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Abstract

As real-world networks grow increasingly complex, new and adaptable methods are
required to analyse and understand the defining features of these networks. To find and
exploit these unique network features, current methods, primarily for random model gen-
eration and detection of anti-communities, are explored, tested, and adapted with a wide
range of networks from disparate fields including neuroscience, ecology, geology, social
ecology, linguistics, network theory, psychology, microbiology, gene sequencing, business
corporations, and sociology. In particular, to better approximate typical structural fea-
tures of real-world networks, Erd6s—Rényi and scale-free network random models are mod-
ified by adding select subgraphs to match real-world networks with the aim of improving
their usefulness in network analysis.

Before looking for anti-communities we first look at ways to partition graphs into
communities. As well as generic techniques such as local improvement methods and
spectral partitioning, a number of specialised methods are studied. These include link
centrality, similarity, communicability, optimisation, and the Louvain method.

We then look at topics associated with near bipartivity in real world graphs. Partic-
ular attention is given to the measurement of bipartivity and anti-communities, and their
definitions are broadened, refined and tested so that many more networks that demon-
strate varying degrees of bipartivity can be analysed using those methods. We prove new
theoretical results showing how widely measures can differ and then look to determine
the best measures to use, as well as the most effective structure-revealing algorithms.
Thorough testing involves nearly one hundred real-world networks including some which
have a known tendency for bipartivity (such as airlines networks, and fullerene graphs)
as well as near-bipartite graphs based on random trees (including those generated from
Priifer sequences, and other artificially constructed examples.

We are able to give conclusions about the measures and methods that should be

employed in practice.
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Chapter 1

Introduction

1.1 Introduction

According to the Oxford English Dictionary the use of the word "network' dates back to
the 16th century being \an arrangement of intersecting horizontal and vertical lines" and

\a group or system of interconnected people or things". When we consider the image of
these lines and points of connection between these lines, then any group of items that
are related in some way can then form such a system. The world around us is lled
with systems that are connected in ways both tangible and intangible. With the general
concept of the word having such wide-ranging applications, it should come as no surprise
that a quick internet search of the word results in almost 12 billion search results. The
applications are seemingly endless from physical connections such as railways, telephone
lines and roads to energy connections such as chemical and molecular bonds to social
connections such as relationships between friends, families, or coworkers; it is evident and
expected that the world around us is composed of related items connected in various ways
in order to ful Il vast and varied functions [22].

Networks (known at the time by the synonymous term "graphs") were rst intro-
duced in the 18th century to try to describe a type of maths where the topology was based
on links rather than distances. As related to mathematics, the origin of network theory
Is said to have begun with a problem encountered by Leonhard Euler, the Seven Bridges

of Konigsberg in Prussia (1736). Some would imagine a new type of mathematics arising
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from the need to solve a serious problem with signi cant implications, but the beginning of
network theory or graph theory can be traced back to high society in Konigsberg, Prussia
where the residents entertained themselves with a witty puzzle that involved arranging a
route to tour the town but crossing each of the town's seven bridges only once. The puzzle
was considered unsolvable by some when Euler addressed the problem mathematically by
graphing the problem which required use of a math that considered the \geometry of po-
sition" a term which Euler uses but acknowledges was coined by Gottfried Leibniz. Euler
wrote an article describing the problem and a general method for solving it. Most notably,
he replaced the map of Konigsberg with a diagram of the main features and formulated
the problem. In so doing, he not only proved its impossibility but his approach marks the
advent of a new branch of mathematics- modern graph (network) theory. Important to
note is that Euler's approach to the real-world Konigsberg Bridge Problem could not have
been solved with the mathematical tools known at the time. The problem did not require
knowledge or measurements of lengths or geometry, only on how they were connected to
each other or their topology [22].

In 1878, James J. Sylvester published an article in Nature entitled "Chemistry and
Algebra' wherein he used the term graph to depictions of molecular structure. In, 1912
the relationship between predator and prey was depicted in an ecological network demon-
strating that there is a long history of interdisciplinary use of network theory which has
been expounded upon by Frank Harary, a mathematician considered to be the father of
modern graph theory [22].

Some seminal work on the theory of graphs was done by Erdos and others in the
1950s and their work and others has been used in countless areas of mathematics and
physics since then. Subsequent advances in graph theory include discovery of trees in the
mid-19th century by Gustav Kirchho in electrical networks which were later used by
Cayley, Sylvester and Polya in solving molecular problems, discovery of graph algorithms
using the maze problem discussed above, the travelling salesman problem in the 1930s by
Dantzig, Fulkerson and Johnson at Princeton, the minimum connector problem, and the

shortest and longest path problems in the 1940s and 50s by the US Navy [34].
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Erdos and Renyi created a random graph model to gain insight into certain prop-
erties of graphs. Contemporaneously, Edgar Gilbert also created a random graph model.
Over the last few years people have looked in detail at real world networks. In real world
networks we nd structures which do not necessarily appear in more mathematical models
of graphs. These include communities, which are a hugely important topic in the study
of social networks. Or more generally, small groups of nodes which make in particular
shapes.

In this thesis, we're going to look at various e cient ways of understanding what
some of these real-world structures are and how we can derive numerical techniques to
nd important structures. To start with, we look at various tools for clustering. In the
third chapter, we look at how you can generate graphs which have more realistic frequen-
cies of some of the small graphlets which you see in real world networks. Then, we show
that by a simple application of adding triangles to standard random network models, we
can add a lot more other features that are seen in real world graphs. We then move
onto the important topic of bipartivity and approximate bipartivity. We show that the
multiple di erent de nitions of bipartivity can lead to very di erent understandings of
when a graph is bipartite or not bipartite. In particular, we are able to come up with a
notion of local and approximate bipartivity. We then exploit these ideas to look at spec-
tral techniques for nding anticommunities which follow in the spirit of nding spectral
communities. There are multiple di erent ways of doing this and we give exhaustive tests
and show that using either the normalized or the sign of the Laplacian seems to give the
best results especially if it's combined with a very simple method of local improvement.
Here in the exact opposite of what we want to do in nding communities we look for ways
of reducing modularity as much as possible.

Original material in Chapters 4 and 5 has been published in [3].

1.2 De nitions

We introduce some basic de nitions and theorems for networks.
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De nition 1.2.1. A graph (network) G, is a pair (V; E) whereV is a set of nodes and

E is a set of edges.

" A network G is undirected if E is symmetric (if (u;v) 2 E, (v;u) 2 E):
" A network has a loop if it is contain an edge of the form (v, v).

" A network G is a simple graph ifE is symmetric and anti-re exive.
In our work, we will use a simple graph.

We introduce the graphG; in the Figure 1.1. The graphG; has 6 nodes with 7

edges and the edges set of the gragh is

Er = (1;,2);(1;4); (2, 1); (2;3);(2;4);(2; 6); (3; 2); (3;4); (4;1); (4; 2); (4, 3); (4;5); (5; 4); (6; 2)9

Figure 1.1: The graphG,.

" Gk = (VW Ex) is a subgraph of G(V;E) if V\ V andEx W W\ E.

A

If e = (vy1;V2) is an edge in the networkG then we sayv; is incident to and v; is

incident from e and v; is adjacent tov,.
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G = (V;E) is the complement ofG if G is simple graph with the same vertices as

Gandif (u;v) 2 E, (u;v) ZE.

The degree of the node is the number of edges incident on it.

We will use kiax to denote the maximum degree of any node of a simple network.
If a node has degree 0 then we say the node is an isolated node.

Example 1.

Figure 1.2: Example of degree.

The degree of the nodes in the network in Figure 1.2 are 3, 2,1,0,1 and 1. The

maximum degree is 3 at node 1 and the node 4 is an isolated node.

A

The complete graphK , with n nodes is a graph with an edge between every distinct

node. Hence each node has the degmee 1 (see Figure 1.3).

Figure 1.3: The complete graphK , and K.
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" A network is regular if all nodes have the same degree.
" The null graph N, is the graph with n nodes and no edges.
" If a graph contains at least one edge then we say the graph is nontrivial.

" The cycle graphC, is a graph withn nodes which can be ordered so each is connected
to only its immediate neighbours. We can get the path grapl?, i with n nodes
andn 1 edges if we remove an edge fro@),, and we can get a wheel graplV, +1
with n + 1 nodes if we add a node tdC, and connected it with every other node

(see Figure 1.4).

Figure 1.4: Cs, P, and Ws.

" The star graph S;., 1 is a graph with a single central node connected to all other

n 1 nodes and no other edges.

De nition 1.2.2.  The adjacency matrixA of the graphG(V; E) is a square matrixn n

with 8
51 if (i;5j)2E
aj :S :
~0 if (i;j)2ZE
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De nition 1.2.3. A walk in the graph G(V; E) is a series of edges

wherev; = uy1 (i=1;2;:::5;p 1). The walk is closed ifv, = u;. A walk in which all
the edges are distinct is a trail. A trail in which all theu; are distinct is a path. A cycle

is a closed path. A triangle is a cycle of length 333).

De nition 1.2.4. If G =(V;E)isagraphwithn nodes andn edgesE = fe;;e;:::;en0)

with ¢ = (uj;v),forl 1 m,1 j n

1 if uy=j2E

1 if Vi

1
—

8
by = %
7~ 0 otherwise

then the matrix B = (b ) is called incidence matrix of the graplG.

De nition 1.2.5. A connected network with no cycles is a tree. A union of trees is a

forest.

De nition 1.2.6. A network is bipartite if the nodes of the network G(V; E) can be
divided into disjoint setsV = V;[ V, such that for all (u;v) 2 E, eitheru 2 V; andv 2 V,
oru2 V,andv 2 V;.

There is a relationship between networks and matrices because we can represent
networks with matrices. In this section, we de ne the determinant of the matrixA, the

eigenvalues ofA, the eigenvectors oA, and give some de nitions of matrices.
De nition 1.2.7. The determinant of the matrix A 2 R" ", is given by

8
5 A if n=1
det(A) =

jnzl( 1)i+jaij det(A;) if n>1

for any xed i, whereA; is the submatrix formed fromA by deleting its ith row and the

jth column.
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De nition 1.2.8.  For the square matrix A with dimension n, there exist a scalar value
and vector x such that

AX = X:

We call an eigenvalue ofA and x an eigenvector.

De nition 1.2.9.  The polynomial

det(l A)=lky+b +b 2+ +h "

is the (c.p) characteristic polynomial ofA and det(| A) = 0 is the characteristic

equation.

De nition 1.2.10. The set of all eigenvalues is the spectrum @f

(A)=f :det(l A)=0g

and the spectral radius ofA is the modulus of the largest eigenvalue

(A)=max 2 (a)] j:

De nition 1.2.11. If the adjacency matrix of a simple graphG has distinct eigenvalues

1> o> > with multiplicities pq;:::; pc respectively then we say that this is the

For certain graphs we know (G) explicitly.

Example 2.

" In the complete graphK,, the adjacency matrix isA = E |, whereE is a matrix
of ones. Since an eigenvalue & is zero with algebraic multiplicity n 1 then A
has an eigenvalue of 1 of algebraic multiplicity n 1 and the remaining eigenvalue

isn 1lsinceAe=(n 1le
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Hence

(Kn)=fln 15[ 1" ‘g

" In the cycle graphC,,, the adjacency matrix is

2
01 0 : 0 1
10 1 O 0
01 O 0
A =
0 1
0 0 1
10 0O 1 0
.
Supposethatt "=1andv= 11 1 2 :-- 1n1 _Then
2 3
I +1 1
1+12
I +13
Av =
!n3+!n1
1+1n 2

then! +! 1=2Re! is an eigenvalue oA for any root of unity ! . So, the spectrum

of C, is

The adjacency matrices are always nonnegative and so we can use the Perron The-

orem for any nonnegative matrices.

Theorem 1 (Perron [25]). SupposeA 2 R" " and A > 0. Then A has an eigenvalue

that satis es the following properties.

1. = (A).
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2.1f 2 (A)and 6 thenj j<
3. has algebraic multiplicity 1.
4. If Ay = ytheny = x wherex>0and 2 C.

De nition 1.2.12. If A2 R" " we sayA is reducible if there existsP (a permutation)

such that 2 3

A:PQX Y%PT
O Z

where X;Y and Z are square matrices. We sap 2 R" " is fully decomposabile if there
exists P and Q (permutations) matrices such that

2 3

XY
A=pP§ £Q
oz

The square matrix is irreducible if is not reducible and fully indecomposabile if it is not

decomposable.

Theorem 2 (Perron-Frobenius [25]) If the matrix A is fully indecomposable and non-
negative then the properties the Theorem 1 still hold and if the matrix is irreducible then

the properties 1,3 and 4 in Theorem 1 are guaranteed to hold.

The Perron-Frobenius theorem is relevant to networks, in particular we can refer

directly to connectively
2 3

X
" If A is symmetric and reducible then it can be permuted into bloclg %
O Zz

whereX and Z are completely independent of each other.

" If either X or Z is reducible it can also be permuted into diagonal form, and we know

then applied to each block.

" A network G is connected if and only if its adjacency matrixXA is irreducible.

10
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1.2.1 Clustering Coe cients of Networks

Many networks contain a large number of triangles. This feature of the network is a
general consequence of high transitivity which means that the network has communities
of nodes that are densely connected internally. Clustering coe cients measure this and
are a widely-used statistic in network theory. They measure how many 2-pathB,) in a
network are closed to form triangles @s).

We will de ne two clustering coe cients. The rst is the Watts-Strogatz clustering

coe cient. We de ne the clustering of a node by

t; I
s kit 1)=2 ki(ki 1)

where thet; is the number of triangles attached to node of degreek;. The Watts-Strogatz

clustering coe cient is the average of the clustering coe cient of each node in a network:

The Newman clustering coe cient, also known as the transitivity index of the net-

work, is de ned as

3jCsj 3t
C=——"= ——
JP2] P2
wherej Cs j is the total number of triangles andj P j is the number of paths of length 2

[25].

Example 3.

Figure 1.5: Example network.

11
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First, we will compute the Watts-Strogatz clustering coe cient for the network in

Figure 1.5.
2@ _1 2z _1 22 _1_. 2B _1_. 22 _2 . _ . _
“TaE T 2T T I T e T I T am T2 T g TP T T
1,10, 5
) C=4(3)= 1

Second, we will use the Newman clustering coe cient to compute the clustering coe cient

for the graph in Figure 1.5:

. 1 24
t=jCsj= étr(A3): 324

and

X ki 1) _ 4(3) +3(2) +4(3) +4(3) +3(2) + 1(0) + 1(0) + 2(2)

P, = 5 5 = 25

i=1

_34)_12__ .
) C= S5 = 5:=048

We see that 0 C;C 1. For all networksC; C 2 [0; 1].

1.2.2 Graph Laplacian

In graph theory, we often use the graph Laplacian which is a matrix with the same infor-

mation as the adjacency matrix but di erent useful and important properties.

12
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1.2.3 The Laplacian

De nition 1.2.13.  [14] If G is a simple graph andk, denotes the degree of vertex, the

Laplacian graphL is de ned as

1, if u;v are adjacent

8
%k\,; if u=v;

-0 otherwise.

This can also be written ad. = D A whereD is the diagonal matrix of degree or

L = BBT, whereB is the incidence matrix de ned in de nition 1.2.4.

1.2.4 The eigenvalues and eigenvectors of graph Laplacian
The set of all the Laplacian eigenvalues is called the Laplacian spectrum of the graph

De nition 1.2.14. The vectore=(1;1;:::;1)" is always an eigenvector of Laplacian for

eigenvalue 0 becauske = De and we know that all the Laplacian eigenvalues are nonneg-
P

ative because the Laplacian is positive semide nite (becauséL (G)x = xT(' g Le)X =

P
we X'LeX = (e %)?) xTLx 0).

Theorem 3. Suppose the eigenvalues of the Laplacian of a graph are ordered such that

then the following results holds [25]:

A

n 1> 0, Gisconnected.

" Kmax 1 2Kmax, Whereknax is the maximal degree of a node in the associated

network.

1 Is bounded above by the maximum of the sum of degree of adjacent nodes. That
is,

1 MaXg;ja; =1 (Ki + k)

13
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1.2.5 The normalized Laplacian

De nition 1.2.15. Let D denote the diagonal with thev-entry having valuek, .

The Normalized Laplacian ofG is de ned by

pL_ if u;v are adjacent

ku k\/

8
%1 ifu=v and k, 60
L(u;v)=§

-0 otherwise

soL = Dz LD 2, with D (u;v) =0 for k, = 0.

We sayv is an isolated node ik, = 0.
If G is k-regular, thenL = | %A whereA is the adjacency matrix andl is the identity
matrix.

For a graph G without isolates nodes.
L=D LD =1 D AD *%

L can also be written asL = SST where S is the matrix whose rows are indexed
by the vertices and whose columns are indexed by the edge<zo$uch that each column
corresponding to an edge = (u;V) has an entryplk—fu in the row corresponding tou, an
entry p}(= in the row corresponding tov, and has zero entries elsewhere. (As it turns out,

v

the choice of signs can be arbitrary as long as one is positive and the other is negative)

[14].

Since L is symmetric, its eigenvalues are real and we can assume that they are
ordered, i.e. 1 2 ne

The vector Dze = (p di; P dy; i ;p d,)" is an eigenvector of the eigenvalue 0 be-
cause:

LD?e= D 2D ¥2pie= D 2Le=0:

SinceL = SS' the normalized LaplacianL is positive semide nite.

14
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Lemmal. Let G be agraph om nodes with normalized Laplacian eigenvalues; ,;:::; n:
Then O i 2and , 3 [89]
Example 4.

For the complete graphK,, on n vertices, the eigenvalues df are 0 and_"; (with

multiplicity ( n 1).

For the complete bipartite graphK ., on m + n vertices, the eigenvalues df are

0; 1 (with multiplicity ( m+ n  2)), and 2.

For the star S;., ; on n vertices, the eigenvalues of are Q1 (with multiplicity

(n 2),and 2.

For the path P, onn vertices, the eigenvalues df are 1 cosrf—k1 fork=0;:::;n 1.

1[14].

1.2.6 The Signless Laplacian

The matrix Ls = D + A is called the signless Laplacian. We can also consider:

De nition 1.2.16. Let G be a graph withn vertices andm edges. Suppose each edge
of G is assigned an orientation, which is arbitrary but xed. The vertex-edge incidence
matrix of G, denoted byR(G), isthen m matrix de ned as follows. The rows and the
columns ofR(G) are indexed byn vertices andm edges, respectively. Theiyj )-entry

of R(G) is 0 if vertex i and edgeg are not incident, and otherwise it is 1 or 1 ase

originates or terminates ati, respectively. We often denotdk(G) simply by R.

Let n;m;R be the number of vertices, the number of edges and the vertex-edge

incidence matrix of a graphG. Then

RR"=D+AR"R=A+2I:

15
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The eigenvalues oRR™ and R™R are the same.

Example 5.

" Consider the graph shown in Figure 1.6. Its incidence matrix is given by

Figure 1.6: Example of normalized and signless laplacian.

o + B+, O

010
0 01
1 00
111

o O = P

where rows represent vertices and columns represent edges.

2 3
2101
1311
L= RRT =
0121
111 3
2 3
s 0 & 0 0
1
s-8° "5 0 0 %
1 1
09—509—20
1 1 L1
0 0 »p3 P35 P3

16
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1 0:4082 0 0:4082
0:4082 1 0:4082 0:3333
0 0:4082 1 0:4082
0:4082 0:3333  0:4082 1

" ConsiderTs; shown in Figure 1.7.

Figure 1.7:

Example of normalized and signless Laplacian fd;.

2 3
1100
0110
R =
1011
0001
2 3
2110
1210
L= RRT =
1131
0011
2 3
1
70 0%
1 1
S = 3 P53 000
1 1
0 »p5 Py P3
0 0 1 0

17
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2 3
1 0:5 0:4082 0
L= sgT = 0:5 1 0:4082 0
0:4082 0:4082 1 0:5774

0 0 0:5774 1

1.3 Test Networks

Throughout this thesis, we will work with a selection of real-world networks taken from
the literature. In many cases, some of the properties of these networks (for example their
community structure) are well-known and so we can compare algorithmic results to the

so-called \ground truth". We now describe the source of the data behind these networks.

1.3.1 Network Descriptions

Brain networks
Neurons C elegans

The network of neurons of the Caenorhabditis elegans which is a nematode that was
determined to be small enough to be reconstructed and analyzed because it has 302
neurons that are identi able and consistent across individuals within the species. Two

networks have been used to analyse this species: a non-directional gap junction network

and a directional chemical synapse network. We use just the second [83].

Ecological networks

Ecological networks are complex networks and we can divide this network in to three
types: food webs, mutualistic networks and host{parasitoid networks. In community
studies, the nodes are comprised of individuals that make up species populations, and the

links connecting the nodes indicate population e ects [43] .
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Stony

Food network in a stream in New Zealand which studied food webs comprising sh,
macroinvertebrates, and algae, called Stony stream, at an altitude of 800 metres in an

area approximate 16km?. [79].

Canton

Another stream site in New Zealand. This network was one of ten study sites chosen for a
study of food web architecture. It is 30 metres long and is a tributary of the Taieri River
in the south of New Zealand. It occurred in grassland catchments but was developed for

pasture [79].

El Verde

Species interactions in a rainforest in Puerto Rico. This network is an simpli ed yet
aggregated food web of the El Verde community in a rainforest in Puerto Rico. The
dominant predators are frogs and lizards with population densities that some of the highest
ever recorded. First level consumers are species such as bats, snails and birds, second level
consumers consist of some other species of birds, arboreal invertebrates, rats and other
lizards. Third level consumers consist of frogs, bats, some species of birds and arboreal
arachnids and anoline lizards and fourth level consumers consist of snakes, some arboreal
arachnids and mongoose. Finally, fth level consumers are certain species of birds. Species
such as snakes, birds, rats and arboreal arachnids are important at di erent places in the
web and so show up at di erent consumer levels or overlap more than one level because

they are omnivorous [76].
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Ythan

The Ythan network is a food web from the Ythan estuary in North East Scotland. The
total number of species in the web is 134 and four versions were made including one with
more than two basal elements, one which included parasite species, one with hypothesized
links between hosts and parasite species, and one where parasites had two or more life

stages. We just used the version 3 [42].

Scotch

The network comprises a single eld site of a community of the Scotch broom species,
Cystisus scoparius, from a eld site in England. Its data consists of a food web that
describes the trophic relationships of 154 species, one plant, 19 herbivores, ve omnivores,

66 parisitoids, 60 predators, and three pathogens [59].

Little Rock

Species interactions in a lake in Wisconsin. Various taxonomies at all the tropic levels
such as sh, invertebrate predators, predators, zooplankton and the like, have been sorted
into life stages characterized by changes in diet. It contains a total of 220 taxa and the

webs vary in size from 10 to 74 species [37].

Wildbird

The social ecology of wild birds in Wytham Woods in Oxford in the UK was examined by
studying great tits, blue tits, Eurasian nuthatches that were caught in nestboxes during
the breeding season or in the winter using mist-netting. The data was collected between
November 2013 and April 2014 using selective feeding sites to study association patterns

between species [29].
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Dolphin

The Dolphin network is a group of bottlenose dolphins in New Zealand. Between 1994
and 2001, Lusseau et al. [58] conducted surveys of bottlenose dolphins in Doubtful Bay,
New Zealand. During the study period, 40 dolphins were analysed for association out of
83 that were identi ed as they were observed for frequency of occurrence in the schools the
researchers intended to observe. The data collected was analysed which identi ed com-
munities or clusters of individuals by preferred partnerships and least preferred partners

[58].

TM1,2 and 3

A network of three-dimensional galleries in termite nests which are not the result of
repetition of patterns but a system of galleries and chambers inside the nest. They are,
in e ect, three-dimensional transportation networks with topological properties relevant
to ecology and survival. There are few 3-D networks in the literature because of their
complexity and the di culty in capturing their spatial patterns. These nests are from

di erent locations in Central African Republic and Cameroon [71].

Figure 1.8: Left: Picture of one nest; centre: a tomographical cut of the same nest
(the arrows indicate two of the corridors between chambers); right: a representation of
chambers and galleries as a network, where each vertex corresponds to a chamber in the
original nest and each edge to a corridor. The colour of the vertices re ects their degree;
vertex positions have been adjusted to improve visibility. [71].
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Informational networks
Centrality

This network is a collection of citations published about network centrality from 1948 to

1979 in order to analyze the structure of centrality productivity for this period [41].

GD

Citation network of papers published in "Proceedings of Graph Drawing". These graphs
were obtained using a program called Pajek which is available for free online. Graph
A is a citations networks analysis where each unit's importance or weight is determined
using three proposed methods: NPCC method, paths count method and SPLC method.
The original graph has 311 vertices and 6 weak components. Graph B was done using
an energy drawing and then the position of the vertices was done manually using a grid.
Graph C is an acyclic directed graph that can be sorted by topology. It is a dense graph

SO a matrix representation was used to visualize it [6].

Roget's Thesaurus

Network of words related by their de nitions in Roget's Thesaurus. Roget's Thesaurus
was created by Dr Peter Mark Roget who rst listed over 15,000 synonyms for words in
1805 and has increased to over a 250,000 synonyms as of 1992. The vertices relate to
the 1879 edition and each one represents one of 1022 categories listed there. If there was
a reference between two categories this was represented by an duge//vlado.fmf.

uni-lj.si/pub/networks/data/dic/roget/roget.htm

Small world

Network of papers citing S. Milgram's 1967 Psychology Today paper (An experimental
study of the small world problem) [81]. In Stanley Milgram's small world study, people
volunteered to be part of a study on social contact in America in response to an ad.
Each participant was asked to send a packet of information to an individual by giving it

to someone they knew on a rst-name basis|someone who knew the individual or who
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would most likely know someone who knew them. The play Six Degrees of Separation
referred to Milgram's study. The degrees are the number of people who were intermediaries
in the chain. People with more social connections have a lower degree of separation then
people with fewer or no social connections. Since his original study done in 1967, his

experiment has been cited in many papers which therefore forms a citation network [45].

Biological networks
PIN Malaria

A PIN is a protein interaction network. PIN Malaria is a biological network that contains
data on the position of proteins in the human malaria parasite. The parasite which
causes the most dangerous form of malari®lasmodium falciparum has not had most
of its proteins characterized. 2,846 protein-protein interactions were characterized in this

network using information analyses and gene co-expression [54].

PIN H Pyl

The H.Pylori Database of Protein Interactomes (hp-DPI) containgd.Pylori protein inter-
actions that are both experimental and predicted with added annotations. The database
was created with protein domain scanning tools to de ne particular protein-domain rela-

tionships [56].

PIN E Coli

The DNA cassettes in theE. Coli chromosome have been targeted to create certain allelles.
857 proteins were tagged and their interacting protein partners were identi ed revealing
a protein-protein interaction network of proteins that are involved in varied biological

processes [12].
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Trans E Coli

One of the best-characterized networks are the direct transcriptional interactions in Es-
cherichia coli. The network is made up of three distinctive motifs each having a specic
function in determining gene expression. The structure of the motifs allows the entire

network to be interpreted [78].

Trans-Yeast

Direct transcriptional regulation between genes in yeast. This network is part of a super-
family that contains sensory transcription networks that control gene expression in bac-
teria and yeast in response to external stimuli. In a network such as this, nodes represent
genes and edges are direct transcriptional regulation. The yeast strainSaccharomyces

cerevisiae[60].

Social and economic networks
Corporate people

The network properties of directors and companies from three years: 1982, 1990 and
1999, are used to examine the corporate elite network structure in the US in order to help
analyze corporate change on a macro level. Corporate people is an economic network that

includes board members from American Fortune 1000 companies in 1999 [20].

Drugs

Social network of injecting drug users. The data in this network comes from the Colorado
Springs Project 90 study which was a project funded by the Centre for Disease Control
and Prevention which focused on HIV transmission in heterosexual injecting drug user
populations. 595 respondents from face-to-face interviews within a four-year period from
1988 to 1992 using an open cohort design. The type of data collected included focus on
bringing forth characteristics of risk partnership networks to allow researchers to identify
and collect data from as many people in the target population as possible including

injecting drug users, prostitutes, and their sex and needle-sharing partners. Researchers
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also wanted to assess the size, structure and potential for epidemic of the entire high-risk
partnership network. Two networks were constructed which represented sexual contact
ties, ties involving shared drugs and ties involving both sexual and drug-contact sharing.
There were 1296 reported connections and data from the respondent-only network was
extracted from the larger network which included all ties including those who were not

participants in the study [1].

ColoSpg

The risk network of persons with HIV infection in Colorado Springs. AIDS had been a
condition that was required to be reported since 1983 and HIV infection since November
1985. The data used in this risk network therefore started from late 1985 through to 1999.
From the spring of 1987, the military tracked its own HIV data and released information
only about non-military or civilian partners making their data unavailable for analysis.
Contact tracing was available from 1985 onwards and information from other routine STD
programmes such as syphilis, gonorrhoea, and chlamydia were used to add sex-linked pairs
of men to the HIV contact tracing database. The data was divided into three periods:
(1) early: from 1982 to 1989, (2) middle from 1990 to 1994, and (3) late from 1995 to
1999. A total of 1,323 adult HIV/AIDS cases were reported between 1982 and 1999 [73].

Figure 1.9: Ties among (a) the giant connected component for the full network, and (b)
the observed respondent-only network: Colorado Springs Project 90, Colorado Springs,
CO, 1988{1992.[1].
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Revere

A network of people connected to American revolution. The network includes membership
lists of key political groups during the period of the American Revolution compiled in 1994
from of a group of seven lists. These lists are select examples from organizations in Boston
that played signi cant roles in the movement. The network itself consists of ve groups

and 137 people [36].

FB Reed

The Facebook network at Reed College is from a single day snapshot in September 2005
[80].

Karate

This network contains a university-based karate club, which was divided into two orga-
nizations after having broken into two factions based on group members' beliefs about
the leadership. Observations of the club were made over a three-year period from 1970 to
1972. The history of the club prior to these dates was also reconstructed using archives
and records from that time. During the three-year period, the club's membership ranged
from 50 to 100 members and individuals met together for social events such as parties,
dances, and banquets in addition to the scheduled karate lessons. It had an informal
political organization although it did have a set of guidelines laid out in “constitution’
and there were four o cers that loosely ran some aspects of the organization. Despite
these o cers, the majority of decisions were made by consensus at club meetings. The
club employed a part-time karate instructor referred to as Mr. Hi. Initially, there was a
con ict between the club president, John A., and Mr. Hi over the price of karate lessons.
Mr. Hi wanted to raise prices and have the authority to do so with this own lesson fees
whereas John A. wanted to have one stable price that he set in his role as the club's chief
administrator. Over time, club members became divided over this issue and then the
divide grew beyond the issue of prices to one of ideology where supporters of the club

president viewed him as a father gure and spiritual and physical mentor. They viewed
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Mr. Hi as a paid employee who simply wanted to earn more money. After some marked
disagreements, John A. red Mr. Hi for trying to raise prices which resulted in Mr. Hi's
supporters retaliating by resigning from the club and forming a new organization. During
this time, the confrontations between the factions took place at the meetings where if one
faction held the majority, they would attempt to pass decisions that were in their favour
and vice versa. Neither of the factions had a name and in situations where they were
not in direct con ict, members from respective factions spoke and interacted with one
another. Over time, bonds within the two groups were strengthened while bonds between

them weakened thus eventually pulling the club apart [86].

Ma a

Data is on attendance of suspected members of the Ndrangheta criminal organization at
summits (meetings whose purpose is to make important decisions and/or a liations,
but also to solve internal problems and to establish roles and powers) taking place
between 2007 and 2008ttps://sites.google.com/site/ucinetsoftware/datasets/

covert-networks/ndrangheta-mafia-2

Caviar

A network of Canadian drug importers. Project Caviar was an investigation targeting a
network of hashish and cocaine importers operating out of Montreal. It was conducted
by the RCMP and the Montreal Police between 1994 and 1996 in conjunction with other
regional law enforcement agencies from countries in England and various parts of Europe
and South America. It is considered a unique case because of its investigative approach
which was termed \seize and wait". The goal was to seize drug consignments but not arrest
any of the identi ed associated individuals, thus, 11 consignments were seized while the
arrests only took place at the end of the investigation. Because of the change in strategy,
the change in network structure and how network participants react and adapt could be

assessed. The data was from evidence submitted in the trial with 22 participants in the
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Caviar network and includes thousands of paragraphs of electronically recorded telephone
conversations. Of over three hundred individuals, 208 were not implicated in the drug

tra cking ring so the nal network was composed of 110 participants [61].

Siren

A network of car thieves. A stolen vehicle exportation ring were obtained from a task
force project called Project CERVO between 1993 and 2005. The exportation of stolen
luxury vehicles from the Port of Montreal was monitored with information supplied from
maritime shipping companies. Project Siren started in February 1998 with an informant
providing information on stolen vehicles shipped to Ghana which was seized in Belgium.

It was a four-month investigation (to June 1998) wherein 35 cars were retrieved [61].

Mali

A terrorist network in Mali is analyzed for relationships between individuals belong to
Islamist and rebel groups. The ties between agents and the ways they interact produce a

network structure that can be analyzed [84].

Fifa

Two Networks of Standing Committee membership. These are overt networks with covert
elementshttps://sites.google.com/site/ucinetsoftware/datasets/covert-networks/

fifa .

Dublin

This dataset was taken from an exhibition entitled Infectious that was held in Dublin,
Ireland at the Science Gallery from April to June 2009. The interactions between con-
ference participants with respect to their proximity and static and dynamic interactions

[44].
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Technological networks
Electronicl,2 and 3

Electronicl, Electronic2 and Electronic3 are electronic logic circuits with 31 digital se-
guential circuits that are described at the gate level. By analysing this circuit, we can

calculate various parameters that are connected in an electrical network [10].

US-Air

This network considers the topology or structure of the US air transport network which

considers 500 of the highest tra c airports according to http://www.iata.org. [16].

Software networks
Software Digital, Software-Abi, Software VTK, Software My SQL

A class collaboration is the process by which more complex, multifunctional classes are
built from simpler ones. Classes interact through a process called inheritance where
one class is de ned as a subclass of another and through aggregation where one class is
de ned to hold an instance of another class. Software Digital is a collaboration network
associated with six di erent open-source software systems. Itis a class collaboration graph
from version 4.0 of the VTK visualization library, the CVS snapshot dated 4/3/2002 of
Digital Material (DM), a library for atomistic simulation of materials, and version 1.0.2

of the AbiWord word processing program [62].
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Figure 1.10: VTK network [62].

In the following Tables the number of nodes is, the number of edges isn and the
Kmax 1S the maximum number of the node degree in the networlk;s is the total number

of triangles andC is the Newman clustering coe cient.
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Table 1.1: Test Networks 1.

n M | Kmax C Cs

Brain networks

Neurons C. elegans 280| 1973| 77 | 0.1987| 2808

Ecological networks

Canton Creek 108 | 707 | 47 | 0.0256| 116
El Verde 156 | 1439| 83 | 0.2322| 3511
Little Rock 181| 2318| 105 | 0.3368| 10812
Scotch Broom 154 | 366 | 36 | 0.2078| 358
Stony Stream 112 830 | 45 | 0.0201| 124
Wildbird 169 | 2758| 81 | 0.6645| 27886
Dolphins 62 | 159 | 12 | 0.3088| 95
Ythan 134 | 593 | 65 | 0.1443| 507

Informational networks

Centrality 118| 613 | 66 | 0.274 | 1107
GD 249| 635 | 20 | 0.2202| 327

Roget Thesaurus 994 | 3640 28 | 0.1338| 1550
Small World 233| 994 | 147 | 0.16 | 1637
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Table 1.2: Test Networks 2.

n m | Kmax C Cs
Social and economic networky
Corporate 1586| 11540| 65 | 0.3881| 28002
Drugs 616 | 2012 | 58 | 0.3681| 3598
ColoSpg 324 | 347 | 20 |0.0385 17
Revere 254 | 9807 | 217 | 0.7354| 208074
FB_Reed 962 | 18812| 313 | 0.2207| 97137
Karate 34 78 17 | 0.2557| 45
Ma a 151 | 1619 | 75 | 0.5825| 9575
Caviar 110 | 205 | 60 | 0.1229| 130
Siren 44 | 103 | 33 | 0.4061| 142
Mali 36 67 11 | 0.3945| 43
FIFA 307 | 3070 | 87 | 0.6528| 18817
Dublin 410 | 2765 | 50 | 0.4357| 7114
Software networks
Software Digital 150 | 198 | 25 | 0.0668| 24
Software MySQL 1480| 4190 | 220 | 0.058 | 1796
Software VTK 771 | 1357 | 83 | 0.0438| 236
Software Abi 1035| 1719 | 89 | 0.0387| 219
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Table 1.3: Test Networks 3.

n M | Kmax C Cs
Biological networks
PPl Malaria 229| 604 | 35 | 0.1159, 201
PPI H. pylori 710| 1396| 55 | 0.0152| 76
PPI E. coli 272 | 3430| 104 | 0.6306| 42549
Trans_Ecoli 328| 456 | 72 | 0.0243| 42
Trans_Yeast 662 | 1062| 71 | 0.0163| 72
Technological and infrastructural networks
Electronic 1 122 189 | 10 | 0.0574| 10
Electronic 2 252| 399 | 14 | 0.0517, 20
Electronic 3 512| 819 | 22 | 0.0484| 40
USAIr97 332 | 2126| 139 | 0.3964| 12181
Other Networks
T™3 268 | 437 | 12 | 0.1381, 78
T™M2 260 280 | 12 | 0.0087| 2
T™1 507| 676 | 10 | 0.0478| 33
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Community Detection

2.1 Introduction

This chapter is a brief survey of existing results in community detection. We develop
some ideas on community structure in Chapter 3 and we look at anti-communities in
Chapter 5. One of the most important ways complex networks can be structured is into
communities: for undirected networks, these are typically groups of nodes that are more
densely connected than in other parts of the network. These clusters of nodes can form
for many reasons, such as in a social network where nodes represent individuals that may
have ties with certain individuals and yet not others. In a biological network where nodes
represent proteins, communities could represent proteins that have a similar function.
Finding these communities based on the structure of the network alone is useful to scien-
tists in their respective elds since these clusters or communities represent shared proper-
ties between these nodes. The properties within these communities will frequently share
characteristics that are not shared by nodes that are outside of this dense cluster mak-
ing them of special interest to researchers. Additionally, community detection may aid
researchers in determining the organisation of a network. Within the detected communi-
ties, nodes that lie in the middle of their respective community versus at the edge may
represent some di erence in their roles within that community.

Traditionally, communities were seen as dense subgraphs that are clearly separated from

each other as shown in Figure 2.1.
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Figure 2.1: A graph with three Communities [32].

Communities can also be overlapping at their boundaries as shown in Figure 2.2.

Figure 2.2: Overlapping Communities [32].

Some researchers have coined the terms soft clustering to de ne communities that
overlap each other and hard clustering where there is no overlap where the boundaries of
the community are clearly de ned. In hard clustering (e.g.,in Figure 2.1), each data point
belongs to a cluster completely or not at all, whereas Figure 2.2 is an example of what
would be termed soft clustering where there is overlap at its boundaries with each data
point assigned a probability or likelihood of being in a certain cluster. A subgraph with
vertices or nodes that connect to all the others is called a clique. Cliques are considered
complete graphs and the simplest example is a triangle. Communities, however, are not
usually complete graphs. All vertices in a clique have identical properties which is rarely

if ever the case in a real-world network where some vertices are more important than
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others which are re ected in heterogeneous links throughout [32].

A better community de nition should consider the level or degree of internal cohesiveness
in the network and how separated it is from the rest of the network. A simple way to
enforce this is to insist that in a community the number of internal edges is larger than
the number of external edges. This leads to the de nition of a strong community which

is one where the internal degree of each vertex is greater than its external degree [75].
This in turn leads to the idea that in a network with more than one community the

de nition of a strong community is one where the internal degree of any vertex within
that community is greater than the internal degree of the vertex in any other community
[40]. Conversely, the community is weak if its internal degree is not greater than the total
internal degree of its vertices in every other community. According to these de nitions,
the network in Figure 2.3 shows both strong and weak communities. The four subgraphs
which are encircled in Figure 2.3 would all be considered weak communities according to
the de nitions by both Hu et al. and Radicchi et al., but according to Hu et al., they are
also strong because the number of edges joining the vertex with the other vertices of all
the other subgraphs is less than the internal degree of each vertex. According to Radicchi
et al., three of these communities are not strong because some vertices have external

degrees larger than their internal degrees as some vertices (indicated in blue)[40].

Figure 2.3: Strong and weak Communities [32].

Alternative de nitions of community examine the probability that nodes in clusters
share edges. Because the concept of communities implies a greater density of vertices or

nodes, it makes sense that vertices within the same community have a higher probability of
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forming edges with those vertices more densely clustered around them than other vertices.
Therefore the de nition mentioned above can be modi ed as strong communities' vertices
having higher probability to be linked to every vertex of the subgraph than to any other
vertex in the graph. The edge probability isP;, between vertices in the same group and

Pout < Pin for vertices in di erent groups (A=B) as shown below

Figure 2.4: Problems of the classic notions of strong and weak communities [32].

Depending on the type of network, edges are formed di erently which then presents

the problem of how to calculate edge probabilities.

2.1.1 De nitions

If all probabilities are equal, then we derive the classic random graph model Erdys{Renyi
(see Chapter 3 ) where there is no community structure.

We now give some formal de nition of quantities that are useful when discussing commu-
nities. Given a subgraphG,;(C;E;) G(V;E) and nc =) C j, the number of edges the

nodek; 2 C has to other nodes internally and externally are de ned as

. X X
k'™ = a; k= aj (2.1)
i2c j2c
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where C is the complement ofC and A is the adjacency matrix ofG. We determine the
P .
number of links that connect nodes internally usingnc = 3 ;,c k™.

Intracluster density, that is the density of nodes within a cluster, is

P .
int
Mc _ i2C i )

nc(nc 1)=2  nc(ne 1)’

int (C) = (2.2)

while inter-cluster density, that is the density of nodes between or outside of a cluster or

community, is de ned as

P
Mc ¢ i2C kiext .
ex(C) nc(n nc) nc(n ng) 23)

Using networks which have communities, when we calculate the quantities we expect
the value for the internal density of the cluster to be markedly larger than its external
density and the internal density of a cluster to be larger than the total density of the
network. Nodes within the same community are all connected by at least one edge, thus
a community of a network can be de ned as a set of nodes which are internally connected
and has an internal density that is signi cantly larger than the external density of the
whole network. Networks constructed with explicit clusters are referred to as benchmark
graphs.

De ning community based on the topology and dynamics of a network can be ad-
dressed with di usion. Random walks are simple di usion where the vertex reached at
is a random neighbour of the vertex reached @t 1. Because there are few routes to the
outside, the random walker could be spending a long time within the community [32]. The
result of using random walks this way also depends on the routes the walkers can follow,
and their distribution, which means these dynamics necessitate factor in many variables
into the calculation. The advantage of this complexity is it will re ect more features of
a networks which are usually quite complex with the drawback being the additional time

it takes to make complex calculations [32].
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2.1.2 Stochastic Block Model

The stochastic block model (SBM) is a model for data from a network where the nodes
are separated into groups called blocks where the links between them are dependent on
which block the nodes belong [38].

In the k k SBM we patrtition the adjacency matrix into the structure

2 3
A1 A Ak
A A Aoy
A= 21 A2 2
Akt Ak il A

where the probability of an entry equalling 1 being xed in each block. A simple example
is the 2 2 model 2 3

a=§ Q1

Q° P,

where the edges between nodes in the diagonal bloéksand P, have a xed probability
0 p 1 of existing and the edges between blocks @ exist with a xed probability
0 q 1. By varying the relative size ofp and g we can emphasise di erent network
structures. If p >> g then A will represent a network with 2 strong communities. If
p << g we have an almost bipartite graph.

The SBM ability to produce communities and clusters makes it the standard for
studying community detection. It is possible with this model to derive assortative struc-
ture as bonds between vertices in the same group are prioritized. Disassortative struc-
ture can also be derived because edges are more likely to occur between the blocks than
inside them. Multipartite structure arise if there are edges only between blocks and
core-periphery structure if the vertices are well connected in the core structure and to
peripheral vertices that do not interact between themselves very much [32]. For example:

by choosingp = 0:75 andq = 0:15 with all blocks being 5 5 we generated the following
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adjacency matrix. The community structure is evident in Figure 2.5

2 3
011110000
101110000
110110000

° 3 111010100
SBMZQPl Qg: 1111000O0O0®
Q° P, 000O0OO1O01
000101010
000000100 =x
000O0OO0O1O0O00O
000O0O0O0O10O0110O0

Figure 2.5: Example of Stochastic Block Model.

2.1.3 Examples

In this section, we brie y introduce some classic examples of communities emerging in

real-world networks.
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American politics

In 2003, Valdis Krebs studied a network of associated book purchases on amazon.com
with the theory that the book network could be an accurate proxy network for the human
network that reads those books [50]. In order to do this, he used Amazon's databases
of customers' book purchases and linked two books if they were bought together and
followed the connections between the books until two distinct clusters emerged removing
any books that had two links or less. When he did this, a pattern emerged with the cluster
on the right showing a densely connected set of a small number of books and the cluster
on the left showing a broader array of books that was less dense. Further study of the
proxy network revealed two divisions of political thought with dense intraconnectivity and
sparse interconnectivity showing each group in an echo chamber of sorts reading similar
ideas in their chosen books. The connectivity between the two clusters is conjectured to
re ect academics or political commentators who needed to be well-read in both areas of
political thought. The connection between the two books were several common purchasers

who identi ed as conservative and liberal which are seen in Figure 2.6 in green and purple.

Figure 2.6: Conservative and liberal purchasers of books on amazon.com

A karate club

In 1977, Wayne W. Zachary conducted a social anthropological study on how ssion takes
place in bonded groups using a social network approach. While it was a karate club, it
also held social activities such as parties and dances as well as regularly scheduled karate
lessons. A con ict over pricing between the club president who wanted to stabilize prices
and the karate instructor who wanted to increase prices resulted in over time the majority

of the members of the club becoming ideologically divided but not organisationally until
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they formally separated into two organisations. Prior to the events that preceded the
ssion, decisions made about the club took place at meetings where if the group that
supported the president held majority would vote in their favour and vice versa when the
group supporting the instructor held majority. These groups were not recognised to exist
by the club members, even uno cially. Rather, they were groups that formed during crisis
moments, such as when voting on issues at meetings, from pre-existing friendships within
the club and because of this key di erence of opinion. These meetings where the members
had to vote on club issues then served to strengthen the existing friendship bonds within
these ideological groups while also weakening the bonds between them. Each subsequent
political crises in the club reinforced and further strengthened the bonds within group and
weakened the bonds between groups until the group completely and formally separated.
The connections between club members prior to ssion is shown below in Figure 2.7 where
one group is represented in green and the other in blue[86].

Zachary then created a mathematical model based on precise descriptions and the re-
lationships between categories clearly de ned. The most signi cant component of this
system was the network of friendship relationships amongst the members. The network
was represented as a graph and then more formally as an adjacency matrix[86].

In his social network model, the social relationships in the karate club are represented on
the graph with each member of the club represented by a point (or node) on the graph
with a line (or edge) between any of the two points representing the friendship between
the two members. A friendship would be de ned as two members that consistently inter-
acted outside of normal club activities. As a result, although the club membership over
the three-year period was between 50 and 100, there are only 34 individuals in this graph
and matrix because they would have been re ected in unconnected nodes and rows and
columns with zeros which Zachary represented on the graph in Figure 2.7 below. The
edges represent interactions in both directions so are termed nondirectional and thus, the

graph is symmetrical[86].

42



Chapter 2 { Community Detection

The network and matrix only contain the members that interacted with other club
members outside of meetings. The model allowed for the location of the ssion within the

group to be predicted to more than 97% accuracy[86].

Figure 2.7: The karate club network.

A dolphin community

A third example that is frequently cited is a group of bottlenose dolphins in New Zealand
[58]. Between 1994 and 2001, Lusseau et al. [58] conducted surveys of bottlenose dolphins
in Doubtful Bay, New Zealand. During the study period, 40 dolphins were analysed for
association out of 83 that were identi ed as they were observed for frequency of occurrence
in the schools the researchers intended to observe. The data collected was analysed
which identi ed communities or clusters of individuals by preferred partnerships and least
preferred partners. Two individuals would be identi ed if they were observed associating
more often or if they did not associate with individuals outside their cluster[58].

The cluster analysis did not show any clear divisions in the community but did identify
three groups which associated more with each other more than all the individuals did on
average. Group 1 was seen less and so observed less by the researchers. Groups 2 and 3
had one individual which had a central position in both groups. These two groups also

each had a male network and a female network, and Group 2 was more complex with
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some groups of two and three individuals. Lusseau depicted the three communities they
observed in this social network of dolphins as shown below in the sociogram in Figure 2.8

[58].

Figure 2.8: Sociogram of Dolphin.

They observed that the dolphin population with an unusually large number of long-
lasting bonds within the Doubtful Sound population that could not be attributed to
seasonal factors nor reproductive, foraging or defence advantages. They concluded that
there was strong evidence that the uncharacteristically stable social organisation could be
explained by the population being isolated in a fjord which was the source of ecological

constraints that required more group stability for survival in this habitat [58].

2.2 Algorithms to Partition

Whereas community detection searches for community structure in order to look for partic-
ular special properties of a respective network such as social groupings or protein linkages,
graph partitioning refers to separating a larger graph into roughly equal sized sections
while keeping the number of edges to a minimum between the di erent partitions. In elds
such as parallel computing, there is signi cant value in being able to partition graphs this

way so that each can be assigned to a processor so as to minimize the time it takes the

44



Chapter 2 { Community Detection

computer to analyse the entire graph. In short, graph partitioning allows for more e cient
graph analysis and problem solving of larger graphs. Other areas of study where being
able to section equal sized parts of a graph are VLSI layout, sparse linear system solving,

and circuit testing and simulation [4].

The aim is to partition networks into p disjoint sets of nodes with the following

properties:

S
T Vi=VandVi\ oy =

" The number of links crossing between subsets (cut-set size or boundary) is mini-

mized.
iV %forl i p
This process can be generalised to weighted networks by de ning the cut-set as the
sum of the weights of the links that cross the subsets and rewriting the nal condition.

We then refer to this partition as balanced. We will discuss some algorithms that can be

used to partition a network.

2.2.1 Local Improvement Methods

In 1970, B.W. Kernighan and S. Lin [47] proposed taking a bisection of a network and
decreasing the cut-set using a local search approach. The initial partition can be generated
randomly or done by using any bisection method. If the random approach is used, then
several should be generated and the one with the minimum cut size selected. Considering
only unweighted networks to simplify the process, the internal and external weight for
each node of a bisection of the graph is de ned by splitting its degree with the cut size
calculated using
1 X
C(Vi; V) = 5 we (2.4)
i2v

where Vy; V; a bisection of the network andW = i ij2e Wi and wi; is the weight of

the link between nodes andj .
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A reduction in the cut size can be gained by moving one node from one subset to
the other and we can measure the gain in the cut sizg (= W W/™). In order to
prevent an imbalance in the number of nodes in the partition as seen in Figure 2.10, the
gain produced should be quanti ed by transposing two nodes from di erent partitions.

Figure 2.9 is an illustration of a random partition of a network.

Figure 2.9: A random partition of a network

Figure 2.10: An improvement to the partition in Figure 2.9
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Once the gain is quanti ed, the cut size in our example is reduced to 2 from 5 as

shown in Figure 2.11.

Figure 2.11: An even better partition of Figure 2.9

This process of swapping nodes is the basis of what is known as the Kernighan-Lin
algorithm which starts with a balanced bisection, a cutsize is computed, a pair of nodes

are found which give the biggest value, they are labelled, the value g(iu) is updated,

Ce(Vi; Vo) = C 1(Ve; Vo) gV V) k=1;:m; (2.5)

the partitions are updated by moving the sets and the process is repeated until no further
iImprovement can be gained. A drawback to this algorithm is the amount of time required,
however improving the process for switching nodes, using a xed number of iterations,
and choosing nodes close to the partition boundary only to evaluate gain can reduce costs.
While this algorithm is not used today to detect communities, exploring how it functions
and its methodology demonstrate the rationale behind community detection methods [25]

and it can be used to improve partition provided by other algorithms.
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2.2.2 Spectral Partitioning

Spectral partitioning is basically a way of dividing a graph into two subgraphs so that each
subgraph has nearly an equal number of vertices and edges between the two subgraphs are
minimised. It uses the eigenvalues of the matrix associated with the graph to partition

optimally.

Laplacian spectral partitioning

The Fiedler Vector

One example of spectral partitioning which was put forth in the early 1970s is the use
of the eigenvector associated with the second smallest eigenvalue of a graph Laplacian
matrix called the Fiedler vector to bipartition a network. Let , denote the Fiedler
vector. In this method, two nodes ¥; and v,) are considered in the same partition if
sgn( 2)(v1) = sgn( 2)(v2) so then any two nodes other than these are part of the other
partition or cluster. This method can be used on Zachary's katate club and partition
reproduces the ground truth [22].

The Fiedler vector is known to provide a powerful approach to identifying communities,
searching for signi cant links between communities (known as bottleneck links), and to

increase the general connectivity of a network [7].

The Fiedler Vector and Clusters
Given any connected network, one way the Fiedler vector can be used with these clusters
is in identifying subgraphs that are densely connected and sparsely linked to other clusters
(that is, graph partitioning). If we compare two identical networks, the network 2.12 (a)
can be clearly seen to show three clusters of nodes with each cluster sharing two edges with
the other two clusters. Whereas in the second network, Figure 2.12 (b) it is much more
di cult to partition the network into subgraphs for a human observer and even devising
an algorithm to identify these clusters is di cult, particularly since the nodes have a
limited area in the entire network graph. Finding the ratio cut (which minimizes the edge
density de ned as (Vi;V,) = EEMY2I \where v\ V, = V[ Vo = V and E(Vi; \Vs)

JV1jj V2]
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denotes the set of edges iG that are shared between/; and V,) presents a NP-complete

problem, so entries in the Fiedler vector would commonly be used to divide the network
into two clusters in Xg with positive entries being one subgraph and negative entries
being the other subgraph. For dividing into more than two subgraphs, after the Fiedler
vector partitions the network into two subgraphs, the Fiedler vector of each subgraph is

calculated and this is continued until preferred number of subgraphs is found [7].

() (b)

Figure 2.12: Two di erent visualizations of a network consisting ofk = 20 nodes. (a)
Ordened node placement.(b) Random node placement.

Adjacency Spectral Partitioning or Sign Partitioning

A second spectral approach which was put forth in the late 1980s was to partition a
network into more than two parts by using eigenvectors of the adjacency matrix which
produces both positive and negative values which can be used to partition according to the
sign pattern. Using extra eigenvectors to extend spectral techniques can be used to detect
more than two communities in a network. Using sign patterns for further eigenvectors

produces partitions of the matrix as quadrants, octants, and so forth [22].

Normalised Cut Criterion

This approach was proposed by Shi and Malik [22] and uses the measure

1 1

Cn(ViiVe) = COVBVI(G oy * Yoy

) (2.6)
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P . . : :
whereVol(V;) =, ki and Vi, V; is a partition of the nodes. This method involves
calculating a row-stochastic matrix, computing the eigenvector of the second largest eigen-

value, sorting the elements in increasing order, repeating 1 in computing Cy (Vi; Vi)

clusters whereip = min;Cy (V;; V). This algorithm is repeated on the cluster with the
largest value of § until K clusters are acquired.
Variations on this algorithm have been proposed by Kannan et al., Ng et al., and Meila
and Shi [22]. Meila and Shi [22] propose using eigenvectors that correspond to the largest
eigenvalues of the community and then clustering the points in a condensed eigenvector
matrix [22].
The main advantage of Meila and Shi's approach is that all eigenvectors are used to obtain
the solution which addresses the problem of continuing to bisect a graph even when it
in some cases does not leave us with the most natural partitions and not knowing when
to stop bisecting [85]. Two possible explanations for why spectral methods make these
kinds of partitions in networks are the polarization theorem and the consideration of the
stochastic matrix P in the calculation of the normalised cutset. We can de n® implicitly
from the expression

P P

i2vij2v, 1P _ i2vj2v, Mij _ C(ViiV2)
A V Ol(Vl) \Y OI(V]_)

PVl V2 (2 . 7)

wherePy, .y, the transition probability for a random walk going from the subsetv; to V,

in one step. By substitution in the expression for the normalised cut gives

C(VliV2)+ _ C(V1;1 Vo) _

Cr (Vo \s) = = = Py, + Pyy.: 2.8
N( 1 2) VOl(Vl) VOl(Vz) Vi1Vo VaVq ( )

A small value forPy,y, would show that random walks are localized in each partition

resulting in two communities of nodes [22].
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2.3 Quality of partitions

2.3.1 Modularity

Quality functions represent how good a partition or cluster is by nding the maximum
of a function over the space of all possible clusters. Newman and Girvan's [64] general
expression of modularity is

1 X

2m
j

Q= (A Py) (Gi;Cj); (2.9)
where m is the number of edges in the networkA; is the element of the adjacency
matrix, Pj is the null model term showing the average adjacency matrix of a group of
networks, C; and C; are the communities of andj and (C;;Cj) =1if i andj in the same
community and (Ci; Cj) =0if i andj in the di erent communities. Modularity measures
how di erent the graph is from randomisations re ecting the rationale that randomising
a network would destroy community structure so comparing the actual structure and its
randomised one shows how non-random the group structure is. One usual approach is the
term for the average adjacency matrix of a group of networks is taken to & = %
wherek; and k; are taken to be the degrees afandj which link to the number of edges
we would expect for vertices and j if the edges were rearranged in order to preserve the
average degrees of all the vertices. The result is the classic form of modularity

1 X

2m
j

Kik; .
Q= Ay 5) (CiCi); (2.10)
Other approaches involve using speci ¢ network features such as bipartiteness, correla-
tions, signed edges, and space embeddedness. To extend the classic form of modularity
to weighted networks is fairly simple (Newman, 2004), but generally the focus is on un-
weighted graphs. Vertex pairs belonging to the same cluster are grouped together and

the sum is rewritten over the vertex pairs as a sum over the clusters is termed an additive
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as
X

_ lc  Keyar.
Q= C[E (E)Z]- (2.11)

Herelc is the total number of edges joining vertices of communitZ and k¢ is the sum
of the degrees of the vertices &. The di erence in the square brackets above shows how
non-random the subgraphC is. Larger values indicate that the arrangement of the edges
in C is not random which re ects a high quality partition. Q = 0 when the number of
intracluster links is not greater than the expected value in a random network. The highest
value Q can have is 1 which would show a strong community structure. Values of Q are
used to decide which partitions are of particular quality. Among the algorithms that use
modularity optimisation to detect communities are agglomerative techniques and some
modi cations such as simulated annealing, extremal optimisation techniques and spectral
methods. Similarly to Meila and Shi, White and Smyth [22] apply k-clustering techniques
to split the network into various groups, calculate modularity for each possible group in
every dimension for an eigenvector space and then nd the maximum possible numbers

of eigenvectors [22].

Performance Index

Van Dongen [22] de ned the performance of a cluster by measuring coverage. The larger
the value of coverage, the higher the quality of the cluster. Smaller values of the perfor-

mance of the cluster, the better the quality of the cluster.

P
2m[1 2CovC)l+ ;iCijG(Cij 1)

Per(C)=1 nn 1) (2.12)
where Cov(C) is the “coverage' of the cluster as characterized below
1 X
Cov(C) = - 1(Ci) (2.13)

i=1

where! (C;) is the number of links in the clusterC;, j C; j is the number of nodes in the

cluster C;, and m is the total number of links.
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The Davies-Bouldin Validation Index

The Davies-Bouldin Validation Index, named for Davies and Bouldin [22] who proposed

it, measures quality based on intracluster and intercluster distances and is de ned as

x 4(C)+4(C)

DB (C)Z maxigjf (C,,CJ)

1
— (2.14)
m

i=1
There are several di erent de nitions of the distance functions. In this index, dense
clusters with centres far away from each other have small values of the index. As a result,
when comparing two communities within a network, the smallest value of this index is
considered to be of higher quality. There are many other measures for validation in the

literature but we will focus only on modularity clearly the results we produce later could

be checked using these measures in future work.

2.3.2 Similarity

The idea that communities share certain properties or that certain properties within a
community have similarities can also be exploited to nd communities within a network.
However, Similarity measures need to be obtained in order to apply this idea to networks.
These measures will use data from the adjacency matrix of the network.

The cosine similarity, which is the angle formed between two vectors, can be calculated

as
xTy

k x kky k (2.15)

i = COs i =

To consider this similarity, the ith and jth columns of the adjacency matrix are
two vectors with corresponding nodes. We use the cosine of the angle between them to
measure node to node similarity . If the angle between them is perpendicular, the nodes
are considered dissimilar with the lowest possibility of similarity between them. When
this measure is used with two equivalent nodes, the angle between them is zero.

The Pearson correlation coe cient is another popular similarity measure. It is de ned as
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nala;  (ale)(a e)

0 g (2.16)
na'a (aje)? na'a (a'e)?

rij =

where a&;; 3 are columns of the adjacency matrixA and e is a vector of ones. Other

measures such as the Manhattan or taxicab norm

xXo
ka g ki= jai(k) a(k)j; (2.17)
k=1
Euclidean norm v
u
%J xXo
ka & ko= [a(k) & (k)% (2.18)
k=1
and In nity norm
ka @& ki = gm] ai(k) g (k)Jj; (2.19)

are norms of di erence between corresponding columns of the adjacency matrix.

To use a similarity measure, start by choosing one for the nodes of a network where
we want to detect a community and then nd successive clusters using various linkage
approaches.

One such approach, single linkage, whereby determining the nearest neighbours in di erent
clusters, the distance between the clusters can be calculated.

The complete linkage approach takes the opposite approach were the farthest neighbours
are calculated using the greatest distance between any nodes in two di erent clusters. If
the clusters are chain-linked, this approach will not work.

When the average distance between nodes in two di erent clusters and in all pairs are
calculated, we can use the unweighted pair-group average to nd clusters whereas in the
similar weighted pair-group average, the size of each cluster is used as a weight.

The unweighted pair-group centroid approach is when the centre of a uniform density
cluster is calculated using the average point in the multi-dimensional space and similarly,

the weighted pair-group centroid (median) is the same except the weighting of each cluster
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is taken into account using computations to allow for di erences in cluster size.
Finally, Ward's method analyses the variance approach to calculate the distances between

clusters [22].

2.4 Community detection methods

Centrality is a very important concept in network theory which used to determine the
important nodes in a network. Centrality comes in di erent ways and each way deter-
mines a node's importance from a di erent perspective and further gives us analytical
information about the nodes and the graph. There are various measures for centrality
like degree centrality, closeness centrality and betweenness centrality. We will look at

some of them in this thesis.

2.4.1 Link centrality

Links that are central to communication within clusters can be used to detect communi-
ties. Removing them one by one in succession is one approach by Girvan and Newman
(2002, 2004) which is based on the idea of calculating edge betweenness centrality. Calcu-
lating this betweenness centrality involves counting the number of shortest paths between
two nodes that pass through a particular link and dividing by the total number of shortest
paths. Links between nodes in di erent communities have the highest edge betweenness.
As such, using this method provides a way to nd links between di erent communities.
Once this edge betweenness is calculated for all links in a network, applying Girvan and
Newman's approach as summarised above, then recalculating the edge betweenness for
the remaining links repeating until all links have been removed, and nally plotting a
dendrogram (which is a hierarchical tree with clusters as a nodes in tree, and single nodes
as leaves) in order to analyse the community structure of the network enables us to nd
the links that are essential to communication between communities. A range of partitions
are possible with this method and in the next section we will discuss more about how to
decide how many divisions is most useful.

Another way to use link centrality is a link clustering coe cient studied by both Radicchi
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et al. and Watts and Strogatz [22] which can be de ned as
cl = L — (2.20)

wherezi';j is the number of cycles of length that pass through the link betweeni and j,
ands;; is the maximum possible value thaizi';j can take. By removing the links with the
smallest clustering coe cient and recalculating forCi';j for the remaining links until none
are remaining in the network. We produce a clustering coe cient that takes advantage
of the fact that a community is characterised by a high density of links which are not

expected to be shared between two partitions within the same network.

2.4.2 Communicability

We can measure how much information is transferred from one node to another in a
network which is termed ‘communicability’. In fact, communities as groups of nodes
that communicate more between their members than with people outside their group is
another useful de nition of a community or cluster within a network. Nodes can be in one
of three states: each node can have a positive or negative point of view with respect to
some measurable criterion or no opinion (the o state). Those who have similar points of
view tend to cluster into communities. This idea can be applied when looking at networks
of energy con guration where nodes exist in either a positive or negative state. Networks
that want to re ect communities that maximize energy would put nodes in the positive
and negative state close together [22].

When we consider a pair of nodeg and g the communicability can be measured by

X0
Gpo( ) = _ i(p) j(ge ! (2.22)

i=1

where ; and ; are eigenvectors and eigenvalues of the adjacency matrix. Focusing
on the case of = 1 and recalling that nodes in an o state do not contribute to the

communicability function, allows us to express the function as
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Gpg = 1(p) 1(o)e* + § i j(ge’ + § (P j(ge’: (2.22)
i j(@ O i(P) j(g)<0

The rst term on the righthand side is the consensus con guration where all nodes
share the same state. The second term on the righthand side (or intracluster communica-
bility) have the nodesp and g as the same sign of the corresponding eigenvector (positive
or negative). The last term on the same side (intercluster communicability) represents a
lack of consensus or di erent signs of the eigenvector component so they do not commu-
nicate well meaning they are in di erent communities in the network [24]. To calculate
the di erence between intra- and intercluster communicability, we rewrite the consensus

con guration as below:

X X
Gpqg = i(p) j(ge’ + i(P) j(ge’
i j(@ O i(P) j(g)<0
intrg(luster intexluster
= i(P) j(qe’ i(P) j(qe’
j=2 j=2

Gpq > 0 demonstrates thatp and g show larger intracluster than intercluster communi-

cability.

2.4.3 Optimisation

Optimisation techniques which maximize a function measuring cluster quality have been

the area of focus for community detection.

Drawbacks to modularity maximisation

Modularity maximisation is considered NP-hard [9] so the hope is to nd decent ap-
proximations and there are several approaches with modularity proposed by Girvan and
Newman being the most popular. Despite its popularity, there are several problems as-
sociated with its use. Because modularity does not take into account the distribution of
di erent network features, it is possible to nd high modularity partitions even in random
graphs without groups [35].

Resolution Limit Problem or the Ring of Cliques
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Consider cliques of four vertices in a ring-like structure with each clique joined to two
others by a shared edge. This is named the ring of cliques by Fortunato and Barthelemy
[31] as seen in Figure 2.13. We might expect that modularity would reach its maximum
for partitions whose cliqgues are community, but the modularity is larger when subgraphs
are put together than when they are treated as separate communities, and the modularity

scale is dependent only on the number of edges unrelated to community size.

Figure 2.13: Example of the resolution problem of modularity.

This issue is known as resolution limit and occurs where networks with small com-
munities which are adjacent to bigger communities or many small communities that are
circularly connected are incorrectly partitioned into pairs of modules rather than single
cliques. It is also important to note that these problems are not unique to modularity
[22].

A multi-resolution approach, which involves introducing a resolution parameter
into the modularity formula and tuning it to adjust the resolution scale of the method
when going from very large to very small communities [5], is popular but does not always
solve the problem reliably because with modularity maximisation large subgraphs are
typically split into smaller pieces [55]. This problem has the same origin as the resolution
problem, that is, its use of the null model, which assumes that each node can attach
to any other node in the network, which does not make sense in a very large network.

Furthermore, in a null model, this assumption would result in the expected number of
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edges in a large enough network being less than one, and one edge shared between two
groupings would indicate a strong correlation between the two which with optimisation
would merge the two clusters irrespective of their features. The end result is that small

communities in large networks are not recognized even when they are well-de ned [31].

2.4.4 The Louvain Method

Circumventing the resolution limit issue, which is an actual feature of modularity rather
than an issue with methods of maximising it, can be done using the Louvain method rst
proposed by Blondel et al. [8]. It is a heuristic method based on modularity optimisation
that nds high modularity partitions of networks and complete hierarchical community
structure in a short time. It is based on a similar earlier method proposed by Clauset,
Moore and Newman [15] where communities are merged repeatedly to optimise modu-
larity. The drawbacks to this earlier method were the production of lower modularity
values than other methods such as simulated annealing [35], and a propensity to produce
‘super-communities' containing many nodes even within networks that had no notable
community structure which resulted in slowing processing times so that networks exceed-
ing a million nodes were not practical [15].

In contrast, the Louvain method is a greedy optimisation of) that has two phases that
are repeated iteratively. Starting with a weighted network ofN nodes, a di erent com-
munity is assigned to each node of the network so there are as many communities as
nodes. Each node is considered and the gain in modularity whens removed from its
community and placed in the community of its neighbouj is evaluated. Node is then
placed in the community only where the gain is maximised and positive. This process is
repeated until no further improvements can be made. It should be noted that the order

does not a ect modularity but it does a ect computation time. The formula

P P
1[5 (522 (

2m 2m

ﬁ)z] (2.23)
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P
is used to calculate the gain in modularity. is the sum of the weights of the links

in

inside the community C, Is the sum of the weights of the links incident to nodes

tot
in C, k; is the sum of the weights of the links incident to node, k; i, is the sum of the
weights of the links fromi to nodes inC and m is the sum of the weights of all the links

in the network. A similar expression is used to evaluate the change of modularity when

is removed from its community.

In the second phase, a new network whose nodes are now the communities found during
the rst phase is built using the weights of the links between the new nodes which are
found using the sum of the weight of the links between nodes in the two corresponding
communities. One cycle of the process of both phase one and phase two is termed a
\pass". The number of communities decreases with each pass and the passes continue
until there are no more changes and maximum modularity is reached.

There are a number of advantages with this algorithm. It is easy to implement and does
not require supervision to achieve the outcome. It is also very fast with most of the
calculation time used in the rst iteration. It circumvents the resolution limit problem

of modularity because there is a low probability that two communities are able to merge
by moving nodes one by one. Additionally, this algorithm nds communities at di erent
levels of organization thus uncovering hierarchical structure as it maximises modularity
[8]. High modularity partitions are not necessarily similar to each other in spite of the
similarity in their modularity scores. The best partition may not have the highest Q-value
but amongst a number of high scoring partitions, it may be very di cult to distinguish

the best partition from the rest. In order to choose, the user could restrict the clustering

to certain parameters based on speci ¢ features she could expect the community to have.
If she does not know or does not have any particular expectations, consensus clustering
could be used and combined with a hierarchical approach could address resolution limit

problems as well as helping to avoid nding communities in networks without any [87].
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2.4.5 Dynamics

Dynamical processes like di usion, spin dynamics, and synchronisation can be used to
detect communities. Speci cally, most of these processes are based on di usion and spin

dynamics.

Vertex Similarity

Methods based on vertex similarity exploit these random walk dynamics. One set of
techniques includes using random walk dynamics to estimate similarity between pairs of
vertices. One method by Pons and Latapy [72] is called Walktrap, where community
structure is calculated in time O(mnH ) where H is the height of the dendrogram.H is
usually small and yields the best results when the dendrogram is balancétl € O(log n)).
Within a random walk, the probability for each step isP; = % P is the transition
matrix of random walk processes. The vertex similarity can be measured usiRgand is
thought to be considerably higher within groups than between groups. Clusters can be

identi ed by hierarchical cluster or partitional clustering, but this algorithm cannot be

used on larger networks [72].

Map Equation

This approach came about when trying to achieve the best way to describe long random
walks taking place in the graph. In this process, all vertices are listed sequentially, then
assigned a unique codeword although there are places where there is an overlap of names.
The equation results in the description length of an in nite random walk in two terms:

the Shannon entropy and the minimum description length.

Info map can be applied to both weighted and unweighted, directed and undirected net-
works. A teleportation probability as in PageRank [11] is introduced for random walk
dynamics. The rule was then expanded to detection of hierarchical community structure
and clusters which overlap within a network and then to higher order Markov dynamics
where transition probabilities are used in other steps thus retaining memory of the recent

past [11].
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In comparison to structure-based methods such as modularity and optimisation, Infomap
and other variants usually return di erent partitions because they are not based on num-
ber of edges, vertex, etc. but on ows running across the system. Most methods in this
section discussed so far are global, meaning that they nd community structure for the
entire network. Random walks can, however, be used to nd communities locally using

seed vertices [32][46].

When examining some existing methods for community detection, we must recognize
that because there is no overriding mathematical de nition of community, each method
is not necessarily exactly comparable with another given that each set of researchers
may de ne community di erently. Methods for partitioning graphs usually require that
the number of partitions is known in advance which is not usually the case for complex
networks. Modularity methods which were rst explored by Newman and Girvan, do
not have this issue and are popular because they also evaluate the quality of the parti-
tioning. Other methods which have their basis in community detection are algorithms
based on structural equivalence [57], stochastic block model methods [65], [70] , [69], and

hierarchical clustering algorithms [30].

2.5 Anti-Communities

Detecting communities allows us to identify components that are functionally related.
However, not all communities in complex networks possess this structural feature. The
term “anti-community’ was rst used by Newman in a 2006 paper where he described
bipartite and multipartite structures in networks [63]. An anti-community can be de ned

as an area of a network which has a signi cantly low density of connections between its
nodes but a high density of connections outside of it. While there has been much discus-
sion within the eld of detecting areas of densely connected nodes|communities, there
has been much less investigation of algorithms to locate anti-communities.

The idea of clusters or communities in a network has to do with shared characteristics

of that network. It is noteworthy that some networks have communities with opposing
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properties where the nodes have no connection with other nodes, that is, little to no in-
ternal edges but many external edges. Two major studies of anti-communities have been
with protein-protein interactions and con icts in traditional Chinese medicine [27],[88].
These anti-communities can also be viewed as bipartitions since they are those areas
where there is less density between nodes. Finding anti-communities is closely connected
to nding communities in the graph complement. Mathematically, the same principle
can be applied as they are comparable. Practically, the runtime complexity represents a

signi cant barrier in a dense graph that exceeds a certain number of edges.

2.5.1 A Spectral Bipartization Method

Using the spectral structure of a bipartite graph to calculate a permutation in the node of
the V; and V, sets provides us with a method of detecting communities in bipartite graphs.
Once the permutation is calculated, we can approximate and then construct a bipartite
graph to a connected, undirected grapls which has a perturbed bipartite structure. The
authors of this approach were unable to deduce a complete convergence approach and so
have classi ed this method as heuristic [17].

With this approach, there are three problems that need to be addressed. The rst
is determining a way to estimate the size of set¥; and V,. The authors determine
cardinalities ofn; and n, by nding the number of eigenvalues that are around zero. The
most reliable method they found was to gure out the largest gap between the small and

large eigenvalues by computing the ratios

where ; is the large eigenvalue and considering the index set for the chosen constats

and . The index set is as follows

J=fi2fL12:::;n 1g: >R andj i« > @ (2.24)
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A signi cant gap between ; and j;; denotes thatJ (see 2.24) has an index. 18 is
empty, then the cardinality of V; and V, are considered to be the same.

The second issue is ordering the nodes @ in a suitable fashion. To address this
issue, G is assumed to be bipartite and yet the adjacency matribA parallels with the
nodes in random order so that

A= Ag T
2 3

Onl C . . .
where Ag = 2 E Oy is the k  k zero matrix, andC = [c;] 2 R" "2 with
CT O,
cj > 0: The eigenvector matrix is partitioned so the structure of the eigenvector can be

recovered.
The third issue is how to approximate the adjacency matrix by a matrix of the form

2 3
O, C g

CT O,

ABZQ

First, the eigenvector matrix is approximatedWg by solving

2 3 2 3

gul U2 U3 g ngl W12 W13Zg
vV O V Wa1 Wi WpsZ

MINYT §y=vTv= 10,007 Up=Ling np =
F
(wherek : ke denotes the Frobenius norm) and then approximating the eigenvalues using

speci ed scalars [17].

2.5.2 Anti-modularity

In 2014, Chen et al. published a paper proposing the term “anti-modularity’ to quanti-
tatively measure anti-community partitioning in a network by using a label propagation
algorithm [13]. Their rationale for proposing this measure was that all the community
detection methods that were adapted to nd anti-communities would not necessarily re-
sult in the best partitioning for these anti-communities. Consequently, they claimed these
adapted methods would not be as precise or as accurate [13]. They de ne anti-modularity

as \the di erence between the number of paths connecting the vertices within groups pass-
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ing a vertex in other group, and the expected number in an equivalent network with edges
placed at random" with positive values showing the presence of anti-community struc-
ture with the larger the value of anti-modularity, the larger the anti-community. The
anti-modularity is de ned as:

11X X X dd

Q= — ( akay —2)
n n
g=1 vj2vg k=1

To maximise the anti-modularity within all the possible graph partitions, nding the
anti-modularity becomes an optimisation problem with it being expressed in terms of the

eigenvalues of the anti-modularity matrix

1
M= ATA ﬁDTD

on to show how reliable their measure is by maximising the anti-modularity by clustering
the column vectors of the graph in the adjacency matrix which leads to an NP-complete
problem [66] since we do not know the size of the communities and guessing will pre-
vent the best solution from being found. High values o represent an anti-community
partition of high quality so optimising Q over all the possible groupings to nd the best
one would seem logical. Carrying out a search of all the vertices would require a massive
amount of time, so they devise a label propagation algorithm which is faster than all other
methods in the literature [13]. They then test their algorithm on arti cial and real-world

networks.

Further to their work, Zhu et al. have proposed two heuristic methods that attempt
to minimise modularity and Fasino et al. puts forth a spectral method to simultaneously
detect both communities and anti-communities using modularity minimisation or max-
imisation [27]. There are few dedicated algorithms for anti-community detection and the
ones that do exist are either not feasible because of the storage space it would require and

the runtime [53].
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Since the optimisation problem is NP-hard, heuristic approximation algorithms where
a greedy algorithm makes a locally optimal choice rather than searching for a global

optimum which would take much more time.
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Random models with community

structure

3.1 Random graphs and graph generators

Working with random graph networks can provide us with insight into some of the issues
we encounter when trying to analyse real world networks, so long as the randomly gen-
erated networks su ciently resemble real-world networks. It is well known that some of
the basic random models lack crucial features that are important in practice and we aim
to devise methods to overcome this lack. For instance, there are many applications where
scientists and engineers need to isolate small fragments to understand their role within
the whole system and techniques to quantify these fragments or subgraphs can be very
useful. The frequency of fragments that inevitably arise through network connectivity
may be dissimilar to equivalent random networks, hence poorly chosen random networks
may not be useful for inferring behaviour in real world networks [25], [22].

In this section we describe some popular random graph models and list some of their

properties.
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3.1.1 Erd}s{Renyi

Probably the simplest model of random graphs is the Erdys{Renyi (ER) model. Erdds
and Renyi characterized a class of random graphs and showed that many of the prop-
erties of such networks can be calculated analytically. This minimal model consists of
n nodes, joined by edges which are placed between pairs of nodes chosen uniformly at
random. Erdds and Renyi gave a number of versions of their model. The most commonly
studied is the one denoteds,,, in which each possible edge between two nodes is present
with independent probability p, and absent with probability 1 p. Technically, in fact,
the model is the ensemble of graphs @f nodes in which each graph appears with the
probability appropriate to its number of edges [25],[22].

We list some properties of the random graph model. To fori®,,,, each pair out of

N = @3 pairs of nodes is connected with probability.

1. The mean number of edges is = 20D
2. The expected node degrde=(n 1)p.

3. The probability p(k) follows a binomial distribution of the form

plo= " 1 o1 pn Lk

For large n with xed Kk, p(k) become

e KKk

P9 = =

which is the Poisson distribution.

4. The average path length for large with xed kis|(G) = ”I‘nr(‘k) + 1 where 0:577

is the Euler{Mascheroni constant.

5. The Watts{Strogatz clustering coe cient is C = p which means that the clustering
coe cient for sparse Erdds{Renyi random networks is very small, much smaller than

for real world networks with the same density [22].
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6. As p increases, most nodes tend to be clustered in one giant component, while the
rest of nodes are isolated in very small components and the structure@f,, changes

as a function ofk, giving rise to the following three stages.

~ Subcritical (k < 1), where all components are simple and very small. The size

of the largest component isS = O(In n).
" Critical (k = 1),where the size of the largest component i@(n%)nodes.

" Supercritical (k > 1), where the probability that (f nN<S< (f+ )n
is1whenn!1l ; > 0; and wheref = f (k) is the positive solution of the
equatione X =1 f. The rest of the components are very small, with the

second largest having size about im

7. The largest eigenvalue of the adjacency matrix in an ER network grows proportion-

ally to n so that lim,; &) = p,

2(A) — 0

n

8. The second largest eigenvalue grows more slowly than In fact, lim

for every > 0.5.

9. The most negative eigenvalue grows in a similar way ta(A). Namely, limy; -4

O for every > 05.

10. The spectral density ofG,,, follows Wigner's semi circle law [22].

Figure 3.1: Erdys{Renyi degree distribution for an instance.
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Figure 3.1 shows degree distribution for average of 100 instances of an Erdys{Renyi

network with n = 100;p=0:1.

Figure 3.2: Erdys{Renyi eigenvalue distribution.

Figure 3.2 shows the eigenvalue distribution for an instance of an Erdys{Renyi net-
work with n = 2000; p = 0:1. Notice the small uptick at the right hand edge of the graph
(thisis ;) [25][22].

3.1.2 Scale-free networks

While ER networks are a very useful theoretical tool they lack an important property
found in many real-world networks, namely that while most nodes have only a few links
to other nodes, a small number of nodes are highly connected with a huge number of links
to other nodes. This leads to the observation that real-world networks do not have nodes
with a typical number of neighbors, and in this sense these networks are scale-free. The
modern investigation of scale-free networks began with Barakasi and Albert.

To generate a Baratasi{Albert (BA) network we begin with an initial connected
network of my nodes. New nodes are added to the network one at a time. Each new
node is connected tad mg existing nodes with a probability that is proportional to
the number of links that the existing nodes already have. This process is known as

preferential attachment. For example, we assume that we begin with a connected ER

70



Chapter 3 { Random models with community structure

network G = (V;E) with mg nodes. In this case the Baralasi{Albert (BA) algorithm
can be understood as a process in which inhomogeneities in the degree distribution of the
Erdds{Renyi (ER) network grow in time.

We summarise some key properties of BA networks.
1. The probability of a node with degree&k d is

o 2dd 1)
)= fr ks K

that means the distribution resulting from the BA model close to a power law (power
law are usually represented on logarithmic scale then appears as straight line but
the degree distribution of some models do not look so smooth) as in Figure 3.3 with

n =1000;d = 10.

Figure 3.3: The degree distribution of a model BA network

2. The average path length of the BA model is

_Inn In(g) 1
~ Inlnn+In(9)

3
+ 3.
2

where is the Euler-Mascheroni constant.
3. The cumulative degree distribution isP (k) k 2

4. The expected value for the clustering coe cient, isC = d—;@ asn!l
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5. As shown in Figure 3.4 the spectral density of BA model has a di erent shape from
the semicircular spectral density of random graph. It has a triangle-like shape with

the top lying well above the semicircle and edges decaying as a power law [25], [22].

Figure 3.4: Spectral density of a model BA network.

6. The largest eigenvalue of the adjacency matrix in BA network increases approxi-

mately as n [2].

3.1.3 E ect of adding triangles on fragments (ER, BA)

Motifs and Fragments

Given the signi cance of fragments in real world networks, the frequency with which they
appear suggests that there is a function or logic to this over expression. Adapting random
networks to re ect real world networks by taking the average nodes that have the same
degrees as real ones, we can see which fragments can be over and under represented.
A fragment that appears in a real network an equal or greater number of times than
in random networks is motif. Conversely, fragments which appears less frequently than
would be expected are anti-motifs.

Real world networks contain small structural pieces that occur with certain functions
of the system see Figure 3.5. Isolating these pieces helps us to understand how they work

and how the roles in the system work together.
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() Triangle (b) Bi-fan

Figure 3.5: Triangle and Bi-fan

Various techniques will be discussed to determine the number of these fragments
within a network and whether or not their presence indicates a signi cant function or is
simply a re ection of a random process. Another way to describe these fragments are as
subgraphs. Some techniques to count di erent types of subgraphs include counting stars
and using closed walks. These two techniques can also be combined. Other techniques can
be used to nd subgraphs with a diamond shape. While subgraphs with certain shapes
can certainly be found in connected networks, their occurrences may be random as we
can identify when comparing real world graphs to random graphs. In this circumstance,
we cannot use these occurrences whether frequent or not to explain how the structure
of that network evolved. Nevertheless, over expression of a fragment beyond that which
would be expected suggests there is a structural or functional reason. We can consider
this subgraph or fragment to be a network motif when the probabilityP? of its presence
in a real world network an equal or greater number of times than in a random network is
Pc = 0:01. Quantifying statistical signi cance is calculated using the -score £;) where

Nireal h Nirandom i,

Zi = ——F@«—, Where random s the standard deviation of the number of times that

I appears in an ensemble of random networks and the relative abundance of a particular

fragment as measured by

Nireal h Nirandomi .

i = =
Nireal + mirandoml

(3.1)

where N/ is the number of times the subgraph appears in the real network and
hNfandom i s the average of the number of times that appears in an ensemble of random

networks. If ; is close to zero then the frequency is about right. If it is positive then the
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real network has more than the random network and the fragment is a motif. A de ning
characteristic of network motifs are that they are speci c to a particular network but it
should also be noted that families of networks can be found if they share the same group-
ings of motifs. Subgraphs are over represented in some networks and underrepresented in
others as is usually the case for motifs in undirected networks. This under representation
where fragments are less frequently found in real world networks than in a corresponding
random network are called anti-motifs.

In our experiment we look at the frequencies of a number of small fragments, is
a path of length two, F, is a 3-cycle (or triangle),Fs is a path of length three,F, is a star
with 3 points, Fs is a 4-cycle (or square)Fe is characterized by having a node which is
simultaneously part of a triangle and a path of length one, often known as a tadpole;
Is a diamond, Fg is a 5-cycle (pentagon)F, is characterized by having a node which is
simultaneously part of a triangle and a path of length twoF,q is characterized by having
a node which is simultaneously part of a 4-cycle and a path of length orte,, is reindeer,
F1, Is characterized by having a node which is simultaneously part of a triangle and a
path of length two, Fy3 is bowtie, F14 is a house and~;5 is 6-cycle. We expect that only
some of the fragments would be motifs in real world networks and some of them would

not [25].
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F1
Fu
F2
F7
F
F, 12
F
Fo 13
Fa
Fo Fia
Fs
Fio Fis
Fe

Figure 3.6: F1; Fy; F3; Fa; Fs; Fe; F7; Fg, Fo, F10, F11, F12, F13, F14 and Fs.

To explore the question of whether real world networks have motifs, we examined
ten real networks (Dolphins, ColoSpg, Centrality, Pin Malaria ,Corporatepeople, Canton,
GD, Drugs, Little Rock and Stony) representing di erent system in the real world by
computing 15 fragments~;-F;5. These are illustrated in Figure 3.6. It is well known that
triangles frequently appear as a motif in real-world networks.

We wanted to see the e ect of arti cially adding triangles to random networks and
a Block Two-Level Erd)s-Renyi (BTER) model, which has a community structure in the
form of dense ER subgraphs and matches well with real-world graphs. In the rst level,
BTER builds a collection of ER blocks in such a way that the speci ed degree distribution
Is respected, and the second level interconnects the blocks [77].

The benet of the BTER model are its dense ER subgraphs and that it pairs well
with real-world graphs. In what is termed the preprocessing state, the nodes that have

degree 2 or higher are grouped into communities. The desired degree distribution is
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designated asd;. Though the process is more complicated, roughly speakinigvertices
that are close to d are placed in certain scale-free communities. Theby, represents the
kth community and k; is the assigned community for the node.

In level 1, each of the distributed communities from the preprocessing stage has links
modelled using the ER model and their connectivity used as a parameter of the model.
Clustering coe cients for real graphs show that degrees with lower vertices have a signi -
cantly higher clustering coe cient than the ones with higher degrees. The connectivity is
then adjusted as these results illustrate that large communities are less closely connected
than smaller ones. Overall, these connections tend to be dense leading to larger clustering
coe cients.

In level 2, the same communities that have been locally linked are now globally
linked by applying a Chung and Lu (CL) model to the excess degree, of each node. It
is computed using 8

2 1 if d=1
T3 o N
T d k( Gk]j 1); otherwise
where Gy is the size of communityk. Duplicate links are discarded. It should be noted
that in this level, generating extra edges to account for repeats and self-loops can be done.
Overall, these connections tend to be sparse leading to heavy-tailed degree distributions.

Comparisons of the BTER to real world networks are well-matched with any degree
distribution. However, where the BTER truly stands out is when considering the cluster-
ing coe cient where it is seen to provide a much closer match to the real data than other
models such as the CL proving the BTER builds communities of di ering sizes while also
producing a heavy tail. Thus, itis a tting model to test algorithms and architectures for
interaction graphs, that is, graphs of social relationships, collaboration, computer network
tra c, and the like. The added benet of the BTER is that it is scalable and in fact in

level 2 could be used to compute the exact excess degree and complete the graph [77].
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3.1.4 Methods

1. The 15 fragments for real world networks were computed using Matlab to nd the

number of nodes, number of edges and the 15 fragments.

2. We used the Erdys{Renyi model, the Baralasi{Albert model and BTER model and
adapted them to the networks being studied in this experiment by xing the nodes
to match the real-world graphs and ensuring that on average the number of edges

was matched, too.
3. We computed the fragments for each one.

4. We calculated the relative abundance of each given fragment by using the statistic
i de ned in equation (3.1). If ; is close to zero then the frequency is about right.
If it is positive then the real network has more motifs than the random network.

If it is negative then it has less than the random network. If a subgraph is under

represented it is known as anti motifs.

5. Then we added triangles to both models (the Erdys{Renyi model and the Baralasi{
Albert model) so that they had approximately the same number as their real world
counterparts. To add triangles we target 2-paths in A which are not yet triangles.
These can be identi ed by nding entries ofA2 which are nonzero while the corre-
sponding entry ofA is zero. IfA(i;j) = 0 and AZ2(i;j ) > 0 then by setting A(i;j )
and A(j;i) to 1 we have added a triangle. Adding (random) edges adds (at least)

k new triangles.

6. Then re-computed the new ;

Nireal h Nirandom+ Ti

i = .
Nireal + mirandom+ TI
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7. Finally, we made a table for each network. The table contains 19 rows and 7

columns. The main row contains real world networks,; before adding triangles to

ER and ; after adding triangles to ER, ; before adding triangles to BA and

after adding triangles to BA and ; for BTER, The main column contains a number

of nodesn, number of edgesn, the average of edge for random networks;;, F,,

Fs, Fa, Fs, Fs, F7, Fg, Fo, F10, F11, F12, F13, F14 and Fys .

We compute the speed of the algorithm in the following table and we see that the time

increases as the number of nodes increases:

Networks n m C3 | Time for ER+T | Time for BA+T | Time for BTER
Dolphin 62 159 95 0.3 0.8 26
ColoSpg 324 | 347 17 0.4 14 25
Centrality 118 | 613 | 1107 0.6 15 13
Pin Malaria 229 | 604 201 0.8 1.8 14
Corporate People| 1586| 11540 28002 22.4 449 371
Canton 108 | 707 116 0.4 15 14
Drugs 616 | 2012 | 3598 5.9 4.1 21
GD 249 | 635 327 0.5 2 14
Little Rock 181 | 2311 | 10489 3.1 5.4 21
Stony 112 | 830 124 0.6 1.6 14
Table 3.1: The speed of the algorithms in milliseconds.
3.1.5 Results

We colour the results in the following tables by green if the relative abundance is in the

range [ 0:2;0:2] and by red if it is not in the range [ 0:2;0:2].
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In the Dolphin, Centrality and Corporate people, Pin Malaria, Drugs and GD we
can see that the relative abundance of BTER is the best. In Dolphin, Centrality ,Canton
and GD the relative abundance is decreased after adding triangles to Erdds{Renyi model

and Baralasi-Albert model.
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Table 3.3: ColoSpg fragments.

80



Chapter 3 { Random models with community structure

_ 611 516

_ 12119 - -0.0541| 0.0112| -0.057 | 0.0901
_ 1107 - 0.0213- 0.2495 | 0.0688
_ 205833- -0.0665‘ 0.1226‘ -0.053 | 0.1504
_ 126075- -0.1052_ 0.1607
_ 14682 - 0.0693 - 0.2504‘ 0.1546
_ 80494 - -0.0184- 0.0092‘ 0.1391
_ 13395 - 0.1231 _ 0.1096
_ 180042- 0.0757 - 0.2424‘ 0.2377
_ 1414176- -0.0752 -0.1252- 0.2206
_ 1434083- 0.0447- 0.0515 | 0.2317
_ 1766160- -0.0212- -0.071 | 0.2148
_ 1242809- -0.0195- 0.1054 | 0.203
_ 135737- 0 - -0.011 | 0.1988
_ 431360- 0.1662 _ 0.2054

Table 3.4: Centrality fragments.
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Table 3.5: Pin Malaria fragments.
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1586

11540

12333 12328
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28002 -0.2382 0.005
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1679811 -0.0004

186566 -0.1674 | -0.2252
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3438272 0.226 -0.0456
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1650501

-0.24

Table 3.6: Corporate People fragments.
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Table 3.7: Canton fragments.
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— . e 1600

_ 29327 - -0.0298| -0.08 - 0.0287
_ 3598 - 0.0602- -0.0888‘ 0.0376
_ 376645 - -0.1886‘ 0.0665- 0.0487
_ 246315 - -0.2008_ 0.0581
DR o[ -o: [ oo

Table 3.8: Drugs fragments.
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B

P s

_ 633 710

B = oo R -
_ 327 - -0.098 - -0.0618| -0.0554
D o oo [ o
_ 13130- 0.0913 _ -0.0167
_ 1191 - 0.1178‘ 0.1997‘ -0.1946‘ -0.1048
_ 7704 - -0.0201‘ -0.1093- -0.0909
_ 1106 - 0.032 - -0.1319| -0.1799
_ 4504 - 0.2301 ‘ -0.0426- -0.2339
_ 34626- 0.0487 _ -0.1306
R [ o [
_ 60271- 0.0466 _ -0.1867
_ 53207- 0.0055 ‘ -0.0709- -0.1795
_ 3091 - -0.0547‘ -0.0299- -0.1973
[CTZRENN 2oss|ESHINEG) -o1--- ESE00H| G555

Table 3.9: GD fragments.
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181

2311

2307 1917

95534 0.236 | 0.2325| 0.2334 | 0.2421

10489 0.1125

3603217

1708591

0.2114‘ 0.2097

421275

1532094

368113

9541185

44856088

75582987

70771628

56210239

6999260

28332235

3.22E+08

Table 3.10: Little Rock fragments.
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112

830

825 655

18544 0.2081 | 0.2294 | 0.2337 | 0.1886

124

396443

158231

0.0872 ‘ 0.0961

55704

8825

865

50051 -0.1445 ‘ -0.2418‘ -0.232

123556 -0.1486

5419604

202645 -0.2441

169920

2335

66644 0.2039

1548957

Table 3.11: Stony fragments.
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3.1.6 Conclusion

In this study, we used random models because random models are good for testing the
properties of real-world networks but some existing models lack something that the real-
world networks have. So, In this experiment, we added triangles to the random networks
and we examined ten real networks by computing 15 fragments. Then we compute the
abundance of fragments. In some cases the e ect of adding triangles is marginal. But
sometimes we nd that many other fragments appear in much more realistic frequencies.
For example, in Tables 3.2, 3.4, 3.7 and 3.9 ER+T does well. For almost Tables, BTER
Is the best but much more expensive.

As the existence of these motifs and anti-motifs most likely re ects some structural
or functional properties in real world networks, adapting these random graph models to
more closely re ect the structures of real world networks should prove useful for further
applications of random graph modules to better understand real world networks. So,
our conclusion is if we target triangles we a ect many more other types of fragments.
Sometimes we are very successful in bringing everything in line. The network has much
more of the structure of a real world network by doing one simple change making them
much more suitable for simulations that mimic real world examples. The reason why some

networks are amenable to this process and others aren't is a topic for future research.
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Measuring Bipartivity

4.1 Introduction

Bipartite networks are two sets of nodes connected by links without links in each set.
These \two-mode" networks where two sets of nodes are connected by links that represent
the relationships between them are described as bipartite [26]. However, some networks,
though they do not strictly meet this de nition are not completely random and have
some bipartitivity. These can arise when the agents within the network tend to collect in
diverse groups [39].

There are a lot of real networks represented as bipartite. For example, a set of buyers
and a set of sellers: there are links between buyers and sellers in general, but sometimes
there are sellers who buy from other sellers. So, the network is no longer bipartite [25].
Also, citation networks in which a set of nodes represented the authors and the other
set represented the papers. In general, bipartite graph structure can be found in many
real-world networks outside of the biological elds. For example, actors and movies they
appear in, scientists and papers they authored, P2P exchange networks, queries and URLSs,
users and items for recommendations, and analysing internet tra c [68]. Systems that
naturally occur as bipartite networks include biochemical networks of chemical substances
and chemical reactions and a liation networks with organisations and individual actors

in that organisation. Then there are networks that are nearly bipartite such as ones where

there is a tendency for individuals to collect in diverse groups such as in human sexual
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contacts and human romance or partnerships. In a webgraph, it has been suggested that
in a graph of the world wide web, small bipartite subgraphs have a hub-authority bipartite
structure within communities on the web [49].

Applications include the links between enzyme-reactions and metabolic pathways, gene-
disease linkages or an ecological network. It should be noted that there has been focus
on unipartite graphs but less attention to the unique insights bipartite graphs can bring

to biological sciences.

The existence of bipartite graphs has given rise to various algebraic and spectral
applications being modi ed to analyse them since many of the methods that exist to
analyse unipartite graphs are not suitable to the bipartite structure [51].

Disassortative mixing or anti-community occurs where vertices have most of their
connections outside the group and have few to none connections inside the same group
[13]. In situations where networks consist of two such anti-communities, detecting the
largest bipartite subgraph within a given graph is necessary. These bipartite graphs are
also known as two-mode networks [39].

Before discussing bipartivity measures we give an example to show why it might
be useful in practice to measure closeness to bipartivity taken from [23] where it was
observed that one can nd a degree of bipartivity in a network depicting communication
between airports; almost all communication is between the partitions while there is little
between members of the same group. The authors focused on European airline networks
to see how varying degrees of bipartivity a ect their e ciency.

Thirty-three airlines were studied in total with 25 being \traditional" airlines and
8 being \low-cost". The airports represented the nodes and the ights between them are
edges. The authors showed that that traditional airlines appear to be much more bipartite
than low cost airlines. They have observed large di erences between traditional carriers
and the low-cost airlines, being the bipartivity of the latter ones much smaller than that
of the former. Then, they have shown that alliances and major mergers of traditional

airlines lead to a decrease in bipartivity.
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To show how bipartivity can a ect e ciency, we can use an example of a passenger
from City A who is visiting two cities: City B and City C. After her trip she ies back
from City C to City B to go back to her home City A. If her airline belongs to an alliance
of airlines then she may be able to go directly home to City A from City C which amounts
to considerable savings in time and money for both the passenger and airline [23]. Estrada
et al. (2016) measure transportation e ciency as the ratio of the number of passengers to
the number of hours own by a carrier. Increasing e ciency means decreasing the degree
of bipartivity and is shown when the number of passengers (in millions) is divided by
the hours own and plotted against the bipartivity of air transportation networks. Thus,
we can see that a low degree of bipartivity in a transportation network drives airline
e ciency. Without a way to measure bipartivity, ine ciencies like the one just discussed
would be more di cult to identify [26].

This chapter aims to give a thorough review of characterisations of bipartivity. We
establish their equivalence for bipartite networks but when we look at \nearly" bipartite
networks we will see that the level by which that the characterisations fail can vary wildly.

We discuss in detail the appearance of bipartivity and near-bipartivity in real world
networks and more generally in graph theory to highlight the importance of the subject.

The main contribution of this chapter is to use the characterisations of bipartivity
to derive and analyse a number of measures to determine how far a network is from a
bipartite network. Some of these measures have appeared previously for exaniplen
equation 4.2, and some of them are new for example the meastrg¢ but we believe
that our comparison of them is new and adds valuable perspective. We show that the
di erent characterisations can lead to profoundly di erent conclusions about the level of
bipartivity within a network. For example we show that is possible to generate a network
that is arbitrarily close to being bipartite by one measure while being arbitrarily far by
another.

We support our analysis with comprehensive numerical tests both on real world and
arti cial networks.

The theoretical results in Section 4.2.2 are new, and along with the comprehensive

characterisations of bipartivity, they have been published in [3].
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4.2 Characterising Bipartivity

SupposeG is a simple network with adjacency matrixA and spectrum

where 2 n (we will make this assumption throughout this chapter). The

classic de nition of network bipartivity is as follows.

De nition 4.2.1. A network is bipartite if the nodes of the network G(V; E) can be
divided into disjoint setsV = V;[ V, such that for all (u;v) 2 E, eitheru 2 V; andv 2 V,
oru2 V,andv 2 V;.

We note that the network with n nodes that is the least bipartite isK ,, the complete
graph. There are a number of other characterisations that have been proposed in the

literature as encapsulated in Theorem 4, below. First, we introduce a useful Lemma

Lemma 2. A simple graph has cycles of odd length if and only if it has closed walks of

odd length.

Proof. ) Trivial. A cycle is a walk.
( Suppose we have a closed walk of odd length 3, fromu to u, say. If the walk
is a cycle then we have nothing to prove. Otherwise there are nodes on the walk which

we visit more than once. Suppose one of theseviend the walk goes
u! ! v! ! v! ! u:

Either the section of this walk fromv to v, or the walk that skips this section, is a closed
walk of odd length< p. If this closed walk is a cycle then we are done, otherwise we
repeat the process on the new odd length closed walk and one of its repeated notes. This
nite process will end when our odd length closed walk no longer has repeated nodes and

Is therefore a cycle. m
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The following is a by no means exhaustive list of equivalent characterisations of
bipartivity. All of these conditions are well known but we have collected them together

for the rst time.

Theorem 4. If G(V;E) is a simple connected network with adjacency matriA then the

following conditions are equivalent.

1. G is bipartite.
2 3

O B
2. A of G can be permuted tog iz;
BT O

3. G has no cycles of odd length.

4. G has no closed walks of odd length.

5. tr(sinh A) = 0.

6. The modularity of the bipartition is  1=2.

7. The spectrum ofG is symmetric about O.

9. The signless Laplacian is singular.

10. The normalised Laplacian has maximum eigenvalue 2.

L 1 X
11. The subgraph centralisation ofc equalsﬁ cosh( ;):

j=1
12. The spectra of the signless Laplacian.{ = A + D) and the graph LaplacianL =

D A coincide for a bipartite graph.

The results 2,3,4,7,8 and 12 are standard text book results and 5,6,9,10 and 11 can

be found in [9, 19, 23, 48].
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Proof. (1) 2) The vertices ofG can be split into two disjoint setsV = V;[ V, such that
for any edge inG once incident node is inV; and one inV,. SupposgVj = n, jVij = ny,
V2] = ny then order the rows of the adjacency matrix so the rstn; rows correspond

to nodes inV; and the nal n, to those in V,. By de nition of bipartivity,z Ay = O:j,f
i) 2f1;:;ngorifi;j 2fng+1;:::;ng, SOA has the desired structuréA = 2 © B E
BT O

(2) 1) Use the permuted form of the adjacency matrix to partition the nodes into
disjoint setsV; and V,. SinceA,, = 0 for any two nodes in the same patrtition, there are
no inter-partition edges andG is bipartite.

(1) 3) SupposeG is bipartite and it has an odd cycle {1; V,; ::1; Vok+1 ; V1). Suppose
vi 2 Vi, then by de nition, v, 2 V, and vz 2 Vi, sovy 2 Vo and Vg4 2 Vi, But Vo is
connected tov, sovy1 2 V; a contradiction.

(3, 4) From Lemma 2.

(4) 1) Choosex 2 V and partition nodes intofX;Y g wherev 2 X , d(v;x)
even (whered(u; v) represents shortest path distance betweanandv). Clearly X \ Y =
;X [ Y = V. Suppose there exists;; v, 2 X, vy is adjacent tov, (or two such nodes in
Y). Then consider the following walk:x ! I vi!lo v ! I X where we follow
the shortest path fromx to v; and from v, to x. This is a closed walk of odd length,
which is a contradiction. We can conclude that i, is adjacent tov,, v4 2 X andv, 2 Y
or vice versa andG is bipartite.

(4, 5) Note that all elements of all powers oA are nonnegative. Henc& has no
closed walks of odd length 8 i;k; (A%*1); =0,8 k;tr(A%*1)=0, tr(sinh(A))=0.

1, 6)

For a partition into two sets we can use the formula for modularity

1 KkT
Q_HS (A %)s

wherem =j E j, A is the adjacency matrix ofG, k is the vector of degreesk; is the

degree of node and s is an indicator vector withs; =1if i 2V, s55= 1ifi 2 V..
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make use of the following quantities

X X X X X
ki = Ki; ko= Ki; ki1 = aj;, Ko = aj; K= aj
i2Vq i2Vo irj 2Va i5j 2V2 i2V1;j2V2
Note that
+
Kiz=m tku * k) 5 z) yKi = kig+ kip = m+ th kez) > kzz) ko=2m ki=m+ (ke K1) 5 kua)

Partition s and A according toV; and V, and let e and e®® be vectors ofls of lengths
n, and n,. Then
2 32 3

A, A e
STAs= 7 o T TR
Az A e

£ = e AW+ e AL 26T A Le?

So
STAs= Kyg + koo 2Kz = 2(kygp + Kz m):
And
STk = e(l)Tkl e(z)Tkz = kll k22:
Hence
1 (k11 kao)? 1 kip+ ko (ki kp)?
= —(2(knn+ k )= =+ :

Note that if ky; = ky, = 0 then Q = 71 the desired equality for the case of an exact

bipartite. But for a general bound we note that 2n  k;; + ky; hence

1

1
Q > + W(Z(kll"' k22)?  (Kiz  Kkz2)?)

1 1
= - + w((kll + k22)2 + 4K11K22)
1
2

with equality at the least step if and only ifky; = ko, =0
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1) 7
Suppose thatG is bipartite and is a non-zero eigenvalue of the adjacency matrix

A, then there is a vector 2 3
=974
Va2
such that 2 32 3 2 3 2 3
§ © B%?”E §5%:2-9 .
BT Vs BTv, Vs
Thus Bv, = viyandBTv; = v, Note also thatasv 60and 60 ) v, 60 and
v, 6 0. So we have
2 32 3 2 3 2 3 2 3
§° B%ﬁ“% § BV g Vl%— "%
BT Vo BTv, Vo
and Is also an eigenvalue of the adjacency matrix which con rms that the spectrum
of G is symmetric about zero.
(7) 8)If s an eigenvalue of the adjacency matrix then is also an eigenvalue.

So, if 1 is the most positive eigenvalue and ,, is the most negative eigenvalue then

1= n-
8) 1)
Suppose that ; = n. Let x be the eigenvector of , andy be the vectory = jxj.
Then
TAX A(u; v)x(u)x(v) A(u; V)ix (u)jix (V)] Ty
JnJ_J J uv T uv T 170 ° 1
X' X X' X] y'y

For this to be an equality, it must be the case that all the termsx(u)x(v) 0 whenever
A(u;v) = 1. By the Perron-Frobenius theorem,x must have both positive and negative
elements (since it is orthogonal to the Perron vector which is one-signed). Hence (i)

and x(v) are of di erent signs, A(u;v) = 0. Thus splitting nodes according to the signs

of x gives a perfect bipartition of the graph.
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1, 9

First note that Q = A+ D = RRT whereR is the vertex-edge incidence matrix of
graph G. Then for nonzerox, Qx = 0, RTx = 0 which can happen if and only if for
every edge (; V) in the graph, x, = X, which can if and only if G is bipartite and u and
v are in opposite partitions [18].

(1, 10) For a bipartite graph the eigenvalues of the normalised Laplacian =
| D 2AD %2 can be deduced fronf' = D “AD %2 and clearly 22 (L) if and
onlyif 12 (£). Nowl Oandx = Dze is clearly the Perron vector of(® with
eigenvalue 1. We can now follow the proof of (1 8).

(1) 11) The subgraph centralization is de ned aSC(G) = %tr (e"). We can use
the identity

Now SC(G) can be expressed as the sum of two contributions, one coming from odd and

the other from even closed walks, that is,

X
SC(G)= = [cosh(;)+Sinn( ;)] = SC(Glawen + SC(Goas
j=1

P
If G is bipartite, then by point 5, SC(G)oqq = +

n

jn=1 sinh( ;) =0, therefore

1 X
SC(G) = SC(G)even = - cosh(;):

j=1

11) 1)
%tr( e) = %tr(cosh(A)) + %tr(sinh(A)):

We know that ttr(sinh(A)) 0 and by 5 tr(sinh(A)) =0 ) G bipartite.
1z, 1) o
BT

3
letL=Dp A=§"" Plg=%§" ®Z-q:
D, 0
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2 32 32 3 2 32 3 2 3

oug=§" °z§° Prg' °z-9° Prg' °1-¢° Pr_.,
o | BTDZOI BTDZOI BTD2

L and S are similar So they have the same eigenvalues.

4.2.1 Bipartivity Measures

Using Theorem 4 we can characterise closeness to bipartivity in myriad ways. In this
section we introduce a number of measures. We want to identify computationally tractable
measures. These are generally inspired by algebraic properties of the adjacency matrix
and Laplacian of a bipartite graph.

Calculating the proportion of links that destroy the bipartivity in a network gives an
easy way to de ne the degree of network bipartivity. That is, we can measure the degree
of bipartivity by counting the minimum number of edges we need to remove to create a
perfectly bipartite network [25]. We will use the term \frustrated edges" to describe the
edges we want to remove. This term was introduced in [39].

Let myq be the number of such links in a networkG and m be the total number of

edges. Then the bipartivity of G can be measured by

Mg
= =1 -
b, = b(G) -
where the subindexis introduced to indicate that this index is combinatorial [25]. Clearly
k. = 1if and only if G is a bipartite.
If G = K, then we can computeh, explicitly since the nearest bipartite graph is
the complete bipartite graphK 1.2 (n even, with n2=4 edges) oK LEERE (n odd, with

(n?> 1)=4 edges).
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If nis even this meansng = n(n  2)=4 and ifnis oddmg =(n 1)?>=4. In either
case, limy; b, =1=2. For comparison with other measures, we will rede ne the measure

so that

and hence for all graphs 0 h, 1 with the upper and lower bounds being attainable in
the limit.

Unfortunately, this measure is extremely expensive to calculate in practice because
computing my is NP-complete, meaning that an e cient algorithm providing a solution
has yet to be found [25], but since it is such a natural idea we will be interested in how
our other measures compare against it. To that end, we provide some theoretical results
for certain model networks. And for relatively small networks, where its computation is
practical or where we can get decent bounds, we can give empirical comparisons.

A measure similar tob, was introduced in [39] which tries to quantify bipartivity in
terms of the energy in an underlying Ising model. This measure is, again, computationally
impractical so the authors present another measure which is computable in polynomial
time based on counting odd cycles. The authors note that even thoughy may be small
there may be a large number of odd cycles. This is a point we will examine in detail later
in this section.

For the measure, which we calb,, Holme et al. draw a parallel between frustrated
edges and edges that appear frequently in cycles of odd length and then attempt to get
reasonable estimates of the minimum number of edges one can mark so that every odd
cycle has a marked edge. To keep computational costs down, only cycles of relatively
short length are considered. The measure can usually be calculateddm?) time and
lies in the range [£2;1] with b, = 1 if and only if the graph is bipartite. However
the link between values ot, close to 1 and closeness to bipartivity are only established
heuristically and empirically.

In detail, the measure is calculated for a graples as follows. A valuemis chosen
to be the minimum value such thatG has at least 3n odd cycles of length less than or

equal to i (the choice 3n appears to be chosen for expediency). In many cases‘S.
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Letting C be the set of all odd cycles of maximum length the quantity (e) denotes the
number of cycles inC passing through the edge. It is assumed that if (e) is large then

e is likely to be frustrated. The algorithm works as follows.
1. Start with C,
2. Sort the edges in order of .

3. Repeat the following whileC 6 ;:

A

Mark the edgee with highest
" Remove all cycles inC containing e.

" Recalculate for each edge.

The number of iterations needed for this process is taken as the proxy fog

Rather than using odd cycles, we can derive alternative measures of closeness to
bipartivity by quantifying the frequency of closed walks in comparison to the number of
even walks or as a proportion of the total number of closed walks. This idea is introduced
by Estrada in [26].

This can be quanti ed using subgraph centralisation with the measure

P
_ SC(G)even _ SC(G)even _ J-n|51 COSh( j)

%= TSCG) - SCG)ment SCO)os . M€ (4-1)

1 P n 1 P
where SC(G)even = 5 ;=1 €Osh(j) and SC(G)oaa = 7

n

{=1 sinh( ;). Note that
by 1andbs=1if and only if G is bipartite. Furthermore, as sinh(;) cosh(;), 8 j,
then b, 1=2 [26].

The lower bound is reached foK,, asn!1 . One way of con rming this is through

spectral information. Since
(Ka)= [n 15[ 11 *

we have
coshpp 1)+(n 1)cosh( 1)

b = e l+(n 1le!l
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and

coshfr 1)+ (n 1)cosh( 1) _ im coshqh 1)

lim by(Kq) = lim o 1+(n Del = lin o 1

n'l

_ 1
=

A slight adaptation of (4.1) gives a measure of bipartivity in the range [A] as observed

in [23]. Here we compare the number of even and odd walks using the measure

_ tr(coshA) tr(sinh A)

b, = tr(coshA) + tr(sinh A)’

SinceA is diagonalisable this can be rewritten as

P, .
Dizle b tr(eA)_

e otr(er)’

b = (4.2)

From the fact that the spectrum is symmetric if and only if the network is bipartite, the

upper bound of 1 is reached only for bipartite networks. For the complete grapf,;

be_e(n D+(n 1e
e D+(n 1e!?

and clearly

lim b, =0:

n'l

We can introduce a raft of additional measures using the conditions outlined in
Theorem 4. We won't give an exhaustive list, but in order to compare measures we
introduce a selection below. We normalise our measures so that they equal 1 if and only
if a network is bipartite and so they have an attainable minimum of O (possibly for an
in nite graph, typically K, asn!1 ).

Our next measure exploits the observation that if the network is bipartite then the

spectrum is symmetric about 0 and so

S=ja1+ nj*tj2t ndt +j 1+ nj=0:
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On the other hand, forK,

S = o1+ nj+] o2t najtiiijat g

jn 1 1j+j 1 1j+j 1 1j+ +jn 1 1j

2(n 2)+2(n 2)=4(n 2)

for which limp,; S = 1. A measure of bipartivity is given by

If G is bipartite, then bs = 1=(0 + 1) while we see that forK,, bs! Oasn!1

We can also derive a measure based on modularity. Recall th@t= 1=2 if and
only if the graph is bipartite. In this case the least bipartite graph is one where we have
two complete graphsk,, connected by a single edge. To compuf@ for such a graph note
that the total number of edges isn(n 1) + 1, that the degree of 22 2 nodes isn 1

and the degree of 2 nodes is. Then

1] #
o= Xc JE_kJ 1 (X ‘ )2
m  4m2_ )
k=1 J2Vk
where we divide the nodes in a network intoic clustersVy; Vo :::; Vi

: : : . P P
jEcij= 3n(n 1) Ec, j= 3n(n 1) oy (k) =n(n D+1; 5 (k) =n(n 1)+1

%n(n 1) (n(n 1)+1)2+ %n(n 1) (n(n 1)+1)?

Q= nn D+1 an(m 1D+1)2 nin D+1 an(n 1)+1)2
_n(n 1) 1 , n(n 1) 11 1 1
) Q_n(n 1)+1 2) nn 1)+1 2 1+0 2 2

So to get a measure in the range Q@] we introduce

h=5 Q

NI
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Our next measure is the simple ratio

Where ; and , are the most positive and negative values of the adjacency matrix
respectively. This has been used in many places in the literature, for example [52].

From Theorem 4, the network is bipartite if and only ifb 1 with b =1 while for
the complete graphb =1=(n 1)andb ! Oasn!'1l

For example, for the bipartite graphC,, the eigenvalues are
fZCos[JF];j =1;2;::,2nQ:

We know that 1 cosf-] 1) 2 cosf] 2

NN
1
[ERN

[N

Closeness to bipartivity can be measured by the size of the largest eigenvalue of the

normalised Laplacian. We do this with the measure

b, =]l max (L n)J:

Again, we know from Theorem 4 thath , can only equal 1 for bipartite networks. For

the complete graphK,, we can compute the spectrum o explicitly since

and hence its eigenvalues are 0 and=(n 1) meaning

. o . 1
b, =1 max(Ln)i=j1 e L]
and
. 1
nlll{nn 1_0.
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Since tr(L) = nand 02 (L) for all graph, -5 is the minimum possible spectral radius
for the normalised Laplacian of any graph and hendg, O for all graphs.

We can use the signless Laplacian to measure closeness to bipartivity by

1

b_s - 1+ min(l—s)

recalling that a graph is bipartite if and only if L is singular.
For the complete graphK,,,Ls= D+ A=(n 2)| + E and hence its eigenvalues
aren 2and 2 2 hence
: . 1
nllllm b, = r|1|!r1n 1+n 2 0:

We collected all Bipartivity Measures in Table 4.1. Note that measures 4,5,7 and 8 are

new.

Bipartivity Measures

— m

1 =1 =
_ Jn_lcosh(J)

2 by o)

TN el tr(e?)
— 1
4 = &7
5 =3 Q
6 b = Lol

7] b, =]1 max(Ln)]

- 1
8 b‘s T 1+ min (Ls)

Table 4.1: Bipartivity Measures.
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4.2.2 Comparison of Bipartivity Measures

In this section we give various examples showing the disparity between bipartivity mea-

sures on a number of families of networks.

4.2.3 Example 1

Our rst example uses a \nearly" bipartite family of matrices suggested by Holmes et
al. in [39] illustrated in Figure 4.1. The network (agave graph) is generated by adding a
single edge to the complete bipartite graptk ,, (the edge is added to the partition with

two nodes).

Figure 4.1: A \nearly" bipartite network.

We label this graphG, . It has adjacency matrix

2 3

az§ @ B
En, P1

whereE,, is ann 2 matrix of 1s and

2 3
01
P = 9 g :
10
While G, has only one frustrated edge, it also contains many odd cycles and this leads to

a signi cant di erence between certain bipartivity measures. For example, consider the

_ n — tr(e )
measuresdh = = and k. = TR
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It is straightforward to compute the spectrum of A since it has rank 3 and the

nonzero eigenvalues are easy to track down. Note that

2 3
0 0
1 1
T
so 12 (A). Now let e be a vector of 1s and ik = T then
2 3
2 e
n+
and hence =2 ) (n+ )= =2 2) 2?2 n = 0 which is true if and only if
=(1 P 1+8n)=4. Hence
( P 1 P 1)
1 8n+1 1 8n+1
— n 1. 1. = . = .
A= [OF 5L s+ ——%— 15 —%—

Having computed the spectrum we can now compare the bipartivity measures, in partic-

ular their limits as n grows. Firstly,
b :(p8n+1 1):(p8n+1+1)

andb ! lasn!1l . Secondly,

P

= l+e+ez ~2 +ez"~z _ 2ez2cosh 8n+1+e+n 1,
—_ = 15 T - P— 1
N l1+el+eit BT ++el 25 2eicosh Bn+i+el+n 1

107



Chapter 4 { Measuring Bipartivity

henceh,! 2e 2=(2ez)=e lasn!1
Finally, we computeh.. The total number of edgesn = 4n + 2 and the number of edges

we want to delete to be bipartitemy = 1. So,

asn!l) ! 1.
So,b! 1h! 1andh! el
Next we examine measures based on the signless graph Laplacian matrix. If the
adjacency matrix is 2 3
a=§ © F
El, P

then the signless Laplacian is

2
2l En2
Ls = D+A:E

2
n+1 1
ET, § £
1 n+1
To nd the eigenvalues ofLgs, we computeLs 2| as
2 3

O 5 Enz

- legegzﬁn Lol zé

1 n 1

108



Chapter 4 { Measuring Bipartivity

This has a rank of 3 and therefore it has a zero eigenvalue of multiplicity 1. To
T
compute the other eigenvalues we notethat= (0 ::: 0 1 1 IS an eigenvector

with eigenvaluen 2 since

2 3 2 3
0 0
(Ls 2)x = 0 =(n 2)B 0 £= x
n 2 1
2 n 1
T
Finally, suppose thatx = ¢gT is an eigenvector. Then
2
2+2 )e
Lsx = g n+(n+2)
n+(n+2)
and hence =2+2 and = n+(n+2) which is equivalent to the identity 2 2
_ _ n Pazeen _ _ n+" nZegn
n n=0) =3 0) =242 =2+ 50,

p p
Finally, we have (Ls 21)= f[O] %[n 2J;" 0%8n,n_1%+8ng g

+ IOn2+8n_2 n IOn2+8n

n
Ls) = f[2]" 4[] 2+ + ;
(Ls) = fl2P %[ s >0
P
Then min(Ls) =2+ 0780 ang
. n pn2+8n . 8n
im 2+ ——— = 2+ lim P
nl 2 Ml 2(n+ nZ2+8n)

. 4
=2 lm —ag—
nll 1+ 1+%
4
= 2 =0
1+1
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SO, mn(Ls)! Oasn!l and hence

lim b, = !

—_——=1:
nil 1+ min(Ls)

Turning to a measure based on the normalised Laplacian, for our adjacency matrix

A the normalised Laplacian is

2 3
p 1
g O 2 2(n+1) En23
Ly =1 D 1=2AD 1=2=1| 0 1
1 T n+l
pﬁEnz 9 g

Again, since rank@) 3, we can nd the spectrum ofLy by identifying the three
eigenvalues ot not equal to 1. One of these is zero (corresponding to the eigenvector
D**2g). One can also con rm by direct calculation that o7 1 1 ' is an eigenvector
with eigenvalue 1 + I=(n + 1) and then since tr(Ly) = n + 2 the nal eigenvalue is

2 15(n+1).

Thus we can conclude thaby , =2 =2 2L andh,! Oasn!l

4.2.4 Example 2

We extend Example 1 by adding a node to the smaller partition and an additional edge.

Thus we let G be the graph with n + 3 nodes whose adjacency matrix is

2 3
P, E
A= 9 2 n3 g
where 2 3

010
Pzlelg

010

represents a path graph.
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As in Example 1,A has very low rank (looking at the lastn columns we can bound
the rank above by 4). In order to nd the full spectrum of A we rst calculate its null
space.

T P

FX= 0 0 0 x4 Xs ::: Xnsg  Where j”:f x; = 0 then Ax = 0. We have

n 1 degrees of freedom in choosing the and a basis for the null space is given by

82 3 2 3 2 3 2 39

0 0 0 0
0 0 0 0
0 0 0 0
1 1 1 1
1. O 0 ..... O_
04’8 128 04 B o
0 0 1 0
0 0 0 0
0 0 0 1

We normalise this null space and use it to apply a similarity transformation t&\, namely

the one induced by 2 3
I3 O
v=94"° "¢
O Z
where 2 3
1 1 €'
Z = p—_g g .
N e |
Since 2
11 €
Z 1= p—_ﬁ ;
N e E nl
we have
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2 3
0 1 0 pﬁ 0 ::: 0
1 0 1 Prno:o
Jia B0 1 0 Pmo0o
P PaPa o0 o0::o0
0O O O O o0:::xo0
0 0 0 0O 0:::0
To nd the eigenvalues of
2
o 1 o0 Pn
(Bl 0 1 P
o 1 o0 Pn
Pa Pa Pa o
we use a further similarity transformation. Namely, if
2 3
1 1
: P P50
. 1 0 o0
_ 2 2
° i 1 .0
2 2 2
0O O 0o 1
then
2 p_ P_. .
2 0 0 n(l+p—§)
P~ p_
0 2 0 "n@ &
R=0QxQ" = L 7)
0 0 0 0
Pra+ ) Pag &) o 0

Nowdet(I A)= 3 (3n+2)  4n. SoA has spectrum

U R R

where 1; ,; sz arerootsof 2 (3n+2) an.
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An asymptotic analysis shows that the root of 3 (3n+2) dn are = P 3n+

p__
2+0(1), 2= 3n+ 2+ o(1)and 3= =+ o(1) and so
p__
im b = lim pon =1
ni1 T oan n
but o, i )
n+e 3 s5+e3 5+e3 g3 4
lim b = Iim b Py = e3:
n N p4+e dtise N5 4 oes es

In order to generalize what is going on in the previous examples, let's construct a

family of networks parameterized byn and m.

Theorem 5. There is a family of networks parameterised by such that asn ! 1

b! 1,bc! landh! O.

Proof. We construct a graphG,,, where (m = n?) with n2 + n nodes wheren nodes
are connected to every node in the graph (except themselves) but there are no intra-
connections between the othen? nodes. Ifn = 2 this is an agave graph. The adjacency

matrix of the graph G, is

3

pzg Ko By
ET @)

nn2
where K, is the adjacency matrix of a complete graph. We can calculate the spectrum
of A explicitly given its relatively low rank. The result can be found in [82, pp. 138{
141], where this graph is an instance to the class of networks with arfully meshed star

topology but here we give a simple derivation of the result. To dothis we rst gpply the

_ - In O 1 €
similarity transformation induced by V = 2 % wherenZ = 2 EZ; :

O Z e In2 1
Then 2
K, ne O
VvV AV = g %
O O O
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2 3

Kn ne .
% we use the spectral decomposition of the
ne®” O

complete graphK, = QDQT (where the eigenvalues are ordered so that the bottom

To nd the eigenvalues ofX = 9

right element of D isn 1 and hence the nal column ofQ is e:p n). Thus, using the

orthogonality of Q, we nd

2 3 2 3

2
3 2
Q" O Q O D nQTe 00
9 £x§ £=3 £=80" n 1 n2%:
O 1 O 1 ne’ Q 0

Hence

n
(Gn)= [0 5[ 1P L[f(n)+ g% [F(n) o)) ;

where r

f(n)= nTl; g(n) = (n 41)2 + n3;

Now we compute the bipartivity measures.
Firstly note that we can make the network bipartite by removing then(n 1)=2

edges from theK , block and hence

nin 1) 1
be n3+n(n 1)=2 Lo
Next,
_g(n) f(n) _ .
Tgmerm b oW
Finally,

(N2 1)+(n 1e+e M a4 e fMran  2e fMcoshg(n)+ n? 1+(n 1)e
(N2 1)+(n 1)e 1+ &M+ + M o) = 2¢f(M coshg(n)+ n2 1+(n 1e !

h =

which for largen behaves increasingly like! " and henceb,! O asn!1

]

Theorem 6. For the family of networks introduced in Theorem 5 (wherm = n?) as

n'l ,b.! 1,h! landh! O.
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Proof. We construct the graphG,,, with m? + n nodes wheren nodes are connected to
every node in the graph (except themselves) but there are no intra-connections between
the other m nodes. As in Theorem 5, the adjacency matrix of the grap8,n, is

3

A:gKn Enmg:
Ef. O

Where K, is the adjacency matrix of a complete graph. Then the signless Laplacian is

2 3
En+(m+n 2] En g

Ls=D+A= 2
EN ni
All but two of the eigenvalues can immediately be deduced. The last rows ofLs nl

arerank 1, soLs hasm 1 copies oin as an eigenvalueL; (m+ n 2)l rst nrows

are rank 1 soLs hasn 1 copies of ( + m 2) as an eigenvalue. 3

e
We assume that for the two remaining eigenvalues = 9 " E is an eigenvector

€m
of Ls. Then
3 2 3
E.eet (Im+n 2)e,+ Emmen m+2n 2)+ m)e,
LSXZS n ( ) nm g:g(( ) ) g
E mn€ + nen n( +1l)e,
from which we deduce = (m+2n 2)+ mand =( +1)n. Solving gives
p !
(n+m 2 (m+n 2)2+4mn
= ( +1)n= +1 n
2n
_ Gn+m 2 p(m+n 2)2+4mn
- 2
SO
8 " 9
s @Bn+m 2 p(n+m 2)2+4mn#1_
(L= [n]" H[n+m 2" %

2 ;
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The smallest eigenvalue is then

S
_(L)_(m+3n 2) p(m+n 22+4mn _ (m+3n 2) 1 1+ 8(n?2 n)
min s) — 2 - 2 (m+3n 2)2 .
And using the power series for (1 -b()% gives
(m+3n 2) 1 8(n* n) 1 8n% n) 2
min(l—s) = - A~ 1 + = 2 7 2 +
2 2(m+3n 22 4 (m+3n 2)
_ (m+3n 2) 4n(n 1) 4n%(n  1)? N
- 2 (m+3n 22 (m+3n 2}

2n(n 1) 2n?(n = 1)?
(m+3n 2) (m+3n 2)3

In particular, if m = n2,

o _ 2n(n 1) 4n?(n  1)? R
™7 M3+3n 2) (n¥+3n 2)3 ’

so lim min(Ls) = Iim 2+ O(n 2 =0and lim b, = -1 =1, while b, b, and b all
nil niz N nil s 1+0

behave as in Theorem 5

[]

In Theorems 5 and 6 we have described networks whdye b . and b, behave one
way while b, behaves in another. But an almost opposite scenario is possible.

For our second family we consider networks where the path grapty, is connected
by a single edge tK,. If we let N grow much faster thann then we can show a very

di erent behaviour from the previous one.

Theorem 7. There is a family of networks parameterised by such that asn ! 1 ,

b! Ohk! landh! 1.

Proof. Consider the graph where the path graply is connected by a single edge 16,
(call it Gy).
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Figure 4.2: Example of G, whenn =4 and N = 2.

It has adjacency matrix 2 3
a=§ CL.
CT Py
where C is a matrix which has a single nonzero entry in its bottom lefthand corner and
Py is the adjacency matrix of a path graph withN edges.

For su ciently large n;N we make the assumption that the spectrum o6, can
be approximated to an accuracy oO(1=n?) by ignoring C and C" and it is su cient to
consider the graph without the edge linking the path to the complete graph (call thi§?).
We have no analytic proof of this result but the numerical evidence is convincing.

Then

(6= (K[ (Pu)=fIn U5[ 1 'g[f 2c0s—ij =1;:::N +1g

Turning to the measures, we observe that by removing half the edges from the complete
graph we have a bipartite graph and henceny n(n  1)=4 and so so long ag?=N = o(n)
we will haveb: ! 1asn!1l

Next note that 1(GY{n)) = n 1 while ,.n(G?) 2 and henceb ! 0 as
ntl
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Finally,
b = (n 1e+ et "+ S(N)
" (n e+ e 1+ S(N)
where
D(+l J ZN+l X N+22 =(N+2)
S(N) = exp(2 cos———) exp(2 cos——)dx = e?°0SX dx
i=1 N +2 1 N +2 1=(N +2)

and hence for largeN, we can use the approximation

S(N) = (N +2)Jo(2i);

where Jo(X) is a Bessel function of the rst kind. Note that Jo(2i) 2:28. We end up

with the approximation for large n and N

b Jo(2)N
e 1+ Jo(2i)N’
and if N is su ciently bigger than n (e.g. N >e?") we see thath,! lasn!1 . [

We observe that the di erence in size of the path graph and the complete graph

in this example is rather extreme. To illustrate the result we have computed and b,

which to work computationally). In Figure 4.3 we record the values df. and b against

n and show the e ectiveness of our bounds.

Figure 4.3: b and h. againstn.
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4.2.5 Random Networks Bipartivity

We have introduced a series of measures which are designed to indicate the extent to
which a real-world network exhibits bipartite properties. These measures all work on a
[0; 1] scale where a network scores 1 if and only if it is exactly bipartite. Typically, a score
of 0 is reserved for the least bipartite of all networks, namely large complete graphs.

We have seen that the di erent measures can behave di erently in theory. In order
to get a feel for which measures are well suited to their purpose we now investigate the
performance of some of these measures on various families of random bipartite networks
which we then randomly alter so that the original bipartite structure is progressively

destroyed. We then analyse results.

Random trees

Our rst family of bipartite graphs are random trees. They are generated randomly using
n nodes where each node is added iteratively so that tlk¢h node is joined randomly to
one of the pre-existingk 1 nodes.

The following gures show some graphs for random trees of di erent size.
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(&) Random tree with n = 30. (b) Random tree with n = 50.
(c) Random tree with n = 100. (d) Random tree with n = 300.
(e) Random tree with n = 500. (f) Random tree with n = 800.

(g) Random tree with n = 1000.

Figure 4.4: Random trees with di erent size.
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The degree distribution for a random tree follows an exponential distribution as

exhibited in the following gures.

(& n=1000. (b) n = 2000.

() n = 5000. (d) n = 10000.

Figure 4.5: Random tree degree distribution.

Next, we generate another family of trees using Pnafer sequences [74]. To convert a
Prafer sequence into a tree, we complete the following steps: If the Pnafer sequence has
n numbers, then the tree has + 2 nodes which are numbered 1 ton + 2. The degree
is set to the number of times each node appears in the sequence plus 1. We nd the
rst lowest numbered node not included in the sequence and add an edge between the
lowest number and the rst entry in the sequence. Next, we consider the next number in
the sequence and nd the corresponding vertex with the least degree not included in the
sequence. This process is repeated until we are left with two vertices that we join [33].
For example, convert a Pnafer sequence (1,1,1,1,6,5) into a tree. The given code has 6
entries so, the corresponding tree will have 8 nodes. The rst number in Prnafer sequence
Is 1 and the lowest number not included in the Pnafer sequence is 2 so, 1 connect to 2. We
delete the 1 from Pnafer sequence and put 2 at the end (1,1,1,6,5,2). The rst number is

1 and the lowest number not included in the Prafer sequence is 3, so 1 connects to 3. We
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delete the 1 from Prafer sequence and put 3 at the end (1,1,6,5,2,3). The rst number in
Prafer sequence is 1 and the lowest number not included in the Prafer sequence is 2 so,
1 connects to 4. We delete the 1 from Prafer sequence and put 4 at the end (1,6,5,2,3,4).
The rst number in Pnafer sequence is 1 and the lowest number not included in the Prafer
sequence is 7 so, 1 connects to 7. We delete the 1 from Prafer sequence and put 7 at
the end (6,5,2,3,4,7). The rst number in Prnafer sequence is 6 and the lowest number
not included in the Prnafer sequence is 1 so, 7 connects to 1. We delete the 6 from Prafer
sequence and put 1 at the end (5,2,3,4,7,1). The rst number in Prafer sequence is 5 and
the lowest number not included in the Prafer sequence is 6 so, 5 connects to 6. We delete
the 5 from Prafer sequence and put 6 at the end (2,3,4,7,1,6). We have iterated all the

way through the code and the two numbers missing are 5 and 8. So we connect 5 to 8.

Figure 4.6: Example of convert a Prafer sequence into a tree.

The following gures show some graphs for trees generated by Pnafer sequences of

di erent sizes.
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(& n=30. (b) n=50.

(c) n=300. (d) n=500.

Figure 4.7: Tree generated by Prafer sequences with di erent size.

The degree distribution of trees generated by Pmnafer sequences follows a Poisson

model.
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(&) n =1000. (b) n = 2000.

(c) n =4000. (d) n =5000.

(e) n=6000.

Figure 4.8: Tree generated by Prufer distribution with di erent size.

in this experiment, we generated our trees then we added new edges at random.
The graphs in Figure 4.9 and 4.10 which have the X-axes are the edges added and Y-axes
is the bipartivity measure show the e ect of adding edges on the measures k., b . and
b ,. We see from Figure 4.9 and 4.10 that thé (blue line) and b, (yellow line) are
almost exactly the same they going down slowly, but . (purple line) start with b and
b , then it much closer to theh. (red line) which is a bit slower from them then it steeply
goes down. So, when we compare the Prufer sequences in Figure 4.10 and random trees

in Figure 4.9 we get very similar behavior.
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(@) Random tree with n = 300,add = (b) Random tree with n = 300,add =
3000. 5000.

(© Random tree with
n=500,add=3000.

Figure 4.9: Bipartivity measures of Random trees with di erent sizes.
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(a) n =200, add = 4000. (b) n =300, add = 8000.

(c) n =500 ,add = 5000.

Figure 4.10: Trees generated by Prufer sequences.

Random graphs

Our next family of random bipartite graphs are formed by generating an adjacency matrix
of the form 2 3
§° °¢
BT O
where the (binary) entries ofB are chosen at random according to some paramefgiso
that each entry in B has probability p of equaling 1. Thus these matrices are generated
in a very similar way to the Erdds{Renyi (ER) model.

The following gures show some random graphs of di erent size.
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(& n=60,p=0.3. (b) n =100, p=0.1.

() n =200, p=0.2. (d) n=500,p=0.3.

Figure 4.11: Random graph with di erent size.

Then, we add some edges to each random graph and compbteh,, b, and b_, .
Here some gures show the e ect of measures when we add edges. We see from Figure
4.12 which have the X-axes are the edges added and Y-axes is the bipartivity measure
that b (blue line) andb_,, (yellow line) behave very similar and going down very slowly,
but b, (red line) and b _ (purple line) goes down steeply and very fast. When we compare
this model with the Prufer sequences in Figure 4.10 and random trees in Figure 4.9 we get
very di erent behavior. So, we show that even in random model we get di erent behavior

depending on the type of random model for di erent bipartivity measures.
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(&) random graph with n = 60, p = (b) random graph with n = 200, p =
0.3, add = 400. 0.2, add = 2000.

(c) random graph with n = 500, p = (d) random graph with n = 700, p =
0.3, add = 2000. 0.1, add = 2500.

Figure 4.12: Reintroducing edges to random graphs.

4.2.6 Real-world Bipartivity

To get an insight into whether these observed behaviours for purely random graphs are
realistic we look at how our bipartivity measures change with some real-world graphs.

In order to do this we have started with approximate bipartitions we obtain for
the real-world graphs by splitting our networks using the signs of the eigenvector of the
most negative eigenvalue of the adjacency matrix. We then randomly add back the edges
removed in forming these bipartitions and look at how the bipartivity measures evolve.
Our graphs show the average changes in 10 di erent random realisations (the details of
this experiment will given in 5).

The measures calculated arb , b,, b, and b .
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(a) Canton. (b) Stony Brook.

Figure 4.13: Reintroducing edges to real-world graphs.
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() Centrality Literature. (b) Little Rock.

(c) NeuronsC. elegans (d) PIN H. pylori.
(e) Dolphins. (f) PIN Malaria.
(g) Drugs. (h) Small World Citations.

Figure 4.14: Reintroducing edges to real-world graphs.
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(a) Electronic 1. (b) Electronic 2.

(c) Electronic 3.

Figure 4.15: Reintroducing edges to real-world graphs.
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(&) Scotch Broom. (b) Software Abi.
(c) Software Digital. (d) Software VTK.
(e) Roget's Thesaurus. (f) Software XMS.

(9) Colorado Springs.

Figure 4.16: Reintroducing edges to real-world graphs.
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The gures 4.13, 4.14, 4.15 and 4.16 the X-axes are the edges added and Y-axes is
the bipartivity measure show the e ect of adding edges show groups of real world networks
according to the behavior of bipartivity measures. In each group, we see a di erent type
of behavior. We can identify various trends in Figures 4.13, 4.14, 4.15 and 4.16.

We see from Figure 4.13 thab and b, are very close together,whild. decreases
faster thanb_,.

We see from Figure 4.14 thab andb_, are very close together and they decreased
very slowly, but by _ is going down then stop going down and going straight line while the
b, decreased very fast.

We see from Figure 4.15 thab. decreased very fast and the other measures going
down very slowly.

We see from Figure 4.16 that the two lined ., b, are very close together and
they decreased very slowly, while the lines and b, decreased. decreased very fast. So,
in real world graphs as well as in random graphs, we see that the measures can give us

di erent information and allow us to distinguish between di erent types of bipartivity.

4.2.7 Fullerene Graphs

Having looked at graphs with varying degrees of randomness we now investigate our mea-
sures in real-world graphs which are known to be almost bipartite. Our rst experiment
is a fullerene molecule.

The importance of studying graphs that model fullerene molecules is that graph
properties can be related to the most stable arrangements of these molecules. Certain
graph properties have been analyzed to see how well they can predict stability, amongst
these is the smallest number in a set of edges that can be removed to make a graph

bipartite.

Fullerene molecules often contain isolated pentagons and hence are not bipartite.

These are known as IP fullerenes.
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There is a relationship between the chemical stability of fullerenes and how non-
bipartite they are which is con rmed by computed results that show good performance
on eight di erent arrangements. A question to be considered is whether bipartite edge

frustration can predict stability in di erent fullerene arrangements or isomers.

Stability can be measured by calculating the values of certain invariants. While the
value ranges for these invariant properties is narrow, there seems to be good distribution
as maximal values can be calculated for some isomers. Thus, the potential for application
in stability prediction might be in ranges where there are no stable isomers. In this case,
the calculation of frustrated edges would have an advantage over other spectral predictors
since the computations are all performed exactly [21].

n

_ el _ (e ?) — i oni — m —
We used the measuref. = rl,-”zlei = e b = = h =1 Tdandb, =

1
1+ min (Ls)”

We tested the measures on three sets of fullerene graplt. is a collection of 237
IP fullerene graphs with between 20 and 92 node€; is a collection of 134 IP fullerene
graphs all with 94 nodes. C; is much bigger and containsC,4o This is a collection of
18825 IP fullerene graphs with 240 nodes. Then we look to the number of edges we must

remove to get bipartite graphs.
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(@) Cy (b) C

(c) C3

Figure 4.17: measure of bipartivity.

In Figure 4.17 we plot the measurek, (blue line), b (red line), k. (yellow line) and
b . (purple line) for the setsC;; C, and C3 (the x-axis is the index of a graph in a set).
In this case all the measures perform similarly although they underestimabe. The b, is

closest to 1.

4.2.8 Airline Graphs

In this experiment we are looking at 37 airline networks (Lufthansa, Ryanair, Easyjet,
British Airways, Turkish Airlines, Air Berlin, Air France, Scandinavian Airlines, KLM,
Alitalia, Swiss International Air Lines, Iberia, Norwegian Air Shuttle, Austrian Airlines,
Flybe, Wizz Air, TAP Portugal, Brussels Airlines, Finnair, LOT Polish Airlines, Vueling
Airlines, Air Nostrum, Air Lingus, Germanwings, Pegasus Airlines, Netjets, Transavia
Holland, Niki, SunExpress, Aegean Airlines, Czech Airlines, European Air Transport,

Malev Hungarian Airlines, Air Baltic, Windroe, TNT Airways and Olympic Air). We
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testing them with di erent bipartivity measures and with LSA (the details of what is

p

. . . n_ j A P
LSA will give in Chapter 5), b, = p'j;;eej = Thb = b, = —tosih, =
j1 max(Ln)jsmi =05 Q;my = 82 8 [67].

Figure 4.18: Airlines network.

We compute the matrix correlations of the Figure 4.18:
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ke b b . b, LSA m; m,
b, 1 0.92669136+ 0.840815| 0.802489| 0.812458 0.784726| 0.80667
b | 0.926691 1 0.809804| 0.829564| 0.88998 | 0.830625 0.829653
h. | 0.840815 0.80980414} 1 0.968017| 0.802921| 0.770344| 0.783466
b, | 0.802489 0.82956404 0.968017 1 0.827835 0.783379 0.78907
LSA | 0.812458 0.88998004} 0.802921) 0.827835 1 0.957836/ 0.955438
m, | 0.784726 0.8306254# 0.770344| 0.783379| 0.957836/ 1 0.996158
m, | 0.80667 0.8296529# 0.783466 0.78907 | 0.955438 0.996158 1

Table 4.2: The correlations between the measures.

Each pair of columns in Table 4.2 shows the correlation between two speci ¢ mea-
sures. For example, the rst and second column shows the correlation betwelnand
b, which indicates that they're strongly positively correlated. Also, the rst and third
column shows the correlation betweeh, and b__, which indicates that they're strongly
positively correlated. The rst and fourth column shows the correlation betweeh, and
b , . which indicates that they're strongly positively correlated. The most correlation is

betweenm; and m, then b _ andb_,, .

4.2.9 Conclusion

Since bipartivity has so many equivalent characterisations there are many ways one can
try and measure nearness to the property. We have restricted our analysis to spectral
measures, but this still gives us plenty to compare. Measures can be divided into those
which use a purely algebraic characterisation of bipartivity (in terms of spectral proper-
ties) and those which use the existence of odd cycles as a more direct manifestation of a

lack of bipartivity. In experiments it seems that both approaches give insightful results.

137



Chapter 4 { Measuring Bipartivity

In terms of performance versus cost we recommehd, since its cost is essentially just
that of nding the largest eigenvalue of a symmetric matrix for which an upper bound is
already available and thus is generally very cheap to compute for even very large networks.

Overall, it seems that measures based on the adjacency matrix and the normalised
Laplacian seem to be closely related to each other, and our results on minimising modu-
larity suggest that these are well correlated to the presence of frustrated edges.

Our theoretical analysis shows that there is the possibility that measures based on
very similar spectral ideas can diverge markedly. In particular, measures that look at the
discrepancy between the number of even and odd walks between nodes seem to decay very
sharply. It may be that we can exploit this to get a more nuanced view of the approximate
bipartivity by using more than one measure on the same matrix.

Depending on the measures used to calculate bipartivity within even a single graph
can vary signi cantly thus illustrating the importance of carefully selecting the measures
used.

In our experiment, we examine both real networks and random models with di erent
measures and we show that the measures behave di erently in theory. Also, the di erent

between these measures vary.
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Finding Anti-communities

5.1 Introduction

We've thoroughly analysed bipartivity and near-bipartivity. We now look at methods
that can reliably identify almost bipartite structures in networks.

In this chapter, we aim to nd a way of partitioning the graph so that in the partition
there are as few connections as possible. Finding the optimal solution is an NP-hard
problem and clearly related to nding community structures. We refer to this opposing
process as nding anti-communities. According to [63] , if we look at the complement
graph we can nd communities and anti-communities can be found in the original graph.
This approach can be costly but provides us with a starting point.

Newman proposed a method for detecting both communities and anti-communities

by minimising modularity. Given that positive eigenvalues of the modularity matrix

kKkT
B=A —
m

provide information about network structure, it stands to reason that negative eigenvalues
of the modularity matrix or would provide us with information about anti-community

structure.
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In [63], Newman shows that modularity maximisation is analogous to nding the
Fiedler vector when one replaces the Laplacian matrix with the modularity matrix8,

sinceQ = ﬁsTBs wheres is the indicator vector for a bipartition. If B has the Schur

factorisation B = uBuT whereB =diag( 1; 2;:::; n)and 1 > . then
— 1 X’] 2
Q= am a i

i=1

. . L . P
where we writes as a linear combination of eigenvectors = i”=1 au; anda = u;'s.

While the continuous problem

maXszrn Q

is straightforward to solve, the discrete problem (withs; 2 f 1;1g)) is known to be

NP-hard but can be approximated by choosing

8
E 1; ui(l) 0
3

Si .
1 ui(l) <0

If we want to split into several communities we use the matrb§ where

8
E1; if node i in community |;

-B 0 otherwise,

Sij =

to measure modularity, then compute

Q=tr( STBS): (5.1)

For a bipartition, where we wish to minimise modularity, Newman simply suggests

using the smallest eigenvalue @ and splitting the nodes according to
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Newman goes further and suggests a method for nding multiple anti-communities using
(5.1) but as our focus solely is on bipartitions we will not consider this further.

Wang et al. (2008) developed an algorithm based on spectral analysis which would
show the structure of a complex network using Newman's method of recreating the ex-
pression of the modularity using eigenvectors and eigenvalues of the modularity matrix
to change the problem into one which questions the partition of the vector and then
proposing a new vector partition algorithm [85].

It has been argued that since the modularity matrix or Laplacian matrix used is
designed for the community, partitioning with the least modularity will not necessarily
be best for partitioning anti-communities. Therefore, the concept of anti-modularity has
been proposed by Chen et al. [13] where the characteristics of anti-communities are
studied and a label propagation algorithm is presented with experimental results.

In Chapter 4 we classi ed equivalent de nitions of bipartivity. In this chapter, we
are going to use these equivalent ways to nd the partitions. If we have an approximately
bipartite graph we can use these equivalent characterizations to motivate algorithms for
nding a way to partition a graph with few frustrated edges as possible. A summary of

the algorithms we present and their analysis can be found in [3].

Theorem 8. SupposeG is a connected bipartite graph with partitionsP and Q and

following eigenvectors.
1. The eigenvector associated with the most negative eigenvalueAfof

2. The eigenvector associated with the smallest eigenvalue of the signless Laplacian of

G.

3. The eigenvector associated with the largest eigenvalue of the normalised Laplacian

of G.
4. The eigenvector associated with the largest eigenvalueeof®.

5. The eigenvector associated with the Fiedler vector of the complement graph.
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6. The eigenvector associated with the largest eigenvalue of the Laplacian matrix.
Then nodesi and j are in the same partition if and only ifx;x; > O.

The results 1{5 are well known. The results 1{4 can be inferred from [67] and 5 is
a simple corollary of Fiedler's results for the Laplacian of graphs [28]. We include the

proofs for completeness. 6 is new.

Proof. 1. We know that if a graph is bipartite then the eigenvector we are looking for

is guaranteed to give an exact bipartition.

Suppose that the network is bipartite. So, we can write the adjacency matrix

2 3

O B
A=9 £
BT O

2 3

X17 . . . . .
and letx = 2 &Z; IS eigenvector associated with eigenvalue.

X2
2 32 3 2 3

Ax = X) 9 CT) ngxlg

ﬁxlg) Bx,= X3;BTX1= X

X2 X2
2 3 2 32 3 2 3 2 3
O B B
Thenify = 3 “£) Ay = § £970L - § PML - § L
BT O X5 BTX1 X2

2 3
§7 8.

So, we can use the signs gfto nd the partition.
2 3

OB
2. Suppose thatA = 9 E whereB is anm n matrix and let e, be a vector
BT O
of p ones.

The signless Laplacian id.s = D + A, whereD = diag(Ae).

2 32 3 2 3 2 3

e=§° B%ﬁe”’% §°% T.p=diagh 8

BT e, BTe, BTe,

142



Chapter 5 { Finding Anti-communities

2 3 2 3 2 3
O B diag(Be O diag(Be B
L= A+D = § Z.§ g(Ben) Z_§ g(Ben) Z
BT O @) diag(B"en) BT diag(B "en)
2 3 2 3
e diag(Ben):e, Be
L3 "é=3 " T
en BTen diag(B"en) e
2 3

. €m .
So, we can use the sign (% E to nd the partition.
€n

3. We need to show that the eigenvgctor associated with the eigenvalue 2Lgf =

X
| D ¥AD ' hasthe formg g:lfzis eigenvector foi D 'A,thenD %z

y
is eigenvector ofLy. - 3
I E
letC=1 D A= £
|
2 3
1+0+0+ +—+i+i+ +i
1 ki g k}
k1 copies
O+1+0+ +i+i+i+ +i
fo_k ¥ s
e ko copies
CZ-CQ m%- :
1+ 1+ 1+ + 1+0+:::01
f< 1 kml %211 km}
km 1copies
_1+_1+_1+_1+ +—1+0+:::0 1
2 3&mcoples
2 3 2
1+0+0+ +%
2 2 3
O+1+0+ +t—§ .
: e
= :22 mg
2 €n
kkml 1+0+ :::0
m 1

gm 140+ :::0
o 2
So, z is the eigenvector ofC associated with the eigenvalue 2. LeXx = D 2z =
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2 3
§7 ¢,
Y 2 32 3 2 3

the Lyx = § ﬁggxgzzgxg

HT
2y 3 y

X
and we can use the signs (% E to nd the partition.

y
_Pl ( 1k _P1 ( 1k I:)1 ( 1k .
4. e k=1 ZTAK T gk A% , koL @) ALIDE:
O B BB T)k O
BecauseA = g then A% = § ( ) £
BT O O (BTB)
2 3
O (BBT)B
and A2k+1 - 2 ( ) %
(BTB)<BT o)
2 3 2 3
Go—eArz (g (BB Oz * (1 g O (BBN)B 7.
" ko X! O (BTB)X ko K+*D " (gTRykgT 0
2 3
F C
) Gpg= 3 £
o} T

whereF; T and C are greater than zero. The sign 0G,, determines whether the
corresponding pair of nodes are in the same partition or not. That i5,q > O if

and only if pand g are in the same partition. From the anti communicability matrix

G=eA.
We de ne 8
E1 Gpg> 0
épq:B
2 3

E O _
) Gpg= 9 ?, whereE;ET are matrices of ones.
O ET

The anti-communicability graph with adjacency matrix G is the disconnected net-

work.
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5. We can use the fact that the eigenvectors df and L€ are the same and we can
show that there a simple relationship between the eigenvalueslofand L ¢ and show
the Fiedler vector of the complement nds the bipartition. Suppose thatA is the

adjacency matrix of G. So,

L°=D¢ A°=(n 1) D (E A I)=nl L E

We know that Le = 0. So,L°e=nle Le Ee=ne 0 ne=0. Now suppose

that Lx = x then

Lx=nx Lx Ex=(n )x Ex=(n )x edx=(n )x
( e"x = 0 becauseL is symmetric so its eigenvectors are orthogonalx =0) ) L
and L€ have the same eigenvectors andL) = f0O; ,;:::; ngand 0< ,
o (L)=10n  iiiin 49
If , is the smallest non-zero eigenvalue af, then the n » the biggest eigen-
value of L¢ and the eigenvector of , is the Fiedler vector corresponding to the
biggest eigenvector of the biggest eigenvaluelof. So, the biggest eigenvector df®

partitions the graph into two sets.

] E j= m. We can write a signed incidence matrix foG as B; B;] whereB; 2

R™ " B,2 R™ (" D with By, 0OandB, 0. RecallthatL = BTB.

NowBBT = B;B] + B,B] 0 and so, since it is irreducible by Perron-{Frobenius
theorem its dominant eigenvectoy is positive (let its eigenvalue be ). Now clearly
x =BTy (becauseB"(BBTy)= BT(y)= (BTy)) BTBx = Xx)is the eigenvec-
tor of the dominant eigenvalue ofL (sinceBB T and B"B share the same non-zero

eigenvalues) and 2 3

so the rst r entries ofx are positive and the nextn r are negative, as required.
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5.2 Methods for nding bipartitions

Closed walks, eigenvalues and normalizing the sum of closed walks give measures that
quantify bipartivity using the properties of the adjacency matrix and its exponential.
The same matrices will now be used in the hope of nding a good partition. We will also
use equivalent or similar algorithm to using the graph Laplacian which has long been used
to detect communities.

Algorithm 1
We just nd in this algorithm the eigenvectors associated with the most negative eigen-
value of the adjacency matrix and then we partition the graph according to the positive
and negative elements of the eigenvector. We know that in bipartite network the most
negative eigenvalue will split the networks in two communities.

Algorithm 2
In this algorithm we use the communicability functionG = exp( A), then de ne

8
_51 if Gpq> 0

-BO if Gy< 0 or p=q

after that, we nd the eigenvectors associated with the second smallest eigenvalue of the
entries of the Laplacian ofG, then we partition the graph according to the positive and
negative element of the eigenvector.

Algorithm 3
In this algorithm we use the signless Laplacian and nd the eigenvectors associated with
the smallest eigenvalue of the entries of the signless Laplacian, then we partition the graph

according to the positive and negative element of the eigenvector.
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Algorithm 4
In this algorithm we use the normalised Laplacian and nd the eigenvectors associated
with the biggest eigenvalue of the entries of the normalised Laplacian, then we partition
the graph according to the positive and negative element of the eigenvector.

Algorithm 5
In this algorithm we use the Laplacian of complement graphs and nd the eigenvectors
associated with second smallest eigenvalue of the entries of the Laplacian of the comple-
ment, then we partition the graph according to the positive and negative element of the
eigenvector.

Algorithm 6

We use the algorithm of Newman in the paper [63].

5.2.1 Experiment

In this experiment, we are trying to partition the nodes to minimise the number of edges
within each partition. So, we have used the algorithm 1, algorithm 2, algorithm 3 and
algorithm 4 for computing an approximate bipartition. We haven't used algorithm 5
and algorithm 6 just because they give similar results. We select 20 real world networks
(Canton, Centrality, ColoSpg, Corporate people, Dolphins, Drugs, ElVerde, Electronicl,
Electronic2, Electronic3, Little Rock, Neurons C elegans, PIN E coli, PIN Malaria, PIN
H pylori, Roget Thesaurus, Scotch Broom, Small World Citations, Software Digital and

Stony), and used the 4 algorithms to nd the bipartition.

147



Chapter 5 { Finding Anti-communities

Figure 5.1: Canton.

Figure 5.2: Centrality.
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Figure 5.3: ColoSpg.

Figure 5.4: Corporate people.
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