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Abstract

Liquid crystals are the surprisingly less well known fourth phase of matter, sitting
between the familiar solid and liquid phases. These materials combine uid-
ity with orientational and/or positional order, yielding surprising and desirable
properties relevant for use in tailor-made applications. In this thesis, we place an
emphasis on the study of order reconstruction (OR) solutions. These OR solutions
describe polydomain structures i.e., multiple sub-domains separated by domain
walls. We study OR solutions within the Landau-de Gennes continuum theory
for liquid crystals in a reduced, one-dimensional setting relevant for micro uidic
problems. OR solutions in nematic liquid crystals are well known, but we demon-
strate the existence of OR solutions in the physical settings of ferronematics, and
both passive and active nematodynamics, demonstrating the universality of such
solutions. This work involves studying coupled systems of non-linear ordinary
di erential equations, and utilising techniques from the calculus of variations,
partial di erential equation theory, and asymptotic analysis, to gain insight. We
also place signi cant emphasis on studying solution landscapes i.e., how all critical
points (stable and unstable) of an energy functional connect to one another, and
this is implemented through advanced numerical methods. In our nal chapter,
this sheds light on a competition between uniaxiality and biaxiality in cholesteric

liquid crystals, and a way to potentially observe biaxiality experimentally.
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Chapter 1

Introduction

1.1 What are liquid crystals?

In one sentenceliquid crystals are examples of partially ordered materials that

are intermediate between the solid and liquid phases of matter.

To understand what this means, it is useful to recap the conventional solid and
liquid phases, which we are all most familiar with. In a crystalline solid, the
molecules are xed in a rigid lattice structure which cannot move, making the
structure highly ordered, whilst in an isotropic liquid, the molecules are free to
move at random and are highly disordered. Liquid crystals then, can be thought
of as a hybrid of the solid and liquid phases, adopting features from each. In a
liquid crystal, the molecules are not held in a xed lattice and as such, can ow.
They do however maintain a degree of positional and/or orientational ordering in

at least one-dimension (see Figure 1.1). Here, positional order means molecules
arrange in some kind of ordered lattice structure, while orientational order means

that the molecules tend to align in the same direction, in an averaged sense.
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Figure 1.1: Sketch of ellipsoidal shaped molecules (blue shapes)
in: (i) a solid crystalline phase, (ii) an example liquid
crystal phase and (iii) an isotropic liquid phase.
Typically, this order manifests in the molecules aligning along certain locally
preferred directions throughout the material. This is not as restrictive as a xed
lattice, nor as free as a liquid. It is this combination of uidity and order that
gives liquid crystals unique physical properties, and makes them such a rich and

interesting set of materials.

A primary cause of this order is the shape of the underlying molecules in the
material. Typical shapes for liquid crystal molecules are rod or disc/plate shaped
molecules [4], and more recently banana or pizza-slice-shaped molecules have
received attention [5]. It is their shape and order that makes liquid crystal
materials anisotropic, that is, they have a directional dependent response to
external stimuli, such as light, and electric and magnetic elds. The response
to light for instance, gives liquid crystals distinct optical properties since they
are birefringent. In Figure 1.2, some beautiful examples of the images that can
be generated through polarised optical microscopy can be seen. The response to
electric and magnetic elds can be used to dictate, stabilise, or switch the state of

the liquid crystal. This control can then be exploited for tailor-made applications.

Since liquid crystals sit between the solid and liquid phase, one may ask how do

we achieve a liquid crystalline phase? Just as we can induce a phase transition
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Figure 1.2: Polarising microscope textures of thin liquid crys-
talline Ims. Courtesy: Oleg Lavrentovich, Liquid
Crystal Institute, Kent State University, National
Science Foundationwww.nsf.gov

(i.,e. a change in state) by cooling a liquid to a solid, for certain materials, we
can cool (heat) a liquid (solid) to a liquid crystal. Liquid crystals were rst
discovered in 1888 by Friedrich Reinitzer by doing such a procedure (reported in
[6]). Reinitzer was heating a sample of cholesteryl benzoate when he seemingly
observed two melting points, one from a solid to a cloudy liquid at4%C, and
from this cloudy state to a clear liquid (now known as theclearing point) at
1785°C [7]. Moreover, the procedure was reversible. This cloudy state was the
newly discovered liquid crystal phase, however, the term "liquid crystal" was not
proposed until 1900 by physicist Otto Lehmann. Lehmann drove progress in the
years that followed and notably completed the rst polarised optical microscopy
experiments [7]. This was followed by the work of the chemist Daniel Vorlander,
who proved that the characteristics of a liquid crystal were due to the rigid linear
structure of their molecules [8]. Another important discovery came in 1922, when

Georges Friedel [7, 9] was able to classify liquid crystals into three categories: the
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nematic, cholesteric, and smectic phases.

1.2 Classi cation of liquid crystals

We now know liquid crystals can be divided into two main classes, the rst being
those which undergo phase transitions due to changes in temperature, termed
thermotropic liquid crystals [10]. The second class of liquid crystals are those
which undergo phase transitions due to a change in their concentration in a solvent,
termed lyotropic liquid crystals [10]. It is thermotropic liquid crystals that we
study in this thesis. Within these classes, liquid crystals experience di erent
phases as they transition between the liquid and solid states, termeadesophases
which can be distinguished by the type of ordering present. Examples include,
the nematic, cholesteric and smectic phases identi ed by Friedel, which we now

touch on.

1.2.1 Nematic liquid crystals

The simplest, and most common liquid crystal phase, is the nematic phase, where
the constituent molecules are typically cylinder/ellipsoidal or cuboid shaped [11].
The shape of the molecules result in nematic liquid crystals (NLCs) having long
range orientational order with preferred directions of average molecular alignment.
However, they have no positional order (i.e., they can translate freely in space
while being aligned on average [12]). Moreover, nematic molecules have head to
tail symmetry since the top and bottom of the molecules are indistinguishable.
This information is modelled by a directom, a unit vector pointing in the preferred
direction of average molecular alignment (see Figure 1.3 for a depiction of the
nematic phase and directon). Due to the head to tail symmetry of the molecules,

n and n are physically equivalent. As such, it can be better to think of the
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director as a line eld, rather than a vector eld [13].

Nematics (and liquid crystals in general) can be divided into two broad categories,
uniaxial and biaxial. We say a nematic phase is uniaxial if there is one preferred
direction of alignment, such that all directions perpendicular to this direction
are physically equivalent. Generally, an uniaxial nematic phase is composed of
cylindrical or rod shaped molecules which have rotational symmetry about their
long axis. We say a nematic phase is biaxial if it has two locally preferred directions
of molecular alignment, and consequently two directors. Biaxial nematic phases
typically occur for cuboid shaped molecules which have no axis of rotational

symmetry but three axes of re ective symmetry [11].

Figure 1.3: A schematic of the nematic phase and its associated
director n. n could be drawn in the opposite direc-
tion (the same comment applies to Figure 1.4 and
Figure 1.5).

1.2.2 Cholesteric liquid crystals

Another liquid crystal phase is the cholesteric phase, which can be formed by the
addition of a chiral dopant to a NLC [14]. This causes the nematic molecules to
be chiral (i.e., their mirror images are not superimposable) and form a helical

structure. The local director rotates a full 360 as we move through the helix,
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and the distance over which this occurs, is labelled as the pitgly of the choles-
teric. Figure 1.4 shows the equilibrium structure of the phase. Unsurprisingly,

cholesterics are also referred to as chiral nematics [15].

Figure 1.4: A schematic of the cholesteric phase. The black ar-
rows represent the local directon, while py is the
pitch, the distance over which a2 rotation of the
director is completed.

1.2.3 Smectic liquid crystals

Smectics are examples of layered liquid crystals wherein there is nematic ordering
within the layers and positional ordering in one direction (i.e., the direction
orthogonal to the layers). The layers are independent of one another in that they
are free to slide over each other. There are two common smectic phases known as
the smectic A and smectic C phases [16]. In the smectic A phase, the director is
parallel to the layer normal, while in the smectic C phase, the director may orient

itself at an angle to the layer normal (see Figure 1.5).

1.2.4 Defects

A recurring and distinguishing feature in liquid crystals isdefects Defects cor-

respond to points, lines, or surfaces in the sample where the orientation of the
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Figure 1.5: A schematic of the smectic A and C phases. In the
smectic A phase, the directon is parallel to the layer
normal. In the smectic C phase, the director is at
an angle to the layer normal (marked by a dashed
line).

molecules can no longer be de ned by a director [13, 17]. This is a result of rapid
changes in the director pro le which can be caused by geometric frustration from
the con ning geometry, applied external elds, or a phase transition. Examples
of defects due to con nement can be seen in Figure 1.2 at the points where black
streaks meet. Defects can exist in one-, two-, and three-dimensions, and their
classi cations are di erent in each dimension. A point defect in two-dimensions
can be given an associated charge This can be calculated by travelling along

a closed loop around the defect and simultaneously measuring the multifeof

2 , the director rotates by along this loop [18]. The charge can take the values

k = ;L g; ::;, where a+ () means the director rotates clockwise (anti-

NI

clockwise) around the defect. Examples of the director eld for such defects are
shown in Figure 1.6, while two 1 defects can be seen in the top right image
of Figure 1.2. Defects can also take the form of lines known as disclinations
(characterised by a rotational displacement of the structure, making it a defect
in orientational order) or dislocations (a linear displacement in the structure of
the material, making it a defect in positional order) [18]. A charge can also be
assigned to a disclination in the same way as for point defects, by considering

a closed path around the disclination. In three-dimensions, defects can take the
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form of surfaces, such as domain walls. Domain walls and disclinations are the

most relevant defects for the problems studied in this thesis.

k=+ k= 3 k=+1 k= 1

NI

Figure 1.6: Schematics of the director eld (drawn as line elds)
around some point defects (drawn as dots) in two-
dimensions.

1.3 Liquid crystals and their uses

1.3.1 Applications of liquid crystals

Before diving into the mathematical content of this thesis, we summarise just a
few of the many interesting applications liquid crystals have, in order to motivate
the reader as to why we should study these materials. Applications include
metamaterials, biomaterials, drug technologies, various sensor devices (including
sensors for medical and biological purposes), and applications in nanotechnologies,
to name but a few [19]. In this section, we focus on three examples. We start
with an application that someone with little knowledge of liquid crystals maybe
aware of, and then move on to those that people outside of the eld may never

have heard of.
Liquid crystal displays

A commercially successful application of liquid crystals is in the multi billion dollar

liquid crystal display (LCD) industry [19, 20]. LCDs appear in our everyday lives
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Figure 1.7: Directions in which light experiences the ordinaryn,,
and extraordinary ne, refractive index for an ellips-
oidal shaped molecule.

in the form of TV, laptop and phone displays, for example. Liquid crystals
are the working material of choice due to their birefringence. Considering a
typical ellipsoidal shaped nematic molecule, it has a single optical axis de ned
by the director. Polarised light propagating along this optical axis experiences
an extraordinary refractive indexn, only, however, light incident from any other
direction also experiences an ordinary refractive index,, governed by the short
axis of the molecule (see Figure 1.7). Referring back to Figure 1.2, the dark lines
correspond to regions where the average molecular orientation is parallel to one
of the polarisers. In these regions, polarised light propagates on average along
the long axis of the molecules and hence, experiences one refractive index leaving
its polorisation una ected and the region dark, since the two polarisers are not
aligned. Conversely, the coloured regions correspond to polarised light which
does not propagate along the long axis and therefore, splits into two mutually
orthogonal rays (termed ordinary and extraordinary rays). After exiting the liquid
crystal, these rays are out of phase, but are recombined when they pass through

the second polariser giving rise to di erent colours.

With an understanding of birefringence, we now explain how a twisted nematic

device (TND) works and how this can exploited for displays. TNDs do not
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appear in modern high resolution displays, instead, what are known as thin Im
transistors are used. However, they still utilise the same basic principle of the TND
(as do many other devices). TNDs consist of liquid crystal material (typically a
nematic or cholesteric) sandwiched between two glass plates, which are further
placed between two polarisers set &(° to each other. The glass plates are
given a surface treatment such that the molecules prefer to align along a certain
direction on the top and bottom plate. These directions are typically orthogonal
to one another so that in the absence of any electric eld, the molecules naturally
twist between the glass plates. In this twisted state, incident polarised light will
experience di erent optical axes. This changes its orientation allowing it to pass
through the second polariser, giving us a transparent state. When an electric
eld is applied, the dielectric response of the liquid crystal molecules causes them
to align with the direction of the eld. Hence, by applying the electric eld in
the vertical direction, the molecules align parallel to the vertical eld. In this
aligned state, incident polarised light only sees the long axis of the molecules, its
orientation is therefore una ected and with the polarisers being aB(® to one
another, we get a dark state. These transparent and dark states are the basic

ingredients required in LCDs. A diagram of the TND setup is shown in Figure 1.8.

The aligned state with the electric eld on, immediately relaxes back into the twis-
ted state when the eld is turned o and is, therefore, unstable. The requirement
of constant power to maintain the alignment is not desirable, and is why there is
signi cant interest in so called bistable or multistable systems i.e., systems that
have two or more stable states without any external input. By system, we mean
a liquid crystal con ned to a geometry and possibly subject to some boundary
e ects and/or external eld, for example. Consequently, multistable systems

only require power to switch between stable states. A commercially successful
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example is the Zenithal Bistable Device [21], while experimental realisation of a
planar bistable nematic device is achievable in shallow square wells lled with
NLC [22]. It is worth noting, both of these bistable systems were only discovered
in the mid 2000s, making multistable systems in applications a relatively new and
unexploited area. It is for this reason, large parts of this thesis are devoted to the

study of solution landscapes which have multiple stable states.

Figure 1.8: A schematic representation of a twisted nematic
device.

A related, but less well-known application, is that of variable or switchable contact
lenses. Such devices use liquid crystal contact lenses that can change focal power
by applying a small electric eld across the device [23]. These devices use the
same basic principle as the twisted nematic device described previously. By using
an applied electric eld, the orientation of the liquid crystal molecules in the

lens can be changed, which in turn changes the focal power (see Figure 1.9 (a)).
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Figure 1.9: (a) A schematic representation of how di erent dir-
ector orientations (controlled by an electric eld be-
ing on or 0) in a device, and a lens, e ect the re-
fractive index. (b) An example liquid crystal contact
lens, and the images seen through this lens when an
electric eld is on or o. These images are from [23].

This means these contacts can e ectively switch between di erent lenses and
therefore, be used for both short and long distance viewing (see Figure 1.9 (b)).
Everyone's ability to focus on nearby objects diminishes with age, and with an
ageing population this is an issue which will only become more prominent [23].
These switchable devices, therefore, o er an e ective solution to a very relevant

problem in today's society.
Liquid crystals in biology

Given that liquid crystals have uidity and order simultaneously, it may not be
surprising to learn that the membrane of every cell in our bodies is in a liquid
crystal phase [19]. A solid phase would be too rigid and impermeable, while an
isotropic liquid would not be able to separate the cell from its surroundings [19].
A liquid crystal phase, on the other hand, provides the required structure and

freedom our cells need. Even DNA forms liquid crystal phases [24]. Needless to
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say, the relevance of liquid crystals in biology, and by extension, biotechnology
does not end here. For example, liquid crystals have tremendous potential for use
in biological sensors. Recall that the reorientation of the molecules in a liquid
crystal has a dramatic impact on its optical properties, and that they are sensitive
to their chemical and physical environment. Therefore, if we add a liquid crystal
with a speci ¢ alignment to an aqueous phase, and a biomolecular binding event is
present, the director pro le may reorient altering the optical properties observed
through polarised optical microscopy, hence allowing us to detect these events.
This process can also be applied to the detection of bacteria and viruses [25].
Liquid crystals are also being investigated for use in drug delivery technologies
[26]. Here, lyotropic liquid crystals are placed inside thin nanometer sized shells
(of amphiphilic block co-polymer) which can then be heavily loaded with drugs
for oral delivery. Crucially, the drugs are protected in the particle core from
chemical degradation on its journey to the site of release. This protective layer
also means the release rate is much slower when compared to conventional drugs,
which combined with the high load capacity, make these patrticles interesting
possibilities for cancer treatment [19]. Biological applications of liquid crystals

also extend to active matter systems, which we introduce in Section 1.3.2.

Thwarting counterfeiting

One nal application which is less well-known, but nonetheless interesting and
extremely important, is the use of liquid crystals to spot counterfeit items. To
do this, what are known as cholesteric spherical re ectors (CSRs) are used [27
30]. These are essentially shells made of cholesteric liquid crystal, which can be
created by coating a drop of water in cholesteric through a clever micro uidic

setup (see [27, 29] for details). These shells can be used in the prevention of
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counterfeiting due to their optical properties when illuminated. In particular,

CSRs re ect di erent wavelengths of light depending on the direction light is

shined from and where it meets the shell. Combining these shells at random,
which have di erent thicknesses, orientations and pitches of the cholesteric helix,
means every arrangement is unique [27]. Hence, there is an e ectively in nite set
of optical responses depending on how we illuminate the CRSs. In Figure 1.10,
examples of the incredibly diverse optical patterns that can be generated are

shown.

The underlying principle in identifying if an item is genuine, is a "challenge” (i.e.
some kind of test) and a "response” (the result of the test). Refering back to
our CSRs, how we illuminate the CSRs can be used as the challenge, and the
response the optical pattern we observe. So by requiring a speci ¢ optical pattern
as the response, an item can be validated. This can be practically implemented by
coating a given item with a layer of CSRs. This is a unique, uncloneable (even the
producer cannot repeat a given arrangement), and tamper-proof label, which can
be used for identi cation [28, 30]. Applications of CSRs do not end here though.
Without going into details, CSRs can be used in supply chain track and trace,
supporting autonomous robots and augmented reality [30], search and rescue [28],

and even disease testing.

1.3.2 Generalisations of liquid crystals

We now describe some examples of how liquid crystals can be utilised in di erent

physical settings. The scenarios discussed are those that we cover in this thesis.
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Figure 1.10: Re ection polarising microscopy images of CSRs.
(a) A close up of the optical patterns generated by
these shells re ecting light. (b) The thickness of
the shells is always asymmetric, so by shining light
through the thinnest part of the shells circular pat-
terns can be generated. (c) and (d) highlight how
changing the angle of incident light from above the
shells (i.e,9(° to the plane the shells lie in) in (c), to
4% in (d), drastically changes the observed optical
pattern. These images are from [28] with permis-
sion from Wiley (this article is available under the
Creative Commons CC-BY-NC-ND license and per-
mits non-commercial use of the work as published,
without adaptation or alteration provided the work
is fully attributed).
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Ferronematics

Applications of NLCs typically utilise their response to external electric elds

as opposed to magnetic elds, since their response to magnetic elds is much
weaker (perhaps seven orders of magnitude smaller) than their dielectric response
[12]. Ferronematics seek to rectify this problem, and thus extend applications of
nematics to devices which exploit magnetic elds. First proposed by Brochard and
de Gennes in the 1970s [31], ferronematics are a class of composite nematics with
magnetic properties which can be composed of a dilute suspension of magnetic
nanoparticles (MNPs) in a nematic host. Brochard and de Gennes suggested that
such a colloidal suspension could induce a spontaneous magnetisation without
any external magnetic elds, and substantially enhance the magnetic response
of the material. The rst experimental realisations of such ferronematics came
quickly by Rault, Cladis and Burger [32], however, this system did not display
spontaneous magnetisation in the absence of an external magnetic eld. Since
then, notable theoretical contributions have come from [33] and [34] , but only
recently in [35], were the crucial factors for a stable ferronematic suspension
with spontaneous magnetisation identi ed (the use of nanometre sized magnetic
platelets being the key). In terms of applications, ferronematics have tremendous

potential, for metamaterials, topological materials, and nano-systems [36].

Nematodynamics

Dynamic scenarios, where a NLC is able to continuously move or ow as a result

of external agents, are referred to as nematodynamics. In these dynamic settings,
there is an intrinsic coupling between the uid motion and orientational order

of the nematic phase. This coupling gives rise to non-Newtonian properties and

stresses, as well as unusual mechanical and rheological properties [37], all of which
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present new possibilities for applications. Nematodynamics are most relevant to
micro uidic problems, that is, uid ow con ned to thin planar cells or channels.
Applications of micro uidics and nematodynamics include opto uidic devices and

guided micro-cargo transport through micro uidic networks [38, 39].
Active matter

Flow-induced deformations of nematic textures in con nement are ubiquitous,
both in passive systems where the hydrodynamics are driven by external agents,
and also in active matter systems. Active matter refers to systems composed
of self-driven units, each capable of taking in and dissipating energy to create
systemic movement [40]. The interaction of active particles with each other and
with the medium they live in, gives rise to highly correlated collective motion and
mechanical stress. Active particles are self-propelled and the direction of their
motion can be determined by their own anisotropy, rather than an external eld.
Consequently, these active systems exhibit a wealth of unusual non-equilibrium
properties, such as, order-disorder transitions, turbulence, and pattern formation
on mesoscopic scales [41]. Examples of active systems that can exhibit liquid
crystalline order include, the cytoskeleton of living cells [42] (in fact, active stresses
have been found to be important in animal cell division [43]), bacterial suspensions
[44], and even schools of sh and ocks of birds [41], all of which are of interest

from a modelling perspective.
More on cholesterics

Due to their chirality, cholesterics display rich structural features and defects,
particularly in con nement, since it is often incompatible with the twisted ground
state of the cholesteric [45]. For a given geometry, with speci ed boundary condi-

tions, there is a huge variety of metastable states [46], including, knotted disclin-
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ation lines [47], solitons (e.g. domain walls) [48], point defect constellations [49],
skyrmion lattices (i.e., two-dimensional solitons) [50], as well as complex patterns
in shells [51], cylinders [52] and tori [53]. A classical example of cholesterics in
con nement is a Grandjean-Cano wedge, where a lattice of dislocation lines are
observed [54]. An interesting side note is that there are parallels between these
defect structures in cholesterics, in particular skyrmions, and other condensed
matter systems such as chiral ferromagnets, Bose Einstein condensates and the
Quantum Hall e ect [52]. Cholesterics have subsequently received greater in-
terest, in part due to the relative experimental ease with which these defects can
be realised. As such, cholesterics can serve as a model system to investigate such
defect structures in condensed matter systems [50]. A universal or even partially
complete understanding of how and why these complex structures form, has so
far proved elusive. If understood, this richness would surely have great potential

for applications. In Chapter 7, we make a rst attempt at such an understanding.

1.4 Mathematics and liquid crystals

Reading the rst three sections of this Introduction, one may be confused as
to where mathematics ts into the study of liquid crystals. Studying liquid
crystals from a chemistry, physics or engineering perspective, may seem clear,
but why mathematics? The strength of mathematics lies in its ability to model
systems from a macroscopic scale to nano-scale (i.e., length scales visible to the
eye, or visible with the use of a microscope). This is achieved by modelling
liquid crystals as a continuum, that is, considering the behaviour of a system as
a continuous mass, rather than focusing on the behaviour of individual particles.
Mathematics then ts into the bigger picture of the study of liquid crystals in

two ways: (i) experimentalists (e.g chemists, physicists, engineers) observe a
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phenomena but do not fully understand why it occurs, mathematical modelling
and techniques can be employed to try and understand why, (i) mathematicians
model a previously unexplored system and use mathematics to gain insight and
make predictions about the behaviour of this system, this can then be used
to inform experiment designs and tell experimentalists what to expect. The
mathematical toolbox employed in this endeavour is almost endless, and includes
but is not limited to, the calculus of variations, partial and ordinary di erential
equations, bifurcation analysis, dynamical system theory, topology, stochastic
methods, numerical analysis, and numerical methods/algorithms. Interest in
machine learning for liquid crystals is even emerging. Mathematics for liquid
crystals, therefore, provides the opportunity to make a di erence in real world

applications, whilst also being a fantastic playground for mathematical techniques.

In this section, we introduce some of the mathematical ideas and frameworks which
are tremendously powerful for modelling liquid crystal systems on a continuum
scale. We focus on the modelling of NLCs here, as this provides the foundations
which can then be built upon to model other liquid crystal phases/materials. The
modelling of liquid crystals is a challenging mathematical question, this is in part
due to the dierent types of behaviour we may like to capture. Unsurprisingly
then, there are several di erent modelling approaches which have their advantages
and disadvantages. To understand any of these models, we rst explain the notion

of a scalar order parameter.

1.4.1 The director and scalar order parameter

There are two basic ingredients which describe a liquid crystal: (i) a director, and
(if) a scalar order parameter. We have already introduced the director, a unit

vector which describes the preferred direction of average molecular orientation.
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As such, we can considen 2 S?, where $? is the unit sphere. Furthermore, this
director can vary in both space and time i.en(x;t) at a point in spacex, at time

t. We then use ascalar order parameter(denoted bys) to measure the amount of
orientational order about the director. This can be de ned as a weighted average

of the angles ,, between the long axis of the molecules and the director

z

s= 3cog n 1 f(m)dA; (1.4.1)

NI =

B

wheref ( ) is the probability density function governing the probability of nding

a molecule with angle ,,, at a point x, in some ballB [11]. There are three stand
out values for the scalar order parameter. First, when,, = 0, so that molecules
align perfectly with the director ands = 1 (since RBf ( m) dA =1). Conversely,

in an isotropic phase when particles are orientated randomly and consequently
resemble a uniform distribution,f ( ,,) must be a constant, in factf ( ) = 4i.
Integrating (1.4.1) in this case, we nds = 0. Finally, when molecules are
perpendicular to the director (, = 5) we nd s = % Most liquid crystals
exhibit an order parameter in the range0:3 < s < 0:8 [55], making a negative
order parameter as hypothetical as a perfectly ordered state. However, recently in
[55], a liquid crystal with a negative order parameter was experimentally realised
in the form of elastomeric shells (in non-technical terms, these are in essence

liquid crystal balloons). The molecules all lie in the plane of the shell, but within

that plane they are disordered and this gives rise to the negative order parameter.

1.4.2 Continuum theories

With the director and scalar order parameter de ned, we thus begin to discuss
models for NLCs. The three main continuum theories utilised are, the Oseen-

Frank theory, the Ericksen theory, and the Landau-de Gennes theory (LdG).
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These theories can be identi ed by the types of behaviour they can model.

The Oseen-Frank theory introduced by Oseen [56], and later developed by Frank
[57], is the simplest of the three which models the director, at every point in space
as a unit vector eld, but assumes a xed scalar order parameter. This means
it can only account for uniaxial phases and limits its ability to capture defects
where the director is discontinuous [17]. For an uniaxial nematic liquid crystal,
con ned to some domain ( can be a one-, two-, or three-dimensional domain),

the Oseen-Frank energy is

Z
For(n)=  Ku(r n)>+Kxp(n r n)?+ Kg(n r n)?

+(Kp+Ky)r [(nr)n (r n)n]d ; (1.4.2

whereK 11, K2, K33 and K,4 are the Frank elastic constants. The terms with
coe cients Ky, K2, and K 33, represent what are known asplay, twist and bend
deformations respectively (see Figure 1.11 for a depiction of each) [12]. The term
with coe cient K+ K o4, is termed the saddle splay term and can be expressed as
a surface integral using the divergence theorem, while in one-dimension this term
is identically zero. These elastic constants can be of the same order of magnitude,
So it is not uncommon to use what is called a one-constant approximation and

take K11 = Ky = Kz, and Ky, =0 [12].

The Ericksen continuum theory introduced by Jerald Ericksen [58], is more general
than the Oseen-Frank theory. As well as having a directan (modelled as a unit
vector), it allows for a variable scalar order parametes, meaning it can capture
defects, but it is still limited to uniaxial nematics. Defects are captured by letting
s vanish in regions where the director can no longer be de ned, this e ectively

regularises these problematic regions, and defects are consequently modelled as
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Figure 1.11: A schematic representation of the splay, twist, and
bend deformations.

locally isotropic regions (although no change in temperature is involved) [17].
Using the one-constant approximation, the simplest form of the Ericksen energy
is
z
Fe(s;n)=  Kgjr si2+ s3r nj2+ W(s) d : (1.4.3)

whereK g is an elastic constant and/V (s) is a temperature dependent or thermo-

tropic bulk potential (we elaborate on such a potential in Section 1.5.2).

The LdG theory, is the most general of the three since it can capture both
uniaxiality and biaxiality, as well as defects. It is for these reasons that we work

with the LdG theory in this thesis, which we explain in detail in the next section.

1.5 The Landau-de Gennes theory

1.5.1 The Q-tensor

In the LAG framework, all the information about the state of a liquid crystal

is captured by a symmetric traceles8 3 matrix Q (equivalently called the
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Q-tensor, or Q-tensor order parameter) [14]. Speci cally,
0 1

Qi1 Q2 Q13
Q=EQu Qx Qo3 : (1.5.1)
Qiz Qx Qu1 Qn

Hence, we sayQ 2 Sp:= fQ 2 M3 3: Q; = Q;i; Qi =0g (whereM? 3 denotes

the space of all3 3 matrices).

Following the description in [13, 59], we outline where such an order parameter
comes from. Similar to Section 1.4.1, we start by de ning a probability density
function (x;p), which gives the probability that a molecule inB(x; ) (i.e., a ball
radius > 0, centrex) has orientationp 2 S?. Here,p models the long axis of the
molecule and we considgp and p to be equivalent, hence (x;p) = (X; p).

Furthermore, since is a probability density function, it must satisfy

Z
(x;p) O; and < (x;p) dp =1: (1.5.2)

Heredp denotes the area element 08?. Looking at the moments of , we see

Z Z
;p) dp = ; dp =0; 153
JP (cp)dp= _p (x p)dp=0, (L53)

i.e., the rst moment is zero, while the second moment is
z
M (x) = <P P (x;p) dp: (1.5.4)
Note, p p is a matrix de ned by the vector tensor product(p p)j = Pip;
fori;j = 1;2;3. If we consider an isotropic arrangement of particles, must
be a constant and therefore, = %- Sincep 2 $? can be written asp =

(sin cos; sin sin; cos ), we seeM (x) = %|3 (where I is the 3 3 identity
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matrix) in the isotropic case. TheQ-tensor is then de ned as

Q(x) = M(x) ;'gi (1.5.5)

so that it measures the deviation oM (x) from its isotropic value. ClearlyQ = QT

and trQ =0.

Q has ve degrees of freedom, and this is su cient to capture biaxiality, as we
now explain. First, recall a biaxial liquid crystal has two directors, hence, we
require two scalar order parameters to describe the associated orientational order.
SinceQ is a symmetric3 3 matrix, it has an orthonormal set of eigenvectors,
furthermore, Q can be expressed in terms of these eigenvectafsand associated

eigenvalues ; (by the spectral decomposition theorem) as
Q= 1Ny N+ 2N N+ 3Nz Nz (1.5.6)

. P . L
Similarly, 13 can be expressed ag = i3=1 n; n;. Combining this with the

constraint ;+ ,+ 3=0 (sinceQ is traceless), we see

Q=2 1+ 2)(ny N)+(2 2+ )2 nz) ( 1+ 2)la

Hence, setting

S= 1 3=2 1+ (1.5.7a)
r= 2 3= 1+2 3 (1.5.7b)
we have
1 1
Q=sn ng §|3 +r Ny n §|3 (1.5.8)

The Q-tensor in (1.5.8) is biaxial and it describes a biaxial state since we have
two order parameters,s and r, associated to the directors1; and n, (which are

eigenvectors ofQ), respectively. From(1.5.7), a biaxial state corresponds tdQ
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having three distinct eigenvalues. If we have a pair of equal non-zero eigenvalues,

Q is uniaxial. For example, if , = 3, Q can be written as

1
Q =S nNig N élg (159)
(analogous forms follows if ; = 3 0or ; = ). Such aQ-tensor is uniaxial,

since we have one directan;, an eigenvector corresponding to a non-degenerate
eigenvalue, and one order parametesx. Finally, if all three eigenvalues are equal,

sothats=r =0, Q = 0 and is thereforeisotropic [60].

Remark 1.5.1. 1. Similar to the Ericksen theory, defects can be captured by
the order parameterQ vanishing in regions where the director can no longer
be de ned i.e.,Q = 0, so that the region is isotropic. Defects can also be
discontinuities in the eigenvectors, or regions where the number of distinct

eigenvalues change.

2. Changing the sign of an eigenvector i(l.5.8) and (1.5.9), does not chang®).
As such, the physical equivalence of; and n; is captured. We therefore
regard the director as a line eld when extracted from theQ-tensor in this

thesis.

1.5.2 Modelling a liquid crystal system

The Q-tensor order parameter is the main ingredient of the LdG continuum theory.
In static situations, to describe a liquid crystal system it is necessary to de ne a
total free energy (as seen in Section 1.4.2), which captures the energetic behaviour
of that system. There are two key components to any such free energy, an elastic
energy densityf ., which penalises spatial inhomogenaities or material distortions,
and a bulk energy densityf,, which accounts for bulk e ects arising from the

liquid crystal material. Considering a liquid crystal sample contained in a domain
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, the total free energy is

z
Fe[Ql=  fe(Q)+ fu(Q)d : (1.5.10)
These two contributions are su cient for the problems considered in this thesis.
However, additional e ects due to external electric elds, external magnetic elds,

or surface energies at the boundar@ , can be incorporated [11].
The thermotropic bulk energy

The thermotropic bulk potential f, is a function of Q which determines the state
the liquid crystal would prefer to be in, the choices being, the isotropic, uniaxial,
or biaxial state. Intuitively, at high temperatures, f, should be minimised by an
isotropic state (Q = 0), while at low temperatures, it should be minimised by a
uniaxial or biaxial state. Isotropic and uniaxial states can be accounted for with
the following standard fourth order bulk energy density [11, 61] (see Section 2.1.1

for an explanation as to why):
fo(Q) = ':ter IztrQ3+ i(ter)z; where (1.5.11a)
trQ®=Q;Q; = jQj% andtrQ®*=Q Q Q : (1.5.11b)

Here,B; C > 0are material dependent bulk constants independent of temperature,

while A depends linearly on temperature and is given by
A= (T T)

where > 0is a material dependent constant] is the absolute temperature of the
system, andT is a characteristic liquid crystal temperature [14, 60]. 1rf1.5.11b),
the Einstein summation convention is used, an®; denotes thei;j " component

of Q. We work with the bulk potential (1.5.11a)in this thesis, which can account
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for rst-order nematic-isotropic phase transitions. For an understanding of where
(1.5.11a)comes from, we refer the reader to section 4.2 of [13]. Some background

results/properties concerningf, are discussed in Section 2.1.1.
The elastic energy

It would be energetically favourable forQ to be spatially constant, so to penalise
material distortions, any elastic energy density should depend on the spatial
derivatives of Q. Using the Einstein summation convention, the most general

elastic energy density can be written as,

L L L
fe(Q) = %Qij;k Qix + 72Qij;j Qikk + ;Qik;j Qijk +
L L
?4 ik Qi Qjik + 75Q|inj;| Qix; (1.5.12)

where Qi = @@—?;, ik 1S the Levi-Civita symbol, andi;j;k =1;2;3[62]. Here,
the L; are elastic constants which depend on the liquid crystal material and can
be related to the Frank elastic constants as in [11]. A rst simpli cation of the

energy density (1.5.12), is

(@)= Fir QP+ 20t Q) (15.13

where the rst term is an isotropic contribution, while the second term accounts
for anisotropy (see [63] for a study with this elastic energy density). For a nematic

liquid crystal, it is common to use a one constant approximation [64 66], which in

constant approximation then, the energy density(1.5.12) reduces signi cantly to

K. .
fe(Q) = i Q% (15.14)
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I.e., the familiar Dirichlet energy density. In(1.5.13)and (1.5.14) we have used the
matrix normin (1.5.11b) We use the one constant approximation in every chapter
except Chapter 7, where we model cholesteric liquid crystals. As mentioned
previously, cholesterics are chiral, and to account for this we must include the

term corresponding toL 4 in (1.5.12).
Boundary conditions

Since we consider liquid crystals in con nement, we need to specify the director
properties on the domain boundaries. This is done by imposing boundary condi-
tions on Q, of which there are two types, strong and weak anchoring. Strong, or

in nite anchoring, is implemented by imposing Dirichlet boundary conditions

Q=Qn on@: (1.5.15)

Considering a square geometry for example, whe@ is the edges of the square,

if the imposed boundary conditions are the same on all sides, we label these as
homogeneoudoundary conditions. If our boundary conditions are not the same
on all four sides and therefore con icting, we call theminhomogeneous If our
boundary condition is such that the director is normal or orthogonal to the side of
the square, we call thesbomeotropicboundary conditions [17]. Conversely, if the
director is required to align parallel to the side of the square, this is labelled as
planar boundary conditions [11]. Strong anchoring is appropriate for modelling
situations where the boundaries of a geometry have been treated to strongly

favour a certain direction of molecular alignment.

Weak anchoring is more physically realistic than in nite anchoring, and is suitable
for situations where the orientation of the director at the boundary is less strongly

prescribed. This is imposed by a surface energy, which enforces a preferred director
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pro le by penalising deviations from this preferred direction. For example, the
most appropriate surface energy is the Rapini-Popoular or Durand-Nobili surface

anchoring energy. The latter can be expressed as follows [67]

Z
. Wtr(Q Qu)? dA: (1.5.16)

Here, W is the anchoring strength (which can take di erent values along the
boundary) and Qy, is the preferred value of theQ-tensor on the boundary. This
surface energy is particularly useful since in th&/ ! 1  limit, weak anchoring

solutions converge to the strong anchoring solutions [68].
The variational approach

With a free energy and boundary conditions in hand, the nal ingredient is an
appropriate admissible space. We can then derive the Euler-Lagrange equations
associated with our free energy and solve them subject to appropriately de ned
boundary conditions, within our admissible space. Solutions of the Euler-Lagrange
equations are critical points of the free energy and describe the equilibrium con g-
urations of the liquid crystal system being considered. In general, the physically
observable equilibria are modelled as local or global minimisers of our free energy.
We follow this approach throughout much of this thesis, so to make these ideas

clear, we consider a standard example in Section 2.1.3.

1.6 Thesis outline

This thesis is organised as follows:

In Chapter 2, we review relevant mathematical results and concepts required

to study the problems in this thesis.

In Chapter 3, we consider NLCs in a channel geometry. The focus of our
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study is on investigating the connection between the imposed Dirichlet
boundary conditions on the nematic director and properties of solutions,
which we address by employing &- and associateds; )-formulation (s
being the scalar order parameter and the director angle). In particular, we
study the compatibility of OR solutions with these boundary conditions and
show we have a unique solution in thés; )-framework, for all boundary
conditions that do not permit OR solutions. We then study the limit
of small channel widths, where we can explicitly compute solutions and
verify our results surrounding OR solutions. Finally, we conduct numerical

experiments to support our theoretical results.

In Chapter 4, we study OR solutions in the Beris-Edwards framework for
nematodynamics, for both passive and active nematic ows in a channel.
We show that OR solutions exist for passive ows with constant velocity
and pressure, and the results from Chapter 3 can be applied to this case.
With this insight, we then compute asymptotic expansions for OR-type
solutions for (i) passive ows with non-constant velocity and pressure, and
(if) active ows, which shed light into the internal structure of domain walls.
The asymptotics are complemented by extensive numerical studies that

demonstrate the ubiquity of OR-type structures in these scenarios.

In Chapter 5, we study a model system for ferronematics with nematic and
magnetic order ( rst proposed in [69, 70]), within a channel geometry. The
system is characterised by a tensor-valued nematic order paramet@rand
a vector-valued magnetisatiorM , and the observable states are modelled as
stable critical points of an appropriately de ned free energy which includes
a nemato-magnetic coupling term, characterised by a parameter We (i)

derive L; bounds forQ and M (ii) prove a uniqueness result in speci ed



1.6. Thesis outline 31

parameter regimes; (iii) analyse order reconstruction solutions, possessing
domain walls, and their stabilities as a function of channel width and; and

(iv) supplement these analytical results with supporting numerics.

In Chapter 6, we build upon the initial numerical study in Chapter 5,
by employing the high-index optimisation-based shrinking dimer method
(HIOSD) [71], to explore solution landscapes for the ferronematic problem
considered. Solution landscapes show how all critical points (stable and
unstable) connect to one another, and hence, show us possible pathways
for switching between stable states in multistable systems. Therefore, the
insight gained here is potentially relevant for the creation of switchable
ferronematic devices. We pay particular attention to OR solutions and

identify their importance to the solution landscapes considered.

In Chapter 7, we turn our attention away from the reduced modelling ap-
proach and OR solutions, and consider a one-dimensional model for choles-
teric liquid crystals which utilises all ve degrees of freedom of th@®-tensor.
We begin by performing asymptotic analysis for a standard model for choles-
teric liquid crystals. Using this limiting insight, and the HIOSD method, we
probe the solution landscape for this cholesteric system where we identify
a competition between uniaxial and biaxial pathways, between di erent
stable states. Cholesterics exhibit great morphological richness of static
metastable states and understanding the transitions between such states is

key for the development of switchable devices.

In Chapter 8, a summary of the main themes in this thesis is presented, as

well as some questions to address in future work.



Chapter 2

Literature review

2.1 Background results

2.1.1 Homogeneous solutions

We begin by looking at critical points of the bulk energyf ,, which are solutions

of a homogeneous, or spatially constant problem in the absence of boundary
conditions. Such solutions can be crucial in understanding the behaviour of the
full inhomogenoeous problem, as we shall see in Chapter 5. We rst reproduce a

well known result following the proof in [60].

Proposition 2.1.1. The critical points of the bulk energy densityf, in (1.5.11a)

are given by either isotropic or uniaxialQ-tensors of the form

(2.1.1)

wheres is a scalar order parameter andch is one of the eigenvectors d.
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Proof. Recall, Q can be written as
Q= 1Ny ni+ 2N, N+ 3nN3 nNg;

where {n1; n,; n3} are orthonormal eigenvectors with corresponding eigenvalues
{ 1; 2 3}. As a consequence of the orthogonality, powers of the matriQ are
of the form Q" = P 3. Mni  np)", so that trQ" = i 3. M From this, we
see the bulk energy density depends only on the eigenvalues(af As a result,
the stationary points of f,, are given by the stationary points of the function

f :R®! R dened by

)

where we have introduced a Lagrangian multiplier, in the last term to account
for the tracelessness of). Di erentiating (2.1.2) with respect to each of the

eigenvalues, and setting the result equal to zero, yields the following system of

equations
|
x o
Qf:oo A, B Z2+C 2 ;=2; for i=1;23 (2.1.3)
@; k=1

Taking the di erence of any two of the equations in(2.1.3) means we can rewrite
the system as

#
X3
(i j)A B(it )*C { =0; 16i<j 63 (2.1.4)
k=1

Now, let { i} be a solution of the system(2.1.3) with three distinct eigenvalues.
Considering (2.1.4) for the pair 1; ») and( 1; 3), produces the equations

X3
A B(1+ 2)+C
k=1
X3
A B( 1+ 3+C
k=1

=N
I
o

(2.1.5)

=N
I
o

(2.1.6)
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Subtracting the two equations above yields
B(2 3)=0; (2.1.7)

which contradicts the hypothesis that , 6 3. We therefore conclude that a
stationary point of f, must have at least two equal eigenvalues, corresponding to
either an uniaxial, or isotropic state. Returning to(1.5.7), we see that one o

or r must be zero, ors = r, giving the form (2.1.1) forQ. O

As a result of Proposition 2.1.1, it su ces to consider uniaxialQ-tensors of the
form (2.1.1) when computing the critical points off,. Calculating trQ? and trQ3

for such aQ, we nd
A, 2B, C,
= — —S°+ —s™ .
fu(s) 35 275 95. (2.1.8)

The stationary points are the roots of the following equation

df, 2 o
& §s(3A Bs+2Cs%) =0; (2.1.9)

which yields three critical points
P
B B2 24AC
4C '

s=0; and s = (2.1.10)

We seef,(0) =0, and

52
fos )= £;0A Bs);

sothatfg(s ) >f g(s+). Hence, the global bulk energy minimiser is either the

isotropic state Q = 0 corresponding tos = 0, or the ordered nematic state

= S+ =ls
ann33

wheren is the eigenvector with a non-degenerate eigenvalue. The stability of these
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critical points can be further checked by computing‘% (see [11, 60] for details).
It follows that for our purposes, it is su cient to work with low temperatures
belowT , so that A < 0, and the uniaxial nematic state withs = s, , is globally

stable.

2.1.2 Biaxiality

From the discussion in the previous subsection, we see critical points(@f5.10)
with biaxiality, are a result of the elastic energy densityf ¢, and its competition
with f,. Biaxiality is often found in the vicinity of defects, as we shall see in
Chapter 7. In fact, we can measure biaxiality with what is called the biaxiality

parameter . For Q 2 Sonf0g, is dened as [65, 72]

_ (rQ%)?,
=1 6(trQ2)3' (2.1.11)
From Lemma 1 in [65], it is known that 2 [0;1], = O corresponds to a

uniaxial Q-tensor, and any non-zero value of meansQ is biaxial. When =1,
our Q-tensor is labelled as maximally biaxial and a quick calculations shows
this occurs if and only if one of the eigenvalues @& is zero, so that the two
remaining eigenvalues are equal in magnitude and opposite in sign. Furthermore,

the following inequality holds,

| |
- -3 . - -3 .
14%’ 1 5 61Q%6 % 15 (2.1.12)

2.1.3 Existence and properties of solutions

We now return to our variational approach outlined in Section 1.5.2, for nding
equilibrium con gurations of a liquid crystal system. Combining the elastic energy

density (1.5.14) and the bulk energy density(1.5.11a) our total free energy for
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a NLC in the absence of surface e ects, on a domain ( can be one-, two or

three-dimensional), is

Z
K. ., A B C
Fle(Q) =  Sir Qj*+ 5trQ*® §trQ3+ Z(rQ??d (2.1.13)

Following [22, 68, 73], we enforce uniaxial Dirichlet boundary conditions,
1
Q=0Qp:=5s: Ny ny §I3 on@ ; (2.1.14)

whereny, 2 C! ($?), and s, is the global minimiser of the bulk potential at low
temperatures, discussed in Section 2.1.1. Moving onto our admissible space, we

require critical points of (2.1.13) to belong to
A, =fQ2WYH¥(; S):Q=Q,on@ ¢ (2.1.15)

Here, W2 denotes the Sobolev space of square-integraliletensors with square-
integrable rst derivatives, which is a common choice for many variational prob-

lems. More precisely,

Z
W2(; S)= Q2So: jQi°+jr Qfd <1 : (2.1.16)

The rst question we would like to answer, is whether there exists a minimiser
of the energy(2.1.13), in the admissible spaceA,. This can be done by an
application of the direct method in the calculus of variations [74]. There are three
components to this process: (i) we require our admissible space to be non-empty,

(if) are energy must be weakly lower semi-continuous, that is,

lim Fie (Qn)  Fue (Q); (2.1.17)

wheneverQ, * Q weakly in W2, and (iii) are energy must be coercive i.e.,

K. . A B C . .
Elr Qj? + Eter §trQ3+ Z(ter)z ijr Qi+ (2.1.18)
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=) Fwe(Q)  ajir Qjjtzy + afor 45 3>0and ,; 42 R;  (2.1.19)

forall Q 2 A, ensuring that our energy is bounded from below anfé, ¢ (Q) ! 1
asjjr QjjLzy '1 . Our boundary condition belongs to our admissible space
(since it is smooth and bounded) ensuring it is non-empty. The enerd®.1.13)is
guadratic and thus convex in the gradient of), hence by [74] (Chapter 8, Theorem
1), it is weakly lower semi-continuous. To satisfy the de nition of coercivity, we
only needf, to be bounded from below, but this is immediate since the bulk
potential f, is a quartic polynomial injQj, which has well de ned minima. Hence,

there exists at least one minimiser of (2.1.13), in the admissible spa&g.

This minimiser, and in fact any critical point of (2.1.13) is a solution of the

associated Euler-Lagrange equations
1 -
K4Q; =AQ; B QpQy étrQ2 i +CtrQ?)Q; i =1;2,3 (2.1.20)

This is established using arguments in elliptic regularity. For example, in Pro-
position 13 of [65], such arguments are used to prove any solution of the system
(2.1.20) is (real) analytic in , giving us the required smoothness for our next

proposition.
The maximum principle

Another useful tool when studying a liquid crystal problem, which we will call
upon multiple times in this thesis, is aL® bound for the norm of critical points
of the LdG free energy. Such bounds can be obtained by a maximum principle
argument. We now present the well known bounds for a conventional nematic as

derived in [60, 65].

Proposition 2.1.2. Let R® be a bounded and simply-connected open set with
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smooth boundary. LetQ be a global minimiser of the energ{2.1.13), in the space

A, then S

Sy (2.1.21)

Wl N

Qi = esszsuriQ(X)j 6
X

wheres., is de ned in (2.1.10)

Proof. We prove the statement by contradiction. Assume that there exists a point

. o . . . .45
X 2 , wherejQj attains its maximum and this is such thatjQ(x )j > §s+.

q_
On@, jQj= §s+ (due to our boundary condition(2.1.14), sox 2 . Since

the function jQj2: ! R must also attain its maximum atx 2 , we have that
1.,
4 éij (x)6 O (2.1.22)

Multiplying both sides of (2.1.20) by Q; , and using the tracelesness @@, we
obtain

K4Q;Q; = ArQ? BtrQ®+ C(trQ?»* (2.1.23)

Since4 1jQj* =(4 Q;)Q; + jr Qj? and using (2.1.23), we nd

K 4 ;ijZ = AtrQ? BtrQ3+ C(trQ??%+ Kjr Qj?
. B . . . .
AjQj? %JQJ3+ CjQj* + Kjr Qj?
= f(jQj) + Kjr Qj*: (2.1.24)

In the inequality we have used2.1.12)with =0, which yieldstrQ3 6 ’49%3 A

q_
direct calculation showsf ~ %s, =0, and itis clearf (0) = 0 is a repeated root.

Sincef is a quartic polynomial with a positive coe cient for jQj4, it follows that

§s+ > 0 is the largest positive root off (jQj), and

S

Wl N

f(jQj) > Ofor jQj > S
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Applying this inequality to (2.1.24), we see
1 _ .,
4 éJQJ (x)>0 (2.1.25)

L . . .9 . .
for all interior points x 2 , wherejQ(x)j > %s+. This includes x , which

contradicts (2.1.22). m

2.2 The reduced modelling approach

For thin three-dimensional systems, where the height is much smaller than the
cross section (see Figure 2.1 for instance), it can be su cient to model the problem
as being two-dimensional rather than three-dimensional. For example, for the
bistable nematic device found in [22], the height of the square wells are less that
half the cross section of the square, and consequently, molecules are primarily
in the plane of the square cross section. Furthermore, similar observations have
been made in [75], where the authors consider an fd-virus system suspended in
shallow rectangular wells. Measuring the director at di erent well heights, the
pro le is invariant across the height of the channel and they nd planar alignment

in the cross section of the wells. In such situations, we do not need to capture
the system behaviour in all three-dimensions and a two-dimensional description

iS su cient.

2L

Figure 2.1: Long thin/shallow channel geometry. Here, the
length 2L, is much larger than the width 2D, so
that D L, while the heightH,isH D.
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In fact, the reduction from a three- to a two-dimensional model, can be justi ed
rigorously with the use of -convergence techniques. In [76], Theorem 5.1, the
authors use such methods to show that when the height of our geometry is
su ciently small, we can indeed model the system as being two-dimensional rather
than three-dimensional (also see Theorem 2.1 in [77]). The authors consider a
Im of nematic liquid crystals in the limit of vanishing Im thickness. They
impose planar surface anchoring conditions on the top and bottom surfaces of
the Im, and uniaxial Dirichlet boundary conditions on the lateral boundary of
the Im. As the height of the domain tends to zero, they nd minimisers of the
three-dimensional energy converge to minimisers of a two-dimensional energy (the
-limit), so that it su ces to study the variational problem on the cross section

of the domain. That is [77], asH ! 0O, minimisers of
ZyZ g z
Fap (Qf) = — Jr xy Qe+ ir 2Qj% +fu(Qr) dV + fs(Qf;v) dS
0 2 f OHg
( is a two-dimensional domainy 2 $? is normal to the surface of the Im and

for clarity, Q; denotes the full3 3 tensor (1.5.1)) converge to minimisers of

4

Fap (Qf) = };Jr X:y ij2 + fup(Qf) dA:

Here, f is a surface anchoring energy that favours planar boundary conditions

on the top and bottom surfaces, more speci cally ([76] equation (16))
fs(Qr;v)= [(Qrv v) P+ jls v v)Qrvj3 (2.2.1)
where ; and are explicitly computable constants.

It follows that minimising the surface energy(2.2.1), requires one of the eigen-
vectors of the Qs -tensor to bev (i.e. normal to the surface of the Im) with

associated eigenvalue [76]. Taking the z-direction to be normal to the surface
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of the Im, v =(0;0;1) must be an eigenvector oQ;. ConsideringQ;v = v,
we seeQ;3 = Qo3 = 0. Hence, we have three degrees of freedom instead of ve.

For convenience, we can then rede ne the components @Qf as,

0 1
Qu s Q12 0
Qr = Q12 Qu @ 0g: (2.2.2)
0
It also follows fromQsv = v, that 26 = . Hence, we can express the full

Qs -tensor (2.2.2) as the sum of

0 1

0
¥
00O

where 0 1

Q= %Qn Q2 §; (2.2.3)
Q12 Qll

and % vV Vv %|3 , yielding only two degrees of freedonQQ,; and Qi,. There-
fore, it is su cient to work with (2.2.3) which is known as the reduced LdG

Q-tensor.

The reduced tensor(2.2.3) is a symmetric traceles 2 matrix, i.e., Q 2
So:=fQ2M22:Q; = Q;i;Qi =0g (where M? 2 is the space of al2 2
matrices). The reduced LdGQ-tensor can therefore be written in terms of its
positive eigenvalue ;, and orthonormal eigenvectorsr and m (by the spectral

decomposition theorem) as
Q= 1(n n m m): (2.2.4)

We take the director to be the eigenvector o which has a positive eigenvalue (i.e.
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n) and using the spectral decomposition theorem again, we can rewr{{2.4) as
(2.2.5)

wheres = 2 , is interpreted as the scalar order parameter anth is the 2 2

identity matrix.

In the reduced case, the LdG free enerd®.1.13) reduces to the Ginzburg-Landau

energy [78]
z

K. ., JjQj? C. ..
F@= Sir o+ 1 as Siop a (226

2 2
For the Q-tensor (2.2.5), tr(Q%) = 0, so the constantB does not appear infy,

(1.5.11a) Hence, the second term i{2.2.6) is simply the bulk energy density
for this reduced problem. The reduced Euler-Lagrange equations associated with

(2.2.6), are

K4 Q1 =AQqu + 2CQ11(Q%1 + Q%z); (2.2.7a)

K 4 Q12 = AQ12 +2CQ12(QF; + Q32,): (2.2.7b)

We have shown above that the reduce@®-tensor (2.2.3), maps to the full Qs -
tensor (2.2.2). For the special temperatureA = %, g = % IS a constant
[79] and the corresponding fullQ;-tensor (2.2.2) is an exact solution of the
full Euler-Lagrange equationg2.1.20) (subject to appropriately de ned boundary
conditions) and hence analytic, from the discussion in Section 2.1.3. Consequently,
the reducedQ-tensor (2.2.3) is analytic, ensuring solutions of the systenf2.2.7)

are analytic.

When used in this thesis (speci cally, chapters 3, 4, 5 and 6)), the reduceg-
tensor (2.1.1) is appropriate as we model long shallow channel geometries, which

are relevant for micro uidic problems (see Figure 2.1). The shallowness of the
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channel means we can rst reduce the problem to a two-dimensional one, captured
by (2.2.3). Then, sinceL D is considered to be e ectively in nite, structural
properties should be uniform along the length of the channel, so we need only
consider the behaviour across the width. Hence, we can empl®:2.3) as a
function of one variable only. We do not give rigorous proofs of this dimension
reduction in this thesis, given that our work is in the spirit of formal mathematical
modelling. Finally, we note that the reduced modelling approac{®.2.3), has been

successfully employed in [68, 77, 79, 80].

Remark 2.2.1. A quick remark on -convergence is as follows and is based
on the discussion at the start of [81]. At its most basic level,-convergence is
designed to express the convergence of minimisation problems as some parameter

approaches zero. For example, consider the following minimisation problem

m =minfF(Q):Q 2A g; (2.2.8)

for some dimensionless parameterand admissible spacé . Inthe ! O limit,
it turns out to be more convenient to study the asymptotic behaviour not through
the study of properties of the solutionQ , but instead, a limit energy Fo, such

thatas ! O, solutions of the problem

Mg = minf Fo(Qo) : Qo 2 Aog, (229)

are a good approximation to the problem(2.2.8). By good approximation, we
meanm ! mpgand Q ! Qg as ! 0. The notion of convergence here is a
choice made by the user. In this thesis we will consider sequences converging in
LY, ie.,

Z
JQ Qgd ! Oas ! O

In this instance, Fq is termed the -limit of F . The existence of such a-limit
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requires two properties to hold:

1. ForeveryQ 2 Ay, and for everyQ ! Q, we have
Fo(Q) lim irgf F(Q):
2. For everyQ 2 Ay, we can nd a sequenc&® ! Q such that

Fo(Q)  lim sup F (Q ):
These conditions mean that the energieB are equi-coercive. From these two
conditions, the fundamental theorem of -convergencds obtained.

Theorem 2.2.2. Let (A;d) be a metric space, leE be a equi-coercive sequence

of functions onA, and letFg = -IimoF , then the following limit exists
min Fo = lim_inf F : (2.2.10)
A 10 A
Moreover, if Q is a precompact sequence such thleialmoF Q)= Iimoinf F , then

every limit of a subsequence @ is a minimum point for Fqy [81].

This understanding is su cient for our purposes, as a rigorous and complete
understanding of -convergence is not the focus of this thesis, rather, we want
to utilise existing results from this area of mathematics to gain insight into our

liquid crystal problems.

2.3 Order reconstruction solutions

A key theme throughout this thesis is that oforder reconstruction (OR) and

OR-type solutions. These solutions model liquid crystal polydomains i.e., liquid
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crystal sub-domains separated by domain walls or singular lines/surfaces. We
defer the precise mathematical description of OR and OR-type solutions to the
relevant chapters, for now, we point out the key feature of such solutions is that
in our reduced description(2.2.3), Q = 0, or equivalently, s = 0 somewhere,

and these singularities represent domain walls separating possibly distinct liquid
crystal sub-domains. In Figure 2.2, examples of ferronematic polydomains can
be seen. Here, the thick lines are the domain walls which separate liquid crystal

sub-domains.

We are interested in OR and OR-type solutions for two reasons: (i) because of
their ability to describe experimentally observed phenomena, and (ii) the potential
applications of the polydomain structures they describe. For example, OR and
OR-type solutions are relevant for modelling chevron or zigzag patterns and
disclinations observed in pressure-driven ows [18, 82] (see Figure 2.3). These
disclinations can be used in the architecture of micro-wires, or as soft rails for the
transport of colloidal particles or droplets in micro uidic channels [18]. OR-type
solutions are also useful for modelling situations in smectics and active nematics.
For example, when a cell lled with a smectic A liquid crystal is cooled to the
smectic C phase, a similar chevron/zigzag texture is observed and has been the
impetus of considerable experimental and theoretical interest [83 85]. While in
active nematics, aligned bers con ned in a cylindrical cell can be controlled to
display a laminar ow and parallel lanes of defect cores [86], which can be well
described by OR-type solutions. More generally, polydomain structures (captured
by OR and OR-type solutions) would have distinct optical and/or mechanical
properties if experimentally realised, making them of clear physical interest for

applications.
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Figure 2.2: Ferronematic polydomains under di erent orienta-
tions of an applied magnetic eldB, viewed via po-
larised optical microscopy with (colour images) and
without (black and white images) a phase retardation
plate. (D) shows a schematic of the domain walls.
Image from [36] with permission from the Proceed-
ings of the National Academy of Sciences.
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Figure 2.3: Disclination lines found in passive nematic ows con-
ned to a narrow channel, with (b) and without (c)
an applied electric eld. Reproduced from Ref. [18]
with permission from the Royal Society of Chemistry.

Mathematically, OR solutions have been studied extensively in purely nematic
systems, see [64, 66, 87] for studies in one, two and three spatial dimensions
respectively. In one-dimension, OR solutions simply partition the interval under
consideration into sub-intervals with constant director pro les, separated by do-
main walls. In two-dimensions, and on square domains, the observed OR solution
is referred to as thewell order reconstruction solution(WORS), since it possess
an uniaxial defect cross along the diagonals of the square. In three-dimensions,
and on a cuboidal domain with a square cross section, tlzeinvariant WORS

is reported. We build on the existing work in two ways: (i) we investigate the
compatibility of OR with di erent physical settings, namely, ferronematics, and
passive and active nematodynamics; and (ii) we investigate the compatibility of
OR solutions with the imposed boundary conditions on the nematic director. The
connection between OR solutions and the boundary conditions, and the related

uniqueness result, are some of the main achievements of this work.

Before moving on, we stress that although we consider one-dimensional mathem-
atical problems, the physical setting is still three-dimensional. Because of the
nature of the geometry being considered, and the modelling assumptions we make,

the pro les found across the width of the channel can be extrapolated along the
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length and height of the channel. This means nodal points wit = O translate
to disclinations or singular surfaces (labelled as domain walls) in the physical

channel. This is why our one-dimensional OR solutions model such phenomena.



Chapter 3

Con ned nematics in a channel

geometry

This chapter is derived in part from Dalby, Han, Majumdar and Mrad (2022) [1].

3.1 The problem

In this chapter, we consider a one-dimensional problem for conventional nemat-
ics relevant for long thin micro uidic channels. We model this situation by a
reduced Landau-de Gennes (LdGQ-tensor as seen in Section 2.2. A similar one-
dimensional setup relevant for modelling nematic liquid crystals con ned between
two parallel plates, has been studied rigorously in [64]. Here, the author proves
the existence of a unique energy minimiser for su ciently small cell widths, and
that this minimiser is an order reconstruction (OR) solution. Furthermore, this
OR solution loses stability for su ciently large cells via a pitchfork bifurcation.
These facts were previously known numerically from the work in [88]. In both [64,

88], they consider Dirichlet boundary conditions such that the director is mutu-
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ally orthogonal on either side of the cell. The novelty and key di erence between
our study and [64, 88], is that we investigate the impact of di erent Dirichlet
boundary conditions on the nematic director, i.e., di erent director orientations

at the boundary. Speci cally, the aim is to study the e ects that these di erent
boundary conditions have on the existence, regularity and uniqueness of solutions.
In particular, we study OR solutions (introduced in Section 3.1.2) describing
nematic polydomains in connection to these questions. We do this by employing
both a Q- and associateds; )-formulation (introduced in Section 3.1.2) where

appropriate.

In Section 3.2, we prove a series of results which culminate in an interesting unique-
ness result, that is, we show we have a unique solution in tifs; )-formalism
provided an OR solution does not exist. While in theQ-formalism, we prove
OR is in fact only possible for mutually orthogonal boundary conditions on the
nematic director. In Section 3.3, we perform an in-depth asymptotic analysis in
the limit of small channel widths where we can explicitly compute solutions and
hence, directly verify results in Section 3.2. Finally, in Section 3.4, we numerically
compute solutions of theQ-Euler-Lagrange equations to highlight the impact
of boundary conditions on solution pro les and give numerical support to our

theoretical results.

3.1.1 Model framework

As discussed in Section 2.2, we consider nematic liquid crystals (NLCs) sandwiched
inside a three-dimensional channel; = f(x;y;z)2R®*: L x L; D vy

D;0 z HgwhereL;D; andH are the half-length, half-width and height of
the channel, respectively, and we assume that D (see Figure 2.1). We further

assume planar surface anchoring conditions (as (8.2.1)) on the top and bottom



3.1. The problem 51

channel surfaces az = 0 and z = H, which e ectively means that the NLC
molecules lie in thexy-plane on these surfaces, without a speci ed direction. Such
boundary conditions are used in experiments, see for example the planar bistable
nematic device in [22] and the experiments on fd-viruses in [75]. We impose
z-invariant Dirichlet conditions ony = D and periodic conditions onx = L,
compatible with the planar conditions onz = O;H. Given the planar surface
anchoring conditions on the top and bottom surfaces and that the well height is
small, we assume that the system is invariant in the-direction. Furthermore,
sincelL D (is considered to be e ectively in nite), it is reasonable from a
modelling perspective to assume the system is invariant i so that structural
properties vary in they direction only. This leaves us with an e ective one-

dimensional problem, fory 2 [ D;D].

Given the above modelling assumptions regardingrinvariance, we assume the
physically relevant nematic states are described by a reduced LdG nematic order
parameter, as explained in Section 2.2. Recald given in (2.2.5), is a symmetric

traceless2 2 matrix, i.e., Q2 Sp:=fQ2 M2 2:Q; = Q;; Qi =0gand
(3.1.1)

wheres is the scalar order parameter ana is the nematic director (a unit vector
describing the average direction of orientational ordering in thgy-plane, which
corresponds to the eigenvector d@ with a positive eigenvalue). Moreovers can
be interpreted as a measure of the degree of orientational order abaoytso that
the nodal sets ofs (i.e., wheres = 0) de ne nematic defects in thexy-plane. We
take n to be

n = (cos( );sin()); (3.1.2)

where denotes the angle between and the x-axis. One can then readily verify
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using (3.1.1), (2.2.3) and (3.1.2), that the two independent components of) can

be expressed as

Qi = 5005(2); Qiz= 2sin(2): (3.1.3)

It follows from (3.1.3) and basic trigonometric identities thats and can be
extracted from Q; and Qq, by

|
¢ 1 '
s=2 Q%,+Q% and = “tan? Quz .

5 o (3.1.4)

We will work with the Q- and (s; )-formulations at di erent points in this chapter,

so these relations will be useful when comparing the two formulations.

We model physically realistic con gurations as local or global minimisers of the
LdG energy functional, which is given as (see Section 1.5.2 and Section 2.2)

Zp K.
F(Q) = S Qj? + f4(Q) dy; (3.1.5)

D

where f,(Q) is the bulk energy density accounting for bulk e ectsjr Qj? =

ﬁj -1 QEJ? Qi? is the elastic energy density (here and hereafter in this chaptedvill
denote di erentiation with respect to y) accounting for spatial inhomogeneities,
and K > 0is a material dependent elastic constant. The bulk energy density can

be expressed as in Section 2.2 (2.2.6), namely

Q)= 51(Q)+ £ (tr(Q%)* (316

The variable A is a material and temperature dependent constant, whil€ > 0 is
a material dependent constant. We work with low temperatures for whicl < 0,

so that the nematic phase is preferred. In terms o, (3.1.6) becomes

A, C,
= s+ —s™;
fo(S) 4s 168
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Critical points of this bulk potential are solutions of the algebraic equation

df(s) s C, o
ds 2 25 TA =0
¢ pu—
of which there are three:s=0 ands = -& . s gives the lowest bulk energy

value and therefore, the bulk energy minimisers are given by reduc@dtensors

of the form (3.1.1), with s

2A.
< (3.1.7)

and n 2 S arbitrary.

Using the de nitions of Q;; and Qq, in (3.1.3), we rewrite (3.1.5) in terms of s

and as follows,

s an . S C
+s((§ g ZS + A dy: (3.1.8)

Z
F(s; )= E;K Sk

To reduce the number of model parameters, we now non-dimensionalise the prob-

lem. To do this, we rescale the variables as

=
ol

Q: (3.1.9)

and substituting (the rescalings fory and s) into the free energy(3.1.8), we have

21K  2A (92 A A?
. - 2 2 4 .
FE)=D 5 ¢ +s() 2cS acs W

Multiplying the above energy by -2

>ac Yields the dimensionless free energy

4 2 2 2 !
CZ:AI?K Fs )= S ig9ee S 1 g @110

F(s; )= 2 7 2

where is a dimensionless parameter, given as [68]

_ JAID?,
=

(3.1.11)

is a scaled elastic constant, which is material, temperature, and geometry
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dependent. Importantly, is proportional to the physical channel width squared.
Our e ective domain is now =[ 1;1]. Note, the relationships in(3.1.3) and
(3.1.4) are unchanged after rescaling. Henceforth, we drop the bars from the

rescaled variables and all quantities are dimensionless unless stated otherwise.

3.1.2 The (s; )-formulation: governing equations,
boundary conditions, and order reconstruction

solutions
The Euler-Lagrange equations of the functional (3.1.10) are:

sP=4s( 92+ s(s? 1) (3.1.12a)

2° 9+ s O=(s29%=0 =) % O=w; (3.1.12b)

whereW is a constant of integration to be determined. We impose the following

Dirichlet boundary conditions:

s( 1)=s(1)=1; (3.1.13a)

(1)=0;, @)= .2 0;5: (3.1.13b)

That is, we require the nematic ordering to equal the bulk energy minimising value
S+, on the bounding plates. In contrast, we enfo_rce con icting Dirichlet boundary
conditions on by allowing ; to vary in 0; EI. This necessarily means the
director rotates across the channel. An illustration of these boundary conditions
can be found in Figure 3.1. A potential issue follows fror(8.1.4). the range of
when extracted fromQ, is ( ;; z), but our boundary conditions extend to-.

However, we circumvent this issue by using the function atafg x) 2 ( ; |,

which returns the angle between the line connecting the poiifk; y) to the origin
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and the positivex axis. Henceforth, we de ne

8
Itan ! % if Qu> 0
%tan 1 % + 5 if Qll < 0and QlZ 0
1 Itan ! % > fQu<0andQ<0
= EatanZ(le; Qu1) =
+Z ifQ11:0andQ12>0
7 if Ql]_:O andQ12< 0
~ unde ned if Qi =0 and Q. =0:
(3.1.14)
We update (3.1.4) to the following
4 — 1
s=2 Q+Q% and = éatanZ(le; Qu): (3.1.15)

Figure 3.1: Boundary conditions fors and and some example
director boundary conditions.

Remark 3.1.1. Imposing the boundary conditions3.1.13a) in (3.1.12b) we see
W= 9 1= q): (3.1.16)

We further note that W in (3.1.12b) cannot change sign as it is a xed constant
of integration. Itis clears® 0in . Wethennote, ( 1) =0 and ;> 0

implies {y) > 0for somey 2 , for to satisfy the boundary condition aty = 1.
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Hence W Oand © Oforally2[ 1;1], sinceW is a xed constant. As is

a non-decreasing function, it must satisfy

0 1;,8y2[ 1;1]and8 ;2 O;E : (3.1.17)

In this (s; )-formulation, we focus on solutions wheiV 6 0, so that (3.1.12)can

be written as

——+ s(s* 1) (3.1.18a)

s? 0= Ww: (3.1.18b)

Since the right hand side 0f(3.1.18a)is a polynomial ins (wheres 6 0), any
classical C? (i.e., twice continuously di erentiable) solutions will actually be
smooth, and hence, so will solutions to (3.1.18b) Moreover, a solutions, must
be non-negative. In what follows, we study solutions witW 6 0 in the (s; )-
formulation and consider smooth, classical solutions ¢8.1.12), subject to the

boundary conditions in (3.1.13).

The governing equationg3.1.12)change whenWV = 0. Taking W = 0, the system
(3.1.12) becomes

%= s(s> 1) (3.1.19a)

s? °=0: (3.1.19b)

Therefore, we can in principle take to be constant anywheres 6 0, and then
simply enforces = 0 at any points where (necessarily) jumps to satisfy its
con icting Dirichlet boundary conditions. Hence, is essentially some translated
and rescaled Heaviside function. Such pro les will satisfy the system of equations

(3.1.19), almost everywhere away from any jump discontinuities in (where its
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derivative is in nite).

Remark 3.1.2. We interpret OR solutions as solutions of (3.1.12) an¢B.2.20)(in-
troduced in Section 3.2.1) with polydomain structures. Speci cally, OR solutions
describe polydomains with distinct constant nematic director pro les on di erent
sub-domains, and these sub-domains are separated by singular lines or singular
surfaces, referred to as domain walls, to account for jumps in the nematic director
across sub-domain boundaries. In thés; )-formulation and our one-dimensional
framework, OR solutions correspond to a partition of the domain=[ 1;1]into
sub-domains, = i /=1 j,» Where each ; is a sub-domain. The sub-domains
correspond to intervals with constant (recall that is the orientation of n),
and the domain wall is described by a point withs = 0, to regularise the jump

in  between sub-domains. In three-dimensions, the sub-domains correspond to

three-dimensional cuboidal regions and the domain walls are singular surfaces in

OR solutions can be related to the constantV in (3.1.12b) If W =0, we either
haves = 0 or =constant almost everywhere, compatible with the de nition of
an OR solution. Conversely, an OR solution, by de nition, hadV = 0 since they
have piecewise constant-pro les. In other words, OR solutions exist if and only

if W=0. If W6 0, then OR solutions are necessarily disallowed because a
non-zero value oW implies that s6 0 on . Hence, the systen(3.1.18) yields
non-OR solutions, while(3.1.19) can yield OR solutions. Moreover, from the
discussion following(3.1.19), OR solutions are in principle compatible with any

1 in the (s; )-formulation, something we will see is untrue in th&-formulation.

The (s; )-formulation is essentially an Ericksen continuum model, since it models

the nematic state via a variable scalar order parameter and the director angle
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. Hence, this(s; )-framework contains a subset of all the possible solutions in
the Q-framework (introduced in Section 3.2.1). Consequently, we will see the
(s; )-framework can yield di erent predictions to the Q-framework. In general,
both formulations have pros and cons (which we explore in this chapter), and

using both can be valuable in gaining a deeper understanding of the problem.

3.2 Properties of solutions

In this section, we prove results regarding properties of solutions in both the
(s; )- and Q-formulation. First, we prove a maximum principle for solutions of
the system(3.1.12) To get the upper bound, we follow methods parallel to those

in Proposition 2.1.2, but additional work is needed to prove the positivity os.

Theorem 3.2.1. (Maximum Principle) Let s and be solutions of(3.1.12a)and

(3.1.12b), wheres is at leastC? and is at leastC?, then

O<s 1 8y2][ L1] (3.2.1)

Proof. Let (s; ) denote a solution pair of(3.1.12a)and (3.1.12b), such thats is
at least C2? and assume for contradiction thats has a local minimum atg, such
that s(¢) 0. This implies W = 0 using (3.1.12b) If W = 0, then we must
haves =0 or constant , at every point in . This solution is determined by the

ordinary di erential equation:
9= s(s? 1) (3.2.2)

which can be integrated to obtain the scalar order parameter. Doing this, we nd

Vv
u

4 H H
0=t SE 2 +J (3.2.3)
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Evaluating at s=1, we see] 5. At the minimum, s{9) =0, hence

S

f@=1 1 2 (3.2.4)

which requiresJ 5. Combining these inequalities yields = 5. We then have

r——
= é(s,2 1)2: (3.2.5)
Fixing the sign in the above to be either positive or negative, we have a rst order
ordinary di erential equation subject to the boundary conditions( 1) =1, or
s(1)=1. Inany case,s 1is a solution, hence, by the Picard-Lindel6f Theorem,
this is the unique solution. Clearly this is positive everywhere, which contradicts

our assumptions(y) O.

We prove thats 1 by a direct application of the maximum principle. Assume
that there exists a pointy 2 [ 1;1] wheres attains its maximum, ands(y ) > 1
sothaty 2 ( 1;1). The function s> must also attain its maximum at the point
y 2( 1,1),so

¢ y) o

Next, note that (s2)®°= 2(s92 + 2ss° We now multiply (3.1.12a) by s, and

substitute for s° in the resulting expression to obtain

s? 00:(s‘§2+4sz( 92+ s2(s? 1) (3.2.6)

NI

Using s(y ) > 1, (3.2.6) implies that (sz)oo(y) > 0, which is a contradiction.

Hence, we conclude thas 1forally2 [ 1;1]. O

Theorem 3.2.2.  Any non-constant and non-OR solutions, of the Euler-Lagrange
equations(3.1.12) has a single critical point which is necessarily a non-zero global

minimum at somey 2 ( 1;1).
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Proof. For clarity, we denote a specic solution of(3.1.12a)and (3.1.12b) by
(Ssol; sol) In this proof. Recall that for non-OR solutions, we necessarily have
W 6 0 and s 6 0 everywhere. In this case, the syster{8.1.12) can be written as

(3.1.18) and we consider smooth solutionsg,,.

The symmetric Dirichlet boundary conditions fors, imply that a non-constant

solution hass2,(y ) = 0, for somey 2 ( 1;1), wheres®is de ned as,

v } }

o_ ¢t st -
s'= AW?s 2+ > s +J (3.2.7)

Here, J is a constant of integration andJ = 4W? + 5 + sY1)?, hence we must
have

J  4Aw?+ 5 (3.2.8)

Sinces’is de ned in terms of s and not y, solutions ofs’= 0 give us the extrema
of a solutionsg, (i.e., maxima or minima), rather than the location of the critical

points on the y-axis. The conditions®= 0, is equivalent to
J=4W?3s ? N (3.2.9)

q _—
If =0, we can only have one extremum, namely = ‘“’X—Z, which in view of
the boundary conditions and maximum principle, must be a minimum. For> 0,

solving (3.2.9) is equivalent to computing the roots of (s) = 0 where

2 , B8W?2
—S

f(s):=s® 25*+ ; (3.2.10)

Firstly, note that f has a root fors 2 (0; 1], sincef (0) = 8> < 0 and f (1) =

1+ 2. 8’ 0 py (3.2.8). Dierentiating (3.2.10), we obtain

(dij(S) =6s° 85+ ﬂs;
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so that the critical points of f are given by

b —
8 64 W

s=0: s :
b 12 1

(3.2.11)

provided that J % . There are now three cases to consider.

Case 1: IfJ > % , T (s) has one critical point ats = 0, which is a negative global

minimum. Hence,f has one root in the ranges 2 (0; 1].

Case 2: IfJ = % , the two critical points s coincide. The points = 0 is still
a minimum of f (s) and the coe cient of s° is positive (sof !'1 ass!1 ),
so we deduce that is a stationary point of in ection (this can be checked via

direct computation). So again,f has one root fors 2 (0; 1].

Case 3: Finally, ifJ < 2

s » § are distinct critical points of f. The point, s=0,

is still a minimum of f (s) and the coe cient of s® is positive, so that there are
two possibilities: (a)s are distinct saddle points, and sincé is increasing for
s> 0, we sed has a single root fors 2 (0; 1], or (b) s is a local maximum and
$: is a local minimum off (s). In the latter case,s = 0 is still a global minimum
for f (s), becausd (s:) >f (0). Using this information, we can produce a sketch
of f (s) (shown in Figure 3.2), and there are ve cases to consider for the number

of roots off .

In cases (i) and (v) of Figure 3.2f has only one root fors 2 (0; 1]. Next, in order
for the derivative s2,, to be real, the term under the square root in(3.2.7), has
to be non-negative. This requires thaf (s) 0 for all s 2 [c;1], for somec > 0.
Applying this argument to cases (ii) and (iii) in Figure 3.2 by omitting regions

with f (s) < 0, we deduce thatf has a single root fors 2 (0; 1].

For case (iv), we have two distinct roots in an interval such thaf (s) 0, one
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of which is s, , and the other root is labelled ass;. Recalling that s, is also a
solution of f {s) = 0, we deduce thats. is a repeated root of . Then, f can be

factorised as:

f(s)=(s s)*(s+s.)%s si)(s+s)

=s® (282 + )5t + (s +2528?)s?  sist: (3.2.12)

Comparing the coe cient of s* and s° in (3.2.10) with (3.2.12) we haves? =

2(1 %) ands?= 8% which implies

VA
S

AW?+ st(s2 1)=0: (3.2.13)

Comparing (3.1.18a)with (3.2.13) we deduce that,s’{s.) = 0. Di erentiating
(3.1.18a)again, we can solve the resulting equation subject 83¢y*) = s{y*) =0
ands(y*) = s:, for somey™ 2 . By the uniqueness theory for Cauchy problems,

this implies that ss S+, which is inadmissible and this case is excluded.

Case 1
Case 2 Case 3 (b)

Figure 3.2: The horizontal lines represent(s) = 0.

In cases 1, 2 and 3 we have demonstrated thai, has a unique positive critical
value, which must be the minimum value. The unique minimum value is attained
at a unique interior point (if there were two interior minima at sayy andy , a

non-constant solution would exhibit a local maximum between the two minima,
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which is excluded by a unique critical value foss, ). This completes the proof. [

In the next theorem, we prove that we have a unigue solution t8.1.12)whenever

W 6 0, i.e., whenever an OR solution does not exist.

Theorem 3.2.3. For W 6 0, the system(3.1.12), subject to the boundary condi-

tions (3.1.13) has a unique solution for a xed and ;.

Proof. Recall, forW 6 0, the system (3.1.12) can be written as

4W?2
s%0= = 7 s(s® 1) (3.2.14a)
s? 0= w: (3.2.14b)

Throughout this proof we takeW > 0, so that s 6 0 and consider smooth

solutions.

In the rst step, we show that (3.2.14) has a unique solution for xedW, and

1. Assume for contradiction that(s;; 1) and (sp; ) are distinct solutions pairs
of (3.2.14), which satisfy (3.1.13) As such, they must have distinct derivatives at
y = 1 (otherwise they would satisfy the same Cauchy problem). Suppose with
out loss of generality

S < 1) o (3.2.15)

Sincesi(1) = s»(1) = 1, there existsyp = minfy > 1 :$(Yo) = S2(Yo) := So0.
Therefore,sy < sy forally 2 ( 1;yo). Further, sinces; and s, have one non-zero
global minimum (Theorem 3.2.2), there are four possibilities for the location of
yo: (i) case l:yp = 1; (ii) case Il: yo < minf ; g wheres; attains its unique
minimum at y = and s attains its unique minimum aty = ; (iii) case Il
Yo , or Yo ;and (iv) case IV:yo> maxf; g. Incasel,s1< s

implies 2 > D forally 2 ( 1;1), since both solution pairs satisfy(3.2.14b)
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Hence,71(y) ~2(y) is increasing, and cannot vanish ay = 1, contradicting the

boundary condition aty = 1.

For case Il, we have
$5(Yo) S3(yo) < O
so that

(520 1)*  (s2(y0))* < (S( 1)*  (si(yo))*:

Using (3.2.7), this is equivalent to

4W 2 sz '
AW2  —+ ] —+ 82 0 1 +]J, <
2 2 s ° o 2 | |
) 4W?2 , S& '
aw §+‘]1 2 TS 5 1 +J1
0

whereJ; and J, are constants of integration associated wite; and s, respectively,
and may not be equal. However, the left and right hand sides are in fact equal,
yielding the desired contradiction, hences; = s,. Letting s = s = s and
integrating ~9 = W=¢, it follows that 7 is unique and is given by

zZ, Zyq 1

_~ —_ W . —_ .
1Y) = 1 , mdu, whereW = 1§dy ; (3.2.16)

The preceding arguments show that; = ~ too.

For Cases lIl and 1V, there must exist another point of intersectiony = y; 2

(maxf ; g;1], such that
(51 S)(y1)=0; and0< s(y1)  S)(yw):
In this case, we can use

(520 1)? (s2(y))? < (s1( 1)*  (sh(yw)?
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to get the desired contradiction, hence, = s,. Repeating the above arguments,
we nd (3.2.16)and 7 = . We therefore conclude that for xedW, and ;,

the solution of (3.1.12) is unique.

Next, we show the constantW, is unique for xed and ;. We assume that
there exist two distinct solution pairs, (S1; 1) and (sp; ), which by the rst part
of the proof, are the unique solutions of

4W?2 4W?
- G s b o= s )
1 2

and
2~0 — . 2~0 — .

respectively, subject to(3.1.13) for the same value of ;. LetO<W; W,. Using
a change of variablauy =1 s 2 [0;1), fork =1;2so thatuc( 1) = ux(1l) =0,

we can use the method of sub- and super-solutions. First, the equation foris

2
(14\/\/‘;)'()3+ 1 u)(uk  2)uk = ow, (Uk); (3.2.17)

Thac
Then u; is a super-solution of (3.2.17) withkk = 1, since

us’= ow,(Uz2)  ow, (U2);

while ug 0 is a sub-solution(gw,(0) 0). By the maximum principle O < u .
Hence, by [74], there exists a solution , of u%= gy, (u)withu ( 1)=u (1) =
0, suchthat0 u  u,. However, we have proved uniqueness for a xed/, so

u = u; and therefore

Uy U =) S S
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This implies

=

bt
<

Since 3(1) = 4, if 2 < 9 anywhere, then™(1) = ; does not hold, hence we

= =9 8y2[ L1} (3.2.18)

R/ T

must have equality i.e.,” = 9. It therefore follows that W;s5 = W,s?2, but the
boundary conditions necessitate thawWw; = W, := W and hence,s; = s, = s.
Repeating arguments above, we obtai(8.2.16)so that 3 = ~ and this completes

the proof. O

Theorem 3.2.4. For W 6 0, the unique solution,(s; ) of (3.1.12), has the

following symmetry properties:

s(y)=s( y)and (y)= (y) 8y2[ L1J

Then s has a unigue non-zero minimum ay = %

Proof. It can be readily checked that forW 6 0 , the system of equations
(3.1.12) admits a solution pair,(s; ) such that s is even, and is odd fory 2
[ 1;1], compatible with the boundary conditions. Combining this observation

with Theorem 3.2.2 and Theorem 3.2.3, the conclusion of the theorem follows.]

3.2.1 The Q-formulation

In our next results, we utilise theQ-formulation where we can study solutions
with Q = 0 or equivalently s = 0, without running into issues with the regularity

of solutions. To this end, we now introduce the relevant quantities needed.

First, applying the scalings fory and Q in (3.1.9), to (3.1.5), we nd the dimen-

sionless free energy can be written in terms of the components@fas follows:

Y4
FQ= (@7 +(Qh+ G+ Q@+ k) Dy (32.19)
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The Euler-Lagrange equations of the functional (3.2.19) are:

1= Qu@Qi+ Q%) 1) (3.2.20a)

9= Qu(4(Qf+ Q%) 1) (3.2.20b)

Regarding boundary conditions, applying the Dirichlet conditions in(3.1.13) to

(3.1.3), the boundary conditions are given in terms d®;; and Qq, as:

Qu( 1)= ;; Qu(1) = ;COS(Z 1); (3.2.21a)

1 .
Quz( 1) =0 Quz(1) = 5sin(2 4): (3.2.21b)
We take our admissible space to be

n [0}
Ao = Q2WY(; Sp): Q satis es the boundary conditions (3.2.21):
(3.2.22)

Remark 3.2.5. OR solutions can also be de ned in th&-formulation, although
their signature is less obvious. OR solutions ha¥® = 0 somewhere (i.e., a
non-empty nodal set) and this implies we have a domain wall. An advantage of
the Q-formulation, is that the governing equations and regularity of solutions,
do not change between OR and non-OR solution, unlike ths; )-formulation.
Moreover, all solutions of(3.2.20)are analytic and we prove this in Theorem 3.2.8,

but rst, we draw a connection between theQ- and (s; )-formulations for W > 0.

Theorem 3.2.6. The constantW, in (3.1.16) is related to Q through the follow-
ing equation

2Q1Qu QhQu)(Y) =W 8y2[ L1k (3.2.23)

q
Furthermore, for W > 0, so thatjQj = tr(Q2) 6 0 and OR solutions are dis-

allowed, ifQ is a (classical) solution to theQ-Euler-Lagrange equationg3.2.20),
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then(s;7) given by(3.1.15)with = Oforally 2 , is a (classical) solution to the
(s; )-Euler-Lagrange equationg3.1.12) Similarly, for W > 0, so thats 6 0 and
OR solutions are disallowed, i{s; ") is a (classical) solution to the(s; )-Euler-
Lagrange equationg3.1.12) then Q given by(3.1.3), is a (classical) solution to
the Q-Euler-Lagrange equationg3.2.20) Hence, for a xed and xed ; such

that W > 0 only in (3.2.23) we have a unique solution in th€-formulation.

Proof. In this proof, we consider all solutions to be classical. L€Q11; Q1,) be
a solution of the Q-Euler-Lagrange equationg3.2.20) such that jQj & 0. Using
(3.1.15) we can construct the correspondings; 7)-pro les (note, for given by
(3.1.15), %is continuous away fromQi1 = Q1 = 0) and check that they satisfy
the (s; )-Euler-Lagrange equationg3.1.12) Note, we must require that™ given
by (3.1.15) is non-negative in view of(3.1.17) First, calculating the required

derivatives we have

o= 2QuQl + Q1Ql,). (3.2.24)

go  2Qulh + QuQh)® | 2(Qh)°+ Qi+ Q@i+ (&)%), (5, )
Qh+ @, * Qn+ Qkz

o_ 1 Q%Qu Q%Qmn : (3.2.26)

S 2 Q4 + Q%
Therefore,

(5°79%=2( Q(l)an + Q(1)2Q(1)1 (1)1Q(1)2 (1)(1)Q12) =0

=) £9=2(Q%Qu Q%Qu) =W, (3.2.27)

where W is as in (3.1.16) Hence,(s;") given by (3.1.15) (where Q satis es
q__
(3.2.20)) satisfy (3.1.12b) Note, jQj = 2(Q%, + Q%,), hence ifW > 0, we see
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from (3.2.23), that jQj 6 0. Moving on, we have

2(QuQ?; + Q12QY,)?
QQ+ Q% °
+ 2((Q9)% + Qqq;LQ&)? + Q12Q% + (Q1,)?%)
Qi+ Q3
2 0 0 \2 q —
e o™ 2 it Q@+ Ol 1)
11 12)2

Pulling out a factor of (@2, + Q2,) 3 expanding and simplifying, we have

2
0 45 (% 1)=

2Q7,Q%+2Q%,Q12Q95+2 05,0119 +2Q3,Q% 2 (Qf,+ Q1) (4(Q%,+ Q%) 1)

Using the Euler Lagrange equations (3.2.20), this can be rewritten as

2 (Q1+2Q%Q%,+ QL)A(QL+ Q1) 1) 2 (Qf+ Q1) (4(QL+ QL) 1)

which is equal to zero, hencés; ~) given by (3.1.15) (where Q satis es (3.2.20)
satisfy (3.1.12a).

Let (s;7) be solutions of the(s; )-Euler-Lagrange equationg3.1.12) such that
W > 0. Constructing the corresponding@-pro le using (3.1.3), we check if this

satis es the Q-Euler-Lagrange equations (3.2.20). The required derivatives are

0 = S;)OCOS(Z‘) 259%in(27) s %in(27)  2s(™9%cos(2);

0
%= S; sin(27) + 28 Pcos(2) + s %%os(2)  25("9?sin(27);
from which (3.2.20a) and (3.2.20b) become

S;OCOS(Z‘) 25%in(27) s %in(2Y) 2s5(92cos(2) = ; cos(2)(s* 1),
(3.2.28)
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S;)Osin(Z‘) +238%%0s(2) + s%o0s(2)  25(™9?sin(2) = gsin(Z“)(s2 1)

(3.2.29)

respectively. Multiplying (3.2.28)by 2cog27), (3.2.29)by 2sin(27) and adding the
results yields(3.1.12a) while multiplying (3.2.28)by sin(27), (3.2.29)by cog2")
and adding the result yields(3.1.12b) Hence,Q given by (3.1.3) (where (s; ")
satisfy (3.1.12)), satisfy (3.2.20).

Finally, Theorem 3.2.3 implies we must also have a unique solution {8.2.20)
if W > 0 only in (3.2.23) From (3.1.3), any Q can be expressed in terms of
(s; ), hence, if there were two solutions t¢3.2.20) with W > 0, they must have

di erent (s; )-pro les, contradicting the uniqueness. ]

Remark 3.2.7. Theorem 3.2.8 tells us we have a unique solution in th®-
formulation, provided solutions withW 0 do not exist for a given and ;. It
follows, that we can in principle have non-uniqueness when OR solutions exist,
which necessarily hav&V = 0, but also via the emergence of solutions wit/ < 0,
and these need not be OR solutions (we verify this numerically in Section 3.4).
This is dierent to the (s; )-formulation, where in Theorem 3.2.3, we proved
uniqueness provided OR solutions do not exist. The probable reason for this, is
that in the (s; )-formulation the director is orientable (i.e., the director is a vector
and not a line eld), since for non-OR solutionsW is a xed positive constant
ensuring must be positive and increasing. However, in th®-formulation, W
can be negative in(3.2.23) in which case solutions in theQ-formulation cannot

be solutions in the(s; )-formulation which necessarily hav&v O for ; positive.

Theorem 3.2.8. For all 0, there exists a minimiser of the energy3.2.19),
in the admissible spac€3.2.22) Moreover, all solutions of the systen{3.2.20)

are analytic. OR solutions as de ned in Remark 3.2.5 are only compatible with
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the boundary condition ; = 5.

Proof. The existence of an energy minimiser fqB.2.19)in Aqg, is immediate from
the direct methods in the calculus of variations, for all and! , and the minimiser
is a classical solution of the associated Euler-Lagrange equations (3.2.20), for
all and ;. In fact, using arguments in elliptic regularity, one can show that
all solutions of the system(3.2.20) are analytic [65] (recall the discussion in

Section 2.2).

Recall an OR solution necessarily hag/ = 0 by de nition. Applying this to
(3.2.23),

Q),Qu Q%Qi,=0 8y2[ L1] (3.2.30)

Evaluating at y = 1, we seeQ?,( 1) = 0. Dierentiating (3.2.30) we have
Q¥Q11  Q%Qi, =0, which evaluated aty = 1 yields, Q9( 1) =0. We can
keep repeating this process of di erentiation and evaluation ag = 1 to deduce
Q(lg)( 1) =0, for all integersn 0. SinceQ, is analytic, it follows Q1, =0 on

. For this to be compatible with the boundary conditionsQ;,(1) = %sin(z 1),

it follows ;= O

5"

Properties of the OR solution-branch have been studied in detail, in a one-
dimensional setting, in theQ-framework [64]. Using the arguments in [64], one
can prove that for ; = 5, OR solutions exist for all 0 and an OR solution
is the unigue energy minimiser for su ciently small , hence they are globally
stable as ! 0, but lose stability as increases. In particular, non-OR solutions
emerge as increases for ; = 5, which are stable, and these non-OR solutions

do not have polydomain structures.
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3.3 The limiting problem

In this section, we rigorously study the ! 0 limit, which is physically relevant

for nano-scale geometries (also see [79]). We compute the exact solutions of both
(3.1.12)and (3.2.20), i.e. the (s; )- and Q-formulations respectively, and show
that they are in fact equivalent. We also directly verify the properties of solutions

presented in Theorem 3.2.2, Theorem 3.2.4, and Theorem 3.2.8.

3.3.1 The (s; )-formulation
Inthe ! O limit, equations (3.1.12a) and (3.1.12b) reduce to

s 4s( %2 =0; (3.3.1a)

s? 0= W (3.3.1b)
We again solve this system subject to the boundary conditions (3.1.13).

First, consider the caséV = 0, so that one ofs or Cis zero at every point in .

(3.3.1a) reduces to the Laplace equation and we nd
s=ay+ b; fora;b2 R: (3.3.2)

SinceW =0, s(y ) = 0 at some interior pointy , where has a discontinuous
jump to satisfy its conicting boundary conditions. The linear prole (3.3.2),
cannot satisfy both boundary conditions and be zero somewhere, hesceust
be de ned piecewise. In principle, we could de na to be asymmetric, but for
simplicity, we assume a symmetric solution with one zero, i.e.

8

2 y fory2[ 1,0

s(y) = (3.3.3)

-§y fory 2 [0; 1]
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It follows that

8
20fory2 [ 1,0)

(y) = 5 (3.3.4)
-y fory 2 (0; 1]

Remark 3.3.1. This limiting computation, explicitly highlights how in the (s; )-
formulation, OR solutions can be compatible with any value of;. In contrast,
Theorem 3.2.8 tells us OR solutions are compatible with; = 5 only, in the
Q-formalism. This demonstrates why both formulations are required to gain a

complete picture.

We now explicitly compute the unique solution of the systen(3.3.1) for W 6 O,

and verify the conclusions of Theorem 3.2.2 and Theorem 3.2.4.

Proposition 3.3.2. For W > 0, the solutions to the limiting equationg3.3.1a)
and (3.3.1b), are

4 I

u : .
_ B 1 cos(21) Sin?(2 1)
s(y) = — 2 2(.1 c0s2.)’ | (3.3.5a)
1 (1 cos(2.)y 1 1 cos(21) |

wherey 2 [ 1;1]. Moreover, s is symmetric and has a single non-zero minimum
given by

sin(2 ;)
2(1 cos(2 1))'

Smin = S(0) = & (3.3.6)

Proof. Taking W > 0 and substituting for °using (3.3.1b) in (3.3.1a), we have
s 4w3s *=0: (3.3.7)

The above equation is well de ned and the solutios must be smooth. Lets®= u,

so that

duds du
00— 0= v H> _ YUY
s ds dy dsu
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and (3.3.7) becomes

d
M=awss 2
ds

Thus is separable and integrating we obtain

= sz 4W2s 2: (3.3.8)

Setting (3.3.8) equal to zero, we have two extrema

(3.3.9)

SinceW 6 0, s cannot be negative and the negative root above can be ruled
out, hences has a single minimum. The expressio(8.3.8) is also separable, so

integrating again we have

Z
(y+E)= (J2 4W3s ?) zds (3.3.10)
S
2W J ?
=37 aw b
hence, s
4W?2
s= J2(y+ E)2+ ?; (3.3.11)

for some constante. SinceW 6 0, s cannot be negative anywhere and we can

ignore the negative solution. Imposing the boundary conditions,
S

aw? 4W?2
S( )= JAE 1P+ 55 =1=) B+ 55 +J7 26)°=1;(3312)
and
S . ,
AW AW
s(1)= J3(1+E)*+ E =1 =) JZE2+?+J2+2EJZ:1:
Therefore,

4EJ?=0 =) E=0:
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Returning to (3.3.12), this yields

1 P1T1ew?

J% =
2

(3.3.13)

Taking E =0 in (3.3.11) we see thats attains its minimum in (3.3.9) at y = 0.

Therefore, v
s(y) = ¢ J2y? + 43/\22; (3.3.14)
and s is symmetric abouty = 0.
We can now uses, to solve for in (3.3.1b). Integrating we have
Z 2
+G= \]“y\;v+‘]4VVI2 dy
= ;tan ! ‘;\j&/ ;
(for G a constant of integration) so that
1 Jzy!
(y) = > tan 1 e G: (3.3.15)
Imposing the boundary conditions,
! !
( 1= ;tan ! 2J\Z/ G=0=) G= ;tan 1 ;\; (3.3.16)
and
1 , ! 52 I 52 !
(1):§tanlm tan ! W :tan1M=1;

where in the second equality we have used the fact thédn ! is odd. Solving for

W,

1
AL p

tan — = =) 4W tan =1 1 16W?2
= 19) (1)

=) 8W(W(tan?( 1) +1)) tan( 1)=0
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o) w=0 o w=__anty _1

= 2(tan2( 1) " 1) ZSII’](Z 1):

(3.3.17)

We therefore need the second value &% in (3.3.17) and combining this with
(3.3.13), it follows J? = % The choice of the positive or negative root for

J2, depends on the boundary condition;. Takingy = 1, we have

_ J? _
(1) =tan ! Tsn@) -
_ _ 1 1lcos(2,)
=) tan( 1) = Tsin@,)
=) 2sif(1) 1= cos(2y); (3.3.18)

and this only holds for the negative root, therefore,

1 cos(2,).

2
) 2

(3.3.19)

Combing the de nitions of J (3.3.19) W (3.3.17)and G (3.3.16), in (3.3.14)and
(3.3.15) yields the required solutions. Finally, recalling (3.3.9), and again utilising
the de nitions of J (3.3.19)and W (3.3.17) we see the minimum value o§ is

determined by (3.3.6).

Remark 3.3.3. We note thatas ;! 5 and henceW ! 0, (3.3.5a)reduces to

(3.3.3), and for (3.3.5b), we have

Ofory2[ 10

W AW 00

5 fory 2 (0; 1];

which agrees with (3.3.4) when, = 5.
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3.3.2 The Q-formulation

Let us now consider the limiting problem for theQ-formulation. From the max-
imum principle, jjQjj.: is bounded independently of, so in the ! O limit,

(3.2.20a) and (3.2.20b) reduce to
0=0; Q¥=0; (3.3.20)

subject to the boundary conditions(3.2.21) These are just the Laplace equations

for Q11 and Q1,, which admit the following unique solutions,

Quoy)= (1 (cos@)y+cos2 )+1);  (3321a)

Q120(y) = isin(Z )(y +1): (3.3.21b)

Substituting (3.3.21a)and (3.3.21b) into (3.1.15), we get the following expressions

forsand :
S

So= (L COS2u)Y2+ J(1+C0S(2 1), (3:3.223)

0= ;atanZ(sin(Z )(y+1);(cos(2,) 1y+cos(2q)+1): (3.3.22b)

From Proposition 3.1 in [89], we know the limiting pro les(3.3.21a)and (3.3.21b)
are good approximations to solutions 0§3.2.20)for small . In fact, for a solution

Q of (3.2.20), we have the following error bounds as! 0

jiQu;  Quojjir P (3.3.23)

whereP > 0 is a constant independent of. However, no such result is known
for the (s; ) formulation and the limiting pro les (3.3.5a)and (3.3.5b). Next, we
prove (3.3.22a)and (3.3.22b) are equivalent to(3.3.5a) and (3.3.5b) respectively,
for W > 0 (hence verifying Theorem 3.2.6 when = 0). Combined with the
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accuracy of the limiting Q-solution, this suggestg3.3.5a) and (3.3.5b), are good

approximations to solutions of the system (3.1.18) for small

Proposition 3.3.4. For W > 0, the s-solution pro les (3.3.5a) and (3.3.22a)

and the -solution pro les (3.3.5b) and (3.3.22b) are equivalent.

Proof. Agreement of the solution pro les from the(s; )- and Q-formulations,
can be checked via direct computation. Agreement of thepro les (3.3.5a) and

(3.3.22a), is immediate after noticing

sirf1) 1 cog(241) _ (1 cos(21))(1+cos(2 1))
2(1 cos(21) 2(1 cos(2,) 2(1 cos(2,)) '

We now move onto the -pro les. Using the identity

8
%tan e for xy < 1
1 1y) = + . . .
tan *(x) +tan (Y)—gtan LEL o+ forx>0y>0xy>1
Ztan 1 1’“)}; ; forx< 0, y< 0 xy> 1;

with x = & CSCUY gngy = 1 821) (3 3 5h) becomes

sin2 1) sin2 1)

8
1 1 sin(2_1)(y+1) .

% 2 tan (cos(2 1) 1)1y+cos(2 1)+l for Xy <1

= 1 1 sin(2 1)(y+1) . . .

§2tan (cos(2 1) 1)1y+cos(2 1)+1 + 27 for x> 0; y>0, xy>1
1 1 sin(2 1)(y+1) . . . .
2@N " Gs@ ) Dytcos@ D 5, forx< 0;y<0; xy> L

If (coq2 ;) 1)y+coq2 ;)+1=0 andsin(2 1)(y+1) > 0the above expression is
unde ned, hence we set = ; in this case. Similarly, if(cog2 ;) 1)y+cog2 ;)+
1=0andsin(2 ;)(y+1) < O,weset = 4. If(cog2 ;) 1l)y+cogq2 ,)+1=0

and sin(2 1)(y +1) = 0 an angle cannot be de ned. Finally, looking at the
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argument oftan ! above, we can rede ne this as follows

8

1 1 sin(2 1)(y+1)

5 tan os@ 1) l)ly+cos(2 T for (cos(2,) 1)y+cos(2)+1>0
1 1 sin(2 1)(y+1) . .
stan * memy 1)1y+cos(2 5T o3 for (cos(2,) 1l)y+cos(21)+1<0;

= sin(2 1)(y+1) >0

1 1 sin(2 1)(y+1) . .
stan * msmy 1)1y+cos(2 3+ 5; for(cos(2:) 1)y+cos(21)+1<0;

sin(2 1)(y+1) <O

Combined, this is just the de nition of %atanZ(sin(Z )(y+1);(coq2 ;) 1y+

cos(21) + 1) with the case ; = 5 and hence W = 0 omitted, as required.

Using (3.3.22a) we again verify the symmetry ofs-solutions (Theorem 3.2.2,
Theorem 3.2.4), but we can additionally deal with solution pro les withs = 0
somewhere in , and hence conrm OR solutions are compatibly with ; = 5

only (Theorem 3.2.8).

Proposition 3.3.5.  Any solution sy, to the limiting problem (3.3.20)is symmetric.
Furthermore, any nontrivial solution sy, for 1 6 5, has exactly one critical point
aty =0, which is a non-zero local minimum. For ; = 5, sp has one minimum

aty =0, such thatsy (0) = 0.

Proof. First consider the case; 6 . In this case it is su cient to show that
So has one critical point and this occurs ay = 0. Di erentiating (3.3.22a)and

setting the result equal to zero, we have

0N — o (1 cos(24))y
SO(y) T T 1 -
2 11 cos(21))y?+ 1(1+cos(2 1))

=) y=0:
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Hence, the solution to the limiting pro le is symmetric and has one critical point

at y = 0. Furthermore, by the maximum principle this must be a minimum.

Now let 1 = 5. From (3.3.22a), we see the solution is given by
8

3 y fory2[ 1,0]

So(y) = 3
"y fory2[0;1];

which has a minimum value of O aty = 0, and this is the only point at which this

occurs. Furthermore, the solution is symmetric.

To shows, (0) =0 when ; = 5 only, rst suppose so(y) =0 for somey 2 [ 1;1].

Then (3.3.22a) implies

(1 cos(2,)y?+1+cos(2 ,)=0

(1 +cos(2 1))
1 cos(21)

5) y2= 6 0; (3.3.24)

which is a contradiction unless ; = Therefore,y = 0 in this case and we

E-

concludes,; 6 0 for ;6 5 andy 6 0. O

For completeness, and to elucidate the regularity of solution pro les, we include
some example limiting pro les(3.3.22) along with plots in Figure 3.3. We point
out that all the limiting pro les in Figure 3.3, agree with Proposition 3.3.2 and
Proposition 3.3.5. We also see that as,, decreases,! 1 everywhere, while g
becomes more linear and tends to the constant solutiog =0, as ;! O.

8 8

2y y2[ 10] 20 y2[ 10

So(y) = o(y) = for 1= 50 (3.3.25)

-§y y 2 [0;1]; -§§ y 2 (0;1]

Remark 3.3.6. From Remark 3.3.3, we see in the; ! 5 limit, (3.3.5a)and
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(3.3.5b) agree with (3.3.22a) and (3.3.22b) when = 5.

V e —
o=t 22 .2 2
olY) = ) y 7
P~ P~ p_! !
1 2 2 2 2+ 2 3
o(y) = satan2 —-y; — 5 Y for = 5 (3.3.26)
S
1 1
So(y) = é(y2+1); o(y) = éatan2(y;1 y) for ;= 7 (3.3.27)
V N1 "
u P=t P—=
:y 2 2 ) 2+ 2
So(Y) R e
P~ P~  p; ! !
1 2 2+ 2 2 1
o(y) = éatanZ Vit 5>— for .= 5 (3.3.28)

3.4 Numerics

In this section, we numerically explore solutions for di erent boundary conditions

1, and di erent values of . We solve theQ-Euler-Lagrange equationg3.2.20),
subject to the boundary conditions(3.2.21), by gradient ow methods. This is
implemented in MATLAB [90] (unless stated otherwise, all numerics are produced
in MATLAB in this thesis). We do not attempt to solve the (s; )-Euler-Lagrange
equations(3.1.12), due to the issue of division by zero and because the equations

are highly non-linear.

To nd solutions of (3.2.20), we solve the following gradient ow equations [68]:

@@Q: = Q%+ Qu(l 4(Q,+ Qb)) (3.4.1a)

@@Cl)t2 = Q¥+ Qu(l 4Qi+ Qh): (3.4.1b)
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oo“"’

1= 7 1= 3

Figure 3.3: Example limiting pro les. Here, we plot (3.3.22a)
and (3.3.22b) for the stated values of ;. The = ;
pro le is discontinuous aty = 0, which is represented
with a doted line (the same is true for subsequent
plots).

The principle here, is that for long enough times solutions of the gradient ow
equations evolve to minimisers (or critical points) of the free energ(B.2.19),
l.e., they are steady solutions which satisfy@@%i =0, so that Q is a solution of
(3.2.20) We solve(3.4.1) using nite di erence methods in the spatial direction,
by partitioning the domain [ 1;1] into a uniform mesh with mesh sizel=50, and
use Euler's method in the time direction. Unless stated otherwise, we use the
limiting pro les (3.3.21)as our initial conditions for computing solutions for all
values of and ;. We deem the solution to have converged, when the norm of

the gradient has fallen belowl0 ¢ i.e.,
0 1

Q¥+ Qu(l 4(Qf+ Qiz))g
¥+ Qu(l 4(Qi,+ Q)

<1065 (3.4.2)

L2
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3.4.1 Accuracy of the limiting pro les

We begin by comparing the limiting pro les (3.3.22a)and (3.3.22b), to the nu-
merical solution for small values of and di erent boundary conditions 1, to
assess how good of an approximation they are. In this and later sections, we
rst solve the Q-Euler-Lagrange equations (3.2.20), and then simply extract the

(s; )-proles using (3.1.15).

=1 =01 =0:01
=1 =0:1 =0:01
=1 =0:1 =0:01

Figure 3.4: Error between the numerical solution to(3.2.20) (de-
noted by (s; )) and the limiting proles (3.3.22a)
and (3.3.22b) for di erent values of , when ;= 3
(rstrow), 1= 3 (second row), and ; = 5 (third
row).

In Figure 3.4, we plot the error (i.e., the di erence) between the numerical solution
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and the limiting pro les (3.3.22a)and (3.3.22b) for 1 = 3, 3, 5, each with
=0:0% 0:1; 1. For all values of ; and considered, the error is small for both
sand (it does not exceed 0.04), and it decreases adecreases, so that we have
excellent agreement for = 0:01 and all choices of ;. In fact, we have perfect
agreement between the-pro les (away from the discontinuity at y = 0:5 and this

point has been omitted) when ; = 5, for all values of considered.

1= 3 1= 3
Figure 3.5: Error between the numerical solution to(3.2.20)and

the limiting pro les (3.3.22b)(i.e. o), for large

values of , when ;= gand ;= 5.
In Figure 3.4, the error in our limiting -pro les is always smaller than the error
in our limiting s-pro les. This suggest they may still be good approximations for
large values of . To this end, we look at the accuracy of the limiting -pro les
for =10;10Q when ; = 5 and ; = 5 (see Figure 3.5). The limiting pro le
(3.3.22b) is still an excellent approximation to the numerical solution for ; = 3,
since the maximum error is of the ordeflO 3. However, when ; = 3 (3.3.22b)
is no longer a good approximation, as the maximum error is almost 0.1. This
suggests, not only does dictate the accuracy of our limiting pro les, but ; does
too. In Figure 3.6, we plot the error between the -pro les for =0:1 and four
values of ;. As we increase ; in (0; 5), the maximum error increases. A possible

explanation for this is, for larger values of ; there is necessarily greater distortion
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of the -pro le, which is less well approximated by (3.3.22b).

Figure 3.6: Error between the numerical solution and the limiting
pro le (3.3.22b)(i.e. o), for =0:1and di erent
values of ;.

3.4.2 Uniqueness in the (s; )-formulation

(a) (b) ()

Figure 3.7: (a) plot of Q and (b) plot of s, for =1;10;,10Q and
(c) plot of = ; for = 100 (the plots for =1;10
look visually identical and are therefore omitted), all
for 1= 5. In(a), nis plotted for =100.

In this section, we study the e ects of and ; on the unique pro le in the (s; )-
formulation. From Theorem 3.2.6, this corresponds to the solution B.2.20)in
the Q-formulation with positive W. In this and the next section, the value of

W is computed by numerically approximating(3.2.23) In Figure 3.7, Figure 3.8
3

and Figure 3.9, we plot the only numerical solution withW > O for ;= 5;4:%
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respectively, when = 1;10,100 We include the n-proles for = 100 only
in these cases, as there are minimal di erences in rotation for the values of

considered.

Looking at the Q-pro les rst (i.e., Figure 3.7 (a), Figure 3.8 (a), and Figure 3.9
(a)), we see that as increases, theQi;- and Qq,-pro les deviate from their
linear limiting pro les given in (3.3.21) Moreover, these deviations become more
pronounced as ; increases. For example, when = ¢, there is minimal di erence
between the solutions for = 1 and = 100, but there is a more substantial
di erence between the solutions for =1 and = 100, when ; = % We note
that, the directors corresponding to ; = 5 1= 37 and ;= % in Figure 3.7 (a),
Figure 3.8 (a) and Figure 3.9 (a) respectively, all rotate smoothly throughout the

domain and are not polydomains, since none of the solutio@s, are OR solutions.

This is consistent with Theorem 3.2.8.

(a) (b) ()

Figure 3.8: (a) plot of Q, (b) plot of s, and (c) plot of = 4, for
=1;1G100and ; = 3. In (a), n is plotted for
=100.

Moving onto the associateds; )-pro les, the results in Figure 3.7, Figure 3.8
and Figure 3.9, demonstrate that as, decreases (i.e,; ! 0): (i) the -proles
become more linear and will eventually approach 0, and (i) s! 1 everywhere.

Comparing the = ;-pro les for the aforementioned gures, (i) is clear, and (ii)
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can be spotted after noting that the single global minimum o6 at y = 0 (as
predicted in Theorem 4.2.3), increases as decreases, for a xed. We made
these remarks in Section 3.3 too, but the results in this section, show these trends
also hold true for numerical solutions of the Euler-Lagrange equatiog3.2.20) for
non-zero values of. On physical grounds these trends are perhaps not surprising.
As we decrease; to zero, will become closer to a constant since(0) = 0.
Hence, the distortion of the director will decrease, and consequently, we would
expect the order about the director to increase, thereforg should approach one.
From Figure 3.7, Figure 3.8, and Figure 3.9, we also see that increasingas an
analogous e ect to decreasing, that is, as we increase, approaches a linear

pro le, whilst s! 1.

(@) (b) (c)

Figure 3.9: (a) plot of Q, (b) plot of s, and (c) plot of = 4, for
=1;10,100and ; = 3. In (a), n is plotted for
= 100.

3.4.3 Non-uniqueness in the Q-formulation

We now explore the non-uniqueness that is permitted in th®-framework when

W  Ois allowed i.e., additional solutions 0f(3.2.20)with W 0. We rst focus

in the case ; = 5, as this is the special case that permits OR solutions. For
< 12 (approximately) and ; = 5, we nd only one critical point, indicating

it is unique. This critical point is an OR solution since: (i) we have a domain
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wall at y = 0 whereQ = 0, and (ii) extracting the corresponding(s; )-pro les,

s =0 aty = 0, while is piecewise constant away frony = 0, where it is
has a discontinuous jump to satisfy its con icting Dirichlet boundary conditions
(see Figure 3.10). Moreover, we plot the directon and it is a polydomain (h
denotes the director in all other plots too). For larger values of, this is no longer
the case. In Figure 3.11, for =1 and = 30, when ; = 5, we nd multiple
solutions and hence, non-uniqueness. There are two solutions with non-zero non-
constant Q;,, and as such, the director rotates smoothly over our domain and
IS not a polydomain i.e. they are not OR solutions. Both of these solutions can
be distinguished by the sign of)1, and hence the rotation ofn. These non-OR
solutions are found by completing 100 simulations of our numerical scheme with
random initial conditions (the entries ofQ,; and Q;, are generated from a uniform
distribution on [ 0:5;0:5]). We also nd an OR solution (using(3.3.21) as our
initial condition) and no other solutions. These conclusions are consistent with

the results in [64].

Figure 3.10: The only Q-solution, and associated(s; = 1)-

proles for =10 and ;= 5.

We brie y comment on the the (s; )-pro les in Figure 3.12, associated with the
non-OR pro les in Figure 3.11 (the same comments as above apply to the OR
solution). The pro le associated to Non-OR 1, will be a solution of thds; )-

Euler-Lagrange equationg3.1.12) from Theorem 3.2.6. Boths and are smooth,
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Non-OR 1 Non-OR 2 OR

Figure 3.11: Solutions for =30, when ; = 5-

s has a single non-zero minimum, and approaches one everywhere sinces
small. However, the -pro le associated with Non-OR 2, will not be a solution
of (3.1.12)since the inequalities’V= 0 (Remark 3.1.1) and(3.1.17), are violated.
This -prole is e ectively the negative of in Non-OR 1. Note, this is still
consistent with Theorem 3.2.6, since we require 0. The negativity and jump
discontinuity in  here, is a numerical artefact due to extracting it fromQ using

(3.1.15).

Non-OR 1 Non-OR 2 OR

Figure 3.12: The associated's; = 1)-pro les for the solutions in
Figure 3.11.

Moving on, we now consider the boundary conditions; = 3; 7; % for =100, to
demonstrate non-uniqueness whaW < 0is permitted. In Figure 3.13, Figure 3.14
and Figure 3.15, we plot two newQ solutions and their associateds; )-pro les

: 3 respectively (see the previous section for the single solution

for 1= g2 %

with W > 0). These new solutions each havd/ < 0 and are found simulating
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our numerical method 100 times with random initial conditions. The de ning
feature of these solutions withW < O, is that the director rotates such that it
is orthogonal to the channel walls at some point in the domain. This is a direct
result of having negativeW in (3.2.23), which ensures the corresponding director
angle (as extracted from(3.1.15)) need not remain positive or be continuous

throughout , and this allows for non-uniqueness.

Although we have non-uniqueness when= 100 for all three boundary conditions,
uniqueness can be achieved for su ciently small, as predicted by Lemma 8.2 in
[64]. We nd that as ; increase, the value of for which we can have uniqueness
decreases. Completing 100 simulations with random initial conditions fog =
5 1 % we nd only one solution for = 87;60; 35respectively, but three solutions
for = 88;61,36. For = 1;10we nd only one solution in all three cases
(the unique solution with W > 0 predicted by Theorem 3.2.6), indicating we
have a unique solutions for ~ 87,60,35when ; = 3; 4; % respectively. This
demonstrates that boundary conditions can be used to tune the windows of
uniqueness and multistability, not only material properties (i.e.K and A) and
domain size (i.e.D) through . Finally, we note that for all boundary conditions

and all values of , we nd either one or three solutions.

3.5 Summary

In this chapter, we rigorously investigate the impact that the Dirichlet boundary
conditions imposed on the nematic director have on the multiplicity of solutions.
In the Q-formulation, when ; = - (recall ; is the angle between the director
and the channel wall aty = 1 (see Figure 3.1)), we nd a unique OR solution

for small and non-uniqueness for large, consistent with the results in [64],
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Figure 3.13:Q solutions of (3.2.20) with W < O when ; = 4
and = 100, with their associated (s; )-pro les
plotted below.

but we additionally show this is the only boundary condition compatible with
OR solutions. While in the (s; )-framework, we show we have a unique solution
whenever an OR solution does not exist. As has been noted in [88], orthogonal
boundary conditions allow for solutions in theQ-formalism (solutions of(3.2.20)
that have a constant set of eigenvectors in space, but non-constant eigenvalues.
These solutions, with a constant set of eigenvectors, are precisely the OR solutions,
which are disallowed for non-orthogonal boundary conditions. Thus, whilst the
conclusion of Theorem 3.2.8 is not surprising, we now provide a proof of this fact.
Hence, if polydomain structures are the goal in experiments, orthogonal boundary

conditions on the channel walls should be the focus.

In Section 3.3, we study in detail the ! O limit for both the (s; )- and Q-

formulations. This limit is independent of bulk e ects and therefore allows us to
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Figure 3.14:Q solutions of (3.2.20) with W < Owhen ; = 4
and = 100, with their associated (s; )-pro les
plotted below.

explicitly solve the governing equations in both formulations, yielding useful and
informative limiting pro les. As a result, we are able to independently verify many
of the properties of solutions predicted in Section 3.2. In particular, we verify the

symmetry of s pro les and that OR solutions are compatible with ; = 5 only.

Finally, in Section 3.4, we numerically compute solutions of th®-Euler-Lagrange
equations. We begin by assessing the accuracy of the limiting pro les computed
in Section 3.3, which as well as being excellent approximations to the numerical
solutions for 0:1, are also good initial conditions for nding solutions with
W > 0. When W > 0, and OR solutions are therefore not permitted, we nd

a unique(s; )-pro le corresponding to the single solution in theQ-formulation
with W > 0. This corroborates Theorem 3.2.3 and Theorem 3.2.6. For these

proles with W > 0, we investigate the e ects of both ; and on solution
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Figure 3.15:Q solutions of (3.2.20) with W < O when ; = 3
and = 100, with their associated (s; )-pro les
plotted below.

pro les, where we nd decreasing i, increasing , or both, lead to increased order
about the nematic directorn, along with smoother and more gradual rotation of
n. When W 0O is allowed, we nd non-uniqueness in th&-formulation even
for boundary conditions that do not permit OR solutions. This highlights the
di erence between the(s; )- and Q-frameworks, and in particular, how solutions
are lost in the (s; )-framework due to the physical equivalence af and n not

being respected.

In Chapter 4, we build upon the work presented here as follows:

1. We show that many of the results in Section 3.2, can be applied to the dy-
namic setting of nematodynamics with constant uid velocity and constant

pressure.
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2. We apply these analytical ingredients for ows with constant velocity and
pressure, to gain informative insight into the complex cases of passive and

active nematodynamics with non-constant ow and pressure.



Chapter 4

Passive and active

nematodynamics

This chapter is derived from Dalby, Han, Majumdar and Mrad (2022) [1].

4.1 The problem

In this chapter, we seek to demonstrate the universality of order reconstruction
(OR) solutions by investigating them in the context of passive and active nemat-
odynamics, i.e., dynamic situations where our liquid crystal is able to ow. OR
solutions are well understood for conventional nematics. We now show OR solu-
tions exist for passive ows with constant velocity and pressure, whilst OR-type
solutions (introduced in Section 4.3) can be found without such constraints for
both passive and active nematic ows. Our present study focuses on long shallow
channels relevant for micro uidic problems for which we employ the Beris-Edwards
framework for nematodynamics. As in Chapter 3, we investigate the compatibility

of OR solutions with certain boundary conditions for the nematic director. In the
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setting of passive ows with constant velocity and pressure, we see many of the
results from Chapter 3, Section 3.2, can be applied directly, or modi ed to suit
the new setting. This gives us invaluable insight into the more complex settings
considered in Section 4.3, in that it guides our asymptotic constructions in the
limit of large domain sizes. In particular, these asymptotics suggest OR-type
solutions are possible for both passive and active ows with non-constant velocity
and pressure for su ciently large domains. This is then veri ed by numerical
experiments in Section 4.4, which con rm they are excellent approximations in
the limiting regimes considered. We also explore the multiplicity of OR-type

solutions in Section 4.4, where we nd a plethora of such solutions.

This study of passive and active nematodynamics in micro uidic channels, enables
us to model polydomain structures and singular lines (disclination lines) or domain
walls in such channels. These phenomena can be captured by OR and OR-type
solutions and are of clear physical interest having been observed in experiments.
Referring to the experimental results in [18] for passive nematic liquid crystals
(NLCs), the authors nd disclination lines at the centre of a micro uidic channel
lled with the liquid crystal 5CB, with ow, and with and without an applied
electric eld (Figure 2.3). In the active case, there are similar experimental
results in [86]. Here, the authors use an applied magnetic eld to control an
active nematic system (8CB with a water based active gel), and observe parallel
lanes of defect cores in the active nematic, aligned perpendicularly to the magnetic
eld. In general, analysis of liquid crystals with polydomains and domain walls

is a eld that could bene t from rigorous analyses of experimental phenomena as

discussed in this chapter.
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4.1.1 Theory

We consider the same channel geometry as in Chapter 3, which can again be
reduced to an e ectively one-dimensional problem: =[ D;D]. There are two
macroscopic variables - the uid velocityu, and a reduced Landau-de Gennes

(LdG) Q-tensor order parameter as seen in Section 2.2 and Section 3.1.1, i.e.,

Q2S=fQ2M?2:Q; = Q;;Qi =0gand
(4.1.1)

where s is the scalar order parameter ana is the nematic director. Forn =
(cos; sin ) ( denotes the angle between and the x-axis), the two independent

components ofQ are again given by

Qu = %cos 2, Q= gsinz; (4.1.2)

and we have the relationships in (3.1.4) betwee(s; ) and Q.

We work within the Beris-Edwards framework for nematodynamics [91]. In the
passive case (which we consider until Section 4.3.2) there are three governing
equations: an incompressibility constraint fou, an evolution equation foru (es-
sentially the Navier Stokes equation with an additional stress due to the nematic
ordering ), and an evolution equation forQ which has an additional stress

induced by the uid vorticity [37]. These equations are given below,

rou=0; Sls i per ((ut(ru)+ )

Dt
DQ _ 1.
Dt - Q Q + —H:

Here, and arethe uid density and viscosity respectivelyp is the hydrodynamic

pressure, is the anti-symmetric part of the velocity gradient tensor, and is the



4.1. The problem 98

rotational di usion constant. The nematic stress is de ned to be
=QH HQ and H=K4Q AQ CjQj%Q;

whereH is the molecular eld related to the LdG free energyK is the nematic
elasticity constant, A < 0 is a material and temperature dependent constant,
C > 0is a material dependent constant, angQj = P trQZ, is the matrix norm.
Finally, we assume that all quantities depend oty alone and work with a uni-
directional channel ow, so thatu = (u(y);0). The incompressibility constraint
is automatically satis ed. To render the equations nondimensional, we use the

following scalings, as in [37],

S S

D 2 K 2A 2A K
y=Dy; t= Tt; u= ?U; Qu = ?Qn; Q2= ?le; Px = pr;

and then drop bars for simplicity. Our rescaled domain is=[ 1;1] and the

evolution equations become

1
@@Qtl = UQui2+ Quiyy + —Qu(l  4(QL+ QL)); (4.1.3a)
1
@@,gl)t2 = WQu+ Quayy + —Qu(l  4(Q% + QL); (4.1.3b)
ngtjz P + Uy +2L2(Q11Q12yy  Q12Q11yy)y; (4.1.3c)

whereL; = X~ L = 57, andL, = 22 = 2L are dimensionless parameters.

Here,Er = ugD =K is the Ericksen number (g is the characteristic length scale
of the uid velocity) and Er = ugD =K is analogous to the Ericksen number
in terms of the rotational di usion constant , rather than viscosity . L is
a scaled elastic constant (notd. = 1=, where is as in(3.1.11)), which we
interpret as a measure of domain size. The parameteg, is the product of the
ratio of material and temperature-dependent constants and the ratio of rotational

to momentum di usion [37]. Analytically, we focus on the static problem wheré ;
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does not appear, and when we sold.1.3) numerically via gradient ow methods
to compute solutions of the static problem, we také ; = 1. As such, we do not

comment on the physical signi cance ot ;.

From (4.1.3), it follows that the static governing equations folQ are

1
Qiiyy = UyQpo+ rQll(‘KQil + Q%) 1) (4.1.4a)
1
Qiz2yy = UyQu1 + rQ12(4(Q§1 + Q%) 1) (4.1.4b)
Uy = Px  2L2(Q11Q12yy  Q12Q11yy)y: (4.1.4c)

From the above system, we can derive the static governing equations {ar ),

using (4.1.2):
Sy =4s 2+ Lls(s2 1) (4.1.5a)
Sy = ;suy 2sy v, (4.1.5b)
Uy = Px L2(S? )y (4.1.5¢)

This formulation in terms of (s; ) gives informative insight into the solution
pro les and avoids some of the degeneracy conditions coded in Qeformulation.

We work with Dirichlet conditions for (s; ) as given below:

s( 1)=s(1)=1; (4.1.6a)
(=1 @="; (4.1.6b)

h i
where! 2 %% is the winding number, which encodes information about
the director alignment at the channel walls (see Figure 4.1 for a sketch of these

boundary conditions). This translates to the following boundary conditions for
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Q:
1 1 . 1 .
Qu( 1)= 2005(2 ); Quz( 1) = ESIH(Z! ); Qu2(1) = §S|n(2! ): (4.1.7)

The boundary conditions in(4.1.6a), imply that the nematic ordering is equal to
the bulk energy minimisers, on the bounding plates. We consider asymmetric
Dirichlet boundary conditions in (4.1.6b) for the angle . From (3.1.4), the range
of is( g, 4), but our boundary conditions extend to 5. As in Chapter 3, we
avoid this issue by using the function atan@/;x) 2 ( ; ] (and the identities
in (3.1.15)), which returns the angle between the line connecting the poirfi;y)

to the origin and the positivex axis. For the ow eld, we consider the typical

Figure 4.1: Boundary conditions fors and and some example
director boundary conditions.

no-slip boundary conditions, namely
u( 1)=u(1l)=0; (4.1.8)

and assume that the pressure is uniform in the y-direction, hence it depends on

x only.
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4.2 Passive ows with constant velocity and

pressure

In this section, we identify situations for passive nematodynamics which are
compatible with OR solutions. Recall from Chapter 3, that OR solutions are
characterised by sub-intervals with constant, separated by nodal points with

s = 0 (see Remark 3.1.2). From(4.1.5b), constant implies constant uid
velocity u, and from (4.1.5c), constant pressurep. Therefore, in order to study
OR solutions, we assume constant velocity and pressure in this section. This
means both our uid velocity and system pressure, are constant in all spatial
directions and with respect to time. This framework, though somewhat arti cial
(and unlikely to be physically observed), allows for OR solutions, although OR-
type solutions exist in more generic situations with non-constant ows as we show
in subsequent sections. The current setting serves as a rough approximation of
these more generic scenarios. We work with both th@- and (s; )-frameworks in
this section. Many of the results from Chapter 3, Section 3.2, still hold true in this
setting, or can be adapted to suit. This gives us informative insight into the more
complex cases considered in Section 4.3. Although many details are analogous to
those in Section 3.1.2, there are di erences due to our choice of Dirichlet boundary
conditions for (4.1.6b), so we brie y recap them for completeness and clarity.

We let Odenote di erentiation with respect to y in this section (Section 4.2).

We study Q-tensors that belong to the admissible spac&yV'? ([ 1;1];So) (i.e.
the Sobolev space), and satisfy the boundary conditior{4.1.7). In the setting of

constantu and p, (4.1.4a)-(4.1.4b) become

9= 1 ou@a(Qu+4Q%) 1) (42.12)
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9= |_1Q12(4(Q§1 +4Q%,) 1) (4.2.1b)

From these equations, it follows that(4.1.4c)is satis ed. The equations (4.2.1a)-

(4.2.1b) are the Euler-Lagrange equations associated with the energy

z, 1
F(QuQw) = (QI)*+(Q%)" + [ (Qh+ QL)R(QL+ Q) 1) dy:

(4.2.2)

The stable and physically observable con gurations correspond to local or global

minimisers of (4.2.2), in the prescribed admissible space.

In the static case, with constantu and p, the corresponding equations fo(s; )

can be deduced from (4.1.5a), (4.1.5b) :

s%=4g5( %2+ Lls(s2 1); (4.2.3a)

20°=0=) °%=w; (4.2.3b)

whilst (4.1.5c)is automatically satis ed. In the above,W is a xed constant of
integration and

w= q 1)= 1) (4.2.4)

Many of the comments from Remark 3.1.1 apply here too. When 0 and
recalling the boundary conditions for , there exists a pointy, such that Yyy) 0,

hencew 0,and ° Oforally?2[ 1;1]. Thus, we have
1
! I, 8y2[ L;1]land8! 2 O > : (4.2.5)

Similar comments apply when! 0, for which W 0, and ° O for all
y2 [ 11] If W =0, we either haves = 0 or =constant almost everywhere,

compatible with the de nition of an OR solution (unless! =0, and(s; ) =(1;0),
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which is not an OR solution). Conversely, an OR solution, by de nition, has
W = 0 since they have piecewise constantpro les. In other words, if! 6 0,
OR solutions exist if and only ifW = 0. If W 6 0, then OR solutions are
necessarily disallowed because a non-zero valueVofimplies that s 6 0 on
The following results show that the choice o¥V is in turn dictated by ! , or the

Dirichlet boundary conditions.

Note that, (4.2.3a)and (4.2.3b) are the Euler-Lagrange equations of the following
energy,
7 1 | 5 |

Fsi)= (522+ s( (52. + 48L2 % 1 dy; (4.2.6)

but we only consider smooth, classical solutions of (4.2.3a) and (4.2.3b), subject to
the boundary conditions in (4.1.6a)-(4.1.6b), and not OR solutions. We rst prove
that OR solutions only exist for the special values! = %, in the Q-framework.

If ! = %, then W = 0 can be either zero or non-zero for di erent solution
branches, especially for small values &f that admit multiple solution branches.
Once the correspondence betweén W =0 and OR solutions is established, we

present several qualitative properties of the correspondir(g; )-pro les.

4.2.1 Qualitative results

Our rst result regards the compatibility of OR solutions with the boundary
conditions. We refer the reader to Remark 3.2.5 for the characterisation of OR
solutions in the Q-framework. The proof requires di erent arguments to those

presented in Theorem 3.2.8, because of the boundary conditions (4.1.7).

Theorem 4.2.1. For constantu and p, and all L 0, there exists a minimiser

of the energy(4.2.2), in the admissible space
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(

A= Q2WH( 11S)iQu( p= E ),
Qu( 1)= Sinf ; Q12(1) = Sin 2 : (4.2.7)

Moreover, the system (4.2.1) admits an analytic solution for all 0, in A.
OR solutions only exist for! = %1 in (4.1.7). In this case, Q;; 0 while Q; is

odd, increasing, andQ;, =0 aty =0 only.

Proof. The existence of an energy minimiser f@¢.2.2)in A, is immediate from the
direct methods in the calculus of variations, for alL and! , and the minimiser is
a classical solution of the associated Euler-Lagrange equations (4.2.1), for ahd
I'. In fact, using arguments in elliptic regularity, one can show that all solutions

of the system (4.2.1) are analytic [65] (recall the discussion in Section 2.2).
The key observation is
(Q%,Qu  Q%1Q:12)°= Q¥Qu + Q%,Q%  Q%,Q%, Q1QY =0;
and hence,Q%,Q11  Q%,Q1, is a constant. In fact, using (3.1.15), we see that
(s 9°=2(Q¥Qu QfIQ1) =0 =) * °=2(Q%Qu Q)Qw) = W,

whereW is as in(4.1.5b). Now let W = 0 (so that OR solutions are possible),

then
Q%Q1 = Q%Q1, 8y2[ L1f (4.2.8)

There are two obvious solutions of (4.2.8)Q.; 0 (i.e., ! = %), orQyp O

(i.e.,! =0; 3), everywhere on .
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For the caseQ;, Oand! = 2, the Q-Euler-Lagrange equations reduce to

8
3 Q= 1QuEQs 1)

: (4.2.9)
T Qu( )= 3 Qu@)= i

This is essentially the ordinary di erential equation considered in equation (20)
of [64]. Applying the arguments in Lemma 5.4 of [64], the solutio®; of (4.2.9)
must satisfy Q%,( 1) = 0, or QY is always positive. However, the latter is not
possible since we have symmetric boundary conditions. Hence, whHerr %
the unique solution to(4.2.9) is the constant solution(Q1;; Q12) = ( %,O). This
corresponds tos = 1 everywhere in , inconsistent with an OR solution. The
same arguments apply to the cas®;, 0Oand! =0. In this case, the boundary
conditions areQq;( 1) = % and the corresponding solution i§Q11; Q12) = ( £; 0).

Again, this is not an OR solution.

WhenQy; 0(! = 1), the Q system becomes

8
2 QU= 1Qu@AQs, 1)

. (4.2.10)
T Qu 1= 3 Q)= 3

Applying the arguments in Lemma 5.4 of [64], we s€é.2.10)has a unique solution
which is odd and increasing, with a single zero at= 0 - the centre of the channel.
This is an OR solution, sinceQ;; = 0 implies that is necessarily constant on

either side ofy =0 .

It remains to show that there are no solutiongQ11; Q1,) of (4.2.1), which satisfy
(4.2.8), other than the possibilities considered above. To this end, we assume
that we have non-trivial solutions,Q;; and Qi, such that (4.2.8) holds. We recall

that all solution pairs, (Q11; Q12) of (4.2.1) are analytic and hence, can only have
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zeroes at a discrete set of points in=[ 1;1]. This means that there exists a
nite number of intervals (Yo = 1,v1);:::;(Yn 1;Yn = 1), such that Q,; 6 0 and
Q12 6 0 in the interior of these intervals, whilst eitherQ11(Yy;), Q12(yi), or both,
equal zero at each interval end-points. On such intervals we can rearrange and

then integrate (4.2.8), i.e.,

0 0
On_ Ou ) ] Quj = ¢jQuj fory 2 (yi 1;¥i)
for constantsg; > Oandi =0;:::;n. Therefore, there exists an interval(y; 1;Vi),

for which Q;; and Q;, have the same, or opposite signs. Assume without loss
of generality Q;; and Q, have the same sign on an interval, then the analytic

function
f(y):= Qu(y) ¢cQuy)=0; fory2 (yi 1;¥i):

Therefore,f (y) =0 forally 2 [ 1;1]. Evaluatingaty= 1, we have
cos(2 )= sin(2 )g and cos(2 )=sin(2! )c;

and this is only possible ifcog2! ) = 0 and sin(2! )¢ = 0, which implies

I = Zandg = 0. Hence, there are only three possibilites = 0; 3;

NI

that are consistent with (4.2.8), of which OR solutions are only compatible with

]

ENT

In the remainder of this section, we consider smooth classical solutions of {lse )-
equations(4.2.3). We have seen above that the dynamic equatiorf4.1.5), reduce
to (4.2.3) in the setting of constant ow and pressure, and these are the same
equations considered in Chapter 3 (i.43.1.12). Hence, the results of Section 3.2
apply in certain dynamic scenarios and we now restate them in the current setting

for clarity. These results then inform our asymptotic and numerical studies in the
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sections that follow.

Theorem 4.2.2. (Maximum Principle) Let u and p be constant, and lets and

be solutions of(4.1.5), wheres is at leastC? and is at leastC?, then
O<s 1 8y2][ L1] (4.2.11)

Theorem 4.2.3. For constant u and p, any non-constant and non-OR solution,
s, of the system(4.1.5), has a single critical point which is necessarily a non-zero

global minimum at somey 2 ( 1;1).

We next present our uniqueness result foow 6 0. The result follows from
Theorem 3.2.3, however, there is the additional possibility &V < 0 when! < 0.

This requires only minor modi cations to the proof, and as such we omit it.

Theorem 4.2.4. For constant u and p, and for a givenW 6 0, the system
(4.1.5), subject to the boundary conditiong4.1.6), has a unique solution for a

xed L and!.

Combined, Theorem 4.2.3 and Theorem 4.2.4 yield the following result.

Theorem 4.2.5. For constantu and p, and for W 6 0, the unique solution,(s; )

of (4.1.5), has the following symmetry properties:

s(y)=s( y)and (y)= (y) 8y2[ L1
Then s has a unique non-zero minimum ay = 0.

Remark 4.2.6. As commented on in Section 3.2, using the arguments in [64], it
can be proved that forl = 1, OR solutions exist for allL 0 and are globally
stable asL !1 , but lose stability asL decreases. Stable non-OR solutions

emerge ad. decreases which do not have polydomain structures. From this
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section, we see these conclusions hold true in a dynamic situation with constant

u and p.

4.3 Asymptotics for OR-type solutions in the
L ! Olimit

In this section, we compute asymptotic expansions for OR-type solutions of the
system(4.1.5),inthe L ! Olimit relevant to micron-scale channels. An OR-type
solution is simply a solution of(4.1.5) with a non-empty nodal set for the scalar
order parameter, such that has a jump discontinuity at the zeroes o8. Unlike
OR solutions, OR-type solutions need not have constantpro les. We consider
conventional passive nematodynamics (Section 4.3.1) and active nematodynamics
(Section 4.3.2) in generic scenarios with non-constant velocity and pressure. Our
asymptotic methods are adapted from [92], where the authors investigate a chevron
texture characterised specically by a =4 jump in , using an Ericksen model
for uniaxial NLCs. These asymptotic methods, now placed within the Beris-
Edwards framework, allow us to explicitly construct solutions characterised by
an isotropic line, with a jump discontinuity in the nematic director, which are

strongly reminiscent of disclination lines seen in experiments [18, 82].

4.3.1 Passive nematodynamics

Consider the system of coupled equationé}.1.5), inthe L ! 0 limit. Motivated
by the results of Section 4.2 (in particular, theorem 4.2.1 and Theorem 4.2.5),
and for simplicity, we assumes attains a single minimum aty =0, s is even and

is odd, throughout this section. The rst step is to calculate the ow gradient
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uy. We multiply (4.1.5b) by s so that
(s? y)y = = Uy (4.3.1)
Substituting (s? y)y from (4.3.1) into (4.1.5c), we obtain
L 2 — .
Uy + —suy = py: (4.3.2)
2 y

Both sides of(4.3.2) equal a constant, since the left hand side is independent of

X, and py is independent ofy. Integrating (4.3.2), we nd

Pxy Bo
= ——+ —; 4.3.3
B CRITe (4:33)
where By is a constant and
Ly
g(s)=1+ 7s >0, 852 R: (4.3.4)
Integrating (4.3.3), we have
z
u(y) = PxY Bo v (4.3.5)

+ k)
1g(s(Y))  a(s(Y))
sinceu( 1) = 0 from (4.1.8). Using the no-slip condition,u(1) = 0 and the

Rl Y — - y - —
fact that -, G dy =0 (smcem is odd), we sedBy = 0 so that the ow

velocity is given by
z

yoopkY
u(y) = dy; 4.3.6
v) L g(s(Y) (4.3.6)
and the corresponding velocity gradient is
uy(y) = > (4.3.7)

a(s)

Following the method in [92], we seek the following asymptotic expansions for
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(s; ):

s(y) = S(y)+ IS( )+ O(L ); (4.3.8a)
WM=Cy+1( )+ OL) (4.3.8b)
where S; represent the outer solutions away from the jump point ayy = 0,

IS;1 represent the inner solutions around/ = 0, and is our inner variable.

Substituting these expansions into (4.1.5a) and (4.1.5b) yields

LSy+LIS,y=4L (S+IS)( y+1 )2+(S+IS)(S+1S)* 1)

(4.3.9a)
(S+IS)( ywwt !l )= ;(S+ IS)uy(y) 2(S,+1Sy)( y+1 y): (4.3.9b)

It is clear that (4.3.9a)is a singular problem in theL ! O limit, and as such we

rescaley and set

= %; (4.3.10)
to be our inner variable.
The outer solution is simply the solution o0f(4.3.9a)and (4.3.9b), away fromy =0,

for L = 0 and when internal contributions are ignored. In this case(4.3.9a)

reduces to
S(S? 1)=0; (4.3.11)

which implies
S(y)=1; fory2[ 1;0)\ (0;1] (4.3.12)
is the outer solution. Here we have ignored the trivial solutio® =0, andS = 1,

as these solutions do not satisfy the boundary conditions.
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Ignoring internal contributions, (4.3.9b) reduces to
1
w(¥) = Su(y) fory2[ LO\ (0;1F (4.3.13)

From the above,s=1 fory 2 [ 1;0)\ (0O;1], so integrating (4.3.7) and imposing

the no-slip boundary conditions (4.1.8), we obtain

u(y) = ZJ'i)XLZ(y2 1): (4.3.14)
We take u(0) = ZfXLZ, consistent with the above expression. Solving f@r<y
1, we integrate (4.3.13) to obtain
z
Yy uy(Y
w= " av e 00
u u(o
5 =t O, oy, (4.3.15)

2

Similarly, for 1 y < 0, integrating (4.3.13) yields

u u(o
J(y) = (y)z() + ,0 ) (4.3.16)
Since (0 ) is unknown, we enforce the following boundary conditions at= 0

to give us an explicitly computable expression

(0+) = | k2; k2 Z; (4.3.17a)

0 )= ! +k2;k22: (4.3.17D)

We now justify this jump condition. In the case of constant ow and pressure,
OR solutions jump by 5 (in the Q formulation), but OR-type solutions could
have di erent jump conditions across the domain walls, hence the inclusion of the

K
5 term.

Substituting (4.3.14)into (4.3.15), integrating, and imposing the boundary con-
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ditions, we have that

3 ! k
(y)= (2EXL2) % ié +S(y D+l fory2 (01 (4318)

Analogously, (4.3.16) yields

. bk Yy Lk | .0):
(y)= 2+L) 6 6 + > (y+1) ! fory2 [ 1;0): (4.3.19)
We now compute the inner solutiondS;1 . Substituting the inner variable

(4.3.10), into (4.3.9a) and (4.3.9b), they become
)

L Sy+IS=4L (S+IS) ,+ p'% +(S+1S)(S+1S)? 1)
(S+IS)L +1%= Lz(s+ 1S)uy( pL_)

where ( denotes di erentiation with respectto . Letting L ! 0, we have that

the leading order equations are

IS =4(S+ 1S)(1) 2+(S+ IS)((S+1S)? 1); (4.3.20a)

(S+1S)I*= 2sl—; (4.3.20b)
or equivalently, after recallingS =1,

IS =2IS + qu(IS; 19 ;

1°= (S;1S1-;1°) ;

whereq;; g represent the nonlinear terms of the equation. The linearised system

is

1S =21S; (4.3.21a)
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1*=0 ; (4.3.21b)
subject to the boundary and matching conditions

m 1S()=0;1S(0) = Smn 1, (4.3.223)

im 1 ( )=0; (4.3.22b)

wheresmin 2 [0; 1], is the minimum value ofs. We note that the second condition

in (4.3.22a) ensures(0) = Spin -

Using the conditions (4.3.22a), the general solution of (4.3.21a) is

8
p_

§1+(smin le 2r = forO y 1
s(y) = o (4.3.23)

-§1+(smin l)e 2= for 1 y O

With IS determined, we calculatd . Solving (4.3.21b) subject to the limiting

conditions (4.3.22b), it is clear thatl =0 . Hence,

8
_% @i LY 4k 1)+! forO<y 1
)= 3 , (4.3.24)
' (2+P7XL2) % %+k7(y+1) ! for 1 y<O:

The expressions(4.3.23) and (4.3.24), are consistent with our de nition of an
OR-type solution. In principle, in this (s; ;u) formulation, OR-type solutions

are compatible with any choice of .

4.3.2 Active nematodynamics

Next, we consider a system of uniaxial active nematics in a channel geometry i.e., a
system that is constantly driven out of equilibrium by internal stresses and activity
[93]. There are three dependent variables to solve for - the concentratian,of

active particles, the uid velocity u, and the nematic order parameterQ. The
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corresponding evolution equations are taken from [44, 94], with additional stresses
from the self-propelled motion of the active particles and the non-equilibrium

intrinsic activity, referred to as active stresses

B: =r Drc+ & Q) : (4.3.25a)
r u=0; g?= r p+r ((ru+(ru)f)+-~); (4.3.25b)
[E)? =sW+ Q Q + }H; (4.3.25c¢)

whereW is the symmetric part of the velocity gradienttensorDj; = Dg jj + D1Qj

is the anisotropic di usion tensor ©¢ = (D¢+ D,)=2, D, = Dy D> DyandD»

are, respectively, the bare di usion coe cients along the parallel and perpendicular
directions of the director eld), ; is an activity parameter and is the nematic
alignment parameter, which characterises the relative dominance of the strain
and the vorticity in a ecting the alignment of particles with the ow [95]. For

j ] < 1, the rotational part of the ow dominates, while forj j > 1, the director
will tend to align at a unique angle to the ow direction [96]. The value of

is also determined by the shape of the active particles [97]. The stress tensor,

~= ¢+ 2 isthe sum of an elastic stress due to nematic elasticity
e~ SH+QH HQ; (4.3.26)
and an active stress de ned by
A= ,C%Q: (4.3.27)

Here, , is a second activity parameter, which describes extensile (contractile)
stresses exerted by the active particles when, < 0( ., > 0). H, , ,pand ,

are as introduced in Section 4.1.1.

We again consider a one-dimensional static problem, with a unidirectional ow
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in the x direction and take = 0 for simplicity. Then the evolution equations

for Q are the same as those considered in the passive case, hence, making it
easier to adapt the calculations in Section 4.3.1 and draw comparisons between
the passive and active cases. The isotropic to nematic phase transition is driven

by the concentration of active particles and as such, we takk = K(c ¢)=2

q
and C = Kc, wherec = 3=2L2 is the critical concentration at which this
transition occurs [44, 93]. As in the passive case, we work with< 0 i.e. with

concentrations that favour nematic ordering.

The continuity equation (4.3.25a) follows from the fact that the total number
of active particles must remain constant [93]. This is compatible with constant
concentration, ¢, although solutions with constant concentration do not exist for
16 0. As in [98], we consider the case of constant concentratienwhich is not
unreasonable for small values of; (see(4.3.25a) which can admit approximately
constant solutions,c(y) inthe ;! 0limit), and do not consider the concentration
equation, (4.3.25a) in this work. We nondimensionalise the system as before, but
additionally scalecandc by D ? (e.g,c= D 2g whereeis dimensionless). In

terms of Q, the evolution equations are given by

@ 1
@Qtl = UQui2+ Quiyy + —Qu(l  4(Q% + QL)); (4.3.28a)
@ 1
@Qt2 = WQu+ Quy + Qw1 4QhL+ QL)) (4.3.28b)
u
ngt: Px + Uy +2L2(QuiQu2yy  QuaQuuyy)y + ( Q12C2)y; (4.3.28¢)
where = 3 7%’* is a measure of activity. In the steady case, and in terms

of (s; ), the system (4.3.28) reduces to
Sy =4s 2+ Li &2 1; (4.3.29a)

1
Sy = 5Sly 2sy v, (4.3.29Db)
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Gs . '
Uy = Px La(S? y)yy 7S|n(2 ) (4.3.29¢)
y

Regarding boundary conditions, we impose the same boundary conditions §n

and u, as in the passive case.

The equations, (4.3.29a) and (4.3.29b), are identical to the equations,(4.1.5a)
and (4.1.5b), respectively. Hence, the asymptotics in Section 4.3.1 remain largely
unchanged, with di erences coming fron{4.3.29c) due to the additional active

stress. Substituting (4.3.1) into (4.3.29c), we obtain

|
L .
uy + fszuy + Eczssm(z ) =P (4.3.30)
y
Following the same steps as in Section 4.3.1 to obtain equati¢h3.5), we compute

Zy 2pY +2Bo  &2s(Y)sin(2 (Y))
1 29(s(Y))

where By is a constant andg is given by (4.3.4). Usingu(1) = 0 and rearranging,

u(y) = dy;

we see that

Ry 2py  2s(Y)sin@ (v))
Bo = 1. 29(s(Y)) dY.
RT
19(s(Y)) dY

From our assumption thats is even and is odd, it follows that 2% and 37

are odd, and consequentlyB, = 0. Therefore, the ow velocity is given by

Zy Y  @s(Y)sin(2 (Y))

u(y) = 20(5(Y)) dy; (4.3.31)
and the velocity gradient by
u,(y) = g(pxy c’s(y) sin(2 (y)). (4.3.32)

s(y)) 29(s(y))

Here, the active contribution is captured by the second term, assuming a constant

concentration c.
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As (4.3.29a)and (4.3.29b)are identical to equations(4.1.5a)and (4.1.5b) respect-
ively, much of the calculations are the same as in Section 4.3.1. In particular, we
pose asymptotic expansions as i(#.3.8a) and (4.3.8b), for s and respectively
inthe L ! O limit, which yields (4.3.9a) and (4.3.9b). In fact, the expression
for s is given by (4.3.23) in the active case too. We highlight the di erences for
the outer solution , as a result of the velocity gradient(4.3.32) We again solve

(4.3.13) and nd an implicit representation for as given below:
8

S F\;l u(0) 2u(Y) dy + % Rol u(Y)2u(0) dy (y 1)+!: O<y 1L
(y)= s R R
_ y1 u(Y)2 u(0) dy + k7 01 U(Y)2 u(0) dy (y + 1) |- 1 y<0;

(4.3.33)
whereu(y) is given by (4.3.31) Moving to the inner solution| , we need to solve
(4.3.21b) subject to the matching condition(4.3.22b) As before, we ndl =0 ,
and our composite expansion for is just the outer solution presented above. We
deduce that OR-type solutions are still possible in an active setting, for the case

=0.

We now consider a simple case for whiof#.3.33) can be solved explicitly. In
(4.3.31) we assumes =1 andsin2 =1for 1 y<O0 andsin(2 )= 1for
O<y 1lie., we assume an OR solution with = ; and! = . Under these

assumptions, integrating (4.3.32) yields

8
B 3 oy 1+ 2+C|_22(y 1); forO<y 1;
u(y) = 5 (4.3.34)
: Px

2+L2(y2 1) %(y+1); for 1 y<O:
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Substituting the above into (4.3.33), we nd

8
(y)_% sor % %+2+CL22(§ N+ 8y D+, forO<y 1
2
TG % 5 z+cfz(§+%)+k7(y+l) I for 1 y<O
(4.3.35)

We expect (4.3.34) and (4.3.35) to be good approximations to OR-type solutions
with | = % in the limit of small  (small activity) and small pressure gradient,

when the outer solution is well approximated by an OR solution.

4.4 Numerical results

The numerical results of this section were produced by Dr. Yucen Han [1], and

guided by the author.

We now validate our asymptotics and con rm the existence of OR-type solutions
for passive and active nematodynamics (with non-constant pressure and ow),

with extensive numerical experiments, for large and small values bf.
Numerical Method

We solve the dynamical system§.1.3) and (4.3.28) with nite element methods,
and all simulations are performed using the open-source package FEnIiCS [99]. We
write the dynamical systems in their weak formulation. For example, the weak

formulation of the complicated active system (4.3.28), is the following:

Zl@led—ZlQ v Lon 4@+ Q)i dy;

ot 1 dy = 1Uy 12V1  QiiyVay L Q1a( (Q71 + QLp))va dy;
(4.4.1a)

Zl @QZ Zl

1
Vo dy = L UyQ11Vo  QioyVoy + rle(l 4(Qi1 + Q%z))Vz dy;

(4.4.1D)

@t
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1oy dy = “ +2L + ¢ dy;
1@%/3 y = . PxVz Uy 2(Q11Q12yy  Q12Q11yy) + ( Q12C%) Vay dy;

(4.4.1c)
for all vq; vy, vz 2 WE2([ 1;1]) with Dirichlet boundary conditions for Q11; Q1
and u, given in (4.1.7) and (4.1.8), respectively. We patrtition the domain[ 1;1]
into a uniform mesh with mesh sizel=256 Due to the third order partial deriv-
atives with respect toy in (4.3.28), Lagrange elements of ord&t are used for the

spatial discretization.

We also study the linear stability of the equilibrium solutions in(4.1.3) and
(4.3.28) The systems can be written a%t = F(x(t)). Let xo denote an equi-
librium point i.e. F(Xg) = 0, and let J(Xo) = r F(Xo) be the Jacobian matrix
of F at xo. We can then determine the stability ofxy by checking the sign of
the largest real part amongst all eigenvalues df(xo). If the largest real part is

negative (positive), then the equilibrium point is stable (unstable).

For stable states of the systen{4.1.3), we use the semi-implicit Euler method for

time discretization and the initial conditions
Qu=cos(2y )=2; Qu=sin(2!y )=2, u= p(1l y?)=2 (4.4.2)

For the unstable OR-type solutions, we assume that the partial derivatives with
respect tot are zero, and solve the passive or active ow systems using a Newton
solver with a linear LU solver at each iteration. Newton's method strongly depends
on the initial condition, so we use the asymptotic expressiorf4.3.23)and (4.3.24)
as initial conditions for the passive ow system, and4.3.23)and (4.3.35)as initial
conditions for the active ow system with small . In the numerical results that

follow, we extract the s-pro le from Q, using (3.1.15).
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Passive ows

We begin by investigating whether OR-type solutions exist for the passive system
(4.1.3) when L is large, that is, for small nano-scale channel domains. When
I = % and p, = 1, we nd stable pro les which are small perturbations of

OR solutions for largeL with p, = uy = 0 (see Figure 4.2), i.e., the following

limiting prolesas L !1 with ! = %1 andp, = uy, =0,

8
3 y for 1 y O

S; = 5 (4.4.3a)
~y 0y 1
8
3 - for 1 y<O

4

1= 3 (4.4.3b)

- 4 forO<y L

These pro les are computed following the same steps as in Section 3.3. We regard
the solutions in the rst column of Figure 4.2 as being OR-type solutions although
s(0) 6 0 but s(0) 1, as the director pro le resembles a polydomain structure.
As jpyj increases, we lose this approximate zero #i.e., we lose the approximate
domain wall ands ! 1 almost everywhere. It is also worth noting, that the
director represents a splay deformation wheh = %, and a bend deformation

when! = % which becomes more pronounced §g;j increases.

To highlight the e ect of jpsj, we can compute asymptotic expansions fdD;;
and Qi inthe L !'1 limit, for small values of p, by setting Li = py in the
governing equations, and expanding around the OR solutidi@Q11; Q12) = (0; %)

ie.,

Qu= P&+ B) + O B § Qu= 2+ pdal)+ Ffs()+ O B ;

whereg( 1)=g( 1)="f,( 1)+ f3( 1)=0. We also takeL, =0, sinceL is
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small in Figure 4.2. Substituting the above into the systeng4.1.3) (in the static

case) and assuming a constant and small ow eld (sincp, is small), we obtain,

5 3
7
Q11=0; Q= g'*‘ Px ZT) 31/*2"' 71%/0 + pifa(y) + O(p)); (4.4.4)

where
9 ! 41y° 7y3 853

960 140 2400 360 10800

In practice, for smallp, the ow u is small and non-constant, henc®,, is non-zero

but small, i.e.,jQ11j 1. Also, Q12(0) 6 0 but jQ:2(0)] 1.

Figure 4.2: The stable solutions of(4.1.3)forL = 1 (i.e., we
remove the bulk contributions) andL, = 1e 3.
The values ofp, and !, are indicated in the plots
(the same comments apply to all other gures where
values are included in the plots).

We now proceed to study solutions of (4.1.3) in thé. ! O limit, relevant
for micron-scale channel domains. We are interested in the stable equilibrium
solutions and the existence of OR-type solutions in this limit, and how well the
OR-type solutions are approximated by the asymptotic expansions in Section 4.3.1.
As expected, in Figure 4.3 we nd stable equilibria which satisfg = 1 almost

everywhere. We also report unstable OR-type solutions in Figure 4.4, when
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I = %. We again consider these to be OR-type solutions despis¢0) 6 O,
since their behaviour is consistent with the asymptotic expressiorf4.3.23) and
(4.3.24) and we also have approximate polydomain structures. We also nd these
OR-type solutions for! = % but do not report them as they are similar to the
I = % case (the same is true in the next subsection). In fact, = % are
the only boundary conditions for which we have been able to identify OR-type

solutions (identical comments apply to the active case).

In Figure 4.4, we present three distinct OR-type solutions which vary in thei€,
and Q1. pro les, or equivalently the rotation of between the bounding plates at
y = 1. These numerical solutions are found by taking4.3.23) (with sy, =0)
and (4.3.24) with di erent values of k (k = 0;1;2), as the initial condition in
our Newton solver. We conjecture that one could build a hierarchy of OR-type
solutions corresponding to arbitrary integer values dft in (4.3.17), or di erent
jumpsin aty=0in (4.3.17), when! = %. OR-type solutions are unstable,
and we speculate that the solutions corresponding to di erent values & in
(4.3.17) are unstable equilibria with di erent Morse indices, where the Morse
index is a measure of the instability of an equilibrium point [100]. A higher value
of k could correspond to a higher Morse index or informally speaking, a more
unstable equilibrium point with more directions of instability. A further relevant
observation is that according to the asymptotic expansion (4.3.24Q,;(0 )=0
and Q,(0 ) = % for! = % and hence the energy of the domain wall does
not depend strongly onk. The far- eld behavior does depend ork in (4.3.24)
and we conjecture that thisk-dependence generates the family &kfdependent
OR-type equilibrium solutions. We note that OR-type solutions generally do not
satisfy s(0) = 0, but typically exhibit approximate polydomain structures in , or

equivalently the directorn = (cos; sin ). However,asL ! O,we nd s(0)! O
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for OR-type solutions, for a xed px (see Figure 4.5).

Figure 4.3: Some example stable solutions q#.1.3) for L =
le 3andL,=1e 3. With A =3900Nm 2 and
K =10 !, this value ofL corresponds to a channel
of width 2D =3:2 10 °m.

To conclude this section on passive ows, we assess the accuracy of our asymp-
totic expansions in Section 4.3.1. In Figure 4.6, we plot the error between the
asymptotic expressions(@.3.23) and (4.3.24) and the corresponding numerical
solutions of (4.1.3), for the parameter valued. =1e 4,L,=1e 3,p= 20
and! = %. More precisely, we use these parameter values along witks 1;2; 3

in (4.3.24), and (4.3.23) with s, =0, to construct the asymptotic pro les. We
then use these asymptotic pro les as initial conditions to nd the corresponding
numerical solutions. Hence, we have three comparison plots in Figure 4.6, corres-
ponding to k = 1;2; 3 respectively. By error, we refer to the di erence between
the asymptotic pro le and the corresponding numerical solution. We label the
asymptotic pro les using the superscript0, inthe L ! 0 limit, whilst a non-zero
superscript identi es the numerical solution along with the the value of. used

in the numerics (these comments also apply to the active case in the next section).
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We nd good agreement between the asymptotics and numerics, especially for the
s-pro les, where any error is con ned to a narrow interval aroundy = 0 and does
not exceed0:07 in magnitude. Using(4.1.2), (4.3.23), and (4.3.24), we construct
the corresponding asymptotic pro leQ°. Looking at the di erences betweerQ®
and the numerical solutionsQ?*® 4 (for k = 1;2;3), the error does not exceed
0:06 in magnitude. This implies good agreement between the asymptotic and
numerically computed -pro les, at least for the parameter values under consid-
eration. While the uid velocity u is not the focus of this work, we note that our
asymptotic pro le (4.3.14) gives almost perfect agreement with the numerical

solution for u.

Figure 4.4: Three unstable OR-type solutions (in the sense that
they have transition layer pro les fors) of (4.1.3) for
L =le 3/ L,=1e 3 p= 1land! = . The
initial conditions used are(4.3.23) (with Sy, = 0)
and (4.3.24)with k = 0; 1; 2 (from left to right), along
with the parameter values just stated.

Active ows

As explained previously, we consider active ows with constant concentration
¢, and takec > c . To this end, we x c = p2_ in the following numerical
experiments. ForL large (small nano-scale channel domains), we nd OR-type
solutionswhen! =, and these are stable. In Figure 4.7, we plot these solutions
whenp, = 1 and for three di erent values of , which we recall is proportional

to the activity parameter ,. We only haves(0) < 0:5when =1 , in which case
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Figure 4.5: Plot of an OR-type solution forL =5e 4, 3e 4,
le 4 (from left to right). The remaining parameter
values areL, =1e 3,py= 20and! = % The
initial conditions used are(4.3.23) (with s,y = 0)
and (4.3.24) with k = 2, along with the parameter
values just stated.

the director pro le exhibits approximate polydomain structures. As increases,
s(0) increases ands ! 1 almost everywhere, so that OR-type solutions are only
possible for small values gb, and . Increasingjpyj for a xed value of , also
drivess! 1everywhere. Looking at Figure 4.2 and Figure 4.7 together, we notice
that if Qq; is positive in the interior, the nematic director has a splay deformation

and if Qq; is negative in the interior, the director has a bend deformation.

As in the passive case, we also nd unstable OR-type solutions consistent with
the limiting asymptotic expression(4.3.23), along with a discontinuous -pro le

as in (4.3.33), for small values ofL that correspond to micron-scale channels.
The stable solutions haves 1 almost everywhere (see Figure 4.8). In Figure 4.9,
we nd unstable OR-type solutions whenL =1e 3,L,=1e 3and! = %,
for a range of values opx and . To numerically compute these solutions, we use
the stated parameter values in4.3.23) (with sy, = 0) and (4.3.35), along with

k = 0, as our initial condition. We only haves(0) 0 provided jpsj and are
not too large, howevers(0)! Ointhe L ! O limit for xed values of p, and
This illustrates the robustness of OR-type solutions in an active setting. In Figure

4.10, we plot three further distinct OR-type solutions, obtained by taking4.3.23)
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