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Abstract:  

Periodically distributed wall-mounted hot blocks located at the bottom of a layer of liquid with 

a free top interface are representative of a variety of technological applications in several fields 

(including, but not limited, to mechanical engineering, materials science, and the energy sector; 

related examples being power plants, solar energy collectors, nuclear reactors, energy storage 

systems and furnaces or crucibles). All these systems tend to create patterns in their 

surrounding fluid that are reminiscent of the classical modes of RayleighïBénard or 

MarangoniïBénard convection. In the present thesis, these subjects are investigated giving 

much emphasis to understanding how ensemble properties arise from the interplay of localized 

effects, i.e., different sources of heat. In particular, the problem is addressed from both 

numerical and experimental points of view. First numerical simulations are used to get relevant 

information about the dynamics of discretely heated systems for the case of opaque fluids 

(liquid metals) for which experiments are not possible, then the case of a transparent oil is 

considered. Through the used numerical framework, the emerging planforms are identified, 

and the statistics of the associated heat transport mechanisms are put in relation with the 

spatially averaged behavior of the underlying thermal currents. It is shown that in some cases, 

all these features can be directly mapped into the topography at the bottom of the layer. In other 

circumstances, these systems contain their own capacity for transformation, i.e., intrinsic 

evolutionary mechanisms are enabled, by which complex steady or unsteady patterns are 

produced. It is shown that self-organization driven by purely surface-tension or mixed 

buoyancyïMarangoni effects can result in óquantized statesô, i.e., aesthetically appealing 

solutions that do not depend on the multiplicity of wall-mounted elements. The problem is also 

investigated experimentally considering an oil with temperature-dependent properties. By 

means of a concerted approach based on the application of a thermographic visualization 

technique, multiple temperature measurements at different points and a posteriori computer-

based reconstruction of the spatial distribution of wavelength, it is shown that tuning of the 

physical topography at the bottom and the difference of temperature between the liquid and the 

external (gaseous) environment can still be used to enable internal feedback control over the 

spontaneous flow behavior. For a fixed geometry and temperature difference, variations in the 

emerging pattern can also be produced by changing the thickness of the liquid layer, which 

indirectly provides evidence for the additional degree of freedom represented by the relative 

importance of buoyancy and Marangoni effects. As a final variant, the case where the fluid 

container is inclined to the horizontal direction is also considered and it is shown that this fluid-

dynamic system is prone to develop a rich set of patterns, which include spatially localized 

(compact) cells, longitudinal wavy rolls, various defects produced by other instabilities and 

finger-like structures resulting from an interesting roll pinching mechanism.  
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Chapter 1:Introduction:  
In many different types of thermal convection, the nature of the force driving fluid motion and 

the direction of the prevailing temperature gradient can have a paramount importance in 

determining the properties of the flow. As an example, the different outcome in terms of 

convective structures and related hierarchy of bifurcations when the cases of temperature 

difference parallel or perpendicular to gravity are examined is one of the main reasons for the 

existence of a fundamental dichotomy in the literature, i.e. the distinction between Rayleigh-

Bénard (RB) convection (Busse, 1994) and the equivalent buoyancy flow in laterally heated 

systems (the so-called Hadley problem) (Gelfgat, 2020; Melnikov and Shevtsova, 2005; 

Kaddeche, Henry, and Benhadid, 2003). A similar concept holds if variations of density are 

replaced with gradients of surface-tension: the different orientation of the imposed temperature 

difference with respect to the free interface (temperature gradient perpendicular or parallel to 

it) gives rise to two different variants of surface-tension driven convection, generally known as 

Marangoni-Bénard (MB) (Kawamura, Ueno, and Kurosawa, 2002) and thermocapillary (or 

simply Marangoni) flow (Shevtsova, Nepomnyashchy and Legros, 2003; Lappa, 2007; Lappa 

and Ferialdi, 2017; Nadjib, Adel, Djamel and Abderrahmane, 2018). 

These well-established paradigms have instigated much research leading to a significant 

amount of knowledge. Most of this success has come from the remarkable simplicity of the 

related kinematic and thermal boundary conditions (smooth surfaces and uniform temperature 

distributions) and the associated possibility to conduct experiments in well-controlled 

conditions. At the moment, the results are spread in myriad papers and those who wish to get 

in touch with the field may consider some relevant books where such knowledge has been 

collected in a structured way (Koschmieder 1993; Getling 1998; Colinet, Legros & Velarde 

2001; Lappa 2009, 2012). It should be remarked, however, that although studies on these 

fundamental modes of convection and the related hierarchy of bifurcations are not showing any 

obvious sign of reaching a limit yet (relevant investigations being still produced at a constant 

rate), the need to place part of these efforts in a more practical context has stimulated the 

development of óalternateô lines of inquiry. 

This endeavor, which has not yet been fully explored, has been produced essentially by the 

ambition (and/or concrete need) to increase the translational applicability of this type of 

research to technological problems where fluid motion can be brought about by many 

mechanisms working óin parallelô (i.e., coexisting). This typically happens in circumstances 

where the thermal boundary conditions are not uniform, the solid boundaries delimiting the 

fluid are not flat and point-like, spot-like or finite-size (extended in the three-dimensional 

space) sources of energy are present, which result in a complex distribution of differently 

oriented gradients of temperature. 
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Figure 1: Three-dimensional view of the fluid layer hosting an array of square bars resting on 

the bottom wall (hot blocks), uniformly spaced along the x and z (horizontal) directions 

(spacing, width and height can be systematically varied). 

Along these lines, fluid systems with a discrete distribution of heat sources have received 

appreciable attention in recent years by virtue of their omnipresence in engineering. Relevant 

examples at a relatively small scale are represented by the electronic boards of computers and 

other electronic devices. These systems typically consist of memories and CPUs able to 

generate heat, which can be regarded as independent finite-size sources of thermal energy. In 

these cases, natural convection is generally regarded as cheap and convenient cooling strategy 

because it does not require auxiliary electromechanical equipment. Although, the fluid in 

contact with such hot elements is typically air, cases exists where these components and other 

electronics are submerged in thermally conductive dielectric liquids as in this way the cooling 

efficiency can be increased. Liquids are also used as electrical insulators in high voltage 

applications where they prevent rapidly extinguish electric discharges. Other relevant examples 

of systems with localized sources of heat include power plants, solar energy collectors, nuclear 

reactors, energy storage systems and furnaces or crucibles (Widawski, Rawiso and François, 

1994; S. Khan, 2017; Ismagilov, Rosmarin, Gracias, Stroock, and Whitesides, 2001). Some 

relevant examples are shown in Figures 2-5. 
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Figure 2: Battery-based  energy storage systems (APR Energy, 2018). 

 

Figure 3: Fossil fuel-based power generators (APR Energy, 2018). 

In the majority of cases, buoyancy convection is the dominant mechanism of natural 

convection. As explained before, however, for cooling purposes liquids can also be used. Often 

these exhibit a free surface. i.e., an interface where they are in contact with a gas. In these 

situations, surface-tension driven (thermocapillary, i.e., Marangoni) convection is also 

produced. Given its relevance to several technological applications (see again Figures 2-5), the 

overarching aim of the present thesis is to explore the dynamics of thermal convection in 

systems with localized sources of heat. To do so a ógeneralô model is considered (see Figure 

1), which consists of a layer of liquid with a free interface at the top and a set of three-

dimensional blocks (rods) of square cross-section (parallelepipedal shapes) regularly arranged 

at its bottom along two perpendicular horizontal directions (thereby resembling the squares of 

a checkerboard or the elements of a structured grid). 
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As explained before, this simple problem is representative of, or it is intended to model a variety 

of technological systems at different scales (electronic boards, energy storage systems, power 

plants, nuclear reactors, etc.). The problem is addressed here by means of numerical 

simulations and experiments. With regard to the numerical simulations, both cases with 

buoyancy convection and mixed (hybrid) buoyancy-Marangoni convection are considered. For 

the latter case, no results exist in the literature (as illustrated in chapter 2, most of the existing 

results for fluid systems with discrete sources of heat are for buoyancy convection only). 

Obviously, in addition to the purely theoretical implications represented by the inclusion of a 

new driving force (surface tension effects) in this specific line of research, the present thesis 

also aims to build new information potentially supporting the introduction of new technologies 

in other fields with respect to those highlighted in the preceding text. Indeed, micro-patterned 

surfaces delimiting a liquid in contact with an external gas are critical to the development of 

moulds or scaffolding for forming ordered microstructures. They can be used as model 

substrates for a variety of applications in surface science and are at the root of several lab-on-

chip devices. A relevant example is represented by the preparation of porous polymer 

membranes for innovative processes where the biggest challenge is represented by the need to 

control both the size distribution and the relative positions of the pores (Ismagilov, Rosmarin, 

Gracias, Stroock and Whitesides, 2001). They also find application in controlled release of 

drugs or other bioactive species (Zhao et al., 2001) and enhanced cell culturing (Wang, Yu, 

Mei and Xue, 2017). Last but not least, engineered surfaces with topographies that scale 

favorably at small length scales can be used for the production of nanocrystals or to assemble 

microscopic particles into regular lattices; in these applications, the ability to control the fluid-

dynamic conditions is the key to obtain desired deposition conditions or to generate lattices 

with well-defined properties. 

 

Figure 4: Electronic board with related CPUs and memories (Parm, 2009). 
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Figure 5: Bars or nuclear fuel in nuclear reactor (water being used as cooling fluid) (ANS 

Nuclear Cafe, 2014). 

The present thesis is structures as follows: In Chapter 2 after a brief survey of the existing 

literature for the classical modes of convection represented by Rayleigh-Bénard (RB) and 

Marangoni-Bénard (MB) convection in layers uniformly heated from below, an exhaustive 

review is elaborated for thermal convection in systems with localized sources of heat 

(discretely heated systems). Chapter 3 is dedicated to a presentation of the equations 

governing the behavior and evolution of these types of convection, together with the related 

boundary conditions. The related numerical method is discussed in Chapter 4, together with a 

validation study and a mesh refinement analysis. Chapter 5 includes a description of the 

experimental facilities and tools used to conduct the experiments performed with water, oil 

and other transparent liquids considered in this thesis.  

Chapter 5 is concerned with numerical results obtained for the cases of liquid metals. These 

liquids are opaque and therefore, numerical simulation is the only way to study the properties 

of convection generated by localized sources of heat. In Chapter 6, the numerical treatment is 

extended to the case of oil, for which the dynamics become much more complex. In Chapter 

8 and 9, the main outcomes of the experiments conducted using the methods described in 

Chapter 7 are analyzed. 
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Chapter 2: Literature Review 
As already outlined in Chapter 1, thermal Convection is a type of heat transfer mechanism in 

which heat is transferred from one place to another due to movement of the fluid induced by 

ñnaturalò forces. In the presence of gravity, a fluid expands when heated and becomes less 

dense due to which it starts to rise upward. In the presence of a free surface, fluid moves along 

the interface from the hot side to the cold side as, in general, surface tension is a decreasing 

function of temperature. Fluid flow properties are determined by various parameters, but the 

two most important factors are the nature of force which drives fluid motion and the direction 

of the temperature gradient. Different convective structures emerge depending on whether the 

temperature gradient is parallel or perpendicular to the gravity. Additional details are briefly 

reported in the following two sections for the cases where convection is induced by gravity and 

surface tension, respectively (Sects. 2.1 and 2.2). Thereafter, the existing literature for 

discretely heated systems or systems with a topography (the main subjects considered in the 

present thesis) is also reviewed (Sects. 2.3 and 2.4). 

2.1 Rayleigh-Benard Convection: 

2.1.1 Primary mode of convection: 
Rayleigh Benard Convection (RBC) is a type of natural convection occurring in a plane 

horizontal layer of fluid heated from below. The simplest pattern which can occur in RBC 

consists of straight and parallel rolls. Most of studies have also discussed the stability of the 

quiescent state of nonconfined fluid layer when heated from below. In that case, a fluid layer 

with a horizontal extent that is large as compared to vertical depth has been typically 

considered. The temperature on the bottom surface of the fluid layer is increased and 

accordingly its density decreases. Fluid over hot fluid has high density due to which it starts to 

break down and an overturning process is enabled. Driving forces and dissipation of energy 

are the main factors behind the emerging flow structures which are known as dissipative 

structures.  

When fluid is heated from below then buoyancy forces of the hot fluid side cause instability 

which is then counteracted by viscous forces and thermal diffusion of the fluid. In theoretical 

investigation of that configuration three different possible boundary conditions were 

considered which are (a) stress-free isothermal horizontal boundaries, (b) no-slip isothermal 

horizontal boundaries and (c) stress-free thermally insulated upper and no-slip isothermal lower 

boundary. Actually, Ra depends on the height of the fluid layer and in all these three conditions 

it was 657, 1707 and 669, respectively. In these cases, instability was driven by two 

dimensional perturbations of diffusive state and fluid motion produced a regular and organized 

set of parallel rolls which were aligned along an arbitrary direction.  

Jeffreys (1926) was the first person who conducted a stability analysis for a fluid layer which 

was confined between two well-conducting parallel plates. He obtained Racr=1707 where Racr 

is the critical Rayleigh number (see Sect. 3.2 for the definition of Ra) i.e., the minimum value 

of the characteristic parameter needed to obtain convection. In 1958 Malkus and Veronis used 

nonlinear equations describing the fields of motion and temperature for stress-free condition 

and concluded that there are infinite number of steady-state finite amplitude solutions which 

satisfy these equations (Malkus and Veronis, 1958). 
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They also explained the relation between Prandtl number and the amplitude of the convection. 

They said for large Prandtl numbers the amplitude of the convection can be determined by 

distortion of the distribution of temperature and by the self-distortion of disturbances. But when 

Pr number becomes less than unity then self-distortion factor plays dominant role in 

determination of the amplitude. According to these studies expected nondimensional diameter 

of the emerging convective cells is the half of critical wavelength which depends on the 

horizontal wavenumber at the onset. Horizontal size of these cells in no-slip conditions was 

found very close to the height of the fluid layer but larger in diameter in case of stress-free 

conditions. Marginal stability curve for Rayleigh-Benard convection is shown in Fig 6, where 

regions are defined on the basis of wavenumber (q) and marginal Rayleigh number. Fig 7 is 

showing the shadowgraph image of two-dimensional convection for Pr=1, where Rayleigh 

number is twice of critical Rayleigh number. This figure actually shows the implementation of 

theoretical findings by Malkus and Veronis in real experimentation, where it can be seen that 

apart from the irregularities in fluid motion and defects in convective pattern, the velocity field 

of roll convection appears nearly two-dimensional. 

 

Figure 6: Marginal stability curves for Rayleigh-Benard Convection in an infinite layer. 

(Pellew and Southwell, 1940) 



26 
 

 

Figure 7: Shadowgraph image of two-dimensional convection (Pr=1 and Ra=2Racr). (Plapp 

and Bodenschatz, 1996). 

2.1.2 Secondary Convective Modes: 
The simplest convective pattern which can occur in RBC is the straight and parallel rolls for 

dimensional whose horizontal length is twice of the depth of the fluid layer. But this convective 

pattern becomes more complicated when Ra starts to increase. For every Ra which is higher 

than Racr, there is a range of the wavenumbers for which the convective rolls can exist. In Fig 

8, schematic diagram of rolls in RBC is shown where it can be seen that for a laterally unlimited 

domain, the fluid motion is regular and organized as a set of horizontal parallel rolls. But not 

all of these rolls exist in stable state because there is a set of secondary instabilities which 

restrict the domain for which stable convection exists. Busse and co-workers described all these 

possible secondary instabilities which can occur in RBC when infinite layers are bounded from 

below and above by isothermal solid walls. They analysed stability of two-dimensional rolls 

with respect to three dimensional disturbances. Convective rolls were found unstable for Pr 

number less than 5 with respect to an oscillatory instability which was investigated in the case 

of free boundaries. They presented an expression which can be used to predict ideal straight 

rolls in a convection process (Clever and Busse, 1974). They predicted different modes of 

secondary instabilities which are Eckhaus, cross-roll, knot, zigzag and others. 

ὥ ȟÅØÐ ὭάήὼὋ ώ
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Figure 8: Schematic diagram of rolls in RBC: for a laterally unlimited domain, the fluid 

motion is regular and organized as a set of horizontal parallel rolls. (Clever and Busse, 1974). 

Busse balloon is the region defined by wavenumber and other control parameters where 

convective rolls are found stable and its form depends on the Prandtl number. In primary mode, 

primary onset of convection remains same while secondary instabilities take different shapes 

according to different Prandtl numbers. Inside this balloon periodic structure of the rolls is 

stable but becomes destabilized by secondary instabilities on crossing the defined boundaries. 

According to three-dimensional sketch of Busse balloon shown in Fig 9, possible instabilities 

are identified on the basis of wavenumber, Prandtl number and the ratio of Rayleigh to Critical 

Rayleigh number. 

 

Figure 9: Sketch of Busse balloon in three dimensions: Ra, Prandtl number and wavenumber. 

The various solid curves mark boundaries outside of which two-dimensional convecting rolls 

of wavenumber q are stable. (Clever and Busse, 1974). 

 



28 
 

Eckhaus instability with a long wavelength modulation of the form Ὡ ȢὩ  is known as the 

simplest instability of secondary instabilities. In this expression, q is the wavenumber of the 

pattern while Sx is the floquet wavenumber along the axis of the rolls.  is an imaginary unit 

number whose value is Ѝ ρȢ Presence of iota in exponential function indicates that waves or 

patterns could be analysed from both real and imaginary axes. On the other hand, ὼ represents 

the direction of the plane in which the roll pattern exists and to be analysed. If a roll pattern is 

near Eckhaus boundary at some Ra and q, then due to decrement in Ra evolution of this 

instability produces another roll pair with increment in wavenumber. This instability is a slow 

growing instability due to which in some cases cross-roll instability will occur before it due its 

short wavelength and fast-growing ability.  Fig 10 is showing the snapshot of a totem structure 

where cross-roll instability was found for Pr=1 and ratio of Rayleigh to critical Rayleigh 

number was 1.7.  

 

Figure 10: Snapshot of a totem structure (cross-roll instability, Pr=1.09, Ra/Racr=1.7). (Plapp 

and Bodenschatz, 1996).  

Busse and Whitehead (1971) performed an experiment on the stability of convection rolls in a 

high Prandtl number fluids. They concluded that in cross-roll instability rolls emerge at right 

angles to the original pattern of rolls. They also concluded that when Ra becomes higher than 

23000 then convective rolls become unstable for all wavenumbers and replaced by three-

dimensional stationary convection which named as bimodal convection.  

When Ra increases then wavenumber in cross-roll instability becomes higher than critical 

wavenumber due to which a steady boundary layer type structure appears, and its evolution 

produce a new form of convection which is known as bimodal Convection. Sketch of Bimodal 

convection is shown in Fig 11. Bimodal convection was found more efficient in term of heat 

transportation than two dimensional rolls due to its small wavelength factor.  
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Figure 11: Sketch of Bimodal Convection. (Busse and Whitehead, 1971). 

Busse continued his investigations on instabilities of convection rolls for different Prandtl 

numbers.Busse and Clever (1979) considered moderate Prandlt number in their investigations 

on instabilties of convective rolls and presented knot instability which were found a more 

efficient convective heat transport. Knot instabaility acts same like cross-roll instability but has 

smaller wavenumber along axis of the rolls. When Ra becomes higher than 30000 then plumes 

evolve along currents of rising and descending liquids and streamers feed these plumes by 

evolving in the thermal boundary layers. In shadowgraph of this convection process these 

features were found like knots due to which this instability were named as knot instability . It 

disappers where Prandlt number in fluids becomes small or large.  

Skewed Varicose instability is modulated by following expression Ὡ ȢὩ  where Sx, 

and Sz were found less than wavenumber. Fig 12 is showing the snapshot of skewed varicose 

instability which was found by Plapp and Bodenschatz for Pr=1.07, Ra=3.26Racr. According 

to Clever and Busse investigations this instability produces a shearing effect across the rolls 

due to which roll pair splits in two parts by creating two different defects in the roll pattern. 

Then these defects remove a roll pair from its original pattern and decrease the wavenumber. 

Angle of SV instability relative to original roll pattern was found close to 45o. SV instability 

disappears in the limit of high and small Prandtl numbers.   

 

Figure 12: Snapshot of Skewed Varicose instability (Pr=1.07, Ra=3.26Racr). (Plapp and 

Bodenschatz, 1996). 
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Busse and Clever (1987) performed numerical analysis and showed that Oscillatory instability 

appears as a short wavelength propagating along the rolls which is described by following 

expression Ὡ ȢὩw  where w is the angular frequency of the wave. They performed numerical 

analysis on three-dimensional time dependent solutions which bifurcate from two-dimensional 

convection rolls at the onset of the oscillatory instability. When Ra increases then this 

bifurcation factor causes forward and backward periodic shifting and deformation of the 

convection rolls. This instability does not destroy the convection roll structure but simply adds 

a wave which propagates along the rolls.  

Clever and Busse (1991) calculated oscillatory instabilities of long ,straight and parallel rolls 

and found them in the form of travelling waves (See Fig.13, where Snapshot of travelling wave 

related to OS instability is shown which was produced by Plapp and Bodenschatz). They also 

concluded that with no-slip boundary conditions in the limit of low Pr number when Ra 

becomes 1854 then thermal convection of the rolls in fluid layer which is heated from below 

starts to convert into travelling waves. For Pr<0.02 they found travelling wave convection in 

stationary state with respect to a moving frame of reference.  

 

Figure 13: Snapshot of travelling wave related to OS instability (Prḙ1 and Ra/Racr ḙφ). 
(Plapp and Bodenschatz, 1996). 

2.1.3 Spoke pattern convection: 
According to the discussion in previous section, different possible secondary instabilities which 

can exist become more complex when the Rayleigh number becomes higher. These instabilities 

occur in different modes at different Pr numbers. In primary mode two-dimensional but time-

dependent rolls were found but according to Busse balloon,  time dependence factor exists at 

low Pr and Ra then due to secondary instabilities rolls at high Pr and Ra were found in three-

dimensional time-dependent states. In 1970 Ruby Krishnamurti performed an experiment on 

the transition to turbulent convection. In that experiment he used different fluids with different 

Pr numbers from 1 to 10000. The main objective was to analyze the Rayleigh number at which 

steady convective flow changes to time-dependent flow. In final results he found a systematic 

increase in related critical Ra when Pr number becomes higher (Krishnamurti, 1970). 

Busse and Whitehead (1974) performed experimental study on transition from steady bimodal 

convection to time-dependent convection. They found that oscillatory instability of bimodal 
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cells introduces standing waves which are similar to those which occurred in low Pr number 

convection (Busse and Whitehead, 1974). In their experimental results it was observed that 

oscillations occur in the form of standing waves on the boundary of short-wavelength 

components of bimodal convection but disappear on long-wavelength components.  

Busse and Clever (1989) studied three-dimensional convection flows which were induced by 

knot instability of two-dimensional convection rolls and their final solution showed knot-like 

structure superimposed on the basic convection rolls (Busse and Clever, 1989). After both 

studies a notable similarity was found in oscillatory form of knot and bimodal convection. In 

both convections mechanism of transition from steady to time-dependent state was due to 

emergence of hot and cold blobs from hot and cold boundary layers. 

Busse and Whitehead (1974) discussed oscillatory instability of bimodal convection but also 

found another instability which was Collective Instability. Collective instability introduced 

spoke-pattern convection which was characteristic for turbulent large Prandtl number 

convection. Spoke pattern convection was observed when a fluid layer was heated from below 

and Ra became higher than 30000 (See Fig. 14). In that case Pr number was greater than 10. 

Upper and lower boundaries of the fluid layer were unstable which caused eruption of hot and 

cold fluid sheets which moved radially inwards towards central plumes.  

 

Figure 14: Shadowgraph image of spoke pattern convection in a layer of silicon oil for Pr=63. 

(Busse and Whitehead, 1974). 

When amplitude of oscillation of a cell on basic roll becomes large then it starts to combine 

with neighbouring cell on the same roll. Knots structure present at the intersection of bimodal 

cells with basic rolls gravitates towards a common centre of the basic rolls and produce spoke 

structure. Boundaries with short wavelength produce spoke pattern but continue to oscillate at 

roughly the same frequency. Spoke pattern convection exists at Ra>30000 but starts to fluctuate 

when Ra becomes higher than 106.  Wavelength in spoke pattern convection is a distance 

between centres of two spokes with same sign. Wavelength has inverse relation with Pr number 

of the fluid. M. Lappa performed numerical simulation in which Ra was set to 50000 and Pr 

was changed from 7 to 15.  
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In spoke pattern convection process of eruption of thermal blobs from the boundary layer and 

their transport in the form of plumes was already seen in knot convection which existed due to 

instability of two-dimensional convection rolls. It means that oscillatory knot convection can 

be considered as initial stage of spoke pattern convection at moderate Pr number.  

2.2 Marangoni-Benard Convection: 
In Rayleigh-Benard convection section, it already has been discussed that in buoyancy-driven 

convection flows patter formation process is driven by a vertical temperature gradient. This 

section explains another significant class of patterns in which convective phenomenon 

originates from another kind of driving force which arises as consequence of the dependence 

of surface tension on temperature. When temperature gradient is applied perpendicular to the 

free surface of the fluid layer then this type of convection is known as Marangoni-Benard 

Convection. Benard first time observed the hexagonal pattern resembling the architecture 

created by bees for their honeycomb (Benard, 1900). 

Block (1956) provided experimental demonstration on the role of surface tension in formation 

of these planforms. He observed convective cells at Ra<Racr when thermogravitational 

mechanism was not active. Pearson did theoretical investigations on the linear stability analysis 

of flows in which he used same mathematical framework which was already employed in RBC. 

Fig 15 is showing Marginal stability curve for pure Marangoni-Benard Convection in infinite 

layers. He neglected gravitational term in momentum equation and replaced upper boundary 

conditions for velocity and temperature with those modelling a Marangoni stress and heat 

exchange with ambient (Pearson, 1958).  

 

Figure 15: Marginal stability curve for pure Marangoni-Benard Convection in infinite layers. 

Nield (1964) provided important evidence of the fact that surface tension forces are main 

drivers of Marangoni instability in layers with depth of millimetres. Ma number scales linearly 

with the depth of the fluid layer but Ra shows cubic dependence on the depth. Pearsonôs linear 

stability analysis showed that system becomes unstable above Ma=79.607, where Ma is the so-

called Marangoni number (see Sect. 3.2 for its definition), but Davis proved that system is 
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unconditionally stable below Ma=56.77 (Davis, 1968). Presence of convective cells induced 

by this type of flow on the free surface of the liquid layer can be detected by different 

experimental techniques. Experimental results of surface tension driven convection are more-

sparse as compared to Rayleigh Benard Convection. In Fig 16, shadowgraph and schlieren 

images produced through optical visualization method are showing photographs of final results 

of surface cells observed over free surface of silicon oil.  

 

Figure 16:. Photographs of surface cells in silicon oils over free surface provided by different 

optical visualization methods: (a) Shadowgraph image (b) Schlieren image (Lappa, 2009). 

High Pr number fluids were used in experiments when the disturbances were responsible for 

the onset of convection saturates their amplitude then pattern was characterised by hexagonal 

cells. Fig 17 is showing the thermographic image of the fluid layer with free surface. 

Comparison between velocity and temperature fields related to this pattern is shown in fig 18 

which were obtained through computer simulations. This structure is known as typical feature 

of Marangoni Benard Convection which can also be observed in RBC at specific conditions.  

 

Figure 17: Thermographic image of surface cells in silicon oils over free surface (digitally 

enhanced) (Lappa, 2009). 
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Figure 18: Hexagonal cells due to Marangoni-Benard convection, observable on free surface 

of silicon oil of 1 cSt covered by layer of air, having depth of 1mm and horizontal extension 

Lx=Lz=2cm with Ma=200: (a)velocity field (b) temperature distribution (numerical 

simulation, Lappa, 2009). 

Convective cells over free surface become more stable with increment in Marangoni number 

(Echebarria and Pérez-García, 2001). For moderate supercriticalities ḙρ, size of 

hexagon cells decreases with Ma. At certain Ma number a new secondary pattern emerges in 

which hexagonal cells are replaced by square convective cells which become new persistent 

dominant feature of the flow. Transition from hexagon to square cells arises due to local change 

in topology in which vertices of initial hexagon cells become fourfold (Bestehorn, 1996). 

During transition, an edge which separates two vortices shrinks to zero length and two vortices 

coalesce to form intersection of four edges. As the vertices coalesce the angle between adjacent 

edges changes from 120 to 90. Initially this process produces pentagon cells which then convert 

into square cells. This means transition from hexagon to square cells is mediated by occurrence 

of pentagonal cells. Fig 19 is showing an example of convective pattern in the form of square 

cells (due to Marangoni-Benard convection) observed on the free surface of silicon oil which 

was covered by layer of air. 
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Figure 19: Square cells due to Marangoni-Benard convection, observable on free surface of 

silicon oil of 1 cSt covered by layer of air, having depth of 1mm and horizontal extension 

Lx=Lz =2cm with Ma=400: (a)velocity field (b) temperature distribution (numerical 

simulation, Lappa, 2009). 

 

Figure 20: Fraction of cell class Pi as a function of (Ma-Macr)/Macr. Pi is defined as the ratio 

between number of cells of a given planform and number of complete cells. After 

experiments of (Eckert,1998) for Pr=102. 

2.3 Buoyancy flow in discretely heated systems: 
Incropera (1988) studied convection and heat transfer in electronic equipment cooling and 

suggested that engineers should determine an efficient method for heat transfer from electronic 

devices, to maintain the thermal environment in electronic components. He also explained that 

this problem involves two types of components which are internal and external components. 

In these components heat transfer occurs by conduction through different materials and 

interfaces which separates devices from package surfaces and convection mechanism exists 

from surface to coolant.  

For design analysis of these components and assessment of thermal performances, a model 

with horizontal flow over wall mounted cubes was developed in which these cubes act as heat-

producing sources. Many researchers have tried to evaluate the related heat transfer 

coefficients, which are important for durability and reliability of microprocessors and 

memories. In electronic components, heat transfer coefficients depend on various geometrical 
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factors which are size of the chip, its position with respect to other electronic components and 

the channel height.  

Conjugate heat transfer process involves temperature variations within solids and fluids due to 

thermal interaction between solid and fluid. Heating or cooling process of a solid object by the 

flow of air indicates conjugate heat transfer process. This process actually involves coupling 

of conduction in solid objects and convection in fluids and provide heat transfer path from heat 

source to the fluid. In most of studies of natural convection heat transfer from discrete heat 

sources this phenomenon was ignored, and idealised thermal conditions were applied at the 

interface of solid and fluid. 

Heindel, Ramadhyani and Incropera (1995) developed two-dimensional (2-D) and three-

dimensional (3D) conjugate models to predict flow and heat transfer within a discretely heated 

cavity. They also performed experimental measurements in which they used small heat sources 

and obtained flow visualization which were compared with numerical predictions (Heindel, 

Ramadhyani and Incropera, 1995). In this study they focused on investigations of coupled 

conduction and natural convection transport from an array of discrete and isoflux heat sources 

which were placed to one vertical wall of a cavity. Isothermal and adiabatic conditions were 

applied on opposite vertical wall and horizontal walls, respectively. Two different fluids water 

(Pr=5) and fluorocarbon (Pr=25) were simulated in calculations. The main objective of this 

study was to explain the nature and extent of 3-D effects on both flow and heat transfer. Fig 21 

is showing schematic of the geometry which was modelled in 3-D numerical predictions. On 

vertical wall 3 3 array of discrete sources was mounted on a substrate of different thermal 

conductivity. An isoflux condition was imposed at the back of each heat sources. 

 

Figure 21: Numerical and Experimental geometry and nomenclature (Heindel, Ramadhyani 

and Incropera, 1995). 
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In governing equations for fluid and solid regions, the steady-state heat transfer was considered 

with constant thermal physical properties. Resistance between substrate and heater was 

negligible while Boussinesq approximation was considered in this case.  Initial grid studies 

were performed in fluid region before conjugate calculations process, to ensure the boundary 

layers were satisfactorily resolved. Grid size was changed from 3068 to 40 96 and average 

heat transfer rate on each heated surface was changed by 2%. But 3068 grid size provided a 

good compromise between computational effort and accuracy in fluid region. But for conjugate 

calculations grid size in fluid region was changed to 2980. 

In experimental setup, test cell was consisted of 33 array of copper elements flush mounted 

in fiberglass substrate. Opposite cold plate and Lexan spacer plate were compressed between 

two aluminium clamping plates. Dimensions of each heater was 12.7mmρςȢχάά 9.5mm. 

Cold copper plate was actually used for data collection and flow visualisation and due to large 

thermal conductivity, it was almost isothermal and maintained at 15ᴈ. For flow visualisation, 

pliolite particles with small diameters were used in deionised water and it was assumed that 

these particles closely follow the fluid motion.   

 

Figure 22: Schematic of the experimental test cell assembly nomenclature (Heindel, 

Ramadhyani and Incropera, 1995). 

Range of modified Ra for water and fluorocarbon was ρπ Ὑὥ ρπ and ρπ Ὑὥ ρπ, 

respectively. In numerical predictions, they found that thermal conductivity ratio of 

substrate/fluid has a significant effect on the shape of the vertical velocity profile in a discretely 

heated cavity. When substrate/thermal fluid conductivity ratio was 4.7 then thermal spreading 

process occurred through substrate and energy entered the fluid through substrate/fluid 

interface below the heater array. Fluid motion starts when this transport causes buoyancy forces 

below the heater. When fluid reaches near third row then buoyancy forces adjacent to heat 

source increase fluid momentum due to which velocities exceed the value predicted by 

nonconjugate model. When substrate/fluid thermal conductivity ratio increases then fluid flow 
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becomes more two dimensional while heat transfer remains uninfluenced by 3-D edge effects 

and thermal spreading in x-direction.  

At low values of Rs (which is substrate/fluid thermal conductivity ratio measured by solid 

thermal conductivity/ fluid thermal conductivity ), large spikes were found in heat flux near 

the edges of each heater. When Rs value becomes higher, then these spikes are smoothed out 

by substrate conduction which leads to lower heater temperature than predicted by 2-D model. 

As Rs value increases then variations in local heat flux and temperature along solid/fluid 

interface start to decrease. Flow visualisation confirmed the flow patterns predicted by 

conjugate models and values of average surface temperatures were in excellent agreement with 

experimental data.  

 In second part of this study, numerical investigations were performed on coupled conduction 

and natural convection transport from an array of discrete sources which was placed to one 

vertical wall of the cavity. Opposite vertical wall and horizontal walls were assumed to be 

isothermal and adiabatic, while Pr number and heater/fluid thermal conductivity were set to 25 

and 2350, respectively (Heindel, Ramadhyani and Incropera, 1995).  

 

Figure 23: Schematic of discretely heated cavity nomenclature (Heindel, Ramadhyani and 

Incropera, 1995). 

Main objective of this study was to analyze the effect of modified Rayleigh number and 

substrate/fluid thermal conductivity ratio Rs. Prandtl number was fixed at 25, while Aspect 

ratio of the cavity geometry was set to 7.5(AR=Cavity height/Width of cavity fluid region). 

Thermal conductivity of heater and heater/fluid region were 148W/ mK and 2350, respectively.  
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In Calculations, range of modified Rayleigh number was set to ρπ Ὑὥ ρπ and 

substrate/fluid thermal conductivity was used between 0.1 to1000. Ὑὥ  is the modified 

Rayleigh number which was calculated by following expression Ὑὥ Ὣ‍ήὒ ȾὯ‌ὺ 

where q is the local heat flux applied to the heater, Lz represents vertical heater length and Ὧ 

is thermal conductivity of the fluid. 

Modified Rayleigh number was changed by altering the power supply to each heat source and 

its effect on fluid flow were shown in the form of streamlines. At modified Rayleigh 

number=10000, flow was found unicellular and weak with 8.2 dimensionless streamlines 

factor. In this case fluid flow produced a thick boundary layer which covered a small core of 

nearly stagnant flow above the center of the enclosure. In Fig 24(b), you can see that when 

modified Rayleigh number was increased to ρπ then boundary layers became thin and core 

region started to increase in size. Flow became more complex due to additional recirculation 

zones and multiple cells in the central region of the cavity. At modified Rayleigh 

number=10000, fluid and solid regions showed vertical isotherms and heat transfer in fluid 

region was dominated by conduction When modified Rayleigh number was increased to ρπ 

then central region of the fluid was found stratified with thin hot and cold boundary layers. 

Each heater face appears isothermal due to their higher thermal conductivity, but their 

temperature varies from heater to heater. 

 

Figure 24: Dimensionless streamlines at (a)Ὑὥ ρπ ; (b) Ὑὥ ρπ and isotherms at 

(c)Ὑὥ ρπ ; (d)Ὑὥ ρπ for Pr=25, Rh=2350 and Rs=10 nomenclature (Heindel, 

Ramadhyani and Incropera, 1995). 
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Next step was to analyse the effect of substrate/fluid thermal conductivity ratio on fluid flow, 

for that modified Rayleigh number was fixed to ρπ. At Rs=0.1, flow below third row was 

found non-existent with stagnant core region near top of the cavity. 

 At this stage dimensionless streamline factor was 47. In fig 25(b), you will see that when 

substrate/fluid thermal conductivity ratio was increased to 1000 then fluid flow was also 

observed below third row with core descending toward the center of the cavity.  Isothermal hot 

and cold walls were found in the cavity with stagnant core in the center of the fluid region. At 

lower substrate/fluid thermal conductivity ratio, lower region of the cavity was found 

isothermal. Each heater face was isothermal due to high thermal conductivity. But lower fluid 

region was no longer isothermal when Rs ratio was increased to 1000. When substrate/fluid 

thermal conductivity ratio increases then maximum dimensionless temperature starts to 

decrease because more thermal spreading occurs throughout the substrate before energy is 

transferred to the fluid. At Rs=1000, fluid isotherms were found almost diagonally symmetric. 

 

Figure 25: Dimensionless streamlines at (a)Ὑ ρπ  ; (b) Ὑ ρπ  and isotherms at 

(c)Ὑ ρπ  ; (d)Ὑ ρπ for Pr=25, Rh=2350 and Ὑὥ ρπ nomenclature (Heindel, 

Ramadhyani and Incropera, 1995). 
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In Convection cooling process heat is transferred from the hot object by the flow of the 

surrounding fluid. Surrounding fluid can either be air or any suitable liquid. During cooling 

process heat causes expansion of the fluid and makes it less dense. Then due to density 

differences fluid starts to flow and heat is transferred into the surrounding fluid in the form of 

thermal energy. Effectiveness of cooling process depends on various factors which are 

temperature difference between the hot object and surrounding fluid, viscosity of the fluid, 

shape, and size of the hot object. In Natural convective cooling process heat is transferred from 

the hot object by surrounding air without any use of fan or blower. 

Meinders, Van Deer Meer and Hanjalic (1997) performed experimental investigation in which 

they measured local heat fluxes and heat transfer coefficients of packed array of wall mounted 

cubical protrusions in vertical channel flow. They analysed temperature distribution of the 

surface which was heated internally through various heated elements and calculated local heat 

convective fluxes. In their investigation they considered a rectangular channel of width 50mm 

and height 500mm. Nine cubical protrusions of size 15 were placed on vertical wall at half of 

the channel hight. Space between these cubes was 15mm. Measurements were performed at 

different Reynolds numbers, 795, 2086, 3278 and 5066 which was set according to bulk 

velocity and cube height. First 6 cubes were packed in an array and used to calculate local heat 

transfer coefficients. Remaining cubic protrusions were used to identify the location of the 

obstacles and to provide an appropriate environment for in situ calibration. These cubes were 

made of internal copper cubical core of size 12.5mm with an epoxy mantle of 1.5mm.  

 

Figure 26: Schematic diagram of test configuration and composed temperature measurement 

(Meinders, Van Deer Meer and Hanjalic, 1997).  
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Cubical protrusions were placed on the bottom surface of the channel and its other five faces 

were exposed to air. So infrared imaging system was used to analyse temperature distribution 

on these five faces. For high thermal radiations, surface of the cube was coated with a paint 

whose emissivity was 0.95. For better infrared temperature measurements Liquid crystal 

method was used as a second technique in this experiment. Five different liquid crystals were 

mixed which provided five different temperature events. 

Two different calibration methods were used to obtain correct temperature measurement at the 

very sharp colour changes from green to red. In first method heated surface was brushed with 

mixture of same liquid crystal. In second method copper element was used and fixed at constant 

temperature with tolerance of 0.05ᴈ.  

At large Reynolds number flow recirculation is a common process due to which in this 

experiment local heat transfer phenomenon were found dominating at lateral and top faces of 

the leading element. At side faces vortex tube separation minimized convective heat transfer. 

In this experiment they found non-uniformity in local heat transfer coefficients due to vortex 

structure of flow-fields around the elements. Flow separates and reattaches at the top and side 

faces which produces arch-shaped vortices and gives rise to significant difference in heat 

transfer coefficients. Buoyancy effect also played an important role and showed significant 

effect on heat transfer coefficients for lowest Reynolds numbers. Asymmetric heat transfer 

distribution was found between the space of these elements which was due to vertical fluid 

motion.  

In immersion cooling technique, IT components and other electronics are submerged in 

thermally conductive dielectric liquids and heat is transferred from the system by circulating 

liquid into direct contacts with the hot components. Dielectric liquids are also used as electrical 

insulators in high voltage applications where they prevent rapidly extinguish electric 

discharges. But researchers found that indirect liquid cooling has failed to meet harsh thermal 

requirements due to poor thermal conductance at solid-solid interface. In late 90ôs direct 

cooling with inert dielectric liquids was suggested as the solution for computers. But this idea 

couldnôt gain much importance due to lack of the understanding of transport phenomenon. 

Zhang, Tso and Tou (1999) performed three-dimensional numerical analysis of natural 

convection cooling on 33 array of discrete heat sources which were placed on one vertical 

wall of a rectangular enclosure which was filled with various liquids and cooled by opposite 

wall (Zhang, Tso and Tou, 1999). Main objective of this study was to cover a wider range of 

Rayleigh (Ra=ρπto ρπ) and Prandtl (Pr=5 to 130) numbers and to analyse the effect of the 

enclosure aspect ratio (AR=1 to 20).   

Fig 27 is showing the schematic sketch of considered rectangular enclosure in which 3 3 array 

of discrete and iso-flux heat sources was installed on one of the vertical walls and its opposite 

wall was considered isothermal at low temperature. All other walls were considered adiabatic.  

Simulations were performed by considering water, FC-72, FC-77, and ethylene glycol with 

Pr=5, 9, 23 and 130, respectively. Modified Rayleigh number was varied from ρπto ρπ.  
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Figure 27: Enclosure Geometry (Zhang, Tso and Tou, 1999). 

In result section, they considered various parameters and explained the 3-D nature of the fluid 

flow with temperature fields and explained the effects of modified Rayleigh number and 

enclosure aspect ratio on fluid flow. Enclosure aspect ratio was measured by ratio of height of 

enclosure along z-axis/ depth of enclosure along y-axis. At Ra=ρπ, Pr=9 and AR=7.5, w-

component in velocity profile was found higher than other two components and represented 

the primary fluid motion in enclosure. But the strength of this higher velocity component was 

weak at the bottom of the region which proved that fluid is practically stagnant. Near and 

adjacent to heated wall, buoyancy forces cause fluid flow and then fluid accelerates from 

bottom and produces primary flow in vertical direction. Maximum velocities were found across 

heater array at the mid-section of all three columns where Z (dimensionless coordinate in z-

direction) was 3. Near ceiling zone (Z=6.5) two main opposite streams were found in enclosure 

because near ceiling, rising plume started to decelerate and fluid diverged towards both sides 

ceiling and cold wall. 

Maximum Surface temperature on heater, is one of the most important parameters in 

electronics cooling applications which could be found at the top row of these simulations where 

fluid motion is weak but bulk fluid temperature is high near ceiling. But at the bottom row 

scenario was totally opposite with low bulk fluid temperature. For Ra <ρπ, W-velocity 

component showed direct relation with the modified Rayleigh number. When modified 

Rayleigh number increases then w-velocity component becomes more stronger because 

buoyancy forces start to dominate the fluid motion and convective heat transfer becomes more 

effective. When modified Rayleigh number becomes higher than ρπ then this velocity 

component starts to diverge in enclosure central region and takes a shape of paired rotating 

cells whose strength were found less than main helical cells. 
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Simulations were also performed with different enclosure aspect ratio, A=1, 1.5, 2, 5, 7.5 and 

20. Numerical results were obtained to find the effect of enclosure aspect ratio on fluid flow in 

which range of modified Rayleigh number was set ρπ to ρπȢ In numerical results, it was 

found that row-averaged Nusselt number is maximum when aspect ratio is increased from 3 to 

20 but Nusselt number starts to decrease when aspect ratio becomes less than 3. It was also 

observed that averaged Nusselt number is lower at the top row and higher at the bottom row. 

This factor showed that regardless of lowest averaged Nusselt number at the top row, highest 

heater surface temperature occurs at the top row.  Prandtl number showed negligible effect on 

fluid flow  and heat transfer. It means water would also be applicable to dielectric liquids.  

In previous studies, most of the researchers studied natural convection cooling by assuming an 

array of discrete heat sources in vertical enclosure. Main challenge of numerical simulations 

with inclined or horizontal surface of discrete heat sources was that around horizontal 

orientation field is essentially of Rayleigh-Benard type. Then in 1993, Mukutmoni and Yang 

reported evolution of Rayleigh-Benard convection from stable bimodal convection to unstable 

convection and motivated other researchers to study interactions of thermal and internal fluid 

flow fields in which discrete heat sources were assumed in an inclined rectangular cavity 

(Mukutmoni and Yang, 1993). In 2004  Tso, Jin, Tou and Zhang presented experimental data 

which then used for numerical simulations. Main objective of their studies was to analyze flow 

patterns and temperature contours at different inclination angles. They also discussed the role 

of Prandtl number in inclined orientations (Tso, Jin, Tou and Zhang, 2004).  

In this study they considered a rectangular cavity which was filled with liquid and can be 

rotated about x-axis for different inclination angles. An array of 33 discrete heat sources was 

placed on one of its sidewalls while its opposite wall was assumed to be uniform cold surface. 

All other sides were insulated from the surrounding. Fig 28 is showing the geometrical and 

physical model which was considered in this study. 
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Figure 28: Physical configuration: (a) heaters position; (b) side view; (c) inclined position 

(Tso, Jin, Tou and Zhang, 2004). 

In this study, Range of Rayleigh number was extended to as low as 100. Different and better 

mesh sizes were used due to complex flow fields for different inclined angles. From πЈ to ρσυЈ 

inclined angles, grid size was τπςπψπ which was increased to φπσπρςπ when 

inclined angle became greater than ρσυЈȢ 

Fig 29 is showing the arrangement of thermocouples in supposed experimental setup for this 

study in which you can see that a substrate plate was used to provide a support for holding 33 

array of discrete heat sources with free copper blocks which were placed at 3.2mm apart. Thin 

square plate resistive heaters were used to provide heating to each block. Heater walls and other 

side walls were bonded with sponge to reduce heat loss whose thermal conductivity was 0.038 

Wm/k. Degassed and Deionized water was used in these experiments. Equal power was 

supplied to all heaters and power inputs were recorded by HP data acquisitions system 

interfaced to a PC. Universal protractor and balance were used to put the cavity at any required 

angle.  
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Figure 29: Arrangement of the thermocouples in Experimental Setup (Tso, Jin, Tou and 

Zhang, 2004). 

In result section, they explained the effect of inclination to flow pattern evolution, to distortion 

of temperature field and to local heat transfer rate. When angle of inclination was zero (ɲ

πЈ) then the flow field looked very complex in multicellular form. Even in this case velocity 

magnitude was very small due to which it did not affect the temperature field. At vertical 

orientation (ɲ ωπЈ) two dimensional but unicellular flow structure was observed which then 

converted into three-dimensional multicellular flow pattern when angle of inclination was 

further increased to (ɲ ρψπЈat horizontal direction. Toroidal convection occurred at low Ra 

because hot fluid rises in central region due to buoyancy forces and then turns outward, towards 

cold walls where it is cooled and turns downward. On the bottom wall, imposed restrictions 

force the fluid to turn radially inward where it receives heat when passes above the heat sources. 

When Ra increased then bimodal convection occurred in which flow pattern was consisted of 

two rolls rotating clockwise at the short side of the enclosure. R-B convection occurred at very 

high Ra in which the convection pattern took the form of four-roll pattern.  

 

Figure 30: Flow and temperature field for Y-Z plane at X=0 for water in horizontal 

orientation: (a)toroidal convection Ὑὥ τȢφ ρπ; (b)bimodal convectionὙὥ τȢφ ρπ; 

(c)R-B convectionὙὥ ςȢυ ρπ (Tso, Jin, Tou and Zhang, 2004).  
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Distortion in temperature field occurred when angle of inclination approached horizontal 

orientation (ɲ ρψπЈ and increased at the top rows of heaters. From vector plots, it was 

observed that there is a sharp velocity increase from fringe to the heater but at the heater 

velocity magnitude was constant. Some fluid was pushed from fringe to heater which produced 

span-wise motion which was weak but found negligible at the heater. Velocity profile showed 

two peaks at the heaters which corresponded to the two local high temperature regions and 

proved the distortion in temperature field. Regarding heat transfer rate, it is obvious that 

horizontal orientation is best for heat transfer because in horizontal orientation lowest Nu 

number among the three rows was higher than other orientations. They also concluded that the 

liquids whose Pr is higher than , the effects of Pr are negligible. 

In previous studies, most of the researchers considered cases, in which they used a set of heated 

elements on horizontal adiabatic wall which was interacting with air or other fluids. These 

cases can be performed in different conditions for example different cavity aspect ratios, 

variable horizontal or vertical size of elements or different boundary conditions can be used for 

top and bottom walls. Bazylak and Djilani performed computational analysis of heat transfer 

in which an array of distributed heat sources was placed on bottom wall of a horizontal 

enclosure (Bazylak, Sinton and Djilani, 2006). Main purpose of their study was to analyse the 

effect of an infinite array of distributed heat sources in a horizontal air-filled plenum for which 

Rayleigh number was used between 0.1 to 10,000 with dry air temperature difference from 

10ᴈ to 160ᴈ.  

Periodic boundary conditions were applied on side walls. Top wall was set at constant 

temperature while bottom wall was considered with zero heat flux boundary condition. They 

found that heat transfer rate increases as the spacing length between the sources increases. They 

also noticed transition from conduction-dominated regime to convection-dominated regime 

when source length was used from 0.1H (H is the height of plenum) to 1.8H and Rayleigh 

number was between 500 to 2000. At this transition region, Rayleigh-Benard cell structure 

starts to change when source size is decreased.  

In conduction-dominated regime weak and more cells were found which then replaced by 

stronger cell pairs in convection-dominated regime. When Ra was increased from 5800 to 8100 

then Rayleigh-Benard cell developing structure changed from cell pairs over heat  sources to 

cell pairs over each individual heat source and this factor showed sudden reduction in heat 

transfer.  

In recent years, it has been seen that most of the people are moving towards urban areas due to 

recent developments in technology and a lot of other facilities which are rare in rural life. This 

factor increased the release of hazardous material in urban areas. Due to which understanding 

of the wind flow and dispersion of hazardous material into the environment is becoming an 

important topic day by day. In 2021, Basheer A. Khan and Arun K. Saha performed direct 

numerical simulation on turbulent flow and heat transfer over a heated cube which was placed 

in a matrix of unheated cubes (Khan and Saha, 2021).  

This type of flow was actually modelled to study heat transfer and flow characteristics in the 

design of printed circuit board. Main objective of this research was to investigate instantaneous, 
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and time average flow characteristics and heat transfer phenomenon associated with the cube 

at different blockage ratios. In their numerical simulations the size of the computational domain 

was 4H  4H h. H was the size of the cube and h was representing height of the channel. 

Three different blockage ratios were considered by varying channel height and wall-normal 

height.  

 

 

                                      (a)                                                                            (b) 

Figure 31: (a) Schematic diagram of the matrix of wall mounted cubes (b) Computational 

domain over which simulation is performed (Khan and Saha, 2021). 

Air is used as a working fluid in cooling process of electronic components thatôs why the 

Prandtl number in these simulations was set to 0.712. No-slip boundary conditions were applied 

at all walls while for pressure, zero normal derivative of pressure was applied at each wall. 

For temperature, periodic boundary condition was applied only in transverse direction. In result 

section, they explained the effect of Blockage ratio on temperature filed and heat transfer. They 

concluded that when blockage ratio increases then higher fluctuating field in the form of finer 

vertical structures leads to higher momentum and heat transport. Lowest heat transfer was 

observed on the rear surface of the cube which starts to increase with increment in blockage 

ratio. Heat transfer on the top surface was found to be almost unaffected while side surfaces of 

the cube showed higher heat transfer with increment in blockage ratio. They found a strong 

relation between Nu number, wall shear stress and friction factor with blockage ratio. All these 

factors showed direct relation with the increment in blockage ratio. On other hand relative 

increase in overall heat transfer was found maximum (24.3%) between lower blockage ratios 

(0.0735 and 0.125).  Main factors behind heat transfer improvement with increase in blockage 

ratio were increased Reynolds shear stresses and turbulent heat fluxes.   
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2.4 Marangoni flow in layers with a Topography: 
Most of existing studies for Marangoni-Benard convection have considered flat boundaries 

with a uniform temperature. In 2001 Ismagilov et al. performed some experiments, in which 

first time he used periodically patterned plates on bottom wall and used infrared imaging 

technology to observe the emerging pattern form different surface structures of imposed 

topography. Actually, the main objective of this study was to analyse the competition of 

intrinsic and topographically imposed patterns in Marangoni-Benard Convection (Ismagilov, 

2001). In Marangoni-Benard Convection systems, convection starts when critical value of 

Marangoni number is exceeded. But in this study the depth of fluid layer was not uniform thatôs 

why convection was supposed to be exist for all non-zero values of Marangoni number. When 

dimensions of intrinsic convection cells were changed to below the period of lattice of posts, 

the structure of the convective cells changed from triangles to hexagons, but area of these cells 

was smaller than original triangles. When same dimensions were changed close to lattice 

spacing then square lattice of posts was observed.  

 

Figure 32: (a) and (b) IR images of convection cells over patterned surfaces undergoing 

transition in size to (a) smaller length scale (b) larger length scale than scale of imposed 

system. (c) Dependence of square cells on intrinsic size of cells (Ismagilov, 2001).  
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Chapter 3: Mathematical Model and Numerical Method: 

3.1 The geometry: 
As anticipated in the first chapter, the hallmark of the present study is the consideration of a 

ópatternedô surface delimiting the considered liquid from below, where the attribute ópatternedô 

is used to describe both the physical morphology of the boundary and its thermal features. Put 

simply, this fixed imposed topography consists of wall-mounted hot rods with square cross-

section (having side length horiz ) and thickness vert . Successions of such box-shaped blocks, 

evenly distributed in space, are implemented along both the x and z (horizontal) directions. As 

shown in Fig. 33, this results in a horizontal wall displaying a regular distribution of NxM 

elements protruding vertically (along the y axis) into the liquid. Depending on the specific 

perspective taken by the observer, this distribution might also be seen as a set of staggered 

solids, arranged in N distinct órowsô or M ócolumnsô, respectively (a kind of wall óroughnessô 

with well-defined geometrical properties).   

For the sake of completeness, two disjoint situations are considered in which the floor (the 

portions of flat bottom boundary between adjoining elements) are either adiabatic or set at the 

same temperature Thot of the blocks (hot floor case). This actually enriches the problem with 

an additional degree of freedom (with respect to those enabled by the possibility to change the 

spacing among the rods, their number and size).   

 

Figure 33: Sketch of the fluid layer with series of square bars evenly arranged on the bottom 

wall along two perpendicular directions.  
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Figure 34: Three-dimensional view of the fluid layer hosting an array of square bars resting 

on the bottom wall (hot blocks), uniformly spaced along the x and z (horizontal) directions 

(spacing, width and height can be systematically varied). 

Not to increase excessively the overall problem complexity, however, the free interface 

separating the liquid from the overlying gas is assumed to be flat and undeformable. This 

simplification holds under the assumption that the Galileo and Capillary numbers take 

relatively small values (the related rationale can be found, e.g., in Lappa, 2019bc and references 

therein). These can be defined as Gac=mVr/Drgd2 and Ca=mVr/s, respectively, where m is the 

liquid dynamic viscosity, g is the gravity acceleration, d is the characteristic depth of the fluid 

layer, Dr@r is the difference between the density of the liquid r and that of the overlying gas, 

s is the surface tension and Vr is a characteristic flow velocity, which can be expressed as 

Vg=rgbTDTd2/m or VMa=sTDT/m

 

depending on whether buoyancy or Marangoni effects are 

dominant (bT and sT being the thermal expansion coefficient and the surface tension derivative 

with respect to temperature, respectively; DT being a characteristic temperature difference). 

For Gac<1 or Ca<1, the non-dimensional deformation d experienced by a free surface under 

the action of viscous forces can be estimated in terms of order of magnitude as d=O(Gac) or 

d=O(Ca), respectively. Following a common practice in the literature, d can therefore be 

neglected provided Gac<<1 and/or Ca<<1 (see again Lappa, 2019bc and references therein). 
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3.2 The governing equations: 
In line with earlier studies on the classical MB and RB systems, the thesis relies on the self-

consistent framework of continuum mechanics where, vital information on thermal convection 

in liquids (and the related hierarchy of instabilities) is obtained through solution of the balance 

equations for mass, momentum and energy properly constrained by the assumption of 

incompressible flow and the related Boussinesq approximation. The Boussinesq 

approximation is used to solve non-isothermal flows, such as natural convection problems, 

without having to solve for the full compressible formulation of the Navier-Stokes equations. 

This approximation is considered valid when density variations are small as this factor 

reduces the nonlinearity of the problem. It assumes that variations in density are very small, 

which donôt affect the flow field but on the other hand it gives rise to buoyancy forces. In 

more practical terms, this approximation is typically used to model liquids around room 

temperature. If compressible inertial effects cannot be neglected, then in that case density 

becomes dependent on temperature and pressure in that case the Boussinesq approximation 

would not be appropriate or needed. Moreover, more efficient exploration of the space of 

parameters is obtained by putting such equations in non-dimensional form, that is, length, time 

and the primitive variables (velocity V, pressure p and temperature T) are scaled here by 

relevant reference quantities.  In particular, the following compact form:  

 

ÐÖ=V 0           (1) 
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corresponds to the following choices: Cartesian coordinates (x, y, z), time (t), velocity (V), 

pressure (p) scaled by the reference quantities d, d2/a, a/d and ra2/d2, respectively (where a 

is the liquid thermal diffusivity).  Moreover, the temperature (T) is scaled by DT, that is, the 

difference between the temperature of the hot solid elements and the ambient temperature Tref 

(temperature of the external gas). 

Obviously, Pr is the well-known Prandtl number (defined as ratio of the fluid kinematic 

viscosity n=m/r and the aforementioned thermal diffusivity a which is the thermal conductivity 

divided by density and specific heat at constant pressure ), and Ra=g‍ЎὝὨȾὺ‌ is the 

standard Rayleigh number. By setting Ra to 0, obviously, excluded are any processes that 

depend on buoyancy effects. In the present circumstances, fluid convection is also produced 

by gradients of surface tension, that is, thermocapillary effects. The related driving force can 

be accounted for through a dedicated equation, which expresses separately the balance of shear 

https://www.comsol.com/multiphysics/nonisothermal-flow
http://en.wikipedia.org/wiki/Natural_convection
https://www.comsol.com/multiphysics/navier-stokes-equations
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stresses at the free surface of the layer. Neglecting the shear stress in the external gas, such 

relationship in non-dimensional form simply reads: 

 TMa
n

V
S

S Ð-=
µ

µ
          (4) 

where n is the direction perpendicular to the free interface (planar in this case), 
SÐ  is the 

derivative tangential to the interface and Vs is the surface velocity vector. Moreover, Ma is the 

Marangoni number defined as Ma= sTDTd/ma. A related number, measuring the relative 

importance of buoyancy and Marangoni effects, is the so-called dynamic Bond number, 

namely, Bodyn=Ra/Ma. 

An adequate characterization of the overall problem also requires the introduction of proper 

non-dimensional geometrical parameters to be used to account for the spatial distribution of 

the cubic elements and their aspect ratio. These are:    
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Similarly, the aspect ratios of the entire fluid domain are defined as: 

 

x
x

L
A

d
= , z

z

L
A

d
=           (6) 

 

where Lx and Lz are the related (dimensional) horizontal extensions. Indicating by N the number 

of elements along z and by M the corresponding number along x, the nondimensional distance 

between adjoining elements can therefore be expressed as 
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Accordingly, each element indexed as (i, k) can be mathematically represented in the physical 

(non-dimensional) space as: 
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and on its boundary with the fluid, after assuming.  

 

V =0 (no slip conditions) and T=1        (9) 

 

Along the portions of floor (at ώ = 0) separating adjoining elements, as anticipated in Sect. 2.1, 

adiabatic or constant temperature conditions are set, i.e.  

 

0
T

y

µ
=

µ
           (10a) 

or  

 

T=1           (10b) 

 

Biot number which determines how quickly the heat is transferred from the surface of the body 

to its interiors is defined by the ratios of interparticle diffusional resistance to the convective 

mass transfer resistance (ὄὭ ὒ). In this studies, Heat exchange of the liquid with the external 

gaseous environment at the free surface is modeled through the classical Biot number, i.e.: 

 

T
BiT

y

µ
=-

µ
          (11) 

 

The lateral boundaries of the fluid domain are considered no-slip and adiabatic or periodic 

boundary conditions (PBC) are assumed there. At the initial time t=0, the flow is quiescent and 

at the same temperature as the ambient, i.e., T=0. As time increases its temperature rises as a 

result of the heat being exchanged with the heated elements until equilibrium conditions are 

reached.    
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In the present work, such heat exchange is quantified through the óad hocô introduction of 

different versions of the Nusselt numbers tailored to account separately for the thermal 

behavior of the lateral, top or total surface of each heated element, i.e. 
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Accordingly, space averaged values are introduced as: 

 

1 1

1 N M
average ik

side barlateralsurface

k i

Nu Nu
NM = =

= ää       (15) 

 

1 1

1 N M
average ik

top bartop

k i

Nu Nu
NM = =

= ää        (16) 

 

1 1

1 N M
average ik

bar bar

k i

Nu Nu
NM = =

= ää        (17) 

 



56 
 

Chapter 4: 

4.1 The projection method: 
The set of equations (1)-(3) with the related boundary conditions (eqs. (4) and (8)-(11)) have 

been solved numerically using a primitive-variable technique pertaining to the general category 

of ñprojectionò or ñfractional-stepò methods. This class of techniques rests on the specific 

interrelation that is established in incompressible flows between pressure and velocity. Unlike 

compressible flow where pressure is generally determined using the gas state equation (and 

therefore it depends on density and temperature determined solving the continuity and energy 

equations, respectively), for incompressible flow p is only a function of another varying 

physical quantity, i.e., the fluid velocity V. In order to understand how this apparently 

innocuous observation can be used to develop an effective timeïmarching procedure for the 

determination of both p and V, it is worth starting from the simple realization that both 

unknowns appear in the momentum equation (which can therefore be taken as the starting point 

for the illustration of the methodology). This equation can be manipulated and split into sub-

equations, which combined with the incompressibility constraint can lead to ónewô 

mathematical entities do not present in the original formulation, particularly suitable for the 

definition of a óworkingô algorithm. The first step along this logical process consists of 

neglecting the pressure term in the momentum equation:  
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where Dt is the time integration step. Although affected by this severe approximation, notably 

this equation expresses indirectly the conservation of vorticity. Indeed, there would be no 

difference in the derived equation obtained by taking the curl of either eq. (2) or eq. (18a) 

because, by definition, the curl of the gradient of a function is always zero. Put differently, this 

means that the vorticity associated with V* is identical to the vorticity that the effective 

(complete) field would possess. This observation naturally leads to introduce the next step, 

which is the stage where V* is made ócompleteô by enriching it with the previously neglected 

gradient of pressure, i.e.    

 

V= V* - xÐp           (19) 
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where x is a constant. This second step is needed on the one hand to make V* óphysicalô 

(reintroducing the effect of the gradient of pressure), and on the other hand to force the final 

(complete) velocity to satisfy the continuity equation (not yet involved in the algorithm). This 

final stage is accomplished by substituting the formally corrected velocity through eq. (19) into 

eq. (1). If x is set equal to 1/Dt, this operation formally closes the problem from a numerical 

point of view as an additional mathematical identity is obtained by which the (otherwise 

unknown) pressure can be obtained:  

 

*2 1
p V

t
Ð = ÐÖ

D
         (20) 

 

If the physical boundary conditions expressed by eqs. (4) and (8)-(9) are used for eq. (18), the 

resulting velocity V needs not to be corrected on the boundaries, which means that eq. (2) can 

be solved with homogeneous Neumann conditions for the pressure (leading to the so-called 

CPPE Consistent Pressure Poisson Equation approach, (Gresho, 1991)). The logical sequence 

of steps is therefore: solution of eq. (18) with the physical boundary conditions for the velocity, 

solution of eq. (20) with Neumann homogeneous conditions for the pressure, and final 

determination of the velocity field exploiting eq. (19).  

It is also worth recalling that the elegant compactness of these equations and the related 

algorithm relies on some well-known theorems, which make sure the problem is well-posed 

from a mathematical point of view. According to the so-called ñtheorem of the inverse 

calculusò, in a simple connected domain a vector field can be made uniquely determined (fixed) 

by assigning its divergence, curl (its óvorticityô if the considered vector is the fluid velocity) 

and normal component at the boundary (Ladyzhenskaya, 1969). Equations (18)-(20) guarantee 

that 
1

0
n

V
+

ÐÖ = and 
1 *n

V V
+

ÐØ =ÐØ, i.e. the divergence and curl of the velocity field are the 

same that would be obtained through solution of the original set of equations, making this 

theorem implicitly satisfied (along these lines it is also worth recalling that the boundary 

conditions set for the velocity in this work always imply that the component of the velocity 

perpendicular to the boundary is assigned, i.e. it is zero). The decomposition of the velocity 

field implemented through eq. (19) may also be regarded as a spin-off of the Hodge or 

Helmholtz decomposition theorem (Helmholtz, 1858), which states that any vector field (V* in 

the present case) can always be decomposed into the gradient of a scalar function (Ðp) and a 

solenoidal part, i.e., Vn+1. Additional information on this class of methods can be found in Refs 

(Guermond, 1996; Guermond and Quartapelle, 1998; Strikwerda, Lee, and Numer, 1999; 

Guermond, Minev, and Shen, 2006). 

Using a time explicit approach like that indicated in eqs. (18)-(20), the energy equation can be 

integrated in a segregated manner just after the velocity field has been determined, which 

means that the buoyancy term at the right-hand side of eq. (19) is also implemented in an 

explicit way (i.e., it must be evaluated at the time n).  In the present work, convective terms 

have been treated using the QUICK scheme while standard central differences have been used 
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to discretize the diffusive terms. Given the delicate role played by the coupling between 

pressure and velocity (see, e.g. (Choi, Nam, and Cho, 1994; )) a staggered arrangement has 

been used for the primitive variables, that is, while pressure occupies the center of each 

computational cells, the components of velocity are located at the center of the cell face 

perpendicular to the x and y axes, respectively (see, e.g., Lappa, 1997). 

4.2 Validation: 
The validation has been articulated into distinct stages of verification. More precisely, the 

coherence of the model has been verified through comparison with existing linear stability 

analyses (LSA) and earlier non-linear calculations conducted by other authors. Given the nature 

of the specific subject being addressed, both the classical problems of Marangoni-Bénard and 

buoyancy convection have been considered.   

The outcomes of the validation exercise based on the comparison with the LSA for the classical 

MB problem are summarized in Fig. 35. In particular, Fig. 35a shows the evolution in time of 

the maximum velocity of the fluid for different values of the Marangoni number, while the 

corresponding ógrowth rateô (determined as the logarithm of the slope of the branch of the 

velocity profile with constant inclination) is reported in Fig. 35b. The latter also includes the 

value of the critical Marangoni number (for the onset of convection from the initially thermally 

diffusive and quiescent state) determined through extrapolation to zero of the disturbance 

growth rates. As the reader will easily realize, this value matches with a reasonable 

approximation (less than 1.5%) that obtained with the LSA approach (Pearson, 1958). The 3D 

pattern emerging for a value of the Marangoni number slightly larger than the critical one is 

shown in Fig. 36 (presenting the classical honeycomb structure of MB convection). 

 

   

 

Figure 35: Profile of maximum velocity as a function of time (a) and related growth rate (b) 

as a function of the Marangoni number (Pr=10, layer uniformly heated from below with 

aspect ratio A=11.5, Bi=1, mesh 150x25).  
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For the sake of precision, it should be noted that the definition of the Marangoni number used 

here for comparison with the LSA is slightly different with respect to that introduced in Sect. 

2.2. While in the present work the DT appearing in the expression of Ma is the difference 

between the temperature of the hot surfaces and that of the óambientô (the gas located at a 

certain distance from the liquid surface, assumed not be disturbed and maintain a constant 

temperature in time), the LSA considers the effective temperature difference which would be 

established in the absence of convective effects between the top and bottom geometrical 

boundaries of the liquid layer, i.e. the uniformly heated bottom wall and the free interface. 

Therefore, the Marangoni number shown in Fig. 35 is related to that defined in Sect. 2 through 

a scaling factor, which in the current theoretical framework is (Thot-Surface)/ ( Thot-Tref), i.e., in 

non-dimensional form Bi/(Bi+1) (Eckert, Bestehorn, and Thess, 1998).  

 

 

 

Figure 36: Temperature and velocity pattern on the free surface (Pr=10, layer aspect ratio 

Ax= Az=11.5, Ma=125, Bi=1, mesh 150x25x150, PBC). 

These simulations confirm that (as expected) the only effect of a Bi 0̧ is to shift the critical 

Marangoni number (MaLSA@80 for Bi=0) and change the growth rates of unstable modes, while 

the hexagonal planform (Fig. 36) is still a stable attractor for the nonlinear governing equations. 

As a second step of code verification, pure buoyancy convection examined which originates 

from a heated element with rectangular shape encapsulated in (located on the bottom of) a 

square cavity with adiabatic bottom boundary and cold (isothermal) top and lateral walls. 

Assuming the same conditions originally investigated by Biswas et al. (Biswas, Mahapatra, 

Manna and Roy, 2016), Four representative conditions were tackled corresponding to distinct 

aspect ratios of the heater and different values of the Rayleigh number (see Figs. 37 and Table 

I). As witnessed by these data, a very good agreement holds in terms of Nusselt number. 
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As a concluding remark for this section, itôs helpful to recall that the computational kernels 

underpinning the present algorithm have already been used extensively in earlier studies of the 

present authors (concerned with various realizations of buoyancy and surface-tension driven 

convection, see, e.g., Lappa, 2019bc). Accordingly, they were also validated through 

comparison with other relevant benchmarks and test cases (this information is not duplicated 

here for the sake of brevity).   

Table 1: Comparison with the results by Biswas et al. (2016) (see Fig. 7 in their work), 

square cavity with heater located on adiabatic bottom and other (lateral and top) walls at 

constant (cold) temperature (Pr=25.83, different values of Ra and the heated element aspect 

ratio). 

 

dhoriz vert
bar

horiz

A
d

d
=  

Ra average

sideNu  

(present) 

average

topNu  

(present) 

average

barNu  

(present) 

average

barNu  

Biswas et al. 

0.64 0.3 104 5.56593 4.2414 4.8381 @4.8 

0.33 1.0 104 4.8209 3.8613 4.5010 @4.5 

0.64 0.3 105 10.0709 7.7318 8.6032 @8.65 

0.33 1.0 105 10.5065   6.0701 9.0277 @9.1 

a) b) 
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c) d) 

Figure 37: Temperature and streamlines in a square cavity with heater located on adiabatic 

bottom and other (lateral and top) walls at constant (cold) temperature  (Pr=25.83, different 

values of Ra and the heated element aspect ratio); a) dhoriz =0.33, Abar=1.0, Ra=104 (grid 

70x70); b) dhoriz =0.33, Abar=1.0, Ra=105 (grid 100x100); c) dhoriz =0.64, Abar=0.3, Ra=104 

(grid 70x70); d) dhoriz =0.64, Abar=0.3, Ra=105 (grid 100x100). 

4.3 Mesh refinement and related criteria: 
In order to ensure the judicious use of the available computational resources and, at the same 

time, produce results which can be trusted, it is known that good practice consists of conducting 

a thorough and extensive analysis of the sensitivity of the emerging solutions to the used mesh.  

Towards the end to reduce the computational cost of the grid independence study itself, in 

particular, here such a parametric assessment has been initially conducted considering the 

equivalent 2D configuration (assumed to have infinite extension along the third direction z) for 

the same parameters investigated in Sect. 4. Such a strategy rests on the realization that since 

the 3D geometry illustrated in Fig 34 consists of periodically positioned items along both the 

x and z directions (i.e., a rotation by 90̄ would not change the physics of the problem), a 2D 

framework should be regarded as a relevant approach for a preliminary estimation of the 

needed numerical resolution. As sensitive parameters for such investigation, in particular, both 

kinematic and thermal quantities were considered, namely, the maximum of the velocity 

components along x and y, and the spatially averaged (over the considered set of blocks) 

Nusselt number defined through eq. (15) and (16). The outcomes of such a parametric 

investigation for a representative case (Pr=10, N=3, Ma=5000, Ra=10000, Bi=1.0, dhoriz=1.0, 

dvert=0.3) are summarized in Table II. 
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Table 2: Grid independence study (2D configuration, aspect ratio=horizontal 

length/depth=10, Pr=10, N=3, Ma=5000,Ra=10000,Bi=1.0). 

Grid umax vmax average

sideNu
 

average

topNu
 

77x18 90.2574 53.7327 2.0597 1.3410 

100x23 96.5027 53.6714 2.0018 1.2998 

130x31 96.5020 53.6701 2.0015 1.2998 

169x39 97.2471 53.5684 2.0003 1.2901 

 

As a fleeting glimpse into a such a table would confirm, a resolution with @30 points along the 

vertical direction and 130 points along the horizontal one can be considered more than enough 

for the considered combination of Ma, Ra and Bi for Pr=10 (all the percentage variations falling 

below 1% for a further increase in the mesh density).  

To double-check that such a resolution can also capture properly the small-scale details of 

surface-tension driven convection at high values of the Marangoni number (known for its 

ability to give rise to ñhigh-wavenumber excitationsò, (Thess and Orszag, 1995); see also Sects. 

4.2 and 4.3), dedicated 3D simulations have been performed considering MB and mixed 

Marangoni-Rayleigh-Bénard convection for resolution exceeding the 130 points in the 

horizontal direction. Given the disordered nature of the convective structures emerging in this 

case, a quantitative assessment of the pattern (on increasing the number of points) has been 

conducted in terms of (spatial) spectrum of the surface temperature distribution. 

a) b) 

Figure 38: Spectrum of the surface temperature distribution for increasing number of grid 

points in the horizontal direction (Pr=10, Ax=Az=10, Bi=1.0, solid lateral walls, spectrum for 

a temperature profile at x=5): a) Pure MB flow (Ma=5x103), b) Hybrid convection 

(Ma=5x103, Ra=104).
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The related results shown in Fig. 38a and 38b for the pure MB and hybrid convection cases, 

respectively, confirm that, although a variation can be detected in the shape of the spectrum for 

small wavenumbers (this depending on the specific line along which the temperature profile is 

measured and on the random position where extended convective structure are formed in the 

fluid domain when a new simulation is run), all the spectra align perfectly in the range of high 

values of the wavenumber. Most importantly, the extension of the spectrum does not change 

on increasing the density of the mesh, neither in terms of amplitude distribution (vertical 

coordinate), nor in terms of horizontal extension (i.e., the maximum value of k). These 

observations give us confidence that a resolution of 5x105 nodes is also sufficient to avoid 

unresolved regions in the 3D fluid domain, i.e., it is enough to capture the non-trivial small-

scale behavior of surface-tension-driven convection for the considered value of the Marangoni 

number (a denser mesh does not result in the realization of smaller scale kinematic or thermal 

features).   
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Chapter 5: Topographically Controlled MarangoniïRayleighï

Bénard Convection in Liquid Metals: 

5.1 Thermal convection in liquid metals: 
This chapter is entirely dedicated to a specific problem, that is, the numerical simulation of 

convection generated by a discrete set of heat sources in liquid metals. This initial section 

explains why this category of liquids has also been considered in this thesis. Liquid metals can 

be used in place of water to cool nuclear reactors given their high thermal conductivity. Thereby 

they are another example of the various technological cooling problems discussed in Chapter 

1.  However, there is also another important reason for which they are considered in this thesis.  

Before being solid, many materials pass through a liquid state and the properties that they 

display in the final solid state often depend on the convective phenomena that are established 

in their liquid state. This concept applies to a variety of manufacturing and materials science 

applications. Whilst there is a plethora of materials that are of industrial relevance and 

importance due to the related technological applications and impact on worldôs societies, 

silicon and other semiconductor materials have attracted a significant increasing interest 

especially during the late 20th and early 21st century. This interest partly stems from the 

abundance of these materials (especially silicon) on the surface of our planet. However, it also 

originates from some of the remarkable physical properties that these substances display, 

through which over the last 50 years specific technological applications have been enabled 

(leading to what nowadays is often referred to as the ósilicon ageô). 

Single crystals of these substances are of great importance in the electrical and op-to-electronic 

industries due to their ópurityô. A single crystal, often also referred to as a mono-crystalline 

material is a pure crystal lattice. The purity of these mono-crystalline materials is essential in 

electronics applications as the purer the material, the better its performances will be. Vice versa, 

for the use of semiconductors in microprocessors, which operate on the quantum scale, the 

presence structural or chemical defects in the crystal lattice can prevent these materials from 

reaching the expected targets in terms of electronic performances. 

These simple arguments explain why the convective processes that dictate the crystalline 

evolution of these substances have become a subject of great interest from both the engineering 

and physics standpoints. Convection within the melt can deeply influence microstructure 

formation in solidifying materials through its intrinsic transportation mechanisms of heat, mass 

and momentum and related studies show no obvious sign of reaching a limit yet. Given the 

difficulties in observing directly semiconductor melts and liquid metals due to their opacity, 

most of such studies are being based on alternate methods such as theoretical analysis and 

numerical simulations (Kaddeche, Henry, Putelat, and Hadid, 2002) . By virtue of them, it has 

been clarified that the branch of convection known as natural (buoyancy) convection, which is 

driven by gravity as a result of thermally induced density inhomogeneities in the liquid, plays 

a crucial role in such dynamics. 
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Landmark fundamental studies on the behaviour of buoyancy convection in liquid metals date 

back to 1981 when this subject was investigated given its relevance to other (natural) problems 

such as the motion of liquid iron in Earthôs core and the ensuing generation of a magnetic field. 

Considering a physical domain as simple as an infinite layer of liquid metal uniformly heated 

at the bottom and cooled at the top, (Busse and Clever, 1981), (Clever and Busse, 1981) 

revealed that Rayleigh-Bénard (RB) convection in such systems is initially steady and then it 

undergoes bifurcation to an oscillatory flow as the Rayleigh number is increased. It was shown 

that the instability leads to the emergence of waves that travel in the fluid along a horizontal 

direction. These waves were also found numerically by (McLaughlin and Orszag, 1982 and 

Lappa, 2005). It has been shown that superposition of these waves can also produce peculiar 

states known as óstanding wavesô, i.e., solutions where the disturbances do not travel in the 

fluid but grow and shrink in time at fixed spatial positions. 

Another line of inquiry has originated from the realization that if the fluid is not de-limited by 

a solid wall at the top, i.e., it displays a free liquid-gas interface (which is often the case in most 

of the technological processes used for the production of the aforementioned single crystals, 

Lappa, 2005), another source of convection is represented by surface tension and related 

gradients. Surface tension of many liquids (including semiconductor melts and liquid metals) 

depends on temperature. If the fluid is subjected to a temperature difference, this results in fluid 

motion, generally referred to as Marangoni-Bénard (MB) convection when the fluid is 

uniformly heated at the bottom. Unlike RB flow, which typically manifests in the form of 

parallel rolls extended in the horizontal direction (playing the role of substrate for the 

propagation of the aforementioned waves when a certain temperature difference is exceeded), 

Marangoni-Bénard convection is known for its ability to produce patterns with the hexagonal 

symmetry. In the case of liquid metals, these hexagonal cells are featured by rising currents 

along their boundary and a central column of descending fluid (a structure known as an 

ñinverted hexagonò to distinguish it from the companion case in which these cells form in oils 

and display fluid rising at the center, see, e.g., Thess and Bestehorn, 1995; Parmentier, Regnier, 

Lebon and Legros, 1996; Boeck and Thess, 1999. On increasing the related characteristic 

(Marangoni) number, this topology can be taken over by different patterns, such as stationary 

two-dimensional rolls either with the roll axes parallel to the short domain boundary or in two 

different oblique orientations. Time-dependent solutions are also possible, namely three-

dimensional (3D) travelling waves. 

All of these phenomena can have a detrimental impact on the quality and purity of the 

crystalline materials discussed before. That is why, in general, attempts are made to control 

these flows and the related hierarchy of bifurcations through magnetic fields or other methods 

such as the application of vibrations ( and all references therein). 

Most surprisingly, despite all these valuable studies, very few pieces of literature have appeared 

where an attempt has been made to ócontrolô these forms of convection through alteration of 

their óboundary conditionsô, i.e., by using containers with walls that display a given topography 

and/or a structured thermal inhomogeneity. The problem of planform selection in such 

conditions has long been a theoretical puzzle. 
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As a first step in this direction, the present chapter is devoted to the numerical investigation of 

hybrid buoyancy-Marangoni convection in a layer of liquid metal cooled at the top by an 

adjoining gas phase and heated at the bottom by a discrete distribution of heating elements 

(cubic blocks). The main objective is an understanding of the relationships existing between 

the imposed thermal forcing and the properties of the emerging flow. 

Not to increase excessively the dimensionality of the space of parameters (but without loss of 

generality) a fixed horizontal extension of the fluid domain is considered (assumed to be a layer 

with identical length along x and z, namely Ax=Az=10). As the blocks have a square cross-

section (dhoriz=1), this naturally implies that the discrete distribution of blocks can be directly 

mapped into a square matrix having dimensions NxN where N can be set as an input parameter 

for the simulations. As another degree of freedom, a variable thickness has been considered for 

the blocks, with dvert spanning the range 0.5¢dvert¢0.7. 

Moreover, the response of these systems has been examined for three distinct values of the 

Prandtl number Pr¢1, namely Pr=0.01, 0.1 and 1 (the first two being representative of liquid 

metals or semiconductor melts, the last one corresponding to the companion case of molten 

salts). 

With the selected number of points, each simulation has taken a time ranging between one and 

four weeks. 

In the following, for the sake of clarity, the results are presented in three segregated sections, 

where the influence of each of the considered degrees of freedom is examined while keeping 

all the other parameters fixed. Accordingly, starting with the default case corresponding to pure 

silicon (Pr=0.01) with a 3 × 3 distribution of elements (N=3), the variations are induced by a 

change in the height of the blocks and/or a variation in the considered boundary conditions. As 

illustrated in Section 2, the floor can be adiabatic or set at the same temperature of the blocks 

(hot floor), the lateral boundary can be solid and adiabatic or treated as a cyclic (or periodic) 

boundary condition (PBC). 

 

5.2 Silicon Melt with Variable Block Height: 

Figure 39 provide a first glimpse of the related patterning behavior in terms of 3D structure of 

the temperature field. It can be seen that, in general, regardless of the considered boundary 

conditions at the bottom and at the domain side, a distribution of hot spots can be identified at 

the free surface. Comparison of the results for a fixed value of dvert (aligned along columns in 

Figure 39) is instrumental in showing that a replacement of the adiabatic condition at the 

bottom with a hot floor generally leads (as expected) to an increase in the average temperature 

of the system and the temperature of the surface spots. Replacement of the solid lateral wall 

with PBC does not seem to have a big influence if the floor is adiabatic, whereas it can lead to 

a slightly more disordered pattern if PBCs are considered. 
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Figure 39: Three-dimensional (3D) Temperature snapshots (Pr=0.01, 3 × 3 configuration): (a) 

adiabatic floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor with lateral PBC, 

(d) hot floor with lateral SW; (i) dvert=0.5, (ii) dvert=0.6, (iii) dvert=0.7. 

An increase in the vertical block extension, obviously makes the temperature of the surface 

spots higher as the distance between the top of the blocks and the free interface becomes smaller 

(see the results aligned along rows in Figure 39). 

These results are naturally complemented by those reported in Figures 40 and 41. The former 

shows the corresponding temperature maps in a transversal section (plane xy), the latter 

concerns the velocity field. These confirm the trends discussed before in terms of expected rise 

in the temperature when the hot floor is considered, or the height of the blocks is increased. 
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Figure 40. Temperature distribution snapshots in the plane z=5 (Pr=0.01, 3 × 3 

configuration): (a) adiabatic floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor 

with lateral PBC, (d) hot floor with lateral SW; (i) dvert=0.5, (ii) dvert=0.6, (iii) dvert=0.7. 
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Figure 41. Snapshots of the streamlines of the velocity field projected on the z=5 plane, 

colored according to the corresponding distribution of temperature (Pr=0.01, 3 × 3 

configuration): (a) adiabatic floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor 

with lateral PBC, (d) hot floor with lateral SW; (i) dvert=0.5, (ii) dvert=0.6, (iii) dvert=0.7. 

In particular, as qualitatively substantiated by Figure 41, the velocity field can be more complex 

than the corresponding temperature distribution. As the reader will realize by inspecting this 

figure (showing the lines tangent to the projection of the instantaneous velocity field on the 

z=Az/2 midplane, colored according to the corresponding distribution of temperature), the 

topology of such streamlines is quite intricate with vorticity being present in the form of more 

or less extended eddies both in the regions above the blocks and in the space between them 

(the former being reduced as dvert is increased). 
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5.3 Silicon Melt with Variab le Number of Blocks 

The next figure of the sequence (Figure 42) shows the 3D structures obtained when the number 

of blocks is increased from 3 × 3 to 5 × 5 while keeping their height fixed to 0.6. 

 

Figure 42. 3D Temperature snapshots (Pr=0.01, dvert =0.6): (a) adiabatic floor with PBC, (b) 

adiabatic floor with lateral SW, (c) hot floor with lateral PBC, (d) hot floor with lateral SW; 

(i) 3 × 3 array (ii) 5 × 5 array. 

The most remarkable change clearly occurs in terms of multiplicity of the surface spots. 

However, significant modifications can also be detected in the distribution of temperature in 

the transversal sections (Figure 43). When the number of blocks is increased, the amount of 

heat being released in the fluid per unit time clearly increases causing an ensuing rise in the 

average system temperature. Along these lines, it can be seen that when the configuration with 

5 × 5 blocks is considered, the differences between the cases with adiabatic and hot floor 

become less evident. 

 



71 
 

 

Figure 43. Temperature distribution snapshots in the plane z=5 (Pr=0.01, dvert =0.6): (a) 

adiabatic floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor with lateral PBC, 

(d) hot floor with lateral SW; (i) 3 × 3 array (ii) 5 × 5 array. 

Finally, Figure 44 shows that an increase in the number of blocks also affects the topology of 

the streamlines; nevertheless, these retain their behavior with fluid rising from the top of the 

blocks towards the free interface and moving down in the regions between the blocks. 
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Figure 44. Snapshots of the streamlines of the velocity field projected on the z=5 plane, 

colored according to the corresponding temperature distribution (Pr=0.01, dvert =0.6): (a) 

adiabatic floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor with lateral PBC, 

(d) hot floor with lateral SW; (i) 3 × 3 array (ii) 5 × 5 array. 

Most remarkably, taken together all these figures also lead to the conclusion that (in terms of 

patterning behavior) in the presence of a distribution of cubic blocks, thermal convection in a 

small-Pr fluid can retain neither the classical structure with elongated two-dimensional rolls 

typical of RB convection, nor the hexagonal-cell based topology of classical MB convection. 

Regardless of whether the floor is adiabatic or set at the same temperature of the blocks, the 

blocks create a kind of óblockageô or act as barriers (or perturbing elements) that can break the 

two-dimensional rolls and prevent the system from developing a pattern with the honeycomb 

symmetry. On the other hand, varying the number of blocks can also have a non-negligible 

impact on the temporal response (time-dependence) of the flow. Before treating this specific 

aspect, the next sub-section is concerned with the influence of another significant parameter, 

i.e., the Prandtl number itself. 
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5.4 Effect of the Prandtl Number 

As witnessed by Figure 45, on varying the Prandtl number for a fixed number (N=3 in this 

case) and given height of the blocks (ŭvert =0.6), significant changes can be induced in the 

system in terms of patterning behavior. This is more evident when the configuration with hot 

floor is considered and/or the Prandtl number is increased. 

 

Figure 45. 3D Temperature snapshots (dvert =0.6): (a) adiabatic floor with PBC, (b) adiabatic 

floor with lateral SW, (c) hot floor with lateral PBC, (d) hot floor with lateral SW; (i) Pr=0.01 

(ii) Pr=0.1 (iii) Pr=1. 

For both Pr=0.1 and Pr=1 and hot floor condition (Figure 45(c, ii), (c, iii), (d,ii) and (d,iii)), the 

rising columns of hot fluid inside the layer no longer simply reflect the underlying distribution 

of hot blocks. In place of nine plumes evenly spaced along the x and z axes, a set of 4 × 4 

thermal pillars are obtained. 

As the reader will realize by taking a look at Figures 46 and 47, the increase in the visible 

number of columns of rising hot fluid (the aforementioned pillars) is due to a change in the 

process leading to plume formation. When the floor is hot and the Prandtl number is 0.1 or 1, 

plumes originate from the top corners of each block rather than from its center as it was for 

Pr=0.01. This should be ascribed to the increased ability of the vertical walls of the blocks to 

produce convection in such conditions. 
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Figure 46. Temperature distribution snapshots in the plane z=5 (dvert =0.6): (a) adiabatic floor 

with PBC, (b) adiabatic floor with lateral SW, (c) hot floor with lateral PBC, (d) hot floor 

with lateral SW; (i) Pr=0.01 (ii) Pr=0.1 (iii) Pr=1. 
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Figure 47. Snapshots of the streamlines of the velocity field projected on the z=5 plane, 

colored according to the corresponding temperature distribution (dvert =0.6): (a) adiabatic 

floor with PBC, (b) adiabatic floor with lateral SW, (c) hot floor with lateral PBC, (d) hot 

floor with lateral SW; (i) Pr=0.01 (ii) Pr=0.1 (iii) Pr=1. 

 

 

 

 

 

 
















































































































































































































































