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Abstract

Understanding vertical heat transfer and through flow in porous media such as
geothermal reservoirs is of great interest. In a geothermal system, a denser layer of
liquid water may overlie a less dense layer of water vapour. Vertical and horizontal
thermal diffusion stabilises such configurations, but the buoyancy contrast can
cause instability.

In this study, the mechanisms contributing to the stability and instability of
such systems are analysed using a separate-phase model with a sharp interface be-
tween liquid and vapour. The governing equations representing incompressibility,
Darcy’s law and energy conservation for each phase are linearised about suitable
base states and the stability of these states is investigated. We have considered two
different thermal boundary conditions, both with and without a vertical through-
flow.

In the first case, the boundaries above and below the layer of interest are
assumed to be isothermal. We found that due to the competition between thermal
and hydrostatic effects, the liquid—vapour interface may have multiple positions.
A two-dimensional linear stability analysis of these basic states shows that the
Rayleigh—Taylor mechanism is the dominant contributor to instability, but that
there are circumstances under which the basic state may be stable, especially when

the front is close to one of the boundaries.
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In the second case, a constant heat flux is imposed at the liquid boundary and
a fixed temperature at the vapour boundary. We have shown that competition
between the effects of cooling and the viscosity difference between the fluid phases
causes multiple liquid-vapour front positions, whether or not gravity is considered.
The stability analysis has shown that along with the Rayleigh-Taylor (buoyancy-
driven) mechanism, a Saffman-Taylor viscous fingering mechanism can also play

an important rule in the transition to instability.
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Chapter 1

Introduction

A familiar occurrence, especially in a cold moist climate like Scotland, is that wa-
ter vapour condenses and forms liquid water on the inside of a cold window. Such
phase change phenomena in which vapour condenses (or liquid evaporates) are
known as liquid-vapour phase changes. The interest in the investigation of liquid-
vapour phase change problems arises from their wide range of applications, such
as drying processes [51, 74, p. 397-409], geothermal systems [8, 28, 33,82, 94|, heat
pipes [85], film boiling [27,47,59] and nuclear safety analysis [17]. The additional
heat which is absorbed or released in these processes during the transformation of
one phase to another phase is known as the latent heat of evaporation or conden-
sation.

In 1883 Lord Rayleigh described for the first time the instability of a dense fluid
overlying a lower density fluid in a gravitational field, which is known as the
Rayleigh-Taylor instability [66]. The transitions to instability at fluid-fluid inter-
faces are of great interest on account of their above mentioned applications. These
instabilities can often occur at a phase change interface between liquid and vapour.

There is much need for the better understanding of the different physical phenom-
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ena involved with liquid-vapour phase changes, and this is the focus of our study.
In particular, we are interested in instabilities related to the Rayleigh-Taylor insta-
bility when they occur in porous media. The commonest such context is geothermal

reservoirs, so we will now provide some background on geothermal reservoirs.

1.1 The basics of geothermal reservoirs

In 1904 geothermal energy was used for the first time to produce electricity in Lar-
darello, Ttaly [23, p. 1]. Apart from power production, greenhousing, soil warm-
ing, aquaculture are other direct uses of geothermal resources [43,44]. Reviews of
geothermal systems and their characteristics can be found in [23, 39].

The geothermal energy is due to the natural heat content of the earth. A geother-

mal system has three key components:

1. Heat source: The main heat source in a geothermal system is the magmatic

body present in the earth’s crust, where the temperature exceeds 600 °C.

2. Heat carrier: Heat in a geothermal system is generally transported, by
convection or conduction, through water occupying the pore space in the
rock. Such water usually originates as rainwater, which seeps into the earth

from the surface.

3. Structure: The structure deep in the earth varies: in some areas it is
fractured rocks, in others a mixture of sand and fractured rocks and so it

can be technically considered as a porous medium.

A visualisation of a geothermal reservoir is given in Figure 1.1. In a geothermal
reservoir, the fluid near to the magmatic body exists in the form of vapour, while

further away from the heat source it is liquid.
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Flow of heat
{eonduction)

i

Figure 1.1: Schematic representation of a geothermal reservoir [16].

Geothermal systems can be classified into two main types.

1. Water dominated: In water-dominated systems, the fluid is mostly present
in a hot liquid phase. A well-known example is Wairakei geothermal field
in New Zealand [22]. Typical temperatures in these systems are 300°C or

higher, while typical pressures are also high (> 100 bar).

2. Vapour dominated: In vapour-dominated systems, the fluid is mostly
present in a vapour phase. These systems are regarded as the best ones for
extracting energy from. Well-known vapour dominated geothermal reservoirs
are the Larderello field in Italy [50] and the Geysers field in the USA [78].
Typical temperatures are again 300 °C or higher, while pressures are typically

lower (< 100 bar) than in water-dominated systems.

The vapour dominated reservoirs are preferable as they have fewer fluid production

problems than hot water dominated reservoirs [82]. In vapour dominated systems,
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a continual upward flow of fluid yields a high-quality super heated vapour phase
which can be easily extracted for production [23, p. 21-27]. In this thesis, we will
aim to improve the understanding of some of the physical mechanisms associated
with a vapour dominated system.

In particular, White et al.’s [92] and Truesdell & White’s [82] analyses of natural
geothermal systems showed that the fluid phases in a great number of reservoirs

can be visualised as

“a water layer of considerable thickness located over a layer of super heated

vapour” Tsypkin & I'ichev [83].

Grant [20], while studying the vapour dominated Kawah Kamojang reservoir in

West Java, asked: if a heavier fluid (water) overlies lighter fluid (vapour) then

1s the phase change interface between the two phases in such configurations

gravitationally unstable?

This is the key question that this thesis will address. Grant [20] proposed the
answer that the system will be stable if there is no direct contact between the
condensate layer (hot liquid water zone) and the vapour zone. Analogous problems
have been studied without porous media, for example in film boiling problems
where a thin vapour film separates a liquid from a heating plate [27,47,59]. In a

geothermal context, various approaches are adopted to answer the above question.

1.2 Approaches to geothermal modelling

Geothermal reservoirs are very complex in nature. Firstly, they have a very compli-
cated geometry and within that geometry, a complicated permeability structure.

Secondly, there are different hydrothermal processes related to different phases
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of a single fluid. The key aim of geothermal modelling is to predict heat and
mass transport within the system. This information helps engineers to assess the
geothermal potential of the area under observation. We will discuss two types of

models which are widely used.

1.2.1 Large-scale simulation models

The aim of geothermal system simulation is to develop a mathematical model
of a reservoir which can provide quantitative predictions. Large-scale simulation
models of a geothermal reservoir try to capture the real world three-dimensional
geometry and permeability structure, and to represent all the physical and chemi-
cal aspects of a reservoir [64]. Such models have been developed over many decades
[21,56] and are now extremely complex: a good example is the TOUGH+! sim-
ulation program developed at the Lawrence Berkeley National Laboratory in the
USA. Descriptions of how such models may be developed for particular geother-
mal systems are given by O’Sullivan et al. [56] for the Wairakei system in New
Zealand, and by Blocher et al. [7] for the Gross Schoenbeck system in Germany.
The complexity of such models means that large quantities of historical data and
detailed monitoring are essential in order to calibrate them [22, 60].

As well as their role in site-specific modeling, large-scale simulation models have
been used to address more general issues such as the stability of water-over-steam
configurations. Ingebritsen & Sorey [33] presented two-dimensional simulations of
a vapour dominated geothermal system. They investigated three different configu-
rations of the natural state. In the first model, the natural state had an extensive
vapour phase compared to the liquid phase, and the liquid through flow was as-

sumed to be slow. The second and third models were distinct from the first model

http://esd.1bl.gov/tough+/index.html
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in that in their natural states the vapour phase was small compared to the liquid
phase, with significant liquid through flow. Ingebritsen & Sorey [33] concluded
that for the existence of a vapour dominated zone there should be a permeability
contrast between the groundwater aquifer and the geothermal aquifer (caprock
hypothesis condition) as was suggested by Straus & Schubert [78]. Building on
Ingebritsen & Sorey’s [33] second case, Yano & Ishido [93] carried out numerical
simulations of the Ginyu reservoir of the Kirishima field, Japan. They showed that
for the support of a vapour dominated zone, a minimum rate of mass recharge is
required, if the permeability of the caprock is high.

Although such studies suggest general conclusions, the large quantities of data
they required and the complexity of the processes they model can make the es-
sential mechanisms of stability or instability hard to identify. In order to obtain
more generic insight, it is necessary to employ more highly idealised models of

geothermal systems.

1.2.2 Idealised models

The idealised models always simplify the complex porous structure and the phase
behaviour in a reservoir. In idealised models, various fluid phases are considered to
be distinct fluids with individual thermodynamics and transport properties. The
heat and mass transport processes for each phase are mathematically described
on the basis of conversation of mass and energy, separately. Such models can be
categorized into two types on the basis of phase distribution. Figure 1.2 illustrates
the fact that the main difference between these models is whether they have a
mixed liquid-vapour phase or a sharp interface separating the liquid and the vapour

phases.
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1.2.2.1 Mixed-phase models

Udell [85] carried out a one-dimensional study and investigated the configuration
of fluid phases in a porous layer, while the layer was heated from the top and kept
cool from below. He showed that in the steady state, there are three distinct re-
gions in the porous layer: a conduction dominated vapour phase near to the heated
boundary, an isothermal mixed-phase region in which the pores are filled with a
mixture of liquid and vapour, and a conduction dominated liquid phase near to the
cool boundary. A flow of liquid towards the heated layer and of vapour towards
the cooled layer occurs in the isothermal mixed-phase region, which is known as
counterflow. The upward liquid flow is driven by capillary forces and the down-
ward vapour flow is driven by a pressure gradient. Udell’s [84] experiment in a
porous pack suggests that in the mixed-phase region, evaporation occurs near the
heated boundary (upper) and condensation occurs at the cool boundary (lower).
Later on, Torrance [80] re-visited Udell’s [84] model assuming the porous layer is
heated from below and cooled from above, this analysis is relevant to geothermal
systems. He concluded with complete agreement on the configuration of the three
distinct regions and counterflow within the mixed-phase region as was shown by
Udell [84]. Satik et al. [72] studied two main cases related to liquid-vapour coun-
terflow in porous media: the geothermal case driven by gravity [48,73] and the
heat pipe case driven by capillary pressure [2]. For zero net mass flux, the solutions
were vapour dominated.

Amili & Yortsos’s [1] linear stability analysis of a vapour-liquid counterflow re-
gion (mixed-phase region) overlying a super heated vapour phase or underlying a
liquid phase, showed that the system is unstable for intermediate wave numbers
above some critical Rayleigh number. Recently, Sahli et al. [70] studied the sta-

bility of boiling in fluid-saturated horizontal porous layers heated from below and
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cooled from above, originally proposed by Ramesh & Torrance [65]. Both liquid
and vapour dominated mixed-phase regions were considered. In liquid dominated
systems (where the mixed-phase region contains mostly liquid), the convective in-
stability is mainly driven by buoyancy gradients within the liquid region. In vapour
dominated systems (where the mixed-phase region contains mostly vapour), the
instability is mainly driven by the density difference between the liquid and mixed-

phase regions.
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(a) Mixed-phase model (b) Separated-phase model

Figure 1.2: Idealised one-dimensional models of a geothermal reservoir.

The “bubbles” are for visualisation only and do not represent separate phases.

1.2.2.2 Separate-phase models

In a vapour dominated reservoir, the dominance of vapour in the mixed-phase
region leads to the consideration that the liquid and the vapour phases are sepa-

rated by an interface of very small thickness. Models which treat the liquid-vapour
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interface as having negligible thickness will be referred as separate-phase models
(see Figure 1.2).

Rubin & Schweitzer [68] analysed two phase horizontal flow in a porous medium.
A sharp phase change interface separating a vapour region from the liquid region
was induced by heating one end of the porous medium above the vaporizing tem-
perature of the liquid. They showed that if a constant temperature is prescribed on
both boundaries, there is only one steady-state interface position; but if the heat
flux is prescribed on the liquid boundary and constant temperature on the vapour
boundary, there may be three steady-state positions. A quasi one-dimensional sta-
bility analysis of the latter case showed that the middle front position is unstable.
Straus & Schubert [77] carried out a linear stability analysis of the phase change
front in a vapour dominated system. In the basic (unperturbed) state, the fluid
phases were considered to be static with the assumption that there is no net mass
flux across the phase change interface; they showed that the phase change interface
is gravitationally unstable for medium wavelength. Furthermore, if net mass flux
is allowed through the interface then the stability of the system is permeability
dependent. Later, Straus & Schubert [78] illustrated that a vapour dominated sys-
tem can develop, if the phase change interface exists in a low permeability layer.
Eastwood & Spanos [19] showed that if the phase change interface is sharp and
there is a zero net mass flux across the interface then the system is unstable for
long wavelength. In the case, when phase transition (net mass flux is allowed) is
permitted then neutral stability can be predicted for a critical wave number.
Tsypkin & Il'ichev [83] showed that the multiple locations of the phase change
front are permeability dependent and suggested that the middle front is always
unstable, whereas the other two positions may be stable or unstable. Later, the

same authors categorized three different cases of transition to instability of the
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stationary vertical phase change flow under the condition that conduction dom-
inates over advection [29,31]. It was shown that if the interface is equidistant
from the liquid and vapour boundaries then there is a spontaneous transition to
instability (all wave numbers become unstable at the same value of the control-
ling parameter). The remaining two cases were: that the transition to instability
occurs first at zero wave number if the interface is near to the vapour boundary,
whereas instability occurs first at infinite wave numbers if the interface is near to
the liquid boundary. II'ichev & Tsypkin [28] concluded that the most unstable
mode of transition happens for zero wave number, when a water phase overlies an
air-vapour mixture phase. Most recently, II'ichev & Tsypkin [30] studied the sta-
bility of water over steam with an advective-conductive basic state. The interface
has a unique position for isothermal boundary conditions. For an arbitrary value

of the permeability a vapour dominated phase may exist and be stable.

The large-scale simulation and mixed-phase modeling of liquid-vapour (multi-
phase) flow in a porous structure faces far greater challenges than that of a
separate-phase model. The challenges associated with separate-phase models are
mainly due to the discontinuous variations in heat and mass transport across the
interface between the liquid and the vapour phases. Apart from the advantages
and disadvantages of each of the above modeling approaches, the separate-phase
model gives the cleanest understanding of the instability mechanism of the phase
change interface. We will use the separate-phase model to understand the physics
of a natural state of a vapour dominated system and will identify the mechanisms

associated with the stability of the sharp phase change front.
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1.3 Outline of thesis

The remaining chapters are organized as follows:

Chapter 2 is a brief introduction to porous media. We establish the fundamental
governing equations of motion for a fluid in a porous medium, including Darcy’s
law, the continuity equation and the equation of state. Under the assumption of
local thermal equilibrium, we derive a one-equation model for heat transfer in a
porous medium. In a situation in which local thermal equilibrium does not hold,
we develop separate heat transport equations for each phases (solid and liquid),
which is known as the two-equation model. Finally we develop the famous Stefan
condition in generalized form, analyzing the phase change interface and discuss

some special cases already used in the literature.

Chapter 3 focuses on one-dimensional problems of phase change (evaporation and
condensation) in a porous medium. We discuss first steady solutions, and then
the similarity solutions to a phase change problem with an instantaneous change

in surface temperature.

Chapter 4 describes the stability of a steady-state phase change front in a porous
medium with isothermal boundaries. We start with the physical mechanism, dis-
cussing three different types of stabilising and destabilising factors. The classical
Rayleigh-Taylor instability is revisited to provide a basis for the analysis of evap-
oration front stability in the presence of gravity. We discuss the two-dimensional
linear stability of the phase change interface and derive four special cases, among

which one is the work of Il'ichev & Tsypkin [31].
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Chapter 5 is an extension of Chapter 4. We consider a constant heat flux condi-
tion at the liquid boundary of the porous layer which will yield multiple positions
of the phase change front. We analyse the stability of each of the locations of the
front.

Finally, in Chapter 6 we summarise the key points of our findings and discuss some

possible directions for future work.



Chapter 2

Mathematical Modelling of a

Porous Medium

In this chapter the basic definition of a porous medium and porosity are introduced,
along with the derivation of Darcy’s law, which describes the fluid flow process in
a porous medium. We develop the differential equations that must be satisfied,
when there is heat and mass transfer between the fluid and the porous medium.
From the conservation of mass principle, we develop the continuity equation for a
porous medium. We derive energy equations for the solid and liquid phases of the
porous medium, from the conservation of energy principle, under the assumptions
of local and local thermal non-equilibrium. Finally we develop the famous Stefan
condition in generalised form, analysing the phase change interface, and discuss

some special cases already used in the literature.

2.1 Porous Medium

Soil, fissured rock, cemented sandstone, limestone, sand, foam rubber, bread, con-

crete, bricks, paper towels, lungs and kidneys are just a few examples of the large

13



CHAPTER 2 14

variety of porous materials experienced in practice [4]. All of these materials have
common properties that lead us to classify them into a single class: porous media.
By a porous medium we mean a material medium made of heterogeneous or mul-
tiphase matter. At least one of the considered phases is solid and at least one
is not. The solid phase is usually called the solid matrix. The space within the
porous medium domain that is not part of the solid matrix is named void space
or pore space. The flow of one or more fluids occurs in the interconnected pores
through the material. In single phase flow the pores are filled by a single fluid.
In a complex situation (two phase flow) the pores are occupied by gas and liquid

phases or possibly by two distinct liquid or gas phases, e.g. oil and water.

(d) Fissured rock i : Sandto

Figure 2.1: Some everyday examples of porous media, various images, various

sources.

Due to the complex nature of the porous medium it is very difficult to describe it
at the pore level or at the molecular level. So we will treat the porous medium as a

continuum at scales much greater than the pore scale by averaging. The important
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aspect of averaging is that it will enable us to get an adequate description of the
fluid phases and their interaction with the solid matrix. In the literature, there
are two major ways to do averaging: spatial and statistical. The spatial averaging
is often referred to as the Representative Elementary Volume (REV) approach:
it enables us to define an appropriate space domain over which the microscopic
properties of the porous medium will be integrated, which leads to a continuum
approach. In the statistical approach, as stated in the literature [55, p. 1], the
averaging is over a group of macroscopic equivalent pore structures. If we ignore
the fluctuations in the space averaged quantities, then the two approaches end
with the same results. These two approaches are discussed in great detail by Bear

(3, p. 15].

2.1.1 Porosity ¢

The void space distributed within the solid matrix is characterized by the porosity
of the porous medium. The porosity ¢ is defined as the total void volume divided
by the total volume occupied by the solid matrix and void volumes. Mathemati-

cally

o= Avoid
- )
Atotal

(2.1)

where A,yq and A are the volume of void space and the total volume of the
material, respectively. Pores may be connected to other pores, in which case they
are said to be interconnected. On the other hand some pores may appear in
isolation, so that they are not connected to other pores. It is clear that flow will
occur through the interconnected pores. We therefore define the effective porosity

as

connected void
Doy = aconnected void 2.2
</ Ntotal ( )
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where Aconnected void < Nvoig 18 the volume of the connected pores only. We will

assume below that ¢.rr = ¢.

2.2 Darcy’s Law

Fluid flow in a porous medium is described by Darcy’s law, which was formulated
by Henry Darcy in 1856 while investigating water flow through beds of sand con-
nected with the fountains of the city of Dijon, France [14].

In Darcy’s experiment, fluid is made to flow through a porous medium of cross
sectional area A and length L with a rate Q When a steady state is achieved, the

pressure gradient VP is related to Cj by the empirical formula

- A

where p is the dynamic viscosity of the fluid and K is a second order permeability
tensor which is independent of the fluid nature but depends on the geometry of
the medium [3, p. 119-125]. If we define 7 = Q/A as the Darcy velocity then (2.3)
yields

—-K-VP
p .

U=

(2.4)

The above expression (2.4) describes a steady flow of a Newtonian fluid that is
only driven by a pressure gradient. In the case when the fluid is driven by other
forces than the pressure gradient, we can include them in our analysis by replacing
VP with the sum of all driven forces F per unit volume. The most common case
encountered is a fluid driven by gravity ¢ and pressure gradient, i.e, V (P + pg )

where x is the vertical axis and p is the density,

(24) = 17:—5-{V(P+pgx)}. (2.5)
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If the porous medium is isotropic, then permeability reduces to a scalar K and

K
) o

where § = —g é, and we will write 7 = (u, v, w).

(2.5) simplifies to

2.3 Mass Balance Equation

Let us consider a control volume A located in a fluid flow field as shown in Figure
2.2, with boundary €2. The law of conservation of mass for a homogeneous fluid

with respect to the control volume is stated as

rate of mass rate of rate of

accumulation mass in mass out

The terms in equation (2.7) can be expressed as follows.
The rate of accumulation of mass in any volume dA is aaitfdA, where py is the
density of the fluid. The total rate of mass accumulation in the control volume A

can be obtained by integrating % over A.

0

The rate at which mass flows across an infinitesimal surface df) in the control
volume surface is equal to p deQ cos @, where 0 is the angle between the velocity
vector V and the outward unit normal vector 7 to dS). Mathematically mass eflux

18

prdQ cos = py dQ V| |7 cos b,

= p;V-iidQ.
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control-volume surface Q

Figure 2.2: Control volume through which fluid flows.

The rate of mass flowing in through d2 is —py V. n dS), where the negative sign
is because of the outward normal vector 7i. The total net rate of mass influx into
the control volume A can be obtained by integrating —p; V -7 dS2 over the control

volume surface €2 as

—/pr V - i dS. (2.9)

According to Gauss’s divergence theorem, the surface integral (2.9) will be trans-

formed into a volume integral as

/pf /v (psV)d (2.10)

Substituting (2.8) and (2.10) into (2.7) gives

/{a(;ff +V- (fV)}dA - 0,

= 88’;’” +V - (pV) = O (2.11)

This equation is called the continuity equation [38, p. 58].
Now we will use equation (2.11) to derive the mass balance equation or continuity
equation for porous media. For this let us multiply equation (2.11) by the porosity

©, which is assumed to be constant in space, so we have

gpa’; +V - (preV) = 0. (2.12)
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Figure 2.3: Fluid flow in porous media.

According to the Dupuit-Forchheimer relationship 7 = ¢V [55, p. 5], where ¥ is
the Darcy velocity (only in pores) and V is the average velocity of the fluid in the
whole system (solid matrix and voids, see Figure 2.3), then equation (2.12) will
take the form

0
w% + V- (p¥) = 0. (2.13)

Note that ¢ is independent of time. The above equation is known as the continuity
equation for a porous medium [55, p. 5|. As we are going to consider that the fluid

in each phase is incompressible, p; is a constant and (2.13) yields

V-7=0. (2.14)

2.4 Equation of State

The equation of state relates the density of a fluid to the other thermodynamic
properties: pressure, temperature and concentration of the system. A well known
example of an equation of state is the gas law, which relates pressure, temperature
and density by the gas constant. Similarly, a general equation of state for liquid

systems can be formulated as

p=p (T, P), (2.15)
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where p is the density of the fluid and 7" is the temperature.
In case of incompressible fluid, the density of the fluid is independent of pressure,

then (2.15) will be rewritten as

p=p(T). (2.16)

The dependence of density on T is expressed through the value of the thermal

expansion coefficient, Sy, where

1 9dp

Br = — T (2.17)

Here we have to note that S changes sign for temperatures less than the temper-
ature of the density maximum. If the fluid under consideration is water then it
has a density maximum at 4°C'. The equation of state to express density in terms

of Br can be written as

p=po (1 —prAT), (2.18)

where AT =T — Ty, and the subscript zero refers to a reference state. Equation
(2.18) is valid only when T is close to Ty. When (7 is assumed to be constant, then
the resulting equation is called a linear equation of state. In order to account for
parabolic temperature dependences, we may use a non-linear quadratic equation

of state [81]:

P =po [1 — Br (T - T0)2] , (2.19)

where, as before, pg is the fluid density at reference temperature Ty and where BT
is a quadratic thermal expansion coefficient. Generally the differences in density
between two phases (liquid and vapour) is much larger than the variations in
density within a phase. Therefore, we will generally neglect changes of density

within a phase and will take the density of each phase to be a (different) constant.
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2.5 Energy Equation in Porous Media

2.5.1 The Heat Diffusion Equation in the Solid Phase

The conservation law of energy originates from the first law of thermodynam-
ics. The law of energy conservation for a homogeneous, isotropic solid with heat

generation can be expressed as:

rate of energy rate of energy in rate of heat
= + (2.20)
accumulation by conduction generation

The various terms in this equation are evaluated as

rate of energy o7, (7t
— / (pc), % dA, (2.21)
accumulation A t
and
rate of energy in

by conduction 2
. / V- G, 1) dA. (2.22)

A

Here the subscript s refers to the solid phase in a porous medium, ¢ is the specific
heat, p is the density, T} is the temperature of the solid, 7= (z,y, z) is the position
vector, ¢ is the heat flux in the solid phase, €2 is the surface area of the volume
element A, and 77 is the outward drawn normal unit vector to the surface element
d): The minus sign is included to ensure that the heat flow is into the volume
element A, and the divergence theorem is used to convert the surface integral to a
volume integral.

The remaining term is evaluated as:

rate of heat
= /gS(F, t) dA, (2.23)
A

generation
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where g,[W/m?] is the rate of heat generation per unit volume in the solid phase.

Substituting (2.21), (2.22) and (2.23) into (2.20) gives
8T t)
[ (o), 7 —— [ Vi [

;»/{ pc), ZT1) +V«q§(F,t)—gs(F,t)} A = 0. (2.24)

Eqn (2.24) is derived for an arbitrary volume element A within the solid, so we

obtain
(pc), % = —V - G(F 1) + gs(7, ). (2.25)
From Fourier’s law
qs(7yt) = —k;VTy(7,1). (2.26)

Substituting (2.26) into (2.25), we get the following conduction equation in the

solid phase,

(pc), % =V - (ks VTs(7, 1)) + gs(7,1). (2.27)

By multiplying (2.27) by (1 — ¢), we get the diffusion equation in the solid phase

of the porous medium,

(19 (00, LD (1) v VL) + (- @), (229)

In (2.28), ksV Ty is the conductive heat flux through the solid and thus V. (k;VTY)
is the net rate of heat conduction into an infinitesimal volume of the solid. In
(2.28) this appears multiplied by the factor (1 — ), which is the ratio of the cross-
sectional area occupied by solid to the total cross-sectional area of the medium.
The other two terms in (2.28) also contain the factor (1 — ¢) because this is the

ratio of the volume occupied by the solid to the total volume of the element.
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2.5.2 The Heat Diffusion Equation in the Fluid Phase

The law of energy conservation for the fluid phase with temperature 7 can be

expressed as:

rate of energy rate of energy in rate of energy in

accumulation by conduction by convection

rate of heat
+ ) (2.29)

generation

All the terms in (2.29) are discussed in Section 2.5.1, except the convection term.

rate of energy in . L
= — [ (e, TNV -7y i

by convection

. /A (pep), (V- VTH(F ) AN, (230)

Here the subscript f refers to the fluid phase, ¢, is the specific heat at constant
pressure of the fluid, and p; is the density of the fluid. The fluid average velocity
is denoted by V.

Substituting (2.21), (2.22), (2.23) and (2.30) into (2.29) gives

OTy (Tt - . . S
[ {0, ZEED 4 o) (7 9T ) + 9 - 620) = 05720 dn =,

= (pey)y THED 4 (), (V- 9T5(70) = V- (V37 0) + (7, 1). (2.31)

In the above equations, gs is the rate of heat generation in the fluid phase and k&
is the thermal conductivity of the fluid phase.

Multiplying (2.31) by porosity ¢ we have

0T (7, t . ) , .
v (pcp) s % +(pep)( (@V - VI (1)) = V- (ks VI (1)) + g (7' 1).



CHAPTER 2 24

From the Dupuit-Forchheimer relationship v = ng. Then

aTy(r,t . . . .
2 (/)Cp)f fa+) + (/)Cp)f V- VT(F,t) =V - (0ky VT (T 1)) + @gs (7, t). (2.32)

In (2.32), there also appears a convective term, due to the Darcy velocity. We
recognize that v- VT is the rate of change of temperature in the elemental volume
due to the convection of the fluid into it, so this, multiplied by (pc,) s> must be the

rate of change of thermal energy, per unit volume of fluid, due to the convection.

2.5.3 Local Thermal Equilibrium

Now we suppose that there is local thermal equilibrium in the porous medium. This
means that there is no net heat flux between the solid and fluid phase. All the
phases of the medium must be at the same temperature, and this temperature must
be the same as that of its surrounding. Such medium is said to be in local thermal
equilibrium. It will enable us to define only one local temperature Ty = Ty = T
The condition for local thermal equilibrium is that the time for heat to diffuse
across the grains of a porous medium is much less than the time scale for the flow.
Adding (2.28) and (2.32), we obtain a single model equation which will govern the

porous medium under local thermal equilibrium [54]

A=) 0), + 00, } D 4 (e, 0w

= V- ({1 = @) ks + @k} V(7 1)) + {(1 = 9) gs(7, ) + 05 (7, 1)} . (2.33)

Let  (pc),, = (L—=)(pcy), +¢(pcy);, (2.34)
km = (1 - 90) ks + gpkfv (235)
gn = (1 —9)gs+pgy. (2.36)

Then (2.33) takes the form

(pc),, aTg: t) + (pep) ;- VI(7, 1) =V - (knVT(7, 1)) + g (7, 1) (2.37)
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In above equations the subscripts s, f and m refer to the solid, fluid and porous
medium, respectively, ¢ is the specific heat of the solid, ¢, is the specific heat at
constant pressure of the fluid, k,, is the thermal conductivity of a porous medium.
Under the assumption of local thermal equilibrium between solid and fluid phases,
it is convenient to define an effective thermal conductivity, which characterizes
how the solid and fluid phases act together as a thermal conductor. The effective
thermal conductivity depends in a complex way on the geometry of the porous

medium. Here we will discuss two types of conduction in porous medium.

2.5.3.1 Conduction in Parallel

In the case of parallel conduction in a porous medium, the thermal flux ¢ goes
simultaneously through both solid and fluid phases, as shown in Figure 2.4 (a).
There is no net heat exchange between the phases. The effective thermal conduc-

el .. .
KR is given by

tivity
R = o ky 4 (1— @) k. (2.38)

Equation (2.38) can also be described as the arithmetic mean of the conductivities

of the solid and fluid phases [53].

2.5.3.2 Conduction in Series

In the case of series conduction in the porous medium, the thermal flux ¢ cross
successively both solid and fluid phases, as shown in Figure 2.4 (b). The effective

thermal conductivity k5™ is given by

1 o  (1—)
__ ¥ , 2.39
k;IB’I‘ZES kf + ks ( )

In (2.39) the subscript H represents the harmonic mean of k; and ks [53]. It is

obvious that parallel conduction offers less resistance to heat transfer in the porous
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medium than conduction in series.

(a) Parallel conduction (b) Series conduction

Figure 2.4: Models for parallel and series conduction in a porous medium [40].

2.5.4 Local Thermal Non-Equilibrium

In certain situations the assumption of local thermal equilibrium between the solid
and fluid phases is invalid. Such situations include those when there is significant
heat generation in any of the phases, when the thermal properties of the two phases
differ widely and when the particles or pores are not small enough in the porous
medium.

When the assumption of local thermal equilibrium fails to be valid, one possible
solution to model such cases is to develop separate transport equations for solid
and fluid phases. This leads to a non-equilibrium model, and a two temperature

model should be introduced for the energy equation [26, 54].

(1 -9 (o), D — (1) (kYT + (- 9) D)

OT (7t . B | .
@ (pep) % + (pep) p U - VTp(7, 1) = V- (0kpVTy(7, 1) + g5 (7 1)

(2.40)

The two-equation model for heat transfer in porous medium is very difficult to
apply. The reason is that the two equation model requires information on the

effective conductivity values for solid and liquid phases, which can be determined
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through experimental investigations. The solid to fluid heat transfer coefficient
makes it hard to model the interface between the fluid and the solid matrix. The
heat transfer coefficient can be determined either experimentally or using semi-
theoretical work. Due to these difficulties, many investigators have used the so-
called one-equation model described above for analysis of heat transfer in porous
media [37,86]. We will study phase change heat transfer in porous media using
the one-equation model (2.37), while considering local thermal equilibrium across

the solid-liquid interface.

2.6 Heat, mass conditions at the liquid-vapour
interface in porous media

For the complete solution of the system of equations governing a liquid-vapour
phenomena in a porous medium, the liquid-vapour interface must satisfy the heat
and mass conservation principles. In this section we will determine the appropriate
heat and mass flux conditions which apply at the interface between the vapour and

liquid phases.

2.6.1 Pressure/Temperature relation

The contact between liquid and vapour means that the pressure and temperature
at the front are related by T' = Ts(P) or P = Ps(T'), where Ts and Pg are phase
change temperature and pressure, respectively. This relation introduces an inher-
ited non-linearity associated with phase change problems [23, p. 320]. II'ichev &
Tsypkin [31] and Straus & Schubert [77] assumed that the temperature/pressure
relationship determines the phase change condition. However, this assumption in-

troduces a complicated empirical function, and it is not apparent that it is essential
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to the physics of instability. In the interest of simplicity, then, we will assume that
a constant temperature and a continuous pressure at the liquid-vapour interface

are prescribed,
at r=2S": Pig = Poap,  Toap = Tiig = Ts, (2.41)

where S is an arbitrary horizontal position of the liquid-vapour interface and T
is the prescribed temperature at the interface. The thermodynamic properties
(density, specific heat, viscosity, thermal conductivity, permeability) of each phase
will be assumed constant but different. Now we will derive the heat, mass jump

conditions at the liquid-vapour interface.

2.6.1.1 Heat jump condition at phase change interface

Jozef Stefan studied the problem of thickness of polar ice: for this reason the
freezing problem and phase-change problems more generally are referred as Stefan
problems. Sarler [71] gives a detailed review of Stefan’s achievements in the field
of solid-liquid phase change problems, discussing eight different liquid-solid phase
change problems published by Stefan between the years 1889 and 1891. The essen-
tial feature of Stefan problems is the existence of a moving interface of separation
between the two phases, which is usually known as the liquid-solid phase change
interface. The location of a phase change interface, which is not known before-
hand, needs to be determined as part of the solution. The thermal energy balance
condition at the phase change interface makes the solidification and melting Stefan
problems non-linear; this condition is known as the Stefan condition.

It is important to note that the Stefan condition (energy condition) at the liquid-
vapour interface will be derived under the assumption that the interface is at local
thermodynamic equilibrium. This means that, while heat is being transfered across

the interface, the internal processes occurring within the interface are fast enough
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to keep the interface at equilibrium. Here we will formulate the Stefan condition
at a moving interface in three dimensions. We will follow the same procedure as
Gupta [24, p. 24-29]. We will start with the isothermal conditions at the interface

O(x,y,2,t) =0,
T, =Ts, 1i=1liq,vap, (2.42)

where the subscript ¢ is for the two phases (liquid and vapour). The different
notation ® for the interface is used for convenience.
The energy conservation (2.29) at the interface ®(x,y,z,t) = 0 in vector form

yields
[_J]?gp = Pyap,lig A (901/7 - UvapJZ’q) 7. (2.43)

Here U is the velocity of the interface (which will be determined in terms of @

below), and ¢ = (q1, g2, g3) is the diffusive heat flux vector which is defined as

3
oT
= ks, 0=1,2,3, (2.44)
— ’ 8.11]'
j=1

where k,, ,; is the thermal conductivity tensor (the expression for thermal conduc-
tivity k,, in a porous medium is given by (2.35)), 7 is the unit outward normal
to the fluid at @, Tyap,iiq(u, v, w) is the Darcy velocity vector (see section 2.2) and
Avap — Alig = A is the latent heat.

The various terms in (2.43) are evaluated as follows

- L. Vo .
T i@ = lig, vap,
(Qi,lg—f + %,2%—3 + %,3%) ‘ ‘
— Vo , 1 = lig, vap,
oT? 0
B Z ™R O Oz, &xk
— , i = lig, vap, (2.45)

V|
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The total derivative of ®(z,y, z,t) is

dd(z,y, z,t)
— 2 =,
dt
L0 ovor 0voy 000s
ot Oz ot oyot ozot
oo .
= S+ (U-7) Ivel = o,
- 1 09
- Rty 2.4
=U-7 V3| ot (2.46)

This gives U - i (note that the velocity of a surface can be defined in the direction

perpendicular to the surface), which is all we need in (2.43). Similarly

1 0P 0P 0P
—_— | | 0P 2.4
Vigg = M ‘V(I)’ (ullq O + Viiq ay + Wyiq 82’) ) ( 7)

or if the unit vector is normal to the vapour phase then

1 0P 0P 0P
_’va M= = vap A vap 5 vap ~_ | 2.48
Veap 11 |V<I>|(up8x+vp8y+wp32> (2.48)
where u, v and w are the x, y and 2z components of the Darcy velocity ¥yap iiq-
Substituting (2.45), (2.46) and (2.47) into (2.43), we obtain the generalized form

of the Stefan condition in porous media

3

Tiq 0P OT o O
Z km Jiggk— o . afk Z km wap, ik~ al’ P 82L‘k

\ 0P (’)<I>Jr 6<I>Jr 0P
= Pl P a7 — |\ Wigy T T Vlig - T Wiig 7
Pliq T g, T ey, T Wiag

In the isotropic case Ky, ;jx = Km0k, where d;;, is the Kronecker delta function,

we have

3 3 oD
Z {Z km,liq(sjka_xk }

j=1 k=1

8TZ aTv(z
lig _ Z {Z k‘mvap ]kajﬂk} axjp

oy oe 0 0%, 00
= Pliq 2 ot Uiiq o Viiq ay Wiiq EP .
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Carrying out the summations, the above equation becomes

™\ dx o dy Oy 0z 0z
T (8@ 0T yap N 8_<I>8Tvap 8_(138Twp>

Or Oz dy Oy 0z 0z
0P 0P 0P 0
= Pliq A {—(,0 E — (Uliq% + Uliqa—y + wliq$> } (249)

It will be helpful in subsequent chapters to write the interface condition as ® = 0,

where

O(x,y,2,t) = x—S(y,z,t)=0

od a0s 09 0P a0s 09 08
== B 1, W oy 0 o (2.50)
Substituting (2.50) into (2.49), we obtain
L i 87—‘lzq . a_Sa,I}zq i a_Saﬂzq _k azﬁvap B a_SaTvap _ a_SaTvap
T\ Ox dy Oy 0z 0z P\ O dy 0y 0z 0z

R N O R - B )
= Plig 2 ot Uliq Viig ay Wiiq G .

(2.51)

2.6.1.2 Special cases

Now we will derive the most commonly used forms of the Stefan condition found
in the literature.

Rubin & Schweitzer [68] studied two phase flow in a porous medium. They assumed
that liquid at a constant temperature enters the system from one end and at the
opposite end the temperature of the system is raised above the evaporation point
of the liquid by imposing a constant temperature in one case and in other case a
constant heat flux. This causes an evaporation front separating a vapour region

from a liquid region as shown in the figure below.
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Interface
e

Vapour region Liquid region
Energy conducted in, ¢4 vap ————» —» Energy conducted out, qliq
Energy convected out with vapour Energy convected in with liquid
«— Pe—

as as
pvap (@E - uvap j /’Lvap p[iq (q)z - uliq j //Lliq

=S80

Figure 2.5: Energy balance at a vaporising interface [68].

In a geothermal context, Tsypkin & Il'ichev [83] also assumed that the movement
of the interface S(t) was affected by the fluid motion and the phase change interface
temperature depends on pressure. Both [68] and [83] assumed that the interface
was moving in the x direction and also affected by the fluid motion in the x
direction only, w;, # 0, vy = wiy = 0. Under these assumptions (2.51) will take

the form

kmi—_ ™m,va; 1.
M5y P D LT

Ty 0T e ds

bk —F = g A ( —uliq>, at © = S5(t), (2.52)
where w;;, is the z component of the Darcy velocity of the liquid.
In one-dimensional melting/freezing problems of the kind originally studied by
Stefan, the interface is located at « = S(f), so there is no variation in the y
and z directions. The interface motion is not due to the motion of the fluid,

Uig = Vlig = Wiiq = 0, and system under consideration is not porous, ¢ = 1, so

(2.51) will take the form

T 0Ty dS B
ks 5 kuiq o PA = at © = S(t), (2.53)

where k; is the thermal conductivity of the solid. The above equation is widely
used in the literature (9, 34, 36, 42, 90].

A two dimensional melting process in an isotropic porous medium was studied by
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Nield & Bejan [55, p. 305-330], considering local thermal equilibrium between the
phase change material and the porous medium. The thermal properties of the two
phases were assumed to be constant and identical. The solid and liquid phases
were separated by a sharp interface. The interface position z = S changes with

time ¢ and y coordinate. In the light of this description, (2.51) will take the form

ot PA

8S k (0T 9SoT
= . 2.54
(393 dy 8y> (254

The heat flux conditions (2.52), (2.53) and (2.54) at a phase change interface are
just three examples depending upon the configurations under consideration. We
will use (2.52) as a energy jump condition at the phase change interface separating

the vapour phase from liquid phase.

2.6.1.3 Mass jump condition at phase change interface

A mass jump condition can be derived in the same way as the energy jump con-
dition (see Section 2.6.1.1) at the interface. We present the derivation (for mass
conservation at the interface) only in one dimension, because our interest is in
situations where the interface is almost flat and the effects of any 2D perturbation
end up being of higher order than we need for the analyses.

At the liquid-vapour interface, the system under consideration must satisfy the
principle of mass conservation (2.7). The mass balance across the liquid-vapour
interface in a porous medium is illustrated in Figure 2.6. Figure 2.6 shows that
fluid (vapour) flows towards or away from the liquid-vapour interface with a ve-
locity yep, Where w4, is the 2 component of the Darcy velocity.

Also the interface is moving with a velocity dS/dt and since the actual flow is in

the pores, the vapour mass flux per unit time through the moving liquid-vapour
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interface equals

s
pvap 2 E - uvap 9

which must be equal to the liquid mass flux at the liquid-vapour interface,

dsS ds
Puap <90 E - Uvap) = Pliq (80 E — uliq) s (255)

where pjiqvap 1S the density, ¢ is the effective porosity. Rearranging (2.55) yields

¥ (pliq - pvap) % = Pliq Uiig — Pvap Uvap- (256)
vapour phase liquid phase
|
s }7’ Uiq
S(0)
P

P( WS/t - Yy, —= = p(¢dS/dt - Y,

—
x=S control volume

liquid-vapour interface

Figure 2.6: Mass balance at a liquid-vapour phase change interface [11, p. 108].

A comprehensive discussion of the mass balance (2.56) at a liquid-vapour interface
can be found in [63], [25] and [11, p. 107-112].
Now substituting the  component of the Darcy velocity (2.6) for the liquid and

vapour phases into the mass jump condition (2.56) yields

Pliq dt Pliqg Hvap dx

K dP,
=S Hiiq dx =S

(2.57)
_Kgpliq 1— p12)ap Hiig
Hlig plziq Hoap ’




CHAPTER 2 35

where ¢ is acting in the negative z direction. The above equation (2.57) has
been used as a standard mass jump condition at the liquid-vapour interface [28—
31,77,83] with the notational difference that in our case gravity is acting in the

negative x direction.

2.7 Numerical data for the parameters and vari-
ables used

Now it is important to discuss the numerical values of the dimensional and di-
mensionless quantities of interest in our study. We will employ data from three
sets of sources. The first set is taken from, Tsypkin & II'ichev’s [83] and Straus &
Schubert’s [77] analyses of a separate-phase model (sharp interface). The second
set of data is taken from Udell’s [84] fluid flow experiments in a porous medium
heated from below (mixed-phase model). The third set of data for parameters
and variables is that used by Carey [11, p. 727] while studying the basic ther-
mophysics and transport principles that underlie the mechanisms of condensation
and vaporisation processes. Tables 2.1 and 2.2 represents the numerical values for
the dimensional and dimensionless quantities, respectively, which we require in our
analysis. Note that some quantities, in particular the permeability K of the porous
medium and L, the layer thickness, may vary by many orders of magnitude. It is,
therefore, important to investigate the behaviour of the model over a wide range

of parameter values.



Tsypkin & Il'ichev’s [83] | Carey [11, p. 727] | Straus & Schubert’s [77] Udell’s [84]
Symbol numerical values numerical values numerical values numerical values | Units (SI)
Pvap 4.82 0.597 178 1 kg/m?
Pliq 888.66 958.3 858 103 kg/m?
Cvap 1 2.03 3.6 1 kJ/kg K
Clig 1 4.22 4.5 4.3 kJ/kg K
Hvap 15.80 12.55 15.90 22 uNs/m?
i 148 277.53 130 250 uNs/m?
Eyap 2x103 25 4x103 103 mW/m K
Kiiq 2x103 679 4x103 2.5x10? mW/m K
A 2000 2256.7 1700 2500 kJ/kg
g 9.8 9.8 9.8 9.8 m /s?
T 440 - 460 300 - 400 293 - 600 360 - 390
Ts 450 373.15 515 380 K
L 20 10 400 0.254 m
K 10717 10717 2-4x10~ 6.4x10712 m?

Table 2.1: Numerical values for the parameters and variables used in our analysis.

g MALIVHD
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Carey’s Tsypkin & Il'ichev’s | Straus & Schubert’s Udell’s
Symbol | Interpretation numerical values numerical values numerical values | numerical values
© porosity - 0.03 0.05 0.38
C specific heat ratio 2.02 1 0.8 4.3
k thermal conductivity ratio 27.16 1 1 2.5
R kinematic viscosity ratio 0.0138 0.050 1.69 0.011
R, density ratio 0.000623 0.0054 0.207 0.001
Ry dynamic viscosity ratio 22.11 9.31 8.17 11.36
Hy;g Stefan number for liquid 8.74 200 2.13 29.06
Hyop Stefan number for vapour 41.17 200 2.04 250
O Temperature contrast 0.37 1 0.83 0.50

Table 2.2: List of the possible range of numerical values for the dimensionless parameters and quantities we have used in

our study. Note that these dimensionless quantities will be defined in chapter 3-5.

g MALIVHD
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Chapter 3

One Dimensional Phase Change

Problems

The simplest mathematical models of a real world problem are often restricted, for
example to one-dimensional and steady-state behaviour. For example, the natural
state of a geothermal system is often assumed to be steady-state [31, 68,78, 95].
The overwhelming practice of beginning with a one-dimensional mathematical
model of a geothermal reservoir can be justified by the fact that the problem
has few unknown parameters and quantities which can be found easily. From
another angle, one-dimensional models are regarded as an approximate represen-
tation of a three-dimensional model, and are considered a good starting point for
the visualisation of the big picture. A one-dimensional state will only be seen if it
is stable to multi-dimensional perturbations. A good mathematical understanding
of a basic state (one-dimensional) of an evaporation/condensation phase change
problem, especially the phase change interface (the core of such problems), will
provide a good foundation for the better understanding of a more complex real

world multi-dimensional geothermal model.

38



CHAPTER 3 39

In this chapter, we study one-dimensional steady and moving interface problems.

We will formulate these problems mathematically, and discuss analytical solutions.

3.1 The steady-state through flow problem

Rubin & Schweitzer [68] studied horizontal flow and heat transport in a porous
medium. In their problem, liquid flows from a reservoir of constant temperature
into one end of the porous medium and the other end is maintained at constant
temperature or a constant heat flux is imposed. They assumed a constant tem-
perature at the vapour boundary greater than the evaporation point of the lig-
uid, which causes the formation of an evaporation front separating the liquid and
vapour regions. They obtained exact solutions for the steady state problem.

We will now extend the analysis of Rubin & Schweitzer [68] and will consider one-
dimensional steady-state vertical flow and heat transport because we are interested
in buoyant effects. Figure 3.1 illustrates the flow configuration. In a geothermal
reservoir, the fluid near to the magmatic body exists in the form of vapour (say
at a temperature T}/), while further away from the heat source it is liquid (say at
a temperature T7,(< Ty)). The fundamental variables describing the flow of the
liquid and the vapour are the pressures in each region. The mass fluxes of the lig-
uid and vapour regions are related to the pressure gradients through Darcy’s law.
If we ignore gravity then the flow direction is determined by the imposed pressure
gradient across the reservoir. But in the presence of gravity, the direction of the
flow is determined by both the imposed pressure gradient and the gravitational
acceleration. If the phase change temperature T lies between the temperatures at
the boundaries then a phase change front forms within the medium, separating a

vapour region from a liquid region. The pressure difference across the liquid-vapour
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interface due to the density difference is assumed small compared to (Py — Pr) so

that we may take P, = Py at . = S.

Figure 3.1: Diagram of through flow problem.

According to the above assumptions, the equations (2.6), (2.14) and (2.37) gov-
erning the mass and heat flow in a porous medium for this model will take the

following form:

d
Mass Balance: (2.14) = e (Wiguwap) = 0, (3.1)
T

K sz va;
Darcy’s Law: (2.6) = Wigwap = — { lig,vap

dx + pliq,vapg } ) (32)

Miigvap

d2 Tz va de va;
Heat Equation: (2.37) = km# — (pCyW)iigvap ;; P =0.(3.3)

(Recall that the Darcy velocity Uiiguap = (Wiguap, Vigvap)s Where Uigpap is the
x—component of the fluid velocity.)

The important point to note is the sign of the gravitational acceleration g: if g
is positive then the lighter fluid (vapour) is above the heavier fluid (liquid) as

sketched in Figure 3.1, whereas if g is negative then the heavier fluid (liquid) is
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above the lighter fluid (vapour). The appropriate boundary conditions for this

problem are
at x=0: Py, = P, (3.4)

case(a) : Ty =T,

T (3.5)
li

case(b) : quq = _km,liq_dxqa

at 1 =1L: Poy= Py, Toa =Ty, (3.6)

where T}, and ¢, are specified, as are P, and Py. At the phase change front
r=29" P’Uap = Pliq: Tvap = Eiq = TSJ (37)

where the phase change temperature T is prescribed (see Section 2.6.1). Now,
since the interface position S is an unknown in the problem, we require further
conditions at the interface. Energy should be conserved across the phase change

interface. On S, the Stefan jump condition (2.52) holds,

dj-'liq k dTU ap

m,liq d — Pmyvap
x dx
=S =S

]{3 = —)\pliquliq, (38)

where A = Ayqp — Aijg is the latent heat of condensation. The jump at x = S is
taken from liquid to vapour because of the heat flux difference in the both phases.

The mass conservation equation across the interface is
Pliq Uiig =  Pvap Uvap- (39)

For constant properties of the fluid, it is possible to obtain the mass flux as a
function of the condensation front position S. Substituting Darcy’s velocity (3.2)

into the continuity equation (3.1) gives

2
d Pliq,vap

S5 =0, (3.10)
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Solving (3.10) subject to the pressure boundary conditions (3.4)-(3.7) and com-
bining the results with Darcy’s law (3.2) gives the mass flux for the vapour and

the liquid phases

. K [(Py —Ps)

vap — va y 311
m P Vvap { (L . S) + p 74 g ( )
. K ((Ps—Pp)

o= s L 3.12
R e e (3.12)

where Mpapiiq = (P U)vap.iiq 15 the mass flux and vyep g = Hvaplia 5o the kinematic
Puap,liq

viscosity. It is assumed that the pressures at the upper and lower boundaries are
known and constant but the pressure Pg at the condensation front is unknown,
and can be found in terms of the front position S by substituting (3.11) and (3.12)

into the mass conservation equation (3.9)

:RSPV+PL(L_S)_QS(L_S)<pliq_pvapR)
RS+L-S RS+L-S ’

Pg (3.13)

where R = :l—q is the ratio of the kinematic viscosities. The mass flux in the

vap

entire medium is obtained by substituting the pressure Pgs at the front into (3.11)

or (3.12)

K (PV - PL) g [(pliq - pmp) S+ pvapL]
. .14
{RS+L—S+ RS+L—-5 (3:14)

Myap = Miiqg = _I/
vap

The temperature distribution 7'(z) and the condensation front position S will be
obtained for two different sets of boundary conditions: (i) constant temperature

at the lower boundary z = 0 and (ii) constant heat flux g;;, at = 0.

3.1.1 Isothermal Boundary Conditions

In this case, a constant temperature 77, will be imposed at the lower boundary
x = 0 with the restriction that T, < Ts < Ty. So that the vaporisation tempera-

ture lies between the temperatures at the lower and upper layers. The following
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dimensionless quantities will be used to non-dimensionalise (3.3)-(3.8) and (3.14):

L LS _ K _ Cplig o _ Liig(z) =Ty,
x—za S—za k_k—a C_—a @liq(x)—ﬁ)
m,vap Cp,vap s — 4L
* TV - Tvap(-r) TV - TS * Kpliq Cpliq P
Ol =1 T T T
v —1g s — 1 PligRm, lig
. _ L prigvap Cppig papiiqvap . _ L prigvap Cp1iq vap Viig.vap
uliq,vap - k ) vliq,vap - k ’
m,liq,vap m,liq,vap
A Miig Cplic L Moyap C L
q “p,lig vap “p,vap
Hiiq = T T Pecjiq = . Pecyqp = B (3.15)
Cp,liq( S = L) m,liq m,vap

where Hj;, is the reciprocal of the Stefan number for the liquid region, and repre-
sents the ratio of the latent heat A to the sensible heat (Ts — 77) [71, p. 91]. The
Peclet numbers Pecj;q.qp are defined in terms of Darcy’s velocity, the character-
istic length-scale (set by the depth of the porous medium) and the fluid thermal
diffusivity [55, p. 25]. The Peclet numbers Pecy;y vap are not parameters, since the
mass flux has to be found as part of the solution. Furthermore, Pecjiq qp are just
the base-state values of uj;, ,,,- The Darcy’s velocities in both phases (liquid and
vapour) are scaled in terms of the length-scale and the thermal diffusion (the time
scale is set by thermal diffusion). The pressure scale is based on these character-
istic velocities and the resistance of the medium to liquid flow. The ratio of the
temperature contrasts across the liquid and vapour layers is denoted by ©y.

If the phase change front is at x = 0, then S = 0, i.e., the medium is filled with
vapour only. Eqn (3.14) gives the following reference flow rate based on a layer

entirely filled with vapour,

ml’:—

K {<PVZPL) —l—pvapg}. (3.16)

Vyap
On the basis of flow rate (3.16) the reference Peclet number is defined as

M Cpyap L

Pec; = : (3.17)

km,vap
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The energy equations (3.3) for each phase, using the normalised quantities (3.15)
and (3.17) take the form

0y, C Pec; F(S*)dOy,

o — < * < * .
d?0,4, 10
WP _ Pec; F(S*)—22L — <t <1, 1
s ec F(S")—"= =0, §"<a”< (3.19)

The remaining dimensionless quantities involved in the above equations (3.18) and

(3.19) are
My 1
F(S*) = Y% _  (G*)[] — * F(S*) —
(87) = "2 (Y1~ RGiST, A(S) = g
K p? c,. gL _
Pvap plzq Pllqg R3 k(l Rl)
Ri=—"7 Ry=————— Gi=—F5—" 3.20
! Pliq ’ Hiig km,liq ' CPOSCZ‘ ( )

The Rayleigh number Rs is the ratio of the stabilising time to the destabilising
time. Its interpretation is the same as that of the conventional Rayleigh number
[55, p. 81], but its form is somewhat different.

vapour above liquid, if Rs is positive,

Rayleigh number Rj, represents

liquid above vapour, if R3 is negative.
The dimensionless quantity G, is the ratio of the hydrostatic to the externally
imposed pressure difference across the porous layer. The normalised forms of the
boundary conditions (3.5), (3.7) and (3.8) are

at " =0: 04, =0,

(3.21)
at 2" =1: Oy =0,

@liq = @vap = 17

at 2" =9" (3.22)
dOuiq n ©0dOvap _ Hijq C Pec; F(S”)

da* ko de* k
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The solutions of (3.18) and (3.19) for the temperature distribution in the liquid

and in the vapour phase subject to the boundary conditions (3.21) and (3.22) are
Pec; F'(5*
|~ exp [C—@) x}

) — k * *
Oua”) = [CPeciF(S*) } 02" < 5 (3.23)
1 —exp — S
O (1) = 1 —exp [Pec; F(S*) (z" —1)] <<l (3.24)

1 —exp[Pec; F(S*) (S* —1)]
Substituting (3.23) and (3.24) into the energy jump condition (3.22) yields a tran-
scendental equation for the position of the phase change front in terms of the

independent parameters C, Hj;,, ©9, Pec;, k and R,

Sh N § 1
reln {exp [Pec; F(S™) (1 —S")] — 1} ¢ Hyq + CF(S) Pec 5

1—exp|—

(3.25)

In the problem description, we have mentioned that in the presence of gravity, the
flow direction depends on the pressure gradient and on gravity. So, it is important

to note that

negative x—direction (vapour to liquid) if Pec; F'(S*) < 0,
Flow direction =

positive z—direction (liquid to vapour) if Pec;F'(S*) > 0.
The quantity Pec;F'(S*) is the scaled version of the mass flux, which determines
the flow direction. Since F'(S*) may be either positive or negative, depending on
the sign and magnitude of G, the mass flux does not necessarily have the same
sign as Pec;.
The asymptotic solution of the transcendental equation (3.25) for the interface

position S* for small reference Peclet number Pec; is

k
S* o~ e + O(Pec;), as Pec; — 0. (3.26)
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Equation (3.26) tells us that, in the absence of net flow in the reservoir, the front
position depends on the ratio of the temperature contrast (©y) and the ratio of
thermal conductivities (k) of the two phases. This result corresponds to equation
(33a) of Rubin & Schweitzer [68], allowing for a trivial change to the coordinate
system. In Section 4.3, we will extensively discuss the stability of the interface

position S* given by (3.26).
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Figure 3.2: Temperature profile for isothermal conditions with temperature con-
trast ratio ©p = 0.43, Rayleigh number Rz = —2.0 x 1071, G; = £7.2 x 10710

and reference Peclet number Pec; = 4+3.65.

Figure 3.2 (a) shows a typical temperature distribution for the condensation pro-
cess in the porous medium with Hj;, = 8.74. The fluid flow is from the vapour to
the liquid region (Pec;F(S*) < 0) and the heaver fluid is above the lighter fluid
(R3 < 0). For this particular plot, we have found that Pec;F(S*) = —0.415, for
the front position S* = 0.37, which is obtained as a part of the solution. Figure
3.2 (b) shows that the fluid flow is in the positive z—direction (liquid to vapour),
i.e., Pec;F(S*) > 0. For this particular plot Pec;F'(S*) = 0.167 when S* = 0.99.

As we know, the Peclet number is the ratio of the diffusive to the advective time
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scales. The higher the Peclet number, the more dominance of advection over con-
duction can be observed. In the vapour phase the temperature profile is nearly
linear with small vapour Peclet number |Pec,q,|, which shows that conduction
dominates over advection. In the liquid phase the liquid Peclet number |Pec;,| is
higher than that in the vapour phase, advection dominates, and the temperature
profile is exponential. Figures 3.2 (a) and (b) show that a boundary layer forms at
the downstream end of the domain (near to the liquid boundary in Figure 3.2 (a),
and near to the vapour boundary in Figure 3.2 (b)). This boundary layer becomes

sharper for larger Peclet numbers.
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Figure 3.3: (a) Steady-state front position S*; (b) mass flux quantity Pec;F'(S*)
vs ratio of temperature contrast ©p; and (c¢) mass flux quantity Pec;F(S*) vs
implicit front position S* with Hy;, = 8.74, R; = 0.0006, R = 22.11 and C' = 2.02.
Note that R3 < 0, i.e., liquid is above vapour. Note also that, following Straus &
Schubert [77] we have taken R > 1; the large value of R is chosen for clarity of the

plots but does not qualitatively affect the results.

Figure 3.3 (a) illustrates the fact that for smaller Peclet numbers Pec;, the front
position S* is monotonically decreasing as © increases. Physically, as the temper-

ature difference across the vapour region |7}, — Ts| gets large relative to the tem-
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perature difference across liquid region |Ts — 77|, the phase change front “wants”
to be closer to the liquid boundary so that the conductive heat fluxes across these
regions are the same.

Figure 3.3 (c) shows that as the front position gets closer to S* = 1 (the vapour
boundary), the mass flux decreases. The porous layer becomes more and more
saturated with liquid (heavy fluid), so more of the imposed pressure difference
is used up supporting the weight of the liquid (i.e., more is used on hydrostatic
pressure). When the front position S* is sufficiently close to the vapour boundary
(i.e., S* = 1) and the reference Peclet number Pec; is small enough (i.e., small
imposed pressure difference), the mass flux reverses and we have downward flow
(i.e., Pec; F(S*) > 0), see the top left hand corner of Figure 3.3 (b) and the top
right hand corner of Figure 3.3 (c).

Moreover, the larger the reference Peclet number, the larger the upward flow rate
(i.e., Pec; F(S*) < 0, flow from vapour into liquid). For the larger values of Pec;,
there are some values of the temperature contrast ratio ©y for which up to three
phase change front positions exist. This interesting phenomenon arises from the
competition between the thermal and the fluid-flow effects. As the temperature
difference across the liquid region |Ts — T | gets large compared to that across the
vapour region |Ty — Ts| (i.e. as ©y decreases), conduction moves the front closer
to the vapour boundary. But the closer the front is to the vapour boundary the
greater the weight of the liquid in the system. This means a reduction in mass
flux, and thus reduces the advective heat flux from vapour to liquid. This tends
to move the front further from the vapour boundary. These competing effects lead
to the multiple front positions in this region.

Figure 3.4 (a) illustrates the effects of gravity on the front position. The larger

values of the Rayleigh number |R3| correspond to a greater fluid weight effect,
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which cause multiple front positions. Figure 3.4 (b) shows the dominance of the

downward flow (flow from liquid into vapour. i.e., Pec; F/(S*) > 0) for larger | Rs|.
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Figure 3.4: (a) Steady-state front position S* vs ratio of temperature contrast O
and (b) mass flux quantity Pec;F'(S*) vs ©g for higher Rayleigh numbers |Rj|
with Hj, = 8.74, Ry = 0.0006, R = 22.11 and C' = 2.02. Note that liquid overlies

vapour, i.e., Rz < 0.

It is important to have an accurate range for the ratio of the thermal conductivities
k, especially when there is a gravitational effect. Figure 3.5 (a) shows that for a
given value of k, the phase change front has multiple steady-state positions. In
the absence of gravity the front has a unique position (see the curve for Rz = 0
in Figure 3.5 (a)), which is in complete agreement with Rubin & Schweitzer’s
[68] horizontal flow results. As we have already noted, in the absence of gravity,
the direction of flow is based on the pressure gradient across the porous layer.
For the particular case R3 = 0, the fluid flow is from vapour into liquid, i.e.,
Pec;F(S*) < 0, and is determined only by the pressure difference. Figure 3.5
(b) shows that the various solutions for S* (for a given k) correspond to different

up/downflow rates. The low—S"* solution corresponds to a strong flow from vapour
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to liquid (negative z*—direction, i.e., Pec;F'(S*) < 0); the high—S* solution corre-
sponds to a flow from liquid to vapour (positive 2*—direction, i.e., Pec;F'(S*) > 0),

and the intermediate solution generally corresponds to a weak flow from vapour

to liquid.
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Figure 3.5: (a) Steady-state front position S* and (b) mass flux quantity Pec; F'(S*)
vs thermal conductivities ratio k for higher Rayleigh numbers | R3| with H;, = 8.74,

Ry =0.0006, R = 22.11 and C = 2.02. Note that R3 < 0 (liquid above vapour).

As we have seen earlier, the competition between the thermal and fluid-flow effects
causes multiple positions of the steady-state front. Figure 3.6 (a) demonstrates
that for a given value of the reciprocal of the Stefan number Hj;,, there are up to

three front positions. It helps to divide the range of S* into three regions

1. Region i: This region is defined as when S* is small. As H;, increases, the
front comes closer to the liquid boundary and gives an advection dominated
solution with high mass flux from vapour into liquid, i.e. a large negative
Peclet number Pec; F'(S*) (see Figure 3.6 (b)). The same behaviour has been

seen when O increases, see Figure 3.3 (a).
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2. Region ii: This region is defined as when S* approaches 1. As Hj;, in-
creases, conduction moves the front closer to the vapour boundary and gives
a conduction dominated solution with small mass flux. In Figure 3.3 (a) we
have seen that when ©( decreases the front gets closer to the vapour bound-
ary. Figure 3.6 (b) illustrates that in region ii the mass flux is from liquid

into vapour (z*—direction, i.e. Pec;F(S*) > 0).

3. Region iii: Everything between region i and region ii has been labeled as
region iii. Figures 3.6 (b) and 3.5 (b) indicate that a weak flow from vapour

to liquid or liquid to vapour corresponds to an intermediate solution for S*.
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Figure 3.6: (a) Steady-state front position S* and (b) mass flux quantity Pec; F'(S*)
vs the reciprocal of the Stefan number for the liquid phase H;;, with R; = 0.0006,

R =22.11 and C = 2.02. Note that R3 < 0 (liquid above vapour).
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3.1.2 Constant heat flux boundary condition

For this case, constant heat flux ¢, is applied at = 0. The necessary minimum
heat flux required to condense the vapour at x = 0 is found to be (see Appendix
A)

qmin _ Pec’i kvap A + Cp,vap<TV - TS)
liq Cpwap L 1 — exp(Pec;)

(3.27)

Now since we have considered a constant heat flux at the liquid boundary, we
cannot use the dimensionless parameter (3.15) for the temperature profile in the
liquid region because the temperature at the liquid boundary is unknown. So we

will redefine the dimensionless parameters in the following way.

Oug(e") = =5~ Oual?) = =
A Qliq
Hyap = > ig=——= > 1, 3.28
P Cp,vap (TV - TS) Ql ! q%n ( )

where H,q, is the reciprocal of the Stefan number for the vapour region. It is
important to note that if Pec; < 0, then the actual heat flux is negative, i.e.,
ql%m < 0 and this corresponds to (), > 0. The governing energy equations for

this case are identical to equations (3.18) and (3.19). The corresponding boundary

conditions in dimensionless form, using the normalised quantities (3.15) and (3.28)

are
at ¥ =0: lq:qu ce Hvap+_ 5
dx* k 1 — exp(Pec;) (3.29)
at 2" =1: Oy =0,
@liq = @vap = 17
at ¥ =57 (3.30)
d®liq o 1 d@vap . Hvap PGCZ' F(S*)
dz* k dr* k )

The solution for the temperature distribution in the vapour phase ©,,,(z*) is the

same as (3.24). The dimensionless temperature distribution for the liquid phase
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subject to the boundary conditions (3.29) and (3.30) is

Qliq 1
F(s*)C {Hmp Tz exp(Pec;) }

« {exp (CP@C—F(S) x> _exp (Cpec—F(S) S*) } (3.1

@liq(x*) = 1+

k k

Substituting (3.24) and (3.31) into the energy jump condition at the phase change

interface (3.30) yields a transcendental equation for the interface position S*,

) } exp {C Pec; Z]:(S*) S*}

—Hvap} X {1 — exp [PGCZ‘ F(S*) (1 — S*)]} = 1. (332)

The asymptotic solution of the transcendental equation (3.32) for small reference
Peclet number Pec; is

S* ~ % + O(Pec;), as  Pec; — 0. (3.33)

iq

Equation (3.33) shows that, in the absence of net flow in the reservoir, the front
position depends only on the dimensionless heat flux ;;,. This result corresponds
to equation (40a) of Rubin & Schweitzer [68]. In Section 5.2, we will extensively
discuss the stability of the interface position S* given by (3.33).
Figure 3.7 (a) shows typical results for the front position S* as a function of the di-
mensionless constant heat flux @y;, for different reference Peclet numbers Pec;. It
can be seen that there are three steady-state interface positions. We have shown in
Section 3.1.1 that if there is a constant temperature at the boundaries and gravity
is neglected then there is only one interface position. In contrast, for prescribed
heat flux at the liquid boundary then there may be more then one front position.
Figure 3.7 (b) shows that for Pec; < 0, we have flow from vapour into liquid and

Qg > 0 corresponds to the actual heat flux being negative at the liquid boundary,
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so we are cooling the reservoir from the liquid side. In fact @), can be described
as a dimensionless cooling flux. Furthermore, as @;;, increases, we strengthen the
cooling and the liquid region gets wider, i.e., S* increases. But as the liquid re-
gion gets wider, the mass flux decreases. The liquid has higher viscosity than the
vapour (f4iq > Huap), SO there is more resistance to flow in the presences of more
liquid in the reservoir. As the liquid region gets wider, resistance to flow increases
so through flow decreases as does advective heat flux. Moreover, the cooling at
the liquid boundary depends on both an advective and a conductive flux, so as the
thickness of the liquid layer increases, the advective heat flux becomes weak and

thus conduction dominates.
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Figure 3.7: (a) Steady-state interface position S* and (b) Mass flux quantity
Pec,F(S*) vs heat flux @, with zero gravity and H,,, = 41.17, R = 22.11,
Ry =0.0006, C'=2.01 and k = 4.

Figure 3.7 (b) shows that the various solutions for S* (for a given Q);,) again cor-
respond to different flow rates. The low and intermediate solutions for S* (in the
range 0 < S* < 0.5) correspond to a strong flow from vapour to liquid, whereas

the intermediate and high—S* solutions (in the range 0.5 < S* < 1) correspond



CHAPTER 3 55

to a weak upflow rate.
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Figure 3.8: (a) Steady-state interface position S* and (b) Mass flux quantity
Pec;F(S*) vs heat flux @, when the vapour phase is above the liquid phase

with H,q, = 41.17, R = 22.11, R; = 0.0006, C' = 2.01 and k = 4.

Figure 3.8 (a) shows the results for the dependence of the phase change front S*
on the constant heat flux @);, and on Rayleigh number Rj3, when the lighter fluid
(vapour) is above the heavier fluid (liquid). As Rs and (Q);;, become larger the front
ceases to have multiple positions. In the isothermal problem (Section 3.1.1), we
also found that, large positive R3 (vapour above liquid) led to single front position,
because for large R3 which corresponds to the weight of the fluid measure the same
way as conduction.

Figure 3.9 (a) represents the influence of Rayleigh number |R3| on the front posi-
tion, when the heavier fluid is above the lighter fluid (R3 < 0). The competition
between the effects of cooling and the viscosity difference (see Figure 3.7), with
the addition of the weight effect on the front, causes multiple front positions. The
larger values of |R3| correspond to a greater fluid weight effect on the front, which

we have discussed in Section 3.1.1.
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Figure 3.9: (a) Steady-state interface position S* and (b) Mass flux quantity
Pec;F(S*) vs heat flux (Q;;, when the liquid is above the vapour with H,,, = 41.17,
R =2211, Ry =0.0006, C'=2.01 and k£ = 4.

3.1.3 Summary and conclusions

We have studied two phase through flow in a porous medium considering two
different types of boundary conditions. The temperature difference across the
porous layer is such that a phase change interface exists, separating the liquid
phase from the vapour phase. The flow behaviour is determined by the imposed

pressure gradient and gravity.

Isothermal conditions

In the first case we considered prescribed temperature at the boundaries. Rubin
& Schweitzer [68] showed that the steady-state front has only one position if a
constant temperature is prescribed on the boundaries, while considering horizontal
mass flow. In contrast, we have shown that if we consider the gravity factor but

hold the pressure difference across the layer fixed then there may be multiple
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steady-state front positions. We have discussed in detail how the competition
between the thermal and fluid-flow effects causes multiple positions of the steady-
state front (see Figures 3.3, 3.4, 3.5 and 3.6). Rubin & Schweitzer’s [68] results

are obtained as a special case.

Constant heat flux condition

In the second type of boundary condition, we assumed constant heat flux at the lig-
uid boundary. We confirmed Rubin & Schweitzer’s [68] results that, for prescribed
heat flux and in the absence of gravity, there are up to three front positions (see
Figure 3.7). We have shown that if the lighter fluid is above the heavier fluid then
large values of Rj3 give a unique front position (see Figure 3.8). But if the heavier
fluid is above the lighter fluid then large values of the Rayleigh number Rj3 give

multiple front positions (see Figure 3.9).
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3.2 Instantaneous change of surface temperature:
similarity solution

We consider an unsteady condensation problem. A material which exists in two
phases (liquid and vapour) fills the half space > 0 (see Figure 3.10). For time
t < 0 the material is in the vapour phase at a constant temperature 7y > T,
where Tg is the phase change temperature. At time ¢ = 0 the temperature of
the surface x = 0 is instantaneously lowered and maintained at T, < Ts. This
will cause a layer of liquid to be formed adjacent to the surface x = 0 and as
time increases this layer will expand into the vapour. We first assume that the
densities are same in the liquid and vapour regions, which will ensure no flow.
In Section 3.2.3 we will assume that the densities no longer remain the same, i.e,
Pliq 7 Pvap- This is more realistic, but also more complicated mathematically. The

phase change temperature T is assumed to be constant.

As X —= o0 then T —=

0o @peoon
.:. C 1D

X=S(t

T T

lig— L

Figure 3.10: Diagram of unsteady condensation problem.
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Assuming that the heat transfer is only due to conduction, the problem can be
described by a pair of Fourier heat conduction equations. The detailed derivation
of the governing energy equation is discussed in Section 2.5. According to the
above assumptions, the energy equation (2.37) and the corresponding boundary
conditions for this model will take the following form:

a,-Z—Yliq 821—‘%(1 )
(p C:D)m’liqw = kmﬁqw, for ¢ > O, O<z< S(t),
ﬂzq(0> - TL y ﬂzq(s) - T57

0T vap O* Ty

(p CP)””LWGPT = km,vapw, for t> O, S(t) <z,

(3.34)

Toap(S) =Ts, as x — oo then Ty, — Ty .

7
The heat flux condition is to be applied at the unknown position of the interface

S(t). Conservation of heat requires that the latent heat of condensation be diffused

away from the interface so that

ds(t) 0Tl B T vap

¥ A Pliq 7 - m,liqa—x m,vap% (335)

The above heat flux condition is a special form of (2.52) under the assumption

that there is no flow of liquid, i.e, w;, = 0.

3.2.1 Similarity solution

In a similarity solution a similarity variable, combining the space and time vari-
ables, is sought that transforms the governing partial differential equations into a
set of ordinary differential equations with the similarity variable as the independent

variable [12,49, p. 143-160]. Let us introduce the dilation transformation
m=c"x, n=c"t Y(mmn)=eT(emec"n). (3.36)

Using the transformation (3.36), the heat equation becomes

b 0Y (m,n) . 0?Y (m,n)

€ T =& C&m,liq,vapW (337)
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Now if b — ¢ = 2a — ¢, (i.e., b = 2a) then the heat equation (3.34) in both phases
(liquid and vapour) is invariant under the dilation transformation (3.36), i.e., if
T(z,t) is the solution of the heat equation in the variables x and ¢, then for
m, n, Y(m,n) given by (3.36), Y (m,n) solves the heat equation in the variables

m and n. Note that
Y no¢/b = (e°T) (5bt)’c/b =T,

and

m ez T

na/b (o t)eld — a/b’

so both groupings of variables are invariant under the transformation (3.36) for all
choices of a, b, c. This suggests that we look for a solution for (3.34) that is of the

form

T T Gince b=2a. (3.38)

= %ap NG

Now using the transformation (3.38), we will have

T(x,t) =t/"F(n) for

aﬂiq vap /2a—1 ) € n dl lig,vap (77)
, 4¢/2a Fliova B 3.39
9q " Hiavap () 2 dn ( )

and

82Tliq,vap — ¢¢/2a-1 dQFliq,vapm)

o .~ (3.40)

Substituting (3.39) and (3.40) into the heat equation (3.34), we have

¢/ ea= d2EZ va (n) nd-Flz va, (n) C
¢/2a—1 {ogm,zz'q,vap 57’7273 + 5 qc,inp - o (1) b = 0. (3.41)

Now we will transform the boundary conditions using the transformation (3.38),
since Ty;4(0,t) = T}, then Ty;,(0,t) = t/*F};,(0) and this can equal the constant 77,

if and only if ¢ = 0. The same is true for T};; ap(S, 1) = tc/bFliq,wp(S/\/f) = Tq
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and finally Tyq,(00,t) = te/ *Fyap(00) = Ty. In this case when ¢ = 0 the problem

for T'(z,t) reduces to

dzﬂiq + n d-Flzq _ O, )
d7]2 2O‘m,liq dﬁ

Ezq(o) - TL7 -Flz'q,vap(s/\/g) - T57

szvap n N dFy
dn? 20m.00p AN

(3.42)

=0,

Foop — T as m — 00,

Vs

where «,, is the thermal diffusivity. The solution of (3.42) with the appropriate

boundary conditions is

e
f(—)
2 m.liat
Tig(z,t) = Tp— (T, — Ts) V Qmlig (3.43)

eaf(3)
erfc | ————
2/ papl
Tyop(z,t) = T Ts—T i\ by 3.44
p(2,1) v+ (Ts V) exfc (7 ) (3.44)
_ S(t) _ Qi liq T . . )
where § = N and hy = P We seek a similarity solution in which the

interface position is given by

S(t) = 28 \/Gmiiat. (3.45)

Putting (3.43), (3.44) and (3.45) into (3.35) gives

B exp(—f3%) O, exp(—B2h?)
T B Hig = Er (erf—@ T hy W) ; (3.46)

where E; = W The above equation has been dimensionlised by using
P Cp)iiq
L2 prig Cpiig t*
== Piaplia? 14 (3.15).
km,liq

3.2.2 Interpretation of Stefan number

Solomon [76] has shown for a specific melting process that the ratio of sensible

to latent heat is independent of time and can be related to the Stefan number.
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We will now follow the same procedure while considering the condensation phase
change problem.

First we note that the latent heat stored at time ¢ is

LH = @ p1ig AS(t) = 29 B prig A\/ Q@m.iigl- (3.47)

The total heat (TH) removed from the system is the time integral of the surface

heat flux which is

t . . J—
TH = ki / Tiig(0,1) gy _ 2himia (Ts = To) VI (3.48)
0 dx /Omiig merf(B)

We know that total heat is the sum of sensible heat and latent heat

TH = SH + LH,
N SH TH
LH LH

Now from (3.47) and (3.48) we get
TH g (Ts —T1) (p cp)miiiq _ E,

. = . 4
LH T ABerf(B) (pcp)iiq @ Hiig /T Berf(B) (3:49)
Finally we have
SH TH E
LH LH — oVaHuBel(p) - (350

It is clear from (3.50) that the ratio SH/LH is independent of time.

If the temperatures at the phase change front and in the vapour phase are the
same, i.e., Tg = Ty then the ratio of the temperature contrast ©y becomes zero.
In this case, (3.46) and (3.50) yields

SH

(8- 1. (351)

In the limit in which Hy;, is large (small Stefan number), the root § is very small,

so (3.46) yields

(3.52)
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Hence
Ey

exp(f) ~1+ 82 ~1+ 3.53
() o (359

Finally substituting (3.53) into (3.51) we get

H E

SH B , (3.54)

LH ~ 2¢ Hy,

where E1=(p ¢p)m.iiq/ (P Cp)iig,  is the porosity and Hj;, is the reciprocal of the
Stefan number (for the liquid phase, Ste;q = ¢p1iq (Ts —T1)/A). If we assume that
Ey /¢ =1 then (3.54) yields

SH -~ St@liq

e (3.55)

(3.55) shows that for this particular condensation problem Stefan number Stey;, is

approximately twice the ratio SH/LH, which is also independent of time.
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3.2.3 Effects of density change: similarity solution

This problem is the extension of the problem considered in Section 3.2, by consid-
ering advective heat transfer in the vapour region only, and a density difference
between the two phases (liquid and vapour). The density difference means that
although the liquid is static there is flow in the vapour region. Usually the density
of the liquid is greater than the vapour, i.e., pjiq > puep. To illustrate the effects of
the density change, we consider the one dimensional condensation problem illus-
trated in Figure 3.10. In the light of the above assumptions the governing energy

equation (2.37) will take the form

oTy; 0*Ty;
(p cp)m,l,;q# = km,lianlzq, for t>0, 0<z<S(t),

T1ig(0) =Ty, Ty(S) =1Ts,

(3.56)
0T Ty Toa
(p Cp)m,vap Tp + (p Cp)vap UUQPWP = km’vapaTQP7 for ¢t > 0, S(t) <z,

Toap(S) =Ts, as x — oo then T,q — Ty .
In the absence of any driving force, the velocity of the vapour u,q, has to be
determined by the mass balance at the interface [12]. Mass conservation (2.56)

across the liquid-vapour interface S(t) yields

1 dS(t) Pua
Uyap = P (1 — E) o where R; = ,011':’ (3.57)

There is also an energy flux condition to be applied at the unknown position of

the liquid-vapour interface S(t). The heat jump condition (2.52) gives

dS(t Ti;
)\pvap (90 S( ) _uvap> =k 0 tig

dt e 5y

airfuap

my,vap o .
0r |,_g

— k
=S

(3.58)

3.2.3.1 Similarity solution

The similarity transformation n = will give the following set of ordinary

T
2/ vapt

differential equations with the appropriate boundary conditions. We will seek
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solutions of the form 7j;,(x,t) = Fj4(n) for the liquid region and T,.p(z,t) =
Foap(n) for the vapor region.

dzﬂiq Ay vap dﬂzq )
2 e Tl
d772 O, liq dT}

Fiig(0) =Ty, and  Fiiguap(Be) = Ts,

d?Fyap % 1 dF,
vap _ 0l ¥ (1. = . &L vap
dn? {Ez ( R1> & 77} dn

as 1 — oo then Fy, — Ty,

(3.59)

7

(p Cp)m,vap

where Fy = ()
p)vap

and the liquid-vapour front has the position

S(t) =2 Pa\/Amap L, (3.60)

where the constant [y is to be determined. The heat jump condition (3.58) in

terms of the similarity variable is

km i dFZ km,va dFva
(p)‘pliq ﬁQ Amvap = 2’l q# - Tpd—p (361)
T In=p, M =g
The solution of (3.59) is
erf (he m
Ezq(n) =T — (TL — TS) —erf ((h; 62))’ n < Ba, (362)

erfc{spfﬁ2 (RL — 1> +77}
Fop(n) =Ty + (Ts — Tv) L

erfc{ﬁQ (1_%(1_%1))}7 n> P, (3.63)

where hy = Qmyvap, Substituting (3.62) and (3.63) into (3.61) gives
O lig
1\ 2
) eXP{—55 (“%(“E))}
E exp (—h O 1 2 1
\/ESOBQHliq =— —p( /) - =

he | ef(haf) K erfc{ﬁz (1 - (1 B Ri»}

(3.64)
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The above equation (3.64) represents the most general eigenvalue relationship for
B2 in transcendental form. A special case of this result has appeared previously:
if Ry = 1, which implies that the densities of the two phases are the same, then
(3.64) reduces to (3.46).

A typical temperature distribution in the liquid-vapour regions with ay, ;;q = 0.12
and oy, pep = 2.4 is shown in Figure 3.11. Pure conduction takes place in the
liquid region, thus the temperature profile in the liquid region is nearly linear. In
the vapour region the exponential behaviour of the temperature shows convection
dominating over conduction. The two regions are separated at 5y = 0.24 at inter-
face temperature Ts = 10. The interface is moving right into the vapour region

with time ¢, which indicates that condensation is taking place.

n
o
T

——————— [ ———
_____

Fo | | | =TT e
- @ ©
‘1‘:15—5 &
< 1S £
= ES p
R o ReuV >
G.,_) g o
3 [ i : 3
T s Time >
St - t=5
E oL
e °f =15
_57 . — =
-vapour front t=30
-10 R AR BT P AR S ATATEN SRR S

Figure 3.11: Similarity solution temperature profile with Ry = 0.1, Hy;, = 1, k =1,
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hg = 45, E1 = 1, E2 = ]_, @0 = 0.5 and Y = 0.38.
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3.2.3.2 Asymptotic solution

The error functions and exponential terms in the transcendental equation (3.64)

have the following asymptotic expansions

2 5
erf (Rpf2) = % {h252 - (h2§2) + <h2f02> + O(hzﬁQ)G},

o~ (122)?) G {1 + L * O(h%@ﬂﬁ}

erf (hQ/BQ) N 2h262 3 + 90

4
X {1 — (h22)* + (hfl 2) + O(hgBs)° } ,
() ) A 4 6
erf (haBs)  2hafs {1 - g(flzﬁﬁg + E(Fmﬁz) + O(h22) } , (3.65)
also
erie 52\(1_1%( _Ri1)>l - 1_%{6253——@2713)
— Ts
1 5 .
T CT R ICY S MY
and
e~ (B2 h3)?

= {1 — (B2 hs)" + ! 5 (B2 hs)' + O (B 53)6}
{ 2(m+2)

T 3my/m
e~ (B2 h3)? 2 A , ,
erfc (By hs) {1 + NG (B2 Pig) + (; - 1) (B2 h3)” + O (B2 h3) } : (3.67)

Substitution of (3.65)

erfc (52 hg)

(B2 P3) + (52 hs)? —

X

Wﬁ9+OWﬁw},

(3.67) into (3.64) gives

and
VTP Hyy = % {2_\/;2 {1 - %(@52)2 + %(@52)4 + O(h252)6}

- i Z@m s (2-1) e 10}
(3.68)
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If the Stefan number (Ste;, = 1/Hy;,) for the liquid phase is close to zero, then

the root [, is very small, so ignoring the higher order terms in (3.68) we get

Fonn- Bl S (202 0-2)))) o

Figures 3.12 (a) and (b) compare the numerical values of 5 with those given by
the asymptotic expansion (3.68). In the liquid phase the error is O (52712)6; if the
diffusivity ratio of the two phases hy > 0.5 then the error due to the solution in the
liquid phase is reduced (see Figure 3.12 (a)). Figure 3.12 (b) shows that an error
of magnitude O <B2 (1 — Ei; <1 — %)))2 in the vapour phase is an insignificant

error in the interface energy balance.

1 0.24r

e N Full similarity solution b

- 08R\ . Asympotic soluti - %0

5 | symptotic solution 5 i

g 1 g o1sf h,= 2

S 06 _ I i

g f Ry=0.1 g . 0,=05

5 | 6,=05 5

= 04 =

2 [ £ o0l Lo .

8 8 Full similarity solution

E o2 £ ) )

n b n 004& = == Asymptotic solution
ol v v b ol v v v v
0 1 2 3 4 5 0 0.25 0.5 0.75 1
(a) Diffusivity ratio, h, (b) Density ratio, R;

Figure 3.12: The similarity front parameter 3, as a function of the diffusivity ratio
hy and the density ratio Ry, where Hj;; =5, k =4, By =1, F, =1, ©9 = 0.5, and
¢ = 0.38.

In Figure 3.13 (a) and (b), the similarity front parameter f, is plotted against the
diffusivity ratio hy and temperature contrast ©, for various values of the density
ratio Ry. The results for the special case (same density ratio, R; = 1 in the
transcendental equation (3.46)) also presented in Figure 3.13. Figures 3.13 (a)

and (b) show that as either the diffusivity ratio hs or the temperature contrast
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ratio ©g increases, the similarity front parameter 35 decreases and thus the liquid-

vapour front moves more slowly.

Similarity front parameter,

Density ratio , Ry
= 1 (sane density)

===0.1

=:==0.03

1 2 3 4 5

Diffusivity ratio, h,

B,
o
N
T
"

Similarity front parameter,

0.24F

o
o
)

o
-
N

o
o
®

Density ratio , Ry
1 (sane density)

0
(b)

Temperature contrast ratio, Oo

Figure 3.13: The similarity front parameter 35 as a function of the diffusivity ratio

ho and the temperature contrast ratio ©g, where Hyq =5, k =4, By =1, Ey =1,

O = 0.5 and ¢ = 0.38.

3.2.4 Summary and conclusions

We have studied an unsteady two phase flow problem in a porous medium. The

similarity solution assumes that when time ¢ = 0, the porous layer is filled with

one phase (vapour). As the process starts, heat transport (conduction and advec-

tion in the vapour phase) takes place and the vapour temperature decreases with

time, the liquid-vapour interface starts to exist. The interface moves forward into

the vapour phase with time, which indicates that condensation takes place. The

liquid-vapour interface position is found to be S(t) = 2 S2y/Qm vap &, Where [ is a

similarity front parameter depending on the other parameters of the problem and

QU vap 15 the thermal diffusivity of the vapour phase.
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Stability of Steady Solutions with

Isothermal Boundary Conditions

In this chapter, we will begin by giving a brief description of the physical stabilising
or destabilising mechanisms acting on a steady condensation or evaporation front
of the kind discussed in Chapter 3. The classical Rayleigh-Taylor instability, which
occurs when a higher density fluid is above a lower density fluid in a gravitational
field, is discussed as a reference case. We will use the work of Il'ichev & Tsypkin
[31] as a basis; we will discuss five different cases regarding the stability of a steady
front with no through flow; and then we will extend the analysis by considering

through flow.

4.1 Physical mechanisms that stabilise and desta-
bilise the steady state solution

To start with, we will review the mechanisms that are known to act to sta-

bilise/destabilise the liquid-vapour front.

70
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We consider a porous layer of infinite extension bounded by two horizontal, much
more permeable layers separated by a low-permeability layer. The upper and lower
highly permeable layers are filled either with vapour and liquid, respectively or lig-
uid and vapour, respectively. In the low-permeability layer there exists a phase
change front which separates the liquid phase from the vapour phase. The liquid
side is kept cool, whereas the vapour side is hot. Also gravity is considered to
act across the layer. The highly permeable layers will allow us to impose constant
pressures at both sides.

In the steady state the phase change front is flat and it is the stability of this state
that is in question. Figure 4.1 shows a constant influx and efflux in the steady
state and this may be zero. The adjustment of pressure at the boundaries will
allow us to achieve any required rate of flow through the medium: zero flow rate is

a special case. The heat needed for evaporation is supplied from the vapour side.

_v Hot layer _'

Vapour phase

?
unperturbed interface

Liquid phase

X

L.,

<l Cold layer <I

Figure 4.1: The physical schematic diagram for an evaporation front in a steady

state [57, p. 2].

The dotted wave in Figure 4.2 represents the perturbed interface. At a trough the
front is closer to the cold boundary (liquid boundary), and at a crest it is closer

to the hot boundary (vapour boundary).
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Hot layer

- Vapour phase

crest crest
A trough tréiigh
X [
T perturbed interface  Liquid phase
y
Cold layer

Figure 4.2: Schematic of a perturbed evaporation front when heat is supplied from

the vapour side [57, p. 3].

Three different types of mechanisms are able to stabilise or destabilise the

system.

1. Vertical Diffusion
When the front is perturbed, the crest is closer to the heat source (vapour
boundary). At the crest the vertical thermal gradient on the vapour side gets
sharper whereas the vertical thermal gradient on the liquid side becomes less
sharp. Due to the vertical thermal gradient more heat is transferred to the
crest and less heat is taken away from it. This in turn tends to vaporise the
liquid, so the displacement of the crest is decreased and the front is stabilised.

This is the dominant stabilising mechanism for long waves.

2. Horizontal Diffusion
A second stability mechanism is provided by the horizontal thermal gradi-
ent, which eliminates the variations in the horizontal direction: this has a
stabilising effect. For short waves, the horizontal thermal gradient is greater
which implies that the horizontal diffusion is stronger and thus the stabilis-

ing effect is strongest for short waves.
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3. Buoyancy Force
The third mechanism is the buoyancy force (Rayleigh-Taylor mechanism):
if the lighter fluid is above the heavier fluid then gravity has a stabilising
effect by pulling the perturbed interface back to its original position. If the
heavier fluid is above the lighter fluid then the density difference (buoyancy)
causes instability. The classical Rayleigh-Taylor analysis [66] shows that the
buoyancy force is strongest for short waves. The Rayleigh-Taylor instability

in a porous medium is discussed in detail in Section 4.1.1.

A comprehensive discussion of the physics of these stabilising and destabilising

mechanisms can be found in [58].

4.1.1 Rayleigh-Taylor instability in a porous medium

Saffman & Taylor [69] analysed the stability of a horizontal interface between two
superposed viscous fluids which are forced by gravity and an imposed pressure
gradient through a porous medium. The basic state is of uniform motion with
vertically upward velocity V. We have re-visited Saffman & Taylor’s [69] linear
stability analysis of the above configuration in Appendix B. In this analysis the
interface acts as a material surface which moves with the fluid, there is no fluid
flux across it and there is no thermal effects. It has been shown that the growth
rate ¢ of infinitesimal disturbances must satisfy

. Ry —1 1— R, !
= V- Ry Ry b —, 4.1
5 {RQH —_ 3}¢ (4.1)

When the basic state has no through flow and the interface is stationary (i.e.

V* =0), then (4.1) takes the form

1— R Ry Rsl
1+Ry o

G=—

(4.2)
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It is clear from (4.1) that the growth rate ¢ is directly proportional to the wave
number [. It also follows from (4.1) that the interface is unstable to infinitesimal

perturbations if

1
——— (R —1)V*—=(1—=Ry)RyR3 p >0, 4.3
(,0(1+R2){( 2 ) ( 1) 2 3} ( )
where ¢ is the porosity, V* is the dimensionless velocity, Re = fuiq/ fwap 1S the ratio
of the dynamic viscosities, R, is the density ratio. The Rayleigh number R3, if < 0,

represents a configuration with liquid above vapour. Equation (4.3) represents two

destabilising mechanisms.

1. Viscous fingering
If we consider that the basic flow is free of gravity (i.e. Rz = 0) or if the

densities are equal (i.e. Ry = 1), then the stability criterion (4.3) becomes
(Ry — 1) V* > 0, (4.4)

which shows that viscosity contrast is essential for instability if gravity is

neglected. This type of instability is known as viscous fingering [67,69].

2. Density contrast
If we assume that the second term in (4.3) is dominant or if the viscosities

are equal (i.e. Ry = 1), then the stability criterion (4.3) becomes
(1 — Rl) R; >0, (45)

which shows that if the denser fluid is above less dense fluid (R3 < 0, liquid
above vapour) then the system is unstable. (Recall that R; < 1 from (3.20)).
This type of instability has been discussed in Section 4.1, where we referred

to it as buoyant instability.
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4.2 Mathematical formulation of the stability prob-
lem

Now we will present all the governing equations and interfacial conditions which
will be used to analyse the physical mechanisms associated with the problem de-
fined at the start of Section 4.1. The governing equations have already been
derived in Chapter 2 in a general form, but here we will recall them in the form
most suitable to the problem. The continuity equation (2.14), Darcy’s law (2.6)
and the energy transport equation (2.37) are made non-dimensional using the same

dimensional quantities as (3.15) and (3.20).

Continuity equation

The continuity equation (2.14) takes the dimensionless form

* *
8uliq,vap + aUliq,v(zp

o G =0, (4.6)

We consider that the densities of the liquid and vapour are constant but different.

Darcy’s law

The equations that model the fluid physics in a porous structure are given by

Darcy’s equation in each phase. The equations may be written in scaled form as

. op; . R\ Ry k (OP,

uliq = = ( ax*q + R3)7 uvap == C ( aﬂf*p + Rl R3)7 (4 7)
* 8Pl>:q * Rl R2 k aPjap '
liq 33/* ) vap C 5’y*

In the equations above, Rj is the Rayleigh number which has been defined (also
see (3.20)) as

_ K pl2iq Cpiig 9 L

R
Kiig km,liq
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where K is the permeability of the homogeneous medium and g is the acceleration
due to gravity with z*—axis negative downwards. The Rayleigh number R3 will be
our key quantity for understanding the Rayleigh-Taylor instability in a geothermal

system.

Energy equation

We will use the one-equation model to describe the heat transport in the porous
medium assuming local thermal equilibrium (see Section 2.5.3). In dimensionless

form, the equations in the liquid and vapour regions become

0014 . 00y, . 09, 0?0y, = 0?0y,
Ot* +uliq or* +Uliq 33/* T 92 8y*2 )
Es k Ry 00,4, . 0044 . 0044 B 82@mp GQGWP

C o mwTgp TV T Tgpe T e

E,
(4.8)

It can be seen from the above equations that the energy transport is coupled
with the mass transport, which introduces non-linearities. But this is not the
only reason for the inherited non-linearities. The other reason is the coupling of
the interface position with the heat and mass transport equation which has been

discussed in Section 3.1.

Interfacial mass and energy jump conditions

The most important aspect of phase change problems is the energy and mass
balance at the interface of the two phases, which makes the problem non-linear.
We derived the possible generalised form of the energy balance at the phase change
interface in Section 2.6.1.1. The energy jump condition (2.51) at the interface

xz = S(y,t) is scaled with the same dimensional quantities as (3.15) and (3.20), to



CHAPTER 4 77

yield
05" 00, 0S* 00y, Op [0Oyap  OS* 00,44
o Hig o = - + =0 -
ot ox* oy Oy* | gk ox* Oy* Oy* | g
0P
— Hy, (aqu + RS). (4.9)

This energy jump condition shows that the liquid-vapour interface position de-
pends on the temperature distributions in both phases as well as on the transfer
of fluid across the front (evaporation or condensation).

Furthermore the mass jump condition at the interface (2.57) is also coupled with

the velocity profiles in both phases, giving in scaled form

5* dP* OP;:
1-R =R R vap S — — Ry (1 —R?’Ry). (4.10
o Dog = Bl 50 I ( 1 R) . (4.10)

To examine the stability of the liquid-vapour interface, an infinitesimal distur-
bances is applied to the basic state. The aim is to linearise the above governing
equations and boundary conditions about the basic state and to study the be-

haviour of the perturbed interface (see Figure 4.3).

.- ¢ ............................................................................. X=1
Vapour phase

perturbed interface

e] liquid filled highly permeable layer \&

Figure 4.3: Schematic diagram for the physics of perturbed interface, when R3 > 0

(vapour above liquid).
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4.2.1 Perturbed form of the problem

The temperature, velocity, pressure field both in the liquid and vapour regions and

the liquid-vapour phase change front are expanded in the following manner

Ouig = @?iq(x*) + e@lliq(x*, Y1), Opap = @gap(x*) + e@iap(x*, Y, tr),
u?iq = Wo + €wr, u;k)ap =0y + €y, Ul*iq =Tg +el'y, U*ap =T+ €Ty,

v

P, =M +ehy, P, =T+ell;, S*=5;5+eSi(y"t"), (4.11)

vap —

and only the first order terms in € are retained [18, p. 48], where 0 < ¢ < 1. The
small perturbation parameter e represents the magnitude of the deviation from
the basic state (see Figure 4.3). The subscript and superscript 0 and 1 denote the
steady state and perturbed state, respectively.

The perturbed forms of the equations governing the liquid region are

O(wo+ew)  O(To+ely) )
+ =0,
or* oy*
0 (A A
w0+ew1:—(%+33),
0(Ao+eA
o+ el = —%, (4.12)
9 (00 + O 2(0), + €06y
E, ( lqat* lq)—l—(w0+ew1) ( lqax* lq)
0(0), + €06,
+(F0+€F1) ( lqay* lq) :V*2 (@?zq—i_E@llzq)
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The perturbed equations governing the vapour region are

8(QO+6§21) a(T0+ET1) )
- =0,
ox* oy*
k II 11
Qo+€le—R1R2 8( 0+€ 1)+R1R3 s
C or*
R1 Rzk 8(1_[0 + EHl)
TD + ETl = — C 8y* 5 (413)
E2 k Rl a <@8ap + 661111112) a (@gap + 6@1111119)
Q Q
c ot (St eth) e
d(6°Y, + €O}
+(To + €7y) ( ”“gy ©Orr) = V2 (09, +0L,).
Vs

The energy and mass jump conditions (4.9) and (4.10) at the phase change interface

in perturbed form are

0 S*+ S* { lzq+6@lzq) . a(SS—FEST)a(@?LQ_'_E@ZW)}
T*=S,

i Hiig dy* Oy

*
0

O {8 mp+e@iap)_8<Sa‘+eSf>6(@8ap+e@iap)}
k:
S*

Ox* dy* dy*
O(Ao+ €A
—Hliq (% + R3) )
(4.14)
and
8(554—68}{) . 8(H0—|—6H1) 8(A0+6A1)
v (1 —Ry) o Ry Ry I - o -

—Rs (1= R{Ry). (4.15)

Now the first priority is to get the basic state which will describe the natural state

of a geothermal system, from the above perturbed equations.
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4.2.2 Zeroth order problem

The equations governing the mass flow in the liquid and in the vapour region after

equating the terms proportional to €” in (4.12) and (4.13), yield

&,uo i 8F0 _ 07 GQO 4 8T0 _ O,
oz*  Oy* or*  Oy*
8/\0 Rl RZ k al_[0
= — - R Q= — R R
Wo B 35 0 C B + v fv o, (4.16)
0Ag Ry Ry k 011
I'hy=-— =0 To=— =0
0 8?]* Ja 0 C ay* 17
liquidvphase vapou; phase

/

where (wp, I'g) is the velocity of the water (liquid) and (29, To) is the velocity of the
vapour. The pressure conditions at the liquid and vapour boundaries and at the
phase change front S} are Ao(Sy) = Io(Sy) = Ps., Ao(0) = P, Ily(1) = Py.
Equating the terms proportional to ¢’ in (4.15), the mass flux condition at the

phase change interface becomes

oS dIl
0 — R/ Ry —2

_ dll dAo
ot dz*

p(1—Ry) - —
o =8 dx

— Ry (1= R} Ry). (4.17)
z*=S5p

For the heat transport in the whole system, after equating the terms proportional

to €” in (4.12) and (4.13), we obtain

00", ey
E atizq + wo I l:q V*Q@lzq,
Ey kR, 000 6" (19
2 1 vap vap *2 10
Qo
C ot* * dx* =V O
The corresponding perturbed temperature boundary conditions are
at ¥ =0: @lzq 0,
(4.19)
at " =1: 0, =
@?zq = G?mp =
at 2" =25 os;  do o d6 (4.20)
Hy; — —ha  POTER 4 .
WG = g Tk dae T
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4.2.3 First order problem

Equating the terms proportional to €' in (4.12) and (4.13), we get the mass flow

equations in the liquid and in the vapour regions,

&ul 8F1 an afrl )
-0 -0

Ox* + oy* T Ox* * Oy* ’
w __0A1 0 __RlRQk 8H1

YT 9 e C O’ (4.21)

(9/\1 Rl R2 k a]-_Il

rh=—-— T, =-— .

1 ay* ) 1 C ay*
——— N ~ d
liquid phase vapour phase J

In the above equations (4.21), (wy, I'1) denotes the perturbation velocity of the
water (liquid) and (€4, Y1) is the perturbation velocity of the vapour. The cor-
responding pressure conditions at the lower and upper boundaries are A;(0) =
0, II;(1) = 0, while at the phase change front S,

. AN\
Udar

. dllp

A4(S5) P

T (:50)

x*=5§ *=S5

Equating the terms proportional to €' in (4.15), the mass flux condition at the

phase change interface becomes

d?11 dlIl d’A dA
gO(l—Rl) RlRQ{S* 0 1}—{ N 0 1}

Ve da P R

(4.22)

5t s

The first order equations governing the heat transfer in the liquid and in the vapour

phases are
00}, ; 00}, ” d@?q 00},
7 % ) F ~ Thg *2
L + wy Ere + wy - + By =V @lzq, o
By k Ry 00}, 00! e’ 90! '
va Q vap Q vap T vap V*2@1
C ot* 0 O+ 34 dr* + 8y vap*
The corresponding first order temperature boundary conditions are
. Cl
G)llzq(o) = 07 @llzq(SO) = _S dl’*q 75*7
Y (4.24)
e! 0, © (Sk ST d@&w
vap( ) vap( 0) - dr* .
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The Taylor-series expansion of the interface condition (4.14) about S§ gives

05} d?e), 00} Op d?e? 00, oA
H . _1 — * q q v * vap vap - H T
LT { U drr2 Ox* } * k {Sl dx*? * Ox* } e
(4.25)

Having completed the mathematical formulation of the problem, we will now carry
out two dimensional stability analyses of the basic states which have been studied
in detail in Section 3.1.1. The two basic states under consideration can be differ-
entiated by fluid flow. In the first case, the base state has no through flow, though
this does not mean that there is no flow in the perturbed state. In the second

case, vertical through flow is allowed in both phases (liquid and vapour).
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4.3 Stability of the steady state with no through
flow

This is the basic state considered by Il'ichev & Tsypkin [31]: our analysis is similar
to theirs except that we employ a simpler Ts(P) condition (see Section 2.6.1) and

a more complete heat transport equation.

4.3.1 Steady state

The basic state of the system is assumed to be steady and independent of the

horizontal variable y*, so Ao, O, Il and O3

vap are all functions of z* only. Also

the fluid is stationary, wy = g = I'g = T¢ = 0. The temperature profile is assumed

to be conductive and the phase change front is static, so (4.16) and (4.18) give

dA
dxfj = —Rs, A(0) = P,
pressure profile i (4.26)
-2 = —Ri Ry, Mo(S7) = Tlo(Sp),
x
and
( d2@?Z .
——7 =0 04,(0) =0, O3, (55) = 1,
temperature profile *Olap =0, ©° (1)=0, 8° (S:)=1 (4.27)
dx*2 - vap ) vap\~0/) — 4
d@?iq N %d@gap _
\dx* k  dx*

The stationary solutions of (4.26) and (4.27) give the linear pressure profile and

the purely conductive temperature profiles in the liquid and the vapour regions

AOZPL*—RgfL’*, H():PL*‘l—RgSS(Rl—l)—Rle(E*,

Q0 — L Q) — I__l
liq 567 vap SE)k 1 :
The front position in the steady state is
k
So = (4.29)

kE+0q
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The steady state liquid-vapour phase change front position (4.29) has been found

as a limiting case (no flow in the steady state, i.e., Pec; — 0) in Section 3.1.1.

4.3.2 First order problem

At the first order, we assume that fluid flow is two dimensional and mass flux

across the phase change front is time dependent. Equations (4.21) and (4.22) then

give
(0°A,  O*Ay
pr— A p—
Ox*2 " Jy2 0, 1(0) =0,
021_[1 821_[1
W‘FW =0, II(1)=0, )
dA dlIl '
Mi(Sp)+57 =2 =IL(Sy) +ST 2|
e — dz* | e_gs
-0 -0
dSy T, dI, d’Ny  dA
1 — 1 = * * )
| PU- R RlRZ{Sldﬂer:c*} {Sd s }

Il'ichev & Tsypkin [31] assumed only transient conductive heat transfer at first
order, but we will consider both advection and diffusion here, thus the energy

equation (4.23) gives

001 e’
E1 atl:q + wq d liq V*z@lzq,
0! . (4.31)
Esk Ry 994
va; 0 vap *2@1
¢ ot g =V O
The corresponding first order temperature boundary conditions are
* * @ll
@llzq( ) = O @llzq(SO) = _S dr *q *7
o o= (4.32)
1 1 * A0y
@vap< )_ O @vap(SO) = Sl dx* :
x*=53

The heat flux at the phase change front is time dependent

S5 { 4’6y, 8®}Zq} Sl {S* a*ey,, N 8@}”@} g O\,

H; S* i —
¥ s g Ot* U da+2 ox* k dx*? ox* a5
(4.33)
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4.3.3 The eigenvalue problem

The equation which describes the relationship between the decay (or growth) rate
o and the wave number [ is known as the dispersion equation. According to
the classical procedure [18, p. 49], the pressure and temperature profiles in both
regions (liquid and vapour) and the phase change interface location in the first

order problem are expanded in normal modes,

(Oig: Oaps A1 1, ST) = (1ig(27), Puap(27), ("), B(2"), @) exp ot + il y"],

(4.34)

where ¢q, @vap and @ are the eigenfunctions of temperature in the liquid region,
temperature in the vapour region and the interface location, respectively, and [ and
o denote the wave number and the rate of growth (or decay) of the disturbance.
The eigenfunctions of pressure in both phases (liquid and vapour) are denoted by

U and ¥, respectively. When the expansion (4.34) is substituted into (4.30) we

obtain
dij(x*) 2 * )
T —*¥(z*) =0, ¥(0)=0,%(1)=0,

d?*Y(z*

T pnet) =0, W) =0(5) + @R (1 - R). L (4.35)
dX dv

QO(l—Rl)O'q):RlRQ " T .
L PSP o P )

The solutions of (4.35) are

U(z*) =2C} sinh(lz"),

pressure profile (4.36)

o sinh(1(z* — 1))
BrT) =26 cosh(1) — sinh(1)’
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where

o ® 1-Ry { o + Rzl coth(l S)
1 =

= Rsl
21sinh(1S}) Rlecoth(l(Sa‘—1))—00th(l58)+ ’ }

® (1 — Ry){po + IR3coth(lSF)} {cosh(l) — sinh(l)}
21 {Ry Ry cosh(I(Sz — 1)) — coth(15z) sinh(1(S; — 1))}’

02:

The normal mode expansion (4.34) of the first order temperature profiles (4.31)

and of the corresponding boundary conditions (4.32) gives

d> 1 dVv )
(dl‘ —EIU—Z)(Zbliq‘i‘S—g%—O,
. P
D1ig(0) = 0, ¢uig(Sg) = 5
0
(4.37)
d? _ BokRy 12 o 1 RiRyk d¥
dez” —C ° TS -1 0 de
P
Pva (1) =0, Qe (S*> =7 o+
P P\~0 1— SO J
The solution of (4.37) for the eigenfunctions of the temperature profiles is
« _ C1 21 [sinh(y2") .
Giig (%) = S Fro [smh( 50 {cosh(7155) — cosh(lS;)}
O sinh(vy2*)
h(lz*) — cosh N - =—= 4.
+ {cosh(lz") — cosh(y,2")}] 32 snh(155) (4.38)
Guap () = 218, C sinh(ya(z* — 1))
vp ~ (Sg —1) Eyo {cosh(l) —sinh(1)} | sinh(y2(S; — 1))
{cosh(y2(S5 — 1)) — cosh(I(S; — 1))}
+cosh(l(z* — 1)) — cosh(y(z* — 1))}
®  sinh(yp(z* —1)) (4.39)

(Sg — 1) sinh(12(Sg — 1))’

EskR
where v, = \/I?+ E1 0 and72:\/l2+ 20 Lo
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4.3.4 Dispersion analysis

The relationship between the growth rate and wave number can be obtained using
the energy balance across the liquid-vapour interface. Substituting (4.34) into
(4.33) and removing the terms for the temperature gradient in the undisturbed

temperature field leads to

d(bliq @0 d¢vap d¥
¢ dx k dx T dx P

The substitution of (4.36), (4.38) and (4.39) into (4.40) gives the dispersion equa-
tion

Cy 21
S§E10

o Hj,o® = [ {71 coth(y155) {cosh(7155) — cosh(1S;)}

P
+ Isinh(1S5) — 1 sinh(y1.55)} — S—Zl Coth(%SS)}
0

n % 21 Ry Cy 1
k| (S§—1)Ey0 cosh(l) — sinh(1)

— psinh(72(S5 — 1) — 7 coth(2(S; — 1)) {eosh(1(S; — 1))

{Isinh(I(S; — 1))

~ coshlralS5 ~ 1))} = g gy coth(3a(S; - 1>>]

{po + IRz coth(1S})}
Ry Ry coth(I(S§ — 1)) — coth(1S)

(4.41)

The growth rate o in equation (4.41) has multiple solutions because 7 and 7,
depend on o; this non-linear equation must be solved numerically for . For
this, Maple’s! implicitplot? routine has been used. In this case, this method is
adequate, but in some related problems (discussed in Section 4.4) matters are not

so simple. Some solutions of the dispersion equation (4.41) are shown in Figure

http://www.maplesoft.com/products/Maple/index.aspx
’http://www.maplesoft.com/support/help/Maple/view.aspx?path=plots/

implicitplot
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4.4, when the interface is at the middle of the porous layer, i.e., S5 = The

3.
front becomes unstable first for zero wave number, when the Rayleigh number Rj3
crosses the critical value |R§Y| = 13.21 (see Figure 4.4 (a)).

It is interesting to contrast these results with those of Il'ichev & Tsypkin [31].
They found that if S§ = % the transition to instability was “spontaneous”: all
wave numbers become unstable at the same value of R3. Meanwhile, short waves
become unstable first if S < 3, and long waves if S5 > 3. This will be discussed
further in Section 4.3.6.2. For short waves, the front position becomes unstable
when | RS | = 17.22 (see Figure 4.4 (b)). The results in Figure 4.4 show that the
transition to instability is not spontaneous as found by II'ichev & Tsypkin [31],
indicating that the interesting behaviour in their model is an artefact of taking

a very simple model which neglected thermal advection. This motivates a more

thorough investigation of the transition to instability.

Front position, S ;= 0.5 Front position, S ;= 0.5
) S ————— - ]
e o — B
_3:_
o -6:— o) 10; ’ﬂ‘\\‘“’“-“-“- T ——
= F e
o [ — o [, Se
£ — IRJ=1370 § [ome. e
~ E s - Rcrit - 1321 E . -s,m ~
R IR3l S Rz 17.22
O 1sp — =" Ry = 12.50 O FemmiiRI=1A, 7
18f r B ’*,‘
i spo= === |R,|=16.80%,
21 5 >y
i [ IR, =16.40 %
b i qob T
10 10 10 0 5 10 15 20
wave number, | wave number, |

Figure 4.4: The transition to instability when the liquid-vapour phase change front
is at the middle of the porous layer with Ry = 0.0056, Ry = 8.75, Fy =1, Fy =
1, C =196, k=4, Hj, =5, ©9 =4 and ¢ = 0.38. Log scale is used for clarity.

Note that R3 < 0 (liquid above vapour).
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4.3.5 Transition to instability

In this section, the possible types of transition to instability and the effect of the
critical Rayleigh number on the stability of the front for short, medium and long

wavelength disturbances will be discussed.

4.3.5.1 Onset of instability when [ — oo

We will use asymptotic analysis to help us locate the stability boundary in param-

eter space. We will focus in particular on the critical Rayleigh number for infinite

l 2
then expanding (4.41) in asymptotic series in [ gives

1
wave number. For this let ¢ = ¢* [ and 0" = oy + e +0 (—> and take [ — oo;

l (gDO'O — R1R2R3) (1 — Rl) — UoEl(RlRQ + 1)

¥ liq To L+ P o {sg+ 2(RiRy + 1) }

@0 { ) 4 k’Rl R2 (QOO'Q‘l'Rg) (1 —Rl) —|-0'0E2(R1R2—|— 1)}
k

"I\ -1 o 2(RaBs + 1)(S; — 1)

— 1-— [ 1-— 1
+ Hy, (poo = BiBylls) (1 = Ryl | poui(1 =R\ | (1)
RiRy +1 RiRy+1 [2
(4.42)
Equating the terms proportional to [, (4.42) implies that
o R1R2+1 {_i_% 1 }_1—R1R2R3 (443)
0 \QOHquRl(RQ—Fl) SS k 1—58 \RQ—.—l (2 ,' ’

J/

first term second term
From (4.43) it is clear that the first term has always negative sign because the
dimensional parameters in the first term are all positive real numbers. So the first
term, which represents the diffusive heat transport process, has a stabilising effect
on the liquid-vapour phase change front (see Section 4.1).
Now here we have two different cases to discuss. If the lighter fluid is above the

heavier fluid, i.e., R3 > 0, then the second term has a negative sign (recall that
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R; < 1) and the front is stable for infinite wave numbers.

Alternatively, if R3 < 0, which means that heaver fluid (liquid) is above the
lighter fluid (vapour), then the second term in (4.43) has a positive sign and has a
destabilising effect on the liquid-vapour phase change front. It is the competition
between the first and second terms which will determine the nature of the liquid-
vapour phase change front. Now we will find the critical Rayleigh number for
infinite wave numbers. For this, in the case of marginal stability ¢y = 0, and

solving (4.43) for R and using the value of S§ from (4.29), we have

Rgrit ~ Rcrit _ 2(R1 R2 + 1) k+ @0

= , | — oo. 4.44
30 Hyg Ry Ry (Ry—1)  k (4.44)

When searching for the stability boundary we use this value (4.44) as a convenient

starting point.

N
=
(o2}
o

I — - o —
! Front position, S ,=0.25 ok S,=0.25 |R3|,§“‘34'6
| I Pl
1+ |R3| = 03 120F '_"u““
3 R . r v
° uﬁ«"\ \"'\ © 100 f")" R | =34.45
g, IR | = 30.165 P 7 IRyl =34
CI i "\1 © 80fF
: - !‘ _C iy, _
s | ; g o TR$=34.35
r ) 2
9 ir 9 40 F ".'\ N
o | \ O heS .
F i 20 M N,
| < \ ~
2k v o R, =34.2
I Y ] SR s S
3 A} ‘a,
HP ‘ 20 |R3| :‘34 ~ |
ahe . Y R NN REEE FRREY FHEh J RERE FRRE S
6 8 0 25 50 75 100 125 150 175 200
(@) wave number, | (b) wave number, |

Figure 4.5: The transition to instability when the liquid-vapour phase change front
is near to the upper boundary, i.e., S < %, with Ry = 0.0056, Ry = 8.75, E, =

1, By =1, C =196, k=4, Hy, =5, O =12 and ¢ = 0.38.

Figure 4.5 provides a representative example of how the growth rate (o) varies with

the wave number (1), where the Rayleigh number Rj is the curve parameter and
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crit
3 o0

the front is near to the liquid boundary, S < 1. In the case when |Rs| < |R
and R3 < 0, both short and long wavelength disturbances are stable since o < 0.
Short wavelength disturbances (large ) are stabilised by horizontal thermal diffu-
sion which eliminates the variations in the horizontal direction of the perturbed
front, whereas long wavelength disturbances (small [) are stabilised by vertical dif-
fusion. Medium wavelength disturbances become unstable as the Rayleigh num-
ber increases, through a Rayleigh-Taylor instability (see Section 4.1.1). When the
Rayleigh number crosses the short-wave threshold, i.e., | R3] > |RS" | and Rz < 0,

then the phase change front is unstable for short wavelength.
A

Cpliq (Ts — TL)
of the latent heat of liquid-vapour phase change (\) to the sensible heat (Ts —T7},).

The reciprocal of the Stefan number, Hj;, = , it represents the ratio
If the latent heat is very large then the interface acts like a material surface. In
the case when Hj;;, — 0o, then the stability of the front depends on the buoyancy
force only. In this limit, the first term on the right hand side of (4.43) tends to

zero, leaving

1— R; Ry Ry
~ — . 4.45
0 Ryo+1 o ( )

This recovers the Rayleigh-Taylor result (4.2). Now if the lighter fluid is above the
heavier fluid, i.e. R3 > 0, then it is clear from (4.45) that the liquid-vapour phase
change front is always stable. In the case when the high density fluid (water) is
above the low density fluid (vapour), i.e. R3 < 0, then (4.45) shows that the front
is unstable: this is the buoyancy instability which we have discussed in Section

4.1.1.
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4.3.5.2 Onset of instability when [ =0

Assuming marginal stability (o = 0) and using S§ from (4.29), the critical Rayleigh

number for zero wave number is obtained by taking the limit of (4.41) as [ — 0,

crit ~
R3,0 ~

2C (k Ry Ry + Op) <k’+@0)2

4.4
G0 Fr By (R — 1)(©0 + 2Hpy +100) \_ & (4.46)

Figure 4.6 illustrates that, if the liquid-vapour front is near to the vapour boundary,

ie., S§> %, then the front can become unstable first for zero wave number.

Front position, S ;= 0.8

E —— |R,=7

Growth rate, O

F ity _ \‘ Y
E === IRSGI=6.66 .
Fommme IR,| = 6.4

o N 5 b A b N Ak o e

PR RS SR SRR I—!
0 1

wave number, |
Figure 4.6: The transition to instability when the liquid-vapour phase change front
is near to the lower boundary, i.e., S5 > %, with Ry = 0.0056, Ry, = 8.75, E; =
1, By=1, C=196, k=4, Hj;; =5, ©g=1and ¢ = 0.38.

4.3.6 Special cases

Finally we will consider some special cases of the dispersion equation (4.41). The
different cases which we are going to deal with are given in the following table.

In Table 4.1 Diff(L) denotes diffusion in the liquid phase, adv(V) denotes advection
and diffusion in the vapour phase, T', P, u are temperature, pressure and velocity,

respectively.
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Table 4.1: List of problems under consideration

Boundary conditions Modes of heat transport

Diff(L)/diff(V) | Diff(L)/adv(V) | Adv(L)/diff(V)

T fixed, P fixed 4.3.6.2 4.3.6.4 4.3.6.3

T fixed, u fixed 4.3.6.1

These special cases are motivated that we can relate our results to Il'ichev &
Tsypkin’s [31] work. Ilichev & Tsypkin’s [31] model has been revisited and then

modified (possible extensions) to understand the more realistic problem.

4.3.6.1 The classical one

This case is a standard one, in which we assume that the mode of heat transfer in
the porous medium is pure conduction. We also assume that there is no flow, so
gravity g does not affect the system. The boundaries are assumed to be isothermal.
In the absence of any type of fluid flow, while the limit of C; and C5 is assumed
to be small, (4.41) yields

©

ge! * 2 *
QOHlqu' = _S_E)k COth(’YlSO) - ?(1——5'8) COth(’YQ(l - S[))), (447)
Esk
where v, = /12 4+ Ey0, 75 = \/F—i— 2OR1 .

From mathematical point of view, all the parameters involved are positive in (4.47),
so the growth rate ¢ < 0 V [: this means that the system is stable. As we have
discussed in Section 4.1, the diffusion stabilises the system and here we find the
same type of stability. Moreover in any case whether the heavier fluid (liquid) is
above the lighter fluid (vapour) or vapour above the liquid, if there is no flow in
the system and the process of heat transfer is only governed by conduction, then

the system will always be stable. This confirms the argument presented in Section
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4.1.

4.3.6.2 Il’ichev & Tsypkin [31] revisited

This problem is the extension of the problem discussed in 4.3.6.1, by considering
fluid flow, so the phase change interface is influenced by the flow; and gravity be-
comes important. The mode of heat transfer will remain conduction in the system
and the same thermal boundary conditions apply. The same type of problem was
studied by Il'ichev & Tsypkin [31], with the extra assumption that the phase tran-
sition temperature depends on pressure (for discussion see Section 2.6.1). Since
the heat transport in both phases is purely conductive, then in the absence of ad-
vection in both phases (setting d¥/dz* and d¥/dx* equal to zero in (4.37), except
at the liquid-vapour phase change front), by following the procedure as before, we

obtain the dispersion relation

m o G0 m "
Hy; = ——-coth(S)) — ————== coth(y2(1 — S,
¥ 11iq O SS €O (71 O) k (1_58) €O (72( 0))
{po + IRz coth(1S})}
Hj,(1 —Ry)< Rsl th(1.Sg)-
ta1 = F) { 3L R By coth(I(SE — 1)) — cothisy) J “th(50)
(4.48)
In the case of marginal stability, o = 0, (4.48) takes the form
2 Sg @0 *
F (l) + Rl RQ + 1—5,*? + SOHliqu R2 R3 (1 — Rl) F(l)
— 0
Sy O B
+1 _SS?RlRQ =0,
where
h *
p(1) = — ot S5) (4.49)

coth(l(1 —S%))

The quadratic equation (4.49) has a solution of the form

F(l) = FLQ =b+ V b2 — C, (450)
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where
1 S: 9
b = ——{R Ry+—2_"2 4 S*H, R\ RyRs (1—Ry) s,  (4.51)
2 1— Sk
St O
90 _ 4.52
C 1—5{; L R1 R2 ( 5 )

In order to obtain physically meaningful solutions for [, we require that F' > 0,
which is possible when b > 0 and ¢ > 0. The expression (4.52) shows that ¢ > 0
because R, R, and k are the ratio of the densities, viscosities and diffusivities
of the liquid and vapour, respectively, so all these three ratios are positive. The
location of the interface is denoted by S;, which is in the range 0 < S5 < 1.
Finally the dimensionless parameter H;,, which represents the reciprocal of the
Stefan number for the liquid is positive, so ¢ > 0.

A necessary and sufficient condition for b > 0 is that (using the value of Sj from

(4.29))

2(RiRy+1) k+6
HuyRiRy (R —1) k

crit crit
R3 ~ R3,oo =

(4.53)

This tells us immediately that the instability can only occur for sufficiently large,
negative values of the Rayleigh number R3. The condition on critical Rayleigh
number for infinite wave numbers (4.53) is the same as (4.44), because the hori-
zontal diffusion dominates advection for short waves.

For the complete analysis we also need the critical Rayleigh number for zero wave
number, which has been found by taking the limit of (4.48) as [ — 0, with (¢ — 0)

and using S from (4.29)

crit ~
R3,O ~

(k Ry Ry + Oy) (’HQO)Z. (4.54)

O Hig RiRo (Ri — 1) \_ &k

Now we will discuss the possible types of transitions to instability depending upon

the position of the liquid-vapour phase change front S.
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Front position Sj = 1

Let us assume that the position of the liquid-vapour phase change front is the

middle of the porous layer, i.e., S§ = 1, so (4.29) yields

k = Oy. (4.55)
Substituting (4.55) into the necessary conditions on the Rayleigh numbers for the
short and long wavelengths, (4.53) and (4.54), respectively, gives

4 (Rl R2 + 1) _ Rc’r‘it (456)

Rcrit —
30 Hiig Ry Ry (R1 - 1) 3007

which shows that if |R3| = |RY| = |RS™| (recall Rz < 0, liquid above vapour),
then o(l) = 0. The instability takes place spontaneously, in the sense that as | R3]
is increased, the system becomes unstable, i.e. o(l) = 0, for all wave numbers
[ at once. The same type of transition to instability was found by Il'ichev &
Tsypkin [31], while considering that the phase change temperature depends on
pressure but we take the temperature at the interface as a constant. Furthermore,

if |R3| > |R™| then the system is unstable, at fixed values of the pressure and

temperature on the upper and lower boundaries.

Front position Sj < 1

When the liquid-vapour phase change front is near to the liquid (upper) boundary,
ie., S5 < 3, then the critical Rayleigh numbers (4.53) and (4.54) for short and
long wavelength are related by |R§™| < |RS|. This relation suggests that the
transition to instability happens first for short wavelengths. Figure 4.7 (a) shows
that the onset of instability occurs for infinite wave numbers. In Figure 4.7 (b)

and (c) the lines F(I) = F; and F(I) = F» represent the positive and negative

roots of (4.50), respectively. When the line F(I) = F; moves upward (see Figure
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4.7 (b)), the positive root Fy of (4.50) causes instability for short waves.

Front position, S ;= 0.25
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Figure 4.7: The dispersion curves 0 = o(l) when the interface is near to the liquid
boundary, i.e., S5 < %, with Ry = 0.0056, Ry, = 8.75, £y, =1, Ey =1, C =
1.96, k =4, Hj; =5, ©9 = 12 and ¢ = 0.38. (b) shows that the instability is
attained at infinite wave numbers, when the line F'(I) = F; moves upward. (c)
shows that the instability occurs at zero wave number, when the line F'(I) = Fy

moves downward. Figures (b) and (c) are adapted from [31].

Front position Sj > 1

The behavior of the dispersion relation (4.48), when the liquid-vapour phase change
front is near to the vapour boundary, is illustrated in Figure 4.8. Figure 4.8 (b)

shows that the transition to instability occurs for zero wave number when the
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line F(l) = F; moves upward. In this case when Sj > 1, the front first becomes
unstable for the positive roots of (4.50).

Front position, S ;= 0.8
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b
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Figure 4.8: The dispersion curves 0 = o(l) when the interface is near to the lower
boundary, ie., Si > 1, with Ry = 0.0056, Ry = 8.75, By = 1, By = 1, C =
1.96, k =4, H;, =5, ©g = 1 and ¢ = 0.38. (b) shows that the instability is
attained at zero wave number, when the line F'(I) = F; moves upward. (c) shows

that the instability occurs at infinite wave numbers, when the line F'(I) = F, moves

downward. Figures (b) and (c) are adapted from [31]. Log scale is used for clarity.

4.3.6.3 Perturbed vapour phase is affected by both advection and con-

duction

The problem discussed in 4.3.6.2 is now extended by assuming that the mode of

heat transfer in the vapour region is both conduction and advection, while in the
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liquid region the heat transport is by conduction only. The rest of the assumptions
and the boundary conditions remain the same. Ignoring the advection term in the
liquid phase (setting dV/dx* equal to zero in (4.37), except at the liquid-vapour

phase change front), the dispersion relation can be obtained as

o Hjjgo® = %{

21 Ry Cy 1
(Sg — 1) Ey 0 cosh( 1) — sinh(1)

{Isinh(1(S; — 1))

—  7Y2sinh(y2(S5 — 1)) = 72 coth(y2(Sg — 1)) {cosh(I(S5 — 1))

P
— cosh(72(S5 — 1))} — (S*—?l) coth(72(Sg5 — 1))}
0
B o {po + IRz coth(1S})} .
Hiig(1 = F1)® {R1R2 coth(1(55 — 1)) — cothisy) el j cothlh)
— (I)Zl coth(v1.55). (4.57)
S0

Some solutions of the dispersion equation (4.57) are shown in figure 4.9, which will

be discussed in the next section.

Front position, S ;= 0.5 Front position, S ;= 0.25 ,_Front position, S ,=08
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< | < | Ay ©
= F c | % =
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Figure 4.9: Growth rate vs wave number in the presence of advection and con-
duction in the vapour region only with R; = 0.0056, Ry = 8.75, Fy =1, Fy =
1, C =196, k=4, Hy, =5 and ¢ = 0.38.
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4.3.6.4 Perturbed liquid phase is affected by both advection and con-

duction

In this case the mode of heat transfer in the vapour region is assumed to be
conduction only, while conduction and advection are both considered in the liquid
region. The boundary conditions are the same as considered in 4.3.6.2 and 4.3.6.3.
[gnoring the advection term for the vapour phase (setting d¥/dz* equal to zero in

(4.37) only) or taking Cy = 0 in the dispersion equation (4.41) yields

Ci21
o Hygo® = S*IEl - {~1 coth(y1.55) {cosh(y1S5) — cosh(1S5)}
0

P
+  Isinh(1S5) — 1 sinh(71.55)} — S—Zl coth(%SS)]
0
0y Py s
— ?0 le) COth(’}/Q(SO - ]_)) - Hliq(l - Rl)q) {R3l
{po + [R5 coth(15])}
Ry Ry coth(I(S5 — 1)) — coth(1Sy)

+ } coth(1Sp). (4.58)

Now we are in a position to make some final comments about the stability of the
steady liquid-vapour phase change front with no flow. Several important conclu-
sions are as follows. In Section 4.3.6.2 we found that when the interface is at the
middle of the porous layer, with the assumption that there is only pure conductive
heat transfer in the entire system, then the transition to instability is spontaneous,
which is completely in agreement with the results shown by II'ichev & Tsypkin
[31]. However, as we have seen in Figure 4.5 and again in Sections 4.3.6.3 and
4.3.6.4, when any advection is included the spontaneous transition no longer oc-
curs.

In Section 4.1 we discussed three different types of mechanisms which stabilise or
destabilise the liquid-vapour phase change front. The same three types can be seen
from Figures 4.9 (b) and 4.5 (a), when the interface is near to the liquid boundary.

The liquid-vapour phase change front is stable for both short and long wavelength.
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The stability of long waves is due to vertical diffusion and the short wavelength
disturbances are stabilised by horizontal diffusion. The front becomes unstable
for medium wavelengths for higher Rayleigh numbers: this is a reflection of the
buoyant instability, because the denser fluid (liquid) is above the less dense fluid
(vapour). The condition on critical Rayleigh number for short wave disturbance
for the different cases discussed in Sections 4.3.6.2, 4.3.6.3 and 4.3.6.4 is the same

as (4.44), because the horizontal diffusion dominates advection for short waves.

Table 4.2: List of critical Rayleigh numbers for long wavelength

crit

Critical Rayleigh number, |Rf") Modes of heat transport

k k z
(k R\ Rz + ©o) < + ®0> Conduction in the entire system

©o Hjig R1 Ry (R — 1) k

Adv & diff in the liquid phase

2 (k Ry Ry + Oq) (k+@o>2

O R1 Ry (1+2Hliq)(R1 — 1) k
2C (k Ry Re + ©y) k+ Og z -
A ff h h
0 Ry R (O0 + 2C Husg) (By — 1) 2 dv & diff in the vapour phase
2C (k Ry R2 + ©y) k+00\> e s .
Ad diff in the ent t
B0 By R (By — 1)(@0 + 2Hpg +1)0) r v & diff in the entire system

The above different critical Rayleigh numbers for long wavelengths based on the
different modes of heat transfer, are plotted in Figure 4.10 as function of the ra-
tio of the temperature contrasts across the liquid and vapour layers ©y and of
the density ratio Ry. Figure 4.10 (a) shows that when O is very large or very
small the system is more stable than for intermediate values; this is because these
limits correspond to a strong thermal gradient on one side or the other of the
front, which has a stabilising effect through vertical diffusion (see Section 4.1).
Furthermore, a system which is governed by both advection and conduction is
more unstable for zero wave number then a purely conductive system. Figure 4.10

(b) surprisingly shows that the interface becomes more stable as Ry — 0; because
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the Rayleigh—Taylor mechanism is not effective for [ = 0, and hence our physical

intuition is misleading in this case.

10

Different critical Rayleigh numbers

based on mode of heat transport.

Conduction in the entire system

Adv & diff in the liquid phase

Adv & diff in the vapour phase

Adv & diff in the entire system

Critical Rayleigh number for zero wave
—T 7T
Critical Rayleigh number for zero wave

gl b b

0 05 1 15 2 25 3 02 04 06 08
(a) Ratio of temperature contrast, ©, (b) Densities ratio, R

o

Figure 4.10: The critical Rayleigh number for long wavelength verses (a) ratio of
the temperature contrast and (b) ratio of the densities Ry, where Ry = 8.75, C' =
1.96, k=4, Hj,=5.
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4.4 Stability of the steady state with through
flow

In this section, we will discuss the stability of the steady state front in a geother-
mal system with through flow where the heavier fluid (water) overlies the lighter
fluid (vapour) with isothermal boundary conditions. The competition between the
thermal and fluid-flow effects in such configurations means that multiple positions
of the phase change interface are possible (see Section 3.1.1). The multiple front
positions make it necessary to investigate the stability of each position in order to

determine which front positions, if any, may occur in practice.

4.4.1 Steady state solution

The mathematical conceptualisation of the problem with isothermal conditions and
the possible physical mechanisms associated with instability have been discussed
in Section 3.1.1. The transcendental equation which determines the phase change

front position S; has been obtained as

@0 * * 1
& = {ep[PeaiF(55) (1= S5)] = 1} { Hiiq + CF(S;)Pec;S;

k

1 —exp|—
(4.59)

In the basic state we are specifying the difference in pressures across the porous
layer, so

1
wo = o Pec; F(S;) C,
(4.60)
QO = PBCi F(SS),

where Pec; is the reference Peclet number based on the basic flow rate. The full

mathematical derivation of (4.60) has been given in Appendix C.
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In Section 3.1.1, we have concluded that the transcendental equation (4.59) may
have multiple solutions for S;. If we ignore gravity, then the problem becomes one
of horizontal flow [68], and the steady front has a unique position. The bifurcation
diagram 4.11 shows that in the interval |Rs| € [0, 0.676) the interface S§ has a
unique low branch position. For |R3| & 0.676 and |R3| ~ 7.47 the transcendental
equation (4.59) has two solutions which include both the low and upper branch
solutions. In the interval |Rs| € (0.676, 7.47) the liquid-vapour interface S; has
three different positions for the same isothermal conditions. The upper branch
represents the only solution for S when |R3| 2 7.47. Tsypkin & Il'ichev [83] also
discussed the multiple solutions of the isothermal interface with the exception that
they considered permeability to be the controlling parameter. They showed that
the unique position of the phase change front is always stable as long as advective
heat transport is negligible. We will use the bifurcation diagram 4.11 and will
follow the solution curve when analysing the stability of the unique and multiple

solutions of (4.59).

N 000000000000000040009¢
O osF » Low branch solution for |R,|[][0, 7.47).
= 07 F

_5 o6 b ¥ Middle branch solution for |R,|[1(0.676, 7.47).
-g.’_ 05 F @ Upper branch solution for |R,|[](0.676, 9].

04 F R
© osl % A Two roots of S, for |R | =0.676 and |R ,| = 7.47.
O °F AN
.1‘:5 02 F o~ —

E Ve -
'.G_)‘ 0.1 wvv
E Mttt»ttt»»!!»' WSILEEFE A
e b b b b b b b b b b b b b b b by g B

0051152253354455556657758859
Rayleigh number, |[R |

Figure 4.11: A bifurcation diagram for the phase change front Sj, where R; =
0.0006, Ry = 8.75, C = 2.01, k = 4, Hj, = 8.74, Pec; = =20, ©y = 2, R =
22.11 and R3 < 0. The arrows represent the direction along with we will follow

the solution curve.
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4.4.2 Perturbed state

In the first order formulation, we assume two dimensional time-dependent flow.
A time dependent mass flux is allowed across the phase change front. The math-
ematical formulation has been given in (4.30). The heat flow is time dependent,

advective and diffusive in both phases (liquid and vapour), so (4.23) will take the

form
00l 00} de?
El liq + wo lig Ty lzq v*QGZZ :
ot ox* dx* 1 (4.61)
E2 k Rl a@})ap 8611)0, d@ga .
Q /4 Q P __ *2@1
C or 0 g oV D

The corresponding perturbed thermal boundary conditions and the time dependent
heat jump condition at the phase change front will remain the same as (4.24) and

(4.25).

4.4.3 The eigenvalue problem

The eigenvalue problem for the pressure profiles in both phases is the same as
given in (4.35). However, the pressure continuity condition across the interface

with advection in the basic state takes the form

U(Sy) = X(S5) + D Ny, (4.62)
where
. « CPGCl /{ZRR3(1—R1)
Ny = (S>k 7 {(R—l)—l— C Pec, }

The pressure continuity condition (4.62) across S§ has been derived in Appendix
D. The solutions of (4.35) for the pressure eigenfunctions subject to the pressure

continuity condition (4.62) are

U(z*) = 2Cy sinh(lz"),
(4.63)

S(a') = 20, sinh( [ (z* — 1);

cosh(1) — sinh(1)’
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where the constants of integration are

03 - 7 ’
20| sinh(i Sg;){R coth(l (St — 1)) — coth(l Sg;)}
| wo (1 — Ry)+ coth(1.S§) 1 Ny p< cosh(l) — sinh(()
el osn-sa}
sinh(l (Sg — 1)){R coth(l (S§ — 1)) — coth(l SE;)}

The normal mode expansion (4.34) of the first order temperature profiles (4.61)
and of the corresponding boundary conditions (4.24) yields the eigenvalue problem

for the temperature distributions,

d2 d del.  dv )
_ Bio—12) e, w O%
(ala:*2 0 L7 ) Puia + de* dx*
. ey,
D1iq(0) = 0, duig(Sy) = —P T :
z x*=5;
P BBy p\ o iRk Oy A5 _ 0
de2 " Cder C ° vr T 0T Tde der
de’,
¢vap<1) = Oa ¢vap(58) =-0 d *p :
T lar=s; J

Here d@%q /dx* and d@gap /dx* denote basic state vertical temperature gradients

in the liquid and in the vapour phase, respectively, which can be obtained by

differentiating (3.23) and (3.24) with respect to z*:

a0y,
U Ny exp (w0 "),
T
(4.65)
dey,, .
W = N2 exp (QQ (.Z' — 1)),
which leads to
ey, dey,,
o = N3, and e = Ny, (4.66)

z*=S; z*=S5;
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where

Wo QO

Ny = N, =
P explwo SE) — 17 T exp(Q (S — 1)) — 1

(4.67)
N3:N1 exp(wOSS), N4:N2 exp(QO (Sg—l))

The solution of (4.64) for the eigenfunction of the liquid temperature distribution

18

Drig (2" =%{f fa fi exp(a*(wo — 1)) + {2 fi f1 Ev o cosh (”3;*)
_ {2 fihhEro+ fsfo— fa j},} sinh (732‘”*) } exp (x*;o)
—f1 fu fs exp(a* (wo + 1))} - ?ﬁz exp (x*2w0> sinh (7325”*) ,
(4.68)
where

Sy Sy
Y3 = \/w§+4Elo+4l2, fi = exp (w02 0) . f2 = cosh (732 0) ,

) Sh
fs = exp (w0 + 1) §3) f4:smh(732°), fy= (w0l + Ero).

fo=(wol —E10), fr=-exp(Sy(wo—1)).

The solution of (4.64) for the vapour temperature distribution is

vaap(x*) [flg exXp ((QQ — l)x* + 21— QQ)

L
flO fll f12

— (fis + 2f16) exp GQOW - 1)> sinh <%)

+ f20 {2]{?0' EQ Rl exp(l) cosh (%)

— foexp (o + Dz* — Qo) }] , (4.69)
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where

1= (3 +412)C? +4Byo Ok Ry, fu=(CQl — kR Eyo),

fgI(CQol+kR1EQU), flOZ(CQlez—kZR%Eng),

fll = €xp (QO(Sg — 1)) ) f12 = ginh (—74 (ggc_ 1)) )

Sg—1
f13 = cosh (%) ;o fu=exp(Q(S; —1) —157),

f15 = exXp (Qg (SS - 1) + l (SS — 2) ) s f16 = (l R2 ]{32 NQ 04 6Xp<l> f11 R% EQ g f13

1 1
—5 fg Rl RQk‘Nz 04 eXp((QO + l) Sg — Qo)l—l— 5 fgq)N4 fg),
fir = fia N2 Cyl f1a I Ry o By R% exp(l), fio = f1i2C4l fi1 Nok Ry Ry fs,
fis =Ri RoklCy Ny fs exp ((Q0 — 1) S5 +21—Q), fao = f11Cal fia Nok Ry Rs.

4.4.4 Dispersion analysis

The normal mode expansion (4.34) of the energy jump condition (4.25) at x* = S

gives the dispersion equation in the form

ST 0 0%, do dv
Hyy® = —ta 4 “Tha b 20 0 g~ —vop vy —
O Hi { " da }+ k { | da } la G
(4.70)
From the basic state we know that
26",
d *12q = N3 wo,
v s (4.71)
ey, N O '
o2 x*:sg_ 4520
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Substituting (4.71) into (4.70) yields

d¢liq
dx*

av,
dz*”

(4.72)

S) dva
L Nywo b+ 0 0 g n0,
E | dz*

Yo Hliq o = {
The complete solution for o(l) has been obtained by substituting (4.63), (4.68)
and (4.69) into (4.72) which is then solved numerically using Maple, as described

in the following section.

4.4.5 Numerical and asymptotic methods
4.4.5.1 Numerical methods

While plotting our results for the dispersion relation o(I) (4.72), we encountered
many difficulties when the wave number [ became large, especially on the upper
branch solution. The main reason is that the function & = LHS(4.72) —RHS(4.72)
contains a large number of exponentials, which depend on [ and ¢. So when [ and
o get large, these exponential terms are huge. Following are the two approaches

we used in Maple to generate plots of the function o(l).

1. Implicit plot: Implicit plots in Maple are essentially contour plots of the
zero contour of A. But this is quite a crude method because Maple’s
implicitplot command relies on just evaluating A on a grid and then
interpolating it. For some of the plots that we generated using Maple’s
implicitplot command, there was evidence of numerical error effecting the
solution branch. Therefore, we look for more accurate way for tracking that

solution branch.

2. Continuation method: Once we know roughly where the solution branch
is, we can track it more accurately using a continuation method. The con-

tinuation method requires an initial guess for o; it then increments [ at each
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step and searches for ¢ in an interval around the previous output value for
o (for Maple code see Appendix E). This method allowed us to extend the

solution further along each branch.

4.4.5.2 Asymptotic analysis

As we have mentioned earlier, for the high value of the front position Sg, it is quite
hard to track down the roots of ¢ for large [. So to determine the behaviour of o
for large [, we have used asymptotic analysis.

The numerical results for o (1) appear to be a straight line for large [. We therefore
seek an asymptotic solution of the form o ~ ¢*[ as | — oo. The expression
A&, of which we are trying to locate the roots, includes both exponentially and
algebraically large and small terms. The Maple asympt routine in general cannot
obtain the asymptotics for such expressions; however it is too large to simplify by
hand. Therefore we have used Maple to carry out the asymptotic expansion in
two stages.

In the first stage, we substitute the ansatz ¢ = ¢*[ into & and then rewrite all
the exponential and hyperbolic expressions in terms of powers of ay = exp(l) and
as = exp(Sg 1) multiplied by appropriate asymptotic expansions in powers of 1/1.

So, for example, we write
) 1, 1 1, . 1
sinh (5 So \/wg —|—4Ela+412) ~ 02€xp (5 So Ero ) (1 +0 (7))
1 _ 1., . 1
— 50[216Xp<_§SOE10'>(1+O(7>>-

While using Maple, we have retained more terms in the series of powers of 1/1

than have been shown here.
The next stage was to collect all the combinations of powers of oy and «s, which

was done by repeated use of Maple’s expand, series and collect routines. Only
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certain combinations of powers appeared, and it was necessary to determine which
was dominant. For example, a; > a5 because S; < 1. But in general it is not clear
whether, for example, a; > a3. So these types of combinations can not be deter-
mined automatically. The combinations of «; and as which appear in the expan-

: 1.5 2,4 3.3 3 5 4.3 4.4 5.3 5.5 6.3 6 4
sion of A are o af, a5 af, o a5, a5y, a5 Qy, a5 Qf, a5y, 5, Qsoy, Q5o

73 : 1.5 2.3 2 .4 3 .3 3 5 4 3
and abay. It is clear that the terms asaf, a5ay, ayay, ooy, ayay, a;ay,

a5 o) and ajaj compared to ajal are exponentially small. Comparing the re-

maining terms o5}, aSa?, aSal and of of, it is easy to see that the term
exp(5.551) exp(51) must be the largest since oy > ay. Thus we discard the re-

maining terms and expand the coefficient of exp(5.Sg1) exp(51) in inverse powers

of [ using asympt. The leading term in this expansion is
E ~ f(o"; other parameters) [ exp(5.551) exp(51).

Setting f equal to zero and solving for o* numerically using fsolve, we obtain the
asymptotic results plotted in Figure 4.12. The asymptotic solutions for the three
branches are plotted in Figure 4.12. As we have mentioned in Section 4.3.4, it was
very hard to find the numerical solutions of ¢ on the upper branch front position
for large [. But Figure 4.12 shows that there always exists an asymptotic solution
for all the branch front positions. The low branch in the interval |R3| € (2.35, 7.47)
is unstable to short-wave perturbations because ¢* > 0 as [ — oo. The middle
branch when |R3| € (0.676, 7.47) is unstable for all wave numbers. Figure 4.12 (b)
shows that the transition to short-wave instability on the upper branch happens

when |R§™ | =~ 0.7665.

3, 00
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Figure 4.12: Asymptotic solution for the low, middle and upper branch front

positions.

4.4.6 Numerical results for (/)

In Section 3.1.1, we have found three solution branches, i.e. three possible values
for S§. These three possible front positions correspond to three different flow
rates across the interface. In the following discussion, we restrict the analysis to
|Rs| € [0, 9] because for all higher values of |Rs| the transcendental equation (4.59)

has only one solution for Sg.

4.4.6.1 Stability analysis of the low branch front position

The bifurcation diagram 4.13 (a) shows that in the interval |R3| € [0, 7.47) the
interface S has a low branch position. This low branch includes the only solution
for S§ when |Rs| € [0, 0.676). The low—S; solution corresponds to a configuration
in which the porous layer is mostly filled with vapour, and there is a strong flow
from vapour into liquid with condensation occurring at the front (see the discus-

sion in Section 3.1.1 and the schematic in Figure 4.13 (b)).
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(a) The low branch solution with respect to |R,|
l F
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(b) A configuration in which the medium
is mostly filled with vapour

x =0
liquid phase

X =S,
vapour phase

x=1

HH b4

Flow Flow

Figure 4.13: The low branch solution and the corresponding schematic configura-

tion.

The stability analysis results in Figure 4.14 (a) shows that the unique low
branch front position is stable. Loss of stability occurs first when |R3| & 2.08125;
note that this Rayleigh number value is rather higher than the value at which this
branch becomes non-unique. When the Rayleigh number crosses the medium-wave
threshold, i.e, |Rs| > |R§,; ;| = 2.08125 and R3 < 0, then the condensation front
becomes unstable to medium wave perturbations only (see Figure 4.14 (b)). Re-
maining on the low branch solution, the liquid-vapour interface becomes unstable

to short-wave disturbances when |Rs| > |R§| ~ 2.35 and R3 < 0 (see Figure

4.14 (c)).
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Unique front position
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Figure 4.14: Stability plots of the low branch condensation front, where ¢ =
0.38, Ry = 0.0006, Ry = 875, By =1, By, =1, C = 202, k = 4, Hy,, =
8.74, ©g =2, R=2211 and R3 <0.

4.4.6.2 Stability analysis of the middle branch front position

The bifurcation diagram 4.15 (a) shows that in the interval |R3| € (0.676, 7.47) the
interface S; has three solutions, of which we will now discuss the middle branch in
this section. The intermediate solution for the interface Sj corresponds to a slow

flow either from vapour into liquid or from liquid into vapour (see Section 3.1.1).
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The middle branch solution with respect to |R,|
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Figure 4.15: The middle branch solution.
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Figures 4.16 and 4.17 show that the middle branch front position is unstable

for all wave numbers. The turning point between the low and middle branches is

at |R3| &~ 7.47. The behaviour of the growth rate o in the neighbourhood of the

turning point (at |Rs| ~ 7.47) is shown in Figure 4.16. Figure 4.16 (c) indicates

that o(l = 0) passes through zero precisely at the turning point. Figures 4.17

show that the asymptotic solutions and the numerical solutions of the dispersion

equation (4.72) for the middle branch front position agree well.
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Figure 4.16: Behaviour of the low and middle branches near the turning point at

| Rs| ~ 7.4666.
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Figure 4.17: Stability plots of the middle branch position of the liquid-vapour

front.
4.4.6.3 Stability analysis of the upper branch front position

The bifurcation diagram 4.18 (a) shows that in the interval |Rs| € (0.676, 9] the
interface S; has an upper branch position. This upper branch also represents the
only solution for S§ when |Rs| 2 7.47. Figure 4.18 (b) shows that the high—S§
solution corresponds to a configuration in which the porous layer is mostly filled
with liquid, and there is a strong flow from liquid into vapour with evaporation

occurring at the front (see the discussion in Section 3.1.1).

(a) The upper branch solution with respect to |R,|
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Flow

2R

liquid phase

vapour phase

() is mostly filled with liquid

A configuration in which the medium
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x=0
X =S,
X =1

Figure 4.18: The upper branch solution and the corresponding schematic configu-

ration.

The stability plots 4.19 illustrate the behaviour of the middle and upper branch

near the turning point at |R3| ~ 0.67632. The growth rate o passes through zero

for [ = 0 precisely at the turning point. Furthermore, the upper branch front

position in the neighbourhood of the turning point becomes stable to long-wave

perturbations only.
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Figure 4.19: Behaviour of the middle and upper branches near the turning point

at |R3| ~ 0.67632.
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Representative examples of the variations in growth rate ¢ with wave number
[ for the upper branch front position are given in Figure 4.20. The bifurcation
parameter Ry is the curve parameter as before. Figure 4.20 (a) shows that the
high—S§ front position first becomes stable to very long (but finite) wavelength
perturbations. When |R3| < 0.7665 then the upper branch is unstable to short-
wave perturbations. Figure 4.20 shows that when 0.7505 < |R3| < 0.7665 then the
liquid-vapour interface is stable to both long and short-wave perturbations since
o < 0. As |R3| increases in magnitude beyond 0.7505, the upper branch front
position S§ ~ 1 and the medium is almost entirely filled with liquid. It is not only
liquid, as there is still a vapour region, but this is very thin. Essentially the front
is “anchored” by the boundary conditions at x* = 0 and has very little space in

which it can be perturbed.

Short-wave instability
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Figure 4.20: Stability plots of the upper branch position of the isothermal liquid-

vapour front.
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4.4.7 Summary of our findings

Finally, we are in a position to summarise our findings about the stability of the

liquid-vapour interface. Figure 4.21 summarises our results.

(i)
(i)

(i)

(iv)

(vi)

For |R3| < 0.676 : There is only one front position, which is stable.

When 0.676 < |R3| < 0.7705 : There are three front positions and only the
low—.S; position is stable. The intermediate and the high—S{ front positions

are unstable.

When 0.7705 < |R3| < 2.08 : There are three front positions. The middle
branch position is unstable to all wave numbers. The remaining two are

stable.

When 2.08 < |R3| < 2.35 : There are three front positions. The low—Sj
position is unstable to medium-wave perturbations only. The middle branch

is unstable to all waves, whereas the upper branch is stable.

When 2.35 < |R3| < 7.47 : There are three front positions. The low—S§
position is stable to very long (but finite) wavelengths. The middle branch

is unstable to all wave numbers, whereas the upper branch is stable.

For |R3| 2 7.47 : There is only one front position, which is stable.
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1f e = o S & BT e = E S S ST B Stable for all wave numbers, i.e., 0 <0, 0I,
i = for |R,| J[0, 2.08). (stable lower branch)
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for |R,| 0J(2.08, 2.35). (unstable lower branch)
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Figure 4.21: Identification of stable and unstable behaviour of the isothermal

liquid-vapour interface.
4.5 Summary and conclusions

In this chapter we used linear stability methods to study the behaviour of the
steady phase-change front between a liquid and its own vapour in a porous medium,
where the boundaries were assumed to be isothermal. The unperturbed state was
analysed with the assumption of no through flow then later on this assumption

was relaxed.

4.5.1 Isothermal interface with no through flow

Two dimensional stability analysis was carried out of a base state with fixed tem-
peratures at the top and bottom boundaries with no through flow. We concluded
in Section 4.3.6.2 that when the liquid-vapour interface is at the middle of the
porous layer with the assumption that there is only pure conductive heat transfer
in the entire system then the transition to instability is spontaneous, which is com-
pletely in agreement with the results shown by Iichev & Tsypkin [31]. But if heat
advection is included the results are different and there is no longer a spontaneous

transition to instability when the front is at the middle of the porous layer.
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4.5.2 Isothermal interface with through flow

In Section 4.4, we discussed the stability of the most interesting case, where the
interface with through flow has multiple positions. We find ourselves in agreement
with Ilichev & Tsypkin [30] that a stable regime is possible when the water layer
overlies the vapour layer, where the basic state is both advective and conductive.
But II'ichev & Tsypkin [30] analysis fails to consider the stability of the multi-
ple basic states that are available at higher Rayleigh numbers |R3|. Our approach
throughout was to seek the most comprehensive analytical description of the multi-
ple basic states phenomena. We show that the upper and middle solution branches
for the front position are always subject to an instability of Rayleigh-Taylor type,

which is particularly effective for short-wave perturbations.



Chapter 5

Stability of Steady Solutions with
a Heat Flux Condition on the

Surface

In this chapter, we will extend the problem studied in Chapter 4 by considering
that heat is extracted at a constant rate at the liquid boundary, while the vapour
boundary is kept isothermal. This problem can be expected to be richer than the
problem with isothermal boundary conditions, because we have shown that the
interface can have multiple locations both with and without gravity (see Section

3.1.2).

5.1 Non-dimensional form

For the proposed two dimensional stability problem, the dimensionless forms of
the continuity equation, Darcy’s law and the heat transport equation in both
phases (liquid and vapour) are given in (4.6), (4.7) and (4.8). The dimensionless

mass flux condition at the liquid-vapour interface will remain the same as (4.10).

122
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But because of the fixed flux condition at the liquid boundary, the energy jump
condition (2.51) after using the appropriate dimensionless quantities (3.15), (3.20)

and (3.28) has a new dimensionless form

SOa(sg;+65f): C [1]0(00)+€Ou,) 0(S;+e5;)0 (00, +Or,)
ot Hyap

k ox* oy* oy*

. 0 (G?iq Te @lliq) _ 9 (SS te ST) 0 (@?iq + 66}1’61)
or* oy* oy*

. (8(1\0 + EAl) i R3>
or*

x*=Sp

(5.1)

The fixed heat flux condition (3.29) at the liquid boundary z* = 0 in perturbed

form is
0 (@?iq +e @}iq)
ox*

o Pec; 1
o G )
We will follow the same procedure as in Chapter 4 to obtain the zeroth and first
order problems for the stability analysis (see Section 4.2.1). In Chapter 4, we have
discussed the stability of the basic state with and without through flow. Here we

will follow the same approach.

5.2 Stability when there is no through flow

In this section, we will discuss the stability of a steady liquid-vapour phase change
front in a porous medium with heat extraction from the liquid boundary, with no
through flow. The steady state has been discussed in Section 3.1.2 as a special case
of a through flow problem. The two important parameters in this problem are the
Rayleigh number (R3) which accounts for buoyancy effects, and the dimensionless

heat flux (Q;,) at the liquid boundary.
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5.2.1 Steady state

We have made the same assumptions as in Section 4.3.1. The governing equations
for the pressure and the temperature profiles remain the same as (4.26) and (4.27),
respectively. However, the temperature boundary conditions change, since we are
considering a constant heat flux condition at the liquid boundary instead of the
isothermal temperature. If we assume no through flow in the basic state, the state
under consideration becomes a limiting case of the through flow problem discussed
in Section 3.1.2. The limit of the fixed heat flux condition (3.29) as the reference

Peclet number Pec; — 0 yields

dz*

d@o ~ _ Qliq

il -+ O(Pecy). (5.3)

z*=0
Equating the terms proportional to ® in (5.1) gives the energy jump condition in

the basic state

d@?iq 1 d@gap
_ = —0. A
dx* k dx* 0 (5-4)

The solution of (4.27) with the fixed heat condition (5.3) gives the conductive

temperature profile in the liquid region

@Oi

lig = kq(So_x )+ 1, (5.5)
and the temperature profile in the vapour phase remains the same as (4.28). The
front position Sj in the steady state with a fixed heat flux condition is obtained

by substituting (4.28) (thermal gradient in the vapour phase only) and (5.5) into

the energy jump condition (5.4), obtaining

g — 1
Sg:—Q’C; .
lig

The same expression as (5.6) for the steady front position has been found as a

(5.6)

limiting case, when the fluid is stationary (see Section 3.1.2, equation (3.33)). The
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dimensionless stationary front position 0 < S§ < 1, so the expression for the

minimum heat flux Qy;, is

mini __
Qg =1
1r
09 F
0.8 F
] F
= o7k
k] E
= =
5 06F
Q E
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= r
< o
g o4r
3 03f
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Constant heat flux, Q ig

Figure 5.1: Steady liquid-vapour interface position vs dimensionless heat flux @4,

where Q™ = 1.

Figure 5.1 presents typical results for steady front position S; as a function of
dimensionless heat flux Qy;, with Qi > ngqim. It can be observed that the greater
the heat flux at the upper (liquid) boundary, the closer the front moves to the
lower (vapour) boundary, increasing the heat flux between vapour boundary and

front to match y;,. Furthermore, the liquid-vapour interface has a unique position

without through flow.

5.2.2 Perturbed state

The mathematical formulation of the two dimensional low behaviour is the same

as given in Section 4.3.2. The perturbed time dependent advective and diffusive
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heat flow in both phases (liquid and vapour) is governed by
90y, O, dOY,

E - — *2@1'
Lo ox* dz* \ ligs (57)
Eyk Ry 09y, Ry Rok 0L dO, _ .0,
C ot* C  Ox* dx* vap
The corresponding first order temperature boundary conditions are
66[1“] 1 * * d@?u]
81'* - - 07 @liq(SO> - _Sl d{E* I*:S*J
460 0 (5.8)
1 1 * * va
®vap(1) = 07 @vap(SO) = _Sl d(lf*p g
-0

Equating the terms proportional to € in equation (5.1) gives the first order heat

jump condition at the phase change front,

as; [ C [1(, a6, 00k, POl 00y,
¢8t* N {Hvap {E {Sl dx*? + or* }_{Sl dx*? + ox* H

5.2.3 The eigenvalue problem

The eigenvalue problem and its solution for the pressure profiles in the liquid
and in the vapour regions has been already given in Section 4.3.3. The normal
mode expansion (4.34) of the first order temperature profiles (5.7) and of the

corresponding boundary conditions (5.8) gives

2 ey,
(d —Elo'—l2>¢liq+ g d\Ij*O

dr*? de* dz* - 10
d(bliq * d@?zq ( . )
% - Oa ¢liq(So) = _(I) W )
x*=0 .Z‘*:SS
& EykR Ry Ry k d©°, d%
— - l2 va = — = 07
(dx*2 c ‘ >¢ T C dzx*  dz*
460 (5.11)
Gup(1) =0, Gup(S5) = =@ 22
J:*:S(’J‘
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where d@?iq /dx™ and d@gap /dx* denote basic state vertical temperature gradients

in the liquid and in the vapour phase, respectively, which can be obtained by

differentiating (5.5) and (4.28) with respect to z*,

Oy _ _Quy Oy 1 (5.12)
dx* k dz* Sg—1

The solution of (5.10) for the liquid phase temperature eigenfunction is

21 Qi C1 [ cosh(yy z*) cosh(1.S})
Eiko cosh(7 55)

Guig () = — cosh(! x*)}
Quiq® cosh(y12*)

L cosh(y1S8)

(5.13)

In the above equation, the expressions for 7; and C; are given in Section 4.3.3.
The solution of (5.11) for the vapour phase temperature eigenfunction will remain

the same as (4.39).

5.2.4 Dispersion analysis

The relationship between the growth rate and wave number is obtained by substi-

tuting (4.34) into (5.9) which yields

C 1 d¢va d¢lz aw
o = ZMvap gl _ 2 . 5.14
v { Hop { k dr  drr } d* }S (5-14)

Substituting (4.36), (4.39) and (5.13) into (5.14) gives the dispersion equation

C 21 Qs C . . . .
pod = fap{ - [ﬁ {7 tanh(y; S§) cosh(l.S5) — I sinh(l.S5)}

Qliqq) 1 2 l R2 CQ 1
———tanh(y,.5; =
+ L tan (1150)| + k | (St —1) Eyo cosh(l) — sinh(1)

% {Isinh(I(S; — 1)) — 92 sinh(12(S] — 1)) — 72 coth(35(S; — 1))

< {eosh((S ~ 1)) — cosh3a(S5 ~ D))} = g 5 coth(3a(S5 — 1) }

{@o + [R5 coth(1S5) }
— (1-— P
(1= H) {3132 coth(1(S; — 1)) — coth(1Sy)

+ Rgl} coth(1S). (5.15)



CHAPTER 5 128

5.2.5 Transition to instability

In this section, the possible types of transition to instability will be discussed
but before that it is important to findout the critical Rayleigh numbers for both
zero wave number and infinite wave numbers, which play important roles in the

changeover of the stable system to unstable.

5.2.5.1 Onset of instability due to short-wave perturbations

The asymptotic analysis of (5.15) is used to find the parameters, especially the
critical Rayleigh number, which control the instability for infinite wave numbers.

1
For this let 0 = ¢" [ and ¢* = 09 + T +0 (l2) and take [ — oo, then using the

asymptotic series of (5.15) gives
C
Hvap

[ } {Qliq —0 {(1 — Ry)(poyg — RiRyRs)
Sp—1 a 2k (RiRy + 1)

pogl+poy ~

l le R2 ((on‘i‘Rg) (1 —Rl) +O'0E2(R1R2+ 1)
K\ C 2(RiRs +1)(S; — 1)

+

k
0109 QOO'[) — RlRQRS) (1 — Rl)l
2k (R1Ry+ 1) RiRy +1

Equating the terms proportional to [, (5.16) yields

gg ~~

1 C 1 1f 1 1 -
C 1 RR+ { th}_ Ry Ry Ry (517

Y Hupk Bi(Ro+1) | S5 —1 R+l ¢

first term second term

The above dispersion relation for short waves has the same interpretation as for
the isothermal steady state (4.43), except that the cooling parameter @Qy;, appears
instead of the ratio of temperature contrast ©g, and the reciprocal of the Stefan
number H,,, appears instead of Hj;,. The first term (with negative sign), which

represents the diffusive heat transport process, has a stabilising effect, whereas
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the second term (with positive sign when liquid is above vapour, i.e, Rz < 0),
which represents the buoyancy force, has a destabilising effect on the liquid-vapour
interface (see Section 4.1). Thus, the competition between the horizontal diffusion
(first term in 5.17) and the buoyancy force (second term in 5.17) will determine
the nature of the liquid-vapour interface for short-wave perturbations.

Assuming that the first and second terms balance each other, i.e. marginal stability
(0o = 0) and solving (5.17) for R3 enables us to find a conditional expression for

the critical Rayleigh number for infinite wave numbers,

| 2 0w C 1 RBy+1
Rcmt ~ Rcmt — ong ~ - e T [ . 5.18
3 300 Hvap k Rl R2 Rl —1 ’ * o ( )

In the light of (5.18) the following three cases can now be distinguished

1. If the Rayleigh number |Rs| > |R{%| and Rs < 0 then the configuration

with liquid above vapour is unstable (¢ > 0) to short-wave perturbations.

2. If the Rayleigh number R; = RS, then the system is neutrally stable

3,007

(09 = 0) for infinite wave numbers.

3. If the Rayleigh number |R3| < |R$?| and Rs < 0; or if R > 0, then the

3,00

system is asymptotically stable (g < 0) for infinite wave numbers.

Figure 5.2 illustrates the effects of the critical Rayleigh number on the short wave-
length disturbances. As was predicted analytically above, if the Rayleigh number
is less than the critical Rayleigh number, then the system is stable to short-wave
perturbations. As the Rayleigh number increases the system becomes more unsta-
ble: this instability is a reflection of buoyancy effects, which is because the heavier
fluid is overlying the lighter fluid (see Section 4.1.1). Note that in all the cases

plotted, short waves are the last to become unstable.
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Figure 5.2: Short wave disturbances of the liquid-vapour interface with no through
flow and a constant heat flux at the liquid boundary, where R; = 0.0006, Ry =
8.75, ¢ = 0.38, Hyep = 41.17, C = 2.02 and k = 4

5.2.5.2 Onset of instability at [ =0

Assuming marginal stability (¢ = 0) and using S§ from (5.6), the critical Rayleigh

number for zero wave number is obtained by taking the limit of (5.15) as I — 0,

crit ~ 2 CQ”Q (Rl R2 (Qliq B 1) + 1)
O R Ry (2O Qug— 1) k(142 Hog)) (B — 1)

(5.19)

The above expression for Rg’:ét contains all the physical parameters associated

with the problem, such as the cooling parameter ()j;,, the density ratio R;, the
conductivity ratio k, the dynamic viscosity ratio Rs, the specific heat ratio C' and
the reciprocal of the Stefan number for vapour phase H,,,. As for short waves,
(5.19) shows that the stability of the liquid-vapour interface is conditional. If

|Rs| < |R§§'| with Rs < 0, then the interface is stable to long-wave perturbations.

5.2.5.3 Onset of instability for medium wave numbers

The critical Rayleigh numbers for zero and infinite wave numbers (5.19) and (5.18)
are functions of various parameters of the problem, in particular the dimensionless

cooling flux @);;, and the density ratio R;. So, the difference between these critical
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Rayleigh numbers is used to find appropriate values for the heat flux @;;, and the
density ratio R; in order to locate regions of parameter space where transition
may occur first for intermediate wave numbers. Figure 5.3 suggests how we can
choose appropriate values for the density ratio R; and the heat flux @;;, for which
the difference between the critical Rayleigh numbers for zero and infinite wave

numbers is approximately zero.
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Figure 5.3: The difference between the critical Rayleigh numbers for zero and
infinite wave numbers vs (a) the density ratio R; and (b) the dimensionless heat
flux Qig, where Ry = 8.75, Hyqp = 7, C = 1.96, and k = 4. Note that R3 < 0

(liquid above vapour).

The physically appropriate value of the density ratio Ry is 0.0006 (see Section
2.7), but for plotting purposes it is convenient to choose a somewhat higher value.
Figure 5.3 (a) suggests that the qualitative behaviour of the stability problem is
the same for all sufficiently small values of Ry: we will consider several values of
Ry in the range (0, 1).

Figure 5.3 (b) shows how a critical value for @, can be located once R; has been

set. Where the line crosses the axis is where the short-wave instability replaces the
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long-wave instability. Close to this critical value of Q;, (see Figure 5.3 (b)), we
might get (i) spontaneous transition as in Il'ichev & Tsypkin [31], or (ii) a finite
most unstable wavenumber.

The dispersion relation (5.15) is solved for the roots in the case of marginal stabil-
ity, i.e., 0 = 0. The roots are obtained numerically and the results are presented in
Figure 5.4 for the critical values of (). This indicates that there exists a critical
Rayleigh number for intermediate wavelengths that results in unstable perturba-
tions at the liquid-vapour interface. Furthermore, as the density ratio increases, the
critical Rayleigh number becomes smaller; as ();, increases, the critical Rayleigh
number gets larger. So, a higher heat flux has a stabilising effect. It is clear that
the transition to instability occurs for medium wavelength. For zero and infinite
wave numbers the front is marginally stable at the same value of R3, because we

have chosen ();, in such a way to ensure this happens.
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Figure 5.4: The critical Rayleigh number R§™ verses wave number [ for the dimen-
sionless heat flux @4, for various values of Ry. Here Ry = 8.75, Hyyp = 7, E) =

1, By =1,C =1.96, ¢ = 0.38 and k = 4. Note that R3 < 0 (liquid above vapour).

In Figure 5.4, Ry  ~— and RS® — are defined as being the smallest and largest

3, mint 3, max

magnitude of the Rayleigh numbers, respectively, for which we have o = 0 for
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some wave number /.

The behavior of the dispersion relation for the three different combinations of
the proposed critical values of @, (R1) (see Figure 5.3 (b)) is illustrated in Fig-
ures 5.6 and 5.5. As was discussed above, the transition to instability occurs
first for medium-wave perturbations. Figure 5.5 confirms that for the minimum
critical Rayleigh number (see Figure 5.4 for RS'Y,,;) the liquid-vapour interface is
marginally stable. In this medium-wave region, an increase in the critical Rayleigh

number will cause further instability of the liquid-vapour front. Figure 5.5 shows

that a stable liquid over vapour configuration is possible if |Rs| < |R§", ..
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Figure 5.5: Medium wavelength disturbances of the liquid-vapour interface with

no through flow and a constant heat flux condition.

Figure 5.6 shows that when RY" = RS the system is marginally stable to

3, max’

medium waves, whereas the zero and short-wave perturbations are unstable.
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Figure 5.6: The long wavelength behaviour of the liquid-vapour interface with no
through flow and a constant heat flux condition when the critical Rayleigh number

For Rg

3, max

Rcrit _ Rcrit
3 =

3, maz see the text.

5.2.6 Special cases

From the dispersion equation (5.15), three different special cases are derived in the
same manner as in Section 4.3.6. The key variation in these cases is the assump-

tion of different modes of heat transport (see Table 5.1).

Boundary conditions Basic state Perturbed state

Only diff in the entire system
Flux at the top and fixed
temperature at the bottom | no through flow | Adv & diff in the liquid phase
with fixed pressure

Adv & diff in the vapour phase

Table 5.1: List of problems under consideration with fixed flux condition
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The asymptotic conditions on critical Rayleigh numbers for long wavelengths for
the above different cases are given in Table 5.2. These asymptotic conditions can
be used as a convenient starting point for the stability analysis and we can use

them to explore the dependence on various parameters.

Critical Rayleigh number, |R§Tét| Modes of heat transport

CQuig (B1 Ry (Quig — 1) + 1)
Ry Rok Hygp (Ry — 1)

C Qiuig (R1 R2 (Quig — 1) + 1)
Ry Ry (C( Qliq — 1) + kHvap) (Rl — 1)

20 Quiqg (R1 R2 (Quig — 1) + 1)
R1 Ry k (2 Hyap + 1) (R1 — 1)

2C Qg (R R (Quig — 1)+ 1)
Rl R2 (2 C( Qliq - 1) +k (1 + 2Hvap)) (Rl - 1)

Only diff in the entire system

Adv & diff in the liquid phase

Adv & diff in the vapour phase

Adv & diff in the entire system

Table 5.2: List of critical Rayleigh numbers for long-wave perturbations with fixed

flux condition

For all the above cases, the condition on critical Rayleigh numbers for short-wave

crit

5%, ) is the same as (5.18), because horizontal diffusion dominates

perturbations (R
over advection for short-wave length disturbances (for physical mechanisms see
Section 4.1). The same observations were made for the isothermal steady state
(see Section 4.3.6.4).

Following the same procedure as in Section 5.2.5.3, the difference between the crit-
ical Rayleigh numbers for short (5.18) and long wavelengths (see Table 5.2) has
been used to find the appropriate values for the heat flux ();;, and the density ratio
Ry. The results for R§¢ — RS are plotted in Figure 5.7 (a), where the different
curves are the different modes of heat transport. Figure 5.7 (a) suggests that, as

in Figure 5.3 (a), the qualitative behaviour is the same for all sufficiently small

R;. We take R; = 0.04 for plotting purposes. This is then used to find the critical
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value for the cooling parameter @y, (see Figure 5.7 (b)).
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Figure 5.7: The difference between the critical Rayleigh numbers for zero and
infinite wave numbers vs (a) the density ratio R; and (b) the heat flux Q;, for the
different modes of heat transport, where Ry = 8.75, Hyop = 7, C = 1.96, k = 4
and ¢ = 0.38.

The dispersion relation equations for the different modes of heat transport in Ta-
ble 5.1 are obtained from (5.15) (dispersion equation for a system with advection
and diffusion in both phases). Then, in the case of marginal stability, i.e., o = 0,
the stability results are presented in Figure 5.8 for the suggested critical values of
Quiq (see Figure 5.7 (b)). The results in Figure 5.8 for the different heat transport
processes (see Table 5.1) are broadly in agreement with those and in Figure 5.4 for
the problem with advective and diffusive transport in both phases. The transition

to instability happens for medium wavelengths.
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Figure 5.8: The dependence of | R§™| on the wave number [ for the different modes
of heat transport (see Table 5.1), where Ry = 0.04, Ry = 8.75, Hyyp = 7, C =
1.96, k=4, By =1, B, = 1 and ¢ = 0.38.

It will be interesting to know whether advection is essential to such a configu-
ration (steady state with no through flow). For this, we have used the values of the
critical Rayleigh numbers for medium and long wavelengths given in Figure 5.8 for
each individual heat transport process. The medium-wave unstable behaviour of
the liquid-vapour interface with and without heat advection is presented in Figure
5.9. Figure 5.9 shows typical results for the dependence of growth rate (o) on the
wave number ([) for constant heat flux ();;, and for different Rayleigh numbers
(for the values of @4, Ry and Rj see Figure 5.8).

Figure 5.9 (a) shows that the system with pure diffusion becomes unstable to
medium waves when |Rs;| ~ 3.0833. For the same values of Q,, R; and Rj,
the dispersion relations for the remaining three combinations of heat transport
processes are plotted for comparison. It is clear that when the system with pure
diffusion is marginally stable then the configurations with advection are unstable
to both long and medium-wave perturbations. The short-wave perturbations are

stable with and without advection for this particular set of parameters.
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Figure 5.9: Medium wavelength disturbances of the system with and without

crit |
3

advection and a fixed flux condition at the liquid boundary. The values of | RS, ;

Quiq and the other parameters for (a), (b) and (c) are adapted from figure 5.8 (a),

(b) and (c), respectively.

Figure 5.9 (b) shows the results for the value of R3 at which the system with
advection and diffusion in the vapour phase and pure diffusion in the liquid phase
is marginally stable. In comparison with the remaining configurations, the sys-
tem with pure diffusion is stable for all waves. The system with advection and
diffusion in the liquid phase and pure diffusion in the vapour phase is unstable
to long waves, whereas the system with advection and diffusion in both phases is
unstable to both long and medium waves. As before, the short-wave perturbations
are stable with and without advection.

Figure 5.9 (c) shows that the system with advection and diffusion in the liquid

phase and pure diffusion in the vapour phase becomes unstable to medium-wave
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perturbations when |R3| ~ 5.7716. The systems with advection and diffusion in
the vapour phase and in both phases are unstable to medium waves only.

The results for the transition to instability for zero-wave perturbations of the dif-
ferent cases given in Table 5.1 are plotted in Figure 5.10. A curious feature of
Figures 5.9 and 5.10 is that long-wave perturbations are more unstable when ad-
vection is included in the liquid phase but not in the vapour phase, whereas the
opposite is true for short-wave perturbations. We have not so far been able to

explain this physically.
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Figure 5.10: Long wavelength disturbances of the system with and without advec-
tion and a fixed flux condition at the liquid boundary. The critical values of | RS/
and )y, and the other parameters for (a), (b) and (c¢) are adapted from figure 5.8

(a), (b) and (c), respectively.

The overall feature of these special cases is that the transition to instability occurs
for medium waves both with and without heat advection. The same observations
were made for the steady state with no through flow and isothermal boundary
conditions (see Section 4.3.6.4). Furthermore, advective heat transport is not es-
sential for instability, but it encourages the unstable behaviour.

A particularly interesting aspect of this problem is that we found maximum and

minimum values of R3 for which the system is marginally stable for medium waves.
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In the steady state with isothermal conditions, we have not seen this behaviour,
although we cannot rule it out for some parameter regime that we have not in-
vestigated. For the moment, as far as we know it occurs only for this particular

configuration (steady state with a constant flux condition).

5.3 Stability with non-zero through flow

In this section, we will discuss the stability of a base state with fixed temperature
at the vapour boundary and a constant heat flux at the liquid boundary, with
non-zero through flow. The competition between the effects of cooling and the
viscosity difference in such configurations means that multiple front positions are
possible (see Section 3.1.2). We will investigate the stability of each position of
the liquid-vapour interface using the bifurcation diagram to guide us as in Section

4.4.

5.3.1 Steady state solution

The detailed mathematical formulation of the steady-state through flow problem,
and its solution, have been discussed in Section 3.1.2. We found exact solutions
for the base state and confirmed the results given by Rubin & Schweitzer [68],
that for a constant heat flux there may be up to three steady-state front positions.
The bifurcation diagram 5.11 shows that in the intervals |R3| € [0, 34.093), |R3| €
(0.23, 34.093) and | R3| € (0.23, 45], the liquid-vapour interface S§ has low, middle
and upper branch solutions, respectively. We will analyse the stability of the
liquid-vapour interface, following the direction of the arrows as shown in Figure

5.11.
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Figure 5.11: A bifurcation diagram for the liquid-vapour front S§ with a constant
heat flux at the liquid boundary, where R; = 0.0006, Ry = 8.75, C' = 2.01, k =
4, Hyop = 41.17, Pec; = —160, Qi = 1.45, R = 22.11 and R3 < 0. See text for

explanation of arrows.

5.3.2 Perturbed state

The first order formulation of the two dimensional, time-dependent flow with time
dependent mass flux across the liquid-vapour interface has been given in detail in
(4.30). The perturbed time dependent advective and diffusive heat flow in both

phases (liquid and vapour) is governed by

90}, N Pec; F(S;)C 00y,  0A, dOp,
1

E o — *2 1'
Ot k ox* ox* dx* V7 Oy, (5.20)
Eyk R, 06}, 00, Ry R,k Ol dO! '
va; P zF * vap vap — *2 M1 )
o o Tl 5s C o dr Y O

The corresponding perturbed thermal boundary conditions and the time dependent
heat jump condition across the liquid-vapour interface S will remain the same as

given in (5.8) and (5.9), respectively.

5.3.3 The eigenvalue problem

The details of the eigenvalue problem and its solution for eigenfunctions of the

pressure profile in both phases have been given in Section 4.4.3. The first order
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temperature profiles (5.20) and the corresponding boundary conditions (5.8) are

expanded using the normal mode expansion (4.34), giving

d? Pec; F(S§)C d 9
(dx“ - 2 Az _Ela_l)%
Pec; F(5; * \J
My exp ec; F(S3)Cx*\ d _o
k dz*
doy; .
Weal =0, Gulsi) =M,
#=0 (5.21)
& . d EkR
(dx*z — Pec; F(S) O o—1 ) Pvap
Rl RQk * * dz
o Nyexp (Pec; F(S5) (% — 1))dx* =0,

¢vap(1) =0, ¢vap(58) =—N; ®,

where

Qliq PGCZ' 1
My=——|Hwwp+——5 |
! r 1 — exp(Pec;)

Pec; F(S5;
My = M, exp (# 53)

(5.22)

The solution of (5.21) for the temperature eigenfunction in the liquid phase is

1

PuaT) = FE L

{fl fo My My Gy exp(z”(wo — 1)) + {Mg cosh (7323:*)

*

+ 4 M7 wy sinh (73; )] exp (x 2w0> — f1 fs My My Csl exp(x™(wo + 1))},

(5.23)

where

M; =exp(woSy), Mi= fiys—wofa, Ms= f573P M fe,

M, C5l

Me = fo fr— f3[s, M7= 1

{4 1 fo(Bro+17) + M},

Mg = — | M5+ M C31{4 fi fawo (Ero +1?) +v3 Mg} |.
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The expressions for 3 and the various f; are given in (4.69). Since we have
considered a fixed temperature at the vapour boundary, the solution of (5.21) for

the temperature eigenfunction in the vapour phase will remain the same as (4.69).

5.3.4 Dispersion analysis

The relationship between the growth rate ¢ and the wave number [ is obtained by
using the energy balance across the liquid-vapour interface. The substitution of

the normal mode expansion (4.34) into (5.9) leads to

C 1 d*e° do d?O),  ddy, dv
@ — - @ vap vap _ @_’Lq _Zq = .
0o {Hm,, {k{ d? | dr } { d?  dar H dx*}z*ss

(5.24)
From the basic state we know that
d*ey, Pec; F(S5) C
e I S
v s (5.25)
d*ey,, . '
W s = N4 PGCi F(SO)

Substituting (5.25) into (5.24) yields

O (1 [ douap .
gochD—{Hvap [E{ e +(I>N4PecZF(SO)}

drig Pec; F(S:) C 4T
- —+PMy—— | — 2
{ d,f[,‘* + 2 k' dl'* m*:SS ) (5 6)

which can be solved numerically for values of the dimensionless growth rate o. The
numerical and asymptotic solutions of the dispersion equation (5.26) are analysed
in the (Quq, R3) parameter space, where | R3] is the bifurcation parameter and @,
is the cooling parameter as before. The numerical and asymptotic methods used
for analysing the dispersion relation () have been discussed in detail in Section

4.4.5.



CHAPTER 5 144

5.3.5 Asymptotic analysis

The asymptotic analysis of the dispersion function (E = LHS(5.26)—RHS(5.26)
will help to explain the stability behaviour for short-wave perturbations. The de-
tails of the asymptotic method have been given in Section 4.4.5.2.

We have assumed an asymptotic solution of the form ¢ = ¢* [ as | — oco. An expla-
nation of this ansatz lies in the numerical observations of the dispersion function
(E which suggest that the growth rate o behaves linearly for large [.

Following the same procedure as in Section 4.4.5.2, all the exponential and hy-
perbolic terms in the expression (E are rewritten in terms of a; = exp(l) and
ay = exp(S§ 1) multiplied by appropriate asymptotic expansions in powers of 1/1.

The combinations of a; and as which appear in the expansion of (E are
sl =exp(Si ) exp(51), ajaf=exp(25;1)exp(4l),
as ol =exp(3S5 D exp(31), asa’ =exp(3S;1)exp(5l),
ayal =exp(4S5 1) exp(4l), abad =exp(5S51)exp(31),
asal =exp(555 ) exp(51), a5al =exp(6S;1)exp(4l),

s o = exp(755 1) exp(31).

From the above combinations, it is clear that the terms ay o, o2 af, ad a2, b a®,

o af and aja? compared to ofa’ are small. Comparing the remaining terms
5 5 6 4 d T3 o lude th 5 5 he 1
gy O], Qi and oy af, SInce o > (g, we conclude that a;, af 1s the largest term.

Thus expanding the coefficient of exp(5.S5 1) exp(5!) in inverse powers of [, we get

the leading term in the expansion which is

(E ~ f(o"; other parameters)l exp(5.S51) exp(51).
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Finally, we set f equal to zero and solved numerically for o*. The asymptotic
results for the low and the middle branch front positions are plotted in Figure
5.12. The low branch solution in the interval |Rs| € (9.525, 34.093) is unstable
to both medium and short-wave perturbations. The middle branch solution for
the liquid-vapour front in the interval |Rs| € (0.7365, 34.093) is unstable to all
perturbations. The asymptotic growth rate ¢* for the upper branch is not shown

because it is always negative and hence stable to short-wave perturbations.
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Figure 5.12: Asymptotic solution for the low and middle branch front positions.

5.3.6 Numerical results for (/)

The dispersion relation (5.26) is analysed following the bifurcation diagram 5.11.
The roots of o(l) are obtained numerically using Maple for the three different

branch front positions and the results are presented in the following sections.

5.3.6.1 Unstable low branch solution

The bifurcation diagram, Figure 5.11, shows that the liquid-vapour interface has

a low branch solution in the interval |R3| € [0, 34.093). This low branch solution
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corresponds to a strong flow from vapour into liquid (see Section 3.1.2).

The behaviour of the dispersion relation for the low branch solution is illustrated in
Figure 5.13. Figure 5.13 (b) shows that the medium wavelength perturbations to
the low branch front position are unstable with and without buoyancy. This shows
that apparently Saffman-Taylor fingering is causing an instability. It is natural to
ask how gravitationally stable this needs to be to overcome the viscous fingering in-
stability. So, we considered some positive values for R3 and found that the system
is stable when R3 =~ 43.715. The stability results for positive Rayleigh numbers
(vapour above liquid) are presented in Figure 5.13 (a). The physical mechanism
associated with Saffman-Taylor instability is discussed in Section 5.3.7. Figure
5.13 (c) illustrates the effects of the Rayleigh number on the short wavelength
disturbances and shows that transition to instability for infinite wave numbers is

possible, but only for large Rayleigh numbers compared to medium wave instabil-
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Figure 5.13: Stability plots of the low branch solution of S; with a fixed flux

condition.

The asymptotic results for the low branch solution are compared with the numer-
ical results in Figure 5.14. Figure 5.14 shows that for short-wave perturbations,

the asymptotic and the numerical results are in agreement for |Rs| > |R§™| but

crit

not necessarily for values of |R3| close to or less than |R$Y |.
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Figure 5.14: Comparison between the numerical and asymptotic solutions for the

low branch solution of Sj with a fixed flux condition.

5.3.6.2 Unstable middle branch solution

Figure 5.15 shows that o(I = 0) passes through zero precisely at the turning
point between the middle and upper branches (see the equivalent behaviour in
Section 4.4.6.2). The middle branch front position under discussion corresponds
to |Rs| € (0.23, 34.093) (see the bifurcation diagram, Figure 5.11).
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Figure 5.15: Behaviour of the low and middle branch near the turning point at

|Rs| = 34.093. The log scale is used for better visualisation.

Between the turning point and |Rs| ~ 0.7365 (corresponding to S5 =~ 0.601) the
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middle branch is unstable to all perturbations. At |R3| ~ 0.7365, the short-wave
perturbations become stable (see Figure 5.16 (d)). Figure 5.16 (d) shows that
as |Rj| decreases the front position S§ on the middle branch increases and the
short-wave perturbations become stable. This contrasts with the middle branch
front position with the isothermal boundary conditions, which is unstable to all
disturbances (see Section 4.4.6.2).

The asymptotic solutions for the middle branch are presented in Figures 5.16 (a),
(b) and (c). The asymptotic solutions and the numerical solutions for the middle

branch front position agree well.
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Figure 5.16: Stability plots for the middle branch front position and comparison

with asymptotic solution.
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5.3.6.3 Stable upper branch solution

The bifurcation diagram, Figure 5.11, shows that the interface S; has an upper
branch solution in the interval | R3] € (0.23, 45]. In the neighborhood of the turning
point between the middle and upper branch at | Rs| =~ 0.230899, the upper branch
is stable to all perturbations (see Figures 5.17 (a), (b) and (c)). In comparison, the
upper branch front position for the isothermal boundary conditions, first becomes
stable to zero-wave perturbations, then to short-wave perturbations and finally
becomes stable to all perturbations depending on the controlling parameter, the
Rayleigh number |Rj| (see Section 4.4.6.3). Figure 5.17 shows that the upper

branch front position is stable to all wavelengths.
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Figure 5.17: Stability plots of the upper branch front position with a fixed flux

condition.
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5.3.7 Rubin and Schweitzer [68] revisited

In the absence of gravity, i.e, R3 = 0, the transcendental equation (3.32) describes
a porous configuration in which fluid flows horizontally from a vapour phase into
a liquid phase with a fixed heat flux condition at the liquid boundary (see Figure
5.18). In Section 3.1.2, we have shown that the liquid-vapour interface in such

configuration has three front positions.

i’!
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e (2]
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- E

(o

—_— =
)(* =1 X = S) 0

Figure 5.18: A horizontal configuration in which the porous layer is mostly filled

with vapour.

Rubin & Schweitzer [68] have also proposed such a basic state and carried out
a quasi-one-dimensional stability analysis. They made two simplifications. The
first is to consider only one dimensional stability, which is equivalent to taking
the zero-wave number limit. Secondly, they simplified the equations by assuming
that the temperature profiles in both phases (liquid and vapour) are known before-
hand, which is a quasi-steady-state temperature profile (equivalent to neglecting
the timescale for thermal diffusion within each phase). The zero-wave number
limit is perfectly legitimate, but it is not obvious that the second simplification is
correct. We therefore compare Rubin & Schweitzer’s [68] analysis with the lim-
iting case [ = 0 of our two dimensional analysis, to examine the validity of this

quasi-steady-state temperature profile assumption.
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Rubin & Schweitzer [68] also suggested that the middle front position is unsta-
ble, whereas the upper and lower front positions are stable. As a special case of
the through flow problem discussed earlier, we have investigated the two dimen-
sional stability of the proposed horizontal flow model. The results of the three
front positions are discussed using the bifurcation diagram 5.19, where the cooling

flux Qi is now the new bifurcation parameter.

Horizontal flow, when R, = 0 in equation (3.32)

F — = 1= = — = 1= T
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Dimensionless cooling flux, Q

Figure 5.19: The bifurcation diagram for the liquid-vapour interface S;, when

R3 = 0 and Q44 is the bifurcation parameter.

In Section 5.3.6.1 we mentioned the Saffman-Taylor instability for medium-wave
perturbations. The same instability occurs here (see Figure 5.20). From Figures
5.13 (a), (b) and 5.20 (a) it is clear that for different liquid and vapour viscosities
with and without gravity, the low branch front position is stable to both short and
long wavelength perturbations since 0 < 0. The long wavelength perturbations
(small 1) are stabilised by vertical diffusion, whereas the short wavelength pertur-
bations (large ) are stabilised by horizontal diffusion (for explanation see Section
4.1). However, medium wavelength perturbations are unstable.

To understand the unstable behaviour of the low branch solution to medium-wave
perturbations, we have relaxed the assumption of different viscosities and con-
sidered that the liquid and the vapour have the same viscosity. For R = 1, the

transcendental equation (3.32) has a unique position for the liquid-vapour front.
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Figure 5.20 (b) shows that this unique front position is stable to all perturbations

suggesting that the viscosity contrast is essential for instability.

Different viscosities, i.e, R = 22.11. Same viscosities, i.e, R = 1.
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Figure 5.20: Stability plots of the low branch solution of S; when R3 = 0.

Furthermore, the low branch solution corresponds to a configuration in which the
porous layer is mostly filled with vapour, and there is a strong flow from (less
viscous) vapour into (more viscous) liquid (for schematic see Figure 5.18). Thus,
the medium wavelength instability is of the Saffman-Taylor type, i.e, due to a less
viscous fluid displacing a more viscous fluid (also see Section 4.1.1). This unstable
behaviour of the low branch front position is in contrast with Rubin & Schweitzer’s
[68] “quasi-steady-state” one dimensional stability results.

The stability behaviour in the neighborhood of the turning point between the low
and middle branch shows that both branches are unstable (see Figure 5.21), al-
though the middle branch is always stable to long-wave perturbations. As was
mentioned earlier, the low branch is unstable to medium-wave perturbation only
because of the viscous fingering. Our results for the middle branch agree with Ru-
bin & Schweitzer’s [68], but their study lacks any detailed analysis of the dispersion

relation.
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Figure 5.21: Stability plots of the middle branch solution of S; when R3 = 0.

The bifurcation diagram, Figure 5.19, shows that the turning point between
the middle and upper branches is at ();;; = 1.91. Figures 5.17 and 5.22 shows
that the middle and upper branch front position behave in the same way in the
neighborhood of the turning point with and without gravitational effects and that
the upper branch front is stable to all perturbations. This stable behaviour of the

upper branch is in agreement with Rubin & Schweitzer’s [68] results.
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Figure 5.22: Stability plots of the upper branch solution of S; when R3 = 0.
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5.3.8 Summary of our findings

Figure 5.23 summarises our findings for the interface with non-zero through flow,

in the particular parameter regime investigated here.

(i)

(iii)

(iv)

(v)

For |R3| < 0.23 : There is only one front position, which is unstable to
medium-waves only. This medium-wave instability on the low branch has

been identified as Saffman-Taylor instability.

When 0.23 < |R3| < 0.7365 : There are three front positions and only the
high—S5; position is stable. The intermediate branch is unstable to both
medium and short wave perturbations, whereas the low—S; position is un-

stable to medium-waves only.

When 0.7365 < |R3| < 9.525 : There are three front positions. The low
branch has the viscous fingering instability. The middle branch is unstable

to all perturbations, whereas the upper branch is stable.

When 9.525 < |R3| < 34.093 : There are three front positions and only the
upper branch is stable. The low branch experience both the Saffman-Taylor
and the Rayleigh-Taylor instabilities. The middle branch is unstable to all

perturbations.

For |R3| 2 34.093 : There is only one front position, which is stable.
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Figure 5.23: Identification of stable and unstable behaviour of the liquid-vapour

interface with a fixed flux condition.

5.4 Summary and conclusions

In this chapter we used two dimensional linear stability methods to study the
behaviour of a liquid-vapour interface in a porous medium with a heat constant
flux condition at the liquid boundary. The unperturbed state in such configurations

was analysed with and without through flow.

5.4.1 Basic state with no through flow

In Section 5.2, we carried out the stability analysis of a diffusive steady state.
We found out that in the absence of advection, the liquid-vapour interface has a
unique position. The stability results showed that the interface becomes unstable
first to medium-wave perturbations. We were able to find conditions on the critical

Rayleigh numbers for both long and short wavelengths.

5.4.2 Basic state with through flow

In Section 5.3, we discussed the two dimensional stability of the most interesting

configuration, in which the advective steady state with or without gravity has mul-
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tiple positions. We revisited Rubin & Schweitzer’s [68] work as a special case and
suggested that the low branch solution of the horizontal flow has Saffman-Taylor
type instability.

We have shown that the low branch solution of the basic state with through flow
becomes unstable first to medium-wave perturbations (Saffman-Taylor instability)
and then to short-wave perturbations (Rayleigh-Taylor instability) as the Rayleigh
number increases. The middle and upper branches are unstable and stable, respec-
tively.

Finally, we have discussed the stability results presented by Rubin & Schweitzer
[68]. We found that the low branch position is unstable. But Rubin & Schweitzer
[68], focusing on the long-wave limit and neglecting the thermal diffusion timescale,
had suggested that the low branch position was stable. The middle and up-
per branches are unstable and stable, respectively, which agrees with Rubin &

Schweitzer’s [68] one dimensional stability results.
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Conclusions and possible

extensions

6.1 Summary

In this thesis, we have investigated vertical heat transfer and flow across a hori-
zontal porous layer with various combinations of boundary conditions.
In Chapter 3, we have thoroughly investigated possible one-dimensional steady
states and confirmed the findings of earlier work [68] that multiple steady states
are available when there is a heat flux condition on one boundary (Section 3.1.1).
We have also demonstrated that in addition to this, multiple steady states are
possible with fixed-temperature conditions on both boundaries when the pressure
difference across the layer is specified, due to competition between thermal and
hydrostatic effects (Section 3.1.2).

Also in Chapter 4, we have explored in some detail the stability properties of
these steady states. In particular, we have investigated the circumstances under

which “spontaneous” transitions to instability are possible [31], the mechanisms

157
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contributing to stability and instability, and the changes in stability along the
bifurcation curve when multiple steady states are available (Section 4.4).

The “spontaneous” transition of Il'ichev & Tsypkin [31] is shown to be a very
unusual case, depending not only on the front position but also on the neglect
of advective heat transport. It does not, however, depend on the temperature—
pressure condition applied at the front (Section 4.3.6.2).

The mechanisms contributing to stability are essentially thermal: horizontal
and vertical diffusion, the latter controlled by the fixed temperature at the phase-
change front. Although the Rayleigh-Taylor (buoyancy-driven) mechanism is the
dominant contributor to instability, a Saffman—Taylor viscous fingering effect also
becomes important when there is a strong throughflow from less viscous vapour
into more viscous liquid.

Contrary to the conclusions of Rubin & Schweitzer [68], it is not straightforward
to describe stability changes along the bifurcation curve: the upper and lower
branches are not necessarily stable nor the middle branch unstable (Section 5.3).
This applies even to perturbations in the limit of zero wavenumber (Section 5.3.7).

These findings contribute to a more complete understanding of the conditions
under which “water-over-steam” configurations may develop in geothermal reser-

VOIrS.

6.2 Possible extensions

6.2.1 Numerical work

It would be valuable to develop numerical methods to solve the nonlinear governing
equations, both in one dimension in order to confirm the existence of steady states

and to investigate problems with less idealised boundary conditions, and in two or
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three dimensions in order to investigate the stability properties.

One common approach is to use a mixed-phase model (Section 1.2.2.1, [1, 2, 48,
65,72,73,80,84]). Apart from the complex nature of the flow (which may involve
vertical and horizontal counterflow), identifying a limit of the governing equations
in which they reduce to a sharp-front model is not straightforward, and so direct
comparison with stability analysis is not available.

Another approach, which has been widely employed to model Stefan problems
with a liquid—solid transition, is the enthalpy method. This method is used to
reformulate the Stefan problem in terms of a single energy conservation equation
for the entire solution domain [15, 52, 87-89, 91].

The standard enthalpy approach is to define a function E(7') which is the total
heat energy per unit mass as follows
Clig (T'—They) - for T < Ts (liquid phase),
E(T) = (6.1)
Coap (T — Ts) + A+ ciig (Ts — Tref) : for T > Ts (vapour phase),
where c is the specific heat, T, is a reference temperature below Ty, T is the
phase change temperature and A is the latent heat. Meanwhile the volumetric heat
capacity is given by
(pCiiq for T < Ts (liquid phase),
(pc) = (6.2)
(P C)vap for T'> T (vapour phase).
Note that in most applications of this method, the densities of the two phases are
taken to be the same. The function E(T') allows for a single domain conservation
of enthalpy (the sum of sensible and latent heats). In one dimension, this equation

18
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Integrating the above conservation of enthalpy over a small region around the

phase change front S yields

JA e O e T

- Ot 5- 0r | -
ds _ ds ds
= A Pvap (uvap - E) + Eliq(S ) |:_p'uap E + Pliq E + Poap Uvap — Plig Uliq
B oT oT
P O g+ ™l gy o

In the above transformation, the coefficient of the enthalpy function Ej;,(S™) is

as

E (,Oliq - ,Ovap) - (,Oliq Ulig — Poap uvap) = 07

by mass conservation, so the integrated equation at the phase front reduces to

oT
o m,liq o

ds oT
A Poap | Yvap — % =

This is the Stefan condition at the liquid-vapour interface (see Section 2.6.1.1).

m,ap o
ox .

The advantage of using such a reformulation is that the condition to explicitly
locate the phase change interface is removed.

Once the problem is reformulated, a standard numerical approach such as finite dif-
ference and finite element methods can be employed [13]. Mackenzie & Robertson
[45] proposed an adaptive moving mesh method based on a smoothed enthalpy-
temperature relationship. The idea is to smooth the enthalpy-temperature rela-
tionship to take away the jump condition at the phase change interface and then
use the adaptive moving mesh to attain some sort of accuracy [5,45, 46].
However, for vapour-liquid phase changes there is a problem with this method,
which is that there is a non-unique relationship between T and p E when the
densities, and thus the volumetric heat capacities, of liquid and vapour are very

different. This is crucial: there is a unique relationship between 1" and E, but the
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quantity that we track is actually pE (the heat per unit volume), and this is not
uniquely related to T when pyqp < piig-

The variations of E and p F with temperature T are shown in Figure 6.1. Figure
6.1 shows that at the phase change temperature Ty, the enthalpies of liquid and
vapour phases are 1 and 2, respectively: there is a positive jump of enthalpy equal

to the latent heat. But the jump in pFE is negative because of the drop in density.
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} Phase change temperature, T
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Figure 6.1: The negative jump of the enthalpy p £ as a function of temperature

T, where piig = 1, pyap = 0.1, Cligvap =1, A=1,Ts =1 and T,..y = 0.

The other alternative line of attack would seem to be a front-tracking method. A
method which require to track the phase change front explicitly, which makes the

location of the front central to the accuracy of the method [10, 13, 35,75, 79].

6.2.2 Analytical work

It would also be interesting to investigate the stability of non-stationary solutions.
In Section 3.2, a self-similar solutions to a one-dimensional problem were discussed,

and these could be taken as the base states for a stability analysis. The self-similar
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solutions are stationary when written in terms of the similarity variable n = x/v/t.
Hence, classical linear stability theory can be applied in the similarity coordinates
6,61].

Allowing for the presence of dissolved minerals, either with a temperature
controlled solubility [62] or which accumulate at the phase-change front when
the fluid vaporises [32]. This would introduce an extra scalar field, which would
be subject to advection and diffusion at different rates from the temperature and
would also affect the fluid density, and would presumably make throughflow a more

important influence on stability.
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Determination of minimum heat

output

We will determine the minimum heat flux necessary at x = 0 to cause the front to
approach z = 0. The situation we are after is where the front position S — 0, i.e.
liquid region is infinitesimally thin (but still exists, so a latent heat contribution

is required).

vapour phase _liquid phase

clvap ’ " qliq

———

fﬁ )\vap :::: m )\”q

x=L,T=T, 7 x=0
X=§T=T,
liquid-vapour interface

Figure A.1: Energy balance across a liquid-vapour interface.
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The energy conservation across the liquid-vapour interface as illustrated in

Figure A.1 yields
Quap — Qliq = _>\mza (Al)

where 77, is the reference mass flux (see (3.16)), A = A,qp — Aiiq is the latent heat.
dT ey
m,vap dx

of the vapour phase. Moreover, g4 is the minimum heat flux required at z = 0 to

From Fourier’s law qqp = —k , where Ky, 4qp is the thermal conductivity

cause the front to approach the liquid boundary, so (A.1) yields

dTy, 1 )
Wp = —— (Qug — A1iy) (A.2)

2=0 Km,vap
In the above constant heat flux condition at the liquid boundary, g;, is still the

unknown minimum heat flux. For this, the governing energy equation is

d*Toap . AT gy

m,vap dlE2 - Cp,'uap m; dr

k =0, 0<z<lL, (A.3)

with a constant temperature 7' = T}, at the vapour boundary (see Figure A.1).
Integrating (A.3) subject to the appropriate boundary conditions yields the tem-

perature distribution

1 .
Toap(2) = Tv + —— (@13 " — A1) [exp (Pec; ) — exp (Pec;x")],  (A.4)
my; Cpvap
where Pec; is the reference Peclet number based on reference mass flux (see (3.17))
and z* = x/L. Evaluating (A.4) at z = 0, with the condition that T,,,(0) = T,

so the front is at the boundary, we get

ing P ikva va; Ty — T
qlr?qznz: ec P )\‘i‘cp’ P( |4 S)

Cpwap L 1 — exp(Pec;)

(A.5)

The heat flux condition for the case with no through flow is obtained by taking
the limit of (A.5) as Pec; — 0, yielding

ming kvap (TV — TS)
quq — L )

as Pec; — 0. (A.6)
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Derivation of Rayleigh-Taylor

instability in a porous medium

We consider the flow of a pair of incompressible fluids in a porous medium?!. The
vertical upward coordinate is denoted by x, with y and 2z being parallel to the
horizontal interface which separates the two fluids. The denser fluid of density py;,
lies below the lighter fluid of density pyap(< piig) in a uniform gravitational field
g. Note that we can invert the system by taking g < 0, i.e. liquid above vapour.
Initially the interface which separates the two fluids is flat at x = 0.

As the medium is porous, the fluid flow is governed by Darcy’s law (for a detailed

discussion of flow in a porous medium see Chapter 2)

—

K; o
t; = ——grad(p; + pi g x), where i = lig, vap, (B.1)
125

where x is the vertical axis with gravity ¢g. The density and viscosity of the fluid
are denoted as p and u, where K is the permeability, and where liq denotes the

liquid (lower fluid) and vap denotes the vapour (upper fluid).

!Note that this derivation is adapted from [41, p. 823 - 829] for direct reference purposes, and

has been obtained in the most suitable dimensionless form for our analysis.
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The velocity potential is

(2

K; S
¢i = ——(pi + pi g x), where i = lig, vap. (B.2)
/1/.
So on each side of the interface we have
i; = grad ¢;, where i = lig, vap, (B.3)

where

Giig (z > h, liquid)
o= (B.4)

Guvap ( < h, vapour).
Let us introduce a small perturbation h(y, z,t) at the interface such that the front
position originally at = 0 is translated to the new position = = h(y, z,t) with

h = O(e) and € < 1. Hence the considered perturbation is
O(z,y,2,t) = — h(y, z,t), with h(y,z,t) =exp(i(ly + mz) +ot), (B.5)

where o is the growth rate, [ and m are the wave numbers.
In the present analysis, we seek to determine the fate of the perturbed interface.
So we will perturb the velocity and the pressure by using the following perturbed

equations and keeping in mind that in the basic state the fluid has uniform velocity

v,
i =V +el (B.6)
p; = Py + € Py, where i = lig, vap. (B.7)
So, we have
U; = V ¢;, where i = lig, vap, (B.8)

where the velocity potential satisfies Laplace’s equation

VZ¢; =0, where i = lig, vap, (B.9)
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The kinematic condition which must be satisfied by the disturbed velocity is

0, Ox 9 0x 99 du

Ox _¢E+8y8y+ 0z 0z’

at x = h, where i = lig, vap, (B.10)

where ¢ is the porosity. Also (B.10) gives

a¢liq o 8¢vap o .
e~ on =gpoexp(i(ly+mz)+ot). (B.11)

An appropriate form for the solutions of (B.9) for the potential functions is

Duig(x,y, 2, 1) = Flig(z, t)expli(ly + m 2)],

(B.12)
¢vap($a Y, z, t) = Fvap(x7 t)exp[z(l y+m Z>]7
which gives
0*F; 5 5 .
— (I + m*)F; = 0, where i = lig, vap. (B.13)
Ox?
Solving (B.13) gives
Fiig(w,8) = Guig(t) exp | (2 +m2) i a| , 2 >0,
(B.14)
Frap(2,1) = Guap(t) exp [(z? +m?)} x] , 2 <0.
Now substituting (B.14) into (B.12) we obtain
Guig(x,y, 2, 1) = Guig(t) expli(ly +m z)] exp [—(l2 +m?2)2 x} , x>0,
(B.15)
Gvap(T,Y, 2, 1) = Guap(t) expli(ly + m z)] exp [(12 +m?)z x] , x < 0.
Thus the kinematic boundary condition (B.10) with z = 0 yields
Glig(t) = —Gap(t) = ———2—exp(a t). (B.16)
VI2 4+ m?
Hence
Yo .
Guig(x,y,2,t) = ——=——==-exp(ot)expli(ly +mz)]
12 +m?
exp [—(l2 +m2)2 :1:] , x>0,
(B.17)

g .
Guap(T, Y, 2,1) = \/ﬁ exp(ot) expli(ly +m 2)]

exp [(12 +m?2)2 x] , v <0.
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The final condition that must be satisfied is pressure continuity at the interface.

From (B.2) the pressure can be written in terms of the potential as

Plig = —
Kii
i (B.18)
Prap = — 22 Doy — prap 90
vap va, va. .
Kvap P P
Now the perturbed form of the potential function is
Qg =V x + €driq,
(B.19)

(I)vap =Va+ E(bvapa
where V' is the velocity of the fluids and also the interface between them, if the
steady state is of uniform velocity, it will lead to the [69] instability. Hence the

pressure continuity condition at the interface gives

Hig (V' +edug) + priggr = Hoap (V& + € Puap) + puapgz. - (B.20)
Kliq Kvap

Substituting (B.17) into (B.20) we have

Plig {V&: - % exp(ot)expli(ly + mz)]exp [—(l2 + m2)% x} }
m

Klz'q

+ Pligg T = Poap § T +

Hyap . 2 2\ 1

V exp(ot)expli(ly +mz)|ex [l +m 24},
e v 22T eploexlilty + m ) exp [( -+ m?
(B.21)
where
x=ceexp(ot)expli(lz +my)] < 1.

This gives

%3 24 Mo, Yo
Ll h {V — —} — Pligd = L {V+ —,—l2 +m2} — Pvap 9 (BQQ)
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Solving (B.22) for the growth rate ¢ we obtain

Hiig Hvap po i [oap
* - - V- iq — Pua . B.23
(Kliq Kwp> VIZ + m?2 <Kliq Kvap) (m q— P p) g ( )

The dispersion equation (B.23) shows that the system is unstable, i.e., ¢ > 0 if

and only if

Hiigq Hoap
— 2% VYV — (piig = Poa > 0. B.24
<Kliq K/Uap) (pl q p p) g ( )

Otherwise the system is stable, i.e., ¢ < 0. In the case when the densities of both
fluids are equal, i.e., piiq = puap, and the ratio of the viscosity to the permeability
is larger for the upper fluid than for the lower fluid, then the system is unstable.
The dispersion equation (B.23) is in the generalized form, if we consider the 2D

problem, i.e., [ = 0 or m = 0, then we have

Hiiq Hvap Yo Hiiq Hyap
—+—— === == V= (p1ig — poap) 9- B.25
(Kh-q * Kwp> l (Kh.q Kwp) (Pia = pran) 9 (B:25)
If we assume that K = Kj;; = K4, and use the dimensional quantities (3.15) and

(3.20), then (B.25) will take the dimensionless form

. [(Ry—1 1- R, l
o= vV — Ry Rs p —, B.26
{RQH 1+ R, 3}90 (B.26)
where the dimensionless parameters are
O Puig Cppyy L* -
6=——2 |=1LI (B.27)

km,liq
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Formulation of the basic state

with specified mass flux

The basic state of a geothermal system is assumed to be steady and independent

of the horizontal variable y*, so Ag, ©Y. . II; and ©°

Lo .
lig> vap are all functions of z* only.

The velocity profile is assumed to be advective and conductive, so (4.16) gives

( &,uo . 8@0 .
R
OA
Pressure profile wp = — ((h’? + Rg), (C.1)
Ry Ry k(011
Qy=— Ry R3 ).
|t e (835* + 1y 3>

Substituting wy and €2 into the continuity equation yields

dZA * * * )
dl,*g =0, AU(SO) = HO(S()) = PS*a

d?11,
dl.*2

dlly,  dAg
{R1 Ry 2l _ A1 }x*:s* — Ry (1- R Ry).

0 Vs

=0, Ao(0) =P, 1Ilo(1) = Py, (C.2)

In the above equations Ry Ry = R, where R; is the ratio of densities, Ry is the

ratio of dynamic viscosities and R is the ratio of kinematic viscosities.
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The solutions of (C.2) are

p:— pr \
Ao(x*)Z{%}I*JFPE,
0
o(a") = {V—} o B ES (€3
0 1-5; 1-5;
pe _ RSgPy+ Pi(1=S5)  Rs(1=S3)S;(1— RiR)
7 RS:+1-5: RS;+1— S ")

Using P¢. and substituting Ag(z*) and Ilp(«*) into (C.1) yields

R * * *
and
Rk * * *
Qo= — (P — Pr) + Rs{So(1 — Ry) + Ry }]. (C.5)

C(RS;+1—-5)

Now here two limiting cases can be considered.

1. If the interface is at x* = 1, then S} = 1, which means that the medium
is filled with liquid (water). The reference Peclet number which is based on

the resulting flow rate can be obtained by substituting S§ = 1 into (C.4).

Pec; g = — (P, — Pr) + R3). (C.6)

2. Secondly, if the interface is at * = 0, then S§ = 0, thus the porous layer is
filled with vapour only. Substituting S§ = 0 into (C.5) yields the following

Peclet number based on a vapour filled medium.

Rk
Pecia = =5 (P = Pp) + R R, (c.7)

In our study we have taken the reference case to be a vapour filled medium and

for convenience we refer to the Peclet number as Pec;.
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Since the mass flux has been specified then

R * * *
(A}O:—m \(PV_PI;E—FRIRBJ—FR?)SO(]'_RI) 9
eqn. (C.7)
R C Pec;
- _ = (1 —
o R%+1—%{{ k}%}+RﬁM )|
1 C R3k(1—Ry)
=————— —Pe¢; |[1-RS;, ——=1,
T RS 1Sk 0 70 Pe,
——— ——
=Fy(S}) =G1

Wy = %P@Ci Fl(SE;) [1 — RS{; Gll,

v

=F(S;)
¢ .
wWo = o Pec; F(S}). (C.8)
and
Q= — Itk (P%— P) 4+ Ry Ry +RyS(1— Ry)
T C(RS;+1-5;) |20 Y
eqn. (C.7)
RE [ C Pec;
Qo= — e “(1-Ry)|.
’ cm%+1ﬁ%_{k:3}+&%( Ba)

The temperature distribution in the basic state of a geothermal system is assumed
to be advective and conductive, so (4.18) gives the energy equations in the liquid

and vapour phases.

00y, 0°ep,
0oz T a2
Temperature profile (C.10)
000, 0%,

0 —_— .
or* Ox*?
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Substituting wy and g from (C.8) and (C.9) into (C.10) yields

d2@liq C PGCi F(SS) d@liq

_ —0
*2 * ’

dcgg(i) ' d@dm (€11)

dx:;p — Pec; F(S5) d;fp =0.

The solutions for the temperature profiles (C.11) are obtained and discussed for
two different sets of boundary conditions: (i) constant temperature at the lower
boundary z = 0 and (ii) constant heat flux g;;, at x = 0 in Sections 3.1.1 and 3.1.2,

respectively.



Appendix D

Pressure continuity condition at

the phase change front

The pressure condition at a sharp interface can be obtained by simply considering

continuity of pressure across the phase change interface.

Pig(S7, 9" 1) = Prop(S™, 47, 1), (D.1)
where P and P,,, represent the pressures for the liquid and vapour phases. The

dimensionless front position is denoted by S*. Now we will linearize (D.1) using

the following perturbation equations

P);;q:AO—FGAl, P;ap:HO—FEHl, S*:Sg—i-ESI(y*, t*), (D2)
which yields

No(S; + €St 7, ) + e Ai(S; + € S5,y 1)

= HO(SS + GSiku y*7 t*) + 61—[1(5’8< + EST7 y*a t*)' (DS)
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A Taylor-series expansion of (D.3) about the unperturbed interface S§ leads to

AO(S(]ay7 )+ Sl 81‘ € {A1<507y 7t )+ Sl d[[’ }
*:SS *:SE’)‘
oIl dIly
= (S5, 4", ) + € 5} = +e{H1<Sz;,y*,t>+ St o }
x*:S(’)‘ SS

(D.4)

Equating the terms proportional to € in (D.4) gives the following pressure conti-

nuity condition in the unperturbed state.
Ao(Sg, ™, t") = T1o(Sg, y*, t¥). (D.5)

The pressure continuity condition in the perturbed state is obtained by equating

the terms proportional to €' in (D.4) and retaining the first order terms in € yields

dAg dll
AL (S5) + 5% IL(S5) + ST — . (D.6)
dz* - dz* —
dAy dll

In the above equation (D.6), and d_o denote the unperturbed pressure gra-
a:*

dx*
dients in the liquid and in the vapour phase, respectively. In our analysis of the

basic state of a geothermal system we considered the following two cases.

1. In the first case we assumed that the fluid is stationary, i.e, wy = ¢ = 0

then (C.1) leads to

dA
s = _R37

dx* | pe_ge

Il 0 (D.7)
7|  =-RiRy

dx a* =5

Substituting (D.7) into (D.6) gives
A (Sg) =11,(S5) + ST Rs (1 — Ry). (D.8)

Equation (D.8) represents the relationship between the pressures on either

side of the phase change front.
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2. In the second case we considered fluid flow in the basic state. (C.3) and

(C.7) leads to

dA C
d—f :—Fl(S("j) {EPQCi—FSSRlRRg—SSRg—FRg},
T * — Qk
. 0 . D.9)
dxf s = _FI(SS) {ﬁ PGCZ' + SS R1 RR3 — SS Rg + R1 Rg} .
Substituting (D.9) into (D.6) yields
A1 (55) = I (S5) + ST No, (D.10)

where

« C Pec; kR Ry (1—R
No = Fi( W?{@—”* e 1)}-

Equation (D.10) denotes the pressure continuity condition across the inter-

face in the perturbed state with through flow.
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Procedure for continuation

method in Maple

We present a Maple procedure to implement a crude continuation method, which
should be able to track along a solution curve once the implicit plot has suggested
its location. This procedure was used to generate the plots presented in section
4.4.6. Taking the growth rate o = oguess as the initial guess it finds o(l}51); it
then increments [ (wave number) at each step and searches for ¢ in an interval
(of width proportional to 2¢) around the previous output value for o. It returns
a plot of o(1), and the output values are also written to a specified file.

> with(Statistics):

> /& =LHS(4.72) —RHS(4.72):

> /B :=subs(©y = CxRHS(4.59),AE):
>>proc(f@,iSﬂlmini,lmax,nnguess,5,digits,filout) global Spi;

local i, li, 01, lgatas Odata> fd;

fd:=open(filout,WRITE);

Digits:= digits;
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Sout (R3) ;

178

oi:= fsolve(subs(parvals union R3 = R3,S) = SoiliS],lyini,&E1)=0,0 =

Uguess);

ldata:= [minil;

Odata‘= [0il;

fprintf (£d4,"%f \n",lnini,0i);
for i from 1 to nl do

li:= evalf(pipni + (lmax — lpini)*1i/nl);

0i:= fsolve(subs(parvals union R3 = R3,Sy = SpiliS],l=1i,/A)=0,

0 = oi—d*abs(oi)..ci+d*abs(oi));
lgata:= [op(lgata),lil;
Odata:= Lop(0og4ata) oil;
fprintf (fd,"%f \n",li,01);
od;
close(fd);
return(LineChart (0gatq, 2 coords=lgata)) ;

end:

In the above procedure “parvals” is used as abbreviation for the different param-

eters (for the numerical values see Table 2.2).
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