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ABSTRACT

In this dissertationthe Hohmann and 4alliptic transfers are considered with the inclusion
of a plane changd& he evolution of dtical limits which determine the transfer offering the
lowest velocity requiremenpreviouslydefined for a caplanar analysisis shownwith the
inclusion of a plane chang&his has not been possible in previous waskanalyses have
been dependent on the intermediate orbit and numerical optimisation of the plane change
distribution between impulseft. is shown that the critical limits found for the-ptanar
analysis reducet different rateswith increasing plane e@mgeand converge on a point
where both transfers offer the same velocity requirement for a given final to initial orbit ratio
and plane chang8etween the two limits the Area Of Uncertainty (AOU) found for the co
planar analysis is shown to reducethe convergence point which beyond, a secé@U
emerges. A detailed analysis of these critical limits, determining when each transfer should
be used is performeahd a simple figure is presented which would allow a mission designer
to select thefuel optimal transfer dependent on the final to initial orbit ratio and plane
change onlyThedissertatiorthenintroduces a novel orbit transfer using both high and low
thrust propulsion systems to accommodate the current developmertfofrps with this
technoloy onboard. An analytical model is created which determines when the system
offers a fuel mass saving comparedatcsingle propulsion higthrust only transferin
addition to this, a critical limit analysis is performed which determines the limitations of
analytical models based on a queistular assumptionThis analysiss developed into a
numerical optimisation proceduvehich extendghe application of the transfén allow for
eccentric orbits throughout the duration of the-thrust phaseCase sidies are presented
which demonstrate substantial fuel mass savis@apared to the single propulsion transfer
the largest fuel mass savirgfound to be2 7% of the spacecraftet masdor a transfer from

a SunSynchronous Orbit ta highly elliptical pdar orbit
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Chapter 1

INTRODUCTION

1.1.Background

In recent years space technology has matured allowing a substantial rise in space based
services such dsarthrmonitoring, satellite communications and surveilla&e such, there

has been extensive research studying the masiesitf way to deliver these payloads to their
working orbit so that the cost for operat@nd therefore usgis kept at a minimum. Such
researchfocuses on optimising the trajectoof the spacecraffrom its initial to final
working orbitwith the aim of minimising fuel massUntil recently, these trajectories have
been designed on the batiatchemical systems are the primary propulsion system and this
has led to a great deal of research in the @i¢¢8]. Differenttransfer methods, such as the
Hohmann and bkelliptic transfer, have been proposed and investigated to determine the
minimum fuel transfef9], [10, Sec. 6.3] however there is often ambiguity as to which
transfer should be used as general solution existsomething which this dissertation will

address.

As the fuel-efficiency of the chemical propulsion systemsed for the aforementioned
transferstends to be poor, there has been significlavelopment of lowthrust propulsion
sysems such as Solar Electric Propulsion (SEBf9ring a far better efficiencyWhile the

use ofa low-thrust propulsionsystemreducesfuel consumption, itradically alters the
trajectoryand for certairtransfers can result in substantially increased trsfer time. For
commercial space based services, this increased transfer time can result in delayed income

from the satellitevhich can be problematic, especially for commercial satelldesulti-
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objective approach, addressing both the fuel and timemigaiion constraints, is to consider
both high and lowhrust propulsion systems dmardthe spacecraftSuch transfers have
been studied previously howewvkere has beelimited work ona hybrid propulsion transfer
based on the lliptic transfer eths; travelling from the initial to a far removed orbit and
returning to the target orbithich can provide a benefit over a direct transfer from the initial

to target orhi

1.2.Thesis Objectives

This thesis has the following objectives:

1 Determinea general saltion for the evolution of critical limitspreviouslyrealised
for a coplanar analysis, which determine if the Hohmann celliptic transfer

offers the lowest fuel consumption, with the introduction of a plane change.

1 Use general and special perturbatiechniques taivestigate if a hybrid propulsion
transfer based orhe bielliptic transferethos can reduce spacecraft fuel mass when
compared to a single propulsion technology trangfghout significant adverse

effects on the trajectory duration.

1.3.Contribution To Knowledge

The key contribution of this dissertation can be summarised as follows

1 Where previous work in the literature has been case specific and required a
numerical optimisation technique to determine the best trartsiisr,dissertatio
provides a general solution, based on simple analytical expressions, to determine

when the Hohmann or gilliptic transfer is better with a plane change.
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1 The introduction and derivation of a hybrid propulsion transferlainto the bi
elliptic transferwhich is shown to outperform a single propulsion system transfer

with fuel masssavings up t@7% of the initial wet mass.

1 The development of a hybrid propulsion transfer optimisation methodology which
can be implemented without engineering experiencpré@ide rapid preliminary

trajectory results.

1.4.Published Work

1.4.1. Journal Papers

i Owens, Steven Robert and Macdonald, Malcolm (2013) Anatogi-Elliptic
Transfers Incorporating HighAnd Low-Thrust Journal of Guidance, Control and

Dynamics, 36 (3). pp. 89894. ISSN 0735090. doi:10.2514/1.57917

1 Owens, Steven Robert and Macdonald, Malcolm (2013) A Complete Oveofiew
the Hohmann Spiral Transfer. To be submitted. Journal of Guidance, Control and

Dynamics.

1.4.2. Conference Papers

1 Owens, Steven Robert and MacdahaMalcolm (2011) ANovel Approachto
Hybrid Propulsion Transferdn: 62™ International Astronautical Congress 2011,

2012-10-03- 20111007, Cape Town.

i Owens, Steven Robert and Macdonald, Malcolm (2012) Eiension ad
Numerical Analysis of the Hohmann Spiral Transfer In: 63 International

Astronautical Congress, 2012-01 - 201210-05, Naples.
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1 Owens, Steven Robert and Macdonald, Malcolm (2013) Hohr8amal Transfer
with Inclination Change Performedy Low-Thrust SystemIn: 23® AAS/AIAA

Space Fljht Mechanics Conference, 2003-10 - 201302-14, Kauai, Hawaii.

1 Owens, Steven Robert and Macdonald, Malcolm (2013) NadvVemerical
Optimisationof the Hohmann Spiral Transfer. In: 84nternational Astronautical

Congress 2013, 204123 - 201309-27, Beijing.

1.4.3. Statement of Work Distribution

The content of the journal publications titléshalogyto Bi-Elliptic Transfers Incorporating
High- and LowThrus§ A Compl et e Overview of arfdal Ho hma

conference papers are part of the warksidered irChapter 46.
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Chapter 2

LITERATURE REVIEW

The foundations of the modern space age can be attributed to Russian astronautics pioneer
Konstantin EduardoviciTsiolkovsky. In 1897 he independently derived the ikebbwn

rocket equation describing the motion of a body with variable mass, and went on to use it in
his most f amo u sThepenpiofation af tosnicspatei by meas oféreaction
devices whib was published in 19031]. The full derivation will not be given here but the

ideal rocket equation is defined as

o |
Yoo U1 ld— (2.1

whered 5 areinitial and final mass respectivelyh& exhaust velocity of the body,, can

be defined in terms of the specific impulse and gravity at sea Igvel,"QO. This
equation allows the total velocity requirement for any given manoeuvre to be determined
based on the initialral final mass of the body. Alternatively, as the total velocity change for
any given manoeuvre can be calculated by other nmesadscussed throughout this chapter,
the equation can be-seranged to determine the spacecraft mass ratio dependent otalfthe to

velocity change to perform a manoeuvre and spacecraft exredosity,

— o . (2.2)

I't is interesting to note that the mass rati
specific impulse ConsideringFigure 2-1 for an arbitraryyc, it is evident the nss ratio can

be increased with a larger specific impulse.
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Figure2-1Var i ati on in rocket equation due to vehicle
This is an important observation for this dissertation as it opens up the opportunity to

investigate different propulsion systems with different engine characteristics.

2.1.High-Thrust Transfers

The term higkthrust transfer refers to a propulsion system Wwitianoffer a thrust to weight
ratioof 0.5 to 1[12, Sec. 6.3]Commonly known as chemical propulsion systems, they have
been successfully used to insert satellites into Earth orbits as well as on interplanetary orbit
transfers, like that of Voyager 1 and 2, since the beginning of spaceflighthese t
propulsion transfers can easily overcome the local gravity of a central body, they can often
be treated as impulsive transfers. Two such transfers are the Hohmann-edligtidbi
transfers. As the comparison of these transfers is a major topic withidissertation, it is
necessary to establish the fundamemélsachand identify the research already conducted

within the field.
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2.1.1. HohmannTransfer

One of the most common orbit transfers is the Hohmann trgdsferit has beennoven to

be the fuel optimal tweimpulsive, circular to circular, transfer using many different
theoremq?2], [4], [7], [12, Sec. 5.4], [14][19], howe\er this does mean that it takes longer
than any other possible transfer orbit between the same two circular [@fQitSec. 3.3]
Considering theo-planarcircularto circularorbit transfer deifed in Figure2-2 it is evident

the Hohmann transfer has one burn that is tangent to the initial orbit. This occurs at the
transfer orbit perigee and inserts the spacecraft on an elliptical transfer orbit whibse or
apogee aligns with the target orbit. At point 2, the transfer ellipse apogee, another tangential

burn is applied allowing the spacecraft to enter the target orbit.
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Figure 2-2 Co-planar Hohmann transfer

The Hohmann transfer can also be used for transfers between elliptical orbits or a
combination of circular and elliptical orbits; so long as the majes of the initial and final

orbits align For circular to elliptical orbits, the Hohmann transfer Hag been shown to be

the optimal transfer dependent on the transfer configur@@prFor elliptical to elliptical

orbit transfers however, there is no guarantee the Hohmann transfer is the optimal transfer
[21], [22, Sec. 11], [23]In the ellipticalto elliptical case it is often necessary to employ
numerical methods in order to determine the optimum transfer. However as this case is not a
focus of this dissertation, it will not be discussed in detail. The total change in velocity to

perform a Hohmantransfer, as shown figure2-2, is
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Y - - - — (2.3)

and the transfer time, which is simply half the elliptical orbit period, is defined as

o “ —- (2.4

The fuel mass consumption of the Hohmann transfer can then b&atsdcintom the rocket

equation defined in E¢2.2).

2.1.2. Bi-elliptic Transfer

Another transfer, similar to the Hohmann as it also makes use of tangential impulsive burns,
is the bielliptic. The bielliptic transfer wa independently devised by Ehridia#], Hoelker

and Silber[8] and Shternfeld25], who each found it could offer energy savingerothe
Hohmann transfer in a g@anar scenario for certain orbit configurations. Similar to the
Hohmann transfer, the Jeiliptic transfer can also be used for a combination of circular and
elliptical initial and final orbits so long as the mapotes ofboth orbits align The optimal
transfer once again depends on the orbit configuration; as will be discussed in detail in
Section2.1.4 Theco-planarbi-elliptic transfer is a threampulse transfer as shown kigure

2-3.
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Figure 2-3 Co-planar bi-elliptic transfer

In this transfer the first impulse is again tangential to the initial orbit and occurs at the
perigee of thdirst transfer orbit, however due to its larger magnittigespacecrafs placed

on an elliptical transfer orbit to a far removed point beyond the target orbit. At this far
removed point, the apogee of the first and second transfer ellipse, a seccentiahng
impulse is applied which moves the spacecraft from the first transfer orbit to the second;
whose perigee aligns with the target orbit. At point 3, as showkigare 2-3, a third

tangential impulse is apptie however in the direction opposite to the spacecraft motion;
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allowing the spacecraft to enter the final orbit. The total change in velocity for-eligbc

transfer, corresponding fagure2-3, is

v

Y - — - S — — — - (25

and e transfer time, which is the sum of half the orbit period of the first transfer ellipse and

half the orbit period of the second transfer ellipse, is

o — 1 11 1. (2.6)

The fuel mass fraction of the-blliptic transfer can be calculated with the application of the

rocket equation defined in E(.2).

The limiting bielliptic case is found by setting thetérmediate orbit radius,, in Eq.(2.7)
equal to infinity

YOS o - N p - p (2.7)

where it is found the total velocity is simpthe sum of the initial and target orbit velocities

scaled by the factoic  p . The transfer time would also be infinite for this case.

2.1.3. Finite burn Losses

For both highkthrust impulsive transfers described previously, it is assumed that the impulse
is delivered instantaneously. This however is not true, due to the inability of a spacecraft to
provide infinite thrust, and leads to losses due to the effect of gravity on the spacecraft
propulsion systenfil2, Sec. 6.3]In reality, the thrust impulse would be delivered over a
thrust arcaroundthe ideal impulsive location over a finite time period as showFigure

2-4. At the centreof the ard e 1t as desired, however at the start and end of the arc the

O B Tcontribution may be significanfThe thrust diection could be varied throughout the
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burn so that 1 however this would lead to the spacecraft following a-optimal

trajectory

Figure 2-4 Finite burn losses due to gravity compared with impulsive bun transfer

This would have the effect of increasing the total velocity change for an impulsive transfer.

A method of reducing the gravity losses is to split the total manoeuvre into several smaller
manoeuvres. This would mean that a fraction of the tetglired change in velocity would

be performed over a smaller buarc. As the spacecraft approaches perigee after one full
revolution, another velocity increase impuis@erformed again over a smaller burn arc and

so on. In general, the greater thember of burns, the smaller the increase in velocity change
required to account for gravity losses. The effect of these gravity losses can be quantified by
the thrust to weight ratio as definedSection2.1 As for highthrust transfers the thrust to

weight ratio is generally between 0.5 and 1, the impulsive method can be said to offer a
reasonably accurat e representation of t he

scenari o0d. I n athispisr neote ithem ample and oaly ia & getiled mission
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design process, or for a significantly lower thrust to weight ratio, would the finite burn losses
have to be taken into account. In some cases an acceptable velocity change penalty error can
be specifed so that certain limits can be derived in which the impulsive analysis is
sufficiently accuratd26], [27]. As this dissertation is not concerned with dethiission

studies impulsive maneuvresare deemed acceptabl@henever highhrust transfers are

considered.

2.1.4. Hohmann and Btelliptic Transfer

Comparison

As Chapter 3compares the Hohmann anddlliptic transfers, it is necessary to review the
research previously conducted in this area. The transfers, between circular orbits, have been
considered in a eplanar scenario where has been showrhere are critical ratios,
dependent on the orbit transfer configuratithrat determine which transfeffers the lowest
velocity requiremenf9], [10, Sec. 6.3]In these analyses, two critical ratios are determined.
The first is where the velocity of the Hohmann transfer is maseihiand occurs at a target

to initial orbit ratio of 5.58. The second limit is calculated as a target to initial orbit ratio of
11.94. This limit is found by setting the Hohmann transfer velocity change equal to the
limiting bi-elliptic transfer case [E(R.3) = EQ. (2.7)], and solving for the resultant ratio.
These limits have also been confirmed in the circular to elliptical case whagradag the

Hohmann andimiting bi-elliptic case, also known as the parabolic tran&fer

The transfers havalsobeen considered between inclined planar orbits, however this work
has either assumed th&ape change iperformedfully at the transfer apogee bas been
optimally split between imgdses andnumerically determinedl], [28], [29]. While this
approach yields accurate solutions, the analysis is dependent orefhiptibi intermediate
orbit andprecludes a general solution to the problem[28], the author describes two

modified Hohmann transfers as well as theelbptic with plane change. The first
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modification to the Hohmann transfer performs the full plane change at the apogee of the
transfer orbit. This occurs simultaneously with the orbit ramsgoeuvreas this has been
proven to be more fuel effective than performing each sepafakhsec. &6]. The second
modification splits the plane change between the first and semamdeuvreswith the
majority of the plane change performed at the apogee of the transfer orbit. Upon
investigation, it was found that this method always outperformed the[p}i¢10, Sec. 6.5],
[28]1[30]. Using this methodhoweverrequires aroptimisationprocedure for different orbit
configurations and hence adds a numerical step to the analysis as mentioned previously. In
[28], similar modifications are also applied to theebiptic transfer.The first modification
performs the full plane change at the intermediate orbit apogee. As this isllgtlai
transfer, this apogee is larger than the target orbit radius. If this apogee occurs at infinity then
no velocity is required to perform theaple change and the total velocity requirement is the
same as that defined in HQ.7). The second modification is to split the plane change over

all three impulses. This however results in the usage of Lagrangeliets and once again
requires a numerical step based on a specified intermediate orbit apogee; precluding a
general solution. 1f29], the author investigates the-dliptic transfer in great detail and
delivers minimum velocity solutions with use of an iterative method. While this paper again
highlights the benefits of the -biliptic transfer, it is again restted by the need for a
numerical method and a specific intermediate orbit apogee to determine a solution. Due to
this, a general solution, based on the initial and final orbits, is again not possiile.the

author considers the-biliptic compared to the Hohmann transfer and a modified Hohmann
transfer which accounts for a rendezvous scenario. In this case the orbit raising from the
initial and target orbits is a standardmanar Hohmann trangfeAn additional burn is then
applied at the line of nodes to change the orbital plane. As this is a rendezoosuvre

the second orbit raise and plane change burn cannot be combined. This paper only considers
a maximum intermediate orbit apogee teme$ larger than the initial orbit radius and

therefore does not consider the region in which the limits, desceiddiér in the chapter,
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exist. The work in[1] also determines the optimum plane chasgét via a numerical
method and therefore again precludes a general solution to which transfer offers the lowest

total change in velocity for a set orbit transfer.

In Chapter 3an analysis of the Hohmann andétliptic transfers, compared in a roo-

planar transfer configuration, is presented. The aim of which is to determine a reference
method to be used to determine the fuel optimal transfer based on the initial and target
specification only. This removebkd analysis dependence on theltiptic intermediate orbit

which has previously resulted in the transfers being compared with a case by case approach.

2.2.Low-thrust Transfers

Low-thrust transfers are somewhat different to Higtust transfers in their appation and
resultant trajectories. As the title implies, Hwust transfers are brought about by the
application of a propulsion system with a low acceleration; less than the magnitude of the
| ocal bodyods gravitational staa weghtemtatof on .
approximatelyp 1 © p 1t [12, Sec. 6.3]Due to this small acceleration, these transfers
require the propulsion system to be activated for large time pesdndther major difference
between low and higthrust transfersSimilar to highthrust transfers;oastarcs carelso be
introduced to lowthrust transfersTo ensure its reliability, its common fora lowthrust
systemto be tested for operational runtimes of tens of thousands of hours with multiple
on/off cycles incorporated. This has been shown both in the deveidpstages but also
through previous missiong1]i[36]. Another major difference compared to hidpnust

transfers is the resultant trajectory; normally a geometrisfieasimilar to a spiral.

When analysing lovthrust transfers, several assumptions, to reduce the complexity and thus
provide general solutionscan be made. One such assumption foplaaar analyses

involves constraining the thrust vector to the transwedirection. Although this is a
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simplifying assumption, early research suggested this as the most effective way, in terms of
fuel mass, to perform a qwanar orbit raise where no eccentricity is considered in the
analysis[37]. In fact, in the same work it washown that the spacecraft thrusting in the
radial direction can consume more than double the fuel of a spacecraft using a tangential

thrust direction vector.

As a result of the accelerationagnitudeand the spacecraft only thrusting in the tangential
direction, it can be said the transfer is quastular and hence the orbit eccentricity is
maintainede Tt throughout the transfer. In this case the total velocity requirement for a
transfer between two circular orbits, where 1 , is simply the difference in the orbital

velocities

1/ J (2.8)

and if the spacecraft acceleration is assumed constant the transfer time can be calculated as

<

(2.9)

Analytical solutions for the total change welocity have also been developed for inclined

circular orbit transfers based on averaging solutjd@k

Yo 6o ConAl & & . (2.10)

This again considered a spacecraft with a constant acceleration and was constrained by the
thrust vector maintaining the same migde of angle for each orbital revolution i.e. the
thrust direction was switched at the ambides. For this case, the transfer time can also be
calculated using Eq2.9). The fuel mass fraction for either casan be calculated using the
rocket equation defined in E(R.2). The constant thrust angle was addressed and resolved in

[38] and the work was extended to include variation in constant acceleration due to
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propellant expenditure. Further work has explored variable specific impulse and3Btust
[40] as well as consideringarth-shadow effect§41], [42]. More recent work has developed
a model for masoptimisal circular ceplanar transfers which ds reduced complex
trajectories to simple seranalytical relationships and thus can be used quickly and

effectively to determine optimal transfer parame[483.

Where the design of the spacecraft trajectory is necessary, there are several additional

techniques which can be utilized. This is addressé&aation?2.6.

2.3.Hybrid Propulsion Transfers

Although there has been substantial development ofthowst propulsion transfers and the
physical engines, as discussed in Secfdh and 2.5 respective}, there has also been
research focused on coupling high and-tbwist propulsion technologies to form a hybrid
propulsion system. The advantages of coupling are obvious; reducing the transfer time
compared toonly low-thrust propulsion, providing a fuehass saving compared tmly
chemical propulsion and reducing the time the spacecraft spends in the Van Allen radiation
belts, which can cause significant power degradation to the solar panels used by certain EP
systems. The first indication of using thgstemstogetherwas in 1962 by Theodore
Edelbaum[44], around the time when Electric Propulsion (EP) systems were starting to be
considered as a feasible propulsion system for spacédEdftEarly work on the transfer
method, such as the analysis[44], assumed the higinrust segments were impulsive and
patched with the lowhrust transfers to form the trajectory. This was also the case in
proceeding worl{46], [47]. In using this method, the transselity condition used in the
optimisationprocess offered some conditions for patching the segments together. Other work
has made use of primer vector theory, which can provide similar results; however in a more
general and direct manner without the neegatch sections togethgt8]. This was based

on a switching function that could be used to switch between propulsion systems and also

LITERATURE REVIEW Pagel7



allow the spacecraft to enter a coast period. This switching methodology was also identified

in [49] and[50] and the similarities betweg#a8]i [50] were described ifb1].

In recent years, work has also been able to consider the practicalities of implementing hybrid
propulsion systems, that is, performing an analysis based on launch vehicle technology,
spacecraft power availability and efficiencascurrent low thrust systems. This has allowed

for realistic studies of transfers from Earth to the Moon using cheslieetric systems and

also nucleaelectric system§2]i [54]. These studies have again identified the advantage of
such a propulsion system. In addition to E&rtfloon transérs, there have also been studies

of combined propulsion systems for orbit tr
most notably, transfet® GEQ This research has considered the use of a chemical system
on-board the satellite in conjunction Wwian EP system, also-tard the satellite but for the

main use of station keepimganoeuvresto perform part of the orbit raiseanoeuvrg55],

[56]. In addition, work has considered the effect of the launch vehicle on the ti&73$fén

order to maxinse the satllite dry mass and hence minsaithe fuel mass, these studies
have also considered the effect of varying the propulsion system specification which has
shown there could be some advantagent&R system with variable specific impulse and
thrust. The workin [57] also found the optimum EPRsystemspecific impulse depends
strongly on the chemicgropulsion systenspecific impulsewhich is due to a tradeff
between minimum fuel massd minimum time. Thigs interesting as the hybrid propulsion
analysis in thisdissertationis dependent on the ratio of the high and-tolar usts syst er
specific impulses; howeveit, is expectedhat a similar trend will not be observed as the
analysis in this dissertatiomesides a minimum fuel optimisatiosatisfyinga user specified

time constraintThe radiation reduction on the power degradation issue was studig] in
where it was confirmed the time spent in the radiation belts can be reduced drastically by
employing a hybrid system as opposed to-thwst only. The introduction of the higthrust

system does impose a mass penalty butcdrisbeoffset again by the reduction in radiation
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effects on the spacecraft. Thém@vealso been studies considering interplanetary travel using
hybrid propulsion which have nmy focused on the application of such systems for
transfers to Mar§s9]i [61]. Several studies have also considered hybrid propulsion with the
use of two lowthrust propulsion technologies. This has predominantly been sttalied
consider interplanetary transfers but it has also been found it can enable several missions that

were not possible with chemical propulsion with Earth as the central[62ly67].

As the primary purpose of this dissertation iémsider novel hybrid transfers around the
Earth, it is worth revisiting the work discussed on transfers to GEO. This research has mainly
focused on transfers which use hitinust burns to achieve an intermediate orbit someway
between the initial injeatn and target orbits. This method then uses an outward spiral
trajectory towards the target orbifowever ly considering the keélliptic transferethosand

how it can save fuel mass by using an intermediate orbit far greater than the target orbit, it is
worthwhile studyinga similar hybrid transfer. In this cagbe highthrust sectioris usedto

propel the spacecraft beyond the target to an intermediate orbit, with both perigee and
apogee larger than the target, and tthen lowthrust systenpropulsionsystemis usedto

spiral back irtowards the targefThis means the loshrust system is usedith a larger

thrust to weight ratio than most normal hybrid transfers; ultimately improving the
effectiveness of the loshrust systemAs such,Chapter 4considers such a transfer in
greater detail, deriving the theory behind the method and noting its limitation before

applying it to different case studies.

2.4.High-Thrust Propulsion Systems

As discussed earlier in the tea high-thrustpropulsionsystemhasbeenpredominantlyused
for spacecrafsince the beginning of the space age. The most commotitrigét propulsion
system is the rocket engine, which is normally an internal heat combustion engine. Rockets

carry ther own oxidant in addition to the fuel; separating them from the likes of air breathing
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jet engines which require an external source of oxygen. There are three main types of rocket
engine: liquid, solid and hybri8]. The liquid engine, as the name suggests, carries liquid
forms of the fuel andisuallyoxidant, which are kept seq@e until mixed in the combustion
chamber. The solid rocket engine contains a solid of mixed fuel and oxidant and finally the
hybrid rocket engine requires either the fuel or oxidant to be liquid with the other being
solid. The most effective oxidant isudnd to be in liquid form so the standard arrangement is
solid fuel and liquid oxidan68, Sec. 4.8]As hybrid rocket engines are rarely usearbit,

only the liquid and solid variants will be discussed in further detail. A schematic of the liquid

and solid rocket engines is giv inFigure2-5 highlighting the key differences between each

system.
Liquid Fuel
NN\
N \/
Combustion High Pressure/
Chamber Temperature Gas
quUld Oxidant a) Liquid Rocket Engine
Expansion High-Velocity Gas
Solid Fuel /

Combustion High Pressure/ e
Chamber Temperature Gas

b) Solid Rocket Engine

Figure 2-5 Liquid and solid rocket engines
The liquid rocket engine is used asyipically dffers higherperformance when compared to
the solid rocket enginfg8, Ch. 3] In the case of a ropellant rocketboth the propellant
and oxidantn liquid form are stored away from the combustion chamber as highlighted in
Figure2-5. For thecase of a monopropellant rocket, only the propellant is stored away from

the combustion chambein the case of the solid rocket engine, both the propellant and
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oxidiser are stored within the combustion chambealsgshown inFigure 2-5. The liquid
rocketengineis safer due to the propellant being stored externally howeveaorthuesmore
expensivethan the solid rocket engine due to #t@mplex injection systems required to
move the propellant from their stgetanks to the combustion chamif@ome variationsf

the liquid rocketenginedo offer the versatility of being able to start and stop the engine,
something not possible with solid rocket enginesich is a significant benefit in delivering
spacecraftd different orbit specificationfs8, Ch. 3] The application®f the solid rocket
engine are for small to medium launchers where a simple reliable system is required

however they areften strapped to a heavy lift launcher as a booster sy6&rch. 4]

2.5.Low-Thrust Propulsion Systems

The advantage of loshrust propilsion in comparison to higthrust is the massive reduction
in fuel mass required. This fuel mass reduction can enable a variety of new missiang that
not possible with chemical propulsion. It can also allow a platform to house additional

payload or gite simply, reduce the spacecraft mass and potentially launch costs.

2.5.1. An Historical Perspective

The application of EP for spacecraft missions has been studied for over 100 yefd8§]now

The first known record of using electrically charged particles as a form of propulssoin wa
1906 by rocket pioneer Robert H. Godd#8, Sec. 1]Jand although further research was
conducted thereafter, it was the chemical rocket that developed rapidly and therefore has
been used on the majority of space missions to date. A demonstration mission of an
electrostatic griddetbn propulsion gstem, known as SERT 1 (Space Electric Rocket Test),
was launched in 1964 and followed up by SERT 2 in 19@D The first deep space mission

to utilise the technology however, was not launched until 1EB8, [71], [72] The

spacecraft, Deep Space 1, was the first fli
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demonstrate and flightalidate highrisk technologies that could be used to future space

mi ssions. l'ts primary mission was to validat
Solar Electric Propulsion Technology Application Readiness (NSTAR) program. Following

the success of Deep Space 1, th& AR gridded ion engine was used again on the DAWN

mission, launched in 2007, as the sole propulsion system for an exploratory 1m8%ion

The former Soviet Uniomasalso heavily involved in research and development of EP and
had flown the system succes$fubn many missions prior to the acceptance of it in the
wider space communitpd5]. This research is still on going in Russia but the main focus of

the research is on Hadfffect thruster§/4).

Other agencies have also used EP on missions as the main propulsion system. In 2003 the
JapaneséerospaceExplorationAgency (JAXA) launched the sample and return Hayabusa
mission to the asteroi@5143 Itokawawith four gridded iorengines as the primary
propulsion systenf32], [75]. In the sara year the European Space Agency (ESA) launched

the Moon impact satellite mission SMART 1 (Small Missions for Advanced Research in
Technol ogy 1) whi-I380G iHalleffecd thrastenss tissmaif® g?dpulsion
system[35]. Due to these advancements, and the work of théetSonion, EP has slowly

made its way on to satellite platforms, mainly as a propulsion system for station keeping.

I nadvertently, this secondary propul sion sys
lost due to a failure in their main chemiealgine[76]. One of the most notable instances of

this was the BA satellite ARTEMIS(Advanced Relay and Technology Mission Satellite)
which, due to a failure in the launch vehicle, was lefifirunusually lowtransfer orbit. As

the chemical propulsion system did not possess enough fuel to adequately raise ttee satelli
to its final orbit, the gridded ion EP station keeping engines were used to achieatbtifs

over a longer period of time than originally planrj@d]. However it is only more recently

that EP is becoming accepted as the primary propulsion system for many satellites. In 2012,

Boeingamnounced a new member to its Geostations:
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satellite i s Boeisagndaleledtric preptisios systeenl oh board thet o
satellite [78] and signals the intent of the manufacturer to satilthe benefits of the

propulsion system.

In Britain, QinetiQ have developed two versions of the gridded thruster; the T5 and T6.

The T5 thruster has successfully flown BnSA6s Gr avi t y -sthtée ©deah an d
Circulation ExplorerfGOCE) mission where its function was to provide drag free attitude
cortrol to achieve the scientific mission objecti&8], [80]. For this mission th&5 had a

thrust range of 1 to 20 mN, operated within a specific impulse range of 3608s and had

a mass of 2.95 k§B1]. The T6 has a thrust range of-300 mN, operates at a specific
impulse of 4300s and has a mass of approximately 8[8%gThe T6 thruster is to be the

main thruster on & A 6 s -cdiuenpoi mission, planned for launch in 2Q82]i [84] as well

as provide the propulsion system for the next generation of communication platforms,

Alphabug84], [85].

It is clear there has been significant progress in the development of EP devices and that
different systems can deliver benefits over conventional chemical systems. As this
disseraition will only consider Solar Electric Propulsion (SEP) systems, they can be
categorsed aselectromagneticelectrothermal or electrostatic. The following sections will
briefly discuss the advantages and disadvantages of each and recommend a propulsion
system, based on current technology, suitable for the analyses conducted throughout this

dissertation.

2.5.2. Electromagnetic Propulsion Systems

Electromagnetic thrusters offer a variety of different configurations in comparison to
electrostatic and electrothermalstems. In terms of potential, they outperform both
electrothermal and electrostatic. Their exhaust velocities are much higher than that of

electrothermal and their thrust density is much larger than that of electrf@iéticlowever
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these advantages and myriad possible configurations are severely compromised by the
complexity that igequired to implement the system. This is highlighted by the few number

of devices that have made it through theoretical and experimardasconducted since the
195Gs. In addition to the system complexity, electromagnetic devices have fallen short in
terms of the required efficiency, reliability and range of performance necessary for a
spacecraft engine. Only one method has been extensively researched and theat is
MagnetoPlasmaDynamigMPD) thruster. Put simply, the device operates by accelerating a
plasma propellant by either an internal or external magnetic field which acts on an internal
arc current[31]. The device has a demonstrated specific impulse range ofSTROG,
through ground testingg1] and has had considerable academic interest. However, due to the
high-power required to operate efficiently (in excess of hundreds of kilowatts) it has
attracted very little commercial interest. Due to this, only ongcdehas been developed

[86], [B7]and successfully flown as a 88 dhkiscscr aft

deviceds maxi mum s pecsihdwever. i mpul se was only 1

2.5.3. Electrothermal Propulsion Systems

Electrothermal propulsion systems work on the premise that the propellant is electrically
heated in some chamber and then expanded through a [834z83]. There are three types

of electrothermal propulsion engines: the resistojet, arcjet and the inductively and
radioactively heated devices. Howewduge to the poor efficiencies associated with thieda

only resistojets and arcjets will be discussed. In a resistojet the heat is transferred to the
propellant from a solid surface, either a chamber or a heater coil whereas the propellant in an
arcjet engine is heated through an electric arc that is passed through it. A problem associated

with all electrothermal systems is the loss associated with frozen flow. These losses are
charactese d by energy that i s unat tnéema mdidésanddue t
also dissociation of the molecules. With respect to resistojets, the main constraints are: the

chamber temperatures are limited by the associated materials and maintaining the integrity of
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the insulator and the chamber heating surf§8&k In terms of performance, the resistojet
can offer a specific impulse up to 500kigh in comparison to other letlrust propulsion
systems is low and can be attributed to the method of hd@BhgArcjets have efficiency
problems that can be associated to the viscous effects within the[3lLjidoffering a
specific impulse up to 700s. Again this is low compared to otherthoust propilsion

systems.

2.5.4. Electrostatic Propulsion Systems

Although there are several systems that fall under the title of electrostatic propulsion
systems, only two systems can be considered for primary propulsion systems due to their
high exhaust velocity and spic impulse. These are gridded ion and fedfect thrusters,

where hall effect thrusters are effectively gieds ion thrusterf33]. In their simplest form,

ion thrusters accelerate a beam of atomic ions with an electric field which is then seditrali

by an equal flow of electron$31]. Griddedion thrusters use a permeable grid to
electrostatically extract ions from a pfaa flow and accelerate them to high velocities at
voltages up to and exceeding 10 K36]. Hall-effect thrusters use a crefésld discharge
(hall-effect) to generate the plasma and an electric field ésted perpendicular to a
magnetic field which accelerates ions to high exhaust velocities. lon thrusters have a high
efficiency, from 60% to >80% while providing extremely high specific impulses, from 2000s
to over 10,000s. The efficiency and specific ingpuange of the Hatffect thruster is lower

than the Gridded ion however it offers a higher thrust at a given power and is much simpler
to operate[36]. Although the gridded ion thrusters are more complex, they have been
developed and flown more than any other EP system as can be seen in the brief discussion at
the beginning of this section. For this reason, this will be the primary propulsion system

considered whenever lothrust systems are referenced in this dissertation.
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2.6.Low-Thrust Trajectory Design

Where highthrust transfers are relatively straightforward to predict due to their impulsive
nature low-thrust transfers require continuous thrust to generate a similar velocity
requirement which can result in many orbitalevolutions. This spiral trajectory leads to
numerically intensive methods in order to determine a solution to any particular transfer
problem.Several techniquebave therefore been developetich reduce their complexity

and produce trajectories which arearoptimal. These methods ageod for determining an

initial solution to a proposed trajectory problem or forming an initial guess to be used as part

of a detailedptimisationstudy.

2.6.1. ShapeBased Methods

In [89] it was shown that an exponential sinusoidal function can be used as a shape based
method to generate trajectories with a gravity assist segment. This was used as a simple
analysis of a transfer and also used as an initial guess fi@caaptimisationmethod whose
minimum fuel solution could be correlated to the initial solution. Other methods include
using inverse Band 6" degree polynomials to represent the trajectory in adin@nsional

frame [90], [91]. The work in[90], [91] showed the method could provide near optimal
trajectories and in the case where the transfer time is fixed, was shown to be similar to the
hight hr u st i mpul s iemg0],Ud]mbveas alsh $oung to erovide a good

initial guess when being used in conjunction withagimisationprocess, improving the
chance of convergence. A slightl yshape tbf er ent
represent a transfer but instead determines a shape based on a finite Fourier series expansion
is defined in[92]. By implementing the shape based method in this manner allows thrust
constraints to be addressed which is not possible in the previously defined methods. An
approach which addresses three dimensional transfers and uses a sh#mdgdetfened in

spherical ceordinates is shown ifB3]. In this work, the method is coupled withlinear
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quadratic controller which can determine the feasibility of transfers between any two orbits.
As is the same with all shape based methods however, there is a restriction on the complexity
of trajectorieghey can actually model. In addition toish only [92] managed to determine
trajectories based on explicit thrust constraints. As suchapipécability of shapdased

methods for trajectories which rely heavily on the specific propulsion systenisuisgited.
2.6.2. Orbit Averaging Methods

Orbital averaging techniques, peeviously mentionedh this Chapter, can also be used to

generate trajecties withareduction in complexityln this method the change in any orbital

element is calculated over one orbit which is then divided by the orbital period to give the
average rate of change of the el ememdgan per or
time rate of change with the assumption that all other orbital elements are held constant.
While this method reduces the complexity, a
position at a given time cannot be determif Sec. 5] Orbital averaging tectiques have

been employed through many different techniques[9B], [96], the method uses an

averaged Hamiltonian which provides accurate solutions over large transfer timé, multi
revolution transfers as expected. Howeveisitshown in[96] that it can also provide

reasonably accurate solutions for short tgnale problems, while noting that the accuracy
decreases with decreasing tramdime. The averaging method svalso shown to taketm
account the eff ectwherditwadnestifatedotdétgingine bdwlthsst e n e s ¢
affected the nodal procession of the orbit transfer with both the-reajor axis and

inclination changing97]. A study of different transfers using averaging techniggassown

in [98] where the analysis again accoufusthee f f ect of the Earthds ob
alsoaccounts for thehadow effect. These transfers were also investigated from a minimum

time and fuel perspective. With the development of the techniquegsitdemonstrated it

could provide rapid and accurate approximations when used within a numerical integration

model [99]. This was further investigated within aptimisation procedure, where the
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averagd equations were +gerived with respect to the eccentric anomalpwing the mass

flow rate to be accounted fdl00]. This method was also found to offer accurate
approximation of the time histories of the rmsgrular orbital elementfiowever it
experienced some problems when the s@agor axis was large as the averagingiagsgion

breaks down. It was also found that this method is unable to model hyperbolic trajectories
and eccentricities of zero as the argument or perigee becomes undefined. Orbit averaging
was also shown to be coupled with a numeragtimisationmethod toprovide trajectory

solutions for EarttMoon transfer$101].

In general, orbit averaging is a very powerful tool in the generation effinyst trajectories,
even more so wheit is to be coupled with aoptimisationprocess. However, there are
certain limitations as was highlighted previously. In addition to the lack osaocular time
histories, barring that identified [A00] which showed the time histories could be generated
up to a certain point, averaging methods are also only able to motieh ¢emjectories. As
was discussed ifL00] and is applicable for all avaging methods, they cannot accurately
represent trajectories with velocities close to escap§lda), this meant that the models
were limited to within a few revolutions of orbital escape conditions where it was shown

they demonstrated good accuracy up to a-seajdr axis equivalent to twenty Earth Radii.

2.6.3. Locally Optimal Contol Laws

Locally optimal control laws can also been used for trajectory generation. These control laws
maximise the rate of change of a given orbit element and can be specified in closed
analytical form. This can then be used as the optimal thrust dirac@ar. The advantage

of such control laws is the speed of which they can be implemented in a trajectory problem
and the primary disadvantage is the-sptimal nature of the resulting solution. They can be
developed from the variational equations of tibital elements as will be shown in the

proceeding section. Previous work developed a form of the control laws fensgari axis,
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inclination and radius of perigee using the equinoctial elements to avoid singularities
associated with the classical elan#e[102]. In [103], this wasextended to include the
eccentricity control law which, combined with orbital averaging, was usedaptanisation
process. The control laws wetteen explained in an analytical form by the same author in
[104]. The control laws have also been ded for use with another form of lethrust
propulsion solarsailing [105]. This work was further extended to define the control laws in
modified equinoctial elemenft06]i [108] and applied to many novel missions only possible

with a solarsail [109].

Due to the quick implementation and versatility afdtty optimal control laws, they will be
used within this dissertation whenever trajectory design is required. Although they are sub
optimal by nature, it was demonstrated [©2], [103], [109]they exhibit an accuracy

¢® b from the optimal solution; amacceptable accuracy for tiweork scopewithin this

dissertation.

2.6.4. Moadified Equinoctial Elements

Modified equinoctial elements are used to derive the equations of motion used for spacecraft
trajectories in this dissertation as they are-simigular except wn"Q “ radiang110]. The

modified equinoctial elements defined in keplerian elements are

n op Q (2.11)
Q A0 m (2.12)
Q QEI m (2.13)
Q OAIATND (2.14)
Q O A0 M (2.15
0 m 1 (2.16)
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which, used with thepositive auxiliary variabledefined in Eq(2.17)-(2.21), can definghe

equations of motio of any satellite

i p Q Q (2.17)
0 p CRTIO OO EI (2.18)
T (2.19)

t wa Q (2.20)
o Q. (2.21)

The equations of motiodefined in modified equinoctial elements in the Gaussian fmen

therefoe defined as

- Tt
— — =Y YO0 p (2.22)
Tt
- 0 OBl
— — =Y Y4 0 pAIDQ (2.23
QOO AT
- 0AT0O
— — =Y YO0 0 p OHI "Q (2.24)
QOE AT
- Tt
— — =Y YO om (2.25)
AT00
- Tt
— — =Y YO m (2.26)
o) =1]}
_ - s
— ‘N= = =Y YO0 m : (2.27)
WOET AT

Theseequations of motion werderived in[110] but contained some typographical errors.
As such, hese have since been amended[lihl] to give the form provided in this
dissertationlt is noted that if therareno perturbatios Eqs.(2.22) - (2.26) are zero and Eq.

(2.27) reduces tohe angular momentum term.
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2.6.5. Derivation of Locally Optimal Control Laws

Although locally optimal control laws have been derivedlipd], [106] [108], the specific
control laws used within this dissertation, sendjor axis, eccentricity, inclination and
radius of perigee, will be rderived here for completeness. Only these control laws are
required as this dissertation does not consider specific orbit insertion requirements. The
control laws are derived in modified equinoctial elemeagsthe trajectorysi propagated

using the equations of motion defined in modified equinoctial eleniergection2.6.4to

avoid singularitiesssociated with the classical elements
The variational equation of any element is

— Ko (2.28)

where U0 represent s tlaifeationehe plassical briital el@emerdgsraen t .

shown inFigure2-6.
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Ascendfng Node

Figure 2-6 Definition of classical orbital elements
The required forcel in the Radial, Transverse and Normal Axes (RTN), demonstrated in
Figure2-7, to maximsge the rate o€hange ofl is a unit vector defined kg By maximising
the force along g, the instantaneous rate bfis also maxinmsed. The variational equations

are defined in Gaussian form as this allows each component of the perturbing acceteration t

be identified112], [113}
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R
Figure 2-7 RTN co-ordinate reference frame
2.6.5.1. SemiMajor Axis Control Law
The semimajor axis variational equation can be defined in classical elements
QEI
— =Y YO p Q0 ET. (2.29
T

By then identifying}{:|= and converting to modified equinoctial elements, the maseidhi

direction vector is

QOET OB QA T0O
f+ p QOET p "GATOO "QOBI . (2.30)
T

This can now be used to generate a locally optimal control law which will rexittmé
semimajor axis. This is also known as the energy gain control law as it gives a locally

optimal variation in orbit energy.
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2.6.5.2. Eccentricity Control Law

The eccentricity variational equation, defined in classical elenents

. oBl
— Y YO AT0O ATa (2.31)
TU

By identifying f , and converting to modified equinoctial elements, the maseihthrust

direction vector is

11 I

1 - ’ (2.32

oo
>
8

fu A

2.6.5.3. Inclination Control Law

The inclination control lawaries to the two previously defined. It depends only on the out

of plane perturbation and as such a switching term is required in order to maintain the chosen
rate of change; either positive or negative. It will change according to the argument of
latitude. The variational equation for inclination defined in classical elencantde defined

as

T
— —=Y YO0 _ T . (2.33)
v ATO 1
Identifying &, converting to modified equinoctial elements and applying the switching term

as discussed, the maxsad thrust direction vectas

n Tt
i T .
i QAT O och—"m7—— (2.34)

wheret Q T1Q
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2.6.5.4. Radius of Perigee Control Law

The radius of perigee variational equation is formethefsemimajor axis and eccentricity

eqguations in classical elements as

) v —— OET g
. - w v o 1 O

— — P Q— w-Y YO — AI’OAI‘Cﬂ (235)
u T v

By identifyingf ,_and converting to modified equinoctial elements, the maeihthrust

direction vector is

v —— OET

% 1 o o e D

P T AI'OAI@

u L ¥

- . (2.36)

~ OB QATIO — "
11 i)
; — Al
u TT U

2.6.5.5. Blending Method

As was discussed previously, locally optimal control laws can be used to generate complex
trajectories with varying mission constraints. However the effectiveness, and therefore
optimality of these control laws, is often dependent on howthe¢ya c ombi ned or O6b
to form a near optimal thrust direction vector. It is possible to generate trajectories without
blending, as was shown [102] where the control laws were used sequentially, however

these will only be neawptimal for specific trajectories. One method demonstratgtiOg]

applies weighting constants to each control law as part of the blending procedure. These
weighting constants are theptimised in a rumerical optimisationprocess. Although this

can offer accurate solutions, it results in weighting constants that are dependent on time and

LITERATURE REVIEW Page35



therefore could not function as a fully autonomous guidance controller. Furthermore, the
optimisationprocess wouldbe intensive due to the optimal weigbhtingcalculated at every

time step. This method was modified slightly[194] so that the weighting constants were
determined through additional user defined constants so as to avoaptiamsation
procedure. However the resultant weighting constants were still dependent on time and
required sound engineering judgnt to determine the constants.[Ii4] a ¢ toigrn&
concept was introduced which was based around comparing the current and final orbit states.
In [106] a blending method known as @) was suggested for use in generatinirssail
trajectories with a constrained thrust direction vector. It was proposed in this work that
weighting constants be calculated as a function of the osculating elements as opposed time;
thus enabling the potential controller to account for unforegssmurbations in the
trajectory. This method calcul ated the weigtl
to target if it solely used that control law and its effective use of the sail. A user defined

constant was again used here to tailor thedtaries to suit certain mission specifications.

The method implemented in this dissertation is closely related to tHA06F but does
incorporate some of the ideas discussed @3], [104], [114] It is adopted here to suit lew
thrust technologies without the limitations of a sail i.e. the thrust can be directed in any
direction as and when it ifequired Firstly, the deficit (time to target) of each control law is
calculated based on the maxsed thrust vector if it were solely used and assuming a
constant rate of change. These are then naaahliith respect to the largest, resulting with
each controlaw receiving a score between zero and one: zero meaning the control law has
achieved its target and one meaning it is furthest, in terms of time, from its target value. The
control laws are then multiplied by a constait, based on mission spedifition before

finally being blended using the averaging technique

o (237)
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where, i RQ

This now forms the maxireed thrust direction \a&or. Again this method is dependent on a
weighting constant which somehow needs to be determined. However, as this constant is
independent of time and is specified at the beginning of the trajectory design, it can easily be

determined in a nemtensiveoptimisationprocedure as will be discusseddhapter 5

2.7.Hybrid Propulsion Trajectory Optimisation

Several of the papers already discussefidation2.3 have consided different methodef
addressing the issues associated wttimisationof hybrid propulsion transfers. In addition,

there has been research that used & @@ilated transfer array which can be interpolated in
order to speed up the transfer analys@. The initial analysis in this method was therefore
computationally heavy but for any other transfers it mhdhare was a rapid estimation
available. This method obviously has a speed advantage but it is limited as it can only
evaluate transfers in the region of the initial analysis. The accuracy of the resultant
interpolated solutions is also dependent ondiseretgation of the initial solutions. Other
papers have used a patching method allowing the high anthfagt transfer sections to be
decoupled and hence reducing the ovemgtimisation complexity as each section is
analysel individually as discussegreviously[52]i [54]. Although this pathing method can

offer nearoptimal solutions, it still requires a large amount of user time and knowledge to
ensure the different trajectories can be connected. There is however a program which has
been developed toptimisea full hybrid propulsion trarier. This is called SEPSPOT and

was developed at the NASA Glen research fadiliys]. In coupling the high thrust section

this program assumes the spacecraft begins in a circular orbit and can impart a maximum of
two highthrust impulses before thewethrust system is activated. The total velocity change

for the highthrust section is specified and if the first required impulse is equal or greater

than this then the higtihrust section is restricted to one impulse. If the first required impulse
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is les, then the transfer is a two burn orbit raise. In this case the second burn is the
difference between the total specified velocity change and the first burn velocity change.
Several problems have been identified with SEPSPOT however, specifically teldted

sensitivity to the initial guesses and convergence prolE03s.

To avoid the neefbr user input and sensitivity issues, thissertatiorwill develop a new
hybrid propulsion transfer optisgr which models the higtinrust phase as a Hohmann
transfer and generates the Mwust trajectory using locally optimal control laws. The

optimisationprocess is detailed iGhapter 5
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Chapter 3

HOHMANN AND BELLIPTIC
TRANSFER COMPARISON

In Chapter Zhe Hohmann and 4alliptic transfers were introduced and a dethidiscussion

of previous research comparing the transfers was presented. In particular, it was shown that
critical limits were determined for the -@anar analysiand theseleterminewhen each
transfer should be used to ensure the lowest velocityreegeant. Obvious progression is to
investigate the transfers with the introduction of a plane change and while there has been
extensive research in this ar@ageneral solution fathe evolution of the critical limits has

not been explicitly determined. Bhchapter will therefore further investigate the Hohmann
and bielliptic transfers with the inclusion of a plane change, to determine the evolution of
the critical limits determined for the g@anar analysis. The chapter builds on the knowledge

of the tansfers introduced iGhapter 2oy introducing the relevant theory for transfers with
combined orbit raise and plane changanoeuvresAn analytical method is detailed in
Section3.1.1that determines the distribution of plane change between two impulses and is
compared to a full numerical approach in Secah2to validate its use within the work
presented. With use dhis analytical plane change distribution method, the derivation of
simple analytical expressions for the velocity requirement of the Hohmann -atigic
transfers is given in Sectior&2 and 3.3 respectively. Finally the chapter deternsribe
evolution of critical limits with varying plane change and prosida explicit general

solution to when each transfer should be used.
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3.1.Plane Change Distribution Theory

3.1.1. Analytical Methodology

As was discussed i€hapter 2when transferring between twwon-co-planar orbits it is

more efficient toperform the plane changever two impulses rather thamtirely at the

transfer orbiapoged1], [28]i [30], [116]. It has also been shown that that the orbit raise and

plane changenanoeuvreshould be coupledvhere possibleas this is more fuel effective

than perforrmg each separatefjt16]. With this in mind, a schematic of the transfers is

shown inFigure3-1.

.......... Hohmann transfer trans. - transfer orbit
------ bi-elliptic transfer (phase 1) ri/ft - orbit radius

« * «  bi-elliptic transfer (phase 2) A...C'-specified

AI - tOtal Plane Change r}?d@/"
S - percenta € lane Change _/_,,_,/"//‘/‘/
at node g_/ X'
_{rans._

Figure 3-1 Hohmann and bi-elliptic transfers with plane change at first and second impulses
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To derive simple equations that describe the velaeiirementof the Hohmann and bi
elliptic transfers \ith the inclusion of a plane change, an analytical approximation of the
plane change distribution based on the orbit configuration is[4éd This is compared to
the numerical approach in Sectiéhl.2 for a specific transfer to validate its use and
highlight its limitations. It is of note that the referenced method usedhiancedo acount

for transfers other than circutaircular.

The velocity requirement to perform a combined orbit raise and plane change is calculated
by comparing the initial and final velocity vectors, as well as the plane change required. The
general case is defiddn Eq.(3.1) and is applicable for both the Hohmann anatlbptic
transfers, with the Eglliptic transfer performing the plane change over the first two impulses
and thethird impulse being a cplanarmanoeuve. While it is recogrsed that the optimal
bi-elliptic transfer will split the plane change across all three imp{®&§5[30], [117], this

would again prevent general solution to the evolution of the critical limits. In the optimal
plane change distribution case detailed29], it is shown that the largest plane change is
conducted at the second impulgkargest apogee) with the plane change conducted at the
third impulse always less than that at the first impulse. It is therefore logical to assume that
by splitting theplane change across the first two impulses, the total velocity requirement is
only slightly greater than that of the optimal case. By doingthi@sanalysis is simplified,
allowing the use of the velocity requirement equations defined hereafter ancbrheref
enabling the determination of the evolution of the critical limEsuation (3.1) is an
extension of the cosine law as part of vector ana[¢di8], whereYo andYo represent the
velocity requirement to enter the transfer orbit and then the final/intermediate orbit

respectively,

Yn [29] it is shown fori ji p,1ji ¢ andYO p m the plane change is optimally split
between the first and third impulses with no plane change conducted at the second impulse. This is not
relevant in this analysis however as the evolution of the criticaisi ati ji  p determineYO

0 L as showraterin thischapter
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Yoo Yo Yo

VIRV QY AT Y0 (3.1)

As the orbit raise and plane changanoeuvrés conducted using two impulses, one to enter

a transfer orbit and one to capdwa target orbit, which in the case of sbiptic transfer is a

second transfer orbit, the question arises as to how much plane change to impart at each
impulse of thananoeuvreThe analytical approximation, which distributes the plane change
across wo impulses, introduces a scaling terspdependent on the orbit geometry which
defines the fraction of plane change to be performed with the first orbitmaiseeuvreln

Eq.(3.1), YObecomes Y'GandY'Obecomesp i ¥YQo give

Yo Yo Yo
0 0 cLO ATl ido (3.2)
O 0 cL U Al @ i YO

To gain the analytical approximation, begin by squaring the two velocities i{BE2j.to
remove the square roots. Ignoring the cross product terfsYo , allows simplification

to,

(3.3)

Equation(3.3) can then be differentiated with respect tand set equal to zero in order to

determine when the function is a minimum,

YO U OENVO YO U OEp i YO n (34)
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Collecting terms and rearranging gives

K| e
<

- (3.5)

which, with further simplification, gives the analytical approximation for frection

inclination split as

(@}
p

(3.6)

<
<

where®y ———.

As discussed previously® can be modified depending on the transfer scenario under
consideration Y introducing the velocity formulas representative of the transfer. This allows
Eq. (3.6) to be extended to the application of rarcular orbits. For the klliptic transfer,

this is accounted for and is adjwsted accordingly. The total velocity requirement, with Eq.
(3.6) substituted to account for, is therefore given in Eq3.7), which has been divided by

the initial orbitvelocity to provide a convenient natimensional form.

<

(3.7)

3.1.2. Numerical Validation

To verify Eq.(3.7) it is necessary to perform a numerical analysis to determine the plane
change performed at the first impulse, that is, without the removal of the crosstperth
that enables thsimplification to Eq. (3.3). This allows the error over a range of plane

changes to be determined. To perform the numerical analysig3E}.can be partially
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differentiated with respect tb and set equal to zero to determine when the function is a

minimum,

OE¥O . . (3.8)

As O H V'Gappears on both sides, it is necessary to perform an iterativéndiog method
to determine thdraction of plane change performed at the first impulseThis optimal
value is then substituted into E®.2) to give the total velocity requirement to perform the

orbit raise and plane change

Before comparing the two approaches for coupled orbit raise and plane changeuvres
however, the numerical method can be verifigccbmparing its velocity requirement with

that of Eq.(3.9), for a plane chang®anoeuvralone,

COEL . 39)

Equation(3.9) has been divided by the initial orbit velocity to give a4gimensional form
similar to Eq.(3.7). FromFigure3-2 it is seen that the numerical method maintains the same
characteristics as the analytical plane change(3®), for a range of plane change values.
Although notvisible in Figure 3-2, the maximum relative percentage error between the
numerical methodwith a solution tolerance gdop 1 , and Eq.(3.9) is 0.02% for plane
changes up tvj ¢ i & ‘@ 1t JAN upper limit ofw 1Tid imposed as retrograde orbits are not
considered in this analysis. This error is small enough thaf3E), wherei is numerically

determined, can be used to verify E8}7).
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e Analytical, Eq. (3.9) o
o Numerical, Eq (3.2) T
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Figure 3-2 Total velocity requirement comparison forcircular orbit with plane change only
The relative percentage error of total velocity requirement for a range of coupled orbit raise
and plane changmanoeuvress shown inFigure3-3. It can be seen that the lasgerror is
found for large plane changes and small ardios i ji © piY'® “j¢i & '@ 1 Jwith
a maximum relative percentage error of 12.36%. The average relative percentage error for
the range considered Figure3-3 is 0.81%. If considering transfers with i approaching
unity and large plane changes then a numerical approach should be adopted, however this
scenario is very unlikely and hence the analytical method is deemed acceptable for this

analysis.
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Figure 3-3 Relative percentage error ofEq. (3.6) compared toEq. (3.2) with numerical method

3.2.Hohmann Transfer with Plane Change

Using the analytical plane changeastdbution theory from the previous section, the

equations describing the Hohmann transfer can be dedimed
0 — (3.10

0 - — (3.12)

Equation(3.10) givesthe initial orbit velocity and E(3.11), the transfer velocity at point A,
defined inFigure 3-1. Equations(3.12) and (3.13) describe the transfer velocity at poidt

and the final orbit velocity respectively.
0 - — (3.12

R (3.13

The total velocity requirement to perform the Hohmann si@emwith plane change is

therefore given in Eq:3.14). Note that an orbit ratity 1 ji  has been introduced for the
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purposes of simplification and the equation has been divided by the initidbcivelocity,

U , to give a convenient nedimensional formas before,

y_
T i AT y
p — —AIOAT ——- (314
- — — Al B0 6AT —
n y

To verify this equation, the plane change can be assumed to equal zero and the equation
shown to simplify to represent the same resulf@hsFurther validation can be sought by
differentiating Eq(3.14) with respect toY, and solving to find the location of the stationary
point. It is found thaty p @& U p X pwhictris the same value found[®] using the ce
planar equation. The stationary point, from this point godvknown as limit CoB to
represent the eplanar limit on limitB (introduced later in the chaptei$ found to be a
maximum and determines the orbit rati§,beyond which the velocity requirement starts to
reduce. This suggests that travelling to a far removed drbit i  and returning to the
target may offer a reduction in the required change of velocity and is the origin of the bi
elliptic transfer which will be discussed in more detail in the next section. Considering the
limiting case for an intermediate orbit at infinite distance, the initial velocity requirement is
the velocity necessary to escape the initial orbit that is simply the dfmiq. (3.14)

assumingY © Hband scaled by ,

o —_

Y N p w. (3.15

The final velocity requirement is the velocity necessary to return from infinity to the target

orbit but scaled by the target orbit velociby,
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Y N, pw. (3.16)

The total velocity requirement is therefore the sum of E¢gE5) and(3.16) and once again

divided by to give a nordimensional form,

<

— N p p - (3.17)

This is the same result, in a slightly different form, as was introducgéd {8.7) in Chapter

2 and although Eq3.14) contains a term for the plane change, the limiting case as shown in
Eqg. (3.17) does not due to the plane change being performed at infinity where no change in
velocity is required. This is representative of a parabolic transfer. Equgidr) is
highlighted in Figure 3-4 along with the Hohmann transfer velocity requirement. An
intersection point is found by equating £8.14), with no plane change, with E.17) and
solving for'Y. This is found to b& p @ o Y X ewhictyis again the same value found in

[9] and represents a limit of the Hohmann transfer, from here onwards known as limit CoA
to represent the eplanar limit onlimit A (introduced later in the textfor any'Y

p @ o Y X @ tha BHohmann transfer will always have the lowest velocity requirement. Both

transfer limits CoA and CoB are highlightedrigure 3-4.
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Figure 3-4 Hohmann and parabolic transfer comparison with critical limits (verified with [9])

3.3.Bi-elliptic Transfer with Plane Change

The analytical plane change distribution methodology can again be used whenrgunside
the bielliptic transfer with plane change. As was discussed previously however, the plane
change is distributed between the first two impulse burns withhihd being a ceplanar
manoeuvre To determine the total velocity requirement equationjritiial and final orbit
velocities remain the same as those given in E@iK0) and(3.13) respectively. The orbit

velocities at nodeA™ andB’, as detailed ifrigure3-1, are
0 - — (3.18

0 - — (3.19)

As was discussed when introducing theptanar bielliptic transfer inChapter 2 the
spacecraft is propelled on an initial elliptical trajectory with apogee radius greatethi

target orbit radius. At this transfer apogee the spacecraft enters a new ellipse and travels
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back towards the target. The velocities at poBitsand C p as defined irFigure 3-1 are

therefore
0 _ — (3.20

0 S — (3.21)

The total velocity requirement to perform theelliptic is then the sm of the impulses
required to transfer to each orbit. The total velocity requirement for thBidtic transfer
with plane change, in nesimensional form, is given in E¢3.22). Note an additional orbit
ratio between the intermediate orbit and initial orbt, i ji , has been introduced in order
to simplify the expression as it is now only dependenriyidvf andYOThis additional orbit

ratio must always be greater tHapi i.e. 'Y 'Y for this analysis

. p A1 0 — e — AT 0
(3.22)
- z p

where
., OAIl Y

w7 o

— Yy

N
., Yo OAIT Y

" %

In order to verify this equation, the same technigsdefore can be adopted. By setting the
orbit ratio 'Y 'Y and plane changey O m, the equation reduces to give the same

representation as the-ptanar Hohmann equation.
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3.4.ANALYSIS

The Hohmann and Parabolic transfers are shown for a varying randstaofitos and plane
changes inFigure 3-5. It can be seen that the parabolic transfer maintains the same
characteristics at all plane change angles asmiaisoeuvreis performed at infinity, as
discussed previaly. It can also be seen that these two surfaces intersect for a range of plane
changes YO 10 e v 1 JThis intersection is an extension of theptanar limit CoA

Y p@o Py @atXY 1J also shown in the figure. This neo-planar limit will be

known as limit A from this point forward. As can be seerfFigure 3-5, several points of

limit A are shown which highlight the evolution of the limit with increasing plane change.
To determine the equation representing limit A, BdLl4) and Eq(3.17) can be set equal to

each other,

y y

(329

The intersection of the two surfaces at an orbit ratity of p, as shown irFigure 3-5, is
considered the lower boungeof limit 6 as'Y p (inward transfer) is not considered in this
analysis. This intersection indicates for a plane change greater than this point, ahd any
p, the parabolic transfer has a lower velocity requirement than the Hohmann. The critical
planechange atY p can be calculatedumericallyusing Eq.(3.23), or analytically by
setting Eq(3.9) to equal Eq(3.17), where itis a conditiolY p as Eq.(3.9) is valid for a
plane change only manoeuvrdgsing the analytical approach the plane change of the
intersection aty pis foundasYO 1@ v ©A A @ 1 Where the subscriptepresent

the critical point calculated analytically. As no explicit analytical solution was found to be
possible for the plane chang¥Q using Eq.(3.23), it can be solved fotY p using a
Newton iteration méiod [119] to give YO T o ®AA ¥ ¢J The subscripts

introduced represent the numerical calculation of the critical point using the limit A
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equation. The relative percentage error between the numaewittala solution tolerance of

pap T, and analytical méiods is found a® T Pand is due to the plane change
methodology assumption described in 8extion3.1 As the analytical approach discussed

is only valid for'Y p, EQ.(3.23) will be used whenever Limit A is referred to throughout

the text. It should be noted that from this point forward, values calculated for all analyses are
rounded to three decimal places. For calculations dependent on a previous result however,
the number withat leastseven decimal places used to eliminatesignificant rounding

errors.

B Hohmann B8l Parabolic

Figure 3-5 Hohmann and parabolic transfer comparison for range of plane changes and orbit ratios
Figure 3-6 - Figure 3-8 highlight the variation of the Hohmann,-&liptic and parabolic
transfers for a range of orbit ratio¥, andplane changesy’. The Hohmann transfer is the
blue line defied by'Y" Y, the parabolic red witty’  H>and the bielliptic with different
"Y' values is black, as shown in each figure. In all figures it can be se&h for Tthere is
an intersection aty Tt mwhich again confirms the {glliptic equationreduces to the

Hohmann. Beyond this intersectidh 'Y and, as shown in the figures, the Hohmann offers
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the lowest velocity requirement. This transfer would have a target orbit larger than both the
initial and intermediate orbits and as a result,camd in[9], [116], the Hohmann transfer

will always outperform the kélliptic. As discussed ifil16], such transfers are ultimately
phasing orbits and can be shown to be varianteeHphmann transfer. This would also be

the case beyorit Y ¢ m8t

In Figure 3-6, it can be seen the -blliptic transfer, with an intermediate orbit’

p @& Yp X pigxoincident with theHohmann transfer'Y Y at’Y p@ ypxpyPx T
This is the ceplanar limit CoB as discussed earlier and is found by differentiating the bi
elliptic transfer velocity requirement with respect¥q then settingY” Y and solving to

determine the turning point,

0 (3.29)

Equation(3.24) determines when the -Biliptic transfer velocity requirement function is a
turning point fo a given transfer specification (specifitandY'®and has the same velocity
requirement as the Hohmann transf¥ 'Y . This equation can then be used to determine
the evolution of the cplanar limit into the noo-planar realm, known as limg from this
point forward, as shown ifrigure 3-7 and Figure 3-8 as the black dot at thpoint of
coincidencewith the Hohmann transfer line. This occurs at an orbit ratio, p ¢ for a
plane changeY’'O ¢ @ v qnJFigure 3-7 andan orbit ratio,Y p 1tfor a plane change,
YO o @ v cnJFigure 3-8. The orbit ratios,Y, used inFigure 3-7 and Figure 3-8 were
arbitrary values chosen so thad). (3.24) could be solved to determine the corresponding
plane changeYQ which defines limit B. BothFigure 3-7 and Figure 3-8 show that with
increasing plane change, the orbit rati§,which beyond the kelliptic transfer offers the

lowest velody requirement, is reducing.
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It was found earlier in the chapter that limit CoB could also be calculated by solving Eq.
(3.14), differentiated with respect t¥, and set equal to zero i.e. a maximum turning paint

the Hohmann transfer velocity requirement function. However, by comparing this approach
with that of Eq.(3.24) for different plane changes, it is found tiaf. (3.14) is only valid for

YO 1t JAlthough not shown irFigure 3-7 and Figure 3-8, the location of the maximum

turning points ar&' p @ 1 andY o aespectively.

0_62 -5 T T T T } ==
Al =0°
0.60 1
0.58 + T
0.56 T T
AV 054+ R*=R=CoB 1
1 *
R*=R=40 R*=40
0.52 +— T
R*;—R
0.50 — T
R*=200
0.48 T +
R*= )
0.46 1
{ + } } + } + + +
10 20 30 40 50 60

R

Figure 3-6 All transfers for varying orbit ratios at a plane changeYt J
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Figure 3-7 All transfers for varying orbit ratios at a plane changeY t 8 J
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Figure 3-8 All transfers for varying orbit ratios at a plane changeY t 8 J
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Figure 3-9 offers a slightly different perspective of the cases detaildétgare 3-6 - Figure
3-8 as itdisplays the velocity requirement for a varyidgas opposed t&. The lines in blue
represent the Hohmann transfer for the plane changes specified while timesagpresent
a bielliptic transfer for the plane change specified. For each plane ch&@ger i @ v ¢ J
ando @ v ¢tlerearecoincidencepoints between the Hohmann anddiliptic transfers at
orbit ratis'Y p @ Y p X poyfx @and p Tt respectively.This point of coincidenceds
calculated usingeq. (3.24) and, for the cases shown, theebiptic transfer velocity
requirement function is a maximum turning point. This means foiYany Y, the bielliptic
transfer will have a lower velocity requirement than the Hohmann. By increasiny the
distance, the velocity requirement saving can be increased as shduguiia 3-9 as the
difference between the red-dliiptic transfer line and the black dotted line representing the
Hohmann transfer velocity requirement for the specified orbit ratidhis is discussed in
detail later in the section but where the Hohmann arelliptic functions intersect does

again showhe evolution of limit B.
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change Y &

Figure 3-10 showsa comparison of the Hohmann, parabolic anéllijptic transfers over a
range of orbit ratios), and plane change¥O It builds onFigure 3-5- Figure 3-8 as it
demongrates both limits A and B on one single plot. Thelliptic transfer is represented by
the lines for different intermediate to initial orbit ratiog, as specified in the legend. The
two surface plots are the same as that detail€ibire 3-5; over a smaller range on all axes,
most notably thé/cyj U axis. The ceplanar bielliptic orbit ratio limit, CoB, is represented
asthe white square at theoincident point betweethe grey line on the Hohmarsurface
and green line &0 mi ¢ @he grey line represents a-panar Hohmann transfer attte

green line is a cplanar Dbielliptic transfer with an intermediate orbit,
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Y #1 "p@® Yp X p Jag gpecified in the white writing. It can be seethe figure that

the coincident poinbccurs atY 'Y’ as expected. This was also demonstratédgare3-6.

The two remainingcoincident pointdetween the grey lines on the Hohmann surface and
green lines wh'Y" p aandp mare the sameoincident pointthat were shown ifrigure

3-7 andFigure 3-8 They are represented by the white squares and are an extension of limit
CoB and, as before, demonstrate the orbit ratio limit, at which thaliptic transfer
becomes the most effective transfer, is reducing. Again it can be seewirthielent points

occur atY 'Y as expected.

——— R*=R —R*=4( - Hohmann
R* as
Specified
in white

R*=60 - Parabolic

R L S E’I S 30 40
()
Figure 3-10Hohmann, parabolic and bi-elliptic (=| * specified) transfer comparison
From Figure 3-11, which is a twedimensional projection of limit A and B, it is clear that
both critical limits reduce at fierent rates for a range of plane change values, leading to two
distinct Areas of Uncertainty (AOU). In order to determine the properties associated with
each AOU, from here on defined as Area of Uncertainty 1 (AOU1) and Area of Uncertainty

2 (AOU2), it is necessary to consider the critical limits independeflyt. with the two
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AOU, it is clear from the figure which transfer should be selected to achieve the lowest

velocity requirement for a transfer with a specific orbit ra¥ipand plane chang® 0

I
Al = 0.8:‘7!9(47.5") -
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Al = 0.782(44.81°
_R%'= 4682 1
Al =0.746(42.74° 1- nti
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was AOUT Rules Apply
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I [ndividual Case Analysis Required

1 | 1

1
2 4 6 8 10 12 14 16

R

Figure 3-11 Transfer selection graph with areas of uncertainty and critical points

Considering AOUL1, a test is required to determine which transfer has the lowest velocity
requirenent. This test was identified if®] for the ceplanar only analysis but is also
applicable for transfers that include a plane change. It is conducted by setting the Hohmann
and bielliptic transfer vabcity requirement equations equal to each other, that is(Ed4d)

and(3.22) respectively,

A (3.25)

and solving forY’ Y’ for a given'’Y and YOAs no analytical solution was found for
'Y, this is done numerically as before. Any intermediate to initial orbit ratio that exceeds this
limit Y Y ensures the kelliptic transfer velocity requirement is lower than the

Hohmann. Below this point a Hohmann transfer is more effective. For AOU2 the same test
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applies, however the 4ailliptic transfer only has a lower velocity requirement than the
Hohmann for any intermediate orbit ratio that is less than this limit 'Y Y’ .In

effect, the rules are opposite to that of AOUL as the boundary lines have intersected. The
change between the areas of uncertainty can be determined Wtassously solving Egs.
(3.23) and(3.24); determining the switching point to have a transfer specification with an
orbit ratio of'Y : 1& Y nd plane change &fO: 1§ Yic ®'@ & p JY 1: and

YO ¢ :, as specified iffigure3-11, define the transfer specifications for critical point 1 and

2 respectively. These critical points describe ot transfer specification at which the
function describing limit B, Eq(3.24), changes from being a maximum turning point to a
minimum. For any transfer specifications which lie on the limit line defined by(324),

with an orbit ratio greater than the critical point'Yt Y - and plane change less than
critical point 1 YO YO: (i.e. the righthandside of critical point 1 on the boundary line

of AOU1) , the bielliptic transfer will always have a lower velocity requirement than the
Hohmann. For theegion between the switching point where AOUL transitions into AOU2
and critical point 1Y = Y 'Y =, any combination of orbit ratio and plane change on
limit B defined by Eq(3.24) requires he same test using E(B.25), as detailed previously

for AOU1, to determine when the-biliptic outperforms the Hohmann transfer. For any
transfer specification that lies on the line bounding AOU2, betweenatrfibint 2 and the
switching point 'Y : Y Y :, the bielliptic will never outperform the Hohmann
transfer. For any transfer specification on the line bounding AOU2, between critical point 2
and the graphaxisaf p p Y 'Y - ,the same test using E8.25), as required for a
point lying within AOU2, must be used to determine when thelligtic transfer
outperforms the Hohmann. The critical points can be determined by simultaneously solving

Eqgs.(3.24) and(3.26).

ey (3.26)
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As before, the first order partial derivative represents the point where-gigotic velocity
requirement function is a turning point atie second order partial derivative determines the
transfer specification at which this turning point changes from a maximum to minimum. As
shown inFigure 3-11, the critical transfer specifications are found™s: v&v p a@nd
YO: T Tip®d'®@ & t Jor the boundary line of AOUL arid : p& x andY'O -

™ T i0 O'@ @ 1t Jor the boundary line of AOU2. The dagkeen shaded region between

Y -, limit B and the graphxs requires an individual test, dependent on the orbit ratio,
and plane chang¥@to determine which transfer has the lowest velocity requirement. This
can be performed by comparing E¢3.14) and(3.22), which determine the total velocity
requirement for the Hohmann anddiiiptic transfers respectively, for an orbit ratig, and
plane changeY'Qlying in the regionlt is of note that this corresponds to tiegion where
plane change error is maximum as discussed in Se8tib2 It is found for a transfer
specification, whereY 'Y : and YO YO:, on limit A, the bielliptic will never
outperform the Hohmannansfer. For a transfer specification, wha&fe- Y Y - and
YO: YO YO-:, on limit A, it is found that the same rules as AOU2 apply to determine
when the bielliptic will outperform the Hohmann transfer. FOY Y : and the
corresponding’Othat defines a transfer specification on limit A, it is found that the bi

elliptic transfer has a lower velocity requirement than the Hohmann.

It should be noted that the transfer specification defining critical point 3amitbrbit ratio,

'Y :, and plane chang®,0 :, is found with an adaptation of the numericabection root
finding method as opposed to the Newton iteration method. This is done usin@.Egs.
and (3.25) to an accuracy of three decimal plad@49]. Firstly Eqg. (3.23) is used to
determine the plane change for a given orbit rafiopn limit A. The numerical bsection
method then usdbte same test as given in £8.25) for these given values to solve for the
intermediate orbit ratioY’. Depending on if only one root, the same as the transfer orbit

ratio 'Y 'Y, or two are found, onkeing 'Y 'Y , then the search region is refined and
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the process repeated in order to locate the point where this switch is located. This critical

pointis foundad : o ocandYO: TR CIWOR B J

The limits defined inFigure 3-11 were suggested to exist [28] when comparing the
Hohmann and kelliptic transfers with a plane change conduatety at the apogee of the
transfer orbit; however they were not explicitly defined or fully understood. By providing
this reference graph, with plane change split over two impulses as was shown to always be
more efficient than conducting the plane changiea transfer apogdé], [28]i [30], [116],

the transfer with the lowest velocity requirement can easily be selected for a given transfer

specification.

To gain an analytical approximan of limit A and B, a besfit polynomial is used. Eq.
(3.27) shows a ¥ order polynomial for limit A, which gives a mean relative percentage error

of 0.15%

Y YO o8iXxQuoYoT RO EFQTE® P TT P YYT Bm P g ¢
TBITCCUCCOYOOYOwp

) ) (3.27)
TP WYPT LOP PFRIBHVPO WS X PPYwWwo TG

T PPUGCTYIOT TYEX YT TT VOURIEWE TX WX Q¢
A 7" order polynomial is also used to represent limit B as

Y YO o poUPp@cCumm FOX@h X TOU @ 0T GRR HQ U 1
BIMPpQPCCCNPpooxT

(3.29)
TMICTUT CX @ YDOEUIXOYp wo 0T YOT o Y@ T

M CUYTPMEAYRT T X QO QX 0T YDPPWPPL WO X T U T

The mean relative percentage error is found as 1.25%.
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3.5.Case Studies

3.5.1. Areaof Uncertainty 1

The transfer specification used to illustrate AOkHSs anorbit ratio of'Y p ¢and plane
change o0 T®i '@ ® w.JBy substituting these specified values, B)25) can be

solved to giveéY o @ Tt.Crhis is the point at which the velocity requiremehthe
Hohmann and bkelliptic transfers are equal. For comparisonYi® m, then'Y’

Y p& ¢ which shows the kelliptic is more effective with increasing plane change. It can

be shown that the 4glliptic is always better, in terms of wality requirement, than the
Hohmann transfer whety’ 'Y’ with a check of the derivative function of the- bi
elliptic transfer velocity requirement with respect'Yo, T Yo j @jT 'Y's: - . By
substitution of the orbit transfer specification values, it is found the derivativetds 1t 11 p
which, due to the negative, means the function is decreasing at the point the Hohmann and
bi-el I i ptic transfersd vel oci Figure3Il Baforg thisnent s
point, the bielliptic transfer has a greater velocity requirement than the Hohmann transfer

while beyond it, a smaller velocity requirement, as showkigare3-12.
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Figure 3-12 Characteristics of AOU1for a transfers specification ofd &Yyt 8 »+Mg g

3.5.2.

Area of Uncertainty 2

The orbit transfer specification used to illustrate AOU2 has an orbit ratfo o€ and plane

change o0 &1 '@ T & t JSubstitutingthese values into Eq3.25) and solving

gives'Y’

the velocity requirement of both the Hohmann andlliptic transfer are equal. However, as

discussed previously ithis chaper and conversely to the AOU1 case study, it is for any

Y oY

withT Yo j jt 'Y's:

increasing at the point the Hohmann aneebi | i pt i c

z

T& w.TAs is highlighted in the AOU1 case study, this is the point at which

* that the bielliptic transfer outperforms the Hohmann. This is confirmed again

which is found as 0.031. A&t is positive, the function is

transfer so

v el

equal. Before this point the-biliptic therefore outperforms the Hohmann whereas beyond

it, the Hohman is better than the-ddiiptic. Figure 3-13 confirms this. The orbit ratio

location of the greatest saving in velocity regment is calculated by solving

(3.29)
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for 'Y with the substitution of the relevar¥ and Y'Ofor the given orbit transfer

configuration.
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Figure 3-13 Characteristics of AOU2for a transfers specification ofd &Yyt 8 »+Mg

3.5.3. LmitB-Y Y -

This scenario is slightly different from the previous two as it concerns the Limit B where
Y 'Y -. This divides AOUland tke bielliptic transfer only region, as detailed Figure

3-11. For this case study it is necessary to select an orbit rgti@nd solve for the
corresponding plane chang®0O This is done using Eq3.24) for an orbit transfer
specification ofY p tand it is foundY’O T® v ip O'G @ ¢ JUsing Eq.(3.24) ensures

that at the point the Hohmann andebl | i pt i ¢ tity raqoiterheaits arédequaletheo ¢
bi-elliptic function is a turning point. By then using the second order partial derivative, as
given in Eq.(3.26), it can be determined whether the function is a maximum or minifmm.
this case it is found that the function is a maximum. This confirms that, on the right hand
side of critical point 1 and on the critical line defined by BR24) (Y 'Y : and YO

Y0:), any’Y 'Y will ensure the belliptic function outperforms the Hohmann transfer.
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In-effect, this part of the critical line is the same as thelllitic only region as shown in

Figure3-14.
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Figure 3-14Limit B-4 4 _ -for a transfer specification of &Yt 8 »+H g g

3.54. LmitB-Y = Y Y :

This scenario is similar to ¢hprevious as it is again concerned with Limit B, but between
critical point 1 and the switching pointY : Y Y = . Similarly, it is necessary to
select an orbit ratiol, and solve forY"Ousing Eq.(3.24). For'Y u¥ it is found that

YO m vt G@ & 1 .JAs Eq.(3.24) gives the location of a turning point it is necessary
to use EQq(3.26) to determine whther it is a maximum or minimum, which for the given
values it is found to be a minimum location. This confirms that for any transfer specification
lying on the line betweeiY - and'Y -, the test given in Eq(3.25 has to be used to
determine when the dgilliptic has a lower velocity requirement than the Hohmann transfer.
In-effect, this section of the critical line obeys the same rules as AOU1, as shbiguri@

3-15, andsolong asY’ 'Y  °, the bielliptic transfer will outperform the Hohmann.
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3.55. LmitB-Y - Y Y :

This scenario is concerned with Limit B between critical point 2 and the switching point,
Y - Y 'Y =, as shown ifigure3-11 For’Y o©and by using Eq(3.24) it is found

that YO 1& ¢@ip ©'@ @ 1.JOnce again, Eq(3.26) is used to determine whether this
turning point is a maximum or minimum; it is found it is a iminm turning point. As this is

the border of AOU2, it confirms that the-dliptic transfer is never better than the
Hohmann. In effect, if a certain orbit configuration is selected which lies directly on the line
betweenY = and’Y -, then it obeys the same rules as the Hohmann only regigare

3-16 confirms this.
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Figure 3-16Limit B -4 .= 4 4 .y for a transfer specification of { &yt 8 »fE g

3.5.6. LmitB-Y Y -

[

This scenario is concerned with the limitf& Y Y :, as shown irFigure 3-11. For

'Y p& and by using Eq3.24), it is found tha’’O T x im0 '@ & w JAs the use of Eq.
(3.24) ensures this is a turning point, €§.26) is used to confirm it as a maximuturning

point. As this is the border of AOU2, it confirms that &dy 'Y  ° will ensure the bi
elliptic transfer has a lower velocity requirement than the Hohmann. In effect, this section of

the line can be treated as if inside AO&Risshown inFigure3-17.
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3.5.7. LmitA-Y Y :

Now considering Limit A on the right hand side of the switching poiivt, Y -, itis

found that the Hohmann transfer will always outperform thellgtic. This can be

confirmed by performing a case study with a transfer specification wiegldirectly on the

line. For 'Y ( Eq. (323 is used to determineYO 1 viv O'G @ J

TY® jojf 'Y's: ,atthepointthebe | | i ptic transfero6s atofel oci ty
the Hohmann and parabolic, is found as 0.002 confirmingMtatj  is increasing with
increasing’Y’ as shown inFigure 3-18. It is also shown inFigure 3-18 as 'Y’ O Hb,

Yo jo© Yo j®; however it should be noted it is never less than the Hohmann.
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3.5.8. LimitA-Y = Y Y :

Considering the region betwe&h : andY :, on Limit A, it is found that the same rules as
AOU?2 apply. This is demonstrated by usityy t& and solving Eq(3.23) to find YO

&) TwO '@ @ v JBy then using Yo j wjT'Y's: , found as-0.002, it is confirmed
thatYow | ® is decreasing @& Y. By then referring tdrigure 3-19 it can be seen that

Y& j o, at soméY' dependent ofY, does again excedto j & confirming that the same
test for AOU2 is required to determine when eeliiptic transfer shod be used. Once
again, EqQ.(3.29) can be used to determine the point at which the greatest velocity

requirement saving is achieved.
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3.5.9. LmitA-Y Y :

This final scenario is concerned with the region ff¥m pto'Y - on Limit A. For'Y ¢,
and by using Eq.(3.23), it is found YO 1@ @ix O'®@ @& ¢ J By then using
TY® jwjT 'Y's: |, found as0.058, it is confirmed thatc j o is decreasing &¥ 'Y
suggesting the kélliptic transferoutperforms the Hohmann. By then using Ej25) and
finding that the only root iSY° Y, it is found that the kelliptic transfer will always
possess a lower velocity requirement than the Hohmann or parabokfer on this section

of Limit A. This is highlighted irFigure3-20.
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3.6.Summary

This chapter has reviewed two hitifrust orbit transfers: the Hohmann and thelbptic,

with the inclusion of a plane change. It has been shown that the area of uncertainty,
determined for a eplanar analysis of theansfers, reduces in size with increasing plane
change and converges on a point, beyond which a second area of uncertainty emerges.
Previously, individual case analysis was required to determine which transfer offered the
lowest velocity requirement when msidering an optimal plane change split between
impulsesresulting in no general solutiom this chapter howeveananalysis has produde
reference graph based on simple analytical expressions for the velocity requirement that,
with knowledge of the it transfer required (ratio of target and initial orbit radius and plane
change), can be used to determine which transfer should be used. The analytical expressions
have been generated with use of a simple approximation which distributes the plane change

over two impulses. The method is dependent on the orbit geometry and its use has been
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validated by comparing it to a numerical approach. The theory has also been extended and

used for orbit transfers other than circedéncular.

HOHMANN AND BI-ELLIPTIC TRANSFER COMPARISON Pager3



Chapter 4

THE HOHMANN SPIRAL TRISFER

This chapter introduces a novel hybrid propulsion transfer named the Hohmann Spiral
Transfer (HST)It is fundamentally different to previous hybrid propulsion transfers, as was
discussed inChapter 2 andis inspired bythe highthrust bielliptic transfer which was
discussed in detail i€hapter 3 As the bielliptic transfercan offer a fueimass saving by

using an intermediate orbit apogee greater than tigettarbit, it is worth considering if a
similar principle is applicable ta hybrid transferAs suchthe highthrustsystemis usedo

propel the spacecraft beyond the target to an intermediate orbit, with both perigee and
apogee larger than the targeherethe lowthrustpropulsion systens activated andisedto

spiral back irtowards the targefThis means the loshrust system is used with a larger
thrust to weight ratio than moptior hybrid transferswhich use an intermediate orbit radius

lessthan the targeultimately improving the effectiveness of the llwust system

This chapter will first introduce the theory for the general case in Settidrefore applying

this to a ceplanar case in Saoh 4.2 It will then be applied to a neto-planar case where

the highthrust system performs the full plane change in Secdofsnd then where the
plane changesi performed by only the lowhrust system in Sectiod.5. The analytical
method adopted allows the use of critical specific impulse equations that can be used to
determine when the HST will offer a lower fuel ssaraction than either a Hohmann or bi
elliptic transfer. The analysis will also account for the transfer time in Seédt®and

determine the limitations of the analytical analysis due to large orbit rasidation4.10
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4.1.General critical specific impulse derivation

Before the transfer can be fully investigated for theplemar and plane change cases, it is
necessary to define the general underlying theory. THewing equations derive the
general form of the critical specific impulse ratio, which can then be applied to each case
independently. The higthrust only (Hohmann and Jeiliptic) and HST fuel mass fractions

can be written respectively as,

y ox

— p Qwn

(4.1)

Yy T v

— p QbR Qon

(4.2)

By equating Eqns(4.1) and (4.2), it can be shown that the HST transfer is equivalent or

better, in terms of fuel massafition, when

Y r y 7 y
Qi Qi Qaf (4.3)
which can be simplified to give
y
— 5y 5y . (4.9

confirming that a critical specific impulse ratio can be determined for the condition when the
high-thrust only transfer fuel consumption is eqtmlthe HST transfer fuel consumption.
Thus, for a given set of initial conditions, any specific impulse ratio above this critical value

will ensure the HST isore fuelefficient than the compared transfer.

From Eq.(4.4) it can be seen that singularity existavhen the HST higlthrust velocity
requirementequals that of the higtihrust only Beyond this signifies the region where the
HST requires more fuel than the hititrust only transfer resulting in no massieg. Due to

the large number of equations that are generated for different transfer scenarios throughout
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this chapter, auergript system has been introduced to avoid confusion. The methodology
behind the superscript system is describeBigure4-1 and Table4-1 details each transfer
comparison considered and the associated superscript used. It should be noted that the
equations representing the comparison of the HSIV are labelled differently; these

subscripts are found at the end of the table.

HST transfer HST System Performing Plane Change
(H-High, L-Low-Thrust)
Compared High-thrust Transfer

(H-Hohmann, B-Bi—elllptic)\

Initial Orbit
X (C—Clrcular E-Elliptic)
I Sp 12/23 R/E
Bi-elliptic Plane Change Distribution
(12-Impulse 1 & 2, 23-Impulse 2 & 3) If Low-Thrust Plane Change, Method is
(R-At Largest Radius)

(E-Edelbaum's Method - Combined with Spiral-In

Figure 4-1 Critical specific impulse ratio superscript methodology
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Table 4-1 Subscript notation detailing critical specific impulse ratio transfer specification

Superscript
Transfer Comparison Type ()
Hohmann compared with HS€o-planar, circular initial orbit) HH-C
Bi-elliptic compared with HSTco-planar, circular initid orbit) BH-C
Hohmann compared with HS€o-planar, elliptical initial orbit) HH-E
Bi-elliptic compared with HSTco-planar, elliptical initial orbit) BH-E
Hohmann compared with HST (highrust system plane changércular initial orbit) "0'006
Hohmann compared with HST (lethrust system plane changR, circular initial orbit) 00 o
Hohmann compared with HST (lethirust system plane changg, circular initial orbit) 00 6
Hohmann compared with HST (highrust system plane chge,elliptical initial orbit) ‘0000
Hohmann compared with HST (lethirust system plane chang®, elliptical initial orbit) 00 O
Hohmann compared with HST (lethirust system plane changkg, elliptical initial orbit) 00 O

Bi-elliptic with plane change éitst andsecondmpulse compared with HST (highrust system 5 006
plane changegircular initial orbit)
Bi-elliptic with plane change ditst andsecondmpulse compared with HST (lethrust system
plane changeR, circular initial orbit)
Bi-elliptic with plane change ditst andsecondmpulse compared with HST (lethrust system 5 Q&
plane changeE, circular initial orbit)
Bi-elliptic with plane change dirst andsecondmpulse compared with HST (higthrust system 5 "'000
plane changeelliptical initial orbit)
Bi-elliptic with plane change dirst andsecondmpulse compared with HST (letirust system 5 " O
plane changeR, elliptical initial orbit)
Bi-elliptic with plane change ditst andsecondmpulse compared with HST (lethrust system 5 " O
plane changeE, elliptical initial orbit)
Bi-elliptic with plane change aecondandthird impulse compared with HST (highrust system 5 006
plane changegircular initial orbit)
Bi-elliptic with plane change aecondandthird impulse compared with HST (letirust system 5 D6
plane changeR, circular initial orbit)
Bi-elliptic with plane change aecondandthird impulse compared with HST (lotirrust system 5 6
plane changeE, circular initial orbit)
Bi-elliptic with plane change aecondandthird compared with HST (higthrust system plane 5 000
changeelliptical initial orbit)
Bi-elliptic with plane change aecondandthird compared with HST (lowthrust system plane 5 WO
change R, elliptical initial orbit)
Bi-elliptic with plane change aecondandthird compared with HST (lowthrust system plane 5 O
change E, elliptical initial orbit)

6 A 6

HST (highthrust system plane change) compared with HST-{towst system plane changR, 00§
circular initial orbit)

HST (highthrust system plane change) compared with HST-{towst system plane ahge- E, 00
circular initial orbit)

HST (highthrust system plane change) compared with HST-{lowst system plane changR, 000
elliptical initial orbit)

HST (highthrust system plane change) compared with HST-{lowst syste plane changeE, 000

elliptical initial orbit)

4.2.Coplanar

Firstly, the ceplanar HST can be consideré&dgure4-2 andFigure4-3 show the transfer for

a circdar and elliptical initial orbit. In each figure, the HST, Hohmann anelliptic
transfers are shown. Figure4-2 it can be seen that the Hohmann transfer is a simple two
impulse transfer connecting the initi@hd target orbits whereas thedliiptic transfer is a

three impulse transfer using two elliptical transfer orbits to reach the target. These transfers
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were discussed in detail @hapter 3and as such will robe discussed further here. It is
noted that the HST is also shown in bbtgure4-2 andFigure4-3where itshownthe high

thrust phase is the same as the firstlptic phase. At this transfer orbit apogee the high
thrust system is used to enter a circular orbit prior to thethoust system being activated

and sending the spacecraft on a spiral trajectory inward towards the target orbit.

Bi-elliptic

Intermediate Orbit, r
C
Transfer

Hohmann

Transfer Initial Orbit, r

HST
High-Thrust
Transfer

HST
Low-Thrust

Target Orbit, I
Transfer

Figure 4-2 Co-planar HST with circular initial orbit

In Figure4-3 it can be seen that the apogee of the initial elliptical orbit aligns with the target
orbit radius. This changes the Hohmaransfer from tweimpulses to one and is a necessary

condition of the analytical analysis. This is a reasonable assumption as it is representative of

a standar@sTOto GEO[120].
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Bi-elliptic
Transfer
High-thrust
Apogee burn L
HST
High-Thrust ;
Transfer

HST ¢ Y T
Low-Thrust I &
Transfer

Initial Orbit

Target Orbit

Intermediate Orbit

Figure 4-3 Co-planar HST with elliptical initial orbit

4.2.1. HSTand HohmannCiritical Specific Impulse
Ratio

Considering-igure4-2 and Eq.4.4) for a circular inital orbit, the following definitions give

the velocity requiremen¥, for the low and higlthrust phases of the HST respectively,

Yo - - (4.5)
w - — - I = — 4o
Additionally, the highthrust Hohmann transfer used for the comparison can be defined as

Y6 - — - - = — (4.7)

It should be noted that E@4.5) is an approximate expression for the {wust velocity

requirement. By then introducing the orbit ratio i ji andYq iji to aid
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simplification Eq.(4.4), with the use of Eqg4.5) - (4.7) for this scenario, can be simplified

to give

— — (4.8)

It is of note that the orbit ratios defined here are the same as the orbit Watias,'Y’,

defined inChapter Jor the comparison of thHohmann and klliptic transfers. They have

been redefined here to avoid confusion between the different chapters and hence transfers.
For all scenarios considering the HSY and'Y¢ will be used when referring to theorbit

ratios.

Equation(4.8) depends on only two variablé¥p and'Y¢8In the case where the initial and
target orbits are known, the critical ratio is simply dependent on the target circular orbit
radius valuej . Varying this will give a range of transfer orbits with a given critispécific

impulseratio defining the point where the HST is equivalent in terms of fuel mass fraction.

4.2.2. HSTand Bi-Elliptic Critical Specific Impulse

Ratio

Considering-igure4-2, the case where the HST is compared to tkedliptic transfer can be
considered. Equatiod.9) defines the belliptic transfer velocity requirement while the
HSTb6s | ow and hi grhmenshemainsthe same hsodefinad yn E@® g

and(4.6) respectively.

v

Yo - Y - — - — - — = = (49

Using these equations together with the use of the orbit rgtiasd Y¢ defined previously

the critical specific impulse ratio can be defined as
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— 0 _ (4.10)

Similar to the HST and Hohmann transfer critical ratio, @d.0) is only dependent on the
ratios Yp and Y¢. If the initial and target orbits are known, then the equation will depend
only on the interradiate orbit radius| . By varying this orbit radius, a range ofitical
specific impulse ratiosan be obtainewhich detailthe point at which the HST consumes

exactly the same amount of fuel mass as thedlipitic transfer.

4.2.3. HSTand HohmannCiritical Specific Impulse
Ratio (Elliptical Initial Orbit)

For the case of an elliptical initial orbit as showrFigure 4-3, the velocity requirement for

the oneimpulse highthrust Hohmann transfer is

v

Yo - - — (4.11)

The velocity requirement for the HST low thrust section is then unchanged fro(d.5q.

but the higkthrust phase is given as

~

Yo - - — = — - (4.12)

Substituing these eqtions into Eq(4.4) with the introduction of the orbit ratios previously

defined allows the critical specific impulse ratio to be defined as

— 0 I (4.13)

It is interesting to note that although the velocity requirement equations diffeedrethe

circular and elliptical cases, the critical ratio defined in @dlL3) for the elliptical initial
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orbit is the same athat defined for the circular initial orbit given in Eq4.8). The
characteristics of the critical ratio for both the circular and elliptical initial orbits can
therefore be seen iRigure 4-4. The general trend of the equation shows that the critical
spedfic impulse ratio reduces with increasing intermediate to inigdbit ratio, Yg,
suggesting the further the spacecraft travels from the central body, the larger the fuel mass
saving. This is also the case for increasing target to initial orbit rgpidowever it can be

seen asYp © p, the function approaches a singularithich beyondhe Hohmann is more

efficient than the HST and will therefore always offer a lower fuel mass fraction.

40 —

30—

I, HH-(C/E)
P 20—

10—
0~ 200
: 8 10 100 190
No Benefit R1 214 g 50 R2

Figure 4-4 Co-planar Hohmann and HST critical specific impulse ratio for circular and elliptical initial
orbit

4.2.4. HSTand Bi-Elliptic Critical Specific Impulse
Ratio (Elliptical Initial Orbit)

Considering the case where the HST andllgptic transfers are compared with altiptical
initial orbit as shown irFigure 4-3, the velocity requirement equation for theefliptic

transfer can be defined as
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(4.14)

The equations representing the HST high and low thrust phases are the same as previously
defined in Egs(4.12) and(4.5) respectively. Using thesuations with the inclusion of the
previously defined orbit ratios, the critical specific impulse ratio for the elliptical initial orbit

can be defined,

— 0 — (4.15)

Similar to the case in Sectiof.2.3 although the transfer velocity requirement equations
differ, EqQ. (4.15) is the same as that defined for the circular initial orbit in (Bd.0). The
function can be seen figure4-5 where it is show that the critical specific impulse ratio
reduces with increasing intermediate to initabit ratio, Y¢. This suggests the further the
spacecraft travels from the central body, the larger the possible fuel mass Baying4-5
also differs toFigure 4-4 as the criticabpecific impulse ratio increases with increasivig

the significance of which is investigated in the next section.
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Figure 4-5 Co-planar bi-élliptic and HST critical specific impulse ratio for circular and elliptical initial
orbit

4.2.5. HSTand HohmannComparedwith HSTand
Bi-Elliptic

In order for the HST to outperform both the Hohmann arelligtic transfers it must exceed

the largest critical specific impulse ratio. As such, there is a need to investigated
functions together to determine if there are any general thiglictate which transfer
offers the lowest fuel consumptioRigure4-6 illustrates both Eq(4.13) and Eq.(4.15) for a
varying range of'Yp and 'Y¢ and shows an intersection between the two functions;
highlighted by the black squares. As such, careful consideration must be given égitis r

to determine which critical specific impulse ratio has to be considered to ensure the HST

offers the lowest fuel consumption.
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Figure 4-6 Hohmann and HST and bielliptic and HST critical ratio intersection

15
13

It is of note that a similar region of intersection, when@ o Y X @u TYY

p @ Yp X p.Uwag discussed i@hapter 3when comparing the Hohmann andefliptic
transfers in a cplanar scenario. It was shown that around this intersection it was difficult to
determine which transfavas more fuel effective and as such a test is required to determine
the transfer with the lowest velocity requirement. Likewise, for the HST it can be
determined, with use of a similar test, which critical ratio must be considered to ensure the
HST is suprior. The test is demonstrated by equating the critical ratios for each transfer

type, in this case E@4.13) and Eq(4.15). It follows that

(4.16)

nw — m

This can be solved fdR2,, corresponding to the zero of E¢.16), within the defined range
in order to identify the controlling critical equation. It can then be said thaRanalue
greater thaiR2, will ensure the critical ratio, comparinige HST to bielliptic, has conbl of

the system. Anything smaller will result in the critical ratio compating HST to a
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Hohmann transfer assuming contrtil.is interesting to find thakEq. (4.16) gives "Yp
p @oYx owherYc© Hy the same limit defined iChapter 3 Similarly, it can be
shown thatifYpe p @ QY p X pthienYce p @ Y p X pwhich is again what was found

in Chapter 3

4.3.Plane Change

In addition to the critical ratios derived for the-glanar scenario, it is necessary to consider
the HST with the introduction of a plane change. As the HST is a hybrid propulsion transfer,
it is necessary to consider the st with the plane change performed by both the high and
low-thrust systems. As such, this section derives critical specific impulse ratios for both the
high and lowthrust system performing the plane change compared against either the
Hohmann or belliptic transfer. It should be noted that the HST is compared against-the bi
elliptic with the plane change performed at the first and second impulses as well as at the
second andhird impulses. Critical ratios are also derived for all cases with a circathr a
elliptical initial orbit. Due to the large nhumber of comparisons requiapire4-7 gives an
overview of all the critical equations derived for aptanar and noico-planar scenariot

should be noted thahé HST with lowthrust plane change accounts for the plane change
performed at the largest orbit radius before the spirgdhase and the combined plane

changeandspidln manoeuvre known as Edel baumbés mett

Hohmann Spiral Transfer (HST)

Bi-elliptic Bi-elliptic
Hohmann Transfer Comparison (Plane Change at Nodes 1 and 2) (Plane Change at Nodes 2 and 3) HEY H"Erugrg::na"ad":f: Loz
Transfer Comparison Transfer Comparison P
Circular Initial El\lptlcallmllal Circular Initial El\lpllcallnltlal C\rcu\ar \nmal EII\pllcaIInllla\ Circular Initial Ellipticallnitial
Orbit Orbit Orbit Orbit Orbit Orbit Orbit

HST with HST with HST with HST with HST with HST with
High-Thrust High-Thrust High-Thrust ngh Thrus! ngh -Thrust H\gh -Thrust <:| 75 TFi
P|age Change p\age Change Plane Change Plane Change Plane Change Plane Change CHUCEI SpE‘Cl.flC
Impulse Ratios
HST with HST with HST with HST with HST with HST with
Low-Thrust Low-Thrust Low-Thrust Low-Thrust Low-Thrust Low-Thrust
Plane Change Plane Change Plane Change Plane Change Plane Change Plane Change

Figure 4-7 HST with plane change comparison chart

THE HOHMANN SPIRAL TRANSFER Page86



4.4, HSTwith High-Thrust PlaneChange

Visual representationsf the HST (high thrust plane change), Hohmann andllipiic
transfersare shown inFigure 4-8. It can be seen that the plane change for the HST is split
between the first and second impulses; this is also the case for the compared Hohmann and
bi-elliptic transfers. Although the case where litelliptic plane change is split between the
second andhird nodes is not shown here, it is considered in this section as was mentioned
previously. The analytical methodology used for the plane change distribution was
introduced and validated i8ection3.1 in Chapter 3and will therefore not be rederived

here.
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---------- Hohmann transfer trans. - transfer orbit
HST high-thrust ri/je - orbit radius
phase/bi-elliptic (phase 1)
-------- HST low-thrust phase

o « » o bi-elliptic transfer (phase 2)
Al - total plane change

s - % plane change
at 15t node

Figure 4-8 HST with high-thrust inclination change, Hohmann and btelliptic (plane change at nodes 1 and
2) transfer schematic

4.4.1. Circular Initial Orbit

4.4.1.1. HSTand HohmannCiritical Specific Impulse Ratio

Considering the case where the HST with Higtust plane change is compared with the
Hohmann transfer for a circular initial orbit, the velocity requirement for the HSiFthigst

phase, using the analytical plane change distribution method, is
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(4.17)

»¢ Vo ,

¢ —

The velocity requirement for the HST lethrust phase has been previously defined in Eq.
(4.5) and the velocity requirement for the Hohmann transfer, which also uses the same

analytical plane change distribution as the HST Highst phase, is found as

Yo
- —— ¢ - Q£ |
(4.18)

- — ¢ - wé Yo ,
where

o Il

11 N

11 . "
.y IYO 0 hE'— Y "

I — ¥ Y]

11 T Y]

| I: - Y 1l

u T =z 7 U

By using the velocity requirements sffied and substituting the orbit ratidg and’Yq as

defined previously, the critical specific impulse ratio, defined in(&£4) reduces to

— 0 _ — (4.19)

where
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To verify Eq.(4.19), the plane chang®Qcan be set equal to zero and the equation is shown
to reduce to the eplanar critical specific impulse ratio, E¢.8), as expected. It can be seen
that Eq.(4.19) depends oipfiYc andY'Gand in the case where the initial orbit radius, target
orbit radius and required plane change are knoegoammon for most missn scenarios the
equation depends on onlyg or more specifically, the intermediate circular orbit radius
value,i . Varying this will give a range of transfer orbits with a given critical ratio defining
the point where the HST, using the hitjinust system to impart the plane change, is
equivalent in terms of fuel mass fraction to that of the Hohmann transfer. This statement is
valid for all critical specific impulse equations derived in the following sections with the
HST being equivalent, in tesrof fuel mass fraction, to the compared transfer. The function

graphis shownin Section4.4.14.

4.4.1.2. HSTand BtElliptic Critical Specific Impulse
Ratio[1-2]

Considering the case where theebiptic transfer is compared to th#ST usingthe high

thrust system to perform the plane change and starting in a circular thebivelocity
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requirementgor the high and lowthrust sections of the HST are previously defined in Eqgns.
(4.17) and (4.5) respectively The velocity requiremenof the btelliptic transfer with plane

change performed at both the first and second impidskfined as

Yo
- — ¢ - AT .0
(4.20)
C w¢vVo, — — -
where
~ Il
11
P~ e ! y
” iYO 0 W& i+——=
11 - .
11 _ Y Y
u- U
By then substituting the orbit ratios defined previouEly,(4.5) reduces to
0 — — (4.21)
I‘/I_ _ 1 1 I — -
where,
‘ p — —AI 6o —=
|/| o
L y
n
i ~ o o y
Al YO 0 weg —
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The functiongraphis shown inSection4.4.1.4

4.4.1.3. HSTand BtElliptic Critical Specific Impulse Ratio
[2-3]

For the case when the-élliptic, with plane change performed at the second third
impulses, and HST, with plane change performed by thethigist system, are compared,

the velocity requirement for the-biliptic transfer is

Yw _ — C WE |
(4.22)
- —— ¢ - wé Vo
where
~ 'l
11 )
L y
" (YO 0 e
— 1
| y i
u - Vg

The HST high and lovthrust sections are previously defined in E4.17) and (4.5)
respectively. Using these equations and the orbit ratios previously defined, the critical

specific impulse ratio is
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The functiongraphis shown inSection4.4.1.4

4.4.1.4. Circular Initial Orbit Function Graphs

This section contains the graphs for the¢hfunctions starting in a circular orbit as detailed
previously. Figure 4-9 corresponds to Eq4.19) and represents the HST and Hohmann
critical specific impulse ratioFigure 4-10 shows Eq.(4.21) and represents the critical
specific impulse ratio for the HST and-dliptic with plane change at the first and second
impulses. Figure 4-11 corresponds to Eq(4.23) which represents the critical specific
impulse ratio for the HST and-biliptic with plane change at second ahitd impulses. All
critical ratics have a target to initial orbit radiu¥p of @& cwhich is representative of a

transfer fromLow Earth Orbit (LEO) toaGEQ. For the HST to offer a lower fuel mass than
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the compared transfahe propulsion system on board the spacecraft must exoeedtical
specific impulse ratio. To hidight this, each figure has a region which is shaded in grey and
highlights where the HST will not offer a lower fuel mass than the compared transfer.
Conversely, the region in white is where the HST will offer a benefit and in general, the
larger the diférence between the propulsion system specific impulse ratio and the critical
specific impulse ratio, the larger the fuel mass saving. The general trend for all critical ratios
shows the rati®redudng with increasing plane chang€Qand intermediate to initial orbit

ratio, "Y¢. As such the largestritical specific impulseatios are found at smalc and YO

This implies that the HST becomes more efficient with an increasing plane change and orbit
ratio, Y¢. In Figure4-9 it can be seen a singularity exist at siglandY'Qvhich confirms

the HST will never outperform the Hohmann transfer in the region beyond this.

R1=6.42 (LEO-GEO)

T

No Benefit

Figure 4-9 HST and Hohmann critical specific impulse ratio,Eq. (4.19), variation for =| 8 (LEO -
GEO)

THE HOHMANN SPIRAL TRANSFER Paged4



R1=6.42 (LEO-GEO)

40 60 »
ALC)
No Benefit

Figure 4-10HST and bi-elliptic with plane change at first and secondmpulses critical specific impulse
ratio, Eg. (4.21), variation for ={ 8 (LEO T GEO)

R1=6.42 (LEO-GEO)

S0-gg—— R s

10
a5
[ BasHHC -
P 20—

40 i

R2 150 0 20 s

No Benefit Al ( )

Figure 4-11 HST and bi-elliptic with plane change at first and secondmpulses critical specific impulse
ratio, Eq. (4.23), variation for ={ 8 (LEO T GEO)
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4.4.2. Elliptical Initial Orbit

4.4.2.1. HSTand HohmannCiritical Specific Impulse Ratio

For the case when the spacecraft starts in gtiedll orbit and the highhrust section of the

HST performs the plane change, the Highust only Hohmann velocity requirement is

Yo — - - Al Y0 (4.24)

and accounts for a single impulse burn at apogee. Thischemarisesthe orbit while also
changing the inclination. It should be noted that this analytical analysis is only vaid wh
the apogee of the initial orbit coincides with the final orbit radius. This is a reasonable

assumption as it is representative of a standdoi transfer fronGTO toGEO[120].

The HST highkthrust sectionvelodty requirementincorporating the plane change and

accounting for the elliptical initial orbit is

v

Yo - — Y« - (4.25)

where

0Ei0E ———

P — —&HEIYO o e —L
_ Yy

<
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The highthrust burn is conducted at the initial orbit perigee and the orbit ratios, as
previously defined, are usddr simplification. For all elliptical cases considered in this

dissertationthe orbit ratioSYp and'Y¢ assume that is the initial orbit perigee.

The lowthrust section of the HST transfer is the same ag4Z5). Using these definitions,

and substituting into Ed4.4) , the critical specific impulse ratio is

— 0 — (4.26)
. —_"m . .
where
. — p ¢ —wéVO
Yo s ey y
- WEIODWE ——
—_— y
- p — — HEIYO O HE —F
_— y

The function is shown iBection4.4.3.1

4.4.2.2. HSTand BtElliptic Critical Specific Impulse Ratio
[1-2]
Deriving the critical specific impulse ratio for the comparison of-allyptic transfer and the

HST with highthrust plane change starting in an elliptical orbit, the velocity requirement of

the bielliptic transferis
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The velocity requirements for the high and ldwust sections of the HST are given in Eqs.
(4.25) and(4.5) respectivelyUsing these equations and the orbit ratios previously defined,

the critical specific impulse ratio can be determined as

— —— — (4.28)

where

AERTEAY

0E YO 0 0¢
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The function is shown iGection4.4.3.1

4.4.3. HSTand Bi-Ellipti ¢ Critical Specific Impulse
Ratio [2-3]

For an elliptical initial orbit, the bélliptic transfer with the plane change distributed between

the second anthird impulses has a velocity requirement of

v

Yo
G Al O
(4.29)
- — ¢ - Al Y0 ,
where
~ Il
11 m
o 11 7 m
. Y0 0t ——— o
n— — Y]
| y o
u - Vs
For the same initial -tbrusbvelocitytrelgquremeng&Théve beéni gh a

previously defined in Eq$4.25) and(4.5) respectively. Using these equations and the orbit

ratios previously defined, the critical specific impulse ratio can be determined as
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The function is shown iBection4.4.3.1

4.4.3.1. Elliptical Initial Orbit Function Graphs

This section shows the graphs for the three previous functions described for an elliptical
initial orbit. Figure 4-12 displays Eq(4.26) and represents the HST and Hohmann critical
specific impulse ratioFigure4-13 shows the evolution of E¢4.28) which is representative

of the critical specifi impulse ratio for the HST and-eblliptic with plane change at the
second andhird impulses. FinallyFigure4-14 shows Eq(4.30) and is representative of the
critical specific impulse ratio for the HST anddidiiptic with plane change at the second and
third impulses. For all transfer&p @& cwhich is representative of a GTGEO transfer

with the initial orbit radius in this case representing the perigee radius as discussed
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previously. If compared with the circular initial orbit figures, it can be seen that each
respective case is vesymilar. As such, the critical specific impulse ratio is shown to reduce
for all cases, showing the HST becomes more efficient, with an incréHsiagdf"OFor

the HST and Hohmann critical specific impulse ratio it can also be seen that there is a
singularity at small'Yq and Y'Owhich again signifies that in the region beyond this the

Hohmann transfer will always outperform the HST.

R1=6.42 (GTO-GEO)
50 \

40 60 %0
AL (°)
No Benetfit

Figure 4-12HST and Hohmanncritical specific impulse ratio, Eq. (4.26), variation for =| 8 (GTOi
GEO)
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R1=6.42 (LEO-GEO)
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Figure 4-13HST and bi-elliptic with plane change at first and second impulses critical specific impulse
ratio, EqQ. (4.28), variation for={ 8 (GTOi GEO)

R1=6.42 (GTO-GEO)

[, BasHHC -

No Benefit

Figure 4-14HST and bi-elliptic with plane change at first and second impulses critical specific impulse
ratio, Eq. (4.30), variation for={ 8 (GTOi GEO)

4.5.HSTwith Low-Thrust PlaneChange

150 0

20 A4(i (o)

Considering the HST with the plane change performed by thehyst propulsion system,
there are two analytical methodshich can be usedot perform the analysis. As the HST

transfers the spacecraft to an intermediate orbit that is extremely large in comparison to the
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target, the first method considers performing the full plane change at the largest orbit radius
before spirallingin towards he target This allows the full plane change to be performed

with the largest thrust to weight ratio before all the acceleration is then used to perform the
spirakin towards the targefThe second method considers a combined plane change and
spirakin maroeuvrewhere the thrust vector is assumed to lie in the Transiéwemal plane

at some angle. This method was first suggestef0h with the focus on outward orbit
transfers at relatively small orhiatios. As such, it is necessary to develop equations using
both methods described and compare them to determine advantages of each approach. This
section therefore derives equations that consider both circular and elliptical orbits compared

to Hohmann adh bi-elliptic transfers as was done in thghsthrust plane change section.

4.5.1. Plane Changeat GreatestRadius

4.5.1.1. Analytical Methodology

A schematic of the HST with a plane change performed by th¢hinwst propulsion is given
in Figure 4-15. In this case the full plane change is performed at the largest orbit radius

before the sgtem is then used to spiral in towdne target orbit.
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Figure 4-15HST with low-thrust plane change schematic
To consider the plane change performed by thetlowst system analytically, it is necessary
to define the rate of change of inclination using the Gauss form of the Lagrange planetary

equations, in terms of a spacechted'Y "Yzoordinate systerfi21],
— —Ai'071 ¥ (4.31)
where, fora circular orbit using the HST the selaius rectum is
n t. (4.32)

In this analysis the argument of perigee is assumed 8®bas this resolves the issue of it

being undefined for a circular inteediate orbitEquation(4.31) can then be integrated over
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one orbit to give the change in inclination. However, as the locally optimal control law states
that the normal thrust switches sign depending on the argument of latitadetegration is
performed in two parts, fromto “ radians and to ¢* radians.The overall plane change
for one orbit, a result of summing the magnitudes from each integiattberefore defined

as

yo —. (4.33)

This can then be used with the orbital period and number of orbitsredguiefined

respectivelyas
0 ¢ — (4.34)

to give the velocity requirement for the plane change as

Yo WO 00 G (4.36)
Summing this with Eq(4.5), which is the velocity requirement to perform a spiral transfer
bet ween two circul ar orbits, gives the tot a

section accounting for plane change and siniraks

Y6 -p — —-YoO (4.37)

This equation can be used in the comparison of circular and elliptical initial orbits when the
low-thrust system delivers the plane change as thaHowst sectiorwill always keginfrom

a circular orbit. By using this method it is assumed the spacecraft maintains a constant
acceleration and thrust over the entirethnust phase i.e. the spacecraft mass is assumed to

be constant.
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45.1.2. Numerical Validation

It is necessary to validatee analytical approach to ensure it can be used for further analysis.
To do this a benchmark comparison against a numerical modeltbsieguations of motion
definedin modified equinoctial elements is performed. Modified equinoctial elements are
usedto avoid singularities that exist when adopting the classical Lagrangian elements and
have been described in detail in Seco® Only the semmajor axis and inclination locally
optimal control laws, that i€qgs (2.29) and (2.33) in Chapter 2 are required for this
verification as the analytical methodology assumes that the spadcéunadts in the
Tangential direction only and thus maintains an eccentricity. Table 4-2 details the
transfer specification used whileable 4-3 provides the results. Ehnumerical verification

was performed in two phases; the first phase used only the inclination control law to perform
the plane change and the spirasecond phase used the sengijor axis control law only. It
should be noted that the numerical verifica did not assume constant acceleration;
allowing it to vary with the depletion of fuel mass. The transfer time for the HST is

calculated using Ed4.75) which is defined in Sectiof.9.2
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Table 4-2. Low-thrust plane change at largest orbit radius validation study specification

Gravitational Constant, (m*/s?) 3.98604418 x 14
Initial Orbit,1 (m) 6,628,000 (25&m altitude)
Target Orbiti (m) 19,884,000 (13,516 km altitude)
Intermediate Orbiti (m) 33,140,000 (26,769 km altitude)
Target/Initial Orbit Ratio;Yp 3
Intermediate/Initial Orbit Ratioyg 5
Initial Mass,a (kg) 554
Low-Thrust System Specific Impul§®, (s) 4,500
Thrust "Yi(mN) 150
Plane Change/(rad) 0.5236 (30)

In Table4-3 it is seen that the fuel mass calculated by the analytical and numerical methods
are vey similar with a maximum relative error 6£54% There is a larger relative error of
5.16% associated with the calculated transfer time; this can be associated with the
assumption that the analytical methodology maintains a constant acceleration thtdabgho
whole of the lowthrust phase. As both errors are larger than the numerical method it is

accepted that the analytical methodology offers a conservative analysis of the transfer.

Table 4-3 Low-thrust plane change at largest orbit radius validation study results

Relative Error (%)

Analytical Numerical W.rt. Numerical
Total Fuel Mass, (kg) 46.4 46.15 0.54
Total Transfer Time, (days) 165.07 156.97 5.16
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4.5.1.3. Circular Initial Orbit

4.5.1.3.1. HSTand HohmannCiritical Speific Impulse Ratio

The highthrust only velocity requirement used to represent the Hohmann transfer in the
comparison is given in Eq4.18). The high thrustelocity requirement phasef the HST

with a circular nitial orbit is definedas

& (4.39)

whereas the HST lowhrust phase velocityequirement is defined in Eq4.37). By
substituting the orbit ratios defined previously, E44) reduces to give the critical ratio for

the scenario when the lethirust system performs the plane change as

Yo Yo
O P ~ = YO
o © AL S _ (4.39)
VA | . CYP m CYp ﬁ YA
v SR R S G G S
where
o — —hEbHE —
i y
L p —  —HEVO o e ——
n Yy

The functiongraphis shown inSection4.5.1.3.4

4.5.1.3.2. HSTand BtElliptic Critical Specific Impulse Ratio {2]

Considering the scenario when theebiptic is compared to the HST with the plane change

of the bielliptic being performed at the first and second impulses and the plane cbange f
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the HST being performed by the laWwust system, the high and lawust velocity
requirements for the HST remain the same as defined in y88). and(4.37) respeately.
The bielliptic velocity requirement remains the same as is given i(4&20). Using these

definitions and the orbit ratios previously defined, the critical ratio for this scenario is

.y

— 0 _ (4.40)

where

<

e

! AT YO OAT —
—un_ v
n

The functiongraphis shown inSection4.5.1.3.4

4.5.1.3.3. HSTand BtElliptic Critical Specific Impulse Ratio {3]

For the case when the-élliptic, with plane change performed at the second third
impulses, is compared to the HIIBjngthe lowthrust system to perform the plane change,
the velocity requirements for each transfer endoeen previously defined in £(4.22),
(4.38) and (4.37). The order of the equations represents thelligtic, HST highthrust
section and HST lowthrust section velocity requirements respectively. The critical specific
impulse ratio equatioms thendefined using these equations and the awddibs defined

previously as

— - -y
— 0 — (4.42)
- —  —fi fi -
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The functiongraphis shown inSection4.5.1.3.4
4.5.1.3.4. Circular Initial Orbit Function Graphs

This section contains the graphs for the critical specific impulse ratio for the Hohmann and
bi-elliptic transfers compared with the HST with a plane change performed by thier iy
system at the largest orbit radius. All transfers begin in a circular Bibiire 4-16 shows

Eq. (4.39) which represents the HST and Hohmann critical specific impulse Fagare

4-17 shows EQq(4.40) which is representative of the HST aneehbiptic with plane change at
first andsecondmpulse.Figure4-18 shows the function describing the HST aneHiptic

with plane change at treecondandthird impulse. All transfers have an orbit ratigp, of

@8 ¢as vas the case for the HST with higirust plane change, and are shown for a varying
"Y¢ andYOlIn generalal equations exhibit similar behavioto the critical specific impulse
ratios withhigh-thrust plane change. As such, the largest critical rati@$ound at smalkg

and Y'Ofor all cases. The HST and Hohmann critisplecific impulseratio contains a
singularity which signifies in the region beyond that the HST will never outperform the
Hohmann transfer. The lowest ratios for all cases are fatutarge'Yc and Y'Cas was the
case for the criticadpecific impulseatios with a higkthrust plane change and signifies that

the HST becomes more efficient with increasiggandyY 'O
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Figure 4-16 HST and Hohmann critical specific impulse ratio, Eq. (4.39), variation for =| 8 (LEOT
GEO)
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Figure 4-17 HST and bi-elliptic with plane change at first and secod impulses critical specific impulse
ratio, Eg. (4.40), variation for ={ 8 (LEO T GEO)
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Figure 4-18 HST and bi-elliptic with plane change at second and thirdmpulses critical specific impulse
ratio, Eq. (4.41), variation for ={ 8 (LEO i GEO)

4.5.1.4. Elliptical Initial Orbit

4.5.1.4.1. HSTand HohmannCiritical Specific Impulse Ratio

For the case when the spacecraft starts inlgnieal orbit and the lowthrust section of the
HST performs the plane change, the Higtust only Hohmann velocity requirement is given
in Eq. (4.24) and accounts for a single impulse burn at apogee. The sstngtions as
detailed in Sectiod.4.2also apply. The lovihrust section of the HST is equal to E437).

The highthrust section of the HST is given as

~

Y6 - - . (4.42)

By then using the orbit ratios as previlyudefined the critical specific impulse ratio is

— 0 - (4.43)

where,
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fl — p ¢ —wé Vo.

The functiongraphis shown inSection4.5.1.4.4
4.5.1.4.2. HSTand BtElliptic Critical Specific Impulse Ratio {2]

For the scenario comparing theddiiptic transer to the HST using lowhrust to impart the
plane change and starting in an elliptical orbit, the velocity requirement for -gikphc
transfer has been previously described in(B@7). The high and lowhrust sections of the
HST have been described in Eq(%42) and(4.37) respectively. Using these and the orbit

ratios previously defined, the critical specific impulseaai

— 0 — - (4.44)

where

! KERTNAL

e

! WE YO o ie

&

The functiongraphis shown inSection4.5.1.4.4
4.5.1.4.3. HSTand BitElliptic Critical Specific Impulse Ratio {3]

Considering an elliptical initial orbit for the case when thellptic, with plane change at
the second andhird impulses, is compared to the HSOsing the lowthrust system to

perform the plane change, the velocity requirement equation for-#ikpliic equation with
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plane change at the second dhidd impulseshas already been defined in E4.29). The
HSTO6s hi gthrustavelodity fequinements have also been defined previously in Egs.
(4.42) and (4.37) respectively. The critical specific impulse ratio, using the previously

defined orbit ratios, for this case is then defined as

— 0 e ————— (4.45)

where

WE 0 OE —

P wé (30 0 HE ——

The functiongraphis shown inSection4.5.1.4.4
4.5.1.4.4. Elliptical Initial Orbit Function Graphs

All graphs in this section show the HST, with plane change performed by thiariast
system at the largest orbit radius, compared with the Hohmann -atfigotse transfers. All
transfers begin in an elliptical initial orbEigure4-19 shows Eq(4.43) which represents the
HST and Hohmann critical specific impulse rafiigure4-20 highlights Eq.(4.44) which is

the HST and belliptic transfer with plane change &itst and secondimpulse. Finally,
Figure 4-21 demonstrate Eq.(4.45) which is the HST and lliptic with plane change at

the secondand third impulse. As was the case for all equations described previously, the
largest plane changes are found at sialandY'OThe HST and Hohmareritical specific

impulse raticagain has a singularity which, in the region beyond, the Hohmann transfer will
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always have a lower fuel mass than the HST. The smallest critical specific impulse ratios are

found at largéYc andY'OThis signifies that the HST becomes more efficient in all cases for

large'Yc andY'O

R1=6.42 (GTO-GEO)
[ st

40 60
AL (°)
No Benefit

Figure 4-19HST and Hohmanncritical specific impulse ratio, Eq. (4.43), variation for =| 8 (GTOi

GEO)
R1=6.42 (GTO-GEO)

Bi,HLRE |
| b

. 100 50 20 90
No Benefit R2 Ul Al (°)

Figure 4-20HST and bi-elliptic with plane change at first and second impulses critical specific impulse
ratio, Eq. (4.44), variation for 4 8 (GTOi GEO)
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Figure 4-21 HST and bi-elliptic with plane change at first and second impulses critical specific impulse
ratio, Eq. (4.45), variation for ={ 8 (GTOi GEO)

452. %AA1 AAOI 6(OCombideOMtaheA

Changeand Orbit RaiseManoeuvre)

4.5.2.1. Methodology

The alternative method to determine the velocity requirement for théhlmst section is to

use the method described [iBO] as was briefly discussed i@hapter 2 Recapping and
elaborating on the previous description, this method combines the plane change and orbit
raise sections and derived using orbit averaging and calculus of variations with time as a
constraint and inclination as the maxgation variable. The spacecraft acceleration is
assumed constant over the entire transfer and the thrust angle, which is accounted for in the
derivation of the total velocity requirement equation, is held constant over each orbital
revolution. The full derivation can be found in b¢80] and[12, Sec. 14]so will not be
reproduced here. The total velocity requirement equadidefinedin Eg. (2.10) in Chapter

2, however with the inclusion of the orbit ratioéde andY¢ previously defined; the equation

can be simplified to give
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Y p — ¢ —Ai & . (4.46)

Equation(4.46) can then be used to determine the total velocity requirement for-énfast
transfer between two inclined orbits with elative plane change in the region YO

p P& Jgi @ Without any ambiguity. As such, it is used to determine thetloust phase

of the HST in the derivation of the critical specific impulse ratios derived in this section. The
limit of YO p p&® Jgi '@ necessary as the derivation of the plane chanBe.if#.46)
involves an inverssine function which is doubtealued in the regiom© ¢“. This means

that two expressionsletailed in[30], must be used to cover the range of large plane change

manoeuvred the time history of the plane change is required.

|t should be noted that by adopting Edel bau
expand the orbit geger than théYq orbit ratio used within the equation. This happens with

large plane changes where it is more efficient to perform the plane change further from the
central body than the intermediate orbit radius definedvbyThis means the higtinrust

propulsion system propels the spacecraft from the initial orbit to the intermediate orbit where

the lowthrust system is activated. At this point, the {thwust system can perform the plane

change whilespiralling in towards the target or, if the plankange is large enough, spiral

outwards to perform the majority of the plane change at a lower orbital velocity and then

spirdling inwards to reach the desired target ottits acting as an enhanced HST

To remove the double al ued pr obl e mlysis Wakerdfonralatedbusing a n a
optimal control theory if42]. I n this work Edel baumds equat.i
equivalent to the equatierderived using optimal control theory. As such the next section

shows how to obtain additional orbit transfer characteristics using the method. It should be

noted that although a new equation representing the velocity requirement was also derived in
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[42], Eq.(4.46) is still used as it is simpler and a relative plane cha@e p p® J¢i O'Q

will never be considered with the HST.
4.5.2.1.1. Determining Orbital Characteristics

To determine if the lovthrust system will choose to either spiral inwards or outwards at the

beginning of the lowthrust phase, the initial thrust angle can be calculated using

P OAT ——. (4.47)

If this is less thaio Ttthe spacecraft will continue to spiral outwards until the thrust direction
vector reacheso 1t \Which represents pure plane change with no increase in orbit semi
major axis. An initial thrust direction greater thantwill mean that the lowhrust system
will be constantly decreasing the semajor axis and as such the orbit rat, will be the
largest orbit réo achieved throughout the duration of the transfer. To detenfnihe orbit
ratio, 'Y¢, is the largest achieved throughout the transfer,(£47) can be rearranged for

"Y¢ as the subjectandias© w Tt @ AIT  © Hb, shown to equal

A (S —_— (4.48)

If it is found that the largest fuel mass saving is achieved with an orbit Mtidess than
that defined in E¢(4.48), then the following process can be used to determine the maximum
orbit ratio achieved throughout the transfer. First, the thrust angle history can be defined, in
terms of Yp and'Y¢, as

— —OEl

I OAl —— (4.49)

_ _Aii o Yng
AT O ,,Y,l%

wheref is defined in Eq(4.47), & s the spaceaft mass at the beginning of the low

thrust phase;Yi is the available spacecraft thrust ands the time variable from the
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beginning to the end of phase 2. The total transfer time of phase 2 is calculated using the
equation defined in Sectich9 of this chapter and will not be discussed further here. This
equation can then be-egranged footo enable the determination of the transfer time of the
maximum orbit ratio. This is done similar to before byimpas] © wm OAT © Hy

and simplifying to give

— —Alo (4.50)

wheref is again defined in Eq(4.47). Now defining the variation of orbital velocity

throughout the transfer as

® -— ¢ - ——O0AiT6 — o (4.51)

and noting that the current orbital velociéy,at any given point is defined byT, where r

is the current orbit radius, E(1.51) can be radefined as

= Tl c ' (4.52)

If an orbit ratio similar toYp and‘Yg but accounting for all orbit radii in between is then
introduced asYo iji ando is substituted into the equation farthe location of

the maximum orbit ratid{c  , with a little simplification can be found as

Yo  —— (4.53)

where agaifh is defined in Eq(4.47). It is of rote that this equation, similéo Eq.(4.48),

is independentf the spacecraft acceleration, confingiithe trajectory is based on geometry
alone and the acceleration will only modify the transfer duratioddition to determining

the variation of orbit radius and thrust angle with time, the plane change variation can also be

defined as

THE HOHMANN SPIRAL TRANSFER Pagel19



My _ Al o
yQ - OAP e - 1 (4.54)

— —OEI

The use of these equations will be demonstrated iarthbyticalcasestudiesn Chapter 6

4.5.2.2. Circular Initial Orbit

4.5.2.2.1. HSTand HohmannCiritical Specific Impulse Ratio

Using Eq.(4.46) to represent the velocity requirement for the low thrimstse of the HST,
EQ. (4.38) to represent the higtinrust phase of the HST and Hg.18) to represent the

Hohmann transfer, the critical specific impulse ratio for a ccimitial orbit is

— 0 _ (4.55)
|)|_|,| u - - — |/|_
where
% s y
u p — —OEbOE —
AT v y
u p — —0eV0 ohE j——

The functiongraphis shown inSection4.5.2.2.4
4.5.2.2.2. HSTand BtElliptic Critical Specific Impulse Ratio {2]

For the scenario where the HST, with coupled plane change andisprformed by the
low-thrust system, is compared to theebiptic transfer with plane change distributed
between the first and second nodes, the high andHoygt phases of the HST are given in

Eqgs.(4.38) and(4.46) respectively. The belliptic transfer velocity requirement is defined in
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Eq. (4.20). Using these definitions and the orbit ratios previously defined, the critical specific

impulseratio given in Eq.(4.4) can be simplified to give

-0 _ (4.56)
— Uy Wy S - =
where
~~~~~~ Y
Y p — —Al OAl —
A y
n
~ PPN ¥
Y Al YO OAl —
1 y

The functiongraphis shown inSection4.5.2.2.4

4.5.2.2.3. HSTand BtElliptic Critical Specific Impulse Ratio {3]

The high and lowthrust phases of the HST are defined in E488) and(4.46) respectively.
The bielliptic velocity requirement, with plane change performed at the seconthadd
impulses, is defined in E@4.22). The critical specifi impulse ratio equatiois then defined
using these equations and the orbit ratios defined previously as

b2 %AT “ég—'o

— 0 0 (4.57)

w — —NX X _ — —

where

N WE (0 DE ——
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The functiongraphis shown inSection4.5.2.2.4
4.5.2.2.4. Circular Initial Orbit function Graphs

The graphs in this section demonstrate the evolution of the critical specific impulse ratio
comparing the Hohmann and-dliptic equations with the HST with coupled lafhrust
plane change and spiial. All graphs represent a circulamiial orbit for the compared
transfersFigure4-22 shows the critical specific impulse ratio of the HST compared with the
Hohmann transfer as described in E455). Figure 4-23 corresponds to Eq4.56) and
represents the HST and-dliiptic, with plane change at second ahad impulses, critical
specific impulse ratioFigure 4-24 represents the critical specific impulse ratio described in
Eq. (4.57). All critical ratios generate very similar plots to the other-tbwust plane change
methodology descrda in Sectiort.5.1.3 On comparison, it is found that this methodology
offers lower critical specific impulse ratios for the transfer scenarios considered. The general
trends as discussed earlier are also vaéce. That is, the critical specific impulse ratio
reduces with increasiniyc andY'OAs has been discovered in all cases comparing the HST
and Hohmann transfer, there is a singularity at siMaland Y'Owhich determinesn the

region beyond, the HST will never outperform the Hohmann transfer.
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Figure 4-22HST and Hohmanncritical specific impulse ratio, Eq. (4.55), variation for =| 8 (GTOI
GEO)
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Figure 4-23HST and Hohmanncritic al specific impulse ratiq Eq. (4.56), variation for =| 8 (GTOI

GEO)
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Figure 4-24 HST and Hohmanncritical specific impulse ratio, Eq. (4.57), Variation for =| 8 (GTOi
GEO)

4.5.2.3. Elliptical Initial Orbit

4.5.2.3.1. HSTand HohmannCiritical Specific Impulse Ratio

For an elliptical initial orbit, the critical specific impulse ratio comparing the Hohmann

transfer and HST, withauipled lowthrust plane change and spiiaj is givenas

Yo 7p - “.;\?'O
- —Al
P v A

— _ - (4.58

where

T — p ¢ —wéVo.

In Eqg.(4.58), theHohmann transfer velocity requirementpigviouslydefined in Eq(4.24)
and the KBT high and lowthrust phases are defined in EG&42) and(4.46) respectively

The functiongraphis shown inSection4.5.2.3.4
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4.5.2.3.2. HSTand BiElliptic Critical Specific Impulse Ratio {2]

For the scenario comparing theddiiptic transfer to the HST using lethrust to impart the
plane change and starting in an elliptical orbit, the velocity requirement for -#ibpbc
transfer has beengwiously described in Eq4.27). The high and lowhrust sections of the
HST have been described in Eq(¥%42) and(4.46) respetively. Using these and the orbit

ratios previously defined, the critical specific impulse ratio is

Yo Yoo Jo
- —Al
¢ AR

p
0 _ R (4.59)
—W o — — _
where
e s s v
n WE IO WE
- y
vy S~ v s y
n WE YO 0we

The functiongraphis shown inSection4.5.2.3.4

4.5.2.3.3. HSTand BitElliptic Critical Specific Impulse Ratio {3]

Considering an elliptical initial orbit for the case whae bielliptic, with plane change at

the second andhird impulses, is compared to the HSOsing the lowthrust system to
perform the plane change, the velocity requirement equation for-#ikpliic equation with
plane change at the second dhidd impulses has already been defined in @R9). The
HSTO6s hi ghrustphase velooity requirements have also been defined previously in
Egs.(4.42) and (4.46) respectively. The critical specific impulse ratio, using the previously

defined orbit ratios and velocity requirements, for this case is then defined as
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