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Abstract

The trading of financial derivatives and products in financial markets has influ-
enced the development of the world economy. Over the last few decades, a rapid
growth in complex financial systems, which can generate unstable conditions in
financial markets, has been observed. Therefore models are being developed to
study and examine the uncertainty surrounding these financial systems in differ-
ent circumstances.

The important milestone of this work can be traced to the Black-Scholes for-
mula for option pricing which was published in 1973 and revolutionized the finan-
cial industry by introducing the no-arbitrage principle [8]. This model assumed
that the average rates of return and volatility are constant, however, this is not
realistic. Therefore, several models have been developed, based on pragmatic stud-
ies, which generalize the Black-Scholes formula to acquire more knowledge for these
financial systems.

In this project, we will focus on Stochastic Differential Equations (SDEs) mod-
els in finance which do not have explicit solutions so far. In particular, Lewis
[47] developed the mean-reverting-theta processes which can not only model the
volatility but also the asset price. Therefore, we will establish the Euler-Maruyama
(EM) numerical schemes to approximate the solution to this model and show that

the EM approximate solution will converge in probability to the true solution
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under certain conditions. The convergence property of the corresponding step
process will be examined under the same conditions to determine its application
in finance. In addition, the Markov-switching format of this model can be used to
explain some erratic situations observed in financial data. Under the same condi-
tions on parameters of mean-reverting-theta model, the Markov-switching model
will be examined to show that the EM approximate solution to this model will
converge in probability to the true solution.

Although previous models fit to a certain type of financial data, they can not
be used to explain behaviour of the unpredictable abrupt structural changes in
financial markets. However, the mean-reverting-theta stochastic volatility model
driven by a Poisson jump process explains some of this phenomenon. Therefore,
we will examine the analytical properties of EM approximate solutions to this
model for two conditions of the parameters theta and beta.

Since it is possible to obtain a more generalized formula for this stochastic
volatility jump process, by incorporating a hybrid concept into this SDE model,
we will consider the mean-reverting-theta volatility model with Poisson jumps
driven by two independent Markov processes. Existing financial instruments are
not strong enough to examine the convergence property of the approximate so-
lution to this model. Therefore, we will establish EM approximate solutions to
this model and examine their convergence property, when we assume similar pa-
rameter conditions to the mean-reverting-theta model. Finally, we will show that
these approximate solutions of the SDE models can be used to evaluate financial

quantities, options and bonds for example.
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General Notation

positive : > 0.
negative : <0.
non-positive : < 0.
non-negative : > 0.
() : the empty set.
a.s. : almost surely or with probability 1.
I, : the indicator function of a set A
i.e [4(z) =1if z € A or otherwise zero.
A® : the complement of A in Qie A =Q — A.
ACB : AnB°=.
ACBa.s. : P(ANnB =0)=1.
o(C) : the o-algebra generated by C.
aAb : min{a, b}.
aVb : max{a, b}.
f:A— B : the mapping f from A to B.
R =R! : the real line.
R, : the set of all nonnegative real numbers, i.e R, = [0, c0).
B : the Borel o-algebra on R.

|z| : the Euclidean norm of a vector x.



C(D;R)
C™(D;R)

C>1(D x R, ;R)

]l 2o

LP(;R)

L% (5 R)

L7([a, b]; R)

L0([a, b]; R)

M?([a, b]; R)

the family of continuous R— valued functions defined on D.
the family of continuously m-times differentiable

R— valued functions defined on D.

the family of all real-valued functions

V(x,t) defined on D x R, which are continuously twice

differentiable in € D and once differentiable in t € R,..

1
(1e)"

the family of R-valued random variables X with

E|X|P < 0.

the family of R-valued F;-measurable

random variables X with E|.X|P < oco.

the family of Borel measurable functions b : [a,b] — R
such that fab |h(t)[Pdt < oo.

the family of R-valued Fi-adapted processes { f(t)}a<t<p
such that fab |h(t)[Pdt < oo a. s..

the family of R-valued F;-adapted processes

{F(t)}asi<s in £7([a,b]; R) such that E [ |h(t)|dt < oco.

Other notation will be explained where it first appears.

x1



Chapter 1

Introduction

1.1 Background

In modern society the modelling of financial systems has gained significant atten-
tion due to rapid and complex behaviour in financial markets. More precisely,
it has been observed that random changes in these systems are dependent on an
unmeasurable distribution or an unknown system of parameters that are subject
to some uncertainty and several deterministic factors. However, without having
knowledge of these system distributions and their parameters, the prediction of
future events and the examination of their current status is impossible. Therefore,
the accurate modelling of financial systems can be very useful in understanding
the governing forces and their parameters. However, this has become a challenging
task because of briskly changing conditions. Consequently, relaxing some of the
conditions in these interesting systems, applying developing mathematical instru-
ments with knowledge of stochastic processes could achieve better predictions and
understanding of the driving forces behind the financial markets.

The knowledge of the Ito stochastic system and the stochastic process, that



are widely used in the modelling of a vast number of dynamical systems in many
disciplines, plays a major role in mathematical finance. The main idea behind
this interesting subject was first examined by Scottish botanist, Robert Brown in
1827 [65]. While studying pollen grains of a plant suspended in water under a
microscope, Brown observed that tiny particles which were ejected by the pollen
grains performed jittery motions. However, T. N. Thiele was the first person who
explained the mathematical concept behind this Brownian motion. Thiele pub-
lished a paper on “The method of least squares” in 1880 [28]. In 1905, 70 years
after Brownian motion was discovered, Albert Einstein succeeded in explaining
the irregular movements of small particles suspended in a liquid as visible evi-
dence for the molecular motion [67]. It is therefore not surprising that Einstein’s
work on Brownian motion also became one of the pillars of modern statistical
thermodynamics, more generally, the physics of stochastic processes [66]. In 1923,
the existence of Brownian motion and construction of a continuous-time stochastic
process, which is often called standard Brownian motion, was clearly established
by Norbert Wiener. The Wiener process has become a synonym of Brownian
motion and the measure is called the Wiener measure® in his honour [10].

The next generation of stochastic processes was laid out by Russian mathe-
matician, Andrey Kolmogorov. Kolmogorov contributed to the development of
the fundamental theory of Markov processes which motivated the beginning of
the theory of stochastic integration [44]. Most notably in this paper, Kolmogorov
proved that continuous-time Markov processes (diffusions) fundamentally depend
on only two parameters: the speed of the drift and the size of the purely random
part (the diffusive component). From studying the work of Kolmogorov, Kiyosi

It6, the father of stochastic integration made an outstanding contribution to the

1Probability law on the space of continuous functions. See Chapter 2, Probability theory



development of stochastic analysis. In his seminal work, he attempted to estab-
lish a true stochastic differential equation to be used in the study of Markov pro-
cesses, which was one of [td’s primary motivations for studying stochastic integrals
[40, 37, 38, 39]. Although Wolfgang Doeblin was the first person who contributed
to the development of the theory of Markov processes, his exceptional research
work was secretly hidden away in the safe of the French Academy of Science un-
til 2000 [19]. Meanwhile, in the same year as Itd’s first paper was published, S.
Kakutani published his brief explanation on two-dimensional Brownian motion and
harmonic functions [41]. However, for the first time in stochastic research, Joseph
Leo Doob clearly explained and established the strong Markov property in 1941
[20]. A few years later Deny, E. Hille and K. Yosida contributed to the development
of stochastic processes, stochastic differential equations, stochastic integrals and
martingale properties [79]. All of this work helped to establish stochastic analysis
as a complete and interesting subject.

Both the history of stochastic integration and the modelling of risky asset prices
began with Brownian motion. L. Bachelier developed a model of the Paris stock
market while deriving the dynamic behaviour of Brownian motion in 1900. This
work can be treated as the earliest attempt of using Brownian motion in finance
[6, 11]. Preceding the work of Einstein, Bachelier attempted to model the market
noise of the Paris Bourse while exploiting the ideas of the Central Limit Theo-
rem. He also argued that increments of stock prices should be independent and
normally distributed but realized that market noise should be without memory.
He is now seen as the founder of modern mathematical finance by many people.
However, his research concept met with disfavour in the Paris mathematical com-
munity, mostly because Bachelier’s work was way ahead of that time, thus it was

ignored until it was re-discovered by the mathematical statistician L. J. Savage in



1955. Paul Samuelson further developed Bachelier’'s model to include stock prices
that evolved according to a geometric Brownian motion, following work by A.
Cowles, M. Kendall and M. F. M. Osborne and others [12, 43, 62, 63]. Moreover,
Samuelson focussed on the concept of a martingale? rather than a random walk,
which was neatly summarized by the title of his article: “Proof that properly an-
ticipated prices fluctuate randomly” [68]. E. Fama worked on the same topic and
formed the basis of the efficient market hypothesis [22, 23]. This efficient market
concept caused a revolution in empirical finance though the debate and empirical
investigation of this hypothesis is still continuing [24].

The concept of a good model for stock price movements, which is today known
as geometric Brownian motion?, is explained in Samuelson’s companion paper [69]
together with H. P. McKean Jr.. Samuelson also showed that Bachelier’s model
failed to guarantee that stock prices will always be positive as his model leads to
inconsistencies with economic principles, where geometric Brownian motion avoids
these difficulties. Furthermore, this was the paper that first coined the terms of
European and American options and derived valuation formulas for both European
and American options. Thanks to his efforts, based on the profound insights of
the governing body of the asset price or continuous-time stock market, economists

postulated that the general stochastic differential equation has the form
dX(t) = aX(t)dt + o X (t)dW (t), forall te]0,T]. (1.1)

Here W (t) represents a Brownian motion which can ensure a positive value of the
asset price X(t), « is the estimated average rate or return of the asset price, o

is the standard deviation of the asset price, which is often called volatility. In

2The expectation of the next value in the sequence is equal to the present observed value. See
Definition 2.3

3is a continuous-time stochastic process in which the logarithm of the randomly varying
quantity follows a Brownian motion. See (1.1).



this process he again postulated the condition that the discounted options payoffs
follow a martingale, although the derivation of options was almost identical to the
Black-Scholes formula which was derived nearly a decade later [69].

The development of financial asset pricing theory over the 45 years since
Samuelson’s seminal work had been intertwined with the development of stochastic
analysis. However in the early 1970’s, Myron Scholes and Fisher Black made an im-
portant breakthrough in the pricing of complex financial tools by developing what
has today become known as the ”Black-Scholes formula”. In this process, geomet-
ric Brownian motion was applied as the key factor by invoking the no-arbitrage®
principle to derive their famous formula for pricing option via an explicit solution.
The seminal work of the paper [8] on the pricing and hedging of European call and
put options ushered in the modern era of derivative securities.

Robert C. Merton, who was influenced by Samuelson, clarified and improved
the option price problem which was derived by Myron Scholes and Fisher Black
[55, 56, 57, 58]. An option pricing formula is derived in his paper for the more
general case when the underlying stock returns are generated by a mixture of
both continuous and jump processes. However, this derived formula has most of
the attractive features of the original Black and Scholes formula [8] which does
not depend on investor preferences or knowledge of the expected return on the
underlying stock. In 1974, Merton made another major contribution to assess
the credit risk model while assuming that a company has a certain amount of
zero-coupon debt (no interest, and often issued at a price lower than the principal
amount) that will be due at a future time T [60]. Furthermore, the model can

be used to estimate either the risk-neutral-probability® that the company will

4is a trade which does not require any initial funds, never loses money and produces strictly

positive cash flows with strictly positive probability.
5is probability of future outcome adjusted for risk which can be used to compute expected
asset values.



default or the credit spread on the debt. However, Merton’s model requires the
current value of the company’s assets, the volatility of the company’s assets, the
outstanding debt and the debt maturity as inputs. In 1979, J. M. Harrison and D.
M. Kreps constructed a classical securities market model for the asset price which
is described by a real-valued process [29]. Under certain assumptions, their model
is arbitrage-free if and only if there exists an equivalent probability measure under
which the price process is a martingale.

By rapid development of the stochastic calculus and option pricing concept,
their contribution to the improvement of field of modern mathematical finance is
clear. In addition, these financial instruments can also be utilized to examine more
and more important applications in complex financial quantities. However, some
of these financial instruments are specific to solving certain types of problems and
their generalizations are capable of giving some extended results. Theoretically,
alternative methods for these findings have been investigated by several authors
but in applications most of these techniques can only be used under certain con-
ditions. Another milestone of this process has been examined by John C. Cox
and Stephen A. Ross [14]. In this paper, they developed several alternative jump
and diffusion processes and established solutions for the limiting diffusion cases.
However, explicit solutions presented in this paper have potential empirical appli-
cations, while a comparative study of them should give additional insight into the
structure of security valuation. A special limiting case of the famous Black-Scholes
model which has previously been derived only by much more difficult methods, was
discussed by C. Cox, A. Ross and M. Rubinstein [15]. Because of this generaliza-
tion it gives rise to a simple and efficient numerical procedure for valuing options
whose premature exercise price is optimal. On the other hand J. M. Harrison and

S. R. Pliska showed that the continuous limit of the model having a deterministic



bond and two independent stocks following geometric Brownian motion is com-
pleted. This also demonstrates that the finite market is nearly complete, or each
contingent-claim (option pricing) is nearly computable [30].

With the rapid development of the theory of stochastic analysis and stochastic
modelling, a significant number of problems related to financial economics have
been unveiled in the last few decades. However, the extension of these existing fi-
nancial instruments is still continuing as a result of jittery and complex situations.
More precisely, continuous-time stochastic analysis still dominates the stochastic
modelling of asset price and novel ideas are employed to construct new financial in-
struments while generalizing the existing formulas. One of the renowned concepts
behind this development process is the behaviour of the asset price volatility. Ac-
cording to empirical studies it was revealed that volatility of the asset price does not
have the property to be a constant in different situations, which deviates from the
previous assumption of geometric Brownian motion. However, several alternative
techniques have been utilized to overcome modelling difficulties. The stochastic
volatility model is one such alternative method which explains in a self consistent
way as options with different strikes and expirations have different volatility. Fur-
thermore, this attractive feature was pointed out by John C. Hull and Alan White
in 1987 [34] that volatility follows a It6 process which is driven by another Brow-
nian motion. A few years later, in 1991, the structure of the stochastic volatility
model was also discussed by E. M. Stein and J. C. Stein under the topic of ”Stock
price distributions with stochastic volatility: an analytic approach” in 1993 [72].
Steven Heston extended the Hull-White volatility model which is known as the
mean-reverting stochastic volatility process [31].

However, due to the computational complexity of stochastic volatility mod-

els and the extreme difficulty of fitting parameters to the current option pricing,



B. Dupire [21], E. Derman and I. Kani [17] proposed another concept which is
known as the unique state-dependent diffusion coefficient or clearly local volatil-
ity function. Moreover, they observed that there was a unique diffusion process
consistent with these distributions under risk-neutrality. In the meantime people
such as R.C. Morton [61], C. Aha and H. Thompson [1] discussed and gave an
outstanding contribution to the development of mathematical instruments when
unpredictable upsurges occurred in financial markets.

It is therefore clear that knowledge of stochastic modelling and stochastic anal-
ysis form a platform from which to study and understand the present financial
quantities and some of its related issues, while establishing a strong foundation in

mathematical finance that also gears up curiosity about the use of results in this

field.

1.2 Overview of the study

This thesis mainly concentrates on extended Black-Scholes type stochastic mod-
els, which can be seen in many situations of modern financial markets in practice.
However, these extended stochastic models which describe movements of the asset
price or portfolio data in financial markets, have no explicit solutions as expected
by the Black-Scholes formula. Numerical approximation techniques have become
a popular and powerful tool to study and understand behaviour of these compli-
cated systems, especially the consequences of their application in finance. In this
process, the Euler-Maruyama (EM) scheme will therefore be used to approximate
the solutions of these SDE models and effective techniques will be developed to
compute their analytical properties.

Chapter 2 introduces basic concepts in mathematical finance, especially knowl-



edge of stochastic analysis. It begins with probability theory and evolves into
general structure of stochastic models while explaining the important features of
Brownian motion, stochastic analysis and stochastic differential equations. More-
over, uniform notation and concepts are also established while providing related
references in order to help readers gain required knowledge to understand the fol-
lowing chapters conveniently. In addition, some important mathematical tools like
the generalized Gronwall’s inequality are stated in the latter part of this chapter
for the reader’s convenience. The book written by X. Mao [52] contributes to the
development of this thesis as the main source of reference but readers can find
most of these mathematical concepts in many fine books that can also be used
to improve their knowledge in the fields of mathematical finance and stochastic
analysis [5, 25, 36, 42, 49, 46, 70].

In Chapter 3, we will concentrate on the mean-reverting-beta processes devel-
oped by Lewis [47], which can not only model the volatility but also the asset price.
Although this widely used stochastic volatility process fits to certain types of fi-
nancial data there is no explicit solution like the Black-Scholes formula. However,
when the parameters 6 and 3 6 are greater than 1, the diffusion coefficients only
satisfy the local Lipschitz condition and existing mathematical techniques can not
be used to determine convergence in second moment” property of its approximate
solution. In this chapter, we will therefore establish the EM numerical approx-
imate solution and show convergence in probability of this approximation while
deriving related analytical properties.

According to the empirical studies, there is more and more evidence to suggest
that average rate of return has no significant reason to be a constant as assumed

by the Black-Scholes formula. Moreover, evidence suggests that the rate of return

6parameters of diffusion coefficients of the SDE model (3.6).
see page (16), section (c)



and volatility follows a jump-process known as a Markov chain. In Chapter 4, we
will therefore consider the mean-reverting-theta stochastic volatility model driven
by a Markov chain in which the parameters 6 and (3 are greater than 1. Although
this highly sensitive volatility model plays a very important role in modern finan-
cial market, like the previous model, there is no information on its the solution
so far. Therefore, an approximate solution to this SDE model will be established
by applying the EM numerical scheme in order to examine and study this highly
sensitive volatility model of asset price. A strong error bound of this approxi-
mate solution can not be obtained since its diffusion coefficients only satisfy the
local Lipschitz condition. We will therefore compute an explicitly computable er-
ror bound over finite time and derive the convergence in probability of this EM
approximate solution by removing its stopping time.

However existing stochastic volatility models, which capture some dynamic
behaviour of the asset price in financial markets, do not explain unpredictable
abrupt structural changes that are independent of average rate return and volatil-
ity. Meanwhile, pragmatic studies show that some of these phenomena can be
examined using properties of the Poisson-jump process, so study of the mean-
reverting-theta stochastic volatility mode driven by the Poisson-jump process un-

veils some important features in financial markets. Furthermore, if § and 8 vary

1

5 and 1, the mean-reverting-theta stochastic volatility model satisfies the

between
global Lipschitz condition as well as the linear growth condition. In Chapter 5,
a strong error bound of the EM approximate solution to this model will be ob-
tained over finite time intervals while deriving the other supportive mathematical
instruments. Finally, we will derive the convergence in second moment property

of the EM approximate solution by the strong error bound when the time step is

sufficiently small. However, we can not appeal to the strong error bound of the

10



EM approximate solution to this Poisson jump model over finite time, when the
parameters 6 and [ are greater than 1. In Chapter 6, we will therefore use the
stochastic convergence technique to show convergence in probability of this EM
approximate solution to the true solution by removing its stopping time.

In Chapters 7 and 8, we will discuss one of the generalized formulas of the
Poisson-jump stochastic volatility models already discussed in Chapter 5 and 6,
which can usually be seen in financial markets in practice. More precisely, the
mean-reverting-theta stochastic volatility Poisson-jump model driven by a Markov
process is more appropriate to describe the higher dimension of the asset price,
interest rate and stochastic volatility though there is so far no explicit solution.

In Chapter 7, we will therefore consider this stochastic jump model in the case
of % < 60,8 < 1, where diffusion coefficients satisfy the global Lipschitz condition
and the linear growth condition. Hence, we will establish an EM approximate
solution to this model and examine a strong error bound for this approximate
solution over finite time intervals which gives the convergence in second moment
property of this EM approximate solution when the time step is sufficiently small.

However, this hybrid stochastic volatility model using a Poisson-jump process,
when the parameters 6 and [ are greater than 1, satisfies the local Lipschitz
condition though it does not obey the linear growth condition. So we can not derive
the convergence in second moment property of the EM numerical approximate
solution to this highly sensitive volatility model. In Chapter 8, we will establish
an error bound for this EM approximate solution using the stopping time and the
property of the Markov chain. Convergence in probability of the EM approximate
solution will then be obtained by removing the stopping time.

Finally in Chapter 9, we will show that EM approximate solutions to general-

ized asset price models can be used to evaluate financial quantities in practice.
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Chapter 2

Basic Stochastic Analysis

2.1 Introduction

In the modern financial world, knowledge of stochastic processes and stochastic
analysis play a major role where effects of random changes generate complex sit-
uations. It is therefore necessary to understand basic concepts which lie behind
these interesting systems in order to study and examine their behaviour.

In this chapter, definitions and theories of stochastic processes, stochastic anal-
ysis and stochastic differential equations are explained along with probability the-
ory, the global and the local Lipschitz conditions, and the linear growth condition.
In addition, the generalized 1t6 integral and its related properties are also men-
tioned here to lay out strong foundations. Furthermore, some important tools
like Gronwall’s inequality which contribute significantly throughout this thesis are
stated in the latter part of this chapter. Although this chapter introduces very im-
portant theorems, required proofs are omitted here. However, these related proofs
can be found from the textbooks written by X. Mao [50, 53], which contributed to

the development of this thesis as the main source of reference, but readers can find

12



most of these basic mathematical concepts and their proofs in many text books
[42, 50, 46, 53, 70].

The mathematical theory of probability was first coined by two French math-
ematicians in 1654, Blaise Pascal and Pierre de Fermat, from the gambler’s argu-
ment occurred. This interesting phenomenon got great attention from researchers,
since more and more applications related to this concept can be found in the real
world when a situation is complicated. Since then, these concepts have formed a

complete new subject, in mathematical random-fields!.

2.2 Probability theory

Probability theory is a branch of mathematics which has relates to uncertainty.
The outcome of an experiment can not be precisely predicted though it can be
identified as an element in a set of possibilities. We call this set the sample space
and denote it by €. In addition, each element of this set, w € €2, denotes only one
possible outcome of the experiment. However, generally not every subset of the
sample space, (2, is an observable or interesting event. We therefore denote the
family of these observable or interesting events by JF, which satisfies the following
properties:

(1) O e F, where () denotes the empty set,

(2) it Ae F, then its complement A°=Q\ A e F,

(3) IfV i:a<i<oo,A €F, then UP A € F.

The family F with these three properties is called a c—algebra. The pair (€2, F)
is called a measurable space, the elements of F are hereafter called F—measurable

sets. Let us state another useful function as follows.

lis simply a stochastic process which takes values in a Euclidean space

13



A probability measure P on a measurable space (2, F) is a function P : F —

[0, 1] such that

(2) for any disjoint sequence {A;}1<; C F (ie. A, NA; =0if i # j),
]P’(UAZ) =Y P4y,
i=1 i=1

If C is a collection of subsets of €2, then there exists a smallest o—algebra o(C)
on ) which contains C. Hence, this o(C) is called the o—algebra generated by C.
If Q = R? and C is a collection of all open sets in R%, then B¢ = ¢(C) is called the
Borel o—algebra and the elements of B? are called the Borel sets.

A real-valued function X : Q — R is said to be F—measurable if

{w:X(w)<a}eF forall aekR

The function X is also called a real-valued (F-measurable) random variable. An
Re-valued function X (w) = (X;(w), ..., Xg(w))T is said to be F-measurable if all
the elements X; are F-measurable. The indicator function I, of a set A € € is
defined by
1 5 if weA,
Iy(w) = (2.1)
0 ; if wé¢A.
If 14 is F-measurable if and only if A is an F-measurable set (i.e. A € F).
The triple (2, F,P) is called a probability space. If (2, F,P) is a probability
space, we set F = {A C Q:3B,C € F such that BC A C C,P(B) =P(C)}.
Then F is a o—algebra and is called the completion of F. If F = F, then the
probability space (€, F,P) is said to be complete.
Then, for a real-valued random variable X on a probability space (2, F,P), we

define the moment of random variable X that gives the integration of X by measure
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theory. A real-valued random variable X on (€, F,P) is said to be P—integrable, if
the integral [, X (w)dP(w) is finite. Therefore, the expectation of this real valued

random variable can be given by

E(X) = /Q X (w)dP(w).

Then, the variance of this real-valued variable X can be defined by V(X) =
E(X —E(X))?. Moreover, the number E|X|? is called the p' moment of X where
(p>0) and E|X|? = [, | X (w)|PdP(w). Now we define L? space:

LP = [P(Q,F,P) ={X : X is an R — valued random variable, E| X | < oo}.

For every X in L', we have |E(X)| < E|(X)|. If Y is another random variable, the

covariance of these two variables X and Y can be given by
Cov(X,Y) = E((X — E(X))(Y —E(Y))).

If Cov(X,Y) =0, then variables X and Y said to be uncorrelated, in other words
the two variables are independent of each other. The following sections establish

very useful inequalities which are related to the integration or the moments.

(1) Holder’s inequality (for p=2, this is known as Schwarz’s inequality)

Q=

] 11
E(XTY)| < (E|X]P)» (E|X|?)2 where p>1, ~—+-=1, X € LP,Y € L%
P q

(2) Minkowski’s inequality

([E|X +Y|)r < (E[X[]?)> + (E[Y[")> where p>1, X,Y € LP.

(3) Chebyshev’s inequality

P{w: | X (w)| > ¢} < cPE|X|? where ¢,p>0, X € L?.
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An application of Holder’s inequality can be given by

1
T

(E[X[")" < (E|X|")r where 0<r<p<oo, X € LP.

Let X and X,, (n > 1), be R-valued random variables defined on a probability
space (€2, F,IP). The following four convergence concepts of the sequence play a

major role in mathematical modelling.

(a) Almost sure (or with probability 1) convergence:
If there exists a P—null set? Qg € F such that for every w ¢ €, the sequence
{X,(w)} converges to X (w) in the usual in R?, then {X,} is said to converge

to X almost surely, and can be written as

lim X, = X a.s.

n—o0

(b) Stochastic (or in probability ) convergence:

if for any given ¢ > 0,

Pw: |X,(w) = X(w)| >¢) = 0asn — oo.

(c) Convergence in the P™ moment (or in LP):
if X and X, belong to L? and E|X,,— X |P — 0. Then {X,,} is said to converge
to X in P moment or LP. This process is called convergence in mean square

or in quadratic mean, when p = 2.

(d) Convergence in distribution :

If for every real-valued continuous and bounded function g defined on R¢,

lim Eg(X,) = Eg(X),

n—oo

then {X}} is said to converge to X in distribution.

2A set which has zero measure.
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These convergence concepts have the following relationships:

convergence in the ¢ moment

4

convergence in the p moment(p < q)

4

almost surely = convergence in probability = convergence in distribution.

Furthermore, a sequence converges in probability if and only if every subsequence
of it contains an almost surely convergent subsequence.
Now, we establish the following theorems to explain two very important con-

vergence properties.

Theorem 2.1. (Monotonic convergence theorem)

If {X,.} is an increasing sequence® of non-negative random variables, then

lim EX, — E <lim Xn) .

n—oo n—o0

Theorem 2.2. (Dominated convergence theorem)

Let p > 1, {X,} C LP(QL,R) and Y € LP(Q,R). Assume that |X,| <Y al-
most surely and {X,} converges to X in probability. Then X € LP(Q,R), {X,}
converges to X wn LP, and

lim EX, = E (X).

n—oo

Let I be an index set and (2, F,P) denote the probability space. A collection

of sets {A4; : 7 € I} C F is said to be independent if

P (Az-l N-- ﬂAik> —P(A;,)..P(A,),

3X,, < X4 for all n.
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for all possible choice of indices 41, ...7x € I. Then, a collection of sub-c-algebras

{F; i € I} is said to be independent if every possible choice of indices i1, ..., i) € I,

(uﬂ ﬂAZk)_ Ay) P (Ay)

holds for all A;; € Fiy, ..., A;, € Fi,. Then a family of random variables {X; : i €
I} is said to be independent if the o—algebra o(X;),7 € I generated by them are
independent.

Let {Ay} be a sequence of sets in F. The inferior limit of A, is denoted by

hm mf A = U m Apg,

=1 k=1

which contains all finite points belonging to the almost all Ay (all but any finite
number). The set of all those points which belong to infinitely many Ay, is called

the superior limit of A, and is denoted by

limsup A, = ﬂ U Ap.

k—oo i=1k=1i
On the other hand,

hm 1nf Ag C limsup Ay.

k—o0

The following lemma describes another useful property in probability.
Theorem 2.3. (Borel-Cantelli’s lemma)

(1) If{A}C}"andZP ) < 00, then

P (lim sup Ak) =0,

k—o0

(2) If the sequence {A,} C F is independent and ZP(An) = 00, then

n=1

P (lim sup Ak> =1

k—o0
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Let (2, F,P) denote a probability space and A, B € F with P(B) > 0. The
conditional probability of A under condition B is

P(AMNB)

PANB) = 5

2.3 Basic concepts of stochastic processes

Let (2, F,P) be a probability space. A filtration is a family {F;};>1 of increasing
sub-g-algebra of F(i.e. F; C Fs C F for all 0 <t < s < 00). The filtration is said
to be right continuous if F, = ﬂs>t Fs for all £ > 0. This means that the family
of events in ¢ time point contains all the information of past up to t** time point.
Accordingly, this creates a platform to keep observed information and compare all
the knowledge of the present with past or even future events. When the probability
space is complete, the filtration is said to satisfy the usual conditions if it is right
continuous and JF{ contains all null sets. From now on, we shall always work on a
given complete probability space (€2, F,P) with a filtration {F;}:> satisfying the
usual conditions (i.e. it is increasing and right continuous while Fy contains all
P-null sets).

A stochastic process is a family of real-valued random variables {X;};c; with
parameter set I (or index set) and state space R. The parameter set I is usually the
half-line, R} = [0, 00). For each fixed w € Q we have a function I 5t - X;(w) € R
which is called a sample path of the process, and we shall write X (w) for the path.
These sample paths provide information on random effects of continuous random
experiments with time (e.g. random changes of trajectory in financial markets
driven by Brownian motions).

On the other hand, note that we have a random variable for each fixed time

tel, Q3w — Xi(w) € R which provides possible outcomes of the random
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process at time t. When stochastic process X;(w) is considered as a function of

two variables (f,w), then it can be written as X (¢,w) which is X : I x Q@ — R.

Definition 2.1. An R-valued stochastic process X is said to be measurable if the
stochastic process regarded as a function of two variables (t,w) from Ry xQ — R is
B(R.) x F-measurable, i.e. for every A € B, the set {(t,w) : X;(w) € A} belongs

to the product o—field R, x €).

Definition 2.2. A stochastic process X is said to be Fi—adapted (or simply,

adapted) if for every t, Xy is Fy;—measurable random variable.

The concept of stopping time plays a very important role in the following
chapters. We will therefore introduce that key result in the following way:

A random variable 7 : Q — [0,00] is called a F;—stopping time (or simply,
stopping time) if {w : 7(w) < t} € F; for any ¢ > 0. The following two theorems

explain a few properties of this stopping time.

Theorem 2.4. If{X,;}i>0 is a progressively measurable process and T is a stopping
time, then X I;<o0y 18 Fr—measurable. In particular, if T is finite, then X, is

Fr—measurable.

Theorem 2.5. If {X;}i>0 be an R-valued cadlag (right continuous with left limit)
Fi—adapted process, and D an open subset of R. Define 7 = inf{t > 0: X, ¢ D},
where we use the convention inf() = oo. Then T is a F,—stopping time and is
called the first exit time from D. Moreover, if p is a stopping time, then 6 =
inf{t > p: X, ¢ D} is also an F,—stopping time, and is called the first exit time

from D after p.
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Martingales

The martingale property explains a special case of stochastic processes that can
be defined based on knowledge of conditional expectation. Let {M,;};>¢ denote an
R-valued integrable stochastic process on the probability space (2, F,P), adapted

to a given filtration {F;}>o.

Definition 2.3. A integrable process {M;}i>o is said to be martingale if, for every
0<s<t< oo, we have,

E(M|Fs) = My a. s..

If we replace the equality sign in the above formula with < or >, the process
is called a supermartingale or a submartingale respectively. Moreover, a right
continuous adapted process {M,;};>o is called a local martingale if there exists a
nondecreasing sequence {7 }x>1 of stopping time with limy_,. 7 — o0 a.s. such
that every { M, n: — Mo}i>0 is a martingales.

The martingale property is one of the most important tools in the theory
of stochastic processes and has been widely employed. Also the concept of this
martingale property can be explained as an abstract of a fair game where no
knowledge of past events can help to predict future winnings. It is therefore more
useful to discuss important properties of martingales.

A stochastic process X = {X;};>¢ is called square-integrable if E|X;|*> < oo
for every t > 0. So if M = {M;};>¢ is a real valued square-integrable continuous
martingale, then there exists a unique continuous integrable adapted increasing
process denoted by {< M, M >} such that {M?— < M, M >} is a continuous
martingale vanishing at ¢ = 0. The process {< M, M >} is called the quadratic

variation of M. The property of this process can be given by
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Theorem 2.6. (Strong law of large numbers)

Let M = {M,}>0 be a real-valued martingale vanishing at t = 0. Then

. < Mt, Mt > . Mt
limsup—— < o0 as. = lim — =0 a.s.,
t—o00 t t—oo
and also
lim < M,, M, > = i M: 0
im = 00 a.S. im ——— =0 a.s..
t—00 b t—oo < My, M; >

Very useful inequalities of a martingale can be expressed as the following theorem:

Theorem 2.7. (Doob’s Martingale inequality )

Let M = {M,;}>o be a R-valued martingale. Let [a,b] be a bounded interval in R .

(1) If p > 1 and M, € LP(S;R), then

E|M,|P
P{w: sup |[M;(w)| > ¢} < | pb|

a<t<b

holds for all ¢ > 0.

(2) If p> 1 and M, € LP();R), then

2.4 Brownian motion

Brownian motion is one of the standard examples of the continuous-time mar-
tingale. However, due to its very interesting properties, this process gains quite
significant attention. The Scottish botanist Robert Brown observed this important
property and described irregular movement of pollen suspended in water, in 1828.
However, T. N. Thiele was the first person to describe the mathematics behind the
Brownian motion, in a paper published in 1880. Meanwhile, this was examined
independently by Louis Bachelier in 1900. A. Einstein derived another property

of Brownian motion, i.e. the transition density in 1905. Then, the mathematical
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foundation for Brownian motion as a stochastic process was strongly laid out by N.
Wiener in 1931, and this process is also called the Wiener process. Now, Brownian
motion has become the basic theory of stochastic analysis. In this section, let us

discuss its basic mathematical concepts.

Definition 2.4. Let (2, F,P) be a probability space with a filtration {Fi}i>0. A
(standard) one-dimensional Brownian motion is a real valued continuous function

{Fi}—adapted process {W,;}i>o with the following properties:
(1) Wo =0 a.s.;

(i1) for 0 < s < t < 00, the increment W, — W is normally distributed with mean

zero and variance t — s;
(i17) for 0 < s <t < oo, the increment W, — Wy is independent of Fs.

Moreover, 0 <ty < t; <ty < ... <t} < 00, then the increments W, —W,, ,1 <
¢ < k are independent, and we say that Brownian motion has independent in-
crements and we also say it has stationary increments since the distribution of
Wy, — Wy,_, depends only on the difference ¢; — ;.

Brownian motion has many important properties. Some of them are summa-

rized below:

(a) {—W,} is a Brownian motion with respect to the same filtration {F;}+>o.

(b) Let ¢ > 0. Define

We
X; = L for t > 0.
Ve
Then {X;} is a Brownian motion with respect to the filtration {F}.

(c) {W;} is a continuous square-integrable martingale and its quadratic variation

<W,W >=tforallt>1.
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(d) The strong law of large numbers states that

. t
lim — =0 a.s..
t—o0

(e) For almost every? w € €, the Brownian sample path W.(w) is nowhere-

differentiabled.

(f) For almost every w € €, the Brownian sample path W.(w) is locally Holder
continuous with exponent § if § € (0,1). However, for almost every w € €,
the Brownian sample path W.(w) is nowhere Holder continuous with expo-

nent 6 > %

2.5 Stochastic integrals

Since for almost all w € Q, the Brownian sample path W,;(w) is nowhere differen-
tiable, the integral can not be defined in the ordinary way. K. Ito was the first
person to define this stochastic integral for a large class of stochastic processes by
making use of the stochastic nature of Brownian motion and now it is known as
the Ito stochastic integral.

Let (2, F,P) denote a complete probability space with a filtration {F;}+>o sat-
isfying the usual conditions. Let {W,;};>o be a one-dimensional Brownian motion
defined on the probability space adapted to the filtration {F;}+>o. Then the space

of all R-valued, {F;}—adapted stochastic process {f(t,w)}a<t<p such that:
b
/ |[f(®)Pdt <o  as. forall 0 <a<b<oo

is denoted by LP ([a,b]; R). The MP ([a,b]; R) denotes the space of all processes

4except {w : P(w) = 0}
5A function f : Q — R is said to be nowhere differentiable if it is not differentiable at any
point in the domain 2 of f
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{f(t,w)}a<t<p € LP ([a,b]; R) such that:
b
IE/ |f(t)|Pdt < 0o forall 0 <a <b<oo.

Accordingly, a real-valued stochastic process g € L7 ([a, b]; R) is called a step
process if there exists a partition a = tg < t; < ... < ty = b of [a, b] and bounded

random variable &;, 0 < ¢ < k — 1 such that §; is {F;, }— measurable and

k—1
g(t) = gol[to,tl](t) + Z fi[(ti,t1+i] (t)
=1

where [ is an indicator function (see (2.1)). The It6 stochastic integral driven by

such a step process of g with respect to W, is defined as

b
/ (t)dW, = Zgz Wiy — Wa) -

Definition 2.5. Let f € L2 ([a,b];R). The Ito stochastic integral of f with respect
Wy is defined by

b b
FOAW, = Tim / o(dW,  in L2 (0 R)
n—oo a
where {gn} is a sequence of step process such that

lim E / |f(t) (t)]2dt = 0.
n—oo
The stochastic integral has nice properties. We first observe the following:
Theorem 2.8. Let f,g € M?([a,b];R), and let a, B be two real numbers, Then
(1) fabf(t)th is {Fp}— measurable;
() E ([, f(O)dW|F,) = 0;
(5)E (1 [} FeawiPF) =B (f7 1F )Pt F )
(4) [ laf (1) + Bg(OldW: = a [} f(1)dW: + B [, g(t)dW.
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Definition 2.6. Let f € £?([a,b];R). Define
t
1) = / F(8)AW, for 0<t<T
0
where, by definition 1(0) = 0. We call I(t) the indefinite It integral of f.

Clearly, {I(t)} is {F;}-adapted. The following theorem shows the very important

martingale property of Ito integral.

Theorem 2.9. If f € M?([a,b];R), then the indefinite integral {I(t)}o<i<T is a

square-integrable martingale with respect to the filtration {F;}. Then,

E (021% 2) <4E (/OT |f(8)|2> ds.

/O ().

2.6 Ito’s formula

The basic definition of the It0’s integral which was defined in the previous section
is not useful when we attempt to evaluate a given integrals. This is similar to
the situation for classical Lebesgue integrals. We do not use the basic definition
but rather the fundamental theorem of calculus plus the chain rule in the explicit
calculation. On the other hand, we do not have differential theories though we have
its integration concept. In this section, we therefore establish a stochastic version
of chain rule for the Ito’s integral which is known as Ito’s formula. This concept
has become the most fundamental theorem in the area of stochastic analysis and
this chain rule can be explained in the following way.

Let X(t) be a continuous {F;}—adapted process on t > 0 and have the form

X, = Xo+ /0 t Flu)du + /O t g(w)dW, (2.2)

where f € L' (R,;R) and g € £2(R,;R). Then, the differential form of this
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process can be given by

Then, a one-dimensional It6’s formula can be established by the following theorem.

Theorem 2.10. (1-dimensional 1t6’s formula)
Let X; be an Ité process given by (2.3). Let V(t,X;) € C*' (R, x R;R). Then
Y, =V (t, Xi) has the form of (2.2) and

oV (1. X)) V(1. X) LPV(t, X))

oV (t, Xy)
ot ox f(#) 2 0%z

dy, =
K ox

g(t)| dt+ g(t)dW; a.s..

Moreover, in this section, we concentrate on properties of It stochastic integral
which are very useful for examining financial models, established in the following
chapters. These properties are called moment inequalities and we have already
discussed the 1% and 2"? moment in Theorem 2.8. Now, the problem is what

would be the p'* moment inequality when p > 2.
Theorem 2.11. Let p > 2, let g € M? ([0, T);R) such that

T
IE/ lg(s)|Pds < 0.
0

Then
E

pSF@;DFTTEAﬁﬂW%&

In particular, for p = 2, there is equality.

[ st

Theorem 2.12. (Burkholder-Davis-Gundy Inequality)
Let g € L2 (R;R). Fort >0, define,

xwzémwww mdA@zAM@W&

then for every p > 0, there exists a universal positive constant c,,C, (depending
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only on p), such that

BIAWIE < B ( s Jo(o)P) < GBI

0<s<t
for allt > 0. In particular one may take
o=0Er  CG=(B)2 if 0<p<2
C, =4, if p=2;

op=(2p)", Cp=(505m1)? if p>2
2.7 Stochastic differential equations

Let (2, F,P) be a complete probability space with a filtration {F; };>¢ satisfying the
usual conditions and let W (t), ¢ > 0 be a 1-dimensional Brownian motion defined
on the same probability space adapted to the filtration. Let f : R X [ty,T] — R
and g : R X [tg,T] — R both be Borel measurable. Also let 0 < ¢ < T < oo and
ro be an {F; }—measurable, R-valued random variable such that E|X,|*> < oo.
Then, consider the 1-dimensional stochastic differential equation of Ito type for

the R-valued stochastic process { X }+cp,,r) and with initial value Xy, = Xo. It has

the following form:
dXt = f(t, Xt)dt + g(t7Xt)th, on t() S t S T (24)
A definition of the solution to this SDE can be given by:

Definition 2.7. An R-valued stochastic process { X}, <i<r is called a solution of

the SDE (2.4) if it has the following properties with initial value Xy, = Xo:
(1) {X(t)} is continuous and {F;}—adapted;
(2) P{X;, = Xo} = 1;
(3) {f(X (), )} € L' ([to, T R) and {g(X(¢),£)} € L?([to, T|; R);

28



(4) the integral version of (2.4) holds for every t € [to, T| with probability 1.

A solution {X;} is said to be unique if any other solution {X,} indistinguishable
from {X.}, that is

P{X(t)=X; forall t,<t<T}=1.

Now, we turn to discuss the condition that guarantees existence and uniqueness

of the solution to the SDE model (2.4).

Theorem 2.13. Assume that there exist two positive constants K and K such

that

(1) (Lipschitz condition) for all x,y € R and t € [ty,T],
(@, t) = fu, )V |g(a,t) = gy, O < K |z —y[*; (2.5)
(2) (Linear growth condition) for all (x,t) € R x [to, T,

@ OF V gz, )] < K(L+[af); (2.6)

then there ezists a unique solution X (t) to equation (2.4) with initial value Xy, =

Xo and solution belongs to M2 ([to, T]; R).

Theorem 2.14. Assume that the linear growth condition (2.6) holds. But the

Lipschitz condition (2.5) is replaced by the following condition:

(1)(local Lipschitz condition) for every integer R > 1, there exists a positive

constant Kg such that, for all t € [to, T and all z,y € R with |z| V |y| < R,
[f(x,t) = fy, ) Vgl t) — gy, ) < K|z —yl*, (2.7)

then there exists a unique local solution X (t) to equation (2.4) with initial value

X;, = Xo and the solution belongs to M? ([ty, T|; R).
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Let us now focus on another useful and important property of the models in

the following chapters.

2.8 Poisson process

The Poisson process N (t) counts the number of jumps that occur at or before time
t. Namely
0 ; «of 0<t<Sy,

15 of Si<t<5y,

n 5 if S, <t<Sh,

\

n
where S,, = Z 7} is called the arrival time (i.e S, is the time of the n'® jump) and
the exponenlgi:all random variables 7, are called the interarrival times. The jump
time N (t) is a right continuous function which gives N(t) = 4:N(s) and F the
o—algebra containing the observed information on N(t) for 0 < s < t. Moreover,
since the expected time between jumps is %, the Poisson process has intensity .

The following section gives more useful information about this Poisson process.

Theorem 2.15. For n > 1, the random wvariable S, = ZTk has the gamma

. k=1
density

gn(s) = e ™ 5> 0. (2.9)
Theorem 2.16. The Poisson process N(t) with intensity \ has the distribution

P{N(t) =k} = (%)ke”, k=0,2,3,... (2.10)

Theorem 2.17. Let N(t) be the Poisson process with intensity X\. Then we define
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the compensated Poisson process,
N(t) = N(t) — At. (2.11)

Then N(t) is a martingale.

2.9 Stochastic differential equations with a Pois-
son jump process

Let (Q, F,P) be a complete probability space with a filtration {F;};>¢ satisfying
the usual conditions and W (t) be a Brownian motion relative to this filtration. We
say that a Poisson process N(.) is a Poisson process relative to filtration, if N(t)
is {F;}—measurable for every ¢ and for every u > ¢ the increment N(u) — N(t) is
independent of {F;}.

Then, let f : R x [to,T] = R, g : R x [tg,T] - Rand h : R x [to, 7] — R
are all Borel measurable. Consider a Poisson jump stochastic differential equation
of Ito type for the R-valued stochastic process {X;}icp,, 71 and with initial value

X, = Xo, which the following form:
dXt = f(t, Xt)dt + g(t, Xt)th + h(t, Xt)dNt on t() S t S T, (212)

where N(t) = N(t)— M, A € RT and N(t) is a stationary F;—Poisson point process

with intensity A.

2.10 Continuous-time Markov process

In this section, we will recall some basic facts about a continuous-time Markov
process which is known as the continuous-time version of a Markov chain. Let

X = {X(t)}+>0 be a d-dimensional stochastic process defined on the probability
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space (2, F,P) while taking values in a countable space =, which is called the state

space of the process.

Definition 2.8. The d-dimensional {F;}-adapted process X = {X(t)}1>1 is called
a continuous-time Markov process if it satisfies P{X(t) = 7| X3, = i1,..., X3, =
iny =P{X(t) = j| Xy, =ix}, for all0 < ty,..,<tx <t <oo and all j,i, € E such
that 1 < x <k.

Definition 2.9. A function p(s,i : t,5) = pij(s,t) defined on 0 < s <t < o0
and i,j € Z is said to be the transition probability of the continuous-time Markov
process X = {X(t)}>0 and P(s,t) = (pij(s,1)); ez s said to be the transition

probability matrix of X if the following properties are satisfied:
(1) pij(s,t) =P{X; = j|Xs =i} for all0 < s <t andi,je€=;
(it) pij(s,s) = Ky for all0 < s and i,j € E;

(111) sz-j(s,t) =1forall0<s<tandij€Z;
j€E
(iv) the Chapman-Kolmogorov equation

Dij (57 t) = Zpik(‘S? u)pkj(uv t)

ke=

or in matriz form

P(s,t) = P(s,u)P(u,t)
holds for all 0 < s <u <'t.

The continuous-time Markov process X = {X(t)}:>o is said to be homoge-
nous if its transition probability p;;(s,t) is stationary, which depends only on the

difference t — s for all 0 < s <t < o0 and 7, j € =, namely

P(s,s+u) = P(u),
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for all s > 0 and v > 0. Furthermore, the corresponding transition probability

and transition probability matrix can be given by p;;(t) and P(t) for all ¢ > 0

respectively. If PH& pi = 1 for all ¢ € = then the transition probability matrix
—

P(t) = (pij(t))ijez is called standard.

Theorem 2.18. [3] Let p;;(t) be a standard transition function. Then

1 —pii
t—0 t

exists (but may be co) for all i € Z.
A state ¢ € Z is said to be stable if k; < oo.

Theorem 2.19. [3] Let p;;(t) be a stranded transition function and j be a stable

state. Then

exists and is finite for every i € =.

On the other hand, let k;; = —k; and I' = (k;;);jez is called the generator of
the Markov chain. If this process is said to be a continuous time Markov process
then it has a finite state space and we can take to S = {1,2,..., N}. Hereafter we
assume that all Markov chains are finite and states are stable. Moreover, almost

every sample path of these Markov chains is a right continuous step function.

Theorem 2.20. [3] Let P(t) = (p;;(t)) be the stranded transition matriz and

NxN

I' = (k;;) be the generator of the finite continuous-time Markov process. Then
Pt)=¢" forall t>0.

It is useful to see that a continuous-time Markov process X = {X () };+>o with

the generater I' = (k;;);je= can be represented as a stochastic integral with respect
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to a Poisson random measure [4, 71]. Let A;; be consecutive, left closed, right

open intervals of the real line each having length r;; such that

ANDES [0, /€12>,

Az = [fim, K12 + K13>,

N

N-1
Ay = E /flj,g /€1j>,
j=2 Jj=2

Ra— (2.13)
Ay = Zfﬁjazfﬁj+ﬁz1>a '
" =2 j=2

N N
Agg = E K1j + Ka1, E K1j + K21 + /€23>>
=2 =2

N N-1 N N
Aoy = [ E K1j, E K2j, E K1j + E /f2j>
=2 g=lj#2 =2 i=1j#2

and so on. Define a function h: S x R — R by

, J—t 5 uf y€Ay,
h(i,y) = (2.14)

0 ;. otherwise.
Then

0X, = / B(Xo, y)o(dt, dy),
R

with initial condition X, = iy € S, where v(dt,dy) is a Poisson measure with
intensity dt x m(dy), in which m is the Lebesgue measure on R.

Now, we introduce the following important SDE which can be seen in practice.
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2.11 Stochastic differential equation with Markov-
swiching

Let r(t),t > 0, be a right-continuous Markov chain on the complete probability
space (2, F, Fi>0,P) taking values in a finite state space S = {1,2,..., N} with
generator I' = (k;j) nxn given by

riiA 4+ 0(A) if i# ],

P{r(t+ A) = jlr(t) =i} =

1+ ki;A+0(A) 5 if i=17,
where A > 0 and k;; > 0 is the transition rate from ¢ to j if ¢ # j, while k; =
— Z Kij. 1t is also known that almost all sample paths of r(¢) are right-continuous
stei;)éjfunctions with a finite number of simple jumps in any finite subinterval of
R4 = [0,00). Then, we assume that W(¢) is the m-dimensional Brownian motion
defined on the same probability space which is independent of the Markov chain
r(t).

Now, consider the 1-dimensional stochastic differential equation with Marko-

vian switching
dX(t) = f(X(t),t,r(t))dt + g(X(t),t,r(t))dW (t) (2.15)

on t > 0 with initial values X (ty) = X, € EﬁtO(Q;R) and r(tg) = 19, where ry is

an S—valued F;,-measurable random variable and
fRxR, xS—R and ¢g:RxR; xS—R

On the other hand, let C*(R x R, x S; R) denote the family of all real-valued
functions V(X,¢,i) on R x Ry x S which are continuously twice differentiable in

X and once in t. If V(X,t,i) € C*(R x R, x S; R), define an operator LV from
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R xR, xS toR by

LV (X, 1,4) =Vi(X, t,i) + Vi (X, 1,0) F(X(£), £,7(t))

1 N (2.16)
5 [ (X £.r () Vax (X 8.0)] + D7 mygV (X, 1,5).

Jj=1

+

where V;(X,t,1) = 280 V(X t,0) = 2L and Vix (X, ¢,i) = (aQS%t’ﬂ ’
The following Theorem shows the transformation of the paired process (X (t), (%))

into a new process V(X (¢),,7(t)) which is known as the generalized It6 formula.
Theorem 2.21. If V(X,t,i) € C*'(R x R, x S;R), then
V(X(1),t,r(t))

=V(X +/ LV (X ,7(s))ds
’ (2.17)
+/ (X (8), 5. 7(3) FX(E), £ (6))dVV ()

[ VX570 4 b0 (6).0) = VX576 sl
for any t > 0, where function h(.,.) is defined by (2.14) and p(ds,dl) = v(ds,dl) —
p(dl)ds is a martingale measure (see also [53], [4]).

2.12 Approximate solutions

The criteria which were established in the previous section show the property of
uniqueness and existence of the solution of SDEs. However, most of the SDEs do
not have explicit solutions. Study of the numerical method is therefore more useful
to find the approximate solution of these SDEs. In this section, we will therefore
concentrate on the Euler-Maruyama method, one of the most powerful numerical
schemes.

To define the Euler-Maruyama approximate solution, first recall the discrete-

time Markov chain: Given time step A > 0, let r2 = r(kA) for k > 0. Then
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{r&k = 0,1,2,3,....} is a discrete time Markov-chain with one step transition

probability matrix:
P(A) = (pij (D)) nxn = .

Given a step size A > 0, the discrete-time Markov chain {r2, k = 0,1,2,3,....}

can be simulated as follows: Compute the one step transition probability matrix
P(A) = (pij(A)) nxny = e

Let 78 = 1y and generate a random number &, which is uniformly distributed in

[0,1]. Define

;
i1—1

S = is such that Z P(A);;(A) <& < ZP ioj (

7=1

N ) Zf Z P Zoj < £17

\

0
and let & = r;, where we set Z P(A);,;(A) = 0 as usual. Generate a indepen-

i=1
dently new random number & which is again uniformly distributed in [0, 1] and

define
)
19 ;5 if €S- {N}
in—1
TZA _ is such that Z P(A);,;(A) <& < ZP i (

7j=1

N ) Zf ZP le < 527

\
Repeating this procedure, a trajectory of {re, k =0,1,2,3,....} can be generated.
This procedure can be carried out independently to obtain more trajectories. Now
A

based on this discrete-time Markov-chain 7}, we can define the Euler-Maruyama

approximate solution to equation (2.15). Given time step A > 0, let ¢, = kA for
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k > 0, compute the discrete approximation zy &~ X (t;) by setting 2o = X, and 5
and forming

Tp4+1 = Tk + f(m/mtk)TkA)A + g(l‘ka tkv TkA)AWkH (218)

where AW), = W (tgy1) — W(ty). Let z(t) = xy, 7(t) = 75 for t € [tg, tp1) and

define the continuous EM approximate solution

x(t) :xg—l—/o f(f(s),s,?(s))ds—i—/o g(z(s),s,7(s))dW (s). (2.19)

Note that x(tx) = Z(tx) = z, that is 2(¢) and Z coincide with the discrete solution
at the grid points. Moreover, applying similar techniques, the EM approximate

solution to the SDE (2.4) and (2.12) can easily be obtained.

Let us now present useful techniques for the following chapters.

Theorem 2.22. Assume that f and g satisfy the linear growth condition (2.6).
Then for any p > 2, there is a constant H, which is dependent on only p, T, K, X,
but independent of A, such that the true solution and the continuous EM approx-

imate solution to equation (2.15) have the property that

E ( sup |X(t)|p) VE ( sup |1;(t)|p> < H. (2.20)

0<t<T 0<t<T
Together with this lemma, we can discuss the convergence in second moment
of the EM approximate solution to the true solution of equation (2.15) under the

global Lipschitz condition (2.5).

Theorem 2.23. Under the global Lipschitz condition (2.5),

EE})E (oililET (X (t) — x(t)]Q) = 0. (2.21)

Now, we concentrate on the local Lipschitz condition (2.7), without linear
growth condition (2.6). The following theorem describes the convergence in prob-

ability of the EM approximate solution under some additional conditions.
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Theorem 2.24. Let the local Lipschitz condition (2.7) hold. Assume that there

exists a C? function V : R x S — R satisfying the following three conditions:

(i) lim V(X,i) =00 for anyi € S;

| X |—o0

(i) for some h >0, LV (X,1) < h(1 4+ V(X,14)) for all (X,i) € R xS, where
N

1
LV(X,i) = Vx f(X,i) + §gz(X, DWVix + > riV(X, );

j=1
(111) for each R > 0 there exists a positive constant Kgr such that for all i € S

and those X,Y € R with | X|V |Y| <R,

V(X 8) =V (Y, ) VIV (X, 1) = Vi (Y 8) [V Vi (X, 6) ~ Viex (Y, )] < Kl XY .

Then
lim ( sup |X(t) — x(t)|2) =0 in probability. (2.22)

A—0 0<t<T

2.13 Gronwall-type integral inequalities

The Gronwall-type integral inequalities have been widely used in many branches
of ordinary differential equations (ODEs) and stochastic differential equations to
prove the required theorems and results on existence, uniqueness, boundlessness,
etc. Also this concept is useful to prove theorems in the following chapters. There-

fore, this useful tool with other inequalities can be expressed in the following way.

Theorem 2.25. (Gronwall’s inequality)
LetT >0, and ¢ > 0. Let u(.) be a Borel measurable bounded nonnegative function

on [0,T], and let v(.) be a nonnegative integrable function on [0,T]. If

¢
u(t) <c+ / v(s)u(s)ds forall 0<t<T,
0
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then

u(t) < cexp (/tv(s)ds) forall 0<t<T.
0

Theorem 2.26. (Bihari’s inequality)
LetT >0, and ¢ > 0. Let K : Ry — R, be a continuous nondecreasing function
such that K(t) > 0 for allt > 0. Let u(.) be a Borel measurable bounded nonneg-
ative function on [0,T], and let v(.) be a nonnegative integrable function on [0,T].
If

t

u(t) <ec +/ v(s)K(u(s))ds  forall 0<t<T,
0

then
t
ut) <G (G(C) —|—/ v(s)ds)
0
holds for all 0 <t < T such that
t
G(c) —|—/ v(s)ds € Dom(G™1),
0

where

1
G(r) = % on r >0,

T

and G~1 is the inverse function of G.
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Chapter 3

Euler-Maruyama Approximation
for Mean-Reverting-Theta

Stochastic Volatility Model

3.1 Introduction

In general, the rate of the change of an asset price X (¢) consists of random
changes and deterministic changes. The well-known Black-Scholes [8] model of the

asset price is described by the linear SDE

where W is a scalar Brownian motion and the rate of return «y and the volatility
o, are assumed to be constants. Later, Vasicek [74] developed the mean-reverting
model and Cox, Ingersoll and Ross (CIR) [13] modified it into the mean-reverting

square root process which has the SDE form

AX (1) = au (i — X(£))dt + o1 /X (E)dW (2). (3.2)
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According to empirical studies, many authors have shown that the volatility is a
stochastic process and it can be modelled by an SDE in many situations [31, 34, 13,
59, 7. In particular, Hull and White [34] observed that the instantaneous variance
V = o} is governed by another Brownian motion W, and can be described by the
SDE

dV (t) = axV (t)dt + ooV (t)dWs(t), (3.3)

where s, 0y are constants. Heston [31] proposed to model the variance by the

mean reverting square root process
AV (t) = aa(pe — V(1)) dt + 0o/ V (1) dWs(1). (3.4)
Lewis [47] developed this into the more general mean-reverting-theta process
dV (t) = ag(py — V(t))dt + oV (1) dWy(t), (3.5)

which can not only model the volatility but also the asset price, where 6 > 1/2.
Accordingly, we will, in this chapter, consider the following mean-reverting-theta

stochastic volatility model

dX (t) = ar(pu — X())dt + o1/ V() X ()°dW, (1),

AV (t) = ag(pg — V(£))dt 4+ ooV (1)PdWy(t),

(3.6)

where W, and W5 are scalar Brownian motions with correlation coefficient p, de-
fined on the same probability space. This SDE model has no explicit solutions.
Hence numerical techniques have become one of the most popular and powerful
tools to find the approximate solution [51, 54, 2, 32, 33, 64]. In the case when
1/2 < 3,0 < 1, the convergence (in L?) of the Euler-Maruyama (EM) approxi-
mate solution has been established by Mao et al [52]. In this paper, the expected
upper bound for the EM approximate solution and the true solution to this SDE

model (3.6) have been obtained under the linear growth condition. Moreover, the
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diffusion coefficients of this model satisfy the global Lipschitz condition. There-
fore, the convergence in second moment property of the EM approximate solution
to the volatility has been obtained by applying Ito formula. Finally, they proved
the convergence in second moment property of the EM approximate solution to
the asset price when the time step is sufficiently small. However, there is so far
no result on the numerical solutions for the SDE model (3.6) when 0,5 > 1. The
aim of this chapter is to close this gap.

It is essential for the SDE model (3.6) to have its non-negative solution. Given
that the SDEs do not obey the linear growth condition though it satisfies the
local Lipschitz condition, there is so far no result on the non-negative solution.
We will therefore in the following section develop a technique to prove the non-
negativity of the solution to the model. We will then define the EM approximate
solutions to the volatility process V' (¢) and the underlying asset price process X (t).
To guarantee the non-negativity of the EM solutions, we will use the technique of
stopping times. We will finally show that the EM numerical solutions will converge

in probability to the true solution.

3.2 Non-negative solution

The SDE model (3.6) describes the asset price and its volatility in the financial
market. It is therefore essential to prove that the solution of (3.6) is non-negative
with probability 1. The following lemmas in fact show that the solution is positive

with probability 1.

Lemma 3.1. Let 8 > 1. Then, for any given initial value V(0) = Vi > 0, the

solution V' (t) of the SDE model (3.6) will be positive for allt € [0,T] almost surely.

Proof. Treat the second SDE in (3.6) as an SDE in the whole real space R =
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(—o0,00) by setting its coefficients be 0 when V(t) < 0. Clearly, the coeffi-
cients obey the local Lipschitz condition. Hence, there exists a unique maximal
local solution V(t) on t € [0,p.), where p. is the explosion time! . We also
set inf() = oo (as usual, () denotes the empty set). For any sufficiently large
positive number M, namely ﬁ < V(0) < M, define a stopping time pp/=p. A
inf {t € [0, pe) : [V (t)] ¢ [+, M]} and set po = z\}iinoopM :

Now, define a C?-function H : (0,00) — (0, 00) by
1 1
H(V)=Vi-1- IV, V>0
Applying the It6 formula 2.10 yields

BLH(V(T A pa)] =HOR) +E [ B (Vi)aaln = V)l

TNpur
+ %E/O H' (V(u)o|V (u)[*du
Thear |
SHW®+EA [t = i) o[ - vw)] du
1 [Thow V(u)) 2
s [ e - TP v
<H(Vy) + QQZLQT + %
2 TApaM 174 %
+ 2K /0 [1—( <§>) |V w-2du.
(3.7)
Since
Y2 <0 5 of 4<y;
<1l ; if 0<y<A4,
we then have
E[H(V(T A p))] < B+ 2220 2L qzoap (39)

2 2

oo =inf{t >0:V(t) ¢ R}
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Noting

E[HV (T A par))] = EIHV(T A par) Lipp <]

(3.10)
> [H(M™) NH(M)P(py < T),
we see from (3.9) that
-1 agpaT ol 2428-3 11
O A HOD By < T) < B + 2220 021 gaposag 30)
namely
H(V aopeT | asT 22B=3
P(oy < T) < TR 57 45+ 0y (3.12)

H(M-YYANH(M)
Now letting M — oo we have P(po, < T') = 0. This implies that P(ps, > T') = 1,

which means P (0 < V (t) < oo for all £ € [0,T]) = 1 as required. O

Lemma 3.2. Let 0 > 1 and 8 > 1. Then, for any given initial values V(0) = Vo >
0 and X(0) = Xo > 0, the solution X (t) of (3.6) will be positive for all t € [0, T

almost surely.

Proof. Once again, treat the SDE model (3.6) as an SDE in R? by setting its
coefficients to 0 whenever V(t) < 0 or X(¢) < 0. Clearly, the coefficients obey
the local Lipschitz condition. Hence, there exists a unique maximal local solution
(X(t),V(t)) ont € [0, p.), where p,. is defined as before.

For any sufficiently large positive values M and N, namely -- < V(0) < M and
+ < X(0) < N, define stopping times py=p. A inf{t € [0,p.] : V(¢) ¢ [55, M]}
and 7y = pe Anf{t € [0,p.] : |X(t)] ¢ [%, N} and let n = pyy A 7n. Then set

Poo = lim pys (as before) and 7, = lim 7y. Let the C%-function H be the same
M—oco N—oo

as before. Applying the Ito formula yields

E[H(X(T An)] =H(Xo) +E | H'(X(w)en [ — X (w))du
Tan 0 (3.13)
+ %]E i H (X(u))a%V(u)|X(u)|26du
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E[H (X (T An))]

<HOG)E [ 5100w)F — (X0 ol — X(w)du
TAn W) (3.14)
w18 [ gt - E v

2

T T TAn X(u))2
<H(X,) + 0‘1‘2“ + ‘% + %E / - (;))2 11X (w)[20=2V (u) du.
0

By (3.8), we have

ozl,ulT O./lT

E[H(X(T An))] <H(Xo) + + =+ o243 M. (3.15)

Since

E[H(X(T An)] = E[HX(T A py A7a))] 2 BIH (X (73)) 1ry <z apan)]

(3.16)
>[H(IN"HANHN)P(ry < T A pur),
we have
T T
[H(NT)AH(N)B(ry < T A par) < H(Xo) + =55 + 0= + 034277 MT,
(3.17)
that is
H(Xo) + 222l 4 @2l 4 524203 T
P(ry < T Apu) < Xo) + % 2 % (3.18)

H(N-YYANH(N)
Now letting N — oo we have P(1, < T A py) = 0. Then letting M — oo and
using Lemma 3.1, we can get P(7, < T') = 0. This gives that P(r, > T) =1

which implies our assertion easily. O

3.3 Convergence in probability

The SDE model (3.6) has no explicit solution, hence the study of its numerical

approximate solutions has become more and more useful. In this section we will
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investigate the EM numerical approximate solutions to the SDE model (3.6).

Euler-Maruyama approximation

Given the time step A € (0, 1), we let ¢, = kA for k =0,1,2,3,. [ } where [%]

denotes the integer part of %. The discrete time EM approximate solution to the

SDE model (3.6) can be defined by setting zo = X (0), vo = V(0) and forming

Tpy1 = T + a1(pug — zp) A + o1/ \Uk||$k|9AW1k, (3.19)

Va1 = Vg + oty — Up) A + oo |vg | AWay,
where AWy, = [Wy(tes1) — Wi(ty)] and AWoy, = [Wa(tkr1) — Wa(tx)]. The corre-

sponding continuous EM approximate solution to this model is defined by

t
x(t) :ZL‘0+/ ay(pr — z(u))du + 01\/ w)||Z(w)|?dW; (u
0

. 0 (3.20)
v(t) = vy + / ag(pg — o(u))du + / oa|o(w)|PdWy(u),
0 0
b (%]
where z(t) = Tl 10.0)(t) and o(t) = Ukl t.0)(t) are step processes.

k=0 k=0
That is, Z(t) = x and v = vy, for ¢ € [ty, tg11) when £ =0,1,2,3,.. [%}

Dl
il

Convergence of v(t) in probability

In this chapter we are concerned with the case when both parameters 6 and (8
are greater than 1, as the case % < 0,5 < 1 is proven by Mao et al [52]. So
the diffusion coefficients of the SDE model (3.6) do not follow the linear growth
condition although they obey the local Lipschitz condition. The existing results on
the finite-time convergence of the EM approximate solutions can not be applied.
It is therefore necessary to establish a new theory on the convergence property of

the EM approximate solution to the SDE model (3.6). For this purpose, let us

first discuss the convergence property for the volatility process.
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Theorem 3.1. Let V(t) be the solution and v(t) be continuous EM approzimate
solution to the second SDE of (3.6). For any positive number M, define the stop-
ping time ¢ = py Ay AT, where pyy = inf{t € [0,T};V(t) ¢ [, M]} and
v = inf{t € [0,T]; [v(t)| & [57, M]}. Then, for any integer p > 2,

E ( sup [V(tAq) —v(tA q)]2) < Cyo(M,p)A s, (3.21)

0<t<T

where C1 2 = C12(M,p) is a constant independent of A.

To prove this theorem, we need to establish a useful lemma which shows that the
continuous EM approximate solution v(t) and its step process v(t) are close to

each other.

Lemma 3.3. There exists a constant Cy 1(M, p) dependent on M and p but inde-

pendent of A such that

E < sup [v(tAq) —o(t A q)]z) < C’Ll(M,p)Al_%. (3.22)

0<t<T

Proof. For t € [0,T], let [£] be the integer part of £. Then we have

tA\q tAq

a1z — 5(u))] duu + /[ s ool () P W), (3.23)

which gives

o(e A q) — ot A ) < a3 + DA + 203002 [Walt 1) — Wall 12|

We hence have

E ( sup [u(t A q) — B(t A q)]Q)

0<t<T

< daj(p3 + M)A + 203 M*°E ( sup [Wz(t) - Wz([i]A)} ) (3.24)

0<t<TAq A

< dod(pd 4+ M*A? 4 202 M*PRE ( sup [Wg(t) - Wz([i]A)] 2) .

0<t<T
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By the Holder inequality,

E (021% [Wz(t) - WQ(A%])]Z) < (]E (021% {WQ(t) — Wa(A % Dr”>) v .

(3.25)

-

Using the Doob martingale inequality, we get

ﬂz<sm>[we@>—viAQ§D} ):ﬂa( sip sup [WGOO—leAkﬂ”>

0<t<T ngg[%] EA<r<A(k+1)

sup  |Wa(r) — Wa(AK)|?

kA<r<A(k+1)

2p [
2 > SR (WA + 1)) — Wa(AR)”

k=0

(
< (2 2P 1>2p (2p — 1)IAP
(

>2p (2p — DNAPY(T 4 1),
(3.26)

where (2p — D' = (2p — 1) x (2p — 3) x ---3 x 1. Substituting (3.26) with (3.25)
into (3.24) yields

E < sup [v(t A gq) —o(t A Q)]2>

0<t<T
%\ z
<day (3 + M*)A? + 202 M [(%) (2p — DNAPH(T + 1) (3.27)
p J—
<C1a(M,p)A' T,
as required. The proof of Lemma 3.3 is complete. []

Proof. (of Theorem 3.1)

For any 0 <t < T, we clearly have that

2

V(tNq) —v(tA q)]2 <203 [/0 Aq(V(u) — 9(u))du
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+ 202 [ | v - s

For any t; € [0, 7], by the Doob martingale inequality and the Holder inequality,

we then compute

E < sup [V(tAq) —v(t A q)]2>

0<t<ty

<202TE /0 ) = o) du

+203E ( sup [/OMq(IV(U)IB - IU(U)Iﬁ)sz(U)r>

o=t=h (3.28)
t1/Nq t1/Nq 9 ’
SZa%TE/ [V (u) — v(u))® du + 8031@/ [V (w)]° = [o(w)|’]” du
otlAq 0
<102TE / V() — v(w)]? + [o(w) — 5(w))? du
0
g 2 2
+ 16031[‘3/ [\V(u)|ﬁ — \v(u)\ﬁ] du + Uv(u)\ﬁ - |6(u)|ﬂ} du.
0
Applying the well-known mean value theorem gives
B sw VAD - olna))
0<t<t;
t1
§4a§TE/ [V(uAq)—v(uAq)] du
0
t1
+ 404%TIE/ [w(uAq) —5(uAq)) du (3.29)
0
t1
+ 1605E BEMP2 [V (u A q) —v(u A q)]* du
0
t1
+ 160%1['3/ BEM*2 [w(u A q) — 5(u A )] du.
0
By Lemma 3.3, we have
E ( sup [V(tAq) —v(t A Q)]2>
0<t<ty
< (16023>M?*~2 4+ 403T) TCy 1 (M, p) AL~ » (3-30)

t1
+ (403T + 16038 M*72) / E[V(uAq)—v(uAq) du
0
An application of Gronwall’s inequality (see Theorem 2.25) will complete the proof.
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]

Now we remove the stopping time of volatility and establish the following
theorem to show that the EM approximate solution will converge in probability to

the true solution.
Theorem 3.2. Let V(t) be the true solution to the second SDE of (3.6) and v(t)
be its continuous EM approrimate solution. Then

lim ( sup [V (t) — v(t)]Z) =0 in probability. (3.31)

A—0 0<t<T

Proof. The proof is rather technical so we divide the whole proof into three steps.
Step 1. Using the technique to prove Lemma 3.1, but with the stopping time py;,
we derive that, for ¢; € [0,T],

H(Vp) + 22T + 2T + 03420737

Plow =T) < H(M-Y) A H(M) ’

(3.32)

where function H(.) has been defined in Lemma 3.1.
Step 2. Applying the 1t6 formula for continuous EM approximate solution v(t)

with stopping time vy, we derive that, for ¢; € [0, T,
E [H(v(t1 Aym))]

=H(Vp) + E/O o H (v(u))aslps — 0(u)]du

2

+ B / U w()fo() P du (3:33)

tiAYMm 1 1

<H(Vp) +E / 1o()F — v(u) Jasls — 0(u)ldu

2

t1ANYM 1 1
4 QE/ “Jo(u) "2 — 2u(u)"3]|5(w) PP du.
2/, 2 2

Rearranging the terms on the right hand side,

tiAYM ) tiAYM 1
<H(Vp) + 0‘22“2151 / [o(w) ™% — v(w)"Vdu + %E / 1 — v(u)?]du
0 0

2

02 t1AYM 1 1
+ 2g / 11— L))o 2du
1), 2
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a_ /t1/\7M )
2

U tl/\’YM 1 3.

+2E [ o = fofa)ldu

By (3.8) and the well-known mean value theorem, we further get

E[H (v(t1 Aym)))

<H(V ) CYQILLQ CL’Q 0y

t1 /\’YM

O{

2
| %R 28 suplu? " o(u) 2 — So(u)”
4 2

€ [M~', M]. We can then compute

/t/\
e o
) €

Note that o(u) € [M~1, M] whenever v(u)
E[H (v(ty A yu))]

o T T 0242827
<H(Vp) + 2’;2 + ; "

+ %E / Tolu Ayar) ™ — v(u Aan) iolu Aar) — 9w Al (3.35)
28 10. t1 3
+ 22 [Motuann) ™ = o

X o(u A yar) — v(u A ) |du,

which has the form

E [H(v(tr Aym)))
T T 0242727
<H(Vp) + O‘Q’;Q + a; + 22 1

(M3 + M h
+ % / Elv(u A vyar) — o(u A yar)|du
0

(3.36)

. M2+ LM BMPP o3
2

1
/ Elv(u A vyar) — 0(u A vyar)|du.
0

In the meantime, in the same way as Lemma 3.3 was proved, we can compute

E ( sup [v(u A yp) — o(u A ’yM)]2> <O (M, p)Ak%, (3.37)

0<t<T

52



where C7 | (M, p) is dependent on M and p but independent of A.

Substituting this (3.37) into (3.36) yields

E[H(v(ti Avm))]
Qopis T T 0324?8727
2 * 2 4
[M2 + Mo,
2

<HW) +

1
2

+ [C;I(M, p)Alﬂ T

(3.38)

M2 4+ LM M 03
2

T T  o24%2T
Ozng +Oé; P : +01,1(M,p)A%[1‘%].

1
2

Cr (g p)aF] T

+

<H(Vy) +

If (ypmr < T), by a similar technique used to compute (3.12), we can derive

524282 _ 111
H(Vo) + 22525 + 258 4 o + Cra (M p) A

(3.39)
H(M-1Y A H(M)

Py <T) <

Step 3. For arbitrarily small constants € > 0 and § € (0, 1), set

0 = [w; sup [V () — v(t)]* > 5] : (3.40)

0<t<T

Then, we have
SP(Q N (¢ > T)) =0F [I(q,~g>1))]

ﬁE@pﬂsmwvm—waW} (3.41)

0<t<T

<[ sup V) - vl0)?).

0<t<TAq

By Theorem 3.1,

[1-1]
P N(g>T)) < Cl’Q(M’(f)A _ (3.42)

On the other hand, we can compute

P(Q) <PQinN(g>T))+P(g<T)
(3.43)

<SPhn(g=T)+Plom <T)+Plym <T).
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Substituting results of (3.32), (3.39) and (3.42) into (3.43) yields

01,2(M7 p)A[lii]

P() <
d
oo s 2 (253 - 1n-1 (3.44)
N 2[H (Vo) + 22T 4 2T + 0242737 4 Cy (M, p) A2 1>
HM-Y)YANH(M) '
Now, choose M sufficiently large for
aspz ay 24233
2[H (V) + 22T + LT + 054%7°T] _€ (3.45)
H(M-1)NH(M) 2
and then choose A sufficiently small for
Ca(M A LAl (3.46)
5 HM-YANHM) ~ 2 '
Hence, we have
2
P ( sup [V(t) - v(t)] > 5) <e, (3.47)
0<t<T
which completes the proof of our theorem. O]

Convergence of z(¢) in probability

We can now proceed to establish our key results which show the finite-time con-
vergence property of the EM approximate solution to the true solution of the

underlying asset price.

Theorem 3.3. Let X (t) be the solution and xz(t) be continuous EM approximate
solution to the asset price. For any positive numbers N and M, define stopping
time s = qATn Ay AT, where q is the same as before while Ty = inf{t € [0,T] :
X(t) ¢ [ NI}, (v = inf{t € [0,T] : |z(t)| ¢ [+, N|}. Then, for any integer

p =2,

E ( sup [X(tAs) — z(t A s)]Q) < Cy5(M, N, p)Azl—3), (3.48)

0<t<T
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where Cy 3(M, N, p) is a constant independent of A.

The proof needs the following Lemma which can be proved in the same way as

Lemma 3.3 was proved.

Lemma 3.4. There exists a constant Cy 4(M, N,p) dependent on M, N and p but

independent of A, such that

E ( sup [z(tAs) —Z(t A s)]Q) < Cra(M, N, p)Al_%. (3.49)

0<t<T
Proof. (of Theorem 3.3)

For any ¢ € 0,77, we have

[X(t A s) — (i A s)}2

<207 { /0 ™ X () - y;(u))du]
+ 207 {/OMSUX(U)W\/W - |57?(u)|0\/WDC”/‘G(U)}2 (3.50)
<202T /0 ™ (X () — 2(u) du

vt (X () V) — o)l V@A)

Hence, for any ¢; € [0, 7T, we further have

E ( sup [X(tAs)—x(tA 8)]2>

<202TE /OMS (X (u) — Z(u)]* du (3.51)
+ 202K (02121 VOMS <!X(U)!€\/W — |z(u)|’ v/ ITJ(U)D dWl(“)T) :

By the Doob martingale inequality,
t1Ns
<202TE / X (u) — 2(u)]? du
0

rsote [ [T - ol RG]

(3.52)
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which gives

E ( sup [X (¢t A s)—z(t A s)]2>

0<t<ty
t1/As
<202TE / X (u) — 7(u)]? du
0 (3.53)

2

t1/N\s
+ IGU%ME/ [[X (w)|® = |2(u)|’]” du
0

F160ivE | V@ - V@) d

Using the mean value theorem, we then compute

t1
§4a%T/ E[X(uAs)—z(uAs) du
0
t1
+ 404%T/ E[z(uAs) —Z(uAs)) du
0
t1
+ 320%92N29_2M/ E[X(uAs)—z(uAs)du
o (3.54)
+ 320%02]\/292]\/[/ E[z(uAs)—Z(uAs)) du
0
t1
+ 160%N29/ E|V(uAs)—v(uAs)|du
0,
+ 160%]\729/ Elv(uAs)—o(uAs)|du.
0
Substituting Lemma 3.3, Lemma 3.4 and Theorem 3.1 into (3.54) yields
<[402T + 320202 N*20M|Cy 4(M, N, p) A5 T
+ 1603N*T [ Cra(M,p) + Cua (M, p)} | A3 (3.55)
t1
+ (42T + 32020° N*~2 M) / E[X(uAs)—z(uAs)du.
0
By the Gronwall inequality, we have
< ([m%T + 32020 N2 M| O 4 (M, N, p) A+ T
+ 1602 NYT(Cy o (M, p)} + Coa(M, p) A3 e 20022011 (3.56)
SOI,?)(M? N: p)A%[l_%]a

as desired. The proof of Theorem 3.3 is therefore complete. O]
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In the following theorem we will remove the stopping time and show that
the continuous EM approximate solution will converge in probability to the true

solution.

Theorem 3.4. Let X(t) be the true solution of the SDE model (3.6) and x(t) be

the continuous EM approximate solution. Then

lim ( sup |X(t) — x(t)\2> =0 in probability. (3.57)
A—0 0<t<T

Proof. Here we will also apply a similar technique to how Theorem 3.2 was proved.
Thus, we divide the whole proof into three steps.
Step 1. By the same way as computation of (3.15), but with stopping time s; =

T~ A par, we compute that, for ¢ € [0, T,

Uhp  Yp oy No2420-3T, (3.58)

E[H(X(t: A s1))] < H(Xo) + 5 5

where function H(.) is same as before defined in Lemma 3.1.

If (s <T), we further get

T T
H(Xo) + O‘”Q“ + O% + Mo24% 3T > E[H(X(T A s1))]
> E [H(X(TN))[(TN<pM)[(TNAPMST)]
> [H(Nfl) A H(N)} P(ry <T),
which gives
H(X, oaamT | aaT | prs2420-3
P(ry < 7) < TXO T 5 45+ Mo, (3.59)

H(N-Y)ANH(N)
Step 2. Repeating the same procedure which is used in ( Step 2.) of Theorem 3.2
but with the stopping time sy = (y A 77, we further get that

E[H(x(t1 A s2))]

OéLLLlT n a T O'%M429_2T
2 2 4

(3.60)

< H(Xo) + + Cy4(M, N, p)Az13),
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where C; 4(M, N, p) is dependent on M, N and p but independent of A.

If (sg < T'), the same way as (3.59) was obtained, we can easily compute

H(X,) + cunl  anT oiMe AT | Cha(M, N,p)A%[l_%}

P((y <T) < 2 2 4 3.61
(=T)< s 3:61)
Step 3. For arbitrarily small constants ¢ > 0 and § € (0,1), set
0 = {w; sup [X(t) —z(t)]* > 51 . (3.62)
0<t<T
By Theorem 3.3, we then easily get
1
Py N(s>T)) <=E ( sup [X(t) — x(t)]2>
0 \o<t<Tns
L (3.63)
<Cl,3(Ma N7p)A§[17;]
— 5 .
Now, we compute
P(Q) <P(Q1N(s>T))+P(s<T)
<P N(s>T))+Ploy <T)+P(ry < T) (3.64)

+ Py <T)+P(Cn <T).

Substituting (3.63),(3.32),(3.39),(3.59) and (3.61) into (3.64), we further get

< 0173(M7 N7 p)A%Di%] 4 H(Vb) + %T + %T + 0—%425*37"
- g H(M-Y) A H(M)
| H(V) + =T 4 egf 4 ST 4 Gy (M p) A
H(M-YYAH(M)
H(Xo) + LT 4 QT 4 Mg342%0-3T
H(N-Y)ANH(N)
HOXG) + 287 1 o 3 IS 4 u, gt

H(N-) A H(N)

P(()

(3.65)

Now, choose M sufficiently large for

H(Vo) + 2T + QT + 054*°°T
H(M-") A H(M)

<: (3.66)

Wl M
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then choose N sufficiently large for

H(X amp a4 Mo2420-3T
o [HXo) £ 5 T+ GT + Mo, <z (3.67)
H(N-Y)ANH(N) 3
and further choose A sufficiently small for
C(173(]\47 Nap) + C_’l,l(Map> 01,4(M7 Nap) A%[l—%] < i (368)
) HM-Y)YNH(M) H(N-'Y)ANH(N) 3

We then have

P ( sup [X(t) —z(t)]* > (5) <, (3.69)
0<t<T
which completes the proof of Theorem 3.4. O]

Theorem 3.4 shows that the continuous EM approximate solution x(t) will
converge in probability to the true solution X (¢). However, the continuous EM
approximate solution is in general not computable in practice but the EM step
process Z(t) is computable. It is therefore more useful to show that the EM step

process Z(t) will converge in probability to the true solution X (t).

Theorem 3.5. Let X (t) be the true solution of the SDE model (3.6) and Z(t) be

the EM step process. Then

lim ( sup | X(¢) — x(t)|) =0 in probability. (3.70)

A—0 0<t<T
The proof of this theorem is based on the following lemma which shows that
the continuous EM approximate solution x(¢) and the EM step process Z(t) will

converge in probability to each other.

Lemma 3.5. Let x(t) be the continuous EM approzimate solution and Z(t) be the

EM step process. Then

lim ( sup |x(t) — i‘(t)|> =0 in probability. (3.71)

A—0 0<t<T
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Proof. In the same way as Lemma 3.3 was proved, we can show that

E ( sup [z(t A sg) — Z(t A 32)]2) < Cy5(M, N, p)AI_%. (3.72)

0<t<T

For any arbitrarily small € > 0 and ¢ € (0,1), set

Q= lw; sup [z(t) — z()]* > 5} . (3.73)

0<t<T

It is easy to show that

1—1
PN (sy > T)) < Cis(M, N.p)A + (3.74)

But

P() < P N (2 > T)) + Blsy < T) -
<P (52> 7)) + P(Cy < T) + Pl < T). |

Now, substituting (3.39), (3.61) and (3.74) into (3.75) yields that

01,5(M7 ij)A[k%]
)
o2 20—2 — 1q_1
. H(X,) + % +al g # + 0174(M,N,p)A2[1 1

H(N-") A H(N)
o @ 534262 - 1.1
| HV) + o2t ool 4 BT 4 O (M p) AR

P(Q7) <

(3.76)

2 2

H(M-1) A H(M)

Choose M sufficiently large such that

52426-2
H(Vp) + 22l y ol y 7t T

H(M=1) A H(M) <3

(3.77)

then choose N sufficiently large such that

T T 0.2M429—2T
H(Xo) + 27 4 oyl ST

H(N-Y) A H(N)

< (3.78)

Wl M

and further choose A sufficiently small such that

Cis(M,N,p)AL 2L Oy (M, Np) A sl O p)at=d] e
5 H(N-OYAH(N) '~ HM-YANHM)| =3
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We then have

P ( sup [z(t) —z(t)]* > 5) <e, (3.80)
0<t<T
which gives the desired assertion of Lemma 3.5. O]

Proof. (of Theorem 3.5)
Let € > 0 and § € (0,1) be arbitrarily small. By Lemma 3.5 and Theorem 3.4, we

see that for any sufficiently small step size A, we have

P ( sup |z(t) — 3(t)| > é) <§ and P ( sup |X (1) — 2(t)] > é) <

0<t<T 2 0<t<T 2

DN ™

We then compute

P ( sup |X(t) — 7(t)] > 5)

0<t<T

SP(SUPLX@)—I@N+mm u@>—xun25)

0<t<T 0<t<T

<P (s, [X(0)  a(0)]+ sup Jo(0) = (0)] 2 . sup [oft) = a(0)] = 5

0<t<T 0<t<T 0<t<T 2

4}
+P ( sup [X(t) —z(t)[ + sup [z(t) —2(t)| = 0, sup |2(t) —z(t)| < —>
0<t<T 0<t<T 0<t<T 2

<P ( sup |z(t) — z(t)| > g) +P ( sup | X (1) — (t)] > g) <e.

0<t<T 0<t<T

The proof is therefore complete. O

According to Theorem 3.5, it is now clear that the step process of the EM ap-
proximate solution to SDE model (3.6) will converge to the true solution when
the time step is sufficiently small. Thus, let us choose initial condition (X (0) =
10.5,V(0) = 3.25), (# = 1.2, = 1.1), coeflicients of the SDE model (3.6) (see
Table 3.1) and p = 0.5, and apply MATLAB® software (see Appendix A for code)
to illustrate the behaviour of the EM approximate solution in practice (see Figure

3.1).
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Table 3.1: Coeflicients of the SDE model (3.6)
Case Parameters
SDE1 =12 X(0)=105 «a; =121 p; =104 o7 =0.05
SDE2 p=11 V(0)=325 «ay;=23 ;=213 09=0.054

14

X®
13.5 1

13| T

12.5F T

12 F T

11.5f T

Asset price

11 T

10.5|

10 1

(0] 2 4 6 8 10
Time(t)

Figure 3.1: A sample path of the asset price X (¢) which is generated by the EM
approximate solution to the mean-reverting-theta stochastic volatility model over
finite time, where # = 1.2 and 5 = 1.1.

3.4 Summary

In this chapter, we have focussed on the EM approximate solution to the mean-
reverting-theta stochastic volatility model for the asset price, which has no explicit
solution so far. Thus, we have first proved that the unique local solution to SDE
model (3.6) is positive with probability 1. However, we can not appeal to the
convergence in second moment property of the EM approximate solution to this
model under the local Lipschitz condition. Therefore, the convergence property

of the EM approximate solution to this model has been examined in probability.
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Finally, we have obtained the convergence in probability of the corresponding step

process to show that it can be used to evaluate applications in finance.
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Chapter 4

Hybrid Mean-Reverting-Theta
Stochastic Volatility and Its

Euler-Maruyama Approximation

4.1 Introduction

The mean-reverting-theta stochastic volatility model which was examined in the
previous chapter gives a significant contribution to the evaluation of financial se-
curities. However, many people have seen several deviations from this concept
when upsurges have occurred. The empirical studies show that some of these
fluctuations are dependent on the average rate of return and volatility of asset
price. In the meantime, many authors have revealed that rate of return can not
be a constant as is assumed by the Black-Scholes formula [8]. There is strong
evidence to show that the rate of return obeys the property of a Markov-jump
process and volatility follows this as well [16, 18, 27, 78, 9, 73, 75]. Therefore, the

mean-reverting-theta stochastic volatility model driven by a Markov-jump process
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can be used to explain some of these phenomena in financial markets which have

the SDE form:

dX(t) = a1 (r(t) (u(r(t)) = X ()dt + o1 (r()V/V () X (1) dW(t),
dV (t) = az(r(t)) (a(r(t)) = V(8))dt + oo (r () V () dWa(t),

(4.1)

where W, and W, are defined as before in the previous chapter, and r(t) is a
right-continuous Markov chain on the same probability space taking values in a
finite state space S = {1,2,..., N}. The diffusion coefficients of the SDE model
(4.1), when the parameters 6 and (3 are between % and 1, obey the global Lipschitz
condition (2.5) as well as satisfying the linear growth condition (2.6). Therefore,
the convergence in second moment (in L?) of Euler-Maruyama (EM) approximate
solution to the SDE model (4.1) has been examined by X. Mao et al [52]. However,
there is no information so far on the convergence property of the EM approximate
solution to the SDE model (4.1), when the parameters 6 and § are greater than
1. So we will fill this gap in this chapter.

The highly sensitive SDE model (4.1) describes the asset price, volatility and
interest rate in financial markets. It is therefore necessary to have a non-negative
solution in practice. Accordingly, we will first prove that the solution to the SDE
model (4.1) will be positive with probability 1. Provided that the coefficients
of SDE model (4.1) satisfy the local Lipschitz condition though do not obey the
linear growth condition, an error bound for the EM approximate solution can
be obtained under stopping time technique. Therefore, we will define the EM
approximate solution to this SDE model and show convergence in probability of
the EM approximate solution to the true solution when the time step is sufficiently
small. However, the continuous EM approximate solution to this SDE model is not
computable but its corresponding step process is computable in practice. Thus,

the corresponding step process can be used to evaluate its applications in finance.
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Therefore, we will finally show that the step process will converge in probability

to the true solution of SDE model (4.1).

4.2 Non-negative solution

As the SDE model (4.1) mainly describes behaviour of the asset price and its
volatility in financial markets, a natural requirement is to have non-negative so-
lution (V'(t), X(t)). The following lemmas in fact show that the solution will be

positive with probability 1.

Lemma 4.1. Assume 5 > 1, Then, for any given initial values V(0) = Vo > 0
and r(0) = ig € S, the solution V (t) to the second SDE of (4.1) will be positive for

all t € [0,T] almost surely.

Proof. Assume that the solution to the second SDE of (4.1) is in the real space
R? while setting coefficients in the second SDE of (4.1) to be 0 when V(¢) < 0. In
addition, the coefficients obey the local Lipschitz condition. Hence, there exists a

unique maximal local solution V' (t) on t € [0, p.], where p, defined as before. For

a sufficiently large positive value M, namely ﬁ < V(0) < M, define a stopping
time py = pe Anf{t € [0, pc] : [V (?)| & [55, M|} and set po, = Nl{im pu- Applying
— 00

the It6 formula with C? function H which has been defined in Lemma 3.1 yields
E[HV(T A pu))]

_H(Vy) +E / (V) as(r(w) [pa(r () — V(w)]du

+ %E/O ™ H' (V(u)o2(r(w)|V (w)|*du
<H(Vp) + E/O PM % [(V(u))_% — (V(U))_l] as(r(u))[pe(r(uw)) — V(u)]du

1 TApm )
+ ZE /o o5(r(u))




aofic T apT 62 [Them V(u))z
<H(Vp) + 202 1 220 2IE/ - WP po2qy,
2 2 4, 2
where a; = Mmax o, fij = MaX i; and 0; = max o;.
By (3.8), we further get
ol T T
E[H(V(T Apa))] < HOG) + 205 + 2463477 (42)

Finally, applying the technique used to compute (3.12), we compute that

H(Vp) + 22l 4 22T 4 5242637

H(M-1) A H(M)

Ploy <T) < (4.3)

Now letting M — oo we have P(po, < T') = 0. This implies that P(po, > T) = 1,

which means P (0 < V(t) < oo Vt € [0,7]) =1 as required. O

Lemma 4.2. Assume 0 > 1 and § > 1. Then, for any given initial values
V() =V, >0, X(0) =Xy >0 and r(0) =iy € S, the solution X (t) to the SDE

of (4.1) will be positive for all t € [0,T] almost surely.

Proof. In the same way, the SDE model of (4.1) is treated as an SDE in the real
space R? by setting its coefficients to be 0, when V(¢) < 0 and X(¢) < 0. Since
the coefficients obey the local Lipschitz condition, there exists a unique maximal
local solution (X (t),V(t)) on t € [0, p.], where p. defined as before.

For sufficiently large positive values M and N, namely 57 < V(0) < M and
+ < X(0) < N, define stopping times pp=p. A inf{t € [0,pc] : V(t) & [17, M]}
and 7y = p. Anf{t € [0,p.] : |X(¢)] ¢ [+, N]} and let n = py A 7n. Then set
Do = A}l_r)noo pu (as before) and 7., = Nlim ™.

—00

Applying the It6 formula with C? function H (same as before), we get that
E[H(X(T An))]

—H(Xo) + E / "B (X () (r () i (r () — X ()]
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e [ ”ﬁww»kxw»*-ﬁ————

which gives

E[H(X(T An))]

SHaw+mmT+ﬂf+ﬁE/m1Li§@ﬁbwaQWMM-

2 2 4
By (3.8), we then have
ayT  anT

5 + T + 5’%42373MT.

E[H (X (T An))] <H(Xo) +

As the same way (3.18) was obtained, we further get that

H(Xo) + %282L 4 22T 4 524283 )T

P(ry <T Apu) < H(N-') A H(N)

(4.4)

(4.5)

(4.6)

Now letting N — oo we have P(1, < T A py) = 0. Then letting M — oo and

Lemma 4.1, we can get P(7o, < T') = 0. This gives that P(7,, > T') = 1 which

follows our desired assertion.

4.3 Convergence in probability

]

As we demonstrated, the unique solution (V' (¢), X(¢)) to the SDE model is pos-

itive with probability 1. However, an explicit solution to the SDE model (4.1)

can not be obtained within the existing theory. Therefore, we will establish an

Euler-Maruyama numerical approximation to the SDE model (4.1) and examine

its convergence property in the following section.
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Euler-Maruyama approximation

Given time step A € (0,1), we let ¢, = kA and 75 = r(kA) for k =0,1,2, [%],
where [L] denotes the integer part of . Then set zy = X(0), vo = V(0) and
r& = 7#(0) =iy € S. The discrete time EM approximation to the SDE model (4.1)

can be defined by

T = T + or () (1 (re) — 2e) A + o1 (r)V/ vk [z |P AW i,

U1 = Vg + aa(rg) (2 (1) — vp) A + o (rg) [up | AWa,

(4.7)

where A = (ty41 — tx) and AW, = (Wi(tgr1) — Wi(tx)) for ¢ = 1,2. Then, the

corresponding continuous EM approximate solution can be defined by
2(t) = w0 + / 00y (7)) (s (F(w)) — () + / o1 (F(w) o @) () PV (),
olt) = v+ [ () ealr) = o) du+ [ on(rlu)lote) Pvaa),

(4.8)

M

where Z(t) = Zxkl[tk,tk+1)(t) and 0(t) = Uk Lty t0,0)(t) are step functions.
0

k —
That is Z(t) = zy, 0(t) = vy and 7(t) = 1 for t € [ty, tyy1), k=0,1,2,3,...,[X].

Il
<)
>

Convergence of v(t) in probability

In this work, we concentrate on the SDE model (4.1) for underlying asset price
where 6 and [ are greater than 1. The coefficients of this SDE model obey the
local Lipschitz condition though do not satisfy the linear growth condition, and
we can not appeal to finite time convergence within the existing results. Thus, we
need new techniques to examine the convergence property of the EM approximate
solution. Accordingly, the following theorem will establish a strong error bound of

the EM approximate solution to the volatility under stopping time.
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Theorem 4.1. Let V(t) be the solution and v(t) be continuous EM approzimate
solution to the second SDE of (4.1). For any positive number M, define the stop-
ping time ¢ = py Ay AT, where pyy = inf{t € [0,T};V(t) ¢ [, M]} and
v = inf{t € [0,T]; [v(t)| & [57, M]}. Then, for any integer p > 2,

E ( sup [V(tAq) —v(tA q)]2) < Cog(M,p)A 5, (4.9)

0<t<T

where Cy5 = Cog(M, p) is a constant independent of A.

To prove Theorem 4.1, we need the following lemma that shows the property for

closeness of v(t) and its step process v(t) when the time step is sufficiently small.

Lemma 4.3. There is a constant Cy (M, p) dependent on M and p but independent
of A such that

E ( sup [o(t Aq) — ot A q>12) < Cor(M,p)AT . (4.10)

0<t<T

Proof. For any ¢ € [0,T], let [%] be the integer part of -. We then have

v(t Ag) —v(tAq)

tAg tAg (4.11)
= [, aslr)ea(rw) = o@ldut [ ar@)lota) Fawa(w),
[R1]A [A2]A
which gives
vt ng) — ol ng)]
(4.12)

tA 2
<4as(pi + M?)A? + 252 M*° [Wg(t A q) — Wa(] AQ}A)} :

Taking expectation, we get

E ( sup [v(t A q) — Bt A q)]z)

0<t<T

0<t<T A

- ) (4.13)
<4aj(i; + M*)A? + 25; M*E ( sup [%(Mq)—Wz([ q]A)] )
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Applying the technique used to compute (3.25) and (3.26), we further get that

E ( sup [o(t Aq) — B(EN q>12) < Gy (M, p) A,

0<t<T

as expected. The proof of Lemma 4.3 is therefore complete.

Proof. (of Theorem 4.1) For any 0 <t < T, we compute

2

V(tng) - o(tng)

=1y " () ol () — a2<f<u>>u2<f<u>>dur
+3 [ /0 ™ s (r W)V (r) — a2(f(u))@(r)du] 2

w3 [ ol VO - )P

Taking expectation for ¢; € [0, 7], we then have

E ( sup [V(tAq) —v(t A C])]2)

0<t<ty

<3k ( sup [ [ st - )] )

0<t<t1

1 3E (0212 | [ /0 M e (r W)V (r) — ag(f(u))ﬂ(r)dul 2)

+3E ( sup {/0 qag(r(u))|V(r)|5 — az(F(u))]@(r)|5dW2(u)] ) .

0<t<ty

By Holder’s inequality, we further get that
t1/A\q )
§3TE/ [ova (r(w) )z (r (u)) — aa(7(w)) pa(7(w))]” du
0

+ BTE/O o [ag(r(u)V(r) — 042(77(u))17(7")]2 du

+ 3E (0212 {/0 qJQ(r(u))|V(r)|5 — UZ(T(U)HU(T)W(ZWQ(U)} ) .

Applying properties of the Markov-chain defined in Chapter 2 yields

A(t) =3TE / " o (0) () — () o () s
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[]

(4.15)

(4.16)

(4.17)



%) (5]

tat1 tat1
<3TE ) / A i (T ety ) du < 1205057 / E(Lr(wzr(ta) ) du,
d=0 vt d=0 Y td

>[5

which has the form

td+1

<120z§,u%TZ/ r(ta))du

td+1

<12a§u§TZ /t >~ P(r(ta) = DP(r(e) # 1/r(ta) = )

(4.18)

ta+1

<12a2u2TZ/ > P(r(ta) = i) > (kij(u — ta) + 0(u — tg))du

ieS i#j

td+1

<12a§u§TZ / mas (~r) A+ 0(A))du < [CaaA + 0(A)]

Similarly, we compute
B0 =TE [ laalr )V () =l o)
<67% [ ) - ax(r) V@)
+ 6TE /0 M G w) V) — 5] du
<6TM’E /0 ' [as(r(u A q)) — as(7(u A ¢))]2du (4.19)
+12Ta2E /Otl V(A q) —v(uA Q)+ [o(u A q) — 5(u A q)2du
<24Ta3M? [Omzmjiv( ki) A+ 0(A) (T + 1)
+ 12762 /Otl E[V(u A q) — v(u A g) + Efo(u A q) — 5(u A g)Pdu.
By Lemma 4.3, we further get that
B(t) <[CasA + 0(A)] + 12T%a3Cy, (M, p) A
127G /0 VEV (A q) — v(u A g)Pdu (4.20)

<[Cou(M, p)Al_% +0(A)] + 12Ta3 /Ot1 E[V(u A q) — v(u A q)]*du.
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Applying the Doob martingale inequality and the well-known mean value theorem,

we then have

0<t<ty

D(1) =3E ( sup [ / Y () V() az<f<u>>|@<u>|ﬁdw2<u>] )

2

<19 /0 s (@) V)P — oo () o)) d
<UE / R )V W) — (o) du

n 24E/0 o V2 (u)[og(r(u)) — o9 (F(u)))*du (4.21)

t1/\q
<4SE / o3 () (IV(@)* = [o() /]2 + o) — [o(w)]*)?) du
t1/A\q
+2E / V28 () (r (1)) — o2 (F(w)]2du
° t1/\q
<48(%G,> M 2P~2) / E[V (u) — v(u)]® + E[v(u) — v(u)]*du
t1A\q °
+E / V28 () oy (1 () — ora (7)) Pl
0
By Lemma 4.3, applying the technique used to compute (4.18), we further get that
t1
D(t) <485%6,> M (*5~2) / E[V(u A q) —v(uA q)*du
0
+ 48826 MP=ITCy (M, p) Al >
+ 96652 M2 [Og%(—wm o+ (4.22)
=[Co5(M,p) A" + 0(A)]
t1
+ 48326, M2 / E[V(uAq) —v(u A q)*du.
0

Now, substituting (4.18),(4.20) and (4.22) into (4.17), we have

E ( sup [V(tAq) —v(tA Q)]Z)

0<t<t1

< [02,2A + Cy (M, p)Al_% + Co5(M, p)Al_% +0(A) (4.23)

t1
+ [12To7§ + 48620‘22M(25’2)} / E[V(u A q) —v(u A q)]*du.
0
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as required. An application of Gronwall’s inequality will therefore complete the

proof of Theorem 4.1. O

Now, we will remove the stopping time and establish the following theorem to
show that the EM approximate solution v(¢) will converge in probability to the

true solution .

Theorem 4.2. Let V(t) be the true solution of the second SDE model (4.1) and

v(t) be the continuous EM approximate solution. Then

lim ( sup [V (t) — v(t)]Z) =0 in probability. (4.24)

A=0 \o<t<T
Proof. The proof can be obtained the same way as Theorem 3.2 was proved, but
with the conditions of r(¢). Thus, we will divide the whole proof into three steps.
Step 1. The same way as in computation of (4.3), we obtain

H(Vp) + 42T + 2T + 534°°°T
H(M-Y) A H(M) !

P(py <T) < (4.25)

where the function H(.) is same as before.
Step 2. For any 0 < t; < T, applying the It6 formula for continuous EM approxi-

mate solution of volatility process with stopping time ~,;, we compute that
E[H (v(ts Ayu))]
t1IAYM ,
=H (Vo) + E/ H (v(u))oz(r(u)[pe(r(u) — v(u)]du
0
1 LiAYM . ) )
w38 [ H W)t P (4.26)

<t +B [ 3 [o) o) aslr(w) atr) — o) s

1 1

= Tl o) = Jol)2 | Aot P

Rearranging the terms in right hand side, we then have

e tLiAYM ~ tLAYM
<H(Vp) + OQQMQE/ [v(u)_% - v(u)_l} du + %E/ [1 - U(u)%} du
0 0
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[AVASIY AN 1

+—FK

[AVARTY AN 1

Lo
/WM w(w)™5 = o) (v() - o(u))du
=

o3
4
C_¥2
+ 2
53
4

By similar techniques which were used to obtain (3.34) to (3.39), we get that

ol 5 52428—27 — lrp_1
H(G) + 47 1 oF + B 4 Gy (M)At
H(M-Y)AH(M)

Plyy <T) <

where constant Cy (M, p) is dependent on M and p but independent of A.

Step 3. For arbitrarily small constants € > 0 and § € (0, 1), set

Qy = |w; sup [V(t) —v(t)]? > 6] . (4.28)

0<t<T

The same way as in computation of (3.42), but with Theorem 4.1, we obtain

1—-1
By (g > 7)) <26 ,(Spm | (4.29)
On the other hand, we can derive
P(Q) <P(Qn(g>T))+Ploy <T)+P(yy < T). (4.30)

Now, substituting (4.25), (4.29) and (4.27) into (4.30) yields

p(@y) < Cao(M, PATE | H(Vo) + @5 ol BT 4 Gy (M, p)AZI)
Yo 0 HM-Y)AH(M)
H(Vy) + 22T + 2T + 534*073T
H(M-Y)YNH(M) ’
namely
p(y) <CaoMLDATE | Con(M ARt 2l (V) o 5 4 T 4
A H(M-1) A H (M) HOM 1) A H(M)
Now, choose M sufficiently large for
H(Vo) + 2T + §T + 034 °T] _« oy
H(M-Y)YNH(M) 2’ '
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then further choose A sufficiently small for

02,6(M>P)A175 62,1(M7P)A§[17]

<< (4.32)
) HM-YANH(M) 2
We then have
P ( sup [V () — v(t)]* > 5) <e (4.33)
0<t<T
as required. The proof is therefore complete. [

Convergence of z(t) in probability

In this section, we proceed with these obtained results to compute the key result of
this chapter, which gives convergence of the approximate solution to the underlying
asset price. The following theorem first shows the strong error bound of the EM

approximate solution of asset price with stopping time.

Theorem 4.3. Let X (t) be the true solution and xz(t) be continuous EM approxi-
mate solution of asset price. For any positive numbers N and M, define stopping
time s = q A Tn ANCn AT, where q is same as before, Ty = inf{t € [0,7] : X(t) ¢

[+, N} and ¢y = inf{t € [0,T]: |z(t)| & [+, N]}. Then, for any integer p > 2,

E ( sup [X(tAs)—x(tA s)]2) < Cyn (M, N, p)A%D*%], (4.34)

0<t<T

where Cy11(M, N, p) is a constant independent of A.

To prove Theorem 4.3, we establish the following lemma that can be obtained in

the same way as Lemma 4.3 was proved.

Lemma 4.4. There is a constant Carz(M, N,p) dependent on M, N and p but

independent of A such that

E ( sup [z(tAs) —Z(t A 5)]2) < Cy7(M, N, p)Al_%. (4.35)

0<t<T
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Proof. (of Theorem 4.3) For any 0 <t < T, we compute

[(X(tAs)—z(tA s)]2

(4.36)

IS
—~
&

QU

N

| S
3V

4&[Kmm@w»w@—mww»
+3 UOMS WIVV (@)X ()] = o1(7(u)/[o(u) [#(u) "dW: (u)

Taking the expectation for any ¢; € [0, 7], by the Holder inequality and the Doob

2

martingale inequality, we further compute

E(am[qu@—aﬁAsW>

0<t<t:1

<78 [ fon (e () = e Fl s )
+3TE{LHA1&ﬂr@Qﬁ¥@O——aﬂﬂu»f@ofdu (4.37)
128 [ [ )T IX @ = o) Vol do
_ K(t) + F(t) + G(t).
The same way as in computation of (4.18), we have
KO =37E [ o)) = 70 ()

<[Cy8A 4 0(A)].

(4.38)

Similarly, we compute
F(t) =3TE /O tlAS[O&z(T(U))X () — on (7 (u))z (u)]*du
SGNEAHMMNMW)—aN()HX?()+aﬁNwHX@O—$Wﬂ%u
g24Ta§M2[Oglia<>§v (—ri) A+ 0(A)(T +1)

+12Ta8 /Ot1 E[X(uAs)—z(uAs)®+Elx(uns) —z(uns)du.
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Applying Lemma 4.4 yields

F(t) <24Ta2 M? [max (ki) A+ 0(A) (T + 1)

0<:i<

t1
12083 [1°Co 7 (M. N.p) A3 + T / E[X (u A s) — 2(u A s)dul
0

(4.39)
<[Cao (M, N, p) A5 +0(A)
+12Ta7 /tl E[X (u A s) — z(u A s)]*du.
Now, consider
G(t) :IQE/O - [ NVV ()| X (u)|” — o1 (F(u)) ‘ﬁ(u)‘j(u)ygr du
<o [ Sv<u>X<u>29[al<r<u>> — 01 (7 (u)) Pl
0 (4.40)

+ 36E /Otl/\s ol (7(u u)? [\/V —o( )|} i du

2

t1/N\s
+36E/ ot (r(u) o) [|X (w)|” —|z()|]” du.
0
By the mean value theorem, applying the technique used to compute (4.18), we

then have

G(t) <36 M N?’[ max < (—rii) A+ 0(A)]T

0<i<

t1
+ 365%]\7291[2/ V(uAs)—v(uAs)+ v(uAs)—o(uAs)|du
0
t1
+ 3655ME/ [1X (u A s)|? = |E(uns)]) du
0

<36 M N[ max (—ki5)A + 0(A)|T

0<i<N

' (4.41)
+ 3662 N /0 (Efv(uns) —v(uAs)?)

[NIES

du
t1 1
+ 365%N29/ (E[V(uns)—v(uns)?)? du
0
t1
+ 7252 MO* N?0~2 / E[X (u A s) — z(u A s)]*du

0

t1
+ 7252 MO* N*0~2 / Elz(u A s) — Z(u A 5)]2du.
0
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Substituting Lemma 4.3, Lemma 4.4 and Theorem 4.1 into (4.41) yields

G(t) <36 M N[ max (—ki)A + 0(A)|T + 3652N2[Coy (M, p) A "]2T

0<i<N

+ 7262 MO2N?2Cy (M, N, p)A' 5T + 3652N% [Co6(M,p) A "»]2T
+ 7262 MO? N* 2 /0 v E[X (u) — z(u)]*du
<[Ca10(M, N,p) A" 4 0(A)]
+ 7262 MO* N~ /Otl E[X (u A s) — z(u A s)]*du.
(4.42)

Now, substituting F'(t), G(t) and K (t) into (4.37) we get

E ( sup [X(t A s) —x(t A s)]Q)

0<t<ty

< [CasA + 0(A)] + [ Cog(M, N, p)A 5 + Copo(M, N, p)ATI 3] 4 0(8)] - (443)
T
+ [12Ta2 + 7262 MO>* N*—2] / E[X (uA s) — z(u A s)]2du.
0
as desired. The proof of our theorem follows finally from Gronwall’s inequality. [J

The following theorem will be established to show that the continuous EM
approximation will converge in probability to the true solution of asset price. In

this process, we will remove the stopping time condition.

Theorem 4.4. Let X(t) be the true solution of asset price and xz(t) be the its

continuous EM approximate solution. Then,
lim ( sup [X(t) — x(t)]2> =0 in probability. (4.44)
A—0 0<t<T

Proof. In this process, we also divide the whole proof into three steps.
Step 1. In the same way as in computation of (4.5), by a similar technique as was
used to compute (3.59), we have

H(Xo) + 24T + G T + Mai4* T

Py <T) < H(N-Y)AH(N)

(4.45)
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Step 2. By a similar technique used to compute (4.27) but with the EM approxi-

mate solution to the asset price, we obtain

H(Xo) + 2 4 T o AMET L Gy (M, N, p) Az

(4.46)
H(N-Y) A H(N)

Py <T) <

where Cy7(M, N, p) is a constant dependent on M, N and p but independent of
A.

Step 3. For arbitrarily small € > 0 and 6 € (0, 1), set

0y = (w; sup [X(t) —z(t)]* > 5) : (4.47)

0<t<T

By Theorem 4.3, in the same way as in computation of (3.42), we further get that

Co11(M, N, p)A2I""3] , (4.48)

PN (s>T)) < 5

In the meantime, we have

P(Qy) <P(Qe N (s > T)) (4.49)

Substituting (4.25), (4.27), (4.45), (4.46) and (4.48) into (4.49), yields

i3 Qafi2 Qaz — _
L Cen(M, N, p)Az] 4 H(Vp) + 42T + LT + 554°°73T
- d H(M-1) A H(M)
+ H(Vp) + 2l 4 ool T + C_’z,l(]\/ﬂp)A%[l’%

P($2)

2 2 4
H(M-Y)YNH(M)
H(Xo) + 28T + 9T + Moj4* 5T
H(N-Y)ANH(N)
H(X,) + alng X % n G2M420-2T n 67’277(M, N,p)A%[l_%]

(4.50)

4

H(N-1) A H(N)

Now, choose M sufficiently large for

H(Vo) + 42T + 2T + 054°°73T
H(M=) N H(M)

< (4.51)

Y

Wl M
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then choose N sufficiently large for

o [H(Xo) + ST + $T + Mopd T L (452)
H(N-Y)ANH(N) 3

and further choose A sufficiently small for

C’2,11<‘]\/[7 Nap) + 612,1(M7p) 6_12,7(M7 Nap) A%[l—%] < E (453)
) HM-Y YNH(M) H(N-'Y)ANH(N) 3
We then have

P (0212 (X)) —z(@)* > (5> <e. (4.54)
This completes the required proof of our Theorem. O

In practice, the EM approximate solution to the asset price is not computable
though its corresponding step process is computable. Therefore we will establish
the following theorem to show that the step process will converge to the real

solution when the time step is sufficiently small.

Theorem 4.5. Let X (t) be the true solution of the SDE model (4.1) and Z(t) be

the EM step process. Then

lim ( sup | X(t) — w(t)\) =0 in probability. (4.55)

A—0 \ g<t<T
Repeating the same technique which was used to prove Theorem 3.5, a proof of
Theorem 4.5 can be obtained.

Theorem 4.4 shows that the EM approximate solution will converge to the true
solution of SDE model (4.1) when the time step is sufficiently small. Therefore, we
will choose initial condition (X (0) = 1.4,V(0) =0.24), (# = 1.2, =1.1),p = 0.8,
generator of Markov chain I's 3 and coefficients of the SDE model (4.1) (see Table
4.1) to demonstrate its behaviour in practice. Accordingly, we apply MATLAB®

software (see Appendix A for code) to obtain the following graph (see Figure 4.1).
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X(t)

Asset price

o 2 4 6 8 10
Time(t)

Figure 4.1: A sample path of the asset price X(¢) which is generated by the
EM approximate solution to the hybrid mean-reverting-theta stochastic volatility
model over finite time, where § = 1.2 and § = 1.1.

Table 4.1: Coefficients of the SDE model (4.1)
State (a1, as) (g1, po) (01,02)

1 (12,1) (1,0.2) (0.6,0.84)
2 (4,4)  (2,0.7) (0.9,0.6)
3 (7,1.6)  (1,0.3) (0.24,0.56)

82



4.4 Summary

The mean-reverting-theta stochastic volatility model driven by a Markov chain for
asset price gives a more generalized formula of the SDE model (3.6). Even though
it can be seen in financial markets, an explicit solution can not be obtained within
the existing theories. Therefore, we have first proved that the SDE model has
a local unique positive solution with probability 1. Then, an EM approximate
solution to this mode has been established and we obtained a strong error bound
on this approximate solution under the local Lipschitz condition. Finally, we have
shown that the EM approximate solution will converge in probability to the true
solution and obtained the convergence in probability of its corresponding step

process to examine its applications in finance.
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Chapter 5

Mean-Reverting-Theta Stochastic
Volatility Model with Poisson

Jump

5.1 Introduction

The values of financial securities affected by some unpredictable random distur-
bances gain quite a lot of attention due to their jittery movements in financial
markets. Empirical studies show that these financial quantities which give abrupt
structural changes do not perform as assumed by the Black-Scholes type formulas.
However, mean-reverting-theta stochastic volatility models which were discussed
in previous chapters can not be used to examine these jumpy situations. On the
other hand, pragmatic studies of asset price modelling reveal that jump processes
can be used to explain some of these phenomena [1, 45, 48]. Thus, generalization
of existing financial models along with jump processes helps to make appropriate

stochastic models which describe the behaviour of the underlying asset price when
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unpredictable disturbances are present. In other words, a mean-reverting-theta
stochastic volatility model driven by a Poisson jump process can be considered as

one such model that has the SDE form:
dX(t) = aq(pr — X(t7))dt + o1/ V(t—)X(t_)edVVl (t) + 51X(t_)d]\_f1 (1),

dV (t) = ag(pe — V(t7))dt + ooV (17)PdWy(t) 4 6,V (17)d Ny (),

(5.1)

where V(t7) = lim, V(t) and X(¢7) = lim,q X (t), Wy and W; are two scalar
Brownian motions (as before). Moreover «;, y1;, 0; and (§; > —1) are assumed to
be constants, while (a; + \;d;) > 0 for i = 1,2. Further, we let N;(t) to be a
compensated Poisson process which has the form N;(t) = N;(t) — \it, where N;(t)
is a Poisson process with intensity )\; and NN; and W; are independent for i = 1, 2.

Since this SDE model has no explicit solution like the Black-Scholes formula
[8], numerical techniques have become a more popular and powerful tool to find
its approximate solution. More precisely, the Euler-Maruyama (EM) numerical
scheme can be used to approximate a solution to the SDE model (5.1).

In the case of § = 1, convergence of the EM approximate solution to the
SDE model (5.1) has been established by F. Wu et al [76] for constant volatility.
However, there is no information so far for numerical approximate solution to the
SDE model (5.1) when % < 0,3 < 1. In this chapter we will fill this gap.

As the SDE model (5.1) describes asset price, interest rate and volatility in the
financial markets, its solution should be non-negative in practice. Therefore, we
will first prove that the solution to the SDE model (5.1) will be non-negative with
probability 1. Given that the diffusion coefficients of the SDE model (5.1) not
only satisfy the global Lipschitz condition but also the linear growth condition,
strong error bounds of the approximate solution to this model can be obtained.
Thus, we will define the EM approximate solution to this SDE model and establish

upper bounds for the expected value of volatility and asset price by applying the
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generalized It6-Doeblin formula. We will then establish a strong error bound (in
L?) for this EM approximate solution and show that the EM approximate solution
will converge to the true solution as the time step goes to zero. In general, the
continuous EM approximate solution is not computable though its corresponding
step process is computable. Therefore, we will finally establish the convergence
property of the corresponding step process to show that it can be used to examine

applications of the EM approximate solution in finance.

5.2 Non-negative solution

The SDE model (5.1) describes underlying asset price, volatility and interest rate
in financial markets, so a natural requirement is that the solution (X(¢),V(¢)) to
this SDE model should be non-negative. Hence, the following lemmas show that

the solution to this SDE model will be non-negative with probability 1.

Lemma 5.1. Assume % < B < 1. Then, given any initial value V(0) = V5 > 0,
the second SDE of (5.1) has unique global solution V (t) which will be non-negative

for all t € [0,T] almost surely.

Proof. Tt is sufficient to show that SDE, dV (t) = aa(pa—V (t7))dt+0o|V (t7)|PdWs(t)+
8,V (t7)dNy(t), which has unique global solution ¥ ¢ > 0, is non-negative with
probability 1.

To show this, let ag = 1 and for each integer k = 1,2, 3, ...

_ k(k+1) . 1
e 2 ; if B=3,
ap — 1
28—1)k(k+1) | (1—28) . . 1

so that

ak—1 1
/ak Wdu:k;
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For each k = 0,1,2,3, ..., there exists a continuous function 1y (u) with support in

(ak, ak—1) such that 0 < ¢ (u) < kuigﬁ for a;, < u < ap_; and f;:‘l kulzﬁ du =1.

Define ¢ (d) =0 for d > 0 and

_d y
or(d) :/o dy/o Yr(u)du for d < 0.

Then it is very easy to observe that o (d) € C?(R,R) has the following properties:

/

i) —1<¢(d)<0 for ay < |d| < a,_, or otherwise p, (d) = 0;

(i) [ep(d)| < k|d2|25 for ay < |d| < ay_, or otherwise p, (d) = 0;
(i) d= —ap_1 < @p(d) < d- for all d € R, where d- = —d if d < 0 or
otherwise d= = 0.

Now for any t € [0,T], by the Ito6-Doeblin formula for one jump process [70], we

have

’

Elpr(V ()] =0x(Vo) + E/O e (V(u™))[azpe — (a2 + A202)V (u”)]du

1

+3E / o (V (w)odV (™) Pdu (5.2)

+E / orl(1+ 620V ()] — oulV (w ) dNa (w).

Here, we have replaced V (u~) by V' (u), because this will not have any effect on the
Lebesgue integrals involved. This property will be called throughout this thesis

where necessary. Applying the mean value theorem and properties of the function

ox(.) yields

Blon(V(0)] <25+ M [ sup i (s)102V (o)

s€R
03T t
0

2

o5T ¢
<P 4 NlfE [ V() du+ alfalorT,
0
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By Gronwall’s inequality, we further get that

03T

Elpr(V(1))] < [T + A2|52|ak_1T] exp (A2]02|T). (5.4)

Using the (7i7) property of ¢k (.), it is very easy to observe that

o2l
]E[Via)] — Qp—1 S |i27 + Ag‘ég‘ale] exp ()\2|(52‘T), (55)
namely
_ agT
E[V (t)] S T -+ )\2|(52|6Lk_1T exp ()\2|52|T> + ag_1. (56)

Now letting k& — oo we have E[V~(t)] = 0 for all ¢ > 0, that implies P(V(t) <

0) =0 for all ¢ € [0, 7], which means P (V' (t) >0V ¢t € [0,T]) =1 as required. [

Lemma 5.2. Assume % <f0<1 and % < B < 1. Then, given any initial values
V(0)=Vy > 0and X(0) = Xy > 0, the SDE model (5.1) has unique global solution

X (t) which will be non-negative for all t € [0,T] almost surely.
Proof. For any 0 <t < T, we can easily compute
E[V(t)] = Vo + E/Ot asfpe — Vi(u™)]du < Vi + E/Ot aglps + V(u)|du.  (5.7)
By Gronwall’s inequality,
E[V(t)] < R, (5.8)

where R = [V + paasT]e®?T. Applying similar conditions and techniques used in
Lemma 5.1 but with parameter 6, we can define a new function ¢ (b) € C*(R,R)
for b < 0 having the same properties as before. For any 0 < ¢t < T, by the

Ito6-Doeblin formula for one jump process, we have
Eln(X (D) =06(X0) +E | 6,(X()lanp — (an+ Mdy) X (u)du
0
1 [
+5E [ SOV Ol )
0
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e | " ul(L+ 80X (™)) = 6ol X () dNa w).

Applying the mean value theorem, (5.8), properties of the function ¢(.) and the

technique used to compute (5.6), we can easily obtain

o?RT

E[Xi(t)] < |: + )\1]§1|ak,1T exp {)\1’51’T} + ag_1.- (59)

Then letting & — oo we have E[X ~(¢)] = 0 for all ¢ > 0. That implies P(X (¢) <
0) = 0 for all ¢t € [0,T], which gives our required assertion, P(X(t) > 0V ¢ €
[0,7]) = 1. O

5.3 Convergence in second moment

As the jump-diffusion SDE model (5.1) has no explicit solution so far, let us
establish the Euler-Maruyama numerical approximate solution and examine its

convergence in second moment.

Euler-Maruyama approximation

Given time step A € (0,1), let tj, = kA for k = 0,1,2,...[X] while set vy = V/(0) and
zo = X(0), where [£] is integer part of £. The discrete time EM approximation

of the model is defined by

Tpy1 = T + a1(pg — ) A + 014/ \kaxk]@AWl + 612, AN,

Ukt = Uk + 2tz — ) A + 02| | AW, + G2, AN,

where AWZ = [VVz(tk—H) — Wl(tk)] and ANZ = [Nz<tk+l) — Nz(tk” for i = 1, 2. The

corresponding continuous EM approximate solution is defined by

z(t) =xg —i—/o ap(py — |z(u)|)du + i o1/ |0(w)||Z(w)|?dWy (u) —i—/o 61| Z (u)|d Ny (u),
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o(t) =vo + / ey — [0(u)])du + / oot () PAWa () + / 510(11) AN (u),

DS

(x] (%]
where Z(t) = Trli ) (t) and o(t) = Ukl t0.0)(t) are step processes.

0 k=0
That is Z(t) = z, and 0 = vy for t € [ty, tyi1), £ =0,1,2,..[%].

i

Upper bound

The coefficients of the SDE model (5.1), when % < 0,5 < 1, satisfy not only the
global Lipschitz condition but also the linear growth condition. Therefore, we will
establish an important property by the following theorems, i.e. the convergence in

second moment (in L?) of the EM approximate solution.

Theorem 5.1. Let V(t) be the true solution and v(t) be the EM approximate
solution to the second SDE of model (5.1). Then, for any p > 2, there is a
constant Ry(p) dependent on p, T, Vi but independent of A, such that
B swp VOl ) VE ( sup b(0F) < R0 (5.10)
0<t<T 0<t<T

Proof. For any 0 <t < T, compute
p

t
V(P <4r Vol + 47! / otz — V(™ ))du
0

(5.11)

p
+477

p
+4r

/0 0|V (u™)|PdWy(u) /O 5o|V (u™)|dNy(u)

Taking the expectation for any ¢; € [0, 7], we then have

E ( sup |V(t)|p> <4 NP + 4P 'E ( sup

p
0<t<ty 0<t<ty )
p) (5.12)
)

By Burkholder-Davis-Gundy’s inequality and Hoder’s inequality. we further get

/Ot as(pg — V(u™))du

+4P7'R ( sup

0<t<ty

/ ooV (™) [P dWo(u)

0

+ 4R ( sup

0<t<t1

/0 oV (™) N (1)
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that

t1
AP VP + 4p TP abyd 4 4P TP T R / |V ()| du
0
perl % p—2 h
g [W} TR /0 2|V ()PP du (5.13)

+1 5 1
AN S / 5afP |V ()P
2(p—1>p_1 0

which takes the form

+ \pdP1 {

t1
§4p1’%’p+4p1Tp2p1a12’ug+4P1TP12plagE/o |V (u)[Pdu

) pp+1 % b2 » t1 »
p— - R bl p
+4 {2(}?_ 1)p1} T U2E/0 \V(u)|2 + |V (u)Pdu
+1 % B t1
ot [Pty / 107V (w) |Pdu
2(p—1)r! 0
" (5.14)
<AV + 4P TP bl + 4P TP T2 g / |V (w)[Pdu
0
+1 5
TS B R s S
2(p = 1)r!
1 P! : p2 p "
-l 2 b3 p p
+4 {2@ — 1)p_1] Tz (205 + 2|0 )E/O |V (u)|Pdu.
By Gronwall’s inequality, we then compute
E < sup |V(t)|p> < ApetT (5.15)
0<t<T

where = [479_1'%"? + Tl + 4 |

F TpﬁagT] and

p+1
AQ = |:4p—1Tp—12p—1O£ -+ 4p—1 [2(pp_1)p71

:|§ Tp2;2 (203 + )\2|52’p):| .

Analogously, we can derive

E < sup |v(t)|p> < AgeT, (5.16)

0<t<T

By (5.15) and (5.16), we have

E ( sup |V(t)|p) VE ( sup |v(t)|p) < AT v Aze™T = Ry (p), (5.17)

0<t<T 0<t<T
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as required. The proof of Theorem 5.1 is therefore complete. O

Theorem 5.2. Let X (t) be the true solution and x(t) be the EM approximate so-
lution to the asset price. Then, for any p > 2, there is a constant Rs(p), dependent

on p, T, Xo, Ri(p) but independent of A, such that

E (sw 1X(OF) VE (s o)) < Ralr) (5.18)

0<t<T 0<t<T
Proof. In the same way as in computation of (5.13), we can easily compute

e (s 1x(0r)

0<t<t1

t1
4P X P 4 4P TP ok 4 4P TP I2P LN / | X (u)|Pdu
v ’ (5.19)

pp+1 2 p—2 t P P 0
_r g V()51 X (w)Pd
o] TEE [ et
A {L] et / * u P () P

2(p— 1)t 0

+477 {

By Hoéder’s inequality, we then have

t1
4P X P 4 4P TP ok 4 4P TP I2PL N / | X (u™)|Pdu
0

pp+1 2 31
+4p1{ p_l} TR / V)P + o | X () Pdu (5.20)
0

2(p—1)

1 ppH 2 p=2 n
+ M4 | T2E/ 0P| X (u™)|Pdu.
1 {2<p—1>p—11 , )]

Applying Theorem 5.1, we further get that
t1
4P X |P 4 4PTTP2P ok 4 4P TP IR / | X (u)[Pdu
0

pp-i-l
2(p — 1)pt
pp-i-l
2(p — 1)pt

t1 t1
<B; + BQ/ E]X(u)]pdu+83/ E|X (u)[*du,
0 0

5 L t1
+ 4P~ 1 { } Tz [Rl(p)T + ]E/ aﬂX(u)]deu}
0

(5.21)

2 _ t
+4r71 { ] T (A1]61|P + ob) IE/ | X (w)|Pdu
0

ya
2

where Bl = |:4p_1’X0’P + 4p—1Tp2p—1a1:!l)lu117 + 4p—1 [%}

T”EQRl(mT} ,
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ppt1 } %

—2
W TPT ()\]_ ’6]_|p + Uf) and

By = [4P—1TP—12P—1a71’ T+t

pp+1

— —1
By =47 |

} 2 Tp%z Jf .
On the other hand for any 0 < ¢ < T, applying the 1to-Doeblin formula of one

jump process to the asset price yields

B0 =T(0X0) +E [ plX (@[ [onm (01 + 5:0) X ()] du
+ 38 [ otalo = DIX@P V)X () de
+E/0 A [[(L+ 60X ()P — [X (w))?] du

<T(X0) + B [ X1 = (o + 6170 X ()]
+ 38 [ otplo = DIX PV )X () du
+E/t (L + 671X (w)[Pdu

SWXﬁ+E/pWWW“WmnP—@%%%QXWﬂM
le / |X |p+26 QV( ) |: _ V(<al);;(6;>\_)1)|X(u>|2_29:| du

(5.22)

{1_&2_291 <0 ; if M<X(t);
M

<1 ; if 0<X(t)<M,

we further get that

t i (r—1) t
E[[(X)] SF(XO)—I—pal,ul/ {%} du+E/0 A (L + 6,)7) X (w) Pdu

0 Ofl + 51A1
opp—1) [L[V(woei(p—1)]"==
+ 2 ]E/O { (a1 4+ 01A1) ] Viu)du
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200y } b

t
<T0X) + pau |22 sy [ X Pd

(a1 +61A) 0
2 ( 1 220262
o1p(p
V 2- zed
+ 2 l oq + 51)\1 :| / ’ | Y
2001 11y /
<I'(X —_— T+ A 5 )PE X (u)|Pd
<I'( o)+p&1u1[(al+6l>\l)] + A (1+61) | X (w)["du
hlp—1) [ oAp—1) |5 ;
+ TR @=20p1 |
2 |:(041 + (51)\1):| [ 1(p)]
where p; > 555, By Gronwall’s inequality, we then have
E[X(1)[" < D(p)1e”®=T, (5.23)
where D(p)s = [)\1(1 + 51)@ and
o (r—1) o2p(p— o2 (p— W +P1
Dip)s = [(Xo)+parya [ 7 + g0 [ ] [ )] T

Now, substituting (5.23) into (5.21) yields

t1
E ( sup |X<t>|P) < By + B,D(2p):e"™*"T 4 B, / E ( sup |X<u1>|P) du.
0

0<t<ty

Applying Gronwall’s inequality, we further get that

E ( sup |X(t)|p) < (B + B3D(2p)1@D(2P)2TT> BT = By, (5.24)

0<t<T

Analogously, we obtain

E ( sup |:1:(t)|p) < Bs. (5.25)

0<t<T

By (5.24) and (5.25), we then have

E ( sup |X(t)]p) VE ( sup |x(t)]”) < B,V Bs=Ra(p),  (5.26)

0<t<T 0<t<T
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as required. The proof is therefore complete. [

Convergence in second moment of v(t)

The solution to SDE model (5.1) is non-negative with probability 1, and an upper
bound for the expected value of the solution to this SDE model can be obtained
under the linear growth condition. Let us establish the following theorem to show

that the EM approximate solution to the volatility will converge to the true solution
in L.
Theorem 5.3. Let V(t) be the true solution and v(t) be the EM approximate

solution to the second SDE of (5.1). Then,

lim ( sup E|V(t) — v(t)|) = 0. (5.27)

A—0 0<t<T
To prove Theorem 5.3, we need the following Lemma that shows the closenesses

of v(t) and v(t) when A is sufficiently small.
Lemma 5.3. There exists a constant Cs; independent of A such that
E[v(t) — 5(t)]* < Cs,1A. (5.28)
Proof. For any 0 <t < T, let [ﬂ be the integer part of i. We have
v(t) —o(t)
t t

= t oo (e — v(u)| du + 02@quWQU+ 5277UdN2u7
/HA ) /mA o(u) PdWWau) /mA (1) u)



Applying the Holder inequality and Theorem 5.1 yields

E [v(t) - o(t))"

[V

<6a3(43 + B (2)) A2 + 303l ]

4
+ 38 (Blp | |E {NQ(@ - NQ(%]A)}
<6a2(12 + R (2))A + 302[R, (4)]% [3A7]7 + 362[R, (4)]F [3A2A%]% < Cy,A,
(5.30)
as required. The proof of Lemma 5.3 is therefore complete. O]

Proof. (of Theorem 5.3) For any 0 < t < T, compute
(V) - o)
~ (0a + Xate) [ (V) - o)) du+ / o (V) ~ o)) dWa(w)
4 /0 (Vo) — 5(w) dNa(w).

Now, set e(u) = (V(u) —v(u)) and e(u”) = (V(u~) —v(u)). Then, applying

Ito-Doeblin’s formula for one jump process yields

<]E/ |90k CY2+/\252 ‘V u)‘du
" 7E/ [pr(e(u )] [V (u)’ ~ |@<u>|ﬁ!2du (5:31)
+ ME / k(1 + B2)e(u)) — prle(u™))]| du.

By the well-known mean value theorem, we have
t
E(er(e(t))) SE/ (2 + Aod2) [V (u) — 0(u)| du
0
O‘% t ” 2
+ 71[“3/0 i (e()] [V () — [o(w)]”]” du (5.32)

t
+ A2[02|E |Su]g90}g(8)| V(1) = v(u)| du.
0 EIS
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Substituting the properties of ¢y(.) and Lemma 5.3, we obtain
t
E(pr(e(t))) S/ E(az +2X2]02]) [V (u) — v(w)| du
0
t
+/ E(as + Aody) |o(u) — 5(u)| du

P / (e [V(w)? - [o(w)] du

t ) (5.33)
+ USE/O [er(e()] [[v(w)]” — [o(u)|°]” du
t 1
g/ E(as + 22a]82]) V() — v(u)| du + (s + \oa)C, AST
0
2527 03T Cy AP
k /{:azﬁ .
This, together with (iii) property of the function ¢(.), gives
t 1
E(e (1)) §/ E(ag + 2X]02|) |V (1) — v(w)| du + (g + )\252)032’1A%T
0
.34
2527 03TCY AP (5:34)
L kaiﬁ + Qg_1-
By Gronwall’s inequality, we have
sup E |V (t) — v(t)]
- (5.35)
1 2 202T '
< |(as + )\252)C§1A%T L kaﬁﬁTCf,lM 4 20l 4y | etz r2rleDT
ay,
Now, choose k sufficiently large for
2
2(72T T e(a2+2>\2|52\)T < E (5.36)
k 2
and further choose A sufficiently small for
L 2
(z + Xa02)CZ ABT + k”gﬁTo?ﬁlM eloatalda)T g (5.37)
ay,
We then have
sup E|V () —ov(t)] < e, (5.38)

0<t<T
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which complete the proof of Theorem 5.3. O

The following theorem shows that the EM approximate solution to the volatility

will converge to the true solution in L2, with the support of Theorem 5.3.

Theorem 5.4. Let V(t) be the true solution and v(t) be the EM approximate
solution of the second SDE of (5.1). Then,

lim (02% V(t) — v(t)]2> = 0. (5.39)
Proof. For any 0 < ¢ < T, we compute
[V(t) —v(®))?
<taf | [ (V) o) ]
1352 Uot (V(u) - o(u)) dN2<u>1 B

2 2

+ 302 { /0 (V)P = [5(w)|?) dWa(u)|  (5.40)

Taking the expectation for any ¢; € [0,7], and applying the Burkholder-Davis-

Gundy inequality and the Holder inequality, we then have

E (s V(0 - (o))

0<t<t:

< [3037 + 122,03 |E /0 ! [V(u) = o(u)]” du + 1202E /0 ! [V (u)® - [o(u)|?]” du.

Rearranging the terms on the left hand side, we further get that

< [302T + 12),82] E /0 ! [V(u") — ()] du + 1202E /0 ' [V (u™) = o(u)]* du

< [3a3T + 12X265 + 12073 E/tl [V (u) — 5(u)]? du + 1202E /t1 |V (u) — v(u)| du.
0 0

By Lemma 5.3, we then compute

<2[302T + 122982 + 1202] /0 "B V() — o(u)]? du + 1202 /0 "B V() — o(u)] du

+ Cs0A2.
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Now, applying Gronwall’s inequality, we have

B (s (V) ~ o(0)?)

0<t<T

< {120§T ( sup E|V(t) — v(t)|) + 0372A§} o603 T+240263 +2403]T

0<t<T

(5.42)

The proof of Theorem 5.4 finally is completed by Theorem 5.3 and letting A —
0. O

Convergence in second moment of x(t)

Now, we will establish a necessary condition for convergence in second moment of

the asset price by the following theorem.

Theorem 5.5. Let X(t) be the true solution and xz(t) be the EM approximate

solution to the asset price: Then,

lim ( sup E|X(¢t) —x(t)| ) =0. 5.43
tim (sup E1X(0) - () (5.43
To prove Theorem 5.5, we need the following lemma which gives the close form of

z(t) and Z(t) to each other when the time step A is small enough.

Lemma 5.4. There exists a constant Cs 3 independent of A such that

E [z(t) — 2(1)]* < C53A2% (5.44)
The proof can be obtained by the same way as Lemma 5.3 was proved.

Proof. (of Theorem 5.5) For any 0 < ¢ < T, compute
(X(t) — 2(t)) = — (a1 + \i6y) /Ot (X(u™) — 2(u)) du
+ /Ot o (X )V ()] = f2(w)*/[o(w)]) dWi(u)  (5.45)
5 /0 C(X() = 2(w)) ANy (u).
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Now, set e(u) = (X (u) — z(u)) and e(u™) = (X (u™) — x(u)).

Applying the Ito-Doeblin formula for one jump process yields
<IE/ |¢,,C [[ar + A1d4] ‘X —z(u ’du
+71E/0 (el )| X () VIV @] — fa )/ o) du
# 08 [ 6+ 8)elu) = oulelt)

By the mean value theorem, we then have
E(¢k(e(t)))
t
gE/ o+ M) | X (u) — 2(w)| du
0

+ 7K / (el DX @ [V - V@] du

2

+03E/0 [ (e(w))[o(w)] [X (u™)’ —|2(uw)|]” du

t (5.46)
+)\1|51|E/ Sup|(/§k O)] | X (u™) — z(u)]| du,

<]E/ [ + M1 | X (u) — Z(u )|du—|—)\1\51|E/ | X (u) — z(u)| du
+a%E/ 164 () | X () |V (1) — 0(u)] du

+ Jf]E/ o (e(u))||o(w)] [X (u) — Z(u)]* du.
0

Applying the property of ¢x(.) we further compute

t

SE/O[a1+2A1|51H X(u) — 2(u >|du+E/[a1+A151] 2(u) — 2(w)| du

2
+k;'219E/X 29|V()—v |du—|—k0219]E/X (u)? |v(u) w)| du

4
+%E/ 5 |du+k 5 / 15(u W) + e (u) — 2(w)[?] du.
0

Using Holder’s inequality, we further get that

NI

g[a1—|—2)\1](51]]/0 ]E\X(u)—x(u)\du+[a1+)\151]/0 (E Ja(u) — 2(u)[*)* du
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L 2o /0 (EX(0)*) (E|V(u) — v(w)|?)? du

ka%e
207 [ 10\ 3 N2\ 3
20 [ EX ) (E o)~ 5w)) du
k Jo
402 [t 1 402 [t 1 B 1
+—L [ Elpw)?)?du+—5 [ (Elo(w)]*)? (E|z(v) — x(u)]Q) >du
k Jo kai’ Jo
40_2 t - 1 - %
+ m;e/ (E|v(u)|2)2 (E |z(u) — x(u)|4) du.
k Jo
Applying the natural relationship
sup [o(u)]* < sup |v(u)f?, (5.47)
0<t<T 0<t<T

by Theorem 5.1, Theorem 5.2, Lemma 5.3 and Lemma 5.4, we then compute

N

t
S [011 + 2)\1|51|] / E |X(u) — ZL’(U)| du + [Ozl + )\151] <0373A2) T
0

(SIS
NS

201 (R2(4))

+ 2 (6 v - o)+ 2ZHBE 0yt

ka2?
102 (R1(2))? T 402 (R1(2))? (C55A2) 1T 402 (R1(2))? (C55A2)2 T
+ + 20 + 20 :
k ka; ka;
Now, substituting Theorem 5.4,
B ( s (V) o(0)?)
0<t<T
< {120§T ( sup E |V (t) — v(t)|) + 0372Aé:| el603T+242285 +2403)T (5.48)
0<t<T
= A(A) + T(EA) + ©(k),
yields
E(¢x(e(t)))
t 1
<[ar + 2 )64]] / E|X (u) — 2(u)| du + a1 + M) (Cos?) ¢ T
0
202 (Ry(4))7 (A(A) + T(KA) + O(k)2 T 202 (Ro(4))? - (5.49)
— + = (C51A)2T

20 20
kaj ka;

402 (Ri(2))2 T 407 (Ba(2))2 T| (C33A%)7 + (Cs3A%)
+ + 20
k ka;!

N|=
D=

|
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Noting e (t) — ax—1 < dr(e(t)) < e (t), we further get that

E(e™ (1))
t 1
<ar 1 + [a1 + 22]81]] / E|X (u) — 2(w)| du + [a1 + Mé] (Cos?)E T
0
202 (Ry(4))% (A(A) + T(kA ST 202 (Ry(4))? 1
208 () (M) T8 + 6T | 208 (R0)* (1
ka ka
k k
1 1 1
40-% (R1(2>)% T 40’% (R1(2>>2 T (0373A2>4 + <03,3A2>2 i|
+ 26 :
k ka,
By Gronwall’s inequality, we then have
sup B | X (u) — z(u)]
0<t<T
2 g 1 2 1
<, + 207 (R2<4))29 O(k)zT N 407 (R1(2))2 T
ka
k
202 (Ry(4))% (A(A) + T(kA))E T .
L 20 (R D) L XGANET | vt
ka2?
108 (Ri(2))? |(Caal?)T + (Cy38%)F | T
+ ka29
k
202 (Ry(4))? :
+ 1 (ka22§ )) (O&lA)Q T 6[041+2>\1|(51HT.
k
Now choose k sufficiently large such that
2 1 1
20t (Ra()f ORIT | 4ot (R T | | evsampir _
ka2? k 2

and further choose A sufficiently small such that

2]
2

(A(A) + T(kA))Z T

20
ka;

201 (R2(4))

Bl

T

+ [061 + )\151] (0373A2)

202 (Ry(4))?
kaie

407 (Ry(2))

N[

(C31A)2T

N[

[(0373&)% + (cg,gAQ)ﬂ T

_'_
ka2?

] lart2n s g'
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Hence, we have

sup E|[X(u) —z(u)| <e (5.54)
0<t<T
as required. The proof of Theorem 5.5 is therefore complete. O]

Now, we will establish the following theorem to show convergence in second mo-

ment of the EM approximate solution to the asset price.

Theorem 5.6. Let X(t) be the true solution and x(t) be the EM approximate
solution to the asset price. Then,
lim E ( sup [X(¢) — x(t)]2> =0. (5.55)
A—0 0<t<T

Proof. For any 0 < t; < T, we compute
B ( s [X(0) - o))
0<t<t

2

§30€TE/0 1 [X(u) —z(uw)] du

L 120°E / " [Vx @) - V@] du
+1200%E / " X () — 2(w)] du

<[3a3T + 12/\15%]151/;1 [X(u™) — :E(u)}2 du

+120°E /0 ’ V)X () \/sz(u)wrdu (5.56)

<[3a2T + 12)\1(5%]]E/0 (X (u) — Z(u)]? du

+ 480%E /Otl X [V )~ Vil du
5ot [ o) [V - VITG] du

2

+ 480°F /0 o(w)] [X (@) — 2(w)|]® du

2

+ 480%151/0 1 |0(u)| [|x(u)|9 — |f(u)|9} du.
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Rearranging the terms on the right hand side, we then have
t1
<2[3a2T + 12\, 8JE / X () — 2 (w)]? + [2(u) — 2(w)]? du
0
t1
+ 48051@/ X (w)** [V () = v(w)] + o ()| * [o(u) — 0(u)| du
0

. (5.57)
+ 48031[‘3/0 [o(w)| 1 X (u) — x(u)]* + Jo(w)| X (u) — z(u)| du

t1
+ 480%1[43/ 10(w)] |z (u) — Z(w) ] + |o(w)] |2(u) — (uw)| du.
0
By Theorem 5.1, Theorem 5.2, Lemma 5.3 and Lemma 5.4, this yields

E (s [X(0) - o))

0<t<ty

<2[305T + 12X,67] </0t1 E[X(u) — z(w)]? du + [03,3A2]5T>

/0“ [E (02}; [V (u) = v(ul)Fﬂ o

[C5,A]2T + 4807 [RI(Q)]%T([C&?) A2 4 [Cy 5073 )
[ @1 )
/Otl (E|X (u) — z(u)])

t1 )
<2[3a2T + 12X,67] / E|X (u) — z(u)|” du + Cy4A>
0

[ [ et o

t1 %
[ (s B —otu)) o
0 0<u; <u

+4862(Ry ()] 27 Ra(7)] / tl( sup E|X(u1)—x(u1)\)idu

0 0<u1<u

N[

+ 4807 [Ry(4)]

N[

+ 4807 [Ry(4)]

1

(E|X (u) — a:(u)|3) T du

N[
NI

+ 4807 [R1(2)]

N|=
=
el

+ 4802[Ry(2)] (E|X (u) — x(u)|")* du

N[

+ 4807 [Ry(4)]

=

+ 4802 [Ry(2)]2 [8Ra(3)]

131
§ng4A% + 2[3a2T + 12)\1(5%]/ (]E sup [X(uq) — x(ul)]2> du
0

+ 4802 Ry(4))? (]E sup [V(u)—v(u)]2> T+ Csp ( sup E|X(u)—x(u)])iT.

0<u<T 0<u<T

(5.58)
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Applying Gronwall’s inequality, we have

1

C34A7 + 4802 T[Ry(4)]2 <IE sup [V (u) — U(U)F)Q

0<u<T

B sup (X(0) -~ a(0F) <

0<t<T

1

+ Cys ( sup E|X(u) — x(u)|) ‘1

0<u<T

62(3a%T+12)\15f)T.

(5.59)
The proof is therefore completed by Theorem 5.4, Theorem 5.5 and letting A —
0. m

Theorem 5.6 shows that the continuous EM approximate solution will converge
to the true solution though it is not computable in practice. Therefore, it is
required to show that the corresponding step process, which is computable, will
converge to the true solution of the asset price when the time step is sufficiently
small. Thus, the following theorem will establish the convergence property of this
step process which can also be used to examine applications of the EM approximate

solution in finance.

Theorem 5.7. Let X (t) be the true solution and x(t) be the step process of the

EM approximate solution to the asset price. Then,

lim (sup E‘X(t) —f(t)D — 0. (5.60)

A—0 0<t<T

Proof. We can easily compute

( sup E|X(t) — q‘:(t)|) < ( sup E|X(t) — x(t)|) + < sup E|z(t) — q‘:(t)|) :
0<t<T 0<t<T 0<t<T

(5.61)
Then, the required proof of Theorem 5.7 will be completed by Lemma 5.4, Theorem

5.6 and letting A — 0. O

Theorem 5.7 shows that the step process of the EM approximate solution will

converge to the true solution. We will apply MATLAB® software (see Appendix A
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for code) with initial condition (X (0) = 0.3,V(0) = 0.5), p = 0.1, (¢ = 1,8 = 0.5),
A1 = 1, A2 = 2 and coefficients of the SDE model (5.1)(see Table 5.1) to illustrate
its behaviour in practice (see Figure 5.1).

Table 5.1: Coeflicients of the SDE model (5.1)
Case Parameters

SDE1 =10 X(0)=03 a1 =2 m=2 o01=2 0,=2
SDE2 B=05 V(0)=05 ar=1 =05 oo=1 =1

30

X(t)

25}

20

15

Asset price

10

0 2 4 6 8 10
Time(t)

Figure 5.1: A sample path of the asset price X (¢) which is generated by the EM
approximate solution to the mean-reverting-theta stochastic volatility model with
Poisson jump over finite time, where # = 1 and § = 0.5.

5.4 Summary

The convergence property of the EM approximate solution to the mean-reverting-
theta stochastic volatility model driven by a Poisson jump process has been ex-

amined in this chapter, for parameters % < 0,5 < 1. In this process, we have
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first proved that the unique global solution to SDE model (5.1) is non-negative
with probability 1. Then, we have obtained convergence in second moment of the
EM approximate solution to this SDE model when the time step is sufficiently
small. Finally, the convergence property of the corresponding step process has

been obtained to show that it can be used to evaluate applications in finance.
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Chapter 6

Jump-Diffusion Stochastic

Volatility Model for Asset Price

6.1 Introduction

In contrast to the SDE model (5.1) examined in the previous chapter for parame-

1

5 < 0,8 <1, we will examine the same SDE model in this chapter but with

ters
parameters 6 and [ greater than 1. Even though many applications of this highly
sensitive SDE model can be seen in financial markets where random disturbances
occurred, explicit solution to this model can not be obtained within the existing
theory. Thus, the Euler-Maruyama (EM) numerical scheme has become a more
appropriate way to study and examine its behaviour in practice. In this process,
the convergence property of the EM approximate solution to the true solution plays
a very important role though existing techniques are not strong enough to show
this important task. Thus, we will develop the necessary financial instruments to
fill this gap in this chapter,.

The SDE model (5.1) was mainly developed to examine behaviour of the un-

108



derlying asset price and volatility, even though there is no information on the
non-negative solution when 1 < 0, 5 < oo. Therefore, we will first prove that solu-
tion to this SDE model is non-negative with probability 1. We will then consider
the EM approximate solution to this model which has been defined in Chapter 5
but with parameters # and [ are greater than 1. Since this model satisfies the local
Lipschitz condition, the strong error bound of this EM approximate solution can
be obtained with stopping time. Therefore, we will show that the continuous EM
approximate solution to the SDE model (5.1) when 1 < 0,8 < oo will converge
in probability to the true solution. However, this continuous EM approximate
solution is not computable in practice, but its corresponding step process is com-
putable. Hence, we will finally show that the step process of the EM approximate
solution will converge in probability to the true solution when the parameters 6
and [ are greater than 1 and this property can also be used to examine applications

of this EM approximate solution in finance.

6.2 Non-negative solution

As the SDE model (5.1) mainly describes behaviour of the underlying asset price
and its volatility in financial markets, a natural requirement is to have a non-
negative solution (X(t),V(t)) in practice. Thus, we will establish the following
lemmas to show that the solution to the SDE model (5.1) will be non-negative
with probability 1 when parameters # and [ are greater than 1. However, we will
omit the proofs of these lemmas since they can be obtained in the same way as
Lemma 5.1 and Lemma 5.2 were proved but with

(24 — Dk(k +1)] @™
2

A —
for k=1,2,3,... and 1 < A where A € {3, 0}.

109



Non-negative V (t)

Lemma 6.1. Assume 1 < < co. Then, given any initial value V(0) = V4 > 0,
the second SDE of the model (5.1) has unique local solution V(t) which will be

non-negative for all t € [0,T] almost surely.

Non-negative X (t)

Lemma 6.2. Assume 1 <0 < oo and 1 < f < co. Then, given any initial values
V(0) =Vh > 0 and X(0) = Xy > 0, the SDE model (5.1) has unique local solution

X (t) which will be non-negative for all t € [0,T] almost surely.

6.3 Convergence in probability

In general, SDE models have no explicit solutions, hence study of numerical ap-
proximate solutions is useful to understand the behaviour of systems. In this sec-
tion, we will examine the EM numerical approximate solution to the SDE model

(5.1) defined in Chapter 5 but with the parameters 6 and § greater than 1.

Convergence of v(t) in probability

The diffusion coefficients of SDE model obey the local Lipschitz condition though
do not satisfy the linear growth conditions. We can not appeal to convergence
in second moment of its approximate solution within the existing theory. Thus,
the following theorem will establish a strong error bound of the EM continuous

approximate solution to volatility with stopping time.

Theorem 6.1. Let V(t) be the true solution and v(t) be continuous EM approz-

imate solution to the second SDE of (5.1) when 1 < [ < oo. For any positive
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number M, define the stopping time q = pyr A yp AT, where pyy = inf{t € [0, 7] :
V(t) & [57. M]} and vy = inf{t € [0,T] : |v(t)| & 57, M]}. Then, for any integer
p=2,

E ( sup [V(tAq) —v(tA q)]Z) < C4,Z(M,p)A1_%, (6.1)

0<t<T

where Cyo = Cyo(M,p) is a constant independent of A.

To prove Theorem 6.1, we need the following lemma that shows the closeness of

the z(t) and Z(t) when time step is so small.

Lemma 6.3. There exists a constant Cy1(M,p) dependent on M and p but inde-

pendent of A such that

E ( sup [o(t A q) — 0(t A q>12) < Cya(M,p)AT . (6.2

0<t<T

Proof. For 0 < ¢ < T, let [£] be the integer part of . We then have

v(t Ag) —o(tAqg)

= o s g — V(U U " Ugﬁuﬁ 2 (U o 2U(U _gu
Jogp e =2t [ B+ [ S,
(6.3)
which gives
v(t Aq) —o(t A q)]2 <6a(us + M)A? + 302 M?° [WQ(t/\ q) — WQ([tgq]A)
+305M [NQ(t/\Q) - NQ([tgq]A)r-
(6.4)

Taking the expectation, we further get that

e sup fote ) ot o))

0<t<T

<603 (uz + M)A? + 302 M*E ( sup {Wz(t) — Wz([i]A)} )

0<t<TAq A
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+35§ME< sup {N2(t) - N2([%]A)} )

0<t<TAq

0<t<T

<603 (15 + M)A* + 305 M*’E | sup [W2(t) - Wz([i]A)} )
2 Y o it ’
+ 305 ME (OiltlET |:N2(t) — NQ([Z]A)} ) :

Applying the technique used to compute (3.27) yields

E ( sup [v(t A q) — Bt A Q)]Q)

0<t<T

1
P

o \7
<6ay (3 + M*)A? + 302 M*P [(2]: 1) (2p — DIAPTH(T + 1)

. (6.5)
2 2p P
+ 3620 [/\’2’ (2 b 1) (2p — DUAP~Y(T + 1)
§C4,1(M’P)A1_%-
as required. The proof of Lemma 6.3 is therefore complete. m

Proof. (of Theorem 6.1) For any 0 <t < T, compute
2 tA\q 2
V(tng —v(tng)| <3 [/ 0V (u) — @(u)]du]
0

+3 Uomq 2|V (u)|” = |17(U)V3]dW2(U)}2 (6.6)

Taking the expectation for ¢; € [0,T], we then have

e (s Wer) - o)

0<t<ty

<3E (02151 [ /O o o[V (u™) — v(u)]d(u)] 2)

+ 3E ( sup [/Ot/\q oo [[V ()P = [o(u)|’] de(u)} 2)

0<t<ty
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+3E (02151 [ /0 - 8oV (u”) — v(u)]ng(u)} 2) .

By the Burkholder-Davis-Gundy inequality and the Holder inequality, we further
get that

ggagﬂa/o Vu) - o(u))? du+1za§E/0 V() = o))’ du -

t1Nq 9
+ 125%)\2152/ [V(u) — o(u)]” du.
0
Applying the mean value theorem yields

< [3a3T + 12650 E /t1 [V(uAq)—o(unq)] du

t1
+ 1203521\42521%3/ [V(uAq)—o(uAq)du
0 . (6.8)
< [603T + 2465)s + 2403 B2 M*P 2| E / [V(uAq)—v(unq))du
0

t1
+ [603T + 24655 + 2405 8° M*P 2] E/ [w(u A q) — o(uAq)) du.
0
By Lemma 6.3, we then have

E ( sup [V(tAq) —v(tA C])]Z)

0<t<ty
t1
< [603T + 2465 + 2405 8° M* 2] E[V(uAq) —v(uAq)du (6.9)
0

+ [603T + 24655 + 240582 M*P 2] Cy1 (M, p) JAET,

An application of Gronwall’s inequality will therefore complete the proof. m

Now, we will remove the stopping time of volatility by the following theorem
and show that the EM continuous approximate solution of the volatility will con-

verge in probability to the true solution.

Theorem 6.2. Let V(t) be the true solution and v(t) be the approximate solution

to second SDE of (5.1) when 1 < < co. Then,

lim < sup [V (t) — v(t)]2> =0 in probability. (6.10)

A—0 0<t<T
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To prove Theorem 6.2, we need the following lemma which gives the upper bound

for expected value of the continuous EM approximate solution to the volatility.

Lemma 6.4. There ezists a constant Cy4(M,p) which dependent on M and p, but

independent of A such that
E(u(t Ayar)) < Z + Cya(M, p)ARE=3, (6.11)
where Z is a constant independent of A.
Proof. For any 0 <t < T, we compute
tAYM
E(u(t Ayar)) < Vo + agpisT + as / E|o(w)|du. (6.12)
0
Rearranging the terms in right hand side, we further get that
E(v(t Ayar))
tAYM tAYM
<V + agpeT + o / E[|o(u)] — v(u)]du + agy / Ev(u)du (6.13)
0 0
tAYM tAYM
<Vb + aopoT + / Elv(u) — v(u)|du + as / E(v(u))du.
0 0
On the other hand, in the same way as in computation of Lemma 6.3, we obtain

E ( sup [v(t Ayp) —o(t A ’yM)]2> < Cy3(M, p)AI_%, (6.14)

0<t<T
where Cy 3(M, p) is a constant independent of A. Now substituting (6.14) in (6.13),

we further get that

E(v(u A yar))
11 1 tAYM (615)
<Vo + aopaT + o (0473(M, p)A _5> T+ 042/ E(v(u))du.
0
By Gronwall’s inequality, we have
1
E(’U(U A "YM)) S |:% + CKQIU/QT “+ Qi <C473(M,p)A1_5) ’ T‘| €a2T
(6.16)

=7 + Cua(M,p)AZIH,

114



as required. The proof of Lemma 6.4 is therefore complete. O

Proof. (of Theorem 6.2)
The proof is rather complex, so we will therefore divide the whole proof into 3

steps.

Step 1: Applying the It6-Doeblin formula for one jump process for ¢; € [0, T yields
E[H(V (ti A pur))]

_H(Vy) +E /0 T (V) gt — (as + o)V (u0)] du

| (6.17)

tiAPM .
+§E/ H' (V(u))oiV(u ) du
0

+E/01 M+ 0V (o)) — HOV (07 ) dNo(u),

where function H(.) has been defined in Lemma 3.1. By the mean value theorem,

we then have

E[H(V (t1 A pur))]

<H(Vi) + E/O o %[V(u)é — V() [sgin — (@ + Aada)V (u)|du
+5E [T W - 3V v P

tiApPM L 1
+ /\QE/ sup[s™2 — s 7||02|V (u)du (6.18)
0

seR

2
tiApPM
1 {az ¥ dala) A252)15:/ - V()
0

<H(V) + 22K /0 V(w)™2 = V(u)")du

N

|du
2

2

o t1ApM 1 L T
+ ZQE/ [1— EV(U)EHV(U)Fﬁ_QdU + Aado] / EV (u)du.
0 0

Applying (3.8), we further get that

E[HV (t: A par))]

_ 6.19
Q2M2T+ (Q2+A252)T+ 0'%426 2T ( )

2 2 4

T
<H(Vp) + NPWEN / EV (u)du.
0
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On the other hand, in the same way as in the computation of (5.8), we derive

E[V ()] < R. (6.20)

This together with (6.19) yields
EHV (A pu))] 61
<H(V) + a22M2T+ (e —|—2)\252)T+ 0347872 - M\o|6|RT. (6:21)

Now, repeating the technique which was used to compute (3.12), we have

H(Vo) + 22T + Cxthabay y GO 4 15, RT

(6.22)
H(M-1) A H(M)

P(oy <T) <

Step 2: Then, applying a similar technique as used in ( Step 1 ) for the EM

continuous approximate solution to the volatility, we get
E[H (vt A yu))]

—H(VG) B [ H (o) logpa — (02 + Nado)o(w] du

. (6.23)

RYEY "
+§E/ H' (v(u))o?|o(u)|* du
0

B [ H(U flo() - HE@)N:(u).

By the mean value theorem, we then obtain

tiAYM 1

<H(Vy) +E /0 5 [0 — ()] foaps — (o + ada)o(w)] du

1 tATM 1
+ §E/ = [v(u)_2 — §U(u)_
0

Njw

} o3| o(u)[* du (6.24)

LATM 1
+ |52|)\2E/ sup [8_5 - 8_1] v(u)du.
0

seR

Rearranging the terms on the righthand side, we further get that

T Nady) [
0

2 2

o2 AT 1 L LAYM
+ ZQE/ [1 - 51}(11)?} v (u)|*P~2du + |52|)\2E/ v(u)du
0 0
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2

+ 28 [ [ = Jotw) 2] [0 - o) du

+ |52|)\2E/01 ™ o) — v(w)] d

IRGEREE / " o) - o) o) - o)) du

By (3.8), Lemma 6.4 and the well-known mean value theorem, we compute

Oég,ugT (Oég + (52)\2)T J%42ﬁ_2T
2 + 2 + 4

N ME /0 o o)~ — ()] (o) — 0(ur))du

<H(Vp) + + 02| AT Z

o o (6.25)
+ 16, \E / [o(w) = v(u)] du + |82 AoCoa (M, p) AT
0
&2 tiNYM 3
+ ZQE/ 23 sup[u]* {v(u)_2 - §U(u)_2} |o(u) — v(u)|du.
0
Note that v(u) € [M !, M] whereas v(u) € [M !, M]. we then have

(IQ,[QLQT n (O./Q +252/\2)T i 0'%422)2T

t1
+ |52\A204,4<M,p)A%[1—21T+\52|A21E/ 150 A yag) — v(u A 7ar)|dul
0

<H(Vo) + + 02|\ T Z

IM2 + M|(og + Aads) (6.26)

* 2

t1
/ Efo(u Aar) — (u A yar)|du
0

M2 4+ LM3 | BM* 03

* 2

1
/ Elv(u A vyar) — o(u A var)|du.
0

By Lemma (6.14), we get

O./Q[LQT n (O[z + 52)\2)T i 0'542572T
2 2 4

+ ‘(52|)\20474(M, p)Aﬂli?]T + |52’)\2(C473(M, p)AliE)

<H(Vy) + + 18| \TZ

T

N

[ M3 + M](0z + Moby) (6.27)

2
M2+ LM3| M2 3
2

n (Cas(M,p)AT" )2 T

(0473(M7 p)Al_%>%T7
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which is
Oég,leT n (Ozg + 52)\2)T " 0'%425727—'

2 2 4 (6.28)
+ ’52’)\2TZ + 6_1471(M,p)A§[1_;].

E[H vty A ya)] <H (Vo) +

Recalling the technique which was used to obtain (3.12), we further get that

Py <T)

= H(M*f) A H(M)

| H(Vp) + 2t o leatbhell 4 G0 4 15,0 TZ 4 Caa (M, p) A2

(6.29)

Step 3: Let e > 0 and § € (0,1) be arbitrarily small, then define

Qu = |w; sup [V(t) —v(t)]>>46] . (6.30)

0<t<T

In the same way as in the computation of (3.42) but with Theorem 6.1, we obtain

PO (g > T) < D2 (6:31)

On the other hand, we compute

P(y) < PQuN(g>T))+Pg<T)
(6.32)

<SPuN(@=2T))+Plyu <T)+Plpu <T).
Substituting (6.22), (6.29) and (6.31) into (6.32) yields

1-1
| H(V0) et o leanfell 4 ST 4 (5,0 TZ 4 Caa (M, p) AR
H(M-Y)YANH(M)
| H(V%) + o457 4 atibiy T 4 No|6o| RT
H(M-Y)YANH(M) |

Now, choose M sufficiently large for

9 H(Vb) 4 azzuzT + (a2+2/\262)T 4 0542572T] 4 )\2‘52|RT n )\2‘(52|ZT
<

£ (6.33)
H(M-YYAH(M) 2
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and further choose A sufficiently small for

04,2(M>P)A17 64,1(M7P)A§[17]

< (6.34)
) HM-YANH(M) 2
Hence, we have
P ( sup [V (t) —v(t)]” > 5) <e, (6.35)
0<t<T
as required. The proof of Theorem 6.2 is therefore complete. [

Convergence of z(t) in probability

The main result of this chapter, which gives convergence of the continuous EM
approximate solution to the asset price, will be examined in this section. Therefore,
we will first establish the following theorem which shows the strong error bound

for this EM approximate solution with stopping time.

Theorem 6.3. Let X (t) be the true solution and z(t) be the continuous EM ap-
proximate solution to the SDE of (5.1) when 1 < 6,8 < oco. For any positive num-
bers N and M, define stopping time s = gATNACNNT', where q is the same as before
while Ty = inf{t € [0,T] : X(¢) ¢ [%,N}}, (v =inf{t € [0,T] : |z(t)| ¢ [%,N]}

Then, for any p > 2,

E ( sup [X(t As)—z(t A s)r) < Cy7(M, N, p)A%U*%]’ (6.36)

0<t<T

where Cy7(M, N, p) is a constant independent of A.

The proof of Theorem 6.3 needs the following lemma which can be obtained in the

same way as Lemma 6.3 was proved.

Lemma 6.5. There ezists a constant Cy5(M, N,p) dependent on M, N and p but

independent of A such that
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E ( sup [m(t As)—Z(tA s)r) < Cys(M, N, p)AI_%. (6.37)

0<t<T

Proof. (of Theorem 6.3) For any 0 <t < T, we compute

[X(t A s) (e A s)]2

<3 [ /0 " [X(u) - i’(u)] du]
+3V0ma1 [\/Wp(( — VJo(w)]|7(w) ]dW1 )r.

Taking the expectation for any ¢; € [0, 7], we then have

2

43 { /0 ", (X (u) — (u)] dN, (u)] 2 (6.38)

E ( sup [X(tAs)—z(tA 8)]2)

0<t<ty

<3E (0251 { /0 " on [X () - 2(w)] duD

N o (6.39)
cam(p [ o [P = ViG] o] )

0<t<t:

+3E <0§£1 { /0 s X (u”) — x(u)]d]\_fl(u)} 2) .

By the Burkholder-Davis-Gundy inequality and Hoélder’s inequality, we get that
t1/As 9
SSafTIE/ [(X(u™) —2(w)] du
0
tl/\S 2
+ 1203}11:/ [\/V(u—)|X(u_)|9 - \/|T)(u)||f(u)|9} du (6.40)
‘ t1/Ns 9
+1282ME / X (u™) — 2(u)]? du.
0
Rearranging the terms on the right hand side, we obtain
t1
< [3aiT + 1267\ | E / (X(uAs)—z(uAs) du
0
t1
+ 240%M1E/ [1X (uAs)? = |2(uns)’] du (6.41)
0

t1
+ 240%]\/291@/ |V (uAs)—v(uAs)|du.
0
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By Theorem 6.1, Lemma 6.3, Lemma 6.5 and the mean value theorem, we get
<2 [3a7T + 1267\ ] E/tl [(X(uAs)—z(uAs)] du
0
+ 2 [3e4T + 1265\ ] E/tl [z(uAs)—z(uAs)] du
0
+ 4802 ME /t1 [ X (uAs))” — |z(uA s)|9]2 + [[z(uns))” — |z(uA s)m2 du
0
+ 240INYE /tl V(uAs)—v(uAs)+ v(uAs)—o(uAs)|du,
0

which gives

E < sup [X(tAs)—x(t A s)]2>

0<t<ty
t1
< [6a3T + 2467\ | E/ (X (uAs)—x(uAs)du
0

t1
+ 480%02MN29_2]E/ (X (uAs)—z(uAs)] du (6.42)
0

+ [602T + 24820,)Cus(M, N, p) A5 T + 246> N?[Cy o (M, p) A 5)2T
+ 2402 N¥[Cyy (M, p) A" 5]2T + 4802 M N20-202Cy (M, N, p) A5 T,
The proof of Theorem 6.3 is finally completed by application of Gronwall’s in-

equality. O]

Now, we remove the condition of stopping time and establish the following theorem
to show that the continuous EM approximate solution will converge in probability

to the true solution.

Theorem 6.4. Let X(t) be the true solution and x(t) be the approximate solution
to the SDE of (5.1) when 1 < 0, < co. Then,

lim ( sup [X(t) — a:(t)]2) =0 in probability. (6.43)

A—0 0<t<T
To prove Theorem 6.4, we will establish the following lemma that gives an upper

bound for the expected value of the EM approximate solution to the asset price.
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Lemma 6.6. There exists a constant Cyo(M,p) which is dependent on M, N and

p, but independent of A such that
E(z(t AR)) < L+ Cuo(N, M, p)AZ13], (6.44)
where h = vy A (n and constant L is independent of A.

The required proof of Lemma 6.6 can be obtained in the same way as Lemma 6.4

was proved.

Proof. ( Theorem 6.4)
In this process, we also divide the whole proof into 3 steps.
Step 1: In the same way as in computation of (6.21) but stopping time g = 75 Apay,

we have

aymT (o +M6)T 02 R422T
2 + 2 + 4

E[H(X(t A g))] < H(Xo) + + 6B,

(6.45)
where R is the upper bound for the expected value of the asset price that can be

obtained by applying a similar technique as used in (5.8). Now, in the same way

as in computation of (3.59), we further get that

2 4

H(N-Y) A H(N)

H(Xy) + alng SRR E LIV of RV TT + M\ |01 |RT

P(ry <T) < (6.46)

Step 2: Repeating the similar technique used to compute (6.28) but with Lemma
6.6 and

E ( sup [z(t Ah) —Z(t A h)]Q) < Cys(M, N, p)Al_%, (6.47)

0<t<T

which can be obtained in the same way as Lemma 6.3 was proved, we get
OéllilT X (Oél + /\151)T

2 2 (6.48)

2
+ %J\MHT 10 MLT + Cya(M, N, p) A3,
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By the technique which was used to compute (3.59), we then have

P(Cy <T)

= H(Nill) A H(N)

_H(X) 4 2t (atQaonll o ST 4 5|\ LT + Cup(M, N, p) A2

(6.49)

Step 3: Let e > 0 and § € (0,1) be arbitrarily small, then define

Oy = |w; sup [X(t)—z()])* > 4] . (6.50)

0<t<T
Therefore, repeating the technique used in (3.42), but with Theorem 6.3, we get

that

0477(M7 va)Ai[l_;}_ (651)
)

PQN(s>1T)) <
On the other hand, we compute
P(Qy) <P(UN(s>T))+P(s<T)
<P(QuN (s 2 T)) + Py < T) +Ployy <T) +P(Cy < T) +Plry < T),
(6.52)

Now, substituting (6.22), (6.29), (6.46), (6.49) and (6.51) into (6.52) yields

P(€y)
<C4,7(M7 N, p)A%[I_%}
- )
H(V) + o2aT 4 Cathabe)p | 3875 |\ |5 | RT
H(M_l) A H(M)
+ H(‘/[)) + agu2T + (a2+522)\2)T + 0’%42B*2T + |(52‘)\2TZ + 0471(M, p)A%[l_%]

2 4

H(M~1) A H(M)

H(Xo) + 24T 4 (rtdbT y ST )16, RT
2 2 4

H(N-Y) A H(N)
| H(Xo) + 2pT 4 gl GMETET 165, |\ T + Cyo(M, N, p)AZES]
H(N-1) A H(N) |
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Choose M sufficiently large for

o 24282
2 [H(Vb) + OWQQT + [ 2+522)\2]T + 2 1 T] + 02| AT Z + Aa|0o| RT

H(M-1) A H(M)

<

Wl ™

then choose N sufficiently large for

o2 20—-2 o2 20-2 —
2 [H(Xo) + 20T o (eathao0l | g oARETEL  SMEREE 6|64\ RT + |31 M LT

4
HN-O) A H(N) =
and further choose A sufficiently small for
1y 1 = 1 1 = 1 1
Car(M,N.p)ATH  Coa (M, p)ATH] Cup(ML N p)ATTS e o)
) H(M-Y)NH(M) H(N-Y)ANH(N) 3
We then have
P ( sup [X(t) —z(t)]* > (5> <e, (6.54)
0<t<T
as required. The proof is therefore complete. O

Theorem 6.4 shows that the continuous EM approximate solution of the asset
price will converge in probability to the true solution, though this continuous
EM approximation is not computable in practice. It is therefore necessary to show
that this step process, which is computable, will converge to the true solution when
time step is sufficiently small. The following theorem will show the convergence in

probability of this step process .

Theorem 6.5. Let X(t) be the true solution and Z(t) be the step process of EM
approzimate solution x(t). Then,
lim < sup |X(t) — a_:(t)|) =0 in probability. (6.55)
A—0 0<t<T

To prove Theorem 6.5, we need the following Lemma.

Lemma 6.7. Let x(t) be the continuous EM approzimate solution and Z(t) be the
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corresponding step process of x(t). Then

lim ( sup [z(t) — 9‘5(25)]2) =0 n probability. (6.56)
A—0 0<t<T

Proof. Let ¢ > 0 and § € (0,1) be arbitrarily small, then define

O = [w; sup [2(t) — 2(1)] > 5} . (6.57)

0<t<T

In the same way as in computation of (3.42), together with (6.57) and (6.47), we

have
B0 (h > 1)) < S Jg] AT (6.58)
Note that
PQ) <PEGN(h=T))+Plyu <T)+P((y <T). (6.59)

Substituting (6.29), (6.46) and (6.58) yields

P(€2)

<C4,8(M7 Nap)Alii
- )
ag+02A2 2428— =~ in-1
H(Vp) + a2l (eatdda)® | B8P | 5\ T7 + Cy y (M, p) AL

H(M*f) A H(M)

| H(Xo) gt g ekl g SR 4 15,0 LT + Can(M, N, p) A7

4

H(N-U A H(N)

Choose M sufficiently large such that

H(Vy) + agpeT (a2+622A2)T i 024282

+ 02| AT Z
2 T 1RNTZ e (6.60)
H(M-1)NH(M) 3
then choose N sufficiently large such that
H(X()) + a1}2tlT 4 (a1+);51)T + %%M429_2T + ’(51|/\1LT < E (6 61)
H(N-Y)YANH(N) 3 '
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and choose A sufficiently small such that

1 - 1.1 - 1.1
04,8(M7N:p)A1 P 04,1(M7P)A2[1 d 04,2(M7N7P)A2[1 o]

<. (6.62)
) H(M-YYANH(M) H(N-Y)YAH(N) 3 '
Hence, we have
P ( sup [z(t) — z(t)]* > 5) <e, (6.63)
0<t<T
as required. The proof is therefore complete. [

The proof of Theorem 6.5 therefore can be obtained in the same way as Theorem
3.5 was proved but with Lemma 6.7 and Theorem 6.4.

Theorem 6.5 shows that the step process will converge to the true solution
when the time step is sufficiently small. Therefore, let us choose initial condition
(X0 =0.5,V5 =0.04), p = 0.1, parameters (0 = 1.2, = 1.5), A\; = 1, Ay = 2 with
coefficients of the SDE model (5.1) (see Table 6.1) to illustrate the behaviour of the
approximate solution to the SDE model (5.1) when 1 < (,60 < oco. In this process,
we use MATLAB® software (see Appendix A for code) to obtain the following

graph (see Figure 3.1).

Table 6.1: Coeflicients of the SDE model (5.1) when 5,0 > 1
Case Parameters
SDE1 =12 X(0)=05 «a; =421 =34 o0,=105 & =2
SDE2 B=11 V(0) =004 ay=13 =103 05=1054 & =1
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Figure 6.1: A sample path of the asset price X (¢) which is generated by the EM
approximate solution to the mean-reverting-theta stochastic volatility model with
Poisson jump over finite time, where § = 1.2 and § = 1.5.

6.4 Summary

In this chapter, we have focussed on the SDE model (5.1) in Chapter 5 but with
parameters 6 and [ greater than 1. Since this model satisfies the local Lipschitz
condition but does not obey the linear growth condition, we have examined the
convergence in probability of the EM approximate solution to this model. In
addition, the convergence property of the step process has been examined to show
that it can be used to evaluate applications of this EM approximate solution in

finance.
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Chapter 7

Hybrid Poisson-Jump Stochastic

Volatility Model for Asset Price

7.1 Introduction

In the financial world, Black-Scholes type market models which are driven by dif-
fusion processes are widely used to evaluate various financial quantities. However,
real market data show some deviations from this concept where unpredictable
abrupt structural changes are present. Meanwhile, more and more empirical stud-
ies reveal that some of these extra properties can be modelled by a Poisson process.
Thus, a mean-reverting-theta stochastic volatility model driven by a Poisson-jump
process can be treated as one such processes that explains some of these phe-
nomena. In the meantime, there is strong evidence to show that rate of return
obeys the property of a Markov jump process and volatility jumps accordingly
(16, 18, 27, 78, 9, 73, 75]. Therefore, a hybrid mean-reverting-theta stochastic
volatility model with jumps can be transformed into a generalized financial mar-

ket model by Markov jump processes. Thus, this hybrid stochastic volatility model
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has the SDE form:

dX (t) =on (r1 () (a (r(w) — X (7))dt + oy (r1 (W) /V () X () dWi (L)
+ 01 (2 (w) X (t7)dNy (),
(7.1)
dV (t) =ag(r1(u)) (pa(ri(w) = V(E7)dt + oa(ri(w) V() dWs(t)
+ 0a(r2(w))V (7)dNo(t),
where V(t), X (t), Wi, Wy, Ny(t) and Ni(t) are the same as defined in Chapter
5 with parameters ¢ and (3 greater than % It is well known that almost every
sample path of r1(.) and 75(.) is a right-continuous step function with finite number
of sample jumps in any finite subinterval of R, := [0,00) and R, := (—1,00)
respectively. We further assume that r;(.) and r(.) are independent Markov chains
that are also independent from the Brownian motions Wi(.) and Ws(.). In addition,
the SDE model (7.1) has the parameters a;(r1(.)), pi(r1(.)), o5 (r1(.)) and §;(r1(.)) (>
—1) with the condition of (a;(ri(t)) + Nid;i(r2(t))) > 0 for i = 1,2.

Unlike deterministic models such as ordinary differential equation models,
which have an explicit unique solution for each initial condition, SDEs have no
explicit solutions. Therefore, the method of finding computational solutions to
SDEs models have become a more and more popular and powerful topic in math-
ematical finance. Thus, analytical properties of Euler-Maruyama (EM) numerical
approximate solution to the SDE model (7.1) when % <0, <1 will be examined
in this chapter.

As the SDE model (7.1) describes the asset price, interest rate and volatility,
a natural requirement is to have a non-negative solution in practice. Provided
that the diffusion coefficients of the SDE model (7.1) satisfy the global Lipschitz
condition and the linear growth condition, we will first prove that the solution

to the SDE model (7.1) will be non-negative with probability 1. We will then

define the EM approximate solution to this SDE model and establish an upper
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bound for the expected value of the solution under the linear growth condition.
On the other hand, a strong error bound for the EM approximate solution can
be obtained over a finite time interval. Hence, we will show that the continuous
EM approximate solution will converge to the true solution under the convergence
in second moment (in L?) property. However, this continuous EM approximate
solution is not computable in practice. Therefore, the corresponding step process,
which is computable, can be used to examine financial quantities. Thus, we will
finally show that this step process will converge to the true solution of SDE model

(7.1) when 1 < 0,8 < 1.

7.2 Non-negative solution

The natural requirement is that the solution to the asset price model should be
non-negative in practice. The following lemmas state that the solution to the SDE
model (7.1) will be non-negative with probability 1 when % < 0,8 < 1. In this
process, we set @; = maxoq, fi; = max i, o; = maxo; and &; = Izré%zdéz\ for

€Sy 1€S
j=12

Non-negative V (t)

Lemma 7.1. Assume 5 < 3 < 1. Then, given any initial values V(0) = V5 > 0,
r1(0) =ig € Sy and r2(0) = jo € So, the second SDE of the model (7.1) has unique

global solution V (t) which will be non-negative for all t € [0,T] almost surely.

Non-negative X (t)

1 1 . .
Lemma 7.2. Assume ;< B <1and 5 <0 < 1. Then, for given any initial
)

values V(0) = Vo > 0, X(0) = Xy > 0, (0) = ip € Sy and r5(0) = jo € Sy,
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the SDE of (7.1) has unique global solution X (t) which will be non-negative for all

t € [0,T] almost surely.

The proofs of the above lemmas can be obtained in the same way as Lemma

5.1 and Lemma 5.2 were proved.

7.3 Convergence in second moment

The SDE model (7.1) has no explicit solution, so examination of its numerical
approximate solution is helpful to understand its behaviour in financial systems.
Accordingly, we will establish the EM approximate solution to this SDE model to

examine its analytical properties.

Euler-Maruyama approximation

Given time step A € (0,1), let ¢, = kA and 75, = r,(kA) for k =0,1,...[X] and

a = 1,2, where [£] is the same as before, while setting zo = X (0) and vy = V(0),

and r5 = 1,(0) € S, for a = 1,2. The discrete time EM approximate solution is

defined by

1 (t) =k + a1 (1) (1 (1)) — i) A + o1 (r5) v/ Joel |2k P AWy + 61 (r5) |k AN g,

Ukt () =0, + o (rf) (2 (rf)) — vi) A + oo (rfy) [uk | AWa y, + 62(riy ) [uk| AN,

where A = (tk+1 — tk> s AWz’k = (W’L(thrl) — Wz(tk)) and ANz,k = (Nz(thrl) -
N;(ty)) for i = 1,2. The corresponding continuous EM approximate solution is

defined by
x(t) Zxo+/0 a (F1(w)) (pa (71 () —:T:(U))du+/0 o1 (Fr(w))/|0(w)||Z ()| dWi (u)
+/O 61 (o)) |2 () |dN, (1),
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o(t) =vo + / ey (7 (1)) (1 (72 () — D(u0)) s + / (1 () [0u) P AW ()

A 0a(r2(w))0(w)[dN2 (u),

Upper bound

In the case of % < 3,0, < 1, the diffusion coefficients of the SDE model (7.1) satisfy
the linear growth condition. Therefore, the following theorems will establish an
upper bound for the expected value of asset price and volatility which also help

to compute the strong error bound of the continuous EM approximate solution to

the SDE model (7.1) when % <0,56<1.

Theorem 7.1. Let V(t) be the true solution and v(t) be the continuous EM ap-
proximate solution to the second SDE in model (7.1). Then, for any p > 2, there

is a constant Ri(p) dependent on p,T, Vi but independent of A such that

B sw VP ) vE ( sup o) < R (72)

0<t<T 0<t<T
The proof of Theorem 7.1 can be obtained in the same way as Theorem 5.1 was

proved.

Theorem 7.2. Let X(t) be the true solution and z(t) be the continuous EM ap-
prozimate solution to the asset price. Then, for any p > 2, there is a constant

Ry(p) dependent on p, T, Xy, Ri(p) but independent of A such that

E ( sw 1X(OF) VE (s o) < Ralr). (73)

0<t<T 0<t<T

In the same way as in computation of Lemma 5.2, we will get the required proof.
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Convergence in second moment of v(t)

The solution to SDE model (7.1) when % < 0, <1 is non-negative with prob-
ability 1. The diffusion coefficients of this SDE model satisfy the linear growth
condition, and the upper bound for the expected value of asset price and volatility
have been established by Theorem 7.1 and Theorem 7.2. Thus, the following theo-
rem will establish an error bound for the EM approximate solution to the volatility
which gives one of the necessary conditions for convergence in second moment (in

L?) of the EM approximate solution to asset price.

Theorem 7.3. Let V(t) be the true solution and v(t) be the EM approximate
solution to the second SDE of (7.1). Then,

nm(sm>Evayﬂwﬂ):o. (7.4)

A—0 0<t<T
To prove Theorem 7.3, we need the following lemma that shows the closeness of

v(t) and 9(t) when the time step A is sufficiently small.

Lemma 7.3. There is a constant Cs ;1 independent of A such that

EM@—@@FSC@A. (7.5)

The proof can be obtained in the same way as Lemma 5.3 was proved.
Proof. For any 0 <t < T, we easily compute
t
V(O) = o(t) = [ [oalraw)na(rs(a)) = (as(ra(w) + daba(ra(w))V )]
0

(u)) — (az(r1(w)) + )\252(f2(u)))17(u)] du

‘Pf
/t
)

(7.6)

+

GIOIHE
[2(rs )V (") = oo (u)B(w)’ | W)
[3a(ra(w)V (u7) = 82(Fa(w) () | dNa )
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Now, set e(u) = (V(u) —v(u)) and e(u”) = (V(u~) —v(u)). Applying the ito-

Doeblin formula for one jump process, we have

<E/ o (e(u))] |az(ri(u)) pz(ri(u)) — ao(F1(u))pa (71 (u))] du

+E/ ‘SOk;
— (ay(ry(u)) + )\zég(rg(u)))‘/(u’)‘du
+ E/ |n (e (oo (ry (w))V (u™)? = o (71 (w)) [0(w)|?)* du

+ X E /’cpkeu — or(e(u” ’du,
0

where ¢ (.) has been defined in Lemma 5.1,

(a2 (71 (w)) + Aoda(Ta(u)))o(u)

<E/|% D s (1 () )1 (1 (1)) — o (F1 () o (P (1)) |
+E/ﬁw; DI (als (w))5(u) — (e (w)))V (u”)| da
+A2E/ |0 (e(u™)] | 02(F2 (1)) B (w) — ba(ra(u | du

(7.7)
+E/J% DII5(w)[22 (a1 (1)) — a7y (1))
\E / o (e(u))|oalr (w) (V () = [5(u)|?)” du
+&E/}W:LHMW(WdU» er(e(u™))] du.

By the property of oy (u) and the mean value theorem, we then have

<E [l ()l () — et )l
+E [ o oatri(0) ~ st du-+ E [ fas(ri ()] o) — V)
+ 38 [ 0 atra(0) = tra(u) -+ 2B [ 5arata)l o) = V) s

" IE/o k;ﬂ [0(w)[*? (02(r1 (u) — (71 (w)))* du
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t 9 2
+E [ o )V — )|
t
+ )\Q(SZE/ | max ¢, (¢)||V (w) — v(u)|du.
0 QEER
Rearranging the terms on the right hand side, we further get that
t
<E/ |aa(ry(w)) pa(ri(u)) — (71 (w))pe (1 (u))] du
t
T [ + Mobo]E / 15 |du+)\252/ E|V (1) — v(uw)|du
+E [ 1001 lax(ra (1) — 027 )]+ X 5ra(u) = 6t s
2 _ 2
25 / [0(u)|*° (o(r1(w)) — o2(F1(u)))” du

+E/t4% V() <Wﬂz+pf4ﬁ|<>-<ww
u) — vlu u viu) —ovlu u
R () ) o

SE/O g (11 (u))pa(ri () — ao(F1(w))pa(71(u))] du

+]E/ [U(u |CY2 (r1(u)) — aa(71(w))| + Az [da2(ra(u)) — 52(7’2(u))|}du

+W /0 [0(u)*? (02(r1(u)) — 02(71 (w)))? du

By Lemma (7.3), we obtain
<E | Jaa(r(@hna(ra(u) — aafrwhpa(ra(e)] du-+ 20

l\J\»—A

+ [ + 2X005) /tE]V( ) — v(u)| du + [z + Aads] [C51A]Z T
(7.8)

+E/ [v(u |sz ri(u)) — az(F1(w))] + A2 [02(ra(u)) — 52(f2(u))|]du

402 2 b 9 B 9
+ KmNW4kaEAhMNWWWWD—®mwmdw
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which gives

E (@r(e(t)))
:% + %[C&lA]ﬁT + [y + 2X209] /0 E|V(u) —v(u)| du (7.9)
+ [ae + )\252} [C5,1A]% T+ A(t) + B(t) + X\ D(t) + ﬁE(zﬁ)
ay,

By a similar technique as used to compute (4.18), we get

A(t) =E / vy () 1 (1)) — a7 () o (2 12))
0 (7.10)

SE/O v (r1(w)) a1 () — a(T1(w))po(71(u))|du < (Cs2A + 0A).

Let
B(t) :E/O [o(u)] |az(ri(u)) = as(r1(u))| du
%] tat1
SZ/t E [E [|oa(ri(w)) — aa(Fr()l[val\(Iry i (0))] ] du
(%]

= /t . E [E Uaz(?"l(u)) - az(fl(u))|\(Ir1(u)¢r1(td))] E [|Ud|\([7"1(“)7é”(td))” du.

where v, and (Irl(u)#l(t d)) are conditionally independent with respect to the o-
algebra generated by r1(t4). Applying as similar technique as was used to obtain

(4.18) and (5.47), together with Theorem 7.1 yields

T
B(t) < 20‘42[022}]%1(—111”)A + OA]/O E|v(u)|du

(7.11)
< 28] max (—ry)A + 0A](Ry(2))2T < (Cs3A + 0A).

0<i<N;

Similarly, we compute

D(t) ZE/O [0(u)]105(r2(w)) = d2(72(u))| du

<20,[ max (—rai)A + 0A] /0 TIE|17(u)\du (7.12)

§252[ max (—Iigii)A + OA] Rl (Q)T S <O574A + 0A)

0<i<No
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E(?) :E/o [0(w)|* (o (r1(w)) — 02(71(w)))”

(7.13)
Substituting A(t), B(t), D(t) and F(t) into (7.9), we then have
452T  462]C5,A]PT - 1
E (or(e(t))) <—2— + 2l "5 T, (G + Xads) [C51 A2 T
k ka,
+ (C52A 4 0A) + (Cs3A 4 0A) + Ay (Cs5.4A + 0A) (7.14)

2 _ t
+ W(C&SA + OA) + [dQ + 2)\252} / E |V(u) — U(u)| du
ak 0

By (iii) properties of the function ¢y defined in Lemma 5.1 and Gronwall’s in-

equality, we further get that

1 4 AlBT 52
sup [ |V(u) - U(u)| < (O5,6A + C’5,7A§ + OA) + M

0<t<T kazﬁ (7.15)
2(C55A + 0A) n 40357 n (82422008, ‘
23 Qp_1|€ .
ka, k
Now, choose k sufficiently large for
453T . 5
P27 4 gy | elaat2red)T € (7.16)
k 2
and then choose A sufficiently small for
4[Cs 1 APTE2 2(Cs5A + 0A - 5
(CB,GA + 0577A% + OA) + [ 5,1 2]/3 gy ( 5,5 22— ) 6(£¥2+2)\252)T < E
ka; ka; 2
(7.17)
Hence, we have
sup E|V(u) —v(u)| < e, (7.18)
0<t<T
as required. The proof of our theorem is therefore complete. m

Let us establish the following theorem which shows convergence in second moment
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(in L?) of the EM approximate solution to the volatility when the time step is small

enough.

Theorem 7.4. Let V(t) be the true solution and v(t) be the continuous EM ap-

prozimate solution to the second SDE of (7.1). Then,

lim E < sup [V (t) — v(t)]2) =0. (7.19)

A—0 0<t<T

Proof. For any t € [0,T], we compute

Udﬂ—vﬁﬁf%{lcm&mwMﬂhwn—@xﬂwnmﬁmwM4

+4 /0 (an(r(w)V (™) — ag(F (w))5(w)) du}

(7.20)

2

+4(A(@WMMVWWB—®WMMWWW3ﬂ%Wﬂ

2

+4 /0 (82 (ra(w))V (u™) — 8o (Fa(u))v(u)) ng(u)} :

Taking the expectation for any ¢, € [0,7], by the Burkholder-Davis-Gundy in-

equality and the Holder inequality, we then have

E  swp V(1) - ol0))

§4T/0 E [ (1 (1) paa (r1 () = aa (71 (w)) o (1 (w)))* da
+ 4T/0 1 E [aa(ri(w)V(u™) — as(m (u))@(u)}2 du (7.21)

2

+ 16/O 1 E [o2(r1(w)V (u™)? = o9(71(w))[o(w)|?]” du

2

+ 160 /0 B [Sy(ra(u))V () — 8a(alu)) ()] d

Rearranging the terms on the right hand side, we further get that

gné3m%wmmmmm»—%wmmmmmm%u

+8TAIMMMPMAHW»—aﬂﬁwm2+@Ewwo—@deu
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a2 [ " Elo(u) [Ba(ra(w)) — 82(ra ()] + B [V () — ()] de
2 " Elo(u) P [oa(ra(w)) — o)) + B3 [V () — 0(u)] du
<t [ " E aa(ra () a(ra () — (7 () s )

7 [ B afrs(0) — as(ra(u) s

a2y [ " Elo(u) P [a(ra(w)) — 82(7a()]? di

+32 [ B oatr2(0) — oa(ra ) s

+ [8T'a2 + 320502 + 323,] /O ! E [V (u) — o) + E[v(u) — o)) du
1 3252 /Otl E |V () — o(w)| + E [v(u) — 5(u)] du.

Applying the techniques used to compute (4.18) and (7.11), by Lemma 7.3, we

then obtain
<16T a5 fi5(Cs A + 0(A)) + 32T R (2)a3(Cs.9A + 0(A))
+ 128905 T Ry (2)(Cs.10A + 0(A)) + 12855T[R1(2))°(Cs.11A + 0(A))

t1
+ [8Ta2 + 320,02 + 3255 / E[V(u) — v(u)]? du
0

t1 _
+ 3252 / E |V (u) — v(u)| du + [8Ta2 + 322902 + 3265)Cs5 AT + 3262[Cs 1 A2 T
0

0<ui<u

t1
< [CmgA - 3253[0571A]%T + O(A)] - 3253/ ( sup E |V (uy) — v(u1)|> du
0

t1
+ [8Ta3 + 322907 + 3255 / E ( sup [V (u) — v(U)J2> du.
0

0<ui<u

By Gronwall’s inequality, we have

E (02151 V(t) — v(t)]z) < [ (OilfTE V(t) — v(t)|) 3252T + Cs 1o

(7.22)
+ 3253 [05’1A]%T + O(A)] 6[8T6y§+32)\2§§+32&2}7“7

as required. The proof of our theorem will therefore be completed by Theorem 7.3
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and letting A — 0. O

Convergence in second moment of z(t)

Let us focus on our main result which gives convergence in second moment (in
L?) of the continuous EM approximate solution to the true solution of SDE model
(7.1). Thus, we will first establish convergence (in L') of the EM approximate

value to the asset price by the following theorem.

Theorem 7.5. Let X (t) be the true solution and x(t) be the continuous EM ap-

proximate solution to the SDE model (7.1). Then,

lim ( sup E|X(t) — x(t)|) =0. (7.23)

A—0 0<t<T

To prove Theorem 7.5, we need the following Lemma that can be obtained in the

same way as Lemma 5.3 was proved.

Lemma 7.4. There exists a constant Cs 13 independent of A such that
E[z(t) — Z(t)]" < C513A% (7.24)
Proof. (of Theorem 7.5) For any 0 < ¢t < T, we have
(X(t) - 2(t)
- [ ara(0) — (a1 (0) + Au s ) X )|
~ | @)m(F @) = (@) + Ad (F)Ew|de (7.25)
-/ o) VT X 0 s ) )]
+ /Ot [51(r2(u))X(u*) — 51(f2(u))3‘:(u)] dNy(u).

Then, set e(u) = (X (u) — z(u)) and e(u™) = (X(u~) — z(u)). Now, applying Ito-

Doeblin’s formula for one jump process with function ¢ (.) which has been defined
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in Lemma 5.2, we obtain
E (éx(e(t))
—E/¢k mr1>m0mm—am<>mm<>ﬂm
+E/¢k (@ (71 (W) + A (72 (w)3(w)
— (an(r1 () + )\151(r2(u)))X(u_)] du
Lo

+5E [ gile(u) o1 (m()VV @) X (@) = o (w) |v(u)||x(u)|9]2du

0

Rearranging the terms on right hand side, we further compute that

<E [ 64(eu D 1200 (12 (0) = 720720 s
+E [ 16400 a0 — a2 () X0
#0E [ el \a (u)fa(a)] = 81(ra(w) X (w7)] d
+ 58 [ It WV )X @) = o0 (ra )Tl (w) ]

-+AE[:Mdﬂ+ﬁﬂmmﬁkw1)—¢ddwvﬂmn

By the mean value theorem and properties of ¢y (u), we then have

¢
=
0

t
+E/
0

o (7 (u) s (s () = e (o () (s ()|
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¢
=
0

t
+ [041 + 2/\151]]1‘3/

+ A IE/ |Z(u
—|——E/ ke(2) [01 r1(u) vV () X (u)? — o (71 () /[0 () |17 (u) }

In the same way as in computation of (7.10) and (7.11) but with Lemma 7.4, we

0 (1 () (1 () = en (74 () (72 ()| s

X(u) —z( ‘du—i—E/ |z (u

N1 (71(w))) — aq(r1(u ‘du

t
51 — 61 7"2 ’du + CY1 -+ )\151] /
0

z(u) — z(u ‘du

further get that
E (¢r(e(t))

<2aji1 [Cs. 14 + A(O)]T + 281 [Ro(2)]2 [Cs.15A + A(0)]T + [y + A61][Cs13A%3T
X(u) — 2(u)

t
MO [Ra(2)]3[Cs 16 + A(O)]T + a1 + 2051 ]E / du
0

+E/Ot ke(i) [01 () V (1) X (0)? — oy (7 (w)V/]0(w) ]| 2 (w) }

(7.26)

Let us consider

2

Q) =3 [ 1 [ ) VX WP = (s ol
<3 [ Lol o ) = os(ra)
+ 28 [ Ll )P [T~ V| do
+3E | t@mm(u)n%(un% Vi@l - VG| du
+ 28 [ o ) V@ X o d
+ 28 [ o) V@ o)l — s do

In the same way as in computation of (7.11) and Lemma 7.4, Lemma 7.3, we have

0
200 231 (2)R3(4)
- kaie

501 RQ( )T
k:a%e

[Cs 17 + A(0)]T +
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552R9(4)T 562 t
1k;29 k 219 [05 1A]T+ /
k

t —2 t

]E]T)(u)][:z:(u)— ()] du +ﬁ E[V(u) - v(w)]’ du

501
k‘ 29
6
200 2R (2 )R (4)
ka2?

+ oot [le( )BT + 2% ﬁ%g)]z /0 (E [2(u) — ai"(U)]zﬁ du

1067RY(4)T 552
ka2? ka2?

[Cs17A + A(0)]T +

+ %/O (E [z(u) — :E(u)]4)% du + %/0 E [V (u) — v(u)]? du,

which gives

0

ZOUle( )R (4)
ka2?

L SRREAPT _sotlR )}

k ka2?

i [ :
—= [ E[V(u) —v(u)|"du

o || BV - v(w)
_1063RY(4)T  503[Ri(2)]2T L [Caasa + Cs10A% + A(0)]

ka3’ k ka2’

501 [* >
W/o E[V(u) —v(u)]” du.

105%33(4)T 557
ka%@ k 26’

5% (1 (2)]%
ka2?

[C517A + A(0)]T +

[CERVANVA

=

(C513A2) T + T

(05,13A2)

(7.27)

Substituting (7.27) into (7.26) yields

D=

E (¢4 (e(t)) <26/ [Cs 1A + A(0)]T + 281 [Ra(2)]3 [Cs.15A + A(0)]T

+ M8 [Ra(2)]2[Cs.16A + A(O)T + a1 + Aidy][Cs.13A%)5T

1062RY(A)T  552[Ry(2)]2T  [Cs.18A + Cs10A2 + A(0)]
]{Z 20 + 20
ai k ka;
557 (7

+ Wie ; E[V(u) — 'U(u)]2 du + ey + )\1(51]]E/ | X (u) — z(u)| du

W BT 507 (R (2 2)]°T
ka2?
A Az + A o}
+ [C518A + C5 10A2 + A(0)] 507 E ( sup [V (u) — U(u)]Q) T

20 20
ka; ka;

<[Cs.30A + Cs5.21A% + A(0)]T
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+ [ + /\151]E/0 | X (u) — x(u)| du.

Applying (iii) property of function ¢y, by Gronwall’s inequality, we then have

[Cs18A + 05,19A% + A(0)]

sup B|X(u) — z(u)] <

0<t<T

[Cs20A + Cs.21A% + A(0)]T +

20
ka;

+ﬁ1@j sup [V _ 2 [@14+2X161]T
5 p [V(u)—v()]”)T|e

+ Qf—1

_ _ 1

100—%R3(4)T + 50’%[R1(2):|2T [@1—&-2)\151}7‘

e .
ka2? k

Now, choose k sufficiently large such that

W00RYAT | 508 R T | faysonsur _ €
[ak_l ko ’ e <3 (7.28)
and then choose A sufficiently small such that
1 Cs 180 + Cs,19A% + A(0
[Cs 20 + 05,21A§ + A0)]T + Coae 15529‘9 : 2
2 F 7 (7.29)
+ ﬁtzleE ( sup [V (u) — v(u)]Q) T} elart2hall o %
k 0<t<T
We then have
OiltlETE | X (u) — z(u)] <e, (7.30)
as required. The proof of Theorem 7.5 is therefore complete. m

The following theorem will establish convergence in second moment of the contin-
uous EM approximate solution to the model (7.1) which gives the main result of

this chapter.

Theorem 7.6. Let X (t) be the true solution and z(t) be the continuous EM ap-

proximate solution to the asset price. Then

lim E ( sup [X(t) — a:(t)]2> = 0. (7.31)

A—0 0<t<T
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Proof. For any 0 <t < T, we compute

[x(t) ~ 2(0)] i
< (s () (12 () — () ()]

2

2

+4 Uot (a (r1 ()X (u7) = e (71 (w))2(w)) dU}
o N e U R N o OO LA

Taking expectation for any 0 < t; < T', by the Burkholder-Davis-Gundy inequality

and the Holder inequality, we then have

e sup (X(0) - a(0])

0<t<t:
2

<7 [ BJonr 1) — s )y ()] e

2

4T /O ! E oy (ra () X (u7) - al(fl(u))z(u)} du

+16 /Otl [or(r @)V V) X () = oa(ra(w) |v(u)||x(u)|9rdu

+ 16X /0 K 31 (ra(u) X (u™) — 51(f2(u))a—:(u)} du (7.32)
<7 [ Bl () — (B () () do

+ 8T /Ot1 EJz(w)]? [n (r1(u) — aa (71 (w))) + Q1B [X (u) — Z(u)] du

+32), /0 CBE (X (u) — 7(u)]? + Ela(u)|? [51(r2(u)) - 51(f2<u>>} du
+16 /t1 o1 (r2(w)V/V(w) X (u™)" — o1(To(u)) v/ |o(u)||Z(u

Applying the techniques used to compute (7.10) and (7.11), we further get that

<16Taj; (Cs 0 + 0(A)) + 32T° Ry(2)a7[Cs 252 + 0(A)]
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+16Ta2 /0 B X (W) — o] + E [2(s) — 7(u)] du

+ 128\ [R2(2)]07[C5 242 + 0(A))]

+ 641,62 /0 " (X (u) — z(w)® + E [z(u) — Z(u)])? du

16 /Otl o2 (2 )V V)X () — (72 () T [2(0) ]
Applying Lemma, 7.4 yields

e (s 1X(0) - a0

0<t<ty

l\J\»—\

<[Cs05A + O(A)] + [16Ta7 + 64A,07] (C5,13A4%) 2 T

t1 (733)
+ [16Ta7 + 64/\15f]/ E[X (u) — z(u)) du
+16/01 o () VT X () — 1 (72 () o2 ()] .
Then, consider
Z(1) :16/01 o1 (m ()T ) X (1) — 01 (72 () |17(u)Hi(u)|9‘2du
S80/0 EJ()|2(0)? o (ra(w)) — o1 (71 ()] du
+80 [ Bl Plota) [VVa) - V@] du
0 (7.34)

+50 [ Bloatn () Plet) [Vt - VoG] do

+ 80/0 1 E|01(r1(u))]2V(u) [X(u)e — ]x(u)m du
+80 [ Bl ) PV () [lo@)” = o)) du

Repeating similar technique used in (7.10), we have
Z(t) <320[Ry(2)]2 [Ra(4)]257(C5 26 + 0(A)]
Fm] [ RV o) + B - o)
w00t [ " Elo(u)l1X () — o(0)| + Elo(u)] [X () — o(u)]*

146



+ 805 /0 1 E|o(u)| [z(u) — Z(u)] + E|o(u)| [z(u) — Z(u)]* du.

By Theorem 7.1, Theorem 7.2, Lemma 7.3 and Lemma 7.4 this yields

Z(t) <320[Ry(2)]2 [R2(4)]552[Cs.26A + O(A)] + 80[Ry(4)]262 (C5.1A)2 T
o )ta? [ [ Evo - o(w)]?)? du
+ 807 / (EI0() 21X (1) + 2(u)]) * (E|X () — 2(w)])* du
/0 W) 21X () + 2(w))? (BIX (u) - a(u)])* du

[C5.130%) T T + SO[R, (2)]552 [Cs15A2] 2 T

+ 80[R(2)]252
3
S[C5,27A + 05728A% + 0 + 80 R2 % <E sup 2) T
0<t<T
%
4 8052(Ry(4))7 [(232 N+ (2Ro(2 i ( sup E|X (1) ) T.
0<t<T
(7.35)

Substituting (7.35) into (7.33), we further get that

B (s (X0~ a(0))

0<t<ty

[C5.250 + 0(A)] + [16Ta7F + 64),67) ( (C513A2)° T + /Ofl E[X (u) — z(u))? du)

4 [Csa7A + Cs05A2 + 0(A)] + 80[Ro(4)] 257 (]E sup. [V (t) — U(t)f) 1

+ 800 [((0)} CR()* + (@)} 2Ra(0)1]  sup EIX(O) ~o(0)]) 7

-

=[16Ta7 + 64),07] /Ot1 E (X (u) — z(u)) du

T [Coa + CaasA} + 0(A)] + SO[Ra(4)] 452 (E sup [V(t) — vt
0<t<T

] (sup E|X (t) —x(t)|) T.

0<t<T

Pt
[\
N——
N[
~

N

PN

+ (2R,(6))

PN

+ 8053 (Ra(4))F | (2a(2)
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By Gronwall’s inequality, we then have

B ( s [X(0) -~ a(0)?)

0<t<ty

N

[(232(2))i + (2R2(6))i} (Sup E| X (t) —:z:(t)])éT

0<t<T

<8073 (Ry(4))

[ SIS

2y 3 1 =2 52
+ 80[Ry(4)303 (B sup [V(1) = v(t)] ) T+ [Coapd + CrpAhd o+ 0(A)] | 1670100,

0<t<T
The proof of our theorem is finally completed by Theorem 7.4, Theorem 7.5 and
letting A — 0. O

In practice, the continuous EM approximate solution x(t) to the asset price,
which has the convergence in second moment described by Theorem 7.6, is not
computable. However, its corresponding step process Z(t) is computable. There-
fore, we will establish the following theorem to show that the step process will

converge to the true solution when the time step is sufficiently small.

Theorem 7.7. Let X (t) be the true solution and Z(t) be the step process of the

continuous EM approzimate solution to the SDE model (7.1). Then,

lim (Sup E‘X(t) —a?:(t)D — 0. (7.36)
A—0 0<t<T

The proof can be obtained in the same way as Theorem 5.7 was proved.
Theorem 7.7 shows that the step process will converge to the true solution of
the SDE model (7.1). Let us choose initial condition (X (0) = 0.5,V (0) = 0.2) ,
p = 0.2, parameters (# = 1,5 = 0.5), A\; = 1, As = 2 and coefficients of SDE model
(7.1) (see Table 7.1) to illustrate its behaviour in practice. In addition, we use
MATLAB® software (see Appendix A for code) with generators of Markov chains

I',, and I',, to obtain the following graph (see Figure 7.1).
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Table 7.1: Coefficients of SDE model (7.1)
State (a1, a9) (p1,p2)  (01,02) (01, 02)
1 (1.2,1) (1,02) (0.6,0.84) (0.5,2)
2 (4,4)  (2,07) (0.9,06)  (2,2)
3 (7,1.6)  (1,0.3) (0.24,0.56) (1,—0.9)
8
X(t)
7,
6,
5,
%4
<
3,
2,
1,
0 ‘
0 2 4 6 8 10

Time(t)

Figure 7.1: A sample path of the asset price X (¢) which is generated by the
EM approximate solution to the hybrid mean-reverting-theta stochastic volatility
model with Poisson jump over finite time, where § = 1 and g = 0.5.

7.4 Summary

In this chapter, we have focussed on the Markov switching form of the SDE model

examined in Chapter 5. Thus, we have first proved that the solution to this model
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is non-negative with probability 1. Since this generalized model has no explicit
solution, convergence in second moment of the EM approximate solution to this
SDE model has been examined when the time step is sufficiently small. In addition,
we have proved that the convergence property of the corresponding step process

which can also be used to evaluate application to financial quantities.
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Chapter 8

A Highly Sensitive Hybrid,
Poisson Jump Stochastic

Volatility Model

8.1 Introduction

In contrast to the SDE model examined in Chapter 7 which not only obeys the
global Lipschitz condition but also the linear growth condition, the SDE model
(7.1), when parameters 6 and § greater than 1, will be examined in this chapter.
Although many applications of this highly sensitive SDE model can be seen in
financial markets, explicit solution to this model can not be obtained within the
existing theory. Therefore, the Euler-Maruyama (EM) approximation method is
more appropriate to study and examine its behaviour in practice. However, some
techniques which have been developed in previous chapters are not strong enough
to obtain analytical properties of the EM approximate solution to this SDE model.

Thus, we will proceed to develop the required tools in this chapter.
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In the SDE model (7.1) when the parameters 6, 3 > 1 describe the asset price
and interest rate in financial markets, the diffusion coefficients of the model obey
the local Lipschitz condition though do not satisfy the linear growth condition. So
there is no information about the non-negative solution so far. Therefore, we will
prove that the solution to this SDE model will be non-negative with probability 1.
We will then show that the continuous EM approximate solution to this model will
converge in probability to the true solution when the time step is sufficiently small.
On the other hand, the continuous EM approximate solution is not computable but
its corresponding step process is computable in practice. Thus, we will show that
this corresponding step process will converge in probability to the true solution,

which can be used to evaluate applications of this SDE model in finance.

8.2 Non-negative solution

The SDE model (7.1) mainly describes the asset price and volatility in financial
markets, so a natural requirement is that the solution (V'(¢), X(¢)) to this model
is non-negative. The following lemma in fact shows that the solution to this SDE

model will be non-negative with probability 1.

Non-negative V()

Lemma 8.1. Assume > 1. Then, given any initial values V(0) = Vo > 0,
r1(0) =ip € Sy and r2(0) = jo € Sy, the second SDE of the model (7.1) has unique

local solution V (t) which will be non-negative for all t € [0,T] a.s..
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Non-negative X (t)

Lemma 8.2. Assume 0 > 1 and 5 > 1. Then, given any initial values V(0) =
Vo >0, X(0)=Xg>0,7(0) =19 €Sy and r2(0) = jo € So, the SDE of (7.1) has

unique local solution X (t) which will be non-negative for all t € [0,T] a.s..

The proofs of Lemma 8.1 and Lemma 8.2 can easily be obtained in the same way
as Lemma 6.1 and Lemma 6.2 were proved but with a; = max a;, fij = max fu;,
1€31 1E91

g; = maxo; and §; = max |§;| for j = 1,2.
J . J . )
€Sy i€Sa

8.3 Convergence in probability

The SDE model (7.1) has no explicit solution, so study of an numerical approx-
imate solution is appropriate to understand its behaviour in financial markets.
Therefore, we will consider the EM numerical approximate solution to this SDE

model defined in Chapter 7, but with parameters # and § greater than 1.

Convergence of v(t) in probability

The unique solution (V(t), X(t)) to the SDE model (7.1) is non-negative with
probability 1. We will examine convergence of the continuous EM approximate
solution to this SDE model in the following section. Thus, we will first establish
the following theorem which gives a strong error bound to the EM approximate
solution of volatility. In addition, this can also be used to examine convergence in

probability of this EM approximate solution.

Theorem 8.1. Let V (t) be the true solution and v(t) be the continuous EM approx-
imate solution to the second SDE of (7.1) when > 1. For any positive number

M, define the stopping time q = payr AN yp AT, where pyy = inf{t € [0,T]; V(t) ¢
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[, M1} and vy = inf{t € [0,T];|v(t)| ¢ [5, M]}. Then, for any integer p > 2,

E < sup [V(tAq) —v(t A q)]2) < 06,7(]\/[,p)A1_%, (8.1)

0<t<T

where Cg 7(M, p) is a constant independent of A.

To prove Theorem 8.1, we need the following lemma which can be obtained in the

same way as Lemma 6.3 was proved.

Lemma 8.3. There exists a constant Cg1(M,p) dependent on M and p but inde-

pendent of A such that
E ( sup [olt A q) — o(t A q>12) < Gy (M, p)AY . (5.2
0<t<T

Proof. (of Theorem 8.1) For any 0 <t < T, compute
2
V(tng) —v(tng)

< " () ol () — s (ra(ra(u))

2

ra[ [ eatra)v o) - ) (83)
ral [ etnveor - 02<f1<u>>|@<u>|ﬁdwz<u>]

+4

i q52(7“z(U))V(u_)—52(T2(U))U(U)sz(U)} :

Taking the expectation for ¢; € [0,T], by the Burkholder-Davis-Gundy inequality

and the Holder inequality, we then have

E ( sup [V(tAq) —v(t A Q)]2)

0<t<t1

<4t [ faar s (00) = e ) ()]

TR /0 e [aa(r () V () = v 1)) ()| “du

2168 [ [ @)V @ - )l ]
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2

+16\.E /0 o [52(7~2(u))V(u) — 85(Fa(w))5(w)| " du.
Rearranging the terms on the right hand side, we further get that
<a7% [ faar ) () — B ) ()
+12TE /OtlAq [o(w)]? [az(r1 (u)) — aa (71 (w))]* du
+ [12Ta2 + 48\,02]E /0 o [V (1) — o)) + [v(uw) — 0(u))? du
+48E /qu [0(w)[*? [oa(r1(w)) = oa(71 (w))]* du
+ 4805 /qu (V@) = o))" + [[o(w)]® = [5(w)|*]” du
T 4BME /O M )R Ba(ra(w)) — 8a(7a(w))] ds
Applying Lemma 8.3 and the mean value theorem yields
<a7% [ s () = B ) )
+ 120°TE /0 " laa(rn () — (7 ()] du
+ 48M*E /0 M a1 (1)) — o2 () du
L ASMPAE /O M o) — 6a(a ()] du

1 [1262T + 485267 M?P~2 4 48520, E / V() — v(w)]? du
0

+ [1203T + 480623 M2 4 4852X,] TClr (M, p) A5
On the other hand, in the same way as in computation of (4.18), we get
t1/N\q 5
A(T) ZE/ [ (ri () pa(ri () — vz (71 (w)) pa (71 (w))]” du
0
<(Cp2A 4+ 0A),

B(T) :E/O - (o (r1 () — a2 (Fy(w))]* du < (Co3A + 0(A)) (8.7)
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t1N\q
D(T) :E/ [O‘Q(Tl(’u)) — 0'2(771<U,))]2 du S (CﬁAA + 0(A)> (88)
0
Similarly, but by the properties of the Markov chain ry(.), we further get that
t1N\q )
B(T)=E [ [a(ra(u)) ~ Galrafu))* du < (o +0(2)). (5.9)
0
Substituting (8.6), (8.7), (8.8), (8.9) into (8.5) gives

E ( sup [V(tAq) —v(tA q)]2>

0<t<ty

< AT(CoaA + 0(A)) + 12M*T(Cg 3A + 0(A))
+ A8M*P(Cs4A + 0(A)) 4+ 48 M3\ (Cs 5 A + 0(A))
_ t1Nq
+ [1263T + 4853 8° M*° 72 + 4855\, E / [V (u) — v(u)]* du (8.10)
0

+ [1203T + 48623° M=% 4 4853 7s] TCl 1 (M, p) A

< [Co6(M,p)A "7 +0(A)]

+ Clss (M) /0 "E ( sup V(w1 Ag) — v(us A q)]2> du,

0<ui<u

as required. Therefore, an application of the Gronwall’s inequality will complete

the proof of our theorem. n

Now, we will remove the stopping time of volatility and establish the following
theorem to show that the continuous EM approximate solution of volatility will

converge to the true solution in probability.

Theorem 8.2. Let V(t) be the true solution and v(t) be the continuous EM ap-

proximate solution to the second SDE of (7.1) when 5 > 1. Then,

lim < sup [V (t) — v(t)]2> =0 in probability. (8.11)

A—0 0<t<T

To prove Theorem 8.2, we establish the following lemma which gives an upper

bound for the expected value of the EM approximate solution to volatility.
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Lemma 8.4. There exists a constant Cg1(M,p)** which is dependent on M and

p, but independent of A such that
E(u(t Ayar) < Z + Cgh(M,p) A2 3], (8.12)
where Z is a constant independent of A.

The proof can be obtained by applying the technique with which Lemma 6.4 was

proved.

Proof. (of Theorem 8.2)
The proof of the theorem is rather difficult. We will therefore divide the whole
proof into 3 steps.

Step 1: Applying a similar technique as used in ( Step 1 :) Theorem 6.2, we have

H(Vg) + &22ﬁ2T+ (@2+2/\252)T + 55425_2T + /\252RT
(M) A HQM)

P(py < T) < (8.13)

Step 2: In the same way as in computation of ( Step 2 :) of Theorem 6.2, we

further get that

H(Vp) + 2l @oxbodo)T | G2 4 53T 7 + Co oy (M, p) A

Py <T) < 2 2 4
(ar =T) < H(M-1) A H(M)
(8.14)
Step 3: Let e > 0 and § € (0,1) be arbitrarily small, then define
Qs = |w; sup [V(t) —v(t)]* > 4] . (8.15)

0<t<T
In the same way as computation of (3.42) but with Theorem 8.1, we then compute

11
M%ﬂ@zTns%ﬂMfm .

(8.16)

On the other hand, we easily obtain
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Substituting (8.13), (8.14) and (8.16) into (8.17) yields

P(Qs)
<CG,7(M7 p)AI_%
- o
| P00) + gt sl SIS 4 50077 o Gy (M, p)ARH (1)

H(M ) A H(M)
$(Vp) + Gafial y (Qatdada)l 4 BETET 4 )\ 5 R

H(M-Y) A H(M)

+

Now, choose M sufficiently large for

9 [¢<%) + aopi2T + (a2 +X282)T 4 6%42*6_2T] + )\252RT+ /\252ZT

2 2 4 <& (8.19)
H(M-Y)NH(M) 2
and then choose A sufficiently small for
06,7(M7P)A1_% 06,1(M7P)A%[1_%] << (8.20)
5 HM-YANHM) ~ 2 '
Hence we have
P ( sup [V (t) —v(t)]” > 5) <eg, (8.21)
0<t<T
as required. The proof is therefore complete.
O

Convergence of z(¢) in probability

Theorem 8.2 shows that the EM approximate solution of volatility will converge in
probability to the true solution. In this section, we will therefore examine the main
result of this chapter, which gives the convergence in probability of the continuous
EM approximate solution to the asset price . Accordingly, we will first establish
the following theorem which shows the strong error bound on the continuous EM

approximate solution with stopping time.
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Theorem 8.3. Let X (t) be the true solution and z(t) be the continuous EM ap-
proximate solution to the SDE model (7.1) when 8 > 1 and § > 1. For any
positive numbers N and M, define stopping time s = q N v N (y AT, where
q is the same as before, while Ty = inf{t € [0,T] : X(t) ¢ [+, N} and (v =
inf{t € [0, 7] : |z(t)| ¢ [+, N]}. Then, for any p > 2,

E ( sup [X(tAs)—x(tA s)]2) < Cp13(M, N, p)A%D*%], (8.22)

0<t<T

where Cg 13(M, N, p) is a constant independent of A.

To prove Theorem 8.3, we need the following lemma, which can be obtained the

same way as Lemma 6.1 was proved.

Lemma 8.5. There ezists a constant Cgg(M, N,p) dependent on M, N and p but

independent of A such that

E ( sup [z(tAs) — Z(t A s)f) < Cys(M, N, p)A' 5. (8.23)

0<t<T
Proof. (of Theorem 8.3)

For any 0 <t < T, compute
2
[X(t As)— z(t A s)}

<[ [ @) - o @) )]

2

L :/Ot/\s[cm(ﬁ(U))X(u) - ozl(fl(u))j(u)]du]z
+4 :/OMS [ol(m(u))\/V(u—)IX(U‘)|9 — o1(F1(w)) |@(u)||;z(u)|9] dWl(u)r

2

+4] / 01 (raw) X (u7) = 8y () ()} ()]

(8.24)

Taking the expectation for any t; € [0,7], by the Burkholder-Davis-Gundy in-
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equality and the Holder inequality, we then have

E ( sup [X(tAs) —z(t A s)]Q)

0<t<ty
2

<a7% [ s @2 0) = o (7 ) (7200
+4TE /0 " [ (ra () X (") — gy )2 " du

L 16E /0 ) X )

— o7 () [l (u) ] s

+ANE /0 v [52(raw) X (u) = 81 (7 )2 )| du.

Now, in the same way as in computation of (4.18), we compute

G =7% [ [ @) 02(0) = ()20

<4T(Cg g + 0(A)).
Similarly, but applying Lemma 8.5, we get that
t1/As
H :4TE/ [y (71 (w) X () — (71 (0)Z ()] du
° t1/N\s
<12TE X (u)? fon (r1(w) — an (71 (w))]” du
‘ t1As
+ 127G / X () — 2(w)]? + [2(u) — 2(w)]? du
0
<12TN*(Cy10 + 0(A)) + 12Ta2Cs5(M, N, p) A5 T
t1NAs
+ 12762 / X () — ()] du.
0
Analogously, but with the property of r5(u), we have
t1/N\s
I :4)\1E/ (61 (ro(u)) X (1) — 61 (7o () Z(w)]) du
0
§12)\1N2<Cﬁ,11A + O(A)) + 125%)\106’8(]\4, N, p)Ali%T

t1Ns
+ 125%)\1E/ (X (u) — z(u)]? du.
0
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Now, compute
72168 [ [ WX GO — o) V)] da
<808 [ VX WP 1 (ra0) - o )
+ 8062E /OtIASX(u)% V)~ Vi@)] + X [Vio@)] ~ /)] du

2

+ 8053151/01 o) (X)) = o)) + o) [le@)]’ - #@)|]" du.

Applying the technique used to compute (4.18), the mean value theorem yields
t1/N\s
J <80ONM?(Cs 15 + 0(A)) + 800%N29E/ V(u) —v(u)| + |v(u) — 9(u)| du
t1Ns °
+ 8062 MO NY 2K / X () — 2(w)]? + [2(u) — 2(w)]? du.
0
Substituting Theorem 8.1, Lemma 8.3 and Lemma 8.5 gives
J <8ONM?(Cy15 + 0(A)) + 8052N [6’677(M, p)A*%] >
+ 8052 N [06,1<M, p)Alﬂ T (8.29)
t1/N\s 1
+ 8052 MO? N20=2 [IE / (X (u) — 2(u))* du + Co (M, N,p)A' "% T|.
0

Applying (8.26), (8.27), (8.28) and (8.29) into (8.25), we then have

E ( sup [X(tAs)—z(tA 5)]2)
0<t<t:
<AT(Cg + O(A)) + 12T N*(Cg 10 + 0(A)) + 12Ta2Cs (M, N, p) A5 T
+ 12T /0 M X () — 2()2du + 12820 E /O " X () = 2w du
+ 120 N?(ConA + 0(A)) + 126X\ Co (M, N, p) A5 T (8.30)
+ 80N M?(Cg 19 + 0(A)) + 8057 N [06,7(M , p)Al‘%] : T

1
805N | o (M. p)A' 3 | T+ 8053 MO N~ Co (M. N, p) A 5T

t1As
+ 8052 MO* N**E / (X (u) — x(u)]? du,
0
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as desired. The proof of our theorem finally will follow by the application of

Gronwall’s inequality. O

Next, we will establish the following theorem to show convergence in probability

of the continuous EM approximate solution to the true solution.

Theorem 8.4. Let X(t) be the true solution and x(t) be the continuous approzi-
mate solution to the SDE model (7.1) when 6 > 1 and > 1. Then,

lim ( sup [X(t) — x(t)]z) =0 in probability. (8.31)
A—0 0<t<T

To prove Theorem 8.4, we need the following lemma which can be obtained in the

same way as computation of Lemma 6.4.

Lemma 8.6. There exists a constant Cgo(M,p)** which is dependent on M, N

and p, but independent of A such that
E(z(t Ah)) < L+ C35(N, M, p)A==s], (8.32)
where constant L is independent of A, and h = vy N (y.

Proof. (of Theorem 8.4)

In this process, we also divide the whole proof into 3 steps.

Step 1: In the same way as in computation of (6.21) but with stopping time
g =1Tn N prr, we have

@1ﬂ1T n (dl + /\151)T 4 6%R42972T

5 9 4 + )\1(51RT,

E[H(X(T Ag))] <H(Xo) +

where R is the upper bound for the expected value of the asset price that can be
obtained by applying a similar technique as used in (5.8). Now, in the same way

as in computation of (3.59), we further get that

H(N-1) A H(N) :

arp1T (5(1+)\131)T 5‘%R426—2T T B
P(TN S T) S H(XO) + 2 + p) + + /\151RT (833)
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Step 2: Repeating the technique used in ( Step 2:) of Theorem 8.2, Lemma 8.6
and

E ( sup [z(t Ah) —Z(t A h)]Q) < Cgo(M, N, p)Al_%, (8.34)

0<t<T
which can be proved in the same way as Lemma 8.3 was proved, we obtain

H(X()) + 071/;1T + (@1+/;151)T
H(N-Y) A H(N)
%L MAP2T + 5,0 LT + Cyo(M, N, p) A1)

H(N-1Y A H(N)

Py <T) <
(8.35)

+

Step 3: For any arbitrarily small constants ¢ > 0 and § € (0, 1), then define

Qs = |t €[0,T); sup [X(t) —z(t)]*>0d]. (8.36)

0<t<T

Repeating the technique used in (3.42), but with Theorem 8.3, we further get that

Co13(M, N, p)Ai[lj], (8.37)
)

P(QG N (S Z tl)) S
On the other hand, we can compute

P(Q) <P(Q2%N (s >T)) + Py <T)
(8.38)

+ Py <T)+ Py <T)+P(rnw <T).
Substituting (8.13), (8.14), (8.33) and (8.35) into (8.38) yields

<06,13(M7 N7 p)A%[l_%]
< ; _
H(Wp) + &QQMT + (a2+2)\262)T + —55425_27: + N0y RT
H(M=Y) A H(M)
H(Vp) + %2l Ctbdall | BT 4 5,0 TZ + Coa (M, p)AZH 7]
H(M=") A H(M)
H(Xo) + QBT | @MW RO 5\ RT

HIN-) A H(N)
H(Xo) + &1;;1T + (@1+M60)T + G2 M420-2T + 51)\1LT + 66,2(M7 N7 p)A%[l_%]

P(€2%)

2 H(Nfl) NH(N)
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Choose M sufficiently large for

2 |:H(‘/O) + dzng + (&2+(§22)\2)T + 63425_2T] + 52}\2TZ 4 )\252RT
<

g (8.39)
H(M-Y) A H(M) 3’

then choose N sufficiently large for

9 [H(XO) + 071[;1T + (071-5—);51)T + 6%R4z9*2T + 6%M429*2T + )\151RT + 51)\1LT

1 €
H(N-O A H(N) <3
(8.40)

and further choose A sufficiently small for
Coas(M, N, p)AR 3l Gy (M, p)A2I=3) Gy a(M, N, p) Az <& (8.41)

) H(M-Y)N H(M) H(N-Y)YANH(N) 3
Hence, we have
P ( sup [X(t) — x(t)]2 > 5) < g, (8.42)
0<t<T

as required. The proof is therefore complete now. [

Even though the continuous EM approximate solution will converge to the true
solution, it is not computable in practice. Therefore, we will establish the following
theorem to show that the corresponding step process will converge in probability

to the true solution X (t) .

Theorem 8.5. For any t € [0,T] , there exists a step function T(t) of the EM

approximate solution to the X (t) such that

lim < sup |X(t) — a‘:(t)|) =0 in probability. (8.43)

A=0 \o<t<T
The proof of Theorem 8.4 can be obtained in the same way as in computation of
Theorem 6.5.
Clearly, the computable step process will converge to the true solution of the
SDE model (7.1) when parameters 6 and  are greater than 1. Therefore, let us

choose initial condition (X (0) = 0.5,V(0) = 0.04), correlation coefficient of two
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Brownian motions p = 0.6 , (# = 1.5, = 1.6) and A\; = 1, Ay = 2 with coefficients
of the SDE model (see Table 7.1) to illustrate its behaviour in practice. Thus,
we apply MATLAB® software (see Appendix A for code) and generators of two

Markov chains I, and T',, to obtain the following graph (see Figure 8.1).

-4 1 3 -3 1 2
=15 -7 2 I'',=13 -9 6
2 1 -3 2 1 -3

Asset price

Time(t)

Figure 8.1: A sample path of the asset price X(¢) which is generated by the
EM approximate solution to the hybrid mean-reverting-theta stochastic volatility
model with Poisson jump over finite time, where # = 1.5 and g = 1.6.

8.4 Summary

The convergence property of the EM approximate solution to the SDE model

(7.1) has been examined in this chapter when 6, 5 > 1. In this process, we have
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first proved that the unique local solution to this SDE model is non-negative
with probability 1. Then, we have obtained the convergence property of the EM
approximate solution to this SDE model in probability when the time step is
sufficiently small. However, this EM approximate solution is not computable in
practice. Therefore, the convergence property of the corresponding step process

has been obtained to examine its application in finance.
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Chapter 9

Applications in Finance

The generalized Black-Scholes type formulas which were examined in previous
chapters give a significant contribution to understanding behaviour of the under-
lying asset prices in financial markets even though they have no explicit solutions.
However, the final result of the each previous chapters shows that the EM ap-
proximate solution to the each SDE model will converge to the corresponding true
solution when the time step is sufficiently small.

In this chapter, we will therefore show that these EM solutions can be used to
evaluate financial quantities. However, we will omit some information that can be
found in several research papers under the same conditions on parameters 6 and
(. Furthermore, details of these financial quantities are omitted here, as these can

also be found in textbooks [35, 50].
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9.1 Bonds

Assume that the SDE model (5.1) when % < 6,8 < 1 describes the short-term

interest rate dynamics. Then the price of a bond at the end of period is given by

B(T)=E {exp(— /0 ' X(t)dt)} .

Given that the step process Z(t) is computable and it converges to the true solution

X (t) in probability, we would naturally compute B(T') approximately by

Ba(T) = [exal [ ) atolan)|

The question is: does Ba(T) approximate B(T') well whenever the step size A

is sufficiently small? The following theorem confirms this.

Theorem 9.1. In the notation above, we have

lim |B(T) — Ba(T)| = 0. (9.1)

A—0

The proof of our theorem can be obtained in the same way as in computation
of Theorem 4.1 in [32] but with Theorem 5.7.

On the other hand, when short-term interest rate dynamics follows the SDE
model (3.6) which was examined in chapter 3, we will get the required proof for
Theorem 9.1 in the same way as in computation of Theorem 5.1 in [77], but

applying our new Theorem 3.5.

9.2 Path dependent options

Let us now consider a barrier option under the SDE model (4.1) when parameters
0 and ( are greater than 1. That is, consider a down-and-out European put
option, which, at expiry time T, pays the European put value (E — X(T))% if

X (t) never decreases below the fixed barrier B, and pays zero otherwise, where
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E' is the exercise price. We suppose that the expected payoff is computed from a
Monte Carlo simulation (see [26]) based on the EM step process Z(t). The following
theorem uses our new convergence theorem to show that the expected payoff from

the numerical method converges to the correct expected payoff as A — 0.

Theorem 9.2. Let X(t) be the solution of the SDE model (4.1) when parameters
0 and 5 are greater than 1 and Z(t) be the EM step process. Consider a down-
and-out Furopean put option with the exercise price E, the fized barrier B and the

expiry date T'. The expected payoff of the down-and-out call option is

O—E (E—X(T))+1<B< inf X(t)> |

0<t<T

while the estimated expected payoff based on the EM step process Z(t) is

~

Oar=E [(E—|z(T))* 1<B§ inf |f(t)|>

0<t<T
Then

lim
A—0

0- OA‘ —0. (9.2)
Proof. Let

A= (Bg inf X(t)> and B = (Bg inf \j(t)\).

0<t<T 0<t<T

We will complete the proof, if we can prove that

iin% [(E—X(T))*1a — (E — |Z(T)|)" 1| =0 in probability.
-

In other words, the theorem holds as long as we can show that for any small

constants € > 0 and § € (0, 1), the following
P(|(E — X(T)*1a — (B~ [#(1)])*1a| 2 6) < (93
holds for all sufficiently small A. To prove this, we set A = Q—2A and B’ = Q—B.
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It is easy to verify that
(E = X(T)* — (B~ &(T))*| < [X(T) ~ |[#(D)]| < |X(T) - &(T)|.
We then compute
P (/(E ~ X(T))*1a — (E — [2(T)]) 1a| > 6)
<P [(|(E — X(T))*1a — (E — [2(T)|)* 1a| > 6) N (A NB)]
+P [(|(B - X(T)*1a = (B - [#(D)) 1s] =) n (@ nB)|  (94)
+P [(|(B = X(T)*1a — (E - [2(D)) 15| = 6) 0 (AN B")]
P(IX(T) = 2(T)| 2 )+ P (A N'B) +P(ANB').

By Theorem 4.5, for all sufficiently small A, we have

€
P(X(T) - 2(T)[ 2 0) < 5. (9.5)
Now, let z € (0, B) be any sufficiently small number. Write
A = { inf X(t) < B]
0<t<T
:[inf X(t)<B—z}U[B—z§ inf X(t)<B} (9.6)
0<i<T 0<t<T
= A, U A,
We hence compute
P(Q{’m%):ﬂ»(m )+P(m2m%)
<P (1,1, X(0) = inf, IOl > =) + P (2)
, (9.7)
SP(sup | X (¢) (t)HZz)—i—P(Qg)
0<t<T

<P ( sup |X(t) —z(t)| > Z> —O—P(Q[;) .

0<t<T

Since inf X(t) is a continuously distributed random variable, we can choose z so
0<t<T
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small that
/ €
P (91 ) <<,
’) "6
while by Theorem 4.5, we can choose A so small for

P ( sup | X (t) — 2(t)] = z) <

0<t<T

M

We hence see that for all sufficiently small A,

/ 13
e 9.8
P(ANB) < - (9.8)
Similarly, we can show that for all sufficiently small A,
/ €
P(Qlﬂ%) <z (9.9)
Substituting (9.5), (9.8) and (9.9) into (9.4) yields
B (|(B = X (1)) 1y — (B — [#(T)])*1z] = 8) < <. (9.10)
as required. The proof is therefore complete. n

9.3 Lookback put options

The fixed strike lookback put option differs from the standard European put option
in that when we compute the payoff, the price at the expiry date is replaced by the
smallest asset price observed. So the expected payoff of the fixed strike lookback
put is given by

L= E[(E ~ inf X(t))+],

0<t<T

where E is the exercise prise. Analogously, our numerical approximation to this
payoff is

. +

Ia :E[(E— inf \a‘:(t)|> ]

0<t<T
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Theorem 9.3. In the notation above, we have
lim |L — La| = 0.
A= bal =0

Here, we proceed with the asset price model examined in Chapter 8. Thus,
we will assume that the lookback put option follows the SDE model (7.1) when

parameters # and 3 are greater than 1.
Proof. Clearly, it is sufficient to prove

lim

=0 i bability.
lim in probability

(B~ ini X(t))+—<E— inf |:T:(t)|)+

0<t<T 0<t<T

In other words, the theorem holds as long as we can show that for any small

constants € > 0 and d € (0, 1), the following

P(KE— mEXﬁD+—(E—iM|ﬂwDWE5><5 (9.11)

0<t<T 0<t<T

holds for all sufficiently small A. On the other hand, it is easy to show that

)(E— inf X(1)) ~ (B~ inf |£(t)\)+‘

0<t<T 0<t<T

<

i, X(0) = i, 200

(9.12)
< sup |X(t) — |:)?(t)H

0<t<T

We therefore have that

IP’(‘(E— inf X(t)>+—<E— inf |:E(t)])+‘ 25) §P(sup X(t) - 5(t)| > §

0<t<T 0<t<T 0<t<T
(9.13)
But, by Theorem 8.5, we have
P < sup | X(t) — z(t)| > 5) <e (9.14)
0<t<T

for all sufficiently small A. Combining (9.13) and (9.14) we obtain the required
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(9.11). The proof is therefore complete. O

9.4 Summary

In this chapter, we have proved that the step processes of the corresponding EM
approximate solutions to the SDE models which were discussed in previous chap-
ters can be used to evaluate financial quantities. In this process, SDE models have
been divided into two categories, with 1/2 < 4,0 < 1 and with 1 < 6, 5. How-
ever, each SDE model in one category needs similar techniques to investigate its
corresponding application in finance. Therefore, we have examined a few models

to complete this process.
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Chapter 10

Conclusions

This research program focussed on several SDE models which are widely used to
examine asset price or portfolio data but so far have no explicit solutions. In this
process, we have established Euler-Maruyama (EM) numerical approximations to
these highly sensitive volatility models which help to study and understand effects
and movements of financial markets. However, existing financial instruments are
not strong enough to derive analytical properties of more generalized Black-Scholes
formulas. Therefore, necessary effective theories have been developed under certain
assumptions. Clearly, these newly developed financial tools can also be used to
scrutinize some other financial quantities.

The first model can be treated as having constant coefficients with parameters
6 and 3 are greater than 1. Since this model satisfies the local Lipschitz condition,
the expected error bound of the continuous EM approximation has been used to
show that convergence in probability of the EM approximate solution. In practice,
the continuous EM approximate solution to this model is not computable. Thus,
the convergence in probability of the step process has also been established.

The Markov switching concept changes the direction of the first model to ex-
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plain the higher dimension of some financial quantities. The coefficients of this
model also satisfy the local Lipschitz condition. Therefore, we have obtained con-
vergence in probability of the EM approximate solution to the true value. In
addition, convergence of the corresponding step process has also been established
to examine application of this approximate solution in finance.

The mean-reverting-theta stochastic volatility model driven by a Poisson-jump
process with constant coefficients and its Markov switching form created more
generalized Black-Scholes formulas which can also be seen in financial markets. In
the case of % < 6,8 < 1, the convergence in second moment of the EM approxi-
mate values to these SDE models have been examined under the global Lipschitz
condition and the linear growth conditions. In order to show applications of these
EM approximate solutions in finance, convergence properties of corresponding step
processes have been obtained.

In contrast to the stochastic volatility model discussed in Chapter 5 and 7,
when the parameters # and 3 are greater than 1, these hybrid SDE models obey
the local Lipschitz condition. Therefore, we can not appeal to convergence in
second moment of the EM approximate solutions to these SDE models. Thus,
new techniques have been developed and we have examined analytical properties
of the EM approximate solutions in probability. Then, we extended this process
to show convergence in probability of the corresponding step processes which give
the necessary condition to evaluate their applications in finance.

These developed techniques have proved that the approximate values generate
the expected result of the true solutions to the SDE models when the time step
is sufficiently small. In Chapter 9, several applications of these financial models
have been discussed to show that their solutions can be used to evaluate financial

quantities in practice.
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In addition, these EM approximate solutions can be used to evaluate investment
risk of financial quantities in financial markets. If the short-term interest rate of
a bond is high then the bond price becomes low, and if short-term interest rate
is low then bond price becomes high. Therefore, the risk of bond price can be
examined by taking the variance of the short-term interest rate which gives the
dispersion of the short-term interest rate throughout the mean.

On the other hand, implied volatility gives the significant effect for the decision
of the option price. If the implied volatility of the asset price is high then it
gives the higher option price, and if it is low then gives the lower option price.
Therefore, investors can evaluate the risk of the option by examining the variance

of the implied volatility.

176



Appendix A
MATLAB® Codes

Model 1

function [x,v]=svm_ccofficient_stime (x0,v0,T,n,M,N,rho ,NS)

%z0:Initial value of asset price

%v0: Initial value of wvolatility

%T: Time period

%n : Number of steps

%NS : Number of simulations

9M: Upper bound of =z

%N : Upper bound of v

%rho: correlation coefficient of wl and w2

theta=1.2; beta=1.1;
alphal=0.21; alpha2=0.3;
miyul=10.4; miyu2=0.13;
sigmal=0.05; sigma2=0.054;

delta=T/n;
x=zeros (NS,n+1); v=zeros(NS,n+1);
v(:,1)=v0xones(NS,1); x(:,1)=x0%ones(NS,1);

for i=2:1:n+1
normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,1)=x(:,i—1)+alphal *(miyul—x(:,i—1))xdelta+...
sigmalx(x(:,1—1)."theta).xsqrt(v(:,i—1)).%...
normrandlxsqrt (delta );

if (abs(x(:,i))< N)
1 x(:,1)=abs(x(:,1));
x(:,1)=N;
end

177



v(:,i)=v(:,i—1)+alpha2«(miyu2—v (:,i—1))xdelta+...
sigma2#*(v(:,1i—1)."beta).x
(rhos*normrandl4+sqrt(l1—rho "2)*normrand2)«sqrt(delta);

if (abs(v(:,i))<M)

| v(:,i)=abs(v(:,1));
v(:,1)=M;

end

end

Model 2
function [x,v]=svm_makove_stime(x0,v0,T,n,C1,Q1l,s ,M,N,rho ,NS)

%x0:Initial value of asset price,
%v0:Initial value of volatility
%T: Time period

%n : Number of steps

%NS : Number of simulations

9M: Upper bound of z

%N: Upper bound of v

%rho: correlation coefficient wl and w2
%C1: states wvalue matriz;

%Q1: generator of Markov—chain ;
%s : Initial state;

theta=1.2; beta=1.1;

delta=T/n;
x=zeros (NS,n+1); v=zeros(NS,n+1);
v(:,1)=v0%ones(NS,1); x(:,1)=x0%ones(NS,1);

for i=2:1:n+1
s=markovs (Q1,T, n, s);

alphal=Cl(s,1); alpha2=Cl(s.,4);
miyul =Cl1(s,2); miyu2 =Cl(s,5);
sigmal=Cl(s,3); sigma2=Cl(s,6);

normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,1)=x(:,i—1)+alphal *(miyul—x(: 1—1))* delta+..
sigmalx(x(:,i—1)."theta).xsqrt(v(:,i—1)).%
normrandl*sqrt(delta);

if (abs(x(:,i))< N)
: x(:,1)=abs(x(:,i));
x(:,1)=N;
end
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v(:,i)=v(:,i—1)+alpha2*(miyu2—v(:,i—1))xdelta+...
sigma2x*(v(:,i—1)."beta).x*...
(rho*normrandl+sqrt(l—rho "2)*normrand2)*sqrt(delta );

if (abs(v(:,1i))<M)
v(:,i)=abs(v(:,i));

else
v(:,i)=M;
end
end
Model 3

function [x,v]=svm_ccofficient_jump (x0,v0,T,n,rho,NS)

%z0:Initial value of asset price
%v0:Initial value of volatility

%T: Time period

%n : Number of steps

%NS: Number of simulations

%rho: correlation coefficient wl and w2

theta=0.5; beta=0.6;
alphal=0.21; alpha2=0.3;
miyul =0.4; miyu2=0.03;
sigmal=0.05; sigma2=0.054;
deltal=0.09; delta2=0.07;
lambdal=1; lambda2=2;

delta=T/n;

x=zeros (NS, n+1);

v=zeros (NS,n+1);

v(:,1)=v0xones(NS,1); x(:,1)=x0%ones(NS,1);

for i=2:1:n+1
normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,1)=x(:,i—1)+alphal *(miyul—x(:,i—1))xdelta+...
sigmalx(x(:,1—1)."theta).xsqrt(v(:,i—1)).%...
normrandlxsqrt (delta)...

+deltal*x(:,i—1)*(poissrnd (lambdalsdelta)—lambdal*delta );
x(:,1)=abs(x(:,1));

v(:,i)=v(:,i—1)+alpha2«(miyu2—v (:,i—1))«xdelta+...
sigma2x(v(:,i—1)."beta).x...

(rho*normrandl+sqrt(l—rho "2)*xnormrand2)xsqrt(delta)...
+delta2xv(:,i—1)x(poissrnd (lambda2xdelta)—lambdalxdelta);
v(:,i)=abs(v(:,i));
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end
Model 4

function [x,v]=svm_ccofficient_jump_stime (x0,v0,T,n,M;N,rho,NS)

%z0:1Initial value of asset price,
%v0:Initial value of volatility

%T: Time period

%n : Number of steps

%NS : Number of simulations

9M: Upper bound of =z

%N: Upper bound of v

%rho: correlation coefficient wl and w2

theta=1.2; beta=1.1;
alphal=0.21; alpha2=0.3;
miyul =0.4; miyu2=0.13;

sigmal=0.05; sigma2=0.054;
deltal=0.09; delta2=0.07;
lambdal=1; lambda2=2;

delta=T/n;
x=zeros (NS,n+1); v=zeros(NS,n+1);
v(:,1)=v0xones(NS,1); x(:,1)=x0%ones(NS,1);

for i=2:1:n+1
normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,1)=x(:,i—1)+alphal *(miyul—x(:,i—1))«xdelta+...
sigmal«(x(:,1—1)."theta).xsqrt(v(:,i—1)).%...
normrandl*sqrt (delta)...

+deltalxx(:,i—1)x(poissrnd (lambdalxdelta)—lambdalxdelta);

if (abs(x(:,i))< N)
| x(:,i)=abs(x(:,1));

x(:,1)=N;

v(:,i)=v(:,i—1)+alpha2«(miyu2—v (:,i—1))«xdelta+...
sigma2x(v(:,1—1)."beta).x...

(rhoxnormrandl+sqrt(l—rho "2)*xnormrand2)*sqrt(delta)...
+delta2xv(:,i—1)x(poissrnd (lambda2xdelta)—lambdalxdelta);

if (abs(v(:,i))<M)
| v(:,i)=abs(v(:,i));
vi(:,1)=M;
end
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end
Model 5

function
[x,v]=svm_makove_jump (x0,v0,T,n,C1,C2,Q1,Q2,s1,s2,11,12 ,rho ,NS)

%z0:1Initial value of asset price,
%v0:Initial value of wvolatility
%T: Time period

%n : Number of steps

%NS : Number of simulations

%rho: correlation coefficient wl and w2
%C1,C2: states wvalue matriz;
%Q1,Q2: generator of Markov—chain ;
%s : Initial state;

%11 : lamdal;

%12 : lamda?2;

theta=1; beta=0.5;

delta=T/n;

x=zeros (NS,n+1); v=zeros(NS,n+1);
v(:,1)=v0xones (NS,1); x(:,1)=x0%ones(NS,1);
for i=2:1:n+1

sl=markovs (Q1,T, n, sl); s2=markovs(Q2,T, n, s2);

alphal=C1(sl,1); alpha2=Cl(sl ,4);
miyul =C1(sl1,2); miyu2 =C1(sl,5);
sigmal=Cl(sl,3); sigma2=Cl(sl,6);
deltal=C2(s2,1); delta2=C2(s2,2);

normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,1)=x(:,i—1)+alphal *(miyul—x(:,i—1))«xdelta+...
sigmal(x(:,1—1)."theta).xsqrt(v(:,i—1)).%...
normrandlxsqrt (delta)...
+deltalxx(:,i—1)x(poissrnd(llxdelta)—11xdelta);

x(:,1)=abs(x(:,1));
v(:,i)=v(:,i—-1)+alpha2x*(miyu2—v(:,i—1))xdelta+...
sigma2#*(v(:,i—1)."beta).x*...

(rhoxnormrandl4+sqrt(l—rho "2)*normrand2)*xsqrt (delta )...
+delta2xv(:,i—1)x(poissrnd (12xdelta)—12xdelta);

v(:,i)=abs(v(:,i));

end
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Model 6

function [x,v]=svm_makove_jump_stime

(x0,v0,T,n,C1,C02,Q1,Q2,s1,s2,11,12 ,M,N, rho ,NS)

%x0:Initial value of asset price,
%v0:Initial value of wvolatility
%T:Time period

%n : Number of steps

%NS : Number of simulations

9M: Upper bound of z

%N: Upper bound of v

%rho: correlation coefficient wl and w2
%C1,C2: states wvalue matrizs;
%Q1,Q2: generator of Markov—chains;
%s : Initial state;

%11 : lamdal;

%12 : lamda?2;

theta=1.5; beta=1.2;

delta=T/n;

x=zeros (NS,n+1); v=zeros(NS,n+1);
v(:,1)=v0xones (NS,1); x(:,1)=x0%ones(NS,1);
for i=2:1:n+1

sl=markovs (Q1,T, n, sl); s2=markovs(Q2,T, n, s2);

alphal=Cl1(sl,1); alpha2=Cl(sl ,4);
miyul =C1(sl1,2); miyu2 =C1(sl,5);
sigmal=Cl(sl,3); sigma2=Cl(sl,6);
deltal=C2(s2,1); delta2=C2(s2,2);

normrandl=randn(NS,1); normrand2=randn(NS,1);

x(:,i)=x(:,i—1)+alphal *(miyul—x(:,i—1))«xdelta+...
sigmal(x(:,1—1)."theta).xsqrt(v(:,i—1)).%...
normrandlxsqrt(delta)...
+deltalxx(:,i—1)x(poissrnd(llxdelta)—11xdelta);

if (abs(x(:,1i))< N)
S =abs(x (i)
x(:,1)=N;

end

v(:,i)=v(:,i—1)+alpha2x*(miyu2—v (:,i—1))xdelta+...
sigma2x(v(:,i—1)."beta).x*...

(rhoxnormrandl+sqrt(l—rho "2)*xnormrand2)xsqrt(delta)...
+delta2xv(:,i—1)x(poissrnd (12xdelta)—12xdelta );
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end

Markov-chain

function [s]=markovs(Q,T, n, s)

%) = Transition rTate matriz;
%u = values of states matriz;
%T = Time

%n = No of steps;

%s = Present state;

%R = Randam number;
%L = Numbrer of states;

i=1;

R=rand (1);
probability =10;
p=expm ((T/n)*Q);
L=length(p);

while (R<probability)
if (R <sum(p(s,1:1)))
s=1;
probability =R;
elseif (i<L-1)
i=i+41;
else
s=L;
probability =R;
end
end
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