
 

 

 

BEST COPY AVAILABLE. 

VARIABLE PRINT 
QUALITY 

 
 



FACTOHS INFLUENCING THE ' WITCHI NG OF 

"UPER SON I C GAS J ETS 

T h e :,;is prese nt e d for til e Degree of 

Du tor o f Philoso phy of the 

Unive r s i t y o f S trath c lyd e . 

by 

R . • T homps on 1 M.Eng . 1 Dip.A.M-, B.Sc. 

April, 



ABSTRACT. 

The phenomenon of boundary laye r separation 

is used to advantage in th e operation of a high 

pressure, bistabl e , fluid switch. It has been shown 

that jets of a~r expanrled t hrough a non- a d apted , 

convergent-dive rge nt, two-dimensional duct at pressure 

ratios in excess of c riti cal, can b e e nrourage d to 

change their flow vector by the transverse introduction 

of further air at atmospheric pr e ssur P- via 

strategically positioned c ontrol port s . 

The position of separation and r ea ttachme nt of 

the main jet have b e en determined experimentally by 

the measurement of pressure along the flow boundari es 

and verified by the Schli e ren pro ces s. 

A new th eory has been evolved fully 

describing the co nditions appertaining to the flow 

situation immediately upstr e am of the point of; 

separation of a supersonic turbulent boundary layer 

under the duress of an adverse pressure gradient. 

The derivation is also applicable to supersonic, 

. laminar boundary layers. 



It i s considered that the concept applied 

tn t h e switching of supersoni c jet s is urigina.L,as 

i s the theoretical approa c h to boundary layPr 

separation and therefore provide an exte nsion 

knowl e dge in this field. 
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CHAPTER I 

HISTORI CAL DEVELOPMENT 



1 • HISTORICAL DEVELOPMENT 

1 • 1 Introduction 

The initial intention of this r es ear c h programme 

was to d evelop an alter native form of miss il e win g 

s urface control s ystem to those already i n e xist e n ce . 

The s yst e m was unu s ual in that it wa s to b e c ompl e tely 

Pneumatic, self s upporting and, mor e impor ta n t , was to 

form an integral part of the act ual wing asse mbly. 

To transform the idea into a working 

Proposition it wa n ecessary to d e v elop a d ev i c e capable 

of s wit ching a hot gas trav e lli11g at s uperso ni c 

velocities from one exit port to anothe r. 

in Princ iple, was a pneumati c , high press ure , bistable 

8 Wit h operating on the Coa nd a (l) effect. 

A review of the extensive literature a vaila ble 

on the s ubj ect of fluid logic d e vi es indi ca t e d t hat 

little work had be e n directed toward the developme nt of 

high pressure , compre ssi ble flow s ys tems . A r esear c n 

Programme was there.fore initiated t o investigat e the 

Possibility of u se ful developme nt in this a r ~a . The 

Prime r es ult of the applied e ffort was the ~ uccess ful 

d evelopme n t of a device c apabl e of s witching super s onic 



Jets in a bistable mode of operation by systematically 

venting and cl osing the control port s to the atm o sphere. 

Befor e c ontinuing with the hi s torical 

developme n t it i s n e essary to re cognise that b ecause 

of the somewhat restri cted natur e o.f relevant reports , 

etc., at the co mm e n ceme nt of this res e ar c h programme , 

the author had no indication that s u ch a d evice o.f 

similar concept bu t di.fferent c onfiguration had bee11 

developed in the United States . To the author ' s 

knowledge the work detailed herein has not been 

duplicat ed elsewhere and c onsequently i s s ubmitted as 

Original. 

Initial Inve · tigatio ns 

The position of a vortex formed in a 

conventional subsonic bistabl e switch ca n b e predicted 

· With some accuracy due to the inability of the laminar 

boundary layer to support any sizeable adverse pressure 

gradient. It has been shown( 2 ) (Appendix, 2, p. ) 

that separation will take place a short distan· e beyond 

the throat of a convergent-divergent duct. With 

suitable offs et it may be co nsiuered to separ ate at the 

throat for mo st flow regime s up to the sonic c ondition. 

3 
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Conventional ~luidic bistable switches, ther fore, 

incorporate control ports which are usually situated 

at the throat of the convergent- divergent duct and 

generally operate quite successfully in the following 

manner. 

Mode of operation of a conventional switch . 

With power applied to the inlet port, Figure 1. 11 

the output flow is either entirely from the right or 

from the left outlet port. 

Assuming that flow is issuing from the left 

outlet, the main jet is reattached to the extrem l e ft 

hand wall at a point lo ated somewhere downstream. A 

low-pressure vortex is formed between the reattacnment 

Point and tne main inlet position as shown in Figµre 1.1. 

A Pressure gradient therefore xists across tne jet 

st r eam . In th c onventional fluid switch, the jet is 

forced to move from the wall to which it is attached by 

the introduction of a transverse fluid jet inject d 

tnrough th adja e nt control port. If the control flow 

is · introduced to the low-pressure region at a faster 

rate than · th main stream can remove it, the pressure 

Wi.11 increa e and the attachment point wil.l mov .f'urther 
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downst ream. When the bleed po s ition i s r ea hed or 

int e rference occurs betwee n main j et fl o w a nd Lhe 

Sp liLt e r , the j et switc h es to the o t h er wall whe r e , 

Providing flow is mai n tained , the j et form s a vortex. 

The pro ce ss i s r eve r s ibl e . 

Expe rim e nt s wi tn a swit c h, Figur e 1. 2 1 ha ving 

variable co ntrol ports sit uated ad j a e n L Lo t h e ma in 

in l et port s how ed that s wi t c hing was obtaina bl e by 

0 Pening the ad j a c ent cont r ol po r t tu the atmo s phe r e as 

we11 as by t h e applicati on of c on trod.. P;rescisu:re~ ·:"'~here 
~-,_ . . ~ ( 

Wa · , how ver , for ea h onfiguration 1 a limiting ma in 

j u t, s uµply pres ur e at whi c h s wi t hing was possible 

by thi s 111 an s . Figur 1 • J sho ws , h owever , that 

i n crP.a::;e of ontroJ port area d i.d no t improve the 

8 Lt uatio n to a ny mark ed degr ee . It was ass umed , therefore, 

that t n vcrt x moved down s tream witn increase in 

8 UPpJy pressure , tn e r eby p r eve nting the c ontrol flow 

fro111 e n tering the low press ure region. This e.f.fect was 

; u nt rary to co mmon opinion(J , 4 , 5 ) at that time and 

L 11 r e f ore required test evaluation. 
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1.2.2 Vortex location. 

Location of lhe vortex for a ny gi v e n s up p ly 

pressure was determ:ined by a s impl e paint t echnique . 

A mixture of Blue and linseed oil wa s 

' applied to the relevant amplifier walls a nd a ir of a 

Predetermined press·ure passed through th d vi c e . 
. ' 

The relatively low re.vers e flow in the vort x l e ft d a rker 

Patches of themixtur'e than that of the main fl ow . Wi t h 

a suitable mixture, it wa s found · that 'Blu e ' rernai ne <l 

in the position of the vort ex only (Figur 1 • 4 ) • 

Verification of the vortex position was 
.. ' 1"" 

obtained by pressure m asuremen'ts -us rfg 'a ti.ypodermic 

needle as the probe. Figures 1.5 a nd 1.6 show the 

· respective characteristi c s obt a ined in this way. From 

these early results it c an be s ee n that the position 

along the wall of the centre of pre ss ure of the 

-~
0 rtex is very nearly proportional to supply pres$ure 

throughout the test rang - all other factors 

remaining constant. 

Of Operation. 

This led to a modified concept 

B 
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Supersonic operation. 

As previously stated the s ubsoni c fluid switch 

deflects the main j et s tre a m by mom e n t um interact ion 

and flow e ntrainme nt etc ., a nd , at the higher s upply 

Pressure ~ u s u al ly r e quires co ntrol pres s ur e . 

With t h e s up e r s oni s wi tch t h e preliminary 

results determined above suggested that , if' the control 

Ports we r e s ituat ed along the wa ll s at a position 

Coinciding with the vortex position c orresponding to 

the mean of the ope rating supply pres s ur e rang , 

actuation could b e a cc ompli s h e d by atmosphe ri c v e n t ing 

alone . S imultaneo u s c losure and v e nting of t he far 

anct near co nt r ol port s woul d d est r o y the ope rating 

· vort e x causing t h e j t to ac ce lerate transversely from 

the Wall to whi hit was attached to form a vortex on 

the wall opposite . VerJfi ation was obtained by 

_lllOdifying the witch -onfiguration to th.at s hown in 

Figure 1 • 7. 

The control ports were po s itioned approximately 

1 cm. from the inlet port, whi c h co rres µo mJed to th e 

Vortex position at a supply press ur of 100 lb/ in 2 g . 

(from Figure 1.5). The control ports widths we re 

LO 
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adjus t able and vented to the atmo s phe re. 

Te s t s ( 6 ) on the d e vi c e s how e d that switching 

wa s po s sibl e in the supply range 70 - 1JO lb/in 2 g. for 

_this se tting , s imply by the applic a tion of finger s to 

the c on t rol vents. S ome small ext e n s ion in the 

working range c ould be obtained by inc rea s ing the 

c ontrol port widths. 

Having proved fea s ibility, it was decided to 

Obtain information regarding th e development of the 

vort e x and the effec t of t he op e rating parameters on 

Performa n e by more rigorous test te chniques, i.e. 

boundary layer pre s sure measure ments and visual 

int e rpr e tation by opti c al me thod s . The apparatus and 

· t 
es t vro cedure evolv e d is outlined in a later section 

( S e ct ion 4 1 p. ) • 

- 1 • J The experiments of Dunaway and Ayre. 

It wa s at this point in the research programme r) 
t hat the e fforts of DUNAWAY and AYRE became available. 

1'h ir r o r ort d es cribes "an effort toward the 

d e v e lopme nt of a hot gas jet reaction valve utilising 

boundary laye r t c hniqu e t o c ontrol a high pressure, 

hi g h temp e r a ture ga s s tream". 

12. 



The programme objective wa s t o a p ply known 

fluid amplifier techniques to a hot gas r P-a c t ion control 

system for a parti c ular mi s sile . Three-dime n s ional 

c ontrol was anti ipat ed 1 v a lve s being pl a c e d in the 

'Pitch, y aw and roll axe • Resulting from t h e ir 

Programme was a bi stable "hot gas valv e " t es t P- d with 

s upply pressures up to 

2350°F and at maximum 

1 JOO p s i , t e mp e ra t ur e:-; up to 

flow rate s of lb/s£:> <: co ld air . 

1'he finali sed control rn edi urn wa s air at a tmosphe ri 

Pressure and temperature . 

Experimental development. 

The approach favour d by Dunaway and Ayre was 

.aPParen tly one of pure ex p rimen t ra th r than 

systematic analy is. Initial xp rirnents were 

.c ondu ted at s upply pr ssures up to 200 p si , switching 

be ing maintained throughout the range by co nsiderable 

modification of the re overy sect ion of the uni t . 

Beyond this limiting condition sup rsoni noz z le s of 

various expansion ratios were tried with adj u s t a ble 

type r e eiver sect ions, each experiment involving the 

Variation of set back, wall length, control port si ze 

and Wall a ngl e in an attempt to encourage operation. 

Duriug t h ese experiments it wa s di sc ov e r d that, for 

l3 
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Particula r configurations , switching cou ld b P ob tained 

by u sing atmo s phe ri c a ir as t he co nt ro l 111 Pdi um. 

In anti c ipation of c on t r o l pow e r ec on o mi es a ll furth e r 

experiments conce n trat e d o n this me thod of operation. 

A vari e ty of dif.f e r e ntly s h a p e d noz z l es , o.f 

various aspe c t r a tio s , we r e d es ign e d a nd LPsted . The 

final c hoi c e being cir ular shap e d r1ozzl es b P c a u se of 

their r e lative thrust effi c ienc y and . e as e of ma nufa c t u r f-i , 

With r espect to two - dimensional nozzl es . 

S ome att e mp t wa ma de t o r eco v e r press ure in 

the r ec e iver unit s but with littl e s u cces s . The 

Valve could no t b e mad e to s wit c h into a ba c k pr e ssure 

of mor e than a f e w psi. Be a u se of the i n tended 

· appli catio n - mi ss il e s t a bility o ntrol - t h e problem 

of reduc ed a mbi n t pres su r e wa s briefly investigated 

w. - . 
itn little con lusion. 

Some 65 hot gas runs wer e a ttempted to t h e 

t ime of publication. 

Con c lusions. 

From their experimental results (see Appendix 

P. ), t h e a u t hors c oncl ud e d that a higher supply 



Pressure cou ld be switched by i n c reas ing; 

( a ) nozzl e area ratio ( t e st range 8.6 - 1 J. J) 

(b) l e ngth of r e iver se tion 

and ( C ) a r e a of xit manifold relati v e to 

e xi t a r e a o.f r e eive r section . 

( ) wa s found to r e d u ce valve effi iency at 

the low e r s upply press ures . 

The e f.f e t of in c r e a s ing c on t rol port area was 

said t o r e sult in a wid e r s wi tching r a ng . 

The au t hor o n s id r ed , in vi e w of t h eir 

res u l t s , t ha t a taged v a lve app r oa c h would provide a 

mor e pr edi ct abl e a nd a c e p tabl e s olution to their 

_immedi a t e prob! 111 - . 

C II e r a I · omm en t s . 

I n view o f t h e work pre s e nt e d herein the 

fo 1 lowi na · o mrn e n t s ma y b e mad e . 

~ u ce s s ful ope ration of t h e switch s hown 

d· 
l.ag r a rnmati c a l l y in Fi g ure 1. 8 would only be evident 

Wh n t h P v o r t x po s ition oinc ided with the re specti ve 

c on tr o J port . A t l ow pr ss ures t h e j e t would eith er 

l6" 
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reattach prior to the c on t rol por t p o s i tio n or , i n the 

c as e of offset , no t attach at al J. Conseque n t l y 

the in t r odu cti o n o f air to the c ontrol pol't , i n t h i s 

situation, wo u ld have no e f f'e c t on th e thrust diret' tio n. 

At excessi v e s u pply press ure s , f'or t h e c on f iguraU 0 11 

s hown, t h e j et wo u ld ha v e s uff i c ient t' tt Prgy to expan d 

i n to t h e off set r egion axisynun e tri alJy and n ot 

separ at un til some po i nt furt h er do wnstream. On c e 

again, v e n ti n g to t h e a t mosph e r e wo u ld be i nad e qu ~te 

or ine ff e c t u al . Figures I. 9 a nd 1. 10 il lustrate thP. 

Poin ts made - sho k wave formatio n, et c . 1 omitted . 

r-------~D 
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.t!.gURE 1. 10 EFFECT OF TOO HIGH A SUPPLY PHESSUHE P0 

FOR THE ASSUMED CONFIGURATION. 

Surprisingly• no attempt appears to ha v<~ bee n 

·made by the authors to determine what ca u::,; e d or 

assisted the ope ration of such a d e vi c P a nd, a::- with 

conventional fluidi c bistable s wi tches, the c ontrol ports 

\\>ere maintained in t he immediate vi inity of the exit 

Of the main flow nozzl e _ t.h.e no zzle being conve r gent-

c1· ~Vergent to achi e ve s up e r ~o ni c velocities. 

lS 

Considering that the nozzles were made of stainless st eel anq 



the receivers 0£ formed copper, the di ffi c ulti es 

encountered by the re sear c h e r s must have b ee n c onsiderable. 

It is contended, therefore, t h at the u se o f some 

Visual interpretation te c hniqu e s u ch as Schli e r e n or 

:shadowgraph would h ave provided mu c h mor e for the gi v e n 

expenditure of time and effort. Further , n o attemp t 

Was made to determine the pr ess ur e distributio11 a long 

the flow boundary and in c onsequence a ny ::; u ggE->s t _io n as 

to the general mode of operation of' t h e de vie e rnu s t h a v e 

been a matter of c onj ect u re . 

Resear c h by Holme s and Foxwell. 

Comparison of the r port of. HOLMES a nd 

~OXWELL(B) with that of Dunaway and Ayr e s hows 

Si~ilarities and c ons id e ring that the work wa s attempted 

~t the Ha rry Diamond Laboratori es (H.D.L.) under the 

auspi es of the U.S. A'I".my Materiel Co mmand, i l must b e 

conclud e d that it is a co ntinuation of the ir i nitial 

effort • 

1 • 4 • 1 General developme nt. 

The experime ntal work reported by Holmes a nd 

F'oxwe11 is almo st id e nti cal to that or Dunaway a nd Ayr e ; 

the theo r etical a r gument, however, are mor e progre s::;ive. 



Mention. is made of boundary layer and 

separation phenomena. It is s u gge s t ed t ha t the µ o s i ti on 

of the point of separation may be predicted by us ing 

an approa ch attributable to GADD(i5) (s ee Se tion 2 1 

p. ) although no attempt is indi c at ed. epara tiorl 

was said to or ur at a particular ratio of static exi t 

Pressure to separ at ion pressure . 

The original design i s shown in Figure 1. 1 h 

F'ive co ni cal no zzle i n s ts · with expansio n ratio$ of 

5, 10, 15 , 20 and 25 were tested in the b asic 

configuration . As ca n be e n offset wa s favoured for 

all pressur ratios. The frictional e ff ect of duct 

length (1 to 15 diame ters) was a n a1ditional variable 

Usect to obtain s wi tching at a give n s upply pressure; 

Trans du e r s were utili d to dete rmine the Jat ral 

.thrust Juring s wit hing at expa n s ion ratios of 20 to 

th re ul ts of which are indicated in Figur 1. 12 •. 

1• 4. 2 S ummary of result s . 

Figure 1.13 shows the effect of output 

ducting anu expansion ratio on s witcning plotted against 

8~PPly pre ss ure , P 0 • 
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500 I 000 1400 
OPERATING PRESSURE RANGE PSIG ( P0 ) 

' II ANGE I OPEHJ\ T ING PIH+>-i~l RE RJ\NGE n E TO 
NOZZLt t::XPA ' IOI\ HAl'l O J\ ' D OUTPUT DUC TI G . 

Ob i ous ly thP s mall r th~ t->xpan ion ratio the 

fur t h e r dow n stream s paration o cc u rs and the lower the 

eff ect. ive operating I r e sur rang • 

-· u rpri ingly , altho u gh a critical pre u re 

u gge ted to occ ur at s paration no attempt 

a t 
mea~urem nt wa made . F urther • the effP c t of thP-

Posit1.· f d d o n o the r e v e r se £ low r egion was not consi ere 

Of 
CO rt sequ en e . 

The b a ic i mprov m nt on the work or Duna wa y 

and Ay re r s ts p u r l y i n t h de isio n to va ry onl y two 

23 



basic parameters; expansio n ratio a n<l du 't I e ng th 

and also in them asureme nt of thru sL . Attention mu ::;t 

also be drawn to th fact that int ere .· l wa.·s boing 

~hown in a theoretical approa c h ; at t ha 1 t: i me - ti J I 

somewhat illu s ive . In both r Ps ear c h pro g rammes t ne 

bas· l.c concept of operation was not i ndi ca t e d . 

1 • 5. The work of others . 

The only other au thor o f ge n eral publi ations 

appertaining to s up e rsoni c bistable s wit c li es known to 

t -
his researche r are those o f CAM PAG OLU( 9 ) the most 

recent of which wa pre se n ted at t h <->c ond Cranf'iHld 

F'luict· ics Con.ference , 1967 , a nd c o- a u t ho r1:> u by Holme s . 

The ba i d e v i wa s that d v1-i lope d by 

liolrnes d an Foxw 11 rli c u ~~ e <l previousl y. Campagnuolo's 

main co ntribut ion is in app li atio n. A pneumatic 

~igna1 i s g n e r ate<l from a g yr o~ op in orporated in 

a rn· 
l.ss11 e -c o-n trol s yst e m. The s ignal modifie s by a 

Process· ···•r ·· 1· h t thr .. t f · ,·· o pu s width modulation, t ou tpu u"' o 
,t • ' ., 

a niultiis~age flu idi bistabl e s y s t e m, t he final staga of 

which_ is t_he ·power s wit ch previo u sl y discussed. 

Fi 
Kure 1.14 illustrat es the sys tem. 



DC BALANCE 
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MULTISTAGE SYSTEM 



In the ,omposit 

operation r eported wa 

design maximum fr equ e n c y of 

14 0 r/s . aL a j et pressure of 

70 Ps i g . in Liw os · iLL:iLor althoug h dPtails are 

giv n gr,q .Jhi c ally of ou t put ti1ru sL e r · u s power j et 

Press ur e i n th e rc1.11 g p 200 

f eect press ur P of 40 p!:iig . 

Maximum outpu t t.ltru sL wa ,-. r l' ,_1tirt1:: d as 80 lb 

Providing an ovf-'ra 11 powt->r gai n o .f I 0 11 • 

A t mos p he r i c c o n t r o 1 o f th e :3 u lJ s y s L e III is 

s u g g e s t e ct t o g e th f-' r w i t h t h e o d v a11 ta v. e s t h e r <-' of • The 

<J Sign is c o mp a t a n d rP pDr t e, I o pPra ti 0 11 most 

s a tis fa ct ory . 

T'wo otht:->r dPv, • l op111 e> nt s a r f' known to t h e autho:r 

o f ~ Vt,: /\:-;KJ\ 1-'l , ) <,'H' l'<l H AH( IO) o f :-:iwede n a nd the 

_Btn-rr. H "Il 'C l'AF'r ) I " (H ) F' ' l ", ~ O! U tlL\ l'IOn . A . : ., . .1. ton , 

"t'eat Britain(ll) 
• 

Thr f orm r h ave rnade a n ap 1 roa c h f o r the 

'Xchange of information a n d h ave .forwaru e d d etai l ::; o.f 

lheir 
r urr e n t resedr h programm e . Basical ly tney hav e 

tak n t1 1e work o f Ho l m1:. · a nd Fox w 11 as a star t ing 

Poi · f h t t nt. a nu hav f:" repeatPd a f ai r pro 1 orL.1.on o t e 

P:ro 
tsra111111 f' • n e c n u · e o f La c k O f t l w 1) r t i a l k now 1 e ct g e 

2.b 



the company has run into some difficulties regarding 

operation through an extended range. 

British Air c raft Corporation have run into 

similar diffi r ult ies whe n att e mpting to u e rowe r 

bistabl e s wit c h Ps t o vert or t h e output th.rust of a 

missile main mot.or - ::;pe F' .igur e 1. 15 . The problem 

evolve d .from t h e f' act t h a t op e ration wa s r e quired in a 

range of pararn e t e r s n o t c o ve r Pu by tn e member s of · 

Harry Diamond Labora t ori es , the la c k of operating 

knowledg e c au s ing s om t-> d iffic ulti es . 

On e othe r known r e por t i s the paragraph 

c ontribut e u on th ubj e ct by WARREN( 12 ). He shows 

a chli e r n photo g raph and s t a t es quite simply that 

su ch a d e vi e can op e rat e at pr e s ure s in excess of 

lOoo psig .; no o the r d e tail s being given . Presumably, 

by Virtu e of hi· s HD L p e ri· e n e • • • ex , Warren is 

· refe rring to the efforts of the researchers discussed 

above . 

Concluding comment . 

From t h e work of others already discussed it 

wo·u1u a pp t• ar that the majority of researchers in this 

2.7 
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field have deri~ed their programme from t h e initial 

investigations of Dunaway and Ayr e and in c onsequence 

Progress has be e n so mewhat s low. Howe ver , visit::, from 

members of the ROYAL AIRCRAFT ESTARLI~}rnEST (lJ) 

and conununica tion s fr om FEHH.MANN ( 14 ) of "Eas l GPrmany " 

and R. ROSIC, ( 1 5) of the Tho mpson Organi sat io11 

of the United S tat es indicate thal in tPrest a nd 

knowledge in the sub j Pct is b e c omin t?; morP div1-! r s ified. 

It is concludPd 1 therPf o r e
1 th.at , t ogethe r with the 

Work present ed h erei n and the e xp e c ted res ul ts of a 

further parall e l r e. Par c h pro g r a mm e in whi c h t h e 

author is pre::,e ntly e ngag d, ::;ome acceleration of 

current progress c an be e xpe c t ed . 



CHAPTER II 

THEORETICAL REVIEW 



THEORETICAL REVIEW. 

2. 1 Introduction . 

Many att e mpt s h ave b ee n made Lo ralionalis e 

and solve the positional prob l e m o f b o u11dary l aye r 

separation und er the dure ss of a n adve r se µre~s ur e 

gradient. Generally the appro ac h i ::; t1 ig tLl y mathP111.aU. cal 

commen c ing wi t h the ge n e rali s d avi e r Slo l<f·•s 

equations, pro g r ess ing by as r ies of tran s forma tion s , 

substitutions and limiting bound ary conditions to a 

group of diff e r e ntial equation s r e qui ri ng si mult a rH•o u s 

solution. Be ca us e of th nature of' the finali sed 

equations simplifi e d .flow c onditions a r e ge ne rally 

considered 
' e . g . main stream velo c i ty o mm e n c i n g at 

~ome finit e e xtr e me valu e as s um e d to de r e as e as a 

linear function of displa m nt et~ . Be cau se of s uch 

~ssumptions most of t h e pr f e rred olutions are only 

appli cable to subso ni c ompress ible flow as the 

retardation of s up e rsoni flow pres e nts dis continuities 

in the fl ow · b t 1 d · . t lf to s_tuation there y no en 1ng 1 se 

direct mathematical analysis. 

Semi-empirical method s are more acc e ptabl e to 

the f · Practi sing engine e r and by virtue o tn e 1r 

der· l.Vation s , may b e a pplied to mor e g e n e r a l situations. 



Details . o'f' the better known mathemati cal aml 

semi-empirical methods are prese nt ed in an abor(--!Viated 

form below permitting comparison with the new mPthod 

detailed in the followin g sectio n. 

Approximate theoreti c al methods . 

S u ch me t hods are 1 as yet 1 only aµµ li ca l>l e Lo 

laminar boundary laye rs . 

The problem of the co mpressibl e laminar 

boundary layer with ze ro pressur e gradi e nt be c ome~ 

e.xtremely diffi ul t unl ess suitable approximation::; are 

rnacte concerning the valu e o:f Prandtl Number and the 

Variati on of vi s osity with temperature . It is to be 

ther f ore , that th e additional probl e m of 

Pressure g radi e nt impo ses e vere restri ct ions on any 
t'i . 

g1.d att mpt at math mati aJ det rmination of the 

cond . . 
- itions applying to the point of separation . 

Th me thod of GRUSCHWITZ.(l) 

Th most favour ed approa c h to the problems involved 

in the olution of the c ompressible boundary layer i~ 

sorne . 
l.ndividual xten s ion of the approximate 



in c ornpr essibl ,J ~rivatio n ::; . 

frequPntJy bt> <· a u se of its c o mparative l y i rnpl e nume ri c al 

c a J c ul a tj o n a11d be1·au · ("' it.s appli c ability to pra rt ical 

J>robJ rn s is not rigidly restri c· L d to any par t icu l a r 

Pl'andLJ numb •r . IL ltas b ee n se l1~c l(•d 1 al ::; n , be a u se 

C(' rtain .011 c l u sio 11 s may h P drawn f ro m i t s sn lutjo n, 

Par tj ·ul arly as it J e a n s o n t h e ap proximate met hod o f 

L->OIILIIA lJ:-:i l:, ( 2) a nu II OL:::iTEI -BOII L E1 ( J) . 

,ru s · llwit z i11 t rodu e d a n w l> oundary laye r 

thi c kn 

A wi t h t h 

J.. 
cS, 

0 

a pproximate in c ompr ss ibl e method 

v lo ity di · ribu tio n is represent ed by a fou rt h 

cl t-!~•r 
"' n polynomial 

:i. , .• . '- . " -
7T 

( 2. J) 

anct ob t ai n si milar co ffi · ients in /). ( see Appendix 1) 



Where A i s mo d i f i e d o i n c lud e t h e de n si ty ratio 

i . p . = 
e 1 

f-' 
w 

d tT 
d ., 

An d , i n s t e ad o f o l>t a i 11 i 11 g a n ~·xpr 1> ss i o 11 o .f e/e , 

in t e rm s 01 1 h e d ec ided u pon a quin t i ' i n i 1ur t h e 

Pr od u c t, 

(1 - u /ll ) 
e 1 . -

Th e six c o e 11i c i n t s s ati s f i d f i v e b o und ary 

t' O ti d l t i o n s a n d t h e rr> f or e h e d f:• Llu - eJ l i te s ix t h fro m t h e 

e n e r gy i n t, g r al eq u at i o n , t 11 e c o n s tan t c oe ff i i e n t 

= e w 

the r t-' by gi i ne 

A = 

= 
T w 

dU 
dx 

be in CJ Sit LEcT£l> j 

As wi t h t h e Pohlha u se n metho d v a r i ou s 

( 2 . 6 ) 

' o 
nv e n ie n t s ubst i t uti o n s a r e ma d e as we ll a s e xpress ing 

01 0 01
e n t um a nd n r g y d i ssipatio n e x p li c itl y in te rm s 01 

t h 
e s h a p e f a c to r A . 
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Ultimately the followin g tWo e quations are 

evolved from t lw mom e ntum e qu a t i on ( ,431 ), Appendix (3) 

p . 1 and the e n e r g y e quat i o n ( A.tJ ) , Appendix ( 3) 

p . 
• 

e Q__ de 
F ( k) 

k [ 2 - M2 F2 (k)J ( 2. 7 ) 'f, dx = - bo 

bo = ( 1 Y- 1 M2) 1 + M2 FJ t~~ ( 2 . 8) + + M2 2 1 F4 

2 
Where k A(f,) bo · 

02 d U ( 2.9) = = cG' -f I 

The fun c ions F 1(k) F
2

(k) FJ(k) and F
4

(k) 

have b (1 •·) een tabulat e d by E . Gru :; hwi tz ,,.. • The 

Po· 
~nt of s paration bing le termined as before with 

incompre :;sible fl . ow ; 

i • • by ~ = -1 2 k = - 0 . 1567 

The q uanti ti e s ( ) dU/dx ~
1 
(x) as well 

and p are to be onsidered given 

Con e qu e ntly, xpressions (2.7) 1 (2.8) and 

' ons ti tut a sy::;tem of thr e differential equa ti onis 

thre variable s , mom ntum thickness e (x) • 
the 

wa11 t mp rat ur e bo = Tw (x)/T 1 (x) and the shape 

fa ct 
or K. 



The proc.ess of integration i by th me thod 

of isoclines as with the Pohlhaus n s oluti o n 

Appendix ( 1 ) , p . ) ; initial valu es a t Lh e 

stagnation point are obtaine Ll and with k
0 

= 0 . 0 770 

·the following equ ations re s ult 

= eo 

General comm e nts on t h e appli abilit y 

of the method. 

( 2 .11) 

i s ba s ically the ratio of 

in t h e boundary laye r 

The shape fa tor A 

Pressure to viscous fore 

niodifi ed , in t h e compr ibl ca , by the t mp rature 

Th method of solu tion , a sugg s ted , c om1111~n c es 

ltith some f. i in te value of t h form fa tor k ( i • ' . 

lthich imm diat e ly involves a positiv value of .A, 
indicat · r · l ing a particular shape to th velocity pro i e . 

sl.1c 
Cessive iso line solu ion produ e a progr ::;slv 

reduc t ion in th valu of A whi h in t urn modifi es 

tne 
as s umed v lo city profile . The act ual pro cess is 

0 ne 
of progr s iv d · r e a in mom n um in th boundary 



layer involving . an increase in the pres s ur e to vi ::; cous 

for ce ratio un til , at s ome di s c r e te val u e , ( A = -1 2 ) 

separation o cc u r s . Figure 2 . 1 s h o w::; the µ ro fil P 

Progres s ion for t h e in c ompr e s sible s i t u ation . 

1. z -.---..,...--- ·.-1 ----.-L ,-~ J.--_ ~-= -
U 

1.0 - A= ;,' ·:J;~~--r-, 
U 0. 8 ➔--+--,' 

0.6 ;---.....-;1.,,,, Jfion poinl 

ration 
a~ +-i;-v.;~~~-r-,,=-+----r--.-i---r-7 

0.2 +!i, "~~+~~-=--t---t--t---r-r-~ 

o •,, I OJ/ o.~ 
-0.2 · -~~~- ---'--~~~-~~ - --J 

7J•Y/'1 

0.6 0.8 1.0 

METER FAMILY Or"' VELO CITY 

It s hould b e no ted that M i s a fun c tion of' 

the · . . 
l.n1. t1. a l main s tream flow velocity U a nd t hat 

D(.x) 
must be <l e rmin d .from th stagnation point. 

l'her r ore a ny rron e o u a s s umption s involved in the 

<ier· 
l.va tion of the ba Ri ~q u at lons must b e propagated 

frorn th ::; t agnatio n po i nt through the para111 e t e r s 
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T (x) / T 1(x) , 
• W 

k and ~ the latter 

rnodifying t11 e a ssum e d v e l u c i tv p r ofj It-> ::; appre c iably . 

,\::; lh£1 s h a pt• of Uw profil e:,; i11di c a t 1:· the momentum 

e n e r{ r,y ;ivai JabJ e at a n y r,- i vP 11 t im t:' whi c h may b e 

0 f'po ::; 1>,J by a n a dv e r :-.; e pr e::; :-ur P g radi P. nt ::; uffi c iently 

La r ge t o (: ct u s f' se p a ration , the t h e or t~l i c a l po s ition of 

~~ Pa r aL i o 11 rnu :,-;t vary a::; the c oef'fi c i e nt ::- o.f the power 

t .. r,11 ::; in t h e v e l oc ity distribution polynomial as too, 

Wi l J th e a c ura c y . 

A furt..h r limitat i on wi t h the me thod i s the 

diffi c ulty involvPd in obtainlne a n Pxpres sion .for main 

strea fl · . . m ow in t e rms of cJ1 ' pL1 c e 11t<' n t X with a 

Parti c ular wall profil P . for e xampL<' , a c onv e rge nt-

div (:! r g t J . n · < u c t.. in 1' ompr Ps · ibl e .f J ow r e 4uir -•s the 

Si 
rnutt.an -o us ::;0 Ju t io11 of t..ru" i se nt..roµi e quations . 

T urbuJ1::! n t prof i l es c annot b t-> e n t e rtained by the 

111
<~ Llioi] of Gru ~c hwi t. ~ but. thi · i ::- g ~n r a lly the as e 

w· 
l.lh d1~r1 at.io n ::; d e f• lop e d .from the avi e r :::i tokes 

01.,h e r a pproxima te methoJ ::; . 

HOWAl<T H( 5 ) introdU ' l'd the s tr e am !'unction f' 

ali ~ fy tht. · ·ont.inuity qua Li on ( s e e App e ndix ( 3 ) 

) . 



i. e . e u ev = -e, ..11 a x ( 2 . 12 ) 

and a ss um ed a vi sc osity distrib u tion of 

and attemp ted to redu e the mo me ntu m e quation to a n 

incompre ssib l e form by the u s <> o f a s::; u111(~d 

t r ansf'ormation::; 1 £or vi s c osity and µr es::; ur<' ratio ::; . 

By u til i si n g the thermal e n e rgy e quaUon a1 td 

Progressing along t h method o f Pohlhau::;en hP fin ;:d Ly 

a r rived ttt h shaµ para m Ler 

' ') 

;\ 
6 " <IU 

bo ( 2 .1lt) = 
"'fl X 

'tihere Ll 
2 

bo = - ! ( r - 1 ) Ml] ( 2 . 15 ) 

.-) 

o' ~ ( I 
u 

)dY ( 2 .1 6) = - -
U I 0 

{~ l anct y = <"; / dy ( 2 . 17 ) 

0 

It ·an b(~ seen that the s h a p e fa ctor as d e .rivPd 

by 
lfowar th ha s certain s i milariti es with t h at o f 

Gt-u s h wi tz wh -' 11 th Prandtl n u mb e r , p = 1 • :S urµri ::; i ngl y 



there is a sign ,c hange involve d in b
0

• 

Becau se o f' t h e simil a r ity a 11rl L1 w 11 e ce s s i Ly 

to Progr es s from Lh e stagn atio n poi nt L1w mi> thod i s 

.
0 Pen to t h e c r i ti c i :,; ms app li e d to Lh t · 1t1(• thod o f Gru s chwitz. 

1'he criti c i s m a pp e r t ain i n g t o t h P. de riva t i on o f 

U(:,c) s eems pa r t i .ul a rl y a lid in t hi s i 11 s Lan c P as 

Howarth was o nly pr e p a r f' d t o fo r wa rd a so lution L o 

Velocity d e c r e a s ing linearly with di s pla cem nL x. 

An al rn at ive me t hod of' ge n e raliz i n g 

Pohlhau e n• s m t h od h as b e n s u gge st e d by YO UNG ( 6 ) 

and sub s q u e n t ly im pr o t-• L1( 7 ) 

heat trans f e r at t h e wa JJ. 

arb· 
J.tra ry P a nd w, wher 

Viscosity r e l at i o n s hip ind 

a nd 

to in lud e flow wi t h 

Tlte me thod is valid for 

w is the t e mp e ratur e -

ILLINGWORTH( 9 ) h a v e 
1tnProv d How a r t h• s m•thod by a mor e involve d 

tran f 8 0 rma ti on in ord e r to e ffe ta compl e t e 

bt-an f 8 0 rmat ion b t wee n a ompr ss ibl and in c ompr e s ibl e 

layer wi t h diff e ring ma in s tr e am velo c ity. Othe r 

tt-a ( 1 o) 
n f o rma tio n · hav e b n u gges t d by ROTT , 

OS\'A1'IT · c H a n d WEIGHAIWT(ll), I LLINGWORTH(lJ) arid 

F'RANJ(( l J) , t h e mo s t i nt r t>s ting of' whi c h i s that of' 



I l lingwort h. 

He at t e mp ted detailed cal culations for flow 

~i t h zero press ur e gradie n t , u sing a numb e r of 

Poss ib l e form s o f' t h e f un c tions F( l'f'l ) a 11d G ( fl, ) , 

( see Appe ndix ( i ) , p . ) . In p a r li< ' tll ar h e 

consid e r e d c as e s whe r e t h e t wo f u n c tion ~ were 

Polynomial s of t h same order ; q uadrati c , e uhi,· a nd 

quarti c a nd a f u r t h e r ca e i n whi c i1 F' ( g ) was quintic 

and G(l ) s e x t i c . Of par ti u lar i n t e r ~t , h ow Pv e r , 

\\las the 

form s • 

c onsiderat ion · give n t o t h e trigo n o metri c 

= = ( s in~) 2 

2X 
( 2 .1 8 ) 

and h i s on lu s i o n s that the t ri g onome t r i a nu c ubi c 

fo r m 
. 

8 appear to g ive t h e mo s t a c ura te v a lues i n 

comp Br i s o n wi t h th a u rate a lculat ions of' 

t't.n.toNs and BRAINERD ( 14) . 

Wh e n the probl e m i s s p ec ifi c al l y t h at of t h e 

de t e r · m1.nation of' the poin t of' sep a rat i on in l a minar 

comp 
r essibl e f low it i s c onsid e r e d t hat the a b o v e 

l!le thocts a r e r a t h e r pro n e t o e rror d u e to t h e basi 

Si 111 i larit y in t h e me thod o f' a ppro a c h . Fu r th e r , 

"he n c ons i d r ing r e l ativ J y co mp l i · a t e d prof i l es t h e 



arithmetical e .ffort invol eJ i n so lving for ma Ln s trf'a111 

Velocity e t c . b Pro rn e s o grPc.1 t a s lo b1-! <' o nw pr·ohil>it. i.vc· . 

ThP folJowin g met h o d s ar 1• tl11 •rt• f (>1·.- l· •>11 :,; i d,• 1·i~d 

to hav e 
I in c o nq.Ja ri su n 1 :,i O Ill P t. h l t\ f; U 1~ t t (' J' t Ji rt I \ i1 I I 

equal c apability of predi c tin1: , wi l h ::-u 11 w ,1,· ,· 111 ·,1, ·~ • 

the Poi n l of s e par a ti o 11 1 pr l , H' i pa l J y li t•,, ,1 , 1 :-; " U 1, • y a r <' 

semi- mpiri al and apply to the se pa r;i L Lon r• · 1•; i.(lll ;. 1 I one. 

Empiri 

, add' s a nalys is f or intera c tion s 

' ausi n g e parat ion :; . 

GAJ>()( l5) ha ~ studied the probl e ms as::,o ciat e u 

\\ti th the two di m n sio11al int e ra <' tion b et wee n lh<· 

_bou nd ary lay r ou a flat plat<' a nd a n in c idP1lt 

Obliqu e shoc k wav e as::,u m ct to b of uffi r i e nt st re n glh 

_to . caus 
S -> parat ion. H onsid e r e J two diHtinc t 

wholly laminar or wholly t urbul 'n t flow ::; . 

Becaus 

:1..e fl 

of the nature o.f the assu me, ! prub1 e 111, 

• at plat e ondition 1 hi s anaJy::,is is not 

l':1.g. 
l.dly appli c able to the situation .formin g t h e s ul>j Pct 

ltlatt e!' oft.his lhe::; i s i how e v e r, he draws sev e rDL 

con 1 c Us ions whi h othe r investigators lwve appU.t~u t.o 

the c . t . 0 nverge nt/ uiverge nt fl o w Hitu a , ion . 



With regard to laminar flow it is assumed 

that in t h e r eg ion i mrn e uia tl• l y up ::;t ream of interaction, 

Whe re therP is no pres::; u re gradie nt, t h e velocity 

Within tho b o undary l ayer i::; give n by 

u 
u = si n 

By length.yarg ument h e co n lud es th.at 

separat1·on h. k pr ss ur e r at io is inct e p e nd e n t o.f soc 

(2.19) 

s tl' e ng t h and is a .functio n of Ma h. umb e r and Rx only• 

Making th assumptions th.at w = P = 1 and 

ze l'o h eat t rans f er , t h e i · ntropi c quations may be 

Usect for the d termination o .f t h d(;-'nsity and viscosity 

ratio s . ' ubstit ut i n o f th relevant expressions 

togp l h e r with t h assum d velo ity ratio in the 

e.xPres 1·011 .for displacem nt thi k11 >ss obtains 

= 
21-wn-1 [ (~) V2 Mol 
7r [( r - 1) /2 ]'12 Mo J (2.20) 

Th.i s i ~ eq uated t o the di s plac e m nt thickness 

Obtain "u by YO U:\ ' ( 16) i nvolving R ynold8 number to 

&:ive t' i ~n exp r ssio n for boundary layer thickness gz n 

Mo a 11Ll x only, viz. 



s~ . 1·72 I [ \ -t O · bq 3 (¥ - \) Mo -z J :X:. 
( 2 . 2 1) -=-

I ((¥-1)''2 ] ] ll -O · b3b t-~n- T Mo .fRx 
[( Y- 1)/2.] 112 Ma 

At this point Gadd prof:fe rs a r g um e nt, ::; in 

favour of dividing the boundary laye r into t wo 

dis tine t portions - that whi c h is vis cosity dt:-pe nd e nt 

and that which is pressure d e pend e n t . The ve lo c ity 

dist · b r1 ution expressi on is divided like wi se and 

conditions impos e d on the two portions s u c h that 

continuity is maintained at the ass ume d joining 

st reamline . 

Near the wall it is assumed , from the Navier 

Stok e s equa tion that 

dP/dx = µ ( 2 .22) 

Also the r e lationship between pr ess u r e and 

deflect. 
ion o:f the external streamlines is d eri ved :from 

SlJp 
ersonic flow the ory for small angles a nd e quated to 

tne 
rate of c hange o:f displacement thickn ess 

Col?Un 
encing at a zero advers e pressure gradi e nt condition. 

By f'ur t h e r a rgum e nt the difference of the 

cli.s 1 p aceme nt thi knesses is ass ume d to vary parabolical ly 



to the point of' . separation as to o i s th,, p rt!::; ::; ur e 

diff'er e n c e . By su c cessive s ub ::; Litutio 11 itt tltt· 

respective eq u ations i s deriv P c..l an e xpr P.;;s iott fur 

Pressur e rise at separation , viz : 

'h 

( 2 . 2J ) 

Whi c h, in omparison with pr .J( ' t.i, · ,d r1• ::; ul t ~ , 

gives fair agreement u p to Ma c h numb Pr u r ' l . 

this valu e divergen e i s high. 

Hey o nd 

Gadd uggest that a similar apµroa c: h Lu 

tu 
rbul e n t boundary laye rs is not Jus ti fLtlj Lt· du e Lo 

the nature o" th · f · l .L probl e m a n d -ont n L::; t1i lll se l wit t ' 

the foll ow1·11g P 1n1 iri c a l <ii s u io n of t h e problem. 

It is ass urn d t hat t h e profile 

u/U = 
1/7 

(y/6 ) 

to t h e f'r ee boundary lay<•r, i. " . t:ha t in 

t h e · l.rrtrnE:H.lia te vi ini ty of se paratio n l>u t not a!' f .. r. ted 

by 't l. • 

S k e tching th prof'ile h e s u g g ,• ~ t ;j that a kn ee 

0
'c ur- s at a velocity ratio approxi mati n c Lo u / l J = o . (i . 



ugg ting , from. xp rim •11t a l 1· ,•:--1111- , 111;11 11 11 · l)ll lk 

of t h pre::;sur 

gr a Ii en L for e · in t, it i s 1 · ( • 1 •; i n Ii ; , 1 · • • , · ,, 11 :- i I , · r ; ii , I y 

gr<'at r tha n th 

Llr" ou L r boundar 

lllay I , c al ulati=>cl by H,-- rn ,u l lj' - rala t io1i ~ h.i1 1 • TL 

i . coll · I ud cl L h a L 

h e ratio 

re t by h pr '.a; ur in ri a:3P 

i • -::. 

( '> ·> L ) .. • .• I 

( ,, ·>6) ... . ·-

() . . . 1 ' -Xf>< .·r·.1.· 111 1-' II Lctl I'l' .-. uJt ~ ll l'P aea n t ' O lllprtl'l .· 0 11 W.1. l -

i 
.fajr up o a Ma,; r 11u111IH'r o f J . 



:-i umming . up , (;add s u ggeE- t that a n a n aJ: y ::; i s 

on 1h11 J i 11P ::; of L11.r1t aµpLiP<I to tht• La 111i11ar 

bou 11 ,I · 1·y I ;ty c· r , t ;-,k .i.n t:· a 111nr (• ;i,J, ,4 u a I 1• ac.'<' Ount of the 

fluid at. tlu• wa 11 wouJ d IH' pr Pf1•r;tl> I 1· . 

ti n, ' l ' rtainti.•..; as t o tlu• re latiuri IH · tw1 •1·11 t1H · 

turlJuI 1-:! nt f rit' tion ::;Lre::;s and the :-; h .. 1p P o f tiw v e lo c ity 

Pro f i J 

') 

" • ]. ~ Th l! IIIPlhod of :-i trc1tford . 

for the 

1h• t (' ~ · 1 111 J. ll r1tln11 u f t,h" po :-<it ion of ::;eparcttio n for the 

I I.Jt •bu I 1° 11 t l> o ur u lar) I ayt•r , whi c l1 r es ults from an 

·,. ,) fJ ·· rox i111ri t · o Juti on of th e quation :,; of motion and 

Tlw eq u ations 

involv1 ,l 

' 111 p i r i ,-- l .f a t o l' • 

;i r~ • in i 1 • g r c.1 t P I by a modi f j d 

s o.Jut ion-.. hniqu t h 1., r1->su 1 ti n g I xprl• · sion 

.tppli ra bl dirc' tJy to trt<-' par a t.io 11 po ·J t.i on. 

Th" c ont n tio n t hat t h e turbuJ.1~nL boundary 

l •l 
< y P I ' 1' 11 ,· 1 11 ' 11 b ) ' . ] I . t 0 pr es::; ur<' r.1 ::H' may e <. .1-v.1.t <· < .1.n two 

n · f-" i o n s - an o u t er hi s t, or i a 1 re g l on w i t h 

/ l' l ' fl ·l1t•l:i r .I oss . H and an inn "' r r e 1rl o n wit h 

~ 111 <.1 l I d i 11t •r t i ; , for ces s u c h that pr ssure gradient an 



s h ear str ss ar bal a n d within a di t o rt Pd , 

a n c hore J pro fil e - is i d e n tica J to Llw m<• t hn ,I 
( I 1j ) 

o f 1~ ,1U 1D · 

a s Rpplj P d t o t h e l a min a r bo und ary 1 ayf'r . ;-; I l ' ,t t f' (, I '< 11 

appa r e n t l y , i s no t so un ce r ta in a s t o t ltP , , f'f r·, · t o f 

. t u rbuJ •nl s h0 a r st r es 

The r,~atm e nt a µpli e d b y :::i tr at f' o 1·<1 i ;-; 

sum111ari e d i n Figures 2 . 2 a nd 2 . J . ,\ L 

Profil e i s a ss um ed to b t· un,-itr111t; e d <• ., 1· r• p L al y = n . 

Ju st down s tr e am of the r e i s a ge n era J I owt•ri nr; 

of the v•lo ~it y i n the o u t => r layPr ( A) an, I ; ,1t 

as 
!:; UrtH-' d c h a n e e o f s h a p e 1 11 thP i 111t P r l ay t•r (11) as 

indi at e ) b e low. 

y 

I -

i,v: 
y 

+,u! -, -
t,•2 

,_ 
1 ... ,: -

®---
,, -,_ --flp 

'• 
.:i: = :r. .r >x0 

UE EL ) PME\J T OF A !:.I OU ' DARY LA Y EH 1~ 
A ~· lJDDEK PR&; .' IJRE GRADIE~T . 
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At the s e paration posi t ion {Figu re 2 .J) it 

is postulated by S tra t:ford th.a t t h e ze r o s k i n 

friction situation i s r e a c h ed whe n t h e b a c kward for c e 

Yi AP is balanc e d by the she ar s tress 

Where To = 0 • 

---
~ .. ,----~ .... 

"1o.t fonvvd and Aow reversed and 
•• P<llitive , 0 neptive 

'->. , • at aeparanon II zero 

~ THE EPARATION POSITIO N. 

For the inne r laye r S tra~fo: d aq~u es t ha t 
tne 

Pressure forces must be balanced e ntir e ly by the 
8 ne 

ar forc e gradi e n t , i. e . 

= {y = 0) 



Al s o , if . the wall s tress T 0 i s :t f-' r" , 

dimensiona l ::, irnilarity r e quires thaL 

u.. -;:. 

whe n c on::;id e ri n g a r egion e ry 11 £->a r t o t1w wa I I, i . , • • 

s at· l. s f' y inG 

ln t hf~ _fully t urbul e n t p a r t o f t.h,· j 111t <• 1 · 

flow, th r e l a t ive mot ion i s ind e p e nd e nt nf Lh<· 

Vi s c o s i t y a nd t h c~rP- f ur e S t rat_ford <' Ont t· n ds 

+ B 

A a 11d B 

By a pproxi ma t io n , e q u ati on ;~ . :.!') give::, 

i n t ur n 

u = 
I 
2 ( ~ 

e 

whi c~ 11 
S Lra t. f o rrl prt-~ f e r s t o wr i t in the _form 

e u 2 

( :! • ' \ I ) 



is an ~mpiri al fa tor L: on s iderP<l Lo b' 

e. en ti a 1 to t ht-> a nal y :-; i :-; u f l u r ti u I .... n t lw u !Ill a r y I rt ye r ~ 

by virtu e of the n e c essa ry a ppr oxi ma tiuns i11vt1 l vecJ . 

Por Lht-> ou tPr f J ow r e gion, S tra t f onJ ' s 

irnpo s ' o 11 d i ti o 11 s s u g g s t t ha t t n e d y n a m i r h e ad a 1" 

any Point in a turbulent boundary Jay e r ;-t r t P.d up o n by 

an ad v e r e pr es :5 ur e gradi e nt is eq ual to t iw dyn,imic 

head of a fre e boundary laye r minus the rl · p in 

Stat i pressure , i.e . 

= 
' 2 .l :.! e u ( 

i a !::it re a m .fun c tion g iv e n by 

= r 
0 

u <.ly 

( 2 . JJ ) 

Th • s u.ffix i d not e th . ass um d str a m.L ine 

dividing inn rand out r flow regions . 

' uf.fi x o , in thi derivation , r e fers to 

th ituation wn re a normally free boundary 

l a y rm ts a s udd n, s mall pressure ri se , 

s uffi i ntly large to cause an instantaneou 

hang in the as urned pro.fil e . 

51 



U · i11g th r s ul l · of lh work b y c;OL.IbTE lN( l 7 ) 

and CHLICHTI <._;(lB) , ~ t r a t fnrcl , ~j vt->::, t1 w , ·11q,iri, ·: 1I 

Solu tion I'or lne v e l o c ity o f Lne .frt!e lw1 11tJ cn ' y l c1y 1 •r a:-; 

wher e 

u' 
0 

b' 

e, 

= 

= 

= 

(n + l)(n 
n 

O. J6 •x·Hx 

( . ) ' ) - ) .. . ) ) 

+ 2 ) 
' ( ,, ·11 ) ·- . ) 

-1/) 
( ') ·1- ) -- • I 

Th joining - i u tinn belw e 11 t iw .i 11tl( •r ;i11J 

out er lay r i· 'd l sa1. t.o oc · ,·ur w tt ' l' I-' 0, dU / OY~inn e r = 

By c.lif1' <- rf-' 1t liatior1 , t•qu u t irtg 

equation s 2 • J5 a nd 2 . )(J 

(Y' /& t) by substitution 

and 2.37 h oblain -

· 11d liminal.ing Ltw 4uoli,~rtL 

fr ·o 111 e qui:t .ion s :.! . J 5 , '...:' . J(i 

('2Cp)l/4 ("'11 -i) (x~")¼ 
c4x. 

= 

\(. L ~1 l P "Y\ -t1 

p = n = lo ca l vulu <' of' ttu~ 

ney 
no lri · numt., r ba Pd 0 11 di ~ tan : e 

v locity 

ft-on1 th 

tne ec:1g 

0 . The limi al.io n on Cp rt> · uJ t · for111 c.1 J ly 

join or the innPr u 11 d outer J a yer:,; rea c h i n g 

of l e boundary l aye r whe n u s ing the 



idP a li :-;p(l v e lo ity pro f iles . The ,-;ame Jirni h 1Lior1 

r1p pL ic 1 !:::i to Lh e e mpiri ca l dt->t e rm i 11at i u 11 o f\\ 

Cu mµari,-;011 wiLit e.xpP rim t~ nt a l 

i n order to obt a in 

Va l U " -.; 0 f t l lP V a 1' i ) U :,, JI ct [ ' a nt P t I ' ::-, ii p !J <' J ' t a i II i II g t U t. h e 

11 • Lo µr ed i c: t 

Pr- 1-1~s ur p r i::;P Lo :,;e 1 i-il'n.t.Lu 11 vaJuP s from O tn 10 p e r 

<'i> nt lo w but :-;tru tford c·on. tend:-- tha t it 11 as tt1 P 

ct <l vant ;-, ...,_.p of s p ed a11I ra tio11 a l ity ovPr ot n Pr 

tll "'Lhod :::-.( 17 , 1< , 20 1 2 1, 22 1 2J , 2 
.in v o 1 vi Il g L h P 

:s I 0 
u I i o n o f L h e mo 111 • 11 L u III a 11 cl e 11 J. • g y e ll u a t i o 11 ,-; w L t II t, h e 

ai <1 0 r . . . 
variou s P 1T1J>1.r.1 ca L f'un c- tion s . 

,-; t ;-,1 t P::-, 1 i1,we e r , ti 1at the 

<' 0 11q..>;,r"u \ i tlt 

r n ~ a nd . · pi {' g J f r • 

AR.E i - a n 
a 

P!Jro ach to t h at of' val.I , wh n 

b () Ur1 J 
~ry lay r s paration in a 

<I \.J (• t .. 

of' ~ HUBA ER & KLEBANOFF ( 26 ) • 

appl y a imilar 

o n s id ring t urbul e nt 

onve r ge nt div e rge nt 



Th ey c o 11u11 e rU ' P lhni r LrE •a t i ~ • with a 

dt:> ~ c rj p Lion o f t irt • vur .iou,-, f or 111 :-; CJ [ ::,t->pa r ' a t .io11 to bt-> 

Th e y 

c O n l i II Ut • w i t h a cJ i s , u ~ s i o II u f µ r a t j ca I ,, P ,-, u I t s 

vario u s r sear c lwr s , f' HA ZE H t-l a l( 2 9 ) , 
0 bt a i11c •u by 

~kK E\\Ey( 'Jo) a nd FO "TEH a nd COWL ES ( J I ) a rt <l o n c l ud e 

tha t se parat ion o ,,, urs at the poin t whL•r t> l h P 11 ozz l e 

wa11 Pr e ··s u r e r ar h t>s a parti ul ar f ra - tio 11 of the 

arnb · 1 ·•ri t pres sur P , quoting the ::, umm e r.fi e ld c riterion 

Of P s/P :::. o . 4 • It i s · tat e d that , wi t hin the 

scatt e r o.f f' xp rime r1t a l d at a or the r atio o.f wa ll t o 

antbien L pr a t st->pa r at i o n , Lh e r P i s 110 

c on . • 
:=1.1.st. e nt sign i f icant di ff e r e n e b twee n two dime n s ional 

, n or 
a !tr] . . 

· a.x.t · ymm (~ tri r 11 ozzJ a n a ny trt-> nd l> e 

a fun <' tio n of nozzl e half angle for a ran ge 

Fur hPr ass umptions are : 

Re yn o ld · num b r h as no signifi a n t e ff e t 

Or1 t hp 
~ 1--.:: µ ara l.i o n µr e s ur ratio . 

( :? ) 
Th ·, e ff e ' t of s ure g r a li e n t and bound ary pr 

laye r 
hi s t ory may l> e 11 g J t d . 

T h e prt·s::- u rt~ r tio r equir e d to p a rate a 

t 
~rbu1 n t bound a r y l a e r is ind p nd e nt of the 

€; e o,n 't ry o f LhP intAra tions . 



;~ c h a r a · t C-! r i s ti c v P L 0 1 • i t. y 
• u :--. 

l a y e r , .r · 1 a::, ir ::-; 

( 5 ) 
:::i ta g 11 c1 tion L t-- mp e ra t u r e j '.-> 1· u 11:-- t n I1 I • 

' U s ing the a b o v e a ss ump t i o n · ti1 e y s ugg t➔ ::3 L a 

chara c tr•ri sti r Ma c h nurnl> e r o f' 

( 2 . J!J ) 

1'' or tag nat i o n l s ;:i:-;s u ml.• d t u o cc ur M* <;. 1 
s ' 

is E:l nt . 
rop1. · a ll y gi ving a p r ·::; ur <0 r u tlo r 1•q u ire 111 t ·1t t , 

as Per Ga,J<.1 , o.f 

cl e r · 
'l.ni t ion - b e i n g s h o wn in f:,"'igu re 2 . 14 IJ t-- l ow . 

·oEU NO Z Z LE WIT H SEPARATED FLOW • 



isP ntro p i 

to be pr e Pde u uy n o rma l s ho c k 

express ion prod u c d ac ording ly . 

0 111p rl:-':-i:,,lu 11 ar id ,111 

ompari o n f h e ratio 

by tn quat ion s 2 . J a nd 2 . 40 abo wi t h r P::; u I L:-; 

avail ab J t-> at t h Li me ( 2 I) 
o f publi ati on ' 

ar s hown i n F i g ur 

... 
Q: 
:, 

~ .40 ... 
Qt 
L 

! 

2 . r:: b low f' r 

j -1Dt---_,_ _ _...,...'-'"t...__ ---

.,. 
0 ,, ' '*·" .. . ' ... 
0 

• '.! 
0 , , 

0 , , 

-.. --

it II M i.t ,. .... 
" 
" 

L 

~ 
---

.oo.,~ - ---+-----!,----- '!-----:cl---------~. 
SEPAIIA TI ON MACH NUMBER M, 

= 

' RE RATIO . 
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A .fur th r r e la tionshlp i s (!p1 •ivP<l b y 

eliminating Ms l, e tw ee 11 t h e e xpr1• ~::; io11 

anu :! • 10 s hown above g ivi n g , expli c i Lly , tilt · r ;1iiu 

of s p . ara .1.on prC' ·ur to a mb i nt µr e::-; su:i •p a:-; ,1 

fun tio n or th nozzl pr s ur ratio . Whi c i1 , f' u r 

and a ss uming Pb= Pa b C' ome:::1 

an e -X t r mely s i rn pJ<, <' q u a i o n n u ::; P if t.n e val u l' o f 

u:iu s i ppro i mat l • r n · a 11 J 

va lu L o ag-rP ~ with e .xp ri111P1tLa.l 

It. i s i11t rp · tin to no t e tna t th" f i 1wl 

expr ~8 ion a ppli · f o r whi c h by s ub :; Li I u t ion 

Co rt•.,. · po11d ,-, 0 an of a µproxi mat e ly 2 . T h ere for<• , 

if it a::; 

Velo (' i Ly 

um 

in 

t ha 

t h1• 

h a c k pr P s u r l' o II l y a f f C' · t s the 

ul.i so rii · boundary lay r 

h l' l, :::1 i c a s s u 111 p t i o II a p p e r t a i u i ng to t h P. llf-' w 

o n ta i11 cl h •r t> ill ( ::-e c tlun J , P • ) . 
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Mae r . 

I' 0 111111 11 C P :-, \ j_ t It cl ll i-1 p pr 1); I <' lt t " 

e ff e t:,; of a n ubliq u<> µL:111 <' ,-,l ioc.: k i111p _i_1 11•: i_1 1,•,; u11 a 

t u rbuJ P rtt, b o undar layPr a nd s u ~gP::- t :--i ti 1; 1 L t i1t• rc · :-s u I L,-; 

lllay b e appl i ed o f'r e s e para ti on u r 1' urr i 11 g · .i 11 

div rgen t, nuz z l 

R . f rri n g tu f'igure 2 . C, Ma g<' r ma k <' · Ll w 

f ollowing a::;sumµtion 

1 2 
s = 

EXTERNAL 
FLOW 

K ~1 - 2 . l. 

------------ f' 
- --- - - - - ___ _ p_M _p -pt \"l JET- LIKE 

BOUNDARY i ~ FLOW 
LAYC: R ~ r, Jk.t ~ p ---DEAD FLOW 

WALL 

' DARY LAYER . 

( 2 . 4J ) 

SB 



Whi ch, together wit h t h e obi iqu e s ho c k approx i111atio 11, 

gives t h e pre:::; s ur e ratio a <' l'o~ s the ::-e par ,Jt i ,>11 w .:.1 v e 13 · • 

YM-2. ( l - K) 
l~ _ ,. --------

2 l-t[(¥ - 1)/2]Mi2. 

Since the b o undary layer c a11not 8tand a vr-ry lur1:.e 

Pre::.sur e r at io wi t hou t separa tio n , the c ouu itio n s across 

the w·ave 

~ach wav e 

D - C mu s t be similar to t ho se a c ro,:;s a 

that is , the u se of' the obl iq u e s ho c k 

appr oxi~1atio n i s esse n tial to t h e det e rminat ion of' the 

corre ct pressure ratio ps / pi . 

Th bound ary laye r is ass um Ll lo c urve , a f't e r 

separation • 
c1·r _ l. f e rential 

und e r t h e a c tion of a tra n sve r se pr essure 

6 P. Ass um i n g tha t t h e press u r e in the 

t ran .. 8 1 t:i.on region i d e p ende nt o n L\ P a nd s ome 

fu11 tion of ("'1:, / 6 ) , see Figur0 2 . 1> 1 u ti li s ing the 

lllom 
entum e qu atio n in thP \ di r e Lion a n d u si ng a n 

inc 
urnp r ess ibl e transformat ion s u ggested by 

DERo DN lETZ YN- s TE WARTS o N ( J 9 ) , 

lll u tli 
PUl atlo u, obtain 

Mager, a ft e r mu ch 

P:f 
Pl 1 + 0 • J28 1 + (( r - 1 )/2] Ms 2 

0f be -· 
J.tlgrl e fin e cJ in Fi g ur e 2 . 6 . 



er, M8 a n d µr / pi 

givin 

Wher 

i . e . er · M. ? 
l 

thf' u.L tirnal approximation 

Pf 
Pi (P ::;/pi ) t I + G [ 1 - (P ~/ Pi )] J 

G, -=. - o -~28 KJM, 1 - 1 

l-t (r-\/2.)~Mit. 

Cornpari on with t..he data µrofft>rerl by 

SCJiU1-/ 40) 
indi c atPd to 1ager th;_1t K = 0. 55 w o uld 

( ,, , ..., ) 
•• • , I / 

·be 
a s ui tabl vaJ u E-· o as · u111P for .f a ir co mpari 80 1t of 

h i 
Lh ory wi t h pra ti eP . 

T h th ory i8 ::s ho\,n plt>tted in F'igurf' 2 . 7 a nd .i::; 

c omp a r eu with tht:> r Ps ul t.. · o f variou s investigat o1 · :::- . 



col'r 

3 .u ---+-- :...., --+------i--b,_,,,,,,.'f-_---t--__ 
PRESENT ESTIMATE--,-,~~ 

Pf 26 
P, I 

2 2,'-- -+----+____, 
I 

2.0 25 30 '35 40 45 
M; 

PRE ·suHE RA TIO OF' l; HEE S HO CK .'EPAHATEl> 
TURBULE.TBO NDARYLAYER .(y = 1.,, PL-1111- ::; l1o'k) 

The theory , it is s u gg s tP cl, 111ay lJ e u ::; ,•d for 

sno k s l~µara tio n simply l> y p Lot ting PCl. / Pi 

Mi on f'igure 2 . 7 1 the point of in ter :::, •et inn 

sponuing to the eparation ::; ituatio11 1 i . P . j.f i ::; 

assunie ct that p~ = Pf for f'r ee separation . 

1'urbu1 e n t mixing pro sses ar e ignor•d. 

Con luding c omment . 

Ma ny oth , r methuu s are available f'nr the ::; ulutiun 



of turbulent bound a ry layers, t> . g . t h e method s of 

BUR J. I l>UE'.H<H'I•' a 11d TETEHVIN(i 9 ) 

anct CA !< i\E H( 1-t 2 ) 
1 

1•a c' h ;.1 t tempting t.o d e rive parti c ular 

sitap•i f a c tor:,; appli ,abJt• Lo t h 1-> pr o l>l t> 111s associat e d 

· Wit.h se parating bo um..l ary .layer:,; . (;p n e ra l ly, though, 

t h 0 Y are 11o t rf'auily r1ppli alJ.lP to t h e pr o l>ll'111 s 

0 
' ' Urrinp; in over x p .-11td d :,; up e r;:;011i , j, t :-.; • 

I , is 

fol'warct b a O V(• 1 

un ' lud P Ll 1 f ro m the b rie f' r e vi e w pu t 

tha t th«-> me thocl · of Are n s a nd ::., µi«-> g l e r 

r , n eg l ecti n g t heir t h t-u' Pt. i a l limitations, 

al'e 
ProbabJy Lh ea. l e st tn a pply ancJ giv a fair 

i.nct · 
lcat.ion of th.e co ndit,io n :,; a pp rtaining to separation of 

th
e botr1d aT\' layer rind 1r th.P d ur e :,; o f a n ad v e rs e pr ess ure 

Kradi e nt • For h.Po r eti a l pJau ibi..lity 1 a nd perhaps 

c u ra-y , tht> m 1hod r\ Prived in the f'ollowing 

Se t· 
l.on woulds e m to b e mor e appli ab.le i n this situation. 
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J. THEORETICAL APPROACH TO :-, EPA!li\Tl()\ . 

Introdu c tion . 

Considered i s a dis c r<! tP poi11 l i11 t h t' fo 1·111 c1 \ j ( 11 1 

of the boundary l a y er ; 

Process of separation . 

tha t o f L h e u egi lll li It {'; 0 f' t Ill' 

Use of Lhe theory s h<H,·s ttw L 

s upersoni c , l a minar or t u rbul P n t , co mpr es:::; ibJ<' bou1HJ ;1 1')-

laye r s with impo s ed adver , pre ssure r;radiP tt t 111 ;-1y lH.: ! r <> , 11 0.J 

-Wi t h e q u animity providi n g the immed iate velo c i.Ly 

Pror11 i s known or may b e approxi mat e d . 

suffi cie nt d etai l i given in the lit e raLure of 

eJcPerimental velo ' i t y profil e dt:> termina t·io n s u c h Lh, i L 

Us e no longer b eco me assumptive . 

Before on ider ing the math e mal i. ca l argument 

the 
suggest d c a u e of seµaratio n mu st u e a <.:l' i ' pted. 

1'hi.s · l.s as follow ~. 

o f bound ary l a y e r feedba c k. 

In what foll ows , fr e cpar at ion r e ft:>r s to 

tna t •··h i· ' h .. may o cc ur in s uperso n i f' low t hro 11 g h 

Conv 
ergent- div r g n t du ts , i . e . not ind u ced uy 

•nan r u actu red l is -onti nu ities u c h a a s h oc k g<> nera t e d 



by a knif e edge 'i.11 the' .frv e ,-,trPa m or a11 ;1l>rupt :,,l ,•p 

Occurring in Lh <' wa Ll ;1dj ; 1, · Pt1t to t lL1 • h o 1111,L11-y I ay<'r 

ref e rr ed to a ::; ·ho r. k i11d u 1· t>d ::3Pparallort . 

Free se 1ara t..lon . 

Theoretical c onsideration of a gas PXpa ndl11g 

through a du t r equire knowl edge of t.. h e · om1it.lu11::; 

Prevai.· li' ng · · l f'l · in two µr1n c 1p e ow r g ..Lon ::; - mai n strPa.111 

and boundary layer . The form r , i11 a c o nv e rgent 

divergent du t , i s u _ u ally ass um ,Li to lw i11vi~c.:id anu 

isentropic with virtually z •ro t..ra11:-.vPr,.,,, ! VP l oci ty 

g:radien t • 
' th latt e r, vi!-i ous flow with a a.ryi ng 

~:ran verse velo i ty profil~. lf t..h v l oc ity o f t..h e 

111a1n 
st ream is super _ o ni «· it ::; et-! m::; rl-! aS orw ble to as ::; umP 

tha t the down Lr m 1· onc.li tion ca II ha e l.i t L 1 e or II o 

effec, t o h · n t . f'low ·harac t e ri ti cs u11l s ::somewhere• in 

th.
e t O ta 1 f 1 ow d e v lo pm • n t there i::; a f Ped ba c k pa th 

Th<' ass umption with boundary laye r theory 

is t 
hat at an a<l j a 

Zb-... 
•. o w.1· tl1 l a a r g 

0111 • lPurly 

nt wall th str a m v lo city is 

trans v e r se v e lo ity g radi nt, until 

fin<'d thi r kne s~ the velority i::­

Obvious Ly, 



some wher e b et we 1~n the · n tw o boundari e s i ;-; ::; j Lua t 1•d a 

soni s tr e a m 1 i 11 e • 

sonic line and t h e d u ct wali i;; t; Oll::i<' iou s o f tltl· 

Pr e vailing d ownst r e am c ondit i on s a n <..! , mun' i111J><>l't ,111t, 

Provide s a .f eedba k p at h .for t hi s in f orma ti o n . 

Th high pr ss ure experien c ed in llH! c o nvPrgf• rit 

Portion of the du ct i s .followe d by r apid •~xµan::;iun ;-,nd 

subs qu e nt pr e ssur drop , o.ften to pr es::; ur e::; a s low 

as 2 lb/in 2 absolute when .followed by r ea tt ac h.J11<! 11 t . 

1'his .r pres sure dis tri but ion, or mo s t purpos e::; , may u e 

assumed onstant a ro s · the tot a J .flow ::;e tion . 

1'heref'or I a superimpos <l adverse of' po ::; itive pr essur e 

~adient introduced t o th b o und ary l a y e r by amui e nt 

_conditions acting down tr a m, wilJ a u e a ::i l o wi ng 

clown 
o.f the s ubsoni c f'low st r eam a u s ing , in turn , a 

g n e ra1 thick ning o.f t h e bound a ry J ay r . l f t h e 

flclv r e pr ur e gradie nt is o.f s u f.fi i e n t rn ag n i t u <le 1 

the , . 
· uoundary lay r parates from the du t wa ll cau ::; inr,-

a 
of c ompr e sion wave l e t whi c h c ombine to form 

an 
Oblique s ho k. This ha s a distin t e f.f ec t on th e 

~ain . 
stre am flow b e ause o.f the abrup t pr ess ur e ri se 

wh · 
lch o c ·urs a c ros s t h e ho c k wave . O.f importan ce is 

the 
suggest ion t hat t h e main s tream oblique sho c k o c urs 

as 
a con e quen ce o f, a nd irr~ediately after , separation , 



Whi hi s it s lf ·n fun c t io n of t iu · 11101111 •nt1i111 ,11td p1·1•~ ~11t· 1 • 

gradient in t h e i 111m (•di. ;1t P , · i c ini. t y . l ·' J'() lf l t 1 1,· 1 •; • ,-; 11 I 1, ,-, 

of .free separa t i o n ro 1Lt ;1i11 e d lt er1·i n , i_t i ,-; Cl i>v iou ~ 

that t h e r e ulting s 11 o c k h a · Jit t ! l' u r· 11<1 , ·f f1 •,· t Oil 

the "'"-' . , , · t · ~ ... paraL1 on c- 011u1 1011 o ne a .ff' ec ted - i • ( ~ • 

i t e ra t · · · b t l · · · L · t · iott 1 ::-- n eces ary a out 1.e 1111t1a pout of 

80 Parat1· on du e to any s ubse quen t 

asso c iatPd with the ge n e rated sho c k. • 

Pre ss u r initially cau s ing separati on i s g rf:ater t 11 a 11 

th
at whi c h may o ·cur du e to any ris e ae ro :-;::, ti 1." s ho, :k . 

1'heref'ore
1
it i3 .further postulat t-> d t hat Lli e 

con 'd 81 eration of the ·h o · k wav i n t h o detl-! nninatio11 of 

the p · . oint of se paration i s unju stifiablP in Ute f' r,~e 

separation situation • 

. ho k indur<!d epara tion. 

Following thi argum e n t to it.s log i c a l 

Conciusi on it an l> e ' ~ n t h at Lhe pru c t:' SH may b,• 

e.xt n cl e d to in lud P s ho c k a nd s t e p i ndui, e (l t-e pa.raLi on 

also • For e xampl (.' 1 a generated s ho c k i 111pi11r;ing u tl 

a boundary laye r will · a u - a n abrupt. pr e - s ur e ri se 

clown st rP a rn of int e ra c t ion which is , in turn, f e d l> ack 

thr . ough thP s ub so 1t 1 1- b o und a ry laye r until the 

rno,n en turn/ for ~e urn p a 1 i bi .Li t y s i t ua t.io n i s r ec:1 (:h e d, 



Whereupon separation Lak es pla ce a lu ia d o f tiw :-- 11"' k. 

irnilar r e usoning i s a µpli cabl e to tltP ::-; u ,Jd , · rt ::-- 1 t' l' 

Si tua lio11 . 

On the ba i of the pr e viou s a rgu111P1 11 t 1w 

followin e s imµl e theory ha s b e en Ll e v e lop e u . 1 L wi I I 

b ' hown t..hat i i s not. only appli abl I O J ; 1111 llli-1 ,. 

c o1npr s::iibl flow but als o to turbule nt . I.Jou11du1·y l : 1:-1•1·--; 

w· 
l.th or without subsequent r eat tachme 11 L . 

J.3 Theor i c aJ qvaluation of' the 

onditions at p a ration. 

The c o ndition s appertaining to t.lH-! ::iltuatlott 

Of 
separatio n may be ,bt a in •d by P-q u ati n g tlw . 

·mo 
tll nturn for es of t lH· !::l ub · onic bound a r Ja yer t.o 110,-.. e 

•IS o · .ta NJ w.i. t. h th~ i.111111ediat.e prP · :-; u r gradlP11 t • 

·rn 
e r . " u I t i n g x pr · i o n p r o id e · a s i III p I P r e I a t i o 11s hi µ 

b 1 
• w..-"" ll 1 ~ ntro p i <' la c- 11 numb r al th IH•ei 1rni11g of 

' p . 
lrt ratlo n a nJ the o e r a ll prp ~~ ur ratio . A 

0 11 He yn old numb e r is indi ·ateJ. 

t,. :-;,._ u111pt..io11 ::-; . 

1. .\lJ t 11< • 1-n rnli t.ion s are those apµcrtalni11g 

at th" 111i11 i.mum 1,r·c• s:-; ur •p :,; i t. u a Lion i m111Pdic1 Lf'ly prior 



...... 

to t h <:-- 1, 0 1111n e 11 cP n1e11 t of ~ ••para t jo11 . 

Press ur t· gra l iPn t , i s kn o1v11 a 111l 111 r1.y IH· t' " I; , t .-, ! to t lw 

lo c al Re yn o lcJ ::; 11uttd..JP r . 

J . De n s ity ma y lH ' ass u111 Ptl c o 11:::d; 111t ;1c ro ,-; ,-; 

.flow ec lio n consi Jpred . 

Main st r eam o nd itions at t.1w p o int 

d e tcrmi n P- d by the Oil(' ui III P tt ,-;i Oll ct 1 

is e ntropi c gas ., q u aL ion • 

s . Th 

s ubsonl lay r o nly. T ur bu l ., ,1 t j , L 111 .i.xi rip; 111ay u e 

neglect e d• 

_ u. _ _ _ u 

-
P-

-...;;;;;..,..:;:::;;,;;;;;;;~:::::...:.....::;S;:o::"'1JIL!:.C .L, NE. 

~ 

~•,, , . ,. l,ound nrv 
1 ay .. 1' prof i I:, . 

( b) f'rP- e uoutu..l ry .l ayer pr·ufi. lv 
wiL h t> Up P. rimµo,-; o cJ p rt•,-;,-; ur •' 
graLli , ,it. 

I HE AS ~ tElJ :::-; l l'UAT 10 . EAH ::; EP AH.A TlO • 



Figure J. 1 shows the ass UIIIPd pr r (• (' t () r a 11 

adverse pressure diffe r e n tia l 8 UJ-' P l ' impc1,-,1• , I <>r t ;i f'r 1 · c> 

boundary layer velo c ity profil e at a 1:JO:--jtion , lo~ •' 

to separation. 

The morn en tum of the boundary 1 ay"r I H· I ow L iH , 

sonic stream line p e r uni t width of flow i ~ 

M = f u 2 dy 
s 

0 

( '_l • 1 ) 

"here u f ( .l) 
u = s 

At the beginning o f thf' pro c e::;8 o.f :,;e par a tio11 

it is -~ assumed that the moment um of' ti l.P f'Luid betw<0 fm \ 

th
e sonic line and the wall bound a ry is reclu ce LI to 

iero by the actio n of the f e d b a k pr e ssure . 

The force c apable of' su h actio n i::; t;iven b y 

r;Pa - P) 

0 

d.y ( J • ') cl ) 

Invoking the u s u al ass umption wi t h boundary 

be c ome s 

dP 
dy = 0 

(P a - P) b :,; p er unit width of' flow 

7-0 



The r e .forP , at t h e• i n ::; Lu 111 ti f :--ep ; 1 , . ., , i <•r t 

= 

0 
2 

.where 

P is t..he lo al mai n st r eam pre s::; ur1 • 1· 01 ·r1 •,-, 1•011 , l i 111'; 

to the l o · al Mah numb e r M - a ss umin g a .1.1 ' 1'< > 

transv r · e pr e::;s ur e gradi Hn t . 

By ::.el e ting a parti c ul ar v e lo c ity pru fi l •· , 

equat i o n ( J . 4 ) may b e sa t i::; f ied hy r.1 rn P thod <•f tr i ,1 I 

a nd error to obt a in tnP as s um "U p oi nt of :--P p ;1r ;1t io n. 

lr th l e f t -hanu sid e ( L .H. s . ) i ::; J a rc·er tl1 ri 11 t11 P 

l'. 
lght-ha nu 

has a n e x e of mo m ntum a nd s parat i o n h a ,-; not y1-:: t 

be e 
n r e a c h e d , a J argH r Ma h numb Pr mu ::; t L h Hre f or1• l><1 

a 8Umeu. Obvio u ::; l.y t lw onv e r ::;' obtai n :-; for 

L.H. S . 

I t wiJl b e s h o wn l ater ( ser tion J.1. 'l ) , 

h. 
Owe vt~r , that a n xpli c i t r e l atio n s h ip f.'qua t i rw: oV(!rall 

Pl' '-"ss ur p ratio t o Mal' h num b e r , 

as surn · 
l. ne i s f-Hl tr op i l ' e xp an ion t. o t h .e poi n t of 

Se p 
aration , s impl i fy i n g thf' ari t1u 11et i ca l e ffort 

Con . 8 1.d e r a bly . 

7/ 



Selection . of th v lo~ity prof i l P s . 

A dep e ndable r elatio n ship fo r t.itt-' v ,1ri ;1 t i o 11 

of the mean v lo ity profil e with Reyno ) d t ,-, nu ml H·1 · , 

P-il;lch number a nd pre s ur e g radi e nt f or 

turbul nt boundary layer i s , at prese nt, unkrt (Jw 11 ,1ml 

in thi s on t xt unn ces ary . From the e .x J)l ' l' i mt• flt n 1 

eviden e a vailable(, , 2 • J , 4 , 5 , 6 ) i L i ~ k I l ()\,' I I t lt.i t 

the mean v lo i ty profil in a c o mpre ssib1 e t u1·hu I ,• 11 t 

boundary lay r und e r ze ro or f avo urab l 
.. •· 

Pressur e g r adi n ts can b e appr oximat d by LitP simiL1r· 

Power law profil 

In 

flat plat 

(J.5) holu 

u 
u = 

h i experime n t::; 

' 
l I K RAD~ E ( 1 ' 

for the ui-; c l' P t 

nurnb r s Rx = I. 7 x 10) to 

with s mooth pip e s a nc.1 

) 
h as s h own that f'X p r :::i ' .l O il 

ra 1tgf' o f Hey nolc.1 1 ::; 

I nd i 1·a Lio n s 

are tl1 a t t h e val u of th profil e param ter i11 t· r,1,1::- P :::i 

\\li t h increa in Re yn old ' s numb r ( 1
• J , 6 ) a nd as n n 

approximate g uid e T ~ u gg ts 

n = 2 . 6 

to b valid, whe r e Rx i s ba sed o n the effective 

7Z 



l e ngth o.f boun<lcrry I ;1y 1·r g rowt.11 . 

Obtain E:> d Ptllpiric· a l ly . 

T h • e.xprPs::;;io n was 

Pur a n i ndi ca tiurt of the ve l o<'j t y pro .fil t' S 

appertainine; to the tran::> i tio n rcgioll thP rc•ad<1r i._ s 

r e f Prr <..l to the r Ps ul ts o .f Schub a u er and Kl e ban o .ff ; 

a Se l e •t ion of profile s b ei ng s howll in f~i g ur P J . 2 f o r 

a turbul e n· e int n s ity of o . oJ% . Us u a ll y t urbu l e rt re 

int e n sity is of the ord e r o f 0 . 5% i n .flow sit u atio n ti 

s· 
l.rnil ar to tho se und e r co n sideration where upon transit ion 

is lik e ly to occur at Hx = J . 5 x 10 5 lo 

1.0 -..v.. --
U,. 

(J.8 

xf•J llx 
----

0 1.68 U•JJ' 
>< 1.75 J.1• 101 

ti. ,.,, J.♦ • 111' 
• ZJJ6 J.i•lr 
□ z.zg +.1• 101 

... 2.ff +.J. JJ' 

0 0.1 0.2 O.J 0.f 11.5 
y(idj 

IJ.J ll7 

Laminar flo w . Blasius profile . (S = 1. JG in .) 

1'urbul e n t n = 7 power law . ( U = 89 ft/ sec .) 

P:tc;.· 
lTY PROFILES IN A BOUNDARY LAYER 

73 

~ 
FLAT PLATE IN THE TRANSITION REGIO .( rer . 9) 



There .for e , it i s c on c l ud t=>d t 11;1t f or 111, · 1·, 1111 ; • ' 

Will hold. 

Reynoldt s numb e rs t h e Blasiu s µrofil t• (l() ) i:-­

a c c e ptabl e and at low v al u es of Rx (-<. 10 5 ; 

Profil e may be ass um ed or th aµproximr1tl o n n - ·> 

Used in this context . Similar rP s ult ~ may U{ ' r•x J>t '<: LPd 

Whe n using the s ine a pproximation to tht- l a 111 l 11;ir p r-o f l I t' . 

General power law profil e sol u lio11 . 

Assumin g , initially, t h a t th e vf-' Jo city prufil.e 

in a boundary laye r b for e an ndversP pr e:::;,-, ur i> 

gradi e nt is up e rimpo s ~d may b t' r e prP s en t Pd liy tiw 

Po-wer law, · i . e . 

u 
(f) 

t / n 
- = ( :J . 5 ) u 

·>/ 
then - n 

u 2 = u2 (}) 

F'roni ( J • 1 ) 

~; 2/n ,, = 2 (f) dy 
0 

whi c h, by vir t uf • of' as s ump tion ( J ) in tegr atns to : 

iSs 
e U 2 ll I y c2 /r1) + 1J 0 = &2/n (11+ 2) 

n e 2 ( s s )~ S s (:3 . 7) = (n+ 2) 0 



From e quation ( J . 5) , wh< ' tl u = u:-5 

= = 

, wh.i c h modifi es ( '3. 7) to 

ll e U 2 

= (n+ 2) M2 · 6 s 

Thi::; may b e s ub s ti t u ted in (:3 . 5 ) Lo gi v1 • 

n e 2 / (n + 2)M 2 = P~ - p 

• U and P ar0 th e lo ·al value:-, o f 

( ' J . 'l) 

densi ty , mainstream v e lo i ty a nd pr e::;::; ur e whi( · ·11 may lH i 

express P. I in t e rm of lh t>i t · r e::; p e c tivP sla1: 11 at i_n11 

Valu es and lo a l Ma r h 11u111l.)(: r by th on e 1..Li1111 .•11 ::; i_u 11a l 

isentropi c e quat ion, i .< ' . 

k / k-1 

Po (1 (~) 
M 2/2l p = + ( J . 10) 

1/k-1 
eo (1 (~) M2 / 2] = + ( J • I I ) 

T [, (k- l) M2 / 2 ) 0 

T = + 

2 = 2 k R ( T 0 - T)/(k-1) 



Let ting 

+ 2tnToeoR(l- 1/~) 

(Q.- \) ( n -t 2.) ~ \/(b. - ,) M? 

lJs.in~ th• un i v e r sa l gas C] Ua l io n vi;, : 

l't>ar · · ran v. ing and ul>::;til uti11g u ac k for P, g iv1-! 

a/(ll - ,} 
[ kn/ ( n+ 2 ) + 1] Po/Pa= [1 + M2 (k-t) / ~] ( J .1 6 ) 

. l( 
' UJ t i11g in th .xpr ::.::.io n f or local Muc-h numb e r at 

lh1, b F,.i1111i n g f s paratio n; 

{lt-1)/b 
+ 1] (P o/Pa ~ -

fl = 7 pq u a tion ( J . 7 ) ::.imµlifi e to 

\ f ..., (P p )0 . 2 6 L) . 1 , o . a ( J . t 7b) 



It will b P no tL•d lhat a ( ) a l • I ;'O (' Ila n gP ill n 

resul t in a va ri a tion of t h e ~ta c il number, 't, o f only 

Figur e J . J :-; how s the variatio n of se paration 

-r.tach number with pres s ur ratio for n = 7 . 

Det e rmination of the Mah numb rat ~epara lion 

ena bl e th area ratio to b e computed f'rom 

A -At = 
1 
M 

J 
A/ A t = [ ( 5 + M 2 ) / 6 ] / M 

It is int r ti n g to no te that separati on 

( J .18 a ) 

( J . 18b) 

will the or tically o u r a a parti ular valu e or P/ Pa 

for any give n R ynolct• s number or choi ce or ind ex 11. 

( s 

Th poin t or separat ion may be derived f'rom 

Figur e J.4) 

(A/At - 1) tn/2 = a (J. 19 ) 

xt = a cos ec ( o<../2) (J. 20 ) 

V 
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is the di s tan c e from the throa L to L111 ' 

Point of separation . 

Numeri ca l e xampl e . 

Con s ider the d u c t s hown below ( Fi g ur1 ! '3 .!, ) 

~ • THE EXPERIMENTAL V T . 

x iti m as ur ed from t he ass ume d stagn ation 

Po · l.nt ( S . P . ) and for the -onf'iguration i:,hown is givP n I Y 

"'her e , i n t hi i:, a:,; e , x 0 = 0 . 752 i n c h es . 



E...,eguir e me n t: 

To derive the theoretical position of the 

beginning of separation for the condi t i o n s 

tn ..,_ 0 .20 

Pa is assumed t o b e 14.7 lb/in 2 Ab s . 

From exp r ession (J.17b), i.e. assuming n = 7, 

M = 2 . 885 

giving, from u se o f the i se ntropi c e quations, separation 

condi tio n s 

p M 

2.885 

corres ponding to 

A/At 

J.8 

a= 0.28 inches 

= 

e0 /e U 2 

11.6 J.59x106 

xt = o.82 inches 

Using t h e valu e of viscosity µ 0 at 

Po/Pa 

J0.8 

temp rature T
0 

obtained from Figure J.5 in combination 

So 



Wi th hP vi,.;co:--ily ap1•111,i 1n.t i, ,1 1 llf' -I i l ll·l<I \ l 1 
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f.l o ·1 () 
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l'ill' l?t•y110J , J t ~ llllllllH• I ' H 
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The e ffp r t o f t' (•a t t ,11 l u 11•· 111 • 

1: , 111, , 1 11 r 1 , ,1, 

!-;t rt'c1 111 , · xp,~ r.iP1 H · ,-..s c· o11d it iu11 -, ,-., i 111 i. I , , J ! , I i I , J--. I • I I f' , I 

fr, ,(, J·t • L ·n 1 · · 1 · I e x nu:-; , i n e n ear a 11 -1. 11 , · L11 ••, 

Th~ bound a r y of' Llu.· S l! par , ,t t •d f' lu\\ 111i ,, · - 1,1tl1 

s urrou11di11 g a ir of a mbi e n t I •J' llll lU I j 111·: 

large Vt>loci t y gradi e nt s wi t lt :--ub t-q1 1t • 11 t I () ' 'I I i .- ' ., I 

ure drop bt-! t.ween the b oun, 1 :--1 ry "11 , I 1, i·I ) L 

Tht> 1,r·c s u r,... Rradi1•1it ; , c· ro :-, ::- llw :-, h u<' k , t 01 •, , · t ·111 · 1· 

With 111al 11 :-; f rt·c1 111 m o m e 11l u111 ;incl l or'; 1l .i . ,.,1 ,·11 lr,1i 1111 1•·11t. , 

lllOdi fi e~ t hf' f I en, di1' v 1· Liun f .f'Cl lll thc1.1 0 f' :-- P J>, 1r ; , t ,. , I 

flow t () ()[l P () f' J l 1 ·of': re::- :-; i v P rPoriP11tat i O I l t 01, ; 11 · , I ( i L< ' 

c· ul111i11 a t l 11 g in r-"atta t' iu11l · 11 t al a p 1d 11t ,-., () Ill t • '" I 1 t • 1', · 

t r • ; 1 Ill • 

•\ t r ' at ta, · iunen t I th<' flow rnom l' tl t.11111 r, · I ,1 i. 011 ,-., h i p 

in the .fl o~ I ill' 

0 111 .. wha t !J t·· l u1, a 111l 1 i 1· 11 t 

l I l t ll!' 

a::-:-; uuwLl \'l' I U (' i t v 

" 1'p;-u·;,1 t.io n be i 11 " t a 



iterat es downstr am until mom ntum/for e balance i s 

0 nc e again a c hieved . Providing t h e va lu e of t h e 

average pressure in th e vo r tex i s known or may be 

approximated the above theory holds . 

Surpri s ingly, e v e n a llowing for the errors 

invo1 ved du e to asymm tri separation e xperienced 

in a du t designed for overexpansion with subsequent 

~eatta chment, c omparison with experiment show differe nces 

or 8 imilar order to the free separation situation. 

Example with reattachment. 

Assuming a duct of similar dimensions to that 

8how • n in paragraph J.J.4, but including reattachment, 

the respect ive initial c onditions become 

Po = 215 psia.; tn = 0.200 inc hes 

p 

Pa= 5.2 p ia. (measured). 

The theoretical values at separation are• 

M 

J.6 

e0 /e U 2 Po/P 

24.4 4.16x106 87.5 



and should be compared with the values determined 

for the fre e separati on condition (paragraph J.J.4). 

From equations (J.19) and (J.20) 

a= 0.65 inches xt = 1.9 inches 

0.95 

Actual measured values being 

p = 2.6; 
s 

Therefore, even allowing for the errors 

involved due to the asymme tric se paration experienced 

in a duct designed for ove r e xpansion with reattachment 

(see Figure J.6 below), the results are surprisingly 



8 S" 

F,~. 3., . n..ow SCPARATICN AND RCATTACHMENT. 

Brief note on laminar boundary layers . 

It is s uggested that for boundary lay ers of 

r-e1a ti v ly low Reynold' numb e r , i . e . Rx ~ 10 5 

tne Sin approximation s hould be used . An 

alternative is to put n = 2 on the power law series . 

The expressions relating to the si n e 

apProx ima ti on are : 



8(, 

u/u = si n ( J . 2 . J) 

L 1 - : s in 

Where 

1/ r = = 
2 
71. 

. -1 sin 

Use o.f the above exp r ess ions wi t h .fully 

developed t urbul e nt .flow show po s itional err ors (X,lt.11) 

of the order o f 10% - suggesting that the me thod may 

be applied with onfiden e . 

J.J.8 Final comment . 

e v e ralaattempts were made to solve , 

th e or tically , th problem of r eattac hm e n t but wi t Ii 

SU es • As with BOURQUE and NEWMA ( 12 ) , a rtd 

any s u h approa c h requir e d t h e 

s ubstitution o f e mpiri al c o e f.fi i e nt wh i c h t 11el1!u 

t o invalidate the theoreti c al arg um e n t . 

T h ei r s ubmi ssio n, it was consid r ed , would add 

littl e to th e s ubj ect and in the c ir umstances , offe r 

no 1 r e al advantage ov r a pur ly e mpiri al a pprua ·1 . 

l'hey h ave , t h e r e .fore , l.J e n ex luu e d . 
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CHAPTER IV 

EXPERIMENTAL INVESTIGATION 



EXPERIMENTAL I ESTIGATIO\i 

4.1 Introdu c tion. 

As detail e d in an e arli e r chapte r { 1), 

Juccessful operation of a s upersoni · bi~tabl e s wit 11 

was thought to depend on axisymme tri c se paration 

follow e d by subsequent asymme tri autonomou s r e att ac hJm-n1t, 

Results available in the literature ge n erally 

appertained to convergent-divergent du c ts with e ithe r 

Shock or step induced separation or .fr •e separation 

Without subsequent reattachment. In addition, mo st of 

the work was attempted on relatively large scale 

apparatus. Therefore, to promot e a furthe r under standing 

Of the underlying principles involved a co mpr e h e n si ve 

r _esearch programme wa s instigated. Two ba ic 

P~ocesses were involved - hlieren .for visual 

interpretation and pressure tappi ngs for analytical 

Purposes. 

Visual methods. 

Excluding holography, three optical method s arA 

tenerally available for the analysis of a flow fi el I; 

int errerome try, shadowgraph and ' chlieren. Of the ::, e , 

int erferometry was co nsid e red to be an unnecessary 



co~plication for ' the relatively straightforward 

experimental requireme nt. Shadowgraph methods proved 

Useful but for clear representation Schlieren was 

found to be more acceptable. Comparison of results 

Obtained from the latter two methods are shown in 

Figure 4 • 1 • . 

Schlieren apparatus. 

The Schli e ren apparatus used was conventional 

and consisted of a mercury vapour lamp source, 

condensing lens and slit, two 8 inch diameter spherical 

~irrors of 6 f t . focal length, a variable position 

knife edge, fo cu ss ing lens and a reflex camera. Tlw 

~nife edge, focus sing lens and camera we re supported 

on an optical b enc h. 

The only problem encountered during the 

&xperimental work was found to be in the correct 

Positioning of t h e various components with respe ct to 

each other. This was overcome with familiarity and 

experience. 

Figure 4.2 shows the positional arrangement 

or the apparatus. 



Shadow graph Schlieren J) 
Q. 
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Fig . 4 . 4 . The Tota l Assembly . 



T 

Pho t ogri.tµ h :-- WP rP t a k f'tl ur tit , · r 1,i 1,· :-it l t icl l O i l i ll 

t h o di v er "n t po 1, L i u 11 o f t h t:> <I t 1, · r , - u pp I p , , , · - '"' , 1 , " ,-, 

for a ra11ge o f a p P c l ra I i o - • 

() /', i \ (' 

po · it iotl :-i of se p a rati o n , rl' i-t I, I , tc ' IUll f' ll I · 1 11d 

tli 11 1P11 1.· 011 .' o f 1 ·11 r · r se <" e v - fl o w r<' t', i1J 11 . 

dP te rmin e tlw 

on fJuv.• · u11fj g ur a ti o 11 ;-:111d :-a t ; il ii I i t 

nra i nJ y out o f i11t <· r1• :,, L a rtd 110 1 f'nr · till ' p111 · p n:-,1• qf 

t!ctail •<.I ns:-i<•:-; s 11, ., 111 . 

'J' iH• l ' O ll< ' !• pt of J)l ' C:-':-i UI ' ( • ll ll'it:-' U l ' t • IJ l<' ll f i I \ II' 

I c• - 1 

. P . d t ·iJl it :-' ('l'.i~:-- 11 f -\ ll li tl 

ho tc- s j 11 tiw v.al I o f ; 1 du · t Httd 1· 1111P · t tn · 111 I) :-, o If It• 

"' 

f orrn o f r;-u1 :s Ju e I ' • I I I J \ v 1 • ' P I ' I 

was fnu11d t o t.H· ;-1 I i t l L 111or1 • 1l if fi ult , Jl,-11 • I L< · uln 1· l~ 

wh"' n V <>llt, ' d e ri11 g t1H• l ti:-i i. g 11 o f ; 1 r e l a. Liv o J y .., 111 ;:1 I J 
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'With vari abl g .omPtry onfigurc:1 lion c:a pabili ty. 

The arjab l e gP<lllK:' lry du< · t. 

thf> du <· i 1111 rl P r <' 0 11~ idPr,1t io11 . A~ with the previous 

ill t h .i ,... (' i:i Se I I I If' i.11 <' ]11 :-- iv e waJJ angle was 

Th• , :fund runf'n Lal 

111 a t 1• ria .l \ a:-- brc, =-, . 

itt <·urporat io 11 of ct 

An r1<ld i. tj u 11 ,, I f ea Lurf' wa::, tne 

ariablt-> w.idttt -; lot. 111 a "tUned iuto 

oni, of th<· ub!iqu" wa 11:,; tn p1~r 111 .i t :--wi t (· l1ing- of t ·n.e 

111 •.:1i n jPL hy thH i.11 gr ... :-;::; o f air from Liu· at 1110 · pht>re. 

Durin g pr1-•:--::-ur P mPa :--uri11g t->XpPri rn nt s Utt> -ontrol port 

Wa s kr •p t , · Jo,-.Pd . 

Pr •p::-;s u1 · 1· mP , 1:c. 11r,,111P11t wa,-. by 25 press ur e gauges 

to a s upport. bo a rd, 

• Vi.a po lyt iH' rt t> and br ,1,-.f; Lulw · to a serie::, of s111aJ.l 

ili. a 111Pt P t ' ilol • ·· dri 11 t-' d i n wall of the lu c t • The 

pro g r es · iv•l c onn c- Le d to earh !:.l u ~ C'PSHi ve 

aµµi ng · durin{!' t st ·ng thPI' P U obtaininc a complete 

Pt't-> ,· sur<• Ii tribution hara t e ri. Li e . Tit " f .iJ"::, t 

l'; ii llgP wa · Lt• ft, in posit ion for By 

111 0 · t di:ffi c uJ t probl<>111 e n 'ount ered wa s Lile 
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Fig . 4.5. The Variable Geometry Duct. 



rnachining of' the mal l bores in the wall s u c h that 

PrPes urP m a · ur e me nt 

of diffi , ul L • 

co ul d be ta k e n with the mini mum 

.... nl • Th r<' e row s o f • u 1 J i n c lt di ;:;11111~ L e r hol es w re 

bor e d p rp e rnli ,· ular L o thl:' LLi vP t 't', n L f acP o f t.:ht> du e t 

aL • O J()" in t rva l s ( see F'i g u re 4 . 7) a ;, d c ro::, s driJl eiJ 

by r ti · al bore s of • 080 in c he :-; diameter . Hra s::; 

lubi11 f:-!; was d r lv f' n i n to tht-> . 080 i n c h <,]j a rn e t r· hol e:=, u nd 

~ '"' a l t-•d wi t h 

tub e:;; to the 

oJ.d e r . Pol the n P 

· c r f•w c o nn e, · tor::; 1 

t ub · r a n fro m the 

whi · h i n t u rn were 

. Lo 
,1 l I OW 

Tlu . 08 0 in,: i , ho l es w rP. zig ... zagged as showu 

uf.f iri e nt room f or th e ~ h ri 11k · n g o n of the 

Po l yth n e ub .i 11 g . T t1,~ tub !-, • prior to c o niw c tion to 

. ur e ga u g "::-- • we r pass l th.rou g h th appropriate 

·· I o L in the per:,1p e x waJ L. 

Wh n as sembl e d the as p e t. r a tio <o ulct be 

i:1. l la•t-d wit h o u t too mu c h c.Jif.fi ul ty b y movi n g the oppo:-;ite 

wa1 I t lu~ r quir e d dis ta n e . A , h a n ge in wa J l a 11gJ , 



Fig . 4. 6 The First ttempt At Pressure Measurement . 

Fig . 4. 7. The Teat Wall . 



loo 

R ults with this configuration were onsidered 

thy s how P. d Lran ver · e pressure 

Fi g u re• . 8 sho w::; t. hP "see- sa w" 

. lo th1• rH•,- e::;si t y of drilli111{ lltt· . 0 1:i in c h diamet•r 

ho l · :,; i n t hr e e row s Lo p<J rmi t unidir 0 ,· Li o n a l a cce ::;::; . 

An w wall h'a :-- ma11uL1 c tu r1•d with alJ the 

ho ) P.5 b o .r- i--: d in two row :::; ::; tr.addling t.ht> (' U1 1tr<.' lint· o.f 

<1lt e rnaLf•ly from 1Jut11 to l' a 11d bottu111 u f Lht> waJ a nd 

· ,iu.J ·d \ ith hot \.v i. i , • Thi' r,· f1> L' <• , c· 11a11g, • o f di v e rg n t 

anv,1 · 11 f->t• 1• s · itat f'lJ Lh<• rP - 111 a 11uf,J t'tur of both per pex 

H!-:!::;u I l::, wt-'rt • f o urnJ Lo b P mo st ac e ptable 

and f rm Lh e ba ::; is of Ch a pt e r 5 . 

4.') . J ar i a b 1 c• po r t • 

To ob ai n om id a of th e ff'f' t of ontrol 

area on within operatio o it Wei::; ,w ·es · ary 

lo b p a bl • to in c r e a · or d · r e a ::; t ht ' ar1•a during 

i1 •t uaL t • · ting . Figur e ~ . 9 show::; th s ma l L · pri n g 

10o cj 1 , ] , 1 c ; 1111 <l P i c e u .. :,; i n « • d f o r th i s p u r po <.' • Two 

~b> l•.i.1\1.~::; arP in 1• jd e 11 cf•1 on f' to mai nt ;1i11 c onta c t b et we n 

t,,I' ,. . 
n1v .u1g pJ a t 1• a nLl am , t, h , o l 1u r to ho Id tho 

t 1w \-1iJ I wlw11 in the pro c e::,::, of' b e ing rnov d . 



~ ,. ... 
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FJ.· g 4 9 Variable Port Cam Device . • • • 



To f a i l l 1 at(• o <'o rnpr(•l 1t• r1-- i " t IHH) l'H ti <' i-1 l 

ap pro,H·h ~0 111<• indi r ation ()f :--L;1~1t;1tjou I P f!l l)P .1'; 1 1ur 1• ,,1:-

s rn .t ll rP, • f->:--:::,t>:-- i n t h P pPrsp •x pJ a t 1c•s a nd C' On n r· l<-! d v :i.i 

a <: o l d j u tt <' t .io n ( i . ,· . i <' P i n a t h 1•rmo::; f'lask) l o ,t 
Po l P1tt io ml· t Pr box . 1 "m µ<> r a ur P wa::o obt a~ rH-- d b y 

l' ci f( •r" rtcP t.o a <·h art i n t h f• n o r ma l way . 

t:> mb Led appar.'1 t u ::-> . 

4 . J . T h, · a ir :-; u pp l y ;;y:-- t ,-• 11 1. 

T h t> ;:ii r u ,-, , •,l i 11 th, · t ,. ,., t pro, ,; r ,t1 11 rn e w a 

. by c1 2 1 o 11 • P • , . ) () i I. , · ;irbort r i n g 1 

Of "t a 111 c1xi rrru111 :-; upp I y p rc-:--:-1 11r 1· or 
'l ~ () 

, 111d L< •IIIJ)Pt' , I f U .I I 

Th<' c·o rr q >r' P::-:,, OJ' output wa::; µ a ::; · ti d 

<'oo I,.,. i ti1 111 P c h;11d ca l f' _\.tra c ti o 1t or water vap o u r· ar1 I 

\03 



Fig . 4. 10a . The Loca l Assembly . 
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Fi 4 . 10b The Total Test Assembly . 



supersonic wi11J .. 1.11n11'-'l - i 11r1 .. , J i 11 1l w \, 1· , 1,, 1; 111ti , · ~ 

Labor a lo r y of t 1i,, I II j , · , • 1 • - ~ 

in t ·ll•~ b I ' OUIH ary I ay<•r at ::; u 1,ply p, • ,•:--,-, 11 r, ·- 11C ] <> 1•,-; i1 ; . 

i. 11 i I < • r• (' Ill P II f :-, <I f 2 .) p S j • f O l' i..t t ' ; ll l /•: I · !l f' 

a p C t . ( '} • ~, 5 I <J 1 7 • r: ) • . J i-1 1 10!-< 

I tit' i I ) i I, i ,-1 I 

int e ntion was lo l<'mpt> r ct t 11r, · d u .r·.i r1 g 

n " 

l'h.c 

q11 ; 1 I j I ; 1 1 i V P I y I 

) 

_orrs et Oil th.1 • prt• :->!-< Ur'f • di :::. lri.buti u 11 j 11 tlt• · l>Ullf l <l,11'~-

of 



Exp er i m.. n ta l r e u l l s • 

4 • 5 . I :--c hli r rt r es uJ ts . 

irt t1,1· s· · t · t, · , .t n e s iga ion was 

in<ll c atlu n o f l it -' fl uw pr o c ess i n vol e <I , 11 1\ I ~H ' IL' ' ' ' 

d otcrrnlnP t lH• area:-- of pot,·nti a l i11L erP,-, t. 

t.li strl uuLlo11 r s ulL s a l.ar ffP llUIIIUCr of 111 c; 1::-; U ['(' fll (' llf .-:; 

of Sl'par;-tlio11 a. nd rP aLt a c lt1111 · 1t L . 

Fi g u re 4 .ll s ho w · cl typica l pllot 111:ra plt 

-
0
btaint•'d wjth tht• 11•::;t c.1 ppar, 1111 :-; . 1' l1 <' dat'k areas in 

rnai n flo w slrfia 111 lndi (·; tl p 1• .,pan :--io n c1 11d lhe light 

·area, . . 
~ l' Olllpt'P :-, · 1011. ~t:para t,j ()fl of the fl ow :'.'.i t.r1•;1111 1' ,HI 

b<• s 
OP 11 011 Lu t It W i:I 11 of L h t · du c t , o c 1 -u 1' r i. n g Par l i ( · t· 
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separation was, •in practice, occurring a little 

before this point. A similar approximation was 

necessary to determine the positi o n o f r attac hme nt. 

Figure 4.12 shows, pictorially, th e 

advancement of the reverse flow r egio n along the wall 

to whi c h the jet is attached with inc rea s in s upply 

Pressure at a c onstant throat width of 0.125 inches 

(aspe ct ratio of 6). Figures 4.1) and 4.14 indicate 

the measured position of separation and reattac hme nt 

respectively at various throat widths with variation 

of supply pressure, Po, and are shown plott ed 

nondimensionally1 with respect to throat width, in 

Figure 4 • 1 5. The shaded area betwe e n the two 

~haracteristics is assume d to b e the r e verse flow region 

and in practi ce de termines the useful working range 0£ 

~ 8 Upersoni c bistable switch. 

Figure 4 .16 is a photograph of the flow 

19 ituation whe n large asymmet ric offset has been set in 

the du et , (offset equals throat width). Figure 4.17 

1ndicate s the effect of splitter position on the flow 

Situation. 
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CHAPTER V 

ANALYSI OF RESULTS 



5. ANALYSIS ·OF RESULTS. 

5. 1 • .- The general situation;' 

The process of events leading t o the fl ow 

Situation indi~ated in the Schlieren phot og r a phs 

illustrated in Chapter 4 is as follows. 

At the instant flow is introdu c ed t o the te s t 

duct separation occurs, to all intent s and purpos e s 

a~i 8 Ymmetrically. 

Process along the 

inunediately after 

Due to a turbulent j e t mixing 

jet boundarie s a pres s ure drop occurs 

each separation point. Asymmetry 

caused, either by manufacture or the general flow 

Situation permits the e ntrainment process to be mor e 

-Vigorous on one wall causing, in turn, progressiv e 

reorientation of the jet toward that wall until 

"l" 
eattacrunent o c curs. Enclosed, is a region of reve r s e 

_flow, the average pressure of which is somewhat low e r 

than ambient but higher than the static pressure of 

th e main stream. 

Reference to the results contained in 

.\pPendix 4 , and al so Figures 4. 18 1 4. 19 and 4. 20 

(Chapter 4) indicates that separation begins at a 

I 
! 
I 
' 



Particular pressure r at i o , i . e . the minimum prA ::;::;ure 

Prior to separation to t hat immediately a .f li-> r ls 

v· l.rtually co n s tant f o r a ny a ssume d flow siluati.on . 

Becau se o.f th e drop in pre ss ur e du e to vorti c ity , Ptc ., 

th is ratio occur s .furthe r downstre a m with the 

reat ta c h ed .flow ondition - isentropi c expan sio n 

Occurring .f o r a longer pP- riod. The ne t res ul t is a 

transverse pressure gradient across the j et r ei nfor c i r~ 

Uni lateral attachment. Destru ction o.f the operating 

Vot- tex by venting to the prevailing ambie-t pressure 

causes the j et to trans f e r allegiance to t h e opposite 

wa11 wh e r e attachme nt takes place by a similar pro cess 

of en trainmen t . 

Re.ferring again to Figures 4 .1 8 , 4 .1 9 and 4 . 20 , 

. the pres sure distribution at attachment an be see n 

to divid e into four prin iple regio ns, i . e . those o.f , 

( 1 ) Initial expan sio n 

( 2 ) Adverse pressure gradient 

( J) Co nstant pressure distribution 

( 4) Po itive pr ssure gradient. 



Th esP. ma y b e r elated t o 

( 1 ) Norm,1 l ~up e r s o11i c a cc e le r atio n 

of the ga s 

(2) Boundary layer ba c k pr es s ur e 

intera c tion terminating in sepa ration 

(J) Mean reverse fl ow r egio n 

(4) Reattachment. 

The nondimensional c urves appertai ning to 

conditions o n the opp osite wall 1 i nclud ed in Figures 

4.18, 4 ■ f9 and 4. 20 , s how similar t e nden c ies but do no t 

termina te in reatt achm nt . 

Of interest, to the suc cess ful operat i o n o ( the 

Pro posed s witch are t he positio n s of separation, r eat~chment 

and minimum pre ss ure and for analytical purpos es thP reverse 

flow press ure cha r acteri st ic. Th ese a r e detailed b elow. 

The p osition of s e paration. 

Comp a ri on of the results obtained by the 

Chli r . n m thod with t ho s o f press ure meas ur e ment 

(F'i g u r s 4.15 and l1 . 2 4 a) s how that t h e app r oximation 

Us ed to mea s ure, from pbo to g raph s , t h e position of 



separation overestimated thP r e Lated di s tance to s uch 

an ex t e rtt (aµµroxirnat e ly JO%) tilat it would appear 

t o o c l· 11r in th e rt:>ve r se flow rPgiu11. Obv Lou sly1 

appure nt " u e 11di11g" e ff pct kn own to o -r ur with 

ho k wavP interc:1 c tion/ge 1lf•ratiu n eL,- . h a::; bPe11 

negle 'tP<I , the pressure r i · e in th e boundary L ,1y~: r 

being co nsiderably less steep than that o r·c urri11g in 

t he main st r eam. Al so separation ca nn ot b P e xp ec t ed 

tu occ ur instantaneously at the minimum pressure 

Situation but o c ur ::; gradually du e tu t urbulent mixing 

drag •ff f-~ c ts obtaining to the ass umed so ni c stream line. 

1'hereforP 1 a seemingly se n sible approxirm tion is to assume 

that eparatio n o ccur s somewh e r e along the positive 

Pre::,sure g r ac.li n t aoo probably at the point where 

From F'igures 4. 18, 4. 19 and 4. 20 this 

app ar at a u approximat e pressure occurring mid wa y 

b"' tw f-• 11 the minimum and tha t of' the mean r eve r se f 1 ow. 

F'J1:,'1Jr0 4.24 is plotted at this situation. 

With reatta h e d flows, separation o c ur s at a 

Pnint a pproxima t Ly 10% furth r downstream than the 

rn · • 
l.n1.mum prEss ur c 

= 1 • l 

ll3 



For free separation without s ubs equent 

r eattac hm e nt a value o f 5% wou]d a ppear mor e appl i cable 

for th e range c onsider ed . 

5.J. Reverse flow press ur e . 

The p ositio n of separatio n Ll e p e 11d s 011 t he µre::;sure 

fect ba c k along the boundary layer and th erP fore is 

d epende nt on th r eve r se flow pressure co ndition. 

Refer e nce to pressure di stribution characteristi cs 

(~.18, 4.1 9 and 4.20) shows that the pressure of the 

reverse flow region may only be considereLI constant at 

the lower supply pressur es , i.e. Po<. 115 psla. 

Beyond this the pressure experi e n ces smalJ negative and 

Positive gradients un til approaching the r eattac hment 

Position wh re the pressure gradient once agai n becomes 

large and positive. 

This L thought to b e due to the non-symmetrical 

formation of the enclosed vortex; the asymme tori es 

becorniug more noticeable with increase in vort ex 

length whi c h is itself a function of supply prt->ssure. 



The po s ition of reattachment. 

As with separation, some diffi c ulty in 

Predi ct ing exactly the position of r ea tt ac hn1 e 11t from 

Chlieren photographs was experiP-n c Pd am.I t. li e r e ftn· p 

a similar approximation was mad e 1 i.e. t h e 

d
2
P/dx 2 = 0 position was co nsid e red appropriat e in 

the r e attachment positive press ure gradi e nt. 

Comparison of the position so predicted from the 

Pressure c haracteristics (Figure 4.25) with those frum 

the Sc hli e r e n process (Figure 4.15) suggests tha t the 

latt e r pro cess tended to overestimat e r ea tt'a hme nt 

clispla cerne n t. However, comparison with the control 

Port s wit c hing characteristic (Figure 4.27) shows 

strong agre ment with the results obtained by visual 

Ille ans 
I indi ating that Figure 4.15 may b e u sed to give 

the · · h · t minimum wall lengt requiremen for reat tac hme nt. 
. t 

0 take pla ce , having the advantage of exte nd ed range 

over Figur e 4.27. 

urprising ly1 the reatta c hment position appears 

to be indep e nd e nt uf wall angle for the test r a nge 

con . s id ered 1 being a fun ct ion of s upply pressure a nd 

thJ:. oa t area o nly. 



Minimum pre ssur e s itua t ion. 

As indicat e d in para. 5. 2, tlH~ 111 i r1imu111 

Pres s ur e po s ition o c c ur s in c lose pr, ,xirn _i. t y t(i Ll1;it ll[ 

Se paration and h as the advantage of u e jng r e Jativ P l y 

easy to d etennin e both in theory and pra c li c 1-' . 

Analy s is of' the re s ult s shown in Figure::; L1• 18 , 4• I~> ;i 11 u 

4.20 indi c ates that, in this tw o-dirne n s iouaJ flow 

Situation, the minimum pres sure position o<' c ur ~ a t a 

distin c t pressure ratio (P/Pb or P/P a ) of aver;;ig1-• nd u e 

o.49 f'or th e range of' Re ynolds numb e r, 

For f'l ow rates with Reyn olds numb Pr b e tw ee n 

1 • 2 x 106 and 2 x 106 the press ure ratio ap~1ar::; tu 

increas e , presumably b ecause of a c h a n ge in t h e ass urnPd 

Velo ity prof'ile. Actual physical m •asur e me r1 t a l 

the se co nditions (smal l nozzl e width s and low P o va lu es , 

65 Pia) how v e r, was difficult du e to t h e dP/ctx = U 

Situa t ion o c ·urring v e ry near to t h e t hro at ; t h e .fir :,; t 

Jll'e ssur e tapping point b e ing physically limited to a 

cl ' ~stance of 0 . 200 inche s 

Th e po s ition of minimum pres sur e prior t o 

Separation can be s ee n to increas e with inc r e as e in 



increasP in wall a n g l e ;:11 1<1 li a c k prt·ss 11rP ;i:-; ::, }1 m,· 11 L 11 

• 
5 • 5. 1 Compari so n with th e ory . 

Figure 5.1 shows the theor e ti ca l positio n of 

th e minimum pressure prior to separation f or the 

condition or no reattachment when the mai n fl1,\, i s 

exhausting into an ambioot pre ssur e o f 14. ·, p:,;ia, i . P . 

assuming zero pressure drop du e to turbulent jl't 

llli.xi ng etc • Figure 5.2, r eprodu ced fr o m F .igur 0::; 4.21, 

4.22 and 4.23, shows the meas ur ed po s ition o f minimum 

Pres sur e t ·oge the r with th e the or e ti c a L va .l u e s 1110<1 if i ou 

to includ e the e ff ect of pres u1 e drop duo to 

entrainm e nt wi t hou t s ubs e qu e nt r eat ta c hm e n t. Co mpa ri .::;u n 

of the two characteri stics show s a n illl t-!restl n g 

tend e n Y• At total incl ud ed wall angl es of Jo 0 a nd 

iJ s 

\37 

foo press ur e drop due to e ntrainme nt i s l arg(' , >( 

Par ticularly with the form e r but at o<.. = 40° the 

curves or Figures 5. 1 and 5. 2 s how fair agrf' e rn e n t. 1 t 

\\'ould appear, therefore, ( from these exp e rirnen ts) tlw t 

there is an optimum wall angle at which the 

entrainme n t proce ss may b e minimi sed . 
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Fi g ure s 4 . 2 1, 4 . 2 2 and 4 . 2J s h ow t h e ac c ura cy 

of the t h eory d Pta iJPJ in Ch a µt e r J wh e n c ompareJ 

With ex p e rimental da ta - ge n e rally within a positional 

tol e ran c e o .f 6%. Exp e rim e nt a l r es ult s c o uld b e 

meas ur e d within a tole ran c e of + 1.5%. It s hould be 

noted t hat th e method u sed to obtain theoret i c al a nd 

exp e r i me ntal comparison was to in s ert in e quation (5 .17) 

the measured valu e o f Pa o r Pb to obtain t ile o v e rall 

Pres s ure ratio n e essary for th e sol u t ion of equ a tion 

(3 .ao), p. as no satis fa ctory theoret i c al means of 

fl b tai n i n g these value · i s known to the author. 

T he d es ign approa h. 

Th e n et results o f this res e arch programme 

are s hown in F'igur e 5.J and are prese nted in a .form 

Pa rti c ul arly u se ful to the d es ign of a supe rsonic 

bi s t ab l e s wi tc h. 

Control port position. 

Th e s haded p or tion b e twee n the c ha r acteristics 

s howi n g wall angle , O', = 50 ° , 40° and Jo 0 , and t h e 

l:'ea t ta c hm(:> n t c ur ve r e presents th e r e verse .fl ow or the 

l4D 
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5.6.6 Th e e ff ec t of o ff s p l. 

No dirt~c- t e xp f•r i 11 1f-•n ta J o r t I H · ,,r 1• t i ,· a I , · ; , I u, •::--

can b e give n for t h e e ff e c t o f o f f s 1• t 1>1 1 t 11 1• f' l ll W 

Situation but, in vi e w of t he qu a litati , · " n .•:-; ult s 

0 b tain e d (viz. Figur e 

b e mad e . 

) th e foll o wi n g p ,>i nt s llla y 

Off' set should b e limi l e d to tl1 P t t, ro a i 

Situation if eff'ective swit c hing i s t o lw 111 a i.11 tai 1tt •<l 

and only has advantage s wh e r e h i g h pr ess ur- " np( •r a t iCl 11 

is to be con s id e red, i . e • Po g r e at e r ll 1a11 2 5n p ,-d;r . 

lts n et ef f e tis to mov e the pn s iU011 of S (•p a r at.i. 0 11 

Upstream and if ex cessive t il e flow will hav ,~ 

insuffi cient en - rgy to expand in to t h e offse t r egi o n 

thereby destroying th e op rating c hara c te ri s ti , 

nec essary f'or su e ssful op e r at ion . ,\ S W i f I I S U b :-; U I 1.i. C 

· arnplif'ier with large off s •t th e d " Vi c" may L> e 

exp e ct e d to a c t as a mom e n t um int 0 r a c ti o n d1 •vi r 1· r a rl, 1• r 

lhan a bistable wit c h. 

s ma 11 d i ff e r e n t i a 1 o r rs e t w i 11 c a u s e i 11 ::; t i:1 hi Li t y 

in the flow s itua t ion . Ini t ial.Ly , Lit (• J1·t will a t la ,-11 

to the wall without offs e t but a s suppl~- p r ess u r v i,-, 

in r e ased it wi 11 hav e th e te nu e n c y t o s pr· c c:H.l t1)\•,ar <l 



t il e wa lJ. witlt of f s (•t un til , c:1 t :--,i )IJlf • , · 1· it1 c ,1 l 

it will s wit e ll. 

nff sp t , t- 1! (1 pr e di tion of se para tio11 Ii, ·, ntt1(• :-, 111 ,, 1· ,· 

<li ffj c ult as isent r op i c e xpansio n ca n 110 I 011, ,:•·1 ·(1~) 

as um e u to oc u r t o t h at po s ition, as a ,,, lw(· k w,1,· ( • i ,--; 

normally f o rm ed i n t he o ff set r. orn ·r ( see I· i 1:u 1· , · ) • 

It is o n c 1 u d d t h a t o f f s r> t i s g e I H : 1 • a I I y 

an unn ecess ary c o mpli ~ation for s wit c l1t-s ,1111•rati11g-

in the ran ge o f parame t e rs d e alt wit ll l n tlt i!:i r1 ::-s 1· 1:n·d 1 

Programm e and - ltould be a , ·oided w l1 ·r p o · s ible. 

(4l, 



C llAP TEH VI 

. tJMMAllY ANO 



6 . SUMMARY i\~U CO \TLt:. · 1()\':-, . 

T h e bi stabl e · wit c l1 i11p; ,>f s 11 pPr ,-,c >11i. , · ,",, , :--' j1 • t:-­

by atmospheri c venti 11 e- o.f Lit t-! c'u 11Lr1il !" •1 · 1 :-- 11 :1 :-, lw,·1 1 

Shown to b e a r e lativ ly 

lllod e o .f operatio n is fully und er::; t o nd . I l 11 • 

a dva nt ages o f t hi s form o f a c tuatio1 1 ; 1l' " f) ll\i o 11 :-- 1 ,i ✓ • 

no moving µ arts in t h e power strc•1.u11 1 ,· r111t.1 · 0I sv ::; 1, •111 11 1, ,1 11 

s tream isolation, 

reliability over 

as e of ma nufu tu1· P 1 i11 ,· 1· •• c1 :-, 1•d 

onve ntiona l. thru !'-,t v , •,· tor ,· 0111 r ,> I 

syst e m and operating si mpl iC'i t • 

Op ra tio n ha s bPe 11 ~ how11 t.o <l1 •pi>1 H.I ,ir1 ll ll' 

Ph e nom non o f' bnunlary l a y er se p a1·r1.tjo11 foll,,wt·d by 

asymmet ri r ea t ta c h1111 •11 L ' IH ' I >::; i 111 : ~, 1·1• g j 011 of r1 • v1•r s • 

flow o f a v r 'f> pr e s · ur1• midwa y liPt\,·,•1•11 Ll1 ;1 L of LIH· 111;, itt 

stream and 111b i , ·11 L ,-owli tion . 

1.1n ' lo · o I re ,n·s1: fl o w rf-'gion by acre · s to ,.1111h i1• 11 t 

Pr e ure via strat1~gi ·aJly position od co r1trn l po1·1, -

cau es a hang in th t h ru - t ver t or of t ft (~ Ill , t l I l ,j f ' !, • 

St-> paratj u11 po · itio11 , r e lati P tn 111 al1 1 j, · L 

throat, h as b e n . fl own to in r •a:,;e pro p ortj ow1l Ly 1vi tit 

throat wi t.1th a nd :-;0 111 • f'un · tion of :-; uppl y p 1•,c, s ur c lnrt 



d t:> r, r P a s P w i L II j 11 , · r ,~ ; 1 :-; , • i 11 1, a r, k 

Tl11• r a t Lo of Ill<• 111i11i111u111 pr1 · --, ~ 11r 1 • 1' .:X Jlf• t · i, · 11 , · f• , I 

l>y tl11 ! flow ::-- Lre a 111 irn111 uct iatel y b Hfo1 · 1· ,--1--' p;ir ;1ti.. 1,1t I" 

th a t i m111 HdiaL .... ly a f t• r ha .· bl't ' ll sh o'l•itl 1, 1 I H ) ;1 1111 0::--t 

1' 011 :c; ta11t fur t h e oµerati 11 g ran g ,· , · 0 11 ::,i d1 • 1· , , i. ,\ 

llepP11tl t> 11 , (' o f Reynold s nurnb e r 1 h ow e , ·Pr 1 i s i.11.li, · ; , t, ·d. 

T h e 11 e w t h enry e vul v e <.1 to pred i r L Llw 

co ndition appertai 11i11 g to this 111 i11i mum pr1 •~ ::, ur e :-; j t u ,1 

tslv, s c los -• agr •<" me n t wi t h th1-• c orrr- s po11di.11 ~ , · ;_1!111 • ""' 

obtaine d xp eri 111 ntally. It i 

t o both tamin r a nti tu rbu l e nt l>uu11d,-11 ·y l ayPr aL 

· up •r 011i 

i rnJ ) P L o u - p a nd LndependP11t of any 1-:! rnp .iri c ;,I 

Cop ffici 1i11L. f11di alio11s are t.lia t tll P prt} ·· ::;; ur e r ; 1t Lo 

' 011 iderocl d e r<--! a ' l'S wi II i n crt:> as in He y no I (h 11111111J t->r 

UntlJ a l " fi11· te 111i11irnum val u e i s exµ •ri ,! t1 ced - :::, I ig l1 L l y 

in tJ X r; e S S of 0 .4. 

Heat ta c hment po ::; ition appears to lJ t• i11d<'µ1 1n d 1 •11t 

Of ...,,al.l an g l ,. for t l1 te :-; l range 

fun e t.i.011 of ovPral.l pre s ur e ratio (Pu/ Pa ) a nt thl'"<tL 



a r ea o n ly . W21 l l l1 •11g tl1 11111 ,-, 1 , ·x ,· , • , · .! , , .,tt :, ,· 1111 1<·1 1 1 

di s t a 11 1 · , • L> y ~ l >~ to p r , 1111 o t 1 • .., ; , t i ,-, f' ,( , · 1 , , 1 · y ..., L : , I , I , . j , · t 

a t t a c I 1111 t • n t • 

I nd .i. c at i cH1 ::; ,,1·<: t lt at tl1 1• 1!11t r ;1.i.11 11 w 111 ,t< ' ti\ r y 

t II l ' O U {'; I I il III l 11 j llltl ll l i t t :J 

d e f i n .i. LP d i vP r F,e n t wa J 1 ang J<' 11 (•a1· t o l1t l'' , .... ,11•;, -- •·--- t ' '!'. 

t h a t LIi i::; v a Ju P be a r.:c e p l e d as t l a• 1i pL .i. 111 u111 f'1l1 · j , •t 

at ta- hrn e 11t sta l> i l ily . 

Providi n g t h at t h 

some wh er•! l> t w e n t lH• p oi. 11 ls o f -..Pµa r ati.0 11 ,.1 11d 

r e a t t ar.: h111 e 11 t for tl tP r 1• uir ... tl \vor k i 11 p; rc1 11 {~f-:! ctn d 

e .x: eP I · a : l <' a rl y cl f i n ti 111 i n i murn •c.1r e a .its <' f' f ,• ,' t o n 

' Wit h i n 13 i mi n i mi s t·<..l • 

. · pli t, r p o s ition a l :-;o i 110 t t 0, 1 <' r i_ t..i <' a I 

bu t mu st b P pJ a c c•d :::.u · Ii Lita t n o i n tE'r f PrP 11 c t i 1vi t I, t llf' 

111ai 11 fl o w oc · u r C t t h .. n , y 11111K' tri c a t Lr1 r ll111 u nt c·n1 1dil i 1n 1 . 

Off et i ~ t{P U •ra Lly 

to t }i p s t a bJ. P o p <'ra t io 11 of s u p e r 0 11 .ic · l1 i:,; tc1bl e s 1,;il c l1 cs . 

ll e f o r P t. li i> dP. S iF, 11 of s u ~ll i-l. s wi t c h ma y b e 

fu ll y clP ,· t · i lH• d t ll 1'l1r1-:d i. c· r1 1J y 1 n i l a(;c ut·a t t i 111 o l h · J 11 f tl11. · 



I I{ . I ' . /' ,) I 

al~o o[ vi Lal L11t.Pr.- -- 1. 

f,' L II a I l y , i 

1->ro gra111111P ti as l) f-'e 11 rf-'1vardi11g , i11 Ll1 ;1'1 iL 11, 1:-i 111 ' <>\ i , J, ·, I 

a f air l y c ompJ<>tP u11rl rstandi n{; of l l1 P pr · o c· <•-; ,-, 

in v o J v P LI i 11 t he ct ire c- ti on a l c on t r o L of s u p, · r :-; , , 1 1 i , · , j , , 1 -

together with tbe formul a tion of a tl< ! W tl 1f~<1ry 

applir·al>l t o t h e s , par a t i o n o f s u J)'! r :-; o 11 L , , L a m j_ tt ; 1 1 • 

an I turbulent boun<iary l ayPrs undi-r th1• .Jur•• s :-; ., (' ; 111 

Udv ~r s µr ::;sure gradi nt. 

CS'( 
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s li aµP f a c lor . ~ o t L llat : 

.::: Jz. . dtJ - -'V dx. 

Whi c h 111ay br• in t' rpr e t e d as t h e ratio o f µr • ::; s ur< · f<l1 ·r · e~ 

\ iJ I lt a v -' n pur t.i r· ular va l.u c al - ep a ration whi c l1 111 a y 



b <I P t.1•r 11 1i 111•d !Jy i 11\ u k i.1 11•. t I r, · ,·" 11cl i i "ii 

::: 0 ; , I 

aL y = n , 

0 

i . e . a = 0 

Wh i Ii, in l u rn , sugees t s 

a. -=- 0 -: 

= - 12. 

0 r in terms of press u r<' grad i e 11 t bP c o me~ 

dP -ch :. 

T h e s h ap fa c tor i . 1 i 111 i Le d to Lii v l', 111 g 1: 

- 12 ~ A...:::. + 12 

as f o r values greater t itan + 1 2
1

val u e· of u/ L' :> 1 l ) ( f . LI J . • 

~ u bsti u ting t h e e lo c i ty pro f i J P 1•qu ; 1 t io 11 

( A.4 ) i n to t h e r es p1• c tive e q u atio n - for .JispJ (t< ' 1• 11 r1•11 t 

a n d mo me n t um eq u ·1tion .· ( ,\ ppr •11dix. J) r e · ul t ::; .i ,1 



= 3 
10 

/) 

12.0 
e = 31 
0 315 

( ,\ . ) 

:'vlul I i1dyi.ng t lt e 111 0 I11t•11LuI11 v qu;1Ljo11 ( ,\{ l !J f' ILrli.x J ) IJy 

-rree I 

y 

t 11,· 1> l vi 11 g K a n < I 

• (2 + 6 ) K 
e 

= 

= -z. d1T 
dx: 

( A • I! )) 

011 l y s u c h L il a t for an y a ::-::; umud 

K or · o me funct .i. 0 11 of 

111;-iy 1>1• obLui 11 •d a nd r e -r e lated Lo t h e d f.i11e <l bnu rttlary 

u , , <' P s s i v e i l er a L i (, 11 

Prn,· icJ,. ,.;o lulion s c o t h e f orm o f t h e bou nd ary l ayc• 1· 

;_.l{ Ull vc.1 IU P of x . 

d lJ 
d.x. 

IH I. WP!'l l e quaLin11 s (,\ . Il l) ; 111rl 

( ,\ • 1 , ) 



U :,;i n E t ll P 11 1<1111t•1ttu 111 Ll1i 1· k11r •:-,:,; l'quutio 11 (A . , ) 
I 

b (' (' O fll t' s 

K 
2 2 

- /2 7 /\ 
90,2 J 

:-;c r ut · 11y o f t h e 111 u 111 --' 11tu111 equ a tion ( A. 9) ~ u 15gl•:-,t,::,; 

a n, I U 0 ' wil L IJ<' 

l" e quir t'<.l , prP f, rab J y i11 term::; o f K and ~ if ;, :-, i11q1I< • 

linear Pquatio n i :,; to b e o b ta in ed . 

T h e r e f ort· 1 as 

(A . 7) and (A . 1>) provid e 

,s-
-=: 

( as K = .f( /4 ) ; 

3 A 
To 12.0 

e 
A /2 2 ] 2. [ 37 

3 1S' -={45 9 0 72 

:-5imil. ar ly ( • ) b e O lll t:! -

t:'"o e -=- "Co 6 tJ - -
,µ. -u _.MU ~ 

f2 +/\j(E _ /l. ::: 
~ 3 15 9 4'5'" 

j • I• • 

f ! ({Ucl Li (I It :,, 

: {(K) 
( A. I J) 

A 7- J 
'1 0?'2. 

( ,\ • I .'1 ) 

(71 



al so 

• • • 

g i vi n g 

S ub st itut io n o f t 11, •::- •• .J, , rj\1•d f111 1<· f inri:-, i.11 

Uee' -
V 

-+ 

z 

dz. 
dx 

e ci§ 
d x 

[ L ~ f I ( j(: ) J I< 

= 

-= 

e z/'-{ 

z.e de 
"'r d :x:: 

-v dz 
2dx 

=- f z(k' ) 

I ee 

Mu ltiµ l yi n g by 2 a n d gat heri n g t he K lerrn :::; t f l(' 

f i n a li :::;eu xpr, io n b 'CO lllf' S 

Where 

172 

( A. 17. )_ 



~ Uflllll , 1 ri S i ll {S 

qZ 
d:x:. 

I 
K -=- z.. U-

1-'ot · ,t 1~e 11t•r ,1I 111Ptltod o f :-; o lu tion lt> t h <· 

J i111it e d to t it(• µoint of :,;e paratio 11 c1 11u i:l e;e n e raJ 

s ol u t i 0 11 to t ll P c on<l e n :,; e d 111 0 111 e 11 tum t~qu a tion ;1 L Lil i ::; 

P(Ji11t may b e obtai 11 e d ct ::i f ol l ow:5 . 

h1 J 1 i_ , , J1 J 

O lt I y ' 

l ' s int; e xpr "S ' io 11 (A . 10) 

f'1 ·0111 

i . (' . 

K-= -zu 

d z 

dx 

(A . Hi) , 

F(k) 

K 

be c ori1es a 

I - '2 I 

K C-rr) d--cr 

,, 
l<ulJ 

--r-z_ 
V 

dx 

.func tion of 

If --uu :::::- - a-- ,- 2 
1f 

.. ( --; 1• l1I id1titt r', , '' ll o u11dary La y e r T h eo ry 1 
, 1,- 1:r.ih· JI L i I ,_; n., Jl)()2 ) . 

p . 

K a 11d u 

( ,\ • 1 9 ) 

173 



l7f 

CY 
I 2. 

1T 

<1 11 , I 

f,' ( K ) -- -I • , 2 !1 1 

6 - 11 at t l11 • Li111_i_t o[ , 1 tl ; 1c· l111 1,• nt. . 

S ub :-- tjt~u t ion of t it • f•xp1· 1•ss io11 [ or 111 ; 1i11 s tr 1• ; u11 vv J0 1· i i y 

a 11 I i L::-; 1l 1j riva liv •s i 11 if = 1 I 

in X at tilt• poi11L o f s1:•1}arc1i-iu11. Nolt· t. llat X 

11wa - ur p cJ alo n ~ t il e · 0 11 t.our o f t lt e L> o unJ a ry l a y e r . 

I . 



APPE\'UlX ., - . 

i' o h I lt c1u:-:;t-> 11 may b e u :-; d Lo d e t l • rmj ttl' 1)1 1 , ,r · 

'P µaratio n in a fl o w sit ua tio n s i111i l , tr L,, tl 1;1L " ' , · 111T ir 11 '. 

in a ·ub . oni 1 Ji'luidi<: ~ wi tc · J1t 0 

f ol lows . 

A s um 

throat 111 a y b, r epre se 11L ,c_! by two c y l i 11d 1• 1·::-- a :,, ::, I Hl \\tr 

b e .Low ( Figut _. J\ . 1 ) • 

:ic 
- -T-

I 
B 

1f~ ~ 

't 

~ 
_ _J_ 

__, 

F",(o . A. I. 



,\ ~~ u1ni11 1-~ tha L ( ) 

t a 111: 1· 11 t L ( I l 

Li111 g ,·1 1t i_ ,i I 

LI ow cl L 

flow at 

dU::c 
d:x 

= 

i~ th <· :-i f rt /':1 l i t I L () ll 

() = / PJ'(I 

H = ' ) lJ ·- -

ll o \v<..'\'Pr , ,0 j s pro po r t i o It a I to x 

po j ll f t Ii ' 11 

( ,\ • 2 I ) 

t h ere f o r e 

Wlt i r- 11 1 on s u bstiLuti n g (A . 20) 1 (A. 2 1 ) c.1 11d ( A . :..''' ) i tt 

-= ( dd )2 

ctx 

0- = 



whi c h , f or Lh e Li111i t, o f a t La c li11 11•1 1L , 1 . , . • I 1 1 

pro vide:,; 

= ( \ • :: J ) 

S u ggest irig tl1a t !:',(\ J); t1 ·,1 t i ( )ll \,ril 1 l ) l '1 I ll ' 

approxim;,t P ly 16° a f t e r L il ( ' t ll 1'0, 1t . 

off s<~t , il may b e ass urn( •cl t o o, ·c ur ;1 t rl 1t· tl 11·" ,.t . 

To th a ut h or • · k1towlf•d 1..;<' , tli, · --, 1 lu L i •11 1 

l lf' 

ll l as i u s ~er i P ::; [ or v <' I o, · i t y u i ,-, t r i Ii u Li. o 11 , · , 111 Li-d 1t i r I/': ~ i ., 

tor111 s in 

' olutinn o f 1 0() . 50 . ( • Pt· ...; , • I I I j 1 · I I t i 11 r,- , p • :: 5 J c1 ncl 

JJ . 1 5 J , 2 nd Edit, ion ) • lid ::. ; 1ppr<>iJ <' l1 1 i 11 t h,· aull1or • s 

Opi11io1t 1 



APPENDIX J . 

S ome Definitions • 

. The following includes quantiti es referred 

to in the test. 

Displacement Thickness. 

Momentum Thickness. 

(A.24) 

0 - , (A.25) 

Energy Dissipation Thickness • 

.. 
(A.26) 

Enthalpy Thickness. 

(A.27) 
0 

Where h : j CpT. 

Velocity Thickness. 

(A.28) 



Continuity Equation. 

-t 

!he Momentum Integral Equation. 
f 

.::: 0 

J ~ J ; ... [ u. ( lf - Ll)] d ~ ... t la (-rr - u) d ~ , 

0 

(A.JO) 

which, on substitution or the displacement thickness 

and momentum thickness equations becomes; 

-c:o 
c.. 

The Energy Equation. 

(a) turbulent flow 

(b) laminar flow 

Energy Thickness. 

= 

+ (A.Jl) 

_ (A.J 2 ) 

.... 
(A.JJ) 

, (A.J4) 
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APPENDIX 4• 

Experimental Results. 

The following Figures show the measured 

Pressure distribution occurring in the convergent-

divergent, two-dimensional duct. Figures (A. 4.1) to 

(A.lt.25) correspond to boundary layer separation followed 

by neattachment 1 and Figures (A-4.26) to (A.4.43) to 

the separation condition only. 

The supply pressure {Po) appertaining to 

each test curve is indicated by the following numerals 

( 1 ) 65 psia. (2) 90 psia. 

(J) 11.5 psia. (4) 140 psia. 

(.5) 16.5 psia. {6) 190 psia. 

(7) 21.5 psia. 

Where the minimum pressure situation occurre d 

before the first pressure tapping position the 

characteristic has been omitted. 

NOTE. 

~ = included wall angle 

ln = measured throat width. 

l80 



PRESSURE CHARACTERISTICS SHOWING BOUNDARY 

LAYER SEPARATION FOLLOWED BY REATTACHMENT 
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APPE DIX 5 . 

The results of Dunaway and Ayre. 
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