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Abstract

To ensure the safe operation of many safety critical structures such as nuclear
plants, aircraft and oil pipelines, non-destructive imaging is employed using piezo-
electric ultrasonic transducers. These sensors typically operate at a single fre-
quency due to the restrictions imposed on their resonant behaviour by the use of
a single length scale in the design. To allow these transducers to transmit and
receive more complex signals it would seem logical to use a range of length scales
in the design so that a wide range of resonating frequencies will result. In this the-
sis we derive a mathematical model to predict the operating characteristics of an
ultrasound transducer that achieves this range of length scales by adopting a frac-
tal architecture; the fractal in this case being the Sierpinski gasket. Expressions
for the electrical and mechanical fields that are contained within this structure
are expressed in terms of a finite element basis. A renormalisation approach is
then used to calculate the key components from the discrete matrices that arise.
The propagation of an ultrasonic wave in this transducer is then analyzed and
used to derive expressions for the non-dimensionalised electrical impedance and
the transmission and reception sensitivities as a function of the driving frequency.
Comparing these key performance measures of the fractal transducer to an equiva-
lent standard (Euclidean) design shows that the fractal devices have a significantly

higher reception sensitivity and a significantly wider bandwidth.
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Chapter 1

Introduction

1.1 Motivation and background

Ultrasonic transducers are devices that convert electrical energy into mechanical vi-
bration and conversely can convert mechanical energy into an electrical signal [1-3].
These devices can be used to interrogate a medium by emitting a wave (electrical
to mechanical energy) and then listening to the same wave after it has traversed
the medium (mechanical to electrical energy). Piezoelectric ultrasonic transducers
typically employ composite structures to improve their transmission and reception
sensitivities [4-8]. Many biological species produce and receive ultrasound such as
moths, bats, dolphins and cockroaches. The man-made transducers tend to have
very regular geometry on a single length scale whereas the natural systems exhibit
a wide variety of intricate geometries often with resonators over a range of length
scales [9-18]. Due to this characteristic, man-made transducers are unable to oper-
ate over a wide range of frequencies and hence result in transmission and reception
sensitivities with narrow bandwidths. The resolution of ultrasonic imaging is in-

timately linked to the bandwidth of the transducer, with wide bandwidth devices



corresponding to the best resolution. One approach to designing a new transducer
is to experimentally assess its operating ability, however this is very time consum-
ing. Each device requires materials to be sought, cut to the desired shape, bonded
to other components such as matching and backing layers, and is expensive and
time consuming. In addition, to determine its transmission sensitivity the device
has to be immersed in a water tank, input voltages of different frequencies applied,
and a hydrophone placed at some distance from the transducer to monitor the out-
put. An assessment can also be made by connecting the transducer to an electrical
circuit and measuring its electrical impedance over a range of frequencies. Given
the large number of variables present in any design then the use of mathematical
models to assess radically new concepts such as that proposed in this thesis is fully
justified. Hence, to assess the benefits of having transducers with a wider range
of length scales it would be useful to build mathematical models of them. That
still leaves the question as to what particular design we should choose for this
wideband transducer. One structure whose geometrical components consist of a
range of length scales is a fractal [19-21]. Another motivating factor for focusing
on a fractal design is that there have been a number of mathematical approaches

which describe wave propagation in fractal media in other applications [22-31].

1.2 Literature review

1.2.1 Ultrasound

Ultrasound is an oscillating sound pressure wave with a frequency greater than
the upper limit of the human hearing range (20 Hz - 20 KHz). current ultrasound
technology ranges from 20 KHz to 10 MHz which is then subdivided into three

main regions: low frequency, often used for high power ultrasound (20 - 100 KHz);



intermediate frequency, where medium power ultrasound is often used (100 KHz - 1
MHz); and high frequency, for low power ultrasound applications (1 - 10 MHz) [32—
34].

1.2.2 Ultrasound applications

Low frequency, high power ultrasound is used in sonar (SOund Navigation And
Ranging) systems [35]. Such systems operate over a very large spatial range in
a fluid and mimic the sensor configuration of echo locating bats. Such systems
have recently been applied in sensor-based robotics [36]. Specific sonar applica-
tions require many space-time processing procedures and associated tradeoffs. To
optimize acoustic performance, system analysis and design should reflect the dy-
namics of the medium, sonar and target [37-41]. The examination of welds is of
particular interest to the Non-Destructive Testing (NDT) community, given their
role in safety critical structures in nuclear power plants, aero engines, pipelines,
etc. They are subject to cyclic loads and, as with any type of bond, constitute
the weak point of the structure [42]. Ultrasonic testing is the most commonly
used method in NDT and is one which greatly benefits from modelling throughout
the design of the ultrasound transducer and the signal processing algorithms in
an inspection process [43-45]. Ultrasound techniques are relatively cheap, simple
and energy efficient, and have also been used in non-imaging applications and,
for example, have become an emerging technology in food processing. Ultrasound
technology used in food systems are divided as low and high intensity ultrasound
applications. The changes to the physical properties of ultrasound, such as scat-
tering, attenuation and acoustic velocity caused by food materials have also been
used in food quality assurance applications [46-50]. Ultrasound has been used in

wastewater sludge pretreatment [51,52]. Municipal wastewater sludge, particularly



waste activated sludge (WAS), is more difficult to digest than primary solids due
to a rate-limiting cell lysis step. The cell wall and the membrane of prokaryotes
are composed of complex organic materials, which are not readily biodegradable.
The exposure of the microbial cells to ultrasound energy ruptures the cell wall
and membrane and releases the intracellular organics in the bulk solution, which
enhances the overall digestibility. Therapeutic ultrasound is defined as the use
of ultrasound for the treatment of diseased or injured organs or bodily struc-
tures [53,54]. There were many early attempts in the past to use ultrasound for
therapy for a variety of applications and these have led to clinical applications
which are now used routinely. Such progress has been made possible by a number
of factors including advances in transducer design, more accurate measurement
and calibration of acoustic power and careful experiments to determine the precise
nature of the chemical processes taking place during and following the exposure
of tissue to ultrasound [55,56]. Applications of ultrasound in medicine for thera-
peutic purposes are now well established. Low-power ultrasound of about 1 MHz
has been widely applied since the 1950s for physical therapy in conditions such as
tendinitis and bursitis [57-59]. In the 1980s, high-pressure-amplitude shock waves
came into use for mechanically resolving kidney stones, and lithotripsy rapidly re-
placed surgery as the most frequent treatment choice [60-62]. The use of ultrasonic
energy for therapy continues to expand, and approved applications now include
cataract removal [63-65], surgical tissue cutting and hemostasis, transdermal drug
delivery [66,67], bone fracture healing [68,69] and prostate cancer [70,71]. There
are of course many uses of ultrasound imaging in medicine including the screening
in pregnancy and detection of abnormalities in early pregnancy [72-76]. Therapeu-
tic ultrasound typically has well-defined benefits and risks; undesirable bioeffects

can occur, including burns from thermal-based therapies and severe hemorrhage



from mechanical-based therapies (eg, lithotripsy) [55,77]. High intensity focused
ultrasound (HIFU) offers a promising method for hemorrhage control [78]. An im-
portant advantage of HIFU is that it can deliver energy to deep regions of tissue or
in difficult to access anatomical regions where hemorrhage is occurring, allowing
cauterization at depth of parenchymal tissues [79]. Ultrasound has been used to
evaluate musculoskeletal injuries in athletes [80-84]; however, ultrasound applica-
tions extend well beyond musculoskeletal conditions, many of which are pertinent
to athletes. Ultrasound can potentially be used to assist athletes with monitor-
ing their muscle glycogen stores and the diagnosis of multiple nonmusculoskeletal
conditions within sports medicine [85-87]. The first ultrasound scoring system of
tendon damage in Rheumatoid Arthritis (RA) has also been developed [88-90].
Currently, there are researchers focusing on using microbubbles as a transporta-
tion mechanism for localized drug delivery, specifically in the treatment of various
cancers, where high power ultrasound is used to burst the microbubbles and release
their contents [91-100]. In many industrial processes high power ultrasound is used
to noninvasively agitate a liquid using ultrasonication [101]. Sound waves propa-
gate into the liquid media resulting in alternating high-pressure (compression) and
low-pressure (rarefaction) cycles. During rarefaction, high-intensity sonic waves
create small vacuum bubbles or voids in the liquid, which then collapse violently

(cavitation) during compression, creating very high local temperatures [102-104].

1.2.3 Fractals

For the explanation of a fractal, we will give the following as a working definition.
Lets think about a ball of string which can be observed as a three-dimensional
ball, at one level of enlargement, or, upon closer examination, as a one-dimensional

string. The string tries to fill a three-dimensional space, but cannot complete this



action because of the gaps in the ball of string. As we expand the string, we can
define a dimension (fractal dimension) to the object which captures its space-filling
capacity at the level of enlargement. In our example, this is going to be a real
number that decreases from three to one. Normally it is going to be non-integer
that provides a description of how well the object fills the topological dimension
with which it is surrounded. The idea of non-integer dimension is one feature of
fractals that provides a useful categorization of the geometry. At the core of these

objects is the concept of self-similarity.

1.2.4 Fractal applications

In certain circumstances these structures are self-similar. This means that when
we zoom in to a subset of the object the resultant image is indistinguishable from
the original. This idea can be described by fractal mathematics and the fractal
dimension of a structure [105-111]. This quantity conveys the usual meaning of
dimension but is regularly not an integer. These concepts have been successfully
used in a variety of applications such as brain image analysis and fracture patterns,
brain tumour segmentation and detection [112,113], digital imaging [114,115] and
image compression [116-118]. The fractals that are observed in nature are known
as random or statistical fractals. In these cases, self-similarity relates to an ap-
proximate measure, and it only applies over a range of length scales. However,
there is a possibility to create a mathematical object identified as a determinis-
tic fractal. The common idea behind this method is to shrink and duplicate an
object. However, this process is repeated an unlimited number of times. It is
interesting to realise that self-similarity can happen on all scales. These math-
ematical fractals are essential since they can provide valuable insight into some

principles pertaining to their naturally occurring counterparts [19,23]. Computer



simulations deliver a productive way into the study of the interaction of fractal
geometry and physical models to test any theoretical results. One area of intensive
research is in growth models [119-121]. These simulations follow some basic rules
that try to capture some particular physical mechanisms. In the deposition of par-
ticles modelling these rules dictate how the particle arrives at the surface, and the
fate of the particle afterwards. This model can be advanced by permitting surface
diffusion where the particle can move to a local minimum inside a certain radius
from its surface impact point [122,123]. The heights of the columns are therefore
connected, and the resultant interface is more smooth. Another model that has
been extensively examined is Diffusion Limited Aggregation (DLA) [124-127]. In
this model, the particles go through a random walk before they come to rest when
they come into contact with a substrate. In the simplest model, the particle re-
mains in the same position once it hits the substrate and does not undergo any
surface diffusion. The initial configuration (substrate) is typically a single seed

and the structure that develops is a fractal.

1.2.5 Fractal graphs

By viewing components in a fractal structure as vertices and then describing the
connectivity between these components as edges, a fractal graph can be created.
This has certain advantages which includes their amenability to describing wave
propagation in these fractal structures by discretising the associated field equation.
Researchers have used a Green functions approach for the study of the discrete
Schrodinger equation on two families of fractal graphs [128-130]. These are used
to study eigenstate localization. More generally they present a method for con-
structing orbits in closed form for the dynamics of certain rational, planar maps.

The mappings arise from renormalisation recursion relations for the Green func-

10



tions. Renormalisation has certain advantages in that it can be quickly calculate
the key elements of the inverse matrices for any fractal generation level. It also,
allows analytic insight and allows us to consider steady state solutions (infinite
fractal generation level). Its disadvantages are that it only applies to a certain
class of fractals (finitely ramified), and one can only get information on the dy-
namics of the fractal at the boundary vertices. In some cases it is possible to solve
analytically the full recursion equations using methods which one uses to solves
systems of nonlinear difference equations. This permits a detailed analysis of the
scaling properties of the physical processes. Artificial as they may be, regular
fractal graphs are attractive for several reasons. One is that statistical or dy-
namical models defined on such graphs often renormalise exactly [131-135]. Thus
model properties on one length scale are connected by exact recursion relations
to the same properties on another length scale. The scaling laws are extracted by

linearizing the recursions relationships about a fixed point.

1.2.6 Wave propagation in fractal domains

There is of course extensive literature regarding wave propagation in Euclidean
media. Therefore, researchers are interested in the effects that fractal geometry
can have on the nature of the waveforms. An extensive literature now exists which
uses a range of techniques to develop a sound mathematical basis [136-138]. Tt
can be shown that the geometrical properties of the transporting medium has a
marked effect upon the propagating wave [139]. The fractal geometries can be clas-
sified as one of two types [140]. The first type is where there is a fractal boundary
to a Euclidean domain [141]. This interface can act as an impenetrable bound-
ary to some homogeneous transporting medium or as the interface between two

different homogeneous phases. Another type is where the transporting medium
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itself is fractal, for example, a fractal lattice or a mass fractal [142]. Researchers
have investigated a nonlinear diffusion equation on certain unbounded fractal do-
mains [26], and others have discussed reactiondiffusion wave propagation in fractal

lattices of infinite generation level [23].

1.2.7 Fractal ultrasonic transducers

There are a few researchers who have modelled a piezoelectric ultrasound trans-
ducer with a fractal geometry and compared its operational qualities with that
of a homogeneous (Euclidean) design [19-21,143]. Here the fractal that was used
to simulate this self-similar transducer was the Sierpinski gasket [19-21,143]. The
graph counterpart of the Sierpinski gasket was used to express the electrical and
mechanical fields in terms of a finite difference methodology. A fractal medium was
used as this contains a wide range of length scales and yields to a renormalisation
approach. The propagation of an ultrasonic wave in this heterogeneous medium
was then analyzed and used to construct expressions for the electrical impedance,
and the transmission and reception sensitivities of this device as a function of the
driving frequency. The resulting comparison between the fractal transducer and
Euclidean transducer showed a marked increase in the reception sensitivity of the
fractal device [19,20]. It is worth noting that the use of finite elements as the basis
for a study of fractal ultrasound transducers has not been attempted before in the

literature.

1.3 Outline of Thesis

The aim of this PhD thesis is to use finite elements to model fractal ultrasonic

transducers and to use renormalisation to compare these transducers with tradi-
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tional designs. Chapters 2, 3 and 4 constitute the original work in this thesis.

Chapter 2 constructs the first finite element model of a fractal ultrasound trans-
ducer consisting of a piezoelectric material and then uses this model to compare
its operational qualities with that of a standard (Euclidean) design. The fractal
that is used to simulate this self-similar transducer is the Sierpinski gasket. The
piezoelectric equations are described and then embedded in this modelling frame-
work via a finite element formulation. The resulting discrete algebraic system then
yields to a renormalisation approach. This then facilitates the analytical study of

the performance of these fractal devices.

Chapter 3 builds a model of a fractal ultrasound transducer consisting of a piezoelectric-
polymer composite and compares this model’s operational qualities with that of a
standard (simple) design. The governing equations are derived from the general
tensor equations. This framework enables the deployment of different parameter-
isations and a scenario where the displacement acts out of the plane of the graph,
with the electric field operating within the plane of the graph, will be examined.
We will use a finite element methodology and introduce new basis functions to ex-
press the wave fields within the graph. This Galerkin approach leads to a discrete
formulation that lends itself to a renormalisation approach. The Sierpinski gasket
will be used for the simulation of a self-similar transducer. Such an ultrasonic
transducer would start with an equilateral triangle of piezoelectric crystal. This
equilateral triangle is composed of four identical equilateral sub-triangles whose
side length is half of the original. The first generation (n = 1) would be obtained
by replacing the central sub-triangle by a polymer material. This process is then

repeated for several generations with the removed sub-triangles from the smallest
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triangles being filled with a polymer. As in Chapter 2 a comparison between this

device and an equivalent standard composite design is undertaken.

Chapter 4 studies the complement (or dual) of the standard Sierpinski gasket.
Using the complement is vital as it has a range of triangle sizes whereas the Sier-
pinski gasket is composed of triangles of the same size for a given fractal generation
level. It therefore has a much stronger coupling to a wide range of length scales and
resonators. This appears to be the first time this dual graph has been constructed
and hence the first time that any form of wave propagation in this structure has
been considered. The dual graph is introduced and constructed by a process which
starts from the order n = 1 design (which consists of four piezoelectric triangles).
As in Chapter 2 the finite element model of a fractal ultrasound transducer con-
sisting of a piezoelectric material is used to compare the fractal design (using the

renormalisation derivation) with a conventional standard (Fuclidean) design.
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Chapter 2

A fractal ultrasonic transducer

based on the Sierpinski gasket

2.1 Introduction

This chapter constructs a model of a fractal ultrasound transducer and then uses
this model to compare its operational qualities with that of a standard (Euclidean)
design. The fractal that will be used in this chapter to simulate this self-similar
transducer is the Sierpinski gasket [144]. Such an ultrasonic transducer would
start with an equilateral triangle of piezoelectric crystal, and the next generation
(n = 1) would be obtained by replacing this by three copies of itself, each of
which being half the size of the original triangle. This process is then repeated
for several generations (see Figure 2.1). The degree of a vertex is the number
of edges incident to it, so the Sierpinski gasket graph of degree 3, SG(3), is the
graph counterpart of the Sierpinski gasket [145] (see Figure 2.2). The graph is
constructed by a process which starts from the Sierpinski gasket of order n = 1

(which consists of three piezoelectric triangles), assigns a vertex to the centre of
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each of these triangles and, by connecting these vertices together with edges, the
SG(3) graph at generation level n = 1 is constructed. The graph has side length
L units which remains constant as the generation level n increases. Therefore,
as n increases, the length of the edge between adjacent vertices tends to zero
and in this limit the graph will perfectly match the space filling properties of
the original Sierpinski gasket [7]. The total number of vertices is N = 3™ and
h™) = L/(2" — 1) is the edge length of the fractal graph. The vertex degree is
3 apart from the boundary vertices (input/output vertices) which have degree 2
and M = 3(3™ —1)/2 denotes the total number of edges. These boundary vertices
will be used to interact with external loads (both electrical and mechanical) and
so we introduce fictitious vertices A, B and C to accommodate these interfacial
boundary conditions (see Figures 2.4 and 2.5). Let us denote by 2 the set of points

lying on the edges or vertices of SG(3) and denote the region’s boundary by 0fQ.

A L G54

n=>0 n=1 n=2 n=3 n=4

Figure 2.1: The first few generations of the Sierpinski gasket.

JAVOV

Figure 2.2: The first few generations of the Sierpinski gasket graph SG(3).
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2.2 Model derivation

It will be useful to develop a more general model consisting of two phases for
the work in Chapter 3 as this model reduces to the single phase (piezoelectric
material only) to be studied first in this chapter. The graph represents the vibra-
tions of piezoelectric and polymer materials (here the focus will be on PZT-5H
and HY1300/CY1301 hardset respectively [2,146]) that have been manufactured
to form a Sierpinski gasket. The interplay between the electrical and mechani-
cal behaviour of the graph vertices is described by the piezoelectric constitutive

equations [2,3]

Ti; = cCijuiSk — erijEr (2.2.1)

Di = eilekl -+ 5ikEk s (2.2.2)

where T;; is the stress tensor, c;ji; is the stiffness tensor, Sy, is the strain tensor,
eri; is the piezoelectric tensor, Ej is the electric field vector, D; is the electrical
displacement tensor and ey, is the permittivity tensor (where the Einstein sum-
mation convention is adopted). The strain tensor is related to the displacement

gradients wu; ; by
Wij + Uji

Si': )
J 2

(2.2.3)

and the electric field vector is related to the electric potential ¢ via

Ei=—9,;.

The dynamics of the piezoelectric material is then governed by

prii = Tjij, (2.2.4)

17



subject to Gauss’ law

)

where pr is the density and wu; is the component of displacement in the direction

of the i" basis vector. So, combining equations (2.2.4) and (2.2.1) gives

Pl = Cjik1Skl; — Ckjilir,j- (2.2.6)

Combining equations (2.2.5) and (2.2.2) gives

D;; = ex1Skii + €k = 0. (2.2.7)

We will restrict attention to the out of plane displacement only (a horizontal shear

wave) by stipulating that

u=(0,0,uz(zy,z2,t)) . (2.2.8)

This choice of parameterisation will simplify the algebra significantly and will lead
to a scalar dynamical equation. It also will allow us to consider the transverse
vibrations of the device which is the primary engineering interest in its application.
There are of course other parameterisations that could be chosen and a suitable
choice would also afford the study of the vector elastodynamical equations. So,

since only ug; and us» are nonzero, then equation (2.2.6) gives

priis = C13505k1,1 + C2361Sk1,2 — €kjz Lk ;- (2.2.9)

18



From equation (2.2.3) we get

fugy i=1,j=3ori=3,j=1
Sij = %u&g 1=2,J=3 or 1=3,] =2

0 otherwise,

so that equation (2.2.9) gives

pris = C1331U3,11 + C1332U321 + C2331U3 12 + C2332U3.22 — €rjz by ;.

The piezoelectric material is polarised in the z3 direction and so, from the prop-

erties of PZT-5H (see Appendix A.4), then

. T
priis = cyy(us 11 + Uz 22) — exjsEy

since cl. = cI, and the Voigt notation has been used. Now if £ = (E) (71, 72), Ea2(71, 72),0)

then
pris = CI4(“3,11 + U3,22) - 6113E1,1 - 6123E1,2 - e213E2,1 - 6223E2,2-
That is
priiy = C4T4(U3,11 + U3,22) - €15E1,1 - e14E1,2 - e25E2,1 - 624E2,2-
Then

prig = C4T4(U3,11 + u392) — €24 (E11 + Ea2), (2.2.10)

19



since ey5 = ey and ey = e95 = 0. From equation (2.2.7) we get, for PZT-5H,
1135131 + €131.531,1 + €223523,2 + €232532.2 + €1T1E1,1 + E§2Ez72 = 0.

That is

T T
e15U3,11 + 24Uz 22 + 1111 + €590 = 0.

Therefore

eaa(ug11 + ug o) + €1T1 (Ev1+ Ey2) =0

since €1, = 1, for PZT-5H. So we get

e
_%4(“3711 + u322).
1

B+ FEyp =
Substituting this into equation (2.2.10) gives

2

.. e
prusz = CZ4(“3,11 + u392) + 8%(103,11 + u3.92).
11

That is

pris = pr(us 1 + us22).

A similar analysis can be conducted for the polymer phase. The dynamical equa-

tion in each phase can be written as

’Ilg = C2V2U3
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subject to continuity of displacement and force at the boundary with the mechan-

ical loads, where c is the shear wave velocity defined as

cr = /pr/pr, PZT-5H

c= (2.2.11)

cp = +/ip/pp, polymer

V? = 0%/02% + 02023, ur = cl, + €3,/el} is the piezoelectrically stiffened shear
modulus in the ceramic phase, up = ¢l is the shear modulus of the polymer, pT/P
is the density in the T-piezoelectric / P- polymer phase, ey4 is an element of the
piezoelectric tensor and €7} is an element of the permittivity tensor of PZT-5H.
The polymer’s material tensors are given in the Appendix A.4 and the derivation
cp follows similar lines to these for the piezoelectric material. Note that in this
chapter we will study a single phase transducer (piezoelectric material only) and
hence ¢ = ¢r. We impose the initial conditions wug(z,0) = u3(z,0) = 0 and the

boundary conditions of continuity of displacement and force on 0f).

By introducing the non-dimensionalised variable § = crt/h then (dropping the
subscript on )
0*u

o h*V?u. (2.2.12)

Applying the Laplace transform . : § — ¢ then gives

¢ u=h*Vu. (2.2.13)

We will seek a weak solution u € H'(2) where on the boundary 4 = usq € H'(99).
Now multiplying by a test function w € Hp(2), where H5(Q) := {w € HY(Q) :
w = 0 on 0N}, integrating over the region 2, and using Green’s first identity

Jo ¥ Vo dv = 5589 Y(Vo.n)dr — [, V¢ .Vidv, where n is the outward pointing
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unit normal of surface element dr, gives

/qguwdgth% w(Vu.Q)dr—hZ/Vu.deg.
Q a0 Q

Now h? §,, w(Vi.n)dr is zero since w = 0 on 99 and so, we seek 4 € H' () such

that

Ql\.’)
:>\
2
S
I&

I

—h2/ Vu.Vwdz
Q

where w € HL(Q).

2.3 Galerkin discretisation

Using a standard Galerkin method we replace H'(Q) and H5() by the finite
dimensional subspaces Sg and Sp = SN HE(Q). Let Up € Sg be a function that

approximates g on 0f), then the discretised problem involves finding U € Sg

such that
q2/ UWdx = —hQ/VU.VWdL
Q Q
where W is the test function expressed in this finite dimensional space. Let{¢1, ¢o,..., dn}

form a basis of Sp and set W = ¢;, then

q2/(7¢jd£:—h2/vz7.v¢jd£, j=1,...,N. (2.3.1)
Q Q

Furthermore, let ¢;, I = {N + 1, N + 2, N + 3} form a basis for the boundary

vertices and let

N
U=> Ui+ » U (2.3.2)
=1

iel
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Hence, equation (2.3.1) becomes

N
> (/ (¢PPitp; + B>V ;. w)j)dg) U, =
Q

i=1

-2 ( /Q (q°¢id; + "V Vaﬁj)dz) Us, (2.3.3)

iel

where j € {1,2,..., N}. That is

where
and
by = — Z (/{2((]2@(25]' + h*V;. V%’)d&) Us. (2.3.6)

iel
It is important to now explicitly record the fractal generation level n and so equa-

tion (2.3.5) can be written

AW =@ HY 2K, (2.3.7)
where
1 = [ @004z (238)
and
Ky _/(V@ V;)dz. (2.3.9)

The graph basis function at vertex z. is chosen to be (see Figure 2.3)

J
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-1 0 1 2

Figure 2.3: The graph basis function ¢; at vertex z; = (7, ;).

a+br+cy+dx®+y* je{l,...,N}
55(x,y) = (23.10)
a+d(z* +y?) jel,

where (z,y) € Q and a,b, c,d € R are coefficients to be determined. Hence

(b+2dz,c+2dy) je{l,...,N}
V(r,y) = (23.11)
(2dx, 2dy) jel.

Futhermore, the ¢; are defined as localised basis functions such that

if Z, = (T5,Y;
b,y = 1 if (z,y) = (z5,y;)

0 if (x,y) = coordinates of vertices adjacent to vertex j,
(2.3.12)

and ¢;(x,y) = 0 at all points which do not lie in the edges adjacent to vertex

j. For each generation level of the SG(3) graph the coordinates of the vertices
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A B
e ®
—h

,0) @ (0,0) ® (h,0) ® (2h,0)

(

Figure 2.4: The Sierpinski Gasket graph SG(3) at generation level n = 1. Vertices
1,2 and 3 are the input/output vertices, and vertices A (or 4), B (or 5) and C' (or
6) are fictitious vertices used to accommodate the boundary conditions. The graph
has 6 elements (circled numbers), with two vertices adjacent to each element.

are known (see the Appendix A.1 for a detailed description for n = 1 and n = 2).
Using equation (2.3.12) the coefficients in equation (2.3.10) can be determined (see
the Appendix A.1 for the values of these coefficients for n = 1 and n = 2). From

equation (2.3.10) the equation (2.3.8) can be written as, for e € {1,..., M},

¢ ](Z") = / (aj + bz + cjy+ dj (2% +y*)) (@i + bz + ¢y + d; (7 + 7)) dz
= / (ajai —+ (ajbi + aibj)x + ((leZ‘ —+ (liCj)’y + (Cjbi + Cibj)l‘y + bjbil‘Q
tejeiy” + (a5di + aidy) (27 +y7) + (bydi + bidy)x (2 + )

+(cjd; + cidy)y (2% + y°) + dyd; (2° + y2)2 )dg. (2.3.13)
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o

2h, 2+/3h)

B
° ®
(=h0) ®@ (00 @© (o) @ (2r0) & (340 (4h,0)
Figure 2.5: The Sierpinski Gasket graph SG(3) at generation level n = 2. Vertices
A (or 10), B (or 11) and C (or 12) are fictitious vertices used to accommodate

the boundary conditions. The graph has 15 elements (circled numbers), with two
vertices adjacent to each element.

For a particular element lying between vertex ¢ and vertex j the isoparametric

representation, given by

(x(5), y(s)) = (x5 = @i)s + @, (y; — yi)s + i) (2.3.14)

is employed (see Figure 2.6), where s; = 0 and sy = 1 and dz = hds. Substituting

S1 S 592
r—p——0
(:E'L'vyi) (‘rﬁyj)

Figure 2.6: An isoparametric element (edge) between vertex (x;,y;) and vertex
(5, 95)-
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this equation into equation (2.3.13) gives, for e € {1,..., M},

( (5% = 1)2ds =2 if j=i=p
gy ) D= 2)sds =55 if i€ {pa} g A
" (s —2)%s% ds =2 if j=i=gq
0 otherwise

\

where element e connects vertex p to vertex ¢. For the boundary elements e €

{M+1,M+2,M + 3},

1 e
e _ g Jo (s> = 1)*ds :% if j=i=q
Jio

0 otherwise

where ¢ is the corner vertex of the SG(3) graph connected to element e. Assembling

the full matrix in equation (2.3.8) gives, for generation level n = 1

g§ 11 11
5 30 30
HY=h|un s nl=paY (2.3.15)
? 30 5 30 Je
1 11 8
30 30 5
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and at generation level n = 2,

B B0 000 0 0]
B % wiwm 0 0:0 00
w50 0 0w 00
00t B0 00
) =h| 0 0 0% : %0 0 0 | (2.3.16)
0 0 0B B 3oy o
00 50 0 015 5 5
0 0 0;0 0 %% 8 4
00 0i0 0 o0fl 1 s

~

__________________________________

) _ | wom b e g
Hym = ho | gV PHG 5V |

__________________________________

where ]:I](.?_l) = H](.?_l)/h and Vj(ln) = L1pm (i) is the adjacency matrix for the
subgraph of SG™ (3) consisting of the edges D™ that connect each of the three
SG=1(3) graphs (for n = 2, D@ = {{2,4},{3,7},{6,8}} and for n = 3,
D® = {{5,10},{9,19},{18,23}} (see Figures 2.4 and 2.5)). (where Lay(a) is
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the indicator function which equals 1 if a € A, and 0 otherwise). That is,

Hji =h (Hji 30 iji ) )

where H ](?_1) is a block diagonal matrix consisting of three blocks of matrix H j(? b,

Similarly, from equation (2.3.11) the equation (2.3.9) can be written as

eK](?) = /(bj + 2d;x, c; + 2d;y).(b; + 2d;z, ¢; + 2d;y)dz,

e

= / (bzb] + 2(djbl + dlbj)l' + 4dideL‘2 + Cicj + Q(diCj + dei)y

+4didjy2> dz. (2.3.17)
Substituting equation (2.3.14) into equation (2.3.17) gives, fore=1,..., M

(1
Jy 5% ds =i ifj=i=p

1 -1 - .. . .
s(s—1)ds == if j,1 € {p,q}, 1
g 4 Josts=1) o fgicipahi? (2.3.18)

Pl s —1)2ds =1 it j=i=g

\ 0 otherwise

where element e connects vertex p to vertex ¢q. For the boundary elements e €
{M + 1, M + 2, M + 3} then equation (2.3.17) becomes
1 9 1 - . .
o r(n 4 fosds =3 if j=i=¢q
= ; | : (2.3.19)
0 otherwise
where ¢ is the corner vertex of the SG(3) graph connected to element e (for n = 1,
q €{1,2,3}, and for n = 2, ¢ € {1,5,9}). Note that there is only one combination

of basis functions in these exterior piezoelectric elements since the left hand side

of equation (2.3.3) does not involve the basis functions at boundary vertices [
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denoted by ¢;. Combining equations (2.3.18) and (2.3.19) to assemble the full

matrix in equation (2.3.9) gives, for generation level n = 1,

123
K;j):% 2 4 =2 _%f(;jl (2.3.20)
274
and at generation level n = 2,
(4 2 210 0 0i0 0 0
T 4FF 0000 0 0
2 22 400 0 0:2 0 0
0 2 0i4 22 20 0 0
KJ(*?):% 0 0 0i%2 4 =20 0 0 | (2.3.21)
0 0 0i=%2 =2 4:0 2 0
0 Fi0 0 04 F F
0 0,0 0 FiF 4 P
0 0 0{0 0 0i=2 32 4
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So, from equations (2.3.20) and (2.3.21), we can write matrix K, for n > 2 as

Ji 3 i 3 "Ji
KO = 1| 2pm R0 —2ym)
J h 3 Tt T 3 Vji ’

__________________________________

where IA(J(-?_D = hK](.?_l). That is,

w1 ( Ko EV@)
ji ’

g h 3 i
where K ;?—1) is a block diagonal matrix consisting of three blocks of matrix K j(»?_l).
Combining equations (2.3.20) and (2.3.15) gives equation (2.3.7) as
a [ f
AV=h|pg o g | =AY, (2.3.22)
BB a
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where o = (8/5)¢*> + 4 and 8 = (11/30)¢* — 2/3. Similarly, for generation level

n =2,

e
=
= @
o
o

________________________________________

AY —p

Jt

0
0o 0 |- (2.3.23)
B

________________________________________

________________________________

AW = | gy 40D | gy |

________________________________

where 1215-?71) = Ag’;*l)/h. That is,

A = n (A5 4 Vi), (2.3.24)
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where /:15-?_1) is a block diagonal matrix consisting of three blocks of matrix /Alg.?_l).

A similar treatment can be given to equation (2.3.6) to give (where m = (N+1)/2)

(

- (LMH (®ON+10; + BV oni1 . V;) dz) Uy, 7=1
- (feM+2 (®Ony20; + WP Vonis. V) d&) Ug, j=m
- (feM+3 (PON130; + WPV dnis. V) dg)

0 otherwise,

(2.3.25)
UC? j: N

\

where M + 1,M + 2 and M + 3 are the set of edges M;, Us,Up and Ug are
the mechanical displacements at the fictitious vertices A, B and C' respectively.

From equation (2.3.25) let us start to find bﬁ") at element e = M + 1 (see Fig-

(h/2,7/30/2)

A 1
[ @
(_h7 0) e=M+1 (07 O) (h7 0)

Figure 2.7: The boundary element for e = M + 1

ure 2.7), which is connected between vertex A at (z4,y4) = (—h,0) and vertex
1 at (z1,y1) = (0,0). From equation (2.3.14) we get (z(s),y(s)) = ((xr1 —xa)s +

xa, (Y1 —ya)s+ya) = (h(s —1),0) and dz = hds, gives

b\ = —h < / (dagy + h*Va. V) ds) U, (2.3.26)
M+1
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From equation (2.3.10) the basis functions at vertex A in element e = M + 1 is

da(z,y) = 12 (2.3.27)
and at vertex 1 is
22 4 g2
di(z,y) =1 — th . (2.3.28)
Substituting equation (2.3.14) into equations (2.3.27) and (2.3.28) gives
04 (5(5), 9(5)) = 6a (s — 1),0) = (5 — 1) (2:3.29)
and
or (5(5), 9(5)) = n (s — 1),0) = (2 s)s. (2:3.30)
From equation (2.3.11), equations (2.3.27) and (2.3.28) gives
2z 2y
Voa(z,y) = (ﬁ, ﬁ) (2.3.31)
and
—2z -2
Vi (z,y) = <?, h—Qy) : (2.3.32)
Substituting equation (2.3.14) into equations (2.3.31) and (2.3.32) gives
2(s —1
Vo (a(s) (o)) = (25510) (2.3.33)
and
2(1 —
Vo (als)uto) = (1" 0). (23,34
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Substituting equations (2.3.29), (2.3.30), (2.3.33) and (2.3.34) into equation (2.3.26)

. 4 2
bg>:h(§_ﬁq2) Ug.

gives

Now from equation (2.3.25) let us consider b\ at element e = M + 2 (see Fig-

(2" = 3)h/2,4/3h/2)

m = (N +1)/2 B
[ 4 L J
((2" =2)h,0) ((2"=1)h,0) e=M+2 (2"h,0)

Figure 2.8: The boundary element for e = M + 2

ure 2.8), which is connected between vertex m at (z,,ym) = ((2" — 1)h,0) and
vertex B at (xp,yp) = (2"h,0). From equation (2.3.14) we get (z(s),y(s)) =

(xg — Tm)S + Tmy (U — Ym)S + Ym) = ((s + 2" — 1)h,0) and dz = hds, gives

b = —h ( / (°dpdm + h*Vép. V) ds) Us. (2.3.35)
M+2

From equation (2.3.10) the basis functions at vertex B in element e = M + 2 is

(27 —1)2h2 + 2% + 3

op(,y) = 2 1) (2.3.36)

and at vertex m is

22" = Da  2*+y°

- = (2.3.37)

Om(r,y) =2"(2 -2") +
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Substituting equation (2.3.14) into equations (2.3.36) and (2.3.37) gives

s(s+ 2"+ —2)

o3 (a(s) () = T2 (23.38)
and
Om (2(5),y(s)) =1 — s> (2.3.39)
From equation (2.3.11), equations (2.3.36) and (2.3.37) gives
B 2z 2y
ngB(x? y) - <(2n+1 _ 1)h27 (2n+1 _ 1)h2) (2340)
and
22" -1 20 =2
Vo (z,y) = <¥ - h_f’ h—gy) : (2.3.41)
Substituting equation (2.3.14) into equations (2.3.40) and (2.3.41) gives
2(s+2" -1
Von o(6).09) = (S ) (23.42)
and
—2
Vo (a5 = (0) (23.43)

Substituting equations (2.3.38), (2.3.39), (2.3.42) and (2.3.43) into equation (2.3.35)

gives

1 (11— 15 x 27)
(n) _ 1 2
bw’ = ( T3 T 30— 1) ¢ ) Us.
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A similar calculation, for bg\?) at element e = M + 3 shows

ﬁj(n)UA, J=1
(”)U N
n j y ] =m
o) =l M E (2.3.44)
n](’n)U07 .] =N
\ 0 otherwise,
where
4 2 2 ~
n 3 — 159 J = 1
n]( )_ ) 3 15 (2.3.45)

11-15x2" 4
T 3(2n+1171) + éo(znﬂx,l))qQ, Jj=mor N.

—_

Note that the value of n](n) where j € {m, N} is dependent on the generation level

n. For generation level n = 1,

otherwise,

and for generation level n = 2,

(3—15)Ua, j=1
5 (5t —%)Ws, =5
(5 —5%¢We, 7=9
0 otherwise.

2.3.1 Application of the mechanical boundary conditions

Mechanical and electrical loads will be introduced to the transducer at its bound-

aries as displayed in Figure 2.9. In the mechanical load at the front face of the
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transducer the governing equation is [3]

62uL 82uL

pL—8t2 _“L—axi )

where py, is the density of the load material, uy is its displacement and puy, is its

shear modulus. That is
Pur BL d%uy,
o2 pp Ox?

and so, nondimensionalising in a similar fashion to equation (2.2.12), gives

62uL_ hep\ 2 0%uyp,
002 ox?

cr

where ¢z, is the wave speed in the load (¢ = pur/pr). Taking Laplace transforms

as was done in equation (2.2.13) gives

d2fLL qcr 2 _ 0
—(—) ar,=0.
dz? hey) -

Hence, the displacement in the load is

ur, (.T}L) = ALe(ichxL/th) + BLe(chxL/th), (2346)

where A, B are constants (Ay is the amplitude of the incoming wave that is
received by the transducer (in transmission mode Ay is zero) and By, is the ampli-
tude of the transmitted wave (transmission mode) or reflected wave (in reception
mode)) and xy, is the local coordinate in the mechanical load (see Figure 2.10).

Similarly the displacement in the backing layer (subscript B) is given by

fLB(ZL‘B) = ABe(—chJ:B/hCB) + BBe(cha:B/th)’
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Mechanical
Load

Sierpinski Gasket

Backing Mechanical
Material Load

S

v

Figure 2.9: Physical layout of the fractal transducer.

where Ap, Bp are constants (in both transmission and reception modes Ap is
the amplitude of the wave transmitted into the backing material and Bp is the
amplitude of the incoming wave), xg is the local coordinate in the backing ma-
terial and cp is the wave speed in the backing material. As the backing layer is
highly attenuative it is assumed that there is only a wave travelling away from the
piezoelectric layer (SG(3)) interface (xp = 0) in the direction of increasing zg,

and so we set Bg = 0. Continuity of displacement at the transducer-mechanical
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Backing layer ~ Transducer Mechanical load

— Bp By,
Bp=0 Bz, | | B,
<€ > >
B II xrr Xy,

Figure 2.10: The multilayer model.

load interface and the symmetry of the SG(3) graph give

Ur = up(0) = Ag, (2.3.47)
Ug = ug(0)=A,+ By, (2.3.48)
Uco = ur(0)= AL+ By. (2.3.49)

The force F on each vertex is given by F' = A, T, where A, = £L/(2" — 1) = £
is the cross-sectional area (A,) of each edge of the fractal graph. Recall that in this
chapter we will be restricting attention to a transducer composed of a piezoelectric
material alone (so single phase and no polymer phase).

From equation (2.2.8) only us; and us» are nonzero and so the only nonzero
components of equation (2.2.1) and due to the properties of PZT-5H (see Appendix
A.4) [147,148], we get

Tll = T12 = T21 = T22 = T33 = 07

and

Ti5 = T3 = c1313513 + 1331531 — e113Eh.
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That is

Ts = C5T5 (S13 + S31) — e By,

and, using equation (2.2.3), since from equation (2.2.8) u; 3 = 0, then

T
T5 = cyyuzy — el

since C5T5 = C4T4 and ey5; = egy. Similarly we get

Ths = Ts9 = €3223593 + 3232532 — €232 E0,

that is

T
T4 = CyqU32 — 624E2.

Similarly, from equation (2.2.2), for PZT-5H, the only nonzero components are

T
Dy = eyuz; + g7, b,

and

T
Dy = eyuz o + €1, Lo,

where Dj is zero. Given the geometry of the graph, the positioning of the boundary
vertices, and the load conditions there is a line of symmetry given by x; = x5 (see
Figure 2.11). Hence, £y = Ey = E and us; = ugy then D; = Dy = D and
T =T, =T, and so

D = egqugq + 51T1E.

That is

E=—(S+ li (2.3.50)

€11
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Figure 2.11: The line of symmetry given by z; = x5

where ¢ = ey /eT} and S = ug; = du/dz. Also, we have

T
T = CyqU31 — 624E

and substituting equation (2.3.50) gives

62 €Coy
_ T 24
T = (644 -+ 67) U3,1 — TD

11 €11

That is

T:,LLTS—CD

Hence, from equation (2.3.51),

F = AT = AyprS — CDA,.

(2.3.51)

By applying an electrical charge () at one of the transducer-electrical load interfaces

then Gauss’ law (equation (2.2.5)) gives D = Q/A,. Since S = du/dz, then

du
F = Ar,qu_ - CQ
X

42
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So from the continuity of force we get F(u,,) = Fi(usq) = Fr(zr = 0), where F7,

is the force in the mechanical load. That is, from equation (2.3.46),

Ug—U,
Ar,UTM—QQ:Ar,UL ger (—AL+BL), (2.3.53)
h hCL
and so
Q(nY_Z
Up — Un o \1 )= ZTq( Ar + Br), (2.3.54)

where the mechanical impedance of the load is Z;, = up A, /¢y, and of the transducer
is Zp = prA,/cr. At each generation level of the Sierpinski gasket transducer the
ratio of the cross-sectional area of each edge to its length is denoted by ¢ = A,./h(™.
The overall extent of the SG(3) is fixed and so the length of the edges will steadily
decrease and, by fixing &, the cross-sectional area will also decrease as the fractal
generation level increases. Hence, equation (2.3.54), and its equivalent at the front

face of the transducer, can be written

Q  Zp
Q _ Z

Zp is the mechanical impedance of the backing material. Substituting equation
(2.3.47) into equation (2.3.55) gives Uy = 7 U; + §; and substituting equations
(2.3.48) and (2.3.49) into equation (2.3.56) gives

Ug :’}/mUm+(5m =Ue :’VNUN+5N, (2357)
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where

Vi

and

\

Zr
= (1—q§—;)_1, j=mor N
\0 otherwise
=3 j=1
fym<ﬁ— Ang—i>, j=mor N
0 otherwise.

Hence, equation (2.3.44) becomes

b§") — hf‘yj")Uj + h(ij(n) j=1,mor N

where f‘y](»") = J(

(2.3.4) gives

Hence,

AWy, =50, + 6,

<ﬂm_§mw:@w7¢:meN

Ji

J
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(2.3.59)

(2.3.60)

")fyj and 5_]»(”) = nj(.")éj. Putting equation (2.3.60) into equation



where

- o0
0 0
0
By = Yo
0
0
That is
F}(z‘n)Ui = 5]‘(”),
and so
Ui = G5,
where
6 = (F) " = (4 - )

represents the Green’s transfer matrix.

2.4 Renormalisation

; -
(2.3.61)

0

N |
(2.3.62)
(2.3.63)

From equation (2.3.62) the desired basis function weightings in equation (2.3.2) at

each vertex in €2 are then given by

J

U =6 + @

M5 4 GFE,

jm~m

(2.4.1)



In particular we will be interested in Ul("),Uy(r’L1 ) and U ](\’,1 ) and so we only need

to be able to calculate the pivotal Green’s functions GZ(-?), i,j € {1,m,N}. If

1 b e m

Figure 2.12: Three Sierpinski Gasket graphs of generation level n—1 are connected
by the edges in bold ((dr), (be), (qz)) to create the Sierpinski Gasket graph at
generation level n.

we temporarily ignore matrix Bin equation (2.3.63) (this matrix originates from
consideration of the boundary conditions) then, due to the symmetries of the SG(3)

graph (and hence in matrix A™), we have
GE?) = Gg?) =2, say, where 1,5 €{l,m, N} (2.4.2)
(i.e corner-to-same-corner), and
G’gz) = G’ﬁ:l? =1y, say, where j khe{l,m N}, j#k#h (2.4.3)

(i.e corner-to-other-corner), where

Gm = (AW)I . (2.4.4)

(2

For clarity, at level n + 1, we denote, X = GU"™ and ¥V = G§?+1) where j,1i, €

{1,m, N}, j # i. The matrix is symmetrical and consequently, CA}Z(;L) = CA}%) From

46



equation (2.2.12), since

(n) _ °T
o) = h(n)t, (2.4.5)

then .Z : 6 — ¢ where ¢™ = o™ = 2'27Tf(”) =27 (CT/h("))fl f), f(”) is
the nondimensionalised natural frequency, @™ is the nondimensionalised angular
frequency and f, and w™ are the dimensionalised equivalents. In order to
use the renormalisation approach detailed below then we set ¢ = ¢ = ¢+,
This simply means that the output from the renormalisation methodology (and
hence the electrical impedance and transmission/reception sensitivities) at a given
q (fixed) is then that quantity at frequency f(™ at fractal generation level n. So
when comparing outputs at different fractal generation levels one must ensure that
the frequency is scaled appropriately (by (cp/h™)~!') when re-dimensionalising.
An iterative procedure can be developed from equation (2.3.24) which can be

written as

A+ — A(n) LAV >

where V" = 100 (ji), D™ = {{b. e}, {d, 7}, {q, 2}, {e.b}, {r.d}, {z,q}} (see Fig-

ure 2.12). Since G™ is a block-diagonal matrix and from equation (2.4.4) then
R -1 R

That is
<é<n))_1 _ (@(nm)‘l _ gy,
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Hence, using the N, x1 X N, identity matrix denoted by I,,.1,

A G

= G ((@(”+1))1 — BV GO <@ (n+1) ) 1)

— Om (In—l—l — By D Gt ) ) (G(n+1 )

Hence,

~

G D — G _ gGm Y (D) Gn+1) (2.4.6)

To calculate G%L) the boundary conditions must be reintroduced. From equation
(2.3.63),
(G(m)—l — A _ B

Now, from equation (2.4.4)

Hence,
I = (@(n))l a _ B
and so
G =gt — gmpgh
Hence,

G =G™ + GWBMG™, (2.4.7)
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2.4.1 Derivation of the pivotal recursion relationships

The (i, 7)™ element of the matrix equation (2.4.6) can be written as,

G =& ST eV Gy, (2.4.8)
hk
The system of linear equations in C;‘Z(;LH) will create the renormalisation recursion
relationships for the pivotal Green’s functions. However, these recursions do not
include the boundary conditions. Since the subgraphs of Figure 2.12 only con-
nect to each other at the corners, it will transpire that the recursions in equation
(2.4.8) only involve two pivotal Green’s functions, namely, corner-to-same-corner
and corner-to-other-corner; the so called input/output vertices. To proceed, we
now need to determine  and ¢ as defined in equations (2.4.2) and (2.4.3). Using

equation (2.4.8) we get

A(n+1 A n+1)
GglJr ) :Gg ZBGM hk G( v )

where éiy) is a block-diagonal matrix where each block has dimensions d x d so
éEj’ =0,V >d. Also Vh(,?) = 1 pw (hk) is the adjacency matrix for the subgraph

of SG(")(?)) consisting of the edges D™ that connect each of the three SG"~1(3)

graphs (D™ = {{d,r},{b,e}, {q, 2}, {r,d}, {e,b}, {2, q}} (see Figure 2.12)) and .
So, we get

Gt = G - BaR VI ALY - BERVI GG
and

Gii™ =GP = BGINGITTY =BG
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since, by symmetry é%) = Gg?\;, CA?Y}\), = G% and C?fffﬂ) = C?gfﬂ). That is

X =1 — 20y G(nle

(2.4.9)

since, G\ = & (corner-to-same-corner), Gg’}\; = G% = ¢ (corner-to-other-corner);

and so at generation level n + 1, G("+1 — X (see equation (2.4.4)). Similarly,

Therefore
Also
Hence

A(n ~(n n) A(n+1
= GEA) - ZﬁGgh)Vh(k)Gl(elJr )
h,k

— —BG® — BV MG

- —aég@é,sw et

éérlzﬂ — _Bi G (n+1) — 8§ G(n+1 .

A(n A(n n) ~(n+1
Gy =Y sapviy ety
h,k

— BADVIGLTY — pGvin Gy

BG (n+1 ﬁG’ (n+1).

n+1 ~N(n ~
GO — 5 — BGU (2 + ),
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Gy(TLl) _ é(nJrl)

since =G,

~N(n+1
Gty

Therefore

Finally,

N

G

A(n A(n n) A(n+1
G =BGV G
h,k
BEVICLT — VG

—BGMGY — GG,

n+1 ~ A(n+1 ~ A(n+1
i1+ )= _5yGl(>1+ )~ 6$Gi1+ )a

(2.4.12)

since GO = G and (A}’((ITIH) = G Equations (2.4.9) to (2.4.12) provide

four equations in the four unknows X,GSH),G?EH) and GS{H) which can be

written in matrix form as

27 o ol x | [z]
1 pa By || GGV 0
0 Bty 1 oo || au | g
g py 1| [ GHTV ] | o]

(2.4.13)

So, solving this by the augmented matrix approach and back-substitution we get,

~

X=i+

~

G

Gt _

and

(n+1)

A(ntl)

26%9° (& + B2° — BY?)
(1+ B+ py) (1= 5222 — Bij + 59°)

—By (& + B2* — BJ°)
(1+ B2+ Bg) (1 — B22% — By + *5°)
y(1 + pz)
(1+ B+ By) (1 — B22% — Bij + 529°)

—By?
(1+ B+ By) (1 — B22% — Bij + 5*9°)
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Now, for Y = éfjjf”, equation (2.4.8) gives

~N(n+1 n n n+1
G£n1+ = ZBGmi)LVh(k k1+)
= —BGEVEIGHT - ﬁGS:qVqé” G

Therefore
V=g (G 6. (2.4.17)
Putting equations (2.4.15) and (2.4.16) into equation (2.4.17) gives

o ~BiP(1 + B3 - BY) |
(15 Bi + B9) (1 — 5% — B + 5°7°)

(2.4.18)

The boundary conditions can now be considered by rewriting the (i,7)"" element

of the matrix equation (2.4.7) as
Gl = ) + Y CgBGy
h,k
and so we have,

o = o+ z GBI Gl
h,k

Therefore

=T+ 3T+ 207my (2.4.19)
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= 1, Bim = B](\?])V = m from equation (2.3.61). Similarly,

Gn o= o +ZG(" BYa

= GU) +G">B("G">+G<n BG4 GO BULGY).

mm mm

Hence

Y =0+ 9INT + 2%y + §¥my- (2.4.20)

Letting G, = z and GS;J)V = r then,

am o — G ZG(n BMG

mm

— G 4G ">B(" Gl +GW) B G0+ GUNBGS) .

Therefore

2 =T+ 9NY + TVmz + G (2.4.21)

Finally,

h,k

= G+ BWen 4 am g g4 G i Gl

mm mm mN

Hence

r =9+ YNy + " + Pmz- (2.4.22)

The four equations (2.4.19),(2.4.20),(2.4.21) and (2.4.22) can be solved to express
x,y,r, 2z in terms of T, Y, 71, Ym. Solving equations (2.4.19),(2.4.20) for = and y

gives
P
= LY (2.4.23)
I—ay
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Substituting equation (2.4.23) into equation (2.4.20) gives

o T 209y . -
y=y+uymn (7 + TYmY + YVmyY-

1—ay
Therefore
Y
Y= 7 (2.4.24)
(1= 2%) (1 = 3m(Z + 9)) = 20°71Vm
Rearranging equation (2.4.21) we get
2(1=2%m) = 2 + 971y + §m
That is
_ LR T e (2.4.25)
1- TYm

Substituting this equation into (2.4.22) gives

T4 yny + Q"W)

r(l—:%vm)zwmyﬂ)vm( =

which can be written as

g (1+%y) N YVm (& 4+ 9Ny + 7))
1 — 2, (1 — 34m)°

Therefore

(% = 14 99m) (@9 — 1 = Jm)
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2.5 Electrical impedance and transmission sen-
sitivity

In transmission mode there is no force incident on the front face of the transducer
and so in equation (2.3.59) Ay, = 0. Consider one edge in the graph connecting

vertex 1 to vertex N, and apply a charge () at vertex N. The voltage V is defined

L
V:/ Edx
0

as follows

and using equation (2.3.50)

L D
V = / (—<S+T) dl‘
0 €11
L di D
= —(— + — | dx.
/0 ( Cdx+5rip1) !

Now integrating and using D = /A, as used in equation (2.3.52) gives

V = —C(Uy—-U)+ AQ—%
= —((Uy-U)+ C% (2.5.1)

where the transducer capacitance is given by Cy = A,el;/L. Since the charge

Q= [Irdt = \/(pr/pr)h [ Iy dO where Ir is the current and 6 = cpt/h then, by

taking Laplace transforms, gives

I
Q= Prg, T
Hr g

That is

qQuré
Zr

Iy = (2.5.2)
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where Zr = \/urprA,. The electrical impedance of the device, denoted by Zg, is
given by
Ip = — (2.5.3)

substituting equations (2.5.1) and (2.5.2) into equation (2.5.3) gives

Zr <1 _ (Co (Uy — Ul)) .

B Coquré Q (2.5.4)

Now using equation (2.4.1)

v = W™ +Gsm 4 Gilsty
s (ot + o)
= GiYo + 26050
since Gg?,z = GY}\), and 5](\?) = 8. This can be calculated since Gﬁl) = z is given
by equations (2.4.14) and (2.4.23) and G{") = y is given by equations (2.4.18) and
(2.4.24). From equation (2.3.59) and the definition of 5§") in equation (2.3.60)

gives
g _ Q
! uré

Note that in equation (2.3.59) 0,, = 1, (Q/(ur) since Ay = 0. Similarly,

< ’71G11 Qng)VmG%) . (2-5-5)

UP = G 4 LA + G

NmYm

= G + 80 (G, + GN) -

Therefore
(n) Q

Uy’ = s (m NGY = 18 Ym (GﬁfnﬂLGE@v))- (2.5.6)
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Substituting equations (2.5.5) and (2.5.6) into equation (2.5.4) gives

Zr ¢2Co () () ) (n) (n) (n) (n)
1+ — (71711 (GNl - Gn ) + YmMm (_GNm - GNN + 2G1m)> )

BT Coqurt pré
and so
Zr ¢2Cy )
g = 1+ oL +o
g coqm( € 1)
where

o1 =" (GEQ - GYI)) and oy = Y, (—GS% — Gy + 2G§’2) ;

and GS@ = Gg@n = Gg’:ﬁ = y is given by equations (2.4.18) and (2.4.24) and
GYIL) = Gg\?])\, = x is given by equations (2.4.14) and (2.4.23). Hence, the non-

A

dimensionalised electrical impedance (Zg) is given by

AT L —— (1+ if;

7~ Coanrls o1+ 2.57)

where Zj is the series electrical impedance load in the connecting circuitry. This
can be compared with the non-dimensionalised form for the electrical impedance

of the standard (Euclidean) transducer (é £) [6,8,149]

Zg(f) = 1CoZa —— (KpTr + KBTB)) ; (2.5.8)

5 1 1 C200
2qZT

where Tp = 227 /(Zr+Z1), Ts = 227 /(Z1r+Zp) are non-dimensional transmission

coefficients, K and Kp are also non-dimensional and are given by

(1—€e"9)(1— Rpe™97)
(1 — RFRBG_QQT)

Kp=
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and
(1—e"9)(1— Rpe™ )
(1 — RFRBG_QqT)

Kp=

where Rp = (Zr—21)/(Zr+Z1), Rp = (Zr—Z5) /(Zr+Zp) are non-dimensionalised
reflection coefficients and 7 = L/cr is the wave transit time across the device. In
order to calculate the transmission sensitivity, consider the circuit shown in Fig-

ure 2.9. The current across the transducer Ir is given by [§]

aV

I —
T Zo 10

(2.5.9)

where a = Zp/(Zy + Zp), b = ZoZp/(Zy + Zp) and Zp is parallel electrical
impedance load. Continuity of force at the front face given by equation (2.3.53)

and continuity of displacement given by equation (2.3.49) (with A, = 0) gives

Fr = Fy(zr = 0) = Az (@) Ue. (2.5.10)
hCL

Substituting equation (2.3.57) into equation (2.5.10) gives

C

From equations (2.3.58) and (2.3.59) with A;, = 0 then

Fp=A.ur (ﬂ) (’VmUm + vmg) :
her, prs

Therefore

Fp = f“ijc%m (Um n 5—2) : (2.5.11)
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since £ = A, /h. To obtain U, we make use of equation (2.4.1) to obtain

) _ (Q

o /~LT£< le — ™y, (G(" +G ))

Therefore equation (2.5.11) becomes

Frp =

prger (Q

w)y ( G+ 1 <G(" G%) +1). (2.5.12)

Ccr

Substituting equation (2.5.9) into equation (2.5.2) gives

VZ
V= ot b (2:5:19)
then substituting this into equation (2.5.12) gives
% = ﬁ%( G+ 15 m <G(" +G ) )
since Zj, = purA,/cr, and so
Fr_ _ ZiSa p
Vo (Zg+bur
where
K = (=00 Gl 4 0 m (Gl + Gk ) + 1)
The non-dimensionalised transmission sensitivity (¢z) is then given by
Vrlfin) = 2F <§é0) -7 be)ZTSCOK(n)' (2.5.14)
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This expression can be compared to the equivalent transmission sensitivity (¢g)

in the standard (Euclidean) design [6,8,149]

~ ~ -1
FE' 1 . CI,AT)\KF CQ)\ (KFTF -+ KBTB)
uel = (g ) = -t <1— o ) . (25.15)

where Fg the force produced at the front face of the standard transducer, A =

Co/(1 4 qCob) and Ay =271 /(Z; + Z7) are dimensionless constants.

2.6 Reception sensitivity

In reception mode Ay, is now non zero because the front face will be subject to a

force (given by the incoming signal). From equations (2.3.59) and (2.3.62)

Zr
[ _ CQ G (CQ 24, ) eio
! Tf " 11 pré qZT Tm 7

and

A
U = %m0 6 (CQ 24 L) (Gl + G ).
N MTfm M1 Nl T LQZ N Y Nm NN

Putting these into equation (2.5.1) gives

Q¢ (n (n) Q- ZL\ )
Vi = Tgm ’Vl (Gm Gy ) + —Tf 20AL QZ M Tm
n n n Q
(2G§,,3 -G, - GSv?v) o

Then
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and so

1% Q(CQ( + 09) + 1) 2CA 21
= — (o o — | = —09.
F L€ 1 2 Co LqZT 2

From equation (2.3.52) the force in the load (¢ = 0) is given by
dii
F = Ar,uLﬂ.
dl‘L
From equation (2.3.46)

duy, qcr _
et R B b B, elacrer/her) A o(=acrar/her)

and so, at x;, =0,

dup, gcr
dz, <h—cL> (—ArL),

(2.6.1)

(2.6.2)

since in receiving mode By, = 0. Substituting this into equation (2.6.2) we get

~ SqerZy
F= S ),

Then

—FA,
quTZL.

Substituting this and equation (2.5.13) into equation (2.6.1) becomes

Vi = aVpZr ( CQ

(01 +0 )+i) 4 2Ecos
(Zg + b)qure \pre ' 7Y T G

Epr

since pr = Zrer/A,, and so

aZT CQ 1 . QFCO'Q
Ve (1  (Zp+b)quré (Mf (o1 02) + 50)) o Cpr
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and hence

F_£/~LT

Ve 2o ( aZr(P(o1 + 02) aZr )1
(Zg +b)api&®  (Zp + b)auréCo

The non-dimensionalised reception sensitivity (¢g) is then

or(fin) = %(624”
_ 2(624[/0'2 ( _ aZTCQ(O-l + 02) - CLZT )_1 (2 6 3)
Eur (Ze + Daz€®  (Ze+bapr€Co) ~ 7

This expression can be compared to the equivalent reception sensitivity (¢g) in

the standard (Euclidean) design [6,8,149]

65(f) = Elenl) =

. N -1
—CTFKFA*624L 1_ C2>\* (KFTF + KBTB) (2 6 4)
9Zr 2¢°ZrZp S

where Vg the voltage produced by the standard transducer and A = qCob/(1 +
qCob). Having derived expressions for the main operating characteristics of this
new device it is necessary to compare these with those of a standard device to

assess any practical benefits arising from this novel design.

2.7 Steady state solutions

The fractal case arises when we allow the generation level n to tend to infinity
and we assume that the recursion relationships converge to a steady state (we
denote these steady state solutions by a % superscript). Note we will examine the
convergence of these recursion relationships later when we consider the pre-fractal

SG(3) transducer (finite generation levels).
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Case A: y* =0

If j* = 0 then equation (2.4.9) is automatically satisfied (since X = & = 2*) and

from equations (2.4.10) and (2.4.11) we get
Gr, = —pi*Gy, (2.7.1)

and

= =BG (2.7.2)

Substituting equation (2.7.1) into equation (2.7.2) gives
Gy (1 - %) =o0.

Therefore G, = 0 or #* = 41/8. In the former case then G*, = 0 and in the

latter case G, = FG¥,. From equation (2.4.12) we get

N

Gty (1+ Bit) = 0.

Therefore @’;1 = 0 or 2* = —1/p. Now bringing in the boundary conditions
equation (2.4.25) gives
j*
=
1- T*Ym

where 2* # 1/74,,. From equation (2.4.23) we get



That is

y=0

since * # 1/7,,. From equation (2.4.22) we get

That is

since &* # 1/7m,. In the case where Gf, = G, = G, = 0 we denote the solution
as ¥ = x, x € C and in the case where #* = +1/5 we denote the solutions as
G =T\ G5 =T and G*, = 6 (or 0 when #* = 1/8) where A, 0 € C. The full

set of solutions are summarised in the table below.

Case | z* | y* | G}, | GE | G x Y| w z note

AL 0] A | =x| 0 | 552 |0]0] 57 B# M, B # Ym

A2 5|0 =A] A |0 | 52 [0]0] 5= B# M, B # Ym

A3 x |00 [ 0|0 | 2|00 2 | AL AL AL

Case B: y* #£ 0

If g* # 0 then from equation (2.4.9) we get

—25@*6;:1 =0
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since X = & = #* andf/:@:gj*. That is

since 8 # 0, y* # 0. Substituting this into equations (2.4.10) and (2.4.11) we get

PG+ G =0 (2.7.3)

and

=0 (2.7.4)

Substituting equation (2.7.4) into equation (2.7.3) gives

G = —i*. (2.7.5)

Substituting equations (2.7.4) and (2.7.5) into equation (2.4.12) gives

T+ Bt — By = 0. (2.7.6)

Note that z* # 0 since this would imply that §* was zero. Also substituting

equations (2.7.4) and (2.7.5) into equation (2.4.17) gives

it =B " - 2.

That is
(2.7.7)
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Putting this into equation (2.7.6) gives

1
= —. 2.7.8
P = (2.78)
Putting this into equation (2.7.7) gives
-2
= —. 2.7.9
V=35 (2.7.9)

Now putting equations (2.7.8) and (2.7.9) into the boundary conditions equation

(2.4.24) gives
_26
362 = 3%19m + B(—71 + Am)

Putting equations (2.7.8),(2.7.9) and (2.7.10) into equations (2.4.23) and (2.4.26)

y= (2.7.10)

gives
- B+ 3Vm
362 = BV + BYm — 3N1Tm
and
9 5
w = B8 =) . (2.7.11)

(B = m) (302 = 37 %m + B(=71 = Tm))
Substituting equations (2.7.8),(2.7.9),(2.7.10) and (2.7.11) into equation (2.4.25)

gives
B2 = 3%19m + B(A1 + Fm)
(B = m) (362 = 3%19m + B(=71 + Tm))

Note that from equation (2.4.5), h™ — 0 and ¢™ — 0 as n — oo, and so from

Zz =

equation (2.5.7) the non-dimensionalised electrical impedance tends to infinity
((Zg(f;n)) — o), from equation (2.5.14) the non-dimensionalised transmission

sensitivity tends to zero (¢p(f;n) — 0), and from equation (2.3.58) v; — 1 and
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from equation (2.3.60) 4; — 7;. From equation (2.3.45) we get

1

(SN

) ,

n; =

—_

, J=mor N.

From equation (2.6.3) the non-dimensionalised reception sensitivity is

2 Lok
G (fim) = 22 (1

 aZp(pr€ + Col(0f + 03)) ) -
prZré + Cobgs?pz + CoG?Zr(of +03) )

and, since ¢™ — 0, then

« 2(624[/0';
B(fin) = oo
Epr(l —a)
where )
1 .
el in case Al
1 .
—, in case A2
oy =24 7P
X in case A3
x—1
—3(38+4) -
\ % in case B.

2.8 Results

From a practical perspective, these fractal transducers will only be able to be man-
ufactured at low generation levels. The formulation presented above will allow us
to compare the fractal design with a conventional (Euclidean) design in terms
of the key operating characteristics of the transmission and reception sensitivity
spectra [150]. Within each, the presence of higher amplitudes, multiple resonances,
and improved bandwidth (the range of frequencies over which the performance ex-
ceeds a certain decibel level) are the key performance indicators of interest in this

section. The model (equations (2.2.1), (2.2.2), (2.2.4) and (2.2.5)) has been imple-
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mented in Mathematica [150]. We have started from fractal generation level n = 1
and formed its matrix (equation (2.3.22)). Since this has a very low dimension
we simply invert it to produce the initial conditions for the renormalisation equa-
tions. These are then iterated to the desired fractal generation level (equations
(2.4.2), (2.4.3), (2.4.14) and (2.4.18)) and then put into the electrical impedance,

transmission and reception sensitivities (equations (2.5.7), (2.5.14) and (2.6.3)).

2.8.1 Electrical impedance and transmission /reception sen-
sitivities
In Figure 2.13 the overall trend of the curve is that of a capacitor (1/(Cyf) profile
where () is the transducer capacitance and f is the frequency) with prominent
resonances. The important features of this plot, that the design engineer is inter-
ested in, are the location and magnitude of the first minimum (f,) and the first
maximum (f,) turning points. The first minimum is where the mechanical reso-
nance (or series resonance) occurs and, as this provides the least resistance to the
electrical energy being supplied, is the frequency at which the device should be
used in transmission mode; this device will produce its maximum force on the me-
chanical load at this frequency. The absolute value of the electrical impedance at
this frequency (Zg(f,)) is also important since, the lower (Zg(f,)) is, the higher
will be the peak transmission sensitivity of the device (¢(f.)). The first maxi-
mum (known as the anti-resonance or parallel resonance frequency) is where the
electrical impedance of the device peaks and is therefore the optimal frequency to
operate the device in reception mode. From the parameter values for PZT5-H then
the piezoelectrically stiffened velocity (cr) in equation (2.2.11) is approximately
2370 m/s and, with an overall device length of L = 1 mm, then the corresponding

frequency is approximately f, = cr/(2L) = 1.2 MHz. This agrees reasonably well
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with the reception sensitivity maximum for the homogenised estimate for f, (the
full line in Figure 2.13). Let us start by examining the performance of the first

generation graph (n = 1).
Zg, Zi (dB)

Figure 2.13: Non-dimensionalised electrical impedance (equation (2.5.7)) versus
frequency for the SG(3) graph transducer (Zg) at fractal generation level n =
1 (dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (Zg) (equation (2.5.8)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

Figure 2.13 shows that for the standard (FEuclidean) design (full line), the me-
chanical resonance is f,, = 0.9 MHz and the electrical resonance is f, = 1.2 MHz.
The electrical impedance of the fractal graph has its first resonance at around 0.5
MHz (at a lower frequency than the Euclidean case) and any higher frequency

resonances are absent at this stage.
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Figure 2.14: Non-dimensionalised transmission sensitivity (equation (2.5.14)) ver-
sus frequency for the SG(3) graph transducer (¢ ) at fractal generation level n = 1
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (2.5.15)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

As discussed above, the frequency of the first minimum (f,) in the electrical
impedance, corresponds precisely to the first maximum in the transmission sen-
sitivity as shown in Figure 2.14 where the first maximum appears at 0.9 MHz.
The transmission sensitivity at generation level n = 1 has a maximum amplitude
(gain) that is higher than the Euclidean case (standard design) at its lower operat-
ing frequency (26 dB at 0.3 MHz compared to 24 dB at 0.9 MHz for the Euclidean
case). Although the bandwidth around this peak sensitivity is smaller than that
of the FEuclidean case. It can been seen, unusually, that the fractal device has a
very flat response from 2 MHz upwards at a sensitivity level of 19 dB albeit at a

much reduced decibel level from the main peak.
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Figure 2.15: Non-dimensionalised reception sensitivity (equation (2.6.3)) versus
frequency for the SG(3) graph transducer (¢p) at fractal generation level n =
1 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (2.6.4)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

Also, the frequency of the first maximum (f,) of the electrical impedance, cor-
responds precisely to the first maximum in the reception sensitivity as shown in
Figure 2.15, where the first maximum appears at 1.2 MHz. With regard to the
reception sensitivity the fractal design at generation level n = 1 does show some
encouraging results with a much higher peak amplitude than that of the Euclidean
case and at a lower operating frequency (at 0.6 MHz its sensitivity is 36 dB whereas

the peak sensitivity of the standard device is 12 dB at 1.2 MHz).
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Figure 2.16: Non-dimensionalised electrical impedance (equation (2.5.7)) versus
frequency for the SG(3) graph transducer (Zg) at fractal generation level n =
2 (dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (Zg) (equation (2.5.8)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

The electrical impedance profile of the fractal design at generation level n = 2 and
the standard design follow a similar profile with more resonances being present in
the fractal case due to the presence of a range of length scales in the new design.
Indeed, for all the results that we will show, the resonant modes occur at higher
frequencies as the generation level increases (that is, as the length scale of the

graph edges decreases).
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Figure 2.17: Non-dimensionalised transmission sensitivity (equation (2.5.14)) ver-
sus frequency for the SG(3) graph transducer (¢r) at fractal generation level n = 2
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (2.5.15)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

In terms of the transmission sensitivity at generation level n = 2, the maximum
amplitude is somewhat higher in the fractal design than the Euclidean case (32 dB
at 2.4 MHz compared to 27 dB at 3.5 MHz for the Euclidean case). Once again
the bandwidth around this peak sensitivity is smaller than that of the Euclidean

case.
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¢r/E (dB)

Figure 2.18: Non-dimensionalised reception sensitivity (equation (2.6.3)) versus
frequency for the SG(3) graph transducer (¢p) at fractal generation level n =
2 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (2.6.4)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

The reception sensitivity at generation level n = 2 has again a much higher peak
amplitude than that of the Euclidean case at its lower operating frequency (at
1 MHz its sensitivity is 34 dB whereas the peak sensitivity of the standard (Eu-

clidean) device is 15 dB at 1.2 MHz).
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Figure 2.19: Non-dimensionalised electrical impedance (equation (2.5.7)) versus
frequency for the SG(3) graph transducer (Zg) at fractal generation level n =
3 (dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (Zz) (equation (2.5.8)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

As the generation level increases a greater range of length scales exist within the
fractal design and so an increasing number of resonant modes emerge. For the
fractal design the electrical impedance profile has many resonance frequencies at
generation level n = 3 ( ) — 2.2 MHz and ff’) = 2.3 MHz) and this suggests
that it is a complex interaction between the edge lengths in the graph associated
with the various generation levels that are causing these resonances; so the internal

geometry is dictating the device behaviour as anticipated.
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Figure 2.20: Non-dimensionalised transmission sensitivity (equation (2.5.14)) ver-
sus frequency for the SG(3) graph transducer (¢r) at fractal generation level n = 3
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (2.5.15)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

As before the transmission sensitivity maximum amplitude at fractal generation
level n = 3 is higher than the Euclidean case (43 dB at 2.3 MHz compared to 28
dB at 3.5 MHz for the Euclidean case). However, this peak in the transmission
sensitivity results in a reduced bandwidth; if we take the noise floor to be 3 dB
below the peak gain of the standard transducer (that is 25 dB) then the operational
bandwidth of the standard transducer is 0.25 MHz whereas the fractal transducer

only has an operational bandwidth of around 0.07 MHz.
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Figure 2.21: Non-dimensionalised reception sensitivity (equation (2.6.3)) versus
frequency for the SG(3) graph transducer (¢p) at fractal generation level n =
3 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (2.6.4)) is plotted for comparison (full line).
Parameter values are given in Appendix A.5.

The reception sensitivity at fractal generation level n = 3 is now more closely
matched to the standard design in terms of peak amplitude (at 2.3 MHz its sensi-
tivity is 25 dB and the peak sensitivity of the standard (Euclidean) device is 15 dB
at 1.2 MHz). Again, if we take the noise floor to be around 3 dB lower than the
peak gain of the standard design (so a 12 dB level) then the operational bandwidth

of the fractal design is 0.11 MHz compared to 0.19 MHz from the standard design.

2.8.2 Convergence

The norm of the difference between the energy in the power spectrum at succes-

sive generation levels, integrated with respect to frequency, is calculated for the
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transmission /reception sensitivities, as follows

Z [Wr(fi;n) — Yr(fin+ 1) = ¥i(n), (2.8.1)
and
Z 6 (fiin) — dp(fi;n + 1) = ¢h(n). (2.8.2)

where 1}.(n) and ¢} (n) record the convergence of the transmission and reception
sensitivities respectively as the fractal generation level increases. Figures 2.22

and 2.23 shows the dependence of these norms on the generation level.
Yp(n) (dB)

2.5f
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Figure 2.22: Non-dimensionalised transmission sensitivity (¥}(n)) (equa-
tion (2.8.1)) converges as the fractal generation level increases. This sensi-

tivity converges by generation level n = 10 over this frequency range where
fi € [0.1, 10]MHz.
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Figure 2.23: Non-dimensionalised reception sensitivity (¢3.(n)) (equation (2.8.2))
versus successive generation levels. This sensitivity converges by generation level
n = 16 over this frequency range where f; € [0.1, 10]MHz.

2.9 Conclusions

A model of a piezoelectric ultrasound transducer with a fractal geometry has been
constructed and its operational qualities compared with that of a standard (Eu-
clidean) design. The fractal that was used to simulate this self-similar transducer
was the Sierpinski gasket [144]. The graph counterpart of the Sierpinski gasket
SG(3) [145] was used to express the electrical and mechanical fields in terms of
a finite element methodology [7]. As this was the first time that a finite element
analysis has been performed on this structure then some new basis functions were
derived. The fractal design has multiple length scales (the standard design typi-
cally has a single length scale) and, since these are resonating devices, this resulted

in a rich set of resonating frequencies. Indeed the broadband resonators found in
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nature and in musical instruments rely on this principle. The finite element for-
mulation resulted in a matrix equation whose solution yielded to a renormalisation
approach. This is turn led to a small set of recursion relationships for the pivotal
Green’s functions that drive the calculation of the transmission/reception sensitiv-
ities of the device. The focus was on low generation levels of the fractal as these
are most likely to adhere to manufacturing constraints. The results showed that
the fractal transducer resonates at many more frequencies than the standard (Eu-
clidean) transducer. Importantly, the fractal transducer gave rise to a significantly
higher amplitude transmission and reception sensitivity than the standard (Eu-
clidean) design. The convergence of the fractal device’s performance as the fractal
generation level increases was also considered. It was seen that, in both transmis-
sion and reception modes, the outputs converge by generation levels n = 10 and
n = 16 respectively. These encouraging results suggest that it will be worthwhile

studying other fractal transducer designs.
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Chapter 3

A fractal ultrasonic transducer
based on the Sierpinski gasket
with both piezoelectric and

polymer phases

3.1 Introduction

This chapter builds a model of a composite fractal ultrasound transducer and
compare this model’s operational qualities with that of a standard (simple) de-
sign. We will use a finite element methodology and introduce new basis functions
to express the wave fields within the graph. This Galerkin approach leads to a
discrete formulation that lends itself to a renormalisation approach. The Sier-
pinski gasket will be used for the simulation of a self-similar transducer in this
chapter [9,10,144,145]. Such an ultrasonic transducer would start with an equilat-

eral triangle of piezoelectric crystal. This equilateral triangle is composed of four
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identical equilateral sub-triangles whose side length is half of the original. The
first generation (n = 1) would be obtained by replacing the central sub-triangle
by a polymer material. This process is then repeated for several generations with
the removed sub-triangles from the smallest triangles being filled with a polymer
(see Figure 3.1). The associated graph is constructed by a process which starts
from the order n = 1 design (which consists of three piezoelectric triangles and
one polymer triangle), assigns a vertex to the centre of each of these triangles and,
by connecting these vertices together with edges, the SG(3,4) graph at generation
level n =1 is constructed (see Figure 3.2). The polymer triangle has a vertex de-
noted by a non-filled circle which was degree 3 whereas each piezoelectric triangle
has a vertex denoted by a filled circle and has degree 4. The graph has side length
L units which remains constant as the generation level n increases. Therefore, as
n increases, the length of the edge between adjacent vertices tends to zero and in
this limit the graph will perfectly match the space filling properties of the original
Sierpinski gasket [7]. The total number of vertices is 3" + 3"t = N 4+ 1 where
NW =3 and N® = 11 (see Figures 3.3 and 3.4) and h™ = L /(2" — 1) is the edge
length between any two adjacent piezoelectric vertices. The piezoelectric vertex
degree is 4 (apart from the boundary vertices (input/output vertices) which have
degree 3) and M = (5 x 3™ — 3)/2 denotes the total number of edges. These
boundary vertices will be used to interact with external loads (both electrical and
mechanical) and so we introduce fictitious vertices A, B and C' to accommodate
these interfacial boundary conditions (see Figures 3.3 and 3.4). Denote by € the
set of points lying on the edges or vertices of SG(3,4) and denote the region’s
boundary by 0f). Note that the edges joining the piezoelectric vertices to the
polymer vertices are composed of a piezoelectric section (shown by the full line in

Figure 3.3 along the edge joining vertex 1 to 4) and a polymer section (shown by
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the dashed line along this same edge). In what follows we will retain the freedom
to vary the fraction of piezoelectric material in this edge from v = 1 (piezoelectric

material only) to v = 0 (polymer material only).

A L L8

n=1 n=2 n=3 n=4

Figure 3.1: The first few generations of the Sierpinski gasket. The black trian-
gles are a piezoelectric material and the smallest white triangles are a polymer
material.

n=2

Figure 3.2: The first few generations of the Sierpinski gasket graph SG(3,4).

By introducing the non-dimensionalised variable § = ct/h then (temporarily drop-

ping the subscript on u and the superscript on h)
Pu  h? 9
= _c Vu (3.1.1)

Applying the Laplace transform £ : § — ¢ then gives

¢’ u=—c V. (3.1.2)
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We will seek a weak solution u € H'(€) where on the boundary @ = usq € H'(09).
Now multiplying by a test function w € H5(Q2), where H5(Q) := {w € H'(Q) :
w = 0 on 0N}, integrating over the region 2, and using Green’s first identity
Jo ¥ Vo dv = 5589 Y(Vo.n)dr — [, V¢ .Vidv, where n is the outward pointing

unit normal of surface element dr, gives

h2 h2
/q twdr = —c % w(Va.n)dr — —c /Vﬂ.deg.
Q & Joo 7 Ja

Now h? §,0 w(Vii.n) dr is zero since w = 0 on 9 and so, we seek € H'(Q) such

that

q2/uwdx:——c /Vu Vwdz
Q

where w € H5(1).

3.2 Galerkin discretisation

Using a standard Galerkin method we replace H'(Q2) and HL(S2) by the finite
dimensional subspaces Sg and Sp = SsN HL(Q). Let Ug € Sg be a function that
approximates tigo on 0f2, then the discretised problem involves finding U € Sg
such that

/UWd:L‘———C /VU VW dz,
Q

where W is the test function expressed in this finite dimensional space. Let

{¢1, P2, ..., 0N, dn41} form a basis of Sp and set W = ¢;, then

_ h? _
qQ/quj dz = ——¢c” /VU.ngjdg, j=1,...,N+1. (3.2.1)
Q Cr Q
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Furthermore, let ¥y, I = {N 4+ 2, N + 3, N + 4} form a basis for the boundary

vertices and let

N+1
U=> Ugi+> Upt (3.2.2)
=1 el

Hence, equation (3.2.1) becomes

N+1

2
=1 T

h2

el

where j € {1,2,..., N, N + 1}. That is

where

h2
%:f/@@@+78/vmv@@, (3.2.5)
Q Cr Q

and

h2

iel
It is important to now explicitly record the fractal generation level n and so equa-

tion (3.2.5) can be written

(n) w (B
Cr
where
1 = [ (@00 (3.2.8)
Q
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and

KW =¢ /Q (Vo;. V). (3.2.9)

. .
—h,0) @ (0,0) O, (h,0) (2h,0)
Figure 3.3: The modified Sierpinski Gasket graph SG(3,4) at generation level
n = 1. Vertices 1,2 and 3 are the input/output piezoelectric vertices, vertex 4 is a
polymer vertex, and vertices A (or 5), B (or 6) and C' (or 7) are fictitious vertices
used to accommodate the boundary conditions. The graph has 9 elements (circled
numbers), with two vertices adjacent to each element.

(

3.2.1 Transformations of the fundamental basis functions

In this section we will consider transformations of some fundamental basis func-
tions ¢, i and ¢y (see Figures 3.5, 3.6 and 3.7) to get basis functions ¢, ¢k
and 17 at each vertex in the graph. These basis functions will be based on a
fundamental basis function for the interior piezoelectric vertices (.J), one for the

interior polymer vertices (K) and one for the exterior piezoelectric vertices ().
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Figure 3.4: The modified Sierpinski Gasket graph SG(3,4) at generation level
n = 2. Vertices A (or 13), B (or 14) and C (or 15) are fictitious vertices used
to accommodate the boundary conditions. The graph has 24 elements (circled
numbers), with two vertices adjacent to each element.

We choose the design of the fundamental basis functions gzg ; as shown in Figure 3.5
with vertices (v/3h/2,h/2), (v/3h/2,—h/2), (h/V/3,0) and (—v/3h/2,h/2). The

gZA> s basis function is defined such that (we ease the notation by setting x; = x, and

$2:?/)

N 1 if xZ, = .T}j, j
5y = (z,y) = (75, 95)

0 if (x,y) = coordinates of vertices adjacent to vertex j.

(3.2.10)
The basis functions have a compact support and are identically zero outside the

edges that are incident upon the particular vertex.
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Figure 3.5: Plan view of ¢, the fundamental basis function for the piezoelectric
vertices; it is symmetric with respect to the 2’ axis.

Figure 3.6: Plan view of QASK, the fundamental basis function for the polymer
vertices.
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Figure 3.7: Plan view of ¢;, the fundamental basis function.

For the fundamental basis functions ¢, (see Figure 3.5) we have five vertices and

so the functional form has five unknowns. Setting

¢s(x,y) = a+bx + cy + dz* + ey?,

then, by applying equation (3.2.10), we get

and

$,(0,0) = a=1,

. h h h?
—0) = 1+—=b+—d=0,
¢J< 3 ) V3 3
~ (V3h h V3 h 3., h?
- (V3h —h V3 h 3., h?

. (—\3h h V3. h 3 B2
——  — | =1—="hb+ —c+ “h*d+ —e=0.
¢"( 2 9 g M F et ghidt 7re=0
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(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)



Equations (3.2.13) to (3.2.16) provide four equations in the four unknowns b, c, d
and e, which give b = 0, ¢ = 0, d = —3/h* and e = 5/h? and substituting these

into equation (3.2.11) gives

3 bt

dy(x,y)=1— ﬁx + h2y2. (3.2.17)

Similarly, for the fundamental basis function qBK (see Figure 3.6), we have four

vertices, so we need to form an equation with four unknowns, so consider
b (2, y) =a+br+cy+d(z®+y°). (3.2.18)

By applying equation (3.2.10), then we get

6x(0,0) = a=0, (3.2.19)
Ox(h,0) = hb+h*d =0, (3.2.20)
. (h V3h 3h
DK (5\[73) = —b+L + h*d =0 (3.2.21)
and
- (h h h, — h Ok
= bt met gd=1 3.2.22
e (33v5) =2+ 53 (8.2.22)

Equations (3.2.20) to (3.2.22) provide three equations in the three unknowns b, ¢
and d, which gives b = 3/h, ¢ = v/3/h and d = —3/h?, and substituting these into

equations (3.2.18) gives

or(z,y) = 7o+ ——y — - (2" +¢%). (3.2.23)

Similarly, for the fundamental basis functions @ZA)I (see Figure 3.7), we have two
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vertices, so consider

br(r,y) = a+d (2 +y?). (3.2.24)
By applying equation (3.2.10), we get

~

’QZ)](0,0) =a=1

and

Ur(h,0) =14 h%d = 0.
This equation gives d = —1/h?, and substituting this into equation (3.2.24) gives

~

Vr(z,y) =1~ % (2> + 7). (3.2.25)

Having established the fundamental (canonical) basis functions for each type of
vertex in the graph we now need to calculate the specific basis functions for each
vertex. In order to do this each fundamental basis function is mapped onto the
specific vertex by a series of transformations such as a translation, a rotation, or
a reflection in the x or y axis. This has to be performed for each vertex in the
graph and below we illustrate the process by detailing the transformations for a
small subset of these vertices. The form of the basis function centred on vertex 1
at fractal generation level n = 1 is obtained by relating it to the canonical basis
function ¢, shown in Figure 3.5 as given by equation (3.2.17) (with respect to the

(«’,y) coordinate frame shown in red in Figure 3.8).
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Figure 3.8: The plan view of the basis function ¢;, before transformation. The
coordinate axis 2’ lies along the edge JD in Figure 3.5.

The one step in transforming ¢, to the canonical basis function qB J 1s via a rotation
of —7/6 (clockwise) (see Figure 3.9). The anticlockwise rotation by an amount 6

is obtained by multiplying the basis vectors by the matrix

cosf@ —sinf
Ry =
sinf cos®
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Figure 3.9: The plan view of ¢;, after the rotation (final transformation).

So, for example, at fractal generation level n =1,

= 1— ="+ — ——xy. (3.2.26)
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Figure 3.10: The plan view of the basis function ¢,, before transformation.

In Figure 3.10 the plan view of the basis function centred on vertex 2 at fractal
generation level n = 1 is shown. To transform this plan view of ¢, to the plan
view of qg s then we simply need to transform the (z,y) axis in Figure 3.10 to the
(«',y') axis in Figure 3.5. So the first step is via a translation of x5 = (h,0) to
xb, = (0,0) (see Figure 3.11). In general, the translation of the basis vectors to the

point (x;,y;) is given by the transformation

Xr — SL’]'
RT(QJ‘) =
Y—Yj
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Figure 3.11: The plan view of ¢, after the first transformation.

The second step in transforming ¢, to gzg s is via a reflection in the (y axis) (see

Figure 3.12). Reflection in the y axis can be obtained by multiplying the basis

vectors by the matrix

Rg
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Figure 3.12: The plan view of ¢5, after the second transformation.

Then from this plan view of ¢, the third (final) step in transforming ¢ to gZ; Jis

via a rotation of —m /6 (clockwise) (see Figure 3.13).
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Figure 3.13: The plan view of ¢y, after the third (final) transformation.

So, for example, at fractal generation level n =1,

¢2 = R-xoRpo Rey(2,)64(, y)

— R o Rpoy(z — h,y)

——xy. (3.2.27)



Figure 3.14: The plan view the basis function ¢3, before transformation.

To transform ¢5 (see Figure 3.14) to the canonical basis function ¢, (see Figure

3.5) we need a translation of x3 = (h/2,v/3h/2) (see Figure 3.15).

Figure 3.15: The plan view of ¢3, after the first step of transformation.
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The second (final) step in transforming ¢s to ¢ is via a rotation of 7/2 (anticlock-

wise) (see Figure 3.16).

Figure 3.16: The plan view of ¢3, after the second step of transformation.

So,

¢35 = Rz o Rp(zy)ds(z,y)

_ gggJ<x_ﬁ f2h>
- h
B 5
3
=l
.3

3

[ g
[\o}
[N}



To transform the basis function 5 (see Figure 3.17) to the canonical basis function

~

tr shown in Figure 3.7 as given by equation (3.2.25). So the one step is via a

translation of x5 = (—h,0) to 25 = (0,0) (see Figure 3.18).
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Figure 3.17: The plan view of the basis function 5, before transformation.
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Figure 3.18: The plan view of 15, after the translation (final transformation).

So, for example, at fractal generation level n =1,

vs = Rrlz;)vi(e,y)

~

= ’QZ)](.I"Fh,y)
1
- l—ﬁ((x+h)2+y2)
2 1., 1,
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Figure 3.19: The plan view of the basis function v, before transformation.

To transform the basis function s (see Figure 3.19) to the canonical basis function

~

Py (see Figure 3.7), the first step is a translation of x¢ = (2h,0) (see Figure 3.20).
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Figure 3.20: The plan view of 1, after the first step of transformation.

102



The second (final) step in transforming s to the canonical basis function ’(Z}[ is

via a rotation of 7 (see Figure 3.21).
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Figure 3.21: The plan view of g, after the second (final) step of transformation.

So,

vs = RxoRr(zg)di(x,y)

- RWQZ}I("L‘ - 2h7 y)
= 1/31(—55 +2h, —y)
4 1, I,

= -3+ -r—
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Figure 3.22: The plan view of the basis function 17, before transformation.

To transform 17 (see Figure 3.22) to the canonical basis function v; (see Figure

3.7), the first step is a translation of x7 = (h,v/3h) (see Figure 3.23).

Figure 3.23: The plan view of 17, after the first step of transformation.
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The second (final) step in transforming ; to v¢; is via a rotation of 27/3 (anti-

clockwise) (see Figure 3.24).
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Figure 3.24: The plan view of 7, after the second (final) step of transformation.

So,

Yr = Rz o Rr(zy)dr(z,y)

= Rty (;p —hy— \/§h)
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Related steps from ¢; and v; to their respective canonical basis function

j || (1) Translation (Rr) | (2) Reflection (Rp) | (3) Rotation (Ry)
1 — — —/6

2 (h,0) y axis —7/6

3 (5.3") - /2

4 _ _ _

5 (—h,0) — —

6 (2h,0) - T

7 (h,\/3h) — 21 /3

Table 3.1: The related steps of the transformation from ¢;, j = 1,...,4 and ¥,
j = 5,6,7 to their respective canonical basis function in fractal generation level
n=1.

A summary of the transformations required for each basis function at fractal gen-
eration level n = 1 is given in Table 3.1. A table summarising the coefficients that

subsequently arise for each basis function is given in Appendix A.2.
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Figure 3.25: The plan view of the basis function ¢7, before transformation.

The above process can then be repeated for fractal generation level n = 2. Recall
that at each generation level the overall length of the graph remains fixed (L)
and the edge length h decreases. As such the canonical basis function given by
equation (3.2.17) can still be applied here since it will be automatically scaled as
its coefficients depend on h. For example, to transform ¢; (see Figure 3.25) to <;A5 J
(see Figure 3.5), the first step is a translation of z7 = (5h/2,v/3h/2) (see Figure
3.26).

107



b
/
,
/
/
,
/
,
.
/
,
,
/
,
11
,
b
A
PN
POl N
PO I
, .
/ .
2 N
19
/12
.

Figure 3.26: The plan view of ¢y, after the first transformation.

The second step in transforming ¢, to gzg s is via a reflection in the y axis (see Figure

3.27).
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Figure 3.27: The plan view of ¢, after the second transformation.

Then from this plan view of ¢7, the third (final) step in transforming ¢; to gZA> Jis

via a rotation of 7/2 (anticlockwise) (see Figure 3.28).
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So,

Figure 3.28: The plan view of ¢, after the third (final) transformation.

b7

Rz o Rpo RT(£7)§Z§J(ZE> Y)
5h \/§h>

ERAER

5h 3h
R% J<—SC—|—— y—L>

R% ORR(Z/SJ (.T}—

2’ 2

2
30 — —x + ——y+ —2° — =1y (3.2.32)

110



Figure 3.29: The plan view of the basis function ¢g, before transformation.

To transform ¢g (see Figure 3.29) to by (see Figure 3.5) the first step is a translation
of xg = (h,v/3h) (see Figure 3.30).
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Figure 3.30: The plan view of ¢g, after the first transformation.

The second related step is a reflection in the (y axis) (see Figure 3.31).
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Figure 3.31: The plan view of ¢q, after the second transformation.

Then from this plan view of ¢g, the third (final) step is a rotation of —57/6

(clockwise) (see Figure 3.32).
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Figure 3.32: The plan view of ¢y, after the third (final) transformation.

Hence,

99 = Reosz 0 Rpo Rr(zg)dy(,y)
= Resz 0 Rpgy(z — h,y — V3h)
= R%éJ(—x+h,y—ﬁh)
<\/§ V3h 1 VBh1l h 3 3h>
x + Y+



Figure 3.33: The plan view of the basis function ¢;9, before transformation.

To transform ¢9 (see Figure 3.33) to by (see Figure 3.5) the first step is a trans-
lation of 219 = (2h, V/3h) (see Figure 3.34).
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Figure 3.34: The plan view of ¢, after the first transformation.

The second (final) step is a rotation of —57/6 (clockwise) (see Figure 3.35).
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Figure 3.35: The plan view of ¢1¢, after the second (final) transformation.

So,

P10 = R*TMORT(QO)QEJ(%?J)

= R*TﬁégJ(x —2h,y — V/3h)
A 3 3h 1 3 3h

2 2 7 2
2 2
3 3 1 3h 5 1 3 5h
h? 2 2 2 h? 2 2 2
8§ 143 1, 3, 4/3
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Related steps from ¢; and v; to their respective canonical basis function

j || (1) Translation (Ry) | (2) Reflection (Rp) | (3) Rotation (Rp)

1 — — —m/6

2 A(h,0) y axis —m/6

3 A5 5") - /2

4 _ _ _

5 A(2h,0) - —7/6

6 A(3h,0) y axis —m/6

7 )\(%,@) y axis /2

sk - -

9 A(h, V/3h) y axis —57/6

10 A(2h, v/3h) — —57/6

s g | - &
(e, ) - -

13 A(—h,0) - —

14 A(4h,0) - 7T

15 A(2h, 2+/3R) — 21 /3

Table 3.2: The related steps of the transformation from ¢;, 7 =1,...,12 and ¥,
j = 13,14, 15 to their respective canonical basis function in fractal generation level
n = 2, where A = 1/3.

A table showing all the transformations required to create the basis functions,
for fractal generation level n = 2, is shown in Table 3.2. Another table showing
the coefficients that arise from this process for each basis function is given in
Appendix A.2. To aid in the visualisation of these basis functions an example
is provided in the graph below, which shows the graph basis functions ¢; where
7 = 1,2 and 3, which are the interior PZT-5H vertices at fractal generation level
n = 1 (see Figure 3.3). The graph basis functions ¢; at vertex (0,0) (as shown
in green in Figure 3.36) is connected to vertex 2 through element 1, vertex A
through element 7, vertex 3 through element 3 and vertex 4 through element 4.
The graph basis functions ¢, at vertex (h,0) (as shown in blue in Figure 3.36) is
connected to vertex 1 through element 1, vertex B through element 8, vertex 3

through element 2 and vertex 4 through element 5. The graph basis functions ¢
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at vertex (h/2,v/3h/2) (as shown in blue in Figure 3.36) is connected to vertex 1
through element 3, vertex 2 through element 2, vertex C' through element 9, and

vertex 4 through element 6.

15
10
o
00
— ‘ ‘ ‘ ‘

TN

Figure 3.36: The basis functions ¢; where j = 1,2 and 3 at fractal generation level
n=1.

The graph below shows the graph basis functions ¢4 which is the interior polymer
vertex at fractal generation level n = 1 (see Figure 3.3). The graph basis functions
¢4 at vertex (h/2,h/2v/3) (as shown at Figure 3.37) is connected to vertex 1

through element 4, vertex 2 through element 5 and vertex 3 through element 6.
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Figure 3.37: The basis function ¢, at fractal generation level n = 1.

The graph below shows the graph basis functions ¢; where j = 5,6 and 7 which are
the exterior vertices at fractal generation level n = 1 (see Figure 3.3). The graph
basis functions 5 at vertex (—h,0) (as shown in red in Figure 3.38) is connected
to vertex 1 through element 7. The graph basis functions s at vertex (2h,0) (as
shown in blue in Figure 3.38) is connected to vertex 2 through element 8. The
graph basis functions 17 at vertex (h,v/3h) (as shown in green in Figure 3.38) is

connected to vertex 3 through element 9.
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00

Figure 3.38: The basis functions ¢; where j = 5,6 and 7 at fractal generation level
n=1.

The graph below shows the graph basis functions ¢; where j = 1,2 and 3 which
are some of the interior PZT-5H vertices at fractal generation level n = 2 (see
Figure 3.4). The graph basis functions ¢; at vertex (0,0) (as shown in green in
Figure 3.39) is connected to vertex 2 through element 1, vertex A (that is, vertex
13) through element 22, vertex 3 through element 3, and vertex 4 through element
4. The graph basis functions ¢, at vertex (h,0) (as shown in blue in Figure 3.39)
is connected to vertex 1 through element 1, vertex 5 through element 7, vertex 3
through element 2, and vertex 4 through element 5. The graph basis functions ¢
at vertex (h/2,v/3h/2) (as shown in blue in Figure 3.39) is connected to vertex 1
through element 3, vertex 2 through element 2, vertex 9 through element 14, and

vertex 4 through element 6.
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Figure 3.39: The basis functions ¢; where j = 1,2 and 3 at fractal generation level
n=2.

The graph below shows the graph basis functions ¢; where 7 = 5,6 and 7 which
are some of the interior PZT-5H vertices at fractal generation level n = 2 (see
Figure 3.4). The graph basis functions ¢5 at vertex (2h,0) (as shown in green in
Figure 3.40) is connected to vertex 2 through element 7, vertex 6 through element
8, vertex 7 through element 10, and vertex 8 through element 11. The graph
basis functions ¢g at vertex (3h,0) (as shown in blue in Figure 3.40) is connected
to vertex 5 through element 8, vertex B (that is, vertex 14) through element
23, vertex 7 through element 9, and vertex 8 through element 12. The graph
basis functions ¢; at vertex (5h/2,v/3h/2) (as shown in blue in Figure 3.40) is
connected to vertex 5 through element 10, vertex 6 through element 9, vertex 10

through element 15, and vertex 8 through element 13.
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Figure 3.40: The basis functions ¢; where j = 5,6 and 7 at fractal generation level
n=2.

The graph below shows the graph basis functions ¢; where j = 9,10 and 11 which
are some of the interior PZT-5H vertices at fractal generation level n = 2 (see
Figure 3.4). The graph basis functions ¢y at vertex (h,v/3h) (as shown in green
in Figure 3.41) is connected to vertex 3 through element 14, vertex 10 through
element 16, vertex 11 through element 18, and vertex 12 through element 19. The
graph basis functions ¢ at vertex (2h,+/3h) (as shown in blue in Figure 3.41) is
connected to vertex 7 through element 15, vertex 9 through element 16, vertex 11
through element 17, and vertex 12 through element 20. The graph basis functions
$11 at vertex (3h/2,3v/3h/2) (as shown in blue in Figure 3.40) is connected to
vertex 9 through element 18, vertex 10 through element 17, vertex C' (that is,

vertex 15) through element 24, and vertex 12 through element 21.
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Figure 3.41: The basis functions ¢; where j = 9,10 and 11 at fractal generation
level n = 2.

The graph below shows the graph basis functions ¢; where j = 4,8 and 12 which
are the interior polymer vertices at fractal generation level n = 2 (see Figure
3.4). The graph basis functions ¢, at vertex (h/2,h/2v/3) (as shown in green
in Figure 3.42) is connected to vertex 1 through element 4, vertex 2 through
element 5 and vertex 3 through element 6. The graph basis functions ¢g at vertex
(5h/2,h/2+/3) (as shown in blue in Figure 3.42) is connected to vertex 5 through
element 11, vertex 6 through element 12 and vertex 7 through element 13. The
graph basis functions ¢y, at vertex (3h/2,7h/2v/3) (as shown in red in Figure 3.42)
is connected to vertex 9 through element 19, vertex 10 through element 20 and

vertex 11 through element 21.

124



Figure 3.42: The basis functions ¢; where j = 4,8 and 12 at fractal generation
level n = 2.

The graph below shows the graph basis functions v; where j = 13,14 and 15
which are the exterior vertices at fractal generation level n = 2 (see Figure 3.4).
The graph basis functions ;3 at vertex (—h,0) (as shown in green in Figure 3.43)
is connected to vertex 1 through element 22. The graph basis functions 4 at
vertex (4h,0) (as shown in blue in Figure 3.43) is connected to vertex 6 through
element 23. The graph basis functions 15 at vertex (2h,2+v/3h) (as shown in red

in Figure 3.43) is connected to vertex 11 through element 24.
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Figure 3.43: The basis functions 1); where j = 13,14 and 15 at fractal generation
level n = 2.

The fundamental (canonical) basis function ¢, (see equation (3.2.11)) has five
unknowns because we have four adjacent vertices and hence five conditions on
this function and this leads to equation (3.2.17). Similarly, éx has four unknowns
and four conditions (as these vertices are degree 3) and ¢ has two unknowns
and two conditions (as there are degree 1). However, after we use the above
transformations, the graph basis function appear more complicated, for example
some now have terms in x,y and xy non-zero coefficients. Hence the graph basis

functions are given by

aj +bjx +cjy + diz* + fiy® +gjzy jE€J
di(z,y) = (3.2.35)
aj + bjx + cjy + dj(z* + y?) jeK
and

wj(l‘, y) = a,j + ijL‘ + ij + dj(i’z + y2) j - I (3236)

where (z,y) € Q and a,b,¢,d, f and g € R are coefficients to be determined
by transforming equations (3.2.17), (3.2.23) and (3.2.25) (see Appendix A.2) and

J={1,2,3atn=1,J=1{1,2,3,5,6,7,9,10,11} at n = 2 which are the interior
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piezoelectric vertices, K = {4} at n = 1 and K = {4,8,12} at n = 2 which are
the polymer vertices and [ = {5,6,7} at n = 1, I = {13,14,15} at n = 2 which
are the exterior piezoelectric vertices. Hence

bj +2d;x + g5y, ¢; +2f;y+gjx) jEJT
Vo,(a,y) = Gs 20524 958, &5 F 200+ 45%) ] (3.2.37)

(bj + 2djl‘ y Cj + 2d]y) ] e K

and

Vi(x,y) = (b; + 2dx, ¢; + 2¢5y) j el (3.2.38)

For each element (edge) e where e € M, (which is the set of elements in the
interior that are piezoelectric), for EHJ(?) where j,7 € {1,2,..., N, N + 1} we can

write equation (3.2.8) (using equation (3.2.35)) as

MJH](?) = / <(aj + bz + cjy + dx? + fiy° + giry)
(a; + bz + ¢y + dix® + fiy® + gﬂy))dﬁ
= / (ajai + (ajb; + a;bj)r + (ajc; + aicj)y + (a;d; + a;d; + bjbi)xz
Hajfi + aifs + ¢ y® + (a9i + aig; + biei + bicy)wy + (byd; +
bid)x® + (c; fi + cif))y” + (b fi + bifj + ¢jg; + cigi)xy® + (bjgi +
big; + ¢idi + cidy) 2y + (fi9: + fig;)2y” + (dgi + digy)x®y + (d; f;

+difj + 9,92y + djdiz* + fjij4) dx. (3.2.39)

Similarly, for each element (edge) e where e € My (which is the set of elements in
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the interior that are a polymer - piezoelectric mix), then

MKHJ(Z’.‘) = / ((aj +bjz + cjy+ dij + ijQ + gﬁy)-(az‘ +bix + ¢y +
di (2% + y2)))dg
= / (ajai + (ajb; + a;bj)x + (ajc; + aicj)y + (bib; + a;d; + aidj)xZ
+Heics + ajdi + aif;)y? + (bic; + bjci + aigy)wy + (byd; + bidy)a® +
(cjd; + cify)y* + (bydi + b fi + cigy)wy® + (¢;di + cid; + bigy)xy +

For the boundary elements e € M (which is the set of elements that connect to

the exterior) note that M H™ = M1H"™ where i € J (corner vertices).  For
s=0 S s=1
r————p— 0
p (Ip’ yp) q ({Eq, yf])

Figure 3.44: An isoparametric element (edge) between piezoelectric vertices
p (xp, yp) and ¢ (24, yq)-

p (T, )

Figure 3.45: An isoparametric element (edge) between piezoelectric vertex
p(xp,y,) and polymer vertex q(x,,y,). The fraction of piezoelectric material in
this edge is given by v.

a piezoelectric element lying between vertex p and vertex ¢ the isoparametric

representation, given by

(2(s),y(s)) = ((z; = @i)s + @3, (y; — vi)s + ) (3.2.41)
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is employed, where s = 0 and s = 1 and dx = hds (see Figure 3.44). For the

elements that join a piezoelectric vertex to a polymer vertex a similar represen-

tation is used but here dx = h/ V3ds and the region between s = 0 and s = v

is piezoelectric and that between s = v and s = 1 is polymer (see Figure 3.45).

Substituting this into equations (3.2.39) and (3.2.40) gives

() _
HY =

[y é0ids if e € M,y
%folgbjgbids if GEMK
h [y di¢ids if e € M;.

(3.2.42)

Let us start with an interior piezoelectric element (e € M), say e = 1 € M,

which is connected between vertex 1 at (x;,v;) = (0,0) and vertex 2 at (x;,y;) =

(h,0). From equation (3.2.41) we get (z(s), y(s)) = (hs,0) and then from equations

(3.2.35) and (3.2.42) we get

Similarly,

e:lHl(})

6:1H1(§)

1

[ 01(hs,0)61(hs.0) ds
0
1

hil (1-3s%)°d

/0( 2)? ds

h
55 (16).

/0 ¢1(hs,0)pa(hs,0)ds
h/01(1—32) (25 — ) ds
/O (1-5")(2—s)sds
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where we note that =1 HS) = ==1H{Y) Also

“UHY = h [ ¢a(hs,0)¢y(hs,0)ds

J
= @A%%—ﬁfds
J

= h| (2-5)°s%ds
h

= —(16).
55(16)

So for each interior piezoelectric element (e € M),

16 if j=1i
= e 11 if A (3.2.43)

0 otherwise.

For a piezoelectric - polymer element (e € M), let us take the example e =
5 € My which is connected between vertex 2 at (x;,y;) = (h,0) and vertex 4 at
(z,v;) = (h/2,h/(24/3)). From equation (3.2.41) we get (z(s),y(s)) = (—h/2s +
h,h/(2v/3)s) and then from equations (3.2.35) and (3.2.42) we get

o = I oo ) (B )
o A
_ " _he),
30v/3
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Similarly,

e=5 HZ(? —

where we note that

e=5 H[ﬁ) —

hot —h h —h h
— —s+ h,——=s —s+h,—=s | ds
3/0¢2<2 2ﬁ)¢4(2 2\/3)

—/01(1—32)(2—3)st

=5 () = =5 Also

h ! —h h —h h
(G n (G o
1
%/ (2 —5)s2ds
0
h

200510

So, for each piezoelectric - polymer element (e € Mk),

Note that from equation (3.2.7) since MKHJ(?) =h/V3( [} &b dx+ fyl ¢ dx) =
h/ V3 fol ¢j¢; dz, then v does not explicitly appear. On the edges in Mg there will
be a jump in the material properties and hence a jump in the observed dynamics
in each section of the edge. However, as our basis functions are only defined at
vertices at the extremities of these edges then, as a modelling assumption, this
phenomenon is simply averaged out (so it is just the volume fraction of polymer
that is modelled rather than the spatial location of a jump in material properties).

Hence we have used quadratic polynomials as our basis functions. It would be

16 if j =1
My pp(n) _

h
jl—m 11 if j#4

0 otherwise.
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possible to put two elements with a vertex at the interface between the piezoelectric
and the polymer material on these edges to capture this jump. We will see later
that for cZKJ(.?) for e € My, we need to apply equation (2.2.11) where MKCQK](?) =
h/v/3(c2 foy V;.V;ds + c% fyl V¢;.V¢;ds) and so v does appear explicitly in
that case. For exterior piezoelectric elements (e € M; = {M + 1, M + 2, M + 3}),
let us take the example for one element that is e = 7 € M; which is connected
between vertex 1 at (x;,y;) = (0,0) and vertex 5 at (z;,y;) = (—h,0) and apply
equation (3.2.41) to get (x(s),y(s)) = (hs,0). Then from equations (3.2.35) and
(3.2.42) we get

1
=gl = n / d1(hs,0)p1(hs, 0) ds
0

1
= h/ (1—32)2d5
0

h
= 3:(16)

Similarly, for each exterior piezoelectric element (e € M),

h 16 if j=i=q
M) = 0 g (3.2.45)
0 otherwise

where ¢ is the corner vertex of the SG(3,4) graph connected to element e (for
n=1,qe¢€{1,2,3}, and for n = 2, ¢ € {1,6,11}). The left hand side of equation
(3.2.3) does not involve the basis functions ();) which are located at boundary

vertices I. As such the integrals are zero unless ¢; = ¢; where i,j € {1,m, N}.
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Assembling the full matrix in equation (3.2.8) gives, for generation level n = 1

8 11 11 11
£O+V3) & 30 30V3
1 8(9++/3) U e )
g =n|® il ) w OVE L = h A (3.2.46)
5 % F5O+V3) 5
L L L _48
L 30v3 30v/3 30v/3 30v3
and at generation level n = 2,
00 0 00 0 00
q0) i
H) 10 0 00 0 00
0 0 0 0{% 0 00
000 0 00 0 00
11 : I
0% 0 0 00 00
o 00 0 0 AP o 0 00
Hyi' =h | | (3.2.47)
00 0 O L0 £ 00
00 0 0 0 0 00
11 :
00 Z 0:00 0 0
00 0 0;0 0 ¥ o AY
00 0 000 0 0
00 0 000 0 0
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So, from equations (3.2.46) and (3.2.47), we can write matrix H, for n > 2 as

__________________________________

__________________________________

where ]:I](.?_l) = H](.;L_l)/h and Vj(ln) = 1w (j7) is the adjacency matrix for the
subgraph of SG™ (3) consisting of the edges D™ that connect each of the three
SG(=1(3) graphs (for n = 2, D@ = {{2,5},{3,9},{7,10}} (see Figure 3.4), and
for n = 3, D® = {{6,13},{11,25},{23,30}}). (where 1{4}(a) is the indicator

function which equals 1 if @ € A, and 0 otherwise). That is,

. STOURT F
HY = h <Hj( Qs %ng ’) : (3.2.48)

where H ;?71) is a block diagonal matrix consisting of three blocks of matrix H ;?71).

Similarly for GK;?) we can write equation (3.2.9) (using equation (3.2.37)) as

MJKJ(‘?) = / ((bj + 2djz + gy, ¢; + 2[5y + g;x).(bi + 2d;w + gy, ¢; + 2fiy + giw)) dz
= ¢ / (bjbi + 2(bjd; + bid;)x 4 (bjgs + big;)y + 4djdz‘l’2 + gjgiy2
+2(djg; + digj)zy + cici + (c;9: + cigy)x + 2(¢; fi + cif;)y + g;9:%°
+Afi fiy® + 2(fi9: + fi95)zy)dz.
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For each element (edge) e where e € My or e € M;

Mg = Mg = éi/k@‘%Zdﬁmcb%Z%y)(bi+2%x,Q+2dﬂDd£,

e

= C2 / (bzb] —+ Q(djbl —+ dlb])x -+ 4dl-dj:1:2 —+ CiCj -+ 2<diCj -+ del')y

€

HAdid;y? ) da.

By using the definition of ¢ in equation (2.2.11) and using equation (3.2.41) then

we can write equation (3.2.9) as

hed [ Vo, . Vi ds if e € M
K = %Qﬁﬁ%ﬁV@%+éﬁV@V@@)ﬁeeMK (3.2.49)
hé [V, .V, ds if e M,

where v is a parameter indicating the volume fraction of piezoelectric material in

edge e € M. For e € M, from equations (3.2.37) and (3.2.49) we get

(
52 1l . .

—foszds if j=1=p

T8 [y s(s—1)ds if jie{pq},j#i

2 [Hs—1)%ds if j=i=gq

My () — hc3.

J

\ 0 otherwise.

That is
2 if j=i=p
_ 2, )L ifjied{pghj#i

2 if j=i=gq

0 otherwise.
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Similarly for e € Mk,

i—g(c%foysts+c%fV132ds) if j=i=p
v 1 . .. . .
My ) _ P w2 (t fo s(s=1)ds+cp [, s(s—1)ds) if jii€{p,q}, j#i
ji
V3| B (s —12ds b [l (s —1)2ds) it j=i=g
\ otherwise.
That is
.
2\/5(1/34—%(1—1/3)) if j=i=p
T
C2 . .. . .
My () _ 30% V3 (V2(21/ —3)— é(l/ —1)%(1+ 21/)) if j,ie{p,q},j#i
I 3h

2\/§<1/(y2—3y+3)—%(1/—1)3> if j=i=q

0 otherwise.

\

Similarly for e € My,

%folsts if j=1=q

0 otherwise.

That is

MIK@:icz 26 if j=i=q
3T
0 otherwise.

Assembling the full matrix in equation (3.2.9) gives, for generation level n = 1

[ 22 22 i
D 2 2R
2 |2 D 2 R 2
K = %T 3 _ %T K, (3.2.50)
22 22
2 2 p R
R R R E
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where D = 524+4/v/3 (V3 + % /2 (1 — %)), R = 2/V/3 (1*(2v — 3) — & /2 (v — 1)%(1 + 2v))
and E = 4v/3 (v(v? — 3v +3) — % /cx(v — 1)%). For generation level n = 2

_ 00 0 00 0 00]
KV iZ 0 0 0i0 0 00
000 0 0iZ 0 00
00 0 00 0 00
02 0 0; 0 0 0
Kﬁ’:% R OE K EO O (3.2.51)
00 0 0 0 2 00
00 0 0 0 0 00
00 2 0i0 0 0 0;
00 0 000 2 0 KO
00 0 000 0 0
00 0 000 0 0

__________________________________

2 : .
() _ T | 297,(n) | pr(n—1) | 227 ,(n)
K= | 5Va iK1 RY,

__________________________________
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where IA(](A?*I) = th(»?fl)/c%. That is,

1 (=0 22
K\ = - <Kj(? RS ?Vj({‘)) : (3.2.52)
where K ;?71) is a block diagonal matrix consisting of three blocks of matrix K j(»?*l).
Combining equations (3.2.46) and (3.2.50) gives equation (3.2.7) as
a [ P
b « P .
AV =n =h A, (3.2.53)
g B a P
P P

where o = (¢%/30) (48 + (16/v/3)) +52+(4/v3) (v* + 3 /(1 — 7)), B = 11¢%/30+
22/3, P = 11¢%/30V3 + (2/V/3) (V*(2v — 3) — ¢4 /cA(v — 1)%(1 +2v)) and ¥ =
48¢%/30v/3 + (4v/3) (v(v? — 3v +3) — & /ck(v — 1)%).  Similarly, for generation
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level n = 2,

_ 00 0 00 0 00]

AV i3 0 0 00 0 00

0 0 0{8 0 00

00 0 00 0 00

038 0 0 0 0 00

AP 00 0 0 ALY Eo 0 00 32,50

00 0 0 0 B 00

00 0 0 0 0 0
00 B 000 0 0

00 0 000 8 0 AV

00 0 0i00 0 O
00 0 000 0 0

________________________________

________________________________

jio i
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where flg?fl) = Ag’;*l)/h. That is,

AW (ng,’;—” n ng")) , (3.2.55)

where ;1%—1) is a block diagonal matrix consisting of three blocks of matrix /Alg»?_l).
A similar treatment, can be given to equation (3.2.6) by using the definition of ¢

that appears in equation (2.2.11) to give (where m = (N + 1)/2)

(

- (feMH (q2¢N+2¢j + h2V¢N+2 . V¢j) C@) Uy, =1
O I (feM+2 (PYn+30; + P*ViPnis . V) d@) Ug, j=m (3.2.56)
- <f6M+3 (PVN1ad; + WPV ipy s V) d£> Us, =N

0 otherwise,

\

where M + 1,M + 2 and M + 3 are the set of edges M;, Us,Up and Ug are
the mechanical displacements at the fictitious vertices A, B and C' respectively.

Now consider equation (3.2.56) to find b at element e = M + 2 (see Fig-

(2" = 3)h/2,V/31/2)

(2 = 3)h/2,h/(2V3))

0\\
. \ m=(N+1)/2 E
(2" — 2)h,0) (2" —1)h,0) e=M+2  (2°h,0)

Figure 3.46: The boundary element for e = M + 2

ure 3.46), which is connected between vertex m at (z,,y,) = ((2* — 1)h,0) and

vertex B at (xp,yp) = (2"h,0). From equation (3.2.41) we get (z(s),y(s)) =
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(xg — Tm)S + Tmy (U — Ym)S + Ym) = ((s + 2" — 1)h,0) and dz = hds, gives

b = —h ( / (*Vpdm + Vg . V) ds) Us. (3.2.57)
M+2

From equation (3.2.36) the basis functions at vertex B in element e = M + 2 is

(z =2"h)* +y?
h2

vp(a,y) =1- (3.2.58)

and from equation (3.2.35) the basis functions at vertex m is

(271 — 22M)p2 — % 4 44/3ay + 3y + (2T — 2)h(z — 2/3y)

(bm(x,y) = h2 .
(3.2.59)
Substituting equation (3.2.41) into equations (3.2.58) and (3.2.59) gives
V5 (2(5),4(5)) = (2 — 9)s (3.2.60)
and
b (2(3),y(s)) =1 — s (3.2.61)

From equations (3.2.37) and (3.2.38), equations (3.2.58) and (3.2.59) gives

2(2"h — —2
VwB(:c,y)z( ( 3 x), th) (3.2.62)
and
ontl _ 9Vh — 2 4/3y 4v/3(1 — 2™h + 44/3 6

(3.2.63)
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Substituting equation (3.2.41) into equations (3.2.62) and (3.2.63) gives

Vs (2(s), y(s)) = <2 _hzs,o) (3.2.64)

and

=2 4\/§5> . (3.2.65)

Vo <x<s>,y<s>>=( =

Substituting equations (3.2.60), (3.2.61), (3.2.64) and (3.2.65) into equation (3.2.57)

gives
11

2
SONE  ——

A similar calculation, for bﬁ") at element e = M + 1 and bg\?) at element e = M + 3

shows )
Ua, j=1
UB ] =m
(n) ’
by = hn (3.2.66)
UC7 .]: N
\ 0 otherwise,
where
2 11,
=—-——q". 3.2.67
=73 354 ( )
For generation level n = 1,
.
Ua, j=1
p g <_ B EQZ) Ug, j=2
j
3 30 Uo, j=3
\ 0 otherwise,
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and for generation level n = 2,

UAajzl
) h( 112) U, j=6
i~ 37 301 .

UCujzll

\0 otherwise.

3.3 A Homogenised model of the transducer

In this section we introduce a homogenised model of this composite transducer
[8,151-153] that will be compared with the renormalisation approach being devel-
oped here; this comparison being made at a low number of fractal generation levels

(these are the most interesting cases as these are potentially manufacturable). The

Figure 3.47: Tllustration of a standard 1-3 composite transducer where the ceramic
is black and the polymer is white. It clearly shows the regularity in the structure
and the reliance on a single length scale.

homogenised model described below can be thought of as the operating character-
istics that one would obtain from a conventional (i.e. non-fractal) 1-3 composite
transducer as illustrated in Figure 3.47. The constitutive relations for the indi-
vidual phases have a compact form, within the ceramic (£) phase, and within the

polymer (P) phase [147,148]. From equation (2.2.1), and due to the properties of
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PZT-5H (see Appendix A.4), we get
Ty =Ty =T =Ty =T33 =0,

and

T3 ="1T3 = 01313513 + 01331531 — ezl

That is

Ts = ¢55(S13 + S31) — e En,

and, using equation (2.2.3), since from equation (2.2.8) u; 3 = 0, then
T5 = caquz — ean B, (3.3.1)
since cs5 = cy4 and eg5 = egy. Similarly we get
Tos = Tso = 3203523 + 3232532 — €32 Ea,

that is

T4 = C4qU32 — 624E2. (332)

So we rewrite equations (3.3.1) and (3.3.2), for the piezoelectric phase as
T5T = CZ4U§1 — 624E1‘F

and

T = ciyuly — ennE] . (3.3.3)
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Similarly, for polymer phase we get

P_ PP
15 = Cyqll3 1

and

P_ P P
Ty = CyqU3 2;

(3.3.4)

since there is no piezoelectric effect in the polymer phase. From equation (2.2.2)

we get for the piezoelectric phase
D? = 624“?:,1 + 5?1E1T>

and

T _ T.T T T
D, = €Uz o + enky,

and for the polymer phase we get

P_ PP
Dy =ep by,

and

P__ PP
Dy =en By,

(3.3.5)

(3.3.6)

where DI D are zero and €] is an element of the permittivity tensor of polymer.

We assume uniform fields in each phase that any movement (strain) in the polymer

phase is compensated by a strain in the piezoelectric phase, and so we can write

. T .
Uzl = Vg + VU3 1,

145

(3.3.7)



and

Uiz g = VU + VUL, (3.3.8)

where v is the volume fraction of the piezoelectric phase where this is calculated

via

36" 1) (59) +3" (o) v
460 - 1) () + 3 (5km)

where 3(3" —1)/2 is the number of elements that are piezoelectric (M), 3" is the

number of elements that are a polymer-piezoelectric composite (M), L/(2" — 1)
is the length of elements M, L/ ((2" — 1)v/3) is the length of elements My and

v as defined in equation (3.2.49). That is
o A3 -1 43y

o™ = 3 —,

and 7™ = 1 — v™ is the volume fraction of the polymer phase. For example at
generation level (n = 1) if v = 1 then v = 1 and if v = 0 then v = 3/(3 + V/3).

Assuming the electric fields are similarly averaged then

E, =vEf +oET, (3.3.9)

and

Ey =vE; +0E}. (3.3.10)

Assuming that the stresses in each phase are equal then

T,=T, =TF (3.3.11)
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and

Ts =T =T7.

If the electrical displacements are also equal in each phase then

D, =D =DF (3.3.12)

and

Dy, = DI = DI

From the symmetry of the SG(3,4) graph (see Figure 2.11) then we have

Ugo = U3 = U, (3.3.13)

since ul, = vl = u’, and ul, = ul’} = u”. We take the electric fields to be the

same in both phases, namely,

Ey=E,=E, (3.3.14)

T,=T5=T, (3.3.15)

and

Dy =Dy=D. (3.3.16)

From equations (3.3.11), (3.3.15), (3.3.13) and (3.3.14) we can write equation
(3.3.3) as

T =chu" —eyuET, (3.3.17)
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and from equations (3.3.12), (3.3.16), (3.3.13) and (3.3.14) we can write equation
(3.3.5) as

D = equ’ + el ET. (3.3.18)

For the polymer phase, we have from equations (3.3.11), (3.3.15) and (3.3.13) that

we can write equation (3.3.4) as

T = cbu”, (3.3.19)

and from equations (3.3.12), (3.3.16) and (3.3.14) we can write equation (3.3.6) as

D=cehE". (3.3.20)

From equation (3.3.13) we can write equations (3.3.8) and (3.3.7) as

=S =vu" +u”, (3.3.21)

and from equation (3.3.14) we can write equations (3.3.9) and (3.3.10) as

E=vE" +oE". (3.3.22)
From equation (3.3.19) we get
T
uf = =, (3.3.23)
Caq

and from equation (3.3.20) we get

|

B = (3.3.24)

(@)
=%
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Hence, from equations (3.3.21) and (3.3.23) we get

1/ = D
E"=- (E — @—P) :
Substituting equations (3.3.25) and (3.3.26) into equation (3.3.17) gives
_ 1/, T 1 D
T=c - (55— ) —es-(E—v2).
That is
r(1+ i) -G p, My
vely v v veh)

T

)

P
4

(3.3.25)

(3.3.26)

(3.3.27)

Also, substituting equations (3.3.25) and (3.3.26) into equation (3.3.18) gives

That is

Hence,

That is

D=

7 T
— €24 — _ T 11 — _ D
D=-—=— S — UT + — E— 'U—P
— T —
Ve €94 = Ve€oy — &1 =
D<1+—P =—S-—FT+—F.
VEY v VCyy v
P s P P_T
€ 5 Ve24E1, 11fn
vell + vel) ek (el + vel)) vell + vel)
P P P_T
A _ f11624 5 V€2 5 E11611 £
D=—=5—-—F_"-T+—"F,
€ CiuE €
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where &* = vel] + vel}. Putting this into equation (3.3.27) gives

=T T 02 52,2 s T

— ve Ciy 5 €24 = Veyy o V€yy =  Veuey =

T(1+—H)|=25-—=F+-—25- AT+ —Up
VCyy v v vE* Ve yE* veE*

that is

PV =2 ,2 T =52 > T
_ e ve c ve ~ Veogye €1\ =
T 1+ —F+—F=)=(2+2)5+|—L-—)F,
vCy  VCyE v VE VE v
and so

T P —x = T —x ~2 2 T P —x — P 2 Q ~ P T P =

That is

T = eyuS — enk, (3.3.29)

since ¢y = (e e +uchies,)/ (vehie™ + velye* + v2ed,) and €2 = (chjeanvel))/(vehe +

vel,e* + v%ed,). Substituting this into equation (3.3.28) gives

P P_T - P
= €11€24 5 , €111 V€24&11,_ & - F
D=——S+—-F——F_~(cuS—euk),
&* g Cia€

that is
P > P = P T > P 5
D:( = e )0\ s tTae )P
44 44
Now

P = P P = P (T Pzt | =P 2
€11€24  V€24€11Caqa €162 V€24€7, (044’3445 + 1’044624)
£* che* e* che* (vek e + velier + v2e3,)
P P
0446241)611

. = €24.
vel e + vel,e* + v2e3,
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So

D =éyuS+énkE,

where &y, = (efjel))/e* + (Veauel E24) /(). We then have

E=—_-2253 (3.3.30)

That is
T =pnrS — (D, (3.3.31)

where jip = ¢y + €3,/&11 and (= €24/&11. The specific acoustic impedance of the

composite is then [151],
Zp = \/lirpr

where pr = vpr+vpp is the average density, and the longitudinal velocity is [151],

o= BT
Pr

In order to calculate the transmission sensitivity, consider the circuit shown in

Figure 2.9. The current across the transducer I is given by [§]

[ aV
T_ZE+b

(3.3.32)

where a = Zp/(Zo+2Zp), b = ZoZp/(Zo+Zp), Zy is the series electrical impedance

load in the connecting circuitry and Zp is the parallel electrical load. In a similar
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way to equation (2.5.8) the non-dimensionalised form for the electrical impedance

of the standard (Euclidean) transducer (é ) is then [§]

z 1 Cy = - -
A = —= 1 —=>—= (KrTr + KT, 3.
e(f) 1Con < QqZT( rlr+ Kp B)), (3.3.33)

where Ty = 277 /(Zr+21), Tp = 227 /(Z1+Zp) are non-dimensional transmission

coefficients, K and Kp are also non-dimensional and are given by

(=) (1 Ryge)
(1 — RFRB€72q?)

F=

and
(=) (1= Rpe)
(1 — RFRBG_Q'TF)

B =

where Rp = (Zr—271)/(Z1+71), Rp = (Zr—2Zp) /(Zr+Zp) are non-dimensionalised
reflection coefficients and 7 = L/ér is the wave transit time across the device.
Note that the capacitance of the device is given by Cy = A,&1; /L. The non-
dimensionalised transmission sensitivity for the standard (Euclidean) transducer

(¥g) (similar to equation (2.5.15)) is then [149]

vl = (5 ) = -t (1—5”<KFTF+KBTB>> @)

v \(Go 2Co 2qZr
where Fg the force produced at the front face of the standard transducer, A\ =
Co/(1 4 qCob) and Ay = 271, /(Z;, + Zr) are dimensionless constants. The non-

dimensionalised reception sensitivity for the standard (Euclidean) transducer (¢g)

(similar to equation (2.6.4)) is then [6]

_ - = _ =~ _ _ —1
B —(Tp KAl CA(KpTr + KpTp)
_ I) — F 1— ! 3.3.35
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where Vi the voltage produced by the standard transducer and 5\* = qCob/(1 +
qCob). Having derived expressions for the main operating characteristics of a
homogenised device these will be used to compare with the characteristics of the
fractal device using the renormalisation approach. This will allow us to assess any

practical benefits arising from this novel design.

3.4 Renormalisation model of the transducer op-
erating characteristics

The transducer is electrically coupled to a power supply and is immersed in a
mechanical load and appropriate electrical and mechanical boundary conditions
can be applied. The derivation follows similar lines to those in Section 2.3.1.
In this chapter, the force F' on each vertex is given by F = A,T. Hence, from
equations (2.3.52) and (3.3.31), applying an electrical charge @) at one of the
transducer-electrical load interfaces then

du -

F=Ajir o~ Q. (3.4.1)

So from the continuity of force we get F'(u,,) = Fi(usq) = Fr(zp = 0), where F,

is the force in the mechanical load. That is, from equation (2.3.46),

Ug — U, _ c
ArﬂTM —CQ = A (EL) (—4, + By, (3.4.2)
h hCL
and so
Q(h\_Z
Up — Uy, o\ ) Zq( Ap + By), (3.4.3)
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where the mechanical impedance of the load is Z; = pup A, /cp and of the transducer

is ET = A.fir/cr. At each generation level of the Sierpinski gasket transducer the

ratio of the cross-sectional area of each edge to its length is denoted by ¢ = A,./h(™.

The overall extent of the SG(3,4) is fixed and so the length of the edges will steadily

decrease and, by fixing &, the cross-sectional area will also decrease as the fractal

generation level increases. Hence, equation (3.4.3), and its equivalent at the front

face of the transducer, can be written

U U EQ ZB
- - — - — = _A 9
' ﬂTg ZTQ( B)
U U EQ_ ZL
- m - — L — = _A + B 3
o ,uTg ZTQ( t L)

(3.4.4)

(3.4.5)

Zp is the mechanical impedance of the backing material. Substituting equation

(2.3.47) into equation (3.4.4) gives Uy = 71Uy + 6; and substituting equations

(2.3.48) and (2.3.49) into equation (3.4.5) gives

where

and

UB :’YmUm‘F(Sm:UC:’YNUN‘I“(SNa

(1-azs/20) . =1
Vi = (1—qZL/ZT>1, j=mor N
0 otherwise
—nCQ/ (arf) j=1
5= (CQ/ (ré) ~ 240471/ Zr) , j=mor N
0 otherwise.
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Hence, equation (3.2.66) becomes
0" = h3,U; +hd; j=1mor N (3.4.9)
where 7; = ny; and §; = nd;. Putting equation (3.4.9) into equation (3.2.4) gives

Al

J

"U; = 3;U; + 6.

Hence,
(A%L) Bj(?)) U =96;, i=1morN
where ~ _
o0 0
0 0
0 0
BY = o : (3.4.10)
0 0
0 0
0 0 n
That is
FU; =g,
and so
U; = G4, (3.4.11)
where
—1 -1
(n) _ (n) _ (i) A(n)



represents the Green’s transfer matrix.

The calculation of the pivotal elements of Gg-?) in equation (3.4.11) can be con-
ducted as before in Section 2.4.1 using renormalisation. Due to the block structure
of A%L) as described in equation (3.2.55) being so similar to that in equation (2.3.24)
the derivation of the renormalisation equation is identical and leads to equations
(2.4.14) and (2.4.18), and also when the boundary conditions are included from
equations (2.4.23) to (2.4.26). The major difference however is that the initial-
isation of these recursion relationships is different since Aﬁ) given by equation

(3.2.53) is different from Aﬁ) given by equation (2.3.22).

3.5 Electrical impedance and transmission and
reception sensitivities

The derivation of the electric impedance and the transmission and reception sen-
sitivities follow a very similar derivation to that in Sections 2.5 and 2.6. We
simply need to replace ¢ by (¢ (using equation (3.3.31)), Cy by Cy = A,&11/L
(using equation (3.3.33)) and pr by fir (using equation (3.3.31)) to give the non-

dimensionalised electrical impedance (Zp) as

R Z 7Z C2C,
Zu(fin) = E T (1+€ o7

- = ez (1 o) @5

where

o1 = (G = GY) and oy = 90 (~G), - Gk +261).
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and +; is given by equation (3.4.7), n is given by equation (3.2.67), Gﬁ) = Gg@v =z
is given by equations (2.4.14) and (2.4.23) and G’Eﬁ = Gg@n — G\") = y is given by

equations (2.4.18) and (2.4.24). Similarly, the non-dimensionalised transmission

sensitivity (¢r) is then given by

. _ & 7]_ _ CLZLZT (n)
vr(fin) = % (CCO) ZT(ZE+b)uT£C‘oK , (3.5.2)

where

K =5 (=0 (1G5 = (Gh + GIN) ) +1).

and Zr is given by equation (3.4.3). Similarly, the non-dimensionalised reception

sensitivity (¢r) is then given by

or(fin) = %(62@)
_ 2enlno (1 IR ASUIGR N aZr )_1 (3.5.3)
Sur (Zp + b)quriré®  (Zp + b)quréCo o

3.6 Steady state solutions

The true fractal case arises when we allow the fractal generation level n to tend to
infinity and we assume that the renormalisation recursion relationships converge
to a steady state (we denote these steady state solutions by a * superscript). Note
we will examine the convergence of these recursion relationships later (see section
3.7.3) when we consider the pre-fractal SG(3,4) transducer (at increasing but finite

fractal generation levels).
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Case A: y* =0

If j* = 0 then equation (2.4.9) is automatically satisfied (since X = & = 2*) and

from equations (2.4.10) and (2.4.11) we get
G, = —pi*Gy (3.6.1)

and

= =BG (3.6.2)

Substituting equation (3.6.1) into equation (3.6.2) gives
Gy (1 - %) =o0.

Therefore G, = 0 or #* = 41/8. In the former case then G*, = 0 and in the

latter case G, = FG¥,. From equation (2.4.12) we get

Gt (14 %) = 0.

Therefore @’;1 = 0 or 2* = —1/p. Now bringing in the boundary conditions
equation (2.4.25) gives
j*
=
1- T*Ym

where 2* # 1/74,,. From equation (2.4.23) we get



That is

and from equation (2.4.22) we get

giving

In the case where G, = G, = G, = 0 we denote the solution as z* = y, y € C

and in the case where * = +1// we denote the solutions as @Zl = TFA, @Zl =TFA

and G*, = 0 (or 0 when #* = 1/f) where X, 6 € C. The full set of steady state

solutions for this branch of solutions are summarised in the table below.

Case | z* | y* | G}, | GE | G x z note

AL I 0 A [ =x| 0| 5% o B# 7,8 # m

A2 | 5[0 =A] A ] 0 | 5 R B # 3.8 # Am

A3 | x {0000 |2 i | T A L e # X A £

Case B: y* #£ 0

If g* # 0 then from equation (2.4.9) we get

—289*G
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and so

Substituting this into equations (2.4.10) and (2.4.11) we get

PG 4G =0 (3.6.3)

and

G = 1" (3.6.4)

Substituting this equation into equation (3.6.3) gives

- (3.6.5)

Substituting equations (3.6.4) and (3.6.5) into equation (2.4.12) gives

P+ B2 — By = 0. (3.6.6)

Note that z* # 0 since this would imply that ¢* was zero. Also substituting

equations (3.6.4) and (3.6.5) into equation (2.4.17) gives

Ak Ak

gt =Py (T —27).

That is
(3.6.7)

— (3.6.8)
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Putting this into equation (3.6.7) gives

L2
=55 (3.6.9)

Now putting equations (3.6.8) and (3.6.9) into the boundary conditions equation

(2.4.24) gives
—283

y= (3.6.10)

Putting equations (3.6.8),(3.6.9) and (3.6.10) into equations (2.4.23) and (2.4.26)

gives
o B+ 3%m
36% — BV + BYm — 3N Vm
and
9 _ 5
w = BB =) . (3.6.11)

(B = m) (302 = 30 %m + B(=71 = Tm))
Substituting equations (3.6.8),(3.6.9),(3.6.10) and (3.6.11) into equation (2.4.25)

gives
B2 = 3%1%m + BN + Fm)
(B = Fm) (362 = 319m + B(=71 + Tm))

Note that from equation (2.4.5), h™ — 0 and ¢™ — 0 as n — oo, and so from

Zz =

equation (3.5.1) the non-dimensionalised electrical impedance tends to infinity
((Zg(f;n)) — o0), from equation (3.5.2) the non-dimensionalised transmission
sensitivity tends to zero (¢p(f;n) — 0), and from equation (3.4.7) 7; — 1 and

from equation (3.4.9) 4, — n*. From equation (3.2.67) we get
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From equation (3.5.3) the non-dimensionalised reception sensitivity is

C ~ -1
G (fin) = 2eulios [ aZr (§pr + CoG®n’ (07 + 03))
o <Pr EfirZr + EprfirbqCo + CoCy* Zr(of +03) |

and, since ¢™ — 0, then

4Ceou Lo
p(fin) = 50—,
3¢pr(1l —a)
where )
1 .
yucl in case Al
1 .
ot = 5 in case A2
X in case A3
x—1
—3(38+4) -
\ M in case B.

3.7 Results

As in Section 2.8 we will compare the fractal design with a conventional (Eu-
clidean) design in terms of the key operating characteristics of the transmission
and reception sensitivity spectra [150]. A careful examination of the transmission
and reception sensitivities of the fractal device as the fractal generation level is in-
creased has been performed. However, to keep the presentation here succinct and
to produce results that are pertinent to devices that can be physically produced,

we will focus on fractal generation levels n =4, n =5 and n = 6.
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3.7.1 Electrical impedance and transmission/reception sen-
sitivities

A typical profile of the electrical impedance spectrum (magnitude) given by equa-

tion (3.5.1) is shown in Figures 3.48 (n = 4), 3.51 (n = 5) and 3.54 (n = 6) (dashed

line); it is compared to the equivalent profile given by a model of the traditional de-

sign (3.3.33) (full line). Similar to the discussion in Section 2.8.1, it can be seen in

A ~

Zg, Zp (dB)
45
40

35

: : F(MHz)

Figure 3.48: Non-dimensionalised electrical impedance (equation (3.5.1)) versus
frequency for the SG(3,4) graph transducer (Zg) at fractal generation level n =
4 (dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (Zg) (equation (3.3.33)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

Figures 3.48, 3.51 and 3.54 that, for the standard design (full line), the mechanical
resonance f, = 1.7 MHz and the electrical resonance f, = 2.4 MHz. These fre-
quencies correspond precisely to the first maximum in the transmission sensitivity
plots (Figures 3.49, 3.52 and 3.55, full line) and the reception sensitivity plots (Fig-

ures 3.50, 3.53 and 3.56 full line). From the parameter values for PZT5-H then
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Figure 3.49: Non-dimensionalised transmission sensitivity (equation (3.5.2)) versus
frequency for the SG(3,4) graph transducer (1r) at fractal generation level n = 4
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (3.3.34)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

in equation (2.2.11) the piezoelectrically stiffened velocity (cr) is approximately
2370 m/s and the polymer stiffened velocity (cp) is approximately 992 m/s and,
with an overall device length of . = 0.5 mm, then the corresponding frequency for
low volume fractions of polymer is approximately f, = ¢r/(2L) = 2.4 MHz. This
agrees reasonably well with the reception sensitivity maximum for the homogenised
estimate for f, (the full line in Figure 3.48). For the fractal design the electrical
impedance resonance frequencies are actually lower in this case ( f7£4) = 0.25 MHz,
£ = 0.54 MHz, £ = 1.2 MHz and f{* = 0.45 MHz, £” = .93 MHz, f{% =2
MHz) and this suggests that the polymer phase is damping the higher resonances
and also bringing the dominant resonances to lower frequencies due to the lower

wave velocities it supports. Importantly, the magnitude of the electrical impedance

at the electrical resonance frequency is higher than the traditional design; there
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Figure 3.50: Non-dimensionalised reception sensitivity (equation (3.5.3)) versus
frequency for the SG(3,4) graph transducer (¢r) at fractal generation level n =
4 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (3.3.35)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

is about a 5 dB increase for n = 6. This results in the reception sensitivity spec-
trum having a much larger gain for n = 6; there is a 7 dB improvement in the
reception sensitivity gain from the traditional design to the fractal design (see
Figure 3.56). Importantly, this peak in the reception sensitivity also results in an
enhanced bandwidth; if we take the noise floor to be 3 dB below the peak gain of
the traditional design (that is 5 dB) then the operational bandwidth of the tradi-
tional design is 1.5 MHz whereas the fractal design has an operational bandwidth
of around 3 MHz. It should be borne in mind of course that no matching layers
(or indeed an optimised backing layer) have been used in this design, and that
the transducer is solely composed of the piezoelectric-polymer composite material.

Let us start by examining the performance of the first generation graph (n = 4).

Figure 3.48 shows that the electrical impedance of the fractal graph has its first
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resonance (the electrical resonance) around f,@ = 0.25 MHz (at a lower frequency
than the Euclidean case f, = 1.7 MHz) and that the higher frequency resonances
are absent. Figure 3.49 shows that the transmission sensitivity of the fractal design
has a maximum amplitude (gain) that is lower than the Euclidean case (standard
design) at its lower operating frequency (26 dB at 0.23 MHz compared to 31 dB
at 1.7 MHz for the Euclidean case). If we take the noise floor to be 3 dB below the
peak gain of the traditional design then the operational bandwidth of the tradi-
tional design is 0.5 MHz whereas the fractal design has no operational bandwidth.
Figure 3.50 shows that the reception sensitivity of the fractal design does show
some encouraging results with a much higher peak amplitude than that of the
Euclidean case and at a lower operating frequency (at 0.32 MHz its sensitivity is
14 dB whereas the peak sensitivity of the standard device is 8 dB at 2.4 MHz).
Following this is an examination of the next generation level (n = 5). Also in
generation level n = 5 the electrical impedance of the fractal graph has its first
resonance at around 0.5 MHz (at a lower frequency than the Euclidean case) and

that the higher frequency resonances are absent.
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Figure 3.51: Non-dimensionalised electrical impedance (equation (3.5.1)) versus
frequency for the SG(3,4) graph transducer (Z £) at fractal generation level n =
5 (dashed line). The non-dimensionalised electrical impedance of the standard
(Euclidean) transducer (Zg) (equation (3.3.33)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.
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Figure 3.52: Non-dimensionalised transmission sensitivity (equation (3.5.2)) versus
frequency for the SG(3,4) graph transducer (¢r) at fractal generation level n =5
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (3.3.34)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

The transmission sensitivity of the fractal design in generation level n = 5 has
a maximum amplitude (gain) that is lower than the homogenised case (standard
Euclidean design) at its lower operating frequency (at 0.55 MHz its sensitivity is
26 dB and the peak sensitivity of the standard (Euclidean) device is 29 dB at 1.7
MHz). The bandwidth of around 25 dB is smaller than that of the Euclidean case
(see Table 3.3).
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Figure 3.53: Non-dimensionalised reception sensitivity (equation (3.5.3)) versus
frequency for the SG(3,4) graph transducer (¢r) at fractal generation level n =
5 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (3.3.35)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

The reception sensitivity of the fractal design in generation level n = 5 has again a
much higher peak amplitude than that of the Euclidean case at its lower operating
frequency (at 0.6 MHz its sensitivity is 14 dB whereas the peak sensitivity of the
standard (Euclidean) device is 8 dB at 2.4 MHz). This examination can continue

and below we consider the sixth generation level (n = 6) performance.
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Figure 3.54: Non-dimensionalised electrical impedance (equation (3.5.1)) versus
frequency for the SG(3,4) graph transducer (Zg) at fractal generation level n =
6 (dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (Zg) (equation (3.3.33)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

At fractal generation level n = 6 the electrical impedance of the fractal graph has
its first resonance at around 1.2 MHz. This is at a higher impedance gain than
the Euclidean case (which resonates at a higher frequency) and again the higher

frequency resonances are absent.
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Figure 3.55: Non-dimensionalised transmission sensitivity (equation (3.5.2)) versus
frequency for the SG(3,4) graph transducer (¢r) at fractal generation level n = 6
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (3.3.34)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

The transmission sensitivity of the fractal design in generation level n = 6 has a
maximum amplitude (gain) that is lower than the Euclidean case (at 1.1 MHz its
sensitivity is 26 dB and the peak sensitivity of the standard device is 28 dB at
1.7 MHz). Once again the bandwidth around 25 dB is smaller than that of the

homogenised case.
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Figure 3.56: Non-dimensionalised reception sensitivity (equation (3.5.3)) versus
frequency for the SG(3,4) graph transducer (¢g) at fractal generation level n =
6 (dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (¢g) (equation (3.3.35)) is plotted for comparison (full
line). The red arrow shows the bandwidth of the fractal transducer is around 3
MHz and the bandwidth of the Euclidean transducer is around 1.5 MHz as shown
by the blue arrow (see Table 3.3). Parameter values are given in Appendix A.5.

As before the reception sensitivity maximum amplitude of the fractal design (in
generation level n = 6) is higher than the Euclidean case (14 dB at 1.3 MHz
compared to 8 dB at 2.4 MHz for the Euclidean case), with the bandwidth around

this peak sensitivity being bigger than that of the Euclidean case.
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Design (n) f?" fa ¢ma:c ¢max BWT BWR
(MHz) | (MHz) | (dB) | (dB) | (MHz) | (MHz)
Fractal (4) 0.3 0.5 26.0 | 14.0 0 0.5
Standard 1.7 2.4 31.0 | 80 0.3 1.5
Fractal (5) 0.5 0.9 26.0 | 14.0 0.2 1.5
Standard 1.7 2.4 29.0 | 8.0 0.8 1.5
Fractal (6) 1.2 2.0 26.0 | 14.0 0.5 3.0
Standard 1.7 2.4 28.0 | 8.0 1.0 1.5

Table 3.3: A comparison between the operating characteristics of a fractal trans-
ducer and an equivalent standard design at fractal generation levels n = 4,5 and
6. The mechanical resonance frequency is denoted by f,. (MHz), the electrical
resonance frequency is denoted by f, (MHz), the transmission sensitivity gain is
denoted by 4 (dB), the reception sensitivity gain is denoted by ¢y,4, (dB), the
transmission sensitivity bandwidth is denoted by BWr (MHz) and the reception
sensitivity bandwidth is denoted by BWx (MHz).

3.7.2 Homogeneous Euclidean transducers
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Figure 3.57: Non-dimensionalised electrical impedance of the standard (Euclidean)

transducer Zg(f) (dB) (equation (3.3.33)) versus frequency f(MHz) and volume
fraction of ceramic v for a 1-3 composite transducer. Parameter values are given
in Appendix A.5.

The electrical impedance of the standard (Euclidean) design was calculated using
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the homogenisation approach that led to equation (3.3.33). As can be seen in
Figure 3.57 the resonances (peaks in the electrical impedance amplitude) only
appear once the volume fraction of the polymer (v) exceeds a threshold of roughly

0.95.

10

10 f (MHz)

Figure 3.58: Non-dimensionalised transmission sensitivity of the standard (Eu-
clidean) transducer ¥g(f) (dB) (equation (3.3.34)) versus frequency f(MHz) and
volume fraction of ceramic v for a 1-3 composite transducer. Parameter values are
given in Appendix A.5.

At the low volume fraction of the polymer (v) there is a number of resonances. As
the volume fraction increases these resonances shift to higher frequencies. It can
be seen that the peak sensitivity is 28 dB and the bandwidth around this peak

sensitivity is bigger at the low volume fractions of the polymer (v).
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Figure 3.59: Non-dimensionalised reception sensitivity of the standard (Euclidean)
transducer ¢g(f) (dB) (equation (3.3.35)) versus frequency f(MHz) and volume
fraction of ceramic v for a 1-3 composite transducer. Parameter values are given
in Appendix A.5.

At low volume fractions of the polymer (v) there are a number of resonances in
the low frequency regime. As the volume fraction of ceramic increases the peak

sensitivity increases as well.

3.7.3 Convergence

Similar to Section 2.8.2, the norm of the difference between the energy in the power
spectrum at successive generation levels, integrated with respect to frequency, can
be calculated for the transmission/reception sensitivities. Figure 3.60 shows the
dependence of these norms on the generation level. Scrutiny of the underlying
spectra shows that the transmission sensitivity accrues more and more resonances
as the fractal generation n increases. As the length scale of the smallest edge
is decreasing with n then resonances at higher frequencies appear; note that the

lack of damping in the model permits these resonances to have amplitudes which
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would not be present in an experimental setting. As n is increased further, then the
various peaks become quite dense and a very flat response emerges which does not
change over the frequency range of interest (up to 10 MHz). Hence, the successive
spectra start to reach a steady state and this accounts for the steady state that is

reached after n = 10. A similar story holds for the reception sensitivity.

Vi(n), ox(n) (dB)

w
L s O B L B B L B B B

10 15 20

n

Figure 3.60: The convergence of the transmission and reception sensitivities is
examined by plotting the differences in the energies in successive spectra as the
fractal generation level increases. Non-dimensionalised transmission sensitivity
(¥3(n)) (equation (2.8.1)) (full line) and non-dimensionalised reception sensitivity
(¢3(n)) (equation (2.8.2)) (dashed line) versus the fractal generation level. The
transmission sensitivity converges by generation level n = 10 and the reception
sensitivity by generation level n = 5, over this frequency range where f; € [0.1, 10]
MHz.

3.8 Conclusions

The performance of a composite piezoelectric ultrasound transducer, where its in-

ternal architecture is a fractal, is compared with that of a traditional design. The
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former case is modelled using a renormalisation approach whereas the latter case
is modelled using homogenisation. In Chapter 2, only ceramic elements were used,
however in this chapter, this was improved on by using a combination of ceramic
and polymer elements. New basis functions for this two phase material whose sup-
port is the underlying fractal graph, were developed for the finite element analysis.
To assess the performance of this new device a new model for a homogenised device
was derived. This represents the standard designs that are commonly used whereby
the piezoelectric and polymer constituents are on the same length scale and are
often arranged in a periodic structure. Low fractal generation levels (n = 4,5
and 6) of the fractal transducer was investigated as these are in the regime most
likely to be amenable to manufacture. A significantly higher amplitude reception
sensitivity was produced by the fractal transducer when compared to the standard
design; note however that a lower transmission sensitivity amplitude resulted. The
convergence of the fractal device’s performance as the fractal generation level in-
creases was also considered. It was seen that, in both transmission and reception
modes, the outputs converge by generation level n = 10 and n = 5 respectively.
The reception sensitivity also resulted in a wider bandwidth than the standard
design; if we take the noise floor to be 3 dB below the peak gain of the traditional
design (around 5 dB) the bandwidth of the fractal transducer is around 3 MHz

but 1.5 MHz for the Euclidean transducer (see Figure 3.56 and Table 3.3).
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Chapter 4

A fractal ultrasonic transducer
based on the complement of the

Sierpinski gasket

4.1 Introduction

This chapter derives a model of a fractal ultrasound transducer and compare its
distinctive properties with that of a standard transducer design. The complement
of the Sierpinski gasket fractal is utilized in this chapter to simulate this self-
similar transducer [9,10,144]. This transducer starts off as an equilateral triangle
of piezoelectric crystal, connected to three half sized copies of itself (see Figure 4.1).
The next generation (n = 2) connects three half-sized copies of the smaller triangles
to each of these triangles. Continuing in this way what we will call the complement
(or dual) of the standard Sierpinski gasket is produced. Using the complement (the
black triangles in Figure 4.1) should prove to be a significant advance as it has

a range of triangle sizes whereas the Sierpinski gasket is composed of triangles
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of the same size (the white triangles in Figure 4.1) for a given fractal generation
level. The dual graph (@(3)) is introduced and constructed by a process which
starts from the order n = 1 design (which consists of four piezoelectric triangles),
assigns a vertex to the centre of each of the smaller triangles and, by connecting
these vertices together with edges whose length is the side length of the larger
triangle, the SG(3) weighted graph at generation level n = 1 is constructed (see
Figure 4.2). The Sierpinski gasket has side length L units which remains constant
as the generation level n increases. The length of the smallest edge in the weighted
graph @("’(3) is ") = L[/2" and the longest edge length that connects the
three @““”(3) graphs is h(!) = L/2. Then the overall diameter of the graph is
ng = nL/2 and the total number of vertices is N,, = 3". The vertex degree is
3 apart from the boundary vertices (input/output vertices) which have degree 2
and M, = 3(3™ — 1)/2 denotes the total number of edges at generation level n.
The boundary vertices are used to interact with external loads (both electrical and
mechanical) and fictitious vertices A, B and C' are introduced to cope with these
interfacial boundary conditions later on (see Figures 4.3 and 4.4). Denote by (2,
the set of points lying on the edges or vertices of the weighted graph @("’(3) and

denote the region’s boundary by 0f2,.

B i L2

n =2

Figure 4.1: The first few generations of the Sierpinski gasket (white triangles). The
black triangles (the complement of the Sierpinski gasket) consist of piezoelectric
material. The side length of the Sierpinski gasket is L for all generation levels.
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Figure 4.2: The first few generations of the weighted Sierpinski gasket graph SG(3).

By introducing the non-dimensionalised variable § = cpt/h(™ then (temporarily

dropping the subscript on u and the superscript on h(™)

0%u

Applying the Laplace transform . : § — ¢ then gives
¢ u=(h™)* V?a. (4.1.2)

We will seek a weak solution @ € H'(£2,) where on the boundary @ = usq, €
H'Y(0%,). Now multiplying by a test function w € Hx(Q,), where H5(%,) =
{we HY(Q,) : w=0o0n d%,}, integrating over the region €2,,, and using Green’s
first identity fﬂn W Vigdo = 55(99” Y (Vo.n) dr — an V¢ .Vidv, where n is the

outward pointing unit normal of surface element dr, gives

/q%wdg:(h(")ff w(Vu.@)dr—(h(”))Z/ Vi Vw dz.
Qn 0 Qp

Now (h("))2faﬂn w(Vu.n)dr is zero since w = 0 on 052, and so, we seek u €
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H'(Q,) such that

q2/ uwdg:—(h("))zf Vu.Vwdx
Qn Qn

where w € H5(Q,,).

4.2 Galerkin discretisation

Using a standard Galerkin method we replace H'(€2,) and H5(,) by the finite
dimensional subspaces Sg and Sp = SsNHL(£2,). Let Ug € Sg be a function that
approximates iigg, on 0f),, then the discretised problem involves finding U € Sy
such that

q2/ UWdz=— (h<n>)2/ VU.VW dz, (4.2.1)
Qn Qn
where W is the test function expressed in this finite dimensional space.

Definition 4.2.1. Denote the set of vertices in €2, as Vg, , the set of fictitious
vertices as Vpgq, (these are vertices N,, + 1, N,, + 2 and N,, + 3), the set of interior
vertices as Voo (so Voo = Va, \ Vagn), and the set of input/output vertices as Voo
(these are vertices 1,m,, = (N, +1)/2 and N,,). Eq, is the set of edges in €2,,, the
set of edges joining vertices in Vo to vertices in Vg, is denoted Epq, and Egqo is
the set of the interior edges (EQ% = FEq, \E@Qn). Denote by E(poj the set of edges
in Eqo of length h) and by E(lg three copies of Egg (the adjacency matrix for
EQ% is a block diagonal matrix where each block is the adjacency matrix for Foqo ).
Egg and Egg are defined similarly using the complete set of edges in €2,. Also
Epyq, is three copies of the boundary edges Ejq,. Hence Eélpnill) = Egg if p < n,

ngl) = Egg for p < n and Egg = Egg if p <n.

n—1

Let ¢, j € Vo form a basis of Sp and set W = ¢;, then equation (4.2.1)
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becomes

s /Q U dze = — (h™) / VU .V¢;dx. (4.2.2)

Furthermore, let ¢;, @ € Vyq, form a basis for the boundary vertices and let

Nn
U=> Udi+ > Usd (4.2.3)
=1 ’iEVaQn

Hence, equation (4.2.2) becomes

Nn

=1 n L

where j € V. That is

where

Aji ch/Q ¢j¢; dx + (h(">)2/Q Vo, .V d, (4.2.6)

and

bi=— Y, (/Q (@Pdyi + (h) Vo, . V¢z‘)d£) Us,- (4.2.7)

1€Vaq, »
It is important to now explicitly record the fractal generation level n and so equa-

tion (4.2.6) can be written

n n n)\ 2
A =@ HP + (k™)

J

(4.2.8)

where

1 = [ (@0)dz (12.9)
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and

(4.2.10)
4 5
® @
(—hM,0) @ (0,0) Q) (h1,0) ® (2h1),0)

Figure 4.3: The Sierpinski Gasket dual graph SG(3) at generation level n = 1. Ver-
tices {1,2,3} € Voo or Voge in this level n = 1 are the input/output vertices, and
vertices {4,5,6} € Vyq, are fictitious vertices used to accommodate the boundary
conditions. The graph has 6 elements (circled numbers), with two vertices adjacent
to each element.

Lemma 4.2.1. The basis function ¢; for vertex j in the element (the edge) joining

vertices j and k at fractal generation level n is given by

gb] (xayaxjayjaxkaykaxmaymaxlayl) = ((y - yk)(l‘m + :L‘l) - (l’ - xk)(ym + ?/1)
+2(zyr — oY) + T3y — Ty — TY; + TRy + YR — fEk?/)/((yj — i) (T + 27)

— (@ — z) (Ym + 1) + 2(259% — a:kyj)) (4.2.11)
where, for edges of length greater than h'™ and n > 2, the two other adjacent
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Figure 4.4: The Sierpinski Gasket dual graph SG(3) at generation level n = 2.
Vertices {1,...,9} € Voo and vertices {1, 5,9} € Vpq,. Vertices {10, 11,12} € Vyq,
are fictitious vertices used to accommodate the boundary conditions. The graph
has 15 elements (circled numbers), with two vertices adjacent to each element.

vertices to vertex j are | and m. For interior edges of length h™ and n > 1 then
vertex | is equal to vertex 7 and vertex m is the vertex that is connected to vertex j

by the other edge of length h™ (for exterior edges (these will have length h(™ ) then

vertices | and m are also the two interior vertices adjacent to vertex j). Hence,

vqu(xvyvxjayjaxkaykaxmaymaxlayl) -
( —(Yj + Ym + Y1) + 3y

(Yj — y) (@m +20) = (25 — 21) Y + U1) + 2(2596 — T2Y;)

l‘j+l‘m+l‘l —3:L‘k
. (4.2.12)
(Yj — ye)(@m + 1) — (2; — 28) (Ym + u1) + 2(2j96 — T1Y;)
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(0,0) (4h®0) (8h3),0) (1211, 0)
Figure 4.5: The Sierpinski Gasket dual graph SG(3) at generation level n = 3. Ver-
tices {28,29,30} € Vpg,, are fictitious vertices used to accommodate the boundary
conditions. The graph has 42 elements, with two vertices adjacent to each element.
Proof. The basis function is chosen to be linear having a value of one at vertex
J and a value of zero at vertex k. So gbg»n) is a straight line lying in a plane Sp
containing the points P, = (x, yx, 0) and Py = (x;,y;, 1) (see Figure 4.6). To make
this plane unique a third point is required. When edge jk is longer than A then,
to retain the symmetry inherent to the SG graph this third point is chosen as the
centroid of the triangle formed by the two other vertices (z,, and ;) connected to
vertex j and vertex j itself. When an interior edge jk has length A(™ then this third
point is chosen as the centroid of the triangle formed by the two interior vertices

that are connected to vertex j by edges of length ™. So let P; be the point
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Figure 4.6: Basis function at vertex j with adjacent vertices I,m and k in the
SG(3) graph. Pj is the centroid of the triangle with vertices j,m and k. The plane
Sp contains the points P;, P, (vertex k) and Ps.

s s
(xj + Tm + 21, Y5 + Ym + ¥1,0)/3. The vectors a = OPy — OP; and b = OP, — OP;
lie in this plane and so the equation of the plane is (a x b) -z = (a x b) - P;.
Rearranging this equation for the third component of x gives this formula for the

basis function. The gradient then follows. O

The resulting basis functions for fractal generation levels n = 1 and n = 2 are
shown in Figures 4.7 and 4.8. For each generation level of the SG(3) graph the
coordinates of the vertices are known (see Appendix A.3 for a detailed description

for n =1 and n = 2). For a particular element lying between vertex j and vertex

186



1.0

0.5

0.0 ' | I L I L | L L I L { L s L I {
-1 0 1 2

Figure 4.7: The basis functions ¢; where j € J and I at fractal generation level
n=1.

1 the isoparametric representation, given by

(x(s), y(s)) = ((2; — @i)s + @i, (y; — yi)s + i) (4.2.13)

is employed (see Figure 4.9), where s; = 0 and sy = 1 and dz = h?) ds. Note that
the superscript (p) has been used here since there will be a range of edge lengths

hP) p=1,... n in the generation level n SG(3) graph.

187



DA O

Figure 4.8: The basis functions ¢; where j € J and I at fractal generation level
n=2.

S1 S 59
° - °
(i, vi) " (zj,v5)
h D

Figure 4.9: An isoparametric element (edge) between vertex (x;,y;) and vertex
(x;,y;) at generation level p.

4.3 Derivation of the matrix recursions

Using the basis function derived in Lemma 4.2.1 it can be shown that the matrix

H at fractal generation level n can be related to its counterpart at level n — 1.
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Lemma 4.3.1.
AP = B0 4 xOw 9™ p® e Vo, (4.3.1)

where ]:I](.?fl) s a block diagonal matrix consistmg of three blocks of matrix H;?fl)

forn =2, HIY = A pe W = gO /pe) — (271 —1)/3, 9 =
2n=1/6, Wj(f) = ]lvggl)(j)]l{o}(i — J) (where ]I{A}(a) is the indicator function which

equals 1 if a € A, and 0 otherwise) and Pj(ln) =10 (j7).
o

Proof. By using equations (4.2.9) and (4.2.13) for edge jk of length A then,

1
HHGY = [ oeoudr =200 [ 6. (0(9).5(5)) 64 (a(5).9(5)) ds.
jkGEQn 0
(4.3.2)
From equation (4.2.11), the basis function at vertex j (which has coordinates (a, b))

along a typical edge jk € Eéng where p < n is

1

= ((a —z) (3+ 2(1+p—n)) —(b—y)V3+ h(ﬂ)) (4.3.3)

and at vertex k (which has coordinates (a + 2 P=DaM) b 4 200=p=1)/3p(M)) ig
1 D—n \/_ p—n
Qﬁk(a:,y):W((a—:c) (B+2") = V3(b—y) (1+2 )). (4.3.4)
Substituting equation (4.2.13) into equations (4.3.3) and (4.3.4) gives
¢j ((s),y(s)) =1—s

and

189



Now if (¢ =d = j) or (¢ =d = k) in equation (4.3.2) then

1 —
. on—p ‘
Jk?H](.;Lm) = 2n—ph(n) /0 (1 _ 8)2 ds = 2 h(n) — ij]me)

and if (c=j and d =k) or (¢ =k and d = j) in equation (4.3.2) then

1 —
j n n— n 2nP n j n,
SR — g >/O (1—S)SdS=Th”=J’“H,§j”).

A similar calculation can be conducted for the case p = n albeit the basis functions
calculation is slightly different and follows the prescription in the proof of Lemma

2. So equation (4.3.2) becomes, for jk € Egjz, n>landp<n

L if (e=d=j)or(c=d=Fk)
RHG? =20 PR &L i (e = jandd = k) or (c =k and d = j), j # k
0 otherwise.

(4.3.5)
We now consider the basis functions at input/output vertices Vpgo and the inte-
gration of equation (4.3.2) in the boundary edges jk € Epsq,. Equation (4.3.2)

becomes

if (C:d:jGVaQ%)

W=

ij(EZ,n) — pm (4.3.6)

0 otherwise.

The matrix Hc(g) is assembled element by element (edge by edge) as follows

Hc(g):zn: S REGY = Z S oREEY 4 N kgt (48.7)

P=l jkeEy) P=2 jkeE]) jkeBg)
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The first term on the right hand side of this equation can be written

i Z ijc(va) _ nzl Z ij(E;l,p)Jr Z ijc(;w)

P=% jreEd) P=2 jkeEY) jkeES)
n—2 ,
_ 2 : } : gk pr(n.p +1) jk py(n.mn)
- Hcd + Hcd :
p/:l jkeES()p;+1) ]keE‘g(;:L)

C for 1 < p < n,

n—1

Since EY) = ES, Y, BY = BSY, and Epq, € Eoq A
then, Eg:) = Eg%) U EaQn = Eg};? U EaQn = (E_’g:;? \ EBQ ) EaQn = E(n 1) \
(Eagn_l \Eagn) Hence,

i Z ij(EZ,p) _ Z Z ]kHCd,p+1+ Z ]kHCCYan

p=2 . (») p'=1 (n—1)
]keEQn jkeEs(lpn),l jkEEQn—l

_ Z ij(Eg»")

ik€Esq, | \Faq,

_ nzl 3 kg DL el

p'=1 jkeEgl) ik€Eaq, | \Faq,
n—1

It can be shown that J"ng;’p g ij(Eg*l’p ). and then from equation (4.3.6),

n o ey B
Z Z sk — ”—TW(L) (4.3.8)

=2 (p)
p ]keEQpn

since in Eaq, , \ Fan, we have ¢ = d in equation (4.3.5), and ]:Ic(g_l) is a block
diagonal matrix of dimension N,, x N,, consisting of three blocks given by Hc(gfl) of

dimension N,,_; X N,,_;. Now the second term on the right hand side of equation
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(4.3.7) can be written

3 g~ (e« L)
jkeBy)

Combining this with equation (4.3.8) then equation (4.3.7) becomes

~ R (o 1 n 2n71 "
A = mi S - w4 = p

Ju Jt 6 Jt

where ﬁ](?_l) = H](?_l)/h(") and ]:I](?) = Hj(»?)/h(”). O

g (a+272h0) b+ /3(22h00))

p(a,b)

Figure 4.10: The element (edge) between vertices p and ¢ with the longest length

A in SG(3). Here h(™ denotes the length of the smallest edge in %(”)(3) where
B — /o
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A similar approach can be used to derive the matrix K ](f)

Lemma 4.3.2.

~

K = KO 4 e  mp™ e Vg, (4.3.9)

where I_(](?_l) 1s a block diagonal matrixz consisting of three blocks of matrix Kj(»?_l)
forn 2 2, f(j(?il) — h(")[}'](?fl)y [A(j(?) — h(n)K](?)y E(n) — 2n—1 (12 + 24—2n +3 (23—n))_

28 and ™ = 2771 (12 23720 1 3(237)).

Proof. By using equations (4.2.10) and (4.2.13) for edge jk of length h(® then,

1
RRGY = [ V6 Voadz =2 [ V6 (a(s),5(5)) - Vo als). () d
jkeEq,, 0
(4.3.10)
Equations (4.3.3) and (4.3.4), give for jk € Egjz where p <n

Voi(w.y) = ﬁ (— (3 4 20-m+)) | \/g)

and

Vor(r,y) = % (— (3+27"), V3 (1+ 27’—”)) .

Now if (¢ =d = j) or (¢ = d = k) in equation (4.3.10) then

1
ik 7.-(n,p) _ n— n 1 1-n 1 1-n
R gnpy >/O = (_ (312 +p)),\/§> 'W(_ (342 +p)),\/§> ds

n—p

= oy (124207200 4 3 (90 min)) = KR
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and if (c=j and d = k) or (¢ =k and d = j) in equation (4.3.10) then

n— 1
ij]('Z’p) = Qh(np / (— (3 + 2(1—n+P)) ,\/3) . (— (3 + 2p—n) ’\/g (1 n 2p_n)) s
= Sy (124207 g (o)) )

Hence, for jk € Egjz, n>2andp<n

12 4 2@720%20) 4 3 (2@2=nHP)) if (c=d =j) or (c=d = k)
n=p

MG = S0y} 124207020 327 if (e = jand d = k) or (¢ =k and d = j)

0 otherwise.
(4.3.11)

A similar calculation can be undertaken for the case when jk € Eg%) and p = n.

It transpires that

4 if (c=d=j)or(c=d=k)
Jch(cf ) — 7 2 if (c=jandd==k)or (c=kandd=}) (4.3.12)

0 otherwise.

Similarly, for the boundary edges jk € Esq,,, equation (4.3.10) becomes

1 28 if (C:d:jEVQQ%)
h()

kR0 = (4.3.13)

0 otherwise.

As before the matrix K ﬁg) is assembled in an element by element (edge by edge)

manner via

K = 2;: > KRG ==j§: SOREEP 4 N Y (4.3.14)

P=l jkeEd) P=2 jkeEY) jkeES)
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The first term on the right hand side of this equation can be written

i Z ijc(Z,p) _ nzl Z ijc(;ll,p)Jr Z ijégm)

P=2 jreEd) P=2 jkeEY) jkeES)
n—2 ,
_ Z Z jk g (n,p +1) gk g (n,m)
- ch + ch '
P =1 jkeEg(zp;Jrl) jkEES({;)
: 1) =(n—1
Since Eél) E(p Jfor 1 <p < mn,and E Eélo) U Eaq, g;H) U Eyq, =

(E_‘gi;? \E@Qn71> U E@Qn == Eéznii) \ (E@Qn71 \E@Qn) Hence,

Z Z ]kK(n,p _ Z Z ]k:KCd P +1 _'_ Z ]ch;L n)

2 n—1
P=2 jkeEy) p'=1 ]keEg’nll jkeESY

n 1
_ Z ijc(gv")

ik€Eaq,, | \Eaq,

_ nz_:l Z jk:Kc(;L,lerl) B Z ijc(;L,n).

p=1 jkEEép,) jk€Eaq, ,\Eaq,
n—1

It can be shown that ijc(g’p g ijc(gpr ) and then from equation (4.3.13),

kg ) _ o) 28 11 (n)
Z > K — o Wed (4.3.15)

p=2 ]keEg;z

by a similar argument to that in Lemma 4.3.1. Examining the second term on the

right hand side of equation (4.3.14), and using equation (4.3.11) with p = 1, gives

) 2n—1
Yo RKGY = —or (124277 43 (27)) Py
jkeE(lrz

’ n—1

o) (12 4+ 2472 4 3 (227)) W,

C

+
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Combining this with equation (4.3.15) then equation (4.3.14) becomes

where K70 = s R0 KO = g g0 em) — on=1 (12 4 2420 4 3 (23-m)) —

ji o

28 and x(™ = 271 (12 4 23727 4 3(237)). O

Theorem 4.3.3.
AW — A=) 4 gy 4 g ple) (4.3.16)

Jv

where /_1(7_ 1s a block diagonal matrix consisting of three blocks of matrix A 1)

forn > 2, A(" Y Ag’;’l /h M) o™ = @2T® 4 M gnd g0 = g29™ 4 (™)

Proof. Combining equations (4.3.1) and (4.3.9) gives equation (4.2.8) as

A%) . (ﬁ[](?—l)+T(n)W](;L)+ﬂ(n)]3](;z)> n (IT(;;H) +€(n)W](;z)+X(n)]3](;z)>

= QAT F KGTY 4 a™w 4 g PP,

J?

As discussed in [9] when redimensionalising we need to rescale the frequency by
(cr/R) L. Hence,

]Z’

where ATV = @2 4 g1, .
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(a — K" /2,+/3h) /2)

my, = (N, +1)/2 B
° °
(a - h(n)v O) ((Z, O) €= Mn +2 (CZ + h(n)v 0)
Figure 4.11: The boundary element for e = M,, 4 2
A similar treatment can be given to equation (4.2.7)
Lemma 4.3.4.
0" = W Ui dp,, (i), j € Vaag, i€ Vaa, (4.3.17)

where n = 4 — ¢*/6.
Proof. By using equations (4.2.7) and (4.2.13) for edge ji then,

e (/E (P0s6:+ (1) Vo,.V6) dz) Us,
J1ELOQ,

1€Vaq,

_ ey < [ (6 (519160 01 (0061, 5)

iEVaQn

() V6 (2(5), 4(5)) - Vi (s, 9(5)) ) ds> Us,  (43.18)

where j € Vioo. From equation (4.2.11), the basis function at vertex j € Vo

(without loss of generality we will examine the vertex with coordinates (a, 0)) along
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a typical edge ji € Epq, is

¢j(z,y) = % (a + R — g — 3\/§y> (4.3.19)

and at vertex i € Vg, (Which has coordinates (a + R, 0)) is

pi(z,y) = % (—a +x+ %) : (4.3.20)

Substituting equation (4.2.13) into equations (4.3.19) and (4.3.20) gives
¢; (x(s),y(s)) =1—s (4.3.21)

and

61 ((s), y(s)) = s. (4.3.22)

In addition equations (4.3.19) and (4.3.20), give

Yoy (2(9).9(5)) = 715 (1. -3V3) (132
and
Vi (x(s),y(s)) = h(ln) (1,+%) : (4.3.24)

Substituting equations (4.3.21) to (4.3.24) into equation (4.3.18) gives

2
bgn) — h(n) (4 — %) []Z j & Van, 1 E VaQn and jZ € EaQn'
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4.3.1 Application of the mechanical boundary conditions

Appropriate electrical and mechanical boundary conditions can be applied in a

similar fashion to those in Sections 2.3.1 and 3.4 leading to the following theorem.

In this chapter, the cross-sectional area (A,) of each edge of the fractal graph is

A, = EL/2" = €h™ and the length of the shortest edge decreases as the generation

level increases and so, by fixing &, the cross-sectional area will also decrease as the

fractal generation level increases.

Theorem 4.3.5.

where
-1
(n) _ ( f(n) _ pn)
represents the Green’s transfer matriz, Bj(?) = diag{Y1, -, Ym,, - -
s 0 = ndj,
(1—qZp/Zr)™", j=1
=93 (- C]ZL/ZT)_1 , J=my or Ny
0 otherwise,
_’71CQ/ (MTg)v J=1
5j - Yrvn (CQ/ (NT&) - 2"4LqZL/ZT) , J=my or Ny
0 otherwise,

(4.3.25)

(4.3.26)

AN V=

(4.3.27)

(4.3.28)

Zp is the mechanical impedance of the backing material, Z; = upA,/cr is the

mechanical impedance of the load, Zy = prA,/cr, ¢ = 624/6{1, Q is the electrical

charge, ¢ = A,/h™, A, is the cross-sectional area of the electrode, Ay is the

amplitude of the incoming wave that is received by the transducer (in transmission

mode Ay, is zero), ur, is the shear modulus of the load material and cy, is its wave
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speed.

Proof. From equation (2.3.57), U; = v;U; + 6;, i € Vaq,.,J € Vaqo,ji € Egq, and

hence, equation (4.3.17) becomes
b = K05 + h™§;,  j € Vags. (4.3.29)
Putting this equation into equation (4.2.5) gives
AW, = 3,0 + 8.

Hence,

4.4 Renormalisation

This section follows a similar derivation as that in Section 2.4 to derive a renor-
malisation recursion relationship. An iterative procedure can be developed from

equation (4.3.16) which can be written as
AHD = A )y (kD) | gt ) platD) s

Using Theorem 4.3.5 a recursion relationship can be derived that relates the pivotal
elements of the matrix G§?+1) to those in Gg?) in a similar fashion to the derivation

of equation (2.4.6).
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1 b e mn

Figure 4.12: Three weighted Sierpinski Gasket graphs of generation level n — 1
(@(nfl)(?))) are connected by the edges in bold ((d,r), (b, €) and (g, z)) to create
the weighted Sierpinski Gasket graph at generation level n (S—G(n)(?))).

Lemma 4.4.1.
Gt — G _ A (a(nﬂ)w(nﬂ) + B(nJrl)P(nJrl)) Gn+1) (4.4.1)

where G = (121("))_1 and G™ is a block diagonal matriz consisting of three blocks

of matrix G,

Proof. From equations (4.3.25) and (4.3.27) it is clear that we only need to know
the elements of Gg-?) in columns 1,m, and N,. In addition we will only require
elements Uj;, j € Vpae. and so we only need to be able to calculate the pivotal
Green’s functions GE?) J» i € Vaqo. If we temporarily ignore matrix B in equation

(4.3.26) (associated with the application of the boundary conditions) then, due to

the symmetries of the weighted SG graph, we have

(G(nJrl))_l _ (é@))‘l 4 QD) gOnt) platD).
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That is
(é(n)>_1 _ (é(nJrl))_l (OO 4 g plat )y

Hence, using the N, x1 X N,y identity matrix denoted by I,,.1,

Iy = G ((@(nﬂ))l — (a(n+1)W(n+1) + 5(n+1)p(n+1)))
- Gm ((@(nm)l  (aUDOHD | gD platD Gyt (G(n+1 ) 1)
— W ([n+1 _ (a(nJrl)W(nJrl) 1 6(n+1)P(n+1 A(n+1) ) ( Cin+D) )

Hence,

Gn+1) _ é(n) . é(n) (a(nJrl)W(nJrl) 4 ﬁ(nJrl)P(nJrl)) Ci(n+1)
O

To calculate Gg?) the boundary conditions must be reintroduced and in fact

this is given by equation (2.4.7), which is reproduced here for convenience,

G — G0 4 G B ). (4.4.2)

4.4.1 Derivation of the pivotal recursion relationships

The renormalisation recursion relationships for the pivotal Green’s functions arise
from the system of linear equations in G("+ The three subgraphs of Figure 4.12
have a single connection point to one another at the corners and, due to the
symmetries of the SG graph, the recursions in equation (4.4.1) give rise to only two
pivotal Green’s functions, known as, corner-to-same corner (GE?) = , say, where
1 € Voo ) and corner-to-other-corner (ng = 1), say, where j, k € Voo, j # k);

the so called input/output vertices. For ease of notation let, X = CA}Z(Z" ) and
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Y = G(nH) where j,7 € Voqo, 7 # j. The matrix is symmetrical and consequently,

G — G

1] J

Lemma 4.4.2. The renormalisation recursion relations for the pivotal Green’s

functions (ignoring temporarily the boundary conditions) are given by

3(—7) (2 +29) + A1+ Ay

X =
3(z+79)

(4.4.3)

and
Vv — _B(nJrl)Q? (1 +(z—79) (a(n+1) + 6(n+1)))
N 5105

(4.4.4)

where Al = 2’3)2/51, AQ = 2’3)2 (2+ (Zi‘ - Q) (20(<n+1) +B(n+1))) /52, 51 =1 -+
(Z 4 19) (a(n—f—l + 8 n+1)) and 6y = 1+25a 1) — 6(n+1 ( _ @2) ((a("+1))2 - (6(n+1))2>.

Proof. The (i, j)* element of the matrix equation (4.4.1) can be written as,

G = G = D2 AR (oW 4 g AR ) G (4a)

From the definitions of Wj(i" ) and Pj(ln ) (see Lemma 4.3.1) since the block diagonal

structure implies ég}? =0if h > N, we get
@Ylﬂrl) _ égvlz) - Zég) ( (n+1) W(n+1 4 g p n+1)> G(n+1
_ C}Yf) _ (ng) (a(n+1)Wb(gl+1)G (1) | gin+1) p (n+1)G$+1)>
+G4) (WG 4 g PG )
I A pp—
) (a6 4 )
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where be, dr € E&Z and in particular b = (N, +1) /2 =m,, d = N,, e = N, + 1

and 1= 2N, + 1. From symmetry (Gij* = Gi™, G = GIi*Y). then
X =T — 2:& (Oé(nJrl)G (n+1) 6(n+1 Gg;le)) . (446)
Similarly,
él(fl”rl) — él(;;) _ Zél() n) ( (n+1) W(n+1 n ﬁ (nt+1) p n+1 > G(n+1
hk
= él(;f) _ (éé n) < (n+1) W(n+1 G (n+1) +6(n+1 P(nH)Gé?Jrl))

dr

+é§,’;) <a("+1)WC§3“ G (n+1) 4 glet1) p n+1)é£rlz+1)> )
= GSZ (Ggg - <a(n+1)él(7111+1 i ﬁ (n+1) ¢ erlz+1)>

+G(n)N (a(n+1)G(n+1 _'_6(n+1 n+1)>>.

That is

Gt =g — (@t G 4 BEE) (@4 ).

Hence,

g _ 9= UG (@ 4 )

a 44,
b1 1+ a+ (& +9) (4.4.7)
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Also

G(n—l—l) _ é(")

el

G (a4 g ) Gy

69 (oI WEDGE 4 g PG
_égq) <a(”+1 W(n+1 G(n+1 6(n+1)Pq(g+1)éirlz+1)>
(iﬁ><a0H4n;n+1 LG n+n)

G (a6 + 06 )

where ¢ = 2N,, and Z = 2N,, + m,,. Since G’fﬁ“ G’("+1

G = g G g Gt g (al™+D) 4 gD Gt

ql

Hence,

G(n+1 —fﬁ("ﬂ)égﬂ) i (a(nﬂ +5(n+1 ) (n+1)

T pa D . (4.4.8)
Finally,
@éﬁlﬂ) Z@ ( (D)7 (n+1 4 g+ hZH)> éi(ﬁﬂ)
h.k
_Gée) ( (D Py (D) G /B(n+l)Pe(I:L+1)GAI(J71L+1)>
_ééq) ( (n+1) W(n+1 G(n+1 i B(HI)Pq(gH)GSfH))
— _Gg\?zl (a(n—I—l)G (n+1) +5(n+1 n+1)>
G, (aIGHD 4 g GG
That is

G(n+1 =g (a(n+1)églz+1) + 6(n+1)él()rlz+1)> _ 56( (n+1) + 5("“ ) (n+1)
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Hence,

A(n+1) v (a(nH)G at + 50 G(nﬂ )
Gy ' = [+ 2 (@i 1 oDy (4.4.9)
Equations (4.4.6), (4.4.7), (4.4.8) and (4.4.9) provide four equations in the four
unknows X, CA?E()?H), CA?SILH) and Gfﬁﬂ). Rearranging these equations gives (using
Mathematica [150])

X,_3(§c—g)(@+2g)+A1+A2
3(+79) '

Also

G(n+1) y (1 + Oz(”+1) (i‘Q _ QQ) (a(n+1) + B(nJrl)) +3 (2a(n+1) + 6(n+1)))

bl 5152 ’
(4.4.10)
. {8+ - (nt1) 4 g(ntl)
Gl gBe (& + (37 51%2) (oD + ¢ )), (4.4.11)
and
. _124(n+1)
G _ % (4.4.12)

Now, for ¥ = Ggfﬂ), where s = m,, 41, equation (4.4.5) gives

Gg"‘l) = é’i’f ZG (n) ( ()7 n+1) 1+ ) p n+1)) Gl(ﬁ-i-l)

- -Gy (a("“ WEDGE Y 4 gt pY G
_égz) <&("+1)W$+1)(§'§?H) n /5’(”“)1352“)@3{“’)
e <a(n+1)G(n+1 + g (n+1)>

mn

_GSZN,L (a(nqtl)él(ﬁJrl) n 5("“)@,(1?“))
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~

since GV = @éﬁlﬂ), G =G and G = (A}’ﬁiNn Hence,
Y =—j (a<"+1>(?£’f“) + B("“>G§’f+”) — ) (oD 4 gD Gt (4.4.13)

Putting equations (4.4.10), (4.4.11) and (4.4.12) into this equation gives

—ﬁ("ﬂ)@Q (1 + (:i" _ g) (a(nJrl) + B(nJrl)))

}/\/ pu—
5152

0

The boundary conditions can now be considered and in fact we recover equa-
tions (2.4.23) to (2.4.26). The recursion relationships (4.4.3) and (4.4.4) require
initial values for  and ¢. To obtain these the matrix AW s formed from equation
(4.2.8) where HW is given by inserting n = 1 into equations (4.3.5), (4.3.6) and
(4.3.7), and KW from equations (4.3.12), (4.3.13) and (4.3.14). It transpires that
ALY = 36+ ¢* where i = 1,2,3 and A'}) = 2+ (¢2/6) where j,i = 1,2,3 and j # i.
Hence & = G = ((AM)1);; and § = G = ((AD)~1)y,.

4.5 Electrical impedance and transmission and
reception sensitivities

The derivation of the operating characteristics of the device follows similar lines

as presented in Sections 2.5 and 2.6. In this chapter, note that we have one 7

represented in equation (4.3.17), so this can be related with Chapter 2 as 77%") =

nﬁ,’f ) = 1. Hence, the non-dimensionalised electrical impedance (Z £) is given by

R Z Z 2C,
ZE(f;n): E T (1+C on

Zy  CoquréZ pré 2+ 02)) s
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where
oL =" <G§\721 — GYP) and o9 = Vi, (—GS\TQM” — GE\TQN” + 2G§:2n> )

The non-dimensionalised transmission sensitivity ¥g is given by

py=fE (LYo L ()
=5 (c6,) = s o™ 452

where
KM — Ve (—T} (’Yng:LL,)Ll — TYmn (Gggy)mm + GfﬁiN”)) * 1) '

The non-dimensionalised reception sensitivity ¢r is given by

Vi

or(fin) = —(eal)
— 2Ceg Lo,y < _ aZr(*n(o1 + 02) B aZr )_1 (4.5.3)
Spr (Zg +b)quz&?  (Zp +b)quréCy o

These expressions can be compared with the non-dimensionalised form for the
electrical impedance (é £(f)), transmission (1) and reception (¢g) sensitivities
of the standard (Euclidean) transducer that are given by equations (2.5.8), (2.5.15)

and (2.6.4), respectively.

4.6 Results

As in Sections 2.8 and 3.7 we can compare the fractal design with a conven-
tional standard (Euclidean) design in terms of the key operating characteristics.
As before, the presence of higher amplitudes, multiple resonances, and improved
bandwidth are the key performance indicators of interest in this section. A careful

examination of the transmission and reception sensitivities of the fractal device as
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the fractal generation level is increased has been performed. However, to keep the
presentation here succinct and to produce results that are pertinent to devices that
can be physically produced, we will focus on fractal generation level n = 3. From
a practical perspective, these fractal transducers will only be able to be manufac-
tured at low fractal generation levels. To perform a fair comparison, the volume of
piezoelectric material in the standard (Euclidean) design (volg) and fractal design
(volr) are kept consistent. The volume of the piezoelectric material in the standard
(Euclidean) design is volp = L?dr = LAg, where L is the length of the front face
(see Figure 4.13), dg is the thickness and Ag is the area occupied by the electrode.
The volume of the piezoelectric material in the fractal design is volp = S,dF,
where S, is the area of the front face of the fractal piezoelectric design at gener-
ation level n (the black area in Figure 4.14) and df is the thickness. The area of
each level n triangle is v/3L?/4"*! and there are 3"~! of them. Therefore the area
S, is then given by S, = v/3L?(1 — (3/4)"*')/4 and equating volp and volp gives
dp = L*dg/S,. The fractal transducer has one electrode of area A'F = dph™ at
one face and two electrodes of area A} each on the opposite face (see Figure 4.14).
As the device operates essentially as a capacitor in this circuit, and since the total
capacitance of two capacitors in parallel is just the sum of those two capacitances,
then we take the total area to be Ap = 2A/F. Hence, Ap = 2dph™ = 2dpL /2",
and we define the design ratio to be £ = 2dp. So by choosing a particular value for
the design ratio £, the fractal generation level n, the thickness dg and the length
L, this sets dp, which in turn sets Ag, Ar and the volume of piezoelectric material.
As the sensitivity of a device is very much dictated by the volume of piezoelectric
material then this is why we have chosen to keep this identical in both the frac-
tal and Euclidean designs. In the results shown here we have chosen to keep the

sidelengths of the two transducers equal and this results in the surface area of the
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fractal device being smaller than that of the Euclidean device and the thickness of
the fractal device being larger than the Euclidean device. There is an alternative
design route whereby we could adjust the sidelengths of the fractal device to be
larger than the Euclidean device in such a way that the volumes, surface areas,
and thicknesses are equal for both devices. When one examines this second sce-

nario one finds that the sensitivity plots are very similar. A typical profile of the

Ag

L

Figure 4.13: Volume of the standard (Euclidean) transducer (volg).

electrical impedance spectrum (magnitude) given by equation (4.5.1) is shown in
Figure 4.15 (n = 3) (dashed line); it is compared to the equivalent profile given by
a model of the standard (Euclidean) design given by equation (2.5.8) (full line).
The overall trend of the curve is that of a capacitor (1/(Cyf) profile where Cy
is the transducer capacitance and f is the frequency) with prominent resonances.
From the above analysis Ag = v/3(1 — (3/4)"71)2"3Ap and the coefficient of Ap
is monotonically increasing as a function of the fractal generation level n and is

greater than one for all n > 3. Hence, reasonable values of n, Ag > Ap. Since
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Figure 4.14: A three-dimensional schematic of the Sierpinski Gasket ultrasonic
transducer at fractal generation level n = 2. The black triangles are the front
faces of the piezoelectric material. The device is connected to an electrical circuit
as shown where each electrode has surface area Ap.

Co = Ag/r el,/L then Cy, > Cp, (where Cop,p 1s the transducer capacitance
in the E-standard (Euclidean) / F-fractal design) and so 1/(Co,f) < 1/(Co, f).
Since the standard (Euclidean) design has a larger capacitance then this explains
why its electrical impedance is in general lower (see the discussion in Section 2.8.1).
It can be seen in Figure 4.15, for the standard (Euclidean) design (full line), the
mechanical resonance f, = 0.9 MHz and the electrical resonance f, = 1.2 MHz.
These frequencies correspond of course to the first maximum in the transmission
sensitivity plot (Figure 4.16, full line) and the reception sensitivity plot (Figure
4.17, full line). As in Section 2.8.1 f, = ¢r/(2L) = 1.2 MHz which agrees with
the reception sensitivity maximum for the homogenised estimate for f, (the full
line in Figure 4.15). For the fractal design the electrical impedance resonance

frequencies are much higher ( fr(g) = 4.2 MHz and fé?’) = 4.3 MHz) as the edge
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f(MHz)

Figure 4.15: Non-dimensionalised electrical impedance (equation (4.5.1)) versus
frequency for the SG(3) transducer (Zg) at fractal generation level n = 3 (dashed
line). The non-dimensionalised electrical impedance of the standard (Euclidean)

transducer (Zp) (equation (2.5.8)) is plotted for comparison (full line). Parameter
values are given in Appendix A.5.

lengths in the graph are shorter in the dual graph. Importantly, the magnitude
of the electrical impedance at the electrical resonance frequency is lower than the
standard (Euclidean) design; there is about a 2 dB drop. As there is no damping
mechanism in the model, and no backing or matching layers, the values of the
electrical impedance at the resonances do, to some extent, depend on the spatial
resolution used when plotting. Figure 4.16 shows that the transmission sensitivity
of the fractal design has a maximum amplitude (gain) that is higher than the Eu-
clidean case (standard design) at its lower operating frequency (37 dB at 4.2 MHz
compared to 32 dB at 3.5 MHz for the Euclidean case). If we take the noise floor to
be 3 dB below the peak gain of the standard (Euclidean) design (that is the 29 dB
level in this plot) then the operational bandwidth of the standard (FEuclidean) de-

sign is 0.2 MHz whereas the fractal design has an operational bandwidth of around
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Figure 4.16: Non-dimensionalised transmission sensitivity (equation (4.5.2)) ver-
sus frequency for the SG(3) transducer (¢r) at fractal generation level n = 3
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (ig) (equation (2.5.15)) is plotted for comparison (full
line). Parameter values are given in Appendix A.5.

0.1 MHz. Figure 4.17 shows that the reception sensitivity spectrum has a much
larger gain; there is a 18 dB improvement in the reception sensitivity gain from
the standard (Euclidean) design to the fractal design. This peak in the reception
sensitivity also results in an enhanced bandwidth; if we take the noise floor to be 3
dB below the peak gain of the standard (Euclidean) design (that is the 14 dB level
in this plot) then the operational bandwidth of the standard (Euclidean) design is
0.2 MHz whereas the fractal design has an operational bandwidth of around 3.2

MHz.
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Figure 4.17: Non-dimensionalised reception sensitivity (equation (4.5.3)) versus
frequency for the SG(3) transducer (¢r) at fractal generation level n = 3 (dashed
line). The non-dimensionalised reception sensitivity of the standard (Euclidean)
transducer (¢g) (equation (2.6.4)) is plotted for comparison (full line). Parameter
values are given in Appendix A.5.

DeSign fr fa wmax (bmam BWT BWR
(MHz) | (MHz) | (dB) | (dB) | (MHz) | (MHz)

Fractal (F) 12 13 [ 370350 01 3.2

Standard (FE) 0.9 1.2 32.0 | 17.0 0.2 0.2

Table 4.1: A comparison between the operating characteristics of a fractal trans-
ducer and an equivalent standard design at fractal generation level n = 3. The
mechanical resonance frequency is denoted by f, (MHz), the electrical resonance
frequency is denoted by f, (MHz), the transmission sensitivity gain is denoted by
Umae (AB), the reception sensitivity gain is denoted by ¢4, (dB), the transmis-
sion sensitivity bandwidth is denoted by BWr (MHz) and the reception sensitivity
bandwidth is denoted by BWp (MHz).

4.6.1 Convergence

A careful study of the non-dimensionalised electrical impedance, transmission

sensitivity and reception sensitivity spectra show that more resonances appear as
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Figure 4.18: The convergence of the non-dimensionalised electrical impedance
(equation (4.5.1)) versus frequency for the SG(3) graph transducer for fractal gen-
eration level n = 1,2, 3 and 4.

Yr(f;n)(dB)
30
20

107

-10}

Figure 4.19: The convergence of the non-dimensionalised transmission sensitiv-
ity (equation (4.5.2)) versus frequency for the SG(3) graph transducer for fractal
generation level n = 1,2, 3 and 4.

the fractal generation level increases (see Figures 4.18, 4.19 and 4.20). So far we

have examined the performance of the pre-fractal transducer since such a design

could be manufactured. From a mathematical perspective if would be of interest
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Figure 4.20: The convergence of the non-dimensionalised reception sensitivity
(equation (4.5.3)) versus frequency for the SG(3) graph transducer for fractal gen-
eration level n = 1,2, 3 and 4.

to examine the fractal design whereby the number of generation levels tends to
infinity. Such an investigation would of course rely on the renormalisation recursion
relationships given by equations (4.4.3) and (4.4.4) having steady state solutions.
To empirically assess whether or not such solutions exist one can plot the output
from the model as a function of the fractal generation level. Similar to Section
2.8.2, the norm of the difference between the energy in the power spectrum at
successive generation levels, integrated with respect to frequency, can be calculated
for the transmission/reception sensitivities. Figure 4.21 shows the dependence of
these norms on the generation level. Scrutiny of the underlying spectra shows
that the transmission sensitivity accrues more and more resonances as the fractal
generation n increases. As the length scale of the smallest edge is decreasing with
n then resonances at higher frequencies appear; note that the lack of damping
in the model permits these resonances to have amplitudes which would not be

present in an experimental setting. As n is increased further, then the various
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peaks become quite dense and a very flat response emerges which does not change
over the frequency range of interest (up to 10MHz). Hence, the successive spectra
start to reach a steady state and this accounts for the steady state that is reached

after n = 6. A similar story holds for the reception sensitivity.
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Figure 4.21: The convergence of the transmission and reception sensitivities is ex-
amined by plotting the differences in the energies in successive spectra as the fractal
generation level increases. Non-dimensionalised transmission sensitivity (¢5(n))
(equation (2.8.1)) (full line) and non-dimensionalised reception sensitivity (¢3(n))
(equation (2.8.2)) (dashed line) versus the fractal generation level. The transmis-
sion sensitivity converges by generation level n = 6 and the reception sensitivity
by generation level n = 15, over this frequency range where f; € [0.1, 10]MHz.

4.7 Conclusions

The fractal that was used to simulate the self-similar transducer in this chapter
was the Sierpinski gasket (or rather its complement) [144]. The weighted graph
counterpart of this fractal (denoted SG(3)) [145] was used to express the electrical

and mechanical fields in terms of a finite element methodology [7]. The finite ele-
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ment analysis required yet another set of new basis functions. The fractal design
has multiple length scales (the standard (Euclidean) design typically has a single
length scale) and, since these are resonating devices, this resulted in a rich set of
resonating frequencies. The finite element formulation yielded again to a renormal-
isation approach and two coupled recursion relationships for the pivotal Green’s
functions drove the calculation of the transmission and reception sensitivities of
the device. The results showed that this pre-fractal transducer resonates at more
frequencies than the standard (Euclidean) transducer. Importantly, the fractal
transducer gave rise to significantly higher amplitude transmission and reception
sensitivities than the standard (Euclidean) design, a 5 dB increase in transmis-
sion mode and a 18 dB increase in reception mode. The reception sensitivity also
resulted in a wider bandwidth than the standard (Euclidean) design; a 3 MHz
increase. The convergence of the fractal device’s performance as the fractal gen-
eration level increases was also considered. It was seen that, in both transmission
and reception modes, the outputs converge by generation level n = 6 and n = 15

respectively.
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Chapter 5

Conclusion

5.1 Aim

The aim of this PhD thesis was to investigate the benefits of fractal geometry in ul-
trasound transducer design. Three designs for a fractal ultrasound transducer were
constructed and compared to a standard design. The two fractals that were used

in these self-similar transducers were the Sierpinski gasket and its complement.

5.2 Motivation

The graph counterpart of the Sierpinski gasket was used to express the electrical
and mechanical fields in terms of a finite element methodology. This is the first
time that ultrasound wave propagation in a fractal structure has been modelled
using a finite element analysis and so this required new basis functions. The
standard design has a single length scale whereas the fractal design has multiple
length scales, and since these are resonating devices, this resulted in a rich set
of resonating frequencies. Indeed the broadband resonators found in nature and

in musical instruments depend on this principle. The finite element formulation
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resulted in a matrix equation whose solution yielded to a renormalisation approach.
This is turn led to a small set of recursion relationships for the pivotal Green’s
functions that drive the calculation of the transmission and reception sensitivities
of the devices. The focus was on low fractal generation levels as these are most

relevant to manufacturing constraints.

5.3 Results

In Chapter 2, we compared the operational qualities of a fractal transducer with
that of a standard transducer, and showed that the fractal transducer resonates
at many more frequencies than the standard transducer. Importantly, at certain
generation levels the fractal transducer gave rise to a significantly higher ampli-
tude transmission and reception sensitivity than the standard design. At fractal
generation level n = 3, the transmission sensitivity spectrum had a 15 dB gain im-
provement; from 28 dB in the standard transducer to around 43 dB in the fractal
transducer. However the bandwidth around this peak sensitivity was smaller than
that of the standard (Euclidean) case. The fractal device’s performance converged
in both transmission and reception modes as the fractal generation level increased
to around n = 10 and n = 16 respectively. Note that it was not possible to com-
pare the results here to the previously conducted finite difference modelling [19]
as this studied the in-plane vibrations of the device rather than the out-of-plane

(thickness direction) vibrations studied here.
In Chapter 3, we had a more realistic fractal transducer design that used a com-

bination of ceramic and polymer elements. At fractal generation level n = 6, we

showed that a significantly higher amplitude reception sensitivity was produced by
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the fractal transducer when compared to the standard design; note however that
a lower transmission sensitivity amplitude resulted. The reception sensitivity also
resulted in a wider bandwidth than the standard design. The fractal device’s per-
formance converged again in both transmission and reception modes as the fractal

generation level increased to around n = 10 and n = 5 respectively.

In Chapter 4, a comparison between the operating characteristics of the com-
plement of the Sierpinski gasket fractal transducer and an equivalent standard
transducer, showed that as before, the model predicts that the fractal transducer
has more resonance frequencies. Indeed, this appears to be the first investiga-
tion of this particular fractal. Furthermore, the fractal transducer also resulted
in a higher amplitude (or gain) in transmission and reception sensitivities than
the standard design; a 5 dB increase in transmission mode and around a 18 dB
increase in reception mode. The reception sensitivity also produced a wider band-
width than the standard design; a 3 MHz increase. However, the standard design
produced a wider bandwidth than the fractal design. The fractal device’s perfor-
mance converged once again in the transmission and reception modes as the fractal

generation level increased.
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Fractal Device f?" fa Qz}maaz ¢max BWT BWR
(MHz) | (MHz) | (dB) | (dB) | (MHz) | (MHz)

SG(3) at n =3 2.2 23 | 43.0 | 25.0 | 0.07 | 0.11

SG(34)atn="6 || 1.2 20 | 260|140 | 05 3.0

SG(3) at n =3 4.2 43 370350 01 3.2

Table 5.1: A comparison between the operating characteristics of the different
fractal transducers, which are a fractal ultrasonic transducer based on the Sierpin-
ski gasket SG(3) at fractal generation level n = 3 (Chapter 2), a fractal ultrasonic
transducer based on the Sierpinski gasket with both piezoelectric and polymer
phases SG(3,4) at fractal generation level n = 6 (Chapter 3) and a fractal ul-
trasonic transducer based on the complement of the Sierpinski gasket SG(3) at
fractal generation level n = 3 (Chapter 4). The mechanical resonance frequency is
denoted by f, (MHz), the electrical resonance frequency is denoted by f, (MHz),
the transmission sensitivity gain is denoted by ¥, (dB), the reception sensitivity
gain is denoted by ¢4, (AB), the transmission sensitivity bandwidth is denoted by
BWr (MHz) and the reception sensitivity bandwidth is denoted by BWyx (MHz).

A comparison between the different transducer designs in this thesis can be per-
formed. The fractal generation level of each transducer has been chosen to produce
the best results for that design. As shown in the Table 5.1 the SG(3) transducer
produces the highest peak transmission sensitivity (43 dB). The SG(3) fractal
transducer produced the highest amplitude (35 dB) in reception sensitivity and
the widest bandwidth (3.2 MHz). The SG(3,4) fractal transducer also generated

the broadest bandwidth (0.5 MHz) in transmission mode.
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5.4 Further work

The positive results in this theoretical work have subsequently led to engineers
manufacturing these fractal devices [154]. One area of future work could involve a
comparison between the theoretical results presented here and these experimental
findings. These encouraging results suggest that it will be worthwhile studying
other fractal designs. Some work in this direction has been recently undertaken

by other authors [155].
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Appendix A

Appendix

A.1 Geometrical and basis function details for

fractal generation levels of the SG(3) graph

Adjacent vertices to (x;,y;)
] (5, ;) (51, Yjr1) | (@ja2, Yiva) | (@543, Yj43)
1 (0,0) A 2 3
2 (h0) 1 3 B
3 (&, ¥2h) 1 2 C
A (—h,0) 1
B (2h,0) 2
C (h,/3h) 3

Table A.1: Coordinates of the vertices and a list of the adjacent vertices to vertex
(x;,y;) for fractal generation level n = 1 of the SG(3) graph. The vertex labelling
is given in Figure 2.4.
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Adjacent vertices to (z;,y;)
j (xj,95) (i1, Yj41) | @ig2,yj42) | (@43, Yjas)
1 (0,0 A 2 3
2 (h,0) 1 3 4
3 (b Bh) 1 2 7
4 (2n,0) 2 5 6
5 (3h,0) 4 6 B
6 (%,%h) 4 5 8
7 (h,\/3h) 3 8 9
8 (2h,v/3h) 6 7 9
9 (3 38p) 7 8 C
A (Zh0) 1
B (4h,0) 5
C (2h,2v/3h) 9

Table A.2: Coordinates of the vertices and a list of the adjacent vertices to vertex
(x;,y;) for fractal generation level n = 2 of the SG(3) graph. The vertex labelling
is given in Figure 2.5.

JJalblc] d]
1| 1[0]0]—
2 0 [2]0 | —%
3005
All 0 a2
Bl —3 3
S iz

Table A.3: Coefficients of the basis functions ¢; for fractal generation level n =1
of the SG(3) graph.
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o] el d]
o I O s

h h?
sloy |
50 s8] o |-L

h h2
6| -6]2] 2|4
g RN ey
8| 6|4 28 -
o | -8 2|28
Al o 5
i i

7 7h?

Table A.4: Coefficients of the basis functions ¢; for fractal generation level n = 2

of the SG(3) graph.

A.2 Geometrical and basis function details for

fractal generation levels of the SG(3,4) graph

Adjacent vertices to (x;,y;)

J (z;,9;5) (@i, Y1) | (@e0,Y50) | (@545, Ysas) [ (@504, Yja)
1 (0,0) A 2 3 1
2 (h0) 1 3 B 4

h V3h
T O : s |

27 2/3
A (—h,0) 1
B (2h,0) 2
C (h,\/3h) 3

Table A.5: Coordinates of the vertices and a list of the adjacent vertices to vertex
(x;,y;) for fractal generation level n = 1 of the SG(3,4) graph. The vertex labelling
is given in Figure 3.3.
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Adjacent vertices to (z;,y;)

J (x5, Y5) (i1, ¥540) | (j12,Yiv0) | (2503, Yies) | (@005 Yjea)

1 (0,0) A 2 3 4

2 (h,0) 1 3 5 4
h /3h

I 1 : : 4
27 2/3

5 (2h,0) 2 6 7 8

6 (3h,0) 5 7 B 8
5h V/3h

A - ; 7 8
2723

9 (h,\/3h) 3 10 11 12

10 (2h,v/3h) 7 9 11 12

11 (%,3%@) 9 10 C 12

12 (5 55) 9 10 11

A (=h0) 1

B (4R, 0) 6

C (2h,2v/3h) 11

Table A.6: Coordinates of the vertices and a list of the adjacent vertices to vertex
(x;,y;) for fractal generation level n = 2 of the SG(3,4) graph. The vertex labelling
is given in Figure 3.4.

jfalb] ¢ [d] f] g |
tfafo o Tl & [-52
2 | 4B | _1 | 3 | 4/3
20h h | h2 | h2 h2
Blo| =2 % | & |—%| O
dlof g | -2
5001 =2| 0 |—7
6-3| + 0 | —7
A

Table A.7: Coefficients of the basis functions ¢;, j = 1,...,4 (see equations
(3.2.26), (3.2.27), (3.2.28) and (3.2.35)) and ¢;, j = 5,6, 7 (see equations (3.2.29),
(3.2.30), (3.2.31) and (3.2.36)) for fractal generation level n = 1 of the SG(3,4)
graph.

227



Jj el b ] ¢ [d] ] g |
Lt o] o [—m|m | -5
9 0 2 43 | _ 1 | 3 4v3
h5 3\/% 5h2 h23 n
N I P B B Bl
S R B S A S B -
5 3| 4 | 88 | _1| 3 | _av3
h h h2 h2 h2
6 -8 6 | _12v3 | _ 1 | 3 4v3
h25 3\/% 5h2 h23 w
S o I v B Bl
8 |8 % | % | e
9 -3 14 _2v3 | _ 1| 3 | _4/3
sl | N | uh
o v A
7S I I R L I
Blo| =2 0 |—&
14 | -15 | 2 0 |-
4 43 1
B-15] 5 | 77 | -»

Table A.8: Coeflicients of the basis functions ¢;, j = 1,...,12 (see equations
(3.2.32), (3.2.33), (3.2.34) and (3.2.35)) and ¢;, j = 13, 14, 15 for fractal generation
level n = 2 of the SG(3,4) graph.
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A.3 Geometrical and basis function details for

fractal generation levels of the SG(3) graph

Adjacent vertices to (z;,y;)
j (z;,9;) (j11: Yj+1) | (@2 Yive) | (@543, Y513)
1 (0,0) A 2 3
2 (R 0) 1 3 B
3 (R /2,v/30M) /2) 1 2 C
A (—hM 0) 1
B (2h1)0) 2
C (R, /3nW) 3

Table A.9: Coordinates of the vertices and a list of the adjacent vertices to vertex
(x;,y;) for fractal generation level n = 1 of the SG(3) graph. The vertex labelling
is given in Figure 4.3.

Adjacent vertices to (z;,y;)
j (@, 9;) (T, Yin) | (02, 9502) | (2543,9548)
1 (0,0) A 2 3
2 (h2,0) 1 3 4
3 (h® /2,4/3n3) /2) 1 2 7
4 (3R2,0) 2 5 6
5 (4h® 0) 4 6 B
6 (Th® /2, /3h? /2) 4 5 8
7 (3r/2,3v/3h2) /2) 3 8 9
8 (5h2) /2, 3v/3h2) /2) 6 7 9
9 (2h) 24/3h2)) 7 8 C
A (—=h®0) 1
B (5R2),0) 5
C (5r?) /2, 5v/3n2) /2) 9

Table A.10: Coordinates of the vertices and a list of the adjacent vertices to vertex
(xj,vy;) for fractal generation level n = 2 of the SG(3) graph. The vertex labelling
is given in Figure 4.4.
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A.4 The material properties of PZT-5H and poly-

mer HY1300/CY1301 hardset

The material properties of PZT-5H [2,3,8,156]

126 795 841 0 O 0
795 126 841 0 O 0

8.41 841 117 0 O 0
cr = x 101 N/m?,

ep=1 0 0 0 17 0 0 |C/m?
65 —65 233 0 0 0

1700e, 0 0
eb=1 0 1700, 0 |C/(Vm),
0 0 1470%

where g5 = 8.854 x 1072 C/(Vm). The density is pr = 7500 kgm 3.
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The material properties of polymer HY1300/CY1301 hard-

set [146,157]

and

0.71976 0.404985 0.404981

0.40498 0.71976

0.40498 0.40498

0
0

0

0.40498
0.71976
0
0
0

0

0

0
0.15739

0

0

480 0

0 480

where The density is pp = 1150 kgm 3.
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A.5 Parameter values for the front and back me-

chanical loads and the electrical load

Design Parameter Symbol Magnitude Dimensions
Parallel electrical impedance load Zp 1000 Ohms
Series electrical impedance load Zo 50 Ohms
Length of SG L 1 mm
Mechanical impedance of the front load Zr 1.5 MRayls
Mechanical impedance of the backing layer Zp 2 MRayls
Wave speed in the front load cr, 1500 ms1
Wave speed in the backing layer cp 1666 ms~!
Density of the front load oL 1000 kgm™3
Density of the backing layer PB 1200 kgm™3
Shear modulus of the front load r 2.25 x 10° Nm™2
Shear modulus of the backing layer Yx 2.78 x 10° Nm™2
Thickness of the piezoelectric material

in the standard (Euclidean) design dg 10 mm

Table A.11: Parameter values for the front and back mechanical loads and the

electrical load [19,157].

232



A.6 Nomenclature

The tables below provide a full nomenclature of terms used within the thesis. It

is worth noting that, as far as notation concerned, the literature is not consistent

and care should be taken when comparing with other work.

Notation | Description

A, B,C | The boundary vertices in the fractal graph

A%L) One of the matrices used to construct G%L) (see equation (4.2.8))

i e

Am The block diagonal matrix consisting of 3 copies of AE’Z)

A, The cross-sectional area of each edge of the fractal graph A, = £L/2"

Ay Amplitude of pressure wave incident on the transducer during reception mode

Ap The amplitude of the wave transmitted into the backing material

Ag The area occupied by the electrode in the standard design

Ap 2A%, the total area of two capacitors in the fractal design

Al drh™ | the area of one electrode in the fractal design

Ar 27./(Z, + Zr), dimensionless constant (see equation 2.5.15)

a Z—P/)(ZOL)ZP)

a OP, — OP; (vector)

By, The amplitude of the transmitted wave (transmission mode)
or reflected wave (in reception mode)

Bg The amplitude of the incoming wave into the backing material

B](?) One of the matrices used to create G’g’;) (see equation (4.3.26))

b ZoZp/(Zo+ Zp)

bg-") A vector arising from the boundary conditions (see equation (4.2.7))
s

b OP, — OP; (vector)

c) The set of vertices that are incident to the longest edge (see equation (4.3.5))

Co The capacitance of the transducer

Cop The capacitance of the standard design

Cop The capacitance of the fractal design

Cijkl The stiffness tensor of the piezoelectric material

cr The (piezoelectrically stiffened) shear wave velocity in the fractal graph

cp The polymer shear wave velocity in the fractal graph

cr Wave speed in the front load

CB Wave speed in the backing layer
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Notation | Description

D, The electrical displacement tensor

D™ The set consist of pairs of vertices that are incident to a common longest
edge (see equation (4.3.5))

dg The thickness of piezoelectric material in the standard design

dp The thickness of piezoelectric material in the fractal design

E; The electric field vector

Chij The piezoelectric tensor of the piezoelectric material

e An element (edge) in fractal graph

F The force in the transducer

Fg The force produced at the front face of the standard transducer

Fr The force produced at the front face of the fractal transducer

Fr The force in the mechanical load

If(in) (Gg?))_l = /Alg?) - B](:L) (see equation (4.3.26))

f The non-dimensionalised natural frequency

f The dimensionalised equivalent of f ()

fa The electrical resonant frequency

fr The mechanical resonant frequency

Gg-?) The Green’s transfer matrix

G™ G = (A~ (see equation (2.4.4))

G The block diagonal matrix consisting of 3 copies of G

h(™ The edge length of the fractal graph L/2"

h(P) The range of edge lengths p = 1,...,n in the generation level n SG(3) graph

H'(Q) Sobolev space of order 1 in domain 2
H'(09Q) | Sobolev space of order 1 at the boundary 99

HL(Q) Sobolev space of order 1 in domain {2 where the functions are zero
on the boundary

H ](Zn) A matrix used to construct Ag?) (see equation (4.2.9))

|

H ](?71) The block diagonal matrix consisting of 3 copies of H ;?71)

1 The set of fictitious vertices of fractal graph

Iy The current across the transducer (see equations (2.5.2) and (2.5.9))

J The set of interior vertices of fractal graph

4, k,l,m | Vertices in the SG(3) graphs (see Figure 4.6)

K ](:L) A matrix used to construct Aﬁ?) (see equation (4.2.10))

K W K

K ](?71) The block diagonal matrix consisting of 3 copies of k ;?71)

Kp, Kg | The non-dimensional coefficients (see equation (2.5.8))
K™ see equation 4.5.2
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Notation Description

L Length of transducer

ng nL/2, the overall length of the graph @(")(3) graph
M The total number of edges in the fractal graph

M The set of the interior elements of fractal graph

My The set of the exterior elements of fractal graph

m The vertex labelled (N +1)/2
N 3", the total number of vertices in the fractal graph

n The fractal generation level

n The outward pointing unit normal from the edge element dr
Py, P, Py | The points in the plane Sp (see Figure 4.6)

D, q The adjacent vertices of the longest elements in the fractal graph
(see Figure 4.10)

Q The electrical charge applied to the boundary of the transducer

q Laplace variable

S—G(n)(?)) The complement of the Sierpinski gasket graph of degree 3
Sk The strain tensor

Ss The finite dimensional subspace correspondury to H'(£2)

Sp The plane contains the points Py, P, and Ps (see Figure 4.6)

Sp The finite dimensional subspace correspondury to Hz(Q)

Sn The area of the main face of the fractal piezoelectric design at generation
level n

S The parameter used in the isoparametric description of each element

S1, S2 The adjacent vertices of element s (see Figure 4.9)

T;; The stress tensor

Tr, Tp The non-dimensional transmission coefficients (see equation (2.5.8))

t Time

U The approxmate displacement in region € (see equation (4.2.3))

U The discretised displacement

Ugp The function that approximates the displacement at the boundary

Us, The displacement at the boundary vertex B;

Ua,Up,Uc | The displacement of the boundary vertices {A, B, C'}

U j The displacement gradients

Uu; The component of displacement in the direction of the i*" basis vector

U The vector of wu;

U3 The initial condition

UH The displacement in the boundary of fractal graph

Us0) The laplace displacement in the boundary of fractal graph

Uy, The displacement of the load material

U The laplace transform displacement

up(0) The laplace transform displacemen of the backing material

ur(0) The laplace transform displacemen of the load material
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Notation | Description

Pj(ln ) The adjacency matrix for the subgraph of @("’(3) consisting of the edges
that connect each of the three %("’”(3) graphs

Vj(i") 1pm (J,1) (see equation (4.3.1))

V The voltage applied to the transducer

Vi The voltage produced by the standard transducer

Vi The voltage produced by the fractal transducer

volg The volume of piezoelectric material in the standard design

volp The volume of piezoelectric material in the fractal design

|44 The test function in the finite dimensional space Sg, W = ¢;

Wj(f) Lo (4,7) (see equation (4.3.1))

w The test function in the infinite dimensional weak formulation

Rr, Rp The non-dimensionalised reflection coeflicients

r r= Gg:])\,

X X = G*;."“’ where i € Voo

x The spatial coordinates (cartesian)

z; The spatial location of vertex j in the fractal graph

x T = GYIL)

2 i =G =GV where i, j € Vag,

xy The local coordinate in the mechanical load

TR The local coordinate in the backing material

Y Y =GO where j,i € Vaqg, i # j

y y=Gin =Gy

J § =G =G4 where j,k,h € Voo, j £k #h

Zp Mechanical impedance of backing layer

Zr Mechanical impedance of the front load

L Mechanical impedance of the transducer

Zp Parallel electrical impedance load

Zy Series electrical impedance load

Zgp(f;n) | The dimensionalised electrical impedance of the fractal graph

Zi(f;n) | The non-dimensionalised electrical impedance of the fractal graph

Zi(f) The non-dimensionalised electrical impedance of the standard transducer

z z=GW, = GE@V
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Notation

Description

«

Non-dimensionalised parameter given by equation (4.3.16)
Non-dimensionalised parameter given by equation (4.3.16)
Non-dimensionalised parameter given by equation (4.3.27)
7j

see equation (4.4.3)

see equation (4.4.3)

Non-dimensionalised parameter given by equation (4.3.28)
10;

Laplace transform: § — ¢

The permittivity tensor

Non-dimensionalised parameter given by equation (4.3.9)
Non-dimensionalised parameter given by equation (4.3.9)
Non-dimensionalised parameter given by equation (4.3.1)
Non-dimensionalised parameter given by equation (4.3.1)
The wave transit time across the device

Co/(1 + qCpb) dimensionless constant (see equation 2.5.15)
qCob/ (1 + qCyb) (see equation (2.6.4))

e2/el;

Non-dimensionalised parameter given by equation (4.3.17)
The non-dimensionalised temporal variable

The shear modulus of the load material

The piezoelectrically stiffened shear modulus

A, /b

see equation (4.5.1)

Density of the front load

The density of the piezoelectric material

The electric potential

The localised basis function at vertex j

The basis function for vertex j in the element e

The non-dimensionalised reception sensitivity of the fractal transducer
The non-dimensionalised reception sensitivity of the standard transducer
The reception sensitivity of the fractal transducer

integrated over all frequencies

The non-dimensionalised transmission sensitivity of the fractal transducer
The non-dimensionalised transmission sensitivity of the standard transducer
The transmission sensitivity of the fractal transducer

integrated over all frequencies

The set of points lying on the edges and vertices of fractal graph

The region’s boundary

The nondimensionalised angular frequency

The dimensionalised equivalent of &™)
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