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Chapter 1

Introduction

1.1 Background & Motivation

In many practical problems the spatial domain is much larger than the region of
interest. When this happens it is useful to study a smaller domain containing
the region of interest and simply assume that the outer domain extends to infin-
ity [1]. This is particularly useful in numerical modelling and simulation, where
resources are limited by memory and processing power [2]. These models and
simulations have important roles in ultrasonic non-destructive evaluation/testing
(NDE/NDT), a method of inspection using high frequency acoustic/elastic waves,
often used in safety critical industries such as nuclear power and aerospace [3,4].

One method of numerical simulation is the Finite Element Method (FEM), a
process whereby a complicated region is reduced to a collection of smaller, simpler
shapes, such as triangles, tetrahedrals, hexahedrals, etc., and within which the
solution is described by a set of basis functions [5]. The problem can then be
solved over each element and, by extension, over the whole domain. In order to

simulate infinite domains, appropriate boundary conditions must be employed, at



the interface between the interior spatial domain and the outer (infinite) domain,
that absorb without reflection any wave radiating from the interior domain [6]. A
number of such boundary conditions have been developed for this purpose, each
with their own advantages and disadvantages. These include Absorbing Boundary

Conditions [7], Perfectly Matching Layers [8] and Infinite Elements [9].

1.1.1 Ultrasound

Acoustic waves with a frequency greater than 20kHz, the upper range of human
hearing [10], can be classed as ultrasonic. These high frequency oscillating acoustic
pressure waves are often found in use by animals and insects, such as dolphins,
bats and moths, as a method of navigation and to locate predators or prey [11-14].

Ultrasound is also used within the field of medicine, most notably for obstetric
sonography, wherein real-time images can be generated to monitor the health and
development of a foetus in utero without any adverse effects and to aid in treatment
of both foetus and mother [15-19]. It is also used as a medical imaging tool for
other diagnostic purposes, including visualisations of organs such as the heart in
echocardiograms and intravascular imaging [20-24]. While medical ultrasound is
commonplace today, it took almost four decades from its inception in the 1920s
until it began to flourish, with Professor lan Donald of Glasgow playing no small
part in its growth in the field [25-27]. Today the technology is used safely in a
wide range of medical applications from ultrasound mammography in breast cancer
imaging [28-31], assessment of osteoporosis [32-35], characterisation of abdominal
aortic aneurisms [36-39], focused drug delivery for neurological conditions such
as Parkinson’s, Alzheimer’s and glioblastoma [40-43], tissue characterisation in
the vascular system to aid in the treatment of atherosclerosis and prevention of

ischemic strokes [44-47], histotripsy, a method of mechanical tissue fractionation



using high intensity ultrasound pulses [48-51], and lithotripsy, whereby ultrasonic
waves are used to break up kidney stones or other hard masses so that they may be
easily passed through the body [52-55]. Ultrasound has even found use in dentistry,
where it may be used for simple scaling of the teeth to cleaning inaccessible surfaces
during root canal treatment, assessment of maxillofacial fractures, and implant
dentistry [56-59].

Another use for the technology was advanced by the threat of the First World
War and the use of submarines in combat for the first time. An early form of
SONAR, an acronym for SOund Navigation And Ranging, was in use by 1915
with British submarines fitted with Fessenden oscillator hydrophones to detect
enemy vessels [60,61]. While SONAR is still widely used in defence and civil
applications, the study of ultrasound has even led to the development of acoustic
cloaking techniques to effectively make vessels invisible to ultrasound waves [62—
64].

Other modern applications include ultrasound assisted extraction (UAE) in
the food, pharmaceutical, cosmetic and bioenergy industries [65-68], wastewater
treatment [69-72], sanitary treatment of fresh produce to reduce the risk of mi-
crobial contamination such as E. coli and salmonella in the food industry [73-76],
and the development of guidance systems for unmanned aerial vehicles (drones)

with applications to the power industry [77].

1.1.2 Non-Destructive Evaluation

Non-destructive evaluation (NDE), sometimes referred to as non-destructive test-
ing (NDT), is the collective name for a number of techniques used to inspect safety
critical structures such as nuclear power stations [78], oil pipelines [79], aerospace

components [80], turbine blades [81], and many more. They are deployed to de-



tect defects, take measurements of thickness, and characterise the internal geom-
etry of the structure. There are many types of NDE techniques, each with their
own strengths and weaknesses, from the most basic visual inspection, to thermal
imaging, electromagnetic testing, X-ray radiography, computed tomography and
shearography testing [82,83]. Ultrasonic NDT, using high frequency elastic waves,
is a popular method by which components can be inspected to ensure reliability
without compromising their functionality. In recent years, this method has grown
in popularity due to being relatively inexpensive and the portability of the neces-
sary equipment, which can often be reduced to a hand-held device. Other benefits
include the potential for automating processes and the possibility of real-time re-

sults [84].

1.1.3 Infinite Domains

By infinite domains, we refer to spatial domains that have infinite length or area or
volume. In real world modelling, infinite domains appear in many situations, and
in others it is convenient to consider a large domain to be infinite. The problem
arises in many fields including acoustics [85], geophysics [86], oceanography [87],
meteorology [88], gas dynamics [89], hydrodynamics [90] and electromagnetics [91].
For instance, in earthquake engineering, the infinite domain would be the earth and
the region of interest would be a much smaller region around a structure or seismic
source; in underwater acoustics the infinite domain could be the ocean, while the
region of interest is a smaller region around a submarine or other submerged body;
and in aerospace problems, the infinite domain may be atmospheric air while the
region of interest relates only to the flow around an airplane wing [92]. In cases
such as this it is necessary to employ a boundary condition on the exterior of the

computational domain to prevent outgoing waves reflecting back into the region



of interest.

A number of methods exist to deal with these reflections within numerical
simulation, such as Absorbing Boundary Conditions (ABC) [7], Boundary Element
Methods (BEM), Perfectly Matching Layers (PML) [8] and Infinite Elements (IE)
[9]. A review of Finite Element Method (FEM) techniques for time-harmonic
acoustics, and in particular for boundary conditions such as absorbing boundary
conditions, infinite elements and absorbing layers, is carried out in [93,94], while
[95-97] also examine PMLs for time-harmonic acoustics with FEM. FEM methods
for modelling the elastic wave equation with PMLs in both the time and frequency
domain are presented in [98-101]. FEM has been used extensively in the modelling
of ultrasound devices and systems [102-108], with many Finite Element Analysis
software packages available, including PZFlex [109].

Three main categories of Absorbing Boundary Conditions can be considered:
low order local ABCs, high order local ABCs and exact nonlocal ABCs. Low
order local ABCs are the classical ABCs proposed in the 1970s and 1980s and
are still in use today [110,111]. They can be considered a generalisation of the
Sommerfeld radiation condition, but are only effective with low order operators
as the product-nature of the operators generate higher order derivatives making
implementation impractical at higher orders. High order local ABCs are derived
in the same way as low order local ABCs but with the introduction of an auxiliary
variable in the transformed plane leading to no derivatives beyond second order
and no normal derivatives of the auxiliary variables [112]. Exact nonlocal ABCs
have the property that the solution obtained in the finite domain is identical to
that in the unbounded domain, but the cost is an integral operator that couples
all points on the boundary, making it powerful in frequency dependent problems,

but difficult in the time-dependent case [113].



Boundary Integral Methods and Boundary Element Methods apply surface el-
ements on the boundary of a finite domain, meaning they are often more efficient
than domain-based methods due to the reduction of dimensions. An overview
of the development of these techniques is provided in [114] alongside historical
biographies of its chief proponents. BEMs are especially suited to problems in
unbounded domains, since the problem is reduced to the physical boundary with-
out the need for the introduction of an artificial boundary. However, BEMs often
produce matrices which are dense and nonsymmetrical, resulting in large solution
times and memory requirements for computational solutions.

The PML technique (first presented by Berenger [8]) is based on the use of
an absorbing layer, with the matching medium designed to absorb without reflec-
tion and prevent any wave travelling back into the computational domain. While
Berenger dealt with electromagnetic waves, Chew and Liu [115] proved there exists
a fictitious elastic PML half-space in solids which completely absorbs elastic waves
in spite of the coupling between compressional and shear waves. This was achieved
by interpreting the PML as coordinate stretching in the frequency domain. In the
same year, Lyons et al. [116] demonstrated the accuracy and future potential of the
PML in a finite element formulation. The work of Liu and Tao [117] and Qi and
Geers [118] extended the PML to simulate acoustic wave propagation in absorp-
tive media and demonstrated its excellent absorbing ability. The PML was also
shown to be effective in numerically solving the Helmholtz equation by Turkel and
Yefet [119] and developed further for time harmonic elastodynamics by Basu and
Chopra [120]. More recently, the performance of the PML has been improved with
the use of adaptive meshing [121,122]. Further work has included development of
higher order PMLs [123] and formulation for the Finite Difference Time Domain

(FDTD) simulation of acoustic scattering with PMLs [124].



An alternative approach is to use Infinite Elements at the boundary rather than
truncating the finite element mesh. These Infinite Elements essentially extend
the element domain to infinity, and are based on the shape functions used in the
interior elements; the shape function is multiplied by an appropriate decay function
to achieve the desired behaviour at infinity. The IE method is discussed in detail
by Bettess [9] while Astley [125] provides a review of IE formulations with various
element types and assesses their accuracy. Infinite Elements have been applied
to the acoustic wave equation in the frequency domain [126-133| and in the time
domain [134-137], as well as to the elastic wave equation in the time domain [138],

while [139,140] also explored transient infinite elements.

1.2 Outline of the Thesis

The aim of this thesis is to devise a new boundary condition for unbounded elas-
todynamic wave problems for use in the finite element modelling of ultrasound
devices and systems. To do so the coordinate stretching transformation of a per-
fectly matching layer will be combined with infinite element test functions for what
is believed to be the first time, and applied to both the acoustic and elastic wave
equations. The problem of a radiating sphere will be examined in the frequency
domain, while a three dimensional formulation capable of modelling elastodynamic
waves in a volume will be examined in the time domain using the special case of
a semi-infinite waveguide. Three types of infinite element will be assessed with
a particular stretching function, the form of which has not been optimised. The

original material in this thesis is as follows:

1. In Chapter 2 the problem of a vibrating sphere in the frequency domain is

considered in order to provide an exact solution with which to assess the



accuracy of the new PML+IE formulation. The inertia and resistance are
derived from the acoustic response in order to be used as a measure of ac-
curacy. A variational formulation is used to introduce the infinite elements
while, in section 2.3.1, a coordinate stretching function introduces the per-
fectly matching layer to the derivation for the first time. Three types of
infinite element are considered: the unconjugated Burnett element, the con-
jugated Burnett element and the Astley-Leis element. It is shown that the
infinite element only formulation can be derived via a particular choice of
PML stretching function. An error measure is introduced as the difference
between the PML+IE formulation and the exact solution for both inertia
and resistance and integrated over a range of wavelengths for a number of
acoustic modes. Finally, a set of stretching function parameters is assessed to
show that it is possible to achieve greater accuracy using the new PML+IE

formulation than by using the IE only method.

. In Chapter 3 a method for studying elastodynamic waves in a three dimen-
sional, heterogeneous volume is constructed with a PML+IE formulation
at its boundary. For the present work, this method is used to conduct a
numerical study of a semi-infinite one dimensional rectangular homogeneous
waveguide, thereby allowing an empirical comparison of the method to an in-
finite element only approach. Section 3.3 introduces the elastodynamic wave
equation. Fourier transforms in time are taken in order to introduce the
coordinate stretching transformation. The variational formulation is again
followed with the assumption that the material is locally isotropic. The prob-
lem is discretised with traditional hexahedral finite elements modelling the

inner domain and infinite element test functions introduced in the exterior



domain. Two scenarios are considered: the case with constant PML stretch-
ing in all three directions and the case with stretching in only one direction.
Mass lumping and diagonalisation is performed in order to provide an ex-
plicit scheme for implementation. A reflection coefficient is then defined and
used to compare the new PML+IE formulation with the FE only implemen-
tation and used to find values for the PML stretching function parameters

that maximise the reduction in the reflected wave.



Chapter 2

A Combined Perfectly Matching
Layer and Infinite Element
Formulation for Unbounded Wave
Problems in the Frequency

Domain

In this chapter, we will consider a scalar problem and propose a Perfectly Matching
Layer [8] and Infinite Element [9] combination (PML+IE) for waves in a fluid.
We will assess its performance by calculating the pressure exterior to a vibrating
sphere in the frequency domain. The aim of this new PML+IE concept is to
create an element that is able to absorb long-wavelength waves at all angles of
incidence and also to converge to the correct low-frequency limit. The spherical
radiator is considered as it has an exact solution and so a robust assessment of

the new technique can be made. It allows a comparison to be made between the
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PML+IE solution and the IE only solution via the surface inertia and resistance
in the near field across a range of kR values (wavenumber x radius of sphere).
Results indicate that for certain modes there is a marked improvement (in the
difference between the exact and approximate solutions) at lower frequencies for

the PML-+IE combination.

2.1 Geometry and Governing Equations

We consider the exterior Helmholtz problem with the geometry shown in Figure
2.1 as in [125] where T is an arbitrarily shaped radiating surface, €; is the inner
domain, modelled by conventional Finite Element Method techniques, and €. is
the outer domain, modelled by IE/PML combinations.

The complex pressure amplitude p(x, k) satisfies the Helmholtz equation [125]
Vi+kp=0 inQ (2.1)

where it is assumed that p is time harmonic, p = p(x,k)e™!, with boundary

conditions

Vp-ng = —pa(b, ) on I'g, (2.2)

Vp-ny = —ikp+e on I'y, (2.3)
where € = O(%) as X — oo, and where I'g is the boundary of €2;, I'x is the
boundary of €2, with radius X, nz and nx are vectors normal to the surfaces of
Q; and €., respectively, k is the wavenumber, and 6 and ¢ are the angles shown
in Figure 2.1. Equation (2.2) is the kinematic condition on I'p for a steady time
iwt

harmonic normal acceleration a(f, ¢)e™" with fluid density p, and equation (2.3)

11



(a) Geometry of the exterior problem. The radius R of the domain
Q; is fixed and the domain is meshed by standard finite elements.

(b) Ordering of infinite element nodal parameters on the boundary
of the meshed region 2;.

Figure 2.1: A schematic showing the domain (). where the Perfectly Matching
Layer and Infinite Element formulation is applied.
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is the Sommerfield radiation condition [141] in three dimensions.

2.2 The Exact Solution

For r > R, that is in the exterior domain ()., any wave satisfying the Sommerfield
radiation condition given by equation (2.3) can be expanded as an infinite series

of multipole terms [125]

p(x, k) = (Ql(e’ ?) ,0e0.9) | aalbid) | ) e ik (2.4)

r r2 73

which we will see later in equation (2.24). Alternatively it can be regarded as

consisting of outwardly propagating separable modes [142] of the form

- i f: ANVhE?—)l(kT)YMV(H: ¢)> (25)

p=1 v=1

where hfi)l is the spherical Hankel function of the second kind of order p— 1, and

where

(0, 0) = Py~ (cos )%,

wherein P;” ! denotes the Legendre function of order v — 1 and degree p — 1.

For the axisymmetric case, the double summation in equation (2.5) reduces to
Z A, h(2 P,_1(cosb). (2.6)

From equation (2.2), the boundary condition becomes

op B ou
or pat

13



where u is the velocity since a(, ¢) is the acceleration. So we have

ou

AP, Gh kr)ke™t = —p—.
Z _1(cos O (k) &

Integrating with respect to t gives
:—ZA 10089h "(kr)e™,

where ¢ = w/k. Then the specific acoustic impedance of degree (multipole order)

11, defined by Z,, = p/u, is given by

o —ipcw.
H hf_)/l(k‘r)

The quantities acoustic resistance, R(k,6), and acoustic reactance, X (k,6), are
defined by the relation Z = R(k,0) + iX(k,0) [142]. We define the normalised
acoustic impedance by Z, = Z /pc, thus, by extension, the normalised acoustic

resistance, R, and the normalised acoustic reactance, X,,, are given by
5 -1 (2) (2)
R, ih,” (k) h, 2y (kr)
R,=—=Re {——h@), =Im —h(2) (2.7)

and

for each multipole order pu.
We introduce the acoustic response, as in [125], defined by p/a. From the

definition of specific acoustic impedance, we have Z = iwp/a since a = iwu. Then

=t —=——f—=8 —i— (2.9)



where

_ X (k,0)
S — )
ke
is called the acoustic inertia and
k p
]ﬂL—-—;hn<a>. (2.10)

To obtain the specific acoustic inertia we follow the process outlined in [143] util-
ising recurrence relations in Chapter 10 of [144] for the spherical Hankel function

of the second kind given by

to give

(= 1)/kr = b (kr) /B2 (kr)

Then from the limiting form of Bessel functions for small arguments [144] we have

(kr ) (2pu—1)N
@ur DI T

2 _
hywm_

where 0 < £ < 1, and where !! denotes the double factorial defined as
k

(2k — ) =[] (2i - 1).

=1

15



Then

(kr)*  (2u— 1)
hff)(k;r) (2p+ 1) T (ker)utT
WY (k) (k) (2p = 3!

(2 — 1! (kr)r

((kr)™ + (2p — DI2(2u — 3N 2p + 1)) (21 — 1)N2(kr)2#
(2p + D)1(2p — D) (k)21 ((kr)40=2 + (2 — 3)12(2u — 1)!12)
L (R = @ (2 = 1) (2= DI (k)™

((kr)=2 4 (20 — 3)12(20 — 1)!12) (20 + 1) (20 — 1) (kr)?

2 =D (2p = 3N (2u + 1)!1(2p — 1)

T 2u+1)(2u — 322 — 1)112(kr)
o @ D)u = 12— I (k)
(20 — 32 (20 — D12 (2p + 1)(2p — 1) (k)2

20 — L\
~=H ! +1 (kr) .
kr (2 —3)N

16



Therefore, for small arguments,

{
[
g ,u—1_2,u—1_l, (kr)»=1 \°
kr kr (2u —3)N

() -+ (5%50)

(kr)2(2p — 3N + dpkr(2p — )M
1220 — 3)1  (kr)in?

Then, from equation (2.9), we have that S*, the asymptotic behaviour of S, is

given by

S, = Si =L (2.11)



Therefore, from equations (2.8), (2.9) and (2.11), the normalised specific inertia is

—phi2 (kr)
SH:Re{W}. (2.12)

given by

We will use these exact solutions for specific resitance and inertia, given by
equations (2.7) and (2.12), respectively, to compare with the numerical values

given by our PML+IE formulation.

2.3 The Variational Formulation in the Frequency
Domain

In this chapter the variational formulation of the problem is presented with the
introduction of a perfectly matching layer coordinate transformation. The discrete
problem is then derived and a selection of basis functions and test functions in
the radial and transverse directions are introduced with three forms of infinite
element. From the discrete problem, the acoustic response is derived as a numerical
measure with which to assess the accuracy of the PML+IE formulation contrasted
with the IE only formulation in comparison to the acoustic response of the exact
solution. Finally, the particular case for the perfectly matching layer coordinate
transformation z = r is examined and shown to replicate the infinite element only
case of [125].

Multiplying equation (2.1) by a test function w(x, k) and integrating over €2,
gives

/ (wV?p + k*wp)dQ, = 0.

e

18



Applying the divergence theorem, we have

—/ (Vw - Vp — E*wp)dQ, + / wVp-ndl' =0,
Qe

r

and incorporating the boundary conditions given by equations (2.2) and (2.3) gives

/ (Vw - Vp — k2wp)dQe + /
Qe

I'x

w(ikp — e)dl'x — / w(pa)dl'p =0,

Ir

since n = —ny on I'y. That is

/ (Vw - Vp — k*wp)dQ. + / (tkwp — we)dl'x — p/ wadl'p =0.  (2.13)
Qe I'x T

R

2.3.1 Perfectly Matching Layer Coordinate Transforma-

tion

We introduce the stretching function z € C defined by

so that 0z(r)/0r = A(r). At present, the choice of the function A(r) is arbitrary.

In practice, it will be used to adjust and improve the performance of the PML

element. Then 0/0z = 1/A(r)0/0r = 1/2'(r)0/0r and so

10 1
Ve = (z@@ zsm@@ ’)\

¢
- (g (7"86’) g(rsm98¢) T)%)‘

-~

v

w3



Also,

dQ, = 2?sin fdzdfdo,

_ (5)2 2 sin 0drdfds,

r

- (E)Zz’dQe,

r

= <i> i Z'drdl
- R R,
since dQ), = r?sin fdrdfd¢ and dT'p = R?sin #dfd¢. Now equation (2.13) becomes

/ (Vzw -V.p— k:2wp) dQ, + / (tkwp — we) dl'x
Q.

I'x
— p/ wadl'gr =0
Tr

which gives

72 1 Owop , Z\2 ,
/QZ [ (Z> V9¢IU . V@¢p + WW% —k wp <E> z drdFR
+ / (tkwp — we)dl'y — p/ wadl'g = 0. (2.14)
I'x I'r

2.3.2 Formulation of the Discrete Problem

A trial solution
m n

k) = S5 G fulr, K)g, (6, 6) (2.15)

p=1 v=1
is proposed where g,, are unknown coefficients (v = 1,....,n;p = 1,...,m),
9.(0, @) are transverse basis functions (¢ = 1,...,m), and f,(r, k) are wavenum-

ber dependent radial basis functions (v = 1,...,n) as in Figure 2.1b. This can be

20



written as a single summation of N = (n x m) terms
N
p(x) =g fi(r,0,0.k) (2.16)

a=1

where

x=(r0,0,k), ¢ =quw, and fi(r,0,¢,k)= f.(r.k)g.0,¢). (2.17)

The correspondence between o and p and v is defined by

v
1 2 J n
1 1 2 j n
2 n+1 n+2 n—+j 2n
o3 2n+1 2n + 2 2n 47 an
i i—Dn+1 ........... (1—1)n+j in
m (m—1n+1 ........... (m—1n-+j nm

21



Selecting test functions wi(r, 6, ¢, k) forms a set of algebraic equations for the

unknowns ¢%. Substituting equation (2.16) into equation (2.14) gives

/Qz [<£> Voo, Z%Voqafﬁ 1 8w i ﬁafﬁ

N
2
—kaZZqug] z Z'drdl'g
> s (3)
N
+ / ikw}, Y qhfs — whe | dlx
Ix A1

—p/ whadl'p = 0,
I'r
which gives
N
r 2 * * ]' aw;a‘fg 2k px
2 </Qz ) Vi Vous + i |
Z\?2 , . /
X | =) zdrdl'g + ik
(R) i .

:p/ w;adFR+/ whedl'x. (2.18)
Tr Tx

X

wzf;drx> %

Even though f* and w}, can be chosen independently, it is assumed that they have

the same transverse basis so that

we (1,0, ¢, k) = w,(r,k)g.(0, ¢). (2.19)
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Substituting equation (2.19) into equation (2.18), we get for each v = 1,...

(with u, v relating to o and p/, v/’ relating to ()

N
]. agu agw 1 agy, ag#/
g</ﬁz <Z2 BYREY wuf;/ + z2sin20 a¢ 3(15 U)l,fl,/

B=1
]. aw,, a v z 2
+ (Z/)2 or %gﬂglﬂ - kaVfu’gug,u’> (E) Z/deFR

"‘/ ikwufu/gugu’dFX>QZ%
I'x

:p/ w,,guadFR—l—/ w,g,edlx
I'r I'x

which yields

X1\ 09, 0g,y 1 0g, 09
- / 5 z/’d [ a4 H M dr
/R (R) vl T/FR(ae 96 s’ 0 06 a¢> R
X z2\2 1 0w, Of, 9 [ 22
—_ — — —_— ! / / F
+/R <(R) 2 Or Or g <R> zwl,f,,>d'r/FRgugud R

+ ikw, (X) fir (X) / g#gufdrx> QE

I'x

S

B=1

:pw,,(R)/ guadFR—i-w,,(X)/ guedl'x,
Tr r

X

which can be written as

ALpqs = h,.

Now noticing that dl'x = (X/R)*dl', we can write this as

O | @@

v g v
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where

X
1 Z\? lawy Of, Ty
B _/R <R> (z’ or Or Wzw,fu | dr

X 2
+ ik (§> w, (X) f (X)), (2.22a)
Chopr = / 9ugwdl g, (2.22b)
I'r
o Y1\,
BVV’ — E z wl/fu’dry (222(})
R
09, 09, 1 0g,0g,
c®) = / e L 190 ) A0p. 2.22d
w' = f .\ 90 90 " sn?0 06 00 ) F (2:22d)
and
he = pwy(R) / 9padT'r 4w, (X) / guedly. (2.22¢)
1—‘R FX

2.3.3 Selection of Radial Basis Functions (f) and Test Func-
tions (w)

In each case, the basis functions (with radial basis function/Infinite Element order

v) are defined as [125]

fo(r k) = (§> e OB — 1 . (2.23)
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which is of the form of the multipole expansion in equation (2.4) taking

m

> g, R = 0, (6, 9)

p=1

and truncating after n terms.
We will examine three choices of radial test functions (Infinite Elements) w, (r, k),

v=1,...,n

(i) unconjugated Burnett [145]

w,(r k) = (%) e =R = f (r k), (2.25a)
(i) conjugated Burnett [146]
R\" ik(r—R) — :
w,,(T, k) =\ € = COIlJ{fV(T‘, k)}a (225b)
r

(iii) Astley-Leis [135]

w (s ) = (5) o (?) coni{fu(r k) (2.25¢)

r

Substituting each of these into (2.22a) and (2.22¢) in the limit X — oo then gives
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(i) unconjugated Burnett

N\l)—\

BS,), = lim i i { —52) e k=R _ ik (E) e_ik(’”_R)]
R r r

X—00
(E) ( ) e—ik(r—R) — ik (E) e—ik(r—R)]
r r

. R\" —ik(X—R) R g —ik(X—R)
() () o (3
1 y_y’ E u+1/+2_ 2 E v+
/ RZ r r

" v/ +1 v+
41 (E) (v+v) | — k2 <E> dr
r r

R
R v+ —2 '
+ ik (}) e~ HR(X=FR) (2.26a)
X 2 v v
1 .
BS/), = lim <—) 2! (E) (E) e 2k(r=R) 4.
X—o00 R R T T
X 2 v+’
1 .
lim LY (2 e~ 2kr=R)qp- (2.26b)
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(ii) conjugated Burnett

X v—1 v
M _ g z\2 )1 E _E ik(r—R) | : E ik(r—R)
B, = lim R(R) {z’ V(r 2 )© ik r )€
v'—1 v
! E _E e—ik(T—R) — ik E e—ik(r—R)
r r? r
v+’ 2 v+’
X

e (73) }dr ik (E) (;)

V_I/ZI (E>u+u +j_ k2 (E)wu
R r r

X

R
+ ik (;) o (2.27a)
BY) = lim ) (1)2% (E)V <E>1/ dr
o X—oe Jp \ R r r
~ lim RX (}%)22«' (§)+ dr (2.27D)
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(iii) Astley-Leis

X v+1 v+2
n _ g z\?2) 1 R RN we-m (R ik(r—R)
B, = lm R(R) {z’ (v+2) (r 2 )© ik r)
v—1 v
v E _E 6—ik(r—R) — ik E e—ik(r—R)
r r2 r
R v+uv'+2 X 2 R v+ +2
2 (B dr+ik [ 2) (2
() e (3 ()

X 2 1 2/ v+ +4 v+ 42
—am [ (2)42 M (E) L2 (E)
X—o Jp \R z R r r

ik [ R v+v/+3 , R v4+uv/ 42
== — N | — k2 =

+R<T) (v—1v'+2) k:z(r) dr

v+’
+ik %) (2.284)

R
1 2 v+v'42
}—%) 2 < ) dr (2.28Db)

2.3.4 The Transverse Discretisation

In practice, the transverse discretisation for infinite elements is chosen to be con-
ventional isoparametric Finite Element Method polynomials. Here, to investigate
accuracy, we choose the transverse basis functions using the separable exact solu-
tion of the Helmholtz equation on a sphere from equation (2.6). The result is the

same as in [125] and for the axisymmetric case,

9.(0,¢) = P,_1(cosb), w=1...,m. (2.29)

28



Then from equation (2.22b)

C'SB/ = /F P,_1(cos0)P,_(cos)dl'g,
R
27 T
= / / P,_1(cos )P, _1(cos 0) R* sin 0dd o,
o Jo

:27TR2/ P,_1(cos )P, _;(cos #) sin 6d#,
0

and using the substitution u = cos#, we have

1
V) = 2r R / Py_1(2)Py_y(z)da.

-1

Then by the orthogonality of Legendre polynomials [142],

2
S VY - R — g
TP
A1 R?
:m(suul.
L

From equation (2.22d)

(2 _ dP,1dPy—1 5
CHH' —/F TTR Sln@d@dqﬁ,

and again using the substitution x = cos#,

YdP, (z)dPy_y(7)
(2) _ 2 pn—1 ' —1 2
CW, =21R /_1 o 1 (1 —x ) dz.

The associated Legendre polynomial (P/}_l) of order 1 satisfies

Pl = —(1-2%)?%dP, /da

29
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[144] (Chapter 8) and so using the orthogonality of that function, we get

1

C;(zi)’ :27rR2/1 Pﬁ_l(x)Pj,_l(a:)dx,

2 — 1+ 1)! 5
B~ 1) 07— T D1
=47 R* i 0y

2u = (' =21

pp —1)
:47TR2W6#NI. (231)

=27 R?

So CM and C® are diagonal and so equation (2.20) becomes

40 o . 0 | [qo] [ao]
0 A®

0
0 0 A | [ g B(m)

where

) _ p@) -~ (2) ~(2)
A, = B, Cl) + BL,CY),

(v, ' =1,...,n), (2.32)

q,(fx)l = [qul,qug,...,qun]T, and hfzﬂ>21 = hu[l,...,l]T, w=1,....,m. By letting

e — 0 in equation (2.22e) and since w, (R, k) = 1 then using equation (2.29),

h, = p/ P,_1(cos8)a(0)dl g, p=1...,m. (2.33)
Ir

Using the block structure of A then we have that
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That is

n

huz A(“ . v=1...,n.
7j=1

Then from equations (2.16) and (2.17), we have

p= anf —Zun ol

p=1 v=1

From equation (2.9) we have for each multipole order u,

b= (52 a0

Iu Zq M, = (SM - z%) a(f).

Multiplying by p and g; and integrating over I'r gives

so then

p/ 959y Z Q£u)fudFR = P/ (SN - Zk—g) gja(e)dFR-
Ir v=1 I'r

(2.34)

We will calculate the acoustic response on the surface of the sphere, that is where

r = R. Since f,(r = R) =1, and ql(,“), Sy, and R, are independent of # (and ¢),

then we have

pYy_a / 9i9udl'r = <Su - @k—“> p/ gja(0)dl'r
v=1 I'r c I'r

R
= <Sﬂ - Zk—g> hj,
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from equation (2.33). By the orthogonality of the Legendre polynomials we have

from equation (2.30) that

47 R? )
J=u
/ 959, = ¢ 21— 1
Tr 0 otherwise.
So then

47 R? R,
W =hn,(8,—i-"t 2.35
s Z " ( k) | (2.35)

and so from equation (2.34)

where

AW = 3 (A (2.36)

[Re {AW} (2.37)

and from equations (2.7) and (2.10)

Ak R? -
R _ Im{AWY 2.
" 2 —1 { } ( 38)
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2.3.5 The Case z=r

Choosing the PML stretching function to be z(r) = r yields the infinite element

form of the solution given in [125]. Here we carry out the procedure with each

(infinite element) test function in turn.

(i) Unconjugated Burnett: from equation (2.26a)

v+ +2 v+v/
BUY) — jim [ e-ken <L>2 (RN e (RYT
W XS g R R2 \r r

ik /R v+v/+1 / , R v+
+§<7> (v+v)—k (7) dr

R v+ —2 '
+ik <Y) €—2zk(X—R)

X , v+ v+ —2
4 R R
— —2ik(r—R) ﬂ o _ 2]{?2 i
P R c R2 \r r

ik (R\"™"
+§<?> (V+V)}dr

R v+ —2 '
+ ik (}) 672zk(X7R)

If the order of the radial basis function satisfies v # 1, or v/ # 1, then the
last term tends to zero and
e v+u'
B(l), :l VV// E 6—2ik(r—R)ldr
vy R R r R

) v+ —1

. 1
+ikR(v + V) / (5) e~ 2ikr=R) _qy-
R R

< /R v+’ =2 . 1
— 2k 2 i —sz:(r—R)_d
(kR) /R <7’) e 7dr

1
-5 (W' + kR + V)1 — 2(kR)* 1,40 —2)
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where

5 i 1
Ij:/ (E) e 2R=R) — .
R r R

If v=v" =1 then

o 1 (R)* 2ik (R .
BY _ —2ik(r—R) ) * _op2 R d oo 2iH(X—R)
1 = Re 2\ + 2\ 7 r+ ke
(2.39)
X 2 X
. 1
/ (E) e~ 2k(r= dr + QZkR/ (E) e~ 2k =R) __qy
R T R R T R

X
. 2k2R efQik(rfR)d ) + ike*Zik(X*R)

(I + 2tk RIy) + hm 2/2:2 e 2R qp 4 jke2HX- R)>

—2ik R

722]’6 —R) X '
(I + 2ikRIy) + hm 2k;2 ] 1+ ke 2k(X-R)
— (I + 2ikRI) + hm (

ike 2RI 4k 4 ke MM )

(]2 + 22]€R11 + Zk'R

:U H:U = mw ';UlH

Now using integration by parts we have
R? . 11~ “ (R
I, = [__e—2zk(T—R)_:| — R/ (_) e_QZk QZk d?”
T R R R T R
=1 — 2ikRI;.

So then

BY) =— (1 — 2ikRI, + 2ikRI, + ikR)

(1+ikR).

:UIHbolH

34



Similarly from equation (2.26b) we have

X 2 v+
B(Q), = lim l E e 2ik(r=F) 4.
vy X—o0 R R r

1
=—1, Vv, > 1.
Rl v,V 2

(ii) Conjugated Burnett: from equation (2.27a) we have
X > (v /R v+u'42 R v+’
BY = 1i (5) 17 (= k2=
w0 r \R R2 \ r * r
ik /R v+ +1 / ) R v+ . R v4v' =2
) X (o (R\"" ik (R\"T ! / (R v =2
= [ {?(—) +§(?> (v=v) d”*(})

. VVIRV—i—V’—Q Zl{?(V . V/)RV—H/—Q ):_ . R v/ —2
= 1m 7 JE—
Xooo | —(v+ v = 1)rvt' =t  —(v 4/ = 2)pvt =2 |,

X
If v #1,or v # 1, then

1 2% ik(v — )
W v+ —1)R v+ =2
1 ( 7% ikR(v — V’))

R 1/+1/’—1+ v+uv —2

If v=1" =1, then
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And similarly from equation (2.27b)

X v+’
1
BY = lim <§> —zdr

1% 2
X—o0 R r R
RV+V/72 X
= lim [ }
/ —1
X=oo | —(v+1v/ = 1)t/ =L

1 1
= | ——— Vv,V > 1.
R(I/+V’—1> nr =

(iii) Astley-Leis: from equation (2.28a)

B(l) . X <L>2 (V+2)I// E 1/+y/+i1|— k2 E v+ 42
W Xoeo Jp \R R? r r

; v+v/+3 v+ 2
+ ik (E) (v—v +2)| —k? (E) }dr
r

R \r
. X (v+2) (R v e R\ VT ,
= Jim | {T(‘) v 5 (5) v

R v+v’
+1 (X)

. [ (v + 2)v/ R+ ik(y_yl+2)Ru+u’}):_ik (E)uﬁ,/
X—oo | —(v 4+ v/ + 1)rvtv+l —(v 4 v)rvtv X

1 [ (v+2)  ikR(v -V +2)

_E|:I/—{—I//+1 v+ }

Note that if v =1/ = 1, then

1

BY = = (L +ikR),

as was found above for the previous two cases. Similarly, from equation
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(2.28D)

X v+ +2
R 1
Bl(,l) = lim (—) —dr

/
v X—oo Jp r R?

= lim
X—o00

1 1
= —- Vv,V > 1.
R(V—}—V’—I—l) Y=

R
—(v+v + vt

2.4 Perfectly Matching Layer & Infinite Element
Combination

We have seen that the case z(r) = r reduces to the infinite element solution
of [125]. We now look at a particular PML+IE formulation informed by the choice
of stretching function in the elastodynamic case (see Chapter 3). We take

diaf3
9k

48
2(r) :r—|—5—k(r—R)

ot

(r— R)1 (2.40)

—i—%(r—R)Q—i-

where a and 3 are constants that may be used to fine tune the PML+IE. We
examine each infinite element formulation in turn in order to assess the possible
advantages of this PML+IE combination.

We first define the following error functions:

" (kR, o, B) = |[STMHHE (KR, o, B) — ST (kR)), (2.41)
e (kR) = |SIF(kR) — S (kR)), (2.42)
s (kR, o, B) = [RMHP (KR, o, B) — R (KR) |, (2.43)
i (kR) = |R."(kR) — Ri™(kR)], (2.44)
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where S77¢ and R:™ are given by equations (2.12) and (2.7), respectively,
SYMEHE and SIF are given by equation (2.37), and R ' and R[F are given
by equation (2.38). Here the superscript PML+IE refers to the choice of PML
stretching function given by equation (2.40), while IE refers to the choice z = r,
replicating the infinite element only formulation.

Then we may define an overall error function, Q(«, 3), that takes account of
the total error integrated across an appropriate range of kR values and across a

range of modes. Therefore,

Qap) =3 [ (R 0.5) - (R + 7 (R0, 5) - 7 (R) A(ER),
- i [ (R, )+ (kR0 0) d(kR)
- i [ tem) + & wRy aier),
= il/(e’f’”(k‘R,a,B) + e (KR, o, B)) d(kR) — E,,. (2.45)

We can then numerically calculate £, , for the first few modes of p and v for
illustrative purposes. Then we can plot Q(«, ) against o and f respectively in

order to find (a*, f*) such that

(@, 3) = argmin Qe 7).

In order to show an advantage of the PML+IE formulation over the IE only for-
mulation, Q(a, 8) must be negative.
For clarity a summary of the equations that feed into the calculation of equation

(2.45) are now provided in the pseudo code below.
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1. Choose a form for z(r) (and hence its derivative z(r). Here equation (2.40)

is employed.

2. Choose an Infinite Element form. For illustration we choose the Unconju-

gated Burnett form.

3. Calculate

e BW using equation (2.26a)

e B®@ using equation (2.26b)

e CW using equation (2.30)

e C®? using equation (2.31)
4. Calculate A* using equation (2.32)
5. Calculate A® using equation (2.36)
6. Calculate

o SPMIHIE ysing equation (2.37)
e S/F using equation (2.37) (with z =7 ie. a = =0)
o RIMEFIE ysing equation (2.38)

e R/F using equation (2.38) (with z =7 ie. a = =0)
7. Calculate

o S5rt using equation (2.12)

e R:7 using equation (2.7)
8. Calculate

e ¢ using equation (2.41)
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e ¢y using equation (2.42)
e c3 using equation (2.43)

e ¢, using equation (2.44)

9. Calculate @ using equation (2.45)

2.5 Results

2.5.1 Unconjugated Burnett formulation

In order to show that the PML+IE formulation has an advantage over the IE only
formulation, it is necessary to find values for a and [ such that the error function,
Q(a, B) given by equation (2.45), is negative, thereby showing better agreement
between the PML+IE formulation and the exact solution than between the IE
only formulation and the exact solution. To do so, the E,, term must first be
calculated as this does not depend on « or # and so need only be calculated once.

Taking first the unconjugated Burnett infinite element, for kR € [0.01,0.42],
directed by a particular interest in large wavelength problems wherein this param-
eter space provided greatest scope for improvement in a numerical solution, and
with N = 3 giving the first few modes of  and v where there is least attenuation
and therefore where the boundary will have most effect, we have from equation

(2.45),

E,, ~ Z / (4" (kR) + €/ (kR)) d(kR),

Hv=1

~22.77063.

Figure 2.2 shows the error function given by equation (2.45) for the PML4IE
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formulation with the unconjugated Burnett infinite element, with g = 0.01 in-
formed by numerical experimentation, X = 10 (a susfficiently large boundary due
to computational restrictions), kR = 0.1,...,0.4, and m,n = 1,...,3, with vary-
ing a. As stated, for the PML+IE formulation to show advantage over the IE
only formulation, Q(«, 5) must be negative. From the figure, it can be seen that
there are a range of values for o in [—1, 1] that give a negative value for Q(«, 3).
In figure 2.2a, it can be seen that the choice @ = —0.7 would not result in a neg-
ative value for Q(«, ), while figure 2.2b shows that all positive values between 0
and 1 result in better agreement between the PML4IE formulation and the exact
solution. Figures 2.2c¢ and 2.2d look more closely at the ranges for a that could
provide greatest improvement, that is between —0.1 and —0.01, and between 0.01
and 0.1. From figure 2.2c, the value that produces the largest negative value for
Q(a, B) is a = —0.07.

Figure 2.3 shows the error function given by equation (2.45) for the PML+IE
formulation with the unconjugated Burnett infinite element, with a = —0.07,
X =10, kR =0.1,...,04, and m,n = 1,...,3, with varying . It can be seen
that any of the values for beta between —1 and 1 results in a negative value for
Q(a, ), meaning that the PML+IE formulation outperforms the IE only formu-
lation overall. Figures 2.3a and 2.3b show that ( closer to zero results in a more
negative Q(«, ). Figures 2.3c and 2.3d examine values for 5 < [0.1|, with 5 = 0.01
resulting in Q(a, 8) = —2.494, the lowest value for the range of § values explored.

Figure 2.4 shows the specific inertia for the exact solution, Sff“t given by
equation 2.12), and the numerical values of the specific inertia for the PML+IE
formulation with the unconjugated Burnett infinite element, 5’5 MLHIE = and the
infinite element only formulation, S}¥, given by equation (2.37), plotted against

kR, with « = —0.07 and g = 0.01, for varying modes of ;x and v. There is very
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Q(a,B) Q(a.p)
20 01 02 03 04 05 06 0.7 08 09
| / \ |
a

-0.9-0.8-0.710.6-0.5-0.4-0.3-0.2-0.1 O.

Q(a.p) Q(a,B)
~0.09-0.08-0.07-0.06-0.05-0.04-0.03-0.02-0.01"

-2.470 _2.42°L

-2.475} 2.43f

-2.4801 -2.44¢

-2.485] -2:45¢

-2.46+F
-2.490 ¢

-2.47+F

-2.495+
(¢) a=—0.1,...,-0.01 (d) @ =0.01,...,0.1

Figure 2.2: Plots of the error Q(«, §) given by equation (2.45) for the PML+IE
formulation using the unconjugated Burnett element with varying o and 5 = 0.01.
A negative value for Q(a, 3) indicates that the PML+IE formulation has more
agreement with the exact solution than does the IE only formulation.

little difference between the PML+IE formulation and the IE only formulation for
specific inertia for any of the modes shown, although in figure 2.4e, the PML+IE
formulation does agree with the exact solution for more kR values than does the
IE only formulation.

Figure 2.5 shows the exact specific resistance, R¢** given by equation (2.7),
and the numerical values of the specific resistance for the PML+IE formulation

, and the infinite element

with the unconjugated Burnett infinite element, R} +15

only formulation, R/{E , given by equation (2.38), plotted against kR, with a =
—0.07 and 8 = 0.01, for varying modes of p and v. As with the inertia in figure 2.4,

there is little difference to be seen between the PML+IE and IE only formulations

42



Ae.5) Q(a.p)
0908 07 06 05 04 03 02 01"

[ 01 02 03 04 05 06 07 08 09

Q(a,p) Q(a.B)
238 ~0.09-0.08-0.07-0.06-0.05-0.04-0.03-0.02-001 _5465| 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 ©

o400 -2.470F

-2.42¢ -2.475¢}

2441 -2.480¢

246 -2.485¢}

_2.48[ -2.490

-2.495F
(c) B=—0.1,...,-0.01 (d) B=0.01,...,0.1

Figure 2.3: Plots of the error Q(«, 8) given by equation (2.45) for the PML+IE
formulation using the unconjugated Burnett element with varying § and a =
—0.07. A negative value for Q(«, 8) indicates that the PML+IE formulation has
more agreement with the exact solution than does the IE only formulation.

for the nodes shown in figure 2.5, with both being a good approximation to the
exact solution, except in the cases u = 2, v = 3 (figure 2.5d) where the inertia in
the PML+IE formulation briefly becomes negative around kR = 0.35. In figure
2.5e, both the PML+IE and IE only formulations do not show as good agreement
with the exact solution, however, the PML+IE formulation does lie closer to the
exact solution for the majority of the range of kR values shown.

Figures 2.2 and 2.3 suggest that Q(«, ) is a non-convex function of o and
f and therefore finding the global minimum (a*, 5*) would require the use of a
global optimisation methodology. This is a nontrivial task and so, due to time

constraints, such an investigation was not undertaken. The aim of the thesis
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Figure 2.4: Plots of the specific inertia for the exact solution, Sff“d given by
equation (2.12) (solid line), and the numerical values of the specific inertia for the
infinite element only formulation, S iE (dashed), and for the PML+IE formulation
using the unconjugated Burnett element, Sff MLHIE (dotted) given by equation
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(2.37) with (o, 8) = (—0.07,0.01), where kR is plotted on a logarithmic scale.

was to investigate whether or not a PML+IE scheme could be constructed for
this elasticity model and whether or not there was any advantage in doing so in
terms of the errors that arise. We have shown that it is indeed possible to have

a PML+IE formulation for this setting and also that there is a reduction in the
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Figure 2.5: Plots of the specific resistance for the exact solution, RZMCt given by
equation (2.7) (solid line), and the numerical values of the specific resistance for the
infinite element only formulation, RfLE (dashed), and for the PML+IE formulation
using the unconjugated Burnett element, RijL”E (dotted) given by equation
(2.38) with (o, 8) = (—0.07,0.01), where kR is plotted on a logarithmic scale.

error. So Figures 2.2 and 2.3 should be viewed as being merely illustrative of the
level of benefit in using the PML+IE approach and they also convey the non-
convex nature of Q(«, 3). The evaluation of equation (2.45) involves a series of
nested functions stemming from equations (2.12) and (2.26a) and is therefore quite

involved. One can observe a sharp peak in Figure 2.2a and the cause of this has
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yet to be identified: exhaustive numerical tests have been undertaken to confirm
the veracity of the numerical implementation of these equations. These limited
observations suggest that automating the identification of the optimal parameter

set will be a difficult task and so this is left for a future study.

2.5.2 Conjugated Burnett formulation

Now taking the conjugated Burnett infinite element, for kR € [0.01,0.42], with

N = 3, we have

B Y [ (&7 (hR) + & (ER) A(KR),

H,r=1

~4.13463.

Figure 2.6 shows the error function given by equation (2.45) for the PML+IE
formulation with the unconjugated Burnett infinite element, with g = 0.01, X =
10, kR =0.1,...,0.4, and m,n = 1,...,3, with varying a. Once again, a negative
value for Q(«, f) would indicate an advantage of the PML+IE formulation over
the IE only formulation. The plots are less monotonic than with the unconjugated
Burnett infinite element of figure 2.2, although from figure 2.6a and 2.6b, the
largest negative values still seem to occur around o = 0. Taking a closer look at
this range in figures 2.6¢ and 2.6d, the best value for o would appear to be 0.07.

Figure 2.7 shows the error function given by equation (2.45) for the PML+IE
formulation with the unconjugated Burnett infinite element, with @ = 0.07, X =
10, kR = 0.1,...,04, and m,n = 1,...,3, with varying . In figures 2.6a and
2.6b, it is again clear that there is a range of values for g that will give a negative
value for Q(a, $) within this range, but the best value again lies close to zero.

From figures 2.6¢ and 2.6d, the value that gives the largest negative Q(a, ) is
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Figure 2.6: Plots of the error Q(«, §) given by equation (2.45) for the PML+IE
formulation using the conjugated Burnett element with varying o and g = 0.01.
A negative value for Q(a, 3) indicates that the PML+IE formulation has more
agreement with the exact solution than does the IE only formulation.

B =0.01.

Figure 2.8 shows the specific inertia for the exact solution, Sﬁx“t, and the
numerical values of the specific inertia for the PML~+IE formulation with the con-
jugated Burnett infinite element, S 5 ML+IE “and the infinite element only formula-
tion, S}”, plotted against kR, with a = 0.07 and 8 = 0.01, for varying modes of p
and v. Despite the error and Q(«, ) being negative for all the values of o and
examined, the PML+IE formulation does not, at a glance, appear to outperform
the IE only formulation for the modes shown with £R in the range shown, however,
the difference in figures 2.8c and 2.8d is small compared with the difference in the

modes with lower p values.
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Figure 2.7: Plots of the error Q(«, §) given by equation (2.45) for the PML+IE
formulation using the conjugated Burnett element with varying # and a = 0.07.
A negative value for Q(a, 3) indicates that the PML+IE formulation has more
agreement with the exact solution than does the IE only formulation.

Figure 2.9 shows the specific resistance for the exact solution, Rff“t, and the
numerical values of the specific resistance for the PML+IE formulation with the

unconjugated Burnett infinite element, , and the infinite element only

S/I;ML-&-IE
formulation, SﬁE , plotted against kR, with a = 0.07 and § = 0.01, for varying
modes of p and v. Similar to the inertia, the resistance in the PML4IE formulation
does not appear to outperform the IE only formulation, and in fact appears worse

in figures 2.9¢-2.9f, however, the difference here is much smaller than that in the

inertia.
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Figure 2.8: Plots of the specific inertia for the exact solution, S5 (solid line),
given by equation (2.12), and the numerical values for the specific inertia for the
infinite element only formulation, S,iE (dashed), and for the PML+IE formula-
tion using the conjugated Burnett element, 5'5 MLFIE (dotted), given by equation
(2.37), with (a, 8) = (0.07,0.01), where kR is plotted on a logarithmic scale.

2.5.3 Astley-Leis formulation

Finally, taking the Astley-Leis infinite element, for kR € [0.01,0.42], with N = 3,

we have
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Figure 2.9: Plots of the specific resistance for the exact solution, Rff‘wt (solid
line), given by equation (2.7), and the numerical values of the specific resistance
for the infinite element only formulation, R/ILE (dashed), and for the PML+IE
formulation using the conjugated Burnett element, Rfj MLHIE (dotted), given by
equation (2.38), with («, ) = (0.07,0.01), where kR is plotted on a logarithmic
scale.

Sy / (b (kR) + e (kR)) d(kR),

Hv=1

~(.788019.
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Figure 2.10 shows the error function given by equation (2.45) for the PML+IE
formulation with the Astley-Leis infinite element, with g = 0.01, X = 10, kR =
0.1,...,04, and m,n = 1,...,3, with varying a. The error Q(«, ) for the Astley-
Leis infinite element bears a resemblence to that of the unconjugated Burnett
infinite element, with positive values appearing in figures 2.10a and 2.10b. As
with each of the other types of infinite element, the best value for o has appeared
close to zero. From figure 2.10c¢ the optimum value for « in this case is —0.02.
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Figure 2.10: Plots of the error Q(a, 8) given by equation (2.45), for the PML+IE
formulation using the Astley-Leis element with varying o and 8 = 0.01.

Figure 2.11 shows the error function given by equation (2.45) for the PML+IE
formulation with the Astley-Leis infinite element, with o = —0.02, X = 10, kR =
0.1,...,0.4, and m,n = 1,...,3, with varying 8. This is the first infinite element
to give a positive value for Q(«, ) when varying 3, as can be seen in figures 2.10a

and 2.10b, however, these also show once again that the optimum value for ( lies
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close to zero. From figures 2.10c and 2.10d it is apparent that the value that gives
the best error Q(a, f) and therefore the best improvement in PML+IE over 1E

only formulation is 8 = 0.01.
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Figure 2.11: Plots of the error Q(«, 8) given by equation (2.45), for the PML+IE
formulation using the Astley-Leis element with varying 8 and o« = —0.02.

Figure 2.12 shows the specific inertia for the exact solution, SZ"’”“Ct, and the nu-
merical values of the specific inertia for the PML+IE formulation with the Astley-
Leis infinite element, .S 5 MLAIE “and for the infinite element only formulation, S éE ,
plotted against kR, with a = —0.02 and 8 = 0.01, for varying modes of x and v.
From figures 2.12a-2.12d and 2.12f, it can be seen that both the PML+IE and IE
only formulations show good agreement with the exact solution. In figure 2.12e,
both formulations differ slightly from the exact solution, but agree with each other
very well, so it is not apparent that one formulation performs any better than the

other for inertia.
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Figure 2.12: Plots of the specific inertia for the exact solution, Sg*“ (solid line),
given by equation (2.12), and the numerical values of the specific inertia for the
infinite element only formulation, S¥ (dashed), and for the PML-+IE formulation
using the Astley-Leis element, Slf ML+ip (dotted), given by equation (2.37), with
(v, B) = (—0.02,0.01), where kR is plotted on a logarithmic scale.

Figure 2.13 shows the specific resistance for the exact solution, Rff“t, and the
numerical values of the specific resistance for the PML+IE formulation with the
Astley-Leis infinite element, Rfj MLHIE “and the infinite element only formulation,

RIZE , plotted against kR, with a = —0.02 and g = 0.01, for varying modes of
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@ and v. As with the inertia for the Astley-Leis element, it can be seen from
figures 2.13a-2.13d and 2.13f, that both the PML+IE and IE only formulations
show good agreement with the exact solution. In figure 2.13e, both formulations
differ slightly from the exact solution, agreeing with each other rather well, until
around kR = 0.35, where the PML+IE formulation becomes closer to the exact

solution than does the IE only formulation.

2.6 Conclusion

A new absorbing boundary layer has been formulated for unbounded wave prob-
lems by combining the Perfectly Matching Layer of Berenger [8] and the Infinite
Element of Bettess [9]. Derivations have been presented using the unconjugated
Burnett, the conjugated Burnett and the Astley-Leis infinite elements. The modal
response of a spherical radiator in the frequency domain has been calculated with
the new PML+IE method and the results have been contrasted with the IE only
method. Finally, a particular choice of the PML stretching function has been
presented for use with each type of test function and it has been demonstrated
that the PML+IE technique can have an improvement at low wavenumbers in the
approximation to the exact solution. This chapter represents a first attempt to
combine the PML and IE formulations and it is clear that there is much room for

improvement beyond the choice of PML made in equation (2.40).
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Figure 2.13: Plots of the specific resistance for the exact solution, Rf™ (solid
line), given by equation (2.7), and the numerical values of the specific resistance
for the infinite element only formulation, R'” (dashed), and for the PMLA+IE
formulation using the Astley-Leis element, Rf ML+IE (dotted), given by equation
(2.38), with («, 8) = (—0.02,0.01), where kR is plotted on a logarithmic scale.
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Chapter 3

A Combined Perfectly Matching
Layer and Infinite Element
Formulation for the Three
Dimensional Elastodynamic Wave

Equation

3.1 Motivation

In the previous chapter, Berenger’s Perfectly Matching Layer (PML) and Bettess’
Infinite Element (IE) schemes were combined to create a new type of element for
unbounded acoustic wave problems. In this chapter, the PML and Astley-Leis IE
schemes are combined within a finite element framework for elastodynamic wave
problems. Where the new element formulation was previously assessed through its

use in the calculation of the acoustic modal response of a spherical radiator in the
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frequency domain, the present formulation is assessed through its use in a three-
dimensional elastic waveguide in the time domain, using a reflection coefficient as

a measure of accuracy.

3.2 Background

A time domain finite element formulation for elastic wave propagation in an
unbounded two-dimensional anisotropic solid using a Perfectly Matching Layer
(PML) was proposed in [147], while a PML/Infinite Element (IE) combination
was derived in [148] for the scalar wave equation in the time domain and for the
frequency domain in [149]. The present work is believed to be the first finite el-
ement implementation of a combined PML/IE formulation for the vector elastic
wave equation in the time domain. In addition, mass lumping and diagonalisa-
tion are used to produce an explicit time domain formulation. The formulation
is presented in a pseudo-one-dimensional way by considering a semi-infinite rect-
angular waveguide for ease of exposition, however, it could naturally extend to
reflect fully three-dimensional problems by having PML~+IE boundary conditions
at all domain boundaries.

In section 3.3, the geometry and governing equations of the problem are in-
troduced and attention is restricted to a locally isotropic material. The system is
taken into the frequency domain, through Fourier transforms, in order to introduce
the PML stretching, which is frequency dependent. A variational formulation is
followed before introducing a finite element discretisation. In section 3.4 the PML
stretching function is assumed to be spatially independent. With this assumption,
the velocity and stress equations are derived for both finite and infinite elements.

The global velocity equations are described by recombining the elemental descrip-

o7



tions. In section 3.5 the PML stretching function has coefficients dependent only
on the spatial variable x;. The velocity and stress equations for the finite elements
are found to be the same as in section 3.4, while infinite integral terms appear in
the infinite element equations. An analysis of these integrals for particular forms
of the stretching function coefficients is presented before the velocity and stress
equations for the infinite elements are derived. Finally, an explicit scheme in the
time domain for the global velocity equations is described by recombining the finite
and infinite element equations. Section 3.7 presents the results for both the con-
stant stretching case and the spatially dependent stretching case, in comparison
with the finite element only method for a steel waveguide. A reflection coefficient
is devised as a measure of accuracy and is used to explore possible values for the

stretching function parameters.

3.3 Geometry and Governing Equations

Consider the problem of a semi-infinite rectangular waveguide with the geometry
shown in Figure 3.1 where I'y is a notional face at x1 = X; which will later be
allowed to tend to infinity, {2z is the inner domain, modelled by conventional Finite
Element Method techniques, and §2; is the outer domain, modelled by Perfectly
Matching Layer (PML)/Infinite Element (IE) combinations.

The governing elastodynamic equations are [150]

8% 3 80@»
p = , (3.1)
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Qp

x1=Ly x1=X;

Figure 3.1: The geometry of the semi-infinite rectangular waveguide. The interior
domain Qp is of fixed length L; and is meshed using standard finite elements. The
exterior domain €2y is the semi-infinite part of the domain and uses the PML/IE
combination. The face I'x at z; = X is a notional face that will later be allowed
to tend to infinity.

where
3
auk
o = Z Cijkla_xl-
k=1
That is
Doy < vy
5= > (Jijkla—xl, (3.2)
k=1

with stress free boundary conditions on all faces except I'x where the Sommer-
feld radiation condition is employed. Taking Fourier transforms in time of equa-
tions (3.1) and (3.2), then switching to stretched coordinates Z; gives (assuming

v;(x%,0) = 0 and 04(x,0) = 0)

aO'Z'j
swpi = Y 28, 33
=1 an
’ o
k
—1wo;; Z Cijrl 9%, (3.4)
k=1

29



Then using the transformation

0 1 0
— = 3.5
0z; s 6% (3.5)
where
1 in QF
() = | (3.6)
aj(z;) (1+ £6;(z;))  in Q
yields
51 96y
. ~ i
—iwpv; = —_ (3.7)
; Sj 8(13]'
3
. Cijk OV
k=1

Now multiplying both sides of equations (3.7) and (3.8) by a test function w

and integrating over the whole domain 2 = Qp U Q; gives

1
/—iwpﬁiwdQ:/Z 90y wd(2, (3.9)
0 Qi

— 5; Oz,

and

/ —iwd;;wd() = Z C”kl (%k . (3.10)

Q=1

Now applying the divergence theorem to equation (3.9) and noting that all the

boundaries of €2 are stress-free except I'x,

—iwp@iwdQ:/ —O'Z adIl —/ —O'Z 3.11
/Q Fx; s J X Z Ja% ( )
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Now substitute equation (3.8) into the I'y integral in equation (3.11) giving

/—iwpﬁiwdQ:/
Q

IX jki=1

3 3

1 Cijm avkwdl“x _/Z 1. ow a0, (3.12)
Q

. —0ij 7
—iws; 5 Oxy = S Oz,

Then by the Sommerfeld radiation condition

where € = O (1/X?) and where k indicates that a choice of k can be made as either

the wavenumber of a compression wave or a shear wave, equation (3.12) becomes

/—iwpﬁiwdQ:/
Q r

For an isotropic material with stiffness tensor C' given by (switching to Voigt

3 3

ij 1. 1 .
Ciin (tv,ﬁL,) wdFX—/ 3 o 1.
O“
J

5i81 \ C —iw — 5 Ox;

(3.14)

X jkl=1

notation) i i
A+2u A A 000

A A+20 A 0 0 0

A A A+20 0 0 0
C: )

0 0 0 4 00

0 0 0 0 u 0

0 0 0 0 I
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so from equation (3.8)

o A+2u A AL
—wWo11 = V11 + —Ug2 + —0U33,
S1 52 53
. A A 24 A
—wW09 = —U11 + Vg2 + —033,
S1 S9 S3
. AL A A+ 24
—1Ww0o33 = —U11 + —Ug2 + V3,3,
S1 52 53
S L wo.
—WW023 = —U32 + —Ua3,
S2 53
P L W,
—two13 = —U31 + —U1.3,
S1 S3
and
N 1.
—lW0o12 = —V21 + —U1 2.
S1 59

Then letting v = (p, ¢, 7), equation (3.14) gives
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_/ ondw  owdw  oow] o
Q S1 8x1 S92 8%2 S3 8!)’23
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p

C

(3.15)
(3.16)
(3.17)
(3.18)

(3.19)

(3.20)

€
+ —)
—iw

(3.21)



_/ {@8_“’ L ImOw %a_w}dg, (3.22)
Q

S1 a:[’l S9 8262 S3 81‘3

T € 7 € €
(Y (1 ) 0 (2 e
s5 \ ¢ —iw $983 \ ¢  —iw $183 \ ¢ —iw
A 7 € A+ 2 7 €
S$983 \ € —iw s5 c —iw

_/ {ga_w+@0_w+@a_w}dg, (3.23)
Q

S1 (933’1 S92 (91’2 S3 81'3

N
q= Z ¢; (w1, 22, 73) ¢ (W), (3.24)

(3.25)
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(converting to Voigt notation meaning that &1 = 611, 03 = G99, 03 = 033, 04 =
O93 = 039, 05 = 013 = 031, 06 = 012 = 091) Where subscript j refers to the nodes

in the finite element discretisation and where the ¢; are basis functions defined as

Nj($1,$2,l‘3) n QF
¢j (x17x2’g;'3) — (] = 1, .. ,N) (326)

fi(x1,w)gj(z2,3) in Q

and the test function w is replaced by a series of test functions #; of compact

support, defined as

Ni(aﬁl,l'g,xg) n QF
92' (ZL’l,IQ,JIP,) = (Z: 1,,N) (327)

w;(x1,w)gi(za, x3)  in Qf

Defining the test function in this way, means that there are now N test functions
and equations (3.21)-(3.23) must be satisfied for all i = 1,..., N. Therefore, with

the definitions given in equations (3.24)-(3.27), equations (3.21)-(3.23) become

N
> { / —iwpN; N;dQpp;
j=1 /9

1 ON; 1 ON; 1 ON;

AN A 4+ — AN A - — do
+/QF {81 8:161 J’YU + S9 81‘2 ],YGJ + S3 ('3 ]75]} F}

N
1 / ()x—i-Qu 1 u)
= = + =5+ 5 | wif;9i9;d xp;
S L] (2 Y wnr

j=1

A+ . A+ .
+/ wz‘fjgigdeXQj“'/ w; f39i9;dL x 7
'y S152 Iy 5153

€ A+2 A+ 1 1
I'x 32 S3

—iw 51 51 S9 S3
1 8wl 1 891’
B i Wi —w; fi =g Y55 ¢ dQ
/Q 1 {51 D, 1199575 + fg Birs 9 6,0 + 5wl 8%9]75]} I
- / —iwpwifjgigjdﬂfﬁj} (i=1,...,N) (3.28)
Q
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N
j=1 /9

1 ON; 1 ON; 1 ON;

T IN A+ — AN Ay - ——ENA S A
+/QF {81 81‘1 jVGJ + S9 31'2 jfhj + S3 6173 ]74j} F}

N
1 Lo A+2n p .
SR (R ) e
- I'x S

= S1 52 3

5152

€ A+ 2 A+ 1 1
T (%+_2ﬂ+ﬁ2+ “(_+_))wigidrx
—w Jr, \ ST S5 83 S92 S1 83

1 Ow; 1 1
_/ {S a f]glgjf%] wzf]a 9]72] + wzfja gj74j}dQI

A p . A+ .
+/ w; f19:9;dL xp; + / —w; f;9:9;dl'x7;
'y Ty 9S283

Qr

N
Qp

=1

1 ON; 1 ON; 1 ON; . .
/QF {81 8 1 j,YS] + So 8$2 J74j + S3 3x3 ]’}/33} F}

N

A+
E { </ (_ + ﬂg + M) wzfjgzgdeXry
— ry \ST S5 53

J
A+ 1 . A+ R
+/ wifjgigdeij+/ ——w; f;9:9;dT x ;
Iy S183 Iy 5253

A+2 A+ 1 1
I'x

—1w 51 32 53 53 S1 S

.

+

1 5’wl 1 1 agz ~
- /Q { 51 81’ f]gzg]75] zf] (3 9374] + wzf] 9]733} dQI
I

Qr

Now in order to progress, some decisions must be made about the stretching func-
tion. Two scenarios will be considered: the first has constant stretching in all three

directions, that is, s; = so = s3 = s; while the second scenario has stretching in
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only one direction, with a spatial dependency retained, that is, set sy = s3 = 1 and
s; remains a function of ;. Note however that in both cases s is still a function

of frequency.

3.4 Constant stretching

3.4.1 The velocity equations

In this case the aim is to simplify the integrals involved and so it is assumed that
s; is independent of z;, that is, s; = s, = s3 = s. Then multiplying throughout

equations (3.28)-(3.30) by s gives

N
j=1 /O

ON; ON; ON;

U NA s A — 2 NAw + — N A= S dQ
+/QF {8331 iV T 04 iV + 05 ]75]} F}

N1 1
= Z {t (/ (A +4p) w; f9:9;dL x —p;
= C 'y S

1. 1.
+ / (A+ M)wifjgigjdrxg% + / (A+ /L)wifjgigjdrxgrj)
T'x r

X

— | B\ +6p) wigidlx
WS Jr

ow; dg; 09
_ 0.0 4 Wi Fi =2 g A 4 Wi Fi =2t g As b dQ)
/QI { 9%1 79i9i71; T W f] 9$29J Y6; T W f] 9$39J 753} I

Qr
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N
Z {/ —Z.prz‘deQFSqu
- Qp

=1

ON; ON; ON;
AN Aw 4 —L N A+ — N A s dQ
+/QF {8371 i7Y6;5 + 8902 37235 + (91‘3 ]74]} F}

<

N1 1
= Z {— (/ (A +4p) w; f;9:9;d x = §;
— c 'y S

7j=1

1. I
—I—/ (A + pwi f39:9;A0x —p; + / (A + ,u)wifjgigdeX_rj>
I'x § r §

X

- (3A + 6p) wigidlx

ws Jr,
ow; . Jg; . dg; .
_ — 0,096 i il g Ay i g A s dQ
/QI {axl [i9i95%65 + Wi f; B0y %1% + wi f; 8x39374]} I
Qr

N
Z {/ —’prNZN]dQFSfJ
. Qp

=1

<

ON; ON; ON;
AN Aes 4 — N A —N A S dQ
+/QF {axl j’75] + 81’2 ]74] + 8373 ]’73]} F}
Y (1 1
= Z {E (/ (A +4p) wifjgz‘gjdrng‘j
j=1 Ix
1. 1,
+ A ()‘+:u)wifjgz‘gdeX;pj + A (/\+M)wifjgz‘9jdfxg%
X X
) (3A+6p) wigidDx
iws Jp,

ow; ) dg; . 0g; .
- /QI {a_xlfjgigj'y{’)j + w; f; Dy V119 + w; f; a—xggﬂzsj} dQy

Qr

Now define the basis functions as functions of a local coordinate system (&, 1, )
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which is centred on the node j and so

Np(&nO) = S0+ +m)(1+¢G) 9 (33)

fi(ry,w) = <%) e k@1=L1) in (3.35)
1

07(1,Q) = 31+ ) (14 CG) no, (330

where (£;/,7;/,(;r) are the local coordinates of node j'.
Now introduce a parameterisation in terms of these local coordinates of the
finite and infinite elements. In €); this parameterisation is only used in the x5 and

x3 directions. The mappings are shown in figures 3.4 and 3.6.

X3

mnpns

(-1 +1 [
(n2-2)n1+1
}’lﬁ‘l

nl((n3-l)n2+l)

1 2 n1-1 ny

Figure 3.2: The global node numbering scheme (in 2g) is illustrated where ny, no,
and ng, are the number of nodes in the z1, x5, and 3 directions respectively. The
numbering sequence begins at the bottom front corner of the waveguide (position
1 above) where (21,2, 23) = (0,0,0) and traverses the z; direction first, the
direction second, and the z3 direction third.

The test functions are now chosen as

Nu(€m,0) = S (1+E6) (1 +mme)(1 +CGo) nr (337)
Ly ’ ik(x1—L1) — Ly ? . .
1 1

where the choice of w; is based on the Astley-Leis infinite element [125]. So the
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mmnytintk i L mmna+ng k1

X3

mnypy+(l-1)ny+k o
X2
X1

mmnyt(l-Dntk+1

(m-Dmmytini+k |+ < (m-Dymnytngtk+ 1

(m-1)mny+(I-1)n+k 2 (m=Dymmy(l-1)ny+k+1

Finite Element number e=(m-1)(nn,-1)+(/-1)(n-1)+k

k=1,...m-1, [=1,...m-1, m=1,... 131

Figure 3.3: The global node numbers for a finite element e (in 2p) are shown,
where k, [, and m are indices rather than coordinates, and where ny, ns, and ng,
again denote the number of nodes in the x1, x5, and 3 directions respectively.

¢

6 7 (-LLD) (1,1,1}1]
-1-1.1 . 1.-1,1
% 5 8 Axs (-1.-1.1) (1,-1,1)
X2 2 3 1T >
Y CLL-D (11:1)

1 4 Axy (-1,-1,-1) (1,-1,-1)

Axy

Figure 3.4: The mapping of the finite elements (in Qr) in global coordinates
(21, T2, x3) to local coordinates (&, 7, () with node numbering indicated as shown.
The local node numbering i = 1,...,8, is used in the figure on the left.

basis function at node i corresponding to the vertex labelled 1 in the left-hand

element in figure 3.4 corresponds to (£,7,() = (—1,—1,
element in figure 3.4.

Now with the mappings given as above, choose

2 Al’l
§(ry) = Ar <|931 — Tyjr| — T) ,

2 Axy
n(zs) = Ar w2 = @] = —= |
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X3

L..

mnny+ng s : mnpy+H(I+1)m

(m-Dnnyting — - (m-Dymnyt(l+1)m

Infinite Element number e=(m-1)(n,-1)+{

1=1,... m-1, m=1,... n3-1

Figure 3.5: The global node numbers for an infinite element e (in ;) are shown,
where [ and m are indices rather than coordinates, and where nq, ns, and nz, again
denote the number of nodes in the x1, x5, and x3 directions respectively.

»

(-1,1) (1,1)

1 2 CL-DY T D
Axy

Figure 3.6: The mapping of the infinite elements (in €) in global coordinates
(x2,23) to local coordinates (1, () with node numbering indicated as shown. The
local node numbering i = 1,...,4, is used in the figure on the left and the
direction (the infinite element direction) points out of the plane of the page.

and

2 Az
((z3) = A (|l“3 — T3] — 73) '

Hence the Ny have value 1 at node i’ and value 0 at all other nodes, and the

Ny form a continuous function whose support is in the elements of which node ¢’
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f(xz)

IR

XA\ Xpp /) X Axg

1+

Figure 3.7: Local coordinate £ is plotted as a function of global coordinate z;.

The other local coordinates n(z2) and ((z3) follow similarly.

is a vertex. Hence, from equation (3.37)

8Nj/ gj’
=21 (1 ) (1 " 3.40
and from equation (3.39)
o 2
8:101 N A"El.
Then
ON;  ONj 0§ 2 ONy
0xq 0§ Oxr1 Awqp 0 ( )
Similarly
(9Nj/ . 2 5’ij (9Nj/ . 2 8Nj/ 8gj/ - 2 ng/ 8gj/ . 2 39]-/
8.’13‘2 N ALEQ 87] ’ 81‘3 N Aﬂfg 8( ’ 8x2 N AZCQ 877 ’ 8273 N AIg 3C '
(3.42)
and similarly
on 2 ¢ 2
_ _ = — = — 3.43
O0xy  Axs and Oxs  Auwxg ( )
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The integrals over the finite part of the domain, 2z, are then split into integrals
over each finite element, Qrg, and the integrals over the infinite part of the domain,

()7, are split into integrals over each infinite element, 2;z. These integrals will later

be recombined such that > ., <fQFE dQFE> = fQF dQp and >, (fQIE dQIE) =
fﬂz dQ;. Equations (3.41)-(3.43) will therefore be needed to evaluate the integrals
over the finite elements or infinite elements.

So, switching to the local coordinate system as shown in figure 3.4, from the
left-hand side of equations (3.31)-(3.33) with s = 1, define for each finite element

(in QF)

8
A =" {—mp Ny Ny dQpppj
j’il QFE

aNl/ ~ aNZ’ ~ aNZ/ ~ .
—O—/Q {8—:Ule”Ylj’ + T@le%jl + a—%Nj’%j’} dQFE} (i'=1,...,8),
FE

8
F : q
Agz’) = Z {—’pr o NZ/Nj/dQFEqJ’
FE

s/

Jj'=1

ON; ON; ON;
_ZN‘/ v 7/ _ZN/ Y 3/ _’LN/ 3 3/ dQ ;! — ]_ o e 8
+ /(;FE { 8"]}1 J 76] + 81‘2 J 72‘7 + 81‘3 7 ,7/4] } FE} (/L ) ) )’

(3.45)

8
F . ~
Aéz/) - E {—pr o Ni/Nj/dQFETj/
FE

=1
ON;i . ONy . ON; . ,
+/§2 {a—xlN]/’y5J/+a—x2N]/’74j/—|—a—ng]/’y'g]/}dQFE} (Z/ == 1,...,8),
FE

(3.46)
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and from the right-hand side of equations (3.31)-(3.33) (taking the negative in

order to emphasise the similarity with the finite element case), define for each

infinite element (in €2;)

4

1 . 5
Agz’) = Z {—pr/ wi’fj’gi’gj’dQ]Espj,
QE

jl

1
1/ A+4p A, )\—l—,u

- = ( p] + QJ —+ ] / wllfj/gzlg]/dfx
C S Ty

S

€
—Wws 'y
Ow;
+ o 07, —— 919y + wi f] 3 9]’763 + wy fj 93/753 dQp
IE
(i'=1,...,4),
(3.47)
4
Aéf? :Z {—iwﬂ/g wy [ gy gy A Esqy
j/:1 IE
1/ A+4u A, A+,
- - < Mq]/ + Iup]/ + MT’j/) / wzlfj/gzlg]/dfx
C s s Iy
- —— 3\ + 6#)/ wy gy dl x
—Wws Iy
owy
+ o e —— [ 9195650 + wir f] 3 93’723 + wy fj 9]’743 dQrg
I1E
(i'=1,...,4),
(3.48)
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4

Ai()i’) = Z _pr wi’fj’gi’gj’dQ[ESf'j/
QrE

'l

=1
1/ A+4 - A+ P A+
- —< a Ty + o Dy + Mq] )/ wy fi90 gy dl x

c s s s 'y

(3A+ 6#)/ wy gy dl x
I'x

owy
+/ f] 1Gir g Vs + Wy fJ 93’743 + wy fj 93’733 dQrg

The integrals that must be evaluated are then (using equation (3.43))

1 1 1 1
- Ny NydQpg 2/1 /1 /1g(l+§§i')(1+7777i/)(1+CCi/)

x (16 (14 my) (14 C)

Az AzsA
« Mdﬁdnd@

8
AJ}IA.TQAJI?,
=An2ebn [ (1 a) (14 66

x [ (T+mmy) (1 4+nmy)dn

[
x/ (14 CCo) (14 CCr) dC

3 1
e o i {5 e+ Sat }

512
3

l
n
X [77 + —(my +ny) + gni’nj’}
-1

g 1
X[C+ Cz’+<])+ CZC]:|
AIL’lAIQAl’g 91 2€7, 5] ) < + 7]1’77] ) (2 + 2C¢'Cj'>
3 3

Ancmon (
AxlegAm (1 n i fg ) 772'/773'/) (1 X ﬂ) ., (3.50)
3 3
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and using equations (3.42), (3.37) and (3.40),

8N 2 8N A$1A$2Al'3

:/1/1 1%(1+7777if)(1+CC¢')

x S (16 (14 M) (14 ()

AIQA.Tg dfd dC
AxoAxs NN GirGjr
— P ([ Iy iy QLI 3.51
32 ¢ ( T3 ) T3 (3:51)
Similarly,
ON; Az Ax; 13231 GGy
’ = i 1 s 1 Y ] . 2
/QFEaIQNdQFE % n<+ 3 +23 (3.52)
and
ON; Az Axy En&yr i1y
12 = 7/ 1 — ]_ . .
/QFE 8x3N dQrg D) ¢ ( + 3 ( + 3 ) (3.53)

That takes care of equations (3.44) to (3.46) and using equations (3.35), (3.36),
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(3.38) and (3.43), for equation (3.47) gives

/ Wi fj gz’gj’dQIE = hm (_1) dx, / / 1 + 77771 1 + C(z )
Qe X1—00 Ly x 71

(1+77?7])(1+CCJ)

4
A$2A$3
= dnd¢
_A.TQA-’L‘E, 9 27’]2/77]/ 9 ZCZ/C]’ | _L_?[l X1
64 3 X1—0o0 323'? Ly
AzoA iy L
12 1058 1 ()
1—00 1
_A.IQA.’L’Q, T3 150 Cz C] Ll
16 <1+3>ITB (3:54)

Also

) vt Az Ax
/ wir fyrgrgydl'x = lim wi’(Xl)fj’(Xl)/ / gi/gj/#dnd@'
FX X1~>OO -1 -1 4

AzyAzy i1 GG\ o L\
16 ( T3 T ) Gy,

—0, (3.55)

and

A
/ wygpdly = lim wy (X)) / / gy ———— szIP’ dnd(
FX X1—00

Al’gAl’g
et ik(X1—L1)
2 ()

—0, (3.56)
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and, by differentiating equation (3.38),

X1 L 4 B 1
Owy f] nggjfdQIE = l1m ot} ik — — | dxy
a X1 X1—o0 T 1
Lt AzryAx
></ / gi’gj’%dndC
_1J=

:%<1+mm> <1+ﬂ)

Qrp

16 3 3
kLY LA
X lim {—Z 31 —14}
X1—00 vy 4x ],
AzyAzsy Nt Ny Gir Gy
- 1 ) ] 4 20
16 ( * 3 * 3
o @'E;L;1+ L} +¢/2L1 1
1m — - =
Xibee \ 3XF 4xP 3 4
AzyArs i1y GG\ (ikLy 1
=1 ) 14— —— 1. (3.97
16 ( * 3 * 3 3 4 ( )

Finally, from differentiating equation (3.36), from equations (3.42) and (3.43), and

following a similar derivation to that in equation (3.54),

81 Aa:
[ ety 2 gy <t [ [ %0y, Bt
Qe

L1 A.Tg Ci’Cj’
= 14+ 222, 3.58
18, ( + (3.58)
and
8 L1 AZL‘Q 77i’77j’
wyr fir g dQ) ——Cz . 3.59
/QIE J' O3 J 1E < 3 ) ( )

Then from equations (3.44)-(3.46) with the integrals given by equations (3.50)-
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(3.53), for each finite element

8
. A./L' A.T AZU gzlé- i N Ci/C'/ .
](}j): B 1 2 3 7 J J .,
. Z{ e 64 b+ (H 3) L= )P

Jj'=1
A$2A$3 Nir N4 C/C-/
i 1 : j> 1 L) V141
HERETI < T3 T3 )

) (1 + Ci’;j’) '3/6]'/

G (1 n fz’fj/) (1 n ng/) %j/} (i =1,...,8),

(3.60)

Az A JEo
X1 $377i’ (1+€§J

* 32

AZL’IA.TQ
32

8
F . A$1A$2AJ,‘ 51/5 i’ NirMjr Ci’é-" R
A =3 SR (14 55 (14 ) (1055 )
J'=1

A{E A i1 157 i Q47 .

+ 228 (14 1) (1+C3CJ>76].,
Az A & )

R (1+€3§J ) (1+ >7gj,

A A i/ 5/ Z’/ 5! ~ .
. 1 $2<i,(1+§3§y><1+77;7])74j,} (=1,...,8),

(3.61)

GirGyr
3
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Gir Gy
3

) 7//\.‘]/

8
. ArAnsAx v Nir e
() _2 : 1RQT2AT3 | J
Ao { wrp 64 (1 3 ) <1 3 ) L

/=1

AxyAxs Nt ;e GG\ »

——=& (1 ) 1 "
AR TR ( T3 Ty )

Az Az fifj’ Ci'Cj' N

- "my, ]_ 1 .,

AZL’lAl’Q filgj/ nirMir\ . .

s |1 (1 ]> i’ /:17--'787

T ¢ ( T3 Ty ) (i )

(3.62)

and from equations (3.47)-(3.49) with integrals given by equations (3.54)-(3.59),

for each infinite element

4
I VAV YAV, 2 NirMj Q”Cj’ Ly
A=) {‘W) 16 1+ 3 ) (1 T3 ) 3

i=1
AxyAxs it GG\ (thLy 1Y,
1 ) 1 4+ 25 B P
T 6 ( T3 T3 3 4)
Ly Axg GirGyr \ -
A (1 2 y
L1 A AN .
+?1%Cl' <1+ T]??J )’)/5]/} (ZI: 1,,4), (363)
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4
I . AIQAIg Ny, Ci/C‘/ L1 R
Aél/) = E {—prl—G (1 + 33 ) 1+ TJ 3 %

j'=1
AxrsA i 1) Sy ];ZL 1 “
To2AT3 (1 My > (1 GGy ) (Z 1 ) 67

16 3 3 3 4
Ly A AP
A (1 2L y
Li A M\ .

4
. AIL‘ AZL‘ 1150 C'/C‘/ L
I Z 2073 N i 1 .

=1
n AxyAxs (1 " 77i’77j’> (1 n Ci’Cj’> (Z/f[q _ 1) S

16 3 3 3 4
Ly Axg GG\ -
L 14+ 2L y
Li A AN .
+§1%Q, (1 40 ;7] ) ygj,} (' =1,...,4). (3.65)

The assumption is made that the stress components at a local node ', given
by An form =1,...,6, is equal to the stress components at local node j', given by

Anjr for n =1,...,6, when nodes 7" and j' belong to the same element. Therefore

rs/m" = ’AYnj’ = wn i/aj/ € Qe

where (). is either a finite or infinite element. Then %, , the stress components
at a local node 7/, can be replaced by &n, the stress component for the element
under consideration. Now expanding the summations in equations (3.60)-(3.65)

with (&, i, () and (§;7,n;7, ) given as in figure 3.4 for the finite elements and
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in figure 3.6 for the infinite elements yields,

8

Z(H%) (1+23%) <1+

j'=1

GirGjr
3

)
27
27
27

_ )27

27

27

27

\ 27

ji:lg (1+252) (1 + %) =

8
§ir&yr GrGir\
S (14 555) (14452 ) -

j'=1

Ji:lg (1 v %) (1 + 77;7]) -

81

) ]3‘7,

1
— (64p1 + 32po + 16ps + 32p4 + 32ps + 16ps + 8p7 + 16ps)

kS (32p1 + 64p2 + 32p3 + 16p4 + 16p5 + 326 + 16p7 + 8ps)
1 (16p1 + 32p2 + 64ps + 32p4 + 8ps + 16ps + 32p7 + 16ps)
L (321 + 16> + 32 + 64 + 1675 + 855 + 1657 + 32ps)
1 (32p1 + 16p2 + 8ps + 16p4 + 64ps + 32ps + 16p7 + 32pg)
+ (16p1 + 32p2 + 16p3 + 8ps + 32ps + 64ps + 32p7 + 16ps)
1 (8p1 + 16p2 + 32p3 + 16p4 + 16p5 + 32ps + 64p7 + 32ps)

— (16]71 -+ 8]32 + 16]73 + 32p4 -+ 32]?5 + 16]?6 -+ 32p7 -+ 64p8)

i €{1,2,5,6},
i €{3,4,7,8},
i' € {1,4,5,8},
i €{2,3,6,7},
i' € {1,2,3,4},

i € {5,6,7,8},

=1,
i =2,
i’ =3,
i =4,
i’ =5,
i’ =6,
i'="1,
i =8,



~

O — Ol Ol = O]

(16p1 + 8po + 4ps + 8py) ' =1,

(8p1 + 16p2 + 8ps + 4ps) ' = 2,

i (1 + n?:?]> (1 + %) Py =

j'=1 (4p1 + 8po + 16ps 4 8py) ' = 3,

(8p1 + 4P + 8p3 + 16ps) ' =4,

Ve

4 _ u
> (1+ﬂ)= + velldh
£ 3 .
J'= 4 7 e{2,3},
;
25 3 )
j 4 e {34},

and therefore, for each finite element, for example

Axr1AxsAx , . . . . . . . .
Al Z%(—M (8P1 + 4pa + 2p3 + Aps + 4Ps + 2ps + Pr + 2Ps)
AxyAxs - Ax Ax Ax Ax
e i (3.66)
with similar expressions for Ag), e Ag?, and for each infinite element, for ex-
ample
AxoAxsL . . . .
Ay S S iO8 2L (—iws) (4py + 2Pz + P3 + 2Pa)
AzyAzs (kL 1 2AxsL ALIJ
4 DT2ATs 1 b+ L 07 2 g (3.67)
4 3 6
with similar expressions for A12 Yo ,Aﬁ{ﬁ. For computational speed we want to

derive an explicit scheme to solve the discretised elastodynamic equations. Equa-

tions (3.60) to (3.62) form the discretised version of the left hand side of equations
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(3.31) to (3.33) and in their current form will lead to an implicit set of algebraic
equations in the unknowns. Deriving an explicit scheme would then require the
inversion of a very large coefficient matrix which could only be conducted numer-
ically and would be computationally expensive. One approach is to approximate
this matrix by a diagonal one whose inversion can then be conducted by hand
calculation. This approximation is made by performing mass lumping”, that is
to say, summing the entries within a row of the velocity coefficient matrix and
replacing the diagonal entry with this sum, setting all other entries to zero. This
approximation is predicated on the assumption that there are no sharp changes in
the velocities and so adjacent nodes have very similar values and hence one can
approximate the value at one node by the value at its neighbour. Then for each

finite element

) pArAzyAms

Agl; 3 (—iwpy)
n X?IQszAxg,@Z)l 3/2Ax14Ax3% 24Ax14Ax2 Js (i =1....8),
(3.68)
ALy PEDETAT (g,
+ X?I’Q%% + Xy gmlm‘?’wz 04%@ @ =1,...,8),
(3.69)
Al LENTIET ()
QRETAT BNy, SIS =1,
(3.70)
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and for each infinite element

AxoAzsL
Al P2 (i)
Az A kL, 1\ - AxsL Az L
N ToAxs (kL 1 By + b2 x3 11/16 02 $2 1¢5 (i'=1,...,4),
4 3 4
(3.71)
AzoAxsL
Ag,) B e e 1;212303 1(—iwscji/)
Axs A kL 1\ - AxsLq ~ AxzyL )
£ (S - ) de T e P (=19,
4 3 4 6
(3.72)
AxoAxsL
Ag,) :%(—iwsﬂv)
Az A kL, 1\ - AxsLy - Az, L
+ =2 (S - ) s T P (= 1),
4 3 4 6
(3.73)
where
-/
X" = (=1)% with ¢ = F ;mw , (3.74)
n

and where [-] denotes the ceiling function.
Now substituting for s(w) in equations (3.71)-(3.73) using equation (3.6) and

taking inverse Fourier transforms in time of equations (3.68)-(3.73) gives, for each
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finite element

Agz) :pAﬁlAgl’gA[Egpi,
AzoAzx Az Az Azx Az

AT xS e Y s (=1,

4 4 4
A(F) pAl‘lA.CL'QA.Z'g
24/ 3 (4
JAVI YA Az A Az A
?;2 T I31/16 11/2 T x3w2 ?;4 T I2w4 ('l/ _ 17
4 4 4
A :wr
JAVDYAN Az A Az A
?;2M¢5 i X;ﬁMW i X?,AM% @ =1,...
4 4 4
and for each infinite element
AxoAzs L )
Ag,) Lol 212 Lo (po + Bow)

AxoAxg (Ly . 1 12Ax3L4 027204 /
T (g%—l—z% + X G Ve + Xy 6 vs (i =
AxosAxsL )

Ag,) _P 212 3 1Oz(qz-/ +5q2")

AZL‘QAZL‘;; Ll . 1 172A$3L1 0’2A$2L1 ’

- =2 (§¢6+1¢6 X s 0 = (=
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pAZL‘gAZEng

A;(;i/) = 12 « (Tz’ + BTW)
AlL‘QAZL‘g L1 . 1 1 2AJI3L1 0 2AI2L1 .
_ 3 (2L 4 =1,...,4).
1 (361/15 + 4% +X; G (O G Y3 (i )
(3.80)

3.4.2 The stress equations

Now from the stress equation (3.10) with equations (3.15)-(3.20)

/ —iwdiwd) = / {)\ 2 8p A 9 - Ao }wdQ, (3.81)

S1 8x1 S92 81’2 S3 61’3

o A 8p A2p 0 A oOr
— dQ) = — ds? 3.82
/S; 1ot {81 8301 S9 8ZE2 * S3 81’3 v ’ ( )
. A 8p A9q  A+2p0r
- dQ) = ds? 3.83
/Q (st { 51 09:1 S9 8:@ + s3  Oxs WS (3.83)
o 14 87‘ q
- dQ) = dQ2 3.84
/Q (oA { S9 31‘2 S3 61'3 } v ’ ( )
o w or u 8p
- dQ) = dQ2 3.85
/Q WOosW {51 8:61 53 03 } wdaa s, ( )
/ —iwdewd :/ {ﬂg—q + ﬂaa—p} wde. (3.86)
Q o (S1011 S2 02

Then with the solution expressed in terms of the basis function expansion in equa-
tions (3.24) and (3.25), with the basis functions and test functions given by equa-

tions (3.26) and (3.27), assuming as before that s =1 in Qp and s; = s =s3=s
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in 0, and multiplying throughout by s, from equations (3.81)-(3.86)

N

Z {/ _iWNiNjﬁ/ldeF
Qp

j=1

- / At 20N g a2 w25 Lo,
QF 0y " Ox Ty e 3
N
) 5 o
B Z {/Q {()\ ” Qﬂ)wzaf Yi ]pj + Awlfjgz 95 QJ + )\wzf]gl g; } dQI

—/ —iwwifjgigjs’yldeI} (2 = 1, Ce ,N), (387)
Qr

N
Z {/ —iWNiNj’A}/deQF
QF

ON; ON; . ON; .
- Ni=—Lp, 2p1) N; —2 N,—L Q
/QF{A laxlpj—i-()\—i- 1) By g + A Dy }d F}
N
af; . 0 Jg; .
22{/ {)\wialgigjpj+()\+2ﬂ>wifjgi 9 G + Mwifigim—= 9 }dQI
Qr Iy x3

—/ —iwwifjgigjs%jdﬁl} (’l = 1, e ,N), (388)
Qr

N

> { / —iwN; N A3;dQp
Qp
8N ON,; ON;

- N; N,—2g. 20N, —2L7; b dQ

/ {)\ a lp]+)\ 8332(’].7_'_()\—{_ /J“) 0$3T]} F}

0 0 i dg; .

/ {szaf 9i9;D; + szf]gz g” i+ (A + 2u)w1fggz Ji }dﬂz
Q; T3

- / —iwwifjgigjs%de]} (Z = ]_, ce ,N), (389)
Qr
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N
Op Op 8 8

J=1

al Jg; . 89
= Z {/Q {Nwzf]gz Tj + Nwzfjgz } dQd;

— / —iwwifjgigjs%jdﬁf} (Z = 1, Ce ,N), (390)
Q

N
ON; ON;
> { / —iwN;N;A5;dQp — / {uNi—ij + MNZ-—J@} dQF}
= QF Qp axl 81'3

dg; .
_Z {/ {:uwzaf gzgjrj + szf]gz % pj} dQI

—/ —’L'wwifjgingﬂ%de[} (Z = 1, c. ,N), (391)
Qr

N
> / —iwN; N A6 dQp — / (N = Ny, d; + uN; oN; “Lpi s dQp
Qr Qr Oy 02

j=1
0 0
- Z {/ {,uwz f gzg]% + ﬂwzf]gz g } dQI
—/ —iwwifjgigjs%deI} (Z = ]_, . ,N) (392)
Qr

Proceeding as before in treating these equations element by element in the local
coordinate system (£, n, ¢) with local node numbering (7', j'), then, given the choice
of basis functions in equations (3.34)-(3.36) and test functions in equations (3.37)

and (3.38), from the left-hand side of equation (3.87) with the integrals in equations
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(3.50), (3.51), and (3.57)-(3.59), define for each finite element

8
Az Az A iS4 i V55’ A
B — Z {M (1 + %) (1 + %) (1 + %) (—iwny)

2 61
— A+ 2u)%§j' (1 + %) (1 + C?fj) by
_ A%W (1 + %) (1 + C:))C]) g

Again, since time derivatives of 7, ; will otherwise result, in order to provide an
explicit scheme the assumption is made that 4, = 4, = ¥, when 7, j' are nodes

of the same element, then expanding the summations over j' gives

B%F) :AIIHAQ?QA.T?,(—Z'O)?&Q
AxoAx R . R R R R . .
— (N 20) =22 (—py — Po + Ps + Pa — Ps — P + Pr + Ps)

4
A.TlA.Tg N " R R R R R .
_/\T(—Q1+Q2+Q3—614—Q5+Q6+Q7—(I8)
Ax Az R R R R ) . . .
—)\%(—Tl—7’2—7“3—7“4+7”5+T6+7“7+7"8).
Therefore
AxlezAxg_ 1 1Az, P1— P21t P3TP4s—Ps —P6 T P71 P8
- ~G1+ o+ s — 41— G5 + do + G — 4
4Ax2( 41+ Go + 43 — Gs — G5 + s + Gr — Gs)
A
- —F1 — To — T3 — Ty + T5 + T'g + T7 + I'g). 3.93
4Ax3( | = Ty = F3 = Ty + 75 + 76 + 7 + 7s) (3.93)
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Then in the same way, from equations (3.88)-(3.92),

B

AJZlAJZQAI'g -

B
A.TlAl‘QAZEg N

B
A.’L’lAl'gAng

B
Al’l AJ]Q Al’g

B
Al’lA.CEQAl'g N

.o A . . . . . . . .
Zw¢2—4Ax1(—p1—p2 + D3 + Pa — Ps — De + D7 + Ps)
AX+2p,
- ~G1 + o+ d3 — 41 — G5 + o + Gr —
N ( 1 T42 1743 — 44 — (s T 4e T g7 QS)
A
—4M3(—f1—fz—fg—f4+f5+f6+f7+fs), (3.94)
. A . . . R . . . .
—M?/J:%—4Ax1(—p1—P2+P3+P4—p5—p6+p7+p8)
A . . . . . . . .
_4Ax2(_Q1+QZ+Q3 da — G5 + 46 + 47 — Gs)
A+ 2
— 4Zx5(—f1—722—7A‘3—7ﬁ4+7ﬁ5+726+727+7ﬁ8)7 (3.95)
.0 o ~ ~ ~ “ “ ~ ~ “
—Zw¢4—4Ax2(7’7—7”1+7"2—7"8+7’3—7"5+7’6—7“4)
- o — G+ s — Go + 45 — ds + s — d 3.96
4Ax3(q7 Gi+ s — G2+ 45 — s + G — Qa), (3.96)
_Z'wiﬁg)—4AI1(7’A7—7A"1+f8—7¢’2—|—723—f5+724—726)
1% R ~ “ R ~ “ ~ ~
- — 1+ s — P2 + Ps — D3 + s — Pa), 3.97
AAzs (P? P1TPs —P2TP5 —P3T Pe p4) ( )
.5 1% R R R N R R N R
_2w¢6_4Ax1(Q7_QI+QS_Q2+Q3_Q5+Q4_Q6)
H . A A N N N A N
- — 1+ o — - — pa). 3.98
1Az, (pr — P1 + D2 — Ps + D3 — D5 + De — Da) ( )

Then from the right-hand side of equation (3.87) (again taking the negative to

emphasise the parallels with the finite element case), with the integrals in equations

(3.54) and (3.57)-(3.59), define for each infinite element

4
Aﬂf Aﬂf 1)1 <'/C'/ L .
I _ 2 3 Nir 1 i'Sj 1 A
By = /231 16 (1 + T) <1 + T) ?(—Zws%y)
J =
oAz i Ny GirGjr ikLy 1Y .
— (A 42 (1 ) | LI Y
(A2 T3 < 3 3 4)b
Ly Azs GG\ - Ly Az, N5\ o .
- 3 T?’]]/ (1+ 3j qj/—)\?ng/ <1+ 3] )Tj/ (Z/:]_,. ,4)
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Again, expanding the summation over j' and summing over ¢/ = 1,...,4 gives

AxoAxslq - AzsA kL 1
B = ARy S (R
AxsLy . ) R R Axolq
A= 1(¢]3—Q1+Q2—Q4)—)\ 21

6

and similarly from equations (3.88)-(3.92) we have

(Tg—f1+f4—f2),

- é_l> (p1 + P2 + D3 + Pa)

(3.99)

AryAzsLy - AxyA kL, 1
Bél):—iw—b o 181#2—)\ ol (LB (P1 =+ D2 + Ps + Pa)
3 4 3 4
Axsly . . R R
— (A +2p) gl(QB—Q1+Q2—Q4)
AxoL
— NS (g — g Ry — ), (3.100)
AryAzsLy - AxyA kL, 1
Bél):—iw T2AX3 18w3_A LoLAly [ tRLn 1 (ﬁ1+]32+133+134)
3 4 3 4
AxsLy . . R .
— A gl(Q3—Q1+Q2—CI4)
Az
= (A +2p) xg S(fy — 1+ Py — ), (3.101)
AroAxsly AxsL
Bif):—iw%sq/q—u xg 1(f3—f1+f2—f4)
Axoly . ) R .
— K 621(Q3—Q1+Q4—Q2), (3.102)
AryAzsLy - AxoA kL, 1
B = i =TT ) SR (LR D) (R Ry Ry )
3 4 3 4
Axoly . . . .
— = (B = Pr + Pa — P2), (3.103)
_ AxoArsly - AzoAx ikLy 1\ ,. . . .
Bél):_zw$s¢6—u =l (= = ) (Gt Ge ot ds + )
3 4 3 4
AxsLy . R . .
— =" (s — P + P — Pa).- (3.104)

6

Now assuming, from equation (3.6), a form for the stretching function of

—iws = —ilwa + af,
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then taking inverse Fourier transforms in time of equations (3.93)-(3.98) gives, for

each finite element,

B(F) A+ 2u
Az AryArs =t — ANz, (p7 —p1+ps — P2+ ps — ps + Pa — Po)
4A — (= + -+ — 0+ % — )
A
— A T = b =Ty e — 1), (3.105)
3
B A
Az AzyAxs 71/}2_ (p7—p1+p8 P2 + D3 — D5+ Pa — De)
)\—I—Zu
" 1Az, (@7 =1+ —aqs+q3— a5+ g6 — qa)
N (re —ri4+rg—ro+1r5 —13+716 —14), (3.106)
3
B

)\
Az AroAzs = - (p7—p1+p8 P2+ Ps — Ps + Pa — Pe)

—— (@~ + @ —qs+9— ¢+ — q)

 4Az
A 2
- 4fo(r7_rl+7’8_7"2+7’5_T3+7“6—7’4), (3107)
B j p
m—‘”4—4Am<”‘“*7"2—7"8+7"3—’“5+7“6—7"4>
4A —— (G — @+ a8 — @+ — a3+ g5 — @), (3.108)
B ; [
Aodmphay 0T Aagy TS T2 A T T s 4 Ty = )
L
— (- - — - 3.109
4A$3(p7 P1+ Ds — P2+ D5 — D3+ P6 — Da), ( )
B
+_¢ (gr—a+a9s— 2+ 93— q5+ g1 — Gs)
Al‘lAZL‘QAZL'g 6 4A1
4A ———(pr — 1+ P2 — P8+ Pp3 — ps + ps — Da), (3.110)

and taking inverse Fourier transforms in time of equations (3.99)-(3.104) gives, for
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each infinite element,

AxoAxsLia 7 - A+ 2u)AzsAxs Ly . ) ) )
PR —— (1/11 + 51/)1) ! #AT:ATs =L (py + Pa + D3 + pa)
3 4 3c
1 )\A$3L1
—1(p1+p2+p3+p4) -G (43— 1+ q2 — qa)
PVAN 2V
— ‘22 Ly — 1 414 — 1) (3.111)
AxoAxsLia 7 - MzoAzxs (Ly . . . .
Bg) = <1/12 + 5102) _ o —1 (p1 + P2 + D3 + Da)
3 4 3¢
1 A+ 2u)Axs L
—1(p1+pz+p3+p4))—( M6) s~ g0 — @)
PVAN2Y
_ 22 Ly — 1414 — 1) (3.112)
AxoAxsLia 7 - MzoAxs (Ly . . . .
B:E,I) =—2 <¢3 + 5%) B —i (p1 + P2 + D3 + Pa)
3 4 3¢
1 )\AIL‘ng
_Z(pl +po+p3s+pa) | — 6 (@3 —q1 + ¢ — qu)
A+ 2u)Azs L
A “6) D2 g — 1 Ty — ) | (3.113)
AxoAxsLio 7 - AzsL
Bz(ll) =—23 <¢4+5@/}4) _ e 1(7“3 — 11+ Ty —Ty)
3 6
Axo L
- & 62 1(q3 —q1 + qa — Q2); (3114)
AxsAzsL . Az A L
Bél) :M <w5 + ﬂw5) _ w _1 (721 + 7"2 + 7‘»3 + 724)
3 4 3¢
1 Axs L
—1(7’14—’/’2—}-7”3—1-7“4))—# 62 1(p3—p1—|—p4—p2), (3.115)
AzoAzsLia 7 - AxoAzs (L . . ) .
Bél) =2 <¢6 + 51/)6) e i —} (1 + g2 + g3 + da)
3 4 3¢
1 AxsL
~1 (1 + g2+ g3 + Q4)) A 63 " (ps — p1+ P2 — pa) - (3.116)

For the infinite elements, both velocity and stress time derivatives appear so
closer inspection is required of the system in order to find an explicit form. It
must also be remembered that since the velocity equations will be recombined

at a global level, whatever manipulation is done to the finite element equations
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must also be done to the infinite element equations and vice versa. The system of

(3.117)

= Msp

equations (3.78)-(3.80) and (3.111)-(3.116) can be written in matrix form as
Mip

where

(3.118)

?

I 1
0000@@@@000000000&

00000000@@@@0000&0
coocoocooccoocooocoodoo
cococococooocoofooo
cooococoocococooofoocoo
@@@@00000000&00000
coococoocoocoofocoogdo
cooococoococoofoocoocolo
cooococoococofoooooolo
cocoococoocofoooocooolde
cococococoofocoocococoogd
coococofooocooococood
cocococofoooocoocooocood
cocoofocooooocoococood
000@00000000%%%000
00@000000000%%%000
0@0000000000%%%000

Toocococococococococoldldlocoo
0 QAAQ
L 1

I
=

with

)

(07

A$ﬂ&mL1
12
Axy&le

=p

’

12¢

AI#&@L1

Gy
Cy

)

(0%

3
AIQA?L’?)Ll ()\ + 2,&)

D, =

12¢

Axﬂ&@[qA

D2:_‘

Y

12¢
Axﬂ&QLML

Ds

Y

12¢

Dy
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and where

B 0 0 0 0 0 0 0O 0O 0 0 0 E 0 0 0 By FEi-
O E, 00 0 0 0 0 0 0 0 0 Ex 0 0 0 Ey —Fa
0O 0 E 0 0O 0 0 0 0 0 0 0 Ey 0 0 0 —FEs—B
0O 0 0 E, 0 0 0 0 0 0 0 0 Ey 0 0 0 —E5 B
O 0 0 0 EL 0 0 0 0 0 O 0 0 Ei 0 Ey 0 E
O 0 0 0 0 EL 0 0 0 0 0O 0 0-E4 0 Es 0 E
O 0 0 0 0 0 E 0 0 0 0 0 0-E4 0 —Fs 0 FEo
O 0 0 0 0 0 0 E 0 0 0 0 0 Esx 0 —Es 0 E
Mo— | 0 00 0 0 0 0 0 E 0 0 0 0 0 B E B 0
2= 0 0 0 0 0 0 0 0 0 EL 0 0 0 0 Es —Es Ea 0 |>
O 0 0 0 0 0 0 0 0 0 EL 0 0 0 —FHs—FEs Ex 0
O 0 0 0 0 0 0 0 0 0 0 E 0 0 —FEs Ex Ey 0
Fo Fy Fo Fy —Fy Fy Fs —Fs —Fy —Fy Fy Fs F1 0 0 0 0 0
Fo F Fs F. —Fy Fy Fy —Fs —Fy—Fys Fs Fs 0 F, 0 0 0 0
Fo B P Fo —Fy Fy Fy —Fs—Fr —Fo Fr Fr 0 0 FL 0 0 0
0 0 0 0 —Fy—Fy Fy Fo —Fs Fs Fs -Fs 0 0 0 F 0 0
—F9 —Fyg Fy9 Fy 0 0 0 0 Fy9 Fio Figo Fio O 0 0 0 Fy 0
L —Fy Fx Fs —Fs Fio Fio Fio Fio 0. 0 0 0 0 0 o0 0 0 F J
(3.119)
T _
P = |p1 P2 D3 Pa @1 Q2 Gz qu ™1 T2 T3 T4 Y1 e s Yy Y5 s

(3.120)
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with

AxoAxsL
B = phudnls
E2 :AxiA.T3’
6
A
E3 = $2L17
6
E4 :A$3L1’
6
AxoAxsL
F=— %aﬁ,
AzyAxs(A+2p)
F2 = - 16 )
P :Al'ng)\’
6
A
F4 _ LEQLl)\,
6
AzoAxs A
Fy=— 3621—6%’
Az Ly (A + 2p)
Fﬁ = 6 )
Azg Ly (A + 2p)
F7 - 6 )
AxsL
Fy :%’
AxsL
Fy = 5526 Ly
AxoAx
Fio = — 216 3

In order to provide an explicit scheme, matrix M; must be diagonalised. To do
so, the entries must first be nondimensionalised. The first equation of the system

(3.117) will be considered, with rows two to twelve following similarly. So

Cyp1 + Cathy = Erpy + Esthy + Esths + Egil, (3.121)
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then taking the scalings

P11 = 5]517 = TE:

SO

ot~ (Tt T
i _ a(ﬂ@/;z) _ ﬁal/;i _ K
ot oTh) Tol TV

where ’ denotes 9/9t. Then

Y = /“/;i

é _ - _ _ B
Ch fpﬁ + 02%% = Ficpr + Eopy + Espnps + Eypibs.

Now the coeflicients have dimensions

¢, % _ przlA;;ngac N {ML‘?’ZLj’LT‘l} el

o - St (BT < o

Eyc = —pAIQAf;Llo‘/B €~ [MLPLPT LT Y] = [MLT ]|
Fou = M21—A69”3“ ~ [L*ML7'T? = [MLT?],

By = M%Ll“ ~ [PML7'T?) = [MLT ],

By = % ~ [L*ML7'T?| = [MLT?].

Then for diagonalisation,

C
oz >

=
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that is,

as> L (3.123)

pc

and it can be noted that if ¢ is taken to be the shear wavespeed, c¢,, then this

condition becomes a > 1. So equation (3.122) becomes
C1%ﬁ/1 = Erep1 + Eaptdy + Ezpds + Eqpudg
and redimensionalising gives
Cipr = Expr + Extpr + Estps + Eytle,

which is just equation (3.121) without the t; term but the nondimensionalisation
provided the condition on « given in equation (3.123).
The thirteenth row of the system (3.117) will now be considered, with rows

fourteen to eighteen following similarly. From row thirteen,

Dy (p1 + pa + P3 + pa) + Dy = M3 - p,
and nondimensionalising as before gives

Cc . N N N W~ B
D (0} + D5 + Py +5y) + lel/% = M3 - P.

For diagonalisation, it is required that

7! c
D] > D]
‘ 17| > | P2
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that is

A+ 2u
. 3.124
o> 1 ( )

For physical considerations in mechanics, (A + 2u)/p is equivalent to the ratio of
(cp/cs)?, that is to say, the ratio of the pressure wavespeed to the shear wavespeed.

In steel for example ¢,/c, =~ 6000/3000 = 2 which is a fairly typical ratio. So

o>

A2p 1A +2p)/p 1(6_p>QN1

i 4 plp A\

as before. So the matrix M) in equation (3.118) is now a diagonal matrix (with
all diagonal entries non-zero) and hence it is trivially invertible. Then using Eu-
ler’s method, from equation (3.78) with consideration to the diagonalisation just

performed, an explicit form can be given by

(t+1) ()

Af) = OB — Bl — By + X Bas + X0 B, (3.125)

and similarly for the other velocity components

(t+1) (t)

4y~ — 4y : :
Ag/) = ClT — E’lqz(,t) — EQ’I,DG + XZ-1/2E4’QD2 -+ X?,2E3’Qb4, (3126)

and

(t+1) ()

T’-/ - T-/
A = oy B — Bys + X Bty + X Bty (3.127)

ot

The convergence of this numerical scheme requires a Courant-Friedrichs-Lewy
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(CFL) like condition and this is given by
0t < minAz;/c,

where the the compressional wavespeed is given by ¢, = \/m The phys-
ical need for this condition is that time it takes for the wave to travel to adjacent
spatial grid points (so Az/c,) must be greater than the discrete time used in the
numerical algorithm (§t) to update the values at each grid point. If this is violated
then the numerical scheme becomes unstable and the solution blows up.

The stress equations can also now be formulated, with respect to the nondi-

mensionalisation, from equations (3.111)-(3.116), using Euler’s method to give

(t+1) (1)
1

B =p, 1 5 (3.128)

— F5(p1 +p2+p3+pa) — Fs3(qs — 1 + @2 — qa) — Fa(rs — 1 + 74 — 12),
(3.129)
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and similarly for the other stress components we have

t+1 t
w( ) _ é)

B = D=

(3.130)

— Fs(p1 +p2+p3s+ps) — Felgs —q1 + g2 — qu) — Fu(rs —ry + 14 — 12),
(3.131)

373 132
5 (3.132)

(t+1) (1)
BY — p, (%

— Fs(p1 +p2+p3s+ps) — Fs(gs — 1+ g2 — qu) — Fr(rs —ri + 14 — 12),

(3.133)
o ¢51t+1) . L(Lt)

B, = DlT — Fs(rs —ri4+ro—ry) — Folgs — 1 + @1 — ¢2),  (3.134)
" w(t+1) 0

By =D 2 5 S Fio(ri+ 1y + 13 +14) — Fo(ps — pr + pa — p2), (3.135)

and

o étJrl) N wét)

Bg' = DlT —Fio(g1 + 2+ ¢33+ qa) — Fs(ps — p1 +p2 — pa). (3.136)

3.4.3 The final solution

The stress equations are calculated on an element by element basis therefore, from

equations (3.105)-(3.110), applying Euler’s method and rearranging to give an
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explict form, for each finite element

A+2
¢§t+1) (t) + 5t —'u(p,? — D1 +p8 — P2 +p3 — D5 +p4 - pﬁ)
4AI’1

_'_4Ax2(q7_QI+Q2_QB+Q3_Q5+Q6_Q4)
+4Ax3(7“7—7’1‘1‘7"8—7“2+7"5—7”3+7“6—7”4)), (3.137)
S =i 4 ot (pr — p1 + ps — P2+ P3 — D5 + Pa — Ds)
4A331

+A+%ﬂ — @+ q— g+ — g+ s~ qu)

AA T, 7 —q1 742 — 48 T 43 — (45 T 46 — 44

A
+4Ax3(7"7—7“1+7"8—7’2+7“5—7“3+7"5—r4)), (3.138)

it = m+&< (pr — p1+ps — P2+ P3 — D5 + Pa — Ds)

4Ax,

* 150, (7 —q1+a2— a8+ ¢ — g5+ 6 — q)
A+2
1Az, (r7 — T+ T8 —To 15 — 13+ 16 — m)) , (3.139)
¢£t+1) _ z(,Lt) + ot <4Aux2 (re —ri4+ro—rg+r3—r5+16 —74)
+4Alux3(Q7_QI+QS_Q2+QS_Q3+Q6_Q4)) ; (3.140)
WD (t)+5t<4Xxl(r7—r1+r8—r2+r3—r5+r4—r6)
+4AM$3(P7—Z91+p8—p2+P5—p3+p6—p4))a (3.141)
v = m+&gﬁ (g7 =1+ a8 — @+ — a5+ q1— o)
-qﬁgm—m+m—m+m—m+m—m0, (3.142)

102



and from equations (3.129)-(3.136), for each infinite element

ot A+2
(D) ™ —( M(pl + po + p3 + pa)

16 L4
P (gt o — an) o (ry— 11 7a — ) (3.143)
— — re—1T1+ 14 —7 :
2A g3 —q1 T G2 — g4 N 3 1 4 2) |,
ot 3\
Sy 4 o (_16—L(p1 +po + 3+ pa)
A+2
+ Zszu(q?, — 1+ G —q)+ AT (rg—m +1ry— r2)> , (3.144)
ot 3A
(tH 7/J3 +E(_16L1(p1+292+173+p4)
A A+2
2A — (@ —a+@—q)+ QAx5<T3—T1+T4—7’2>>, (3.145)
ot
(t+1 —¢4 +_(2A (7"3—7‘1—1‘7”2—7”4)—1-K(Qa—%‘i‘%—%));
(3.146)
ot 3
(tH —¢5 +E(_16'[21(T1+7’2+7’3+T4)+K(p3 P1 +p4—p2)>;
(3.147)
and
B =0 1 (3 gt a) + L (ps— pr 4+ po — p)
6 5 6L, 1 T2t a8t as 2A 3 —P1+p2—pa) |-
(3.148)

Now for the velocity equations, for each finite element, for example from equa-
tion (3.75),

) pATArsAzy . 02 ArsAxs

3 Dir T Xy 1

12 A1 Az 04A$1A332

AL
14 ¢1 + Xi 4 ¢ + XZ A 1/)5a
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which leads to an explicit form (using Euler’s method) of

40 _PAT AT AT p — pp
1 8 ot

Az Az AxAx
2,2 24 3%4_9&2 14 3

0,4 Az Az,

+ X e + X/ 1

¢5>

while for each infinite element, for example from equation (3.125),

:pr2Ax3Lloc pEfH) — pl(-,t) n pAzsAzsLiaf (4

;!

12 ot 12 D
A.TgA.ng 1 QAZEng AxQLl@/)
— = ° 5.

R 0,2
16 P+ X 6 e + Xi 6

Ali/

Now recombining the elements in order to calculate the velocities at a global level

gives

() PAT ATy A pll D — pl)

b

" 8 ot

4D pAzyAzsLiapi —pY n pAzAzzLiaf 4
n 12 5t 12 Pn
bT(/LF) bgll)

_ ZF(F) + ZF(I)
k=1 =1

where b is the number of finite elements that share global node n as a vertex,
b is the number of infinite elements that share global node n as a vertex, F(*) is
the combination of stress terms used in Agi) when global node n is local node ¢’

in a finite element, and F) is the combination of stress terms used in Ag,) when
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global node n is local node ¢’ in an infinite element. So

+ bt

(b(F) pA$1A$2A$3

_ (b(F) pAiElAQTQAng

8 n

8

bglF) bgll)
IR I
k=1 =1

and letting

W — )

then

py

pAxr1 Az Axs

8 Y

(1 - Bt

TWE wn

w

W)

)

i b([) pA.CEgAZEngOé

I pA[L'QAIEngOZ) p(t+1)

12

12

(1) _ i PAT2ATs L1
n 12

v pglt)
W@ 1 W0

b B

}:F DA
=1

and in the same way, for the other components of velocity

w
B ) g®
<1 6(515 v )) q,,

g+ =

WW44V

105

p(F) b

}:F“+§:ﬂ1,

O—B&OP@

Y

(3.149)

(3.150)

(3.151)

(3.152)



3.5 Retaining a spatial dependency

3.5.1 The velocity equations

Since attention is restricted to a waveguide problem then the PML will only stretch
the coordinates in the x; direction. So we set s = s3 = 1. Then from equations

(3.28)-(3.30),

N
- Qp

J=1

]_ 8]\7, N aNZ N 8]\@ ~
+/ { Nﬂlj + —Nj’)/(jj + —Nj%j} dQF}
Qp

S1 8x1 81’2 81’3
N

1 A+ 20 .
SN

Jj=1 1

A+ . A+ .
+/ MwifjgigdeXQj + / sz’fjgigdeXTj>
I'x

S1 ry St

€ A+2 2(A +
—wWw Jry S7 51

1 Ow; X dgi . dg; .
- /QI {——fjgz‘gﬂlj + wifja—ngﬂaj + wz’fja—mggﬂs)j} d§y;

S1 8x1

Qr
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N
Qp

J=1

1 ON; . . ON; . ON; . .
+/ ——Nj’)/ﬁj + —Nj’)/zj + —Nj’}/4j dQF
Qp 81'2

S1 61’1 81'3
N

Z { (/ ( + )‘ + 3:“) wzf]gzgdeX%
1

j=1

A+ . .
+/ —w; [;9:9;d0xp; + / (A + N)wz‘fjgigdeXTj)
FX 81 l—‘X

€ A+
+ = (% + 2R oy 4#) w;gidl x
—iw Jp, \ 8T S1

1 ow;
- / {8 O fjgzgf)/(%] + wzf]a 9172] + wzf]a g]74j} d€2;

Qr

N
Qp

— N A= —— N. Ay — N Aa; »dQ
+/S;F {51 axl 355 + 8x2 4y + 8%3 jPYSJ} F}

N
1 7 A
_ Z {t (/ (—2 + A+ 3u) w; f39i9;dL x7;
, c I'x \571

A+ pu . .
+/ —w; f;9:9;dT xp; + / (A + M)wifjgigjdrxqj‘)
'y S1 Ty

At
b (% FATH oy 4u) wigidl x
—iw Jp, \ 51 s1

1 ow;
_/ {818 1f]929]75j+wzf]a 9]74]+w1f]a 9373]}dQ]

Qr

The basis functions are defined as before in equations (3.34)-(3.36), the test
functions as in equations (3.37) and (3.38), and the mappings from the global

coordinates again as shown in Figures 3.4 and 3.6. With the dimensionless s (x1, w)
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given by equation (3.6), then from the left-hand side of equation (3.153) define
for each finite element (in Qp) Ag), Ag), and Agg) as before by the expressions
given in equations (3.44)-(3.46). The finite element case then is identical to that
presented in section 3.4. From the right-hand side of equation (3.153) (again taking

the negative to emphasise the similarity to the finite element case) with s; given

by equation (3.6), define for each infinite element (in €2;)

4

I . N
A =3 {_W | wetyavasdues;
QrE

=1

1 A+ 2 ) M AJFMA)/
— = (S o)y + =g+ s ) [ s framgdr
¢ <((31(X1))2 )b 81(X1>qj s1(Xy) 7 ' [y 9 gydl'x

€ A 2p 200 + u)) /
- — +ou+ =L wy gy dD
—iw <<31(X1>>2 31<X1> rx *

1 ow;
+/QIE {31 Oy By 19195y 0 fj 8 gj Yojt + Wi fy a g] Vs }dQIE}

(i'=1,...,4), (3.156)

4

I . A~
A5 =3 {—zwp /Q wi [ 9 95 A2 Gy
/ 1E

j'=

1 1 R A+ R
i —+)\+3u>q-/+—p-/+ )\—l—u 7“'/)/ wi/fvgi/g-/dl“
¢ (((sl(Xl))2 Tos () S S

€ L A+ /
—w <<81(X1))2 SI(XI) ( /’L)) FXw g X

1 Owy
+/QIE {51 a fj gy g]”YGJ + wy f] (9 93’723 + wyr f] (9 93’743 }dQIE}

(i'=1,...,4), (3.157)

108



4

I : A
A;(ng) = Z {—WP/Q wyr f5:9ir g1 A Ty
IE

i'=1
Iz ) A+u /
A3 ) P+ A+ i 9 gy AT
<(<31<X1>>2 “)” axy b AT > i gegy Al

€ 1 A
—iw ((81()(1))2 s1(X1) ( ) 'y .

1 Owy R
+/ { fj 1gir g4 '75j + wyr f] a g] '743 + wy f] g]"YZij’}dQIE}
Qe T3

Qll =

$1 011

(i’ =1,...,4), (3.158)

where the X7 in the argument of the s; indicates that it is being evaluated on I'x
where 1 = X].
The integrals that must be evaluated are then given by equations (3.50)-(3.59)

with the exception of equation (3.57) which takes the slightly different form of

1 Ow;r X1 1 ow;r Ax Aw
/ O 90975 = Jim Ot e / / grgy DTERT8 4
Qre

S1 8x X1—00 Ly S1 8x1

AzyAxs < 77i’77j’> GirGj
s (B (g 30T
16 T3 T3
X1 /L\*/. 1
x lim —(—1> (ik——> dzy, (3.159)

X1—00 L1 S1 T T

in a similar manner to the integration in equation (3.57). Since the aim is to
perform an inverse Fourier transform in time later on, w (or iw) must be taken

outside the integral. So

therefore

1 w w? —iwpy(21) _ 1 —if (1) /w

si(z1) o) (W ifi(x)  ar(z) W2+ (Bu(21))?)  ealar) (14 (Bu(21))?/w?)
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Now assuming

then a Taylor series expansion (of order 1) can be used to give

51(1371) %041(11‘1) (1 - é&(m)) (1 - (511%))2)

__ 1 (1 _ gﬁl(;@l) - (ﬁli%)y + w%(ﬁl(m»?’)

(03] (271)

Then in equation (3.159)

X1 /LN /- 1 Xi1 o\ /i 1
[ (o [ (-2
L, S1 \T1 T L, S1 \7T1 T

= [ (1t e - Lo - Soe) — () an
J.

|

aq(zy)e \ x4
— /:1 (1 — %51(1'1) — %x;))? + wig(ﬁl(iﬁl))g) 041(3811)$1 (5_11)4(15"1
1

1 1
=T tiwly — —I — —I; — —1I
1 2 w 3 wg 4 w3 5

where
1 4
I} = lim (o) 1Y L (Lo (3.161)
X1—00 Ly c T Oél(l’l) I
| Li\*
I} = lim — (—1) day (3.162)
X1—00 L 041(331)6 T

I} = lim Xl((ﬁl(xl)y—ﬁl(xlg ! (ﬂydxl (3.163)

X1—00 L1 C T

I = lim ;I ((51(5_“»3 = (Blm));j ! <ﬂ)4dx1 (3.164)

X1—00 C el ozl(xl) T
N (Bi(x0))® (Lo
I} = lim UL (L) day (3.165)
X1—00 L C(1<£L‘1)$1 T
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and so from equation (3.159) we have

1 8'[1)7;/ Al’zAl‘g i C'/Cv
———fgy ,dQ _ e (1 v ) 1 Y
/QIE s 6x1 fj gi’ 9j 1E 16 + 3 + 3

1

x (If tiwly — —I3 — 1}~ E15) . (3.166)

Note that the I are just constants but it must be ensured that the limits exist. To
evaluate them, a choice for the dependency on x; of oy and 3; has to be made. This
will be discussed shortly. Now from equations (3.156)-(3.158) with integrals given
by equations (3.54)-(3.56), (3.58), (3.59) and (3.166), for each infinite element

4
. AI AI 1)1 g"C" L
n _ 20T3 i1 i'Gj 1A
Aw—Z{_W)T (175 )(”T) 3

=1
1 AZL'QAZE?) (1 4 772/77]/) <1 i Czlgj/)

16

X ([1 ‘I—ZOJ[Q — 513 — ELL — 515) ’ylj/

Ly Ax i Gjt R
+ o <1+< S )%jf

3 8 1% 3
Ly A AW ,
G DL S
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4
(I _ A"LIQA:E3 iy C’L,Cj/ Ll ~
A2i’_;{ v 16 <1+ 3 )<1+ 5 ) 3
jl=
AIQA.T;g iy QICJ;
16 (1 - 3 ) bt 3

X (]1 —|—2w]2 — 513 — E]ZL — EI‘B) Y64’

L A G R
+ 2t x?’Th" (1 +C 4 )72]"

3 8 3
Ly A i\ 4 .
B (M) 0] e o

* . * 4 * 1 * o 2

Ll A[E3 Ci’gj’ R
— 1)y 1 7
+ 3 g " ( + 3 )4

L A . 4
G Y B SSTR

As before, the assumption is made that the stress components at a local node

i’, given by 4, for n =1,...,6, are equal to the stress components at local node
J', given by 4, for n = 1,...,6, when nodes i’ and j’ belong to the same element.
Therefore

’AYm" - ’AYnj’ = wn i/aj/ € Qe
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where (). is either a finite or infinite element. Then 4, , the stress components
at a local node 7/, can be replaced by &n, the stress component for the element
under consideration. Now expanding the summations in equations (3.167)-(3.169)

as before and mass lumping for the velocity coefficieints yields, for each infinite

element
I ,0AI‘2A.T3L1 N Angxg « . « ) % 1 % 1 « ~
A:(LZI) :T<—pri/) + T [1 + ZCUIQ — 513 — ELL — 515 wl
Axzly - AxsLy -
+ X xg’ L + X2 xg L (i =1,...,4), (3.170)
I pAJIgASL’ng “ A.TQAI:; % . % 7 % ]. % 7 % ~
Aézl) :T(—Z(JJ%/) + a1 I7 +iwly — 513 — ELL — 515 Vg
Axszly ~ AxoLy »
O e (i =1,...,4), (3.171)
I pAIgAIng N A.TQA.T:; « . % 1 % 1 « 1 % ~
Aéz,) :T(—zwn/) t— I +iwly — 5[3 — ELL — 515 Vs
Axzlq - AxoLq ~
+ X2 3363 Lbs + X0 xg Ly (i =1,...,4). (3.172)

For the infinite elements, when taking inverse Fourier transforms in time, the
terms with w on the denominator in equations (3.170)-(3.172) will result in inte-
grals, which would rather be avoided. Therefore, a form must be found for the
stretching function s;, such that the integrals in equations (3.163)-(3.165) tend to
zero in the limit as X; — oo. In what follows it has been assumed that such a form
has been found in order to maintain as general a derivation as possible. However,
it would be wrong to blindly assume that this is possible so first an example is
presented where a particular form has been chosen for the stretching function in

order to show that these conditions can be satisfied.
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Generalising the form found in [147], a; and f; are taken to be of the form

ai(zy) =14 a(xy — L))" (3.173)

Bi(xy) =B (x1 — L))" (3.174)

where @ and 3 are independent of z; with a form to be determined and m,n
are constants. It is noted in [147] that this is a form that has been found to be
effective despite a lack of rigorous methodology. Given that the aim is to eliminate
integrals I3, Iy, IZ, which all contain higher powers of 5; on the numerator, with
3% the highest power, and a; on the denominator, it seems prudent to choose
m,n, such that m > 3n. Therefore the choice of m = 1,n = 1/4 is made.
With these parameters, with aq(x;) given by equation (3.175) and /1(x;) given
by equation (3.176), the integrals in equations (3.163)-(3.165) can be evaluated
in Mathematica [151] (before taking the limit as X; — o0). The results are

complicated, but for brevity, with terms ordered by magnitude,

/:1 % <%)4dx1 —5;6(?;13/4 o §IH<X1>,

[ G (52 g, v+ i
1 4 =

/: Efll((ﬂil))fc)f <%) day zfjlm "+%2’
1 4 = _

/:1 % <x_i)4dx1 —5)215/4 Tt §In<X1>,
Lfl Cill((mfl?ll)) (%)4d$1 Nﬁim +o Tt g In(Xy),

and the aim then is to have all but the last of these integrals to tend to zero in the
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limit as X; — oo for a given choice of & and . Examining the possibilities where
@ and f3 either tend to zero, infinity or a nonzero constant in the limit, it quickly
becomes clear that no choice can be made to retain the last integral without also
retaining the second to last. Therefore the decision is made to have the /3 term tend
to zero in the limit X; — oo, ensuring that only the parts of integrals I7,..., IZ,
involving oy alone remain, that is I; and part of I]. To achieve this the dimensions
of @ and  must first be considered. By definition, a; must be nondimensional
and (3, has dimensions [T!'], and therefore from equation (3.173), & ~ [L™™], and
from equation (3.174), 3 ~ [L~"T~']. It must also hold that 3 tends to zero, while

a tends to a finite constant as X; — oo. So, in order to satisfy these conditions

choose

N X
1
_ ¢

where & is some constant parameter that can be used to fine tune the PML.
With ay, 81, given as in equations (3.173) and (3.174), and @, 3, given as in
equations (3.175) and (3.176), and with m = 1, n = 1/4, the integrals I and I;

can be evaluated in Mathematica to give

12&* In (ﬁ) +12at In(Ly) — 250" + 48a° — 3642 + 164 — 3
12(@ — 1)5 ’
Ly (—116° + 66° In(@) + 1862 — 94 + 2)
6(a — 1)%¢ '

I = (3.177)

I = (3.178)

Inverse Fourier transforms in time can then be taken in order to proceed.
Returning now to the more general case (assuming a form has been found for

the stretching function such that I3, I}, I} tend to zero and I7, I; converge to a

115



non-zero constant as X; — oco) and taking inverse Fourier transforms of equations

(3.170)-(3.172) gives for each infinite element

n pAxsAxsly | AxsAzs , -
A= e T
Az, A AzsL AzyL
+ =SB Ly o = s+ X s (=1,
4 6 6
Ay =P e — =
AzsA AxzL AxzL
e i xglik?% + X;’z = Sty + X?/g&wzt (i"=1,...
4 6 6
and
pAxsAzsLy AzoAzs , -
AxyAx AxsL AxyL .
+—24 3];%05-1—)(;/2 g S + ?/2 g “1)y (i" =1,

3.5.2 The stress equations

4), (3.179)
J4), (3.180)
...4). (3.181)

Now the same treatment is applied to the stress equation (3.10). With the solution

expressed in terms of the basis function expansion in equations (3.24) and (3.25),

with the basis functions and test functions given by equations (3.26) and (3.27),

assuming as before that s = 1 in Qp and sy = s3 = 1 in Q;, from equations

116



(3.81)-(3.86)

N
Z {/ —z'wNiNj%deF
QF

j=1
—/Q {(A+2u)NiaN +ANaNq]+ANaN }dQF}

0 0z O3
N
A+2 0 9] 0 ;
= Z Iuwz f] = Y9i ]p] + )\wzfjgz Ji QJ + )\wzfjgz g] dQI
s 0xy
j=1 Qr 1 €3
—/ —iwwifjgigfyljdﬁl} (2 = 1, ce ,N), (3182)
Qr

N
Qp

j=1
- / ,\Ni%ﬁj + (A +2u)N;—2 alp g; + AN; — aN dQp
Qp Oy 0xo ' Ox 3

N
0 0 Jg; .
> { / { w; 8f 9i9iD; + (A + 2u)w¢fjgi i6: + Awifg: g; }dQI

Jj=1

- / —iwwifjgigj’ygjdﬁl} (Z = 1, ce ,N), (3183)
Qr

N
> { / —iwN; N s;dQp
Qp

Jj=1

ON; 8N ON;
— AN; AN, —= 20)N; —= Q
/QF{ alp]+ 0t + (A +2p) (9.7:3 }d F}

N
8 a ; 8 )
] {20t misi o s

Jj=1

- / —iwwifjgigj%jdﬁf} (2 = 1, ce ,N), (3]_84)
Qr
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N
— 2

7j=1

N dg. dg.
= Fgi i Foai 916 L0
2. {/QI {uw fig axzrj + pw; fig 8x3qJ} I

—/ —iwwifjgigj%deI} (i=1,...,N),
Q

N
j=1

N
po Of; 99 .
:E —Wi5—9ig;T; ifi9i5pj ¢ AN
j=1 {/QI {S1w 8.%19 947 + pw f]g 3x3p] I

—/ —iwwifjgigj%jdfll} (’l = 1, e ,N),
Qr

N
Z {/ —iniNj%deF —/
- Qp

ON; . ON
{/LNZ'—]C]J‘ + uN;—
Jj=1 0

81’1 89@

po Ofy ag; .
/Qz {_wia_xjgigj%’ + ,uwifjgia_x;pj} d€y;

1

—/ —iwwifjgigj%jdflj} (Z = ]_, c. 7N)
Qr

N N
Qp Qp 833 8

oJon)
T3

ON; ON;
QF Qp I

o
€3

(3.185)

(3.186)

o))
2

(3.187)

Then, given the choice of basis functions in equations (3.34)-(3.36) and test func-

tions in equations (3.37) and (3.38), the integrals that will have to be evaluated

are given by equations (3.50)-(3.59) with the exception of equation (3.57) which
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has the slightly different form of

1 0fy X1 9f Lot AzsAx
/ 8f 99y dp = 11m _wi’aidxl/ / gi'gj’#dﬁdC
Qg S x1

X1—00 L1 S1 4

:A:ci?:cg <1 " 771;;73' ) ( Cz Cj )

X1 1
x lim ( ) (———zk) dz;
X1—00 L1 S1

_AxQAiL'B 1150 C] C]
16 (H 3 ) L+ 3

X (16 —wly — 517 — EIB — EIB) (3.188)
where
X1 4
I; = lim R CVA S Sy EUR R (3.189)
X100 J1 T c ap(zy) \ o
X 2\ 1 (L\*
e [ (BB 1LY
X1—oo [ X c al(xl) T
X1 2 3 1 L 4
X1—00 L, T C 061(5(]1) T

and assuming as before that w > fi(x1). Then, from the right-hand side of
equation (3.182) (taking the negative once more to emphasise the similarity to the

finite element case), define for each infinite element

4
I AryAzy i1y Gir Gy
B =3 16 (H 3 > L4235 ) 3 i)

j'=1

AxsAxs nirMj Cz'/Cj'
(A +20) =22 (1+ 3> L2t

) |
(1 — Wl — —]* - Sli- ‘ I*) by
w

LAQ: i LASC A A .
_,\_1_377],( CCJ) _)\1 2@( 77;’]>rj/ (i"=1,....4).
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Again, in order to provide an explicit scheme, it is assumed that 4, = 4, = zﬂn

when 7', j' are nodes of the same element, and then expanding the summation in

g’ yields

By) = — iw% by
CES B (Ig RS %g) by + o + o + 1)
_ %(@5 — G+ G2 — da)
_ %(@, — Py + 4 — ), (3.192)
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and similarly from equations (3.183)-(3.187)

AxoAxsly -

Bg[) - w T2 3$3 1¢

_ )\AZL’QAJJ;;
4

AN+ 2u)Axs Ly . R R .
—( 1Ay 1(Q3—CI1+Q2—Q4)

2

6
Az L )
_ 62 1(f3—f1+f4—r2), (3.193)
AzsAxsly ~
B§I)=—iw L2 3$3 1 s
)\AZL’QAJJ;; % . % 1 % 1 % ? * ~ ~ ~ A
MzsLy . R R R
- 63 1(CIE;—C]1+<]2—C]4)
A+ 2u)Axo Ly, . R . .
( M6) 20 (5 Py — ), (3.194)
AzsAxsly ~
Bil)z—iw%lm
AxsLy . R R ) Axolq | R . .
it 1(7’3—7”1—1-7"2—7’4)—“ 62 1(Q3_QI+Q4_C]2)7 (3.195)
AzsAxsly ~
BE()I):_W T2 3$3 1¢5
uAroAxs (0 4 1 @ N\, . .
AxoLy | R R .
e 62 1(]93—]91 + Py — P2), (3.196)
AzoAxsly ~
Bél):—iw%@/}(;
pAzsAzy (0 o i, 1o N
AxsLy | R R .
_H 63 L(Ps — pr + Po — Pa). (3.197)

For the infinite elements, before taking inverse Fourier transforms in time, as
before, a form must be chosen for the stretching function such that 17, I tend
to zero and I} converges to a non-zero constant as X; — oco. As before, an

example problem is presented, taking «;(z1) and £;(z1) to be given by equations
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(3.173) and (3.174), with @ and 3 given by equations (3.175) and (3.176), and with
m = 1,n = 1/4, in order to show that this goal can be achieved. Since [} ~ I,
7~ I35 and I§ ~ I}, in the limit X; — oo we have I7 — 0, — 0 and

128 1n (%) +12a" In(Ly) — 25a* + 483° — 364° + 16a — 3

L=1I = _ . (3.198
6= 12(a — 1) ( )

Now, once again returning to the more general case where it is assumed that
a form has been found for the stretching function such that I, I3 tend to zero

and I;, I converge as X; — oo, by taking inverse Fourier transforms in time of
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equations (3.192)-(3.197), for each infinite element,

By) :szAngL1 oy — (A + 2#)4A352A$3 B (91 + P + Ps + Pa)

BGhs QM)AIACEQA% I5(p1+pa +ps +pa) — AA?LI (g3 — @1+ q2 — qa)

- /\Aséng (rs — 1y + 74— 12), (3.199)
B :MZAS%Ll y — AAJZM?’ I3 (pr + P2 + B3 + pa)

_ —AAOZA“ I5(p1 + pa +p3 +pa) — Gk QIQA%M (63— a1+ — )

- AAaéle (rs — 1y + 74 — 19), (3.200)
B;" zszASx?’Ll iy — AA:ZA% I3 (1 + Pa + Ps + pa)

— %Ié‘(pl + P2+ ps+pa) — AAgng (53— 1+ @2 — qu)

O+ 2u6)A:v2L1 (rs — 11+ 74 — 1), (3.201)
B :A@A;?)Ll by — “A?Ll (rs — 11+ 79 —14) — MA?LI (3 — @1 + 1 — @),

(3.202)

By BT HATRT ey g iy )

- %Iéj‘(n +rodry+rs) — MA?Ll (ps —p1+ps—p2), (3.203)
Béz) :A$2A3$3L1 s — MA$2A$3 3(dh + do + 5 + da)

- %I(’s‘(% + g+ g3+ qa) — MAszl (ps —p1+p2 —pa).  (3.204)

As before, for the infinite elements, both velocity and stress time derivatives
appear so closer inspection of the system is required in order to find an explicit
form. It must also be remembered that since the velocity equations will be re-
combined at a global level, whatever manipulations are performed on the finite
element equations must also be performed on the infinite element equations and

vice versa. The system of equations (3.179)-(3.181) and (3.199)-(3.204) can be
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written in matrix form as follows,

(3.205)

= M,p

Msp

where

(3.206)

Y

I 1
000Onw.ﬂw“ﬂﬁwnwoooOOOOOOD1

00000000@.@@@0000&0
coococococoocococoococoodoo
coocococococococococoocofooco
0000000000000D10000
@@@@OOOOOOOODlOOOOO
OOOOOOOOOOOQOOOODA,O
OOOOOOOOOOQOOOOODA,O
OOOOOOOOOGLOOOOOODA,O
OOOOOOOOQOOOOOOODA,O
OOOOOOOQOOOOOOOOOD4
OOOOOOQOOOOOOOOOOD4
000000100000000000D4
OODOQOO0OUOOOOOOOD4

000@00000000D2D3D3000

00&000000000D2D3D3000
0&0000000000D2D3D3000

— N M M
L 1

I
=

with

C, =

pAﬁCQAngLl
12

*,

<

o

&

4 .
e g K
~ - Ay =
ol T Ay I
3.3 & 4
Y5l 5|7
A_Ao_dﬂA\\A

&

4 |

1
3

Cy
D
Dy = —
D

)

Az Axs 7
4

Dy=—
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and where

-0 0 0 0 0 0 0 0 0 0 0 0 E, 0 0 0 E E A
O 0 0 0 0 0 00 0 0 0 0 E 0 0 0 E; —Es
O 0 0 0 0 0 0 0 0 0 0 0 E 0 0 0 —F—F
O 0 0 0 0 0 00 0 0 0 0 E 0 0 0 —E5 Es
O 0 0 0 0 0 00 0 00 0 0 Ex 0 Ey 0 &
O 0 0 0 0 0 0 0 0 0 0 0 0-E 0 E 0 E
O 0 0 0 0 0 0 0 0 0 0 0 0B 0 —Fs 0 E
O 0 0 0 0 0 0 0 0 0 0 0 0 B 0 —Ey 0 E
M O 00 0 0 000 0 0 0 0 0 0 Ey Es Ei 0
4= 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Es —Es Ex 0 |
O 0 0 0 0 0 0 0 0 0 0 0 0 0 —Hs—FEy Er 0
O 0 0 0 0 0 00 0 0 0 0 0 0 —Fs Ey Er 0
FL P\ P\ Fy —Fy F Fo —Fo —Fs —Fs Fs F5, 0 0 0 0 0 0
Fi Fy Fy Fy —Fs Fs Fo —Fs —Fs —Fy Fs F5, 0 0 0 0 0 0
Fy Fy Fy Fy —Fy By Fy —Fy —Fs —Fs Fs Fs 0 0 0 0 0 0
0 0 0 0 —Fo—-FF Fr —Fs Fsx Fa—Fs 0 0 0 0 0 0
—F; —F; F; F; O 0 0 O F9g F9g Fg F9 0 O 0 0 0 0
L “Fy Fs Fs —Fx Fo Fo Fo Fo O 0 0 0 0 0 0 0 0 0 J
(3.207)
T _
P = |p1 P2 D3 Pa @1 G2 G3 qu T T2 T3 T4 Y1 Yo Y3 Yy Y5 gl
(3.208)
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with

A[L‘QAZL’:J, «
By =— ===
E2 :ALU?)Ll’
6
A
E3 = :EQLla
6
A+ 2p)AxsAxg
Fl :( ILL>4 2 3’[67
F2 :)\Angl’
6
ANz, L
F3 = -2 17
6
)\A%QALC;), %
B=—0
5 6 )
6 6 )
jo3 :MA$2L17
6
A
P _H 933L1,
6
P :qugAarg I
4

In order to provide an explicit scheme, matrix M3 must be diagonalised. To do
so, the entries must first be nondimensionalised. The first equation of the system

(3.205) will be considered, with rows two to twelve following similarly. So

Cyp1 + Cothy = Frapy + Egtbs + Estds, (3.209)

then taking the same scalings as before
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so that

8p1_6~/ 81/11‘_#‘“,
E = Tpl’ or Twiu (3-211)

where ' denotes 9/0t. Also, from equation (3.162), substituting #; = x1/L, so that
dZy/dxy = 1/L4, that is, dzy = L1dZ;, and for the limits when z; = Ly, = 1
and when =y = X, 7, = X;/L4, so that

1 Xi/li g 1\*
I; = - lim — (7) Lydiy

C X1—o00 Jq 041<L1i'1) 1
L, Xi/lr 1\*

= — lim —— | — ) dz;.
C Xi—oo Jq ar(L1z1) \ &4

By definition «; is nondimensional therefore I = LI}/ and
I~ [LTL™ Y =[T].

Similarly, from equation (3.161), using the substitution Z; = x1/L; as before,

Xa/L L7 1 1 1\*
Iik = lim <51( 711’1) ) (—) leff'l.
1 v (

X1—00 C Llfl Llfl) 531

By definition 3; has dimension [T~!] therefore

. [T\TL
=[]

that is to say /7 is nondimensional. Then

c _ - - - -
Cr ) + Cafgthy = Bujuthy + Bapl + Eojuls (3.212)
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Now the coefficients have dimensions

¢ pAnArsLie  [MLBLPLT'] L
ST =T N{ T = [MLT,

no_ AzoAxslip LPTML™'T?] L
Cor = AT { T = [MLT™],
By = — % ~ [DPMLT'T?) = [MLT?],
Fopt :Aw?’;’l“ ~ [DPMLT'T2] = [MLT ],

Byp === ~ [[PML7'T7) = [MLT ]

Then for diagonalisation

c 1
’CIT’ > |G|
that is,
. pLhic
I . 3.213
;< (3213)

So equation (3.212) becomes

¢ _ - - -
Cy TP& = Eypupr + Eypps + Espaps,

and redimensionalising gives

Cipr = Evpr + Extpg + Esibs,

which is just equation (3.209) without the ¥, term but the nondimensionalisation
provided the condition on I given in equation (3.213).

The thirteenth row of the system (3.205) will now be considered, with rows

128



fourteen to eighteen following similarly. From row thirteen,
Dy (p1 + P2 + D3 +pa) + Dy, = My 13 - P,
and nondimensionalising as before gives

Cc ,_ _ ~ ~ n o~ ~
Dy (P, + 5 +p5 +7y) + let//l = My13 - D

For diagonalisation, it is required that

o) c
D] > Do),
‘ 17| > |2

that is,

4Ly p

I —_—
2 < 3¢\ + p)

(3.214)

Then using Euler’s method, from equation (3.179) with consideration to the diag-

onalisation just performed, an explicit form can be given by

(t+1) (t)

Py — Dy , ,
A(lif) :CIT — By + X;/2E2¢6 + X?/2E3¢5,

and similarly for the other velocity components,

(t+1) (t)

Ag') :Cl% — B + X§r72E2¢2 + X?,’2E3¢4,

and

(1) (0)
A L A

5 — Eybs + X0 Eathy + X0 Est)s.
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The stress equations can also now be formulated, with respect to the diagonal-

isation, from equations (3.199)-(3.204), using Euler’s method to give

o §t+1) B wﬁt)
B —p A"
1 ! St

—Fi(pr+p2+ps+p1) — Foles— g1+ g — qu) — F5(rs — 1+ 14 — 12),
(3.218)

and similarly for the other stress components we have

t+1) @)
B0 _p ¥ =¥
2 ! 5t

— Fy(pr +p2+ps+ps) — Fs(gs — 1+ g2 — qu) — Fs(rs —ry + 14 — 12),

(3.219)
(t+1) (t)
g _p¥  ~ V3
3 ! St
— Fy(p1+p2+ps+p1) — Folgs — 1 + G2 — qu) — Fo(rs — 1 + 14 — 12),
(3.220)
" it+1) _ ¢it)
By =D, 50 —Is(rs—ri+ro—m) = Frlgs— g +qa—q2),  (3.221)
o (t+1) w(t)
By’ =D, 2 5 S — Fy(ri+ro+r3+714) — Fr(ps —p1 +pa—p2),  (3.222)
and
" étJrl) _ wét)
By’ =D 5 — Fo(q1 + g2+ g3 + q1) — Fs(ps — p1 +p2 — pa).  (3.223)

3.5.3 The final solution

The stress equations can be calculated on an element by element basis, therefore,

for each finite element, the stress components are given by equations (3.137)-
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(3.142), while for each infinite element, from equations (3.224)-(3.229),

3(A+2u)I§
¢§t+1) (t) + 0t (w(pl + p2 + p3 +p4)

4L,
L ( N )+ A ( n ) (3.224)
_ - T3 —T1+Ty—T :
WAy BTN T R AT TR )
SAIE
YD = 2§’5)+5t(4L (p1 + P2 + s + pa)
A2
+ 2Ax5(Q3—Q1+Q2—Q4)+2Ax3(7’3—7"1+7"4_7“2))> (3.225)
SALE
WS =l 4 5 % (p1+ p2 + ps + pa)
4L,
2\ A+2
+2Ax2 (@3 —q1+q2—q4) + 2Ax?,)u (rs —ri+rs— T2)) ’ (3.226)
¢£t+1): z(f)—i—& (QAM 2( 3—7"1+7“2—T4)+T(Q3—Q1+Q4—Q2))7 (3.227)
i
P = (”+&(4M(m+wT+m+m@+§Z—( m+ﬁm—m07(3m@

and

3l
(Q1 +@+q+aq)+

Dyl 4 5t

§£Eﬁm—m+pm—m0-(3m%

Now for the velocity equations, for each finite element, for example from equa-

tion (3.75),
Agi) :M%/ 4 X?/,Q Al’QAl’?, wl + Xil,’z AZL‘lAﬁL‘gw n X? 4A;p1A$2 ¢57
which leads to an explicit form (using Euler’s method) of
A _ Az Az Az p; (t+1) pgf)
1z 8 5t
Az Ax AxriAx Az Az
+ X?”Q%wl + sz —14 3% + X2’4_14_2 Vs,
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while for each infinite element, for example from equation (3.215),

pAzrsAxsLi pg,tﬂ) — pg)
Ay =
12 ot
AxoAxsIz\ AxsL AxoL
R R iy ot (R ey

Now recombining the elements in order to calculate the velocities at a global level

gives

)prlAacha:g pgfﬂ) — pgf)

b
" 8 ot
+ 0 pAzyAxsLy pitt —pit
" 12 ot
bS’LF) b§f>

— ZF(F) +ZF(1)
k=1 =1

where b is the number of finite elements that share global node n as a vertex,
b is the number of infinite elements that share global node n as a vertex, F) ig
the combination of stress terms used in Agz;) when global node n is local node ¢’
in a finite element, and FY) is the combination of stress terms used in Ag,) when

global node n is local node 7’ in an infinite element. So

Az Azrs Az pAxsAxrsly
p(F)PELIOLIALS | () PAL2AL3LL ) | (141)
( n 8 +on 12 Pn
_ (o pAxiAroAxs ) pAxoAzrsly p(t)
bglF> b»ElI)
ot | Y FO 4N F0)
k=1 =1
and letting
pAriAroAxs

W _ i PAT2ATs Ly

WE) = pF)
" 12

3.230
=) (3230)
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then

o) oD
P =0+ v wE W +W ZF + ZFU) ) (3.231)

and in the same way, for the other components of velocity

() D
5t n n
() _gt 4 Ot (F) (1)
A TGN PIFARES YR (3.232)
k
5t o ik
) ) O (F) (1)
k

3.6 Implementation

The new combined perfectly matching layer and infinite element formulation for
the elastodynamic wave equation was implemented in Fortran for the test problem
of a semi-infinite rectangular wave guide. A simple pseudocode is presented here.
BEGIN
Define number of nodes in each direction
Initialise variables
Set material properties
Set infinite element wavespeed parameter given by ¢
if constant stretching then
set stretching parameters a and
if a violates conditions (3.123) or (3.124) then
STOP
end if

else if spatially dependent stretching then
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set stretching parameter &
if 15 given by equation (3.178) violates conditions (3.214) or (3.213) then
STOP
end if
end if
Initialise velocities, nodal weightings and stresses at all nodes
Define the mass of a finite element as in equation (3.149)
if constant stretching then
Define the mass of an infinite element as in equation (3.149)
else if spatially dependent stretching then
Define the mass of an infinite element as in equation (3.230)
end if
for K=1,...,N3—1do
> where N3 is the number of nodes in the z3 direction
for J=1,...,N2—-1do
> where N2 is the number of nodes in the x, direction
for /=1,...,N1—-1do
> where N1 is the number of nodes in the z; direction
Assign weights to all the nodes of the finite elements using the local
coordinate index as shown in figures 3.2-3.4
end for
Assign weights to all the nodes of the infinite elements using the local
coordinate index as shown in figures 3.5 and 3.6
end for
end for

for timesteps from 1 to 1400 do
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Increase the time by ot
for I=1,... NNOD do
> where NNOD is the total number of nodes in the waveguide
if constant stretching then
Update velocities at node I using equations (3.150)-(3.152)
else if spatially dependent stretching then
Update velocities at node I using equations (3.231)-(3.233)
end if
for I=1,... NNOD do
Set stresses to zero
end for
end for
Apply an initial sinusoidal wave in the x; direction only for the first 35
timesteps
for K=1,...,N3—1do
for J=1,...,N2—1do
for /=2,...,N1do
Set elastic constants to be equal throughout the nodes
> this allows scope for heterogeneous materials
end for
Convert global node numbering to a local node index for the finite
elements
for I=1,..., N1—-1do
Calculate stresses on finite elements using equations (3.137)-(3.142)
end for

Convert global node numbering to a local node index for the infinite
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elements
if constant stretching then
Calculate stresses on infinite elements using equations (3.143)-
(3.147)
else if spatially dependent stretching then
Calculate stresses on infinite elements using equations (3.224)-
(3.228)
end if
end for
end for
Find a strand in the middle of the waveguide and find the maximum velocity
in the z; direction and the position at which this occurs on the strand
Find the reflection coefficient at a specified node in the middle of the waveg-
uide and write to a file
end for

Find the runtime and write this to a file

END

3.7 Results

Having derived PML+IE formulations with constant stretching and spatially de-
pendent stretching, each case was implemented in an explicit finite element code
using Fortran. A comparison was then made between the PML+IE formulation
and the FE only implementation (without an inifinite boundary in the z; direction)
using a reflection coefficient measure. The reflection coefficient, p,.y;, is defined

as the ratio of the reflected wave to the incident wave, measured at a node in the
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centre of the waveguide. It is given by

Prefi = O (3234)
p

where, for a node in the middle of the waveguide at position z* = (aAxy, bAxs, bAxs),

then

1 — ¢
Prmaw =, X Ip(t)],
P, = max [p(t)],

tE[tr—b0tn,tr+0ty]

where t; is the number of timesteps taken for the incident wave to first reach this
node and ¢, is the number of timesteps taken for the reflected wave to return
to this node. The p,,.. values are calculated over a window in time of size 20t
centred at time ¢;/, to ensure that the arrival time of the maximum amplitude of
the wavefront is accurately captured.

The reflection coefficient is used to find values of the stretching function pa-
rameters that maximise the reduction in the reflected wave. In the example below
a steel waveguide that has n, = 5 nodes in width, ny = 5 nodes in height and
n1 = 201 nodes in length (see Figure 3.2) is used, where the nodes are equally
spaced (that is Ax; = Axy = Axz = 1 x 107°m). Each simulation was run for
1400 timesteps where the timestep was given by 0t = 0.6Az1/c,, and a = 99,
b=3,t; = 99Ax,/(Stcg) and t, = (2(ny — 1) — 99)Az, /(Stcg) where cx = /E/p,

with E denoting Young’s modulus.
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3.7.1 Constant Stretching

In the case of constant stretching in the PML function, there are two parameters to
optimise, namely « and ( from equation (3.6). Figure 3.8 shows the first velocity
component (p) along a horizontal line in the centre of the waveguide at a fixed point
in time. This time is chosen as the point immediately after reflection from the end
of the waveguide for both the FE only formulation and the PML-+IE formulation
with constant stretching with o = 1.0001 and 8 = 10. It can be seen that the
reflected wave has a greater amplitude for the FE only case (around 1) than for
the PML+IE case (close to 0.55), demonstrating that the PML4IE formulation is
successful in reducing the reflection from the boundary. The oscillations apparent

in this figure are artefacts of the coarseness of the mesh used.

Nodal Velocities in x4 direction

20 40 60 80 100 120 140 160 180 200
Node position in x4 direction (Ax4)

Figure 3.8: Plot of the amplitude of p, the velocity in the z; direction at a fixed
point in time, for a horizontal line of nodes in the middle of a n; = 201 node long
waveguide (with ny = ng = 5) and with the parameters in equation (3.6) given by
a = 1.0001 and 8 = 10. The plot shows the time immediately after the wave has
reached the end of the waveguide and is reflected back into it.

The effect of the stretching function parameter « is assessed in Figure 3.9. Since

o appears in the infinite element weighting W) in equation (3.149), it is assumed
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Effect of a on Reflection Coefficient

0.80 -

075l — PML+IE

Prefi
T
m
o
=2
<
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Figure 3.9: The effect of the stretching function parameter « in equation (3.6)
on the reflection coefficient calculated via equation (3.234) for both the FE only
formulation (dashed line) and the PML+IE formulation (full line) with constant
stretching for a steel waveguide, n; = 201 nodes in length, with the stretching
function parameter 5 = 10.

that it should be of the order Ax;/L; so that WO is similar to W&, However,
from the condition in equation (3.124) and given that the material parameters of
the test waveguide are those of steel, @ > 1 must hold. Therefore small values close
to unity are tested and Figure 3.9 shows that the reflection coefficient increases as
« increases so the best choice for the stretching function parameter « is given by
a value close to 1 and so a = 1.0001 is chosen.

The effect of the other stretching function parameter [ is assessed in Figure
3.10. Since 8 appears in the velocity update in equations (3.150)-(3.152), it is
assumed that the coefficient of p,(f), qgt), and r,(f), should be between 0 and 1.
From Figure 3.10, it is clear that smaller values of 3 produce the lowest reflection
coefficients and so 8 = 10 is chosen.

Taking the stretching parameters to be « = 1.0001 and § = 10, Figure 3.11

shows that for both the FE only formulation and the PML+IE formulation, the
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Figure 3.10: The effect of the stretching function parameter S (from equation
(3.6)) on the reflection coefficient (p,e; given by equation (3.234)) for both the
FE only formulation and the PML~+IE formulation with constant stretching for a
steel waveguide, n; = 201 nodes in length, with the stretching function parameter
a = 1.0001.
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Effect of Waveguide Length on Reflection Coefficient
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1: The effect of the length of the waveguide on the reflection coefficient

(pres1 given by equation (3.234)) for both the FE only implementation and the
PML+IE implementation with constant stretching for a steel waveguide with the

stretching

function parameters in equation (3.6) given by o = 1.0001 and 5 = 10.
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greater the length of the waveguide, the smaller the reflection coefficient as is

expected. Figure 3.12 shows that the time taken to run the simulations increases

Effect of Waveguide Length on Runtime

55/

CPU time (s)

>
=)
—

35

3.0[

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
201 211 221 231 241 251 261 271 281 291 301 311 321 331 341 351 361 371 381 391 401
No. of nodes in x4 direction (n4)

Figure 3.12: The effect of the length of the waveguide on the runtime for both the
FE only implementation and the PML+IE implementation with constant stretch-
ing for a steel waveguide with the stretching function parameters in equation (3.6)
given by a = 1.0001 and g = 10.

with the length of the waveguide, again as expected, but importantly showing
that there is little to no difference in runtime between the FE only formulation
and the PML+IE formulation. It also shows that the runtime scales linearly with
the length of the waveguide as expected.

Looking at Figures 3.11 and 3.12 together, it can be seen that the PML+IE
formulation can produce a reflection coefficient equal to that of the FE only for-
mulation by using less than half the number of nodes (memory) and taking around

the half the time to run the simulation.

3.7.2 Spatially Dependent Stretching

In the case of nonconstant stretching in the PML stretching function, in order to

proceed with the formulation, a choice was made for the form of the stretching
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function in equations (3.173) and (3.174), with equations (3.175) and (3.176), and
with m = 1 and n = 1/4. Therefore there is only one degree of freedom in the
parameters to explore, namely &. Figure 3.13 shows the first velocity component
(p) along a horizontal line in the centre of the waveguide at a fixed point in time.
This time is chosen as the point immediately after reflection from the end of the
waveguide for both the FE only formulation and the PML+IE formulation with
spatially dependent stretching with @ = 2. It can be seen that the reflected wave
has a greater amplitude for the FE only case (around 1) than for the PML-+IE
case (close to 0.55), demonstrating that the PML+IE formulation is successful in

reducing the reflection from the boundary.

Nodal Velocities in x4 direction

-1.0 L L L L I | | | I ]
0 20 40 60 80 100 120 140 160 180 200

Node position in x4 direction (Ax4)

Figure 3.13: Plot of the amplitude of p, the velocity in the x; direction at a fixed
point in time, for a horizontal line of nodes in the middle of a n; = 201 node long
waveguide (with ny = ng = 5) with @ = 2, m = 1 and n = 1/4. The plot shows
the time immediately after the wave has reached the end of the waveguide and is
reflected back into it.

The effect of the stretching function parameter & on the reflection coefficient
is assessed in Figures 3.14 and 3.15. Since a appears in the expressions given

by equations (3.177) and (3.178) it can be seen immediately that there will be a
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singularity where @ = 1. Away from this value, these expression are small and
have little impact on the system. Therefore values close to this singularity are
explored for &, with values approaching one from the negative side (17) shown
in Figure 3.14 and values approaching one from the positive side (17) shown in
Figure 3.15. The values shown examine the behaviour of the reflection coefficient
when & is as close to unity as possible without breaching the conditions given by
equations (3.214) and (3.213). It can be seen from both figures that values close
to one in fact produce larger reflection coefficients (for the case with m = 1 and

n=1/4) so @ = 2 is chosen.

Effect of 5{ on Reflection Coefficient
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Figure 3.14: The effect of the stretching function parameter &, given in equation
(3.175), on the reflection coefficient for both the FE only formulation and the
PML+IE formulation with spatially dependent stretching for a steel waveguide
of n; = 201 nodes in length, with m = 1 and n = 1/4 in equations (3.175) and
(3.176).

With this value for &, Figure 3.16 shows that for both the FE only formulation
and the PML+IE formulation, the greater the length of the waveguide, the smaller
the reflection coefficient as is expected. Figure 3.17 shows that the time taken to

run the simulations increases with the length of the waveguide, again as expected,
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Effect of C=l on Reflection Coefficient
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Figure 3.15: The effect of the stretching function parameter &, given in equation
(3.175), on the reflection coefficient for both the FE only formulation and the
PMLA+IE formulation with spatially dependent stretching for a steel waveguide of
201 nodes in length, with m =1 and n = 1/4.
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Figure 3.16: The effect of the length of the waveguide on the reflection coeffi-
cient for both the FE only implementation and the PML+IE implementation with
spatially dependent stretching for a steel waveguide with the stretching function
parameter in equation (3.175) given by @ = 2, with m =1 and n = 1/4.

while showing there is little to no difference in runtime between the FE only

formulation and the PML4IE formulation.
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Effect of Waveguide Length on Runtime
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Figure 3.17: The effect of the length of the waveguide on the runtime for both
the FE only implementation and the PML+IE implementation with spatially de-
pendent stretching for a steel waveguide with the stretching function parameter in
equation (3.175) given by @ = 2, with m =1 and n = 1/4.

Looking at Figures 3.16 and 3.17 together, it can be seen that the PML+IE
formulation can produce a reflection coefficient equal to that of the FE only for-
mulation by using less than half the number of nodes and taking around the half
the time to run the simulation.

In both the constant stretching case and the spatially dependent stretching
case, the reflection coefficient could not be improved beyond p,.s; = 0.645 for the
examples shown. In terms of CPU time, both cases exhibited very similar results,
with a runtime of around 2.8s for a waveguide with n; = 201 nodes, increasing

linearly to around 6.25s in the constant stretching case and 5.75s in the spatially

dependent stretching case for a waveguide with n; = 401 nodes.
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3.8 Conclusion

An Infinite Element has been successfully combined with a Perfectly Matching
Layer to produce a new boundary condition for unbounded wave problems in the
time domain. Through the example problem of a semi-infinite elastic waveguide
that is locally isotropic, a formulation has been devised for an explicit finite element
approach using the new PML+IE combination. Two cases have been considered:
the first where the PML stretching function has constant coefficients, and the
second where a spatial dependency is retained. Both cases have been implemented
in an explicit FE code and a comparison made to the FE only approach. By using
a reflection coefficient as a measure of accuracy, it has been found that in both the
case with constant stretching and the case with spatially dependent stretching, the
new combined PML~+IE is successful in improving accuracy, reducing the reflection
coefficient by up to 20%. It has been shown that using finite elements only would
take double the memory and twice the CPU time to run to achieve the same
reflection coefficient as this new PML+IE formulation.

While it would be useful to make comparisons between the PML~+IE formula-
tion and IE only or PML only formulations, it is not possible to simply switch off
one of these components in this formulation. In the case of the infinite element,
this is embedded in the formulation through the form of the test function w; in
equation (3.38), permeating the entire derivation. In the case of the PML, setting
the parameters a = 1, § = 0 in equation (3.6) would eliminate stretching, however
this would cause a singularity where o appears in a denominator, as in equations

(3.143)-(3.148).
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Chapter 4

Conclusions

4.1 Introduction

Infinte domains arise in a variety of real world situations, but when modelling these
domains, numerical methods are restricted by memory and processor limitations.
A number of boundary conditions exist to handle these unbounded domains, but
each has its own strengths and weaknesses. The focus of this thesis has been to
develop a new perfectly matching layer and infinite element combination for use in
unbounded wave problems, for both the frequency domain and the time domain,
in order to improve existing finite element techniques for modelling ultrasound
devices and systems. The combination of a coordinate stretching transformation
for the PML, and infinite element basis functions in the variational formulation
achieved this new method for the acoustic wave equation and the elastic wave
equation. A framework for assessing the impact of the stretching function choice
was also presented through comparison with the exact solution in the frequency
domain case, and with a reflection coefficient in the time domain case.

For the acoustic wave equation in the frequency domain, the problem of a

147



vibrating sphere was considered. The existence of an exact solution provided a
measure with which to assess the accuracy of the new PML4IE method. The
acoustic response was used to derive the inertia and resistance which were then
used as a measure of accuracy. A variational formulation was used to introduce
the infinite elements through test functions, while a complex coordinate stretching
enabled the perfectly matching layer to be introduced in this derivation for the
first time. Three types of infinite element were then considered in turn: the un-
conjugated Burnett element, the conjugated Burnett element and the Astley-Leis
element. The infinite element only formulation was then shown to be a particular
case of the PML+IE formulation, achieved by choosing z = r for the stretching
function. The difference between the PML+IE formulation and the exact solu-
tion was introduced as an error measure for both the inertia and resistance, and
integrated over a range of wavelengths for a number of acoustic modes. A set
of stretching function parameters was then assessed to demonstrate that greater
accuracy can be achieved using the new PML+IE method than by using the IE
only method.

In the case of the elastodynamic wave equation, a three dimensional, heteroge-
neous volume was constructed with a new PML+IE formulation at its boundary.
The special case of a semi-infinite, locally isotropic, homogeneous waveguide was
then examined to allow an empirical comparison of the proposed method to the
infinite element only approach. To do so, Fourier transforms of the elastodynamic
wave equation were taken in time to introduce the complex coordinate stretching
function. The variational formulation was then followed as before, introducing the
infinite elements through test functions in the exterior domain, while the interior
was modelled by traditional hexahedral finite elements. The case with a constant

PML stretching function in all three directions was considered first, then the case
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with stretching in only one direction with a spatial dependency. Mass lumping and
diagonalisation were then necessary to allow an explicit scheme to be implemented.
A reflection coefficient was introduced to compare the new PML~+IE method with
the FE only implementation and to find parameter values for the PML stretching

function that could maximise the reduction in the reflected wave.

4.2 Results

The use of a combined perfectly matching layer and infinite element formulation
for the acoustic wave equation was assessed via the exact solution of the acoustic
response of a breathing sphere, in particular the inertia and resistance in Chapter
2. By introducing the difference between the exact solution and the PML+IE
formulation as an error measure, the proposed combination was shown to have an
improvement upon the infinite element only formulation over a range of acoustic
modes for large wavelengths. In section 2.5, the error was plotted as a function of
the perfectly matching layer stretching function parameters for a range of values,
in turn, for the unconjugated Burnett element, the conjugated Burnett element
and the Astley-Leis element. For all three types of infinite element, a range of
values for the stretching function parameters was found to exist. This demon-
strated that the proposed new combined method could result in an improvement
in accuracy. Solution plots for the exact solution, the infinite element only solution
and the PML+IE solution were also generated for each type of infinite element
using the parameter values obtained, with plots produced for a number of acoustic
modes. From the values found for the overall error function Q(a*, 5*) given by
equation (2.45), it is possible to quantify the improvement in accuracy by noting

that Q(a*, %)+ E,, is the difference between the PML+IE solution and the exact
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solution, while F, , is the difference between the IE only solution and the exact
solution. Therefore (Q(a*, 5*) + E,.)/E,,, gives a measure of the improvement
using each type of infinite element in the PML+IE formulations. Using this mea-
sure, the unconjugated Burnett element results in an improvement in accuracy
of around 90%, the conjugated Burnett element results in an improved accuracy
of around 91%, and the Astley-Leis element results in an increase in accuracy of
around 88%.

In Chapter 3, this new PML+IE formulation was shown to be possible for
the time dependent elastic wave equation. A case with constant stretching in
the perfectly matching layer and another with spatially dependent stretching were
considered. Both cases were implemented in an explicit finite element code and
compared to the FE only approach using a reflection coefficient. In the case
with constant stretching, there were two parameters to optimise in the perfectly
matching layer coordinate stretching function. Plots were created of the velocity
in the z; direction (the infinite direction of the waveguide) at a fixed point in
time for a horizontal line of nodes in the centre of the waveguide. The plots
showed the timestep immediately after the wave reached the end of the waveguide
and was reflected back into it. The effect of the stretching parameters on the
reflection coefficient were then plotted to find optimal parameters. The effect
of the length of the waveguide on the reflection coefficient and on the running
time of the simulation were also plotted. The same process was followed for the
case with spatially dependent stretching in the z; direction, but with only one
parameter to be optimised. In both cases, the new formulation was found to be
successful in improving accuracy, reducing the reflection by up to 20%. Using
the PML+IE formulations had very little difference in runtime to using FE only,

meaning implementation would not encumber processing. It was also found that
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a reflection coefficient equal that of the FE only case could be found with the
PML+IE formulations, using less than half the number of nodes and taking around

half the time to run.

4.3 Future Work

While the possibility of combining perfectly matching layers and infinite elements
was demonstrated, the benefits of this method were unable to be fully explored.
There are a number of avenues of exploration available to advance this work fur-

ther, including:

1. Optimisation of the form of the perfectly matching layer stretching func-
tion. The form taken in the frequency domain problem was informed by the
outcome of the time domain problem, but this is not necessarily the best
choice. Further exploration of the coordinate transformation could lead to
significant improvement in performance, both in terms of accuracy and in

terms of efficiency.

2. Comparison of PML+IE and other boundary methods within an explicit time
domain implementation. As there was no simple method of implementing
the PML only or IE only formulations in the time domain, the reflection
coefficient measure was used to give an indication of accuracy, however a
comparison to current techniques would help to benchmark any improvement

that may be gained using the new PML+IE formulation.

3. Other boundary conditions. In the elastodynamic case, all boundaries except
the infinite facing surface had stress-free conditions imposed. Further studies
could investigate the effects of different boundary conditions in the x5 and

3 directions.
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4. Exploration of the method in other materials. The present study dealt only
with locally isotropic homogeneous materials. It would be interesting to
study the application of the PML+IE formulation in materials that are lo-
cally anisotropic, or again in materials that are heterogeneous, with changing

material constants.

4.4 Concluding Remarks

This thesis has presented a new combined perfectly matching layer and infinite
element formulation for the first time. It has been shown to be possible in both
the frequency and time domains and has been implemented in an explicit finite
element code. It is hoped that further work can be done to optimise the choice
of PML stretching function and to show an improvement over existing boundary

methods.
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Appendix A

The stiffness tensor

Given that

Cllll CY1122 CY1133 CY1123 C11131 01112 Cll 012 013
CY2211 CY2222 C12233 02223 02231 02212 C(21 022 023
C’3311 C’3322 CE’»?:?)B C’3323 C’3331 C’3312 C'31 032 C’33
CY2311 CY2322 CY2333 CY2323 C’2331 C’2312 C41 C142 C’43
03111 03122 03133 C’3123 C’3131 03112 C(51 052 053
C’1211 Cl222 C’1233 C’1223 C’1231 01212 Cﬁl C'62 063

and for an isotropic material, the only nonzero entries are given by

C11 = Cy = Cs3 = A+ 24,
Cia = Ci13 = Co3 = Cy1 = C31 = C3p = A,

Cu = Cs5 = Ce6 = 1,
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then, with v = (p,q,r), fori =1

Cijk . Cuhin.  Chaz,.  Cuss. Ciaiz.  Cioar . Ciziz,.  Cissi .
Vg = P+ q+ T+ P+ q+ P+ T
S;S1 5151 51852 51853 S959 S951 53853 53851

Cijkl@ _02112 A + 02121 ~ 02211 A C12222 ~ C12233 ~ 02323 ~ 02332’f‘

q+ P+ q-+ T+ q-+
5581 S1592 S151 S2851 S9S59 S2853 53853 53859
Ces . Cos. Chra. Co. Co3. Cu,. Cu.
==L p b~ At~ 2 —f b o —
5152 51 251 S5 253 53 5352
. . A A2, A . .
Ly L+ Zp+ 25 E P Lg+ L,
S1S52 51 S251 S5 S9S53 S3 53859

and for i = 3

Cij C C C C C C C
gkl A 3113 A 3131 A 3223 3232 3311 A 3322 3333 A
Uy, = + P+ q+ P+ + + 7
5451 S183 S1S51 S983 S259 S3S1 53S9 5383
055 ~ C’55 ~ C’44 ~ C(44 A~ 031 ~ C(32 o 033 A
=Pt ot —— P+ ——PF+ ——G+ — T
S1S53 57 59853 S5 5351 5359 53

R R . A A A+ 2u,
K f 1 3 N N P
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