

|Cn’2 _ 6_n0n8 ~ 1 e—(n—nO)Q/Qno’ (654)
n! 2mng

with ng > 1 the average occupied state. The average value of the center of mass

position is given by

(&(0) =R (00) = Y encu cosllnss — wn)tlR [ d5;(6)6,:1(0)0.

n

Z Vn + lepent cos[(wp+1 — wn)t]
n

2Mmwne

\ﬁZ\cnl cos[(wn+1 — wn)t] (6.55)

2mw

where we used the fact that the only contributions come from transitions to state that
differ of one excitation (m = n £ 1) and the relation ¢,c,11vV/n+1 = W =
V/1olcn|? derived from Eq. (6.54). For small enough times we can replace the sum over
n with an integral. If the energy spectrum is equally spaced, as in the case of the

harmonic oscillator, then wy+1 — wp, = wpe does not depend on n. In this case the
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Figure 6.10: Width of the wavepacket (a,c) initially centered at # = 0 and relative
frequency spectra (b,d), computed as in Eq. (6.49) with T4, = 82T}, giving a frequency
step dv ~ 0.012w,, for ¢ = g1p/(2hw 1) = 0 and g = 0.54 as in the legend. Here,
and in the following, we set w| = 10wy,.
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wavepacket presents reversible dynamics and regains its original shape after a classical
period Ty = 27/w. Conversely, when the energy spectrum is not equally spaced (in
this case due to the interaction term, or in the ring potential due to the anharmonicity),
the classical period will be affected by an energy shift Aw, as it has been shown for
the corrections in Eq.(6.21) from the first order perturbation theory in the case of the

anharmonic potential, as

Aw

Who

Wel = Whe + Aw = Wy <1 + ) = who(l+ KE,) = wpo(1 + /ﬁhwﬁon), (6.56)

where k is a coefficient that determines the anharmonicity. We can write the frequen-
cies related to the energy spectrum as w, = E,/h = wy, (n + %nQ), and using the

definition of the classical frequency

OE,  Owy

Wel = 35 = o (6.57)
we can integrate Eq. (6.56), obtaining
Wn = WhoN + %ﬁwﬁonn
= Whon + %AQTLQ, (6.58)

where we defined AQ = hw? nk. This implies that the argument of the cosine in
Eq. (6.55) gains a dependence on n, as wpy1 — Wy = who + AQ/2 + AQn. When inte-

grating this over n in Eq. (6.55), we obtain a Gaussian collapse [176] of the oscillations
(2(t)) ~ e~ 23M0ALE _ o=(t/Tc)? (6.59)

where T is the collapse time, defined as

V2

To= Y= _
¢ A

(6.60)

that shows a dependence on the average occupied state ng, which is influenced by factors

such as the displacement of the wavepacket, the change of its width from the oscillation
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length, and the interaction strength. The shift Aw of the frequency induces a change in
the periodicity of the oscillations, therefore introducing dephasing, which leads to the
observation of collapse and revival periods, as previously discussed. We want to stress
the fact that this result of the collapse period was obtained for a general shift of the
frequency, without specifying its origin. This is generated by non-linear terms. On one
side a non-linearity can be determined by the anharmonic potential even for the single
particle dynamics, as previously discussed in Section 6.2.1 and shown in Section 6.4.1.
On the other side, the non-linear term can be generated by the interaction strength,
as shown in Fig. 6.10d, where the dynamics is still well described within the harmonic
approximation in the parameters regime investigated (for a wavepacket initially at § = 0
and with a sufficiently small width). We will see in the following section how the revival
frequencies observed play an important role in the dynamics of the BEC and in the
shift of the overall oscillation frequencies.

Aiming to study and compare the effects of these two kinds of non-linearity (given by the
interaction and anharmonicity of the potential), for the different trapping potentials,
in the following we study the frequency spectra of the density oscillations for the case
of a wavepacket initially placed at § = 7/4. As can already be seen from the density
in Fig. 6.5, this ensures that we have access to the anharmonic part of the potential,
but are still in the limit where we can approximate the potential with a quartic term.
At the same time, this allows us to study non-central moments, characterised by the
change in center of mass position, and therefore allows to study the dipole mode, as

well as other modes with an even number of nodes.

6.5.2 Non-central dynamics in HO and ring potentials

In this section we consider the dynamics obtained with the initial wavepacket ¢ /4(6,0),
as represented in Fig. 6.3(b). Here we study how the difference in the dynamics of
Fig. 6.5 for the two different potentials is reflected in the frequency spectra of the
density. In particular, we first look at the occupied modes in different points of the
potentials by observing the frequency spectra of the density at different coordinates,

n(@ = 0,v) and n(f = 7 /4,v), for the harmonic oscillator and tilted ring potentials.
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Dynamics in the Harmonic Oscillator potential

We start by studying the spectrum n(0, v) for the dynamics in the harmonic oscillator
potential, where, in contrast to the previous case where we had oscillations determined
by the breathing mode and their harmonics, here the dynamics comprises a combination

of sloshing and breathing of the condensate, together with higher modes.
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Figure 6.11: Frequency spectrum of the density at the bottom of the harmonic oscillator
potential (# = 0) and zoom in at lower frequencies (right), for different values of the
interaction strength, as in legend, and for a wavepacket initially placed at 8 = w/4
and having a width ¢ = 2l},,. The final times used for the simulated dynamics with
the parameters g = 0,0.41,0.82 are respectively Ty;, = 1641}, Thn = 1231}, and
Thn = 82T}, corresponding to the sampling frequencies 6, /v, ~ 0.006,0.008, 0.012.

For axially symmetric harmonic traps it has been shown [103] that applying a driving
to the system leads to harmonic generations and modes coupling. Starting from the
hydrodynamic equations and writing them in terms of the condensate widths in the
different directions, it was shown that modulating the trap frequency couples the equa-
tions of motion for the widths, therefore inducing coupling between the modes, which
depends on the choice of the driving amplitude. [103] Although we do not drive the sys-
tem out of equilibrium by means of a periodic driving potential, the dynamics depends
on the initial condition of the position of the wavepacket in the potential. This defines
the out of equilibrium state of the system, and affects the non-linear contribution to
the dynamics due to the anharmonic part of the potential, even in the non-interacting

case. This can be seen by looking at the occupied state distribution in Figure 6.12,
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Figure 6.12: Occupation number distribution of the initial state centered at 6 = /4
and having width o = 2y, in the basis of the eigenstates of both the harmonic oscillator
and tilted ring potentials.

where we project the initial state 1;/,4(6,0) in the eigenstates basis of the harmonic
oscillator and ring potential, through the equation | (¢n[tr /4) 2.

From Fig. 6.11 it can also be seen that in the case of non-zero interaction the spectrum
presents sidebands, similar to the previous case in Fig. 6.8, but here they seem to
have a more defined structure being equally spaced. In particular, we note that their
distance from the main peaks is equal to multiple integers of the revival frequency Tr
observed in the same dynamics. As discussed in Section 6.4.1, the periodicity of the
oscillations envelopes defining the revival frequency depend on the modes we consider
(we had previously defined Tr_p and Tr_n for the dipole and monopole modes).
The oscillations of the density at a point of the ring is given by a combination of
different modes, and as a consequence we observe a main peak close to zero frequency,
determining the revival frequency wg (having the value shown in the plot of Fig. 6.13 for
different interaction strengths), and its multiples Trr = Tr/p, determined by fractional

revivals associated with the moments involving the terms (zf) [122], as explained in
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Section 6.4.1. As in the previous case, we notice a shift of the frequencies towards
lower values, which progressively affects lower modes for increasing interaction strength.

These frequency shifts will be further discussed in the next section.

Dynamics in the ring potential

The frequency spectra n(0, v) and n(w/4, v) of the density at different points of the tilted
ring present some differences, compared to the harmonic oscillator case just discussed.

As can be seen from Fig. 6.13, sidebands appear already in the non-interacting case.
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Figure 6.13: Frequency spectrum n(6 = 0,v) and n(f = 7/4,v) of the density at the
different points in the tilted ring potential, obtained from the dynamics of the Gaussian
wavepacket /4.

In contrast to the sidebands observed in Fig. 6.11, however, the sidebands associated
with every harmonic frequency are not at the same distance from the main peaks. In
fact, we observe that this separation progressively increases going to higher frequencies.
These features can be related to the dephasing of the condensate at small values of the
interaction strength, where different parts of the wavepacket assume different velocities
and will therefore have a slightly different periodicity.

Furthermore, we can see that, in contrast to the previous case of central symmetry
in Fig. 6.8, higher frequencies become less occupied at higher interaction strengths.
This is in agreement with the features of the dynamics shown in Fig. 6.5, where it was
seen that increasing the interaction stabilises the condensate, therefore the spectrum

is characterised by lower frequency components, which show, as a consequence, more
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narrow spectral lines because of the decrease in the dephasing.

In Fig. 6.13 we showed, in addition to n(0,v), the frequency spectrum of the density
n(mw/4,v) obtained at the point where the wavepacket is originally placed (6 = 7 /4),
aiming to gain a better understanding of the effects that the interactions have on the
modes with peaks at odd multiples of the oscillation frequency (e.g. the dipole mode).
We remark the fact that, in contrast to the previous case of the initial wavepacket
1o(0,t) initially centered at @ = 0, in this case the frequency observed in proximity of
2wpe would not be given by the bare breathing mode, but would also contain contribu-
tions coming from the sloshing of the center of mass (passing from that point twice in a
classical period) and higher modes components. It is therefore clear that the frequency
spectra of the density at different spatial points would have a different distribution (see
Fig. 6.13), as the contribution to these comes from the excitation of different modes.
In order to study how the lowest modes are affected by the anharmonicity of the
potential and by the interaction within the wavepacket, we need to integrate over the
whole ring and look at the evolution of the moments in time and their Fourier transforms
in the frequency space. We saw that for the central dynamics studied with the initial
Gaussian ¢(0,0), the position of the center of mass is fixed and the only moments
contributing to the dynamics are the even moments E[§?P] « 0P, with p integer and
positive. Conversely, for a wavepacket initially displaced, the moments to be considered
are non-central moments.

We study, for the dynamics of the wavepacket in the ring potential, the moments up to
the fourth order, as they generate the peaks observed at lower frequencies. They are

defined as follows:

Bl = (z0), (661)
E[2%] = (20)% + 07, (6.62)
B[] = (20)° + 3 (20) 07, (6.63)
E[z"] = (20)" + 6 (20)” 0* + 3%, (6.64)

where (zp) = R (6y) is the mean of the center of the distribution. The third and fourth
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moment, related to skewness and kurtosis, respectively describe how the position of
the peak of the wavefunction and the tails differ from the ones of a normal distribu-
tion, therefore providing some information about how the wavepacket loses its initial

Gaussian shape and coherence.
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Figure 6.14: Evolution of the center of mass and width of a wavepacket initially placed
at 6p = 7/4 in the ring potential for different values of g = g1p/(2hw 1] ).
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Figure 6.15: Evolution of the third and fourth moments of a wavepacket initially placed
at fp = 7/4 in the ring potential for different values of g = g1p/(2hw, 1}).

From Fig. 6.14 we show the behaviour of the width and the center of mass in time,
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Figure 6.16: Frequency spectra of the first four moments of Fig. 6.14 and Fig. 6.15 for
different values of g. For the evaluation of all the frequency spectra we used a final time
Thn = 24673, corresponding to a sample frequency dv = 0.004. We used o instead
of the second moment E[z2(t)] for an easier comparison with the variational method

results ((to be) shown in Appendix C).

for different values of the interaction strength, as already shown in the single particle

(non-interacting) case in Section 6.4.1. From these, we evaluate the higher moments of

Fig. 6.15. The dynamics at g = 0 of the oscillations for the center of mass and the width

was already discussed in Section 6.4.1, where we defined the revival periods Tr_p and
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Tr_M associated with these. The distortions observed in the revivals at higher times
are due to the fact that, as previously discussed, the wavepacket loses its Gaussian
shape with increasing time. As a consequence, different parts of the wavepacket move
at different speeds, determining the broadening of the envelopes at every cycle and the
appearance of higher frequencies.

It can be observed that, for increasing interaction strength, the revival period of all
the moments decreases, and more fractional revivals [193] are present. This is consis-
tent with the fact that the collapse time of the wavepacket, as shown in Eq. (6.60),
is inversely proportional to the average occupied state ng, which increases with the
interaction strength, as further discussed in Section 6.6.2. Furthermore, we note that
the oscillations of the width become smaller when increasing the value of g, and this is
consistent with the fact that, as shown in Fig. 6.5, higher interactions in the ring trap
stabilise the shape of the wavepacket.

In Fig. 6.16 we compare the frequency spectra of the dynamics of the first four moments
shown in Fig. 6.14 and Fig. 6.15, for different interactions. The dipole mode frequency
spectrum becomes sharper with increasing interaction, as a consequence of the fact
that the wavepacket is less fragmented for higher g, as already discussed. For the even
moments, we observe a distribution of sidebands around the peaks of the main frequency
modes. The broadening of the peak corresponding to the revival frequency, with the
appearance of sidebands, is determined by the appearance of fractional revivals, as well
as the fact that the interaction increases the non-linearity, making the revivals more
irregular and not identical. We will discuss in the next section their shift towards higher

frequencies that can be observed in the frequency spectrum of the width.

6.6 Observation of frequency shifts and relation with the

revival frequency

In this part we characterise the frequency shift observed in the previous section by
looking at the frequency spectra of the moments, aiming to gain a deeper understanding

of this effect. As previously discussed at the beginning of this chapter, frequency
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shifts have extensively been studied for collective oscillations of a condensate in the
harmonic oscillator potential, in different geometrical configurations and interaction
regimes. Here we start by considering the known case of frequency shifts in a 1D mean-
field harmonic oscillator [98, 111] to benchmark the results obtained numerically by
solving the GPE and extracting the frequency oscillations of the lowest modes from the
peaks of the frequency spectra determined from the density. We therefore conduct the
same kind of analysis to study the frequency shifts that we observe for the dynamics in
the tilted ring potential, and compare these results with the variational method derived
at the beginning of this chapter. At the same time, we analyse the effects induced by the
non-linearity on the revival frequencies, as already anticipated in the previous section,

and find that these affect the shifts of the monopole mode frequency.

6.6.1 Frequency shifts in the 1D harmonic oscillator potential
Central dynamics

We start considering the central dynamics of a wavepacket 1y(6,0) in the harmonic
oscillator potential. As we noticed from Fig. 6.8, for increasing interaction strengths
there is a progressive redshift of the frequencies. In Fig. 6.17 we study, in particular,
the shift of the lowest (monopole) mode, as we can compare it with known results from
literature, in particular with the variational method results of Eq. (6.38) [98] and with
the hydrodynamic limit result wy; = v/3wyo [111].

The frequencies plotted for the GPE numerical method were obtained from the positions
of the most populated peaks close to w = 2wy, of the frequency spectrum n(0, ) shown
in Fig. 6.8. As the center of mass remains at # = 0 during the evolution of the
wavepacket, only central moments contribute to the dynamics here. We observe that
the agreement between the results from the numerical GPE frequency spectra analysis
and the analytical predictions is good, and we reach the asymptotic frequency for high
values of the interaction strength.

We observe an increase of the monopole frequency for gi1p/2hw;1l; > 10. However,
as we set A = w,/w; = 0.1, for those values of the interaction strength we can not

consider the system in the mean field anymore, granted by the condition NAa/l; < 1.
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Figure 6.17: Monopole mode as a function of the interaction strength, determined from
the frequency spectra of the density n(0,v) of a central wavepacket in the harmonic
potential, simulated with the GPE (dots), compared with the values calculated from the
equation for the monopole mode (Eq. (6.38)), obtained from the linearised variational
method (solid line). The dashed-dotted line shows the asymptotic hydrodynamic limit
Wy = V3Who.

In fact, in the opposite limit, for NAa/l; > 1, we should change our approach going

to the Thomas-Fermi regime, which is beyond the aim of this study.

Non-central dynamics

We now conduct the same kind of analysis on the lowest modes through by characteris-
ing the frequency spectra obtained for non central dynamics of a wavepacket (initially
placed at 6 = 7/4) in both the harmonic oscillator and tilted ring potential.

In the first instance, we study more in detail the frequency shifts observed from the
frequency spectra n(0,v) shown in Fig. 6.11, for the harmonic oscillator potential. As
we pointed out in the previous section, we observe that the distance between the side-
bands is equal to the revival frequency, which increases with the interaction strength.

Furthermore, we notice that the shifts to lower frequencies, observed for the different
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modes, occur in a quantised way. In fact, the dominant frequencies move to lower side-
bands for increasing values of ¢g. In order to visualise this more clearly, in Fig. 6.18a
we show the frequencies of the even modes observed from the frequency spectrum of
n(0,v), together with the bare frequencies w,, observed in the non-interacting case. We

also show the frequencies obtained from the equation obtained phenomenologically

Wn /Who = N — PWR/Who, (6.65)

where wp is the revival frequency observed in the frequency spectrum n(0,v) and p
are (positive) integer numbers. We observe that the higher modes frequencies start
being redshifted at lower values of the interaction, and progressively, for increasing g,
the frequency of lower modes decreases. For all the modes, the shift of the frequencies
coincides with multiples of the revival frequencies, which increases with the interaction,
as we show in Fig. 6.18b(b). Here we show the revival frequency as a function of the
interaction strength, determined from the frequency spectra of the density n(0,r) and
compare it with the solutions of the revival frequency observed in the frequency spectra
of the moments dynamics obtained by solving numerically the differential equation
Eq. (6.32), as shown in Appendix C.2.

The above observations suggest that the revival frequency determined from the dynam-
ics of the wavepacket is related to the shift of the frequency modes. Since the frequency
spectrum of the density is determined by the contribution from different modes?*, we
need to study the frequency spectra of the moments. As seen at the beginning of this
chapter, the dipole mode in the harmonic oscillator potential is not affected by finite
interactions, therefore we study the Fourier spectrum of the variance for different values
of the interaction strength, in order to determine the shift of the monopole frequency
wo = wyr. We compare this with both the linearised analytical Eq. (6.38) and nu-
merical results coming from the variational method, as well as the hydrodynamic limit
Wi = V3who and with wyy = 2wpe — WR.

It can be seen that all the methods used are in agreement and consistent with the

4i.e., the frequency at n = 2 in Fig. 6.18a is not simply a monopole mode, but here is mixed with
contributions that arise from the dipole mode
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Figure 6.18: (a) Even frequency modes observed from the frequency spectrum of the
density n(f = 0,v) (dots), obtained from the non-central dynamics of the initial Gaus-
sian 1, /4(0,0) for different values of the interaction strength g;p. The solid lines are
the frequencies at g = 0, given simply by the harmonics. With the lines from dashed
to dotted we represented the frequencies wy, /wh, = n — pwr/whe, With p =1,2,3.

(b) Revival frequency observed from the frequency spectrum of the density at § = 0
(with a dynamics simulated by means of the GPE) and revival frequency obtained from
the frequency spectrum of the fourth moment after solving numerically the differential
equations obtained from the variational method (see Fig. C.3). Here we determined
the revival frequency from the fourth moment since, as discussed in Appendix C.2.1,
the dynamics of the amplitude evaluated with the variational method does not present
collapse and revival.

results shown for the previous central configuration in Fig. 6.17. While the variational
method and the hydrodynamic limit solutions were observed before [98, 111] and shown
to be in good agreement with experimental results, the connection with the revival
frequency obtained from the frequency spectrum for different interaction strength, to
our knowledge, has not been observed before.

As the mechanism is not entirely clear (it is not easy to obtain an analytical form for
that) and it is a phenomenological result, in the following we use this to reinforce the
concept seeing that we have the same kind of agreement with the data obtained from

the GPE, for the tilted ring potential.
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Figure 6.19: Monopole mode as a function of the interaction strength, determined
from the frequency spectra of the width of a wavepacket initially placed at 7/4 in
the harmonic potential. The same quantity is compared with the numerical and the
linearised variational method solutions, with the asymptotic hydrodynamic limit result
V/3whe, and with 2wh, — wk.

6.6.2 Frequency shifts in the tilted ring potential

Under the previous considerations, as we are interested in studying the frequencies
of the uncoupled modes (e.g. dipole mode and breathing mode), from the dynamics
of the wavefunction derived through the GPE, we obtained the frequency spectra for
the center of mass and for the width of the wavepacket, for different values of the
interaction strength. This allows us to compare the results obtained from the GPE
with the numerical ones derived from the variational method.

As seen in Fig. 6.14, in contrast to the harmonic oscillator case, the motion of the center
of mass is affected by the anharmonic potential and the interaction strength. In fact,

from Eq. (6.41) we can see that its oscillation frequency is affected by the anharmonicity,
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but the center of mass is also coupled to the wavepacket width, which depends explicitly
on g. We therefore expect a shift of the dipole frequency. Determining this shift
corresponds to finding the correction to the classical oscillation. A contribution to
this correction comes from the anharmonicity itself, and as previously discussed at the
beginning of this chapter, we can use the result from first order perturbation theory
Eq. (6.21). Since this depends on the average occupied state ng, we determine this

after evaluating the energy of the system, found deriving the energy functional

2m 2
b= /0 (272}32|v¢(0)|2 + Viing (0)[0(0)* + ‘;]W(t‘))\“) Rd. (6.66)

In Fig. 6.20 we show the energy for two different values of the interaction strength
and the average occupation number varying with g, obtained from mapping the total

energy of the system to a harmonic oscillator, so that
ng = (Etot — 1/2)/%}10 (667)

In Fig. 6.21 we compare this result with the dipole frequency obtained from the analysis
of the center of mass frequency spectra, derived both with the numerical GPE, and
with the numerical solution of the variational method. The errors associated with the
frequencies recorded for the GPE numerical simulations are considered as half of the
frequency division in the frequency Fourier space, which is determined by the final time
used for the simulations®. We also report the percent relative differences between the
frequencies used with the two aforementioned approaches and the ones obtained from
the GPE simulation.

From a comparison between the perturbation theory and the variational method, with
reference to the true values considered as the ones given by the GPE simulation, we can
see the limits of both of these methods. For small values of the interaction strength, we
have seen that the wavepacket decoheres and does not preserve its Gaussianity, hence

the variational method, based on a Gaussian ansatz, is not accurate, while it gets closer

5The error increasing with the interaction strength is due to the fact that for higher interaction
strength we need to decrease the time steps, hence simulating the dynamics for longer times is compu-
tationally more demanding in terms of memory.
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Figure 6.20: (a-b) Energy components and total energy of the system for different
values of the interaction strength as in caption. (c¢) Average occupation number as
a function of g, obtained from mapping the total energy to the harmonic oscillator
quantum numbers as in Eq. (6.67).

to the GPE results for higher interactions, when the Gaussian shape is more preserved.
For the perturbation theory approach, however, the interaction strength plays a non
trivial role. For the frequencies estimated from the GPE simulation, we can see that at
g ~ 107! the value of the dipole mode starts increasing to then drop again, drifting from
the expected trend predicted with the perturbation theory. This increase in the dipole
mode frequency is therefore consistent with the fact that in Eq. (6.66), the last term

corresponding to the interaction energy acts as a perturbation that induces a blue shift
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Figure 6.21: (Left) Dipole mode frequency derived from the frequency spectra of the

center of mass using GPE and from the variational method numerical solutions, com-

pared with the corrected classical oscillations frequency ngO determined with pertur-

bation theory from Eq. (6.20). The errors were determined by using half division of
the frequency scale. (Right) Percentage relative difference of perturbation theory and
variational method compared to the frequencies observed from the GPE simulation.

of the harmonic oscillator eigenvalues, which depends on the state of the system. In
fact, the perturbation theory correction keeps into account the correction to the energy
coming from the anharmonic part of the potential treated as a perturbation and not the
interaction term. The effect of the interaction, in this model, is kept into account for
the effect that it has on the average occupation number. In Fig. 6.22 we show how the
interaction energy, defined in Eq. (6.68), changes as a function of the states quantum
number n, for eigenstates of both the harmonic and tilted ring potentials, evaluated
numerically. Using the definition of the interaction energy

it = 912 / (), (6.68)

we express this in dimensionless units considering the relation

2Ent _ 2B Nwy By

_ , 6.69
91D hwho 91D hwnolhog (6.69)
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where in the last passage we used the definition of the dimensionless interaction strength
already largely used here, g = g1p/2hw 1), and A = wpe/w) .

The following drop in the dipole frequency is then determined by the interplay between
the shifts given by the interaction strength and the anharmonicity. In fact, if on one
side the interaction strength determines a blue shift of the energy, on the other side the
interaction energy assumes lower values for states with higher n, as shown in Fig. 6.22,
while the anharmonicity determines a red shift of the energy.

As the shift for the dipole frequency is below 10%, the percent relative difference for
the two methods analysed here, as shown in Fig. 6.21(b), lies in the range 0 — 2.6%
with the variational method and 0.2 — 2% with the perturbation theory approach.
The increasing deviation between the numerical GPE results and the perturbation
theory approach, for higher interaction strength, is due to the fact that the unperturbed
Hamiltonian considered even in the interacting case is the harmonic oscillator one, and
the interaction term enters the perturbation theory correction only in the energy of
the system determined to estimate the corresponding average occupied state. This can
therefore lead to a lack in accuracy, as we would need to treat also the interaction term
as a perturbation in order to give a further correction.

We now study the shift of the monopole mode, comparing the solutions of the aforemen-
tioned methods. While in the non-interacting harmonic oscillator case the monopole
mode is given by wy; = 2wye, in the previous section we have seen that, for the har-
monic oscillator case, the shift due to the interaction can be reproduced both with
a variational method and with a phenomenological result that takes into account the

revival frequency wgr observed, with the relation

Wy = 2wWhe — WR. (6.70)

Differently from the harmonic oscillator case, however, we see that the dipole frequency,
describing the classical oscillations of the center of mass, is shifted in the tilted ring
potential even in the non-interacting case, as a result of the anharmonic perturbation
to the potential. Here then we have to consider the correction to the center of mass

oscillations, which we determined using perturbation theory from Eq. (6.20), obtaining
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Figure 6.22: Interaction energy of Eq.(6.66) in dimensionless form, evaluated from
Eq. (6.68) with the eigenstates of the harmonic oscillator and the ring, estimated nu-
merically from the xHamiltonian in the non-interacting case.

the results shown in Fig. 6.21.
Eq. (6.70) then reduces to

wir = 20— g, (6.71)

cl

where wgr_ s is the revival frequency observed in the frequency spectra of the wavepacket
width oscillations.

In Fig. 6.23, in analogy to the previous study of the dipole frequency shift, we show
the frequencies obtained from the frequency spectrum of the width of the wavepacket,
obtained from the numerical simulation of the GPE. We compare these with the varia-
tional method solutions, obtained from the numerical solution of Eq. (6.40), and with
the phenomenological result of Eq. (6.71), obtained after considering the perturbation
theory correction to the classical oscillation of the wavefunction (Eq. (6.21)).

The revival frequency, determined from the frequency spectra of o, and used to predict

the shift from Eq. (6.71), is shown, as a function of the interaction strength, in Fig. 6.24.
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Figure 6.23: (Left) Monopole mode frequency derived from the frequency spectra of the
wavepacket width o using the GPE and from the variational method numerical solu-
tions, compared with the monopole oscillations determined using perturbation theory
and the phenomenological formula in Eq. (6.71). The errors were determined by using
half division of the frequency scale. (Right) Percentage relative difference of pertur-
bation theory and variational method compared to the monopole frequencies observed
from the GPE simulation.

Comparing the two results with the frequencies determined from the GPE simulations,
we can see that the variational method fails to give an accurate prediction for the
monopole frequency shift, with percent relative errors in the range 3% —8.5%. From the
frequency spectra of the width obtained with the variational method approach, shown in
Fig. C.5), it can be seen that the shift in the monopole frequency is consistent with the
value of the revival frequency, according to the phenomenological result of Eq. (6.71).
However, the discrepancy in the value of the revival frequency wgr_ s obtained with the
variational method and with the GPE, affects the accuracy in determining the shifts
of the monopole mode. In fact, from Fig. 6.24, we can see that the revival frequency
obtained with the variational method is ~ 5 times larger than the one obtained with
the GPE simulation at low interactions.

This deviation is related to the fact that the wavepacket loses its Gaussian form for
lower values of the interaction strength. On the other side, we want to stress the fact

that the phenomenological result that we verified in the previous case for the harmonic
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Figure 6.24: Revival frequency computed from the frequency spectra of o obtained both
with the numerical solutions of the GPE (dots) and with the numerical solution of the
differential equations Eq. (6.40) and Eq. (6.41) obtained from the variational method.
The frequency spectra used to determine the revival frequency with the variational
method, obtained from the evolution of the lower moments for some values of the
interaction strength, are shown in Fig. C.5.

oscillator, seems to be working quite well, especially for lower values of the interaction
strength. In fact, we observe that the percentage relative errors lie in the interval
0 — 2.5%, with a higher uncertainty for higher values of g as a consequence of the fact
that the prediction of the dipole oscillations obtained from the perturbation theory, in
this limit, contains deviations close to this values. This can be seen from the relative
difference in Fig. 6.21. The major source of deviation from the numerical solutions
given by the GPE is therefore the lack of accuracy in determining the dipole frequency

shift, whilst the effect of the revival frequency seems to be playing the major role.

6.7 Conclusion

We have studied the out-of-equilibrium dynamics of a BEC in a tilted ring potential,

focusing on collective oscillations that have been investigated in the harmonic oscillator
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limit before, with different approaches. Here in particular, we discussed the variational
method with the Gaussian ansatz, and the hydrodynamic limit for strong interactions,
achieved when the quantum pressure is negligible.

Being able to simulate the full dynamics of the BEC through the Gross-Pitaevskii
Equation and to determine the frequency spectrum from its Fourier transform, gives us
some advantages compared to aforementioned methods that aim to give an analytical
description. One of these is the advantage of not being restrained by a particular
form of the ansatz, like in the case of the variational method, where depending on the
geometry of the system the same ansatz can lead to inaccurate results (as seen in the
latest results of the previous section). On the other side, we do not need to neglect
the kinetic term like in the Thomas Fermi approximation in the hydrodynamic limit.
The main approximation in this model is therefore given by the fact that we do not
consider the non-condensed cloud, as the GPE is a mean field approach.

Taking the results of the 1D harmonic oscillator in mean field as a starting point, we
studied the frequency spectra obtained from the GPE simulation to characterise the
collective oscillations and the frequency shifts in the tilted ring potential. Comparing
the results for the two different potentials allowed us to determine how the different
non linear effects, coming from the interaction within the BEC and the anharmonic
potential, affect the dynamics. The observation of the spectra turned out to be an
invaluable tool to extract the main features of the system dynamics.

We summarise here briefly the main results obtained in this chapter. For the har-
monic oscillator we noticed that interactions within the BEC give rise to a damping of
the oscillations and a broadening of the peaks, which is determined by the collisions
within the BEC. In the tilted ring, the damping is observed even in the non interacting
case, due to the anharmonicity that leads to dephasing and decoherence of the initial
wavepacket. In both cases the damping is followed by revivals, which give rise to peaks
at lower frequencies in the frequency spectra.

We observed, for both potentials, the appearance of sidebands in the frequency spectra
of both the density and the moments, whose distance from the main peaks is given by

multiples of the revival frequency, but with a different structure in the two potentials.
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The frequency shift was also determined, for both cases, from the frequency spectra.
While for the harmonic oscillator potential the dipole mode is decoupled from the other
modes and the motion of the center of mass does not depend on the interactions, in the
tilted ring we saw that the anharmonicity induces a coupling between the even and the
odd modes (e.g. dipole and monopole). This was seen also by extending the variational
method approach to the case of a harmonic potential perturbed with a quartic term.
We therefore observed the shift of the dipole mode due to the collisions within the BEC
and predicted the shift with first order perturbation theory, which gives a reasonably
good agreement. For the study of the monopole frequency shift, we observed that there
is a relation between this and the revival frequency observed. More precisely, we found
that the shift of the monopole mode can be derived, both in the harmonic oscillator
and in tilted ring traps, by subtracting the revival frequency to the “bare” breathing
frequency estimated from twice the classical oscillation frequency, which is dependent
on the form of the potential. These phenomenological results are in excellent agreement
with the numerical data obtained from the GPE, and in the case of the ring potential
we showed that they give a better prediction than the variational method.

Although we do not have yet a deeper understanding of this phenomenological result,
the revival frequencies observed close to the zero seem to be the key feature, connecting
the structure of the sidebands, which appear at multiples of the revival frequency, and
the shift of the frequency modes from the main peaks to the successive lower frequency
sidebands, for increasing interaction strengths. In the future it would be interesting
to study these effects in more detail, to gain a better understanding of the connection
between them.

This study would be interesting considering also the dynamics obtained using different
parameters of the ring potential and radius, as well as different initial positions that
can allow us to explore regimes that go beyond the quartic approximation of the po-
tential, where the dynamics presents super-revivals. This would allow to see how the
interaction affects the dynamics in this limit and whether the frequency shift of the
monopole mode could be predicted also by the super-revival frequency, in analogy to

the phenomenological relation that includes the revival frequency.
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However, going beyond the approximation of small oscillation, to the extreme limit of
oscillations of a BEC launched from the top of the trap, would not be ideal for our
study, as the splitting and recombination of the cloud at the top of the ring creates
interference that generates the so called ”quantum carpets” [194, 195]. Analysing the
frequency spectra of the density obtained from the dynamics would result in too many
frequency components in the frequency spectra (determined by quantum fractional
revivals) that would be hard to analyse.

Here we have considered the case of a quasi-one-dimensional ring, where the radial
direction is much smaller than the healing length, so that the dynamics in this direction
is frozen and the wavefunction along it can be described as the ground state of a
harmonic oscillator. However, including the dynamics in the radial direction, either by
considering more available states in this dimension or by using a full 2D description,
would be interesting to study, for varying interactions, the interplay of the dynamics in
the two directions in the tilted ring potential, and see how this changes the frequency
of the lowest modes and eventually effects of coupling between the different modes.
The study of this kind of system, because of the anharmonicity, offers a different setup
in the investigation of collective oscillations generated by the non linear dynamics,
compared with previously studied systems. In particular, the frequency spectra derived
from the dynamics in the mean field approximation give a large amount of information
on the dynamics of the system and on the physics behind it. Although it was not
discussed here, this system presents chaotic behaviour [101], and the appearance of
broad band components can be interpreted as a signature of this [196]. Furthermore,
we aim to understand if the characterization of collective oscillations can be used to

determine the structure factor from the evaluation of the moments.
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Chapter 7

Dynamics of an exciton-polariton

condensate in a microcavity ring

7.1 Introduction

In this chapter we present the results of a collaboration with the experimental group of
David Snoke at the University of Pittsburgh on the study of the dynamics of exciton-
polariton condensates in a microcavity ring, which led to the publication in [124].
Although in this thesis we do not aim to focus on the study of polaritons, we give
a brief overview to describe these systems, and report the theoretical model used to
explain some experimentally observed features. This study played a large part in the
motivation for the research reported in Chapter 6.

Alongside ultracold atoms, solid state systems have been proposed as alternative can-
didates to observe the onset of Bose-Einstein condensation, both with excitons [197]
and with exciton-polaritons (polaritons) [198]. Polaritons have low mass, in current
semiconductor microcavities, around 10? times lighter than rubidium atoms due to the
fact that they are hybrid excitations of matter and photons, and because of the bosonic
statistics that these quasiparticles have, condensation can be obtained through a ther-
malization process. Coherent population [199-203] of the lowest single-particle state
in polariton systems, in analogy to the case of atomic gases, has been shown, and the

emergence of quantum effects such as superfluidity [204] and quantized vortices [205]
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were observed.

Polaritons [206] are quasiparticles obtained from strong coupling between photons and
excitons (electron-hole pairs), therefore they can be considered as photons dressed with
matter fields. The interest in the study of exciton-polariton BEC over exciton BEC
has been motivated by the fact that the mass of polaritons (mpe ~ 10~°m,) is around
4 orders of magnitudes lighter than the mass of excitons, and as a consequence the
condensation can be achieved even at room temperature [201-203], with temperatures
in the range of 1 — 300 K.

The achievement of condensation in polaritons, under incoherent pumping, relies on
a thermalization process assisted by the interaction between the polaritons. This was
successfully obtained for the first time in 2006 [199], where a macroscopic occupation of
polaritons in lower energy states was observed in the momentum space, together with
long range order in real space.

One of the challenges in the achievement of full thermalization, in these systems, is
due to the fact that their lifetime, determined by the photon leakage rate from the
cavity, is short compared to the thermalization time. These timescales, for typical
experiments, have been reported to be respectively 7 ~ 1 — 10 ps and Tj, ~ 1 — 10
ps, with a ratio in the range T3, /7 ~ 0.1 — 10, in contrast to atomic gas BEC, where
this is Ty,/7 ~ 1 ms/1 s ~ 1073 [207]. This led to controversies in the definition of
Bose-Einstein Condensates when discussing the physics of these systems, since they are
inherently out-of-equilibrium [208, 209].

However, recently significant progress has been made in limiting the leakage of photons
from the cavities, leading to ultralong lifetimes on the order of ~ 100 — 200 ps, which,
compared to thermalization times Ty, ~ 5 — 10 ps, allowed the observation of Bose-
Einstein condensation of polaritons at equilibrium [210].

Another challenge in the study of these systems is the presence of an incoherent reser-
voir of excitons interacting with the coherent part of the many-body system, which
makes it difficult to measure key physical quantities such as the polariton-polariton
interaction strength. For this reason, increasing interest has been tailored towards the

creation of particular geometries and techniques that make it possible to separate the
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two components. Recent experiments, using different methods, such as the propaga-
tion of polaritons far from the reservoir [211] and depletion of the incoherent population
[212], allowed direct measurements of the polariton-polariton interaction strength.
Motivated by these challenges, the group of David Snoke recently set up a tilted mi-
crocavity ring platform, with an effective one-dimensional geometry achieved through
etching processes in its structure, to study the dynamics of polaritons with ultralong
lifetime of & 200 ps [124]. The dynamics of polaritons in this configuration, which will
be the subject of investigation in the rest of the chapter, has many potential inter-
esting aspects. The gradient of the ring potential, combined with the long lifetime of
polaritons, allows them to travel distances of the order of hundreds of microns, and to
observe their dynamics far from the laser injection spot, where an excitonic hill builds
up. Doing so, the condensation can be observed without being attributed to non-linear
effects of the laser light, and the polaritons can in principle be separated from the inco-
herent reservoir of excitons. Studying the physical processes involved in this dynamics
is therefore important to understand what novel contributions and advantages we can
obtain from this configuration.

Because of their finite lifetime and their creation process, polariton BECs are out-of-
equilibrium systems usually described by means of driven-dissipative models. In the
following we model the dynamics of polaritons in tilted microcavity rings of different
sizes, using a modified Gross-Pitaevskii Equation that accounts for the generation and
decay of polaritons, as well as relaxation processes that we describe with a phenomeno-
logical term, due to interaction with an excitonic reservoir.

The remainder of this chapter is structured as follows. In Section 7.2 we give a brief
background on the exciton-polariton systems. In Section 7.3 we present the model
analysed and the theoretical methods used to describe the dynamics of the polaritons
in the regime of interest. In Section 7.4 we present the results obtained from the
theoretical model, alongside the experimental data obtained by the group of David
Snoke, and comment them. Finally, in Section 7.5 we summarise the key results and

discuss some future directions.
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7.2 Exciton-polaritons

The experimental setup used in the experiments which we study here is constituted
by a microcavity, where photons are pumped, and quantum wells of semiconductors
placed between the Bragg reflectors, where excitons are generated. In the following we
show how the coupling between exciton and cavity photon modes gives rise, through
a linear supersposition of these, to polariton modes. Therefore we first obtain the
energy dispersion for the cavity photon and the excitons, and then derive the dispersion
relations for the polaritons.

Let us consider a photon in a cavity, trapped between two Bragg mirrors separated by

a distance D, with refractive index ng. The energy of the photon in the cavity is

_ _ 5 S0 _ 1€ 12 2
Ec—th—hnOk hno k‘J_—l-kH, (7.1)

where k) and k|| are the components of the photon momentum in the directions respec-
tively perpendicular and parallel to the mirror surface. The boundary condition along
the perpendicular direction fixes the momentum k;, = Mx/D, where M is a positive in-
teger. For k < k1 we can write , /k‘i + k‘ﬁ ~k + %, leading to F¢c = % + 2:;:&,

therefore obtaining a dispersion relation that depends quadratically on k), which we

can write in the form

th:ﬁ
Ec=EX+— 7.2
where we have introduced a cutoff energy E% = % and the effective mass of the
cavity field
nomMh
=nokith= ——. 7.3
me = nok L D (7.3)

This is typically of the order of 10~4m,, where m, is the electron mass in the vacuum.
Polaritons can form when the light trapped in the cavity strongly interacts with an
active medium, such as semiconductors layers, exciting the electrons from the valance

to the conduction band and leading to the formation of an electron-hole bound state,
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an exciton. The exciton energy is given by

h2k2
Ey(k) = Ey(0) + -1 (7.4)

)
2Mey

where me; = memy/(me + my) is the reduced mass obtained from the electron and

hole masses, and E,(0) = Eyqp — Ep. Here Eyq, is the energy gap between the two

bands and Ep = 5 nfjfzg is the binding energy, with a., the exciton Bohr radius. Since

Mex = 103mc, the exciton energy can be approximated as constant (E,(0)) with k.
The Hamiltonian for the polaritons can be written as
Hp = Ho + H, + Hy
_ AR At Ao PP
= Z EC(kll)Ck:H Ck + Z Ex(k:H)ak” Qg + Qg Z(Ckuakll + (Lk“ Ck, ), (7.5)

Ky ki Ky

where we introduced the bosonic annihilation operators for the excitons and the cavity,
respectively indicated with dku and ék”, and the coupling €y between cavity photons
and excitons.

This Hamiltonian can be diagonalised by introducing new operators Pkn and Qk”, as a

linear combination of the modes of the cavity photons and the excitons [206]

P’fu = X (ky)aw, + Cky )k (7.6)

QAkH = —C(k”)&ku + X(k}H)ék” , (7.7)

leading to eigenvalues of the form

Eppwp(k)) = % [Ex(ku) + Ec(k)) F 1/Q% + 02 (k)| » (7.8)

where 0(k||) is the detuning energy, given by

5(ky) = Ec (k) — Ex (k). (7.9)
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Therefore the Hamiltonian of Eq. (7.5) reduces to the diagonal form

Hp=Y" ELP(/{H)P,:“ Py, + EUP(k”)QLHQkH, (7.10)
k|

from which we can clearly see that two kinds of quasiparticles are obtained, after using
the above transformation. These quasiparticles are the lower and upper polaritons,
whose modes are indicated respectively with the bosonic annihilation operators Pk”
and Qk\l'
We can then see more clearly how polaritons can be considered as hybrid quasiparticles
having both light and matter components, with proportions determined by the factors
X (k) and C(k), called Hopfield coefficients [206] and satisfying the relation | X (k| )*+

|C (k:H)|2 = 1. These are defined according to the relations

il = X2 =+ 14— (r.11)
52(k||)+92

folky) = 1t = L (1o =28} (7.12)
2 82(ky) + Q2

which describe respectively the excitonic and the photonic fractions of the lower po-
laritons. In these equations for convenience we defined 2 = 2. It is therefore evident
that changing the detuning ¢ affects the excitonic and photonic components of the po-
laritons (for § = 0 the LP and UP are half exciton and half photon), as well as their
effective mass, and therefore the way they interact with each other.

The dispersion curves for the polariton modes, together with the ones of the cavity
field and the exciton, are represented qualitatively in Fig. 7.1 for different values of the

detuning ¢, having fixed the coupling €.

7.3 Model

As discussed in Section 7.1, motivated by current experimental realisations with these

platforms [124], we study the dynamics of polaritons in an effective one-dimensional
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E/Q E/Q
5¢ 5

Figure 7.1: Dispersion curves obtained for the polariton modes Eq. (7.8), the cavity
field Eq. (7.2) and the exciton energy Eq. (7.4), in units of the coupling 2, shown
qualitatively for a fixed value of this and different detunings d, and Ex(0) = 1.3 Q.

tilted microcavity. The experimental geometry here inspired the choice of geometry for
the research in Chapter 6. Therefore, the choice of potential is analogous to the one

introduced in Chapter 6, of the form
V() = ?[1 ~ cos(6)]. (7.13)

In contrast with the case studied in Chapter 6, where the number of atoms was con-
served, here we have to adopt a slightly different model to account for the generation
of polaritons, as well as the decay due to the fact that polaritons have a finite lifetime,
given by

TC
Tpol =~ fic” (7.14)

where 7¢ is the lifetime of the photons in the cavity. As we show in the schematic

representation of Fig. 7.2, the polaritons are created at the top of the ring by means of
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a laser directed on the active layer, where excitons are formed. The polaritons travel
around the ring and their density is measured at the bottom (at # = 0), together with
their energy AEp.

In this experimental setup the one-dimensional geometry allows polaritons to have
a considerably long lifetime of 7,,; ~ 200 ps, and to travel distances of the order
of tens of microns (we study the dynamics of the polaritons in microcavity rings of
different dimensions, having radii of 40,50 and 60 pm). In this chapter we estimate
the interaction strength between both polaritons and excitons, and we study how the

interaction affects the frequency of the oscillations in the polaritons’ density.

Pump
spot

V=1meV

Figure 7.2: Schematic representation of the trapping potential used to study the dy-
namics of polaritons. The polaritons are generated at the top of the ring and move
towards the bottom, where their density is measured by detecting the emitted photons.

In order to describe the dynamics of the polaritons at the § = 0, we adapt the Gross-
Pitaevskii Equation (GPE) introduced in Chapter 2 and used in Chapter 6 to include
the pumping and the dissipative terms, together with a phenomenological damping term
of the kinetic energy, to account for relaxation due to the presence of a population of
an exciton reservoir around the bottom of the ring § = 0. We therefore use the open-
dissipative GPE (ODGPE), having the form

2
in??00 11— io) Vv 4 gupleo.0 P+ iG() - im@] w0, (715)
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where

G(t) = Go[l — e t/M]e ™, (7.16)

I(t) = To[l — e /™, (7.17)

are respectively the time-dependent feeding and decay terms, and « is a phenomeno-
logical factor, first introduced by Pitaevskii [213], and now widely used in the exciton-
polariton literature to account for the relaxation, due for example to scattering with
phonons and excitons [214-216]. This simplified phenomenological model is aimed to
describe the oscillations at the bottom of the ring at # = 0, where the photon emission is
detected experimentally, therefore the generation term here keeps into account the time
needed for the polaritons to move from the top to the bottom of the ring. We rewrite
the ODGPE of Eq. (7.15) in the dimensionless form, after defining = = §R and rescal-
ing time, energy and length with the units 7' = 27 /w, E = hw and [y = \/W,
where w = \/WI,OZRQ) is the oscillation frequency defined by the potential Vj of
the tilted ring and the radius R. For convenience, we consider the initial wavefunction
to be normalised to one, so that the dimensionless initial wavefunction is rescaled as
WYlo/ V/N, and we can transfer the dependence of the dynamics on the initial number of
polaritons N in the interaction term, as g1p/N. Furthermore, Therefore, in dimension-
less form (where the dimensionless physical quantities are indicated with the subscript

‘d’), the ODGPE of Eq. (7.15) reduces to the form

Oy ) 9?2V 2rgipN | o . )
2(9—756[ =|-(1- ZQ)W@ + %[1 — cos(lpzq/R)] + Tlo\w(ﬂ +1iGqa(tq) — ilq(tq) | Y,
(7.18)
where we have used an initial Gaussian wavefunction of the form
1 —a2 /202
UJd(l‘d,O) e “d/ %, (7.19)

- V/mogerf(nR/o4lp)

For the simulation of the ODGPE we use the split-step Fourier transform method
discussed in Appendix B, being careful to renormalise the wavefunction after the action

of the non-Hermitian evolution given by the damping term proportional to «.
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7.4 Results

We use the model described above to simulate the polariton dynamics and caluculate the
density at the bottom of the ring. From this we derive the exciton density determined

by their excitonic fraction from the relation
Nex(0,) = | X (ky))[*rpor (6, 1), (7.20)

which we will use in the following to compare the numerical simulation with the ex-
perimental data. In order to study the effects that the interaction strength and the
phenomenological parameter « in Eq. (7.18) have on the dynamics of the polaritons,
we first consider the dynamics in a microcavity ring of radius R = 50um, for different
values of these parameters, and show the oscillations of the exciton density neqc(0,t)

at the bottom of the ring in Fig. 7.3, for the different values considered.

T T T T T T T T

——g,,N=0, a=0

g, N=0, a=1.1 |
9,,N=0.0025, a=0
——g,,N=0.0025, a=1.1

| | | AN
N A N
:”’ “ "{ M Al [] " \\
/ ‘l‘mﬁ,w-/ / Nl l' D al | e l, I J" '\ I \\
. . HVW':” ':' l'\'“ﬁ""'w‘v"f“w“. VA \ AN A modlZN A Ny
100 200 300 400 500 600 700 800 900 1000

t (ps)

Figure 7.3: Density of excitons (7.20) estimated from the polariton density simulated
from Eq. (7.18), for different values of the damping coefficient o and the interaction
strength g1pN in eVum, as in legend, and for the ring with radius R = 50um. The
other parameters used are the ones reported in Table 7.1.
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We observe that, as is consistent with the results discussed in Chapter 6, increasing the
interaction generates a red shift of the oscillation frequency and broadens the density
peaks. The relaxation term « however is fundamental to match the experimental
results and to observe smoother oscillations, as a result of damping higher momentum
oscillations due to the interaction with the exciton reservoir, for which we also see
evidence in the experiment. The effect that the damping term has on the polariton
density in momentum space, for the same parameters used in Fig. 7.3, is shown in
Fig. 7.4, where we observe that, while for &« = 0 the polaritons reach higher values of
momentum, which results in sharper oscillations of the density, for finite values of «
the momentum is confined to lower values. As a result, we see that the oscillations are
almost completely smoothed out for the non-interacting case, but are recovered for a
finite value of the interaction.

As mentioned in the previous section, we aim to observe how the interaction affects the
dynamics of the polaritons in microcavity rings of different dimensions, and to discuss
the interaction strengths observed in this regime, through the estimated value of the

exciton-exciton interaction g, .

7.4.1 Oscillations of polaritons in microcavity rings of different radii

In this part we study the dynamics of low density polaritons and the corresponding
density of excitons, obtained from Eq.(7.20). Having experimental data of the exciton
density in rings with radii of 40,50 and 60um, we find the best fits for these datasets,
using the model of Eq. (7.18) to simulate the dynamics of polaritons, and from 7, (0, t)
we extract the exciton density using Eq. (7.11). We therefore determine, by changing
the value of the interaction strength gip, how the frequency of the oscillations changes
for every configuration, compared to the non-interacting case. We show the best fits
and the experimental data in Fig. 7.5.

The parameters used for the numerical simulations of Eq. (7.18) to obtain the results
shown in Fig. 7.5 are reported in Table 7.1. In Table 7.2 we report the values of the
periods observed with the values of the interaction strength given by the best fits and

compare them with the ones expected in the non-interacting case. The configurations
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Figure 7.4: Density of polaritons in momentum space, computed using Eq. (7.18) for
different values of the interaction strength g;p/N and the relaxation coefficient a.

R(pm) wn/2n wm/2n wrs/2r 21Go/w 27lg/w o  og4

91N (eV um)

40 0.15 0.6 0.5 1.0 0.9 1.1 5
50 0.20 0.6 1.5 1.0 1.0 1.1 6
60 0.20 0.6 0.5 1.0 1.0 08 5

0.50x1072
0.25x1072
0.25%1072

Table 7.1: Parameters used to reproduce the dynamics of the polaritons densities rep-

resented in Fig. 7.5.

with different radii correspond to non equal values of the energy gradient Vy and will

correspond to different masses of the polaritons my,. These were determined by esti-

mating the lower polariton dispersion relation from Eq. (7.8) and fitting that with a

parabola centered at k = 0.
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R(um) Vo (meV) myg (x10me) T (ps) T, (05) gipN (eV um)

40 0.66 6.7 270 27245  0.50x 102
50 0.83 6.4 302 306+5  0.25%x102
60 0.88 6.0 331 343+5  0.25%x102

Table 7.2: Comparison between the oscillation period T' = 27/w = 27r\/2mpolR2 Vo
expected in the non-interacting case and the period Tj observed experimentally by
evaluating the time between the first and the third peak in the oscillations of the
experimental densities represented in Fig. 7.5, for different values of the radii. The
different sizes of the ring determine different values of the energy gradient V4 and of
the polariton mass my;, which are also reported.

143



Chapter 7. Dynamics of an exciton-polarit

on condensate in a microcavity ring

2.5 1~ , ,
— N {ﬂ\ —Theory
ol ;/\ — 08 ‘\ n —Experiment
’.‘A \' \ - d\ ,f"“ /\ \
E15( | ‘e 06f Y\
S | S RN
s 1f A 0.4y \
SN L N\
o5 0.2 AN
0 N N . —— 0 . N N . ot
0 200 400 600 800 1000 0 200 400 600 800 1000
t (ps) t(ps)
(a) R=140,91pN = 0.5 x 1072 eV um (b) R =40,9:pN = 0.5 x 1072 eV um
8 3
, —n —Theory
f[\ 7np0l 257 {A\\ P — Experiment
6 ex \a
— | “ \‘\ / \
[{ \/ \\ N 2 [\ \/" \\\ X
= " \\ E J}' "V‘ \V]‘\
S4 'f’ AN S 15f U \
c L 2 I AN
/’ ) \‘\.\ cé 1 'fo" \\
2 N | AN
/ \\\\ 0.5 AN
/ — T~ S
0 : : - — 0 : : :
0 200 400 600 800 1000 0 200 400 600 800 1000
t (ps) t (ps)
(c) R=50,g1pN = 0.25 x 1072 eV um (d) R=50,9:1pN = 0.25 x 1072 eV um
10 4 , :
— Nl —Theory
— Experiment
8 {(/\\ ~Nex 3t "
ol \ \ -
E 6} f=
= | =
= !' \/\\ = 27
S 41 ~_ ::% !
C |
/ - 1t
27/ — N\ \ | X
T ~__ | e
. — | . S|
0 200 400 600 800 1000 0 200 400 600 800 1000
t (ps) t (ps)

(f) R=60,9:pN = 0.25 x 10-2 eV pum

) R=60,g1pN = 0.25 x 1072 eV pum
(e)

Figure 7.5: Polariton densities at the bottom of the ring 1,0, (6 = 0,t) and corresponding
exciton densities ne,(0,t) estimated using Eq. (7.20) (left), and comparison between
the exciton densities obtained numerically and experimentally (right) for rings with
different radii and with the interaction strengths reported in captions. The parameters
used for the simulations are reported in Table 7.1.
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7.4.2 Estimation of the interaction strength from the energy shift

In the previous section we have determined the value g1p/N from the best fit to the
exciton density ne, (6 = 0,t). However, the inability to determine the initial number
of polaritons N does not allow us to estimate the effective value g1p of the polariton-
polariton interaction strength.

We now consider a different set of experimental data, that in contrast to the previous
case have a higher density of polaritons, which are in the regime useful to achieve
condensation. For this case, we refer to the experimental datasets of the energy shift
caused by the interaction and of the measured densities of polaritons, and discuss the
important features in their relation and in the determination of the interaction strength.
From the time-independent GPE, the blue shift of the energy, in the Thomas-Fermi
regime, is mainly determined by the interaction strength and should be directly pro-

portional to the density of polaritons, according to the equation

AELP(Q,ZL/) = gp_pnpol(G,t), (7.21)

therefore we expect the measured blue shift to follow the same trend in the oscillations,
compared to the density of polaritons measured. However, from Fig. 7.6 we observe
that there is a discrepancy between the experimental measured value of the blue shift
and the one trend given by the bare interaction between the polaritons from Eq. (7.21).
As we have pointed out in the previous section, however, for a correct description of the
dynamics we have to include a phenomenological term that accounts for the interactions
with an exciton reservoir. Based on the evidence of the presence of these excitons, we

therefore have to include this contribution in the equation for the blueshift, so that

AEWLP = gp—pnpol(t) + Gpol—exTres (t)a (722)

where n,es(t) is the density of excitons in the reservoir. In order to obtain this in

a convenient form, where we need to estimate only the interaction strength between
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Figure 7.6: Energy shift measured experimentally (blue line) and energy shift obtained
from Eq. (7.21), using an indicative guess value g,—, = 0.25 x 1072 eV um. We see that
in the measured energy shift the oscillation are smoothed out, resulting in a deviation
between the predicted and the measured values, which can not simply be accounted for
from Eq. (7.21).

the excitons, we transform the polariton population in its excitonic part and convert
the interactions g,—, and gpo—e; to exciton-exciton interactions. As the interaction
between the polaritons is mainly given by their excitonic fraction, the blueshift in the

exciton energy is given by

AE‘X = Jzx (nex (t) + Npes (t)), (723)

where the exciton component n.,(t) of the polaritons is determined from Eq. (7.20).
Defining AE;p(0) = E} p(0)—ELp(0) and 6 = E.— E,, from the definition in Eq. (7.8),

we obtain

A

AELP -

2Em i %[\/m — V= AE)Z+ 2] (7.24)

Using the definitions of the exciton blueshift in Eq. (7.23) and the excitonic frac-
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tion f(k)) = |X(k))|* of Eq. (7.11), the lower polaritons blueshift of Eq. (7.22) and
Eq. (7.24) can be cast in the form

AELP = Gppiipot(t) + Gpot—catires(£) ~ Fo(O)AEL(E) = Fo(0)guanea(t) + nres (1))

(7.25)
By defining gfit = f2(0)gss it is therefore possible to obtain the interaction between the
excitons g,,. More information about how to extract the population of the reservoir
can be found in [124]. The exciton-exciton interaction strengths g, obtained in this
set of experiments, for different pump powers beyond the threshold, give values of the
order of 10 peV um?, which are consistent with other values observed in the same

regime at high densities [211, 212].

7.5 Conclusions

The system considered here presents some novelty due to the effective dynamics in one
dimension and the ultralong lifetimes of the polaritons (~ 200 ps), allowing motion at
distances of the order of hundreds of microns, far from the injection spot where the
excitonic hill is created. The longer lifetime of the polaritons, compared to the ther-
malization time, allowed condensation close to equilibrium conditions to be observed
in this experimental setup for the first time [210].

To gain a better understanding of the dynamics and the interactions between the com-
ponents of the system, we have modeled the dynamics of low density polaritons for ring
traps of different sizes, using a modified Gross-Pitaevskii Equation that accounts for
pumping and dissipation, and we used this to explain some features of the experimental
data obtained by D.Snoke’s group [124].

We showed how the oscillations are affected by the interaction strength, observing
how the period of the oscillations is different from bare classical pendulum oscillations,
for different values of the ring radii. Furthermore, we inferred that the shape of the
oscillations of the polaritons is strongly affected by relaxation phenomena given by
the interaction with an excitonic reservoir. In order to account for this, we added a

phenomenological term in the modified GPE.
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From the study of the data obtained experimentally for polariton oscillations at higher
densities, we observed that the presence of an excitonic reservoir manifests also here,
in the measured energy shift. In order to have a match between the blue shift observed
and predicted from the density of excitons, the presence of dark excitons was accounted
for. From this, a value of the exciton-exciton interaction strength of the order of 10 ueV
pwm? was obtained, showing consistency with other experimental values in literature for
polaritons at high densities.

The study of BEC in these platforms is very promising for the impact they can have
in quantum devices, due to their compact size and to the fact that condensation with
polaritons can in principle be achieved at room temperatures. Furthermore, these 1D
geometries offer intriguing opportunities for the realisation of polariton circuits and

networks of these, with connected 1D rings.
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Chapter 8

Conclusions

The ability to engineer the dimensionality and the geometry of the trapping potentials
for cold atoms, together with the control that we have over the interactions, allows us
to design highly-controlled systems where we can access desired regimes. In this thesis
we have used these possibilities in the context of both open and quantum systems by
studying particular geometries and confinements of cold atoms and BEC. In particular,
we studied the dissipative dynamics of impurities tightly confired in different dimen-
sions, induced by their interaction with a weakly confined BEC, as well as the dynamics
of interacting BECs trapped in one-dimensional tilted ring potentials. These models
offer applications for experimental platforms of relevance in the context of quantum
simulations and quantum technologies. In this chapter we review the key results of

each project and discuss some possible future directions.

In Chapter 4 we studied the induced dissipative dynamics of neutral impurities trapped
in different configurations, immersed in a BEC. In particular, motivated by the exper-
imental possibility to control and address the dynamics of individually trapped atoms,
we have studied the cooling induced by the coupling to a reservoir gas, which causes
initially excited motional states to relax to lower temperature states. Changing the
confinement of the trapped neutral impurities we investigated the induced dynamics
of the atoms with tight confinement different dimensions, in configurations that are

of experimental relevance and currently in place in different experimental groups. We
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estimated the cooling rates of the impurities for realistic experimental parameters, and
studied the heating effects of a finite temperature reservoir on the cooling process, show-
ing that the timescales obtained for the cooling process can be accessed experimentally.
Experimental applications of these cooling schemes then naturally follow.

The long coherence time of these systems allows us to use the induced dissipative
dynamics to achieve cooling to lower temperature states, under desired conditions.

In particular, the study of a configuration where the dynamics is reduced along two
directions, where one is tightly confined, offers the possibility to extend this study to
the case of impurities trapped in a lattice, with the aim to implement dark state cooling

81, 82].

In Chapter 5 we used the same platform of an impurity in a BEC, but with a study
tailored towards reservoir engineering and non-Markovian dynamics. Once again, the
ability to control the confinement of both the trapped impurity and the reservoir, allows
us to access different regimes where some approximations commonly used do not hold.
This is the case for the non-Markovian dynamics explored in this chapter, where we have
seen how changing the confinement of the impurity immersed in a cigar-shaped BEC,
affects the ratio between the relaxation time of the system and the correlation time of
the reservoir, leading to a backflow of information. The study conducted offers several
possibilities for future directions, including the non-Markovian dynamics of impurities
trapped in BEC having higher dimensions or having a finite number of modes to which
the motion of the impurity is coupled, as well as the study of non-Markovian dynamics
with two or more impurities.

The study of this system offers a promising toolbox for possibilities to explore new
elements of non-Markovian dynamics that are not accessible in other platforms, such

as atoms in cavities, because of the different nature of the reservoir.

In Chapter 6, motivated by ongoing experiments with BECs in tilted ring traps, we
characterised the effect that this geometry has on the collective oscillations of the sys-

tem. We studied the interplay between the non-linearity coming from the form of the

150



Chapter 8. Conclusions

potential and the interaction between the atoms, and comparing analytical and nu-
merical methods we have characterised the frequencies of the low-lying modes. We
have seen how this geometry induces different behaviour compared to the case of har-
monic potentials commonly studied, such as the coupling of the center of mass with
the internal dynamics of the system.

This study was conducted for a one-dimensional trap and in the regime of small oscilla-
tions around the minimum of the potential, where the anharmonic effects are however
visible. In future studies it would be interesting to consider more radial modes and
study how the coupling to these affects the excitation spectra, but also to study the
dynamics of solitons and BEC in tilted ring traps with barriers, with potentially useful

applications in the context of atomtronics.

In Chapter 7 we studied the out-of-equilibrium dynamics of polaritons in a tilted ring
trap, as a result of a collaboration with an experimental group on the subject. Current
progress in these platforms has produced polaritons with long lifetime, making it possi-
ble to achieve condensation through thermalization of the polaritons. This possibility,
together with the ability to design desired geometries, leads to possible applications in
quantum technologies. It is therefore important to understand the physical processes
observed for these systems in new geometries, to understand possible limitations in the
models and future improvements both in experiments and for theoretical descriptions.
In this case, in particular, we observed that the presence of a reservoir of excitons in-
teracting with the polaritons requires the inclusion of thermalisation processes in the
description of the out-of-equilibrium driven and dissipative dynamics.

Further directions in the theoretical model include the observation of coupling between
the radial modes to see how this would eventually affect the dynamics of the polaritons
even in relation to experimental observations. Furthermore, these platforms can be
used for building networks of connected rings, which can find application for quantum

memories in the context of quantum technologies and quantum computing.

Overall, the high degree of control that we have on these systems allows us to design
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desired configurations for the study of the dynamics of ultracold atoms and BEC, in
both open and closed quantum systems, offering a plethora of possibilities for advances
in quantum technologies.

The system of impurities immersed in a BEC offers many possibilities in the context of
quantum simulators, where the development of cooling techniques for producing lower
temperature states gives us access to the study of interesting problems in many-body
physics. Furthermore, we have seen how this system can be used to explore non-
Markovian regimes and investigate novel elements of coherent and dissipative quantum
dynamics, with potential applications in the context of state engineering. On the other
side, the study of the dynamics in tilted trapped BECs, with both ultracold atoms and
polaritons, offers different applications for atomtronics platforms, quantum metrology
and sensing, and it provides new opportunities for the study of new aspects in the

context of non-equilibrium dynamics.
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Appendix A

Evaluation of the decay rates and

semi-classical approximation

In Eq. (4.36) we provided the equation for the decay rates I'y1_mo in the 2D cigar-
shaped trap, after using a semi-classical approximation. We discuss this more in detail
in the following, and we also derive the decay rates in the fully quantum approach,
with an analogous procedure used in the estimation of the transition coefficients in 3D
(Eq. (4.32)).

Following previous considerations, in the cigar-shaped potential, based on the assump-
tion that the energy spacing in the radial direction is much larger than the chemical
potential, the excitations emitted in the decay from the first excited state in the radial
direction can still be considered in the supersonic regime, where the structure factor
is S(k) = (ug, +v)? = 1. With calculations similar to the 3D case, for the estimation
of the matrix elements, we used the relation in Eq. (4.29). After writing the com-
ponents of the momentum in the two directions in polar coordinates, as k, = kcosf
and k, = ksin 6 cos ¢, and integrating over k using the properties of the delta function

involving the energies, we obtain the decay rates

292, o/ Ty m.<!
9apPON/MaMp Mt [T (w tn— m) o

T —
=m0 (2m)2h3u  ms!\ mg

2 (A1)

y / d6B,5(n, m, B)e~ O ¢2n=ml () sin 6| LIl (£2(9))
0
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where w = &, m< = min(n,m), ms = max(n,m),
xr

m%kz cos? 0 oy

£2(0) = ~ 2 T (w +n —m) cos? 0, (A.2)
and
27 5 5
By(n,m,0) :/ dge= ¢ 005" 92(0) cos? ¢ (A.3)
0
— n2(0)e O [[0<42w>) ~ h(CQ(@))}
2 2
Here
27,2 i 02
c2(0) = “ok 2sm b TZZ} (w + n — m)sin? 6, (A4)

and Iy and [; are the modified Bessel functions of the first kind, defined as

oo

o . 1 T\ 2m+ta
Lo(x) = i Taliz) = Y T T a T (5) . (A.5)

From Eq. (A.1) we notice that, differently from the previous 3D case of Eq. (4.32), the

_m|

decay rates now contain Laguerre polynomials L|mn - '(x) that do not depend only on
the difference between the quantum numbers of initial and final states in the radial
direction, but also on the particular value of m.. As a consequence, for high values
of m, these terms will oscillate rapidly and make their numerical evaluation compli-
cated. We therefore make use of the semi-classical approximation [79, 162] in order
to circumvent this problem, having also the advantage of speeding up the time needed
for the numerical evaluation of the matrix elements. The semi-classical approximation

consists of describing the motion of the impurity in the trap with a classical trajectory,

so that k,z = ky@mas cos(w,t). The matrix elements of the axial transitions therefore
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are

2

T/2 _
/ eflkza:maz cos(wyt) COS <27T(’I’L m)t) dt
0 T

27 fway 2
ﬂ / 6fikzacmaz cos(wzt)efiwz (nfm)tdt
0

n—m(kxxmax)v (A6)

where J,,_,(z) are the Bessel functions of the first kind, defined as

° (71)m T\ 2m+ta
Jalz) = Z m!T(m+ o+ 1) (5) ’ (A7)

with I'(z) = [;° #* e *dx the Gamma function. In Eq.(A.6),

<\/2n+1+\/2m+1)
Tmax = L0 )

. (A.8)

is the average between the initial and final maximum position of the impurity, and
T = 27w, is the period of the oscillations [162]. Inserting this solution of the matrix
elements in the decay rates (Eq. (4.26)), we obtain the decay rates of Eq. (4.36).

This approximation was also used for the estimation of the transition coefficients in 1D
(for the slower dynamics along the axial direction), with an expression for the decay

rates given by

2 ] ™
Chom — Jabl0 / dkS(k)k25(hwe(n — m) — ek)/ J2_ (K cos 02 mqe) sin Od6
21h 0 0
1.2 ™
JabP0 [T kS (k) J2 . (kcos 02 mar) sin 0d6, (A.9)
2h2 | 2

where in the last line

" € + 1y — to- (A.10)

We compare the decay rates obtained in both the fully quantum and semi-classical
approximation in order to test the goodness of the latter. We do this for the 1D case,

where we can evaluate them both numerically. The quantum expression for the decay
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rates, in the most general form reads

2 ~1.2 ™
Ty :gabPOm‘ ek S(k) / daef(:vgkg cos?0)/2
2mhn! - 0
e+ 1) (\/ & + 1§ — )

2 272
y ( 2k ;:os 9) ’L%m(xok 2cos 9>| 7 (A1)

with k defined as in Eq. (A.10).

In Fig. A.1 and Fig. A.2 we compare the values of the decay rates obtained with both
the approaches, for two specific transitions from a higher and from a lower excited
state, respectively I'go—m and I'yg_m. As expected from the theory, the semi-classical
approximation works very well in the case |n — m| < n, whilst it is less accurate for
|n — m| =~ n. More precisely, from Fig. A.1 and Fig. A.2, we can see that the relative
difference between quantum and semi-classical results are smaller than 15% in the range
In—m|/n <0.9. Fig. A.1(b) shows that the relative difference increases above 40% for
m < 4. However, in this case, the decay rates obtained for these transitions with both
methods are respectively of the orders of 107!° and 10~® and can be approximated to 0
being much smaller than the other rates at higher m, as it can be seen from Fig. A.1(a).
In general, we notice that, for transitions n — m in the limit [n—m/|/n < 0.9, the relative
difference is below 18%, and transitions to lower energy states m with |[n —m|/n >
0.9 start becoming more significative for n < 12. We therefore compare in Fig. A.2
the decay rates obtained with the two approaches and their relative difference, for
transitions from the initial state n = 10.

We see that, while the decay rates are of the order of magnitudes of 107* — 1073,
and the relative difference between the two methods results is below 10% for m > 0
(corresponding to |[n — m|/m = 0.9), this increases to 37% only when |n — m| = n.
Going to even lower initial states n, we observed that the maximum relative difference
(at m = 0) keeps decreasing with n and lies in the range 0 — 38%, while for m > 0 we
still have a relative difference below 10%. Following this, we can therefore state that the
semi-classical approximation has a high accuracy for |[n—m|/n < 0.9, going beyond the

condition |n —m| < n predicted by the WKB approximation, and the values obtained
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Figure A.1: Comparison (a) and relative difference (b) between decay rates estimated
with the fully quantum expression and the semi-classical approximation, for transitions
from the state n = 60 and for a value of the trapping frequency w, = wyp.

Mo
W o I-((:’)10—)m
5.x107 AL 0.35!
. 0.30}
2.x1073F 0.25¢
0.20}
_3_
1.x10 . 015!
5.x 1074} * Quantum 0.10f
Semiclassical 0.05¢ ° e .
] ‘ . | . - . . . -
0 2 4 6 8 2 4 6 8

Figure A.2: Comparison (a) and relative difference (b) between decay rates estimated
with the fully quantum expression and the semi-classical approximation, for transitions
from the state n = 10 and for a value of the trapping frequency w, = wy.

for non negligible transitions with |[n — m| = n have a relative discrepancy varying in
the range 0 — 38%, getting smaller with n, as the contributions from this transitions

increase.

A.1 Evaluation of the 1D decay rates in supersonic and

subsonic limits

We can find some simplified expressions for the decay rates in 1D when considering the

two limits e > up and € < pyp for the supersonic and subsonic regimes. Under these
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conditions, they are respectively given by [79]

su; ga PoMp/ M bm‘ Vima T —£2 2(n—m n—m 2
F7(1—£7)1— - 71'71410 \/wmw /\/75155 ¢ 52( )‘Lm (62)‘ , (A12)

and
F(sub) _ g?szolo m! [2mq 2 2 ZOMI(JJM) d —£2 £2(n—m) L—m (g2 2
nom T g2t nl ) my W= m) et _ 2wz (n—m) se e L (€)
V2u

(A.13)
[ h
where [y = . For transitions |1) — |0), Eq. (A.12) reduces to Eq. (4.34).
mpwo

In the semi-classical approximation, under the considerations discussed in the previous

section, they respectively reduce to the two forms

n m mmaac
e o - Loy Vs / e da?_ (@), (A14)
whtlo(v2n + 1+ \/Qm +1) V3 (n=m)mas

2 1 w2(n _ wWa (N—M)Tmaz /U
F(sc—sub) 9apP00 /73: / d JZ )
nom 2rh2ut(v/2n + 1+ \/2m +1) et we (n—1)Tmas aJnm(@)
(A.15)

In Chapter 4 we use Eq. A.12 to study the 1D limit of the transitions I'gg1—000 (see
Fig. 4.5) in the disk shaped configuration, having imposed the condition that the sys-
tem, even in that limit, is in the supersonic regime.

For the dynamics in the cigar-shaped configuration we estimated the 1D transition rates
I'y,—m for the decays in the axial direction, but we used the full form of the structure

factor without any particular assumptions on the regime.
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Split-step Fourier transform

method for GPE numerics

In order to compute the dynamics described by the GPE we used a numerical method
called split-step Fourier transform, consisting in splitting the evolution in two terms: the
kinetic term and the one containing the potential and interaction. The two evolutions
are then applied separately in momentum and position space. In this Appendix we
show the procedure to implement this algorithm.

We start from the GPE of the form

2%72
) - (—ZZ + Ve (6) + gm|w<e,t>|2) b(0,) = (B.1)
h20?
= <_2mR28«92 +Ve:ct(9) +91D|¢(97t)2> Zb((g,t). (B2)

Since the interaction term determines a contribution to the effective potential, we divide

the Hamiltonian in the two terms

h2 82 h2 k‘2

= _W@ = om V= Vea:t(e) +91D|¢(97t)‘2- (B'?’)

Using the Suzuki-Trotter expansion [217], the evolution operator can be factorised as

U(t) = e /M H e~ 9, (B.4)
J
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where 6 = t/n, so the state at each time increment is determined by
w(g,t + 5) ~ e—iH(t)(S/h _ e—i(T—i—V(t))d/hw(e,t)’ (B.5)

where the time dependence in V(t) = Veu + g1p|¥(0,1)|? is given by the interaction
term, which we consider at the initial time. This gives an error O(62). The exponential
of the sum of the two operators however, is not easy to calculate, and since the operators
V and T do not commute, ¢/(V+T) # Vel The split-step method then aims to go
around this obstacle, finding a way to factorise the exponentials containing separately

the kinetic and potential operators, with the approximation

MATB) o ABnB AanA  ABLB Aon A (B.6)

Retaining only three exponentials, with an error O()\3), it can be found [218] that
the condition to be verified for the coefficients must be ay = ay = 1/2,5; = 1 (or,
equivalently, as the choice of which operator associate to A and B is arbitrary, f; =
P2 = 1/2,a; = 1). Therefore, imposing A = T and B = V, Equation B.5 takes the

form

LZJ(Q,t"i‘ 5) ~ e—iT&/Qhe—iVMhe—iTé/Qhw(0’t) (B7)

= S AV (08 S ) ) (B.3)

Using the kinetic operator in the momentum representation, it is convenient to Fourier
transform the wavefunction from position to momentum space ¥ (k,t) to evolve it with
the kinetic operator evolution and we transform it back to the position representation

for the evolution with the potential operator, so the steps for the implementation of
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this method are the following;:

T IRZS/Amy (k1) s 4 (8)

<

S
=~

S~—
I

Po(0) = e~ Vet O) 1011 (O) /Py () —5 o (k)

kot o+ 8) = e R0/ Amy, (k) — 43 (0, ¢+ 8) = (0, + 0).

This method was used for the results presented in Chapter 6 and Chapter 7, to simulate

the dynamics of a BEC in a tilted ring trap. For the polaritons dynamics in Chapter 7,

the terms with G(¢) and I'(¢) in Eq. (7.16) and Eq. (7.17) are contained in the term

V(t) of Eq. (B.8), while the relaxation term « of Eq. (7.15) can be included in the term

T of Eq. (B.8).
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Appendix C

Variational method and

comparison with the GPE results

C.1 Linearised solution of the variational method equa-

tions

As shown in Chapter 7, analytical solutions of the lowest mode frequencies were ob-
tained for the harmonic oscillator potential after using a variational method approach
with a Gaussian ansatz to obtain the differential equations for the width ¢ and for the
center of mass zy. These were then solved by a linearisation around the equilibrium
solutions. Here we use the same proedure for the case of the dynamics in a quartic
harmonic oscillator potential. We refer to this approach as the linearised variational
method.

We find, even in this case, the stationary solutions needed for the expansion of the

differential equations Eq. (6.40) and Eq. (6.41). From Eq. (6.41) we obtain

20, (t) (1 + 3Co?(t) +2¢25. (1)) =0 (C.1)
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that admits solutions of the form

20, =0 (C.2)
2362’3 = _1—1—32%‘2@). (C.3)

The first is a stable stationary point, while the equation for the two other equilibrium
points requires the condition 1 + 3¢o?(t) > 0 in order to have real solutions, which
leads to o(t) < —v/—1/(3¢) and o(t) > y/—1/(3¢). Remembering that in our case ¢ =
—ﬁ, the aforementioned condition would imply o(t) < —2R and o(t) > 2R, which
are both unphysical conditions. We will therefore consider only the stable stationary

point zp, = 0. The other differential equation Eq. (6.40) has both stable and unstable

solutions given by

gipN n?
V2rmo2  m?od

wio, (1+6Cz0(t t)? + 3(0’3) - =0. (C4)

By expanding the differential equations Eq. (6.41) and Eq. (6.40) around the equilib-

rium points, we obtain

wp = wy\/ 1+ 3Co? (C.5)

3h? \f 2gi1pN
a4w2 VTmo3w?

wM:wZ\/l—l—ngge—l—Q(crg (C.6)

where it can be easily noticed that these frequencies are now coupled. In the harmonic
oscillator limit ( = 0 we obtain the same results of Eq. (6.34) and Eq. (6.38). The
above solution obtained for the dipole frequency with this method does not depend on
the initial position of the wavepacket zo(0), in contrast to the more accurate result of
Eq. (C.5) used in Chapter 6, which predicts a correction given by this term. see that
this linearised solution is a correction that depends on the initial position zo(0).

In Fig. C.1 we compare the shift of the dipole frequency obtained from the linearised
solution Eq. (C.5) and from the semi-linearised and numerical solutions of Eq. (6.44)

obtained from the variational method, together with the data acquired from the analysis
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of the frequency spectra after simulating the dynamics via the GPE.
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Figure C.1: Dipole frequency as a function of the interaction strength, evaluated from
the frequency spectra of the GPE dynamics (black dots), from the perturbation the-
ory correction of Eq. (6.21) (blue line) and compared with the results obtained from
the variational method through a linearised solution of Eq. (C.5) and from the semi-
linearised and numerical solutions of Eq. (6.44). The relative differences of linear,
semi-linear and numerical solutions of the variational method, compared to the GPE
data, lie in the range 28 — 47%, 18 — 36%, 0 — 25% respectively.

C.2 Dynamics and frequency spectra of the moments ob-

tained from the variational method

In this section we present the dynamics of the lowest moments obtained with the numer-
ical solution of the differential equations for the center of mass zy and o obtained with
the variational method, applied to the cases of the wavefunction for the harmonic oscil-
lator potential in non-central configurations, and for the quartic anharmonic oscillator

potential.
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C.2.1 Non-central dynamics in the harmonic oscillator potential

Using the differential equations of Eq. (6.32) and Eq. (6.33), we used a Runge-Kutta
algorithm to evaluate numerically the moments evolution, for different values of the
interaction strength, as shown in Fig. C.2. The corresponding frequency spectra are
shown in Fig. C.3. The amplitude in the oscillations of the width of the wavepacket
decreases for increasing interaction strength, but do not present collapse and revivals, in
opposition to the dynamics obtained with the GPE. On the other side, the oscillations
for the third and fourth moment present collapse and revivals periods that decrease
with increasing interaction. The frequency spectrum of the fourth moment shows a
peak at low frequencies corresponding to the revival frequency, whose value is equal to
the distance between the sidebands and the frequency peaks at v = pry,. The shift of
the monopole frequency v (determined by o) coincides with the frequency value of the

sideband appearing for the moment E[|6]4].

C.2.2 Non-central dynamics in the quartic anharmonic oscillator po-

tential

In this section we show the non-central dynamics of the moments obtained by solving
numerically, using a Runge-Kutta method, the differential equations Eq. (6.41) and
Eq. (6.40), obtained from a variational method with a Gaussian ansatz, as discussed
in Chapter 6.3.1. In contrast to the previous case of a wavefunction oscillating in the
harmonic oscillator potential, here we see that revivals of the oscillations appear also
for the center of mass and variance, and not only for the third and fourth moments.
These are shown in Fig. C.4.

From the corresponding frequency spectra, plotted in Fig. C.5, we can observe that
there is a shift of the frequency modes already in the non-interacting case, as predicted
also from the perturbation theory results in Chapter 6.2.1. Increasing the interaction
strength comports an additional redshift of the frequencies, but an increase of the
revival frequencies associated with both the variance and the fourth moment. Even in
this case sidebands appear at a spacing equal to the revival frequency from the main

peaks.
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Figure C.3: Frequency spectra of the moments evolution of Fig. C.2, for g
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is v = 0.012. The revivals of the fourth moment give rise to the appearance of a
revival frequency peak in the frequency spectra, which increases with the interaction
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Figure C.5: Frequency spectra of the moments evolution of Fig. C.4, for g =

91p/2hw 1y = 0,0.45,0.9. The sampling frequency used for the Fourier transform
is v = 0.006. Here collapse and revivals appear for all the moments, and the peaks
associated with these revival can be observed for o(v) and E[|0|*](v).
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