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Abstract

This thesis treats finite element methods for Stokes and Oseen equations on highly
anisotropic meshes. The stability of the discrete saddle-point problem may be affected
in a negative way by the anisotropies in the mesh P. The reason is a required com-
patibility condition (inf-sup condition) between the discrete velocity space Vp and the
pressure space M.

We identify subspaces G C My and derive uniform inf-sup conditions for the pair
Vi x G. That is, the inf-sup constant Sz is independent of properties of the mesh.

These conditions are shown to be equivalent to the deficiency

(divw,q)
sup ————% > Bg[[Taqllgo — lg — Tagllgq forall g e My,
’UEny ‘U‘LQ

where Ilg: Mp — G is a surjective projection.

The definition of the spaces G C My relies on a set of constraints. Using these results
we propose uniformly stable mixed methods, either by using the pairs Vi x G (i.e.,
strongly imposing the constraints) or by adding a stabilisation term to the formulation
using Vg x My (i.e., weakly imposing the constraints). The proposed stabilisation
terms only act on the non-inf-sup stable part of the pressure, they vanish for members
of G, and they are block diagonal. In addition, these properties ensure a local mass-
conservation property also of the stabilised methods.

The above claims are confirmed by several numerical experiments.

viii



Chapter 1

Introduction

In this thesis we study (stabilised) Finite Element Methods (FEM) applied to problems
in fluid mechanics on anisotropic meshes, that is, meshes containing long and thin cells.
Although the solution u of the problem is unknown, some of its physical properties may
be known. Suppose, for example, that u is the velocity of water flowing through a pipe.
At the boundary of the pipe, the magnitude of the velocity |u| is zero, whereas towards
its centre |u| may increase rapidly. The velocity w is almost constant in the direction
of flow and therefore the approximation error in this direction will be very small. By
using meshes with long and thin cells we can exploit this fact and save computational
effort when computing a discrete approximation uy of u.
A general incompressible flow problem is given by the Navier—Stokes equations:

Find a velocity w and a pressure p such that
ou—vAu+u-Vu+ou+Vp=Ff and divu=0 (NS)

inside a domain Q, for suitable parameters v, o, a body force f and subject to boundary
conditions.

Here the phrase “suitable parameters” refers loosely to parameters such that a unique
solution exists. One of the main references for this problem is the book by Girault and
Raviart [GR86], where more precise assumptions on the parameters are given. The
solution of (NS) is normally approximated by solving linearised sub-problems again
and again in an iterative fashion. The iterative process is independent of anisotropies
of meshes if the sub-problems can be solved independently. Therefore, we may restrict
our attention to 2 C R? and sub-problems of the type:

For a given source f € L*(Q)?, find w and p such that

—vAu+b-Vu+ou+Vp=Ff in Q,
divu=0 in €, (1.1)
u=0 on 09,
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where v > 0 and 0 > 0 are non-negative constants and b serves as a parameter.
When b = u, problem (1.1) is the stationary case of (NS), that is, du/0t = 0. For
b € L*(Q)% divb = 0, (1.1) is the Oseen problem, which arises, for example, from a
linearisation of (NS) when b is an approximation of . And, for b = 0 it resembles the
(generalised) Stokes problem, which also arises when the non-linear term in (NS) can
be ignored, for example if the velocity is small compared to the parameters v and o.
The remainder of this chapter is structured as follows. We first set the necessary no-
tation and recall sufficient conditions to solve problems of type (1.1). These conditions
will also provide some structure for the subsequent literature review. Afterwards, an

outline of the thesis is given.

1.1. Context for Literature review

We include this section for the sake of completeness and to motivate some detailed
statements in the later review of existing literature. We will assume basic knowledge
on FEMs, see for example [Cia78,BS08] for a thorough introduction to the topic.

We start with some notation, a weak formulation of (1.1), and an existence result
which will be useful to refer to in the literature review. Hereafter, we use the standard
notation for Sobolev spaces. The notation is aligned with [GR86|, for more details
we also refer to [Ada75]. Let w C Q and let L?(w) be the set of square integrable
functions on w with the inner product denoted by (u,v), = [ uvdax and the corre-
sponding norm ||vH(2)7w = (v,v),. Moreover, we use the average free subspace given by
Li(w) = {q € L*(w): (1,q), =0}.

For ¢ € Ny, H'(w) C L*(w) denotes the usual Sobolev space containing functions
whose weak (or distributional) derivatives exist up to order ¢ and lie in L?(w). The
functions in H}(w) belong to H!(w) and vanish on the boundary dw. We denote the
norm and seminorm in H*(w) by ||-|| 1w and |-[, ,, respectively. Vector-valued functions
and their spaces are given a bold-faced symbol, e.g. v € H}(w) = [H(% (w)}g. Norms
and inner products for functions in L?(w)? and L?(w)?*? are defined component-wise;
the same notation is used.

In (1.1) the pressure p only appears as a gradient. Therefore, the solution is only
unique up to a constant. This is normally solved by looking for a pressure in L%(Q)
and later, if desired, adding the average of the atmospheric pressure to the obtained
solution.

Now we are in the position to state the weak formulation of (1.1):
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Find (u,p) € V x M = H}(Q) x L(Q) such that
B(u,p;v,q) = (f,v)g foral (v,q) eV xM, (1.2)
where the bilinear form B is defined by
B(u,p;v,q) = a(v,v) — (p,dive), — (¢, div u)ﬂ, (1.3)
with
a(u,v) =v(Vu,Vou)g + (b- Vu,v), + o(u,v)q . (1.4)

We note that to obtain this formulation we integrated by parts over the domain €2,
that is, we applied Green’s formula (see [GR86]). This formula is proven to be valid
on domains whose boundary is Lipschitz continuous, which, for Q C R?, means that
the boundary 0f2 can be locally parametrized by a Lipschitz continuous function. A
more general definition can be found in [GR86,Gri85] . All domains in this thesis have
a Lipschitz continuous boundary.

We say a problem is well-posed if it has a unique solution. The following result
restates [GR86, Corollary 1.4.1] and gives criteria that are sufficient for the existence

of a unique solution of (1.2).

Corollary 1.1. Let the bilinear form a(-,-) be V -elliptic, that is, there is v > 0 such
that

a(v,v) > y[vl3 =AllolZg Jorall veV. (L5)

Then, problem (1.2) is well-posed if and only if

 di
inf sup (2o S5 (1.6)
gEM vEV HQHO,Q"U’LQ

Condition (1.6) has been proven to hold, see also [Gal94, Lemma IIL1.3.1], and is
called inf-sup condition, or LBB condition, where LBB are the initials of the authors
Ladyzhenskaya, Babuska and Brezzi, who independently proposed the condition. Fi-
nally, the Poincaré inequality |[vlyq < Calv]; o (see [BSO8, Sec. 10.6]) guarantees the
validity of (1.5) even for ¢ = 0 and divb = 0.

Let us now state a finite element formulation of (1.2). To this end we define some
terminology. A finite element method seeks a solution in a trial space and tests the
equality for every function in a test space. If trial and test spaces coincide, then

the method is called Galerkin method, otherwise it is called Petrov—Galerkin method.
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Now, we suppose that © C R? is an open, polygonal and bounded domain covered by
a partition P consisting of geometrically simple and non-overlapping cells (a precise
definition is given later in Section 2.1). Furthermore, let Vo C V and My C M be
discrete, finite-dimensional, spaces associated with P. Then, a Galerkin method for
(1.2) reads:

Find (up,pp) € Vp x My such that

%(u?ap?;vaq) = (fav)Q for all (,Uv(J) € VfP X M’J’a (17)

where the bilinear form B is defined as in (1.3).

Unlike an elliptic problem, (1.7) is not automatically well-posed by choosing sub-
spaces Vp C V and Mp C M. This is one source of instability that may occur when
solving problem (1.7). At this point we elaborate on this and other sources in form of

a few comments:

o The existence of the unique (discrete) solution of (1.7) follows from Corollary 1.1,
if the discrete pair V¢ x My satisfies the conditions in Corollary 1.1. It is note-
worthy that (1.5) remains valid for any subspace Vp C V; in particular for any

partition P. However, the discrete equivalent of (1.6), namely

{g.divelg o g (18)

inf sup |
v
1,0

qEMp vEV D Hq

0,2

imposes implicit constraints on the partition P and the relation between V¢ and

Msyp. This is very important for the scope of the present thesis.

Existing results concerning the behaviour of inf-sup constants and how to circum-
vent condition (1.8) are presented in Sections 1.2.1 and 1.2.2. Additionally, the
choice of the space Vp x My has an impact on how well the divergence constraint
in (1.1) is satisfied, cf. Section 1.2.4.

e Another source of an unsatisfactory behaviour of a finite element method may
be caused by dominating convection (v < ||b]|, ) or reaction (¥ <« o). Such
behaviour is mainly observed for high Reynolds number flows, which is a case of

practical interest. A few results on this point are listed in Section 1.2.3.

e Furthermore, the approximation qualities of a discrete solution may require some
regularity of the partition P, because the proof relies on properties of interpolation
operators which may require a maximum angle condition. We cover this point

and its literature review in Section 2.2.3, as more detailed definitions are required.

The desire for an LBB constant S in (1.8) to be independent of the partition P has
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two motivations. The first one, is given by the worst case error estimate for the Stokes
problem. That is, if the inf-sup condition (1.8) is satisfied, then a standard a priori
error estimate is

C .
lu — uT‘l,QH‘p - p?HO,Q < (1"'532)) { - qlp)len‘i;?xM?W - 'U?|1,Q+||p - (ITHO,Q} , (1.9)

see for example [ESW14] or [BF91, Sec. 11.2.2]. The negative power of By in this
estimate is the reason why a [p independent of mesh properties, such as size and shape
of the elements of Partition P, is desirable.

The second motivation is that Gy affects the condition number of the discrete sys-
tem to be solved. For instance, the smallest eigenvalue of the discrete Stokes system
behaves as /B%, whereas its largest eigenvalue is independent of the partition (bounded
by the continuity constant of the bilinear form). Hence, the condition number of the
discrete system is related to 3 2 which is a strong inconvenience when Gy is small.
For a detailed discussion on the preconditioning issue for stabilised low order meth-
ods and symmetric indefinite systems we refer to [Sil94, WS93,SW94, SS11] and for a
comprehensive introduction to the iterative solving process to [ESW14] or [GS00, pp.
623-639].

1.2. Literature review

In this section we perform a literature review for various sources of instability that
occur when problem (1.7) is solved. These sources include inf-sup condition (1.8), and
how to circumvent it, dominating convection and mass-conservation.

As observed, when solving (1.7) an inf-sup stable pair Vo x My is beneficial, that is,
a pair satisfying (1.8) with a positive constant Sp independent of mesh properties. We
refer to By as the inf-sup or LBB constant of the pair Vp x Myp. The term spurious
(pressure) mode refers to a (basis) function, say ¢, € My, that causes Sy to depend
on mesh quantities. Inserting any multiple of ¢, into (1.8) gives the same inf-sup
constant fBp. Therefore, if a spurious mode is to be removed from My, then a whole
one-dimensional subspace, span {¢s} C My or one degree of freedom (DOF), has to be
removed.

In order to discuss available finite element pairs, we define (discontinuous) spaces
that consist piece-wise of polynomials. To this end, for £ € N and w C Q we introduce
sets of polynomials Py(w) of (at most) degree ¢ and Qy(w) of (at most) of degree ¢ in
each variable. Furthermore, let P be a conforming partition of  into the union of

closed parallelograms or triangles (defined later). Then, we define the scalar-valued
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spaces

Qe = {v e L}(Q): v[x € Q(K) YK € P}
and

Py = {q € L*(Q): q|; € P(K) VK € P}.

Continuous spaces are given a superscript ¢, that is, we define QZ? = Qrp N Co()
and vector-valued spaces are bold-faced, e.g. QE,? = [QZ?]Q. In this thesis we pre-
dominantly use continuous velocity spaces and discontinuous pressure spaces. The
superscript ¢ merely serves to avoid confusion during the literature review. When us-
ing a continuous space we implicitly suppose an appropriate partition, for example IP’Z;P
can be defined on triangles but not on parallelograms. If we talk about inf-sup stable
pairs and the spaces are defined on the same partition, then the partition symbol is left
out, for instance, the pairs Pf x P{ and Qj, X Py (defined on parallelograms) are not
inf-sup stable.

The aim of the next two sections is to recall inf-sup stable pairs and show methods

available to circumvent the inf-sup condition (1.8).

1.2.1. Inf-sup stable pairs

A thorough introduction to inf-sup stable pairs on (shape-) regular meshes and a recent
summary of such pairs may be found in [BBF13]. We summarise the results most
relevant to us here. For the arguments below it is worth mentioning that on regular
meshes the pairs Qf x Qf and Pj, x P} are not inf-sup stable, as can be confirmed
by numerical experiments. The pairs Qf, x Pr_; [BM99] and the Hood-Taylor pairs
Pj xP;_, and Qf x Qf_, are inf-sup stable for £ > 2 [Bof94] and [BBF13, Sec. 8.8.2].
The latter pairs are also called balanced-order pairs, since the norms in (1.9) converge
equally fast.

On anisotropic meshes the situation is more complicated. Here we provide a more
detailed review. First, we cover non-conforming approaches, that is Vp ¢ V. The
piecewise linear, non-conforming Crouzeix—Raviart element introduced in [CR73] was
in [ANSO1] proven to satisfy (1.8) on arbitrary conforming anisotropic meshes consist-
ing of triangles. However, to ensure good approximation properties of the interpolant a
maximum angle condition is assumed, see also [AD99]. Another non-conforming stable
pair is the rotated, non-parametric Ql X Pp-element introduced in [RT92]. This pair
was later [BR95] shown to be stable independent of the cell aspect ratio on rectan-

gular, conforming tensor-product meshes. Finally, in [AMO8] inf-sup stable pairs on
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anisotropic rectangular meshes are defined. This is done, starting from a fixed pressure
space (P;—1) and a velocity space P, that is enriched by functions belonging to @,
until uniform stability is achieved.

In this thesis we focus on Vo C V. For conforming spaces Vo C V on anisotropic
meshes, a difference of two in the polynomial degree between velocity and pressure
space seems to allow LBB constants independent of local aspect ratios. For example, in
[SS98,55599] the Qf | x Qx_1 pair was proven to be uniformly inf-sup stable on meshes
containing edge patches, but corner patches were excluded. If a corner patch is present,
then the LBB constant may depend on a non-local quantity x (called grading factor
in [SSS99]), see Figure 1.1. The exclusion of corner patches is motivated by experiments
in [SSS99, AC00, AMRO3]. Furthermore, in [AC00] some spurious pressure modes that
cause Bp = C(k) are identified for Qf; x Py_; and other pairs. This knowledge was
used to construct velocity polynomials of degree x~1/2 (with s given by he/H, from
Figure 1.1), that, when added to Vp = Qf_, prevent Bp from degenerating. These
polynomials change with x which complicates the implementation of this approach.
Moreover, in [AN04], the stability of Q5 x Py and P§ x Py on some anisotropic meshes
is justified. In detail, the assumptions on the partition in [AN04] restrict grading factors
and allow any partition that can be split into a finite number of shape-regular macro
elements where each of the macro elements contains cells stretched in a single direction.
In [BLR12| a divergence-preserving interpolant on anisotropic meshes is constructed.
Its approximation estimates, however, are not independent of local anisotropies, cf.
[BLR12, estimate (1.3)], and the grading factors are restricted see [BLR12, Assumption
1].

he he
H, he H,.

Fig. 1.1. An edge and a corner patch with aspect ratio ¢ = h./H. and grading factor
k= he/He.

In summary, when Vg is fixed, then By is defined by the infimum over My and
restricting this infimum to any subspace of My increases Bp. On various meshes the
works [SS98, SSS99, AN04] show that dependencies on local aspect ratios are cured
by a velocity space that is “two polynomial degrees richer“ than the pressure space,

where simultaneous stretching in two spatial directions is bounded. Experiments for the
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balanced-order pairs Qf, x Px_; (k > 2) show they are not uniformly inf-sup stable, and
hence loose their stability as aspect ratios decrease. Table 1.1 shows the behaviours of
the LBB constant that can be expected on anisotropic meshes consisting of rectangles
(for simplicity). The constant B = C(...) may, in general, depend on the aspect ratio g,
or topological parameters x (e.g. neighbourhood-local grading factor) and polynomial
degree k. The shown dependencies have been either restricted or proven in the cited
publication, for instance the result in the second row is proven for shape-regular meshes
on which g and k are bounded by constants. In the course of this thesis, it will turn out
that the topological dependency, indicated by « in Table 1.1, is not local (see Chapter 3
and Remark 3.2 for details).

Table 1.1. The relation between V' x My and LBB constants S

Vox Mp, k>1 Bp Comments

Qi1 X Pry1 0 consequence of [BM99, Prop. 2.1]
Qi1 X Py C(o,k,k) >0 consequence of [BM99, Prop. 4.1]
Qi X Pry C(k,k) >0  consequence of [ACO0]

None of the approaches [SS98,SSS99, AMRO03, AN04, AM08, BLR12| allows corner
patches as in [ACO00], or in Figure 1.1, right. And the approach of augmenting the LBB

constant proposed in [AC00] imposes difficulties when being implemented.

1.2.2. Circumventing inf-sup conditions

The observations made for inf-sup stable pairs show that equal-order pairs, for ex-
ample Pj x Pf, are not inf-sup stable. However, for ease of implementation such
pairs are considered desirable. This is why condition (1.8) is often circumvented by
penalty /decoupling techniques [GR86, Section 1.4.3] or by stabilisation as follows. We
skip penalty approaches here, because it is elaborated in [DB04] that penalty methods
may fail to converge.

An early stabilisation approach is the Galerkin-Least-Squares (GLS) method designed
in [HF87]. One special case is the method using the P{ x Py pair, which is not inf-
sup stable, and penalising jumps of the pressure across all interior edges makes the
discrete problem solvable. This GLS method is included in [HF87], but also analysed
in [SK90]. A simple switch of a sign in the stabilisation term resulted in the Douglas—
Wang method [DJW89] which has better stability properties as analysed in [FFH92].
One form of an “incomplete” GLS-stabilised method is the Streamline Upwind Petrov—
Galerkin (SUPG) method introduced in [BH82] for convection dominated flows. If

the pair Vp x My is not inf-sup stable, then such methods contain a sum of weighted
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discrete gradients of the pressure to circumvent (1.8), sometimes referred to as pressure-
stabilised Petrov—Galerkin (PSPG) method [HFB86, JS86]. These methods can be
classified as consistently stabilised methods [BBGS04], that is, the stabilisation terms
vanish for the exact solution if it is sufficiently smooth.

Both GLS and SUPG methods use a stabilisation term based on weighted resid-
uals. This causes two main drawbacks. One of them is that the stabilisation term
introduces additional (unphysical) couplings between velocity and pressure. This is
inconvenient because the coupling terms modify the system matrix in many different
places. Furthermore (to paraphrase [BBJL07, p. 864]) the physical meaning of a term
in the SUPG-norm is unclear. Another drawback is that the higher-order versions are
not robust with respect to over-stabilisation, which is caused by using inverse inequal-
ities to bound the coupling terms in the proofs. In the case of the Stokes problem,
these inequalities are used when Aup # 0 (and not in the lowest-order case with
constant coefficients). The methods in their original form were proposed on isotropic
meshes [BH82, HF87] using the diameter hx of a cell K to define the stabilisation pa-
rameters. This works because cells in isotropic meshes are stretched (almost) equally
in each spatial direction. For some anisotropic meshes consisting of triangles the GLS
method for the pair P{ x P{ is analysed in [MPP03|. Therein, the stabilisation pa-
rameters are defined using the smallest eigenvalue of the Jacobian matrix Jg of the
affine transformation onto the cell K. The SUPG/PSPG method has been extended
in [AKLO8] for continuous equal-order pairs P§, x P} on meshes where the Jacobian of
each cell has (block) diagonal form. In the ansiotropic case, the choice of stabilisation
parameters is also restricted by inverse inequalities, see for example [AKLOS8, eq. (20)].
Additionally, in [AKL08, Theorem 5, Remark 6] a restriction on the local aspect ratio is
made. Both approaches in [MPP03, AKLO8] use one small cell-dependent stabilisation
parameter for all spatial directions. The subsequent work [Bla08] significantly improves
the behaviour of GLS methods by stabilising differently in each spatial direction. In
this case the full Jacobian Jg, which implicitly contains stretching information about
each spatial direction, is used to define the stabilisation terms in two and three space
dimensions on affine meshes.

The stability of the GLS and SUPG methods is only due to their symmetric (or
block-diagonal) terms. This fact and the drawbacks, mentioned in the previous para-
graph, motivated the design of other methods. Reviews on these approaches for
the Oseen problem on isotropic meshes are given in [BBJLO7, RST08]. More re-
cently, [MT15] gives an account of inf-sup stable and (locally) stabilised equal-order
pairs used on isotropic meshes. Only a few of the methods in [MT15, BBJL07] have
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been extended to anisotropic meshes. One of them is a so-called Pressure Gradient
Projection (PGP) method [CBO00], which is adapted to anisotropic meshes in [Bla07].
We are particularly interested in methods stabilised by adding terms in form of local
fluctuations, usually called Local Projection Stabilisation (LPS) terms, see for exam-
ple [BB01, MSTO07,MT15]. This approach may be used both to circumvent the LBB
condition and to increase control over a convection dominated velocity, see, for in-
stance, [Bra08] where an LPS stabilised method using the Qf x Qf pair is analysed for
the Oseen problem on anisotropic quadrilateral meshes.

In some cases Pressure Projection Stabilisation (PPS) is related to LPS. For instance,
if an inf-sup stable subspace Vo x G with G C My and an LBB constant 8¢ is known,
then the following inf-sup deficiency holds

divwv,q
sup L5000 > oMl la ~ Taalyn forall g € My, (H10)

veEV ) |,U‘1,Q

where IIg: My — G is any surjective projection (cf. Lemma 3.5 later). Then, adding
a stabilisation term, say s, satisfying s,(¢,q) > |l¢ — HGqu,Q for all ¢ € Mgy, cures
the inf-sup deficiency and adds stability for the pressure modes causing the stability
issue. The first (possibly minimal) PPS method may have been presented in [PS85]
where local checker-board modes are removed from Qf x Py to circumvent (1.8). Ad-
ditionally, optimal convergence can be achieved, provided the space G C My is large
enough, that is, infy, e lp — gpllo o converges fast enough, see also [Bur08, BF01]. This
is particularly interesting for equal-order pairs on shape-regular meshes, where, for ex-
ample, Q. X Py and G :=Pj_; (cf. Table 1.1) may be chosen, see also [DB04]. Then,
since balanced-order pairs converge with optimal order, also the equal-order pair will
converge, see [BFO01] for other examples. An alternative approach for the pairs P{ x P
and P{ x P§ is developed in [BDGO6], where inf-sup deficiencies, similar to (1.10), are
derived integrating by parts, and applying inverse inequalities. A unified presentation
of the PPS methods above can also be found in [Bur08].

On anisotropic meshes a proof of an inf-sup deficiency as in [BDGO06] does not seem to
be applicable. Whereas, the difficulty in the proof of (1.10) lies in proving the uniform
inf-sup condition for Vp x G. This is because the uniformly inf-sup stable part may
be even smaller and therefore the convergence of the mixed method might suffer when
adding more stabilisation. In this case, coarse-scale projections may be a remedy. For
example, the local jump stabilisation proposed in [SK90, KS92, Sil94], and extended
to anisotropic meshes in [LS13] (without corner patches), and in [BW15] (with corner
patches), converges optimally.

This PPS concept is valid for several methods in literature and can be used to derive

10
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uniformly inf-sup stable methods, as we will do in this thesis. The methods presented in

this thesis fit into this (sometimes minimal) stabilisation framework presented in [BF01].

1.2.3. Dominating convection

As mentioned before, another source of instability is dominating convection. If we
remove the divergence constraint and the pressure from (1.1), then we obtain the vector-
valued Convection-diffusion-reaction (CDR) equation. In this case, to obtain an elliptic
bilinear form, the demand on b is usually b € WH*(Q)? and ¢ — 3divb > 0. For
this problem it is well known that dominating convection ([|bl|, o > v) or reaction
(o0 > v) may cause the solution to contain layers; that is, components of the solution
that cause steep gradients in a very narrow region of the domain ). It is known
that the (standard) Galerkin solution of such problems possesses spurious oscillations
when layers are not resolved. If the location, orientation and width of these regions
is known a priori, then the CDR problem may be solved by the Galerkin method on
layer-adapted meshes (very anisotropic meshes). For a comprehensive review on this
topic, see [RSTO08]. In [SO97] the CDR equation is solved on Shishkin meshes, and
in [DLO6] on graded meshes. An immediate consequence of [SO97, DLO06] is that on
meshes adapted to the behaviour of the solution no stabilisation is needed to achieve
a good approximation. This is different in the case of non-conforming approaches
with Vo ¢ V', since the bilinear form does not automatically inherit the ellipticity
condition (1.5). Then, an appropriate choice of stabilisation parameters is required,
see for instance [FRW14] where a singularly perturbed biharmonic problem is solved
by a Continuous Interior Penalty (CIP) method on Shishkin meshes. These approaches
require knowledge of the structure of layers which is in general unavailable. Therefore,
both for CDR and Oseen problems stabilisation approaches were developed on shape-
regular meshes, see for example [BH82, FFH92|, the collection by Tobiska [Tob09],
detailed information on LPS methods [Kno09, Kno10, KT13], a CIP method [BFHO06],
and the already mentioned methods in [AKLO08, Bra08] and references therein.

1.2.4. Mass conservation

If the divergence constraint can be satisfied pointwise, then the error estimates for
velocity and pressure can be decoupled, cf. [GR86]. Then, in particular the velocity
error does not depend on the pressure or on the inf-sup constant. In [Linl4] a clever
variational crime is designed to mimic these features. However, most finite element
methods do not solve in a pointwise divergence-free space. Because of that, stabilisation

of the divergence constraint, hereafter referred to as grad-div stabilisation, has been

11
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pointed out as important for robustness, see for instance [FF92, HS90, TL91, GLOS05].
More recently, in [JJLR14] a good choice of the grad-div stabilisation parameter for the
Stokes problem is developed. And in [LR13], a grad-div term with a reduced stencil is

designed and analysed.

1.3. Outline

We end this chapter with the outline of this thesis. With the desire to use anisotropic
meshes and in the context of anisotropic refinements one may wish to use corner patches
(see Figure 1.1) and then it is interesting how to circumvent the behaviours of LBB
constants depending on mesh properties, cf. Table 1.1.

Then, for rest of this thesis we have the following aims:

1. Propose alternative (possibly stabilised) methods to [AC00] for the Qf; x Pr_;
pair that allow corner patches and whose implementation is independent of mesh
properties. We start with these pairs and the Stokes problem, as this allows us

to focus on inf-sup deficiencies caused by corner patches.
2. Extend the ideas to balanced-order pairs on meshes with corner patches.

3. Extend the results to more general problems (the Oseen and NS problem) and

more general meshes.

4. Propose methods with full control over the L?-norm of the pressure. On anisotropic
meshes this is rarely proven. In [AKLO0S8| and the appendix of [MPP03], the control
seems to depend on aspect ratios. In [Bra08] only the fluctuation of the pressure

gradient is controlled and a higher regularity is required to prove convergence.

The thesis is organised as follows. In Chapter 2 we introduce other notation and
estimates with explicit constants valid on isotropic and anisotropic cells. Various of the
presented tools, in particular trace inequalities, may be useful also outside the scope of
the present thesis, for instance, when deriving a posteriori error bounds.

Then, in Chapter 3 we apply the PPS approach to achieve Aim 1 for the non-optimal
order pair Vip X My := Q| X Px_1. We propose methods that circumvent the mesh-
dependency of the LBB constant, cf. Table 1.1 (3rd. row). This is done by identifying a
maximal-dimensional, subspace G C My, such that the pair Vp x G is uniformly inf-sup
stable. Equivalently, My is restricted by a minimal set of constraints to the subspace
G. These constraints may be added in form of stabilisation terms to obtain a FEM

whose convergence is independent of mesh properties. Approaches whose stability and

12
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convergence analysis rely on the same type of analysis are for instance [BDG06,BF01].
The results in Chapter 3 are the basis of the publication [ABW15]; Section 3.6 gives
an account of the published results.

Afterwards, in Chapter 4 we attack Aim 2 and extend the results in Chapter 3 to
the balanced-order pair Qf x Py. Similarly to Table 1.1 (2nd. row) this pair requires
more stabilisation terms, as inf-sup deficiencies are also caused by local aspect ratios.
In fact, the results here only extend the method proposed in [LS13] to meshes that
contain corner patches. Results based on this chapter were accepted for publication
in [BW15]. Apparently, the method for Q¢ x Py or P{ x Py stabilised by global jumps
on anisotropic meshes has not been published. The results in Chapter 4 show that
such a method can be proposed, but local jumps are preferred, for the sake of local
mass-conservation properties.

In Chapter 5 we will mix and extend the approaches from Chapter 4 and from [MT15,
Bra08] to propose low-order methods for the Oseen equation on meshes containing
further refined corner patches (Aim 3). For the analysis we use and extend results from
[MT15], to the non-inf-sup stable pair Qf x Py. The Oseen problem may be convection
dominated, and therefore another source of instability may have to be treated. We will
add velocity stabilisation in form of LPS terms to reduce the effects of this issue. More
precisely, we compare the term proposed by [Bra08] with a grad-div term enhanced by
a minimal fluctuation of the convective gradient when applied to a strongly convection
dominated solution.

We conclude and present possible further extensions in Chapter 6. For instance, in
Chapter 3 the meshes are restricted to parallelograms, and it is interesting to extend
the results to meshes consisting of triangles. We present experiments and arguments
for the P§ x Py pair. In Chapter 4 we only propose the lowest (balanced) order pair.
Extending these results to triangles and to higher (balanced) order pairs is also of
interest. In fact, we show numerical evidence that this is possible for the Q5 x P;
and P§ x [Py pairs. Additionally, we apply the method proposed in Chapter 5 to the
Navier—Stokes problem and show some preliminary results.

Finally, we include an appendix describing how the methods using the subspaces G

can be implemented in an abstract way.
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Chapter 2

Notations and preliminaries

In this chapter we introduce notations and conventions used later on. In particular, we
introduce notation associated with domains and partitions, as well as their isotropic and
anisotropic properties. Afterwards, we state estimates whose constants are independent
of any property of the partition. Finally, we define function spaces and operators used
throughout.

Throughout the thesis N := {0,1,2,...} and Ny := N\ {0} denote the set of natural

and positive natural numbers, respectively. We use R to denote the set of real numbers.

2.1. Geometry

Let Q C R? for d € {2,3} be an open, bounded and connected domain with boundary
0. Then, for a set w C 2 we denote its closure by W = w U dw and its interior by
w =w\ Ow.

A partition P of a polygonal domain €2 (also called mesh or triangulation) is a finite
set of closed simplices, or quadrilaterals with disjoint interiors, such that Q = | J Kep K.
Elements K € P are called cells. A partition is conforming if every non-empty intersec-
tion of two distinct cells is either a common node or a common edge. We call a mesh P
axis-parallel if every cell K € P is an axis-aligned rectangle. The set Ep contains all
interior edges of P.

For a finite set, say P, card(P) is the number of elements in P. The symbol [o] is
defined depending on the input ¢, that is, for w C RY, |w| is the appropriate measure.
For instance, |w| is the length of a curve in R?, the area of a surface in R? or cell in R?
and the volume of a cell in R3. Moreover, we denote by |z| the Euclidean distance of

x € R? to the origin (for d = 1 it is the absolute value).
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2.1.1. On shape regularity and anisotropies

A common assumption is that families of partitions are (shape-) regular, that is, for
every cell the ratio of its diameter and the radius of its largest inscribed ball is bounded
by a common constant. An anisotropic mesh is by definition not regular. In this section,
we become familiar with these notions.

In order to give the following definition we use a subscript h := maxgcp diam(K) for
partitions. A family of partitions {Pj}, is said to be (shape-) regular (also isotropic),
if there exists a constant gy > 0, such that

K

where rg is the radius of the largest ball inscribed in K. By definition, an anisotropic
mesh violates condition (2.1) which is characterised by the presence of cells K possessing
small (aspect) ratios rg /diam(K).

The definition of aspect ratios is not unique in literature, cf. [AC00] and [LS13]. We
use the one from [ACO00] as a basis for this thesis. This means for a rectangle K, of area
|K| = hH, and edges of lengths h < H, that the aspect ratio equals h/H = |K|/H?.
Motivated by this relation we define the aspect ratio of parallelograms and triangles to
be

= h72|K| wh hy = .
0K 1 |K| where Ry ené%;’%‘e‘

We note that ox < 1 for any parallelogram and triangle. The global aspect ratio is
denoted and defined by

‘= min ox .
e Keﬂ’g

The following remark shows that a family of meshes with bounded aspect ratio is

shape-regular, and vice-versa.
Remark 2.1. If a family {Py}, consists of parallelograms or triangles, then

{Pn},is shape reqular <= the aspect ratio is uniformly bounded, that is,

Joo > 0: VK € {Pr},: ok > 00 > 0.

Proof. The proof relies on the equivalences rg ~ |K|/hy and h; ~ diam(K). For an
arbitrary triangle K these are given by h; = diam(K) and
rg = Qﬂ and 2h; < |8K| <3h;.
0K B
For parallelograms, we have hy < diam(K) < 2h; and 2rg = |K|/h;. O
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A single partition P is shape-regular, since card(P) is finite. However, for practical
reasons we may call a single partition P anisotropic if there is a cell K € P with o < 1.
We realise that the aspect ratio gx depends only on cell-local properties. For a

mesh consisting of parallelograms we define the (neighbourhood-local) grading factor,

denoted by kK, to be

KK ‘= min min K] K]
eCOK, e=0KNIK' |K'|” |K]| ’

and global grading factor by

K= minKg .
Ke?

We end this section with some examples of isotropic and anisotropic meshes. In
Figure 2.1a we show an isotropic mesh where g and k are bounded, Figure 2.1b shows
a geometrically graded mesh (k = 1/2) with unbounded aspect ratios and Figure 2.1c
shows an edge patch, that is, a shape-regular domain covered by cells that are squeezed
in only one spatial direction. Additionally, in Figure 2.2 we show different corner
patches, which are (for now) special anisotropic meshes containing cells stretched in

different directions, with small aspect ratios g, = he/H. and the property xk = o.

(a) o=r=1 (b) o< 1,k =1/2 (0o l,rk1l

Fig. 2.1. Isotropic and anisotropic meshes with small aspect ratio ¢ and grading factor k.

H, H, H, H,
he| I h, he he i1}
he H. he il he 1] he
HL H., He
. he H, he he H. H. he he H,

Fig. 2.2. Corner patches with aspect ratio ¢ = h./H. and grading factor k = he/H.,.
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2.2. Estimates on anisotropic meshes

In this section we report some technical results that are essential not only for performing
the stability and convergence analysis of methods proposed later in this thesis, but also
for methods outside this thesis. A common property of the presented estimates is that
they have constants independent of properties of the mesh. Trace and inverse estimates
introduce dependencies on cell-local geometric properties and have to be used with care.

We start by introducing a few standard inequalities. Probably the most used esti-
mates in this thesis are inequalities of Cauchy and Schwarz, for completeness we list

them here

(v, 0),, < [0]lg 0l for all v,we L2(w), (CS1)

n n 172 / 1/2
Z|xzyl| < (Z xf) (Z yf) for all z,y € R™. (CS3)
i=1 i=1 i=1

Occasionally, we estimate a product by a weighted sum. This is done using Young’s

inequality
€9, 1.9
lab| < S0+ 2—€b forall a,beR,e>0 (Young)

If trace inequalities are excluded, then a rule of thumb is: “Estimates valid on infinite
dimensional function spaces do not introduce dependencies on mesh properties”. An

example is given by (CSy).

2.2.1. Anisotropic trace inequalities

Trace (and inverse) estimates introduce dependencies on local mesh properties. These
dependencies have to be known, so that methods can be designed appropriately. Subse-
quently, we present and discuss trace estimates with constants that are separated into a
geometric (cell-dependent) component and everything else, for example the dimension
of space and polynomial degree k.

For trace inequalities that are valid on infinite dimensional spaces, that is, H'(K)
where K € P, the constants cannot depend on polynomial degrees. Below we prove
such estimates for triangles and parallelograms, we include their proofs as they are not
common. Additionally, we point out that the estimates are strict for locally constant
functions. The following lemma states a version of Green’s formula which we use later
in the proof of the trace estimates. We did not find the proof, but it seems to be

classical.
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Lemma 2.2. Let w be a bounded open subset of R® with a Lipschitz-continuous bound-
ary Ow. Let ¢ € C®(w)? and v € H*(w), then

/8wv2(¢~n)ds—/wv2div¢d:c+2/v(¢-Vv)da:. (2.2)

w

Proof. Let ¢ = (¢1,...,¢4)" and w; == ¢v for i = 1,...,d. We observe that w; €
H'(w) and Green’s formula [GR86, eq. (1.19)] yields

/8 vw;n; ds = / w;(Ov/0z;) de + /(8wi/3xi)v de .
Furthermore, the product rule applies (cf. [Ada75, p. 21, point 1.58]), and gives
Ow; [0z = O(ve;)/0x; = v(0¢; /i) + ¢i(Ov/Ox;) a.e. in w.
Inserting this identity into the previous one and rearranging (using w; = v¢;), we get

/ v2pin; ds:2/v¢i(6v/3xi)dm+/UQ(O@/@@-) de .
Ow w

w

Now, summing over i = 1,...,d gives (2.2) and finishes the proof. O

Lemma 2.3. Let T be a triangle, e one of its edges, and p, the node opposite to e.
Then, all v € HY(T) satisfy

o1 < ool (ol + 1@~ pa) - Follz).
Proof. We prepare to apply Lemma 2.2 with w =T and ¢, = x — p, and n as the
outward unit vector on 97". Now, direct evaluation gives dive¢, = 2 and ¢, - =0 on
0T \ e, since ¢, is a tangential vector on this part of the boundary. Furthermore, on e

we have ¢, - n, = Q\THe\_l, since T € e is given by
x =p,+2|T|le| 'ne+rt. for some reR,

where t. is a tangential vector of e.

Inserting the obtained values into (2.2) and applying (CS;) finishes the proof. [

The proof of Lemma 2.3 can also be applied to tetrahedrons, as Lemma 2.2 remains
valid in more dimensions. Also, a similar result with a non-explicit constant is given

in [Kun00, Lemma 1]. Next we present a result for parallelograms.

Lemma 2.4. Let K be a parallelogram with edge e and let t; be a unit tangential vector

of an edge i that is incident to e. Then, all v € H'(K) satisfy

2 €] 2
o1 < Mol (ol + som - Tollok ) (2.30)
2 |
= T ol e (ol + 261 - Wl ). (2:30)
]
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Proof. Using the notation given by Figure 2.3, we define

Pe(x) = (ne - (T —Pe))ti

where n. is the outer unit normal to edge e, t; is a tangential unit vector of an incident
edge such that t; - ne > 0 and p; is any point on the opposite edge € (parallel to e). It

remains to evaluate the terms involving ¢,. We start by observing that
div ¢e = Ne1til + Neatio =N - t; = COS(7T — (7T/2 + Oé)) = sin(a) . (2.4)

Furthermore, the unit tangential and normal vector of edge e form a basis of R?, that
is, each & € K is representable as & = ps + r1(x)|e| | K|ne + ra(x)t. with 7, € [0,1]
and r2 € R. Therefore, the definition of ¢, simplifies to

d)e = Tl(m)‘e‘_luqti for r; € [07 1] ) (25)

with 71 =0 on € and r; = 1 on e (since K is a parallelogram). Therefore, ¢, -n =0
on 0K \ e and

/9K(¢5-n)v2ds = /e(ff’e-ne)u? ds = |I§||(ne'ti)/e ds = ’|I§||sm( )/ev2 ds. (2.6)

Then, inserting (2.4), (2.5) and (2.6) into (2.2) we arrive at

K
sin(a)||||/v2 dS:sin(a)/ v daz+ﬁ x)2v(t; - Vv)dx
el Je e

which, after recalling maxzex r1(x) = 1 and applying (CS;) gives

e
o (e
_ el
T |||vH0K(||v

2
ﬁ”ti : VUHO,K)

ti- Vol K)

and finishes the proof. O

For rectangles, incident tangential vectors are also normal vectors of edge e and

Lemma 2.4 implies the following result which is similar to, e.g. [Geo03, Lemma A.1].

Fig. 2.3. Parallelogram K with notation and level-sets of ¢.,.
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Corollary 2.5. Let K be a rectangle and let u € H'(K). Then

2 le] 2
ullge < m”u”O,K + 2wl [1On.ullo x |

for each edge e of K with n. denoting a unit normal vector of e.

By analogy the proof of Corollary 2.5 can also be applied on rectangular cuboids. The
proof of Lemma 2.4 works on parallelepipeds (affine cubes) if the incident tangential
vector is chosen as follows. Let e; be an incident edge shared by two incident faces and
let £; be its tangential vector such that n.-¢; > 0. This tangential vector is orthogonal

to the normal vectors of all incident faces.

2.2.2. Anisotropic discrete trace inequalities

Here we recall some optimal results on triangles and tetrahedrons.

Lemma 2.6 (trace-inverse estimates). Let T be a triangle with an edge e and let
K be a tetrahedron with a face F'. Then, all u € P,(T),v € P,(K) satisfy

7|
Tl ||U||§,e <slp+1Dp+ Q)HUH(Q),T,
K], 92 1 2

Tl [vllo.r < g(PJr D(p+3)[|vllo s .

Proof. See proofs of Theorem 3 and 4 in [WHO3]. O

DN | =

In what follows we present similar but more detailed results for intervals and par-
allelograms. In this case we include the proofs, as they allow the construction of
special polynomials whose L?-norm behaves as the inverse of the trace constant. Later
in Chapter 3 this property is invaluable for the optimal convergence of the designed

methods.

Estimates on intervals and parallelograms

In the proofs of the estimates we use the following properties of Legendre polynomials.
A detailed reference for all properties mentioned here is for instance [Riv81, pp. 621].

Let 7 € N, k € N1, and P; be the Legendre polynomial of degree j. Then, the set
{P; };:é forms a basis of Pr_1([—1, 1]), and satisfies the recurrence relation: Py(s) =1,
Pi(s) = s and

mPpy(s) = (2m —1)sPp_1(s) — (m — 1)Pp_a(s) for m=2,...,k—1. (2.7)
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Additionally, we have P;(1) = 1, Pj(—1) = (—1)7 and

1
2
/_1 Pm(S)Pj(S)dS = CL,j(Sjm where CL,]‘ = m, (2.8)

where ¢, is the Kronecker delta.
Later in this section we prove trace estimates of optimal order in polynomial degree.

The following result is used to show their optimality.

Corollary 2.7. Let j € Ny. Then, P;j(0) =0 for odd j and

(j+ 1)P;(0)* € (i, ﬂ for even j>2. (2.9)

Proof. First, the recurrence relation (2.7)'gives P;(0) = —j];.le_g(O) for j > 2. There-
fore, P;(0) = 0 for odd j and P;(0) = an/il (—22=1) for even j. For even j > 2, this

last identity implies

j/2 2 J/2
Gropor =G I (F50) = IT 2=y,

m=1 m=1

Evaluating this product for j = 2 gives the upper bound. The lower bound follows
from Wallis’ product, that is, [[5_, EmiD)@m-1) _ 2 (see [BB9S, p. 338]). O

m= 4m?2
We next present an estimate of the mid-point value of a univariate polynomial.

Lemma 2.8. Let k € Ni. Then, for all ¢ € Pyr_1([a,b]) the following bound holds

a+b
I\ 2
Proof. We first prove (2.10) on the interval [—1,1]. To this end, let {Pj}f;é denote

the basis of Py_1([—1, 1]) consisting of Legendre polynomials. Let f € Py_1([—1,1]).
Hence f = E?;S 7P, and (2.8) yields ||f||(2)7[_171} = E?;Ol 2_2_. Now, using (CSz)

2
Sk+1 1
< 4 h— aHQHO,[a,b} . (210)

J2j+1°
we obtain
k=1 .. k—1
27 +1 2 1
2 J 2
|fO)]" < 5 P;(0)? Z mff = 21@,015”]0“0,[71,1] . (2.11)
j=0 §=0

where X, o1 = Z?;é(Qj + 1)P;j(0)2. Our next aim is to show that 301 < (3k +1)/4.
Using Corollary 2.7 we bound each even summand from below and above. Let j > 2
be even, then

, 2j+1 (2 3 3
2j +1)P;(0)? =2 1,= 2.12
ei+pore 25 (23] c (1), (212)
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2. Notations and preliminaries

since the j-dependent ratio belongs to [5/3,2) for 7 > 2, and 10/(37) > 1. Therefore,
recalling P;(0) = 0 for odd j and Py = 1, we get

k—1
3lk—-1 3 3k+1
:E i (0)2 < bl S “(k—1)=
Xk,01 j:0(2]+1)]3](0) _1+2{ 5 J_1+4(k 1) 1

where |r] < r is the integer part of » > 0. This completes (2.11). Then, inserting
f(s) = q(aTH’ + sb_T“), where ¢ € Pr_1([a, b)), gives (2.10). O

The following two lemmas contain trace estimates and show the existence of special
polynomials £ € Py_1(K) for rectangles. In Chapter 3 we use the affine version of

these polynomials.

Lemma 2.9. Let k € N,. Then, there exists {1 € Pr_1([—1,1]%) such that
l—1(1,0) =1 and

11 4 1 1
/ / U1 (z,y)*dady = = = / / lp—1(z,y)dzdy (2.13)
—1J-1 X JoaJa

where ¥, is a constant that only depends on the polynomial degree. For a parallelo-
gram K, let z. € OK be the midpoint of an edge e C OK. Then, for all ¢ € Pp_1(K)
the following bound holds

1
q(ze)* < \K| ||qH0K with 61{73 <Y <K (2.14)

Proof. Let & = [—1,1] x [-1,1], f € Px_1(#) and write

k—1k—1—i
=> Y fiyP(x)Pi(y),
i=0 j=0

where P; denotes the Legendre polynomial of degree j. Then, (2.7)-(2.8) yield P;(1) =1
and [, f?de = S Zk 1= %CL’]-CLJ. Therefore, applying (CSz) gives

k—1k—1—1 k—1k—1—1
— .. P. 2
_ <Z 3 mez<o>> (4 3 CLJCL) | fae.

i=0 ;=0 =0 j=

=0
We define a shortcut, i.e., let ¥j = 42 Z? é “Pi(0 )2C’L*§C*1. At this point,
inserting the polynomial £;_; with the coefﬁ(nents bij = = P( )Cr }CL ;» for i, j, gives
an equality, £,_1(1,0) =1 and [, fp—(z)dx = &+ = [, fk 1(z)%d.

Now, (2.14) follows by a change of Varlables, once we bound the (k-dependent) con-
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2. Notations and preliminaries

stant ¥y, i. e., show that k733 € (1/6,1]. We sum up (ZZ 1 == 0) to obtain

2k 1—3 Z)2
Y =4 =4
Z CLz JZ CL Z CLz 2
L(k—1)/2] N2
PQZ(O (k — 29)
=k>4+4
* ; CL2’L 2
[(k—1)/2] ,
=k*+ 2P 2i(0)° (k — 2i)*.
L2z

By means of (2.12), we get 2(0)%/CL 95 = (2(2j)+1)P2j(0) € (1,3/2). Additionally,
we evaluate ZL (k=1)/2] (k—2i)? = k(k—1)(k—2)/6, which holds for even and odd k € N.

Hence, we get the bounds

1 1 1
6k3<k2+6k(k—1)(k—2)§2k§k2+1k(k—l)(k—2)§k3,

which finishes the proof. O

Lemma 2.10. Let H,h > 0 and k—1 € N. Then, there exists a univariate polynomial
lr_1 of degree k — 1 such that

l_1(1)=1 and / li—1( dS—f / li—1( (2.15)

Moreover, for all ¢ € Pr_1((0,H) x (0,h)) the following, optimal bound holds

1 h
h/o q(0,y)%dy < — T k2/ / (z,y)*dzdy . (2.16)

Proof. Let P; denote the Legendre polynomial of degree j. We recall the identities
Py =1, Pj(+1) = 1, Pj(—1) = (—1)/ and (2.8). Let f € Py_1([—1,1]), and write
f= Z?;é fjPj. Then, the properties above, the triangle inequality and (CS3) show

2
k—1

k—1 k-1 .
27+1
Yinl) < (X% ZQJH =5 [ feras, @i

Jj=0

where Sy = Y07 0(2 +1)/2 = k?/2.

The first result is obtained by choosing fx_1(s) = > ;c; fjPj(s) with coefficients
fi=3%.1(2j+1)/2, j € {0,...,k — 1} and from the fact that only P, has non-vanishing
average. Bound (2.17) is then sharp, as equality is attained for f = ¢;_1.

Finally, let ¢ € Pr_1([0, H] x [0,h]) and let y € [0,h] be fixed. Then, we insert
f(s) =q((1 +s)H/2,y), s € (—1,1) into inequality (2.17). Integrating the resulting
inequality over y € [0, h] gives the second result. O
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2. Notations and preliminaries

2.2.3. Interpolation on anisotropic meshes

Later in the thesis, we will restrict ourselves to the proof of a priori estimates with
respect to the best approximation on a given mesh. This is done to avoid the usual
discussion whether the anisotropic mesh is aligned with the “anisotropic” behaviour
of the solution which is a related but different issue. If not known a priori, then a
posteriori information may be used to refine and/or realign the mesh, but this is not
within the scope of this thesis.

Many authors prefer a final estimate containing only explicit quantities. Such an
estimate is obtained by replacing the best-approximation by an interpolant whose error
can be bounded explicitly. In this section we show two interpolation error estimates
on anisotropic meshes, so that we gain an idea of how the error behaves in some
cases. We restrict the presentation to interpolants defined explicitly on each cell, since
known results for averaging interpolants, like the one of Clément, or Scott—Zhang,
restrict anisotropies in the neighbourhood of each cell, for example the meshes shown
in Figures 1.1, 2.1c, and 2.2 are ruled out by [MPPO03, eq. (2.1)] and [Ape99, p. 100,
eq. (3.4)], or in [Bla08, AKLOS§].

First, we state an estimate for the L?-projection into (globally discontinuous) piece-

wise constant polynomials.

Lemma 2.11. Let p € HY(K) and let K be an axis-aligned rectangle of width h,
and height hy. Furthermore, let Ilopp € Po(K) be the L?-projection given by Ilyp =
]K\_l prda:. Then, there exists C' > 0, independent of K, such that

Cllp— HOPHO,K < thaﬂprO,K + hyHaypHo,K .
Proof. See [AMRO3]. O

In order to define a continuous function more regularity is required. The following

lemma is an example.

Lemma 2.12. Let K be an axis-aligned rectangle with edges of lengths h1 and ho. Let
u € HYK) for some { > 2. Then, there exists an interpolant Inu € Q(K), such that
Ju— [hUHo,K <C Z h?thZHDauHO,K ,
lal<s
and
lu—Ihuly g < C Z hithy? | D%uly g
laf<s—1
where s := min{k + 1,0}, a € N* with |a| := oy +ay and D* := 8229%1. The constants
C are independent of K.
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2. Notations and preliminaries

Proof. In [AADLO8, Thm. 3] the proof is carried out for an interpolant defined by
moments and nodal values (see [GR86] where this operator seems to be defined for the
first time), which extends previous estimates from [ST08,Ape99, GR86,MS09]. Earlier,
the estimates were proven for the Lagrange interpolant in [Ape99, Thm. 2.7]. O

A result similar to Lemma 2.12 can be proven for triangles, tetrahedrons, paral-
lelograms, parallelepipeds and some non-affine elements, see [AADL08]. On general
elements, the constants may depend on angles of the cell. Such dependencies are dis-
cussed for example in [AD99, Ape99, BA76].

Hereafter the capital letter C' (without subscripts) denotes a constant independent
of the polynomial degree k and of properties of the mesh (except angles). It will
be explicitly pointed out when such a C' is independent of angles. In a sequence of

estimates, the value of C' may be different at every occurrence.

2.3. Operators and conventions

In the subsequent chapters we frequently use the following definitions and conventions.

For £ € N, and a given v: w — RY, we define suppv := {x € w: v(x) # 0 € R’} to be
the support of v. The operator (-)_: L?(w) — R returns the average given by

1
(v), = /vd:l:,
jwl S,

where w is a cell K, or an edge e or another subdomain of €.

Let e € £p be an edge, such that e = K N K’. Given a function v belonging to the
set HY(P) = {v € L*(Q): v|x € H'(K) for K € P} we define its jump across edge e
by

[v], = U|K|e - U|K’|5

where v|p |, denotes the restriction of v first to K and then to e.

For a linear functional L: V' — R and a norm || - ||y, on V, we use the short form
L
sup ﬂ instead of sup ﬂ or sup  L(v).
vev lvlly vev (o} llvlly veV oy =1

The same applies to infima.
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Chapter 3

Minimal stabilisation for arbitrary order

In this and the next chapter, the main concern of our study is to solve the Stokes flow
problem by a finite element method on anisotropic meshes. Our approach is motivated
by meshes containing corner patches that possess arbitrary high aspect ratios. We start
with the finite element pair Qj; X Px_1. This pair is known to be inf-sup stable, but
the inf-sup constant depends on geometrical properties of corner patches, cf. [AC00] or
Table 1.1 (3rd. row). Within this chapter we generalise some results from [AC00] which
enables us to identify the minimal number of spurious (responsible) pressure modes.
With this knowledge, we identify uniformly inf-sup stable subspaces. Then, it is possible
to define two new finite element methods; a mixed FEM (using a minimally reduced
pressure space) and a stabilised FEM, which adds the minimal number of constraints in
form of stabilisation terms. These terms take the form of (almost) consistent jumps and
identify the spurious modes automatically. Additionally, the stabilisation parameters
are completely local and optimal in terms of mesh properties and polynomial degree k.

This chapter is organised as follows. The next section deals with the model problem
and notation. In Section 3.2 we restrict the set of considered partitions to allow certain
anisotropies. This allows us to identify a subspace G of the pressure space, such that
V9 x G is uniformly inf-sup stable and G is of maximal dimension. For readability,
the proof of these results is located in Section 3.5. In Section 3.2.2 an inf-sup defi-
ciency is proven which motivates the definition of the stabilised method in Section 3.3.
Afterwards, well-posedness and approximation qualities are discussed. Then, in Sec-
tion 3.4, numerical experiments confirm that our stabilisation removes the dependency
on the mesh properties and that the space G is of maximal dimension. The ideas and
results contained in Sections 3.2-3.5 have been modified and published in [ABW15]. In
Section 3.6 the published results are listed.

In Section 3.7 we conclude and show possible extensions which lead naturally into

the subsequent chapters.
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3. Minimal stabilisation for arbitrary order

3.1. The problem of interest and notations

Hereafter, we deal with the Stokes equations in a bounded, polygonal domain 2 C R2.
We recall the problem, existence results and define used finite element spaces.

For f € L*()?, find a velocity u: Q — R? and a pressure p: Q — R, such that
—Au+gradp=f and divu=0 in £, (3.1)

where w = 0 on 9Q and (p)g = 0.

We recall the notation for Sobolev spaces and that (p)_ denotes the mean value of p
on w C Q. Furthermore, we recall the variational formulation of Problem (3.1).

Find (u,p) € V x M = HL(Q) x L(Q) such that

B(u,p;v,q) = (f,v)g foral (v,g) eV xM (3.2a)
where
B(u,p;v,q) = (gradu, gradv), — (p,divv)g — (¢, divu) | (3.2b)

Problem (3.2a) is a well studied saddle-point problem. Its well-posedness is a conse-
quence of the inf-sup condition [GR86, pp. 58-61] or [Gal94, Lemma III.3.1]:

dived)g o g g (3.3)

inf sup il
0,2

qeEM veV "U‘l,ﬂ

For the finite element approximation, we suppose the domain €2 is covered by a
conforming partition P consisting of closed parallelograms K, more properties of P are
defined in the next section. We aim to approximate the solution of (3.2a) within the

spaces

Vy={veV:v|,eQu(K)? for Ke?P},
and

My ={qe M: gl € Pr_1(K) for K € P}.

For our results, later on, we also require local subspaces. For w C Q we define the
restrictions

Vy(w) :={v € Vyp:suppv Cw},

Myp(w) = {q € Myp: suppq C w}.

We observe that a function v € Vp(w) belongs to Hp(w), since v € C°(Q). Similarly,
q € Mp(w) belongs to Li(w), since 0 = (q)q = (@) (supp o)
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3. Minimal stabilisation for arbitrary order

As mentioned in the introduction, the pair V¢ x My does satisfy a discrete version
of (3.3). However, the discrete inf-sup constant degenerates as the aspect ratio tends
to zero. In the next section, we first state that certain spurious pressure modes cause
this behaviour. Then, we generalise some results from [AC00] and introduce a maximal
subspace G C My, such that the pair Vo x G is uniformly inf-sup stable, that is, Vpx G
satisfies an inf-sup condition with a constant Sg independent of the aspect ratio. Using

this information we derive an inf-sup deficiency caused by the spurious modes.

3.2. A decomposition of the pressure space

We restrict our attention to conforming partitions P consisting of parallelograms, and
allow them to contain highly stretched (also anisotropic) cells, as shown in Figure 3.1.
In what follows, we require some notation and properties related to partition P. Most
importantly, we require that P is the anisotropic refinement of an initial shape regular
partition, say Pg.. During this refinement we select a few nodes ¢ € C of Py.. For
c € @, the subdomains Q. = [J{K € Ps: ¢ € K} should be disjoint (which requires
Psr to be sufficiently fine). Then the anisotropic refinement towards each node ¢ € C
inserts one of the corner patches shown in Figure 3.2. Once this is done, edge patches

are fitted as required, to ensure the conformity of the resulting mesh P.

il 1]

(a) Edge patch (b) single corner patch

Fig. 3.1. An affine, anisotropic mesh (from [AC00]) consisting of edge and corner patches.

It is convenient to associate each node ¢ € € with a corner patch and with the
subdomains Q. and w, := |J{K € P: ¢ € K}. By construction, the part of P covering

the subdomains w, only contains (extremely) small and shape-regular cells (shaded in
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3. Minimal stabilisation for arbitrary order

he he he [H]

he  H. He  he He  hehe  He He  hehe  He

(a) (b) () (d)

Fig. 3.2. Corner patches with 9. = h./He.

Figures 3.1-3.2). Furthermore, for ¢ € € let 7. C dwe N (e \ we) be an edge in Ep,
for instance, the edges enclosed by the jump symbol [-] in Figures 3.1-3.2.

At this point, we realise that each subdomain ). contains anisotropic cells K € P
with aspect ratio o = he/He < 1. This is desirable to resolve local features of solu-
tions, but has a drawback: the discrete inf-sup constant depends on the aspect ratio p.
More precisely, a detailed analysis in [AC00] (see Lemma 3.1 below) proves

inf sup VDo g g2 min{1, k\/2}, (3.4)
qeMyp veEVp |'U|1,QH‘1”0,Q

with o = min{g.: ¢ € C}.
The proof of (3.4) is decomposed into local inf-sup conditions. In the following lemma
we restate these conditions for a single corner patch (Figure 3.1b), as more insight is

given.

Lemma 3.1. Let Q. denote a single corner patch (cf. Figure 3.1b), and let ¢ € Mp(Qe).
Then, there exists v € Vp, such that

(dive,q)g, = lalq, nd [olg, < CHmin{lkyas) alog, . (35)
Furthermore, if (q),,. =0, then
(@ive,qg, = lalg. and [ol, g, < CK2glyq, (3.6)

Both constants C' are independent of partition and polynomial degree k.

Proof. Condition (3.6) is proven in [AC00, Lemma 4.3]. Condition (3.5) is a conse-
quence of [AC00, Lemma 4.6]. O

One consequence of (3.6) is that spurious pressure modes belong to a one-dimensional
subspace, say Mp(Qe) \ {¢ € Mp(Q): (q),, =0}. Another, more important, conse-

quence is elaborated in the following remark.
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Remark 3.2. The dependency of Bp on /o' is caused by the presence of a function in
My that “connects” Mp(we) and Mp(Qe \we). This function’s support is non-local and
may cover the whole of Q. Then, the inf-sup degeneracy is not caused only by local
aspect ratios o (or grading factors k), but rather by the topology of the mesh P. To
stress this fact, we notice that for a mesh that consists of edge patches only, the inf-sup
constant does not depend on the aspect ratio, or the grading factor. Then, the culprit of
the inf-sup deficiency is not the aspect ratio (or grading factor) per se, but the presence
of corner patches.

In order to avoid the repetition of this discussion and, since for corner patches (as
in Figure 2.2) By decays like \/o0', we will abuse the language and say “By depends on

aspect ratios”, instead of the less precise term “Bp depends on topological properties “.

In [ACOO], the equivalent of (3.5) is used in a macro-element technique to obtain
the global inf-sup condition (3.4). These arguments seem to suggest that there are as
many spurious pressure modes as there are single corner patches in the partition P, for
example twelve on the T-mesh of Figure 3.1 and one, two, three or four on the corner
patches shown in Figure 3.2.

A closer inspection (located in Section 3.5) shows that whenever single corner patches
are neighbours and the small corners form a small connected domain w. (shaded in
Figures 3.1-3.2), then there is only one spurious pressure mode per each of these do-
mains. That is, there is only one spurious mode per ¢ € €. That means, six spurious
modes in the T-mesh of Figure 3.1 and one spurious mode on each of the partitions
shown in Figure 3.2. Additionally, the spurious subspace of My is not unique, an ad-
vantage that allows us to construct a subspace G C My (of maximal dimension), such
that Vp x (G satisfies a uniform inf-sup condition. The next section is devoted to make

this statement precise.

3.2.1. A uniformly inf-sup stable subspace

The following result characterises a subspace G C My, such that V9 x G is uniformly
inf-sup stable. The theorem and its proof are considered as key results of this chapter,

since they motivate every method we propose in this thesis.

Theorem 3.3 (A uniformly inf-sup stable subspace). Let Q2 and P be as defined
in Section 3.2. Suppose P contains corner patches and for ¢ € C, let x. be the midpoint

of the previously selected edge vo. Finally, let G be defined as

G = {q € My: [q(zc)],, =0 for ce G} : (3.7)
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Then,

(divw, q)

sup 9 > Belldlloq  forall q€G. (3.8)

veEVy |U|1,Q
with a constant Bg > max{ﬁg:, le2} > 0 and C independent of o and k.
The proof of Theorem 3.3 is postponed to the end of Section 3.5.

Remark 3.4. We realise that for each selected edge . (c € C), definition (3.7) imposes
a continuity in one point. Considering uniform inf-sup condition (3.8) we conclude that

spurious pressure modes belong to, say B == My \ G, and that
dim(B) = dim(Myp) — dim(G) = card(C) > 0.

So, the number of spurious pressure modes is smaller than, or equal to, the number of
corner patches. Later in the numerical experiments, we confirm that there exists one

spurious mode for each of the corner patches shown in Figure 3.2.

3.2.2. Inf-sup deficiency

In this section, we first characterise the inf-sup deficiency of the space Vp x My in
terms of the space G. Then, we prove an equivalence between the deficient part and a
few jumps which motivates the stabilisation term used later.

In the following lemma we show that any surjective projection Il onto G implies
a deficiency equivalent to the inf-sup condition of Vp x G. After that, we choose Ilg

conveniently and prove the desired equivalence.

Lemma 3.5 (general inf-sup deficiency).

Let llg: My — G be any projection. Then, for all ¢ € My the following holds

(divwv,q)

sup 2> 5GHHGQHO,Q —[lg - HGQHo,sp (3.9)

vEVp |U|1,Q

where Bg is the constant from Theorem 3.3, which is independent of aspect ratios .

Furthermore, if 11 is surjective, then (3.9) implies (3.8).

Proof. Let ¢ € My, then IIgq € G and by Theorem 3.3 there exists a non-zero v € Vg,
such that

5G’”’1,9HHGQHO,9 < (divw,lgq)q = —(dive, ¢ — Hgq)g + (dive, g)q

IN

[v]; qllg — Tallgq + (dive,q)q

Now, dividing by |v[; , and taking the supremum over v € V' proves (3.9). The
reverse follows since ¢ = Ilg for ¢ € (G, which finishes the proof. ]
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Our next aim, is to define a suitable projection onto . Since the different regions
Q. are disjoint (cf. Section 3.2) we start locally. For ¢ € €, we require a function, say

¢e, that jumps in .. The following lemma fixes ¢. and provides useful properties.

Lemma 3.6. Let B. = {q € Mp(S2): [a(zc)].,, # 0} with v = K N K'. Then, there
exists ¢e € Be, such that (¢c)q, =0 and

1 1 ) 1/ 1 1
c\Lc = T T7-71 d c =< | 7 T1-71 | »
Welwolhe =gy g ot Ioelba zk<rm+\m>

where Xy, is the (k-dependent) constant in the trace inverse estimate in Lemma 2.9.

Proof. Let k := [—1,1] x [~1,1] and let Fx: K — K be an affine, invertible transforma-
tion, such that EkK 1(xe) =1, where Ek,K 1=Vl 0 F_1 is the image of the polynomial
(1,1 defined in Lemma 2.9. Similarly, let £ | such that &', (z.) = 1. Then, we define

1 K :
|K|£k 1 , in K,
Ge = lé,lzK ,in K,
0 elsewhere.

The jump condition follows directly. The average freeness of ¢, follows using the

properties of affine transformations and ¢;_1 on the reference cell, that is,
_ /pK _ K’ _ o L
/QC be = (lio1) g <€k—1>K, (Uk-1)z — Uk—1)z = 0.

Similarly, again using properties of Kk,l, the norm satisfies

2 K
el 0, = |KQH il & T .
1 1 1
e | R | /M | i (e R
4|K‘H k 1|’0,n+4|K/||| k IHO,H Ek(K|+|K/|>7
where X, is the (k-dependent) trace constant from Lemma 2.9. O

In order to remove the jumps across 7. (¢ € €), we define Ilg: My — G by
la(ze)],,
Mogi=q— Y — b, (3.10)
C

where ¢ (for ¢ € €) is the function constructed in Lemma 3.6. Using this definition
we are now in the position to formulate the equivalence that motivates the stabilisation

term and allows us to propose a new stabilised method.

Lemma 3.7. Let Ilg be the projection defined by (3.10). Then, all g € My satisfy

1 ) K|
glla—Toalio < 75 Z iRl ze)[, < lla — Hodlq (3.11)
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Proof. Our mesh assumptions imply that different sets Q. (¢ € @) are disjoint. Then,
since supp ¢e C e, definition (3.10) and the properties of ¢, imply

Z gﬂ'f;l )], . (3.12)

Then, multiplying (3.12) through by ¥ /&2, which by Lemma 2.9 belongs to the interval
(1/6,1], finishes the proof. O

la(ze)]Z,
~Taglhg =Y — 2% |ge
lg —eqllgo = 2 Tou(@o)L, el

Remark 3.8. The number of jumps is card(C) for both Theorem 3.8 and Lemma 3.7.
This is the minimal dimension we have to remove from My to be uniformly stable. On
the other hand, since Ilg is not the L?(Q) projection onto G, we have ||p — ng||0’Q +
inf eqllp — qHO’Q. Nevertheless, the pair Vo x G has optimal approzimation properties,
both in terms of geometry and polynomial degree k, as we will see later. Addition-
ally, applying trace inequality Lemma 2.9 and (CS2) to (3.12) we obtain the continuity
property llg — Tagloq < llalloq for all g € My.

3.3. The stabilised method

We start this section by presenting a new stabilised method. It is motivated by
Lemma 3.5 and Lemma 3.7.

Seek (up,pp) € Vo x My such that

%S(UIT,Z)(P; v, Q) = (f7 Q)Q for all (’Uv Q) €Vypx My (3133‘)
where
’BS(’qu;’an) = %<u7p7v7Q) - Sp(py Q) (313b)

with bilinear form B from (3.2b) and
K||K'|
p.9)= 5 Z e ol Tateol, (3130)

For each corner patch we recall that the edge 7. separates a small from a large cell.

Remark 3.9. Alternatively to method (3.13a) we may impose the constraints strongly
and approzimate in Vo X G. In terms of pressure accuracy, the mized method using

Vo X G would converge at least as fast as the stabilised method for Vo x Mg, which
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follows from Ilg being surjective, (3.13c) and (3.11). More precisely, we get
inf — = inf —1II
quGHp aclloq qufpllp cdllo.

< inf — + |lg — 11

> quﬂ)Hp Q||o,sz lq GQHO,Q

< inf ||p — +4/6s,(q,9) -
QEMT” CIHO,Q p(q Q)

Remark 3.10. From the implementation point of view, the bilinear form s,, defined
in (3.13c), can be seen as an one-point quadrature approximation of the more usual
gump term ([py], [[q?]])%. This approximation is exact for locally constant functions,

that is, for k = 1 we may write the stabilisation term as
|IK||K'| 1 /
= E _— ds.
Sp(pa q) = ’KUK" "‘Yc‘ ’yc[[p]]ﬂ(ﬂ] S

Remark 3.11. [t is worth mentioning that the knowledge of the geometry of the mesh
fully suffices to define G C My and the stabilisation term s, (3.13c). Therefore, after
selecting edges as described in Section 3.2, penalising certain jumps is easy to implement

and automatically identifies spurious pressure modes within the basis of M.

3.3.1. Stability and a priori estimates

This section is devoted to study the existence, uniqueness and convergence of dis-
crete solutions (up,pp) € Vo x Mp. We state stability and a priori estimates for

method (3.13a) with respect to the norm given by

2 2 2
(v, DII" = |vli o + llallo (3.14)

The proof of the following stability result is fairly similar to, for instance, the one
of [BDGO06, Theorem 4.1].

Theorem 3.12. There exists us = Cﬂ% > 0, with C' > 0 independent of mesh proper-
ties and polynomial degree, such that all (w,r) € Vo X My satisfy

Bs(w, r;v,9)
A RVOR (] I S 3.15
waevexmfor @l I (o, )l (3.15)

Consequently, Problem (3.13a) has a unique solution (up,pp) € Vo x Myp.

Proof. Let (w,r) € Vp x Myp be given. In terms of this pair we construct a suitable
pair (v,q) € Vp x Myp. First, the definition of B, by (3.13b) gives

Be(w, r;w,—r) = ]wﬁﬂ + sp(r, 7). (3.16)
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3. Minimal stabilisation for arbitrary order

Additionally, using (CS;) and (Young) with € := 2/(1 + %) all ws € V'p satisfy

%s(w7 T, —ws, 0) = —(V’UJ, V'LU(S)Q + (le ws, T)Q

1 1+ B2
+45G -

2 .
Z —W 5|1’Q + (le'l.Uﬁ,'l")Q. (317)

2
|w|1,Q -

Next, we choose a particular ws. By Lemma 3.5 there exists z € V¢ with |z|1,Q =1,

such that

(divz,r)g = BelHarloq — Ir = Harlloq = Ballrllo o — (1 + Be)llr — Harllgq.

Hence, inserting ws = 0||7|y oz, With 6 > 0 to be chosen, followed by applying (3.11),
(3.13c), and ab < a?/4 + b? gives

(divws, ) = 8fc |2 q — (1 + Be)dllrllo.aCr 2sp(r,r) /2

1+ Bg)?6?
> 55alriR 0 — S0 el g — ().

where C1 = 1/6. Now, let (v,q) = (w—ws,7). Then, |w;s|; o = 0|7y o, (3.16), (3.17),
and this lower bound yield

BE 2 (1+ Ba)*6° 2 1+ 2 2
Bs(w, 130,4) 2 oy +Gﬁé|w\1,9 + | 6Ba — i Illoge = — %5271,
Be | o o 1 14Ba+BEN 2
> —
Z 7 +Bé|w‘1,g + | 0Bg —0 min{1,C1} 5 Imllo,0

08a dBa
> 22 (jwl o + I7l5e) = “5E G, M)IP

where we chose ¢ := min{1, C1}8¢/(1 4 Bc + B%) to obtain the last estimate.
Finally, using the definition of ws, (3.14) and the triangle inequality we get

llCos Il < [l Cw, ) + [wsly o < llCw, 7|+ dllrllg o < (14 8)](w, ),

which proves (3.15) with pus > 68¢/(2 +26) = CB2. O
The following bounds will simplify the a priori estimate later on.

Lemma 3.13. Let gp € My and p € HY(Q)). Then, the stabilisation term is bounded

as follows

2
HQTHO,Q ,

5 , , . (3.18)
k2 Y e (11 = a9l s + Prel211000 — 49) /0% o)

sp(ap, qp) <

where t. is evaluated element-wise as the tangential vector of the neighbouring edge of
e inside K and K', respectively, and C is a constant independent of mesh properties

and polynomial degree k.
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Proof. We first note that 7. = K N K’ for all ¢ € €. Then, using definition (3.13c), the
trace estimate (2.14), and (CSs), we get

K| K|
p (47, 49) kgz KUK

<3 kv KT (L L o2 e < llasl2
— |KUK' |K| |K/| Pllo, KUK = P 0,2,

2

9|k (®e) — qol g (2e)

where the last estimate follows using that the corner patches are non-overlapping. This
proves (3.18),. Similarly, since [[QTP]]% € Pr_1(7e), we apply (2.10) to get
KK \KHK’! -1 2

Using the regularity of p € H'(2), that is, [p], = 0 a.e. in €2, we insert p, apply trace
estimate (2.3a) and KK < min{| K|, |K’'|} < Cly¢/?, to obtain

|KUK’|
min{| K], |[K'[}
(Q'J’?qf]’ < k~ 22 ’ | H[[ p—qy }]HO,'yc
ceC e
<Y Y (-l + he elo.,)
ceC we{K,K'}
_ s 2
< Ck™*Y llp = aplio xure + el 100 — a9)/0%e]|g e
ceC
which finishes the proof. ]

We end this section with the main a priori error bound for the method.

Theorem 3.14. Let (u,p) € V x M be the solution of Problem (3.2a) with p € H' (),
and (up,pp) € Vo x My be the solution of (3.13a). Then

C
u—up|, o +|p—pp < — inf {U—U? +[lp—qp
umwhotl-mlo< s fus v+ e - wlo

+ (k’z > hel’llo - qa’>/afc“3,mf<’)1/2} ’

ceC

where C is a constant independent of mesh properties and the polynomial degree, and
tc is defined in Lemma 3.13.

Proof. We use standard arguments. For an arbitrary pair (vp,qp) € Vo x Myp the

triangle inequality gives

(e = up, p = pp)lll < (e — vp, p — go)ll + (€0, ) (3.19)
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3. Minimal stabilisation for arbitrary order

where £, = up — vp and &, = pp — gp are discrete errors. Our aim is to bound them.
To do so, we prepare a useful identity. A direct computation using Vo C V', and the
definitions of methods (3.2a) and (3.13a), shows

B(u, p;wy,79) = Bs(up, pp; wp,rp) for all (wp,rp) € Vip x My,
which together with the linearity of 8 and B implies
B (& &y wr, ) = Bs(ugp, pp;wy,r9) — B(vy, gp; wy, 7p) + Sp(gp, 72)
= B(u —vp,p — gp;wo,79) + $p(qp, 1) ,
for all (wp,r9p) € Vo X Msp.

Now, by Theorem 3.12, there exists a pair (wep,7p) € Vp x My with ||| (s, 79)|| = 1,
such that

/LS||| (E’U’ gp) ||| < %S(gv’ gp’ ’lbj), ’F?)

= %(u — UVp,p — qp; ’l’b[]),’lsz) + Sp(Q[P,’F:p)

1

< Cll(w = w9, = ap)ll + \/5p a9, a7) /s (7, 79) (3.20)

where we have used the continuity of B with respect to ||-||, and (CS;) to bound s,.

Now, inserting (3.20) into (3.19) and applying (3.18)1 and [|Fp[[y o < 1, we get

litw =g, p = po)ll < (1+ 1252 C) (JI(w = vs,p = as)ll + y/5p(a0,99) )

Finally, applying the cquivalence of [v], o + gl and [|(v. )] as well as, part two of
(3.18) gives

fu—uply o+ Ip = pollo.q < Cuz {Ju—val g +lIp — asllog
]. 2 ~ 12 1/2
(2 Rl 00 = a0)/ 0t o)}
ceC

which finishes the proof, as the pair (vy, gp) was arbitrary. O

3.4. Numerical evidence

In this section we present numerical evidence that confirms the theoretical results ob-
tained so far. For this, we recall the (aspect) ratio ¢ := mingce he/He, and for quick
reference, the LBB constants By from (3.4) and B¢ from Theorem 3.3, as well as the
stability constant us from (3.15). All experiments are performed on meshes shown in
Figures 3.1 and 3.2 with he + H. = 1. The edges embraced by the jump symbol [-]

were chosen as 7. (¢ € C).
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3. Minimal stabilisation for arbitrary order

The implementation of the finite element methods was done in MatLab. And, eigen-
value problems posed in Corollary 4.7 and Lemma 4.8 (see Chapter 4) were used to
calculate the stability constant us and to compute Sp and Sg, respectively.

The numerical evidence confirms the following points.

e One (appropriate) constraint suffices to obtain an LBB constant B¢ indepen-
dent of ¢ on either of the corner patches shown in Figure 3.2. On the T-mesh
(Figure 3.1), six constraints are sufficient. All this is confirmed by Figure 3.3,
which depicts B¢ and Sp for k =1 (left) and k = 4 (right).

e Figure 3.4 shows the behaviour of the squared LBB constants Sy and S, as well
as the stability constant us on the T-mesh for various ¢ and k. This confirms

that the stability constant ps in (3.15) behaves like 3.

e Another confirmation that ps = Cﬁé is shown in Figure 3.5 for a fixed aspect
ratio o = 10™° and various polynomial degrees k. This also confirms that both
is and the error constant in Theorem 3.14 are independent of the (aspect) ratio
he/He.

e It is necessary to choose an edge 7. C Owe N I(2e \ we). If this is not done, then
there is virtually no improvement of S5 over Bp. To illustrate, we have chosen
the edge labelled in Figure 3.6 (left, e ¢ dwe. N A(Qe \ we)), and then Figure 3.6

(right) compares the obtained “f¢” to the possible improvement.

In summary, we have observed that p behaves as predicted by (3.4) and [AC00,
Lemma 4.6], respectively. That is, fp — 0 as ¢ — 0, and [p grows with k& until
ky/o" =~ 1. More importantly, our ¢ is, as predicted, independent of ¢ and mostly
(despite a decay in k) much larger than Sp.
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Figure 3.2a

Figure 3.2b

Figure 3.2¢c

106 10-° 10-* 103 102 10-1 10-¢ 102 10~ 103 102

10° T T
107 E E
Figure 3.2d .
107 | 4
10‘*‘
T-mesh of E
Figure 3.1
10LR 10‘*4 10‘*3 10‘*2 10Ll 10‘*‘3 10‘*4 10‘*3 10‘*? 10‘*1
o (k=1) o (k=4)

Fig. 3.3. LBB constants 8¢ and Sg vs g on corner patches and the T-mesh.
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1071

Hs

Fig. 3.4. LBB consants 33, 32 and stability constant us vs. ¢ and k on T-mesh.
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1071 3

102 -

103 -

Fig. 3.5. Stability constant ps = C8% (Theorem 3.12) on T-Mesh (Figure 3.1).

10° T T T il T T
Dyt /BAGA et et eyt el LS R
107 E E
[
1072 | E
10—3 sl el el el el sl
10—6 10—5 10—4 1073 10—2 10—t

Fig. 3.6. LBB constant B¢ is independent of g, only for edges e C dw. N Qe \ we).
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3.5. Uniformly inf-sup stable sub-spaces

This section contains the theoretical justification of Theorem 3.3 in Section 3.2.1. That
is, we prove that the pair Vp x G is uniformly inf-sup stable. The proof is split into
the following parts. We first present known LBB conditions for partitions consisting
of shape-regular parts and edge patches. These allow us to prove local uniform inf-sup
conditions by constraining averages, in particular, Corollary 3.15 which generalises inf-
sup condition (3.6) and [AC00, Lemma 4.3], respectively. This corollary also confirms
the reduced number of spurious pressure modes. After that, we replace the average
constraints by jump constraints, to prove a local inf-sup condition for the pair Vp x G.
We end this section with the proof of Theorem 3.3.

Let Py, be a shape-regular partition of w. Then, the pair Qf, x Px_1(C Vp,, x My, )
is inf-sup stable on shape-regular meshes, see [BM99, Proposition 4.1]. Hence, for all

q € My, there exists v € Vp_ such that
. 2
(divo,q), = llal}, and [v],, < Cllally., (3.21)

with a constant C' independent of mesh properties and polynomial degree k.

Let Pg be a partition of w containing shape-regular parts and edge patches. Then,
by [AC00, Theorem 4.7] the pair Vp, x My, is uniformly inf-sup stable, that is, for
all ¢ € My, there exists a v € Vp, such that

(dive,q), = g3, and o], < CK"|dl,, (3.22)

with a constant C' independent of mesh properties and polynomial degree k.

In particular, if edge patches are overlapping without creating a finely resolved
corner, then (3.22) holds; for instance, in [AC00, Lemma 4.2] the uniform inf-sup
condition (3.22) is proved for a single overlapping edge patch, that is, the mesh in
Figure 3.7(centre). Then, by [AC00, Theorem 4.7] condition (3.22) holds on the un-
shaded parts of Figures 3.1 and 3.2.

he he H. he Hc

Fig. 3.7. A corner patch decomposed into its regular part and (overlapped) edge patches.
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3.5.1. A uniformly inf-sup stable space by average constraints

Hereafter, we derive an orthogonal decomposition of the local pressure space on corner
patches. The arguments require local notation. We recall the localized finite element
spaces Vp(w) and Myp(w), defined in Section 3.1.

The following corollary generalises Lemma 3.1 (see also [AC00, Lemma 4.3]). The
proof follows the same lines, but is valid for all corner patches shown in Figure 3.2. We
include it in an abstract form. The main idea of the proof is to connect uniform inf-sup
conditions of the involved finite element spaces on subdomains w, and €. \ we, which
are covered by partitions consisting of shape-regular parts and edge patches. Later in

this thesis, we will apply this idea to more general situations.

Corollary 3.15. Let Q. C Q be one of the corner patches shown in Figure 3.2 with
we being the small shaded set. Let

M3(Qe) = {q € My: suppq C Q¢ and (D, = 0}.
Then, for all ¢ € M3 (S2) there exists v € Vp(Qe) such that vl € H}(w.) and
(divo, q)g, = lalZg, and o], < CE"gloq, (3.23)
with a constant C' independent of mesh properties and polynomial degree.

Proof. Let ¢ € M3(€). Then, since ¢ € L3(€), we have 0 = (g, D,. = —(g 1)96\%.
Therefore, we may write ¢ = g + qr with ¢ € Myp(w.) and q; € Mp(Qe \ we). We
remark that the partition P on w, consists of a small number of shape-regular cells.

Hence, by (3.21) there exists v. € Vp(w,) such that

. 2
(le'Uc’(L:)wc - HqCHO,wC and ‘,UC 1,we S CHqCHO,wc .

Similarly, the partition on .\ w, consists of (overlapped) edge patches only and hence,

by (3.22), there exists v; € Vp(£2 \ we) such that

. 2
(le 'UI) qI)Qc\wc = ||qj ||07Qc\wc and ‘,UI‘].,QC\WC S Ckl/Q Hq[ H07Qc\wc .

Together, we let v := v, + v; and realise because of disjoint supports that

. . . 2 2 2
(divv, q)q, = (divve, ge), + (diver, ar)o . = ldellow. + 19l 00w = ldlloo.,

and
2 2 2 2 2 2
lv 1,0 ”Uc|1,wc + [vr 1,9\we < (gl Owe T Ck‘HqIHo,Qc\wc < CkHQH(),QC,
which proves (3.23). O
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Corollary 3.15 proves that the space containing the spurious modes is (at most)
one-dimensional on each corner patch shown in Figure 3.2. From the experiments in
Section 3.4 we know that there is at least one spurious pressure mode. In conclusion

there is exactly one spurious pressure mode on each corner patch.
Remark 3.16. For the local pressure space we have the decomposition
Myp(Qe) = M3 (Qe) ® span {gp} = Mp(we) @ Mp(Qe \ we) @ span {gp},

where qg € Mp(2e) is defined by

1

7"")0' m We,

qgB = L ,
—ne i Qe \ we -

Alternatively, every q € Mp(Qe) can be written as
q=q" +1eq with q¢° € M3(Qe) and Teq:= (g, 1)quB, (3.24)

and (q*, ch)QC =0.

Moreover, let (Q,P) be a pair of domain and partition as shown in Figure 3.2. Then
P consists of one corner patch. Hence, comparing the results Corollary 3.15 and (3.4),
we observe that the degeneration of the inf-sup constant appears as a consequence of
connecting the pressure spaces on the subdomains we and Q¢ \ we, by the average-free

function qg. This generalises Remark 3.2 to the meshes shown in Figure 3.2.

In Corollary 3.15 we impose an average constraint to remove the spurious mode
g € Mp(Q¢). The next aim is to show that we alternatively can remove a single
degree of freedom by imposing a single jump constraint. The motivation for selecting
an edge on dwe N A(Qe \ we), is that the pressure spaces Myp(we) and Mp(Qe \ we) do
not contain spurious modes and that the basis function gg has the same jump across
each of these edges.

In the next section we enforce the continuity of the discrete pressure space in the
mid-point x. of an edge 7.. An abstract implementation concept enabling this idea is

described in Appendix A.1.

3.5.2. A uniformly inf-sup stable space by jump constraints

In this section we prove Theorem 3.3; we start with a local result. To this end, let
(Qec, P) be one of the domains and its associated partition given by Figure 3.2, let
we C Q¢ be the small shaded subset, and let v, be an edge on dw, N A(Qe \ we). Then,
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we restrict G, defined in (3.7), to ¢ by
Ge = {q € Mp(Qe): [g(zc)].,, =0 where @ is the midpoint of fyc} . (3.25)

The upcoming results are based on the decomposition proposed in Corollary 3.15 and
Remark 3.16, respectively. In order to prepare the proof of the local uniform inf-sup

condition on V() X G, we give the following auxiliary estimate.

Lemma 3.17. Let G. be defined by (3.25) and q € G.. Then, q = ¢* + lloq with
q* € M3(Qe) as defined in Remark 3.16 and

. S CE|q g, | (3.26)

with a constant C' independent of mesh properties and polynomial degree.

Proof. Let q € G¢, and write ¢ = ¢* + Il.q with ¢* € M3(€.). Using the orthogonality
of ¢* and Il.q we obtain

2 2 2
lallo.e, = llg" 16,0, + IMeqlloq, .

Therefore, (3.26) follows once we prove [[Ilcqlly o < C’l<:3/2Hq*||0,QC )
We start by observing Il.q = agp for a coefficient @ € R and ¢p from Remark 3.16.

Then, a direct computation shows

— o2 x 1 o2 2 )2 = |we|Qe \ we| 2 )2
Using [¢(xc)] = 0, we get —[[ch(wc)ﬂ = [[q (zc)] and then
el 0, = e\ el . (3.27)

Next, we recall 7. = K N K’, and apply trace inequality (2.14) and (CS2) to get

I @0l < # (1 + 1 )1 B e (3.25)

The inverses of the areas need to be compensated. For corner patches with K C w. and
|K| < |K'| we have |we| = dc| K| where 0. is number of small cells in we, cf. Figure 3.2.

Therefore, we obtain
wel (K| + [ K/ = 8e(1 + ox) < 20. < C. (3.29)
Finally, inserting (3.28) into (3.27) and applying (3.29) gives

Qe \ wel 1
Lall2 jwell cl.3 *(12 < Ck3a*||2
|| CqHO,QC = ‘Qc’ ‘K’ + ’K’| ”q ||0,KUK = ||q ||0,Qc,

which finishes the proof. ]
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Remark 3.18. The number d. in (3.29) is uniformly bounded thanks to the mazimum
angle condition of P (inherited from P, ).

Lemma 3.19. Let Q. be one of the domains in Figure 3.2 and let G. be defined
by (3.25). Then there exists a positive constant C, independent of mesh properties,
such that for all ¢ € G, there exists v € Vp(Qe) satisfying

. 2
(dive.q)o, = a3, and [v]; 0, < CKlllyq, (3.30)

Proof. Let q € G, and write ¢ = ¢*+Il.q with ¢* € M}(€:). Then, using Corollary 3.15
there exists v* € Vp({¢) such that v*| € H}(w.) and

(dive*, ¢*)g, = 0160, and [v*| o, < CE2¢"gq. .
and, due to Il.q € span {gp} and ¢p being constant on w. and €2 \ we, we have

(div o™, Tleq)g, = 0.

Together, we define v = Hqu’Qch*Ha’écv* and use the equalities above to obtain
2
R | PP
( 1V'v,q)Qc = |*72( ivo*, ¢" + cq)Qc
4% 1160

Furthermore, using the estimate for [v*|; o and (3.26), we get

”‘JHOQ
et lg g,

which proves (3.30). O

2 1 4lo.0. HqHO Qe < CKkV/213/2

’ *|17Qc = ” H ||Q||0,Qc,
0,Q¢

We conclude this section with the proof of the main result, cf. Section 3.2.1.

Proof of Theorem 3.3. We collect the ingredients such that a proof using a macro-
element technique can be applied. To this end, we recall that P arose as an anisotropic
refinement of a shape-regular partition P.. At first we notice that on P, the pair

Q, x Py is inf-sup stable, and hence Vp_ x Mp_ is inf-sup stable, where
My, = {q: g = const. for K € Pg,} N {q: qlq, = const. for ¢ € c}.

Then, on shape-regular parts, edge patches and corner patches of partition P we have
the local inf-sup conditions (3.21), (3.22) and (3.30). Therefore, performing a macro-
element technique, as in [AC00, Section 4.4] or [GR86] we conclude ¢ in Theorem 3.3
satisfies Bg > Ck~2. Furthermore, since G C My we get Sg > (p which finishes the
proof. O
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3.6. Published results

In collaboration with Prof. Mark Ainsworth results based this on chapter were published
in [ABW15]. The purpose of this section is to list the published results.
In [ABW15] we replaced G C My by the subspace ]\7? C My defined by

My = {q € Myp: [¢] ds =0 for c € G} , (3.31)

Ye

where [¢q] is the jump of the pressure ¢ € My across the edge 7e.
Then, the following properties are proven in [ABW15]:

e The pair Vp x pr is uniformly inf-sup stable with an LBB constant 3 satisfying
By > max{ﬂg:,Ck*:”m}. This constant may be up to k/2 larger than B¢ in
Theorem 3.3.

e The constraints in definition (3.31) motivate the stabilisation term:

s5p(p, q) = % Z [plds- [ [q] ds.

cee Ve

This term satisfies the equivalence

Cillar — ﬁrpquﬁ,g < sp(ap, qp) < Cal|gp — ﬁml!ﬁ,g ,

where ﬁ(p is an appropriate projection and C7,Cy are constants only depending

on angles. Additionally, for all ¢ € My and p € H'(£2) we have

lapllh
31?(‘]3’7%’) S C Y

_ 2 2 2
k72 Y cee (Ilp = avllo ok + el 1000 — ap) /Onelly o) »
where n. is a unit normal vector of the edge 7e.

e Using the properties above (similar to Remark 3.9) we get:

. ~ 12 . 2 — 2 2
inf_|p—dpllgq <C inf (Ilp —wlla+k2) lellop - Q?)/ancHo,KuK’)'
GpeMyp ap €My cel

e Both the mixed method using the pair V¢ x Mg) and the method using Vp x My
which has been stabilised by adding the term above are stable, independent of

properties of the mesh, and in particular of the properties of the corner patches.
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Furthermore, both methods satisfy the a priori estimate

|u—ug>|1,g+||p—pg>||0,gscéﬁ{ inf Ju—vsl, g
vpeEVoyp

B 1/2
+ inf (o= aslly + k2D el - a9)/0nel} o) }

i
qpEMyp
ceCl

3.7. Conclusions

In this chapter, we discussed the stability of the mixed finite element scheme Qj, ; x Pr_1
on anisotropic meshes. The unconstrained pair satisfies uniform inf-sup conditions on
shape-regular meshes [SS96, BM99] and on edge patches [SSS99, AC00, SS98]. Unfortu-
nately, the LBB constant degenerates on partitions containing corner patches with their
aspect ratio, cf. (3.4), which is a result proved in [AC00]. Further results in [AC00] give
the impression that the degeneration is caused by as many spurious modes as single
corner patches (see Figure 3.1b) are present in the partition.

The first achievement of this chapter is Corollary 3.15, which shows that the num-
ber of spurious pressure modes is smaller, since the uniformly inf-sup stable part of
the space is larger. Then, the inf-sup condition in Corollary 3.15 is the basis for the
results Theorem 3.3, and [ABW15, Thm. 1.1], which prove the existence of alterna-
tive uniformly inf-sup stable spaces G and M(p. These spaces impose constraints on
the pressure space which, similarly to boundary conditions, may be enforced strongly
(by using the reduced space) or weakly (by adding a stabilisation term to the formu-
lation). Numerical experiments confirmed that the number of constraints is indeed
minimal. It turns out that the schemes using the reduced pressure spaces converge at
least as fast as the stabilised alternatives, cf. Remark 3.9 and Theorem 3.14, as well
as [ABW15, Theorems 1.1 and 1.2].

In conclusion, the chapter is the basis for four new mixed methods for the Stokes
flow problem whose stability is independent of mesh properties, even on meshes that
contain corner patches. For the lowest polynomial degree k = 1 (Q$ x Py), the reduced
spaces G (3.7) and Moy (3.31) coincide. Similarly, the stabilisation terms, and therefore
the stabilised methods, coincide. The methods proposed here represent an easy to
implement alternative to the method in [AC00]. Each of the methods circumvents
a dependency of Sp on the ratio mingee he/He, cf. Figure 3.2, which is a non-local

quantity, cf. Remark 3.2.
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3. Minimal stabilisation for arbitrary order

3.7.1. Extensions

The approach presented in this chapter can be extended into various directions. An
extension to a balanced-order pair requires more stabilisation terms as a dependency
on local aspect ratios arises, see also Table 1.1. The lowest order pair Qf x Py is treated

in the next chapter. The results are then extended to the Oseen problem in Chapter 5.
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Chapter 4

A note on the stabilised Q] x Py method

In this chapter, we extend results obtained so far to the lowest balanced-order pair for
the Stokes problem, that is, we propose a method using bilinear velocities and constant
pressures. For this, we extend the method proposed in [LS13] to cover the case in
which the mesh contains anisotropically refined corners. This modification consists of
adding extra jump terms in selected edges connecting small shape regular with large
anisotropic elements. We prove stability and convergence of the proposed method,
and provide numerical evidence for the fact that our approach successfully removes the
dependence on the anisotropy.

The results contained in this chapter are the basis of the publication [BW15].

4.1. Motivation

As in Chapter 3 we consider the Stokes problem in a bounded, connected, polygonal
domain © C R%. We recall the problem to pose the context:

Find a velocity u and a pressure p such that
—Au+gradp=f, divu=0 in € (4.1)

subject to u = 0 on 9Q and p € L(2), with given source term f € L?(2).

For the discrete space we choose the Q] xPy pair and allow the mesh to be anisotropic.
It is well known that the Qf x Py pair is not inf-sup stable (cf. [GR86]). In the
introduction we saw that several stabilised finite element methods have been proposed.

In this chapter, we focus on the case in which the mesh used contains anisotropic
elements. This possibility is considered in [LS13], but the method needs to be extended
to accommodate the anisotropies we consider in this chapter. In fact, the method con-
sidered in [LS13] is an extension of the locally stabilised FEM [KS92]. In order to
build the method, the mesh P used in the discretization has to be a uniform refinement

of an initial (macro element) partition Py (see Figure 4.1). This refinement divides
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4. A note on the stabilised QF x Py method

each macro element M € Py into 4 quadrangles by connecting the mid-points of op-
posite edges (see Figure 4.1, right). The stability of the locally stabilised method is a
consequence of the stability of the Q5 x Py space over the initial partition Py.

Now, from Chapter 3 (or [AC00]) we know that the following fact holds

di
inf sup 7((1’ v)g
q€Py vEQS lv

> Cy\/o, (4.2)

l9lloo —

1,0

where p = h/H is the aspect ratio (recall Remark 3.2 for a more precise statement).
Hence, (4.2) leads to a deterioration of the stability constant when p tends to zero, as
suggested by Figure 4.1. This dependence is still present in [L.S13], since that method
only considers jumps inside macro elements M € Py, and then, in such a case, a

deterioration of stability of the type (4.2) will not be corrected.

il I

h H h H

Fig. 4.1. Partition Py (left) and P (right).

In this chapter we propose an extension of the method from [LS13] which remains
uniformly stable as ¢ tends to zero. For this, we apply the techniques developed in the
previous chapter and augment the method by adding jumps in selected edges of the
partition P. More precisely, we add jumps to the formulation that allow to “connect”
the small (shaded) corner macro element in Py to the rest of the corner patch from
Figure 4.1.

We recall the weak formulation of (4.1):

Find uw € V := H}(Q2) and p € M := L3(9) such that

B(u,p;v,q) = (f,v)q forall (v,q) eV xM (4.3)
where
B(u,p;v,q) = (gradu, gradv), — (dive, p)q — (divu, q)q (4.4)

The well-posedness of (4.3) was discussed in Chapter 3.
The rest of this chapter is organised as follows. We define required notation and

extend the stabilisation terms of the method in [LS13] by a few jumps. Then, the
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4. A note on the stabilised QF x Py method

stability, a priori estimates and numerical experiments are stated. These experiments
confirm the dependency on ¢ and that the additional jumps remove it. Then, the proof
of the main results and concluding remarks are given. Finally we justify the numerical

experiments made.

4.2. The finite element approximation

In order to construct partition P we start from an initial macro element partition Py
that consists of closed parallelograms and satisfies a maximal angle condition. We
suppose that Py is a conforming partition of 2 and allow it to be highly anisotropic
and contain corner patches, as in Chapter 3. See for example the shaded cells and their
neighbourhoods in Figures 4.1 and 4.3 (later).

We define the partition P as a uniform refinement of Py, and state important defini-

tions and properties of P:

e Let Ep denote the set of interior edges of P. Throughout we use K to denote

elements of P, and M to denote elements of Py. We refer to M as macro element.

e The uniform refinement splits each macro element M € Py into K1, Ko, K3, K4 €
P, such that |K;| = |M|/4(i = 1,..,4) and each K; has the same angles as M,
see Figure 4.1(right).

e For M € Py, let Epr C Egp collect its interior edges, dashed in Figure 4.1(right).

e Let C be the set of corners, that is, nodes ¢ of the mesh Py towards which the
mesh is graded, denoted by filled circles in Figures 4.1 and 4.3. Moreover, for
c € C, we select a single edge 7. € Ep, that separates an extremely small corner
macro element (shaded) from a highly stretched neighbouring macro element, for
instance, the embraced edges in Figures 4.1(left) and 4.3. The selected edges v,

are collected in the set &e.
Finally, we define the finite element spaces
Qip={veV:v|ge Qu(K)? forall Ke®P}, (=1,2
and
Mp:={qe M: q|; € Po(K) foral K €P},

and seek an approximation of the solution (u,p) of Problem (4.3) within the discrete

space Q‘i? X Msp. Then, the stabilised method reads:
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4. A note on the stabilised QF x Py method

Find (u3, pp) € QF X My such that

B, (uh,phiv,q) = (F,v)g forall (v,q) € QfpxMs. (4.5)
Here,
1
iBs(uvp;Uv(I) = %(uap;v)Q) - Zsp(pv Q) ) (46)

and the stabilisation terms are

sp(:0) = Y Su(pa)+ Y, Sr(p:q) (4.7)

MePg Ye€e

where, if [-], stands for the jump of a function across edge e = K N K’, then

Su(p,q) = Y m/[[p]][[q]] ds,

e€l s

Sre(prq) = Hm{'i',"m/[[pﬂ[[ﬂ ds.

eCe
Remark 4.1. The method proposed in [LS13] seeks (u,p) € Qf px My, such that

Blupivg)— | O Sul.a)=(Folg forall (v.0) € QipxMy.  (43)
MeDPy

Then, the difference is given by additional jumps across a few selected edges.

For simplicity, in this chapter, we restrict ourselves to axis-parallel meshes. The
results can be easily extended to meshes consisting of parallelograms. We summarise
the existence and a priori results here, the proofs are postponed until after the numerical

experiments.

Theorem 4.2. Let ||(v,q)||? = |'v|iQ + Hq||(2)’Q. Then, there exists a constant ps > 0
independent of o, such that

Bs(w,r;v,q)
sup _

> ps|[(w, )| for all (w,r) € Qi pxMyp.  (4.9)
(wq)eQs pxMy (0,9l

Consequently, Problem (4.5) has a unique solution (uj,p3) € Qf pxMp. Moreover, if
p € HY(Q), then there exists a positive constant C such that
ll(w = w3, p = p3)ll < (1+Cpgt)
. ) 1/2
(ot = v = gl { 3 s, i) 91 ) ).
(vp,a9)EQT 5 x My Kep ’

(4.10)
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4. A note on the stabilised QF x Py method

where hy , and hi y is the length of cell K € P in x- and y-direction, respectively.

4.3. Numerical results

We compare s from (4.9) and the stability constant & from [LS13] given by

SB('UJ, v, q) - 4_1 ZMETO SM(T7 q)
(v, @)l (e, )|

The experiments in Figure 4.2 were performed on partitions P shown in Figure 4.1
(right) and Figure 4.3 on the domains = (0,1)x(0,1) and Q = (—3,3)x(0,2) U

(—1,1)x(—2,0], respectively. The set of additional edges e was chosen to contain all

§

inf sup
(w,r)€QT p XMy (v,9)€EQT X Myp

edges enclosed by a jump symbol [-]. We observe for ¢ — 0, that while us remains
uniformly bounded away from zero, £ degrades and tends to zero. Hence, the additional
jumps correct the dependency of £ on p. We used Corollary 4.7 (cf. Section 4.6) to

calculate the values of € and ps.

100 - - 10°
10-! _‘M 1071 M
v v
v v
1072 | v 4 1072 - 4
v v
2 7 >
10—3 7 4 1073 | v A
v v
v v
1074 v 1074 7
o —_— g - —_—
10-° b 107° |
el — £ el — £
1076 L L L L 107()' L L L L
106 10-° 10~ 102 102 10~! 10° 10-¢ 105 104 1073 102 10~! 100

Fig. 4.2. Stability constants ps in (4.9) and ¢ in [LS13, (3.12)] for various values of p. Left: on
the mesh of Figure 4.1, right: on mesh in Figure 4.3.
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Fig. 4.3. An anisotropic mesh on a T-shaped domain.
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4. A note on the stabilised QF x Py method

4.4. Proof of stability

In this section we prove Theorem 4.2. We start by deriving a uniformly inf-sup-stable
subspace G C My and an inf-sup deficiency. To this end, we recall the definition of €e

in Section 4.2.

Lemma 4.3. For the subspace G C My, C My, defined by

G = {q € Myp,: [q],, =0 for ~c€ 8@}, (4.11)
there exists a constant Sg independent of o such that

div vy,
sup (divor, gr)g > Ballaplloq  for all qeG. (4.12)

vpeQS 5 |’UT‘1,Q
Proof. We reason by similarity of the velocity spaces Qfp and Q545 . For the pair

5.3, % G the result is a consequence of Theorem 3.3, or [ABW15, Theorem 1.1]. [

The result above induces the following inf-sup deficiency of Qf px M.

Lemma 4.4. Let G be defined by (4.11) and let Illg: My — G be an operator. Then

divwv, q
sup (dive, g)g > Be|[Heq|
veQS » ’”’1,9

0,0~ lg — HGQ”QQ for all g€ My. (4.13)

Furthermore, if gq = q for all ¢ € G, then (4.13) implies (4.12).

Proof. Let g € My, then Ilgg € G and by (4.12) there exists a non-zero v € Qf 5 such
that

Balvliolllldllo < (dive,lgg)g < [v]; olld = Hadllgq + (dive, g)q

Dividing by [v]; ¢ gives (4.13) for one v € Q7 ». The rest follows easily. O

The last results can be read as follows: The inf-sup deficiency (4.2) is caused by
functions whose jumps do not vanish across edges in €e. Then, in the rest of this
section, we show that it is enough to control such jumps to obtain uniform stability.

To this end, we recall that Py is conforming and rewrite every selected edge v, € Ee
as ve = M N M'" where M, M’ € Py and |M| < |M’|. In order to simplify the proof we
define w,, == M UM’'. Now, let G be defined by (4.11) and let II¢: My — G be the

L?-projection into G, which is given by

if M C w,,,
Hag],, = { Ve B (1.14)
(q),; otherwise.
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4. A note on the stabilised QF x Py method

Now, Lemma 4.5 proves properties of the stabilisation terms (4.7). The proof uses
the characteristic function on subdomains w C € given by
1 ifeecw,

Xo(T) =
0 otherwise.

Lemma 4.5. Let gp € Mp. On M € Py with M ¢ w,, we have the equivalence

2llgp — Oaapllg ar < Su(ap, av) < 4llgy — agy 3,M, (4.15a)
on wy, = MUM'" we have

1

llar = Maapll,,, < (Su+ Sur + S5.) (a9, a9) < 6llgp — Tagpll,, . (4.15b)

Furthermore, let sp|,, == Sy and sp]wW = Sy + Sy + Sy, then

2
0,w

2 2 2
e (Ip = a1 s + W 10al5 s + 2 10011 )

g

sp(gp,q7)|, < C (4.16)

for all p € HY(Q), where w =M € Py or w = w.,.

Proof. Equivalence (4.15a) has been proven in [LS13, Lemma 3.2]. We include here
an alternative proof which supplies us with notation and arguments for (4.15b). Let
M € Py be a (2-by-2) macro element such that M ¢ w,,, 7. € Ee. Since, all cells
K C M have the same area, an orthogonal (with respect to the inner product in L?)
basis of Mp(M) := {q € Mp: suppqg C M} C LE(M) is given by (cf. Figure 4.4, left)

d)l,M = XKI - XKQ Y
¢2,M = XKUKy — XK3UKy » (4‘17)
¢3»M = XKg - XK4 °

Below, we omit the subscript M when it is clear from the context.

Fig. 4.4. A macro element M € Py (left) and set w,, (right) with cells K; s € P.

We define 4 = (gp — (gp)p;)],, and realise r, € Mp(M). Therefore, from (4.17)

we get r, = Zf‘:l a;¢; v with appropriate coefficients a; (i = 1,2,3). Then, using
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4. A note on the stabilised QF x Py method

|K;| = |M|/4, (i =1,...,4), the definition of Sy, [ra], € Po(e) and orthogonalities of

the basis we get

Sur (g9 a9) = ‘M'Z [l = 'M'Z o [ - S a2

e€l e€l

M
= 4| [(2a1)2 + (20 — a1 — a3)? + (2a3)? + (=203 — a3 — a1)2]

M

1 ‘ [4 +4a3+8a2+2(a1+a3) ]
_ 2 2 2 | M| 2
= 2llargillonr + 2llasdsllons + 2llazdzllon + (o1 +as)

M

= 2”%”3,1\4 + ’2‘(041 +as3)?, (4.18)

which proves the lower bound of (4.15a). Applying (o +a3)?|M|/2 < ZHTQHS’M proves
the upper bound.
. Then

Wrye

To prove (4.15b), we fix an edge . € Ee and let ry, :== (gp — (gp)

)

Wye
T :ozoqﬁo—l-ra—{—?“;?

where ¢g = |M|_1XM — |M’|_1XM/, re = Z?:l a;p; v and 1, = Z?:l al¢;pr. Using

(4.18), the definition of ¢y and |K| < |K’| (since |M| < |M’|), the stabilisation terms

(4.7) inside w,, satisfy

(SM + SM’ + S’Yc)(QTaQT) > 2||"”a||0M + QHT HO M/ + Z | /[[ ]] (4'19)
eCe

where the additional edges e C 7. satisfy e € M N M’. We need a lower bound for
the last term. Using [rp],, [¢o]. € Po(e), the linearity of the jump, followed by the
inequality, 2ab < l(12 + 2b?, we obtain

[[Tb]] ! 1\ 2 / 1\
[aodo],, — a2 +ah—as—az) + ([aodo],, +a2—a;—a1 —aj
eC’y

= zﬂaoqso]]zc +2(ag — ah)? + (a1 + ) + (a3 + af)?
—2([awol,, + a2 — az)(a1 + ) = 2([aodol.,, — a2 + as)(as + a3)
> [aogol?, + (a2 — a5)? = (a1 + a})” — (a3 + a})?,
and conclude, multiplying through by |K| = |M|/4 < |M’|/4, that
T [l > Koo, ~ 21K1(03 + af +03 +a), (420)
eC’y

Now, the definition of ¢¢ and |K| = |M|/4 imply

M| 1\?_1 1 1 1
K 2‘ L2 — 2
‘ ’[[040¢0]] <‘M’ + |M/‘> = 4a0<’M‘ + ’M’|> 4H040¢0H0,wwc
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4. A note on the stabilised QF x Py method

and |M| < |M’'| shows
M M
2’K|(a% +aI12+a§ —I-O/32) < |2‘(a% +a§) 4 ‘ 5 |(O/12 +aio)2)

< HTaHaM + HT;H(Q)M )

Gathering (4.19), (4.20), the last two estimates and using the fact that ¢¢ is orthogonal

to rq and 7/, yields the lower bound

2 2 1 2 1 2
(Sn+Sarr + S5 ) (a7, a2) 2 llrallg ar + (|76 llg, 0 + Fl00b0llG 0, = Z oo, . (4:21)

The upper bound follows using that r, is constant on each K C w,, with value rx and

that jumps across at most three edges e C 0K are penalised, i.e.

(Sar+ Sar + Sy ) (ap.ap) = (Smr + Swr + Sy.) (13, 75)
K
D DI L 2 DRI DL S 1

ec&pUE nU{e: eCre} KCuwy,e

Now, equivalence (4.15b) follows from estimate (4.21) and this upper bound.

Bound (4.16), is a consequence of (4.15) and ||gp — HGQTPHg,w + ||HGq¢pH(2)7w = qupﬂaw
for w =M € Py or w = w.,. Finally, estimate (4.16), follows using p € H*(M) and the
arguments used to prove [LS13, estimate (3.24)]. O

Proof of Theorem 4.2. First, by Lemma 4.3 we notice that the pressure space My con-
tains a uniformly inf-sup stable subspace G. Then, thanks to (4.15), the stabilisation
terms control the non-stable part of Myp. Then, (4.9) follows by standard arguments,
as in Theorem 3.12 or in [BDGO06,LS13, ABW15|. Using (4.16) the a priori estimate
also follows known arguments, cf. Theorem 3.14 or [BDG06,LS13, ABW15]. O

4.5. Conclusions

In this chapter we have extended the method from [LS13] to cover the case in which
the meshes contain anisotropically refined corners. We have enhanced the aforemen-
tioned method with selected, appropriately weighted jumps that improve the stability
constant by curing its dependency on ¢ = h/H. Finally, it is worth mentioning that
the refinement strategy proposed in [LS13] leads to meshes for which the method is
as stable as it was on the initial mesh. This explains some numerical results in that

reference, since the original mesh used was shape-regular.
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4. A note on the stabilised QF x Py method

4.6. Verifying discrete LBB and stability conditions

For completeness we include the standard result Lemma 4.6. A proof for a special case
is given, for instance, in [Mal81, Section 3.B|. However, before we found this result,
we proved the general case presented here. Corollary 4.7 is a direct consequence of

Lemma 4.6 and justifies our numerical experiments.

Lemma 4.6. Let A, B € R™" be symmetric matrices and let B be positive definite.

Then, the generalised eigenvalue problem
Av =€ B, (4.22)

has n real eigenvalues {&;};, and an A, B-orthogonal basis of eigenvectors of R™, {v;},,

such that

X

<Uj, A’Uz> = 51 52‘]‘ and <Uj, BUZ> = 5ij . (4.23)

Moreover, we have the (sharp) discrete inf-sup condition:

v Au
sup ————— > [§|VuTBu  for all u € R"” 4.24
. VoBw = f 24

where & is an eigenvalue of Problem (4.22) of smallest magnitude.

Proof. Since B is positive definite, there exists a regular matrix L € R™*™, such that
B=LL". Then, Problem (4.22) is equivalent to a standard eigenvalue problem with

a symmetric matrix, i.e.
Av=¢(Bv <= L 'AL "LTo=¢LTw
— Aw=¢w with A=L"1AL™ .

The equivalent problem is symmetric and has n real eigenvalues {§;}, and a basis of

eigenvectors {w;}; of R", such that
ﬂwi = 57, w; , <’U)j, w2> = 6ij and <UJj, ./Iwz> = éz 51'3‘ .

Using the regularity of L we define v; := L~ Tw;, (i = 1,...n) and note that {v;};, is a
basis of R". Following the equivalence of the eigenvalue problems we realise that each

v; is an eigenvector of (4.22). And, from the equalities above, we obtain
(vj, Bv;) = <LT'Uj>LTUi> = (wj,w;) = dij,
<’Uj,.A’Ui> = <L7Tw]‘,AL7T’wi> = <wj,j'wi> =¢; 6@']‘7

which proves (4.23).
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4. A note on the stabilised QF x Py method

In order to prove (4.24), let w € R™ be given. Using the basis property of {v;};;
we have u = )" | oy v; and define v := )" | &;v; with &; == sign(&)a; (i =1,...,n).
Now, using (4.23) shows

n

v By = Xn:di(zn:dj<vj,8’l]i>> = Z&Z< Y dj&j) = Zn:o[% = uTBU,
g=1 1 i=1

i=1 = i=1 Jj=

and VuTBu = Vo T Bu, respectively. Using this identity and again (4.23), we get

n n

v Au = Z Q; < é aj(vy, Avi>> = Z Qg < g ajSign(fj)fi5ij>

i=1 i=1

n n
= Zaf |&i| > |§1|ZO¢¢2 = |&|VuTBu Vo Bo |
i=1 i=1
which proves (4.24) and its sharpness. 0O

Corollary 4.7. Let*B be as in (4.4) and let s: Mpx Mp — R be an arbitrary symmetric

non-negative bilinear form. Then

. B(u,p;v,q) —s(p,q)
inf sup
(u7p)€Qi,y><Mry (v7q)6Q‘f,:P><M«y |H(’U, Q)’H ‘H(’u@p)m

= |&1]

where & is an eigenvalue of smallest magnitude of the problem

A B u—gA O \u (4.25)
BT —s)” “\o m ‘

with matrices A, B and S defined as usual from B and s, the mass-matriz M on the

pressure space My and U € R", n = dim(Qi?xM?).

Proof. We first realise that A and M are symmetric and positive definite. The matrix

S is symmetric as its form s. We define

A B A 0 v°
A= , B:= and V= .
(B TS ) ( 0 M ) (qc>

Using V as coefficient vector of (v, q) € Qf 5 x Mp we obtain
T 2 2 2
V' BY = |vliq+ ldlloq =l o)l

and, using Lemma 4.6 we get

. B(u,p;v,q) —s(p,q) _ VAU

inf sup = inf sup , = &1
(wp)EQS px My (v.0)eQs px My (0 DI, D) uern verr VVTBYVUTBU
where & is an eigenvalue of smallest magnitude of Problem (4.25). O
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4. A note on the stabilised QF x Py method

Lemma 4.8. The inf-sup constant defined by

i
Bp = inf sup DV
qEMyp vEVp |’U|1,Q||C]

0,Q

satisfies 5323 = &1, where & is an eigenvalue of smallest magnitude of the generalised

etgenvalue problem

(o o)) =6 ()

where A, B, M are the matrices induced by the bilinear forms (grad u, grad v)g, (div v, p)g,
and (p,q)q-

Proof. See [HSV12, Lemma 9.1]. O
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Chapter 5

Low order methods for the Oseen problem

In this chapter, we mix and extend the approaches from Chapter 3, 4 and from [MT15,
Bra08] to propose low-order methods for the Oseen equation on meshes containing
refined corner patches. To solve this problem we now have to treat two sources of
instability. So far we only have dealt with the inf-sup condition. Now, we also allow
the case known as the convection-dominated case, in which the instabilities may result
in the appearance of spurious (non-physical) oscillations.

Starting with the lowest order Q¢ x Py pair, we again identify the pressure compo-
nents that cause this finite element pair to be non-inf-sup stable. We then propose
a way to penalise them, both strongly (by directly removing them from the space),
and weakly, by adding a stabilisation term based on jumps of the pressure across se-
lected edges. Concerning the velocity stabilisation, we propose an enhanced grad-div
term and give a new choice for stabilisation parameters with convincing results for
convection-dominated problems. Some of the proofs presented here follow the very
general approach given in [MT15].

The presentation is organised as follows. Section 5.1 first recalls the Oseen problem
and its weak formulation. Then, the assumptions associated to the mesh are given.
After that, results for the Stokes problem are extended to the meshes defined. In
particular, we prove the existence of a subspace G C Py such that the pair Qf x G
satisfies a uniform LBB condition. This is confirmed numerically. Additionally, the
existence of the divergence preserving interpolant is stated. In Section 5.2 we then give
the general framework for the methods proposed. In Sections 5.2.1 and 5.2.2 stability
and a priori estimates are derived. The definition and analysis of the methods leaves
the choice of stabilisation terms and parameters flexible. Section 5.3 fixes the latter for

the numerical experiments in Section 5.4.
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5. Low order methods for the Oseen problem

5.1. Notation and preliminary results

As before, constants with capital C are independent of data, but now constants with a
lower case ¢ may depend on data. Both the instances of C' and ¢ will be independent
of all geometric properties of the mesh. We recall the notation for Sobolev spaces and

associated norms from Chapter 1.

5.1.1. The problem of interest

Let Q C R? be a polygonal, bounded and connected domain. Then, given a source

term f € L?(Q)?2, we consider the following Oseen problem

—vAu+b-Vu+ou+Vp=Ff inQ,
divu=0 in Q, (5.1)
u=0 ond,

subject to (p), = 0, where (g),, denotes the mean value of ¢ over w C €. For simplicity
we suppose v is a positive viscosity constant, o is a non-negative constant and b €
H (div, Q) N L>*(Q), with divb = 0, is a given velocity field.
We let V := H}(Q), M := L3() and state a weak formulation of Problem (5.1):
Find (u,p) € V xM such that

B(u,p;v,q) = (f,v), foral (v,q)eVxM, (5.2)

where
B(u,p;v,q) = a(u,v) — (dive,p)g — (divu, q)q (5.3)
a(u,v) =v(Vu, Vo), + (b- Vu,v)q + o(u,v)g . (5.4)

Using integration by parts and divb = 0 the bilinear form a induces the norm
[v)? = a(v,v) = V|’U|iQ + 0||v\|(2)7Q forall veV. (5.5)
If 0 = 0, then thanks to the Poincaré inequality
JCq > 0Vv e V. H'v||079 < CQ”U|LQ7 (5.6)

|||, remains a norm. The Poincaré constant Cq will be of constant use throughout.
Again, the inf-sup condition (1.6) holds, cf. Chapter 1. From (5.5) and (1.6) it follows
that the Oseen problem (5.2) has a unique solution, see for instance [GR86]. Finally, the

following continuity estimates will be of use in the stability and convergence analysis.
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5. Low order methods for the Oseen problem
Lemma 5.1. For all w,v € V the following inequalities hold

CQ
2 0 2
vl < mllvlla, (5.7)

and

v+ JC% + boo7Q Cq
(V + 005)1/2

a(w,v) < collwll,|vl; g where cq = (5.8)

with Cq from (5.6) and boow = ||b] ., for w C Q.

Proof. Using the Poincaré inequality (5.6) and a basic computation, we get

2 . ((1=t)?% 2C} 2 C3 2
v < 1n + v = —— ||V
L L ezl

To prove (5.8), we consider (5.4), (5.5) and estimate each term. First, we obtain

1/2
2 2
V(Vw, V2)g + 0w, 2)g < (vzlig +olzlia)  lwl,

1/2
< (V+UC§22) |Z|1,Q||w||a.
Now, integrating by parts, using divb = 0, and (5.7) we get

<

boo,0 Co
po € —EEC0 el ollwll,. (5.9)

(y + 00(22)

Adding these estimates proves the claim. O

(b Vw, 2)g| = |(b- V2, w)g| < beo,al2], oflw

5.1.2. Partition and finite elements

Within this chapter, we assume the partition P to satisfy assumptions very similar to
those of Chapter 4, but with a small change concerning the notation associated with
the corners. This allows us to generalise some results.

In particular, we assume P has been obtained by a uniform refinement from a macro
element partition Py. Where Py is a conforming partition of {2 consisting of closed
parallelograms, and satisfying a maximal angle condition. Again, Py is allowed to be
highly anisotropic and contain corner patches, for instance, as in Chapter 3 and 4. See
for example the shaded cells and their neighbourhoods in Figures 5.1-5.3. Similar to
Chapter 4:

e K is an element of P,
e M belongs to Py and will be called macro element,

e M is split into four elements of P possessing the same angles and area |M|/4,
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5. Low order methods for the Oseen problem

e Cg is the set of interior edges, and
o for M € Py, let Epr be the set of edges inside M, dashed in Figures 5.1-5.3.

One of the interests in this chapter is to extend the previous results to refined corner

patches. That is why the nodes C, edges 7. and subdomains w, are re-defined as follows:

e Let C be the set of corners, that is, nodes ¢ of the mesh Py towards which the
mesh is graded, denoted by filled circles in Figures 5.1-5.3. For ¢ € €, we denote
by we the area around ¢ that is partitioned in a shape-regular way (shaded in
Figures 5.1-5.3). Moreover, for ¢ € C, we select a single edge 7. € £p that sepa-
rates an extremely small corner macro element (shaded) from a highly stretched
neighbouring macro element, for example, the embraced edges in Figures 5.1-5.3.

The selected edges v, are collected in the set Ee.

h h|F-5q

® oLl
h H h H

T
1
|
|
|
|
1
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|
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|
|
|
1
L
|
I

Fig. 5.1. Partition Py (left) and P (right)
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Fig. 5.2. Corner patches on [0, A + H]? whose corners were refined r times (r = 0,1, 2).

We point out that the condition “P arises from a uniform refinement of Py” still
allows local (macro-element based) refinements as described in [LS13]. These may
produce further anisotropies. In particular, instead of Py, an initial partition P,., that

contains corner patches that have been refined uniformly r-times, may be used as a

macro-element mesh for P, cf. Figure 5.2.
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i i i i i
St ===

Fig. 5.3. Jumps on an anisotropic mesh for a flow over step problem.

Finally, we define the finite element spaces
Qip={veV:v|[cQK)* forall Ke?P} (=12, (5.10)
and
Mp:={q€ M: q|; € Po(K) forall K € P}, (5.11)

and seek an approximation of the solution (u,p) of Problem (5.1) within the discrete

space Qf p X Mp.

5.1.3. Preliminary results

It is well known that QF »xMp is not inf-sup stable. On the other hand, since Qf »
and Q5 p, share the same degrees of freedom, Q7 5 x My, is inf-sup stable. Now, the
inf-sup constant of the latter pair is affected by geometrical properties of Pg, since Py
contains corner patches, cf. Chapter 4, condition (4.2). We realised (Remark 3.2) that
the deficiency is caused by non-local geometric quantities, which is again indicated by
Remark 5.3 below. However, we solve the issue in the next result where we impose a

minimal set of additional constraints to obtain a uniformly inf-sup stable subspace G
of Mg)o.

Lemma 5.2. Let G C My, C My be the space defined by
G = {q € Myp,: [q],, =0 for ~e€ 8@}. (5.12)
Then, the following inf-sup condition holds

(divw, )

sup ¢ > Bolldlloq forall gea, (5.13)

veQS 5 |'U|1,Q
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5. Low order methods for the Oseen problem

with a constant B > max{fBy,,C/2"}, where C is independent of the mesh and data.
Equivalently, the following inf-sup deficiency holds

divw, q
sup D002 > NGl — g~ Tedlyq forall g€ My, (5.14)

veQS » ’”’1,9
where IIg: My — G stands for the L?-projection onto G.

Proof. The proof follows a similar path as in [ABW15] allowing the extension to re-
fined corner patches. For completeness we include an abridged version here. We first
prove (5.13). Since G C Msyp,, we have Sg > [Bp,. For the alternative fg > C/2", we
proceed as in [ABW15]. First, we define

Mg, = {q € My,: (q),,, =0force C'}.

Analogously to [ABW15, Corollary 3.1], for all ¢* € Mg, there exists v* € Qf 5 such
that v*|, € H}(w,) for every ¢ € €, and

(dive®,¢)q = lla*loo and [v7], o < Cllg"

0, (5.15)

where C' > 0 depends only on Q. Now, as in [ABW15, Lemma 3.2], we decompose

q € G into ¢ = Ileq + ¢* where Ileq|,  (for ¢ € €) and H@q|Q\(U ) are constants

cecWe

and ¢* € Mg . Then, since (divv*,Ileq)g = 0 we get (dive*,q) = Hq*HgQ Therefore,
(5.15) implies (5.13), once the following is proved

lalloe < C2"¢" 0. (5.16)

Following analogous steps to those from [ABW15, Lemma 3.2] we conclude that
HHC"JHg,Q < Czcee|wc\([[q*]]>,2yc. Next, we bound each of these jumps as

2 -1 2 2
wel{[a'])5, < Clwellkel ™ 4" lo ook = C2* a0,

since |wel|ke| ™t = 227, and then (5.16) follows.
Given (5.13) the proof of [ABW15, Lemma 4.1] implies (5.14). The reverse follows
using only Ilgq = ¢q for ¢ € G. O

Remark 5.3. For a single corner patch we conclude from (5.15) that the spurious
mode on the (refined) corner patches in Figure 5.2 is given by the function connecting

the (uniformly stable) average free spaces on we == [0, \]x[0, \] and Q \ we, that is,

@5 = X — 22l
e T IO\ we| HH\we
Hence for small enough \ we have Bp, = fp, = ... = By, .

67



5. Low order methods for the Oseen problem

Remark 5.4. We stress the fact that Bg only depends on how refined the partition Py
is. This is reflected by the factor 2" in Bg. This unfortunate behaviour can be easily
solved by limiting the number of refinements and instead moving A closer to the nodes

c, since Bg is independent of A.

The next result shows the existence of a divergence preserving interpolant on parti-

tions that contain (refined) corner patches.

Lemma 5.5. Let G C My be defined as in Lemma 5.2. Then, there exists ur € Qf »
such that

(div(u —us),q)o =0 forall qe@G, (5.17)
and
fu—urly g < (14 CA5Y)_ inf |u—wvplyq. (5.18)
) UTGQL‘P )

Proof. Let (¢9, xp) € Qf p X G be the solution of the following auxiliary problem:

(Vop, Vv)g — (divy, xp)q = (Vu, Vo), forall v € Qf 5, (5.19)
(div @9, q) = (divu,q), forallgeG. '
The well-posedness of this problem is a consequence of (5.13). Then, defining u; := ¢y,

(5.17) follows immediately from (5.19). Moreover, since (ur,Xy) is a finite element

approximation of (u,0), (5.18) follows by standard arguments, see e.g. [GR86, p.115].00

5.1.4. Numerical confirmation (part 1)

In this section we show the improvement of Sg over (p,. For simplicity we restrict
the presentation of S to partitions on the unit square = (0,1)x(0,1). To this end,
we define a parametrized (by A > 0), refined corner patch P$ as the tensor-product
of the following one-dimensional interval subdivision of [0,1]. The parameter A\ < 1/2
separates a coarse and a fine region in [0, 1]. The interval [0, A] is split into 2" intervals
of length h := /2" and [\, 1] remains unsplit. Figure 5.2 shows Py = PS(r =0,1,2) as
continuous lines and the uniform refinement P of Py is indicated by the dashed lines.
The subspace G C My, additionally imposes the continuity across the edges Ee.

We have computed ¢ and Sp, for different levels of refinements while letting A — 0.
The results are depicted in Figure 5.4. The constant B¢ remains independent of A, as

predicted by Lemma 5.2.

68



5. Low order methods for the Oseen problem
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Fig. 5.4. Refined corner patches, from left to right » = 0,1, 2 times refined.

5.2. The stabilised method for the Oseen equation

The stabilised method proposed in this chapter reads:
Find (ug, pp) € Qf p X My such that

%s(uf]’vp?; vy, Qf})) = (f?UT)Q for all (vfpv Qf}’) € QifP X My, (520)

where

Bs(u,p;v,q) = B(u,p;v,q) + sy(u,v) — sp(p,q) (5.21)

and s, and s, are symmetric, positive semi-definite bilinear forms aimed at stabilising
velocity and pressure, respectively. In order to prove stability and a priori estimates

we need to make assumptions on s, and s,. For this purpose, we define

2

2 2 2
w2, = su(v,0) and o2, = o] + of?, (5.22)

and the bilinear form

58 (u;v) = Z vk (kK (diva),dive),, vk >0, (5.23)
Ke?

where £, = id — (-) , denotes the fluctuation operator. Then, the main assumptions

on s, and s, are now stated.

Assumption 5.6. Let v,w € V. There exists a positive constant cs, which may

depend on the data, but is independent of the mesh, such that
so(w,v) < cufowl, Jol, o (5.24)
Furthermore, s, is assumed to satisfy

So(w, v) < sp(w, w)2s,(v,v)/2, (5.25)

Sgiv(’U; ’U) < SU(U, ’U) , (526)
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5. Low order methods for the Oseen problem

where s& is given by the LPS-like term (5.23).

The pressure stabilisation is given by

(6 (6%
spp.0) =" D Supa)+ - Y Sve(pa), (5.27a)
MePy Ye€Le

with o, > a (« given below in (5.28)) and

sua) = 3 M, .. (5.27b)

Ae]
e€l
min{| K], |K'|}

S’Yc(paq> = h/ ’
c

<[[p]]7 [[Q]nyc ) (527C)
where K, K’ € P such that .= KN K'.

Remark 5.7. For q € G we realise that s,(q,q) = 0. Consequently, s, is only relevant
to functions not in G. Moreover, if the mesh Pg does not contain corner patches, then
S, =0 and the present term s, appears as an extension of the one from [LS13] to the

Oseen equation.

5.2.1. Stability of the method

The stability and convergence will be analysed using the norm

(o, ) I* = [[vllz s + allallg o + spla,a) with o= (5.28)

2+c2’

with ¢, and ¢, defined by (5.8) and (5.24), respectively.
This section is devoted to proving that method (5.20) is stable with a stability con-
stant depending only on Sg. The first step towards this result is stated next.

Lemma 5.8. Let gqp € Mg, p € HY(Q) and Ilg be the projection from Lemma 5.2.
Then, the following holds

1
1eovller — Hearlloa < splar g0) (5.29)
2 2 2 2 2
sp(ap, qp) < Cay Z (Hp = apllo.x + lerx [0 pllo  + le2 k| H%M!o,x) ’
Ke?
(5.30)
where ey kg and ep i are two non-parallel edges of K, and 0,(i = 1,2) are partial

derivatives in their directions and C' is a constant independent of mesh, angles, and

data.
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5. Low order methods for the Oseen problem

Proof. We start with (5.29). This proof uses notation and conventions from Figure 5.5.
Our assumptions on the partitions P and Py imply that every selected edge v. € E¢
satisfies 7 C M N M" where M, M' € Py and |M| < |M'|. For readability we define
W, =M UM'. Now, from its definition IIgq is given by

if M Cw,,,
ag),, = § Ve b (5.31)
(q),; otherwise.

Therefore, bound (5.29) follows once we prove the local bounds

2apllgr — <QJ’>MH3,M < ap Sn(gp, q9) 5 (5.32a)

1

—apllar — (@) |2, < ap (Sar+ Sar + S5.) (a9, a9) (5.32b)
16 Te Ye

The first estimate follows from multiplying (4.18) through by «,. We recall notation
to prepare the proof of (5.32b).

Let M € Py be a macro element such that M ¢ w,., 7. € €e¢. Then, we recall
Mgp(M) C L3(M) and its orthogonal basis (cf. proof of Lemma 4.5):

¢1,M = XKl - XK2 ) ¢2,M = XKlLJKQ - XK3UK4 and ¢3,M = XK3 - XK4 )

where x,, is the characteristic function of w. Moreover, r, = (gp — (qp))|,, belongs
to Mp(M) and can be written as r, = Z?:l a;¢; with appropriate coeflicients «;.

To prove (5.32b), we fix an edge 7. € ¢ and let 1, == (qy — (g9) . Then
Ye

wne) o
Tp :ao%—i-?“a—i—ri17

where o = [M|™xay — IM'| ™ X 70 = S50y auginr and 78, = S, ol g Using

(5.32a), the definition of ¢g and |K| < |K'| (since |M| < |M'|) we get

(SM + Sy + S”/c)(QJ%(J?) > 2HTaHg,M + 2HT;H(2),M’ + JH[[Tb]]H?),% : (5.33)

It only remains to bound the last term. Using [rs],_, [¢0]., € Po(7e) and the linearity

| K
Ye

Fig. 5.5. A macro element M € Py (left) and set w,, (right) with cells K; s € P.

71



5. Low order methods for the Oseen problem

of the jump, followed by ab < %aQ + b? we obtain

2
TreD 1o .

2
e = ([[oz(](bo]]% +ay—ah—ag — 0/1)

[[a0¢>0ﬂ +2[aodo],, (a2 — ah — a1 — o) + (a2 — ah — a1 — o)’

| \/

2
5[[040%}]% — (ag—ah—ag — o/l)

v

1
5[[060@50}],2yc — 4(0&% -+ 0/22 + 05% + 0/12) ,
and conclude

|K]
[rel

Now, using the definition of ¢y and |K| = |M|/4 we get

K| AL PN B 1N 1,
> 2 S 5.35
1 leodols, = |My ) =16 \jar T ) T 1el09ollow.., (539)

and, since |[M| < |M’|

- K]

|K\
0y = 20 ‘H[[ b]]”ovc [[aO(bO]] —2|K|(a3 + a3 +af +of). (5.34)

101115

| M] >

2|K|(a%+a’f+a%+a§2) < 7(04%4—042)4- 2

M|
(af + ag)
2 VTP (5.36)

2 2

< Mrallong + [lrallo ar
Inserting (5.34)—(5.36) into (5.33) and using that ¢¢ is orthogonal to ¢; ar, ¢inr,i =
1,2,3 leads to

2 2 1 2 1
(Sur + Sarr + Sve) (a9, a9) > Mlrallo, ar + I76llo,0r + g l2000060,, > 6 lI7elI0,,

which proves (5.32b).
Finally, using p € H*(Q), and [p], = 0 a.e. on e € €y, and the trace estimate (2.3b)

(Section 2.2.1) we bound each jump as follows:

K|
o= ol <2 57 o= arllo (I = o+ 2eil It - Tl i)
K:e,CK
2 2 2
<4 3 (Ip—aslldx + 2t - Il i) -
K:e,CK

where ¢ = 1,7 = 2 or ¢ = 2,57 = 1. Then, we sum over the edges across which s,
contains jumps and note for each K € P, that s, contains jumps across at least two

and at most three different edges. This proves estimate (5.30) and finishes the proof.[]

We now present the main stability result.
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Theorem 5.9. Let Assumption 5.6 be satisfied, let ||-|| be defined by (5.28), and s, by
(5.27) with o, > . Then,

%S<w7 7’; ’U, Q)
sup —_—

> psll|(w, )| for all (w,r) € Q7 px My, (5.37)
(wa)eQs px iy (v )l

where ps = B%/12(1 4 Be)(17 + 168¢)] where B¢ is the constant from (5.13). Hence,
Problem (5.20) is well-posed.

Proof. Let (w,r) € Q X My be given. First, from the definition of B, it follows that
B (w,r;w, —r) = w2, + sp(r,7). (5.38)

Additionally, given ws € Qf 5, using (5.8), (5.24) and o == 1/(c2 + c%) we get
B(w,r; —ws,0) = (a+ sy)(w, —ws) + (divws, )q

> =V + g llwllyy Jwsly o + (divws, 7)g

1, 1, ,
> —wl, — gelwsl o+ (divws, 1) (53)
Next, we choose ws. By (5.14) there exists z € Qf 5 such that [z], o =1 and

(div z,7)q > Balrlloq — (1 + Be)llr = Har(lo .
Defining w; := da|r||y oz with 6 > 0 to be chosen, this last estimate, (5.29) and a < oy,
give

(divews, r)g > Badallrl} o — (1+ Ba)dalrloay, 20y sy (r,r) /2

o 1
> Badallrlls o — TQ52(1 +66)°lIrlio.0 — 35p(r,7), (5.40)

and |ws|; o = da[r[lgq where C1 = 1/16. We then define (v, q) == (w — ws, —7), and
(5.38), (5.39) and (5.40) yield

1 5(1+ Bg)? 1
B (w,730,0) = 5 [[w]2, , + 5,(r7)] + [,3(; - (201) dallrllf o = 5 lwsl g
. 1 2 5(1 + ,8@)2 6 2
= g [0l sptrn] + 1 = SGEEE - S aaliz
dBa 2 2
> 2 (ol + sp(rr) +allrlSg)

where the choice § := 8cC1/(C1 + (14 B¢)?) and §8¢ < 1 imply the last estimate.
On the other hand, using (5.8) and (5.24) shows | z||
Qf 5. Therefore, the definition of ws and |[|-[| give

ats S a*1/2\z]179 for all z €

(o, @)l < Ml w, )l + llwsllgrs < (w7}l + 602 rllg g < (1 +8)ll (e, 7)1
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which proves the stated stability condition with us = 685 /(2+20). Recalling C; = 1/16

proves the result. O

Remark 5.10. We stress the fact that the stability constant ps only depends on B
which is independent of mesh properties and data of the problem. Furthermore, the
stability estimate (5.37) is valid independently of the relation of ¢, and cs. In [MT15]
velocity stabilisation terms that satisfy (5.24) with ¢ < Ccq are used. We avoid this
assumption, as large stabilisation parameters may be optimal for some problems (cf.

[JILR14]).

5.2.2. A priori estimates

This section is devoted to the a priori analysis of (5.20). We use Il : L*(Q) — Moy
to denote the L%-projection into My satisfying

(p —Ipp, 1)), =0 foral KeP. (5.41)

Theorem 5.11. Let us suppose the solution (u,p) of (5.2) satisfies p € H'(Q). Let s,
satisfy Assumption 5.6 and let s, be defined by (5.27) with o, > . Then, if ur € Qiy
1s the interpolant defined in Lemma 5.5, then

(e = up, p = po)ll < (1 + Cus_l){sv(u,u) +so(u —ur,u—up) +ollu—urlg
1 b3 kC8 2
+ << +1/+’7>\u—u1\1K
KZE;P a+ ap v+0C3 ’

1/2
2 2 2
)P = sl g + 0 D leir] Hatipuo,K)} . (5.42)
i=1,2

1
+(a+ap+
V4K

where e; g, 0, (i = 1,2) are defined in Lemma 5.8, and the constant C' is independent

of mesh and data.

Proof. As usual, we split the errors
(u —up,p — pf}’) = (’U, —Uur,p— HMipp) - (’U,(}J —ur,pp — Hnyp) = (771;777;:) - (guaé.p)'
Using definition (5.22) the interpolation error satisfies

2 2 2 2
(0 mp)I” = vim |10 + olimulloq + so (M m,) + allnpll o + sp(np, mp) -

Similar to (5.30) the term sp(n,,n,) is bounded by the last two terms in (5.42). To
bound the discrete error (§,,p), from Theorem 5.9 there exists (wg,rp) € Qf p X My
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with ||(wg, 73)]| = 1 and

S v S %8 VI 7 w 9 r
s 1€y Ep)I (s Eps wo, ) (5.43)
= B(N,, Np; W, 7p) — sy(ur, wy) + sp(as,p, 79)

where we used (5.2) and (5.20). We estimate the right-hand side term by term. Using
(5.25) and ||(wep,rp)[| = 1 shows

_Sv(ufv ’LU'J)) = Sp (nv7 wa) + 81)(“’7 ’LU(P) < Sv(nm Ir]'u)l/z + Sy (u7 ’U,)l/2 ; (5 44)

SP(HMfypa ’I“(P) < Sp(HMfypa HMypp)l/Q s

and applying p € H'(Q) and (5.30) the right-hand sides of the last two inequalities are
bounded by the first two and last two terms of (5.42). Next, using (5.7) we get

1/2
2 2
v(Vn,, Vws)g + o, we)g < (vim, R o +olmale)  lwsll,

, , 1/2 Co (5.45)
(b-Vn,,ws)q < (}(ze;boo,mmh,g) WHW?H(I.
Moreover, for every K € P we have
(div ewp, mp) ¢ < V2 Twsly gellmpllo e . (5.46)
On the other hand, since (7, (divwsp) ;) = 0, we get
(divwy,1p) i = (kx (divews), np) o < [rx (divws) o g lImpllo x . (5.47)

Then, using the inequality ab < v/t|ab| + /1 — t/|ab| with t = v/(v + vk ) to combine
(5.46) and (5.47) leads to

(divews,my) e < (VI lwsly g+ VAR s (divws) o g ) 0+ 7)™ mpll, .

Summing over all K € P and employing (5.22), (5.23) and Assumption (5.26) we arrive

at

1 .\ V2
div wep, <C e w 5.48
vy <O o ml) ol (5.49

Finally, since IIgre € G, we can apply (5.17) and (5.29) to conclude

(divn,,rp), = (divn,,re — Igre),
<V2n,ly e — Tarsll, < Cap 2 myly, splre,re)|?, (5.49)

w

where w = M € Py, or w = M UM’ if v € M N M’ for one v, € €. On the other
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5. Low order methods for the Oseen problem

hand, for any subset w C €2 we have

(v re), < ldivan o lrlo, < om0, ,0Irelo,. (5.50)

Following the same steps as for (5.48), with ¢ = a/(a + ) we combine (5.49) and
(5.50) to arrive at

. 1 1/2 1/2
@ivnyralo <O ¥ orinlx) - (allrslla + sptrora)) ™. 650
KeP p

The result follows on collecting the estimates (5.43)—(5.45), (5.48), and (5.51). O

We close this section with a few remarks on Theorem 5.11.

1) A reduced proof of (5.42) also implies a best approximation result. More precisely,
if the property (5.17) of u; (and hence (5.49)) is not used, then the terms involving

u — uy become

f 2 1 bgo KC§22 2 2
in u—v —1—5 —4rv+ —"—— ||lu—1v +ollu—v
v:veQi,y‘ y= o v+oC3 | 7l ol ?llox .

Ke?

This result extends, for instance, [MT15, Theorem 4.4] to the non-inf-sup stable
pair Qi? X Mgy on anisotropic meshes. On the other hand, the results in [Bra08§]
for the Qf x Qf pair do not show the data dependency bZQQC% /(v + oC3) which
is achieved by penalising a fluctuation of Vu. But, the therein defined LPS norm
does not control [[p[ly, (see also the appendix in [MPPO3] for a similar issue) and

a priori estimates require p € H%(Q).

2) The choice oy, > a is motivated by the fact that it leads stability constants which
are independent of the data of the problem, and the inclusion of the pressure sta-
bilisation term in the energy norm allows an error estimate containing 1/(a + o).

This is a better bound than 1/, which for o = 0 behaves like v 1.

3) The error estimate contains s,(n,,7,)"/? which may be much smaller for the pure
grad-div term than its crude bound cs|nv\179. This, as well, provides more flexibility
for the choice of yx (see [JJLR14] for a detailed discussion of this issue in the case
of the Stokes problem).

4) If the mixed method using Q7 x G is to be used as an approximation space, then
the proof of a priori estimate (5.42) changes, since we need to replace Iy, by Ilg.

Hence, (5.47) requires Assumption (5.26) to be replaced as follows. We observe
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5. Low order methods for the Oseen problem

that G has a locally constant basis {¢; }?EG

wj =M or wj = M UM’ with M, M € Py. Now, defining

and define w; := supp ¢;, where either

dim G
sC (u;v) = Z Yoo, (K, (div ), div ’U)wj ,
j=1
we can replace assumption (5.26) by s (u;v) < s,(u;v). The latter definitions

directly imply (5.47) with s, instead of k. Then, (5.48) changes to

dmG 1/2
. 2
@vwsg <03 T I
j=1 Vo Y ’

On the other hand, estimate (5.49) is not needed as (divn,,rqg), = 0 by definition.

5.3. Examples of stabilisation terms for the velocity

The previous sections, in particular Section 5.2, leave the choice of velocity stabili-
sation terms flexible. Below we define the stabilisation terms used in the numerical
experiments.

Option one. Let bx = (b) ;- and define

. . 1
Sy(u,v) == Z Ym (K (diva), dive),, + Z m(m{(b[( -Vu), bk - V’U)K,

MeDPg Ke?
(5.52)
where 7y is chosen as one of the following options
v = max{1,Pefi"} | (5.53a)
s = 1+ ind(M)Pe™n and ind(M) =1 — MM (5.53b)
max,,ep, |w|
with local and global (minimal) Péclet numbers defined by Pe%()irl = miny ep, Pefy™ and

Pe]\mj“ = I/_lboo, v min{hy ar, hy art. The inverse euclidean length ]bK|71 is introduced
to have a proper physical scaling.

The choice (5.53b) is motivated by the fact that the minimal global Péclet number
does not contain information about local phenomena. Then the introduction of the
ind(-) function ensures that ~,; varies significantly with local geometric properties of
M. In fact vy = 1 in large shape-regular elements and vy ~ 1 + Pe]\m/[i“ in highly

stretched elements and small corner elements, which is the desirable behaviour.
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5. Low order methods for the Oseen problem

Remark 5.12. The stabilisation term (5.52) satisfies Assumption 5.6 and the conti-
nuity estimate (5.24) with cs = (boo.q +maxyrep, 2v0r)"2. On the other hand, defining
sy by (5.52) guarantees that s,(uw,w) and s,(n,,n,), appearing in the a priori estimate

(5.42), can be bounded in an optimal way.

Option two. We also consider the following stabilisation

Sy(u,v) = Z (ka1 (Opw), 05050) pp + (Kar(Oyua), 6y 0yv) (5.54)
MePg

where (04, 0,) are given by

132 2 1
Ok oz =V by ghi, mm{l, Pemin,K} ,

=132 2 . -1
Ky =V boo’KhK’y mln{l, Pemin’K} ,

=1
Pemin,x == v~ min{hg z, iy }boo i

This term has been introduced and analysed in [Bra08] for the QfxQf pair. It satisfies
Assumption 5.6 with ¢s = max{d,, 5y}1/2 and vxg = Yy = %min{dx, dy}, which is
obtained from

Y lrr(diva)§ 5 < llrar(diva) |5

KCM 2
= [|0zur + Oyus — (Dpur),, — <8yu2>MHO,M

< 2 Bptr — (Do) 12 5 + 2| Oyri2 — Dyuz) 2,

5.4. Numerical verification

In this section we report numerical results confirming our theoretical findings. We
present the results of two different experiments approximating a solution of (5.1) with
non-homogeneous boundary conditions in the domain € := (0,1) x (0,1).

Example 1. We define b = (—1,—1)", v =107%, o = 0 and choose the right-hand-

side f and boundary conditions such that the exact solution is given by

L—exp(=y/v) _
| 1—exp(=1/v) Yy s .
u = and p:=sin(x —1/2)sin(y — 1/2). (5.55)
l—exp(—z/v) T
1—exp(—1/v)

Example 2. We define b= (—1,-1)", v = 1075, ¢ = 1 and choose the right-hand-

side f and boundary conditions such that the exact solution is given by

1-— exp(—y71+ V21V+4” )

u = and p:=sin(x —1/2)sin(y — 1/2). (5.56)
1- exp(—xip”zlyﬂy )
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5. Low order methods for the Oseen problem

In both cases the right-hand-side f is independent of v, which makes the results
independent of the quadrature rules employed.

For the experiments we define parametrized partitions containing a corner patch. Let
P (IV divisible by 4, and A € (0,1/2]) be the tensor-product of the one-dimensional
interval subdivision that splits each of the intervals [0, A] and [\, 1] into N/2 intervals of
equal length, cf. Figure 5.1 (right) where Py ) is shown. The mesh Py y is a Shishkin-
mesh, but we choose A to be larger than the Shishkin parameter 2vIn N < 107°.

Our aim is to explore how robust the methods with the previously defined stabilisa-
tion terms and parameters are with respect to the choice of A\. This is why we chose a
wide range for A from A\ = 1/2 (a shape-regular mesh) to A = 10~ (a highly anisotropic
corner patch with minimal aspect ratio o ~ 107%).

The purpose of the tables is to show how different stabilised methods perform com-
pared to the interpolation and best approximation errors, respectively. To this end,

the entries of a table show relative errors defined by

Erel .— m rel .__ w
u

Cu—Ipul o’ P lp—Tpllgg

rel . (w—up,p—py)|

et = Ty, p— )
where [[|-[|| is defined in (5.28). Here Iyu € Qf 5 stands for the nodal interpolant of u,
and IT € {II,,IIg} are the projections defined earlier, chosen depending on whether
we use pair Qi? X My or Qi? X (G. The last row shows the value of the denominators
used to define E’¢ and E;d. For E¢, this value changes for different stabilisation
parameters and terms and is therefore not shown. The first two columns show the used
velocity stabilisation term s, and parameter ) (where appropriate). The columns 3-5
and 6-8 show relative errors obtained when using the pair Q » x G and Q7 5 x My
with s, (g, = 1), respectively.

Since the results for Ex. 1 and Ex. 2 are qualitatively similar, we only show results
for Ex. 2 in Tables 5.1-5.9. The tables present experiments using N = 4,8 and 16 as a
mesh parameter. Qualitatively similar results are obtained for all three cases. From the
tables we observe that the different stabilisation terms cause a comparable behaviour
of the pressure errors.

The robustness is mostly due to the second term in (5.52). As a matter of fact,
removing this term makes the error in pressure depend on A in a more pronouced
way. On the other hand, the velocity errors do not seem to differ much. This is
why we provide plots of obtained velocity profiles in Figures 5.6-5.9. We note that
the present stabilisation term s, given by (5.52) always produces a profile that is
smoother, almost free of oscillations; whereas the profile obtained from the method

using s, given by (5.54) presents large oscillations. Naturally, the two choices for
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5. Low order methods for the Oseen problem
~var in (5.53) give different results on shape-regular meshes, cf. the plots for A = 1/2.
However, on anisotropic meshes the behaviour is similar and oscillations and overshoots

are significantly reduced.

Table 5.1. Relative errors for Example 2, mesh (N, \) = (4,0.5)

(3 xG QS5 x Mp,ap =1

Sy Y™ Erel B Ere, B B Ere,

(5.54) - 3.25 1.0000  1.0000 8.54 1.0000  1.0000
(5.52) (5.53a) 7.17 1 1.0000 13.67 1 1.0000
(5.52)  (5.53b) 6.49 1.0000  1.0000 13.67 1.0000  1.0000
denominator 5.19-1072  999.9965 — 2.72-1072  999.9965 -

Table 5.2. Relative errors for Example 2, mesh (N, \) = (4,107?)

‘13’? x G Q(lz,fP X My, o, =1
0 ar Bl B B B B B
(5.54) — 1.06 1.0000  1.0000 5.94 1.0000  1.0000
(5.52) (5.53a) 8.95 1.0000  1.0000 13.84 1.0000  1.0000
(5.52) (5.53b) 7.35 1.0000  1.0000 11.37 1.0000  1.0000
denominator 7.94-1072  999.8005 — 5.14-1072  999.8005 —

Table 5.3. Relative errors for Example 2, mesh (N, \) = (4,107%)

Qi;}) X G Qi;y X Mf]), ap == 1
Sy YM E;’d B Ere, EZ“’I B Ere,
(5.54) —~ 1.00 1.0017  1.0022 6.04 1.0007  1.0014
(5.52) (5.53a) 1.00 1.0000  1.0000 1.54 1.0000  1.0000
(5.52) (5.53b) 1.00 1.0000  1.0000 1.54 1.0000  1.0000
denominator 7.94-1072 979.7964 — 5.20-10"2 979.7964 —
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5. Low order methods for the Oseen problem

Svys YM

A = 0.5000

A = 1.0000- 102

A =1.0000-10"*

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vy = (5.53b)

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vuv = (5.53b)

Fig. 5.6. Side profiles on meshes (N = 8). Using Q7 »xG.
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5. Low order methods for the Oseen problem

S VM A = 0.5000 A=1.0000-10"2 X\ =1.0000-10"*

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vy = (5.53b)

(5.54), : v \
sy = (5.52), .

v = (5.53a) .

sy = (5.52), H . /\
= (5.53b) N \

Fig. 5.7. Side profiles on meshes (N = 8). Using Q7 »x My with s, and o, = 1.

82



5. Low order methods for the Oseen problem

S VM A = 0.5000 A=1.0000-10"2 X\ =1.0000-10"*

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vy = (5.53b)

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vuv = (5.53b)

Fig. 5.8. Side profiles on meshes (N = 16). Using Qf »xG.
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Svys YM

A = 0.5000

A = 1.0000- 102

A =1.0000-10"*

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vy = (5.53b)

(5.54),

sy = (5.52),
YM = (5.53&)

sy = (5.52),
vuv = (5.53b)

Fig. 5.9. Side profiles on meshes (N = 16). Using Qf 5 x My with s, and oy, = 1.
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5. Low order methods for the Oseen problem

Table 5.4. Relative errors for Example 2, mesh (N, \) = (8,0.5)

(px G Q55 X My, ap =1
Sy YM E{;e’ B Ere, E}.Sel B Erel,
(5.54) - 5.79 1.0000  1.0000 13.73 1.0000  1.0000
(5.52) (5.53a) 13.69 1.0000  1.0000 27.08 1.0000  1.0000
(5.52) (5.53b) 9.58 1.0000  1.0000 21.04 1.0000  1.0000
denominator 2.72-1072 999.9925 —~ 1.37-1072  999.9925 —~

Table 5.5. Relative errors for Example 2, mesh (N, \) = (8,1072)

QS x G Q5 p X My, cp = 1

5 w B EBd Eg B Bt B
(5.54) - 1.40 1.0002 1.0001 7.47 1.0002 1.0001
(5.52) (5.53a) 27.93 1.0000 1.0000 53.35 1.0000 1.0000
(5.52) (5.53b) 28.01 1.0000 1.0000 93.77 1.0000 1.0000
denominator 5.12-1072  999.6004 - 2.68-1072  999.6004 -

Table 5.6. Relative errors for Example 2, mesh (N, \) = (8,107%)

i’gp X G Qi? X M‘:}), Oép == 1
Sy M E};e’ Ere! Ere, E;Zel B Ere,
(5.54) - 1.22 1.0219  1.0078 6.73 1.0152  1.0077
(5.52) (5.53a) 1.10 1.0000  1.0000 3.62 1.0000  1.0000
(5.52) (5.53b) 1.10 1.0000  1.0000 3.39 1.0000  1.0000
denominator 5.19-10"2 959.1668 — 2.72-1072  959.1668 -

Table 5.7. Relative errors for Example 2, mesh (N, \) = (16,0.5)

$pxG QS5 x Mp,ap =1
Sy Y™ Erel B Ere, B B Ere,
(5.54) - 7.81 1.0000  1.0000 18.08 1.0000  1.0000
(5.52) (5.53a) 26.03 1.0000  1.0000 51.91 1.0000  1.0000
(5.52)  (5.53b) 12.27 1.0000  1.0000 28.01 1.0000  1.0000
denominator 1.37-1072  999.9845 — 6.89-1073 999.9845 -
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5. Low order methods for the Oseen problem

Table 5.8. Relative errors for Example 2, mesh (N, \) = (16,1072)

iﬂ’ x G Qi? X Mp, o =1
s oo B md EBg Bl B B
(5.54) — 1.08 1.0006 1.0001 3.38 1.0006 1.0001
(5.52) (5.53a) 41.24 1.0000 1.0000 81.59 1.0000 1.0000
(5.52) (5.53b) 41.51 1.0000 1.0000 82.18 1.0000 1.0000
denominator 2.68-1072  999.2002 - 1.35-1072  999.2002 -

Table 5.9. Relative errors for Example 2, mesh (N, \) = (16,107%)

({7? X G Qi}g) X Mj),Oép - 1
s w B B B g EBY B
(5.54) — 1.03 1.0514 1.0162 2.15 1.0516 1.0161
(5.52) (5.53a) 2.43 1.0000 1.0000 9.00 1.0000 1.0000
(5.52) (5.53b) 2.47 1.0000 1.0000 8.89 1.0000 1.0000
denominator 2.72-1072 916.5163 - 1.37-1072 916.5163 —

5.5. Conclusion

In this chapter we have generalised the results from Chapter 4 and [ABW15,LS13] to
the lowest order pair Qf x Py in partitions that contain refined corner patches, and
extended this generalisation to the Oseen equation. To analyse the resulting methods
we have used, and adapted when necessary, the abstract approach given in [MT15]. This
allowed us to present stability and convergence results that are valid both in the inf-sup
stable and stabilised cases. A precise definition, by means of a weighted grad-div term
enhanced by a penalisation of the convective derivative, of the stabilisation term for
the velocity has been proposed, justified, and tested numerically. This new definition

seems to outperform some previously known alternatives, at least numerically.
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Chapter 6

Conclusions and future work

In this chapter, we first present conclusions, and then we show by numerical experiments

that our ideas for future projects are promising.

6.1. Conclusions

Our main goal was to propose methods (alternative to [AC00]) that circumvent the
inf-sup deficiency caused by the presence of corner patches in anisotropic meshes.

The first methods and methodology were derived in Chapter 3 for the Stokes problem
and the pair Qf,_; xPx_; (k > 1). The results in [AC00,5SS599,AN04] state that the inf-
sup degeneracy does not depend on local aspect ratios, but rather on the combination of
the aspect ratio and the presence of corner patches. These results allowed the authors
of [ACO00] to identify the pressure modes responsible for the undesirable behaviour.
We further reduced this number by Corollary 3.15 in Chapter 3. Then, we proved the
existence of alternative uniformly inf-sup stable subspaces V» x GG in Theorem 3.3. We
used, as planned, arguments from PPS methods to derive the methods. A secondary
effect of the equivalence of stabilisation terms and inf-sup deficiency allowed us to prove
that the stabilised methods converge as fast as the methods using the reduced pressure
spaces, cf. Remark 3.9.

The second goal was to derive methods for balanced-order pairs that allow corner
patches. We saw (Table 1.1) that the stability of such pairs may additionally depend
on local aspect ratios, and hence more stabilisation may be required. On anisotropic
meshes we were not able to find uniformly inf-sup stable, balanced-order pairs, with
the exception of non-conforming pairs. The stabilised method for Qf x Py proposed
in [LS13] is uniformly stable on anisotropic meshes without corner patches, but a few
additional jumps (similar to those in Chapter 3) permit the use of corner patches, cf.
Chapter 4.

Finally, in Chapter 5 we extended the methods to the Oseen problem. This was
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done for the low order case Qf x Py (from Chapter 4). We saw that the general
analysis given in [MT15] can be extended to non-inf-sup stable pairs on anisotropic
meshes. Furthermore, we made the choice of parameters for the velocity stabilisation
terms more flexible and derived a lower bound for the stabilisation parameter of the
pressure. It is evident, also from the analysis in [MT15], that a small coefficient «
of the pressure norm reduces the given control over the pressure error. The methods
we proposed control the full L?-norm of the pressure, which is an improvement with
respect to equal-order methods on anisotropic meshes in [MPP03, AKLO0S8, Bra08]. In
fact the method in [AKLOS8] imposes a restriction on the aspect ratio, and the appendix
in [MPPO03] suggests that the control depends on the smallest aspect ratio. Furthermore,
corner patches are ruled out in [MPP03, AKLO8, Bra08] and the convergence of the
methods therein requires more regularity than p € H'(Q). Finally, when (up,ps) is
the solution of the discrete problem, then also the stabilised methods presented satisfy
(divugp, q)q = 0 for all ¢ € G, which is due to s,(g,q) =0 for all ¢ € G. This is in fact
a local mass conservation result.

We may conclude that we achieved the goals posed in the introduction. However,
the results obtained just open the door for several future research directions. We list

these directions here; for some of them we show first experiments in the next sections.

e Extend the results in Chapter 3 to triangles and three-dimensional cases. For the
lowest order case P§ x Py we will (in Section 6.3) sketch a proof on triangulated
corner patches. The stability for higher order pairs on triangular edge patches
has not been analysed yet. Therefore, we leave the proof as part of future work.

Also the analysis for three dimensional corner patches is part of future work.

e In fact, methods using balanced-order pairs are more desirable. The extension
of Chapter 3 to the case P$5 x Py allows us to propose a local jump-stabilised
method (similar to those in Chapter 4 and [LS13]) using the pair P{ x Py on
anisotropic triangles. Furthermore, we stated in the introduction, that coarse-
scale projection stabilisation may be an option to allow stabilised methods using
balanced-order pairs of higher degree. We show experiments confirming that this
actually works for the QS x P; and P§ x P; pairs (with discontinuous pressures),
cf. Section 6.4. Future work is to propose methods for higher (balanced) order

pairs Qf, x Pr_1 and Pj, x Px_1, (k > 3) on anisotropic meshes.

e Once the extensions concerning balanced-order pairs are available for the Stokes

problem, the results can be generalised to the Oseen problem as in Chapter 5.

e The methods in Chapter 5 can be used (as presented) to solve the (non-linear)
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Navier—Stokes problem. However, a more sophisticated choice of the stabilisation
parameter -y, is part of future research. We perform some preliminary experi-

ments in Section 6.2.

e Some other topics like a posteriori analysis and time dependent problems will also

be a subject of future research.

6.2. Numerical experiments for the Navier—Stokes equation
Let Q = [-3,20] x [-3,3] \ [-1,1]? for the Navier—Stokes equation

—vAu+u-Vu+Vp=0 in
(6.1)

divu=0 in
using v = 1072 subject to the do-nothing condition on {20} x [~3,3] and the other
conditions as shown in Figure 6.1. We approximated the solution of (6.1) on the mesh,
that was obtained as the third uniform refinement of the mesh in Figure 6.1 with
A =4-1072. The non-linear problem was split into various (linear) problems of Oseen
type, which were solved with method (5.20), s, given by (5.52) with vy == 1 and s,
with a;, = 1. The obtained approximation ugp := (u1, u2) shows reasonable streamlines

(Figure 6.2) and surface elevations (Figure 6.3).

&Lul = U9 = 0

w= (o) [

(9nu1 = U2 =0

Il
o

Fig. 6.1. A (coarse) mesh for the Navier-Stokes experiment (A = 1/8).

Fig. 6.2. Streamlines of up for A = 41072
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Fig. 6.3. Velocity components u; (top) and uy (bottom), A
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6.3. The P5 x Py pair on triangulated corner patches

In Chapter 3 we proved the existence of uniformly inf-sup stable subspaces of Vip x Mg
by restricting the pressure space. The assumptions made on the meshes can be gener-
alised. In fact, the idea of the proofs can be extended to triangles or three-dimensional
objects. This is possible because the proof of Corollary 3.15 is independent of the spa-
tial dimension and element shape, as long as uniform inf-sup conditions are satisfied
on parts of the mesh. Also, the main ingredient to prove Lemma 3.17 is an anisotropic
trace-inverse inequality, which is available on several affine elements (as we saw in Sec-
tion 2.2.2), and the assumption that the corners are not refined too many times. In the
following, we carry out the first step towards an extension to corner patches consisting
of triangles.

We have not found proof that the pairs Pf_ ; x Py, (k > 2) are uniformly inf-
sup stable on edge patches. The particular case P§ x Py is proven (in [AN04]) to be
uniformly inf-sup stable on anisotropic meshes stretched locally in one direction. Hence,
we extend the results of Chapter 3 to triangles, but we restrict ourselves to the pair
PS5 x Py. To reduce notation, we sketch the sequence of proofs to derive the uniformly
inf-sup stable subspace and a stabilised method on one corner patch. The proofs in the
presence of multiple, disjoint corner patches then work in an analogous way to Section 3
(using a macro element technique).

Assumptions on the partition:

e Let P be one of the axis-parallel, corner patches shown in Figure 3.2. Let ¢ be the

selected node, let we be the small shaded part, and let . be an edge on dw, \ 0f2.
e Let T be obtained by splitting each rectangle of P into exactly two triangles.
The following statements yield the methods. Let Vg = ng and Mg =Py 7.

o Let Mj = {q € My: (q),, = 0}. Then, Vg x MZ is uniformly inf-sup stable.
The proof for axis-parallel, right-angled triangles (e.g. Figure 6.4a) is given in
Lemma 6.1 (below). For other meshes (e.g. Figure 6.4b), the local results in
[ANO04] may be connected by the proof of Corollary 3.15.

o Let Gp = {q € My: [[q]]% = O}. Then, Vg X G is uniformly inf-sup stable.
The proof of this statement is analogous to the one of Lemma 3.17, but uses
the uniform inf-sup condition of Vg x MZ (derived above) and the trace identity

—1y 2 —112
el llallg.. = 1T [lallo,r where ¢ € M.
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e The jump stabilisation is again motivated by the following equivalence

KK
H HGAquQ ‘KUK’|[[ ]]’yc

where Il is defined as in (3.10) but using ¢. = |K|*xx — |K’| *xxs. The

proof of the equivalence is similar to Lemma 3.7, since ¢, satisfies all properties

given in Lemma 3.6.

e The convergence is proven in a similar fashion to Chapter 3. The only difference
is the use of the trace estimate Lemma 2.3 which holds for triangles (instead of

the one for parallelograms).

(a) (b)

Fig. 6.4. A triangulated and a “circular” corner patch with aspect ratio o ~ A/H.

6.3.1. Numerical confirmation

We have computed the stability constants of the unstabilised and the stabilised method
using V5 x Mg on the meshes shown in Figure 6.4 for small parameters A. The results
are shown in Table 6.1 and confirm that there is an inf-sup deficiency depending on the
parameter A and that this deficiency can be cured by penalising a single jump. The
numbers were computed by solving the eigenvalue problem (4.25) using the FEniCS

software [LMW'12] to assemble the system matrices.

6.3.2. Proof for triangulated corner patches

Lemma 6.1. Let P be a partition consisting of axis-aligned rectangles and let T be a

partition obtained by splitting each K € P into two triangles. Let
M3 = {q € My: (q),, =0 force G}.
Then, for all ¢ € My there exists v € Vip such that v|, € H}(we) for c € € and

. 2
(divw,q)q = ||QHO,Q and |’U|1,Q < CHQHO,Q.
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Table 6.1. Stability constants of unstabilised and stabilised systems for Pg5 x Pg.
mesh in Fig. 6.4a mesh in Fig. 6.4b

A I Hs I s

10-' 1.32-107' 2.81-107' 1.44-107' 2.25.107!
1072 1.79-1072 216-10"! 1.97-1072 1.50-10!
1073 1.86-1073 2.06-107' 2.04-1073 1.39.107!
107* 1.87-107* 2.05-107' 205-107* 1.38-107!
107 1.87-10~° 2.05-10~' 2.01-107° 1.38-10"!

Proof. Let K = [0, H]x[0, h] and split it as follows:
T ::{(az,y) eR%2:0<z<H, zh/H <y < h}
:{(x,y)€R2:0§y§h,0§x§yﬂ/h},

and
To:={(z,y) eR*:0<2<H 0<y<azh/H}.

Let B € H}(K) be the bubble function that is quadratic on 7} and T, and satisfies
B(H/2,h/2) = 1. On T}, this function is given by
L Y
By = Bly, =4 (1-2).
V= Bl =4y,
Now, let e :== 9Ty N 9T and q € L(K) N My(K). Then, using integration by parts we
get
(divw,q), = /v [ng]ds for v e H{(K).
€

Since ¢ is constant on T} and Tb, we can write ¢ = a(x1, — x1,) where a € R. Then,

choosing
3 llall3 3|K|
v = 77’[[7’1,(]]]_8(56,3/) = 77[[TLQ]]B(-T,?J),
2||[nall5.. 8 el
we get

. 2
(dive,q) i = llgllo x = o K.

A direct computation yields H&CBH(%I2 = ”8wB||g,T17 ||8yBH(2)7T2 = ||8yBH(2)7T1, and

4
3H

4H
and  [|0,Bllg 7, = = -

2
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Then,

3IK[\®
[} x =20vf 4, = 2(5;(3\) ((2an1)? + (20m2)?) (HaxBHg,Tl + H@yBIIS,Tl)

IKIN\?, ,4(h H
<8e\> 3\ "7

h2 + H2
lef?

3 3
= Z|K|a? = “o?|K|.
2 2

Collecting the equalities we get the local inf-sup condition

ol x(dive,r) = v/2/3]Irll

This proves that the additional local oscillations are controlled by the bubble func-
tion B. Then, the result follows using the uniform stability of Q5 x Py on edge patches.[]

6.4. New locally stabilised methods for balanced order pairs

It is stated in the introduction that balanced-order pairs are inf-sup stable, but their
inf-sup constants depend on the aspect ratio (at least for discontinuous pressures).
Furthermore, we conjectured that a coarse-scale projection like the pressure stabilisa-
tion term used for the Qf x Py pair may cure the dependency on the aspect ratio.
In this section we give preliminary arguments and numerical results, that confirm this
conjecture.

Preliminary conclusions from our numerical experiments are:
e The Taylor-Hood P$ x IP{ pair is inf-sup stable on some anisotropic meshes;

e The pair P§ x P; can be stabilised locally to produce a method which is mass-

conservative in patches, and stable independently of the aspect ratio;

e The inf-sup deficiency of the Q5 x P; pair can be cured by local stabilisation

within anisotropic macro elements.

To present the numerical experiments we need the following definitions. By red
refinement (in two dimensions) we refer to splitting a triangle or parallelogram K into
four cells that have the same angles and same shape as the original cell K. The uniform
red refinement of a partition Py refers to the partition that is obtained by applying the
red refinement to each K € Py. The numerical experiments are carried out on the
meshes shown in Figure 6.5. In case of the stabilised methods, the jumps are added

only across dashed edges.
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Fig. 6.5. An edge patch and a triangular edge patch with aspect ratio o = A\/H.

6.4.1. The P; x P, pair

Let the partition P be a uniform red refinement of Py consisting of triangles. Let
Vo = P‘QJ,T NV, let Mp =P pN L%(Q) be the discontinuous linear polynomials on
the fine mesh, and let

G = {qEMg):QECO(M) forMEfPo}.

The element Vp x G seems to be new. On shape-regular meshes we conclude (by
the following arguments) that this element is inf-sup stable. In each macro element
the pair V(M) x G(M) is the Taylor-Hood element, which is inf-sup stable. By a

macro-element technique we conclude the stability of Vi x G.

Conjecture 6.2. The pair Vo x G is uniformly stable also on anisotropic meshes

without corner patches, and the following equivalence holds

2 | M| 2 2
Cillg ~Taqllnr < 32 G Iladlie < Collg — Taglls
6681»1
A consequence of Conjecture 6.2 and P§{ C G is that the Taylor-Hood pair P§ x P§
is inf-sup stable on meshes which are uniform red refinements of coarse partitions, and

do not possess corner patches.

Furthermore, Conjecture 6.2 allows to prove (as before) the inf-sup deficiency

divw, g
sup (dive, g > Balllgallgq — llg —egllgq forall g€ My,
veEVy |""1,Q

which justifies a local jump stabilised method for the pair P§ x P;. This method is
an extension of the one for the P{ x Py pair. The numerical experiment in Table 6.2
confirms the two consequences of Conjecture 6.2, the stability of the Taylor—-Hood pair,
and of the jump stabilised method on the mesh shown in Figure 6.5b. We penalised
the jumps across the dashed edges.
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6.4.2. The Q5 x P, pair

We also propose local jumps for the Q5 x [Py pair. This pair is inf-sup stable on shape-
regular meshes. On the mesh shown in Figure 6.5a, however, the stability constant of
the system behaves like the square of the aspect ratio. Numerical experiments show that
adding jumps of the pressure across edges inside anisotropic macro elements removes

this deficiency, as we observe in Table 6.2.

Table 6.2. Stability constants of unstabilised and stabilised systems for {Q5, P5} x Py.

Q5 x Py on Fig. 6.5a 5 x IP{ on Fig. 6.5b P35 x P; on Fig. 6.5b
A e s [ep s
1071 2.879-1072 2.114-1071 6.618 - 102 6.215- 1072
1072 3.333-107* 2.191-10°! 6.018 - 102 5.702 - 102
1073 3.363-1076 2.198-10~! 5.768 - 1072 5.520 - 1072
107* 3.366-10"% 2.198-10! 5.736 - 102 5.494 - 102
107° 3.366-10"19 2.198-107! 5.732 - 1072 5.491 - 1072
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Chapter A

Appendix

A.1. Implementation of bases with linear constraints

The implementation of the mixed method using the pair Vo x G with G defined in
Theorem 3.3 requires a basis of G. In this section we show how standard finite element
bases and assembly algorithms can be used to assemble the systems for G. More
precisely, we describe a general approach to assemble systems for bases arising from
linear restrictions.

Let V = span{¢;, j = 1...n} denote a (standard) finite element basis and let £: V —
R be a linear functional (constraint). We define X := {¥ € V: ¢(¥) = 0}. Our aim is
to define a basis {¥;}, of X. First, we realise that dimX € {n —1,n}. Furthermore,
dimX =n <= {(¢;) =0,j =1,...,n (the case when basis {¢j}?:1 already satisfies
the constraint imposed by /).

The interesting case is dim X = n — 1. For each basis function ¢; we define the value
w; = {(¢;). Hence, using dim X = n—1 we have at least one w; # 0. In general, we can

enumerate the basis such that the first m — 1 values vanish for some m € {1,--- ,n},

that is,
wj=0(=1,---,m—1) and w; #0(j=m,---,n).

Now, the first m — 1 basis functions ¥; are given by
VU, =¢; for (i=1,...m—1).

If m = n, then this is a basis of X. Otherwise, we define the missing functions by
v, :w;1¢i—w;ﬁ1¢i+1 for i=m,...n—1.

Using the linearity of ¢ these functions satisfy the constraint. Also, since {¢;}, is a

basis, we conclude that {¥;}, is a basis of X. The following vector presentation of the
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basis {V;}, will be useful. We have
Wy ¢1 .
: =W : where W' = ( mfl WT> (A.1)
\I’nfl ¢n

or W = (Im_1 O(m_l)xl) if m = n. Above, I,,_1 denotes the identity matrix with

(m — 1) rows and W' is given by

1 -1 ¢m
v, tw,," —w,
¢m+1
-1 -1 :
W1 +wn—1 —Wy,
®n
=WwT

We obtain the following result.

Corollary A.1. Let by, be a linear form and let ap be bilinear. Then, the assembled

matrices and column-vectors
Ay = lan(9i, 05)];;,  Aw = [an(Vi, Vj)];; . Bw = [bh(¥i)]; and By = [bp(¢4)];
satisfy the relations
By =W'By and Ay =WTAW.

Corollary A.1 shows that the matrices Ay and By can be assembled from standard al-
gorithms and matrix multiplications with the weight-matrix W. Evaluating the weights
£(¢;) is the same as calculating a Lagrange multiplier. Multiple linear constraints can
be treated one-by-one.

Given the coefficients for basis {U;} (e. g. after solving the restricted system) one can

restore the coefficients of the standard basis using identity (A.1), that is,
Uy ®1
« : = wh| :
1 Qp : =\layr - Qp-1
\Ijn—l ¢n
Therefore, the coefficients for the standard basis {¢;}, are given by (a1 -+ ay—1)WT
In the multiple constraint setting, say three constraints, the dimension of the con-

strained basis lies between n — 3 and n. In this case W is replaced by WZWLWZ’)

with WZ of appropriate dimension.
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Index

boundary inf-sup stable, 5
Lipschitz continuous, 3 uniformly inf-sup stable, 28
partition, see mesh

cell, 14 .
Petrov—Galerkin method, 3

aspect ratio, 15 . , . .
Poincaré inequality, 3, 62
Convection-diffusion-reaction equation,
11 refinement

red, 93
Galerkin method, 3

grading factor, 16

uniform red, 93

| set
inequalit
q Y closed, 14
Cauchy Schwarz’, 17
closure, 14
Young’s, 17

interior, 14
inf-sup condition, 3 )
single corner patch, 29
inf-sup constant, 5 .
spurious pressure mode, 5
layer, 11 Stokes problem, 2
LBB condition, 3

test space, 3
LBB constant, 5

trial space, 3
mesh, 14 triangulation, see mesh
anisotropic, 1, 15
well-posed, 3
axis-parallel, 14
conforming, 14
isotropic, 15

regular, 15
Oseen problem, 2

pair
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